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THE EFFECT OF COGNITIVE STYLE ON THE ACQUISITION OF 

MATHEMATICAL CONCEPTS PRESENTED THROUGH EMPHASIS 

ON POSITIVE AND NEGATIVE INSTANCES

CHAPTER I

INTRODUCTION

Rationale

All lea rn ing  in d i f f e r e n t  su b jec t  areas  i s  a highly individual 

m atter  and consequently there  has been much research  in recen t years  on 

ind iv idua lized  in s t ru c t io n .  Those areas of ind iv idua lized  in s tru c t io n  

which have received the  g re a te s t  emphasis in research are the s tu d e n t 's  

r a te  o f lea rn in g ,  a b i l i t y ,  and pas t achievement le v e l ,  (De Vault & 

Kriewall, 1970). However, attempts in  mathematics a t  ind iv idualized  

in s t ru c t io n  have met with very lim ited  success , (Schoen, 1976; M il le r ,  

1976). Often the r a te  a t  which a s tuden t le a rn s ,  his a b i l i t y ,  and 

consequently h is  academic achievement level vary from s i tu a t io n  to 

s i tu a t io n  and from su b jec t  to  su b jec t .  One important fa c to r  in in d iv id 

ual d if fe ren ce  in performance i s  the c h a r a c te r i s t i c  way individual 

s tuden ts  process information and re a c t  with t h e i r  surroundings. Research 

in d ica te s  th a t  the cogn itive  behavior of the indiv idual in a learning
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s i tu a t io n  is  g re a t ly  influenced by h is  o r  her cogn itive  s ty le s ,  (Dienes, 

1967; Nelson, 1973). Thus, any ind iv idualized  in s t ru c t io n  to  be e f fe c 

t iv e  should take  ind iv idual learn ing  s ty le s  in to  cons id e ra tio n .

. . . t o  teach mathematics e f f e c t iv e ly  demands, t h a t  one be con
cerned with the  in d iv id u a l ,  fo r  mathematics lea rn ing  i s  a 
highly ind iv idual m atte r .  Mathematics id e a ls ,  s k i l l s ,  and 
s t ru c tu re s  su re ly  a re  learned on an individual b as is  even 
though we can, as in d iv id u a ls ,b e n e f i t  from a s s is ta n c e  given 
by o thers  o r  by w itnessing t h e i r  behavior in performing 
mathematical processes as an example fo r  our own behavior,
(De Vault & Kriewall, 1970, p. 409).

Many d i f f e r e n t  s ty le s  have been researched and defined . Three 

major e f fo r t s  in  co gn it ive  s ty le  research  have received the  most a t t e n 

t io n :

1. F ie ld-independent/F ield-dependent (Herman Witkin)

2. Cognitive Controls (George Klein)

3. Conceptual Tempo (Jerome Kagan)

The importance o f th e  research  in th ese  areas to  both the  s tuden t and

the in s t r u c to r  i s  exemplified by Witkin (1973). Reporting on the  impact

o f co g n it iv e  s ty l e  re sea rch , he s ta te d :

Cognitive s ty l e  i s  a potent v a r ia b le  in s tu d e n ts '  academic 
choices and vocational p references; in s tu d e n ts ' academic 
development through t h e i r  c a re e rs ;  in how s tuden ts  lea rn  and 
teachers  teach ; and in how s tudents  and teachers  in t e r a c t  in 
the  classroom, (1973, p. 1).

The co g n it iv e  s ty le s  which, by f a r ,  have received th e  most 

a t te n t io n  are  W itk in 's  f ie ld - in d ep en d en t/f ie ld -d ep en d en t co gn it ive  

s ty le s ,  (Cross, 1976). Since the  e a r ly  f i f t i e s ,  th ese  s ty le s  have been 

s tu d ied ,  r e f in e d ,  and a re  now ch arac te r ized  as a broad dimension th a t  

includes both a n a ly s is  and s tru c tu r in g  in both perceptual and in t e l l e c 

tual a c t i v i t i e s ,  (Witkin & Goodenough, 1977).

In g en era l ,  the  f ie ld -dependen t cogn itive  s ty le  has been shown
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to  be detrim ental in concept acq u is it io n  in ana lys is  and problem 

so lv ing , e sp e c ia l ly  in the areas o f mathematics and science. In con

t r a s t  the f ie ld -independent cognitive s ty le  has been shown to  be 

benef ic ia l  in these  areas . In the  socia l sc iences, the  exact opposite 

i s  t ru e ;  the f ie ld-dependent cognitive s ty le  i s  more benefic ia l and the 

f ie ld -independent cognitive  s ty le  i s  more de tr im en ta l.  S im ila r ly ,  the 

fie ld-dependent individual is  more adept a t  in terpersonal r e la t io n s ,  

while the  f ie ld -independent individual has a g re a te r  degree of personal 

autonomy, (Witkin & Goodenough, 1977; Witkin, e t  a l ,  1977).

Research has also  shown th a t  f ie ld-dependent le a rn e rs ,  in con

cept lea rn in g ,  are  more l ik e ly  to  be a ffec ted  by j u s t  the  s a l ie n t  cues 

of the  problem s i tu a t io n ,  while the fie ld-independent lea rn e rs  a re ,  in 

genera l,  cognizant o f both the s a l ie n t  and n o n -sa lien t  cues, (Witkin & 

Goodenough, 1977). Thus, i t  appears th a t  a t  one end o f  the  continuum, 

there  are  f ie ld -independent learners  who have a learn ing  s ty le  th a t  is  

benign to  concept learning in mathematics, and a t  the  o th e r  end o f  the 

continuum th e re  a re  fie ld-dependent lea rners  who have a learning s ty le  

th a t  i s  malign to  mathematical concept learn ing . Within th is  continuum, 

Witkin & Goodenough (1977) have defined what they r e f e r  to  as the 

"mobile" cogn itive  s ty le  which is  the  s ty le  o f  an individual who can 

function in e i th e r  the fie ld-independent o r f ie ld-dependent cognitive 

s ty le s .

The importance of reinforcement on concept learn ing  has long 

been understood and implemented by the classroom p ra c t i t io n e r .  There 

i s  now evidence th a t  negative reinforcement has a g re a te r  impact (conse

q u e n tia l ly  p o te n t ia l )  upon the fie ld-dependent lea rn e r  than the  f i e ld -  

independent le a rn e r ,  while pos it iv e  reinforcement has l i t t l e  e f fe c t  upon
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e i th e r  le a rn e r ,  ( F e r r e l l ,  1971; F i tz ,  1970). In a d d i t io n ,  McLeod &

Adams (1970) have reported  th a t  f ie ld-dependent students  learn  b e t te r  

in an expository  s e t t in g  where s t r e s s  i s  placed on the  s t ru c tu re  o f the 

learn ing  s i tu a t io n .

Thus the p ro b a b i l i ty  i s  q u ite  high th a t  in any real-w orld  

classroom s e t t in g  there  are  ind iv idua ls  whose fie ld-dependent learn ing  

s ty le  p laces them a t  a disadvantage in mathematical concept learn ing .

The challenge is  to  design a teaching s tra te g y  th a t  provides maximal 

guidance with s tru c tu re  and takes advantage o f the impact th a t  negative 

reinforcement has upon fie ld -dependent le a rn e rs .

Gagne has s ta ted  th a t  " the e f fe c t  o f  concept learn ing  i s  to  

f ree  the  individual from control by s p e c if ic  s t im u l i" ,  (1970, p. 182).

One suggestion fo r  mathematical concept learn ing  is  the  inclusion  of 

negative instances  as an important p a r t  of the  learn ing  process, (Dienes, 

1964; Gelbaum & Olmstead, 1964; Shumway, 1974; B i t t in g e r ,  1980). The 

question now can be posed: Will the  inclusion  of negative instances as 

a negative reinforcement in a s tru c tu red  learn ing  s i tu a t io n  provide fo r  

b e t te r  learn ing  of mathematical concepts fo r  the f ie ld-dependent s tu d en t,  

consequently free ing  the  f ie ld-dependent s tudent from the  exclusive 

control o f  s a l i e n t  cues? This study is  designed to  attem pt to  answer 

th i s  question .

Statement o f  the  Problem 

The major purpose o f t h i s  in v es t ig a t io n  i s  to  examine the  i n t e r 

ac tion  between fie ld -independen t/f ie ld -dependen t cogn it ive  s ty le s  and the  

use o f  p o s it iv e /n eg a tiv e  instances  on the  a c q u is i t io n  o f  mathematical 

concepts se lec ted  from an in troductory  ca lcu lus  course, and i t  i s
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d ire c te d  s p e c i f i c a l ly  to  the following questions:

1. Are f ie ld -independent sub jec ts  su p erio r  to  f ie ld-dependent 

su b jec ts  in the  i n i t i a l  achievement and re te n t io n  o f  mathematical con

cep ts  se lec ted  from an in troductory  ca lcu lus  course?

2. Does the Inclusion of negative ins tances  with p o s i t iv e  

ins tances  aid in  the  i n i t i a l  achievement and re te n t io n  of mathematical 

concepts se le c ted  from an in troductory  ca lcu lus  course?

3. Can s ig n i f ic a n t  in te ra c t io n  between p o s i t iv e  versus posi

t i v e  and negative instances  and the  f i e l d - independent/fie ld-dependent 

c ogn it ive  s ty le s  be observed?

D efin ition  o f  Operational Terms and Variables 

Concept Learning - A sub jec t  has learned the  concept. A, i f  and only i f  

given any c la s s  of o b je c ts ,  X, the  sub jec t is  ab le  to  p a r t i t i o n  JK in to  

two d i s jo in t  c la s se s :  A and - A where A U -  A = X, (Shumway, 1969). 

Field-Independent - Subjects who score in the  upper o n e - th ird  o f  the 

sample on the  Hidden Figures Test (HPT) w ill  be c l a s s i f i e d  f i e l d -  

independent.

Mobile -  Subjects  who score in the middle o n e - th ird  o f  the  sample on the  

Hidden Figures Test (HFT) w ill be c l a s s i f ie d  mobile.

Field-Dependent -  Subjects  who score in  th e  lower o n e - th ird  o f  the  

sample on the  Hidden Figures Test (HFT) w ill be c l a s s i f i e d  as  f i e ld -  

dependent.

C r i t i c a l  A t t r ib u te  -  An a t t r i b u t e  th a t  i s  a necessary  c h a r a c te r i s t i c  of 

th e  given concept i s  defined as a c r i t i c a l  a t t r i b u t e ,  (C lark , 1971). 

P o s i t iv e  Instance - An example which conta ins o r d isp lay s  a l l  c r i t i c a l  

a t t r i b u t e s  o f  the  concept in t h e i r  appropria te  r e la t io n s h ip  i s  defined
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as a p o s i t iv e  in s tan ce ,  (Clark, 1971).

Negative Instance -  A counterexample which conta ins  or d isp lays (a) some 

or none o f a l l  th e  c r i t i c a l  a t t r ib u te s  of a concept in t h e i r  appropria te  

o r inappropria te  re la t io n s h ip ,  or (b) a l l  the c r i t i c a l  a t t r ib u te s  in an 

inappropria te  r e la t io n  i s  defined as a negative in s tan ce ,  (Clark, 1971). 

Overgeneralization - Overgeneralization occurs when a negative instance 

is  c l a s s i f i e d  as a p o s it iv e  instance.

Undergeneralization - Undergeneralization occurs when a p o s it iv e  in 

stance i s  c l a s s i f i e d  as a negative instance.

Misconception - Misconception occurs when a p o s i t iv e  instance i s  c l a s s 

i f i e d  as a negative instance and a negative instance i s  c la s s i f ie d  as a 

p o s i t iv e  ins tance .

Hypotheses

The following hypotheses w ill be te s te d :

HI: There i s  no s ig n if ic a n t  d iffe ren ce  in i n i t i a l  achievement 

between f ie ld - in d ep en d en t,  mobile, and fie ld-dependent sub jec ts .

H2: There i s  no s ig n if ic a n t  d iffe ren ce  in re te n tio n  between 

f ie ld - in d ep en d en t,  mobile, and fie ld-dependent su b jec ts .

H3: There i s  no s ig n if ic a n t  d iffe ren ce  in i n i t i a l  achievement 

fo r  sub jec ts  receiv ing  an in s tru c t io n a l  sequence of both p o s it iv e  and 

negative instances  and sub jec ts  receiv ing  an in s tru c t io n a l  sequence of 

a l l  p o s i t iv e  in s tances .

H4: There i s  no s ig n i f ic a n t  d iffe ren ce  in re te n t io n  fo r  sub

j e c t s  rece iv ing  an in s tru c t io n a l  sequence of both p o s it iv e  and negative 

instances  and su b jec ts  receiv ing  an in s tru c t io n a l  sequence o f  a l l  p o s i

t i v e  in s tan ces .



H5: There i s  no s ig n i f ic a n t  in te ra c t io n  between the two in 

s tru c t io n a l  trea tm ents  and fie ld -independen t,  mobile, and f i e ld -  

dependent cogn itive  s ty le s  as measured by the  i n i t i a l  achievement in 

strument.

H6: There i s  no s ig n i f ic a n t  in te ra c t io n  between the two in 

s tru c t io n a l  trea tm ents  and fie ld -independen t,  mobile, and f ie ld -  

dependent cogn itive  s ty le s  as measured by the  re te n t io n  instrument.

Research Design

In order to  t e s t  th e  above hypotheses, two sec tions  o f Mathe

matics 1743 w ill  be used. Mathmatics 1743 a t  The U niversity  o f Okla

homa i s  a th ree-hour c r e d i t ,  f i r s t  course in ca lcu lus  designed fo r  the 

business , l i f e ,  and socia l science majors. In each sec tion  c la ss  s ize  

w ill be approximately f o r ty  s tuden ts .

The t e x t  used in Mathematics 1743 i s ;  Calculus: A Modeling 

Approach, Second E d ition , by Marvin L. B i t t in g e r ,  Indiana U niversity- 

Purdue U niversity  a t  Ind ianapo lis ,  Addison-Wesley Publishing Company, 

Reading, Massachusetts. The f i r s t  f iv e  chapters  o f  t h i s  te x t  c o n s t i 

tu te  the  sub jec t m atter  fo r  Mathematics 1743.

The two sec tio n s  of Mathematics 1743 (Section 900 and Section 

901) a re  in ta c t  c la s se s .  Section 900 meets from 6:00 to  7:25 PM, Mon

day and Wednesday, Physical Science Center, room 224, and section  901 

meets from 6:00 to  7:25 PM, Tuesday and Thursday, Physical Science Cen

t e r ,  room 224. One sec tion  w ill  be randomly chosen as the  experimental 

c la s s  and the  o ther  w ill  be designated as th e  control c la s s .

During th e  th i rd  week of the  semester both sec tions  w ill be 

given the  Hidden Figures Test (HFT: French, Ekstrom, & P r ice ,  1962) to



assess  the s tu d e n t 's  cognitive  s ty le s .  In the fourth  week, s tuden ts  in 

both sec tions  w ill be te s te d  on th e i r  a lgebraic  s k i l l s ,  and these  mea

sures w ill be used as the  covar ia te  in the s t a t i s t i c a l  an a ly s is  o f  co- 

variance.

The u n i t  o f  learn ing  fo r  experimental cons idera tion  will be 

d i f f e r e n t ia t io n  using the  product and quotien t ru le s  and the  extended 

power ru le .  Some of the common e rro rs  re su l t in g  from overgen era liza tio n , 

undergenera liza tion , or misconception of these ru le s  a re :

1. i f  p(x) = f (x )g (x ) ,  then p '(x )  = f '{ x ) g ' ( x ) .

2. i f  p(x) = f (x ) /g (x ) ,  then p '(x )  = f ' ( x ) / g ' ( x ) .

3. i f  p(x) = ( f (x ) ) " , th e n  p '(x )  = n ( f (x ))" "^ .

,  ̂  ̂ f ( x ) g '( x )  - g ( x ) f '( x )
4. i f  p(x) = f (x ) /g ( x ) ,  then p '(x )  = --------

(g(x))2

The experimental v a r iab le  in th i s  in v es t ig a t io n  i s  the  use o f  

counterexamples as i t  r e la te s  to  the  in troduction of th e  concepts, the  

product, th e  q u o tien t ,  and the  extended power ru le s  fo r  d i f f e r e n t i a t io n .  

Whenever a concept i s  introduced to  the experimental c l a s s ,  th e  sub jec ts  

w ill  be exposed to  h a lf  examples (p o s it iv e  instances) and h a l f  counter

examples (negative in s tances)  both within the classroom s e t t in g  and 

through ou ts ide  assignments. In c o n tra s t ,  when a concept i s  introduced 

to  the  control c la s s ,  the  sub jec ts  will be exposed to  the  same number of 

instances as the  experimental c la s s  but a l l  p o s it iv e  in s tances .  The de

pendent measure w ill be i n i t i a l  achievement and r e te n t io n  as measured by 

instruments constructed  by the  in v es t ig a to r .

A quasi-experimental design fo r  nonequivalent control groups 

w ill be used. This design i s  se lec ted  because i t  i s  a b e t t e r  approxi-
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mation of t ru e  experimental designs and i t  allows fo r  more control o f  

in te rna l  v a l i d i t y ,  (Huck, Cromier, & Bounds, p. 303). A 2x3 f a c to r ia l  

ana lys is  o f  covariance w ill be used to  t e s t  the s ta te d  hypotheses with 

c e l l s  d is t r ib u te d  as follows:

EXPERIMENTAL Field- Mobile F ie ld - !
Independent Dependent :

CONTROL Field-
Independent

Mobile F ie ld- ; 
Dependent :

Figure 1: Cell D is tr ibu tion  

The experimental design model i s :

01 02 X 03 04

01 02 03 04

Figure 2: Nonequivalent Control Group Design

01 - In v e s t ig a to r  designed t e s t  o f  a lg eb ra ic  s k i l l s  used as co

v a r ia te  in an a ly s is  o f  covariance.

02 - Hidden Figures Test (Educational Testing Serv ice , 1962) 

used to  a ssess  cogn it ive  s ty le s .

03 -  In v e s t ig a to r  designed t e s t  o f  i n i t i a l  achievement o f 

se lec ted  mathematical concepts.

04 -  In v e s t ig a to r  designed t e s t  of re te n t io n  of se lec ted  mathe

matical concepts.

X -  Treatment Variable.



CHAPTER II  

REVIEW OF THE LITERATURE 

Cognitive S ty les

The term "cognitive  s ty le "  has been ch arac te r ized  in the  l i t e r a 

tu re  as the  way a s tudent acquires and processes inform ation. In mathe- 

mathics education Romberg and De Vault (1967, p. 98) have s tre s se d  th a t  

learn ing  s ty le  i s  an important f a c to r  th a t  influences cogn it ive  behavior 

in mathematics. In p ra c t ic a l  terms, Witkin and Moore (1974) defined 

cogn itive  s ty le  as :

. . . o u r  ty p ica l  way o f  processing inform ation, reg a rd less  o f  
whether the  information has i t s  primary source in th e  world 
o u ts ide  or w ithin o u rse lv e s . . . ,  (p. 2 ) .

Witkin, Moore, Goodenough, & Cox (1977), in a review of the 

l i t e r a t u r e ,  described th e  e s se n t ia l  c h a r a c te r i s t i c s  o f  co g n it iv e  s ty le s .  

Cognitive s ty le s  deal with a se lf -c o n s is te n c y  th a t  indiv idual demon

s t r a t e  in t h e i r  cogn itive  function ing . Cognitive s ty le s  a re  concerned 

with the  process ( i . e . ,  the  how o f  i t )  r a th e r  than the  con tex t ( i . e . ,  

the  why o f  i t )  in concept lea rn ing . They a re  concerned with how we 

th in k ,  perce ive , and r e l a t e  with o th e r  ind iv idua ls  and our environment. 

Cognitive s ty le s  a re  "pervasive" dimensions th a t  transcend individual 

micro approaches to  th e  study of the  human mind and how we le a rn .
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F in a lly ,  cogn it ive  s ty le s  are r e la t iv e ly  s ta b le  over a period of time.

Among th e  d i f f e r e n t  cognitive s ty le s  ( lea rn ing  s ty l e s ) ,  Speer 

(1979) reported  th a t  there  are th ree  major areas  which have been f a i r l y  

well defined , and as such a re  variab les  which influence concept acqui

s i t io n  in the classroom;

1. f i  e ld - i  ndependence/fi eld-dependence

2. cogn it ive  con tro ls

3. conceptual tempo

Speer l i s t e d  and described the  cognitive s ty le s  as follow s:

1. Field-independence vs. F ie ld-dependence:
Viewing s i tu a t io n s  as a whole (fie ld -dependent)  as 
opposed to  viewing s i tu a t io n s  as co n s is t in g  of d i s 
c r e t e  p a r ts .

