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ABSTRACT

‘It is proposed that perturbation theories and computer
simulation be coliectively applied to the study of static and
dynamic properties of liquids and dense fluids composed of
‘highly nonspherical and/or polar molecules. Perturbation the-
ories rooted in classical statistical mechanics have, in recent
years, proven successful in predicting the equilibrium proper-
ties of atomic fluids and molecular fluids composed of weakly
anisotropic molecules. We propose to develop and test analo-
gous theories for the thermodynamic and transport properties
of fluids containing nighly anisotropic molecules. New theories
for equilibrium properties will be based on a first order ex-
‘pansion of the angular pair correlation function g(rmlmz), or,
equivalently, the function y(rw,w;). Expansions about spheri-
cal and nonspherical reference fluids will be explored for
static properties. A major strength of the proposed work is
the concurrent use of computer simulation to guide and evaluate
development of the theories. The investigation includes
. two different temperatures; T*él.294 and T *=]1,277, with.
two quadfup01emoments of Q*=1 and Q*=0.5, respectively. The

density is assumed to be p*=0.85.
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CHAPTER I
INTRODUCTION

Recently there have been several extensions to the
pélar system of the theoretical techniques that proved use-
ful in predicting the thermodynamics of simpler fluids.
Computational work (1-4) has allowed the evaluation of these
theories for uncomplicated models consisting of dipoles em~
bedded in otherwise spherical molecules.

The most surprising success among the theories was a
special version of the thermodynamic perturbation theory (5),
the so-called Padé approximation due to Stell, Rasaiah and

others (6-8). Especially in the last decade there has been
great enthusiasm among the laboratory experimentalists,

statistical mechanical theorists and those who simulate fluids

on the computer because of new developments in the study of the

liquid and dense fluid states of matter with the equilibrium
properties of "simple" fluids composed of atoms (Ar, Kr) or
nearly spherical (CH4, 02) molecules.

The most important of these developments was the the-
oretical development 6f the perturbation concept which occurred
- in equilibrium statistical mechanics. This theory is based on
the idea that £fluids are related éo each other and they differ
by small amounts of their properties.

1
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So if we know the properties of a simple fluid, then we
can predict the properties of new fluids by treating the dif-
ferences as perturbed parts. Now this perturbed part has to
be calculated successfully. And‘this "reference" substance
can be compared with the results obtained from simulation
methods embodied in Monte Carlo and molecular dynamics (9-10)
which are available to us.

Figure 1 shows the importance of simulation in provid-
ing data for model fluids. Thus, the accuracy
of our predictions can be found out by comparing theoretical
predictions with simulation results, and by comparing the
simulation results with laboratory measurements we can learn
about the.accuracy of models with real fluids of interest.

“The test would be on static properties of the class of
model fluids composed of highly nonspherical ahd/or strongly
polar molecules. The reasons can be explained from several
viewpoints. From the theoretical ?oint of view, there are
presently very few satisfactory theories for predicting the
static properties of such fluids. Not very much work has
been done on developing perturbation expansions about non-
spherical reference fluids which would be applicable to
highly anisotropic molecules. There have been a number of
thermodynamic perturbation theories developed in the last
decade, but most of them are expansions of the Helmholtz free
energy or the property of interest directly. But’our approach

to the equilibrium properties of molecular fluids will be via



3
second order perturbation theory for the angular pair cor-
relation function g(rj;,w;,ws). Since the expansion of
g(rys,u;,wy) is equivalent to the free energy expansion (11)
and g(rj,,w;,wy) can be obtained by computer simulation via
a spherical harmonic expansion in the moleculér orientations
wy and wy (11,13), other équilibrium properties may be ob-
tained from standard formulas in statistical mechanics (14).'
The success of perturbation theories developed to date has
been limited to atomic fluids or to those containing weakly
anisotropic molecules for which a spherical reference fluid

can be used.
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CHAPTER II
LITERATURE REVIEW

Although the perturﬁatidn expansion of the angular pair
correlation function g(r;,,w;,w;) Provides an alternate route
to macroscopic thermodynamic properties (e.g., free energy,
pressure, internal energy) of polar fluids having moderately
strong multipolar strengths, expansion of g(r;,,w;,wy) has
received much. less attention than the free energy expansion.

Among those theories perhaps one of the best is the
Padé extension to third order of the Pople expansion of the
free energy due to Stell et al. (14,15); the idea here also
is to find the perturbed part of the fluid of interest from

the reference system.

v(xi,xj) == vo(r) + ZKAKw(xi,xj); AKgp (2-1)

wherev(xi,xj) is the orientational part of the pair potential
for two molecules and vo(r) is spherically symmetric Yeference
system), {A .} are related to the dipole moment u, the .gquadrupole
moment ¢, and the octupole moment ¢ ceeeeesreavscsaess From
recent evidence of computer simulation, the Padé expansion
for the free'energy in a quadrupole fluid up to moderate valﬁes

% of 0(1)) (16) is promising.

of the quadrupole moment 0(ec®)
The Pade’ expansion for dipoles contains the correct low and
high dipolar strength limits and Padé must be (almost)

4



5
correctly interpolating at moderate dipolar strengths, but
éhe Pade'! theory breaks down at high anisotropy in aniso-
tropic overlap fluids (17,18).
One of the early expansions of.g(r,ml,wl) was done
by Gubbins and Gray. They wroté the first order expapsion

which is valid for a Pople reference and multipolar aniso-

tropics (19).
g(risrugrwy) = go (x) (l"‘EXP(Bua(Irm] rwpl))) (2-2)

where g = 1/KT, u, the reference fluid radial distribution
function.. This equation also breaks down for moderately
strong anisotropics in that nonphysical, negative values of
g(r;,ru;srw,) are obtained for certain pair orientations.

Perram and White glso.gave a first order theory of
g(rys,wyrwy) by ﬁsing a reference potential of the log-exp
mean type on u,. They only tested the theory for the center
pair correlation function gc(r) (20) . Henderson and Gray
assumed the potential to consist of two parts: ua+u°, where
ua was gquadrupole-quadrupole interaction and u, wasva refer-
ence potential and then they suggested a perturbation theory
involving an expansion of the direct correlation function
Clr,uy,wp) (22) in the form of C, = C; + Cp + C3 + .....
where Ch includes all terms in Ca of orderxr (ua)n.

They considered two possible closures of the Ornstein-

Zernicke equation

C, = -ggu, + h,(h - C,) o (2-3)



where

b =9 1
(a mean field and a generalized mean field approximation) to
obtain go(rrw11“2) from C(r,ml;wz). Anderson, Weeks and
Chandler proposed the "blip function theory" for the calcu-
lation of radial distribution function and thermodynamic
properties of dense fluids. It is written in a form which
yields explicit expressions for both the angular and radial
correlation of dense fluids of linear molecules (21).

