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INTRODUCTION

In  h is  Ph.D . t h e s i s  o f  O cto b er 1929, K aro l B orsuk d e f in e d  and 

s tu d ie d  r e t r a c t s  o f  m e tr ic  sp aces  [Bk l ] . T h is  work le d  to  th e  s tu d y  

o f  a b s o lu te  r e t r a c t s .  (An a b s o lu te  r e t r a c t  i s  a r e t r a c t  o f  any m e tr ic  

sp ace  in  w hich i t  i s  embedded as  a  c lo s e d  s u b s e t . ) I t  a ls o  l e d  to  th e

s tu d y  o f  a b s o lu te  ne ig h b o rh o o d  r e t r a c t s .  (T h a t i s  a  space  w hich i s  a

r e t r a c t  o n ly  o f  some n e ig h b o rh o o d  o f  any m e tr ic  space  in  w hich i t  i s  

embedded as a  c lo se d  s u b s e t . )

Among th e  p r o p e r t i e s  t h a t  an a b s o lu te  ne ighbo rhood  r e t r a c t

(ANR) h as  a re  (a ) an ANR i s  l o c a l l y  c o n n e c te d , (b ) two maps from  a

m e tr ic  space  in to  an ANR w hich a re  s u f f i c i e n t l y  c lo se  a re  h o m o to p ic , 

and (c )  a  map from a c lo s e d  s u b s e t  o f  a m e tr ic  sp ace  in to  an ANR can  b e  

e x te n d e d  t o  some n e ig h b o rh o o d  o f  th e  c lo s e d  s u b s e t .  B ecause o f  (b ) and 

(c )  th e  ANR's have n ic e  homotopy and e x te n s io n  p r o p e r t i e s .  [Bk h ; Hu]

W hile i t  i s  c l e a r  t h a t  th e  homecmorphic image o f  an ANR m ust be 

an ANR i t  i s  a ls o  c l e a r  t h a t  th e  c o n tin u o u s  im age o f  an AJIR i s  no t 

n e c e s s a r i l y  an ANR. The l a s t  p a r t  o f  t h i s  s ta te m e n t fo llo w s  s in c e  by



t h e  H ahn-M azurkiew lcz th eo rem  [V7i, p . 7 6 ] every  Peano continuum  i s  th e  

co n tin u o u s  im age o f  th e  u n i t  i n t e r v a l ,  and  th e r e  e x i s t  Peano c o n t in u a  

w hich  a re  n o t AUR's. B ecause o f  th e s e  f a c t s  one can ask  w hat k in d  o f  

c o n d it io n s  m ust a  map s a t i s f y  i n  o rd e r  t o  g u a ra n te e  t h a t  t h e  im age o f  

an MR he an  M R .

For f i n i t e  d im e n s io n a l com pact m e tr ic  spaces i f  th e  p o in t  i n 

v e r s e s  o f  a  c o n tin u o u s  map o f  a  compact M R o n to  a  f i n i t e  d im e n s io n a l 

m e tr ic  sp ace  a r e  a l l  A R 's th e n  th e  im age i s  an MR [Bk h,  p .  1 3 1 ]. A 

g e n e r a l i z a t io n  o f  t h i s  r e s u l t  in v o lv in g  th e  use  o f  CE maps o r  V ic to r i a  

maps (maps so  t h a t  th e  in v e r s e  im age o f  a  p o in t  has th e  shape  o f  a  

p o in t )  has h e e n  r e c e n t ly  g iv e n  by  K ozlow ski [Ko, p .U 8 ] .  B oth  o f  th e s e  

r e s u l t s  r e q u i r e  t h a t  im age m ust b e  a  f i n i t e  d im en sio n a l compactum.

A nother ap p ro ach  to  t h i s  p rob lem  i s  to  u se  th e  u n ifo rm  l i m i t s  

o f  e-m aps, c a l l e d  r e f in a b le  m aps, w hich w ere in tro d u c e d  by F o rd  and 

R ogers [ F o  and R g]. S in c e  th e  im age o f  a  f i n i t e  d im en s io n a l sp ace  u n d e r  

a  r e f in a b le  map m ust h av e  t h e  same f i n i t e  d im ension  th e r e  i s  n o t  t h e  d i 

m ension r a i s i n g  p rob lem  w ith  r e f i n a b l e  maps t h a t  CE maps may h av e .

Among th e  r e s u l t s  w hich  g iv e  c e r t a i n  ca ses  in  w hich th e  im age o f  

a  compact M R i s  an M R a r e  th e  fo llo w in g :

The im age o f  a  com pact 1 -d im e n s io n a l MR u nder a  r e f in a b le  map 

i s  an MR.

The im age o f  a  2 - s p h e re  u n d er a r e f in a b le  map i s  a  2 - s p h e re ;  

m oreover, th e  r e f in a b le  map i s  a  n e a r  homeamorphism [Fo and Rg, Theorem

p . 8 ] .

v x i



The im age o f  a  com pact o r i e n t a b l e  2 -m a n ifo ld  w ith o u t boundary  

u n d e r a  r e f in a b le  map i s  a  hom ecm orphic 2 -m a n ifo ld .

The g e n e ra l  q u e s t io n  p o sed  by F o rd  and  R ogers as to  w h e th e r o r  n o t th e  

im age o f  an AIîR u n d e r a  r e f i n a b l e  map i s  a l s o  an MR i s  unknown even  in  

th e  f i n i t e  d im e n s io n a l c a s e .

The c o n n e c tio n  betw een  an a f f i r m a t iv e  answ er t o  th e  F ord  and 

R ogers q u e s tio n  and CE im ages o f  M B 's  i s  a p p a re n t u s in g  th e  fo llo w in g  

r e s u l t s  from [Fo and Rg] w hich w i l l  b e  g e n e r a l iz e d  to  a  more g e n e ra l  

c l a s s  o f  sp aces  to  b e  c a l l e d  q u a s i - M R 's  ( q - M R 's ) :

I f  r  i s  a  r e f i n a b l e  map from  th e  M R (q -M R ) X o n to  Y and

e > 0 , th e n  th e r e  e x i s t  maps g^  from X o n to  Y and g^ from Y

o n to  X such t h a t

( i )  d ( r g g , i d  Y) < e and

( i i )  d (g ^ g g ,id  Y) < £ and d ( g ^ g ^ , id  X) < s . [Fo and Rg, 

C o ro l la ry  3 .3 ,  p . 6 ] .

I f  i n  a d d i t io n  t o  th e  h y p o th e s is  g iv e n  above b o th  X and Y 

a r e  M R 's  th e n  r  i s  a  f in e  hom otopy e q u iv a le n c e  [Ch, p . 9 1 ].

T hus, by a  r e s u l t  due t o  H aver r  i s  a  CS map [Ha, Ch, p . 9 l ] .

The f i r s t  r e s u l t s  ( i )  and  ( i i )  c i t e d  in  th e  p re v io u s  p a ra g ra p h

fo llo w  from a  r e s u l t  by  LonSar and M arsdeS ic [Lo and Ma, Lemma 1 , p p . 

^1-U 2]. In  C h ap te r I I  we w i l l  show t h a t  th e  L o n îa r  and M ardeSic r e s u l t  

h o ld s  fo r  a  l a r g e r  c l a s s  o f  sp a c e s  th a n  th e  M R 's . In  f a c t , among th e  

l o c a l l y  co n n ec ted  sp aces  th e  q u a s i - M E 's  a re  e x a c t ly  th e  sp aces  f o r  

w hich  th e  Londar and  M ardeSic r e s u l t  h o ld s .  H ence, q u a s i-M R 's  a re



sp a c e s  f o r  which, th e  r e s u l t s  F o rd  and Rogers s t a t e  i n  th e  c a s e  o f  an 

ARR m ust h o ld .  A n ic e  r e s u l t  i n  t h i s  s e t t i n g  i s  t h a t  th e  im age o f  a  

quasi-A ER u n d er a  r e f i n a b l e  map m ust b e  a  quasi-AIIR.

In  th e  l a s t  c h a p te r  (V) we w i l l  f in d  th e  p o s i t i o n  o f  q u a s i -  

AHR’s r e l a t i v e  to  o th e r  g e n e r a l i z a t i o n s  o f  AHR su ch  as th e  a p p ro x i

m a tiv e  ARR's due t o  N oguchi and  th e  a p p ro x im a tiv e  ANR's due t o  C lapp .

One o f  th e  m ain  d i f f e r e n c e s  i s  th e  re q u ire m e n t o f  s u r j e c t i v i t y  o f  th e

a p p ro x im a tiv e  r e t r a c t i o n s  i n  th e  c a se  o f  th e  q u asi-A N R 's.

In  t h i s  d i s s e r t a t i o n  a l l  sp a c e s  a re  assum ed to  be  com pact 

m e tr ic  sp a c e s  u n le s s  o th e rw is e  in d i c a te d .  A ll  maps a re  c o n tin u o u s  

f u n c t io n s .  A homeomorphism i s  one to  o n e , o n to ,  and b o th  i t  and  i t s  

in v e r s e  a re  c o n tin u o u s . An em bedding i s  a map w hich i s  a  homeomorphism 

to  i t s  im age.

As a  m a t te r  o f  n o ta t io n  i f  S i s  a s e t  in  some m e tr ic  sp ace  

X , by  N^(S) we w i l l  mean th e  s e t  o f  p o in ts  in  X whose d is ta n c e

from  S i s  l e s s  th a n  0 . I f  S = {X} we abuse th e  n o ta t io n  and

w r i t e  N^(X) .

rx



IMAGES OF ABSOLUTE NEIGHBOBÏÏOOD RETRACTS AMD GENERALIZED 

ABSOLUTE NEIGHBOREOOD RETRACTS UNDER REFINABLE MAPS

CHAPTER I

REFINABLE MAPS

1 .1  D e f in i t io n . A map f  from  a sp ace  X on to  a  space  Y

i s  s a id  t o  be  an e-man f o r  a g iv e n  p o s i t i v e  r e a l  number s i f  f o r  each

7  i n  Y , diam f  ^ (7 ) < e . [A l, p . 103; Ma and  S e , p . lU 6 ]

1 .2  D e f in i t i o n . A map r  from  a sp ace  X o n to  a  space  Y

i s  s a id  to  b e  r e f in a b le  i f  f o r  ev erx  £ > 0 t h e r e  i s  an e-map f  e -

n e a r  r  ( t h a t  i s ,  d ( f , r )  = s u p { d (f (x )  , r ( : c ) ) | x b e lo n g s  to  X} < e ) .

[Fo and Rg] Such a  map f  i s  c a l l e d  an e - r e f in e m e n t .

The fo llo w in g  r e s u l t s  w i l l  be q u o te d  from  F ord  and  Rogers w ith 

o u t p ro o f .

1 .3  Theorem. I f  r  i s  a  r e f i n a b l e  map from  X onto  Y and

H i s  a sub continuum  o f  Y , th e n  t h e r e  i s  a  con tinuum  C in  X such  

t h a t  r(C ) = H and C c o n ta in s  r  ^ ( in t ( H ) )  , w here in t(H )  d en o tes



th e  to p o lo g ic a l  i n t e r i o r  o f  H . [Fo and Rg, Theorem 1 , p . 2]

I .U  D e f i n i t i o n . The map r  from  X on to  Y i s  w eak ly

c o n f lu e n t i f  and o n ly  i f  f o r  each  suhcontinuum  H o f  Y some

component o f  r  ^(H) i s  mapped o n to  H hy r  . [Le]

1 .3 .1  C o r o l l a r y . E very  r e f in a b le  map from X o n to  Y i s  

w eak ly  c o n f lu e n t .  [Fo and  Rg, C o ro lla ry  1 .1 ,  p . 2]

1 .3 .2  C o r o l la r y . I f  r  i s  a  r e f in a b le  map from  X o n to  Y

and Y i s  co n n ec ted  im K le in en  a t  p , th e n  r  ^ (p ) i s  c o n n e c te d ;

h e n c e , i f  Y i s  l o c a l l y  c o n n e c te d  th e n  r  i s  monotone. [Fo and Rg,

C o ro lla ry  1 .2 ,  p . 3]

1 .3 .3  C o r o l l a r y . I f  r  i s  a  r e f in a b le  map from X o n to  Y ,

th e n  X i s  decom posable i f  and o n ly  i f  Y i s  decom posable. [Fo and 

Rg, C o ro l la ry  1 .3 ,  p . 3]

B efo re  s t a t i n g  Theorem 2 o f  [Fo and Rg] to g e th e r  w i th  a  s l i g h t  

g e n e r a l i z a t i o n ,  th e  fo l lo w in g  d e f i n i t i o n s  a r e  n e c e s s a ry .

1 .5  D e f i n i t i o n . A p o in t  x o f  a  space  X i s  a  l o c a l  c u t

•point o f  X i f  and o n ly  i f  t h e r e  i s  an open neighborhood  U o f  x

w hich i s  s e p a ra te d  by x ( i . e . ,  U -  {x} i s  s e p a r a te d ) .  By a  theorem

in  [VftL, p .6 l ]  th e  c o n d i t io n  g iv e n  in  t h i s  d e f i n i t i o n  i s  e q u iv a le n t  to  

r e q u i r in g  t h a t  x b e  a  l o c a l  c u t  p o in t  o f  X p ro v id e d  th e r e  i s  an 

open n e ig h b o rh o o d  U o f  x  such  t h a t  i f  V i s  any open ne ig h b o rh o o d  

o f  X c o n ta in e d  in  U th e n  V -  {x} i s  s e p a ra te d .  The p re c e d in g  

s e n te n c e  y ie ld s  th e  d e f i n i t i o n  found  in  [Ma and S e, p . 1 5 5 ].

1 .6  D e f i n i t i o n . A p o in t  x o f  a  space  X i s  a  weak c u t

p o in t  o f  X i f  and o n ly  i f  th e r e  a re  d i s t i n c t  p o in ts  h  and k  o f  X



d i f f e r e n t  from  x  such  t h a t  e v e ry  continuum  c o n ta in in g  h  and k

m ust a l s o  c o n ta in  x .

1 .7  D e f i n i t i o n . A p o in t  x o f  a  sp ace  X i s  a l o c a l  veak

c u t  p o in t  o f  X i f  and o n ly  i f  t h e r e  e x i s t  an open ne ighborhood  U o f  

X and two d i s t i n c t  p o in t s  h  and  k  i n  U d i f f e r e n t  from x  such

t h a t  every  con tinuum  i n  U c o n ta in in g  h  and k  m ust a l s o  c o n ta in  x

1 .8  Theorem . Suppose r  i s  a  r e f i n a b l e  map from X on to  Y

and  th e  p o in t  a s e p a r a te s  Y . Then some p o in t  o f  r  ^ (q )  i s  a  weak

c u t  p o in t  o f  X . [Fo and Rg, Theorem 2 , p .U ]

1 .9  Theorem . Suppose r  i s  a  r e f i n a b l e  map from X o n to  Y

and V i s  a l o c a l  c u t p o in t  o f  Y . Then some p o in t  o f  r  ^ (y )  i s  a

l o c a l  weak c u t p o in t  o f  X .

P r o o f : S in ce  y i s  a  l o c a l  c u t  p o in t  o f  Y th e re  i s  an open 

n e ig h b o rh o o d  V o f  y  su ch  t h a t  V -  {y} i s  s e p a ra te d .  L e t 

U = r  ^ (v )  . A lso  l e t  V -  {y} = H U K w here H and K a r e  nonem pty

m u tu a lly  d i s j o i n t  open s e t s .  L e t h  b e lo n g  t o  r~^(H ) and k  b e lo n g

to  r~^(K ) .

S in ce  r  i s  a  r e f i n a b l e  map t h e r e  i s  a  sequence o f  l / i - m a p s  

f^  from  X o n to  Y su c h  t h a t  d ( f ^ , r )  < 1 / i  and { fT ^(y )}  con

v e rg e s  i n  th e  H a u sd o rff  m e tr ic  t o  a  nonem pty c lo s e d  su b se t o f  X .

S in c e  diam fh ^ (y )  -*-0 a s  i  , {fj^~(y)} ->• {%} f o r  some x in

X .

Suppose M i s  a  con tinuum  in  U su ch  t h a t  h  b e lo n g s  to  M

and k b e lo n g s  t o  M . S in c e  fh (x )  ->■ r ( x )  and f \ ( x )  ->• y  we have

r ( x )  = y  ; h e n c e , x does n o t  b e lo n g  t o  r  “ (H) U r~^(K ) . I f  x does



n o t be lo n g  to  M th e r e  i s  an  i  l a r g e  enough, sc  t h a t  f^(M ) i s  a  

s u b s e t  o f  V , f \ ( h )  b e lo n g s  t o  H , f ^ (k )  b e lo n g s  to  K , and  M

does n o t i n t e r s e c t  fT ^ (y ) . Kow h  b e lo n g s  t o  th e  i n t e r s e c t i o n  o f  

M and , and k  b e lo n g s  to  th e  i n t e r s e c t i o n  o f  M and

f^^(K ) . S in c e  fl(M ) i s  a  s u b s e t  o f  V and  M does n o t  i n t e r s e c t  

f^ ^ (y )  j M i s  a  s u b s e t  o f  fT ^(S ) U f \^ (K )  . Thus, f^^(H ) and 

f^^(K ) s e p a r a te  M w hich  i s  im p o s s ib le  s in c e  M i s  c o n n e c te d . One 

m ust co nclude  t h a t  x b e lo n g s  t o  M , w hich  shows t h a t  x  m ust b e  a  

lo c a l  weak c u t p o in t  o f  X .

The n e x t lemma i s  a  s ta n d a rd  r e s u l t  c o n c e rn in g  weak c u t p o in t s ,

1 . 10 Lemma. I f  a  sp a c e  X i s  l o c a l l y  co n n ec ted  and  x  i s  a

weak c u t p o in t  o f  X th e n  x i s  a  c u t  p o in t  o f  X .

P ro o f ; S in ce  x  i s  a  weak c u t p o in t  o f  X t h e r e  a r e  d i s t i n c t  

p o in t s  h and k  d i f f e r e n t  from  x so t h a t  any continuum  w hich  con

t a i n s  b o th  h  and k m ust a l s o  c o n ta in  x  . I f  x  i s  n o t  a  c u t  p o in t  

th e n  X -  {x} i s  c o n n e c te d . S in c e  X i s  l o c a l l y  c o n n e c te d  and com pact 

th e r e  i s  a s im p le  c h a in  o f  com pact co n n e c te d  s e t s  C l(U ^)jC lC U ^), . . • ,  

C l(U^) such t h a t  x  does n o t  b e lo n g  to  any C l(Lk) , each  i s

open and  nonem pty, and h b e lo n g s  t o  w h ile  k  b e lo n g s  t o  .

Thus th e  u n io n  o f  th e  C l(U . ) i s  a  continuum  from h to  k  m is s in g

X w hich i s  im p o s s ib le .  I t  m ust be  co n c lu d ed , t h e r e f o r e ,  t h a t  x  i s  a

c u t p o in t .

1 . 11 Lemma. I f  x i s  a  l o c a l  weak c u t p o in t  o f  X and X 

i s  a l o c a l l y  co n n ec ted  s p a c e ,  th e n  x i s  a  lo c a l  c u t  r o i n t  o f  X .



P r o o f : S in c e  x i s  a  l o c a l  weak c u t p o in t  o f  X and X i s

l o c a l l y  co n n ec ted  t h e r e  i s  a  c lo s e d  n e ig h b o rh o o d  V o f  x w hich i s

l o c a l l y  c o n n e c te d , and  such  t h a t  x  i s  a  weak c u t p o in t  o f  7  . By

Lemma 1 . 1 0 , x  i s  a  c u t  p o in t  o f  V . T h u s , a c c o rd in g  to  D e f in i t io n  

I . 5 s  X i s  a  l o c a l  c u t p o in t  o f  X .

To show t h a t  in  th e  p re c e d in g  th eo rem s (Theorems 1 .8  and  I . l l )

i t  i s  n o t  n e c e s s a r i ly  t r u e  t h a t  e v e ry  p o in t  i n  th e  in v e rs e  im age o f  a  

c u t  p o in t  u n d er a  r e f in a b le  map i s  a  weak c u t p o in t  o r  a  l o c a l  weak c u t  

p o in t  c o n s id e r  th e  fo llo w in g  ex am ple ,

2
1 .1 2  Exam ple. In  th e  p la n e  E f o r  n = 1 , 2 , . . .  , l e t  

be th e  c lo se d  segm ent w ith  e n d p o in t a t  t h e  o r ig i n  in c l in e d  a t  an a n g le  

o f  n /2 ^  , h av in g  le n g th  2 /2 ^  . L e t X = th e  u n io n  o f  th e  and

Y = th e  u n io n  o f  th e  w here n i s  g r e a t e r  th a n  o r  eq u a l to  2 .

D e fin e  r  from  X o n to  Ï  by r(R ^ ) = th e  o r ig i n  and r |R ^  = th e  

i d e n t i t y  on R^ f o r  n > 1 . U sing  th e  sequence o f  maps f^  d e f in e d

b y  a llo w in g  f^  ( o r ig in )  = o r ig i n  , f o r  1 < i  < n a llo w in g

f ^ jn ^  = th e  i d e n t i t y  on R^ , a l lo w in g  f^ |R ^  to  be  a  l i n e a r  map o f

R^ o n to  R^ , and f o r  i  > n a l lo w in g  f ^ |  R__ t o  be a  l i n e a r  map 

o f  R^ on to  R_^^ , i t  can be  seen  t h a t  r  i s  t h e  un ifo rm  l i m i t  o f  

th e  f^  ' s and t h a t  each  f^  i s  a  homeomorphism. Hence, r  i s  a  

n e a r  homeomorphism; t h u s ,  r  i s  a  r e f i n a b l e  map.

How r  ^ ( o r ig i n )  = R^ . The f r e e  e n d p o in t ( 0 , l )  o f  R^ i s

c l e a r l y  n o t e i t h e r  a  weak c u t p o in t  o r  even  a  l o c a l  weak c u t p o in t  o f  

X w h ile  th e  o r ig in  i s  a  c u t  p o in t  o f  Y .



1 .1 3  D e f in i t i o n . A l o c a l l y  co n n ec ted  space  X i s  s a id  t o  be

lo c a l l y  c y c l ic  p ro v id e d  t h a t  f o r  ev e ry  x  i n  X and n e ig h b o rh o o d  U

o f  X th e r e  i s  an open s e t  V w hich i s  a su b se t o f  U c o n ta in in g  x

and su ch  t h a t  7 -  {x} i s  c o n n e c te d  [Ma and S e ] . I t  i s  c l e a r  t h a t  a

l o c a l l y  co n n ec ted  l o c a l l y  c y c l i c  sp ace  c o n ta in s  no l o c a l  c u t  p o in ts  ; 

h e n c e , by Lemma I . l l  su c h  a  sp ace  c o n ta in s  no lo c a l  weak c u t p o in t s .  

C onverse ly  a l o c a l l y  c o n n e c te d  sp ace  w hich c o n ta in s  no l o c a l  c u t p o in ts  

i s  a  l o c a l l y  c y c l ic  s p a c e .

The fo llo w in g  two c o r o l l a r i e s  a re  c lo s e ly  r e l a t e d .  The f i r s t  

c o r o l l a r y ,  1 .1 3 .1 ,  a p p e a rs  i n  [Fo and Rg, p . h ] .  The seco n d  c o r o l l a r y  

i s  an analogous v e r s io n  o f  th e  f i r s t  c o r o l l a r y  in  th e  case  o f  l o c a l l y  

c y c l ic  sp a c e s . The p ro o f  g iv e n  h e re  i s  an a d a p ta t io n  o f  th e  p ro o f  o f  

C o ro lla ry  1 .1 3 .1  as i t  a p p e a rs  i n  Ford  and R ogers.

1 .1 3 .1  C o r o l l a r y . I f  r  i s  a r e f in a b le  map from X on to  Y .

and X i s  l o c a l l y  c o n n e c te d  and has  no c u t p o in t  ( th u s  by  [Wh, n .7 9 ]

X i s  c y c l i c l y  c o n n e c te d ) , th e n  i f  y  b e lo n g s  t o  Y , X -  r~ ~ (y ) i s  

co n n ec ted . H ence, Y h a s  no c u t  p o in t .

P r o o f : See F o rd  and  R ogers [Fo and  Rg, p .k ] .  S in c e  r  i s  a

c lo se d  map, Y i s  l o c a l l y  c o n n e c te d ; h e n c e , by th e  r e s u l t  in  [vHi,

p . T 9 ], Y i s  c y c l i c l y  c o n n e c te d .

