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MULTI-LAYERED PERIODIC REFLECTOR AND BRAGG 

WAVEGUIDE FOR INTEGRATED OPTICS

CHAPTER I 

INTRODUCTION

The adven t o f  in t e g r a te d  o p t ic s  has given an enormous s tim u lus  to  the 

e n t i r e  f i e l d  o f  o p t ic a l  communication. I n te g ra te d  o p t ic s  i s  a d iv e rs e  

f i e l d  which can be c h a ra c te r iz e d  in  the  broad sense  by co n s id e r in g  a de

v ic e  which combines o p t ic a l  components, such as  l i g h t  so u rc e s ,  m odulators , 

s w i tc h e s ,  l e n s e s ,  d e t e c to r s ,  f i l t e r s ,  c o u p le r s ,  and o th e r  components in to  

a common s u b s t r a t e .  T ra d i t io n a l  o p t ic a l  ap p a ra tu se s  must be a l igned  with 

extreme accuracy  and a re  thus  s u s c e p t ib le  t o  a minute amount o f  v ib ra t io n  

and tem pera tu re  change. I n te g ra te d  o p t ic a l  d ev ices  allow  co n cen tra ted  

l i g h t  beam in  th in  f i lm  waveguides t h a t  a re  c o n s tru c te d  on th e  su r face  or 

i n s id e  o f  a s u b s t r a t e .  Because o f  the  s h o r t  wavelength o f  l i g h t ,  a d ie l e c 

t r i c  o p t ic a l  l i g h t  guide can be made ex trem ely  small in  physica l dimen

s io n s .  Primary advantages o f  the  small s i z e  and rugged c o n s tru c t io n  o f  

in t e g r a te d  o p t i c a l  devices a re  t h e i r  i n s e n s i t i v i t y  to  v ib r a t io n  and temoer- 

a tu r e  change in  t h e i r  environm ent. And a lso  i t  i s  p o ss ib le  to  package a 

h ig h e r  d e n s i ty  o f  components compared to  conventional o p t ic a l  dev ices .

Of many o p t i c a l  dev ices  t h a t  a r e  being s tu d ie d ,  one o f  key elements 

o f  in t e g r a te d  o p t i c a l  dev ices  is  a waveguide which can t r a n s p o r t  in f o r 

mation onto th e  o th e r  o p t i c a l  d ev ice .  The in t e g r a te d  o p t i c a l  waveguides



a re  a d i e l e c t r i c  type ,  u su a lly  in  a form o f  a p lanar f i lm  o r  s t r i p  w ith  a 

r e f r a c t i v e  index h ig h e r  than t h a t  o f  s u b s t r a t e .

in  a r e c e n t  review^ paper,  Kogelnik  ̂ o f fe re d  a good b ib l iog raphy  

and a l s o  d is c u s s e d  th e  c u r re n t  development in  in t e g r a te d  o p t i c s .

An o p t i c a l  d i e l e c t r i c  waveguide w ith  a s la b  c o n f ig u ra t io n  i s  capable 

o f  sup p o r t in g  l o s s l e s s  confined modes when th e  index o f  r e f r a c t io n  o f  

th e  guide la y e r  exceeds th e  in d ic e s  o f  th e  two bounding media. This con

d i t i o n  i s  necessa ry  to  o b ta in  an im aginary t r a n s v e r s e  p ropagation  con

s t a n t  which corresponds to  an evanescen t decay o f  th e  mode f i e l d  in  the  

bounding media. However, f o r  some a p p l i c a t io n ,  i t  may be d e s i r a b le  

to  guide o p t i c a l  power in  a la y e r  w ith  a lower index than those  o f  two 

bounding media. A ty p ic a l  example i s  th e  hollow co re  waveguide l a s e r  

where power i s  flowing in  the  a i r

I t  was suggested  t h a t  confined  gu id ing  w ith  a r b i t r a r y  low lo s s  i s  

p o s s ib le  u s in g  Bragg r e f l e c t i o n  in  waveguide In  a Bragg waveguide

th e  c o n v e n t io n a l ly  used s u b s t r a te  i s  rep laced  by a p e r io d ic  lay e red  med

ium. The p ropagation  may be cons idered  fo rm ally  as t h a t  o f  a p lane wave 

zigzagging in s id e  th e  guid ing  la y e r  and undergoing t o t a l  in t e r n a l  r e f l e c 

t io n  a t  th e  i n t e r f a c e  between th e  gu ide  and guide cover and Bragg r e f l e c 

t i o n  a t  th e  i n t e r f a c e  between the  guide  la y e r  and th e  p e r io d ic  l a y e r .  

Total Bragg r e f l e c t i o n  happens only  when th e  in c id en ce  ang le  s a t i s f i e s  

the  Bragg c o n d i t io n ,  t h a t  i s ,  the  p ropagation  co n d i t io n  in s id e  th e  per

io d ic  la y e red  medium f a l l  w ith in  one o f  th e  o p t ic a l  fo rb idden  gaps

The in t ro d u c t io n  o f  th e  Bragg waveguide opens a new dimension fo r  

l i g h t  p ropagation  in in te g ra te d  o p t i c s .

O p tica l waveguides based on th e  Bragg r e f l e c t i o n  p r in c ip le  a re  f r e e



from some o f  th e  fundamental c o n s t r a in t s  imposed on conventional wave

guides and a re  expected to  p lay  an im portan t r o le  in  a p p l ic a t io n s  where 

a high degree o f  s e l e c t i v i t y  i s  im portan t o r  in case  where use  o f  con

ven tiona l  waveguides provide inadequate  performance. For in s ta n c e  in
0

case  o f  an x - ra y  l a s e r ,  th e  o s c i l l a t i o n  wavelength i s  so sm a l l ,  IQOA, 

t h a t  th e  use o f  an e x te rn a l  r e s o n a to r  s t r u c t u r e  i s  h ig h ly  u n l ik e ly .  A 

g r e a t  deal o f  work was done on th e  theory  o f  a n t i - r e f l e c t i v i t y  and high 

r e f l e c t i n g  m u l t i - l a y e r  systems as  well as f o r  in t e r f e r e n c e  f i l t e r  in 

th e  f i r s t  h a l f  o f  th e  cen tu ry  However, th e  f i r s t  general t r e a t 

ment o f  s t r a t i f i e d  media in  terms o f  e lec tro m ag n e tic  theory  o f  l i g h t  

was no t a v a i la b le  u n t i l  Abeles in tro d u ced  th e  m atrix  method to  

t r e a t  the  p ropag a t io n  o f  l i g h t  in  laye red  media. E lec trom agnetic  prop

ag a t io n  in a p e r io d i c a l ly  lay e red  d i e l e c t r i c  media was cons idered  in 

d e t a i l  with th e  d i r e c t io n  o f  p ropagation  normal to  th e  la y e r s  by many 

workers D ispers ion  equa t ions  and mode fu n c t io n s  f o r  a p e r io d ic

s t r u c t u r e  were p rev io u s ly  d iscu ssed  by B r i l lo u in  and A l l e n i n

connection  w ith  c r y s ta l  band s t r u c t u r e  fo r  a square well p o te n t ia l  and 

more r e c e n t ly  f o r  e lec tro m ag n e t ic  case Kossel showed th a t

th e  an a lo g ies  between th e  th in  f i lm  o p t ic s  and e l e c t ro n  band th eo ry .

The propagation  c h a r a c t e r i s t i c s  o f  p e r io d ic  a r r a y  o f  d i e l e c t r i c  s lab  

was a lso  s tu d ie d  by Lewis and Hessel

The h i s t o r i c a l  i n t e r e s t  in  o p t i c a l  p ro p e r t i e s  o f  m u l t i - l a y e r  th in  

f i lm  was l a rg e ly  confined  to  the  use o f  high r e f le c ta n c e  coa t ings  in 

high r e s o lu t io n  in te r f e ro m e t ry  o r  a n t i - r e f l e c t i o n  co a t in g s .  L i t t l e  

a t t e n t i o n ,  however, was given to  th e  guided wave in th e  p a r a l l e l  d i r e c 

t i o n  to  the la y e r  u n t i l  1974 when Arnaud der ived  approximate



d i s p e r s io n  e x p re s s io n  o f  a semi- i n f i n i t e  sequence o f  p e r io d ic  la y e r s  on 

th e  b a s i s  o f  t r a n s m is s io n  l i n e  r e p re se n ta t io n  f o r  s p e c ia l  case  o f  lo o se ly  

bound waves.

The use o f  Bragg r e f l e c t i o n  i n  waveguide was f i r s t  sugges ted  by 

Ash and Fox in  1970 and 1974, r e s p e c t iv e l y .  In r e c e n t  re sea rch  

o f  e le c t ro m a g n e t ic  wave propagation in the  p e r io d ic  d i e l e c t r i c  l a y e r  i s  

f a c i l i t a t e d  w ith  th e  h e lp  o f  th e  F lc q u e t 's  theorem which reduces  th e  

c o n s id e r a t io n s  to  a s i n g l e  u n i t  period

F i r s t  c o n f in e d  p ropaga t ion  at 1.15 ym has been observed  by Cho and 
f l9 )Yariv in  Ga.|_^Aji^As -  GaAs Bragg waveguide grown by m o lecu la r  beam 

e x p i ta x y .  T h is  a sy m é tr ie  Bragg waveguide has e i g h t  p e r io d  o f  double la y 

e r  Gag gA£g gAs -  GaAs r e f l e c to r 'w i th  each l a y e r  th ic k n e s s  o f  0 .26  pm and 

an e x c e s s iv e ly  high a t t e n u a t io n  c o e f f i c i e n t  o f  a  = 14.49 cm“ ^, n e g le c t in g  

the  lo s s  due to  th e  bulk  absorp tion  in t h i s  s t r u c t u r e .  I t  would be 

n ecessa ry  to  have 32 la y e r s  to provide a low a t t e n u a t io n  c o e f f i c i e n t  such 

as a = 0 .355 cm~^.

The a p p l i c a t io n  o f  such Bragg r e f l e c t o r s  has a l s o  been r e p o r te d  in  

th e  o p e ra t io n  o f  i n j e c t i o n  l a s e r  R ecen tly  Dupuis and Parkus

re p o r te d  a symmetric Bragg waveguide grown by metal o rg an ic  chemical 

vapor d e p o s i t io n  te ch n iq u e  and i t  c o n s i s t s  o f  56 la y e r s  o f  a l t e r n a t i n g

G*0.73^^0.27^5 ■ GaAs.

All the  Bragg waveguides reported  to d a te  have double la y e re d  s t r u c 

t u r e s ,  symmetric and asym m etric , and req u ire  a l a rg e  number o f  p e r io d ic  lay

e r s  to  p ro c e s s ,  and th u s  have inheren t d isadvan tages  in  c o s t  e f f e c t i v e  

p roduc tion  and l i m i t a t i o n s  in  device performance.

Although th e  most b a s ic  p r in c ip le  o f  o p e ra t io n  remains th e  same fo r



the  waveguide, c e r t a i n  a s p e c t s  o f  a m u l t i - l a y e r e d  p e r io d ic  Bragg wave

guide dev ice  have n o t  been d iscu ssed  in  any l i t e r a t u r e  up to  t h i s  d a t e .

For in s ta n c e ,  v a r io u s  l a y e r  param ete r ,  such as  r e f r a c t i v e  index and 

th ick n ess  o f  each l a y e r ,  p lay  an im portan t r o l e  in  r e f l e c t i v i t y  o f a  Bragg 

r e f l e c t o r .  But in  most o f  the  p re v io u s ly  published  p ap e rs ,  no d e t a i l e d  

ex p lan a tio n  about th e  r e l a t i o n s h i p  between r e f r a c t i v e  index and th ic k n e s s  

o f  each l a y e r  was g iven .

During th e  design o f  a p e r io d ic  lay e red  Bragg waveguide f o r  in t e g r a te d  

o p t i c s ,  the  dependence o f  th e  r e f l e c t i v i t y  o f  th e  v a r io u s  la y e r  param eters  

can guide th e  s c i e n t i s t  to  an optimal c o n f ig u ra t io n .  I t  would be u sefu l 

to  in c lu d e  them in  a d is c u s s io n  o f  th e  Bragg waveguide.

The main purpose o f  t h i s  paper i s  to deal d i r e c t l y  w ith  the  c lo se d  

form e x p re s s io n  f o r  r e f l e c t i v i t y ,  d is p e r io n  r e l a t i o n  and r e l a t e d  wave 

fu n c t io n s  w ith  improved confinem ent o f  the wave in the guide with the l e a s t  

number o f  p e r io d ic  l a y e r s .  Also in tended  i s  to  seek th e  complete c h a r 

a c t e r i z a t i o n  o f  t r i p l e  la y e red  p e r io d ic  Bragg waveguide.

Three ch ap te rs  w i l l  be p resen ted  t h a t  c h a r a c te r i z e  th e  p ro p e r t i e s  

o f  th e  m u l t i - l a y e re d  p e r io d ic  Bragg waveguide. These c h a p te r s  a re  

arranged  in  a modular fo rm at t h a t  w i l l  allow e a r l y  ch a p te rs  to  be used as 

a r e fe re n c e  to  s u p p o r t  some p o in ts  in the  l a t e r  c h a p te r s .  New and old 

in form ation  i s  interwoven th roughou t th e  d isc u ss io n  to  c r e a te  c o n t in u i t y  

in  th e  t o t a l  p i c tu r e  o f  th e  Bragg waveguide and to  supply  useful compar

ison between double ,  t r i p l e ,  quad rup le ,  and q u in tu p le  la y e red  p e r io d ic  

s t r u c t u r e .

A b r i e f  s ta te m e n t  o f  th e  c o n te n t  and purpose of each chap te r  wi l l  

now be made.



Chapter 2 i s  b a s i c a l l y  a rev iew  o f  th e  conventional s lab  waveguide 

to  c h a ra c te r i z e  the  p ro p ag a t io n  o f  o p t ic a l  waves in  t h i s  d i e l e c t r i c  l a y e r .

The c h ap te r  a l s o  e s t a b l i s h e s  a b a s ic  p i c tu r e  f o r  o p t ic a l  waveguide 

th e o ry .  While th e  in fo rm a tio n  i s  n o t  to t a l l y  new, th e  in te n t io n  i s  to  b r in g  

c e r t a in  p o in ts  in to  focus  f o r  a c l e a r e r  unders tand ing  o f  o p t ic a l  wave

guide model d iscu ssed  in  l a t e r  c h a p te r s .

Chapter 3 c o n ta in s  a  c lo sed  form ex p re s s io n  o f  r e f l e c t i v i t y  which i s  

v a l id  t o  any p o l a r i z a t i o n ,  la y e r  th i c k n e s s ,  wavelength and in c id e n t  angle  

fbr a Bragg r e f  1 e c to r  composed o f  a m u l t i - l a y e re d  p e r io d ic  d i e l e c t r i c  medium. 

This has not been d iscu ssed  p re v io u s ly  in connection  w ith  Bragg waveguide 

in c lu d in g  th e  e f f e c t  o f  g u id in g  l a y e r  and s u b s t r a t e .

C hapter 4 i s  p r im a r i ly  a numerical comparison and d isc u ss io n  ma

t e r i a l  r e l a t e d  to  double , t r i p l e ,  q u ad ru p le ,  and q u in tu p le  la y e red  per

io d ic  s t r u c t u r e .

S p e c i f i c  i n t e r e s t  i s  d i r e c te d  toward th e  magnitude o f  r e f l e c t i v i t y  

and s e l e c t i v i t y .  More im p o r ta n t ly ,  th e  comparison between th e  various 

s t ru c tu re s  and th e  c o n d i t io n  f o r  optimum la y e r  th ick n ess  a re  e s s e n t i a l l y  

new and necessary  f o r  e s t im a t in g  th e  number o f  per iods  o f  a Bragg r e f l e c 

t o r .

Chapter 5 i s  a d is c u s s io n  o f  th e  t r i p l e  la y e red  p e r io d ic  s t r u c t u r e  

with reg a rd  to  d is p e r s io n  r e l a t i o n ,  f i e l d  p r o f i l e  and o p t ic a l  power con

finem en t.  The in fo rm a tio n  in  t h i s  c h ap te r  i s  new and im portan t f o r  the 

f in a l  e s t im a t io n  o f  a t r i p l e  la y e red  p e r io d ic  Bragg waveguide. In Chap

t e r  6, conc lusions  and recommendations a re  d e s c r ib e d .  F in a l ly ,  i t  i s  

f e l t  t h a t ,  th e  s p e c i f i c  i n s i g h t  and numerical da ta  p resen ted  in  th i s  

s tudy  w i l l  p rovide  a u se fu l  r e fe re n c e  f o r  f u r t h e r  a p p l ic a t io n  o f  Bragg 

waveguide in  various  a re a  o f  in t e g r a te d  o p t i c s .



. . CHAPTER I I

THEORY OF DIELECTRIC WAVEGUIDE

2 .1 .  In tro d u c t io n

D ie l e c t r i c  waveguides a re  th e  s t r u c t u r e s  t h a t  a r e  used to  confine  

and gu ide  th e  l i g h t  in  the  guided-wave dev ices  and c i r c u i t s  o f  in te g ra 

ted  o p t i c s .

The purpose o f  t h i s  ch a p te r  i s . t o  review th e  im portant theo ry  o f  

th e se  waveguides and to  give both an in t ro d u c t io n  to  the  s u b je c t  as 

well as a c o l le c t io n  o f  im portan t r e s u l t s  s u f f i c i e n t l y  d e ta i le d  to  be 

o f  use  t o  l a t e r  c h a p te r s .

I a lso  aim to provide a compact t h e o r e t i c a l  framework o f  s u f 

f i c i e n t  g e n e ra l i ty  to  be used as th e  b a s i s  f o r  l a t e r  chap ters ,  which 

deal w ith  th e  Bragg waveguide. The p ro p e r t i e s  o f  d i e l e c t r i c  waveguides 

a re  d iscu ssed  in  g r e a t  d e t a i l  in  r e fe re n c e s  (22-25)^

D ie l e c t r i c  s lab s  a re  the  s im p le s t  o p t i c a l  waveguides. Because o f  

t h e i r  simple geometry, guided and r a d i a t i o n  modes o f  s lab  waveguides 

can be desc r ib ed  by simple mathematical e x p re s s io n s .  The s tu d y  o f  s lab  

waveguides and t h e i r  p ro p e r t i e s  i s  thus  o f te n  usefu l in  gain ing  an 

unders tand ing  o f  th e  waveguiding p r o p e r t i e s  o f  more complicated d ie 

l e c t r i c  waveguides. However, s la b  waveguides a re  n o t  only use fu l as 

models f o r  more general types o f  o p t i c a l  waveguides, bu t  they a re  

a c t u a l l y  employed f o r  l i g h t  guidance in  in t e g r a te d  o p t ic s  (26,27)



In  i n t e g r a te d  o p t i c a l  a p p l ic a t io n s ,  s la b  waveguides a r e  farmed by 

v a r io u s  means, t h e  s im p le s t  o f  which use th e  d e p o s i t io n  o f  g la s s  o r  

p l a s t i c  f i lm s on g la s s  o r  c r y s ta l  s u b s t r a t e s .  These f i lm s  can be 

d ep o s ited  by e v a p o ra t io n s ,  s p u t t e r in g ,  o r  by e p i t a x i a l  growth te c h 

n iq u es .  The l a t e s t  method i s  such as m olecu la r  beam e p i t a x i a l  r e s t r i c t 

ed to  th e  d e p o s i t io n  o f  th in  s in g le  c r y s t a l l i n e  f i lm s  on c r y s t a l  

s u b s t r a t e s .  Another method o f  forming d i e l e c t r i c  o p t i c a l  waveguides 

f o r  in t e g ra te d  o p t i c s  a p p l ic a t io n s  employs ion  im p la n ta t io n  te c h n iq u e s .  

By bombarding th e  s u b s t r a t e  m a te r ia l  with s u i t a b l e  ions  i t  i s  p o s s ib le  

to  a l t e r  the r e f r a c t i v e  index o f  th e  s u b s t r a t e  so t h a t  a d i e l e c t r i c  

s la b  waveguide r e s u l t s .  More d e ta i le d  f a b r i c a t i o n  can be found e l s e 

where The genera l t r e a t i s e  in  t h i s  c h a p te r  i s  based on th e  f o r -
CZ9)

m ulation  p re sen te d  by Marcuse ^ . In s e c t io n  2.1 we d is c u s s  th e  ray

o p t ic s  p ic tu r e  o f  l i g h t  p ropagation  in s la b  w aveguides. This i s  meant 

to  p rov ide  both a f i r s t  phys ica l unders tand ing  as w ell as an in t ro d u c 

t io n  to  the concep ts  and th e  terminology o f  d i e l e c t r i c  waveguides in  

g e n e ra l .  S ec tion  2 .2  i s  a d iscu ss io n  o f  th e  genera l fundamental o f  

the  e le c tro m a g n e t ic  theory- o f  d i e l e c t r i c  waveguides and t h e i r  modes 

o f  p ropaga tion . S ec t io n  2 .3  g ives d e t a i l s  o f  th e  guided modes and 

the  f i e l d s  o f  th e  s la b  w aveguides, both f o r  TE and TM modes.

2 .2  Geometrical O p tic s  o f  the  Slab Waveguide

Consider an i n t e r f a c e  se p a ra t in g  two l o s s l e s s ,  i s o t r o p i c ,  homo

geneous d i e l e c t r i c  media o f  r e f r a c t i v e  index n  ̂ and ng as shown in  Fig

ure 2 .1 ,  and a c o h e re n t  l i g h t  wave in c id e n t  a t  an an g le  9-j between th e  

wave normal and th e  normal to  th e  i n t e r f a c e .  With th e  d e f i n i t i o n  o f



Figure  2.1. R e f lec tio n  and R e f ra c t io n  o f  a P lane 
Ifave a t  a D ie l e c t r i c  I n te r f a c e .



the  an g les  shown in  F igure  2.1 S n e l l ' s  law can be expressed  in  the  form

n^sin9-| = ngSinSg (2 .1 )

The r e f l e c t i o n  c o e f f i c i e n t  o f  a p lane wave a t  a d i e l e c t r i c  i n t e r f a c e ,  

which i s  p o la r i z e d  so t h a t  i t s  e l e c t r i c  v e c to r  i s  p a r a l l e l  t o  th e  i n t e r 

face  ( i . e .  IE p o l a r i z a t i o n ) ,  fo llow s from th e  F resne l fo rm ula .

/  2 2 2 / y 2 2
R = (n.| c o s 9  ̂ -  /hg  -  n^sin e^ )/(n^cos6^  + /n ^  -  n^sin  e-j).

(2 . 2 1

The c r i t i c a l  an g le  f o r  to  al in te rn a l  r e f l e c t i o n  i s  de f ined  by 

s in e ^  = ng/n^

For 0-j < 0^, th e  r e f l e c t i o n  c o e f f i c e n t  R, given by Equation ( 2 .2 ) ,  is  

re a l  and p o s i t i v e ,  and th e  in c id e n t  wave i s  p a r t i a l l y  r e f l e c t e d .  As 

the  c r i t i c a l  a n g le  i s  exceeded (s-j > 0 ^)-, t o t a l  i n t e r n a l  r e f l e c t i o n  

occurs a t  th e  d i e l e c t r i c  i n t e r f a c e .  In t h i s  c a se ,  R i s  complex because 

th e  in s id e  o f  square  r o o t  in  numerator and denom inator o f  Equation (2 .2 )  

i s  n e g a t iv e  v a lu e .  The negative  s ign  i s  nece ssa ry  s in c e  a decaying 

in s te a d  o f  a growing wave must r e s u l t  in  medium 2. Under co n d i t io n s  

o f  t o t a l  i n t e r n a l  r e f l e c t i o n ,  a phase s h i f t  i s  imposed on th e  r e f l e c t e d  

l i g h t .  The phase s h i f t s  and corresponding  to  th e  TE p o la r i z a 

t io n  and TM p o la r i z a t io n  ( i . e .  a wave p o la r iz e d  so t h a t  i t s  magnetic 

v e c to r  i s  p a r a l l e l  to  th e  i n t e r f a c e )  a re  r e s p e c t iv e l y .

-2  a r c ta n  ( / n^sin^e^ - n^ /n^coso^),  f o r  TE (2 .3)

•2 a r c ta n  [ ( n ^ / n ^ ) / n ^ s i n  e-| -  rig/n^cosA^] f o r  TM (2 .4)

10



F igure  2 .2  shows th e  dependence o f  phase s h i f t  o f  TE on the  angle o f  

in c id en ce  9  ̂ f o r  a s e l e c t io n  o f  index r a t i o  rig/n^ where the  values 

0 .2 9 ,  0 .4 7 ,  0 .6 8 ,  0 .90  and 0.99 correspond to  i n t e r f a c e s  between a i r  -  

GaAs, a i r  -  LiNbOg, a i r  -  SiOg, GaAs -  Ga^ g^AZg and GaAs -  

Gag gA&g ^As, r e s p e c t iv e l y .  I t  i s  noted t h a t  th e  phase s h i f t  in c re ases  

from 0° a t  th e  c r i t i c a l  ang le  to  180° a t  9.j = 9 0° .  I t  in c re a s e s  with

i n f i n i t e  s lo p e  a t  e.| = and a s lo p e  o f  (1 -  n y n ^ f   ̂ a t  grazing

in c id e n c e .

Having c o l l e c t e d  th e se  few f a c t s  from ray  o p t i c s  and the  theory 

o f  p lane wave r e f l e c t i o n  a t  i n t e r f a c e s ,  mode guidance in  the  s lab  

waveguide shown s c h e m a tic a l ly  in  F igure 2 .3  w i l l  be p re s e n te d .  The 

core  reg io n  o f  th e  waveguide i s  assumed to  have r e f r a c t i v e  index n.| 

and i s  d e p o s i te d  on a s u b s t r a te  w ith  index The r e f r a c t i v e  index 

o f  th e  medium above th e  co re  i s  in d ic a te d  as  n^. i f  n^ = n^, s lab  

waveguide i s  symmetric and in case  o f  ng /  n^ , th e  s la b  waveguide i s

asymm etric . In g e n e ra l ,  we assume t h a t

n.| > n^ > n^, (,2.5)

and th e re  a r e  two c r i t i c a l  a n g le s ,  and f o r  t o t a l  in t e rn a l  r e 

f l e c t i o n  from the (n.j -  ngjand (n.j -  n^) in t e r f a c e s ,  r e s p e c t iv e l y .  For 

small an g les  a < l i g h t  in c id e n t  from th e  s u b s t r a t e  s id e

escapes through the  s t r u c t u r e ,  t h i s  s i t u a t i o n  i s  d e p ic te d  in Figure 

2 . 4 (.a) and c a l l e d  as a r a d ia t io n  mode.

