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ABSTRACT

In this dissertation, Boolean differential calculus
is extended to a more general calculus which will be applicable
to not only binary switching systems and Boolean switching
systems, but also multi-valued switching systems. This genera-

lized Boolean differential calculus is called.multi-valued

digital calculus, or simply digital calculus. In this genera-

lization,'the Boolean partial derivative and the Boolean total
differentiai of a Boolean fﬁnction are extended to multi-valged
partial derivative and multi-valued total differential of a multi-
valued function defined on a potentially implementable multi-
valued algebra, respectively. A computer method for computing
multi-valued partial derivative and multi-valued total differential
is presented.

The main objective of this research is to investigate
the theory that is necessary for developing non-binary digital
systems. In particular, it is concerned with the development
of the theory of digital calculus defined on potentially im-
pleﬁentaple multi-valued algebra and its applications to the
design of hazard-free multi-valued digital systems.

Potenﬁially implementable multi~valued algebras are
discussed and the multi-valued digital systems derived from them
are stqﬁied. In the consideration of multi-valued digital system

design, multi-valued digital calculus is applied to the derivation



of a complete set of tests for detecting permanent faults on
primary input and internal lines of a multi-valued combinational
circuit of these systems. Examples illustrating fault detection
using multi-valued digital calculus are given.

Two general procedures, one for static-hazard detection
and one for static hazard-elimination after they are detected,
in a multi-valued combinational circuit are presented. The
detection procedure utilizes the equivalent normal £form (ENF)
of the given circuit and multi-valued digital calculus. The
elimination procedure uses a technique of adding redundart
circuitry to the given circuit. Examples illustrating these

procedures are also given.
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CHAPTER I

INTRODUCTION

1.1 Motivation
Today, we are living in a world of binary digital
systems, such as digital watches, digital calculators,
digital computers,...,etc. Especially, in the last few
vears, the technology of two-valued switching components
which make up the binary digital systems has been greatly
improved which makes binary digital systems cheap and
reliable. EHowever, the binary digital system is only a
subset of a more general class of digital systems, namely
multi-valued digital systems. Considerable advantages may
be gained by considering multi-valued digital systems
over binary digital systems (two-valued digital systems).
For instance,
(1) The size and speed of binary circuit
components and memory devices approach-
ing to its limit. The binary number
system has been used throughout the
entire development of computer technology.
The growth of computation systems and

the need to process increasing volumes




(2)

of data faster has resulted in the develop-
ment of large scale integration (LSI)
integrated circuits. However, the volume
of data continues to increase while the
circuit components and memory devices
approach to their practical limit in

size and speed. The design of computa-
tion systems in other number systems
seems to be a logical solution to the
continued increase in volume of data to
be processed by digital computers.

Pin limitation prcblem of binary LSI.

One of the most important problems in
designing very large binary LSI is the
pin limitation of the integrated cir-
cuits. Multi-valued switching circuits
allow each input pin to accept and each
output pin to deliver more information;
therefore, for the same amcunt of infor-
mation transfer, the total number of'pins
required in an integrated circuit chip
containing multi-valued switching elements
is much less than that of an integrated
circuit chip with binary elements. As

a simple example, in binary system,

eight input pins of an integrated circuit




(3)

chip are sufficient to accept any of

the 256 numbers whereas only six input
pins are needed (a one-fourth pin number
reduction) ternary (3-valuea) switching
circuit is used.

The need of decimal-to-binary and
binary-to-decimal conversions. Since
man works with decimal nuﬁbers, it is
desirable to have a computer which
accepts decimal numbers, processes

them, and produces decimal numbers
directly to eliminate the process of
converting back and fourth between deci-
mal and binary numbers which are required
in binary-numbers based computers.
Increasing reliability and reducing

cost of analog and digital circuitry.

In the past, few multi-valued switching
circuits have been built because of
high cost and low reliability. How-
ever, the price for binary digital
circuits has been decreasing and will
continue to drop in the future. At the
same time, the industry is building

more reliable and testable multi-valued

switching circuits.




Even though we all know that there are so many
obvious advantages of using multi-valued digital systems
over the binary digital systems such as those described
above, the theory needed for developing such systems has
not yet been developed. This research is devoted to the
investigation of multi-valued switching system theory and
its application to the design of reliable multi-valued

digital systems.

1.2 Relevant Works and Statement of the Problems

No one will dispute that the biggest advance in the
history of mathematics, which set the foundation for the
beginning of the modern mathematics era, was the discovery
of calculus by Newton and Leibniz. The disco&ery of ordinary
calculus solved many problems in mathematics and related
areas. Computer scientists have found that the develop-
ment of Boolean differential calculus can solve many
digital design problems in a systematic way and it makes
these problems quite simple to solve. The concept of
Boolean derivative (Boolean difference) of a Boolean
function, introduced first by Reed [1l] in 1954, has been
more thoroughly investigated in two papers due to Akers [2]
and to Sellers, Hsiao, and Bearson [3]. 1In both these
papers, various differential operators are introduced and
described in connection with their application to switching

problems. Boolean differential calculus, introduced by




Thayse in 1971 [4] encompasses and c¢ceneralizes the alge-
braic concepts introduced by the former researchers. |
Recently, Lee [5,6, Reference 7, Chapter 2 and 3] further
extended it to binary-vector Boolean differential calculus.
It has been shown [6] that any Boolean function can be
analytically represented by a binary-vector switching
function. Properties and canonical forms of.it were
presented.

The development of multi-valued digital systems
began in 1920 with the work of Post {8] and Luikasiewiez [9].
Multi-valued switching algebra, introduced first by
Rosenbloom [10] in 1942 and called Post Algebra of order m
where m>2, has been formulated in two papers due to
Vranesic, Lee, and Smith [11] in 1970 and to Su and Sarries
[12] in 1972. Multi-valued digital systems have been also
attacked by many researchers [13~-17].

The area of multi-valued switching systems is
widely open for research; many problems need to be solved
by the digital designers and researchers in order to make
the multi-valued digital system practical. In this research,
it is intended to find a mathematical foundation for the
analysis and design of multi-valued digital systems by
extending Boolean differential calculus into a more general
calculus which will be applicable not only to binary switching
systems, but also to multi-valued switching systems. 1In

particular multi-valued digital calculus will be applied to




solve fault detection, static hazard detection, and static
hazard elimination problems in multi-valued combinational

switching circuits.

1.3 Research Objectives and Description of the Research
The first objective of this research is to extend
two-valued partial derivative and two-valued total differential
into multi-valued partial derivative and multi-valued
total differential, respectively, which includes a study
of multi-valued switching functions that are completely
characterized by the algebraic properties of their asso-
ciated differentials. The second objective is to develop
the theory of the multi-valued partial derivative and the
total differential and their applications to the test
generation for fault detection, static hazard detection,
and static hazard elimination in multi-valued combinational
switching circuits. The research can be described by the
following three parts.
(1) Development cf a method for deriving

tests for detecting single faults in

multi-valued combinational switching

circuits. The fault testing and

diagnosis of multi-valued circuits

becomes an important part of the

system design because the multi-valued

switching circuits may be disabled

by an errcr. The process of applying
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tests and determining whether the cir-

cuit is fault free or not is generally

known as fault-detection. Both single

faults on input lines (primary lines)

and on internal lines of a multi-valued
combinational switching circuit are considered.
Single faults detection in a multi-valued
combinational switching circuit will be

the first task of this researéh.

(2) Development of a method for detecting static
hazards in asynchronous multi-valued combi-
national switching circuit whenever the inpuf’
signals of a multi-valued combinational switch-
ing circuit are changed, (i.e., the transient
conditions), the use of the truth table asso-
ciated with the circuit can lead to an incorrect
behaviour of the network, this incorrect
behaviour is called hazard. Hazards may
be static hazards or dynamic hazards, but
only static hazards is considered in this
research. Moreover, static hazard detec=-
tion is not only considered for two-level
combinational circuits which is considerably
simple, but it is also considered for
multi-level multi-valued combinational

switching circuits. The proposed technique



is to develop an accurate mathematical
model that is based on a systematic

use of multi-valued partial derivative and
multi-valued total differential to detect
static hazard in multi-valued combina-
tional switching circuits.

(3) Developing the theory for eliminating
static hazards in asynchronous multi-
level multi-valued combinational
switching circuits. From a practical
point of view, it is not enough just to
know the existance of the static hazard
in a circuit without removing it. Thus,
the third task of this research is to
eliminate all static hazards present in
asynchronous multi-level multi-valued
combinational switching circuits, after

they are detected.

1.4 Description of Dissertation by Chapter

This dissertation consists of seven chapters. 1In
Chapter 1, advantages and history of multi-valued digital
systems and the objectives of this research are given.
Chapter 2 is to provide the necessary background for the
reader to read this dissertation. Boolean algebra,

switching Boolean algebra, binary vector switching algebra,



Boolean derivative, series expansion, fault detection, and
hazard detection in binary switching circuits are also
given in Chapter 2.

In Chapter 3, multi-valued switching algebras and
tabular minimization technique for minimizing multi-valued
switching functions are introduced. Chapter 4 introduces
the concepts of multi-valued partial derivative and
multi-valued total differential. Computer method for
computing multi-valued partial derivative and multi-
valued total differential is given in Chapter 4. Chapter
5 of this dissertation describes a method of deriving a
complete set of tests for detecting single faults on
input lines (primary lines) and on internal lines of multi-
valued combinational switching circuits using multi-valued
partial derivative.

In Chapter 6, static hazard detection in asynchronous
multi~-level multi-valued combinational switching circuits
using multi-valued total differential is considered, and
Chapter 7 introduces a method for eliminating static
hazards in multi-level multi-valued combinational switching

circuits by using a new redundant circuitry concept.



CHAPTER II
BACKGROUND

2.1 Introduction

The purpose of this chapter is to provide the
necessary background for the reader to read this disserta-
tion. Materials presented in this chapter are extracted
from S.C. Lee's two receﬁtly published books [18, Chapter 7,

4

and 7, Chapters 1-3].

2.2 Boolean Algebra

Boolean algebra, first introduced by George Boole [19]
‘constitutes an area of mathematics which is used in digital
computers. Boolean algebra is widely used in the design
and analysis of digital circuits and computers; it is the
mathematical foundation of switching theory and logic design.
Boolean algebra is introduced in this section, but first

we introduce the AND and OR operations as follows:

Definition 2.2.1

¢

Define the AND operation of Boolean algebra as:

AND(x,y) = Min(x,y) = x.y

10
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Definition 2.2.2

Define the OR operation of Boolean algebra as:

OR(x,y) = Max(x,y) = x+y

Definition 2.2.3

A Boolean algebra is an algebra (B;',+,';O,l) con-~

sisting of Set B, AND (Boolean product) operation, OR

(Boolean Sum) operation +, the NOT (complement) operation

and the smallest and the largest elements 0 and 1. Let

x,y, and z are elements in B, the following axioms hold

for Boolean algebra.

Ia. x+y is in B Ib.
ITa. x is in B ITb.
IITa. x+0 = x IIIb.
IVa. x+x = ¥ IVb.
Va. x+y = y+x Vb.
Via. x+(y+z) = (x+y)+z VIb.
Viia. x+x =1 VIIb.
VIIIa. x+(x-y) =% VIIIb.

ViIIIa. x+(y-z)=(x+y)- (x+z) VIIIID.

%y is in B
x' is in B

X+l = ¥ (Null and universal
elements)

XX = X (Idempotent laws)
Xy = y°x (Commutative laws)

x(v,2) = (x-y)-2
(Associative laws)

XX = 0 (Complement)

X+ (x+y) = x (Absorptive
laws)

Xe(y+2)=(x.y)+x-2)
(Distributive laws)

AND, OR and NOT operations are given in Table 2.2.1 for

B2 = ({0.1}7 5 ty '; Ol l)
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TABLE 2.2.1

. 0 1 + 0 1 !

0 0 0 0 0 1 0 1

1 0 1 1 1 1 1 0
(a) AND operation (b) OR operation (c) NOT operation

Definition 2.2.4

If x is an element of B, then x is called a Boolean
variable on B.
A Boolean function of Booclean algebra is defined as

follows:

Definition 2.2.5

If Xyr Koreees X, are Boolean variables in B, then
f(xl, Koreser xn) is called a Boolean function and it can
be constructed according to the following rules:
1. If f(xl,xz,...xn) and fz(xl,xz,...,xn) are
Boolean functions, then fl(xl,xz,...,xn)r

is a Boolean function.

2. If fl(xl'x2"'f’xn) and fz(xl,xz,...,xn) are

Boolean functions, then f .,xn)+

l(xl,xz,..
fz(xl,xz,...,xn) and fl(xl,xz,...,xn)-
fz(xl’XZ""’xn) are Boolean functions.

3. Any function that can be constructed by a

finite numer of applications of the above

rules is a Boolean function.
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Every Boolean function can be written in either
canonical sum-of=-products form or canonical product-of-sums

form. The canonical sum-of-products form is:

L
f(xl,xz,...,xn) ='£

. fi(xl’XZ""'xn)

1
and the canonical product-of-sums form is:

2
) =T fi(xl’XZ"°"x )

E(Xy,XnyseeesX
1772 i=1 n

n
where I is the Boolean summation, and II is the Boolean product.

2.3 Switching Algebra

The two element Boolean algebra Bz({O,l};-,+,';0,l)
is known as switching algebra. Switching algebra is the
mathematical foundation of the analysis and design of
switching circuits that make up digital systems. Switching
algebra contains the two extreme elements, the largest
number represented by 1 and the smallest number represented
by 0. Boolean functions defined on switching algebra is
called switching functions. The properties of Boolean
algebra of Section 2.2 are all applicable to switching algebra.
Two very important theorems, which have many useful applica-
tions in regard to switching functions, are DeMorgan's

theorem and Shannon's theorem.

Theorem 2.3.1 (DeMorgan's theorem)

(a) (xl+x2+...+xn) = Kyt Xyte.. Xy (2.3.1)
] ] L

1
(b) (xl'xz'...-xn) xl+x2+...+xn (2.3.2)
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-

DeMorgan's theorem does not give the relation between
complementary functions. Shannon has suggested a generali-

zation of the DeMorgan's theorem, which is described next.

Theorem 2.3.2 (Shannon's theorem)

1
(f(xl,xz,...,xn;+,~)) = f(xl,xz,...,xn,',+) (2.3.3)

Shannon's theorem says that the complement of any
function is obtained by replacing each variable by its comple-
ment and by interchanging the AND and OR operations.

The proofs of Theorems 2.3.1 and 2.3.2 can be found

in most switching theory books, and thus are omitted.

2.4. Binary Vector Switching Algebra

The main objective of ihis section is to introduce
binary-vector switching algebra, or simply vector switching
algebra. Vector switching algebra was introduced for
first time by Lee [ 6] in 1976. Vector switching algebra
is a generalization of switching algebra which every element
is represented by a binary vector. Moreover, the NOT or
CCMPLEMENTATION operation is extended to more general
operation called the generalized complement, which includes
the total complement (ordinary complement), the null comple-
ment (no complement), and newly introduced partial complement.
For example, in ordinary Boolean algebra, the total comple-

ment of X = (xl,xz,x3) is as follows:



15

X (total complement)

000 111
001 110
010 101
01l 100
100 011
101 010
110 001
111 000

In binary-vector switching algebra, the total comple-
ment can be generalized into more general operation. Let
X = (xl,xz,...,xn), the generalized complement of X is

defined as follows:

Definition 2.4.1

The generalized complement xP of a variable X is
defined to be the element obtained from complementing the
components of X according to the value of corresponding

component of P; X is complemented or uncomplemented if

P.

i is 0 or 1, respectively, where X and P; designate ith

component of X and p.
For example the generalized complement of X = (Xl’XZ’XB)

and P = 100 are as follows:

X xP
000 011
001 010
010 001
011 000
100 111
101 110
110 101

111 100
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Now we shall intrcduce another operation, called the

rotation operation, as follows:

|
|
’ Definition 2.4.2
|
| The right X and left X rotation of X are defined as
follows:
- >
X - (Xn,Xl,XZ,..-,Xn_l)
and
-
X = (xz,x3,...,xn,xl)
when the arrow is omitted (i.e., i), it means that it can

: (m)
either be the right or the left rotation operation. X

(m) i} m times
X=X

Definition 2.4.3

The three operations +, -+, and ' plus the generalized
complement and the rotation operation defined on it, is
called a vector switching algebra.

The following are several basic properties of the

generalized complement and the rotation operation.

PROPERTY 1

%0 = % and@d x* = X, where 0 = (0,...,0) and I = (1,...,1)

PROPERTY 2

4

(a) PP =1

(b) x° =xP = %P
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PROPERTY 3
W = x0T 2 x ) _ g
PROPERTY 4 )
(a) (xil + xzpz) = xlpl szz = lel . xzpz - 2191 ) 2292
(b) (Xil ' szz) = lel * xzpz = Xlﬁl + xziz = ilpl + izpz
PROPERTY 5

P _ (% .3 4\P

(2) (Xl + X,)F = (Xl Z,)
. P_ (% %

(B) (X; » X,)7 = (X +X

PROPERTY 6

P P, P
(2) (Xll+X22)3=(Xl .XZ)

P, ¢ F2,F3 _

(b) (Xl 2

PROPERTY 7
e,
(a) (Xl . X2) 1 %

N
(b) (x1 + X,)

PROPERTY 8

e, ~
P . 3P

4
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PROPERTY 9
n-1
a8 \
(@ (xP) xP) ... xF) =1 if x=p
=0 1f X #p

\ Jn:l)

) xP + xP) + ... + (XP)

i
(o]

if X=p
=I if X #p

All the important theorems in ordinary switching

algebra can now be generalized.

Theorem 2.4.1 (Generalized DeMorgan's Theorem)

Py P, P, P P, P, P,
(a) (Xl . X2 * tee ° Xm ) = (Xl + X2 +...+Xm )
(2.4.1)
D P p_ D D P D_ D
v 1 2 m,* _ 1. 2 . . m
(b) (Al + x2 +...+X ) = (Xl X2 Xm )
(2.4.2)
Theorem 2.4.2 (Generalized Shannon's Theorem)
P P P S P P, P
Fp(Xl 1 X, 2 ..., X M. 4, ) = FP(Xl 3 Xy Sreees X m
(2.4.3)

2.4.1 Canonical Form

Consider a general combinational circuit of
Figure 2.4.1, where Xij
variables and fk’ k=1,...,n are binary functions.

output functions of this circuit are:

The n

, i=1,...,m and j=1,...,n are binary
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fl(xll,.ou’ Xln, X21,..., xzn'oon' Xml,...,xmn)

L]
[

fn(xll""’ Xqpt Xgyreccr Xgpreeor Xpyreces xmn)

i

Combinational L } F
Circuit

H:

x *
3 X)
’W\’NA—‘
N
1

Figure 2.4.1: General Ccmbinational Circuit

These n fpnctions fl""' fn can be described by

a single vector output function of m n-tuple binary-vector

variables. This single vector output function can be repre-

sented by the following canonical form.
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Theorem 2.4.3 (Canonical forms)

Let F be a vector switching function of m binary-

vector variables Xl’ Xz,..., xm. Then:

(a) The canonical sum-of-product form of F is

F(X., X %) = I F(P p)[xpl !
N Lreeer BOIX

'('n;l)‘ P B L(n;ll
1 m m m
1 )]...[xm (Xm )...(Xm )] (2.4.4)

(b) The canonical product-of-sums form F is

—
F(Xl, X2,o-., Xm) - H{F(Pl,--c, Pm) 3 [Xl + (Xl )+'°'
(n-1) (n-1)
Pyt P

B 2
F(Xy DT Ao X R (X Mk (]

(2.4.5)

where Pl"" Pm take on values 0, 1,..., 2n-l in binary form.