2. Cognitive co n tro ls :
a .  Leveling vs. Sharpening: A b il i ty  to  perceive 

changes over a period of time (sharpener).
b. Focusing vs. Scanning: A b il i ty  to  copy or 

describe a given s i tu a t io n  within a minimum 
amount o f time and a minimum number o f  r e f e r 
ences (scanning).

c .  Constric ted  vs. F lexible  Control:
S u sc e p t ib i l i ty  to  d is t r a c t io n  or in te r fe re n c e  
and in a b i l i t y  to  withhold a t te n t io n  from i r r e l 
evant information.

d. Breadth o f  Categorizing: A b il i ty  to  ignore 
su b tle  d iffe ren ces  and use le s s  r ig id  standards 
in ca tegoriz ing  (broad in c lu s iv en ess) .

e . Tolerance fo r  Incongruous or U n re a l is t ic  
Experiences: Measured by the  w illingness  to  
accept s i tu a t io n s  and experiences t h a t  are 
opposed to  what the  individual knows to  be 
t ru e .

3. Conceptual Tempo (Reflectiveness vs. Im puls iv ity ):
Careful and system atic examination of new inform ation, 
d e l ib e ra t io n  in decis ion  making ( r e f le c t iv e )  as 
opposed to  o ffe r in g  immediate re a c t io n ,  sometimes 
th o u g h tle ss ly  ( im pulsive), (p. 23).

Correlation  Between Cognitive S ty les

Edgell (1973) s tud ied  the  r e la t io n sh ip  between cogn itive  s ty le s  

o f th i rd  grade ch ild ren  and t h e i r  cognitive  s t r a te g ie s  used in the
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attainm ent o f  mathematics concepts. I t  was reported  th a t  f i e ld -  

independent and r e f l e c t iv e  cogn itive  s ty le s  were p o s i t iv e ly  co rre la ted  

to  each o ther .  Field-independent and r e f le c t iv e  sub jec ts  tended to  

ex h ib i t  a focus s tra te g y  in demonstrating concept atta inm ent.

Ausburn (1976) investiga ted  the  r e la t io n sh ip  o f  v isual percep

tu a l  types to  cogn it ive  s ty le s .  The v isual perceptual type is  described 

as an individual who uses h is  eyes as the main in te rm ed iaries  fo r  sen

sory impressions. The haptic  perceptual type is  a "normally sighted 

individual who uses his eyes as the  primary sensory in term ediaries  only 

when compelled to  do so , p re fe rr in g  to  r e ly  on to u c h . . . " .  I t  was found 

th a t  on assessment tasks  using visual s t im u l i ,  the visual perceptual 

type tended to  d isp lay  the  cognitive  s ty le  t r a i t s  o f  f ie ld-independence, 

r e f l e c t i v i t y ,  and sharpening, while the  haptic  perceptual type tended to  

d isp lay  f i e l d-dependence, im pulsiv ity , and lev e lin g .

Fi e ld - i  ndependence/Fi eld-dependence 

The ea r ly  work with f ie ld - in d ep en d en t/f i e l d-dependent cognitive 

s ty le s  d e a l t  with an in d iv id u a l 's  a b i l i t y  to  determine the  uprigh t in 

space, (Witkin, 1949, 1950, 1954). Using e labo ra te  mechanical devices 

such as the  Rod and Frame T es t ,  and th e  Body Adjustment T e s t ,  and the  

Rotating Room T est ,  ind iv iduals  were designated as f ie ld -independent or 

f ie ld -dependent.  Those ind iv iduals  who used g ra v ita t io n a l  cues to  a lign  

with the uprigh t were defined as f ie ld -independen t and those indiv iduals  

who used visual cues were defined as f ie ld-dependent.

Further s tu d ies  co r re la te d  the  "space o r ie n ta tio n "  o f  the 

up r igh t with perceptual performance, (Witkin, 1949, 1950). With th i s  

development, in an h is to r ic a l  pe rspec tive ,  Witkin & Goodenough (1977) 

reported  th a t :
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I t  seemed p la u s ib le  to  hypothesize, th e re fo re ,  th a t  
individual d if fe ren ces  in perception of the upright 
were due to  d if fe ren ces  in disembedding a b i l i t y ;  and 
i t  seemed parsimonious to  redefine  f ie ld - independen t/  
f ie ld -dependent dimension as a general a b i l i t y  to  
overcome embedding contexts  in percep tion , (p. 3 ) .

S t i l l  l a t e r ,  i t  was found th a t  the f ie ld - independen t/f ie ld -dependen t 

cogn it ive  s ty le s  were a broader dimension than f i r s t  a n t ic ip a te d  involv

ing both in te l l e c tu a l  and perceptual a c t i v i t i e s .  Thus Witkin, e t  a l ,  

(1977) s ta ted  th a t .

In summary, the  f ie ld-dependent and fie ld -independent 
cogn itive  s ty le s  a re  process ra th e r  than content v a r ia b le s ;  
they  are  pervasive dimensions of the  in d iv id u a l 's  func tion 
ing ; people tend to  be s ta b le  over time in t h e i r  standing 
on them; they a re  b i-p o la r  and value n e u t ra l ,  (p. 198).

Witkin (1950) searched fo r  o th e r  " s i tu a t io n s  which would reveal 

th e  manner in which people perceive a p a r t  w ithin a la rg e r  f i e ld . "

Based upon the  e a r l i e r  experiments o f  G ottschald t (1926), he designed 

th e  Embedded Figures Test where simple f ig u re s  were embedded in a com

plex f i e ld .  R e l ia b i l i ty  ranged from .74 to  .87. Using t h i s  t e s t  he 

found a wide range o f  a b i l i t y  to  overcome the  embedding. Women, on the  

average, required more time than men to  d e te c t  the  embedded f ig u re s .

B ie r i ,  Bradburn, and Gal insky (1958) examined more c lo se ly  the 

sex d if fe ren ce  in perceptual behavior. They found s ig n i f ic a n t  sex 

d if fe ren ces  in favor o f  males on W itkin 's  Embedded Figures Test (EFT). 

For both men and women th e re  was high c o r re la t io n  between EFT perfo r

mance and mathematical a p t i tu d e .  In conclusion, they reported  th a t  sex 

d if fe ren ces  in EFT performance are  a r e s u l t  o f  males' superio r  mathe

matical ap ti tu d e  and t h a t  males more e f f e c t iv e ly  used th a t  ap t i tu d e  in 

combination with conceptual approaches to  s tim uli r e su l t in g  in b e t te r  

EFT performance.
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Rosenfeld (1958) examined W itkin 's perceptual approach to  cog

n i t iv e  s ty l e  and mathematics achievement. I t  was pred ic ted  th a t  p r o f i 

ciency in mathematics would be inverse ly  proportional to  f i e ld -  

dependency as measured by the  Embedded Figures T e s t . I t  was found th a t  

the poorer mathematics students  were more f ie ld -dependen t and the  b e t te r  

s tuden ts  were more f ie ld -independen t.

El kind, Koegler, and Go (1963) hypothesized th a t  f i e ld -  

independent sub jec ts  were superio r  to  f ie ld-dependent sub jec ts  on a t e s t  

measuring perceptual concept formation. The Embedded Figures Test was 

used to  determine fie ld-independency and field-dependency of the  ad u l t  

su b je c ts .  I t  was found th a t  f ie ld -independen t su b jec ts  scored s i g n i f i 

can tly  higher than f ie ld -dependent sub jec ts  on the  concept formation 

t e s t s .  I t  was concluded th a t  f i e l d-independency i s  an "asse t"  on t e s t s  

involving a b s tra c t io n s  and r e l a t io n s .

Witkin, Goodenough, and Karp (1967) repo rted  in a long itud inal

study th a t  d esp ite  s h i f t s  toward f i  e ld - i  ndependency with m atura tion , the

f i  e ld - i  ndependency or field-dependency of an ind iv idual remains q u ite

s ta b le  r e l a t iv e  to  h is  peers. I t  was found th a t :

. . . d e s p i t e  a marked general increase  in d i f f e r e n t i a t io n  
in perceptual functioning with age, each ind iv idual tends 
to  maintain his r e l a t iv e  p o s it io n  among h is  peers in  the 
d i s t r ib u t io n  o f  measures o f d i f f e r e n t ia t io n  from age to  
age, (p. 291).

Schwartz and Karp (1967) examined W itk in 's  (1954, 1962, 1967) 

observation of decreasing field-dependency from childhood to  e a r ly  a d u l t 

hood. In t h e i r  longitud ina l study in v es t ig a t in g  field-dependency as i t  

r e l a t e s  from adulthood through old  age, i t  was found th a t  f i e ld -  

dependency increased s ig n i f ic a n t ly  with age. Males were s ig n i f ic a n t ly  

le s s  f ie ld -dependen t a t  th e  ages o f  17 and 30 to  39 years  old than a t
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the  ages of 50 to  80 years  old.

F itz  (19701) s tud ied  the  e f f e c ts  o f  p ra ise  and censure on s e r ia l  

lea rn ing  as dependent on locus of control and field-dependency. I t  was 

hypothesized th a t  fie ld-dependent persons are  more s o c ia l ly  o rien ted  and 

more dependent upon external social reinforcement than f ie ld -independent 

persons; hence fie ld-dependent sub jec ts  would show g re a te r  d iffe ren ces  in 

achievement as a function of varying ex ternal reinforcem ent. I t  was 

found th a t  censure (negative reinforcement) did not a f f e c t  the  f i e ld -  

independent su b je c ts ,  but censure did have a p o s it iv e  e f f e c t  on f i e ld -  

dependent su b jec ts .  P ra ise  (p o s i t iv e  reinforcement) had l i t t l e  e f fe c t  

on e i th e r  f ie ld -independent or f ie ld-dependent sub jec ts .

F e r r i l l  (1971) in  a s im ila r  study to  F itz  (1971) found th a t  

f ie ld-dependent ch ildren  were more responsive to  the e f f e c ts  o f re in 

forcement. Verbal punishment served to  s ig n i f ic a n t ly  increase  p e rfo r

mance. Immediately following reinforcement fie ld-dependent sub jec ts  

caught up to  and surpassed the response r a te  o f  f ie ld -independen t 

su b je c ts .

Nelson (1972) s tud ied  the e f f e c t  of f ie ld - in d e p e n d e n t / f ie ld -  

dependent cogn itive  s ty le s  and geometric concepts presented through 

w r i t te n  lessons which did  or did not contain verbal emphasis on the r e l e 

vant a t t r i b u t e s .  The HFT (Hidden Figures T e s t) was used to  c la s s i f y  the

fie ld -independen t and f ie ld-dependent 7th grade general mathematics 

s tu d en ts .  While trea tm ent had no e f f e c t , the  f ie ld -independen t sub jec ts  

were shown to  be su p erio r  in the  a c q u is i t io n  o f  geometric concepts,

p a r t ic u la r ly  in questions involving id en tify in g  the a t t r i b u t e s  o f  a

concept.

Bien (1974), in a study involving the  r e la t io n s h ip  of cognitive
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s ty le  and the s t ru c tu re  o f  a r ithm etic  m a te r ia ls  to  achievement in fourth 

grade a r i th m e tic ,  noted th a t  cognitive re s tru c tu r in g  techniques using 

o u tl in in g  and rephrasing to  h ig h lig h t c r i t i c a l  fea tu res  o f  the problem 

increased problem so lv ing  success fo r  f ie ld -dependent ch ild re n .

Koback (1975) conducted an a p t i tu d e - t re a tm e n t- in te ra c t io n  study 

using the f ie ld -independen t/f ie ld -dependen t and re f lec t iv e / im p u ls iv e  cog

n i t i v e  s ty le s ,  lessons s tudied induc tive ly  o r  deductively ,and pace ( f a s t  

or  slow). The sample consis ted  o f f i f t h  grade mathematics s tu d en ts .  I t  

was found th a t  f ie ld -independen t and r e f le c t iv e  sub jec ts  re ta in ed  more 

learn ing  when taught deductively than when taught in d u c tiv e ly .  F ield- 

dependent and impulsive sub jec ts  re ta ined  more when taught in d u c tiv e ly .  

Field-independent and r e f le c t iv e  sub jec ts  were superio r  in measures o f 

cognitive  and a f f e c t iv e  mathematics achievement.

Threadgill (1976) hypothesized th a t  f ie ld -independen t students  

would learn b e t te r  from a discovery approach, while f ie ld-dependent 

s tuden ts  would learn  b e t t e r  from a d id a c t ic  method o f  in s t ru c t io n  in the 

acq u is it io n  o f 7th grade mathematics concepts. I t  was discovered th a t  

f ie ld-independent su b jec ts  using e i t h e r  the discovery approach or the 

d id a c t ic  method performed s ig n i f ic a n t ly  b e t te r  on concept a tta inm ent than 

fie ld-dependent s u b je c ts .  There was no s ig n i f ic a n t  d if fe ren ce  between 

the two methods o f  i n s t r u c t io n ,  nor was th e re  a s ig n i f ic a n t  in te ra c t io n  

between cognitive s ty le  and methods o f  in s t ru c t io n .

Blake (1976), in a laboratory  experiment, analyzed mathematical 

problem solving as i t  in te ra c ts  with fie ld-independent/f1eld-dependent 

cognitive  s ty le s .  He found th a t  f ie ld -independen t sub jec ts  displayed a 

wider range of problem solving s t r a te g ie s  than f ie ld-dependent su b jec ts .  

When a problem proved d i f f i c u l t ,  f ie ld -independent su b jec ts  would tra ce
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back over previous attempted so lu t io n s ,  while fie ld-dependent sub jec ts  

would be more l ik e ly  to  reread the  problem and s t a r t  over.

Witkin, e t  a l ,  (1977) conducted a long itud ina l study examining 

the ro le  o f  f ie ld -independen t/f ie ld -dependen t cognitive  s ty le s  in  student 

choice o f  co llege  majors. I t  was reported  th a t  s tuden ts  whose i n i t i a l  

choice o f  major was not compatible with t h e i r  cogn itive  s ty le s  tended to  

s e le c t  majors t h a t  were compatible by t h e i r  sen io r  year  or post graduate 

study. Also i t  was found th a t  there  was a "tendency" to  do b e t te r  in 

academic areas congruent with cognitive  s ty l e ;  f ie ld -independent 

sub jec ts  did b e t te r  in th e  physical sc iences , and fie ld -dependents  did 

b e t te r  in the socia l sc iences.

Baldwin (1977) in v es tig a ted  the in te ra c t io n  o f f i e ld -  

independent/ f ie ld-dependent cognitive  s ty le s  with varying methods o f 

in s t ru c t io n  in mathematics using homogeneous groupings, heterogeneous 

groupings, and individual study. I t  was found th a t  f ie ld -independen t 

sub jec ts  achieved equally  well in a l l  methods of in s t ru c t io n  and th a t  

f ie ld -dependent su b jec ts  d id  not achieve more in group study as hypothe

sized .

F itzgera ld  (1977) examined, over a two year period , r e l a t io n 

ships between fie ld -independen t/f ie ld -dependen t cogn itive  s ty l e s ,  student 

a t t i t u d e ,  and achievement in reading and mathematics a t  the  4th and 5th 

grade le v e ls .  She found t h a t  f ie ld -independent sub jec ts  outperformed 

f ie ld -dependent sub jec ts  in  reading but not in mathematics.

Chang (1977) examined the e f fe c ts  o f  f ie ld - in d e p e n d e n t / f ie ld -  

dependent cognitive  s ty le  as a function o f  th re e  in s tru c t io n a l  methods 

using: 1. a p o s it iv e  in s ta n c e ,  2. d e f in i t io n  and a p o s i t iv e  in s tan ce , 

and 3. d e f in i t io n  only. The u n i t  o f  in s t ru c t io n  was geometry concepts
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se lec ted  from the  elementary grade le v e ls .  Field-independent sub jec ts  

outperformed f ie ld -dependent sub jec ts  in concept acq u is i t io n .  The 

method of in s t ru c t io n  using the  d e f in i t io n  and p o s it iv e  instance  was 

s ig n i f ic a n t ly  b e t te r  than the  o ther two methods. There was no s ig n i f 

ic a n t  in te ra c t io n  reported .

Horak (1977) compared the e f f e c t s  o f  the  inductive/deductive  

methods of in s t ru c t io n  and f i e l d -independent/fi  eld-dependent cogn itive  

s ty le s  upon achievement in geometric concepts se lec ted  from a p re 

se rv ice  course fo r  elementary education majors. Her major conclusion 

was th a t  the inductive  method of in s t ru c t io n  was best fo r  f i e ld -  

dependent sub jec ts  fo r  both concept a tta inm ent and t r a n s f e r .

McLeod, e t  a l ,  (1978) in v es tig a ted  the  re la t io n sh ip  between 

fie ld -independen t/f ie ld -dependen t cogn itive  s ty le s  and two methods of 

in s tru c t io n  d i f f e r in g  in the  amount of guidance and the  level o f 

a b s tra c t io n .  I t  was reported  th a t  f ie ld -independent sub jec ts  did b e t te r  

with minimal guidance and fie ld-dependent sub jec ts  did  b e t te r  with 

maximal guidance. The in v es t ig a to rs  surmised th a t  " . . . t h i s  study 

in d ica te s  th a t  measure of cogn itive  s ty le  may be one way to  id e n t i fy  the 

most appropria te  le v e ls  o f guidance fo r  individual s tu d e n ts ." ,  (p. 173).

McKay (1978) examined the  re la t io n s h ip  of locus of c o n tro l ,  

f i e l d-independent/fie ld-dependent cognitive  s ty l e s ,  and sp a t ia l  v isu a l 

iz a t io n  upon mathematics achievement to  compare d iffe rences  in p e r fo r 

mance by males and females. She found no s ig n i f ic a n t  d iffe ren ce  a t  the 

fourth  grade le v e l ,  but a t  the  eighth grade level th e re  was a s i g n i f i 

cant d iffe rence  between males and females on sp a tia l  v isu a l iz a t io n .

There was no s ig n i f ic a n t  d if fe ren ce  between sexes in mathematics achieve

ment when grouped by cogn itive  s ty le s .
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McLeod & Adams (1979) te s te d  the  hypothesis th a t  f i e ld -  

independent/ f ie ld -dependen t cogn itive  s ty le s  would in te r a c t  with t r e a t 

ments o f  in s t ru c t io n  d i f f e r in g  in small group or ind iv idualized  in s t ru c 

t io n .  I t  was f e l t  t h a t  f ie ld -dependent sub jec ts  would b e n e f i t  most from 

small group in s tru c t io n  and fie ld -independen t sub jec ts  would b e n e f i t  most 

from ind iv idua lized  in s t ru c t io n .  Three dependent observations were mathe

matics achievement, r e te n t io n ,  and s tudent r a t in g  of methods o f  in s t ru c 

t io n .  While th e re  was a s ig n i f ic a n t  in te ra c t io n  between achievement and 

fie ld-independency, i t  was surmised th a t  t h i s  was not due to  the cogni

t i v e  s ty le  o f  the  s u b je c ts ,  but re su l te d  from th e i r  general a b i l i t y  since 

the  in te ra c t io n  was not in the  d ire c t io n  hypothesized nor supported by the 

l i t e r a t u r e .

Adams & McLeod (1979) s tudied the  r e la t io n sh ip  between f i e l d -  

independent/fie ld-dependent cogn itive  s ty le s  and in s tru c t io n a l  treatm ents 

using high o r low le v e ls  o f  guidance. The experimental u n i t  o f  in s t ru c 

t io n  cons is ted  of mathematical concepts of networks, t r a n s v e r s a b i l i t y ,  

and a p p l ic a t io n s .  The s u b je c ts ,  elementary education majors, were pre

te s te d  on cognitive  s ty le  and mathematics achievement measuring 

" c ry s ta l l iz e d  a b i l i t y "  ( C a t t e l l ,  1971). There was reported  no s ig n i f ic a n t  

d if fe re n c e  between co g n it iv e  s ty le s  and the  p o s t - te s t s  measuring achieve

ment o r  re te n t io n .

McLeod & Briggs (1980) in v es tig a ted  the  in te ra c t io n  between 

fie ld -in d ep en d en t/f ie ld -d ep en d en t cogn itive  s ty le s  and general reasoning 

a b i l i t y  with treatm ents  using an inductive o r  deductive approach on the  

mathematical concept o f  equivalence r e l a t io n s .  The sub jec ts  were 

s tuden ts  taking an advanced c la ss  in mathematics fo r  elementary educa

t io n  majors. The in v e s t ig a to r s  wanted to  determine i f  the  previous
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reported  in te ra c t io n s  between cognitive  s ty le s  and the  level o f  guidance 

could be extended to  the  sequence of in s t ru c t io n  dimension of discovery 

lea rn in g .  They a lso  wanted to  s u b s ta n t ia te  th e  f ind ing  of in te ra c t io n s  

between general reasoning and the  inductive/deductive sequence o f  in 

s t ru c t io n .  The dependent measures were th e  scores on an achievement 

t e s t  and a re te n tio n  t e s t .  There were s ig n i f ic a n t  in te ra c t io n s  between 

the  f ie ld -independen t cogn it ive  s ty le  and the  t r a n s f e r  t e s t  and between 

the general reasoning a b i l i t y  and both the achievement t e s t  and the 

t r a n s f e r  t e s t .

