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ABSTRACT

General Relativistic Pulsation Theory as deQeioped by Chandrasekhar
is extended to include charged fluids with arbitrary charge distributions.

We then obtain an equilibrium solution for the charged homogeneous
modei, and use the theory developed earlier to investigate the effects
of electric charge upon dynamical stability. We fird that electric charge
decreases the minimum radius at which dynamical stability is possible,
and increases the frequency of the fundamental mode of the permitted
pulsation modes.

Finally, we investigate the stability of Bonner's mode! for charged

dust. His model is found to be neutrally stable.
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GENERAL RELATIVISTIC PULSATION THEORY FOR CHARGED FLUIDS

CHAPTER 1.,

INTRODUCTION

This study is concerned with an extension of general relativistic
pulsation theory to charged fluids. The application of General Relativity
to pulsation theory is due to Chandrasekhar (1), and is a recent develop-
ment. This is because the gravitational fields of most stars are usually
very weak, and consequently the use of Newtonian pulsation theory is well
justified. However, this is not the case for stellar systems such as white
dwarfs, neutron stars, and supermassive stars. For these, and astrophysical
systems such as black héles, general relativistic theory is indispensable.

Most of the observed pulsating stars appear to be doing so predomi-
nantly in a radial, spherically symmetric mode. We shall, therefore,
concentrate exclusively on this type of motion. Rotation and non-radial
oscillations produce enormous complications in pulsation theory. Their
roles are not yet clarified, and we will not consider them.

We shall also assume that the oscillations are adiabatic. O0f course,
this is not strictly true. Nevertheless, it is generally used and gives an
excellent description of the gross dynamical properties of stars, in
particular their periods. The reason for this is that the time necessary
for departure from therﬁodynamic equilibrium is enormously greater than
the pulsation period of a star, hence not much heat can leak out during

a period.
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It is worth pointing out that a star pulsating radially and
adiabatically is a perfectly conservative system. Spherically symmetric
oscillations do not permit losses through gravitational radiation, and
since we are assuming a perfect fluid, there are no dissipative losses
such as viscosity. Hence, a theory based upon spherically symmetric,
adiabatic oscillations cannot provide information about the origin or
cause of the oscillations.

We mentioned above that the development of a formal body of general
relativistic pulsation theory is due to Chandrasekhar. Using a normal
mode analysis, he developed the theory of adiabatic, infinitesimal, radial
oscillations of a gas sphere and was able to establish a criterion for the
onset of dynamical instability.

Chandrasekhar's method begins by assuming that the quantities ff;
which characterize the dynamical state of the fluid differ from the
equilibrium quantities 3Zn only to first order. Similarly, the fluid
displacements are taken as first order. Then the time dependent equationg
of motion are linear equations with the first order differences Sﬁf; =3, Cen
as dependent variables. |f the motions are isentropic and hence reversible,
the time dependence can be factored out by assuming a functional dependence
of the form rf:f(f]al’") Jﬁ}-)etrf'f‘ . The equations for ff,\(")
are then transformed into a Sturm-Liouville eigenvalue problem with G2
as the eigenvalue. [t is well known that the eigenvalues form an infinite
éequence, beginning with some lowest value which may be negative. If the

lowest value vanishes, the condition is called neutral or labile equilibrium.
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A system is considered to be dynamically stable with respect to small
perturbations if it has no unstable modes of oscillation. Hence, the
condition for dynamical stability is O~" >"© . What is the physical
motivation for determining the dynamical stability for a star? It is
simply that a body which is unstable with respect to small perturbations
Is incapable of existence in general.

in Newtonian theory, the condition for dynamical stability of a

spherical star with a constant ratio of specific heats !/ is \’;>-‘?/§ .

The general relativistic analogue of this, as Chandrasekhar showed, is

CL

Y- %/3 >K [&GM:)

where M is the star's mass, G is the constant of gravitation, c is the
velocity of light, and K is a numerical factor depending upon the mass
distribution of the star and generally lying between 0.5 and 1.5. For
the uncharged, homogeneous model, i.e. a perfect fluid sphere of constant
energy density, Chandrasekhar obtained as the condition for dynamical
stability.

R > 19 A GM
42 (5 - +/3) c*

where R is the star's radius. The physical interpretation of this con-
aition is that even with }{;>‘643 , the star will become dynamically
unstable if its radius does not satisfy the above inequality. It is quite
remarkable that general relativistic effects which are too small to affect
the static structure of a star can nevertheless have an important effect

upon itS dynamical stability.



L
fbw we briefly discuss the motivation for this investigation and
summarize the following chapters.

Stettner (2) appears to have been the first to use Chandrasekhar's
work in order to investigate how electric charge influences dynamical
stability., However, since Chandrasekhar's theory deals only with uncharged
fluids, Stettner's choice of charge distribution was limited to being on
the surface of the sphere. The results of his work indicate that the addi-
tion of a small amount of charge to a system might actually increase its
dynamical stability. It seems desirablie therefore, to extend Chandrasekhar's
theory to charged fluids with arbitrary charge distributions in order to
more fully investigate what General Relativity has to say about the effects
of electric charge upon dynamical stability.

In the next chapter we extend Chandrasekhar's theory to include charged
fluids. In Chapter I, the theory is applied to the charged homogeneous
model, and the effects of charge upon dynamical stability are explicitly .
shown. In Chapter IV, we analyze Bonner's (3) model for charged dust and

shown it to be neutrally stable.



CHAPTER I1

PULSATION THEORY FOR CHARGED FLUIDS

Consider a perfect fluid sphere with matter energy density & ,

and electrical energy density % . For the metric, we choose

ds™ = e (o) - e')(’o/r)%— r* /c/a':‘—}-.om"’e 07472) (2-1)

The field equations are given by (4)

i Di<a .Tc,c - - e.') _1_ - _-)_‘_ + _'__ (2-2)
- ps r e

= rom) T (2-3)
Pre T =- e ) (2-b)
ot r

R Al e N C N O LV I
2 4 ar -

-7 L o> e 3
+ € (.i+ a). ’7’)) (2-5)
> % b

where the primes indicate differentiation with respect to r, and the dots

with respect to x°.

The energy-momentum tensor for the fluid is given by
) (/ 7, ~
= (¢+PF g/ - P (2-6)
[Vla ’) éz éL

3
where P is the pressure in the rest frame of the fluid, and is the

four-velocity of the fluid,



For the metric we have chosen:

v B --J-’ . -
K/f_,,:-ﬁ 4d = dx
ds

The electromagnetic energy tensor is given by

W

4T 4 ¢

where E’A is the electromagnetic field tensor. Because of spherical

symmetry, the only non-zero field component is F:o , where

Lor
Fo =- =7 e er™e Jr
,41-
e

In (2-9), e is the proper charge density.

Putting /Z into (2-8), we get for E;o

\
|
N
n
i
\
S,
S
N
Qp
\ ,9‘
Y

_(7+2) P -

1
@
~
N
o

(2-7)

(2-9)

(2-10)



7
uv . .
where 87’ are the contravariant components of the metric tensor.

For £, ! , we obtain:

E,/ = _’.._ [/::Id ;"l 'f'j-//'g/;a"' }‘70 Flj]
ST

¢ - 1O
..L_. - /:1: F + ____/"70 a ]
A >

i1

Since 7 is the electrical energy density, we get from the

definition of the electromagnetic energy tensor
[ -/
E, = £ =7 (2-11)

o
Similarly:
> 3 _ - -
E," = £;° =-7 (2-12)
=4

The other components of égd are zero.

A consequence of the field equations is the vanishing of the

covariant divergence of the total energy-momentum tensor.