The proof of theorem 2.4.3 is given by Lee ([7].

Example 2.3.1

Consider the truth tuble Table 2.4.1 of the vector

switching F(Xl, XZ)' Find the canonical sum-cf-products of

F(Xl, XZ)'
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TABLE 2.4.1

X1 X2 F Xl X2 F
0 0 1 00 00 01
0 1 3 00 01 11
1 2 2 01 10 10
2 3 1 10 11 01
Otherwise 0 Otherwise 00
(a) Truth Table (b) Binary-coded truth
table of (a)
| S—— —, —
_ 00 0o 00 00 00 09 01l 0l
F(Xl,xz) = (01) Xl (Xl ) X, (X2 y + (11) X, (Xl ) X, (X2 )
01 01l 10 10 10 10 11 11
+ (10) Xl (Xl ) X, (X2 ) + (Ol)Xl (Xl )X2 (X2 )

Many other properties and theorems cf vector switching
algebra and its applications to logic desing are given by

Lee [7].

2.5 Boolean Derivative

Boolean derivative (partial derivative of two-
valued logic) has been studied in two papers due to Akers [2 ]
and to Sellers, Hsiao and Bearson [ 3]J. In these two papers,
various properties of Boolean derivative are introduced. The
Boolean derivative and its properties are introduced in
this section. But first Iet us introduce the EXCLUSIVE-OR

operation of switching functions as follows:
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Definition 2.5.1

Define the EXCLUSIVE-OR operation of two-valued

switching algebra as:
1 '
EX-OR(x,y) = x8y = Xy + XY

This EX-OR operation satisfies the commutative laws,
the associative laws and the distributive laws that are
described in Section 2.2 which they make the EX-OR operation
is a functionately complete operation. The Boolean derivative

is defined as follows:

Definition 2.5.2

If £ is a switching function that has one output
and n input variables KyreeerXys then the Boolean derivative

of £ with respect to the variable X is:

Bf(x ,X.,...,X) L

177 n° _ .
axi —f(Xl,--.,Xi,...,&n) @f(Xl,...,Xi,...,Xn)

(2.5.1)
Definition 2.5.2 is equivalent to the following definition.

H
Definition 2.5.2

af(xl,- LI ,Xi,. . ,Xn)

axi =f(Xl,...,l,...,Xn) @f(Xl,...,O,...,Xn)

(2.5.2)
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Example 2.5.1

Find the Boolean derivative of the following switching

function with respect to the variable Xy .
T 1 ' 1
f(xl,xz,x3,x4) = (xl + xz)(x3 + XZ)(xl + x4)

Bﬂ(xl,xz,x3,x4)

Bxl

(1 + x5) (xy + %) (0 + x,) ® (0 + )

. (x3 + xz) (1 + x4)

1 1) 1
= (x5 + %)) X, & %, (x5 + x,)

' 1 '
x2 X4 +X2 X3 X4

The properties of the Boolsan derivative are given

below.
PROPERTY 1
%%T = 0 where a is a Boolean constant
i
PROPERTY 2
238l o 38
i i

PROPERTY 3

9 _ 3f
axi axi
PROPERTY 4
9 of _
X (Bx.) =0
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PROPERTY

5
3f _ 3f

: ot
axi Bxi

PROPERTY &

9
9X.
i

of _
(ax.) T XL (Bx.)
J ] 1

PROPERTY 7

3(£:9) _ 239 g 3 o 3E . 3g

9xX. 3x. 29 3x. 9xX. 9X.
i i i

PROPERTY 8

3(f+g) . 789 oz 3£ o 3f | 3¢

90X o0xX. 0X. 0X. 9x
i i i i

PROPERTY 9

3(feg) _ 3£ o 3g

] Xy Bxi Bxi

Example 2.5.2

Repeat Example 2.5.1 using Property 7.

' 1 1
f-g = (xl+x2)(x3+x2)(xl+x4)
) ] 1) 1
Let £ = X X, and g = (x3+x2)(xl+x4)
1 1 1 )
Also let g = 9,°9, = (x3+x2)(xl+x4)
1 !

] 1
i.e., gq = x3+x2 and g, = xl+x4

o f 3g .
We need to compute 5 and in order to compute
Xy Bxl

aéi' ) using Property 7.
1
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3L - (1+x,) @ (0+x.) = x,
Bxl 2 2 2
3 °91
In order to compute 3%‘ , we need first to compute TR and
39 1 1
and -3-5{-5 H
391 392 ' '
5;; = 0, EEI = (0+x4) ] (l+x4) = X,
then 28 = 2191920 _ g 22 4 g P91 g 21, 2%
axl Bxl 1 axl 2 axl 8xl axl
] !
= x4(x3 + X5)
Finally,
a(f-g) _ £ og o g af ® of . 3g
Bxl axl Bxl Bxl Bxl

L 1 ] 1 t [ 4 t ]
= x4(xl+x2)(x3+x2) 2] xz(x3+x2)(xl+x4) ] x2x4(x3+x
1 ¥ 1
Xy X, + X, Xq X,

The same result is obtained as in Example 2.5.1.

2.6 Series Expansion

'

2)

Since we have defined a process similar toc ordinary

differentiation, i.e., the invention of Boolean partial
derivative it becomes very natural to ask if it is possibl

to expand Boolean functions. It is found by Akers [ 2]

e
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that is is possible that the Boolean functions can be

expanded in MacLaurin series and Taylor series forms.

Theorem 2.6.1

The MacLaurin series expansion form of a Boolean

switching function is:

flx,y) = 2 (%f-e-) v, o <e< 2P -1 (2.6.1)
e -

2 °y® vy

where, € is the Boolean EX-~-OR summation

y© =1 if e=0
vy =y if e=1
% = (xl,xz,...,xn)

r= (erYZ,---,yp) g

e-= (el,ez,...,ep)

Theorem 2.6.2

The Taylor series expansion form of a Boolean switching

function is

f(x,y) = &(323) (y @ W€, o <e< 2P 1 (2.6.2)
& 3y  y=h

where, h = (hl’hZ""’hp)

y if h=1

(y & h)

(y ®h) =y if h=20
(y  h)¥= 1 if e =0

(y ® h= (v @h) if e =1
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h is the assignment to the y's, i.e., one of the 2P
vertices of the y cube. Notice, if h=0, then the Taylor
series expansion becomes identical to MacLaurin series“
expansion. The proofs of theorems 2.6.1 and 2.6.2 are

given by Akers [ 2].

Example 2.6.1

Find the MacLaurin series expansion of the follow-

ing Boolean switching function.

1
ElxyiXpr¥10¥p) = XYy + VY5 * %Y

The MacLaurin series expansion for p = 2 is:

K of 3
f(xlrleyllyz) = f(xllle'ol 0) & W]-: Y]_:O yl & "‘lf,—z Vl=0 Y2
¥5=0 ¥,=0
3 ,9f
8 (go—(x=)) NED'S
0V~ 0V _ 142
2 2 yl—O
¥,=0

To obtain the series expansion, we need to compute

the following three partial derivatives.

1 ¥ (2) - (3) 3L
°¥y g Yo °Y;
5F ' Ty [ ] 1 1
(1) gyz = (xl*zzyz) ) (y2 + xzyz) = XY, * XX,Y,
of
— = X.X
= 2
¥y |¥q 1
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1 t
(2) 5;; (xlyl+yl) ® (xlyl+x2) = x2y1+xlx2yl
of _
3y, yl=0 = %
Y2=0
9 BFf . _ ! o
(3) 5;; (3;; = % ® x1X, = X +X,
3 ,9f !
(§§;(§§I)) Y1=0 = xl+x2
Y2='0
Then, the MacLaurin series expansion is:
] ]
Elxprxg0770¥)) = %5 8 x:%57) 8 X7, 8 (x4%,) v1Y,

Example 2.6.2

Find the Taylor series expansion for h=10 of the

function of Example 2.6.1l.

The Taylor series expansion for p=2 and h=10 is:

- . 3f
f(xl'XZ’yl'yz) = f(Xl,‘{Z,l,O) @ ——-yl yl=l (yl ® 1)
¥,=0
of 3 ,of
® 75— ®0) & (s—(2—
¥,=0 ¥,=0
(y; ® 1) (y,  0) = £(x,,x,,1,0) @ 22—
1 2 SN 3y; | ¥q=1
¥,=0
"o of 3 ,9f '
11 %%y, | vl Y2 0 (3§;(5§I)) y;=1 1 72
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But,
3f _
(1597 |yy=1 = *1%2
Y2=0
3f ot 1
(2 5y, | y=1 T *1 %2
y,=0
3 ,3f '
3 ] e = xX. + X
() Gy |y=1 = *1 * s
y,=0

Then, the Taylor series expansion for h=10 is:

1 ] ] 1 1 1
f(xl’XZ'yl'YZ) = (xl+x2) e xlxzyl ] X1X,Y, e (xl+x2)yly2

It can be noticed that there are two more expansions
for the function f(xl,xz,yl,yz) when h=01 and h=11 which can

be computed in similar way.

2.7 Fault Detection

The fault testing and diagnosis of binary combinational
circuits is an important part of the system design, because
any binary combinational circuits may bé disabled by an
error. In this section, we will usemthe concept of Boolean
partial derivative for deriving the fault detection tests.
The application of these tests to a circuit, it can deter-
mine whether the circuit is faulty or it is fault-free. From
the definition of Boolean partial derivative Definition 2.5.2,

it is easy to see the following:
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%%I = 1, when f(xl,...,xi_l,l,xi+l,...,xn)#f(xl,...,xi_l,o,
xi+l""'xn)

f _ 0 hen f(x X, 1,x. x ) = £(x X 0,

IX,; 0 A A T8 Rk Ais 3 R | 17 r®i=-17""

Xi+l,. ..,Xn)

Thus, we can state the following two conditions:

(1) 4if %é— = 0, then an error in X does not cause an error
i
in £(x), thus this error is undetectable.
(2) 4if %&— = 1, then an error in x, will always cause an
i -

error in f£(x).

Condltlon (2) above is used to find all s-a-0 and s-a-1l tests.

~———— -

.ln whlch these tests can be applied to the circuit to detect
s-a=-0 and s-a—l faults on line i. But, sometimes we like to find
the s-a-0 tests and s-a-l tests separately, this can be

done by changing condition (2) into the following two

conditions:

Q

.. . Of
(3) if &i E-
1

l, then s-a-0 error in xi is exist

.o = of
(4) if x. Wl

l, then s-a-l1 error in xi is exist

Let T be the set of s-a-0 and s-a-1l tests obtained

from condition (2), to be the set of s-a~0 tests obtained
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from condition (3) and Tl be the set of s-a-l tests obtained

from condition (4), then we have

Two or more errors at the input of a binary circuit
whose output function f(xl”"’xi’xi+l"'"xi+2""’xn) can

be detected by using the following multiple Boolean derivative.

Definition 2.7.1

The multiple Boolean derivative of the function

f(xl"'°'Xi'xi+l"’"xi+2""’xn) is defined as follows:

Bf(xl,...,xi,xi+l,...,xi+2,...,xn)

— = £(x RS IS SRR RNy
a(xixi+l"'xi+2) 1 i771i+1

Xi+£,...,xn) 9 f(Xl,..-,}?

(N 4

b

xi+l""’xi+2""xn)

(2.7.1)

If the given circuit is to be tested against an error
on one of its internal lines, then the output function £ must

be written as the function of the input variables XyreeesX,

and the func;ion gi,i.e., f(xl,...,xn,gi), Where,gi is the output
function of that part of the circuit where the error exists

and it is a function of the input variables RyreoorXge

Therefore, conditions (2), (3) and (4) can be rewritten as

follows:

af(xl,...,xn,gi)
(5) 4if - = 1, then an error in 95 exists

agi
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Bf(xl,...,xn,gi)
(6) if gi(xl,...,xn) 35, = 1, then s-a~0 error on line
i

i exists
3f(Xl, e o’xnlgi)
egi

(7) if §i(xl,...,xn) 1, then s-a-1 error on line

i exists

Example 2.7.1

Let us consider a fault on line i of the circuit

shown in Figure 2.7.1.

—__—_—j i
X2
>
¥ P
x§ [P |
. x; e}

Figure 2.7.1l: The Logic Circuit of Example 2.7.1

Since,
r(xl,xz,xl) = xlx2+xlx3

We have

1 1
r(xl,x3,gi) =g, + xlx3

[ | - [ |
35, - =(g;+x%;) @ (qi+xlx3)

1 —— [ |
=(xlx2 + xlx3) ® (xlx2 + xlx3)

= + X
s




33

9; (X1/X5) = %1%,
and
- 1 1
g; (X1e%y) = %1 + X5
By using conditions (6) and (7), we obtain:
3f(X4,%4,9.)
173771
g, (x4 ,%,) = X.X
i*7172 agi 172
and
_ 3f(Xl;X219i) 1 ' '
gi(xl,xz) agi = XX R X+ X, 1

. Thus, s-a-0 tests T, = {110, 111} and s-a-l tests

0
Tl = {001, 011, 100, 101}.

2.8 Hazard Petection
Whenever an input variable of a binary combinational
circuit is allowed to change, it is possible to have some
undesirable operating situations if this variable and its
complement are both present in the realization. Since this
'

; may not change exactly

variable X and its complement x
at the same time and thus the circuit may momentarily give
some incorrect outputs to occur. This incorrect undesirable
behavior of the output of the circuit is called hazard.
There are two types of hazards that cause incorrect output
behavior, they are called the static hazard and the dynamic

hazard@ in which they ars defined in the following two

definitions respectively.
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Definition 2.8.1

A combinational asychronous logic circuit con-
tains static hazard for a single input change if and only
if (1) the outputs before and after th; change are equal
(2) during the change a spurious pulse may appear on the
output.

If the outputs before and after changing the input
are both 1, with an incorrect output 0 in between, i.e.,
the output sequence is 1-0-1, then the hazard is a static
1 hazard. If the outputs before and after changing the
input are both 0, with an incorrect output 1 in between, i.e.,
the output sequence is 0~1-0, then the hazard is a static

0 hazard.

Definition 2.8.2

A combinational asynchronous logic circuit contains
dynamic hazard for a single input change if and only if:
(1) the outputs before and after the change are different.
(2) During the change, the cutput changes three or more times.

If the outputs before and after chkanging the input
are different, and the output changes three times instead
of once and passes through an additional temporary seguence
of 01 or 10 in going to the final output, i.e., the output
sequence is either 1-0-1-0 or 0-1-0-1, then the hazard is
a dynamic heazard.

Sheng [20] proved that the static 0 hazard does not

exist in a two layer sum~of-product form realization. Thus,
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if such a circuit is free of static 1 hazard, it is free

of all static hazards. Sheng [20] also proved that static

1 hazard does not exist in a two layer product-of-sums form
realization. Dynamic hazard is not present in sum-of-product
and product-of-sum form gate realizations when only single
input change is considered, this case is also proved by

Sheng [20].

Example 2.8.1

Study Static 1 hazard of the circuit of Figure 2.7.1.
The function £ of the circuit of Figure 2.7.1 is: '
1

1
‘f(xl’XZ’Xl) = xlx2 + X x3

The Karnaugh map of £ is shown in Figure 2.8.1.

AT

] ]
Figure 2,8.1: Karnaugh Map of £ = XXy + X, Xg
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Since only the variable xq and its complement xi
are present in the realization thus Static 1 hazard is only
due to the presence of xq and xi. The transition from
the input state (010) to the input state (110) causes the
Static 1 hazard to be present which makes the output
sequence is 1-0-1. This hazard can be eliminated by adding
the prime implicant xzx; to the circuit and this is indi-

cated by the dashed square on the Karnaugh map of Figure

2.8.1.



CHAPTER III
MULTI-VALUED SWITCHING SYSTEMS

3.1 Introduction

An increasing interest in research has been shown
in the subject of multi-valued switching systems.  The
development in this area has been active for quite some
time [8~17]. Most definitions and theorems of two-valued
switching system (binary switching system) can be extended
to the m-valued switching systems. However, the multi-
valued switching systems in general are far more difficult
to analyze than the two-valued switching system because the
multi-valued switching systems in general are not symmetric.
For example, 4-valued switching function is symmetric
while 6-valued switching function is nct symmetric.

Just as two-valued switching system is described
by two-valued switching algebra (Boolean switching algebra),
multi-valued switching systems can be described by multi-
valued switching algebra. Multi-valued switching algebra
is the mathematical foundation of the analysis and design
of multi-valued switching circuits that make up multi-
valued digital circuits. Multi-valued switching algebra

is an algebra such that functions of arbitrary complexity

37
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may be represented in terms of simple algebraic combinations
of the basic functions. In addition, the choice of basic
functions and the algebra permits the development of a
technique to simplify in some useful sense the complexity
of the functional representations. The multi-valued'
switching algebra and its basic functions (basic operations)

are discussed in next section.

3.2 Multi-Valued Switching Algebra

It is potentially advantageous to have multi-valued
switching algebra that can be used to any switching function
regardless of the choice of the value of the switching
function. Multi-valued switching algebra is said to be

potentially implementable for practical applications, or

simply, potentially implementable if it possesses the

following three properties:

(a) A set of practically implementable basic functions
which constitute a functionally complete set for
realizing any switching function defined on the
algebra.

(b) Canonical forms.

(c) Well-defined function minimization technigues.

Among the multi-valued algebras published in the
literature, it is found that two algebras, one due to Su
and Sarris [12] and the other due to Vranesic, Lee, and

Smith [11] are potentially implementable. These two algebras
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will be considered in the next two subsections. For con-

venience, these two multi-valued switching algebras [12] and

(11]will be referred to as Algebra A and Algebra B,

respectively.

3.2.1 Algebra A

The multi-valued switching algebra introduced by Su

and Sarris [12] (Algebra A) is potentially implementable

and it is defined as follows:

(1)

It contains a set of variables (x,y,%Z,...) which

can assume m logic values from the set 0={0,1;...,m-1},
where 0<1<...<m-1l.