McLeod & Adams (1980) reported  th a t :

. ..A TI ( a p t i tu d e - tre a tm e n t- in te ra c t io n )  research  in mathematics 
education has found two ap ti tu d e  v a r ia b le s ,  general reasoning 
and f i e ld  independence, t h a t  have produced s ig n i f ic a n t  i n t e r 
ac tio n s  with two dimensions of discovery lea rn in g ,  level o f  
guidance and inductive  in s t ru c t io n ,  (p. 226).

The in v e s t ig a to rs  searched f o r  ATI's between the  above a p t i tu d es  and 

trea tm ents  t h a t  d if fe re d  in both level o f  guidance and inductive/deduc

t iv e  methods o f  in s t ru c t io n .  They predic ted  the  f ie ld -independen t sub

j e c t s  would perform b e t t e r  w ith the  discovery trea tm en t,  and su b jec ts  

who te s te d  high in general reasoning would perform b e t te r  in th e  exposi

to ry  trea tm ent. The r e s u l t s  showed th a t  th e re  was not a s ig n i f ic a n t  

in te ra c t io n  between the  f ie ld -independen t cogn itive  s ty le  and the  d i s 

covery trea tm en t as expected. I t  was f e l t  t h a t  the  treatm ent provided 

more guidance than intended and th i s  confounded the  r e s u l t s .  There was 

a s ig n i f i c a n t  in te ra c t io n  between general reasoning and th e  re te n t io n  

t e s t  in the  expository  trea tm en t as hypothesized.

In genera l,  f ie ld -independen t sub jec ts  use in te rn a l  r e fe re n ts  

to  organize and r e s t ru c tu re  th e  f ie ld  o f  lea rn in g . Field-dependent
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sub jec ts  tend to  use ex terna l re fe ren ts  and go along with the  p revailing  

f i e l d .  Field-independent students  are more l ik e ly  to  be in tro v e r te d ,  

impersonal, and in s e n s i t iv e  to  social cues. In c o n tra s t ,  f i e ld -  

dependent s tudents a re  more l ik e ly  to  be e x t ro v e r te d , in te r -p e rs o n a l , and 

a t t e n t iv e  to  socia l cues. Field-independent sub jec ts  take  an a c t iv e ,  

hypothesis t e s t in g ,  a n a ly t ic ,  problem solving approach to  learn ing . 

Field-dependent su b jec ts  a re  l ik e ly  to  be passive and take  a "spec ta to r  

approach" to  lea rn ing . In a typical learn ing  s i tu a t io n  f ie ld-dependent 

s tuden ts  are a f fec ted  by cue sa lien ce ,  while f ie ld -independent s tudents 

a re  more apt to  be a f fec ted  by s a l ie n t  and nonsa lien t cues. F ie ld -  

dependent sub jec ts  tend to  excel in the soc ia l sc iences, and f i e ld -  

independent sub jec ts  tend to  excel in th e  physical sciences.

In p a r t ic u la r ,  f ie ld -independent sub jec ts  have been shown to  be 

more ap t to  excel in mathematics concept achievement than f i e ld -  

dependent su b je c ts ,  (Rosenfeld, 1958;Nelson, 1972;Threadgill, 1976; e tc ) .  

While cognitive  s ty le  m odification has genera lly  met with l i t t l e  success, 

and indeed, even i f  a t t a in a b le ,  i s  o f  questionable  value due to  the  b i

p o la r ,  neutral value of th e  f ie ld -independen t/f ie ld -dependen t cognitive 

s ty l e s ,  i t  has been found th a t  treatm ents fea tu ring  an inductive  approach 

o r  maximal guidance r e s u l t  in  b e t te r  performance fo r  f ie ld-dependent 

sub jec ts  in mathematical concept a c q u is i t io n ,  (Koback, 1975;Horak, 1977; 

McLeod, 1978).

P o s i t iv e  & Negative Instances 

Shumway (1969) noted th a t  the  research of re levan t l i t e r a t u r e  

in  the  ro le  o f  concept acq u is i t io n  and p o s i t iv e  and negative instances 

revealed b a s ic a l ly  two d i s t i n c t  groups. In one group we have the  re -
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search o f  educational psychologists  in the  learning o f  extremely simple 

concepts in a w e ll-co n tro l led  atmosphere. In t h i s  area research  has 

revealed in co n s is ten t  r e s u l t s .  I t  appears th a t  negative instances  dp 

make a measurable con tr ib u tio n  to  the  learn ing  of simple (dimensioned) 

concepts, but the  r e s u l t s  a re  not genera lizab le  to  th e  classroom s i tu a 

tio n .  In the second group, Shumway reported : "We have the mathematics

educators researching th e  e f f e c t  o f  s p e c i f ic  v a r ia t io n s  in treatm ents  on 

the learn ing  o f c e r ta in  mathematical concepts." The r e s u l t s  generally  

showed no s ig n i f ic a n t  d iffe ren ces  between trea tm en ts . I t  was to  bridge 

t h i s  apparent co n trad ic tio n  th a t  Shumway d irec ted  h is  research . He found 

no s tu d ie s  in 1969 dealing  with the  e f f e c t  o f  counterexamples on the 

lea rn ing  of mathematics concepts. In the pas t decade a number o f 

s tu d ie s  have been conducted in the use o f  p o s it iv e  and negative  instances

as they r e la te  to  mathematics, but fo r  th e  most p a r t  they have d e a l t

with simple geometric concepts.

Some of the  e a r l i e s t  and most often  c i ted  s tu d ie s  dealing with 

p o s i t iv e  and negative instances  were conducted by Smoke in 1932 and 1933. 

His f i r s t  study d e a l t  with s e r ia l  p resen ta tion  of s ix  simple geometric 

concepts using one 16 card sequence of p o s i t iv e  in s tan ce s ,  and the  o th e r ,  

a sequence of both p o s i t iv e  and negative ins tances . The 1933 study was 

s im ila r  to  the f i r s t  study but instead  of a s e r ia l  p re se n ta t io n ,  he used

a simultaneous p resen ta tio n  of the  learn ing  m ate r ia ls .  His primary

concern was the  " ra p id i ty "  o f  concept lea rn ing . In both experiments 

there  was no s t a t i s t i c a l  s ig n i f ic a n t  evidence th a t  one trea tm en t was 

su p erio r  to  another. While being a n ta g o n is t ic  to  the  use o f  negative 

ins tances  fo r  r a p id i ty  o f lea rn in g . Smoke reported  t h a t  most o f the
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sub jec ts  did p re fe r  p o s it iv e  and negative in s tances .  He s ta te d  t h a t :

There i s  a tendency fo r  negative instances to  discourage 
"snap judgement." When the  sub jec ts  were lea rn ing  from 
both p o s it iv e  and negative instances they tended to  come 
to  an i n i t i a l  wrong conclusion le ss  r e a d i ly ,  and to  sub
sequent wrong conclusions le ss  frequen tly ,  than when they 
were learn ing  from p o s i t iv e  instances only. Thus, although 
negative  instances may not make fo r  ra p id i ty  in learn ing  
they tend to  make fo r  accuracy, e sp ec ia l ly  in the  case o f  
d i f f i c u l t  concepts. I t  appears th a t  in so f a r  as negative 
in s tances  a s s i s t  concept learn ing  they do so la rg e ly  
because of the way in which they prevent the  le a rn e r  from 
coming to  one or more erroneous conclusions while he i s
s t i l l  in the midst o f  the learning process, (p. 587).

Thus Smoke f e l t  t h a t  the  ro le  o f  negative instances  was to  sharpen the

concept.

Hovland (1952) c i te d  Smoke's r e s u l t s  th a t  negative in s tances  

were o f  l i t t l e  help in concept learn ing . However, he f e l t  t h a t  i t  was 

not c l e a r  "whether the  in e ffec tiv en ess  o f negative instances  i s  p rim arily  

a t t r i b u t a b l e  to  t h e i r  low value as c a r r ie r s  of inform ation, o r  whether i t  

i s  p r im arily  due to  the  d i f f i c u l t y  o f  a ss im ila t in g  the  information which 

they do convey.", (p. 461). Hovland s tre ssed  the  value o f  f i r s t  analyz

ing th e  information transm itted  by p o s it iv e  and negative in s ta n c e s ,  as

one in s tan ce  may transm it more information than another. Secondly, once

the  information transm itted  was equated, he suggested one could ex p er i

mentally evaluate  the  m erits  o f  p o s it iv e  and negative instances  on con

cept le a rn in g .  Thus he attempted a mathematical a n a ly s is  o f  the  number 

o f  p o s i t iv e  and negative ins tances  required fo r  concept learn ing  under 

lab o ra to ry  cond itions. In h is  experiment he used simple geometric 

shapes allowed to  vary on th re e  dimensions ( s iz e ,  shade, and shape). His 

r e s u l t s  showed a wide v a r ia t io n  in the  p o s i t iv e  and negative ins tances  

necessary  fo r  concept a c q u is i t io n .  One case requ ired  only two p o s i t iv e  

instances  and 625 negative in s ta n c e s ,  while another case required  f iv e
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p o s it iv e  instances and only two negative instances. He concluded th a t  

th e  " r e la t iv e  e ffec tiveness  o f p o s i t iv e  and negative ins tances  cannot be 

given a categorica l answ er." , (p. 477). In general, Hovland f e l t  th a t  

fo r  conjunctive concepts, p o s it iv e  in s tances  transm it more information 

than negative instances.

Hovland & Weiss (1953) concluded th a t  p o s i t iv e  instances  were 

more benefic ia l than negative instances in concept lea rn in g .  The 

purpose of t h e i r  in v es tig a tio n  was to  compare the  learn ing  o f concepts 

when the  information is  t ransm itted  by a l l  p o s it iv e  in s ta n c e s ,  a l l  nega

t i v e  in s tances ,  o r  mixed p o s i t iv e  and negative in s tances .  They attempted 

to  equate the  informational content o f th e  d i f f e re n t  sequences. The 

r e s u l t s  ind icated  th a t  i t  was "considerably  harder" to  define  a concept 

based on a s e r ie s  o f  negative instances  than with a s e r ie s  o f p o s it iv e  

in s tances .  Their second experiment was s im ila r  to  the  f i r s t  except they 

used simultaneous p resen ta tion  o f  the  instances  ra th e r  than s e r ia l  presen

t a t i o n .  They found a "co n sis ten t su p e r io r i ty "  fo r  a l l  p o s i t iv e  instances.

In t h e i r  th i r d  experiment, they hypothesized t h a t  the  g rea te r  

d i f f i c u l t y  using negative instances might be th a t  more negative instances 

were needed to  define  a given concept. Hence, they used only concepts 

which could be defined in terms o f th e  same number o f p o s i t iv e  or nega

t i v e  ins tances . The r e s u l t s  showed th a t  the  a l l - p o s i t iv e  s e r ie s  was 

su p e r io r  to  the  a l l -n e g a t iv e  s e r ie s .  Hovland and Weiss concluded th a t  

" the a l l -n e g a t iv e  instances  a re  thus shown to  be c o n s is te n t ly  in fe r io r  

to  a l l - p o s i t i v e  in s ta n c e s ," ,  (p. 182). However, the g en e ra l iza t io n  th a t  

concepts cannot be learned from a l l -n e g a t iv e  instances i s  f a l s e ,  since 

they  observed th a t  over h a l f  o f  t h e i r  sub jec ts  were ab le  to  use a l l
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negative  instances  to  a r r iv e  a t  the  c o r re c t  conclusion,

Bruner, Goodnow, and Austin (1956) supported the  use o f posi

t i v e  instances over negative ins tances . They s ta te d  th a t  " . . . s u b j e c t s  

seem not as w il l in g  or ab le  to  use negative inform ation, instances 

t e l l i n g  what th e  concept i s  no t,  in  the  process of obtaining a concep t." ,  

(p. 180). They a lso  hypothesized th a t  "most o f  our environment seems 

geared to  working with p o s it iv e  i n s t a n c e s . . . " ,  (p. 159).

Freiberg & Tulving (1961) using the above hypothesis essen

t i a l l y  re p l ic a te d  Hovland & Weiss' (1953) th i rd  experiment. They 

explored the e f f e c t s  o f  repeated p resen ta tions  of sequences using pos i

t i v e  and negative ins tances  to  determine i f  the observed d iffe ren ces  in 

concept learn ing  would decrease as the sub jec ts  became more e f f i c i e n t  in 

using negative in s tances .  They reported  two f ind ings :

1. A s u b je c t 's  a b i l i t y  to  solve concept id e n t i f ic a t io n  
problems ( a b i l i t y  to  th ink?) i s  very g re a t ly  a f fec ted  
by p ra c t ic e .  This i s  t ru e  fo r  both p o s i t iv e  and nega
t i v e  in s tan ces ,  (p. 105).

2. Although during the  e a r ly  s tages o f  p ra c t ic e  the  
sub jec ts  seemed much le s s  capable o f  a ss im ila t in g  
information from negative instances than from posi
t i v e  in s tances ,  the  d iffe rence  was very small a t  the  
end of 20 t r i a l s ,  (p. 105).

Huttenlocher (1962) s tudied "the e f f e c t s  of ordering of 

in s tan ce s  on simple concept formation problems with equivalent amount of 

information per in s ta n c e ." ,  (p. 36). She examined four ca teg o ries  of 

problems using sequences o f  (+ ,+ ), ( + , - ) ,  ( - ,+ ) ,  and ( - , - ) .

Huttenlocher found the  group receiving two negative in s tan ces ,  ( - , - )  had 

s ig n i f ic a n t ly  poorer performance. I t  was a lso  reported  th a t  the  order o f  

th e  instances  was s ig n i f ic a n t .  The bes t performance was by the  group 

which received ( - ,+ ) ,  followed by ( + , - ) ,  and (+ ,+). She concluded th a t :
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With one dimensional co n cep ts . . . a l l  negative instances 
are  harder to  use than those containing a l l - p o s i t iv e  
instances. The r e s u l t s  do n o t ,  however, support the  
findings th a t  (a) the  mixed s e r ie s  l i e s  in term ediate 
in d i f f i c u l ty  between a l l - p o s i t iv e  and a l l -n e g a t iv e  
se r ie s  or (b) th a t  th e re  are  no e f fe c ts  from the 
ordering of instances  in the  mixed s e r i e s ,  (p. 39).

F rya tt  & Tulving (1963) attempted "to  c l a r i f y  the  ro le  i n t e r 

problem p rac t ice  ( in te r ta s k  t ra n s fe r )  plays in the  u t i l i z a t i o n  o f in fo r 

mation from p o s i t iv e  and negative instances o f  concep ts ." ,  (p. 106). 

U ti l iz in g  four groups o f  su b je c ts ,  a l l  sub jec ts  solved twenty-four con

cept id e n t i f ic a t io n  problems divided in to  two s e r ie s  o f  twelve problems. 

Each conceptual problem used e i th e r  th re e  p o s i t iv e  instances  o r one 

p o s it iv e  and two negative ins tances . Their conclusions supported 

the  work of Freiberg & Tulving (1961) th a t  interproblem p ra c t ic e  in the  

case o f  mixed instances  and le s s  ex tens ive ly  in the case of a l l  p o s it iv e  

in s tances ,  had a pronounced e f f e c t ,  i . e . ,  concept id e n t i f ic a t io n  

improved g re a t ly  with p ra c t ic e  problems from the  same c la s s .

Conant (1965) reported  th a t  the  d i f f i c u l ty  in learn ing  d is ju n c 

t iv e  concepts i s  caused by the  necess ity  o f  u t i l i z in g  information from 

negative instances. He hypothesized th a t  (1) sub jec ts  given a lim ited  

amount o f  t ra in in g  can lea rn  to  e f fe c t iv e ly  u t i l i z e  negative instances  in 

d is ju n c t iv e  problems, and (2) t h e i r  e f f ic ie n c y  in using negative instances 

i s  a function o f  th e  o rder  o f  p resen ta tion  o f  p o s it iv e  and negative 

in s tances .  Hypothesis (1) was su b s tan tia ted  when i t  was found th a t  94 

percent o f  the  sub jec ts  solved t e s t s  containing only negative instances  

in fewer t r i a l s  than had been reported  in th e  l i t e r a t u r e .  To t e s t  

hypothesis (2 ) ,  Conant u t i l i z e d  s ix  groups charac te r ized  by the  order 

o f p resen ta tion  of p o s i t iv e  and negative instances as follows:
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1 .

2 .

3.

4.

5.

6 . (+,+>+,+,+,+)

The r e s u l t s  o f  a permutation t e s t  revealed th a t  the  rank order o f  the 

group did  not s ig n i f ic a n t ly  d i f f e r  from the p red ic ted  order: 1-2-3-4- 

5-6. I t  was a lso  reported th a t  the  sub jec ts  showed a preference fo r  

negative in s tan ce s .  Conant remarked th a t  sub jec ts  c o u lt  u t i l i z e  nega

t iv e  ins tances  in  the a c q u is i t io n  of d is ju n c t iv e  concepts, and th a t  

previous re p o r ts  of d i f f i c u l ty  had been overemphasized.

Tavrow (1965) examined the  question: Is improvement in  p e r fo r 

mance using negative instances th e  r e s u l t  of previous p rac t ice  with nega

t iv e  ins tances  or is  i t  the r e s u l t  of previous fa m il ia r iz a t io n  with the 

universe which contains the concepts? I t  was f e l t  t h a t  i f  a sub jec t 

became fa m il ia r  with the  e n t i r e  universe, the b e t t e r  he would be ab le  to  

form concepts from the use o f  negative in s tances .  The r e s u l t s  showed 

th a t  concept a c q u is i t io n  using negative instances was a lso  a function  of 

the amount o f  previous f a m i l ia r i ty  with the universe and the amount o f  

p ra c t ic e  in the  technique s p e c i f ic  to  the task  o f  concept formation 

using negative instances.

Haygood & Stevenson (1967) in v es t ig a ted ,  using geometric 

designs , the e f fe c ts  o f varying the  proportion of p o s i t iv e  instances  from 

10% to 80%. I t  was found th a t  th e  number o f  t r i a l s  to  concept a c q u is i 

t io n  increased  as the percent o f  p o s it iv e  ins tances  decreased. They 

a t t r ib u te d  t h i s  to the v a r ia t io n  in information r a te s  as the percent of
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p o s i t iv e  instances  changed and the  d i f f i c u l t y  in u t i l i z a t i o n  o f in fo r 

mation from p o s i t iv e  and negative in s tances .

Bourne & Guy (1968) conducted an experiment to  in v e s t ig a te  r u le  

lea rn ing  on th e  bas is  o f  information provided by p o s i t iv e  instances 

on ly , negative instances  only, o r  a mixture o f p o s i t iv e  and negative 

in s tan ces .  They examined a t t r i b u t e  id e n t i f ic a t io n  ( th e  r u le  i s  given 

and the  stim ulus a t t r i b u t e s  are  unknown), and ru le  lea rn in g  (the  a t t r i 

butes are  given and the  ru le  i s  unknown). When the  ta sk  was to  id e n t i fy  

th e  r e l a t iv e  a t t r i b u t e s ,  given the  r u le ,  the  su b jec ts  performed best 

when informational a t t r i b u t e s  (p o s i t iv e  o r  negative) were re p re se n ta t iv e  

o f  a small homogeneous s e t .  In ru le  le a rn in g ,  the  su b jec ts  performed 

b e s t  when presented with the g r e a te s t  v a r ie ty  (p o s i t iv e  and negative) 

o f  in s tances .

Taylor (1969) examined th e  e f f e c t  of p o s i t iv e  and negative 

in s tances  in an inductive-deductive  approach to  concept lea rn ing  in  a 

classroom s e t t in g .  The sub jec ts  were undergraduate elementary school 

te a c h e rs  en ro lled  in  a p re -se rv ice  methods course. The experimental 

u n i t  o f  lea rn ing  d e a l t  with a c l a s s i f i c a t io n  scheme using Bloom's 

Taxonomy of Educational O bjectives . The dependent v a r ia b le  was th e  

p roportion o f  negative instances  used in concept a c q u is i t io n .  I t  was 

concluded th a t  the  s u b je c t 's  performance was not d i f f e r e n t i a l l y  r e la te d  

to  the  proportion o f  negative in s ta n c e s ,  and th a t  a mixture o f p o s it iv e  

and negative instances  can be su ccess fu l ly  used in  concept lea rn ing .

Siegel & Forbes (1969) examined, using geometric shapes, ru le  

s t ru c tu re  as i t  r e l a t e s  to  the  p roportion  o f p o s i t iv e  in s tan ces  in  con

cep t  a tta inm ent. They hypothesized t h a t :

1. th e  a b i l i t y  to  solve d is ju n c t iv e  concepts increases  with age,
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2. p o s it iv e  instances  are more e f f e c t iv e  fo r  solving conjunc

t iv e  concepts and negative instances  a re  more e f fe c t iv e  fo r  solving 

d is ju n c t iv e  concepts, and

3. o lder  sub jec ts  w ill  show more improvement than younger 

su b je c ts  as the proportion o f  negative instances  increases in  d is ju n c 

t iv e  concept a c q u is i t io n .