- d v -
—T;gj.// = (/‘Zu + £, 7 = © (2-13)

The covariant divergence of a tensor is given by:



R ..
'T"?—J =1_2 ‘FS: .T,:aa, - T 2% (2-14)
A ) 3 ox” & oxH
where 3. is the determinant of the metric tensor, and
A4

Letting /—1 = [, we expand (2-13) as

’9 - Q ] D
Tod = Tyo Ty T ¥ T4s = (2-16)
We consider, in turn, each term on the r.h.s.
Tie = L 2 (7o) I 24
V=g °x° > or
- —— - ¢
VN PN P L) 1@)7_1" 2 e
/'—g ox° ox°\ & * 2r
A~ —
=BT TR AR e T
oX° 2x°\ & A
/7
33770'7—/03 .__"7"")-3)_7—;0 2])
—. T s =/) = (2-17



Similarly
- - / 7 )} [Ny 4
I3 - -y 3
iz “D,—;T: T 2 =1 (2-18)
T is = - Ta
i = - L (2-19)
32 - «’:3
7'—13 - T (2-20)
-~
Substituting (2-17, 2-18, 2-19, 2-20) into (2-16) gives
2T T T ) P (T E) 2T RTLTE 2o
ox° 3r & IX° > r r r (2-21)

The Equilibrium Equations

In the equilibrium state, none of the quantities depend on x°, and

of the four-velocities only u® is not zero, Designating the equilibrium

state by a zero subscript, the total energy-momentum tensor is given by

¢ 1 - 3 -3 -
T 26 TR, T2 E 2= ,- R

© 0

(2-22)



Equations (2-2, 2-3, 2-21) become

d (re” - ) = /- Fre(es 2 ) r
ar <

-4

<" 7 oY
r or

(1-%) , bze (7-7)

L
/‘1- 61‘7

- q g - .
2 -7 o oA (EFR) | #%
o r

Using (2-2) and (2-3), we form

Pra (T:6-77) = _e_’_)‘ () +3)
o r

<

Substituting (2-22) in the above, we get

Fra(arr) = & (Y ra)
P 7

The Perturbation Equations

Now suppose that the system is perturbed so that infinitesimal

radial oscillations result. Since spherical symmetry is preserved,

we can write the metric as

a° z (rx')
ds* = ::/;(.m( )fo/x") - 6/; or>

(2-23)

(2-2L)

(2-25)

(2-26)

(2-27)

(2-28)
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In obtaining the equations governing the perturbed state, we shall

retain only linear terms in the motions. Let

A 57 ) =)+ dﬂ)("/'/)/'y(’ﬂd) =AY #J704)

Substituting (2-29) into (2-28), we get
A #47 .89 .
/=< X’ ” - c:/)‘f W Y
Jds ds

The components of the four-velocity are given by

U zdst 4z dr o dr de - 4 dit
ds ds oyt ds dls

where
,¢/’ = Jr
dx®

is the velocity in the radial direction in units of the velocity of

light, Putting (2-31) into (2-30) gives

)
‘o [e%/H_ s e):,.;)]—/.a—

Q.,Q_
W Ix

(2-29)

(2-30)

(2-31)

(2-32)

(2-33)
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Since the second term under the radical is second order in the motion,

U= dx' . J_.> (2-34)
ds >

; 4 . 2/7
U, }“d - & #9 4 = @ (/»!1’) (2-35)

we have

t

e
p -,
A =A"dx" = p e /-
ods (2-36)
.z).*"g) .t - - />
4, ‘jﬁ U - -« qd =-4 < (2-37)

Next we determine the changes in the total energy-momentum tensor

which result from the oscillations. Let
Ploxd= R #dPlss) 6= G+ e, A= A Y (2-38)

where J‘f af!; f"{ are the Eulerian changes in the pressure and energy
densities as a result of the oscillations. Then the components of the

total energy-momentum tensor become

T = G, +IE + T (2-39)
T =R +I1-dP (2-10)
T = (G TN (2-41)

22T == ,-F S - ¢P (2-42)
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It is convenient to first evaluate J’{ . Let

<

- S A — R Y -0
Maxwell's source equations in covariant form are

2 (3" o ax/2
c

>x?

where the current density \}A is given by

\\A:(OC_CJL“

as

Since '}“ is the only non-zero field component, (2-4k4) becomes

> (= #°) = ._477'#-}7/01'

>x°
Now:
) H43) (i D)
3'°=3Mé’r F.=-€ T, =-¢ - 59-0 X £.92)
or

_Od)
$'2-¢  (eisE-EL7-ED)

to first order.

(2-43)

(2-4k)

(2-45)

(2-46)

(2-47)
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Putting (2-47) into the left side of (2-46) gives

Ak cvw)/
2(Fy ¥ )- ey {r woe = ;+§'_+§,_)Y /c FIE-EST ES,Q}}
Y
\

'a,‘ al

17:”'
::-E_{r"’.wse‘ {[Ec'*SE'E WW_oES) L EST ECSJ]}

/

X A

Since e~ 6 < - is not a function of x°, we get

. At
2 (Fg?c) z-rAm 8 & _’/'_?_ SE-E,§V._ EcS_)_] (2-L8)
oxt Ox° A >

The right side of (2-46) becomes

At 35 /o
45,-./:;‘/“ - LT e € "/;.J‘—? 5)/9/; e

< &K

or

A/
&‘r’:}—/ﬂal =Pt T S mn O € Zf 2F

oxX°

(2-49)

where

=x° (2-50)
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Equation (2-50) defines the ''Lagrangian displacement" s X”), it
Is the displacement of a fluid element from r to. r+§F as a result

of the oscillation. Equating (2-48) to (2-49) gives

()c"”"/"')
JE - /'?: _éq_)l - —:_Qr_)_ = 477'2? = 2F
> > )
or (v 72/7)
AfE _fp_83 = &7 e -f'f"
= c (2-51)
&, <

Referring to (2-10) the time dependent case for the electromagnetic

energy tensor is

D, k)
E, y (‘3}4) =< £ (1 -}'_Q_J‘_E 7. dn)) (2-52)
For ;i &

Comparing (2-51) with (2-52), we see that

. _ (St ) hye
') 9 -
E ‘=z e £, + £ £ e F (2-53)

Therefore, the change in the components of the electromagnetic energy

tensor due to the oscillations is

“Za/>

f’Z = Ec/’f e F (2-54)
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Next we return to (2-2) and rewrite it as

)
Q

W
i

2 (re?) - /- s=<
- 7

D |lre (/-Ja) }T’éf" C—#’(hfc%f’l]
or

cancelling out the static solution, we are left with

S
g:lr[re S)J:"Wb [Ié#o‘?’] (2-55)

We return to (2-3) and rewrite it as

'i\
N

or

or

e (/-J)) ,*;N] [ (4/7 ,—,—5/ _P - aij
or or

Collecting terms:

*1 228 m] [; &20-09) &»‘//;fif.b( s]

I” Jdr or



17

Cancelling out the static solution, we have

Ae

e [287.
r 2

From (2-4) and (2-

A

-

e o4
r o X¢

$)4%
odr

-
>
g Sy

-

L4 S
N
\

t;

DN
Ty
~x

{

Gy

L~\;31J

41), we get

- - &.7_7:_& é':t +7;’ D;-__F
C“{ 9,{0

We can integrate (2-57) directly to get

/)C

r

The integration constant is zero because S} =5 when ¥ 20 .

Jy - _

Comparing (2-58) with (2-27), we see that

§)=-

(X+2)F

Combining (2-55) and (2-58) produces

6{2‘ = -

/”7' Dr'

reiE, + )T%j] chz

(2-56)

(2-57)

(2-58)

(2-59)

(2-60)



We can rewrlite (2-60) as

t6 = -Fde. _FdR _ (4R 2 (r*F) _ I (2-61)

dr dr r* or

~7
Substituting for 72 from (2-25) gives

./:Z/} . .—;/;/'J‘
fe 2-Fde _(eiRde 2(r¢ €)_FIN T _ Sy
dr r* or dr r

Ne:t we substitute (2-58) into (2-5€)

D4y _ hfé'[f/ £ (fﬁ..)o/ )"] (2-62)

_e_
r 2r

P

In (2-62) we substitute for % obtained from (2-27). We get

(2-63)

Gé,-;—?)) d» _.[GP-‘% G, r?{a’%;_) c/ Vs ,_d)
r

or r dr‘ dr
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Now we evaluate (2-21) term by term.

}-;7 )_.J«. —
>Ti° - .= (( RN e - Cé‘fp‘>‘2ﬁ_
o Xx° SX° 2%
STEICREPRS

>r ovr

/);.‘"i"‘
© S (9+)) - _ (et P are [, L5752, ,_M]

2 IxX° > oH° ot .,,(‘ ox €
, ). e
= CaIre™ 30y 20
= P2x° Dx°

to first order

(T-7)37 _ 1 [P 2y -3P- ey -5e-ty (4%, 28
r A e o

Py
- ;(afr)f;mgs] /JP,LJ 7
f'

2 ’r'
r ]

=:f-[%+f’(]
”

(2-6L)

(2-65)

(2-66)

(2-67)

(2-68)
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Then (2-21) becomes

Ao, .
(t‘cfa).}” + 3 7”;_‘{? )Z Ad/-r*;,/ +J 7)

.,,[fé Nf]‘ﬁv - i[%ffi’]f-o (2-69)
2 dr  r

Referring to (2-25), (2-69) becomes

7,
e)° (e'—.—//e)ba X J‘PJ"!) /4f/];)§>’ /J{M;’?_g@
2 r
_ _j_ J’Z 20 (.0

0
We assume that the perturbations vary as &7 %X and substitute

(2-63) into (2-70)

A
o GrE - 407 2 /; ,7) iz ot

f‘

_____I__.- N’)t Jit ‘%f - }‘C”)‘“”? (2-71)

o rhdr  dr dr

where it should be noted that 5?}5&/ il , and ? are

functions of r and x° only,
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In (2-71) we have explicit expressions for J;( and & given
by (2-54) and (2-61) respectively. We need to obtain the change in
pressure JV’ . We take note of Lupanov's (5) observation that for
an adiabatic process:
P wp
¢ € +I2 (2-72)

where J/ is the ratio of specific heats.