The c a se  o f  < 8 < ^^Jc’ shown in  F igure  2 - 4 ( c ) .  The l i g h t  

in c id e n t  from th e  s u b s t r a t e  i s  r e f r a c t e d  a t  t h e { n j - n ^  in t e r f a c e  and then 

t o t a l l y  r e f l e c t e d  a t  th e  (n^ -  n^) i n t e r f a c e ,  r e f r a c t e d  back in to  the

11
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F igure  2 .3 .  Sketch o f  an Asymmetric Slab Wavenuide (a) 
and th e  Zig Zag Ray Path in Slab Waveguide (b)
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F igure  2 .4 .  Sketch o f  P rooagation  C o n s ta n ts ,  E l e c t r i c  
Fiel'd P r o f i l e s  and Zig-Zag Wave P i c t u r e  o f  th e  

Di f f e r e n t  Type of Wave Modes.
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s u b s t r a t e  through which th e  l i g h t  escapes from s t r u c t u r e .  Again, th e re  

is  no l i g h t  confinem ent and i t  i s  c a l l e d  a s u b s t r a te  mode. In F igure 

2-4(b) th e  angle i s  l a rg e  enough, t o t a l  in t e rn a l  r e f l e c t i o n  a t  both 

in t e r f a c e s  a re  o ccu rred .  The l i g h t  i s  trapped  and confined in  ng and 

propagates  in  a z ig  zag pa th  which corresponds to  a guided mode. For 

a guided mode o f  th e  s la b  gu ide , the  z ig  zag model i s  rep resen ted  by 

p lane wave w ith  p ropaga t ion  c o n s ta n t  g.

g = w/Vp = kn-jSine, (2 .6 )

where k = 2ïï/x^ = —,  i s  th e  f r e e  space w avelength, w th e  angu la r  

frequency o f  th e  l i g h t ,  and c th e  v e l o c i ty  o f  l i g h t .  For an n^ la y e r  

o f  th ic k n e ss  t , th e re  is  a phase s h i f t  f o r  t r a n s v e r s e  passage through ann.  ̂

la y e r  and fo r  r e f l e c t i o n  on i n t e r f a c e ,  thus  the  sum o f  a l l  th e se  phase 

sh i f ts  must be a m u l t ip le  o f  2ir. Thus th e  t r a n s v e rse  resonance condition  

o f  TE modes y ie ld s

2kn^tcose -  E arc tan •'” 1  -  4
n^cose -  Earc tan n^cose = Emu lE .7)

where m i s  an in t e g e r  ( 0 , 1 , 2 , . . . )  which i d e n t i f i e s  the  mode number and 

n^ i s  knowing as an 

c o n s ta n t  defined  by

n^ i s  knowing as an e f f e c t i v e  guide index o r  normalized propagation

Og = g/k = n^si n e . 12.8 )

Equation (2 .7 )  i s  e s s e n t i a l l y  th e  d is p e r s io n  equation o f  a wave

guide y ie ld in g  the p ropagation  c o n s ta n t  as  a fu n c tio n  o f  wavelength 

and gu id ing  la y e r  th ic k n e s s  f o r  TE c a se .  Equation (2 .7 )  i s  developed
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in  th e  s e c t i o n  2 .4  by s t a r t i n g  from Maxwell's  e q u a t io n s  and using the 

boundary c o n d i t io n s  a t  th e  d i e l e c t r i c  i n t e r f a c e s .

2 .3  General D iscussion  o f  th e  E lec trom agne tic  Theory o f  D ie le c t r i c
lifavequidê !

In o rd e r  to  ob ta in  a complete d e s c r ip t io n  o f  th e  modes of a d ie le c 

t r i c  waveguide. Maxwell's equations  must be s o lv e d .  A mode o f  a d ie 

l e c t r i c  waveguide a t  a rad ian  frequency w i s  a s o lu t io n  o f  Maxwell's 

p ro p ag a t io n  equa tion

V X E = (2 .9)

7 X H = 12.10)

s u b je c t  to  th e  c o n t in u i ty  o f  th e  tangentia l components o f  E and H a t  the  

d i e l e c t r i c  i n t e r f a c e .  Here and a re  th e  d i e l e c t r i c  p e rm i t t iv i ty  

and m agnetic  p e rm e a b il i ty  o f  vacuum. I t  i s  assumed t h a t  th e  media in 

c o n s id e ra t io n  a r e  d i e l e c t r i c  m a te r ia l  so t h a t  th e  use o f  th e  vacuum 

c o n s ta n t  i s  s u f f i c i e n t .  The index o f  r e f r a c t i o n  o f  th e  medium i s  des

ig n a ted  by n and the time dependence term has been supp ressed .  A simple 

d e s c r ip t io n  o f  th e  d i e l e c t r i c  waveguide by l i m i t i n g  d iscu s s io n s  to  the

s la b  waveguide i s  shown in  Figure 2 .3 ,  in  which no v a r i a t io n  o f  f i e l d  in

y d i r e c t i o n  i s  assumed. And assuming t h a t  wave f r o n t  i s  normal to  the

waveguide a x is  z ,  the  wave equation  i s

2
E (x ,y)  + C k V  -  g^) E(x,y) = 0  (2.11)

9X

B efore  embarking on a formal s o lu t io n  o f  Equation (2 .11) in each 

l a y e r  we may l e a r n  a g r e a t  deal about th e  p h y s ic a l  n a tu re  of th e

16



s o lu t io n s  as a fu n c t io n  o f  the p ropagation  c o n s ta n t  6 a t  some fixed 

frequency  to. The sim ple physical conceptual t re a tm e n ts  in  conjunction 

w ith  a s la b  waveguide have been exp lored  and used by Taylor and Yari

Assuming th e  index o f  r e f r a c t io n  in  each l a y e r  s a t i s f i e s  Equation 

( 2 .5 ) ,  f o r  g > kn^, i t  fo llow s d i r e c t l y  from Equation (2 .11) t h a t

l a ^ E
j — ÿ  > 0 everywhere. The f i e l d  in c re a s e s  w i th o u t  bound away from th e  

9 X
waveguide so t h a t  th e  so lu t io n  i s  no t p h y s ic a l ly  r e a l i z a b l e .

For kng < 6  <k n ^ ,  as in Figure 2 .4 (b )  i t  fo l lo w s  t h a t  th e  sol

u t io n  i s  s in u so id a l  in  n  ̂ la y e r ,  bu t  i s  ex p o n en tia l  in  n^ and la y e rs .  

The energy c a r r i e d  by th e se  modes is  confined  to  n-] l a y e r  and i t s  v ic in 

i t y .  From th e  ray  o p t i c s  and above d is c u s s io n ,  i t  fo l lo w s  t h a t  a nec

e s sa ry  c o n d i t io n  fo r  confined  modes i s  t h a t  n-j > ng, n^.

S o lu t io n s  o f  Equation (2.11) fo r  kn^ < 8 < kng correspond to  expo

n e n t ia l  b eh av io r  in n^ la y e r  and t o  s in u s o id a l  b eh av io r  in  n-j and ng 

la y e r s .  We r e f e r  to th e se  modes a s  s u b s t r a t e  r a d i a t i o n  modes. For 

0 < B < kng, as in  F igure  2 .4 [a ) ,  the s o lu t io n  f o r  E(x) becomes s inus

o id a l  in  a l l  th r e e  l a y e r s .  These are so c a l le d  r a d i a t i o n  modes of 

waveguide. F igure  2 .5  shows a sketch o f  an u-6 diagram which a re  typ

i c a l  f o r  a d i e l e c t r i c  s la b  waveguide. At th e  c u t  o f f  frequency , the 

p ropagation  c o n s ta n ts  assume the va lue  o f  lower bound kng, and as a 

[o r  the th ic k n e s s  t )  in c re a s e s ,  B approaches i t s  upper bound kn-| and 

more and more guided modes e x i s t .  In a d d i t io n  to  th e  d i s c r e t e  values 

o f  allowed g o f  the  guided modes, the  diagram a l s o  shows th e  con

tinuous  v a lu e  o f  S o f  the  r a d ia t io n  modes.
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2 .4  Guided Modes and Confinement Facto r  o f  an Asymmetric Waveguide 

The modal f i e l d  can be der ived  from th e  wave equation  in  s e c t io n

2 .3  and th e  co rresponding  s o lu t io n s  have been d iscu ssed  by Marcuse 

Nelson^^®^, and McKenna In  t h i s  s e c t i o n ,  th e  r e l a t i o n s h ip s  fo r

th e  f i e l d s  o f  the  mode o f  a p lan a r  waveguide shown in  F igu re  2 .3  and 

th e  confinem ent f a c t o r  a re  p re sen te d .  We l i m i t  the  d e r iv a t io n  to  the  

guided modes which accord ing  to  Figure 2 .4  have p ropagation  co n s tan ts  

6 ,

kng < $ < Kn-j (2 .12)

where

"2 > "3

The f i e l d  component o f  th e  TE modes s a t i s f i e s  th e  wave eq u a t io n  

( 2 .1 1 ) .  For guided propagation  wave a long  z d i r e c t i o n ,

EqCo sC - ^ -  <j))exp[q(Y -  x ) ] ,  ^ (2 .13)

EgCOS(hx -  é ) ,  -  "2 — ^ — Y (2 .14)

E g C o s l -ÿ f  ç ) e x p l p ( |+  X )] , X < - |  (2 .15)

where h , p , q and (p are  given by

h = k -  j (2 .16)

P = /gZ _ , q = -  ngk^ (2 .17)

2* = a r c t a n [(&- " 9)h] (2 .18)
pq + h
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By imposing th e  c o n t in u i ty  c o n d i t io n ,  the  d is p e rs io n  r e l a t i o n  f o r  TE 

modes can be w r i t t e n  as

h t  -  a r c  tan  (^) -  a r c t a n  = mir (2 .19)

where

th e  modal la b e l  m is  a n in te g e r .  This i s  an agreement w ith  the  d ispers ion

r e l a t i o n  o b ta ined  p re v io u s ly .  The d is p e rs io n  equation  f o r  TM mode i s
n, 2 n

same as Equation (2 .19) w ith  I—̂ ) P and ( -^ )q  f o r  p and q ,  r e s p e c t iv e ly .
"2 "3

The c o n s ta n t ,  E^, appearing  in  Equations l2 .1 2 )~ (2 .1 4 j  i s  a r b i 

t ra ry .  Yet f o r  many a p p l i c a t io n  e s p e c i a l l y  th o se  in  which p ropagation  

and exchange o f  power in v o lv e  more than one mode, i t  i s  advantageous

to  d e f in e  E_ i n  such a way t h a t  the  c o n s ta n t  E_ i s  r e l a t e d  to  t o t a l  0 0

power in  the  mode.

The genera l p ro p e r t i e s  o f  TE and TM mode s o lu t io n s  a re  i l l u s t r a t e d  

in  F igu re  2 .6 .  In general a mode becomes confined above a c e r t a in  v a l 

ue o f  t / x ^ .  At the  c u t  o f f  v a lu e  of p = 0 ,  th e  mode extends to  x =

For an in c re a s in g  value o f  t / x ^  with p > 0 ,  th e  mode becomes in c r e a s 

in g ly  confined  to  la y e r  1. This  is  r e f l e c t e d  in th e  e f f e c t i v e  guide 

index n^ (.or normalized p ropagation  co n s ta n t)  which, a t  c u t  o f f ,  

equa ls  t o  ng. And f o r  a l a rg e  value  o f  t / x ^ ,  n^ approaches to  n-j. In 

a symmetric waveguide th e  low es t  o rder  modes TM̂  and TE^ have no c u t  

o f f  and a r e  confined  f o r  a l l  va lue  o f  t / x ^ .

F igure 2 .7  shows t h a t  E^ can have co n s id e ra b le  magnitude o u ts id e  

th e  gu id ing  l a y e r  o f  th e  th r e e  la y e r  s lab  waveguide. For some a p p l i 

c a t io n  o f  waveguide such as double h e te ro ju n c t io n  l a s e r s ,  the  stim u

la te d  em ission and gain c o e f f i c i e n t  a re  r e l a t e d  to  th e  photon f lu x .

I t  i s  im p o r tan t  to  co n s id e r  th e  f i e l d  d i s t r i b u t i o n  in  o rd e r  to  determ ine
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th e  f r a c t io n  o f  the o p t i c a l  mode w i th in  th e  g u id ing  l a y e r .  The o p t ic a l  

f lu x  i s  given by th e  Poynting v e c to r  and i s  p ro p o r t io n a l  to  |E^| .

The confinement f a c t o r  i s  d e f in e d  as th e  r a t i o  o f  th e  l i g h t  in 

t e n s i t y  w ith in  th e  gu id ing  la y e r  to  th e  sum o f  l i g h t  i n t e n s i t y  w ith in  

and o u ts id e  th e  g u id ing  la y e r .

The confinement f a c t o r  r  f o r  th e  symmetric th r e e  la y e r  s la b  wave

guide i s  given by

rJ - t /2
cos (hx -  6)dx

' r  I
t / z

j ^C O S ^I^  + <j>)expI2p(| + x )]dx  +
- t / 2

cos (hx -  *)dx

t / 2
c o s ^ ( - ^  -  ij)Jexp[2q(-^ -  x )]dx

which g ives

r  =

r 1 cos^(^+?; + 1 cos-(^

1 +  Ï--------------------------------------
t  + ^ c o s  2(p s in  h t

(2 . 20)

( 2 . 2 1 )

f o r  th e  TE modes. The confinement f a c t o r  i s  f r e q u e n t ly  used because i t  

r e p re s e n ts  the energy o f  th e  p ropaga ting  mode w ith in  the  gu id ing  la y e r .  

F igure  2 .8  shows th e  confinement f a c t o r  as a fu n c t io n  o f  the  guiding 

l a y e r  th ick n ess  t  f o r  va r io u s  TE modes.
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CHAPTER I I I

A CHARACTERIZATION OF A MULTILAYERED REFLECTOR 

3 .1 .  I n t ro d u c t io n

M u lti lay e re d  media p lay  an im portant r o le  in  a number o f  a p p l i c a 

t i o n s .  These in c lu d e  narrow band o p t ic a l  f i l t e r ,  a n t i - r e f l e c t i v e  c o a t 

in g ,  h ig h ly  r e f l e c t i v e  m ir ro r ,  and p o la r i z e r s .  The design and th e  

c h a r a c t e r i s t i c  o f  th e s e  devices are  s t ro n g ly  dependent upon th e  under

s tan d in g  o f  e le c tro m a g n e t ic  p ropagation  in m u l t i la y e re d  media. Propa

g a t io n  o f  waves in s t r a t i f i e d  media is  o f  g r e a t  i n t e r e s t  in  a re a s  o th e r  

than th in  f i lm  o p t i c s ,  a l s o .  And much work has been done in  se ism ic  

waves, e l a s t i c  waves, a c o u s t ic  waves and a l so  e lec tro m ag n e tic  waves, 

e s p e c i a l l y  in  connec tion  w ith  r e f l e c t i o n  o f  rad io  waves in  e a r t h ' s  a t 

mosphere. Reviews o f  th e se  works have been made by B r i l lo u in  

Wait and Brekhouskikh

The p ropaga tion  o f  l i g h t  through s t r a t i f i e d  medium has been con

s id e re d  by v a r io u s  a u th o rs  (^5-37)^ mainly w ith  th e  th in  f i lm  o p t i c a l  

f i l t e r .  H i s t o r i c a l l y  th e  e a r l i e s t  approach o f  d ea l in g  w ith  th e  i n t e r 

fe ren ce  e f f e c t  in  t h i n  f i lm ,  and s t i l l  perhaps the  s im p le s t  and most i n 

t u i t i v e  i s  th e  c l a s s i c a l  approach o f  Airy on summing m u l t ip le  

r e f l e c t i o n s .  I t  becomes r e a d i ly  apparen t,  of co u rse ,  t h a t  any 

numerical work w il l  be a time consuming a f f a i r  e s p e c i a l l y  in  an ab

so rb ing  f i lm .  Moreover, the  complete re c u rs io n  p rocess  has to  be
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rep ea ted  f o r  each change o f  param eter in  a l a y e r  and the  r e s u l t  i s  o f  

l i t t l e  use f o r  numerical work when th e r e  a re  more than fo u r  l a y e r s .

Some o f  the  o th e r  app roaches ,  such as th e  one based on S to k e 's  r e l a 

t i o n s  and th e  p r in c i p le  o f  s u p e rp o s i t io n  a r e  i n t e r e s t i n g  in  gen

e r a l ,  b u t  aga in  th e y  a re  i n s u f f i c i e n t  f o r  numerical computation.

Another approach to  th in  f i lm  computation i s  th e  form o f graphical 

method c e r t a in  o f  which have c o n s id e ra b le  value e i t h e r  in  o f f e r 

ing  a degree  o f  v i s u a l i z a t i o n  o r  as a s p o t  check c a lc u la t io n  where only 

a few layers  a re  invo lved .

In t h i s  c h a p te r ,  the  c lo se d  form ex p re ss io n  fo r  the  r e f l e c t i v i t y  

o f  p e r io d ic  m u l t i l a y e r  r e f l e c t o r  making use o f  th e  so c a l le d  A be le 's  

method i s  d e r iv e d .  Yeh, e t .  a l . ,  r e c e n t ly  pub lished  r e f l e c t i v i t y  

o f  a Bragg r e f l e c t o r .  However t h i s  r e s u l t  i s  f o r  the  sp e c ia l  Bragg 

r e f l e c t o r  whose two o u te r  most media have the same ind ices  as one o f  

the  r e f r a c t i v e  in d ic e s  o f  p e r io d ic  l a y e r s .

In a p p l ic a t io n  o f  a Bragg r e f l e c t o r  in  waveguiding s t r u c t u r e ,  v a r 

ious  la y e r  pa ram ete r ,  such as  r e f r a c t i v e  index and th ickness  o f  each 

la y e r  p lay  an im portan t r o le  in  r e f l e c t i v i t y  and s e l e c t i v i t y  o f  a 

Bragg waveguide. But in  most o f  the  p re v io u s ly  pub lished  papers ,  no 

d e t a i l e d  ex p lan a tio n  abou t th e  r e l a t i o n s h ip  between various  la y e r  p a r

ameters can be found.

I t  i s  th e  purpose o f  t h i s  c h a p te r  to  p rov ide  the  necessary  r e l a 

t io n s h ip  to g e th e r  w ith  th e  d e s c r ip t io n  o f  some im portan t c h a r a c t e r i s 

t i c s  o f  m u l t i la y e re d  r e f l e c t o r s .
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3 .2  Recurrence R e la t io n s  in  M u lt i la y e r

A m u l t i l a y e r  shown sch e m a t ic a l ly  in  F igure  3-1 , c o n s i s t s  o f  i

number o f  la y e rs  surrounded on th e  two s id e s  by s e m i f in i t e  media. The

c a r t e s i a n  c o o rd in a te  system i s  chosen such t h a t  the x a x is  i s  normal to

the  i n t e r f a c e s .  The la y e r s  a re  nuntiered in  o rd e r  from the  l e f t  to

r i g h t .  The in t e r f a c e  between th e  la y e r s  a r e  numbered from 0 to  £.

n-j w i l l  s tand  f o r  th e  r e f r a c t i v e  index o f  gu id ing  l a y e r  and n^+^ f o r

t h a t  o f  s u b s t r a t e .  But n„ and n„ w i l l  be used in s te ad  o f  n„ and n . . , ,g s 0  X.+ 1

r e s p e c t iv e ly .  The r e f r a c t i o n  ang les  w i l l  be denoted by a^, 0 . j , . . . ,8 j^ .

I t  i s  assumed t h a t  th e  in c id e n t  l i g h t  i s  monochromatic plane 

p o la r iz e d  and th e  in d iv id u a l  l a y e r s  a r e  homogeneous, i s o t r o p ic ,  

non-magnetic and l o s s l e s s .

The index o f  r e f r a c t i o n  o f  each l a y e r  i s  given by

n (x j  =

X < X.

n. x ._ i  < X < X.

*1-1 < X <

(3 .1 ;

The e l e c t r i c  and magnetic f ie ld s  can be o b ta in ed  as s o lu t io n s  o f  Max

w e l l ' s  equations s u b je c t  to  th e  c e r t a i n  boundary conditions a t  i n t e r 

f a c e s .  I n te r f e re n c e  e f f e c t s  w ith in  th e  m u l t i l a y e r  g ive  r i s e ,  in  gen

e r a l .  to  a r e f l e c t e d  as well as t r a n s m i t t e d  wave in each l a y e r  except
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in  the  emergent s e m i f in i t e  medium where only  a t r a n s m i t te d  wave e x i s t s .  

Within th e  i^ ^  la y e r  th e  genera l form o f  th e  s o lu t io n  fo r  th e  e l e c t r i c  

f i e l d  d i s t r i b u t i o n  can be exp ressed  as a sum o f  a t r a n s m i t t e d  and r e 

f l e c t e d  waves. The complex am plitude o f  th e se  two waves c o n s t i t u t e  

th e  components o f  a column v e c to r .  The e l e c t r i c  and magnetic f i e l d  is  

d e sc r ib e d  in  m a tr ix  form .

ex p { j(g z -w t)}

( 3 . 2 ;

E ( x , z , t ) exp{jk^-(x-x^.l} exp{-jk^ (x -x . )} " i
H (x ,Z ,t) n-exp{jk^.(x-x^.)> -n^-exp{-jk^.(x-x^. 1}

where

*i:

nil

p ropagation  c o n s ta n t

thin c id e n t  complex am plitude a t  i i n t e r f a c e  

r e f l e c t e d  complex am plitude a t  i^ ^  i n t e r f a c e  

o p t ic a l  adm ittance  o f  i^ ^  la y e r

k . -  ^  n .cose  . ,
1 Aq 1 1

i = 0 , 1 , 2 , . . . , 2 (3 .3 )

Xq*. wavelength in  vacuum

The am plitude column v e c to r  in  equation  (3 .2 )  i s  r e l a t e d  to  t h a t  o f  

the  a d ju n c t  l a y e r s .  They a re  r e l a t e d  through th e  c o n t in u i ty  c o n d i t io n  

a t  th e  i n t e r f a c e s .  Imposing th e  c o n t in u i ty  co n d it io n  a t  i ^ ^  i n t e r f a c e  

( i . e .  X = x^) le ad s  to

1 1 a .1

n,- -n,- b._1 T_ _T_

exp(-jk.+,d,+,) exp(jk.+id.+ii 

^ i + 1 ( " j ^ i + l ^ ^ + I ) ” ^ i + 1G x p ( j k i + I ) ^i+1

t h
(3 .4 )

Here is  th ick n ess  o f  th e  ( i + l j '  layer  and given as d.^^ = x^+^ -  x^
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Equation L3.41 can be pu t  in to  a more u sefu l form as  shown.

" i
= %

1 l/n ^  

1 - l / n . ^i+1 -n i+1

a T + ie x p ( - jk .+ ld .+ l )

b i+ ie x p l jk .+ ^ d .+ i )
(3 .5 )

The above e q u a t io n  (3 .5 )  may be w r i t t e n  as th e  fo llow ing  s im ple m atrix  

e q u a t io n .

S' 1  ̂ S'+i a i+ ie x p ( - jk ,+ ,d .+ T )

S' S'+i S+1 1 b i+ ie x p ( j k .+ id .+ , )
13.6)

where t^+^ , r \^ ^  a re  Fresnel t ra n sm is s io n  and r e f l e c t i o n  c o e f f i c i e n t ,  

r e s p e c t iv e l y  and de f in ed  as

t .i+1 S ', i+1 n̂  + n̂ .̂ 1 ’ 13.7)

13.8)

And in  Equation (.3.7) C.j denotes

S ’ i+1
cos 8^ /cos  f o r  TM

1, f o r  TE
(3.9)

h e re  i i s  i n t e g e r  0 , 1 , 2 , . . . % .  Equation (3 .6 )  d escr ibes  th e  transform a

t i o n  o f  column v e c to r  from r i g h t  s id e  o f  i n t e r f a c e  to  the  l e f t  s id e .

There can be  se v e ra l  a l t e r n a t e  n o ta t io n s  t h a t  can be used in mul

t i l a y e r  c a l c u l a t i o n s ,  which a re  r e l a t e d  to one a n o th e r  b u t  modify the  

com putational form at s u b s t a n t i a l l y .  M atrix  n o ta t io n  has co n s id e rab le  

p r a c t i c a l  im portance in  one or ano ther  a s p e c t  o f  numerical o r  design
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work and w i l l  b e  d iscu ssed  in  d e t a i l .

3 .3  M atrix  Method to  C a lc u la te  R e f l e c t i v i t y

We a re  now ready to  in t ro d u ce  the  m a tr ix  method f o r  ana lyz ing  

th e  p ropaga tion  o f  p lane waves in m u l t i l a y e r  media. The re c u rs io n  r e 

l a t i o n  ( 3 . 5 )  h a s  th e  form o f  a l i n e a r  t r a n s fo rm a t io n  o f  v a r i a b l e s ,  

and th ey  can co n v en ien t ly  be w r i t t e n  as a m a tr ix  e q u a t io n ,

"1

(3 .10)
^i -1

= Vi V i+ ," i+ l
*i+l

Gi+1

where

1 1

n,- -n
(3 .11)

v : '=  %
1

1

l/n ^  

■ I /  Hj

and

Ui =
ixp (- jk ^ .d ^ )

(3 .1 2 ;

(3 .13)
0 expCjk^dj)

The m a tr ix  V. i s  c a l l e d  th e  o p t ic a l  adm ittance  m a tr ix ,  and depends 

only on th e  d i r e c t i o n  o f  p o la r i z a t io n  o f  waves. The m a tr ix  U. i s  c a l l e d  

phase m a tr ic e  and depend only  on the  phase excu rs io n  o f  two o p p o s i te ly  

t r a v e l in g  p a r t i a l  waves.

Equation (3 .1 0 )  forms a b a s ic  d e f in in g  r e l a t i o n  of th e  r e f l e c t e d  

and in c id e n t  complex am plitude between the  a d ju n c t  l a y e r s .

