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EVALUATION OF RISKY, INTERTEMPORAL 

IMPERFECTLY CORRELATED CASH FLOWS

CHAPTER I 

INTRODUCTION

C a p i t a l - b u d g e t i n g  i s  a s u b s e t  o f  f i n a n c i a l  management t h a t  i s  

concerned  w i th  th e  e v a l u a t i o n  o f  l o n g - t e r m  inves tm en t  c h o i c e s .  In 

g e n e r a l ,  c a p i t a l - b u d g e t i n g  a n a l y s i s  i s  conce rned  w i th  the  development 

o f  d e c i s i o n  r u l e s  t o  s e l e c t ,  e v a l u a t e ,  o r  rank  rea l  a s s e t  o p p o r t u n i t i e s  

on the  b a s i s  o f  expec ted  r e t u r n  and r i s k .  These d e c i s i o n s  r e c e i v e  con­

s i d e r a b l e  m anager ia l  a t t e n t i o n  because  t h e  in v e s tm en t  o p p o r t u n i t i e s  r e ­

q u i r e  a l a r g e  commitment o f  r e s o u r c e s ,  the  e f f e c t s  o f  t h e  d e c i s i o n  ex ­

t e nd  well i n t o  th e  f u t u r e ,  and th e  d e c i s i o n s  a r e  d i f f i c u l t  t o  r e v e r s e .

Problem I d e n t i f i c a t i o n  

The o b j e c t i v e  o f  t h i s  s t u d y  i s  t h e  development o f  a c a p i t a l - 

budge t ing  model t h a t  e x p l i c i t l y  c o n s i d e r s  t h e  impact  o f  i n t e r t e m p o r a l ! y 

c o r r e l a t e d  c a s h  f lo w s .  T r a d i t i o n a l  c a p i t a l - b u d g e t i n g  r i s k  a n a l y s i s  

o f t e n  assumes in t e r t e m p o ra l  independence  o r  u t i l i z e s  a s i n g l e - p e r i o d  

marke t  model .  An im por tan t  a s sum pt ion  o f  t h i s  s tudy  i s  t h a t  i n t e r t e m ­

po ra l  c o r r e l a t i o n s  c o n t r i b u t e  t o  t h e  t o t a l  r i s k  o f  a c a p i t a l - b u d g e t i n g
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p r o j e c t .  T h e r e f o r e ,  r i s k  a n a l y s i s  te chn iques  t h a t  assume in t e r t e m p o r a l  

independence  may u n d e r s t a t e  t h e  t o t a l  r i s k  o f  a p r o j e c t .  F a i l u r e  to  

c o n s i d e r  a l l  a s p e c t s  o f  r i s k  may le a d  to  i n c o r r e c t  s e l e c t i o n  and ranking  

d e c i s i o n s  t h a t  a d v e r s e l y  a f f e c t  the  va lue  o f  t h e  f i r m .

Overview o f  S o l u t i o n  Methodology

Chapter  I I ,  Review o f  R e la ted  L i t e r a t u r e ,  p r o v i d e s  a compre­

h e n s iv e  rev iew  o f  e x i s t i n g  methods o f  r i s k  a n a l y s i s .  Two broad  c l a s s e s  

o f  s o l u t i o n  te c h n iq u e s  a r e  p r e s e n t e d :  v a r i a t i o n s  o f  p r e s e n t  v a lu e  

a n a l y s i s  and p o r t f o l i o  o r  m a rke t  models .  Within t h e s e  c l a s s e s  t h e r e  

e x i s t  many d i f f e r e n t  ap p ro a c h e s  t o  r i s k  a n a l y s i s .  D i s s a t i s f a c t i o n  with  

t h e  e x i s t i n g  methods o f  r i s k  a n a l y s i s ,  when th e  cash  f low s  a r e  i n t e r ­

temporal  l y  c o r r e l a t e d ,  m o t iv a t e d  t h i s  r e s e a r c h  to  i d e n t i f y  a c a p i t a l -  

b udge t ing  model t h a t  e x p l i c i t l y  c o n s id e r s  t h e s e  i n t e r r e l a t i o n s h i p s .

Chapters  I I I  and IV deve lop  and e v a l u a t e  a m u l t i v a r i a t e  c a p i ­

t a l - b u d g e t i n g  model. The m u l t i v a r i a t e  approach was s e l e c t e d  to accom­

modate a u t o c o r r e l a t e d  c a s h  f l o w s .  M u l t i v a r i a t e  s t a t i s t i c a l  methods 

have been developed to  s i m u l t a n e o u s l y  ana lyze  dependence s t r u c t u r e s .  

C a p i t a l - b u d g e t i n g  a n a l y s i s  r e q u i r e s  a m o d i f i c a t i o n  t o  t r a d i t i o n a l  mul­

t i v a r i a t e  p rocedures  t o  accommodate d i f f e r e n c e s  in  t h e  t im in g  o f  th e  

cash  f lo w s .  The e lem en t  o f  t im e  i s  accommodated by t r a n s f o r m i n g  th e  

c a s h  f low d i s t r i b u t i o n  t o  p r e s e n t  t im e .

The assumption  o f  n o r m a l i t y  i s  c r u c i a l  to  t h e  development o f  

t h i s  m u l t i v a r i a t e  c a p i t a l - b u d g e t i n g  model. With m u l t i v a r i a t e  normal ly  

d i s t r i b u t e d  cash f lo w s ,  a n a l y s i s  o f  c a p i t a l - b u d g e t i n g  r e t u r n  and r i s k  

r ed u ce s  to  t h e  e v a l u a t i o n  o f  a mean v e c t o r  and a v a r i a n c e - c o v a r i a n c e  

m a t r i x .



The expec ted  n e t  p r e s e n t  v a l u e  i s  a w ide ly  a c c e p te d  measure o f  

r e t u r n .  The expec ted  mean c a s h  f low s  a r e  d i s c o u n te d  a t  t h e  r i s k - f r e e  

r a t e  t o  accommodate d i f f e r e n c e s  in  t im in g .

Risk i s  d e f i n e d  as  t h e  v a r i a b i l i t y  o f  t h e  f u t u r e  cash  f low 

s t r e a m .  With such a g e n e r a l  d e f i n i t i o n ,  t h e r e  i s  c o n s i d e r a b l e  c o n t r o ­

v e r s y  a s  t o  the  most a p p r o p r i a t e  r i s k  measure .  In t h e  c a s e  o f  the  u n i ­

v a r i a t e  normal d i s t r i b u t i o n ,  t h e  v a r i a n c e  and th e  s t a n d a r d  d e v i a t i o n  

can  be shown to  have d e s i r a b l e  s t a t i s t i c a l  p r o p e r t i e s .  With th e  assump­

t i o n  o f  a m u l t i v a r i a t e  normal d i s t r i b u t i o n ,  the v a r i a n c e - c o v a r i a n c e  

m a t r i x  i s  t h e  m u l t i v a r i a t e  e x t e n s i o n  o f  t h e  u n i v a r i a t e  v a r i a n c e .  The 

v a r i a n c e - c o v a r i a n c e  m a t r i x  i d e n t i f i e s  t h e  t o t a l  v a r i a t i o n  a b o u t  th e  

c e n t r o i d  o f  the  m u l t i v a r i a t e  normal d i s t r i b u t i o n .

M u l t i v a r i a t e  d i s t r i b u t i o n s  may be e v a l u a t e d  g e o m e t r i c a l l y  us­

ing  i s o d e n s i t y  e l l i p s o i d s .  T h i s  geom e t r ic  r e p r e s e n t a t i o n  le n d s  con­

s i d e r a b l e  i n s i g h t  to  t h e  i n t e r r e l a t i o n s h i p s  d e p i c t e d  by t h e  v a r i a n c e -  

c o v a r i a n c e  m a t r ix .  C a p i t a l - b u d g e t i n g  problems o f t e n  r e q u i r e  ranking 

o f  a l t e r n a t i v e  in v e s t m e n t  o p p o r t u n i t i e s  in  terms o f  r e t u r n  and r i s k .

The v a r i a n c e - c o v a r i a n c e  m a t r i x  d e p i c t s  t o t a l  v a r i a b i l i t y ;  however, 

t h e r e  i s  c o n s id e r a b l e  d i f f i c u l t y  comparing m a t r i c e s .  Because o f  th e se  

d i f f i c u l t i e s ,  s c a l a r  r e p r e s e n t a t i o n s  o f  the  v a r i a n c e - c o v a r i a n c e  s t r u c ­

t u r e  a r e  needed.

The remainder  o f  t h i s  s t u d y  w i l l  develop  and e v a l u a t e  t h r e e  s c a l a r  

m u l t i v a r i a t e  r i s k  m easure s :  1. v a r i a n c e  o f  the  n e t  p r e s e n t  v a lu e  d i s t r i ­

b u t i o n ;  2.  volume o f  t h e  i s o v a r i a n c e  e l l i p s o i d ;  and 3.  g e n e r a l i z e d  v a r ia n ce  

Which i s  t h e  d e t e rm in a n t  o f  t h e  v a r i a n c e - c o v a r i a n c e  m a t r i x .  Each meas­

u re  w i l l  be developed a l g e b r a i c a l l y  and g e o m e t r i c a l l y .  S t a t i s t i c a l



p r o p e r t i e s ,  c a p a b i l i t i e s ,  and l i m i t a t i o n s  o f  each measure w i l l  be 

e v a l u a t e d .  F i n a l l y ,  t h e  s c a l a r  measures  w i l l  be compared to  i d e n t i f y  

th e  p r e f e r r e d  s c a l a r  m u l t i v a r i a t e  r i s k  measure .

L im i t in g  Assumpt ions  

Throughout  t h e  s tu d y  many a s s u m p t io n s  w i l l  be made t o  f a c i l i ­

t a t e  the  development o f  th e  m u l t i v a r i a t e  c a p i t a l - b u d g e t i n g  model .  The 

most i m p o r t a n t  a s sumpt ions  a r e

1. A s s e t - b y - a s s e t  s e l e c t i o n  methods  a r e  a p p r o p r i a t e  f o r  s e l e c t ­
i n g  and ran k in g  c a p i t a l - b u d g e t i n g  p r o j e c t s .

2. I n t e r t e m p o r a l  c o r r e l a t i o n  c o n t r i b u t e s  s i g n i f i c a n t l y  t o  t o t a l  
r i s k .

3. Timing o f  t h e  cash  f low s t r e a m  must  be accommodated.

4. D e c i s io n  makers v a l u e  r e a l  a s s e t s  in  terms o f  tw o - p a r a m e te r s ,  
r e t u r n  and r i s k .

5. M u l t i v a r i a t e  normal d i s t r i b u t i o n  i s  an a p p r o p r i a t e  model o f  
c a p i t a l - b u d g e t i n g  c a s h  f lo w s .

6. R i s k - f r e e  r a t e ( s )  f o r  f u t u r e  p e r i o d s  i s  ( a r e )  known.

7. P r o j e c t  u s e fu l  l i f e  i s  known.

8 .  D e c i s io n  makers a r e  c a p a b l e  o f  e s t i m a t i n g  e i t h e r  t h e  p r o b a b i l ­
i t y  d i s t r i b u t i o n  o f  f u t u r e  cash  f lows  o r  t h e  r e l e v a n t  moments 
o f  t h e  p r o b a b i l i t y  d i s t r i b u t i o n .

9. I n t e r t e m p o r a l  c o r r e l a t i o n s  v a ry  from independence  t o  p e r f e c t  
p o s i t i v e . c o r r e l a t i o n .

10. A l t e r n a t i v e  c a p i t a l - b u d g e t i n g  p r o j e c t s  a r e  s i g n i f i c a n t l y  d i f ­
f e r e n t  and can be m e a n i n g f u l l y  o r d e r e d .



CHAPTER I I  

REVIEW OF RELATED LITERATURE 

In t r o d u c t i o n

The th e o ry  o f  a s s e t  s e l e c t i o n  under c o n d i t i o n s  o f  p e r f e c t  c e r ­

t a i n t y  has been well deve loped  and r e a d i l y  a c c e p te d  by t h e  f in an c e  com­

m u n i t y . i  The e s s e n t i a l  a s s u m p t io n s  o f  the c e r t a i n t y  models  a re :  ! . .  p e r ­

f e c t  c a p i t a l  m a rk e ts ;  2. com ple te  and c e r t a i n  knowledge a b o u t  inves tm en t  

ou tcomes ;  3.  independence o f  a l t e r n a t i v e s ;  and 4.  i n d i v i s i b l e  inves tment  

p r o j e c t s .  The above a s su m p t io n s  d e s c r i b e  an id e a l  s i t u a t i o n ;  u se fu l  f o r  

academic s t u d y ,  bu t  u s u a l l y  q u i t e  d i f f e r e n t  from th e  " r e a l  wor ld" .

An approach t o  s tu d y in g  more d i f f i c u l t  o r  more complica ted  s i t ­

u a t i o n s  i s  t o  s t a r t  w i th  t h e  most s imple  c a s e ,  the n  r e l a x  the  s i m p l i f y ­

ing  a ssum pt ions  to  deve lop  a more r e a l i s t i c  model .  Under c o n d i t io n s  o f  

p e r f e c t  c e r t a i n t y ,  t h e  t h e o r e t i c a l l y  a c c e p ta b l e  app roach  to  c a p i t a l  bud­

g e t i n g  a n a l y s i s  i s  t h e  use  o f  d i s c o u n te d  cash f low methods (DCF). Given 

th e  f u t u r e  cash  f lows a s s o c i a t e d  w i th  accep tance  o f  a p r o j e c t ,  th e  p r e s ­

e n t  v a lu e  o f  t h e s e  cash  f lows a r e  computed and th e  p r e s e n t  value o f  the

^Haley,  C. W. and S c h a l l ,  L. D. (1973) The Theory of Finan­
c ia l  Decisions. New York: McGraw-Hil l ,  Inc.  C h a p te r s  2 and 3, pp. 15-
72. In th e  second e d i t i o n  (1979) a d i s c u s s io n  o f  a s s e t  s e l e c t i o n  w i th  
p e r f e c t  c e r t a i n t y  w i l l  a l s o  be found in  Chapters  2 and 3.



b e n e f i t s  a r e  compared to  the  p r e s e n t  v a l u e  o f  the c o s t .  The a p p r o p r i a t e  

d e c i s i o n  r u l e  then  i s  to  a c c e p t  a l l  p r o j e c t s  t h a t  have a p o s i t i v e  n e t  

p r e s e n t  v a l u e  o r  a c c e p t  i f  t h e  p r e s e n t  v a lu e  of  the  b e n e f i t s  i s  g r e a t e r  

tha n  o r  equa l  to  t h e  p r e s e n t  v a l u e  o f  t h e  c o s t .  See Robichek and Myers^- 

and Haley and S c h a l l ^  f o r  a d e t a i l e d  d i s c u s s i o n  o f  f i n a n c i a l  d e c i s i o n  

making w i th  p e r f e c t  marke ts  and c e r t a i n t y .

The o b j e c t i v e  o f  d i s c o u n t i n g  i s  t o  account  f o r  t h e  d i f f e r e n c e s  

in  t h e  t im in g  o f  the  cash  f lo w s .  The a p p r o p r i a t e  d i s c o u n t  r a t e  i s  th e

o p p o r t u n i t y  c o s t  o f  funds  (a premium f o r  w a i t i n g ,  o r  Time Value  o f

Money). The DCF a n a l y s i s  t r a n s f o r m s  t h é  f u t u r e  cash  f lows i n t o  t h e i r

p r e s e n t  t im e  e q u i v a l e n t .  As long  a s  t h e  assumptions  o f  p e r f e c t  c e r t a i n ­

t y  a r e  met,  d e c i s i o n s  using th e  DCF r u l e  w i l l  r e s u l t  in  e i t h e r  m a in ta in ­

ing o r  i n c r e a s i n g  t h e  value o f  t h e  f i r m ;  w i th  the  amount o f  i n c r e a s e  in 

v a l u e  equal  to  the  n e t  p r e s e n t  v a l u e  o f  t h e  p r o j e c t .

Re lax ing  t h e  s t ro n g  a s s u m p t io n s  o f  p e r f e c t  c e r t a i n t y  r e s u l t s  in 

th e  need f o r  more s o p h i s t i c a t e d  c a p i t a l  budgeting a p p ro ac h es .  The most 

commonly a n a ly zed  d e p a r t u r e  from p e r f e c t  c e r t a i n t y  i s  t h e  u n c e r t a i n t y  

a s s o c i a t e d  w i th  t h e  f u t u r e  b e n e f i t s  and c o s t s .  T h e r e f o re ,  t h e s e  f u t u r e  

cash  f lows must  be e s t im a ted  and e v a l u a t e d .

A broad  c l a s s  o f  a n a l y t i c a l  t e ch n iq u es  have been developed  to 

s tu d y  t h e  c a p i t a l  budget ing d e c i s i o n .  In g e n e r a l ,  t h e s e  s o l u t i o n  meth­

ods focus  on two a s p e c t s  of  the  d e c i s i o n  -  an a n a l y s i s  o f  th e  r e t u r n  to

ZRobichek, A. A. and Myers,  S. C. (1965) Optimal Financing 
Decisions. Englewood C l i f f s ,  New J e r s e y :  P r e n t i c e - H a l l . pp.  9-16.

^Haley and Schal l  (1973) C h a p te r s  2 and 3.



t h e  owners and th e  r i s k  o r  u n c e r t a i n t y  in  t h a t  r e t u r n .  Here r i s k  i s  de­

f i n e d  a s  t h e  v a r i a b i l i t y  o f  the  f u t u r e  cash  f lo w s .  The remainder  of 

C hap te r  I I  w i l l  s y s t e m a t i c a l l y  rev iew models t h a t  i n c o r p o r a t e  r i s k  and 

r e t u r n  in  f i n a n c i a l  d e c i s i o n  making.

P r o b a b i l i s t i c  Models

Academics and b u s in e s s  p r a c t i t i o n e r s  have lo n g  recogn ized  t h a t  

t h e  r i s k  a s s o c i a t e d  w i th  c a p i t a l  e x p en d i tu re s  i s  a s i g n i f i c a n t  dimension 

o f  f i n a n c i a l  management. The f i n a n c e  l i t e r a t u r e  f o r  t h e  p a s t  twenty 

y e a r s  has been dominanted by models  and/or  p ro c e d u re s  t h a t  e x p l i c i t l y  

s t u d y  t h e  impact  o f  r i s k  under  va ry ing  a s s u m p t io n s .  The g o a l s  o f  the se  

s t u d i e s  have been tw ofo ld :  1. to  r i g o r o u s l y  s tu d y  th e  im pact  o f  r i s k

on d e c i s i o n  making,  and 2. to develop t e c h n iq u e s  t h a t  can  e a s i l y  be 

u sed  in  th e  f i e l d .

M i l l i e r ^  deve loped  a p r o b a b i l i s t i c  approach  t o  the c a p i t a l  bud­

g e t i n g  problem. Recogniz ing  th e  random n a t u r e  o f  f u t u r e  cash  f low s ,  he 

deve loped  the  P r o b a b i l i t y  D i s t r i b u t i o n  o f  Net P r e s e n t  Value.  More 

s p e c i f i c a l l y ,  he assumed t h a t  t h e  pe r iod ic  cash  f lo w s  a r e  normal ly  d i s ­

t r i b u t e d .  Relying on t h e  C e n t ra l  Limit  Theorem, he a rg u ed  t h a t  the  cash  

f l o w s ,  as  sums o f  random v a r i a b l e s  would be d i s t r i b u t e d  normal o r  n e a r ly  

n o rm a l .

Given th e  assum pt ions  a b o u t  the cash  f lo w s ,  t h e  expec ted  p res ­

e n t  wor th  may be d e f in e d  a s :

‘̂ H i l l i e r ,  F. S. (1963) "The D e r i v a t i o n  o f  P r o b a b i l i s t i c  
I n f o rm a t io n  f o r  th e  E v a l u a t i o n  o f  Risky I n v e s t m e n t s , "  Management Sci­
ences. Vol.  9: pp. 443-457.



“ ’ " ■ ' - ■ À  i d ?
( 1)

where i s  t h e  mean cash  f low d u r in g  t h e  j t h  y e a r  and i i s  th e  r a t e  o f  

i n t e r e s t  which p r o p e r l y  r e f l e c t s  t h é  d e c i s i o n  makers time v a lu e  o f  mon­

ey.  Using a d e c i s i o n  r u l e  based on r e t u r n  a l o n e ,  i f  > 0 ,  t h e  i n v e s t ­

ment sh o u ld  be made s i n c e  t h i s  c h o i c e  would i n c r e a s e  the  expec ted  t o t a l  

w ea l th  o f  t h e  f i r m  g iven  t h a t  i r e p r e s e n t s  t h e  o p p o r t u n i t y  r a t e  o f  r e ­

t u r n .

Extend ing  h i s  work t o  e x p l i c i t l y  c o n s i d e r  r i s k ,  H i l l i e r  s t u d i e d  

t h r e e  c a s e s :  1. i n t e r t e m p o r a l l y  i n d e p e n d e n t  cash  f lo w s ,  2. p e r f e c t l y

c o r r e l a t e d  cash  f l o w s ,  and 3. a c om bina t ion  o f  1. and 2. w i th  some cash  

f lows in d e p e n d e n t  and o th e r s  p e r f e c t l y  c o r r e l a t e d .  These s p e c i a l  c ases  

r e s u l t  i n  d i f f e r e n t  v a lu e s  f o r  th e  s t a n d a r d  d e v i a t i o n  o f  the  c a s h  f lo w s .  

The s t a n d a r d  d e v i a t i o n  f o r  t h e  in d e p e n d e n t  c a s e  i s

n
Ï.

j= 0 ( l + i ) 2 j
( 2 )

w hi le  t h e  s t a n d a r d  d e v i a t i o n  o f  t h e  p e r f e c t l y  c o r r e l a t e d  ca se  i s

n
E

j=0 ( 1 + i ) '
(3)

Given f i x e d  v a l u e s  o f  Oj,  i s  s m a l l e s t  in  t h e  c a s e  o f  in d e p en d en t  

cash f low s  and l a r g e s t  f o r  p e r f e c t  p o s i t i v e  c o r r e l a t i o n .  The t h i r d



c a s e ,  t h e  com bina t ion  c a s e ,  r e s u l t s  i n  a measure o f  r i s k  somewhere be­

tween inde pendence  and p e r f e c t  c o r r e l a t i o n .

WagleS extended Hi 1 l i e r ' s a n a l y s i s  by i n c l u d i n g  c a s e s  where 

t h e  c a s h  f lows  a r e  l e s s  than  p e r f e c t l y  p o s i t i v e  c o r r e l a t e d .  Wagle then 

d i s c o u n t e d  t h e s e  v a r i a n c e s  and c o v a r i a n c e s  to a r r i v e  a t  a measure o f  

r i s k ,

n n a .  . ,
< 7 /  =  Z -^  + 2  Z ------------------------------ . ( 4 )

P t=0 ( l + i ) 2 t  t f V  ( l + i ) t + t

For a t h r e e  p e r i o d  p r o j e c t ,  t h e  v a r i a n c e  o f  t h e  n e t  p r e s e n t  v a l u e  can 

be w r i t t e n  e x p l i c i t l y  as

2 _ ^ ^ (V a r ian ce  te rm s)

P ( l + i ) ’ ( l+ i)"" ( l+ i )G

(5)

012 013 023 , ,
+ 2  r + ---------- + ------------  (C ovar iance  t e r m s )

( l + i ) 3  ( l + i ) 4  ( l+ i ) 5 j

To d e r i v e  t h e  d i s c o u n t e d  r i s k  m e a su re ,  the  v a r i a n c e  te rms  a r e  d i s c o u n te d  

by a f a c t o r  o f  2 t  and t h e  c o v a r i a n c e  te rms a r e  d i s c o u n t e d  by th e  sum of  

t h e  ex p o n e n t s  t h a t  r e f l e c t  t h e  t i m e  p e r i o d s .

With a u t o c o r r e l a t e d  cash  f l o w s ,  the  above d i s c o u n t i n g  p rocedure  

assumes t h a t  v a r i a n c e  and c o v a r i a n c e  terms can be combined in  an a d d i ­

t i v e  manner and r e s u l t  in  a meaningfu l  measure o f  t o t a l  r i s k .

^Wagle, B. (1967) "A S t a t i s t i c a l  A n a ly s i s  o f  Risk in  C a p i ta l  
In v e s tm e n t  P r o j e c t s , "  operational Research Quarterly.  Vol.  18: pp.
13-33.
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H i l l i e r ,  in  a l a t e r  paper® and a monograph?,  ex tended  h i s  

e a r l i e r  a n a l y s i s  t o  i n c lu d e  i n t e r r e l a t e d  p r o j e c t s .  Here,  he a n a ly zed  

both th e  r i s k i n e s s  o f  i n d i v id u a l  p r o j e c t s  and the  e f f e c t s  on r i s k  o f  

r e l a t i o n s h i p s  between p r o j e c t s  ( p o r t f o l i o s  o f  rea l  a s s e t s ) .  The s i g ­

n i f i c a n c e  o f  t h i s  approach i s  t h e  c o n t in u e d  expansion o f  t h e  p r o b a b i l i s ­

t i c  a n a l y s i s  t h a t  was developed  i n  h i s  e a r l i e r  work. H i l l i e r ' s ®  mono­

graph t r e a t s  t h e  f u l l  range  o f  t h e  r e a l  a s s e t  s e l e c t i o n  problem -  from 

th e  cash f low  e s t i m a t e s  to  combining a s s e t s  i n t o  f i r m s .  Much o f  t h i s  

work i s  an e x t e n s i o n  o f  W e i n g a r tn e r ' s ^  c l a s s i c  c a p i t a l  b u d g e t in g  work 

t h a t  employed l i n e a r  and i n t e g e r  programming, dynamic programming and 

d i s c r e t e  o p t i m i z a t i o n  models to a d d r e s s  t h e  problem o f  i n t e r r e l a t i o n ­

sh ips  between p r o j e c t s .

Popula r  Risk A djus tm ent Techniques

Risk A djus ted  D is c o u n t  Rates

Using p r e s e n t  va lue  models  w i th  u n c e r t a i n  cash  f l o w s ,  one needs

to  a c c o u n t  f o r  bo th  the  t ime v a lu e  o f  money and f o r  r i s k .  Two o f  t h e

most p o p u la r  ap p ro ac h es  t h a t  i n c o r p o r a t e  both time and r i s k  a r e  th e  

Risk A d jus ted  D isco u n t  Rate (RAD) and C e r t a i n t y  Equiva lence  (CE). Both

® H i l l i e r ,  F. S. (1971) "A Bas ic  Model f o r  C a p i ta l  Budgeting 
of  Risky I n t e r r e l a t e d  P r o j e c t s , "  Engineering Economist. Vol.  17: 
pp. 1-30.

? H i l l i e r ,  F. S. (1969) The Evaluation o f  Risky In te r re la te d  
Investments. Amsterdam: Nor th -Holland  Pub. Co.

®Ibid .

® W eingartner , H. M. (1963) Mathematical Programming and the
Analysis o f  Capital Budgeting Problems. Englewood C l i f f s ,  New J e r s e y :
P r e n t i c e - H a l l .
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methods a r e  c o n c e p t u a l l y  s im p l e  and f i n d  s i g n i f i c a n t  p r a c t i t i o n e r  sup­

p o r t .  The fo u n d a t io n s  o f  t h e  RAD approach t o  r i s k  a n a l y s i s  can  be 

t r a c e d  t o  t h e  p io n e e r  s t o c k  v a l u a t i o n  models  o f  W i l l i a m s i i ,  Gordon^^,  

and Solomon^s.

The v a l u a t i o n  models  o f  Gordon, f o r  example,  c a p i t a l i z e  f u t u r e  

e a r n i n g s  a n d /o r  d iv id e n d s  t o  a r r i v e  a t  an e q u i l i b r i u m  p r i c e  f o r  the  

s t o c k .  In t h e  s i m p l e s t  c a s e ,  c u r r e n t  p r i c e  i s

-  3
where

= income p e r  s h a r e  du r ing  p e r i o d  t ;

= p r i c e  o f  a s h a r e  a t  end o f  p e r i o d  t ;  

b = f r a c t i o n  o f  income r e t a i n e d  i n  e v e ry  f u t u r e  p e r i o d ;  

k = s t o c k h o l d e r s '  r e q u i r e d  r a t e  o f  r e t u r n ;  

r  = r e t u r n  on inves tm en t  th e  f i r m  es expec ted  to  ea rn  in  

e v e ry  f u t u r e  p e r io d .

Using t h e  Gordon model ,  one can d e t e rm in e  a r i s k - a d j u s t e d  d i s ­

c o u n t  r a t e  f o r  use  in c a p i t a l  budget ing  by s o l v i n g  f o r  k in e q u a t io n  6 

above ,  where

lOKlammer, T. (1972) "Empirical  Evidence  o f  the  Adoption o f
S o p h i s t i c a t e d  C ap i ta l  Budge t ing T echn iques ,"  journal o f  Business. Vol.
45 :  pp.  387-397.

l^W il l i a m s ,  J .  B. (1938) The Theory o f  Investment Value.
Cambridge,  Mass. :  Harvard U n i v e r s i t y  P re s s .

l^Gordon, M. J .  (1962) The investment. Financing, and Valuation
o f  the Corporation. Homewood, 111 . :  Richard  0.  Erwin.

l^Solomon, E. (1963) The Theory o f  Financial Management. New
York: Columbia U n i v e r s i t y  P r e s s .

i ‘*Gordon, M. J .  (1962) pp. 44-45.
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(l-b)Y
k = —p------+ rb. (7)

0

The v a l u e  k i s  t h e  o f t e n  d i s c u s s e d  c o s t  o f  c a p i t a l  f o r  t h e  f i r m .  Then 

t h e  p r e s e n t  v a lu e  o f  a s t r eam  o f  u n c e r t a i n  r e t u r n s  c a n  be expressed  as

“  RtPV = E — ^  (8)
t=l (l+k)t

where = th e  expected v a l u e  o f  t h e  r e t u r n  to be r e c e i v e d  a t  time t ,  

and k = r e q u i r e d  r a t e  o f  r e t u r n  a p p r o p r i a t e  f o r  t h e  r i s k y  stream

J  J * .  .  .

E s s e n t i a l l y ,  k i s  a r a t e  o f  r e t u r n  t h a t  r e f l e c t s  bo th  t h e  t ime va lue  o f  

money and an ad ju s tm en t  f o r  r i s k .  Using t h e  RAD a p p r o a c h ,  t h e  r i s k  ad­

j u s t m e n t  f a c t o r  and the  t ime v a lu e  o f  money f a c t o r  a r e  combined to form 

t h e  d i s c o u n t  r a t e  used in  t h e  p r e s e n t  va lu e  co m p u ta t i o n .  RAD approach 

a d j u s t s  f o r  r i s k  by v a ry in g  t h e  d i s c o u n t  r a t e .

As a s imple t e c h n iq u e  to  c o n s id e r  r i s k  in c a p i t a l  budgeting 

a n a l y s i s ,  t h e  r i s k  a d j u s t e d  r a t e  approach i s  i n t u i t i v e l y  a p p e a l in g .  A 

v e ry  l o g i c a l  approach i s  t o  a p p ly  h ig h e r  d i s c o u n t  r a t e s  t o  t h e  more 

r i s k y  p r o j e c t s  and lower d i s c o u n t  r a t e s  t o  l e s s  r i s k y  p r o j e c t s .  In ad­

d i t i o n ,  t h e  t h e o r e t i c a l  background o f  s to c k  v a l u a t i o n  models prov ides  a 

p l a u s i b l e  l i n k a g e  between t h e  in v e s tm en t  o r  c a p i t a l  budge t ing  d e c i s i o n  

and t h e  goal o f  i n c r e a s i n g  s t o c k h o l d e r  w e l f a r e .

Severa l  a u th o r s ^ s  have c r i t i c i z e d  t h i s  app roac h  on both  theo­

r e t i c a l  and p r a c t i c a l  g ro u n d s .  F i r s t ,  as  t ime  and r i s k  a r e  e s s e n t i a l l y

iSRobichek and Myers (1965) pp. 79-86 and O s te ry o u n g ,  J .  (1979) 
Capital Budgeting: Long Term Asset Se lec tion ,  2nd e d .  Columbus: G r id ,
In c .  pp.  102-105.
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s e p a r a t e  v a r i a b l e s ,  combining t h e i r  e f f e c t s  i n t o  one number,  a r i s k  ad ­

j u s t e d  r a t e  o r  c o s t  o f  c a p i t a l ,  assumes  t h a t  u n c e r t a i n t y  i n c r e a s e s  

th rough  t im e  o r  t h a t  u n c e r t a i n t y  i s  e x p e c t e d  to  be r e s o l v e d  a t  a con­

s t a n t  r a t e  o v e r  t i m e . i s  When t h i s  a s s u m p t io n  i s  n o t  s a t i s f i e d ,  the  RAD 

approach i n c o r r e c t l y  e v a l u a t e s  f u t u r e  o p p o r t u n i t i e s .  One can  overcome 

t h i s  o b j e c t i o n  by us ing  d i f f e r e n t  r a t e s  f o r  each p e r i o d  and r e c o g n i z in g  

th e  f a c t  t h a t  t h e r e  i s  some s i n g l e  r a t e  t h a t  i s  e q u i v a l e n t  t o  t h e  s e r i e s  

o f  r a t e s ,
n

k = n (1 + k . ) .  
t = l  ^

This  remedy,  however,  l e ad s  t o  th e  second s i g n i f i c a n t  o b j e c t i o n .  View­

ing e q u a t io n  7 ,  t h e  r i s k  a d j u s t e d  r a t e ,  k,  i s  equal to  t h e  sum o f  the  

d iv id en d  y i e l d  and a c o n s t a n t  growth  r a t e .  Using t h i s  v a l u a t i o n  model 

does n o t  g i v e  any c lu e s  to  t h e  a p p r o p r i a t e  k^ to  be e v a l u a t e d .  This 

model says  n o t h i n g  about  how a p r a c t i t i o n e r  might  d e t e rm in e  the  c o r ­

r e c t  r i s k  a d j u s t m e n t  f a c t o r .  The t h i r d  o b j e c t i o n  i s  t h a t  t h e  RAD ad ­

j u s t s  t h e  wrong e lem en t  in  t h e  p r e s e n t  v a l u e  com puta t ion .  The RAD ad ­

j u s t s  th e  d i s c o u n t  r a t e  and does n o t  a d j u s t  f o r  the  v a r i a b i l i t y  o f  the  

cash  f low.  One norm al ly  a s s o c i a t e s  r i s k  w i th  the v a r i a b i l i t y  o f  the  

f u t u r e  cash  f low s  n o t  the  u n c e r t a i n t y  o f  t h e  d i s c o u n t  r a t e .  U n c e r t a in  

r i s k - f r e e  r a t e s  add ano the r  d im ens ion  t o  t h e  r i s k  a n a l y s i s  prob lem. 

F i n a l l y ,  RAD i s  n o t  an " e f f i c i e n t "  e s t i m a t o r  o f  r i s k  because  i t  does no t  

use a l l  th e  a v a i l a b l e  i n f o r m a t io n  from the  p r o b a b i l i t y  d i s t r i b u t i o n  o f  

the  p r o j e c t s '  ca sh  f lows.

iGRobichek and Myers (1965)  p. 84 .
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C e r t a i n t y  Equiva lence  

C e r t a i n t y  Equ iva lenc e  (CE) i s  an app roach  t o  r i s k  a n a l y s i s  t h a t  

overcomes some o f  t h e  o b j e c t i o n s  t o  t h e  r i s k  a d j u s t e d  r a t e .  The CE a p ­

p ro a c h  s e p a r a t e s  t ime and r i s k  in  t h e  p r e s e n t  v a l u e  framework.  Robichek 

and Myersi?  argue  t h a t  w h a tev e r  t h e  r i s k  o f  an ex p e c te d  c a s h  f low,  CF^, 

t h e r e  i s  some c e r t a i n  e q u i v a l e n t ,  a ^ ,  where 0_<a^£l, such t h a t  the  r i s k -  

a v e r s e  d e c i s i o n  maker i s  i n d i f f e r e n t  between CF^ and a cash  f low CF^ = 

a^CF^ which i s  c e r t a i n  t o  be p a i d .  I f  the d e c i s i o n  makers u t i l i t y  

f u n c t i o n  in  y e a r  t  i s  known, th e  c e r t a i n t y  e q u i v a l e n c e  can  e a s i l y  be 

d e t e rm in e d .

More e x p l i c i t l y ,  one can d e f i n e  CE^ = a s  t h e  r a t i o  CF^*/CF^. 

The p r e s e n t  va lue  o f  an u n c e r t a i n  s t r eam  o f  cash  f low s  u s in g  RAD ap­

p ro ach  i s
CF.

PV = E ------- ^  , (9)
t=l (1+k)^

where CF^ = expec ted  v a l u e  o f  t h e  cash  f low to  be r e c e i v e d  a t  t ime t ;

k = r i s k  a d j u s t e d  d i s c o u n t  r a t e .

Using a c e r t a i n t y  e q u i v a l e n t  a p p ro a c h ,  the p r e s e n t  v a l u e  o f  a s tr eam o f

f u t u r e  cash  f lows i s

00 a.CF. » CF.*
PV = E ■ -  \  = E — ( 10)

t=l (1+i)^ t=l (l+i)t

where = c e r t a i n t y  e q u i v a l e n t ,  CF^*/CF^

i = r i s k l e s s  r a t e  o f  i n t e r e s t  t h a t  r e f l e c t s  on ly  the  time v a l u e  

o f  money.

i?Robichek and Myers (1965) p. 84.
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For  bo th  e q u a t io n s  (9)  and (10) to  a s s ig n  i d e n t i c a l  v a l u e s  

t o  each p e r i o d ' s  cash  f low s ,  then

C ¥ *  CF,
* -  ‘  . (11)

( l + i ) ‘  (1+k)*

I f  Og = 1,  the n  th e  c e r t a i n t y  e q u i v a l e n t  f o r  any pe r iod  t  can  be ex­

p re s s e d  a s :

Using e q u a t i o n  ( 1 2 ) ,  and assuming i ^  i s  c o n s t a n t  f o r  a l l  t ,  t h e  im pac t  

o f  t h e  RAD app roach  i s  obvious when one a n a ly z e s  expec ted  f u t u r e  cash  

f lows CF^ and CF^_|_^, which a r e  equal and a r e  c ons ide re d  e q u a l l y  r i s k y ;

i . e . ,  = 0^ + ^ .  For per iod  t+ 1 .

_ (l+i)t+l _ ( l+i)t(l+i)  
(l+k)^”̂  ̂ (l+k)t(l+k)

(13)

Since  th e  on ly  way E qua t ions  (12) and (13) w i l l  be equal i s

i f  (1+k) = ( l + i ) .  This  r e s u l t  i s  c o n t r a d i c t o r y  because k i s  a r i s k  

a d j u s t e d  r a t e ,  t h e r e f o r e  k i s  supposed to  be g r e a t e r  than  i t o  compen­

s a t e  f o r  t h e  a d d i t i o n a l  r i s k i n e s s  o f  CF^ and The o n ly  way t h e

RAD approach  w i l l  be c o n s i s t e n t  w i th  CE approach i s  t o  d e f i n e  s e p a r a t e  

r i s k  a d j u s t e d  r a t e s  k^ f o r  each f u t u r e  p e r i o d .  But t h i s  means t h a t  k^ 

c anno t  be i d e n t i c a l  even i f  t h e  e x p ec ted  cash  f lows to  which th e y  app ly  

a r e  c o n s id e r e d  e q u a l l y  r i s k y .  A lso ,  i f  k^ = kg = k^+^, the n  t h e  ex­

p ec ted  cash  f low s  i n  p e r io d  t  c a n n o t  be e q u a l l y  r i s k y .
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Although  the  CE app roach  s a t i s f i e s  t h e  o b j e c t i o n  o f  n o t  com­

b in i n g  t im e  and r i s k  e lements  in one number, t h i s  approach  s t i l l  has 

some m ajo r  d e f i c i e n c i e s .  CE models r e q u i r e  the  a s sum pt ion  o f  i n t e r -  

t e r m p o r a l l y  independen t  cash  f l o w s . T h i s  r e s t r i c t i o n  i s  q u i t e  severe  

when th e  a c t u a l  cash  f lows a r e  i n t e r t e m p o r a l  l y ,  im p e r f e c t l y  c o r r e l a t e d .  

A ls o ,  t h e  u t i l i t y  f u n c t i o n s  used t o  deve lop  the  v a l u e s  must  be inde­

penden t  o f  t h e  cash  f lows in  p r i o r  p e r i o d s .  Once a g a i n ,  the  CE l i k e  

th e  RAD o n ly  uses  p a r t  o f  the  i n f o r m a t i o n  a v a i l a b l e  from th e  p r o b a b i l i t y  

d i s t r i b u t i o n  o f  a p r o j e c t ' s  c a s h  f l o w . i s

C o e f f i c i e n t  o f  V a r i a t i o n

The c o e f f i c i e n t  o f  v a r i a t i o n  (CV), d e f in e d  as t h e  r a t i o  of  the 

s t a n d a r d  d e v i a t i o n  (a) to th e  ex p e c te d  va lu e  (EV), °^EV.zo CV i s  an i n ­

t u i t i v e l y  a p p e a l in g  s t a t i s t i c  t h a t  b r in g s  t o g e t h e r  bo th  r i s k  and r e t u r n  

i n t o  a s i n g l e  measure.  In c a p i t a l - b u d g e t i n g  a p p l i c a t i o n s ,  t h e  CV may be 

i n t e r p r e t e d  as  t h e  r i s k  p e r  d o l l a r  o f  r e t u r n .  As such ,  the  CV i s  a 

pure  number independen t  o f  p r o j e c t  s i z e ;  and i s  u se fu l  a s  a measure of  

r e l a t i v e  r i s k .

The CV i s  p a r t i c u l a r l y  u s e f u l  in  comparing c a p i t a l  budge ting  

p r o j e c t s  t h a t  have c o n s id e r a b ly  d i f f e r e n t  a b s o l u t e  magnitudes  o f  expec t ­

ed v a lu e  and s t a n d a rd  d e v i a t i o n . I n  t h e  above c a s e ,  CV i s  p r e f e r r e d

iSHaley and S cha l l  (1973) p. 185.

i^Osteryoung (1979) pp. 103-105.

20Qibbons,  J .  D . , 01 ken.  I . ,  and S o b e l , M. (1977) se le c t in g  
and Ordering Populations : A New S t a t i s t i c a l  Methodology. New York:
John Wiley and Sons.  p. 89.

ziQordon,  M. J .  (1962) pp. 63-69 and Van Horne,  J .  C. (1977) 
Financial Management and P o licy ,  4 th  ed.  Englewood C l i f f s ,  New J e r s e y :  
P r e n t i c e - H a l l .  p.  118.
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to  th e  use  o f  a  as  a r i s k  measure b e c a u se  a i s  h igh ly  s e n s i t i v e  to  t h e  

s c a l e  o f  t h e  p r o b a b i l i t y  d i s t r i b u t i o n  o f  t h e  cash f l o w s ,  whereas  CV i s  

a pure  number t h a t  measures r e l a t i v e  r i s k .

A d e f i c i e n c y  o f  th e  CV app roac h  to  r i s k  a n a l y s i s  i s  t h a t  t h e r e  

i s  no c l e a r - c u t  d e c i s i o n  r u l e  f o r  p r o j e c t  a c c e p ta n c e  in  te rms o f  th e  

va lue  o f  t h e  f i r m .  Osteryoung ,  S c o t t  and Rober ts^z  i n  a r e c e n t  a r t i c l e  

propose  a m od i f ied  c o e f f i c i e n t  o f  v a r i a t i o n  (MCVAR) t h a t  i n c o r p o r a t e s  

t h e  marke t  p r i c e  o f  r i s k  c o n ce p t  from t h e  c a p i t a l  a s s e t  p r i c i n g  model 

(CAPM). Assuming t h a t  the CAPM i s  r e l e v a n t  f o r  r e a l  a s s e t  s e l e c t i o n ,  

th ey  d e f i n e  MCVAR as  the  r a t i o  o f  t h e  s t a n d a r d  d e v i a t i o n  o f  r e t u r n  o f  

t h e  p r o j e c t  t o  t h e  expec ted r i s k  premium f o r  the a s s e t  a s  d e te rm ined  by 

th e  s e c u r i t y  m a rk e t  l i n e

MCVAR =  ̂ ^

Using MCVAR, th e y  e s t a b l i s h e d  d e c i s i o n  r u l e s  fo r  p r o j e c t  a c c e p ta n c e  

overcoming t h e  l a c k  o f  a d e c i s i o n  r u l e  c r i t i c i s m  o f  CV.

The use  and accep tanc e  o f  MCVAR i s  dependent  upon tJie a c c e p t ­

ance o f  t h e  c a p i t a l  a s s e t  p r i c i n g  model i n  c a p i t a l  budge t ing  p roblems .  

P o r t f o l i o  t h e o r y  and the  CAPM w i l l  be e v a l u a t e d  in  the  c o n t e x t  o f  c a p i ­

t a l  budge t ing  i n  a l a t e r  s e c t i o n  o f  t h i s  p ap e r .

22Qsteryoung,  J .  S . ,  S c o t t ,  E . , and Rober t s ,  G. S. (1977) 
" S e l e c t i n g  C a p i t a l  P r o j e c t s  w i th  t h e  C o e f f i c i e n t  o f  V a r i a t i o n , "  
Financial Management. Vol. 6: pp. 65 -70 .
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P o r t f o l i o  Theory and C a p i t a l  A sse t  P r i c i n g  Model

In an a t t e m p t  to  d e v e lo p  a normat ive t h e o r y  o f  a s s e t  s e l e c t i o n  

under  u n c e r t a i n t y ,  much o f  t h e  t h e o r e t i c a l  s tu d y  in  f i n a n c e  has focused 

on t h e  b e h a v i o r  o f  s e c u r i t y  p r i c e s  and the  c a p i t a l  m a rk e t s .  The p o r t ­

f o l i o  o r  " m arke t  model" app roac h  t o  v a l u a t i o n  has dominated  t h e  l i t e r a ­

t u r e  f o r  n e a r l y  t w e n t y - f i v e  y e a r s .  Th is  approach has a l s o  been ex ­

tended  t o  t h e  v a l u a t i o n  o f  r e a l  a s s e t s .  A b r i e f  r ev iew  o f  modern p o r t ­

f o l i o  t h e o r y  and i t s  i m p l i c a t i o n s  f o r  c a p i t a l  b u dge t ing  w i l l  f o l l o w .

P o r t f o l i o  Theory

The o r i g i n s  o f  modern p o r t f o l i o  the o ry  can  be t r a c e d  to  th e  

c l a s s i c  works o f  Markowitzes and Tobin.s '» From t h e s e  s e e d s ,  th e  Capi ta l  

A s s e t  P r i c i n g  Model was deve loped  by S h a rp e , es L i n t n e r , e s  and Moss in .e? 

Em pir ica l  t e s t i n g ,  a d d i t i o n a l  deve lopm ent ,  and r e f i n e m e n t s  o f  marke t  

models has been a t  the  f o r e f r o n t  o f  r e s e a r c h  in  f i n a n c e .  Because o f  

t h e  v a s t  l i t e r a t u r e ,  a f t e r  a b r i e f  r ev iew  o f  t h e s e  e a r l y  works c i t e d

23Markowitz,  H. M. (1952)  " P o r t f o l i o  S e l e c t i o n , "  journal of  
Finance. Vol.  7: pp. 77-91 .

z^Tob in ,  J .  (1958) " L i q u i d i t y  P r e f e r e n c e  as  Behav ior  Towards 
R i s k , "  Review o f  Economic S tu d ies .  Vol.  26: pp. 65-86.

2 5$harpe ,  W. F. (1963) "A S im p l i f i e d  Model f o r  P o r t f o l i o  
A n a l y s i s , "  Management sc ience.  Vol.  9: pp. 272-293;  and (1964) "Capi­
t a l  A s s e t  P r i c e s :  A Theory o f  Market  E q u i l i b r i u m ,"  Journal o f  Finance.
Vol.  19: pp.  425-442.

z ^ L i n t n e r ,  0.  (1965) "The V a lua t ion  o f  Risk A s s e t s  and th e
S e l e c t i o n  o f  Risky Inves tm en ts  i n  S tock  P o r t f o l i o s  and C a p i t a l  Budgets ,"  
Review o f  Economics and S t a t i s t i c s .  Vol.  47: pp.  13-37 ;  and (1965)
" S e c u r i t y  P r i c e s ,  Risk and Maximal Gains from D i v e r s i f i c a t i o n , "  journal 
o f  Finance. V o l . 2 0 :  pp.  587-615.

2?Mossin,  J .  (1966) " E q u i l i b r iu m  in  a C a p i t a l  A ss e t s  Marke t , "  
Econometrica . Vol. 34: pp. 768-783.
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above,  th e  r e m a in d e r  o f  t h i s  s e c t i o n  w i l l  f o c u s  on t h e  i m p l i c a t i o n  f o r  

c a p i t a l  b u d g e t in g .

O b se rv in g  t h a t  i n v e s t o r s  r e c o g n i z e  t h e  im por tance  o f  d i v e r s i f i ­

c a t i o n ,  Markowitzes developed  a model o f  p o r t f o l i o  s e l e c t i o n  based on 

the  r u l e  t h a t  i n v e s t o r s  c o n s i d e r  i n c r e a s e d  ex p ec ted  r e t u r n s  d e s i r a b l e  

and i n c r e a s e d  v a r i a b i l i t y  o f  r e t u r n s  a s  u n d e s i r a b l e .  His famous mean- 

v a r i a n c e  model i s  based  on fo u r  b a s i c  a s s u m p t i o n s :

1. All i n v e s t o r s  maximize o n e - p e r i o d  e x p e c te d  u t i l i t y  and e x h i b i t  
d i m i n i s h i n g  marg ina l  u t i l i t y  o f  w e a l t h .

2. I n v e s t o r s '  r i s k  e s t i m a t e s  a r e  p r o p o r t i o n a l  to  the  v a r i a b i l i t y  
o f  t h e  e x p e c te d  r e t u r n s .

3. I n v e s t o r s  a r e  w i l l i n g  t o  base t h e i r  d e c i s i o n s  s o l e l y  in  te rms
o f  e x p e c t e d  r e t u r n  and r i s k .  T ha t  i s ,  u t i l i t y  (U) i s  a f u n c t i o n  
o f  v a r i a b i l i t y  o f  r e t u r n  (a)  and e x p e c te d  r e t u r n  [ E ( r ) ] .  Sym­
b o l i c a l l y ,  U = f [ a , E ( r ) ] .

4. For any g iv e n  l e v e l  o f  r i s k ,  i n v e s t o r s  p r e f e r  h ighe r  r e t u r n s  to  
lower  r e t u r n s .  S y m b o l i c a l ly ,  8U/3E(r )  > 0. C onverse ly ,  f o r  any 
g iven  l e v e l  o f  r e t u r n ,  i n v e s t o r s  p r e f e r  l e s s  r i s k  to  more r i s k .  
S y m b o l i c a l l y ,  3U/3a < 0.2%

Given t h e  above as su m p t io n s ,  th e  m e a n -v a r i a n c e  p o r t f o l i o  p rob­

lem can be fo rm u l a te d  as

E = E X. j j .  ( 1 4 )
i=l  ̂ ^

n n
V = E E a . . X . X .  ( 1 5 )

i=l j=l  ̂ J

where: E = e x p e c te d  r e t u r n  o f  the  p o r t f o l i o

X̂  = p e r c e n t a g e  o f  the i n v e s t o r ' s  a s s e t s  which a r e  a l l o c a t e d  to

28Markowitz,  H. M. (1952) pp. 77 -91 .

29por a l u c i d  d e s c r i p t i o n  o f  t h e  a s su m p t io n s  u n d e r ly in g  modern 
p o r t f o l i o  t h e o r y ,  see F r a n c i s ,  J .  C. and A r c h e r ,  S. H. (1979) p o r t fo l io  
Analysis. 2nd ed.  Englewood C l i f f s :  P r e n t i c e  H a l l .
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th e  i t h  s e c u r i t y  

= e x p e c te d  r e t u r n  o f  th e  i t h  s e c u r i t y

V = v a r i a n c e  o f  th e  r e t u r n  o f  th e  p o r t f o l i o

Ojj  = c o v a r i a n c e  between t h e  r e t u r n s  o f  s e c u r i t y  i and

s e c u r i t y  j  ( th u s  i s  the  v a r i a n c e  o f  r e t u r n  o f  

s e c u r i t y  i ) .

Two a d d i t i o n a l  c o n d i t i o n s  a r e  imposed on the  model .  One t h a t  a l l  funds  

a r e  i n v e s t e d ;  s y m b o l i c a l l y ,

n
2 X. = 1. 

i = l  ^

The second which d i s a l l o w s  s h o r t  s a l e s ;  s y m b o l i c a l l y ,  _> 0.

MarkowitzSo i l l u s t r a t e d  g e o m e t r i c a l l y  t h e  s o l u t i o n  of  the  p o r t ­

f o l i o  problem f o r  th e  t h r e e  and f o u r  a s s e t  c a s e s .  Using isomean l i n e s  

and i s o v a r i a n c e  c u r v e s ,  he d e r iv e d  th e  s e t  o f  e f f i c i e n t  p o r t f o l i o s  in  

E,V s p ace .  In a l a t e r  monograph,  Markowitz^i d e s c r i b e d  the  d e r i v a t i o n  

o f  t h e  e f f i c i e n t  s e t  u s in g  c l a s s i c a l  o p t i m i z a t i o n  and mathematical  p ro ­

gramming t e c h n i q u e s . 32

Responsing t o  c l a s s i c a l  c r i t i c i s m s  o f  t h e  Keynsian l i q u i d i t y  

p r e f e r e n c e  s c h e d u le ,  an i n v e r s e  r e l a t i o n s h i p  between th e  demand f o r  cash  

b a l a n c e s  and the r a t e  o f  i n t e r e s t ,  Tobin^^ deve loped  a r a t i o n a l  ex p la n a ­

t i o n  o f  l i q u i d i t y  p r e f e r e n c e  based on the id e a s  o f  u n c e r t a i n t y ,  r i s k

s^Markowitz,  H. M. (1952) pp. 77-91.

3^MarkOWitz, H. M. (1959) p o r tfo l io  s e le c t io n :  E ffic ien t Diver­
s i f i c a t io n  of Investments. New York: John Wiley & Sons.

32por a d e t a i l e d  m a them at ica l  s o l u t i o n  o f  the  Markowitz v a r i ­
a n c e - c o v a r i a n c e  p o r t f o l i o  s e l e c t i o n  problem, see  F r a n c i s  and Archer 
(1979) Chapters  5 and 6.

33Tobin, J .  (1958) pp. 65-86.



21

a v e r s i o n ,  and i n v e s t o r  d i v e r s i f i c a t i o n .  Given i d e a l i z e d  u n c e r t a i n t y  and 

a t w o - a s s e t  w or ld ,  cash and c o n s o l s ,  he a l so  deve loped  th e  mean-var iance  

p o r t f o l i o  model .  Although more conce rned  with  t h e  i m p l i c a t i o n s  f o r  eco­

nomic t h e o r y ,  T o b i n ' s  c o n t r i b u t i o n  t o  modern p o r t f o l i o  t h e o ry  i s  his  

o r i g i n a l  deve lopment o f  the  p o r t f o l i o  s e p a r a t i o n  theorem.  Assuming a 

r i s k l e s s  a s s e t ,  c a s h ,  w i th  an e x p ec ted  r e t u r n  o f  zero  and a s i n g l e  r i s k y  

a s s e t  ( o r  p o r t f o l i o ) ,  c o n s o l s ,  then  an o p p o r tu n i ty  l o c u s  i s  d e f in e d  

which d e s c r i b e s  f e a s i b l e  l i n e a r  com bina t ions  o f  r i s k l e s s  and r i s k y  a s ­

s e t s .  T h is  o p p o r tu n i ty  lo c u s  i s  independen t  o r  s e p a r a t e  from th e  i n d i ­

v i d u a l ' s  a t t i t u d e s  toward r i s k .  For th e  inve s tm en t  p o r t f o l i o  problem, 

th e  s e p a r a t i o n  theorem i s  c r i t i c a l  t o  t h e  development o f  an e q u i l i b r i u m  

c a p i t a l  m a rk e t  t h e o r y . 3^

Sharpens  ex tended M ark o w i tz ' s  work in  d e t e r m in i n g  th e  e f f i c i e n t  

s e t  o f  p o r t f o l i o s  by in t r o d u c i n g  a s i m p l i f i e d  o r  d ia g o n a l  model t h a t  

g r e a t l y  r e d u c e s  computa t ional  d i f f i c u l t y . 3 s  S h a r p e ' s  d ia g o n a l  model i s  

d e s c r i b e d  by

. . .  t h e  assumption t h a t  th e  r e t u r n s  o f  v a r i o u s  s e c u r i t i e s  a r e  r e ­
l a t e d  o n ly  through common r e l a t i o n s h i p s  w i th  some b a s i c  under ly ing  
f a c t o r .  The r e t u r n  from any s e c u r i t y  i s  d e t e rm in e d  s o l e l y  by ran­
dom f a c t o r s  and t h i s  s i n g l e  o u t s i d e  element;  more e x p l i c i t l y :

34por a d d i t i o n a l  d i s c u s s i o n  o f  the im p o r tan ce  o f  T o b i n ' s  s e p a r ­
a t i o n  theorem to  the  development  o f  e q u i l i b r i u m  c a p i t a l  m arke t  th e o ry ,  
see  Haley & Schal l  (1973),  pp. 125-127 and F r a n c i s  and Archer  (1979),  
pp. 152-153.

ssS ha rpe ,  W. F. (1963) pp. 277-293.

SGprancis and Archer  (1979) p. 127 -  When u s i n g  t h e  f u l l  co- 
v a r i a n c e  p o r t f o l i o  a n a l y s i s  t e c h n i q u e ,  (NZ-N)/2=4950, c o v a r i a n c e s  must 
be e s t i m a t e d  i f  100 s e c u r i t i e s  a r e  c o n s id e re d .  Using S h a r p e ' s  model 
on ly  100 r e g r e s s i o n  c o e f f i c i e n t s  must  be e s t i m a t e d .
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R. = A.+B.I+C. (16)

where:  and a r e  r e g r e s s i o n  p a ra m e te r s  f o r  t h e  i f i r m

R̂ . i s  th e  r e t u r n  f o r  t h e  i ^ ^  s e c u r i t y

I I s  t h e  r e t u r n  on some m a rk e t  index 
C i s  a random e r r o r  t e r m . s ? » 38

Using th e  c o n v e n i e n t  n o t a t i o n  t h a t  t h e  index  i s  t r e a t e d  a s  t h e  n+1 s ecu r ­

i t y  where i s  th e  expec ted  v a lu e  o f  I and i s  t h e  v a r i a n c e  about

the expec ted  v a l u e ,  t h e  Markowitz model can be s p e c i f i e d  u s i n g  th e  

Sharpe f o r m u l a t i o n .

Sharpe  showed t h a t  t h e  m e a n -v a r i a n c e  index model can  be formu­

l a t e d  a s :
n+1

E = E X.A. C17)
i - 1   ̂ ^

n+1 2
V = E X .  Q. (18)

i= l   ̂ ^

The majo r  s i g n i f i c a n c e  o f  t h i s  f o r m u l a t i o n  and the r e a s o n  f o r  i t s  name 

as t h e  d ia gona l  model r e l a t e s  to  t h e  s p e c i f i c a t i o n  o f  t h e  v a r i a n c e - c o ­

v a r i a n c e  m a t r i x .  Whereas the  Markowitz fo rm u la t ion  r e s u l t s  i n  a n x n 

m a t r ix  w i th  a l l  non-ze ro  e l em en t s ,  t h e  Sharpe  f o r m u l a t io n  r e s u l t s  in  a 

n+1 X n+1 d ia gona l  m a t r ix  w i th  a l l  o f f - d i a g o n a l  e lements  equa l  to  zero .  

The d iagona l  m a t r i x  i s  much e a s i e r  t o  i n v e r t ,  m a t r ix  i n v e r s i o n  being 

the p r i n c i p a l  com puta t iona l  b o t t l e n e c k  i n  t h e  v a r io u s  s o l u t i o n  t e c h ­

n iques .

3?Sharpe ,  W. F. (1963) p.  281.

33por a formal  s t a t e m e n t  o f  t h e  l i n e a r  r e g r e s s i o n  model w i th
an u n s p e c i f i e d  d i s t r i b u t i o n  o f  e r r o r  t e rm s ,  see  N e te r ,  J .  and  Wasserman,
W. (1974) Applied Linear S t a t i s t i c a l  Models. HomewOOd, 111: Irw in ,
pp. 30-31 .
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Sharpe  compared the  index  model with  t h e  f u l l  Markowitz 

model o b t a i n i n g  th e  fo l low ing  r e s u l t s .  F i r s t ,  S h a r p e ' s  model i s  

e x t r e m e l y  economical  in  te rms o f  computer  t ime and s t o r a g e  space  r e ­

q u i r e m e n t s .  Second,  he found t h a t  t h e  e f f i c i e n t  p o r t f o l i o s ,  while  some­

w hat  d i f f e r e n t ,  a r e  very  much a l i k e .  Subsequent  t e s t s  have confirmed 

S h a r p e ' s  r e s u l t s .

C a p i t a l  Marke t  Theory

With t h e  development o f  t h e  tw o-param ete r ,  m e a n -v a r i a n c e  p o r t ­

f o l i o  m ode ls ,  r e s e a r c h  i n t e r e s t  s h i f t e d  to t h e  s to c k  m a rk e t  i m p l i c a t i o n s  

o f  ac tua l ,  u se  o f  such models .  This  s tudy  o f  m arke t  b e h a v i o r  has a c ­

q u i r e d  t h e  f a m i l i a r  name -  C a p i t a l  Market  Theory (CMT). The founda t ions  

o f  t h e  C a p i t a l  Market  Theory c a n  be t r a c e d  to t h e  c a p i t a l  a s s e t  p r i c i n g

models o f  S h a r p e , 39 L i n t n e r , ‘+° and M oss in .^ i  E s s e n t i a l l y ,  each au tho r

b e l i e v e d  t h a t  he had developed t h e  more genera l  f o r m u l a t i o n  o f  c a p i t a l  

m a rk e t  e q u i l i b r i u m  us ing  m e a n - v a r i a n c e  a n a l y s i s .  Fama,^^ however,  showed 

t h e  s i m i l a r i t y  o f  the  models  and demonst ra ted  t h a t  one model can be de­

r i v e d  d i r e c t l y  from a n o t h e r .  Many o t h e r  a u th o r s  have c o n t r i b u t e d  to the  

c o n t i n u e d  development and e m p i r i c a l  t e s t i n g  o f  what  i s  c o n v e n i e n t l y  

c a l l e d  th e  c a p i t a l  a s s e t  p r i c i n g  model .  Because the  s u b j e c t  o f  t h i s  

s t u d y  i s  c a p i t a l - b u d g e t i n g ,  n o t  C a p i t a l  Market Theory,  o n ly  a b r i e f

39Sharpe ,  W. F. (1964) pp.  425-442.

^O L in tne r ,  J .  (1965) pp. 587-615.

4 iM oss in ,  J .  (1966) pp.  768-783.

‘̂ ^Fama, E. F. (1968) " R is k ,  Return ,  and E q u i l i b r i u m :  Some
C l a r i f y i n g  Comments," journal o f  Finance. Vol.  23: pp.  29-40.
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overview o f  t h e  t h e o r y  w i l l  be p r e s e n t e d  w i th  g r e a t e r  emphasis on 

t h e  i m p l i c a t i o n s  o f  CMT f o r  c a p i t a l  b u d g e t in g .

A c o n v e n i e n t  s t a r t i n g  p o i n t  in  t h e  d i s c u s s i o n  o f  C a p i t a l  Mar­

k e t  Theory i s  a r ev iew  o f  t h e  assum pt ions  o f  th e  model .  Because CMT i s  a 

l o g i c a l  e x t e n s i o n  o f  p o r t f o l i o  t h e o r y ,  CMT assumes t h a t  a l l  i n v e s t o r s  

a r e  " M a r k o w i t z - e f f i c i e n t  i n v e s t o r s . "^3 A d d i t i o n a l  assum pt ions  a r e :

1. Money can  be borrowed and l e n t  a t  a r i s k - f r e e  r a t e  o f  i n t e r e s t .
The r e t u r n  on s h o r t - t e r m  U.S.  government  s e c u r i t i e s  i s  a s u i t a b l e  
proxy f o r  t h i s  r a t e .