Using (2-72) in (2-61), we get

§F77 -- ?(zﬁ? (AR YeE R e”z/" »_"7-’/.’?',
Eor P2 di" €+R re
;—'( o/m_ 4&’) ( YR )g»( (273)
r C.+5

which we rewrite as

P -_-FdR Le ( ‘ )__i@o“’(

dr r* JE

-F jz 0(. ) (2-74)
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Putting (2-60) and (2-74) into (2-71) produces

\7\—&'@_/): (crRVE = _ d ';‘-‘d_}z_ _ J B _)_I,L"’?,’ =
drl dr r [ &

N e ) .
-(" 5X<l/w4. )/\,»; )? _ “a {.’i(qﬂ’)}z
2 )
. l‘r

4-2‘7] +3;7.J ]
L =/e ;7>>§:} L"‘"of Q22 5
r

or —~

0/ e —12/3‘,_,)] {FO}P Q/)a ;.4}4 57(,_042?
(/f'

oélf
XA f (J“ dJ % 5 B
[ ’ F dr‘ /‘"] 'zolr}

d I _LJ" 47 rr)fr“fj
Jr

(2-75)
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Substituting for }i?l its value given by (2-25) in the first two

terms of (2-75) gives

e R)E L { [/myd/, ;(c ),_(__ }
dr

‘ f . . \\ -
+ i-i-f?; gl K7 A R WS T - U Gll;i!i ¥
’ AL & Jdr rl\ir dr

_ (}3-'1-2‘2/:.‘-) ) 3—,/:) . B ~
e T d e(i%_’ﬁ dﬁ“e ’”/7;7]

Tdrl |7 > -
- dIF Iz ‘ff_d‘k’f;'—i+d°’za/._'w}
dr | de L~ JIr
. _J_] ?ﬂ?[#% ey .,LM&;.}
> 0’@, r g

(2-76)
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Combining the first four terms on the r.h.s. of (2-76) gives
1e - 1 . / _ e
_._..’._ti_ a _4 - .}'_tj.‘:. - __)u_ - 3= F ’ (2-77)
e / odr> > r 7

On the other hand, according to (2-5) under conditions of equilibrium,

we get using (2-22)
Vo= A, Ly VP a/ 7 V' / ‘
.Lm. o e :0’”0 -)377: ./,_/_ 7z +_i /AP
< i > 2ldr ) r (2-78)
Using (2-78) in (2-77) produces

Cc \/6/45(7:'7' ) : _(7742/)?—__'7/2%’ F
> = 2-79)

or

o o7 BB eE_ ] m)f ﬁz]}a Frso” VRE)E

c"/

(2-80)

Using (2-25) in (2-80) we get

A N
FTE © 7 (72165F, ( u) ml/;f alrtal), I, )‘g

c T BEE (T

+ 57 -e9°?zo (Z+2)F

oY (2-81)
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Expanding (2-81):

— : . -7 . o 4 [t
b e RS LY 2 fe R
&t > |r gz IoFEs

B

S

rz

- ——— ——

Ay
VaR &} ‘.’;;(;_ )

I 3 ——
- s _;’{_- o /? ty"‘l-
2 | r 77-/'60

Fri e g, (7 eNE

Ce

* /'(7’;4)

Simplifying:

Vot P
R, LR

.,.

ﬂ(?%é—) /" ??)ép

/8%

rE(7re) ] F

2 R, (F+E)F

- r/t*~’:: - “/)fc (;»?L?;_)J_
}' r< Ve é,) '

S ETE
c?

.‘ 'c: I /"o I)_/__ 7"){6 F
/‘(P/éa

e / / ,(,) .r-(mﬂg

(2-82)
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Remembering that (2-82) represents the first four terms on the

r.h.s. of (2-76), we get
(a ) (D) L rzis />
e (EAR)E 4 dRF_€ TP d e Typ d(r Fi/
" elr or rdr

[ r . H . . ] ) R veal ] ] \ - o
[ S L B e VE L ) ]_?
E Rtre o~ (pre. Rie, 1 (Rié)

f Ae ,
+ M ®-20) 6t _ 1¢n” £, free’y (mre)F
| r (Rie) 7 rARE) o7

(2-83)
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Collecting terms this becomes

- o (1}, 2 37\) Q 3 ’_’:)_ /
- ; . - — : S > -—i'/} -:
e G S ARE & T A[e T2 A7)
Cad = /
/ o £ 3r _/

Ny
N

r
)g-, ,;};_;‘ ‘)':_‘. ) e Q/ : g 7 / 1"3\-
4 SmE & F(RPEJF _ (R1)F - E':_’i;‘_,L)Z;}/-/‘?__'Ir.L]
‘ r 7"

=4 VLT / O"C‘:; /

- G‘[ ? (7’/& ;7’)//&0/7 A %’)]
¢/ O/t.c o€
,J,_,z,) /y; /,77)] Jf»z +[ L e
Q,cc f"(" /‘//’/c—;\_]

+§[ W) A AL jf? 90,70 Jew _ j6n?
e )

4 r(rE) r(RE) T r

¢

26(_ o
- ?Zf € )':,. /734'6'4)? (2-84)
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We continue to collect terms and use (2-72)

f//.”/) dfoen
C.J:I.(.' (/ f/:\ _ _,_t_/ 9—()/ -’9"’"7? C/(/ 2 )
r I
Mt/ yR T 4 le 2\
rJ/' RiE: r s
_dn [ x®2 (3,57 = 9 L a
A
S| (4N Y+ YR ) )
r P E:
+ F | /P-w G Y+ (EVZ2R _ Jent
(7 +é) B+ €, rzrE)

_ c523¢ _ ‘9/22_)] = 3’2725‘ < }/; 7_¢T;2/f%>;zjyr J]

(2-85)
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~
Substituting for g as derived in the appendix, and dropping the

subscripts as no longer necessary, we obtain the pulsation equation

5 (4332 ST .
o - & Gr32l 7
ogFe (<iP)F =4+ FF_e }_f_i_[a.}_"ﬁ’ﬁ_ re ’:'J
r ar ©dr
- " .- 0 Gy ,”2' : 2
i A G O N DI o S
r(P+e) P e rE(P e
— A t A P i
+ 9;)..6(-? (PT‘ C‘IP*')“)] (2-86)
¢t
Solutions of the pulsation equation must satisfy the boundary
conditions:

= =0 ~fk r= o) AP zo =3 r=R:(§Ro+? (2-87)

-

where AP  is the Lagrangian variation in pressure.

Physically, the first boundary condition states that the center of

the star remains fixed during an oscillation; the second insists that the

pressure at the surface remains zero.



CHAPTER 111

THE CHARGED HOMOGENEOQUS MODEL

Int roduction

The homogeneous model is a perfect fluid sphere of constant energy
density. It is one of the earliest models to be studied in general
relativity, and has been used as a model for elementary particles as well
as for stars. Kyle and Martin (6) have commented that solutions of the
field equations for extended charge distributions may be useful and perhaps
necessary when considering questions of quantum field theory in a Riemannian
manifold. Toward this end, the solution provided by them is that of a
perfect fluid sphere with a constant charge density. Thé solution which we
shall provide below is for a perfect fluid sphere with constant electrical
energy density.

It may also be useful to use the charged homogeneous model in order to
study the dynamical stability of charged stars. Shvartsman (7) has dis- .
cussed exchange processes between stars and their surrounding medium, and
has shown that they might acquire an electrical charge as a result of these
processes. Although astrophysical systems are usually considered to be
electrically neutral, Shvartsman's analysis suggests that this may not
always be the case. It is, therefore, of interest to determine how the
dynamical stability of a perfect fluid sphere is affected by the presence
of electrical charge.

0f course, since gravitational forces are extremely weak compared

to electromagnetic forces, highly charged stars are impossible. 1In fact,

30
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if a sphere of neutral hydrogen lost one electron in 10 ~, it would be
sufficient to produce gravitational instability. Saakyan (8) has dis-

cussed this point in greater detail.

Equilibrium Solution

Consider a perfect fluid sphere with matter energy density &
and electrical energy density 7/ , where & and 77 are constants.
Using the metric and energy-momentum tensors defined in the previous

chapter, the components of the total energy-momentum tensor are given
by
[} . — a— ———
Tez €20 T =P, R7=73° = -%-7 (3-1)
We take 73/@ and -734? to be first order quantities, and will
neglect second order quantities in the solution of the field equations.