The in t r o d u c t io n  o f  m atrix  n o ta t ion  i s  to  be an im portan t
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development in  m u l t i l a y e r  media, e s p e c i a l l y  in  i t s  use w ith  an a l t e r 

n a te  s e t  o f  v a r i a b l e s ,  namely th e  r e s u l t a n t  f i e l d  complex am plitude .

One o f  the  conveniences o f  using th e  m a tr ix  method can be seen in  th e  ease 

and compactness of the  ex p re s s io n  involved  in  combining th i s  eq u a t io n  

f o r  a m u l t i l a y e r .

By success ive  r e p e t i t i o n  of the  Equation (3 .1 0 ) ,  i t  is  c l e a r  t h a t  

the  r e f l e c t e d  and t r a n s m i t t e d  am plitude on the  s id e  o f  inc idence  wave 

can be w r i t t e n  in th e  fo llow ing  form

(3 .1 4 a )

here  S w ill  be c a l le d  th e  system t r a n s f e r  m atrix  and i s  given as

s = v - ' v , u , v - ’ v2 U2 . . . v : ' v . , , u , , , . . . v - J , v ^ u , v ; ’v ^ , ,  ( 3 .1 5 )

Let th e  t r a n s f e r  m atrix  Equation (3 .15) be r e w r i t t e n  in fo llow ing  form.

^0 ®t+l

bo
= S

bji+l_

(3 .16 )

thwhere i s  c a l l e d  in t e r f e r e n c e  o r  c h a r a c t e r i s t i c  m atrix  o f  q l a y e r  

and denoted as

(3 .17)

Some o f  the more s i g n i f i c a n t  advantages o f  using th e  c h a r a c t e r i s t i c  

m atrix  become apparen t  a t  t h i s  p o in t .  For example, a change in  th e  

o p t ic a l  th ick n ess  o r  e f f e c t i v e  index o f  th e  q^^ la y e r  a f f e c t s  only  

q^^ m a tr ix ,  w h ile  th e  p a r t i a l  products  o f  th e  m a tr ice s  except th e  q̂ *̂  

l a y e r  a re  n o t  a f f e c t e d .  L e t s ^ j ,  w ith  i , j  = 1 ,2 ,  denotes the elem ents
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of  m a tr ix  S

S = % I S . . ] (3 .18 )

Now we can compute t h e  am plitude r e f l e c t i o n  c o e f f i c i e n t  and tra n sm is 

s io n  c o e f f i c i e n t  u s in g  Equation ( 3 .1 4 ) .  When l i g h t  i s  in c id e n t  from 

the  l e f t  s id e  o n ly ,  th e  t ran sm iss io n  c o e f f i c i e n t  t  and r e f l e c t i o n  co

e f f i c i e n t  r  a r e  d e s c r ib e d  by

, A  = ! ii
®o

t  -  _ ^0.2+1
"o =11

(3 .19)

(3.20)

The c h a r a c t e r i s t i c  m a tr ix  assumes an even more im portan t r o le  i f  

e l e c t r i c  and magnetic f i e l d  a re  in tro d u ced  as the e x p l i c i t  v a r i a b l e s .  

Let th e  Equation (3 .2 )  be w r i t t e n  in  th e  fo llow ing  form.

E ^-(x ,z ,t)  = E ^(x)exp{j(gz  -  wt)} 

H ^ .(x ,z ,t)  = H .(x )ex p { j(g z  -  wt)}
(3.21)

--ththus the e l e c t r i c  and magnetic f i e l d  in  i l a y e r  i s  d esc r ib ed  as

(3.22)
L^cxr

H^Cx)

exp{ j k .  (x-x^ )} exp{-jk^. (x-x^ )} 

n^exp{jk .(x-x .)}-n^.exp{-jk^.(x-x^.)}

Equation 3 .10 a t  i^ ^  in t e r f a c e  can be r e w r i t t e n  as

a .1

b._T_

1̂ = v:^
Ei (x  ̂T

1 (X̂  )
(3 .2 3 )

Again e v a lu a t in g  Equation (3 .10) a t  ( i - 1 ) ^ ^  in t e r f a c e  and combining 

w ith  Equation (3 .10 )  and Equation ( 3 .2 3 ) ,  the  re c u rs io n  r e l a t i o n  f o r

33



H(,x) and E(x) in  m a tr ix  form i s  o b ta in ed  as fo l lo w s .

^ i - l ^ ^ i - 1 ^ E .L x .)
= M.

^ i - l ^ - l j _ Hi IX.)

(3 .24)

Obviously th e  c h a r a c t e r i s t i c  m a tr ix  transfo rm s th e  e l e c t r i c  and mag

n e t i c  f i e l d  a t  i n t e r f a c e  x^ i n t o  those  a t  x ^ T h u s  E^fx^) and Hg(Xg) 

a re  r e l a t e d  to  E^(x^) and H^Cx^) by an equation  s i m i l a r  to  Equation 

C3.14).

By in s e r t i n g  Equations (3 .1 1 ) “ (3 .13)  in to  th e  Equation ( 3 .1 7 ) ,  

i s  given a s ,

cosa_ - j / l q  Sin  Gq

LjjnqSinGq cos 0 .q J
(3 .25)

where

«q '  (Z '/Aq)nqC0S9q. >

Oq cos0q, f o r  TE,

nq/cos6q . For TM

And q denotes  i n t e g e r  1 , 2 , . . . , £ .  I t  i s  im portan t to  n o te  t h a t  th e  de

te rm in a n t  o f  Equation (.3.25) i s  equal to  u n ity .

The c h a r a c t e r i s t i c  m a t r ic e s .  Equation (3 .25) com ple te ly  descr ibes  

the  c h a r a c t e r i s t i c s  o f  in d iv id u a l  layers in  m u l t i l a y e r  media. W riting

z
TT M = 

q=l ^
"’l l  ^"’ l2

jm,'21 m,22
, th e  system t r a n s f e r  m a tr ix  e lem ent s . j j  i s  g iven

by

^21
^11 = "’l l  ^ j  '"Ti^ '^22
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*̂ 21
=12 = ^11 + j  -  3^12^5 ■ ^ " ’22 

^21
^21 = "h i -  j  i g -  + jm i2 "s  ■ ^  "22 (3 .2 6 )

*̂ 21
^22 = -  j  "’22

The r e f l e c t i o n  and tra n s m is s io n  c o e f f i c i e n t  a re  ob ta ined , by i n s e r t i n g  

Equation (.3.26) in to  Equation (.3.19) and (3 .2 0 ) ,

-  ’̂̂ q'”l l  ~ ^22^5^ ~ "’21 j
"  Cngin^i + mggTTgJ + jlmign^ng + mg,)

(3 .2 7 )

t  = ____________________________________  /g 281
l^ g ^ l l  + mg-ng) + j lm ,2 n ;n g  + m , , )   ̂ '  '

where

C
o , . î .

cos0^ /cos0 ,  f o r  TM

1 f o r  TE
(3 .2 9 )

Equation (3 .24) i s  s im i la r  in  form to  th e  recu rs ion  r e la t io n  equation

(3 .1 4 )  f o r  th e  r e f l e c t e d  and t r a n s m i t te d  e l e c t r i c  f i e l d  am plitude, 

b u t  th e  im portan t d i f f e r e n c e  i s  t h a t  the  i^*’ m atrix  depends ex c lu 

s iv e l y  on th e  elements o f  th e  i^ ^  l a y e r .  Accordingly, th e  advan tages  

mentioned b e fo re  f o r  th e  use o f  m atrix  n o ta t io n  become even g r e a t e r  

when E(x) and H(x) a re  used as th e  e x p l i c i t  v a r ia b le s ,  s in c e  a change 

in  o p t i c a l  param eter such as th ic k n e ss  o r  index a f f e c t s  only one 

m a tr ix .
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3 .4  M u lt i la y e r  w ith P e r io d ic  S tru c tu re

The p r o p e r t i e s  o f  a m u l t i l a y e r  w ith  p e r io d ic  s t r u c t u r e  can be 

computed by th e  methods desc r ib ed  in s e c t io n  3 .2 .  In p a r t i c u l a r ,  i f  

t h e  m a tr ix  method is  used, th e  m atrix  f o r  th e  fundamental period can 

be computed and r a i s e d  to  th e  a p p ro p r ia te  power n u m e rica l ly .  A 

c lo sed  exp ress ion  fo r  the  nth power o f  a m a tr ix  i s  known and th i s  

enab les  a number o f  usefu l general p ro p e r t i e s  o f  p e r io d ic  s t ru c tu re  

to  be p r e d ic te d :  i t  was f i r s t  app l ied  by Abel es and extended in

d e t a i l  by Mielenz This s e c t io n  d e a ls  w ith  some p ro p e r t ie s  of

m u l t i l a y e r  r e f l e c t o r  b u i l t  up from a m u l t i l a y e r  fundamental period 

r e p e a te d  N t im e s .  The fundamental period  o f  each l a y e r  i s  presented 

by a m a tr ix  which i s  a p roduc t o f  th e  c h a r a c t e r i s t i c  m a tr ix  o f  i t s  

in d iv id u a l  l a y e r  

£
M =  7T (3 .30;

q=l ’

where m a tr ice s  M̂  are  given by Eq. 3 .25 . Then th e  r e f l e c t o r  which 

c o n s i s t s  o f  N member o f  fundamental p e r io d  i s  r e p re se n te d  by the  ma

t r i x  whose elem ent a re  ob ta ined  by N power o f  m a tr ix  m.

M.,1 jM ,;

JM21 Mgg
(3.31)

where

m,, -  m̂
M.11 “ (x ; + ( 2
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(3 .32)

'22
^11 ~

Cĵ jCx) -  L 2 ^^N-1

The C^(xj and S^(x) used in  Equation (3 .32)  a re  c a l l e d  Chebyschev poly

nomial o f  the  f i r s t  and second k ind , r e s p e c t iv e ly .  In Equation (3 .3 2 ) ,  

X denotes

X =
mil +

13.33)

and d is c r im in a te s  th e  s to p  zone. This w i l l  be examined in d e t a i l  in  

l a t e r  p a r t  o f  t h i s  c h a p te r .

C^Cx) and S^(xJ a r e  g iven by

C„Cx) = ■(
cosCncos 9) ,

cosh(ncosh

(42)

|x | 1  1

1x1 > 1
(3 .34a)

s „ (x )  =

s in in  +1) e / s i n e  , jxj < 1

s in h ln  + l ) t / s i n h # ,  jx | > 1

(3.34b)

w ith  8 = cos"^x and * = cosh"^x , and shown in  F igure  3 .2 and 3 .3 .

The r e f l e c t i o n  and t ra n s m is s io n  c o e f f i c ie n t s  o f  m u l t i l a y e r  p e r io d ic  

a r e  imm<

13.27).

a r e  immediately o b ta in ed  by re p la c in g  [mUj] w ith  j ]  in  Equation

r,, = Cn„Hn '  * s "2 2 '

S " l l  * "2I>

(3 .35)
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c (x)

4 ,0 ..

3.O..

2.O ..

0 . 2

- 2 . CL.

- 3 . CL.

- 4 . CL.

Figure 3 .2 . ChebyscFiev Polynomial C^Cx),
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s (x)
• ■ 10*0

- “  8.0

-■ 4.0

- ■  2 . 0

- 1.0 —0 .6

- - - 8.0

- ' - 10.0

F igu re  3 .3 .  Cliebyschev Polynomial S^(x),
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2 C q  ,  H q

*N '  + jU,gn;M,2 + H j , )  C3.36)

The r e f l e c t i v i t y  and t r a n s m i t t iv i ty  can be w r i t t e n  a s ,  by s u b s t i t u t i n g  

Equation (.3.32) in to  Equation (3 .35) and (3 .36 )  and then tak in g  ab

s o lu t e  sq u a re ,

R - ((*q"^sjCNLx)+tnq+^s)(" 1 " CWl2~"'21  ̂V l  ^
^ { Cng+n5 JC^(x)+(ng-n5 ) ( M , ~--'"^^)S,^_., (x)}^+f (ngngtnj 2+m2 ^)î)^_, ^

(3 .37)

T __________________________ _____________________________________________
 ̂ 2 ^  ^ S ^ ^ i (x )} + { ) S^^^( x) }

(3 .3 8 )

I f  th e  index o f  th e  medium in both s id e s  o f  the  m u l t i l a y e r  is

Og, the  r e f l e c t i v i t y  can be w r i t t e n  as

D
^ Dĵ j + 4 (3 .39)

where

°N = S^-l^x){(m ,^-m 22)^+(m ^2V  (3 '4 0 )

And a l s o  i s  r e l a t e d  to  0^ fay

” ^N-1^1 (3 .41)

For the  s in g l e  fundamental p e r io d ,  we have

R, = 0 ^  (3 .42)
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The R-j f o r  a ty p ic a l  m u l t i l a y e r  Bragg r e f l e c t o r  i s  much le s s  than 

one. S u b s t i tu t in g  Equation (3 .41 ) in to  Equation (3 .39J ,  we have,

’’n °  I, ,  \  ,2 (3-43)

According to  Equation 13 .43 ),  u n i t  r e f l e c t i v i t y  can be obta ined  when 

S|y|_iCx) approaches to  i n f i n i t y .  I t  i s  shown in  Figure 3.3 t h a t  S^_^lx) 

in c re a se  ra p id ly  i f  th e  a b so lu te  value  o f  x i s  g r e a t e r  than one.

In Equation 13.33) we mentioned th e  s to p  zone b r i e f l y .  At a wave

len g th  such th a t  |x |  > 1 th e  r e f l e c t i v i t y  in c re a s e s  s t e a d i ly  w ith  the 

number o f  periods  and tends to  u n i ty  as M approaches to  i n f i n i t y .

Such a zone, i f  i t  e x i s t s ,  i s  c a l le d  a s top  zone o r  s top  band.

Yeh, e t .  a l . ,  c a l l e d  i t  as forb idden  gap which i s  w idely used term

inology o f  s o l id  s t a t e  p h y s ic s .  We w il l  use th e  former terminology 

because o f  i t s  f a m i l i a r i t y .

For commonest case  of fundamental p e r io d  composed o f  two x^/4 

la y e r  o f  r e f r a c t i v e  index n-j and n^, the  d is c r im in a n t  i s  w r i t t e n  as

p Hi Hp p
■ ■ = cos^S -  h G r  + r^ )s in '^ 5  (3.44)

2 1

Equation (3 .44) i s  o b ta ined  using Equation (3 .2 5 ) .  in Equation (3 .4 4 ) ,  

5 denotes

5 = - ^  n-jdjcose-j = ^  ngdgcose^ (3.45)

The r i g h t  hand s id e  o f  Equation (3 .4 4 )  can no t be g r e a te r  than 1 , and 

so to  f in d  th e  edge o f  s top  zone we must s e t
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-1 = cos^ô -  + ——)sin^6  (3.46)
G 2.

Then th e  width o f  zones d e f in e d  as i s  given by

'9  4 » -  ' 4 ^ )  (3.47,

This shows th a t  th e  width o f  t h e  zone i s  a fu n c t io n  o f  th e  ind ices  o f  

th e  two media used in  th e  c o n s t ru c t io n  o f  m u l t i l a y e r .  The g rea te r  

the  w id th  o f  the  zone i s  o b ta ined  f o r  th e  h ig h e r  r a t i o  o f  r e f r a c t iv e  

i  ndi c e s .

3 .5  Symmetri ca 1 Mu 1 t i  1 ay e r

Any d i e l e c t r i c  l a y e r  combination i s  known as symmetric i f  each 

h a l f  is  a m irro r  image o f  th e  o th e r .  The s im p le s t  example o f  th i s  i s  

a t r i p l e  layer  combination in  which a c e n t r a l  l a y e r  i s  sandwiched be

tween two id e n t ic a l  o u te r  l a y e r s .  According to  H erp in 's  theorem 

any m u l t i l a y e r  i s  e q u iv a le n t ,  to  a two l a y e r  combination a t  a given wave

le n g th .  In the p a r t i c u l a r  case  where th e  given m u l t i l a y e r  combination 

i s  sym m etrica l,  the  Herpin e q u iv a le n t  i s  a s in g l e  la y e r  re g a rd le s s  o f  

w avelength  This p ro p e r ty  of a symmetrical m u l t i l a y e r  was po in ted

o u t  by E pste in  who used i t  in  d e s ig n in g  f i l t e r .  Consider the  

symmetric t r i p l e  lay e red  b a s ic  p e r io d  such as n^ Og n^ s t r u c t u r e ,  made 

up o f  d i e l e c t r i c  l a y e r s  o f  r e f r a c t i v e  in d ic e s  n^, ng, and phase ang le  

«2 » r e s p e c t iv e ly .  The elem ent o f  th e  c h a r a c t e r i s t i c  m atrix  i s  

given by

Ho n,
m̂ .j = cos 2ô'i cos Og -  % (-— + ~ ) s i n  26-j s i n  dg (3 .48a)
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"12 s in  2(5, cos 5 ,  + JsC— + — )cos 25, s i n  5.
n-| Hg

n-j rip 
+ —  - - ^ s i n  5p

"’21 "  " ^1 s in  25, cos 5, 2 .
'1 cos 25-] s i n  5,

'1
■  *2

(3.48b)

(3 .48c)

and nigg ~

This r e l a t i o n s h i p ,  to g e th e r  w ith  th e  un im odu lari ty  o f  the  c h a r a c t e r i s 

t i c  m a tr ix ,  perm its  th e  fo llow ing  d e f in i t i o n  o f  an e q u iv a le n t  la y e r  

to  be made, .

cos 5gq = m̂ T = m^g

s in  5eg _ m,
‘eq 12 13.49)

-  "BqS-'n 6gq = niĝ

These q u a n t i t i e s  have e x a c t ly  th e  same form as  a s i n g l e  l a y e r  o f

phase th ic k n e ss  5_^ and adm ittance  n eq eq

5gq = cos'^m^i (3.501

fm,
Z L

12
(3 .51 )

The equ iva lence  i s  p u re ly  mathem atical r a th e r  than a case  o f  t r u e  

physical eq u iv a len c e ,  But th e  r e s u l t  i s  o f  c o n s id e ra b le  in  g iv in g  an
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i n s i g h t  in t o  th e  physical p r o p e r t i e s ,  p a r t i c u l a r l y  f o r  a p e r io d ic  

s t r u c t u r e .

I f  a Bragg r e f l e c to r  is  made up o f  N id e n t i c a l  symmetrical p e r

io d s ,  each o f  which has an e q u iv a le n t  phase th ic k n e ss  5^^ and equiv

a l e n t  adm ittance  n^q, then physica l c o n s id e ra t io n s  show t h a t  Bragg 

la y e r  w il l  be e q u iv a le n t  t o  s i n g l e  l a y e r  to  th ic k n e ss  N 6^q and adm it

tan ce  Hgq. This r e s u l t  a l s o  fo l lo w s .

-cos - j  s i " ÎOS N - 3  s in

- j  n „  s in  N(S cos Nôeq eq eq J  L'" eq eq eq

(3 .5 2 ;

In th e  p re s e n t  symmetrical case, th e  s top  zone i s  given as

h i l l  ^ 1^221 ^ I cos Ndgql > 1. (3 .53)

In s id e  the  s to p  zone, the e q u iv a le n t  phase th ick n ess  and th e  e q u iv a le n t  

adm ittance a r e  both, imaginary. O u ts id e  th e  s top  zone th e  phase th i c k 

ness and adm ittance  a re  re a l  and th e se  zones a re  known as pass zones or
n, n« n,

pass bands. For th e  symmetric b a s ic  p e r io d  such as (-g- , where
n, Hg
-g- and r e p r e s e n t  eighth wavelength l a y e r  o f  r e f r a c t i v e  index n̂

and q u a r te r  wavelength lay e r  o f  r e f r a c t i v e  index ng, s to p  zone width

i s  expressed  e x a c t ly  same a s  Equation (3 .47) which was ob ta ined  fo r
n n«

th e  double q u a r t e r  wave la y e r .  T h is  equa tion  a l s o  v a l id  f o r  (-ÿ- 

s t r u c t u r e .

Figure 3 .4  and 3 .5  re p re s e n t  th e  e q u iv a le n t  o p t i c a l  adm ittance 

and o p t ic a l  th ic k n e s s  for a  symmetric t r i p l e  la y e r  a t  80° inc idence
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w ith  ty p ic a l  value o f  r a t i o  o f  r e f r a c t i v e  index. In passband, the

symmetric m u l t i l a y e r  can be rep laced  by a s in g le  l a y e r  o f  ng^ and 

ggq. Thus th e  r e f l e c t i v i t y  w i l l  o s c i l l a t e  between two v a lu e s ,  th e  

r e f l e c t i v i t y  o f  bare s u b s t r a te  

2
\  -  '’s

and t h a t  given by

(3 .54)

V s - eg.
" g ' s ■eqj

(3 .55)

The a c tu a l  p o s i t io n  o f  maximum and minimum of r i p p l e  in  pass band is  

given by

fo r  maximum

eq (3 .5 6 ;

fo r  minimum

here

S

r

N

1 . 3 . 5 . 7 . . . .

1 . 2 . 3 . 4 . . . .  

number o f  period

I t  was shown in  Equation (3 .33) and (3 .43) t h a t  th e  r e f l e c t i v i t y  

o f  a r e f l e c t o r  depends on the stop zone x. And a lso  o p t ic a l  confinement 

and lo s s  o f  a Bragg waveguide, which wi l l  be d iscussed  in  Chapter V 

a r e  r e l a t e d  to  the  va lue  o f  the s to p  zone. In o rd e r  to  ge t  maximum 

r e f l e c t i v i t y ,  i t  i s  d e s i r a b l e  to f in d  a r e f l e c t o r  w ith  la y e r  th ick n ess  

such t h a t  X has i t s  maximum p o ss ib le  v a lu e .  In o th e r  words, the 

optimum th ic k n e s s  o f  th e  r e f l e c t o r  i s  such  t h a t
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| | - =  0 , i = l , 2 , . . . q  (.3.57)

Applying Equation (3 .57J  to  Equation (3 .3 3 j ,  th e  optimum t h i c k n e s s e s o f

each l a y e r  f o r  symmetric t r i p l e  s t r u c t u r e  a re  o b ta in ed  by

= Î

kjdj  = I  (3 .58)

Y a  '  f

^IEquation (.3.58) r e p r e s e n t  t h a t  (-g- - ^ )  t r i p l e  symmetric s t r u c t u r e

has i t s  maximum value  o f  a s top  zone f o r  a g iven  inc idence  c o n d i t io n .  

At t h i s  optimum c o n d i t io n  th e  s to p  zone i s  given by

np n-i
x = -%(r^ + -^j (3.59)

^ 1  ^2
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CHAPTER IV

THE NUMERICAL RESULTS IN MULTILAYERED PERIODIC REFLECTOR

4 .1 .  In tro d u c t io n

The In t ro d u c t io n  o f  Bragg r e f l e c t i o n  p r in c i p l e  opens a new dimension 

f o r  l i g h t  p ropagation  in  In te g ra te d  O p t i c s . T h e  a p p l ic a t io n  of 

such Bragg r e f l e c t i o n  has been r e c e n t ly  r e p o r te d  in o p t i c a l  gu id ing  

s t r u c t u r e  and in j e c t i o n  l a s e r s .  In both  c a s e s ,  v a r io u s  la y e r  param eter 

such as  r e f r a c t i v e  index and th ic k n e ss  o f  each l a y e r ,  p lay  an im portan t 

ro le  in  r e f l e c t i v i t y  and s e l e c t i v i t y  o f  a Bragg waveguide. But in  most 

o f  th e  p rev io u s ly  pub lished  p ap e rs ,  no d e t a i l  e x p la n a t io n  about th e  r e 

la t io n s h ip  between r e f r a c t i v e  index and th ic k n e s s  to  each la y e r  can be 

found. All the Bragg r e f l e c t o r  re p o r te d  up to  d a te  have a double lay e red  

s t r u c t u r e  and have a la rg e  number o f  p e r io d ic  l a y e r s .  I t  i s  th e  purpose 

of t h i s  ch ap te r  t o  provide th e  necessary  d a ta  to g e th e r  w ith  th e  d e s c r ip 

t io n  o f  some im portan t c h a r a c t e r i s t i c  o f  r e f l e c t i v i t y  and s e l e c t i v i t y .

In t h i s  c h a p te r ,  we deal w ith  a double ,  t r i p l e ,  quadruple  and 

q u in tu p le  layered  p e r io d ic  r e f l e c t o r ,  and compare th e  c h a r a c t e r i s t i c s  o f  

each s t r u c t u r e .

Throughout t h i s  c h a p te r ,  a l l  num erica lly  c a l c u la te d  data  f o r  m u l t i 

lay e red  r e f l e c t o r s  i s  f o r  Ga-j_^Aji^As and GaAs l a y e r s .  I t  i s  extremely d i f 

f i c u l t  to  get a sy s tem a tic  m ethod,in  g e n e ra l ,  to  th e  design o f  a p e r io d ic  

Bragg r e f l e c t o r  which s a t i s fy  th e  given spec if ica tions  such as r e f l e c t i v i t y .
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s to p  band w idth , and o th e r s .  This i s  due to  th e  f a c t  t h a t  the  c lo sed  

form eq u a t io n  fo r  r e f l e c t i v i t y  g iven  by Equation 13.38) i s  a tran sce d en -  

t a l  f u n c t io n .  Even though we t r y  th e  a n a l y t i c a l  s o lu t io n  in  design 

problem, i t  has a p r a c t i c a l  l i m i t  to  meet n a t u r a l l y  a v a i la b le  range o f  r e 

f r a c t i v e  index , f o r  GaAs c a se ,  3 .20  <_ index  <_ 3 .45  a t  1.15 um.^^^-Sl)

4 .2 .  R e f l e c t i v i t y  Spectrum

To in v e s t ig a t e  th e  r e f l e c t i v i t y . f o r  a ty p ic a l  r e f l e c t o r ,  i t  i s  

n e c e ssa ry  to  e v a lu a te  Equation (3 .3 7 ) .  The r e f l e c t i v i t i e s  f o r  a 

double la y e re d  Bragg r e f l e c t o r  as  a fu n c t io n  o f  r e l a t i v e  wavelength which 

i s  d e f in e d  as and angle o f  inc idence  a re  d isp la y ed  in  F igure 4 .1 .  