Steel and Sandler compared this approximation with a
variety of correlation functions.obtained by numerically
solving the extended Percus-Yevick equation for non-spherical
molecules. They found that agreement is generélly.good at
high densities, but becomes worse at lower densities because
of the omission of the effects of attractive interactions in
the blip function theory. Also they extended the blip func-
tion formula to gé(r). In addition, Gubbin et al. (25) and
Sung Chandler (26) applied Schofield's temperature expansion
for g(r) (27) to the first order and made.approximations for
higher order correlation functions. Although these theories
are largely successful forpredicting g, (r) for moderately
strong anisotropy they are, for the most part, first order
theories. Hence, they would nqt be expected to work for
strongly anisotropic fluids. More importantly, knowledge of
go(rl is not sufficient to enable calculation of all thermo-

dynamic properties.



CHAPTER III
SPHERICAL HARMONIC EXPANSION

If we look at 02 equation

h(rijz,ey,wp) = C(riz,uy,up) + pfdr3<C(r1,ml,ws)h(r32,w3,w2)>w3
(3-1)
we record the analysis of (3-1) in spherical harmonics. We
restrict considerations to linear molecules SO that w=(6,¢)
denotes the orientation of the symmetry axis. Consider any
function F(r,w;,w,) that is invariant under simultaneous ro-
tation of r,uw; and w,. We first Fourier transform the space
variable according to
Flcjwyrug) = fdr exp(ikr)f(r w; wj,) (3-2)
then the rotational invariance implies that F(r,w;,w,) and

F(k,wjrwy) can be expanded in spherical harmonics

z
F(r,wl,wzl = 11121 F(lllzl,r)vlllzl(wl,wzwr) (3-3)

z
FCk:wI,wz) = 11121 F(lllzlrk)Ylllzl(wl,wz,wk) (3-4)

where r and k are the magnitudes of ¥ and k¥ and Wpe Wy de-

notes the orientation of r and k here

' T my ma *
¥1;1,1 (0 wow) = myifiym C(lllzl,mlmzm)-Yll(wl)le(wz)YI; (0)

(3-5)
where'Y?(9,¢) are spherical harmonics and given by

7
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2. ey km

W) = (0™ () BB 5T (o p)el™ (3-6)

and the Legendre polynomial pT(x) is

. g+l
PRx) = —E—(1-x%)"2 L x®-0?
11 dx

(3-7)

]
.
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[
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Figure 4

(1 is the normal angular moment and m is the azimuthal angular

moment), and C(1;1,1 1,m;,m,,m) is Clebsch Gordon coefficient.

The properties of C(l;1,1,mm,,m) are as follows:

- IC (11 lzl,ml fIM=My ,m)C(lllzl',mvi ,m'-ml' ,m' )=§
1l

mlmiamm' (3-8)
ZC(ll lzl,ml R 1thtt}] ,m) C(ll.lz 'l ',ml =M, ,m)=6 ll' (3"9)
m )
and
m = m,+m (3-10)

.and where Snk is Kronocker delta function and is

_ 1 n=k -
Spk = 10 ngx (3-41)
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Also here 1;,151 must satisfy the triangle relation A(1l;1,1)

which we can write as
|1~ 1] 2 1 s (13+1p) (3-12)

Figure 4 shows the 1 and m. Further, parity considerations

for linear molecules shows that F(1;,1l,,r) = 0 unless lj+l,p+l
is even. 1; and ;2 must be drawn from the same set of values,
as the symmetry of these functions under interchange of iden-

tical molecules implies

11+12
F(l31p1,r) = (=1) F(lp,1;,1,1) (3-13)



CHAPTER IV

SPHERICAL HARMONIC EXPANSION OF THE ANGULAR

PAIR CORRELATION FUNCTION

For fluid composed of axially symmetric molecules the
angular pair correlation function g(r,w;,w;) can be expanded .
in terms of product of spherical harmonics of molecular orien-
tation. Rotational invariance of g(r,w; wy) implies that it
depends on only (r,w;,w;) where w, = (@i,¢i) denotes the orien-

i
th

tation of i~ molecule with respect to the intermolecular axis.

In this coordinate system, the harmonic series of g is

(r,vi,ws) = 4n Lz (1,1om r)le (w')le(u)'). (4-1)
AR WY 1;1,m 9 12Tl 3y (w1dsy (wg
(m = -m). Onlynﬁ_and ﬁi in any terms since the rotational in-

variance also implies that the ¢i can appear only as ¢i—¢;.
Putting the Polar axis in (3-3)in the direction of r so that

w; = w& and subsequently comparing to (4-1) we £ind

g(1;1,1,1) = dn(zr)? £ C(1;1,1,mT;0)g(1;1,my, ) (4-2)

so the desired harmonics in the space fixed axis can be eval-
uvated from knowledge of the body fixed axis g(l;1l,m;,r). Con-

versely, the g(l;1, m,r) may be found from the g(l,1,1,r) by

g(lllzmr12)=(4n)'3/221(2 ,+1)1/29(lllzl,rlz)c(lllzl,mlﬁlo)
| - (4-3)
10
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For homonuclear diatomic (02,N2)11 and 1, are both even.

The validity of equations(4-3) and (4-2) can be proven by using

equation (4-1) and substituting (4-2). 1In (4-3), we get

g(lllzmlr)‘ i(

) %e (11151,m ) 0) () ¥ [re (1 1, 1m ) »

(g(131pmr)} =35 C(131,1,mf;0)C(1,151,m @ o)

g(11lpmr)= 2g(l;1pmr),C (131, mymyo) *
C(1;131,m m o)
= zmg(lllzm r)émm1 (4-4)

With the help of orthogonality condition of spherical

harmonic functions, equation (4-1) can be inverted to

g(l lzmr).- 41dea)1dw2Ym (wzlg(rwl. wé) (.4-5)

This integral can be evaluated by Monte Carlo techniques hy
m;* m *

taking an average of Yl1 (m;)Yl; (wp) over the shell between

r and r+Arin particular

mj mj

g(lllzmlr)=4ng (r)<Yll(w1)le(m2)>

000

where Jo00 is the center pair'correlation function 9 and
<.ee.s..> represents an ensemble average over a spherical
shell of radius r and thickness Ar. ' Several workers have
used this approach in evaluatinglg(r,ml,wz) in order to

- study local structure in fluids composed of linear molecules -

(6,7,32,33).
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Typically, about thirty g(lil,m,r) coefficients are
evaluated and used to approximate the infinite series of
equation (4-1)., Convergence of the series appears to be
satiéfactory for this number of terms.