Substituting (3-1) into (2-2) we rewrite it as

Ere(¢+D)r* - J (r- ,»e--))
c? odr

From which we immediately get

_J
e = J- }vé(gf%)fmf

A
3c? r



32
where the constant of integration A represents a point mass at the

origin. In order that the metric be regular at the origin, we set

e = /- ‘.}.’77";(;/"""!>f'% = /-
g

b 29
= (3-3)
F L
I'4
Az LETEEOr - ar y
St - FTE (G 2> (=TT (3-4)

Substituting (3-1) into (2-21), and remembering that none of the

quantities depend on x°, we get

7 - :j_i'(éf?) + 2% (3-5)
r

(3-5) is rewritten as

Vsl DR AR
é (7+7/) 2 & CHFZE)r

- .y
F(F) oD S (778
& 2~ er
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Expanding to first order:

L) == 20y 2K (7% (3-6)
& “ <-/”

/
Solving for -/  we have

2o ap (), 3 (-7 (3-7)
& Er

From the previous chapter we reproduce (2-27) below

& (¢+P) _ _e_—_') (N'+7")
-.l

; r

C

/7 .
Substituting for <%  from (3-7) we get

gre(err) - 200, & / 2 (-2¢) _ azﬁ-/@]

C#
s o A _4 A
AP(-PRE, preP _ &) L MO _ pree
Er ¥ r EpT ad
Since
e - 3 p ;zre)
ToF T = ) s
C (e+7)[ /

the above becomes:
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=1 =7 ) -1
P 3ecP(-F) er () L2 2 (- )

.2((-7"1)(1-"/.. D1 inl (7-riim)e” r Q(p;.r,;I}-r'}_f_;.)L"

Expanding to first order in 7% , we get

P + (3c=rP+3«:‘7’r“)(i-‘rP/é) _enr (7FAE) . oS

3 (5"'"’0(/ - 1‘1'/17‘:’!_’_:_ - {/« f"’-/;.-’-)[-‘_ r
P (367 P #3E Y1ire) | er (HRE) |, #X
2 (EFI(1- P )t
7’1-{. 2&™ (/,/ 7/:‘.»)'" _ ér (};-P/',' 2 i o
2 (EF2(/- rEir) L™ C/r77e*) i*> r

To first order in /D/E"' this becomes

7, _3&r ; TerP . Er(#7f) , 4
DY R o TN Ty (o0 [y o7 Vi o

Finally we get
P, P 4'( (4 r )}

‘(1~ ) 2(é+’l) NG
(3-8)
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Before solving (3-8) we want to show that this equation is precisely
- . . . - ;-*
the condition that insures satisfaction of the /. component of the

field equations.

/
Solving (2-27) for %’ gives

3 )
A cre {_'Pre ,] ere -,»P/’/ _ Are
c* Cér’i)f- L=

(3-9)

(3= 9 & [Erpaer ] 7 [ s PD] Ple”
(e+n)L” (Z42)0]+

where again /77'44 é’—

-z ; 2 2
#) - 7::’2 g,~ ‘?é/??’ /ae [ ‘71._ 4re’
(eff”DL (e+n)i* i VAS

(3-11)

(3-10)

Then

27 - [ere /‘re ) & e’) 7>r‘e/:-7l“e))
(51”’31
+ r‘e’;?’*?e’)] [ra fzr’—a ) ]

4 N 3) :2) /i
7 = 3 [Jc‘fe 4 ée),; 2rPe ", rP:e),J’e )]
. 2 4 =

(3-12)
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Turning now to the 7;’ component of the field equations given

by (2-5), we have for the 1.h.s.

Ere TS - B PR (3-13)
c LE(EF7)
For the r.h.s.:
-') 'z ,'7— / J 71/
e 2", (v’) , 7-J _ v 7 (3-18)
2 <f 237 <f 3-

Using (3-9), (3-11), and (3-12), we substitute into (3-14)

- A -) 24 2
e | 3 erte ", ce? S e’ 7,-_7’:9’) _are
. . 2~ 3~ . =f
()L 2 L 2 2 i
- e?)_,‘ 9> €rt, aerP| 2T { ]+ o™
& AEFLT )T s (7Y

A p) o z)
+ 3 ée’t_?e’) e e _ 2 = &1
EML L 2 I (erOrf 4

Simplifying:

3 él‘ie')_,_é_*, Prie )+ rP P ér”’e’),/—-’/’e),,_g',z
E+I” a2 3 A 2 /*F I~ 7 a

erte?  piet ?e) ért, 2erP|_ 3
2 - 2. + 2 2 + 2. e
EY 2/ AEP) L L L i
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Collecting terms:

| o o . g
. - - - e el 3 -
(e-ro)L" > alt At | wtERT| L L.

or

3 WP P erp _ P n ?c—""’ er® L2 ‘.«'7
) N 2. 2
(6'7*’7)1- ;L a2t A(EP) L] L -

This is rewritten as

3 # [r?' ere?  Fpe _:zﬂ 7e” [Cf‘* f”f’]
E+L (é;-n)n. 245 a1* J 7‘(‘*)1 ¥

Sa

(3-15)
Comparing (3-15) with (3-13), we see that the condition for >
be satisfied is
s rP e 7"") ?e C/’ﬁ 26rF |-
EL > 2~ a7 «(éf”{ L
(3-16)
or

P éﬁb) 75@2 a7 - [é%z QFR?]:

- + —

2 a2 acr Agan) | L L

- _ C—r‘e') _ 7:,»6/?_:/'_;[_# 3£ C':f‘-e)f :-’)‘76'2];0
L* it roRE) L=

~ T
d

2
*p'+ 361"@)__ r’e:’) P - 1 E ‘re‘g _ 3Ere
: = r 2 (€r1)i*
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This is rewritten as

T)|+ 3¢ N r. P:‘/_’(.Il-[(f'— _9(?“‘ f'. _ \
G AL G r 2(EFYNL G0 2")

(3-17)

which agrees with (3-8).

The solution of (3-17) is given by

2. rdr

(e+>z)z. "M r‘7L‘ “\Esne L V-

?:K"

(7¢f}’;W > ‘.- 3 . d
R Ll [E r (3-18)
r L= o(e-n)/, I~ “/ﬁ

where K is an integration constant.

(‘

Since: j /“cy,r* _ ___{:?,Z, //__,;’-‘,_—z>

VRN /5 2
We have:
P& L )5 rdr 3¢ -_’_)(;E_L (i—f%‘))
- " 2
e

(Erny L™ /- T éz+vz),;’- &

2(e+0  ap®

ol £

,Z‘(/—f';'y) (”‘ @) 2
e

\y

(0'1 e /-72) > >

1A

)
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Then (3-18) becomes

a(c—rn) J~) \:uc Ly (¢ r"-‘ B f)

'P'—'K(""Z) +(1- 77 /(/- g ")["" K 1 7 ’

Since: 3<,
.l(c r't) J~

(7-25>) ::/—r[._-?_"__,_L‘}fz

-2(&}"1) 02__/ >

The integral in (3-19) becomes

MIEL N R I r d
J{ f[&(@'?“) QJLZ}{ r +[L7’ 2(# ’Z>L](/ f'A)} ’

We begin to integrate (3-20)

(3-20)

2k

_W_[____:{,Jrc)r,.,_ ):94' _987 e reer
2% | e P ladein) AFE)E 2 |-y

i alwrr 1 f7e”  ge cellr(ne
_€-+n - T d(Ern)  HleP) 2 i-r>

f’jrclr‘]:

se -'}-’"z 9e”  _ 2F e[, da (- )}
e |IF [FEiny T pE) 4

(3-21)
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Combining (3-20) and (3-21) we have

4r'/,,,~ *[0 -2 et f_]/n (7- f%m)

FCemn)” }'(?/'5) #

PRI ol - S W e
F(ern)  Plerz) 4 G+ i (3-22)

To the first order in ?%é we have

7e A =) ..(r9 3 l:}
FE)”  prEm) 4 |0 pR A.D £ //x-’/)

FE 7’5 LE, 3e )z]:@ 7 .97 ! 42N ]
FEry  PE)T 4 e FO+H) M)A €

Then (3-22) becomes

47./-+é[2 /-2 2 [-2 4, G- 77) (3-23)
e e/ & (—'

<R (-2)-2 -z)'—-i7-¢
e £/ £l &) 4 ¢ e

Turning to (3-19), the pressure becomes

3¢ b
: (-‘t(ef’o“?)
Pz (1-772) [K p c—(_f- l5‘_4> 0. G-r7)

2 ¥¢

Pee 3]
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(t 3 - - _‘_)
' 2 N\ 2y 2 2.
Since (/—- "/-’Jf'> = /-7 *

- )

| to first order.
= (F)|K et bor g Ef1 55T L G-it0) 4 1 L 7K

Whenr=R, P=o0

U4 >/ o z, ’
Ka-[ithm s oft £)LETD TR Z)] oo
2 H AR

Finally, the pressure is given by

P (- Yorhr pef SN2, *z_«')@z,,)] (3-26)
z 2 FE /-R/L 1 yEpL S

A discussion of this equation and its non-relativistic limit is

given in the appendix.

