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ABSTRACT

The p re sen t  s tudy c o n s i s t s  o f  two p a r t s .  The f i r s t  p a r t  deals  

with  small d i s tu rb a n ce s  in i n e r t  dus ty  gases .  The e f f e c t s  of  v i s c o s i t y ,  

thermal c o n d u c t i v i t y ,  and p a r t i c u l a t e s  on the  wave f r o n t s  a re  s tu d ie d  in 

d e t a i l  by means o f  l i n e a r i z e d  theory .  Laplace tr ansform s  a re  u t i l i z e d  

to  ob ta in  asymptot ic  approximations  f o r  l a rg e  t im es .  The l a rg e - t im e  

s o lu t io n  shows a wave behavior  with  the  wave f r o n t s  d i f f u se d  out be

cause of v i s c o s i t y ,  thermal c o n d u c t iv i ty ,  and p a r t i c u l a t e s .  The i n t e r 

a c t io n  o f  n o n l i n e a r i t i e s  and th e  above-mentioned d i s s i p a t i v e  e f f e c t s  i s  

i n v e s t ig a t e d .  I t  i s  found t h a t  a t  the  f i n a l  s t ag e s  the  wave f r o n t  i s  

governed, t o  th e  lowest o r d e r ,  by Burger ' s  e qua t ion .

The second p a r t  t r e a t s  a model fo r  t r a n s i e n t  flow in a porous 

p a r t i c l e .  For s i m p l i c i t y ,  we assume t h a t  the  gas in s id e  the  porous p a r 

t i c l e  i s  i d e n t i c a l  to  the  o u t s id e  so t h a t  no mass d i f f u s i o n  would occur .  

We a l so  assume t h a t  the d i s tu rb a n ce s  a r e  so small t h a t  the  l i n e a r i z e d  

theory  can be a p p l i e d .  Again, by means of  Laplace t rans fo rm s ,  the  

asymptotic s o l u t i o n s  v a l id  f o r  small t imes and l a r g e  t imes a re  obta ined  

f o r  the  f i e l d  p r o p e r t i e s .  I t  i s  shown t h a t  the  sm al l - t im e  s o lu t io n  i s  

not v a l id  p h y s i c a l ly  s in ce  t h i s  region i s  governed by f ree -m olecu le  flow. 

On the  o th e r  hand, the  l a r g e - t im e  so lu t io n  shows t h a t  th e re  i s  a weak 

wave behavior  o u t s id e  the  p a r t i c l e ,  and t h a t  the  wave f r o n t s  d i f f u s e  out  

due to v i s c o s i t y .  In order to  f i t  the  problem concerning  small d i s t u r 

I V



bances in  i n e r t  p o r o u s - p a r t i c l e  dusty g a se s ,  the  mass e j e c t i n g  from the 

porous p a r t i c l e s  per u n i t  time per  u n i t  volume, û , i s  de termined.  With 

Û known, the  corresponding mass-,  momentum-, and energy-source  term 

appear ing  in  the  governing equat ions  can be ob ta ined .  For more general  

models inc lud ing  v a p o r iz a t io n  and chemical r e a c t i o n s ,  th e  governing 

equa t ions  a r e  derived in  Appendix A.
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NOMENCLATURE

a speed o f  sound

C s p e c i f i c  h ea t  of p a r t i c l e  m ate r ia l

Cp s p e c i f i c  hea t  of gas a t  co n s ta n t  p re s su re

e s p e c i f i c  i n t e r n a l  energy of  gas

Op s p e c i f i c  i n t e r n a l  energy of  p a r t i c l e s

h s p e c i f i c  en thalpy  of  gas

h convec t ive  hea t  t r a n s f e r  c o e f f i c i e n t  between p a r t i c l e s  and

gas

f p  fo rce  exe r ted  by a s i n g l e  p a r t i c l e  on gas

Fp fo rce  per u n i t  volume ex e r ted  by p a r t i c l e s  on gas

3 mass e j e c t i n g  from a porous p a r t i c l e  per  u n i t  time

k,kg thermal co n d u c t iv i ty  o f  gas

kp thermal co n d u c t iv i ty  of  p a r t i c l e  m a te r ia l

K p e rm e ab i l i ty  o f  a porous p a r t i c l e
*

K = d imensionless  parameter

m mass of  an in d iv id u a l  p a r t i c l e

n number d e n s i t y ,  i , e . ,  number of  p a r t i c l e s  per  u n i t  volume

N|j s 2ah /k^ ,  N usse l t  number

p gas p re s su re

gas Prandtl  number
*

Pr = CpgUg/kQ, e f f e c t i v e  gas Prandtl  number



q gas heat f lu x  vec to r

Qp hea t  t r a n s f e r  r a t e  per  u n i t  volume from p a r t i c l e s  to gas
->•

dimensional p o s i t io n  v e c to r

r  = a^r/Vg,  d imensionless  p o s i t i o n  vec to r

r  = e r /L  = e r ,  d imensionless  p o s i t io n  v e c to r

R gas co n s ta n t

Rg p a r t i c l e  Reynolds number based on s l i p  vec to r  |Vp-V|

s Laplace t rans fo rm  v a r i a b l e

t  dimensional time

T gas temperature

Tp p a r t i c l e  temperature

u gas v e l o c i t y  in  x d i r e c t i o n

Up p a r t i c l e  v e l o c i t y  in  x d i r e c t i o n
*

u gas v e l o c i t y  a t  the  s u r f a c e  o f  the  porous p a r t i c l e
“V
V gas v e l o c i t y  vec to r

Vp p a r t i c l e  v e lo c i ty  vec to r

X nondimensional space c o o rd in a te  in the  d i r e c t i o n  o f  motion

Greek L e t t e r s

a  H Cp/C, s p e c i f i c  r a t i o

ttp thermal d i f f u s i v i t y  uf th e  porous p a r t i c l e

a* = ocp/vg, d imensionless  paramete r

s dimensional wave th ick n ess

5 d imensionless  wave th ic k n e ss

e = Vq/S qL, d imensionless  p e r tu r b a t io n  parameter

r a t e  o f  s t r a i n  t enso r

X I



ç a small d imensionless  parameter determined from the

boundary c o n d i t io n  a t  the  end w a l l ,  T ' ( 0 , t )=2çA / tt 

n ^ v t ;

K = Pp/p ,  d en s i ty  r a t i o

X second c o e f f i c i e n t  o f  v i s c o s i t y  of  gas

y f i r s t  c o e f f i c i e n t  of  v i s c o s i t y  o f  gas

M = 2y + X = 4u/3

Pg v i s c o s i t y  of  p a r t i c u l a t e  suspension

y mass r a t e  e j e c t i n g  from a u n i t  volume o f  porous p a r t i c l e s

V kinematic  v i s c o s i t y  of  gas

V = y /p

V* e f f e c t i v e  d i f f u s i o n  c o e f f i c i e n t

p gas d e n s i ty

pp phase d e n s i ty  of  p a r t i c l e s ,  i . e . ,  th e  mass o f  p a r t i c l e s  per

u n i t  volume of g a s - p a r t i c l e  mix ture  p a r t i c l e  radius

a = SqÔ/Vq , d imensionless  p a r t i c l e  r a d iu s

Ty v e l o c i t y  r e l a x a t i o n  time o f  p a r t i c l e s

Tj tempera ture  r e l a x a t i o n  time o f  p a r t i c l e s

X* H XygaZ/ÿ^, dimensionless

X* = a ^ t / p ,  d imensionless  wave time

X = a 2 t / y ^ ,  d imensionless  time

X , = m/4irâ^ay 0 0
*

Xy 0 y 0

X H aQt/L = Gx, dimensionless  time

X viscous  s t r e s s  t e n s o r

x n
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PART I

SMALL DISTURBANCES IN INERT DUSTY GASES



CHAPTER 1 

INTRODUCTION

1.1 General Descr ip t ion  of  Dusty-Gas Flows 

I n t e r e s t  in  problems of  mechanics of  systems with  more than 

one phase has developed r a p id ly  in r e c en t  y e a r s .  S i t u a t i o n s  which 

occur f r e q u e n t ly  a re  concerned with the  motion o f  a gas con ta in ing  

small s o l i d  p a r t i c l e s -  th e  s o - c a l l e d  dus ty  gas flow. Such s i t u a t i o n s  

o ccur ,  f o r  example, in th e  problems o f  ro c k e t  nozzle  f lows,  nuc lea r  

r e a c t o r s ,  fue l  sp ray s ,  a i r  p o l l u t i o n ,  and lu n a r  ash flows.

The dynamics o f  dus ty  gases i s  modified from th e  conventional  

gas dynamics by f u r t h e r  tak ing  in to  account the  e f f e c t s  due to  the  

p resence  o f  th e  p a r t i c l e s ,  namely: (1) the  c o l l i s i o n s  between i n d i 

v idual s o l i d  p a r t i c l e s ;  (2) the  g a s - p a r t i c l e  i n t e r a c t i o n s  through 

v iscous  d rag ,  heat  t r a n s f e r ,  as well as mass t r a n s f e r  by condensa t ion ,  

e v ap o r a t io n ,  or  chemical r e a c t i o n .  Moreover, in  view of  the  p a r t i c l e s  

being unable to  fo llow the  rap id  changes in the  temperature  and v e lo c i ty  

o f  t h e  gas ,  t h e r e  may e x h i b i t  s i g n i f i c a n t  r e l a x a t i o n  e f f e c t s  which make 

the  flow problem of  dus ty  gases  g r e a t l y  d i f f e r e n t  from t h a t  o f  pure 

ga se s .  The s im p le s t  f lows of  such a non-equi l ib r ium  na tu re  a r e  pro

duced by shock waves t h a t  propaga te  through a p a r t i c l e  suspens ion .  The 

s t r u c t u r e  of  the  shock waves in such flows was f i r s t  cons idered  by 

C a r r i e r  (1958),  who t r e a t e d  a s t a t i o n a r y  normal shock wave a r i s i n g  in



a invTSctd dusty  gas and determined th e  dependence o f  th e  flow f i e l d  

on the  parameter o f  i n t e r e s t .  According to  C a r r i e r ,  th e  th ickness  o f  

a gas dynamic shock, i s  n e g l i g i b l e  in  comparison with  th e  momentum and 

thermal ranges  o f  t h e  p a r t i c l e s  so long as the  s o l i d  p a r t i c l e s  a re  l a r g e  

w i t h  r e s p e c t  to  m o lecu la r  dimensions.  Thus, the  s t r u c t u r e  o f  a normal 

shock wave in  a g a s - p a r t i c l e  mix ture  may be thought o f  as a conventional 

gas dynamic shock followed by a r e l a x a t i o n  zone where p a r t i c l e s  and gas 

come to  v e l o c i t y  and tem pera ture  e q u i l ib r iu m .  A q u a l i t a t i v e  d e s c r ip 

t i o n  o f  the  s t r u c t u r e  o f  a normal shock wave in  a g a s - p a r t i c l e  mixture 

i s  i l l u s t r a t e d  i n  F ig .  1. Upstream o f  the  gas dynamic shock,  the  gas 

and dus t  a re  in  e q u i l ib r iu m .  Immediately downstream o f  the  shock th e  

v e l o c i t y  o f  the  gas i s  s m a l l e r  than t h a t  o f  th e  d u s t  and the  dus t  w i l l  

then  be d e c e l e r a t e d .  The d u s t  w i l l  a l s o  accep t  hea t  from th e  gas s ince  

th e  gas tem pera tu re  has been in c re a se d  above t h a t  o f  ambient mixture 

by  th e  shock. The flow c o n f ig u ra t io n  f a r  downstream o f  th e  shock w i l l  

be a s teady  one in  which the  gas and d u s t  w i l l  ach ieve  the same ve lo 

c i t i e s  and tem p e ra tu res .  Various a sp ec t s  o f  the  r e l a x a t i o n  process 

have a l s o  been s tu d i e d  by o th e r  i n v e s t i g a t o r s ,  f o r  i n s t a n c e ,  Soo (1961) ,  

Saffraan (1962),  Temkin and Dobbins (1966) ,  and Schmitt -von Schubert  

(1969) .  These have r e l i e d  f o r  the  most p a r t  on th e  s im p l i fy in g  assump

t i o n s  needed to  make the  problem t r a c t a b l e .

The general  conse rva t ion  equa t ions  ob ta ined  on the  b a s i s  o f  

p a r t i c l e  d i s t r i b u t i o n  fu n c t io n  a r e  d i scussed  in  d e t a i l  by Marble (1963) 

i n  h i s  p a p e r ,  "Dynamics o f  a Gas Conta in ing Small So l id  P a r t i c l e s . "

In t h i s  paper he in t roduced  many s i g n i f i c a n t  concepts and parameters 

which se rve  to  g ive  the  phys ica l  i n s i g h t  in to  th e  behavio r  o f  dusty



gases .  Under the  assumption o f  low-Reynolds-number flow o f  the  p a r t i c l e s  

r e l a t i v e  to  the  gas .  Marble proposed two im por tan t  c h a r a c t e r i s t i c  

t imes and Tj , corresponding to  the  v e l o c i t y  and tem pera tu re  h i s to r y  

o f  t h e  sp h e r ica l  p a r t i c l e s ,  which a re  de f ined  by

\  ’ ( ' - I - ' )

mC_ ,
^  4  Pr \

where m i s  the  p a r t i c l e  mass,  5 the  p a r t i c l e  r a d iu s ,  p th e  gas v i s c o s i t y ,

C tfie s p e c i f i c  h ea t  o f  the  gas a t  c o n s ta n t  p r e s su re ,  k the  hea t
P C P

c o n d u c t iv i ty  o f  th e  g a s ,  and = - ^  the  gas Prandtl  number. P hys ica l ly ,  

Ty and T j  a re  the  r e l a x a t i o n  t imes e lapsed  f o r  a p a r t i c l e  to  a d ju s t  to 

changes i n  ne ighboring gas v e lo c i ty  and tem pera ture .  The in t r o d u c t io n  

o f  th e s e  two parameters  g r e a t ly  c l a r i f i e s  th e  q u a n t i t a t i v e  concept o f  

the  t imes f o r  the  r e l a x a t i o n  processes  o c cu r r in g  in th e  g a s - p a r t i c l e  

flow'. The s t r u c t u r e  o f  the flow f i e l d  o f  a g a s - p a r t i c l e  mixture  can 

be p re d i c t e d  by th e  value  of  (and hence Tj ) :  (1) i f  Xy-*-» , then

the  flow i s  " frozen" in  which no r e l a x a t i o n  processes  take  p lace ;

(2) i f  Ty-»- 0 ,  then the  flow i s  "equ i l ib r ium "  f o r  which r e l a x a t i o n  can 

be i n f i n i t e l y  f a s t ; ( 3 )  i f  0< Xy<« , one cons iders  a "non-equil ib r ium" 

flow where f i n i t e  r e l a x a t i o n  processes  may occur .

Marble 's  r e c e n t  work (1970) in  t h i s  f i e l d  provides  an exten

s iv e  s tudy  o f  the  flows o f  a dusty gas with  examples o f  shock formation 

and l i n e a r i z e d  theo ry .  More r e c e n t l y ,  Bhutani and Chandran (1977),  

us ing c h a r a c t e r i s t i c  coord ina te  system, augmented Marble 's  s tudy in  

l i n e a r i z e d  case to  d e r iv e  a general  decay law f o r  s teady  and nonsteady 

weak waves in  an i n v i s c i d  dusty gas.

4



As was made by previous  i n v e s t i g a t o r s ,  our phys ica l  model of  a 

dus ty  gas w il l  be f u r t h e r  s im p l i f i e s  by r e s t r i c t i v e  assumptions .  All 

such s i m p l i f i c a t i o n s ,  a l though they t a k e  us f u r t h e r  away from physica l  

r e a l i t y ,  n ev e r th e le s s  a llow us to  ob ta in  an i n s i g h t  i n to  the  na tu re  of  

r e a l  dus ty  gases by provid ing  us with  phys ica l  models whose behavior  

can be analyzed.

1.2 Physical  Models

I t  is  well known t h a t ,  in the  l i n e a r  a co u s t i c  theory  f o r  a 

uniform one-dimensional medium, a d i s tu rb a n c e  propagates  a t  a co n s ta n t  

v e l o c i t y  with co n s ta n t  wave form and the  en tropy  of th e  f l u i d  remains 

c o n s t a n t .  In a more r e a l i s t i c  case ,  t h i s  wave motion i s  modified by 

d i s s i p a t i v e  p rocesses  and by no n l in ea r  e f f e c t s  due to  convec t ion .  The 

term d i s s i p a t i v e  process  i s  meant to  inc lude  a l l  processes  which tend 

to  in c re a s e  the  en tropy  of  the  f l u i d .  D i s s ip a t iv e  processes  o f  impor

tance  a r e  those due to  v i s c o s i t y ,  thermal c o n d u c t i v i t y ,  chemical r e a c t io n ,  

mass d i f f u s i o n ,  r a d i a t i o n ,  e t c .  The e f f e c t s  o f  these  d i s s i p a t i v e  processes 

on wave propagation can be q u i t e  complex and q u i t e  d i f f e r e n t  from each 

o th e r .  Both the  form and speed of  propagat ion  of the  waves may be 

modif ied by t h e i r  in f l u e n c e .

The case  in  which v i s c o s i t y  and thermal c o n d u c t iv i ty  a re  the  

only  d i s s i p a t i v e  mechanisms was f i r s t  cons idered  by Lagerstrom, Cole,  and 

T r i l l i n g  (1949), and l a t e r  by L i g h th i l l  (1956) ,  in t r e a t i n g  n o n l in e a r  

one-dimensional p i s to n  problems. The mathematical  a n a ly s i s  o f  t h i s  

problem was f u r t h e r  developed in d e t a i l  by Moran and Shen (1966) by 

means o f  the  method o f  matched asymptotic  expansions and a composite



s o lu t io n  uniformly v a l id  fo r  both small and l a r g e  t imes was ob ta ined .

I t  i s  t o  be noted t h a t  immediately a f t e r  the  p is ton  i s  s e t  i n to  motion,  

as po in ted  ou t  by L i g h t h i l l ,  the  v e lo c i ty  g rad ien ts  a re  very s teep  

and th e  v iscous  terms in  Navier-Stokes equat ions  a re  much more im por tan t  

then th e  n o n - l i n e a r  convective te rms. This impl ies t h a t  the  l i n e a r  

th eo ry  i s  v a l id  f o r  some e a r ly  t ime.  As the  wave propagates  through the 

gas,  v i s c o s i t y  and thermal co n d u c t iv i ty  cause the  v e l o c i t y  g rad ien ts  

to  e a s e ,  and the  non l inear  e f f e c t s  become important.  Even tua l ly ,  f o r  

l a r g e  t im e ,  the  waveform-steepening e f f e c t s  o f  the  n o n l in e a r  terms 

become comparable in s t r e n g th  to  th e  waveform-easing e f f e c t s  o f  the  

v iscous  terms. The balance achieved between these  opposing tendenc ies  

r e s u l t s  in  the  formation o f  a shock wave which u l t i m a t e l y  propagates 

s t e a d i l y  i n to  the  gas.

The o th e r  s i g n i f i c a n t  example concerning th e  d i s s i p a t i v e  

e f f e c t s  on wave propagation was given by Rasmussen and Lake (1973) who, 

in s te a d  o f  t r e a t i n g  one-dimensional p is ton  problem, d e a l t  with l i n e a r i z e d  

wave propagat ion  a sso c ia ted  with  weak sp her ica l  exp los ions .  By making 

use o f  Laplace transform te ch n iq u es ,  they obta ined asymptot ic  s o l u t i o n s  

which a re  v a l id  fo r  small times and fo r  l a r g e  t imes.  I t  was found t h a t

th e  sm al l - t im e  so lu t io n  shows a d i f f u s i v e  c h a r a c te r  t h a t  i s  akin to the

f ree -m olecu le  flow th e o ry ,  and t h a t  the  l a r g e  t ime s o l u t i o n  shows a 

wave behavio r  with  the  wave f r o n t  and c o n tac t  d i s c o n t i n u i t y  d i f fu se d  

ou t  because o f  v i s c o s i t y  and h e a t  conduct ion.

Much o f  the s i g n i f i c a n t  l i t e r a t u r e  bear ing  upon rea l -g a s

e f f e c t s  on one-dimensional wave propaga t ion  induced by a p i s to n ,

inc lud ing  var ious  d i s s i p a t i v e  mechanisms with and w i th o u t  non l inear



e f f e c t s  due to  convec t ion ,  has been reviewed by Lick (1967).

All the  work desc r ibed  above, however, r e f e r s  to  d i s s i p a t i v e  

e f f e c t s  on wave propagation  in  pure gases .  The purpose o f  t h i s  s tudy  

i s  to  extend the  problem to  account  fo r  the  p a r t  played by the  s o l i d  

p a r t i c l e s  which a re  p r e s e n t  in  th e  gas flow. In the  p re sen t  s tu d y ,  

we s h a l l  cons ide r  uns teady ,  one-d im ens ional ,  v iscous  flow of  compress ib le  

dus ty  gases .  The b a s ic  problem to  be analyzed i s  t h a t  o f  a s e m i - i n f i n i t e  

p a r t i c u l a t e  su spens ion ,  i n i t i a l l y  in  e q u i l ib r iu m ,  t h a t  i s  d i s tu rb e d  by 

an impuls ive  tempera ture  in c r e a s e  a t  the  boundary end w a l l .  The end-wall 

d i s tu rb a n c e  a f f e c t s  the  s e m i - i n f i n i t e  suspension by means o f  d i f f u s i v e  

and wave mechanisms. The subsequent  development o f  the flow f i e l d  i s  

to be determined.  I t  i s  expected t h a t  the  d i s tu rb a n ce s  from the  b a s i c  

e q u i l ib r iu m  flow a re  so small t h a t ,  as a f i r s t  o rd e r  approximation,  

th e  governing equations  can be l i n e a r i z e d .

In o rd e r  to  fo rmula te  t h e  problem in  a reasonably  simple manner 

and to  b r ing  out the  e s s e n t i a l  f e a t u r e s ,  the  fo l lowing  assumptions 

r eg a rd in g  the  motion o f  the  g a s - p a r t i c l e  mixture  a re  made:

(1) The gas i s  the rm a l ly  p e r f e c t .

(2) The p a r t i c l e s  a re  s p h e r i ca l  and a re  uniform in  s i z e .

(3) The p a r t i c l e  d iameter  does not va ry ,  i . e . ,  any mass 

t r a n s f e r  between th e  p a r t i c l e s  and the  gas i s  excluded.

(4) The temperature  w i th in  each p a r t i c l e  i s  uniform due to  

i t s  small s i z e  and high c o n d u c t iv i ty  r e l a t i v e  to the  gas.

(5) The g r a v i ty  e f f e c t  o f  the  mixture  i s  neg lec ted  so t h a t  

t h e r e  i s  no f r e e  convection.

(6) The p a r t i c l e s  do no t  i n t e r a c t .  This assumption r e q u i r e s



t h a t  the  p a r t i c l e  number d e n s i ty  i s  s u f f i c i e n t l y  sm a l l ,  

so t h a t  the  momentum exchange caused by c o l l i s i o n s ,  and the  

fo rce  r e s u l t i n g  from i t , i s  small in  comparison with the 

viscous r e s i s t a n c e  to p a r t i c l e  motion.

C7) The volume occupied by the  p a r t i c l e s  i s  n e g l i g i b l e .  In

f a c t ,  the  volume f r a c t i o n  o f  the  p a r t i c l e s  $ can be w r i t t e n  

as

$ =< —  ( 1 . 2 . 1 )
ŝ

Thus, i f  K = 0 ( 0 . 1 ) ,  and p/p^ = 0 (10~^),  then $ = 0 (1 0 '^ )  

The assumption i s  t h e r e f o r e  s a t i s f i e d  i f  th e  dens i ty  o f  

the  p a r t i c l e  m a te r ia l  p̂  i s  high compared with  the. gas 

d e n s i ty  p and i f  the  d ens i ty  r a t i o  k i s  n o t  extremely 

la r g e .

(8) The random motion o f  the  p a r t i c l e s  does no t  c o n t r ib u te  

to the  p re s s u r e  o f  the  p a r t i c l e  c loud. This assumption 

implies  t h a t  th e  number o f  p a r t i c l e s  i s  n e g l i g i b l e  compared 

with the  number o f  gas molecules in  th e  same volume.

(9) The Reynolds number fo r  the  r e l a t i v e  motion o f  the  gas 

and p a r t i c l e s  i s  small enough t h a t  S tokes '  drag law is  

a p p l i c a b l e .

(10) Heat exchange between the  p a r t i c l e s  and the  gas occurs 

only through convec t ion .

(11) The e f f e c t  o f  hea t  r a d i a t i o n  i s  n e g lec ted .  I t  i s  known, 

however, t h a t  a cloud o f  p a r t i c l e s  i s  a good em i t te r  

and absorber  o f  r a d i a t i o n  compared with  a pure gas.
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There fo re ,  th e  hot p a r t i c l e s  upstream o f  the  wave r a d i a t e  

h ea t  to the  co ld  p a r t i c l e s  downstream. This e f f e c t  may 

in c re a se  the  wave t h i c k n e s s ,  p a r t i c u l a r l y  as the  s i z e  o f  

the  p a r t i c l e  i n c r e a s e s .

1.3 Methods o f  Attack

In th e  p resen t  a n a l y s i s ,  a dusty  gas with small < and 5 

i s  cons ide red .  We s t a r t  th e  fo rm ula t ion  with the  l i n e a r i z a t i o n  o f  the  

governing equations  based on the  small p e r tu rb a t io n  model. The 

r e s u l t a n t  l i n e a r i z e d  equat ions  a re  f u r t h e r  s i m p l i f i e d  by the  assumption 

t h a t  the  f low i s  i r r o t a t i o n a l  due to  geometric symmetry. F in a l l y ,  

a s i n g l e  sev en th -o rd e r  p a r t i a l  d i f f e r e n t i a l  equation  f o r  th e  p e r tu rb a 

t i o n  v e l o c i t y  p o te n t i a l  i s  de r iv ed .  Laplace transforms a re  u t i t l i z e d  

to  o b ta in  asymptotic  s o lu t io n s  v a l id  fo r  l a rg e  t imes .