Figﬁré 2 shows the g(l;1l,m,r) coefficient obtained
from a molecular dynamics simulation of a Lennard-Jones
plus quadrupole fluid. Figure 3 shows a three dimensional
surface of the g(r,w;,wus) function obtqined by recombining
the expansion of equation (4-1) with the molecular dynamics
determined g(ll;zm r). In particular, Figure 3 demonstrates
that the quadrupolar anisotropy forces molecular pairs into
the "tee" orientation rather than parallel or related orien-

tations in the shell of nearest neighbors.
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CHAPTER V
THEORY

Our basic approach is derived from the functional deri-
vation formalism of Percus (126) and Lebowitz (124,125) for
inhomogeneous systems. In this approach, the inhomogeneity
arises due to the "turning on" of an external potential U(r).
With proper selection of the generating function, the Percus-
Yevick (PY), Hypernetted Chain (HNC) and Yvon-Born-Green (¥GB}
internal equations were shown to be first order functional
Taylor expansions in terms of the singlet density n;. We first
introduce the'definitions of the important quantities. The
partition function of the inhomogeneous system in a grand

canonical ensemble is

= _ -1 n
“('U')—IZ). O('Nll) Z

/a{n}exp{-gy Un})-gz;uli)} (5-1)

2! n
the singlet density ﬂl(l/u) is

Ry I B ragn-l)expl-gy ({n})-gI;u(i)} (5-2)

n ‘e n>1 @111 A i

Here -{n} is the set of molecular configurations, {1,2,3,4,....
....N}s each number i represents the position r; of the center
of mass (com) and orientation (Euler angles)'
0y of the ith molecule, B is reciprocal temperature
1

(KT) ©, K is the Boltzmann constant, 2 being the activity

13



14

exp (Buw)/A3%, u the chemical potential, ) the &eBroglie thermal

N
wise additive.

wave length, V the N body potential assumed to be pair-

N
ViN}= jIu(i,) (5-3)
where u is the full pair potential, which is separated into a

reference potential Uo and a perturbation term up

u(l2) = uo(12) + up(lZ) (5-4)

where (12) = (rj,,wyrwp).

We will talk about the potential in a separate section.
To derive the perturbation equation in general, we adopt the
. generating functional of the PY type, i.e., nl(%)exp(su(l)).

We note that from funct;onal calculus, on £ we have the follow-

ing relations

2 &ns(u) _ 1 _
aexp _bu(l) = (exp (Bu(l)))nl(ﬁ) (5 5)

azzns(u)
aexp ~gu(l)s exp -gu(2)

= exp (gu(l))exp(gu(2)) - (5-6)
12 1 2
[ﬂz(jr) - ﬂl(jr)ﬂr(ﬁ)]

a3zns(u)
Jexp fsu(l)aéxp(fsu(Z))aexp(—su(B))

= exp gu(l)exppu(2)e

exppu(3) [ny 22, 2 -n; )70y (B0, ()

13

| 1L, 2y 3.7
=na () ny @420 @ m @y D (5-7)
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Consider njexp(Bu) as a functional of exp(-gu) where n; is the

singlet density and expand to the second order in a functional

Taylor series.

Buo(l)=nlo(%)esu°(1)+,d3eeu°(1)esu°(3xn2(lg)

1l
n1(a)e 3

o o

o o
P BB B3 L By niihe 2y h -

n1 (531 (58 =N (283 ny (=3) =ns (38)ny (=5l *

o) o
[e~Bu(3) __-Bu™ (3} ~Bul4)__-su”(4) (5-8)

. This can be reduced to

o 93(132) o -gu(32)
Y(12)=Y°(12) {l+psda3 [ oIy " 9 (32)[e”"H -11  (5-9)
- gy(1342) . g3(132)g°(42)
+(%) p fd3d4[—'§b—(i-§)—- - 9'3(342) - 5°(12)

g5 (142)¢°(32)

gu(32)
g% (12) - 1]

+ 2g°(32)g°(42)] &~

where we have introduced the Y~distribution function Y(12)

g(lZ)ekpBu(lZ). The superscript o represents the reference

potential u,.

To make efficient numerical calculation, the higher
order correlation functions g3, g, must be approximated by
the two body expressions. The Kirkwood superposition has

been intensively used
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g4(123) = g(12)g(13)

g, (1234) = 93(123)93(134)93(124)g3(234s/(9(12)

g(13)g(14)g(23)g(24)g(34)) (5-11)
Jackson and Feenberg (131l) gave a "convolution approximétion"

gi) (123) = 1 + h(12) + h(12)h(23) +psd4h(14)h(24)h(34)

+ h(23) + h(23)h(31) + h(31) + h(3)h(12) (5-11)

For convenience, we develop the perturbation equation with

- Kirkwood approximation and to the firét order terms only.
A similar proceduré can be used for the convolution

approximation and to the second order terms, substituting

the ¥ (123)=Y(12)¥(23)Y(13) into
Y(12) = YO(12) {1 + pfd3 ceeerrvnnannnnn (5-12)
By keeping only the first order perturbation, we have
v(12) = Y°(12){ 1 + o2 1ra3n(13)¢°(32) £(32) (5-13)
where £(32) = exp(-pu(32))-1. (5-14)

Q is the angle normalization constant, e.g., =872 for the
complete Euler angles of linear.moiecules.

Figure 5 depicts the geometric arrangement of molecules
'i, 2, and 3 for a fluid. We havé translational invariance;

the change of origin to r, gives Figure 5.2.

h
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Figure 5.1 Figure 5.2
Equation (5-13) now can be written
Y(Rlzng)=Yo(R;zw1w2) {1+p/dR; 3<h (R;30103)9° (R3puzus)
f(R;s W3 wo>Wsl (5-15)

where <.......> is the angle average over wj. To evaluate this
equation, we expand the three functions Y/Y(y h and goF into

spherical harmonics

Y(Rlzmlwz) T.T,T 5 5 (T,T,T BiE.0 ).
= E E E E lllzl nlanlz)C lllzl m;mom) °
YolRiz) I, mnm °
i mp np
l m

11 * 12 m* . | | -
Dmlnl(wl)szm:(wz)Yl (912) (5~-16)
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h(R13 1!.03) =35 £ I EY(11131,n1n3R13)C(11131,m1m3m)

1y mp nm
13 my ny
m
ll* 13* ; * . -
D n* (01)Dp ” * (wg) ¥7* (213) (5-17)

(o] ‘ tatal 8t _ 0
Roquwowsg) £(R = 27 Z; Z; E.(1'1'1l ,nnR
g (Ra3uz03) £(Ry30p03) 1 Iy Iy Bg(1 1 1nnR )

1; m3 nj 32
1, my nj
1lm
14 1,
C(11131" ,mbmim')D_ o % (03)D oy (0,) Y™ (235) (5-18)
3lal  ,mamg myny 03 Ppiny (0203 1832

Here E are the coefficients of expansion, C(l;l,lm;mom) the
Clebsch-Gordon coefficients, D the rotational matrices (see
Rose, M. E. "Elementary Theory of Angular Momentum", John

Wiley, N.Y¥Y., 1957) and YT the spherical harmonic function.