'p' - (/- r%%) Y . ér‘/ Yo = /ﬁ/) / ' ,?_ZZ_)] (3-27)
”

L (0= ro2) —’

_arfan b rieft i Lot efi, 7 .cz.:@f)]
— ¢ — = 173
L r |2 /-7?/4 4" pe ) [
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. 3,0
Next we obtain -7'(’"). Putting (3-26) into (3-9) gives

’3 4 )
S - Frecre _J  praPre
- T A

—

- Free) r _ o ar fﬂfcv
T eF ) 242 /"’/z.
JO-r5i) ‘/”/n /5"’ b 152
a4 .
4 * pe

Since: Fre - 4
c? F(E )

20 - _.3__42.._.__..&_‘_ r 4 =r 4>1.ﬁ~£
E)E L N\NV=-cYr) (e R
+¢ (L_ IS’Z) b /=7 A ’Z rt_ =" (3-28)
A §¢ -7;’/_ 4 ALY LT
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We evaluate the integral of each of the terms in (3-28)
ey Vo . . )
3€ _a|{aar )y e | dm (1-r2)
&b B (- 7L Aer)
[z o)V 4 (-
2 F

/3% lederdr - 2287 (r A ;,’(_f_
(L:»-n)z.") R e+ )R R R
1 g AU N R s S Wl N i
(E+) | F\2 R 4[| 7 ()1 R a2

3¢ Ni_isx\[rhdw t=r25de 3 [1_ 37 b =28
(e A\ §e /- R/> [*2 ¢
=3 (119N 4, 1= +L ri4r
PE\A )R JeRYE LT ) -y
2> 3 a”t’ /LQ- SR> f‘",
3

(3-29)

- (z_ s\ 2 A 1o et 4 G- ) (3-31)
“\4 we)l 1 J- R L™

where we have integrated by parts.
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e \(1, 7 )(( 2. ) sf-a)L ) o ex
eri)\a k)N oy iy b T

Using (3-29) - (3-32) we form 2/(7).

R 2>

ES é_’Z’() A 1= et G-
9 e Jl I )-REYS O

4 [ 3 15X rt _ar*g® + const
/¢ FaE L‘i— L‘} (3-33)

A(r) - a( ;)ﬁn (/—’“/)4_(’7/_ ijqr-_
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P0r) 2 (300 s\l 0rh) o (3 57\ e e 2
! < /o/é/ Lz /-8 72 L

+£2( /-1 CY‘Z".C—.C_.:‘)-}- ;.3._-/-_.___/3'-4_: ,-‘f -2'" ] Cens[
el eA> B ORMT) /g A€

(3-34)

Since ’f)::—) at r'=72 we have

L, (-77) - i’;;’ y)é"/'k/) 7 /g] ]

e | &) mt 5 —‘7

D) = [Fy _ 5\ b 1=2UL> (5,9’_731)[:;",114 P/

16 4] 1-RAT\g e | s

R il PN =290 0 il WIS oo A 03
I NP ) e m &

" (3 # E_’f)[f P B g:_‘?"] + L. O- ") (3-35)

[ DL g L
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In order to obtain ¢ , we write

4 R

- /+ Q"/' /? 1'- - P’L
SiF ‘/ L

/#+ L. - 3F

-

2% 2L

i

to first order

where we have used

N (=77 =,

r?_
227

—-—

NN

In order to determine the charge density that produces a constant

electrical energy density, we refer to (2-9) and (2-10).

LA LA e
-(op‘ 7()6? > - S5 & /f)pg)/>,~.

/-'

-
= m“j/or‘e)/’dr
r,')
[

e = /4P = /-—g‘Z VAR 2 /‘73" 3/ ] b G-r5t2)

(3-36)

(3-37)
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By inspection, we obtain

Ui _ /’}‘ Vi, \ s
(/7 = R e - [2X) [ _ L
7)) r "\ )\

Ny

(3-38)

The singularity in charge density at /=0 is physically acceptable

since the total charge is finite.

Stability Analysis

In the pulsation equation given by (2-86), we set

N A
W =zo Y& (¢47) e - Yev!
f ¥ r

Then:
22V
)-Y - 427 j437 2
e (6+DF - 4P ' F_¢ “d e yp d r’*e"/:"
r dr 7ol

sz o e, Geler)
”

r(Pic)  P#e P (FHe)

(3~39)
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Consider the second term on the right in (3-39)

- j+2° e i
> . ; /LR
ar 7o of 1"
P N A R
e d & T YPe fard F_ITYE F L e F )J:
Jr r” Z
227 v

57 o~
_AE— o M2
e 7 [a’e y/gz}-‘;gf'}"_QF, PrE _2'P'FE

” r r> > >
” ’ -lfii 4
il 75?%7)’?\;‘-9/‘? Z [
R / &
(AP F _2PF P -
7 p- 5

TYP +?'¥ [i? + P T_?:,*_ Py 1%’]
r

+?K[31‘— X VR = S 877 PIA 7/7’57:
r

r ~ 2z 2 r 4 a

Continued on the next page.
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vF /) +37 277 2 577 —';71), _ (.:J".)’L
* - ' "y (3-40)
r Ve A +# e

Putting (3-40) into (3-39) gives

>
a—e)(é/-P); - —17’3’5“ FYP. ‘fa’[]’ )]
r 3 a

..?[i’?'(?_-2').,.%T’(i+£'—5¢-ﬁ"- 2T ) )
ro2 r r r- P73 2

gu? . PYT, e O'*"'X"‘*ﬂ] (3-41)
r(7re)  PFE rH(PiE) 4

Multiplying by f'$@+7> and rearranging we get

TYre PEP)+ ¥ f[ P(e -FP)?-P(CrP)(gr*_,);‘ ,;',47)‘]

2 >

'*‘?[W‘(C'*ﬂ(“- "—’Zf)a—ﬁ(é*?)( Yo pavir_ 2% 773'}1
2 Py

_GOTT 2\ S P, )T, jer . (e et Xt Pr
2

)7
_ArP(e+P) o> e’ pr (64P) ] o (512
3-42

This is the pulsation equation.
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We make the following observations. In evaluating each of the
- terms of the pulsation equation (3-42), we shall find that they consist
of first, second, and higher order terms. Since these terms are all
to be substituted back into the pulsation equation, the higher order
terms would there be dropped, and the pulsation equation would consist
of first and second order terms., Anticipating this elimination of the
higher order terms, we will drop them as they appear in the terms to be
evaluated below. Hence, if we should drop third order terms in an
expression consisting only of second and third order terms, the reader
should keep in mind that we are evaluating the pulsation equation to
first order only.

Now we evaluate (3-42) term by term

YroFPEFrpP) - ycl’r”.?_"[;’-}'_Z]
€ 2

2 f= /—-Ff,é;

+ I+_7_{ ]+(lwf‘//,>f—r" 17,,;" (_ IS L -2
4 e L’ ;‘* R |3 %¢ - R1*
LAY '

HaR)R L’“)ﬂ}

_YET (-7 )| [ﬂ]rf/ (N 1r % 1 ﬂYr I
¢ R (2 J- R 71/(/ 2

:Yé"'r’{(/"%’)ﬂ_’{,l.g,.fl_ /ﬂ)j -
Z R

Continued on the next page.
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47( 4, 1-ryt® ?r # 2004 - _ 2AR 4, r
E\ ) 72 e R err R

+_f_"_4, 1=r _ R®E 4 j-rite ]}
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LT e P 8L et RELY Pes*

Yy 7 (e 7 - ﬂ"/‘z’ /+7>>

-y (/.-/"X,}\) 47 ar (=)
- ér L> (r-r3)
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Continued on the next page.



.’-‘;ﬁ / 4 z/ ’-., .L . . -

= Y¥ 'u’/"/:‘.) L 7 157 /+_I:L\+ r/4 . ’()
[ & L7 Y Ry R
/ s - )

-_rj[&/;r *(/ BV AN ) s
AN P JE / Py X

L2 YA ) - . - -
:3/6- r‘{[/—l"'z.>[ﬂ ~r _ .C4+ s + _r_z-,}_ '7.’[/'1]

N R A PG

2 (7.
= 7"""4(",%1)[‘-’—'(- rr ot et 3t L r
( € Q1 1F 0 aed i ;;

- re 7-rt® “+ =
Lo 2042, PR (4P
- /-R¥Y> art  art ¢

2 ’
= YErfa ok ot T e, Mt
e 2 o A€ % 4 . Py -
P &7 2/ Z/ =

2 /-
o4 e 1 22/ .
- /2 oqu uﬂL“/ é.