The TM waves in c id e n t  a t  B rew ster ang le  has zero  r e f l e c t i v i t y .  The Brew- 

s t e r  a n g le  f o r  the double la y e re d  s t r u c t u r e  i s  '

" l" 2
!  0  2 

n /  n ;  + n^ 
_9  I 2

(4 .1 )

and can be observed in  F igure 4 . 1 Cb). I t  i s  observed t h a t  change in  

in c id e n c e  ang le  remarkably a f f e c t s  th e  r e f l e c t i v e  spectrum. The behav io r  

o f  a ty p ic a l  q u a r te r  wave per io d  i s  shown in  F igure  4 .2 .  The high r e f l e c 

t i o n  zone became sm a l le r  w ith  an in c re a s in g  N. On e i t h e r  s id e  of a p la 

te a u ,  th e  r e f le c ta n c e  f a l l s  a b ru p t ly  to a low o s c i l l a t o r y  va lue .  The 

o s c i l l a t i o n  o f  r e f l e c t i v i t y  o u ts id e  the  s topband a re  c a l l e d  secondary o r  

s u b s id ia r y  maximum. The a d d i t io n a l  p e r io d  no t o n ly  a f f e c t  th e  width o f  

zone o f  high r e f le c ta n c e  b u t  a l s o  in c re a s e  th e  r e f l e c ta n c e  w ith in  th e  

zone and th e  number o f  s u b s id ia ry  maxima. The va lues  o f  s u b s id ia ry  

maxima a l s o  in c re a se  w ith  th e  number of per io d s  and have a tendency to  be 

s m a l le r  towards the  o u ts id e s .  T h e ir  envelope, as well as  th e  value o f
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th e  minima depend on th e  outerm ost bounding media. In p a r t i c u l a r  f o r  

n = n th e  minima a r e  a l l  ze ro .
3 n^ n. n .

Consider a t r i p l e  s t r u c t u r e ,  which has a b a s ic  period  
n-, n^ \

where and r e p r e s e n t  q u a r te r  wavelength la y e rs  w ith  r e f r a c t i v e  index

n  ̂ and ng. The computed r e f l e c t i v i t y  fo r  n  ̂ = 3 .4 5 ,  n g = 3 .2 4 ,  n^ = 3 .24 ,  

and n^ = 3 .45  i s  shown in  Figure 4 .3 ( a ) .  The f i r s t  and second high r e 

f l e c ta n c e  zones occur a t  r e l a t i v e  wavelength 2/3 and 4 /3 ,  r e s p e c t iv e l y .

R e f l e c t i v i t i e s  f o r  quadrup le  and q u in tu p le  s t r u c t u r e  which have a b a s ic
n, n_

period  o f  v a r io u s  com bination o f  { - ^ ]  and ( -^ )  a re  p lo t t e d  in  Figure 

4 . 3 l b ) , ( c J .  The number and maxima o f  th e  s u b s id ia ry  are  p ro p o r t io n a l  

to  th e  number o f  p e r io d s .  So f a r  we have considered  the r e f l e c t i v e  spec

trum fo r  which a l l  th e  la y e rs  in  b a s ic  p er iod  a re  tuned a t  one q u a r t e r  

w avelength. I t  i s  obvious t h a t  w ith an in c re a sed  number o f  la y e r s  in  

b a s ic  p e r io d ,  the  r e f l e c t i v i t y  w ith in  the  s top  zone converges s low ly  to  

u n i ty .  And a l s o  w ith  in c re a s in g  la y e rs  in  th e  b as ic  p e r io d ,  th e  s to p 

band width f o r  a given r a t i o  o f  index d ec re ase s .

R e f l e c t i v i t y  s p e c t r a  shown in Figure 4 .4  a re  f o r  a symmetric 

t r i p l e  la y e re d  p e r io d ic  Bragg r e f l e c t o r  made up o f  e igh th -w ave , q u a r te r -

wave and eighth-w ave la y e r  combination w ith  n, = 3 .4 5 ,  n„ = 3 .2 4 .  For 
n n ,  n^ ^

the  C-g- -g-) s t r u c t u r e ,  th e  s u b s id ia ry  maxima in lo n g e r  wave s id e  a re

sm alle r  th a n  th o se  on th e  s h o r t e r  wave s id e .  The symmetric s t r u c t u r e  
Hg n, n»

case  th e  s i t u a t i o n  i s  rev e rsed .  In most a p p l i c a t io n  o f  Bragg 

r e f l e c t o r  in  I n te g r a te d  O p tic s ,  the  r a t i o  o f  in d ic e s  o f  r e f r a c t i o n  in  

various  l a y e r s  i s  c lo s e  to  u n i ty  ( . ty p ica lly  n^/ng = 1 .05), thus r e f l e c t i v e  

spectrum n ea r  g raz in g  ang le  o f  in c id e n t  i s  a f f e c te d  much by th e  r e 

f r a c t iv e  index o f  gu id ing  l a y e r .  To be a b le  to  compare th e  e f f e c t  o f  n
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on the r e f l e c t i v i t i e s ,  the  r e f l e c t i v i t i e s  a re  c a l c u la te d  as i s  var ied  

from 3.20 to  3 .44 . F igure 4 .5  shows th e  e f f e c t  o f  on r e f l e c t i v i t i e s

f o r  the  q u a r t e r  wave double layered  p e r io d ic  Bragg r e f l e c t o r  a t  in c id e n t  

a n g le  6 = 80° with n^ = 3 .2 4 ,  n^ = 3 .45 and n^ = 3 .45 .  A b roader band

w idth  i s  ob ta ined  as n^ and n^ approach to  ng.

4 . 3 .  R e f l e c t i v i t y  a t  th e  Center o f  Stopband

In p r a c t i c e ,  th e  problem o f  designing a Bragg r e f l e c t o r  w ith  given 

s u b s t r a t e ,  th e  in c id e n t  media and r e f l e c t i v i t y  r e q u i r e  to  c a l c u la te  the 

number o f  la y e r s  which a re  needed. For normal in c id e n c e  in q u a r te r  wave 

tuned layered  s t r u c t u r e ,  th e  c h a r a c t e r i s t i c s  eq u a t io n  (3 .25 )  tu rn  o u t  to  

be sim ple. But a t  non-normal in c id e n t  in  n o n -q u a r te r  wave m u l t i lay e red  

s t r u c t u r e  c a l c u la t io n  i s  o f  com plica ted . The prim ary purpose o f  th i s  

s e c t io n  i s  to  p re s e n t  th e  r e f l e c t i v i t y  c h a r a c t e r i s t i c s  o f  double, t r i p l e  

quadruple and q u in tu p le  layered  p e r io d ic  r e f l e c t o r  s t r u c t u r e .  Three use

fu l  parameters fo r  r e f l e c t i v i t y  a re :  ( 1 ) number o f  p e r io d s ,  (2 ) r e 

f r a c t i v e  index r a t i o  in  b a s ic  p e r io d ,  (.3) in c id e n t  a n g le s .

Throughout t h i s  d isc u ss io n  re fe re n c e  wavelength and the  outerm ost 

in d ic e s  used a r e  = 1 .15 #m, n^ = 3 .4 5 ,  n^ = 3 .24 . These va lues  r e p 

r e s e n t  Ga, A1 As t h a t  could be used f o r  making an o p t i c a l  waveguide.
°1For b a s ic  p e r io d ,  r e f l e c t i v i t y  was c a l c u la te d  as  a fun c tio n  o f

number o f  per iods  N; th e  r e s u l t s  a re  p lo t t e d  in  F igure  4 .6  in  which the  

upper and lower s e t  o f  curves were ob ta ined  by choosing Bragg angle = 80° 

and 60°, r e s p e c t iv e ly .

The curves  in F igure  4 .7  show the  r e f l e c t i v i t y  as a fu n c tio n  of
n, np n-,

per iods  N f o r  th e  Bragg r e f l e c t o r  made up o f  b a s ic  p e r io d  o f  ( 5
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and C-^ 4 ■^) t r i p l e  l a y e r s .  TPie r e f l e c t i v i t y  vs .  p e r io d s  N f o r  qua

d ru p le  and q u in tu p le  s t r u c t u r e  a re  shown in  F igure  4 .8 .

The e f f e c t  o f  index  r a t i o  in  p e r io d ic  l a y e r  was examined by c a lc u 

l a t i n g  th e  r e f l e c t i v i t y  vs .  n^/Og. F igure  4 .9  r e p re s e n t s  th e  r e s u l t s  o f  

a s e r i e s  o f  c a l c u l a t i o n  f o r  a double s t r u c t u r e .  F igure  4 .10  i s  shown

th e  r e f l e c t i v i t y  vs .  n , / n „  f o r  a t r i p l e  s t r u c t u r e .  As noted b e f o r e ,  a t
n, n„ n^

a given r a t i o  o f  r e f r a c t i v e  index , a b a s ic  p e r io d  symmetric

t r i p l e  s t r u c t u r e  e x h i b i t s  a la rg e  r e f l e c t i v i t y  compared to  o th e r  symmetric 

s t r u c t u r e .

The e f f e c t  o f  d i f f e r e n t  in c id e n t  ang le  was in v e s t ig a te d  by p l o t t i n g  

r e f l e c t i v i t i e s  o f  t r i p l e  s t r u c t u r e s ,  period  up to  28. The graphs o f  Fig

u re  4.11 in d i c a te  t h a t  TE and TM waves show d i f f e r e n t  c h a r a c t e r i s t i c s  in 

r e f l e c t i v i t y .  R e f l e c t i v i t y  o f  TE waves in c re a s e s  w ith  in c re a s in g  ang le  

o f  in c id e n t  and member o f  p e r io d s .  The most i n t e r e s t i n g  f e a t u r e s  o f  TM 

waves a re  th e  zeros o f  r e f l e c t i v i t y .  This zero  o f  r e f l e c t i v i t y  f o r  TM 

waves in d ic a te s  th e  B rew ster ang le  given by Equation ( 4 .1 ) .  This con

d i t i o n  a re  a p p l ic a b le  and u sefu l to  design  o f  r e f l e c t i n g  p o la r i z e d  wave

g u id e .  On the  o th e r  hand , p o la r i z a t io n  i n s e n s i t i v e  beam s p l i t t i n g  wave

g u ide  s t r u c t u r e  may be ob ta ined  a t  th e  i n t e r s e c t i o n  p o in ts  o f  TM and TE 

b ran ch es .

4 .4 .  S e l e c t i v i t y  o f  M u l t i la y e r  Bragg R e f le c to r

The width o f  s to p  zone i s  of importance in  a p p l i c a t io n  o f  a Bragg

R e f le c to r  to  a wavelength s e l e c t iv e  waveguide s t r u c t u r e .  The A b e le s 's  

a p p r o a c h m e n t i o n e d  in s e c t io n  3 .3 ,  the  approxim ate r e p r e s e n t a t i o r  

o f  s to p  zone w id th ,  i s  expected to  be v a l id  f o r  th e  s t r u c t u r e  w ith  the
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i n f i n i t e  number o f  p e r io d s .  In  F igu re  4 .1 2  we have p lo t te d  the  s to p  zone 

w idth o f  a ty p ic a l  double la y e re d  Bragg r e f l e c t o r  a g a in s t  th e  r e f r a c t i v e  

in d ic e s  r a t i o  in a b a s ic  p e r io d .  The r e s u l t s  o f  both the  e x a c t  numerical 

c a l c u l a t i o n  and th e  Equation (3 .4 7 j  a re  shown. The s o l id  curves  a re  

o b ta in ed  by using  Equation ( 3 .4 7 ) ,  and th e  d o t te d  curves by th e  ex ac t  

numerical c a l c u l a t i o n .  There a r e  la rg e  d i f f e r e n c e s  between r e s u l t s  ob

ta in e d  by the  two methods. I t  i s  observed t h a t  th e  d i f fe re n c e s  in  the  

v a lues  o f  s to p  zone w idth  c a l c u la te d  by two methods a re  g e t t in g  la rg e  as 

long a s  th e  r e f r a c t i v e  index r a t i o  i s  sm a l l .  For a small number o f  

p e r io d s  with a  small r e f r a c t i v e  in d ic e s  r a t i o  ( sm a l le r  than 1 .0 7 ) ,  Equa

t i o n  (3 .47 )  could n o t  y ie ld  a s u f f i c i e n t l y  a c c u ra te  value f o r  t h e  s top  

zone o f  th e  Bragg waveguide. I t  i s  t h e r e f o r e  n ecessary  to  use th e  e x ac t  

numerical approach to  c a l c u l a t e  th e  s to p  zone w idth  when the  number of 

p e r io d s  i s  no t  l a r g e .  In F igu re  4 .1 3  we have p lo t t e d  the s e l e c t i v i t y  o f  

a ty p ic a l  double l a y e r  Bragg r e f l e c t o r  as a fu n c t io n  o f  the  number o f  pe r

io d s  f o r  th r e e  d i f f e r e n t  r a t i o  o f  r e f r a c t i v e  in d i c e s .  F igure 4 .1 3  i n 

d ic a te s  t h a t  as th e  number o f  p e r io d  in c r e a s e s ,  th e  s e l e c t i v i t y  decreases  

h y p e r b o l i c a l ly ,  and s e l e c t i v i t y  in c re a s e s  w ith  th e  r a t i o  o f  r e f r a c t i v e  

index . But i t  is  a l s o  im p o rtan t  t o  no te  t h a t  an In c rease  in  th e  number 

o f  p e r io d  not only  in c re a se s  r e f l e c t i v i t y  b u t  a l s o  in c reases  th e  values 

o f  s u b s id ia ry  maxima and b r ings  t h e  s u b s id ia ry  maxima on both s id e s  of 

s to p  zone c lo s e r  t o  th e  c e n te r .  F igu re  4 .1 4  is  a p lo t t in g  o f  th e  

s e l e c t i v i t y  o f  t r i p l e  s t r u c t u r e  Bragg r e f l e c t o r  a g a in s t  number o f  pe r

io d s .  The s o l id  curves  a re  f o r  Bragg r e f l e c t o r  having b as ic  per iod  o f  
^1( -g * - - ^ - ^ )  and d o t ted  curves f o r  Bragg r e f l e c t o r  which have a b a s ic  

n n n
per io d  o f  ( - ^  - ^ ) . The v a lu e  o f  r e f r a c t i v e  in d ic e s  and a re
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Figure 4 .12 .  Stopzone Widths o f  Double Layer Bragg 
R e f le c to r  A gainst th e  R e f ra c t iv e  In d ice s  R atio  a t  Several 

In c id e n t  Angles. Dotted Curves; Exact C a lc u la t io n :  S o lid  Curves: 
Using Equation (3 .4 7 ) .  R e f le c to r  Param eter: n, = 3 .45 , Fixed 

Hg i s  From 3.20 to  3 .45 , N = 10, X = 1.15 (ym), n = 3 .24 , n = 3 .45.
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f i x e d . a t  3.45 and 3 .2 4 ,  r e s p e c t iv e ly  in  both ca se .  In  F igure  4 .14  i t  i s
n. n n_

ap p a re n t  t h a t  a low er s e l e c t i v i t y  can be ob ta ined  by s t r u c tu r e
ni n n

r a t h e r  than  -g - - g - ) . Whereas the  l a t t e r  s t r u c t u r e  has a h ig h e r  r e f l e c 

t i v i t y ,  th e  form er s t r u c t u r e  o f f e r s  a s i g n i f i c a n t  advantage over a l l  

o th e r  s t r u c t u r e .  As mentioned in  s e c t io n  4 .2 ,  ( y  and

b a s ic  p e r io d  s t r u c t u r e  where n  ̂ > ng, have tendency to  supp ress  the  sub

s i d i a r y  maximum in  long  wavelength s id e  and in  s h o r t  wavelength s id e ,  

r e s p e c t iv e l y ,  (see  a l s o  F igure  4 .4 ) .  T h is  unique c h a r a c t e r i s t i c s  of 

those  b a s ic  s t r u c t u r e  can be u t i l i z e d  to  r e a l i z e  a s h o r t  wavelength o r  

long w avelength pass in g  waveguide system .

In Table 4 .1 ,  th e  comparison o f  th e  s e l e c t i v i t y  o f  v a r io u s  d i f f e r e n t  

b a s ic  p e r io d  r e f l e c t o r  composed o f  more than fo u r  la y e r s  a r e  g iven.

T ab le  4 .2  shows a r e l a t i o n  between th e  r e f l e c t i v i t y  and s e l e c t i v i t y  
n , n_ n

o f  th e  ( - g - - g - )  s t r u c t u r e  fo r  sev e ra l  values o f  th e  number o f  per iod . 

This d a ta  w il l  be r e f e r r e d  to  l a t e r  when the  Bragg waveguide i s  ev a lu a ted .

4 .5 .  E f f e c t  o f  Inc idence  Angle V ar ia t io n

In c o n s id e r in g  th e  a p p l ic a t io n  o f  a p e r io d ic  Bragg r e f l e c t o r  in  

wavelength r e f l e c t i v e  gu id ing  s t r u c t u r e ,  one o f  the  most im p o r tan t  charac

t e r i s t i c s ,  y e t  g e n e ra l ly  overlooked, i s  the  c e n te r  wavelength s h i f t  and 

stopzone width change due to  v a r i a t io n  o f  an angle  o f  in c id e n c e .  Figure 

4 .15  shows th e  e f f e c t s  o f  inc idence  an g le  on th e  c e n te r  w avelength o f  a 

ty p ic a l  double la y e re d  p e r io d ic  Bragg r e f l e c t o r .  In  th e  f i g u r e  v e r t i c a l  

a x is  rep resen ts  where A  ̂ and deno te  th e  c e n te r  w avelength a t  nor

mal in c id e n t  and a t  in c id e n t  angle  0, r e s p e c t iv e ly .  A rem arkable  s h i f t  

in  c e n te r  wavelength i s  seen to  occur a t  la rg e  ang le  o f  in c id e n c e .  And 

a l s o  th e  s h i f t  in  c e n t e r  wavelength o f  r e f l e c t o r  w ith  small r e f r a c t i v e
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o

Basic Period S e l e c t i v i t y Stopband Center Param eter

n, n, n, n„
0 .08 n-| = 3 .45 ,  ng = 3 .2 4 ,  0^ = 60°

, " l  " 2  " 3  "4 \ 
'  8 8 8 8"/ 0 .258

n^ = 3 .4 5 ,  np = 3 .4 0 ,  6^ = 80° 

ng = 3 .3 6 ,  n^ = 3 .28

/ i  " 2  " 3  "4
MO 10 10 10 10^ 0.32

^0

n^ = 3 .28 ,  np = 3 .3 8 ,  0^ = 80° 

ng = 3 .4 4 ,  n^ = 3 .38 ,  n^ = 3.28

/" l  " 2  " 3  "4  " 5 . 
 ̂ 8 "8 2 8 8 ) 0.134 ^0

n^ = 3 .28 ,  np = 3 .3 8 ,  0^ = 80° 
Op = 3 .4 4 ,  n^ == 3 .3 8 ,  n^ = 3.28

0] n^ n  ̂ n^

M  4 4 4 4 ^ 0 .06 1^0 n^ = 3 .4 5 ,  Op = 3 .2 4 ,  0^ = 60°

All S t r u c tu r e  have = 3 .45 ,  = 3.24 a t  Wavelength = 1.15 (pm)
and 10 Periods.

Table 4 .1 .  S e l e c t i v i t y  o f  Various R e f le c to r  C onsis ted  o f  Basic 
Period  o f  More than  4 Layers.



^ '^^^Number o f  P er iod  
Param ete?* \^  ^

5 10 15 20 25 30

" l  _ 3.45 
Og 3.35

A = 0 .30  nil

R 0.1985 0.5396 0.7841 0.9081 0.9624 0.9841

Ag -  Â  

^0
0.189 0.116 0.095 0 .088 0.081 0.074

" l  _ 3.45 
ng 3.24

A = 0 .73  im

R 0.9994 1 .0 1.0 1 .0 1 .0 1 .0

^2 " ^1 

%o
0.606 0.553 0.550 0.549 0.546 0.539

All s t r u c t u r e s  have n = 3 .4 5 ,  n = 3.24 a t  wavelength A = 1.15 ijin.

Table 4 .2 .  R e f l e c t i v i t y  and S e l e c t i v i t y  o f  the 

n, np n.
Symmetric S t r u c tu r e .
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index r a t i o  i s  l e s s  than t h a t  o f  la rg e  r e f r a c t i v e  index  r a t i o .  An i n v e s t i 

g a t io n  i s  made on th e  c e n te r  wavelength s h i f t  owing t o  in c id e n t  ang le  

v a r i a t i o n  in  t r i p l e ,  quadruple and q u in tu p le  b a s ic  p e r io d .  The r e s u l t s  

a re  shown in  F igu re  4 .16 w ith  r e f l e c t o r  p a ram ete rs .  From th e  v a r io u s  

p lo t s  o f  c e n te r  wavelength s h i f t  in  Figure 4 .15  and 4 .16 we no te  fo llow 

ing f e a t u r e s :  th e  s lope  o f  c e n te r  wavelength s h i f t  i s  very s t e e p  a t

la rg e  in c id e n t  a n g le ;  the  magnitude o f  th e  s h i f t  i s  dependen t,  g e n e ra l ly ,  

on th e  ty p e  o f  b a s ic  period s t r u c t u r e ,  r e f r a c t i v e  index  r a t i o .  The pos

s i b l e  reason f o r  th e s e  f e a tu r e s  i s  t h a t  th e  o p t i c a l  th ic k n e s s e s  o f  each 

la y e r  decrease  w i th  an in c re a se  o f  angle o f  in c id e n c e ,  consequen tly  a 

m u l t i l a y e r ' s  c e n t e r  wavelength s h i f t s  toward s h o r t e r  wavelength as  an 

ang le  o f  in c id en ce  i s  in c re a sed .

F igure  4 .17  shows th e o r e t i c a l  e f f e c t s  o f  in c id e n c e  angle v a r i a t i o n  

on th e  bandwidth o f  double , t r i p l e  and quadruple  b a s ic  period which 

have same r e f l e c t o r  param eter as t h a t  o f  F igure  4 .1 6 .  We see t h a t  r e 

markable change in  s e l e c t i v i t y  as any o f  t h e  t h r e e  s t r u c t u r e  i s  seen to  

occur over a wide range o f  a n g le s .  This i s  a q u i t e  d i f f e r e n t  r e s u l t s  

compare to  bandwidth v a r i a t io n  o f  narrow bandpass in t e r f e r e n c e  f i l t e r  

re p o r te d  by M.L. Baker and V.C. Yen These changes can be under

stood by c o n s id e r in g  small r e f r a c t i v e  index r a t i o  and in c re a se d  mis

match in  th e  o p t i c a l  th ic k n e ss  o f  l a y e r s .
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CHAPTER V

TRIPLE LAYERED PERIODIC BRAGG WAVEGUIDE

5.1 I n t r o d u c t i o n

Since  th e  adven t o f  th e  s o l i d ,  gas and semiconductor l a s e r  two 

decades ago , th e re  has been immense advances in  In te g ra te d  O ptic s .  Op

t i c a l  modulation frequency mixing and p a ram etr ic  o s c i l l a 

t io n  has been e x te n s iv e ly  s tu d ie d .  R ecen tly ,  however, the i n t r o 

duction o f  low lo s s  f i b e r  and h e te ro ju n c t io n  l a s e r  and develop

ment o f  o p t i c a l  s ig n a l  p ro cess in g  have r a is e d  th e  im portan t ques tions  

concerning th e  f u t u r e  needs o f  t o t a l l y  in te g r a te d  o p t i c a l  system 

As f a r  as o p t i c a l  system s a re  concerned c e r t a in  f e a t u r e s  o f  the th in  

f i lm  dev ices  appear to  have d e f in i t e  advantage. F i r s t ,  a l l  the  elements 

o f  a th in  f i lm  dev ices  a r e  exposed on th e  su r fa c e  and a re  e a s i l y  acces

s i b l e  f o r  p rob ing ,  measurement, o r  m o d i f ic a t io n s .  Secondly, the  th in  

f i lm  o p t i c a l  dev ices  can be made small enough to  p la ce  one next to  the 

o th e r  on a s in g le  s u b s t r a t e ,  forming an o p t ic a l  system which i s  n a t u r a l ly  

more compact, l e s s  v u ln e ra b le  to  th e  environmental changes, and more 

economical. T h i rd ly ,  s in c e  th e  th in  f i lm  has a th ic k n e s s  comparable 

to  th e  o p t ic a l  wavelength and s in c e  most o f  th e  l i g h t  energy i s  confined  

w ith in  th e  film, th e  l i g h t  i n t e n s i t y  in s id e  th e  f i lm  can be very la rg e  

even a t  moderate power l e v e l .  This l a rg e  power d e n s i ty  i s  im portan t in 

n o n lin ea r  i n t e r a c t i o n s .  F in a l ly ,  th e  phase v e lo c i ty  o f  a l i g h t  wave in 

a th in  f i lm  waveguide depends on th e  th ickness  o f  the  f i lm  and th e  mode
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o f  p ro p ag a t io n .  This p rovides  Im portan t des ign  p o s s i b i l i t i e s .

Many o p t i c a l  d ev ices  t h a t  have Been re p o r te d  show two b a s ic  d ie 

l e c t r i c  waveguide s tru c tu re s  which a r e  In form o f  a p lanar f i lm  o r  s t r i p  

w ith a r e f r a c t i v e  index h igher  than t h a t  o f  s u b s t r a t e .  The o p t i c a l  con

finem ent in  waveguide I s  provided by two o r  t h r e e  d i e l e c t r i c  l a y e r s ,  

having a h ig h e r  r e f r a c t i v e  Index la y e r  surrounded by cladding  la y e r s  o f  

lower r e f r a c t i v e  index m a te r i a l .  This c o n d i t io n  i s  necessary  to  ob ta in  

an im aginary t r a n s v e r s e  propagation c o n s ta n t  which corresponds, to  an 

evanescen t decay o f  th e  mode f i e l d  in  th e  bounding media.

R ecen tly  a n o th e r  type o f  d i e l e c t r i c  o p t i c a l  gu id ing  s t r u c t u r e  w ith  

p e r io d ic  layered  Bragg r e f l e c t o r  has been in tro d u ced  Such a Bragg

waveguide which c o n s i s t s  o f  a a l t e r n a t i n g  la y e r s  o f  m a te r ia l  w ith  high 

and low o f  r e f r a c t i v e  in d ic e s  has Been dem onstra ted  The a p p l ic a 

t io n  o f  such Bragg r e f l e c t o r  has a l so  been r e c e n t ly  re p o r te d  in  th e  oper

a t io n  o f  i n j e c t i o n  l a s e r  (2 0 ,2 1 ) .