There exists an equivalence (=) operation, that is

X=X

if x=y, then y=x,

if x=y and y=z, then x=2z.

It has the following basic operations:

(a) Two-element operations

X+y max(x,y)

min(x,y)

Xy
where max(x,y) and min(x,y) indicate the highest and
the lowest values of (x,y), respectively.

(b) Let ¢ €{0,1,...,m-1}, the complement of c,
denoted by c, is defined as

c= (m-1) - c
(c) Define a wvariable as

a,b
X

m=-1, if a<x<b

0 Otherwise



a,b a,a a+l,a+l b,b
where x = x + X +...*+ X (3.2.1)
a,b
where a,b €{0,1,...,m-1} and a<b. Note that X maps a
a,b

m-valued variable x into binary space {0,m-1}. X maps
the values of x=a, a+l,..., b=1l,b into m~1 and the wvalues

x=0,1,...,a~-1 and x=b+1l, b+2,...,m-1 to 0. After the
a,b
mapping the variable x can be treated just like a Boolean

a'b a’b
variable. The complement of x , denoted by x , is

defined as:

fu
o

X =0 4if a<xc<h

]

m-1 Otherwise
which is also two-valued. It should be noted that

]b O'a-l b+l, m-l
% = X + X (3.2.2)

0,a-1 b+l ,m-1
0 for a=0 X = 0 for b=m-l.

£
o
®
H
o
HS
]

AND, OR and NOT operations for 3-valued functions

are given in Table 3.2.1

TABLE 3.2.1

0 1 2 + 0 1 2 !
0 0 0 0 0 0 1 2 0 2
1 0 1 1 1 1 1 2 1 1
2 0 1 2 2 2 2 2 2 0
(a) 3-Valued AND (b) 3-Valued OR (c¢) 3-Valued NOT

operation operation operation
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(4) The two element operations defined above obey the

following properties.

Ia. x+0 = X Ib. x-.m-1 = x(Null and universal
elements)
JTa. x+x = X ITb. x-x = x(Idempotent laws)
IITa. x+y = y+x IIIb. x-y = y+x (Commutative laws)
IVa. x+(y+z) = (x+y)+z IVb, x-(y-2z) = (x-y)-z (Associative
laws)
_ a,b a,b
Va. x+x = m-1 Vb, x x = 0 (Complement)

_ (Involution)
Via. X =x

It has been shown [12] that DeMorgan's theorem holds

for multi-valued logic uéing Algebra A.

Theorem 3.2.1 (DeMorgan's theorem)

al,b1 a2,b2 an,bn al’bl az,b2 an'bn
(a) | Xy Xpeuo X ) = X 4 %, oo ox (3.2.3)
al,b1 a2,b2 an’bn' al’bl az,b2 an'bn
(b) ( 3 + X, eoot X »= X, Xy oo X (3.2.4)
Where al,...,an and bi'c-c,bn 8{0,1,...,1“-1}
Theorem 3.2.2 (Shannon's theorem)
-al'bl an'bn ' al’bl an’bn
(f(kl' Xl Peooy "kn Xn P4, 0)) = f(kl' xl l""kn. xn i )
(3.2.5)

The proofs of theorems 3.2.1 and 3.2.2 are given by [12].
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It has been shown [12] that the sum, product, and

complement operations of this algebra are a set of functionally

complete operations, and any multi-valued switching functions

can be expressed by the sum-of-product canonical form:

f(xl,...,xn) =

z
L

ap1rbgy Ao

The complement of £ is

f(xl,...,xn) =

where ¢

2

z
2

bzz aln'bkn

cl . Xl o xz cee

I SR PRI PRSP

(ci + Xq + Xy +eoot
. € {0,1,...,m-1}.

= (m-1l) - <y and c

X

n

(3.2.6)

) (3.2.7)

The set of basic operations can be realized by the

seven basic components shown in Figure 3.2.1 where

K e{1,2,...,m-1}.

The electronic implementations of the

K.-gate, K.-AND-gate, K-OR-gate and the digitizer remain

to be investigated, but AND-gate, OR gate, and the inverter

can be implemented using conventional, AND, OR, and NOT

gates, respectively.

‘mxample 3.2.1: The sum-of-products canonical form of the

multi-valued switching function described by the truth table

of Table 3.2.2 is:

£ (XIY)

4’4 0’0 4’4 l’l 4l4
1-{ x y._+ x v + X
0’0 2’2 0’0 3’3 l’l
2-[ x y + X y + X
0,0 0,0 0,0 4,4
3-[ x y + x v 1

2,2 4,4 3,3
y + x yl

y + X

3,3 1,1 2,2

vy + x

Yy ]

4'4 4,4

(3.2.8)
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(a) AND-gate - (b) OR-gate
% K z % l'>v z
(c) K~ gate (d) Inventer
"y " X
= K f4 K
= —? p) >
(e} K=AND-gate (f) K~OR-gate
0,0
> x
L
Digitizer A
* —— ;
( An m-Vaived m-1.,m-1
Variable ) > %
(g) Digitizer

Figure 3.2.1: Seven basic circuit components of the

multi-valued switching system derived
from algebra [5].
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The multi-valued switching function can be minimized
by either using m-valued map which is similar to the
Karnaugh map or by using the tabular method which is known
as Quine-McCluskey method. For example, the function of
Equation (3.2.8) can be minimized by using a 5-valued map
which is shown in Figure 3.2.2. From this map it is found

that the minimized function is:

01,3

4,4 0,1 2,3 0 r-
y (3.2.9)

[
f(x,y) =1 x + 2 x y + 3- x

TABLE 3.2.2

TRUTH TABLE OF THE FUNCTION OF EXAMPLE 3.2.1

Otherwise

N

» J 2 3 4

y
ojL_3_I\ I
2 2 !
3|2 |/2 K
all 3 | !

Figure 3.2.2: 5-valued map of the truth table of
Table 3.2.2.
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Example 3.2.2 Find K-AND-OR realization of Equation 3.2.9)

In order to get K-AND-OR realization of Equation
(3.2.4), the function £(x,y) of Equation (3.2.9) must be
rewritten such that all variable in its terms must be in
the form of a;a. By applying Equation (3.2.1) to f(x,y),

we obtain

4,4 0,0 1,1 2,2 3,3 0,0 0,0 4,4
l- x +2(x + x)(y + y)+3-x(y + y)

f(x,y)

4,4 0,0 2,2 0,0 3,3 1,1 2,2 1,1 3,3
l:'x +2-x y +2-x y +2-x y +2*x ¥y

0,0 0,0 0,0 4,4
4+ 3 x y +3-x y

(3.2.10)
K-AND-OR realization of Equation (3.2.10) is shown in

Figure (3.2.3).

3.2.2 Algebra B
This algebra [11] is defined the same as algebra A

"except (3)b and (3)c are replaced by the following operations:

(1) m unary "Inverter" Operations:

X = x if £ x =0

it

0_ otherwise \

(2) m unary "Clockwise Cycling" Operations:

= (x + M) mod m

O <

where Me(.
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Ogo 2 )
l’,‘l ——/
¥ 2,2 A
Rk X ’
—v —3;' 2 \
/ 42 —
i X
Digitizers 00 > _'\
y 4
K
y
i — E\
y 3§3 2| '—é>— z
44 - ‘
y
ST
3 J\
3 \
L/

Figure 3.2.3: K-AND-OR Realization of Equation (3.2.10).
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m unary inverter and m Unary clockwise cycling

operations for m=3 is given in the following table.

TABLE 3.2.3

M

k >
X 0 1 2 X 0 1 2
0 0 1 2 0 0 1 2
1 0 0 0 1 1 2 0
2 0 0 0 2 2 0 1

(a) 3-valued m unary (b) 3-valued m unary
inverter operation clockwise cycling
operation

A number of important properties exhibited by the *
selected basic set provide a means for algebraic manipula-

tion.

Theorem 3.2.3

K_ _K K K
(a) Cxl-xz- e -xn) = X3 + +o..%F X, (3.2.11)

(b) (e +x,% ... +xn)K = %" x, el x (3.2.12)

Theorem 3.2.4

(a) (xx¥) =0 (3.2.13)

()  (xexFoM 2 M (3.2.14)
m-1

(C) X Xeeeuso X =0 (3.2.15)

where 1 < K < m-1 and 1 < M < m-1.

Many other properties of this algebra were given by

Vranesic et al [1l1l].
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Post [8] showed that the cycling operation and the
product operation are a functionally ccmplete set, and so
this expanded collection of operations is also functionally
complete. Any n~variable m-valued switching function

f(xl,...,xn) has a sum-of-products canonical form:

m-v
m-1 n - :
E(Xeyene,X.) = 3 b ) %. (3.2.16)
1 nT k=1 |v|E(v) = kli=1] *

where v|£(v) = k is the set of vertices V = Vyre.., v, for
which £(V) = k.

The sum, product and inverter operations can be
implemented using ordinary electronic gates with minor
modifications; the cycling operation can be implemented by
a universal cycling gate which has been designed by Vranesic,
et al. [11l]. The electronic implementation of the cycling
gate [11l] and its truth table are shown in Figure 3.2.4 and
Table 3.2.4 respectively. Figure 3.2.5 shows seven basic
gates of this multi-valued switching system, where k-NAND,

K-NOR, and K-M gates are defined by:

(1) K-NAND gate

z =X if min(x,y) = 0
= (0 otherwise
(2) K-NOR gate
z =K if max(x,y) = 0

= 0 otherwise
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(3) XK-M gate
M

<>
z=Kif x =0

0 otherwise

Ref. Level
(m-M) 0
C‘g byl =
CovE— - — —— - 4 >

0 OUT =

Figure 3.2.4: Cycling gate

TABLE 3.2.4

TRUTH TABLE OF THE CYCLING GATE

LR ES

O l . . o = M . - . = 2 m- l

EONE B -

M M+Fl. . . 0 . . . M-2 M-1
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x ; X
¥ — ¥
. (@) AND-gate (b) OR - gate
¥ [ M z % D@ z
(c3 M-cycling gate (d) K= Inverter
X ; %
. O—7 | .
y | § |
(e) K=NAND gate (f) K- NOR gate

X 2

(g} K-M gate

Figure 3.2.5: Seven basic gates of the multi-valued
switching system derived from algebra B.
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Example 3.2.3 Write the sum—of-products canonical form of

the 5-valued switching function described by the truth table

of Table 3.2.2.

1141 31 21 1,
[((x+y)(x+P)(x+y)(x+y)(x+y)l]

i

£(x,y)

3 2.4 24 3,
+ [(x+y)(x+y)x+y)x+y)]

1
+lx+y)(x+91° (3.2.17)

By applying Theorem 3.2.2 and Theorem 3.2.3, the

function of Equation (3.2.17) can be minimized as follows:

11 41 31 21 1. 302
f(x,y) = [+ y)(x+y)x+y)x+y)x+y)]+ [(x+y)x+y)

4 2 4 3, N
(x+y)x+9)]17 + [(x+9)(x+ y)]
1 1 4 1 3 1 2 1 i
. - -> > > - ->
s EF+yl G s F et GePE F P
i 2 g 2 4 2 3
+ (x + y)2 + (x+y)° + (x+y)° + (x+y)" + (x +y)
T3 i1 3131 52 L2 Lih 232
+ (x+y)" =Xy + X + vy o+ + v© o+ x
2 4 2 4 32 3 313
+ x2§2 + §2§2 + §2y + x3y + X7y
1 1 2 3 4 222 232‘ '5222 4232
1 - - - -»> -~ -
= 2t (yreyt o PR+ 1%+ x5+ 292 + %
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(3.2.18)

Example 3.2.4 Find AND-OR realization of Equation (3.2.18).

For convenience Equation (3.2.18) is repeated below.
The AND-OR realization of Equation (3.2.19) is shown in

Figure 3.2.6.

- > 2 -
f(x,y) = x" + x7y" + Xy" + x7y" + x7y" + X7y + X7y

(3.2.19)

3.3 Relationship Between Algebra A and Algebra B

It is observed that algebras A and B may be trans-
formed from one to the other by utilizing the following
relations between the inverter and cycling operations of
algebra B and the interval variable and the interval opera-
tions of algebra A: Let 1 < K< m-1l and 1 < M < m~1,

m-M,m-M MK

(1) K- X = X (3.3.1)
m-M,m-M M
(2) x =zl (3.3.2)
. m~M,m-M M
(3) k- x = (9K (3.3.3)
M M M m~-M. ,m~-M m-M., ,m~-M
I
(4) (xl + X, R xn) = 1 X,
m-Mn,m—Mn
*eea® X ) (3.3.4)
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1 D
% [:xgy —_ —
y 2 ] 4
T )

il

>0

L
U

Figure 3.2.6: AND-OR Realization of Equation (3.2.19).
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(5) K- x =X + b3 Foot x 8 o<a<b<m-1

(3.3.5)

For example, the function of Equation (3.2.10) of
algebra A can be transformed to the function of Equation
(3.2.18) of algebra B by using relation (1) of Equation
(3.3.1) as follows:

4,4 0,0 2,2 0,0 3,3 1,1 2,2
f(xy) =1-x +2*x y + 2- x y +2-x vy
’

1,1 3,3 0,0 0,0 0,0 4,4
+ 2° x y + 3 x v +3 x y

oxr

+1 2+2 222 4222 f'2"32 3.3 3£3
f(x,y) = + X°y° + xy° + XY° 4+ x9° + X7y + %7y

Algebras A and B are found to be equivalent to each
other because each algebra can be transformed from one to
the other by using the above relations of Equations (3.3.1)
through (3.3.5). Algebra A is more commonly used in
literature because of the following two facts: (1) any
variable or function of algebra A can be complemented in a
similar way as in Boolean switching algebra and (2) any
function of algebra A can be minimized using either, k-valued
map or the tabular method which are also similar to the
minimization techniques being used in Boolean switching
algebra. These two advantages of algebra A are not directly

obvious in algebra B because the complement of a wvariable
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or a function of algebra B is not defined. The minimization
technique of any function of algebra B must use Theorems
(3.2.2) and (3.2.3) which is not practical for large

number of input variables.

Algebra A will be used through the remaining of the
dissertation. But all equaticns, expressions, formulas and
relations of algebra A can be easily transformed into
algebra B by using Eéuations (3.3.1) through (3.3.5) because

Algebras A and B are one-to-one correspondence.

3.4 Tabular Minimization Technique

Multi-valued map is a very powerful design tool,
but it does have certain drawbacks. First, it is a trial
and error method which does not offer any guarantee of pro-
ducing the best result. Second, for functions of 5 or more
variables, it is difficult to select the smallest possible
set of products from a multi-valued map. It is found that
Quine [21] and McCluskey [22] tabular method for two-
valued case can be extended to multi-valued. Multi-valued
tabular method corrects these deficiencies and it is
suitable for computer programming.

The multi-valued tabular minimization procedure
is different from Quine and McCluskey method. The procedure

is illustrated by the following example.
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Example 3.4.1

Minimized the following 5-valued function:

f(xl,x2x3) =zrf1-(,2,3,7,8,12,13,17,18,22,23,70,91,92,
114,116,124) + 2-(70,71,75,76,80,81,85,86,88,

114,124) + 3-(104,109,114,119,124) + 4-(95,99)]

Step 1l: Delete all minterms that appear in the function more
than one except the minterms associated with the highest
value of K. For example, the minterms 114 and 124 appear

in l-summation, 2-summation, and 3-summation where 1,2, and 3
are the values of K. Minterms 114 and 124 must appear only

in 3-summation. Thus, the above function is written as

follows:

f(xl,xz,x3) =z [(1-(1,2,3,7,8,12,13,17,18,22,23,91,92,116)
+ 2-(70,7.,75,76,80,81,85,86,88) + 3-(104,109,
114,119,124) + 4-(95,99)]
Step 2: Find corresponding m-valued numbers of given min-

terms, 5~valued numbers of minterms of the above function is

listed in the following table.
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Decimal 5=Valued Decimal 5=-Valued
Number Number Number Number
1l ool 8l 311
2 002 85 320
3 003 86 321
7 012 88 323
8 013 91 331
12 022 92 332
13 023 95 340
17 032 99 344
18 033 104 404
22 042 109 414
23 043 114 424
70 240 116 431
71 241 110 434
75 300 124 444
76 301
80 310

Step 3: Construct one implicant table for each K-minterms
summation. Implicant'table is constructed as follows:
(i) Write all minterms of K-summation in
the first column of the table.

(ii) Combine any two minterms of first column
as l-cube if they have the same numbers in
all positions except one position, pro-
vided that the differences between the
corresponding numbers in this position are
equal to one.

(iii) Put check mark v for those minterms
(cubes) that are combined.

(iv) Delete all those cubes that appear

more than once in a column except

one of them.
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Repeat (ii), (iii), and (iv) till no

cubes can be found to be combined.

Implicant tables for l-summation, 2-summation, 3-

summation,

and 4-summation are shown in Tables 3.4.1, 3.4.2,

3.4.3, and 3.4.4, respectively.

Step 4:

Construct one implicant covering table for each

implicant table to find the necessary implicants that need

to be included in the minimal function.

The rows of the

implicant covering table contain the implicants obtained

in Step 3 and its columns contain the minterms.

The

implicant covering table of Table 3.4.1 is given by Table

3'4.5.

3.4.4 can be similarly constructed.

-
-

TABLE 3.4.

1

Thus,

Implicant covering tables of Tables 3.4.2, 3.4.3, and

they are omitted.