The only s ig n i f ic a n t  r e s u l t  was th a t  as the proportion o f  nega

t iv e  ins tances  increases ,  d is ju n c t iv e  concept problems were solved more 

e a s i ly .
Shumway (1969) in v es tig a ted  the ro le  o f  counterexamples in  the 

development o f mathematical concepts a t  the e ighth  grade level in a 

classroom s e t t in g .  He examined the following dependent v a r iab le s :

1. general mathematics achievement

2. s p e c if ic  mathematics achievement

3. inductive  reasoning

4. s y l lo g i s t i c  reasoning

5. reading mathematics d e f in i t io n s

6. tendency to  overgenera lize

The content areas used included q u a d r i la te ra l s ,  exponents, and 

o p e ra t io n s .  The experimental group received an equal number o f p o s it iv e  

and negative  in s tan ce s .  The control group received only p o s it iv e  

in s ta n c e s .  I t  was found the  use o f  p o s it iv e  and negative instances 

d iscourages o v e rg en e ra liza t io n .

Davidson (1969) f e l t  t h a t  previous research  in p o s it iv e  and 

negative instances  had been confounded because th e re  i s  not n e c e s sa r i ly  

more d i f f i c u l t y  in  using negative  in s tan ces ,  but the  concept a c q u is i t io n  

procedure i t s e l f  i s  more complex when negative instances are  used. He 

concluded th a t  "In g en era l , i t  now appears th a t  positiveness  or negative-
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ness per se i s  o f  l i t t l e  consequence; the  r e la t iv e  usefu lness  of the  

two kinds o f instances  depends p rim arily  on the  circumstances ",

(p. 372). His search revealed t h a t  th e  supposed detrim ental e f fe c t  of 

negative instances i s  e i th e r  weak o r absent.

Anderson (1970) undertook a quarte r  long in v es t ig a t io n  of the  

ro le  of counterexamples in a f i r s t  year  course in ca lcu lu s .  He used 

s ix ty  s tudents en ro lled  in two se c t io n s .  The experimental c lass  was 

exposed to  several examples and counterexamples fo r  each concept. The 

control c la ss  received only p o s it iv e  examples. The numbers of examples 

used in e i th e r  c la s s  was the  same. The in v e s t ig a to r  was in te re s ted  in 

th e  e f fe c ts  o f  counterexamples on:

1. general mathematics achievement

2. sp e c i f ic  mathematics achievement, and

3. the  a b i l i t y  to  genera lize .

There was no s t a t i s t i c a l  evidence in favor of e i th e r  trea tm ent. However, 

both the  experimenter and the  sub jec ts  f e l t  th a t  the  use o f counter

examples was o f  "some" b en ef i t .  There was no attempt to  discuss which 

sp e c i f ic  in troducto ry  calcu lus concepts were o r were not affected by the  

use of counterexamples.

Fraunfelker (1970) examined a t t r ib u te  id e n t i f ic a t io n  in concept 

learn ing  as a function of concept, type , mode of p re sen ta t io n ,  and p o s i

t i v e  versus negative instances. He used eighty psychology s tudents as 

sub jec ts  in a labo ra to ry  experiment involving geometric pa tte rns  as 

s t im u li .  He found th a t  when both p o s i t iv e  and negative instances are  

p re sen t ,  the  a t t r i b u t e s  o f  d is ju n c t iv e  concepts are  more d i f f i c u l t  to  

id e n t i fy  than those  o f conjunctive concepts. I t  was a lso  reported th a t  

the  i n i t i a l  order o f  p o s i t iv e  followed by negative instances f a c i l i t a t e d
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conjunctive concept id e n t i f i c a t io n  and inh ib ited  d is ju n c tiv e  concept 

id e n t i f i c a t io n .  The exact opposite  was tru e  when the  i n i t i a l  order was 

negative ins tances  followed by p o s i t iv e  instances.

Jones (1972) in v es t ig a ted  th e  e f fe c ts  of p o s i t iv e  and negative 

instances on the  atta inm ent o f  simple conjunctive mathematical concepts. 

He hypothesized th a t  sub jec ts  who receive  a s e r ie s  o f  p o s i t iv e  instances  

would achieve higher scores on a dependent measure o f  achievement than 

those sub jec ts  using both p o s i t iv e  and negative ins tances . There was no 

s ig n i f ic a n t  d iffe rence  between trea tm ents .

Tenneyson, Wooley, & M errill (1972) reported  upon the  con tro 

versy in concept research concerning the  value of negative in s tances .  

They examined four in s t ru c t io n a l  s t r a te g ie s  fo r  promoting concept acqui

s i t io n .  The independent v a r ia b le s  were:

1. p ro b ab il i ty  level of p o s i t iv e  and negative instances empir

i c a l l y  determined by su b jec ts  who c o r re c t ly  c la s s i f y  instances  as pos i

t i v e  or negative.

2. the  matching of a p o s it iv e  instance to  a negative instance  

so th a t  the  i r re le v a n t  a t t r i b u t e s  a re  s im i la r ,  and

3. divergency o f  a p o s i t iv e  instance  with o ther  p o s i t iv e  

instances  so th a t  a l l  i r r e le v a n t  a t t r i b u t e s  d i f f e r .

Tenneyson, e t  a l ,  manipulated the  above independent v a r iab les  

to  examine th e  e f fe c t  on o v e rg en era liza tio n , undergenera liza tion , 

c o r re c t  c l a s s i f i c a t io n ,  and misconception. I t  was found th a t  the  use o f  

negative instances  decreases overgenera liza tion .

Feldman (1972) and Swanson (1972) both examined the  e f f e c t  o f  

number and type of instances on concept acq u is i t io n  in the absence o f  

th e  d e f in i t io n .  Both s tu d ie s  revealed th a t  a ra t io n a l  s e t  o f  both
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p o s it iv e  and negative instances were superio r  to  a se t  o f  a l l  p o s i t iv e  

instances in sub jec t recognition  o f  new instances  and tendency to  p re 

vent overgenera liza tion . They then proposed to  r e p l ic a te  the  above 

s tu d ie s ,  but t h i s  time they included the  d e f in i t io n  with the  trea tm en ts .  

In separa te  s tu d ie s ,  they  found th a t  th e  inclusion  of the  d e f in i t io n  of 

the concept p a r t i a l l y  n u l l i f i e d  the s u p e r io r i ty  o f  the  use o f  negative  

instances with p o s i t iv e  instances. Klausmeier, Ghatala, & Frayer (1974), 

in summarizing, concluded:

...When no d e f in i t io n  is  presented , a ra t io n a l  s e t  o f  both 
p o s it iv e  and negative instances should be p re se n te d . . .  When 
a concept d e f in i t io n  is  provided, the  number and type o f 
instances  provided are le ss  im portant, (p. 202).

Houde (1972) examined the  in te ra c t io n  between in te l l ig e n c e  and 

the  use o f both p o s i t iv e  and negative instances  on the  a tta inm ent o f  the  

geometric concept o f  s im i la r i ty  a t  the  s ix th  grade le v e l .  He concluded 

th a t :

1. th e  concept o f  s im i la r i ty  i s  a t ta in e d  more e f f i c i e n t l y  with 

a l l  p o s i t iv e ,  or a l te rn a t in g  p o s it iv e  and negative instances than with 

a l l  negative in s tan ce s ,

2. a l l  negative instances tend to  confuse sub jec ts  with low

I .Q . ,  and

3. high I.Q . sub jec ts  using p o s i t iv e  and negative instances 

exhib ited  the  best performance on measures o f achievement.

Houtz, Moore, and Davis (1973) s tud ied  the  e f fe c t  o f  p o s i t iv e  

and negative instances  on the  learn ing  o f a non-dimensioned concept 

se lec ted  from 7th and 8th grade mathematics. P o s it iv e  ins tances  w ith no 

common i r r e le v a n t  a t t r i b u t e s  and p o s i t iv e  and negative in s tances  lacking 

one common a t t r i b u t e  re su l te d  in b e t t e r  performance. I t  was concluded
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t h a t  the  r e la t io n s h ip  between the s t ru c tu re  of p o s it iv e  and negative 

instances  w ithin  a learning s i tu a t io n  was c r i t i c a l  to  the  a c q u is i t io n  

of non-dimensioned concepts.

Hoehn (1973) a lso  in v es tig a ted  the  e f fe c t  of sequences of pos i

t iv e  and negative  instances upon the  atta inm ent of geometric concepts 

with the  s u b je c t ' s  level o f  in te l l ig e n c e .  I t  was re p l ic a te d  th a t  a l l  

p o s i t iv e  ins tances  or mixed p o s it iv e  and negative instances  were 

s ig n i f ic a n t ly  more e f f i c i e n t  than a l l  negative instances  o r no 

in s tances .  Hoehn did not f ind  an in te ra c t io n  between I.Q. and the  use 

of p o s i t iv e  and negative ins tances .

Chernick (1974) varied  the  proportion of p o s i t iv e  and negative 

instances  in an experiment with the learn ing  o f th ree  simple concepts 

from a lg eb ra ,  number theory, and topology. All procedures were c a rr ied  

out in a s in g le  c la ss  period. Results indicated  th a t  th e re  was no 

s ig n i f ic a n t  d iffe rence  in concept a c q u is i t io n  using a l l  p o s i t iv e  

in s ta n c e s ,  h a l f  pos it ive  and negative in s tan ces ,  and a l l  negative 

in s tances .

Shumway (1974) s tudied  the e f f e c t  o f  negative in s tances  on the

ac q u is i t io n  of commutativity and a s s o c ia t iv i ty  in the 9th grade. He

found th a t  th e re  was a s ig n i f ic a n t  d if fe re n c e  in achievement favoring

the  use o f  both pos it iv e  and negative instances  fo r  a s s o c ia t iv i ty  over

p o s i t iv e  in s tances  alone. He a lso  reported  a s ig n i f ic a n t  e f f e c t  fo r

negative in s tances  t ra n s fe r r in g  from commutativity to  a s s o c ia t iv i ty ,

i .e . ," T h e  a c q u is i t io n  o f the  concept o f  a s s o c ia t iv i ty  was improved by

the  e f f e c t  o f  negative instances  fo r  commutativity." He proposed th ree

possib le  explanations:

1. Negative instances a re  a necessary and in teg ra l  p a r t  
o f  lea rn ing  of each concept.
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2. Negative instances teach sub jec ts  to  be sk e p t ic a l ,  
independent o f  a given concept.
3. Negative instances simply teach sub jec ts  the  pro
portion  o f  the  c r i t e r io n  instances th a t  should be c la s s 
i f i e d  as negative using guessing, (p. 210).

Curley (1980) s tud ied  the e f f e c t  o f  varying proportions o f  

p o s i t iv e  and negative instances  on a s tu d e n t 's  m is in te rp re ta t io n  o f  the 

meaning o f  s t a t i s t i c a l  hypotheses. His work d if fe re d  from most e a r l i e r  

s tu d ie s  because o f  his s e le c t io n  o f  a more complex va r iab le  and h is  use 

o f  " in te rp re ta t io n "  as the  dependent measure ra th e r  than concept a c q u is i 

t io n .  Curley conjectured th a t  increasing  the  proportion o f  negative in 

s tances  up to  tw o-th irds  negative would r e s u l t  in increased s e n s i t i v i t y  

to  m is in te rp re ta t io n  o f  s t a t i s t i c a l  hypotheses. The only s ig n i f ic a n t  

r e s u l t  reported  was between the  group rece iv ing  tw o-th irds  negative in 

s tances  and the  control group who did not receive  the  treatm ent. While 

not s t a t i s t i c a l l y  s ig n i f ic a n t  a t  the .05 l e v e l ,  i t  was reported  th a t  

whichever group received the  la rg e r  proportion o f  negative instances 

performed b e t te r  than any group receiv ing  fewer negative in s tances .

For the  most p a r t ,  the  l i t e r a t u r e  has not revealed a conclusive 

f ind ing  fo r  the  inc lusion  o f  negative instances in concept lea rn ing .

Clark (1971). reviewed over 250 experimental s tu d ies  in concept a tta inm ent 

and o f  th e se ,  only 50 d e a l t  with p o s i t iv e  and negative in s tances .  I t  was 

found t h a t  26 o f  these  50 s tu d ie s  reported  a detrimental e f f e c t  fo r  the  

use o f  negative in s tan ce s ,  while only 11 o f  these  50 s tud ies  did not 

re p o r t  a detrim ental e f f e c t .

Cognitive S ty le  & P o s i t iv e  and Negative Instances

Nelson & Chavis (1975) in v es tig a ted  the e f f e c t  o f  f i e ld -  

independent/ f ie ld-dependent cogn itive  s ty le  on concept a c q u is i t io n  in 

non-dimensioned concepts, "real world concepts", from socia l lea rn ing .
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They hypothesized th a t :

1. f ie ld -independent sub jec ts  are superior to  fie ld-dependent 

sub jec ts  in concept acq u is i t io n  and

2. the  inclusion  of negative instances w ill d i f f e r e n t i a l l y  

a f fe c t  the  id e n t i f i c a t io n  of p o s i t iv e  instances and the  id e n t i f ic a t io n  

of negative in s tances .

Subjec ts ,  te s te d  using the  Hidden Figures T e s t , were c l a s s i f ie d  as f i e ld -  

independent, n e u t ra l ,  or fie ld-dependent. I t  was found th a t  f i e ld -  

independent sub jec ts  are  superio r to  field-dependent sub jec ts  i f  concept 

a cq u is it io n  was l im ited  to  id e n t i f ic a t io n  of p o s it iv e  in s tances .

However, th e re  was no s ig n i f ic a n t  d ifference between the f i e ld -  

independent, n e u tr a l ,  and fie ld-dependent sub jec ts  on id e n t i f i c a t io n  of 

negative in s tan ces .  There was a s ig n if ic a n t  in te ra c t io n  between the  

neutral group (su b jec ts  who displayed c h a ra c te r is t ic s  o f  both f i e ld -  

independence and field-dependence) and the treatment using both p o s it iv e  

and negative  instances  in the id e n t i f ic a t io n  of p o s it iv e  in s tances .  I t  

"appears" th a t  the  treatm ent o f p o s it iv e  and negative instances  hindered 

id e n t i f ic a t io n  of p o s i t iv e  instances.

Gage (1976) examined the  e f fe c ts  o f  p o s it iv e  and negative 

instances  and f ie ld -independen t/f ie ld -dependen t cognitive  s ty le  on the  

a c q u is i t io n  of concepts se lec ted  from a f i r s t  year high school level 

algebra course. The sub jec ts  were c la s s i f ie d  as f ie ld-independent o r  

fie ld -dependent by t h e i r  scores on the Hidden Figures T e s t . I t  was 

found th a t  sub jec ts  receiv ing  the  treatment of both p o s it iv e  and nega

t iv e  instances  outperformed the sub jec ts  receiving only p o s i t iv e  

ins tances . F ield-independent sub jec ts  outperformed fie ld-dependent
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s u b je c ts ,  but i t  was not s t a t i s t i c a l l y  s ig n i f ic a n t .  There a lso  was no 

s ig n i f ic a n t  in te ra c t io n  between cogn itive  s ty l e  and the trea tm en ts  of 

p o s i t iv e  and negative ins tances  or p o s i t iv e  instances only.
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CHAPTER I I I  

METHODOLOGY 

The Sample

The f in a l  sample consis ted  o f  s ixty-tw o students  enro lled  in 

Mathematics 1743, sec tions  900 and 901, f a l l  sem ester, 1980. Mathe

m atics 1743 is  an in troducto ry  ca lcu lus  course fo r  business , l i f e ,  and 

soc ia l  sciences majors. Only s tudents  completing a l l  phases o f the 

experiment were included in the  f in a l  sample. The sub jec ts  were not 

to ld  th a t  they were involved in the  experiment. Section 900 was randomly 

chosen as th e  contro l c la s s ,  and sec tion  901 was randomly chosen as the  

experimental c la s s .  The d i s t r ib u t io n  o f  the  f in a l  sample fo r  the  two 

sec t io n s  was as follow s:

Sec 900 Sec 901

Male : Female Male : Female

Freshman : 3 ; 4 : : 2 : 2 :

Sophmore : 6 : 3 : : 5 : 8 :

Junior : 3 : 4 : : 5 : 1 :

Senior : : 4 : : 3 : 2 :

Graduate : 2 : 2 : : : 3 :

Table 1: Sample D is tr ib u tio n  
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M aterials  and In s tru c tio n s

The experimental u n it  of in s t ru c t io n  consis ted  o f  concepts 

se lec ted  from the  in troductory  calculus course. These concepts d e a l t  

with the  following ru le s  fo r  d i f f e r e n t ia t io n  and t h e i r  app lica tio n  to  

problem solving:

1. i f  p(x) = f (x )g (x ) ,  then p '(x )  = f (x ) g '( x )  + g ( x ) f ' ( x ) .

2. i f  p(x) = f ( x ) /g ( x ) ,  then p '(x )  = ^
(g (x ))^

3. i f  p(x) = ( f ( x ) ) " ,  then p '(x )  = n(f(x)) '^"^ f ' ( x )

Many s tudents  overgenera lize  the  ru les  fo r  d i f f e r e n t i a t io n  of the sum 

and d iffe ren ce  o f two functions and the power func tion ; often  they attempt 

to  apply these ru le s  to  problem s i tu a t io n s  req u ir in g  th e  above ru le s .

The treatm ents  fo r  the  experimental and contro l c la sse s  d if fe re d  

in the  use o f counterexamples (negative in s ta n c e s) .  Both c lasses  r e 

ceived the  same number o f  in s tan ce s ,  but th e  experimental c la s s  received 

h a lf  examples and h a lf  counterexamples. The control c la s s  received a l l  

examples and no counterexamples fo r  each concept introduced.

The trea tm ent fo r  the experimental c la s s  extended over a two 

week period from October 9, 1980, to  October 23, 1980. During t h i s  

time period , the  sub jec ts  in the experimental c la ss  were taught using 

the  lec tu re -d isc u ss io n  method, supplemented by two in -c la s s  handouts 

contain ing  the  le c tu re  notes and a l l  examples and counterexamples used 

in in troducing  the  concepts. In ad d it io n ,  th e  experimental sub jec ts  

received two homework assignments.

On October 9, 1980, the  experimental c la ss  i n i t i a l l y  received
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a review of the  d e f in i t io n  of the d e r iv a t iv e  of a function , a review of 

the  fundamental ru le s  fo r  finding the  d e r iv a t iv e  o f the sum or d i f f e r 

ence o f  two d i f f e r e n t ia b le  func tions ,  and a review of the ru le  fo r  f in d 

ing the  d e r iv a t iv e  o f the power func tion , i . e . , f (x )  = x". Sub

sequently , the experimental c l a s s ,  using the  d e f in i t io n s  of the  ru le s  

and equal numbers o f examples and counterexamples, was introduced to  the  

ru le s  fo r  finding  the  d e r iv a t iv e  of the product or quo tien t o f  two d i f 

f e re n t ia b le  functions . The examples and counterexamples were se lec ted  

to  emphasize the c r i t i c a l  a t t r ib u te s  of the  concepts.

On October 14, 1980, a f t e r  a review and a question-answer se s 

sion dealing with the  concepts introduced in the previous c la ss  meeting, 

the  experimental sub jec ts  spent the  remainder o f  the  c lass  time working 

on the  f i r s t  homework assignment ex e rc ise .  This homework assignment 

required  the  sub jec ts  to  work with examples and counterexamples o f  the  

concepts. At the  conclusion o f the  c la s s  period , the  sub jec ts  were in 

s tru c ted  to  f in is h  the  assignment and to  re tu rn  i t  the  following sess ion ,

A fter reviewing the  homework assignment exerc ises  on October 

19, 1980, the experimental s tudents  were taught the  ru le  fo r  finding  the 

d e r iv a t iv e  of a function ra ised  to  a power, i . e . ,  the  extended power 

ru le .  Again, the  le c tu re -d iscu ss io n  method of in s t ru c t io n  was supple

mented by an in -c la s s  handout containing th e  le c tu re  notes and equal 

numbers of examples and counterexamples used in emphasizing the  c r i t i c a l  

a t t r i b u t e s  of the  concept. At the  conclusion of the  c la ss  se ss io n , th e  

sub jec ts  were given the  second homework assignment ex e rc ises ,  and they 

were in s tru c te d  to  complete the  exerc ises  and re tu rn  them the following 

session .
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On October 21, 1980, the treatment fo r  the  experimental c la ss  

was concluded a f t e r  d iscussing  the second homework assignment and r e 

viewing th e  th re e  concepts introduced in the  treatm ent.