CHAPTER VI
PROPERTIES OF SPHERICAL HARMONIC COEFFICIENTS

Spherical harmonic coefficients g(11121r5 not only give
structural information via equation (4-1l) but also are related
to numerous equilibrium fluid properties via standard formulae
in statistical mechanics (8). Thus, we derive the configura-
tional internal energy in terms of the g{l;1,1,r) coefficients
(17).

A number of these results are summarized in Table 1.

In general, the relation in Table 1 involves infinite sums
over the indices. However, in the special case of fluids
which interact with a Lennard-Jones plus a multipotential,
the relations reduce to sum over finite number of terms. For
example, Table 2 gives the thermodynamic properties which are
the specific.equations for the properties of Table 1 for the

Lennard-Jones plus gquadrupole fluids.

lllzm

In Table 2 the termyJn

represents one dimensional

integral over the coefficients g(1,;1,l,r).

sl1lm (n-2)

Jn g(l,lom,x) (6-1)

=J,drr

The results in Table 2 havebeen tested by computer simulation
and found to give highly satisfactory agreement (7,17).
19 |



TABLE, 1

o

Examples of Expressions for Equilibrium Properties in Terms of
Coefficients Yo p m(r) and Bp p m(r) for Spherical llarmonic Expansions

of the Intermolicular Potential u(rwlwz) and Angular Pair Corrclation
Tunction g(rwlmz)

Configurational Internal Enexrpy

Vm=te 1 Jar Ut b Bt

b 12
Pressure
du (r)
1 1 £1£2m :
PKT) " =1-p (kD) ) [drr—T3——g, , ()
ﬁlﬁzm 172

Isothermal Compressibility

x= G+ 4™ [ dr g ) - D)

Mean Squared Torque

) .
<t“> = —pkT ] 21(£1+1) f dr gﬂlﬂzm(r) uﬁlﬁzm(r)

ﬂlﬁzm

Kirkwood Angular Correlation Parameters

G, = (2L + n~1 :)::\ D" [ dr gy ()

Go, G]’ G2 are related to the isothermal compressibility, dielectric

constant, and Kerr constant, respectively,




Examples of Expressions for Equilibpium Properties of a Lemnard-Jones

L.

T
plus Quadrupole Fluid in Terms of the Jn 1°2" fntegrals of Equation (4)

Configurational Internal Encrgy

C, e * 000 000

U"/N = 8wp c[J12 - J6 ] + UQQ

o _lom Kok 220 4 221 1 . 222

Ugg =5 P Q eldg + 35 #5335 ]
% % - )

where p = p03 and Q = Q(€05)£

Pressure
T * -1, . ooo 000 5 -1
P(pkT) ~ = 1 - 16mp (KT) [J6 - 2J12 ] - 3(k'r) UQQ

Mean Squared Torque

2
T > = -12eT U
QQ

Kirkwood Angular Correlation Functions

* .

bup e, oym _ Llm
GL T2l % -1) Jo




CHAPTER VII
POTENTIAL MODELS

Recently a new approach to the potential model has been
developed. The potentials consist of two parts: u=u_+u .
The reference system is one in which the molecules interact

with an isotropic pair potential uo(Rlz) defined by

uo(Rlz) = <u(R12m1w1)>w1w2 (7-1)

where u(Ryp,w),wp) is the pair potential for the actual system.

This pair potential is U(R ,w w ) = U(R ,0 ,0 ,¢ )

and the one which has been chosen for study here

| .
u<R‘12rel,e,¢12)=4e{<—R%—£)12 - <§51’-—2->] +u (7-2)

with the angle dependent part of the potential defined so

that<u_, . >= 0; thus. for equation (7-1), u_ is the Lennard-
aw;w, o

Jones (12,6) potential. In general, there are several

choices for v available. The choice depends on the system

being investigated. These several parts are:

(1) Dipole-dipole part

: ) |
UDD(lz) = - JL—[2C1C2 - 81S,C;21 ' (7-3)
R1%

20
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(2) Dipole-quadrupole part
_ 30 | :
upa(12) = (5 ﬁ-;—liz) [c,(3C%-1)- C,(3Cc}~1) ~2(Cy- C;)

(3) Quadrupole-quadrupole interaction

_ (3 92 p
UQQ(lZ) = (z '1—{;-2—5-) [l - SC%— SC%- 15C{‘ C% +

2(5,8,C,, - 4C,C,) 7 (7-5)

(4) Anisotropic overlap interaction

u_ = 4E (—‘13-;)12 (3¢2 + 3¢3 -2) (7-6)

In these equations, S;='sin 6, Ci= Cos 6, C12= Cos (91-¢5)
so Cy,= Cos ¢,,. u and Q are dipole and quadrupole moments,
respectively, and § is a dimensionless overlap constant

(-0.25<6<0.5),61,6 ¢1, are the usual orientation angles,

2’
referred to the line between molecular centers as polar axis.
Figure 7.1 shows the orientation angles in the body fixed co-

ordinate.

| o /- | 7
7 & A%
/ A N\

Figure 7.1: The Orientation Angles in the Body
Fixed Coordinate
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Potential Model

eq’.¢

i

¢12' ¢, ¢,

Figure 7.2
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In our study, the perturbing potential part is the
(quadrupole-quadrupole) interaction in the body fixed co-

ordinate. We can expand this potential as

2 2+m) ., 22m \ ¥
uQQ(lZ) = 41rm=§_2(-1)( )X YI;(CM)Y]; (wy) (7-7)
where
x22-2_ 42221 602 _ 102
- "6 S5 RS 5R
£22-1_,221_ 2 ,220
3
220_6 Q2 '
X =z 3% (7-8)

And in the space fixed coordinate, we can expand

2 2 2 m, m2
UQQ(12)= z ) z f(221,R)C(221.,.m1m2m) Yy ((Dl)Y2 (wyp) *

1 m1=-2 m2=—2
Y7 (2) (7-9)

where 1l;+1,+1 = even and 1 has the value of 0, 2, 4.
' 2
£(2,2,1,R) = Flor T, €2 2 Lmymy,0)4n x22m(_q) 2
' (7-10)

Figure 7.2 shows w; = (Q,¢1) and wy, = (81,0712).
Figure 7.3 shows the effect of the quadrupole moment

on a subspace of angular pair correlation function.



3 Surface of intermolecular pair potential

Figure’

u(r12010i¢) for linear molecule mod

t
3

eled by Lennard-Jones
)~=lq

62 is fixed at

5

Q/ (co

plus quadrupole interaction.
v/2 and ¢ is undefined.