All the  Bragg waveguides re p o r te d  to  d a te  have double la y e re d  s t r u c 

tu r e  which r e q u i r e  a la rg e  nunfier o f  p e r io d ic  la y e r s  to  p rocess ,  and 

thus have in h e re n t  d isadvan tages  in  c o s t  e f f e c t i v e  p roduction .

The r e c e n t  work o f  e lec trom agne tic  wave p ropaga t ion  in double 

layered  p e r io d ic  d i e l e c t r i c  s t r u c tu r e  by Teh, e t .  a l . ,  d e sc r ib e d

Bloch waves in  Bragg waveguide with he lp  o f  F lo q u e t 's  theorem. In 

t h e i r  s t u d i e s ,  two bounding media o f  Bragg r e f l e c t o r  were assumed to 

have same r e f r a c t i v e  index as one o f  p e r io d ic  l a y e r s .  This assumption 

in h e re n t ly  impose l i m i t a t i o n  to  more genera l a p p l i c a t io n .

The main purpose o f  t h i s  ch ap te r  i s  to  d e r iv e  gene ra lized  wave 

p ropaga tion  c h a r a c t e r i s t i c  o f  a t r i p l e  la y e re d  p e r io d ic  Bragg waveguide.
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This proposed method can be ap p l ied  to  any combination o f  la y e r  w ith  

d i f f e r e n t  r e f r a c t i v e  in d ic e s  Bounding medium. Also p resen te d  a r e  the 

c lo sed  form ex p re ss io n  f o r  d isp e rs io n  r e l a t i o n  and th e  complete c h a ra c 

t e r i z a t i o n  o f  th e  t r i p l e  layered  p e r io d ic  Bragg waveguide.

5 .2  Transform M atrix  o f  a T r ip le  Layered P e r io d ic  Bragg R e f le c to r

C onsider a t r i p l e  lay e red  p e r io d ic  Bragg waveguide s t r u c t u r e  shown 

in  F igure  5 .1 .  Guiding l a y e r  and Bragg r e f l e c t o r  are  sandwiched between 

a s e m i - i n f i n i t e  s u b s t r a t e  (tn ) and a s e m i - i n f i n i t e  s u p e r - s t r a t e  ( n , ).

The Bragg r e f l e c t o r  a re  composed o f  N numBer o f  bas ic  pe r iod  with 

t r i p l e  la y e r e s  o f  r e f r a c t i v e  in d ice s  n^ , n ,  and n^. The c a r t e s ia n  coor

d in a te  system i s  chosen t h a t  x ax is  i s  normal to  the  i n t e r f a c e s .  The po

s i t i o n  o f  each l a y e r  o f  r e f l e c t o r  i s  s p e c i f i e d  by c o o rd in a te  x . , t h e  

upper boundary o f  each m a te r i a l .  The th ic k n e s s e s  o f  each la y e r  in  b a s ic  

p e r io d  a re  given by

d^ = -  X | ,  i = 1 , 2 , . . .,3N  (5-1)

and no te  t h a t

^3p + q '  ‘‘p

where

p = 1 , 2 , 3 , . . . , N  and q = 1 ,2 ,3  

and period  i s ,

A = d^ + dg + dg (5 -2 )

The index p r o f i l e  in  b a s ic  p er iod  i s  given by
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f ig u r e  5 . 1 .  T r ip le  Layered D i e l e c t r i c  P e r io d ic  Bragg Waveguide 
S t r u c tu r e  with S e m i- in f in i te  O uter Media.
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n{,x; =

0 £  X £  ,

Hg < X < dg, (5 .3 ;

*̂ 3 dg < X < d g .

w ith

nCx +  a ) =  nCx).

i t  i s  assumed t h a t  th e  i n c id e n t  l i g h t  i s  monochromatic p lane p o la r iz e d  

and th e  in d iv id u a l  la y e rs  a re  homogeneous, i s o t r o p i c ,  nonmagnetic, 

and l o s s l e s s .  Also assume t h a t  la y e r s  a re  i n f i n i t e l y  Iona in  y  and z 

d i r e c t io n s .

The e l e c t r i c  f i e l d  d i s t r i o u t i o n  in  each la y e r  o f  Bragg r e f l e c t o r  

may be w r i t t e n  by

E(x) = exp{jkq(x-x^.,)} + b ^^qexp ljkq lx -x^ )} ,  15.4)

where

Kq = k ^  - "e , q = 1 .2 ,3

a '  : in c id e n t  complex am plitude a t  q i n t e r f a c e  o f  p^^ period
Ps M

q = 1 ,2 ,3  and p = 1 , 2 , . . . , N ,

bp q: r e f l e c t e d  complex am plitude a t  q i n t e r f a c e  o f  p

period ,

Oq: r e f r a c t i v e  index in  q la y e r  o f  each p e r io d ,

Og = normalized p ropagation  c o n s ta n t  {.or e f f e c t i v e  r e f r a c t i v e

in d e x ; ,

g: p ropagation  c o n s ta n t  in  z d i r e c t io n .
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Xq .‘ o p t i c a l  w avelength ,

i :  31P-1] + q.

In Equation (5 .4 )  a f a c t o r  ex p ( je z  -  j u t )  has been suppressed .

We a r e  now read y  to  use th e  m a tr ix  method d e r iv e d  in  Chapter I I I  fo r  

an a ly z in g  th e  p ro p ag a t io n  o f  p lane waves in  t r i p l e  p e r io d ic  Bragg r e f l e c 

t o r .  In case  o f  TE modes, app ly ing  Equation (3 .1 0 )’ to  Equation (5 .4 ) ,  

am plitude c o n s ta n ts  in  each in t e r f a c e  w ith in  t h e  same period a re  r e la te d  

to

ST

-S.i

S.2

.S.2

ST

-S.2
hh

‘s . r

-S.3

(5.61

The in c id e n t  and r e f l e c t e d  complex am plitudes in  th e  la y e r  o f  r e f r a c t i v e  

index n  ̂ o f  a p e r io d  to  th e  corresponding  l a y e r  o f  th e  same r e f r a c t i v e  

index in  th e  n ex t  per iod  a r e  o b ta in e d ,  using t h e  Equation (3 .1 0 ) .

’S .i’ ®p+l ,1

K I
5 + 1 , 1-P .L

(5 .7 )

here  V̂ ., a re  adm ittance  and phase m atrix  o f  i l a y e r ,  r e s p e c t iv e ly ,  

and g iven  by Equation (3 .11) and (3 .13 ) in  Chapter I I I  with a p p ro p r ia te  

p a re m te rs .
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The e l e c t r i c  f i e l d  d i s t r i b u t i o n  equation  can be r e w r i t t e n  as  the  

fo llo w in g  form

Elx) = a exp{jk Cx -  p/'0>+ b exp{- j k  (x -  pf\)}
K»M H H 15.8)

where we d e f in e .

Sp.Z =

bp.1

‘ p .2  -  ‘’p ,2 “ P(-j''2'^3>

*P.3 -  *p .3 ' b p .3 ° b p ,3 .

And X,. i s  s u b s t i t u t e d  by

='3Cp-1) + 1 °  * d , .  X 3 jp . , ,  + 2 '  (P-T)A +

3 ( p - l )  + 3 (p -1 ) a .

here

A = t i  + tg  + t s  and d^ = dg + d^.

The in c id e n t  and r e f l e c t e d  comolex am plitudes  a t  each in t e r f a c e  w ith in  

b as ic  per iod  a re  r e l a t e d  to  th e  fo llow ing  e x p re s s io n .

S p . z S x P l - J Y o f l

bp_2expUI<2do)

'1 1
r n  + n  -  T ^ n

ap _ ,expC -jk ,do ! '  

bp_ ,exp(jlc ,d^) _
( 5 .9 )
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b j^ ^ jex p ü k jd j)
= %

* ^ >  <■’ -

An An

' a p ^ g e x p l - jk g d ; ) -  

b p ^ ^ ex p U k jd j)

( 5 . 1 0 )

The m a tr ix  Equation (5 .7 )  r e p re s e n t s  th e  l i n e a r  t r a n s fo rm a tio n  o f  the  

complex amplitude in  la y e r  1 o f  a b a s i c  pe r iod  to  the  co rrespond ing  la y e r  

1 in  n ex t  p e r io d .  M anipulating  th e  adm ittance  and phase m atrix  in  Equation 

(5.7) and in tro d u c in g  new n o ta t io n ,w e  o b ta in ed  th e  fo llo w in g  m a tr ix .

(5 .11 )

Til Ti 2 ■^p+1,1

_ ^ . L J 21 T22 V i . L

The elem ents  o f  t ransfo rm  m a tr ix  a re

k„ k
T^^ = {cos k^d^ cos kgdg -  %(-p + ^ ^ js in  k^d^ s in  k^d^

- i (—  + — )cos k^d^ s in  k.,dka kg 2 2

3 1 “ [
+ (—  + — )s in  k^d^ cos kgd , lexp^-jkadg)

•12 '  s in  kgd.

kn k
k l* l  CO:

^ 3  %

'2 " s '
+ (j^- -  i ^ l c o s  kyd^ s in  k ,d2"2 Jexpv'jkadj)

(5 .12a)

(5.12b)
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^21 =

- i "l'*l " =  ^ 2

k_ k_
+ Ljg -  |g ) c o s  k^d^ s in  kgdg le x p l- jk ^ d ^ )

'22
kp k

{cos k^d^ cos  kgdg -  ^ k^d^ s in  kgdg

+ i

k- k  ̂ -[
+ ■j^)s‘’n k^d^ cos kgd^ lexpCjk^dg)

( 5 . 1 2 c )

I5 . l2 d j

I t  can be e a s i l y  proved t h a t  th e  d e te rm inan t o f  t ran s fo rm  m atrix  i s  u n i ty ,  

t h a t  i s  unim odular.

^11^22 " ^12^21 1 (5 .13)

Note t h a t  t h e r e  a re  some symmetric r e l a t i o n s  among th o se  4 m a tr ix  e l e 

ments o f  th e  tran sfo rm  m a tr ix .

~  ^22

^12

(5 .14)

These symmetric r e l a t i o n s  a re  very u se fu l  in  s im p l i fy in g  th e  m a tr ix  manip

u la t io n  as  w ell as in  num erical c a l c u la t io n s .  This advantage van ishes  

f o r  d i e l e c t r i c  la y e rs  hav ing  a complex r e f r a c t i v e  index .

The in v e rs e  o f  t ra n s fo rm  m atrix  i s  ob ta ined  by s im ple tra n sp o s in g  

the  m a tr ix  i t s e l f .
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-1
T,1 T,2 ■■̂22 -̂ 2,'

J2I ’’’22 1,2
(5 .15 )

This i s  due to  th e  f a c t  t h a t  the transfo rm  m a tr ix  i s  unim odular (Equa

t io n  5 .1 3 ) .

By su ccess iv e  a p p l i c a t io n  o f  Equation (5 .1 1 )  to  th e  Bragg r e f l e c t o r  

which i s  composed o f  N numbers o f  b a s ic  p e r io d ,  we have

L ^M J

11

21

1 2

22

‘N,l

'N,l

(5 .16 )

The square  m a tr ix  in  Equation (5 .15) i s  the system tran s fo rm  m a tr ix  

which r e l a t e s  th e  complex amplitudes o f  in c id e n t  p lane waves and th e  r e 

f l e c t e d  p lane waves in  th e  f i r s t  l a y e r  o f  th e  f i r s t  p e r io d  to those  o f  

the  f i r s t  l a y e r  in  th e  l a s t  p e r io d .  The r e l a t i o n s  between th e  am plitude 

o f  each layers  w i th in  period  are given by Equation (5 .9 )  and (5 .1 0 ) .

By using  Equation (5 .1 5 ) ,  th e  Equation (5 .16 )  can be r e w r i t t e n  as 

the  fo llo w in g  form.

(5 .17 )

Thus we can s p e c i fy  th e  f i e l d  d i s t r i b u t i o n  in  th e  Bragg r e f l e c t o r  un ique ly

*N.l

^N,,_

T22 -̂ 2, M-,

1,2 2̂2

by de term ine  a^ -j and b^ -j.
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5 .3  F lo q u e t 's  Theorem and Bloch Wave Function

The f i e l d  d i s t r i b u t i o n  in  p e r io d ic  l a y e r s  can be expressed in  more 

simple form using  th e  F lo q u e t 's  Theorem The complex am plitude

r e la t e d  by the  m a t r ix  equa t ion  C5.18) in  f o r e  s e c t io n  may a l s o  be w r i t t e n  

as

(5.18)

here  T' denotes in v e r s e  o f  square m atrix  in  Equation (5 .1 6 ) .  Imposing 

th e  requirem ents  t h a t  wave func tion  must remain f i n i t e  as N approaches 

i n f i n i t y .  This i s  most co n v e n ie n t ly  d iscu ssed  in  terms o f  the  e ig en 

value  problem o f  th e  m a tr ix  T ' .  The eigenvalues of T' a re  given by ro o ts  

o f  c h a r a c t e r i s t i c . e q u a t i o n .

*N.l
= T '(N -T)

5 . 1

tC t ra c e  o f  T ' l  + d e t  T' = 0. (5.19)

The ro o ts  a r e

t  = %j^(trace o f  T' ) + / ( tr a c e  o f  T ') ^  -  4 15.20)

i f  ( t r a c e  o f  T ']  < 2 , th e  e igenva lue  t  has re a l  and imaginary p a r t , a n d  

may be w r i t t e n  a s

t  = e t  jK CN -l)t

ih i s  c o n d i t io n  d en o te  the  p ropagation  waves. When ( t r a c e  o f  T ')  > 2,

K = ^  + JK.J. and t  has on ly  a re a l  p a r t  so t h a t  the wave i s  evanescen t.  

These a r e  so c a l le d  s to p  band o f  p e r io d ic  medium. The band edge a re  

th e  reg ions  where —  ^  -- = 1. The param eter K i s  given by
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We a ls o  no te  t h a t  ( t r a c e  o f  T ' l  = ( t r a c e  o f  T ).

By s u b s t i t u t i n g  Equation (5 .12a) and (5.12d) to  above equa tion  we

have,

^22—— 2— —  = cos k^d^ cos kgkg cos k^d^ 

k k
* 1 ^ ) " ®  4 ' ‘s s in  k jd j

- '^ (k ;  1 Ç '“ = k ld l  s in  k j d ,

kq k,
+ l ç ) c o s  kgdg s in  k^d^ s in  k^d^ 15.22)

Note th a t  Equation (5 .22) i s  same as th e  Equation (3 .3 3 ) ,  which i s  r e 

l a t e d  to  s to p  zone width in  Section  3 o f  Chapter I I I  with a p p ro p r ia te  

va lues  o f  and mg2 f o r  t r i p l e  la y e red  p e r io d .

Using th e  p roperty  o f  F lo q u e t 's  theorem , wave in  n^ la y e r  o f  the  

p per iod  can be w r i t t e n ,

E(x) = exp ljK x)E ^(x),  (5 .23)

where

E%lx) = {ap^^exp[jk^(.x -  pA)]

+ bp^^exp[-jk^(x  -  pA)]}exp{-jK[x -  (p -1 ; a] } ,  (5 .24 ;

here  K known as Bloch wave number i s  given by Equation (_5.22). a ,  and
P ’ '

bp  ̂ a re  o b ta in ed  by Equation (5 .19 ; w ith  e ig en v a lu e  as the fo llow ing 

form.
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' , . 1
= gjK(p-l)A

. ^ • 1 '>1.1

15.25)

S A  E l e c t r i c  F ie ld  and D ispers ion  Equation

M u lt i lay e re d  p e r io d ic  media p re s e n t  high r e f l e c t i v i t y  to  i n c id e n t

monochromatic r a d i a t i o n .  
f5)Fox ^ has sugges ted  t h a t  such r e f l e c t i o n  can be used in  a new type 

o f  d i e l e c t r i c  waveguide in which co n v en t io n a l ly  used s u b s t r a t e  i s  rep laced  

by a s t r u c t u r e  o f  p e r io d ic  l a y e r s .  Y eh .e t.a l .  used a Bloch wave f o r 

m ulation  o f  p ropagation  in  double layered  media to  o b ta in  a d i s p e r s io n  r e 

l a t i o n  o f  Bragg waveguide and showed th e  p ro p e r ty  o f  confined  mode 

in th e  gu id ing  l a y e r  which has a lower index o f  r e f r a c t io n  than th a t  

o f  th e  p e r io d ic  l a y e r s .

The Bragg waveguide considered  here  c o n s i s t s  o f  a guid ing  l a y e r  o f

index o f  r e f r a c t i o n  n, 

and t r i p l e  layered  p e r io d ic  r e f l e c t o r .  F igure 5.1 shows the  c o o rd in a te  

system and guide dim ension.

In c a se  o f  TE modes th e  f i e l d  component a re  E , H and H . Each o fy X z
th e se  components, s a t i s f i e s  the  wave e q u a t io n ,  f o r  E^(x),

+(kon^(x] -  6^)E^(x) = 0 ,
3%

here  we assume

r e f r a c t i v e  index n_ surrounded by a
g

E(.x ,y,z) expC-jcot) = E^Lx)exp jCgz -  wt)

F in a l ly ,  t h e  s o lu t io n  in  a l l  th e  reg io n s  a re  given by
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Elx) =

a^exp q^ lx  + d)

a^expUfc^x) + b^expC-jkgX)

where

E%(x)exp(iKx),

a^expCikgX)

S = k s in  e„ 
g 9

%  =

= (k^nZ _ g2j%,

X £  -d ,

-d £  X £  0 ,

0 £  X £  NA, 

X > NA,

(5 .26)

(5 .27)

a = g ,s

N = number o f  p e r io d s ,

A = d ,  t  d j  t  d j

Here we assume t h a t  n < n < n , , n„, n_. The assumed s o lu t io n  in  super-a 9 1 ^ 0

s t r a t e  and guid ing  la y e r  i s  s im i l a r  to  th e  conven tional s la b  d i e l e c t r i c  

waveguide as in s e c t io n  4 o f  Chapter I I .  The wave exp ress ion  in  t r i p l e

la y e re d  r e f l e c t o r ,  E^{x)expLiKx), i s  given by Equation (5 .24) and the

e l e c t r i c  f i e l d  in  s u b s t r a te  a re  assumed only t r a n s m i t te d  waves.

In o rd e r  to  o b ta in  th e  complete s o lu t io n  o f  th e  p lane wave f o r  th e

mode o f  waveguide shown in F igure  5 .1 ,  we must apply  the  a p p ro p r ia te  con

t i n u i t y  cond itions  a t  the i n t e r f a c e s  o f  th e  s t r u c t u r e .  Using Equation

(3 .1 0 ) ,  a^ and b^ a re  r e l a t e d  to
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a-, j e x p ( - jk ^ A )

= %
®o

b^ je x p ( jk ^ A ) ^0

( 5 . 2 8 )

The c o n t in u i ty  c o n d i t io n  a t  x = -d  tu rn  o u t  to  be th e  fo llow ing  simple 

form,

b / a  -  1 
-  a) = j  . (5 .29 )

h e re

9 = t a n ~ \ q ^ / k g ) .

We n o te  t h a t  bg /a^  in  Equation (.5.29) i s  th e  r e f l e c t i o n  c o e f f i c e n t  of

Bragg r e f l e c t o r  given by Equation (3.35) in  C hapter I I I .  Equation 5.29

i s  c a l le d  th e  d is p e r s io n  r e l a t i o n  o f  Bragg waveguide. The l e f t  hand s id e

c o n ta in s  only th e  param eter o f  th e  guiding la y e r  r e f r a c t i v e  index (n )
y

and s u p e r s t r a t e  r e f r a c t i v e  index (.n ) w h ile  th e  r i g h t  hand s id e  depends

on ly  on the  r e f l e c t i o n  c o e f f i c i e n t  o f  th e  p e r io d ic  r e f l e c t o r .  For guided

propaga t ion  g , q and k_ a re  re a l  so t h a t  th e  l e f t  hand s id e  o f  Equation a y

(5 .29 )  i s  a r e a l  number. The r i g h t  hand s id e  i s  re a l  i f  and on ly  i f  the  

p ropaga t ion  c o n d i t io n s  in the  r e f l e c t o r  f a l l  w ith in  one o f  th e  forbidden 

gaps and a^ i s  equal to  th e  complex con juga te  o f  b^.

The s o lu t io n s  o f  d is p e rs io n  equa tion  can be used to  de term ine the 

va lue  o f  th e  p ropaga tion  c o n s ta n t  g t h a t  correspond to  a confined  wave- 

g u id in g .  These values o f  g can then be used to  c a l c u la te  the  mode 

d i s p e r s io n  curves  f o r  a p a r t i c u l a r  Bragg waveguide.
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5 .5  Confinement F ac to r  and Loss

All Bragg waveguide rep o r te d  up to  t h i s  d a te  have la rg e  number 

o f  p e r io d s .  In p r a c t i c a l  p ro c e s s ,  they  have in h e re n t  d isadvan tages  in 

c o s t  e f f e c t i v e  p ro d u c tio n .  Although th e  c u r r e n t  m olecu la r  beam te c h 

nology can f a b r i c a t e  as  many la y e r s  as  needed. In p r a c t i c e ,  the time 

inv es ted  in  th e  growth i s  p ro p o r t io n a l  to  the number o f  p e r io d s .

Typical growth r a t e  i s  about 1 ym/hr

Also th e  confinem ent f a c t o r  p lay  an im portan t r o le  in  i n j e c t i o n  

l a s e r .  For in s ta n c e  th e  th re s h o ld  c u r r e n t  d en s i ty  depends on the 

confinement f a c t o r

We w i l l  c a l c u l a t e  the  confinement f a c t o r  o f  th e  t r i p l e  la y e r  

p e r io d ic  Bragg waveguide. The confinem ent f a c to r  i s  de f ined  as the 

r a t i o  o f  th e  l i g h t  i n t e n s i t y  w ith in  gu id ing  la y e r  to  th e  sum o f  l i g h t  

i n t e n s i t y  both w i th in  and o u ts id e  th e  guiding l a y e r .

The confinem ent f a c t o r  r  f o r  th e  t r i p l e  la y e r  p e r io d ic  Bragg 

waveguide i s  ex p ressed  by

^  / ° d ( a Q e x p ( j k q X ;  +  b ^ e x p ( - j k ^ x ) } { a ^ e x p ( j k q X j  +  b Q e x p ( - j k ^ x ) > * d x  

[ /■ f la ^ ex p  q^ ix  + d l l ia ^ e x p  q^Cx + d)}*dx

+ / .d^aoSxpU 'kgX ) + b ^ ex p t- jk g X lX a Q ex p U k g X ) + b Q expi-jkgX j}*dx  

+ /  g^{E|^(x)exp(iKx)}{E^(x;exp(iKx)j-*dx (5 .30)

+ /NA(3sGxPljksX)j{a2exp(jkgX)}*dxj

here  we assumed s u b s t r a t e  has th ic k n e ss  d^ and cons idered  TE mode on ly . 

A f te r  some m an ipu la t ion  o f  above e q u a t io n ,  confinement f a c t o r  r  i s
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given by

r  = 1 + C- (5 .31)

here

* 2jk  d ^ 2 jk  d ;  
a^b^e y + la^b„e ^ )
0 0

, » * s in  k d
:g  = + •>o‘>o>‘' * - r - ^

9 L

* * s in  k ,d ,

1*1,1 ^ 1 ,1 ^ 1 , i^'^i ■̂ ' k .

0 0

* jk  d * j k  d ;  

*0*̂ 0® + (*0^0* ;

*1 ,1^1 ,12

+ (* 1 ,1^1,1 =

* * s in  k .d

^12 " 1*1,2*1,2 ^ ^1 ,2 ‘̂ 1,2^^2 E

I5 .32aj

(5.32b) 

jk^(d^ + 2d^)

(5 .32c)

" *  jkmW, + 2 d .)

j k ? ( d ,  + 2dg) **  u ‘'o V . '- p

+ 1*1, 2^1,22

* * s in  k .d

’l3 " 1*1,3*1,3 ^1,3*^1,3^^3 k j ^

(5 .32d)

* , jkgd.
*1,3^1,3®

Ss =
2n-

^3 +

•2(N-1)K,A

*1,3*1,3®

l5 .3 2 e ;

l5 .3 2 f j

All Bragg waveguides have lo s s  due to  th e  f i n i t e  number o f  periods  

in th e  p e r io d ic  l a y e r s .  In p r a c t i c e ,  i t  i s  im poss ib le  to  fa b r ic a te  an 

i n f i n i t e  number o f  p e r io d s ,  thus  th e  minimum number o f  periods should 

be c a lc u la te d  f o r  an acc ep tab le  l o s s .

The follow ing  c a l c u la t io n  i s  to  f in d  o u t  th e  a t tenua t ion  c o n s ta n t
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f o r  each mode. The time averaged f lu x  o f  energy i s  given by th e  r e a l  

p a r t  o f  th e  complex Poynting v e c to r

S = %Re(E X H*j (5 .33 )

The t o t a l  power flow P i s  given by in t e g r a t i o n  o f  th e  z component o f  

S over th e  c ro s s  s e c t io n a l  area  A.

P = S • dA (5 .34 )

The power lo s s  due to  th e  energy flow in to  th e  s u b s t r a t e  i s  given by

'■loss = S - "w. (5 .3 5 )

where w i s  th e  w all a r e a .  The power flow a long  th e  guide can be

P U )  = P^exp l-Z oz).  (2 .36 )

T h ere fo re  th e  a t t e n u a t io n  c o n s ta n t  i s  w r i t t e n  by

2ot = -  - ^ ( ^ )  15.37)

where - ( ^ )  can be in t e r p r e te d  as  th e  power lo s s  per u n i t  le n g th  o f  

th e  gu ide . By combining Equations (5 .3 2 ) ,  ( 5 .3 4 ) ,  (5 .3 5 ) ,  and (5 .3 6 ) ,  

the  a t t e n u a t io n  c o n s ta n t  can be d e sc r ib e d  by

“ 2/S^dx (5 .38)

h ere  and r e p r e s e n t  th e  x and z component o f  the  Poynting v e c to r  

S. Using Equation (5 .32)  and Equation ( 5 .3 8 ) ,  the  a t t e n u a t io n  c o n s ta n t

i s  g iven  by 2

^a * Sg + (S ii  + ^12 S i3)(^  ^-2K.A ^
1 -  e ^
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5 .6  Numerical Results

In t h i s  s e c t io n  some numerical r e s u l t s  about d i s p e r s io n  r e l a t i o n ,  

e l e c t r i c  f i e l d  p r o f i l e ,  confinement f a c t o r  and lo s s  due to  f i n i t e  

number o f  p e r io d  a re  p re s e n te d .