Continued on the next page.



54

2. : i B % . . . o -1, B 2, \.
S 0 1 G Nl S SV T g 1 T A g Aoy (4
€ arr alt ot oaclr el R OAY J-RIFNC

O CL O S S S TTA | Gl Mo o v/
¢ Ay ol g 2élr & R 2 -RY*
+ 4 _ o \P
£ -QLL/C (3'“")
YP(&+P) ar 4 I I - YEr 2.3 .77 |P [1+P
2 3 2 A &€ €

:.3?;3” 2+ r- + jﬁgfii)f:k' _ re
[ 1’(/—'”7‘.") 2LFEFN(-rTRE) T IR 0-rY )

» z 1'}'3:
€ ¢

- Yer [/—"%J‘)[Q s 3rE(1+ /)
22> (7YY (- )

LS RS (R e AN o (I o | P
¢ r 2 %) 1-RY \+ FEAL 4* S

cvér[aar e, 52 sx)lland 2
L~ 22 2 q¢jlle »

o

ST Lo il . L H—Z)
2 ¢ |-RY> 40 alr P> PN €

Continued on the next page.



55

sor gl
arr 2
Inr* 7ﬂP
T rer J( )
- p[ i ””r' /o 15X _ rr / rYr
& se S )/4

2

+_,»_"_£_+rp r* +77.’/'"“_'77<'}?"
QLr A FuF gt HelT Hes™

PRy l\
D
3

\J
R
I‘.
S
\V
‘0.\
v
1.
|~
X

™

L NI i Al (3-5)
E 4 s FozE 20 2* /€
[} ¢ 2 e ’1-/
YP (6+P)|ar-Zr2* | - v P ar_ Z2* 1+ P
> & > K €

-yé {(( r/*)[t!{’ ar™(la- /;:!@)+v_:’_r1/_L+ﬁ)

&€ L% (o= ) L2 4 P
-«?_{_‘1 :{)"«4[_ 1. /5 A /’F/‘ ._4-": rr
Fle 7 (3 ) =) pe f L5 L7
e 2 2(£+7) _\)1+2
L2G-r O 2 (e+) ¢

Continued on the next page.



Y[ e s e e
& A O art ae> sl 2

e oo iy P
L* ,=-RA> 217 ¢ j

:),éz rﬁ—ﬁi -gr4+(.7.,ﬁ-z.+3nrm_ IGYLT".J”L
S T 1 e e N

T A . i adl (0%
S 7 S VA W

= YE [J IR S e A 2B 2 i
€ & [ 1t el el R

oAt fy e [P
L5 R € [ ]e

(3-46)



57

¥P(et P)[ M LT St Gre) .1]
2- <# B

/2 )
Since ~1'7‘)/' and ;”""\ are second order, we get

-/
YE” [}'r‘ pavr 2> o-j}f. (1 + 2 >
a - &
-y 2™ y Gre@:7) - 7 clal—
LX-0Y) L)) (1)

3r™ 2er> L € , AP
205(¢7) /.1'()-/"%")’ /=T £l )

I P ), ar? P —2]-‘? 42 )
7/ /e B (B 7O M Rl /) €\ €)

L (1= i) LE0-TTR) s (1-rPEx)

:yg‘):ér"(}f%-"/s—')__ 2r* _ _3rx

_ 3rp’ & J ( f_p)
QL& (EFR)(1=-rY) 1 (/‘ ’)

Continued on the next page.



58

-yetjartoa L 3oE iR R
- 2% 2éL7 /)€

2i* 2% & L“J— ( |- r'l-/:.)

S S (3| O (e D W [
T € € 2 (-r) L4

oty G s\l 27 1T ﬁ-'B;)
2 le = & ve) 1% 4 se A D

Continued on the next page.

(3-47



e -, o, ’L ; e 23
- ¢ [»*-m _ ] (5-18)
&* L™

rP ’b- r(!‘r%‘)ﬂ Qé’-r/'/}'/’ Qgr

B r Z* (’/-"/‘-) 4 ﬁ’F
_arlagder peft is\b =7 eft 7Y e 2\
f[ R (3 se) 1= (T EAE

-

:g."‘{(}-"’/z.‘,)kj_’( refi. /:'ZY' >+ 7'(1 71 ]
¢ o\ gell-r) P\x Fe

PN a3 i VB (Y s o\ )
c R | dér) s |2 ae N X

"\

Continued on the next page.



60

el et _rt st L r* o gnet _pt r’hr
& &i* L SELE 20 St 2Lt £i* R

2> S P %l"‘ 2 [.'7' 227

" . . e 2
_red, et r? L J

¢ a2uF At P aels

16y | r* _ du™
{ ~ Tz FL}] B

> - 2
0 = & [/6;:] (3-50)

(Yo' YerPYurP)r - &2 [Q'W'){ ] +_7_>X27_ _,__7_’)]
CNE €

e | _arz L 3rEZP) a2,
L2O-rV) LA E () LEO-rt)

- e”“[ff‘_’( _rr LRt st -f{_"_’ r " - f’é:}

()

Continued on the next page.



K
m
Y]
'
'\\[w'
sy
U
N
S
N
,!\ﬁ
RSN
S
™y
{
™ .Y
\ S —
™ INd
™|
v
4
o Ib
vl
\_/

- é“;rfrm’ 27r
; €L* EL* (3-51)

4t (€+P) - r—"’"/f“f'[/-fZ]
& €
= orfl-ian 2chn Fim) yar (1, )J
Er (/=70 4 F

L O N (- VA /5 )ﬁ[ &J

Fle |2 fe /-7:’/:. 4 L e ¢
- &4 (?'”Z‘> AN ’f )—7*'
- /- /’/ *

_m’/ﬁ,f _ [t s 4, /-’;zf‘ m [} ,l-?_’

2z |2 7em) iame (z7 é |

= € fax_sar”
- & EL*

—

_re i /S > re oL et r4
p N

25 Ayt ur el s

Kt e A A [/ +P
Py -y -:’/.* 2/."‘

Continued on the next page.



62

e po 1=

> /= RS j ¢
_eT[igh _art 28R yrt gt zanrt for
¢ it it 27 ELi* ¢L R

N Y/ (/(4 - 4??.’”)2} (3-52)

¢ L= j¢

A-Y -7
o~ p‘*(c—+7=) = ore e (/7‘ ’"P/c—)

: **f[ ( )( )]
#Zeg)[e2]

(R} [}
“)
9,
'\\ﬂ ’\
| a——
Y
—3 @
+ ?3 \
LY
Whe
+
blm
| — {
—
+
w3
w_

2 2 -2 e r 3
- o ¢ r 1.,¢_¢"_2 + .35_& + 2P (3-53)
L QL &
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Expanding and simplifying we get
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Collecting terms and simplifying, gives
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In order to simplify (3-59), we proceed as follows:
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Unfortunately, a series expansion for jn f%g would require
very many terms in order to be valid both near the center and near
the surface. In order to avoid this difficulty, consider the

function
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Continuing to collect terms, we get

(3-63)
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We try for a series solution.

F -2 Q,:r& (3-65)

In order that the solution proposed by (3-65) be feasible, we make

the following approximations
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where the bar indicates, the average value of that quantity over the

interval T =0 =>R |

Then (3-64) becomes
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Expanding the second summation, we get

218 Ly il‘b’[&‘if PSSR /;e_'zi‘] {
z ‘H' lLﬁ € et Fau APV LR

_¥IRS +s‘k li’»}_‘?.?vm"’_f_sczf_lén 4/%/? 44)!}Q,~
A & Pess ér ¢ L

2Pl e K _v|l 173735 |i
4 ‘//L‘/ ‘/f‘L Bt e
Y| TR 3sn |3 JHRT_s; (R
L’ it e o 4 Rl T4 U P Ay
Y3 LU= 53"{ gl _SRT a5
R + =K =t
A gt aes la:_ 24+ aEL

23R A o [1 32_?3 &LA} {5
[’-}- 2Lt GL?‘] | e j-; (3-71)

Collecting terms, this becomes
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Then the recurrence relation between the cooefficients is given by
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For very large values of j the expansion coefficients approach the

same constant ratio causing the series to diverge at the surface of the

sphere. To see this more clearly, we take the ratio of succeeding terms

)]
for large f . We get

N A Y 1.
) e r
R g SRY AN SRR
Y)Y Vad ¢ Hel>

-

where we have multiplied and divided the numerator by % . It is clear

that the quantity within the brackets is always greater than one, and at
Hence,

r= R, the ratio of succeeding terms is always greater than one.
the series diverges at the surface of the sphere. We must, therefore,

If the highest term is 77 , where

insist that the series terminate.
7>? is a positive integer, the frequencies of the permitted pulsation
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modes are
([ 'l 177 _35Y ¢l 435K _ ?Z’_’(_]m
4 nm_ 4LF 4311* 4¢1”
Y R _IAI'( :2._ A3R” - 331 (3-74)
2t el Lf YR Y
G~ =
/| + 2R 2
LT <
me357

The modes are determined by the requirement that the frequency not
be negative. The even-numbered modes are eliminated by the requirement
that the center of the sphere remains fixed during the oscillations.