24



CHAPTER VIII
CALCULATION

As we mentioned before, we can write

55(%%)2") = 1 + p2 1ra3n(13)¢°(32) £(32) (8-1)

ox

Y(12) o
yorIay = 1+ pJaR1s0y3<hg E> R (8-2)

Now we can expand; in the space fixed spherical harmonic

'%‘o‘ = _2_:_ _2:._ _5':- EY (T]_TZ-I n, D2 'RIZ)C(TITZTI ITllﬁz-lﬁ) ¢
1; my o,
1-2 ﬁz -I';z nl = nz = 0
I m
m  m @
Y "(w)Y_ (wg)Y_ (212) (8~3)
1, . 1. 1
Expanding h (total correlation function)
h=71: z z Eh(2123£,n1 D3 ,R13)C& 123£,m1m3m) *
1, my m
]_3 m3 nj n1 = na =0
1 m
m* m* m
| (8-4)

Yl;(ml)le (wg)yl(ﬂl 3)

Also, we expand f in the space fixed spherical harmonic

25
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£ = i' L, L, Eg(l3,15,1' ,n3 ,np R3z)C(lzlyl,mympm’) .
m n

3 3 3

l1'm' n'

2 2 2

1'm'
mé* . ml* ml
Y , (w3)Y . (wz)Y '(932) (8-5)
1; 1, 1

Furthermore, we can write

ml
=™

o -— —————— —
<hg f>w3 = e 613l§6m3m3Eth(11131m1m3m)
m¥ m, mo 0
C(l3121 msmém')Yll(ml)(Yg-(wz)Yg (9)9 (8-6)
2 1

The terms are non zero only when 13=l%, mg= m% and since

Ve * * 1
1 " ™3 _1 I M
§/dws Yls(w3)Yl' (wg) = o/dws Y13(~l) Yz'
3 : 3
=A™ s, .8 = %8~7)
4w Lydy mymy

* ey
¥ (8,9) = (=1)7¥](8,4¢)

Substituting in

=1 + %‘-—;Idengl3R%32112112m1’Eh(1113_l Ry3)C(1;151,m,mzm)

"

13 13 my
1 1 nm'
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my
Yll(wl)YI:(nlygo £(13131',R32)C(13151),~-mgmpm) * (8-9)

mé* '
Y | (u2)¥] (R3y) (-1)73
1, 1



CHAPTER IX

MODEL

In the space fixed coordinate, the three molecules
1, 2, 3 can be shown as in Figure 9.1 with the polar co-

ordinate of R;,R,,R3 and (6;,¢;), (62,95)

Figure 9.1

or we can simply fix our coordinates such that the origin is
on molecule 1 and one axis passes through molecule 2. 5o
Figure 9.1 can be simplified as Figure. 9.2.

\

i

‘Figure 9.2

28
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Since molecule 1l is always on the origin, new coordi-
nate would be (R;3,2;3) and also (Ry,, R32). Furthermore,
(Ry2, Ryj3) remains constant and Q;,, Rp3, Q33 would be the
only Qariable factors. 1In other words, we have to calculate
Ro3, Q23 bf knowing Q12 and the constants. Let us call Q,, =
(62,92) and Q53 = (63,¢3). Let us represent Ry3, Ry3, Ryp by

vector componehts so

Raz = (vy,v3,v3)
Rig = (wy,wz,w3) . (9-1)
Ri2 = (u;,uz,u3)

(wi=u;) = (vi)

Ryp3 = (Wz“U2)

~

(Vz) (9-2)
(wg-u3) = (v3)

but from the geometry we have

w; = Ry3Sin 6%3 Cos ¢13
Wy = Ry;3Sin 013 Sin 913 (9-3)
w3 = R, 3Cos 813

also, by similarity, one can write

u; = Ryj,5in 0,2 Cos ¢,

Rlein 812 Sin ¢12

Uz

u = Ry,Cos 012 S (9-4)
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and

vy = Rp35in 023 Cos b23

Vo = R238in 023 Sin ¢23

V3 = R23 COS 623 (9"5)
From this last set of equations we can have
W)=, W3=uj Ry3C0s 0,3~-R;, COS 9,,
-R23 = “5In 653 923  COS633 Cos 633
C ¥sTTs (9-6)
os 6 = -
23 R23
and
Ry3 = —up)? + (wp-up)? + (w3~uz)? (9-7)
23 (wy=u; Wp=Up W3~Uug
Cos ¢ N 53 s (9-8)
23 = - = . -
) R23 Sin 923 or in ¢23 R23 Sin 923
R2, = wi + wi + w}
W2
Cos ¢ = e———
13 R13
2 2
Sin 6 @ * ¥e)”
in =
13 R13
Wy
2 2 1
Wy + wp)
. w1
.Sin © Cos 9 =
13 13 R13
W2
Sin =
13 L
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w1

so Sin 813 Sin 013 = -l-il_;

but R%z = (w1~u1)2 + (Wz"\lp_)z + (W3"U.3)2

and also
Uj
Cos ¢,, = R
(u+u3) ™
Sln 012 R]_2
u;
Cos ¢y = L
(ui+u3)
U,
Sin ¢35 =

i
(wi+ul) ™

Uy
Sin 012 Cos 810= -R—l-;

uz
Sin 635 Sin ¢, = 'R—1—£

Rz 3

wi—ua; ‘

[(w2=u;) 2+ (wy-uy) 21%

(9-10)

(9-11)
(9-12)

(9-13)

(9~14)

(9~15)

(9-16)

(9-17)

(9-18)

(9-19)
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. W2""U.2
Sin ¢g3 = X (9-20)
[ (wy=uy) 2+ (wy~uz) 2
And finally,
. wi=u;
Sin 6 Cos =

23 4’23 Ra3

wi-u;
Sin ¢ Sin = 9-21
23 923 Ry 3 ( )




CHAPTER X
PROCEDURE

First we had to find F = exp(-gu)-1l, so called Mayer
function. The spherical harmonic expansion of F in the space
fixed coordinate is
F(r,wjuy)=3 I Ef(lllzl,r)C(lllzl,mlmzm)YTi(wl)YTE(mZ)YT*(Q)

1, m

1, mp -
1" m (10-1)

where Ef(lllzl,r) are the expansion coefficients and by ortho-
gonality condition of C(1;1,1,m;m,m) which has been mentioned
before, and also because of the orthogonality of spherical

harmonics function

fawi ¥y (wi) Y (0y) = SRR (10-2)
mm

we can write

Eg(11151,x) = fgdélfgdezfgde3f22d¢lfzgd¢2fzgd¢3F(r,m1,mz)'

. m) my
C(lllzl,mlmzm)Yll(ml)le(mz)YT(Q) (10-3)

This is a six fold integral.

33
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Integration

Since this multidimensional integral cannot be evaluated
by analytical means, numerical integration processes must be
used. The methods generélly employed are based on the Pproduct
of Simpson's rule or the product of Gaussian formulae. While
these formulae can be applied to give the value of a multiple
integral correét to any accuracy, they are not the most econo-
mical formulae in the sense that a large number of integrand
function evaluations is needed. Since these evaluations are
the most time-consuming part of these computations, economy
is an important factor. Integration formulae which are exact
for multinomials over ﬁhe entire region of integration are.
necessarily more economical than the product formulae and can
be applied to the same accuracy by subdividing the integration
region.