The la rg e - t im e  s o lu t io n  shows a wave behav ior  with  the wave

f r o n t  d i f f u se d  ou t  due to :  (1) th e  v i s c o s i t y  and thermal c o n d u c t iv i ty

o f  the  gas ;  (2) the  s i z e  and number d e n s i ty  o f  the  p a r t i c l e s .  Fu r the r

examinat ion o f  the  r e s u l t s  i n d i c a t e s  t h a t  the  l i n e a r i z e d  theory  breaks  
_ 2

down a t  T = 0(ç  ) ,  where t i s  the  d imensionless t ime and ç i s  a

small d imensionless  parameter determined from the  boundary cond i t ion  

a t  th e  end w a l l .  The nonuniformity  o f  the  l i n e a r  s o l u t i o n  sugges ts  

t h a t  th e  problem a t  very l a r g e  t imes should be a t t a ck e d  by s i n g u l a r  

p e r tu r b a t io n  methods. In t h i s  r eg a rd ,  the f u l l  equat ion  with  the 

n o n l in e a r  and t r a n s p o r t  d i s s i p a t i v e  terms i s  derived to  the  f i r s t  

o rd e r  c o r r e c t i o n s .  I t  i s  shown t h a t  a t  th e  f i n a l  s t ag e s  th e  wave f r o n t  

i s  governed by Burger ' s  eq u a t io n .  .



CHAPTER 2

FORMULATION OF THE PROBLEM

2.1 G a s - P a r t i c l e  In t e r a c t io n

Before we cons ide r  the  bas ic  equat ions  f o r  the  g a s - p a r t i c l e

flow, i t  i s  he lpfu l  to  de r ive  the  terms in  connection with the i n t e r a c t i o n

between gas and p a r t i c l e s .  To begin w i th ,  denote the  loca l  gas v e lo c i ty
->•

by V and th e  v e l o c i t y  of an in d iv id u a l  p a r t i c l e  by Vp. Under the  assumption 

t h a t  the  p a r t i c l e s  obey S to k e ' s  drag law, the fo rce  f^  ex e r ted  upon the  gas 

by a s in g l e  p a r t i c l e  of  r ad iu s  ô i s

fp = 6 Tray (Vp - V) (2 .1 .1 )

Moreover, i f  n i s  th e  number o f  p a r t i c l e s  per u n i t  volume, the  t o t a l  

volumetr ic  fo rce  exer ted  upon the  gas by the p a r t i c l e s  i s

Fp = nfp = Pp (Vp -  V) (2 .1 .2 )

where

P p  H n m (2 .1 .3 )

P p  being the  local  mass d e n s i ty  of  the  p a r t i c l e  phase ,  th e  v e lo c i ty  

r e l a x a t i o n  t ime of th e  p a r t i c l e s ,  and p^/p the  r a t i o  o f  the  mass 

d e n s i ty  of  the  p a r t i c l e  m a te r ia l  to  the mass d en s i ty  o f  th e  gas .  For
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m e ta l l i c  s o l i d s  and gases a t  s tanda rd  c o n d i t io n s ,  p^ / p i s  o f  the  o rd e r  

of  10^.

The d e f i n i t i o n  o f  Eq. ( 2 . 1 . 4 ) ,  revea ls  t h a t  f o r  a given 

gas i s  determined by th e  s i z e  o f  th e  ind iv idua l  p a r t i c l e s ;  i t  

i s  p ropo r t iona l  to  the  square  o f  the  p a r t i c l e  r a d iu s .  Making the  dus t  

f in e  decreases  and making i t  coarse  inc reases  t^.  F u r th e r ,  from

the equat ion o f  motion f o r  a s i n g l e  p a r t i c l e

dV^
m —rtr = - f  (2 .1 .5 )

i t  can be shown t h a t  t i s  the  time requ i red  f o r  a p a r t i c l e  to decay 

i t s  v e lo c i ty  r e l a t i v e  to  th e  gas ,  -  V, to  e’ o f  i t s  o r ig i n a l  va lue.

The v e l o c i t y  r e l a x a t i o n  t ime gives some in d i c a t i o n  o f  the  

g a s - p a r t i c l e  i n t e r a c t i o n  process  when compared with the  c h a r a c t e r i s t i c  

time T of the  flow. When x / t » 1 , the  p a r t i c l e  e n te r s  and leaves
 ̂ -. I: - ” ^

the region of  i n t e r e s t  be fo re  the re  i s  an o p por tun i ty  to  a l t e r  i t s  s t a t e  

ap p rec iab ly ,  and the p a r t i c l e  motion depends l a r g e l y  on i t s  i n i t i a l  

co n d i t io n s .  On th e  o th e r  hand, when t ^ / t ^  «  1,  t h e  p a r t i c l e  has time 

to a d j u s t  to  the  local  gas motion before  i t  has moved apprec iab ly  

through the  re g io n ,  and hence the  p a r t i c l e  motion depends l a r g e ly  

upon the  local  gas motion and i s  r e l a t i v e l y  independent o f  i t s  previous 

h i s t o r y .  For va lues  of  t h a t  a re  n e i t h e r  very l a r g e  nor very

smal l ,  i . e . ,  ~ 1» the  local  p a r t i c l e  motion i s  dependent upon

i t s  e n t i r e  h i s t o r y .

To t h e  same approximation o f  low Reynolds number flow, the 

r a t e  of hea t  t r a n s f e r  per  u n i t  volume from the  p a r t i c l e s  o f  tempera

tu re  Tp to the  gas a t  tempera ture  T may be w r i t t e n  as

n



Q = n (4 .5 ^ )  R (Tp -  T)

& - p  ( % )  ( % )  ( : p  -  T)

'  %  ^  S  C p  -  T) (2 -1-6)

where

mC
^ T ^ î ï f k  (2 .1 .7 )

N p 5 - ^  (2 .1 .8 )

Tj i s  c a l l e d  th e  tempera ture  r e l a x a t i o n  t ime o f  the  p a r t i c l e s ,  and is

th e  Musselt  number based on the  p a r t i c l e  d iameter .  The Musselt  number 

i s  u su a l ly  approximated by th e  formula fo r  s teady  flow around a s i n g l e  

sphere  given by Knudsen and Katz (1958) :

My = 2 .0  + 0 .60  PpT/3 RgT/2 ( 2 .1 .9 )

where i s  the  gas Prandtl  number, and i s  th e  p a r t i c l e  Reynolds

number. The simple formula t ion  M̂ = 2 ,  which corresponds to  pure 

s t e a d y - s t a t e  h ea t  conduction ,  has a l s o  been used ( s e e ,  e . g . ,  Soo 1961, 

Marble 1963, and Rudinger 1964). With M̂  = 2, Eq. (2 .1 .6 )  becomes

Op ' i:  Pp :p (Tp - T) (2-1 1°)'T

The physica l  s i g n i f i c a n c e  o f  t j  i s  e n t i r e l y  s i m i l a r  to  t ^ .  Furthermore,

Tj can be w r i t t e n  as

Tj = I  PpTy (2 .1 .11  )

12



Since the  gas Prandt l  number i s  very nea r ly  equal to  2 /3 ,  the  v e lo c i ty  

and tem pera ture  r e l a x a t i o n  t imes a re  n e a r ly  equa l .  Consequently,  the  

t imes f o r  a p a r t i c l e  to  reach e q u i l ib r iu m  v e l o c i t y  and tempera ture  

o f  the  gas a r e  approximate ly  e q u a l .

2 .2  Bas ic  Equations

Consider an id ea l  gas with  local  v e l o c i t y  V, tempera ture  T, 

and d e n s i ty  p,  c o n ta in in g  a cloud o f  s m a l l ,  s o l i d ,  sp h e r ica l  p a r t i c l e s  

having a r a d iu s  â .  The p a r t i c l e  cloud i s  a l so  desc r ibed  by a s e t  of  

continuum v a r i a b l e s  V , I  , and p = nm. Because th e  p a r t i c l e s  a re  

n o n in te r a c t in g  and too massive to  have random motion,  a l l  p a r t i c l e s  in  

a local  volume have the  same v e lo c i ty  v e c to r  and tem pera ture .  Under 

the  assumptions d e sc r ib ed  in Sec t ion  1 .2 ,  th e  conserva t ion  equations  

fo r  the  two phases can be w r i t t e n  s e p a r a t e ly  as (see  Marble 1963)

Mass

I I  + v • p V = 0 (2 .2 .1 )

Momentum

+ ? . Pp Vp = 0 ( 2 .2 .2 )

P ^  = -  vP + V + Fp (2 .2 .3 )

'P Dt ' pPn = -  F„ (2 .2 .4 )

Energy

p ^  - p V . V + ? ;  r -  V . q + Qp + (Vp - V) . Fp ( 2 .2 .5 )
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where

(2-2-6)

Dn a
= ^ ( 2 .28)Dt " 3 t  p

F p = ^ ( V p - V )  ( 2 .2 .9 )

\  = (2 .2 .1 0 )

V  ^  •’pS  '^P ■ (2-2-11)

mC
^ 4nôk ( 2 . 2 . 12)

V , "et and q are  the  usual s t r e s s  t e n s o r ,  r a t e  o f  s t r a i n  t e n s o r ,  and 

hea t  f lu x  vec to r  f o r  the  gas and given by

r  = 2 y T  + X (V • V) 1 f  (2 .2 .13 )

r =  \  [?V + (V^)*] (2 .2 .14 )

q = -k VT (2 .2 .15 )

where y and x are  the  f i r s t  and second c o e f f i c i e n t s  o f  v i s c o s i t y  o f  the  

gas,  k the  gas thermal c o n d u c t iv i ty ,  and (vV)* the  t r a n sp o se  o f  vŸ.
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I t  î s  o f  i n t e r e s t  to  note  t h a t  the  l i m i t i n g  cases fo r  and

->• « .  With Eq. ( 2 . 2 . 9 ) ,  t h e  momentum equations  (2 .2 .3 )  and (2 .2 .4 )

can &e r e w r i t t e n  as

5 P . Î  , T .  {2 . 2 . , 6 )

»p ^  ^  <2.2.17)

When Ty + 0 ,  Eq. (2 .2 .17 )  gives

t p  = f  (2 .2 .18)

and thus  Eq. (2 .2 .16 )  becomes

(1 + k) p - 7P + V • T (2 .2 .19 )

where

< = ^  (2 .2 .20 )

Eqs. (2 .2 .18 )  and (2 .2 .19 )  show t h a t  when ^  0 ( i . e .  equ i l ib r ium  

flow) the  p a r t i c l e s  move with  the  gas a t  each p o i n t ,  and t h a t  the

flow fo r  Ty + 0 i s  i d e n t i c a l  with  the  flow of  a pure gas with an
yip

e f f e c t i v e  d e n s i ty  p = (1 +k ) p . The s o lu t io n  f o r  the  dusty gas flow

a t  the  Reynolds number R  ̂i s  then eq u iv a l en t  to  the  so lu t io n  f o r  a pure

gas a t  the  inc reased  Reynolds number (1 + <).  In the  o th e r  l i m i t i n g

case  as -x», we have, from Eq. ( 2 . 2 . 1 7 ) ,

0 ( 2 . 2 . 2 1 )

and hence Eq. (2 .2 .16 )  becomes

p ^  -  vP + V (2 .2 .22 )
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Eqs. [2 .2 .2 1 )  and [ 2 .2 .2 2 )  reveal t h a t ,  when [ i . e .  f rozen  f low) ,

the  p a r t i c l e s  move w i th  co ns tan t  v e l o c i t y ,  and the  presence  o f  th e  

p a r t i c l e s  does not change the  gas q u a n t i t i e s .

I t  i s  a l so  im por tan t  to note  t h a t ,  owing to  the  lack  o f  random

ness in  local  p a r t i c l e  motion and the  r i g i d i t y  o f  the  small s o l id  

p a r t i c l e s ,  t h e r e  a r e  no p re s su re  and v iscous  s t r e s s  terms appearing in 

the  momentum equat ion  f o r  the  p a r t i c l e  phase , as shown in  Eq. ( 2 . 2 . 4 ) .  

And th e  usual r e l a t i o n  f o r  the  f i r s t  law o f  the  gas ,  Eq. ( 2 . 2 . 5 ) ,  i s  

modif ied by [a) the  h e a t  add i t io n  from th e  p a r t i c l e  phase ,  and (b)

the  d i s s i p a t i v e  work (Ÿ^ -  Ÿ) . f ^  due to  p a r t i c l e s  moving to th e  gas.

Furthermore,  i t  fo l lows  immediately from Eq. ( 2 .2 .4 )  t h a t
2

Pp s i  ("2 ) = " (2 .2 .23 )

This means t h a t  the  work r e s u l t i n g  from gaseous drag on the  p a r t i c l e s  

a f f e c t s  only  the  k i n e t i c  energy of  the  p a r t i c l e  c loud.

In the  fo l lowing  a n a l y s i s ,  i t  i s  more convenient  to  employ the 

energy equat ion  fo r  th e  gas in  the  en tha lpy  form:

P ^  f  H- Î  : 5 Î  - 7 • 5  + Qp M î p  - Î )  • f p  (2 .2 .24 )

With dh = CpdT and de^ = CdTp, the governing equations  can be r e c a s t  as

Mass

H  + V . = 0 (2 .2 .2 5 )

+ V • Pptp = 0 (2 .2 .26 )

Momentum

p ^  = -  vP + V • V  + (Vp -  ^ )  (2 .2 .27 )
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Pp "D lf ■ ■ ^  (2.2.28)

Energy

= - (k 57)

+ 1 ^  (To -  T) (V - V)^ ( 2 .2 .2 9 )
r  V ^ V ^

' p " : ^ ' - § % ( T p - T )  (2 -2-30)

where C i s  the  s p e c i f i c  h ea t  o f  the  dus t  p a r t i c l e s .  The s e t  o f  equat ions  

becomes complete with  the  a d d i t i o n  o f  the  equat ion  o f  s t a t e  fo r  the  

p e r f e c t  gas

P = pRT ( 2 .2 .3 1 )

Th e re fo re ,  th e re  a re  eleven equa t ions  fo r  e leven  unknowns: p ,  p^,  P, 

t ,  t p ,  T, and Tp.
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2 .3  L inear ized  Equations

Consider a uniform ambient s t a t e ,  denoted by the  s u b s c r i p t  

nought,  and th e  p e r tu r b a t io n s  about t h i s  s t a t e .  We in t roduce  non- 

dimensional primed p e r tu r b a t io n  v a r i a b l e s  and w r i t e

P= Pq (1 + P ' )

P = PQ (I + P ' )

"p = Opo'’ "p >
T = Tod + I ' )

Tp = T .  + Tp I

V = Po V' (2 .3 .1 )

y = Pq (1 + PÔ )

k = kq (1 + k ' )

Gp = Cpod + c ;  )

\  = \ o  (T + )

where j p ' |  «  1 , and so on fo r  the  o th e r  primed v a r i a b l e s ,  a^ 

denotes  the  i s e n t r o p i c  speed o f  sound in  the  ambient gas and i s  

given by

»0 = T Po/Pp (2-3-2)
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Y being the r a t i o  o f  the  s p e c i f i c  heats  o f  the  gas.  F u r th e r ,  we def ine  

the  nondimensional q u a n t i t i e s  f o r  t ime and p o s i t i o n  v e c to r  as

T = t /Tg , s v y a /  (2 .3 .3 )

r  = r /L^ , = Vq'^^o (2 .3 .4 )

where r i s  th e  dimensional p o s i t i o n  v e c to r ,  and

Vo = ùo/pQ = (2 Wo + x^) /pQ (2 .3 .5 )

i s  the  e f f e c t i v e  v i s c o s i t y .  I f  we eva lua te  th e  second c o e f f i c i e n t  

o f  v i s c o s i t y  by Stokes approximation,  = ^ 2 y ^ /3 ,  then we have

4 , _ 4
V 0 " 3 '^o /Po = 3 Vo (2-3 .6 )

3The d imensionless  del o p e ra to r  w i l l  be denoted by v= .
3r

The governing equat ions  can now be l i n e a r i z e d  under the  

assumption t h a t  the  primed q u a n t i t i e s  and t h e i r  d e r i v a t i v e s  a r e  smal l .  

In terms o f  the  nondimensional v a r i a b l e s ,  th e  l i n e a r i z e d  governing 

equat ions  can be w r i t t e n  as

Mass

Momentum

1 ^  + V. V  = 0 (2 .3 .7 )

3p'
Vp = 0  (2 .3 .8 )

1 ^  = - ^  + V (v . V ) -  vx (vx V )

^0
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Energy

S ta te

where

+ - V ' )  (2 .3 .9)

3VL  ̂ -
e _  = .  _ L  (V - V') (2 .3 .10 )

_ T ' )  (2 .3 .1 1 )

r  ro V

- S  § — -------- (T. - T ' )  (2 .3 .1 2 )

P' = p '  + T' (2 .3 .13 )

^ro ^pc/^o

' ’r* ^ Cpo/^o = f  '’r o

■̂v = tyo/Tc  (2 .3 .14 )

“ = Cpc/C

^0 = Ppg/pQ
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Eqs. (2 .3 .7 )  -  (2 .3 .1 3 )  c o n s t i t u t e  a c losed  s e t  f o r  P ' ,  p ' ,  p'p , V ,

Vp . and .

To o b ta in  an idea  o f  the  numerical values  o f  , t . L , and
V q  C C

n^, cons ider  a i r  with  = 1.912 x 10 '^  gm -  cm"^ -  s ec ’ ^ , p^ =

1137.35 X 10"^ gm - cm'^,  and a ^  = 35356.8 cm - s e c " ^ . Then f o r  

sp h e r ica l  p a r t i c l e s  o f  rad ius  â = 1.00 u ,  p^ = 2.0  gm - cm"^ > and 

= 0 .01 ,  we have th e  values  as shown in  Table  1.

TABLE 1

NUMERICAL VALUES OF SOME PARAMETERS IN 

THE AMBIENT GAS-PARTICLE MIXTURE

2.325 X lO 'S  sec

.  Vo _ 4 "o 1.000 X lO'TO sec

' c  ' a'o 3
6.338 X 10'® cm

1.358 X 10® cm'3

where n^ i s  th e  number o f  p a r t i c l e s  in  a u n i t  volume o f  ambient

mix ture.

2 .4  Reduced Equations

The l i n e a r i z e d  problem can be s im p l i f i e d  f u r t h e r  by 

r e s t r i c t i n g  o u rse lves  to  flows t h a t  a r e  i r r o t a t i o n a l  by v i r t u r e  o f
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symmetry; vx V  = 0 ,  vx  VĴ  = 0  i d e n t i c a l l y .  For t h e s e  i r r o t a t i o n a l  

f low s ,  we w r i t e

V' = 9 4, ( 2 .4 .1 )

Vp' = 7 *p (2.4.2)

where <i> and 4,.  ̂ a re  the  gas and p a r t i c l e  p e r tu r b a t io n  v e l o c i t y  p o t e n t i a l s ,  

The momentum equations  ( 2 .3 .9 )  and (2 .3 .10)  can now be i n t e g r a t e d  once 

and th e  t im e - fu n c t io n  o f  i n t e g r a t i o n  can be s e t  i n t o  zero  w i thou t  

lo s s  o f  g e n e r a l i t y .  The governing l i n e a r i z e d  system o f  equat ions  then 

becomes

Mass

Momentum

+ 9^ <t> = 0  ( 2 .4 .3 )

3p'n 2
- 3 ^  + v S p  = 0 (2 .4 .4 )

+ 9̂  ̂ 0 + Y* (4>p -  4>) (2 .4 .5 )

4>p̂  = — ^  (4>p - 4>) (2 .4 .6 )
^v

Energy

- t ' )  ( 2 . 4 . 7 )
r o r o \

ro \
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S ta t e

P' = p '  + T' ( 2 . 4 . 9 )

The equa t ions  ( 2 .4 .3 )  -  ( 2 .4 .9 )  can be combined by e l im in a t io n  in to  a 

s i n g l e  s ev e n th -o rd e r  equation  f o r  <t>:

c, v'̂  *,,, - (Cg - Cj 7̂ + c,

T T T T

-  (Cg -  Cg 7 ^ 4») + (C ^g  4>„ -  C^i 4,)^ = 0 (2 .4 .1 0 )

where
*  *

Y T T j

C? '  — —  (2 .4 .1 1 )

* *
T. .  T x  * .

^2 = “ V ^  (y + Pr) (2 .4 .1 2 )

C3 = ^  GYTy) (2 .4 .1 3 )

C4 = a Pr) (2 .4 .1 4 )

^ 5 ^ 1  ^ r  TyCPr .y(1+Kq) ] . +  r*[(y<^ + a)P* + ay]} (2 .4 .1 5 )

^6 = a(G?v + + *Y) (2 .4 .1 6 )

*p ^

C? = I T  (l+^o) + T* (o + yKq)]  (2 .4 .1 7 )
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^8 = 1  \  + «Yfl + k^ ) ]  (2.4.18)

Cg = 1 (2 .4 .19)

*

Pr
C-|o ~ “  n  + Kq) (ct + yKq ) (2 .4 .20)

*
P

‘̂ 11 (2 .4 .21)

Eq. (2 .4 .1 0 )  i s  the  key equat ion  in  th e  p re sen t  a n a l y s i s ,  which i s  an 

ex tens ion  of  th e  l i n e a r  wave equat ions  f o r  pure gases ( i . e .  = 0 )

s tu d ie d  by Lick (1967) ,  Rasmussen and Lake (1973):

Y 7* C(y + P* )4^.T - 7^4]

+ P* (4„  - 7^ 4 ).  ̂ = 0 (2 .4 .22 )

The l a s t  two terms in Eq. (2 .4 .10 )  a re  th e  lowest  o rder  terms and a re  

r e l a t e d  to  th e  c l a s s i c a l  wave equation a s s o c i a t e d  with i n v i s c i d  acous

t i c s .  The h ig h e r -o r d e r  terms reveal the  combined e f f e c t s  due to  the 

v i s c o s i t y  and thermal c o n d u c t iv i ty  o f  th e  gas ,  and the  presence  o f  the  

p a r t i  cl e s .

2.5 I n i t i a l  and Boundary Conditions 

We now c ons ide r  a s e m i - i n f i n i t e  p a r t i c u l a t e  suspension ,  

i n i t i a l l y  in  e q u i l ib r iu m ,  t h a t  i s  d i s tu rb e d  a t  a given i n s t a n t  x = 0 ,

by an impuls ive  temperature  in c rease  a t  th e  boundary end wall a t  x = 0 ,
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as shown in Fig.  2.

The i n i t i a l  co n d i t io n s  f o r  the  p e r tu r b a t io n  v a r i a b l e s  are

P' (x ,  0) = 0

p ' (x ,  0 ) = 0

P'p (x ,  0) = 0

T'  (x ,  0) = 0

Tp (x .  0 ) = 0 (2 .5 .1 )

<j) (x ,  0 ) = 0

(j)p (x ,  0 ) = 0

(x ,  0) = 0

*px °

The p o t e n t i a l  can be determined to  be w i th in  an a r b i t r a r y  c o n s t a n t ,

which i s  chosen such t h a t  (p and i>p vanish a t  t  = 0 .

The boundary c o n d i t io n s  a re  t h a t  th e  p e r tu rb a t io n s  must vanish

a t  i n f i n i t y ,  and t h a t  th e  v e l o c i t i e s  u'  = <p and u = * must vanish
X p px

a t  X = 0 f o r  a l l  t im es ,  i . e . ,

u '  = (0,  t )  = 0 (2 .5 .2 )

Up = <Pp̂  (0 ,  x) = 0 (2 .5 .3 )

The problem before  us i s  to  so lve  the  equat ion

-  &  ^ = 5  -  '=6 +  '=7 * T T t T  ( 2 . 5 . 4 )
d X  d X

-  (==8 * T T  -  C g  +  ( C ] 0  *T T  •  "=11 °

s u b je c t  to  the  above s p e c i f i e d  i n i t i a l  and boundary c o n d i t io n s .
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CHAPTER 3

LINEAR SOLUTION

3.1 S o lu t ion  by Laplace Transforms

The Laplace transform o f  a fu nc t ion  f ( x , t )  w i th  r e s p e c t  to  t

i s  de f in ed  as «

L { f ( x , t ) >  = f ( x , s )  = e "S t  f ( x , t )  d t  (3 .1 .1 )
•̂ 0

where s i s  a transform v a r i a b l e .  A s o lu t io n  can be obta ined  by t r a n s 

forming Eq. (2 .5 .4 )  by means of ( 3 . 1 . 1 ) .  Before t h i s  i s  done, however, 

i t  i s  necessary  to  ev a lu a te  the  i n i t i a l  value o f  the  t ime d e r i v a t i v e  o f  4, 

t h a t  a re  involved in th e  tr ansform  of  Eq. ( 2 . 5 . 4 ) .  I t  can be shown, from 

the  momentum equat ions  (2 .4 .5 )  and ( 2 . 4 . 6 ) ,  t h a t  and h igher  time 

d e r i v a t i v e  of  4) vanish a t  t  = 0 , t h a t  i s ,

4) ( x , 0 ) = 0  , 4>̂  ̂ ( x , 0 ) = 0
^ (3 .1 .2 )

( x , 0 ) = 0 , ( x , 0 ) = 0 e t c .

With th e se  c o n d i t io n s ,  the  Laplace transform of  Eq. ( 2 .5 .4 )  gives

4— 2“
^ - 4  + A-i ^ - 4  + Ap $ = 0 ( 3 .1 .3 )
dx^ ' dx^

Where * ( x , s )  i s  the  Laplace t ransform of  4> ( x , t ) ,  and

- (C, s^ + Cc s^ + Cq s^ + C,,  s)
A, = -------^ ^ ------------1]-----  (3 .1 .4 )

(C  ̂ s^ + Cg s^ + Cg s + Cg)
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.  <^4 * ^7 + h o  ( 3 . , . 5 )
(C^ +  Cg S^  + Cg S +  Cg)

Eq. (3 .1 .3 )  i s  a f o u r th - o r d e r  homogeneous o rd in a ry  d i f f e r e n t i a l  

eq u a t io n .  The general  s o lu t i o n  f o r  * i s

;  (x ,  s)  = e " ^ *  + Bg e'^2  ^ + B3 e V  + e ^2 x ( 3 . 1 .6 )

w here  B-j, Bg, B^, and B^ a re  cons tan t s  o f  i n t e g r a t i o n  and

/ - A ,  + - 4 A,
^1 ,2  /  2 ( 3 .1 .7 )

in  which th e  plus  and minus s igns  r e f e r  to  x-j and X£> r e s p e c t i v e l y .