2. All i n v e s t o r s  v i s u a l i z e  i d e n t i c a l  p r o b a b i l i t y  d i s t r i b u t i o n s  f o r  
f u t u r e  r a t e s  o f  r e t u r n ,  i d e a l i z e d  u n c e r t a i n t y  o r  homogeneous ex ­
p e c t a t i o n s .

3. All i n v e s t o r s  have t h e  same o n e - p e r i o d  in v e s tm e n t  ho r izo n .

4. All i n v e s t m e n t s  a r e  i n f i n i t e l y  d i v i s i b l e .

5. There  a r e  no t a x e s  o r  t r a n s a c t i o n s  c o s t s .

6. All changes  in  t h e  l e v e l  o f  i n t e r e s t  r a t e s  a r e  f u l l y  a n t i c i p a t e d .

7. The c a p i t a l  m arke t s  a r e  in e q u i l i b r i u m . ^ ^

Much o f  t h e  d i s c u s s i o n  as t o  the  v a l i d i t y  o f  th e  CAPM c e n t e r s  around the  

i m p l i c a t i o n s  o f  t h e s e  assumptions  and t h e  e f f e c t s  o f  r e l a x i n g  th e  a s ­

sumptions on i n v e s t o r  d e c i s i o n s  and c a p i t a l  budge t ing  a p p l i c a t i o n s .

Given th e  assum pt ions  o r  M a r k o w i t z - e f f i c i e n t  i n v e s t o r s  w i th  

homogeneous e x p e c t a t i o n s ,  a l l  i n v e s t o r s  w i l l  e n v i s i o n  i d e n t i c a l  op p o r ­

t u n i t y  s e t s  t h a t  can  be i l l u s t r a t e d  as  i n  F ig u re  1. F igure  1 r e p r e s e n t s  

t h e  m e an -s tanda rd  d e v i a t i o n  " E f f i c i e n t  F r o n t i e r . "  P o in t s  on th e

^^Markowitz ,  H. M. (1952) pp.  77-91 and F ra n c i s  & Archer  
(1979) p. 148.

^^The above assum pt ions  used t o  deve lop  th e  Mean-Variance C ap i ­
t a l  Market Theory a r e  c o n v e n i e n t l y  o r g a n iz e d  in  F r a n c i s  & Archer  (1979) 
pp. 148-149.  In t h e  o r i g i n a l  papers  o f  S h a rp e ,  L i n t n e r  e t  a l . ,  t h e r e  
i s  c o n s i d e r a b l e  d i s c u s s i o n  o f  the  r o l e  o f  s i m p l i f y i n g  assumptions  i n  
economic th e o r y  in  g e n e ra l  and more s p e c i f i c a l l y  th e  impor tance  o f  t h e s e  
as sumptions  in  t h e  development o f  what  i s  c a l l e d  C ap i ta l  Market  Theory.
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e f f i c i e n t  f r o n t i e r  (EF) domina te  a l l  i n t e r i o r  com bina t ions  o f  r i s k  

and r e t u r n ;  w hile  p o i n t s  above and to  the l e f t  a r e  no t  f e a s i b l e .

E

a
Figure l :  Mean standard d ev ia t io n

E f f i c i e n t  f r o n t i e r

Applying a s sum pt ion  1,  borrowing and l e n d i n g  a t  a f i s k - f r e e  

r a t e ,  t h e  C ap i ta l  Market  L i n e ,  CML, f o l l o w s .  See F ig u re  2 below.

C.MLE

R-■f

a
Figure 2; C apital Market Line
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The p o i n t  o f  tangency o f  the  CML w i th  the  e f f i c i e n t  f r o n t i e r  i s  t h e  mar­

k e t  p o r t f o l i o ,  M. Assuming t h e  m a rke t  i s  in e q u i l i b r i u m  (assumption 7 ) ,  

a l l  s e c u r i t i e s  must be he ld .  Analyz ing  t h e i r  f e a s i b l e  o p p o r t u n i t i e s ,  

i n v e s t o r s  r e c o g n i z e  t h a t  c h o i c e s  a long  the  CML (Combina tions  o f  Rf and 

M) domina te  a l l  p o r t f o l i o s  a l o n g  th e  e f f i c i e n t  f r o n t i e r  w i th  th e  excep­

t i o n  o f  p o r t f o l i o  M. T h e r e f o r e ,  a l l  i n v e s t o r s  w i l l  want  t o  i n v e s t  in  M; 

and i t  f o l lo w s  t h a t  M m us t ,  i n  e q u i l i b r i u m ,  be a p o r t f o l i o  co n ta in in g  

a l l  s e c u r i t i e s ,  i . e . ,  t h e  m a rk e t .

The CML i s  l i n e a r  i n  E, a  space  and can  be r e a d i l y  der ived 

a l g e b r a i c a l l y .  Let x r e p r e s e n t  t h e  p e r c e n ta g e  o f  r e s o u r c e s  inves ted  

in  t h e  m arke t  p o r t f o l i o ,  M; th e n  (1 -x )  i s  t h e  amount i n v e s t e d  in  the  

r i s k - f r e e  a s s e t .  L e t  E(R^),  E(Rp) r e s p e c t i v e l y  r e p r e s e n t  the  expected 

r e t u r n s  on th e  market  and th e  e x p ec ted  r e t u r n  o f  t h e  i n v e s t o r ' s  p o r t ­

f o l i o .  S i m i l a r l y ,  l e t  cr  ̂ be t h e  s t a n d a rd  d e v i a t i o n  o f  t h e  r e t u r n  on 

th e  m arke t  p o r t f o l i o .  The e x p e c te d  r e t u r n  on th e  i n v e s t o r ' s  p o r t f o l i o  

i s  g iven  by

E(Rp) = ( l - x ) R f  + XE(R^) (19)

= Rf + X[E(Rj^)-Rf] . (20)

With t h e  assumption  o f  a r i s k - f r e e  s e c u r i t y ,  t h e  s t a n d a r d  d e v i a t i o n  o f

th e  i n v e s t o r ' s  p o r t f o l i o  i s  g iv e n  by

o(Rp> = ( 2 1 )

S o lv in g  Equa t ions  (20) and (.21), t h e  CML can be w r i t t e n  as

E(Rm) -  ' ' f
E(R ) = Rf + f f (R p ) .  ( 2 2 )
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which i s  l i n e a r  i n  E,a s p a c e .  The CML can  be viewed a s  t h e  i n d i f f e r e n c e  

l i n e  between r i s k  and r e t u r n .  With t h i s  i n t e r p r e t a t i o n ,  t h e  r i s k - f r e e  

a s s e t ,  R^, i s  t h e  c e r t a i n t y  e q u i v a l e n t  o f  a l l  r i s k y  a s s e t s  t h a t  l i e  

along  t h e  CML. The s lope  c o e f f i c i e n t .

E ( V  -  4
, i s  then  viewed a s  t h e  m a rk e t  p r i c e  o f  r i s k .

Tobin 's^^i  S e p a ra t io n  Theorem can r e a d i l y  be i n t e r p r e t e d  in 

te rms o f  t h e  c a p i t a l  market  l i n e .  S ince  a l l  i n v e s t o r s  w i l l  s e e k  to  be 

on th e  CML, th e y  w i l l  a l l  p u rc h a s e  p o r t f o l i o  M. Based on p e r s o n a l  r i s k -  

r e t u r n  p r e f e r e n c e s ,  i n v e s t o r s  w i l l  e i t h e r  borrow a t  t o  move along th e

CML above M, o r  le nd  a t  R^ to  a c h i e v e  some combinat ion  between R^ and M. 

These c h o i c e s  e s s e n t i a l l y  s e p a r a t e  t h e  investment d e c i s i o n  i n t o  two 

p a r t s .  F i r s t ,  the  i d e n t i f i c a t i o n  o f  p o r t f o l i o  M; and s e c o n d ,  an appro­

p r i a t e  f i n a n c i n g  d e c i s i o n  t o  a c h i e v e  t h e  d e s i r e d  r i s k - r e t u r n  p r e f e r e n c e .

A n a l y s i s  o f  inve s tm en t  d e c i s i o n s  us ing the  CML o n l y  r e l a t e s  to  

p o r t f o l i o s .  I n d iv id u a l  s e c u r i t i e s  w i l l  be lo c a ted  w i t h i n  t h e  e f f i c i e n t  

s e t ,  n o t  on t h e  f r o n t i e r ;  t h e r e f o r e ,  in  e q u i l i b r i u m  o n ly  p o r t f o l i o s  can 

be l o c a t e d  on th e  CML.

To a n a l y z e  in d i v id u a l  s e c u r i t i e s ,  Sharpens used h i s  s i n g l e  i n ­

dex model to  deve lop  e q u i l i b r i u m  c o n d i t i o n s  fo r  i n d i v i d u a l  a s s e t s .  The 

s i n g l e - i n d e x  model r e a d i l y  shows t h e  decomposi t ion  o f  t o t a l  r i s k  in to  

r i s k s  a s s o c i a t e d  w i th  th e  m arke t  ( c a l l e d  sy s t e m a t i c  r i s k )  and r i s k  t h a t

45Tobin ,  J .  (1958) pp.  65-86.

4 6 s h a rp e ,  W. F. (1963) pp.  272-293.



28

i s  u n iq u e  t o  t h e  f i r m  ( c a l l e d  u n s y s t e m a t i c  o r  r e s i d u a l  r i s k ) .  S h a rp e ' s  

d ia gona l  model i s

= A.+B.I+C (.23)

where A. and a r e  r e g r e s s i o n  p a r a m e te r s  f o r  th e  i^ ^  f i r m ;

R. i s  t h e  r e t u r n  on t h e  i s e c u r i t y ;

I i s  t h e  r e t u r n  on some m a r k e t  index  o f t e n  r e p r e s e n t e d  a s  R^;

C i s  random e r r o r  t e rm .^ ?

Using l e a s t - s q u a r e s  r e g r e s s i o n ,  t h e  e r r o r  term C has an ex p e c te d  va lue  

o f  z e r o ,  c o n s t a n t  v a r i a n c e ,  and i s  i n d e p e n d e n t  o f  o t h e r  e r r o r  t e rm s ,

i . e . ,  C.OV (C.J., = 0. The v a r i a n c e  o f  R̂  = v a r i a n c e  o f  (A^+B.I+C)

can be shown t o  r e s u l t  from two s o u r c e s .

V ar (R .)  = VAR(B.I)+Var(C) o r  (24)

To ta l  Risk = S y s t e m a t i c  Risk + U nsys temat ic  Risk

In t h e  r e g r e s s i o n  model ,  t h e  s ig n  and magnitude o f  t h e  s l o p e  c o e f f i c i e n t

depends on t h e  c o r r e l a t i o n  between t h e  r e t u r n s  o f  t h e  f i r m  and th e  mar­

k e t  in d e x .  I f  t h e  r e t u r n s  a r e  p e r f e c t l y  p o s i t i v e l y  c o r r e l a t e d ,  i . e . ,  

a o n e - t o - o n e  p o s i t i v e  r e l a t i o n s h i p ,  then  B.j = 1 and C = 0. This  case  

d e s c r i b e s  t h e  c o n d i t i o n  where t o t a l  r i s k  = s y s t e m a t i c  r i s k .  I f  t h e r e  

i s  no r e l a t i o n s h i p  between r e t u r n s  o f  th e  f i rm  and the  m a r k e t ,  then  B.j 

= 0 and C w i l l  be l a r g e .  This  c a s e  d e s c r i b e s  th e  c o n d i t i o n  where t o t a l  

r i s k  = u n s y s t e m a t i c  r i s k .  S ince  mos t  f i r m s '  r e t u r n s  a r e  a f f e c t e d  by 

th e  g e n e r a l  movement o f  t h e  economy, t h e  r e t u r n s  f o r  f i rm s  w i l l  g e n e r a l ­

ly  show a p o s i t i v e  r e l a t i o n s h i p  t o  t h e  m a rk e t ,  w i th  B̂  and C > 0. The

4 ? S h a rp e ,  W. F. (1963) pp.  272-293.
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c o e f f i c i e n t  i s  an index  o f  s y s t e m a t i c  r i s k  o r  a measure o f  t h e  v o l a ­

t i l i t y  o f  th e  f i r m ' s  r e t u r n  as compared t o  th e  m arke t .  When t h e r e  i s  

l e s s  than  p e r f e c t  c o r r e l a t i o n ,  C measure s  t h e  v e r t i c a l  d e v i a t i o n  o f  the  

r e t u r n s  from t h e  r e g r e s s i o n  l i n e .  The sum o f  the squa red  e r r o r  te rms 

( d e v i a t i o n s )  i s  a measure o f  u n s y s t e m a t i c  r i s k  and i s  t h a t  p o r t i o n  o f  

t o t a l  r i s k  t h a t  can be reduced o r  e l i m i n a t e d  th rough d i v e r s i f i c a t i o n .

In e q u i l i b r i u m ,  only  p o r t f o l i o s  w i l l  l i e  on t h e  CML. S in ce  

th e  CML measures  t h e  r i s k - r e t u r n  t r a d e - o f f  i n  terms o f  s y s t e m a t i c  r i s k  

o n ly ,  and i n d i v i d u a l  a s s e t s  c o n t a in  u n s y s t e m a t i c  r i s k ,  i n d i v i d u a l  a s ­

s e t s  must  be more r i s k y  than p o i n t s  on t h e  CML.

The p r e v i o u s  d i s c u s s i o n  e x p l a i n e d  t h e  CML, the  l i n e a r  t r a d e ­

o f f  between r i s k  and r e t u r n  o f  p o r t f o l i o s .  Sharpens d e r iv e d  t h e  r e l a ­

t i o n s h i p  f o r  i n d i v i d u a l  s e c u r i t i e s ,  the  s e c u r i t y  marke t  l i n e  (SML), in 

terms o f  t h e  s l o p e  c o e f f i c i e n t  o f  h i s  s i n g l e - i n d e x  model .  The s e c u r i t y  

market  l i n e  in  te rm s  o f  be ta  i s  shown in  f i g u r e  3,

SML,

Bi
Figure 3 : S e c u rity  Market Line (B)

48$harpe ,  W. F. (1964) pp. 425-442.
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and the  e q u a t i o n  f o r  the  SML i s

E(R^.) = V B i f E C R j - R f ]  (.25)

The SML shows t h a t  th e  expec ted  r e t u r n  on the i^ ^  s e c u r i t y  i s  equal  to  

th e  r i s k - f r e e  r a t e  p lu s  t h e  p r o d u c t  o f  t imes t h e  r i s k  premium o f

th e  m arke t .  Where measures t h e  c o r r e l a t i o n  o f  r e t u r n s  o f  a s s e t  i 

and th e  m a rk e t ,  o r  i s  an index  o f  t h e  degree  o f  s y s t e m a t i c  r i s k .  Note 

t h a t  in  t h i s  model ,  on ly  s y s t e m a t i c  r i s k  tak ing  i s  rewarded  with  i n ­

c r e a s e d  ex p e c te d  r e t u r n s .

Lin tnerSO d e r iv e d  the  SML u s in g  a d i f f e r e n t  approach  by max­

im iz ing  a n g l e  0 which i s  t h e  s l o p e  o f  a l i n e  from th e  r i s k - f r e e  s e c u r i t y  

t o  an a s s e t  i n  r i s k - r e t u r n  s p a c e .  The a s s e t  w i th  t h e  l a r g e r  an g le  0 

i s  more d e s i r a b l e .  In terms o f  p o r t f o l i o s  of  a s s e t s ,  8 w i l l  vary d e ­

pending on th e  w eigh ts  o f  th e  i n d i v i d u a l  a s s e t s ,  t h e i r  expec ted  r e t u r n s ,  

and th e  v a r i a n c e s  and c o v a r i a n c e s  o f  t h e  a s s e t s .  Once t h e  maximum 9 i s  

i d e n t i f i e d ,  t h e  system o f  e q u a t i o n s  can  be solved to  d e f i n e  the  r e l a t i o n ­

s h ip
E ( R  ) - R f  n

E ( R J - R f =  P 2 ( Z X . o , , )  (26)
’ f  ®p i = l  ' ’ J

or E ( R i ) - R f  = X c o v ( R . , R ^ )  (27 )

i f  t h e  p o r t f o l i o  in  q u e s t i o n  c o n t a i n s  a l l  a s s e t s  in  t h e  marke t .  L in t -  

n e r ' s  d e v i a t i o n  o f  the  SML i s  e q u i v a l e n t  to  S h a rp e ' s  development in

49Sharpe ,  W. F. (1964) F oo tno te  22, p. 433.  

s o L i n t n e r ,  J .  (1965) pp.  13-37.
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co v(R . ,R  )
te rms o f  B e ta ,  s i n c e  ^ ---------  when L i n t n e r ' s  p o r t f o l i o  rep re -

^  m

s e n t s  t h e  m arke t  p o r t f o l i o .  The SML in  terms o f  c o v a r i a n c e  i s  shown 

as  F ig u r e  4.

SML,cov

R,■f

Figure 4: S ecu rity  Market Line (Cov)

FamaSi a l s o  d e r iv e d  t h e  SML in  terms o f  c o v a r i a n c e  o f  a s s e t  i

and th e  m a rk e t .  In deve lop ing  t h e  t h i r d  d e r i v a t i o n ,  Fama showed the 

e q u i v a l e n c e  o f  t h e  v a r io u s  forms o f  t h e  SML as deve loped  by Sharpe and 

L i n t n e r .

A d d i t i o n a l  work on t h e  CAPM focused  on em p i r i c a l  t e s t i n g  and 

r e l a x a t i o n  o f  va r ious  a s s u m p t io n s .  A b r i e f  c u r r e n t  summary o f  t h i s  

work can  be found in F ra n c i s  and A r c h e r . 52

The importance  o f  c a p i t a l  marke t  t h e o ry  f o r  c a p i t a l  budget ing  

w i l l  now be ad d re s sed .  One o f  t h e  s i g n i f i c a n t  problems o f  s imple c a p i ­

t a l  b u d g e t in g  r u l e s ,  such as  t h e  r i s k - a d j u s t e d  r a t e  o r  c e r t a i n t y  equ iva ­

l e n c e  i s  t h e  absence  o f  a t h e o r e t i c a l  b a s i s  f o r  the  RADR o r  CE f a c t o r s .

s iFama, E. F. (1968) pp.  29-40.

5 2 p ran c i s  & Archer  (1979) Chapter  10, pp. 211-244.
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The CAPM can be extended t o  d ev e lo p  market de t e rm in e d  d e c i s i o n  r u l e s  

f o r  p r o j e c t  s e l e c t i o n s .  The d e c i s i o n  r u l e s ,  however,  must  be e v a l u a t e d  

in  th e  c o n t e x t  o f  the  s t r e n u o u s  assumption  o f  t h e  mode l .

C a p i t a l  A sse t  P r i c i n g  Model and C a p i t a l  Budgeting 

The C a p i t a l  A s s e t  P r i c i n g  Model has dom ina ted  f i n a n c e  r e s e a r c h  

i n  t h e  l a s t  two decades .  R e lax in g  assumptions  and e m p i r i c a l  t e s t i n g  has 

le d  to  t h e  s t u d y  o f  c o r p o r a t e  f i n a n c e  problems in  a m a rke t  c o n t e x t .

One o f  t h e  i n i t i a l  and l o g i c a l  e x t e n s i o n s  o f  the  CAPM was in  the  a r e a  o f  

r e a l  a s s e t  s e l e c t i o n  o r  c a p i t a l  budge t ing .

L i n t n e r 5 3 ,  in  a companion p ie c e  to  h i s  d e r i v a t i o n  o f  t h e  s e c u r ­

i t y  m a rk e t  l i n e ,  f i r s t  a d d r e s s e d  t h e  i m p l i c a t i o n s  f o r  c a p i t a l  b udge t ing .  

In a d d i t i o n  t o  t h e  assum pt ions  o f  t h e  CAPM, a d d i t i o n a l  assumptions  r e ­

l a t i n g  to  f i rm s  a r e  made t o  ex t e n d  Capi ta l  Market  Theory  to  the c a p i t a l  

budge t ing  d e c i s i o n .  The a s s u m p t io n s  a re :

1. C o r p o r a t e  management a s s i g n s  p r o b a b i l i t y  z e r o  t o  d e f a u l t  on i t s  
d e b t ,  and a l l  i n v e s t o r s  t r e a t  c o r p o r a t e  d e b t  a s  a r i s k l e s s  a s ­
s e t  — th u s  the  r i s k l e s s  inves tm en t  ( o r  bo r row ing )  a l t e r n a t i v e  
i s  ex tended  from i n d i v i d u a l s  to  c o r p o r a t i o n s .

2. I n v e s tm e n t  o p p o r t u n i t i e s  a v a i l a b l e  in  any t ime  p e r io d  a r e  i n ­
d e p e n d e n t  o f  the  s i z e  and composi t ion  o f  th e  c a p i t a l  budget  in  
any  o t h e r  time p e r i o d .

3. No l i m i t e d  l i a b i l i t y  t o  c o r p o r a t e  s t o c k ,  no i n s t i t u t i o n a l  o r  
l e g a l  r e s t r i c t i o n s  on i n v e s t o r s .

4. The r i s k l e s s  r a t e  R* i s  expec ted  by everyone  t o  remain c o n s t a n t  
o v e r  t i m e . 54

s ^ L i n t n e r ,  J .  (1965) pp.  13-37, 

5 4 i b i d . ,  p. 39.
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Given t h e s e  a s su m p t io n s ,  t h e  famous M odig l ian i  and M i l l e r ^ s  P r o p o s i t i o n s  

I and I I ,  t h a t  f o r  any s i z e  and com pos i t ion  o f  a s s e t s ,  i n v e s t o r s  a r e  i n ­

d i f f e r e n t  to  the  f i n a n c i n g  d e c i s i o n s  o f  th e  f i r m ,  can  be developed from 

t h e  c a p i t a l  a s s e t  p r i c i n g  mode l .  In t h i s  c o n t e x t ,  t h e  p r e s e n t  va lues  

o f  t h e  c a s h  f lows t o  any company from i t s  r e a l  and f i n a n c i a l  a s s e t s  a r e  

equa l  t o  t h e  t o t a l  marke t  v a l u e  o f  i n v e s t o r s  c l a i m s  to  those  a s s e t s .

The change  in  market  v a l u e  o f  t h e  e q u i t y ,  a s  a r e s u l t  o f  a c a p i t a l  

b u d g e t in g  d e c i s i o n  i s  equal  to

where

AÏÏ̂ . = t h e  n e t  change in expec ted  p r e s e n t  va lue  a t  the end 

o f  t h e  f i r s t  pe r iod  as  a r e s u l t  o f  th e  a c q u i s i t i o n  

o f  t h e  a s s e t ;

^ i  "  ^ i j R ^ j  = m a rke t  p r i c e  o f  r i s k  t im es  the c o v a r i a n c e  

o f  t h e  a g g r e g a t e  d o l l a r  r e t u r n s  o f  the  i and j  

s t o c k s .

L i n t n e r ' s  r e s u l t s  o f  t h e  c a p i t a l  market  approach  t o  c a p i t a l  budge ting 

c a n  be summarized as

1. Even with  h ig h l y  i d e a l i z e d  u n c e r t a i n t y  (model a s s u m p t io n s ) ,  t h e  
minimum e x p ec ted  r e t u r n  r e q u i r e d  to j u s t i f y  t h e  a l l o c a t i o n  o f  
funds  to  a g iven  r i s k y  p r o j e c t  i s  an i n c r e a s i n g  f u n c t i o n  o f  each  
o f  the  fo l l o w i n g  f a c t o r s :  the r i s k - f r e e  r a t e  o f  r e t u r n ;  the
marke t  p r i c e  o f  r i s k ;  t h e  v a r i a n c e  o f  t h e  p r o j e c t s '  r a t e  o f  r e ­
t u r n ;  the  c o v a r i a n c e  between th e  p r o j e c t  and e x i s t i n g  a s s e t s ;

s s M o d i g l i a n i , F. and M i l l e r ,  H. M. (1958) "The Cost  o f  
C a p i t a l ,  C o rpo ra t ion  F in an c e  and t h e  Theory o f  In v e s tm e n t , "  American 
Economic Review. Vol.  49 :  pp. 261-297.
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and th e  c o v a r i a n c e  between t h e  p r o j e c t  and o t h e r  p r o j e c t s  in  
t h e  c a p i t a l  budget .

2. I n v es tm en ts  t h a t  s i g n i f i c a n t l y  red u ce  r i s k  r a t i o n a l l y  belong  in  
c a p i t a l  budge ts  even a t  t h e  expense  o f  low er ing  e x p e c te d  p r e s ­
e n t  v a l u e  r e t u r n s .

3.  Due to  t h e  v a r i o u s  components o f  r i s k ,  in  p r a c t i c e  i t  w i l l  be 
e x t r e m e l y  d i f f i c u l t ,  i f  n o t  im p o s s ib l e  to  c l a s s i f y  p r o j e c t s  i n t o  
t o  homogeneous r i s k  c l a s s e s .

4 .  F o l low ing  th e  r e q u i r e m e n t s  o f  m a rk e t  e q u i l i b r i u m ,  a l l  means and 
( c o ) v a r i a n c e s  have been c a l c u l a t e d  us ing  t h e  r i s k l e s s  r a t e .  Re­
c o g n i z in g  th e  n o n - l i n e a r  e f f e c t  o f  va ry ing  t h e  d i s c o u n t  r a t e ,
i t  n e c e s s a r i l y  f o l lo w s  t h a t  t h e r e  can be no s i n g l e  r i s k  d i s ­
c o u n t  r a t e  to  use in  computing p r e s e n t  v a lu e s  f o r  d i f f e r e n t  
p r o j e c t s  f o r  a c c e p t / r e j e c t  d e c i s i o n s  even i f  a l l  p r o j e c t s  have 
t h e  same d e g re e  o f  r i s k .

5. The " c o s t  o f  c a p i t a l "  ( a s  d e f i n e d  f o r  u n c e r t a i n t y  anywhere in  
t h e  l i t e r a t u r e )  i s  n o t  t h e  a p p r o p r i a t e  d i s c o u n t  r a t e  to  use  in  
c a p i t a l  budge t ing  d e c i s i o n s .

6.  The CAPM d o e s ,  however,  d e f i n e  a " r e q u i r e d  r a t e  o f  r e t u r n  a s  a 
p o s i t i v e l y  s loped  l i n e a r  f u n c t i o n  o f  the r a t i o  o f  t h e  p r o j e c t ' s  
a g g r e g a t e  inc rem en ta l  p r e s e n t - v a l u e - v a r i a n c e - c o v a r i a n c e  to  i t s  
c o s t .  The s l o p e  c o e f f i c i e n t  i s  t h e  market  p r i c e  o f  r i s k  w i th  
t h e  r i s k - f r e e  r a t e  a s  t h e  i n t e r c e p t .

L i n t n e r ' s  c o n c l u s i o n s  fo l lo w  l o g i c a l l y ,  b u t  a r e  dependen t  upon the  

v a l i d i t y  o f  th e  s t r o n g  s e t  o f  a s s u m p t io n s  d e t a i l e d  e a r l i e r .  L i n t n e r  

h im s e l f  r e c o g n i z e d  t h a t  h i s  r e s u l t s  a r e  n o t  d i r e c t l y  a p p l i c a b l e  to  

p r a c t i c a l  d e c i s i o n s  and t h a t  a d d i t i o n a l  r e s e a r c h  was needed t o  deve lop  

p r a c t i c a l  c a p i t a l  budge t ing  r u l e s  c o n s i s t e n t  with  c a p i t a l  m a rk e t  t h e o r y .

T u t t l e  and L i t z e n b e r g e r ^ ?  a d d re s s e d  the problem o f  c a p i t a l  bud­

g e t i n g  in  a c a p i t a l  m arke t  framework by look ing  a t  t h e  c a p a b i l i t y  to  

d i v e r s i f y  by i n v e s t o r s .  In t h e  f i r s t  c a s e ,  they assumed p e r f e c t  

c a p i t a l  m a rk e t s  made up o f  s m a l l ,  r i s k - a v e r s e  i n v e s t o r s  w i th  n o n - d i v e r s i -  

f i e d  p o r t f o l i o s .  In a d d i t i o n ,  th e y  assumed t h a t  a l l  p r o s p e c t i v e  

s ^ L i n t n e r ,  J .  (1965) pp.  44-47 .

5 ? T u t t l e ,  D. L. and L i t z e n b e r g e r ,  R. H. (1968) " L ev e ra g e ,  
D i v e r s i f i c a t i o n s  and C a p i t a l  Market  E f f e c t s  on a R i s k -A d ju s te d  C a p i t a l  
Budgeting Framework,"  jou m ai o f  Finance. Vo. 23; pp.  427-443.
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i n v e s t m e n t s  expec ted  r e t u r n s  a r e  p e r f e c t l y  c o r r e l a t e d  w i th  th e  expected 

r e t u r n  on e x i s t i n g  a s s e t s .  In t h i s  env i ronment,  t h e  f i r m  can make th e  

r e t u r n s  from c a p i t a l  budge t ing  p r o j e c t s  r i s k - e q u i v a l e n t  to  t h e  f i r m ' s  

c o s t  o f  e q u i t y  c a p i t a l  by employing more o r  l e s s  f i n a n c i a l  l e v e ra g e .

T h is  p r o c e s s  w i l l  then e l i m i n a t e  th e  need to  s u b j e c t i v e l y  de te rmine  t h e  

d e s i r a b i l i t y  o f  one r i s k - r e t u r n  combinat ion  v e r s u s  a n o t h e r .  Def ining 

r i s k  a s  t h e  e s t im a te d  s t a n d a r d  e r r o r  o f  r e t u r n s  and d i s t i n g u i s h i n g  be­

tween t h e  r i s k  and r e t u r n  o f  t h e  p r o j e c t  i t s e l f  and th e  comparable r i s k  

and r e t u r n  to  eq u i ty  from th e  p r o j e c t  which r e f l e c t s  t h e  amount o f  b o r ­

rowing and l e n d in g ;  T u t t l e  and L i t z e n b e r g e r  show t h a t  r i s k  and r e t u r n  

o f  e q u i t y  i s  a s imple l i n e a r  com bina t ion  o f  th e  r i s k  and r e t u r n  o f  t h e  

p r o j e c t .  They then showed how t h i s  approach co u ld  be used to develop a 

h u r d l e  r a t e  when the f i rm  has budge t  c o n s t r a i n t s  o r  f a c e s  m u tua l ly  e x ­

c l u s i v e  p r o j e c t s .

When faced w i th  d i v e r s i f y i n g  i n v e s t o r s ,  T u t t l e  and L i t z e n b e rg e r  

e s s e n t i a l l y  r e i t e r a t e d  th e  CAPM s o l u t i o n  o f  L i n t n e r ' s  by h y p o th e s iz in g  

a r e q u i r e d  r a t e  of  r e t u r n  de te rm ined  by the  r i s k - f r e e  r a t e ,  t h e  market  

p r i c e  o f  r i s k ,  and the  c o v a r i a n c e  o f  r e t u r n  on th e  p r o j e c t  with  t h e  mar­

k e t .  The s i g n i f i c a n c e  o f  t h i s  p ap e r  l i e s  in  t h e  d i s c u s s i o n  o f  l e v e ra g e  

by f i r m  in  comparison t o  l e v e r a g e  o f  i n v e s t o r s  in  a c a p i t a l  marke t  

f ramework.  Brennan^^ c r i t i c i z e d  t h i s  approach in  t h a t  i t  " t a k e s  as 

g iv e n  th e  e f f e c t s  on a f i r m ' s  m arke t  r i s k  o f  a d o p t in g  a p a r t i c u l a r  p r o j ­

e c t .  The p a p e r ,  t h e r e f o r e ,  l e a v e s  open t h e  q u e s t i o n s  both o f  the

SGgrennan, M. J .  (1973) "An Approach t o  t h e  V a lu a t io n  o f  
U n c e r t a i n  Income S t ream s,"  journal o f  Finance. Vol.  28. pp.  661-674.
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d e t e r m i n a n t s  o f  t h i s  r i s k  e f f e c t ,  and o f  t h e  way in  which t h e  r i s k  of  

p r o j e c t s  i s  t o  be a s s e s s e d . "

Hamada^s i n t e g r a t e d  t h e  CAPM i n t o  t h e  m a ins t ream  o f  c o rp o r a t e  

f i n a n c e  by d e r i v i n g  th e  M odig l ian i  and M i l l e r  (M & M)®° p r o p o s i t i o n s  in  

t h e  c o n t e x t  o f  c a p i t a l  marke t  e q u i l i b r i u m .  He was a b l e  t o  show t h a t  M 

and M's r i s k - c l a s s  assumpt ion was u n n e c e ss a ry  i n  t h e  m a rk e t  model .  In 

t h e  no t a x  c a s e ,  the  c a p i t a l  b u dge t ing  c r i t e r i a  must  e n s u r e  t h a t  " the  

change in  e q u i t y  v a l u e ,  a s  a r e s u l t  o f  p r o j e c t s e l e c t i o n ,  w i l l  a t  l e a s t  

be l a r g e r  th a n  any new e q u i t y  r e q u i r e d  to  f i n a n c e  t h i s  p ro jec t"® ^  to be 

c o n s i s t e n t  w i th  t h e  CAPM. An a p p ro x im a te  c o s t  o f  c a p i t a l ,  o r  r e q u i re d  

r a t e  o f  r e t u r n ^ ^  can be ex p re s sed  as

dzcov (X . ,X . )
C = ^  k ^   ̂ .63 (29)

^ d l

This f o r m u l a t i o n  d i f f e r s  from t h e  im pl ied  CAPM f o r m u l a t i o n

E(Ry )̂ = Rf+Xcov(R^,R|^) , (30)

in  t h a t  Hamada i n c o r p o r a t e s  an a d j u s t m e n t  f o r  t h e  f i r m ' s  change in r i s k  

pe r  d o l l a r  o f  i n v e s t e d  c a p i t a l  caused  by th e  in v e s tm e n t .  For pure s c a l e

s^Hamada, R. S. (1969) " P o r t f o l i o  A n a ly s i s ,  Marke t  Equi l ib r ium 
and C o r p o r a t i o n  F inance ,"  journal o f  Finance. Vol.  24: pp. 13-31.

®°Modigliani  and M i l l e r  (1958) pp. 261-297.

GiHamada, R. S. (1969) p.  21.

G^With the  development o f  th e  CAPM, th e  term " t h e  c o s t  o f  c a p i ­
t a l "  has g e n e r a l l y  been r e p l a c e d  by the  te rm ino logy  o f  r e q u i r e d  r a t e s  o f  
r e t u r n .  T h is  change has been made t o  c a l l  a t t e n t i o n  to  t h e  deep p h i l o ­
s o p h ic a l  d i f f e r e n c e s  in  the  d e r i v a t i o n  in  each te rm ;  in  the  c o n t e x t  o f  
c a p i t a l  b u d g e t i n g ,  both terms a t t e m p t  t o  i d e n t i f y  a d i s c o u n t  r a t e  f o r  
f u t u r e ,  r i s k y  cash  f lows .

G^Hamada develops  EQ 29 and a t t r i b u t e s  t h i s  form o f  th e  CAPM to  
be e s s e n t i a l l y  t h e  Modigliani  and M i l l e r  p o s i t i o n  i n  t h e  framework o f  
c a p i t a l  m a rk e t  e q u i l i b r i u m .
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o r  n o n - d i v e r s i f y i n g  inves tm en ts  t h a t  do no t  change t h e  r i s k  o f  t h e  f i rm ,  

Hamada shows t h a t  Eq. (30) above d e f i n e s  th e  a p p r o p r i a t e  r e q u i r e d  r a t e .

Hamada a l s o  a d d re s s e s  t h e  impact  o f  c o r p o r a t e  income t a x e s  

on t h e  c o s t  o f  c a p i t a l  o r  r e q u i r e d  r a t e .  He once a g a i n  d e r i v e d  the  

M & M p o s i t i o n  showing the  im pac t  o f  f i n a n c i a l  l e v e r a g e  v i a  th e  sub­

s idy  g iven  t o  s h a r e h o ld e r s  th ro u g h  t a x - d e d u c t i b l e  i n t e r e s t  payments.

The a f t e r - t a x  c o s t  o f  c a p i t a l  i s  g iv e n  by

c ,  = R f ( l - T ^ )   ).  (31)

HamadaG^ then  compares t h e  r e s u l t s  and i m p l i c a t i o n s  o f  Eq.

(29) to  L i n t n e r ' s  d e c i s i o n  c r i t e r i a ,  Eq. (28) t h i s  p a p e r .  A f t e r  de­

s c r i b i n g  L i n t n e r ' s  va r ious  o m is s io n s  and p reo c c u p a t io n  w i th  minor

p o i n t s ,  Hamada then  r e c a l l s  t h e  l i m i t i n g  n a t u re  o f  bo th  models  based 

on t h e  s t r i n g e n t  a s sum pt ions .

L i t z e n b e r g e r  and Budd^s co n t in u e d  the s e a rc h  t o  deve lop  appro­

p r i a t e  c a p i t a l  budget ing  r u l e s  i n  a c a p i t a l  market  framework.  The im­

p o r ta n c e  o f  marke t  e v a l u a t i o n s  l i e s  in  the f a c t  t h a t  t h e  " f i rm  needs to 

know how a change in  i t s  r i s k i n e s s  w i l l  a f f e c t  i t s  value."GS Based on 

the  CAPM, L i t z e n b e r g e r  and Budd show t h a t  the c a p i t a l  b u d g e t in g  models

G^Hamada, R. S. (1969) p.  25.

GGLitzenberger ,  R. H. and Budd, A. P. (1970) " C o rp o ra te  In­
ves tm ent C r i t e r i a  and the V a l u a t i o n  o f  Risk A s s e t s , "  journal o f  Finan­
c ia l  and Q u an tita tive  A nalysis. V o l . 5: pp. 395-419.

G G jb id . ,  p. 397.
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o f  L i n t n e r , G? T u t t l e  and L i t z e n b e r g e r , g8 and Hamada^G dev e lo p  e s s e n t i a l ­

l y  e q u i v a l e n t  d e c i s i o n  r u l e s .  They c o n c l u d e  t h a t  in the  a b s e n c e  o f  

t a x e s ,  t h e  c o s t  o f  c a p i t a l  i s  n o t  f i r m  dependen t ;  however,  when 

t a x e s  a r e  i n c l u d e d ,  t h e  c o s t  o f  c a p i t a l  depends  on t h e  f i r m  u n d e r t a k ­

ing  t h e  p r o j e c t .

To a t t e m p t  to  e x p l a in  th e  l i n k a g e  between the  f i n a n c i a l  r i s k i ­

ness  o f  an e q u i t y  s h a r e  and t h e  e a r n i n g s  r i s k i n e s s  o f  the  u n d e r ly in g  

r e a l  a s s e t s ,  L i t z e n b e r g e r  and Budd rev iew ed  th e  em p i r i c a l  t e s t s  o f  the  

CAPM and p roposed  a d d i t i o n a l  e m p i r i c a l  work.  R e s u l t s  o f  t h e s e  s t u d i e s  

have shown a marked d i f f e r e n c e  o f  t h e  im por tance  o f  e a r n i n g s  v a r i a b i l i t y  

on s h a r e  v a r i a b i l i t y .  The m a jo r  s i g n i f i c a n t  problem o f  m a rk e t  t e s t s  i s  

t h e  use  o f  h i s t o r i c a l  in fo rm a t io n  as  a s u r r o g a t e  f o r  f u t u r e  e x p e c t a ­

t i o n s .  The i n h e r e n t  " s t a t i c "  n a t u r e  o f  t h e  CAPM poses s e v e r e  problems 

p a r t i c u l a r l y  f o r  t h e  e v a l u a t i o n  o f  r e a l  a s s e t s .  Under a dynamic frame­

work t h e  r e l a t i o n s h i p  between r e a l  and f i n a n c i a l  s e c t o r s  i s  more com­

p le x .  "Changes in  i n t e r e s t  r a t e s  a n d / o r  t h e  genera l  s t r u c t u r e  o f  r i s k  

a s s e t  p r i c e s  a f f e c t s  the  r e t u r n  t o  i n v e s t o r s  in d e p e n d e n t ly  o f  t h e  f i r m ' s  

e a r n i n g s .  T h is  m a rk e t  r i s k  i s  in d e p e n d e n t  o f  the f i r m ' s  p o r t f o l i o  of  

p r o d u c t i v e  a s s e t s .

S t a p l e t o n ? !  deve loped  c a p i t a l  budget ing  d e c i s i o n  r u l e s  based 

on th e  CAPM. The fo cu s  o f  h i s  s tu d y  was toward the  use  o f  c e r t a i n t y

G ? L in tn e r ,  J .  (1965) pp. 13-37 .

G®Tutt le ,  D. S. and L i t z e n b e r g e r ,  R. H. (1968) pp.  427-443.

G^Haraada, R. S. (1969) pp.  13-31.

7 0 L i t z e n b e r g e r ,  R. H. and Budd, A. P. (1970) p.  407.

? ! $ t a p l e t o n ,  R. C. (1971) " P o r t f o l i o  A n a ly s i s ,  S tock  V alua t ion  
and C a p i t a l  Budget ing D ec is ion  Rules  f o r  Risky P r o j e c t s , "  journal of 
Finance, Vol.  26; pp. 95-117.
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e q u i v a l e n t s  ba sed  on n o n - d i v e r s l f y a b l e  r i s k  to  the s h a r e h o l d e r s .  The 

d i v e r s i f i c a t i o n  e f f e c t  o f  inves tm en t s  w i t h i n  the f i rm  can be igno red  

and in d i v i d u a l  p r o j e c t s  a r e  a p p r a i s e d  s e p a r a t e l y .  E s s e n t i a l l y ,  h i s  

t e c h n iq u e  i s  t o  d e r i v e  t h e  c e r t a i n t y  e q u i v a l e n t  f a c t o r  based on th e  c o r ­

r e l a t i o n  between t h e  inves tm en t  ca s h  f lows  and the  m a rk e t  in d e x .  Th is  

approach  t o  e v a l u a t i n g  m u l t i p e r i o d  r e a l  a s s e t s  was c r i t i c i z e d  by Bren- 

nan?2.  Brennan s t a t e s  t h a t  S t a p l e t o n ' s  p u rp o r ted  m u l t i p e r i o d  model

A c t u a l l y  employs a s i n g l e - p e r i o d  c e r t a i n t y - e q u i v a l e n t  app roac h  in  
which i t  assumed t h a t  the  j o i n t  p r o b a b i l i t y  d i s t r i b u t i o n  o f  a l l  the  
f u t u r e  d i v i d e n d  payments on a s h a r e  can be reduced to  a p r o b a b i l i t y  
d i s t r i b u t i o n  on t h e  p r e s e n t  v a l u e s  a t  t h e  end o f  one p e r i o d  o f  a l l  
p o s s i b l e  f u t u r e  d iv id e n d  s t r e a m s .  . . . This  p rocedu re  would be 
l e g i t i m a t e  o n ly  i f ,  a t  t h e  end o f  one p e r i o d ,  t h e  i n v e s t o r  were to  
know w i th  c e r t a i n t y  t h e  p r e c i s e  p a t t e r n  o f  d iv id en d  payments ove r  
t h e  r e m a in d e r  o f  t h e  h o r i z o n  %

Myers and T u r n b u l l summarized the  development o f  CAPM ap­

proaches  t o  t h e  s o l u t i o n  o f  the  c a p i t a l - b u d g e t i n g  problems.  Assuming 

the  v a l i d i t y  o f  t h e  CAPM, they c o n c lu d e  t h a t  r e l a t i v e l y  s im p le  and 

genera l  v a l u a t i o n  fo rm ulae  can be d e v e lo p e d .  U n f o r t u n a t e l y ,  t h e y  f i n d  

t h a t  t h e  r e a l  d e t e r m i n a n t s  o f  be ta  a r e  more com pl ica ted  than  i s  g e n e r ­

a l l y  s u s p e c t e d .  They ad d re s s  th e  problems o f  measurements o f  b e t a ,  b u t  

the  more fundamenta l  problem o f  how to  hand le  growth o p p o r t u n i t i e s  i s  

a l s o  a d d r e s s e d .  I f  t h e  f i r m  has growth o p p o r t u n i t i e s ,  the  ob se rv ed  

beta w i l l  g e n e r a l l y  le ad  to  b iased  c a p i t a l - b u d g e t i n g  h u r d l e  r a t e s .

The r e s u l t s  o f  t h i s  b i a s  a r e  to  c r e a t e  s e r i o u s  q u e s t i o n s  a b o u t  t h e  

v a l i d i t y  o f  t h e  CAPM to  e v a l u a t e  r e a l  a s s e t s .

72Brennan,  M. J .  (1973) pp. 661-674.

7 3 j b i d . ,  p. 662.

^ ‘̂ Myers, S. C. and T u r n b u l l ,  S. M. (1977) " C a p i t a l  Budgeting 
and th e  C a p i t a l  A s s e t  P r i c i n g  Model: Good News and Bad News," journal
of Finance, V o l . 32: pp. 321-336.
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M u l t i - P e r io d  C a p i t a l  A sse t  P r i c in g  

Models and C a p i t a l  Budgeting

To remedy th e  obvious  ( s i n g l e - p e r i o d  n a t u r e )  shor tcom ing  o f  the  

CAPM in  t h e  v a l u a t i o n  o f  r e a l  a s s e t s ,  B r e n n a n ^ s  deve lops  a model t h a t  

d e s c r i b e s  m u l t i - p e r i o d  c a p i t a l  m a rk e t  e q u i l i b r i u m .  Brennan e s s e n t i a l l y  

ex t e n d s  t h e  work o f  Merton^® and B lack-Scho les??  to  deve lop  a d i f f e r ­

e n t i a l  e q u a t i o n  approach to  t h e  e v a l u a t i o n  o f  a cash  f low s t r eam  t h a t  

c a p t u r e s  t h e  dynamic n a t u r e  o f  i n f o r m a t i o n  a r r i v a l .  S o l u t i o n  o f  t h i s  

d i f f e r e n t i a l  eq u a t io n  y i e l d s  t h e  p r e s e n t  va lue  o f  a c l a im  t o  a r i s k y  

f u t u r e  c a s h  f low .  By a g g r e g a t i n g  th e  n e t  p r e s e n t  v a lu e  o f  c l a im s  to 

r i s k y  c a s h  f l o w s ,  the n e t  p r e s e n t  v a l u e s  o f  th e  a s s e t s  t h a t  g e n e r a t e  

t h e  c l a im s  can  be computed.

Although  the  model i s  founded upon the  p o r t f o l i o  e q u i l i b r i u m  of 

t h e  i n d i v i d u a l  i n v e s t o r ,  p r o j e c t s  a r e  r i s k  independen t  and do no t  r e ­

q u i r e  t h e  f i r m  to  use a p o r t f o l i o  s e l e c t i o n  approach t o  p r o j e c t  s e l e c ­

t i o n .  A l s o ,  th e  n e t  p r e s e n t  v a l u e  o f  a p r o j e c t  i s  a g iv e n  number in 

t h i s  m ode l ,  n o t  a random v a r i a b l e  t h a t  must be s tu d i e d  p r i o r  to  the  a c ­

c e p t a n c e  o f  the  p r o j e c t .

In a d d i t i o n  to  the  above f e a t u r e s ,  t h i s  model d e f i n e s  th e  c e r ­

t a i n t y  e q u i v a l e n t  o f  a p a r t i c u l a r  c a s h  f low as  an  o b j e c t i v e ,  m a rk e t

75Brennan,  M. J .  (1973) pp. 661-674.

7GMerton, R. C. (1969) " L i f e t im e  P o r t f o l i o  S e l e c t i o n  Under 
U n c e r t a i n t y :  The Continuous Time C as e , "  Review o f Economics and s t a t i s ­
t i c s .  Vol .  51: pp. 247-257.

7?Black ,  R. and S c h o l e s ,  M. (1973) "The P r i c i n g  o f  Options 
and C o r p o r a t e  L i a b i l i t i e s , "  journal o f  P o litic a l Economy. Vol.  81: 
pp. 637-654.
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determined  m easure  and n o t  d e r iv e d  from th e  d e c i s o n  makers '  u t i l i t y  

f u n c t i o n .

Bogue and Roll^® a l s o  f o rm u la te d  a m u l t i - p e r i o d  approach  to  

the  CAPM s o l u t i o n  to  c a p i t a l  budge t ing  p rob lem s .  While rev iew ing  b a s i c  

c a p i t a l  m a rk e t  t h e o r y  and the CAPM, th e y  s t r e s s e d  the im por tance  o f  th e  

homogeneous e x p e c t a t i o n s  assum pt ion .  W i thou t  common i n v e s t o r  b e l i e f s  

about  r e t u r n s ,  t h e r e  i s  no un ique p r i c e  f o r  a r i s k y  s e c u r i t y  t h a t  would 

p r e v a i l  in  t h e  m a rk e tp l a c e .  F u r th e rm o re ,  t h e  f i r m  would be u n c e r t a i n  as  

to  which p a r t i c u l a r  b e l i e f s  should  be used i n  r eac h in g  a d e c i s i o n .

As a p o i n t  o f  d e p a r t u r e .  Bogue and Roll s tu d ie d  the  s i n g l e ­

pe r iod  c a p i t a l  budge t ing  problem. The CAPM p ro v id e s  a t h e o r e t i c a l l y  

a c c e p ta b l e  s o l u t i o n  to  t h i s  problem. In a d d i t i o n ,  under c e r t a i n  c i rcum ­

s t a n c e s ,  the  s i n g l e  p e r io d  a n a l y s i s  w i l l  p r o v i d e  an a p p r o p r i a t e  s o l u t i o n  

to  t h e  m u l t i - p e r i o d  model .  When " p e r f e c t "  s econdary  marke ts  e x i s t  f o r  

the a s s e t ,

. . .  the  f i r m  o n ly  needs t o  compare th e  c u r r e n t  c o s t  o f  the  p r o j e c t  
w i th  th e  v a l u e  o f  f o r e c a s t e d  cash  f low s  d u r i n g  the  f i r s t  p e r i o d  and 
w i th  f o r e c a s t e d  e n d - o f - p e r io d  seco n d a ry  m a rk e t  p r i c e .  The d e c i s i o n  
n ex t  p e r i o d  as  to  whether  the  p r o j e c t  shou ld  be used in  s u b se q u e n t  
p e r io d s  i s  c o m p le t e ly  u n a f f e c t e d  by w he the r  i t  i s  owned a t  t h e  end 
o f  th e  p r e s e n t  p e r i o d .

With obse rved  im p e r f e c t  seco n d a ry  m a rk e ts  f o r  r e a l  a s s e t s ,  

one can s t i l l  u se  o n e -p e r io d  f o r e c a s t s .  In t h i s  c a s e ,  t h e  p r o j e c t  i s  

c l e a r l y  a c c e p t a b l e  i f  the  o n e -p e r io d  cash  f low  and i t s  n e t  s a l v a g e  v a l u e  

a t  t h e  end o f  p e r i o d  one i s  g r e a t e r  than  t h e  c o s t .  Obviously ,  u s in g  

t h i s  d e c i s i o n  r u l e  many wor thw hi le  p r o j e c t s  would be r e j e c t e d  because

78Bogue,  M. C. and R o l l ,  R. (.1974) "C a p i t a l  Budgeting o f  Risky 
P r o j e c t s  w i th  ' I m p e r f e c t '  Markets f o r  P h y s ic a l  C a p i t a l , "  Journal o f  
Finance. Vol.  29: pp.  601-613.

7 9 l b i d . ,  p.  604.
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t h e i r  s a lv ag e  v a lu e s  do n o t  r e f l e c t  the f u t u r e  e a r n i n g  power o f  t h e  

a s s e t .  In t h i s  c o n t e x t ,  a d d i t i o n a l  p e r iods  c a s h  f low s  must  be con­

s i d e r e d  and d e s c r i b e  a need f o r  m u l t i - p e r i o d  v a l u a t i o n  models.

Bogue and Roll p ro p o s e  an n -p e r io d ,  i n f i n i t e  s t a t e ,  dynamic 

programming s o l u t i o n  to  t h e  m u l t i - p e r i o d  c a p i t a l  budge t ing  problem. At 

each  s t e p ,  one a p p l i e s  t h e  o n e - p e r i o d  v a l u a t i o n  model w i th  the p a r a ­

m e te r s  o f  the model depending  on th e  s t a t e  o f  t h e  world  a t  th e  b e g i n ­

n ing  o f  t h a t  p e r io d .

Mean-Variance S y n th e s i s

RubinsteinGO e l e g a n t l y  showed t h a t  t h e  m a jo r  problems o f  

c o r p o r a t e  f i n a n c e :  s e c u r i t y  v a l u a t i o n ,  a s s e t  e x p an s io n  and c a p i t a l

s t r u c t u r e ,  can be s t u d i e d  in  terms o f  c a p i t a l  m a rk e t  e q u i l i b r i u m  v i a  

t h e  c a p i t a l  a s s e t  p r i c i n g  model .  Given the  s t r i c t  assumpt ions  o f  t h e  

mode l ,  he de r iv e d  th e  a l t e r n a t i v e  forms o f  the  CAPM and then showed t h e  

l o g i c a l  a p p l i c a t i o n  to  c a p i t a l  budget ing d e c i s i o n s .

The i m p l i c a t i o n  o f  t h e  u se  of  the  CAPM v e r s u s  t r a d i t i o n a l  

w e igh ted  average c o s t  o f  c a p i t a l  measures can be r e a d i l y  i d e n t i f i e d  u s in g  

R u b i n s t e i n ' s  g r a p h ic a l  a n a l y s i s .  In F igure  5 ,  t h e  SML i d e n t i f i e d  t h e  

boundary  o f  a c c e p t a b l e  c h o i c e s  in  r e t u r n - r i s k  s p a c e .  The f irm shou ld  

a c c e p t  a p r o j e c t  i f  the  p r o j e c t ' s  r e t u r n - r i s k  o r d e r e d  p a i r  p l o t s  on o r  

above t h e  market  l i n e .  A ccep t in g  p r o j e c t s  A o r  B w i l l  r e s u l t  i n  an up­

ward r e v i s i o n  o f  s h a r e  p r i c e s  a s  i n v e s t o r s  o b s e r v e  th e  d i s e q u i l i b r i u m  

c o n d i t i o n  o f  g r e a t e r  r e t u r n  f o r  t h e  r i s k ,  o r  l e s s  r i s k  f o r  the  r e t u r n

GORubinstein,  M. (1973) "A Mean-Variance S y n th e s i s  o f  C o r p o r a t e  
F in a n c i a l  Theory,"  journal o f  Finance. Vol. 28: pp.  167-180.
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than  w a r r a n t e d  by th e  m arke t  r i s k - r e t u r n  t r a d e - o f f ,  the  SML, The con­

s t a n t  s l o p e  o f  th e  SML, X, i s  t h e  m a rk e t  p r i c e  o f  r i s k  and i s  a p p r o p r i a t e  

to  a l l  f i r m s  and a l l  p r o j e c t s .  All  f i r m s  in t h e  economy may use  X as 

t h e  c u t - o f f  v a lu e  f o r  a l l  p r o j e c t s .

SML

WACC

Rf

Figure  5: Comparison o f  WACC and CML C r i t e r i a
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R u b i n s t e i n ' s  c o n c l u s i o n s  d i f f e r  from the  L i n t n e r , 8 i  T u t t l e  

and L i tzenbe rge r® ^  and Hamada®® f o r m u l a t i o n ,  i n  t h a t  in  th e  ab sen ce  

o f  s y n e rg y ,  each p r o j e c t  i s  e v a l u a t e d  on i t s  own m e r i t s  w i t h o u t  con­

s i d e r a t i o n  o f  t h e  f i r m ' s  e x i s t i n g  a s s e t s .  T h e r e f o re ,  w i t h i n  t h e  f i rm ,  

d i v e r s i f i c a t i o n  can  be ignored  in  c a p i t a l  budget ing  d e c i s i o n s .  Two 

arguments can  be made f o r  t h i s  n o n - d i v e r s i f y i n g  b e h a v io r .  F i r s t ,  in  

computing t h e  CAPM d e c i s i o n  r u l e  (Eq. 3 2 ) ,  the  r e l e v a n t  r e t u r n

E (R i ) -R f

cov(Rj,R,^)  ^ ^ (32)

and c o v a r i a n c e  r e l a t e s  to  th e  a s s e t  i n  q u e s t i o n ,  not  t h e  f i r m .  There­

f o r e ,  the  c o n t r i b u t i o n  o f  th e  p r o j e c t  to  the  f i r m ' s  v a r i a n c e  o f  e q u i ty  

r a t e  o f  r e t u r n  does no t  a f f e c t  t h e  d e c i s i o n  g iven  by CAPM c r i t e r i o n .  

Second,  i n v e s t o r s  by t h e i r  own d i v e r s i f i c a t i o n  can e l i m i n a t e  any d i ­

v e r s i f i a i !  e r i s k  so t h e  f i rm  need n o t  d i v e r s i f y  f o r  i n v e s t o r s .

R e tu rn in g  t o  the  WACC c r i t e r i o n  where a f irm would a c c e p t  a

p r o j e c t  o n ly  i f  E(R-)>WACC., one can  see  in  F ig u re  5 t h e  WACC and
J J

CAPM le a d  to  c o n t r a d i c t o r y  d e c i s i o n s .  P r o j e c t  B i s  a c c e p t a b l e  u s ing  

CAPM, b u t  u n a c c e p ta b l e  us ing  WACC; w h i l e  p r o j e c t  C i s  a c c e p t a b l e  us ing  

WACC, b u t  u n a c c e p ta b l e  us ing CAPM. The WACC i s  i n v a l i d  b ecause  in 

f a i l s  to  c o n s i d e r  bo th  r i s k  and r e t u r n  in  th e  d e c i s i o n .  WACC s e t s  a 

r a t e  o f  r e t u r n  and igno res  r i s k  r e s u l t i n g  in a bias  a g a i n s t  l o w - r i s k  

p r o j e c t s  and a b i a s  f o r  high r i s k  p r o j e c t s .  A t  the  p o i n t  o f  i n t e r s e c t i o n

® iL i n tn e r ,  J .  (1955) pp. 13-37.

® 2 T u t t l e ,  0.  L. and L i t z e n b e r g e r ,  R. H. (1968)^ pp.  427-443.  

®®Hamada, R. S. (1969) pp. 13-31.
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o f  t h e  SML and WACC l i n e s ,  t h e  c o v a r i a n c e  between the  p r o j e c t  and th e  

m a rk e t  and the  c o v a r i a n c e  between the  f i rm  and th e  m arke t  a r e  e q u a l ,  

i d e n t i f y i n g  p r o j e c t  o f  t h e  same r i s k  a s  th e  f i r m .

R ub ins te in  the n  d e r i v e d  the  M odig li an i  and M i l l e r  p r o p o s i t i o n s  

in  t h e  framework o f  th e  CAPM. The s i g n i f i c a n c e  o f  t h i s  pape r  i s  t h a t  

t h e  a u t h o r  a d d re s s e s  and i n t e g r a t e s  t h e  majo r  problems o f  c o r p o r a t e  

f i n a n c e  i n  a c a p i t a l  m a rk e t  framework a t  a r e l a t i v e l y  i n t r o d u c t o r y  

l e v e l .

A l t e r n a t i v e  Market Models 

The C a p i ta l  Market  Theory based on the  Markowitz mean-var iance  

p o r t f o l i o  model has r e c e i v e d  wide a t t e n t i o n  in  th e  f i n a n c e  l i t e r a t u r e .  

Empir ica l  t e s t i n g  has g e n e r a l l y  conf irmed  t h e  a p p ro a c h ,  bu t  th roughou t  

t h e  l i t e r a t u r e  t h e r e  has been con t inued  concern  with  t h e  s t r i c t  assump­

t i o n s  r e q u i r e d  to v a l i d a t e  t h e  t h e o r y .  One o f  the  a ssum pt ions  t h a t  has 

s t r o n g l y  been a t t a c k e d  i s  t h e  adequacy o f  v a r i a n c e  as  measure o f  r i s k .  

J oyce  and Vogel^^ r e a c h  t h e  c o n c l u s i o n  t h a t  v a r i a n c e  i s  ambiguous and 

y i e l d s  c o n f l i c t i n g  r e s u l t s  when c a l c u l a t e d  from in f o r m a t io n  g e n e r a l l y  

a v a i l a b l e  to  d e c i s i o n  makers.  In a d d i t i o n  to  q u e s t i o n s  r e l a t i n g  to  

v a r i a n c e ,  t h e  c o m p a r a b i l i t y  o f  the  a n a l y s i s  o f  f i n a n c i a l  v e r s u s  r e a l  

a s s e t s  has d i r e c t e d  r e s e a r c h  i n t o  more gene ra l  models .  The remainder 

o f  t h i s  rev iew c h a p t e r  w i l l  look  t o  a l t e r n a t e  t h e o r i e s  o f  a s s e t  s e l e c ­

t i o n :  S em i -va r ianc e  and S t o c h a s t i c  Dominance models t h a t  a l l o w  f o r  

d i f f e r e n t  r i s k  m easure s ;  T i m e - S ta t e - P r e f e r e n c e  Theory which p r o v id e s  a

S'+Joyce, J .  M. and Vogel ,  R. C. (1970) "The U n c e r t a i n t y  in  Risk: 
I s  V a r ian c e  Ambiguous?," journal o f  Finance. Vol.  25: pp. 127-134.
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more genera l  ap p ro ac h  to  the  t h e o ry  o f  c a p i t a l  market  e q u i l i b r i u m ;  a 

rev iew o f  s i m u l a t i o n  s t u d i e s  t h a t  e v a l u a t e  a l l  o f  t h e s e  models in  a 

com para t ive  c o n t e x t ;  and f i n a l l y ,  a compar ison  o f  t h e o r e t i c a l  models  and 

th e  t e c h n iq u e s  used  by p r a c t i t i o n e r s  i n  th e  f i e l d ,  This  l a s t  s e c t i o n  

w i l l  e s s e n t i a l l y  d e s c r i b e  t h e  s t a t e - o f - t h e - a r t  and w i l l  l e a d  t o  t h e  

development o f  c a p i t a l  budget ing r i s k  measures  t h a t  focus  on i n t e r t e m ­

p o r a l ,  i m p e r f e c t l y  c o r r e l a t e d  cash  f l o w s .

Mean/Semi-Variance  Model

The adequacy  o f  th e  tw o -p a ra m e te r ,  m ean -va r iance  p o r t f o l i o  

model depends on two c r i t i c a l  f a c t o r s :  1) t h e  shape o f  t h e  p r o b a b i l i t y

d i s t r i b u t i o n  o f  t h e  cash  f l o w s ,  and ,  2) t h e  form o f  t h e  d e c i s i o n  m a k e r ' s  

u t i l i t y  f u n c t i o n .  I f  the cash  f lows can  be d e s c r ib e d  by a symmetric 

d i s t r i b u t i o n  t h e n  t h e  v a r i a n c e  i s  an a d e q u a te  measure o f  d i s p e r s i o n  or  

r i s k .  However, i f  t h e  d i s t r i b u t i o n  i s  skewed,  then d e c i s i o n s  based 

on a m e a n -v a r i a n c e  c r i t e r i a  w i l l  be i n s e n s i t i v e  to t h e  a s s y m e t r i c  

n a t u r e  o f  th e  d i s t r i b u t i o n .  In terms o f  the  u t i l i t y  f u n c t i o n ,  mean- 

v a r i a n c e  a n a l y s i s  i s  c o n s i s t e n t  w i th  m ax im iza t ion  o f  expec ted  u t i l i t y  

f o r  q u a d r a t i c  o r  any o th e r  two p a ra m e te r  d i s t r i b u t i o n .  Once a g a i n ,  i f  

i n v e s t o r ' s  u t i l i t y  i s  d e s c r ib e d  by h i g h e r  moments, then  t h e  m e a n -v a r i ­

ance c r i t e r i a  i s  ina dequa te .