The construction of a satisfactory multidimensional non-
product formula for a given hyper-region is a matter of some
difficulty and is in fact a problem in the theory of algebraic
eguations.

The required formula must have positive weights assoc-
iated with it in order to avoid loss of accuracy by cancella-
tion and all the integration points must lie entirely within
the integration region. Watfs has‘given a general third degree for-~
‘mula valid for the hypercube of side 2 and‘centered on the

(k) (k)

origin. Let zn(k) denote the point (o, , 02 cese ....cn(k))

of the n~dimensional Euclidean space, on, for k=1, 2, .....2n
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and
(k) _ X k
0pg-1 = (2/3)% Cos (2s-1) -nl
o§§)= (2/3)7% sin  (25-1) ’—‘ﬁ’l (10-4)

where S = 1,2,... ...n/2 , and when n is odd oék) = (—l)k//?-
If Sn be the hypercube of side 2 and the center at the origin

an integral over Sn may be evaluated by the formula.

The weight for each point'is 1/2n. We also used shift-
ing methods to get a more accurate answer. This method could
cut the computer time, except that in this 6-~fold inte-
gral £ = exp(~8u)=-1l, where u itself must be expanded in the
space fixed coordinate and again is 6-fold integral.

With shifting twice within 6 dimensions, we had to cal-
culate one point (n+2)*(n+2) which is 64 summations and
still the accuracy was poor. So what we decided was as fol-
lows. We calculated these coefficients of expansion in the
body fixed, then transferred them to the space fixed coordi-
nate by transformation formula (4-2. The spherical harmonic

expansion of the Mayer function in the body fixed cooxdinate

is
m m
F(rlzlwlrwz) = 41T§-1Ef(1'112m1r12)Y11 (wl)Y12 (wiz) . (10"5)
‘ 12
mi

The g(l,1,m,r;,) are the expansion coefficients to be
determined. For molecules with a plane of symmetry perpen-

dicular to the molecular axis, theEg(l;1omryp) are zero unless
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both 1; and 1, are even (homonuclear diatomics e.g.). For
heteronuclear diatomics Ef(lllzmr) both odd and even values
contribute. Multiplying both sides of (10-5) by YT:(w;)

* .
YTz(wz) where * indicates complex conjugate and 1lnte-

grating over wj; and w,

* I’ﬁ*(w )
fdwldwzg(rlz,ml,wz)YTl(wl)Yzz 2’ =4n l§12mEg(lllzm,r12%(lO-6)
* ' m ﬁf
fdlDIYTI (wl)YIJ?l (ml)fdszIilz (wz)le(wz)
1.
but fdwy‘f(w)y’f* (w) =6 6
1 11' mm'’
E 1 m*
g(1;1m,r15) = 5= fdmldmzYl;(wz)g(rlz,wl,mz) (10-7)

Dividing both sides of(10-7) by fdw; duw, g(rjauws)

Eg(1;1 om,r),) 1 fdwldwz¥Tf(m1)Y?2(mz)g(rlz,wl,mz)
Jdwydwpg(riaswy,wy) 4w Jdwidwsg(rjowy wjp)
(10-8)
where m; = -m,
and
Y1 () = ¥7(6,9) (10-9)

We can write the formula for g(r;,,w;,w,) with the same form
of expansion coefficient so we have equation (10-~7) in terms
of

' m
g(rizeiey) = 4v ) § o g(lilamr)¥) (01)¥)}(e2)  (10-10)
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The average of a property X(r;,,w;,w;) in a spherical shell

of radius between r;, and r;,+dr;, is defined by

Idwldwzx(rlz,ml,mz)g(rlz,ml,wl)

<X(r12,w1w2)>shell = (10‘11)

Idw1 dwz g(rlz,wl,wz)

Further, from (10-7) we have

1
(r12) = 77y fdwidey glriz,ug,0))

gOOO

Combine (10-10) and (10-11) to give

m* . m*

Y(1,1om ryp) = 47 g (r12)<tli(&1)yli(w2)> shell  (10-12)

000

Note this g

ooo(r) is the same go(r) expression for all

g(l;,1,mr,,) having 1, and 1, even up to {1;,l,,m} = {4,4,4}
and the additional terms with.lland 22even, m=o0 to {1;1,m=
{800} are tabulated in Appendix F of Reference l.

We had used the data of gooo(r) from Verlet where r),

goes from 0.7 up to 3.2.(We found the g for higher r;,

000
by extrapolation.)

Calculation of goF

As mentioned before, to calculate the expansion coef-
ficients of the F in the body fixed coordinate, we used

Simpson's rule to solve multiple integral. Since ¢, = 0

| m m
Ef(lllzm,rlz) = fdelfdezfdelF(rlz,wl,wz)Yli(wIYYQ:wz) (10-13) -
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w1= (81,¢1), wp =(87,0)

and F(I‘lz,wlpwz) = exp(—su(rlz,wl,wg)) -1

]

The potential U has been discussed before. B8 1/kT where

k is the Boltzmann constant.. This evaluation has been carried
out for two different conditions: T*= 1.277 and Q = 0.5;
Tf= 1.294 and Q = 1. Q is the quadrupole moment discussed in
" the potential chapter.

The YT(w) spherical harmonic functions have been calcu-
lated from 1 = 0 to 1 = 4 and in each calculation it has been
fit in.

By finding the coefficients of Ef(1112m1r12) and using
the conversion from body to spaced fixed coordinates, we couid
find the E.(1;151,r;5) where |1;-1,[<1<(1;+1;) and later we
were able to find g®(r;,)*E;(1;1,1r;,) for each r;, from 0.7
to 3.2 with dr = 0.04 when 94 is at reduced density of 0.85.
Pages 55 to 67 show some results for Ef.

After having reduced the gOEf(lllzl,rlz) for reduced
density of 0.85and two different temperatures and quadrupole
moments, we are able to calculate the E.(1;1,1,r;;)and the space
fixed spherical harmonic expansion coefficients of direct
correlation function h(rlz,wl,wz).  Simﬁlation.results |
are given by Dr. Haile in his dissertation (7) for 1, = 0 to 4,
l, = 0 to 4 and m going from negative of 1; or 1, up 1l; or 1l

depending on which one is smaller.
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Now since
g(1112 m RIZ) = h(1112 m R12) -1

by transferring the body fixed to space fixed coordinates,

we were able to calculate all Eg(lllzl,rlz) from 1, = 0 to 4
and 1, = 0 to 4 for r starting from 0.7 up to 3.2 with dr =
0.025. The only difference here is the dr in both coeffi-
cients of Ef(lllzl,rlz) and Eh(lllzl ri,) which we took care
of by changing our dr from 0.04 to 0.025. In'Table 1.2, some
values for g(l;1, m rj,) and g(1l11,1 ry,), Eh(lllzl ry,) are

given.