Since ^ vanishes  a t  x-x» , 83 and B^ must be ze ro .  Thus,  we have

-X, X -Xp X
Ô (x ,  s )  = B̂  e ‘ + Bg e ( 3 .1 .8 )

F u r th e r ,  by th e  a id  o f  th e  boundary cond i t ion

^x s )  = 0

we f in d

=2 '  -  %  =1 <3.1 .9 )

S u b s t i t u t i o n  of  Eq. (3 .1 .9 )  in to  Eq. ( 3 .1 .8 )  r e s u l t s  in

-X-i X X-j -X-, X
* (x ,  s)  = B̂  (e - e "̂ ) (3 .1 .1 0 )

Hence, t h e r e  remains only  one cons tan t  f o r  th e  s o l u t i o n .

The transformed flow v a r i a b le s  can be found in  terms o f  *

by means o f  the  tr ansform  o f  equat ions  ( 2 .4 .3 )  - ( 2 . 4 . 8 ) :
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(x , s) = (3.1.11)

L
u '_  (x ,  s )  = (J) = (3 .1 .1 2 )

P P* 1 + S  T *

T' ( x ,  s )  = (y  + |-) * - ys  (1 + -------------- —)* ( 3 .1 .1 3 )
s XX 1 +  s T *

Tp (x ,  s)  = T' (3 .1 .1 4 )

p ' ( x ,  s )  = - J  (3 .1 .1 5 )

$
P ' ( x ,  s )   -------------    (3 .1 .1 6 )

P s (1 + s T* )

P* (x ,  s )  = YÔ.. -  YS (1 +      ) $ (3 .1 .1 7 )
1 + s T *

ç = l   -----  (3 .1 .1 8 )

- X i  X - X «  X
X.J (e  - e ) (3.1 .19)

n "Xl  X XA "Xg X

The co ns tan t  can be determined by th e  boundary c o n d i t io n  f o r  the  

tempera ture  a t  x = 0 ,  which i s  given by

T' (0 ,  s )  = s / s ^ / ^  (3.1 .21)
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or

T' (0 .  T) = 2 ; y / ï  (3 .1 .2 2 )

Here,  ç i s  a  small dimensionless  parameter determined from Eq. (3 .1 .2 2 )  

f o r  some given value o f  t  such t h a t  T' (0 ,  t )  «  1. S u b s t i t u t i n g  Eqs. 

(3 .1 .1 0 )  and (3 .1 .20 )  i n to  Eq. (3 .1 .13 )  and e v a lu a t in g  the  value a t  

X = 0,  we o b ta in

T' (0 ,  s)
------------------------------------------------------------ ; ------------  (3 .1 .2 3 )

(A, -  A. )  [ (A H-1) A, t p .  (1 + ------ 2-------) ]
I s 1 Xg 1 + s T*

With th e se  r e s u l t s  the  s o lu t io n  f o r  th e  transformed problem i s  now 

complete.

The above transformed express ions  cannot be in v e r te d  e x a c t ly  

in  c losed  forms. However, asymptot ic  expansions v a l id  fo r  la rge  

t im e ,  , can be obta ined .

3 .2  So lu t ion  fo r  Large Time

The s o lu t io n  fo r  l a r g e  t ime, , can be found by expan

s ion  o f  the  Laplace tr ansform  f o r  small s .  In th e  l i m i t  s ^  , the

a p p ro p r i a t e  expansions f o r  and Xg, def ined  in  Eq. ( 3 . 1 . 7 ) ,  can be 

w r i t t e n  as

X-J = a  ̂ [1 + b^ s + 0 ( s ^ ) ]  ( 3 .2 .1 )

Xg = Bg s [1 + bg s + 0 ( s ^ ) ]  ( 3 .2 .2 )

where

a,  ( 3 .2 .3 )
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b =  ^8 S   ÇlO ( 3 .2 .4 )
-2  Cg C,,2

“ /  (3 -2-5)

b = ^■9 .f j Q . . . - / 8 , S o ,S l j L ^7- 5 j . ( 3 . 2. 6 )
2 C,o C „ 2

I t  i s  noted t h a t ,  to  th e  lowest  o rd e r ,  x.| v a r i e s  l i k e  / s  and hence i s  

a s s o c i a t e d  with  d i f f u s i o n ;  whereas Xg v a r ie s  l i k e  s and hence leads  

to  wave behavior .  Furthermore,  s ince  a. j , , ag ,  and bg a re  func

t i o n s  o f  the  c o e f f i c i e n t s  o f  the  lower-order terms o f  Eq. ( 2 . 5 . 4 ) ,  

i t  follows t h a t ,  f o r  l a r g e  t ime,  the  low er-o rder  terms o f  Eq. ( 2 .5 .4 )  

dominate the  motion o f  th e  suspension.  The general  f e a tu re s  o f  the  

s o l u t i o n  f o r  l a rg e  t ime can be deduced d i r e c t l y  from Eq. ( 2 . 5 . 4 ) .  

I n i t i a l l y  the  motion i s  d i f f u s i v e  in c h a r a c t e r  as can be seen from

th e  s i x t h  and seventh  te rms. A wave which t r a v e l s  a t  the  speed

; .
, 1 /2

(Cg/Cg)^^^ tends to  form, as shown by the  e igh th  and n in th  terms.

This wave decays and f i n a l l y  a wave propagating  a t  the  speed (C-|-|/C.|q) 

i s  formed, as shown by th e  l a s t  two terms. The l a s t  wave then d i f f u s e s  

o u t  due to  the  combined e f f e c t s  o f  v i s c o s i t y ,  thermal c o n d u c t i v i t y ,  

and p a r t i c l e s .

S u b s t i t u t i o n  f o r  x.| and Xg from Eqs. (3 .2 .1 )  and (3 .2 .2 )  

in to  Eq. (3 .1 .23 )  y i e l d s

B, + 0  ( Æ ) ]
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or

h  = - 2 ^  3/2 [1 + 0 ( ^ ) 3  ( 3 .2 .7 )
ai s

With th e  above asymptot ic  expansions f o r  Xg» , we o b t a i n ,

from Eqs. ( 3 . 1 . 1 0 ) ,  ( 3 . 1 . 1 9 ) ,  and ( 3 . 1 . 2 0 ) ,  the  following exp ress ions  

f o r  5^,  and

-XyX ^ -XgX
i  (x ,  s )  ~ ( - § / ?  - ^  ^  ) ( 3 .2 .8 )

a.,^ ®2 s^

- X - j X  - X g X

4x ( * '  s )  - -  C -  (3. -  I  ) ( 3 .2 .8 )

-XyX g -XgX

♦xx <*’ * ) '  = <;t72 > (3 -2 -1°)

As a r e s u l t ,  the  Eqs. (3 .1 .1 1 )  -  (3 .1 .17 )  can be r e w r i t t e n  asympto

t i c a l l y  to  the lowest o r d e r  as

-XiX -Xpx

- f  ) {3 .2 .11)

7 I - X i X  - X p X

) (3 -2 .12)

r  e " ' 1 '  e ' ^ 2 ’'
- ° f  (3-2-13)

i '  » _ “X-jX “XoX

-XiX -XgX

f - ? 7 ?
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- A , X  - i j X

(3 .2 .1 6 )
(s + n) / T  *1 S +

P L .  .  Y (1 + xq) ,  y (1 Y K.) ; ^ 2 "

i-| &i &2
[ y -------------^ ]  -  + - ------------------------------------- (3 .2 .17 )

a,  ,/s a ,  a.

where

° -  Y (1 + Ko)] (3 .2 .1 8 )

n = —  (3 .2 .1 9 )
S *

and again

’’ro

(3 ,2 ,2 0 )

-  II t  can be-eas-i.ly seen from the  above express ions  t h a t  Up ' , T^ ' ,

= 0 when t^* -»«, and t h a t  Up' = u ' , Tp' = I ' , Pp' = p' when x^* = 0. 

This i s  c o n s i s t e n t  with  our d i s cu s s io n  f o r  th e  l im i t i n g  cases  when 

Ty*-x» ( f rozen  flow) and x^* = 0 ( e q u i l ib r iu m  flow) in  Sec. 2 .2 .

The in v e r s io n  of  the  terms invo lv ing  can be accomplished 

by means o f  s t an d a rd  L ap lace - t rans fo rm  t a b l e s .  On th e  o t h e r  hand, 

th e  terms in vo lv ing  x^ can be i n v e r t e d  by using an a l t e r n a t i v e  

asymptotic  form f o r  Xg (Rasmussen 1975):
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Xg = 2 agb ( /  s + _ b) + 0 (s^) (3 .2 .2 1 )

where

b ■ bg < 0 (3 .2 .2 2 )

here  &g and b being th e  parameters  p e r t i n e n t  to  the  wave f r o n t .  With 

th e s e  c o n s id e ra t io n s  in  mind, th e  l a r g e - t im e  approximations  fo r  the  

flow v a r i a b le s  a r e  obta ined  upon in v e rs io n  o f  Eqs. (3 .2 .1 1 )  - ( 3 . 2 . 1 7 ) .

3 .2 .1  Velocity  F ie ld  f o r  Large Time 

The l a r g e  t ime approximation fo r  the  v e l o c i t y  f i e l d  i s

~  ~ -  ~  [Gg (x ,  t ; a-|) -  (x ,  t ; ag ,  b ) ]  (3 .2 .2 3 )

u ' , ,
—̂  ~ —  [6^ (x ,  t ; a- | , n) -  Hg (x ,  t ; ag ,  b , n ) ]  (3 .2 .2 4 )

where
- X - j X

Gg (x ,  t ; a-|) = L  ̂ { j  } , X.j ~ a.j i/s’
a , x

= e r f c  (----- )
2 /T

a^x 

2 ^

a ,x
z = — » (3 .2 .2 5 )

H.| (x ,  t ; ag,  b) = L { j  },Xg - 2agb ( /  s + b - b)
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, b (aux - t) 4a?b x b (a«x + t)
= j  {erfc [------   ] + e  ̂ erfc [------ ---------- ]}

/ r ” / F
(3 .2 .26)

“ X-jX

(x, t ;  a-|, n) = L ^ ^

, - ia ,x /n  a ,x
= -sr e" [e erfc  ( i /ÿr )

2 / F

ia ,x /n  a,x ,
+ e ' erfc ( - ^  + i /FT ) ]  , n = -4*- (3 .2 .27)

2/F
-XgX

Hg (x, t; ag, b,n) = L'  ̂ {y  ^ — >

1 2a«b^x-nT -2a«b^x / i - ( n / b ^ )  . ________
-  h  e r f c  [ ! g ^ .

/F

2a,bZ / i - ( n / b ^ )  a ,bx  ------------- 5-
+ e ^ e r f c  + b/F/1 - (n/b^)]} (3 .2 .28)

Æ

The f e a tu r e s  o f  the  s o lu t io n  f o r  th e  gas v e lo c i ty  d i s t r i b u t i o n  can be 

deduced from Eq. ( 3 .2 .2 3 ) .  I n i t i a l l y  th e  motion i s  d i f f u s i v e  in  na tu re  

as can be seen from the  f i r s t  term Gg (x ,  t ;  a-j). Far away from the  

wall  Gg (x,  t ; a^) d ies  ou t  a t  l e a s t  l i k e  z“ ^e '^  , where z = a^x /2 /F ,  

and a wave t r a v e l i n g  a t  the  speed (ag)"^ i s  formed as shown by the 

second term (x ,  x; ag ,  b ) ,  which corresponds to a compression wave 

t r a v e l i n g  to  the  r i g h t  and an expansion wave to  the l e f t .

By combining Eqs. ( 3 . 2 . 5 ) ,  ( 2 . 4 . 2 0 ) ,  and ( 2 . 4 . 2 1 ) ,  the  wave 

speed can be w r i t t e n  as

1 /  a + K
V' = ^  = / ----------------   (3 .2 .29)

2 /  0  + Kq ) (a + Y Kq )
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o r ,  f o r  the  dimensional speed.

\  '  *0 V* '  ® o / ( 1  + <„) ( A y , : „ )  (3 .2 .30)

I t  can be r e a d i l y  seen from t h i s  equa t ion  t h a t  = a^ as = 0 ,  i . e . ,

i n a pure gas the  wave propagates a t  th e  i s e n t r o p i c  speed o f  sound.

I t  can a lso  be seen from Eq. (3 .2 .3 0 )  t h a t  decreases  as i n c re a se s .

Note t h a t  = Pp^/p^ = n^ m/p^. Thus, the  wave speed in  a qas-

p a r t i c l e  mix tu re  decreases  when the  number dens i ty  n^ o f  the  p a r t i c l e s

in c r e a s e s . Moreover, Eq. (3 .2 .30 )  shows th a t  the  wave speed i s  not

a f f e c t e d  by p a r t i c l e  s i z e ;  bu t ,  as w i l l  be seen l a t e r ,  the  p a r t i c l e

s i z e  does a f f e c t  the  wave th ic k n e s s .  The v a r i a t i o n  of  the  wave speed

V,,' with i s  shown in Fig.  3.w o
To observe  the  behavior o f  the  decay o f  the  wave, l e t  us 

d e f in e  the th ick n ess  o f  the  wave f r o n t  as

( A H l ) m a V
5 5 (3 .2 .31)

max

From t h i s ,  we ob ta in

« = %  (3-2.32)

o r ,  in terms o f  the  physical  q u a n t i t i e s ,

A  V t
6 = - 2 ^  (3 .2 .33)

Thus, in th e  l i n e a r i z e d  theory th e  wave f r o n t  spreads  ou t  l i k e  /v ^ t .

The e f f e c t  o f  the  thermal conduc t iv i ty  o f  the  gas comes i n t o  play 

through Prandtl  number P* = — 5 _ 2 — 2_, and i s  then simply to  d i f f u s e
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th e  wave with  a d i f f u s i v i t y  k^/Cp^ in  th e  same manner as v i s c o s i t y  

Vq . I t  i s  noted t h a t

^2 " a )  (3 .2 .34 )

b = (ic„. tJ .  P ; .  c )  (3 .2 .35 )

and

TÎ = ^  = 7 - ( f ^ )  5^ (3 .2 -36)
C C *̂ 0

where a i s  the  rad ius  o f  the  p a r t i c l e s .  Hence the  e f f e c t  o f  p a r t i c l e

s i z e  on th e  wave th ic k n e ss  i s  r e f l e c t e d  through the  f a c t o r b  . I t  can be

shown t h a t  b decreases  a s o  in c r e a s e s .  T he re fo re ,  from Eq. ( 3 . 2 . 3 3 ) ,

s in c re a s e s  when th e  p a r t i c l e s  become l a r g e r . I t  can a lso  be shown
n_m

t h a t  agb decreases  as (= -g—■■) in c re a s e s .  Consequently,  5 in c rease s  

when the  number d e n s i ty  o f  the  p a r t i c l e s  i n c r e a s e s .

The physical  exp lana t ion  o f  th e  d i f f u s i o n  o f  the  wave f r o n t  

due to  p a r t i c l e  e f f e c t  seems to  be t h a t  th e  r e l a t i v e  motion o f  the  

d u s t  p a r t i c l e s  and th e  gas w i l l  d i s s i p a t e  energy because o f  the  drag 

between the  two phases .  When th e  p a r t i c l e s  become l a r g e r ,  or  the  

number d ens i ty  o f  th e  p a r t i c l e s  i n c r e a s e s ,  more energy d i s s i p a t i o n  w i l l  

be genera ted .  And t h i s  causes the  f u r t h e r  decay o f  the  wave.

I t  i s  i n t e r e s t i n g  to  note  t h a t  the  v i s c o s i t y  o f  a suspension 

o f  small p a r t i c l e s  i s  h ig h e r  than t h a t  o f  a pure gas.  E ins te in  

(1905) ,  in  h is  s t u d i e s  on th e  theory  o f  Brownian motions ,  found t h a t  

t h e  v i s c o s i t y  of  a suspension  o f  sm al l ,  s o l i d ,  sp h e r ica l  p a r t i c l e s  

should be increased  by a f a c t o r  p ropor t iona l  to  the  t o t a l  volume o f  

th e  spheres  suspended in  a u n i t  volume o f  the  mix ture .  E i n s t e i n ' s
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formula can be w r i t t e n  as

Ug = Pq (1 + 2 .  5 ( 3 .2 .3 7 )

or

Ug = Pq (1 + 2 .  5 (3 .2 .3 8 )

where p^ i s  the  v i s c o s i t y  o f  the  suspens ion ,  p^ the  v i s c o s i t y  o f  the  

ambient pure gas ,  and th e  volume f r a c t i o n  o f  the  p a r t i c l e s  in the  

ambient mixture .  Eq. ( 3 .2 .3 8 )  r evea ls  t h a t  th e  v i s c o s i t y  o f  the  gas-  

p a r t i c l e  mix ture  in c re a s e s  when the  d e n s i ty  r a t i o  i n c r e a s e s .  I t  

fo llows t h a t  the  energy a s s o c i a t e d  with  wave w i l l  decay f a s t e r  in  a 

suspension  than in a pure gas .  E i n s t e i n ' s  theory  g r e a t ly  enhances 

the  b a s ic  unders tanding  o f  the  p re sen t  s u b j e c t .

The e f f e c t  o f  the  p a r t i c l e  s i z e  on th e  wave f r o n t  is  

shown in Fig.  4 in which (x ,  t ;  ag,  b) i s  p l o t t e d  as a f u n c t io n  o f  

X f o r  va r ious  values  o f  p a r t i c l e  rad ius  5 ;  while  the  e f f e c t  o f  on 

th e  wave f r o n t  i s  i l l u s t r a t e d  in Fig.  5 where va r ious  values  o f  x 

have been examined.

The v e lo c i t y  d i s t r i b u t i o n  f o r  the  p a r t i c l e  phase appears 

to  be more complicated than t h a t  f o r  th e  gas phase in  t h a t  a c e r t a i n  

r e l a x a t i o n  t ime i s  needed f o r  the  p a r t i c l e s  to  follow the  gas.  This 

i s  simply because a dus t  p a r t i c l e  in th e  gas has a much l a r g e r  i n e r t i a  

than  th e  eq u iv a l en t  volume o f  gas and w i l l  no t  t h e r e f o r e  p a r t i c i p a t e  

as r e a d i l y  in  the  v e l o c i t y  f l u c t u a t i o n s .

In o rde r  to  have a physica l  i n s i g h t  i n t o  the  f i e l d  p r o p e r t i e s  

o f  t h e  p a r t i c l e  phase,  i t  i s  necessary  t o  f u r t h e r  s im p l i fy  the  

fu n c t io n s  (x ,  x;  a ^ , n) and Hg (x ,  x;  ag ,  b ,  n ) .  Recall t h a t
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n = 1 / T * .  In the  usual c a s e ,  t *  i s  very l a r g e ,  i . e . ,  n  i s  very small 

( f o r  example,  x* = 2324.71 and n  = 0.00043 f o r  5 = 0.1 u ) .  The 

v a r i a t i o n  o f  x* with  â  i s  shown in  Table 2.

TABLE 2

VARIATION OF x* WITH 5

5
(micron) <

d
(mi cron) <

0.1 2.32 x 10^ 0.6 83.56 X .10^

0.2 9.30 X 10^ 0.7 113.88 X 10^

0.3 20.92 X 10^ 0.8 148.74 X 10^

0.4 37.18 X 10^ 0.9 188.24 X 10^

0.5 58.10 X 10^ 1.0 232.47 X 10^

This sugges ts  t h a t  (x ,  x ;  a-j, n) and Hg (x ,  x ;  a g . b  , n) may be 

expanded a sy m p to t ica l ly  i n  terms o f  n. A f t e r  a s e r i e s  o f  t ed ious  

a l g e b r a i c  m an ipu la t ions ,  we o b ta in

( X, X j a- | , n) ~ G2 ( x ,  xj  a^) ^ n Ĝ  ( x ,  xj  a- | , n) >

n « l  (3 .2 .3 9 )

H2 ( X, xj a2 » b ,  n ) ~ H.̂  (x ,  xj  ̂ ^ n (x ,  xj a 2 » b , x\),

n «  1 (3 .2 .4 0 )

where

( X, xj  a- | , n ) ~ Sg ( x ,  xj  a.j) + n Gg ( x ,  xj  a-j) * 0 (n ) ,

n «  1 (3 .2 .4 1 )
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^2 ( X , T : ^ 2 *  ~ ( Xj  Tj  &2 » b ) ^ n Hg ( x ,  x j  @2 » b ) 0  ( ti ) i

n «  1 (3 .2 .4 2 )

and where
2 2

r — - a ,  X / 4 t  ,  5  9  a-, X
Gg (x ,  x;  a^) = a^Xy/ -  e - { j  a-, x + x )e r fc (—*— )

2 /T

(3 .2 .43 )

2 1 9 9 3-1 X 3-1X
Gg (x ,  x ;  a^) = Og + 2 X X +  ) e r f c  (— )

2/ r
2. a ,x  a ,x  - -a ,^x^ /4x

-  [5 ( - L )  + 2 ( - ! - ) 3 ]  e ' (3 .2 .44 )
3/ïr 2/ r  2 / r

1 b ( a . x  - x)
(x ,  x;  Bg, b) = 2  {(agX -  x) e r f c  [---------------- ]/r

2
435b X b ( a .x  + x)

-  (agX + x) e e r f c  [------   - ] }  ( 3 . 2. 45 )/r
b(a 5X-x) 2

1 a«X r — - [ ------------- ]
Hg (x ,  t ;  Bg, b) =  2 { -  — /  -  e / T

1 2 aux b ( a .x  -x)
+ [g- (aux -x) + — g-] e r f c  [— —---------]

^ ^ 4b ̂  / F

2
1 o a ,x  435b x b ( a , x  +x)

+ (BpX +x)2 -  - ^ 1  e ^ e r f c  [—  -------- ]
^ ^ 4b^ Æ

(3 .2 .46 )

Upon s u b s t i t u t i n g  Eqs. (3 .2 .39 )  and (3 .2 .40 )  i n to  Eq. ( 3 . 2 . 2 4 ) ,  we

f in d  t h a t

u'
^  [G|  (x ,  x; a^,  n) -  H| (x ,  x; 3g, b , n ) ] ,

n «  1 (3 .2 .4 7 )
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The fu n c t io n  G| d esc r ibes  the d i f f u s i v e - t y p e  re la x a t io n  o f  th e  

i n i t i a l  d i s tu rbance  o f  t h e  p a r t i c l e s  caused by the i n t e r a c t i o n  with 

the  gas through drag.  As f o r  the  gas phase,  the  d i s tu rbance  a t  x = 0 

i s  ba lanced ou t  by th e  wave term (x ,  t ;  ag, b,  n)» which a l so  

corresponds to  a compression wave t r a v e l i n g  a t  the  speed (ag)"^ 

to  the  r i g h t  and an expansion wave a t  the  same speed to  the  l e f t .

This t h e r e f o r e  s a t i s f i e s  th e  n o - s l i p  boundary cond i t ion .  In o rd e r  

to  f i t  the  z e r o - v e l o c i ty  boundary cond i t ion  f a r  away from the  w a l l ,  

t h e r e  e x i s t s  a maximum value  near the  wave f r o n t ,  as shown in  Fig.

6 in  which the  v e l o c i t i e s  u ' / ç  and u 'p / ç  a re  p lo t t e d  as fu n c t io n s  

of  X f o r  various  values o f  x .  When n i s  very sm al l ,  the  lower order 

terms Gg (x ,  x; a^) and (x ,  x; ag, b) dominate the  v e l o c i t y  d i s 

t r i b u t i o n ,  as can be seen from Eqs. (3 .2 .4 1 )  and Eq. ( 3 .2 .4 2 ) .  

Furthermore,  i t  follows from Eq. (3 .2 .47 )  t h a t  Up' = 0 when n = 0, 

and a l s o  from Eq. (3 .2 .2 4 )  t h a t  Up' = u' when n-x» . Figure 6 c l e a r l y  

shows the  r e l a x a t i o n  process  experienced by the  p a r t i c l e s  f o r  a 

given f i n i t e  value of  n.

The r e s u l t i n g  process  a s so c ia te d  with the i n i t i a t i o n  o f  the  

motion may be descr ibed  as fo l lows . The temperature  jump a t  th e  

boundary end wall causes  a p ressu re  wave t h a t  moves away from the  

wall  through the  ambient medium. The h ea t  flow from the h o t  s u r f a c e  

r a i s e s  the  ad jacen t  l a y e r s  o f  gas to a h ig h e r  temperature and i n i t i a t e s  

an expansion of  gas.  The expansion o f  gas then causes a motion of the 

p a r t i c l e s  due to  viscous drag.

3 .2 .2  Temperature F ie ld  f o r  Large Time

The la rge  time approximation f o r  the  temperature  f i e l d  is
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found to be

Ç G3 (X) x j  â-j ) + D [63  (Xj  X» &-|) " H-j (Xj  x j  ®2 ’ b ) ]

(3 .2 .48 )
j  ' ^

“ { Gy ( X , Xj  > 5 )  *  D [ Gg  ( X , x j  ® i j  S ) ” H 2 ( X j x j ^ 2 ^ ^ ^ ^ ’

S = $  p" “ •* (3 .2 .49)
" r̂o

where

-X"! X

G3 ( x ,  Xj  a ^ )  = L  ̂ }

2 2— -a-, X /4x a ,x
= 2 A e  -  a ^ x e r f c ( —Î—) (3 .2 .50)

2 / r

-X-j X

» ?) ~ L {5 + Ç }

1 -çx - i a . x / g  a ,x
= -s- e {e e r f c --(—-----i t/çT)

2 / r

i a , X i / ç  a ,x
+ e e r f c  ( A — + i / | 7  )} (3 .2 .51 )

2/x

-X-|  X

Gy ( x ,  x j  a . ,  g )  = L"^ { ---------   }
^  ̂ (s  + g) / s

- i a n x / ç  anX
= -----  [e  e r f c  ( i )

2 /g 2/r

41



i a, x/g a ,  X
+ e e r f c  ( + i ^  ) ]  (3 .2 .5 2 )

2 / r

-XgX

Hg (x ,  t ;  a g ,  b ,  %)  =  L’  ̂ { - - ^ g  }

, 2a ,b  x - Ç t  - 2a ,b  x / l - ( ç / b  ) a ,bx   «
= Y e {e e r f c [  b / r  / l - ( ç / b  ) ]

Æ

2a,b  x / l - ( ç / b  ) a ,bx   5-
+ e e r f c D - i —  + b / 7  A  -  ( g / b ^ ) ] }  (3 .2 .53 )

/T

In Eq. (3 .2 .4 8 )  the f u n c t io n s  (x ,  t ;  a^) and Gg (x ,  x; a . | ) are  

a s s o c i a t e d  with  d i f f u s io n  and d e sc r ib e  the  r e l a x a t i o n  of  the  i n i t i a l  

tempera ture  d is tu rb an ce  o f  th e  gas caused by th e  impuls ive  temperature  

i n c r e a s e  a t  th e  end w a l l .  At x = 0,  Ĝ  (x ,  x; a.j) = 2 A  , and

Gg (x ,  x ;  a.|) i s  balanced o u t  by H.j (x ,  x ;  ag, b ) .  Therefore

T' (0 ,  x) = 2 ;  (3 .2 .54 )

which i s  in  agreement with th e  boundary c o n d i t i o n ,  Eq. ( 3 .1 .2 2 ) .  Far 

away from th e  w a l l ,  Gg and Gg d ie  out e x p o n e n t i a l l y ,  and again a wave

d esc r ib ed  by H.j (x ,  x; ag,  b) i s  formed.