The treatment fo r  the  control c la s s  extended from October 13, 

1980, to  October 27, 1980. The method o f  in s t ru c t io n ,  using the  le c tu re -  

d iscussion  approach, supplemented by the  in -c la ss  handouts and the  home

work assignments ex e rc ise s ,  was id en tica l  to  the treatm ent fo r  the 

experimental c la ss  with the  following exceptions: each counterexample

used in the  experimental treatment was rep laced , using the  same problem, 

when p o ss ib le ,  by an example (p o s it iv e  instance) o f the  concepts in 

volved in th e  study. The experimental and control handouts a re  shown 

in Appendix A.

The Covariate Measure 

Often in experiments in the rea l-w orld  classroom s i tu a t io n ,  the  

in v e s t ig a to rs  do not have the  option of randomizing the  sub jec ts  between 

the  experimental group and the  control group. Hence, an a ly s is  o f  covar

iance provides a s t a t i s t i c a l  ana lysis  which, in e f f e c t ,  a d ju s ts  fo r  in 

i t i a l  between group d iffe rences  on se lec ted  c o v a r ia te s ,  (K erlinger, 1973). 

The cov ar ia te  measure chosen fo r  th i s  study was s tuden t performance on 

an achievement t e s t  designed to  measure a lgebra ic  s k i l l s  necessary fo r  

th e  ca lcu lus  course.

The same t e s t ,  as shown in Appendix B, was administered to  the  

experimental c la s s  on October 16, 1980, and to  the  control c la s s  on 

October 17, 1980, re sp ec tiv e ly .  The general form o f  the  Kuder-Richardson 

formula (Ebel, 1965) was used to  determine a r e l i a b i l i t y  c o e f f ic ie n t  o f  

r  = .9045.
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The Hidden Figures Test

The Hidden Figures Test (HFT), (French, Ekstrom, & P r ic e ,

1963) was adm inistered to  the  control c la s s  on September 9 , 1980, and 

to  th e  experimental c la s s  on September 10, 1980. The HFT is  a group 

adm inistered t e s t  designed to  assess  the  f ie ld -independen t,  the  mobile, 

and f ie ld -dependen t cogn it ive  s ty le s .  Those sub jec ts  who scored in the  

upper t h i r d  of the  d i s t r ib u t io n  o f HFT scores were defined as f i e ld -  

independent; th e  sub jec ts  in the  middle th i rd  of the d i s t r ib u t io n  were 

defined as mobile, and the  sub jec ts  in the lower th i rd  were defined as 

f ie ld -dependen t.

The HFT i s  comprised o f  32 t e s t  items in which the  su b jec ts  are  

in s t ru c te d  to  f ind  a simple closed geometric f ig u re  embedded in a com

plex background. The t e s t  i s  divided in to  two p a r t s ,  and the  sub jec ts  

a re  given ten minutes per p a r t  to  answer as many items as they can. In 

sco ring , each c o r re c t  answer i s  worth one p o in t ,  and one-fourth  the  

to ta l  o f  the  in c o r re c t  answers i s  deducted from the  number o f c o r re c t  

answers to  obta in  the  f in a l  score. The following d is t r ib u t io n s  were 

obtained:

Cognitive S ty le Number Range

Field-Independent 24 12.00 -  24.50

Mobile 17 6.75 -  11.75

Field-Dependent 21 -3.50 -  6.50

Table 2: HFT D is tr ib u tio n  
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The general form o f  the  Kuder-Richardson formula (Ebel, 1965) was used 

to  compute a r e l i a b i l i t y  c o e f f ic ie n t  o f  r  = .8561.

The I n i t i a l  Achievement Test 

The i n i t i a l  achievement t e s t  was administered to the  ex p er i

mental c la s s  on October 23, 1980, and to  the  control c la s s  on October 

27, 1980. The i n i t i a l  achievement t e s t  was p a r t  o f  a t e s t  designed to  

measure s tudent achievement in the  fundamentals of d i f f e r e n t ia t io n .

The f i r s t  p a r t  te s te d  d i f f e r e n t i a t io n  concepts not included in the  

study; th e  second p a r t  cons is ted  o f  ten  items chosen to  assess s tu d en ts ' 

achievement of th e  concepts se lec ted  fo r  the  study, (reference Appendix 

C). The sub jec ts  in both c la s se s  completed the  t e s t  in seven ty -f ive  

minutes or l e s s .  In scoring the i n i t i a l  achievement t e s t ,  each c o r re c t  

item was worth one p o in t ,  and no c r e d i t  or p a r t ia l  c r e d i t  was given to  

in c o r re c t  answers. The general form of the  Kuder-Richardson formula 

(Ebel, 1965) was used to  determine a r e l i a b i l i t y  c o e f f ic ie n t  o f  

r  = .8658.

The Retention Test •

The re te n t io n  t e s t  was a ten  item t e s t  administered two weeks 

a f t e r  the  i n i t i a l  achievement t e s t .  The experimental c la ss  received 

the re te n t io n  t e s t  on November 6, 1980, and the  control c la s s  received 

the re te n t io n  t e s t  on November 10, 1980, The re te n t io n  t e s t  was un

announced, and i t  was b u i l t  in to  a quiz designed to  measure achievement 

on concepts not included in the  tre a tm e n ts ,  ( reference Appendix D), The 

re te n t io n  t e s t  was scored s im i la r ly  to  the i n i t i a l  achievement t e s t .  

C redit was given only to  c o r re c t  answers, and the maximum possib le  score 

was ten .  The general form o f  the Kuder-Richardson formula (Ebel, 1965)
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was used to  find a r e l i a b i l i t y  c o e f f i c i e n t  o f  r  = ,8704.
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CHAPTER IV 

STATISTICAL ANALYSIS OF THE DATA

Tests o f Hypotheses fo r  I n i t i a l  Achievement

To examine th e  e f f e c t  o f  the trea tm ents  on i n i t i a l  achievement, 

the  following hypotheses were in v es tig a ted ;

HI: There i s  no s ig n if ic a n t  d if fe ren ce  in i n i t i a l  achievement 

between f ie ld -independen t,  mobile, and fie ld-dependent su b jec ts .

H3: There i s  no s ig n if ic a n t  d if fe ren ce  in i n i t i a l  achievement 

fo r  sub jec ts  receiv ing  an in s tru c t io n a l  sequence of both p o s i t iv e  and 

negative instances and sub jec ts  receiv ing  an in s tru c t io n a l  sequence of 

a l l  p o s it iv e  ins tances .

H5: There i s  no s ig n if ic a n t  in te ra c t io n  between th e  two in 

s tru c t io n a l  treatm ents and f ie ld -independen t, mobile, and fie ld -dependent 

cogn itive  s ty le s  as measured by the i n i t i a l  achievement instrument.

The data from the  i n i t i a l  achievement t e s t  was subjected to  a 

2x3 f a c to r ia l  ana lys is  o f covariance with unequal ce l l  frequency per 

c e l l .  The fa c to rs  were th e  two treatm ents  (p o s i t iv e  and negative vs. 

p o s i t iv e  only) and the  th re e  cognitive  s ty le s  ( f ie ld -independen t, mobile, 

and f ie ld -dependent) .  The BMDP, biomedical computer program, P2V (BMD, 

1979) was used to  analyze the data . Since unequal ce ll  frequency was
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observed, a non-orthogonal an a ly s is  o f covariance was used. The formu

la s  fo r  t h i s  an a ly s is  are  given in Appendix E.

The observed means and standard dev ia tions  fo r  th e  i n i t i a l  

achievement data a re  given in the  following ta b le :

Field-Independent Mobile Field-Dependent

Experimental X = 8.31 X = 7.17 X = 7.22
SD = 1.49 SD = 2.93 SD = 2.33

N = 16 N = 6 N = 9

Control X = 6.88 X = 7.73 X = 7.42
SD = 2.70 SD = 2.33 SD = 2.75

N = 8 N = 11 N = 12

Table 3: Summary Table o f I n i t i a l  Achievement Data

Analysis o f  covariance was used to  a d ju s t  fo r  between group 

d if fe re n c e s ,  and the  following adjusted  means were computed:

Field-Independent Mobile Field-Dependent

Experimental X-adj = 8 .0 0  X-adj = 6.85 X-adj = 7.36

Control X-adj = 7.55 X-adj = 7.76 X-adj = 7.40

Table 4: Summary Table o f  Adjusted Group Means 

For I n i t i a l  Achievement Data

The ana lys is  o f  covariance fo r  the  i n i t i a l  achievement t e s t  

r e s u l t s  i s  shown in the following ta b le :
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Source DF MS F P

Analysis of Covariance
Treatment 1 .38 .09 .76
Cognitive S ty le 2 1.26 .31 .74
In te rac t io n 2 2.08 .51 .60
Within (Error) 55 4.07
Covariate 1 84.00 20.64 .00 *

* -  S ig n if ic a n t  a t  the  .05 le v e l .

Table: 5: Analysis of Covariance fo r  I n i t i a l  Achievement 

The F - ra t io s  obtained above fo r  the  trea tm en t,  the cogn it ive  

s ty l e ,  and t h e i r  in te ra c t io n  were not s t a t i s t i c a l l y  s ig n i f ic a n t  a t  the 

.05 le v e l .  Hence the  null hypotheses (HI, H3, and H5) fo r  i n i t i a l  

achievement were not r e je c te d .  The co v ar ia te  (01), based upon th e  

measurement of p re -ca lcu lu s  a lgebra ic  s k i l l s ,  v/as s t a t i s t i c a l l y  re la te d  

to  th e  i n i t i a l  achievement r e s u l t s  a t  the  .05 level as expected.

Although the  in te ra c t io n  between the  cognitive  s ty le s  and the 

trea tm ents  was not s t a t i s t i c a l l y  s ig n i f ic a n t  a t  the .05 le v e l ,  Huck, 

Cromier, and Bounds (1974) noted th a t  one d e f in i t io n  of in te ra c t io n  is  

the  departure  from p a ra l le l ism .  Hence th e  following graph rep resen ts  

the  in te ra c t io n  found on th e  i n i t i a l  achievement t e s t  using th e  a d ju s t 

ed mean scores:

8 — — —

Control

Experimental7 -

F-I MOB F-D

Figure 3: Graph of ITA fo r  I n i t i a l  Achievement
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To examine more c lo se ly  the e f f e c t s  o f  the  trea tm ents  upon the  

f ie ld -independen t and fie ld-dependent su b je c ts ,  a post-hoc an a ly s is  of 

covariance was performed on the i n i t i a l  achievement data by removing the  

scores of the mobile su b jec ts .  The summary tab le  fo r  the ad justed  

group means was as follows:

Field-Independent Field-Dependent

Experimental X-adj = 8.00 X-adj = 7 .3 1

Control I - a d j  = 7 .4 6 X-adj = 7 .3 7

Table 6: Summary Table o f  Adjusted Group Means

Post-Hoc Analysis

The a n a ly s is  of covariance revealed  the following r e s u l t s :

Source DF MS F P

Analysis o f  Covariance
Treatment 1 .61 .10 .69
Cognitive S ty le 1 1.59 .41 .53
In te rac t io n 1 .90 .23 .63
Within (Error) 40 3.88
Covariate 1 55.39 14.26 .00 *

* - S ig n if ic a n t  a t  the  .05 level

Table 7: Post-Hoc Analysis of Covariance 

For I n i t i a l  Achievement Data
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Since a l l  the  F-values fo r  the  an a ly s is  o f  covariance were not 

s t a t i s t i c a l l y  s ig n i f ic a n t  a t  the  .05 l e v e l ,  i t  was concluded th a t :  

removing the  middle th i rd  of the d i s t r ib u t io n  o f  scores did not a f fe c t  

th e  i n i t i a l  decis ion  to  accept the null hypotheses fo r  th e  i n i t i a l  

achievement r e s u l t s .

Tests  o f  Hypotheses fo r  Retention 

To examine th e  e f f e c t  o f  the trea tm en ts  on r e te n t io n ,  the  

following hypotheses were in ves tiga ted :

H2: There i s  no s ig n if ic a n t  d if fe re n c e  in re ten tio n  between 

f ie ld -independen t,  mobile, and fie ld-dependent su b jec ts .

H4: There i s  no s ig n if ic a n t  d if fe re n c e  in re ten tio n  fo r  

sub jec ts  receiv ing  an in s tru c t io n a l  sequence o f both p o s i t iv e  and nega

t iv e  instances and sub jec ts  receiving an in s tru c t io n a l  sequence of a l l  

p o s i t iv e  instances.

H6: There i s  no s ig n if ic a n t  in te ra c t io n  between the two 

in s tru c t io n a l  trea tm en ts  and f ie ld - independen t,  mobile, and f i e ld -  

dependent cogn itive  s ty le s  as measured by the  re te n t io n  instrument.

The data from the  re ten tio n  t e s t  was subjected to  a 2x3 fa c to r 

ia l  ana lys is  o f  covariance with unequal c e l l  frequency per c e l l .  The 

f a c to rs  were the  two trea tm ents  (p o s i t iv e  and negative versus p o s it iv e  

only) and the  th re e  cogn it ive  s ty le s  (f ie ld - in d ep en d en t,  mobile, and 

fie ld -dependen t) .  The BMDP, biomedical computer program, P2V (BMD, 

1979) was used to  analyze th e  da ta . Since unequal ce l l  frequency was 

observed, a non-orthogonal ana lys is  o f covariance was performed.

The observed means and standard dev ia tions  fo r  the re ten tio n  

data  a re  given in th e  following ta b le :
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Field-Independent Mobile Field-Dependent

Experimental X = 6.12 X = 6.00 X = 5.89
SD = 2.47 SD = 3.52 SD = 3.30

N = 16 N = 6 N = 9

Control X = 4.75 X = 6.27 X = 4.50
SD = 3.01 SD = 2.41 SD = 3.09

N = 8 N = 11 N = 12

Table 8: Summary Table of Retention Data

Analysis o f  covariance was used to  a d ju s t  fo r  between group 

d if fe re n c e s ,  and the  following adjusted means were computed:

Field-Independent Mobile Field-Dependent

Experimental X-adj = 5.70 X-adj = 5.57 X-adj -  6.07

Control X-adj = 5.68 X-adj = 6.32 X-adj = 4 .4 7

Table 9: Summary Table o f Adjusted Group Means

For Retention Data 

The ana lys is  o f  covariance fo r  the re ten tio n  t e s t  data i s  

shown in  th e  following ta b le :

Source DF MS F P

Analysis of Covariance
Treatment 1 1.16 .21 .65
Cognitive Style 2 2.12 .38 .69
In te ra c t io n 2 6.55 1.15 .32
Within (Error) 55 5.64
Covariate 1 157.20 27.88 .00 *

*- S ig n if ic a n t  a t  the .05 level

Table 10: Analysis of Covariance fo r  Retention Data

The F - ra t io s  obtained above fo r  the treatm ent, cognitive  s ty le ,
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and t h e i r  In te ra c t io n  were not s t a t i s t i c a l l y  s ig n i f ic a n t  a t  the  .05 

le v e l .  Hence, the  null hypotheses (H2, H4, and H6) fo r  r e te n t io n  were 

not r e je c te d .  The co v a r ia te  (01), based upon the  measurement o f  pre

ca lcu lus  a lgeb ra ic  s k i l l s ,  was s t a t i s t i c a l l y  re la te d  to  the  re ten tio n  

t e s t  r e s u l t s  a t  the  .05 le v e l .

The in te r a c t io n ,  which i s  not s t a t i s t i c a l l y  s ig n i f ic a n t  a t  the  

.05 le v e l ,  i s  graphed below using the  ad justed  ce l l  means:

7 —

6 - —

Experimental

Control

— — "  — — — — — — — — — — — — — —

F-I MOB F-D

Figure 4: Graph o f  ITA For Retention 

As in the  a n a ly s is  o f  the i n i t a l  achievement d a ta ,  to  examine 

more c lo se ly  the  e f f e c t s  o f  the treatm ents  upon the f ie ld -independen t 

and th e  f ie ld-dependent su b je c ts ,  a post-hoc ana ly s is  o f  covariance was 

performed on the  re te n t io n  data by removing th e  scores o f  the  mobile 

su b je c ts .  The summary ta b le  fo r  the  ad justed  group means was as follows:

Field-Independent Field-Dependent

Experimental X-adj = 5 .6 8 X-adj -  6.02

Control X-adj = 5 .5 8 X-adj = 4 .4 3

Table 11: Adjusted Group Means Post-Hoc Analysis fo r  Retention
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The an a ly s is  o f  covariance revealed the  following re su l ts :

Source DF MS F ■P

Analysis o f  Covariance
Treatment 1 7.30 1.24 .27
Cognitive S ty le 1 1.73 .30 .59
In te rac t io n 1 5.48 .93 .34
Within (Error) 40 5.87
Covariate 1 112.29 19.13 .00 *

* - S ig n if ic a n t  a t  the .05 level

Table 12; Post-Hoc Analysis of Covariance 

For Retention Data 

All the  F-values fo r  the  above ana lys is  o f  covariance were not 

s ig n i f i c a n t  a t  the  .05 le v e l ;  thus i t  was concluded th a t  the  i n i t i a l  

dec is ion  to  not r e j e c t  the  null hypotheses (H2, H4, and H6) was c o r re c t .

Corre la tion  Among Dependent Variables 

The BMD, biomedical computer program, P3D (BMD, 1970) was used 

to  compute the  following co r re la t io n  matrix:

Covariate (01) HFT I n i t i a l  Ach. Retention

Covariate (01) 1.00 .16 .53 * .58 *
HFT 1.00 .14 .12
I n i t i a l  Achievement 1.00 .65 *
Retention 1.00

* - S ig n if ic a n t  a t  the .05 level 

Table 13: Corre la tion  Matrix fo r  Dependent Variables 

The co v a r ia te  was s t a t i s t i c a l l y  re la te d  a t  the  .05 level to  

performance on the  i n i t i a l  achievement t e s t  and to  performance on the  

re te n t io n  t e s t .  The performance on the  Hidden Figures Test was not 

s t a t i s t i c a l l y  r e la te d  to  performance on the  c o v a r ia te  (01) measure, th e
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i n i t i a l  achievement, nor the re te n t io n  t e s t .

Analysis of Covariance 

Analysis o f  covariance is  an extension of an a ly s is  o f variance; 

consequently, th e  assumptions fo r  ana lys is  of covariance a re  more de

manding, (Kirk, 1968; Huck, Cromier, & Bounds, 1974).

Since unequal ce l l  s iz e  was observed, a t e s t  o f  the  assumption

o f  homogeneity o f  variance was necessary. The BMDP, biomedical computer 

program, P9D (BMD, 1979) was used to  conduct B a r t l e t t ' s  Test of homo

geneity  o f variance fo r  the i n i t i a l  achievement data  and the  re ten tio n

d a ta .  The r e s u l t s  were as follows:

I n i t i a l  Achievement Retention

B a r t l e t t  Test 6.11 2.12
Approximate 1.17 .40
D.F. 5,3146 5,3146
P ro b ab il i ty  o f  F .32 .85

* - N on-significant a t  the .05 level

Table 14: Test o f  Homogeneity o f  Variance 

Thus homogeneity o f  variance was assumed fo r  both the  i n i t i a l  achieve

ment data and th e  re ten tio n  da ta .

For ana lys is  o f  covariance to  be v a l id ,  th e  c e l l s  must have 

homogeneity o f regression  c o e f f ic ie n ts  ( i . e . ,  coiranon s lo p e ) .  A t e s t  

f o r  conmon slope was conducted using the BMDP, biomedical computer 

program PIV (BMD, 1979). Since the  F-values were n o n -s ig n if ica n t  a t  

th e  .05 le v e l ,  the  use o f  ana lys is  o f  covariance fo r  th e  i n i t i a l  achieve

ment data  and th e  re te n t io n  data was tenab le .

The above computer ana ly s is  also p lo tted  th e  re la tionshp
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between the  dependent variab les  and th e  covaria te . Since these s c a t te r  

diagrams were l i n e a r ,  the  basic assumption of l i n e a r i t y  was assumed for 

both the i n i t i a l  achievement data and the  re ten t io n  da ta .
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CHAPTER V

CONCLUSION

Summary

The purpose o f t h i s  experimental study was to  examine the 

e f fe c ts  of the  inc lusion  of negative instances  (counterexamples) on the  

i n i t i a l  a c q u is i t io n  and re ten tio n  o f  mathematical concepts se lec ted  from 

an in troductory  ca lcu lus  course as a function of f ie ld -independen t,  

mobile, and f ie ld -dependent cognitive  s ty le s .