1 .1 3 .2  C o r o l la r y . I f  X i s  a l o c a l l y  co n n ec ted  l o c a l l y

c y c l ic  sp a c e , th e n  Y , th e  im age o f  X u n d er a  r e f in a b le  map r  , i s  

a ls o  a  l o c a l l y  c o n n e c te d  l o c a l l y  c y c l ic  s p a c e .

P r o o f : He f i r s t  n o te  t h a t  s in c e  r  i s  a c lo s e d  map, hence an

i d e n t i f i c a t i o n ,  Y i s  l o c a l l y  co n n ec ted .



Suppose a  p o in t  y  in  Y w ere a  l o c a l  e u t p o in t .  By Theorem

1 .9  some p o in t  o f  r~ ^ (y ) w ould  be  a  l o c a l  weak, c u t p o in t .  By Lemma

I . l l  such a  p o in t  w ould be  a  l o c a l  c u t p o in t  o f  X w hich i s  im p o ss ib le  

s in c e  X i s  l o c a l l y  c y c l i c .

Thus 5 we m ust co n c lu d e  t h a t  Y can have no l o c a l  c u t  p o i n t s . 

From th e  rem ark fo llo w in g  D e f in i t io n  1 .1 3  we may conclude t h a t  Y i s  

l o c a l l y  c y c l ic .

N ext we w i l l  show t h a t  r e f i n a b l e  maps p re s e rv e  f i n i t e  d im ension  

i n  th e  sen se  t h a t  i f  t h e r e  i s  a  r e f i n a b l e  map betw een two com pact (o r  

l o c a l l y  compact s e p a ra b le )  m e t r ic  sp aces  and  one o f  th e  sp a c e s  h a s  a  

f i n i t e  ( in d u c t iv e )  d im ension  [Hz and Wa] th e n  th e  o th e r  sp ace  h as  th e  

same d im ension . N o tic e  t h a t  t h i s  i s  d i f f e r e n t  from th e  c a s e  o f  a  CS 

map where i t  i s  i n  g e n e ra l  unknown i f  su ch  maps can r a i s e  d im ension .

I . l 4  Lemma. L et X be  a  com pact m e tr ic  sp a c e , and suppose 

dim Y = n w here n i s  f i n i t e .  I f  r  i s  a  r e f in a b le  map from X

o n to  Y , th e n  dim X g dim Y = n .

P ro o f : The fo llo w in g  c h a r a c t e r i z a t i o n  o f  d im ension w i l l  be

u se d . Suppose X i s  a  com pact m e tr ic  s p a c e . Then dim X g n  i f

and o n ly  i f  f o r  ev e ry  p o s i t i v e  r e a l  number e th e r e  i s  an e-map o f  X

i n t o  a  p o ly to p e  o f  d im ension  l e s s  th a n  o r  e q u a l t o  n (A le x a n d ro f f ’ s 

theo rem  on ap p ro x im atio n  to  com pact m e tr ic  sp a c e s  by  p o ly to p e s  [Hz and 

Wa, p . 7 2 ] ) .

We a re  g iv e n  dim Y = n and r  : X Y i means o n to )  i s

a r e f in a b le  map. L e t e > 0 b e  g iv e n . Then th e r e  i s  a  map f  : X ->-> 'i 

such  t h a t  f o r  a l l  y  in  Y , diam  f  ^ (y )  < s /3  and



d ( f , r )  = s u p { d ( f (x ) . ,r ( x )  ) | x i s  i n  X} < s /3  • S in ce  f  i s  c o n t in 

uous and X i s  d o th  com pact and  H a u s d o r f f ,  th e  c o l l e c t io n

I y b e lo n g s  to  Y} i s  an u p p e r sem i co n tin u o u s  d eco m p o sitio n  

o f  X [Ho and Yg, p . 1 3 2 ]; h e n c e , t h e r e  i s  a  f i n i t e  open co v er a o f  

Y such  th a t  f o r  each  A i n  a  t h e r e  i s  a  y  in  Y w ith

f"^A c N ^ ^ ^ (f" ^ (y ))  .

S ince  dim Y = n , t h e r e  i s  an a-map g : Y K w here K i s  

a  p o ly to p e  o f  d im ension  l e s s  th a n  o r  e q u a l t o  n . We c la im  t h a t  

g f  : X ^  K i s  an s-map ; h e n c e , s in c e  e may be chosen a r b i t r a r i l y

sm a ll dim X g n .

To p ro v e  th e  c la im  l e t  k  b e lo n g  t o  K . Then g ^ (k )  i s  a  

s u b s e t  o f  some s e t  A. b e lo n g in g  t o  a , s in c e  g i s  an  a-m ap.

H ence, th e r e  i s  a  y i n  Y su ch  t h a t  f  ^ (g  ~ (k ))  i s  c o n ta in e d  in  

~ (y ))  • S in c e  diam f  ^ (y )  < e /3  , diam f  ^ (g  ' ( k ) )  < e .

1 .15  Lemma. L et X b e  a  com pact f i n i t e  d im en s io n a l m e tr ic  

space  w ith  dim X = n  ,  and l e t  Y b e  a  m e tr ic  sp a c e . I f  r  i s  a

r e f in a b le  map from  X o n to  Y th e n  dim Y g dim X = n .

P ro o f : T h is  p ro o f  w i l l  u se  th e  c o v e r in g  c h a r a c te r i z a t i o n  o f

d im ension  [Hz and  Wa, p . 6 6 ] .  T h a t i s ,  a  com pact m e tr ic  space  h a s  d i 

m ension l e s s  th a n  o r  e q u a l t o  n p ro v id e d  e v e ry  open cov er h as  an open 

cover r e f in in g  th e  o r i g i n a l  co v er su c h  t h a t  a t  m ost n + 1  e lem en ts  o f  

th e  re f in e m e n t can  have nonem pty i n t e r s e c t i o n .  In  t h i s  c a se  th e  r e f i n e 

ment i s  s a id  t o  have o rd e r  n .

L et a  b e  an open co v er o f  Y . S in c e  Y i s  th e  c o n tin u o u s  

image o f  a  compactum, Y m ust be  com pact; t h u s ,  th e r e  i s  an e > 0



such  t h a t  i f  diam S < 2e and  S i s  a  s u b s e t  o f  Y , th e n  f o r  some
*

A i n  a  , S i s  c o n ta in e d  i n  A . L e t a  b e  a  f i n i t e  open co v e r o f
* , *

Y w ith  mesh a  = sup{diam  A | A b e lo n g s  t o  a  } < e /3  . Then

r  ^ ( a  ) i s  an open c o v e r o f  t h e  n -d im e n s io n a l  sp a c e  X . H ence, th e r e  

i s  a  re f in e m e n t 3 o f  r  ^(a" ) such, t h a t  t h e  o rd e r  o f  B i s  l e s s  th a n  

o r  e q u a l t o  n . S in c e  X i s  com pact t h e r e  i s  a  5 > 0 such, t h a t  i f

T i s  a  s u b s e t  o f  X whose d ia m e te r  i s  l e s s  th a n  5 th e n  T i s  con

ta in e d  i n  some member o f  B •

S in c e  r  ; X ->->■ Y i s  a  r e f i n a b l e  map t h e r e  i s  a  5-map 

f  : X Y , s /3 - n e a r  r  . C o n s id e r  t h e  c o v e r  y = {U = u n io n { f~ ^ (y )  | 

f  ^ (y )  c  B} I 3 b e lo n g s  t o  p} • n o t i c e  t h a t  y i s  a  c o v e r  s in c e  each  

X i n  X b e lo n g s  to  f  ^ (y )  f o r  some y  i n  Y , and  s in c e

diam f  "^(y) < 5 im p lie s  th e  e x i s t e n c e  o f  some B in  p w h ic h .c o n ta in s  

f  ~ (y) . The co v er y i s  an open c o v e r s in c e  each  B in  B i s  open 

[Ho and Yg, Theorem 3 -3 2 , p . 1 3 3 ].

Each Ug i s  s a t u r a t e d ;  t h u s ,  {f(U g) | B b e lo n g s  t o  p} i s

an open co v e r o f  Y . I t  i s  now c la im e d  t h a t  {f(U g) | B b e lo n g s  t o  0}

r e f in e s  a . T h is c la im  fo llo w s  s in c e  diam  f(U g) g s < 2s . To v e r i f y  

t h i s  l a s t  fo rm u la  l e t  u^ and Ug each  b e lo n g  to  Ug . Then th e  f o l 

low ing  i n e q u a l i t i e s  h o ld :  d ( f ( u ^ ) , f ( u g ) ) g  d ( f ( u g ) , r ( u ^ ) )  + 

d ( r (u ^ )  , r ( u g )  ) + d ( r (u g )  , f  (ug) ) < e . N o tic e  t h a t  d ( r ( u ^ )  ,r(U g ) ) < e /3  

s in c e  each  o f  u^ and Ug b e lo n g s  t o  B , and B i s  in  p w hich 

r e f in e s  r~ ^ (a ' ) .

N ext i t  w i l l  be  shown t h a t  th e  o r d e r  o f  {f(U g) | 3 b e lo n g s  t o  p }

i s  l e s s  th a n  o r  e q u a l t o  n . Suppose th e  i n t e r s e c t i o n  o f



f(Ug f(U g ) , w here th e  B_. in  p a re  d i s t i n c t ,  i s  nonem pty.
I k

L e t y  b e lo n g  t o  th e  i n t e r s e c t i o n .  Then f  ^ (y )  i s  a s u b s e t  o f  each

f  ^ (f(U _  ) ) = U_ (e a c h  U„ i s  s a t u r a t e d ) .  T hus, th e  i n t e r s e c t i o n  o f
®i ®i ®i

th e  3^ i s  nonem pty. S in c e  th e  o rd e r  o f  0 i s  a t  m ost n i t  m ust b e

t h a t  k  ^  n + 1 . H ence, th e  o rd e r  o f  {f(U g) | B b e lo n g s  t o  0} i s

a t  m ost n .

S in c e  a  i s  an a r b i t r a r y  open c o v e r o f  Y , we co n c lu d e  t h a t  

dim Y g n = dim X .

P u t t i n g  Lemmas I . l k  and 1 .1 5  to g e th e r  one o b ta in s  th e  fo llo w in g

theo rem :

I . l 6 Theorem . I f  t h e r e  i s  a  r e f in a b le  map betw een com pact 

m e tr ic  sp a c e s  and one o f  th e  sp aces  h as  a  f i n i t e  d im ension  th e n  b o th  

sp aces  have  th e  same f i n i t e  d im en sio n .

I t  sh o u ld  be  n o te d  a t  t h i s  p o i n t ,  t h a t  th e  r e f i n a b i l i t y  o f  a 

map i s  n o t  depen d en t on th e  c h o i c e 'o f  m e t r ic .  In  f a c t ,  in  g e n e ra l  

to p o lo g ic a l  sp a c e s  one may d e f in e  a map r  from X on to  Y to  be

r e f in a b le  p ro v id e d  t h a t  f o r  e v e ry  open co v er a  o f  X and e v e ry  open

co v er S o f  Y th e r e  i s  a map f  from  X o n to  Y such  t h a t  f  i s

0 -n e a r  r  ( i . e . ,  f o r  e v e ry  x i n  X t h e r e  i s  a  B in  0 w hich

c o n ta in s  b o th  f ( x )  and r ( x )  ) ,  and f  i s  an a-map ( i . e . ,  fo r

e v e ry  y  i n  Y t h e r e  i s  an A in  a  su ch  t h a t  f  ^ (y ) i s  c o n ta in e d  

in  A ) .  I t  i s  c l e a r  t h a t  i n  th e  ca se  o f  com pact m e tr ic  sp a c e s  t h i s  

d e f i n i t i o n  i s  e q u iv a le n t  t o  D e f in i t io n  1 .2  u s in g  any p a i r  o f  c o n s i s t e n t  

m e t r i c s .
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As a c o r o l l a r y  o f  t h i s  r e s iH t ,  a  g e n e r a l iz a t io n  to  l o c a l l y  com

p a c t  m e tr ic  sp a c e s  can  h e  o b ta in e d .  I f  each  o f  X and Y i s  a  l o c a l l y

com pact m e tr ic  s p a c e , a  map r  o f  X o n to  Y w i l l  be s a id  t o  be 

p ro p e r  r e f in a b le  i f  and o n ly  i f  (a )  r ”^(C) i s  com pact f o r  each  com pact 

s u b s e t  C o f  Y j and  (b ) f o r  ev e ry  open cover a o f  X and ev e ry  open

co v er p o f  Y t h e r e  i s  an a-map f  : X Y p -n e a r  r  . ¥ e  th e n  have

th e  fo llo w in g :

1 . 1 6 .1  C o r o l l a r y . L et each  o f  X and Y b e  a  nonem pty l o c a l l y

com pact s e p a ra b le  m e tr ic  sp a c e . Then i f  one o f  th e  sp aces  has a  f i n i t e  

d im ension  and r  i s  a  p ro p e r  r e f in a b le  map from X on to  Y , b o th  X

and Y have th e  same d im en sio n .
* *

P ro o f : L e t X = X U {»} and Y = Y U {“>} be th e  one p o in t

c o m p a c t i f ic a t io n s  o f  X and Y , r e s p e c t iv e ly .  S in c e  each  o f  X and
* *

Y i s  second  c o u n ta b le  each  o f  X and Y i s  a  compact m e tr ic  space

[Du, p . 21^7].

* * * *, ,
Let r  : X ->->• Y be d e f in e d  by r  |X = r  and r  (» ) = "  .

*  *  *
I t  i s  c la im ed  t h a t  r  i s  a  r e f in a b le  map from X o n to  Y . L e t a

*
be an open co v er o f  X so  t h a t  i n  X , a has a  mesh l e s s  th a n  a g iv e n

e > 0 . By Theorem U .l  o f  [Ch, p . 2] t h e r e  i s  an open cov er y  o f  Y

so t h a t  any p a i r  o f  maps o f  X in to  Y y -n e a r  each  o th e r  a re  e i t h e r

b o th  p ro p e r  o r  b o th  n o t  p ro p e r .  L e t P be an open co v er o f  Y w hich
*

r e f in e s  y and in  Y h a s  a  mesh l e s s  th a n  e .

By th e  r e f i n a b i l i t y  o f  r  th e r e  i s  an a-map f  : X Y
*  *  *

p -n e a r  r  . S in c e  r  i s  p ro p e r  f  i s  p ro p e r .  Hence f  : X ^  Y
*, . 

d e f in e d  by f  |X = f  and  f  ( “ ) = “  i s  a map. By th e  way a  and p

11



* * 
have b een  ch o sen , i t  i s  c l e a r  t h a t  f  i s  an  e-map e -n e a r  r  ( a t

*  *  *
“  , f  and r  a g re e ) .  Hence r  i s  a r e f i n a b l e  map.

Suppose one o f  X o r  Y i s  f i n i t e  d im e n s io n a l . I f  dim X = n
* *

( o r  dim  Y = n ) th e n  dim X = n ( o r  dim Y = n ) s in c e  th e  d im ension

o f  a  nonempty s e p a ra b le  m e tr ic  sp a c e  canno t be  r a i s e d  by a d ju n c tio n  o f

one p o in t  [Hu and Wa, p . 3 2 ] . By Theorem  I . I 6 , dim Y = n (o r
* * , » ,  

dim X = n ) .  A gain s in c e  dim Y 5  dim Y ( o r  dim X S dim X ) ,  and

th e  d im ension  can n o t be  r a i s e d  by th e  a d ju n c t io n  o f  a  s in g le  p o in t ,  

dim Y = n (o r  dim X = n ) .

In  th e  n e x t s e c t io n  we w i l l  show t h a t  i f  e i t h e r  o f  two sp aces

h as  a  f i n i t e  number o f  com ponents and th e r e  i s  a  r e f in a b le  map betw een 

th e  sp a c e s  th en  th e  r e f in a b le  map in d u c e s  a b i j e c t i o n  betw een th e  

com ponents o f  th e  two s p a c e s .  M oreover, we can show t h a t  in  t h i s  case  

th e  r e s t r i c t i o n  o f  a  r e f i n a b l e  map t o  a  component i s  s t i l l  r e f in a b le .

In  g e n e ra l  i t  i s  n o t  known when th e  r e s t r i c t i o n  o f  a  r e f in a b le  map to  

a  p ro p e r  subspace w i l l  s t i l l  be  r e f i n a b l e  [Fo and  Rg, p p .4 -5 ] .

B efo re  p ro v in g  th e s e  s ta te m e n ts  we w i l l  ado p t th e  fo llo w in g  no

t a t i o n  and d e f i n i t i o n .  I f  X i s  a  sp ace  by k(X) we w i l l  mean th e

s e t  o f  a l l  components o f  X .

I . I T  D e f in i t i o n . A map f  from a sp a c e  X o n to  a sp ace  Y

w i l l  b e  s a id  to  be  component p r e s e r v in g  p ro v id e d  th e  fu n c tio n  cp 

d e f in e d  by ç(X) = f(K ) , w here K i s  a  component o f  X , i s  a b i j e c 

t i o n  o f  k(X) to  k(Y) .

1 .1 8  Lemma. A map f  from  a  space  X o n to  a  space Y i s  com

p o n en t p r e s e rv in g  i f  and o n ly  i f  f o r  each  component H o f  Y , f  “ (H)
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i s  a  component o f  X .

1 .1 9  Lemma. I f  r  from X onto  Y i s  a  r e f i n a b l e  map b e 

tw een com pact m e t r ic  sp a c e s  and Y i s  co n n ec ted  th e n  X i s  c o n n e c te d .

P r o o f : Suppose X i s  n o t co n n ec ted . L e t X = U U V w here 

U i s  o p en , V i s  o p e n , u n v = 0 ,  U r  0 and  V r  0 • Then each

o f  U and 7  i s  c lo s e d ;  h e n c e , each  o f  U and V i s  com pact. L e t

e = d(U,V) = in f { d ( u ,v )  | u  b e lo n g s  to  U and v  b e lo n g s  t o  7} .

e i s  a  p o s i t i v e  r e a l  number s in c e  U fl 7 = 0 and b o th  U and 7  a re  

c lo se d . L et f  from  X o n to  Y be an e-map e -n e a r  r  . C o n s id e r  

f(U ) and f ( 7 )  . Each o f  f(U ) and f (7 )  i s  c lo s e d  and

f(U ) U f ( 7 )  = Y .

We now c la im  t h a t  f  ~f(U ) = U and f  ^ f (7 )  = 7  . S uppose j  

i s  i n  f(U ) . Then f “ -^(y) A U f  0 . S in ce  diam  f “ ^ (y )  < d (U ,7 ) , 

f  '*’(7 ) 0 7 = 0 .  Thus f  ^ (y )  i s  a  s u b se t o f  U . H ence, f  ^ ( f ( u ) )  = U 

S im i la r ly  i t  fo llo w s  t h a t  f ~ ^ ( f ( 7 ) )  = 7  . S in c e  U and 7  do n o t

i n t e r s e c t  f(U ) and  f ( 7 )  do n o t  i n t e r s e c t .  T h u s , f(U ) and  f ( 7 )  

form  a  s e p a r a t io n  o f  Y w hich  i s  im p o ss ib le .

A c o r o l l a r y  o f  th e  p ro o f  o f  th e  p re c e d in g  lemma i s  t h a t  i f  P 

i s  a  c l a s s  o f  c o n n e c te d  m e tr ic  sp aces  and X i s  P - l i k e  (c a n  be  m apped,

fo r  ev e ry  e > 0 , o n to  some member o f  P by an e-m ap) th e n  X i s

co n n ec ted .

1 .2 0  Lemma. L et r  from X on to  Y b e  a  r e f i n a b l e  map b e 

tw een com pact m e tr ic  s p a c e s .  Suppose a  su b se t H o f  Y i s  b o th  open 

and c lo se d . Then r | r  ^(H) i s  a  r e f in a b le  map from  r~^(?l) o n to  H .

13



P ro o f : L et e > 0 "be g iv e n .  L e t K = Y -  H . S in ce  E i s

b o th  open and c lo s e d ,  Y -  H i s  b o th  open and  c lo s e d .  L et rj = d(H,K) .

Then r) > 0 s in c e  H and  K do n o t  i n t e r s e c t .  S in c e  r  i s  r e f in a b le

th e r e  i s  a  map f  from  X o n to  Y so t h a t  f  i s  a  m in{e ,T )}-ref i n e 

m ent o f  r  .

I t  i s  c la im ed  t h a t  f  maps r  ^(H) o n to  H . F o r i f  x

b e lo n g s  t o  r ” ^(H) th e n  s in c e  d ( f ( x ) , r ( x ) )  < d(H,K) , f ( x )  b e lo n g s  

t o  H . Hence, f ( r  ̂ (H))  i s  c o n ta in e d  i n  H . To show t h a t

f ( r  ^ (E) )  = H , l e t  y b e lo n g  t o  H . S in c e  f  i s  o n to  Y th e r e  i s

an X in  X such  t h a t  f ( x )  = y  . C le a r ly  r ( x )  b e lo n g s  t o  E ;

t h u s ,  X b e lo n g s  to  r ”^(H) ( d ( r , f )  < d(H,K) ) .

S in ce  f | r  ^(H) i s  an e-map e -n e a r  r j r ' ^ f E )  and s > 0 i s

a r b i t a r y ,  f | r  ^(H) i s  t h e  r e q u i r e d  map needed  to  show t h a t  r [ r ” *(E)

i s  r e f i n a b l e .

1 .2 1  Lemma. I f  r  from  a  sp ace  X o n to  a  sp ace  Y i s  a

map and X has a t  m ost a  f i n i t e  number o f  com ponen ts , th e n  Y h as  a t

m ost a f i n i t e  number o f  com ponen ts .

P r o o f : T his lemma fo llo w s  from  th e  f a c t  t h a t  any  map p re s e rv e s

co n n ec ted n ess  and th e  f a c t  t h a t  r  i s  s u r j e c t i v e .

1 .2 2  Theorem . I f  r  from  a  sp ace  X o n to  a  sp ace  Y i s  a 

r e f in a b le  map and Y has a t  m ost a  f i n i t e  number o f  com ponents, th e n  r  

i s  component p r e s e rv in g .

P ro o f : A ccord ing  t o  Lemma I . l 8 i t  i s  s u f f i c i e n t  t o  show th a t  

i f  E i s  a  component o f  Y th e n  r '^ ^ E )  i s  a  comnonent o f  X .
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Suppose H i s  a  component o f  Y . Then H i s  b o th  open and 

c lo s e d .  By Lemma 1 .2 0 ,  r | r  ^(H) i s  a r e f in a h le  map o f  r  ^(H) o n to  

H . A cco rd in g  to  Lemma 1 .1 9 ,  r  ^(H) i s  co n n ec ted . I t  i s  now c la im e d  

t h a t  r  ^(H) i s  a  com ponent o f  X . T h is  f a c t  fo llo w s  s in c e  i f  K i s  

a  c o n n e c te d  s e t  i n  X w hich  c o n ta in s  r  ^(H) th e n  r(K ) i s  a  c o n n e c te d  

s e t  i n  Y w hich  c o n ta in s  H . I n  t h i s  ca se  H = r(K ) s in c e  H i s  a 

component o f  Y ; t h u s ,  K = r  ^(H) .

1 .2 2 .1  C o r o l l a r y . I f  r  i s  a  r e f in a h le  map from  a  com pact

m e tr ic  sp a c e  X o n to  a  m e tr ic  sp a c e  Y , and X h as  a t  m ost a  f i n i t e ........

number o f  com ponents th e n  r  i s  com ponent p r e s e rv in g .

P r o o f : Apply Lemma 1 .2 1  and Theorem 1 .2 2 .

1 .2 2 .2  C oro llar? /-. Suppose r  i s  a  r e f in a h le  map from  a  com

p a c t  m e tr ic  sp a c e  X o n to  a m e tr ic  sp ace  Y , and X has a t  m ost a

f i n i t e  number o f  com ponen ts . Then f o r  any  component K o f  X , r  | K 

i s  a  r e f i n a h l e  map.

P r o o f : A cco rd ing  t o  C oro lla r}"  1 .2 2 .1 ,  r  i s  component p r e 

s e r v in g .  H ence, r(K ) i s  a  com ponent o f  Y and K = r  ~ (r(K ))  .

T hus, r(K ) i s  b o th  open and  c lo s e d ;  t h e r e f o r e ,  by Lemma 1 .2 0 ,  r j x  

i s  a  r e f i n a h l e  map.