Note from Eq. (3 .2 .5 4 )  t h a t ,  f o r  any given x,  T' (0 ,  x) can 

be made as small as d e s i r e d  by choosing ç small enough. However, f o r  

a given ç ,  I '  (0,  x) becomes in c re a s in g ly  l a rg e  as x in c r e a s e s .

The l i n e a r  s o lu t io n  w i l l  t h e r e f o r e  break down sooner  o r  l a t e r  f o r  a 

given value of  ç .  The range  o f  v a l i d i t y  f o r  the  l i n e a r i z e d  theory  

w i l l  be d iscussed  in  the  l a t e r  s e c t io n .

The natu re  o f  th e  tem pera tu re  d i s t r i b u t i o n  fo r  th e  p a r t i c l e
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phase can be examined by f u r t h e r  s im p l i fy in g  Eq. ( 3 .2 . 4 9 ) .  Expanding 

th e  func t ions  Gg (x ,  t ;  a ^ , ç ) ,  Gy (x ,  t ;  a ^ ,  s ) ,  and Hg (x ,  t ;  a ^ ,  b ,  g) 

in  terms o f  ç , we have

Gg (x ,  t ;  a^ ,  s)  = Gg (x ,  t ;  a^) + ç G* (x ,  t ;  a ^  ç ) ,  ç « l

( 3 .2 .5 5 )

Gy (x,  t ; a ^ ,  g) = Gg (x ,  ? ;  a^) + s G* (x ,  %; a ^ , ç ) ,  ç « l

(3 .2 .5 6 )

Hg (x,  t ;  ag,  b , s )  = Ĥ  (x ,  t ;  ag, b) + ç  H* (x ,  t ;  ag, b ,  g ) ,

5 « 1  (3 .2 .5 7 )

where

Gg (x ,  t ;  a ^ ,  ç )  = Gg (x ,  t ;  a ^ )  + s  Gg (x ,  t ;  a ^ )  +  0  ( c ^ ) ,

Ç «  1 (3 .2 .5 8 )

G y  ( X ,  t ;  a-|, ç )  — G-jg (x ,  t j  a-j) G - j ^  (x ,  t j  a - | )  +  0 (ç ) ,

S «  1 (3 .2 .5 9 )

H| (x,  TJ ag,  b ,  ç) = H^ (x ,  t j  ag, b) + ç Hg (x ,  t j  ag, b) + O(ç^)

Ç «  1 (3 .2 .6 0 )

and where

G-jg (x ,  TJ a ^ ) = (a^ X T + ^  a^^ x^) e r f c  ( - ^ )
2 / r

i .  [ ( V )2 ,  1] , 3 / 2  , - ' l Y / 4 T
3 Æ  2 Æ  (3 .2 .6 1 )

G-|i ( x , T j  a ^ )  = -  ( ^  a^XT^ + ^  a-j^x^T + a - j ^ x ^ ) e r f c  (—^ )
2 /r
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r, 5/2 a , x  9 a ,x  . - a , V / 4 T  (3 .2 .62 )
-  ^  [4 + 9 ( - L ) 2  + 2 ( - L ) ^ ]  e '

1 5 ^  2 / 7  2 v ^

S u b s t i t u t i n g  Eqs. (3 .2 .54 )  - (3 .2 .5 6 )  i n t o  Eq. (3 .3 .48 )  gives

T*
- g -  -  -  ç {G | ( x . T i a ^ . s )  + D[ G*(x . T;a^, ç )  -  H * ( x , T ; a 2 , b , ç ) ] } ,

ç «  1 (3 .2 .63 )

The func t ions  and Gg d e sc r ib e  the d i f f u s io n  o f  the  i n i t i a l

tempera ture  d is tu rb an ce  o f  t h e  p a r t i c l e s .  At x = 0,  Gg and Hg cancel

each o t h e r ,  and Gg v a r i e s  a t  l e a s t  l i k e  f o r  small ç.  When x i s

l a r g e ,  the  d i f f u s i o n  terms d i e  o u t ,  and the  motion o f  th e  p a r t i c l e s  i s

dominated by the  wave term Hg. F i n a l l y ,  a wave propagating  a t  the

speed ( a , ) " ^  i s  formed. The temperature  r e l a x a t i o n  process  o f  the
T' To'p a r t i c l e s  i s  shown in  Fig.  7,  where —  and are  p l o t t e d  as

fu n c t io n s  o f  x f o r  various  va lues  o f  x.

3 .2 .3  Density F ie ld  f o r  Large Time 

The corresponding l a r g e - t im e  approximation f o r  the  d en s i ty

f i e l d  i s

" - [Gg (x ,  x;  a-j) + DĜ  (x ,  x;  a^) -  (x ,  x;  ag, b ) ]

(3 .2 .64 )

P'
+ [Gg (x ,  x ;  a ^ , n)  + DG^ (x ,  x ;  a ^ , n)

a
-  Hg (x ,  x; ag ,  b ,  n ) ]  (3 .2 .65 )

where
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- X - |  X

Gc (x,  t ;  au, n) = {-------  }
(s + n) / s

. - i a , x y ^  a ,x
[e  e r f c  ( i /irr )

2/n" 2 /r

i a^x /n  a ,x
-  e e r f c  (------ + i /rÿF) ]

2 /r

= Gg (x,  t ;  a-j) + n G| (x ,  t ; a-j, n)>n «  1 (3 .2 .66)

where

Gg  ( X ,  T j  a - j ,  n )  ( X ,  t j  a - j )  +  n  G-j-|  ( x ,  t j  a - j )  +  0  ( n  ) ,

n «  1 (3 .2 .67 )

And again

G^ (x,  T J  a ^ , T)) ~ Gg ( X , T j  a ^ ) n G  ̂ (x ,  t j  a-j ,  n ),

n «  1 (3 .2 .39 )

Hg ( X , T j  ag, b ,  n )  ~ H-j (x ,  t j  ag, b )  n Hg (x ,  t j  a g , b , n ) >

n «  1 (3 .2 .40 )

S u b s t i t u t i n g  Eqs. ( 3 .2 .6 6 ) ,  ( 3 .2 .3 9 ) ,  and (3 .2 .40 )  i n to  Eq. (3 .2 .6 5 )  

gives
p '

" n [G| (x ,  TJ a^ ,  n) + DG| (x ,  t j  a ^ , n) 

a ,
-  ~  H| (x ,  TJ ag,  b,  n ) ]  , n «  1 (3 .2 .68 )

I P '
The d e n s i ty  d i s t r i b u t i o n s  ^  and f o r  both phases a r e  shown in
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Fig.  8 . Unlike th e  temperature  d i s t r i b u t i o n s ,  the  two terms invo lv ing  

Gg (x ,  t ;  a^) and (x ,  ag,  b) (o r  6|  (x ,  t ;  a^ ,  n) and H|

(x ,  t ;  ag, b ,  n))  do not cancel each o t h e r  a t  x = 0. I t  i s  noted t h a t

near the  wall  the  d e n s i ty  d is tu rbances  a re  n e g a t iv e .  This i s  due to

th e  f a c t  t h a t  the  gas near the  wall expands because o f  the  sudden

in c re a se  i n  tempera ture  a t  t h e  end w a l l .  When x in c re a se s  the  mix ture  

becomes denser and, l i k e  v e l o c i t y  d i s t r i b u t i o n s ,  in o rd e r  to  f i t  the  

z e ro -d e n s i ty  boundary c o nd i t ion  f a r  away from th e  w a l l ,  t h e r e  e x i s t  

maximum values  near the  wave f r o n t s .

3 . 2 . 4  Pressure  F ie ld  f o r  Large Time 

The l a r g e  t ime approximat ion f o r  th e  p re s su re  f i e l d  i s

o '  (1 -  Kr,)
^  Y [ 1 ---------- 2— ] S  )

*1

Y (1 + K )
+ — ° (x ,  t ;  3 g ,  b) (3 .2 .6 9 )

where

-1 e g -a^x^/4T
(x , t ;  a^) = L ^   ̂ (3 .2 .7 0 )

Æ A t

The fu n c t io n  Ĝ  (x ,  t ; a ^ ) d esc r ibes  th e  d i f f u s i o n  o f  th e  i n i t i a l

p re s su re  d i s tu rb a n ce  o f  the  gas .  The d i s tu rb a n c e  a t  x = 0 d ies  out 
- 1 / 2

l i k e  t '  '  . Far away from th e  wall Ĝ  (x ,  x; a^) decays e x p o n e n t i a l ly .

In f a c t ,  t h e  f i r s t  term o f  Eq. (3 .2 .6 9 )  i s  very sm al l .  The p re s su re  

d i s t r i b u t i o n  i s  t h e r e f o r e  dominated by the  wave fu n c t io n  (x ,  x;  ag ,  b) 

as shown in  Fig.  9 in  which p ' / ç  i s  p l o t t e d  as a func t ion  o f  x f o r  

various  value o f  x. I t  i s  i n t e r e s t i n g  to  no te  t h a t  th e  e f f e c t  o f
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on the  p res su re  d i s t r i b u t i o n  i s  more pronounced f o r  a pure  gas with 

P* = 1 ( i . e .  = 3 / 4 ) .  For = 0,  the  parameters  a^ and ag become

Thus, Eq. (3 .2 .6 9 )  can be w r i t t e n  as

£  '  Y (1 -  —  ) G-| (x ,  t ; a-j)

+ H, (x ,  t ; a , ,  b) (3 .2 .7 1 )
^  1 2

I t  fo llows t h a t  th e  f i r s t  term vanishes  when P* = 1. The p res su re  

d i s t r i b u t i o n  f o r  a pure gas with P* = 1 i s  t h e r e f o r e  t o t a l l y  dominated,  

to  the  lowest o r d e r ,  by the  wave fu nc t ion  (x ,  t ; ag ,  b ) .

3 .3  L im i ta t io n  o f  the  L inea r ized  Theory

For l a rg e  t im e ,  th e  l i n e a r i z e d  theo ry  p r e d i c t s  a wave with  a 

wave th ickness  in c r e a s in g  i n d e f i n i t e l y  with  t ime l i k e  /T.  I t  i s  

expected,  however, t h a t  th e  s o lu t io n  would be a s t e a d y - s t a t e  wave 

f r o n t  with  a f i n i t e  ampl i tude .  The con t inua l  sp read ing  o f  th e  wave 

f r o n t  i s  an i n c o r r e c t  behavior  t h a t  a r i s e s  from the  omission o f  the  

convective  n o n l i n e a r i t i e s .  On the  o th e r  hand, as mentioned e a r l i e r ,  

the  boundary c o n d i t i o n ,  Eq. ( 3 .1 . 2 2 ) ,

T'  (0 .  t )  = 2 b / ï

shows t h a t ,  f o r  a given ç ,  T' (0 ,  t ) becomes i n c r e a s in g ly  la rg e  as 

T i n c r e a s e s .  The l i n e a r  s o lu t io n  i s  t h e r e f o r e  not v a l i d  a t  T-w,
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i . e . ,  i t  i s  no t  uniformly v a l i d .  Eq. (3 .1 .22 )  leads  to  an e s t im a te  o f  

the  t ime a t  which the  l i n e a r  s o l u t i o n  begins to  break down. Under the  

assumption o f  l i n e a r i z e d  th eo ry ,  the  primed p e r tu rb a t io n  v a r i a b l e s  in 

Eq. ( 2 . 3 . 1 )  and t h e i r  d e r i v a t i v e s  a re  a l l  l e s s  than o rd e r  o f  u n i ty .

This means t h a t  the  l i n e a r  s o l u t i o n  becomes i n v a l i d  when

T' (0 ,  t ) = 2 = 0 (1) (3 .3 .1 )

or

T = 0 ( f ^ )  (3 .3 .2 )
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CHAPTER 4

NONLINEAR INTERACTION

For l a r g e  t ime, the  wave f r o n t  in l i n e a r i z e d  theo ry  i s  dominated 

by d i s s i p a t i v e  t r a n s p o r t  e f f e c t s .  I t  i s  known, however, t h a t ,  f o r  p re s 

sure  waves in ga se s ,  the  d i s s i p a t i v e  and n o n l in e a r  e f f e c t s  tend to  

c o u n te r a c t  each o th e r .  I n .o r d e r  to  d e l i n e a t e  the  ba lance  between the  

d i s s i p a t i v e  l i n e a r  terms and the  s teepening  n o n l in e a r  te rm s ,  l e t  us 

i s o l a t e  the  v i s c o s i t y  by means of  the  d imensionless  parameter

G E ^  (4 .1 .1 )

where L i s  some c h a r a c t e r i s t i c  leng th  p e r t i n e n t  to a given problem.

The parameter e i s  to  be regarded as small so t h a t  th e  t r a n s p o r t  terms 

can be balanced with  the  non l in ea r  te rms,  which a r e  a l s o  smal l .  We 

then renorm al ize  th e  v a r i a b le s  appearing  in Eqs. ( 2 .3 .3 )  and (2 .3 .4 )  

and d e f in e  non-dimensional time and d i s t a n c e  as

a ^ t  a^^ t
T H —j— = ------- :---------  = e T (4 .1 .2 )

Î  Î  e a Î
r  = T- = —-------= E r  {4 .1 .3)

We no te  t h a t  v = eV , V  = ev^ , and = ev^p. In the  new v a r i a b l e s ,

n th - o r d e r  terms a r e  p ropor t iona l  to  e " ,  and we can r e w r i t e  Eq.

(2 .4 .1 0 )  and d i s p l a y  the  lowest two o rde rs  as
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c c c
, 2* .  + - - ]  = ■ c7g ?^*) ]

+ 0 (e^) (4 .1 .4 )

where

Q 1 C t n Cl ^  K -

Thus as the  viscous t r a n s p o r t  e f f e c t s  go to  ze ro ,  the  c l a s s i c a l  wave

o p e ra to r  p r e v a i l s ,  and the  f i r s t - o r d e r  c o r r e c t io n  f o r  small e a r i s e s
2

because o f  the  next h ig h e r -o r d e r  d e r i v a t i v e s .  The terms o f  o rde r  e

in Eq. (4 .1 .4 )  correspond to the  s ev e n th - ,  s i x t h - ,  and f i f t h - o r d e r

d e r iv a t iv e s  in  Eq. ( 2 .4 .1 0 ) .

Eq. ( 4 .1 .4 )  can be reduced f u r t h e r  i f  we r e a l i z e  t h a t  to  the  
"2 2lowest  o rde r  v * = ^ r ^ / a ^  . Replacing the l i n e a r  space d e r iv a t iv e s  

on the  r ig h t -h an d  s id e  with  the  eq u iva len t  t ime d e r iv a t i v e s  then 

y i e l d s ,  c o r r e c t  to  o rd e r  e,

v̂ (|) - (j)-~ = e (E.J (|)~~~ ) + 0 (e^) (4 .1 .6 )

where we have in t e g r a t e d  once with r e sp ec t  to  t and s e t  the  func t ion  

o f  i n t e g r a t i o n  to  z e ro ,  and where 

C? Co Co

Eq. ( 4 .1 .6 )  does not account f o r  th e  n o n l i n e a r i t i e s  in  the 

problem. To o b ta in  th e  lo w es t -o rd e r  non l inea r  c o r r e c t i o n ,  we 

r e tu rn  to  the  o r ig i n a l  eq u a t io n s ,  omit the  t r a n s p o r t  terms f o r  

s i m p l i c i t y  s in c e  they  a re  a l ready  accounted f o r  in  Eq. ( 4 . 1 . 6 ) ,  but
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r e t a i n  the  non l in ea r  convective  terms. We re p la ce  the  p e r tu r b a t io n  

q u a n t i t i e s  in Eq. (2 .3 .1 )  by P' = eP, and so on f o r  the  o th e r  primed 

v a r i a b l e s ,  and u t i l i z e  the  no rm a l iza t ions  Eqs. ( 4 .1 .2 )  and ( 4 . 1 . 3 ) .  

The governing equat ions  then become

Mass

+ 7- V + e 7 • (p v) + 0 ( e f )  = 0 (4 .1 .8 )
3t

3p
+ V- V + eV • (p V ) + 0 (e ) = 0 (4 .1 .9 )

3t ^ ^ ^

Momentum

4  + <0 ^  ^  V P + S [g + K, ;  + ;  (V^)
3t 3t  ̂ y dx 3t

- Vn ,
+ <0 V c - |  )]  + 0 (e'^) = 0 (4 .1 .1 0 )

9 V p
V .  V + £ T* — ^  + 0 (e'^) = 0 (4 .1 .1 1 )

^  3t

Energy

(4-''2)P 3t

3 P T * 31 2
Tp “ T + e -------------  -2. + 0 ( e f )  = Q (4.1 .13)

3t
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S ta t e

P = P + T + e ( p f ) + 0  ( e f )  ( 4 .1 . 1 4 )

where

"t
V = V(()

Vp =

These equat ions  can be manipula ted so t h a t  the  fo llowing equation 

fo r  th e  p e r t u r b a t io n  p o t e n t i a l  i s  ob ta ined  to  the  lowest  two o rd e r s :

a V (j) -  (j)~~ = s[Eg (f>~ v̂ (j) + —— (v$) + Eo ]e  ̂ ^TT 2 ^ 3 ^TTT
OT

+ 0 (e^) (4 .1 .15)

where

■= ■ ^  - 1. ! : j l :  : 2 )

(1 - y) <0

and where

d In C_ . In r
« = ( a m r f  ) .  + f

P

The f i r s t  two terms o f  o rde r  e in  Eq. (4 .1 .1 5 )  a re  n o n l in e a r ;  while  

the  t h i r d  term E. (j>—  is  l i n e a r  and i s  due to  p a r t i c l e  e f f e c t  s in ce
O T T T

i t  i s  th e  only d i s s i p a t i v e  source  in  th e  d e r i v a t i o n  o f  Eq. (4 .1 .1 5 ) .  

This can a l so  be e a s i l y  observed from th e  f a c t  t h a t  Eg = 0 when 

Kg = 0 , i . e . ,  f o r  pure  gas w i th o u t  p a r t i c l e s  th e  t h i r d  term d is sa p -  

p ear s .  Thus th e  d i f f u s i o n  term Eg i s  a c t u a l l y  con ta ined  in
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Eq. ( 4 . 1 . 6 )  where the  p a r t i c l e  e f f e c t  was considered to g e th e r  with 

t h e  o th e r  d i s s i p a t i v e  p rocesses  due to v i s c o s i t y  and thermal conduc

t i v i t y .  I t  i s  a l so  noted t h a t ,  when Cp = co n s tan t  and Kq = 0 ( i . e . ,  

f o r  th e rm a l ly  and c o l a r i c a l l y  p e r f e c t  gas wi thout  p a r t i c l e s ) .  Eg = 0 

and Eg = y -  1. Hence in t h i s  l i m i t  Eq. (4 .1 .15 )  reduces  to  the 

form ob ta ined  from c l a s s i c a l  i n v i s c i d  p o te n t i a l  theory .

By combining Eqs. ( 4 .1 .6 )  and ( 4 .1 .1 5 ) ,  the  f u l l  n o n l inea r  

equa t ion  can be w r i t t e n ,  to  th e  f i r s t  o rde r  c o r r e c t i o n ,  as

ag yZ* - = e [E^ + Eg 9% * + J L  (v*)2] + 0 (e?)

(4 .1 .1 9 )

Note t h a t  f o r  pure gases {k^ = 0) with Cp co ns tan t  Eq. (4 .1 .19 )  reads

*
2 - 2  - Y -  Pp , X -2

V (|)' - <j)~- = E [------ *------ + (y -  1) 4- V <P
^ r

+ ^  (v+)2]  + 0 ( e f )  ( 4 . 1 . 2 0 )
3 t

In Eq. (4 .1 .19 )  the  second-degree non l inear  terms appear to  o rde r  e ,

as shown, and th e  t h i r d -  and h igher-degree  n o n l i n e a r i t i e s  appear to  
2

o rd e r  e . The re fo re ,  the  f i r s t - o r d e r  c o r r e c t io n s  to  i n v i s c i d  a co u s t i c s

a r e  the  sum of  the  f i r s t - o r d e r  l i n e a r  viscous c o r r e c t io n  and th e  f i r s t -

o rd e r  n o n l in e a r  in v i s c id  c o r r e c t i o n .  Our goal now i s  to  examine
2

Eq. (4 .1 .1 9 )  with  the  terms o f  e ignored.

The na tu re  o f  the  i n t e r a c t i o n  o f  the  d i s s i p a t i v e  and n o n l in e a r  

mechanisms can be observed by cons ider ing  a one-dimensional boundary- 

value problem. A s e r i e s  s o lu t io n  o f  Eq. (4 .1 .19 )  by a s t r a ig h t - f o r w a r d  

expansion in  powers o f  e w i l l  lead  to  s ec u la r  behavior such t h a t  th e
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f i r s t - o r d e r  c o r r e c t i o n  becomes as l a r g e  as th e  z e r o th -o rd e r  term when 

X = 0 (e“ ^) .  We account f o r  t h i s  behavio r  by the  method o f  m u l t ip l e  

s ca le s  and in t ro d u ce  new v a r i a b l e s  de f ined  as

Ç = X - a^ T , X = e X (4 .1 .21 )

We f u r t h e r  expand # in a s e r i e s  o f  th e  form

<p (x ,  t ;  s )  = (g , X-, e) + e (j>i (ç , X; e) + . . . ( 4 .1 .2 2 )

Applying Eqs. (4 .1 .2 1 )  and (4 .1 .22 )  to  Eq. (4 .1 .19 )  leads  to  the  

fo i l  lowing equa t ion  f o r  (g , X) :
2 _

2 El
+ J  * + 2 * _* * * (4 .1 .23 )

"2 0Ç X og og g 2 05 5 g

JoNote t h a t  = <f> * i s  th e  lowest  o rd e r  v e l o c i t y  c o n t r i b u t i o n ,  i . e . .
og

V' = e Uq + 0 (e f)  (4 .1 .24 )

Fur the r ,  l e t

* Eg + 2 Eg + 2
n = - ^ “ 2— X ^ —  E X (4 .1 .25 )

2
"e 1̂V = -  (4 .1 .26 )

Then Eq. (4 .1 .2 3 )  becomes

U * + U U * = V* U * * (4 .1 .27 )
on og og g

This i s  th e  s tandard  form f o r  Burgers '  eq u a t io n ,  o r g i n a l l y  used by

Burgers (1948) to  study t u r b u l e n t  motion.  I t  was f i r s t  shown to  be an

approximate equat ion  governing waves propaga t ing  in one d i r e c t i o n  in a

com press ib le ,  v i s co u s ,  hea t -conduc t ing  f l u i d  by Lagerstrom, Cole and
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T r i l l i n g  (1949). L i g h th i l l  (1956) l a t e r  de r ived  the  same r e s u l t  more

s y s te m a t i c a l ly .  Burgers '  equation can be solved ex ac t ly  (Hope 1950,

Cole 1951). A summary of  the  s o lu t io n s  o f  t h i s  equation i s  given by

Benton and Platzman (1972).

Note t h a t  the  non l inear  terms o f  o rd e r  e in Eq. (4 .1 .19 )  lead

to the  convective  n on l inea r  term U * in  Eq. ( 4 . 1 . 2 7 ) ,  and the
0 Ç

d i s s i p a t i v e  terms of  e in Eq. (4 .1 .19)  lead  to  the  d i f f u s i o n  term

U * * in Eq. ( 4 .1 .2 7 ) .  The e f f e c t i v e  d i f f u s i v i t y  c o e f f i c i e n t
0 Ç C 2

* E.
V = - ë - \  2 ^ ° (4 .1 .26)

2

i s  a combination o f  the  d i s s i p a t i v e  and n o n l in e a r  e f f e c t s ,  which can 

be seen from th e  parameters  E^(<0) and Eg in  Eq. ( 4 .1 .1 9 ) .  Recall t h a t

E,----------------- ( 4 . 1 . 7 )

★
Thus, th e  o r i g i n  o f  the  d i s s i p a t i v e  p a r t  o f  v can be t r a c e d  back by 

id e n t i fy in g  the f a c t o r s  Cy, Gg, Cg, and C.jq in the  o r i g i n a l  l i n e a r i z e d  

equat ion ( 2 .4 .1 0 ) .  For pure gases ( k̂  = 0,  Cp = c o n s t a n t ) ,  Eq. (4 .1 .26)  

reduces to

* Y -  T + P-
V = — ----------- C- (4 .1 . 2 3 )

Pr (Y + 1 )

Eq. (4 .1 .28)  i s  i d e n t i c a l  to  the  r e s u l t  ob ta ined  by Rasmussen (1977)

when the term dea l ing  with  the  b inary-mixture  d i f f u s io n  mechanism i s  dropped,

which i s  a p a r t i a l  check on th e  c o r r e c tn e s s  o f  our p r e s e n t  a n a l y s i s .
*

Note a l so  t h a t  v i s  r e l a t e d  to  th e  parameter b in the  

l i n e a r i z e d  theo ry ,  Eq. ( 3 .3 .2 2 ) ,  by the  r e l a t i o n
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V = -------- 5----------_ (4 .1 .2 9 )
2 (Eg + 2 )

Thus, the  l i n e a r i z e d  theory  y i e l d s  the  c o r r e c t  combination o f  the  terms 

a r i s i n g  from v isco u s ,  thermal,  and p a r t i c l e  d i s s i p a t i o n  t h a t  c o n t r ib u t e  

to  the  b read th  o f  the  wave f r o n t ,  bu t  r a i s e d  to  the  wrong power.
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CHAPTER 5 

CONCLUDING REMARKS

The problem of  v i sco u s ,  thermal c o n d u c t i v i t y ,  and p a r t i c u l a t e s  

e f f e c t s  on wave propaga t ion  in  dusty  gases  has been s tu d ie d  in d e t a i l  by 

means o f  l i n e a r i z e d  theory .  Laplace t ransform s  were u t i l i z e d  to  ob ta in  

asymptotoc approximations  f o r  l a r g e  t im es .  The l a r g e  t ime so lu t io n  shows 

a wave behavio r  wi th  the  wave f r o n t  d i f f u s e d  out not only  due to  the v i s 

c o s i t y  and thermal c o n d u c t iv i ty  o f  th e  g a s ,  but a l so  due to  th e  s i z e  and 

number d e n s i ty  o f  the  p a r t i c l e s .  I t  was found t h a t  th e  wave f r o n t  in 

l i n e a r i z e d  th eo ry  spreads  out i n d e f i n i t e l y  l i k e  the  square  ro o t  of  t ime, 

T. This leads  t o  an e s t im a te  of the  t ime a t  which th e  l i n e a r  so lu t io n  

breaks down. The f a i l u r e  o f  l i n e a r i z a t i o n s  to  y i e l d  a uniformly v a l id  

approximation to  the  s o lu t io n  sugges ts  t h a t  the  problem a t  l a rg e  t imes ,  

or f a r  f i e l d ,  must be a t t a ck ed  by s i n g u l a r - p e r t u r b a t i o n  methods.

