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ABSTRACT 

 

Unsaturated soils are commonly encountered in natural soil deposits above the 

ground water table and in civil infrastructure construction as compacted soils. In 

earthquake prone areas, problems arise from dynamic loading of unsaturated soils. 

These problems have received increasing attention in geotechnical and geo-

environmental engineering research in recent years. Many geohazards such as 

liquefaction, slope failures, and embankment collapse are triggered when unsaturated 

soils are subjected to dynamic loading. Although extensive work has been done to study 

the liquefaction behavior of unsaturated sands in the laboratory, relatively few 

numerical studies have been carried out to investigate the liquefaction potential of 

unsaturated sands under different degrees of saturation, relative densities, and initial 

effective stresses. Thus far, most of the developments in the numerical modeling of the 

dynamic response of unsaturated soils have occurred in relation to monotonic loading of 

unsaturated soils and the important effects such as elastoplasticity, hydro-mechanical 

coupling, and hydraulic hysteresis are rarely taken into account in the constitutive 

models used in these analysis procedures.  

In this dissertation, numerical investigation of the capability of a coupled hydro-

mechanical elastoplastic constitutive model for unsaturated sands and silts (CM4USS) 

to predict the liquefaction potential of unsaturated sands at different degrees of 

saturation and confining pressures is first carried out. A design chart that can be used to 

evaluate the liquefaction potential of unsaturated sands is developed through numerical 

investigation on a series of undrained, stress-controlled, cyclic triaxial tests for Toyoura 



xvii 

and Nevada sands under different degrees of saturation, relative densities and initial 

effective confining pressures. Then a hysteretic model for soil water characteristic 

curves (SWCCs) is implemented into U_DYSAC2, a fully coupled fluid flow-solid 

deformation finite element computer code. An unsaturated soil embankment subjected 

to base shaking is analyzed and the results obtained using the code with non-hysteretic 

(drying bound) and hysteretic SWCCs are compared to each other. CM4USS is then 

implemented into U_DYSAC2 and several numerical examples are used to verify the 

implementation. These examples demonstrate that the modified U_DYSAC2 is capable 

of predicting the dynamic behavior of unsaturated soils. Finally, the effects of the 

degree of saturation and relative density on the liquefaction potential of level ground 

unsaturated Nevada sand deposits subjected to base shaking is studied using the 

modified code. The simulation results are consistent with those predicted at a single 

element level, yet they provide valuable insight into the behavior of unsaturated sands 

in boundary value problems.  

 

 

 

 

 



1 

 

 

CHAPTER 1 INTRODUCTION 

 

 

1.1 Background 

 

Unsaturated soils are three-phase porous media consisting of a solid skeleton, 

pore water, and pore air. They exhibit significantly different behavior from saturated 

soils (Fredlund and Rahardjo 1993). Unsaturated soils are commonly encountered in 

natural soil deposits above the ground water table and in civil infrastructure 

construction as compacted soils. In earthquake prone areas, problems arise from 

dynamic loading of unsaturated soils. These problems have received increasing 

attention in geotechnical and geo-environmental engineering research in recent years. 

The repeated loading and unloading (cyclic loading) on unsaturated soils during 

dynamic loading leads to decrease in shear strength and stiffness due to pore water 

pressure build up. Many geohazards such as liquefaction, slope failures, and 

embankment collapse are triggered when unsaturated soils are subjected to dynamic 

loading (Kazama and Unno 2007, Okamura et al. 2013, Higo et al. 2015).  

Liquefaction is a common occurrence in saturated granular soils in many parts 

of the world subjected to earthquakes. Recent laboratory tests have shown that 

unsaturated granular soils can also liquefy (Sherif et al. 1977, Chaney 1978, Yoshimi et 

al. 1989, Huang et al. 1999, Grozic et al. 2000, Tsukamoto et al. 2002, Eseller-Bayat 
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2009, Arab et al. 2011, Eseller-Bayat et al. 2013a, b, Tsukamoto et al. 2014, Liu and Xu 

2015). The factors such as degree of saturation, relative density, and initial effective 

stress affect the liquefaction resistance of unsaturated soils. Although extensive work 

has been done to study the liquefaction behavior of unsaturated sands in the laboratory, 

relatively few numerical studies have been carried out to investigate the liquefaction 

potential of unsaturated sands under different degrees of saturation, relative densities, 

and initial effective stresses.    

 Accurate prediction of dynamic behavior of unsaturated soils is of practical 

importance to many geotechnical engineering problems, such as soil-structure 

interaction (Ravichandran et al. 2015), liquefaction evaluation (Okamura and Soga 

2006, Unno et al. 2008, Zhang et al. 2016), wave propagation (Chen et al. 2011, 

Maghoul et al. 2011b, Steeb et al. 2014), and earthquake resistance of structures (Khoei 

et al. 2004, Ravichandran 2009, Ravichandran and Muraleetharan 2009, Khoei and 

Mohammadnejad 2011, Mori et al. 2011, Oka et al. 2012, Sadeghi et al. 2014, 

Matsumaru and Uzuoka 2016, Yoshikawa et al. 2016). A fully coupled analysis of 

unsaturated soils involving solid deformation and fluid flows is complicated due to the 

interactions among various phases and interfaces as well as the nonlinear behavior of 

the solid skeleton. An important consideration in the numerical modeling (e.g. the finite 

element method) of the dynamic response of unsaturated soils is the accurate 

constitutive modeling of the cyclic mechanical response of solid skeleton and the 

hydraulic response of fluids that fill the voids between the solid skeleton. Thus far, most 

of the developments in unsaturated soils have occurred in relation to monotonic loading 

of unsaturated soils and the important effects such as elastoplasticity, hydro-mechanical 
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coupling, and hydraulic hysteresis are rarely taken into account in the constitutive 

models used in these analysis procedures. Therefore, a systematic investigation of 

unsaturated soils using a fully coupled analysis procedure that includes elastoplastic 

constitutive models that can accurately describe the cyclic responses is necessary to 

simulate dynamic boundary value problems accurately.  

 

1.2 Objectives 

 

The primary objective of the proposed research is to implement and validate a 

coupled hydro-mechanical elastoplastic constitutive model for unsaturated sands and 

silts (CM4USS) developed by Liu and Muraleetharan (2012a, 2012b) into a fully 

coupled finite element computer code, U_DYSAC2 (Muraleetharan and Wei 1999b), to 

solve boundary and initial value problems in unsaturated soils, especially dynamic 

loading problems. The proposed research is divided into the following detailed tasks: 

 Investigate the effect of initial conditions (degree of saturation, relative density 

and confining pressure) on the liquefaction of unsaturated sands using CM4USS 

and develop a design chart that can be used to evaluate the liquefaction potential 

of unsaturated sands.  

 Implement the hysteretic soil water characteristic curves (SWCCs) (a part of 

CM4USS) into U_DYSAC2 for use in the analysis of dynamic response of 

unsaturated soils and study the effect of the hydraulic hysteresis on the dynamic 

response of unsaturated soils.  

 Implement CM4CSS into U_DYSAC2 using an implicit integration algorithm 
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and validate the implementation using numerical examples on unsaturated soils 

subjected to dynamic loading. 

 

1.3 Dissertation Layout 

 

In addition to this introduction, the dissertation is arranged in 7 chapters as 

follows:  

 Background literature related to elastoplastic constitutive models for unsaturated 

soils under cyclic loading, finite element models for unsaturated soils, and the 

liquefaction of unsaturated soils are reviewed in Chapter 2.   

 The numerical investigation of the capability of CM4USS for predicting the 

liquefaction potential of unsaturated sands at different initial conditions is 

investigated in Chapter 3. A design chart is also developed in this chapter to 

evaluate the liquefaction potential of unsaturated sands based on the numerical 

analysis through a series of simulated undrained, stress-controlled, cyclic triaxial 

tests on Toyoura and Nevada sands.  

 The fully coupled equations governing the dynamic behavior of unsaturated 

soils used in U_DYSAC2 are first presented in Chapter 4. The finite element 

spatial discretization of these equations using Galerkin approach is then 

presented. Finally, a three-parameter Hilber-Hughes-Taylor time integration 

scheme employed to integrate the finite element equations in U_DYSAC2 is 

described.  

 The implementation of SWCCs used in CM4USS into U_DYSAC2 is presented 
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in Chapter 5. An unsaturated embankment subjected to base shaking is analyzed 

and the results obtained using the code with non-hysteretic (drying bound) and 

hysteretic SWCCs are compared to each other in this chapter. The effect of the 

hydraulic hysteresis on the dynamic behavior of unsaturated soils is studied by 

comparing the predicted pore water and pore air pressures, suction, and 

displacements.  

 The implementation and validation of CM4USS into U_DYSAC2 is presented 

in Chapter 6. The validation is performed through numerical examples. The 

results demonstrate that CM4USS implemented into U_DYSAC2 is capable of 

predicting the dynamic behavior of unsaturated soils. 

 The summary and conclusions of this research and the recommendations for 

further studies are given in Chapter 7. 
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CHAPTER 2 LITERATURE REVIEW 

 

 

2.1 Introduction 

 

The finite element method (FEM) has been utilized to model the dynamic 

behavior of unsaturated soils. Two critical components in numerical modeling of 

dynamic response of unsaturated soils are the constitutive models, one describing the 

mechanical behavior of solid skeleton and the other one governing the hydraulic 

behavior of fluids that fill the voids between the solid skeleton. Cyclic response 

(loading/unloading) of unsaturated soils is complex due to the coupling effect between 

mechanical and hydraulic behavior.  

This chapter presents a thorough review of the existing literature on liquefaction 

of unsaturated soils and the constitutive and numerical models for unsaturated soils 

under cyclic and dynamic loading. Section 2.2 presents the previous research on 

liquefaction of unsaturated soils. The development of constitutive models for 

unsaturated soils under monotonic and cyclic loading is reviewed in Section 2.3. 

Section 2.4 presents the available literature on finite element analysis of unsaturated 

soils. A summary of knowledge gap is given in Section 2.5. 
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2.2 Liquefaction of Unsaturated Soils 

 

Soil liquefaction is a phenomenon in which large pore pressures develop during 

cyclic loading of granular soils and subsequent softening of these soils. During an 

earthquake, a saturated soil loses shearing resistance and develops excessive strains due 

to the pore water pressure buildup, resulting in slope failures, foundation damage, 

lateral spreading, and settlement. The phenomenon of liquefaction in saturated soils has 

been observed in the past during moderate to large earthquakes, such as in 1999 Chi-

Chi (Taiwan) and 1964 Niigata (Japan) earthquakes. In geotechnical earthquake 

engineering practice, liquefaction is only considered in saturated soils and 100% degree 

of saturation is an essential prerequisite for liquefaction. Unsaturated granular soils are 

considered to be not susceptible to liquefaction. A saturated soil reaches initial 

liquefaction when the effective stress (   ) becomes zero. Under level ground 

conditions,    is the initial effective vertical stress and under isotropic stress 

conditions, such as in laboratory triaxial tests,    is the initial effective mean normal 

stress. Therefore, when the soil liquefies, the excess pore water pressure ratio 

( /uR u   ) becomes 1.0, where u  is the excess pore water pressure generated 

during cyclic shearing.  

Recent laboratory tests have, however, shown that not only saturated granular 

soils, but also unsaturated granular soils can liquefy (Sherif et al. 1977, Chaney 1978, 

Yoshimi et al. 1989, Huang et al. 1999, Grozic et al. 2000, Tsukamoto et al. 2002, 

Tsukamoto et al. 2014, Liu and Xu 2015). Liquefaction in unsaturated soils has also 

been observed in the field (Hsu et al. 1995, Chillarige et al. 1997, Grozic et al. 2000, 
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Uzuoka et al. 2005). Similar to the definition of liquefaction in saturated soils, an 

unsaturated soil reaches complete liquefaction when the effective stress reaches a value 

of zero, i.e., the pore water pressure and pore air pressure are equal to the initial total 

stress (Liu and Xu 2015).  

Some previous research works have studied the liquefaction of unsaturated soils. 

Martin et al. (1978) selected a theoretical model to investigate the effect of degree of 

saturation on the liquefaction potential of unsaturated soils. Their results showed that 

cyclic stress ratio required to cause liquefaction significantly increases with a small 

decrease in the degree of saturation, i.e., a 1% drop in degree of saturation of the 

saturated sand specimen with a porosity 0.4n   results in 28% decrease in the pore 

water pressure increase per cycle. Subsequent laboratory tests results confirmed this 

finding and concluded that the degree of saturation (expressed in terms of the B-value) 

has the most significant effect on the soil resistance to onset of liquefaction (Chaney 

1978, Yoshimi et al. 1989, Xia and Hu 1991, Ishihara et al. 1998, Huang et al. 1999, 

Fourie et al. 2001, Ishihara et al. 2001, Ishihara and Tsukamoto 2004, Nakazawa et al. 

2004, Okamura et al. 2006, Okamura and Soga 2006, Hatanaka and Masuda 2008, Arab 

et al. 2011).As shown in Fig. 2.1, even a slight decrease in the degree of saturation can 

cause a significant increase in the liquefaction resistance of unsaturated sands. In Fig. 

2.1, the initial liquefaction is defined on the basis of a soil specimen deforming to 5% 

double amplitude (DA) axial strain. Chaney (1978) and Yoshimi et al. (1989) 

demonstrated that the liquefaction resistance at 90%rS   is approximately two times 

that at 100%rS  . Xia and Hu (1991) have shown that the liquefaction resistance 
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increases about 30% as the degree of saturation decreases from  to 

.   

 

 

Fig. 2.1 Effect of degree of saturation on cyclic stress ratio for Toyoura sand (after 
Yoshimi et al. 1989) 
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observed dam performance indicated that the downstream area of the dams generally 

had less damage than the upstream area due to partial saturation on the downstream 

area. In fact, changing a saturated sand deposit into an unsaturated deposit by injecting 

air or through chemical means or denitrification process has been considered as a 

liquefaction counter measure (Okamura and Teraoka 2005, Yegian et al. 2007, 

Okamura et al. 2011, Rebata-Landa and Santamarina 2012, Eseller-Bayat et al. 2013a, 

He and Chu 2014). Lowering of the groundwater table and injection of air bubbles were 

used as countermeasures against soil liquefaction off the Pacific coast after the 2011 

Tohoku Earthquake (Tsukamoto et al. 2014). Okamura et al. (2006) discussed the 

liquefaction resistance of loose sand deposits that was improved by sand compaction 

piles (SCP). Inspection of undisturbed samples and the primary wave velocity testing 

revealed that the increase in liquefaction resistance is due to the desaturation of ground 

during SCP installation. The degree of saturation was lower than 77% for the sand piles 

in the improved area and 91% for the improved sand layers. The decrease in the degree 

of saturation resulted in a significant increase in liquefaction resistance. The degree of 

saturation of saturated soils can be significantly reduced by injecting air and the 

unsaturated condition can last for a long time (Okamura et al. 2003, Okamura et al. 

2006). Yegian et al. (2007) studied a new liquefaction mitigation technique by 

introducing small amount of gas into soil pores utilizing the electrolysis method and 

drainage-recharge of the pore water. The effect of saturation on the generation of excess 

pore water pressure was investigated by the cyclic shear strain controlled tests. The 

experimental results revealed that the small decrease in the degree of saturation can 

increase the initial liquefaction resistance.  
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Attempts have been made to understand the mechanism of liquefaction and 

develop charts using in situ testing, which include Standard Penetration Test (SPT), 

Cone Penetration Test (CPT), and shear wave velocity measurement, for evaluating the 

liquefaction potential of saturated soils (Seed and Idriss 1971, Seed et al. 1983, 

Robertson and Campanella 1985, Seed et al. 1985, Youd et al. 2001, Kayen et al. 2013, 

Maurer et al. 2015). A large number of computational models can now be found in the 

literature for simulating liquefaction of saturated soils (Oka et al. 1994, Buscarnera and 

Whittle 2013, Kuhn et al. 2014). The cyclic resistance ratio (CRR) is the maximum 

cyclic stress ratio (maximum shear stress divided by effective confining pressure) at 

which a saturated soil can resist liquefaction. CRR is influenced by overburden pressure, 

static shear stress and earthquake magnitude and should be corrected to account for 

these factors, which is given by (Youd et al. 2001, Montgomery et al. 2014)   

 

   (2.1)  

 

where  is the magnitude scaling factor,  is the correction factor for overburden 

pressure,  is the correction factor for static shear stress. CRR of unsaturated soils 

should be corrected to account for the effect of degree of saturation by modifying 

Eq.(2.1) (Hossain et al. 2013) 

 

   (2.2) 

 

corretedCRR CRR MSF K K    

MSF K

K

correted sCRR CRR MSF K K K     
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where  is the correction factor for degree of saturation, which is defined as the ratio 

of CRR of unsaturated soil to the CRR of the soil in a saturated state. Presented in Fig. 

2.2 is the relationship between degree of saturation and the correction factor , based 

on the laboratory test results from literature. It can clearly be seen that the capacity of 

an unsaturated soil to resist liquefaction increases as the degree of saturation decreases. 

The compression wave velocity and shear wave velocity have been used to evaluate the 

liquefaction resistance of unsaturated sand based on the laboratory test results by many 

researchers (Yang 2002, Yang et al. 2004, Hossain et al. 2013). 

 

 

Fig. 2.2 Relationship between degree of saturation and correct factor Ks 
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The degree of saturation is, however, not the only factor that affects the 

resistance to liquefaction of unsaturated soils. The relative density and initial confining 

pressure also have a profound influence on the cyclic strength of unsaturated sands 

(Grozic et al. 2000, Okamura and Soga 2006). Liu and Xu (2015) concluded that the 

liquefaction resistance increases with a decrease in the initial degree of saturation and 

increases in relative density and initial effective confining pressure through the results 

of strain-controlled cyclic loading tests on saturated and unsaturated Nevada sand under 

different relative densities (30% and 70%), effective confining stresses (50 and 200 

kPa), and degrees of saturation (90%, 95%, and 100%).  