1 .2 2 .3  C o r o l l a r y . Suppose r  from  a  compact m e tr ic  sp ace  X

o n to  a  m e tr ic  sp ace  Y i s  a  r e f i n a h l e  map. I f  k(X) i s  c o u n ta h ly

i n f i n i t e  th e n  k(Y ) i s  c o u n ta h ly  i n f i n i t e .

P r o o f : C le a r ly  r (k (X ))  i s  a  c o u n ta b le  co v er o f  Y by  con

n e c te d  s e t s .  S in c e  each  s e t  in  r (k (X ))  i s  c o n ta in e d  in  some component 

o f  Y , k(Y) i s  a t  m ost c o u n ta b le .  I f  k(Y) w ere f i n i t e  Theorem



1 .2 2  w ould im ply t h a t  r  i s  component p r e s e r v in g ;  h e n c e , k(X) w ould

be f i n i t e .

On th e  o th e r  h a n d , g iv e n  t h a t  r  i s  a  r e f in a h le  map from a

space  X o n to  a  sp ace  Y and  k(Y) i s  c o u n ta h ly  i n f i n i t e ,  i t  i s  n o t

n e c e s s a r i ly  t r u e  t h a t  r  i s  com ponent p r e s e r v in g  o r  even  t h a t  k(X)

i s  c o u n ta h ly  i n f i n i t e  as th e  n e x t exam ple show s.

1 .2 3  Exam ple. L e t X he  th e  v a r io u s  s ta g e s  o f  th e  m iddle

t h i r d s  c o n s tru c t io n  o f  th e  C an to r s e t  to g e th e r  w ith  th e  C antor s e t  as

d e p ic te d  i n  F ig u re  1 .2 3 .1 .  L e t Y h e  a  sequence  o f  v e r t i c a l  segm ents 

whose d ia m e te rs  go to  0 t o g e th e r  w ith  th e  o r ig i n  as d e p ic te d  in

F ig u re  1 .2 3 .1 .  U sing  th e  n o ta t io n  in  F ig u re  1 .2 3 .1  d e f in e  r  from X

o n to  Y so t h a t  r  ta k e s  J  o n to  I  l i n e a r l y ,  and so
3 , .  • « • 3« 3. • • • 3,I n  I n

t h a t  r  (C an to r s e t )  i s  t h e  o r ig i n .

I t  i s  c la im ed  t h a t  r  i s  a  r e f in a h le  man. F o r a  n a tu r a l  numhe:

n l e t  f  he d e f in e d  so  t h a t  i f  k < n  th e n  f  n n j
3 .- • • • 3».

1  k

J  ; f o r  a l l  k , fa ^ . . . 3^  n

n
2 a . ^ 0 th e n  f  

i = l  ^
A = r  n,. , w here I I_ i sa , . . . a  J  J

1 n 3— • • • 3 3, • • • 3I n  I n

th e  h o r iz o n ta l  n r o je c t io n  o n to  J  ; i f  k  > n and

2 a_. = 0 l e t  f  map A ^ t o  D hy  f i r s t  n r o je c t in g  on to
i = l  -  k

J o . , . 0 2  5 th e n  fo llo w  t h i s  hy  a  l i n e a r  map o n to  ; f i n a l l y  l e t  
k

f ^ ( 0 ,0 )  = (0 ,0 )  . F o r th e  d e f i n i t i o n  o f  A  ̂ s e e  F ig u re  1 .2 3 .2 .
J.* 3 2̂ • • • 3^
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I n  Y th e  s e ts  D. a r e  th e  i n t e r v a l s  I  v h e re

k+n
2 a . # 0 and k  g  1  . 

i = l  1

N o tic e  t h a t  s in c e  d i f f e r s  from  r  o n ly  a t  p o in t s  ( s , t )

w i th  s < 1 /2 ^  , d ( f , r )  < 1 /2 ^  + 1 /3 ^  . S in c e  diam A
1

1 / 3^  + 1 / 2^  ê  1 / 3^  + 1 / 2“  f o r  k  §  n and f ^  h as  s in g le to n , p o in t

in v e r s e s  f o r  k < n , i t  fo llo w s  t h a t  diam  f^ ^ (y )  S 1 /3 ^  + 1 / 2^ <

1 /2 °  ^  , Thus f  i s  a  1 /2 °  ^  r e f in e m e n t o f  r  w hich  shows t h a t  n

r  m ust be  a r e f in a h le  map. I t  i s  c l e a r  t h a t  X h as  uncoun t a b ly  

many com ponents w h ile  Y h as  c o u n ta h ly  many com ponents.

An easy  consequence o f  Theorem  1 .2 2  and  C o r o l l a r ie s  1 .2 2 .1  and

1 .2 2 .2  i s  t h a t  i f  X i s  a  com pact m e t r ic  s p a c e ,  r  i s  a  r e f i n a h l e  map

from  X o n to  a  m e tr ic  sp ace  Y , and e i t h e r  X o r  Y i s  l o c a l l y  con

n e c te d ,  th e n  r  i s  a  component p r e s e r v in g  map, and th e  r e s t r i c t i o n  o f

r  t o  any component o f  X i s  a  r e f i n a h l e  map. T h is  f a c t  i s  im p o r ta n t 

i n  t h e  s e q u e l  w here th e  sp aces  to  b e  s tu d ie d  w i l l  be l o c a l l y  c o n n e c te d . 

W ith  t h i s  p ro p e r ty  th e  p ro o fs  o f  f a c t s  c o n c e rn in g  th e s e  sp aces  can be 

re d u c e d  to  th e  case  w here th e  sp a c e s  a re  c o n n ec ted .

T h is  c h a p te r  w i l l  b e  c o n c lu d e d  w ith  some p r o p e r t i e s  o f  p r o d u c ts ,  

f i n i t e  c o m p o s itio n s , and  cones o f  r e f i n a h l e  maps.

I.2U  Theorem . F o r each  n a t u r a l  number i  , l e t  each  o f  X. 

and Y^ b e  a  compact m e tr ic  sp a c e . Suppose t h a t  f o r  each  n a t u r a l

number i  th e  man r .  from X. o n to  Y. i s  a  r e f in a h le  man. Then■ 1 1 1

r  = rîr^  w hich maps th e  com pact m e tr ic  sp ace  ITX. o n to  TTŶ  i s  a

r e f in a h le  man.
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P r o o f ; L e t r e p r e s e n t  th e  m e tr ic  on each  o f  and ,

and l e t  d = 2 d _ /2 ^ r e p r e s e n t  th e  m e tr ic  on each  o f  th e  p ro d u c t sp a c e s

n x . and riY. .
1 1

L et e >  0 b e  g iv e n . F o r each  i  , l e t  f^  b e  an 5 / 2- r e f i n e 

m ent o f  r^  . Then î î f^  = f  s a t i s f i e s  th e  fo llo w in g  p r o p e r t i e s  :

(a )  d ( f , r )  < 5 .

(b )  I f  f ( ( x ^ ) )  = (y ^ )  = f ( ( z ^ ) )  th e n  

d ( (x ^ )  , ( z ^ )  ) g  e / 2

P ro o f  o f  (a )  : d ( f , r )  = 2 d _ ( f \ , r \ ) / 2 ^ '  g e /(2 * 2 ^ )  g e /2  < e .

P ro o f  o f  ( b ) :  I f  r i f . ( x . )  = ( y . )  = r i f . ( z . )  th e n  each  o f  x .  and  y .
  1 1 1 1 1  1 1

b e lo n g s  t p  f^ ^ (y ^ )  . S in ce  f^  i s  an e /2 -m ap , d ^ (x ^ ,z ^ )  < e /2  .

T hus, d ( ( x _ ) , ( z  ) )  = Z d ..(x ^ ,z ^ ) /2 ^  g  e / (2 -2 ^ )  g  e / 2  .

P ro p e r ty  (b )  shows t h a t  f  i s  an e-map w h ile  p r o p e r ty  (a )

shows t h a t  f  i s  e - n e a r  r  . S in c e  e > 0 i s  a r b i t r a r y ,  r  i s  a

r e f i n a h l e  m ap.

I .2 U .1  C o r o l l a r y . F i n i t e  p ro d u c ts  o f  r e f in a b le  maps on

p ro d u c ts  o f  m e tr ic  com pacta a re  r e f in a h le .

P r o o f : L et X^ and Y^ b e  s in g le  p o in t s  e x c e p t f o r  f i n i t e l y

many i  and a p p ly  Theorem I .2 k .

1 .2 5  Theorem . The f i n i t e  co m p o sitio n  o f  r e f in a h le  maps i s  

r e f i n a h l e .

P r o o f : L e t r  from  th e  com pact m e tr ic  sp ace  X o n to  th e

m e tr ic  sp a c e  Y b e  a  r e f i n a h l e  map, and  l e t  s from  Y o n to  th e

m e tr ic  sp a c e  Z b e  a  r e f i n a h l e  map. Then th e  c la im  o f  th e  th e o re m  i s  

t h a t  s r  from X o n to  Z i s  a  r e f in a h le  map.
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L e t e > 0 be g iv e n .  Then t h e r e  i s  a  Ô >  0 such  th a t  f o r  

and y^  in  Y , d (y ^ ,y g )  < 5 im p lie s  d ( s (y ^ )  jsC y^) ) < e /3  .

L e t f  from  X o n to  Y b e  a  m in { ô /3 ,e /3 } - re f in e m e n t o f  r  .

F o r each  y  in  Y th e r e  i s  a  y  > 0 such t h a t  f  ^(îl (y ) )

i s  a  s u b s e t  o f  N ^y^ff ^ (y ) )  , s in c e  { f~ ^ (y ) | y  b e lo n g s  to  Y} i s  

an u p p e r sem ico n tin u o u s d e c o m p o sitio n  o f  X .

S in c e  Y i s  com pact th e r e  a r e  p o in t s  y ^ ,y g , . .  . ,y ^  in  Y such 

t h a t  c o v e rs  Y . L e t y  = m in (y^  ) /2  . L e t g from
7 i  1

Y o n to  Z be a  m in { ô /3 ,e /3 } - re f in e m e n t o f  s .

C le a r ly  g f  maps X o n to  Z . How th e  fo llo w in g  in e q u a l i t i e s  

h o ld :  d ( g f ( x ) , s r ( x ) ) â  d ( g f ( x ) , s f ( x ) ) + d ( s f ( x ) , s r ( x ) ) < e / 3  + s / 3

s in c e  d ( f ( x ) , r ( x ) )  < 6 /3  < 6 and g i s  s /3 - n e a r  s . Thus g f  i s  

e -n e a r  s r  . A lso i t  i s  c la im e d  t h a t  f o r  eac h  z i n  S , 

d iam (g f) ^ (a )  < e . To v e r i f y  t h i s  assum e t h a t  g f (x ^ )  = z = gf(X g) 

f o r  x^ and  x^ in  X . Then s in c e  g i s  a y-map d ( f ( x ^ )  jfCx^) ) < y 

How th e r e  i s  a  y^ such  t h a t  d ( f ( x ^ ) ,y ^ )  < y^  / 2  ; h e n c e ,

d ( f ( x 2 ) ,y ^ )  < d ( f (x ^ )  jfC xg) ) + d ( f ( x ^ ) ,y ^ )  < y^  /2  + y  < y ^  . Thus

d ( x ^ , f  “ (y ^ ) )  < e /3  and d (X g ,f  ^ (y ^ ) )  < e /3  . S in ce  

diam f  ^ (y ^ )  < e / 3  ( f  i s  an e / 3-map) , d (x^ ,X g) < d(x^ ,f~ ^ (y ^ )  ) +

diam  f~ ^ (y ^ )  + d fx ^ .f^ ^ C y ^ ))  < s . H ence, d ia m (g f)“ ^ (z )  < e f o r  a l l  

a in  Z . Thus g f  i s  an e - r e f in e m e n t  o f  s r  . S in c e  e > 0 i s

a r b i t r a r y ,  s r  i s  a r e f in a h le  map.
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The n e x t theo rem  w i l l  show t h a t  th e  cone o f  a  r e f i n a h l e  map

betw een  com pact m e tr ic  sp a c e s  i s  a  r e f in a h le  map betw een  th e  cones o f

th e  s p a c e s .  I n  o rd e r  t o  p ro v e  t h i s  f a c t  we w i l l  f i r s t  p rove  th e  r e s u l t

f o r  t h e  g eo m e tric  cone o f  each  o f  th e  sp aces  embedded in  t h e  H i lb e r t

cube Q = = [ - 1 ,1 ]  f o r  each  i  ) .  To do t h i s  we w i l l  ad o p t

th e  fo llo w in g  n o ta t i o n a l  c o n v e n tio n s .  I f  X i s  a  com pact m e tr ic  sp a c e

th e n  X  may be embedded in  Qg by  an embedding h ^  w here Qg =

n  I .  . L e t G(X,h ) b e  th e  s u b s e t  o f  Q w hich i s  th e  u n io n  o f  a l l  
i â 2 ^

segm ents from  th e  o r ig i n  t o  p o in t s  o f  th e  form ( l ,h ^ ( x ) )  w here x 

b e lo n g s  t o  X .

T here  i s  a  homeomorphism cp  ̂ from th e  cone o f  X , C(X) , t o  

C-(X,h^) w hich i s  g iv e n  by sen d in g  th e  p o in t  < x ,t>  in  C(X) to  

( 1 -  t , ( l  -  t ) h ^ ( x ) )  . I n  t h i s  c a s e ,  t  be longs t o  I  = [ 0 ,1 ]  and 

< x ,t>  i s  th e  e q u iv a le n c e  c l a s s  o f  ( x , t )  where a l l  th e  p o in t s  w ith  

t  = 1  have b een  i d e n t i f i e d .

1 . 2 6  Theorem. L e t each  o f  X and Y be a  com pact m e tr ic  

s p a c e . I f  r  from  X o n to  Y i s  a  r e f in a h le  map th e n  C (r)  from 

C ( x )  t o  C ( Y )  i s  s u r j e c t i v e  and  i s  a l s o  a  r e f in a h le  map.

P r o o f : C (r) i s  s u r j e c t i v e  s in c e  r  x id. I  from  X x I  t o

Y X I  i s  s u r j e c t i v e ,  i . e . ,  < y ,t>  = < r ( x ) , t>  fo r  some x  i n  X

b e c a u se  r  i s  o n to  Y .

S in ce  each  o f  X and  Y i s  a  compact m e tr ic  space  t h e r e  a re  

em beddings h ,, o f  X in t o  Qg and h^ o f  Y in to  Qg . L e t cp 

and Oj. be  th e  homeomorphisms betw een  th e  cones and g eo m e tric  cones
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o f  X and Y . S in ce  h.omeomorphi.sms a re  o b v io u s ly  r e f i n a h l e  maps and 

s in c e  r  i s  a  r e f i n a h l e  m ap, s = from ty.(X) o n to  ny(Y) i s

a  r e f in a h le  map a c c o rd in g  t o  Theorem 1 .2 5 .

We now c la im  t h a t  G(s ) from  G (X,h^) on to  G (Y ,h^) d e f in e d  

b y  ta k in g  (u ,u h ^ (x ) )  t o  ( u ,u s h ^ ( x ) )  i s  a  r e f in a h le  map. Wote t h a t  

sh jj(x ) = h ^ ( r ( x ) )  a s s u r in g  th e  f a c t  t h a t  G (s) i s  o n to .

L et e > 0 b e  g iv e n .  L e t f  from  h^(X) o n to  h^(.Y) b e  an 

e - re f in e m e n t o f  s . D e fin e  G (f)  from G(X,h^) o n to  G (Y ,h^) by 

s e n d in g  (u ,u h ^ (x ) )  to  (u ,u fh ^ (X ) )  . Now

d (C -(f)(u ,u h ^ (x )  ) ,G ( s ) (u ,u h ^ (x )  ) ) = d ( ( u ,u f h ^ ( x )  ) , (u ,u s h ^ (x )  ) ) = 

u d (fh ^ (x )  ,sh ^ (x )  ) ë  d ( fh ^ (x )  ,s h ^ (x )  ) < e . Thus G (f) i s  e - n e a r  G (s) , 

F u r th e r  i f  G (f ) (u ^ ,u ^ h ^ (x ^  ) ) = G (f)(U g,U gh^(X g) ) th e n  

(u ^ jU ^ f(h ,^ (x i)  ) ) = (upsUgfChyXXg))) . Hence u^ = u^ . I f  u ^  f  0 

th e n  f (h y (x  ))  = f ( h  (x ^ ) )  so t h a t  d (h ^ (x  ) ,h ^ (x „ ) )  < e s in c e  f  i s  

an e-map. In  t h a t  c a se  d(u^ ,u ^ h ^ (x ^ )) ,(u ^ ,U g h ^ (X g ))  =

U id (h x (x i)  jh^Cx^) ) < u^e < e . I f  u^ = 0 th e n  (u., ,u ^ h ^ (x ^ )  ) =

o r ig i n  = (u^ jU^h^Cx^) ) . I n  e i t h e r  ca se  th e  d is ta n c e  i s  l e s s  th a n  e .

H ence, G (f) i s  an e-m ap. T h is  p ro v e s  t h e  c la im .

Now C (r)  = (Py^G(s)cp^ . S in ce  C (r )  i s  th e  c o m p o s itio n  o f  

r e f in a h le  m aps, C (r)  i s  a  r e f i n a h l e  map a c c o rd in g  t o  Theorem  1 . 25 .
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CHAPTER I I

SPACES SATISFYING THE LONCAE-MARDESIC LEMMA

In  th e  t h i r d  s e c t io n  o f  t h e i r  p a p e r  on r e f in a h le  m aps. F ord  and 

R ogers [ F o  and Rg] p rove  a  number o f  i n t e r e s t i n g  r e s u l t s  co n c e rn in g  th e  

image o f  an ANR u n d e r a  r e f i n a h l e  map. These r e s u l t s  a re  b a s e d  on th e  

fo llo w in g  lemma w hich a p p e a rs  i n  a  p a p e r  b y  LonSar and M ardeS ié.

L oncar-M ardegid  Lemma. L e t  X b e  a  m e tr ic  con tinuum , l e t  A

be an ANR, and l e t  f  b e  a  map o f  X o n to  A. . Then f o r  e v e ry  p o s i 

t i v e  r e a l  number 5 th e r e  i s  a  p o s i t i v e  r e a l  number s su ch  t h a t  i f  

g i s  an s-map from  X o n to  a  m e tr ic  sp ace  Y , th e n  th e r e  i s  a  map

h  from  Y o n to  A such  t h a t  d ( h g , f )  < 6 [Lo and Ma, Lemma 1 ,  p p .h l-

k 2 ] .

This lemma was f i r s t  p ro v e d  f o r  t h e  c a se  when A i s  a  p o ly 

h ed ro n  [Ma and S e ] . As w i l l  be  shown l a t e r ,  A can  be  r e p la c e d  by  a 

member o f  an even  l a r g e r  c l a s s  o f  s p a c e s .  F or th e  p r e s e n t  any com pact 

m e t r ic  space w hich can r e p la c e  A in  th e  above lemma w i l l  b e  c a l l e d  a
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co n n ec ted  L ongar-M ardeg ic sp a c e  (c o n n e c te d  L-M s p a c e ) .

In  g e n e ra l  "by a  Londar-M ardegjiS sp ace  w i l l  be  m eant a  com pact 

m e tr ic  sp ace  A such  t h a t  i f  f  i s  a  component p re s e rv in g  map from  a

compact m e tr ic  sp ace  X o n to  A , th e n  f o r  ev e ry  5 > 0 t h e r e  i s  an

s > 0 su ch  t h a t  i f  g i s  an e-map o f  X o n to  a  m e tr ic  sp ace  Y ,

th e n  th e r e  i s  a  map h from  Y o n to  A su ch  t h a t  d ( h g ,f )  < Ô .

We w i l l  now p ro v e  some p r o p e r t i e s  o f  L-M sp aces  and  show how th e  

F o rd  and R o g e rs ' r e s u l t s  [Fo and Rg, C h a p te r  3] s t i l l  h o ld  when th e  do

m ain o f  a  r e f in a h le  map i s  an L-M sp a c e .

1 1 .1 Theorem . E very  L-M sp ace  i s  l o c a l l y  co n n e c te d .

P r o o f : L e t A b e  an L-M sp ace  and f  be th e  i d e n t i t y  map from

A onto  i t s e l f .  L et 5 = 1 .  S in ce  A i s  an L-M space  th e r e  i s  an 

e > 0 such  t h a t  i f  g from  A on to  a  m e tr ic  sp ace  Y i s  an e -^ a p

th e n  th e r e  i s  a  map h  from  Y o n to  A su c h  t h a t  d ( h g , i d  A) < 1 ,

S in c e  A i s  a  com pact m e tr ic  sp ace  th e r e  i s  a  f i n i t e  p o ly h e d ro n  

ÎI and an e-map g from  A o n to  ÏÏ [Hz and Wa, p .T 2 -7 3 ] . T hus, t h e r e

i s  a  map h  from  H o n to  A . S in ce  N i s  l o c a l l y  co n n ec ted  and h

i s  an i d e n t i f i c a t i o n  ( A i s  co m p ac t) , h ( lî)  = A i s  l o c a l l y  co n n e c te d  

[Du, p . 1 2 5 ].

S in c e  e v e ry  f i n i t e  p o ly h e d ro n  i s  an AHR, and  s in c e  1 i n  th e  

above p ro o f  can  b e  r e p la c e d  by  an a r b i t r a r y  5 > 0 th e  fo llo w in g  

c o r o l l a r y  h o ld s .

1 1 .1 .1  C o r o l la r y . I f  A i s  an L-M sp ace  th e n  f o r  e v e ry  5 > 0

th e r e  e x i s t  an M R H and maps g from A o n to  X , h from X

o n to  A such  t h a t  d ( h g , id  A) < 5 .

25



I I . 2 Lemma. Every com ponent o f  an L-M space  i s  an  L-M s p a c e . 

P ro o f : L e t A be  an L-M s p a c e , and l e t  H be  a component o f

A . S in ce  A i s  l o c a l l y  c o n n e c te d  and com pact, -H i s  bo th , open and

c lo s e d .  H ence, A -  H i s  c lo s e d ;  t h e r e f o r e ,  i t  i s  com pact. S in ce  

A -  H and H do n o t i n t e r s e c t ,  and b o th  a re  com pact,

Tj = d(H,A -  H) > 0 .

L et Ô > 0 b e  g iv e n  and l e t  f  b e  a  map o f  a  continuum  X
*  *

o n to  H . L et X b e  th e  d i s j o i n t  u n io n  o f  X w ith  A -  H . L e t f
*

from  X on to  A b e  th e  map w hich  when r e s t r i c t e d  to  H i s  f  and

th e  i d e n t i t y  o th e rw is e .
*

C le a r ly  f  i s  component p r e s e r v in g .  S in c e  A i s  an L-M sp ace
*  *  

t h e r e  i s  an g > 0 su ch  t h a t  i f  g i s  an s-map from X on to  a
* * * 

m e tr ic  space Y . th e n  th e r e  i s  an h from Y on to  A w ith
* * *

d (h  g , f  ) < min{ô,T|} . L e t g be an e-map from X onto  a  m e tr ic
* *

sp ace  Y . By l e t t i n g  each  o f  X and Y be th e  d i s j o i n t  un ion  o f
*

th e  r e s p e c t iv e  space  w ith  A -  H , and  by  l e t t i n g  g be th e  map w hich
* *

i s  g on X and th e  i d e n t i t y  on A -  H , th e r e  i s  a map h  from Y

o n to  A w ith  d(h g , f  ) < m in{5 ,r|}  . L e t h = h Y . I f  x i s  in

X th e n  d (hg (x ) , f ( x )  ) < m in{5,r)}  . S in c e  f (x )  i s  in  H and

d (h g (x ) , f ( x )  ) < d(H,A -  H) , h g (x )  b e lo n g s  to  H .

A ll  t h a t  rem ains i s  to  show t h a t  h i s  o n to  H . L et y  b e lo n g
* * *

t o  H . Then f o r  some x i n  X , h  g (x ) = y  . S ince
*  *  *  *

d ( f  (x) ,h  g (x ) )  < "H Î f  (x ) b e lo n g s  t o  H . Now x does n o t b e lo n g
*

t o  A -  H s in c e  on A -  H , f  i s  t h e  i d e n t i t y  map. T hus, x b e lo n g s

to  X . S in ce  g (x ) = g (x ) , g (x )  b e lo n g s  to  Y . Thus, g (x ) i s  an
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*
e lem en t o f  Y w hich i s  mapped to  y  by h = h Y . Thus 5 i t  may be

concluded  t h a t  H i s  a  c o n n ec ted  L-M sp a c e .