I t  was shown t h a t  a t  the  f i n a l  s tages  the  one-dimensional wave 

f r o n t  i s  governed by Burgers '  equa t ion .  The i n c o r r e c t  behavior  p e r t a i n 

ing to  the  a s s o c i a t e d  l i n e a r i z e d  theory  i s  d e l in e a te d  by the  e f f e c t i v e
*

d i f f u s io n  c o e f f i c i e n t  v which i s  a combination o f  the  lowest o rder  

d i s s i p a t i v e  and n o n l in e a r  e f f e c t s .

The p r e s e n t  problem can be extended to  account  f o r  th e  o the r  

d i s s i p a t i v e  e f f e c t s  due to  r a d i a t i o n ,  chemical r e a c t i o n ,  mass d i f f u s i o n ,  

or e l ec t ro m ag n e t ic  f i e l d s .  Also s p h e r i ca l  and c y l i n d r i c a l  d is tu rbances  

might be s tu d ied  f r u i t f u l l y  by t h i s  approach.
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Fig.  2. Geometry o f  the  Problem
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PART I I

A MODEL FOR TRANSIENT FLOW IN A POROUS PARTICLE
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CHAPTER I 

INTRODUCTION

In P a r t  I ,  t h e  wave propagation in i n e r t  dusty gases has been 

s t u d i e d .  This problem may be extended to  the  case when th e  gas con ta ins  

small porous p a r t i c l e s .  In t h i s  case ,  th e  f i e l d  p r o p e r t i e s  f o r  th e  flow 

from a porous p a r t i c l e ,  e s p e c i a l l y  the  flow behavior on th e  su r f a c e  of a 

porous p a r t i c l e ,  have to  be determined. I t  i s  the  purpose o f  P a r t  II  of 

th e  p r e s e n t  study t o  c ons ide r  t h i s  p o in t .  Before proceeding to  th e  d i s 

cuss ion  o f  our phys ica l  model, a b r i e f  d e s c r ip t i o n  of  Darcy's  law, which 

i s  e s s e n t i a l  to  the  flow through porous media ,  w il l  be p resen ted .

1.1 Darcy 's  Law 

In 1856, as a r e s u l t  o f  experimenta l  s tu d ie s  on the  flow of  

w a te r  through unconso l ida ted  sand f i l t e r  beds,  Henry Darcy formula ted  a 

law which bears  h is  name. This law has been extended to  d e s c r i b e ,  with 

some l i m i t a t i o n s ,  the  motion of  o the r  l i q u i d s  and gases in  co n so l ida ted  

rocks and o th e r  porous media. Darcy's  law s t a t e s  t h a t  the  v e l o c i t y  o f  a 

homogeneous f l u i d  in  a porous medium i s  p ropo r t iona l  to  the  p re s su re  

g r a d i e n t ,  and in v e r s e ly  p ropor t ional  to  th e  f l u i d  v i s c o s i t y ,  t h a t  i s ,

. ( 1. 1 . 1)

where v i s  the  apparen t  v e l o c i t y ,  \i the  f l u i d  v i s c o s i t y ,  and ^  the
oS

p re s s u r e  g r a d i e n t .  The p r o p o r t i o n a l i t y  c o n s ta n t  K i s  the  p e rm eab i l i ty
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o f  the  porous medium. I t  might be c a l l e d  f l u i d  c o n d u c t iv i ty  and i s  s im i

l a r  to  the  term thermal c o n d u c t iv i ty .  The negative  s ign in d ic a te s  t h a t

i f  the  flow i s  taken  as  p o s i t i v e  in  th e  s - d i r e c t i o n ,  then the  p ressure
3Pdecreases  in t h a t  d i r e c t i o n  so t h a t  th e  s lope  i s  neg a t iv e .

The p e rm eab i l i ty  K o f  a porous medium i s  one o f  i t s  most useful 

p r o p e r t i e s .  I t  i s  independent of th e  na tu re  of the  f l u i d  and i s  determined 

s o l e l y  by the  s t r u c t u r e  of  the  porous medium. The c a p i l l a r y  model (P arker ,  

Boggs, and B l ick ,  1969) p r e d i c t s  t h a t

K = ^  , ( 1 . 1 . 2)

where 6 i s  the  mean pore d iam eter ,  and e i s  the  e f f e c t i v e  po ros i ty  def ined  

a s  the  r a t i o  of  th e  in te rconnec ted  void volume to  the  t o t a l  volume. Thus, 

l a r g e  mean pore d iameters  and la rg e  p o r o s i t i e s  a re  a s s o c ia t e d  with l a rg e  

p e r m e a b i l i t i e s .  The value fo r  K c a l c u l a t e d  from Eq. ( 1 . 1 . 2 )  i s  somewhat 

i n a c c u r a t e ,  but i t  i s  useful f o r  making es t im ates  o f  K. For accura te  

va lues  o f  the  p e rm eab i l i ty  one must r e s o r t  to  exper iments .  I t  can be 

seen from Eq. (1 .1 .2 )  t h a t  the  pe rm eab i l i ty  has the  dimension of  ( leng th )^ .  

The u n i t  o f  pe rm eab i l i ty  i s  the  "darcy" .  A porous medium o f  one darcy 

p e rm e ab i l i ty  i s  one in  which a f l u i d  o f  one c e n t i p o i s e  v i s c o s i t y  w i l l  

move a t  a v e lo c i ty  o f  one cen t im ete r  per  second under a p ressu re  g ra d i e n t  

o f  one atmosphere per cen t im ete r .

The l i n e a r  r e l a t i o n s h i p  between the p re s su re  g ra d ie n t  and ve lo 

c i t y  descr ibed  by Darcy 's  law, Eq. ( 1 . 1 . 1 ) ,  i s  only v a l id  in  low-Reynolds- 

number flow; f o r  in  high-Reynolds-number flow, the  p re s su re  g ra d ie n t  i n 

c re a se s  f a s t e r  than v e l o c i t y .  T h e re fo re ,  in the  high-Reynolds-number 

regime, the  m od i f ica t io n  o f  Eq. ( 1 .1 .1 )  to  account f o r  the  non l inear  

e f f e c t s  i s  necessa ry .  One sugges t ion  f o r  t h i s  would be to  w r i te  the
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âPg r a d ie n t  —  as the  sum of terms of s ev e ra l  powers o f  v. This has been
oS

made by Forchheimer (1901) who s e t

| | -  = av + bv2 (1 .1 .3 )

and l a t e r  by adding a t h i r d - o r d e r  term:

= av  + bv2 + cv^ ( 1 . 1 . 4 )

Here,  a ,  b,  and c a r e  c o n s ta n t s .  Another form was proposed by Missbach 

(1937) ,  who s e t

= av" (1 .1 .5 )

with n undetermined between 1 and 2. Several  experiments concerning the 

e v a lu a t io n  of the  exponent n have been performed by many i n v e s t i g a t o r s .

The e x a c t  value of n,  however, seems to  vary from case to  case  so t h a t  no 

u n iv e rsa l  c o r r e l a t i o n  could be achieved.

The l im i t i n g  range o f  Reynolds number below which Darcy 's  law 

i s  v a l id  has been found up to  the  o rd e r  of  10 (King 1940). N ever the le ss ,

f o r  th e  g r e a t  m a jo r i ty  o f  the  p r a c t i c a l  c a se s ,  Darcy's  law holds f o r

Rg_< 1 ( see  Muskat 1937, Sec. 2 .2 ) .

1.2  Physical  Model 

In t h i s  problem, we sha l l  c o n s id e r ,  a t  time t=0 ,  a gas in  e q u i l i 

brium i n s i d e  a s p h e r ica l  porous p a r t i c l e  of rad ius  ô ,  as shown in  Fig .  1, 

with tempera ture  T = Tq(I-a )  and d e n s i t y  p = Pq(1+a),  where A > 0. Out

s id e  the  p a r t i c l e  th e  gas i s  in e q u i l ib r iu m  with temperature  and d ens i ty  

denoted by T = T^ and p = p^. The p re s su re s  in s id e  and o u t s id e  the  pa r 

t i c l e  a r e  the  same, P = P^. As time goes on,  the  tempera ture  d i f f e r e n c e  

w i l l  induce a p re ssu re  g ra d ie n t  t h a t ,  according to  Darcy 's  law, causes
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the  gas to  e j e c t  from i n s id e  of  the  p a r t i c l e .  The subsequent gaseous 

motion f o r  t  > 0 i s  to  be determined. For s i m p l i c i t y  we assume t h a t  the  

gases in s id e  and o u t s id e  t h e  p a r t i c l e  a r e  of th e  same sp ec ie s  so t h a t  no 

mass d i f f u s i o n  would occur .  F u r th e r ,  s in c e  th e  p a r t i c l e  i s  very smal l ,  

i t  i s  reasonab le  t o  assume t h a t  the  tem pera tu re  of the  gas i n s i d e  the  

p a r t i c l e  i s  i d e n t i c a l  to  th e  temperature  o f  the  p a r t i c l e .  In t h i s  case ,  

the  in n e r  gas tempera ture  can then be so lved  s e p a r a t e ly  by the  energy 

eq u a t io n .  Furthermore,  we assume t h a t  the  Reynolds number i s  low enough 

such t h a t  Darcy's  law i s  a p p l i c a b l e .  F i n a l l y ,  we assume t h a t  th e  per 

t u r b a t i o n  A i s  much l e s s  than un i ty  so t h a t  th e  governing equa t ions  can 

be l i n e a r i z e d .

The methods used here  a re  e s s e n t i a l l y  the  same as th ose  used 

in P a r t  I .  Asymptotic approximations v a l id  f o r  small t imes and la rge  

t imes a r e  ob ta ined .  As po in ted out by Rasmussen and Lake (1973) ,  the 

Navier-Stokes equa t ions  a re  not v a l id  when t ime becomes van ish in g ly  

sm al l .  However, t h e  s o lu t io n  fo r  small t ime i s  s t i l l  o f  some mathematical 

i n t e r e s t .  The l a r g e - t im e  s o lu t io n  shows t h a t  t h e r e  i s  a wave behavior 

o u t s id e  the  p a r t i c l e ,  and t h a t  the  wave f r o n t s  d i f f u s e  ou t  by v i r t u e  of 

v i s c o s i t y .  This wave behavior  in low-Reynolds-number flow, however, i s  

not so pronounced as t h a t  in high-Reynolds-number flow. The mass r a t e  

e j e c t i n g  from the  porous p a r t i c l e s  per u n i t  volume, u ,  w i l l  be formula ted.  

With y known, the  corresponding mass-,  momentum-, and energy-source  term 

which appear in the  governing equat ions  f o r  the  flow in p o r o u s - p a r t i c l e  

dus ty  gases can be found. These governing equat ions  w i l l  be s e t  up fo r  

f u t u r e  re sea rch .  For more general  cases  inc lud ing  v a p o r iz a t io n  and 

chemical r e a c t i o n s ,  the  governing equa t ions  w i l l  be der ived  in  Appendix A.
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CHAPTER 2

FORMULATION OF THE PROBLEM

2.1 Basic Equations  

With th e  assumptions  desc r ibed  in  the  previous  s e c t i o n ,  the  

governing equations  f o r  the  flow o f  gas a r e :  

r  < a :

Mass I I  + v - p f  = 0 (2 .1 .1 )

Momentum ^ = - - v P  (2 .1 .2 )
(Darcy 's  Law) ^

Energy " “ p (2 .1 .3 )

S t a t e  P = p RT (2 .1 .4 )

r  > a :

Mass I I  + V '  pV = 0 (2 .1 .5 )

Momentum p  -  vp + (2 .1 .6 )

Energy p ^ V -  v-q ( 2 .1 .7 )

S t a t e  p = p RT ( 2 .1 .8 )

where K and a re  th e  p e rm eab i l i ty  and thermal d i f f u s i v i t y  o f  th e  porous

p a r t i c l e .  The o th e r  symbols a re  the  same as those  o f  P a r t  I and a re  not 

r e - d e f in e d  here .  I t  should be noted t h a t  the  assumption t h a t  T = Tp fo r
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the  gas in s id e  the  porous p a r t i c l e  has been used in Eq. ( 2 .1 3 ) ,  and t h a t  

the  gas i s  thermal ly  p e r f e c t .

2 .2  L inear ized  Equations 

We now wish to  l i n e a r i z e  th e se  ba s ic  equa t ions  about  a uniform 

ambient s t a t e  and w r i t e  

T = Tq(l + T ' )

p =  P q ( 1 +  p ' )

P = Pq(l + P ' )

V = aJV'
° ( 2 . 2 . 1 ) 

y = Uq(1 + y ' )

k = k^(l  + k ' )

“p ° * S '
where,  as be fo re ,  a^ d e f in e s  the  i s e n t r o p i c  speed o f  sound a t  the  ambient

rend i t ions ;

ag = Y RTq ( 2 . 2 . 2)

F u r th e r ,  we in t roduce  the  non-dimensional t ime, t ,  and p o s i t i o n  v e c to r ,  r ,  

de f in ed  by

T = agt/^Q (2 .2 .3 )

r  5 SqP/Vq (2 .2 .4 )

where = (2^^ + ^ q) / P q i s  the  e f f e c t i v e  v i s c o s i t y .  In a d d i t i o n ,  s in ce  

the  p re s e n t  problem d e a l s  with s p h e r ica l  symmetry, we sh a l l  thus  conf ine  

o u rse lv e s  to i r r o t a t i o n a l  f low, and to  in t roduce  a v e l o c i t y  p o te n t i a l
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such that

V'= v* (2 .2 .5 )

where v = - ^  ( th e  ba r red  space v a r ia b le s  a r e  d imensional) .  Based on 
3r

the  above d e f i n i t i o n s  and the  assumption t h a t  the  p e r tu rb a t io n s  a r e  much 

l e s s  than u n i t y ,  we o b ta in  the  following non-dimensional,  l i n e a r i z e d  

governing equa t ions :  

r  < a:

|^ '+v2<j,  = 0 (2 .2 .5 )

4, = - K*p' ( 2 . 2 . 6 )

i r r =  »p (2 -2 .7)

P' = p '  + T' (2 .2 .8 )

r  > a:

^  + v2<j, = 0 (2 .2 .9 )

P' = Y(72*-T&j ( 2 . 2 . 10)

where

3 t

( 2 . 2 . 11)
r

P' = p ‘ + T' (2 .2 .12)

* KP_
K* = - ^  (2 .2 .13)

% "o

a* = Op/VQ (2 .2 .14)

Pf = ' 0*0 Cpo/ko (2-2-15)

Note t h a t ,  in  d e r iv ing  equat ions  (2 .2 .6 )  and ( 2 . 2 . 1 0 ) ,  the momentum 

equat ions  have been i n t e g r a t e d  once,  and th e  t im e - func t ions  have been s e t
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equal to zero.

I t  i s  convenient to  f ind  a s i n g l e  equation f o r  This can be 

done by the  method of  e l im in a t io n .  The equat ions  f o r  (j) a r e  thus  found to  be 

r  < a;

r  > a:

- (y + - v2(j))  ̂ = 0 (2 .2 .17)

where,  in s id e  the  p a r t i c l e ,  T' can be solved s e p a ra te ly  by using Eq.

( 2 . 2 . 7 ) ,  and hence, in  t h i s  reg ion ,  ^ s a t i s f i e s  a nonhomogeneous d i f f u s io n  

eq ua t ion .  Outside the  p a r t i c l e  the  eq u a t io n ,  Eq. ( 2 . 2 . 1 7 ) ,  i s  f i f t h  o rder  

and i s  i d e n t i c a l  to  the  form obta ined by Rasmussen and Lake (1973) .  The 

lo w es t -o rd e r  terms in  Eq. (2 .2 .17 )  a re  r e l a t e d  to  the  c l a s s i c a l  wave 

equat ion  a sso c ia ted  with  i n v i s c id  a c o u s t i c s .

For sp h e r ica l  symmetric f low, we have

v̂ ij) = ^4r*)pp (2 .2 .18 )

^ -  r ^ r * ) r r r r

I f  we s e t  $ = r* ,  the  l i n e a r i z e d  governing equat ions  in  terms o f  $ can then be 

w r i t t e n  as

r  < a:

r  > cr:

* r r  -  *T = r  (2 .2 .19 )

Y V r r x ' ^ ^ ' ^ O w ^  W ’ P r ^ ^ t ' V r ^  = 0 (2 . 2 . 20)
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which have the  same form f o r  one-dimensional f low.

2.3 I n i t i a l  and Boundary Conditions  

Here we c o n s id e r  a sp her ica l  porous p a r t i c l e  of rad ius  à t h a t ,  

a t  t ime t=0 ,  co n ta in s  a gas with tem pera tu re  p e r tu rb a t io n  T' = -  A, where 

0 < A «  1. We assume t h a t  the  p re s su re  i n s i d e  the  porous p a r t i c l e  i s  

t h e  same as ou ts ide  and hence,  P' = 0 everywhere a t  t=0. I t  fo l lows  from 

th e  equat ion  of  s t a t e ,  Eq. ( 2 . 2 . 8 ) ,  t h a t  p '  = A i n s id e  the  porous p a r t i 

c l e .  Outs ide the  p a r t i c l e ,  o f  course ,  ambient uniform co n d i t io n s  p reva i l  

such t h a t  p '  = 0. At t= 0 ,  th e  v e l o c i t y  i s  zero  everywhere.  Accord ingly ,  

t h e  i n i t i a l  cond i t ions  can be summarized as

r  < g r  > g

T ' ( r , 0 )  = -  A . T ' ( r , 0 )  = 0

p ' ( r , 0 )  = A p ' ( r , 0 )  = 0

P ' ( r , 0 )  = 0 P ' ( r , 0 )  = 0

u ' ( r , 0 ) = 0 u ' ( r , 0 ) = 0

(j)(r,Q) = 0 <j)(r,0 ) = 0

where a = a^g/v^ .  The p o te n t i a l  can be determined to  w i th in  an a r b i t r a r y  

c o n s t a n t ,  which i s  chosen such t h a t  * vanishes  a t  t=0 .

The boundary cond i t ions  a re  t h a t  a l l  t h e  p e r tu rb a t io n s  must be 

zero  a t  i n f i n i t y  and a l l  q u a n t i t i t e s  must be f i n i t e  a t  th e  o r i g i n ,  r=0 . 

The v e l o c i t y  u' must vanish  a t  th e  o r i g i n  f o r  a l l  t imes.

The problem be fo re  us i s  to  so lve  f o r  the  flow q u a n t i t i e s  f o r  

t >  0 by means of  l i n e a r i z e d  governing equat ions  s u b jec t  to  th e  above 

s p e c i f i e d  i n i t i a l  and boundary c o n d i t io n s .  The method of  Laplace t r a n s 

forms w i l l  be employed to  ob ta in  the  asymptotic  so lu t io n s  f o r  small times
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and f o r  l a r g e  t imes .  The d e t a i l e d  a n a ly s i s  f o r  the  s o lu t io n  w i l l  be 

p re sen ted  in  the  next c h a p te r .
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CHAPTER 3

SOLUTION OF THE PROBLEM

3.1 So lu t ion  by Laplace Transforms 

In t h i s  s e c t i o n ,  we wish to  solve  Equations (2 .2 .19 )  and 

(2 .2 .20 )  by means o f  the  Laplace transforms. Before doing so ,  i t  i s  nec

e s sa ry  t o  ev a lu a te  the  i n i t i a l  va lues  of the  t ime d e r iv a t iv e s  o f  $ t h a t  

a re  involved in the  t ransform  o f  Eqs. (2 .2 .19)  and (2 .2 .2 0 ) .  Since 

* ( r , 0 )  = 0,  $ ( r , 0 )  = 0. F u r th e r ,  a l l  the  space d e r i v a t i v e s  of  $ a re  

zero  when t  £  0 f o r  both r  < a and r  > a s ince  th e r e  i s  no v e l o c i t y  d i s t u r -  

turbance  f o r  t  £  0. At t=0 ,  Eqs. ( 2 .2 .6 )  and (2 .2 .10 )  give

(j)^(r,0 ) = 0  > 0 £  r  < “>

and hence
$ ^ ( r , 0 ) = 0  , 0 £  r  < “

The governing Equations ( 2 . 2 . 5 ) - ( 2 . 2 . 8 )  and ( 2 . 2 . 9 ) - ( 2 . 2 . 1 2 )  can be used

to  show t h a t  the  h igher  t ime d e r i v a t i v e s  of $ vanishes  a t  t=0. With th e se

cond i t io n s  in mind, the  Laplace t rans fo rm  of  Eqs. (2 .2 .19)  and (2 .2 .20 )  

y i e l d s
- - ^ $  = s ( r f ' ) + A r  r < a  ( 3 .1 .1 )

K

(ys + l)0pppp -  [ (y  + P^)s^ + P^s lâ^ r  + = 0 r  > a ( 3 .1 .2 )

Note t h a t  the  condi t ion  T ' ( r , 0 )  = -  A has been used in d e r iv ing  Eq.

( 3 . 1 . 1 ) .  For c l a r i t y ,  in the  fo l lowing  s tep  th e  s o lu t io n  f o r  th e  t r a n s -
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formed v a r i a b le s  in  th e  two regions ( r  < a and r  > a) wil l  be t r e a t e d  

s e p a r a t e l y .

(1 ) So lu t ion  f o r  r  < a

To solve  f o r  $ in  Eq. ( 3 . 1 . 1 ) ,  th e  temperature  p e r tu rb a t io n  

should be c a lc u la te d  f i r s t .  This can be accomplished by making use of 

Eq. (2 .2 .7 )  which can be r e w r i t t e n ,  f o r  sp h e r i c a l  symmetry, as

( r T ' ) ^  = o * ( r T ' ) r r  (3 .1 .3 )

Taking Laplace t ransform of  Eq. ( 3 . 1 . 3 ) ,  and noting t h a t  T ' ( r , 0 )  = -  A,

we have

( r T ‘ ) (3 .1 .4 )
P P

This i s  an inhomogeneous, second-order ,  o rd ina ry  d i f f e r e n t i a l  eq ua t ion .  

Solving f o r  T' gives

f ' ( r < a , s )  = cosh  ( r y ^ )  + ^  s in h  ( r y ^ )  -  (3 .1 .5 )

where B' and B a re  c o n s t a n t s .  F u r th e r ,  s in c e  T' i s  f i n i t e  a t  th e  o r i g i n ,

r=0, B' should be zero .  Thus, Eq. ( 3 .1 .5 )  becomes

f  ' ( r < a , s )  = p  s in h  ( r y ^ )  - j  (3 .1 .6 )

S u b s t i t u t i n g  t h i s  equat ion  in to  Eq. ( 3 . 1 . 1 ) ,  we obta in

$ = s B s in h  ( r y / ^ )  (3 .1 .7 )

Again,  Eq. (3 .1 .7 )  i s  an inhomogeneous, s econd-order ,  o rdinary  d i f f e r 

e n t i a l  equat ion .  Solving f o r  $ and using the  cond i t ion  t h a t  $ i s  f i n i t e  

a t  r=0 , we have
K* a*

i ( r < a , s )  = A s in h  ( r  / ^ )  + B - * — s in h  {r / \ )  (3 .1 .8 )
/  K K -a_ /  “ p
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or
K* a *

ô( r< o ,s )  = ̂  s i n h  ( r / Ç )  + ̂ |  s in h  ( r / J )  (3 .1 .9 )
^ /  K K -Op “ p

I t  follows t h a t  

Û ' ( r< a ,s )  = *p( r<o ,s )

= y / ^  cosh ( r  y /Ç)  - s i nh ( r / ^ ) }
r / | ^  ' 'K  ^ ’' k

K* a* '
+ B —f— F {pÿ ÿ  COS h ( r / ^ )  - s i n h  [v J \ ) }  (3 .1 .10)

K -G p  P P “ p

On the  o th e r  hand, tak ing  Laplace t rans fo rm  of  Eqs. ( 2 .2 .5 )  and (2 .2 .6 )  

y ie ld s

p ' ( r < a , s )  = - ( 3 . 1 . 1 1 )

P ' ( r<G ,s )  (3 .1 .12 )
Kr

Fur ther ,  s u b s t i t u t i o n  o f  5 from Eq. ( 3 .1 .8 )  i n to  Eqs. (3 .1 .1 1 )  and 

(3 .1 .12) gives

p ' ( r < a , s )  = — ^  s i n h  ( r  j ^ )  * s i n h  ( r  / \ )  + ^  (3 .1 .13)
rK / k r(K -ap) /  “ p =

Ba*
P ' ( r < a , s )  = - - A f  S i n h  ( r  Æ )  * 9 -* -  s i n h  ( r  Æ )  (3 .1 .14)

rK / K  r(K - a  ) /  “ p

The constan ts  A and B appearing in Eqs. ( 3 . 1 . 6 ) ,  ( 3 . 1 . 1 0 ) ,  ( 3 . 1 . 1 3 ) ,  and 

(3 .1 .14)  can be determined from the  boundary cond i t ions  a t  r=a.