The review of the  l i t e r a t u r e  has shown continued research in 

the  use of negative  instances in th e  labora to ry  s i tu a t io n  as well as the  

classroom s i tu a t io n .  These in v es t ig a t io n s  have produced d if fe r in g  r e 

s u l t s ;  however, i t  does appear th a t  negative instances  can be used to  

counteract overgenera liza tion . Since the e a r ly  f i f t i e s ,  over nine d i f 

fe re n t  cogn itive  s ty le s  have been defined and in v e s t ig a te d ,  Messer 

(1970). These cogn itive  s ty le s  have been charac te r ized  as the  typ ica l 

ways an indiv idual acquires  and processes information. Much a t te n t io n  

has been given to  Herman W itkin 's f ie ld -independen t/f ie ld -dependen t 

cogn itive  s ty le s .  The fie ld-dependent cognitive  s ty le  has been shown to  

be detrim ental to  concept learning in mathematics and in the  physical
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sc iences; in th e  soc ia l  sc iences ,  th e  exact opposite  i s  t r u e ,  i . e . ,  the  

f ie ld-dependent co g n it iv e  s ty le  i s  b e n e f ic ia l .

I t  was hypothesized th a t  a treatm ent con ta in ing  equal numbers 

o f  p o s it iv e  and negative  instances would prove su p e r io r  to  a treatm ent 

containing only  p o s i t iv e  instances in both i n i t i a l  a c q u is i t io n  and 

r e te n t io n .  In a d d i t io n ,  i t  was a lso  hypothesized t h a t  the  treatment 

containing p o s i t iv e  and negative instances  would coun te rac t  the  d e b i l i 

ta t in g  a f fe c ts  o f the  f ie ld -dependent cognitive  s ty le  in mathematical 

concept lea rn ing .

S p e c i f ic a l ly  the  following hypotheses were in v es t ig a ted :

HI: There i s  no s ig n i f ic a n t  d iffe ren ce  in  i n i t i a l  achievement

between f ie ld - in d ep en d en t,  mobile, and fie ld -dependent su b jec ts .

H2: There i s  no s ig n i f ic a n t  d iffe ren ce  in  re te n t io n  between

fie ld - in d ep en d en t,  mobile, and f ie ld-dependent su b je c ts .

H3: There i s  no s ig n i f ic a n t  d iffe ren ce  in  i n i t i a l  achievement

f o r  sub jec ts  rece iv ing  an in s tru c t io n a l  sequence o f  both p o s it iv e  and

negative in s tances  and sub jec ts  rece iv ing  an in s t ru c t io n a l  sequence o f 

a l l  p o s it iv e  in s tan ce s .

H4: There i s  no s ig n i f ic a n t  d iffe rence  in re te n t io n  fo r  

sub jec ts  rece iv ing  an in s tru c t io n a l  sequence of both p o s i t iv e  and nega

t i v e  instances and sub jec ts  rece iv ing  an in s tru c t io n a l  sequence of a l l  

p o s i t iv e  in s tan ce s .

H5: There i s  no s ig n i f ic a n t  in te ra c t io n  between the  two in 

s tru c t io n a l  trea tm en ts  and f ie ld - independen t,  mobile, and f i e ld -  

dependent cogn it ive  s ty le s  as measured by the i n i t i a l  achievement 

instrument.
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H6: There i s  no s ig n i f ic a n t  in te ra c t io n  between the  two 

in s tru c t io n a l  trea tm ents  and f ie ld -independen t,  mobile, and f ie ld -  

dependent cognitive  s ty le s  as measured by the re te n t io n  instrument.

The experimental study was conducted a t  the  U niversity  of Okla

homa, Norman, Oklahoma, in the  f a l l  sem ester, 1980. The subjec ts  were 

co llege  students  en ro lled  in two in ta c t  sections  o f Math 1743. Math 

1743 is  an in troduc to ry  calculus course designed fo r  the  business, l i f e  

and social sciences majors. One sec tio n  was randomly chosen to  receive 

th e  experimental trea tm ent containing equal numbers o f  p o s i t iv e  and 

negative in s tan ces ;  th e  o ther sec tion  was designated th e  control c la s s  

and received the  same to ta l  number o f  instances but a l l  p o s it iv e .

The concepts se lec ted  fo r  the  experiment were the  following 

in troducto ry  d i f f e r e n t i a t io n  p ro p e r t ie s :

1. i f  d(x) = f (x ) g{x) ,  then p'(x)  = f ( x ) g ' (x )  + g{x) f ' (x ) .

g ( x ) f ' ( x )  -  f (x )g '(x )
2. i f  p(x) = f (x ) /g (x ) ,  then p '(x )  =  ____________________

(g(x))2

3. i f  p(x) = (f(x))M , then p '(x )  = n ( f ( x ) ) n - i f ' ( x ) .

P r io r  to  th e  trea tm en t, both sec tions  were administered a t e s t  

o f  pre-ca lcu lus  a lg eb ra ic  s k i l l s  which was used as the  co var ia te  in the  

s t a t i s t i c a l  ana lys is  o f  the  da ta . Since in ta c t  c la s se s  were involved, 

a 2x3 ana lys is  o f  covariance was used to  ad ju s t  fo r  between group d i f 

fe rences. The Hidden Figures Test (HFT) was used to  assess  the th ree  

le v e ls  o f  cognitive  s ty le s  (fie ld - independen t,  mobile, and f i e ld -  

dependent) .

Findings

The i n i t i a l  achievement and re te n tio n  data f a i le d  to  support
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s t a t i s t i c a l l y  any of the  s ix  hypotheses, i . e . ,  the  null hypotheses of 

no s t a t i s t i c a l l y  s ig n i f ic a n t  d iffe ren ces  between th e  adjusted c e l l  means 

were not re jec ted  fo r  d iffe rences  in treatm ents nor fo r  cognitive s ty le s .  

In add it ion , th e re  was no s t a t i s t i c a l l y  s ig n if ic a n t  in te ra c t io n  between 

the  treatments and the  cognitive  s ty le s  in i n i t i a l  achievement and 

re ten tio n  performances.

Conclusions & Discussion

I t  would not be prudent to  generalize  the  find ings beyond the 

lim ited  scope o f  t h i s  in v es t ig a t io n .  I t  appears t h a t  in t h i s  s e t t i n g ,  

an in troductory  ca lcu lus  c la s s  fo r  non-science majors, dealing with the  

se lec ted  d i f f e r e n t ia t io n  ru le s  involved in t h i s  study, the use o f  nega

t iv e  instances would not be n ecessa r i ly  benefic ia l nor detrimental to  

s tudent learn ing .

Indeed, with the  mixed find ings reported in the  l i t e r a t u r e ,  th e  

impact o f  negative instances upon the  learning of s p e c if ic  mathematical 

concepts may vary from concept to  concept. Thus, the  basic question o f  

whether to  use o r  not to  use negative instances as a pedagogical 

s tra te g y  cannot be given a categorica l answer. Curley (1980) reported  

th a t  " . . . i t  may be th a t  the  s i tu a t io n  involving p o s i t iv e  and negative 

instances i s  concept s p e c i f ic ."  (p. 8 ) .

The f a c t  t h a t  th e re  were no s t a t i s t i c a l l y  s ig n if ic a n t  d i f f e r 

ences in  s tudent performance between the  experimental treatment using 

p o s it iv e  and negative  instances and the  control trea tm en t using a l l  

p o s it iv e  instances may have re su lted  from one or more o f  the following 

fa c to rs :

1. The inc lusion  of the  d e f in i t io n  with the  s e t  of p o s it iv e
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instances in the control treatm ent may have n u l l i f i e d  the suspected 

su p e r io r i ty  of the s e t  of p o s i t iv e  and negative instances used in the 

experimental treatm ent, Klausmeier,Ghatala, & Frayer (1974).

2. The experiment was conducted over a time frame of th ree  

weeks. I t  might be th a t  a s tu d e n t 's  a b i l i ty  to  use negative instances 

in new s i tu a t io n s  depends upon h is  previous experiences in the use of 

negative instances. Thus, th e re  e x is ts  the p o s s ib i l i ty  th a t  the time 

frame fo r  th i s  study was too sh o rt  fo r  some studen ts  to  become p ro f ic ie n t  

in the use of negative in s tan ces .

3. In experimental s tu d ies  in the "real-world" classroom 

s i tu a t io n ,  in v es tig a to rs  o f ten  do not have the option of randomizing 

sub jec ts  between groups. Thus, when in ta c t  c la sses  are used, the exper i

menter can randomize the treatm ents  within the in ta c t  c la s se s ,  or he can 

a d ju s t  fo r  between group d iffe ren ces  s t a t i s t i c a l l y .  In th i s  experimental 

study, randomizing treatm ents w ithin the in ta c t  c la sse s  using w ritten  

lessons was ruled out. I t  was f e l t  th a t  because of the d i f f i c u l t  nature  

of the  se lec ted  calculus concepts, i t  would be necessary to  use a le c tu re  

approach supplemented by w r i t te n  handouts fo r  the experimental and control 

trea tm ents . Hence, ana lys is  of covariance was used to  ad ju s t  fo r  between 

group d iffe ren ces ;  However, when using analysis  of covariance there  i s  a 

p o s s ib i l i ty  th a t  some confounding variab le  may be overlooked. This is  

not the case with "properly" randomized experiments, Kirk (p. 457,

1968).

4. The textbook used in Math 1743 was Marvin L. B i t t in g e r 's  

Calculus: A Modeling Approach, 2nd Edition, 1980. In th i s  ed it io n  the 

author did present one negative instance fo r  each of the  th ree  concepts
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used in th is  experimental study. At no time during the  treatm ents were 

the  students re fe r re d  to  the  textbook, nor were any assignments made 

from the  textbook during the  treatm ents . However, th e re  e x is t s  a small 

p ro b ab il i ty  th a t  i f  a s tuden t from the control c la ss  a lso  used the t e x t 

book during the trea tm en t,  then th i s  could bias h is  r e s u l t s  on the per

formance measures.

5. In g en era l ,  research has shown th a t  f ie ld -independent sub jec ts  

outperform fie ld-dependent sub jec ts  on t e s t s  of mathematics achievement. 

Consequently, i t  was hypothesized th a t  the fie ld-independent sub jec ts  would 

outperform fie ld-dependent sub jec ts  and th e  experimental treatm ent conta in

ing negative instances  would have a benefic ia l in te ra c t iv e  e f fe c t  upon the  

f ie ld-dependent s tu d en ts .

These hypotheses were not supported s t a t i s t i c a l l y .  However, 

the  treatments might have introduced a confounding v a r iab le .  The two 

c lasses ,u p  to  and a f t e r  the  treatm ents,w ere conducted by a lec tu re -d iscuss ion  

method using the textbook as a reference  book and a source o f  problems.

During the treatm ents th e  lec tu re -d iscu ss io n  method was supplemented by 

the  in -c la ss  handouts containing the  le c tu re  notes and the  homework assign

ments. This departure from the normal rou tine  might have provided addi

t io n a l  s tru c tu re  fo r  th e  fie ld-dependent su b je c ts ,  and consequently th e i r  

performances on the i n i t i a l  achievement and the re te n t io n  measures might 

have been biased.

Recommendations

1. Based upon pas t research , i t  i s  d i f f i c u l t  to  make general

iz a t io n s  about the use o f  negative instances  in new s i tu a t io n s .  Much of 

the  research on the use o f  negative instances  has been th e o re t ic a l  in
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n a tu re ,  and even the  applied  research on the use of negative instances 

has o ften  d e a l t  with simple geometric concepts. The d i f f e r e n t i a t io n  

concepts used in th i s  p resen t study dealing  with negative instances were 

se le c te d  because they represented  "real-w orld" concepts o f  p rac tica l  

i n t e r e s t  to  mathematics educators , in  g en era l ,  and ca lcu lu s  in s t ru c to r s ,  

in  p a r t ic u la r .  Thus, i t  is  recommended th a t  add itional s tu d ie s  be 

conducted to  examine the  e f fe c ts  o f  negative instances upon o ther mathe

matical concepts se le c te d  from the "real-w orld" classroom s i tu a t io n s .

2. A re p l ic a t io n  of th i s  p resen t study should be conducted to 

in v e s t ig a te  s tu d en ts ' a b i l i t y  to  use negative instances in new s i tu a 

t io n s .  Measures o f  s tu d e n ts '  general knowledge of negative instances or 

t h e i r  a b i l i t y  to use negative instances should be used as covaria tes  in 

the  s t a t i s t i c a l  a n a ly s is ,  in add ition  to the measure o r p re-ca lcu lus  

a lg eb ra ic  s k i l l s  a lready  used in  the p resen t study.

3. A long itud ina l study examining the e f f e c t  o f  negative 

instances  on s tudent lea rn ing  over a sequence of secondary or co llege  

courses should be conducted.

4. The dependent measures in  t h i s  study were s tu d e n ts '  per

formances on i n i t i a l  achievement and re te n t io n  instrum ents. An inves

t ig a t io n  should be conducted to examine the  e f fe c ts  of negative instances 

on undergenera liza tion  and overgenera liza tion  using the  concepts se lec ted  

fo r  th i s  study.

5. Varying th e  proportion o f  negative instances used in the 

trea tm en t has sometimes produced s ig n i f ic a n t  r e s u l t s ,  (Conant, 1965; 

Curley, 1980). A r e p l ic a t io n  of t h i s  study should be conducted using 

trea tm ents  employing d i f f e r e n t  r a t io s  o f  p o s it iv e  and negative instances.
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6. While there  has been reported  a co r re la t io n  between some of 

the  d i f f e r e n t  cogn itive  s ty l e s ,  i t  is  recommended th a t  add it iona l s tud ies  

be conducted to  examine the  e f fe c ts  o f  negative instances on se lec ted  

mathematical concepts as a function o f  o th e r  cognitive s ty l e s ,  e . g . ,  the 

re f le c t iv e / im p u ls iv e  or the  leveling /sharpening  cognitive  s ty le s .

This study in v es t ig a ted  the  in te ra c t io n  of the trea tm ent v a r iab le  

dealing  with the use of negative instances and the a p t i tu d e  variab le  

dea ling  with the f ie ld -independen t,  mobile, and fie ld-dependent cognitive 

s ty l e s .  While no s t a t i s t i c a l l y  s ig n i f ic a n t  in te ra c t io n  was found, each o f  

these  variab les  i s  important to the mathematics educator, and even more 

s ig n i f ic a n t  to  the classroom p ra c t i t io n e r .

I t  i s  in  the  classroom where the teacher must decide what s t r a t 

egy to  employ, and i t  i s  in the classroom where each teacher  can and 

should become an experimenter, t ry in g ,  syn thesiz ing , and f in a l ly  accepting 

or re je c t in g  d i f f e r e n t  s t r a t e g ie s .  The use of negative instances  is  j u s t  

one s tra te g y  th a t  might prove benefic ia l in  a given s i tu a t io n .  However, 

with any s tra teg y  s e le c te d ,  i t  must be remembered th a t  each student i s  an 

indiv idual perceiving th e  a c t i v i t i e s  o f  the classroom environment in a 

unique way. "The challenge fo r  higher education is  to c re a te  an array  of 

program a l te rn a t iv e s  a ttuned to the d iv e r s i ty  o f  personal s t y l e s . . . " ,  

(Messer, p. 326). U ltim ate ly , th is  challenge is  extended to  the c lass  

room teacher a t  every 1e v e l .
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THE PRODUCT AND QUOTIENT RULES

The d e r iv a t iv e  can be used to  b e t te r  understand many physical 

phenomena involving changing q u a n t i t i e s ,  such as th e  speed o f  a rocke t,  

th e  increase  o r decrease in p r o f i t s ,  the  number of b a c te r ia  in a c u l tu re ,  

the in f la t io n  o f  currency, the  shock wave in te n s i ty  o f  an earthquake, 

e tc .  We will now examine add itional ru le s  fo r  f ind ing  the d e r iv a t iv e  

o f the  product and quotien t o f two or more functions .

F i r s t ,  l e t  us review some e a r l i e r  ideas. The d e r iv a t iv e  of 

a function y = f (x )  a t  x i s :

f(x+h) - f (x )  
f ' ( x )  = lim h

h->0

This rep resen ts  the  slope of the  tangent l in e  to  th e  function  f (x )  a t  

X as p ic tu red  below:

f (x )

(x ,f (x )y

72



Some o f the  more common n o ta t io n s  used fo r  the  d e r iv a t iv e  o f  a 

function y  = f (x )  are :

y '  '  f ' ( x )  '  , and Dx(f) .

From the  d e f in i t io n  o f  the  d e r iv a t iv e  of a function we have 

a lready noted th a t  the following ru le s  fo r  d i f f e n t ia t io n  can be 

es ta b lish ed :

RULE 1 (POWER RULE)

For any real number n ,

Example i )  4-x® = 6x^ 
 —  dx

i i ) ^  x^ = igx”^

RULE 2 (DERIVATIVE OF A CONSTANT) 

For any real number a ,

3x » '  » •

i . e . .  The d e r iv a t iv e  o f any constan t i s  zero.

Exampl e ^  12 = 0 .
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RULE 3 (DERIVATIVE OF CONSTANT TIMES A FUNCTION)

For every real number c ,

±_ ( c . f ( x ) )  = c . f  (x) . 
dx

i . e . .  The d e r iv a t iv e  o f  a constant times a function  i s  the

constan t times th e  d e r iv a t iv e  o f  th e  function .

Example ^ 

d

RULE 4 (DERIVATIVE OF THE SUM)

^  (8x3) = 8 '^ ( x 3 )  = 8-3x2 = 24x2

I f  f(x )  and g(x) are d i f f e r e n t ia b le  and p(x) = f(x )  + g (x ) ,th en  

p '(x )  = f ' ( x )  + g '(x )  .

i . e . ,  The d e r iv a t iv e  o f  th e  sum of two d i f f e r e n t ia b le  functions

i s  th e  sum of the  d e r iv a t iv e s  o f  th e  two functions .

Example (3x2+7x) = (3x2) + (7x)
 —  dx dx dx

= 3 ' ^  (x2) + 7 ’4 - ( x) 
dx dx

= 6x + 7 .

RULE 5 (DERIVATIVE OF THE DIFFERENCE)

I f  f(x )  and g(x) are  d i f f e r e n t ia b le  functions and p(x) = f (x )  - 

g (x ) ,  then p '(x )  = f ' ( x )  -  g '( x )  .

i . e . .  The d e r iv a t iv e  o f th e  d iffe ren ce  o f  two d i f f e r e n t ia b le  

functions  i s  the  d if fe ren ce  o f th e  d e r iv a t iv e s  o f th e  two functions .
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Example

4 -  (7x4 _ 2x2) = d (7x4) _ d (2%2) 
d x  d x  d x

= 28x3 _ 4x .

Using these  r u le s ,  work th e  following problems:

Find the  d e r iv a t iv e  h '(x )  when,

a) h(x) = 6 x 3 - 7 x + 8  b )  h(x) = -17

b) h(x) = -12x1/3 d) h(x) = 17x4+13x3

e) h(x) = (8x4)(-5 x2) f )  h(x) =
4x9

g) h(x) = 6x-x% h) h(x) = -7*6(
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S o lu t io n s :

a) h '(x )  = 18x3-7

b) h‘ (x) = 0

c) h '(x )  = -4x“2/3

d) h*(x) = 68x3+39x%

e) I n i t i a l l y  we might be tempted to  find th e  d e r iv a t iv e  

o f (8x4)(-6x2) as we used ru le  4 to  f ind  the  d e r iv a t iv e  

of the  sum of two functions. Thus,

h ' ( x )  = ^ ( 8 x ' ^ ) - ^ ( - 6 x 2 )

= 32x3.(-12x)

= -384x4 .

However we may a lso  obtain a so lution to  th i s  problem 

by f i r s t  m ultip lying the two functions and then using 

the  power ru le  as follows:

h(x) = (8x4)(-6x^) = -48x6

and

h' (x) = ^ ( -4 8 x 6 )

= -288x6 .

I t  i s  c le a r  t h a t  th e  l a t t e r  so lu tion  i s  c o r re c t .  Hence 

the  f i r s t  so lu tio n  i s  not c o r re c t ,  and i t  can be used 

as a counterexample to  the following f a l s e  theorem:

^  ( f (x ) .g (x ) )  = ^  ( f ( x ) ) . ^  (g(x)) .
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Solutions Cont.

f )  In the  same manner as before , we cannot f ind  the

d e r iv a t iv e  o f h(x) = l l i i l  as follows;
4x9

h '(x )

=  33xi 
36x8

=  J l _
12x6 .

This becomes apparent when we examine.

h(x) = l l 2 i i  = i ix ~ 6  
4x9 4

Using the power ru le  as follows:

h '(x )  =

-66x -7

-33 
= 2x7

Again the  second so lu tion  i s  c o r re c t ,  and the  f i r s t  so lu tion  is  

not c o r re c t .  Thus by the  above counterexample we have shown th a t  the 

following theorem i s  f a l s e :

< l j f ( x ) )
L. = ÈL
dx lg ( x j '
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S o lu tions ,  Continued;

g) h '(x )  = 6 -  2x

h) h '(x )  = ^  (-7x*^)

=

= -7 
2Æ

Counterexamples play a very important ro le  in the  development 

o f  mathematics. While examples show how something works, counter

examples can be used to  i l l u s t r a t e  why something does not work. Often 

we make statem ents in th e  form of theorems or so lu t io n s  to  problems.