Markowitzes recognized  the  l i m i t a t i o n s  o f  the  v a r i a n c e  as  a 

measure o f  p o r t f o l i o  r i s k  and proposed  the  s e m i -v a r i a n c e  a s  an a l t e r n a t e  

measure.  The s e m i - v a r i a n c e  measures  t h e  dow n-s ide ,  squared  d e v i a t i o n s  

from a r e f e r e n c e  p o i n t .  More s p e c i f i c a l l y ,  l e t  R r e p r e s e n t  a random

ssMarkowitz, H. M. (1959).
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v a r i a b l e  w i th  a known p r o b a b i l i t y  d i s t r i b u t i o n ;  h i s  t h e  c r i t i c a l  

v a l u e  a g a i n s t  which th e  a c t u a l  v a l u e s  o f  R a r e  compared®® and l e t  

(R -h )"  r e p r e s e n t  (R-h) f o r  (R-h) <_ 0,  then  s e m i - v a r i a n c e  can  be de­

f i n e d  as

= E [ ( R - h ) - ] 2 .  87 (33)

In comparing v a r i a n c e  and se m i -v a r i a n c e  a s  a r i s k  measure in  

p o r t f o l i o  a n a l y s i s ,  Markowitz®® s e l e c t e d  th e  v a r i a n c e  based  on the f o l ­

lowing c o n s i d e r a t i o n s :  v a r i a n c e  i s  a f a m i l i a r  s t a t i s t i c a l  measure t h a t  

i s  much e a s i e r  to  use w i th  com pu te r  a n a l y s i s ;  f o r  p o r t f o l i o  problems 

based  on v a r i a n c e  i n p u t s  needed a r e  th e  means, v a r i a n c e  a n d ,  c o v a r i a n c e s  

w h i l e  th e  p o r t f o l i o  problem based  on s e m i -v a r i a n c e  r e q u i r e s  th e  e s t i m a ­

t i o n  o f  th e  e n t i r e  j o i n t  p r o b a b i l i t y  d i s t r i b u t i o n  o f  r e t u r n s .  I n t u i ­

t i v e l y ,  the  s e m i -v a r i a n c e  i s  a b e t t e r  measure o f  i n v e s t o r  r i s k .  Analy­

s i s  based on se m i -v a r i a n c e  c o n c e n t r a t e s  on the e l i m i n a t i o n  o f  down-side 

v a r i a t i o n  o r  l o s s e s ,  w h i l e  v a r i a n c e  c o n s i d e r s  e x t r e m e l y  h igh  and low 

r e t u r n s  as eq u a l ly  u n d e s i r a b l e .  With symmetric d i s t r i b u t i o n s  o f  r e ­

t u r n s ,  p o r t f o l i o  models  w i l l  s e l e c t  the  same e f f i c i e n t  s e t  us ing  e i t h e r  

v a r i a n c e  o r  the  s e m i - v a r i a n c e .  Given the  assumption  o f  normal or  n e a r l y  

normal r e t u r n s ,  Markowitz f o c u s e d  h i s  a t t e n t i o n  t o  the  more economical ,  

more f a m i l i a r  v a r i a n c e  as  a measure  o f  r i s k .

®®Common c r i t i c a l  v a l u e s  r e p o r t e d  a r e  t h e  mean and zero .  Using 
t h e  mean, s e m i -v a r i a n c e  m easu re s  t h e  d e v i a t i o n s  below th e  mean while  
u s i n g  ze ro  f o r  the  r e f e r e n c e  p o i n t ,  s e m i - v a r i a n c e  m easures  d e v i a t i o n s  
r e s u l t i n g  in  a l o s s .

®7Mao, J .  C. T. (1970) "Survey o f  C a p i t a l  Budge t ing :  Theory 
and P r a c t i c e , "  journal o f  Finance. Vol.  25: pp.  349-360.

®®Markowitz, H. M. (1959) .
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Mao,89 and Mao and B re w s te r8° a r g u e  t h a t  the  s e m i - v a r i a n c e  i s  

a b e t t e r  r i s k  measure  than  t h e  v a r i a n c e  p a r t i c u l a r l y  f o r  c a p i t a l  bud­

g e t in g  a n a l y s i s .  These papers  r e v i v e d  M arkow i tz ' s  arguments f o r  t h e  

s e m i - v a r i a n c e  and d e s c r ib e d  th e  u t i l i t y  i m p l i c a t i o n s  f o r  a d e c i s i o n  r u l e  

based on s e m i - v a r i a n c e .  Using T o b i n ' s ^ i  development o f  th e  q u a d r a t i c  

u t i l i t y  f u n c t i o n  f o r  t h e  m e an -v a r ian c e  c a s e ,  Mao^z developed  a hybr id  

u t i l i t y  f u n c t i o n  t h a t  would imply a m e a n / s e m i -v a r i a n c e  c r i t e r i o n .  This  

u t i l i t y  f u n c t i o n  i s  q u a d r a t i c  f o r  r e t u r n s  l e s s  than t h e  c r i t i c a l  v a l u e  

and l i n e a r  f o r  r e t u r n s  g r e a t e r  than  th e  c r i t i c a l  v a lu e .  This  hyb r id  

f u n c t i o n  d e p i c t s  a d e c i s i o n  maker who i s  r i s k  a v e r s e  a t  low r e t u r n  l e v ­

e l s ,  bu t  i s  n e u t r a l  toward r i s k  a t  h igh  r e t u r n s . 83 Mao s t a t e s  " I t  does 

n o t  seem u n r e a s o n a b l e  f o r  an i n v e s t o r  who i s  c o n s e r v a t i v e  a t  low r e t u r n s  

t o  become a g g r e s s i v e  a high r e t u r n s . "  8̂ +

Mao85 a l s o  addressed  t h e  c o m p u ta t io n a l  problems o f  p o r t f o l i o  

a n a l y s i s  u s i n g  s e m i - v a r i a n c e .  Recogniz ing  t h a t  t h e r e  i s  no easy  way 

to  d e r i v e  t h e  s e m i - v a r i a n c e  f o r  a p o r t f o l i o  from the s e m i - v a r i a n c e s  o f  

th e  i n d i v i d u a l  p r o j e c t s ,  Mao shows t h a t  to compute p o r t f o l i o  s e m iv a r i a n c e

88Mao, J .  C. T. (1970) "Models o f  C a p i t a l  B udget ing ,  E-V vs .
E-S,"  Journal o f  Financial and Q u a n tita tive  A nalysis. Vol.  4: pp.  657-
575.

80Mao, J .  C. T. and B r e w s te r ,  J .  F. (1970) "An E-Sh Model o f  
C a p i t a l  B u d g e t in g , "  E n g in eer in g  E c o n o m is t.  Vol.  15: pp. 103-121.

8 iT o b i n ,  J .  (1958) pp. 65-86 .

82Mao, J .  C. T. (1970) pp. 658-662.

83Here r i s k  and v a r i a b i l i t y  a r e  used  in t e r c h a n g e a b l y .

84Mao, J .  C. T. (1970) p.  661.

85I b i d ,  pp. 668-674.
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one must  s p e c i f y  th e  com ple te  j o i n t  p r o b a b i l i t y  d i s t r i b u t i o n  o f  p o r t ­

f o l i o  r e t u r n s .  For example ,  w i th  t h r e e  i n d i v id u a l  p r o j e c t s ,  w i th  

t h r e e  p o s s i b l e  outcomes eac h ,  tw e n ty - s e v e n  p o s s i b l e  p o r t f o l i o s  must  be 

e v a l u a t e d  t o  de te rm ine  th e  j o i n t  p r o b a b i l i t y  d i s t r i b u t i o n .  Mao^® 

r e c o g n i z e s  t h e  o p e r a t i o n a l  d i f f i c u l t i e s  a s s o c i a t e d  w i th  s e m i - v a r i a n c e  

a n a l y s i s ,  b u t  l a y s  t h e  ground work f o r  f u r t h e r  r e s e a r c h  in  t h i s  a r e a .

Hogan and Warren^? added t o  the  i n t u i t i v e  appea l  o f  s e m i - v a r i ­

ance  by d e v e lo p in g  an e q u i l i b r i u m  c a p i t a l - m a r k e t  model based  on semi­

v a r i a n c e .  They d e f i n e  a r i s k l e s s  r a t e  in  E-Sj  s p a c e ,  where S j  r e p r e ­

s e n t s  t h e  s q u a r e  r o o t  o f  t h e  s e m i - v a r i a n c e ,  as  an i n v e s t m e n t  f o r  which 

S j  = 0. Following c l o s e l y  w i t h  a p ro c e d u re  t h a t  p a r a l l e l s  S h a rp en s ,  

Hogan and Warren shown t h a t  t h e  CML can be drawn in  m e a n / s e m i - s t a n d a rd  

d e v i a t i o n  (E-S) space a n a l o g o u s l y  to  th e  E-V model.  D e f in in g  semi­

v a r i a n c e  as

E(min[0 ,R^-T]2)  (34)

where

= r e t u r n  on p o r t f o l i o  X 

I  = f i x e d  r e f e r e n c e  p o i n t ;

then  t h e  r i s k l e s s  r a t e  i s  t h e  l a r g e s t  v a l u e  f o r  I  f o r  which t h e r e  e x i s t s  

a  p o r t f o l i o  such t h a t  S j  = 0. Using t h i s  r i s k l e s s  a s s e t ,  th e y  then  

show t h e  e x i s t e n c e  o f  a CML by d e m o n s t r a t i n g  t h a t  th e  co m b in a t io n  o f  the

96Mao, J .  C. T. (1970) p.  661.

9?Hogan, W. W. and Warren,  J .  M. (1974) "Toward t h e  Development 
o f  an E q u i l i b r i u m  C a p i t a l - M a r k e t  Model Based on Semiv a r i a n e e , "  journal of 
Financial and Q u an tita tive A a n lys is . Vol.  9: pp. 1-11 .

98Sharpe,  W. F. (1964) pp.  425-442.
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r i s k l e s s  a s s e t  and any r i s k y  p o r t f o l i o  produces  a new p o r t f o l i o  f o r  

which  Sj  i s  p r o p o r t i o n a l  to  t h e  r i s k  measure o f  t h e  o r i g i n a l  p o r t f o l i o .  

L e t  Y r e p r e s e n t  t h e  r i s k l e s s  a s s e t  and X i s  any o t h e r  p o r t f o l i o ,  then  

f o r  p o r t f o l i o  Z(a)  = a X + ( l - a )Y ,  a^O; the  s e m i - s t a n d a r d - d e v i a t i o n  o f  t h e  

r e t u r n  o f  p o r t f o l i o  Z(a)  i s

S j [ R . Z ( a ) ]  = [E(min(0 ,a (R^-T)  + ( l - o O f R y - T ) ) : ) ! ^  (35)

= a S j ( R % ) .

CML

E ( R)

S

F ig u re  6:  E-S E f f i c i e n t  F r o n t i e r ,  CML
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F ig u r e  5 above d e p i c t s  th e  c a p i t a l  m a rk e t  l i n e  i n  E-S s p a c e ;  

as  b e f o r e ,  t h e  p o i n t  o f  tangency o f  t h e  e f f i c i e n t  f r o n t i e r  and t h e  CML 

i d e n t i f i e s  t h e  m arke t  p o r t f o l i o ,  W. The e q u a t io n  o f  t h i s  CML can  be 

w r i t t e n  as

E(Rp)  = T +
E ( R „ ) - T

w ' p -

gy
(36)

To deve lop  a r e l a t i o n s h i p  f o r  i n d i v i d u a l  a s s e t s  s i m i l a r  to  th e  

s e c u r i t y  m a rk e t  l i n e ,  Hogan and Warren d e f i n e  t h e  cosem iva r ia nce  a s  t h e  

p ro p e r  measure  o f  r e a l t i v e  s e c u r i t y  r i s k .  At e q u i l i b r i u m ,  t h e  expec ted  

r e t u r n  on a s e c u r i t y  i s  a l i n e a r  f u n c t i o n  o f  t h e  s e c u r i t i e s '  cosemi­

v a r i a n c e  w i th  t h e  tangency  o r  m a rke t  p o r t f o l i o .  Following Sharpe^ 

and e x p l o i t i n g  t h e  f a c t  t h a t  t h e  s lo p e  o f . the  c u rv e  a b in  F ig u re  6 ,  in  

e q u i l i b r i u m ,  must  equal  the s lo p e  o f  t h e  CML, one can s o lv e  f o r  t h i s  

tangency  r e l a t i o n  and d e r iv e  t h e  e x p r e s s i o n  f o r  the  expec ted  r e t u r n  f o r  

any a s s e t ,  i . e . ,  t h e  SML.

E ( R „ ) - T

w
(37)

where

= E[min(0,R^-T)2]

S^.  = E ( [ m i n (0 ,R ^ -T ) ] [R . -T ] ) ,

s^The c r i t i c a l  va lue  used t o  compute th e  s e m i -v a r i a n c e  i s  the  
r i s k - f r e e  r a t e .  This  i s  a r e a s o n a b l e ,  b u t  n o t  mandato ry ,  c h o i c e .
Hogan and Warren defend  t h i s  c h o i c e  a s  t h e  minimum r a t e  t h a t  a l l  i n v e s t ­
o r s  would s t r i v e  to  exceed.

lOOSharpe,  W. F. (1964) pp. 425-442.
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P o r t e r ,  Bey, and Lewis^°^ extended Hogan and W arren ' s  t h e o r e t ­

i c a l  model to  deve lop  c a p i t a l  budget ing  r u l e s  based on s e m i -v a r i a n c e .  

They fo l low ed  L i n t n e r ' s ^ ° ^  l e a d  t o  develop an e x p r e s s i o n  f o r  the m arke t  

v a l u e  o f  t h e  e q u i ty  which th e n  s e r v e s  as a b a s i s  f o r  c a p i t a l  budgeting 

d e c i s i o n s .  Assuming t h a t  i n d i v i d u a l  f i rms a r e  small  r e l a t i v e  to the  

m a rk e t  so t h a t  c a p i t a l  b u dge t ing  d e c i s i o n s  do n o t  a f f e c t  the  market 

p r i c e  o f  r i s k ,  they  developed  a v a l u a t i o n  e q u a t io n  in  s e m i -v a r ian ce  

s p ace  analagous  t o  L i n t n e r ' s ^ ° ^  v a l u a t i o n  in  v a r i a n c e  s p a c e .

Haskins ios  deve loped  a s i m p l i f i e d  c a p i t a l  budge t ing  r u l e  based 

on t h e  ex ten s io n  of  S h a r p e ' s  s i n g l e  index model to  i n c o r p o r a t e  the semi­

v a r i a n c e  as  the r i s k  m easure .  Using Hogan and W arren ' s^ os  E-S c a p i t a l  

m a rk e t  model,  Maskin 's  d e c i s i o n  r u l e  f o r  d i v e r s i f i e d  i n v e s t o r s  i s  to  

a c c e p t  a p r o j e c t  i f

E(Rj) > T+[E(R^)-T]Yj. (38)

l o i p o r t e r ,  R. B . , Bey, R. P . ,  and Lewis,  D. C. (1975) "The 
Development o f  a Mean-Semivar iance Approach to  C a p i t a l  Budget ing ,"  
Journal o f Financial and Q u a n tita tive  A nalysis. Vol.  10: pp. 639-649.

lOZLin tner ,  J .  (1965) pp. 13-37.

loSRefer  t o  Equa t ion  ( 2 8 ) ,  p. 33 t h i s  p a p e r .

i o ‘+The d e r i v a t i o n  o f  t h e  v a l u a t i o n  e q u a t io n  in  sem i -v a r i a n c e  
s p a c e  i s  q u i t e  t e d i o u s  because  o f  th e  a s s y m e t r i c  n a t u r e  o f  the  cosemi­
v a r i a n c e  te rms.  See P o r t e r ,  Bey, and Lewis, p.  644 ,  f o r  t h e  d e r i v a t i o n  
o f  t h e  v a l u a t i o n  e q u a t io n .

lo s H as k in s ,  C. G. (1978) "Capital  Budget ing  D ec is io n  Rules 
f o r  Risky P r o j e c t s  Der ived  from a C ap i ta l  Market  Model Based on Semi­
v a r i a n c e , "  Engineering Economist. Vol. 23: pp. 211-222.

lOGHogan, W. W. and Warren,  J .  M. (1974) pp.  1 -11 ,  see  a l s o  
E qua t ion  (3 7 ) ,  p.  51 t h i s  p a p e r .
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where

E ( R j )  = expec ted  r e t u r n  o f  p r o j e c t  j  

T = s e m i - v a r i a n c e  r i s k - f r e e  r a t e  

E(R^) = expec ted  r e t u r n  o f  th e  market  

Yj = s e m i - v a r i a n c e  a n a lo g u e  to  th e  m e a n -v a r i a n c e  g,

i . e . ,  t h e  c o s e m i v a r i a n c e  o f  t h e  a s s e t  and the  

market  d i v i d e d  by t h e  s e m i -v a r i a n c e  o f  t h e  m arke t .

The v o l a t i l i t y  measure ,  Y j ,  i s  o n l y  a f f e c t e d  by p r o j e c t  d e v i a ­

t i o n s  a s s o c i a t e d  w i th  even t s  f o r  which  R^ < T, whereas gj i s  a f f e c t e d  

by p r o j e c t  r e t u r n  d e v i a t i o n s  whenever R^ ^  E(R^). Accord ing  to  th e  

E-S model ,  a d i v e r s i f i e d  i n v e s t o r  i s  n o t  concerned  w i th  a d v e r s e  r e ­

tu r n s  from a p r o j e c t  when R^ > T.

S e m i -v a r i a n c e  has r e c e iv e d  c o n s i d e r a b l e  r e c e n t  a t t e n t i o n  in  

the  l i t e r a t u r e .  I n t u i t i v e l y  a r i s k - m e a s u r e  t h a t  accoun ts  f o r  down-side-  

r i s k  can  be q u i t e  v a l u a b l e .  I f ,  however,  normal o r  o t h e r  symmetric 

d i s t r i b u t i o n s  a d e q u a t e l y  c h a r a c t e r i z e  c a p i t a l  budge ting ca s h  f lo w s ,  then 

the  a d d i t i o n a l  com puta t iona l  d i f f i c u l t y  o f  th e  s e m i - v a r i a n c e  does n o t  

seem w a r r a n t e d .  A lso ,  the mode l ,  a s  d e v e lo p e d ,  s u f f e r s  from th e  s i n g l e  

pe r iod  p e r s p e c t i v e  as  does th e  c a p i t a l  a s s e t  p r i c i n g  model .  S ince  

th e  p r im ary  c o n c e r n  o f  t h i s  pape r  i s  t o  i d e n t i f y  r i s k  e v a l u a t i o n  t e c h ­

niques  t h a t  i n c o r p o r a t e  the  i n t e r t e m p o r a l  n a t u r e  o f  t h e  ca s h  f lows  in  

c a p i t a l  b u d g e t i n g ,  more genera l  ap p ro a c h e s  to  r i s k  e v a l u a t i o n  need to 

be e x p l o re d .
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S t o c h a s t i c  Dominance Models

"D ec is ion -m ak ing  unde r  u n c e r t a i n t y  may be viewed a s  c h o i c e s  be­

tween a l t e r n a t i v e  p r o b a b i l i t y  d i s t r i b u t i o n s  o f  r e t u r n s ,  and t h e  i n d i v i d ­

ual  chooses  between them in  ac c o rd a n c e  t o  a c o n s i s t e n t  s e t  o f  p r e f e r ­

e n c e s . " l o ?  D e c i s io n  r u l e s  based on th e  moments o f  the  p r o b a b i l i t y  d i s ­

t r i b u t i o n  ( i . e . ,  m e an -va r ianc e  o r  mean s e m i - v a r i a n c e )  r e q u i r e  a p a r t i c ­

u l a r  form o f  u t i l i t y  f u n c t i o n  o r  a s p e c i f i c  d i s t r i b u t i o n  o f  r e t u r n s .

For example ,  t h e  m ean -v a r ian c e  d e c i s i o n  r u l e  r e q u i r e s  e i t h e r  a two 

pa ram ete r  d i s t r i b u t i o n  o f  r e t u r n s  (more s p e c i f i c a l l y  as  a s s u m p t io n  o f  

n o r m a l i t y )  o r  a two pa ram ete r  u t i l i t y  f u n c t i o n .  D i s s a t i s f a c t i o n  w i th  

th e  s t r e n u o u s  a s sum pt ions  o f  t h e  m e a n -v a r i a n c e  c a p i t a l  a s s e t  p r i c i n g  

model has l e a d  r e s e a r c h e r s  to  lo ok  f o r  more genera l  models t h a t  a l lo w  

f o r  l e s s  r e s t r i c t i v e  a ssumpt ions  f o r  t h e  u t i l i t y  f u n c t i o n  and th e  under ­

ly in g  p r o b a b i l i t y  d i s t r i b u t i o n  o f  r e t u r n s .  There i s  an obv ious  t r a d e ­

o f f  when one lo o k s  to  more g e n e ra l  f o r m u l a t i o n s  to  s o lv e  f i n a n c i a l  de­

c i s i o n  p rob lem s.

The more r e s t r i c t i v e  the  c l a s s  o f  u t i l i t y  f u n c t i o n s ,  t h e  s m a l l e r  
w i l l  be t h e  a d m i s s i b l e  s e t  and th u s  more u s e fu l  w i l l  i t  be in  p r a c ­
t i c a l  s i t u a t i o n s .  However, more r e s t r i c t i o n s  on t h e  u t i l i t y  f u n c ­
t i o n s  imply t h a t  t h e  a d m i s s i b l e  s e t  i s  r e l e v a n t  f o r  a s m a l l e r  group 
o f  i n d i v i d u a l s  and may i n v o l v e  a s e v e r e  l o s s  o f  g e n e r a l i t y .  Thus, 
one i s  i n t e r e s t e d  in  d e t e r m in i n g  t h e  a d m is s i b l e  s e t  o f  a l t e r n a t i v e s  
f o r  t h e  most  r e s t r i c t i v e  c l a s s  o f  u t i l i t y  f u n c t i o n s  t h a t  i s  con­
s i s t e n t  w i t h  observed  economic phenomena. los

The c o n c e p t  o f  dominance has been used i n  d e c i s i o n  making to  

e l i m i n a t e  i n f e r i o r  a l t e r n a t i v e s  from f u r t h e r  c o n s i d e r a t i o n .  For example,

io?Bawa, V. S. (1975) "Optimal Rules f o r  Order ing  U n c e r t a in  
P r o s p e c t s , "  journal o f  Financial Economics. Vol.  2: pp. 95-121.
(p. 95) .

lO G lb id . ,  p.  96.
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us ing  t h e  m e a n -v a r i a n c e  d e c i s i o n  r u l e ,  dominated cho ices  can be r e a d i l y  

i d e n t i f i e d .  I f  a p r o j e c t  has a l a r g e r  expec ted  r e t u r n  and a v a r i a n c e  

a t  l e a s t  a s  s m a l l ,  o r  a s m a l l e r  v a r i a n c e  and an expected  r e t u r n  a t  l e a s t  

as  l a r g e ,  one can  i d e n t i f y  m e a n -v a r i a n c e  dominance.  U n f o r t u n a t e l y ,  

t h e s e  two p o l a r  c a s e s  do not  e l i m i n a t e  many a l t e r n a t i v e s  from f u r t h e r  

s tudy .

A na lyz ing  th e  e n t i r e  p r o b a b i l i t y  d i s t r i b u t i o n  o f  r e t u r n s  r a t h e r  

than  j u s t  t h e  f i r s t  two moments. S t o c h a s t i c  Dominance d e c i s i o n  r u l e s  

have been d e v e lo p e d .  These d e c i s i o n  r u l e s  have been i d e n t i f i e d  a s  

F i r s t  Order  S t o c h a s t i c  Dominance (FSD), Second Order S t o c h a s t i c  Domi­

nance (SSD), and Th i rd  Order S t o c h a s t i c  Dominance (TSD). The o r d e r i n g s  

from f i r s t  th ro u g h  t h i r d  degree  a r e  based on more r e s t r i c t i v e  assump­

t i o n s  on t h e  d e c i s i o n  maker ' s  u t i l i t y  f u n c t i o n .

Quirk  and Saposnik^os deve loped  F i r s t  Order S t o c h a s t i c  Domi­

nance as t h e  op t im a l  d e c i s i o n  r u l e  f o r  t h e  e n t i r e  c l a s s  o f  i n c r e a s i n g  

u t i l i t y  f u n c t i o n s  ( i . e . ,  t h e  u t i l i t y  f u n c t i o n  i s  an i n c r e a s i n g  f u n c t i o n  

o f  r e t u r n s ) .  The p r o b a b i l i t y  f u n c t i o n s  a r e  taken  over  the  i n t e r v a l  

I = [ 0 ,1 ]  o r  I = [ 0 , « ] ;  a l s o  t h e s e  dominance r u l e s  app ly  t o  e i t h e r  d i s ­

c r e t e  o r  c o n t in u o u s  f u n c t i o n s .  The FSD r u l e  i s  t h a t  p r o b a b i l i t y  d i s ­

t r i b u t i o n  F d o m in a te s  p r o b a b i l i t y  d i s t r i b u t i o n  G i f  and o n ly  i f  F never 

l i e s  above and somewhere l i e s  below G; more s p e c i f i c a l l y ,

F>^G i f  and only  i f  G(X) > F(X) f o r  a l l  X e I . i i o  (39)

lOSQuirk ,  J .  P. and S a p o s n ik ,  R. (1962) " A d m i s s i b i l i t y  and Mea­
s u r a b le  U t i l i t y  F u n c t i o n s , "  Review o f  Economic S tudies. Vol.  29: pp.
140-146.

i i ° T h e  s t o c h a s t i c a l l y  l a r g e r  random v a r i a b l e  has th e  s m a l l e r  
d i s t r i b u t i o n  f u n c t i o n .  Whitmore, G. A. and F in d la y ,  M. C. (1978) 
Stoch astic  Dominance. Lexing ton ,  M ass . :  Lexington Books, p.  66.
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G r a p h i c a l l y ,  FSD is  depec ted  in  F ig u re  7 below; i n  t h i s  c a s e  (F(X) = 

G(X) in  a l l  c a s e s  e x ce p t  f o r  t h e  3 ,  4 i n t e r v a l  where G(X)>F(X). Any 

d e c i s i o n  maker observ ing  t h e s e  two a l t e r n a t i v e s  w i l l  s e l e c t  a l t e r n a ­

t i v e  F a s  F(X) c l e a r l y  dominates  G(X) by FSD. U n f o r t u n a t e l y ,  among 

t h e  c l a s s  o f  a l l  d i s t r i b u t i o n  f u n c t i o n s ,  the  s u b c la s s  t h a t  can  be 

o r d e r e d  by t h e  FSD r u l e  i s  q u i t e  s m a l l .

P(x)

.0

0 .5

3 4 521 X

Figure 7: F i r s t  Order  S t o c h a s t i c  Dominance,  F>^G
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Recogniz ing  the  l i m i t a t i o n s  o f  the  FSD d e c i s i o n  r u l e ,  Hadar and 

Russel l  111 deve loped  a weaker dominance c r i t e r i a  c a l l e d  Second Order 

S t o c h a s t i c  Dominance, (SSD). SSD c o n s i d e r s  t h e  r e s t r i c t e d  c l a s s  o f  i n ­

c r e a s i n g  u t i l i t y  f u n c t i o n s  t h a t  d e p i c t  r i s k  a v e r s i o n  ( i . e . ,  t h e  u t i l i t y  

f u n c t i o n s  a r e  i n c r e a s i n g  w i th  d e c r e a s i n g  marg ina l  u t i l i t y  eve ryw here ) .  

The SSD r u l e  i s  t h a t  p r o b a b i l i t y  d i s t r i b u t i o n  F dominates a p r o b a b i l i t y  

d i s t r i b u t i o n  G i f  and only  i f  the i n t e g r a l  o f  F neve r  l i e s  above and 

somewhere l i e s  below the  i n t e g r a l  o f  G; more s p e c i f i c a l l y ,

F>gG i f  and o n ly  i f  G^(X) > F^(X) f o r  a l l  Xe I .  (40)

G r a p h i c a l l y ,  SSD i s  d e p ic te d  in  F ig u re  8 below; in  t h i s  case n e i t h e r  

F(X)>^G(X) nor  G(X)>^F(X), however F^ c l e a r l y  dominates  G^.

P(x)

F(x)
F (X)

Figure U: Second Order S to c h as tic  Dominance 

F̂ >2Ĝ

i i i H a d a r ,  J .  and R u s s e l ,  W. R. (1969) "Rules fo r  Order ing  Un­
c e r t a i n  P r o s p e c t s , "  American Economic Review. Vol.  49: pp. 25-34.
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Whitm ore^ iz  f u r t h e r  r e s t r i c t e d  t h e  c l a s s  of  u t i l i t y  f u n c t i o n s  

t o  d e v e lo p  T h i rd  Order  S t o c h a s t i c  Dominance,  (TSD). TSD c o n s i d e r s  t h e  

c l a s s  o f  i n c r e a s i n g  and r i s k  a v e r s e  u t i l i t y  f u n c t i o n s  w i th  t h e  a d d i t i o n ­

a l  r e s t r i c t i o n  t h a t  th e  t h i r d  d e r i v a t i v e  o f  t h e  u t i l i t y  be p o s i t i v e .

The economic r a t i o n a l  f o r  c o n s id e r i n g  p o s i t i v e  t h i r d  d e r i v a t i v e s  i s  

t h a t  t h i s  c o n d i t i o n  im p l ie s  d e c r e a s i n g  a b s o l u t e  r i s k  a v e r s i o n .

The TSD r u l e  i s  t h a t  p r o b a b i l i t y  d i s t r i b u t i o n  F dominates a p r o b a b i l i t y  

d i s t r i b u t i o n  G i f  and on ly  i f  the  mean o f  F i s  g r e a t e r  tha n  th e  mean o f  

G and t h e  i n t e g r a l  o f  t h e  i n t e g r a l  o f  F neve r  l i e s  above and somewhere 

l i e s  below t h e  i n t e g r a l  o f  the  i n t e g r a l  o f  G; more s p e c i f i c a l l y ,

F>gG i f  and o n ly  i f :  a) UpniQ, and b) G^(X)^F^(X) f o r  a l l  X el .  (41)

G r a p h i c a l l y ,  TSD i s  d e p i c t e d  in  F ig u r e  9 below; in  t h i s  c a s e  n e i t h e r  

F(X)>^G(X) nor G(X)>gF(X), however,  w i t h  Up = yj,, F^ dominates  G^.

The S t o c h a s t i c  Dominance Rules  (FSD, SSD, and TSD) have t r e ­

mendous p o t e n t i a l  due to  t h e i r  g e n e r a l i t y .  However, s i g n i f i c a n t  s h o r t ­

comings o f  t h e  p r o c e d u r e  a re  t h e  need f o r  com ple te  knowledge o f  th e  

e n t i r e  d i s t r i b u t i o n  and the r e q u i r e m e n t  t o  make p a i rw is e  com par isons  to  

i d e n t i f y  d o m in a t in g  c h o i c e s .  Much e m p i r i c a l  work has been done to 

dev e lo p  a l g o r i t h m s  t h a t  a l low  f o r  t h e  e f f i c i e n t  com puta t ions  o f  th e

i i ^ W h i tm o re ,  G. A. (1970) " T h i rd  Order S t o c h a s t i c  Dominance,"  
American Economic Review. Vol. 59: 457-459 .

i i 3 p r a t t ,  J .  W. (1964) "R isk  A vers ion  in  the Small and i n  t h e  
L arg e ,"  Econometrica. Jan-Apr:  pp.  122-136.  P r a t t ,  i n  t h i s  c l a s s i c
paper  d i f f e r e n t i a t e s  between l o c a l  and g lo b a l  measures o f  r i s k  a v e r s i o n .  
In a d d i t i o n ,  he d i s c u s s e d  the  q u e s t i o n s  o f  c o n s t a n t  r i s k  a v e r s i o n  v e r s u s  
i n c r e a s i n g  and d e c r e a s i n g  r i s k  a v e r s i o n  and c o n s t a n t  p r o p o r t i o n a l  r i s k  
a v e r s i o n  v e r s u s  i n c r e a s i n g  and d e c r e a s i n g  p ro p o r t i o n a l  r i s k  a v e r s i o n .
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g"(x )

r(x)

3 „3
Figure 9: Third Order S to c h as tic  Dominance F >36

S t o c h a s t i c  Dominance Rules .  Whitmore and F i n d l a y ^ i n  a r e c e n t  mono­

graph have b rough t  t o g e t h e r  t h e  t h e o r y  and em pi r ica l  work on SO. In 

a d d i t i o n ,  t h e i r  e x t e n s i v e  b i b l i o g r a p h y  w i l l  d i r e c t  the  s t u d e n t  to  th e  

p e r t i n e n t  o r i g i n a l  work. As a summary t o  t h i s  s e c t i o n ,  Levy and 

S a r n a t i i s  have c o n s t r u c t e d  a t a b l e  compar ing  SD r e q u i r e m e n t s  w i th  

o t h e r  s e l e c t e d  d e c i s i o n  r u l e s .  Tab le  1 below i s  a m o d i f i e d  v e r s i o n  

o f  t h e  Levy and S a r n a t  work.

i i ^ w h i t m o re ,  G. A. and F i n d l e y ,  M. C. (1978).

l l ^ L ev y ,  H. and S a r n a t ,  M. (1972) investment and P o r tfo lio  
A nalysis. New York: John Wiley and Sons.
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T i m e - S ta t e  P re f e r e n c e  Models 

The T im e-S ta te  P r e f e r e n c e  Model (TSP) p r e s e n t s  t h e  most g ene ra l  

f o r m u l a t i o n  and s o l u t i o n  t o  t h e  problem o f  d e c i s i o n  making under un­

c e r t a i n t y .  Arrow^iG, Luce and R a f f i a , D e b r e u , ^ ^ ®  and Borch^^s made 

e a r l y  c o n t r i b u t i o n s  to  t h e  TSP approach  to  d e c i s i o n  making.  The work 

o f  Arrow r e s u l t e d  in  t h e  o r i g i n a l  fo rm u la t io n  o f  t h e  s t a t e - p r e f e r e n c e  

app roach  in  an atemporal  c o n t e x t .  Debreu ex tended  Arrow's  work to  i n ­

c l u d e  c h o ic e s  over t im e ,  w h i l e  Borch addressed  t h e  problem o f  incom­

p l e t e  marke ts  f o r  the  t i m e - s t a t e  c l a im s .

In two companion a r t i c l e s ,  H i r s h l e i f e r ^ ^ o  showed t h a t  the 

s t a t e - p r e f e r e n c e  f o r m u l a t i o n  was t h e  lo g i c a l  e x t e n s i o n  o f  F i s h e r ' s ^ z i  

model o f  c e r t a i n  i n t e r t e m p o r a l  c h o i c e .  U n c e r t a i n t y  i n  the  TSP model 

t a k e s  the  form o f  u n c e r t a i n t y  as to  what s t a t e  o f  t h e  world w i l l  occur  

in  what  t ime p e r io d .  Once a s t a t e  i s  observed ,  t h e  outcome i s  known 

and can  be ev a lu a te d  as  in  t h e  c a s e  o f  c e r t a i n t y .

iiGArrow, K. J .  (1951) " A l t e r n a t i v e  Approaches t o  the  Theory 
o f  Choice in  Risk-Taking S i t u a t i o n s , "  Econometrica. Vol. 19: pp. 404-
437.

117 Luce, R. 0.  and R a f f i a ,  H. (1957) Games and D ecisions.
New York: John Wiley and Sons.

i i s o e b r e u ,  G. (1959) Theory o f Value. New York: John 
Wiley and Sons.

119Borch, K. H. (1968) The Economics o f  U ncertainty. 
P r i n c e t o n ,  New J e r s e y :  P r i n c e t o n  U n iv e r s i t y  P r e s s .

i z o H i r s h l e i f e r ,  J .  (1965) " Inves tment D e c i s io n  under Uncer­
t a i n t y :  Choi c e - T h e o r e t i c  Approaches ,"  Quarterly journal o f Economics.
Vol.  79: pp. 509-536 and (1966) " Inves tm ent D ec is io n  under U n c e r t a in ty :  
A p p l i c a t i o n  o f  the S t a t e - P r e f e r e n c e  Approach," Q uarterly journal o f  Eco­
nomics. Vol. 80: pp. 252-277.

121 F i s h e r ,  I .  (1930) The Theory o f  I n te r e s t.  New York:
MacMillan.
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Myers a p p l i e d  the  TSP app roac h  t o  t h e  a n a l y s i s  of  s e c u r i t y  

v a l u a t i o n ^ z z  and to  c a p i t a l - b u d g e t i n g . M y e r s '  f o rm u l a t io n  w i l l  be 

reviewed in  g r e a t e r  d e t a i l  s i n c e  he e x p l i c i t l y  a d d re s s e s  the  s u b j e c t  

m a t t e r  o f  t h i s  p ape r .

While a d d r e s s in g  the problem o f  s e c u r i t y  v a l u a t i o n ,  M y e r s ^ 2 +̂ 

developed  th e  b a s i c  t i m e - s t a t e  p r e f e r e n c e  v a l u a t i o n  model t h a t  r e l a t e s  

t h e  p r e s e n t  v a l u e  o f  a s e c u r i t y  to  t h e  p r e s e n t  va lue o f  th e  c o n t i n g e n t  

r e t u r n s  t h e  s e c u r i t y  may pay t o  i t s  owner.  E s s e n t i a l  t o  the  d e v e lo p ­

ment o f  t h e  model i s  t h e  concep t  o f  s t a t e s  o r  s t a t e s  o f  n a t u r e .  D ef in ­

ing  a s e t  o f  s t a t e s  i s  a way o f  d e s c r i b i n g  t h e  r i s k  o f  the  s e c u r i t y ,  

s i n c e  t h e  s e c u r i t y  can  be thought o f  a s  a c o n t r a c t  to  pay an amount de­

pending on which s t a t e  a c t u a l l y  o c c u r s .  The b a s ic  assumpt ions  o f  Myers'  

TSP model a r e :

1. S t a t e s  -  A s t a t e  o f  n a t u r e  which may o ccu r  a t  t ime t  i s  d e f in e d  

as  a p a r t i c u l a r  sequence o f  e v e n t s  d u r in g  the t ime span from 

t = l  to  t = T .  S t a t e  s i s  t h e  s e t  o f  a l l  p o s s i b l e  outcomes from 

t h e  p r e s e n t  t o  t ime t .

2. I n v e s t o r  e x p e c t a t i o n s  -  I n v e s t o r s  a g r e e  on th e  d e f i n i t i o n  o f  t h e  

r e l e v a n t  s t a t e s  { ( s , t ) > .  C o n d i t io n s  a t  t=0 a r e  known w i th  

c e r t a i n t y .

3.  Outcomes -  The s e t  { ( s , t ) }  i s  s u f f i c i e n t l y  d e t a i l e d  t h a t ,  i f  

s t a t e  s o ccu r s  a t  time t ,  the n  r e t u r n s  on every  s e c u r i t y  a r e  

u n i q u e l y  s p e c i f i e d  f o r  pe r iod  t  and a l l  p rev ious  p e r i o d s .  There­

f o r e ,  a s e c u r i t y ' s  c o n t i n g e n t  r e t u r n s  { R ( s , t )>  a r e  not random

iz zM y e rs ,  S. C. (1968) "A T i m e - S ta t e  P re f e r e n c e  Model o f  Secu r ­
i t y  V a l u a t i o n , "  journal of Financial and Q uantita tive A n alysis. Vol.  3: 
pp. 1-33.

iz^M yers ,  S. C. (1968) "P rocedu res  f o r  Capi ta l  Budgeting Under 
U n c e r t a i n t y , "  in d u s tr ia l Management Review. Vol . 9: pp.  1-19.

iz^M y ers ,  S. C. (1968) pp. 1 -33 .
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v a r i a b l e s ;  th e  r e t u r n  R ( s , t )  i s  c e r t a i n  to  be p a id  in  p e r io d  t  i f  

s t a t e  s o c c u r s .

4.  Markets  -  assume p e r f e c t  m a rk e t s .

5. U t i l i t y  f u n c t i o n s  -  I n v e s t o r s  a c t  t o  maximize t h e  expec ted  u t i l ­

i t y  o f  f u t u r e  r e t u r n s  o f  t h e i r  p o r t f o l i o s .  The t o t a l  expected  

u t i l i t y  a s s o c i a t e d  w i th  any p o r t f o l i o  i s  a l i n e a r  f u n c t i o n  o f  t h e  

u t i l i t y  f u n c t i o n s  d e f i n e d  f o r  each s t a t e .  S p e c i f i c a l l y ,  i f  n ( s , t )  

r e p r e s e n t s  t h e  p r o b a b i l i t y  o f  t h e  con t in g en cy  ( . s , t )  and U ( s , t )  i s  

t h e  a s s o c i a t e d  u t i l i t y ,  th e n  t h e  o v e r a l l  u t i l i t y  c a n  be r e p r e s e n t e d  as

T = s Ç t n ( s , t ) U ( s , t )  (.42)

where z.  i s  the  summation o v e r  a l l  s t a t e s  in  th e  s e t  { ( s , t ) } .
S  5 U

The u t i l i t y  o f  r e t u r n s  i n  s t a t e  ( s , t )  i s  i n d e p e n d e n t  o f  th e  

u t i l i t y  o f  r e t u r n s  in  a l l  o t h e r  s t a t e s .

In a d d i t i o n  to  the  above s t a t e d  a s s u m p t i o n s ,  Myers goes i n t o  c o n s id e r a b le

d e t a i l  a b o u t  t h e  n a t u r e  o f  t h e  economy, the  a v a i l a b l e  s e c u r i t i e s ,  and

t h e  r e i n v e s t m e n t  a s sum pt ions .  The p o r t f o l i o  s e l e c t i o n  problem in  a TSP

framework i s  to  s e l e c t  a v e c t o r  o f  i n v e s t m e n t s ,  ( h Q , h ^ , . .  . h ^ ) ,  where h ^ i s

th e  number o f  s h a r e s  o f  t h e  k th  s e c u r i t y  to  maximize expec ted  u t i l i t y  Y,

where
Y = 3 Z ^ i r ( s , t ) U ( s , t ) + U ( 0 )

w i th
U ( s , t )  = f

N
E h . R . ( s , t )  

k=l
and (43)

U(o) = f (hQ)

The i n v e s t o r  i s  c o n s t r a i n e d  by h i s  w e a l th  endowment, W, which i s

N
({) = E huP.-W -  0.  (44)

k=0 ^

I f  no s h o r t  s e l l i n g  o r  bor rowing i s  a l lo w e d ,  then hj^^O f o r  a l l  k. With

izsM yers ,  S. C. (1968) pp. 2 -5 .
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t h e s e  r e s t r i c t i o n s ,  maximizing Eq. (43)  s u b j e c t  to  t h e  w e a l th  c o n s t r a i n t  

i s  a n o n - l i n e a r  programming problem.

The b a s i c  v a l u a t i o n  formula in  a TSP framework i s  d e t a i l e d  in  

Eq. (45) below.

P.> z q ( s , t ) R . ( s , t )  (45)
s , t  K

where Pj  ̂ = p r i c e  o f  s e c u r i t y  k and q ( s , t )  = % i s , t ) ^ j ! ( g j )

In w ords ,  Eq. (45) s t a t e s

. . .  when an i n v e s t o r  maximizes t h e  ex p e c te d  u t i l i t y  o f  h i s  p o r t f o l i o ,  
the  p r i c e  o f  each  s e c u r i t y  i s  a t  l e a s t  equal  to the  e x p e c t a t i o n  o f  
t h e  m arg ina l  u t i l i t y  a s s o c i a t e d  w i th  a small inc rement  in  h i s  h o ld ­
ings  o f  t h a t  s e c u r i t y ,  when th e  u t i l i t y  o f  money in  f u t u r e  c o n t i n ­
g e n c i e s  i s  measured in  terms o f  t h e  u t i l i t y  o f  money used  f o r  p r e s ­
e n t  consum pt ion   The terms q ( s , t )  t h u s  i n d i c a t e  the  p r e s e n t
v a lu e  to  t h i s  i n v e s t o r  o f  an i n c re m e n ta l  d o l l a r  o f  p o r t f o l i o  r e t u r n  
to  be r e c e i v e d  a t  t ime t  i s  s t a t e  ( s , t )  o c c u r s .

Re lax ing  the  assumption  p r o h i b i t i n g  s h o r t  s e l l i n g  in  a p e r f e c t  

m a rk e t ,  a n e c e s s a r y  c o n d i t i o n  f o r  m a rk e t  e q u i l i b r i u m  i s  t h a t  Eq. (45) holds  

as  an e q u a l i t y  f o r  each i n v e s t o r  and f o r  each s e c u r i t y .  Given th e  mar­

k e t  e q u i l i b r i u m  c o n d i t i o n s ,  Myers r e l a t e s  TSP v a l u a t i o n  to  c o n v e n t io n a l  

r i s k - a d j u s t e d  r a t e  and c e r t a i n t y  e q u i v a l e n t  v a l u a t i o n  f o r m u l a s .  R e c a l l ,

T \ ( t )  T cat)
Pk = E --------------- r  = E  r  (46)

t=l (l+r)t t=l (1+1 )t
where

R’l^(t) = ex p e c te d  r e t u r n  in t ;  

r  = r e q u i r e d  r a t e  o f  r e t u r n ;

C|^(t) = c e r t a i n t y  e q u i v a l e n t  o f  Rj^(t) ;  and

i = r i s k - f r e e  r a t e .

In a TSP framework th e  s i z e  o f  r  o r  C ^ ( t )  w i l l  depend on 1) t h e  p a t t e r n

a c r o s s  s t a t e s  o f  s t o c k  k ' s  c o n t i n g e n t  d i v i d e n d s ,  2) i n v e s t o r ' s

iZGMyers, S. C. (1968) p. 8 .
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v a l u a t i o n  o f  t h o s e  d iv i d e n d s ,  and (3)  th e  i n v e s t o r ' s  p r o b a b i l i t y  a s s e s s ­

ments .  More s p e c i f i c a l l y ,

where

Ck(t) = Z^(t)Q'(t)D|^(t) (47)

Q (t )  = [ q ( l , t ) . . . q ( m ( t ) , t ) ]  and

z q ( s , t )
s=l

m( t)
D. ( t )  = Z R | . ( s , t )

X s = l  K

Then th e  r e l a t i o n s h i p  between an i n v e s t o r ' s  expected r e t u r n ,  R ^( t )  and 

i t s  c e r t a i n t y  e q u i v a l e n t ,  C ^ ( t )  i s

Z . ( t ) Q ' ( t ) _  
c„(t)  = c(t)R|^(t) = z ^ ( t ) V ( t ) ' Rk(tl

R e l a t i n g  th e  TSP model t o  r i s k  a v e r s e  i n v e s t o r s ,  Myers a t t a c k s  

t h e  p e r c e p t i o n  t h a t  the marke t  a s  a whole i s  r i s k  a v e r s e .  Market  r i s k  

a v e r s i o n  i m p l i e s  t h a t  t h e  c e r t a i n t y  e q u i v a l e n t  o f  an u n c e r t a i n  r e t u r n  

should  a lways  be l e s s  than  o r  equal  t o  expec ted  r e t u r n ,  i . e . ,  a ( t ) j< l  or  

r>_i. The g e n e r a l i t y  of  t h e  TSP app roach  i s  shown by th e  r e a s o n a b l e  

e x p l a n a t i o n  o f  c a s e s  where a ( t ) > l  o r  r < i .  R e fe r r in g  t o  Eq. ( 4 8 ) ,  the  

num era to r  and denominator  a r e  s imply  weigh ted  averages  o f  r e l a t i v e  

p r i c e s  and p r o b a b i l i t i e s .  The r e l a t i v e  p r i c e  in a p a r t i c u l a r  s t a t e  and 

t ime can  be more o r  l e s s  than  t h e  p r o b a b i l i t y  a s se s sm en t  which l e a d s  to 

th e  c o n c l u s i o n  t h a t  "a bundle  o f  c o n t i n g e n t  r e t u r n s  w i l l  be r e l a t i v e l y
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more v a l u a b l e  i f  i t  pa^s h i g h e r  r e t u r n s  in s t a t e s  in  which c o n t i n g e n t  

r e t u r n s  have a high v a l u e . "^27

In a companion a r t i c l e ,  Myers^^a a d r e s s e s  the  a p p l i c a t i o n  of

th e  TSP model to c a p i t a l  b u d g e t i n g .  The c e n t r a l  theme o f  t h e  paper  i s

t h a t  p o r t f o l i o  s e l e c t i o n  models  a r e  e n t i r e l y  inappropria te  f o r  making 

in v e s t m e n t  d e c i s i o n s .  The b a s i s  f o r  t h i s  d i s a g re m e n t  l i e s  w i th  the  

b a s i c  as sumption  o f  t h e  p o r t f o l i o  approaches  t h a t  p r o j e c t s  a r e  r isk -  

in terdependent, which r e s u l t s  in  th e  v a lu e  o f  a c a p i t a l  budge t ing  

p r o j e c t  being dependen t  on t h e  c o v a r i a n c e  o f  t h e  r e t u r n s  o f  t h e  p r o j e c t  

and t h e  f i r m .  Myers d e m o n s t r a t e s  t h a t  risk-independence  i s  a n ecessa ry  

c o n d i t i o n  f o r  e q u i l i b r i u m  in  t h e  s e c u r i t y  m arke t s .  Independence  then 

a l lo w s  f o r  t h e  use  o f  a s s e t - b y - a s s e t  s e l e c t i o n  t e c h n i q u e s .

R isk- independence  r e q u i r e s  t h a t  the i n c r e a s e  i n  s h a r e  p r i c e  as 

a r e s u l t  o f  the a c c e p ta n c e  o f  p r o j e c t  A i s  n o t  a f f e c t e d  i f  some o th e r  

p r o j e c t  B i s  a l so  a c c e p te d .  A n e c e s s a r y  c o n d i t i o n  f o r  independence i s

t h a t  th e  p r o j e c t s  a r e  p h y s i c a l l y  independen t .  Here we a r e  concerned

w i th  economic dependenc ies  such as  complementary o r  p r e r e q u i s i t e  p r o j ­

e c t s .  These p r o j e c t s  can and shou ld  be combined and e v a l u a t e d  a s  i f  

t h e y  were one p r o j e c t .  Assuming p h y s i c a l l y  independen t  p r o j e c t s ,  the 

p r o o f  o f  r i s k - in d e p e n d e n c e  i s  r e l a t e d  to  a th e o ry  o f  s e c u r i t y  v a l u a t i o n .  

The TSP s e c u r i t y  v a l u a t i o n  model ,  Eq. (45) i s  th e  b a s i s  f o r  t h e

iz^Myers,  S. C. (1968)  p. 25.

iZGMyers, S. C. (1968) pp. 1-19.

izsMyers '  r e s u l t  t h a t  a s s e t - b y - a s s e t  c a p i t a l  budge t ing  s e l e c ­
t i o n  te chn iques  a r e  c o n s i s t e n t  w i th  c a p i t a l  marke t  e q u i l i b r i u m  r e l a t e s  
t o  t h e  c e n t r a l  theme o f  t h i s  p ap e r .  In Chapter  3 s c a l a r  m u l t i v a r i a t e  
r i s k  measures  w i l l  be p r e s e n t e d  t o  e v a l u a t e  i n d i v id u a l  c a p i t a l  budget­
ing  p r o j e c t s .
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a n a l y s i s .  R e f e r r i n g  to  Myers'  s t a t e m e n t  o f  m a rk e t  e q u i l i b r i u m ,  t h e  

va lue  o f  any s e c u r i t y  depends on bo th  t h e  s c a l e  and r i s k  o f  i t s  s t r eam  

o f  r e t u r n s .  To a d j u s t  f o r  s c a l e ,  d i v i d e  both s i d e s  o f  Eq. (45) by 

$k = Equa tion (45) can  now be r e w r i t t e n  as

?k r %Ru(s,t)

To s im p l i f y  n o t a t i o n  d e f i n e  row v e c t o r s  and X|  ̂ to  r e p r e s e n t  s e t s  

{q^- (s , t )}  and {Rj^(s,t )/S|^} which r e s u l t s  in

= (5° )

L e t  Pq imply a c c e p ta n c e  o f  n e i t h e r  p r o j e c t  A nor B; and Pj  ̂ imply 

acc ep tan c e  o f  p r o j e c t s  A o r  B; and P^^ imply acc ep tanc e  o f  both A and 

B. Then th e  r e q u i r e m e n t  f o r  r i s k - i n d e p e n d e n c e  can be shown as

V a“ ^o^o ^ ^AB^AB'^B^B ^^ l )

Using Eqs. (49,  50,  and 51 ) ,  Myers p roves  r i s k - in d e p e n d e n c e  from t h e  

p o in t  o f  view o f  t h e  i n d iv id u a l  i n v e s t o r  and from a more g en e ra l  c o n d i ­

t i o n  o f  m arke t  e q u i l i b r i u m .

Myers a d d r e s s e s  th e  q u e s t i o n  o f  when t h i s  p a r t i a l  e q u i l i b r i u m  

approach would n o t  be a p p r o p r i a t e  f o r  e v a l u a t i o n  o f  c a p i t a l  b u d g e t s .

He ag ree s  t h a t  t h e  TSP approach may b re a k  down when

1) P r o j e c t s  a r e  l a r g e  compared to  t h e  v a l u e  o f  the f i r m ' s  e x i s t i n g  
a s s e t s ,

i s o R efe r in g  to  Myers pp. 6-11 f o r  d e t a i l e d  p roof  o f  r i s k - i n d e ­
pendence,  t h e  i m p l i c a t i o n  o f  mergers on f i rm  v a l u e ,  and an a d d i t i o n a l  
proof  o f  M odig l ian i  and M i l l e r ' s  P r o p o s i t i o n  I .
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2) t h e  s c a l e  a n d / o r  r i s k  c h a r a c t e r i s t i c s  o f  t h e  p r o j e c t s '  i n c re m en t ­
a l  cash  f low s  a r e  u n a n t i c i p a t e d ,

3) t h e  f i r m ' s  s h a r e h o l d e r s  do n o t  hold d i v e r s i f i e d  p o r t f o l i o s ,  and

4) th e  s h a r e h o l d e r s  a r e  " locked  in"  to  t h e i r  h o l d i n g . i s i

The c o n c l u s i o n s  o f  Myers'  paper  a r e  q u i t e  r e l e v a n t  to  the  s tudy  

o f  i n t e r t e m p o r a l ,  i m p e r f e c t l y  c o r r e l a t e d  cash  f l o w s .  For a f i rm  a t ­

t e m p t in g  t o  maximize m a rk e t  v a l u e  to  the s h a r e h o l d e r s ,  r i s k - i n d e p e n -  

d e n c e  im p l ie s  t h a t  each  i n v e s t m e n t  p r o j e c t  can be e v a l u a t e d  independen t ­

l y  o f  th e  f i r m ' s  o t h e r  a c t i v i t i e s ;  d i v e r s i f i c a t i o n  p e r  se  i s  no t  an ap­

p r o p r i a t e  o b j e c t i v e  f o r  t h e  f i r m .  F i n a l l y ,  t h e  c o n c e p t  o f  r i s k - i n d e -  

pendence  i s  c o n s i s t e n t  w i t h  t h e  idea  t h a t  v a l u e  o f  a p r o j e c t  depends on 

t h e  c o v a r i a n c e  o f  t h e  r e t u r n s  o f  t h e  p r o j e c t  w i th  o t h e r  o p p o r t u n i t i e s .  

But  h e re  t h e  r e l e v a n t  r e l a t i o n s h i p s  a r e  th o s e  f a c i n g  t h e  i n v e s t o r ,  not  

t h e  f i r m .  R i sk - inde pendence  w i l l  break down o n ly  when th e  r i s k  c h a r a c ­

t e r i s t i c s  o f  the f i r m ' s  o p p o r t u n i t i e s  a r e  n o t  e q u i v a l e n t  to  those  p ro ­

v i d e d  by s e c u r i t i e s  i n  th e  m a rk e t .

As with  any g e n e r a l  model ,  app ly ing  t h e  ISP approach  to  de ­

c i s i o n  making poses v e ry  r e a l  p r a c t i c a l  p roblems .  The requ i re m en t  to 

s p e c i f y  th e  s t a t e - c o n t i n g e n t  c l a im s  p r e s e n t s  f o r m i d a b l e  problems.  As 

w i t h  a l l  t h e  models p r e v i o u s l y  d i s c u s s e d ,  th e  models  t h a t  p rov ide  s im ple  

d e c i s i o n  c r i t e r i a  te n d  to  be based on h ig h ly  r e s t r i c t i v e  a s sum pt ions ;  

w h i l e  th e  more gene ra l  app ro ac h es  a r e  d i f f i c u l t  t o  implement.  The p r i ­

mary c o n t r i b u t i o n  o f  t h e  TSF approach  i s  t h a t  t h e  model i s  a u se fu l  way

o f  viewing the  a r r a y  o f  p o s s i b l e  outcomes in  t h e  f u t u r e .  In a d d i t i o n ,  

t h e  TSF model d i r e c t l y  a t t a c k s  t h e  concep t  o f  r i s k - i n t e r d e p e n d e n c e  f o r  

c a p i t a l  budge t ing .

i3 iM yers ,  S. C. (1968) p. 12.
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Comparison o f  Market  Models

E a r l y  a t t e m p t s  t o  i n c o r p o r a t e  r i s k  in  c a p i t a l  b u d g e t in g

u t i l i z e d  s i m u l a t i o n  models t o  e v a l u a t e  u n c e r t a i n  cash  f l o w s .  Hertz^^^

and Hespos and S t r a s s m a n n ^ ^ s  p ro p o s e  t h a t  th e  computer  can  be used to

enhance t r a d i t i o n a l  " s e n s i t i v i t y  a n a l y s i s . "  This  a p p ro a c h  c e n t e r s  on

t h e  s p e c i f i c a t i o n  o f  th e  p r o b a b i l i t y  d i s t r i b u t i o n s  o f  th e  components o f

t h e  c a s h  f l o w s ,  i . e . ,  s a l e s ,  i n v e s t m e n t ,  u se fu l  l i f e ,  c o s t s ,  e t c .  Once

t h e s e  d i s t r i b u t i o n s  a r e  d e v e l o p e d ,  then  computer  s i m u l a t i o n  r o u t i n e s

a r e  used  t o  deve lop  e i t h e r  t h e  p r o b a b i l i t y  d i s t r i b u t i o n  o f  p r e s e n t

v a l u e s  o r  r a t e  o f  r e t u r n .  The m os t  s i g n i f i c a n t  a d v a n ta g e  o f  s im u l a t i o n

a c c o r d in g  to  H e r tz  i s  t h a t

t h e  program a l lows  management t o  a s c e r t a i n  t h e  s e n s i t i v i t y  o f  the  
r e s u l t s  to  each  o r  a l l  o f  t h e  i n p u t  f a c t o r s .  Simply by runn ing  
th e  program w i th  changes in  t h e  d i s t r i b u t i o n  o f  an i n p u t  f a c t o r ,  
i t  i s  p o s s i b l e  to d e t e rm in e  t h e  e f f e c t  o f  added o r  changed in forma­
t i o n .   ̂34

Lewel len  and Long^^^ c h a l l e n g e d  the use o f  s i m u l a t i o n  t e c h ­

n iq u e s  by comparing s i m u l a t i o n  r e s u l t s  w i th  the r e s u l t s  from t r a d i t i o n a l  

s i n g l e - p o i n t  e s t i m a t e s .  For example ,  th e y  show t h a t  when th e  f u t u r e  

ca sh  f low s  a r e  s y m m e tr ica l ly  d i s t r i b u t e d ,  the mean o f  th e  d i s t r i b u t i o n  

o f  the  IRR o b ta in e d  by s i m u l a t i n g  o v e r  t h e  cash  f low s  i s  low er  than  the

^ ^ ^ H e r t z ,  D. B. (1964) "Risk  A na lys i s  in  C a p i t a l  In v e s tm e n t , "  
Harvard Business Review. Vol.  42: pp. 95-106.

^Hespos, R. F. and S t r a s s m a n ,  P. A. (1965) " S t o c h a s t i c  De­
c i s i o n  T ree s  f o r  th e  A n a ly s i s  o f  I n v es tm en t  D e c i s i o n s , "  Management science. 
Vol.  11: pp.  244-259.

i 3 4 H e r t z ,  0. B. (1964) p.  103.

i35L ew e l le n ,  W. G. and Long,  M. S. (1972) " S i m u l a t i o n  Versus 
S i n g l e - V a l u e  Es t im a te s  in  C a p i t a l  E xpend i tu re  A n a l y s i s , "  D ecision Sci­
ences. Vol.  3: pp. 19-33.
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IRR produced by d i s c o u n t in g  t h e  means o f  the r e s p e c t i v e  c a s h  f low d i s ­

t r i b u t i o n s .  T h is  b ias  o c c u r s  because  upward v a r i a t i o n s  in  the  cash  

f lows r e s u l t  i n  s m a l l e r  p r o p o r t i o n a t e  changes in  IRR th a n  do i d e n t i c a l  

downward v a r i a t i o n s .  This  a s s y m e t ry  o c c u r s  because t h e  c a s h  f low,  IRR 

p l o t  i s  concave  t o  the  o r i g i n .  A s im u l a t i o n  in  te rms o f  NPV, however, 

would e l i m i n a t e  t h i s  b ia s  s i n c e  t h e  p r e s e n t  va lue  o f  any f u t u r e  cash 

f low i s  a l i n e a r  f u n c t i o n  o f  t h e  s i z e  o f  th e  f l o w .^ ^ e  a d d i t i o n  to 

th e  c o m p a r a b i l i t y  problem o f  IRR v s .  NPV, Lewellen and Long noted s i g ­

n i f i c a n t  b i a s e s  when s im u l a t i o n s  c o n s i d e r  v a r i a b l e  p r o j e c t  l i f e ,  asymet-  

r i c a l  ou tcom es ,  and in t e r d e p e n d e n c i e s  among f lo w s .  This  l a s t  problOT 

i s  o f  p a r t i c u l a r  i n t e r e s t  to  t h i s  p aper .

I n t e r d e p e n d e n t  p r o j e c t s  where t h e  cash  f lows  depend on m u l t i ­

p l i c a t i v e  c o m bina t ion  o f  s t o c h a s t i c  v a r i a b l e s  a r e  p a r t i c u l a r l y  v u ln e r ­

a b l e  to  s i m u l a t i o n  induced b i a s .  The s i g n i f i c a n c e  o f  t h e  b i a s  can  be 

e a s i l y  o b s e rv e d  by viewing th e  fo rm ula  f o r  th e  c o v a r i a n c e :

co v (x ,y )  = = E (x * y ) -E (x )* E (y ) , (52)

t h e r e f o r e ,  E(x-y) = E (x ) -E l y j+ a ^ y ,  (53)

and = pG^Oy (54)

where p i s  t h e  c o e f f i c i e n t  o f  c o r r e l a t i o n  between x and y .  S im ula t ions  

d i s a s s e m b l e  t h e s e  m u l t i p l i c a t i v e  r e l a t i o n s h i p s  c r e a t i n g  b i a s e s  depend­

ing on t h e  d i r e c t i o n  o f  t h e  r e l a t i o n s h i p .  When th e  v a r i a b l e s  a r e  d i r e c t ­

l y  r e l a t e d ,  p>o;  a d isassembled  s i n g l e  p o i n t  e s t i m a t e  w i l l  u n d e r s t a t e  

expec ted  r e t u r n s ,  i . e . ,

_____________________E(x-y) > E ( x ) - E ( y ) . ____________________________________(55)

i36L ew e l le n ,  W. G. and Long,  M. S. (.1972) p.  21.
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While th e  b i a s  f o r  cases  where i n v e r s e  r e l a t i o n s h i p s  e x i s t ,  p<0; a d i s ­

assembled e s t i m a t e  w i l l  o v e r s t a t e  t h e  a c t u a l  mean; i . e . ,

E(x-y) < E ( x ) - E ( y ) .  (56)

I f  t h e  cash  f lo w  r e p r e s e n t s  q u o t i e n t s  o f  s t o c h a s t i c  v a r i a b l e s ,  t h e  b i ­

a s e s  would be r e v e r s e d .  A d d i t i v e  com bina t ions  c r e a t e r m  d i f f i c u l t i e s  

s in c e  E(x+y) = E(x)+E(y) r e g a r d l e s s  o f  t h e  n a t u r e  o f  t h e  x , y  r e l a t i o n s h i p ,  i s ?

In a d d i t i o n  to  t h e  b i a s  problems noted above,  e f f e c t i v e  simu­

l a t i o n  s t u d i e s  r e q u i r e  the  s p e c i f i c a t i o n  o f  the e n t i r e  p r o b a b i l i t y  d i s ­

t r i b u t i o n  o f  t h e  cash  f low e lem en ts  and may be q u i t e  c o s t l y .  I f  a de­

c i s i o n  maker can  s p e c i f y  t h e  u n d e r l y i n g  d i s t r i b u t i o n ,  more powerful  de­

c i s i o n  making t o o l s  such as S t o c h a s t i c  Dominance should  be used to  e v a lu ­

a t e  c a p i t a l  budge t ing  p r o j e c t s .