(2) Solut ion f o r  r  > g

Solving f o r  $ from Eq. (3 .1 .2 )  and tak ing  i n t o  account the  con

d i t i o n  t h a t  i  vanishes  as r  -> » ,  we f ind  f o r  r  > a t h a t
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i(r>CT,s) = C e + D (3.1.15)

where

( y  + P * ) s 2  + P*s  + s  / [ ( y -  P * ) s  + P*]^' + 4 ( P * - 1 ) P * s  

Ai .2 = { -------------------     zTl + Y s ) ---------- --------- --------- --------- --------- — } (3 .1 .16 )

and C,D a r e  the  co n s ta n t s  to  be determined from the  boundary cond i t ions  

a t  r=o.
*

For s i m p l i c i t y ,  we assume P^ = 1 and ob ta in  

Xl = / s
(3 .1 .17 )

X2 = S / ( l  + Y S ) ^

The assumption P̂ , = 1 was a l so  used by Rasmussen and Lake (1973).
*

Choosing = 1 i s  not a severe  l i m i t a t i o n  on the  a n a ly s i s  and g r e a t ly  

s i m p l i f i e s  the  exp ress ions  f o r  x% and X2 so t h a t  the  inve rs ion  of the  

transforms can be f a c i l i t a t e d .  Recall t h a t  the  Prandtl  number was def ined  

as
* - " o V p o  _ '^0 '’o V p o  ■ + WpCoo

^  ■ ' ' 0  ^  ■ «0 ^0

I f  we ev a lu a te  the  second c o e f f i c i e n t  of  v i s c o s i t y  by the  Stokes approx i-
★

mation,  = -  2uq/ 3, then we have P^ = 4uqCp^ / 3 k^. Thus, s e t t i n g  
*

Py. = 1 i s  e q u iv a l e n t  to  s e t t i n g  the  ac tu a l  Prand t l  number equal to  3 /4 ,  

which i s  q u i t e  in  accord with  a c tu a l  gases such as a i r .  T he re fo re ,  the
'if

assumption P^ = 1 w i l l  be u t i l i z e d  from Eq. (3 .1 .1 7 )  on through the  r e 

mainder of  t h i s  a n a l y s i s .

The t rans fo rm  of  v e l o c i t y  can be found from u'  = as

ü ' ( r > a , s )  = - z < r $ - $ )  (3 .1 .18)
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Moreover,  by means of  the  t ransform of  Eqs. (2 .2 .9 )  and ( 2 . 2 . 1 0 ) ,  we 

f in d  t h a t

p '  ( r > a , s )  = - (3 .1 .19)

P ' ( r > a , s )  = ^  ( -  s* + $pp) (3 .1 .20)

F i n a l l y ,  s u b s t i t u t i n g  f o r  $ from Eq. (3 .1 .1 5 )  in to  Eqs. ( 3 .1 .1 8 ) ,

( 3 . 1 . 1 9 ) ,  and ( 3 . 1 . 2 0 ) ,  we ob ta in

G ' ( r > a , s )  e _ q ■— - ^ 3 .̂  e ' ^ z ^  (3 .1 .21)

p ' ( r > a , s )  = - C ^  _ q ^  (3 .1 .22)

-  Y ( “ S )
P ' ( r > a , s )  = C  p-e ' ^ i T  + D ^  ( \ 2 _ s )  (3 .1 .23)

The t ransform  of  the  tem pera tu re  can be found from the  equat ion  o f  s t a t e ,  

T' = P' - p ' .  We f ind  t h a t

T ' ( r > a , s )  = ^  [(1 + y s )xZ -  ys^] e ' ^ i ^

+ [ ( , +  y s ) x |  -  y s2 ]

Note t h a t ,  s ince  = / s ,  x^ - s = 0. Thus,  Eq. (3 .1 .23 )  becomes

P '( r>G,s)  = D % ( X | - s )  e ' ^ z r  (3.1.25)

There a re  f o u r  c o n s t a n t s ,  A,B,C, and D in the  above transformed 

ex p re ss io n s  t h a t  remain to  be determined.  The four  c ond i t ions  needed to 

dete rmine  th e se  c o n s ta n ts  a re  t h a t  O ' ,  P ' , f ' ,  and hea t  f l u x  should be 

continuous a t  r=a when t  > 0 , t h a t  i s ,
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{p'}

{ü'}

_ -  {P'} + = 0
r=o~ r =0

_ -  {u'}  + = 0
r=a" r=o

{T'} _ - (T '}  ^ = 0
r=o r=o

(3 .1 .26 )

(3 .1 .27 )

(3 .1 .28 )

(3 .1 .29 )

where and a re  the  thermal co n d u c t iv i ty  o f  the  porous p a r t i c l e  and 

th e  gas .  The above c o n t i n u i t y  co n d i t io n s  r e s u l t  in  th e  fo llowing equa

t i o n s  which, in matr ix  form, can be w r i t t e n  as

Cii

Kzi

531

541

5 i 2

522

532

542

?13

523

533

543

?14

524

534

544

'  A 0

B 0

C 0

0 A/s

where

5 i i  = — * s in h  (a / — ) 
aK /  K

(3 .1 .30 )

513

514

= 0
(3 .1 .31 )
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^ 2 1

522

l y Ç c o s h  sinh ( n y ^ )

K* a*

*(K*-  0* ) - '
^ l / E c o s h  ( a y Ç ) - i s i n h  ( a  Æ ]

(1 +aXi)
523 = 12-----  e

-Xia
(3.1.32)

(1 + 0X2) -XgO

531 = 0

532 = 7 / 5 -  cosh ( o / ^ )  -  ^  s in h  ( c / ^ )

533 =

534 =

( 1 + o X i )  k _
— [ ( l +y s ) x 2 _ y s 2]

* S Kpo 

(1 + 0X2) k
— ^ ------ - j ^  C(1 +YS)x2 - y s 2]

(3 .1 .33 )

541 = 0

542 ■ -  s in h ("Æ

543 = ^  C(1 ys)x^ -  ys2] e ' ^ 1*

(3.1.34)

544 = ^  C(1 + YS)x2 -  yS^]  Q-XlO
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Solving f o r  A, B, C, and D gives

A = - ^  [Ai s in h  + ^2 cosh ( ( ^ / ÿ ) ]  e " ( ^ i  * (3 .1 .35 )
P P

B = - ^  [Bi s inh  ( a y ^ )  + 82 cosh ( a y ^ ) ]  e ^ ^2^* (3 .1 .36 )
K K

C = - ik  [Ct ( o y ^ )  sinh ( a y ^ )

+ C2 s inh  (o y /% )  cosh ( 0y / ^ )
K p

+ C3 cosh ( a / ^ )  s in h  { a / \ )
/  K /  “ p

+ Ci+ cosh (a / ^ )  cosh (a / ^ )  ]e (3 .1 .37)
/  K /  “ p

D = [Di s in h  (a / ^ )  s inh  {a / ^ )
SS2 /  K /  “ p

+ D2 s in h  { o / \ )  cosh  ( a / % )
/  K /  “n

+  D 3 c o s h  ( a  / % )  s i n h  ( a  / ^ ) ]  G ( 3 . 1 . 3 8 )
/  K /  “ p

w h e r e

Ai =  — — *— * -  1̂  Y  ( l  +  cX i) ( l  + aX 2)[ ( l  + y s ) ( x 2 - x 2 ) ]  
oHK  - O p )  V  ^ ^

yK*o* k ,
 77* —^  S ( l + o ^ l ) ( A 2 - s ) [ ( l + y s ) x 2  - y s 2 ]

o 5 ( K  - O p )  K p o  S ^  1

+  ^  ( 1 + f f X i ) ( x 2  -  s )  ( 3 . 1 . 3 9 )
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* /T  
yK va k -,

Az = ------ *---------------  — (1 + - s ) [ ( l  + y s )x2 _ ygZ]
aMK - t tp j  Kpo / s  ^

-  -----^  / s  ( 1 + a X i ) ( x 2 - s )  (3 .1 .4 0 )

Bi = — ^  ^  (1 + < J ^ i ) ( l  + ctX2)C(1 + y s ) ( x|  -  X^)]
a^K V  ^ ^

|(
-  ^  -r (1 + a X i ) ( x |  -  s ) [ ( l  +ys)X^ -  yS^] (3.1 .41)

* Kpo s 1

k
Bz = -jz (1 + C&l)(&« -  s ) [ ( l  +ys)x2  - ygZ] (3.1 .42)

* *po / s  ^ ^

Cl = J  it (1 +oXz) + ^  (^o - s) (3 .1 .4 3 )
a^K ^ ^

Cz = ~ —*----*7 (1 + oXz)[(l + YS)x|  -  ys2]
o4(K -Op) V  / s  ^

 ^ ~ Z Z  (1 +GX2 )
a'+K

P

y/s (&%-s) (3 .1 .4 4 )

Y / s  ( X ^ - S )  (3 .1 .4 5 )

Cl, = -  - L  ;  s ( X | - s )  (3 .1 .4 6 )
aS A*a*

Di = - h p  ( 1 + a X i )  (3 .1 .4 7 )
a^K
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Do = — -----*7  1̂  ^  (1 + a X i ) [ ( l  + YS)xf - ysZ]
f f ^ ( K  - O p )  p o  / s  

 ^ - 7=  (1 + aXi)
a^K" /a*

D3 = - — = 7 -*-----*7  -jz (1 +aXx)C(l + ys)x? - YsZ]
/ K * ( K * - a p  ^ 0  ^

and

ÇI -

S i i 512 5 i 3 514

S21 5z2 523 524

S 31 532 533 534

541 542 543 544

Expanding ü g ives

= [fix s i n h  ( a s i n h  (a
K “ p

+ ^2 s i n h  (ct / \ )  cosh (a  / ^ )  
/  K /  ' n̂

+ «3 cosh (a / — ) s in h  (a / %  ) 
/  K /  “p

(3 .1 .48 )

(3 .1 .49 )

(3 .1 .50 )

+ O4 cosh ( a / Ç )  cosh (a  Æ ) ] e “ ^^i (3 .1 .51 )
/  K /  “n

where
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( a|  - s ) [ ( i  + ys) x^ - ys^] (3 .1 .55)
a '^ /X^p ^ ^

Tne above t ransformed express ions  with  th e se  c o e f f i c i e n t s  can 

no t  be in v e r t e d  in e x ac t  c losed  form. However, approximate express ions  

v a l i e d  f o r  small t ime, t  ->• 0 ,  and f o r  l a rge  t ime, t  •»• » ,  can be obta ined .

3 .2  So lu t ion  f o r  Small Time 

The s o lu t io n  f o r  small time t  can be found by expansion o f  the 

Laplace t ransform f o r  l a r g e  s .  For l a rg e  s ,  th e  X-func t ions  take  the  

form
Xi = / s

(3 .2 .1 )

^  ■ i772 ^

and th u s ,  to  the  lowest  o rd e r ,  a re  the  same o rder  o f  magnitude.  Sub

s t i t u t i n g  Eq. (3 .2 .1 )  in to  Eqs. ( 3 . 1 . 3 9 ) - ( 3 . 1 .49) and Eqs. ( 3 .1 .5 2 ) -  

(3 .1 .55 )  y i e l d s

(3 .2 .2 )

Ai = s^Caii  + a i 2 + 0 (^^l]
/ s

Az -  s^ [a z i  + azz “  + 0 ( r ) ]
/ s

Bi = s%[bii + biz ~z + 0(^)]
(3 .2 .3 )

Bz = s^[bz i  + bz2 4 z  + 0(-^)]
/ s  ^
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0 6

( 9 ' Z ' E )

( t 'Z 'E )

[ (■^)0 +-Y

.  i /
[ ( j )0 + ZEm + lEnQ^s = Ey

s -!/
[ (t )Q + Y" ZZm + TZmJ^s = %U

s 1 /
[(t )Q + Ztn + TlnQ^s =

i /
(—  + tCp)s = Eq

S/
(S 'Z 'E )  ( —  ^^P + t z p ) s  = ^0

i /
(—  ^^P + = ^0

[ ( j )0 + 2^3 + t"^]zS = ̂ 0

[ ( j )0 + Y  + t :3 ] zS  = "3

[ ( j )0 + Y  + t%3]zS = Zg

l { j ) o  + Y  + t t 3 ] s  = I ]

3uai|M



- " " ' " p o  (3.2.7)

/y  a^(K - cr^

|.*)/ci* k
921 = -  ( y -  1 )C '3 * ------------- ^— ]

° (K - “ p)Kpo

322 “ 0321

b l 2 = [1 + ~*{1 +-%)]
'Y po

I n l l ^

* ^ ( K  - “ p )  k p Q  c ^ / G *

(3 .2 .8 )

b u  = - -( j  -  1)^9°

"po (3 .2 .9 )

(3 .2 .10 )

(3 .2 .11)

"  ■ ■ ^  kpo

^22 -  ^21/0

Cii = - (y -  1 )/o5

C = . (7-DÆ; ",o
/Ÿ a3(K*-Op)kp^

c a ,  .  .  I x ^
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C 3 . .  _  V

C32

Cifl

H o3/K (K -ap)kpQ

a V K * ( K * - a * ) k  aV K *po

= ■ -Cl.-  I )
a V K ^

1
yoS/K^Op

d l l  =
1

a ‘*K

d i 2 “ d i i / o

(3 .2 .13)

(3 .2 .14 )

(3 .2 .15 )

" T l a o .

■ o 3 ( ? - « ; H p o

1
o3K /a*

^22 -  d2 i / a (3 .2 .16 )

a:
p go

a3/k^(K -Gp)k

ds2 “ d g i / a

po (3 .2 .17 )

( Y - l ) k
“ 11 —

30
/ 7  o'*K k po

“ 12 = ( y -  1 ) [ ^ 3 ^ ------- (1 + - M
po /y

_go. 1
a^K k„„ a^K po

(3 .2 .18)
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^ (3 .2 .2 0 )

ÜJltl = ---
«p ( 3 . 2 . 2 1 )

W42 ■ ^
yaV K *a*

With th e  above e x p re s s io n s ,  the  con s tan ts  A, B, C, and D, given by Eqs. 

( 3 . 1 . 3 5 ) - ( 3 . 1 .3 8 ) ,  can now be w r i t t e n  fo r  l a rg e  s as

a i l  + a 2i . * 1 1

/  K
b i i  + boi . + 1 1

( 3 - - 3 )

P

( 3 . 2 . 2 4 )

dzi + ds i  A a ^ Z CA o  2  1

D = — - * — ^ V "  n  + d i  - L +  0 ( 1 ) ]  ( 3 . 2 . 2 5 )

where
'fc

(li = cuii + 0)21 + “ 31 + 0)1̂ 1 ( 3 . 2 . 2 6 )
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3 i 2 + 322 **
 :-------  - cü
a n  + a2 i

(3.2.27)

bio + be * *

b i  = b „  + bz,  -  "  (3-2-28)

* ^22 + C32 **
" C21 + C31 + C41 " w (3 .2 .29 )

* d l l  + d22 + d32 **
81 =  ■d2V  + liai “ (3 .2 .30 )

**
in  which ui i s  de f ined  as

** Ü112 (̂ 22 + (^32
W = -------------  (3 .2 .31 )

When th e  above approximat ions f o r  l a r g e  s a re  taken i n to  account,  i n 

v e r s io n s  f o r  v e l o c i t y ,  t em pera tu re ,  and d e n s i ty  can e a s i l y  be found by 

means o f  s tandard  t a b l e s  of Laplace t rans fo rm s .  The re fo re ,  f o r  small 

t ime , we obta in

~  ( [ ; =  < ( r . ^ ; K * )  -  f I ( r , . ; K * ) ]

+ a t C - =  f î ( r , t ; K * )  -  f 2 ( r , t ; K * ) ] }
A

K a* b i i  + b2 i , * *
+ { [ ; % f ; ( r . T ; y  -  f I ( r , T ; a  )]

K - = p  %

+ b i [ - ^  f i ( r , T ; a  ) -  f 2 (r ,T ' ,a  )]} (3 .2 .32 )
^  p P
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^   —  [ r  9o ( r ,T )  + (1 + c * r ) g i ( r , x )  + 0^92( 1" , t ) ]

^21 ^ ^31 y.
-  \ 2    [—  h i ( r , x ) ]  (3 .2 .33)

/y

^  [ f I ( r , T ; a p  + b I f 2 ( r , T ; a * ) ]  -  1 (3 .2 .34)

^  ^  —  [ g i ( r , T )  + c t g 2 ( r . t ) ]

(y -  1) (d2 i + dgi)

(=21 + C31 + Citi
A “ F I ?

r  Ü)’ [ h . ( r , x )  + d i h i ( r , T ) ]  (3 .2 .35)

p. * a t f 2 ( r .T iK *)]

I/* b j i  + 621 _ * * *
-  7 *-----*7 — 7 7 * [ f I ( r , T ; a  ) + b i f 2 ( r , T ; o  ) ]  + 1 (3 .2 .36)

(K -Op) r  w P p

(r>g.T) .  (=21 +  C31  +  C41

A r  w

dai + dsi

* [ g i ( r , x )  + Cig2 ( r , c ) ]

r  (ju*y
h2 ( r , x )  (3 .2 .37)

I w I

where

1 ( g - r )2 ( g + r )2
^  [ e '  4K*t + e “ 4K*x ] , r  < a (3 .2 .38)
TTx"
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f 2 ( r ,T ;K  ) = L" {

= e r f c  { -  ~S\ ..} + e r f c  { -2= = }  
2 / K * t  2 / K * t

_i g - ( o + r ) / ^

r < a (3.2.39)

.3/2 .3/2

)— ( o - t )2 (o+t)^
= 2yJ  [e* 4 K * t  -  e '  4 K * t  ]

[ i 2^  e r f c  e r f c  ( ^ Ü ] . r  < o ( 3 .2 .4 0 )
/K* 2/K*x / F  2/K*t

V S

(r-o)% 
_ e 4 t

/ i n
r  > a ( 3 . 2 . 4 1 )

“ ( r - a ) / F
9 i ( r , T )  = L"^{-------------- } = e r f c  , r  > a

Æ  2/r"
( 3 . 2 . 4 2 )

1 p - ( r - o ) / F  
9 2 ( r , x )  = L " i{ ^ -----

_ h i E Î l
-  27^ e 4t - ( r - a )  e r f c  , r  > a

2/ T
( 3 . 2 . 4 3 )

h J r , x )  = ^•} = e r f c  {-------} , r  > a
2/ÿT

( 3 . 2 . 4 4 )
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, , .1 e - ( r - o ) / Ÿ
h i ( r , x )  = L {-----3^2-----}

I  o - .  I=£  e r fc  . r > a  (3.2.45)= ^  e" 4yt
/ 7 2 /ÿ 7

The f u n c t io n s  f g ^ r , T ; a p ) ,  f i ( r , T ; a p ) ,  and f 2 ( r ,T ; a * )  can be obta ined
* *

simply by s u b s t i t u t i n g  Op f o r  K in to  th e  corresponding func t ions  

fg ( r ,T ;K  ) ,  f f ( r ,T ; K  ) ,  and f 2 ( r , ? ;K  ) .  Fur thermore,  the  p re s su re  P'

can be found from p ' and I '  by means o f  th e  equat ion  o f  s t a t e .

I t  i s  useful to  ev a lu a te  the  non-dimensional t im e ,  t  = a^ t /v^  

in terms o f  Reynolds number, a = â a^ /v ^ ,  based on the  r a d iu s  of the 

porous p a r t i c l e  and th e  speed o f  sound. We w r i te

a^ t  a^ 5 t  *
T =  -9% - = o? (3 .2 .46 )

0 0 a

Here x* = a ^ t / ô  i s  a non-dimensional "wave t im e" ,  being un i ty  when the  

i s e n t r o p i c  a co u s t i c  wave has t r a v e le d  the  d i s t a n c e  ô.  Thus,  f o r  a f ixed  

phys ica l  t im e ,  the  non-dimensional t ime x i s  very small when the  Reynolds 

number, Sa^ /v^ ,  i s  very  smal l .  On the  o th e r  hand, f o r  a f ixed  Reynolds 

number, th e  time x i s  very  small f o r  small va lues  o f  th e  wave time x , 

t h a t  i s ,  f o r  t  «  ô / a ^ .

I t  was mentioned by Rasmussen and Lake (1973) t h a t  the  Nayier-  

Stokes  equa t ions  a re  no t  v a l id  f o r  the  above small t ime regime. This 

f a c t  can be seen from th e  following argument. For a gas to  s a t i s f y  the 

continuum p o s t u l a t e ,  the  molecular mean f r e e  path X must be small compared 

with  a s i g n i f i c a n t  c h a r a c t e r i s t i c  l eng th  L p e r t i n e n t  to  the  flow f i e l d .

By d e f i n i t i o n ,  the  r a t i o  x/L i s  termed th e  Knudsen number, and i s  denoted
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by i . e . .

Kn H X/L

For small t imes ,  th e  c h a r a c t e r i s t i c  length,  i s  the  d i s t a n c e  a molecule 

t r a v e l s  in the t ime t ,  approximate ly  L = c ^ t .  For o th e r  t imes L = a.  

Since  A ~ v^ /a^ ,  we have

*̂ n '  V g / a ^ t  =  1 / t  (small t imes)  (3 .2 .47 )

- Vg/agô = 1 /a  (o th e r  t imes)  (3 .2 .48)

Since the  Navier-Stokes  equat ions  a r e  v a l id  only in the  continuum l i m i t

of  small Knudsen number, they a r e  s t r i c t l y  v a l id  only when t  and a  are

la r g e .  Hence, th e  small time s o lu t io n  given above i s  no t  v a l id  phys i 

c a l l y  owing to  th e  f a c t  t h a t  the  b a s ic  Navier-Stokes equat ions  a re  not  

v a l i d  when t i s  s m a l l .

The above s o l u t i o n ,  however, i s  o f  some t h e o r e t i c a l  i n t e r e s t .  

Examination of  th e  above s o lu t io n  shows t h a t  the  time t  appears  in  con

ju n c t i o n  with  the space  dimension in  the  form ( r - â ) / / t  which i s  the  usual 

form found in hea t -conduc t ion  problem, which a re  d i f f u s i v e  in  behavior .  

The c o r r e c t  d e s c r ip t i o n  of  t h i s  problem i s  determined by f r e e  molecule 

flow theo ry  (Bienkowski, 1964) wherein i t  i s  found t h a t  th e  corresponding 

space and time r e l a t i o n  i s  ( r - â ) / t .  Thus,  al though both s o lu t io n s  show a 

d i f f u s i v e  c h a r a c t e r ,  the  func t iona l  dependence on time i s  not c o r r e c t  f o r  

the  sm al l - t im e  Navier-S tokes  s o l u t i o n .

3 .3  So lu t ion  f o r  Large Time

The s o lu t io n  f o r  l a rg e  t ime t  can be obta ined  by expansion of

the  Laplace t ransform f o r  small s .  The Xi  func t ion  r e t a i n s  i t s  exac t

form, Ai = / s ,  and A2 can be w r i t t e n  as
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X2 = S ( 1  + y S ) " ' ^

= S - l y s Z  + ^  Y%s3 + 0(s4) , S ^ o  (3 .3 .1 )

o r

%2 = 2b[ / s  + b2 - b] + 0(s3)  , s -»■ 0 (3 .3 .2 )

where b = (2y ) "^ .  S u b s t i t u t i n g  = / s  and Eq. ( 3 . 3 . 1 )  in to  Eqs.

( 3 .1 .  39) - ( 3 . 1 . 5 5 ) ,  we have

Ai = Ajo + Aii/i" + A 12S + Ai3$^^^ + Ai^gZ + AigS^^^ + A^gS^ + 0(s^^^)
(3 .3 .3 )

A2 = A23S^^^ + A24S2 + A2sS^^^ + A2gS3 + 0(s^^^)

Bi = Bio B i i / r  + B12S + + B^gS^ +
( 3 .3 .4 )

Bz = B23s3/2 + B24S2 + Bzss^/Z + B2es3 + 0( s^ /^ )

(3 .3 .5 )

Cl = Cio + C1 2 S + Ci^gZ + CigS^ + O(s^)

C 2 =  C 2 1 / S  +  C 2 3 s 3 / Z  +  0 2 5 5 ^ / 2  +  0 ( s 7 / 2 )

C3 = C33s3/2 + CassS/Z + 0 (s?/Z)

Cl ,  =  C t , i , s 2  +  C i , g s 3  +  0 ( s ^ / 2 )

D i  = D i o  D i i / T

D z  =  D z i / F  +  D 2 z S ( 3 . 3 . 6 )

D3 = D31/S + D32S
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ni = Qio + Üii/s + «125 + «135^/2 + «i^gZ + «igS^/Z + 0^gs3 + 0(s^^^)

«2 = 5^21*^ + 0235^/2 + «24S2 + «255^^^ + 0 (s^^^)

«3 = «33s3/2 + «34S2 + + «3ss3 + Ofs^/? )

«4 = 0445% + + 0 (s'+)

where

Aïo = -■- ” P * ^  
ct̂ (K -Op) po

A n  = oAio

Ais = 0A12 

Ais = oAi4

(3 .3 .7 )

(3 .3 .8 )
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(i-l) = ''9

(Ol 'E 'E) ztgo = £ig
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’ 2 3
I  go

po

B24 “ 0623

B25 = - B23

(3.3.11)

B26 ~ ” oB23

q5K*

Ci4 = -
2a‘*K

(3 .3 .12 )

C21  = -

C2 3  =

1
o'+K*Æ*

1

C25 -

o^(K - Op) ^po a^K /o*

(T-''"GâL !a° .
2a^K f/oi* a^(K -Op)  ^po a^/o*

(3 .3 .13 )
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' 3 3

' 35

(Y - k q o  , Y

a V F ( K * - o t p k p Q  a V ?