I I . 3 Lemma. L e t X be  a  com pact m e tr ic  sp ace  w ith  a t  m ost a 

f i n i t e  number o f  com ponents. Then th e r e  i s  a  p o s i t i v e  r e a l  num ber r) 

such t h a t  any r|-map from  X on to  a  m e tr ic  space  Y i s  conçonen t p r e 

s e rv in g .

P ro o f : L et X b e  as i n  t h e  h y p o th e s is  o f  t h e  s ta te m e n t o f  th e

lemma. L et rj = m in{d(K ,L) ] K # L , K and L b e lo n g  to  k (X )} .

Suppose f  i s  an  rj-map from  X o n to  a m e tr ic  space  Y . By

Lemma I . 18  i t  s u f f i c e s  t o  show f  ^(H) i s  a  component o f  X w henever 

H i s  a  component o f  Y . S in ce  f  i s  on to  Y t h e r e  i s  an x  i n  X 

such t h a t  f ( x )  b e lo n g s  t o  H . H ence, th e r e  i s  a  component K o f  X

c o n ta in in g  x ; th e n ,  f(K ) i s  a s u b s e t  o f  H .

How i t  i s  c la im e d  t h a t  f  ^ f(K ) = K . Suppose f ( x )  = f ( k )  f o r  

some X in  X and k  i n  K . S in c e  f  i s  an p-map

d (x ,k )  < r| g d(K ,L) w here L i s  any o th e r  component o f  X . H ence, x

m ust b e lo n g  to  th e  com ponent K .

S in ce  f  i s  a c lo s e d  map f(K ) i s  c lo s e d . S in ce  K = f  ^f(K )

i s  o p e n , and  f  i s  an i d e n t i f i c a t i o n ,  f(K ) i s  a l s o  open . Thus f(K )

i s  a  nonem pty open and c lo s e d  s e t  c o n ta in e d  i n  th e  component H ; h e n c e ,

f(K ) = H . From th e s e  f a c t s  i t  fo llo w s  th a t  K = f"^ (H ) . T h u s , ac 

c o rd in g  to  Lemma I . I 8 , f  i s  component p re s e rv in g .

B efo re  s t a t i n g  th e  n e x t th e o re m , th e  fo llo w in g  n o ta t io n  from [Fo

and Rg] w i l l  b e  s t a t e d .  I f  f  i s  a  map from  X o n to  Y and e > 0 ,
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th e n  L ( f ,e )  = sup{c  | i f  H i s  a  s u b s e t  o f  X and  diam H < c , th e n

diam  f(H ) < e} . S in ce  X i s  assum ed to  be  com pact, f  i s  u n ifo rm ly

c o n tin u o u s ; h e n c e , L ( f ,e )  > 0  [Fo and  Rg, p .5 ]>

I I .U  Theorem . Suppose r  i s  a  r e f in a h le  map from a  sp ace  X

o n to  a  space  Y , e i t h e r  X o r  Y h a s  a  f i n i t e  number o f  com ponents,

T) > 0 and e > 0 . Then th e r e  i s  a  p o s i t i v e  r e a l  number 6 su c h  t h a t

i f  f  i s  a  6-map from  X o n to  an L-M space  A , th e n  th e r e  e x i s t  an

Tj-map g from X o n to  Y e -n e a r  r  and an s-map h  from Y o n to  A 

such  t h a t  d ( f ,h g )  < e [Fo and Rg, Theorem 3 ,  p . $ ] .

P r o o f : S in c e  e i t h e r  X o r  Y h as  a  f i n i t e  number o f  compo

n e n t s ,  by  C o ro lla ry  1 .2 2 .1  o r  by  Theorem 1 .2 2 ,  r  i s  a  component p re 

s e rv in g  map. F u rth e rm o re , by C o r o l la r y  1 .2 2 .2 ,  r |X  v h ere  K i s  a 

component o f  X i s  a r e f in a h le  map. S in c e  k (x )  i s  f i n i t e ,

Y = m in{d(H ,L) j H and L a re  d i s t i n c t  com ponents o f  X} i s  a  p o s i 

t i v e  r e a l  number.

A ccording  t o  Lemma I I . 3 , by  c h o o s in g  6 s m a l le r  th a n  y  one

can a s s u re  t h a t  a  6-map f  from X o n to  an L-M sp ace  A i s  component

p r e s e r v in g .  H ence, th e  th eo rem  n eed  b e  p ro v ed  o n ly  f o r  each  component

o f  X . For t h i s  re a so n  i t  i s  assum ed t h a t  X i s  co n n ec ted .

Suppose r  i s  a  r e f in a h le  map from  X o n to  Y , X i s  con

n e c te d ,  -q > 0 and e > 0 . L et 6 = L ( r ,e /U )  g  L ( r , s )  . Suppose f

from X o n to  A i s  a  5-map w here A i s  an L-M s p a c e .

I t  i s  now c la im ed  t h a t  t h e r e  i s  a  c  ̂ > 0 su ch  t h a t  i f

d ( g , f )  < c w here g i s  a  map o f  X o n to  A , th e n  g i s  a  6-m ap . 

S in c e  A i s  com pact sup {diam f  "^(a) | a  b e lo n g s  to  A} < 5 . Let



ô ' be g iven  by  th e  fo rm u la : 5 '' = Ô -  sup{diam  f  ^ (a )  | a b e lo n g s  t o  A} 

Now s in c e  th e  c o l l e c t io n  {f ^ (a )  | a  b e lo n g s  t o  A} i s  an u p p er sem i

c o n tin u o u s  d ecom position  o f  X t h e r e  i s  an e '  > 0 such  t h a t  i f  a^

and ag b e lo n g  to  A , and i f  d ( a ^ ,a g )  < e '  , th e n  f o r  some a in

A , f  ^ (a^ ) u n io n  f " ^ (a g )  i s  c o n ta in e d  in  • H ence,

i f  b e lo n g s  to  f  ~ (a ^ )  and  i f  x^ b e lo n g s  to  f  " ( a ^ )  , th e n

d (x^ .X g) < Ô '/S  + diam f  ^ (a )  + Ô '/S  f o r  some a in  A . L e t

c^ = m in { e ''/2 ,s }  . I f  g from  X o n to  A i s  a map w hich  i s  c ^ -n e a r

f  , th e n  g w i l l  be  a  5-m ap. F o r  i f  g (x ^ )  = g(x^)  , th e n  f o r  

i  = 1 , 2  , d (g (x ^ ) , f ( x ^ )  ) < e ' / 2  ; so  t h a t  d( f (x ^ )  jfCx^) ) < e '  ; h e n c e , 

d (x^,X g) < 5 .

S ince  A i s  an L-M sp ace  t h e r e  i s  a  c^ > 0 such t h a t  i f  g

i s  any c^-map from  X o n to  Y th e n  t h e r e  i s  a map h  from Y o n to  A

such  th a t  d ( f ,h g )  < c^  .

S ince  r  i s  a  r e f i n a h l e  map th e r e  i s  a  min{r| ,Cg}-map g from 

X o n to  Y e / k - near  r  . H ence, t h e r e  i s  a  map h from  Y o n to  A 

so t h a t  d ( f ,h g )  < c^ . Thus hg i s  a  5-m ap. S in c e  c^ § s , 

d ( f ,h g )  < s . A lso  g i s  c l e a r l y  an rj-map e -n e a r  r  .

To com plete  th e  p ro o f  i t  i s  n e c e s s a ry  to  show t h a t  h  i s  an

s-m ap. Suppose h (y ^ )  = h (y g ) w here  e ac h  o f  y^ and y^ b e lo n g s  to  

Y . Then y^  = g (x^) f o r  some x^  i n  X , and  y ^  = g(Xg) f o r  some 

Zg in  X . S in ce  h g (x ^ ) = h g (x ^ ) , and  s in c e  hg i s  a  5-m ap, 

d (x^ ,X 2 ) < 5 = L ( r ,e /U )  . T h u s , d( r ( x ^ )  j r ix ^ )  ) < s/U  . S in ce  

d ( g , r )  < s /L  , i t  fo llo w s  t h a t  d ( g ( x ^ ) ,g ( x 2 ) ) S d ( g , r )  + d ( r ( x ^ ) , r ( x g ) )  + 

d ( r ,g )  < 3 e /^  < e . T h e re fo re ,  h i s  an e-map from  Y o n to  A .
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Theorem I I .  1+ i s  p r e c i s e l y  th e  theorem  t h a t  F o rd  and Rogers u se  

to  p ro v e  th e  fo llo w in g  r e s u l t s  w hich w i l l  now he s t a t e d  f o r  L-M s p a c e s .

1 1 .4 .1  C o r o l l a r y . I f  X i s  an L-M sp ace  and r  i s  a  r e f i n 

a h le  map from  X o n to  Y , th e n  X i s  Y - l ik e  and Y i s  X - l ik e  [Fo 

and Rg, C o ro l la ry  3 .2 ,  p . 6 ] .

1 1 .4 .2  C o r o l l a r y . I f  X i s  an L-M s p a c e , r  i s  a  r e f i n a h l e  

map from  X o n to  a  m e tr ic  sp a c e  Y and  e > 0 , th e n  th e r e  e x i s t  e -  

maps g^ from  X o n to  Y and g^ from  Y o n to  X such  t h a t  :

( i )  d ( r ,g ^ )  < e

( i i )  d ( r g g , i d  Y) < e 

( i i i )  d (g ^ g g , id  Y) < e and  d (g ^ g ^ ,id  X) < e 

[Fo and  Rg, C o ro l la ry  3 .3 ,  p . 6 ] .

R o te ; I f  d ( g . g . , i d )  < e /2  th e n  g must he  an s-m ap . T hus,
^ J J

th e  c o n c lu s io n  t h a t  g^ and gg a re  e-maps fo llo w s  from  p a r t  ( i i i )  

u s in g  e / 2  .

T hese r e s u l t s  can  h e  p i c tu r e d  u s in g  "s-com m uting" d ia g ra m s. 

C o n s id e r th e  fo llo w in g  d iag ram  w here each  o f  th e  sp a c e s  i s  com pact- 

m e tr ic .

X ) ) Y
/  

g y / h .

Z

I I . 5 D e f i n i t i o n . F o r e > 0 th e  ahove d iag ram  w i l l  h e  s a i d  to  

e-commute i f  d ( f ,h g )  < e . T h is  w i l l  he  sym bo lized  hy  :
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X

'h

T hus, Theorem I I . ^  s t a t e s  t h a t  i f  e i t h e r  X o r Y has  a

f i n i t e  number o f  com ponents, and i f  r  i s  a  r e f in a h le  map o f  X on to  

rY , i . e . ,  X r e  I . Y , th e n  f o r  e > 0 t h e r e  i s  a  5 > 0 such  t h a t

i f  f  i s  a 5-map on to  an L-M sp ace  A th e r e  i s  a  map g c lo s e  to  r  

and  a  map h  so  t h a t  th e  fo llo w in g  e-com m uting d iagram  h o ld s :

X

By choosing  g c lo s e  enough no r  th e  fo llo w in g  diagram  i s  v a l id :

C o ro lla ry  I I . U . 2 g iv e s  th e  e x i s t e n c e  o f  th e  fo llo w in g  d iagram s :

and

id  Y

These d iagram s a r e  o f  i n t e r e s t  f o r  s e v e r a l  r e a s o n s . Among th e s e  

re a s o n s  i s  t h a t  i f  f o r  two com pacta l i k e  X and Y above, f o r  ev e ry



£ > 0 th ere  e x i s t  maps and such th a t th e  l a s t  two diagrams

e-com m ute, th e n  X w i l l  b e  Y - lik e  and  Y w i l l  b e  X - l ik e .  T h is  ob

s e r v a t io n  le a d s  t o  th e  fo l lo w in g  d e f i n i t i o n .

I I . 6 D e f i n i t i o n . Suppose each  o f  X and Y i s  a  com pact 

m e tr ic  sp a c e . X w i l l  b e  s a id  t o  be  ( s t r o n g ly )  quasi-hom eom orphic to  

Y p ro v id e d  t h a t  f o r  e v e ry  p o s i t i v e  r e a l  number e th e r e  e x i s t  maps g 

from  X o n to  Y and h  from  Y o n to  X such  t h a t  th e  fo llo w in g  

d iagram s £ - commute:

id  X i d  YY

h

X

1 1 .7 D e f i n i t i o n . L e t e ach  o f  X and Y be a  compact m e tr ic

sp a c e . A sequence  o f  o rd e re d  p a i r s  o f  maps (g ^ jh ^ )  su ch  t h a t  f o r  each

i  , g^ maps X o n to  Y and h^ maps Y onto  X w i l l  be  c a l l e d  a

( s t r o n g )  g_uas i-hom e omo r p h i  sm p ro v id e d  th e r e  i s  a n u l l  sequence o f  p o s i 

t i v e  r e a l  numbers e. su c h  t h a t  g. and h . e.-com m ute w ith1 1 1 1

i d  X and i d  Y , i . e . ,  d (g ^ h ^ ,id  Y) < and d(h^g_. , i d  X) < .

1 1 . 8 D e f i n i t i o n . L e t 3 b e  a  c o l l e c t io n  o f  com pact m e tr ic

sp a c e s . A com pact m e tr ic  sp ace  i s  s a id  t o  be  q u a s i- 3 i f  and o n ly  i f  f o r

ev e ry  e > 0 th e r e  i s  a  member o f  3  and th e r e  a re  maps w hich e-com

mute w ith  th e  i d e n t i t y  on th e  sp ace  and on th e  member o f  3 . I t  i s

f u r th e r  r e q u i r e d  t h a t  th e  maps b e  s u r j e c t i v e .  T hus, a  sp ace  X i s  

q u a s i-3  i f  f o r  everj>- s > 0 th e r e  e x i s t  a  C in  3 , a  map g from
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X onto C , and a map h from C on to  X such th a t  d (h g ,id  X) < e.

I t  i s  c l e a r  t h a t  i f  a  sp ace  i s  q .u asi-S  th e n  i t  i s  3 - l i k e .  The 

c o n v e r s e ,  how ever, i s  n o t  t r u e  as th e  n e x t  exam ple i l l u s t r a t e s .

1 1 .9  Exam ple. L e t X he th e  g ra p h  o f  y  = s i n ( l / x )  ,

0  <  X ê  2tt , to g e th e r  w i th  th e  l i m i t i n g  a rc  {0} x [ - 1 ,1 ]  . L e t 3 he

t h e  c l a s s  c o n s is t in g  o f  th e  i n t e r v a l  [0 ,2 n ]  . I t  i s  c l e a r  t h a t  X i s

2 - l i k e . F or g iven  e > 0 s im p ly  p r o j e c t  th e  p a r t  o f  y  = s i n ( l / x )

w here  x g x and x s a t i s f i e s  0 <  x  < e and 1 /x  i s  o f  t h e  form 
e s  6 e

2Tfn + n / 2  f o r  some in t e g e r  n  , o n to  {0 } x [ - 1 , 1 ] ; th e n  fo llo w  t h i s  

b y  a  l i n e a r  map o n to  [ 0 ,x ^ ] so  t h a t  ( 0 , - l )  goes t o  0 and ( 0 , l )

goes to  x^ . On th e  r e s t  o f  X p r o j e c t  X o n to  th e  X -arc is . S in ce

X i s  n o t  l o c a l l y  co n n e c te d , X can n o t h e  th e  image o f  [0 ,2 n ]  . Hence 

X i s  n o t  q u a s i-3 .

11 .1 0  Leim a. A sequence  o f  o rd e re d  p a i r s  o f  maps (g ^ jh ^ )  i s  

a  quasi-hom eom orphism  o f  X o n to  Y i f  and o n ly  i f  g^ maps X o n to  

Y , h^ maps Y o n to  X , and f o r  e v e ry  e > 0 th e r e  i s  an i ^  such  

t h a t  f o r  a l l  i  ^  i ^  , d (g ^h . , i d  Y) < e and d ( h ^ g ^ ,id  X) < s .

P ro o f  : Suppose th e  sequence  o f  o rd e re d  p a i r s  (g^,h_.) form  a

qu as i-hom eom orphi sm o f  X o n to  Y . L e t  e > 0 he g iv e n . L e t e .

h e  th e  a s s o c ia te d  n u l l  seq u en ce . S in c e  l im  e . = 0  th e r e  i s  an i1 o
su c h  t h a t  £. < E and i f  i  â  i  th e n  s . < e . . I f  i  â  i  th e n

1 O i l  oo o
a c c o rd in g  to  th e  d e f i n i t i o n  o f  a  quasi-hom eom orphism  d ( h . g . , i d  X) <

1 1 '

< £ and d (g ^ h ^ ,id  Y) < z.  < e .
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F o r th e  p ro o f  o f  th e  c o n v e rse  l e t  (g ^ ,h ^ )  be  a  seq u en ce  o f

o rd e re d  p a i r s  o f  maps w hich s a t i s f i e s  th e  c o n d i t io n s  g iv e n  in  th e  s t a t e 

m ent o f  th e  lemma. Form th e  r e q u i r e d  n u l l  sequence  by l e t t i n g  

= m a x { d (h ^ g ^ ,id  X ) ,d (g ^ h ^ , id  Y ) ,1 /2 ^ }  .

1 1 .1 1  Lemma. Suppose th e  sequence o f  o rd e re d  p a i r s  o f  maps 

( h i s g f )  i s  a quasi-hom eom orphism  o f  a com pact m e tr ic  sp a c e  X o n to  a  

m e tr ic  sp a c e  Y . I f  l im  e x i s t s  and i s  a  map h from  X in t o  Y 

th e n  h  i s  on to  and f o r  e v e ry  p o s i t i v e  r e a l  number e t h e r e  i s  a  

n a t u r a l  number i ^  such  t h a t  f o r  i  § i ^  , d (h ^ ,h )  < e ,

d ( h g ^ , id  Y) < e , d (h ^ .g ^ ,id  Y) < e , d(g^h^ , i d  X) < e , e ach  o f  h_.

and g_. i s  an e-m ap , and h i s  a  r e f in a h le  map.

P r o o f : I t  i s  w ell-know n t h a t  i f  th e  map h i s  th e  l i m i t  o f

s u r j e c t i v e  maps h_. th e n  h m ust be s u r j e c t i v e .

I t  w i l l  now be shown t h a t  h i s  a  r e f in a h le  map. L e t e > 0

be g iv e n . A cco rd in g  to  Lemma 1 1 .1 0  th e r e  i s  a  n a t u r a l  number i^  such  

t h a t  f o r  a l l  n a t u r a l  numbers i  ê  i ^  , d (g ^ h ^ , id  X) < e /2  and

d (h ^ g ^ , id  Y) < c /2  . Hence each  o f  h^ and g^ i s  an e-m ap. S in ce

h i s  th e  l i m i t  o f  th e  h^ i t  i s  c l e a r  t h a t  h i s  a  r e f i n a h l e  map.

S in c e  l im  h . = h th e r e  i s  a lso  an i^  such  t h a t  f o r  i  â  i ^
1 2 2

d (h ^ ,h )  < e /2  . L e t i^  = m a x f i^ j i^ }  . I f  i  è  i ^  th e n  th e  fo llo w in g  

i n e q u a l i t i e s  h o ld :  d ( h g , , i d  Y) § d (h g ^ ,h .g  ) + d ( h , g , , i d  Y) < e . T h is

shows t h a t  th e  lemma h o ld s .

I f  i n  th e  above lemma, lim  g.  e x i s t s  and i s  a map g th e n  th e  

fo llo w in g  s i t u a t i o n  o c c u rs .  G iven c > 0 th e r e  i s  a d > 0 such  t h a t  

i f  each  o f  and b e lo n g s  t o  X and d(x^ ,x_) < 5 th e n
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d (h (x ^ ) jhCx^) ) < s . ÎTov f o r  5 t h e r e  i s  an i  such  t h a t

d (g . , l im  = g) < Ô and d ( h g ^ , id  Y) < e . T hus, d ( h g , id  Y) ë

d (h g ,h g ^ ) + d ( h g ^ , id  Y) < 2e . S in c e  e > 0 i s  a r b i t r a r y  hg = i d  Y .

A sym m etric argum ent shows t h a t  gh = id  X . Thus, h  i s  a  homeo-

m orphism . T hus, th e  fo llo w in g  c o r o l l a r y  h o ld s .

I I . 1 1 .1  C o r o l l a r y . I f  th e  sequence  o f  o rd e re d  p a i r s  o f  maps 

( h i , g i )  i s  a  quasi-hom eom orphism  from  a  com pact m e tr ic  sp ace  X o n to  

a  m e tr ic  sp ace  Y , and f u r t h e r  i f  l im  h_ = h e x i s t s  and i s  a  map and

lim  g^ = g e x i s t s  and i s  a  m ap, th e n  h  : X ->■ Y and g : Y -»■ X a r e

in v e rs e  homeomorphisms.

1 1 .1 2  D e f i n i t i o n . L e t S b e  th e  c la s s  o f  compact a b s o lu te  

n e ig hbo rhood  r e t r a c t s .  Any sp ace  w hich i s  q u a s i-S  w i l l  be  c a l l e d  a 

guasi-ADTR (o r  q-ANR).

1 1 .1 3  Lemma. E very  co n n e c te d  quasi-ANR i s  an L-M sp a c e .

P r o o f : L e t A b e  a  co n n e c te d  quasi-ANR. L e t f  be  a  map from

a  m e tr ic  continuum  X o n to  A . L e t s > 0 be g iv e n . Then s in c e  A 

i s  a  co n n ec ted  quasi-ANR t h e r e  a re  a  com pact co n n ec ted  ANR L , a  map g 

from  A o n to  L , and a  map h  from  L o n to  A su ch  t h a t  

d ( h g , id  a )  < e / 2  .

By th e  L onSar-M ardeS id  lemma [Lo and  Ma, Lemma 1 ,  p . ^ 1 -4 2 ] ,  L 

i s  an L-M sp a c e . Now g f  i s  a  map o f  X on to  L . S in ce  L i s  com

p a c t  th e r e  i s  an r) > 0 su ch  t h a t  i f  < t) i n  L th e n

d(h('&^ ) ;h('&g) ) < e /2  . S in c e  L i s  an L-M space  th e r e  i s  a  Ô > 0 such

t h a t  i f  i s  a  5-map from  X o n to  a  m e tr ic  space  Y th e n  th e r e  i s

a  map from  Y o n to  L such  t h a t  < P , In  t h i s  case



i t  fo llo w s  t h a t  d (h  U ^ ^ , h g f )  < s / 2  . S in c e  d ( h g f j f )  < e /2  i t  

fo llo w s  t h a t  d (h  n g ° n ^ , f ) < s . S in c e  h  maps Y o n to  A th e s e

f a c t s  show t h a t  A i s  an L-M s p a c e .

I I . i k  Lemma. I f  ev e ry  com ponent o f  a  com pact m e tr ic  sp ace  

w ith  a t  m ost a  f i n i t e  number o f  com ponents i s  an L-M sp ace  th e n  th e  

g iv e n  sp ace  i s  an L-M sp a c e . (T h is  i s  th e  co n v e rse  o f  Lemma I I . 2 .)

P ro o f : L e t A be  a  com pact m e t r ic  sp ace  w ith  a t  most a

f i n i t e  number o f  com ponents so t h a t  each  com ponent i s  an  L-M sp a c e .

L e t f  be a  component p r e s e rv in g  map from  a  com pact m e tr ic  sp ace  X 

o n to  A . L et 5 > 0 be g iv e n . F u r th e r ,  l e t  r] = m in{d(K ,L) |

K r  L and  each  o f  K and L b e lo n g s  t o  k (X )} .

S in ce  each  component o f  A i s  an L-M s p a c e , and s in c e  f  i s  

com ponent p r e s e r v in g ,  f o r  ev e ry  K i n  k(X ) th e r e  i s  an > 0 such  

t h a t  g iv e n  an s^-map g o f  K o n to  a  m e tr ic  sp ace  H , th e re  i s  a  map 

h  from  H o n to  f(K ) su ch  t h a t  d ( h g ,f |K )  < 5 . L e t e be  th e

minimum o f  r) and th e  e . I f  g i s  an e-map o f  X on to  a m e tr ic

sp ace  Y , th e n  g i s  an rj-map and  g jx  i s  an e^-m ap.

A ccord ing  to  Lemma I I . 3 , g w i l l  b e  component p r e s e r v in g .