Using m = 3 , the sphere will be stable if

331
},[_3_+ __1:) > 1-"_;23}? 331

LY S B /2 e
C|3 (i p5R L1672\ > 2 i+ a3R"_ 3———379]
2 9,> " ¢¢ 7 294 Q€
Y 5 & SR I é_zzz__)
7 3 J4LE  AE > ce

Y 4 /_5737'_ CTA L A3R" 33“’()
773 9,7 ¢€  a4l5 Qe

g 7,‘—_.;‘, (/ 4+ 29R 934)

7aAL* 3&

3 YL 7¢& (3-75)
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The last two terms on the right are the first order, general relativistic
corrections to the Newtonian result.

Since:
if-i'&if’uezzé;;L%;ﬁtTi (3-76)
> R e /) c* R_c" ¢

Then (3-75) becomes

R » Z 7 | AeH l-ﬂ_)] (3-77)
T s ,_3_,,14_)[ ¢ |

This is the minimum radius at which dynamical stability is possible.

Defining the minimum radius of the uncharged model by

Rz =7 [&GM] (3-78)

s (r=/3) <~
We form the ratio of the minimum radii.

2 e e ()
5.4((3,'_4/3 # 33.,2’1) c> ¢

29 | ;GM]
4 (y-+/35) L <+

-
-

£
R

- _X- +/3 P+ 21
(r-4/3)(;, 332x ) &
2é (v-4)

- (7. 2321 i +
- ( 7-———-—*6_ G=75) [ R (3-79)
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This becomes

3332
9 ¢ Cy—1/s) (3-80)

-
= / + X -
(.

v, I?J

(33

Since the last term is larger than the middle term for any

physically conceivable value of 3/ , we have

R <t 81
3 (3-81)

[

We conclude, therefore, from (3-81) and (3-74) that the physical
effects of electric charge upon dynamical stability are to decrease the
minimum radius at which dynamical stability is possible, and to increase

the frequency of the fundamental mode of the permitted pulsation modes.

Discussion
We have shown in the appendix, that dynamical stability in the
Newtonian limit does not depend upon charge. What then, is the physical
origin of the increased stability revealed by the general relativistic
analysis? It seems plausible, that since charge contributes to gravitational
mass, the increased stability may be the result of increased gravitational

binding, due in turn to the increase in mass contributed by the charge.



CHAPTER 1V

CHARGED DUST

In studying questions of gravitational collapse, an important and
frequently used model is charged dust. This is a ''star' with no internal
pressure, equilibrium being maintained under a balance of gravitational
attraction and electrical repulsion. The equilibrium solution is due to
Bonner. This model has shown itself to be useful in dealing with such
questions as to whether and under what circumstances forces of electrical
repulsion might prevent or halt gravitational collapse. The subject of
gravitational collapse is outside the scope of this investigation, however
it is of interest to determine the stability of this model.

Letting € = G= 1 , Bonner's solution is given by

Js* = frot” —f"b(offﬁ Frde™ + FZem e df™)

(4-1)
where ;: is a radial coordinate, and
=2 —_
F . R FmTT (1-2)
(a+m)

where n7 is the gravitational mass of the source, and & is its radius.

Before we can use Bonner's solution, we must transform his coordinate

system into ours., Comparing (2-1) and (4-1), we see that

2 - ; ’ - 2

In (b-2) we substitute for 7 from (L4-3).
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g1

/-—;.: (L +/7')p /Z'J-
(erm)

/L[/"' | = @’ 5
Carm) (@+m)’

(Gt = P

From (4=2) and (L4-3) we also have

. 5 —
rref T2 (&rr) 7

RZ #+mF™

When /7 =Q then r = A.

2 3 = 2
Rz (arm)a = (@+m)

A7+ ma*
Using (4-5) in (4-4) we have

2 2
e = _&
x3Z-mr*

A = 2mr
RE=mr>
r &4
v - 2amr ) 192 %

R=mrz | (Rt

(1t

(4-5)

(1-6)

(4-7)

(4-8)

(4-9)
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Putting (4-6) into (4-5) we have

I = &7

= (4-10)
(- :Sfmr. J‘>/)"

or - “Ey* o RW}MF

o7

(43,_,,.,;_-»)"/} (ﬂ_g_fm,,)/.:-

3/-"(43,»”74" /? /nr
(43}_1”-#) /)'

Q‘.s
NS
i

(7~ /2'57’:)2/"

Q
Bl

(4-11)
Referring to (4-3) and using (4-11) we have

e (T

= [@3
L

7 .‘,__r‘— -a’3+mn-}f-’1 2
—_— - d3

g’ i

< 2
= lat (4-12)
,ﬁ’s--/7ir*’”

)’ - 407/"

Rz 1>

(4-13)
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From the field equations, we get

3
§T(T5°-T,") =pre = & [

Y )

,ni.]
/’
gme - | R mrr|f Cm
R> R= mr™
€ - 3 IM(QX”im/"')
P77 p(

We repeat 7," component of the field equations.

T = 5w ((-P) =- & [7—-},./-—/;_]4-—{;
r’on r

Since F=¢ this becomes

2
Py o _ |Rmmer ) Am
RB ﬂR'3_mr,1- r 'S
R et VT g LR "t]+L.
- ?_ J L .,_(R mr;z.)
3 2
_IR-=-mr mr* 4R +__‘_

B B
f‘"R‘ r‘-'

(U-14)

(4-15)
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From (3-47) we have

.7Zi/9- - ,""—— J.r/,}rue)/)’dr

a5
%
r

Using (k-15) this produces

r )
mr _ Jfar fr—.'é />
= 3

/Frm RP
/)7/‘3_ _j-r/a/'"c.’)/ra/r‘
(4

T RE

By inspection we get

Vs
£ = 22= (-16)
TR

Substituting (4-12) into (4-16) gives the charge density of the

source.

- i 7?2{— /791"2-
Comparing (4-14) with (4-17) see that

g=¢€ v (4-18)

2
Finally, we check our solution against the 7: component of the

field equations.

2 -—) -2 7 /
P =07y = _e_ |97, (3 7P 7')
2 > r >
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Using (4-8), (4-9), (4-12), (4-13), we obtain

pE @iﬂ:l‘[‘ef._. P A

(R
?‘
3
3
\i
Ly

\
R
N

i (4-19)

which agrees with (4=15). Hence, our solution satisfies all of the
field equations.

From the appendix we have

s 271«'+ﬂ]?
or 7

-_ 1 [ﬂmfn*._z;m’p ¥
F7 [ »¢ &

- _ Srr F
- a2 (4=20)
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We are now ready for the pulsation equation.
In (2-86) we set P= P’ =z o
il 69} F - ?[krmzee')- Snn’ _ O M’(’] (h-21)

Er & Ert

Next we expand the terms in (4-21),

)".,, : 3 ‘3 . =
o~ e £ - R Ro-mr=\3m /X —mr"‘-)
R-mr™ a’ 4R

- o= ' 3 m
4543 (4-22)

P .
Smene = o ’ 25 (R 1 r?)
(7?3_ mr,:.)" ;TR‘ }7—'}?‘

- 3 mr=
57 ¢ (&3 m/’")

Pk VSRR e i b &
£r r{#Fm N RS N\ vmxb )\ 3 (25 mr*)

rrm?
35 %4 (R mr™) (4-24)

(4-23)

\

2. 2
(7’) m?r* yr €
¢ 16T7ER* 30 (R p1r>)

- f"/773

/25 E( (.?3.— ﬁ?/‘") (4'25)
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s -6 (1 N mIrtYam Y _ge )
é‘r‘_z‘ ,‘) J+ﬁ-\l Rl]— 3 P "/;?'J_mr.':-)

r‘>/973

25 RS (R me™) (4-26)

(R}

Substituting (4-22) - (4-26) into (k-21), we immediately obtain

(4-27)

So, Bonner's model is neutrally stable. Physically, this means

that Bonner's model will neither expand nor contract by itself.
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APPENDIX A

Consider a charged fluid of radius X . Let the mass density @'
and the electrical energy density 7( be constants. It is easy to show

that the charge density which corresponds to a constant electrical

Yor
energy density is equal to /‘g = ,—:j;f) We have, in fact,

performed this calculation relativistically in (3-38).