Although extensive work has been done to study the liquefaction behavior of 

unsaturated sands in the laboratory, relatively few numerical studies have been carried 

out to investigate the liquefaction potential of unsaturated sands. Pietruszczak et al. 

(2003) investigated the liquefaction potential of an one dimensional unsaturated sand 

layer at degrees of saturation of 85%, 95 %, 98%, and 100% subjected to a scaled-down 

version of the El Centro (1940) earthquake using a constitutive model (Pietruszczak and 

Pande 1996). Their findings confirmed that the liquefaction resistance of unsaturated 

sands increases when the degree of saturation is a few percent below 100. Jafari-

Mehrabadi et al. (2007) developed a constitutive model to predict the cyclic behavior of 

unsaturated sands at various degrees of saturation (95% and higher) under seismic loads 

based on Henry’s law for dissolution of gas in water, the ideal gas law, and the law of 

conservation of mass. Khalili et al. (2008) studied the undrained cyclic behavior of 

unsaturated silty sand using a fully coupled constitutive model. The numerical 

simulation results showed that two samples at a degree of saturation 90% with cyclic 
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stress ratios (CSR) (CSR is defined as the ratio of the maximum shear stress to the net 

confining stress) of 0.35 and 0.30 can liquefy and the test with the lower CSR showed 

higher liquefaction resistance. Bian and Shahrour (2009) presented a numerical model 

for the description of the liquefaction behavior of unsaturated sandy soils based on the 

framework of theory of Biot and the multiphase theory of Coussy. Numerical 

simulations were conducted for the undrained strain-controlled triaxial test on 

unsaturated Hostun sand at different initial degrees of water saturation (100%, 99%, 

95% and 90%). It was concluded that the degree of saturation largely influences the 

liquefaction resistance of sandy soils and the decrease in degree of saturation increases 

the soils liquefaction resistance. However, the initial pore water pressure was assumed 

to be zero and the pore air pressure was not considered in the numerical simulations. Liu 

and Muraleetharan (2012c) conducted a parametric study to research the combined 

effects of initial degree of saturation and relative density on liquefaction by a 

constitutive model for unsaturated sands and silts. The results revealed that decrease in 

the initial degree of saturation and increase in the initial relative density can prevent the 

occurrence of liquefaction.  

 

2.3 Constitutive Models for Unsaturated Soils 

 

Laboratory tests indicate that the hydraulic and mechanical behaviors of 

unsaturated soils are coupled (Vaunat et al. 2000, Gallipoli et al. 2003, Tarantino and 

Tombolato 2005, Geiser et al. 2006, Miller et al. 2008) and the relationship between 

water content and soil suction called SWCCs exhibit hysteresis during wetting and 
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drying cycles (Topp 1969, Poulovassilis 1970, Topp 1971). The plastic volumetric 

strain affects SWCCs by increasing the degree of saturation and causing a change in 

water content (Wheeler 1996, Rampino et al. 1999, Vanapalli et al. 1999, Wheeler et al. 

2003, Buenfil et al. 2005). Hysteretic SWCCs, on the other hand, influence stress-strain 

behavior of a soil (Gallipoli et al. 2003) and produces irreversible volumetric strain 

(Alonso et al. 1995). The important role of this coupling effect has come to the forefront 

of many geotechnical engineering problems (Cho and Lee 2001, Qi and Vanapalli 

2015). It is critical to incorporate this coupling effect into constitutive models to reflect 

the real behavior of unsaturated soils subjected to different loading conditions.  

The first comprehensive elastoplastic constitutive model that deals with the 

stress-strain behavior of unsaturated soils was the Barcelona Basic Model (BBM) 

(Alonso et al. 1990), which is an extension of the modified Cam-clay model. The 

distinctive features of this model include: (1) two independent stress state variables, 

namely net stress (total stress in excess of pore air pressure) and suction (pore air 

pressure in excess of pore water pressure); (2) elastic strain increments that are related 

to the net stress changes and suction changes; and (3) a Loading-Collapse surface 

defined in the net stress-suction space that indicates the size of the elastic domain 

increase with suction increase. Since then, investigators have developed many 

constitutive models for unsaturated soils. However, limitations existed in the earlier 

developed models: some of them do not account for the influence of the mechanical 

behavior on hydraulic behavior (Gallipoli et al. 2003), some only partially accentuated 

the mechanical behavior on hydraulic behavior (Vaunat et al. 2000), and some of them 

do not consider the hydraulic hysteresis (Wheeler and Sivakumar 1995, Chiu and Ng 
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2003, GENS 2010). The first constitutive model incorporating the coupled hydro-

mechanical behavior is attributed to Vaunat et al. (2000). Gallipoli et al. (2003) 

proposed an elastoplastic constitutive model for unsaturated soils incorporating the 

influence of degree of saturation and suction on mechanical behavior. 

The conventional constitutive models for unsaturated soils fail to describe the 

soil behavior under cyclic loading. Cyclic loading on unsaturated soils in this 

dissertation includes the cyclic drying and wetting, cyclic isotropic loading and cyclic 

deviator stress loading, which results in cyclic variations in the stress (effective stress 

and matric suction) or strain (solid skeleton strain and volumetric water content) in the 

soil. Typical examples of cyclic loading are natural loads due to wind, waves, 

earthquakes, traffic loading, machine foundations, and variations in pore water pressure 

as a result of infiltration and evapotranspiration or fluctuation of the ground water level.   

 Many constitutive models have been proposed to simulate the stress-strain 

behavior for saturated soils under cyclic loading based on kinematic hardening 

plasticity (Lade and Kim 1988, Pastor et al. 1990, Inel and Lade 1997), multi-surface 

plasticity theory (Mróz 1967, Mrǒz et al. 1978, Mróz et al. 1979, Mróz and Pietruszczak 

1983, Pietruszczak and Mróz 1983), and the bounding surface plasticity theory 

(Dafalias and Popov 1975, Krieg 1975, Dafalias and Popov 1976, Dafalias 1986, 

Dafalias and Herrmann 1986). Among these works, the bounding surface plasticity 

theory has attracted many researchers’ attention due to the ease of use in describing soil 

behavior under cyclic loading. The bounding surface plasticity concept is based on the 

observation that plasticity can occur inside a conventional yield surface. The unique 

feature of the bounding surface theory is that there is a smooth transition of stiffness 
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from elasticity to elastoplasticity. The plastic modulus is a decreasing function of the 

distance between the current stress state and the “image” stress state on the bounding 

surface. Many researchers have developed various constitutive models for unsaturated 

soils under cyclic loading and some progress has been achieved. Yang et al. (2008) 

presented an elastoplastic constitutive model for unsaturated structured loess soils under 

cyclic loading based on the bounding surface theory and the damage theory for 

structured soils. In this model, the bond degradation was defined as a function of the 

accumulated strain and BBM was accepted to describe the unsaturated soil behavior. 

The hydraulic hysteresis was not considered in this model. Khalili et al. (2008) 

presented a coupled hydro-mechanical elastoplastic constitutive model for unsaturated 

soils under cyclic loading using the bounding surface plasticity. The model was 

validated by comparing the model simulation results with the experimental results from 

drying-wetting tests on clay, isotropic and triaxial loading tests on silt and undrained 

cyclic triaxial tests on sand. Zhou and Ng (2016) developed a thermo-mechanical 

constitutive model to simulate the cyclic behavior for unsaturated soil based on the 

bounding surface plasticity model. The unsaturated silt behavior under suction- and 

temperature-controlled cyclic loading was simulated.  

Following the saturated sand models developed by Manzari and Dafalias (1997) 

and Taiebat and Dafalias (2008), Liu and Muraleetharan (2012a, 2012b) proposed a 

comprehensive coupled hydro-mechanical elastoplastic constitutive model (named as 

CM4USS in this dissertation) to simulate the monotonic and cyclic behavior for 

unsaturated sands and silts that is based on the critical state soil mechanics framework 
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and the bounding surface plasticity. This rate independent constitutive model has the 

following special features:  

(1) a hysteretic model for SWCCs based on the bounding surface plasticity concept; 

(2)  coupling mechanisms between SWCCs and the stress-strain behavior of the 

solid skeleton;  

(3)  hysteresis in the stress-strain response of the solid skeleton.  

The bounding surface plasticity concept is incorporated into the hydro-mechanical 

behavior to accurately simulate the monotonic and cyclic behavior of unsaturated soils. 

This model will be utilized in this research. The details of this model are presented in 

Chapter 3.  

 

2.4 Finite Element Analysis of Dynamic Behavior of Unsaturated Soils  

 

In recent years, fully coupled dynamic analysis procedures have been 

increasingly used in geotechnical engineering practice and research to calculate 

deformations and pore pressure and provide insight into the behavior of geotechnical 

structures on unsaturated soils subjected to earthquakes (Khoei et al. 2004, 

Ravichandran 2009, Ravichandran and Muraleetharan 2009, Khoei and 

Mohammadnejad 2011, Mori et al. 2011, Oka et al. 2012, Matsumaru and Uzuoka 

2016).  

The behavior of unsaturated soils is governed largely by the coupling effects 

between the solid skeleton, pore water, and pore air. In a finite element analysis of 

unsaturated soils these coupling effects have to be properly taken into account. The first 
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general model for the quantitative study of dynamic analysis of unsaturated soils is 

attributed to Zienkiewicz et al. (1990). Based on the assumption that the air pressure is 

constant, a saturated soil formulation was extended to unsaturated problems. Since then, 

great efforts have been devoted to the development of analysis procedures for 

unsaturated soils by many researchers (Meroi et al. 1995, Schrefler and Scotta 2001, 

Khoei et al. 2004, Ravichandran and Muraleetharan 2009). Many simplifying 

assumptions such as constant air pressure (usually atmospheric pressure) (Sheng et al. 

2003, Sheng et al. 2008b, Callari and Abati 2009, Pedroso 2015), quasi-static condition 

(Schrefler and Xiaoyong 1993, Laloui et al. 2003, Oettl et al. 2004, Stelzer and 

Hofstetter 2005), and simple constitutive models for the solid skeleton (Uzuoka and 

Borja 2012) were made. It is worth mentioning that the pore air pressure plays a 

significant role in the dynamic behavior of unsaturated soils and structures, such as 

earth dams (Muraleetharan and Wei 2000, Khoei and Mohammadnejad 2011) and 

liquefaction (Kazama et al. 2006, Okamura and Soga 2006, Unno et al. 2008). The pore 

air pressure is treated as a primary variable in recent developments (Habte 2006, 

Ravichandran 2009, Ravichandran and Muraleetharan 2009, Maghoul et al. 2011a, 

Uzuoka and Borja 2012, Ravichandran and Krishnapillai 2013, Uzuoka et al. 2014).  

 One common feature in the aforementioned numerical analyses of dynamic 

behavior of unsaturated soils was the use of a single curve for SWCCs. The hydraulic 

hysteresis can significantly influence the behavior of unsaturated soils subjected to 

dynamic loading (Ng et al. 2009, Khosravi and McCartney 2012) and therefore 

modeling with a single SWCC is not appropriate. Some investigation has been carried 

out to incorporate the hydraulic hysteresis in the numerical analysis of dynamic 
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behavior of unsaturated soils. Tamagnini (2005) studied an ideal dike subjected to the 

variation of water level utilizing the finite element analysis. The stress-strain behavior 

of the solid skeleton was described by an extended Cam-clay model for unsaturated 

soils with the incorporation of the hydraulic hysteresis (Tamagnini 2004). The finite 

element analysis results showed that the simulated pore pressure, vertical displacement, 

and stress path were greatly influenced by the hydraulic hysteresis. Pedroso (2015) 

developed a formulation based on the theory of porous media with hysteresis. The pore 

air pressure was assumed to be zero and the proposed formulation was used to study the 

porous media behavior under drying and wetting cycles. Shahbodagh-Khan et al. (2015) 

proposed a fully coupled flow-deformation numerical model for the nonlinear dynamic 

deformation analysis of unsaturated soils accounting for the hydraulic hysteresis.  

Usually the elastoplastic constitutive models are incorporated to describe the 

cyclic mechanical behavior of solid skeleton and the cyclic hydraulic response of fluids 

that fill the voids between solid skeleton. Among the considerable recent advances is 

the successful implementation of some non-linear constitutive models to improve the 

capabilities of the numerical procedures. Ravichandran and Muraleetharan (2009) 

employed a generalized elastoplastic constitutive model (Muraleetharan and Nedunuri 

1998), which used net stress and suction to describe the stress-strain behavior of 

unsaturated soils, to study dynamic behavior of unsaturated embankments. Yoshikawa 

et al. (2016) preformed the soil–water–air coupled finite deformation analysis of the 

seismic behavior of the unsaturated embankment on clayey ground using SYS Cam-

clay model (Asaoka et al. 2002). The modified Pastor–Zienkiewicz plasticity model for 

clay (Pastor et al. 1990, Bolzon et al. 1996) was accepted to describe the mechanical 
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behavior of the lower San Fernando dam and the Mahabad dam under earthquake 

loading in the numerical modeling of dynamic behavior of unsaturated soils (Khoei and 

Mohammadnejad 2011). Although some progress has been made, it is apparent that 

more research is needed, specifically with coupled hydro-mechanical models that 

account for hysteresis in both SWCCs and the solid skeleton stress-strain curves. 

Thus far, most of the developments in numerical analysis of dynamic behavior 

of unsaturated soils have occurred in relation to monotonic loading of unsaturated soils 

and the important effects such as elastoplasticity, hydro-mechanical coupling, and 

hydraulic hysteresis are rarely taken into account in the constitutive models used in 

these analysis procedures. Furthermore, majority of the development so far has focused 

solely on unsaturated clay or plastic silts. Therefore, elastoplastic constitutive models 

for unsaturated sands and non-plastic silts that can accurately describe the cyclic 

responses are needed to be implemented into unsaturated soil finite element computer 

codes to simulate boundary value problems.  

 

2.5 Summary of Knowledge Gap 

 

Based on the literature review of the numerical modeling and liquefaction of 

unsaturated soils, it can be concluded that: 1) a systematic study of the combined 

effects of degree of saturation, relative density, and initial effective stress on 

liquefaction of unsaturated granular soils using a comprehensive constitutive model is 

needed; 2) the incorporation of hydraulic hysteresis in the finite element analysis of 

dynamic behavior of unsaturated soils will provide useful insights; 3) a fully coupled 
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finite element dynamic analysis procedure with a coupled hydro-mechanical 

constitutive model is needed to solve boundary value problems involving the dynamic 

behavior of unsaturated sands and non-plastic silts. 
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CHAPTER 3 A COUPLED HYDRO-MECHANICAL 

CONSTITUTIVE MODEL FOR UNSATURATED SANDS 

AND SILTS AND MODELING LIQUEFACTION 

 

 

3.1 Introduction 

 

A thorough literature review in Chapter 2 shows that relatively few numerical 

studies have been carried out to investigate the liquefaction potential of unsaturated 

sands under different initial conditions and the liquefaction resistance of unsaturated 

soils is influenced by degree of saturation, relative density and initial effective stress. A 

systematic investigation of the combined effects of these factors on liquefaction of 

unsaturated granular soils is lacking. Since unsaturated soils are commonly encountered 

in natural soil deposits above the ground water table, it is important to systematically 

study the liquefaction potential of unsaturated soils.  

In this chapter, first, the details of the CM4USS (Liu and Muraleetharan 2012a, 

b) are presented. Model parameters for Nevada sand are then calibrated using available 

laboratory test results from the literature. The comparisons between the measured and 

predicted number of cycles to cause initial liquefaction for unsaturated Toyoura sand 

are then provided to investigate the constitutive model’s capability for predicting the 

liquefaction potential of unsaturated sands at different initial conditions. Then, a series 
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of undrained, stress-controlled, cyclic triaxial tests for Toyoura sand and Nevada sand 

are simulated using the calibrated constitutive model to systematically understand the 

influence of various parameters on liquefaction of unsaturated sands. The main 

objectives of this chapter are: (1) to provide valuable insight into the behavior of 

unsaturated sands under cyclic loading; (2) to investigate the effect of initial conditions 

(degree of saturation, relative density and confining pressure) on the liquefaction of 

unsaturated sands; and (3) to develop a design chart that can be used to evaluate the 

liquefaction potential of unsaturated sands.  

Portions of this chapter have been published in Zhang et al. (2015) and Zhang et 

al. (2016). 

 

3.2 CM4USS 

 

3.2.1 Stress Invariants  

 

Effective stress principle plays a significant role in constitutive modeling of 

saturated and unsaturated soils. In the last few decades, many studies have been done to 

find effective stress equations based on different theories or experimental observations 

(Aitchison 1960, Bishop and Donald 1961, Schrefler 1984, Khalili and Khabbaz 1998). 

For unsaturated soils, most researchers use the Bishop-type effective stress as follows 

(Bishop 1959):  

 

  a cp s   σ σ I I  ;  ij ij a ij c ijσ σ p s       (3.1) 
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 c a ws p p    (3.2) 

 

where, σ  is the effective stress tensor, σ  is the total stress tensor, ap  is pore air 

pressure, I  is the second-order unit tensor, ij  is the Kronecker delta,   is Bishop’s 

parameter, cs  is matric suction and wp  is pore water pressure, ijσ  and ijσ   are the total 

stress and intergranular stress tensors.  