S in ce  g[K i s  an e^-m ap, f o r  each  com ponent K th e r e  i s  a map h^ 

from  g(K) o n to  f(K ) su ch  t h a t  d (h ^ g |K ,f  |K) < 5 . D efin e  h  from

Y o n to  A by h |g ( x )  = h^  . Then c l e a r l y  h  i s  a  map from Y onto

A and d ( h g ,f )  < 5 . T h u s, A i s  an L-M sp a c e .

11 .1 5  Lemma. Each component o f  a  quasi-A ilR  i s  a quasi-ANR.

P r o o f : S in ce  a  quasi-AITR m ust be  th e  co n tin u o u s  image o f  a

com pact ANR i t  i s  c l e a r  t h a t  a  quasi-ANR i s  l o c a l l y  co n n ec ted . S in ce
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i t  w i l l  a l s o  b e  co m p ac t, a  q u a s i-M R  w i l l  have a t  m ost a  f i n i t e  number 

o f  com ponents.

L e t X b e  a  quasi-ANR. By Lemma I I . 3 t h e r e  i s  an t] > 0 such

t h a t  any r|-map from  X o n to  a  m e tr ic  sp ace  Y w i l l  be com ponent p r e 

s e rv in g .  L et 6 > 0 b e  g iv e n .  By th e  d e f i n i t i o n  o f  a  quasi-AMR th e r e  

e x i s t  an AIIR A , a  map g from  X o n to  A , and a  map h  from  A

on to  X su ch  t h a t  d ( h g , i d  X) < m in {e ,r |/2 }  . I t  i s  c l e a r  t h a t  g i s

an T|-map; h e n c e , i t  i s  com ponent p r e s e r v in g .  A lso , hg i s  an q -^ a p ; 

h e n c e , hg  i s  com ponent p r e s e r v in g ;  fu r th e rm o re , hg(K) = K f o r  a l l  K 

in  k(X) .

I f  K i s  a  com ponent o f  X th e n  th e  fo llo w in g  e-com m uting 

d iagram  i s  v a l id :

g(K)

S in c e  g(K) i s  a  com ponent o f  an ANR, g(K) i s  an ANR. S in c e  s i s  

a r b i t r a r y  K m ust b e  a  quasi-ANR.

I I . l 6 Theorem . L e t X be a  compact m e tr ic  sp a c e . X i s  an 

L-M sp ace  i f  and o n ly  i f  X i s  a  quasi-ANR.

P r o o f : Suppose X i s  an L-M sp a c e . A ccord ing  to  C o ro lla ry  

I I . 1 .1 ,  X s a t i s f i e s  th e  c o n d it io n s  f o r  b e in g  a  quasi-ANR.

On th e  o th e r  han d  suppose  X i s  a  quasi-ANR. Then X i s  

l o c a l l y  c o n n e c te d , and by  Lemma 11 .15  each  o f  i t s  com ponents i s  a
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co n n ec ted  quasi-AÜIR. By Lemma 1 1 .1 3  e ac h  congonent o f  X i s  an L-M 

s p a c e . S ince  X i s  com pact and l o c a l l y  c o n n e c te d , X h as  a t  m ost a 

f i n i t e  numher o f  com ponents. H en ce , hy  Lemma I I . l 4 , X i s  an L-M 

sp a c e .

We now have th e  fo l lo w in g  c o r o l l a r i e s .

1 1 .1 6 .1  C o r o l l a r y . E very  com ponent o f  a  compact m e tr ic  sp ace  

w i th  a t  most a  f i n i t e  numher o f  com ponents i s  a  q-AKR i f  and o n ly  i f  

th e  e n t i r e  sp ace  i s  a  q-AHR.

1 1 .1 6 .2  C o r o l l a r y . Suppose r  i s  a  r e f in a h le  map from  X 

o n to  Y , e i t h e r  X o r  Y h a s  a t  m ost a  f i n i t e  numher o f  com ponents,

T| > 0 and e > 0 ; th e n  t h e r e  i s  a  p o s i t i v e  r e a l  numher 5 su ch  t h a t  

i f  f  i s  a  6-map from  X o n to  a  q -M R  A , th e n  t h e r e  e x i s t  an T j -

map g from X o n to  Y s - n e a r  r  and  an e-map h from  Y o n to  A

su ch  t h a t  d ( f ,h g )  < e [Fo an d  Rg, p . $ ] .

1 1 . 1 6 .3  C o r o l l a r y . I f  X i s  a  q-AIIR, and  r  i s  a  r e f in a h le

map from  X o n to  Y th e n  X i s  Y - l ik e  and Y i s  X -lik e  [Fo and Rg,

p . 6 ] .

I I . 1 6 . C o r o l la r y . I f  X i s  a  quasi-AHR and r  i s  a

r e f in a h le  map from X o n to  Y , th e n  th e r e  i s  a ( s t ro n g )  quasi-hom eo

m orphism  o f  X to  Y hy  a  se q u e n c e  o f  o rd e re d  p a i r s  (g . ,h ^ ) w here 

l im  g^ = r  . ( Compare t h i s  w ith  C o r o l la r y  3 .3  o f  [Fo and Rg, p . 6 ] . )

I I .  1 6 .5  C o r o l la r y . A map r  from  a  q-AHR X o n to  a  sp ace  Y

i s  r e f in a h le  i f  and o n ly  i f ,  f o r  e v e ry  p o s i t i v e  r e a l  numher e , t h e r e  

i s  a  map f  from  X o n to  i t s e l f  su c h  t h a t  r f  i s  an e-<nap e -n e a r  r  .
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T his i s  a  form  o f  B in g 's  s h r in k in g  c r i t e r i o n  f o r  r e f in a h le  maps [Fo 

and Rg, p . ? ] .

P r o o f : The c o n d i t io n ,  f o r  each  s > 0 th e r e  i s  a  map f  from

X o n to  i t s e l f  such  t h a t  r f  i s  an e - re f in e m e n t o f  r  , c l e a r l y  im p lie s

t h a t  r  i s  a  r e f in a h le  map.

On th e  o th e r  hand  su ppose  r  from  X on to  Y i s  a  r e f in a h le  

map. I t  i s  now c la im e d  t h a t  t h e r e  i s  an  e/2-m ap h  from  X o n to  Y

e / 2- n e a r  r  , and a  p o s i t i v e  r e a l  num her 5 < e such  t h a t  i f  k  from

Y o n to  i t s e l f  i s  a  6-map th e n  kh  i s  an e /2 -m ap .

L et h  from  X o n to  Y he an e / 6-map e / 6- n e a r  r  . S in c e  th e  

c o l l e c t i o n  {h~^(y) | y  b e lo n g s  t o  Y} i s  an u pper sem ico n tin u o u s  de

co m p o sitio n  o f  X t h e r e  i s  a p o s i t i v e  r e a l  numher 6 < e / 6  su ch  t h a t

i f  f o r  y^  and y^  i n  Y , d(y^ ,y ^] < 6 , th e n  each  o f  h“ ^ (y ^ )  and

h "^ (y g ) i s  c o n ta in e d  in  N ^^g (h ~ ^(y )) f o r  some y in  Y . How i f  

k  from  Y o n to  i t s e l f  i s  a  6 -map th e n  diam h ^  ^ (y )  < e /2  f o r  a l l

y  in  Y . F o r i f  k h (x ^ ) = kh(X g) th e n  d (h (x ^ ) jhCx^) ) < 5 . T hus,

f o r  some y  i n  Y e a c h  o f  x^  and b e lo n g s  to  H ^^g(h~^(y) ) ;

h e n c e , dCx^jX^) § d (x ^ ,h ” ~ (y ) )  + diam h  ^ (y )  + d (h “ ^ (y ) ,X 2 ) < e / 2  .

A ccord ing  t o  C o ro l la ry  I I .1 6 .U  and  Lemma 1 1 .1 1  th e r e  i s  a  5 /2 -  

map g from  Y o n to  X su ch  t h a t  d ( r g , i d  Y) < 5 /2  . I t  fo llo w s

t h a t  rg  i s  a  6 -map from  Y o n to  i t s e l f .  H ence, rg h  from  X o n to

Y i s  an e /2 -m ap . A lso  d ( r , r g h )  § d ( r ,h )  + d (h ,rg h )  < e /2  + e /2  = s .

L et f  = gh . Then f  maps X o n to  i t s e l f  and r f  i s  an e ^ a p  e -

n e a r  r  .
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I I . I T  Theorem . A com pact m e t r ic  sp ace  w hich  i s  quasi-hom eo- 

m orph ic  t o  a  quasi-AIIB i s  a  quasi-AITR.

P r o o f : L e t X b e  a  com pact m e tr ic  s p a c e . L et th e  sequence  o f  

o rd e re d  p a i r s  o f  maps (g ^ ,h ^ )  be  a  quasi-hom eom orphism  o f  X to  a  

quasi-AWR A . L e t s > 0 b e  g iv e n .

T here i s  a  n a t u r a l  number i  su ch  t h a t  f o r  th e  maps g^ from

X o n to  A and h^ from  A o n to  X , d ( h ^ g ^ , id  X) < s /2  . S in c e

h^ i s  u n ifo rm ly  c o n tin u o u s  t h e r e  i s  a  5 > 0 su c h  t h a t  w henever th e

e le m e n ts  a^  and a^ b e lo n g  t o  A and  dCa^jU^) < 5 th e n

d (h ^ (a ^ )  ,h ^ (a g )  ) < e /2  . S in c e  A i s  a  quasi-AHR th e r e  a re  a  com pact

AIIR A_ and maps f  from  A o n to  A . and k from  A. on to  A o 0 0

su ch  t h a t  d ( k f , i d  A) < 5 .

C o n sid er th e  map fg^  from X o n to  Ag and th e  map h^.k from 

Ag o n to  X . d ( h ^ k f g ^ ,id  X) g d (h ^ k fg ^ ,h ^ g ^ )  + d (h ^ g ^ , id  X) . S in ce

d ( k f , i d  A) < 5 , d (h ^ k fg ^ ,h ^ g ^ )  < e /2  . H ence, d ( h ^ k fg ^ ,id  X) <

e /2  + e /2  = e . S in c e  e > 0 may b e  chosen  a r b i t r a r i l y ,  X i s  a 

quasi-A HR.

I I .  1 7 . 1  C o r o l l a r y . The im age o f  a  q-ANR u nder a  r e f in a b le  map 

i s  a  q-AHR.

P ro o f  : A ccord ing  t o  C o ro l la ry  I I . I 6 .H a  r e f in a b le  map whose

domain i s  a  q u a s i—ANR in d u c e s  a  quasi-hom eom orphism  on to  i t s  im age. I t  

i s  c l e a r  t h a t  th e r e  i s  a  quasi-hom eom orphism  o f  th e  im age o f  th e  r e f i n — 

a b le  map on to  i t s  domain w hich  i s  a  q-AHR. H ence, by Theorem I I . I T ,  

th e  im age i s  a  q-AHR.



I I .  1 7 .2  C o r o l l a r y . The im age o f  an M R u n d er a  r e f in a b le  map 

i s  a  q -M E .

P r o o f : E very  MR i s  c l e a r l y  a  q-M R .

1 1 . 1 8  D e f i n i t i o n . L e t S h e  th e  c l a s s  o f  com pact a b s o lu te  

r e t r a c t s .  A q u a s i-S  sp ace  i s  c a l l e d  a  quasi-A R  (q-A R).

1 1 . 1 9  D e f i n i t i o n . A com pact m e tr ic  sp ace  X i s  c a l l e d  o u a s i -  

c o n t r a c t i b l e  p ro v id e d  f o r  e v e ry  p o s i t i v e  r e a l  number e , t h e r e  i s  a

hom otopy , w here 0 g t  g 1 , from  X o n to  X such  t h a t  i s  a

c o n s ta n t  map, F^ i s  s u r j e c t i v e ,  and d ( F ^ , id  X) < s .

1 1 .1 8 . 1  C o r o l l a r y . The im age o f  a  q-AR o r  AR u n d er a  re f in e -  

a b le  map i s  a  q-AR. T h is  i s  a  c o r o l l a r y  o f  th e  p ro o f  o f  Theorem I I . I T

w here A_ i s  an AR.0

1 1 .1 9 . 1  C o r o l l a r y . A q u a s i - c o n t r a c t i b l e  MR i s  an AR.

P r o o f : L et X be  a  q u a s i - c o n t r a c t i b l e  M R . I t  w i l l  be shown

t h a t  X i s  c o n t r a c t i b l e .  S in c e  X i s  an MR th e r e  i s  a  p o s i t i v e  r e a l  

number 6 such  t h a t  i f  f  from  Y i n t o  X i s  a  map 5 -n e a r  th e  map 

g from  Y in t o  X th e n  f  i s  hom otopic to  g [Hu, Theorem 1 .1 ,  

p .1 1 1 ] .  S in c e  X i s  q u a s i - c o n t r a c t i b l e  th e r e  i s  a  homotopy F^ from  

X i n t o  X such  t h a t  F^ i s  a  c o n s ta n t  map, and d(F^ , i d  X) < 6 .

S in ce  d ( F ^ , id  X) < 5 , F^ i s  hom otop ic t o  i d  X . T h u s , id  X i s

hom otopic to  a  c o n s ta n t  map in  X . T h e re fo re ,  X i s  c o n t r a c t i b l e .

S in ce  ev e ry  c o n t r a c t i b l e  MR i s  an AR i t  fo llo w s  t h a t  X i s

an AR.

I I .  1 9 .2  C o ro l la r / f . E very  q-AR i s  q u a s i - c o n t r a c t i b l e .
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P r o o f : L et X "be a  quasi-A R . L e t e > 0 be  g iv e n . S in ce  X

i s  a  q-AR th e r e  a re  an AR A , a  map f  from  X o n to  A , and a map g

from  A o n to  X such  t h a t  d ( g f , i d  X) < e .

S in c e  A i s  an AR th e r e  i s  a  hom otopy from A in to  A

such  t h a t  Hq i s  a  c o n s ta n t  map, say  R g(a) = a^  f o r  a l l  a  in  A ,

and su ch  t h a t  = i d  A . L e t = gR ^f . i s  a  homotopy from X

in t o  X . F^ = g f  so t h a t  F^ i s  o n to  X  and d ( F ^ , id  X) < e .

Fq( x ) = gH^fCx) = g (ag ) f o r  a l l  x i n  X ; t h u s ,  F^ i s  a  c o n s ta n t

map. S in c e  e > 0 i s  a r b i t r a r y  ve  have shown t h a t  X i s  q u a s i -  

c o n t r a c t i b l e .

C o ro lla ry  I I . I 8 . I  to g e th e r  w ith  C o ro lla ry  I I . 1 9 .1  im p lie s  th e  

fo llo w in g  r e s u l t .

I I .  1 9 .3  C o r o l l a r y . I f  th e  im age o f  a  quasi-A R  u n d e r a  r e f in 

a b le  map i s  an AJîR th e n  th e  image i s  an AR.

F o r th e  n e x t r e s u l t  we w i l l  u se  th e  fo llo w in g  d e f in i t i o n s  from

[Hu, p p .110 and 13 8 ].

11 .2 0  D e f in i t i o n . F or a  p o s i t i v e  r e a l  number e a  homotopy 

i n t o  a  space  X i s  c a l l e d  an e-hom otopy p ro v id e d  t h a t  f o r  every

e lem en t a  in  th e  domain o f  H^ , diam  H ({a} x l )  < e .

1 1 .2 1  D e f in i t io n . A sp ace  X i s  c a l l e d  an e - d om inating  space 

o f  Y p ro v id e d  t h a t  t h e r e  a re  maps f  from  X i n t o  Y and g from 

Y i n t o  X such  t h a t  g f  i s  e -hom otop ic  to  id  Y . X i s  e -  

h o m o to n ic a lly  e q u iv a le n t  to  Y p ro v id e d  t h a t  th e r e  e x i s t  maps f  and 

g as above such  t h a t  g f  i s  e-hom otop ic t o  id  Y and fg  i s  e - 

hom otopic to  i d  X .
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1 1 .2 1 .1  C o r o l l a r y . L e t X be  a  quasi-AUR, and l e t  r  from  

X o n to  a  m e tr ic  sp ace  Y be a  r e f in a b le  map. Then f o r  e v e ry  p o s i 

t i v e  r e a l  number e ,

(1 ) i f  X i s  an M R , Y e -d o m in a tes  X ,

(2 ) i f  Y i s  M R , X s -d o m in a te s  Y ,

(3 ) i f  each, o f  X and  Y i s  an M R , X i s  a —

hom otopi c a l l y  e q u iv a le n t  to  Y .

R ote : The f i r s t  and t h i r d  r e s u l t s  can  b e  found in  [Fo and R g, C o ro l

l a r y  3 . 4 ,  p . ? ] .

P r o o f : L e t X , Y and r  b e  as in  th e  s ta te m e n t o f  th e

c o r o l l a r y .  I t  fo llo w s  from  C o ro l la ry  I I . 1 6 . 4  and Lemma 1 1 .1 1  t h a t

g iv en  5 > 0 th e r e  e x i s t  maps h  from  X onto  Y and g from  Y 

on to  X such  t h a t  d ( h , r )  < 5 , d ( r g , i d  Y) < 5 , d ( h g , id  Y) < 5 

and d { g h ,id  X) < 5 .

L et e > 0 be  g iv e n . Suppose ( l )  X i s  an M R. Then th e r e

i s  a  Ô > 0 such  t h a t  S -n e a r  maps from  X in to  i t s e l f  a re  e -h o m o to p ic .

L et h  and g b e  th e  maps o f  th e  above parag raph , c o r re sp o n d in g  to  5 ,

Then gh i s  e -ho m o to p ic  t o  i d  X ; hence s Y e -d o m in a te s  X .

Suppose (2 ) Y i s  an M R . Then th e r e  i s  a  5 > 0 s u c h  t h a t  

6 -n e a r  maps o f  Y in t o  i t s e l f  a r e  Ô-h o m o to p ic . Choose h  and  g as  

above f o r  t h i s  5 . Then d ( h g , i d  Y) < Ô ; h en ce , hg and i d  Y a r e  

e -h o m o to p ic .

Suppose ( 3 ) e a c h  o f  X and Y i s  an M R. By ch o o s in g  5 as 

th e  s m a l le r  o f  th e  5 ' s  in  th e  p ro o f s  o f  ( l )  and (2 ) we can g u a ra n te e  

t h a t  b o th  hg i s  hom otop ic  to  i d  Y and gh i s  hom otopic to  i d  X

lix



by  e - h m o to p ie s . H ence, X and  Y a r e  h o m o to p ic a lly  e q u iv a le n t .

A r e s u l t  r e l a t e d  t o  p a r t  (3 ) o f  th e  p re c e d in g  c o r o l l a r y  i s  t h a t

a  r e f i n a b l e  map betw een AHR's i s  a  CE map.

1 1 .2 2 .1  D e f in i t i o n . A m e tr ic  sp a c e  Z w i l l  b e  s a id  t o  have

th e  shape  o f  _a n o in t  p ro v id e d  t h a t  f o r  e v e ry  map h  o f  Z in to  an ANR

A , h  i s  n u ll-h o m o to p ic  in  A .

1 1 .22.2 D e f in i t i o n . A map f  from  a  sp ace  X in t o  a sp ace

Y i s  a  CE man i f  and o n ly  i f  f o r  e a c h  y  in  f(X ) , f~ ^ (y )  h a s  th e

sh ap e  o f  a p o in t  [Ko, p . 8 ] .

The method o f  p ro o f  t o  show t h a t  a  r e f i n a b l e  map betw een com

p a c t  AHR's m ust b e  CE i s  t o  show f i r s t  t h a t  a  r e f i n a b l e  map betw een

AilR’ s i s  a f in e  homotopy e q u iv a le n c e ,  and  th e n  ap p ly  a  r e s u l t  due to  

H aver [Ha] w hich s t a t e s  t h a t  a  map b e tw een  AIIR’ s i s  CE i f  and o n ly  i f  

i t  i s  a  f i n e  homotopy e q u iv a le n c e . The fo llo w in g  d e f i n i t i o n  o f  f in e  

homotopy e q u iv a le n c e  i s  an a d a p ta t io n  t o  th e  c a s e  o f  com pacta o f  th e  

d e f i n i t i o n  w hich ap p ea rs  in  [Ch, p . 9 1 ] .

1 1 .2 3  D e f in i t io n . A map f  from  a compactum X on to  a  com- 

pactum  Y i s  a f in e  homotony e q u iv a le n c e  i f  and o n ly  i f  f o r  each  p o s i 

t i v e  r e a l  number e t h e r e  i s  a homotopy from  X in to  X such

t h a t  fF^ i s  an e-hom otopy in  Y , F^ = i d  X , and F^ = g f  f o r  

some map g from Y in t o  X .

11 .2 4  Theorem . (H aver) I f  a  map betw een  com pact ADR's i s  a  

f i n e  homotopy e q u iv a le n c e  th e n  i t  i s  CH.

P ro o f  : Suppose f  from a  com pact ADR X o n to  an ADR Y i s  

a f in e  homotopy e q u iv a le n c e . L e t y^ b e  an e lem en t o f  Y . I t  i s
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- 1 /  \n e c e s s a ry  to  show t h a t  f  (y  J h as  th e  shape o f  a  p o in t .

L et h  h e  a  map from  f  (y ^ ) in t o  some .AilR A . S in c e  A

i s  a l s o  an ANE ( a h s o lu te  n e ig h b o rh o o d  e x te n s o r ) ,  t h e r e  a re  a  n e ig h b o r

hood U o f  f  ^ (y^  ) i n  X and a  map (p from  U in t o  A w hich

e x te n d s  h  . S in c e  { f  ^ (y )  | y  b e lo n g s  to  Y} i s  an  u p p e r  sem i- 

c o n tin u o u s  d eco m p o s itio n  o f  X , th e r e  i s  a  p o s i t i v e  r e a l  number e 

su ch  t h a t  f~ ^ ( l î^ (y ^ ) )  i s  c o n ta in e d  in  U .

S in c e  f  i s  a  f in e  homotopy e q u iv a le n c e  t h e r e  a r e  a  map g

from  Y in t o  X and a  homotopy such  t h a t  = id  X , F^ = g f  ;

and  fF^ i s  an e-hom otopy . I t  may b e  o b serv ed  t h a t  s in c e  fF_  ̂ i s  an

e-hom otopy , d(fF_j_(x) ,fF g (x )  ) < e ; h e n c e , F ( f  ̂ (y ^ )  x [ 0 ,1 ] )  i s  a

s u b s e t  o f  f  "^(ll^Cy^)) w hich i s  c o n ta in e d  in  U , th e  domain o f  cp .

A n u l l  homotopy f o r  h  may be o b ta in e d  by l e t t i n g  G = <pF_̂  "  ^U V f (y ) .
f  ^(Yq ) = h  , and t h a t  G^ = cpF̂  j f ” ^ (y ^ ) =

(p g fff  ^ (y ^ ) w hich  i s  th e  c o n s ta n t  map whose v a lu e  i s  cpg(y^) • T h u s , 

f  i s  a  CE map.

11 .25  Theorem . A r e f in a b le  map betw een com pact m e t r ic  AIIR's 

i s  a  CE map.

P ro o f  : L e t r  from  X o n to  Y be a  r e f in a b le  map be tw een

com pact M R ’s .  L e t e > 0 b e  g iv e n . I t  w i l l  be  shewn t h a t  t h e r e  i s  a

map g from Y o n to  X su ch  t h a t  g r  i s  hom otopic to  t h e  i d e n t i t y  on 

X by  a homotopy F^ o f  X in t o  i t s e l f  so t h a t  rF^ i s  a  2s-hom otopy , 

i . e . ,  r  i s  a  f in e  homotopy e q u iv a le n c e .

S in ce  Y i s  assum ed to  be an AITR, th e r e  i s  a  p o s i t i v e  number

e., w ith  e ^ < e / 3  so  t h a t  any two maps from a  sp ace  i n t o  Y s ^ -n e a r
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e a c h  o th e r  a re  e/3 -ho in .o top ic . L e t 5 >  0 h e  a  un ifo rm  c o n t in u i ty  

number f o r  and r  . S in ce  X i s  assum ed to  be an ANE th e r e  i s

a  p o s i t i v e  r e a l  number 5^ w ith  < 5 so  t h a t  any two maps from  a

sp a c e  in t o  X 5 ^ -n e a r  each  o th e r  a r e  5 -h o m c to p ic .

By Lemma 11 .1 1  and C o r o l la r y  I I . l o . U  th e r e  a re  maps h  from 

X o n to  Y and g from  Y o n to  X su ch  t h a t  d ( h , r )  < ,

d ( h g , id  Y) < , d ( g h , id  X) < 0^  , and  d ( r g , i d  Y) < .