IMPLICANT TABLE FOR 1-MINTERMS SUMMATION

Minterms ‘1-Cubes 2-Cubes 3-Cubes 4-Cubes 5-Cubes
oolvy 00(12)v 00(123)c* 1 0(012) (23)|0(0123) (23)]0(01234) (23)=
002v 00(23)v 0(01) (23)v] 0(123) (23)[0(1234) (23) 0xX(23)4*

003/ 01(23)V 0(12) (23) /] 0(234) (23)
012y 0(12)2v/ 0(23) (23)VY
013y 0(12)3v | 0(34) (23)V
0227 02(23)V | —a+223-23+
0237 0(23)2Y | —o+233423
032v 0(23)3V | —o2343-23>
033/ 03(23)V
042v 0(34)2/
043Y 0(34)3v
331/ 04(23)V
332/ 33(12)a*

431/ (34)31b*
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TABLE 3.4.2

Minterms | 1-Cubes 2-Cubes 3-Cubes
2407 24(01) £* 3(01) (01) v 3(012) (01)g*
241/ 30(01) 7 N AW Y.LRY ERPLRLWEYES
300/ 3(01) 0¥ 3(12) (01)v
301/ 3(01) 1/ 3(012) 0/
310V 31(01)V 3(012)1v
311/ 3(12) 0 3(12) (01
3207 32(01)V
321V 3(12) 1V
323e*

TABLE 3.4.3

IMPLICANT TABLE FOR 3-MINTERMS SUMMATION

Minterms 1-Cubes 2-Cubes 3-Cubes 4-Cubes
404y 4(01)4v 4(012)4Y 4(0123)4Y 4(01234)4=4x4 F*
414y 4(12)4v 4(123)4v 4(1234) 4Y
424V 4(23)4v 4(234)4Y
434y 4(34) 4y

444y
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TABLE 3.4.4

IMPLICANT TABLE FOR 4-MINTERMS SUMMATION

Minterms
340 h*
344 i*

TABLE 3.4.5

IMPLICANT COVERING TABLE OF TABLE 3.4.1

112 (3}7}8 {12 |13 17|18 )22 ;23 |91 92| 116

*
o))
~
~
~
<.
~
~
~
~
~
~

Finally, the minimized function £ is:

f(xl,xz,x3) = 1+ (a+b+c+d) + 2+ (e+f+g) + 3-(j) + 4- (h+i)

3,3 3,3 1,2 3,4 3,3 1,1 0,00,0 1,3 0,0 2,3

1. X; X, Xg + X X

+ <,
1 X

2 X3t X X3 X3

3,3 2,2 3,3 2,2 4,4 0,1 3,3 0,2 0,1

+ 2+ ! ! !
xl ‘2 x3 + xl x2 x3 + xl x2 33)
4,4 4,4 - 3,3 4,4 0,0 3,3 4,4 4,4
+ 3. xl x3 + 4 Xl x2 x3 + Xl X, x3)

1

x3)



CHAPTER IV
MULTI-VALUED DIGITAL CALCULUS

4.1 Introduction

As we have mentioned in Chapter 1 that Reed [1]
had discovered the Boolean derivative in 1954. Two-
valued digital calculus, introduced first by Akers [2] in
1959, has been more thoroughly investigated by Thayse [4]
in 1971. In this chapter, we introduce the multi-valued
digital calculus which is the general case that can be
used to any m-valued switching function. The main purpose
of this chapter is to present the multi-valued partial

derivative and the multi-valued total differential.

4.2 The Partial Derivative

In this section, we introduce the partial deri-
vative of a multi-valued switching function defined on
the multi-valued switching algebra proposed by Su and

Sarris [12]. First we define:

Definition 4.2.1

Define the EXCLUSIVE-OR (EX-OR) operation of the

two multi-valued variables x and y as:

61
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X0y xX+y if x#y

[

0 ifx=1y (4.2.1)

This EX-OR definition satisfies the commutative
property x & y = y & x and the distributive property
z2(x ® y) = z2(x+y) = zx+zy for x # y and 2(x 8 y) = 2Xx ® zy = 0
for x=y, but it does not satisf& the associate property
(x®y) ®z=x6 (y ® z). Fortunately, this associate
property is not required for fault detection and hazard
detection and elimination that they will be discussed in
Chapters 5, 6, and 7 respectively. EX-OR operation for
3-valued and 5-valued functions using Definition 4.2.1 are,

given in Tables 4.2.la and 4.2.1b respectively.

TABLE 4.2.1
e 0 1 2 3 4
0 6o 1 2 3 4
) 0 1 2 1 1 0 2 3 4
0 o 1 2 2 2 2 0 3 4
1 1 0 2 3 3 3 3 0 4
2 2 2 0 4 4 4 4 4 0
(a) 3-Valued EX-OR (b) 5-Valued EX-OR Operation
Operation

The partial derivative of a multi-valued switching

function is defined as follows:
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Definition 4.2.2

a.,b.
Let f(xl,...,xn, lxil) be a multi-valued function

of n variables RyrEgreeo X . The partial derivative is

defined as:

a..,b.
i7~4i
DE (K yeee,X, X: ) a; by a;jrbs
1 s = = f(x X X, ) & £(x X X, )
a.,b. 17" n’ i i AR o i
i’7i
9 X.
1 (4.2.2)

The above definition is equivalent to the following

definition.

1
Definition 4.2.2

a;rby
Of(Xy,)eee,x_, X. )
1 n i _ . -
a.,b. - f(Xl,.--,}xn,m l) @ f(Xl,...,Xn,O)
i’7L
3 X.
* (4.2.3)

Examplé 4.2.1

Find the partial derivative of the following 3-valued
0,1 1,1
switching function with respect to (a) Xy and (b) Xq.

1,1 0,1 0,1 2,2 0,0 0,0
f(xl,xz,xl) = 1- xl x2 + 2- x2 x3 + 2. x1 x3

(a) After using Definition 4.2.2', the partial derivative
0,1
of £ with respect to X, becomes:
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5 F 1,1 2,2 0,0 0,0 1,1
T = (1- Xq «(2) + 2.(0) x5 + 2 X x3) e (1- X1(0)
] X,y
2,2 0,0 0,0
+ 2+ (2) X3 + 2. Xy x3)
1,1 0,0 0,0 2,2 0,0 0,0
= (1- X + 2- X x3) e (2- Xq + 2. Xq x3)
0,1

of/3 X, can be simplified by using the 3-valued map as follows:

X X X
. o 1 2 X_o0 I 2 ~ 0 | 2
.*3 AX3 ’X3
af _ 0 2 ! o] 2 _ 0 |
% I : ® ! !
2 i 2] 2 2 2 2] 2 2 2
1,1 2,2
5F _ ’ . ’
0.1 = 1l- Xy + 2 X3
3 X,
1,1
(b) The partial derivative of £ with respect to X is given
by:
3£ 0,1 0,1 2,2 0,0 0,0 0,1
1.1 = (1-(2) Xy + 2 Xy Xq + 2 3 x3) & (1-(0) X,
9 xl
0,1 2,2 0,0 0,0
+ 2. x2 x3 + 2 Xl x3)
0,1 0,1 2,2 0,0 0,0 0,1 2,2 0,0 0,0
= (1- X, + 2 Xy Xg + 2 X x3) & (2- Xy Xg + 2 Xq x3)
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fLIZOO 0l 02 10 Il 12 20 21 22
%3
ol2lz2lz2] 1] 1 1] 1
= 11| 1] 1 1] 1
21 | I 2 1 1] 2 1| 1 2
% 32
%L 00 Ol 02 10 Il i2 20 21 22
ol 2] 2| 2
®
2 2 2 2
%o
i3 00 .0l 02 10 Il 12 20 21 22
o) 1)1 1] 1
= 1o I 1 1] 1
21 1 | 1{1 1] 1
. 0,11,2  1,20,1
7,1 = 1. Xy X3 + 1- X X,
9 Xl

The multiple partial derivative is defined as follows:

Definition 4.2.3

a.,b.
= X ,I.Q’X s’ X 14
a;0by a5 900507 35407 Piyg 1 n’ i
S R LR S Y A
ai40rPit1 aj40rPisn
Xivl ro00r Fipg )
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a;eb; 3;,9/b507 35 40Pi4g
@ f(xl, cerXps X5 oy Xigl reece Xi+£ )
(4.2.4)

Example 4.2.2

Find the partial derivative of the following 5-valued
1,1 3,4
switching function with respect to Xy Xg.

1,1 2,3 4,4 3,4 0,0 3,
f(xl,xz,x3) = 1- X %, + 2 X X + 4. X, X

w

5 g 1,1 3,4 1,1 3,4
.1 3.4 = f(xl,xz,x3, X9 x3) ® f(xl,xz,x3, Xy x3)
o ( X x3)
1,1 2,3 4,4 3,4 0,0 3,4
= (1- X %, + 2- Xy Xg + 4 X, x3)
1,1 2,3 4,4 3,4 0,0 3,4
® (1- X X, + 2 xl x3 + 4- x2 x3)
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00001 02 03 04 10 Il 12 I3 14 2021 22 2324 30 3 32 3334 40 4] 42 43 44
3
ol 4 4 1 4 4 4
1| 4 4 1] 4 4 4
= 2[4 4 ] 4 4 4
3 1 2(2(2|2]2
4 N 22|21 2|2
ﬁx :
X3~_00 Ol 0203 04 10 Il 12 i3 14 202l 22 23 24 30 31 32 33 3440 4| 42 43 44
o) 1] a1 RN 21212l2 ]2
1l P Py 2212212
@, 1] Pl 1] 2i2l2{2|z2
3| 4 [ 4 4’ 111 q 1] 4 bl
4| 4 1] 4 4 ] 4 1l 4 B
X[ X
,x32 00 O 02 0304 10 Il 12 13 14 20 21 22 23 24 30 31 32 33 34 40 4! 42 43 44
ol 4 1oy 4 AN 4 BN 4 1y 4l2l222
14 it 4 1 4 i 4 Pl 422122
T 204 BN 4 1 4 BN 4 1 al2lz2|l2]|2
3| 4 1] 4 Pl 4 Y 4 RE 4 |2l2l212
4| 4 111 4 11 4 B 4 1] 422272
Therefore,
If 4,4 2,3 4,4 G,0 0,0
1,1 3,4 1- X Xy, F 2° x X, 4. x
9 ( xl x3)
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4.3 The Total Differential
In this section, the total differential of a multi-
valued switching function is introduced. The total differential
of a multi-valued switching function is defined in the
following definition which is similar to the ordinary total

differential.

Definition 4.3.1

The total differential of a multi-valued switching

®13P13
function f(xl,...,xn, X, ) is defined as follows:

d X " (4.3.1)

a. b' * o ao ' . o
i) 13 137 1]
d X = m-1 if X changes
151713
=0 if X does not change
233, i3
d X; is a two-valued vairable that its largest value is

equal to m-l and "its smallest value is equal to zero.

Example 4.3.1

Find the total differential of the following

3~valued switching function.



69

1,11,2 0,0
f(xl,xz) = 1- Xy X, + 2. X,
1,1 0,0 1,2
_ of ! of ’ 9f !
df——l,ldxl+_0,0dxl+T,§dxl
3 Xy ] Xq ] X,
3E 1,2 0,0 0,0 1,2 1,2
1.1~ (L- Xy f 2 xl) ® 2. X, = 1. X, X,
9 xl
5 E 1,11,2 1,11,2
0.0 = (1- X X, + 2) & 1- X X, = 2
] xl
3 1,1 . 0,0 0,0 1,1
1.7 = (1- X, * 2 xl) ® 2 X, = 1l- Xq
3 X,
Therefore,
1,2 1,2 1,1 0,0 1,1 1,2
df = 1- Xl x2 d xl + 2-d Xq + 1- xl d x2

4.4 Computer Method For Computing Partial Derivative

In the foregoing sections, we have discussed multi-
valued partial derivatives and differentials of multi-valued
switching functions. When the number of variables and the
value of the function increase, the map method becomes more

and more laborious and it will involve more work. In this
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. 1D,
239y

section, a computer method for computing 3£f/3 X4 is pre-

sented. This method is very convenient for computer imple-
mentation to compute the multi-valued partial derivative

and the multi-valued total differential.

Example 4.4.1

Consider the following 3-variables, 5-valued

function

f(xl,xz,x3) = 2-[45,46,49,70,71,74,120,121,124]
+ 3-(77,78,79,82,83,84,87,88,89,92,93,94,97,98,99]

+ 4-[10,11,12,13,14,15,16,17,18,19,20,21,22,23,24]

3,3
Find the partial derivative with respect to X, -

Step 1: Find 5-valued representations of the above minterms.

They are shown in the first and second.columns of Table 4.4.1.
3,3
Step 2: Create new minterms by changing X of the minterms
3,3
- to X4 and delete those (the original and the minterm generated

by it) which appear twice. They are shown in the third,

fourth, and fifth columns of Table 4.4.1.
Step 3: -Find the minimal expression of 3£/3 X using the

tabular minimization ﬁechnique described in Section 3.4.
The minimized 9f/3 x, is found to be: .  "“-.

4 0,0 0,1 2,4
x3 + 3- xl X, x3
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TABLE 4.4.1
XXX k X X %4 k X X X3 k XXX, k X)X %4 k
Ho2) 830t4yr HO12y 014(3) 142(3)
144 (2) 34y Hi2y 114(3) 242(3)
24642 8324y 42y 214 (3) 442(3)
243-2) 833t4) 24062y 414 (3) 4335
2442 344y 2412y 022137 143(3)
o2 4oty 2442y 122(3) 243(3)
2 4T 4 402y 222(3) 443(3)

- &442 o424 2y 422(3) 0443y
302(3) o434y L vy 9233} 144 (3)
303(3) o444y 002 (3) 123(3) °  244(3)
304(3) 102 (3) 223(3) 444 (3)
312(3) 202(3) 423(3) 8264
313(3) 402(3) 42343+ 6234+
314(3) 002(3) 124(3) 0224+
322(3) 102(3) 224 (3) 6234
323(3) 202(3) 424 (3) 6244y ’,
324(3) ' 402 (3) o L3223 9304
332(3) 004 (3) 132(3) O34y
333(3) 104 (3) 232(3) 6324y
334 (3) 204 (3) 432(3) 63347
342(3) 404 (3) 6333y 6344y
343(3) 012(3) 133(3) 464y
344(3) . 112 (3) 233(3) oA Ay
20ty 212(3) 433(3) o424
214 412(3) O343) 4347
622 013(3) 134 (3) Ay
6234 113(3) 234 (3)

o244) 213 (3) 434 (3)
' 413(3) o423y
: 3,3
(a) Minterms of the (b) Minterms created by changing Xy
function of 3,3
example 4.4.1 ~of (a) to Xy for computing

3,3
0f/8 Xy -



CHAPTER V
FAULT DETECTION IN COMBINATIONAL CIRCUITS

5.1 Introduction

Digital systems are built with more and more complexity.
The fault testing and diagnosis of digital circuits becomes an
important part of digital system design. After a digital
circuit is designed, built and properly constructed, it may
be disabled by an error. The process of applying tests and
determining whether a digital circuit is fault free or not is .
generally known as fault detection. A number of methods [18,
Chapter 7, 23-27] have already been déveloped for fault de-
tection in binary circuits. One of these methods is the
Boolean difference method [3] which receives our special
attention, since it is conceptually simple and straightfor-
ward for deriving a set of tests to detect the faults in
combinational binary circuits. Fault detection in combina-
tional binary circuits was presented in section 2.7.

Just like combinational binary circuits, multi-valued
combinational switching circuits may be disabled by an error
[3]. Thus, in this chapter, the Boolean difference method
for detecting faults in binary circuits is generalized to

multi-valued switching systems. The derivation of a complete

72
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set of tests (the set of all possible tests) for detecting
any single fault in any multi~valued combinational switching

circuit is presented,

5.2 Single Faults Detection on Input Lines

In this section, only those single faults that exist
on the input line of the circuit are considered. A circuit
becomes faulty when the value of its output is different from
the corresponding value of its truth table at any input state.
The faults considered here are assumed to be fixed or per-
manent or nontransient faults, i.e., without having them
fixed or repaired, the faults will be permanently there.
Such faults are those which cause a wire to be stuck at -0
(s=a-0) or stuck at -k(s-~a-k), where k=1,...,m-1. There are
some faults in a circuit that are undetectable, thus we de-

fine:

Definition 5.2.1

A fault in a multi-valued combinational switching
circuit is said to be undetectable if the faulty and normal
values of the output of the circuit are the same, otherwise
the fault is detectable.

Two indistinguishable faults are defined in the

following definition.

Definition 5.2.2

Two faults are said to be indistinguishable if their
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output faulty functions are equal.

Theorem 5.2.1

Stuck-at-k (s-a-k) faults that exist at the inputs
of K-AND gate or K-OR gate are indistinguishable for all
K <k <m1 where k =1,2, ..., m-1.

The proof of this theorem is obvious and may thus

be omitted.

Example 5.2.1

Find all undetectable and indistinguishable faults ”
that exist on line 1 of 3-valued K-AND gate shown below for

K'= 1 and 2.

»

K___| = K.
2

o

(a) K=1

flO = 1l-xy
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TABLE 5.2.1

Normal, s-a-0, s-a-l1l and s-a-2 Output Functions for KX = 1

10 110 111 112
0 0 0 0 0 0
o 1 0 0 1 1
0 2 0 0 1 1
1 0 0 0 0 0
1 1 1 0 1 1
1 2 1 0 1 1
2 0 0 0 0 0
2 1 1 0 1 1
2 2 1 0 1 1

e -
the functions f£,4, L5714/ £111 and £,4, that are shown

in Table 5.2.1 (for X = 1) correspond to normal, s-a-0, s=a-1
and s-a-2 output functions, respectively. There

£
are no undetectable faults because fllO # flo’ flll # flO

and_f112 # flO while flll and fllz are two indistinguishable

faults because f1ll = fllZ‘
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(b) K =2
f20 = 2.%y

TABLE 5.2.2

Normal, s-a-0, s-a-1 and s-a-2 Output Functions for K = 2

x v fy fyg fai1 fopn
o 0 0 0 0 0
0o 1 0 0 1 1
0o 2 o 0 1 2
1 0 o 0 0 0
1 01 1 0 1 1
1 2 1 0 1 2
2 0 o0 0 0 0
2 1 1 0 1 1

From Table 5.2.2 for K = 2, all faults are detec-
table because f210 # f20' fle # f20’ and f212 # f20' Also,

all faults are distinguishable because XK = m-1 = 2.
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a.,b.
The inpuit variable ;xil may be used more than once

at the input of the circuit such that the multi-valued con-
a.,b.
stant K associated with the variable lxil may take more

than one value. When this situation occurs, the faults on

a.,b.
each line connected to lxil need to be detected seperately.

Multi-valued partial derivative defined in Definitions 4.2.2
and 4.2.2' need to be redefined such that this problem can be

solved. It is found that this problem can be solved if multi-

a.,b.
valued partial derivative is defined with respect to K lxil

as follows:

Definition 5.2.3

a.,b.

(X peoerXx . a.,b, a.,b.
1 n’ i — CilTi i/71
ai,bi - f(xl’oooyxn; Xi ) e f(.Xl,...,Xn, Xi )
(K "x.7)
i
(5.2.1)

Definition 5.2.4

af(xl,...,xn, x5

= f(xl,...,xn,m—l) ® f(xl,...,xn,O)

3k ix,h)
(5.2.2)
Definitions 5.2.3 and 5.2.4 will be used only in
this chapter for the purpose of fault detection; otherwise
Definitions 4.2.2 and 4.2.2"are to be used elsewhere.
The following theorem shows that the set of tests

for detecting any single fault on any input line i of a

multi-valued combination circuit can be obtained by using
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nmulti-valued partial derivative defined in Definitions 5.2.3

and 5.2.4,

Theorem 5.2.2

a.,b.
Let f(xl,...,xn, lxil) be the output function of a

multi-valued combinational circuit. (al...an) is a test of

s-a-0 or s-a-k fault on the input line i if and only if

L 0 <Lg¢ml (5.2.3)

QQ
o
=
e
M
o)
|.l
™
IA

where a;...a  e(0,1,...,m"1) "

and K is a multi-valued constant associated with the

a.,b.
gate of the input variable lxil

-Proof:
From the definition of multi-valued partial deriva-

tive, we have

...,xn,m—l) o f(xl,...,xn,O)

<_ L’ f(Xl,...,Xn,m-l)

al. . .an

# f(Xl,...,Xn,O) and that When _—_——':' =0’ )
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f(,xl,...,xn,m"‘l), = f(xl,...,xn,O). Thus,

——EEEB— < L is the condition for f(xl,...x ’
irPy . "
9lK X4
alQ.lan
a.,b. a.;b.

lxil) being dependent on the variable lxil, i.e.,
line i is in error and aj...ay is a test to detect

this error.