Many definitions have been proposed for the Bishop’s parameter (Aitchison 

1960, Schrefler 1984, Khalili and Khabbaz 1998). Following Wei and Muraleetharan 

(2002a, 2002b),   is defined as the volumetric water content wn  in this study. In this 

dissertation, σ  is referred to as the intergranular stress tensor, which is conjugated with 

the strain tensor   of the solid skeleton. The pore water pressure equals the pore air 

pressure for saturated soils. Therefore, for saturated soils, the matric suction becomes 

zero and the intergranular stress automatically becomes the Terzaghi's effective stress. It 

provides a straightforward transition between saturated and unsaturated states. The 

model uses intergranular stress and matric suction as stress variables and solid skeleton 

strains and volumetric water content as strain variables to capture the above described 

hysteresis and couplings.  

The stress invariants are defined as follows: 

 

 First stress invariant: ( ) 3I tr  σ   (3.3) 

    Second stress invariant:  
1/2

21

2
J tr

    
r   (3.4) 



26 

 Third stress invariant:  
1/3

31

3
S tr

    
r   (3.5) 

 

where 
I

   
 

s
r α ,  ijdev  s  is the deviatoric stress tensor and α  is the kinematic 

hardening parameter. 

 

3.2.2 Hysteretic Soil Water Characteristic Curves  

 

SWCCs play an important role in describing the unsaturated soil behavior. 

Experimental studies have shown that the SWCCs exhibit hysteresis during wetting and 

drying cycles. Many models have been proposed to capture the hydraulic hysteresis. In 

this research a hysteretic model for soil water characteristic curves based on the 

bounding surface plasticity theory (Liu and Muraleetharan 2006, 2012a) is adopted to 

describe the hydraulic hysteresis. A schematic representation of SWCC model is shown 

in Fig. 3.1. The boundary curves are described by the equations proposed by Feng and 

Fredlund (1999):  
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where , ,  and  are material parameters ,  and  are the saturated and 

residual volumetric water contents, respectively.  and  are suctions on the 

wetting and drying bounds, respectively.  

Similar to the traditional elastoplastic soil mechanics, the SWCCs model is 

developed in an incremental form and the increment of the volumetric water content 

wdn  is assumed to be the additive decomposition of elastic part ( e
wdn ) and plastic part 

( p
wdn ), 

 

 e p
w w wdn dn dn    (3.8) 

 e e
c wds = Γ dn   (3.9) 

 p p
c wds = Γ dn   (3.10) 

 

where eΓ  and pΓ are the capillary elastic and plastic moduli, respectively, so the 

scanning curve can be expressed as: 

 

  ,c c w wds = Γ s n dn   (3.11) 

 e p

1 1 1
= +

Γ Γ Γ
  (3.12) 

 1p p
0

in

H
Γ = Γ

g

 
    


 

  (3.13) 

 

2b 2d 3b 3d wsn wrn

0c ws 0c ds
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where Γ  is the tangent capillary modulus in c ws - n  space;   is the vertical distance (in 

suction units) between the current state and its projection on the drying or wetting 

bounding curve depending on whether the loading is either a drying or a wetting 

process, as shown in Fig. 3.1; in  is the value of   at the initiation of yielding for each 

drying/wetting process; p
0Γ  is the value of  when 0 , i.e., the value of on the 

bounding curves; < > are the Macaulay brackets; H  is a shape hardening parameter, 

which can be assumed a constant; g  can be assumed to be 1 for most soils. The 

performance of this model to simulate the hysteretic SWCCs has been validated (Miller 

et al. 2008, Liu 2009, Muraleetharan et al. 2009, Liu and Muraleetharan 2012a).  

 

3.2.3 Elastic Moduli  

 

The elastic moduli, bulk modulus , shear modulus  are defined as follows: 

 

 e
v

I

K



 , 
2

e
q G


s
ε


  (3.14) 

 

where: e
v  and e

q  are the elastic components of volumetric and deviatoric strain of the 

solid skeleton, respectively, and given by  v ijtr =  and  q ijdev ε , where ij  is 

the strain tensor of the solid skeleton, I is the hydrostatic intergranular stress given by 

  / 3I       = , s  is the deviatoric stress tensor defined as  ijdev  s . The 

pΓ pΓ

K G
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hypoelastic assumption is adopted, which is consistent with the stress-strain behavior of 

sandy soils, giving  
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  (3.15) 

 

where refp  is a reference pressure, which is assumed to be 100 kPa, 0K K  and 

0G G  when refI p , 1b  and 1d  are two model parameters. 

 

3.2.4 Yield, Critical, Bounding and Dilatancy Surfaces 

 

The formulation of CM4USS is developed by introducing four surfaces in the 

general stress space, namely:  

 yield surface (YS), which defines the elastic region 

 bounding surface (BS), which corresponds to the bounding (or peak) stress 

ratio 

  critical surface (CS), which corresponds to critical stress ratios  

 dilatancy surface (DS), which defines the stress states at which dilatancy (or 

phase transfer) occurs  

Fig. 3.2 illustrates all the surfaces in the general stress space. The yield surface is given 

by: 
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        0, ; , : 2 / 3 1 / 0cf s m I I mI I I
      σ α s α s α   (3.16) 

 

where α  is kinematic hardening parameter which stands for the center of the yield 

surface. m  is the isotropic hardening parameter that defines the size of the yield surface, 

 is the initial hydrostatic intergranular stress.  

The slope of the critical state line of soils in the general stress space is given as a 

function of the Lode angle,  

 

 

3
3 3

cos3
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J

 
  

 
   (3.17) 

 

The bounding surface, dilatancy surface, and critical surface are defined as 

follows: 

  

 , , , ,2 / 3b c d b c d
 α n   (3.18) 

      0, , 1 /b c b
c b cg c M g c k m I I       

      (3.19) 

      0, , 1 /d c d
c d cg c M g c k m I I    

      (3.20) 

    0, 1 /c c
cg c M m I I   

    (3.21) 

 

where superscripts b , c  and d  represent variables for the bounding surface, the critical 

surface, and the dilatancy surface, respectively; M  is the stress ratio on the critical state 

0I


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line; b
ck  and d

ck  are two model parameters which define the bounding (or peak) and 

phase transfer (or dilatancy) surfaces on the compression side of the surfaces; c , bc  and 

dc  are the conversion factors between a quantity in extension and compression 

( c c
e cc M M , b b

b e cc k k , d d
d e cc k k ); subscripts  and  stand for variables under 

compression and extension;  is given as    , 2 (1 ) (1 )cos3g c c c c     . 

ce e    is the state parameter and it is defined as the difference between the current 

void ratio  and the critical void ratio  at the same stress state. The formulation of 

critical state line  c cr refe e I p


   on e p  plane (Li and Dafalias 2000) is 

employed in the proposed model, in which cre ,   and   are three model parameters 

and I  is current mean intergranular stress.  

 

3.2.5 Hardening Laws 

 

It’s assumed that the effect of suction on the kinematic hardening is only 

through its contribution to the intergranular stress tensor. The isotropic hardening 

parameter is only affected by the plastic volumetric strain of soil skeleton and the 

irrecoverable water content change. So the evolution equations for the kinematic 

hardening parameter α  and isotropic hardening parameter  are given as  

 

  bh h      α α α b   (3.22) 

c e

 ,g c

e ce
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ref
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 
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
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where 0e  is the initial void ratio, vc , mc  ,   are model parameters. The rate of change of 

the kinematic hardening parameter α  is dependent on  b
 α α , which is the distance 

between α  and its image on the bounding surface b
α . The function h  depending on 

| : |b n  was proposed by Dafalias and Popov (1976):  

 

 0

| : |

| : |ref

h h
b



b n

b n
  (3.24) 

 

in which 0h  is a model parameter and refb  is a reference value which is given as 

2 2 / 3 b
ref cb   . 

In order to investigate the coupling effects between the mechanical and 

hydraulic behavior of unsaturated sands or silts, the evolution of the bounding suctions 

on the drying bound and wetting bound ( 0c ds  and 0c ws ) are given below (Muraleetharan 

et al. 2009)  

 

 Wetting: 0 0 0
p p p

c w c w v w ws s v n       (3.25) 

 Drying: 0 0 0
p p p

c d c d v d ws s v n       (3.26) 
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where   is material parameter, v is the specific volume which is defined in terms of the 

porosity n as  1/ 1v n  , 0
p
w  and 0

p
d  are the capillary plastic moduli on the wetting 

and drying bounds, respectively.  

 

3.2.6 Flow Rules and Plastic Moduli  

 

The plastic strain tensor of the soil skeleton and plastic volumetric water content 

are given as follows: 

 

 
1

3
p D

     
 

ε n I   (3.27) 

 /p p
w cn s     (3.28)  

  

where n  is the deviatoric part of the unit normal to the yield surface, p  is the 

capillary plastic modulus. 0
p  can be either 0

p
w  or 0

p
d . 0

p
w  and 0

p
d  are calculated 

as follows:  
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The loading index   is given by considering the coupling effects between the 

intergranular stress and matric suction  
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    0 0

2
: 1 / 1

3
p

s mK hI I I I c e D
   b n   (3.34) 

 

where p
sK  and p

mK  are two plastic moduli, representing the two mechanisms related to 

the yield surface. p
sK  is equivalent to the traditional plastic modulus in the 

elastoplasticity theory, while p
mK  is a new plastic modulus accounting for the effects of 

the hydraulic mechanism on the yield surface.  

 

3.2.7 Dilatancy Coefficient  

 

In the general stress space, the dilatancy coefficient, D , is related to the distance 

from the dilatancy surface d : 
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   : :dD B B  α α n d n   (3.35) 

  0 1 :B B   F n   (3.36) 

  maxfc D F        F n F   (3.37) 

 

where: 0B , fc , maxF  are model parameters, F  is fabric tensor.   

 

3.3 Parameter Calibration  

 

The 32 parameters that are used to define the model in the general stress space 

and their physical meanings are summarized in Table 3.1. Available experimental data 

for two different sands, Toyoura sand and Nevada sand were used to determine the 

constitutive model parameters. Toyoura sand is a fine clean sand with a specific gravity 

sG  of 2.65 and a mean particle size 50D  of 0.17 mm. The minimum and maximum void 

ratios are min 0.6e   and max 0.97e  , respectively. Results of monotonic and cyclic 

triaxial tests performed on saturated and unsaturated Toyoura sand can be found in the 

literature (Verdugo and Ishihara 1996, Unno et al. 2008). A single drying SWCC 

provided for Toyoura sand at 60%rD   (Unno et al. 2008) is used as the drying 

bounding curve and the other SWCCs parameters are assumed. The SWCCs parameters 

for unsaturated Toyoura sand at 40%rD   are assumed to be the same as those at 

60%rD  . Nevada sand is a foundry sand from Simplot Silica Products in Overton, 

Nevada, with 2.67sG  , 50 0.15D   mm, min 0.54e   and max 0.97e  . The data for 
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undrained triaxial tests under monotonic and cyclic loading on saturated Nevada sand of 

two relative densities ( 40%rD   and 60%rD  ) can be found in Arulmoli et al. 

(1992). The model parameters related to unsaturated behavior were obtained using a 

subset of tests on unsaturated Nevada sand available in Liu and Xu (2015) and Xu 

(2012).  

Most of the model parameters can be easily calibrated based on conventional 

triaxial compression and extension tests results, while other parameters have to be 

determined using a trial-and-error procedure. The calibration of the model parameters 

for Toyoura sand can be found in Liu and Muraleetharan (2012b) and Liu (2009). The 

calibration procedure used for Nevada sand is described here. 

(1) Elastic parameters ( ,  ,  , , and ):  is the reference value for the 

bulk modulus and  is the modulus exponent. These parameters were obtained 

by matching the low-strain behavior in drained triaxial tests.  is the reference 

value for shear modulus and  is the modulus exponent; both were calibrated 

by matching the low-strain behavior in undrained triaxial tests. Parameter  is 

the reference pressure, which is assumed to be 100 kPa. 

(2) Critical state parameters ( , , , , and ): The parameters ,  and

 define the location of the critical state line in  space, and these 

parameters were calibrated using monotonic undrained triaxial tests that 

approached critical state.  and  are equal to the stress ratio  at the 

critical state in triaxial compression and extension, respectively. In this chapter, 

, the deviatoric stress is defined as 1 3q     and , the effective mean 

0K 0G 1b 1d refp 0K

1b

0G

1d

refp

cre   c
cM c

eM cre 

 e p 

c
cM c

eM / 'q p

q p 



37 

normal (or confining) stress is defined as  1 32 3p      , where 1  and 3  

are total principal stresses and 1  and 3  are principal intergranular stresses 

given by Eq. (3.1).    

(3) Other state parameters ( , , , and ): Calibrating , , ,  

requires monotonic compression and extension tests. For example,  and  , 

respectively, can be determined by plotting the bounding (or peak) stress ratio 

( ) and the phase transfer (dilatancy) stress ratio ( ) for different 

compression tests versus the corresponding state parameters ( ).  was 

obtained from drained and undrained compression tests and  was obtained 

using undrained compression tests where dilative behavior was observed. 

Similar procedures were adopted for calibration of  and , corresponding to 

extension values. 

(4) Dilatancy parameter ( ): Good quality stress-dilatancy data were used to 

estimate the dilatancy parameter ( ), i.e., the relationship between the 

volumetric strain and the axial strain in a constant confining pressure drained 

test. 

(5) Hardening parameters ( , , , , , , and ): The value of  was 

determined by matching the  -  curves between the model predictions and the 

test results in a drained compression test. Parameter  is generally a small 

value. A reasonable  curve will provide a good estimation of . 

Parameter  can be assumed as 20 for most soils. Parameters ,  and  
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were determined by a trial-and-error procedure; however, the influence of these 

parameters on the predicted behavior was minimal. 

(6) Fabric parameters (  and ): Fabric parameters,  and were 

determined through trial-and-error procedure of fitting cyclic data. 

(7) SWCCs model parameters ( , , , , e , , , , , and ): 

Parameter  equals saturated volume fraction of water and  is the residual 

volume fraction of water. Parameters , , ,  ,  and  were 

obtained by matching the bounding curves. A canning curve was used to 

determine the capillary plastic modulus e ,  and .  can be assumed to be 

1 for most soils.  was calibrated using a trial-and-error process. SWCCs for 

Nevada sand at different relative densities available in Xu (2012) were used for 

calibartion of these parameters.  

The calibrated model parameters for Toyoura sand and Nevada sand are 

summarized in Table 3.2. The constitutive model simulations of unsaturated Toyoura 

sand under monotonic and cyclic loading can be found in Liu and Muraleetharan 

(2012b). Liu and Xu (2015) conducted 12 strain-controlled cyclic loading tests on 

saturated and unsaturated Nevada sand under different relative densities (30% and 

70%), effective confining stresses (50 and 200 kPa), and degrees of saturation (90%, 

95%, and 100%). In these tests, the saturated soil was first consolidated under a given 

effective confining pressure. Then, the soil specimen was tuned to the target degree of 

saturation by applying pore air pressure. Cyclic strain at a frequency of 0.005 Hz was 

then applied under undrained conditions, and the pore water and air pressures were 

fc maxF fc maxF

2b 2d 3b 3d g H wsn wrn 

wsn wrn

2b 2d 3b 3d wsn wrn

g H g


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measured continuously by water and air pressure transducers. Such slow loading rates 

are needed to ensure pore pressures come to equilibrium throughout the sample. The 

effective stress Eq. (3.1) was also used by Liu and Xu (2015); however, they defined the 

Bishop’s parameter  as the degree of saturation, which is different from the definition 

used in this chapter i.e., =  (volume fraction of water). The effective stresses 

reported by Liu and Xu (2015) were therefore converted to conform to the definition 

used in this chapter. For example, an effective confining pressure of 50 kPa reported by 

Liu and Xu (2015) corresponds to an effective confining pressure of 46.1 kPa according 

to the definition of effective stress used in this chapter. The model simulations for an 

undrained, strain-controlled, cyclic triaxial test on unsaturated Nevada sand with 70% 

relative density, 46.1 kPa effective confining stress and 90% degree of saturation are 

compared with measurements in Fig. 3.3. Considering the fact that the results of the 

tests shown in Fig. 3.3 were not used in calibration of the model parameters, the 

comparisons shown in Fig. 3.3 are very good. As can be seen in Fig. 3.3, the simulated 

deviatoric stresses in the first few cycles of loading are larger than the measured values. 

The exact reason for this discrepancy is not known. The simulated deviatoric stresses in 

later cycles of loading as well as the simulated excess pore air and water pressures, 

however, match the measured values reasonably well. The model predicts the 

occurrence of liquefaction in approximately eight loading cycles, which agrees well 

with the measured number of cycles to liquefaction. These results show that the model 

simulation provides a satisfactory agreement with the test results.  

 



 wn
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3.4 Model’s Capability for Predicting Liquefaction 

 

Okamura and Soga (2006) studied the factors that influence the liquefaction 

resistance of unsaturated Toyoura sand through a series of undrained stress-controlled 

triaxial tests. These test specimens had approximately the same relative densities (  

39 - 43%), but different degrees of saturation ( rS 70%, 80%, 90%, 96%, 98% and 

100%) and initial effective confining pressures (19.6 kPa, 49 kPa and 98 kPa). A 

Bishop’s type effective stress  was also adopted by Okamura and 

Soga (2006), but  was defined as unity in their work. The effective stress used by 

Okamura and Soga (2006) was converted to the intergranular stress defined in this 

chapter, i.e., the values of 49 kPa and 98 kPa were converted to 46.5 kPa and 95.5 kPa, 

respectively. In this research the predicted results are compared with undrained stress-

controlled cyclic tests results at different degrees of saturation (90%, 98%) and initial 

effective confining pressures (46.5 kPa, 95.5 kPa) for Toyoura sand at 40% relative 

density. The initial conditions and their range of values are shown in Table 3.3. The 

initial liquefaction of unsaturated Toyoura sand is defined following the reference 

(Okamura and Soga 2006) on the basis of a soil specimen deforming to 5% double 

amplitude (DA) axial strain. 