( y -  l ) g *

* *• k.o^/K*(K -  a ) *̂ po a^/K* 
P

(3.3.14)

JÜ-
o3/K*o*

(3 .3 .15)

C46 = - Cit̂ f

(3 .3 .16)

D u  = oDio

! a o  L2 1 ” * *. 1/ « ,—
a^(K -Op) po a^K Æ*

(3 .3 .17)

D22 ” &D21

- et*
^   & 0

a4/K*(K*- a*) '^po
(3 .3 .18)

D32 -  CD31
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010 = —^  (1 -  1̂ )
a®K po

011 = -
a^K po

0 12 = [cT + (7 - 1 )] — - [a + (y - 1 )] —^  - j ^  ■ —  (1 + T ^ )
a®K a®K po a® po

U . i . w

O21 = -  — 4 — :
a^K i/ct^

023 = - [o + ( Y - i ) ]   ̂ J _
0 ^ /0* a^K /ô ^

«24 = ( y - 1) - - - ^ ^ 2- - -  ^90 .  - l l J L l l
a (K - otp) po a"*K / o ^

/ a *  k

^25 = I   -  (y -  1 ) * * ^ ------
2a^K /Ô* a^(K - Op) po a ^ /o ^

(3 .3 .20)
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^33 = ( T -  1̂ )  — ^
kç

po a^/K*

(y - 1 )a* k k.
O 3 4  =  - 1 ______ 9 0 ______1____90

aVK*(K*-a*)  V  o^/K* ^po
(3.3.21)

'  a V F  C

O44 “ -  ^
aVK*ct*

(3 .3 .22 )

J2i+6 ” ” O44

S u b s t i t u t i n g  Eqs. ( 3 . 3 . 3 ) - ( 3 . 3 . 7 )  i n to  Eqs. ( 3 . 1 . 3 5 ) - ( 3 . 1 .3 8 ) ,  we ob ta in

A = -  —    ^  [Ao + A*/T + AgS + Ags^/Z + A*s2 + AgS^/? + 0 ( s3 ) ]
î2 s  s i n h  ( o / * )

(3 .3 .2 3 )

B = ^  [Bo + bÎ / F  + B*s + B*s3/2 + B*s% + B*s^/^ + 0 ( s3 ) ]
ü s s inh (a/-%r)

° (3 .3 .2 4 )

C = - 4 r - ^  [C*s + C*s3/2 + C%s2 + CgS^/Z + 0 ( s3 ) ]  (3 .3 .25 )
%  s

D = [D^s + D*s2 + DgS^/Z + 0 ( s 3 ) ]  (3 .3 .26 )
^0 s

where
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fi = — 7~* (3 .3 ,27 )
°  a^K '^po

Aq ~ Aq

A* = Ai + AgOi = 0

Az “ A2 + Aifii + A(5fi2 (3 ,3 .28 )

A3 “ A3 + A2O1 ■*■ A(fi2 Agfig

Alf ~ Â i + Agfii + A2O2 Aifig Agfii^

A* = Aè + Ai^i + A3O2 + A2O3 + Aifiii + Agfis

Bq ~ Bg

Bi “ B{ + Bgfij = 0

B2 = B2 + Bjfii + Bgfi2

Bs = B̂  + B^fii + B{fi^ + B̂ Og

B* = B4 + Bgfii + B^fi^ + Bifii + B^fi;

&5 = 65 + B^fii + B^fii + B^fii + B{fi; + B^fi^

(3 .3 .29 )

C2 = Ci Dz = Bz

Cq = Côfli Dit -  DiJ. + B3OI + Dz^i (3 .3 .31 )
* (3 .3 .3 0 )  *

Cit = Cii + Ci^z Bg = D3GI2 + D2O3

C5 = Ciifii C2JÎ3 

in which

A g  =  A i g

Az = Ai2 + - ^  A23

A q  = 0 A 2  (3 .3 .32 )

A 4  =  A l 4  +  — —  A 2 3  +  — f  A 2 5  
3Æ*

A g  =  o A ^
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B6

Bi

Bi

Bi

Bi

Bi

Bio

oBÔ

Biz

aBi

= B14 & =  B
3 A *

23 + A : B 25

= a B i

(3.3.33)

C i = C

Ci =

/o F /K

P

Cz3 + ~  C33 + — Ci+i^

5 / 2  C21 + ^  C23 + ^  C25 + - ^  C33 + ^  C35 ( 3 . 3 . 3 4 ) ^3/6 'i./Z* ° 3 /k

/ a * / i ^

'45

Di = D21 + - - 2=  D31
3/ ^  3 /K *

D3 -  aDi ( 3 . 3 . 3 5 )

3 3

ni

n i

ni

ni

ni

= -  n i

2
ni nz

H3 + 2 n i nz  -  n (3.3.36)
2 2 4

Ti4 + (ti2 + Znms)  -  3niri2 + n%

ns + ( 2 n m 4  + 2nzn3) -  (3nin3 + 3 n i n | )  + 4ninz
5

ni
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In Eq. (3 .3 .36 )  , i = l , 2 ...........5 a re  de f ined  by

> 2 , . . .  ,5 (3.3.37)

Here

*
= ^11

★
Çl2

*
O3

= «12 +
/K" ;

a ^23 + —  «3 3  +
‘P

/Ô* 7 ^
«13 + g «24 ■*■ —  «34

(3 .3 .38)

= ^14 -  % / 2  «21  + — =  «23 + «25 + - 7 =  «33 + ^  «35
4 5 a r ' ^  3Æ* °  3/K*

«5 = «15 + «24 + °—r  «34  + «36
3 / r

F u r th e r ,  i f  we expand th e  terms sinh ( a /— ) and s inh ( o / ^ )  in  Eqs,
✓ K /  *p

(3 .3 .2 3 )  and (3 .3 .2 4 )  as

= z / s  e^*^  [ i  (2z / s )  + J y  ( 2z / s )2! ■ 3! ■ 4!

+ ( 2z / s )  - ^  (2z / s )  + 0 ( s 3 ) ]  ,6 !

z=a//K* or  a / /0 *  (3 .3 .39 )
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(3 .3 .42 )

then A, B become

A = + A f s  + + A:% z + + 0 ( s3 ) ]
an s

(3 .3 .40 )

B = [ B f  + B f / r  + B f s  + + B:*s3 .  b; % 5 / 2  ,
an s '

° (3 .3 .41 )

where
** *

Aq -  Aq
* *  *  * ,  * .

Ai = Aorii(s,K )
* *  *  *  *  *

A2 = A% + Aon2(S)K )
* *  *  *  * ,  * ,  * *  *

A3 = A3 + A2ni(SjK ) + Aoh3(s ,K )
** * * *  * * *  * * * ,  *,

Alt = Alt + A 3 m ( S j K  ) + A2n2( s»K ) + Aornt (SjK )
** * . * * ,  *, * * /  *. * *  * * *  *

A5 = A5 + Ai t n i ( s , K  ) + A3 n 2 ( s , K  ) + A2 n3 ( s , K ) + Ao n g ( s , K )

and 
* *  *

Bo -  Bq
** * * ,

Bi = Boni(s ;a*)
* *  *  _ *  * ,  .

B2 = B2 + Bon2 (s ;a*)
* * * * * * *  '

B3 = B3 + B2m ( s ; a * )  + Bon3( s ; a * )
* *  *  *  * ,  .  ■ * * ,  ,  * *

Bit = Bit + B 3m (s ;a* )  + B2H2(s;a*) + BQTiit(s;a*)
** * * *,  . * * _ . * *,  . * *

B5 = Bg + Bitm(s ;a*) + B3n2( s ; a * )  + B2n3( s ;a* )  + Bon5( s ;a* )

In Eqs. ( 3 .3 .4 2 )  and ( 3 .3 .4 3 ) ,  the  func t ions  n^-(s;K* or  a * ) ,  i = l , 2 , . . . , 5 ,  

a re  given by
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*
ni  = -  Cl

*  2 
H2 ~ 5l

ns ■ “ 2? i C2 ■ Si (3.3 .44)

n4 = -  S4 + S2 + ZSiGs -  3SiS2 + Cl

ns " “ S5 ■*■ 2C1C4 + 2Ç2C3 -  3CiCs -  3giS2  + 4g iS2  -  Ci

in  which

Cl = -  2T (2 z /T )

?2 = 37  ( 2z / s ) ^

C3 = -  ^7 (2zi/F)^ ( z = c t / / K  or  a / Æ * )  (3 .3 .45 )

Stt = 57  (2z / s ) ^

Cs = " ëT  (2 z / s )

With the  above exp ress ions  f o r  A, B, C, and D, Eqs. ( 3 .3 .2 5 ) ,  ( 3 . 3 . 2 6 ) ,

( 3 . 3 . 4 0 ) ,  and ( 3 . 3 . 4 1 ) ,  the  l a rg e - t im e  approximations  fo r  the  tem pera tu re ,  

d e n s i t y ,  and v e l o c i t y  a r e  found to  be

T ' ( r<q .T )  . ^  ;  b”  f ;  ( r . t i c j )  -  1 (3 .3 .4 6 )
^ 2ra  n=0

0

-  - L  Z c*+ 6 ( r , t )  -  DzHzCt^.t) (3 .3 .4 7 )
^ rfi n=l " ' " rO^

0 0

K*Æ* 5 **
^  z F" ( r , x ; a * )  + 1 (3 .3 .48 )

2r a 0*(K*-Op) n=0 " n ' ’ ’ p 
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~ - V  Ï  c*^, G ( r ,T )  - - L  D*H2 ( r , t )  (3 .3 .4 9 )
n=1 <■%

'  4 . 1      • I

/!?■ 5 * .  5 „

(3 .3 .50 )

[DzHiCr.x) + (D* + rD2 )H2 ( r ,T )  + DgHsfr,?)]  (3 .3 .51 )
r^Q

where th e  fun c t io n s  F ' s  and G's a r e  a s s o c ia te d  with  d i f f u s io n  and the  

fu n c t io n s  H's with wave behavio r :

_  _ ( o - r ) ^  _ ( c + r )^
F” (r<a,T;K*) = Z y^  [e  4K*x _ q 4 K * t  ]

e r f c  ^  e r f c  { ^ } ]  (3 .3 .52 )
/K 2/K :  /K 2/K T

Fi( r<o ,x ;K  ) = e r f c  { + e r f c  { -^ = = }  (3 .3 .53 )
2/ I T t  “  2/K*t

(g - r )  _ (g+r)
F |( r<g ,T;K ) = -1 =  [e 4K t +. e ] (3 .3 .54 )

2 2 
_ (g - r )  _ (g+r)

F3( r<g ,x ;K  ) = — [ ( g - r )  e + (g + r )  e  ^ ] (3 .3 .55 )
2AK*t3
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( o - r ) 2  ( o + r ) 2
FJ(r<a,T;K*) = - 4 % : - 2t]  e 4K*t + [ I s i f E  .  /  4K*^ ,

4 / ttt® K K
(3 .3 .56 )

F | ( r < . , T ; K * )  = [ % n i i  -  3 ]  e "  4 ^
4 / ttKt  ̂ 2K T

(g+r )2 
[ l 2 + d i  .  3j  g  4K*t 

4 A K * t  2K T
(3 .3 .57 )

_ ( r - g )2
Gi(r>o,T) = - ^ ^ â = e  (3 .3 .5 8 )

2 / ttt3

( r -g ) 2

G2 ( r> a ,x )  = - 4=  [ ( r - a )2 -  2 t ]  e ( 3 . 3 . 59)
4/^x5

( r - g )2
G3( r>g ,x )  = -  3] e (3 .3 .60 )

4/wx5

_ Ir-?.)2

Gi,(r>cT,x) = 3] e (3 .3 .6 1 )
4Ax5

b ^ [ r - g ) - x ] ^
Hi( r>a,T) = i - i { e - ( r - ° ) t 2 ) .  M ç s i  e ‘ ( 3 .3 .6 2 )

/ ttx̂

H2 ( r>g ,x)  = L“ '{ s

h 2  2 _ , . . _ Ai[_(r-o)-x]
= {V [(r-g)-x] + 2b2[(r-g)-x] - |} e ^

^ ^ A x  5
(3 .3 .6 3 )

H3(r>g,x) = L"l{s3/2 (3 .3 .6 4 )

The f u n c t io n s  ( r , x ; a * )  and F r ( r , x ; a g ) ,  1 = 1 ,2 ,3 ,4 ,5 ,  can be ob ta ined
*

by s u b s t i t u t i n g  a* f o r  K in to  the  above corresponding  fu n c t io n s .  Note 

t h a t  th e  ^2- f u n c t io n  appear ing  in  Eqs. ( 3 . 3 . 5 2 ) ,  ( 3 . 3 . 6 3 ) ,  and (3 .3 .6 4 )
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is  given by Eq. (3 .3 .2 ) :

À2=2b [ / s  + b% - b] + 0(s3)  , b=(2Y)”^

The fu n c t io n  H3 , Eq. (3 .3 .6 4 )  cannot be i n t e g r a t e d  a n a l y t i c a l l y  by the  

au thor  a t  t h i s  t ime. However, i t s  value on th e  s u r fa ce  o f  the  p a r t i c l e ,  

r=a,  can be found. For r=o, H3 becomes

H3(a,%) = L"i{s3/2} = - j _  (3 .3 .65 )
4/irT^

The s o lu t i o n  f o r  l a rg e  t ime t shows t h a t ,  when r> a ,  t h e re  i s  a compression 

wave t r a v e l i n g  away from th e  p a r t i c l e ,  which a r i s e s  from the func t ions  

H 's .  However, s ince  these  terms a re  very small compared with the  d i f 

fus ion  t e r m s , th e re  i s  no dramatic  wave behav ior  in  t h i s  problem. I t  

follows t h a t  the  d i f f u s io n  terms play a dominant r o l e  throughout a l l  the  

flow f i e l d .  Recall t h a t

T = a T* (3 .3 .66 )

where

a =

T *  5  a ^ t / ô

I t  fo llows from Eq. (3 .2 .48 )  t h a t ,  in o rd e r  f o r  th e  Knudsen number

to  be sm a l l ,  a must be l a r g e .  Thus, with  l a r g e  a ,  t w il l  be l a rge  when 
*

T i s  chosen as o f  o rde r  u n i ty .

The la rge  time behav ior  o f  the  s o l u t i o n  f o r  the  tempera ture
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p e r tu r b a t io n  as a func t ion  of  f / ô  i s  shown in F igs .  2 ,  3 ,  4 f o r  y = 1 .4 ,  

a* = 0.0074,  K* = 1.3473, = 0 . 1 ,  a = 80,

90, 100, and various  wave time t *  . These curves in d i c a t e  t h a t ,  f o r

a f ix ed  wave t ime t * ,  the  temperature  p e r tu rb a t io n  decreases  when 

a = a^ô/vQ d ecreases .  This means t h a t ,  f o r  a gas with co n s tan t  

v i s c o s i t y ,  the  sm al le r  th e  p a r t i c l e ,  the f a s t e r  the  r a t e  f o r  the  tempera

t u r e  t o  achieve  equ i l ib r ium .  On the  o th e r  hand, i f  the  s i z e  of the  pa r 

t i c l e  i s  f i x e d ,  then the  temperature  w i l l  approach equ i l ib r ium  a t  a 

f a s t e r  r a t e  f o r  the  gas with h igher v i s c o s i t y .  I t  i s  n o t e d . t h a t ,  on 

the  s u r f a c e  of  the  p a r t i c l e ,  the  tempera ture  can be w r i t t e n  as

(3 .3 .67 )
tAq 2/irT^ 4/tt t^

and a t  the  o r ig i n

■ '  (3 .3 .68)
^ oa n=0 " " P

0

where

Eq^Tia*) = e r f c  { " - }

= 1 - 1  (— = )  + . . .  } (3 .3 .69)
m r  2 / a * T  2 / c t* T

P P

E l (?;%;) = e 4o*T (3 .3 .70)
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0 %

EzCrSa*) = —= 2 _  e 4o*T (3.3.71)
P 2/tTa*T^

P

o2

E a l x i a J )  = 2t ) e ( 3 . 3 . 7 2 )
K 4 / i r T =  p

E j t ; a * )  = — & =  ( ^  -  3) e ( 3 . 3 . 7 3 )

Thus,  on th e  su r f a c e  of th e  p a r t i c l e ,  the  tem pera tu re  v a r i e s ,  to  the

lowest o r d e r ,  l i k e  and l i k e  a t  the  o r i g i n .  Far away from

th e  p a r t i c l e ,  the  tempera ture  p e r t u r b a t io n  approaches zero .  Furthermore ,

i t  should  be emphasized here  t h a t  a t  r=a the s lo p e  o f  the  tempera ture  

curve i s  no t  cont inuous .  This  can be r e a d i ly  seen from the  boundary 

c o n d i t io n ,E q .  ( 3 . 1 . 2 8 ) :

[ i l ! . ]  = ^ a o  [ i l l ]
ar  ^r=a- r=a+

Since kg^/k^^ < 1 ,  i t  i s  apparen t  t h a t

+ ( 3 . 3 . 7 5 )
r=a r=c

Th e re fo re ,  the  tempera ture  g ra d ie n t  f o r  r  approaches  a from in s id e  i s  

l e s s  than t h a t  from o u t s id e .  As mentioned p r e v io u s ly ,  the  wave behavio r  

i s  so weak t h a t  t h e r e  a re  no wave f r o n t s  appear ing  in  these  f i g u r e s .  How

eve r ,  th e  e f f e c t  of  v i s c o s i t y  on th e  wave f r o n t s  c a n ^ t d l l  be
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d e tec te d  from the  wave term H = e“^ [ ( r - o ) - T ]  fx^  In Fig.  5,  H i s
yip

p l o t t e d  as a func t ion  o f  X = ( r - o ) / T - l  f o r  t  = i , o a n d  a = 10, 15, 20 

I t  i s  found t h a t  the  wave f r o n t s  become more d i f f u s e  as the  Reynolds 

number a becomes s m a l le r ,  i . e . ,  as th e  v iscous  e f f e c t s  become more 

pronounced.

The corresponding curves f o r  th e  d e n s i t y - p e r t u r b a t i o n  p r o f i l e s  

a re  shown in  Figs .  6 , 7 ,  8 . The v a r i a t i o n  o f  d e n s i t y  with Reynolds num

ber  a i s  s i m i l a r  to  t h a t  o f  tempera ture .  Note t h a t

yip
where E^(t ;K ) ,  i = l , 2 , 3 , 4 , 5 ,  can be found by s u b s t i t u t i n g  K f o r  a* i n to  

the  E^.(r,T;a*) fu n c t io n s ,  Eqs. ( 3 . 3 . 6 9 ) - ( 3 . 3 . 7 4 ) . Thus,  analogous 

to  the  tem pera tu re ,  the  d e n s i t y  p e r tu r b a t io n  v a r i e s  a t  l e a s t  l i k e  

a t  r=a ,  and l i k e  a t  r=0 .

In o rder  to  have a physica l  i n s i g h t  f o r  t h e  p re s su re  p e r t u r 

b a t io n ,  l e t  us r e tu rn  t o  Eq. (3 .1 .2 3 ) :

P ’ ( r > a , s )  = C ^ ( X i - s )  e ' ^ i f  + D X ( x | _ s )  e"^%r (3 .1 .2 3 )

I t  i s  noted t h a t ,  f o r  Xi = / s ,  the  f i r s t  term in th e  r i g h t  hand s id e  of  

Eq. (3 .1 .2 3 )  d i s a p p e a r s ,  and the  p re s su re  becomes

P '(r>o ,s ) = D % ( X 2 - s )  e '^ z r  (3.1.25)
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*
Thus, under the  assumption t h a t  = 1, th e  p re s su re  ou ts id e  the  p a r 

t i c l e  i s  dominated by th e  wave term, which i s  due to  X2 . The asymptotic  

s o l u t i o n  f o r  th e  p ressu re  p e r t u r b a t io n  i s  found to  be

c „*3/2 c

~ n=0  ̂ ■ Z r a ü y . a l )

(3 .3 .78 )

L.(r^P?J.). [_ D2H2 ( r , x )  + (D2 - Di^)Hij(r,T) -  DsHgfr.x)]  (3 .3 .79 )

where

H4 ( r> a ,x )  = L“ ' { s 2 e - ( r -* )% 2 }

= + 2b2[ (r -a )-T ]}{^!I ( l : ° ) - T ] '  + 2 b 2 [ (r -o ) -x 3 - |}

b 2 [ ( r - g ) - x ]  2

e " - f  2b2 [ ( r - a ) - T ]  + 2b^,y
/ ttx7

b 2 [ ( r - q ) - x ]

^ -  [ b2[ ( r - a ) - T ] ^  + 2b2[ ( r - o ) - T ]  - h
/iTX̂

b2 [ ( r - a ) - x ]
5 b ^ g )  g- X (3 .3 .8 0 )

2/ttx^

Hs(r>g,x) = L"^{s5/2 e - ( r - c ) ^ 2} (3 .3 .81 )
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At r=a, Eq. (3.3.79) gives

(3.3.82)

Thus, on th e  su r face  of  the  porous p a r t i c l e ,  the  p ressu re  v a r ie s  a t  

l e a s t  l i k e  which i s  very small when x i s  l a r g e .  On the  o th e r

hand, a t  r=0 , we have

^  n=0 n=0 '3 -3 -8 3 )

To the  lowest o rde r ,  P ' ( 0 , t ) / a t akes  the form 

* *  * *

- 4 & -  E„(t ;K*) -  .  E ( T ;c*) (3 .3 .8 4 )
* a o /  °  a(!^(K - Op) °  ^

Since

C  = (3 .3 .8 5 )
° K -  a

P

** ★ 
Bo =

E^(t ;K ) = e r f c  {— = }  ~ 1 - - = % =  + . . .  (3 .3 .87 )
° 2/K X / itK X

E„(x;a*) = e r f c  {—= }  ~ 1 ------—  + . . .  (3 .3 .8 8 )
" 2/a * x  /ira*x

P P

i t  immediately follows t h a t
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Thus, a t  the  o r ig in  of  the  p a r t i c l e ,  the  p res su re  v a r i e s  a t  l e a s t  l i k e  

t"^ ,  which i s  much l a r g e r  than the  p re ssu re  a t  r=a.  According to Darcy 's  

law, i t  i s  t h i s  p re s su re  g ra d i e n t  t h a t  causes the  gas to  e j e c t  from the  

porous p a r t i c l e .

The v e lo c i ty  p r o f i l e s  a re  shown in  F igs .  9,  10, and 11.

Because of the  d i f f i c u l t y  encountered in  the i n t e g r a t i o n  of  th e  term 

Hg, Eq. ( 3 . 3 . 5 4 ) ,  only the v e l o c i t y  in s id e  the  porous p a r t i c l e  is  i l l u s 

t r a t e d  he re .  I t  can be seen from these  f ig u r e s  t h a t  the  v e lo c i ty  vanishes  

a t  the  o r i g i n  and reaches  a maximum value  a t  the  su r face  o f  the  p a r t i c l e .  

From Eq. ( 3 . 3 . 5 1 ) ,  we have

^  _ 1 _  [(C% + 0C2 ) + (Cs + ocZ-  Ds) L ' l { s 3 / 2 ) ]  (3 .3 .90)

F ur the r ,  s ince
*  *

C3 + 0C2 -  0

Eq. (3 .3 .90 )  becomes

— ~ (C% + a C* - Ds) -  (3 .3 .91)

t h a t  i s ,  a t  r=o, the  v e lo c i ty  v a r i e s  a t  l e a s t  l i k e

3 .4  Mass Ef f lux  from Porous P a r t i c l e s  

In o rde r  to  f i t  the  problem of  small d is tu rbances  in porous- 

p a r t i c l e  dus ty  ga se s ,  i t  i s  necessary  to  d e r iv e  th e  term involv ing th e  

mass e j e c t i n g  from a u n i t  volume of small porous p a r t i c l e s  per u n i t  t ime. 

I f  we denote J as th e  mass e j e c t i n g  from a porous p a r t i c l e  per u n i t  t ime, 

then we have
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J = 4n pZ p u (3 .4 .1)

★ _ 
where p and u a r e  the  d e n s i t y  and v e lo c i ty  o f  the  gas a t  r  = a .

F u r th e r ,  l e t  n be the  number o f  p a r t i c l e s  per u n i t  volume and m be the
yip

mass of  each ind iv idua l  p a r t i c l e ,  and note t h a t  u = a ^ u ' (&,%). Then the  

mass e j e c t i n g  from a u n i t  volume of  small porous p a r t i c l e s  per u n i t  t ime, 

u ,  can be w r i t t e n  as

ÿ = nj  = aoPpp* u ' ( a , x }  (3 .4 .2 )

where pp = mn i s  the  mass o f  the  porous p a r t i c l e s  per u n i t  volume. Now,

r e c a l l  from Eqs. (3.3.91)  and (3.3.67)  t h a t ,  to  the  lowest o rd e r ,

 1 =  (Cs + oC* -  O5 )

and

r ( P » T ) .  ^ ___ - ___
A 2, 0; / ; ; ^

Thus, we have

where

u' ( a , t )  -V C* —1- ’^ - (3 .4 .3 )

*  *  * >
* 3(Cs + - O5 )

C 5 ----------; ----------------- ( 3 .4 .4 )
20C3

S u b s t i t u t i n g  Eq. (3 .4 .3 )  i n to  Eq. (3 .4 .2 )  y i e l d s
*  *

w = ------ ^ --------T ' ( a . t )  ( 3 .4 .5 )

Recall t h a t  T ' ( a , t )  can be w r i t t e n  as

T (5 , t ) -T ^
T ' ( a , x )  =  J 2. (3 .4 .6 )

0
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At t h i s  moment, i f  we t r e a t  T(ôr,t) as the  tempera ture  of the p a r t i c l e s ,  

Tp, and as the  tempera ture  of  the  gas surrounding the  p a r t i c l e s ,  T, 

then Eq. ( 3 .4 .6 )  can be r e w r i t t e n  as

T n - T
T'  = -A jT - ( 3 .4 .7 )

S u b s t i t u t i n g  Eq. (3 .4 .7 )  i n to  Eq. ( 3 . 4 . 5 ) ,  we ob ta in

Û = i - Ï T  'Tp - T )  ( 3 .4 .8 )
u

where t  has th e  dimension of  t ime and i s  de f ined  asM

mT = ---------------

Note t h a t

(3 .4 .9 )

Thus, Eq. ( 3 .4 .8 )  becomes
*  *

(3 .4 .1 0 )

*  O ~  «where = ag and AT = Tp - T. The re fo re ,  u i s  p ropor t iona l  to  AT

and v a r i e s  l i k e  t " ^ .