CHAPTER XI
CONVOLUTION PART B
We can arrange the formula for Y and write

(%ﬁ%%% - 1) =1 I E (TiT,,T,R;p)c(T,T,,T,m,mm) -
1, my
1l my
m

ml m

2 * -
Y, ()Y () Y] (212) (11-1)

Also for h (13), we had

my m3
h(l3) = ¢ Eh(lllzl,Rl3)C(11131,m1m3m)Y1 (wl)Yl (wz)'
1, my : 1 3
l3 mg
nm

Y?(ng) (11-2)

For g°F(23), we can write

g°F (23) = Eg(15151' /R32)C (1515 ,mamom’) (11-3)

L) -~

I I
lam

=

o Na We
=

- M=

-
=

ms m; m'*
Y (w3)Y (02)Y  (232)

1g 13 1}

Now we substitute for gof(23) and h(13) to get <h*(13)gof(23)>w
3'

40
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By definition of <.....>w, and using the orthogonality

condition for both spherical harmonic functions and Clebsch

Gordon coefficients, we have

<h*(13)g°f(23)>w3 = Jdw3 T I Ep(1;131,Ry5)C(L;1;51,mmym)

1, m
13 m3
I m
m¥ m¥ '
Y )Y (eg)¥Te1s) T T B (13151 ,Rsp) (11-4)
S
1, m,
) 1'm'

C(13151 ' mimy) Y™ (w3) Y2 () Y™ *(035)
13 1, 1!

Since

mg m3

JAwiY '(wg)Y*ls(wg) =’£%-6 8 '
‘ 13 1'313m3m3

(11-5)

The only non-zero term will be when l3=13 and m3= m; and the

average will be

I I I, X Ep (13131,Ryp)°
11 m4 1.2 m_«,_

13 mg 1' o

l m

<h* (13)g°F (23) sug= 2o

. . ] \j 1 .
Ef(l3121R12)C(lalzl,mamzm)c(lllzl m m m) (11-6).

. mJg m,
Y’l“’f(mlw’fmlg)yl"f(mzwlfmgz)
2
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Furthermore, we also had for

=1 +ffd313d913<h*g°f>w3R§3

Nr<

o]

~or by substitution for

<h*gof>m3

Y(12) _ 2 . )
Vo -1 = f% de13R13d013 Sin 913d¢13 2‘ E‘ I I .
: 17 1; my m'
1'1l3m md
1 m

1

' : ! . *
Eh(lll3l,R13)C(1113lm1m3m)Y?§(ml)YTz(m2)¥T(912)Y?1 (932)-

C(l31,1 mamym' ) (11-7)
From this equation one can have
M,
Y(12) -
fdwlY (ml)( -1l)=13:% ¢ E (LIlZlIRIZ)'
L Y (12) - - Y
1 o 1, m,
1l m
— —_——m m* M
C(Lllzl ﬂlmzm)Yﬂz(mz)YT (912)(—1) (11_8)
1, 1
Il = Ll
my = M
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So one can substitute for the left hand side of (11-8) and

integrate over dw,. The non-zero terms occur when
1; =1

my =M

‘421;‘ S8R, 3R§3d913 Sin 633d¢ I f T I Eh(L113l,R13) ‘
1 1, m m
1 1 m n'

] l*
C(L113M1m3m)Ym'2 (MZ)YI;(le)Ym (932) (11—9)
15 1’
: ] mg
Again we can multiply eguation (11-8) by YLé(wz) and integrate

over dw, to have

*
Saup¥y2 (wz) fduy Tl (- - 1) =

(11-10)
o

=~
B~

— — -— _m*
EY(LILZJ‘!RIZ) C(Llel,Elem)Yin_ (912) ('-l)Ml
' 1

which gave us I,=L, and m,=M,. Substituting in (11-7) we have on

the R.H.S.

Z‘)- de13R13 »Sin 913d¢13 I ¥ I I Eh(legz 'R13)22, (913)'
™ [} m 2 m' :
. 3 3
£ m

1 * . :
Yo, (232)Eg(13L,1' \Ryp)C(13Lot' ,maMpM') (11-11)
where 1; = Lj

. |
my

My
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Again on the R.H.S. of equation (11-10) we have

(-1)M EY(LlLZT,Rlz)c(LlLZT,glmzﬁ)yf*(nlz) o (11-12)
I

s &
11

When we multiply both sides of equation (11-12) by Y%(le? and

integrate over 2,,, we have

fdgleii(le)fdszlg; (0)2) fdwlyréi (ml) ('Ygz "'l) =

M
(-1) IEY(LILZL,RIZ)C(LleL,glmzm) (11-13)

where here again I = I, and m

M. And from equation (11-11) the

R.H.S. gives

4=/ARy 3R) 3401 351in%0, d¢ d6,, Sin 6;,d¢;; *

D S N X Eh(L113l,R13)Ef(l3L21',R32)’
l3mg 1'm' .
m

C(;.'1131,M1m3m)c(13L21' ,mgMzm')YT(Ql 3) 2",(932)7

Yﬁ(ﬂlz) (11-14)
Finally, the result would be

(‘I)MIEY (LjLyL,Ry2)C(LL,L, M MpM) =

J% JAR;3R13d0;3 Sin 6,3d¢13d46;2 :5in 6;2d¢;2
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z X ) z Eh(L113l,R13)Ef(12L3l' ,R32) *
13 m3 1' m'-

C(Lllal,M1m3m)C(l3L21 ',mgMzm' )le(nl 3) *
'
Y (ﬂaz)Yii(le)
1

This is a 5 fold integral which must be computed by computer.

EY (L1L2TR1 2 )C (Lle.IMle;n-)

RHS = %

1

m

Mliﬁk - —
(-1) ¥_ (212) = I I E,(LjLpIR ,)C(L LIM M m):
1 m 1l
(1)t 2ty (T 1y i PM(y= Cos )
4 (Tim)'s e 1

= -‘Ip;de13R13d613 Sin 6136({)13 z z Eh(Ll'Q'Z'Q'Rl3) .
13 mg3 }
1]_ msy
l m

C(L1'13ll‘£1m3m) Ef (13L21 'R32)C(13L21 'mstm') °

' M,
U T (232) (-1)

In the special case when

q) =

12 r9,, =0

’ 612 =0

LYV E

6, =
12
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1l 2 1+1
EY(.llemlRlz), = i ;:'( e );i EY(,lllzll Rlz).

C(1;1,1 mym;0)

. o_ (1l %
since Yo (Z?)

= (20410 %
Yy (8,4) = (55

(l-m) !, % . im¢._m, _
((l+m)1) e Pl(x_ Cos 9 )

where

P?(x) = (-1)™ Ssin o)™ G- 1) £+m(x2-l)l

. ol o
In the case when

$12 =0

612 = 0

T+1)% (T-m) !