The following lemmas will be used for detecting single
fault on any input line i (primarily line i) of a multi-valued

combinational circuit. ‘

Lemma 5.2.1:

Set of tests T for detecting both s-a~0 and s-a-k

faults on an input line i is computed from Equation (5.2.3).

Lemma 5.2.2:

Set of tests T, for detecting s-a-~0 fault on an in-

0
put line i is computed from the following equation.

a.,b.
Tx —-—a—af—b—— <L 0<L<m1 (5.2.4)
9(K lxil)

a . o0
1 an

Lemma 5.2.3:

Set of tests T, for detecting s—-a-k faults on an

k
input line i is computed from the following equation:
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"< L 0 <L <m-1 (5.2.5)

Lemma 5.2.4:

The relationship between T, T0 and 'I‘k is:

- | (5.2.6)

Example 5.2.2

Consider 3-valued function f£(x,y) of Equation (5.2.7)
in which its AND-OR realization is shown in Figure 5.2.1.
Suppose it is desired to derive sets of tests for detecting
s-a-0, s-a-1 and s-a-2 faults on lines i1 and j indicated in

the figure.

0,0 0,0 2,2 0,0 0,0 2,2 2,2 2,2
f(x,y) = 1. x vy + 1. x vy + 2 X% y + 2- x %
(512.7)
cQ
) .
y
2,2 ! } '
x —t
2 2
2 L/
J

Figure 5.2.1: AND-OR Realization of the Functien of EZquation (5.2.7)
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(a) fault on line i

Note that line i is connected to the input variable
2,2
X and the associated constant X is equal to 1. Therefore,
2,2

the partial derivative must Be taken with respect to 1. x .

9 0,0 0,0 0,0 0,0 2,2 2,2 2,2
55— = l-x y +1l.y +2-x y +2-x y)
’
3l x 1
0,0 0,0 0,0 2,2 2,2 2,2 1,2 0,0
e l-x v +2.x vy +2-x y)=1-x vy
(5.2.8)

Set of tests T for detecting all s-a-0 , s-a-1 and

s-a=2 faults on line i are the values of x and y satisfying

the following equation.
1,2 0,0
___af_ = 1. x Y _<- 2

2,2
3(l- x )

The above equation is satisfied when x = 1 and y = 0

or when x = 2 and y = 0, thus

T = [10,20]

Moreover, sets TO and Tk of tests for detecting s-a-0
and s-a-k faults on line i can be computed by using Equations

(5.2.4) and (5.2.5), respectively, to Equation (5.2.8) as

follows:
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2,2 2,2 1,2 0,0 2,2 0,0
S Y =(x)A-x yl=1-x y <2
T2 4 7 1,2 0,0 1,1 0,0
= ———2—2-—= (_X )_(l’ X Yy ). =1x Yy _<_ 2
p A
8- x ) (5.2.10)

Equation (5.2.9] is satisfied when x = 2 and y = 0
and Equation (5.2.10) is satisified when x =1 and v = 0,
thus

Ty = [20] and Ty = [10]

Notice that T = TO U Tk as expected, and s-a-l and

s-a-2 faults on line i are detectable, but they are indis-

tinguishable because K = 1, this can be verified from the

following table for set Tk'

Ty £(x,y) f(x,v) £(x,y)
(x y) (Normal) (s-a-1l) (s=-a-2)

1 0 0 1 1l

(b) fault on line j
2,2
i Line j is connected to the input variable x

and its associated constant K = 2. Thus, the partial deriva-
2,2
tive must be taken with respect to 2- x .

0,6 0,0 2,2 0,0 0,0 2,2 2,2
= (l-x y +1l-x y +2:x yv + 2-9)



83

0,0 Q,0 2,2 0,0 Q,Q 2,2 1,2 2,2
e l-x vy +1lvx y +2-x y)=2x vy

(5.2.11)

Set T is computed from Equation (5.2.11) as follows:

- 1,2 2,2
ag;z =2-xXx y <2
3(2- x

i.e., T = [12,22]

Set TO and T, are computed from the following equations

2,2 5E 2,2 1,2 2,2 2,2 2,2
X = (x)((2-x y)=2x%x y <2
2’2 -
3(2- x )
and
2,2 S f 2,2 1,2 2,2 1,1 2,2
X —a7—=(x)(2-x y)=2"x y < 2
2,2 -
9(2+ x )

i.e., T0 = [22] and Tk = [12]
s-a-1 and s—-a-2 faults on line j are detectable.
They are also distinguishable because K = 2, this can be

verified from the following table for set Tk‘

Ty £(x,y) £(x,y) £(x,y)
(x y) (Normal) (s=a-l) (s=a-2)

1 2 0 1 2
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5,3 Single Faults Detection on Internal Lines

Single faults may occur on internal lines of multi-
valued combinational circuits. When a single fault occurs
on any internal line of a multi-valued combinational circuit,
Theorem 5.2.2, Equation (5.2.4) and Equation (5.2.5) cannot
be used for detecting this fault. For this case, the output
function £ of the given circuit must be written as function

of the input variables Cxl,...,xn) and function I i.e.,

£ = £(xy,000 X ,9;)

where 9; is function that must be read at line i and it
is a function of the input variable (xl,...,xn) i.e.,

gi = gi(xl,...,xn)

The following three lemmas will be used for detecting
single fault on any intermnal line of a multi-valued combina-

tional circuit:

Lemma 5.3.1:

Set of tests T for detecting both s-a-0 and s-a-k
faults on an internal line i is computed from the following

equation.

of
et ———— < < < -
STE-5) <L 0 <L <m-l (5.3.1)
|al..’an
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Lemma 5.3.2:

Set of tests T0 for detecting s-a-0 fault on an

internal line i is computed from the following equation:

of

al. ve an

g; <L 0 <L <m-l  (5.3.2)

Lemma 5.3.3:

Set of tests Tk for detecting s-a-k fault on an

internal line i is computed from the following equation:

- of

a

Example 5.3.1

Consider the 5-valued combinational circuit shown
in Figure 5.3.1 whose output function f(xl,xz,x3) is given

by Equation (5.3.4). It is desired to compute sets T, T0

and T, for detecting all faults on line i indicated in the

k
figure.

_ 4,4 0,0 4,4 0,0 4,4 2,3 1,3
chlﬁxz,XB) = (1- Xy X3+ 3° %, x3)(4- Xy + 2° Xy x3)

(5.3.4)

function £ can be written as a function of X1 0%g0%q and 94

as fcllows:



—
o Y — ] >—
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X e
2 =1 | ) f(x',xzxa)
23 ——D
] SN e N
1,3 2
X3-—_——___/
Figure 5.3.1: Circuit of Example 5.3.1
’ 4,4 2,313
f(xl,xz,x3,gi) = (4-gi)(4- X, + 2+ % X4)
4,4 0,0 4,4 0,0
where 9; = 1- X, X + 3. Xy Xq
3f _ 4,4 2,3 1,3 _ 4,4 2,3 1,3
ETZTEIT = gi(4- X, + 2 Xy x3) ® gi(4- Xy + 2- Xy x3)
(5.3.5)
af l 4’4 0’0 4’4 0’0 4’4 2,3 1’3
m_—g"i—) = (1. Xl X3 + 3. X2 X3) (4. x2 + 2 Xl X3)

4,4 0,0 4,4 0,0 4,4 2,3 1,3
e (1- x:L Xq + 3. X x3)(4- X, + 2. X x3)

4,4 0,0 4,4 0,0 4,4 2,3 1,3

= (1. 3 Xq 4+ 3- X, x3) (4- X, + 2. xl x3)
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4,4 0,0 4,4 0,0 4,4 2,313
® (- xl x31(3- xz x3) (4.x2-+2-xl x3)

4,4 0,0 4,4 Q0,0 4,4 2,313
= (1- X, Xg + 3-x2 x31(4- X, + 2 Xy x3)

' 4,4 0,0 4,4 0,0 4,4 2,3 1,3
® (3 +4-xl+4.x3) (l+4-x2+4-x3) (4. Xy + 20 Xy X3)

2,3 4,4 1,3 4,4 4,4 0,0 4,4 4,4
= 2 xl Xq x3 + 3. Xl xz X4 + 4- xl x2

4,4 4,4 0,0
+ 4. X Xy X, (5.3.6)

Set T can be computed by making equation (5.3.6)

equal to or less than 4, thus

af 2'2 4’4 1,3 4’4 4’4 0’0 4,Z 4,4
3457 = 2 Xy Xy Xg + 3. X Xy Xgq + 4. X %,
4,4 4,4 0,0
+ 4 % Xy Xy 2 4 (5.3.7)

By solving Egquation (5.3.6), set T can be obtained

as:

T = [040,041,042,043,044,140,141,142,143,144,201,
202,203,211,212,213,221,222,223,231,232,233, 2440,
241,242,243,'244,301,302,303,311,312,313,321,322,
323,331,332,333,340,341,342,343,344,440,441,442,

443,444]
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Sets. TQ and T, can be computed by using Equations

(5.3.2). and (5.3.3) to Equation (5.3.6), respectively, as

follows:

3F 4,4 0,0 4,4 0,0 2,3 4,4 1,3
94 70-g; = (Le %y x5+ 3: %, X3)(2° %, X, x4

4,4 4,4 0,0 4,4 4,4 4,4 4,4 0,0
+ 3. Xq X X4 + 4- X X, + 4. X, X, x3) <4
(5.3.8)

—_— af 4’4 0'0 4’4 4’4 4,4 4,4 0’0
g5 ETZTEZT = (1 + 3. X, + 3 X3 + 1- Xq + 4. Xy X, + 4. X X

By solving Equations (5.3.8) and (5.3.9), sets TO

and Tk can be obtained:

T, = [041,042,043,141,142,143,144,241,242,243,244,
341,342,343,344,440,441,442,443,444])

T, = [040,041,042,043,044,140,141,142,143,144,201,
202,203,211,212,213,221,222,223,231,232,233,240,
241,242,243,244,301,302,303,311,312,313,321,322,
323,331,332,333,340,341,342,343,344,440,441,442,

443,444]



CHAPTER VI

STATIC HAZARD DETECTION IN ASYNCHRONOUS

MULTI-LEVEL COMBINATIONAL CIRCUITS

6.1 Introduction

Since the first investigation by Huffman [32] and
Eichelberger [33], the problem of static hazard detection
in two-valued asynchronoué combinational circuits has been
attacked by many researchers ([34~39]. Eichelberger [33], fol-
lowed by Bredson and Hulina [34], Mukcaidono [35], Mete et
al. [36], and Thayse [37] studied the problem by assuming
that the changes of two or more input signals must happen
simultaneously. By carefully reviewing practical situations,
it is found that to control the timing of the changes of two
or more input signals with the presence of random delays in
an asynchronous circuit is extremely difficult, if not
totally impossible. Therefore, in this dissertation, we
eliminate this unrealistic assumption and consider static
hazards under single input change at a time.

It is also important to point out that most of the
previous works on this subject [33-38] were generally limited
to two-level combinational circuit hazard detection. Since

static 0 (static 1) hazard cannot occur in two-~-level AND-OR

89
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(OR-AND) asynchronous circuits, the problem of static hazard
detection of two-level circuits is considerably simpler than
that of multi-level cicuits where both static 0 and static 1
hazards may occur.

In this chapter we present a procedure for static
(1ogic) hazard detection in asynchronous multi-level multi-
valued combinational circuits using the multi-valued digital
calculus introduced in Chapter IV. The procedure uses the |
transforming of the given multi-level circuit into its equi-
valent two-level circuit, called equivalent normal form (ENF)
[40] and is derived from the concept of multi-valued partial

derivative.

Definition 6.1.1

Define the initial input state A = (bl,...,bj_l,cj,

l,...,bn) and the final input state B = (bl""’b'-l’bj’

b
J

j+
bj+l""'bn)’ where cy # bj'
6.2 Types of Static Hazard

Just like static hazards exist in binary circuits; so
does it exist in multi-valued circuits. There exists two
types of static hazards in multi-valued circuits, the first
type is called input static hazard (function static hazard)
and the second type called logic static hazard. An input
static hazard is caused hy the presence of a spurious pulse
in the output signal, due to a transient input state occuring

during the transition from an input state A to an input state B.
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The input yariable Xy attains this wrong transient value
momentary., The spurious hazard pulse appears at the output
if the difference between the given values of X5 in state 2
and state B is greater than one, If X =P in state A and
X; = p t 1 in state B, the transition of x; from state A

to state B will not contain a middle value and thus no tran-
sient state may occur during this transition. Hence a prac-
tical multi-valued combinational circuit is free of all input
static hazards i1f the input'variables.xi = p before the change
and x; = p + 1 after the change. The circuits under this
mode of operation are reliable and thus useful for practical
applications. Therefore, in this dissertation, we consider
only this mode of operation. The second type of hazards is

logic static hazard and it is defined in the following defi-

nition.

Definition 6.2.1

A multi-valued combinational circuit contains logic
static hazard or simply static hazard if and only if
(1) £(a) = £(B), where A and B were defined in
Definition 6.1.1.
(2) during the input change A to B a spurious hazard

pulse may be present on the output.

Static hazard (logic static hazard) is present in a
multi-valued comBinatioral circuit if one or more of the

input variables and their complements are both present in
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the realization of the circuit., Any input variable and its
complement may not change exactly at the same time and thus
the circuit may momentarily give a spurious pulse in the
output signal, this spurious pulse at the output causes

static hazard to be present.

6.3 Combintorial Variables

The static hazard is closely related to the internal
propogation times of the signal path, i.e., on the internal
delays of the invertors in the circuit, The presence of
these delays in a circuit requests to treat internal switch-
ing signals as independent variables during an input transi-
tion. So to make the internal signals as independent, the
circuit must not have any two parallel paths. The parallel
paths are those paths that are branching from the same node
and meet at another single node. The introduction of combin-
torial variables in the circuit eliminates the existance of
parallel paths and make the switching signals independent
during an input transition. However, the introduction of
the combintorial variables will not affect the truth table
of the circuit,

A large number of combintorial variables being added
to the circuit makes the analysis procedure very tedious,
therefore, it is desirable to determine the minimal set of
combintorial variables that can do the job. The determination
of the minimal set of combintorial variables will be illustrated

by examples in section 6.5.
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a,,b

1'-1
It is obyious that the set of input variables ( X1 s
a,,b :
nson
veer X ] is transformed into the set of input and combin-

- a1rBy - anrby

torial variahle ( Ry reear Xy wi""’wil and the output
a,,b a_,b
function z = £( lxll,..., ne o
3378y 3578y ?
( Xy Treeer Xy ,wl,...,wzl. The number of the outputs of

) is transformed into z = £

the modified circuit became 1 + % where £ is the number of

a.,b.
combintorial variables that are being added. lxil can be

more than one variable depends on whether as and bi are

vectors or have one value,

6.4 Static Hazard Detection Using Digital Calculus

In order to detect the static hazard in multi-valued
combinational circuits using multi-valued digital calculus
that was introduced in Chapter IV, the differentials df
and de for 3 = 1,...,% must be calculated to predict the
transient behavior of the circuit as it was suggested by
Thayse [37] for two-valued case only. The combintorial
variables Wy is called the combintorial variable of order 1
because they are only considered as the functions of the
input variables, W5 is called the combintorial variables of
order 2 because they are considered as the functions of the
input variables and the combintorial variables of order 1,
and so on. In general Wy is called the combintorial variables
of order j.

A LV

Wj =Wj( Xl J o ey Xn ,wl,...’wj"l) (6.4-1)
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The differentials dwj for j = 1,...,%, and 4df are

given by
2 s, a;eby A ol _
dwj = ——EI}BI d x, + :E: Eai dwk k#3
i=1 39 xi. k=1 :
(6.4.2)
n ai,b:L A
df=z afb a’x, o+ Z qu‘f' aw,  (6.4.3)
i=l 3 i:'cii k=1 K

The way to evaluate Equations (6.4.2) and (6.4.3) is
to first compute the differentials of the combintorial vari-
ables of order 1. If some of these differentials are not
equal to zero, they are made equal to m—-1 in order to compute
the differentials of order 2. This process is then continued
for at most & steps. One then has to compute those wj's that
their differentials are equal to zero. Finally df can be
computed.

The following theorem will be useful for static hazard

detection of multi~valued combinational circuits.

Theorem 6.4.1

If £(A) = £(B), the realization of the function £ (x,w)

is free of static hazard if and only if:

n ai,bi 2
= i’+i k
8 x; c c

(6.4.4)
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ai’bi a.,b.
where 4 X (dwk) =m-=-1 1if Xs (wk) changes

’ .

=0 if J'xi:L (wk) does not change
and C = (bl’...’bj‘l,bj'*'l’...bn)
Proof: It will be shown that if either summations of Equa-
tion (6.4.4) of Theorem 6.4.1 is not satisfied, the function
f will contain a static hazard for considered transition.
If Equation (6.4.4) is not satisfied, then there exists at
least one term in either summations is not equal to zero,
e.g., the jth term of the first summation is not egual to

zero which is given by Egquation (6.4.5).

., b. a.,p. ., D.
23105 3’ 85725

J
dfj = {f(xl,...,xn, xj ) O f(xl,...,xn, xj )1 d xj

(6.4.5)

But from the definition of the multi-valued partial
derivative if both terms of Equation (6.4.5) are not equal,
then the function f experiences a variation for the jth term
of the first summation for the considered transition. Also

a"b' a-,b-
a ijj is not equal to zero because the values of ijj in
state A and state B are not equal. .This concludes that £

contains static hazard.