This  p ap e r  has ad d re s sed  many a l t e r n a t i v e  ways t o  e v a l u a t e  

c a p i t a l  b u d g e t in g  problems.  The d e g re e  o f  s o p h i s t i c a t i o n  has widely  

v a r i e d  from s im p le  e s t i m a t e s  o f  expec ted  p r e s e n t  v a lu e  w i th  s e n s i t i v i t y  

a n a l y s i s  to  h i g h l y  t e c h n ic a l  ma them a t ica l  models t h a t  r e q u i r e  s t rong  

assumpt ions  and r e l a t e  the  c a p i t a l  budge t ing  problem t o  t h e  s tudy  of  

e q u i l i b r i u m  in  s e c u r i t y  m a rk e t s .  The l a s t  two s e c t i o n s  o f  t h i s  review 

c h a p t e r  w i l l  r ev ie w  t e s t s  o f  many o f  t h e s e  models in  s i m u l a t e d  env i ron­

ments and w i l l  lo o k  a t  su rveys  o f  w hat  c a p i t a l  budge t ing  t e c h n i q u e s  a r e  

a c t u a l l y  be ing  used .

SundemiSB r e p o r t s  t h e  r e s u l t s  of  a s im u l a t i o n  s tu d y  t h a t  com­

pared  th e  per formance  o f  v a r i o u s  c a p i t a l  budgeting mode ls .  Sundem

i3 ? L ew e l len ,  W. G. and Long, M. S. (1972) p. 28.

isGsundem, G. L. (1975) " E v a l u t in g  Capi ta l  Budget ing Models in 
Simula ted  Environments ,"  journal o f  Finance. Vol. 30: pp.  977-992.
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hypo thes ized  t h a t  t h e  T ime-S ta te  P r e f e r e n c e  model (ISP) p rov ided  the  

c o r r e c t  marke t  v a l u e s  f o r  each p r o j e c t .  Given a l a r g e  s e t  o f  p r o j e c t s  

(W e in g a r tn e r ' s  d a t a  s e t ^ s s )  and v a r i o u s  d e c i s i o n  env ironments  ( s t a t e s  

o f  n a t u r e )  he compared the  per formance o f  s im p le  c a p i t a l  b udge t ing  models  

t o  t h e  ISP m e t r i c .  The c a p i t a l  budge t ing  models  e v a lu a te d  were:  l ) m e a n

v a r i a n c e  p o r t f o l i o  model ,  2) m e a n -v a r i a n c e  diagonal  model ,  3) v a r i a b i l ­

i t y  o f  r e t u r n s  model ,  4) c h a n c e - c o n s t r a i n e d  programming model ,  5) n e t  

p r e s e n t  v a l u e  mode l ,  and 6) payback model .  In a companion p a p e r ,  two 

a d d i t i o n a l  s im p le  models a r e  e v a l u a t e d :  1) n e t  p r e s e n t  v a lu e  w i th  a

payback c o n s t r a i n t ,  and 2) ne t  p r e s e n t  v a l u e  based on r i s k  c l a s s e s .

The s i m u l a t i o n  s tudy  was s t r u c t u r e d  to a l low each  model t o  p e r ­

form as well  as  p o s s i b l e  in  each env i ronm en t .  P r o j e c t  p a r a m e te r s  were 

assumed to  be p r e d i c t e d  p e r f e c t l y  and t h e  envi ronmenta l  p a r a m e te r s  were 

chosen ex p o s t  to  maximize the  v a l u e  o f  each  model.  Each model s e l e c t e d  

a s e t  o f  p r o j e c t s  i n  each d e c i s i o n  env i ro n m en t .  The v a lu e  o f  a model i s  

the  i n c r e a s e  in  t h e  v a lu e  o f  t h e  f i rm  a s s o c i a t e d  with  a c c e p ta n c e  o f  t h e  

p r o j e c t s .  The m e t r i c  v a lu e  i s  t h e  sum o f  t h e  va lues  of  a l l  p r o j e c t s  w ith  

p o s i t i v e  TSP v a l u e s ;  then the amount by which th e  v a l u e  o f  a g iv e n  

model f a l l s  s h o r t  o f  th e  TSP v a lu e  can be viewed as  t h e  amount p a i d  f o r  

the  s i m p l i f i c a t i o n  o f  th e  model.

The r e s u l t s  o f  the  study  a r e  summarized in  the  t a b l e  "Model 

Value a s  P e r c e n t  o f  TSP Model V a l u e . T o  summarize b r i e f l y :  The

IS ^W e inga r tne r ,  H. M. (1963) Mathematical programming and the 
Analysis o f  C apita l Budgeting Problems. Englewood C l i f f s ,  New J e r s e y :  
P r e n t i c e  H a l l .

i40Sundem, G. L. (1974) " E v a l u a t in g  S im p l i f i e d  C a p i t a l  Budget­
ing Models Using a T ime-S ta te  P r e f e r e n c e  M e t r i c , "  Accounting Review. 
pp. 306-320.

i4 iSundem, G. L. (1974) p.  988.



73

m ean -v a r ian c e  (MV) and th e  m e a n - v a r i a n c e  d ia gona l  (MVD) models y i e l d e d  

r e s u l t s  q u i t e  s i m i l a r  to t h e  TSP model .  In h ig h l y  u n c e r t a i n  e n v i ro n ­

ments t h e  MVD outpe rform ed  t h e  MV m ode l ,  however,  th e  d i f f e r e n c e  i s  

s l i g h t  and may be due to  chance .  2) The v a r i a b i l i t y  o f  r e t u r n s  model 

(VR) d e s p i t e  t h e o r e t i c a l  sho r tcom ings  performed very  w e l l .  VR model 

ach ieved  o v e r  90% o f  t h e  maximum p o s s i b l e  v a l u e  in  a l l  env i ronm en ts  ex­

c e p t  one.  The VR may be a v e ry  c o s t  e f f e c t i v e  model because  i t  can  

e v a l u a t e  p r o j e c t s  s i n g l y  r a t h e r  th a n  depend on p o r t f o l i o  o f  p r o j e c t s .  

TheVRmodel c l e a r l y  ou tpe rfo rm s  th e  c h a n c e - c o n s t r a i n e d  programming and 

n e t  p r e s e n t  v a l u e  models ,  e s p e c i a l l y  in  h ig h l y  u n c e r t a i n  env i ronm en ts .

3) There i s  a l a r g e  drop in pe r fo rm ance  w i th  t h e  c h a n c e - c o n s t r a i n e d  pro­

gramming model ,  CCP. As the  CCP model i s  v e ry  com pl ica ted  and w i th  

such poor p e r fo rm a n c e ,  the CCP model seems to  o f f e r  l i t t l e  p o t e n t i a l  

when compared w i th  t h e  VR model .  4) The n e t  p r e s e n t  v a l u e  model (NPV) 

per fo rmance  d e t e r i o r a t e d  v e ry  r a p i d l y  w i th  i n c r e a s e s  in  u n c e r t a i n t y .

In r i s k y  env i ronm en ts  the  NPV ap p ro a c h  r e j e c t e d  many a l t e r n a t i v e s  t h a t  

were found a c c e p t a b l e  us ing th e  m e t r i c .  5) F i n a l l y  t h e  payback model 

was o u tp e r fo rm ed  by a l l  o t h e r  models  i n  r e l a t i v e l y  c e r t a i n  env i ronments .  

However, unde r  c o n d i t i o n s  o f  g r e a t e r  u n c e r t a i n t y ,  payback per formance  

i n c r e a s e d .  T h is  b ehav io r  may s u g g e s t  t h a t  t h e  payback may be used  e f ­

f i c i e n t l y  i n  h ig h l y  u n c e r t a i n  env i ronm en ts  o r  a s  an i n i t i a l  s c r e e n in g  

d e v i c e  o r  a s  a c o n s t r a i n t  to  e l i m i n a t e  v e r y  r i s k y  p r o j e c t s .

In a companion p a p e r ,  Sundem^^z used  th e  payback as  a con­

s t r a i n t  to  t h e  n e t  p r e s e n t  v a l u e  model and compared th e  r e s u l t s  o f  t h i s

i^zsundem,  G. L. (1974) pp.  306-320.
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model (NPV-PB) and o f  a r i s k  c l a s s  n e t  p r e s e n t  va lue  model (NPV-RC) to  

t h e  same TSP m e t r i c .  Using t h e  same methodology as  was p r e v i o u s l y  

r e p o r t e d  (Sundem, 1975) ,  t h e  r e s u l t s  o f  t h e s e  two a d d i t i o n a l  models 

a r e :  1) The NPV-PB ou tpe rform s  b o th  t h e  NPV and th e  PB models  a lone .

However, t h e r e  does not  appea r  t o  be any s y n e r g i s t i c  e f f e c t s  from com­

b in i n g  th e  two models .  The NPV-PB s im ply  s e l e c t s  t h e  h i g h e s t  va lues  o f  

t h e  NPV o r  PB a p p l i e d  s e p a r a t e l y .  2) The NPV-RC uses  th e  c a p i t a l  a s ­

s e t  p r i c i n g  model t o  i d e n t i f y  a c o s t  o f  c a p i t a l  t h a t  i s  t h e  d i s c o u n t  

r a t e  t h a t  e q u a t e s  a p r o j e c t ' s  n e t  p r e s e n t  v a lu e  to  i t s  TSP m e t r i c  v a lu e .  

T h e r e f o r e ,  r an k in g  p r o j e c t s  by t h i s  c o s t  o f  c a p i t a l  i s  a  r a n k in g  in 

te rms o f  r i s k i n e s s .  The e f f e c t i v e n e s s  o f  the  NPV-RC model depends on 

th e  number o f  r i s k  c l a s s e s  i d e n t i f i e d .  At one ex t rem e,  a s s i g n  N p r o j ­

e c t s  to  N r i s k  c l a s s e s  which r e s u l t s  i n  a s e t  o f  p r o j e c t s  i d e n t i c a l  to 

t h e  TSP s e t ;  w h i l e  a t  the o t h e r  e x t r e m e ,  one r i s k  c l a s s ,  t h e  s e t  i s  

i d e n t i c a l  to  th e  NPV s e t .  Sundem found a s i g n i f i c a n t  i n c r e a s e  in 

p r o f i c i e n c y  when he used two o r  t h r e e  r i s k  c l a s s e s  w h i l e  t h e r e  was only  

a s l i g h t  i n c r e a s e  f o r  f i v e  o r  s i x  c l a s s e s .  He concluded  t h a t  a two or 

t h r e e  r i s k  c l a s s  model i s  l i k e l y  t o  be c o s t / b e n e f i t  e f f i c i e n t  while  

a d d i t i o n a l  r e f in e m e n t s  may n o t  be wor th  t h e i r  c o s t .

Bey and P o r t e r i e s  a l s o  used  a s im u l a t i o n  s tu d y  t o  e v a l u a t e  

p o r t f o l i o  approaches  to  c a p i t a l  b u d g e t in g .  This s tudy  d i f f e r s  from 

t h e  Sundem work in  t h a t  Bey and P o r t e r  used a Second Degree  S t o c h a s t i c  

Dominance model (SSD) as t h e i r  m e t r i c  as  opposed to Sundem's TSP

i^^Bey,  R. P. and P o r t e r ,  R. B. (1977) "An E v a l u a t i o n  o f  
C a p i t a l  Budget ing  P o r t f o l i o  Models Using Simulated D a ta , "  Engineering 
Economist. Vol.  23: pp. 41-65 .
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framework.  In a d d i t i o n ,  Bey and P o r t e r  v a r i e d  t h e  p r o b a b i l i t y  d i s t r i b u ­

t i o n  o f  t h e  cash  f lows to  a l l o w  f o r  skewness w h i l e  Sundem l i m i t e d  h is  

s tu d y  t o  normal d i s t r i b u t i o n s .

Taking  a s u b se t  o f  t h e  p r o j e c t s  found in  W e i n g a r t n e r ' s  

(1963) s t u d y ,  Bey and P o r t e r  use  t h e  annual c a s h  f low s  from t h i s  s tudy 

to  r e p r e s e n t  t h e  annual ex p ec ted  cash  f lows in  an u n c e r t a i n  envi ronment .  

The s t a n d a r d  d e v i a t i o n  o f  the  c a s h  f lows f o r  each  p r o j e c t  i i n  per iod  t  

was p r o j e c t e d  by t h e  formula

o(CF,^) = Z^CF,jeS'* (57)

where = d e g re e  o f  u n c e r t a i n t y  a s s o c i a t e d  w i th  p r o j e c t  i ,

CT^.^ = expec ted  cash  f low  o f  p r o j e c t  i i n  p e r i o d  t ,

Ĝ. = an annual  growth f a c t o r  f o r  p r o j e c t  i r e p r e s e n t i n g  the 

s i t u a t i o n  where r i s k  i n c r e a s e s  o v e r  t i m e . i ^ ^

1 -  was assumed to  be c o n s t a n t  o v e r  t ime fo r  a p r o j e c t ,  b u t  v a r i e d  among

p r o j e c t s .  Low v a lu e s  of  r e p r e s e n t  low d e g re e s  o f  u n c e r t a i n t y  such 

as  r e p l a c e m e n t  o r  s c a l e  expans ion  o f  th e  f i rm  w h i l e  h igh  v a lu e s  o f  Ẑ  

r e p r e s e n t  h i g h l y  u n c e r t a i n  new p r o j e c t s .  The s tu d y  a d d r e s s e d  the  prob­

lem o f  non-normal d i s t r i b u t i o n s  by a n a ly z in g  f i v e  g e n e ra l  g roups :

1. The cash  f low d i s t r i b u t i o n s  a r e  a l l  normal w i th  p o s i t i v e  i n t e r ­

p e r io d  c o r r e l a t i o n s ;

2. The u n d e r ly i n g  d i s t r i b u t i o n  i s  not  normal ,  b u t  the  gene ra l  shape 

i s  t h e  same f o r  a l l  p r o j e c t s  and i s  c o n s t a n t  o v e r  t ime.  In

^ ‘̂ ‘̂ Bey, R. P. and P o r t e r ,  R. B. (1977) p.  46.
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a d d i t i o n  t o  p o s i t i v e  c o r r e l a t i o n ,  t h i s  env i ronm ent  c r e a t e d  both 

p o s i t i v e  and n e g a t iv e  skewness;

3.  The shape o f  t h e  d i s t r i b u t i o n  v a r i e d  among p r o j e c t s  b u t  was con­

s t a n t  o ve r  t im e ;

4 .  The d i s t r i b u t i o n  v a r i e d  among p r o j e c t s  and o v e r  t i m e ;

5. V a r i a b l e  d i s t r i b u t i o n s  w i th  n e g a t i v e  c o r r e l a t i o n s  o v e r  t ime.^^^  

Using th e s e  i n p u t s ,  the  j o i n t  p r o b a b i l i t y  f u n c t i o n s  o f  t h e  n e t  p r e s e n t  

v a lu e s  was s i m u l a t e d  f o r  t e n  economic s t a t e s .  The r e s u l t  o f  the  simu­

l a t i o n  was t h e  development o f  cash  f low s  a s s o c i a t e d  w i th  each  s t a t e ,  

envi ronment and p r o j e c t .  Then t h e s e  c a s h  f lows were used  t o  e v a l u a t e  

the  fo l l o w in g  c a p i t a l  budge ting  mode ls :

1. NPV: Risk a d j u s t e d  d i s c o u n t  r a t e  model ,  where a s i n g l e  a d j u s t ­

ment v a lu e  was used f o r  a l l  c a s e s .

2. EV-I: A m ean-var iance  p o r t f o l i o  model adap ted  to  t h e  c a p i t a l

budge t ing  problem.

3. EV-II:  A m u l t i p e r i o d  m e a n -v a r i a n c e  c e r t a i n t y  e q u i v a l e n t  model

which i s  an e x t e n s i o n  o f  L i n t n e r ' s  s i n g l e  p e r i o d  p o r t -  

f o l i o  model .

4.  ES^: A m ean-semivar iance  p o r t f o l i o  model.

5. CCP: A c hanc e -cons t ra ined -p rog ram m ing  model w i th  a NPV con­

s t r a i n t .

i ^ s g e y ,  R. P. and P o r t e r ,  R. B. (1977) p. 46-47 .

i^Gyhe u s e  o f  a s i n g l e  r i s k - a d j u s t e d  r a t e  a c r o s s  env ironments 
o f  w ide ly  v a r y in g  r i s k  s e v e r e l y  hand icaps  t h i s  model in  th e  Bey and 
P o r t e r  s t u d y .
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The b a s i s  o f  compar ison ,  o r  m e t r i c ,  was the Second Degree 

S t o c h a s t i c  Dominance Model (SSD). As s t a t e d ,  the  SSD model was assumed 

to  e v a l u a t e  a l l  p r o j e c t s  and c o m b in a t io n s  o f  p r o j e c t s  c o r r e c t l y  and was 

used as  t h e  b a s i s  f o r  comparison.  The r e s u l t s  o f  the s tu d y  a r e  s t a t e d  

in  te rm s  o f  t h e  c o n s i s t e n c y  between t h e  e f f i c i e n t  s e t s  s e l e c t e d  by th e  

d e c i s i o n  models  t e s t e d  and the SSD e f f i c i e n t  s e t .  The SSD e f f i c i e n t  

s e t  c o n t a i n e d  more combinat ions  than  t h e  e f f i c i e n t  s e t  a s s o c i a t e d  w i th  

any o t h e r  model .  This  per formance r e s u l t s  from the  l e s s  r e s t r i c t i v e  

u t i l i t y  f u n c t i o n  a s s o c i a t e d  w i th  the  SSD model .  As g r e a t e r  r e s t r i c ­

t i o n s  a r e  p l a c e d  on th e  u t i l i t y  f u n c t i o n  t h e  e f f i c i e n t  s e t  becomes 

s m a l l e r ,  r e s u l t i n g  in  a more e f f e c t i v e  d e c i s i o n  r u l e  t o  o r d e r  o r  r a n k  

a l t e r n a t i v e s .

Ranking th e  models on the  b a s i s  o f  m i s - c l a s s i f i c a t i o n s , t h e  

Mean-Semi-Variance  model c l e a r l y  o u tpe r fo rm ed  a l l  o t h e r  models .  This  

performance  can  be exp la ined  s i n c e  t h e  ES^ e f f i c i e n t  s e t  i s  a p ro p e r  

s u b s e t  o f  t h e  SSD e f f i c i e n t  s e t .  T h e r e f o r e ,  us ing  an ES^ model a s s u r e s  

the  d e c i s i o n  maker a SSD e f f i c i e n t  s e t  -  a c h o ice  which i s  c o n s i s t e n t  

w i th  both  r i s k  a v e r s i o n  and n o n d e c re a s in g  u t i l i t y  o f  w e a l t h .  The nex t  

b e s t  pe r fo rm ance  was accomplished by t h e  c h a n c e - c o n s t r a i n e d  model .

Both o f  t h e  m e a n -v a r i a n c e  models d id  n o t  s e l e c t  as well  a s  the  ES^ o r  

CCP mode ls ;  s i n c e  t h e  p r o j e c t  means and  v a r i a n c e s  were no t  a f f e c t e d  

by changes  i n  th e  d e c i s i o n  en v i ro n m en ts ,  t h e  e f f i c i e n t  s e t s  s e l e c t e d  

by t h e  EV models were s t a b l e  a s  env i ronm en ts  changed.  The NPV m o d e l ' s  

pe rformance  was viewed to  be q u i t e  poor  in  comparison to the  p o r t f o l i o  

models .  S in c e  t h e  NPV model s e l e c t s  i n d i v i d u a l  p r o j e c t s  on an a c c e p t /  

r e j e c t  b a s i s  w h i l e  th e  p o r t f o l i o  models  s e l e c t  e f f i c i e n t  s e t s ,  a
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d i r e c t  com par ison  o f  the  NPV and t h e  p o r t f o l i o  models  i s  n o t  

p o s s i b l e .

In a n a l y z i n g  th e  e f f e c t s  o f  c o r r e l a t e d  c a s h  f l o w s ,  Bey and 

P o r t e r  found t h e  m ean-va r iance  models  to  be i n s e n s i t i v e  t o  changes 

in  t h e  c h a r a c t e r i s t i c s  o f  p r o j e c t  c a s h  f low d i s t r i b u t i o n s .  This  s h o r t ­

coming can  be p a r t i c u l a r l y  s e v e r e  i f  th e  d i s t r i b u t i o n s  a r e  s i g n i f i c a n t l y  

skewed.  On t h e  o t h e r  hand, t h e  SSD, ES^, and CCP c a p i t a l  budget ing  

models  s e l e c t e d  d i f f e r e n t  e f f i c i e n t  s e t s  a s  th e  d i s t r i b u t i o n s  changed 

sh ap e .  I f  t h e  a c t u a l  u n d e r ly i n g  d i s t r i b u t i o n  o f  t h e  c a s h  f lows  i s  

a s s y m e t r i c ,  u s e  o f  th e  v a r i a n c e  a l o n e  becomes s u s p e c t  a s  an a p p r o p r i a t e  

measure o f  r i s k .

T h i s  s tu d y  i s  s i g n i f i c a n t  in  t h a t  i t  a d d r e s s e s  bo th  t h e  prob­

lems o f  skewness and o f  c o r r e l a t e d  cash  f lows .  Bey and P o r t e r  show 

t h a t  when t h e  cash  f low d i s t r i b u t i o n s  d e p a r t  from s t a n d a r d  assumptions  

o f  i n d e p e n d e n t  normal d i s t r i b u t i o n s ,  c a p i t a l  budge t ing  mode ls  need to 

i n c o r p o r a t e  t h e s e  d e p a r t u r e s  t o  a d e q u a t e l y  measure r i s k .

P r a c t i c e  v e r s u s  Theory

The p r e v io u s  p o r t i o n  o f  C h ap te r  I I  s y s t e m a t i c a l l y  reviewed the  

c a p i t a l  b u d g e t in g  l i t e r a t u r e  t o  i d e n t i f y  the v a r io u s  ways in  which r i s k  

has been i n c o r p o r a t e d  in t o  t h e  d e c i s i o n  making p r o c e s s .  A wide range 

o f  t e c h n i q u e s  a r e  a v a i l a b l e  to  t h e  p r a c t i t i o n e r ,  from r e l a t i v e l y  s imple 

r i s k - a d j u s t e d  r a t e  a n a l y s i s  t o  h i g h l y  s o p h i s t i c a t e d  m a rk e t  models such 

a s  t ime s t a t e  p r e f e r e n c e  t h e o r y .  In t h i s  s e c t i o n  o f  th e  p a p e r ,  a com­

p a r i s o n  o f  c a p i t a l  budge t ing  t h e o r y  and a c tu a l  t e c h n i q u e s  used in  the  

f i e l d  w i l l  be rev iewed.
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There  has been c o n t i n u a l  i n t e r e s t  in the p a s t  decade to  e v a l u ­

a t e  t h e  a c t u a l  c a p i t a l  b u d g e t in g  t e c h n q iu e s  used i n  t h e  f i e l d .  Maoi^? 

i n t e r v i e w e d  t h e  management o f  e i g h t  medium t o  l a r g e  companies t o  com­

p a r e  c u r r e n t  t h e o ry  w i th  a c t u a l  p r a c t i c e .  Mao found  t h a t  t h e r e  was a 

wide  d i f f e r e n c e  between th e  s o p h i s t i c a t e d  t h e o r e t i c a l  c a p i t a l  b u d g e t ­

ing  models found in  the  l i t e r a t u r e  and a c tu a l  p r a c t i c e .  His f i n d i n g s  

a r e  b r i e f l y  summarized a s :  1. Management e i t h e r  e x p l i c i t l y  o r  i m p l i c i t ­

l y  s t a t e d  t h a t  maximizing t h e  v a l u e  o f  the  f i r m  was a primary g o a l ;  2. 

t op  e x e c u t i v e s  view th e  v a l u e  o f  t h e  f irm in d e p e n d e n t l y  o f  t h e  e f f e c t s  

o f  d i v e r s i f i c a t i o n  by i n v e s t o r s ;  3.  e x e c u t iv e s  t e n d  to  view r i s k  in  

te rms o f  downside v a r i a t i o n  which i n d i c a t e s  t h a t  th e  s e m i -v a r i a n c e  may 

be a b e t t e r  d e s c r i p t i o n  o f  r i s k  t h a n  the  v a r i a n c e  o f  t h e  cash  f l o w s ;

4 .  th e  p r im ary  method o f  i n c o r p o r a t i n g  r i s k  i s  th ro u g h  the  use o f  r i s k -  

a d j u s t e d  d i s c o u n t  r a t e s  r a t h e r  than  the  p r o b a b i l i s t i c  approaches  ad ­

voca ted  i n  t h e  l i t e r a t u r e ;  5.  f i n a l l y ,  most f i rm s  use the  l e s s - s o p h i s ­

t i c a t e d  payback pe r iod  as t h e  p r im ary  r i s k  measure  r a t h e r  than th e  

t h e o r e t i c a l l y  s u p e r i o r  n e t  p r e s e n t  v a l u e  or  i n t e r n a l  r a t e  of  r e t u r n  

a n a l y s i s .  Mao's f i n d i n g s  show t h a t  t h e r e  i s  a c o n s i d e r a b l e  lag  between 

f i n a n c e  t h e o r y  in  the  l i t e r a t u r e  and p r a c t i c e  in  t h e  f i e l d .

Klammer^'*^ in a l a r g e  su rvey  confirmed Mao's  small sample ob­

s e r v a t i o n s .  Klammer found t h a t  n e a r l y  a l l  f i rm s  have some method o f  

d e a l i n g  w i t h  r i s k  bu t  l e s s  t h a n  40% o f  the r e s p o n d e n t s  adm it ted  to u s in g  

a s p e c i f i c  formal method o f  r i s k  a n a l y s i s .  Comparing c a p i t a l  budge t ing

i4?Mao, J .  C. T. (1970) "Survey o f  C a p i t a l  Budget ing:  Theory 
and P r a c t i c e , "  journal o f Finance. Vol.  25: pp. 349-360.

i48Klammer, T. (1972)  pp. 387-397.
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te c h n i q u e s  o v e r  a t e n - y e a r  p e r i o d ,  Klammer found an i n c r e a s e  in  t h e  use  

o f  d i s c o u n t e d  cash  f low methods w h i le  r e l i a n c e  on th e  s o l e  use o f  pay­

back methods d e c l i n e d .

In a r e c e n t  a r t i c l e ,  S c h a l l ,  Sundem, and G e i j s b e e k i ^ s  r e p o r t e d  

t h e  r e s u l t s  o f  a  sample su rv e y  o f  a l a r g e  f i r m ' s  c a p i t a l  budget ing  

methods .  T h e i r  main c o n c l u s i o n  was t h a t  p r a c t i t i o n e r s  a r e  becoming i n ­

c r e a s i n g l y  more s o p h i s t i c a t e d  i n  the  a n a l y s i s  o f  r i s k  in  c a p i t a l  bud g e t ­

in g .  Al though  payback i s  s t i l l  th e  most p o p u la r  c a p i t a l  budget ing 

t e c h n i q u e  used in  th e  f i e l d ,  o n ly  two p e r c e n t  o f  t h e  re sp o n d en ts  use 

payback as  t h e  on ly  c a p i t a l  budget ing  t o o l .  Most companies use  payback 

a long  w i th  a d i s c o u n te d  ca s h  f low tech n iq u e  ( e i t h e r  n e t  p r e s e n t  v a l u e  o r  

i n t e r n a l  r a t e  o f  r e t u r n ) .  Looking a t  p ro c e d u re s  f o r  a s s e s s i n g  r i s k ,  

more th a n  t h i r t y - s i x  p e r c e n t  o f  the f irms  use  some q u a n t i t a t i v e  method­

o lo g y ,  o n ly  f o u r  p e r c e n t  do no t  a s s e s s  r i s k ,  w h i l e  t h e  remaining s i x t y  

p e r c e n t  a s s e s s  r i s k  s u b j e c t i v e l y .  More f i rm s  look  a t  r i s k  in  terms o f  a 

measure  o f  t o t a l  r i s k  than  use p o r t f o l i o  c o v a r i a n c e  a n a l y s i s .

The t r e n d  to  g r e a t e r  s o p h i s t i c a t i o n  i n  c a p i t a l  budgeting has 

been documented by th e  s t u d i e s  r e p o r t e d  in  t h i s  s e c t i o n .  There s t i l l  

e x i s t s  t h e  need to  deve lop  te c h n iq u e s  o f  r i s k  a n a l y s i s  t h a t  a r e  t h e o ­

r e t i c a l l y  a c c e p t a b l e  and y e t  s im ple  enough t o  u n d e r s t a n d  and use  by 

p r a c t i t i o n e r s .  C u r ren t  t h e o r y  seems to  be going  th e  way of g r e a t e r  

s o p h i s t i c a t i o n  r a t h e r  tha n  i n c re a s e d  s i m p l i c i t y .  In Chapter  I I I  a 

t h e o r e t i c a l l y  sound,  y e t  s i m p l e ,  approach to  r i s k  a n a l y s i s  in c a p i t a l

i ^ ^ S c h a l l ,  L. D . , Sundem, G. L . , and G e i j s b e e k ,  W. R. (1978) 
"Survey and A n a ly s i s  o f  C a p i t a l  Budgeting Methods ,"  journal o f  Finance. 
Vol.  33: pp. 281-287.
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b u d g e t in g  w i l l  be p r e s e n t e d .  This  approach w i l l  dev e lo p  simple s c a l a r  

measures  o f  r e t u r n  and r i s k  t h a t  can  be e a s i l y  used  in  t h e  f i e l d .

As w i t h  any new app roac h ,  t h i s  i n i t i a l  work r e q u i r e s  some s im p l i f y in g  

as su m p t io n s  t h a t  can  be r e l a x e d  as  t h e  approach g a i n s  ac c e p ta n c e .



CHAPTER I I I  

MULTIVARIATE CAPITAL BUDGETING MODEL 

I n t r o d u c t i o n

The c a p i t a l  budge t ing  problem i s  to deve lop  d e c i s i o n  r u l e s  to 

s e l e c t ,  e v a l u a t e  o r  rank  r e a l  a s s e t  o p p o r t u n i t i e s  on th e  b a s i s  o f  ex­

p e c t e d  r e t u r n s ,  the t im ing  o f  t h o s e  r e t u r n s  and t h e  r i s k  a s s o c i a t e d  w i th  

t h e  r e t u r n s .  The use  o f  r e t u r n  and r i s k  as d e c i s i o n  c r i t e r i a  i s  w e l l -  

documented in  the f i n a n c e  l i t e r a t u r e .  While g ene ra l  ag reem ent  e x i s t s  

as  to  t h e  measurement o f  r e t u r n s ,  c o n t ro v e r s y  a t t e n d s  to  an a p p r o p r i a t e  

m easure  o f  r i s k .  The a f t e r - t a x  cash  f lows r e l a t e d  to  t h e  p r o j e c t ,  e i ­

t h e r  measured a b s o l u t e l y  or  r e l a t i v e l y ,  have been a c c e p te d  a s  an ade­

q u a t e  measure  o f  r e t u r n .  C o n s i d e r a t i o n  o f  the  t im ing  o f  t h e  cash  f lows 

r e q u i r e s  e x p l i c i t  c o n s i d e r a t i o n  o f  th e  m u l t i p e r i o d  n a t u r e  o f  the  prob­

lem. R isk  has been d e s c r i b e d  i n  t h e  l i t e r a t u r e  in  many ways: a s  the 

t o t a l  v a r i a t i o n  of r e t u r n s ,  a s  t h e  sum o f  s y s t e m a t i c  and r e s i d u a l  v a r i ­

a t i o n  i n  a market  c o n t e x t ,  o r  a s  t h e  downside v a r i a t i o n  from some s t a n ­

d a rd  g o a l .  In a d d i t i o n  to t h e  r i s k  measures d e s c r i b e d  above ,  t o t a l  r i s k  

can  be viewed as a f u n c t i o n  o f  two components;  t h e  v a r i a t i o n  o f  the 

p e r i o d i c  c a s h  f lows,  and th e  i n t e r t e m p o r a l  c o r r e l a t i o n s  among cash  f lows.  

Th is  p a r t i t i o n  of  t o t a l  r i s k  a l lo w s  th e  a n a l y s t  t h e  o p p o r t u n i t y  to  s tudy  

e x p l i c i t l y  t h e  impact o f  c o r r e l a t e d  ca s h  f lows on th e  t o t a l  r i s k .

82
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R e c o g n i t i o n  o f  the  random n a t u r e  o f  t h e  c a p i t a l - b u d g e t i n g  p rob­

lem l e a d s  t h e  d e c i s i o n  maker t o  t h e  s t u d y  o f  v a r i o u s  p o s s i b l e  p r o b a b i l ­

i t y  d i s t r i b u t i o n s  o f  t h e  cash f lo w s .  The u n i v a r i a t e  normal d i s t r i b u t i o n  

has been used e x t e n s i v e l y  in t h e  f i n a n c e  l i t e r a t u r e  with  assumed i n t e r ­

temporal  independence  o r  with s i n g l e - p e r i o d  m arke t  models.  When t h e  

cash f lows a r e  assumed independen t  and sym m etr ic ,  th e  l o c a t i o n  and s c a l e  

p a ram e te r s  o f  t h e  u n i v a r i a t e  normal d i s t r i b u t i o n  p rov ide  s im p le  measures  

o f  r e t u r n  and r i s k .

D i s s a t i s f a c t i o n  with t h e  s t r i c t  a s su m p t io n s  o f  t h e  m e an -va r ianc e  

d e c i s i o n  r u l e  has r e s u l t e d  in  more g e n e ra l  c a p i t a l  budget ing  models .  

Models based on semi v a r i a n c e  i n c o r p o r a t e  skewness i n t o  t h e  d e c i s i o n  p ro ­

c e s s .  S t o c h a s t i c  dominance d e c i s i o n  r u l e s  r e l a t e  t o  the  e n t i r e  p ro b a ­

b i l i t y  d i s t r i b u t i o n  a s  opposed to  the  f i r s t  two moments. T i m e - s t a t e  

p r e f e r e n c e  models  s p e c i f y  outcomes in  the form o f  s t a t e  v a r i a b l e s  w i th  

r i s k  measured a s  t h e  l i k e l i h o o d  o f  s t a t e  o c c u r r e n c e .  The in t e r t e m p o r a l  

n a t u r e  o f  t h e  c a p i t a l - b u d g e t i n g  problem has e i t h e r  been assumed away o r  

t r e a t e d  q u i t e  s e l e c t i v e l y .

An app roac h  t o  the  s o l u t i o n  o f  t h e  c a p i t a l  budget ing  problem 

t h a t  e x p l i c i t l y  c o n s i d e r s  the  i n t e r t e m p o r a l  n a t u r e  o f  the r i s k  a s s e s s ­

ment problem i s  t h e  u s e  o f  m u l t i v a r i a t e  s t a t i s t i c a l  t e c h n iq u e s .  More 

s p e c i f i c a l l y ,  t h e  p e r i o d i c  cash  f lows a r e  assumed to  be a r e a l i z a t i o n  

from an u n d e r ly i n g  m u l t i v a r i a t e  d i s t r i b u t i o n .  With the  added assum pt ion  

o f  m u l t i v a r i a t e  n o r m a l i t y ,  th e  a n a l y s i s  o f  r i s k  i s  e q u i v a l e n t  to  t h e  

a n a l y s i s  o f  t h e  v a r i a n c e - c o v a r i a n c e  m a t r i x .  The remainder  o f  t h i s  

c h a p t e r  w i l l  a d d r e s s  t h e  need f o r  a m u l t i v a r i a t e  approach and t h e  a pp ro ­

p r i a t e n e s s  o f  t h e  m u l t i v a r i a t e  normal d i s t r i b u t i o n  a s  an u n d e r ly i n g
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s t r u c t u r e .  Given th e  r a t i o n a l e  f o r  t h e  m u l t i v a r i a t e  a p p ro a c h ,  t h e  v a r i ­

a n c e - c o v a r i a n c e  m a t r ix  i s  o f f e r e d  a s  a m u l t i v a r i a t e  an a lo g u e  t o  t h e  u n i ­

v a r i a t e  v a r i a n c e .  Two s c a l a r  r i s k  measures  a r e  p r e s e n t e d  and a n a ly z e d :  

t h e  v a r i a n c e  o f  th e  n e t  p r e s e n t  v a l u e  and t h e  g e n e r a l i z e d  v a r i a n c e  

( g e n e r a l i z e d  v a r i a n c e  -  d e t e r m i n a n t  o f  v a r i a n c e - c o v a r i a n c e  m a t r i x ) .

A s s e t -b y -A s s e t  A n a ly s i s  v e r s u s  P o r t f o l i o  Approach 

Many o f  th e  c a p i t a l - b u d g e t i n g  models found i n  the  l i t e r a t u r e  

a r e  e x t e n s i o n s  o f  s to c k  m a rke t  v a l u a t i o n  models .  Arguments f o r  i n v e s t ­

o r  d i v e r s i f i c a t i o n  l e a d in g  t o  s t o c k  p o r t f o l i o  models have been d i s c u s s e d  

in  d e t a i l  i n  C hap te r  I I .  However, when t h e s e  models a r e  ex ten d ed  to  the 

e v a l u a t i o n  o f  r e a l  a s s e t s  t h e  need f o r  com pl ica ted  p o r t f o l i o  models  has 

been q u e s t i o n e d .

R u b ins te in^  s t a t e s  t h a t ,  i n  a s e t t i n g  of  p e r f e c t  c a p i t a l  mar­

k e t s  and in  th e  absence o f  s y n e rg y ,  d i v e r s i f i c a t i o n  e f f e c t s  w i t h i n  the  

f i r m  can  be ignored  in c a p i t a l - b u d g e t i n g  d e c i s i o n s .  The p r im ary  a r g u ­

ment a g a i n s t  f i r m  d i v e r s i f i c a t i o n  i s  t h a t  an i n v e s t o r  can  more e f f i ­

c i e n t l y  d i v e r s i f y  h i s  p o r t f o l i o  o f  a s s e t s  than  can th e  f i r m  d i v e r s i f y  

i t s  p o r t f o l i o  o f  a s s e t s .  A l s o ,  s i n c e  t h e  l i f e  of  r e a l  a s s e t s  normal ly  

i s  l o n g ,  p o r t f o l i o  r e v i s i o n  t e c h n i q u e s  which can be r e a d i l y  a p p l i e d  to 

s t o c k  p o r t f o l i o s  may be uneconomica l  i n  th e  ca se  o f  r e a l  a s s e t s .

Myers% a l s o  a rgues  f o r  a s s e t - b y - a s s e t  s e l e c t i o n  u s in g  th e  

e q u i l i b r i u m  c o n d i t i o n s  o f  th e  s e c u r i t y  m a rk e ts .  Myers s t a t e s  t h a t  a

R u b i n s t e i n ,  M. (1973) "A Mean-Variance S y n th e s i s  o f  C orpora te  
F i n a n c i a l  Theory ,"  journal o f  Finance. Vol.  28: pp. 167-180.

2
Myers,  S. C. (1968) " P ro c e d u re s  f o r  Cap i ta l  Budge t ing Under 

U n c e r t a i n t y , "  in du str ia l Management Review. Vol. 9: pp.  1-19 .
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n e c e s s a r y  c o n d i t i o n  f o r  e q u i l i b r i u m  in  th e  c a p i t a l  m a rke t  i s  t h a t  p r o j ­

e c t s  a r e  r i s k - i n d e p e n d e n t  o f  t h e  f i r m .  There a r e  c a s e s  however,  when 

p o r t f o l i o  e f f e c t s  must be c o n s i d e r e d .  These e f f e c t s  a r e  c i t e d  i n  d e t a i l  

i n  C hap te r  I I ,  pp. 67-86.  Assuming p r o j e c t s  t h a t  do n o t  s i g n i f i c a n t l y  

change t h e  s c a l e  a n d /o r  r i s k  c h a r a c t e r i s t i c s  o f  the  f i r m  and d i v e r s i f i e d  

i n v e s t o r s ,  Myers proves t h a t  a s s e t - b y - a s s e t  c a p i t a l  b u dge t ing  approaches  

a r e  on sound t h e o r e t i c a l  f o o t i n g .

Using th e  above arguments  a s  a b a s i s ,  the  c a p i t a l  budget ing 

model deve loped  in  t h i s  paper  w i l l  c o n c e n t r a t e  on t h e  s e l e c t i o n  and 

r a n k in g  o f  s i n g l e  p r o j e c t s .  The i m p l i c a t i o n s  o f  the  model f o r  p o r t f o ­

l i o s  w i l l  be ad d re s s ed  i n  C h a p te r  V.

Independence v e r s u s  C o r r e l a t e d  Cash Flows

I d e a l l y ,  a normat ive  c a p i t a l  budget ing  model would have s u f f i ­

c i e n t  f l e x i b i l i t y  to  i n c o r p o r a t e  a l l  t h e  dimensions  o f  a p r o j e c t ' s  r e ­

t u r n  and r i s k .  An u n de r ly ing  h y p o th e s i s  o f  t h i s  s tu d y  i s  t h a t  the  a s ­

sumption o f  in t e r t e m p o r a l  independence ,  w h i le  s i m p l i f y i n g  th e  c a p i t a l -  

b udge t ing  a n a l y s i s ,  may l e a d  t o  i n c o r r e c t  d e c i s i o n s  t h a t  a d v e r s e l y  a f ­

f e c t  t h e  v a l u e  o f  the f i rm .

Very l i t t l e  r e s e a r c h  has been r e p o r t e d  a s  to  t h e  im pact  of  the 

e f f e c t s  o f  c o r r e l a t i o n  on c a p i t a l - b u d g e t i n g  d e c i s i o n s .  I n i t i a l  work in 

t h i s  a r e a  was r e p o r t e d  i n  Bey and S i n g l e t o n ' s 3 paper  on th e  e f f e c t s  o f  

a u t o c o r r e l a t i o n  in  a p o r t f o l i o  c o n t e x t .  Using a s im u la te d  environment 

based on a Markov p r o c e s s ,  Bey and S i n g le to n  compared t h e  e f f i c i e n t  s e t s

^Bey, R. P. and S i n g l e t o n ,  J .  C. (1978) " A u t o c o r r e l a t e d  Cash 
Flows and th e  S e l e c t i o n  o f  a P o r t f o l i o  o f  Cap i ta l  A s s e t s , "  Decision 
Sciences.  Vol.  9: pp. 640-657.
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gen e ra te d  w h i l e  i n c o r r e c t l y  assuming independence w i th  t h e  e f f i c i e n t  

s e t s  t h a t  i n c o r p o r a t e d  t h e  known a u t o c o r r e l a t i o n s .  Using m ean-var iance  

(E-V), second d e g ree  s t o c h a s t i c  dominance (SSD), and m ean-sem ivar iance  

(E-S) m arke t  mode ls ,  the  s i z e  o f  t h e  e f f i c i e n t  s e t s  v a r i e d  p o s i t i v e l y  

w i th  t h e  d e g r e e  o f  c o r r e l a t i o n .  C e r t a i n  models were found to  be more 

s e n s i t i v e  t o  changes in  c o r r e l a t i o n ,  bu t  Bey and S i n g l e t o n  were unable 

to  i d e n t i f y  t h e  e x a c t  l e v e l  a t  which a u t o c o r r e l a t i o n  becomes c r i t i c a l .

In t h i s  p o r t f o l i o  c o n t e x t ,  i g n o r i n g  t h e  e f f e c t s  o f  a u t o c o r r e l a t i o n  could 

le a d  t o  t h e  s e l e c t i o n  o f  a nonoptimal p o r t f o l i o .

Although Bey and S i n g l e t o n ' s  work i s  th e  f i r s t  a t t e m p t  a t  

i d e n t i f i c a t i o n  o f  t h e  e f f e c t s  o f  c o r r e l a t e d  cash f l o w s ,  a number o f  

prominant  r e s e a r c h e r s  have i n c o r p o r a t e d  a u t o c o r r e l a t i o n  i n t o  t h e i r  

c a p i t a l - b u d g e t i n g  models .  M i l l i e r ^  developed  the p r o b a b i l i t y  d i s t r i b u ­

t i o n  o f  n e t  p r e s e n t  va lues  f o r  t h r e e  c a s e s :  inde penden t  c a s h  f low s ,  

p e r f e c t  p o s i t i v e  c o r r e l a t i o n ,  and t h e  c a s e  where some c a s h  f lows  were 

independen t  and o t h e r s  p e r f e c t l y  c o r r e l a t e d .  Wagle^ fo l lo w ed  H i l l i e r ' s  

work c l o s e l y  and c o n s id e re d  th e  c a s e  o f  im p e r fe c t  c o r r e l a t i o n .  Levy 

and Sarnat® ex tended  t h i s  work t o  i n c l u d e  both a u t o c o r r e l a t e d  and c r o s s ­

c o r r e l a t e d  c a s h  f lo w s .

^ M i l l i e r ,  F. S. (1963) "The D e r iv a t io n  o f  P r o b a b i l i s t i c  In ­
fo rm at ion  f o r  the  E v a lu a t io n  o f  Risky  In v e s tm e n t s , "  Management sciences. 
Vol. 9: pp.  443-457.

sWagle,  B. (1967) "A S t a t i s t i c a l  Ana lys is  o f  R isk  i n  Capi ta l  
Inves tm ent P r o j e c t s , "  operational Research Quarterly. Vol.  18: 
pp. 13-33.

GLevy, H. and S a r n a t ,  M. (1970) "The P o r t f o l i o  A n a ly s i s  o f  
M u l t i p e r io d  C a p i t a l  Inves tmen t Under C ondi t ions  o f  R i s k , "  Engineering 
Economist. Vol.  16: pp. 1-19.
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In a l l  t h e s e  c a s e s ,  t h e  r i s k  measure  developed i s  t h e  v a r i a n c e  

o f  t h e  n e t  p r e s e n t  v a lu e  d i s t r i b u t i o n .  The a p p r o p r i a t e n e s s  o f  t h i s  d i s ­

counted r i s k  measure  w i l l  be d i s c u s s e d  i n  d e t a i l  in a l a t e r  p a r t  o f  t h i s  

c h a p t e r .

In a d d i t i o n  to  i n c o r p o r a t i n g  a u t o c o r r e l a t e d  cash  f low s  i n t o  

c a p i t a l - b u d g e t i n g  models ,  s i g n i f i c a n t  work has been r e p o r t e d  on e s t i m a ­

t i o n  o f  c o r r e l a t i o n  pa ram ete rs .  M i l l i e r ?  used r e g r e s s i o n  a n a l y s i s  t o  

e s t i m a t e  c o r r e l a t i o n  c o e f f i c i e n t s .  I n i t i a l l y ,  and W2 a r e  assumed to  

be random v a r i a b l e s  w i th  v a r i a n c e s ,  and 0 2 ^ and wi th  a c o r r e l a t i o n  

c o e f f i c i e n t  p .  An a d d i t i o n a l  a s sum pt ion  i s  t h a t  and W2 f o l l o w  a b i -

v a r i a t e  normal d i s t r i b u t i o n .  The e x p e c te d  v a l u e  o f  W2 , g iven  th e  v a l u e  

o f  Wi, i s  m e re ly  p t im es  th e  v a l u e  o f  W^. Sym bo l ica l ly ,

E(W2 |Wi = w) = [(Wg) + p (02 / 0 1 ) (w-E(Wi)) CD

which can be r e w r i t t e n  as

E ( W 2 | W i  =  w ) -  E ( W 2 )  p ( w - E ( W i ) )

02 Oi ( 2 )

The above r e g r e s s i o n  procedure  i s  g e n e ra l  in  t h a t  even i f  the  a ssumpt ion  

o f  n o r m a l i t y  does  n o t  hold,  th e  e x p r e s s i o n  s t i l l  p rov ides  th e  b e s t  

l i n e a r  e s t i m a t e  o f  E(W2 |Wi=w) a c c o rd in g  t o  th e  p r i n c i p l e  o f  l e a s t  

s q u a re s .

? H i l l i e r ,  F. S. (1963) pp. 443-457.
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Bussey and S tevens^  u sed  s im u la te d  cash f low p a t t e r n s  and Box 

and J e n k i n s ^  t ime s e r i e s  a n a l y s i s  to  e s t i m a t e  a u t o c o r r e l a t i o n  p a t t e r n s .  

H y p o th e s iz in g  a f i r s t - o r d e r  s t a t i o n a r y  a u t o r e g r e s s i v e  model o f  t h e  form

where = t h e  t - t h  r e a l i z a t i o n  o f  th e  cash  f low t ime s e r i e s  a t  t ime

t  = 0 , 1 , . . .  ;

4>i = the o n e - p e r i o d  l a g  c o e f f i c i e n t ,  | 4 i |  < 1;

= random e r r o r  te rm  wi t h  # = 0 and .

I n p u t s  t o  t h e  model (Y^) a r e  s im u l a t e d  cash  f low s t ream s  u s in g  t h e  e s t i ­

m a t o r ' s  v a l u e s  of  o p t i m i s t i c ,  p e s s i m i s t i c ,  and most  l i k e l y  v a lu es  as 

p a r a m e te r s  o f  t h e  s i m u l a t i o n  model t o  g e n e r a t e  pseudo random cash  f lows.  

Using t h e s e  i n p u t s  in  a l e a s t  s q u a r e s  r e g r e s s i o n  r e s u l t s  i n  the  e s t i m a t e  

o f  one p e r io d  lag  c o e f f i c i e n t ,  <j>i. This  e s t i m a t e  the n  i s  used  to compute 

t h e  a u t o c o r r e l a t i o n  m a t r i x  u s in g

I (4)

where t , 9  = I , 2 , 3 , . . . n  a r e  t h e  p e r i o d s  o f  i n t e r e s t .

®Bussey, L. E. and S t e v e n s ,  G. I .  (1972) "F o rm u la t ing  C or re ­
l a t e d  Cash Flow S t ream s,"  Engineering Economist. Vol.  18: pp. 1-30;
and (1975)  "Reply t o  'Comment on Formula t ing  C o r r e l a t e d  Cash Flow 
S t r e a m s ' , "  Engineering Economist, Vol.  20: pp. 215-221.

^Box, G. E. P . ,  and J e n k i n s ,  G. M. (1970) Time s e r ie s  Analysis, 
Forecasting and Control. San F r a n c i s c o :  Holden-Day,  Inc .
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Gnanades ikan^° reviewed in d e t a i l  t h e  development o f  r o b u s t  

e s t i m a t e s  o f  l o c a t i o n  and d i s p e r s i o n  p a ra m e te r s  in a m u l t i v a r i a t e  s e t ­

t i n g .  E s t i m a t e s  o f  c o v a r i a n c e  and c o r r e l a t i o n  were em phas ized ,  u s in g  

an e l e m en ta l  c o n ce p t  f o r  e s t i m a t i n g  t h e  c o v a r i a n c e  between two v a r i ­

a b l e s  Yi and Y2 :

COVfYi.Yz) = %{var(Yi+Y2) -  va r fY i-Y g)} .  (5)

Given the  c o v a r i a n c e  e s t i m a t e  in  Eq. 5,  a c o r r e s p o n d in g  r o b u s t  

e s t i m a t o r  o f  t h e  c o r r e l a t i o n  c o e f f i c i e n t  between Ŷ  and Y2 i s

( 6 )
(S11S22 )^

where S . .  i s  a r o b u s t  e s t i m a t o r  o f  t h e  j t h  r e s p o n s e .

The e s t i m a t e  of  t h e  c o r r e l a t i o n  c o e f f i c i e n t  in  Eq. 6 may n o t  

n e c e s s a r i l y  l i e  in th e  adm issab le  r a n g e  [ - 1 ,  +1] .  A m o d i f i c a t i o n  to  en­

s u r e  t h e  e s t i m a t e  i s  in  th e  v a l i d  r a n g e  i s  t o  s t a n d a r d i z e  t h e  Y j ' s .  Let

C0V(Zi,Z2) = %{var(Zi+Z2) -  v a r fZ i -Z g )}  • (7)

Using th e  t r an s fo rm e d  v a r i a n c e s  and c o v a r i a n c e s ,  an e s t i m a t e  o f  th e  

c o r r e l a t i o n  c o e f f i c i e n t  in  th e  v a l i d  range  can  be o b t a in e d .

The works r e f e r e n c e d  above have shown the need f o r  accommodat­

ing  i n t e r t e m p o r a l  c o r r e l a t i o n  in c a p i t a l - b u d g e t i n g  a n a l y s i s .  In

l^G nanades ikan ,  R. (1977) Methods fo r  s t a t i s t i c a l  Data Analysis  
o f  M u iti-va r ia te  Observations. New York: John Wiley and Sons.
C hap te r  5.
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a d d i t i o n ,  r e l a t i v e l y  simple s t a t i s t i c a l  t e ch n iq u es  have been p re sen te d  

t o  e s t i m a t e  t h e  c o r r e l a t i o n  m a t r i x  which a long w i th  e s t i m a t e s  o f  the  

p e r i o d i c  v a r i a n c e s  a l low s  t h e  d e c i s i o n  maker t o  deve lop  a v a r i a n c e -  

c o v a r i a n c e  m a t r ix  t o  e v a l u a t e  t h e  r i s k  o f  a p r o j e c t  i n  an i n t e r t e m p o r a l ,  

m u l t i v a r i a t e  p e r s p e c t i v e .

M u l t i v a r i a t e  Normal D i s t r i b u t i o n  as  an U nder ly ing  S t r u c t u r e

C a p i t a l -b u d g e t in g  d e c i s i o n s  r e f e r  to the  commitment o f  c u r r e n t  

r e s o u r c e s  in  th e  hope o f  r e a l i z i n g  f u t u r e  b e n e f i t s  o v e r  t ime.  S i g n i f i ­

c a n t  c h a r a c t e r i s t i c s  o f  t h i s  problem a r e  the  u n c e r t a i n t y  a s s o c i a t e d  w i th  

t h e  e x p e n d i t u r e  o f  c u r r e n t  r e s o u r c e s  and t h e  u n c e r t a i n t y  a s s o c i a t e d  w i th  

t h e  f u t u r e  b e n e f i t s .  The need t o  e x p l i c i t l y  e s t i m a t e  and e v a l u a t e  the  

f u t u r e  b e n e f i t s  and t h e i r  a s s o c i a t e d  u n c e r t a i n t y  has l e a d  to  the  d e v e l ­

opment o f  many c a p i t a l - b u d g e t i n g  models .  Chap ter  I I  o f  t h i s  paper has 

s y s t e m a t i c a l l y  reviewed the  c a p i t a l - b u d g e t i n g  l i t e r a t u r e .

E x i s t i n g  c a p i t a l  budge t ing  models f a l l  i n t o  two broad c a t e ­

g o r i e s :  1. Simple models  w i th  h ig h l y  r e s t r i c t i v e  a s s u m p t io n s ;  2. Gener­

a l  models  t h a t  a r e  d i f f i c u l t  t o  implement.  The model p r e s e n te d  here  

w i l l  a t t e m p t  to  r e c o n c i l e  and a d a p t  th e se  models  to  t h e  end t h a t  the  

model developed  here  i s  g e n e r a l  w h i l e  s t i l l  r e s u l t i n g  in  simple d e c i s i o n  

c r i t e r i a .  Because o f  t h e  random n a t u r e  o f  the  f u t u r e  b e n e f i t s ,  most 

c a p i t a l  budget ing  models a r e  p r o b a b i l i s t i c  in n a t u r e ;  i . e . ,  the  d e c i s i o n  

maker hy p o th e s i z e s  a p r o b a b i l i t y  d i s t r i b u t u i o n  o f  f u t u r e  cash f lows and 

th e n  dev e lo p s  a n a l y t i c a l  t e c h n i q u e s  t o  e v a l u a t e  t h e  p r o b a b i l i t y  d i s t r i ­

b u t i o n .

The o b j e c t i v e  o f  t h i s  s tu d y  i s  to  r e p o r t  on a genera l  p ro b a b i ­

l i s t i c  approach  to  r e a l - a s s e t  s e l e c t i o n  t h a t  r e s u l t s  in  r e l a t i v e l y
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s imple  measures  t o  e v a l u a t e  u n c e r t a i n  f u t u r e  b e n e f i t s .  A s i g n i f i c a n t  

d i f f e r e n c e  between th e  model to be developed  and t h e  e x i s t i n g  models  i s  

a m u l t i - d i m e n s io n a l  p e r s p e c t i v e .  T h i s  m u l t i -d im en s io n a l  v iew l e a d s  to 

th e  s tudy  o f  M u l t i v a r i a t e  S t a t i s t i c a l  methods f o r  an a p p r o p r i a t e  

s o l u t i o n .

M u l t i v a r i a t e  S t a t i s t i c a l  t e c h n iq u e s  a r e  c h a r a c t e r i z e d  by the  

a n a l y s i s  o f  d a t a  t h a t  c o n s i s t  o f  s e t s  o f  measurements,  o r  m u l t i p l e  d i ­

mensions o f  a p a r t i c u l a r  problem. The c a p i t a l  budget ing  problem can be 

viewed in  t h i s  p e r s p e c t i v e  w i th  each p e r i o d ' s  cash  f low as  a dimension.  

For example,  l e t  t h e  f irm be faced  w i t h  a c u r r e n t  o u t l a y  o f  Y d o l l a r s  

f o r  a p r o j e c t  t h a t  w i l l  p ro v id e  X d o l l a r s  f o r  p p e r io d s  i n  the  f u t u r e .  

The cash f low  in  each of  p p e r io d s  i s  a random v a r i a b l e  to  be e s t im a te d  

and e v a l u a t e d .  A n a tu ra l  way t o  view t h i s  problem i s  t h a t  t h e  c a s h  f low 

o f  each p e r i o d  can  be r e p r e s e n t e d  by a p r o b a b i l i t y  d i s t r i b u t i o n  t h a t  

can  be e v a l u a t e d  u s ing  w e l l -d e v e lo p e d  s t a t i s t i c a l  t e c h n i q u e s .  Because 

o f  dependenc ies  o r  a u t o c o r r e l a t i o n ,  among the p e r io d i c  c a s h  f low e s t i ­

m a te s ,  m u l t i v a r i a t e  s t a t i s t i c a l  models p ro v id e  an e f f e c t i v e  framework 

f o r  r e t u r n - r i s k  a n a l y s i s .  C o n s i d e r a t i o n  o f  the se  dependence  s t r u c t u r e s  

r e q u i r e s  an a n a l y s i s  o f  a l l  t h e  d im ens ions  o f  the problem s im u l ta n e o u s l y  

as opposed t o  a p e r i o d - b y - p e r i o d  a n a l y s i s .  The e f f e c t  o f  i g n o r i n g  possi­

b l e  dep en d e n c ie s  i s  t h a t  t h e  d e c i s i o n  maker may u n d e r s t a t e  th e  r i s k  o f  

t h e  p r o j e c t .

The need f o r  the  a n a l y s i s  o f  dependent  s t r u c t u r e s  had l e a d  to 

t h e  development o f  m u l t i v a r i a t e  s t a t i s t i c s .  I n i t i a l  deve lopments  in 

th e  f i e l d  were t o  s tudy  problems in  g e n e t i c s ,  b io logy ,  and an th ropo logy .  

The d e s i r e  t o  deve lop  hybrid p l a n t s ,  t o  c l a s s i f y  p o p u l a t i o n s  i n t o
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groups ,  and t o  e v a l u a t e  t e s t  s c o re s  has l e a d  to  w e l l -d e v e lo p ed  m u l t i ­

v a r i a t e  s t a t i s t i c a l  t o o l s .  The problem o f  c a p i t a l - b u d g e t i n g  i s  q u i t e  

s i m i l a r  to  t h e  t r a d i t i o n a l  m u l t i v a r i a t e  a p p l i c a t i o n s  with one s i g n i f i ­

c a n t  d i f f e r e n c e :  t h e  element o f  t im e .  The problem o f  s e l e c t i n g  a s s e t s  

whose outcomes w i l l  n o t  be known u n t i l  some t ime in  f u t u r e  r e q u i r e s  t h e  

m u l t i v a r i a t e  measures  to  accommodate t h i s  a d d i t i o n a l  d im ens ion .  For ­

t u n a t e l y ,  m u l t i v a r i a t e  d i s t r i b u t i o n s  can  be e a s i l y  t r ans fo rm ed  to  i n ­

c o r p o r a t e  t h i s  t ime element.

Assumption o f  M u l t i v a r i a t e  Normali ty

A c r u c i a l  assumption to  t h e  development o f  t h i s  m u l t i v a r i a t e

c a p i t a l - b u d g e t i n g  model i s  t h e  a s sum pt ion  o f  n o rm a l i t y .  ;

The u n i v a r i a t e  normal d i s t r i b u t i o n  a r i s e s  f r e q u e n t l y  because  the  
e f f e c t  s t u d i e d  i s  the sum o f  many in d e p en d en t  random e f f e c t s .  
S i m i l a r l y ,  the  m u l t i v a r i a t e  normal d i s t r i b u t i o n  o f t e n  o c c u r s  be­
c au s e  t h e  m u l t i p l e  measurements a r e  sums o f  small in dependen t  
e f f e c t s .  J u s t  as  the c e n t r a l  l i m i t  theorem leads  to  t h e  u n i v a r i a t e  
normal d i s t r i b u t i o n  f o r  s i n g l e  v a r i a b l e s ,  so does th e  g e n e ra l  
c e n t r a l  l i m i t  theorem f o r  s e v e r a l  v a r i a b l e s  l e ad  to  t h e  m u l t i v a r ­
i a t e  normal d i s t r i b u t i o n .

C ons ide r  the  c a p i t a l  budge t ing  problem in  which an i n v e s t m e n t  

Y r e s u l t s  in  cash  f lows  du r ing  the  n e x t  p y e a r s .  Let  be a random 

v a r i a b l e  which t a k e s  on the  v a l u e  o f  th e  n e t  cash  f low d u r in g  t h e  i ^ ^  

y e a r ,  where i = 1 , 2 , 3 , . . . p .  The r e a l i z e d  o r  observed cash f low i n  any 

p a r t i c u l a r  p e r io d  w i l l  depend on many f a c t o r s  i n t e r n a l  and e x t e r n a l  t o  

the  f i rm .  Some o f  t h e s e  f a c t o r s  such a s  p ro d u c t io n  and m a rke t ing  de­

c i s i o n s  a r e  c o n t r o l l e d  or  in f l u e n c e d  by t h e  f i r m .  However, many o t h e r  

f a c t o r s  r e l a t i n g  to  government p o l i c i e s  o r  t h e  s t a t e  o f  the  economy w i l l

l lAnderSOn, T..W. (1958) An in troduction  to M ultivariate  
S ta t i s t i c a l  Analysis.  New York: John Wiley and Sons. p.  2.
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f o r c e  t h e  f i r m  to  r e a c t  r a t h e r  th a n  a c t .  S ince  t h e r e  a r e  many p o s s i b l e  

c o m b in a t io n s  o f  f a c t o r s  t h a t  i n f l u e n c e  th e  cash f low  s t r e a m ,  t h e  assump­

t i o n  o f  a normal d i s t r i b u t i o n  o f  t h e  c a s h  f lows v i a  t h e  c e n t r a l  l i m i t  

theorem a p p e a r s  r e a s o n a b l e .  In a d d i t i o n ,  t h e  c o n s i d e r a t i o n  o f  the  t ime 

e l e m e n t  r e s u l t s  in  measures o f  m e r i t  ( n e t  p r e s e n t  v a l u e  and r i s k )  t h a t  

a r e  l i n e a r  com bina t ions  o f  t h e  ca sh  f low  v a r i a b l e s ,  more s p e c i f i c a l l y ,  

sums o f  random v a r i a b l e s .

Thus,  t h e  c e n t r a l  l i m i t  theorem f o r  means,  t h e  L indeberg -Levy  

Theorem, i s  a m a jo r  j u s t i f i c a t i o n  f o r  t h e  use o f  bo th  the  u n i v a r i a t e  and 

m u l t i v a r i a t e  normal d i s t r i b u t i o n  a s s u m p t i o n s .  I f  t h e  e s t i m a t e d  cash  

f low s  come from any p o p u la t i o n  w i th  a f i n i t e  v a r i a n c e ,  th e n  the  

l i m i t i n g  d i s t r i b u t i o n  of  th e  s t a t i s t i c

i s  s t a n d a r d  normal.  Consequen t ly ,  t h e  sample mean i s  a s y m p t o t i c a l l y

n o rm a l ly  d i s t r i b u t e d  with  mean, u ,  and v a r i a n c e  o ^ /n .  The m u l t i v a r i a t e

e x t e n s i o n  o f  t h e  theorem i s

Le t  x i , . . . , x _  be an in d e p e n d e n t  random sample from a k d im ens iona l  
p o p u l a t i o n  w i th  f i n i t e  mean v e c t o r  y and f i n i t e  c o v a r i a n c e  m a t r ix  A; 
t h e n  th e  v e c t o r  n " ^ E ^ - ) has  a m u l t i  normal l i m i t i n g  d i s t r i b u t i o n  
w i th  z e ro  mean v e c t o r  and c o v a r i a n c e  m a t r ix  A. E q u i v a l e n t l y ,  t h e  
v e c t o r  X = ( l / n )zX^  i s  a s y m p t o t i c a l l y  normally d i s t r i b u t e d  w i th  mean 
v e c t o r  y and c o v a r i a n c e  m a t r ix  ( l / n ) A . ^ ^

F u r t h e r  arguments f o r  assuming  m u l t i v a r i a t e  n o r m a l i t y  can be 

found i n  t h e  f i n a n c e  l i t e r a t u r e .  The assumption  o f  m u l t i v a r i a t e  normal 

r e t u r n s  i s  i m p o r t a n t  to t h e  development o f  the  tw o-pa ram ete r  p o r t f o l i o

l ^ T h e i l ,  H. (1971) P rin c ip les  o f  Econometrics. New York: John
Wiley and Sons.  pp.  367-370.
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model .  Famais summarized th e  development  o f  t h e  "market  model" f o c u s i n g

on t h e  j o i n t  p r o b a b i l i t y  d i s t r i b u t i o n  o f  s e c u r i t y  r e t u r n s .  Assuming

t h a t  t h e  r e t u r n s  on i n d i v i d u a l  s e c u r i t i e s  a r e  d i s t r i b u t e d  n o rm a l ly ,  th e n

th e  r e t u r n  on a p o r t f o l i o ,  which i s  s im ply  a l i n e a r  combination  o f

s e c u r i t i e s ,  i s  a l s o  normal .