Y (012,412) = YE(0,0)==(24“ — .1. 0
1 1 ( &m) !

for m # 0

For ¢,, =0 m =0 8,, =0

M, = -M,,C(L L,2M M,0) = C(L L %M M 0)

But Po(x) =1,

P;(x) = x
Py(x) = 5(3x2-1) =1 as x =1

P3(X) S et
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So

RHS - Ey(lllzg R12) -+ EY(1112m1R12)

-T+7=0 only

=]
1l

RHS = 47 E,(L;LyM)r;,) for ¢;, = 0 and 8;, = 0, depending

on which value of M was chosen.



CHAPTER XII

FOURIER TRANSFORMATION

In the convolution chapter we saw a five fold integral
is existing which takes lot of computer time. So we decided

to use Fourier transformation in order to cut the time.

Assume
- Y(l2) - - . tyn tqn t_n
l" mll
1 m
1] 1"
Y ()Y, (02) Y] (252) (12-1)
1 1
Also
Y (12)
B(12) = —=21— - 1 = prd 3 h(13)g £(32)
Yo(rxz) o
= 4= /a%; h(13) = g_£(32) (12-2)
And
- ~ my ma
B(k) = I I I Ey(1;1,1,k)z C(lllzl,mlmzm)er(ekdnk)Yl (01) ¥ (05)
11121 m, 2 2
my
Ey(1;1,1,k) = 11(41:)2’&:: r23, (kr)Ey (1;151,1) (12-3)

where J, (kr) is the spherical Bessel function and B(k) is the

Hankel transformation of B(12).

48
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Now
m; mp

zn c Y, ley? = & ((2E, (1{131'%)C(1}151)m],mjm') -

yml(ml)ym2(wz)ym ) (SEg (1) 13 1",k)c(1] 1 1",k,m] mp m)*

" ] " ml =m ]
Y2 (03)¥"2 " (up)¥™ )} implies |
11 12 1 12 = 1 1
also
ik+ (R, .~R_ ) ik*R;3 =~ ikR
I, 13 732°dR,,= SdRy, 1 13 1 32
and
ik- Ryz - lkRgz
FdR;3dR;, h(13)g®£(32) 1 1 =
ik"Ri3 o -ik*R3,
del 3h(l3) 1 de329' f(32) 1
-~ . m, mo
= IE,(11131,%)C(11171'mmmY¥ (w)¥ (w3)Ym (6. ¢
h 1i 1 k k

EE£ (17 13 1",k)C(1] 1p 1,,m) mp m') »

m) my m;
Y (w3)Y (wp) ¥, =(8,4,)
1; l; 1, "'k'k



1gig!T = T 303 !T = (T~ x)_(Byilte

1 axaUuM
¢ Lr
xp, ‘T Ly 1
- X — =
1072 () 7 sl ) = o

X

0 = YFT 0 # Ex usy3 ‘0 = 6 397 %X¢xe)£x Je 30OT oM JI

<
{TRL(T-) (3¢ Ta=TasZr ulwo
\

. T
L% uTwyZaz TR{T¢Ta ATpTw wyoixTrlu wy g z 3 =X
~ *IY v

= YK(‘(‘\ﬂTum)O(bf'[qu)KYT
uay3
A YA
(Zo) Uz (T-) = (%m) Uz
%0 Cq x0
20UTg
A = CAm u = °u z
1
sattdutr  { () _ "X
i = Id w = fw v Ty
ey
T
.(Zm)z Yz (ZyZalasTrZulu)p (3 Srlulu) ¥ g3 () Tx
a Ty
T
»
T
C(Tm) R (T TaTas Tputuy o (g tutuy B "2 - =
v
. 1
) u ur
(0 ¢& 0 (AT K (T w o (‘T u wytag

OSTV
0s
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S0

o _ ,2 1+l . %
Yy = g
Then

2 141 %

A _ YA _ _
Yl(6k¢k) = Yl(0,¢k) = ( y when A = 0

. 2 14 -
£ Egmn 1,k)Cmn Ly v o)( 43: L% _ 4 Eg(m n u k)

where ﬁy(mnpk) is in body~fixed coordinates.

- 'y - .
4m E,(m n u k) = 2y 4 Ep(mmy w k)

B (nnuk)* (-1)V} (4n)2

ox

Eglmn u k) = o3 B (mn; uKES(mnvk) (-1)"

SO

= ' ! " m " ' :
E (1 1'm k)= PL, E (11 ox{-1)" E.(1" 1'mk)

where

E.(m n 1,k) il(4n)7dr r? J.(kr)E.(m n 1,x)
£ o 1 £

Ef(mn 1,k = (-1 itan) Jar x® 3 () Ex(m n 1,x)
and

1

Eg(m n l,k) = {-<1) Ef(m n 1,k)



CHAPTER XIII
COMPARISON

In order to compare our results with previous work,
we chose Dr. Haile's (18) since we have EY(lllzm-r) and Dr.
Haile's data are Eg(lllzm r), so we transferredour data as
follows.

Since

Y(12) _ . = )
¥O(r;q) 1l =4r iz EY(l Im r)Y?(wl)YTsz) (12-1)

or

g(12)e"

Bu, _
oEST— - 1=4r By 1l'm r)Yl<w1)YT§w2) (12-2)

and

— —Bu Bu
g(l2) = go(rlz)(4n LT Ey(l 1'm r)YT(wl)Y? (wg)e- a4 go(r,,)e

. Uy . . .
Expanding g @ in spherical harmonic, we have

g(12) = g%(r1p) (4752E, (1 1'm x)¥]¥Y™) (4rZzE (L L'M r)¥pY)
ll U e !

L
o Bug
+ge
Expand the left hand side
' ' 1 Ul
4nZ£Eg(AA ur)Yle-— L.H.S.
k*_ k*

Multiply both sides by YA Y and integrate over dw1 and dwj

A.'
we have
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E (A ANkr) =g°()(4m): £ £ TE(LLMTI).
g L M 1 m *
L' 1

B(1 I'm 1) fdupfdup Yy () ¥ (0g) Y] (w) Y™ (ug)®
L' 1'

k* k* o
Y, (0g) ¥ (w, kg E, (A A k 1)

T I I I
LMI1lm

L' 1!

! — (o} ] 1 .
Eg(A &' k) = ¢%(x) E (L L' M MNE( 1'n 1)

(2 L+1) (2 1'+1) (2 1'41) (2 1+1)]%

(2 T+1) (Z1+D) C(L 1A , M,m,k)°

C( 1l Aa,000)C(L'L'A ,Mm'k)C(L'L'A",0 0 0)
o '
+g (r) E (4 A’k x)

Here Eu(l 1mr) = E.(l1l'mx)
ifll'm#o o o
and if 1 I'm=o0 0 o

Ef(ooor)= Eu(ooor)-l.

In the coming pages we show our results for Ef(z1 L, m r),
Ey(R.1 22 m r) and Eg(JL1 zé m r) at different temperatures and

quadrupole moments. Conclusions are given on page 150.
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