If we require the sphere to be in gravitaticnal equilibrium

then

GHp 97 GRAT _ rydP
/,.’3' r.":-

where M(r) and Q@ are the mass and charge contained within a sphere

of radius 7 .

Since:
Vo
Gy = ‘;,_,-’—(_27(‘,7*
dP . _ Garrh . 4
dr ~ 3 r
P, _ .3‘/7'6/‘1';1‘ + 47(%,« + Co,,s',i'

2

-

When 7'=R then F» = 0 ,

P = 4)(,ln.ﬁ + __._477'6/9:’ (Rz'f'ﬁb
' 3
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(A-1)

(A-5)



100

Now, referring to (3-26), we have

[ &"‘%’)}‘/7_4’{,5 -~ é'/__/ _ /_’?_’_’_() L 1-rs

R A 7¢ /- R

1Yl mY)
+K/ T e )\/ LY L )J (A-6)

We are seeking the Newtonian limit of the pressure. Expanding the

center term to lowest order, and dropping higher order terms, we get

k3

Powndr  err , éz*, f;/rf_z_f‘)
£ 2%

V4 24 KU Vi
or
Pe s dyr L £ (22""1)
R (A-7)
Since:
A e
PrE (e+n)
P = /_/)Z 'Z": / g(:a%‘GQ(G%’()(A”'Ir‘) (A-8)
R gc? |

(A-9)

Paths (et g )
R Sc*
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Since /%% O s {

(A-10)

This is the Newtonian limit of (A-6), and we see that it agrees

with (A=5) as indeed it must.



APPENDIX B

From (2-9) and (2-11), we have

- (‘yi.-f,),D i
"‘Za - ¢ (=) (B-1)

&

Now 5 can be written as

At e Py
E, -2 |om ;cﬁ,«’g 4
r* A
//c\l’)b
--a. Z(f) (B-2)
r* .

where ;7("“) is the charge contained within the sphere of radius 7 .

Then (B-1) becomes

7, = A

For the time dependent case, we have

—77—7/,"";7 :_(5’"/"’025&.: £ 7 24

Far? Frr V7 and
= g7
s r? (B-L)
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But we have previously shown (see 2-5k4) that

_Af Ak /7
—_— >
Pi=rpe Feee T gp< F
, ).-/'r
N =-ZEE T (5-5)

o r (B-6)

Next we form from {(B-3

["’-Z- %]
7 dr

22 [yrrp e\ _ 4 4
F[ £ )2 )]

Comparing (B~5) and (B-7) we see that

y’( - _ 0/7(0 & /'» ]F (8-8)

or



APPENDIX C
NON-RELATIVISTIC ANALYSIS OF THE CHARGED HOMOGENEOUS MODEL

-7

’ ’ ..
n (3-42) we set & 27) V=) ZOJ ond 6->77>,

¥ v ?X[ P’+lfl7 L F)24rP'_ 2?7

rrld /
_ 5”(.»*/ + r‘(7’) o/ . _4rp +.7~(r']_o (1)
& € ¢

From appendix A we have

P:x/»{,{nr‘%_gnée(k r)
V=4 gc?
P = 4N yTEETr
r s
(PY = 160, 16Tl _ z2mené

re Pc¥ sc?

Next we evaluate C-l term by term

; (c-2)
Coad

yroP - W”[mz.i’n.: L _RTEE (R r™)
R

Y[ P'rarP| yr|ay _4meér  sxdns | yred @ ’)]
- 3¢t R " 3cF

(C-3)

e[t s i)
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Y [; r?'J =7 [8‘(- 3——’63"((:6} (4

YIa2P |- Y -?’(Aw.f_ + 4T E (:’?"’”’)] (C-5)
- R sc?

d z TENErt
M - 332 - -2_-_;‘__’_._‘_;.3('-( r (C-6)
& ¢ 3¢
P~ | e " JET G E A 3,2‘7”67(& (c-7)
& Té | r™ ¥ 3%
/ - % 2
A4rP - s /é‘f"‘fé r (c-8)
) 3Jc

Substituting all of the above into C~1, we obtain

?"{X(\’ ]:47 dor 4 2mee (R~ r")] }

R 3¢t

+ ¥ {ﬁ/r[qq,_ml,g +4‘ﬂ“6< (R~ Qr")]}

3¢9

Fly|b- fmee™™ st hor _ 477-66-’(72’:,-*-):}
3c¢? R

3¢
_ 320" | zawexer® |, /6n* 7rer et
e 3¢ é ?c

- BaTEAEr™ LT _ G 4 TS ET e L
3c¢¥ €. zc?
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Collecting terms

3¢t
R 3¢c?

f'{“[‘””‘ P Fr y med CRI'”})]}

3¢t R

‘_§{g[4réé‘6?+ﬂﬂ_+sqﬁni 'gn]

16 1CTEET™ )emTer g3t ot
g le( _ermee | -TEMT o5 (c-10)

3c? gct
2203 04
We will neglect /67 &€ e
neglec S compared to o~ &

In so doing, we neglect very long term instabilities.
In order to simplify (C-10), we make use of (3-61) and (3-66). We

get

sc¥

F { Yr’[mée“’(z’-r’-) -44}}

+’?'{yr[47f@é“(/‘?’-‘-.:-r‘) _ 4 ]}

a4

_F {3' [477-(,:@“ (Z#r) _ /@z]

sc

76 Ert - |
4167 - /53.;" - o~ Er }:o (c-11)
<
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We assume a series solution: —E_: -

™4

q, rt

e

Zﬁ(ﬁ_'wt‘“{% [3"& (R=r>) _ ‘f’lj)}
p 2RQ " %f [‘ﬁéﬁ(‘z‘a;ﬂ) - 4%]}

37

_fé,‘r"{( [rec- (R4r) _ /K'(:]- 1Y - [TEER e o

3¢ 3c? J
(c-12)
Rearranging, this becomes
2. Xra-,peé'bk _ (& ]:4/1 6ES R _4n .,&
L 3ct 3¢t
Y | #me R _ sex | 160 Q r*
3c? *
_ 2 (Y [ame|(8=80)  y[ymee|h y[omee
3c¢ 3¢ 3¢
- (C-13)

/6mGE" _ote | [ r’é"'g';o
3¢ *
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Collecting terms

<[emee= sen|_i1e7) g »*
T et T S

(C~14)

In the first summation let ,4 = _,e, in the second 7€: ,/—1

7 [y[ameew [______;g_:}
36‘?: ..:C'*'

- ‘([M_ /M], lé’t} , ~t

3¢t
_ Z aweer |(4-2) LY 3776@""_K£-1) +y[477—6_g_1
3¢ c¥+ J 3(’.4'

L simee _ome) 4~ 1)
3¢ <-5
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Expanding the second summation

Y y[arecs™_an QL 97 "“‘ﬂ x[meﬁg_ 16X
37t f’ 3(_‘*
- /67 Q r‘JQ Z QU‘G "'"" C~<- A 1Y gmeet
3c¢* 3¢t

+X _‘9, TG I 2 ‘( 4{7—‘6‘& SITHE - }5'/76;('?_
ct 3¢ 3¢t

_ a~‘*‘é} & r’é-:_o (c-16)
A-3

Coliecting terms

Z{XF*_"_‘?E_ - 4.@’[7 T :)ﬂ ‘o’[q‘réﬁ- IG{I léma 4
37

3c¢c4 3cf+
__Z{ [;m'éci,,e y[’*'ﬁ*a-] /67mec” _ove %r -0
<t 3c* 3c¢? -9

3¢ (c-17)
Then the recurrence relation is

¢ [amee | _s]amee™ _1emeet _ o
Q - 3<- 3Cq 3C.-f 4
J.- o J’J

Y [;z- TEER™ _ | L4y amee’ [ _¥[ansewr Idﬂ—ié’(
L 3¢* 3¢9 3¢t

(c-18)



110

As with (3-73), the series diverges at the surface of the sphere.
We must insist that it teminate. |f the highest term is ~" where m
is a positive integer, the frequencies of the permitted pulsation modes

are

~F | 2TEC [ TGE JETGE
3¢ 3¢ 3

m:?/{/gno'

Using m =3 , the sphere will be stable if

v ligree | _xlemee|_ 167mce .,
3¢+ Ict zct 7

or

Y > 2. .
7 (C-20)

Hence, dynamical stability in the Newtonian limit, does not depend

upon charge.