This  r e s u l t  im p l i e s  t h a t  t h e  j o i n t  d i s t r i b u t i o n  o f  the r e t u r n s  on 
any two d i f f e r e n t  p o r t f o l i o s  i s  b i v a r i a t e  n o r m a l . . .  the  r e s u l t  a l s o  
i m p l i e s  t h a t  t h e  r e t u r n  on any s e c u r i t y  i and t h e  r e t u r n  on any
p o r t f o l i o  p i s  b i v a r i a t e  no rm al   B i v a r i a t e  n o rm a l i t y  o f  s e c u r i t y
and p o r t f o l i o  r e t u r n s  i s  t h e  fo u n d a t i o n  o f  o u r  t h e o r e t i c a l  and 
e m p i r i c a l  work on t h e  s o - c a l l e d  'm a rk e t  m o d e l ' r e l a t i o n s h i p s  be­
tween th e  r e t u r n s  on s e c u r i t i e s  and th e  r e t u r n  on a p o r t f o l i o  o f  
s e c u r i t i e s  taken  to  be r e p r e s e n t a t i v e  o f  t h e  m arke t .

Looking t o  em p i r ica l  work on s e c u r i t y  p r i c e s ,  Fama s t a t e s  "our c o n c l u ­

s i o n s  t h a t  t h e  d i s t r i b u t i o n s  o f  monthly  p o r t f o l i o  r e t u r n s  and s e c u r i t y  

r e t u r n s  a r e  ap p ro x im a te ly  normal i s  c o n s i s t e n t  w i th  th e  assumption  t h a t  

th e  j o i n t  d i s t r i b u t i o n  o f  r e t u r n s  i s  m u l t i v a r i a t e  normal.

The m e a n -v a r ian c e  s e c u r i t y  model has been adap ted  to the  

c a p i t a l - b u d g e t i n g  problem. This  e x t e n s i o n  was r e p o r t e d  in d e t a i l  i n  

C h a p te r  I I .  The purpose  o f  t h i s  b r i e f  rev iew  h e re  i s  to  s u p p o r t  t h e  

m u l t i v a r i a t e  approach by r e p o r t i n g  p r e v io u s  m u l t i v a r i a t e  a p p l i c a t i o n s  

i n  t h e  f i n a n c e  l i t e r a t u r e .

l^Fama, E. F. (1975) Foundations o f  Finance, New York:
B as ic  Books.

i ^ l b i d . ,  pp. 65-66 .

i s i b i d . ,  p. 65.
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M u l t i v a r i a t e  Normal D i s t r i b u t i o n ^ ^

The i d e n t i f i c a t i o n  o f  m u l t i v a r i a t e  measures  o f  r e t u r n  and r i s k  

f o l l o w  q u i t e  l o g i c a l l y  from t h e  m u l t i v a r i a t e  normal d i s t r i b u t i o n  fu n c ­

t i o n ,  th e  p r o p e r t i e s  o f  t h e  d i s t r i b u t i o n ,  and th e  moments o f  th e  d i s ­

t r i b u t i o n .  The m u l t i v a r i a t e  normal d i s t r i b u t i o n  i s  a g e n e r a l i z a t i o n  o f  

t h e  u n i v a r i a t e  normal d i s t r i b u t i o n  to p d im ens ions .

The u n i v a r i a t e  normal d e n s i t y  f u n c t i o n  can  be w r i t t e n

f ( x )  =
(x-y)  ^ | ^ g - % ( x - y ) ' l / a 2 ( x - y ) , (3)

In m a t r i x  n o t a t i o n ,  t h e  s i m i l a r i t y  between th e  u n i v a r i a t e  and m u l t i v a r ­

i a t e  normal d i s t r i b u t i o n s  i s  c l e a r .  The s c a l a r  v a r i a b l e  x i s  r e p la c e d  

by a v e c t o r  x = [ x i . . . X p ] ' ;  th e  s c a l a r  c o n s t a n t  y i s  r e p la c e d  by a v e c ­

t o r  o f  c o n s t a n t s  y_ = [ y i , . . y p ] ' ;  and the p o s i t i v e  c o n s t a n t  l / a ^  i s  r e ­

p l a c e d  by t h e  i n v e r s e  o f  t h e  p o s i t i v e  d e f i n i t e  v a r i a n c e - c o v a r i a n c e  

m a t r ix

I  =

a i I  a i 2 - • 'Oip 

Q21 0 2 2 ' • *^2p

Opi 0p2- - '0pp

(9)

The squa red  term i n  th e  e xponen t  ( x - y ) ' l / a 2 ( x - y )  i s  r e p l a c e d  by the  

q u a d r a t i c  form

( x - y ) 'E  ^ (x - y )  = Z ( x . - y . ) ( x . - y . ) .  (10)
   i,j=l *ij T T J J

iGThis p r e s e n t a t i o n  o f  the  m u l t i v a r i a t e  normal d i s t r i b u t i o n  
f u n c t i o n ,  i t s  p r o p e r t i e s  and i t s  moments f o l l o w s  c l o s e l y  t h a t  o f  Ander­
son (1 9 5 8 ) ,  Chapter  2.
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T h e r e f o r e ,  th e  d e n s i t y  o f  a p - v a r i a t e  normal d i s t r i b u t i o n  i s

f ( X j  Xp) = ( x - i )  (11)

where K > 0 i s  chosen so t h a t  t h e  i n t e g r a l  ove r  the  e n t i r e  p-d imensiona l

E uc l idea n  space  o f  X i , . . . ,Xp = 1 . 0 .  To de te rmine  K, e v a l u a t e  the  m u l t i ­

p l e  i n t e g r a l  o f  (Eq. 11) such t h a t  the  i n t e g r a l  o v e r  t h e  p-d imensional

space  i s  one.  Eva lua t ing

( 12 )

th e  r e s u l t  o f  th e  i n t e g r a t i o n  i s  t h a t  K = j L ç | / ( 2 n ) " / 2  , which r e s u l t s  

in  th e  m u l t i v a r i a t e  normal d e n s i t y

f ( x i  Xp) = • (13)

As a sp e c ia l  c a se  o f  t h e  m u l t i v a r i a t e  normal d i s t r i b u t i o n ,  the  

b i v a r i a t e  normal d i s t r i b u t i o n  i s  o f t e n  s tu d ie d  because  o f  t h e  c a p a b i l i t y  

t o  g e o m e t r i c a l l y  e v a l u a t e  th e  t w o - v a r i a b l e  space .  The b i v a r i a t e  normal 

d e n s i t y  can  be w r i t t e n  e x p l i c i t l y  as

f ( x i , X 2 )  = 1
2 ï ï a i a 2 ( l - p ^ r

(Xl“Ui)^  (X2“ U2)^

^ 2 { l - p ^ ) l  o p

2 p ( x i - u i  ) (xz-Wz)  

o i^ z
(14)

i ?Fo r  a d e t a i l e d  d e r i v a t i o n  o f  the m u l t i v a r i a t e  normal d e n s i t y  
see  Anderson (1958) pp. 11-19.  Also to  d i f f e r e n t i a t e  between s c a l a r s  
and v e c t o r s ,  the  v e c t o r  w i l l  be u n d e r l i n e d .
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where a n d a r e  th e  mean and v a r i a n c e  o f  x^ ,  i = 1 , 2 , and p i s  t h e  

c o r r e l a t i o n  c o e f f i c i e n t .  The s u r f a c e  d e p i c t e d  by t h i s  e q u a t io n  i s  a 

b e l l  shaped  mound; the  shape o f  th e  mound i s  dependent  on t h e  va lu e  o f  

p and t h e  r a t i o  01/ 0 2 . The cus tomary  way t o  d e p i c t  the  b i v a r i a t e  normal 

s u r f a c e  i s  th ro u g h  th e  use o f  i s o d e n s i t y  c o n to u r s  which a r e  a c ro s s  s e c ­

t i o n  o f  t h e  s u r f a c e  made by a p la n e  p a r a l l e l  to  the ( x i , X 2 ) p l a n e .  The 

p o r t i o n  o f  t h e  exponent  o f  the  b i v a r i a t e  d e n s i t y  (Eq. 14) in  b r a c e s ,

Eq. 15 below.

( X i - P i ) ^  (X2”P2)^ 2 p ( X i - P i ) (X2-M2 )
 n + -------7------------   (15)

o f  0 |  O1O2

when s e t  equal  to  some p o s i t i v e  c o n s t a n t ,  c i d e n t i f i e s  t h e  i s o d e n s i t y  

c o n t o u r .  Equa t ion  15 r e p r e s e n t s  an e l l i p s e  w i th  the  c e n t e r  a t  th e  p o i n t  

( y i ,U 2 ) which i s  c a l l e d  th e  c e n t r o i d  o f  th e  b i v a r i a t e  p o p u l a t i o n .  The 

major and minor  axes of  t h e  e l l i p s e  pa s s  th rough  the  c e n t r o i d  and make 

th e  f o l l o w i n g  an g le  with  t h e  p o s i t i v e  x i - a x i s :

45° when 01 = 02

6 = . (16) 
Zbo^Og

l / 2 A rctan  — ------- - whenoi > 02

^  -  *2

I f  p > 0 t h e  l i n e  c o n ta in s  the  m a jo r  a x i s ,  i f  p < 0 t h e  minor a x i s ,  and 

i f  p = 0 and o i  = 02 the e l l i p s e  r e d u c e s  to  a c i r c l e  with  a l l  axes equal  

Angle 9  i s  a f u n c t i o n  o f o ^  0 2 ,  and p ;  t h e r e f o r e ,  by va ry ing  c one can
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g e n e r a t e  a  f a m i ly  of  c o n c e n t r i c  e l l i p s e s ,  a l l  w i th  th e  same o r i e n t a ­

t i o n . i s

MEAN I 
MEANz 
SIGMAi 
SIGMAj

RHO
RHO
RHO
RHO
RHO
RHO

15.000
20.000

5 .000
5 .0 0 0  
4 .6 0 0
1.000 
o.aoo 
0 .6 0 0  
0 .4 0 0  
0 .200  
0.000

0.00
I

12.00 24.00
—I

36 .00

F igu re  10: I s o d e n s i ty  Contours as a v a r ie s .

The above b i v a r i a t e  d e s c r i p t i o n  i s  r e a d i l y  g e n e r a l i z e d  to  

t h r e e  o r  more d imensions  ( a l t h o u g h  o n ly  t h e  t h r e e  d im ens ion  e l l i p s o i d  

can be d e p i c t e d  g e o m e t r i c a l l y . )  R efe r  to  the m u l t i v a r i a t e  d e n s i t y ,  

(Eq. 1 3 ) ,  t h e  exponent

( x - u ) ' z - i ( x - u )  = c (17)

i s  c o n s t a n t  on e l l i p s o i d s  f o r  e v e ry  p o s i t i v e  v a lu e  o f  c in  a p -d im ens ion ­

al  E u c l id e a n  space .  The c e n t r o i d  i s  determined by t h e  mean v e c t o r ,  _u. 

The shape  and o r i e n t a t i o n  o f  t h e  e l l i p s o i d  a r e  de te rm in e d  by £ ,  and the  

s i z e  ( g iv e n  ^ )  i s  de te rmined  by c .

iBRefer  to F ig u r e l O  which d e p i c t s  v a r io u s  i s o d e n s i t y  c o n t o u r s  
as p v a r i e s .
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The i s o v a r i a n c e  e l l i p s e  i n  th e  b i v a r i a t e  case  and t h e  i s o v a r ­

iance  e l l i p s o i d  f o r  t h e  m u l t i v a r i a t e  c a s e  a r e  a way in  which one  can 

e v a l u a t e  and compare v a r i a n c e - c o v a r i a n c e  m a t r i c e s .  For a g iv e n  c l e v e l ,  

where t h e  c l e v e l  co r re sp o n d s  t o  a c h i - s q u a r e  v a r i a t e  w i th  p d e g re e s  o f  

freedom, one c a n  d i r e c t l y  compare two o r  more p o p u la t io n s  u s in g  t h e  

a rea /vo lum e o f  a  p a r t i c u l a r  i s o v a r i a n c e  e l l  i p s e / e l l i p s o i d  as a s u r r o ­

g a t e  measure o f  t h e  v a r i a n c e - c o v a r i a n c e  s t r u c t u r e .  This  t e c h n i q u e  w i l l  

be e v a lu a te d  i n  a l a t e r  p a r t  o f  t h i s  p a p e r  under  the  heading o f  e v a l u a ­

t i o n  o f  r i s k  i n  c a p i t a l  budge t ing .

The im p o r ta n c e  o f  the  m u l t i v a r i a t e  n o rm a l i t y  assum pt ion  to  th e  

c a p i t a l  b udge t ing  problem r e l a t e s  t o  t h e  need to in c lu d e  the  t im e  e l e ­

ment in  the  d e c i s i o n .  The p ro ces s  o f  d i s c o u n t i n g  t rans fo rm s  t h e  m u l t i ­

v a r i a t e  cash  f low  s t r eam  to p r e s e n t  t im e .  D iscoun t ing  i s  n e c e s s a r y  to 

make th e  v a r i o u s  a l t e r n a t i v e  p r o j e c t s  com parab le .  A p a r t i c u l a r l y  a t ­

t r a c t i v e  p r o p e r t y  o f  t h e  m u l t i v a r i a t e  normal d i s t r i b u t i o n  i s  t h a t  l i n e a r  

combinations  o f  normal v a r i â t e s  a r e  a l s o  no rm al ly  d i s t r i b u t e d .  Anderson 

s t a t e s  and p roves  t h e  fo l lo w in g  theorem: " L e t  ^  (with  p components)  be

d i s t r i b u t e d  a c c o r d in g  t o  N ( u , ^ ) ,  then

Y = ÇX (18)
1 9

i s  d i s t r i b u t e d  a c c o r d in g  to N (Ci i , CeC‘ ) f o r  C n o n s in g u la r . "

This theorem i s  p a r t i c u l a r l y  r e l e v a n t  i f  t h e C  m a t r ix  r e p r e s e n t s  a d i a g ­

onal m a t r ix  o f  d i s c o u n t  f a c t o r s  which r e s u l t s  in  t h e  p r o b a b i l i t y  d i s ­

t r i b u t i o n  o f  p r e s e n t  va lues  behaving a c c o r d in g  t o  the above c i t e d  t h e o ­

rem. In a d d i t i o n ,  Anderson proves  t h a t  " i t  i s  o n ly  the  m u l t i v a r i a t e

^^Anderson (1958) pp. 19-22.
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normal d i s t r i b u t i o n  t h a t  has t h e  p ro p e r ty  t h a t  eve ry  l i n e a r  combination  

o f  v a r i â t e s  i s  no rm al ly  d i s t r i b u t e d .

The moments o f  m u l t i v a r i a t e  normal d i s t r i b u t i o n s  a r e  a l so  a 

g e n e r a l i z a t i o n  o f  t h e  u n i v a r i a t e  normal. J u s t  as  t h e  d i s t r i b u t i o n  law 

o f  t h e  u n i v a r i a t e  normal i s  N (u ,cZ ) ,  the  m u l t i v a r i a t e  d i s t r i b u t i o n  law 

i s  N ( u , £ ) ,  where i s  a p d im ens iona l  v e c t o r  and z i s  a p x p symmetric 

p o s i t i v e  s e m i - d e f i n i t e  v a r i a n c e - c o v a r i a n c e  m a t r i x .  The mean v e c t o r  and 

v a r i a n c e - c o v a r i a n c e  m a t r i x  f u l l y  s p e c i f i e s  th e  m u l t i v a r i a t e  normal d i s ­

t r i b u t i o n .  The m u l t i v a r i a t e  c a p i t a l  budget ing  model to  be o f f e r e d  w i l l  

u se  t h e  sum o f  th e  d i s c o u n t e d  mean cash  f lows a s  t h e  measure  of  r e t u r n ;  

w h i l e  a l t e r n a t i v e  r e p r e s e n t a t i o n s  o f  the v a r i a n c e - c o v a r i a n c e  s t r u c t u r e  

w i l l  be i n t e r p r e t e d  as s u r r o g a t e  r i s k  measures.

M easurement /Eva lua t ion  o f  Return

The c a p i t a l - b u d g e t i n g  problem i s  to  s e l e c t  r e a l  a s s e t s  such 

t h a t  t h e  va lu e  o f  th e  f i r m  i s  m a in ta ined  o r  i n c r e a s e d .  Any proposed 

c a p i t a l - b u d g e t i n g  c r i t e r i o n  the n  must  c o n s id e r  the  im pac t  o f  the  d e c i ­

s io n  on th e  va lue  o f  t h e  f i r m .  The r e l a t i o n s h i p  between the  value o f  

t h e  f i r m  and the  c a p i t a l - b u d g e t i n g  d e c i s i o n  has been reviewed and docu­

mented in  Chapter  I I .  To i d e n t i f y  a p p r o p r i a t e  measures  o f  r e t u r n ,  the  

c a p i t a l - b u d g e t i n g  d e c i s i o n  w i l l  be s tu d ie d  f i r s t  from t h e  s t a n d p o i n t  o f  

p e r f e c t  c e r t a i n t y  and p e r f e c t  c a p i t a l  m a r k e t s . 21 Once r e a s o n a b le

2°Anderson (1958) pp.  19-22.

2^Haley,  C. W. and S c h a l l ,  L. D. (1973) The Theory of Financial 
D ecisions.  New York: McGraw-Hil l,  Inc.  C hap te rs  2 and 3 f o r  a d e t a i l e d
d i s c u s s i o n  o f  th e  i m p l i c a t i o n s  o f  p e r f e c t  c e r t a i n t y  and p e r f e c t  c a p i t a l  
m a rk e ts  on th e  c a p i t a l - b u d g e t i n g  d e c i s i o n s .
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d e c i s i o n  r u l e s  have been r e p o r t e d  f o r  t h e  c e r t a i n  c a s e ,  th e  assumption  

o f  p e r f e c t  c e r t a i n t y  w il l  be r e l a x e d  by c o n s id e r in g  th e  im pac t  o f  r a n ­

dom cash  f lo w s .

C e r t a i n  Cash Flows 

Under c o n d i t io n s  o f  p e r f e c t  c e r t a i n t y  and p e r f e c t  c a p i t a l  mar­

k e t s ,  d i s c o u n t e d - c a s h - f l o w  models have been accep ted  as  t h e  a p p r o p r i a t e  

method to  e v a l u a t e  c a p i t a l  budge t ing  a l t e r n a t i v e s .  The need t o  c o n s id e r  

t h e  t im ing  as  well  as the  magni tude o f  th e  cash f lows a f f o r d s  a c l e a r  

ad van tage  t o  d i s c o u n t e d - c a s h - f lo w  models  as  opposed to  ad hoc methods 

such as t h e  payback pe r iod  and th e  a c c o u n t in g  r a t e  o f  r e t u r n .

The d i s c o u n t e d - c a s h - f lo w  methods most o f t e n  c i t e d  a r e  th e  Net 

P r e s e n t  Value (NPV) and th e  I n t e r n a l  Rate o f  Return (IRR). Although 

bo th  models r e s u l t  in c o n s i s t e n t  d e c i s i o n s  fo r  co n v e n t io n a l  c a s h  f low 

p a t t e r n s , 22 t h e  NPV model i s  o f t e n  p r e f e r r e d  to t h e  IRR model f o r  c a p i ­

t a l  b u d g e t in g .

Reasons f o r  the  p r e f e r e n c e  o f  NPV over IRR a r e :  1. As a r a t i o

m easu re ,  IRR does n o t  r e f l e c t  t h e  s c a l e  o f  the  p r o j e c t ;  2. In t h e  case  

o f  u n c onven t iona l  cash  f low p a t t e r n s  t h e r e  can be more tha n  one IRR o r  

c a s e s  where t h e r e  i s  no unique r e a l  r a t e  o f  r e t u r n . 2 3

Given the very r e a l  problem o f  computing meaningful  r a t e s  of  

r e t u r n  f o r  many c a p i t a l - b u d g e t i n g  p r o j e c t s ,  the remainder  o f  t h i s  s tudy

22Conventional  cash  f low p a t t e r n s  can be d e s c r ib e d  as  an o u t ­
f l o w / i n f l o w  o r  a s e r i e s  o f  o u t f l o w s / i n f l o w s  fo l lowed  by a s e r i e s  o f  i n ­
f l o w s / o u t f l o w s .  The s i g n i f i c a n t  f e a t u r e  o f  a c o n v en t io n a l  p a t t e r n  i s  
t h a t  t h e r e  i s  a t  most one s ig n  change .

23Bierman, H . , J r .  and Sm id t ,  S. (1975) The c a p i ta l  Budgeting 
Decision. New York: Macmillan,  p.  51.
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w i l l  u se  e x t e n s i o n s  o f  the  NPV model o n ly .

The n e t  p r e s e n t  va lue  o f  an  i n v e s t m e n t  p r o j e c t  i s

= *0+ TiTTIT +

I  h

j=0  J

where NPV = th e  n e t  p r e s e n t  v a l u e ;

= th e  cash  f low a t  t h e  end o f  per iod  t ;

i j  = th e  i n t e r e s t  r a t e  in  p e r i o d  t ;

p = th e  usefu l  l i f e  o f  t h e  p r o j e c t .

This  g en e ra l  form a l low s  f o r  d i f f e r e n t  i n t e r e s t  r a t e s  in each p e r i o d ,

bu t  in t h i s  c e r t a i n  environment the  a p p r o p r i a t e  r a t e  f o r  each f u t u r e

pe r iod  i s  known a t  the  time o f  the  d e c i s i o n ,  t=o.  Conventional  c a p i t a l '  

budget ing  p r a c t i c e s  o f t e n  use a s i n g l e  d i s c o u n t  r a t e  r a t h e r  th a n  the  

p ro d u c t  in  th e  denominato r  o f  Eq. 19. The r a t i o n a l e  f o r  the use  o f  a 

s i n g l e  r a t e  i s  e i t h e r  t h a t  the  p e r i o d i c  r a t e s  a r e  equal o r  t h a t  the  

s i n g l e  r a t e  r e p r e s e n t s  an e q u i v a l e n t  f o r m u l a t i o n  o f  th e  v a ry in g  r a t e s .

In a c e r t a i n  w or ld ,  l i t t l e  c o n t r o v e r s y  a t t e n d s  th e  c h o i c e  o f  

t h e  d i s c o u n t  r a t e  o r  w i th  the  f o l l o w in g  p r e s e n t  va lue  d e c i s i o n  r u l e s .

PV Rule 1: Accept  p r o j e c t s  where t h e  n e t  p r e s e n t  v a l u e ,  NPV > 0; 

I n d i f f e r e n t  where NPV = 0;  and r e j e c t  i f  NPV < 0.

PV Rule 2: I f  p r o j e c t s  o r  co m b in a t io n s  o f  p r o j e c t s  a r e  m u t u a l l y

e x c l u s i v e ,  a c c e p t  the  p r o j e c t  with  the  l a r g e s t  n e t  

p r e s e n t  va lue .
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Use o f  t h e s e  d e c i s i o n  r u l e s  i n  t h e  ca se  o f  p e r f e c t  c e r t a i n t y  and p e r f e c t  

c a p i t a l  marke ts  e n s u r e s  t h a t  t h e  c a p i t a l  b udge t ing  d e c i s i o n  c r i t e r i a  a r e  

c o n s i s t e n t  with  t h e  goal  o f  t h e  f i rm  to maximize s h a r e h o l d e r  w e a l t h .

U n c e r t a in  Cash Flows 

Relaxing th e  a s s u m p t io n  o f  p e r f e c t  c e r t a i n t y  r e q u i r e s  t h e  ex­

p l i c i t  c o n s i d e r a t i o n  o f  t h e  n a t u r e  o f  th e  u n c e r t a i n t y .  The u n c e r t a i n  

e l e m e n t s  a s s o c i a t e d  w i th  t h e  c a p i t a l  budge t ing  d e c i s i o n  a re  t h e  u n c e r ­

t a i n t y  as  to :

1 . )  th e  f u t u r e  outcomes o r  p e r i o d i c  cash  f l o w s ;

2 . )  the  a p p r o p r i a t e  d i s c o u n t  r a t e ;  and

3 . )  t h e  use fu l  l i f e  o f  t h e  p r o j e c t .

As t h e  main t h r u s t  o f  t h i s  s tu d y  i s  the development o f  s c a l a r  m u l t i ­

v a r i a t e  r i s k  measures  t h a t  e x p l i c i t l y  c o n s i d e r  a u t o c o r r e l a t e d  cash  

f l o w s ,  t h e  a p p r o p r i a t e  d i s c o u n t  r a t e s  and th e  p r o j e c t  l i v e s  a r e  assumed 

t o  be known. This  i d e a l i z e d  u n c e r t a i n t y  i s  s t r u c t u r e d  to  d i r e c t  a t ­

t e n t i o n  toward t h e  p r im ary  o b j e c t i v e  o f  t h i s  p a p e r .  The i s s u e s  o f  the  

c h o i c e  o f  d i s c o u n t  r a t e s ,  t h e  u n c e r t a i n t y  as  t o  f u t u r e  r a t e s ,  and the  

u n c e r t a i n t y  as to p r o j e c t  l i f e  a r e  b e s t  l e f t  f o r  f u t u r e  r e s e a r c h .

U n c e r t a in ty  a s  t o  t h e  f u t u r e  cash  f low  s t r e a m s  le ads  to  a prob­

a b i l i s t i c  approach t o  c a p i t a l  b udge t ing ,  where t h e  f u t u r e  cash  f lows a r e  

viewed as  random v a r i a b l e s  f o l l o w i n g  some known o r  assumed p r o b a b i l i t y  

d i s t r i b u t i o n .  The id e a  o f  p a r a m e t r i c  d e c i s i o n  c r i t e r i a  based on r e t u r n  

and r i s k  le ads  to  the  a n a l y s i s  o f  t h e  paramete rs /m oments  of  t h e  p roba­

b i l i t y  d i s t r i b u t i o n .  The arguments  l e a d in g  t o  t h e  assumption  o f  m u l t i ­

v a r i a t e  normal ly  d i s t r i b u t e d  c a s h  f lows have been d i s c u s s e d  in  d e t a i l  i n
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an e a r l i e r  p a r t  o f  t h i s  s tu d y .  T h e r e f o r e ,  t h e  rem a in d e r  o f  t h i s  c h a p t e r  

w i l l  r e l a t e  to  t h e  p r e s e n t a t i o n  o f  measures  o f  r e t u r n  and r i s k  when the  

c a s h  f lo w  s t r eam  i s  modeled u s in g  th e  m u l t i v a r i a t e  normal d i s t r i b u t i o n .

C r i t i c a l  to  t h e  a p p l i c a t i o n  o f  a l l  c a p i t a l  b u dge t ing  models i s  

t h e  a s s u m p t io n  t h a t  the  a n a l y s t  c a n  e s t i m a t e  t h e  f u t u r e  ca s h  f lo w s ,  o r  

t h e  p r o b a b i l i t y  d i s t r i b u t i o n  o f  f u t u r e  cash  f l o w s ,  o r  t h e  r e l e v a n t  

moments o f  t h e  p r o b a b i l i t y  d i s t r i b u t i o n .  The d i f f i c u l t i e s  o f  p rov id ing  

i n p u t s  t o  c a p i t a l  budget ing mode ls  a r e  s i g n i f i c a n t .  The l a c k  o f  h i s ­

t o r i c a l  d a t a  t o  use as t h e  b a s i s  f o r  f o r e c a s t s  o f  f u t u r e  cash  f lows has 

been r e c o g n i z e d  and d i s c u s s e d  in  t h e  l i t e r a t u r e .  Remedies sugges ted  

have i n c l u d e d  t h e  use o f  check  l i s t s  and f low c h a r t s ,  s i m u l a t i o n  s t u d i e s ,  

and t h e  development of  t r a i n e d  s u b j e c t i v e  e s t i m a t o r s .  In th e  case where 

th e  m u l t i v a r i a t e  normal d i s t r i b u t i o n  i s  assumed, the  a n a l y s t  must be 

a b l e  to  e s t i m a t e  the  expec ted  v a l u e  o f  e s t im a te d  mean cash  f low fo r  

each p e r i o d ,  t h e  e s t i m a t e d  v a r i a n c e  o f  the n e t  c a s h  f low  f o r  each p e r io d ,  

and th e  e s t i m a t e d  a u t o c o r r e l a t i o n  among th e  p e r i o d i c  cash  f lo w s .  Ob­

v i o u s l y ,  t h e  per formance o f  any model i s  d epende n t  upon the  q u a l i t y  of  

t h e  e s t i m a t e s .  In Chapter  IV, t h e  per formance o f  a l t e r n a t i v e  r i s k  mea­

s u r e s  i s  e v a l u a t e d  us ing s imple  examples .  Even w i th  t h i s  t e s t i n g ,  the  

p r a c t i c a l  use  o f  any model can  o n l y  be e v a lu a te d  on r e a l  c a p i t a l  budge t ­

ing  problems u s in g  re a l  d a t a .  T h i s  shor tcoming i s  n o t  un ique  to  t h i s  

s tudy .

As t h e  purpose o f  t h i s  s t u d y  i s  t h e  t h e o r e t i c a l  a n a l y s i s  o f  

s c a l a r  m u l t i v a r i a t e  r i s k  m e a s u r e s ,  an  im p o r tan t  assum pt ion  i s  t h a t  the  

a n a l y s t  c an  make r e a l i s t i c  e s t i m a t e s  o f  the p a r a m e te r s  o f  t h e  m u l t i v a r ­

i a t e  no rm a l ly  d i s t r i b u t e d  cash  f l o w s .  In C hap te r  V, under "Sugges t ions



105

f o r  F u r t h e r  R esea rc h " ,  the  problems o f  d a t a  e s t i m a t i o n  and sampl ing  

i s s u e s  a r e  a d d r e s s e d .

In t h e  m u l t i v a r i a t e  normal approach  t o  c a p i t a l - b u d g e t i n g ,  the 

n e c e s s a r y  p a r a m e te r  e s t i m a t e s  a r e  t h e  e s t i m a t e d  mean v e c t o r ,  and the  

e s t i m a t e d  v a r i a n c e - c o v a r i a n c e  m a t r i x ,  z_. To accoun t  f o r  t h e  t im ing  o f  

th e  cash  f l o w s ,  t h e  d i s t r i b u t i o n  c h a r a c t e r i z e d  by N (^ ,£ )  i s  t r ans fo rm ed  

to  p r e s e n t  t im e  us in g  a d iagona l  m a t r i x  o f  p r e s e n t  v a lu e  f a c t o r s ,  £  

which r e s u l t s  i n  t h e  t ime t r an s fo rm e d  cash  f low  d i s t r i b u t i o n ,  N(CÛ,CzC). 

This  t i m e - a d j u s t e d  d i s t r i b u t i o n  i s  th e n  e v a l u a t e d  i n  terms o f  r e t u r n  and 

r i s k .

The proposed  measure o f  r e t u r n  i s  s imply t h e  expec ted  n e t  p r e s ­

e n t  v a l u e ,  E(NPV). The E(NPV) i s  a l i n e a r  combination  o f  t h e  p r e s e n t  

v a lu e  f a c t o r s  and the  e s t im a te d  c a s h  f low  mean v e c t o r .  More s p e c i f i c a l ­

l y ,

E(PV) = C m , (20)

where C i s  a p x p d iagona l  m a t r i x  o f  d i s c o u n t  r a t e s  and

£  i s  a p X 1 v e c t o r  o f  e s t i m a t e d  expec ted  cash  f lo w s ,

e x p l i c i t l y

( 2 1 )

”1/  1 
/ ( 1 + i )

Ç = V ( l + i ) 2 and £  = W2

l / ( i + i ) P S .
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w ith

“ V d + D

E(PV) = . (22)

# (1 + 1 )1

Then t h e  e x p ec ted  n e t  p r e s e n t  v a l u e ,  E(MPV) i s  equal to  t h e  sum o f  t h e  

e l em en t s  ini t h e  E(PV) v e c t o r  p lus  o r  minus t h e  expec ted  c a s h  f low a t  

t ime z e r o .  That  i s ,

E(NPV) = üo + + ' - ' + " P / ( 1 + 1 ) P  . (23)

The most  c o n t r o v e r s i a l  a s p e c t  o f  t h e  above measure o f  r e t u r n  

(Eq. 23) i s  t h e  s e l e c t i o n  o f  the  a p p r o p r i a t e  C m a t r ix ,  i . e . ,  t h e  ap­

p r o p r i a t e  p r e s e n t  va lu e  f a c t o r s  t o  be used .  The d i s c o u n t i n g  mechanism 

above i s  d e s ig n e d  t o  account  only  f o r  t h e  d i f f e r e n c e  in  the  t im ing  o f  

t h e  cash  f lo w s .  The l i t e r a t u r e  r e l a t i n g  t o  c a p i t a l  budge t ing  under  un­

c e r t a i n t y  o f f e r s  t h r e e  a l t e r n a t i v e  c h o ic e s  f o r  the d i s c o u n t  r a t e :

1 . )  c o s t  o f  c a p i t a l ,  2 . )  r e q u i r e d  r a t e  o f  r e t u r n ,  and 3 . )  r i s k - f r e e  

r a t e  m easur ing  t h e  t ime v a l u e  o f  money.

The weighted  average  c o s t  o f  c a p i t a l  (WACC) i s  o f t e n  used  as  

t h e  d i s c o u n t  r a t e .  The WACC approach  has been c r i t i c i z e d  due t o  the  r e ­

q u i r e d  a ssumpt ions  t h a t  t h e  r i s k  o f  t h e  p r o j e c t  i s  e x a c t l y  equal  to t h a t  

o f  th e  f i r m  a c q u i r i n g  the p r o j e c t  and t h a t  the  c a p i t a l  s t r u c t u r e  and 

d iv id en d  p o l i c y  remain c o n s t a n t .  In a d d i t i o n ,  the  components o f  the  

WACC, t h e  c o s t  o f  d e b t  and the  c o s t  o f  e q u i t y ,  i n c lu d e  r i s k  premiums
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f o r  the  r i s k  a s s e s s e d  by l e n d e r s  and s t o c k h o l d e r s .  The use o f  a r i s k -  

a d j u s t e d  r a t e  t o  a d j u s t  f o r  t im ing  r e s u l t s  in  a d o ub le -c oun t ing  o f

r i s k . 24

The r e q u i r e d  r a t e  o f  r e t u r n ,  a s  d e f i n e d  by the  "market  m ode l" ,  

i s  d e f in e d  a s  t h a t  r a t e  of  r e t u r n  a p r o j e c t  must  earn to  m a in t a i n  s h a r e ­

h o lde r  w e a l t h .  Once a g a in ,  t h i s  r e q u i r e d  r a t e  in c lu d es  both  t h e  t ime 

va lue  o f  money and a market  de te rm in e d  r i s k  premium. Due to  t h e  s t r i c t  

as sumptions  o f  t h e  Cap i ta l  A s s e t  P r i c i n g  model and the s i n g l e - p e r i o d  

n a t u re  o f  th e  mode l ,  the r e q u i r e d  r a t e  o f  r e t u r n  has q u e s t i o n a b l e  

v a l i d i t y  because  o f  market  im p e r f e c t i o n s  a s s o c i a t e d  w i th  r e a l  a s s e t  

s e l e c t i o n .

The use  o f  the r i s k - f r e e  r a t e  a s  the  t ime v a lu e  o f  money d i s ­

coun t  r a t e  has wide suppor t  in  th e  f i n a n c e  l i t e r a t u r e . 25 The c h o i c e  o f  

the  r i s k - f r e e  r a t e  i s  suppor ted  by c a p i t a l  marke t  th e o ry .  I f  t h e  a s ­

sumption o f  p e r f e c t  or  n e a r l y  p e r f e c t  c a p i t a l  markets  i s  v a l i d ,  then 

th e  r i s k - f r e e  r a t e  i d e n t i f i e s  t h e  r e a s o n a b l e  o p p o r tu n i ty  c o s t  o f  funds  

expended i n  t h e  c a p i t a l  budget .  F o rm u la t io n  o f  Eqs. 20-23 does n o t  r e ­

q u i r e  t h a t  t h e  r i s k - f r e e  r a t e  be c o n s t a n t  o ve r  t h e  l i f e  o f  the  p r o j e c t .  

In f a c t ,  t h e  a n a l y s t  o f t e n  must  e s t i m a t e  r e l e v a n t  r i s k - f r e e  r a t e s  f o r

24$ee t h e  d i s c u s s i o n  in  C h ap te r  I I  f o r  a d e t a i l e d  a n l a y s i s  o f  
t h e  p i t f a l l s  o f  u s in g  r i s k - a d j u s t e d  d i s c o u n t  r a t e s .  A lso ,  see Rubin­
s t e i n ,  M. (1 9 7 3 ) ,  pp.  167-180 f o r  a d d i t i o n a l  d i s c u s s i o n  o f  the  b i a s e s  
a s s o c i a t e d  w i t h  t h e  c o s t  o f  c a p i t a l ,  a p p ro a c h  t o . c a p i t a l -  budge t ing .

25por  example,  L i n t n e r ,  J .  (1965) "The V a lua t ion  o f  Risk  As­
s e t s  and th e  S e l e c t i o n  o f  Risky In v es tm en ts  in  Stock P o r t f o l i o s  and 
Cap i ta l  B u d g e t s , "  Review o f  Economics and S t a t i s t i c s .  Vol.  49:  pp.  13- 
37. Robichek,  A. A. and Myers,  S. C. (1965) optimal Financing D ecis ions. 
Englewood C l i f f s ,  New J e r s e y :  P r e n t i c e - H a l l . Van Horne,  J .  (1966)  
" C a p i t a l - B u d g e t in g  Decis ions  In v o lv in g  Combinations o f  Risky I n v e s t ­
ments ,"  Management Science. Vol. 13: pp.  84-92.
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f u t u r e  t im e  p e r io d s .  The u n c e r t a i n t y  a s  to  t h e  f u t u r e  r i s k - f r e e  r a t e s ,  

o f  c o u r s e ,  adds an a d d i t i o n a l  d im ens ion  to the  problem o f  c a p i t a l  bud­

g e t i n g  under  u n c e r t a i n t y .  Given t h e  p rev io u s  d i s c u s s i o n ,  t h e  e lements  

o f  t h e  C m a t r i x  used in  Eq. 23 can  be viewed a s  t h e  e x p e c te d  t ime value 

o f  money d i s c o u n t  r a t e s  f o r  p e r i o d  t .

M easu rem en t /E va lua t ion  o f  Risk  

The use o f  t h e  Expec ted  Net P r e s e n t  V a lue ,  E(NPV) has been 

r e a d i l y  a c c e p te d  as  an a d e q u a te  measure  o f  the  r e t u r n  on an inve s tm en t  

o r  c a p i t a l - b u d g e t i n g  p r o j e c t .  The a p p r o p r i a t e  measure o f  r i s k  f i n d s  

l i t t l e  agreement  in  th e  l i t e r a t u r e .  In f a c t ,  c o n s i d e r a b l e  c o n t ro v e r s y  

e x i s t s  in  terms o f  both th e  d e f i n i t i o n  o f  r i s k  and to t h e  s u b se q u e n t  

measurement o f  r i s k  c o n s i s t e n t  w i th  a d e f i n i t i o n .  C h ap te r  I I  o f  t h i s  

s t u d y  s y s t e m a t i c a l l y  rev iewed t h e  s i g n i f i c a n t  a l t e r n a t e  app ro ac h es  to 

t h e  e v a l u a t i o n  o f  r i s k y  a s s e t s .  Although many d i f f e r e n t  r i s k - e v a l u a t i o n  

models  have been p re sen te d  in  t h e  l i t e r a t u r e ,  most  i f  n o t  a l l  c u r r e n t  

t e c h n i q u e s  f o l l o w  e i t h e r  t h e  p o r t f o l i o  approach o r  assume i n t e r t e m p o r a l  

in d e p e n d e n t  cash  f lows.  Those models  t h a t  do n o t  f o l l o w  e i t h e r  o f  the 

above  p a t t e r n s  have been found t o  be to o  genera l  to  be u s e f u l  i n  p r a c ­

t i c a l  c a p i t a l - b u d g e t i n g  s i t u a t i o n s . z s

To l i m i t  the  scope  o f  a complex problem,  two a s s u m p t io n s  have 

been made: 1 . )  That  a s s e t - b y - a s s e t  s e l e c t i o n  t e c h n i q u e s  a r e  a p p r o p r i a t e

ZGThe T i m e - S ta t e - P r e f e n c e  (TSP) model o f  Myers,  S. C. (1968) 
pp.  1 -1 9 ,  i s  an example o f  a g e n e r a l  model t h a t  does  n o t  use e i t h e r  the 
p o r t f o l i o  approach  or  assume in d e p e n d e n t  i n t e r t e m p o r a l  c a s h  f l o w s .  The 
TSP a p p ro a c h  i s  genera l  in t h a t  t h e  model w i l l  accommodate any p o s s i b l e  
d i s t r i b u t i o n  o f  cash f lo w s ;  u n f o r t u n a t e l y ,  th e  r e q u i r e m e n t  t o  s p e c i f y  
t h e  s t a t e - c o n t i n g e n t  c l a im s  f o r  a l l  p o s s i b l e  f u t u r e  s t a t e s  o f  n a t u r e  
p r e s e n t s  a p p l i c a t i o n  problems t o  t h e  a n a l y s t .
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f o r  t h e  a n a l y s i s  o f  r e a l  a s s e t s ,  and 2 . )  That  t h e  f u t u r e  c a s h  f low 

s t r e a m  can  be modeled u s ing  t h e  m u l t i v a r i a t e  normal d i s t r i b u t i o n .  These 

a s s u m p t i o n s ,  t h e n ,  d e f i n e  r i s k  a s  t h e  u n c e r t a i n t y  o f  th e  f u t u r e  cash  

f lo w s .  R isk  i s  viewed as  t h e  v a r i a b i l i t y  o f  f u t u r e  outcomes .  In t h i s  

s e n s e ,  t h e  t o t a l  v a r i a b i l i t y  o f  t h e  r e t u r n s  i s  t h e  measure  t o  be 

s t u d i e d .  In a p r o b a b i l i s t i c  s e n s e ,  r i s k  can  th e n  be e x p re s s e d  as  t h e  

p r o b a b i l i t y  o f  no t  a c h i e v in g  t h e  e x p ec ted  r e t u r n .  Using t h i s  p r o b a b i ­

l i s t i c  a p p ro a c h ,  t h e  a p p r o p r i a t e  r i s k  measure depends on t h e  p r o b a b i l i t y  

d i s t r i b u t i o n  o f  the  cash  f l o w s .  For example,  i f  t h e  u n i v a r i a t e  normal 

d i s t r i b u t i o n  i s  assumed,  th e  v a r i a b i l i t y  o f  r e t u r n  can  be measured by 

e i t h e r  t h e  v a r i a n c e  (a^)  o r  th e  s t a n d a r d  d e v i a t i o n  ( a ) .  Moreover ,  the  

c o e f f i c i e n t  o f  v a r i a t i o n  (CV = ^ / e (v ) )  can be used t o  measure  t h e  r e l a ­

t i v e  r i s k / r e t u r n  p r o p e r t i e s  o f  a p r o j e c t .  The CV measures  th e  r i s k  per  

d o l l a r  r e t u r n  and i s  o f t e n  used to  compare tv/o o r  more in v e s t m e n t  

p r o j e c t s .

For  th e  assumption  o f  m u l t i v a r i a t e  n o r m a l i t y ,  s i m i l a r  t e s t  and 

r a n k in g  p rocedu res  can  be u sed .  The m u l t i v a r i a t e  e x t e n s i o n  o f  the  u n i ­

v a r i a t e  v a r i a n c e  i s  t h e  p x p v a r i a n c e - c o v a r i a n c e  m a t r i x ,  where p x p 

r e f e r s  to  the  number o f  p a r a m e te r s  o r  d im ens ions .  In t i i i s  c a p i t a l  

b u d g e t in g  a p p l i c a t i o n ,  p r e f e r s  t o  t h e  number o f  p e r i o d i c  cash  f lo w s .

The rem a in d e r  o f  t h i s  paper s t u d i e s  t h e  v a r i a n c e - c o v a r i a n c e  m a t r i x  and 

r e l a t e d  s t a t i s t i c a l  measures  to  i n c o r p o r a t e  m u l t i v a r i a t e  r i s k  a n a l y s i s  

i n t o  t h e  c a p i t a l - b u d g e t i n g  d e c i s i o n .
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V ar ian c e -C o v a r ian c e  Matrix  

The v a r i a n c e - c o v a r i a n c e  m a t r ix  i s  a m u l t i v a r i a t e  ana logue  to  

th e  u n i v a r i a t e  v a r i a n c e .  As such ,  t h e  v a r i a n c e - c o v a r i a n c e  m a t r ix  mea­

su re s  t h e  d i s p e r s i o n  a b o u t  t h e  c e n t r o i d  o f  t h e  m u l t i v a r i a t e  normal d i s ­

t r i b u t i o n .  The amount o f  d i s p e r s i o n  depends on two f a c t o r s :  1 . )  t h e

v a r i a n c e  o f  each  d im ens ion ,  and 2 . )  th e  c o r r e l a t i o n  between d im ens ions .  

These f a c t o r s  become more obvious  when th e  v a r i a n c e - c o v a r i a n c e  m a t r i x  

{ z )  i s  decomposed i n t o  th e  m a t r ix  p r o d u c t  o f  the  s tanda rd  d e v i a t i o n  

diagonal  m a t r i x  and th e  symmetric c o r r e l a t i o n  m a t r ix .  Le t  ^  r e p r e s e n t  

th e  d iagona l  s t a n d a r d  d e v i a t i o n  m a t r i x ,  and l e t  R  r e p r e s e n t  th e  p o s i ­

t i v e  d e f i n i t e  c o r r e l a t i o n  m a t r ix .  Then

Z = BRB . (24)

More s p e c i f i c a l l y ,

E =

<̂ 11 O i 2 O l 3 - • -Oip 01% 0102P12 O1O3P13. . -OlOpPlp

021 022 023 02O1P21 02^ 0203P23

<̂ 31 O32 O33 or 03O1P31 0302P32 03^

[ f p l "̂ PPJ OpOlPpl ■ • V

(25)

and t h e  d eco m p o s i t io n  i s

e=BRB=

"oi 1 P12 P l 3 ‘ • - Pi p 01

02 P21 1 P23 O2

03 P3I P'32 1 03

op . . ’.*1 ■“P _

(26)
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The above  decomposi t ion  p e rm i t s  t h e  d e c i s i o n  maker t h e  o p p o r t u n i t y  to  

a n a l y z e  t h e  components o f  th e  p r o j e c t ' s  v a r i a b i l i t y  in  te rm s  o f  the 

s t a n d a r d  d e v i a t i o n s  and c o r r e l a t i o n .

The t o t a l  v a r i a t i o n  i s  a f f e c t e d  by th e  t im in g  and th e  magnitude 

o f  t h e  p e r i o d i c  s tan d a rd  d e v i a t i o n s .  The e f f e c t  o f  t im in g  i s  d i s c u s s e d  

in  d e t a i l  i n  C hap te r  IV. The t o t a l  v a r i a t i o n  o r  d i s p e r s i o n  i n c re a s e  as 

t h e  a. e lem en ts  i n c r e a s e .  A r i s k - a v e r s e  d e c i s i o n  maker p r e f e r s ,  

c e t e r i s  p a r i b u s ,  s m a l l e r  s t a n d a r d  d e v i a t i o n s .

The t o t a l  v a r i a t i o n  i s  a l s o  dependent  upon th e  c o r r e l a t i o n  

s t r u c t u r e .  The i h t e r p e r i o d  c o r r e l a t i o n s  range  from -1  t o  +1.  The major 

l i m i t a t i o n  on the  in d iv id u a l  c o r r e l a t i o n  c o e f f i c i e n t s  i s  t h a t  the  

v a r i a n c e - c o v a r i a n c e  m a t r ix  must  be p o s i t i v e  semi- d é f i n i t e ;  i . e . ,  the 

d e t e r m i n a n t  o f  t h e  v a r i a n c e - c o v a r i a n c e  m a t r ix  must be g r e a t e r  than or  

equal  t o  ze ro .  Computing the  d e t e r m i n a n t  q u ic k ly  shows whether  the 

e s t i m a t e d  c o r r e l a t i o n  s t r u c t u r e  r e s u l t s  in  a f e a s i b l e  v a r i a n c e - c o v a r i ­

ance  m a t r i x . 27 When a n a l y z in g  a t ime  s e r i e s  such as  a cash  f low s t ream ,  

a p o s i t i v e  d e f i n i t e  v a r i a n c e - c o v a r i a n c e  a l s o  i n s u r e s . t h a t  i f  t h e  un d e r ly ­

ing  d i s t r i b u t i o n  i s  m u l t i v a r i a t e  normal then t h e  s t o c h a s t i c  p rocess  i s  

s t a t i o n a r y .  S t a t i o n a r i t y  p ro v id e s  a s imple s t o c h a s t i c  s t r u c t u r e  in 

t h a t  a s t a t i o n a r y  time s e r i e s  can  be lo c a t e d  in  th e  ne ighborhood o f  i t s  

mean v a l u e .  Although th e  s e r i e s  may va ry  s i g n i f i c a n t l y ,  i t  w i l l  r e t u r n  

r e p e a t e d l y  to  th e  mean v a l u e .  Many economic t ime s e r i e s  d i s p l a y  no a f ­

f i n i t y  f o r  a mean va lu e ;  b u t  f o r t u n a t e l y ,  the d i f f e r e n c e s  in  many

27prom th e  d e f i n i t i o n  o f  th e  n on -degene ra te  m u l t i v a r i a t e  no r ­
mal d i s t r i b u t i o n ,  the v a r i a n c e - c o v a r i a n c e  m a t r ix  must be p o s i t i v e  d e f i ­
n i t e  f o r  t h e  e x i s t e n c e  o f  t h e  m u l t i v a r i a t e  normal d e n s i t y .  See Anderson,  
T. W. (1958) p.  17. By i n c l u d i n g  th e  s e m i - d e f i n i t e  c a s e  where d e t  z=0, 
t h e  d e g e n e r a t e  c a s e  o f  a s i n g u l a r  z m a t r i x w i l l  be a d d re s s e d  in  t h i s  s tu d y .
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n o n s t a t i o n a r y  t i m e  s e r i e s  are s t a t i o n a r y .  The p ro p e r ty  o f  s t a t i o n a r i t y  

i s  im p o r t a n t  t o  t h e  development o f  s imple  models in  t h a t  a s t a t i o n a r y  

t ime s e r i e s  can  be mean ingfu l ly  modeled u s in g  means,  v a r i a n c e s ,  and 

th e  a u t o c o r r e l a t i o n  function. 8̂

For c a p i t a l - b u d g e t i n g  d e c i s i o n s ,  a r e a s o n a b l e  assum pt ion  i s  

t h a t  t h e  i n t e r p e r i o d  c o r r e l a t i o n s  w i l l  v a ry  from independence (p=0)Z9 

to  p e r f e c t  p o s i t i v e  c o r r e l a t i o n  (p = +1) .  The r a t i o n a l e  f o r  t h e  a s ­

sumption o f  t h i s  non-symmetric c o r r e l a t i o n  o f  the  p e r i o d i c  cash  f low s  in  

th e  c a p i t a l  b u d g e t in g  problem r e l a t e s  t o  t h e  s o u rc e s  o f  t h e  i n t e r p e r i o d  

c o r r e l a t i o n s .  Most p r o j e c t  cash  f lows  w i l l  be r e l a t e d  to  g e n e r a l  move­

ments in  th e  economy. While many p r o j e c t  r e t u r n s  va ry  p o s i t i v e l y  w i th  

th e  economy, some f i rm s  and p r o j e c t s  move c o n t r a - c y c l i c a l l y .  The 

assumption  o f  p o s i t i v e  i n t e r p e r i o d  c o r r e l a t i o n s  does not  p r e c l u d e  con-  

t r a - c y c l i c a l  b e h a v i o r .  What t h i s  as sum pt ion  does r e j e c t  i s  t h e  v i o l e n t  

p lus  t o  minus ,  minus to  plus swings in  t h e  cash  f low s tream t h a t  a r e  

implied  by n e g a t i v e  a u t o c o r r e l a t i o n s . N e g a t i v e  i n t e r p e r i o d  c o r r e l a ­

t i o n s  mean t h a t  h ig h / lo w  cash f lows i n  a p a r t i c u l a r  per iod  would be 

fo l lowed  by lo w /h ig h  ca s h  flows in s u b se q u e n t  p e r io d s .  Though c a s h  

f lows f o r  many p r o j e c t s  vary s i g n i f i c a n t l y ,  t h e  c a s e  o f  n e g a t i v e

z^Box, G. E. P. and J e n k i n s ,  G. M. (1975) pp. 23-30.

29por normal d i s t r i b u t i o n s ,  ze ro  c o r r e l a t i o n  im p l ie s  i n d e ­
pendence.

3°Box, G. E. P. and J e n k i n s ,  6.  M. (1976) p. 57 and p.  62 f o r  
an example o f  t h e  o s c i l l a t i n g  e f f e c t  w i th  n e g a t i v e  a u t o c o r r e l a t i o n s .
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i n t e r p e r i o d  c o r r e l a t i o n s  w i l l  n o t  be d i s c u s s e d  f u r t h e r  i n  t h i s  

c h a p t e r . 31 In t h e  in de penden t  c a s e ,  t o t a l  v a r i a t i o n  i s  r e f l e c t e d  by 

t h e  v a r i a n c e  d iagona l  m a t r i x  a l o n e ,  s i n c e  the c o r r e l a t i o n  m a t r ix  i s  t h e  

i d e n t i t y  m a t r i x .  Using Eq. 27 ,  t h e  m a t r i x  z i s  t h e  p r o d u c t  o f  the  

s t a n d a r d  d e v i a t i o n  d iagona l  m a t r i c e s  which r e s u l t s  in  a d iagona l  m a t r ix  

o f  v a r i a n c e s .  With independence  between p e r io d i c  c a s h  f l o w s ,  the  mul­

t i v a r i a t e  normal d i s t r i b u t i o n  c o l l a p s e s  i n t o  the  sum o f  in dependen t  

u n i v a r i a t e  normal d i s t r i b u t i o n s  which can  be e v a l u a t e d  u s i n g  w e l l -  

known u n i v a r i a t e  s t a t i s t i c a l  m e thods .  In the o t h e r  boundary  case  to  

be c o n s i d e r e d ,  p e r f e c t  p o s i t i v e  c o r r e l a t i o n ,  t h e  t o t a l  v a r i a t i o n  i s  

r e p r e s e n t e d  by th e  sum o f  s q u a r e s  and c r o s s - p r o d u c t s  m a t r i x ,  SSCP. 

P e r f e c t  p o s i t i v e  c o r r e l a t i o n  r e s u l t s  in a d eg e n e ra te  m u l t i v a r i a t e  d i s ­

t r i b u t i o n  such t h a t  t h e  c o r r e l a t i o n  m a t r i x  i s  a m a t r ix  o f  a l l  ones and 

i s  s i n g u l a r .  D egenera te  c a s e s  a l s o  e x i s t  i f  any rows o r  columns of  

t h e  c o r r e l a t i o n  m a tr ix  a r e  i d e n t i c a l  o r  a r e  l i n e a r  c o m b in a t i o n s .  These 

d e g e n e ra c y  c o n d i t i o n s  may v e ry  wel l  be found in  c a p i t a l - b u d g e t i n g  

p rob lem s .  The d e g e n e r a t e  c a s e s  r e q u i r e  a d d i t i o n a l  s p e c i a l  a n a l y s i s  

and a r e  d i s c u s s e d  in  d e t a i l  in  a l a t e r  p a r t  o f  t h i s  s t u d y .

31
When an a ly z in g  g roups  o f  a s s e t s  or  p o r t f o l i o s ,  t h e  case  o f  

n e g a t i v e  c o r r e l a t i o n  between a s s e t s  becomes more i m p o r t a n t .  The op­
t im a l  c h o i c e  in  p o r t f o l i o  s e l e c t i o n  problems i s  to  f i n d  and a c q u i r e  
n e g a t i v e l y  c o r r e l a t e d  p r o j e c t s  t o  maximize the  e f f e c t s  o f  d i v e r s i f i c a ­
t i o n .  S in c e  t h e  purpose  o f  t h i s  pape r  i s  to  s tudy  i n d i v i d u a l  p r o j e c t  
s e l e c t i o n  t e c h n i q u e s ,  p o r t f o l i o  e f f e c t s  among p r o j e c t s  w i l l  n o t  be 
a d d r e s s e d .  In th e  ca s e  o f  a s s e t - b y - a s s e t  s e l e c t i o n  t h e  in t e r t e m p o r a l  
o r  i n t e r p e r i o d  c o r r e l a t i o n  i s  o f  p r im ary  i n t e r e s t .  C h a p te r  V w i l l  
a d d r e s s  t h e  e x t e n s i o n  o f  th e  model to  c o n s id e r  the  s t a n d a r d  s i n g l e ­
p e r i o d  p o r t f o l i o  problem. In t h i s  a p p l i c a t i o n ,  bo th  p o s i t i v e  and 
n e g a t i v e  c o r r e l a t i o n s  between p r o j e c t s  w i l l  be d i s c u s s e d .
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Recapping ,  t h e  t o t a l  v a r i a t i o n  i s  a f u n c t i o n  o f  both t h e  s t a n ­

da rd  d e v i a t i o n s  and th e  i n t e r t e m p o r a l  c o r r e l a t i o n :  w i th  t o t a l  v a r i a t i o n  

i n c r e a s i n g  a s  t h e  p e r i o d i c  v a r i a n c e  i n c r e a s e s  and a l s o  i n c r e a s i n g  a s  t h e  

c o r r e l a t i o n  i n c r e a s e s  p o s i t i v e l y  from independence  to  p e r f e c t  p o s i t i v e  

c o r r e l a t i o n .

Es t im a tes  o f  t h e  p o p u la t io n  v a r i a n c e - c o v a r i a n c e  m a tr ix

In c a p i t a l - b u d g e t i n g  p rob lem s ,  t h e  p o p u la t io n  v a r i a n c e - c o v a r i ­

ance  m a t r ix  may n o t  be known. In f a c t ,  s i n c e  only  a s i n g l e  r e a l i z a t i o n  

from th e  d i s t r i b u t i o n  w i l l  be o b s e r v e d ,  th e  e x - p o s t  d i s t r i b u t i o n  o f  the  

cash  f lows w i l l  be d i f f i c u l t  to e v a l u a t e .  T h is  s h o r ta g e  o f  d a t a  i s  a 

common problem w i th  economic t ime s e r i e s  a p p l i c a t i o n s .  To e v a l u a t e  r i s k  

u s ing  a m u l t i v a r i a t e  p e r s p e c t i v e ,  an e s t i m a t e d  v a r i a n c e - c o v a r i a n c e  ma­

t r i x  must be d e t e rm in e d .

The e s t i m a t e d  v a r i a n c e - c o v a r i a n c e  m a t r i x ,  |_, can be o b t a i n e d  

e i t h e r  by u s in g  c o n d i t i o n a l  p r o b a b i l i t y  d i s t r i b u t i o n s  o f  th e  c a s h  f low 

s t r eam  o r  by d e v e lo p in g  a computer  s i m u l a t i o n  model. The e s t i m a t e  d i f ­

f e r s  from th e  c l a s s i c a l  sample v a r i a n c e - c o v a r i a n c e  m a t r ix  in  t h a t  

i s  n o t  a summary measure o f  random sample  d a t a ,  but  r e p r e s e n t s  a sample 

o f  s i z e  one.  The impor tance  of  t h i s  d i s t i n c t i o n  between |_ and S_ i s  t h a t  

c l a s s i c a l  s i g n i f i c a n c e  t e s t s  and c o n f i d e n c e  i n t e r v a l s  u s in g  £  a r e  n o t  ap­

p r o p r i a t e .  The dependencies  o f  the  c a s h  f low  e s t i m a t e s  used i n  e i t h e r  the 

c o n d i t i o n a l  p r o b a b i l i t y  o r  t h e  s i m u l a t i o n  approach r e s u l t  in  t h e  a n a l y s i s  

" o f  such d a t a  by c l a s s i c a l  m u l t i v a r i a t e  p ro ced u res  w i l l  l e a d  t o  s p u r i o u s ­

ly  s h o r t  c o n f i d e n c e  i n t e r v a l s  and o v e r l y  s i g n i f i c a n t  t e s t s  o f  h y p o th e s i s . " ^ ^

^^M orr ison ,  D. F. (1967) M u ltivar ia te  S t a t i s t i c a l  Methods,  2nd 
ed.  New York: McGraw-Hill Book Co. p.  98.
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Some g e o m e t r i c  r e l a t i o n s h i p s  o f  c o n c e n t r a t i o n  e l l i p s o i d s  and th e  v a r i ­

a n c e - c o v a r i a n c e  m a t r i x

The b i v a r i a t e  normal d i s t r i b u t i o n  i s  o f t e n  s t u d i e d  to  g a in  in ­

s i g h t  i n t o  t h e  h i g h e r  d im ens ional  m u l t i v a r i a t e  normal d i s t r i b u t i o n s ,  In 

the  b i v a r i a t e  c a s e ,  the b e h a v io r  o f  t h e  v a r i a n c e - c o v a r i a n c e  s t r u c t u r e  

can be d e p i c t e d  g e o m e t r i c a l l y .  A lthough  g ra p h ic a l  r e p r e s e n t a t i o n  i s  not  

p o s s i b l e ,  t h e  r e s u l t s  can be ex tended  t o  t h e  more gene ra l  p - v a r i a t e  

c a s e s .

The b i v a r i a t e  normal d i s t r i b u t i o n  was d i s c u s s e d  in  d e t a i l  in  an 

e a r l i e r  p a r t  o f  t h i s  s tudy  ( s e e  pp.  97 -  9 9 ) ;  t h e  b i v a r i a t e  d e n s i t y  func­

t i o n  (Eq. 14) was r e p o r t e d  t o  be c o n s t a n t  on e l l i p s o i d s .  Or,

(X.“ü ) ' ^  (^-u.) = C (27).

f o r  eve ry  p o s i t i v e  va lue  o f  C in a p -d im ens iona l  Euc l idean  s p a c e .  The 

shape and o r i e n t a t i o n  o f  th e  e l l i p s o i d s  a r e  de termined  by the  v a r i a n c e -  

c o v a r i a n c e  s t r u c t u r e  and t h e  s i z e  o f  t h e  e l l i p s o i d s  ( f o r  a g iv e n  z_) a re  

d e te rm ined  by C.