Thus, h  i s  hom otopic t o  r  b y  an e /3 -hom otopy ,

0 â  t  S 1 , from X in to  Y su c h  t h a t  Fq = r  and F^ = h  . A lso

s in c e  d ( g h ,id  X) < 5^ , th e r e  i s  a  5-hom otopy , 1 g t  è  2 , from

X i n t o  i t s e l f  such  t h a t  = gh  and = i d  X .

Eow f o r  0 g t  g 1 l e t  H_̂  = gF_  ̂ . A t t  = 1 , gF^ = gh =

as d e f in e d  in  th e  p re c e d in g  p a ra g ra p h . T h u s , where 0 g t  g 2 i s

a homotopy o f  X in t o  i t s e l f .  I t  i s  a l s o  t r u e  t h a t  = g r  and 

Eg = i d  X . F u rth e rm o re , rÊ _ i s  a 2e-hom otopy. For i f  each  o f  s  

and t  i s  in  th e  c lo s e d  i n t e r v a l  from  Q to  2 i t  i s  n e c e s s a ry  t o  

c o n s id e r  th e  fo llo w in g  c a s e s :

(a )  1  g t  g 2 and 1  g  s g  2

(b) 0 g t  g 1 and 1 g  s g  2

(c ) 1  g t  g 2 and 0 g  s  g  1  ; o r

(d) 0 g t  g 1 and 0 g  s ë  1  .

In  case  ( a) E^ i s  a  5-hom otopy f o r  1 g u g 2 . T h u s ,

d(rH_^(x) ,rE ^ (x ) ) < e s in c e  Ô was a  u n ifo rm  c o n t in u i ty  number fo r  

e and  r  .



In  c a se  ( b ) ,  E_|_ = gF^ so  t h a t  rH^ = rgF_^ . Now

d(rH  ,rH ) g  d(rH  ,rg h )  + d (rg h ,rH  ) . S in c e  d(gh  = H ,H ) < ô ,
0 S  w S  _L S

d (rg h ,rH ^ ) < < e /3  . Now, d ( rH ^ ,rg h )  = d ( rg F ^ ,rg h )  g

d (rg F ^ jF ^ ) + d (F ^ ,F ^ ) + d (F ^ ,rg F ^  = rg h ) < e^ + e /3  + e^ â  e . H ence,

d(rH_^,rH^) < 2 e .

In  c a se  ( c ) ,  th e  r o l e s  o f  s  and t  a r e  re v e rs e d  so t h a t  th e  

same argum ent as  i n  (b ) h o ld s .

In  c a s e  (d ) ,  d(rH  ,rH  ) = d (rg F  ,rg F  ) g d (rg F  ,F ) +
V S  u S  u u

d (F ^ ,F ^ ) + d (F ^ ,rg F ^ )  < e^ + e /3  + e^  g e .

T hus, i n  any c a s e ,  d(rH_^,rH^) < 2e . H ence, rH^ i s  a  2 e -  

hom otopy. T h e re fo re ,  r  i s  a  f i n e  hom otopy e q u iv a le n c e . A ccord ing  to

Theorem 1 1 .2 4 , r  i s  a  CE map.

A nother a p p l ic a t io n  o f  t h e  r e s u l t s  c f  t h i s  c h a p te r  i s  t h a t  th e  

image o f  a  com pact o r ie n t a b le  2-m a n ifo ld  w ith o u t boundary  i s  a  homeo- 

m orphic 2 -m a n ifo ld . To g iv e  t h i s  a p p l i c a t io n  th e  fo llo w in g  theorem  

[Ma and Be, Theorem 4 , p . l 6l ]  w i l l  b e  u se d .

1 1 . 2 6  Theorem. L et M b e  a  com pact co n n ec ted  o r i e n ta b le  2 - 

m a n ifo ld  w ith o u t b o u n d ary , end l e t  X be a l o c a l l y  c y c l ic  continuum  

w hich  i s  M -lik e . Then X i s  hom eom orphic to  M .

1 1 .27 Theorem . I f  M i s  a  com pact co n n ec ted  o r i e n ta b le  2 -  

m a n ifo ld  w ith o u t boundary  and i f  r  from  M o n to  a  m e tr ic  sp ace  Y

i s  a  r e f in a b le  m ap, th e n  Y i s  homeomorphic to  M .

P r o o f : SiLnce M i s  an ANR, hence a q-ANR, and r  from  M

on to  Y i s  r e f i n a b l e ,  f o r  ev e ry  p o s i t i v e  r e a l  number e th e r e  a re

maps f  from M o n to  Y and g from  Y o n to  M such t h a t
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d ( g f , i d  m) < e /2  and d ( f g , i d  Y) < e /2  ( r e c a l l  M i s  quasi-h o m eo - 

m orphic to  Y ) .  S in ce  M i s  a  2 -m a n ifo ld  M i s  l o c a l l y  c y c l i c ;  

h e n c e , by C o ro l la ry  1 .1 3 .2 ,  Y i s  l o c a l l y  c y c l ic .  S in ce  g i s  an 

e-map from  Y o n to  M and e > 0 has  been  chosen a r b i t r a r i l y ,  Y 

i s  M -lik e . A pp ly ing  Theorem 1 1 .2 6  i t  fo llo w s  t h a t  Y i s  homeomorphic 

to  M .

A s t r o n g e r  r e s u l t  h as  r e c e n t l y  been  g iv en  by J .  S eg a l [S e ] .

He h as  shown t h a t  r  i s  a  r e f i n a b l e  map o f  a  c lo se d  (com pact) 2 -m an i-

f o ld  o n to  a  m e tr ic  sp ace  Y i f  and o n ly  i f  i t  i s  a n e a r  homeomorphism. 

Thus, th e  image o f  any com pact 2 -m a n ifo ld  w ith o u t boundary  u n d e r a  

r e f in a b le  map i s  hom eom orphic t o  th e  2-m a n ifo ld .

'This c h a p te r  w i l l  b e  c o n c lu d ed  w ith  some exam ples o f  q u a s i -  

AI'IR's. I t  i s  c l e a r  t h a t  e v e ry  com pact AITR m ust be a quasi-A HR; how ever, 

as th e  n e x t exam ples show th e  co n v e rse  i s  n o t t r u e .

11 .2 8  Exam nle. (H aw aiian  e a r r in g )  L et H b e  th e  one-d im en

s io n a l  sp a c e  o f  c i r c l e s  C_. w hich  have  a d ia m e te r  o f  1 /2 ^  ( i  =

0 , 1 , . . .  ) w ith  each  c i r c l e  C. ( i  = 1 , 2 , . . .  ) ta n g e n t  i n t e r n a l l y  to  

Cq a t  th e  same p o in t  0 . L et A_. be  th e  un ion  o f  th e  f o r

0 g j  g i  to g e th e r  w ith  t h e  r a d iu s  R^ o f  w ith  le n g th  l/R""*"”

p a s s in g  th ro u g h  th e  p o in t  0 ( s e e  F ig u re  I I . 2 8 . 1 ) .

F o r each  n o n n e g a tiv e  i n t e g e r  i  l e t  f^  be th e  map from  H

o n to  A. d e f in e d  a s  f o l l o w s . On th e  u n io n  o f  th e  s e t s  C, w here k 1 k

i s  a  n o n n e g a tiv e  i n t e g e r  l e s s  th a n  o r  e q u a l to  i  , l e t  f^  b e  th e

i d e n t i t y  map when k  i s  l e s s  th a n  i  , and l e t  f^  b e  th e  p r o j e c t io n
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o f  c, o n to  R. o th e rw is e . î lo t ic e  t h a t  C . ,  ̂ w i l l  be manned ontok 1 x+1

R i by .

Row f o r  each  n o n n e g a tiv e  i n t e g e r  i  l e t  g^ be  th e  map from

A. o n to  H d e f in e d  as fo l lo w s .  On th e  u n io n  o f  th e  C, w here k
1 k

i s  a  n o n n e g a tiv e  i n t e g e r  l e s s  th a n  o r  eq.ual to  i  , l e t  be th e

i d e n t i t y .  For i  + l , i  + 2 , . . .  w here k  i s  any  n o n n e g a tiv e  in t e g e r ,

a .  i s  th e  c e n te r  o f  C. and th e  d i s ta n c e  from  a . _ to  a _ ,  i s1 1 i+ k  i+ k +1

1/2^'*’̂ '*'^ . Let g^ map th e  c lo s e d  segm ent be tw een  a^^^  and

o n to  so t h a t  g_. = 8 f o r  k  = 0 , 1 , . . .  ,

I t  i s  c l e a r  t h a t  d ( f ^ g ^ , i d  A^) < 1/2""*"^ , and th a t

d ( g i f i , i d )  < diam = 1 /2 ^ ^ ^  . S in c e  each  A^ i s  an ARE i t  fo llo w s

t h a t  H i s  a quasi-AITR.

11 .29  Exam ple. (The C an to r b a s e b a l l  diam ond) In  F ig u re

I I . 2 9 .1  s t a r t  w ith  an e q u i l a t e r a l  t r i a n g l e  b^a^b^  w ith  a^ a s  th e

v e r te x  on to p .  L et a^ be  th e  p o in t  on a^b^ so t h a t  th e  d is ta n c e

from  b ^  i s  1 /3  th e  d is ta n c e  from  a^  t o  b^  . L e t a^ be th e

an a lo g o u s p o in t  on a^b^ . L et b^ be th e  p o in t  on b^b^ so th a t

b^a^bg  form s an e q u i l a t e r a l  t r i a n g l e .  C o n tin u e  t h i s  c o n s t ru c t io n  in

th e  obv ious way.

A s e t  i s  o b ta in e d  i n  th e  l i m i t  so  t h a t  th e  e n d p o in ts  b^

form  a  C an to r s e t .  The s e t  w i l l  be t h a t  p a r t  o f  th e  c o n s tr u c t io n

w hich l i e s  on o r i n  th e  i n t e r i o r  re g io n  o f  th e  e q u i l a t e r a l  t r i a n g l e

T. in  th e  above c o n s t r u c t io n  w hich c o n ta in s  a . and b . as two o f  
1 1 1

i t s  v e r t i c e s .
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F or each  n o n n e g a tiv e  i n t e g e r  i  , l e t  be  th e  f i n i t e  s ta g e

o f  th e  above c o n s t r u c t io n  w hich  i s  th e  u n io n  o f  th e  T . w here
2 '^+k

1  g j  g i  and 0 g k g  2 "̂ -  1 .

D efin e  th e  map f^  from  o n to  in  th e  fo llo w in g  m anner.

On T. w here j  < 2^ , l e t  f .  be th e  i d e n t i t y .  On 0 . w here 
 ̂ ^  2^+k

0 g k  g 2^ -  1 5 l e t  f^  b e  th e  p r o je c t io n  from th e  b a r y c e n te r  o f

T . o n to  T . . N o tic e  t h a t  on th e  po lygon  ?  . th e  p r o je c t io n
2^+k 2 ^+k 2^+k

from  th e  b a r y c e n te r  i s  th e  i d e n t i t y  map; h e n c e , f^  i s  c o n tin u o u s .

Now d e f in e  th e  map g^ from  A^ o n to  in  th e  fo llo w in g

m anner. O u ts id e  th e  1/3^"^^ n e ig h b o rh o o d  o f  th e  u n io n  o f  th e  T .
2 ^+k

w here 0 g k g 2^ -  1 , l e t  g^ be th e  i d e n t i t y .  I t  i s  e a sy  to  see

t h a t  0 . w here 0 g k  g  2^ -  1 i s  l o c a l l y  co n n ec ted  s in c e  th e r e
2^+k

a re  a r b i t r a r i l y  s m a ll  n e ig h b o rh o o d s  w hich a re  e i t h e r  a  p o ly g o n a l a rc

o r a  Cj each  o f  w hich  i s  c o n n e c te d .

S in c e  C . i s  l o c a l l y  co n n ec ted  th e r e  i s  a  man g. , from
2 ^+k '  ^

T o n to  C . . S in c e  C . i s  a l s o  a rcw ise  co n n ec ted  th e r e  i s
2^+k 2 ^+k 2^+k

an a rc  from  g . , (v ) to  v  w here v  i s  a  v e r te x  o f  T . w hich i s
" 2 ^ + k

n o t b ^  o r  b^ . L et w be  a  boundary  p o in t  o f  th e  1/3^"^^ n e ig h 

borhood o f  T . n e a r e s t  v  . Then th e  segm ent wv can  be  mapped so
2 ^ + k

t h a t  V maps t o  g . . ( v ) , t h e  m id p o in t maps to  v and w maps to
1 ,K.

w . L e t g^ ^ be g^ ^  as  d e f in e d  b e fo re  to g e th e r  w ith  th e  map o f
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th e  segm ent wv . Then on Cl(N . ( T . )) d e f in e  g . to  he
1 /3  2^+k ^

= i,k  •

I t  i s  c l e a r  t h a t  d ( f ^ g ^ ( x ) ,x )  can he no l a r g e r  th a n  th e

i +1d ia m e te r  o f  a  T . p lu s  1 /3 ^  . Thus d ( g . f . (x ) ,x ) l / 3 ^  +
2^+k ^ ^

1/3^'* '^2/3^ • S in ce  each  A_. i s  an  AMR th e s e  f a c t s  show t h a t  i s

a quasi-A R E. I t  i s  c l e a r  t h a t  i s  n o t an AilR s in c e  i t  i s  n o t

l o c a l l y  c o n t r a c t ib le  a t  h^ .
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CHAPTER I I I

THE IMAGE OF A 1-DI1ŒNSI0NAL MR UNDER A REFINABLE MAP

In  t h i s  c h a p te r  i t  w i l l  be shown t h a t  th e  m e tr ic  image o f  a  

1 -d im e n s io n a l ANR u n d e r a  r e f in a b le  map m ust be a  1 -d im e n s io n a l M R. 

B ecause o f  th e  f a c t  t h a t  a  r e f in a b le  map r e s t r i c t e d  to  e ac h  component 

o f  a  l o c a l l y  c o n n e c te d  com pact m e tr ic  sp ace  i s  a  r e f in a b le  map ( C o ro l

l a r y  1 .2 2 .2 ) ,  i t  i s  n e c e s s a ry  o n ly  to  c o n s id e r  co n n ec ted  A NR's. A 1 -  

d im e n s io n a l co n n ec ted  com pact ANR i s  c a l l e d  an ANR-curve. T hus, i t  w i l l  

f i r s t  be shown t h a t  th e  im age o f  an MTR-curve u nder a  r e f in a b le  map i s  

an M R -cu rv e . To acc o m p lish  th e  p ro o f  o f  t h i s  r e s u l t  two f a c t s  -vnill be  

u se d . The f i r s t  f a c t  i s  t h a t  th e  ANR-curves c o in c id e  w ith  th e  l o c a l  

d e n d r i te s  [Bk 4 , p . 1 3 8 ] . The second f a c t  i s  t h a t  a  sp ace  i s  a  l o c a l  

d e n d r i te  i f  and o n ly  i f  i t  i s  a  l o c a l l y  c o n n ec ted  continuum  c o n ta in in g  

a t  m ost a  f i n i t e  number o f  1 - s p h e re s  [Ku, p . 2 2 8 ]. (T h is  f a c t  i s  th e  

re a so n  t h a t  th e  sp a c e s  A  ̂ o f  Exam ples 1 1 .2 8  and 11 .2 9  m ust be A N R 's.) 

I t  w i l l  th e n  be shown t h a t  i f  a  l o c a l l y  c o n n ec ted  continuum  c o n ta in s  a t



m ost a  f i n i t e  number o f  1 - s p h e re s  th e n  i t s  im age u n d er a  r e f in a b le  map

( i n  f a c t  u nder a monotone map) c o n ta in s  a t  m ost a  f i n i t e  number o f  1 -

s p h e re s .  T hese f a c t s  v i l l  y i e l d  th e  d e s i r e d  r e s u l t .

111 .1  D e f i n i t i o n . By a  l o c a l  d e n d r i t e  i s  m eant a  con tinuum  X

so  t h a t  g iven  any p o in t  x  i n  X and any p o s i t i v e  r e a l  number e

th e r e  i s  a  l o c a l l y  c o n n e c te d  con tinuum  P , and  a  p o s i t i v e  r e a l  number 

5 su ch  t h a t  Xg(x) c  p c  IT^(x) and P c o n ta in s  no 1 -s p h e re  ( i . e . ,

P i s  a  d e n d r i t e ) .

1 1 1 .2 D e f i n i t i o n . I f  Z i s  a  m e t r ic  sp ace  c o n ta in in g  a t  m ost 

a  f i n i t e  number o f  1 - s p h e re s  th e n  s (Z ) w i l l  r e p r e s e n t  th e  number o f  

d i s t i n c t  1 -s p h e re s  in  Z .

1 1 1 .3 D e f i n i t i o n . A con tinuum  X i s  h e r e d i t a r i l y  l o c a l l y  

co n n ec ted  i f  and o n ly  i f  e v e ry  subcon tinuum  o f  X i s  l o c a l l y  co n n ec ted  

[I'Jh, p . 8 9 ] .

1 1 1 .4 D e f in i t i o n . A con tinuum  X i s  a  r e g u la r  cu rv e  p ro v id e d

t h a t  f o r  each  x in  X and f o r  each  open n e ig h b o rh o o d  U o f  x th e r e  

i s  an open n e ig h b o rh o o d  V o f  x c o n ta in e d  in  U such  t h a t  th e

to p o lo g ic a l  b oundary  o f  V i s  f i n i t e  [V7h, p . 9 6 ] .

1 1 1 .5 Lemma. I f  X i s  a  com pact 1 -d im e n s io n a l AÎIR, th e n  X 

c o n ta in s  a t  m ost a  f i n i t e  num ber o f  1- s p h e r e s .

P ro o f : L et H r e p r e s e n t  any  hom ology th e o ry  o v er Z^ w hich

s a t i s f i e s  th e  E i le n b e rg -S te e n ro d  ax iom s. By Theorem 7 .3  in  [H u, p . l 4 l ] , 

H^(X) i s  u n iq u e  up to  isom orph ism . S in ce  X i s  a com pact 1 -d im e n s io n 

a l  AJÎR, H^(X) i s  e i t h e r  t r i v i a l  o r  f i n i t e l y  g e n e ra te d  [Hu, C o r o l l a r ie s

7 . 2  and J . 6 ,  p p . l 4 l - l 4 $ ] .



I t  i s  nov c la im e d  t h a t  th e  1 - sp h e re s  i n  X in d u ce  nonhcm ologous 

1 - c y c le s .  H ere we w i l l  u se  th e  homology found  in  [W i], w hich i s  d e t e r 

m ined hy th e  g e o m e tric  n e rv e s  o f  open c o v e rs .  N o tic e  t h a t ,  s in c e  

dim X = 1 , f o r  ev e ry  open cover a  o f  X th e r e  i s  a  re f in e m e n t 6 

o f  a such  t h a t  o rd e r  3 = 1  ( i . e . ,  i f  and a r e  d i s t i n c t

e lem en ts  o f  3 th e n  t h e i r  common i n t e r s e c t i o n  i s  em p ty ). T hus, f o r  any  

such  c o v e r 3 th e  n e rv e  c o n ta in s  no 2 -s im p le x e s . By a  theo rem  i n  [W i, 

Theorem 7 .5 j  p . 1 3 0 ] , H^(X) i s  d e te rm in e d  hy th e  g e o m e tr ic  n e rv e s  o f

open co v e rs  o f  o rd e r  1 . I n  t h i s  c a se  (n e rv e  o f  3) = (n e rv e  

o f  3) .

L et and h e  d i s t i n c t  1 - s p h e re s  in  X . S in c e  and

Cg a re  d i s t i n c t  t h e r e  i s  a  cover 3 v i t h  o rd e r  3 ~ -  such  t h a t  a t  

l e a s t  th r e e  e lem en ts  o f  3 i n t e r s e c t  each  c i r c l e ,  and so t h a t  t h e r e  i s  

a in  3 such  t h a t  fl r  0 w h ile  3^ m isse s  a l l  th e  e l e 

m ents o f  3 t h a t  i n t e r s e c t  Cg . S im ilac rly  th e re  i s  a  Bg in  3 so 

t h a t  Bg n Cg 0 and Bg m isse s  a l l  th e  e lem en ts  o f  B t h a t  i n t e r -

t h a t  = {B in  3 | B A r  0} ands e c t  . I t  i s  c l e a r

Zg = {B i n  3 I B n Cg r  0} a re  1 - c y c le s .  I t  i s  a ls o  c l e a r  t h a t  

z^ # Zg ; h en ce , hy [W i, Theorem 7 .5 ,  p . 1 3 0 ] , and Cg in d u c e

d i s t i n c t  1- s p h e re s  w hich a r e  n o t hom ologous.

T h e re fo re ,  each  1 - sp h ere  c o rre sp o n d s  t o  a  d i s t i n c t  e lem en t o f  

H^(X) . H ence, s in c e  H^(X) has a t  m ost 2^ e lem en ts  w here n i s  th e  

number o f  g e n e r a to r s ,  X has a t  m ost 2^ 1 - s p h e re s .

I I I . 6 Lemma. I f  X i s  a  1 -d im e n s io n a l Feano continuum  c o n ta in 

in g  a t  m ost a  f i n i t e  number o f  1 -s p h e re s  th e n  X i s  a  r e g u la r  c u rv e .
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H ence, X i s  h e r e d i t a r i l y  l o c a l l y  c o n n e c te d . ( in  f a c t ,  X i s  a  l o c a l

d e n d r i t e . )

P ro o f  : S in ce  X c o n ta in s  o n ly  a  f i n i t e  number o f 1 - s p h e r e s ,

sa y  ' ' ' '^ n  ^  c o n ta in s  no 1- s p h e re s  th e n  i t  i s  a l re a d y  a

d e n d r i t e ) ,  he = niin{diam  [ i  = 1 , 2 , . . .  ,n} ( i f  X i s  a  d e n d r i t e ,

l e t  Ue = 1 ) i s  p o s i t i v e .  I t  w i l l  now be shown t h a t  X i s  a  l o c a l

d e n d r i t e .  L et 5 > 0 b e  g iv e n . L et r] = m in { s ,5}  . Then s in c e  X

i s  a  Peano con tinuum , f o r  each  x i n  X th e r e  i s  a  Peano continuum

? and th e r e  i s  a  p o s i t i v e  r e a l  number y so t h a t  N^(x) i s  c o n ta in e d

i n  P and P i s  c o n ta in e d  in  H^(x) [W i, Theorem 3 .1 ,  p p .7 9 -8 0 ].

S in ce  P i s  a  s u b s e t  o f  N ^(x) , P c o n ta in s  no 1 -s p h e re s ;

h e n c e , P i s  a d e n d r i t e .  By a  r e s u l t  in  [i-Jh, p . 9 9 Is P i s  a  r e g u la r

c u rv e . S in ce  P i s  a  r e g u la r  c u rv e , by  th e  same r e s u l t  in  VJhyburn, X 

i s  h e r e d i t a r i l y  l o c a l l y  co n n e c te d .

1 1 1 .6 .1  C o r o l la r y . I f  X i s  a  1 -d im e n s io n a l compact l o c a l l y

c o n n e c te d  m e tr ic  sp ace  w ith  a t  m ost a  f i n i t e  number o f  1- s p h e r e s ,  th e n

e v e ry  subcontinuum  o f  X i s  a  Peano continuum .

P ro o f ; N o tic e  t h a t  X h as  a  f i n i t e  number o f  com ponents, and

each  component i s  l o c a l l y  c o n n e c te d . T h u s, e a c h  component i s  a 1-dim en

s io n a l  Peano continuum  c o n ta in in g  a t  m ost a  f i n i t e  number o f  1 - s p h e re s .

1 1 1 .6 .2  C o r o l la r y . E very  con tinuum  c o n ta in e d  in  a  1 -d im en sio n 

a l  ANR i s  a Peano continuum .

P ro o f : O bserve t h a t  in  t h i s  c a s e ,  by Lemma 1 1 1 .5 , a  1 - dimen

s io n a l  compact ANR i s  a  com pact 1 -d im e n s io n a l l o c a l l y  co n n ec ted  m e tr ic

sp ace  c o n ta in in g  a t  m ost a  f i n i t e  number o f  1- s p h e r e s .