6.5 Procedure for Detecting Static Hazards

A procedure for detecting static hazard in a multi-
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valued combinational circuit by first obtaining the equivalent
normal form (ENF) [40] of the given circuit is given below:
(1) Find the equivalent normal form (ENF) of the
given multi-level multi-valued combinational
circuit.
(2) Find all parallel paths from the ENF
(3) Find all minimal sets of combintorial variables
by using the minimal covering technique such as
Quine-McClusky covering table.
(4) Choose arbritrary one set that obtained in (3).
(5) Construct a free parallel paths circuit by in-
cluding the combintorial variables obtained in (4).
(6) Write 1 + 2 equations of the output functions of
the circuit obtained in (5).
(7) Compute the differentials d.wj for 3 =1,...,%,
and dE£.
(8) Use Theorem 6.4.1 to find the transitions that

contain static hazard.

It is found that the equivalent normal form (ENF) can
be used to determine the parallel paths of the given circuit.
Equivalent normal form (ENF) is illustrated in the following

example.

Example 6.5.1

Consider the following 3~level, 3-valued switching
circuit shown in Figure 6.5.1. Find the minimal sets of

comintorial variables of this circuit.
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Y oL -
zr. >.____ 1

P e 4\
2
=

Figure 6.5.1: Circuit of Example 6.5.1.

The ENF of the circuit of Figure 6.5.1 can be obtained

as follows:

z=1i.J= (g + h)i (e + f)j = (gi + hi)(ej + fj)

g; ej + 95 fj + hi ej + hi fj

(2ac)gi ey + ﬁ2ac)gi fj + (2bd)hi e, + (2bc.)hi £.

J
= Zagi cgi ej + Zagi cgi fj + 2bhidhi ej + 2bhidhi fj
0,0 0,0 Q0,0 0,0 0,0 9,0
= 2 xl X x2 + 2 x X p 4

N
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9,0 0,0 0,0 0,0 0,0 0,0

+ 2 X b 4 b4 + 2 x X X
lohi  2@ni  2ej Lani  “2ani 3g5

(6.5.1)

All possible parallel paths of the circuit of Figure
6.5.1 can be found from Equation (6.5.1) by using the follow-
ing two steps:

Step 1: Search for each variable and its complement,
if present, in each term of Equation (6.5.1) and list all the
paths associated with this variable and its complement to
form one set of parallel paths. For example, the variable
Oéi and its complement 0;3 give the setO?g parallel paths
[(a,g,1i),(b,h,i)]. Also, the variable X, gives the sets of
‘parallel paths [(c,g,i),(e,3j),(d,h,i)]. Notice that both
(c,g,1) and (e,j) are both present in one term of Equation
(6.5.1).

Step 2: The two sets [(a,g,i),(b,h,1)] and [(c,q,i),
(e,j),(d,h,i)] contain only the longest paths, i.e., the
paths start at the input of the circuit and end at its out-
put. But we also need to find all sub-parallel paths present
in the circuit. It is found that the searching tree method
is very convenient to find these sub-parallel paths. One
searching tree is needed for each set of parallel path ob-—
tained in step l. The searching tree method can be summarized
as follows:

(1) Insert one set of the longest parallel paths that

are obtained in step 1 in the first level of the tree.
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(2) All subsets that have at least two parallel paths
of the set of the first level of the tree are in-
serted in the second level of the tree. The
number of these subsets can be computed by using

the following formula:

1!

<r> _r(r-1) (r=2) ... (r=i)
1

where r the number of longest parallel paths

that were obtained in step 1

i = 2,3,...,1‘.’-1

Let g be the total number of subsets of sub-parallel

paths in the second level of the tree or be the
total number of braches of the second level of the

tree.

a - (2) (3) + - ()
-3 (5)

i=2

where (z) is the number of branches that contain

i1 sub-parallel paths.

If the set of the first level of the tree contains
only two parallel paths, then go to (3).

(3) If all parallel paths in any subset of part (2)
have one common liter at the end, delete this
common liter in all paths of the subset and insert
this new subset of sub-parallel paths in the next

level of the tree.



100

(4) Any branch of the tree is terminated when there

is no common literals in all paths of the branch.

Searching trees for sets [(a,g,i),(b,h,1)] and [(e,qg,i),
(e,3),(d,h,i)] are shown in Figure 6.5.2a and Figure 6.5.2b,

.respectively. liotice that r=3, i=2 and g=3 for the set [(e,q,1)-

. (e,3), (d,h,i)] of the searching tree of Figurg;§;§;2b,

>

(a,g,i),(b,h,i)

(a,9),(b,h)

(a)

(5191”7(9 1j);(d1hyi)

(e,i),(c,g,i) (c,,i), (d,h,i) (e,j),(d,h,i)

(c,g),(d,h)

(b)

Figure 6.5.2: Searching Trees for Example 6.5.1.
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The complete sets of parallel paths of the circuit of
Figure 6.5.1 can now be obtained from the searching trees of

Figure 6.5.2, these sets are:

(a,g9,1) and (b,h,1i)

(a,g) and (b,h)
(¢,g,1i),(e,j) and (&,h,i)
(e,j) and (c,g,i)

(c,g,i) and (4,h,1i)

(e,j) and (d,h,1i)

(c,g) and (d,h)

The problem of determining the minimus sets of combin-
torial variables becomes a minimal covering problem as shown
in Table 6.5.1. Each column of Table 6.5.1 corresponds to
one of the seven sets of parallel paths obtained above and
each row corresponds to one letter tﬁat is shown at the input
of the gates of Figure 6.5.1.

TABLE 6,5.1
" MINIMAL COVERING TABLE FOR EXAMPLE 6.5.1

(abghi) (abgh) (cdeghij) (cdgh) (cegij) (dehij) (cdghi)

a X X

b X x

c X X X X
d X b4 X X
e X X b4

£

g p14 b'< X X X X
h X X X X X X
i X X X X X
3j X 2 X



102

From Table 6.5.1, the minimal sets are:
(c,h), (drg) ’ (elg) : (e,h), (g,h), (g,1), (g,3),(h,1),
and (h,3)

Choose arbritrarily the minimal set (g,h). The cir-
cuit that is free of all parallel paths in which it includes

the combintorial variables wg and Wy is shown in Figure 6.5.3.

X} .
0,0 2 ) Wg
X2

=) | )—-

YN
0,0 2
X3 l——/// W

Figure 6.5.3: The circuit of Figure 6.5.1 withcut parallel
.paths.

The outputs of the circuit of Figure 6.5.3 are:

0,0 0,0

g = 2. % x, (6.5.3)
0,0 0,0

Wy = 2. Xy X, (6.5.4)

0,0 0.0
zZ = (Wg + Wh)(z. Xy + 2. x3) (6.5.5)
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Example 6.5.2

Detect static hazards present in the circuit of Figure
6.5.1.

Free parallel paths circuit of the circuit of Figure
6.5.1 is shown in Figure 6.5.3. The differentials dwg, dwh
and dz of Equations (6.5.3), (6.5.4) and (6.5.5) are computed

as follows:

ow 0,0 ow c,0
= a
Mg 5,0 ¢ x, * ~o,0 ¢F
3 Xq 9 X,
070 - 0'0 0,0 0,0
= (2 X, ® 0) 4 Xy + (2 Xq & 0) 4 X,
0,0 0,0 0,0 0,0
= 2, x2 d X + 2. xl d x
ow 0,0 ow 0,0
_ h ! h !
dWh = 75,0 d xl + 7,0 d x
9 xl 9 x2
0,0 0,0 0,0 0,0
= (0 & 2. xz)d 31 + (2. Xy ® 0)d X,
0,0 0,0 0,0 0,0
= 2. x2 d xl + 2. x1 d x2
0,0 0,0
_ 933z ! 92 ! 3z 9z
dz = 0,0 d x, + 0.0 d X4 + e dwg + 3@; dwh
3 X 9 X g
2 3
0,0 _ 0,0 0,0
= [(Wg + wh) (2 + 2. x3) ® (Wg + 'wh) (0 + 2 x3)]d X
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) 0,0 0,0 0,0
+ [(wg+wh) (2. x2+2) ® (w-g+wh) (2. x2+0)]d Xq
0,0 0,0 — 0,0 0,0
+ [(wg+wh) (2. x2+2. x3) @ (wg+wh) (2. x2+2. x3)]dwg
0,0 0,0 0,0 0,0

IO W) (20 %)+ 2. %3) @ (Wo+ W) (2. x5 +2. %) 1dwy,

0,0 0,0

dz = [(Ww_. + w e 2. x3 (wg + wh)]d X

gt ")

: 0’0 0’0
+ [(Wé + wh) e 2. x2 (wg + wh)]d x3

0,0 0,0 0,0 0,0

+ [W§+ww(2.x2+2.xﬁeh%+whﬂ2.x2+2.xy]&%

0,0 0,0 0,0 0,0
7 .
+ [(Wé-%Wh)(_. x2-+2. x3)$(Wé-+Wh)(2. x2-+2. x3)]dwh

To test the transition from state (001) to state (002)
0,0
for static hazard, it can easily be verified that d X, = 0,
0,0
d x, =0, de =0, dw_ =0, Wy = 2, and W, = 0. By substitu-

ting these values into dz, we obtain:

0,0 0,0

dz [(2+0) ® 2- X4 (2+0)1(0) + [(2+0) ® 2-(2+0)1d X4

0,0 0,0
+ [(2+0) (2 + 2. x3)®(0 + 0)(2 + 2° X3)](0)

0,0 0,0
+ [(240) (2 + 2 x3)8(2 + 2) (2 + 2+ x3)1(0)

0,0 0,0
(2 & 2)d Xq (0) 4 Xy = 0

il
i
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Thus dz = 0, which implies that this transition is
free of static hazard according to Theorem 6.4.1. On the
other hand, the transition from state (002) to state (102)
yields d0;2.= 0, doég = 0, dwg = 2, and dwh = 2, By sub-
stituting these values into dz, we obtain that dz = 2, i.e.,
this transition is not free of static hazard. Table 6.5.2

shows all static hazards that are present in the circuit of

Figure 6.5.1.

TABLE 6.5.2

Static Hazard Table for Example 6.5.2

£(A)=£(B) Type of
A B dwg dwh wg “n dz Hazard
000 100 2 2 -2 2 2-hazard
001 101 2 2 2 2 2-hazard
002 102 2 2 2 2 2-hazard

Example 6.5.3

Consider the following 4-level, 5-valued switching
circuit shown in Figure 6.5.4. Detect all static hazards
present in this circuit.

Applying static hazard detection procedures, we ob-
tain ENF of the circuit which is given by Equation (A.1l.2)

in Section A.l of Appendix A.
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Figure 6.5.4: Circuit of Example 6.5.3
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The minimal sets of parallel paths are given in
section A.2 of Appendix A. Choose arbritarily from the
minimal sets that are obtained in section A.2 the minimal
set (fl’fG’gZ'g3’hl)‘ The circuit that is free of all
parallel paths in which it includes the combintorial variables

We waI wg P Wy Wy is shown in Figure 6.5.5.

2 93 1

The cutputs of the circuit for Figure 6.5.5 are:

1

3,3 0,1
w = 4. x bid
fl 1 3
0,0 2,2
w = 3 x b4
f6 1 3
3,3 0,1 4,4 2,3 0,0 0O,
Wéz = 3. Xl X3 + 2« x Xq + 4- xl x2
3,3 0,1 4,4 2,3
W% = wE + 2. xl x3 + 2- x2 x3
3 1l
3,3 0,1 4,4 2,3 0,0 2,2
whl = w§2 + 2-° xl x3 + 1 x2 x3 + 3- xl x3
4,4 2,3 0,0 0,1
zZ = ¥ (W + 1° Xy X, + 4° %X, X, + W_. )
“hl 95 2 %3 1 *2 £
4,4 2,3 0,0 0,1
= w W + w W + 1. x X w + 4. x X, W
hl 95 hl f6 2 3 hl 1 2 hl
The differentials dwfl, dwa, dwgz, dwg3 and dwhl,

and dz are computed as follows:
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Figure 6.5.5:

“
- "
o—
L
N\ IR
L/
N\ W,
L/ ‘s

The Circuit of Figure 6.5.4 Without Parallel Paths
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aWfl 3,3 aWfl 0,1
dwfl=-T’—§-dxl + Ti'dx:s
) xl 3 X4
0,1 3,3 3,3 0,1
= 4- x3 d Xl + 4- xl d x3
i M. 0,0 W 2,2
dwf6 = 570 d xl + ) d x3
9 xl‘ 0 X4
2,2 0,0 0,0 2,2
= 3. x3 d Xl 4+ 3 xl d x3
g, 3.3 g, 0,0 Vg, 4,4 sw_ 0,1
dwg2 =33 d x 30 dx, + 1.4 d x, * —37% d x,
P Xl ) xl 3 Xy 3 xz
+ T a x3 + 773 d x
9 X5 ? X4
Therefore,
5 0,0 0,1 0,1 0,0 0,1 3,3 0,1 0,0 0,0 0,1
Wg.2 = (3° Xy Xy Xy + 3- % x3)d Xy + 2. e d xl + (2 X, X
0,0 0,1 2,3 1,2 4,4 4,4 4,4 4,4 0,0 0,1
+ 2 Xy x2 X3 + 2. xl x3 + 2- xl x3)d Xy + 4. xl d x2



dw

aw

3,3 0,1 1,2 4,4 4,4 4,4 3,3 4,40, 2,3
+ 3. xl d x3 + (2. X Xy + 2 Xl x2 + 2 xl X, x3)d Xy

- 3
aWg3 3,3 g, 4,4 SWgB 0,1 g, 2,3 C¥g,
3380t dxtgrd Rt 3 d gt g dn

1
3 %, 3 X, 3 %4 P X4 1
0,1 4,4 2,3 . 4,4 2,3 3,3
[(Wfl + 2. X5 + 2. Xy x3)e(wfl + 2- Xy x3)]d X
_ 3,3 0,1 2,3 3,3 0,1 4,4
+ [(W-fl + 2 xl x3 + 2. x3)e(wfl + 2. xl x3)]d Xy
4,4 2,3 3,3 4,4 2,3 0,1
+ [(Wfl + 2. Xy x3)®(wfl + 2- X + 2 X x3)]d x3
3,3 0,1 4,4 3,3 0,1 2,3
+ [(wfl + 2. X)  Xg + 2. x2) ® (Wfl + 2 Xy x3)]d Xq
3,3 0,1 4,4 2,3 _ 3,3 0,1
+ [Gdfl + 2 xl x3 + 2. X, x3) o (wf + 2. xl x3
4,4 2,3
+ 20 x, x3)]dwfl
% 0,0 E'th 3,3 ™, 4,4 ¥n, 0,1 M, 2,2
.0 d xl + 73 d xl + 12 da X, P d 43 + 73 4 x3
) X1 o X, ] Xy ] X3 3 X
awhz 2,3 awhz_.
+ 573 d 3 + ng dwg2
d x 2
3
3,3 0,1 4,4 2,3 2,3 3,3 0,1

[(wg2 + 2. X X, + 1. Xy Xq + 3 x3) -] (wgz + 2. X X3

4,4 2,2 0,0 N 0,1 4,4 2,3 0,0 2,2
+ 1. Xy x3)]d X + [(wg2 + 2. X3 + 1. Xy Xg ¥t 3. Xq x3)



dz

dz
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4,4 2,3 0,0 2,2 3,3 3,3 0,1
® (ygz + 1. Xy Xg + 3 Xq x3)]d Xy + [(wgz + 2. X, X
2,3 0,0 2,2 3,3 0,1 0,0 2,2 4,4
+ Lo x3 + 3. xl x3) ® (wgz + 2. xl x3 + 3 Xy x3)]d X,
3,3 4,4 2,3 0,0 2,2 4,4 2,3
+ [(_w92 4 2 Xq f 1. X, g + 3 X x3) ® (wg2 + 1. Xy X
a,aq 2,2 . 0,1 3,3 0,1 4,4 0,0 2,2
+ 3. Xy x3)1d Xq + [(_wg2 + 2. X, X3 + 1. X, + 3 xy x3)
3,3 0,1 0,0 2,2 2,3 3,30,1
] (wg2 + 2- X, X + 3. Xq x3)]d X3 + [(wgz + 2 Xy X
4,4 2,3 0,0 3,3 0,1 4,4 2,2 2,2
+ 1. Xy X + 3. xl) B (wg2 + 2. X X3 + 1 X, x3)]a X3
3,3 0,1 4,4 2,3 0,0 2,2 _
+ [(wg~2 + 20 % X3+ 1lexy %3+ 3% x5 © (Wg2
3,30,1 4,4 2,3 0,0 2,2
+ 2« X Xy + 1 Xy X + 3. xy XB)degz
0,0 0,1 4,4 2,3
3z ! 3z ! 3z o/ 92 ! 3z
T, 0 a Xq + 0.0 d X, + .7 d Xy + 2.3 d x3 + 3wf dwf6
] Xl 3 x2 3 x2 9 x3 6
3z . 5z .
+ dw + —— dw
9 9 h
“gy 93 g
4,4 2,3 0,1
[ (w w. + w, WwWg + 1l-x Xy W + 4 2, W )
hl 93 hl f6 2 3 hl 2 hl
4,4 2,3 0,0
® (w \%4 + W w + 1 x X, W, )1d %, + [(w w
hl 95 hl f6 2 3 hl 1l hl g3
4,4 2,3 0,0
+ W W + 1« x X, W + 4 %, W, ) & (w w
hl f6 2 3 hl 1 hl h1 I3
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4,4 2,3 0,1
+ whl wf6 + 1. X, Xq hl)d x2 + [(w l wg3 + whl wf6
’ 0,0 0,1
+ 1 x whl + 4. X X%, hl) 0 (w lwg3 + whl wa
@¢,0 0,1 4,4 0,0 0,1
+ 4. X %, h 1ld X, + I(w 1 w§3 + whl wf6 + 4. X, X wh)
| 4,4 0,0 0,1 2,3
® (whl wg3 + whl wf6 + 1 x, whl + 4. X, X, whl)]d xq
4,4 2,3 0,0 0,1
+ [(whl wg3 + whl wa + 1- X, X3 whl + 4. X X, whl)
4,4 2,3 0,0 0,1
& (i Vg, tVp Vet DXy Xy Y drx X W, )Idve
4,4 2,3 0,0 0,1
* “Wnl TR T T T T T Whl)
_ 4,4 2,3 0,0 0,1
® (whlrwg3 + whl f5 + 1 Xy Xq whl + 4. X, X, whl)]dwg2
414 2I3 0,0 0,1
+ [(Whl Wg3 + Whl wfs + 1- X, g whl + 4. X, %y whl)
-— J— 4I4 5:—3. — 0'0 0'1 —_
8 (whl wg3 + whl wfs + 1. Xy X whl + 4. X, X% whl)]dwhl

Table 6.5.4 shows all static hazards that are present
in the circuit of Figure 6.5.4. The types of static hazards

are also indicated in Table 6.5.4.