O p e ra t io n a l ly  th e  eigenmode i s  c a l c u la te d  by s u b s t i t u t i n g  s u i t 

a b le  range o f  values  f o r  ( i . 3 . ,  n^ < n^ < n^) i n t o  Equation (.5.29). 

And s in c e  th e  l e f t  hand s id e  o f  Equation (5 .29) i s  a r e a l  number, i f  

the  r e s u l t i n g  values o f  and correspond to  s to p  zone and the  

number o f  p e r io d  N i s  s u f f i c i e n t  to  o b ta in  u n i t  r e f l e c t i v i t y ,  then 

r i g h t  hand s id e  o f  the  d isp e rs io n  Equation (5 .29) i s  a r e a l  number.

The number o f  period  N to  achieve u n i ty  r e f l e c t i v i t y  i s  e s t im a ted  from 

the  r e s u l t s  o f  Chapter IV. The c a lc u la te d  d is p e r s io n  r e l a t i o n s  and 

envelope decay f a c t o r  o f  two d i f f e r e n t  Bragg waveguides a re  shown in  

Figure 5 .2  and 5 .3 .  In each ca se ,  th e  s u b s t r a te  index  n^ = 3 .4 5 ,  

gu id ing  la y e r  index n^ = 3 .24 ,  r e fe ren c e  wavelength = 1 .15 ym a re  

used. And th e  r e f l e c t o r  param eters a re  given in Table  5 .1 .  These 

a re  r e p r e s e n t a t i v e  v a lu es  t h a t  could be used in Bragg waveguide with 

Ga^ A£.j_^As -  GaAs com bination.

In F ig u re  5.2 and 5 .3 ,  th e  s o l id  curves r e p r e s e n t  th e  normalized 

th ic k n e s s  of gu id ing  l a y e r  d / x ^  versus th e  norm alized p ropaga t ion  con

s t a n t  n^ (or e f f e c t i v e  index o f  r e f r a c t io n )  and th e  broken curve 

r e p re s e n ts  th e  envelope decay f a c t o r  exp(-K.A) v e rsu s  n^ . In a d d i t io n ,  

each mode is  r e p re s e n te d  by a s e p a ra te  curve with mode la b e l  m = 0 ,1 ,2 ,

3 , ,  In a  conventional s la b  waveguide th e  n^ fo r  co n f in e d  mode vary 

con tin u o u s ly  from maximum o f  r e f r a c t i v e  in d ic e s  o f  two c lad d in g  

medium to  r e f r a c t i v e  index o f  core  m a te r ia l  (See F ig u re  2 .5 ) .  I t  i s
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Number In d ice 5 o f  R e fra c t io n Thickness [pm] Thickness
o f

Basic Period  
A [pm]

Type o f
Periods "1 °2 °3 " , (*3

I 5 3.45 3.24 3.45 0.11 0.51 0.11 0 .73

II 30 3.45 3.35 3.45 0.07 0.16 0 .07 0.30

LO

1) Bragg waveguide I and I I  s a t i s f y  th e  Bragg c o n d i t io n  a t  0^ = 80°, 60° , r e s p e c t iv e ly .

2) ng = 3.24 n^ = 3 .45 ,

3) Both waveguide have a r e f l e c t o r  o f  t r i p l e  la y e red  b a s ic  s t r u c t u r e

Table 5 .1 .  Bragg Waveguide Param eters



noted in  F igure 5 .2  and 5 .3  t h a t  the  n^ f o r  confined  mode in  Bragg 

waveguide can only v a ry  w ith in  th e  s to p  zone, > 1 .  For

the  o u ts id e  o f  s topzone ,  the  waveguide modes change to  s u b s t r a t e  

modes.

An i n t e r e s t i n g  f e a t u r e  o f  Figure 5 .2  i s  th e  s in g le  t r a n s v e r s e  

mode o p e ra t io n  f o r  waveguide th ic k n e s s  t h a t  would support  many t r a n s 

ve rse  mode in  a conven tiona l s la b  waveguide such as one shown in  Fig

ure  2 .5  in  Chapter I I .  This i s  p o s s ib le  only  when th e  th ic k n e s s  o f  

each la y e r  in  r e f l e c t o r  i s  a d ju s te d  to  s a t i s f y  Bragg co n d i t io n  a t  small 

an g le .

The r e s u l t  in  F igure  5 .3  which re p re s e n ts  th e  d is p e r s io n  r e l a t i o n  

fo r  80° matching ang le  show the  p o s s i b i l i t i e s  o f  allow ing  s e v e ra l  h igh 

modes in  a c e r t a in  gu ide  th ic k n e s s .  However, i f  th ick n ess  i s  s e le c te d  

so t h a t  th e  lo s s  f o r  h ig h e r  o rd e r  mode i s  h ig h e r  than t h a t  o f  a lower 

o rd e r  mode, then the  h ig h e r  mode w i l l  e v e n tu a l ly  leak  in to  the  sub

s t r a t e .  This mode s e l e c t i v e  c a p a b i l i t y  could be ap p l ied  to  various  

f i e l d s  o f  In te g ra te d  O p t ic s .  I t  i s  observed in  F igure  5 .3  t h a t  the 

envelope decay f a c t o r  exp(-K^. A) i s  minimum a t  the  c e n te r  o f  the  

s topzone .  The value o f  A governs th e  am plitude o f  l i g h t  wave in 

r e f l e c t o r .  The Bloch wave c o n s ta n t  v s .  n^ f o r  a ty p ic a l  t r i p l e  

la y e re d  Bragg waveguide i s  shown in  F igure  5 .4 .  I t  i s  c l e a r l y  seen 

t h a t  K. i s  maximum a t  c e n te r  o f  s top  zone.

F igure  5 .5  shows th e  e l e c t r i c  f i e l d  p r o f i l e s  o f  fundamental TE 

mode w ith  d = 0 .23 pm and th e  h ig h e r  o rd e r  mode w ith  d = 2 .35  pm. The 

waveguide param eters  a r e  th e  same as th o se  used f o r  o b ta in in g  Fig

ure  5 .3 .  Those f ig u r e s  show th e  e f f e c t  o f  envelope decay f a c t o r  on
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am plitude o f  e l e c t r i c  f i e l d  in  p e r io d ic  r e f l e c t o r  f o r  d i f f e r e n t  o rder  

o f  mode.

I t  I s  r e a d i ly  seen t h a t  f i e l d  confinement in  guiding l a y e r  f o r  

fundamental mode i s  small compared to  t h a t  o f  h ig h e r  o rder  mode. For 

a case of l a r g e r  d ,  where h ig h e r  o rd e r  modes a r e  p e rm i t te d .  Figure 5 .5  

l b ) ,  ( c ) ,  (d) show t h a t ,  as th e  mode o rd e r  i n c r e a s e s ,  more o f  l i g h t  

i n t e n s i t y  i s  o u ts id e  o f  gu id ing  l a y e r .  T h ere fo re  th e  lower the  mode 

o rd e r ,  the  g r e a t e r  th e  confinement.

The v a r i a t i o n  o f  confinement f a c t o r  r  fo r  fundam ental,  f i r s t  - ,  

second - , and th i r d  -  o rder  TE mode a g a in s t  g u id in g  la y e r  th ick n ess  

i s  p lo t te d  in  F igure 5 .5 .  r  decreases when d i s  l e s s  than o r  g re a te r  

than d^p^ and becomes maximum a t  d = d^p^, where d^p^ denotes th e  op

timum th ic k n e s s  o f  guiding l a y e r  a t  a given i n c i d e n t  c o n d i t io n .  This 

Bragg waveguide mode confinement c h a r a c t e r i s t i c s  d i f f e r s  from the  con

ven t io n a l  h e t e r o s t r u c tu r e  in  which r fo r  h ig h e r  o r d e r  mode i s  small 

n ear  c u t o f f  and approach the  va lue  f o r  th e  fundamental mode as d 

i s  in c re a se d .

The a t t e n u a t io n  cons tan ts  as a fu n c t io n  o f  th e  number o f  period

N f o r  TE modes a re  p lo t t e d  in  Figure 5 .7 .  The Bragg waveguide have 
n, n„ n-|

b a s ic  p e r io d  with same r e f r a c t i v e  in d i c e  as  t h a t  o f  Table

5 .1 .  In  t h e  f i g u r e ,  s o l i d  graph and broken graph re p re s e n t  fo r  

A = 0 .42  and 0.73 ym, r e s p e c t iv e ly .  The a t t e n t i o n  c o n s ta n t  o f  the  

Bragg waveguide decreases  r a p id ly  as the  number o f  periods  o f  r e f l e c 

t o r  in c r e a s e s .  And t h i s  f ig u r e  a lso  shows the  l a r g e r  A has l e s s  lo s s  

due to  h ig h e r  r e f l e c t i v i t y  o f  Bragg r e f l e c t o r  as  d iscu ssed  in  Chap

t e r  IV. The r e s u l t s  f o r  th e  t r i p l e  s t r u c t u r e  shown in  Figure 5 .7
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e x h ib i t  lower lo ss  than  t h a t  o f  th e  double s t r u c t u r e  r e p o r te d  by 

A.Y. C h o .e t .a l  F igure 5 .8  d e sc r ib e s  th e  e f f e c t  o f  guiding

la y e r  th ic k n e ss  on lo s s  as a param eter o f  number o f  p e r io d  f o r  th e  

TE mode in  waveguide I g iven  in  Table 5 .1 .  Regardless to  number o f  

p e r io d ,  th e  a t te n u a t io n  c o n s ta n t  becomes minimum a t  th e  optimum 

th ick n ess  corresponding  to  th e  c e n te r  o f  th e  allowed range o f  g u id ing  

la y e r  th ic k n e s s .  I t  is  c l e a r  from F igure  5 .7  and 5 .8  t h a t  th e  max

imum confinement and minimum lo s s  is  accomplished w ith  th e  optimum 

guiding la y e r  th ic k n e ss .

In Table 5 .2 ,  th e  a t t e n u a t io n  c o n s ta n t  and s e l e c t i v i t y  f o r  

th e  TE-] mode fo r  two d i f f e r e n t  c o n f ig u ra t io n s  of the  Bragg waveguide 

a re  l i s t e d .  The waveguide param eters  a r e  same as those  o f  Table 5 .1 .  

For h igher s e l e c t i v i t y ,  i t  i s  n ecessa ry  no t only to choose the  l a y e r  

th ick n esse s  to  s a t i s f y  th e  Bragg co n d i t io n  a t  small an g le  bu t a l s o  

to  a d j u s t  th e  r e f r a c t iv e  index d i f f e r e n c e s  between l a y e r  as small 

as  p o s s ib le .

Number A tte n u a t io n  Constant S e l e c t i v i t y
Waveguide Type* o f  

Peri od a  [cm""*] ^2 ■ ^1 

%o

II 30 0.57  X 10"^ 0.074

I 5 0 .18  X 10"^ 0.539
♦Waveguide param eters a re  given i n  Table 5.1

Table 5 .2 .  A tte n u a t io n  C onstant and S e l e c t i v i t y  f o r  the 
TÊ  Mode o f  th e  Bragg Waveguide I and I I ,
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CHAPTER VI 

CONCLUSIONS

A g en e ra l ize d  c lo sed  form ex p re ss io n  fo r  r e f l e c t i v i t y  o f  m u l t i 

lay e red  Bragg r e f l e c t o r  i s  p resen ted  w ith  ex p re ss io n  o f  d isp e rs io n  r e 

l a t i o n s h i p ,  e l e c t r i c  f i e l d  d i s t r i b u t i o n ,  o p t i c a l  confinement f a c t o r ,  

and lo s s  o f  t r i p l e  lay e red  Bragg w aveguide. These express ions are  

v a l id  f o r  any o r i e n t a t i o n  o f  a p o l a r i z a t io n  and any values o f  a la y e r  

t h ic k n e s s ,  w avelength , r e f r a c t i v e  in d i c e s  o f  outerm ost bounding medium 

and an an g le  o f  in c id en ce .

With th e  numerical d a t a ,  comoarison and d iscu ss io n  o f  some im

p o r ta n t  c h a r a c t e r i s t i c s  such as r e f l e c t i v i t y  and s e l e c t i v i t y  o f  a 

double , t r i p l e ,  quadruple  and q u in tu p le  la y e red  p e r io d ic  r e f l e c to r  a re  

e x te n s iv e ly  analyzed .

A dd ition  o f  a number o f  la y e r  in  b a s ic  p e r io d  has no s i g n i f i c a n t  

e f f e c t  on the  magnitude o f  r e f l e c t a n c e ,  w h ile  a d ju s t in g  and c o n t ro l l i n g  

r e f r a c t i v e  index and th ick n ess  in  each l a y e r  b u i ld  up com plexities in  

p r a c t i c a l  f a b r i c a t io n  p rocess .  But w i th  rega rd  to  bandwidth, the  s e l 

e c t i v i t y  i s  d r a s t i c a l l y  improved as th e  nuiràier o f  la y e r  in  b a s ic  

period  in c re a s e s .

Among severa l s t r u c t u r e  in v e s t ig a t e d ,  a symmetric t r i p l e  b a s ic  

period  e x h ib i t s  unique p ro p e r ty  such as  long wavelength o r  sh o r t  wave

leng th  pass  c h a r a c t e r i s t i c s .  In a d d i t io n  to  above a sp e c ts ,  the
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c a lc u la te d  r e f l e c t i v i t y  would p la c e  t h i s  t r i p l e  s t r u c t u r e  in  a  range th a t

would make i t  more s u p e r io r  to  th e  double s t r u c t u r e  Bragg waveguide,
f l9 l  ^1 n,

which have been r e p o r te d . ' -  '  I t  was observed t h a t  g J b a s ic

s t r u c t u r e  h a s  l a r g e s t  stopband among o th e r  symmetric s tru c tu re s  f o r  a

given in d ic e s  o f  r e f r a c t i o n .

F in a l ly ,  Bragg waveguides composed o f  a t r i p l e  la y e re d  p e r io d ic  

r e f l e c t o r  have been s tu d ie d  thoroughly  with regard  t o  mode c h a r a c t e r i s 

t i c s ,  f i e l d  p r o f i l e s  in  each l a y e r ,  o p t ic a l  confinement and lo ss  due to 

wave leak ing  in to  s u b s t r a t e .  A rb i t r a ry  low lo s s  waveguide i s  achieved  

with 5 per iods  o f  a t r i p l e  l a y e r .

The a t te n u a t io n  c o n s ta n t  becomes minimum a t  th e  optimum th ic k n e s s  

corresponding to  th e  c e n t e r  o f  th e  allowed range o f  guid ing  la y e r  th i c k 

ness and decreases e x p o n e n t ia l ly  w ith number o f  p e r io d .  A p o s s ib le  s in g le  

mode Bragg waveguide a t  a th ic k n e ss  which i s  a few tim es l a r g e r  than the  

wavelength could be used as a coupling  device to  o p t i c a l  f i b e r .

The Brewster c o n d i t io n  on th e  TM mode i s  a p p l ic a b le  to  r e f l e c t i n g  

p o la r iz e d  waveguide. On the  o th e r  hand, the  c h a r a c t e r i s t i c s  o f  TM and 

TE r e f l e c t i v i t y  a g a i n s t  the  an g le  o f  inc idence may be u t i l i z e d  in beam 

s p l i t t i n g  waveguide s t r u c t u r e .

Moreover, one o f  t h e  im portan t  and useful a p p l ic a t io n  of a t r i p l e  

laye red  Bragg waveguide i s  wavelength d iv is io n  m u l t ip le x in g  f o r  a f u tu r e  

o p t ic a l  tran sm iss io n  system
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A P P E N D IX

1 .  C O M P J T E P  P P C G R A M  T G  C A L C U L A T E  R E F L E C T I V I T Y  AS A F U N C T I O N  O F  
A  R E L A T I V E  A A V E L C N G T r i  F O R  T H E  M U L T I - L A Y E R E D  R E F L E C T O R  I N  
C H A P T E R  I V

C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C
c c
C  R E F L E C T I V I T Y  V S  R E L A T I V E  W A V E L E N G T H  C
C C
C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C  
C C

I M P L I C I T  C C y P L E X * 1 6 (  A - 5 ) . R E A L * S ( Q - S  )
D I M E N S I O N  W J O ( 2 0 0 ) » * N ( 1 0 )  , T ( 1 0 ) t W N R ( I 0 )  , W N I ( 1 0  )

2 . A K ( 1 0 ] . G H ( 1 0 . 2 , 2 ) , C C ( 2 , 2 ) , C ( 2 , 2 ) . C F ( 2 , 2 )
3 , G N 0 ( l O . 2 O 0 ) , Ê P t l 0 ) . E £ ( 1 0 ) t E M ( I 0 )

C
C  wS  ; L O W E R  L I M L T  C F  R E L A T I V E  W A V E L E N G T H  S C A L E
C ' AC.  :  U P P E R  L I M I T  C F  R E L A T I V E  W A V E L E N G T H  S C A L E
C J T  ;  N U M E E R  C F  P O I N T  I N  R A L A T I V E  W A V E L E N G T H
C MD :  MODE  .  M O = l  T E  M O D E .  M 0 = 2 ,  TM M O D E
C

D A T A  w S i w E t J T . M O  / O . 0 . 2 . 0 ,  2 0 0 .  I  /
P I = 3 . I A 1 5 9 2 S 5 6  
N P  =  0

C
C R E A D  D A T A
C N  ;  N U M 6 E R  O F  P E R I O D
C L M  :  N J M S E R  o f  l a y e r s  i n  e a c h  P E R I O D . L E S S  THAN 7
C 2 A N G  :  I N C I D E N T  A N G L E  I N  D E G R E E S
C  WO :  R E F E R E N C E  W A V E L E N G T H  I N  V A C U U M  . (  U M )
C  WNG :  I N D E X  O F  R E F L A T I O N  O F  S U P E R S T R A T E
C U N S  :  I N D E X  C F  P E F P A T I O N  C F  S U S S T R A T E
C T ( L X )  :  D I M E N S I O N E D  O P T I C A L  T H I C K N E S S  O F  L A Y E R  ( N O R M A L I Z E D
C  U Y  R E F E R E N C E  W A V E L E N G T H  WO )
C  W N ( L X )  :  D I M E N S I O N E D  I N E X  O F  R E F R A C T I O N  O F  L A Y E R
C
5 4  R E A D (  5 .  5 5 , E nD =  5 6  ) N . L M ,  Z A N G . W Ü  . WN G  . W N S  .  ( T t  L X )  .  W N ( L X )  ,  LX =  l  . 6 )
5 5  F O R M A T  ( I 2 . 1 X . I 2 . 1 X . F 2 . 0 . 1 X . F 4 . S .  1 X . 2 ( F 3 . 2 . 1 X ) . ( 1 ( F 2 . Ü . I X . F S . 2  

I  . I X )  )
N P = N P + l
S I T A = P I * Z A N G / 1 8 0 .
DO 2 2 2 2  L w = l . L M
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* R [ T c ( 6 . c S 6 )  L * . d C . T < L k )
6 6 6  F O P M A T f / , 4 0 X ,  ' O P T I C A L .  T H I C K N S £ 3 3  C F  C A V i R  ' , I 1 . S X . F 6 . 3  

2  .  • /  • . F 5  . 2 t • UM* >
W E 3 = % N ( L d )
* E G = W N w » 3 S I N ( S I  T A )
I F ( t a E O - w £ G J  7 7 6 , 7 7 3 , 7 7 5

7 7 5  W N E F = F N K (  i v HD,  W=G>
GO T O  7 7 8

7 7 6  W N t F - F N K ( W E G . w E O )
7 7 8  T ( L & ) = W O / ( T ( L * ) *  H. MEF)
2 2 2 2  C O N T I N U E  

L D = L M + 1
C
C  P X  :  L E N G T H .  O F  X A X I S  « I N C H
c  P Y  :  l e n g t h  o f  y  a x i s  .  i n c h

C  F  :  p l o t t e r  s c a l e  f .a c t c f

C  H L  :  C H A R A C T E R  H E I G H T  I N  I N C H
c

D A T A  P Y , ? X . r . H L / A 2 . , 1 . 0 , 0 . 1 0 /
C A L L  P L T D T  { V.0 ,  N ,  LM ,  F  ,  Iv N , T  ,  A' NG .  WNS  . H L .  Z A N G . M D  J 
P N = N
R H I = Z A N C * 2 , * P I / 3 f 0 .

C WL D E F I N E D  A S  R E L A T I V E  W A V E L E N G T H  A O / A
DO 2 0  M = 1 , J T
WL =  A S + - ' A * ( W E - W S ) / J T  
W J O ( M ) =  v L  
R K Z = ( P I * 2 . / W 0 ) « W L  
k N E = A N G * D S I N ( R M l )
W N ( L D  ) =  \ VNS  
DO 7 9  I = 1 , L D  
I F < W N ( I ) - A n E )  9 0 , 9 1 . 9 1  

9 1  W N T = W M ( I )
W N R ( I ) =  F  N K ( A N T , W N E )
W N I ( I ) = 0 .
GO  T O  7 9 9  

9 0  W N T = W N ( I )
W. NI  ( I  ) =  F N K  ( AN F  ,  ' ANT )
W N R ( I ) = 0 ,

7 9 9  A K ( I ) =  C M P L X < « N R ( I )  , W N I ( I ) )
7 9  C O N T I N U E

A I = C . v i P L X ( 0  ,  .  I . )
DO 1 2  L =  I , L M  
S P ( L ) = R K Z * T ( L ) * A K ( L  )
E E ( L ) =  A K ( L )
E M ( L ) = A N ( L ) * A N ( L ) / A K ( L )

1 2  C O N T I N U E
Z W N = A N G W 0 C C S ( R H I  )
OK =  A K ( L O )
I F ( M D  , E 0 .  2 )  G O  T O  2 0 2  
DO  2 2  L = 1 . L Ü  
A C l 2 = C 0 S i - ' l ( 5 P ( L )  ) / £ £ ( L )
A C 2 1 = E E ( L ) f C D S l N ( E P ( L ) >
C H I L , U I ) = C C C C S I 3 P ( L ) )
C H ( L , 1 , 2 ) = - A I * A C 1 2  
C H ( L , 2 . 1 > = - A I * A C 2 1  
C H ( L , 2 , 2 ) = C O C O S ( H P ( L ) )

2 2  c o n t i n u e

GO T O  2 Û A  
2 0 2  Z W N = A N G / D C r S ( R H I )

D N = A N ( L 0 ) » A N ( L D ) / A K ( L D )
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2 3
2 0 4

6 6 1

7 1

7 2
3 0 1

4 0 1

4 0 2

3 0 3

8 2  
1 100

9 9
9 9 4

3 0 5

D C  ? 3  L -  I . U M  
A C 1 2 = C D S I N ( ê J ( L ) l  
A C 2 1 = £ M  <L > * C D S I N O =  ( L I )
C H ( L . I . 1 ) = C D C C S ( B P ( L ) > 
C H ( L . 1 . 2 ) = - A I * A C 1 2  
C H ( L . 2 . I ) = - A I * A C 2 1  
C H ( L . 2 , 2 ) = C 0 C C 3 ( ? F ( L ) )
c o n t i n u s

L C = L M - l  
D O  £ 6 1  I C = l , 2  
D O  Ô Ô I  J G - = 1 . 2  
C O ( I O , J O )  = C H ( 1 . I G , J C )
D O  3 0 1  I . M= 1  , L 0
I P = I M + 1

D O  7 1  1 = 1 , 2
D O  7 1  J = l , 2
C { I . J )  =  C M P U X ( 0  . , 0 . )
DO  7 1  n = 1 , 2
C ( I , J ) = C ( I . J ) + C G ( I . K ) * C H ( I P . K . J )
C O N T I N U E
D O  7 2  : A = 1 , 2
D O  7 2  J A = l , 2
C C t l A  , J A )  =  C ( l A  , J A )
c o n t i n u e

C O N T I N U S
A R G = ( C O (  1 ,  l ) + C 0 ( 2 . 2 ) ) / 2 .
R G = D R E A L ( A P G )  
n r = D A 8 S ( r G )
I F ( R P . - 0 . 1 0  1 } 4 0 1  , 4 0 2 , 3 0 3
S H l = D A R C r . S ( F G )
S H K = 5 H I * ( N - l )
S h N = 3 H I * N  
R O N = O S I N ( S H I )
R S N = D S I N ( S H N )  / R O N
R S M = D S I N ( S U M )  / R O N
G C  T O  3 0 5
R O M = N - l
R D N = N
G C  T O  3  0 5
S 0 4 = ( R G * R G ) - l .
S O K =  D S a R T ( S O A )
I F I R G  , L E ,  0 . )  GC T O  3 2
P Q A = R . G < - S Q R
GO  T C  1 1 0 0
P O A = R G - S Q R
3 X N = I .
S X P = l .
N 1 = N -  1
R Q A = ( 0 . 1 0  I  ) / P Q A  
R D D = P Q A - R O A
I F ( N 1  . c Q .  0 )  G O  TO 9 9 4  
D C  9 9  I S = 1 , N 1  
S X P = 3 X P »  P Q A  
S X N = S X N / P O A  
C O N T I N U E
P S W = ( S X P - S X N ) / P O O
F S N = ( ( S X P A P U A ) - ( 3 X N / P Q A ) ) / F D D
C F F = C C ( l  , 1  I ’C R S N - R S M
C F S = C O (  1 , 2  ) » r S i N
C S F = C C (  2 ,  I ) * R S N
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20

6 1 4

1 0 9  
6 1 3  
1 1 9
668

6 6  9  
1 0 3

6 6 7

5 2

5 6
1 0 0 7

1 0 0 6
1 0 0 5

C S 3 = C C (  n » 2 ) ‘ P S N - K S M  
K M = C F r  + C F 3  * a K  
cy=cs-+css*CK 
CY=CX/LM
C R 5 F =  ( Z . . N - C Y ) / ( 7 v f N + C Y )
R F = C D A 5 S (  C F 5 F  )
R E F = A F * 4 F  
C N O ( N P , y ) = R P F  
C O N T I N J E
I F < M D  . 5 0 . 2 )  GC T C  1 0 9  
W K I T c C ô , 6 1 4 )
F C R % A T ( / / . 5 0 X . ' T c  MODE 
G C  T O  2 1 9  
\ » R I T 5 ( t  , 6 1 3 )
F O R M A T ! / / . S O X , T 1  M O D E * , / / )
W R I T 5 ( 6 , 6 6 8 )  N , L M , 2 A N G
F O R M A T ! / / .  5 0 X , * \ 0 . M 3 E P  C F  P  = R 1 0 0  • , 5  X ,  1 2  ,  /