The v a r i a n c e - c o v a r i a n c e  m a t r i x  may be ev a lu a te d  in  te rm s  o f  

volumes o f  t h e  i s o v a r i a n c e  e l l i p s o i d .  Given a cash f low s t r eam  

Xi,X2 , . . .  Xp, th e  p r o b a b i l i t y  t h a t  t h i s  v e c t o r  o b s e r v a t i o n  w i l l  f a l l

i n s i d e  the  e l l i p s o i d  .X'^~^X=x^p i s  1- a ,  where a i s  th e  p r o b a b i l i t y  level

o f  i n t e r e s t .  For example,  in  t h e  b i v a r i a t e  c a s e ,  l e t  a  = 0 . 1 0 ,  then  

the  90 p e r c e n t  e l l i p s e  ( t h a t  e l l i p s e  i n s i d e  o r  on which 90 p e r c e n t  of  

th e  p o p u l a t i o n  l i e s )  i s  s p e c i f i e d  by e v a l u a t i n g

X‘z '^X = 4 .605  (.28)
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where 4 .605  i s  th e  v a l u e  of  a c h i - s q u a r e  v a r i a t e  w i th  2 d e g re e s  o f  

f r e e d o m .33

S in c e  the  shape  and o r i e n t a t i o n  o f  the  i s o v a r i a n c e  e l l i p s e  i s  

de termined  by t h e  E m a t r ix ,  d i f f e r e n t  v a r i a n c e - c o v a r i a n c e  s t r u c t u r e s  

may be compared to  t h e  volumes o f  t h e  e l l i p s e s  o r  e l l i p s o i d s .  Suppose 

the  a n a l y s t  has two,  tw o-per iod  p r o j e c t s  to  e v a l u a t e  in  te rms o f  r e t u r n  

and r i s k .  L e t  th e  NPV be a p ro p e r  measure  o f  r e t u r n  and l e t  t h e  two 

p r o j e c t s '  v a r i a n c e - c o v a r i a n c e  m a t r i c e s  be

=
25 15 25 0

and E2
15 25 0 25

(29)
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S1GM{ • $.0̂ 3 
I M  •  O.OOO 
C •  «.kOS

f l |w  ll4: Riatcr CltloM f# w

o.go 12.00

f l p i n  l i t :  N lM tjr

24.00 
C l r « i«  f i r  « ! • « )  W

33Tatsuoka ,  M. M. (1971) pp. 65-73.
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P r o j e c t  1 has = 0 2  = S  and p i 2 = 0 .6 ,  w h i l e  p r o j e c t  2 has oi = 02 = 5 

w i th  independence  between p e r i o d s .  The 90 p e r c e n t  i s o v a r i a n c e  e l l i p s e s  

f o r  each  s t r u c t u r e  a r e  shown above in  F igure  l l .  Note t h a t  the major 

a x i s  f o r  Ei l i e s  along t h e  45° a n g l e  with  t h e  h o r i z o n t a l  a x i s  w h i le  I 2  

p l o t s  a s  a c i r c l e  s i n c e p  12 = 0. One way t o  d i r e c t l y  compare th e s e  two 

s t r u c t u r e s  i s  to  compute and e v a l u a t e  the  a r e a  o f  t h e  e l l i p s e / c i r c l e .

( In  t h r e e  o r  more dimens ions  r a t h e r  than two,  volumes o r  hypervolumes a r e  

compared).  From A n d e r s o n ^ ^  t h e  volume o f  t h e  i s o v a r i a n c e  e l l i p s o i d  

g e n e r a t e d  from the exponent  o f  t h e  m u l t i v a r i a t e  normal d i s t r i b u t i o n  i s

Volume = C ( p ) l z l ^ ^ [ x 2 p ( a ) r V p  (30)

where C(p) = = th e  s u r f a c e  a rea  of  a s p h e re  o f  u n i t  r a d iu s  in  p d i -
r (P /2 )

m ansions .

In t h e  above example w i th  p = 2,  the  a rea  i s  e a s i l y  computed as

Area/Volume = ^ | E | ‘̂ [ x j ( a ) l / 2  (31)

E v a l u a t i n g  Eq. 31 f o r  th e  90 p e r c e n t  i s o v a r i a n c e  e l l i p s e  and no t ing  t h a t

r ( l )  i s  equal  to  one,^^  then

Area/Volume = 2 n | z | ^ 4 . 6 0 5 / 2  = ? | z | ^ 4 . 6 0 1 .  (32)

Then f o r  t h e  example p r o j e c t s ,  = 239.0894 and Vo = 361.3617. R e l a t ­

ing a r e a /v o lu m e  to r i s k  measurement,  p r o j e c t  2 would be viewed

s^Anderson,  T. W. (1958) p. 170.

35 y id d e r ,  D. V. (1961) Advanced Calculus,  Englewood C l i f f s ,
New J e r s e y :  P r e n t i c e  H a l l .  p. 36.
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i n t u i t i v e l y  as l e s s  r i s k y  th a n  p r o j e c t  1 because  v a r i a n c e s  a r e  equal f o r  

both  and p r o j e c t  2 e x h i b i t s  t h e  s m a l l e r  i n t e r t e m p o r a l  c o r r e l a t i o n .  Then 

f o r  a g iv e n  p r o b a b i l i t y  l e v e l ,  t h e  i n t e r p r e t a t i o n  o f  t h e  volume o f  the  

i s o v a r i a n c e  e l l i p s e  i s  t h a t  t h e  l a r g e r  the  a r e a / v o l u m e ,  t h e  s m a l l e r  t h e  

r i s k .  To c o n s i s t e n t l y  a p p l y  t h i s  c o n c e p t ,  d i f f e r e n c e s  in  t iming  and 

s c a l e  must  be accommodated. In t h e  example g i v e n ,  t im ing  i s  n o t  a s i g ­

n i f i c a n t  f a c t o r  nor i s  t h e  s c a l e ,  however, in  most  c a p i t a l  budget ing  

p ro b le m s ,  d i f f e r e n c e s  i n  t h e  t im ing  and s c a l e  o f  t h e  p r o j e c t  cash  f lows 

w i l l  a f f e c t  th e  use o f  t h e  volume o f  the  i s o v a r i a n c e  e l l i p s o i d  as an 

e f f e c t i v e  m u l t i v a r i a t e  r i s k  m easure .  The d i f f e r e n c e s  in  t h e  t iming 

o f  t h e  c a s h  f lows a r e  accommodated by t r a n s fo rm in g  t h e  p r o b a b i l i t y  d i s ­

t r i b u t i o n  to p r e s e n t  t im e .  To a c c o u n t  f o r  d i f f e r e n c e s  in  s c a l e ,  m u l t i ­

v a r i a t e  ana logues  t o  th e  c o e f f i c i e n t  o f  v a r i a t i o n  ( c o e f f i c i e n t  o f  v a r i ­

a t i o n  = ^/y) a r e  deve loped .  The t r a n s f o r m a t i o n  to  p r e s e n t  t ime and mul­

t i v a r i a t e  c o e f f i c i e n t s  o f  v a r i a t i o n  a r e  d i s c u s s e d  in  d e t a i l  in Chapter  

IV.

The volume o f  t h e  i s o v a r i a n c e  e l l i p s o i d  has been shown to  g iv e  

a g e o m e t r i c  i n t e r p r e t a t i o n  to  t h e  v a r i a n c e - c o v a r i a n c e  m a t r i x .  Volume 

o f  t h e  e l l i p s o i d  i s  d i r e c t l y  r e l a t e d  to  a n o t h e r  m u l t i v a r i a t e  r i s k  

m e a su re ,  t h e  G enera l ized  V a r i a n c e ,  which i s  o f f e r e d  a s  a s c a l a r  m u l t i ­

v a r i a t e  analogue to  th e  u n i v a r i a t e  v a r i a n c e .  The G e n e ra l i z e d  Var iance  

i s  a l s o  a measure o f  d i s t a n c e  o r  volume and i s  d i s c u s s e d  in  d e t a i l  in 

a l a t e r  p a r t  o f  t h i s  c h a p t e r .

A n a ly s i s  o f  e i g e n v a l u e s  and e i g e n v e c t o r s  p r o v id e  a d d i t i o n a l  i n ­

s i g h t s  t o  th e  r e l a t i o n s h i p s  between the  c o n c e n t r a t i o n  e l l i p s o i d s  and th e  

v a r i a n c e - c o v a r i a n c e  m a t r i x .  The e i g e n v a lu e s  o f  a p x p m a t r ix  z_ a re  t h e
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s o l u t i o n  t o  t h e  d e t e rm in a n ta l  e q u a t i o n

-  0. (33)

The d e t e r m i n a n t  i s  a p th - d e g r e e  polynomia l  i n  X, and th u s  ^  has j u s t  

p e i g e n v a l u e s .  A ss o c ia ted  w i t h  e v e r y  e i g e n v a lu e  o f  the  m a t r i x  ^  i s  

an e i g e n v e c t o r  whose e lements  s a t i s f y  t h e  homogeneous sys tem o f  

e q u a t io n s

[^ —X• I ] x • “ 0.

By t h e  d e f i n i t i o n  o f  the e i g e n v a l u e ,  t h e  d e t e rm in a n t  o f  the  system 

v a n i s h e s ,  and a n o n t r i v i a l  s o l u t i o n  x^ always  e x i s t s .

E ig e n v a lu e s  and e i g e n v e c t o r s  a r e  used in many m u l t i v a r i a t e  

s t a t i s t i c a l  p ro c e d u r e s .  The purpose  o f  t h i s  b r i e f  i n t r o d u c t i o n  i s  t o  

ga in  a d d i t i o n a l  i n s i g h t s  to  the  r e l a t i o n s h i p s  between t h e  c o n c e n t r a t i o n  

e l l i p s o i d s  o f  t h e  m u l t i v a r i a t e  normal d i s t r i b u t i o n  and the  v a r i a n c e -  

c o v a r i a n c e  m a t r i x .

I f  t h e  e ig e n v a lu e s  o f  £  a r e  a l l  d i f f e r e n t ,  then the  c o r r e s p o n d ­

ing e i g e n v e c t o r s  a r e  a l l  o r t h o g o n a l .  In t h i s  c a s e ,  t h e  p o s i t i o n s  o f  the  

axes  o f  t h e  i s o d e n s i t y  e l l i p s o i d  a r e  u n iq u e ly  s p e c i f i e d  by p m u t u a l l y  

p e r p e n d i c u l a r  a x e s .  The l a r g e s t  e i g e n v a l u e  i d e n t i f i e s  t h e  f i r s t  p r i n c i ­

pal a x i s  o f  a p a r t i c u l a r  e l l i p s o i d .  The c o o r d i n a t e s  s p e c i f y i n g  th e  

p r i n c i p a l  a x i s  a r e  p r o p o r t i o n a l  to  t h e  e lem en ts  o f  the  e i g e n v e c t o r  o f  £  

t h a t  c o r r e s p o n d  to  th e  l a r g e s t  e i g e n v a l u e .  The squared  l e n g t h  o f  t h e  

p r i n c i p a l  a x i s  f o r  a g iven  C i s  equa l  to  4 ^ iC ,  where i s  t h e  l a r g e s t  

e i g e n v a lu e  o f  £ .  The nex t  l o n g e s t  a x i s  o f  th e  e l l i p s o i d  has an  o r i e n t a ­

t i o n  g iven  by t h e  e lements  o f  t h e  v e c t o r  o f  t h e  second l a r g e s t

SGMorrison,  D. F. (1967) pp. 64-65.
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e i g e n v a l u e .  This p r o c e s s  c o n t i n u e s  u n t i l  t h e  e q u a t i o n s  o f  the p new 

axes  have been d e te rm ine d .  I f  two s u c c e s s iv e  e i g e n v a l u e s  a r e  e q u a l ,  

t h e  e l l i p s o i d  i s  c i r c u l a r  th ro u g h  th e  p la n e  g e n e r a t e d  by t h e  c o r r e s p o n d ­

in g  e i g e n v e c t o r s  and the  p o s i t i o n  o f  the  axes  in  t h e  c i r c l e  a r e  no t  

un ique .

The s i n g u l a r  -  o r  d e g e n e r a t e  -  m u l t i v a r i a t e  normal d i s t r i b u ­

t i o n  may be i n t e r p r e t e d  g e o m e t r i c a l l y .  The d e g e n e r a t e  m u l t i v a r i a t e  n o r ­

mal d i s t r i b u t i o n  i s  i d e n t i f i e d  when one o r  more o f  t h e  e i g e n v a lu e s  o f  

a r e  equal  to  zero .  In a d d i t i o n ,  i f  any e i g e n v a l u e s  a r e  n e g a t i v e ,  the  

v a r i a n c e - c o v a r i a n c e  m a t r i x  i s  n o t  p o s i t i v e  s e m i - d e f i n i t e  and th e  m a t r i x  

i s  n o t  a f e a s i b l e  v a r i a n c e - c o v a r i a n c e  m a t r i x .  Anderson^^ d e s c r i b e s  

t h e  d e g e n e r a t e  m u l t i v a r i a t e  normal d i s t r i b u t i o n  as

A s i n g u l a r  d i s t r i b u t i o n  i s  a d i s t r i b u t i o n  in  p - s p a c e  which i s  con­
c e n t r a t e d  on a lower  d im ens iona l  s e t ;  t h a t  i s ,  t h e  p r o b a b i l i t y  a s ­
s o c i a t e d  with  any s e t  n o t  i n t e r s e c t i n g  th e  g ive n  s e t  i s  ze ro .  In 
t h e  c a s e  o f  th e  s i n g u l a r  normal d i s t r i b u t i o n  t h e  mass i s  concen­
t r a t e d  on a g iven  l i n e a r  s e t  t h a t  i s ,  t h e  i n t e r s e c t i o n  as a number 
o f  ( p - l ) - d i m e n s i o n a l  h y p e r p l a n e s .

Viewing t h e  i s o v a r i a n c e  e l l i p s o i d  f o r  the  t r i v a r i a t e  c a s e ,  the v a r i a n c e -  

c o v a r i a n c e  s t r u c t u r e  i s  d e p i c t e d  by th e  b i v a r i a t e  e l l i p s e  o r  by th e  u n i ­

v a r i a t e  d e n s i t y  depending  on th e  d e g re e  o f  s i n g u l a r i t y .  Degenera te  

m u l t i v a r i a t e  normal d i s t r i b u t i o n s  occu r  in  c a p i t a l - b u d g e t i n g  problems 

when th e  f u t u r e  cash  f lows  a r e  p e r f e c t l y  c o r r e l a t e d .  I d e n t i f i c a t i o n  o f  

t h e s e  d e g e n e ra te  c a s e s  a r e  im p o r t a n t  because o f  t h e i r  e f f e c t  on s c a l a r  

m u l t i v a r i a t e  r i s k  m easu re s .

3?Morrison,  D. F. (1967) pp.  87-88 ,  G i r i ,  N. C. (1977) pp.
59-61 .

SBAnderson, T. W. (1958) p. 25.
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Need f o r  s c a l a r  r i s k  measures

F in a n c ia l  d e c i s i o n - m a k e r s  a r e  o f ten ,  f aced  w i th  a l t e r n a t i v e  i n ­

v e s tm e n t  o p p o r t u n i t i e s  t h a t  must  be e v a l u a t e d .  In many s i t u a t i o n s ,  t h e  

a n a l y s t  w i l l  have t o  choose between m u tua l ly  e x c l u s i v e  a l t e r n a t i v e s .  In 

s i t u a t i o n s  where c a p i t a l  i s  r a t i o n e d ,  the  a n a l y s t  i s  f a c e d  with compet­

in g  u s e s  f o r  the  c a p i t a l  in v e s t m e n t  d o l l a r s .  In e i t h e r  c a s e ,  p r o j e c t  

s e l e c t i o n  r e q u i r e s  the  r a n k in g  o f  a l t e r n a t i v e  in v e s tm e n t  c h o ic e s  in  

te rm s  o f  some measure o f  " a t t r a c t i v e n e s s . "  T r a d i t i o n a l  f i n a n c e  t h e o r y ,  

which assumes r i s k - a v e r s i o n ,  e q u a t e s  "more a t t r a c t i v e "  w i th  more r e t u r n  

and l e s s  r i s k .  The o b j e c t i v e  o f  t h i s  s tudy  i s  t o  p r e s e n t  and e v a l u a t e  

a l t e r n a t i v e  r i s k  measures  t h a t  can  be used in  the  ran k in g  p ro c e s s .  

I d e a l l y ,  t h e r e  i s  a need to  deve lop  ranking  and s e l e c t i o n  c r i t e r i a  t h a t  

a r e  i n  some sense  " o p t im a l " .  O p t im a l i t y  im p l ie s  t h a t  the  c r i t e r i o n  

chosen :

1. Is  r e a s o n a b l e  and has i n t u i t i v e  appeal to  th e  a n a l y s t ;

2. Uses a l l  a v a i l a b l e  i n f o r m a t i o n ;

3 .  Can be a p p l i e d  a c r o s s  a wide range  o f  p rob lem s ;  and ,

4.  I s  t h e o r e t i c a l l y  s u p p o r t a b l e .

Bas ic  assumptions  i n  t h i s  s tudy  were:  1) Return  and r i s k  a r e  

a p p r o p r i a t e  d e c i s i o n  c r i t e r i a ;  2) C a p i t a l - b u d g e t i n g  cash  f low s t ream s  

can be modeled w i th  th e  m u l t i v a r i a t e  normal d i s t r i b u t i o n ;  and ,  3) Timing 

o f  c a s h  f low s  i s  an im p r o t a n t  c o n s i d e r a t i o n  i n  t h e  d e c i s i o n .  Given 

t h e s e  a s s u m p t io n s ,  a p p r o p r i a t e  o rd e r in g  and s e l e c t i o n  t e c h n iq u e s  use 

t h e  e s t i m a t e d  mean v e c t o r  (u )  o f  t h e  cash f lo w s ,  th e  e s t im a te d  v a r i a n c e -  

c o v a r i a n c e  m a t r ix  ( s ) ,  and t h e  d iagona l  m a t r ix  of  d i s c o u n t  f a c t o r s  (C_) a s  

th e  b ase s  f o r  o rd e r in g  t h e  unknown p o p u la t io n s  in te rm s  o f  r e t u r n  and r i s k .
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Because o f  the  d i f f i c u l t y  in d i r e c t l y  comparing v e c t o r s  and 

m a t r i c e s ,  the  mean v e c t o r  and v a r i a n c e - c o v a r i a n c e  m a t r i x  a r e  r e p r e s e n t e d  

by s c a l a r  v a r i a b l e s  t h a t  m a i n t a i n  the  i n fo rm a t io n  c o n t e n t  o f  the  r e ­

s p e c t i v e  v e c t o r  and m a t r i x .  In t h e  case o f  t h e  mean v e c t o r ,  the  sum 

o f  t h e  d i s c o u n te d  means
N

( 2 ) 5
i=l  ̂ ^

t h e  Net  P r e s e n t  Value,  has been p r e v io u s l y  d i s c u s s e d  i n  d e t a i l  and i s  

r e a d i l y  a c c e p te d  in  t h e  f i n a n c e  l i t e r a t u r e  as  an a p p r o p r i a t e  measure 

o f  p r o j e c t  r e t u r n .  The rem a in ing  p a r t  o f  t h i s  c h a p t e r  p r e s e n t s  a l t e r ­

n a t i v e  ways o f  r e p r e s e n t i n g  t h e  v a r i a n c e - c o v a r i a n c e  m a t r i x  ( r i s k )  as  a 

s c a l a r .  In a p rev ious  s e c t i o n  o f  t h i s  s tu d y ,  t h e  i s o v a r i a n c e  e l l i p s e /  

e l l i p s o i d  has been shown to  be th e  geometr ic  r e p r e s e n t a t i o n  of  th e  v a r -  

i a n c e - c o v a r i a n c e  m a t r ix  o f  a m u l t i v a r i a t e  normal d i s t r i b u t i o n .  The 

a r ea /v o lu m e  o f  t h i s  e l l i p s e / e l l i p s o i d  f o r  a p a r t i c u l a r  p r o b a b i l i t y  l e v e l  

has been shown to  be a s c a l a r  measure o f  the  d i s p e r s i o n  s t r u c t u r e .

Two a d d i t i o n a l  s c a l a r  r i s k  measures  a re  p r e s e n t e d  and e v a lu a te d :  the

f a m i l i a r  v a r i a n c e  o f  t h e  n e t  p r e s e n t  value  and the  d e t e rm in a n t  o f  the 

v a r i a n c e - c o v a r i a n c e  m a t r ix  (W i lk ' s  G enera l ized  V a r i a n c e ) .  The G enera l ­

i z e d  V ar iance  (GV) i s  shown to  be a na tu ra l  m u l t i v a r i a t e  g e n e r a l i z a t i o n  

o f  t h e  u n i v a r i a t e  v a r i a n c e .  Also GV i s  shown to be a measure t h a t  i s  

c o n s i s t e n t  w i th  and p r o p o r t i o n a l  to  the volume o f  t h e  i s o v a r i a n c e  e l ­

l i p s e  t h a t  p o r t r a y s  th e  v a r i a n c e - c o v a r i a n c e  s t r u c t u r e  w h i le  being a 

more s im p le  measure to  compute,  i n t e r p r e t ,  and e v a l u a t e .
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D iscoun ted  V a r ia n c e -C o v a r ia n c e  Matr ix

Throughout t h i s  s t u d y ,  p r o b a b i l i s t i c  approaches  to  p r o j e c t  

e v a l u a t i o n  have been emphasized .  The rev iew  o f  f i n a n c e  l i t e r a t u r e  i n  

C hap te r  I I  i d e n t i f i e s  many a l t e r n a t i v e  methods o f  accommodating r i s k  

a n a l y s i s  i n  the  c a p i t a l - b u d g e t i n g  d e c i s i o n .  One such t e c h n iq u e ,  t h e  

p r o b a b i l i t y  d i s t r i b u t i o n  o f  n e t  p r e s e n t  v a l u e s ,  i s  d i s c u s s e d  in  d e t a i l  

beca u se  t h i s  method e x p l i c i t l y  c o n s i d e r s  t h e  t i m in g  and the  r i s k  o f  

t h e  c a s h  f low s t ream .

Assuming norm al ly  d i s t r i b u t e d  cash  f l o w s ,  H i l l i e r ^ s  deve loped  

d i s c o u n t e d  r i s k  m e asu re s ,  t h e  v a r i a n c e  and t h e  s t a n d a r d  d e v i a t i o n  o f  t h e  

n e t  p r e s e n t  va lue .  His i n i t i a l  work c o n c e n t r a t e d  on th r e e  s p e c i a l  

c a s e s :  1 ) t h e  cash  f lows a r e  i n t e r t e m p o r a l l y  inde penden t ;  2 ) t h e  c a s h

flows a r e  p e r f e c t l y  c o r r e l a t e d ;  and 3) an i n t e r m e d i a t e  case  where some 

f lows a r e  independen t  w h i l e  o t h e r  f lows a r e  p e r f e c t l y  c o r r e l a t e d .  Ex­

t e n d i n g  t h i s  i n i t i a l  work, W a g le ‘+° and H i l l i e r ^ i ,  i n  a l a t e r  mono­

g r a p h ,  developed th e  more g e n e r a l  case  where t h e  cash  f low s t r eam s  

a r e  l e s s  tha n  p e r f e c t l y  c o r r e l a t e d .  Here,  t h e  v a r i a n c e  of  t h e  n e t  p r e s ­

e n t  v a l u e  V(NPV) i s

N a . 2  N o.
V(NPV) = Z  ^  + 2 Z ------------------------------------------------ (34)

t = 0 ( l + i )  t  t f t ' ( l + i ) t ' t

3 9 H i l l i e r ,  F. S. (1963) pp.  443-457.

40Wagle, B. (1967) pp.  13-33.

^ ^ H i l l i e r ,  F. S. (1969) The Evaluation o f  Risky In te r re la te d  
Investments.  Amsterdam: N or th -H ol land  Pub. Co.
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= v a r i a n c e  o f  th e  cash f low i n  p e r i o d  t .

^1 = c o v a r i a n c e  between th e  ca s h  f low s  i n  p e r io d s  t  and t ' ,  

i = r i s k - f r e e  r a t e  o f  i n t e r e s t .

The v a r i a n c e  o f  t h e  n e t  p r e s e n t  v a lu e  may be p r e s e n te d  more 

compactly  and i s  e a s i e r  t o  i n t e r p r e t  when m a t r i x  n o t a t i o n  i s  used.

Given a p x p e s t i m a t e d  v a r i a n c e - c o v a r i a n c e  m a t r i x  (^) and a p x 1 vec ­

t o r  o f  p r e s e n t  v a lu e  f a c t o r s  (C_) then t h e  v a r i a n c e  o f  t h e  n e t  p r e s e n t  

v a l u e  may be ex p re s s e d  compactly  as

V(NPV) = Ç ' IÇ . (35)

Using v e c t o r / m a t r i x  m u l t i p l i c a t i o n ,  the p x p v a r i a n c e - c o v a r i a n c e  m a t r ix  

i s  p r e - m u l t i p i i e d  by a 1 x p row v e c t o r  and p o s t - m u l t i p l i e d  by a p x 1 

column v e c t o r  to  a r r i v e  a t  t h e  s c a l a r  v a r i a n c e  o f  t h e  n e t  p r e s e n t  v a l u e .  

For example,  a p r o j e c t  o f  p cash  f lows

V(NPV) = [V(l+i)V(l+i)^. . .V(i+i)P]

021 022

3 V(i+i )

V (1+1)2

3 V(i+i)P

(36)

D iscoun t ing  the  v a r i a n c e - c o v a r i a n c e  m a t r ix  r e s u l t s  in  a s c a l a r  r i s k  mea­

s u r e  t h a t  r e f l e c t s  t h e  v a r i a b i l i t y ,  the i n t e r p e r i o d  c o r r e l a t i o n ,  and the  

t im in g  o f  the  cash  f l o w s .  An a l t e r n a t e  m a t r i x  f o r m u l a t i o n  o f  the  v a r i ­

ance  o f  th e  n e t  p r e s e n t  v a l u e  l e n d s  c o n s i d e r a b l e  i n s i g h t  i n t o  the  i n t e r ­

p r e t a t i o n  and e v a l u a t i o n  o f  t h e  V(NPV) as  an a p p r o p r i a t e  s c a l a r  m u l t i ­

v a r i a t e  r i s k  measure.



125

The a l t e r n a t e  f o r m u l a t i o n  r e l a t e s  to the  v e c t o r  o f  d i s c o u n t  

r a t e s  used  i n  Eqs. 35 and 36. R a t h e r  tha n  p r e s e n t i n g  t h e  d i s c o u n t  r a t e s  

as  a p X 1 v e c t o r ,  d i s c o u n t  f a c t o r s  may be o rgan iz ed  i n t o  a p x p d i a g ­

onal  m a t r i x ,

V ( i + i )

V ( i + i ) ^

1

(37)

Then,  t h e  t r a n s f o r m a t i o n  o f  th e  v a r i a n c e - c o v a r i a n c e  m a t r ix  to  p r e s e n t  

t ime  becomes t h e  d i s c o u n te d  v a r i a n c e - c o v a r i a n c e  m a t r ix  (DVC) where

More s p e c i f i c a l l y ,

DVC = C z C (38)

V ( i + i ) <̂ 11 ^12  ° l p V ( i + i )

DVC =
V ( l + 1 ) 2 a z i  CT22

V ( i + i ) P Opi- . . Opp V ( i + i ) P

. (39)

A f t e r  t h e  m a t r ix  m u l t i p l i c a t i o n .

DVC =

* i P / ( l + i ) P + l

pi / ( 1 + i )
p+1 ^ P / ( l + i ) 2 P

(40)
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R e f e r r i n g  to  Eq. 40 ,  the  V(NPV) i s  de te rm in e d  by summing a l l  el ements  

o f  t h e  d i s c o u n t e d  v a r i a n c e - c o v a r i a n c e  m a t r i x .  A l g e b r a i c a l l y ,  l e t  a^ j  

r e p r e s e n t  t h e  e lement o f  t h e  i t h  row and j t h  column, then

p
V(NPV) = E a . .  (41)

1,3=1

Using the  DVC f o r m u l a t io n ,  Eq. 40 ,  a l l  v a r i a n c e  e lements  a r e  d i sc o u n te d  

a t  t h e  power o f  2 t  w h i le  th e  exponen t  o f  t h e  d i s c o u n t  r a t e  f o r  c o v a r ­

i a n c e  e l e m e n t s  i s  r a i s e d  to  th e  t  + t '  power;  where t  and t '  r e p r e s e n t  

t h e  s u b s c r i p t s  o f  a p a r t i c u l a r  c o v a r i a n c e  element o f  the v a r i a n c e - c o ­

v a r i a n c e  m a t r i x .  For example,  t h e  d i s c o u n t  f a c t o r  f o r  t h e  c o v a r i a n c e  

between t h e  cash  f lows in  p e r io d s  3 and 5 i s  V(l+i)^.

With independen t  cash f l o w s ,  t h e  V(NPV) i s  the  sum o f  th e  d i a g ­

onal  e l em en t s  o f  the  d i scoun ted  v a r i a n c e - c o v a r i a n c e  m a t r i x .  In t h i s  

s p e c i a l  c a s e ,  th e  V(MPV) i s  equal  to  th e  t r a c e  o f  t h e  DVC m a t r i x .  Ap­

p e a l i n g  p r o p e r t i e s  o f  the  t r a c e  a r e  t h a t :  1. )  the  t r a c e  i s  a s c a l a r

r e p r e s e n t a t i o n  o f  a m a t r ix ;  and 2 . )  t h e  t r a c e  i s  i n v a r i a n t  when th e  

axes  o f  t h e  d i s t r i b u t i o n  a r e  t r a n s f o r m e d .

Geometric  i n t e r p r e t a t i o n  o f  th e  d i s c o u n t e d  v a r i a n c e - c o v a r i a n c e  m a t r ix  

The d i s c o u n te d  v a r i a n c e - c o v a r i a n c e  m a t r ix  r e s u l t s  from th e  

l i n e a r  com bina t ion  o f  the o r i g i n a l  v a r i a n c e - c o v a r i a n c e  s t r u c t u r e  and 

th e  m a t r i x  o f  d i s c o u n t  f a c t o r s .  Assuming m u l t i v a r i a t e  n o r m a l i t y  and 

r e c o g n i z i n g  t h e  i n v a r i a n c e  p r o p e r t y  o f  l i n e a r  com bina t ions  o f  normal 

v a r i â t e s ,  t h i s  t r a n s fo rm a t io n  o f  t h e  cash  f low s t ream  to  p r e s e n t  time 

p r e s e r v e s  th e  r e l a t i v e  r e t u r n  and r i s k  s t r u c t u r e  to  a l low  comparisons  

between a l t e r n a t i v e  c a p i t a l  budge t ing  p r o j e c t s .  The im pact  o f  t h i s
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t r a n s f o r m a t i o n  t o  p r e s e n t  t ime can  be r e a d i l y  i n t e r p r e t e d  g e o m e t r i c a l ly  

us ing  th e  i s o v a r i a n c e  e l l i p s e  in  t h e  b i v a r i a t e  ca se .  When t h e  o r i g i n a l  

cash  f low s  a r e  d i s t r i b u t e d  N ( û J )  t h e n  th e  p r e s e n t  t im e  t rans fo rm ed  

f lows a r e  d i s t r i b u t e d  N(Cu, CzC) .  The e f f e c t  o f  t h i s  t r a n s f o r m a t i o n  i s  

to  a d j u s t  t h e  c e n t r o i d  of  t h e  i s o v a r i a n c e  e l l i p s e  to  p r e s e n t  v a lu e s  and 

to compress t h e  s i z e  o f  the  e l l i p s e  w h i le  r o t a t i n g  t h e  a x e s .  F igure  I2a 

below shows t h e  90 p e r c e n t  e l l i p s e  f o r  a sample p r o j e c t  w i th  û i=15 ,  

M2=2 0 , 01=02=5 , a n d p i 2=.6 . F igu re  12bshows the  e f f e c t s  o f  t r ans fo rm ing  

th e  b i v a r i a t e  normal cash f lows t o  p r e s e n t  time us ing  a 10 p e r c e n t  r i s k ­

f r e e  r a t e .

D is c o u n t in g  reduces  t h e  s i z e  o f  t h e  i s o v a r i a n c e  e l l i p s e  and 

a l s o  r o t a t e s  t h e  an g le  t h a t  th e  m a jo r  a x i s  makes w i th  t h e  Xi- a x i s .  This  

a x i s  r o t a t i o n  o c c u r s  because the  s l o p e  o f  the m a j o r - a x i s  i s  determined 

by th e  v a r i a n c e - c o v a r i a n c e  s t r u c t u r e .  Viewing th e  o r i g i n a l  p r e - t r a n s -  

formed s t a n d a r d  d e v i a t i o n s  ô i= 02=5 , t h e  m a jo r - a x i s  makes a 45° angle  

with  t h e  X j - a x i s .  A f te r  d i s c o u n t i n g ,  th e  t ransfo rmed v a r i a n c e - c o v a r i -  

ance m a t r ix  i s

DVC =

20 .66  11.27

11.27 17.08

(42)

Transfo rming t h e  cash  f low s t ream t o  p r e s e n t  time r e s u l t s  in  o i  ^ Ô2 . 

With o i  > 0 2 , t h e  ang le  between t h e  majo r  ax is  of  t h e  e l l i p s e  and the 

Xi“ a x i s  i s

2p a i 02 (4 3 )
Angle q = h  Arc tan  ^

Cl
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For  t h e  example p rob lem ,  d i s c o u n t i n g  a t  a 10 p e r c e n t  r i s k - f r e e  

r a t e  c a u s e s  t h e  m a jo r - a x i s  o f  t h e  i s o v a r i a n c e  e l l i p s e  t o  r o t a t e  c l o c k ­

wise t o  t h e  p o i n t  where a n g l e  0 i s  app ro x im a te ly  equal  t o  4 0 . 5 ° .  When 

t h e  v a r i a n c e s  a r e  not  e q u a l ,  t h e  s l o p e  o f  the  m a jo r  a x i s  o f  t h e  i s o ­

v a r i a n c e  e l l i p s e  i s  de te rm ined  by t h r e e  f a c t o r s :  1 ) t h e  d i f f e r e n c e  be­

tween t h e  v a r i a n c e s ,  2) t h e  s i z e  o f  the  d i s c o u n t  r a t e s ,  and 3) the  de­

g ree  o f  a u t o c o r r e l a t i o n .  To b e t t e r  unde rs tand  th e  g e o m e t r i c  im p l ic a ­

t i o n s  o f  d i s c o u n t i n g  th e  v a r i a n c e - c o v a r i a n c e  m a t r ix  and th e  im pact  o f  

a u t o c o r r e l a t e d  cash  f lo w s ,  t h e  e f f e c t s  o f  each f a c t o r  may b e s t  be 

i d e n t i f i e d  by a l low ing  one f a c t o r  t o  vary  and ho ld ing  th e  o t h e r  f a c t o r s  

c o n s t a n t .  Holding the  d e g ree  o f  a u t o c o r r e l a t i o n  c o n s t a n t  a t  p i 2=-6  and 

keep ing a i = a 2=5 , then the  e f f e c t  o f  i n c r e a s i n g  t h e  d i s c o u n t  r a t e  i s  to  

cause  t h e  m a j o r - a x i s  o f  t h e  i s o v a r i a n c e  e l l i p s e  to  r o t a t e  c lo ck w ise  

from 45° when th e  d i s c o u n t  r a t e  i s  ze ro  to a p p ro x im a te ly  3 4 .7 °  when 

th e  d i s c o u n t  r a t e  i s  25 p e r c e n t .  Higher  d i s c o u n t  r a t e s  w i l l  r e s u l t  in 

g r e a t e r  r o t a t i o n .  In terms o f  t h e  b i v a r i a t e  normal h i l l  mass ,  t r a n s ­

forming  t h e  cash  f lows to  p r e s e n t  t ime t w i s t s  t h e  h i l l  mass.  Higher 

d i s c o u n t  r a t e s  r e s u l t  in  a l a r g e r  t w i s t .

The s l o p e  o f  th e  m a jo r  a x i s  o f  the i s o v a r i a n c e  e l l i p s e  i s  a l s o  

a f f e c t e d  by d i f f e r e n t  a u t o c o r r e l a t i o n  p a t t e r n s .  Holding t h e  d i s c o u n t  

r a t e  c o n s t a n t  a t  10 p e r c e n t  and v a ry in g  the c o r r e l a t i o n  from zero  to 

p lu s  on e ,  t h e  s lo p e  i n c r e a s e s ;  i . e . ,  ang le  e i n c r e a s e s  a s  t h e  s lo p e  r o ­

t a t e s  c o u n t e r - c l o c k w i s e  in  r e s p o n s e  to  h ighe r  c o r r e l a t i o n .  For in d e ­

p enden t  ca s h  f l o w s ,  t h e  m a j o r - a x i s  i s  n o t  unique ( in d e p e n d e n t  cash  

f lows r e s u l t  i n  an i s o v a r i a n c e  c i r c l e  in  the  b i v a r i a t e  c a s e ) ,  t h e r e f o r e ,  

an g le  9 f o r  P i 2=0 i s  n o t  d e f i n e d .  However, i n c r e a s i n g  the
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a u t o c o r r e l a t i o n  from + .1  to  +1 .0  r e s u l t s  in  an g le  e i n c r e a s i n g  from ap ­

p ro x im a te ly  2 3 .2 °  f o r  p = . l  to  a p p ro x im a te ly  4 2 .8 °  f o r  p=1 .0 .

In a d d i t i o n  t o  th e  a x i s  r o t a t i o n  i n  response  t o  d i s c o u n t i n g ,  

the  im pac t  o f  t h e  t ime t r a n s f o r m a t i o n  may be observed by comparing t h e  

a r e a  o f  t h e  i s o v a r i a n c e  e l l i p s e s .  E qua t ion  31,  p. 118, computes t h e  

a rea /vo lum e  o f  t h e  i s o v a r i a n c e  e l l i p s e / e l l i p s o i d .  Using th e  same ex­

ample cash  f low s t r u c t u r e ,  t h e  a r e a  o f  t h e  90 p e r c e n t  n o n -d i s c o u n te d  

i s o v a r i a n c e  e l l i p s e  i s  289 .09;  w h i l e  t h e  a r e a  o f  t h e  t ime t r a n s fo rm e d  

e l l i p s e  f o r  a 10 p e r c e n t  d i s c o u n t  r a t e  i s  217 .23 .  Comparing t h e  a r e a  

o f  t h e  e l l i p s e s  shows t h a t  d i s c o u n t i n g  th e  v a r i a n c e - c o v a r i a n c e  m a t r i x  

compresses t h e  i s o v a r i a n c e  e l l i p s e .  The h ig h e r  the  d i s c o u n t  r a t e ,  the  

s m a l l e r  i s  t h e  a r e a  o f  th e  e l l i p s e .  In te rms o f  the b i v a r i a t e  normal 

d e n s i t y  s u r f a c e ,  d i s c o u n t in g  has been shown to  t w i s t  and compress t h e  

b i v a r i a t e  s u r f a c e .  The h ig h e r  t h e  d i s c o u n t  r a t e  the g r e a t e r  i s  t h e  

d i s t o r t i o n .

Var iance  o f  t h e  n e t  p r e s e n t  va lue

The v a r i a n c e  o f  the  n e t  p r e s e n t  v a l u e ,  V(NPV), has wide a c ­

c e p t a n c e  in  t h e  f i n a n c e  l i t e r a t u r e  a s  a s c a l a r  r i s k  measure t h a t  i n ­

c o r p o r a t e s  bo th  t h e  t ime v a l u e  o f  money and a u t o c o r r e l a t e d  cash  f lo w s .  

T r a d i t i o n a l  development o f  t h i s  r i s k  measure emphasized t h e  a p p l i c a t i o n  

o f  t h e  m a them a t ic a l  e x p e c t a t i o n  o p e r a t o r  a s  th e  pr imary  j u s t i f i c a t i o n  

f o r  i t s  u s e .  E f f e c t s  o f  th e  d i s c o u n t i n g  p ro c e s s  when t h e  cash  f low s  ex­

h i b i t  i n t e r p e r i o d  c o r r e l a t i o n s  was l i t t l e  d i s c u s s e d . I n  a p r e v io u s  

s e c t i o n  o f  t h i s  s t u d y ,  d i s c o u n t in g  t h e  v a r i a n c e - c o v a r i a n c e  m a t r i x  has

^^Haley ,  C. W. and S c h a l l ,  L. D. (1973) The Theory o f  Financial 
Decisions.  New York: McGraw-Hil l,  Inc .  pp. 81-87.
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been g iven  a geom et r ica l  meaning.  Viewing t h e  f u t u r e  cash  f lows from 

a m u l t i v a r i a t e  normal p e r s p e c t i v e ,  d i s c o u n t in g  t r a n s f o r m s  th e  i s o ­

d e n s i t y  e l l i p s e / e l l i p s o i d  by compress ing th e  a rea /vo lum e  and by r o t a t ­

in g  t h e  axes .  Th is  g e o m e t r i c  view al lows f o r  t h e  e x p l i c i t  a n a l y s i s  o f  

t h e  e f f e c t s  of  d i f f e r e n t  d i s c o u n t  r a t e s  on th e  p r o b a b i l i t y  d i s t r i b u t i o n  

o f  th e  f u t u r e  cash  f lo w s .  The purpose  o f  t h i s  s e c t i o n  o f  the s tudy  i s  

t o  e v a l u a t e  an e x t e n s i o n  o f  the  d i s c o u n t in g  p r o c e s s ,  i . e . ,  the s c a l a r  

r i s k  measure d e r iv e d  from the  d i sc o u n te d  v a r i a n c e - c o v a r i a n c e  m a t r i x ,  

t h e  v a r i a n c e  of  t h e  n e t  p r e s e n t  v a l u e ,  V(NPV).

Using th e  d i s c o u n t e d  v a r i a n c e - c o v a r i a n c e  m a t r i x  (DVC), Eq. 40,  

p. 126, as  a p o i n t  o f  d e p a r t u r e ;  V(MPV) has been shown to  be the  sum o f  

a l l  th e  e lements  o f  t h e  DVC m a t r ix  (Eq. 41,  p . 127).  Continuing t h e  

g e o m e t r ic  approach to  c a p i t a l  budge t ing  d e c i s i o n  making,  two c r i t i c a l  

q u e s t i o n s  need to be answered ;  What i s  t h e  r a t i o n a l e  f o r  the  use  o f  

t h e  V(NPV) as a s c a l a r  m u l t i v a r i a t e  r i s k  measure? What i s  the  geom etr ic  

i n t e r p r e t a t i o n  o f  t h e  a d d i t i o n  o f  t h e  v a r i a n c e - c o v a r i a n c e  elements 

t h a t  r e s u l t  in th e  V(NPV)?

Boundary c a s e s - in d e p e n d e n c e  and p e r f e c t  c o r r e l a t i o n . As a 

s t a r t i n g  p o in t  f o r  f u r t h e r  a n a l y s i s ,  the boundary c a s e s  o f  i n t e r t e m p o ra l  

i n d e p e n d e n t  cash f lows and cash  f low s  with  c o r r e l a t i o n  +1 have been o f ­

t e n  s t u d i e d .  Due t o  t h e i r  ma thematica l  t r a c t a b i l i t y ,  t h e s e  two c a s e s  

have been widely  reviewed in  t h e  l i t e r a t u r e .

Bussey'*^ d e f i n e s  t h e s e  boundary c a s e s  as

Cash f low in c rem en ts  from a p r o j e c t  a r e  s a i d  t o  be completely inde­
pendent  i f  t h e r e  i s  no c a u s a t i v e  o r  c o n s e q u e n t i a l  r e l a t i o n s h i p

^^Bussey, L. E. (1978) The Economic Analysis o f  Industrial  
P ro jec ts .  Englewood C l i f f s ,  New J e r s e y :  P r e n t i c e  H a l l .  p. 382.
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between any two cash f low  in c re m en t s  in  the  cash  f low  s t r e a m .
That  i s ,  i f  any given  c a s h  f low  inc rem en t  can be d e te rm in e d  s o l e l y  
from c a u s a t i v e  even ts  o c c u r r i n g  w i t h i n  t h a t  p e r io d  and i f  t h e s e  
e v e n t s  b e a r  no r e l a t i o n s h i p  to  o r  dependency on e v e n t s  i n  p r i o r  
o r  s u c c e e d in g  p e r i o d s ,  th e n  t h e  cash  f low inc rem en ts  a r e  s a i d  to  
be i n d e p e n d e n t  among p e r i o d s .  . . . complete dependence between 
cash  f low  increments  e x i s t s  i f  t h e r e  i s  a o n e - to - o n e  r e l a t i o n s h i p  
among e v e n t s  i n  succeed ing  p e r i o d s .

A c l o s e  l o o k  a t  t h e s e  d e f i n i t i o n s  o f  t h e  boundary c a p i t a l - b u d g e t i n g  

c a s e s  l e a d s  t o  th e  r e a l i z a t i o n  t h a t  a n a l y s i s  based on t h e s e  c a s e s  i s  

r e a l l y  an o v e r s i m p l i f i c a t i o n  o f  t h e  c a p i t a l - b u d g e t i n g  problem.  Real 

w orld  prob lems do n o t  f i t  n e a t l y  i n t o  e i t h e r  ca s e .  P r o j e c t  r e t u r n s  

a r e  r e l a t e d ,  bu t  n o t  on a s t r i c t  o n e - t o - o n e  b a s i s .  I f  i m p e r f e c t  c o r ­

r e l a t i o n  i s  th e  norm, then  a s u b s t a n t i a l  p a r t  o f  the  r a t i o n a l e  f o r  s tudy ­

ing  t h e s e  boundary ca se s  i s  t o  deve lop  a n a l y t i c a l  t e c h n iq u e s  t h a t  may 

be a p p l i e d  to  the  more i n t e r e s t i n g  i n t e r m e d i a t e  i m p e r f e c t l y  c o r r e l a t e d  

c a s e s .

The b a s i s  f o r  the  use  o f  t h e  v a r i a n c e  o f  t h e  n e t  p r e s e n t  v a l u e ,  

V(NPV), a s  a measure o f  r i s k  r e l a t e s  to  the  behav io r  o f  t h i s  s c a l a r  

r i s k  measure when t h e  cash  f low  s t r eam  i s  i n t e r t e m p o r a l l y  inde p en d en t .  

Cash f low s  a r e  s t a t i s t i c a l l y  i n d e p e n d e n t  i f  and on ly  i f  the  j o i n t  d i s ­

t r i b u t i o n  f u n c t i o n  o f  the  c a s h  f lows  Xi,X2 , . . . Xp i s  c a p a b l e  o f  being 

f a c t o r e d  i n t o  t h e  p roduc t  o f  th e  i n d i v i d u a l  d e n s i t i e s .  More s p e c i f ­

i c a l l y ,

F ( x i , X 2 , .  . . X p )  = F i ( x i ) * F 2 ( x 2 ) *  '  ' F p ( X p ) .  ( 4 4 )

For in d e p e n d e n t  normal cash  f l o w s ,  th e  e s t im a ted  d i s p e r s i o n  m a t r i x ,  |^, 

i s  a d ia g o n a l  m a t r ix  o f  v a r i a n c e s  w i th  a l l  o f f  d iagona l  e l em en t s  equal 

to  z e r o .
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( ^ 1 1

^ 2 2

Z = (45)

PP

For t h e  tw o -p a ra m e te r  c a s e ,  when t h e  v a r i a b l e s  a r e  independen t  normal ,  

th e  q u a d r a t i c  form in  the  exponent  o f  t h e  b i v a r i a t e  normal d e n s i t y ,

= C, i d e n t i f i e s  i s o v a r i a n c e  c i r c l e s  r a t h e r  than e l i p s e s  t h a t  

a r e  found when th e  v a r i a b l e s  a r e  c o r r e l a t e d .  The a rea /vo lum e o f  th e  

e l l i p s e / e l l i p s o i d  a r e  s c a l a r  measures  o f  th e  d i s p e r s i o n  m a t r i x .  The 

a rea  i s  a t  a maximum when th e  v a r i a b l e s  a r e  independen t .  The a r e a  then  

g e t s  s m a l l e r  a s  th e  d e g re e  o f  c o r r e l a t i o n  i n c r e a s e s  to  t h e  p o i n t  where 

t h e  a r e a  i s  u n d e f i n e d .

T rans fo rm ing  the  in dependen t  v a r i a n c e s  t o  p r e s e n t  t ime r e s u l t s  

i n  a d i s c o u n t e d  v a r i a n c e  m a t r i x .

DV =

' J i i

022
/ ( 1 + i ) '

*PP/(l+i)^P

(46)

Summing th e  d i a g o n a l  elements  above r e s u l t s  in  the  t r a c e  o f  t h e  d i s ­

counted  v a r i a n c e  m a t r i x  which i s  the  s c a l a r  r i s k  measure ,  t h e  v a r i a n c e  

o f  th e  n e t  p r e s e n t  v a l u e .  The r a t i o n a l e  f o r  summing v a r i a n c e s  f o r  th e

4+Area i s  no longer a meaningfu l  measurement f o r  the  p e r f e c t l y  
c o r r e l a t e d  c a s e  because  the  i s o v a r i a n c e  e l l i p s e  c o l l a p s e s  i n t o  a s t r a i g h t  
l i n e  f o r  t h i s  d e g e n e r a t e  b i v a r i a t e  d i s t r i b u t i o n .
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independen t  c a s e  comes from e lem en ta ry  s t a t i s t i c a l  t h e o ry .  Morr ison^s  

shows t h a t  the  v a r i a n c e  o f  t h e  sum o f  independent  random v a r i a b l e s  i s  

m e re ly  t h e  sum o f  t h e  i n d i v i d u a l  v a r i a n c e s ,

VAR(Xi+X2+...+Xp) = VAR(Xi)+VAR(X2)+...+VAR{Xp). (47)

T h is  a d d i t i v i t y  p r i n c i p l e  o f  in dependen t  normal moments p rov ides  t h e  

t h e o r e t i c a l  b a s i s  f o r  t h e  s c a l a r  r i s k  measure ,  the  v a r i a n c e  o f  t h e  n e t  

p r e s e n t  va lues .

The o t h e r  boundary  c a s e ,  where the  c a s h  f low s tream i s  p e r f e c t ­

l y  p o s i t i v e l y  c o r r e l a t e d ,  has  a l s o  r ece iv ed  wide a t t e n t i o n  in  f i n a n c e  

l i t e r a t u r e .  Mil l i e r a s ,  Wagle^?,  Bussey e t  a l . ^ 8  have shown t h a t  the  

v a r i a n c e  of  the  n e t  p r e s e n t  v a l u e ,  V(NPV) i s  a t  a maximum when the  

i n t e r p e r i o d  c o r r e l a t i o n s  a r e  equal to p lu s  one.  Because the c o r r e l a ­

t i o n  ma tr ix  i s  a m a t r i x  o f  a l l  o n e s ,  the v a r i a n c e - c o v a r i a n c e  m a t r ix  i s

Z =

1 1. . . 1

1 1

• • . •

"P
1. . . . 1

(48)

45Morrison,  D. F. (1967) p. 7. 

4 6 H i l l i e r ,  F. S. (1963) pp. 443-457.  

4?Wagle, B. (1967) pp.  13-33.  

48Bussey,  L. E. (1978)
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Z =

ai- a i 0 2

OpCl..

, a i a

(49)

D is c o u n t in g  t h i s  m a t r ix  r e s u l t s  i n  t h e  d i sc o u n te d  v a r i a n c e - c o v a r i a n c e  

m a t r i x

DVC =

<JlV(l+i)2 Ol *2 / ( l + i ) 3  • • • Ol°P/(l+i)P+l

* 2 * l / ( l + i ) 3  * 2 / ( l + i ) 4

' p * l / ( l + i ) P + l

(50)

Comparing th e  DVC m a t r ix  when ca s h  f lows  a r e  p e r f e c t l y  p o s i t i v e l y  c o r ­

r e l a t e d ,  (Eq. 50) with  t h e  DVC m a t r i x  when the  cash  f low s  a r e  indepen­

d e n t ,  (Eq. 46) shows t h a t  th e  v a r i a n c e  o f  the  n e t  p r e s e n t  v a l u e  i s  a t  

a minimum f o r  t h e  in dependen t  c a s e  w h i l e  the  V(NPV) i s  a t  a maximum 

when c a s h  f lows a r e  p e r f e c t l y  p o s i t i v e l y  c o r r e l a t e d .

The V(NPV) may e a s i l y  be computed with  p e r f e c t  p o s i t i v e  c o r r e ­

l a t i o n ,  however,  c o n s i d e r a b l e  d i f f i c u l t y  a t t e n d s  i n t e r p r e t a t i o n  o f  t h i s  

boundary  c a s e .  P e r f e c t  p o s i t i v e  c o r r e l a t i o n  r e s u l t s  in a d e g e n e r a t e  

m u l t i v a r i a t e  d i s t r i b u t i o n  because  o f  t h e  s i n g u l a r  c o r r e l a t i o n  m a t r ix .  

Since  t h e  m u l t i v a r i a t e  d e n s i t y  does n o t  e x i s t ,  then th e  g e o m e t r i c  ana ly ­

s i s  o f  t h e  i s o d e n s i t y  e l l i p s e  and i t s  a s s o c i a t e d  a re a /v o lu m e  i s  n o t
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mean ingfu l .  The f a c t  t h a t  th e  volume o f  th e  i s o v a r i a n c e  e l l i p s e  i s  not 

d e f in e d  f o r  t h i s  boundary ca se  does n o t  d e f e a t  use o f  volume a s  a s c a l a r  

r i s k  measure .  In r e a l  c a p i t a l - b u d g e t i n g  problems n e i t h e r  boundary  case 

i s  r e a s o n a b l e .  The l i k e l y  s i t u a t i o n  obse rved  in  p r a c t i c e  i s  t h a t  the  

cash f lows w i l l  be in t e r t e m p o r a l  l y  c o r r e l a t e d  bu t  not  p e r f e c t l y  so .

The rea so n  f o r  t h e  emphasis  o f  th e  boundary  c a s e s  in  the  l i t e r a t u r e  

has been t h e i r  s i m p l i c i t y  and t h e i r  m a them a t ica l  t r a c t a b i l i t y .

I m p e r f e c t  c o r r e l a t i o n . The c e n t r a l  h y p o th e s i s  o f  t h i s  s tudy  

i s  t h a t  c a p i t a l - b u d g e t i n g  cash f lows e x h i b i t  p o s i t i v e  c o r r e l a t i o n  among 

t ime p e r i o d s .  Acceptance  of  t h i s  h y p o t h e s i s  th e n  r e q u i r e s  t h e  deve lop­

ment o f  a p p r o p r i a t e  m u l t i v a r i a t e  s c a l a r  r i s k  measures t h a t :  1) a r e  on 

sound t h e o r e t i c a l  f o o t i n g ;  and 2) d i s c r i m i n a t e  between a l t e r n a t i v e  i n ­

ves tmen t c h o i c e s  t o  a l lo w  th e  d e c i s i o n  maker to  rank and s e l e c t  p r o j ­

e c t s  based on r i s k  and r e t u r n  c r i t e r i a .

The expec ted  n e t  p r e s e n t  v a l u e ,  E(NPV) and the  v a r i a n c e  o f  the 

ne t  p r e s e n t  v a l u e ,  V(NPV) i d e n t i f y  t h e  p r o b a b i l i t y  d i s t r i b u t i o n  o f  ne t  

p r e s e n t  v a l u e s  when th e  c a p i t a l - b u d g e t i n g  cash  f lows a r e  n o rm a l ly  d i s ­

t r i b u t e d .  In e s s e n c e ,  th e  m u l t i v a r i a t e  c a p i t a l - b u d g e t i n g  problem has 

been t r a n s fo rm e d  v i a  th e  d iagona l  m a t r i x  o f  p r e s e n t  v a lu e  f a c t o r s  t o  

the  a n a l y s i s  o f  t h e  u n i v a r i a t e  d i s t r i b u t i o n  o f  p r e s e n t  v a l u e s .

The assum pt ion  o f  n o rm a l i ty  a l l o w s  t h e  a n a l y s t  to  e v a l u a t e  the 

r i s k i n e s s  o f  c a p i t a l - b u d g e t i n g  p r o j e c t s  e i t h e r  by compar ison o f  the  

cum ula t ive  p r o b a b i l i t y  d i s t r i b u t i o n s  f o r  dominance or  by making proba­

b i l i t y  s t a t e m e n t s  a b o u t  s p e c i f i c  outcomes .  For example,  suppose  a 

p r o j e c t ' s  d i s t r i b u t i o n  o f  n e t  p r e s e n t  v a l u e s  i s  c h a r a c t e r i z e d  by E(NPV)

= $100 and V(NPV) = $250.  Using r e a d i l y  a v a i l a b l e  t a b l e s  f o r  t h e  normal



137

d i s t r i b u t i o n ,  the  p r o b a b i l i t y  t h a t  t h e  NPV<$50 i s  15.87 p e r c e n t  while  

t h e  p r o b a b i l i t y  t h a t  t h e  NPV<$0 i s  2 .28  p e r c e n t .  Using a s e r i e s  of  

p r o b a b i l i t y  s t a t e m e n t s ,  the  a n a l y s t  i s  a b l e  to  e v a l u a t e  t h e  p o t e n t i a l  

v a r i a b i l i t y  o r  r i s k  o f  the  c a p i t a l - b u d g e t i n g  p r o j e c t .  When the  cho ice  

mus t  be made from two o r  more p r o j e c t s ,  the  c o e f f i c i e n t  o f  v a r i a t i o n  

can be used  t o  e v a l u a t e  t h e  r e l a t i v e  r i s k  per d o l l a r  r e t u r n .

The a b i l i t y  o f  the  a n a l y s t  t o  d e s c r ib e  t h e  outcomes from a 

c a p i t a l - b u d g e t i n g  p r o j e c t  u s in g  s im ple  p r o b a b i l i t y  s t a t e m e n t s  i s  an 

a t t r a c t i v e  f e a t u r e  o f  t h e  v a r i a n c e  o f  the  d i s t r i b u t i o n  o f  t h e  n e t  p r e s ­

e n t  v a l u e s .  U n fo r tu n a t e ly ,  t h e  v a l i d i t y  o f  t h e se  p r o b a b i l i t y  s t a t em en t s  

i s  q u e s t i o n a b l e .  The s u i t a b i l i t y  o f  t h i s  p r o b a b i l i s t i c  a n a l y s i s  i s  

d ep en d e n t  upon the a v a i l a b i l i t y  o f  independen t  random samples from th e  

u n d e r l y i n g  p r o b a b i l i t y  d i s t r i b u t i o n .  The es t imated  p e r i o d i c  cash  f lows 

from which th e  e s t im a ted  expec ted  n e t  p r e s e n t  v a l u e s ,  E(NPV) and the 

e s t i m a t e d  v a r i a n c e  o f  t h e  n e t  p r e s e n t  va lu e  V(NPV) a r e  computed are  n o t  

i n d e p e n d e n t  random samples.  In f a c t ,  the  va r ious  e s t i m a t e d  cash f low 

s t r eam s  form a sample o f  s i z e  one  which r e s u l t s  in  o v e r l y  s i g n i f i c a n t  

p r o b a b i l i t y  s t a t e m e n t s .

In a d d i t i o n  to  the  problem o f  making v a l i d  p r o b a b i l i t y  s t a t e ­

m e n ts ,  t h e  v a r i a n c e  o f  the n e t  p r e s e n t  va lue  i s  d i f f i c u l t  t o  i n t e r p r e t  

in  te rms o f  t h e  i s o d e n s i t y  e l l  i p s e / e l l i p s o i d s  o f  th e  m u l t i v a r i a t e  no r ­

mal d i s t r i b u t i o n .  The i s o d e n s i t y  e l l  i p s e / e l l i p s o i d  has been shown to  

be an e a s i l y  unders tood means o f  d e p i c t i n g  v a r io u s  v a r i a n c e - c o v a r i a n c e  

s t r u c t u r e s  when the cash  f low s t ream  i s  modeled w i th  t h e  m u l t i v a r i a t e  

normal d i s t r i b u t i o n .  The a rea /v o lu m e  o f  the e l l  i p s e / e l l i p s o i d  has a l s o  

been shown to  be a s c a l a r  measure  o f  v a r i a b i l i t y  o r  s p r e a d  i n  a
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m u l t i v a r i a t e  s e t t i n g  analogous  t o  t h e  u n i v a r i a t e  v a r i a n c e .  In a d d i t i o n ,  

a r ea /v o lu m e  i s  s e n s i t i v e  to d i f f e r e n c e s  i n  c o r r e l a t i o n  s t r u c t u r e  and 

i s  amenable to  the  d i s c o u n t i n g  mechanism.  I f  the f a c t  t h a t  t h e  i s o ­

v a r i a n c e  e l l i p s e / e l l i p s o i d  p r o p e r l y  d e p i c t s  the  v a r i a n c e - c o v a r i a n c e  

s t r u c t u r e  can  be a c c e p te d ,  then  t h e  e v a l u a t i o n  o f  any s i m p l e r  r i s k  

measure s h o u ld  be based on th e  c o n s i s t e n c y  between the  r a n k i n g s  o f  t h a t  

measure and th e  r ank ings  in  te rms o f  a r ea /v o lu m e .

The rem a in d e r  o f  t h i s  c h a p t e r  i n t r o d u c e s  th e  g e n e r a l i z e d  

v a r i a n c e  and shows t h a t  the  g e n e r a l i z e d  v a r i a n c e  i s  a s c a l a r  m u l t i v a r i ­

a t e  r i s k  m e asu re  t h a t  c a p t u r e s  t h e  s t r u c t u r e  of  t h e  v a r i a n c e - c o v a r i a n c e  

m a t r i x .  C h a p t e r  IV then compares t h e  r a n k in g  and s e l e c t i o n  c a p a b i l i t i e s  

o f  bo th  t h e  v a r i a n c e  o f  the n e t  p r e s e n t  v a l u e  and th e  g e n e r a l i z e d  v a r i ­

ance  u s in g  t h e  area /vo lum e o f  t h e  i s o v a r i a n c e  e l l i p s e / e l l i p s o i d  as a 

s t a n d a r d .

G e n e ra l i z e d  V ar iance

The r e q u i r e m e n t  t h a t  i n t e r t e m p o r a l l y  c o r r e l a t e d  ca s h  f lows in  

c a p i t a l - b u d g e t i n g  d e c i s i o n s  be e v a l u a t e d  l e a d s  in  t u r n  to  e v a l u a t i o n  o f  

m u l t i v a r i a t e  p r o b a b i l i t y  d i s t r i b u t i o n s .  In a p r e v io u s  p a r t  o f  t h i s  

s t u d y ,  t h e  m u l t i v a r i a t e  normal d i s t r i b u t i o n  has been o f f e r e d  as a r e a s o n ­

a b l e  model o f  the  r e t u r n  and r i s k s  a s s o c i a t e d  with c a p i t a l - b u d g e t i n g  

problems.  P a r t i c u l a r  a t t e n t i o n  has been d i r e c t e d  t o  the  s i m i l a r i t y  be­

tween th e  u n i v a r i a t e  normal and m u l t i v a r i a t e  normal d i s t r i b u t i o n s .

The v a r i a n c e - c o v a r i a n c e  m a t r i x ,  i s  a m u l t i v a r i a t e  a n a lo g u e  o f  the 

v a r i a n c e ,  a ^ ,  o f  t h e  u n i v a r i a t e  normal d i s t r i b u t i o n .  The need to  rank

^SRefer  to  t h e  p rev io u s  d i s c u s s i o n  o f  the  m u l t i v a r i a t e  normal 
d i s t r i b u t i o n ,  pp. 96-101.
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and t o  s e l e c t  a l t e r n a t i v e  c a p i t a l  b u d g e t in g  p r o j e c t s  r e q u i r e s  the  

a n a l y s t  to  i n q u i r e  beyond th e  v a r i a n c e - c o v a r i a n c e  m a t r i x  f o r  a s u i t a b l e  

s c a l a r  r i s k  measure .  The a r e a /v o lu m e  o f  t h e  i s o d e n s i t y  e l l i p s e / e l l i p ­

s o id  has been shown to  have a t t r a c t i v e  p r o p e r t i e s .  P a r t i c u l a r l y  a p ­

p e a l i n g  i s  t h e  f a c t  t h a t  t h e  a re a /v o lu m e  i s  a s c a l a r  measure  t h a t  al lows 

r ank ing  in  te rm s  o f  v a r i a b i l i t y .  U n f o r t u n a t e l y ,  when th e  number o f  

p e r i o d i c  ca s h  f lows  a r e  l a r g e ,  th e  volume o f  the e l l i p s o i d  i s  d i f f i c u l t  

to  compute.

The s e a r c h  f o r  a s c a l a r  r e p r e s e n t a t i o n  o f  th e  v a r i a n c e - c o v a r i ­

ance m a t r ix  l e d  S. S. Wilks^° to  p ropose  t h a t  t h e  d e t e r m i n a n t  o f  t h e  

v a r i a n c e - c o v a r i a n c e  m a t r ix  cou ld  a l s o  be viewed a s  a m u l t i v a r i a t e  ana­

logue  o f  t h e  u n i v a r i a t e  v a r i a n c e .  Wilks c a l l e d  th e  d e t e r m i n a n t  o f  the  

v a r i a n c e - c o v a r i a n c e  m a t r ix  ( d e t  z )  t h e  G e n e ra l ized  V a r ia n c e  o f  the  mul­

t i v a r i a t e  normal d i s t r i b u t i o n .  In t h e  fo l lo w in g  s e c t i o n s ,  d e t  I  i s  o f ­

f e r e d  as t h e  p r e f e r r e d  a l t e r n a t i v e  s c a l a r  m u l t i v a r i a t e  r i s k  measure  when 

th e  cash  f low  s t ream  i s  modeled by th e  m u l t i v a r i a t e  normal d i s t r i b u t i o n .