Fig. 3.4 shows typical model simulations for an undrained stress-controlled 

triaxial test on unsaturated Toyoura sand at , , kPa, and 

41q    kPa. The initial matric suction is 4.67 kPa. It can be observed that both pore 

water pressure and pore air pressures increase with the number of cycles. The matric 

rD 

 a cp s   σ σ I I



40%rD  98%rS  0 95.5p 
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suction becomes nearly zero at about 21st cycles at which point the effective confining 

pressure also becomes zero. When the effective confining pressure becomes zero, the 

axial strain starts to increase significantly. 

Fig. 3.5 compares predicted and measured number of cycles to cause 

liquefaction (double amplitude axial strain = 5%) for undrained stress-controlled cyclic 

tests on unsaturated Toyoura sand at  and kPa under two degrees of 

saturation of  90% and 98%. The CSR is defined as the ratio of one half of the 

applied deviatoric stress ( ) to the initial effective confining pressure, 0p , i.e., 

 0CSR / 2q p . It can be observed from Fig. 3.5 that a good match is obtained 

between the predicted and measured results when  at low CSR, while there is 

a small discrepancy at high CSR. For the sands at , although there are about 2 

cycles difference between the measured and predicted results, in general the model 

predicts the number of cycles to cause liquefaction well. The results clearly demonstrate 

the capabilities of this model to capture the liquefaction potential of unsaturated sands 

at various degrees of saturation. Furthermore, it is obvious that the liquefaction potential 

is influenced by the degree of saturation, i.e., the lower the degree of saturation, the 

lower liquefaction potential of unsaturated sands. 

Comparisons between the predicted and measured number of cycles to cause 

liquefaction for undrained stress-controlled cyclic tests on unsaturated Toyoura sand at 

,  kPa, and  under cyclic stress ratios of 0.18, 0.19, 0.23 

and 0.25 are shown in Fig. 3.6. It can be deduced from Fig. 3.6 that the predicted 

number of cycles to cause liquefaction under both high and low CSRs at low effective 

40%rD  0 95.5p 

rS 

q

98%rS 

90%rS 

40%rD  0 46.5p  98%rS 
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confining pressures compares quite well with the measured ones. From Fig. 3.5 and Fig. 

3.6, the liquefaction resistances of unsaturated Toyoura sands at  and 

 are obtained and plotted in Fig. 3.7. The liquefaction resistance is defined 

here as the CSR required to cause 5% double amplitude axial strain in 20 cycles. The 

overall performance of the model on predicting the liquefaction resistance of 

unsaturated sands under different effective confining pressure is satisfactory. It is of 

interest to note that the increase in effective confining pressure results in more resistant 

to liquefaction.  

 

3.5 Constitutive Model Simulations 

 

To study the influence of initial conditions on liquefaction potential of 

unsaturated sands, various degrees of saturation (75%, 85%, 90%, 95% and 98%), 

relative densities (30%, 50% and 70%) and initial effective confining pressures (50 kPa 

and 100 kPa) were considered (Table 3.4) for both Toyoura and Nevada sand. Various 

applied deviatoric stresses in the stress controlled cyclic test simulations are also shown 

in Table 3.4.  

In all the simulations, the initial pore water pressure was assumed to be equal to 

98 kPa. The initial suction was obtained based on the degree of saturation and the 

drying boundary curve. All simulations were conducted as undrained, i.e., the drainage 

of both the pore air and pore water were prevented during cyclic loading. The initial 

liquefaction of unsaturated soils in triaxial tests occurs when the effective mean stress 

reaches a value of zero. Since this definition is more commonly used than that in 

40%rD 

98%rS 
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Okamura and Soga (2006), it will be employed as the liquefaction criteria. 

Unfortunately, this condition is difficult to precisely discern in testing and simulations. 

In this research, the soil is assumed to have reached initial liquefaction when the 

effective mean stress reaches a value of 10% of the initial value, i.e., 00.1p . The 

liquefaction resistance is defined as the cyclic stress ratio that leads to initial 

liquefaction in 15 cycles, the number of significant cycles for a magnitude 7.5 

earthquake (Seed and Idriss 1982).  

 

3.6 Results and Discussion 

 

A typical simulation of an undrained, cyclic, stress-controlled test using the 

constitutive model is shown in Fig. 3.8 (Toyoura sand with 50%rD  , 95%rS  , 

0 100p   kPa and 60q    kPa). It can be observed that both pore water and pore air 

pressures increase with the number of cycles. The matric suction becomes nearly zero in 

approximately 19 cycles and the axial strain starts to increase significantly. Based on 

the definition given earlier, the specimen reaches initial liquefaction in 18.5 cycles as 

shown in Fig. 3.8. Typical simulation results of an undrained, cyclic, stress-controlled 

test at 65%rS   are shown in Fig. 3.9. It can be seen that this sample did not reach 

liquefaction. Therefore, it can be concluded that unsaturated Toyoura sand with 

50%rD   and 0 100p   kPa is not susceptible to liquefaction if its degree of saturation 

is lower than a value between 75% and 65% for a CSR = 0.3. Effects of initial degree of 

saturation, relative density, and confining pressure on liquefaction are discussed below. 

Although simulations were conducted for Toyoura sand and Nevada sand for all the 
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cases listed in Table 3.4, only typical results are shown below. Results from all 

simulations are later combined into a design chart.  

 

3.6.1 Effect of Degree of Saturation 

 

For Nevada sand with a relative density of 50% and an initial effective confining 

stress of 100 kPa, the number of cycles required to cause initial liquefaction for various 

CSRs at a given degree of saturation are shown in Fig. 3.10. The following can be 

observed from Fig. 3.10: (1) for a given CSR, the number of cycles required to cause 

initial liquefaction increases significantly as the degree of saturation reduces; and (2) a 

slight decrease in degree of saturation when the initial degree of saturation is high (e.g. 

98% to 95%) results in a significant increase in number of cycles to cause initial 

liquefaction for a given CSR.  

The liquefaction resistance can be read from the curves shown in Fig. 3.10 (CSR 

required to cause liquefaction in 15 cycles) and are depicted as a function of degree of 

saturation in Fig. 3.11 for both Nevada sand and Toyoura sand. It can be seen form Fig. 

3.11 that the lower the degree of saturation, the higher the liquefaction resistance. The 

liquefaction resistance at  is approximately 170% times higher than that at 

. It can also be seen from Fig. 3.11 that the effect of the degree of saturation 

on the liquefaction resistance is more pronounced for high values of degree of 

saturation. For example, for Toyoura sand, a 3% drop (from 98% to 95%) in degree of 

saturation results in about 25.3% increase in the liquefaction resistance, while there is 

only 8.8% increase in liquefaction resistance when the degree of saturation changes 

75%rS 

98%rS 
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from 85% to 75%. Furthermore, the liquefaction resistance values of Toyoura sand and 

Nevada sand are similar.  

 

3.6.2 Effect of Density 

 

Typical simulation results showing the effect of density are depicted in Fig. 

3.12. As expected, for a given cyclic stress ratio, number of cycles to cause initial 

liquefaction increases with density. The number of cycles to cause initial liquefaction at 

a CSR 0.3  for  30%, 50% and 70% are approximately 7, 11.5 and 19.5, 

respectively. Liquefaction resistance values obtained from Fig. 3.12 and similar curves 

not shown here are given in Fig. 3.13. Increases of 11.4% and 7.6% in liquefaction 

resistance occur when relative density changes from 30% to 50% and 50% to 70%, 

respectively, at 85% degree of saturation. At a relative density of 50%, the liquefaction 

resistance at degrees of saturation of 95%, 90%, 85% and 75%, respectively, is 30%, 

47%, 61% and 77% more than that at 98% degree of saturation. It can be concluded 

from Fig. 3.13 that for all degrees of saturations, liquefaction resistance increases with 

density.  

 

3.6.3 Effect of Confining Pressure 

 

Typical simulation results showing the effect of initial effective confining 

pressure are given in Fig. 3.14. For an unsaturated sample with a same degree of 

saturation and relative density, the number of cycles to cause initial liquefaction 

rD 
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increases as the initial effective confining pressure increases. The variations of 

liquefaction resistance with the initial effective confining pressure for unsaturated 

Nevada sand at 30%rD   under different degrees of saturation values are shown in 

Fig. 3.15. Fig. 3.15 shows that, for all degrees of saturation values, the liquefaction 

resistance increases with an increase in initial effective confining pressure. The 

liquefaction resistance increases approximately 10-20% as the initial effective confining 

pressure increases from 50 kPa to 100 kPa. It can be concluded that liquefaction 

resistance is significantly influenced by the initial effective confining pressure. 

Unsaturated soils under larger effective confining pressures are expected to be more 

stable than those with smaller effective confining pressures at the same degree of 

saturation and relative density. 

 

3.6.4 Design Chart 

 

The results presented in the previous sections suggest that the liquefaction 

potential of unsaturated sands is influenced by the initial conditions (density, degree of 

saturation, and effective confining pressure). Based on the results presented earlier, 

boundary curves between liquefied and non-liquefied samples can be obtained. A 

typical boundary curve is shown in Fig. 3.16. There is about 7% difference in the value 

of liquefaction resistance between Toyoura sand and Nevada sand if the initial 

conditions are kept the same and therefore average values were used to obtain the 

boundary curve shown in Fig. 3.16. All such boundary curves obtained are shown in 
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Fig. 3.17. This design chart provides the boundary that separates liquefaction from no-

liquefaction occurrence for the following range of parameters: 

 Degree of saturation,  75%, 85%, 90%, 95%, and 98%; 

 Relative density, rD   30%, 50% and 70%; 

  Effective confining pressure,  50 kPa and 100 kPa; 

This design chart distinctly indicates that the higher the degree of saturation and 

lower the effective confining pressure and relative density, the easier the unsaturated 

sands will liquefy. It can be used to evaluate the liquefaction potential of unsaturated 

sands. Similar to the procedure used by Seed (1983), by taking the ratio of liquefaction 

resistance at an effective confining pressure to that obtained at a reference effective 

confining pressure of 100 kPa under the same degree of saturation and relative density, 

a correction factor for effective confining pressure can be developed to simplify the 

design chart shown in Fig. 3.17. This correction factor, K , is given as  

 

 
1

CRR
K

CRR


    (3.38) 

 

where CRR  is the liquefaction resistance at a given effective confining pressure , 

1CRR  is the liquefaction resistance at a reference effective confining pressure of 100 

kPa. Fig. 3.18 shows the relationship between degree of saturation and K  at an 

effective confining pressure of 50 kPa. 

 

rS 

0p 
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3.7 Summary 

 

In this chapter, a coupled hydro-mechanical elastoplastic constitutive model is 

presented and its capability to simulate the cyclic behavior of unsaturated sands is 

investigated through comparisons between the model simulations and a series of 

undrained cyclic tests results on unsaturated Toyoura sand. A series of undrained stress-

controlled cyclic triaxial tests on unsaturated Toyoura sand and Nevada sand were 

simulated using a calibrated, coupled, hydro-mechanical, elastoplastic constitutive 

model. The simulation results confirm that liquefaction can indeed occur in unsaturated 

sands. Based on the comparisons and simulation results, following conclusions can be 

reached. 

(1) The model’s ability to predict the number of cycles to cause liquefaction for 

unsaturated sands is generally satisfactory. 

(2) The liquefaction resistance increases with a decrease in the initial degree of 

saturation and increases in relative density and initial effective confining 

pressure. When the degree of saturation is near 100%, the effect of the degree of 

saturation on the liquefaction resistance is more significant.  

(3) The differences in liquefaction resistance values between Toyoura sand and 

Nevada sand under similar initial conditions are small and therefore the results 

can be combined to develop a liquefaction potential design chart for sands that 

separates liquefaction from no-liquefaction. The degree of saturation, relative 

density and initial effective confining pressure are incorporated into this design 

chart. 
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Table 3.1 Summary of model parameters and their physical meanings 
 

Symbol Physical meaning 

Elastic parameters 
K0  Low-strain bulk modulus  
G0 Low-strain shear modulus  
b1 Bulk modulus exponent  
d1 Shear modulus exponent  

Critical state parameters 
ecr, λ, ξ Location of critical state line in e - p' space                                     
Mc 

c  Critical state stress ratio in triaxial compression  
Mc 

e  Critical state stress ratio in triaxial extension 

State dependence parameters 
kb 

c  Effect of  on the position of BS in triaxial compression 
kd 

c  Effect of  on position of DS in triaxial compression 
kb 

e  Effect of  on the position of BS in triaxial extension 
kd 

e  Effect of  on position of DS in triaxial extension 

Hardening parameters 
m Radius of the yield surface  
h0 Evolution of kinematic hardening  
cm Evolution of isotropic hardening due to εp 

v   
I0 Effective confining stress at the tip of yield surface  
β Power exponent  
cv Evolution of isotropic hardening due to np 

w  
   
Evolution of the bounding suctions due to εp 

v

 

ζ 

Dilatancy parameters 
B0 Dilatancy constant  

Fabric parameters 
cf Evolution of fabric tensor  
Fmax Limit size of fabric tensor  

SWCCs parameters 
b2 Location of bounding wetting curve in nw - sc space            
d2 
b3 Location of bounding drying curve in nw - sc space             
d3 
Γe Capillary elastic modulus (kPa) 
H Hardening shape parameter  
nws Saturated volumetric water content 
nwr Residual volumetric water content 

 







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Table 3.2 Constitutive model parameters for Toyoura sand and Nevada sand 

Parameter list 
Toyoura sand Nevada sand 

Dr = 30%,50%,70% Dr = 30% Dr = 50% Dr = 70% 

 (kPa) 20000 60000 

 (kPa) 10000 30000 

 0.5 0.6 

 0.5 0.6 

 0.935 0.82 

 0.019 0.011 
 0.7 0.7 

 1.29 1.26 

 1.29 1.26 

 0.5 2.4 

 3.0 2.2 

 2.0 1.7 

 0.07 0.08 

 500 1400 
 0.40 0.40 
 0.0 0.0 

 (kPa) 5000 3000 

 20 20 

 0.5 0.5 
   10 10 

 10 10 

 0.5 0.7 

 100 500 

 100 1.0 

 2.3 4.9 2.6 2.9 

 1.05 3.2 2.2 2.3 

 4.0 8.1 6.5 6.8 

 1.3 5.3 5.2 5.4 

 (kPa) -100 -220 -190 -200 

 7.0 5.0 4.0 9.0 
 0.95 0.456 0.43 0.401 

 0.03 0.07 0.08 0.072 

0K

0G

1b

1d

cre
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c
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c
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Table 3.3 Initial conditions and their range of values for undrained tests of 
Toyoura sand  

 
Relative density 

(%) 

Degree of 

saturation (%) 

Effective confining 

pressure  (kPa) 

Deviatoric stress 

 * (kPa) 

40 98 95.5 41, 45, 50 

46.5 18, 21, 24 

90 46.5 60, 65, 70  

* In the constitutive model simulation, the value range of deviatoric stress is . 

 

Table 3.4 Parameters selected for undrained stress-controlled cyclic test 
simulations 

 

Relative density 
 (%) 

Degree of 
saturation 

 (%) 

Initial effective 
confining stress 

 (kPa) 

Deviatoric stress 
 (kPa) 

30, 50, 70 

98 
50 ±20, ±30, ±40 
100 ±40, ±60, ±80 

95 
50 ±20, ±30, ±40 
100 ±40, ±60, ±80 

90 
50 ±20, ±25, ±30, ± 40, ±45 
100 ±40, ±50, ±60, ±80, ±90 

85 
50 ±20, ±25, ±30, ±40 
100 ±40, ±60, ±70, ±80, ±90 

75 
50 ±20, ±30, ±35, ±40 
100 ±60, ±70, ±80, ±90 

 

 

 

rD rS 0p q
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(a)                                                                  (b) 

Fig. 3.3 Comparisons of (a) test results and (b) model simulations for an undrained 
strain-controlled cyclic triaxial test on unsaturated Nevada sand ( , 

 and kPa) (test results after Xu 2012)
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Fig. 3.4 Predicted result of an undrained stress-controlled triaxial test on 
unsaturated Toyoura sand at Dr = 40%, Sr = 98%, p' 

0 = 95.5 kPa, and q = ±41 kPa 
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Fig. 3.5 Comparisons between the measured and predicted number of cycles to 
cause liquefaction for undrained stress-controlled cyclic tests on unsaturated 

Toyoura sand at Dr = 40% and p' 
0 = 95.5 kPa under degrees of saturation of Sr = 

98% and 90% (measured results are after Okamura and Soga 2006) 
 

 
 

Fig. 3.6 Comparisons between the measured and predicted number of cycles to 
cause liquefaction for undrained stress-controlled cyclic tests on unsaturated 

Toyoura sand at Dr = 40% and Sr = 98% (measured results are after Okamura and 
Soga 2006) 
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Fig. 3.7 Comparisons between the measured and predicted liquefaction resistance 
for undrained stress-controlled cyclic tests on unsaturated Toyoura sand at Dr = 
40% and Sr = 98% under effective confining pressures of 46.5 kPa and 95.5 kPa 

(measured results are after Okamura and Soga 2006) 
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Fig. 3.8 Typical constitutive model simulation of an undrained stress-controlled 
cyclic test (Toyoura sand with , ,  kPa and  

kPa) 
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Fig. 3.9 Typical simulation results of an undrained stress-controlled cyclic test 
(Toyoura sand with , 65%rS  , kPa and kPa) 

 

 

Fig. 3.10 Relationship between cyclic stress ratio and number of cycles to cause 
initial liquefaction for different degrees of saturation for Nevada sand 
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Fig. 3.11 Effect of degree of saturation on liquefaction resistance  
 
 

 
Fig. 3.12 Relationship between cyclic stress ratio and number of cycles to cause 

liquefaction for Toyoura sand at different relative densities 
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Fig. 3.13 Effect of relative density on liquefaction resistance 
 

 
 

Fig. 3.14 Relationship between cyclic stress ratio and number of cycles to cause 
initial liquefaction for Toyoura sand under different initial effective confining 

pressures  
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Fig. 3.15 Effect of initial effective confining pressure on liquefaction resistance 
 
 

  
 

Fig. 3.16 Boundary curve for liquefaction of unsaturated sands 
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CHAPTER 4 FINITE ELEMENT MODEL 

 

 

4.1 Introduction 

 

In order to study the fluid flow and elastoplastic behavior in unsaturated soils 

subjected to dynamic loading in a boundary value problem, a fully coupled finite 

element model is needed. The finite element computer code used in this research is 

U_DYSAC2 (Muraleetharan and Wei 1999b). The fully coupled equations governing 

the dynamic behavior of unsaturated soils used in U_DYSAC2 are presented here for 

completeness. The finite element approach utilized by U_DYSAC2 with solid skeleton 

displacement, pore water pressure, and pore air pressure as primary unknown variables 

is then detailed. The basic equations include mass balance equations and linear 

momentum balance equations for the mixture, pore air, and pore water.  