TABLE 6.5.3

Static Hazard Table for Example 6.5.3

xlizxa xliz £(A)=£(B) e 1 e 6 - ) dw gy dw By By By My o Ilegirgf
010 020 0 0 0 4 0 4 0 4 0-hazard
011 021 0 0 0 4 0 4 0 4 0-hazard
013 023 0 0 0 4 0 0 4 O-hazard
014 024 0 0 0 4 0 4 0 4 0-hazard
141 142 1 0 0 4 4 4 4 1-hazard
143 144 1 0 0 4 4 4 4 1-hazard
241 242 1 0 0 4 4 4 4 1-hazard
243 244 1 0 0 4 4 4 4 1-hazard
441 442 1 0 0 4 4 4 4 1-hazard
443 444 1 0 0 4 4 4 " 4 1-hazard
301 302 2 4 0 4 4 4 4 2-hazard
311 312 2 4 0 4 4 4 4 2-hazard
321 322 2 4 "0 4 4 4 4 2-hazard
331 332 2 4 0 4 4 4 4 2-hazard
341 342 2 4 0 4 4 4 4 2-hazaxd

€TT



CHAPTER VII

STATIC HAZARD ELIMINATION IN ASYNCHRONOUS

MULTI-LEVEL COMBINATIONAL CIRCUITS

7.1 Introduction .

In Chapter VI, we have considered the problem of
detecting the étatic hazard in asynchronous multi-level
multi-valued combinational circuits using multi-valued digi-
tal calculus. From the practical point of view, it is not/
enough just to know the existance of the static hazard in
any circuit without removing it. Therefore, this chapter
is devoted to the problem of eliminating static hazard in
asynchronous multi-level multi-valued combinational circuits.

The problem of static hazard elimination in two-valued
asynchronous combinational circuits had first been investigated
.by Huffman [32] and Eichelberger [33] and then followed by many
researchers [34]),{36]. But most of the previous works on this
subject [32],(33],[34]),[36]) were generally limited to two-level
combinational circuits static hazard elimination. Since static
0.(static 1) hazafds do not exist in two level AND-OR (OR-AND)
asynchronous combinational circuits, the problem of static
hazard elimination of two-level circuits is much simpler than

that of multi-level circuits where both static 0 and static 1

114
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hazards may exist. Thus, static hazard elimination of multi-
level circuits is considered in this chapter. A procedure
for static hazard elimination in multi-level multi-valued

asynchronous combinational circuits is presented.

7.2 Static Hazard Elimination in Multi-Level Circuits
Static hazards in multi-level asynchronous combina-
tional circuits can be eliminated since it depends on the
realization of the circuits. It is found that static hazards
can be eliminated in any multi-level multi-valued asynchronous
combinational circuits by adding a redundant circuitry to the
given realization. Redundant circuitry depends on the type
of static hazard presented in the realization, i.e., whether
the static hazard is 0-hazard or k-hazards, where k = 1,2,...,
m-1l. It is found that any multi-level multi-valued circuit
can be free of all static k-hazards if the necessary implicants
are included in the realization as stated in the following

theoremn.

Theorem 7.2.1

A multi-level multi-valued circuit will be free of
all static k-hazards if and only if the realization contains
all those k-implicants of ENF of the circuit that have at
least two-adjacent cells that are not included in any other

k-implicant.

Proof: To insure that static k-hazard is not present during
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the transition from the input state A to the input state B,
it is necessary that function f of the realization is equal
to k during this transition. This means that there exists

at least one product term in the ENFthat is equal to k during

by ,by bz,b
this transition. Therefore, k-implicant k- Xy Xy eee
b -1,b -1 A
n xn_? of (bl’bZ""bn—l) is present in the realization

either by itself or it is included in another k-implicant of
~ the same k but it has less than n-1 input variables. Only
those k-~implicants of ENF that have at least two-adjacent
cells that are-not included in any other k-implicant are needed
to be present in the realization because we are concerned only
with singie input change. This concludes the proof. ’

We conclude that redundant circuitry that is needed
to eliminate all static k-hazard consists of all implicants
that are not present in the ENF provided that these implicants
must satisfy Theorem 7.2.1. This redundant circuitry will be
called k-redundant circuitry because when it is ORed with
the output of the original circuit, all static k-hazards are
eliminated. Also fk will be used to represent the output
function of k-redundant circuitry.

It is found that static 0-hazard in any multi-level
multi-valued circuit can be eliminated according to the fol-

.

lowing theorem.

Theorem 7.2.2

Static O-hazard (if present) in any multi-level multi-

valued circuit can be eliminated if an only if the function
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fo is added to the original circuit by using AND gate, where
fo is the complement of the summation of all minterms that
correspond to those input states A and B (A and B are defined

in Definition 6.1.1) that contained static 0O-hazard.

Proof: The function f0 is function of the input variables
(xl,...,xn),i.e., f0 = fo(xl,...,xn). The values of fO(A)
and fO(B) are always equal to zero for all those input states
A and B that contain static O-hazard. While the value of f0
is equal to m-1 for all input states that do not contain
static O-hazard. Thus fo eliminates all static O-hazards
when it is ANDed with the output of the original circuit.

Redundant circuitry to eliminate all static 0-hazards
will be called O-redundant circuitry.

Circuits. free of all static hazards can be obtained by
first ORing k-redundant circuitry with the output of the
given circuit to obtain a static k-hazard free circuit.
Secondly, the static k-hazard free circuit obtained above is
ANDed with O-redundant circuitry. It is noticed that the
same result can be obtained if the above procedure is reversed.
Some multi=-level circuits contain only one type of static
hazard,i.e., either static k~hazard or static 0O-hazard. If
this is the case, then either k-redundant circuitry or 0-
redundant circuitry need to be added to the given circuit,
respectively. Adding k-redundant circuitry or O-redundant
circuitry or both to the original circuit does not change

the truth table of the original circuit,
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7.3 Procedure for Eliminating Static Hazards

A procedure for eliminating both static 0O-hazard and
static k-hazards in a multi-level multi-valued combinational
circuit by first obtaining the equivalent normal form ENF of
the given circuit is given below.

(1) Find ENF of the given multi-level multi-valued

combinational circuit.

(2) Find all k-implicants that are not present in ENF
obtained in (1) by using multi-valued map. These
prime implicatns must be subjected to the condi-
tion of Theorem 7.2.1 to avoid more redundancy.

(3) Construct k-redundant circuitry f£rom k-implicants
obtained in (2). Add k-redundant circuitry to
the original circuit by using OR gate.

(4) Construct 0-redundant circuitry by using Theorem
7.2.2. Add O-redundant circuitry to the circuit

obtained in (3) by using AND gate.

Example 7.3.1

Eliminate all static hazards present in the circuit of
Figure 6.5.1 of Example 6.5.1. For convenience, this circuit
is repeated in Figure 7.3.1.

By applying the above procedure, ENF of the circuit
of FPigure 7.3.1 is given in Equation (6.5.1), Egquation (6.5.1)
is rewritten in Equation (7.3.1) such that all literals sub-

scripts are deleted.
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X’ a
2| )__
0,0
X2 c

’ B
21 ) ;
=D O
0,0 : 2 —3>————

Figure 7.3.1: Circuit of Example 7.3.1l.-

(>

0,0 0,0 0,0 0,0 0,0 0,0 0,0 0,0 0,0 0,0
z = 2 Xl x2 + 2. xl xz x3 + 2- xl x2 + 2 xl x2 x3
(7.3.1)

A 3-valued map of z of Equation (7.3.1) is shown in

Figure (7.3.2).

X 32
\\:ﬁ‘\\ 00 0l 02 10 I |12 20 21 22

£
(o)
N
QiN l
SR A I 3V
N BN
_ 3
prd

0,00,000
2.x‘x2x3 . A\
00 0,000 0,0 0,0 0,0
2.ox, )’(02 2. )’q Y 2. xy )’(2 X3

Figure 7.3.2: 3=Valued map of z of Equation (7.3.1).
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The preceeding map shows that a-cubes can be combined
to give 2-implicant 2-0é2. This implicant is not present in
ENF of z in Equation (7.3.1). Thus, by adding this implicant
to the circuit of Figure 7.3.1, all static 2-hazards are
eliminated. k-redundant circuitry consists of only the im-
plicant 2-0§g, i.e., fk = 2'0é2. Figure 7.3.3 shows static
k-hazards free circuit of the circuit of Figure 7.3.1. Since
the circuit of Figure 7.3.1 is free of all static O-hazard as

shown in Table 6.5.2, the circuit of Figure 7.3.3 is free of

both static k-hazards and static O~hazards.

=

o =s

Figure 7.3.3: Static hazards free circuit of circuit of
Figure 7.3.3.

] >
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Example 7.,3.2

Eliminate all static hazards present in the circuit
of Figure 6.5.4 of Example‘6.5.3. For convenience, this
circuit is repeated in Figure 7.3.4.

By applying static hazard elimination procedures,
ENF of the circuit of Figure 7.3.4 is given by Equation
(a.1.2). Equation (aA.1.2 ) is rewritten in Equation (7.3.2)
so that all literals subscripts are deleted and all terms
that afe equal to zero are also deleted.

3,3 0,1 3,3 4,4 2,3 4,4 2,3 0,0 4,4 2,2
zZ = 2- xl X4 + 1. X Xy Xq + 1- Xy X3 + 2 X Xy Xg

3,3 4,4 0,1 0,0 4,4 2,2 0,0 0,1 2,2 0,0 2,2
+ 1. xl Xq x3 + 1- xl x2 “x3 + 3- xl x2 X4 + 3- xl x3

3,3 0,1 3,3 4,4 2,3 3,3 4,4 0,1 3,3 4,4 4,4
1 x3 + 2- xl xz x3 + 2 xl x2 x3 + 2- xl x2 x3

0,0 4,4 2,3 3,3 4,4 4,4 4,4 2,3 0,0 4,4 2,3
+ 2 xl x2 Xq + 1 Xl x2 X3 + 1- x2 x3 + 1- xl Xy x3

6,0 0,1 2,3
+ 3. X, Xy Xg (7.3.2)

Equation (7.3.2) can also be written as:

3,3 4,4 2,3 4,4 2,3 3,3 4,4 0,1 0,0 4,4 2,2
z = 1-{ xl X, X4 + Xy Xq + x1 X, Xq + Xy X, Xq

3,3 4,4 4,4 4,4 2, 0,0 4,4 2,3 3,30,1
+ %) Xy X3 + X, X + X; X, x3] + 2« Xy Xg

W W
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3 q
1 I
o, 2 /
Zis s B
]
) 1N
3 us-——;
| o
b, ‘
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b eq
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Figure 7.3.4:

Circuit of Example 7.3.2
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0,0 4,4 2,2 3,30, 3,34,4 2,3 3,3 4,4 0,1
X X, Xt X X+ X X, X3+ X Ry Xg o+

3,3 4,4 4,4 0,0 4,4 2,3 0,00,1 2,2 0,0 2,2
+ X X, X + X, X, x3] + 3.[ X X, Xy + X Xg

0,00,1 2,2
+ X X, x3]
=z, + 2z, + 24
where:
3,3 4,4 2,3 4,4 2,3 3,3 4,4 0,1 0,0 4,4 2,2
z, = 1.0 X Xy X + Xy Xq + X X, Xg + X] Xy Xg

3,3 4,4 4,4 4,4 2,3 0,0 4,4 2,3
»+ Xl x2 x3 + Xz Xq + X X, x3J

T 3,3 4,4 2,3
3t X Xy X3

3,3 0,1 0,0 4,4 2,2 3,

30,
z, = 2. [ X, X + X X, Xg + X X

3,3 4,4 0,1 3,3 4,4 4,4 0,0 4,4 2,3
+ X Xy Xq + xl Xy X3 + X, %y x3]

0,0 0,1 2,2 0,0 2,2 0,0 0,1 2,2
Zy = 31 X X, X + X, Xg + X, X, x3]

Three 5-valued maps for Zyr 2o and zy are shown in
Figures (7.3.5), (7.3.6) and (7.3.7), respectively. Aall
implicants of 291 24 and z, are shown on these maps.

a~cubes 0f Figure 7.3.5 correspond to the implicant
4,4 2,3 4,4

3
r
1l- Xy Xg while b-cubes correspond to the implicant 1. x5 X3,
3,3 4,4 2,3 0,0 4,4 2,2 0,0 4,4 2,3
The implicants 1l- X Xy Xy 1. X, %, Xg and 1- X) Xy X3



124

3,3
of z3 are covered by a-cubes whereas the implicants 1- Xy
4,4 0,1 3,3 4,4 4,4

Xy Xg and X, ¥, X, are covered by b-cubes., In other

words, these implicants are not necessary to be shown

on the map of zq in which their deletion does not affect the

determination of the implicants that are stated in Theorem
7.2.1. From Figure 7.3.5, the implicant that is necessary

4,4 4,4
to eliminate static l-hazard is 1. Xy The implicant 1. X

is covered by both cubes a and b.

~

Xy x2
\"o\ 0C Ol 02 03 04 10 11 12 I3 14 2021 22 23 24 30 31 32 33 34 40 4] 42 43 44
’.1 =5 —

g

~

0 1

| L]
2 [/ )
3 Lﬂ
4 [j{

!

i

- | [=_]

I E 5

=
===
L= —nl'-

Figure 7.3.5: 5-Valued Map of zq

c-cube, d-cube, and e-cube of Figure 7.3.6 correspond
3,3 0,1 3,3 0,1 0,0 4,4 2,3
to the implicants 2- X, g, 2. X, %3 and 2- Xy Xy Xg of
) . 3,3 4,4 0,1 3,3 4,4 2,3
Zgy raspectively. The implicants 2- Xy ¥g Xgj 2+ Xy Ry Kgj
3,3 4,4 4,4 0,0 4,4 2,2
2 X, Xy Xgj and 2- X, X, X, are covered by c-cube, d-cube

and e-cube, respectively. From Figure 7.3.6, the implicant
3,3
that is necessary tc eliminate static 2-hazard is 2- X -
3,3
The implicant 2- X, is covered by cubes ¢ and d.
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.lllz
43 00 Ol 0203 04 10 1l 12 13 (4 20 2] 22 23 24 30 31 32 33 34 40 4] 42 43 44

(]
o 2j2|2|2l2 |

] il 2|2|2]2]2
2 Eﬂ 2212|228
3 Eﬂ 212222

[ - T e . g
——z o JUSIEIRNUIS N -—ieAde ok
e st i e .

Figure 7.3.6: 5-Valued Map of z,

f-cube of Figure 7.3.7 corresponds to the implicant
0,0 2,2 0,0 0,1 2,2 0,0 T,T 2,2
3. Xy %g. The implicants 3- X Xy X3 and 3. X; Xy Xq
are covered by f-cube. No implicant is needed for Z4 because
0,0 2,2
all minterms are covered by the implicant 3- Xy Xg- The

output function fk of k-redundant circuitry is:

4,4 3,3
£, = 1. + 2° x 7.3.3
k= 1 % 1 ( )
X %
13 2 00 01 02 0304 10 1] 12 13 14 20 21 22 23 24 30 31 22 33 34 40 41 42 43 44
0

RIEENEREIE

PE—

Figure 7.3.7: 5-Valued Map of z,
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From Table 6.5.4, the output function fo of 0O-redundant

circuitry is:

¢,01,1 0,0 0,0 2,2 0,0 0,0 1,1 1,1 0,0 2,2 1,1
f0 = xl xz X4 + xl x2 X3 + Xl Xy X4 + xq X, X3

0’0 l'l 3'3 0'0 2’2 3’3 0'0 l’l 4’4 0,0 2’2 4’4 /7
+ Xl x2 X4 + Xy Xy Xg + X4y X, X4 + X X, x3)

function f0 can be minimized as follows:

0,0 0,0 1,1 2,2 0,01,1 1,1 2,2 0,0 3,3
fo = [ X, X3 ( Xy + xz) + X, X5 ( Xy + xz) + Xy %q

1,1 2,2 0,0 4,4 1,1 2,2
( X, + x2) + xl X3 ( X, + XZ)]

6,01,2 0,0 0,0 1,2 1,1 0,0 1,2 3,3 0,0 1,2 4,4

. /
xz Xq + Xl x2 x3 + xl x2 x3 + xl ‘2 x3]

L}
[ |}
=

o

0'0 l’2 0,0 l’l 3’3 4’4 / .
=[x x, (X3+ X5+ X3+ X3)]

0,0 172 0’0 3'4 /
= [ X, Xy ( Xq + x3)]

By using Equation (3.2.2), we get:

0,0 1,2 7,2 ,
£g = (xp %5 X4)

0,0 1,2 2,2
= ( Xy + x. + x3) (7.3.4)
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K=Reduadant Circuitry _

X
o 25— Wby 1
44 Oz o —2 |_‘ |
2 '—'__)—";%D—" e TOEE
O&% (f : , Ly [ |
= !
g, 3 ————‘ e o - e v o= = = —— 1
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2 2 z
T o
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O by
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=D 4
do
d f
g } _O-Redundant Circuitry
dg fa : !
= 50— 1.
[ dg ]
L =l — bommmmem e :
X3

Figure 7.3.8: Static hazards free circuit of circuit of
Figure 7.3.4.
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By adding k-redundant circuitry and O-redundant cir-
cuitry which are realized by the functions fk and fo of
Equations (7.3.3) and (7.3.4), respectively, to the circuit
of Figure 7.3.4, static hazard free cricuit can be obtained

as shown in Figure 7.3.8.



CHAPTER VIII
CONCLUSION

In this dissertation, two potentially implementable
multi-valued algebras were given. Simple relations between
these two algebras were presented and by using them one can
obtain one system from the other. Multi-valued partial deri-
vative and multi-valued total differential were introduced.
Multi-valued partial derivative is used for test derivation
for detecting single faults in multi-valued combinational
circuits.

Two procedures for detecting and eliminating static
hazards in asynchronous multi-level multi-valued combina-
tional circuits have been presented. Since these procedures
are derived for general multi-level mul#i-valued circuits,
most previously published static hazard detection and eli-
mination methods [32-38] for two-level two~valued circuit
becomes special cases of these general procedures.