I f  we can f ind  j u s t  one example where t h i s  statem ent i s  f a l s e ,  then th i s  

type o f  example i s  known as a counterexample. For example, consider 

the  following statem ents and the  corresponding counterexamples;

1. (a+b)2 = aZ+b* Let a = 2 and b = 3, then

(2+3)2 = 2 2 + 3 2

(5)2 = 4+9

25 f 13

2. + /b  = Æ+b Let a = 4 and b = 16, then

^  + /TB = /4+16 

2 + 4 = /2Ô

6 f 2 - / n r
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3. I f  f (x )  i s  continuous on 

( a ,b ) ,  then f ( x )  e x is ts  

on ( a ,b ) .

5. Theorem: I f  f (x )  and g(x) 

a re  d i f f e r e n t i a b le ,  then the 

d e r iv a t iv e  o f  t h e i r  product i s  

the  product o f  t h e i r  d e r iv a t iv e s .

6. Theorem: I f  f (x )  and g(x) 

a re  d i f f e r e n t ia b le ,  then the 

d e r iv a t iv e  of t h e i r  quo tien t i s  

th e  quo tien t o f  t h e i r  d e r iv a t iv e s .

Let f (x )  = |x| , then 

f (x )  i s  continuous on ( a ,b ) ,  

but not d i f f e r e n t ia b le  a t  

x = 0.

Let X = 12 and y = 6, then

12 + 6

18
6

= 12 + 1

= 13 

3  ̂ 13

Let f (x )  = 4x2 + 7 and g(x) = 5x,

then d _  ( f . g )  = ^ ( 4 x 2 + 7 =

(8x)*(5) = 40x. However, 

f(x)*g(x) = 20x3 + 35x and

^  (f*g) = 60x2 + 35.

Let f (x )  = 6x3-9x and g(x) = 3x,

then ( f /g )  = (6x3-9x2)/^(3x)=

(182-18x) /3  = 6x2-6x. However, 

f (x ) /g (x )  = ” 2x^“3x and

^ ( | )  = 4 X - 3 .
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The ru le s  fo r  finding the  d e r iv a t iv e  o f  the  sum and the deriva

t i v e  o f th e  d if fe ren ce  of two functions are  r e l a t iv e ly  simple. However, 

th e  ru le s  fo r  f ind ing  the d e r iv a t iv e  o f  the product o r  the  quotient o f  

two functions  a re  more complex.

These ru le s  are as follows:

RULE 6 (DERIVATIVE OF THE PRODUCT)

I f  f(x )  and g(x) a re  d i f f e r e n t ia b le  and p(x) = f (x )»g (x ) ,  then 

p '(x )  = f (x )* g '(x )  + g (x )* f '(x )  .

i . e . ,  The d e r iv a tiv e  o f the  product i s  the  f i r s t  fac to r  times 

the  d e r iv a t iv e  of the  second f a c to r ,  plus the second fa c to r  

times the  d e r iv a tiv e  of the  f i r s t .

RULE 7 (DERIVATIVE OF THE QUOTIENT)

I f  f(x ) and g(x) are d i f f e r e n t ia b le  and p(x) - f (x ) /g (x ) ,  then

p '(x )  = 9 ( x ) . f ' ( x )  - f ( x ) .g ' ( x )
(g(x) )2

i . e . .  The d e r iv a tiv e  o f a q uo tien t i s  the  denominator times 

the  d e r iv a t iv e  of the numerator, minus the  numerator times the 

d e r iv a t iv e  o f the  denominator, a l l  divided by th e  square of 

th e  denominator
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L e t 's  again consider the  func tions ,

h(x) = (8x4) (-6x2) and h(x) = 

from page 4. By applying the  appropria te  r u l e ,  we find:

h ' ( x )  = d ((8x4) ( -6x2))  = 8x4-d (_6x2 ) + (_6x2).d (8x4)
Q/\ QX QX

= 8x4(-12 x) + ( -6 x2)(32x3)

= -96x5 _ 192x5 

= -288x5

NOTE: This agrees with the so lu tion  we found when we f i r s t  m u ltip lied  

and then used the  power ru le .

Likewise,

d 11x3 4x9.1_(llx3) -  Ilx3.d_(4x5)
h '(x )  = dx 4x3 = dx______________ dx

(4x9)2

= 4x9*33x2- 11x3*36x3 

16x18

= 132x11 - 396x11
1 6 x 1 8

= -264x11 = 233 
16x18 2x?

NOTE: This too agrees with the  so lu tion  where we f i r s t  divided and
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then used the  power ru le .

Example For f (x )  = {x^ + 3) (3x% + 4x -  9 ) ,  f ind  f ( x ) .  

Solu tion; 

f  (x) = (x^ + 3 )* ^ (3 x ^  + 4x -  9)

+ (3x2 + 4x -  9) (x2 + 3)

= (x2 + 3)*(6x + 4) + (3x2 +4 x _ g ) .(2x)

= 6x^ + 4x2 + 18x + 12 +6x3 + gx^ _ igx 

= 12x3 + 12x2 + 12.

Example For f (x )  =
3x2 + 9 , f ind  f ( x ) .  

S o lu t io n :
f .  ( x )  = ( 3 x 2  +  9 ) * | - ( x )  -  x - ^ ( 3 x 2  +  9 )  

( 3 x 2  +  9 ) 2

q  3 x 2  + 9 ) . ]  -  X " ( 6 x )

( 3 x 2  +  9 ) 2

= 3 x 2  +  9  -  6 x 2  
( 3 x 2  +  9 ) 2

= - 3 x 2 +  9  

( 3 x 2 +  9 ) 2
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Example For h(x) = ^ , find h '( x ) .

S o lu t io n ;

Consider th e  following so lu tion . I t  has an e r ro r  in I t ,  

can you d e te c t  i t ?

h ' ( x )  . ( 3  + x 2 ) - d ; ( 2 x )  -  2 x . d _ 4 3  +  x%)

( 2 x ) 2

= ( 3  +  x 2 ) ' 2  -  2 x  2 x  

4x2

= 6 + 2x2 _ 4^2 
4 x 2

= - 2 x 2  +  6  

4x2

= - x 2  +  3  

2 x 2
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Example For g(x) = (-3x%+l) (-4x3+8x), f ind  g '(x )  .

S o lu tion ;

Consider th e  following s o lu t io n .  I t  has an e r ro r  in i t ,  

can you d e te c t  i t ?

g '(x )  (-3x^+1 ) '!^(-4x3+8x)
ox dx

= ( -6 x ) - (-12x2+8)

= 72x3 _ 48x .

For p ra c t ic e  work th e  above problem c o r re c t ly .
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THE EXTENDED POWER RULE 

We have seen no m atter what th e  exponent, the  power ru le  allows 

us to  d i f f e r e n t i a t e  functions in the  form:

f(x )  = x" , where n e R

and

f ( x )  = n 'x""!  .

Using the  power ru le ,  f ind  h '(x )  when:

a) h(x) = 4x150 b) h(x) = x°*®5

c) h(x) = 4/x d) h(x) = (x^+2)5
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Solution;

a) h '(x )  = 4'T50xi49

= 600x149

b) h '(x )  = ,83x'93-]

= ,83x"-i7

= .83
X«17

c) h '(x )  = 4(x)is

= 2x”^

_ _2

d) Using the power r u le ,  we find  t h a t ,

h '(x )  = 3(x2+2)3-i 
= 3(x2+2)2

= 3(x4+4x^+4)

= 3x4+12x2+12 .
However, i f  we f i r s t  expand (x2+2), we obtain

h(x) = (x2+2)3

= (x4+4x2+4)(x2+2)

= x®+4x®+4x2+2x4+8x2+8
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= x®+6x‘*+12^+8

and

h '(x )  = 6x5+24x3+24x .

Thus i t  became apparent th a t  the  power ru le  does not work fo r  more 

complex functions .

To d i f f e r e n t i a t e  more complex functions such a s ,  

h(x) = (x^+3)3 or g(x) = (2xZ-9)4/3 ,

we use an extension o f  the  power ru le  as follows:

RULE 8 (EXTENDED POWER RULE)

4 _ < f (x ) )n  = n . C f ( x ) ) " - ‘ . ^ ( f ( x ) )  
dx dx

= n . ( f ( x ) ) " " i  f ' ( x )  .

I f  we apply t h i s  ru le  to  problem d on page 1, we find  th a t :

^ ( ( x : + 2 )  = ) = 3( x2+2)5-i . | ^ x2+2)

= 3(xZ+2)2'2x 

= 3(x'*+4x^+4)*2x 

= 6x* (x**+4x^+4) = 6x^+24x^+24x
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NOTE: This i s  the  same r e s u l t  we obtained when we f i r s t  expanded th e  

function  before d i f f e r e n t ia t in g  i t .  The extended power ru le  i s  

a very useful ru le  fo r  finding the d e r iv a t iv e  of a function 

ra is e d  to  any power. The power ru le  i s ,  in f a c t ,  a spec ia l case 

o f  th e  extended power ru le .  I f  we allow f (x )  = x, then

^ ( f ( x ) ) "  = ^ ( x ) "  = n .x"-!

Example Let f(x ) = (2x-9)‘*^^. f ind  f ' ( x ) .

S o lu tion :

Consider the  following d i f f e r e n t i a t io n ,  what needs to  be added 

or changed to  make i t  co rrec t?

f ( x )  = i{ 2 x -9 )4 /3 - i  

= |{ 2 x -9 ) i /3

=

Example Let f (x )  = ( l -x ^ )^ /^   ̂ f ind  f ' ( x )

Solu tion :

f ' ( x )  = $ ( i_ x3 )2 /3 - i .d_ ( i_x3 )
 ̂ dx

88



Exampl e Let h(x) = (x-S)*** (2x+l , f ind  h '(x )

Solution:

Suppose we d i f f e r e n t i a t e  h(x) using the extended power ru le  

as follows:

h '(x )  = a ;( (x -5 )» )-^ ;( (2 x + 1 )2 )

= 4(x-5)4-i.d_Xx-5) 2 (2 x + 1 )2 - i  d (2x+l) 
dx dx

= 4 (x -5 )3 'l '2 (2 x + l ) '2

= 1 6 ( x -5 )3 - (2 x + l )

However th i s  would be in co rrec t ,  why? To c o r re c t ly  d i f f e r e n t ia te  

t h i s  function we need to  use which ru le s?

Example Let h(x) = ^ '(x+ 3)/(x -l) , f ind  h '( x ) .

Solu tion:

h '(x )  = ^ ( / o r + 3 ) / ( w n  =

= î^(2Sj5.^-3/4 . ((x-l)\g^{x+3) - (x + 3 )* ^ (x - l ) )

= %(X+3 ) - 3/ 4 . ( ( x - l ) ( l )  -  (x+3 ) ( l ) )
X-l'  (X-1)2
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THE PRODUCT AND QUOTIENT RULES 

The d e r iv a t iv e  can be used to  b e t t e r  understand many physical 

phenomena involving changing q u a n t i t ie s ,  such as the  speed o f  a rocket,  

the  increase  or decrease in p r o f i t s ,  the  number of b ac te r ia  in a c u l tu re ,  

the  in f la t io n  of currency, the  shock wave in te n s i ty  o f  an earthquake, 

e tc .  We w ill now examine additional ru le s  fo r  f inding the  d e r iv a t iv e  

o f  the  product and q uo tien t o f two or more functions.

F i r s t ,  l e t  us review some e a r l i e r  ideas. The d e r iv a t iv e  of a 

function  y = f (x )  a t  x i s :

f ( x )  .  lim

This rep resen ts  the  slope of the tangent l in e  to  the function f(x )  a t  

X as p ic tu red  below:

f (x )

(x+h,f(x+h))

(x ,f{x)
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Some o f  the  more common nota tions used fo r  the  d e r iv a t iv e  o f  a 

function y = f (x )  a re :

y '  '  '  3k ’ •

From th e  d e f in i t io n  of the d e r iv a t iv e  of a function we have 

already noted th a t  the  following ru le s  fo r  d i f f e r e n t ia t io n  can be es 

ta b l ish e d ;

RULE 1 (POWER RULE)

For any re a l  number n ,

Example i )  4-x® = 6x5 
 —  dx

i i ) d_ = %x"^ 
dx

RULE 2 (DERIVATIVE OF A CONSTANT)

For any re a l  number a ,

i . e .  The d e r iv a t iv e  o f any constant i s  zero. 

Example ^ 1 2  = 0 .
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RULE 3 (DERIVATIVE OF CONSTANT TIMES A FUNCTION)

For every rea l number c ,

É_ (C'f(x))  = c * f  (x) .
dx

i . e . .  The d e r iv a t iv e  o f a constant times a function  is  the  constant

times the d e r iv a t iv e  o f  the  function.

Example . .
^  (8x3) = 8 ’4 _(x3) = 8*3x2 = 24x2 .
dx dx

RULE 4 (DERIVATIVE OF THE SUM)

I f  f (x )  and g(x) a re  d i f f e re n t ia b le  and p(x) = f (x )  + g(x) , then 

p '(x )  = f ' ( x )  + g '(x )  .

i . e . .  The d e r iv a t iv e  of the  sum of two d i f f e r e n t ia b le  functions i s  

the  sum o f  th e  d e r iv a t iv e s  o f the  two func tions .

Example ^  (3x2+7x) = ^  (3x2) + ^  (7x)

= 3*4- (x2) + 7*4- ( x) 
dx dx

= 6x + 7 .

RULE 5 (DERIVATIVE OF THE DIFFERENCE)

I f  f (x )  and g(x) a re  d i f f e re n t ia b le  functions  and p(x) = f (x )  - g (x ) ,

then p '(x )  = f ' ( x )  -  g '(x )  .

i . e .  The d e r iv a t iv e  o f the  d iffe rence  of two d i f f e r e n t ia b le

functions i s  th e  d if fe ren ce  of the d e r iv a t iv e s  o f the  two functions .
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Example

^  (7x4 _ 2x2)= (7x4). ^  (2x2)

= 28x3- 4x .

Using these ru le s  work the  following problems:

Find the  d e r iv a t iv e  h '( x )  when,

a) h(x) = 6x3-7x+8 b) h(x) = -17

c) h(x) = -12x1/3 d) h(x) = 17x4+13x3

11x3
e) h(x) = (8x4)(_6x2) f )  h ( x ) = ^

g) h(x) = 6x- x2 h) h(x) = -7/x
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Solu tions:

a) h '(x )  = 18x3 _ 7

b) h '(x )  = 0

c) h '(x )  = -4x-^ /^  = 3^

d) h '(x )  = 68x3 + 39x%

e) We may ob ta in  a so lu tion  to  t h i s  problem by f i r s t  m ultip ly ing  

the two func tions  and using th e  power ru le  as fo llow s;

h(x) = (8x4) (-6x%) = -48x6 

and

h' (x) = ^ ( - 4 8 x 6 )  
dx

= -288x5

f )  In the  same manner as above, we f in d  th a t :

h(x) = —  ̂ .x-6
4x3 4

and

h 'U )  ( ^ )

_ -66X -7

-33
2x7
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The ru le s  fo r  f ind ing  the  d e r iv a t iv e  of th e  sum and the  d e r iv a t iv e  o f

d if fe ren ce  of two functions are r e l a t iv e ly  simple. However, th e  ru les

fo r  f inding the  d e r iv a t iv e  of the  product o r  the quo tien t o f  two

functions are more complex.

These ru le s  a re  as follows:

RULE 6 (DERIVATIVE OF THE PRODUCT)

I f  f(x) and g(x) are  d i f f e r e n t ia b le  and

p(x) = f (x ) -g (x )  , then

p ‘ (x) = f ( x ) -g ' ( x )  + g (x ) - f '(x )  .

i . e . ,  The d e r iv a t iv e  o f  the  product i s  the  f i r s t  f a c to r  times

the  d e r iv a t iv e  o f  th e  second f a c to r ,  plus the  second f a c to r  times the

d e r iv a t iv e  of th e  f i r s t .

RULE 7 (DERIVATIVE OF THE QUOTIENT)

I f  f(x ) and g(x) are  d i f f e r e n t ia b le  and 

p(x) -  f (x ) /g (x )  , then

g ( x ) - f ' ( x )  -  f ( x ) - g ‘ (x)
P '(x )  =  ( g ( x ) ) 2

i . e . .  The d e r iv a t iv e  o f a quo tien t i s  the  denominator times the

d e r iv a t iv e  of th e  numerator, minus th e  numerator times the d e r iv a t iv e

o f  th e  denominator, a l l  divided by th e  square o f the  denominator.
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L e t 's  again consider the  func tions ,

h(x) = (8x4)(-6x%) and h(x) =
4x^

from page 4. By applying the appropriate  ru le ,  we f ind ;

h '(x )  = ^ ( ( 8 x‘' ) ( - 6 x2)) = 8 x ' ^  (-6x2) + (-6x2)*^(8x'+)

= 8 x ‘* ( - 1 2 x )  +  ( - 6 x 2 ) ( 3 2 x 3 )

— -288x3
NOTE: This agrees with the  so lu tion  we found when we f i r s t  m u ltip lied

and then used the  power ru le .

Likewise,

h '(x )  = d ,11x3. ^ 4x9 'd_(llx3) - l lx 3 .d _  (4x9)
dx( 4x9) dx_____________ dx

(4x9)2

= 4 x 9 . 3 3 x 2  -  1 1 x 3 . 3 6 x 8  

1 6 x 1 3

= 1 3 2 x 1 1  -  3 9 6 x 1 1  

16x13

= 264x11 = 233 
16x13 2x7

NOTE: This too  agrees with th e  so lu tion  where we f i r s t  divided and 

then used the  power ru le .
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Example For f (x)  = (x^ + 3)'(3x% + 4x -9) . f ind  f ( x ) .  

Solution:

f  (x) = (x2 + 3 ) ’^ { 3 x ^  + 4x) - 9)

+ (3x2 + 4x - 9 ) . ^ ( x 2  + 3) 
dx

= ( \2  + 3 ) ' ( 6 x  + 4) + (3x2 + 4x - 9)-(2x)  

= 6x^ + 4x2 +18x + 12 + 6x^ + 8x2 -18x 

= 12x3 + 12x2 + 12 .

Example For f (x)  = —^ ----- , f ind f ' ( x )  .
3x^ + 9

Solu tion:

f'(%) :  (3x^ + 9)-d_.(x) -  x - j- (3x^  + 9) 

(3x2 + 9)2

_ (3x2 + 9 ) ' l  -  x '(6x)
(3x2 + 9 ) 2

= 3x2 + 9 _6x2 
(3x2 + 9)2

= -3x2 + 9 
(3x2 + 9)2
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Examtie For h(x) = , f i „ d  h '{ x ) .

Example For h(x) = (-Sxf + 1) (-4x3 + 8x),  find g ' ( x )
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THE EXTENDED POWER RULE

We have seen no matter  what the exponent,  the power ru le  allows 

us to  d i f f e r e n t i a t e  funct ions  in the form:

f (x )  = x" , where n e R .

and

f ' ( x )  = n 'x " " i  .

Using the  power r u le ,  f ind  h ' (x )  when:

a) h(x) = 4x150 b) h(x) =

c) h(x) = 4i/x
d) h(x) = (x2+2)3
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Solut ion:

a) h ' (x )  = 4"T50xi49

= 6 0 0 x 1 4 9

b) h ' (x )  = .83x'G3"i

= .83X--17 

= -83
X*17

c) h ' (x )  = 4*x^” i

= 2x“^

_ _2 
Æ"

d) I f  we f i r s t  expand (x^ + 3 ) ,  we obtain 

h(x) = (x^ +2)3

= (x4 + 4x^ + 4) (x^ + 2)

= X® + 4x4 + 2x4 + 3j(2 + 3

= X® + 6x4 + T2x% + 8

and

h ' ( x )  = 6x3 + 24x3 + 24x .
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To d i f f e r e n t i a t e  more complex functions such a s ,  

h(x) = (x^+2p Or g(x) = (2x% -9)^/3

we use an extension of  the power ru le  as follows:

RULE 8 (EXTENDED POWER RULE)

l ^ f ( x ) ) "  = r ( f ( x ) ) " - i - | j ( f ( x ) )

= a . ( f ( x ) ) " - i . f ' ( x ) .

I f  we apply t h i s  ru le  to  problem d on page 1, we f ind th a t :

^ ( ( x2+2)3 )  = 3 ( x2+ 2)3“ i . d  (x2+2)
dx

= 3(xf+2)2'2x

= 3(x'*+4x2+4)*2x 

= 6x*(x‘*+4x2+4)

= 6x^+24x^+24x .

NOTE: This i s  the same r e s u l t  we obtained when we f i r s t  expanded the  

function before d i f f e r e n t i a t i n g  i t .
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The extended power r u le  i s  a very useful ru le  f o r  f inding 

the  d e r iva t ive  o f  a function ra i sed  to  any power. The power ru le  i s ,  

in f a c t ,  a special case o f  th e  extended power ru le .