 

4.2 Governing Equations for Unsaturated Soils 

 

4.2.1 Preliminaries 

 

Throughout this section the sign of stresses, strains, and pore pressure follows 

solid mechanics sign conventions with positive stresses and strains in tension and 
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negative stresses and strains in compression. Pore water and air pressures are assumed 

positive in compression. The mathematical description of the behavior of unsaturated 

soils presented in this research is similar to Lewis and Schrefler (1998), Wei (2001) and 

Muraleetharan and Wei (1999a) and is derived by extending Biot's formulation. Some 

details are presented for the completeness. Without loss of generality, the following 

assumptions are made in this research:  

1) all the physical processes are assumed to be under isothermal condition; 

2) the solid grains are incompressible;  

3) air is considered as a compressible and ideal gas; 

4) mass exchange among the solid, water and air phases are neglected;  

5) both fluid phases are barotropic, whose densities depend only on upon their 

pressures; 

 

4.2.2 Basic Definitions 

 

Unsaturated soil is a three-phase porous media consisting of a solid skeleton ( s), 

pore water ( w ), and pore air (a). The pore space of the solid skeleton is completely 

filled with the fluid phases   ( ,w a  ). Considering a representative elementary 

volume (REV) in unsaturated soils, each phase has a mass m  and a volume V , 

, ,s w a , the overall volume V of REV is obtained from the sum of the volumes of 

- phase, V V 


   and the corresponding mass m  is given by m m 


  . 

The volume fraction n  of - phase is defined as n V V
  ; hence the volume 
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fractions of the mixture satisfy 1s w an n n    and the degree of saturation rS   of 

fluid phases   is expressed as rS n n  




. The relationships between volume 

fractions and the parameters typically used in soil mechanics are given by  

 

 w an n n  , 1sn n  , w rwn nS , (1 )w
a

rnn S  , 1rw raS S    (4.1) 

 

where n is porosity of the soil, wn  is the volumetric water content, rwS  is degree of 

water saturation. The intrinsic mass density of - phase is denoted as m V     , 

whereas the macroscopic partial density of - phase is written as m V
   . Thus 

the macroscopic partial density of - phase can be expressed by  

 

 (1 )s s
s snn       (4.2) 

 w w
w rw wn nS      (4.3) 

 (1 )a a
a rw ann S       (4.4) 

 

The overall density   of the three-phase mixture is given by 

 

 + (1 ) (1 )s w a
s rw w rw an nS n S               (4.5) 

 

The velocities for flowing fluid constituents ,w a  (water and air) relative to the 

moving solid sv are defined as  
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  s sn   v v v  (4.6) 

 

 where v and sv  are the intrinsic or absolute velocities for phase   and the solid 

skeleton, respectively, which are given by   

 

 
t


 



u

v  and s

t




u

v  (4.7) 

 

where u  and u  are the displacement vectors of phase   and the solid skeleton, 

respectively. The acceleration of the solid skeleton sa  is defined as s s t   a v u . 

The stress-strain relationship is given in the general incremental form if only 

small displacements are considered as 

 

 σ = D     (4.8) 

 

where D  is the tangent stiffness tensor of the soil. The strains of the solid skeleton are 

related to the skeletal displacements using the classical small strain continuum 

kinematics as 

 

  T1

2
      

u u   (4.9) 
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4.2.3 Balance of Mass 

 

The balance of mass for - phase is written as  

 

   div 0
D

n n
Dt


  

   v  (4.10) 

 

where v  is the velocity of - phase, D Dt  denotes the material time derivative with 

respect to the motion of - phase. For the fluids,  D Dt�  is written as (Coussy 1995)  

 

 
       

s
sD D

Dt Dt


   v v

� �
�   (4.11)  

 

In this dissertation, the abbreviation  sD Dt � �  is adopted.  

With the assumption that the solid grains are incompressible, the material time 

derivative of solid is  

 

 0s

s





  (4.12) 

 

Introducing Eqs. (4.2) and (4.12) into the balance of mass for the solid skeleton (4.10) 

yields 

 

 (1 ) div 0sn n   v   (4.13) 
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 Considering the assumption that all the physical processes are assumed to be under 

isothermal condition and that the water is barotropic, the material time derivative of 

pore water phase with respect to the solid skeleton can be obtained as 

 

 
1w

w
w w

p
K








  (4.14) 

 

where wK  is the bulk modulus of pore water and wp  is the pore water pressure. 

Similarly, the material time derivative of pore air phase with respect to the solid 

skeleton can be expressed as 

 

 
1a

a
a a

p
K








  (4.15) 

 

where aK  is the bulk modulus of pore air and ap  is the pore air pressure. With the 

assumption of isothermal condition, using Boyle’s law ( .a ap V const ), the bulk 

modulus of pore air is equal to the magnitude of the pore air pressure ap , i.e., a aK p . 

 Substituting Eqs. (4.3) , (4.11) and (4.14) into the balance of mass for the pore 

water (4.10) gives 

 

 div div ( ) 0w s wsrw
w w w rw w w

w

nS
n p nS

K
      v v    (4.16) 
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Following Wei and Muraleetharan (2002a, 2002b), the volume fraction of the 

water is assumed to be a function of matric suction and volumetric strain of the solid 

skeleton, which is given as 

 

  ,w
v cn f s    (4.17) 

 

Applying the chain rule, the material time derivative of volume fraction of pore water 

wn  can be given in terms of matric suction cs  and volumetric strain of the solid skeleton 

v   

 

    1
1  div 

w w
w s

v c rw a w
v c

n n
n s n S p p

s


 
 

     
 

v      (4.18) 

 

With Eqs. (4.13) and (4.18), the balance of mass for the pore water with respect to solid 

skeleton can be expressed as 

 

 
grad1 1

 div div ( ) + 0s ws wsrw w
rw w a

w w

nS
S p p

K


  

 
     
 

v v v     (4.19) 

 

Similarly, with the Eqs. (4.6), (4.11), (4.13) , (4.15) and (4.18), the balance of mass for 

the pore air (4.10) can be rearranged to 
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     1 grad1 1
1  div div 0rws as asa

rw w a
a a

n S
S p p

p


  

 
       

 
v v v      (4.20) 

 

4.2.4 Balance of Linear Momentum 

 

The linear momentum balance equation for the mixture is obtained by adding 

the balance equations of linear momentum for three phases and disregarding the viscous 

forces and convective terms  

 

 div 0  u b =   (4.21) 

 

where   is the total Cauchy stress tensor, b is the body force tensor.  

The linear momentum balance equations for pore water and pore air phase 

results in the generalized Darcy’s law  

 

  s p
       v k b u +   (4.22) 

 

where k  is the permeability of phase   which is given as  

 

 rk 





k
k   (4.23) 
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where k  is the intrinsic permeability tensor, rk   is the relative permeability of phase 

  , which is dependent on the degree of relative saturation ( 0 1rk  ),   is the 

dynamic viscosity. Empirical relations for rk   can be found in the literature (Brooks 

and Corey 1964, Mualem 1976, van Genuchten 1980). In this dissertation, the following 

equations based on the van Genuchten-Mualem (VGM) model (van Genuchten 1980) 

are accepted  

 

  
2

0.5 1/1 1
mm

rw e ek S S     
  (4.24) 

    20.5 1/1 1
mm

ra e ek S S     (4.25) 

 

where m  is the material parameter, eS  is the effective degree of water saturation which 

is given by  

 

 
r

rw rw
e s r

rw rw

S S
S

S S





  (4.26) 

 

where r
rwS  and s

rwS  are the residual (minimum) and saturated (maximum) degrees of 

water saturation.  

Neglecting the spatial gradient of the water density according to Lewis and 

Schrefler (1998) and eliminating sv  from Eqs. (4.19) and (4.20) by means of (4.22), 

the fully coupled governing equations for unsaturated porous media with solid skeleton 
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displacement u , pore water pressure wp , and pore water pressure ap  as the primary 

unknown variables are arrived 

 

 div   u b    (4.27) 

  1 1
 div div  0rw rw

rw w a w w w
w w

nS k
S p p p

K
 

  
   

          
   

k
u b u   +   (4.28) 

      11 1
1  div div 0rw ra

rw w a a a a
a a

n S k
S p p p

p
 

  
   

          
  

k
u b u   + (4.29) 

 

4.3 Boundary and Initial Conditions 

 

In order to obtain the numerical solution for the governing equations of the 

initial and boundary value problems (IBVP) in a domain   with boundary     and 

in a time period  0, t , the initial and boundary conditions are needed. The boundary is 

composed of DIRICHLET or forced boundary ( D ) and NEUMANN or natural 

boundary ( N ) 

 

DIRICHLET boundary ( D ) NEUMANN boundary ( N ) 

displacement specified: u u  on u  traction specified:  n t   on t  

water pressure specified:
w wp p  on 

wp  water flux specified: ws
wq v n   on 

wq  

air pressure specified: 
a ap p  on 

ap  air flux specified: as
aq v n   on 

aq  
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where u  is the prescribed displacement vector for the solid skeleton, wp  and ap  are the 

prescribed pore water and air pressure, t is the prescribed traction vector, wq  and aq  are 

the prescribed values of the flux on a unit area with unit normal vector n  on the 

permeable boundaries 
wq  and 

aq . The boundaries hold 

 

 w w a a

w w a a

u t p q p q

u t p q p q

         

        
  (4.30) 

 

The initial conditions are stated by  

 

 0u u= , 0w wp p= , 0a ap p=  (in   at 0t  ) (4.31) 

 

4.4 Weak Form and Spatial Discretization of Governing Equations 

 

Taking into account the arbitrary test function  u  and the traction specified 

boundary condition over the domain , the weak form of the momentum balance 

equation can be obtained as 

 

  div d d d - d 0
t

     
   

              σ u b u u u t n u  =   (4.32) 

 

Applying the Gauss Divergence Theorem,  
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  div d d d
t

  
  

          σ u σ n u σ u   (4.33) 

 

Substituting Eqs. (3.1), (3.2) and (4.33), the weak form of the momentum balance 

equation can be obtained as 

 

     d  d 1  drw anS p   
  

          u u σ u I u    

  d d d 0
t

rw wnS p    
  

          I u t u b u =   (4.34) 

 

where  u  denotes the virtual displacement of the solid skeleton. 

  Similarly, considering the arbitrary test function wp  and the water flux 

specified boundary condition, the weak form of mass balance equations for the pore 

water can be obtained as 

 

 
1 1

 div d d drw
w rw w w w a

w

nS
p S p p p p

K
  

   

 
    

 
  u      

 d grad d 0
qw

ws
w w wp q p 

 
    v   (4.35) 

 

and considering the arbitrary test function ap  and the air flux specified boundary 

condition, neglecting the spatial gradient of the air density, the weak form of mass 

balance equations for the pore air can be obtained as 
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   11 1
1  div d d drw

a rw a w a a
a

n S
p S p p p p

p
  

   

 
     

 
  u    

 d grad d 0
qa

as
a a ap q p 

 
    v   (4.36) 

 

For the finite element discretization of Equations (4.34)–(4.36), the global shape 

function uN , 
wpN  and 

apN  are used for the approximation of the displacement field, 

pore water pressure, and pore air pressure fields in the whole domain, respectively 

 

 uu = N U , wp
wp wN P= , ap

ap aN P=  (4.37) 

 

where U, wP and aP  are the global vectors of the nodal values for the displacement of 

the solid skeleton, pore water pressure, and pore air pressure. After discretizing the 

weak form of the non-linear partial differential equations (4.34)–(4.36) using a standard 

finite element procedure, the following fully coupled algebraic equations can be derived 

    

 d


     T
s sw w sa a sM U B σ H P H P F +   (4.38) 

 w ws ww w wa a ww w wM U C U C P C P H P F   + + + +   (4.39) 

 a as aw w aa a aa a aM U C U C P C P H P F   + + + +   (4.40) 

  

where the coefficient matrices are  

Mass matrix 
T d


 s u uM N N  
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Solid-water coupling matrix 
T drwnS


  wsw pH B mN  

Solid-air coupling matrix  T 1 drwnS


   asa pH B mN  

Load vector d d
t


 

   T T
s u uF N t N b  

Water seepage matrix   drw
w

k


   w

T

w p u
w

k
M N N


 

Water-solid coupling matrix drwS


  w

T T
ws pC N m B  

Water compressibility matrix 
1

drw

w

nS

K

 
    
 w w

T
ww p pC N N  

Water-air coupling matrix 
1

d


 
 w w

T
wa p pC N N  

Water permeability matrix    drwk


    w w

T

ww p p
w

k
H N N


 

Load vector for water phase   d d
qw

rw
w w

k
q

 
     w w

T T
w p p

w

k
F N b N


 

Air seepage matrix    dra
a

k


   a

T

a p u
a

k
M N N


 

Air-solid coupling matrix  1 drwS


   a

T T
as pC N m B  

Air compressibility matrix 
 1 1

drw

a

n S

p

 
    
 a a

T
aa p pC N N  

Air-water coupling matrix 
1

d


 
 a w

T
aw p pC N N  

Air permeability matrix    drak


    a a

T

aa p p
a

k
H N N


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Load vector for air phase   d d
qa

ra
a a

k
q

 
     a a

T T
a p p

a

k
F N b N


 

 is strain operator relating strain vector to total nodal displacements 

 1 1 1 0 0 0
T

m =  

 

4.5 Time Integration 

 

In order to integrate the spatially discretized finite element equations in the time 

domain, Equation (4.38)-(4.40) can be written in residual matrix form as 

 

 + + +Mx Cx Hx P F  =   (4.41) 

 

where  T

w ap px U=  denotes the basic unknown variable vector, M  is the mass 

matrix, C  is the damping matrix, H  is the pore fluid stiffness,  T d 0 0
T


 P B   

respents the internal force vector for the solid skeleton, F  is the external force vector. 

The residual dynamic equations is solved using implicit Hilber-Hughes-Taylor -

method (Hilber et al. 1977) which is an implicit continuation of the Newmark   

method. The method is unconditionally stable and second-order accurate (Hughes 1987) 

with the time-integration parameters 
1

3
    ,  1

1 2
2

   ,  21
1

4
   . This 

method has been utilized to study the dynamics of saturated soils and unsaturated soils 

by many researchers (Muraleetharan et al. 1994, Muraleetharan et al. 2004, 

B
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Ravichandran and Muraleetharan 2009, Ravichandran et al. 2015). So Equation (4.41) 

can be written as  

 

    1 1 11 1eff n n n n n+ +        f Mx Cx Cx Hx Hx  =    

    1 11 1n n n n+         P P F F   (4.42) 

 

where  

 

 1 11n n n nt         x x x x      

 2
1 10.5n n n n nt t          x x x x x    

 

where n is the thn discrete time nt , 1n nt t t    is time step. 

Nonlinear Equation (4.42) is solved using Newton-Raphson method. The 

resulting equation can be written as  

 

 1 0i i i
eff eff

 M x f +   (4.43) 

 

where effM  is the effective stiffness which is given by: 

 

      2 21 1 1
ii

eff Tt t + t               M M C H K   (4.44) 

 

where TK  is the global tangent stiffness matrix, which is given as  
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 d

d

T

T
T

d

d




 
  




B
K B DB

x


  (4.45) 

 

These equations are implemented into a two dimensional FORTRAN finite 

element computer code, U_DYSAC2 (Muraleetharan and Wei 1999b) with solid 

displacements, pore water pressure and pore air pressure as nodal variables. The 

solution procedure used is given in Table 4.1. 
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Table 4.1 Solution procedure for dynamic analysis 

Data: , ,  

Loop over time steps: ,  

    Given time step size  and solution at , find solution at  

Loop over iteration steps:   
 

Predictor phase 
Calculate: 1 0n x  

 1 1n n nt    x x x     

                   2
1 0.5n n n nt t      x x x x                                         

For every element  
For every quadrature points 

             Calculate 1n , wp ,  ap , cs  

             Call constitutive model to calculate   and  

             Calculate  TK , , ,  , , , 1w nn   

                            M , C , H , dT


  B  , F  

Calculate i
effM  and i

efff , solve   11i i i
eff eff

 x M f =  

Corrector phase 

Calculate: 1 1
1 1

i i i
n n
 
   x x x    

                 
1 1
1 1

i i i
n n t 
    x x x     

                                         1 2 1
1 1

i i i
n n t  
    x x x                                    

                        Repeat For every element  
                           For every quadrature points 

Calculate i
efff  

Check convergence:   and 

1

21

i







x

x




  

  
 

End  
 

0u 0wp 0ap

 0,n NT  0,n t T 

1n nt t t   nt 1nt 

i
0i 

TD

 n rwS rk 

1

10

i
eff

eff




f

f


1i i 
1n n 
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CHAPTER 5 INCORPORATING HYDRAULIC HYSTERESIS 

IN DYNAMIC ANALYSIS  

 

 

5.1 Introduction 

 

One common assumption made in the numerical analysis of dynamic behavior 

of unsaturated soils presented in the literature review in Chapter 2 is the use of a single 

function to describe the relationship between degree of saturation and the matric suction, 

i.e., SWCC. SWCC plays an important role in describing the behavior of unsaturated 

soils. Experimental investigations have shown that the SWCC is not a single curve, but 

a series of curves exhibiting hysteresis as the soil undergoes wetting and drying. 