This work can be expanded to include test derivation
for detecting multiple faults in multi-valued combinational
circuit using multi-valued digital calculus. Dynamic hazard
in multi-valued combinational circuits can be detected and

eliminated by using multi-valued digital calculus. Fault

detection and hazard detection of multi-valued sequential
machines can also be investigated using multi-valued digital

calculus techniques.
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A.l1 Equivalent Normal Form of Example 6.5.3

The following are the equations of the equivalent

" normal (ENF) of the circuit of Figure 6.5.4 of Example 6.5.3.
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a a d

+ 3-a 6 5
e3g;hy)  TEgyh,

5
5940,

4
£ ®391hy

+ 3-bl b2 cl c2f
e,9,h;  “e49yhy TE193hy 1930,

4+ 2¢b
2930,

b

2 ©3¢ 45 1

€490 TEy93h, ®49,h0
+ 2-b
3930,

c c b
5 6 3 4
fig3h, °f @590y G590y

c + 2+b b
2¢ 3 4
£ esgzhl

C
3¢
1930, ®5g,h  TTag3hy

+ 2'b3 b4 c57 Cg
egg, by  “eggyhy Tfigah,  TEygghy

3938,

4942

€gd0y
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+ 3-bl. b2 d
€490 Te49hy

b de -

- a
2. 5. 6
&,9,h “fggh, F

69405

+ 2-b b

d 3
e59,h,

4
49405

2

dy
£ L4g4h2

e59,0,

d + 2-b

59405

b d

4 3 4 5
£ 5950 “Teduh

©59,hq
a

+ 1-b b

S5¢ o 1. 6e 41, N 5
6901 @Iy TTaguRy  TTa9R,

d, a, + 3+b
®gg 0y “Tsguh, “fs9yh,

bg

a, &,
69405  Te94h,

By substituting the input variable of the

Figure 6.5.4 into Equation (A.l.l), we obtain:

€69,

5¢ q.h

3932

2
£4940,

+ 3-by
€490,

e59,hy

3
£59,4h,

6
£5940,

+ 4.b
€690y
®69h

(A.1.1)

circuit of

0,0 3,3 0,1
X5 X] X
Y £ -
aje 910y - Tageygyhy Topfie3h;  epfygshy



3,3
2 x -

a;e191hy
3,3

2- xl

aie,9;1hy
4,4
X

lo

4,4

le x

4,4
1l- xZa
0,0
X

382910

3+ x,
agesgihy

0,0
2- xl
a5e3glh
0,0
X

1

2+ %
agesgyhy

3,3
l- x
!

1
218191
3,3
X
1
218193

3,3
2. %

2-

hy

hy

1
2:819;
l- x

2
ase,d;hy

4,4

1l- x
h

2
23,919

232,910

2
ase,g;hy

Q,1
X

%3

2,3

2,3
X

2,3
X

2,2
X

2,2
X

2,2
X

O’l

X
3
2,819

3
48291

3
26€3971

3
ag€397
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3:
azelglh

3581918

348,910

hy

3 .
a,8,9:h

3
2583910

hy

hy

hy

0,1

X

0,1
X

2,3
X3

2,3
X

3
228191

3
2,191

hy

hy

a,€,9:hy

3
248,910y

2

3,3
X

C3

4,4

e
2
°5f

3,3
X

1
€1

3,3

pd
lc £

3
4,4
X
2
csf

3,3

X

1
clf

3,3

X
lc3f

4,4

X

2
csf

4,4

X
2
dlf

0,0
X
1
d3f
0,0

X .
1
dsf
4,4

b4
2. .
dlr

0,0

X
1
d3f

£

£ h

293

3930,

h

192%2

h

2933

39380,

h

19371

h

29312

2

0,

4
X

3. =
cyE,93h,

2,3
X
3
c6f
0,1
x

3
c2f

0,1

X

4
2,3
X

6
0,1

X

1

X
3
c4f

22,3

3930y

h

4942

h

59472

h

69472

h

4941

59417

X

3
c6f

2,3

X
3
d,f

0,1

X
2
d4f

2,2

p <
3
de

2,3
X
3
d2f
0,1

X
2
d4f

3c £

3b £

393

193

393

293

393

494

594

694

494

594

h

h

h

h

h

h

h

h

h

h

2

2

2930y

2

3
c,£1950,

2

2

2

2

2

1

2
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%1

3,3

X - -
1 J

4,4
+2- x

4,

X
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3 T2

0,0

. X1
a6e3glhl ’ d3f

0,0
la

by&49,0

hy

2' 1

4
2

4,4

0

b4

2
0

X1
bgegdahy

0,0
X
1
bsecg,hy

2-

5
0,0
1 h
5692

0,1

1

xz -

0,1

< P
2 l

3
byes95hy

6

bye,g95h; €1

3,3

694

494

594

h,

h

£ga4h

£

X
lcf

3

5
s
h lC"'i f

1c

4,4

3,

3

3,3

6

0,1
xzb

6269201

193

293

hy

-2

2

h,

h,

£393h,

193

b,

35,93h,

26 _F

5

*1
°1£193h

393

h

*2
53930,

2

h

2

2



3,3

1. xl
bye,g,hy
3,3

3 xl .
bje, 9,0y
3,3

3. x
lp h

1849281

4,4

1- xz .
bjegg,hy

4'4
2° x2 B
byeggyhy
4,4

2. x2
byegg,hy
0,0

1- x

1p hy

59692
0,0

X
1
b5e

4.
h

6921

0,0

3- xl
bgegaohy

a,1

X
3b e

2

empa—

0,1

X3b

2,3
b4

3b e

4

2,3

x
3b e

2,3

4

X
3b4e

0,1

X
2p e

0,1

X
2p e

6

6

———

0,1
X

2b e

6
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492

492

592

592

592

692

692

692

h

h

h

h

h

h

h

h

bye,g,hy

1

1

1

1

1

1

1

1 -

4,4

2
d;£,94h,

0,0

ls. ¢

3 h

49472

0,0

p. 4
lg

5 h

6942

4,4

23 £ gq,n
1549405

0,0

1 .
d;f59,h,

0,0

X
lg.f

5 h

69472

4,4

X
23 f

1 h

4942

0,0

de ,

3E5948,

0,0

-

la £

5 h

69472

'A.2_Minimal Sets of Parallel Paths of Example 6.5.3

.....

The sets of longest parallel paths for the input
0,0 2,2

3,3
Xy

0’].

variables Xas

4,4
)

2,3
) X3r

le

0,1
x3 and xz that can be

obtained from Equation (A.l1.2) are respectively:

.
[(al'el'gl’hl) ’ (Clrflrg3rh2) ’ (c3rleg3rh2) ’ (blte4rg2rhl) 1,
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[(agreqr9yshy), (CqrEyrgashy) s (CyrEy,95:h0) s (byey,9,,00) 1,
[(ayre5,9y/0y) s (c5r£5,95,0,), (d1,E4,9,/h,), (byseg,9,,0,) 1,
[(cgrfyrg3,h5) s (@) s05,91,0)/(dyrEy,9,/h,), (Byrec,g,y,0y) ],
[(as,e3,gl,h1),(d3,f5,g4,h2),(ds,fs,gé,hz),(bs,eG,gz,hl)],
[(ag,e3,9;,0y) (g E0,9,,0,)], and [(d4,f5,g4,h2),(b6,e6,gz,hl)]

The searching trees for the first five sets of longest
parallel paths are shown in Figures (A.2.1), (A.2.2), (A.2.3)
(A.2.4), and (A.2.5), respectively. The last two sets of
longest parallel paths and all sets of parallel paths that
caﬁ be obtained from the searching trees of Figures (A.2.1),
(A.2.2), (A.2.3), (A.2.4) and (A.2.3) are listed below. A

number is assigned to each set to represent this set.

(l) (a6'e3rglfhl)and (dGIfGIg4Ih2)

(2) (4,,£.,9,,h,) and (b.,e.,g,/h )
4r=57324"72 6’ 6’°2"71

(3) (al’el’gl’hl) I (cllfllg3lh2) ’ (c3’f2’g3’h2)and (bl'e4'g2’hl)




(4)

(5)

(6)

(7)

(8)

(9)

(10)

(11)

(12)

(13)

(14)

(15)
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(al’el'gl’hl)'(cl’fl’gB’hZ)' and (bl,e4,g2,hl)

(alfellgllhl)r(elrfl’g3lh2) and (c3lf2Ig3lh2)

(clrfllg3rh2)r(C3rf2rg3lh2) and (bl’e4’92’h1)

(alrellglrhl)r(c3rf21g3rh2) and (blre4192:hl)

(al,el,gl,hl) and (cl,fl,g3,h2)

(alrellgllhl) and (C3rf219'3rh2)

(.alrellgllhl) and (blle4rg21hl)

(cllfllg3lh2) and (c3lfzrg3rh2)

(.clrfllg3lh2) and (blle4lgzrhl)

(c3lf2!g3lh2) and (blle4lgzlh1)

(alrellgl) and (blre4lg2)

(Cllfllg3) and (c3lf21g3)
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(16) (cl’fl) and (c3,f2)
(17) (az,el,gl,hl),(ez,fl,g3,h2),(c4,f2,g3,h2) and (bz,e4,g2,hl)
(18) (az,el,gl,hl),(c4,f2,g3,h2) and (b2'e4'92’hl)
(19) (cyr£1+93/05) s (cysEy,95,h5) and (by,e4,9,,hy)
(20) (a2’el’gl'hl)’(c2’fl’g3’h2) and (c,,£,,95/h,)
(21) (az,el,gl,hl),(cz,fl,g3,h2) and (b2,e4,g2,hl)
(22) (az,el,Q;,hl) and (c,,£;,95,h,)
(23) (ay,89,97,hy) and (¢, £,5,95,h,)
(24) (aZ'el'gl’hl) and (b2,e4,g2,hl)
(25) (cz,fl,g3,h2) and (c4,f2,g3,h2)
(26) (cy,£y,95,h,) and (by,e,,9,,h04)
(27) (cyrfyrgq,hy) and (by,e4,9,,h09)

(28) (a2,el,gl) and (bz,e4,g2)
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(29) (cy,£7,95) and (cy,f,,9,)
(30) (cy,£q) and (c,,£,)
(31) (a3,e2,gl,hl),(cs,f3,g3,h2),(dl,f4,g4,h2) and (b3,e5,g2,hl)
(32) (a3,e2,gl,hl),(dl,f4,g4,h2) and (b3,e5,g2,hl)
(33) (cs,f3,g3,h2),(dl,f4,g4,h2) and (b3,e5,g2,hl)
(34) (a3,e2,gl,hl),(cs,f3,g3,h2) and (dl,f4,g4,h2)
(35) (a3,e2,gl,h1),(cs,f3,g3,h2) and (b3,e5,gz,hl)
(36) (a3,e2,gl,hl) and (c5,f3,g3,h2)
(37) (a3,e2,gl,hl) and (dl,f4,g4,h2)
(38) (a3,e5,9,,hq) and (b3,e5,g2,hl)
(39) (cgr£3,95,h,) and (d;,£,,9,,h,)
(40) (cg,£3,95,h,) and (b3,65,92,hl)

(41) (dl,f4,g4,h2) and (b3,e5,g2,hl)
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(42) (a3,e2,gl) and (b3,e5,gz)

(43) (Cslf3193) and (dl;f4lg4)

(44) (061f3tg3lh2)1(a4rezyglrhl)r(d2:f4rg4rh2) and (b4resrgzohl)

(45) (celf3tg3th2)r(d27f4rg4rh2) and (b4resrg21hl)

(46) (a4,e2,gl,hl) ' (dz,f4,g4,h2) and (b4,e5,g2,hl)

(47) (Csrf3tg3rh2)r(a4rezlgllhl) and (d21f4lg4lh2)

(48) (cslf3lg3lh2)l(a4lezlgl’h1) and (b4resrg21hl)

(49) (c6’f3rg3lh2) and (3419219'1'1'11)

(50) (C61f3rg3rh2) and (d2,f4,g4:h2)

(51) (c67f3lg3rh2) and (b4'e6'92'hl)

(52) (a4lezrgllhl) and (d21f4rg4rh2)

(53) (a4r62:gl,hl) and (b4,esrnghl)

(54) (d21f4'g4,h2) and (b4'85'g2’hl)



(55)

(56)

(57)

(58)

(59)

(60)

(61)

(62)

(63)

(64)

(65)

(66)

(67)
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(CGrf3lg3) and (dzlf4lg4)

(a4,e2,gl) and (b4,e5,gz)

(asreBIglrhl)r(d3rf5rg4rh2)r(dsrf6194lh2) and (bS'eG'g2'hl)

(asl‘:BIgllhl)l(dsrf6lg4lh2) and (bsleslgzlhl)

(d3rf51940h2)1(d51f6r94rh2) and (b5’e6’92’hl)

(asre3lglrhl)l(d3lf57g4lh2) and (d51f6’g4rh2)

(ag5re3/91/0y) s (d3,E5/9,/0y) and (bg,eq/9;/hy)

(a5Ie3lgllhl)

(agre3s91/0y)

(as,e3,gl.hl)

(d3’fslg4lh2)

(dy,fc:G,sh,)

(dg,€5rTyshy)

and

and

and

and

and

(d3rfsrg4rh2)

(d5’f6’g4lh2)

(bS'eG'gZ'hl)

(dSrf6rg4rh2)

(bsregrayshy)

(bgregrggy hy)
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(68) (as,e3,gl) and (bs,eergz)
(69) (d3,f5,g4) and (ds,fe,g4)

(70) . (d3,f5) and (dS’fG)

A}

The minimal sets of parallel paﬁhs can be obtained
by using the minimal covering table as shown in Table 6.5.3.
The above seventy sets of parallel paths correspond to the
columns of Table A.2.1. While its rows correspond to the
letters that are shown at the inputs of the gates of Figure

6.5.4. Some of the minimal sets that can be obtained from

Table A.2.1 are:

(fz'f5'91'93'h2)ﬁffz'f6'91'93'hz)' (£50£509093:8,)
(£30£6192093:0y) + (£11 5097093/ R)) 0 (£1.56,97,95/h)),
(£1/£5095093/ )+ (£, 56:95,93.85) 0+ (d3,85,9,,95/B))
(d5/£3191/937Bp) + (d3rE5s95093r)) s (dgr25195095/B))
(d5,%y,97,94.0,), (A5, £y ,9,,95/0,) (d5,5,,9,,95.0,),
(d5r£1093093:09) + (305,97 ,93,By)r (50 Ey,9,,95/0y)
(fl’fS’gl’gé;%l)’(fl’fG’gl’g3’hl)' (d3:£5091/93:0)
(d5/£5191,93/01) s (£, 85097093/ By )0 (£505409,,95.0,),
(d3:£5192093/0)) 1 (50851950 93: B )+ (FprE5,950953:8, )

(f21f6192,g3,h1):(d3rfl:92,g3,hl), (dsrflrgzrg31hl)l

(£,,£ +9ar94:04) and (£,,£.,9,5,9 (ho) .
177573227323’ 1/%6'727°3"71
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‘o'la’lqi'h')l(c' p',uqa'h (03"2@31"2)"%19402.”') L..VC' !

Level 2
‘a‘..'ﬂ‘lh')l (c'I',’%'he,. ‘u' ’0‘ ’gllh')'(c, .f'.osﬁhél ‘c‘ ""93.'2)’(%.'2'03’2,' (a' ". '0, .h')"%& 'oa'yl
(“,o" vglnh,,- ‘0'00'09'0""0 ‘o'lollg‘lh.)l ’ (cl of' vgsnhz)o (c't"t%'hz,l (csvfavgyi'é)o
(ejityoghy)  (b,00.h) (Cqfprayhy) (b8 41050 (Cyfpi95h)) (b 10500,
‘O‘ n.' .9, ’o‘b' 0‘4192, | ' { c' ,f' .03). ‘Cafzqa)
(c,f').(ca,le

FIGURE A.2.1: Searching Tree for Set [(a ,el,gl,hl),(cl,fl,g3,_h2)_,
(Cq1Ey,aq:hy) s (byse,,q,,h 1.
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(a281,9M), (6,20 302,

gq.aeh,)

(ay8)0,h), (0,4, h),
{exd)10h,) (b, 40,:h)
“'z'a 9 ,). (bz .04.02)

FIGURE A.2 ‘,2 :

(a0),0; ) (0o 1110300 1 (4. fa05 00 (Bag i) )

_ /
(czf1,93:h), (5.f2830,

(Byi8495h,) /

‘02"1 09'»",)0
(c Tp05h,)

‘OZSGqu p"')o (Qn'l 0931"2)3
(cy ty03:h,)

‘c ztf' 9 3 hz) ’

(e4:f2193 'hz) ' (b2134192rhl)] .

Level |

Level 2

305,01 (Caf) g3ihds
(byp40,h,)

(cpfatphs)i
(b)1040,)

(c. "l W3 vhz, ' .
(6121051

(et gl 0

(e (e )

Searching Tree for Set [(az,el,gl,hl) ,(cz,fl,g3,h2) '

8VT



( 080} ,) (c L ) (d,.g.q,.ha).( '5"5"’2"'0’ Leve! |

Level 2
(age,,9,.h ), (d).5.0,.0), {estg03h) (d) 5 0,00), (038,00, ), (S5, 05h,)s (050,01, ), (et 0,.h ),
(bze59m) - (byeg0ah) “’l"4'°4"'2’ Al
(o ’izlg' .h ). (03'.2'0' Dh.’l (a l° lqlih ,! (C 0'3!03"‘2' ‘c 0'3103"'2' (d |'4.°4|'Q
0g0y9)i(bysga) R CRATE

FIGURE A.2.3: Searching Tree for Set [(a3,e2,gl,hl),(05,f3,g3,h2),
(d1:f4:g4:h2) (b3 resrgzrhl) 1.
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(cg 1303000 042,49, :h) (0, 1, 194 sha) (6105 0,0 ) Level 1

Level 2
(Cerfy95hs) {0k 9h)), " Tog 80 )1 (L o), (s '39570) (2300, (5930 (g0 ),
(005950} (by509h)) (d11q:%4eMtp) (bg.85.0,:h)
‘ce'.S'g3'h2’ ’ (04.92.0, oh,) ' ‘cso '3:933"9 ’ iq; 92,8 'hi ) ‘cev '3. 93-" ’ (dzt; W9 l’h’ E
‘04"@‘2’“‘, (bqp°5' ﬂzp "" (b4'°6'°2 lh‘ ) ‘d21'4 9941 ha, ‘dz ! 4194 vhz, “’41 05 ogalh‘ ,

(cgty9) (d049,)

FIGURE A.2.4: Searching Tree for Set [(06,f3,g3,h2) ,(a4,e2,gl,hl) '
(d2:f4lg4rh2) (b4,85192:h1)]~



(050050, h,).(d3.50,440) , (ds b0, h ), (b8 o0h ) Level |

Level 2

(052830, (d5 f 0405, 7 Ayl (dauh), 08 3900 )4 (d3 0 g p)e (05830, ) (515 G4 hs)
(t}}vz.n,) / (b5 86:9.h,) (A5l (bg.8gi0aih, )

(agieq @by lagieg9, ), (05,259} {dgf04h)s (d3%5:95hp)s (g &
(d3 f5940)  (bgep0,h)) (dgfg 0qh) - (bge6:95h,) (dg fgi94h) (bsmg95.hy)
(05’.3‘95)""5"6‘2, . H3.75n4).(d5.f6.94)
(45t dgfe)

FIGURE A.2.5: Search Tree for Set [(as,e3,gl,h1),(d3,f5,g4ah2),
- (d5If61g4lh2)I(bsleelgzlhl)]-
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