The governing equations  f o r  th e  flow in  the  i n e r t  porous-

p a r t i c l e  dusty gases a re :

Mass

I I  + v.(pV) = u (3 .4 .11 )

V'(PpVp) = - Û (3 .4 .12 )
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Momentum

p = Fp + pg - vP + 7 ^  + p(Vp -  V) (3.4.13)

D V
Pp - D t ^  = -  Fp + Pp9 (3 -4 .14)

Energy
Do -  ^  -  ->■ •

p = -  PV' V + T: vV -  7*q + Qp +  (Vp -  V) * Fp

+ p[h(Tp) -  e + l(Vp - V)^] (3 .4 .15 )

D_e.
p p Dt#+& = - Qn -  u[h(T„) -  e l  (3 .4 .16 )

where th e  terms invo lv ing  u a re  the  source terms due to  th e  e j e c t i o n  of  

mass from th e  porous pai 

and (2 .2 .1 1 )  in  P a r t  I :

•

mass from th e  porous p a r t i c l e s ,  and Fp and Qp a re  given by Eqs. (2 .2 .9 )

Fp = ^  (Vp - V) (3 .4 .1 7 )

% . ^ ' T p - T )  (3 .4 .1 8 )

The s e t  of  e q u a t io n s ,  ( 3 . 4 . 1 1 ) - ( 3 . 4 .1 6 ) ,  i s  a spec ia l  case  of  the  

more general  s e t  of  equa t ions  fot the  flow in  r e a c t i n g ,  v a p o r iz in g ,  dusty 

gases .  These general  equat ions  a r e  de r ived  in  Appendix A.
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CHAPTER 4 

CONCLUDING REMARKS

Viscous e f f e c t s  on th e  l i n e a r i z e d  wave propaga t ion  a s s o c ia te d  

wi th  the  low-Reynolds-number flow from a porous p a r t i c l e  has been i n 

v e s t i g a t e d  by means o f  the  method developed in  P a r t  I .  The asymptotic  

s o l u t i o n  f o r  small time i s  not v a l id  p h y s i c a l ly  s in ce  t h i s  region i s  

governed by f ree -m olecu le  flow. The l a r g e - t im e  s o lu t io n  shows t h a t  the  

wave behav io r  in  t h i s  problem i s  not so d ramatic  as t h a t  in high- 

Reynolds-number flow. The reason f o r  t h i s  seems t h a t  the  v iscous  e f f e c t  

in low-Reynolds-number flow i s  s t ro n g e r  than in  high-Reynolds-number flow. 

As a r e s u l t ,  the  wave f r o n t s  in  the  flow a t  low Reynolds numbers d i s 

s i p a t e  so f a s t  t h a t  th e  d i f f u s i o n  behavior  plays  a dominant r o l e  through

out  a l l  th e  flow f i e l d .

For th e  problem t h a t  involves  small d i s tu rb a n c e s  in i n e r t  por-  

o u s - p a r t i c l e  dusty  gases ,  the  mass-,  momentum-, and energy-source  term 

due to  th e  e j e c t i o n  of mass from the  porous p a r t i c l e s  should  be taken  in to  

account.  In t h i s  rega rd ,  the  mass e j e c t i n g  from a u n i t  volume of  small 

porous p a r t i c l e s  per u n i t  t im e ,  û,  has been d e r iv e d .  For f u t u r e  r e s e a r c h ,  

th e  governing equa t ions  f o r  th e  flow in  i n e r t  p o r o u s - p a r t i c l e  dus ty  gases 

have been b u i l t  up.

Perhaps a more i n t e r e s t i n g  development o f  t h i s  problem could 

be ob ta ined  by dea l ing  with vapor izab le  p a r t i c l e s  and r e a c t in g  ga se s .  In
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t h i s  case ,  the  b a s ic  equat ions  would have to  be modified to  account f o r  

mass d i f f u s i o n  and chemical r e a c t i o n s .
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APPENDIX A 

MECHANICS OF GAS-PARTICLE MIXTURES*

Time D er iva t ive  Following a Region 

A Basic too l  f o r  unders tanding and manipula ting mix tu res  of com

ponents t h a t  t r a v e l  a t  d i f f e r e n t  average v e l o c i t i e s  i s  t h a t  of L ieb n i tz '  

Rule. Imagine a c lo sed  su r face  S each p o in t  of which t r a v e l s  with  a 

v e l o c i t y  t .  Let the  c losed  su r face  S surround a region R. The t ime r a t e  

of  change of  th e  volume i n t e g r a l  of  some q u a n t i ty  Q ( r , t )  i s

d
d t

r r

R

Q ( r , t )  d t  = i t  d? + Qt*ndS

S

( 1 )

R

This work follows th e  notes w r i t t e n  by Dr. Maurice L. Rasmussen,
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The na tu re  of t h i s  time d e r i v a t i v e  thus  depends upon th e  v e lo c i ty  o f  the  

s u r f a c e ,  Î .  The d e r i v a t i v e  i s  thus  s a id  to  be taken fo llowing the  region 

with  v e l o c i t y  g .

In f l u i d  mechanics a p a r t i c u l a r  v e lo c i ty  of  i n t e r e s t  i s  the
-V -4"

f l u i d  mass average v e l o c i t y ,  denoted by V. When c i s  s e t  equal to  V in 

Eq. (1 ) ,  t h e  region i s  sa id  to  be a f l u i d  r e g io n , and the  time d e r i v a t i v e  

o p e ra to r  d / d t  i s  given the  sp ec ia l  symbol D/Dt. Equation (1) then becomes

D
Dt Q ( r , t )d x  a # QV-ndS ( 2 )

A f l u i d  reg ion  i s  of p a r t i c u l a r  i n t e r e s t  because,  s in ce  the  boundary 

t r a v e l s  with  the  mass average v e l o c i t y ,  no f l u i d  mass c ros ses  the  boundary. 

Thus, the  f l u i d  mass in s id e  a f l u i d  region  w il l  be c o n s ta n t  unless  f l u i d  

mass i s  c re a te d  in s id e  the  volume o f  the  r e g io n . The d e r i v a t i v e  D/Dt i s  

r e f e r r e d  to  as the  f l u i d  m a te r ia l  d e r i v a t i v e  s ince  i t  denotes following 

th e  f l u i d  m a t e r i a l .

The d i f f e r e n c e  between th e  general  time d e r i v a t i v e  d / d t  and the  

f l u i d  m a te r ia l  d e r iv a t iv e  D/Ot can be found from the  d i f f e r e n c e  of  Eqs.

(1) and (2 ) :

d
d t Q ( r , t )d x  = ^ [[ Q(f , t )dT  +cf|) Q ( | - V ) - n d S  (3)

S

The two t im e -d e r iv a t iv e  ope ra t io n s  a re  not the  same because the  two s u r 

fa c e s  involved t r a v e l  a t  d i f f e r e n t  v e l o c i t i e s ,  the  r e l a t i v e  v e lo c i ty  being 

Î -V .  Note a t  the  given i n s t a n t  t h a t  the  d e r iv a t iv e s  a re  evalua ted  by 

Eq. ( 3 ) ,  t h e  sur faces  S a re  co in c id en t  and the  reg ions  R a re  the  same, but 

a t  a l a t e r  t ime they w i l l  be d i f f e r e n t  s ince  the  boundary su r faces  a re
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moving r e l a t i v e  to  one ano ther .
->■

There a re  o th e r  v e l o c i t i e s  a l so  o f  i n t e r e s t .  Let V denote thea
v e l o c i t y  o f  spec ies  a ,  and l e t  denote the  average v e l o c i t y  o f  the  pa r 

t i c u l a t e .  Then we have

a
Dt Qdx = I f d ,

s
ndS (4)

Dt Qdx 5 I I  dx + ( ^  qVp.ndS 
S

(5)

I n f in i t e s im a l  Regions 

Suppose the  v e l o c i t i e s  V, V^, and a re  cont inuous and have 

continuous f i r s t  d e r i v a t i v e s .  By means o f  the  divergence  theorem we can 

conver t  the  su r face  i n t e g r a l s  in ( 2 ) ,  ( 4 ) ,  and (5) to  volume i n t e g r a l s .  

Equation (2) becomes

_D_
Dt Qdx = C | |  + div(VQ)]dx ( 6 )

R

There a re  corresponding express ions  f o r  (4) and (5 ) .  For i n f i n i t e s i m a l  

r e g io n s ,  t h a t  i s ,  R ^  6x •> 0 ,  we can w r i t e  (6) as

^  (Q<Sx) = 5 x [ | |  + div(VQ)] (7)

where 6x i s  an i n f i n i t e s i m a l  volume e lement.  Equations (4) and (5) y i e l d  

th e  corresponding r e l a t i o n s

Dt̂  (Qôx) = ÔX [ | |  + div(V^Q)]ot ( 8 )
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^  (Q«t ) 3 6t[ | |  + dlv(VpQ)] (9)

For Q = 1, we end up wi th  th e  r e s u l t s

( S t ) = ÔT div  V (10)

D ^
0% (ST) 2 6 t  div (11)

Dn
( S t )  5  6 x  div Vp ( 1 2 )

The divergences  of  the  v e l o c i t i e s  a re  thus  seen to  d e sc r ib e  r a t e s  of

vo lumetr ic  s t r a i n  ( d i l a t a t i o n )  fo llowing the  volume element  with  f l u i d ,  

s p e c i e s ,  o r  p a r t i c u l a t e  v e l o c i t i e s .

By means o f  v e c to r  ope ra t ions  we can a l so  show t h a t

^  V*grad] Q (13)

^  + Vp-grad] q (15)

Equations of  Change f o r  Mass 

We cons ide r  f i r s t  the  equation o f  change f o r  th e  mass of  species  

a .  We c ons ide r  th e  mass of  spec ie s  a in  a region bounded by a su r face  

t h a t  t r a v e l s  with th e  v e l o c i t y  V^. Thus, no mass of spec ie s  a c rosses  

t h i s  s u r fa ce .  Changes of mass o f  spec ie s  a come about because o f  source 

te rms.  There are  two source  terms t h a t  we s h a l l  c ons ide r  he re .  One i s  

t h a t  due to  chemical r e a c t i o n s ;  we denote as the  mass o f  sp ec ie s  a per
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u n i t  t ime per u n i t  volume t h a t  i s  c r e a t e d  by chemical r e a c t i o n s .  We a l so  

suppose t h a t  the  s o l i d  p a r t i c l e s  can vaporize  and l i b e r a t e  gases in to  the  

gaseous mix ture .  We thus  denote as the  mass c r e a t i o n  o f  spec ies  a per 

u n i t  t ime per u n i t  volume t h a t  a r i s e s  because o f  v a p o r iz a t io n  o f  the  pa r 

t i c l e s .  We thus  w r i t e

&
Dt p d t  =a + J ,JdT (16)

For i n f i n i t e s i m a l  r e g io n s ,  t h i s  becomes, by means of  (8) with  Q = p^.

- k m  = i f  + div(p,V^) = Û* + w* (17)

This equat ion  holds  f o r  each spec ie s  a .  I f  we sum Eqs. (17) over a l l  

spec ie s  a ,  then we ob ta in

at  ̂ div(z p^V )̂ = z w* + E (18)

We de f ine  the  t o t a l  f l u i d  d e n s i ty ,  p ,  and th e  f l u i d  mass average  v e l o c i t y ,  

V, by
p = s p̂  , pv = I p̂ v̂ (19)

F ur the r  we r e a l i z e ,  s in ce  the mass of  one spec ie s  a t h a t  i s  c rea ted  by 

chemical r e a c t io n s  comes a t  the  expense o f  o th e r  spec ie s  t h a t  a re  

a n n i h i l a t e d  by the  chemical r e a c t i o n s ,  t h a t

Hence, Eq. (18) becomes

Z w = 0a

I t  + div pv = E

( 20 )

( 2 1 )
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This i s  the  equat ion  o f  change f o r  the  f l u i d  mixture as a whole. The term 

on the  r igh t -hand  s id e  r e f l e c t s  the  f a c t  t h a t  the  mass o f  the  f l u i d  mix

t u r e  inc reases  by v i r t u e  o f  th e  v a p o r iz a t io n  of the p a r t i c u l a t e  m a t te r .

In view of  (7 ) ,  one can w r i t e  (21) a l t e r n a t i v e l y  as

( p 6 t ) = St  E ( 2 2 )

THis equat ion r e f l e c t s  again  t h a t  the  mass o f  a f l u i d  element i s  not con

se rved ,  but changes by v i r t u e  o f  v a p o r iza t io n  of the  p a r t i c u l a t e  m a t te r .

From the  above r e s u l t s ,  we can see  immediately t h a t  the  change 

in  p a r t i c u l a t e  mass in a volume St  as we fo l low  i t  along with  the  velo-  

c i t y  Vp i s  given by

Dt (Pp*t) = -  dT Z Ug l23)

or

i f  + div(PpVp) = -  Z Wg (24)

I f  we add Eqs. (21) and (24) t o g e t h e r ,  we ob ta in

2̂  (p +Pp) + div(pV + PpVp) = 0 (25)

Let us def ine  the  t o t a l  mass d e n s i t y ,  Py, and the t o t a l  mass average 

v e l o c i t y ,  Vj, by

PT = P Pp > PjVy = pV + PpVp (26)

Then, Eq. (25) can be w r i t t e n  as

^  + div(pyVy) = 0 (27a)
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or

°T
rfjr (Pt t̂ ) = 0 (27b)Dt

These l a s t  two equations  a s s e r t  t h a t  the  t o t a l  mass o f  the  f l u i d  and 

p a r t i c u l a t e  taken to g e th e r  i s  conserved.

I t  i s  convenient t o  w r i t e  the  equation  of change f o r  each spec ie s  

mass in  terms of  the  f l u i d  v e lo c i ty  and not the  sp ec ie s  v e l o c i t y .  To do 

t h a t ,  we note from (3) and the  divergence  theorem t h a t  we can w r i te

D% (Po*?) = W  d iv{p^(V^-V)}  (28)

Thus, Eq. (17) can a l so  be r e w r i t t e n  as

^  (PgGt) = üT[- d iv{p^(V^-V)}  + + w^] (29a)

or

- ^  + div(p^V) = - d iv{p^(Vg-V) + %% + (29b)

The r e l a t i v e  v e lo c i ty  -  V i s  c a l l e d  the  mass d i f f u s i o n  v e lo c i ty  f o r  

sp ec ie s  a ,  and the  combination

= (30)

i s  r e f e r r e d  to  as the  mass d i f f u s io n  f l u x  v e c to r  f o r  sp ec ie s  a .  From 

the  d e f i n i t i o n  (19) ,  we have

Z j ,  = 0 (31)

The mass f lux  of  a spec ie s  t h a t  i s  d i f f u s in g  in one d i r e c t i o n  i s  com

pensated f o r  by the  mass f lu x e s  of  the  o th e r  spec ies  t h a t  a re  d i f f u s in g  

in t h e  oppos i te  d i r e c t i o n .  Summing Eqs. (29b) over a l l  spec ies  leads  to
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Eq. (21) ,  which, o f  course ,  should be the  case .

The mass f r a c t i o n  f o r  spec ie s  a  i s  def ined  as

^ T  (32)

Since p^5t = c^p 6t , we can w r i t e  Eq. (29a) as

Dc n
ITT + Co Dt (p5 t )  = 6t [ -  div  J* + w* + “ J  (33)

Use o f  Eq. (22) now leads  to  th e  fo llowing equat ion  o f  change f o r  the  

mass f r a c t i o n  o f  spec ie s  a :

Dc
P "dF  = ■ 3’a + w* + Pa -  Z (34)

Since z c^ = 1,  both s ides  of  the  summation o f  Eqs. (34) f o r  a l l  spec ies

vanish i d e n t i c a l l y .

Equations o f  Change f o r  Momentum 

Because our bas ic  reg ions  of  i n t e r e s t  a re  regions  o f  varying 

mass, i t  i s  necessa ry  to  u t i l i z e  Newton's second law o f  motion in a form

ap p ro p r ia t e  f o r  varying mass. For a region o f  f ix ed  mass,  F = ma holds .

For a continuum we w r i te

i n
d t

^FM
d t

pdt = 0 (35)

pV dx = F (36)

For a reg ion  whose bounding s u r f a c e  moves with  the  a r b i t r a r y  su r face  

v e lo c i ty  t ,  we u t i l i z e  Eq. (3) and re w r i t e  (35) and (36) as
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where

d
d t

d
d t

pdx = p ( î -  V) 

S

ndS = m (37)

pVdx — F + pV(Ç -  V) '

S
= F + mVg

ndS

(38)

' 's  =

< f i p v ( î - v )

S ___________

^  p(ç  -  V)•

-ndS

ndS (39)

The term mV̂  i s  a c t u a l l y  a momentum f l u x ,  bu t  f o r  a p a r t i c u l a t e  suspension 

imbedded in a gaseous medium, t h i s  f lux  emanates from th e  surrounding  

su r f a c e  of  each vapor iz ing  p a r t i c l e  and thus  m an i fe s t s  i t s e l f  as an 

e f f e c t i v e  momentum-source term. The r a t e  a t  which mass i s  added i s  m, and 

the  e f f e c t i v e  v e lo c i ty  a t  which t h i s  mass i s  added i s  g iven by V^, which 

i s  a c t u a l l y  the  average m a te r i a l  v e lo c i ty  a t  the  s u r f a c e  o f  the  boundary S.

We can now w r i t e  th e  momentum equat ion  f o r  t h e  f l u i d  mix ture  

u t i l i z i n g  Eq. (38) .  The fo rce s  F ac t ing  on the  f l u i d  a r i s e  from the  s u r 

face  p re s su re ,  p, the  s u r f a c e  v iscous  s t r e s s e s , " ^ ,  the  body fo rce  per 

u n i t  volume due to  g r a v i t y ,  pg,  and the e f f e c t i v e  body fo r c e  exer ted  on 

the  f l u i d  by the  p a r t i c u l a t e  pe r  u n i t  volume, F^. Thus ,  we have

Dt pV d t  = -  pn dS + n- 
S S

V  d S

[ p g  +  Fp +  Vp z  d t (40)
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The term z i s  the  e f f e c t i v e  momentum-source term, per u n i t  volume, 

a s s o c i a t e d  with mV̂  in Eq. (38) .  Using the  divergence  theorem and w r i t i n g  

Eq. (40) f o r  i n f i n i t e s i m a l  r e g io n s ,  we ob ta in

^  (pVôt) = 6t[ - vp + d i v ^  * Fp + Vp Z (41)

Expanding the  l e f t - h a n d  s id e  and u t i l i z i n g  Eq. (22) y i e l d s  the  f u r t h e r  

r e s u l t

p ^  = -  vp + d iv 'V '+  pg + Fp + (Vp - V)e (42)

This i s  the  f a m i l i a r  form of  th e  momentum equation t h a t  a l lows f o r  th e  

i n t e r a c t i o n  of  a vapor iz ing  p a r t i c u l a t e  suspens ion .  The i n t e r a c t i o n  

fo r c e  Fp as well as the  vapor iz ing  r a t e s  a r e  y e t  to  be s p e c i f i e d .

A s i m i l a r  equat ion  to  (41) e x i s t s  f o r  the  p a r t i c u l a t e  su spens ion ,  

but th e  p re s su re  and viscous s t r e s s  terms a r e  omit ted .  The reason f o r  

t h i s  i s  t h a t  the  p a r t i c u l a t e  p a r t i c l e s  have no random motion but undergo 

only  a smooth s treaming motion.  They a re  s p a r s e ly  d i s t r i b u t e d  in  th e  

f l u i d  and thus undergo no c o l l i s i o n s  with  themselves ,  and hence e x e r t  no 

p re s su re  or v iscous s t r e s s e s .  Thus, f o r  the  p a r t i c u l a t e  we have

Dt ( P p Y ^ )  = a?[pp 9 -  Fp - Vp Z p j  (43)

■*> “>■ ,
In t h i s  equation the  s igns  on Fp and Vp z a re  reversed  from t h a t  o f  

Eq. (41) .  Expanding the  l e f t - h a n d  s id e  and u t i l i z i n g  Eq. (23) y i e l d s

Pp = Pp 9 - fp (44)
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For t h i s  equa t ion  the  vapor iz ing  e f f e c t  does no t  appear s ince  th e re  i s  

no fo rce  induced by a momentum change r e l a t i v e  to  a p a r t i c l e  where the 

vapor i s  em i t ted  s p h e r i c a l l y  symmetr ica l ly ,  as i s  assumed here.

Equations of  Change f o r  K ine t ic  Energy 

The equat ion  o f  change f o r  k i n e t i c  energy a re  found by taking 

the  s c a l a r  products  of Eqs. (42) and (44) with t h e i r  r e s p e c t iv e  v e l o c i t i e s .  

We ob ta in

p ( ^ )  = - V'Vp + V 'd iv  T + pV*g + V«Fp

+ V*(Vp - V) Z (45)

Pp Dt = Pp Vp ' 9 -  Vp '  Fp (46)

These equa t ions  a r e  to  be used in l a t e r  developments.

Equations of  Change f o r  Energy 

The equat ion  of  change f o r  the  F i r s t  Law of  Thermodynamics t h a t  

ap p l ie s  f o r  a region of  v a r i a b l e  mass,  the  boundary o f  which i s  moving 

a t  the  a r b i t r a r y  v e l o c i t y  t ,  i s

_d_
d t p ( e + ^ ) d T  = Q + W p(e  + ^ ) ( | - V ) * n d S  (47)

R S

Here e i s  th e  i n t e r n a l  energy per  u n i t  mass,  Q i s  the  r a t e  of hea t  added 

to  the  system from the  su r round ings ,  and W i s  the  r a t e  o f  work done on 

the  system by the  surroundings .  Equation (47) f o r  the  energy corresponds 

to  Eq. (38) f o r  the  momentum. To apply  Eq. (47) t o  our f l u i d  r eg io n ,  we
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note t h a t  the  boundary su r face  i s  made up o f  two p a r t s ,  an o u te r  encom

pass ing su r face  t h a t  moves with the  f l u i d  v e lo c i ty  i t s e l f ,  and in te rn a l  

subsurfaces  t h a t  surround the  p a r t i c u l a t e  p a r t i c l e s .  The l a s t  term in 

Eq. (47) corresponds to  the  energy r e l e a s e d  by vap o r iza t io n  of  th e  pa r 

t i c u l a t e .  I f  we t r e a t  t h i s  as a vo lumetr ic  source term, then Eq. (47) 

can be w r i t t e n  as

_D_
Dt p(e  + ^ )  dt Q + W + (48)

s ince  the  p a r t i c u l a t e  vapor i s  r e l e a s e d  i n to  the f l u i d  a t  the  p a r t i c u l a t e  

tempera ture ,  and th e  k i n e t i c  energy pe r  u n i t  mass of th e  p a r t i c u l a t e  

vapor i s  t h a t  o f  th e  p a r t i c u l a t e  p a r t i c l e s .

The r a t e  o f  work i s  made up of  a p a r t  a r i s i n g  from the  p ressu re  

exer ted  on the  vapor iz ing  p a r t i c u l a t e ,  which we s ep a ra te  out as

W = W' + < ^  p ( | - V ) - n d S

(49)=  W  +  l l |  [ S  d T

R a

In terms of the  en thalpy  h = e + ( p / p ) ,  we w r i t e  (48) as

D
Dt p(e  + -^ )dT

R

V2
^  % a ( h a ( T p )  +  “ 2 - >  d ? (50)

where W i s  the  r a t e  of work done on the  f l u i d  region t h a t  i s  no t  a s s o c i 

a ted  with the  vapor iz ing  of  the  p a r t i c u l a t e .  The r a t e  o f  work W' i s  

made up o f  the  usual r a t e  of  work done by the  f l u i d  p re s su re  and viscous 

s t r e s s e s  on the  sur rounding bounding s u r fa ce  of  the  r e g io n ,  the  work done
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by the  g r a v i t y  f o r c e s ,  and the work done by the  fo rces  exer ted  by the  

p a r t i c u l a t e ,  Vp'Fp, per u n i t  volume. The r a t e  o f  hea t  added to  the 

f l u i d  reg ion  comes from the  usual h e a t - f l u x  v e c to r  a t  the  surrounding 

s u r fa ce  plus  a h e a t ,  Qp, per u n i t  volume coming from th e  p a r t i c u l a t e .  

For i n f i n i t e s i m a l  r e g io n s ,  we thus w r i t e  Eq. (50) as

^  [ p ô T ( e  + % - ) ]  =  6 t [ -  div q + Q -  div(pV) + div(^*V)Dt 2

+ pV*g + V "F + z u {h (T ) + (51)

Expanding the  l e f t - h a n d  s ide  and u t i l i z i n g  Eq. (22) then y i e ld s  

p (e +%-) = -  div  q + Q- -  div(pV) + d i v ( ? V )Dt 2

+ p V • g + Vp • Fp

V2 2
+  ̂ Ua(hg(Tp) - e + - -g-} (52)

S u b t r ac t io n  of  the  k i n e t i c  energy by means o f  (45) then  gives th e  thermo

dynamic form

np ->• * -f ■. ->■ -» -»
p ^  - div  q + Qp - p div V + t :W  + (V p -V ) 'F p

+ % %a(ha(Tp) -  e + 1  (Vp-  V)^} (53)

where
^  :W = divCT” *V) -  V'div"?" (54)

a n d V i s  assumed to  be symmetric.

The equat ion  of energy f o r  the  p a r t i c u l a t e  i s  analogous to  (51) 

except t h a t  the  s igns  on Qp, Fp, and a r e  r e v e r s e d ,  and the f l u i d
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dynamic terms q ,  p,  a n d 'V  do not appear.  We have

D
Dt [Pp*t(Gp + - f ) ]  = S t [ -  Qp + PpVp • g -  Vp . Fp

Ml

Expanding the  l e f t - h a n d  s id e  and u t i l i z i n g  (23) then gives  

"p Dt (*p + 1^) '  -  Ôp + PpVp • 9 - Vp • Fp

-  :  ^. (ha(Tp)  - Pp) (56)

S u b t rac t ing  th e  k i n e t i c  energy by means of  (46) then gives

p DT '^p  ̂ ^ o / " a ^ ' p '  *̂ pP« = - Qn - z (T„) -  e„} (57)

The l a s t  term in  t h i s  equat ion  a r i s e s  because of  v a p o r iz a t io n  of  the  

p a r t i c u l a t e .

I t  i s  u sefu l  to  w r i t e  the  energy equat ion  (53) in  terms of  the  

en thalpy  h = e + ( p / p ) .  We note t h a t

P D t  = § t  + P div V - & z (58)

by u t i l i z a t i o n  o f  (22) and (10) .  Adding (58) to  (53) then y i e l d s

§ t  " Üt -  div  q + Qp + ( Vp-  V)*F,P

+ Z ;a{h^(Tp) -  h + 1  ( V p - V ) S  (59)
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