Although some progress has been made to account for the hydraulic hysteresis of 

SWCCs in the numerical analysis of dynamic behavior of unsaturated soils, it is 

apparent that more research is needed.  

This chapter is intended to study the effect of the hydraulic hysteresis on the 

dynamic behavior of unsaturated soils. This is accomplished by utilizing the numerical 

model developed in Chapter 4 to simulate the dynamic behavior, including the 

hydraulic hysteresis in SWCCs. A recently developed model based on the bounding 

surface plasticity theory (Liu and Muraleetharan 2006, 2012a) to describe the SWCCs 

was implemented into U_DYSAC2. Instead of using the coupled hydro-mechanical 
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constitutive model CM4USS, as a first step, a simplified bounding surface elastoplastic 

model (Muraleetharan and Nedunuri 1998) is utilized to describe the stress-strain 

behavior of unsaturated soils in this chapter.  

In order to demonstrate the performance of the modified U_DYSAC2, 

comparisons between the numerical results and the experimental results of drying-

wetting of a Dune sand column are provided. U_DYSAC2 with the hydraulic hysteresis 

and a single SWCC (drying bound) are then used to analyze the problem of an 

unsaturated embankment subjected to base shaking. The effect of the hydraulic 

hysteresis on the dynamic behavior of unsaturated soils is highlighted by comparing the 

predicted horizontal and vertical displacements, pore water pressure, pore air pressure, 

and suction at various locations of the embankment from the analyses with and without 

hydraulic hysteresis.  

Portions of this chapter have been published in Zhang and Muraleetharan 

(2017). 

 

5.2 Numerical Model 

 

5.2.1 Finite Element Formulation 

 

The governing equations are given in Chapter 4. A number of comprehensive 

elastoplastic constitutive models, which employ the mean net stress ( N
ap σ σ I ) and 

matric suction ( c a ws p p  ) as stress variables, have been developed to deal with the 

stress-strain behavior of unsaturated soils (Alonso et al. 1990, Vaunat et al. 2000, 
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Wheeler et al. 2003, Sheng et al. 2004, Sheng et al. 2008a), with I  being the second-

order unit tensor. In this chapter, a generalized elastoplastic constitutive model 

(Muraleetharan and Nedunuri 1998) which uses net stress and suction is used to define 

the stress strain behavior of unsaturated soils. The model is developed within the 

framework of critical state soil mechanics principles and bounding surface concepts. 

The suction effect was incorporated based on the concepts for unsaturated soils 

proposed by Alonso et al. (1990), Wheeler and Sivakumar (1995), and Wheeler (1996). 

The model has been employed to represent the elastoplastic behavior of unsaturated 

soils (Ravichandran 2009, Ravichandran and Muraleetharan 2009). The stress variable 

in this chapter is defined as follows: 

 

 N
ap σ σ I   (5.1) 

  

where σ  is the total stress tensor, Nσ  is the net stress sensor. The fully coupled 

algebraic equation (4.38) should be modified as: 

  

 d


   T N
s sa a sM U B σ H P F +   (5.2) 

 

 where T d


  asa pH B mN  which is different from the definition in Eq. (4.38). 

 

5.2.2 Implementation of Hysteretic Soil Water Characteristic Curves  
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The hysteretic model for SWCCs based on the bounding surface plasticity 

theory (Liu and Muraleetharan 2006, 2012a) is adopted to describe the hydraulic 

behavior. The review of this model is given in Chapter 3. Because   is highly 

nonlinear, the Newton-Raphson method is employed to update the volume fraction of 

water for given incremental suction  in the implementation of the hysteretic SWCCs 

in the code U_DYSAC2. The details of the algorithm are shown in Table 5.1. The 

derivation of wn   is given in Appendix A. The drying or wetting path should be 

determined according to incremental suction  before updating wn  . A tolerance 

value of 910TOL   is used in this research.  

 

5.3 Validation  

 

To evaluate the performance of the modified U_DYSAC2 for simulating 

hysteretic flow in unsaturated soils, an experiment with slow drainage-rewetting 

reported by Gillham et al. (1979) was simulated. The experiment involved a 60 cm 

high, initially saturated, Dune sand column. It was allowed to drain and then rewetted 

by regulating the water pressure at the bottom of the sand column as shown in Fig. 5.1. 

The initial condition for the sand column was a linear water pressure variation from 0 

kPa at the top to 5.886 kPa at the bottom. The top and lateral boundaries were 

impermeable to water flow. All the boundaries were prescribed with zero pore air 

pressure. The water content distribution along the column was measured at different 

times. More details about the experiment can be found in Gillham et al. (1979).  

cs

cs
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The saturated hydraulic conductivity of water employed in the simulation is 

6.5×10-5 m/s. The material properties of the Dune sand are given in Table 5.2. The solid 

skeleton stress-strain behavior was simulated using an elastic model. The parameters for 

SWCCs model were calibrated from the test results as shown in Fig. 5.2 with 

0.301wsn   , 0 .094w rn  , 
3 34 .0b  , 

3 7.9d  , 
2 20 .4b  , 

2 4.1d  , 1700e  

kPa, and 5.0H  . The simulations run with hysteretic SWCCs, non-hysteretic SWCC 

corresponding to the drying boundary, and non-hysteretic SWCC corresponding to the 

wetting boundary, which are referred to as H, NHD, and NHW simulations, respectively, 

are summarized and compared. The predicted water pressure head and water content are 

compared with the measured data at elevation 21 cm, 33 cm and 49 cm in Fig. 5.3 and 

Fig. 5.4. Results show that the H simulations in general agree with the experimental 

results. Comparison of the pressure head and water content at different elevations for H 

and NHD simulations exhibits essentially the same results during the drying phase but 

shows a substantial deviation during the wetting phase. Marked differences between the 

H and NHW simulations are observed, especially during the drying phase. The 

predicted water contents profile is plotted in Fig. 5.5 for comparison with the 

experimental results. The predicted water content profile with hysteresis lies between 

the profiles for the NHD and NHW simulations and generally agrees well with the 

measured results at all the measured time instances. At the time of 68t   min, the top 

half of the column is continuing to drain and the hydraulic path is moving along the 

drying boundary, resulting in essentially identical predicted volumetric water contents 

for the H and NHD simulations and smaller volumetric water content for the NHW 

simulation. The lower 30 cm of the column is in the wetting phase and the 
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hydraulic path is moving along the wetting scanning curve, therefore the predicted 

water content for the H simulation agrees well with experimental results. At 125t   

min, comparison of the H and NHD simulations indicate fairly close correspondence at 

the upper 2 cm and lower 32 cm of the column, but shows a greater discrepancy at other 

parts. The upper 2 cm is still in the drying phase and the predicted water contents for the 

H and NHD simulations are the same. The lower parts are in the saturated state while 

other parts of the column are in the wetting phase. So the NHD simulation indicates a 

gross overestimation of the water content. The predicted hydraulic paths at different 

elevations are shown in Fig. 5.6 and the above described differences can be observed in 

these curves.   

 

5.4 Dynamic Analysis of an Unsaturated Soil Embankment 

 

5.4.1 Finite Element Model 

 

A compacted unsaturated soil embankment made of Minco Silt subjected to base 

shaking was considered to highlight the differences between the analyses using 

hysteretic and a non-hysteretic SWCCs. The drying boundary curve was employed in 

the non-hysteretic analysis because it is typically used in unsaturated soil analyses. 

Minco silt is an Oklahoma silt and the engineering properties of Minco silt have been 

experimentally investigated at the University of Oklahoma (Ananthanathan 2002, 

Vinayagam 2004, Tan 2005). According to the USCS classification, Minco silt belongs 

to CL. It is composed of 27% of sand and 73% of fines with a specific gravity 
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2.69sG  , Liquid Limit = 30%, and Plastic Limit = 22%. The maximum dry unit 

weight is about 17.7 kN/m3, and its optimum moisture content is about 14.6%. The 

material properties of Minco Silt are shown in Table 5.3. The stress-strain behavior of 

unsaturated Minco Silt is modeled using a bounding surface elastoplastic model 

(Muraleetharan and Nedunuri 1998). The model parameters were obtained from 

Ravichandran (2009). The SWCCs model parameters can be found in Liu and 

Muraleetharan (2012b). All the constitutive model parameters are summarized in Table 

5.4. The height of the unsaturated embankment is 8.5 m and the width is 17.5 m at the 

base, which decreases to 2 m at the top. The finite element mesh used for the 

unsaturated soil embankment is shown in Fig. 5.7, which is discretized into 190 two-

dimensional four-node quadrilateral elements with 212 nodes. The initial void ratio and 

degree of saturation are 0.815 and 65%, respectively. With the assumption that the 

initial suction is on the drying boundary curve and the initial pore air pressure is 0.0 kPa, 

the initial pore water pressure is -29.2 kPa. The boundary conditions are as follows: the 

base of the embankment is impervious to both water and air and is constrained in the 

vertical and horizontal directions to the base. On all other sides of the embankment zero 

traction is specified and water and air are allowed to drain freely (i.e., the pore water 

and pore air pressure are kept constant at the initial values). The initial stresses were 

obtained by performing a quasi-static analysis to “turn-on” the gravity loads under 

aforementioned boundary conditions. Only the initial stresses at the end of the quasi-

static analysis shown in Fig. 5.9 are utilized, while the same values for the degree of 

saturation, pore water pressure, void ratio, and nodal coordinates as the initial ones are 

adopted. The embankment is subjected to a horizontal base motion as shown in Fig. 5.8. 
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5.4.2 Results and Discussion 

 

The dynamic simulation results with and without hysteresis are investigated by 

comparing the predicted horizontal and vertical displacements, pore water pressure, 

pore air pressure, and suction at various locations of the embankment. In these figures, 

the solid lines refer to the predicted results with non-hysteretic SWCC (NH), whereas 

the dashed lines refer to the predicted results with hysteretic SWCCs (H).  

Figs. 5.10, 5.11, and 5.12 present the time histories of the predicted horizontal 

and vertical displacements at nodes N97 and N112, which are located at a height of 5.0 

m on the sides of the embankment, and at node N210, which is located at the top 

surface of the embankment (see Fig. 5.7). Although the predicted displacements in these 

two analyses show similar trends at these three nodes, the final vertical displacements 

are smaller at nodes N97 and N112 than that at node N210. The comparative plots of 

the vertical displacement history at these three nodes indicate that the vertical 

displacements predicted in the case of the H simulation are similar to those predicted for 

the case of the NH simulation at the beginning of shaking, whereas the differences 

between these two simulations consistently increase as the time increases. The largest 

difference is observed at node N210. The final horizontal displacement at node N97 and 

N112 is slightly larger than that at node N210. No noticeable differences in predicted 

horizontal displacements by the H and NH simulations are observed at these three 

nodes. Although the difference in vertical displacements between these two simulations 

is less than 8%, the incorporation of the hydraulic hysteresis in the fully coupled flow-
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deformation analysis provides a valuable insight into the understanding of dynamic 

behavior of unsaturated soils.  

The predicted pore air and water pressure, suction, and volumetric water content 

at elements E8 and E63 are compared in Fig. 5.13 and Fig. 5.14, respectively. The pore 

water and pore air pressures display the ascending trend during shaking at these two 

selected elements. It was also found by Khoei and Mohammadnejad (2011) that the 

excess pore water and air pressure at various locations of the lower San Fernando Dam 

during the 1971 earthquake displayed the same trend. At element E63, the amplitude of 

pore water and air pressures are smaller than those at element E8. Compared to the NH 

simulation, the H simulation predicts a larger increase in the pore water pressure and a 

smaller increase in pore air pressure, which leads to a larger reduction in suction. At the 

end of shaking, the suction is about 71.2% and 85.9% lower than that in NH analysis at 

E63 and E8, respectively. Larger amplitude of fluctuation in the pore water and air 

pressure due to the base shaking is observed at E63. The comparison of the suction 

distribution at the end of dynamic analysis 12.6t  s is shown in Fig. 5.15. The 

comparison of the suction contours of these two analyses indicates a noticeable 

discrepancy. The predicted suctions in H simulation are lower than those in the analysis 

without hysteresis, especially in the center region of the embankment around the base. It 

can be concluded that the suction is overestimated in the dynamic analysis without 

considering the hydraulic hysteresis. This is consistent with the explanation reported by 

Shahbodagh-Khan et al. (2015) that a larger change in excess pore water pressure and 

suction levels was observed in the simulation with hydraulic hysteresis. For problems in 

which more wetting and drying cycles are created during dynamic loading, the 
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differences in suction between analyses with and without hysteresis are expected to be 

even larger. Fig. 5.16 presents the comparison of the volumetric water content 

distribution at the end of dynamic analysis 12.6t  s. There is no significant difference 

in volumetric water content between these two analyses. 

The time history of the predicted suction illustrates that the embankment 

undergoes a general increasing trend in soil moisture with some drying and wetting 

cycles. Fig. 5.17 illustrates how the hydraulic paths move on the SWCCs during 

shaking. Both analyses start from the same point on the drying boundary curve (Point A 

in Fig. 5.17). The drying and wetting during shaking occurs along different scanning 

curves (hydraulic path ADE) in the analysis with hydraulic hysteresis, while for the 

analysis without hysteresis, the point remains on and move along the drying bound 

curve (hydraulic path ABC).  

It must be pointed out that, for a Minco silt unsaturated embankment, the 

predicted values in displacements using a single SWCC are reasonable, probably due to 

small incremental values in volumetric water content during shaking. However, it is not 

appropriate for predicting the suction. For different SWCC types and different soil types, 

additional research is needed.  

 

5.5 Summary 

 

A hysteresis model for SWCCs based on the bounding surface plasticity theory 

is implemented into the finite element code U_DYSAC2. The modified code is 

validated against experimental results for a soil column subjected to drying and wetting 
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cycles. The proposed model is then applied to study the dynamic behavior of an 

unsaturated soil embankment subjected to base shaking. Predictions using the hysteretic 

and non-hysteretic SWCCs are presented and compared.  

Simulations results show that the vertical displacements predicted by 

considering the hydraulic hysteresis are larger than those predicted by the analysis 

without hysteresis, but there is no significant differences in horizontal displacements 

between these two analyses. It can also be concluded that both the hysteresis and non-

hysteresis analyses predict increases in pore water and pore air pressures during 

shaking. The predicted suction reduction is, however, larger for analysis with hysteresis. 

The volumetric water content is slightly overestimated in the analysis without hysteresis. 