2  ,  S O X ,  ' M U M F E R  C F  L A Y E R ' , 1 S X , 1 2 , /
5 , S O X . ' D E S I G N  A N G L E  ' . S X , F A . I , '  ( D E G R E E S  ) ' , / )

DO 1 0 3  K 2 =  1 , L M
V » R I T c ( 6  , 6 5 9  ) K 2 ,  T ( < 2  ) .  < 2 ,  W N ( K 2 )
F O R M A T  ( A  OX , ' T ' , I : . 5 X , F 7 , a . 1 0 X , ' N ' , I 1 . 5 ; < , F 7 . 4 .  )
C O N T I N U E
v i K I T E  ! £  , 6 6 . 7  ) V, NG, V. NS
F O R M A T ! A O X . ' N G  ' . F 7 . 4 . 9 X , '  NS  ' , F 7 . 4 .  / )
X O T = l . / P X  
Y D T = 2 ; E / ? Y
C A L L  P L O T ! 0 . . 0 . , - 3 )
C A L L  P L O T  ( 0 , 0 . 1 . 0 , - 3 )
C A L L  F A C T O R !  F )
X = 0 . 1 S
C A L L  P L G T ! X , 0 . , - 3 )
C A L L  P L O T ! 0 . , P Y , 2 )
C A L L  P L O T ! P X . P Y , 2 )
C A L L  P L Q T ( P X , 0 . , 2 )
C A L L  P L O T !  0 . .  0 . , 2 )
C A L L  P L ü T ! P X , 0 . , - 3 )
X S T = G N D ( N P , 1 ) * P X  

C A L L  P L O T ! - X 3 7 , 0 . , 3 )
D O  5 2  I ? = l . J T
p P Y = I P t P Y / J T
P P X = G N D ( N P . I P ) * P X
C A L L  P L C T ( - P P X  , P P Y , 2 )
C O N T I N U E
C A L L  A X I 3 ( - P X , 0 . , '  R E F L E C T I V I T Y ' , - 1 5 , P X , 0 . .  1 . , - X D T )
C A L L  A X I S ! 0 . , 0 . , ' R E L A T I V E  W A V E L E N G T H ' , - 1 9 . P Y , 9 0 . ,  W S . Y D T )
X S H = H L * 3 . / F
C A L L  P L O T !  X S H  , - I  .  , - 3 )
GO TO 5 4  
W R I T E ! 6 , 1 0 0 7 )
F O R M A T ! 2 X , ' R E L A T I V E ' ,  5 X ,  3 ( 4 X , • R E F L E C T  I V  I T Y • , 5 X ) , /

2 . 2 X  , 'VS I V E L E N G T h  ' , / / )
0 0  1 0 0 3  I P = l , J T
WR I T E ( f c ,  1 0 0 6 )  f t j C !  I P ) . ! G N O ! M P , I  P )  , M P = 1 , N P )
F 0 H M A T ! 2 X , F f i . S , S X , 1  0 ( F 7 . 4 . 2 X ) )
C O N T I N U E
C A L L  P L O T ( 0  , , 0  . . 9 9 9 )
S T O P
E N D
F U N C T I O N  F N X C F N . S N )
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r  N K = F  N» F N -  S N »  S N 
F N K = S O R T ( ? N K )
T E T U P N

c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c
c
C  N U M B E R .  A X I S , S Y M B O L ,  P L O T  A ND F A C T O R  A R =  E X T E R N A L
C  S U B R O U T I N E S  S U P P L I E D  S Y  T H E  C O M P U T I N G  S E R V I C E S  O F
C  T H E  U N I V E R S I T Y  C F  O K L A H O M A
C
C C C C C C C C C C C C O C C C C C C C C C C C C C C C C C C C C C C

E ND
S U B R O U T I N E  P L T D T  ( r t C . N  , I D , F  , % N , T , * N G  , W N 5 , H I  , Z A N G , M O )
D I M E N S I O N  W N ( I O ) . T I I O )
H X 2 = H I * Z .
H X U = ( H X 2  ) » I D  
H Y - H I « f .  ,
H Y S = H I * 8 ,
C A L L  P L O T !  F . 0 , , - 3 )
P L - I D  
P = N
I F C M O  , E 0 .  2 )  GO T O  7 0 9
C A L L  S Y M 6 C L ( 0 . , 0 ,  . H I , « T E  M O D E ' , 9 0 . , 7 )
C A L L  P L 0 T ( H X 2 .  0 . . - 3 )
GC T O  7 1 9

7  0 9  C A L L  S Y . M e O L C O ,  , 0 .  , H I  ,  • TM M O D E ' . 9 0 , , 7 )
C A L L  P L C T ( H X 2 , C . , - J J  

7 1 9  C A L L  F A C T C F ( F )
c a l l  S Y M 3 0 L  ( 0 ,  , 0 ,  . h i  , 'NUMBHR! O F LAYER ' , 9 0 , .  1 7 )
C A L L  NJ  M S E R  ( 0  ,  , 9 9 9 , , t - I .  P L  ,  9 0 . , - 1 )
C A L L  P L O T < K X 2 , 0 . , - 3 )
C A L L  S Y M R O L  ( Ü .  , 0 . , H I , ' W A V E L E N G T H C M I C R O N S )  ' , 9 0 . , 2 1 )
C A L L  N U M B E R  ( 0 .  . 9 9 9 , , H I . K O , 9 0 .  . 4 )
C A L L  P L 0 T ( h X 2 , 0 . , - 3 )
C A L L  S Y M 3 0 L C J , . 0 . , H t .  ' N S  ' , 9 0 , . 6 )
C A L L  N U M B L R I O ,  . 9 9 9 , . H I . W N S , 9 0  .  , 3 )
C A L L  S Y M B O L ( 0 .  , 9 9 9 , . H I . '  NG ' . 9 0 , , 1 0 )
C A L L  N U M D F R I O , . 9 9 9 , , H I , W N G , 9 0 , , 3 )
C A L L  P L O T { H X 2 , 0 . , - 3 )
C A L L  S Y M B O L ( 0 , , 0 . , H I . ' D E S I G N  A N G L E  ' , 9 0 , , 1 6 )
C A L L  n u m b e r ( 0 ,  . 9 9 9 . , H I . Z A N G  , 9 0  .  , 3 )
C A L L  P L O T C H X O , 0 . . - 3 )
DO  1 0 0  1 1 = 1 , 1 0  
P  1 = 1 1
C A L L  S Y M B O L ( 0 , , 0 , , H I .  * N ' , 9 0  , ,  1 )
C A L L  N U M c i E R I O . ,  9 9 9 . . H I . P I , 9 0 , . - 1 )
C A L L  P _ 0 T ( H X 2 . 0 . . - 3 )

I C O  C O N T I N U E

C A L L  P L Q T I - K X U . H Y , - 3 )
DO 1 0 1  1 2 = 1 , 1 0
C A L L  N U M B E R < 0 ,  . 0 , , H l , W N ( 1 2 )  , 9 0  2 )
C A L L  P _ 0 T ( H X 2 . 0 , , - 3 )

1 0 1  C O N T I N U E
C A L L  P L O T ( - H X U , H Y S , - 3 )
0 0  1 0 2  1 3 = 1 , 1 0  
P 3 = I 3
C A L L  S Y M U C L l 0 , , 0 . , H I  . • T ' . 9 0 .  ,  I )
C A L L  N U M 3 E P ( 0  .  . 9 9 9 , ,  1- I ,  P 3 ,  9 0  , ,  - 1 )
C A L L  P L C T ( h X 2 , 0 , . - J )

1 0 2  C O N T I N U E
C A L L  P L O T ( - H X U , H Y , - 3 )
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DO 1 0 3  I 4 = 1 . I D
C A L L  N J M 5 f P ( 0 . . 0 . , H I , T ( l a ) . 9 0  . .  4 )
C A L L  S Y M 5 C L 1 0 . . 9 9 9 . . H I . • ( M I C P C N S ) • . 9 0 . . 9 )  
C A L L  P L C T ( H / . 2 . 0 . . - 3 )

1 0 3  C O N T I N U E
C P G . N = H Y « 2 .  t h Y S
C A L L  P L C T ( 0 . . - C R G N . - 3 )
R E T U R N
E N D

2 .  C O M P U T E R  P R O G R A M  T O  C A L C U L A T E  E L Z C T P I C  F I E L D  D I S T P l u U T I C N  F O R  
A T R I P L E  L A Y E R E D  P E R I O D I C  B R A G G  W A V E G U I D E  I N  C H A P T E R  V

C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C - C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C
c
C E L E C T R I C  F I E L D  D I S T R I B U T I O N
C T R I P L E  L A Y E R E D  P E R I O D I C  B R A G G  W A V E G U I D E
C
C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C
c

I M P L I C I T  C C y P L E X t l E ( A - C )  .  KZ AL * - ' 3  ( P - S  )
D I M E N S I O N  T ( 4 ) . W N ( 4 )
D A T A  L M . M X . F Y . F / 3 . 2 . 2 . 0 . 5 /

C
C N  :  N U MB E R  C F  P E R I O D
C Z A N G  :  D E S I G N  A N G L E  . D E G R E E S
C  WO :  W A V E L E N G T H  I N  V A C U U M .  UM
C WNA :  I N D E X  O F  K E F P A T I O N  O F  S U P E R S T R A T E
C WNG : I N D E X  O F  R E F R A C T I O N  O F  G U I D E
C  W N S  :  I N D E X  C F  R E F R A C T I O N  U F  S U B S T R A T E
C W N 5  :  E F F E C T I V E  I N 5 X  O F  R E F R A C T I O N
C T  :  O P T I C A L  t h i c k n e s s  o f  E A C H  L A Y E R S  I N  B A S I C  P E R I O D
C  WN :  I N D E X  C F  R E F R A C T I O N  O F  E A C H  L A Y E R S  I N  B A S I C  P E R I O D
C  NMD :  M O D A L  N U V U E R .  0 .  1 . 2 . 3 .  .........
C

P I = 3 . 1 4 1 5 9 2 S 5 6
5 4  R E A D ! 5 . 5 3 . E N D = 5 6 ) N . Z A N G . W O . W N A . W N G , W A S . W N E  

l . T ( l ) . d N ( l ) . T ( 2 ) , W N ( 2 ) . T ( 3 ) . W N ( 3 ) . N M D
5 5  F O f i M A T I  1 2 . 1 X . F 4 . 2 . 1 X , 4 ( F 4 . 3 , 1 X ) , F 6  . 5 .  I X . 3 ( F 4  . 2 ,  1 X . F 4 . 3 . I X ) , 1 2 )

Z I T A =  P I * Z A N G / 1 8 0 .
D C  6 2 6  l D- =1 . L, M 
W R I T E ( 6 . f c 6 6 )  L D . r t C . T ( L D )

6 6 6  F O R M A T !  4 0 X . ' O P T I C A L  T H I C K N E S S  O F  L A Y E R  ' , 1 2 . '  =  ' . F 5 . J . ' / '
1 . F 5 . 3 . ' .  UM • )

W E G = w N G * S I N ( Z I T A )
W E D = w N ( L D )
I F ( wE D - a E G )  7 7 6 , 7 7 5 , 7 7 5  

7 7 5  W N E F = F N K ( i V r . O . W E G )
G O  T U  7 7 0
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7 7 6  K N c r c F N K ( d E G , % = 0 )
7 7 8  T ( L O ) = w O / ( T < L O > »  W N F F )
6 2 6  C O N T I N J Î

h k I T Z ( 6 , S 9 2 )  NMD
9 & 2  F O R M A T C  • 1 * , / / / / / / , 3 0 X , »  7 F  I l ’ L S  L A f E R J D  P Z R I Ü O I C  b R A G G  W A V E G U I D E '  

1 , / / / / .  S C X . ' T Z  ' , 1 2 . / / / )
b k I T = ( 6 . 6 A O I  L V . N  . Z A N G  . WU

6 6 8  F O R M A T ! / / / . 5 0 X . ' N U f U Z P  OF  U A Y F R • . 1 b X . 1 2 . / / . Ü O X 
1 .  ' N U M S F P  O F  F F R I C C S ' . S X . 1 2 . / /

5 . S O X . ' D E S I G N  A N G L E  ' . S X . F 4 . 1 . '  ( D E G R E E S  ) ' . / /
6 . b O X . ' D E S I G N  W A V E L E N G T H "  . S X . F b . 3 . '  ( M I C R C H S )  * . / /  )

0 0  1 0 3  < 2  =  1 . L M
t R I T c ( 6 . 6 6 9 )  K 2 . T ( < 2 ) . < 2 . W N ( K 2 )

6 6 9  F G S M A T ( 4 0 X  . ' T * . I  1 . 5 X . F 7 . A .  l O X .  * N ' , I  I , 5 X . F 7 . 4  )
1 0 3  C O N T I N U E

W F I T H ( 6 . 6 b 7 )  a N G . W N S  . wN A . W N E  
6 6 7  F 0 R M A T ( i 3 X . » N G  ’ . F 7 . 4 . 5 X . • N S  ' . F 7 . 4 .  / .

1 4 3 X , « NA ' . F 7 . 4 .  S X .  ' N E  ' . F 7 . 4 . / )
C A L L  A N G P T  ( V . X . M Y . F ,  W N G . W N S . Z A N G . W O ,  T T ,  J  T ,  N , L  M.  T  , WN , tvM A

I ,  NMD, V i n e , C A Z . C B Z . r . G )
VKN3=WN< 3  )
WN2  =  W N ( 2 )
V v N l = . v N ( l )
T 3 = T ( 3 )
T 2 = T ( 2 )
T  1 = T (  1 )
C A L L  W W F L D ( N ,  WO ,  T T  ,  WNE  .  V*NA , W NG .  WN 1 .  5R N 2  ,  WN3

1 ,  7 1 , T 2 . T 3 , C A Z  , C 3 Z , R G , M X . V Y , F , N M O )
GC  T O 5 4  

5 6  C A L L  P L O T ( 0 . . 0 . . 9 9 9 )
S T O P
E N D
f u n c t i o n  F N K C F N . S N )
D 0 U 3 L E  P R E C I S I O N  AN K  
A N K = ( F N $ F N ) - ( S N = S N )
F N K = D S O R T t A N K )
R E T U R N
E N D
s u b r o u t i n e  A N G P T ( K X . K Y . F . W N G . W N S , Z A N G . W 0 , T T , J T , N

1 .  L M , T . W N . L N A , W M O , W N E , C A Z . C O Z , R G )
I M P L I C I T  C C M P L E X * 1 6 ( A - E ) , R E A L * 8 ( P - S )
R E A L  M X , M Y
D I M E N S I O N  WN ( 4 )  . 7 ( 3  ) , ' . VNR(  4 )  , W N I  ( 4 )

2 . A K ( 4 ) , C H ( 3  . 2 . 2 ) , C 0 ( 2 , 2 ) . C ( 2 . 2 )  ,  C F ( 2 . 2 ) . 6 P ( 3 ) . E E C J )
P N = N
MY = K Y  
L D = l  + L M  
M X = K X * 2 .
P I - = 3 . 1 4 1 5 9 2 8 5 6
w S  =  W0
W L = W 3
L M X = L M
P 0 W G = W N E / W N G
R H I = D A R S I N ( P O W G )
R A N G = R t - i I * l  S O . / P I  
R K Z = 2 . » P I / W L  
W N ( L D ) = W N S  
D O  7 9  I = 1  , L 0  
I F (  WN(  I ) - ; , N E  ) 9 0 , 9 1 . 9 1  

9 1  W N T = W N ( I )
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V<NRt  I  J = F M < (  V;NT ,  * N E >

W N I C I ) = 0 .
G C  T O  7 9 9  

SO f N T = W N ( I }
W N I ( I ) = F N K ( a N z . w N T )
W N R ( I ) = 0 .

7 9 9  A K ( I ) =  C y ? L X ( * N A ( f )  . v » N K I ) )
7 9  C O N T I N U E

A I = C M ? t _ X l  0  .  ,  1 .  )
DO 1 2  L  =  l . l _ M  
B P ( L 1 = P < Z * T ( L ) * A K ( L )
E E ( L ) =  A X I L )

1 2  C O N T I N U E
2 W N = * N G « * D C G S (  K r i l  )
B K = A K ( L D )
D C  2 2  L = 1 , L Y  
A C 1 2 = C 0 S I M C 7 ( L )  ) / c E ( L )  
A C 2 1 = : E ( L ) * C 0 S I N ( a e ( L ) )
C r i C L . l . 1 ) = C D C C S ( J P ( L ) )
C M ( L . l , 2 )  = A l « A C 1 2 * ( - l .  )
C H ( L t 2 .  1 ) = M « A C 2 1  * ( - 1 . )  
C H ( L , 2 t 2 )  = C D C 0 S ( H P ( u ;  )

2 2  C O N T I N U E
L 0 = L M - 1  
D O  6 6 1  1 0 = 1 . 2  
D O  6 6 1  J 0 = 1 . 2  

6 6 1  C O d O . J Q )  = C H < l . I C . J Q l  
D C  0 0 1  I M = 1 . L 0  
I P = I M + 1  
D O  7 1  1 = 1 , 2  
D O  7 1  J = l , 2  
C ( I , J ) = C M P L X ( 0 . . 0 . )
D O  7 1  K = l , 2
C I  I  ,  J )  =  C t  I ,  J )  + C 0 (  I ,  K ) * C H (  I r > , K ,  J )

7 1  C O N T I N U E
D O  7 2  I A = l , 2  
D O  7 2  J A = 1 , 2  
C 0 ( I A , J A ) = C ( l A , J A )

7 2  C O N T I N U E  
3 0 1  C O N T I N U E

A R G = ( C O (  1 ,  1 ) + C C ( 2 , 2 ) ) / 2 .
R G = D R E A L ( A R G )
R R = D A 8 S C R G )
I P ( P S - 0 . 1 D  I ) 4 0 1 . 4 0 2 , 3 0 3

4 0 1  S H I = D A R C O S ( K G )
S M N = S H I * N  
S H M = S H I 4 ( N - I  )
C D N = D S I N ( 5 H I )
R S M = D S I N I 5 H M )  / R O N  
R 3 N = D S I N ( S H N )  / R O N  
G O  T O  3 0 5

4 0 2  r D M = N — 1 
R O N = N
I F ( N 1  . E O .  0 )  GO TO 9 9 4  

3 0 3  S Q A = ( R G * P G ) - l  .
S Q R =  D S Q R T ( S Q A )
I F ( R G  . L E .  0 . )  G C  T O  Ü 2
( " 0  A = R G  +  S O R  
G O  TO 1 1  OU  

8 2  P Q A = R G - S Ü k
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1 1 0 0  5 X N = 1 .
S X P = l  .
P O A = ( Ü . I D  1 ) / P O A  
R O D - P ( J A - ? O A  
N1=N-I
I F ( N l  . = 0 .  0 )  GÜ T O  9 9 4
0 0  9 9  I  S = 1  , M  
S X ? = 5 X P » P U A  
S X N = S X N / P O A

9 9  C O N T I N U E
9 9 4  F S M = ( S X P - 3 X N ) / ? D 0

R S N = ( ( S X ? * P C A ) - ( S X N / P G A ) ) / R D O  
3 0 5  C F F = C C ( 1 . 1 J # P S N - R S 4  

C F S = C C ( 1 , 2 ) * k S N  
C S F = C O t  2 . 1 ) C R S N  
C S S = C C (  2 , 2 S N - F S M  
e w = C F F » C F 5 * c X  
C M = C S F  +  C S S 4 C 3 X  
C Y = C M / 9 M
C R H F  =  ( 2 v , N - C  Y> / ( Z W N + C Y )
F F = C D A 3 S ( C R : F  )
R 5 F  =  R F « R F
C A Z = 2 W N + C Y
C B Z = Z W N - C Y
Z W A = w N E * k N 3 - * X A « K N A
G G = K K Z * a N J » D C C S ( R H I )
Q A = ? K Z 4 3 0 R T ( Z W A » '
C A L L  T H C < ( G G , G A , C A Z , C B Z , T T , P I  , N M D , T A Q , T C D )
P G = G G
S Z R = 0 .
C K G = 0 C M P L X ( P G , S Z P ) * T T
C R H U = G G # (  ( 1 , - C S S F  ) « C O C O S ( C K G ) - A I * (  1 . + C R  Z F  )  # C D  S I  N< C <  C ) )
C R H D = ( 1  . + C R 2 F ) » C 0 C 0 S ( C K G ) - A I r ( 1  , - C R £ F ) f C O S  I H ( C K G )
C R H = ( C F  H U / C R M D ) * A I
W R I T E C 6  ,  1 3 0 3  ) W N £ , R G , T A 3 ,  T C O ,  T T  ,  C I A . C R H , R A N G , F c r . C A Z . C B Z

1 3 0 3  F O R M A T ! 1 X , F 5 . 3 , 2 X , 3 { F 7 . 3 , 2 X J . 2 ( F 3 . 3 , 2 X ) , 1 X , F 5 . 2 , 2 X , F 6 . 3  
1 .  2 X , 2 ( F 7 . 3 . 2 X , F 7 . 3 , 2 X ) )

R E T U R N
E N D
S U B F O U T  I N C  T H C K ( G G , O A . C A Z . C B Z , T H , P I  , N M D , T A 3 . T C D ) 
i m p l i c i t  C O M P L E X * 1 6 ( A - c ) , R C A L * a ( P - 3 )
M 0 £ = N M D  +  1 
A I = C M P L X ( 0 . , 1 . )
C U P = C A Z - C O Z  
C 0 W = C A Z + C 3 Z  
C A G = ( C J P / C D W ) 4 A I  
W A G = 0 R £ A L ( C A G )
T H l = A T A N ( W A G )
V ( Q K = O A / G G  
T H 2 = A T A N ( W O K )

T H = ( T H 2 - T H 1 + ( M C E - I ) » P I ) / G G  
Z A Q = O R E A L ( C U P ) / D I M A G ( C O W )
Z C D =  D I M A G ( C u p ) / O F  c A L ( C O W )
T A 3 = ( A T  A N ( w G K  > - A T A N ( Z A H )  ) / GC 
T C O = ( A T A N ( W O K ) + A T A N ( Z C O ) ) / G C  
R E T U R N  
L N O
S U B R O U T I N E  WWFLO ( N . W L « T , N E , N A , N G . N j , N 2 . N l  

1 .  T 3 ,  T 2 . T  I , C A Z , C 3 Z , r C , .  M X . M Y . F  , N M O  )

1 M P L I C I T  C O M P L E X *  1 6  ( A - C )  ,  P £ A L * - 3  (  P - R  J
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C C M P L f i X  S 2 3 * 1 6 , 5 1 2 * 1 6 , S 1 2 * l ô . 3 3 » l ô . 5 1 *  l ü . S 2 * l  6 , S 2 1 V I Ù . S 2 1  1 * 1 6  
P E 4 L  N C . N ’A . N l  ,  N2  ,  MG,  NKA ,  :>li< A I ,  N K 1 .  N K 2  ,  M K 2  I  ,  MK. G,  MK. G I , IC^! ,

U N K I I  , N J , N K 3 , N K 3 I  
P I = 3 . 1 4  1 5 9 2 8  
A I  = C . M P L X (  0 .  , 1  .  >
K D = S O
C A L L  P L O T ( 5  . . 0  .  , - J >
P K = T 1 + T 2 + T 3  
I F ( N E - N A )  3 8 , 6 9 . 8 5  

3 9  M K A - F N K ( N H , N A 5
M K A I = 0 ,

9 6  I F ( N G - M = >  9 0 . 5 1 , 9 1
9 1  N K G = F N K ( N G , N E )

N K G I = 0 .
9 7  I F ( M - N E )  9 2 . 9 3 , 9 3
9 3  NK 1 = F N K . (  N 1  , N 3 )

NKl 1=0.
5 6  I F ( N 2 - N E )  9 4 , 9 5 . 9 5
9 5  N K 2 = F N K ( N 2 , N = )

N K 2 I = 0 .
6  7  I F ( N 3 —M E )  6 9 , 6 5 , 6 9
6 5  N K 3 = F N X ( N 3 , N 5 )

N K 3 I = 0 ,
G O  T O 9 9  

8 8  N K A I = F M K ( N A . N £ )
N K A = 0 .
GO TO 9 6  

9 0  N K G I = P \ < ( N E : N G )
N K G = 0 .
GO T C  5 7

9 2  N K l X = F M K < N E , M 1 )
N K 1 = 0 .
GO T O  9  3

9 4  N K 2 I = F N K ( N E , N 2 )
N K 2 = 0 .
GO T O  6  7  

6 8  N K 3  I = F r j K <  ME , N 3 )
N K 3 = 0 ,
GC T C  9 9  

9 9  K Z - = 2 . » P I / v / L
Ü A = C M ? L X ( N K A . N K A I )
O G = C M P L X ( N K G . N K G I )
8 1 = C W P L X ( N K l , N K I I )
B 2 = C M P L X ( N K 2 , N K 2 I )
D 3 = C M P L X ( N K 3 , N K 3 I )
H K A = b A * K Z  
i 3 K l = 5 1 * K Z  
0 K 2 = 6  2 * K Z  
Ü K 3 = U 3 * K Z  
B K G = 3 G * K Z  
8 1 2 = 6 1 / 3 2  
0 2 1 = 3 2 / 3 1  
8 1 3 = 0 1 / 0 3  
3 3 1 = 8 3 / 3 1  
8 2 3 = 8 2 / 3 3  
0 3 2 = 8 3 / 3 2  
A 2 1 = ( 3 2  1 + M 1 2 ) / 2 .
A 2 3 = ( e / 3 » 3 3 2 ) / 2 .
A 1 3 = ( 8 1 3 + 3 3 1 ) / 2 .
S 2 1 = ( 8 2 1 - 8  1 2 1 / 2 .
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S 2 J = ( 3 2  i - . 3 3 2 ) / 2 .
S 1 3 = {  3 1  . 5 - 3 3 1  ) / 2 .
S 1 2 = ( 0 1 2 - 6 2 1 ) / 2 .
A 2 1 I = A 2 l ? 4 I  
S 2 1 I = 3 2  1 * A I  
» T 1 = 0 K 1 » T 1  
U T 2 = 6 K 2 * T 2  
3 T 3 = 2 H 3 * T 3  
S 1 = C 0 5 I N ( 6 T 1 )
S 2 = C D S I N ( 3 T 2 )
S 3 - = C 0 S I  M 3 T 3 )
C l = C 0 C Q 3 ( 3 T l )
C 2 = C 0 C O 5 ( 3 T 2 )
C 3 = C D C 0 S ( a T 3 )
A 0 1 = C l f C 2 * C 3  
A 0 2 = A 2 3 4 C 1 * S 3 * S 2  
A 0 j = . A 2 1 » S l ’ C 3 * S 2  
A 0 4 = A 1 3 * S l * C 2 * 3 3  
C A O = A O l  - A D i - A C 3 - A C A .
R D = R G  
GO T O  7 7  