I I I . 7 Lemma. L e t X b e  a  1 -d im e n s io n a l Peano co n tin u im  con

t a in in g  a t  m ost a  f i n i t e  number o f  1 - s p h e re s .  L et r  from X o n to  a  

m e tr ic  space  Y be a  m onotone map. Then Y i s  a Peano continuum  con

t a in in g  a t  m ost a  f i n i t e  number o f  1- s p h e r e s ,  and , in  f a c t ,  

s(Y ) ë  s(X) .

P r o o f : I t  w i l l  b e  shown t h a t  eac h  1 -sp h e re  in  Y i s  th e  im age

o f  a  1 - sp h ere  i n  X . T h u s, s ( Y )  ë  s(X ) w i l l  e a s i l y  fo llo w .

L et S be  a  1 - sp h e re  c o n ta in e d  i n  Y . C o n sid er r  ^ (S ) .

S in c e  r  i s  monotone r  ^ (S ) i s  a  subcon tinuum  o f  X . By Lemma

I I I . 6 , r ” ^ (S ) i s  l o c a l l y  c o n n e c te d .

L et y^  and y^  be  d i s t i n c t  p o in t s  in  3 . L et

r e p r e s e n t  one o f  th e  a r c s  in  8 from  y^ to  y^ , and l e t

r e p r e s e n t  th e  o th e r  a rc  i n  S from  y^  to  y^ where {y^ ,y^}  i s

th e  i n t e r s e c t i o n  o f  A^ and A^ • L e t A° = A^ -  {y^,yg} , and l e t  

A° = Ag -  {y^,yg} . S in c e  each  A. ( i  = 1 , o r  2 ) i s  a  continuum  

and r  i s  monotone r  ^(A ^) i s  a  con tin u u m ; h e n c e , r~^(A ^) i s  

l o c a l l y  co n n e c te d  ( r e c a l l  t h a t  X i s  h e r e d i t a r i l y  l o c a l l y  c o n n e c te d ) .  

F o r each  i  w here i  = 1 , o r  2 , r “ ^(A ?) i s  a co n n ec ted  s u b se t

open in  r  ^(A^) ; h e n c e , r  ^(A ?) i s  a  Peano sp a c e . S in c e  r~^CA°) 

i s  a Peano s p a c e ,  th e  s e t  o f  a rc w is e  a c c e s s i b le  boundary  p o in t s  i s  

dense  i n  th e  boundary  o f  r  ^(A ?) i n  r  ^(A ^) [Wi, Theorem 3 .1 1 ,

p . l 0 6 j .  Let Bd r  “ (A°) r e p r e s e n t  th e  boundary  o f  r~ ^(A °) i n

r  ^(A^) . S in c e  r  “ (A?) i s  n o t  a l l  o f  r  ^ (S ) , and r  “ (S ) i s  con

n e c te d ,  th e  boundary  o f  r  ^(A?) in  r  ^(A^) i s  nonem pty. A lso 

r(B d  r  ^(A ?)) = {y^ ,yg} s in c e  Bd r  ^(A ?) i s  c o n ta in e d  in  th e  un ion
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o f  r  ^ (y ^ ) and r  ^ (y ^ )  , and s in c e  b o th  th e  i n t e r s e c t i o n  o f  r  ^ (y ^ ) 

w ith  Bd r  ^(A?) and th e  i n t e r s e c t i o n  o f  w i th  Bd r~^(A ?)

a re  nonem pty. (F o r exam ple , i f  r~ ^(A ?) does n o t  i n t e r s e c t  r ” ^ (y ^ ) 

th e n  r  ^ (y ^ ) and th e  u n io n  o f  r  ~(A.°) w ith  r '^ C y ^ )  w ould he a 

s e p a r a t io n  o f  r  ^(A^) . )  T h u s, t h e r e  a r e  p o in t s  t ^ ^  and t^ ^

Bd r~ ^(A °) , and th e r e  a r e  p o in t s  t ^ ^  and  t^ ^  in  Bd r~ ^(A °) so

t h a t r ( t i i )  = y^ , r ( t ^ g )  = y^ , r ( t g ^ )  = y^ and  r ( t g g )  = y^ ,

and  so  t h a t  th e r e  a re  a rc s  i n  C l r  ^(A ^) and  i n  Cl r  ^(A °)

such  t h a t  th e  i n t e r s e c t i o n  o f  C^ w ith  Bd r  ^(A ?) i s  {t^^^gt^g} .

S in c e  each  r  ^ (y ^ ) i s  a Peano continuum  th e r e  i s  an a rc  B^ co n n ec t

in g  t ^  to  tgj^ .

I t  i s  now c la im e d  t h a t  C. U B. i s  an a r c  f o r  each  i  = 1 ,1 1

o r  2 . I t  i s  f u r t h e r  c la im ed  t h a t  th e  i n t e r s e c t i o n  o f  C^ U B^ w ith

Cg U Bg i s  th e  s e t  {tg^ , t^ ^ }  . I f  th e s e  f a c t s  a re  v a l i d  i t  fo llo w s

t h a t  (C^ U 3^) U (Cg U Bg) i s  a  1- s p h e r e  whose im age u n d e r r  i s  S .

F or th e s e  c la im s  n o t i c e  t h a t  th e  i n t e r s e c t i o n  o f  B^ w ith  Cj

i s  th e  s in g le to n  { t ^ ( s e e  F ig u re  I I I . 7 .1 ) .  A lso  B^ does n o t i n t e r 

s e c t  Bg s in c e  r  ~ (y ^) does n o t  i n t e r s e c t  r  “ (y g ) . S in ce  r~ ^(A °) 

does n o t i n t e r s e c t  r  ~(A°) , C^ -  { t^ ^ , t^ g }  does n o t i n t e r s e c t  

Cg -  {'^2 1 ’^ 2 2  ̂ ‘ th e  i n t e r s e c t i o n  o f  C^ w ith  Cg eq u a ls

{ t j i }  i f  and  ?  tg g  , { t^ 2 > "12 = * 22

"*̂ 11 ^  ^21  ’ ^“1 2 ’^2 1  ̂ '*̂ 11 ^ ^21  ^12  ^ ^22  ’ ^ o th e r 

w is e .  In  any ca se  th e  i n t e r s e c t i o n  o f  C^ w ith  Cg i s  c o n ta in e d  in

{ t i 2 , t g i>  . From th e  way C^ , Cg , B. and  B^ a re  d e f in e d  th e
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i n t e r s e c t i o n  o f  C. and  B. i s  th e  s e t  { t . . }  . T hus, C. U B.1 1 11  1 1
i s  an a r c . Nov th e  fo llo w in g  s e t  e q u a t io n  h o ld s  ;

(C^ U B^) n (Cg U Bg)

= ( c ^  n Cg) u (B^ n Cg) u (Bg n c^)  u ( b  ̂ n Bg)

= (Cj, n Cg) u {tg^} u {tgg} = {tgg.tgg} .

By v i r t u e  o f  th e  c la im s  (C^ U B^) U (Cg U Bg) i s  a  1 - s p h e r e .

I t  i s  c l e a r  t h a t  r(C ^ )  = and t h a t  r(C g) = Ag s in c e

r(C ^  -  c o n ta in e d  in  A° , r( tj^ ^ )  = y ^  , r ( tj^ g )  = y  g ,

and  r(C ^ ) i s  c o n n e c te d . T h u s, i t  fo llo w s  t h a t  r ( (C ^  U B^) U

(Cg U Bg)) = S . T h u s , S i s  th e  im age o f  a 1 - s p h e re .

I I I . 8 Lemma. I f  X i s  an ANR-curve and  r  from  X o n to a

m e tr ic  sp ace  Y i s  a  r e f in a b le  map, th e n  Y i s  an ANR-curve.

P r o o f : By Lemma I I I .  5 , X can  c o n ta in  a t  m ost a  f i n i t e

number o f  d i s t i n c t  1 - s p h e re s .  S in c e  X i s  a  com pact c o n n ec ted  ANR;

X i s  l o c a l l y  c o n n e c te d ; h e n c e , X i s  a 1 -d im e n s io n a l Peano con tinuum  

w hich  c o n ta in s  a t  m ost a  f i n i t e  number o f  d i s t i n c t  1 - s p h e re s .  S in c e  

r  i s  a  r e f i n a b l e  m ap, a c c o rd in g  t o  C o ro l la ry  1 .1 6 .1 ,  Y i s  1 -d im en

s i o n a l .  S in c e  r  i s  a  c lo s e d  map i t  i s  an i d e n t i f i c a t i o n ;  h e n c e , Y 

i s  l o c a l l y  c o n n e c te d  [D u, p . l 2 5 ] .  S in c e  Y i s  l o c a l l y  co n n e c te d  and 

r  i s  a  r e f in a b le  m ap, r  i s  m onotone [Po and Rg, C o ro l la ry  1 .2 ,  p . 3 ] .  

A pp ly ing  Lemma I I I . 7 ,  Y c o n ta in s  a t  m ost a  f i n i t e  number o f  1 - s p h e r e s ;  

t h u s , by Lemma I I I . 6 , Y i s  a  l o c a l  d e n d r i t e .  T hus, g iv e n  any p o s i t i v e  

r e a l  number s t h e r e  a r e  a d e n d r i t e  D c o n ta in e d  in  N ^(y) and  a  

p o s i t i v e  r e a l  number 5 so t h a t  N ^(y) i s  c o n ta in e d  in  D . S in c e
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D i s  an AE [Bk U, 1 3 -5> p . 1 3 8 ] , Bg(y) i s  an M R ne ighborhood  o f  y  .

H ence, Y i s  l o c a l l y  an MR w hich im p lie s  t h a t  Y i s  an Alffi [Hu,

p p .9 7 -9 8 ] .

I I I . 9 Theorem. The m e tr ic  im age o f  a  1 -d im e n s io n a l compact 

MR u nder a  r e f in a b le  map i s  a  1 -d im e n s io n a l AIIR.

P r o o f : Let X b e  a  1 -d im e n s io n a l com pact M R , and l e t  r

from  X o n to  a m e tr ic  sp ace  Y be a  r e f i n a b l e  map. S in ce  X i s  an

MR i t  i s  l o c a l l y  c o n n e c te d ; h e n c e , X has a f i n i t e  number o f  com ponents

i s  a l s o  a  r e f i n a b l e  map b y  C o ro lla ry

I .2 2 .2 .  S in ce  each  i s  b o th  open and c lo s e d  i t  i s  a  co n n ec ted  com

p a c t  1 -d im e n s io n a l MR ( i . e . , an AHR-curve) . By Lemma I I I . 8 each  r^C^ 

i s  an M R -cu rv e . S in ce  Y = U{r^C^ | i  = 1 , 2 . . . .  ,n}  , Y must be  an 

M R .

I I I . 9 .1  C o r o l la r y . I f  X i s  a  com pact 1 -d im e n s io n a l AIIR and 

r  from. X on to  a  m e tr ic  space  Y i s  a  r e f i n a b l e  map, th e n  r  i s  a 

CE map.

P r o o f : By Theorem I I I . 9 ,  Y i s  an AIIR. A ccord ing  to  Theorem

I I . 2 5 ,  r  i s  a  CE map.

I I I .  10 Lemma. L e t S be  a  1 - s p h e re  i n  a  com pact 1 -d im en s io n a l 

MR X . Then S i s  n o t c o n t r a c t i b l e  i n  X .

P r o o f : A ccord ing  t o  [Hz and Wa, Theorem V II 3 ' ,  p . 15 1 ],

H ^ (id  S) : H^(S) -> H^(X) i s  an i n j e c t i o n  (h e re  th e  r e a l s  modulo 1 i s

th e  c o e f f i c i e n t  g ro u p ) . I f  S i s  c o n t r a c t i b l e  in  X th e n  H ^(id  S) = 0

w here 0 i s  th e  homomorphism w hich sen d s e lem en ts  o f  H^(S) to  th e  0

in  K^(X) . But H^(S) = R^ ( th e  r e a l s  modulo 1 ) s in c e  S i s  a
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1 -s p h e re .  I t  i s  c l e a r  t h a t  0 : ^  H^(X) i s  n o t an i n j e c t i o n ;

h e n c e , S i s  n o t c o n t r a c t i b l e  in  X .

I I I . 1 0 .1  C o r o l l a r y . I f  r  i s  a  r e f in a b le  map from  a  com pact 

1 -d im e n s io n a l AJJR X , th e n  f o r  no y  i n  Y does r  ^ (y )  c o n ta in  a  

1- s p h e r e .

P r o o f : S in c e  a c c o rd in g  to  C o ro lla ry  I I I . 9 .1 ,  r  i s  a  CE map, 

r~ ^ (y )  i s  c o n t r a c t i b l e  i n  X f o r  e v e ry  y  in  Y . I f  r  ^ (y ) con

t a in e d  a  1 - s p h e re ,  t h a t  1 - s p h e re  w ould b e  c o n t r a c t i b le  i n  X . By 

Lemma I I I . 10 t h i s  i s  im n o s s ib le .
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CHAPTER IV

THE METRIC IMAGE OF A COMPACT MR  UNDER A REFUTABLE MAP

A ccord ing  t o  Theorem 1 1 .2 5  i f  th e  image o f  a com pact AHR u n d e r 

a r e f in a b le  map i s  an ANR th e n  th e  map m ust he a CE m ap. F o r t h i s  

re a s o n  d e te rm in in g  when a  r e f in a b le  map p re s e rv e s  AHR s t r u c t u r e  i s  

im p o r ta n t .  I n  t h i s  c h a p te r  th e  e q u iv a le n c e  o f th e  fo llo w in g  q u e s t io n s  

w i l l  be e s t a b l i s h e d .

IV. 1 Q u e s tio n . I s  i t  t r u e  t h a t  whenever X i s  a com pact ANR

and r  i s  a  r e f i n a b l e  map from X o n to  a  m e tr ic  sp ace  X , th e n  Y

m ust b e  an ANR [Fo and  Rg, p . 7 ]?

IV .2 Q u e s tio n . I s  i t  t r u e  t h a t  w henever X i s  a  com pact AR

and r  from  X o n to  A m e tr ic  sp ace  Y i s  a  r e f i n a b l e  m ap, th e n  Y 

m ust b e  an AR?

IV. 3 Q u e s tio n . I s  th e  im age o f  th e  H i lb e r t  cube u n d e r a  r e f i n 

a b le  map alw ays an ANR?
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The fo llo w in g  im p l ic a t io n s  a r e  c l e a r  s in c e  th e  H i lb e r t  cube Q 

i s  a  com pact AH. An a f f i r m a t iv e  answ er t o  Q u e s tio n  IV .2 im p lie s  an 

a f f i r m a t iv e  answ er t o  Q u e s tio n  IV .3 , and. an  a f f i r m a t i v e  answ er to  

Q u e s tio n  IV .1 im p lie s  aa  a f f i r m a t iv e  answ er t o  Q u e s tio n  IV .3. The f o l 

low ing  r e s u l t  due to  Edwards w i l l  b e  u se d  to  p ro v e  t h a t  an a f f i r m a t iv e  

answ er t o  Q u es tio n  I V .3 im p lie s  an a f f i r m a t iv e  answ er t o  Q u estio n  IV .2 .

IV.U Theorem . (Edw ards) X i s  an AHR i f  and o n ly  i f  X x Q

i s  a  Q -m an ifo ld  ( i . e . ,  l o c a l l y  X x  Q lo o k s  l i k e  Q x [ o , l )  )

[C h, Theorem ^ 4 .1 ,  p . l 0 6 ] .

IV. 5 Lemma. I f  r  from a  com pact AR X o n to  a  m e tr ic  sp ace

Y i s  a  r e f in a b le  map, and Y i s  an AIIR, th e n  Y i s  an AR.

P ro o f  ; I t  i s  c l e a r  t h a t  X i s  a  q-AR. The r e s u l t  fo l lo w s  

d i r e c t l y  from  C o ro l la ry  1 1 .1 9 .3 .

IV. 6 Lemma. I f  X i s  a nonem pty com pact MR th e n  C(X) i s

an AR.

P r o o f ; S in ce  X i s  a com pact M R , X x [ 0 , 1 ] i s  a ls o  a  com

p a c t  M R [Hu, p . 9 7 ] ' L et be an e lem en t o f  X . D e fin e  cp from

X X {1 } to  {x } by  cp (x ,l)  = X . S in c e  X x [ 0 , 1 ] U {x }O O (p o

i d e n t i f i e s  X x {1 } to  a  p o in t  i t  i s  homeomorphic to  C(X) . By 

a p p ly in g  a  theorem  o f  B orsuk  [Bk U, Theorem 9 .1 ,  p . l l o ]  w ith  

Xq = X X {1 } , X^ = X X [ 0 , l ]  and X^ = {x^} i t  fo llo w s  t h a t

X X [ 0 , l ]  {Xg} i s  an AîîR. H ence, C(X) i s  an M R. I t  i s  c l e a r

t h a t  C(X) c o n t r a c ts  to  th e  cone p o i n t ;  t h u s ,  C(X) m ust be  an AR.

IV .7 Lemma. An a f f i r m a t iv e  answ er to  Q u es tio n  IV .2 im p lie s  an 

a f f i r m a t iv e  answ er to  Q u e s tio n  IV .1 .
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P r o o f : L et X be a  com pact M R , and l e t  r  be  a r e f in a b le  

map from X o n to  a m e tr ic  space  Y . Then by Lemma IV .6 , C ( x )  i s  

an AR. I f  th e  im age o f  a  compact AR u nder a r e f in a b le  map m ust b e  an 

AR th e n  th e  image o f  C(X) u nder a  r e f in a b le  map m ust b e  an AR. By 

Theorem 1 .2 6 ,  C (r)  i s  a  r e f in a b le  map o f  C ( x )  o n to  C( Y)  . H ence, 

C( Y )  i s  an AR. S in c e  Y x  { 0 }  c o n ta in e d  in  C ( Y )  i s  a  n e ig h b o rh o o d

r e t r a c t  o f  C ( Y )  ,  Y i s  an AHR.

IV . 8 Lemma. An a f f i r m a t iv e  a n sv e r  to  Q u es tio n  IV .3 im p lie s  an 

a f f i r m a t iv e  answ er t o  Q u es tio n  IV .2.

P r o o f : L et X be a  com pact AR, and l e t  r  from  X o n to  a

m e tr ic  sp ace  Y be a  r e f in a b le  map. Suppose th e  m e tr ic  image o f  th e

H i lb e r t  cube Q u n d e r any r e f in a b le  map i s  an ATTR.

How s in c e  each  o f  X and Q i s  a  compact AR, X x Q i s  a

com pact AR. By C o ro l la ry  1 . 2 ^ .1 ,  r  x  i d  Q from X x Q o n to  Y x  q

i s  a  r e f in a b le  map. By E dw ards' r e s u l t .  Theorem IV .U , X x Q i s  a 

com pact Q -m an ifo ld ; t h u s ,  X x Q i s  homeomorphic to  Q [Ch, Theorem 

2 2 .1 ,  p . 3 6 ] . H ence, assum ing th e r e  i s  an a f f i r m a t iv e  answ er t o  Ques

t i o n  IV .3 , Y X Q i s  M R. A gain by Edw ards' r e s u l t  Y x  Q x  Q i s  a

Q -m an ifo ld . I t  i s  c l e a r  t h a t  Y x Q i s  homeomorphic to  Y x  Q x Q ;

h e n c e , Y x  Q i s  a  Q -m an ifo ld ; th u s ,  Y i s  an AR. T hus, Q u e s tio n  IV .2 

has an a f f i r m a t iv e  answ er i f  Q u es tio n  TV.3 does.

IV .9 Theorem . An a f f i r m a t iv e  answ er to  any o f  th e  Q u es tio n s

IV. 1 , IV .2 o r  IV .3 i s  e q u iv a le n t  to  an a ff iz m ia tiv e  answ er to  any o f  th e  

Q u es tio n s  IV .1 , IV .2 o r  IV .3-
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P r o o f : I t  i s  c l e a r  t h a t  a  y es  answ er to  Q u es tio n  IV. 1 im p lie s  

a  y e s  answ er to  Q u estion  IV . 3. By Lemma IV . 8 an a f f i r m a t iv e  answ er to  

Q u e s tio n  IV .3 im p lie s  an a f f i r m a t iv e  answ er t o  Q u es tio n  IV .2 . F in a l ly ,  

hy  Lemma IV. 7 an a f f i r m a t iv e  answ er t o  Q u e s tio n  IV .2 im p lie s  an a f f irm a 

t i v e  answ er to  Q u estio n  IV .1 . Hence th e  t h r e e  q u e s t io n s  a re  e q u iv a le n t .

N o tic e  t h a t  Q u es tio n  IV . 3 i s  u s e f u l  i n  t h a t  i t  red u ce s  th e  

q u e s t io n  ab o u t images o f  ANR's u n d e r r e f i n a b l e  maps t o  exam ining r e f i n 

a b le  maps from  Q o n to  a  q-AR. The f a c t  t h a t  a c c o rd in g  to  C o ro lla ry  

I I .1 Ô .U  a  r e f in a b le  map w ith  an AR su ch  a s  Q a s  domain in d u ces  a 

quasi-hom eom orphism  le a d s  to  th e  fo l lo w in g  q u e s t io n .

IV. 10 Q u e s tio n . I s  i t  t r u e  t h a t  any com pact m e tr ic  space  

w hich  i s  quasi-hom eom orphic to  Q m ust b e  an AR?
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CHAPTER V 

MORE ABOUT q-AHR'S

T h is  c h a p te r  has two a im s. The f i r s t  aim i s  t o  o b ta in  a  

c h a r a c te r i z a t i o n  o f  quasi-AHR w hich  i s  analogous t o  th e  embedding 

c h a r a c te r i z a t i o n  o f  an AHR. The second  aim i s  to  l o c a t e  q-AHR's and 

q-A R 's among o th e r  g e n e r a l iz e d  ANR's. In  f a c t ,  th e  fo llo w in g  im p lic a 

t i o n  d iag ram  i n s e r t s  th e  g e n e r a l iz e d  M R 's  d is c u s s e d  h e re  i n t o  th e  

d iagram s t h a t  a p p e a r  in  [Bo, p . 91] and [ F i ,  p . 2 ] .

1  2 AR ------*- U niform  q-AR  q-AR

5l
AHR

8i
MB.

U niform  c-ANR —̂ —»- a-AHR ——

^  SAAR _k_ AAR

15
n

SAAHRjj - A M R jj

lU
161 '

SAAHR - AAHR

D iagram  V .l

The r i g h t  s id e  o f  t h i s  d iag ram  can be co m p le ted  u s in g  th e  

d iag ram  due t o  F inbow  [ F i ,  p . 2 ] .
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v . l  Theorem. A com pact m e tr ic  sp ace  X i s  a  a-AHR i f  and 

o n ly  i f  f o r  ev e ry  p o s i t i v e  r e a l  num ber e th e r e  i s  a  p o s i t i v e  r e a l  

number S such  th a t  i f  f  i s  a  5-map from  X o n to  a  m e tr ic  space 

Y , th e n  th e r e  i s  a  map g from  Y o n to  X su ch  t h a t  d ( g f  , i d  X) < e .

P r o o f ; F i r s t  assume t h a t  X i s  a  a-ANR. Then ac c o rd in g  to  

Theorem I I . l 6 , X i s  an L-M sp a c e . S in c e  i d  X i s  a  component 

p r e s e r v in g  map, and X i s  a  L-M s p a c e , g iv e n  e > 0  , t h e r e  i s  a

5 > 0 su ch  t h a t  i f  f  i s  a  5-map from  X o n to  a  m e tr ic  sp ace  Y ,

th e n  th e r e  i s  a  map g from  Y o n to  X su c h  t h a t  d ( g f  , i d  X) < e .

Now assume t h a t  f o r  e v e ry  e > 0 t h e r e  i s  a  5 > 0 such  t h a t

i f  f  i s  a  ô ^ a p  from  X o n to  a  m e tr ic  sp a c e  Y , th e n  th e r e  i s  a

map g from Y on to  X su ch  t h a t  d ( g f  , i d  X) < e . S in ce  X i s  a

com pact m e tr ic  sp a c e , f o r  e v e ry  5 > 0 t h e r e  e x i s t  a  f i n i t e  p o ly to p e

K and a  5-map f  from X o n to  K . T h u s , g iv en  e > 0 , by  l e t t i n g

5 b e  th e  5 c o rre sp o n d in g  t o  e as ab o v e , and by l e t t i n g  f  be th e

map and  K be th e  p o ly to p e  as in  th e  p re c e d in g  s e n te n c e ,  i t  fo llo w s 

t h a t  t h e r e  i s  a map g from  K o n to  X such  t h a t  d ( g f , i d  X) < s .