The state of the soil moved along different scanning curves during shaking in the 

analysis with hysteresis, while it moved along the boundary drying curve in the analysis 

without hysteresis. This difference can result in large differences in dynamic response 

and therefore it is important to take into account the hydraulic hysteresis in the dynamic 

analysis of unsaturated soils. Although further studies in other soils are needed to be 

conducted to validate the conclusions previously mentioned, the fully coupled flow-

deformation analysis developed in this research provides valuable insight into the 

dynamic behavior of unsaturated soils including the hydraulic hysteresis.  
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Table 5.1 Local solution procedure of SWCCs 
 

Step Description 
 Known: ,w nn  ,  and  , c,,w n nn s    

Search: , 1w nn    

1 Determine the drying-wetting path according to 
cs   

2 Set    0
, 1 , , c,,w n w n c w n nn n s n s     

3 
 

For i   max iteration number, compute   , 1 c, 1,i
w n nn s    and the 

residual     , 1 , , 1 c, 1,i i
w n w n c w n nr n n s n s       

4 Check convergence: given a tolerance value TOL , if 
 r TOL  go to 

Step 6 
5 

If r TOL , compute  
, 1 21i c

w n
w

s
n r

n




  
    

 
 

     1
, 1 , 1 , 1

i i i
w n w n w nn n n

     

Go to Step 3 
6 Update  

, 1 , 1
i

w n w nn n   

 
 

 
Table 5.2 Material properties for Dune sand 

 
Properties Symbol Value Unit 
Young’s modulus E 6 MPa 
Poisson ratio ν 0.2 - 
Porosity n 0.301 - 
Density of solid skeleton ρs 2600 kg/m3 
Density of water ρw 1000 kg/m3 
Density of air ρa 1.22 kg/m3 
Bulk modulus of air Ka 1×102 kPa 
Bulk modulus of water Kw 2.2×106 kPa 
Intrinsic permeability k 6.6×10-12 m2 
Viscosity of water μw 1×10-6 kPa·s 
Viscosity of air μa 1.8×10-8 kPa·s 
Empirical parameter m 0.83 - 
Gravitational acceleration g 9.81 m/s2 

 

, 1 ,c c n c ns s s  
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Table 5.3 Material properties for Minco silt 
 

Properties Symbol Value Unit 
Porosity n 0.4132 - 
Density of solid skeleton ρs 2680 kg/m3 
Density of water ρw 1000 kg/m3 
Density of air ρa 1.22 kg/m3 
Bulk modulus of air Ka 1.01×102 kPa 
Bulk modulus of water Kw 2.2×106 kPa 
Intrinsic permeability k 1.04×10-13 m2 
Viscosity of water μw 1×10-6 kPa·s 
Viscosity of air μa 1.8×10-8 kPa·s 
Material parameter m 6.02 - 
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  Table 5.4 Model parameters for Minco silt 
 

Symbol Physical meaning Value

SWCCs Model Parameters  

b2 Location of bounding wetting curve in nw - sc space        
8.6 

d2 0.7 
b3 Location of bounding drying curve in nw - sc space          

100 
d3 0.5 
Γe Capillary elastic modulus (kPa) -2500 
H Hardening shape parameter  5.0 
nws Saturated volumetric water content 0.413 
nwr Residual volumetric water content 0.001 

Traditional Model Parameters  

λ Slope of isotropic consolidation line o 0.04 
κ Slope of elastic rebound line  0.004 

Mc  Slope of critical state line (CSL) in compression 1.268 
Me/Mc Ratio of extension to compression value of M 1.0 
ν Poisson ratio 0.2 

PL Transitional stress 33.8 

Bounding Surface Configuration Parameters  

T Parameter defining ellipse 2 0.01 
Rc Bounding surface shape parameter in compression 2.41 

Re/Rc 
Ratio of triaxial extension to triaxial compression 
value of R 

1.0 

Ac Value of parameter defining hyperbola in compression 0.05 

Ae/Ac 
Ratio of triaxial extension to triaxial compression 
value of A 

1.0 

S Elastic nucleus paramter 1.03 
C Projection center parameter 0.0 

Hardening Parameters  

m Hardening parameter 0.02 
hc Shape hardening parameter in compression 0.8 

he/hc Ratio of extension to compression value of h 1.0 
h2 Shape hardening parameter on the I-axis 0.8 

Suction Related parameters  

μ(sc) Intersection of CSL on the J-axis 4.703 
N(sc) Value of specific volume at reference pressure  1.752 
α(sc) Parameters accounting for variation of air void ratio 

with suction 
0.089 

A(sc) 0.359 
r(sc) Parameters accounting for variation of λ with suction 3.0 
β(sc) 0.5 
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Fig. 5.10 Time histories of vertical and horizontal displacements at node N97 

 

 

Fig. 5.11. Time histories of vertical and horizontal displacements at node N112 
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Fig. 5.12. Time histories of vertical and horizontal displacements at node N210 
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Fig. 5.13. Time histories of pore water and air pressure, suction and volumetric 
water content at element E63
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Fig. 5.14. Time histories of pore water pressure, pore air pressure and suction at 
element E8 
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CHAPTER 6 IMPLEMENTATION OF CM4USS AND 

VALIDATION 

 

 

6.1 Introduction 

 

CM4USS is implemented into U_DYSAC2 for predicting the seismic behavior 

of geotechnical engineering structures. The validation of implementation is provided 

using numerical examples. The effects of the degree of saturation and relative density 

on the liquefaction potential of level ground unsaturated sand deposits subjected to 

earthquakes are studied. 

 

6.2 Implicit Integration of CM4USS 

 

The solid displacements, pore water pressure, and pore air pressure are taken as 

nodal variables in the fully coupled equations developed in Chapter 4. The incremental 

displacements and pore air and water pressure can be obtained from the governing 

equations in every time step of the finite element analysis. The increments of strain   

at every integration points within every element can be determined using Eq. (4.9). The 

increments of suction cs  can be obtained using the incremental pore air and water 

pressure. The stress-strain state ( nI  , , n , ,  ), strain increment (  ), and ns ,c ns ,w nn
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suction increment ( ) for the current time step  are assumed to be completely 

known. The updated values of 1nI  , ,  and internal variables for time step  

are obtained from the respective known values at time nt  for a given increment of strain 

(  ) and suction ( cs ). The incremental strain and suction definied below can be 

obtained by solving the finite element equations,  

 

 1 1n n n   ε ε ε , , 1 , 1 ,c n c n c ns s s       (6.1) 

 

The implicit integration algorithm, i.e., the closest point projection method 

(CPPM), which is a generalization of the backward Euler return rule to an arbitrary 

convex yield surface has been previously used in some unsaturated soil constitutive 

models (e.g., Macari et al., 2003). CPPM is adopted to integrate the constitutive model 

in this research.  

In the predictor /multi-corrector algorithm, the constitutive model is called to 

solve all the quantities at time 1nt  . It is different from the assumption in Liu and 

Muraleetharan (2012b) that stress-strain state, strain increment, and volume fraction of 

water increment are given at time . So the integration process in Liu and 

Muraleetharan (2012b) is modified. The integration procedure of numerical 

implementation of CM4USS is shown in Table 6.1. 

 

6.2.1 Elastic Predictor 

 

cs nt

1ns , 1w nn  1nt 

nt
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       1

1

1

1/ 1

1 0 1
1 , 1

1
b

btrial
n n v nb

ref

K b
I I

p





 

 
   
  

  (6.2) 

 
1

1
1 0 , 12

d

trial n
n n q n

ref

I
G

p


 

 
    

 
s s ε   (6.3) 

 , 1
, 1 ,

c ntrial
w n w n e

s
n n







    (6.4) 

 1
trial
n n α α , 1

trial
n nm m    (6.5) 

 Wetting: 
0 , 1 0 ,

trial
c w n c w ns s    Drying: 0 , 1 0 ,

trial
c d n c d ns s    (6.6) 

 

If the yield surface function  , ; , 0cf s m σ α , then the trial stress state is accepted as 

the new stress state. If  , ; , 0cf s m σ α , it is necessary to correct the elastic 

predictions by simultaneously satisfying all the rate equations. 

 

6.2.2 Plastic Corrector 

 

The plastic correction is done by making all of the following residual vectors 

zero considering the trial stresses as the initial condition (  represents the step number 

in the iteration). 

   

          
 1

1

1

1/ 1

1 0 1
1 1 , 1 , 1

1
b

bm p m
n n v n v nb

ref

K b
R I I

p
 




  

 
      

  
  (6.7) 

      
2 , 1 1 1

p m m m
v n n nR ε D       (6.8) 

m
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       3 1 1 , 1 , 12m m p m
n n n q n q nG        R s s ε ε   (6.9) 

      
4 , 1 1 1

p m m m
q n n n    R ε n   (6.10) 

    
5 , 1 , 1 1/p m p m

w n c n nR n s        (6.11) 

        
6 1 1 1 1

m m m m
n n n n nh      R α α b   (6.12) 

        
   

 , 1 , 1
7 1 0 1 1 , 11

m m
m m m p mc n w n

n n m n n v w n
ref

s n
R m m c e D c n

p



 
   

 
        

 
  (6.13) 

           8 1 1 1 max 1 1
m m m m m

n n n f n n nc D F           R F F n F   (6.14) 

          

     
, 1 , 1 , 1

9 0 , 1 0 , 1 , 1
2 , 1 , 1 , 1 , 1

1
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p m
ws n wr n w nm m p m

c w n c w n n v n m m
ws n w n w n wr n

n n n
R s s v

d n n n n
    

  

   

      
   

  (6.15) 

          

     
, 1 , 1 , 1

10 0 , 1 0 , 1 , 1
3 , 1 , 1 , 1 , 1

1
exp

p m
ws n wr n w nm m p m

c d n c d n n v n m m
ws n w n w n wr n

n n n
R s s v

d n n n n
    

  

   

      
   

  (6.16) 

           11 1 1 1 1 1 0

2
: 1 /

3
m m m m m

n n n n nR m I I I


      r r   (6.17) 

 

Equations (6.7)-(6.17) represents a system of nonlinear equations with unknowns  

 

        U  {  
1

m
nI  ,  

, 1
p m

v n  ,  m
n 1s ,  

, 1
p m
q nε ,  mp

nwn 1,  ,  m
n 1α ,  m

nm 1 ,  m
n 1F ,  m

nwcs 1,0  ,  m
ndcs 1,0  ,  m

n 1 }  (6.18) 

 

The implicit step-by-step integration procedure of the constitutive model CM4USS is 

given in Table 6.1.  
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6.2.3 Stress Update Algorithm 

 

When  1 1 , 1 1 1, , ; , 0trial trial trial trial trial
n n c n n nf I s m     s α  and , 1 0c ns   , the current skeleton 

stress state is on the yield surface. In order to obtain the incremental stress, plastic 

strains, and internal variables, the residual vector 1R  and unknown vector 1U  need to be 

solved as follows: 

  

 1 =R  { 1R , 2R , 3R , 4R , 6R , 7R , 8R , 11R }  (6.19) 

 1 U  {  m
nI 1 ,  mp

nv 1,  ,  
1

m
ns ,  mp

nq 1, ε ,  m
n 1α ,  m

nm 1  ,  m
n 1F  ,  m

n 1 }  (6.20) 

  

The Jacobian matrix is 
1

1
1




R

T
U

. The incremental unknown vector  1
1

m
nU ={  m

nI 1 ,

 mp
n,v 1

2
 ,  m

n 1s ,  mp
nq 1,

2
 ε ,  m

n 1α ,  m
nm 1 ,  m

n 1F ,  m
n 1 } is a 28×28 matrix, and given by 

     11 1 1
1 1

m m
n n



   U T R . The plastic corrector is triggered under constant suction, so 

effect of the mechanical and hydraulic behavior on the evolution of the wetting and 

drying bound suctions ( wcs 0  and dcs 0 ) is computed by  

 

          

     
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    
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     
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  (6.21) 
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   

     
   

  (6.22) 
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When           0 0 0 0 0
1 1 , 1 1 1, , ; , 0n n c n n nf I s m     s α  and , 1 0c ns   , the current skeleton stress 

state is inside the yield surface. In order to obtain the increment of stress, plastic strains, 

and internal variables, the residual vector 2R  and unknown vector 2U  need to be 

solved. 

 

 2 =R  { 5R , 7R , 9R , 10R }   (6.23) 

 2 U  {  
, 1

p m
w nn  ,  m

nm 1  ,  
0 , 1
m

c w ns  ,  
0 , 1
m

c d ns  }    (6.24) 

 

The Jacobian matrix 
2
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T
U

. The incremental unknown vector  2
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 
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0 , 1
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nds 1,0  } is a 4×4 matrix and given by      12 2 2
1 1

m m
n n



   U T R . 

When           0 0 0 0 0
1 1 , 1 1 1, , ; , 0n n c n n nf I s m     αs  and , 1 0c ns   , the current skeleton stress 

state is on the yield surface. In order to obtain the increment of stress and plastic strains 

and internal variables, the residual vector 3R  and unknown vector 3U  need to be solved. 

 

 3 =R  { 1R , 2R , 3R , 4R , 5R , 6R , 7R , 8R , 9R , 10R , 11R }   (6.25) 
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The Jacobian matrix is . The incremental unknown vector  = {  m
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31×31 matrix and given by . 

Because the cs  is known at time nt , the mean intergranular confining stress I  is 

related to the volumetric water content . To avoid repetition, only the derivatives of 

U

R
T




  different from those presented in Liu (2009) are included in this dissertation 

and shown in APPENDIX B.  

 

6.3 Validation  

 

6.3.1 1D Drying and Wetting of an Elastoplastic Soil Column 

 

This simulation involving drying and wetting cycles was conducted to 

investigate the capability of the proposed model for predicting the hysteresis behavior. 

The numerical example presented in this section involved a 1 m high Nevada sand 

column with an initial degree of saturation of 94% and void ratio of 0.754 ( 50%rD  ). 

The bottom of the sand column was drained and subjected to a time history of pore 

water pressure ( )wp t  as shown in Fig. 6.1. The top and lateral boundaries were 

impervious to water and air. All the nodes were horizontally constrained and the ones at 

the bottom were also fixed vertically. The material properties for the unsaturated 

elastoplastic soil are shown in Table 6.2. The CM4USS parameters for Nevada sand 

were obtained from Table 3.2. The permeability of water wk  is 56 .6 1 0  m/s for 

saturated soil (Arulmoli et al. 1992). Figs. 6.2, 6.3, and 6.4 present the predicted pore 

water pressure, suction, and volumetric water content, respectively, at different 

     13 3 3
1 1

m m
n n



   U T R

p
wn
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elevations. The maximum volumetric water content at the end of the wetting stage is 

slightly smaller than that at the end of the previous wetting stage. The volumetric water 

content is not fully recovering due to the hydraulic hysteresis. The predicted hydraulic 

path at E2 and E20 is shown in Fig. 6.5. The hydraulic path is moving along the drying 

boundary curve in the first drying stages and then along different scanning curves in the 

following drying and wetting stages. The proposed model appears to be quite versatile 

to simulate the hydraulic hysteresis behavior. 

 

6.3.2 Unsaturated Elastoplastic Soil under Uniform Loading 

 

An unsaturated elastoplastic soil under uniform loading was analyzed to further 

explore the implementation of CM4USS. The finite element mesh is shown in Fig. 6.6. 

For the upper boundary, the air and water drainage were allowed. The remaining 

boundaries were imperious to air and water. The bottom boundary was constrained 

vertically and horizontally and the lateral boundaries were constrained horizontally. A 

time history of the uniform loading applied on the top boundary is shown in Fig. 6.6. 

The CM4USS parameters and the material properties were the same as those used in the 

analysis of 1D drying and wetting of a soil column problem.  

The time history of the predicted vertical displacements at Node 42 and Node 21 

are illustrated in Fig. 6.7. The displacements reach the maximum value at 1t   min with 

a only minuscule change after that. Fig. 6.8, 6.9, and Fig. 6.10 show the time histories 

of the predicted pore water pressure, suction, and volumetric water content, respectively. 

It can be seen that pore water pressure and volumetric water content increase during the 
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loading and then decreases after 1t   min. Suction displays an opposite trend. The 

predicted time histories of the pore water pressure, suction, volumetric water content, 

and displacements are reasonable. 

 

6.3.3 Seismic Response of Level Ground Deposits of an Unsaturated Sand 

 

Several simulations of level ground deposits of an unsaturated sand were conducted. A 

10 m vertical column consisting of 20 elements subjected to the base motion is shown 

in Fig. 6.11. The elements are labeled from E1 (base) to E20 (top surface). The soil is 

assumed to be Nevada sand. Two relative densities of 40% and 60% corresponding to 

initial void ratios 0.798 and 0.712 were studied. Due to the lack of test results for 

SWCCs of Nevada sand at 40%rD   and 60%rD  , all the SWCCs parameters except 

wsn  at 40%rD   and 60%rD   were assumed to be the same as those at 50%rD  . 

The wsn  at 40%rD   and 60%rD   were 0.44 and 0.416, respectively, which were 

obtained from the initial void ratios. All other CM4USS parameters are shown in Table 

3.2. The material properties for Nevada sand are shown in Table 6.2. The boundary 

conditions are as follows: (1) the base motion was applied as a force vector that is equal 

to the base acceleration multiplied by the negative of the mass matrix, the base was 

impervious to both water and air and the bottom nodes were constrained in the vertical 

and horizontal directions relative to the base, (2) the lateral sides were impervious to 

both water and air and the displacements were connected to each other at a given depth 

level ensuring that the movements were identical, and (3) free drainage for water and air 

(i.e., the pore water and pore air pressure were kept constant as the initial values) and 
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zero tractions were specified on the top surface. The time history of the horizontal base 

motion (Fig. 6.12) recorded in the centrifuge experiment No.1 in the VELACS project 

by Taboada and Dobry (1993) was considered as the base motion. The maximum input 

horizontal acceleration is 0.23g.  

A quasi-static application of gravity was analyzed to obtain the initial stress state. 

A large value of the permeability coefficient and a small value of bulk modulus of water 

were used in order to avoid pore water pressure generation and change in degree of 

saturation during the quasi-static analysis. Only the stresses at the end of quasi-static 

analysis served as the initial stresses for the subsequent dynamic analysis, while the 

same values for the degree of saturation, void ratio, and nodal coordinates as the initial 

ones were adopted. In order to study the influence of degree of saturation and relative 

density on the liquefaction potential of a level ground deposit of an unsaturated sand, 

five different degrees of saturation (60%, 85%, 90%, 95% and 98%) and two relative 

densities (40% and 60%) were examined and the results from selected elements along 

the soil profile are described below. 

The time histories of predicted horizontal acceleration in elements E20, E16, 

and E12 along the soil profile at degrees of saturation of 98% and 85% are shown in Fig. 

6.13. The predicted accelerations are slightly amplified at different depths and the 

extent of amplifications increases slightly towards the ground surface. This 

amplification in acceleration magnitude from the base to the top surface was consistent 

with the centrifuge test results of an unsaturated sand deposit during shaking observed 

by Ghayoomi et al. (2011). It is to be noted that the amplification is observed in the first 

three seconds of the shaking in E20 at 98% degree of saturation and the motion is 
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considerably reduced afterwards. The motion continues to be strong in E20 at 85% 

degree of saturation through the shaking. The significant reduction in the acceleration in 

E20 at 98% degree of saturation after three seconds is due to the occurrence of 

liquefaction.  