7 5  W S I T £ ( ô . 9 9 9 >  N Î . R G
9 9 0  F O R M A T !  ' 1 ' , / / / / . S X , F  1 0 . 7 .  1 O X , 2 ( O 1 2 . 4  .  3 X )  ,  I O X .  ' N O  NO '  )

GO T O  1 - 3 1 5  
7 7  R 0 S = 0 4 9 S C R 0 )

I F ( R 0 5  . L T .  1 . )  GÜ T O  7 5  
H K = K T T M ( R 0  )
R K I = O A < ( R K )
O K = U A K ( R F ) / " K  
B T l J = 6 T l * A I  
C X F X i = C O C X P ( O T l I )
W K I T > 3 ( 5  , 9 9 3 )  R H . U X . W V C I . T  . C A O  

9 9 3  F O R M A T !  / / . 4 O X . • £ X P ( - J K > ) =  '  ,  D 1 2 . 5  ,  5 X , • K I =  ' , = 1 2 . 5
A . / / . 4 0 X , ' K I * P K =  ' . 0 1 2 . 5
1 . / / , 4 0 X , • T H I C K N 3 S S  O F  G U I 0 5  =  • . F 7  . 4
2  , / / , 4 0 X . ' ( M l 1 + M 2 2 ) / 2 = ' . 2 ( 2 1 2 . 5 , 3 X ) . / / )

C A L L  P L T D T  ( w L . N . N G , N A . N 3 . N 2 . N l , N = , T . T 3 . T 2  . T 1  . P K I , r  , N M O J  
C A L L  F L 0 M K ( T 1 . T 2 ,  T . S K A , B X G , O K I , 3 K 2 ,  R h . Q K . M ,

U N . 3 1 2 . T 3 . 5 X 3 , 6 2 3 ,  K 0 , C A Z , C 3 2 , M X , M Y , F )
I S I S  R E T U R N  

E N D
F U N C T I O N  ? T T N ( R D  )
I M P L I C I T  F E A L * a ( P - S )
S A O = ( R D f P O > - l ,
R 0 R = 0 3 Q R T ( 3 A 0 )
I F ( P D  . L E .  0 . )  GO T C  8 2  
R T T N = R O + P O f t  
G O  T O 1 0 0  

8 2  R T T N = R D - P . D P  
1 0 0  R E T U R N  

E N D
F U N C T I O N  O A K ( R R )  
i m p l i c i t  R E A L * 8 ( P - R )
R R S = O A B S ( R R )
Q A K = D L O G ( R R S )
R E T U R N
E N D
S U a r - O U T  I N E  ° L T 0 T (  W , N , D G , d a . 0 3 , 0 2 , 01 , d e . T G . T 3 , T 2 . T I  . G X I  . F

1 , N M D )
D I M E N S I O N  T ( 4 ) . 0 ( 4 ) . A ( 4 )  . 6 ( 2 1
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P = T l + T 2 » T 3  
M L P  = 4
T S I X = ( T G + l . 0 ) * W L P

200

3 0 0

100

T X = ( P * M L P * N ) + 1 . 5  + T G 4 M L P
B (  1 > = N.-10
8 ( 2 )  = N
A (  1 )  = G K I
A ( 2 )  = P

A ( 3 )  = o =
A (  4 )  = w
T  ( 1 ) = T 1
T ( 2 )  = T 2
T ( 3 )  = T 3
T ( 4 )  = TO
D (  n  = o i
0 ( 2 )  = 0 2
0 ( 3 )  = 0 3
0 ( 4 )  = 0 0
F A = 2 .
F = F / F A
C A L L F A C T O F ( F )
C A L L S Y v, 3 0 L ( 0 . 0 .  . 0  . 2 8  .  ' T H I C K N E S S  ' , 9 0 . , ■3)
C A L L S Y V S 0 L ( 0 , 9 9 9 .  , 0 . 2 3 ,  • (  M I C K C N 3 )  '  , 9 0  . .  9 )
C A L L S Y M 3 O L ( 0 , 5 . 6 , 0 . 2 3 , ' R E F R A C T I V E  I N D E X ' , 9 0 .
C A L L P L  CT { 0  .  4 0 . E 6 . - 3 )
C A L L S Y 4 S 2 L ( 0 , 0 . . 0 . 2 8 , '  T O NG
C A L L P L O T  ( 0 . 4 0 . . —3 )
c a l l S Y W 3 0 L ( 0 , 0 . , 0 . 2 3 . ' T 3 N 3
C A L L P L O T  (  0  . 4 0 . , —3 )
C A L L S Y d B O L ( 0 , 0 . . 0 . 2 3 . ' T 2 N 2
C A I . l P L n r r  0 . 4 0 . , - 3 )
C A L L S Y M B O L ( 0 , 0 , , 0 . 2 8 ,  ' T  1 N I
C A L L P L O T ( 0 . 3 1 . S 0 . - 3 )
C A L L 3 Y  M- 30L ( 3 , 0 . , 0 . 2 3 , ' N U M B E R  O F  P E R I O D • , 9 0 . ,
C A L L P L O T ( 0 . 4 0 . . - 3 )
C A L L S Y M B C L ( 0 , 0 . , 0 . 2 S , ' T £  ' , 9 0 . , 4 )
C A L L P L O T  ( 0 . 4 0  .  , —3 )
C A L L s y m b o l ( 0 , 0 . . 3 . 2 3 , ' W O ( M I C R O N S )  ' , 9 0 . , 1 2 )
C A L L P L C T { 0 . 4 0  .  ,  — 3 )
C A L L S Y M B O L  ( 0 . 0 . . 0 . 2 8 , ' E F F E C T I V E  I N D E X ' , 9 0 . ,  I S
C A L L P L Q T ( 0 . 4 0 ,  , —3 )
C A L L S Y M B O L ( 0 , 0 . , 0 . 2 8 , ' P E R  I C O ' , 9 0 . , 6 )
C A L L S Y M S O L ( 0 , 0 .  . 0  . 2 3 ,  '  P E R .  1 0 0 '  , 9 0 . , 6 )
C A L L P _ Q T { 0 . 4 0 . . - j )
C A L L S Y M B O L  ( 0 . 0 . . 0 . 2 8 ,  ' K  I ' , 9 0 . , 2 )
C A L L P L O T ( 0 . . 5 . 0 , —3 )
DO 2 0 0  J = l , 4
C A L L N U M B E R ( 0 . , 0 . , 0 . 2 8 . A ( U ) , 9 0 . , 3 )
C A L L P L 0 T ( - 0 . 4 ,  0  .  ,  —3  )
C G N T I N O Ü
0 0  3 0 0  K = 1  . 2
C A L L N U M B E R ( 0 . ,  0  .  .  0  .  2 8  , 3 ( K )  . 9 0 .  . — 1 )
C A L L P L O T ( - 0 . 4 ,  0  .  , —3  )
C O N T I N U E
C A L L P L O T  £ - 0 . 4 ,  —4 . 5  ,  —3  )
D O  l O O  1 = 1
C A L L N U M 3 Z P ( 0 . . 0 . , 0 , 2 J , T (  I ) , 9 0 .  . 3 )
C A L L N U M B E R  ( 0  . , b  . 0 , 0 . 2 8 , 0 (  I ) . 9 0 . . J )
C A L L P L C T ( - C . 4 , 0 .  . - 3 )
C O N T I N U E

, 9 0  . . 2 3 )  

> 9 0 . , 2 3 )

1 7 )
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C A L L  P L O T C T 3 H X . - 2 . 5 t - J )
F=F*P:
K Z T U R N

c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c
c
C N J . M 3 Î F .  A X I 3 t S Y M 3 C L t  P l C T  AND F A C T O R  A R S  E X T E R N A L
C S U B R O U T I N E S  S U P P L I E D  BY T H E  C O M P U T I N G  S E R V I C E S  O F
C T H E  U N I V E R S I T Y  O F  O K L A H O M A
C ■ •
C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C  

E N D
S U B R O U T I N E  F L O V K  ( T I , T 2 .  T . S K A . E K G t S K I , 0 K 2 ,  R R . D K . M . N . B I Z

1 . T 3 t Ü K 0 . M 2 3 .  K D . C A Z . C B Z . M X . m y , F )
I M O L I C I T  C C v P L E X » 1 ô ( A - F )  , R E A L * a ( P - r l )

0 1  M E N S I  O N  X N D ( S C ) , X G C ( 5 0 )  . X I 0 ( J O . 3 0  > . X 2 B ( J 0 . 3 0  > .  X J O  t U Ü . 5 0  ) 
l . R E A l  5Û ) , : -  e G C 5 0 ) , F . E l ( 3 0 . 5 0 )  . r - E 2 ( 3 0 . 3 0 )  , P E 3 C 3 0  . 50 )

C O M P L E X  E F A ( 5 0 > . E F G ( 5 0 ) . E F 1 ( 5 0 . 5 0 ) . E F 2 C 3 0 . 5 0 ) . E F J C J O . S C )
P M A X = C .
A I = C M P L X ( 0  . . I .  )
P I  = 3 .  1 A1 S 9 2 f c = A  
R K = T  1 + T 2 + T 3  
WN = K O
C X D = 5 . / B % A  
X D = C R E A L ( C X O ;
X D C = X D / * ' N
x o = - x D - r
X N = X Q
B K G T = 3 K G * T  
A K G T  =  B K C - T » A  I
AO = C A Z * C 0 5 X P ( - A K G T ) + C B Z F C O E X P ( A K G T  )
00 200 1= 1 . 0  
C A P A = e K A * C  XN +  T )

E F A ( I )  =  A O F C D S X P {  C AR A )
X N O ( I ) = X N  
X N = X N + X O O  
P F A = D R . E A , _ ( E F A ( I  ) )
P F A = D A 3 S (  P F A )
P M F A = O M A X 1 C R F A . P M A X  )
° M A X = P M F A

2 0 0  C O N T I N U E  
W W S S = O R E A L ( E F A C I ) )
I F ( t t w S S )  9 1 9 9 . 9 2 P 9 . 9 2 9 9

9 1 9 3  w S I G N = - l .
GO T O  9 A 9 9  

9 2 9 3  W S I G N = + 1 .
9 4 9 9  W T = T / W N

OO 2 0 1  J = I , K O  
C A R G = 9 K G « X N » A I

E F G ( J ) = C A Z « C O Z X F ( C A R G ) + C Q Z * C D E X P ( - C A R G )
X G O ( J ) = X N  
X N = X N + W T
P F G = D R E A L ( E F G ( J ) )
R F G = D A ‘3 S ( P F G >
P M F G = D M A X 1 ( K F G . P M A X )
P M A X = P M r  G

2 0 1  C O N T I N U E  
C S I 2 = ( I . - Q I C ) / 2 .
C A 1 2 = (  I . + 3 I 2 ) / 2 .
C A ? 3  = { I  . + H 2 3 ) / 2 .
C S 2 5 = ( 1 . - 0 2 3 ) / 2 .
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3 3 P K = 3 K 3 = * ' Î K
5 R j = 9 3 = K » A I
C A 3 3 = l 1 . + ( S K G / 9 K 3 ) ) / Z .
C S G 3 = < ; 3 K G / 9 K 3 ) J / 3 .
• î 2 =  ( C A G 3 »  C A 2  + C S G 3 * C f a 2  ) * C D E X P <  Ù K 3  )
F 2 =  ( C 2 G 3  » C  t. 2 + C A G 3  * C 9 Z  ) « C O E X P  £ - 0 R 3 )
B T 2 = 3 K 2 * T 2 *  A I  
T 2  =  T  1 + T 2  
3 T 3 Z = c K 3 * T Z t A I  
9 T 2 Z = 0 K 2 » T Z ? A I  
C A 3 2 = ( l .  +  ( 1 . / B 2 3 )  J / 2 .
C S 3 2  =  ( 1  1 . / 2 Z 3 )  ) / 2 .
c Z c = C D Z X P ( - U T 3 Z )
F Z 5 = C 3 = X P (  B T 3 2 )
C Z = (  ( C A 3 2 »  H Z v E Z E )  + ( C S 3 2 * F Z = r F Z E )  )  A C D c X P C  3 T 2 Z )  
D Z =  ( £ C S 3 2 % F Z * E Z E ) + £ C A 3 2 * F Z * F Z Z ) ) * C 3 2 X P £ - S T 2 Z )  
3 T I = 3 K 1 A T I « A  I 
□ T 2 : = d K 2 » T  l * A  I  
C A 2 1 =  £ l  .  +  £ l  . /  5  1 2  )  ) /  2  .
C S 2 1 = £ 1 . - ( 1 . / 2 1 2 ) J / 2 .
C Z S = C D ’̂ X = £ - a T 2 1  )
0 Z E = C 3 S X P £  5 T 2 1 )
A Z = £ £  C A 2 i * C Z * C Z Z ) + £  C S 2 1 * 0 Z * 0 Z E ) ) * C 3 E X P £  3 T I  )
B Z = £ £  C S 2 l * C Z # C Z = ) + £ C A 2 1 * 3 Z * 0 Z c ) ) « C D E X P £ - c T l )
P T C = ü K f P K
W T 3 = T 5 / r t N
W T 2 = T 2 / W N
ü f T j  = T l  / W N
C A L L  P S A P G U £ X N C . X G 3 . 5 F A . E F G , K D )
X =  0  .
P T F = l .
0 0  1 0 3  . <= 1 .  N
? L M X = 0 .
0 0  4 3  L L = l . X O
E F 3 £ K , L L ) = F L 0 s E £ X .  K , R K . 3 K 3 . E Z . F Z . R T F , Ü K )
X 3 D £ K , L L ) = X
X = X + W T 3
P F J = O R E A L £  E F 3 ( K , L L J )
R F 3 = O A E S £ P F 3 >
P M F 3 = D M A X 1  ( F . F 3 . P M A X  J 
P mA X = P M F 3
P L X = U M A X 1 ( P L M X , P F 3 )
P L . V X = P L X  

4 3  C O N T I N U E
0 0  1 0 4  L = 1 . < D
E F 2 £  < . L ) = F l O K E £ X ,  K . R K . B K 2 , C Z . D Z , R T F , O K  J
X 2 0 £  < . L )  =  X
X = x + k T 2
P F 2 = 0 R E A L £ E F 2 £ K , L ) J
P F 2 = 0 A B 3 £ P F 2 )
O M F 2 = 0 M A X l £ P F 2 , P M A X )
P M A X = P M F 2
P L X = O M A X 1 £ P L M X , R F 2 J  
PLMX=PlX 

1 0 4  c o n t i n u e
O C  1 0 5  K K = 1 , K 0
£ F  1£ K. , K K  ) - F L O R E £  X .  K , R K , a K l , A Z , D Z . R T F , Q K )
X I  0 £ K , K K  ) =; <
X = X + * T 1
P F 1 = 0 R E A L £ E F 1 C K . K K J )

1 2 6



R F l - = 0 A 3 S ( P r i  )
P M F l - D M A X  1 (  = F  I ,=>.M A X )
P M A X = P d f I
P L X = J M A X 1 ( P L M X . K F l )
P U M X = P L X  

1 0 5  C O N T I N U  5
C A L L  P K L Y 0 < X l 0 . X 2 0 , X J 0 . c F l  , E F 2  , c F 3 . K , K O )
I F { K  . 5 0 .  N )  GO T C  1 0 3  
R T r = R T l - / K K

1 0 3  c o n t i n u a

P M X = P M A X  * V » S I G N  
0 0  3 0 1  1 = 1 . K O  
Q A = £ F A ( X )
R c A ( [ ) = Z N R % Z ( P Y X , S A )

3 0 1  C O N T I N U E
DO 3 0 2  J = l , KO 
8 G = E F G ( J )
K E G (  J >  = 2 N P M Z ( P ‘. 1 X , B G )

3 0 2  C O N T I N U E
0 0  7 0 1  K = 1 . N 
0 0  3 0 3  J J =  I . K O  .
A 3 - E F 3 ( K , J J )
R E 3 ( K . J J ) = Z N R M 2 ( P M X . A 3 J

3 0 3  C O N T I N U E
0 0  3 0 4  L = 1  . K O  
A 2 = E F 2 ( K . L ) '
R E 2  ( K . L )  =  Z N R v ) 2 ( P M X .  A 2 )

3 Û 4  c o n t i n u e

0 0  3 0 5  K K = 1 . K 0  
A 1 = E F 1 ( K . K K l  
S e H K . K X ) = 2 N P M 2 ( P M X .  A l )

3 0 5  C O N T I N U E  
7 0 1  C O N T I N U E  

T A = X N C ( I )
C A L L  G P P H ( R E A . K E G . K E 3 , R E 2 . R E I . N . K O . T A . T . T 3 . T 2 . T l  

1 . X N 0 . X G D . X 3 0 . X Z 0 . X 1 D  . M X . M Y . F )
R E T U R N
E N D
S U 3 R 0 U T I N E  P R A P G U t X l . X 2 . Y I . Y 2 . K 0 )
I M P L I C I T  C U M P L E X * 1 6 ( Y - 2 1  
D I M E N S I O N  X I ( 5 0 ) . X 2 ( 5 0 )
C O M P L E X  Y l ( 5 0 ) , Y 2 ( 5 0 )
W R I T E ( 6  . 9 0 3  )

9 0 8  F O R M A T ! S X . ' E  F I E L D  I N  A I R  ' . 3 0 X  
1 ,  E  F I E L D  I N  G U I D E ' . / / / / )

0 0  1 0 0  1 = 1 . KO
W R I T E ! 6 . 9  0 9 »  X 1 ( I ) . Y 1 ( I ) . X 2 ( I ) . Y 3 ( I )

9 0 9  F O R M A T !  2 ! 5 X .  F 1 0 . 3 .  5 X .  2 !  0 1 2 . 4 .  3 X )  )  )
1 0 0  C O N T I N U E

R E T U R N
E N D
F U N C T I O N  F L O R E C X .  K . R K . B K . U 2 . W Z . T T N F . O K )
I M P L I C I T  C O M P L E X * 1 6 ( A - F ) . R E A L * 8 { P - R )
C O M P L E X  U Z * 1 6 , 4 2 * 1 6
A I = C M P L X ! 0  . . 1  . )
X R = X - K * R K  
A R G  =  d K * X P * A I
F L O K - =  ( U Z * C O E X P  ( A R G )  4 ! ' . t Z / C 0 e x P ( A H G  ) ) ) * P T N F
R E T U R N
E N D
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s u u r . Q j r  r i . ï  p p l y c c x i  . x 2 , x 3 . y i  . y 2 . y 3 .  k. , k o >

I M P L I C I T  C C M P L ' X * 1 6 ( Y - Z )
D I M E N S I O N  X I ( 3 0 , 3 0 ) , X 2 I 3 0 . 5 0 ) , X J ( 3 0 , 3  0 )
C O M P L E X  Y l ( 3 0 , = 0 ) , r 2 ( 3 0 . 5 Ü ) . Y 3 ( 3 0 . 5 0 )
V i R I T E d  . ' ■ ) 0 3  5 K

9 0 8  F O P - M A T i  • I • ,  1 3 X .  I 2 .  • TH P E P I C D * .  / / , 3 X . * N l  L A Y E R '
I  , 3 S X , ' N 2  L A Y E R  3 3 X . ' N 3  L A Y E R  * .  / / / / )

O C  1 0 0  1 = 1 , K 0
W P I T E C Ô . 9 0 9 )  X 3 I K . I ) , Y 3 ( X , I ) , X 2 ( K . I  ) , Y 2 { < , I ) . X 1 ( K  .  I ) , Y I ( < ,  I  )

9 0 9  F O R M A T !  3 (  3 X  ,  F I O . 3 ,  3 X ,  2 ( 0 1 1 . 4 ,  3 X ) )  )
1 0 0  C O N T I N U E

R E T U R N
E N D
f u n c t i o n  2 N R M Z ( A M X , £ E )

. R E A L  A M X « 3  
C O M P L E X  E E » 1 6  

■ 2 N R M E = D R E A L ( E E ) / A M X  
R E T U R N  
c N O
S U 3 R G U T  I N E  G R P H t e N A , E N G ,  E N 3 ,  E N 2 , c N l ,  N ,  KD

1 . T A . T . T J ,  T 2 , T l . X N 0 , X 0 0 , X 3 S , X 2 D , X 1 D  . M L A . M L P . F )
I M P L I C I T  R E A L * e ( E - G )
D I M E N S I O N  E N A I 5 0 ) , E N G ! 5 0 ) , E N 2 ( 3 0 , 5 0 ) , E N l ( 3 0 , 5 0 ) , E N 3 ( 3 0 , 5 0 )  

l . X P ( S O )  , X G D ( 5 0 > , X N O ( 5 0  > . X 3 D 1 3 0  , 5 0 ) , X 2 D ( 3 0 , 5 0 )  , X 1 D ( 3 0 , S 0 ) 
T S H = T  * M L P + 3 , 0  
T M = M L A
T X S = (  T l + T 2  +  T 3 ) * N * M L P + T S H  
C A L L  P L C T  (  T S H . 0 . , - 3 )
C A L L  P L T F R M ( T l , T 2 , T 3 , T A , N . M L P . M L A , F , T )
C A L L  P L O T !  0  , ,  T M , - 3 )
C A L L  P L O T ( X N D ( 1 ) , 0 , . 3 )
C A L L  P ^ T E A G Ü N A ,  K C ,  X N D  . M L A , M L P , F )
C A L L  P L T E A G C E N G ,  K O ,  X G D , M L A , M L ? . F )
00 100 < = l , N
C A L L  P _ T c l 2 ( E N 3 ,  K , K D ,  X 3 D , M L A . M L ° , F )
C A L L  P L T E 1 2 ( E N 2 ,  K . K O ,  X 2 0 . M L A . M L P . F )
C A L L  P L T E 1 2 ( E N 1 ,  K . K O ,  X I O  , M L A . M L P . F )

1 0 0  C O N T I N U E
C A L L  P L Q T ( 0 . . 0 . . - 3 )
C A L L  P l  OT ( T X S . - T M  , - 3 )
R E T U R N
E N O
S U B F O U T I N E  P L T F P M ( T 1 . T 2 . T 3 . T A , N . M L P . M L A . F . T G )
D I M E N S I O N  T P ( 3 )
C A L L  F A C T O R  ( F )
T K = 0 , 1 3
T P I  I ) = 7 3 »  M L F
T P ( 2 ) = T 2 * M L P
T P ( 3 ) = T l * M L P
T X  =  ( T P {  1 ) < - T P (  2 )  +  T P ( 3 )  )»>N
T X P = T A * M L P
T Y P = M L A y 2 .
T G M = T G * M L °
C A L L  P L O T ( T X P . O ,  , 2 )
C A L L  P L O T ! T X P , T Y P  , 2 )
C A L L  = L 0 T ( O . , T Y P , 2 )
C A L L  P L O T ! 0 . , 0 .  , 2 )
C A L L  P L Q T ( - T G M , 0 ,  , - 3 )
C A L L  P L O T  ( 0 . . T K . - 2 )

1 2 8



C A L L  P L C T ( 0 . . - T K . - 2 )
C A L L  P L C T ( T G M , 0 . , - 3 )
D Ü  3 0 0  1 = 1 , X 
O O  4 0 0  J = l , 3  
C A L L  P L C T ( T P ( J ) , 0 . . - 2 )
C A L L  P L O T ( 0 . . T K . - 2 5  
C A L L  P L C T ( 0 . . - T < , - 2 )

AGO C O N T I N U ?
C A L L  P L O T { 0 . , T Y P . - 3 )
C A L L  P L O T ( 0 . . - T Y P , - 2 5  

3 0 0  C O N T I N U E
C A L L  P _ C T {  0 . , T Y P , - 3 J  
0 0  5 0 0  K = 1 , N
0 0  5 0 0  L = 1 , 3  
J = 4 - L
C A L L  P L O T ( - T P ( J ) . 0 . , - 2 )
C A L L  P L Q T ( 0 . . - T K  , - 2 )
C A L L  P L C T ( 0 . , T K , - 2 )

5 0 0  c o n t i n u e

T M = M L A
C A L L  P L C T ( 0 . . - T M , - 3 )
C A L L  P L O T ! T X P , 0 . , 2 )
C A L L  P L C T { T X . 0 . , 2 5  
C A L L  P L O T C 0 . , 0 . , - 3 5  
C A L L  P L C T t o . , - T M , - 3 )
C A L L  P u C T t O . , 0 . ,  3 )
R E T U R N
E N O
S U B R O U T I N E  P L T c A G t c F .  K O ,  X O , « L A , M L P . F )
I M P L I C I T  F e . J L * e ( E - G )

0 1  V E N S I Û N X P  ( S O )  ,  P F P  ( 5 0  5 , X 0 ( 5 0  ) , E F t  5 0 )
C A L L  F A C T O R ( F )
DO 5 0  1 = 1 , K D
X P (  I ) = X O (  I  ) * M L P
P F P (  I ) = E F (  D C v t L A
C A L L  P L C T  ( X P t  I )  , ? F P ( I ) , 2 )

S O  C O N T I N U E  
R E T U R N  
E N O
S U B R O U T I N E  P L T E 1 2 ( c F ,  K . K O ,  X L O , M L A . M L P . F )
I M P L I C I T  F . H A U * 3 ( E - G )
0 1  MENS  I O N  E F  ( 3 0 . 5 0 )  . X P  ( 3 0  . 5 0 )  , X L 0 ( 3 0 .  5 0  ) , P F P (  3 0 . 5 0 )  
C A L L  F A C T O R ( F )
D O  8 0  1 = 1 . KO
X P ( K . l )  = X L D ( K . I ) * M L P
P F P t K . I  ) =  E F (  K ,  I  ) * « L A

C A L L  P L C T ( X P ( K , I ) . P F P t K . I ) , 2 )
6 0  C O N T I N U E  

R E T U R N  
E N D
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