Geometric  i n t e r p r e t a t i o n  o f  d e t  z

The d e t e r m in a n t  o f  th e  v a r i a n c e - c o v a r i a n c e  m a t r i x  i s  a measure 

o f  sp read  o r  d i s t a n c e  in a m u l t i v a r i a t e  s e t t i n g .  The g e o m e t r i c  i n t e r ­

p r e t a t i o n  o f  d e t  z w i l l  be deve loped  from two p e r s p e c t i v e s :  1) in  gen­

e r a l ,  the  d e t e r m i n a n t  of  any m a t r i x  w i l l  be shown to  measure  t h e  a r e a /  

volume o f  a p a r a l l e l o g r a m / p a r a l l e l o t o p e  formed by p v e c t o r s  i n  Eucl idean  

s p ace ;  2) More s p e c i f i c a l l y ,  t h e  d e t e r m i n a n t  o f  £ ,  t h e  v a r i a n c e -

s o w i l k s ,  S. S. (1932) " C e r t a i n  G e n e r a l i z a t i o n s  i n  t h e  A na lys is  
o f  V a r i a n c e , "  Biometrika.  Vol.  24: pp. 471-494.
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c o v a r i a n c e  m a t r i x ,  w i l l  be shown to  be p r o p o r t i o n a l  t o  t h e  volume 

squared  o f  t h e  i s o v a r i a n c e  e l l i p s o i d  o f  c o n c e n t r a t i o n  o f  th e  random 

v e c t o r  o f  e x p e c te d  cash  f lows.

D e te rm in a n t  a s  volume. The r a t i o n a l e  f o r  th e  i n t e r p r e t a t i o n  

o f  t h e  d e t e r m i n a n t  as  a measure o f  volume comes from e l e m e n ta ry  l i n e a r  

a l g e b r a . 51 The e v a l u a t i o n  o f  t h e  a r e a  o f  a p a r a l l e l o g r a m  i s  fundamental  

to  t h e  com pu ta t ion  o f  a r ea s  i n  t h e  p l a n e .  I f  a^ ,  ^ 2  a r e  two l i n e a r l y  

in d e p en d en t  v e c t o r s  in  a 2 -d im ens iona l  Euc l idean  space ,  (R^) ,  t h e  t o t a l ­

i t y  o f  a l l  p o i n t s  i n t o  which some f i x e d  p o i n t  i s  c a r r i e d  by a l l  v e c t o r s  

o f  t h e  form x^ax + X2 a2 where Ck_Xx,X2i l ,  forms a p a r a l l e l o g r a m .  The 

g e n e r a l i z a t i o n  to  t h e  p -d im ens iona l  p a r a l l e l o t o p e  fo l l o w s  a n a l o g o u s l y .

I f  a x ,  8 2 , . . . a p  a r e  edge v e c t o r s  o f  Rp, th e n  the t o t a l i t y  o f  a l l  p o i n t s  

in t o  which some f i x e d  p o in t  o f  Rp i s  c a r r i e d  by any v e c t o r  o f  t h e  form 

Xxax+X232+ . . . X p a p  where 0<_x^_<l(i=l,2 , . .  . p )  i s  c a l l e d  a p -d im ens iona l  

p a r a l l e l o t o p e .

To show t h a t  the  d e t e r m i n a n t  m easures  volumes, t h e  e s s e n t i a l  

p r o p e r t i e s  o f  any measure o f  volume a r e  i d e n t i f i e d .  The measure  o f  v o l ­

ume must  be in d e p e n d e n t  of  i t s  o r i g i n .  Area and volume a r e  a f u n c t i o n  

o f  t h e  edge v e c t o r s  a lo n e  r e g a r d l e s s  o f  t h e  l o c a t i o n  o f  t h e  p a r a l l e l o ­

to p e  in  s p a c e .  T h e r e f o re ,  th e  volume o f  a p a r a l l e l o t o p e  hav ing  edge 

v e c t o r s  a x ,  a % . . . a p  i s  de f ined  by V (a^ ,  a2 , . . . a p ) .  The u n i t  v e c t o r s  

a r e  d e f i n e d  i n  Euc l idean  space  a s  e ^ ,  e 2 , . . . 0p. U n i t  v e c t o r s  o f  l e n g t h  

1 a r e  r e c o g n i z e d .  U n i t  volume i s  t h e n  V(e^ ,  e 2 , . . . e p ) = l .  Areas  and

5 ^ S c h e ie r ,  0.  and S p e r n e r ,  E. i l9S9) Modem Algebra, and Matrix 
Theory. New York: Chelsea P u b l i s h i n g  Co. pp. 63-86.
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volumes a re  n o n - n e g a t i v e ;  t h e r e f o r e ,  V(a^ ,  a2 , . . . a p ) > p .  From e l e m e n ta ry  

geom etry ,  p a r a l l e l o g r a m s  w i th  equal bases  and a l t i t u d e s  have th e  same 

a r e a .  T h e re fo re ,  t h e  volume o f  a p -d im ens iona l  p a r a l l e l o t o p e  w i th  edge 

v e c t o r s  a^ ,  a ^ i . - . a p  must  be equal to  t h e  volume o f  the p a r a l l e l o t o p e  

o b ta in e d  by t h e  r e p l a c e m e n t  o f  an a^., l<.i<p,  by a v e c t o r  o f  the  form 

a^+a^ where i f  k ,  U k ^ .  More s p e c i f i c a l l y ,  V (a^ ,  &2 , . . . a ^ . . . a p )  =

V ( a i ,  a 2 , . . . a ^ + a ^ . . . a p ) .  F i n a l l y ,  f o r  a p a r a l l e l o g r a m  with  edge v ec ­

t o r s  a i ,  a2 , . . . a p ,  i f  a^ i s  r ep la ced  by Xâ - t h e n  th e  a r e a  i s  m u l t i p l i e d  

by a b s | x | .  Once a g a i n ,  f o r  a p-dimensiona l  p a r a l l e l o t o p e  V (a i ,  a 2 , . . . ,  

x a ^ . , . . . a p )  = | x | ' V ( a i , a 2 , . . . a ^ , . . . a p ) .  Given t h e  d e s i r e d  p r o p e r t i e s  o f  

volume, S h r e i e r  shows t h a t  t h e  only f u n c t i o n  t h a t  s a t i s f i e s  th e s e  p r o p e r ­

t i e s  i s  the absolu te  value o f  the determinant!  The f i r s t  p ro p e r ty  i s  

s a t i s f i e d  in  t h a t  t h e  d e t e r m i n a n t  i s  a f u n c t i o n  o f  the  v e c t o r s  o f  th e  

m a t r i x ,  the second p r o p e r t y  i s  s a t i s f i e d  because  t h e  d e t e rm in a n t  o f  a 

m a t r i x  o f  ones i s  one ,  t h e  t h i r d  p r o p e r ty  i s  s a t i s f i e d  in  t h a t  th e  ab ­

s o l u t e  value i s  n o n - n e g a t i v e ,  the f o u r t h  p r o p e r t y  i s  s a t i s f i e d  by th e  

i n v a r i a n c e  p r o p e r t y  o f  d e t e r m i n a n t s ,  i . e . ,  D ( a i ,  a 2 , . . . a p )  remains  un­

changed i f  some a^ i s  r e p l a c e d  by a^ + aj^, (i  f  k ) ,  the f i n a l  p r o p e r t y  

i s  s a t i s f i e d  by t h e  homogene ity  p rope r ty  o f  d e t e r m i n a n t s ,  i . e . ,

D ( a i ,  a 2 , . . . a p )  becomes xD*{ai ,  a2 , . . . a p )  i f  any a^ i s  r ep la ced  by Xa^.

From th e  above  a n a l y s i s ,  a formal d e f i n i t i o n  of  the d e t e r m i n a n t  

can be made:

A p -d im en s io n a l  p a r a l l e l o t o p e  in  E u c l id i a n  Rp 

w i th  edge v e c t o r s  a i ,  a z , . . . a p  has t h e

Volume = | 0 ( a i ,  a 2 , . . . a p ) |  (51)
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The volume c o m p u ta t io n  f o r  the 2 -d im ens iona l  p a r a l l e l o g ra m  and 

th e  3 -d im ens iona l  p a r a l l e l o t o p e  can  be e a s i l y  i l l u s t r a t e d  both a l g e b r a ­

i c a l l y  and g e o m e t r i c a l l y . 52 In two dimensions l e t  a j  = ( a n ,  a i 2 ) and 

i 2 = ( a 2 i> 8 2 2 ) ,  then t h e  a r e a  o f  the  p a r a l l e l o g r a m  shown in  Fig.  13 below

Figure 13: Two-dimensional Parallelogram

may be w r i t t e n  as th e  a b s o l u t e  va lu e  of  the  d e t e r m i n a n t  o f  t h e  m a t r ix  

w i th  a^ and a^ as rows o r  columns.  Area e q u a l s  | d e t  A] where

A =
4 1 &12

322

(52)

To show t h a t  th e  a r e a  e q u a l s  t h e  de te rm in a n t  u s i n g  t h e  f a c t  t h a t  d e t  A = 

d e t  A**", ( d e t  A)2 i s  computed.

szThis  p r e s e n t a t i o n  o f  t h e  geometr ic  i n t e r p r e t a t i o n  of  the  de­
t e r m i n a n t  fo l low s  c l o s e l y  t h a t  o f  Will iamson,  R. E. and T r o t t e r ,  H. F. 
(1979) M ultivariate Mathematicsi  Englewood C l i f f s ,  New J e r s e y ,  P r e n t i c e -  
H a l l ,  pp.  144-152.
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(d e t  A)2  = d e t  A*det  A^ = d e t  AA^

= d e t

a n  a 2 2 \  / a n  a 2 i \ ~ [

321 3 2 2 /  \ a i 2 322/

= d e t

a i ' d i  a i * a 2

32*31 32*32

= | 3 l | 2 | 3 2 | 2 -  ( a i ' 3 2 ) 2

= | 3 l |2 | 32 |2  - Ui l^|a2pC0S^e, (53)

where 0 i s  t h e  angle between t h e  v e c t o r s  a i  and a 2 - From b a s i c  t r i g o ­

nometry ,  l-Cos^G = S in ^ e ,  

t h e r e f o r e

( d e t A ) 2  = [ai l ^ | a 2 p S i n ^ 0 .  (54)

Taking t h e  sq u a re  r o o t s  o f  both  s i d e s ,  t h e  a b s o l u t e  v a lu e  o f  the d e t e r ­

m inan t  o f  th e  m a t r ix  A i s

| d e t  A| = | a i 1| a 2 l | S i n 8 | (55)

R e l a t i n g  Equa t ion  55 t o  F ig u r e  13, Eq. 55 i s  t h e  d e s i r e d  a r e a :  base 

l e n g t h ,  | a i |  t imes the  h e i g h t ,  | a 2 | | S i n 0 | .

The computa t ions  i l l u s t r a t e d  above can  be g e n e r a l i z e d  to any 

number o f  d im ens ions .  Any k independen t  v e c t o r s  in  the  Eucl idean  space

Rp, w i t h  k ^ ,  may be c o n s i d e r e d  t o  form a l l  l i n e a r  com bina t ions

(.56)Xxai + ^232 + . . .  A^3^

where Oj<k^_<l, the  r e s u l t i n g  s e t  o f  p o in t s  i s  an p -d im ens iona l  p a r a l l e l o -  

to p e .  A 3-d im ens ional  p a r a l l e l o t o p e  i s  shown in  F i g u r e H ;  the  f a c e s  a r e  

d e t e rm in e d  by th e  v e c t o r  p a i r s  ( ^ , ^ ) ,  ( ^ ,  a^ )  and th e  v e c t o r s
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( i i >  Èz)  de te rm ine  2-d im e n s io n a l  p a r a l l e l o g r a m s  in  R g . ss

f - ' y

Figure 14: Three-dimensional Parallelotope

The volume o f  h ighe r  d im ens iona l  p a r a l l e l o t o p e s  may be e a s i l y  computed 

us ing  a r e c u r s i v e  r e l a t i o n s h i p .  The v e c t o r  hj i s  d e t e rm in e d  by dropping  

a p e r p e n d i c u l a r  from v e c t o r  a_j to  th e  ( j - l ) - d i m e n s i o n a l  subspace  spanned 

by a ^ ,  d. 2 , . . .  Then t h e  l e n g t h  | h j |  i s  t h e  h e i g h t  o f  the  p a r a l ­

l e l o t o p e  de termined  by a ^ ,  ^ 2 ,  . . .  a j , r e l a t i v e  to t h e  base determined 

by a ^ ,  & 2 > • ••  Using t h e  fo l l o w i n g  n o t a t i o n ,  t h e  volume o f  k-

d im ens iona l  p a r a l l e l o t o p e  may be e a s i l y  d e f in e d :

Vi = | a i | ,  o ne -d im ens iona l  volume, o r  l e n g t h  o f  a^.

53Choosing two v e c t o r s  in  Rg le ad s  to  t h e  s p e c i a l  c a s e  i l l u s ­
t r a t e d  i n  F igu re  4.
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^2  = V1 IH2 I,  tw o-d im ens iona l  volume, o r  a r e a ,  o f  th e  

p a r a l l e l o g r a m  d e te rm ined  by a^ and a^ .

V3 = Vgjhg],  t h r e e - d i m e n s i o n a l  volume o f  t h e  p a r a l l e l o ­

tope  d e t e rm in e d  by a ^ ,  ag,  and a^ .

V|  ̂ = V k _ i | h ^ | ,  k -d im ens iona l  volume o f  the  p a r a l l e l o t o p e  

de termined  by a ^ , 3 2 - . .  aĝ .

L ink ing t h e  above fo rm u lae ,  t h e  volume i s

\  = l a i l l h z l l h g l  . . .  | h j  . (57)

More e x p l i c i t l y ,  th e  fo l lo w in g  d e f i n i t i o n  o f  Volume i s  p r e s e n t e d .

I f  a ^ ,  a 2 , . . .  aj^ a r e  v e c t o r s  in  Rp, k<p, then  Vj ,̂ 

t h e  volume o f  th e  k -d im ens iona l  p a r a l l e l o t o p e  

de te rmined  by them, s a t i s f i e s

V2 -

For k = p ,  t h e n ,

Vp = | d e t  ( a - a j ) l ^  = | d e t  a |  , (.59)

k = d e t  ( a ^ . a j ) ,  i ,  j ,  = 1 . . .  k . (58)

where A i s  t h e  p x p m a t r ix  w i th  a ^ ,  a 2 , . . .  3 p as  columns.

G e n e r a l i z e d  v a r i a n c e  and t h e  i s o v a r i a n c e  e l l i p s o i d . The v a r i ­

a n c e - c o v a r i a n c e  m a t r ix  may be e v a l u a t e d  in  terms o f  th e  volume o f  the  

i s o v a r i a n c e  e l l i p s o i d .  The g e n e r a l i z e d  v a r i a n c e ,  d e t  z  i s  a l s o  a 

measure o f  volume. In a p r e v io u s  s e c t i o n  o f  t h i s  s t u d y ,  t h e  volume 

o f  th e  i s o v a r i a n c e  e l l i p s o i d  has been shown t o  be a s e n s i t i v e  s c a l a r
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m u l t i v a r i a t e  r i s k  measure .  One shor tcoming t h a t  has been no ted i s  t h a t  

the  volume o f  t h e  e l l i p s o i d  becomes t e d i o u s  to  compute when th e  number 

o f  cash  f low  p a ra m e te r s  i s  l a r g e .  In t h i s  s e c t i o n ,  d e t  z w i l l  be shown 

to  be p r o p o r t i o n a l  t o  th e  volume o f  t h e  e l l i p s o i d  and easy to  compute.

Given m u l t i v a r i a t e  normal ly  d i s t r i b u t e d  cash  f lo w s ,  t h e  volume 

o f  t h e  i s o v a r i a n c e  e l l i p s o i d  i s

P/ 2
Volume = ( d e t z r t x p ( a ) ] P ' ^ ^ / p  (60)

Once th e  s i z e  o f  t h e  problem i s  de te rm in e d  (number o f  pa ram e te rs  o r  p in 

the above e q u a t i o n )  and the  l e v e l  o f  s i g n i f i c a n c e  i s  i d e n t i f i e d  ( a ,  

above) a l l  te rm s  o t h e r  than  d e t  z a r e  c o n s t a n t s .  For example,  w i th  p=2 

and a = . l ,  then  th e  volume o f  the  r e s u l t i n g  i s o v a r i a n c e  e l l i p s e  i s

Volume = (d e t  e )'^4.61tt (61)

where 4.61 = ch i  s q u a re  t a b l e  va lue  w i t h  2 d eg ree s  o f  freedom and a 

p r o b a b i l i t y  l e v e l  o f  t e n  p e r c e n t .

The d e t e r m i n a n t  o f  th e  v a r i a n c e - c o v a r i a n c e  m a t r ix  measures  t h e  

a r e a  o f  a p a r a l l e l o t o p e  formed by the  edge v e c t o r s  o f  the  v a r i a n c e - c o ­

v a r i a n c e  m a t r i x .  For t h e  two p a ram ete r  c a s e ,  d e t  z measures t h e  a r e a  

o f  th e  p a r a l l e l o g r a m  formed by us ing  e i t h e r  the  row o r  column v e c t o r s  

o f  z. P r o j e c t i n g  t h e s e  v e c t o r s  in  E u c l id ea n  s p a c e ,  the a r e a  o f  th e  p a r ­

a l l e lo g ra m  formed by v e c t o r s  = (a^ ^ ,  a ^ 2 ) and = (ag^ ,  8 2 2 ) i s  

s imply the  d e t e r m i n a n t  o f  th e  r e s u l t i n g  m a t r i x .

s^See  p.  1 1 8 f o r  development o f  the  volume o f  i s o v a r i a n c e  
e l l i p s o i d s .
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> 1 1  “ 1 2

&21 ^22

The r e l a t i o n s h i p  between th e  volume o f  t h e  p a r a l l e l o t o p e  as  

measured  by d e t  E and th e  volume o f  the  i s o v a r i a n c e  e l l i p s o i d ,  i s

Rat io  o f  _ 
Volumes

det E
Volume o f  I s o v a r ian c e  E l l i p s o i d (62)

d e t  E

2g y ( d e t

(63)

A form o f  d e t  E occurs  in  bo th  th e  numerator  and t h e  denominator  o f  the  

above r a t i o .  A f t e r  f a c t o r i n g  d e t  E i n t o  the p r o d u c t  o f  the  square  r o o t  

o f  d e t  E; i . e . .

d e t  E = ( d e t  E) ( d e t  e) 

then  t h e  r a t i o  o f  volumes can  be expressed  g e n e r a l l y  a s

(64)

Rat io  o f  volumes = ( d e tE )^

2 * P / 2 / r ( p / 2 ) . [ x 2 ( a ) ] P / 2 / p

(65)

Given th e  number o f  pa ram ete rs  and the  s i g n i f i c a n c e  l e v e l ,  the 

r a t i o  o f  volumes i s  s im ply  t h e  r a t i o  o f  square  r o o t  o f  the d e te rm in a n t  

and a c o n s t a n t .

For p = 2 and a = .1 0 ,  th e  r a t i o  o f  volumes i s  (de t  e ) ^ /  

14 .48274.  As the  number o f  pa ra m e te r s  in the  problem i n c r e a s e s ,  the



148

r a t i o  o f  t h e  g e n e r a l i z e d  v a r i a n c e  to  t h e  volume o f  t h e  i s o v a r i a n c e  

e l l i p s o i d  i s

P n r  n  - f ?  1  A 1 R at io  o f  _ ( d e t  z ) ^  ( d e t  ( d e t  e P  . . .
rur P - 1 6 ,  a ,  4 . . . ;  \ / n 1 , , m o c  " I d  ÆR5 7A » AR AAQAA 9 Q R  f i QRVn

As th e  s i z e  o f  t h e  problem i n c r e a s e s  (number o f  p e r i o d i c  cash  f l o w s ) ,  

t h e  r a t i o  o f  t h e  two volumes t e n d s  t o  move toward z e r o .  Thus, an i n ­

v e r s e  r e l a t i o n s h i p  between t h e  r a t i o  o f  volumes and t h e  number o f  param­

e t e r s  r e s u l t s .

Holding the  number o f  p a r a m e te r s  c o n s t a n t ,  one can  view th e  

e f f e c t  o f  t h e  p r o b a b i l i t y  l e v e l  on t h e  r a t i o  o f  vo lumes .  As a d e c re a se s  

from 0 .1  t o  .001 ,  the  c h i - s q u a r e  t a b l e  va lue  i n c r e a s e s  from 4 .61  to  

13 .82  f o r  p = 2. The e f f e c t  o f  r a i s i n g  the l e v e l  o f  s i g n i f i c a n c e  i s  to  

i n c r e a s e  t h e  v a lu e  o f  t h e  den o m in a to r  of  t h e  r a t i o  o f  volumes,  r e s u l t i n g  

in  a low er  r a t i o  f o r  a g iven  p p a r a m e te r .  The r a t i o  o f  volume as t h e  

s i g n i f i c a n c e  l e v e l  changes i s  a l s o  an in v e r s e  r e l a t i o n s h i p .  As a i n ­

c r e a s e s ,  t h e  r a t i o  o f  volumes d e c r e a s e s .

Thus ,  t h e  volume o f  t h e  i s o v a r i a n c e  e l l i p s o i d  has been advanced

as  an a p p r o p r i a t e  s c a l a r  m u l t i v a r i a t e  r i s k  measure  and d e t  z i s  p ropo r ­

t i o n a l  t o  t h e  volume o f  th e  e l l i p s o i d s  o f  c o n c e n t r a t i o n  o f  th e  random 

v e c t o r  o f  c a s h  f low s .  This  f u n c t i o n a l  r e l a t i o n s h i p  may be used to sup­

p o r t  t h e  u s e  o f  d e t  z as  a m easu re  o f  t o t a l  r i s k  when th e  c a p i t a l - b u d g e t ­

ing  c a s h  f low s  a r e  modeled u s i n g  th e  m u l t i v a r i a t e  normal d i s t r i b u t i o n .

Det  z i s  an  easy  to  compute and unders tand  s c a l a r  m u l t i v a r i a t e  analogue 

to  t h e  u n i v a r i a t e  v a r i a n c e .  F u r th e rm o re ,  C hap te r  IV shows t h a t  d e t  z 

c o n s i s t e n t l y  ran k s  a l t e r n a t i v e  c a p i t a l  budget ing  p r o j e c t s  in  terms o f  

t o t a l  r i s k  when compared t o  t h e  volume of th e  i s o v a r i a n c e  e l l i p s o i d .
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S t a t i s t i c a l  P r o p e r t i e s  o f  d e t  z

The d e t e rm in a n t  o f  t h e  v a r i a n c e - c o v a r i a n c e  m a t r i x  p l a y s  an  im­

p o r t a n t  p a r t  i n  m u l t i v a r i a t e  s t a t i s t i c a l  th e o ry .  In t h i s  s e c t i o n ,  some 

o f  t h e  u s e s  o f  d e t  z  w i l l  be o u t l i n e d  to  show the  im p o r tan ce  o f  d e t  z  

a s  a m u l t i v a r i a t e  analogue t o  t h e  u n i v a r i a t e  v a r i a n c e .  W i l k s , 55 in  

h i s  i n i t i a l  p ap e r  which s u g g e s te d  d e t  E, was i n t e r e s t e d  i n  d e ve lop ing  

a m u l t i v a r i a t e  g e n e r a l i z a t i o n  o f  t h e  u n i v a r i a t e  v a r i a n c e .  Fo llowing  

t h e  work o f  W ish a r t  who deve loped  th e  d i s t r i b u t i o n  o f  th e  v a r i a n c e -  

c o v a r i a n c e  m a t r i x , 56 Wilks showed t h a t  t h e  d i s t r i b u t i o n  o f  t h e  g e n e r a l ­

i z e d  v a r i a n c e  f o r  n = 1 r e s u l t s  i n  t h e  well-known d i s t r i b u t i o n  o f  t h e  

v a r i a n c e  i n  samples of  a s i n g l e  v a r i a t e . s ?  In the  same p a p e r ,  Wilks 

a l s o  r e c o g n iz e d  t h a t  i f  t h e  n th  r o o t  o f  th e  g e n e r a l i z e d  v a r i a n c e  i s  

t a k e n  then  th e  r e s u l t i n g  measure would be t h e  geometr ic  mean o f  the  

v a r i a n c e s  o f  t h e  n v a r i â t e s  m u l t i p l i e d  by the  n th  r o o t  o f  t h e  c o r r e l a ­

t i o n s  among th e  n v a r i a b l e s . 58

The d e t  E plays  an i m p o r t a n t  r o l e  in  the  m u l t i v a r i a t e  e x t e n s i o n  

o f  the  F - t e s t  used in many m u l t i v a r i a t e  s i g n i f i c a n c e  t e s t s .  Wilks '  A 

u ses  t h e  r a t i o  o f  the  d e t e r m i n a n t s  o f  the  w i th i n - g r o u p s  sum o f  squa re s

s s w i lk s ,  S. S. (1932) pp. 471-494.

56Anderson,  T. W. (1958) pp. 154-153 f o r  a d e t a i l e d  d i s c u s s i o n  
o f  the  W i s h a r t  d i s t r i b u t i o n .

5?Wilks ,  S. S. (1932) p. 477.

55a p r e f e r e n c e  f o r  t h e  g e o m e t r i c  mean ve r s u s  t h e  a r i t h m e t i c  
mean has r e c e i v e d  c o n s i d e r a b l e  a t t e n t i o n  in  th e  f i n a n c e  l i t e r a t u r e .  The 
r e a s o n  f o r  t h i s  p r e f e r e n c e  i s  i l l u s t r a t e d  in  F r a n c i s ,  J .  C. and A rcher ,  
S. H. (1979) P o rtfo lio  A nalysis. 2nd Ed. Englewood C l i f f s ,  New 
J e r s e y :  P r e n t i c e - H a l l  ; pp. 12 -1 3 ,  where the y  show c a s e s  where  t h e  
s i m p l e r  a r i t h m e t i c  mean can  r e s u l t  i n  m is lead in g  and o f t e n  n o n s e n s ic a l  
r e s u l t s .
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and c r o s s - p r o d u c t s  m a t r i x  and the  t o t a l  sample SSCP m a t r i x .  In t h e  

u n i v a r i a t e  c a s e ,  W i lks '  A i s  i n v e r s e l y  p r o p o r t i o n a l  to  th e  F - r a t i o .

The e f f e c t  o f  t h i s  i n v e r s e  r e l a t i o n s h i p  i s  t h a t  F i n c r e a s e s  a s  th e  

v a r i a t i o n  i n c r e a s e s ;  w hereas ,  A d e c r e a s e s  w i th  g r e a t e r  v a r i a t i o n .  This  

r e l a t i o n s h i p  h o ld s  a s  well  f o r  t h e  m u l t i v a r i a t e  ca s e .

C o n s i d e r a b l e  work on th e  p r o p e r t i e s  o f  d e t  E and on i t s  use  

in  p r a c t i c a l  c l a s s i f i c a t i o n  problems has been r e p o r t e d  in  t h e  s t a t i s t i c s  

l i t e r a t u r e .  Anderson^s  de r iv e d  th e  d i s t r i b u t i o n  o f  the  sample g e n e r a l ­

ized  v a r i a n c e  o f  a m u l t i v a r i a t e  normal d i s t r i b u t i o n  to  be t h e  same as  

th e  d i s t r i b u t i o n  o f  t h e  p o p u la t io n  g e n e r a l i z e d  v a r i a n c e  t im es  the  

p ro d u c t  o f  p i n d e p e n d e n t  f a c t o r s ,  t h e  d i s t r i b u t i o n  o f  th e  i t h  f a c t o r  

being th e  x— d i s t r i b u t i o n  with  (N - i )  d e g r e e s  o f  freedom. Baga i ,^^

Mathai and Rath ie ,®^ and Mathai®^ deve loped  e x a c t  d i s t r i b u t i o n s  o f  the  

sample g e n e r a l i z e d  v a r i a n c e  and th e  r a t i o  o f  two independen t  sample 

g e n e r a l i z e d  v a r i a n c e s .  Goodman®^ ex tended  the  d i s t r i b u t i o n - t h e o r y  work 

to  i n c l u d e  t h e  c a s e  where the m u l t i v a r i a t e  random v a r i a b l e s  a r e  complex,  

i . e . ,  w i th  r e a l  and im aginary  p a r t s  to  t h e  random v a r i a b l e s .

59Anderson,  T. W. (1958) pp.  170-173.

GOBagai, 0.  P. (1965) "The D i s t r i b u t i o n  o f  th e  G e n e r a l i z e d  V a r i ­
an c e ,"  Annals o f  Mathematical S t a t i s t i c s .  Vol.  36: pp. 120-130.

GiMathai ,  A. M. and R a t h i e ,  P. M. (1967) "The Exac t  D i s t r i b u t i o n  
o f  W i lks '  G e n e r a l i z e d  Var iance in  t h e  Non-Central  L inear  C ase ,"  sankhya. 
Vol. 29: pp. 45 -60 .

G^Mathai,  A. M. (1972) "The E xac t  D i s t r i b u t i o n  o f  Three  M u l t i ­
v a r i a t e  S t a t i s t i c s  A ssoc ia ted  w i th  W i lks '  Concept  of  G en e ra l i z e d  V a r i ­
a n c e ,"  Sankhya. Vol.  34: pp. 161-170.

G^Goodman, N. R. (1963) "The D i s t r i b u t i o n  o f  th e  D e te rm in an t  o f  
a Complex W is h a r t  D i s t r i b u t e d  M a t r i x , "  Annals o f  Mathematical s t a t i s t i c s .  
Vol. 34:  pp. 178-180.
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SokalG^ advoca tes  t h e  g e n e r a l i z e d  v a r i a n c e  f o r  use in  s y s t e m a t ­

i c  work t o  answer q u e s t i o n s  such as  " i s  p o p u l a t i o n  A more v a r i a b l e  than  

p o p u l a t i o n  B" o r  " w h a t a r e  t h e  o v e r a l l  v a r i a b i l i t i e s  of  a s e r i e s  o f  sam­

p l e s ? " .  Goodman®^ used the g e n e r a l i z e d  v a r i a n c e  t o  compare o v e r a l l  v a r ­

i a b i l i t y  o f  d i f f e r e n t  p o p u la t i o n s  o f  maize and c o t t o n .  The r e p o r t e d  

a b i l i t y  t o  d i s c r i m i n a t e  s u c c e s s f u l l y  between p o p u la t io n s  w h i l e  u s in g  d e t  

s  as  t h e  measure  o f  v a r i a b i l i t y  shows t h e  u s e f u l n e s s  o f  the  g e n e r a l i z e d  

v a r i a n c e  a s  a m u l t i v a r i a t e  s c a l a r  measure  o f  o v e r a l l  v a r i a b i l i t y .  Addi­

t i o n a l  u s e s  o f  d e t  s to  rank  p o p u l a t i o n s  have been r e p o r t e d  i n  th e  s t a ­

t i s t i c s  l i t e r a t u r e .  These works w i l l  be a d d re s s e d  in Chap te rs  IV and V.

E igenva lue s  and d e t  l

The g e n e r a l i z e d  v a r i a n c e  has been shown to  be a m u l t i v a r i a t e  

a na logue  o f  th e  u n i v a r i a t e  v a r i a n c e .  A n a ly s i s  o f  the r e l a t i o n s h i p s  be­

tween t h e  v a r i a n c e - c o v a r i a n c e  m a t r i x ,  t h e  c o r re spond ing  e i g e n v a lu e s  and 

e i g e n v e c t o r s ,  and the  g e n e r a l i z e d  v a r i a n c e  p ro v id e s  a d d i t i o n a l  i n s i g h t s  

a n d / o r  j u s t i f i c a t i o n  f o r  t h e  use o f  d e t  z as  a m u l t i v a r i a t e  s c a l a r  r i s k  

measure .

A n a ly s i s  o f  the  e ig e n v a lu e s  r e a d i l y  i d e n t i f i e s  c a s e s  where the  

m u l t i v a r i a t e  normal d i s t r i b u t i o n  i s  d e g e n e r a t e ,  i . e . ,  the  v a r i a n c e - c o ­

v a r i a n c e  m a t r i x  i s  s i n g u l a r .  When one o r  more e i g e n v a lu e s  o f  s i s  equal 

t o  z e r o ,  t h e  v a r i a n c e - c o v a r i a n c e  m a t r ix  i s  s i n g u l a r .  Ta tsuoka^^  s t a t e s

G^Sokal ,  R. R. (1965) " S t a t i s t i c a l  Methods in  S y s t e m a t i c s , "  
B iological Review. Vol.  40:  pp. 337-391.

ssQoodman, M. M. (1968) "A Measure o f  Overal l  V a r i a b i l i t y  in  
P o p u l a t i o n s , "  B i o m e t r i c s . Vo1 . 24: pp. 189-192.

GGTatsuoka, M. M. (1971) p. 127.
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t h a t  "Even though t h e  p r e s e n c e  o f  j u s t  one e i g e n v a lu e  equal  to  ze ro  i s  

s u f f i c i e n t  to a s s u r e  t h a t  (M a t r ix )  A i s  s i n g u l a r ,  we somehow f e e l  t h a t  

i t  i s  'more s i n g u l a r '  w i th  a g r e a t e r  number o f  zero e i g e n v a l u e s , "  Eval­

u a t i n g  th e  e ig e n v a lu e s  shows t h a t  i n  th e  case  o f  a d e g e n e r a t e  m u l t i ­

v a r i a t e  normal d i s t r i b u t i o n  t h e  a g g r e g a t e  v a r i a n c e  o f  th e  o r i g i n a l  p 

v a r i a b l e s  can be accounted  f o r  by a s m a l le r  number o f  t r ans fo rm ed  

v a r i a b l e s .

A n a ly s i s  o f  the  e i g e n v a l u e s  o f  a v a r i a n c e - c o v a r i a n c e  m a tr ix  

a l s o  p ro v id e s  i n s i g h t  i n t o  t h e  b e h a v io r  of  the  g e n e r a l i z e d  v a r i a n c e  

o r  d e t  z.  The g e n e r a l i z e d  v a r i a n c e ,  d e t  z,  has been shown to  be a sca­

l a r  m u l t i v a r i a t e  r i s k  measure .  The e ig en v a lu e s  o f  the  v a r i a n c e - c o v a r i ­

ance  m a t r i x  p rov ide  i n s i g h t s  i n t o  t h e  a n a l y s i s  o f  s i n g u l a r  o r  n e a r ­

s i n g u l a r  r i s k  s t r u c t u r e s .  This  a n a l y s i s  i s  d e r iv e d  from the f a c t  t h a t  

d e t  z i s  equal to t h e  p r o d u c t  o f  t h e  e ig e n v a lu e s .  T h e r e f o r e ,  i f  one 

o r  more e ig e n v a lu e s  i s  equal to  z e r o ,  then d e t  z must be equal to zero .  

TatsuokaG? o u t l i n e s  t h e  p ro o f  t h a t  

P
n X -  = d e t  z.  

i = l  ^

The e s s e n t i a l s  o f  t h e  p ro o f  a r e  based on the  t h e o ry  o f  e q u a t i o n s .  By 

d e f i n i t i o n ,  th e  e ig e n v a lu e s  x̂ . a r e  t h e  ro o t s  o f  t h e  c h a r a c t e r i s t i c  

e q u a t i o n

1  ̂ -  X_I_| = 0,  (66)

which i s  a polynomial  e q u a t i o n  o f  d eg ree  p in  x. I f  x^, X2 , . . .Xp a re  

t h e  r o o t s  o f  the  polynomial

67Tatsuoka,  M. M. (1971) p.  126.
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C + C2X^ ^ + . . . +  c = 0 ,  (.67)

then

P
H X. = (-l)P(C /C  ), (68)

i = l  1 P 0

where C„ i s  t h e  c o n s t a n t  term and C i s  t h e  c o e f f i c i e n t  o f  x^ in  t h e  
P 0

c h a r a c t e r i s t i c  e q u a t i o n .  By expans ion  o f  th e  c h a r a c t e r i s t i c  d e t e r m i n a n t ,  

Cq = ( - l ) P  and Cp can  be found by s e t t i n g  t h e  X v e c t o r  equal  to  z e r o ,

i . e .  Cp = 1^ -  0^1 = d e t  E. T h e r e f o r e ,  t h e  a s s e r t i o n  t h a t  the  p r o d u c t  

o f  t h e  e i g e n v a l u e s  equa l s  d e t  z f o l l o w s  im m ed ia te ly .

The g e n e r a l i z e d  v a r i a n c e  may be e a s i l y  shown to be i n v a r i a n t  

to an o r t h o g i n a l  t r a n s f o r m a t i o n  o f  t h e  o r i g i n a l  c a s h - f lo w  v e c t o r .  From 

A n d e r s o n , 68 l e t  = CX r e p r e s e n t  an o r th o g o n a l  t r a n s f o r m a t i o n  o f  a r a n ­

dom v e c t o r  X .  Let  E(X) = 0 and E()U'  ) = z.  Then E(V_) = 0 and E(VV_') = 

C z C . Then t h e  g e n e r a l i z e d  v a r i a n c e  o f  V i s

d e t  (CzC ) = d e t  C d e t  Z / d e t  C

= d e t  Z / d e t  ÇC' = d e t  z ,  (69)

which i s  t h e  g e n e r a l i z e d  v a r i a n c e  o f  X. The a b i l i t y  of  t h e  a n a l y s t  to

decompose a c o m p l i c a t e d  m atr ix  i n t o  t h e  p r o d u c t  o f  m a t r i c e s  i s  p a r t i c u ­

l a r l y  i m p o r t a n t  f o r  t h e  a n a l y s i s  o f  r i s k  i n  c a p i t a l - b u d g e t i n g  p rob lem s .

In t h e  c o n t e x t  o f  t h e  problem a t  hand,  the  d e t e r m i n a n t  o f  th e  d i s c o u n t e d  

v a r i a n c e - c o v a r i a n c e  m a t r ix  may be e a s i l y  decomposed i n t o  th e  p r o d u c t  

o f  t h e  d e t e r m i n a n t s  o f  the  d i s c o u n t  f a c t o r  d ia g o n a l  m a t r i x ,  th e  v a r i a n c e  

diagonal  m a t r i x ,  and th e  symmetric c o r r e l a t i o n  m a t r i x .  This  decomposi ­

t i o n  i s  d i s c u s s e d  in  d e t a i l  in  C hap te r  IV.

68A nderson ,  T. W. (1958) p. 277.
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Eigenvalues  and th e  c o r re s p o n d in g  e i g e n v e c t o r s  a l s o  p rov ide  

i n s i g h t  i n t o  the  r e l a t i o n s h i p  between the g e n e r a l i z e d  v a r i a n c e ,  d e t  z, 
and t h e  i s o v a r i a n c e  e l l i p s o i d ,  X'z'^X = C, o f  t h e  m u l t i v a r i a t e  normal 

d e n s i t y .  Det  z measures t h e  volume o f  t h e  p a r a l l e l o t o p e  formed by th e  

v e c t o r s  o f  z. Det z i s  i n v a r i a n t  to  an o r thogona l  t r a n s f o r m a t i o n  o f  

t h e  o r i g i n a l  v a r i a b l e s .  In a d d i t i o n ,  d e t  z i s  equa l  t o  t h e  p ro d u c t  o f  

t h e  e i g e n v a l u e s  of  z. The above  r e l a t i o n s  may be used t o  e v a l u a t e  the  

p r i n c i p a l  axes  of  t h e  i s o v a r i a n c e  e l l i p s o i d .  From e l e m e n ta ry  geometry ,  

t h e  p r i n c i p a l  axes o f  e l l i p s o i d s  a r e  m u tu a l ly  o r t h o g o n a l .

From F rank l in?o  the  geo m e t r ic  i n t e r p r e t a t i o n  o f  th e  e ig e n ­

v a l u e s  and e i g e n v e c t o r s  i s  t h a t  t h e  p r i n c i p a l  axes  o f  t h e  i s o v a r i a n c e  

e l l i p s o i d ,  = C_ a r e  t h e  e i g e n v e c t o r s  o f  the  r e a l  symmetric m a t r ix

z and th e  squared  le n g th  o f  t h e  p r i n c i p a l  a x i s  a s s o c i a t e d  w i th  the 

e i g e n v a l u e  x_. i s  4 x X .

The r e l a t i o n s h i p  be tween d e t  z and th e  i s o v a r i a n c e  e l l i p s e  in  

te rm s  o f  th e  e ig en v a lu e s  o f  z may be e a s i l y  d eve loped  f o r  th e  b i v a r i a t e  

c a s e .  For ease o f  c om pu ta t ion  and e x p l a n a t i o n ,  l e t  C = 1 . 0 ,  i . e . ,  th e  

u n i t  e l l i p s e .  The u n i t  e l l i p s e  f o r  a sample p r o j e c t  w i th  ^  = 15, = 20,

= ^2  = 5,  and p # =  .6 can be c o n s t r u c t e d .  For equal  s t a n d a r d  d e v i a ­

t i o n s ,  t h e  m a jo r - a x i s  makes a  45° a n g l e  with t h e  X ^ - a x i s ,  w h i l e  the  

m i n o r - a x i s  i s  p e r p e n d i c u l a r  t o  th e  m a j o r - a x i s .  To d e t e rm in e  the  l e n g th  

o f  t h e  a x e s ,  the  e ig e n v a lu e s  o f  the  v a r i a n c e - c o v a r i a n c e  m a t r ix  a r e

Gspbr independen t  c a s h  f low streams th e  i s o v a r i a n c e  e l l i p s e /  
e l l i p s o i d  i s  a c i r c l e / s p h e r e  and the  m u tua l ly  o r th o g o n a l  p r i n c i p a l  axes 
a r e  n o t  un ique .

fO Frank l in ,  J .  N. (1968) Matrix Theory. Englewood C l i f f s ,  New 
J e r s e y ;  P r e n t i c e - H a l l .  pp. 94-98.
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computed,  th e n  a x i s  l e n g th s  equal  t o  /4x .C  a r e  computed. For t h e  

example p r o j e c t ,  t h e  sample v a r i a n c e - c o v a r i a n c e  m a t r ix  i s

25 15

z  =

15 25

170)

A f t e r  expans ion  o f  t h e  c h a r a c t e r i s t i c  d e t e r m in a n t ,  t h e  e i g e n v a l u e s  a r e  

the  r o o t s  o f  t h e  c h a r a c t e r i s t i c  e q u a t i o n

X -  50X + 400 = 0. (.71)

Using th e  q u a d r a t i c  f o rm u la ,  the  r o o t s  a r e  Xi = 40 ,  X2 = 10. Then th e  

squared  l e n g t h  o f  t h e  m a jo r - a x i s  i s  4(4Q),(1,0.It16O and th e  squa red  length ,  

m in o r - a x i s  i s  4 ( 1 0 ) ( 1 . 0 )  = 40.  The v a l u e  o f  d e t  z  i s  400 which may 

e a s i l y  be v e r i f i e d  by e i t h e r  computing th e  d e t e rm in a n t  o f  th e  2x 2 v a r i -  

a n c e - c o v a r i a n c e  m a t r i x ,  (Eq. 70 above)  o r  by computing the p r o d u c t  o f  

th e  e i g e n v a l u e s .

The r e l a t i o n s h i p  between t h e  u n i t a r y  i s o v a r i a n c e  e l l i p s e  and th e  

i n s c r i b e d  p a r a l l e l o g r a m  formed by t h e  p r i n c i p a l  axes o f  th e  e l l i p s e  i s  

e a s i l y  d e v e lo p e d .  Due to  t h e  o r th o g o n a l  n a t u r e  o f  th e  p r i n c i p a l  a x e s ,  t h e  

a rea  o f  t h e  p a r a l l e l o g r a m  i s  f o u r  t im es  t h e  a rea  o f  any one o f  t h e  f o u r  

s i m i l a r  r i g h t  t r i a n g l e s .  Using one h a l f  t h e  major a x i s  as t h e  base  and 

one h a l f  t h e  minor  a x i s  as t h e  h e i g h t ,  t h e  a rea  o f  th e  r e s u l t i n g  r i g h t  

t r i a n g l e  i s :

A -  %(2X]^*2X2) 

-  2X1X2 .

(72)

The a r e a  o f  each  o f  th e  r i g h t  t r i a n g l e s  t h a t  form t h e  i n s c r i b e d
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p a r a l l e l o g r a m  i s  equal to  two t im e s  th e  g e n e r a l i z e d  v a r i a n c e  o r  the  

d e t e r m i n a n t  o f  the v a r i a n c e - c o v a r i a n c e  m a t r ix .  Then,  t h e  a r e a  o f  the 

i n s c r i b e d  p a ra l l e lo g ra m  i s  equal  to  e i g h t  t imes  d e t  E .  Summarizing, 

d e t  Z  i s  d i r e c t l y  p r o p o r t i o n a l  to  t h e  a rea  o f  th e  i s o v a r i a n c e  e l l i p s e .

Chapter  I I I  o f  t h i s  s tu d y  has l a i d  t h e  groundwork f o r  a 

m u l t i v a r i a t e  approach t o  th e  a n a l y s i s  o f  r i s k y  c a p i t a l - b u d g e t i n g  p ro j ­

e c t s .  The m u l t i v a r i a t e  app roach  was shown to  be n e c e s s a r y  to  account  

f o r  t h e  in t e r t e m p o ra l  r e l a t i o n s h i p s  among the  f u t u r e  c a s h  f lo w s .  The 

v a r i a n c e - c o v a r i a n c e  m a t r ix  i s  a n a t u r a l  g e n e r a l i z a t i o n  o f  th e  u n i v a r i ­

a t e  v a r i a n c e ;  as such ,  the  a n a l y s i s  o f  p r o j e c t  v a r i a b i l i t y  r e q u i r e s  th e  

a n a l y s i s  o f  the  v a r i a n c e - c o v a r i a n c e  s t r u c t u r e .  When the  cash  f low 

s t r e a m  i s  modeled by th e  m u l t i v a r i a t e  normal d i s t r i b u t i o n ,  the  e l l i p s e /  

e l l i p s o i d s  o f  c o n c e n t r a t i o n  ( i s o v a r i a n c e  e l l i p s e / e l l i p s o i d )  g e o m e t r i c a l ­

l y  d e p i c t s  the  v a r i a n c e - c o v a r i a n c e  s t r u c t u r e .  The need to  compare a l ­

t e r n a t i v e  c a p i t a l - b u d g e t i n g  p r o j e c t s  o r  to rank  p r o j e c t s  r e q u i r e s  s c a l a r  

measures  o f  r e t u r n  and r i s k .  The expec ted n e t  p r e s e n t  va lu e  i s  a w e l l -  

a c c e p te d  measure o f  p r o j e c t  r e t u r n .  This  s tu d y  has i d e n t i f i e d  and de­

v e loped  in  d e t a i l  t h r e e  s c a l a r  m u l t i v a r i a t e  r i s k  m e asu re s :  1 . a r e a /

volume o f  the  i s o v a r i a n c e  e l l i p s e / e l l i p s o i d ;  2 . v a r i a n c e  o f  th e  n e t  

p r e s e n t  v a l u e ;  and ,  3. g e n e r a l i z e d  v a r i a n c e .  In C h ap te r  IV, t h e s e  r i s k  

measures  a r e  eva lua ted  u s ing  s im p le  cash  f low p a t t e r n s .  In a d d i t i o n ,  

t o  a c c o u n t  f o r  d i f f e r e n c e s  i n  p r o j e c t  s i z e ,  m u l t i v a r i a t e  ana logues  of 

t h e  u n i v a r i a t e  c o e f f i c i e n t  o f  v a r i a t i o n  a re  p r e s e n t e d .



CHAPTER IV

EVALUATION OF SCALAR MULTIVARIATE RISK MEASURES 

I n t r o d u c t i o n

Chapte r  I I I  o f  t h i s  s tudy  has p r e s e n te d  a m u l t i v a r i a t e  approach  

t o  th e  a n a l y s i s  o f  r i s k y  i n t e r t e m p o r a l l y  c o r r e l a t e d  c a p i t a l - b u d g e t i n g  

p r o j e c t s .  Given t h e  a ssumpt ion  of  m u l t i v a r i a t e  normal ly  d i s t r i b u t e d  

cash f low s t r e a m s ,  r i s k  a n a l y s i s  r e q u i r e s  t h e  i n t e r p r e t a t i o n  and com­

p a r i s o n  o f  v a r i a n c e - c o v a r i a n c e  m a t r i c e s .  These m a t r i c e s ,  however, a r e  

n o t  d i r e c t l y  comparab le  and a r e  no t  amenable to  th e  rank ing  and s e l e c ­

t i o n  problems a s s o c i a t e d  w i th  c a p i t a l - b u d g e t i n g  d e c i s i o n s .  The need to  

rank a l t e r n a t i v e  p r o j e c t s  r e q u i r e s  t h e  development  o f  s c a l a r  measures  

t h a t  a r e  in  some sen se  " o p t im a l " .  As p r e v i o u s l y  s t a t e d ,  o p t i m a l i t y  im­

p l i e s  t h a t  th e  s c a l a r  measures :

1 . a r e  r e a s o n a b l e ,  and have i n t u i t i v e  a p p e a l ;

2 . use  a l l  a v a i l a b l e  in fo rm a t io n ;

3. can be a p p l i e d  ac ro ss  a wide range  o f  problems;  and ,

4.  a r e  t h e o r e t i c a l l y  s u p p o r t a b l e .

Given t h e s e  c r i t e r i a ,  t h r e e  s c a l a r  m u l t i v a r i a t e  measures  o f  t o t a l  v a r i ­

a b i l i t y  have been p r e s e n t e d :  1 . a rea /vo lum e o f  t h e  i s o v a r i a n c e  e l l i p s e /

e l l i p s o i d ;  2. v a r i a n c e  o f  t h e  n e t  p r e s e n t  v a lu e  d i s t r i b u t i o n ;  and 3. g en ­

e r a l i z e d  v a r i a n c e .
157
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In t h i s  c h a p t e r ,  c a p a b i l i t i e s  o f  the  s c a l a r  r i s k  measures  to 

measure p r o j e c t  v a r i a b i l i t y  a r e  e v a l u a t e d  and compared.  P r i n c i p a l  a r e a s  

o f  i n t e r e s t  a r e :  I .  i n t e r p r e t a t i o n  o f  each  r i s k  measure in  te rms o f  a

s imple  idea  o f  r i s k ;  2 . t r e a t m e n t  o f  d i f f e r e n c e s  in t im in g  and s c a l e  o f  

t h e  c a p i t a l  b u d g e t in g  cash f low s t r e a m s ;  3. decom posi t ion  o f  t h e  r i s k  

measure  t o  enhance s e n s i t i v i t y  a n a l y s i s ;  and 4. a n a l y s i s  o f  l i m i t a t i o n s  

a s s o c i a t e d  w i th  each s c a l a r  m u l t i v a r i a t e  r i s k  measure.

I n t e r p r e t a t i o n  o f  S c a l a r  Risk Measures

Risk has been de f ined  a s  t h e  v a r i a b i l i t y  o f  th e  f u t u r e  c a s h  

f low s t r e a m .  With such a g e n e ra l  d e f i n i t i o n ,  t h e r e  e x i s t s  c o n s i d e r a b l e  

c o n t r o v e r s y  a s  t o  t h e  most a p p r o p r i a t e  r i s k  measure .  In th e  c a s e  o f  

t h e  u n i v a r i a t e  normal d i s t r i b u t i o n ,  t h e  v a r i a n c e  o r  the  s t a n d a r d  d e v i a ­

t i o n  can be shown t o  have d e s i r a b l e  s t a t i s t i c a l  p r o p e r t i e s .  Depending 

on th e  n a t u r e  o f  t h e  d a t a  and t h e  a n a l y s i s  problem a t  hand,  o t h e r  mea­

s u r e s  o f  v a r i a b i l i t y  such as t h e  range  o r  t h e  mean a b s o l u t e  d e v i a t i o n  

may be a p p r o p r i a t e .

When th e  d a t a  a re  m u l t i v a r i a t e  normal ,  t h e  v a r i a n c e - c o v a r i a n c e  

m a t r ix  £  has been shown to be t h e  n a t u r a l  e x t e n s i o n  o f  th e  u n i v a r i a t e  

v a r i a n c e .  The need f o r  s c a l a r  m u l t i v a r i a t e  measures  o f  v a r i a b i l i t y  has 

r e s u l t e d  in  t h e  development o f  t h r e e  r i s k  measures  (a re a /v o lu m e ,  v a r i ­

ance  o f  n e t  p r e s e n t  v a lu e ,  and g e n e r a l i z e d  v a r i a n c e )  t h a t  d e p i c t  d i f f e r ­

e n t  a s p e c t s  o f  m u l t i v a r i a t e  v a r i a b i l i t y .  In t h i s  s e c t i o n  o f  t h e  s t u d y ,  

t h e s e  measures  a r e  r e c o n c i l e d  to  r e f l e c t  d i f f e r e n t  a s p e c t s  o f  v a r i a b i l i t y  

o r  r i s k .
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In th e  s i n g l e - p e r i o d  ( u n i v a r i a t e )  c a s e ,  t h e  a rea /vo lum e o f  th e  

i s o v a r i a n c e  e l l i p s e / e l l i p s o i d  reduces  t o  a measure  o f  Euc l idean  l e n g t h  

o r  d i s t a n c e .  The v a r i a n c e  o f  t h e  n e t  p r e s e n t  v a l u e  and th e  g e n e r a l i z e d  

v a r i a n c e  both reduce  t o  t h e  u n i v a r i a t e  v a r i a n c e .  As such ,  a l l  t h r e e  

s c a l a r s  a r e  a measure o f  d i s t a n c e  o r  s p r e a d .

The b i v a r i a t e  normal d i s t r i b u t i o n  i s  o f t e n  s t u d i e d  because  

t h i s  two-dimensiona l  c a s e  can be e a s i l y  d e s c r i b e d  g e o m e t r i c a l l y .  In 

a d d i t i o n ,  the  b i v a r i a t e  r e s u l t s  may be im m edia te ly  g e n e r a l i z e d  t o  any 

p -d im en s io n a l  m u l t i v a r i a t e  normal d i s t r i b u t i o n .

The q u a d r a t i c  form in  th e  exponent  o f  m u l t i v a r i a t e  normal d i s ­

t r i b u t i o n s ,

( X - u ) ' l - M x - u )  = C (.1)

i d e n t i f i e s  i s o v a r i a n c e  e l l i p s e s  in  th e  b i v a r i a t e  c a s e  and i s o v a r i a n c e  

e l l i p s o i d s  fo r  m u l t i v a r i a t e  c a s e s .  The a rea /vo lum e^  o f  t h e s e  e l l i p s e s /  

e l l i p s o i d s  has been shown to be a s c a l a r  m u l t i v a r i a t e  measure t h a t  de­

p i c t s  t h e  v a r i a n c e - c o v a r i a n c e  s t r u c t u r e .  In t h e  b i v a r i a t e  c a s e  t h e  

e l l i p s e s  a r e  c r o s s - s e c t i o n s  o f  t h e  b i v a r i a t e  h i l l  mass formed by p la n es  

p a r a l l e l  to  the  a x e s .  Area i s  dependen t  upon t h e  magni tude  o f  t h e  v a r i ­

a n c e s ,  th e  degree  o f  c o r r e l a t i o n , % and th e  l o c a t i o n  on t h e  b i v a r i a t e  h i l l

1 Area/volume =_  2 t t
P/2

\ P / 2 )
Xp(a)

P / 2 ,
'P

^Holding th e  v a r i a n c e s  and C c o n s t a n t ,  a r e a  i s  a t  a maximum 
when P i 2 = 0. Area d e c l i n e s  a s  P12 i n c r e a s e s  t o  t h e  p o i n t  where ^12  = +^;  
a t  t h i s  p o i n t ,  a r e a  i s  no lo n g e r  meaningful because  th e  i s o v a r i a n c e  
e l l i p s e  has c o l l a p s e d  i n t o  a s t r a i g h t  l i n e .
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mass where  t h e  s l i c e  i s  made .s  Holding C c o n s t a n t ,  and t r a n s fo rm in g  

t h e  d i s t r i b u t i o n  such t h a t  t h e  c e n t r o i d  o f  t h e  e l l i p s e  i s  a t  t h e  o r i g i n ,  

a r e a  i s  a f u n c t i o n  o f  th e  v a r i a n c e - c o v a r i a n c e  m a t r i x .  Viewing th e  

s p e c i a l  c a s e  where P12 = 0 , t h e  a r e a  o f  th e  r e s u l t i n g  i s o v a r i a n c e  c i r ­

c l e  i s  a f u n c t i o n  of  the  d ia gona l  m a t r ix  o f  v a r i a n c e s .  R e l a t i n g  area  

to  t o t a l  r i s k ,  p r o j e c t s  w i th  t h e  l a r g e r  a re a  a r e  i n t e r p r e t e d  to  have 

th e  s m a l l e r  v a r i a b i l i t y  o r  t o t a l  r i s k .

The v a r i a n c e  o f  th e  n e t  p r e s e n t  va lue  (VNPV) i s  a weighted  sum 

o f  t h e  d i s c o u n t e d  v a r i a n c e - c o v a r i a n c e  e l e m e n t s . ^  In t h e  s p e c i a l  case 

where P12 " 0» VNPV i s  equal  t o  t h e  t r a c e  o f  m a t r ix  DVC. The t r a c e  o f  

a m a t r ix  i s  a l s o  equal t o  t h e  sum o f  th e  e i g e n v a lu e s  o f  a m a t r i x .  Re­

l a t i n g  t h e  VNPV to  t h e  i s o v a r i a n c e  e l l i p s e ,  th e  l e n g t h s  o f  th e  axes o f  

the  i s o v a r i a n c e  e l l i p s e  a r e  equal  to  4x^C, where i d e n t i f y  th e  e igen­

v a lu e s  o f  m a t r ix  DVC and C i s  a p o s i t i v e  c o n s t a n t .  In t h e  b i v a r i a t e  

c a s e ,  VNPV = X1+X2 . T h e r e f o r e ,  VNPV i s  i n t e r p r e t e d  as be ing  p r o p o r t i o n ­

al  to  t h e  sum o f  the  l e n g t h s  o f  t h e  axes  o f  t h e  i s o v a r i a n c e  e l l i p s e .

With t h i s  i n t e r p r e t a t i o n ,  p r o j e c t  r an k in g s  based on VNPV and a r e a / v o l ­

ume o f  t h e  e l l i p s e / e l l i p s o i d  may d i f f e r .  Although th e  two r i s k  measures 

a r e  r e l a t e d  ( l e n g t h  and d i r e c t i o n  o f  t h e  axes d e t e rm in e  t h e  s i z e  and 

shape o f  t h e  e l l i p s e ) ,  t h e  sum o f  t h e  axes and a r ea /v o lu m e  measure d i f ­

f e r e n t  a s p e c t s  o f  the  v a r i a n c e - c o v a r i a n c e  s t r u c t u r e .  T h e r e f o r e ,  they

SThe p o s i t i v e  c o n s t a n t ,  C, in  e qua t ion  1 i d e n t i f i e s  t h e  c h i -  
sq u a re  p r o b a b i l i t y  l e v e l  a s s o c i a t e d  w i th  a p a r t i c u l a r  s l i c e .  I f  C = 1.0 
and P ^2 = 0 . 0 , th e n  th e  r e s u l t i n g  i s o v a r i a n c e  c i r c l e  i s  t h e  u n i t  c i r c l e .

'+VNPV = C_'|£, where C i s  a v e c t o r  o f  d i s c o u n t  r a t e s .  VNPV i s  
a l s o  equal  t o  t h e  sum o f  t h e  e l em en t s  o f  the d i s c o u n t e d  v a r i a n c e - c o v a r i ­
ance  m a t r i x  DVC.
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measure d i f f e r e n t  a s p e c t s  o f  p r o j e c t  v a r i a b i l i t y .  A second i n t e r p r e t a ­

t i o n  o f  VNPV i s  i n  terms o f  an a r i t h m e t i c  mean o f  the v a r i a n c e  c o v a r i ­

ance e l em en t s .  VNPV i s  computed by add ing  t h e  weighted v a r i a n c e - c o v a r i ­

ance e lements  ( t h e  w e igh ts  being t h e  a p p r o p r i a t e  d i s c o u n t  r a t e s ) .  Argu­

ments o f  p r e f e r e n c e  f o r  t h e  VNPV must  i m p l i c i t l y  acc ep t  the  f a c t  t h a t  

th e  in d i v id u a l  components o f  t o t a l  r i s k  a r e  a d d i t i v e .

The g e n e r a l i z e d  v a r i a n c e  ( d e t  l )  i s  t h e  d e t e rm in a n t  o f  the  

v a r i a n c e - c o v a r i a n c e  m a t r i x .  Det E measures  th e  a rea /volume o f  t h e  

p a r a l l e l o g r a m / p a r a l l e l o t o p e  formed by e i t h e r  t h e  row or  column v e c t o r s  

o f  the  v a r i a n c e - c o v a r i a n c e  m a t r ix .  As such ,  d e t  E i s  the  s c a l a r  r e p r e ­

s e n t a t i o n  o f  t h e  m a t r ix  z .  Det E i s  a l s o  equal  to  the  p ro d u c t  o f  th e  

e igenva lues  o f  a m a t r i x .  As a measure o f  a r ea /v o lu m e ,  d e t  E i s  d i r e c t l y  

r e l a t e d  to th e  a r ea /v o lu m e  o f  th e  i s o v a r i a n c e  e l l i p s e / e l l  i p s o i d . ^  

T h e re fo re ,  t h e  a rea /v o lu m e  o f  the  p a r a l l e l o g r a m / p a r a l l e l o t o p e  r e p r e ­

sented  by d e t  E i s  d i r e c t l y  p r o p o r t i o n a l  to  t h e  a rea /volume o f  t h e  i s o ­

v a r i a n c e  e l l i p s e / e l l i p s o i d .  With t h i s  d i r e c t  r e l a t i o n s h i p ,  d e t  E and 

a rea /volume measure t h e  same a s p e c t s  o f  p r o j e c t  v a r i a b i l i t y  and w i l l  

g ive c o n s i s t e n t  r a n k i n g s .  A second i n t e r p r e t a t i o n  of  d e t  E i s  i n  terms 

o f  a geom etr ic  mean o f  the  v a r i a n c e - c o v a r i a n c e  e lements .  Det E can  be 

computed by t a k i n g  t h e  p ro d u c t  o f  t h e  e i g e n v a l u e s ;  ta k in g  t h e  p t h  r o o t

5The r e l a t i o n s h i p  between d e t  E and t h e  i s o v a r i a n c e  e l l i p s e  i s  
t h a t  o f  a r a t i o .  The r a t i o  o f  volumes i s

___________ (det)%

2 / /2  r(P/2).[Xp(a)]P/2/p

For f i x e d  p and a  t h e  denominator  i s  a c o n s t a n t  and the  r a t i o  i s  t h e  
s q u a r e - r o o t  o f  d e t  E t o  a c o n s t a n t .
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o f  d e t  E r e s u l t s  in  the geom etric  mean o f  the variance-covariance  

s tr u c tu r e .

Comparing th e  g e n e r a l i z e d  v a r i a n c e  and t h e  v a r i a n c e  o f  t h e  n e t  

p r e s e n t  v a l u e ,  a c e n t r a l  f a c t  emerges: t h a t  each measure i d e n t i f i e s  a

d i f f e r e n t  dimension o f  p r o j e c t  v a r i a b i l i t y .  A s i g n i f i c a n t  a s p e c t  of  

t h i s  s tu d y  i s  t h a t  t h e  exc lu s ive  use o f  e i t h e r  t h e  v a r i a n c e  o f  t h e  n e t  

p r e s e n t  v a l u e  o r  the  g e n e r a l i z e d  v a r i a n c e  to  d e s c r i b e  m u l t i v a r i a t e  

v a r i a b i l i t y  may cause  t h e  a n a l y s t  to  ove r look  an im p o r tan t  d im ension

o f  p r o j e c t  r i s k .  I f  m u l t i v a r i a t e  v a r i a b i l i t y  i s  a d d i t i v e ,  i . e . ,  th e

a d d i t i o n  o f  d i s co u n ted  v a r i a n c e  and co v a r i a n c e  e l e m e n t s ,  then VNPV c a p ­

t u r e s  t h e  e s sence  o f  r i s k .  I f ,  however, m u l t i v a r i a t e  v a r i a b i l i t y  i n t e r ­

a c t s  in  a m u l t i p l i c a t i v e  f a s h i o n ,  then th e  g e n e r a l i z e d  v a r i a n c e  may be 

a more in f o r m a t iv e  measure  o f  r i s k .