Fig. 6.14 displays the time histories of the predicted horizontal displacements (H. 

dis.) and vertical displacement (V. dis.) at selected nodes N42 ( 10y  m), N34 ( 8y 

m), N26 ( 6y  m), and N18 ( 4y  m) along the soil profile at a degree of saturation of 

98%. The maximum permanent horizontal displacement (7.8 cm) and vertical 

displacement (2 cm) occur at the top surface (N42, 10y  m). Smaller horizontal 

displacements are observed at other elevations. The time histories of horizontal and 

vertical displacements at the top surface of the soil column at different degrees of 

saturation are compared in Fig. 6.15 and Fig. 6.16, respectively. The final horizontal 

displacements at the top surface after shaking are larger in the wetter soils, except the 

case of 98% degree of saturation. For 98% degree of saturation, larger horizontal 

displacements are predicted earlier in the shaking. It can be seen form Fig. 6.16 that the 

vertical displacement is significantly influenced by the degree of saturation and the 

higher the degree of saturation, the lower the vertical displacement. It can also be seen 

from Fig. 6.16 that the effect of the degree of saturation on the vertical displacement is 

more pronounced for high values of degree of saturation. For example, a 3% drop (from 

98% to 95%) in degree of saturation results in about 58.2% increase in the vertical 

displacement, while there is only 7.4% increase in vertical displacement when degree of 

saturation changes from 90% to 85%. While the horizontal displacements are influenced 

by stiffness of the sand, the collapse of air-filled voids causes the vertical displacement 
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during shaking. Larger air voids lead to larger settlements for lower degrees of 

saturation. This finding is consistent with Sawada et al. (2006) for triaxial tests on 

unsaturated sandy soils under irregular wave forms. After shaking, only a slight time-

dependent vertical displacement is observed because of the dissipation of excess pore 

water pressure.  

The variations of mean intergranular stress versus shear stress in selected 

elements for 98% degree of saturation and 40% relative density are described in Fig. 

6.17. A cyclic decrease in mean intergranular stress towards zero can be observed due 

to the reduction in suction in many of the elements (see Fig. 6.18). 

Fig. 6.19 and Fig. 6.20 compare the time histories of pore water and air pressure 

in E16 at different degrees of saturation. The pore water and air pressure in E16 

increase during the shaking at different degrees of saturation and dissipate slightly at 98% 

and 95% degrees of saturation. For the soils with a higher degree of saturation, larger 

pore water pressure and pore air pressure are generated.  

Fig. 6.21 shows the time histories of normalized vertical intergranular stress 

(VIS), 0v v    ( v  is vertical intergranular stress), in selected elements along soil 

profiles at degree of saturation of 98%. In Chapter 3, the soil is assumed to have 

reached initial liquefaction when the effective mean stress reaches a value of 10% of the 

initial value because it is difficult to precisely discern the value of zero in effective 

mean stress in testing and simulations. In this section, the soil is assumed to have 

reached initial liquefaction when the normalized VIS reaches a value of 5% of the initial 

value, i.e., 0 0.05v v    . The normalized VIS at E19, E18, E17, and E16 are less than 

0.05 and liquefaction occurs at 2.1t  , 3.4 , 4.5, and 7.0 s, respectively. Liquefaction is 
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observed down to a depth of 2.5 m. Following the initial liquefaction the normalized 

VIS time histories are characterized by a small fluctuation about value of zero. To study 

the effect of degree of saturation, the time histories of the normalized VIS in E19 and 

E16 at different degrees of saturation are compared in Fig. 6.22. For element E19 at 

degrees of saturation of 98%, 95%, 90%, and 85%, liquefaction occurs after 

approximately 2.1 s, 4.2 s, 7.4 s, and 9.9 s, respectively. However, the liquefaction is 

only observed in E16 at a degree of saturation of 98% after 6.8 s. For an unsaturated 

element at a given elevation, the normalized VIS increases as the degree of saturation 

decreases at a given time of the shaking. It indicates that the lower the degree of 

saturation and the higher the initial VIS, the higher liquefaction resistance. The 

minimum normalized VIS in the soil column at different degrees of saturation during 

the shaking is compared in Fig. 6.23. It can be seen that the thickness of liquefied layer 

decreases as degree of saturation decreases. For example, the thickness of liquefied 

layer is about 2.5 m for the sand layer with 98% degree of saturation, while the 

thickness of liquefied layer at a rS   95%, 90% and 85% are about 2 m, 1m, and 0.9m, 

respectively. 

In order to show the effect of relative density on the dynamic responses, the 

predicted results for the unsaturated sand layer at a relative density 60%rD   with 

different degrees of saturation are also presented. The time histories of predicted 

horizontal acceleration in selected elements E12, E16, and E20 along the soil profile at 

degrees of saturation of 98% and 85% are shown in Fig. 6.24. The amplification is also 

observed at different depths. It is to be noticed that in E20 with 98% degree of 

saturation, the amplification is observed in the first four seconds of the shaking. A 
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reduction to the acceleration in E20 is observed after 4.7 seconds, while the reduction is 

observed after two seconds for the sandy deposit with 98% degree of saturation and 40% 

relative density (Fig. 6.13). Compared with the results at 40% relative density, it can be 

concluded that the liquefaction resistance increases with an increase in relative density.   

The time histories of pore water pressure and pore air pressure in E16 with 98% 

and 85% degree of saturation at 40% and 60% relative density are compared in Fig. 

6.25. It can be seen that slightly larger pore water pressure and pore air pressure in E16 

are generated for 98% degree of saturation during the shaking. The differences in the 

pore water and air pressures between these two relative densities are negligible for 85% 

degree of saturation. Fig. 6.26 compares the time histories of normalized vertical VIS in 

E19 at degrees of saturation of 98%, 95%, 90%, 85%, and 60%. It can be seen that 

liquefaction is not observed at degree of saturation of 85%, while liquefaction occurs at 

85% degree of saturation and 40% relative density (Fig. 6.22). For an unsaturated 

element at a given elevation, the normalized VIS increases as the degree of saturation 

decreases at a given time of the shaking. It indicates that the lower the degree of 

saturation, the higher liquefaction resistance. The time histories of normalized vertical 

intergranular stress in different elements at 98% and 85% degree of saturation for the 40% 

and 60% relative density are compared in Fig. 6.27. For the sand layer with a higher 

degree of saturation (98%), the effect of relative density on the normalized vertical 

intergranular stress is insignificant. The normalized vertical intergranular stress of the 

sand layer in case of lower degree of saturation (85%) for 40% relative density is 

smaller than that for 60% relative density. This indicates that the liquefaction resistance 

of unsaturated sand layer increases with the increase in the relative density. The 
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minimum normalized vertical intergranular stress in the soil column at different degrees 

of saturation during the shaking is compared in Fig. 6.28. The trend that the thickness of 

liquefied layer decreases as degree of saturation decreases is also observed. For 

example, the thickness of liquefied layer is about 2.5 m for the sand layer with 98% 

degree of saturation. The thickness of liquefied layer at a rS   95% is about 1.5 m, 

which is smaller than 2 m thick liquefied layer at rS   95% and rD  40%. 

The simulation results on seismic response of unsaturated sands level ground 

using the aforementioned finite element procedure show that the liquefaction resistance 

of unsaturated sands layer is influenced by degree of saturation and relative density, 

which are consistent with those predicted using CM4USS in a single element level. 

Valuable insights such as depths of liquefaction are, however, gained through the 

analyses of the boundary value problems.  

 

6.4 Summary 

 

CM4USS is implemented in the fully coupled equations governing the dynamic 

behavior of unsaturated soils developed in Chapter 4 using the closest point projection 

method by modifying the integration process in the literature (Liu and Muraleetharan 

2012b). Some numerical examples, such as 1D drying and wetting of a soil column, 

unsaturated elastoplastic soil under uniform loading, and seismic response of level 

ground unsaturated sand deposits, are performed to validate the performance and 

capability of the implementation. The effects of the degree of saturation and relative 

density on the dynamic behavior of unsaturated sands are investigated. The results 
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demonstrate that the proposed model is capable of predicting the dynamic behavior of 

unsaturated soils in a boundary/initial value problem. 
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Table 6.1 Integration procedure of numerical implementation of CM4USS 
 

Known: , , , , ,  for the current time step  

Search: , ,  for time step  

Step 1: Calculate trial stress 1
trial
nI   and 1s trial

n  assuming purely elastic strain increments  

Calculate  and  

Step 2: Check the suction path and yield condition 

 1 1 , 1 1 1, , ; , 0trial trial trial trial
n n c n n nf I s m     s α  ? and , 1 0c ns   ? 

If YES, then  0
1 1n nI I  ,  0
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, 1 , 1c n c ns s  , 

w, 1 w,n nn n   

Exit 

Step 3: If  1 1 , 1 1 1, , ; , 0trial trial trial trial
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Solve      11 1 1
1 1

m m
n n



   U T R . 

Step 4: If           0 0 0 0 0
1 1 , 1 1 1, , ; , 0n n c n n nf I s m     s α  and , 1 0c ns    

Solve      12 2 2
1 1

m m
n n



   U T R . 

Step 5: If  1 1 , 1 1 1, , ; , 0trial trial trial trial
n n c n n nf I s m     s α  and , 1 0c ns    

Solve . 

Step 6: Update , ,  and internal variables, set  

 

nI ns ,c ns nε ε cs nt

1nI  1ns , 1w nn  1nt 

, 1c ns  w, 1
trial
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
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1nI  1ns , 1w nn  1n n 
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Table 6.2 Material properties for unsaturated elastoplastic Nevada sand  
 

Properties Symbol Value Unit 
Density of solid skeleton ρs 2670 kg/m3 
Density of water ρw 1000 kg/m3 
Density of air ρa 1.22 kg/m3 
Bulk modulus of air Ka 1×102 kPa 
Bulk modulus of water Kw 2.2×106 kPa 
Intrinsic permeability k 6.73×10-12 m2 
Viscosity of water μw 1×10-6 kPa·s 
Viscosity of air μa 1.8×10-8 kPa·s 
Empirical parameter m 0.8 - 
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Fig. 6.3 1D drying and wetting of a soil column: predicted suction at different 
elevations 

 

 

Fig. 6.4 1D drying and wetting of a soil column: predicted volumetric water 
content at different elevations 
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Fig. 6.7 Unsaturated elastoplastic soil under uniform loading: predicted vertical 
displacements 

 

 

Fig. 6.8 Unsaturated elastoplastic soil under uniform loading: predicted pore water 
pressure 
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Fig. 6.9 Unsaturated elastoplastic soil under uniform loading: predicted suction 
 

 

Fig. 6.10 Unsaturated elastoplastic soil under uniform loading: predicted 
volumetric water content 
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Fig. 6.14 Time histories of horizontal displacements and vertical displacement in 
selected nodes along soil profiles for the 98% degree of saturation and 40% 

relative density 
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Fig. 6.15 Time histories of horizontal displacements at the top surface at different 
degrees of saturation for the 40% relative density 

 

 

Fig. 6.16 Time histories of vertical displacements at the top surface at different 
degrees of saturation for the 40% relative density 

 

-5

0

5

10

15

0 2 4 6 8 10 12 14 16 18 20

H
. d

is
. (

cm
)

Time (s)

Sr = 85%
Sr = 90%
Sr = 95%
Sr = 98%

-5

-4

-3

-2

-1

0

0 2 4 6 8 10 12 14 16 18 20

V
. d

is
. (

cm
)

Time (s)

Sr = 85%
Sr = 90%
Sr = 95%
Sr = 98%



135 

 
 

 
 

 
 

Fig. 6.17 Variations of mean intergranular stress versus shear stress in selected 
elements for the 98% degree of saturation and 40% relative density 
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Fig. 6.18 Time histories of suction in selected elements along soil profiles for the 98% 

degree of saturation for the 40% relative density 
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Fig. 6.19 Time histories of pore water pressure at E16 at different degrees of 
saturation for the 40% relative density 

 

  

Fig. 6.20 Time histories of pore air pressure at E16 at different degrees of 
saturation for the 40% relative density 
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Fig. 6.21 Time histories of normalized vertical intergranular stress in selected 
elements along soil profiles for the 98% degree of saturation and 40% relative 

density 
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Fig. 6.22 Time histories of normalized vertical intergranular stress at E19 and E16 

at different degrees of saturation for the 40% relative density  
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Fig. 6.23 Minimum normalized vertical intergranular stress in the soil column at 
different degrees of saturation for the 40% relative density during the shaking
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Fig. 6.25 Time histories of pore water pressure and pore air pressure in E16 at 98% 

and 95% degree of saturation for the 40% and 60% relative density 
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Fig. 6.26 Time histories of normalized vertical intergranular stress at E19 at 
different degrees of saturation for the 60% relative density 

 

 

Fig. 6.27 Time histories of normalized vertical intergranular stress in different 
elements at 98% and 85% degree of saturation for the 40% and 60% relative 

density 
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Fig. 6.28 Minimum normalized vertical intergranular stress in the soil column at 
different degrees of saturation for the 60% relative density during the shaking
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CHAPTER 7 SUMMARY, CONCLUSIONS AND 

RECOMMENDATIONS  

 

 

7.1 Summary 

 

It has always been of great importance for geotechnical engineers to understand 

seismic behavior of unsaturated embankments, dams and levees. Although experimental 

tests provide a reliable method to study to dynamic behavior of different structures, they 

are costly and time consuming. In recent years, attention has been paid to the 

development of analytical procedures to provide insight into the dynamic behavior of 

geotechnical engineering structures. Prediction of fluid flows and deformations during 

earthquake loading is not only important aspects in the design of new geotechnical soil 

structures, but also in the seismic evaluation of the existing structures.  

The main objective of this study was to implement CM4USS into a finite 

element code for fully coupled analysis of the hydraulic and mechanical behavior in 

unsaturated soils subjected to dynamic loading. The main tasks accomplished in this 

research were: (1) investigation of the effect of initial conditions (degree of saturation, 

relative density, and confining pressure) on the liquefaction of unsaturated sands and 

development of a design chart that can be used to evaluate the liquefaction potential of 

unsaturated sands; (2) study on the effect of the hydraulic hysteresis on the dynamic 
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response of unsaturated soils using a fully coupled finite element computer code with a 

hysteretic SWCCs model; and (3) implementation of CM4CSS into a fully coupled 

finite element computer code using an implicit integration algorithm and validation of 

the implementation using numerical examples on unsaturated soils subjected to dynamic 

loading. The research conclusions are summarized in this chapter and recommendations 

for further research are provided. 

 

7.2 Conclusions 

 

The following conclusions can be drawn from the results in this study: 

(1). The simulation using CM4USS on undrained stress-controlled cyclic triaxial 

tests confirm that liquefaction indeed occurs in unsaturated sands. 

(2). CM4USS was used to predict the number of cycles to cause liquefaction 

through simulations of a series of undrained cyclic tests on unsaturated 

Toyoura sand and reasonable comparisons were obtained with measured 

results. 

(3). The liquefaction resistance of unsaturated sands is influenced by degree of 

saturation, relative density, and initial effective stress. The liquefaction 

resistance increases with a decrease in the initial degree of saturation and 

increases in relative density and initial effective confining pressure. When 

the degree of saturation is near 100%, the effect of the degree of saturation 

on the liquefaction resistance is more significant.  
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(4). A liquefaction potential design chart for sands that separates liquefaction 

from no-liquefaction is developed based on the simulation results. The 

degree of saturation, relative density and initial effective confining pressure 

were incorporated into this design chart. 

(5). The vertical displacements of the unsaturated embankment predicted by 

considering the hydraulic hysteresis were larger than those predicted by the 

analysis without hysteresis, but there was no significant difference in 

horizontal displacements between these two analyses. Both the hysteresis 

and non-hysteresis analyses predicted the increases in pore water and pore 

air pressures during shaking. The predicted suction reduction was, however, 

larger for the analysis with hysteresis.  

(6). The implementation of CM4USS into U_DYSAC2 is validated by 

simulating several boundary value problems.  

(7). The simulation results on a level ground site of unsaturated Nevada sand 

deposit subjected to base shaking showed that the liquefaction of an 

unsaturated sand deposit was influenced by degree of saturation and relative 

density, which were consistent with those predicted using CM4USS in a 

single element level. 

(8). The amplification of acceleration magnitude was observed at different 

depths and the extent of amplifications increased slightly towards the ground 

surface.  
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(9). The thickness of liquefied zone in unsaturted soils was influenced by the 

degree of saturation. The thickness of liquefied layer decreased as degree of 

saturation decreased. 

 

7.3 Recommendations 

 
The following potential research areas are worthy of future research: 

(1). The liquefaction potential design chart was developed based on the 

simulated results of Toyoura sand and Nevada sand. More studies for other 

sands and non-plastic silts are needed to improve the design chart developed 

in this research. 

(2). Although the liquefaction of unsaturated sands has important practical 

applications, it has not attracted considerable attention in the geotechnical 

engineering community. More experimental and theoretical research on 

liquefaction in unsaturated sands and silts are needed. A series of dynamic 

centrifuge tests on a variety of different unsaturated sands under different 

conditions is useful to study the complex coupling between solid skeleton, 

pore water, and pore air phases.  

(3). Development of a unified fully coupled unsaturated soil model for sands, 

silts and clays. Many existing constitutive models for unsaturated soils were 

developed using distinctively different yield surfaces and plastic potentials 

for sands and clays. The motivation for unified formulations for sands and 

clays rises from a practical point of view. In the numerical analysis of the 

initial and boundary value problems, only different material constants and 
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model parameters need to be incorporated if the form of constitutive 

equations for several soil types remains the same. It would be particularly 

advantageous to treat cohesionless soils (silts and sands) and cohesive soil 

(clays) using a same framework.  

(4). In the simulations of seismic response of a level ground deposit of 

unsaturated Nevada sand, an uniform distribution of degree of saturation in 

the soil profile is assumed as the initial condition. In geotechnical 

engineering practice, the degree of saturation profile is typically different 

along the depth of the sand deposit. The simulations of seismic response of a 

level ground deposit of unsaturated sand with different initial degree of 

saturation along the sand profile will definitely be helpful for the 

understanding of the dynamic behavior of unsaturated soil structures.  

(5). Simulations of two and three dimensional boundary value problems and 

comparison with the experimental results like centrifuge tests are another 

recommended future research area. 
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More derivatives are needed for the above-mentioned quantities, which are given as 

following: 
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