I f  we allow f(x)  = x , then

Example Let f (x )  = (2x-9)4/3 ,  f in d  f ' ( x ) ,  

Solut ion:

= 4 ^ ( 2 x - 9 ) 4 / 3 - i . d _ X 2 x - 9 )  
 ̂ dx

Example Let f (x )  = ( l - x ^ j ^ / s ,  f ind  f ' ( x )  .

Solution:
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Example Let h(x) = (x-5)4.(2x+l)Z , f ind  h ' (x )  . 

Solution:

Example Let h(x) = %(x+3j/(x-l) , f ind  h ' (x )  .

Solution:
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Mathematics 1743

Name_________________

Homework Exercises # 1

Par t  I The following funct ions  a re  d i f f e r e n t i a t e d  in two d i f f e r e n t

ways. Determine which method i s  in co r rec t  ( i f  any) and f i n i s h  the

d i f f e r e n t i a io n  fo r  a l l  co r rec t  methods;

1. h(x) = 8x3(1 -  5x%)

a) h ' (x )  = ^ ( 8 x 3 ) . ^  (1 - 5x2) 
dx dx

b) h ' (x )  = 8 x 3 - ^ l  -  5x2) + ( 1  .  5x2).^2<8xS)

2. s(x) =
x% + 1

a )  s ' ( x )  = +2x) -  (3x2 + 2 x ) - ^ ( x 2  + 1 )

( x 2  +  1 ) 2

b) s ' ( x )  =(3x= + 2 x ) - ^ x 2 + 1) -  ( x 2  +  l ) . d  ( 3 x 2  + 2x)
______________ dx

(x2  + 1)2
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5. g(x) = _1ÈL_ 
x-8

a) g '(x ) = (x -8 )-^ ( lO x )  - l0x;^-(x-8)

(x-8):

dx
(10x)2

6 . f(x) = 2>L ±1

» )  f ( x )  = ’'"-®(7x + 3) - (7x l-3 ) - i4x»)

(x«)2

b) f  (x) = ( 7x + 3 ) * ^ ( x - 8) + x -8 . ^ ( 7x + 3 )
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1
7. f (x)  = X -  3 

a)
(x -  3)2

(x -  3)2

x"
8. f (x)  = Hint: r a t io n a l i z e  the  denominator.

-  x'^-d )
a) f  ( x ) ------- (Æ2

b) f ' ( x )  = ’̂ ' ^ ( x ^ )  + x 3 * ^ ( v ^  )

no



9. g(x) -  5x(x + 3) (x -  3)

a) g ' (x )  = (x+3Xx-3)*^(5x) + 5x(x-3) *^(x+3)  + 5 x ( x + 3 ) ' ^ x - 3 )

b) g ' (x )  = | _ ( 5 x3 - 45x) 
ax

10. h(x) = Hint:  a^+b^ = (a+b)(aZ-ab+b2)

a)  h ' (x )  = (x3+8) + (x3+8)-d_(x!+2^)
x+<: dx dx X + 2

b) h '(x)  = (x^-2x+4) '^ (x^+2)  + (x^+2) '^ (x^-2x+4)
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Par t II  Determine which of  the following statements are  t rue  and which 

are  f a l s e .  I f  a statement i s  t r u e ,  j u s t i f y  your answer by writing the 

appropria te  ru le  or  giving an example. I f  the statement i s  f a l s e ,  give 

the  co r rec t  answer or  find a counterexample to  show why the  statement i s  

f a l s e .

1. The d e r iva t ive  of  the  sum i s  always the sum of  the d e r iva t ive s .

2. I f  P(x) = f (x ) -g (x ) ,  then p ' ( x )  = f{x)*g '(x)  -  g ( x ) - f ' ( x ) .

s(x) s ( x ) - t ' ( x )  -  t ( x )  - t ( x ) * s ' ( x ) .
3. I f  r (x )  = t ( x ) ,  then r ' ( x )  = (s (x ) )2

4. The d e r iv a t iv e  of  the quot ien t  is  never the  quot ient  of  the 

o f  the  two der iva t ives .

5. I f  p(x) = (6x3) ' (7x4) ,  then h ' (x )  = ^ ( 4 2 x ^ )

6. The d e r iv a t iv e  of  the  product i s  the product o f  the d e r iv a t iv e s .

7
7. I f  f (x )  = 5 -  8x -  x^ , then

8. I f  t ( x )  = 6x(x-2)(x+5), then

t ' ( x )  = 6x( x- 2 ) '4 - ( x+5) + 6 x (x + 5 ) '^ (x -2 )  + (x + 5 ) (x -2 ) -^ (6 x ) .
dx dx dx

9. I f  f (x )  = (x2+2x+8)2, then

f ' ( x )  = 2((x^+2x+8)*^(x^+2x+8)).
dx

1
10. I f  h(x) = jç8, then

x8.1_(i )  _ l . ^ ( x 8 )
h ' (x )  = dx________dx .

(x8)2
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Homework Exercises #2

One of  the  a l t e rn a te  so lu t ions  t o  the  following problems may 

be in co r rec t .  Find the  co r rec t  so lu t ion  (s)  to  each problem and f in i s h  

f inding  the  d e r iv a t iv e s .

1. Let f (x)  = ( l -x )55 ,  find f ' ( x ) .

a) f ' ( x )  = 55(l-x)S4

b) f ' ( x )  = 55(1 - x) 5 '+ - ^ ( 1 - x )

x^
2. Let t ( x )  = “(i+x)5 , find t ' ( x ) .

( l+x)^’^ ( x ^ )  -  x2 ’4-((1+x)®)
a) f ( x )  = ______ dx__________ dx________

( ( l t x ) 5 ) 2

b) t ' ( x )  = d_^x%'(l+x)"S)

3. Let p(x) = ✓x*̂  + 8x^ + 16 » f in d  p ' (x )

a) p ' (x )  = Jg(x‘̂ +8x2+16)^"^*4-{x‘*+8x2+16)
dx
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b) P' (x) = ^ ( x2+4)

4. Let g(x) = x /7x + 3, f ind  f ( x ) .

a) g ' (x )  = (7x+3)^*^(x)  + x - ^ ( ( 7 x + 3 ) ’̂ )

b) g ' ( x )  =±_(x). l_((7x+3)%) 
dx dx

1
5. Let f (x)  =(2x+8p , f ind  f ' ( x ) .

a) f ' ( x )  = d  ( ( 2 x+ 8 ) - ^ )  
ox

= - 2 ( 2 x+ 8 ) " 2 - i . ^ ( 2 x + 8 )
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10. Let f (x)  = (x-4)%'(x-5)2

a) f  (x) = (x-4)%'2(x-5)2-i.d_(x-5)  + ( x - 5 ) 2 .^ ( ( x - 4 ) ^ )
dx dx

b) f  (x) = (x-4)^*^(x^-10x+25) + (x^-lOx+25) (x-4)^)
dx dx
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Part II  Use the following functions  as an example o r  counterexample 

to  the following statements:

^ ( g ( x ) ) "  = n - (g (x ) )n" i  , where g(x) = (4x2-12x+9)% .

^ f ( x ) * g ( x ) )  = ^ ( f ( x ) ) * ^ ( g ( x ) ) ,  where f (x )  = 6x3 ^nd g(x) = x+1.

3* | - ( f ( x ) / g ( x ) )  = f (x )« g ' (x )  -  g(x);_f '(x) , where f (x )  = xf+Sx+lS
dx^ (g(x))2

and g(x) = x+3.

^ f ( x ) ) " =  n. ( f ( x ) ) " " i  ' f ( x )  , where f(x)  = l -3x  and n = 2.
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= f  ( x ) / g ' ( x ) ,  where f ( x )  = 4x + 1 and g(x) = 2x.

^ ( f ( x ) - g ( x ) )  = f ( x ) * g ' ( x )  + g ( x ) - f ' ( x ) ,  where f ( x )  = 2 x -l 

and g(x) = 2xZ+8x-3 .

-  n ' ( h ( x ) ) " " i ' h ' ( x )  , where h(x) = (2x+5) and n = 2.

8 . l _ ( f ( x ) / g ( x ) )  = 9 (x h i l W . -  , where f ( x )  = 2x-4
(g(x) )2

and g(x) = 4x%-16.
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Mathematics 1743
Name_

Homework Exercises #1

Par t  I Find the  de r iva t ives  of the  following functions:

- 1. h(x) = 8x3(1 -  5x2)

2. s(x) = + 2x
x2 + 1

3. f (x)  = 5x2(3x -  8 ) ,  find f ' ( x )  in two d i f f e r e n t  ways.

4. t (x )  = x9/x5
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5. 9 ( x ) = J ? ^

6. f (x )  = f ind  f ( x )  in two d i f f e r e n t  ways.
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8, f (x )  = , f ind  f  (x) in two d i f f e r e n t  ways.
Vx

Hint:  Rat ional ize  the  denominator.

9. g(x) = 5x(x + 3)(x - 3 ) ,  f ind  g ’ (x) in twp d i f f e r e n t  ways.

10. h(x) = (x2 - 4 ) l x̂ + 2  f ind h ' | x )  in two d i f f e r e n t  ways,
x+2 *

T23



Homework Exercises #1 

P a r t  II

1. Give an example o f  the ru le :  The d e r iv a t iv e  of the sum is  
always the  sum o f  the d e r iv a t iv e s .

2. Complete the  following: I f  p(x) = f (x )*g(x ) ,
then

P ' (x )  =

3. Complete the  following and give an example: 

I f  r (x)  = » then

r ' ( x )  =

4. I f  g(x) = y  ^ 2  > then f ind  g ' ( x ) .

5. I f  p(x) = (6x3)(7x^),  then f ind p ' ( x ) .

6. I f  f (x )  = (x+5)(x^-6x^-9), th e  f in d  f*(x),

7. I f  f (x )  =  Z  , then f ind  f ' ( x ) .
5 -  8x -  x2
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8 .  I f  t ( x )  = 6 x (x -2 ) (x + 5 ) , then  f i n d  t ' ( x ) .

9. I f  f (x )  = (x2+2x+8)2, then f ind  f ' ( x ) .

10. I f  h(x) = _L , then f ind h ' ( x ) ,  
x®
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Homework Exercises #2

Part I Find th e  d e r iv a t iv e  o f  the  following functions:

1. f (x )  = ( l-x )55

2. t (x )  = , f ind  t ' ( x )  in two d i f f e r e n t  ways.
( 1 + X ) 5

3. p(x) = /x^+8x^+16, find p '(x )  in two d i f f e r e n t  ways. 

Hint: f a c to r  x^+Sx^+lG

4. g(x) = X'/7x+3
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1
5. f(x ) = (2x+8)2 , find f ( x )  in two d ifferent ways.

6. h(x) = A 4 +x ) / ( 2 - x)

7. p(x) = -7x-(2x-3)3

(T-2v)4
8. u = , find u' in two d ifferen t  ways.

9. s ( t )  = /t^+2t+8

10. f (x )  = (x-4)^*(x-5)2, find f ' ( x )  in two d ifferent ways.
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P a r t  I I  Find t h e  d e r i v a t i v e  o f  t h e  fo l l o w i n g  f u n c t i o n s :

1. g (x )  = (4x^-12x+9)^

2. h(x) = (6x3) (x+1)

x2+5x+l5
3. h(x) = x+3

4. h(x) = (1 -  3x)2

4x + 1
5. h(x) = 27”

6. h(x) = (2 x - l)  (2x2+8x-3)
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7.  f ( x )  = (2x+5)3

2x-4
8. h(x) = 4x2-16
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APPENDIX B 

THE COVARIATE MEASURE
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Mathematics 1743 - Unit 1 Exam

Name

1. Solve f o r  x.

a) -6x + 3 = 4x + 5 b) 7(x + 3) = -2x + 8 + 9x

c) X + 13 > 4x -  7 d) |6x |+  3 < 12

e) 3x2 -  4x = 5 f )  -6(x + 2) < -12

2. Define: a) Absolute Value

b) Function

3. Let f (x )  = 3x2 + X + 8 ,  Find
f(x  + h) -  f (x )

a )  f ( -3 )  b) h -------

4. Find a quadra tic  function  th a t  f i t s  th e  data po in ts  ( 1 ,3 ) ,  (3,3) 

and (7 ,-1 7 ) .

5. Find a l i n e a r  function t h a t  f i t s  the  data po in ts  ( -3 , -7 )  and 

(4 ,-5 ) .
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6.  Sketch a graph o f  t h e  fo l lo w in g  f u n c t i o n s ;

a)  f ( x )  = 5x -7

b) g(x) = -2x% -  4x + 7

_1
C)  P ( X )  = y 2

d) t (x )  = A - 2

7. Find the  domain and range of the following fu n c tio n s :

a) f (x )  = Ix + l |  b) p(x) = / I  -  x^

c) g(x) = /2x + 10 d) t (x )  = x% + 5

8. The weight M o f  the  muscles in a human i s  d i r e c t ly  proportional to

body weight, W.

a) I t  i s  known th a t  a person who weighs 150 lb .  has 60 lb .  o f  

muscle. Find an equation of v a r ia t io n  expressing M as a function  o f  W.

b) What i s  the  muscle weight of a 180 lb .  person?
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12. Convert to  a f ra c t io n a l  exponent:
3 ^

13. Convert to  rad ica l n o ta t io n :  (y2+7)"5/is

14. Evaluate: 32‘ 3/5

15. Find the  po in t o f  equilibrium  when

D(x) = (x-3)^ and S(x) = x2+8x-9

16. Solve fo r  y ,

(3 y 2 /3 )3 _ i8 x  = -9+27X 

Does t h i s  r e s u l t  rep re sen t  a function?

133



5x + 10
9. Find the  domain o f  g(x) = g%2 _

10.

For what in te rv a ls  i s  the  above function increasing  and decreasing?

11. Suduki i s  planning a new l in e  of t r a n s i s t o r  rad io s .  For th e  

f i r s t  year th e  fixed  co s ts  a re  $175,000. Variable cos ts  fo r  producing 

a radio a re  estim ated a t  $30. The sa les  department p ro jec ts  s a le s  o f 

150,000 rad ios  during the  f i r s t  year a t  a p r ic e  o f  $75.

a) Formulate the  co s t  function C(x) fo r  producing x rad ios.

b) Formulate the  revenue function R(x).

c) Formulate the  p r o f i t  function P(x).

d) Find th e  break even point.

e) What w ill  be the  p r o f i t  o r  loss  on the  sa le s  o f  only 10,000

radios?
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APPENDIX C 

THE INITIAL ACHIEVEMENT TEST
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Mathematics 1743 Examiniation #2 Name

1. Define co n t in u i ty  a t  a po in t;

F(x) i s  continuous a t  the  poin t a i f  and only i f  

a) b) c)

2. I f  f (x )  = x^-8x+5, then find the  point where th e  tangent l in e  to  f(x )  

i s  h o r izo n ta l.

3. Using the  d e f in i t io n  of the  d e r iv a t iv e ,  f in d  th e  d e r iv a t iv e  o f  

f (x )  = 2x2+ 3.

4. Find f 'C x ):

a) f (x )  -  3x2-2x+4 b) f (x )  = 4 Æ  c) f (x )  = 7
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5. Evaluate th e  following l im i ts ;

a) lim (x^+4) b) lim 7
x->3 x-^3

c ,  m  d) 3 ^

e) n m  (7 -  2) f )
X-+ OO x+ *

6. Find th e  d e r iv a t iv e  f o r  each function:

a) f (x )  = _ |x _  
x^+2

b) p(x) = (xS/3)(x2+2)
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c )  t ( x )  =  ( x 2 + 3 x - 4 ) 5

d) g(x) = x^+5x+2 
x-1

e) t (x )  = m (x)'n(x)

f )  g(x) = / l -3 x

g) p(x) = (x2+l)(2x+3)3

138



h )  f ( x )  =  r ( x ) / s ( x )

i )  h(x) = (x2+7x+5)(3x%-8x+2)

j )  f(x) = ( s (x ) ) "

1 3 9



APPENDIX D 

THE RETENTION TEST
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Mathematics 1743 QUIZ Name

1. Let f(x )  = x^-12x+7

a) Find the  in te rv a ls  where f(x )  i s  increasing  o r decreasing.

b) Find th e  in te rv a ls  where f (x )  i s  concave upward o r concave 

downward.

c) Find the  in f le c t io n  point.

d) Find th e  c r i t i c a l  values on th e  closed in te rv a l  from -3 to  5.

e) Find the  maximum and minimum po in ts  on the closed in te rva l  

from -3 to  5.

2. Find p '( x ) :

a) p(x) = , . l  -  
v3 x + 5
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b) p ( x )  =  ( 4 x 3 - 8 x + 7 )  (6x ‘»-3x2+7x-5)

-8x
c) p(x) = xZ+5

d) p(x) = (x3+5)7

e) p(x) = x^ • /x^+7

2̂

g) p(x) = f ( l -x 3 )^

1 4 2



h) p(x) = g(x) • f (x )

i )  P(x) = g (x ) / f (x )

j )  P(x) = (g(x)) m

1 4 3
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ANALYSIS OF COVARIANCE

144



The genera l  a l g e b r a i c  model f o r  a n a l y s i s  o f  co v a r i a n c e  i s  as

follows:

^ j ( a d j )  "  ^ i j  ” G(*ij - X--) = V + a .  + e . j

i i .  G.j - NID(0,a|)

where,

^ i j ( a d j )  th e  ad justed  postscore measure fo r  the  j - t h  

individual in the  i - t h  treatm ent group.

Y^j i s  the pos tscore  fo r  the  j - t h  individual in the  i - t h

trea tm en t group.

g i s  the  within-group l in e a r  regression  c o e f f ic ie n t .

Xjj i s  the  c o v a r ia te  measure fo r  th e  j - t h  individual in the

i - t h  trea tm en t group.

%.. i s  the  o vera ll  covaria te  mean.

y i s  the  overall mean.

â . i s  th e  i - t h  trea tm en t e f f e c t .

E j j i s  the  e r ro r .

NID(0,o%) means th e  e r ro rs  are  normally and independently 

d i s t r ib u te d  with mean zero  and constant variance , o |  .

145



APPENDIX F 

THE KUDER-RICHARDSON FORMULA
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The genera l  Kuder-Richardson fo rmula  ( E b e l ,  1965) i s  a s

follow s:

r - K / I nzQ2-zT2 \
K-1 nzXZ-(zX)%)

K is  the  number o f  items, 

n i s  the  number o f  su b jec ts .

zQ2 is  the  sum o f  th e  squares o f th e  K times n individual 

questions scores.

i s  the  sum of th e  squares o f th e  K question to ta l  scores. 

zX  ̂ i s  the  sum o f  the  squares of the  n s tuden t to ta l  scores. 

zX is  the  sum of th e  n s tudent to ta l  scores.
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RAW DATA
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The raw d a t a  f o r  t h e  expe r im en ta l  group i s  a s  f o l l o w s :

Subject Covariate Test HFT I n i t i a l Achievement Test Retention Test

1 128 10.5 9 8
2 139 14 10 9
3 105 -3 .5 9 9
4 102 15 10 9
5 106 24.5 9 9
6 125 3.5 8 4
7 117 13.5 8 5
8 103 8.75 10 6
9 110 13.75 9 4

10 93 8.5 3 4

11 140 11.75 9 9
12 135 .5 6 5
13 105 14.75 8 8
14 119 13.75 5 9
15 91 12 10 8
16 37 1 3 0
17 83 3.75 5 5
18 70 15.75 7 2
19 141 3.25 10 10
20 109 11 8 9

21 76 12 8 4
22 144 17 9 5
23 88 18 7 2
24 112 12 10 7
25 108 14 8 4
26 95 9 4 0
27 131 5 9 10
28 141 20 9 6
29 152 21 6 7
30 72 2.25 6 4

31 94 1 9 6

Table 15: Raw Data fo r  the  Experimental Group
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The raw data fo r  the control group i s  as follows •

Subject Covariate Test HFT I n i t i a l Achievement Test Retention Test

1 135 2.75 8 5
2 115 9.75 9 .. 7
3 94 9.25 8 7
4 84 12 9 9
5 110 7 7 6
6 111 5.5 8 6
7 124 6 10 9
8 82 2 9 1
9 105 5 8 6

10 68 12 2 1

11 113 6.75 8 2
12 119 8.25 8 5
13 88 - .5 5 3
14 66 2 1 0
15 123 22 10 3
16 129 10 5 4
17 92 8 9 8
18 92 13.75 6 1
19 107 12 10 8
20 95 23 6 6

21 80 10 9 5
22 124 10.75 9 9
23 124 4.75 10 6
24 120 10 9 8
25 77 1.5 8 2
26 77 16.5 6 6
27 106 7.75 10 9
28 138 5.25 10 10
29 89 18 6 4
30 105 1.75 4 4

31 56 8.75 2 1

Table 16: Raw Data fo r  the  Control Group
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