An obvious a r e a  f o r  a d d i t i o n a l  r e s e a r c h  i s  f u r t h e r  s tudy  o f  what

i s  meant  by p r o j e c t  v a r i a b i l i t y .  With a c l e a r e r  und e r s tan d in g  o f  r i s k

o r  a more s p e c i f i c  d e f i n i t i o n  o f  m u l t i v a r i a t e  v a r i a b i l i t y ,  a more i n ­

formed c h o ic e  between v a r i a n c e  o f  t h e  n e t  p r e s e n t  v a lu e  and th e  g e n e r a l ­

i z e d  v a r i a n c e  may be made. The remaining s e c t i o n s  o f  t h i s  c h a p t e r  w i l l  

e v a l u a t e  th e  m e r i t s  o f  t h e s e  s c a l a r  m u l t i v a r i a t e  r i s k  measures w i th  

r e s p e c t  to  d i f f i c u l t i e s  a s s o c i a t e d  with c a p i t a l - b u d g e t i n g  a p p l i c a t i o n s .

Time Adjustment

The need to  a d j u s t  f o r  t h e  t iming o f  c a p i t a l - b u d g e t i n g  cash  

f lo w s  has been documented in  t h e  f in a n c e  l i t e r a t u r e .  The t ime d im ens ion  

a s s o c i a t e d  with  c a p i t a l - b u d g e t i n g  a n a l y s i s  must be e x p l i c i t l y  in c lu d e d  

t o  deve lop  meaningful  s c a l a r  m u l t i v a r i a t e  r i s k  m easures .
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To accomodate t h e  e f f e c t s  o f  t im e ,  t h e  p r o b a b i l i t y  d i s t r i b u t i o n  

o f  p r o j e c t  cash  f lows i s  t r a n s f o r m e d  to a p r e s e n t - t i m e  e q u i v a l e n t .  The

g e o m e t r ic  i n t e r p r e t a t i o n  o f  t h e  e f f e c t s  o f  d i s c o u n t i n g  f o r  the b i v a r i a t e

normal assumption  was d i s c u s s e d  in  d e t a i l  in  C h a p te r  I I I  o f  t h i s  s t u d y . &

Trans form ing  t h e  cash  f lo w  s t r e a m  t o  p r e s e n t - t i m e  c r e a t e s  a l i n e a r  com­

b i n a t i o n  o f  t h e  o r i g i n a l  ca s h  f lo w  s t r u c t u r e .  The r e s u l t i n g  d i s c o u n te d  

v a r i a n c e - c o v a r i a n c e  m a t r i x ,  DVC may be d e p i c t e d  a s  t h e  m a t r ix  p ro d u c t

DVÇ = Ç ^  ( 2 )

where C_ i s  a p x p d ia g o n a l  ma tr ix  o f  d i s c o u n t  f a c t o r s  and

^  i s  a p X p p o s i t i v e  d e f i n i t e  e s t i m a t e d  v a r i a n c e - c o v a r i ­

ance m a t r i x .

The e f f e c t s  o f  t h i s  t r a n s f o r m a t i o n  to  p r e s e n t - t i m e  on the  v a r i ­

ance  o f  t h e  n e t  p r e s e n t  v a l u e  and th e  i s o v a r i a n c e  e l l i p s e / e l l i p s o i d  

were d i s c u s s e d  in C h a p te r  I I I . ®  The g e n e r a l i z e d  v a r i a n c e  i s  e a s i l y  

shown to  be i n v a r i a n t  to  a l i n e a r  t r a n s f o r m a t i o n .  The d e t e rm in a n t  o f

DVC m a t r ix  may be e v a l u a t e d  in  te rms o f  t h e  p r o d u c t  o f  i n d iv id u a l

m a t r i c e s .  From e l em en ta ry  m a t r i x  a l g e b r a ,  t h e  d e t e r m i n a n t  of  a m a t r ix  

p r o d u c t  i s  s imply t h e  p r o d u c t  o f  t h e  d e t e r m in a n t s  o f  t h e  i n d iv id u a l  

m a t r i c e s .  The d i scoun ted  g e n e r a l i z e d  v a r i a n c e  i s

d e t  DVC = d e t  C /d e t  |_*det C

= ( d e t  C )2"de t  Z .  (3)

^Chapter  I I I ,  pp.  124 to  133.  D is c o u n t in g  i s  shown to  reduce  
t h e  s i z e  o f  t h e  i s o v a r i a n c e  e l l i p s e  and r o t a t e  t h e  a x e s .  In terms o f  
t h e  b i v a r i a t e  normal d e n s i t y  s u r f a c e ,  d i s c o u n t i n g  t w i s t s  and compresses 
t h e  b i v a r i a t e  s u r f a c e .
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The d e t e r m i n a n t  o f  d i s c o u n t  f a c t o r s ,  d e t  C i s  l e s s  tha n  one;  t h e r e f o r e ,  

t h e  d e t e r m i n a n t  o f  t h e  d i s c o u n t e d  v a r i a n c e - c o v a r i a n c e  m a t r ix  i s  l e s s  

th a n  t h e  d e t e rm in a n t  o f  th e  u n d is co u n ted  v a r i a n c e - c o v a r i a n c e  m a t r i x .  In 

C h a p te r  I I I ,  pp 131 ,  d i s c o u n t i n g  was shown to  r e d u c e  t h e  volume of  t h e  

i s o v a r i a n c e  e l l i p s o i d .  D i s c o u n t in g  a l s o  red u ce s  t h e  g e n e r a l i z e d  v a r i ­

ance  which has been i n t e r p r e t e d  a s  t h e  volume o f  t h e  p a r a l l e l o t o p e  

formed by th e  row o r  column v e c t o r s  o f  t h e  v a r i a n c e - c o v a r i a n c e  m a t r i x .  

The i n v a r i a n c e  p ro p e r ty  o f  l i n e a r  t r a n s f o r m a t i o n s  o f  d e t e r m in a n t s  may 

l e a d  to  c r i t i c i s m  o f  t h e  g e n e r a l i z e d  v a r i a n c e  a s  a s c a l a r  m u l t i v a r i a t e  

r i s k  measure .  What th e  i n v a r i a n c e  p r o p e r ty  c o n f i rm s  i s  th e  f a c t  t h a t  

t h e r e  a r e  d i f f e r e n t  d im ens ions  t o  th e  a n a l y s i s  o f  v a r i a b i l i t y .  The 

g e n e r a l i z e d  v a r i a n c e  c a p t u r e s  t h e  impact  o f  th e  i n t e r a c t i o n  between 

v a r i a n c e  and co v a r i a n c e  e l em en t s  and d e p i c t s  a r i s k  r e l a t i o n s h i p  t h a t  

i s  i n v a r i a n t  to  l i n e a r  t r a n s f o r m a t i o n s ,  i . e . ,  d i s c o u n t i n g .

The m ul t id im ens iona l  n a t u r e  o f  the  r i s k  a s s e s s m e n t  problem may 

t o  i l l u s t r a t e d  us ing s imple  examples .  The examples p r e s e n t e d  he re  a r e  

d e s ig n e d  to  show t h a t  no s in g le  s c a l a r  m u l t i v a r i a t e  r i s k  measure p ro ­

v i d e s  op timal rank ings  f o r  a l l  c a s e s .

Suppose the  a n a l y s t  i s  f ace d  w i th  t h r e e ,  tw o-per iod  m u tu a l ly  

e x c l u s i v e  p r o j e c t s .  L e t  t h e  ex p e c te d  n e t - p r e s e n t  v a lu e s  be i d e n t i c a l ;  

t h e r e f o r e ,  t h e  o b j e c t i v e  i s  to  s e l e c t  the  p r o j e c t  with  t h e  lo w e s t  r i s k .  

To f u r t h e r  s im p l i f y  t h e  problem,  assume t h a t  t h e  p e r i o d i c  cash f lows 

a r e  i n t e r t e m p o r a l  ly  i n d e p e n d e n t ,  i . e . ,  ^12 = 0 . The e s t i m a t e d  v a r i a n c e -  

c o v a r i a n c e  m a t r i c e s  a r e  g iv e n  as
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: a  =

1 2 .1  0 6.05 0 18.15 0

_ 0  14.641
’ ^b =

_ 0 21.961_
'  ^c =

_0  7.321_

. (4)

Assuming a 10 p e r c e n t  t i m e - v a l u e  o f  money, th e n  th e  d i sc o u n te d  v a r i a n c e -  

c o v a r i a n c e  m a t r i c e s ,  a r e

DVC, =
u

10 0 5 0 15 0

, DVCb = , DVC; =

_ 0  10 0 15 _ 0  5

(5)

B efo re  computing and e v a l u a t i n g  th e  s c a l a r  m e a su re s , ?  an i n t e r e s t i n g  

e x e r c i s e  i s  to i n t u i t i v e l y  de te rm ine  which p r o j e c t  i s  p r e f e r r e d .  P r o j ­

e c t  a has equal v a r i a b i l i t y  in  each p e r i o d ,  p r o j e c t  b has low v a r i a b i l ­

i t y  i n  p e r i o d  1 w i th  h igh  v a r i a b i l i t y  in  p e r i o d  2 j while  p r o j e c t  c ' s  

v a r i a b i l i t y  i s  j u s t  t h e  r e v e r s e  o f  p r o j e c t  b ' s .  Does th e  d e c i s i o n  maker 

have a p r e f e r e n c e  as  t o  t h e  p o in t  in  t im e  when th e  r i s k  o c c u r s ?  The 

answer  i s  y e s ,  maybe1 One migh t  a r g u e ,  u s in g  some form o f  a minimax 

c r i t e r i o n ,  t h a t  p r o j e c t  a w i th  equal p e r i o d i c  v a r i a n c e s  i s  p r e f e r r e d  

b ecause  t h e  l a r g e s t  p e r i o d i c  v a r i a n c e  o f  p r o j e c t  a i s  l e s s  tha n  t h e  

l a r g e s t  p e r i o d i c  v a r i a n c e  o f  e i t h e r  p r o j e c t s  b o r  c .  Other p l a u s i b l e  

a rguments  r e l a t i n g  to  low er  v a r i a b i l i t y  in  p e r i o d  1 may f a v o r  s e l e c t i o n  

o f  p r o j e c t  b. The c o n t r i v e d  example i l l u s t r a t e s  the problem o f  i d e n t i ­

f y i n g  t h e  b e s t  measure  o f  r i s k  - t h e  am b ig u i ty  a s s o c i a t e d  with  t h e  idea

?For  a = .1 0 ,  Area o f  I s o v a r i a n c e  E l l i p s e  = n ( d e t  z ) '^4 .601 .  
G e n e r a l i z e d  Var iance = d e t  z  = • a 22- a i 2 *a2 i> and Var iance o f  Net
P r e s e n t  Value = a i i + a i 2+ a2 i+ a 2 2 -
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o f  r i s k .  The d i f f i c u l t i e s  a s s o c i a t e d  w i th  i n t u i t i v e  p r o j e c t  s e l e c t i o n  

a r e  n o t  e n t i r e l y  r e s o lv e d  by t h e  a n a l y s i s  o f  the  s c a l a r  r i s k  measures 

o r  by d i s c o u n t i n g  a lo n e .

Computing th e  V a r ian c e  o f  th e  N e t -P re s e n t  Value r e s u l t s  in 

VNPV  ̂ = VNPVy = VNPV̂ . 8  In t h i s  example,  s h i f t i n g  t h e  v a r i a n c e  between 

p e r io d s  w h i l e  keeping a c o n s t a n t  t r a c e  r e s u l t s  in  a s c a l a r  r i s k  measure 

t h a t  does n o t  d i s c r i m i n a t e  among t h e  t h r e e  p r o j e c t s .  I f  th e  d e c i s io n  

maker b e l i e v e s  t h a t  r i s k  i s  a d d i t i v e ,  then  the t h r e e  p r o j e c t s  a r e  e q u a l ­

l y  r i s k y .

Computing the  Area o f  t h e  I s o v a r i a n c e  E l l i p s e  and the G enera l ­

i z ed  V ar ian c e  r e s u l t s  in  a p r e f e r e n c e  f o r  p r o j e c t  a w i th  i n d i f f e r e n c e  

among p r o j e c t s  b and c . ^  P r o j e c t  a i s  s e l e c t e d  because  o f  i t s  l a r g e r  

a r e a  and l a r g e r  g e n e r a l i z e d  v a r i a n c e .  Both measures a r e  s e n s i t i v e  to 

s h i f t s  i n  v a r i a n c e .  This  s e n s i t i v i t y  i s  e a s i l y  e x p l a i n e d  g e o m e t r i c a l l y .  

With equal v a r i a n c e s ,  t h e  v a r i a n c e  m a t r i x  i d e n t i f i e s  t h e  i s o v a r i a n c e  

c i r c l e .  M a t r i c e s  with  unequal  v a r i a n c e s  i d e n t i f y  i s o v a r i a n c e  e l l i p s e s .  

When t h e  co r respond ing  t r a c e s  a r e  e q u a l ,  the a rea  of  t h e  c i r c l e  i s  

g r e a t e r  th a n  th e  a rea  o f  an e l l i p s e .  I f  the  d e c i s i o n  maker b e l iev es  

t h a t  r i s k  i s  i n t e r a c t i v e ,  i . e . ,  m u l t i p l i c a t i v e ,  then  p r o j e c t  a would 

be s e l e c t e d .

The i l l u s t r a t e d  example a l s o  shows cases  where th e  g e n e ra l i z e d  

v a r i a n c e  f a i l s  to  d i s c r i m i n a t e  among p r o j e c t s .  Comparing p r o j e c t s  b 

and c ,  bo th  th e  a rea  and th e  g e n e r a l i z e d  va r ia nce  f o r  each  p r o j e c t  a r e

®VNPV = The sum o f  t h e  d i s c o u n t e d  v a r i a n c e  e l e m e n t s ;  VNPV = 20.

^Genera l ized  V ar iance  = d e t  Z; GV, = 100,  GVy = GV̂  = 75. Area
( f o r  a = .10)  = ir(det  z) '^4 .601;  A. = 144 .54 ,  Ay = Â  = 125.18.
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e q u a l .  Due t o  t h e  m u l t i p l i c a t i v e  n a t u r e  o f  both s c a l a r  r i s k  m e asu re s ,  

r e v e r s i n g  t h e  t im ing  does not  a f f e c t  e i t h e r  measure.

This  s e c t i o n  o f  the  s tu d y  has confi rmed th e  p r e v io u s  o b s e r v a ­

t i o n s  t h a t  v a r i a b i l i t y  o r  r i s k  in  a m u l t i v a r i a t e  s e t t i n g  i s  m u l t i ­

f a c e t e d .  O bv io u s ly ,  a d d i t i o n a l  examples can  be c r e a t e d  to r e f l e c t  th e  

s u p e r i o r i t y  o f  one s c a l a r  m u l t i v a r i a t e  r i s k  measure o r  a n o t h e r .  An ob­

v ious  e x t e n s i o n  o f  t h i s  s tudy i s  t o  e m p i r i c a l l y  t e s t  t h e s e  s c a l a r  m u l t i ­

v a r i a t e  r i s k  measure s  u s ing  r e a l  o r  s im u l a t e d  d a t a .

S c a l e  A d jus tm e n t  

When e v a l u a t i n g  competing c a p i t a l - b u d g e t i n g  a l t e r n a t i v e s ,  the 

a n a l y s t  i s  o f t e n  c o n f ro n te d  by p r o j e c t s  o f  d i f f e r i n g  s i z e  o r  s c a l e .  Ob­

v i o u s l y ,  t h e  magnitude  o f  the cash  f low s  i s  an im p o r tan t  d e t e r m i n a n t  of  

th e  t o t a l  r i s k  o f  a c a p i t a l - b u d g e t i n g  p r o j e c t .  However, d i f f e r e n c e s  in 

s c a l e  o f t e n  d i s t o r t  t h e  r i s k  a n a l y s i s .  For example,  us ing  t h e  v a r i a n c e  

o f  t h e  n e t  p r e s e n t  v a l u e ,  a p r o j e c t  w i th  l e s s  v a r i a b i l i t y  may v e ry  well 

e x h i b i t  a l a r g e r  v a r i a n c e  o f  the  n e t  p r e s e n t  va lue  because o f  s c a l e  d i f ­

f e r e n c e s  a l o n e .  A s i m i l a r  problem e x i s t s  when a rea /volume o f  t h e  i s o ­

v a r i a n c e  e l l i p s e / e l l i p s o i d  or  t h e  g e n e r a l i z e d  v a r i a n c e  i s  used  as  a 

s c a l a r  r i s k  m easure .  Both measures  a r e  s e n s i t i v e  to t h e  s i z e  o f  th e  

cash  f low  s t r e a m .

T rans fo rm a t ion  o f  Cash Flows 

One way to  a d j u s t  f o r  d i f f e r e n c e s  in  s c a l e  i s  t o  t r a n s f o r m  the  

p r o b a b i l i t y  d i s t r i b u t i o n  o f  cash  f low s  to  a zero-one  s c a l e .  The t r a n s ­

fo rm a t io n  i s  an a lag o u s  to  the u n i v a r i a t e  t r a n s f o r m a t io n  o f  N (y ,a )  to  

the  s t a n d a r d  normal d i s t r i b u t i o n  M (0 ,1 ) .  When th e  ca s h  f low  s t ream  i s
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c h a r a c t e r i z e d  by th e  d e n s i t y

f (Xj ........Xp) = (2 ,) - ' ’/ 2 | j | - V ‘̂ ( i -ü ) '£ ‘ (x-i.) .

the  d i s t r i b u t i o n  c h a r a c t e r i z e d  by N (u ,z )  may be s t a n d a r d i z e d ,  i . e . ,  

t r ans fo rm e d  t o  N (0 , I )  u s in g  t h e  t r a n s f o r m a t i o n

Y = i ^ ( x - y ) . l «  (7)

Then t h e  d e n s i t y  o f  t h e  m u l t i v a r i a t e  u n i t  normal d i s t r i b u t i o n  i s

g(ll..... Ip) = (8 )

This  t r a n s f o r m a t i o n  t o  t h e  m u l t i v a r i a t e  s t a n d a rd  normal d i s t r i b u t i o n  a l ­

lows s im ple  p r o b a b i l i s t i c  compari sons  among a l t e r n a t i v e  c a p i t a l - b u d g e t ­

ing p r o j e c t s .  The t r a n s f o r m a t i o n  does n o t ,  however,  s o l v e  t h e  s c a le  

problem. The t rans fo rm e d  v e c t o r  Y in  Equat ion  8 l o s e s  a l l  i n fo rm a t io n  

about  t h e  v a r i a n c e - c o v a r i a n c e  s t r u c t u r e .

M u l t i v a r i a t e  Analogues o f  th e  

C o e f f i c i e n t  o f  V a r i a t i o n  

A s im p le  r a t i o  measure can  be computed t o  accommodate problems 

o f  d i f f e r e n c e s  in  s c a l e .  The u n i v a r i a t e  c o e f f i c i e n t  o f  v a r i a t i o n .

lOThe t r a n s f o r m a t i o n  shown by Equation  7 i s  t h e  m u l t i v a r i a t e  
ana logue  o f  t h e  u n i v a r i a t e  s t a n d a r d  normal t r a n s f o r m a t i o n ,

7 = x-u 
0

l^AnderSOn, T. W. (1958) A n  in troduction to  M ultivar ia te  S ta t i s ­
t i c a l  Analysis .  New York: John Wiley and Sons. pp.  11-16 .
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the  r a t i o  o f  t h e  s tan d a rd  d e v i a t i o n  o f  t h e  n e t - p r e s e n t  v a l u e ,  a ,  to  th e  

expec ted  n e t  p r e s e n t  v a l u e ,  E(NPV), a/E(NPV) has been w id e ly  ac c e p te d  

a s  a  s t a t i s t i c  t h a t  b r in g s  t o g e t h e r  both  r i s k  and r e t u r n  i n t o  a s i n g l e  

measure.  The c o e f f i c i e n t  o f  v a r i a t i o n  i s  i n t e r p r e t e d  a s  t h e  r i s k  p e r  

d o l l a r  r e t u r n  and i s  u s e fu l  a s  a  measure  o f  r e l a t i v e  r i s k .

The u n i v a r i a t e  c o e f f i c i e n t  o f  v a r i a t i o n  may be l o g i c a l l y  ex ­

tended  to  e v a l u a t e  m u l t i v a r i a t e  ca s h  f low s t ream s .  Each s c a l a r  m u l t i ­

v a r i a t e  r i s k  measure may be combined w i th  the  expec ted  n e t  p r e s e n t  v a l ­

ue t o  form m u l t i v a r i a t e  c o e f f i c i e n t s  o f  v a r i a t i o n .  For example,  the  

m u l t i v a r i a t e  VNPV combined w i th  t h e  E(NPV) r e s u l t s  in  t h e  r a t i o  

VNPV/E(NPV) which p rov ides  a d i r e c t  e x t e n s i o n  o f  t h e  u n i v a r i a t e  c o e f f i ­

c i e n t  o f  v a r i a t i o n .  Comparing a l t e r n a t i v e  p r o j e c t s  u s in g  t h i s  r a t i o  

measure ,  t h e  a n a l y s t  would s e l e c t  t h e  p r o j e c t  w ith  t h e  s m a l l e s t  r a t i o ;  

which r e s u l t s  in  the  s e l e c t i o n  o f  t h e  p r o j e c t  w i th  t h e  s m a l l e s t  r i s k  

per  d o l l a r  r e t u r n .

The a rea /vo lum e o f  the  i s o v a r i a n c e  e l l  i p s e / e l l i p s o i d  and th e  

g e n e r a l i z e d  v a r i a n c e  must be m o d i f i e d  b e fo re  they  may be m e a n in g fu l ly  

combined w i t h  t h e  expec ted  n e t  p r e s e n t  va lue  to  form m u l t i v a r i a t e  c o e f ­

f i c i e n t s  o f  v a r i a t i o n .  Both a r e a  and g e n e r a l i z e d  v a r i a n c e  measure 

r i s k  i n v e r s e l y ,  i . e . ,  l a r g e r  a r e a  and g e n e r a l i z e d  v a r i a n c e s  i d e n t i f y  

lower r i s k .  T h e r e f o re ,  t h e  r e c i p r o c a l  o f  the  a r e a  o r  th e  g e n e r a l i z e d  

v a r i a n c e  i s  th e  more a p p r o p r i a t e  numera to r  f o r  t h e s e  m u l t i v a r i a t e  ex­

t e n s i o n s  o f  th e  c o e f f i c i e n t  o f  v a r i a t i o n .  The r a t i o s  would be

1/Area  1 / d e t ^
E(NPV) E ( # V T  '
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Once a g a i n  comparing p r o j e c t s ,  t h e  a n a l y s t  would s e l e c t  the  p r o j e c t  

w i th  t h e  s m a l l e s t  r a t i o .

Decompos it ion A n a ly s i s  

S e n s i t i v i t y  a n a l y s i s  i s  w ide ly  used  by p r a c t i t i o n e r s  to  a s s i s t  

in  r i s k  e v a l u a t i o n .  Recogniz ing  t h e  d i f f i c u l t i e s  i n  e s t i m a t i n g  f u t u r e  

cash  f low  s t r e a m s ,  s im u l a t i o n  s t u d i e s  may be used t o  a s s e s s  the  s e n s i ­

t i v i t y  o f  measures  o f  r i s k  and r e t u r n .

The g e n e r a l i z e d  v a r i a n c e  i s  a s c a l a r  r i s k  measure  t h a t  i s  

amenable  to  s e n s i t i v i t y  a n a l y s i s  th rough  d e c o m p o s i t i o n .  With the  a s ­

sumption  o f  m u l t i v a r i a t e  no rm al ly  d i s t r i b u t e d  c a s h  f l o w s ,  t o t a l  v a r i a ­

t i o n  i s  d e s c r i b e d  by th e  v a r i a n c e - c o v a r i a n c e  m a t r i x .  In t u r n ,  the 

v a r i a n c e - c o v a r i a n c e  m a t r ix  s t r u c t u r e  depends on t h e  p e r i o d i c  v a r i a n c e s  

and the  i n t e r p e r i o d  c o r r e l a t i o n .  The v a r i a n c e - c o v a r i a n c e  m a t r ix  may be 

decomposed i n t o  s t a n d a rd  d e v i a t i o n  d iagonal  m a t r i c e s  and th e  c o r r e l a t i o n  

m a t r i x .  More s p e c i f i c a l l y ,

Z = BRB (9)

where B i s  a d iagona l  m a t r ix  o f  p e r i o d i c  e s t i m a t e d  s t a n d a r d  d e v i a t i o n s  

and R i s  a symmetric p o s i t i v e  d e f i n i t e  e s t i m a t e d  c o r r e l a t i o n  m a t r ix .

When s e n s i t i v i t y  a n a l y s i s  i s  o f  i n t e r e s t ,  t h e  g e n e r a l i z e d  v a r i a n c e  may 

be e v a l u a t e d  in  terms o f  p r o d u c t s  o f  d e t e r m i n a n t s ,  i . e . ,

d e t  z_ = d e t  B / d e t  R /de t  ^

= [ d e t  8 ) 2 . d e t  R [10)
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Using t h i s  d e c o m p o s i t i o n ,  the  s e n s i t i v i t y  o f  t h e  t o t a l  v a r i ­

a b i l i t y  o f  the  c a p i t a l - b u d g e t i n g  c a s h  f lows may be e a s i l y  ana lyzed .

One may s tu d y  t h e  e f f e c t s  o f  changes  in the e s t i m a t e d  v a r i a n c e s  or  

changes i n  th e  c o r r e l a t i o n  s t r u c t u r e  independen t ly  o r  t o g e t h e r .  S e n s i ­

t i v i t y  a n a l y s i s  may be ex tended  to  i n c lu d e  changes in  d i s c o u n t  r a t e s .

This  e x t e n s i o n  p rov ides  no a d d i t i o n a l  in fo rm a t io n  i f  the  same d i s c o u n t  

r a t e s  a r e  a p p l i e d  to  a l l  p r o j e c t s ,  because t h e  r e l a t i v e  ran k in g s  o f  

c a p i t a l - b u d g e t i n g  p r o j e c t s  a r e  n o t  a f f e c t e d  by l i n e a r  t r a n s f o r m a t i o n s .

The d e c i s i o n  m a k e r ' s  a b i l i t y  to  decompose t h e  g e n e r a l i z e d  

v a r i a n c e  to  a l low  f u r t h e r  a n a l y s i s  i s  an a p p e a l in g  f e a t u r e  o f  t h i s  

s c a l a r  m u l t i v a r i a t e  r i s k  m e asu re .  S e n s i t i v i t y  a n a l y s i s  may be a p p l i e d  

to  the  o t h e r  s c a l a r  r i s k  m easu re s  c o n s id e re d  in  t h i s  s t u d y ,  v a r i a n c e  o f  

t h e  n e t  p r e s e n t  va lue  and volume o f  th e  i s o v a r i a n c e  e l l i p s o i d .  However, 

t h e s e  r i s k  measures c a n n o t  be decomposed to  e v a l u a t e  t h e  v a r i a n c e  and 

c o r r e l a t i o n  e f f e c t s  i n d e p e n d e n t l y .

L i m i t a t i o n s  o f  S c a l a r  M u l t i v a r i a t e  

Risk  Measures

Three  s c a l a r  r i s k  m easures  have been o f f e r r e d  as  m u l t i v a r i a t e  

a na logues  to  the  u n i v a r i a t e  v a r i a n c e .  An im p o r ta n t  l i m i t i n g  c o n d i t i o n  

to  t h e i r  use r e l a t e s  to  model s p e c i f i c a t i o n .  C r i t i c a l  to  the  a c c e p t ­

ance o f  any o f  the measures i s  t h e  assumption o f  m u l t i v a r i a t e  normally 

d i s t r i b u t e d  cash  f lows .  Because each  o f  t h e  r i s k  measure s  a r e  d i r e c t l y  

d e r iv e d  from th e  v a r i a n c e - c o v a r i a n c e  m a t r ix ,  i f  t h e  v a r i a n c e - c o v a r i a n c e

m a t r ix  d o es  n o t  a c c u r a t e l y  r e p r e s e n t  the  r i s k  o f  th e  a s s e t ,  then th e s e  r i s k  

measures w i l l  be in a d eq u a te  m easu re s  o f  t o t a l  r i s k .  Arguments f o r  the
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v a l i d i t y  o f  t h e  m u l t i v a r i a t e  normal d i s t r i b u t i o n  were p r e s e n t e d  in  

Chapter  I I I .  I f  t h e  m u l t i v a r i a t e  normal assumption i s  c l e a r l y  i n a p p ro ­

p r i a t e ,  t h e n  t h e s e  s c a l a r  measures  s h o u ld  n o t  be used to  measure  t o t a l  

r i s k .

A second  problem a r e a  r e l a t e s  t o  t h e  a p p r o p r i a t e  d e f i n i t i o n  

o f  r i s k  a s s o c i a t e d  w i th  c a p i t a l - b u d g e t i n g  a n a l y s i s .  Each s c a l a r  r i s k  

measure c a p t u r e s  some a s p e c t  o f  t o t a l  r i s k .  As such,  th e y  a r e  o n ly  

a p p r o p r i a t e  f o r  a s s e t - b y - a s s e t  s e l e c t i o n .  I f  t h e  p o r t f o l i o  mode ls  c o r ­

r e c t l y  i d e n t i f y  r i s k ,  the n ,  in  a d d i t i o n  to in te r tem p o ra l  c o r r e l a t i o n ,

c r o s s  c o r r e l a t i o n  between p r o j e c t s  mus t  be c o n s id e re d .  The v a r i a n c e  o f

t h e  n e t  p r e s e n t  v a lu e  has been ex tended  to  accommodate both  a u t o c o r r e ­

l a t e d  and c r o s s  c o r r e l a t e d  cash  f l o w s . 1% However, n e i t h e r  t h e  volume of 

t h e  e l l i p s e  nor t h e  g e n e r a l i z e d  v a r i a n c e  a r e  c u r r e n t l y  c a p a b l e  o f  being 

ex tended t o  i n c l u d e  the  second s e t  o f  c o r r e l a t i o n s .  Tensor a n a l y s i s  i s  

a m a them a t ica l  a r e a  t h a t  ex tends  v e c t o r  and m atr ix  c o n c e p t s .  P o s s i b l y  

an a p p l i c a t i o n  o f  t e n s o r  a n a l y s i s  w i l l  a l l o w  f o r  the a n a l y s i s  o f  both 

a u t o c o r r e l a t e d  and c ro s s  c o r r e l a t e d  c a s h  f lo w s .  Another c o n s i d e r a t i o n  

r e l a t i n g  t o  t h e  d e f i n i t i o n  o f  r i s k  i s  t h e  n a t u r e  of  the  i n t e r a c t i o n  be­

tween v a r i a n c e  and co v a r i a n c e  e l e m e n t s .  I f  t o t a l  r i s k  i s  an a p p r o p r i a t e  

conce p t  f o r  c a p i t a l - b u d g e t i n g  cash  f lo w s  and i f  the m u l t i v a r i a t e  normal 

d i s t r i b u t i o n  i s  r e a s o n a b l e ,  t h e  q u e s t i o n  whether  v a r i a n c e s  and c o v a r i a n c e  

shou ld  be combined a d d i t i v e l y  o r  m u l t i p i i c a t i v e l y  must be answ ered .  I f  

r i s k  i s  a d d i t i v e ,  then th e  v a r i a n c e  o f  t h e  n e t  p r e s e n t  v a lu e  i s  p r e f e r r e d  

to  th e  g e n e r a l i z e d  v a r i a n c e .  C o n v e r s e ly ,  i f  r i s k  i s  m u l t i p l i c a t i v e ,  then

i^Levy,  H. and S a r n a t ,  M. (1970) "The P o r t f o l i o  A n a ly s i s  o f  
M u l t i p e r io d  C a p i t a l  Inves tment Under C o n d i t io n s  of  R i s k , "  Engineering 
Economist. V o l . 16: pp. 1-19.
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th e  g e n e r a l i z e d  v a r i a n c e  i s  t h e  p r e f e r r e d  s c a l a r  m u l t i v a r i a t e  r i s k  

measure.

C a p i t a l - b u d g e t i n g  a n a l y s i s  d i f f e r s  c o n s i d e r a b l y  from t h e  a n a ly ­

s i s  o f  f i n a n c i a l  a s s e t s .  The u n a v a i l a b i l i t y  o f  h i s t o r i c a l  d a t a  c r e a t e s  

problems o f  d a t a  e s t i m a t i o n .  A p p l i c a t i o n  o f  the  m u l t i v a r i a t e  approach 

r e q u i r e s ,  a t  a minimum, e s t i m a t e s  o f  t h e  mean v e c t o r  and t h e  v a r i a n c e -  

c o v a r i a n c e  m a t r i x .  The n a t u r e  o f  t h e  d a t a  p r e c lu d e s  t h e  u s e  o f  c l a s s i ­

ca l  h y p o t h e s i s  t e s t s  and c o n f id e n c e  i n t e r v a l s .  C l a s s i c a l  s t a t i s t i c a l  

methods a r e  n o t  a p p r o p r i a t e  because  t h e  expec ted n e t  p r e s e n t  v a l u e  and 

v a r i a n c e - c o v a r i a n c e  m a t r ix  e s t i m a t e s  a r e  n o t  summary measures  o f  random 

sample d a t a ,  b u t  r e p r e s e n t  a sample o f  s i z e  one.  Using t r a d i t i o n a l  

c a p i t a l - b u d g e t i n g  e s t i m a t i o n  methods r e s u l t s  in depende n t  r a t h e r  than 

in d e p en d en t  cash  f lo w  e s t i m a t e s .

The l a c k  o f  random sample d a t a  c o n s t r a i n s  t h e  use  o f  s c a l a r  

r i s k  m e asu re s .  H i l l i e r ^ ^  i n i t i a l l y  deve loped  the v a r i a n c e  o f  t h e  n e t  

p r e s e n t  v a l u e  to  a l l o w  the d e c i s i o n  maker to  make p r o b a b i l i s t i c  s t a t e ­

ments a b o u t  t h e  w or th  o f  an i n v e s t m e n t  o p p o r t u n i t y .  U n f o r t u n a t e l y ,  the 

depende nc ie s  in  t h e  cash  f low e s t i m a t e s  r e s u l t  in  an o v e r s t a t e m e n t  o f  

th e  p a r t i c u l a r  p r o b a b i l i t i e s .  The d a t a  problems a l s o  a f f e c t  t h e  use  of  

th e  g e n e r a l i z e d  v a r i a n c e .  C o n s i d e r a b l e  work us ing  th e  g e n e r a l i z e d  

v a r i a n c e  has been r e p o r t e d  in  th e  s t a t i s t i c a l  l i t e r a t u r e .  The most  com­

mon use  i s  as. an e x t e n s i o n  to  th e  u n i v a r i a t e  F - t e s t . i ^  As w i th  t h e

i ^ H i l l i e r ,  F. S. (1963) "The D e r iv a t i o n  o f  P r o b a b i l i s t i c  I n f o r ­
ma t ion  f o r  t h e  E v a l u a t i o n  o f  Risky I n v e s t m e n t s , "  Management sciences.  
Vol.  9; pp.  443-457.

i^ C h a p t e r  I I I ,  pp. 150-152 r e p o r t s  on many u s e s  o f  th e  g e n e r a l ­
iz ed  v a r i a n c e  in  c l a s s i c a l  hypo theses  t e s t i n g  s i t u a t i o n s .



174

v a r i a n c e  o f  t h e  n e t  p r e s e n t  v a l u e ,  t h e  l a c k  o f  random sample d a t a  con­

s t r a i n s  t h e  u s e  o f  the  g e n e r a l i z e d  v a r i a n c e .

KowaU^ c r i t i c i z e d  th e  u s e  o f  th e  g e n e r a l i z e d  v a r i a n c e  a s  a 

measure o f  m u l t i v a r i a t e  v a r i a b i l i t y .  Noting t h a t  d e t  z  may be d e ­

composed as

d e t  E = (.10)

where p i s  t h e  d e t e r m in a n t  o f  th e  c o r r e l a t i o n  m a t r ix  and u i s  t h e  geo­

m e t r i c  mean o f  t h e  p v a r i a n c e s .

An obvious  compar ison  o f  two p r o j e c t s '  v a r i a b i l i t y  i s  to  compute and 

e v a l u a t e  t h e  r a t i o  o f  t h e  v a r i a b i l i t y  m e asu re s .  Using g e n e r a l i z e d  

v a r i a n c e

I f  th e  p r o j e c t s  have th e  same c o r r e l a t i o n  s t r u c t u r e ,  = pg ,  then

"A
K = (12)

Equat ion  12 shows t h a t  the r a t i o  o f  t h e  g e n e r a l i z e d  v a r i a n c e s  i s  e q u i v a ­

l e n t  t o  t h e  r a t i o  o f  th e  geom etr ic  mean o f  th e  v a r i a n c e s .  All  in fo rm a­

t i o n  c o n c e rn in g  c o r r e l a t i o n  d i s a p p e a r s  from th e  comparison .

Kowal 's  a n a l y s i s  h i g h l i g h t s  t h e  most  s e v e re  l i m i t a t i o n  a s s o c i ­

a t e d  w i th  t h e  u s e  o f  the  g e n e r a l i z e d  v a r i a n c e .  When cash  f lo w s  a r e

p e r f e c t l y  c o r r e l a t e d ,  the  m u l t i v a r i a t e  normal d i s t r i b u t i o n  i s  d e g e n e r a t e ,

^^Kowal, R. R. C.1971) "D i sa d v a n ta g e s  o f  the  G e n e r a l i z e d  V a r i ­
ance  a s  a Measure o f  V a r i a b i l i t y , "  Biom etrics,  pp. 213-216.
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t h e  v a r i a n c e - c o v a r i a n c e  m a t r i x  i s  s i n g u l a r ,  and d e t  z i s  equal  to  ze ro .  

C o n s id e r i n g  t h e  c a s e  where p r o j e c t  A e x h i b i t s  i m p e r f e c t  c o r r e l a t i o n  

w h i l e  p r o j e c t  B ' s  cash  f lows  a r e  p e r f e c t l y  c o r r e l a t e d ;  R a t io  K in 

E qu a t io n  11 shows t h a t  P r o j e c t  A i s  i n f i n i t e l y  more v a r i a b l e  than  

P r o j e c t  B r e g a r d l e s s  o f  t h e  r e l a t i v e  s i z e s  o f  t h e  r e s p e c t i v e  v a r i a n c e s .  

This  r e s u l t  i s  o b v io u s ly  n o n s e n s i c a l .  A na ly s i s  o f  t h e  i m p l i c a t i o n s  o f  

p e r f e c t  c o r r e l a t i o n ^ ®  and t h e  economic even t s  t h a t  would a t t e n d  p e r f e c t ­

l y  c o r r e l a t e d  cash  f lo w s ,  s u g g e s t s  t h a t  i f  th e  m u l t i v a r i a t e  normal d i s ­

t r i b u t i o n  i s  an  a p p r o p r i a t e  model f o r  r ea l  c a p i t a l - b u d g e t i n g  problems,  

the n  p e r f e c t l y  c o r r e l a t e d  c a s h  f low s  and s i n g u l a r  v a r i a n c e - c o v a r i a n c e  

m a t r i c e s  a r e  ex t rem ely  u n l i k e l y  o c c u r r e n c e s .

In a d d i t i o n  to  t h e  problem w i th  s i n g u l a r  v a r i a n c e - c o v a r i a n c e  

m a t r i c e s ,  p r o j e c t s  w i th  d i f f e r e n t  v a r i a n c e s  and c o r r e l a t i o n  s t r u c t u r e s  

may have t h e  same g e n e r a l i z e d  v a r i a n c e .  For example ,  one p r o j e c t  may 

have l a r g e  p e r i o d i c  v a r i a n c e s  w i th  low i n t e r p e r i o d  c o r r e l a t i o n  while 

a n o t h e r  p r o j e c t  has s m a l l e r  v a r i a n c e s  with l a r g e r  c o r r e l a t i o n  r e s u l t i n g  

in  t h e  same g e n e r a l i z e d  v a r i a n c e .  Given th e  a c c e p t a n c e  o f  th e  m u l t i p l i ­

c a t i v e  i n t e r p r e t a t i o n  o f  t o t a l  r i s k ,  the a n a l y s t  would a c c e p t  the  f a c t  

t h a t  t h e  two p r o j e c t  r e f l e c t  t h e  same degree  o f  t o t a l  r i s k  as  r e p r e s e n t e d  

by equal  g e n e r a l i z e d  v a r i a n c e s .  I f  the  a n a l y s t  i f  u n c o m fo r t a b le  with 

t h e  above  app roac h ,  then  th e  g e n e r a l i z e d  v a r i a n c e  may be decomposed i n t o  

t h e  p r o d u c t  o f  the  d e t e r m i n a n t s  o f  th e  v a r i a n c e  d i a g o n a l  m a t r ix  and the 

c o r r e l a t i o n  m a t r i x .  Th is  d e c om pos i t ion  a l lo w s  f o r  a d d i t i o n a l  a n a l y s i s  

based on t h e  d e c i s i o n  m a k e r ' s  r e l a t i v e  p r e f e r e n c e  f o r  v a r i a n c e  and

iGChapter  I I I ,  pp. 135-137.
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c o r r e l a t i o n .  This  approach accommodates t h e  f a c t  t h a t  i n d i v i d u a l  r i s k  

p r e f e r e n c e s  may r e f l e c t  a t r a d e - o f f  between v a r i a t i o n  and c o r r e l a t i o n .

This  c h a p t e r  has ex tended  t h e  development o f  t h e  m u l t i v a r i a t e  

approach t o  c a p i t a l - b u d g e t i n g .  P r imary  emphasis  was in  c o m p a ra t iv e  

a n a l y s i s  o f  t h r e e  a l t e r n a t i v e  s c a l a r  m u l t i v a r i a t e  r i s k  m e asu re s :

1 . v a r i a n c e  o f  th e  n e t  p r e s e n t  v a l u e ;  2 . a rea /volume o f  t h e  i s o v a r i a n c e  

e l l i p s e ;  and 3 .  g e n e r a l i z e d  v a r i a n c e .  Each measure was g iv e n  an i n ­

t u i t i v e  i n t e r p r e t a t i o n .  The e f f e c t s  o f  t ime and s c a l e  were accomodated.  

And, f i n a l l y ,  l i m i t a t i o n s  a s s o c i a t e d  w i th  each measure were  a d d re s s ed .



CHAPTER V

SUMMARY AND SUGGESTIONS FOR ADDITIONAL RESEARCH

Summary

The p r im ary  o b j e c t i v e  o f  t h i s  s tu d y  i s  t h e  development o f  a 

c a p i t a l - b u d g e t i n g  model t h a t  e x p l i c i t l y  c o n s id e r s  t h e  im pact  o f  i n t e r ­

temporal 1 y c o r r e l a t e d  cash  f low s .  The need f o r  such a model was docu­

mented in  C h a p te r  I I ,  Review o f  R e l a t e d  L i t e r a t u r e .

The Review o f  Rela ted  L i t e r a t u r e  s y s t e m a t i c a l l y  surveyed ex ­

i s t i n g  methodology f o r  r i s k  a n a l y s i s  in  c a p i t a l - b u d g e t i n g .  The " s t a t e  

o f  a r t "  was c l a s s i f i e d  i n t o  two broad groups :  v a r i a t i o n s  o f  s im ple  

p r e s e n t  v a l u e  t e c h n iq u e s  and marke t  o r  p o r t f o l i o  t h e o ry  a d a p t a t i o n s .  

P r e s e n t  v a l u e  approaches  r e s u l t e d  in  t h e  development o f  t h e  p r o b a b i l i t y  

d i s t r i b u t i o n  o f  t h e  n e t  p r e s e n t  v a l u e .  Risk a n a l y s i s  the n  r e l a t e s  to  

the  a n a l y s i s  o f  v a r i a n c e  o f  th e  n e t  p r e s e n t  va lue .  While t h i s  r i s k  mea­

sure  has been w id e ly  r e p o r t e d  in  t h e  f i n a n c e  l i t e r a t u r e ,  t h e r e  has been 

s i g n i f i c a n t  d i s a g r e e m e n t  as to  i t s  m e r i t .  Other p o p u la r  r i s k  a d j u s t ­

ment t e c h n i q u e s  such as  r i s k  a d j u s t e d  r a t e s  and c e r t a i n t y  e q u i v a l e n t s  

have been o f f e r e d  as  s imple a l t e r n a t i v e s .  Both o f  t h e s e  s im p le  methods 

o f  r i s k  a n a l y s i s  have s e r i o u s  shor tcom ings  t h a t  have l e d  to  more s o p h i s ­

t i c a t e d  c a p i t a l  budge t ing  models .
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The development o f  p o r t f o l i o  th e o ry ,  c a p i t a l  a s s e t  p r i c i n g  

model and c a p i t a l  m arke t  t h e o r y  r e s u l t e d  in  th e  m e a n - v a r i a n c e  approach 

t o  t h e  a n a l y s i s  o f  f i n a n c i a l  a s s e t s  w i th i n  t h e  c o n t e x t  o f  e f f i c i e n t  

c a p i t a l  m arke ts .  These "marke t"  models  were the n  e x t e n d e d /a d a p te d  to  

t h e  a n a l y s i s  o f  r e a l  a s s e t s  o r  c a p i t a l - b u d g e t i n g  p ro b lem s .  Unfor tu ­

n a t e l y ,  t h e  s trong  s e t  o f  a s s u m p t io n s  r e q u i r e d  f o r  t h e  development o f  

e q u i l i b r i u m  c o n d i t i o n s  in  t h e  c a p i t a l  markets  do n o t  a p p e a r  to  be 

s a t i s f i e d  when the  p o r t f o l i o  models  a r e  adapted t o  c a p i t a l - b u d g e t i n g  

p rob lem s .  The v i o l a t i o n  o f  a s s u m p t io n s  and d i s s a t i s f a c t i o n  with  th e  

m e a n -v a r i a n c e  d e c i s i o n  c r i t e r i o n  l e d  to  the  deve lopm ent  o f  a l t e r n a t i v e  

m a rk e t  models .  M ean-semivar iance  models i n c o r p o r a t e  skewness in t o  t h e  

d e c i s i o n  p rocess .  S t o c h a s t i c  dominance models moved t h e  a n a l y s i s  away 

from th e  s tu dy  of  the  moments o f  t h e  d i s t r i b u t i o n  o f  cash  f lows to  t h e  

d i s t r i b u t i o n  i t s e l f .  F i n a l l y ,  t i m e - s t a t e  p r e f e r e n c e  m o d e l s ,  w h i le  con­

c e p t u a l l y  e l e g a n t  and t h e  m os t  g ene ra l  approach r e v ie w e d ,  a r e  g e n e r a l l y  

found to  be ex t remely  d i f f i c u l t  to  implement.

Chapter  I I  c l o s e d  w i t h  comparisons o f  m a rk e t  models  and a r e ­

p o r t  o f  a c t u a l  c a p i t a l - b u d g e t i n g  te ch n iq u es  used in  t h e  f i e l d .  Three 

su rv e y s  were reviewed t h a t  show t h a t  s imple ,  ad -hoc  r i s k  ad ju s tm e n t  

t e c h n i q u e s  s t i l l  dominate i n  t h e  f i e l d .  This dominance ,  however,  i s  

d e c l i n i n g .  Later  su rveys  show a t r e n d  o f  i n c r e a s i n g  s o p h i s t i c a t i o n  in  

c a p i t a l - b u d g e t i n g  r i s k  a n a l y s i s .  With the i n c r e a s e d  u s e  o f  s t a t i s t i c a l  

models  to  ana lyze  r i s k ,  t h e r e  e x i s t s  th e  need f o r  t h e  development o f  

c a p i t a l - b u d g e t i n g  models t h a t  a r e  t h e o r e t i c a l l y  a c c e p t a b l e ,  y e t  s im ple  

enough to  be used by p r a c t i t i o n e r s .  Chapters  I I I  and IV o f  t h i s  s tudy
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p r e s e n t e d  a s im p le ,  y e t  t h e o r e t i c a l l y  sound,  approach  t o  c a p i t a l - b u d ­

g e t i n g  r i s k  a n a l y s i s .

C hap te rs  I I I  and IV d ev e lo p ed  and e v a lu a te d  a m u l t i v a r i a t e  

app roach  t o  t h e  s o l u t i o n  o f  c a p i t a l - b u d g e t i n g  problems.  P r i o r  t o  th e  

development o f  t h e  m u l t i v a r i a t e  m ode l ,  arguments i n  f a v o r  o f  s i n g l e  

a s s e t  a n a l y s i s  a s  opposed t o  p o r t f o l i o  approaches  were p r e s e n t e d .  In 

a d d i t i o n ,  t h e  need to e x p l i c i t l y  c o n s i d e r  th e  i n t e r t e m p o r a l  c o r r e l a ­

t i o n  in  c a p i t a l - b u d g e t i n g  c a s h  f low s  was documented.  S imple  t e c h n iq u e s  

f o r  e s t i m a t i o n  o f  th e  c o r r e l a t i o n  s t r u c t u r e  were p r e s e n t e d .

A m u l t i v a r i a t e  app roach  t o  c a p i t a l - b u d g e t i n g  was s e l e c t e d  to  

accommodate a u t o c o r r e l a t i o n  among t h e  p e r i o d i c  ca s h  f l o w s .  C o n s id e ra ­

t i o n  o f  t h e s e  dependence s t r u c t u r e s  r e q u i r e s  t h e  s im u l t a n e o u s  a n a l y s i s  

o f  a l l  t h e  dimensions  o f  th e  c a p i t a l - b u d g e t i n g  problem. M u l t i v a r i a t e  

s t a t i s t i c a l  methods have been d e s ig n e d  t o  e x p l i c i t l y  c o n s i d e r  t h e se  

dependence  s t r u c t u r e s .  C a p i t a l - b u d g e t i n g  a n a l y s i s  r e q u i r e s  a m o d i f i c a ­

t i o n  to  t r a d i t i o n a l  m u l t i v a r i a t e  a n a l y s i s  p rocedu res  to  accommodate the  

e l e m e n t  o f  t im e .  Timing d i f f e r e n c e s  i n  th e  cash f low s t r e a m  a r e  accom­

modated by t r an s fo rm in g  th e  c a s h  f low d i s t r i b u t i o n  to p r e s e n t  t im e;

i . e . ,  d i s c o u n t i n g .

A c r u c i a l  assumption  o f  t h e  s tu d y  was t h a t  t h e  c a s h  f low  s t ream  

may be modeled w i th  th e  m u l t i v a r i a t e  normal d i s t r i b u t i o n .  The m u l t i ­

v a r i a t e  normal assumption was j u s t i f i e d  u s ing  arguments from both  the  

s t a t i s t i c s  and th e  f i n a n c e  l i t e r a t u r e .  The m u l t i v a r i a t e  normal d i s t r i b ­

u t i o n  was shown to be a g e n e r a l i z a t i o n  o f  the  u n i v a r i a t e  normal d i s t r i b ­

u t i o n .  T h e r e f o r e ,  the  e v a l u a t i o n  o f  r e t u r n  and r i s k  i s  e q u i v a l e n t  to  

t h e  e v a l u a t i o n  o f  the  mean v e c t o r  and th e  v a r i a n c e - c o v a r i a n c e  m a t r i x .
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The ex p ec ted  n e t  p r e s e n t  v a l u e  was a c c ep ted  a s  an a p p r o p r i a t e  

measure o f  r e t u r n .  The ex p ec ted  mean cash f lows  a r e  d i s c o u n t e d  a t  the 

r i s k - f r e e  r a t e  to  accoun t  f o r  d i f f e r e n c e s  in  t im ing  and t o  p r e c l u d e  

double  c o u n t i n g  f o r  r i s k .

While l i t t l e  c o n t r o v e r s y  a t t e n d s  the  use o f  expec ted  n e t  p r e s ­

e n t  v a l u e  t o  m easure  r e t u r n ,  t h e r e  i s  l i t t l e  ag reem ent  to  th e  a p p r o p r i ­

a t e  measure o f  r i s k .  With n o rm a l ly  d i s t r i b u t e d  cash f l o w s ,  t h e  v a r i ­

a n c e - c o v a r i a n c e  m a t r ix  i s  a m u l t i v a r i a t e  ana logue  o f  t h e  u n i v a r i a t e  

v a r i a n c e .  T h e r e f o r e ,  r i s k  a n a l y s i s  i s  e q u i v a l e n t  to  t h e  a n a l y s i s  of  

t h e  v a r i a n c e - c o v a r i a n c e  s t r u c t u r e .  Th is  s t r u c t u r e  may be e v a l u a t e d  

g e o m e t r i c a l l y  u s i n g  the  e l l i p s o i d s  o f  c o n c e n t r a t i o n  o f  th e  m u l t i v a r i a t e  

normal d i s t r i b u t i o n .  Changes i n  m a t r i x  s t r u c t u r e  a r e  r e a d i l y  i d e n t i ­

f i e d  th ro u g h  t h e  changes i n  t h e  s i z e  and s lope  of  t h e  e l l i p s o i d s .

A n a ly s i s  o f  t h e  r i s k i n e s s  o f  c a p i t a l - b u d g e t i n g  cash  f lows 

o f t e n  r e q u i r e s  comparison o f  a l t e r n a t i v e  cash f low s t r e a m s .  P r o j e c t  

s e l e c t i o n  r e q u i r e s  the  r a n k in g  o f  a l t e r n a t i v e  in v e s tm e n t  c h o i c e s  in  

te rms o f  some measure o f  a t t r a c t i v e n e s s .  In g e n e r a l ,  a t t r a c t i v e n e s s  

r e l a t e s  to  more r e t u r n  and l e s s  r i s k .  The need to  r a n k  and compare 

a l t e r n a t i v e s  d i r e c t e d  t h i s  s t u d y  toward  the deve lopment o f  s c a l a r  

r i s k  measures  t h a t  c a p t u r e  t h e  i n f o r m a t i o n  found in  t h e  v a r i a n c e -  

c o v a r i a n c e  m a t r i x .

Three  s c a l a r  m u l t i v a r i a t e  r i s k  measures were p r e s e n te d  and 

e v a l u a t e d .  The v a r i a n c e  o f  th e  n e t  p r e s e n t  v a l u e ,  volume o f  t h e  i s o ­

v a r i a n c e  e l l i p s o i d ,  and t h e  g e n e r a l i z e d  v a r i a n c e  were shown to  be 

s c a l a r  r e p r e s e n t a t i o n s  o f  t h e  v a r i a n c e - c o v a r i a n c e  m a t r i x .  Each mea­

s u r e  was d e s c r i b e d  a l g e b r a i c a l l y  and g e o m e t r i c a l l y .  S t a t i s t i c a l
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p r o p e r t i e s  and th e  c a p a b i l i t i e s  o f  each  s c a l a r  to measure r i s k  were  

e v a l u a t e d .  F i n a l l y ,  the  measures were compared and c o n t r a s t e d  to  de ­

te rm ine  i f  t h e r e  e x i s t s  a p r e f e r r e d  s c a l a r  m u l t i v a r i a t e  measure o f  

t o t a l  r i s k .

C onc lus ions

The need t o  e x p l i c i t l y  c o n s i d e r  i n t e r t e m p o r a l ,  i m p e r f e c t l y  

c o r r e l a t e d  c a s h  f lows  in c a p i t a l - b u d g e t i n g  a n a l y s i s  provided  t h e  movi- 

v a t i o n  f o r  t h i s  s t u d y .  D i s s a t i s f a c t i o n  w i th  e x i s t i n g  methods o f  r i s k  

a n a l y s i s ,  d i r e c t e d  t h i s  r e s e a r c h  to  i d e n t i f y  r i s k  measures t h a t :

1 . a r e  r e a s o n a b l e ,  and have i n t u i t i v e  a p p e a l ;

2 . use a l l  a v a i l a b l e  i n f o r m a t i o n ;

3. can be a p p l i e d  a c r o s s  a wide ra n g e  o f  problems;  and ,

4.  a r e  t h e o r e t i c a l l y  s u p p o r t a b l e .

Given t h e s e  c r i t e r i a ,  a m u l t i v a r i a t e  app ro ac h  to  the  e v a l u a t i o n  o f  r e ­

tu r n  and r i s k  was developed .

T r a d i t i o n a l  c a p i t a l - b u d g e t i n g  s t u d i e s  have been dominated  by 

t im e  s e r i e s  and p o r t f o l i o  models .  T h e r e f o r e ,  a s i g n i f i c a n t  c o n t r i b u ­

t i o n  o f  t h i s  s t u d y  i s  the  m u l t i v a r i a t e  approach  to  c a p i t a l - b u d g e t i n g .  

M u l t i v a r i a t e  s t a t i s t i c a l  methods were deve loped  to ana lyze  dep en d e n t  

s t r u c t u r e s .  The i n t e r p e r i o d  depende nc ie s  o f  t h e  c a p i t a l - b u d g e t i n g  cash  

f lows a r e  e a s i l y  ev a lu a te d  us ing  m u l t i v a r i a t e  s t a t i s t i c a l  methods .

A second c o n t r i b u t i o n  o f  t h i s  s t u d y  i s  t h e  a p p l i c a t i o n  o f  th e  

s c a l a r  m u l t i v a r i a t e  r i s k  measures (Volume o f  t h e  I s o v a r i a n c e  E l l i p s o i d  

and G e n e ra l i z e d  Var iance)  to  c a p i t a l - b u d g e t i n g  problems.  These measures  

o f  t o t a l  r i s k  have n o t  been p r e v i o u s l y  used to  e v a l u a t e  c a p i t a l - b u d g e t ­

ing  o r  any o t h e r  economic problems.  While both  measures o f  v a r i a b i l i t y
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have been used  in o t h e r  a r e a s  o f  s tudy  ( an th ropo logy ,  h o r t i c u l t u r e  and 

b i o l o g y ) ,  t h i s  a p p l i c a t i o n  in  f i n a n c e  i s  un ique.

F i n a l l y ,  t h i s  s t u d y  has c o n t r i b u t e d  to  the  s tu d y  o f  r i s k .

R isk  has been de f ine d  as  t h e  v a r i a b i l i t y  o f  f u t u r e  outcomes.  With such 

a g en e ra l  d e f i n i t i o n ,  t h e r e  e x i s t s  c o n s id e r a b l e  c o n t r o v e r s y  a s  to  the  

mos t  a p p r o p r i a t e  r i s k  measure .  This  s tudy  has n o t  r e s o lv e d  th e  con­

t r o v e r s y ,  bu t  in f a c t  may have expanded i t .  Comparing the  volume o f  

t h e  i s o v a r i a n c e  e l l i p s o i d  and the  g e n e r a l i z e d  v a r i a n c e  w i th  t h e  w e l l -  

e s t a b l i s h e d  v a r i a n c e  o f  t h e  n e t  p r e s e n t  va lue  a l e r t s  t h e  a n a l y s t  t h a t  

d e f i n i t i o n s  such as  " v a r i a b i l i t y  o f  f u t u r e  outcomes" a r e  ambiguous.

Each s c a l a r  r i s k  measure i d e n t i f i e s  a d if fe re n t  a s p e c t  o f  p r o j e c t  v a r i ­

a b i l i t y .  I f  m u l t i v a r i a t e  v a r i a b i l i t y  i s  a d d i t i v e ,  then  v a r i a n c e  o f  

t h e  n e t  p r e s e n t  va lue  c a p t u r e s  the  e s sence  o f  r i s k .  I f ,  however, m u l t i ­

v a r i a t e  v a r i a b i l i t y  i s  m u l t i p l i c a t i v e ,  then volume o f  t h e  e l l i p s o i d  

o r  th e  g e n e r a l i z e d  v a r i a n c e  may be a more in f o r m a t iv e  measure  o f  r i s k .  

The s i g n i f i c a n t  c o n c l u s i o n  i s  t h a t  exclusive use  o f  e i t h e r  the  v a r i a n c e  

o f  th e  n e t  p r e s e n t  v a lu e  o r  t h e  volume measures to  d e s c r i b e  m u l t i v a r i ­

a t e  v a r i a b i l i t y  may cause  t h e  f i n a n c i a l  d e c i s i o n  maker to  o v e r lo o k  an 

im p o r t a n t  dimension o f  p r o j e c t  r i s k .

L i m i t a t i o n s  o f  t h e  Study

The s i g n i f i c a n t  l i m i t a t i o n  o f  t h i s  s tu d y  i s  t h e  absence  o f  

e m p i r i c a l  t e s t i n g  o f  th e  m u l t i v a r i a t e  c a p i t a l  budget ing  model .  The 

p r im ary  emphasis o f  t h i s  s tu d y  was t h e  e x p o s i t o r y ,  t h e o r e t i c a l  develop­

ment o f  th e  m u l t i v a r i a t e  approach  and r e l a t e d  s c a l a r  r i s k  measures .

In a d d i t i o n  to  t h i s  t h e o r e t i c a l  development,  t h e  model needs  em pir ica l
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t e s t i n g .  Th is  t e s t i n g  may be per formed u s in g  s im u la ted  cash  f low  

s treams o r  b e t t e r  y e t ,  t e s t i n g  by p r a c t i t i o n e r s  us ing  r e a l  d a t a  in th e  

f i e l d .

O ther l i m i t a t i o n s  r e l a t e  t o  s i m p l i f y i n g  assumptions  t h a t  were 

made t o  deve lop  th e  model .  Assumptions t h a t  d i s r e g a r d e d  n e g a t i v e  i n ­

t e r p e r i o d  c o r r e l a t i o n s ,  v a r i a b l e  and unequal  u s e fu l  l i v e s  o f  competing 

p r o j e c t s ,  and u n c e r t a i n t y  as to  t h e  d i s c o u n t  r a t e  need to  be r e l a x e d  

and accommodated in  th e  model.

S ugges t ions  f o r  A d d i t i o n a l  Research

This  i n t r o d u c t o r y  s tu d y  o f  a m u l t i v a r i a t e  approach t o  c a p i t a l  

budge t ing  s u g g e s t s  many a re a s  f o r  a d d i t i o n a l  r e s e a r c h .  An obv ious  

s t a r t i n g  p e i n t  i s  e m p i r ica l  t e s t i n g  o f  t h e  model and r e l a x a t i o n  o f  the  

s i m p l i f y i n g  a s s u m p t io n s .  Empirical  t e s t i n g  o f  the  model may p ro v id e  

i n s i g h t s  to  t h e  s tu d y  o f  r i s k  n o t  a p p a r e n t  from t h i s  i n t r o d u c t o r y  s tu d y .  

A dd i t iona l  r e s e a r c h  i s  needed to  r e f i n e  t h e  d e f i n i t i o n  o f  r i s k  when 

th e  cash  f lows a r e  modeled by a m u l t i v a r i a t e  d i s t r i b u t i o n .  Th is  s tu d y  

has p r e s e n t e d  s c a l a r  r i s k  measures  t h a t  i d e n t i f y  d i f f e r e n t  a s p e c t s  o f  

p r o j e c t  v a r i a b i l i t y .  With a more s p e c i f i c  d e f i n i t i o n  o f  p r o j e c t  r i s k ,  

a c l e a r  p r e f e r e n c e  f o r  one r i s k  measure o r  a n o t h e r  may be d e t e r m in e d .  

R e la t i n g  to  t h e  d e f i n i t i o n  o f  r i s k  and r i s k  p r e f e r e n c e s ,  th e  u t i l i t y  

t h e o ry  i m p l i c a t i o n s  o f  the  m u l t i v a r i a t e  model need to be c o n s i d e r e d .

The p r o p e r t i e s  and c h a r a c t e r i s t i c s  o f  u t i l i t y  f u n c t i o n s  in  t e rm s  o f  ex­

pec ted  r e t u r n  and g e n e r a l i z e d  v a r i a n c e  may p ro v id e  c o n s i d e r a b l e  i n s i g h t  

to  th e  s tu d y  o f  r i s k .  F i n a l l y ,  t h e  complementary  n a t u re  o f  th e  s i n g l e ­

pe r iod  p o r t f o l i o  problem i s  r e c o g n i z e d .  The m u l t i p l e  a s s e t ,  s i n g l e
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p e r i o d  n a tu re  o f  p o r t f o l i o  a n a l y s i s  r e s u l t s  i n  a m u l t i v a r i a t e  s t r u c t u r e  

t h a t  i s  s i m i l a r  to  t h e  s i n g l e  a s s e t ,  m u l t i p l e  p e r io d  c a p i t a l - b u d g e t i n g  

problem. T h e r e f o re ,  t h e  model developed  i n  t h i s  s tudy  f o r  c a p i t a l -  

budge t ing  may e a s i l y  be ex tended  f o r  p o r t f o l i o  a n a l y s i s .
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