S in c e  K i s  a  f i n i t e  p o ly to p e ,  K i s  an ANR. H ence, X i s  a  q-ANR.

V .2 Theorem. Suppose X i s  a  com pact m e tr ic  sp ace  such  t h a t

f o r  e v e ry  p o s i t i v e  r e a l  number e t h e r e  a re  a q-ANR Y , a  map f  from

X o n to  Y , and a  map g from Y o n to  X such  t h a t  d ( g f  , i d  X) < e .

Then X i s  a  q-ANR.

P r o o f : L et e > 0 be g iv e n . L e t Y be  a  q-ANR, and l e t  f

from  X o n to  Y and g from  Y o n to  X be maps su ch  t h a t

d ( g f , i d  X) < s /2  . S in ce  g i s  u n ifo rm ly  co n tin u o u s  t h e r e  i s  a
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p o s i t i v e  r e a l  number ô such, t h a t  i f  f o r  and in  Y ,

dCy^^jyg) < Ô th e n  d(g(y ., ) ,g (y ^ )  ) < e /2  . How s in c e  Y i s  a q-AHR 

th e r e  e x i s t  an MR A , a  map h  from  A o n to  Y , and a  map k  

from  Y o n to  A such  t h a t  d ( h k , id  Y) < 5 . T hus, th e  fo llo w in g  

i n e q u a l i t i e s  h o ld :  d ( g h k f , i d  X) g  d ( g h k f ,g f )  + d ( g f , i d  X) < e .

S in c e  gh maps A o n to  X , and k f  maps X o n to  A , X m ust b e

a  q-ANR.

V .3 D e f i n i t i o n . A com pact m e tr ic  sp a c e  X i s  an approxim a

t i v e  a b s o lu te  n e ig h b o rh o o d  r e t r a c t  in  th e  s e n se  o f  C lanp [ C l , p . I l 8 ] 

(AAIIR^) i f  and  o n ly  i f  w henever X i s  embedded by an em bedding i  

in t o  a  m e tr ic  sp ace  Y , th e n  g iv e n  e >  0 th e r e  a re  a  n e ig h b o rh o o d  

U o f  i(X ) in  Y and a  map r  from  U i n t o  i(X ) so  t h a t

d ( r i , i )  < e .

V.h  D e f in i t i o n . A com pact m e tr ic  sp ace  X i s  an approxim a

t i v e  a b s o lu te  n e ig h b o rh o o d  r e t r a c t  i n  th e  s e n se  o f  N oguchi [No, p . 20] 

(AANR^) i f  and o n ly  i f  w henever X i s  embedded by an embedding i  in t o  

a m e tr ic  sp ace  Y , th e n  t h e r e  i s  a  n e ig h b o rh o o d  U o f  i ( x )  in  Y

such  t h a t  f o r  e v e ry  p o s i t i v e  r e a l  number e th e r e  i s  a  map r  from  U

in to  i(X ) such  t h a t  d ( r i , i )  < s .

V. 5 D e f i n i t i o n . A com pact m e tr ic  sp ace  X i s  an approxim a

t i v e  a b s o lu te  r e t r a c t  (AAR) i f  and o n ly  i f  w henever X i s  embedded by 

an em bedding i  in to  a  m e tr ic  sp ace  Y , th e n  f o r  ev e ry  s > 0 th e r e  

i s  a  map r  from  Y in t o  i(X ) such  t h a t  d ( r i , i )  [C l, p . 1 1 8 ] ,  [Ho,

p . 2 0 ] .
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We now g iv e  th e  fo llo w in g  a n a lo g s  o f  th e  p re c e d in g  d e f i n i t i o n s .  

W hile th e s e  d e f in i t i o n s  a re  n o t g iv e n  in  p re v io u s  work co n c e rn in g  ap

p ro x im a tiv e  n e ig h b o rh o o d  r e t r a c t s , th e y  p ro v id e  an a l t e r n a t e  c h a ra c 

t e r i z a t i o n  o f  q-AITR*s w hich  y ie ld s  r e s u l t s  co n ce rn in g  th e  p o s i t i o n  

o f  q-AJÎR's among AAIIR's.

V.6  D e f i n i t i o n . A com pact m e tr ic  space  X i s  a  s u r .je c t iv e

an n ro x im ativ e  a b s o lu te  n e ig h b o rh o o d  r e t r a c t  in  th e  se n se  o f  C lapp 

(SAAWR^) i f  and o n ly  i f  i t  s a t i s f i e s  D e f in i t io n  V .3 w ith  th e  added

re q u ire m e n t t h a t  f o r  each  map r  i n  th e  d e f i n i t i o n  r ( i ( X ) )  = i(X ) .

V.7 D e f i n i t i o n . A com pact m e tr ic  space  X i s  a  s u r .je c t iv e

ap p ro x im ativ e  a b s o lu te  n e ig h b o rh o o d  r e t r a c t  in  th e  se n se  o f  Noguchi 

(SAANRjj) i f  and o n ly  i f  i t  s a t i s f i e s  D e f in i t io n  V.h  w ith  th e  added

req u ire m en t t h a t  f o r  each  map r  in  th e  d e f in i t i o n  r ( i ( X ) )  = i(X ) .

V. 8 D e f i n i t i o n . A com pact m e tr ic  space  X i s  a  s u r . je c t iv e

approx im at iv e  a b s o lu te  r e t r a c t  (SAAE) i f  and o n ly  i f  i t  s a t i s f i e s

D e f in i t io n  V.5 w ith  th e  added  re q u ire m e n t t h a t  f o r  each  map r  in  th e  

d e f in i t i o n  r ( i ( X ) )  = i(X ) .

In  th e  fo llo w in g  i t  w i l l  be  shown t h a t  a space  i s  a  q-ANE i f

and o n ly  i f  i t  i s  a  SAAI'IR  ̂. T h is  r e s u l t  t d . l l  g iv e  th e  fo llo w in g  n ic e

c h a r a c te r i z a t i o n  o f  a  quasi-ANR: A com pact m e tr ic  sp ace  i s  a q u a s i -

ANR i f  and o n ly  i f  w henever X i s  embedded b y  a  map i  in to  a  m e tr ic  

space Y , th e n  f o r  e v e ry  e > 0 th e r e  e x i s t  a ne ighborhood  U o f

i(X ) in  Y and a  map r  from Ü in to  i(X ) such t h a t  d ( r i , i )  < s

and r i(X )  = i(X ) .
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V .9 Theorem . E very  a—MR i s  a  SAMR^; h e n c e , ev ery  q-M R  i s  

an AMR^.

P ro o f : L e t X h e  a  q -M R . L e t th e  map i  from  X in t o  a

m e tr ic  sp ace  Y h e  an em hedding. L e t  e > 0 he  g iv e n . S in ce  i  i s

u n ifo rm ly  co n tin u o u s  ( X i s  assum ed to  he  com pact) th e r e  i s  a  ô > 0 

su ch  t h a t  f o r  and Xg in  X , d(x^,X g} < 5 , th e n

d ( i ( x ^ )  , i ( x g )  ) < e . S in c e  X i s  a  q-M R  th e r e  a re  an MR A , a  map

f  from  X on to  A , and a  map g from  A o n to  X su ch  t h a t

d ( g f , i d  X )  < 5 .

C o n sid er f i  ~ : i(X ) A . S in c e  A i s  an M R , A i s  an

M E [Hu, p . 8U], T hus, t h e r e  i s  a  n e ig h b o rh o o d  U o f  i(X ) and  th e r e

i s  an e x te n s io n  cc : U A o f  f i  ^ .

L e t r  = igcp . N o tic e  t h a t  igcp maps U on to  i ( x )  and

igcp (i(X )) = i g f i '^ i ( X )  = ig f (X )  = i(X ) . S in c e  d ( g f , i d  X) < 5 ,

d ( i g f , i )  < s ; h e n c e , d ( r i , i )  = d ( i g o i , i )  = d ( i g f i “^ i , i )  < 5 .

These f a c t s  show t h a t  X s a t i s f i e s  D e f in i t io n  V .6 ; h e n c e , X 

i s  a  SAMR^.

V .9 .1  C o r o l la r y . E very  q-AR i s  a  SAAR; h e n c e , ev e ry  q-AR i s  

an AAR.J^

P r o o f : In  th e  p ro o f  o f  Theorem  V.9 th e  M R A may he r e p la c e d

hy  an AR A . S in ce  e v e ry  AR i s  an a b s o lu te  e x te n s o r  th e  map cp w i l l

h e  an e x te n s io n  to  a l l  o f  Y .

V.IO Lemma. Suppose X i s  a  SAMR^. Then g iv en  a  p o s i t i v e  

r e a l  number e th e r e  i s  a p o s i t i v e  r e a l  number 5 such  th a t  i f  f  

from  X on to  a  m e tr ic  sp ace  Y i s  a  6-map th e n  th e r e  i s  a map g



from Y in to  X such th a t  d ( g f , i d  X) < e [No, Lemma U.2 ,  p . 2 1 j

E i ,  p . 9 2 ].

P r o o f : S in ce  X i s  com pact i t  may t e  assum ed t h a t  X i s

c o n ta in e d  in  th e  H i lb e r t  cube Q • L e t e > 0 be  g iv e n . Then s in c e  

X i s  an SAANR  ̂ th e r e  e x i s t  a  n e ig h b o rh o o d  U o f  X in  Q and a  map

r  from U o n to  X su ch  t h a t  r(X ) = X and d ( r |X , i d  X) < e/U .

S in ce  Q i s  a  m e tr ic  s p a c e ,  hence n o rm al, t h e r e  i s  a  n e ig h b o rh o o d  V 

o f  X so t h a t  Cl(V) i s  c o n ta in e d  i n  U . S in ce  r  i s  u n ifo rm ly  

c o n tin u o u s  on Cl(V) t h e r e  i s  a  y  > 0 su ch  t h a t  f o r  th e  e lem en ts

and Vg in  Cl(V) , i f  dCv^jV^) < y  > th e n  d ( r (v ^ )  ,r(V 2 ) ) < s / 4  .

S in ce  Q i s  l o c a l l y  co n v ex , f o r  e ac h  x  in  X th e r e  i s  a  convex

ne ig hbo rhood  o f  x c o n ta in e d  in  V whose d ia m e te r  i s  l e s s  th a n

y  . S in ce  X i s  com pact t h e r e  i s  a  \  > 0 such  t h a t  \  < y  and

i f  f o r  some s u b s e t  A o f  X , diam A < \  , th e n  A i s  c o n ta in e d  in

7^  f o r  some x in  X .

L e t a  b e  a  f i n i t e  open X -cover o f  X ( i . e . ,  i f  A b e lo n g s

t o  a th e n  diam A < X ) .  L e t B b e  a  f i n i t e  open co v e r o f  X w hich

s t a r  r e f in e s  a . By th e  comments in  [Hz and Wa, S e c t io n  E ( 4 ) ,  p . 73] 

th e r e  i s  a  o u a s i - b a r y c e n t r ic  p-map h  from  X o n to  a f i n i t e  p o ly 

h ed ro n  P . T h is  means t h a t  h  ^ (open  s t a r  o f  a  v e r te x  o f  P ) i s

c o n ta in e d  in  some e lem en t o f  p .

Now d e f in e  a  map k. from  P in t o  Cl(V) in  th e  fo llo w in g

m anner. L e t p be a v e r te x  o f  P . Then choose k (p ) to  be  an

-If  \elem en t o f  h  (p ) . Now e x te n d  k l i n e a r l y  to  th e  s im p lex es  o f  th e

po ly h ed ro n  P . To s e e  t h a t  k (p )  i s  c o n ta in e d  in  C l(7 ) , n o t i c e  t h a t
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i f  PqP^. . .p ^  i s  a  s im p lex  o f  P th e n  f o r  each, i  , k (p ^ )  i s

c o n ta in e d  in  h ^ (open  s t a r  o f  p_. ) w h ich  i s  c o n ta in e d  in

w here i s  some e lem en t o f  B . L et p B elong  t o  th e  i n t e r i o r

o f  Pq^i* • *̂ 11 ■ Ü- ^ (p )  i s  c o n ta in e d  in  h ^  (open  s t a r  o f

p^  ) ,  w hich in  tu r n  i s  c o n ta in e d  in  B^ f o r  each  i  . T h u s , f o r  each

i  , k (p ^ )  B elongs t o  th e  s t a r  o f  a  p o in t  i n  h “ ^ (p )  ta k e n  in  B .

H en ce , s in c e  B s t a r  r e f i n e s  a  t h e r e  i s  an  A in  a  su c h  t h a t

e a c h  o f  k ( p g ) ,k ( p ^ ) , . . . , k ( p ^ ^  B elongs t o  A . T hus, s in c e  diam A < k

th e r e  i s  an x in  X such  t h a t  th e  convex h u l l  o f  k ( p g ) , k ( p ^ ) , . . . ,

k (n  ) i s  c o n ta in e d  in  V w here V i s  a  convex n e ig h h o rh o o d  o f  x ~n X X

c o n ta in e d  in  V . S in ce  k  i s  l i n e a r  on p_p _ . .  .p  , k (p _ p _ . .  .p  )u X n u 1 n.

i s  c o n ta in e d  in  V .

I t  i s  now c la im e d  t h a t  f o r  each  x i n  X , d ( r k h ( x ) ,x )  < e /2  .

T here  a re  two cases  to  Be c o n s id e re d . H i th e r  h (x )  i s  i n  th e  i n t e r i o r

o f  some sim p lex  p^p^. . .p ^  ( n è  1 ) o f  P , o r  h (x )  i s  a  v e r te x  o f

P . I f  th e  l a t t e r  c a se  o c c u rs  th e n  k h (x )  B elongs t o  h ~ ^ ( x )  w hich

i s  c o n ta in e d  in  some B^ i n  B • T h u s, d ( k h ( x ) ,x )  < X < y  . In  th e  

fo rm e r  c a s e ,  h (x ) B elongs t o  th e  open s t a r  o f  th e  v e r te x  p^

f o r  e ac h  i  . S in ce  h  i s  a  q u a s i - B a r y c e n t r ic  B-^ îap f o r  e a c h  i  t h e r e  

i s  a  i n  B v h ic h  c o n ta in s  h  "^(Z^) • S in c e  k (p ^ )  B elongs t o

h  ^ (p ^ )  w hich i s  c o n ta in e d  i n  h  "̂ (Ẑ . ) , w h ich  i n  tu r n  i s  c o n ta in e d  in

3^  , k (p Q p ^ ...p ^ )  i s  i n  th e  s t a r  o f  x  in  B • T hus, f o r  some y  in

X B oth  X and k h (x ) B elong t o  . H ence, i n  t h i s  c a se  

d (k h (x )  ,x )  < Y a l s o .  S in ce  i n  e i t h e r  c a se  d (k h ( x ) ,x )  < y  i t  i s  ap

p a r e n t  t h a t  d ( rk h (x ) ,x )  < s/U  < e /2  .
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S in c e  |p |  i s  a  com pact m e t r ic  a p a c e , th e r e  i s  an rj > 0

su ch  t h a t  i f  f o r  two p o in t s  and p^ i n  |p |  , dC p^jp^) < T| ,

th e n  d ( r k ( p ^ ) , r k ( p g ) )  < e /2  . S in c e  P i s  a ls o  an M R , by th e

L on5ar-J ia rd e§ i6  lemma [Lo and Ma, p .4 l - 4 2 ]  th e r e  i s  a 5 > 0 su ch  

t h a t  i f  f  i s  a  5-map from  X o n to  a  m e tr ic  space  Y th e n  th e r e  

i s  a  map IT from  Y o n to  |p |  su ch  t h a t  d ( r if ,h )  < r) . I n  t h i s  

c ase  d ( r k  n f ( x )  , r k h ( x ) ) < e /2  f o r  a l l  x  i n  X . H ence,

d ( rk  n f ( x )  ,x )  < e . To show t h a t  th e  c o n c lu s io n  o f  t h i s  lemma has

been  s a t i s f i e d  l e t  g = r k  H .

I n  th e  fo llo w in g  p r o o f s  l e t  I  = IT[ 0 , 1 / i ]  r e p r e s e n t  th e  

v e r s io n  o f  th e  H i lb e r t  cube c o n ta in e d  in  H i lb e r t  space  w i th  t h e  i n 

h e r i t e d  m e tr ic  d . The fo llo w in g  r e s u l t  [Lo and Ma, Lemma 5» p . ^2] 

w i l l  be  s t a t e d  w ith o u t p r o o f .

V . l l  Lemma. L et X be a  n c n d e g e n e ra te  continuum  c o n ta in e d  

in  I  and  l e t  r] > 0 b e  g iv e n .  Then th e r e  i s  a  map h  from  X 

in to  I  w ith  th e  fo llo w in g  p r o p e r t i e s  :

( i )  h(X) c o n ta in s  H^(X) , and

( i i )  d ( h ( x ) ,x )  g  3n a l l  x in  X .

V .12 Lemma. Suppose X i s  a  n o n d eg en e ra te  co n n ec ted  SAMR^.

Then g iv e n  a  p o s i t i v e  r e a l  number e t h e r e  i s  a  p o s i t i v e  r e a l  number

5 su ch  t h a t  i f  f  i s  a  5-map from  X o n to  a  m e tr ic  sp ace  Y ,

th e n  th e r e  i s  a  map g from  Y o n to  X such  t h a t  d ( g f , i d  X) < e .

P r o o f : I t  may be assum ed t h a t  X i s  c o n ta in e d  in  I°° s in c e  X

i s  com pact. S in ce  X i s  a  SAMR^ g iv e n  a  p o s i t i v e  r e a l  number e

t h e r e  i s  a  n e ig h b o rh o o d  U o f  X in  I  and th e r e  i s  a  man r  from
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Cl(U) on to  X such, t h a t  r(X ) = X and d ( r j x , i d  X) < e / 8  . S in ce  

r  i s  u n ifo rm ly  co n tin u o u s  on Cl(U ) th e r e  i s  a  p o s i t i v e  r e a l  number 

T) su ch  t h a t  Ut| < e / 8  , and su ch  n h a t i f  f o r  e lem en ts  u^ and u^ in  

C l(u ) , d(u^,U g) < i+T] , th e n  d ( r ( u ^ )  jrC ug) ) < e / 8  . S in ce  X i s  com

p a c t  Tj can be chosen  so  t h a t  t| < % diam X and N^^(x) i s  c o n ta in e d  

in  U . Let a  b e lo n g  to  Nj^^(X) . Then f o r  some x in  X , 

d ( x ,a )  < 1)-T) ; h e n c e , th e  fo llo w in g  i n e q u a l i t i e s  a re  v a l id :  

d ( r ( a ) , a )  g d ( r ( a ) , r ( x ) )  + d ( r ( x ) ,x )  + d ( x ,a )  < e / 8  + e / 8  + e /8  < e /2  . 

T h e re fo re ,  d ( r ( a ) , a )  < e /2  f o r  a l l  a  in  . By Lemma V.IO

th e r e  i s  a  p o s i t i v e  read, number y  su ch  t h a t  i f  f  from  X o n to  a  

m e tr ic  sp ace  Y i s  a  y-map th e n  t h e r e  i s  a  map from  Y in t o  X

su ch  t h a t  d (g ^ f  , i d  X) < t) . T h is  im p lie s  t h a t  X i s  c o n ta in e d  in

IT^(g^f(X )) and g^f(X ) i s  n o n d e g e n e ra te . S in c e  g ^ f  i s  a  map and X

/  \i s  c o n n e c te d , by Lemma V . l l ,  t h e r e  i s  a  map h  from g^f(X ) i n t o  I  

such  t h a t  h (g ^ f(X ))  c o n ta in s  N ^(g^f(X ) ) , and  such  t h a t  f o r  a l l  x 

in  X , d (h g ^ f(x )  ,g ^ f (x )  ) g  3n . S in c e  d ( g ^ f , i d  X) < q  , 

d (h g ^ f (x ) ,x )  < Ur) f o r  a l l  x in  X . T hus, d ( rh g ^ f (x )  , r ( x )  ) < e /2  

f o r  a l l  X in  X and d ( r ( a ) , a )  < e /2  im p lie s  d ( rh g ^ f (x )  ,x ) < e f o r  

a l l  X i n  X . S in c e  hg^f(X ) c o n ta in s  X ^(g^f(X )) , hg^f(X ) con

t a i n s  X ; th u s ,  rh g ^ f(X ) = X . L e t g = rh g ^  . Then g i s  a  map

from  Y o n to  X w hich s a t i s f i e s  d ( g f , i d  X) < e .

V .1 2 .1  C o r o l la r y . E very c o n n ec ted  SAMR^ i s  a q-AîIR.

P ro o f : A ccord ing  t o  Lemma V .12 a  n o n d e g e n e ra te  co n n ec ted  SAAWR^

s a t i s f i e s  th e  c o n d itio n s  g iv e n  in  Theorem V .l  f o r  b e in g  a  q-ANR. I f  th e  

sp ace  i s  a p o in t  i t  i s  o b v io u s ly  an AR; h e n c e , i t  i s  a  q-ANR.
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By n o t i c in g  t h a t  Lemma V.IO and V.12 depend o n ly  on th e  a b i l i t y  

t o  embed a  com pact m e tr ic  sp a c e  X in  th e  H i lb e r t  cube so t h a t  f o r  ev e ry  

p s o i t i v e  r e a l  number s t h e r e  e x i s t  a  n e ig hbo rhood  U o f  X i n  th e  

H i lb e r t  cube and a  map r  from  Ü o n to  X su ch  t h a t  r(X ) = X and 

d ( r |X , i d  X) < £ , th e  fo llo w in g  c o r o l l a r i e s  h o ld .

V .1 2 .2 C o r o l l a r y . Suppose X i s  a  continuum  in  t h e  H i l b e r t

cube I  . Suppose t h a t  f o r  e v e ry  p o s i t i v e  r e a l  number e t h e r e  a r e  a

neig h b o rh o o d  U and a  map r  from  U on to  X such  t h a t  r ( x )  = X

and d ( r |X , i d  X) < e . Then X i s  a  q-AHR.

P r o o f ; Use th e  p ro o f  o f  Lemma V.12 to g e th e r  w ith  C o ro l la ry

V .1 2 .1 .

V .1 2 .3 C o r o l l a r y . L e t X be a  SMHE^. Then e v e ry  com ponent

o f  X i s  a  q-AilR.

P ro o f  : Assume X i s  c o n ta in e d  in  I  . L e t C b e  a  component

o f  X and s > 0 b e  g iv e n . S in c e  X i s  com pact, C i s  com pact;

h e n c e , t h e r e  i s  a  p o s i t i v e  r e a l  number ô < e su ch  t h a t  H^Cc) i n t e r 

s e c t s  no o th e r  component o f  X ( s e e  Lemma V .1 3 ). S in ce  X i s  a

SAAJTR̂  th e r e  e x i s t  a  n e ig h b o rh o o d  U o f  X in  I  and a  map r  from

U o n to  X su ch  t h a t  r(X ) = X and d ( r |X , i d  X) < 5 .

I t  i s  now c la im e d  t h a t  r(C ) = C . L et c b e lo n g  to  C .

S in c e  r(X ) = X t h e r e  i s  an x i n  X such t h a t  r ( x )  = c . S in c e

d ( x , r ( x )  = c) < 5 , X b e lo n g s  to  Hg(C) . S in c e  H^(C) il X = C , i t

fo llo w s  t h a t  X b e lo n g s  t o  C . I t  i s  a ls o  c l e a r  t h a t  s in c e  

d ( c , r ( c ) )  < 5 and c b e lo n g s  to  X , r ( c )  b e lo n g s  to  C . H ence, 

r(C ) = C .
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S in ce  d { r | c , i d  C) < e  and th e  i n t e r s e c t i o n  U' o f  U w ith  

îlg(C) i s  a  ne ig h b o rh o o d  o f  C i n  I  , C s a t i s f i e s  th e  h y p o th e s is  o f

C o ro l la ry  V .1 2 .2 , and i t  fo llo w s  t h a t  C i s  a  q-AER.

V.13 Lemma. E very  SAMR^ i s  l o c a l l y  co n n ec ted  and com pact; 

h e n c e , ev e ry  SAAIR ,̂ h as  a t  m ost a  f i n i t e  number o f  com ponents.

P r o o f : Let X be  a  SAAER^. Then X i s  compact by  d e f i n i t i o n .

T hus, i t  may be assumed t h a t  X i s  c o n ta in e d  in  th e  H i lb e r t  cube Q .

S in ce  X i s  a  SAAER  ̂ t h e r e  e x i s t  a  n e ig hbo rhood  U and a  map 

r  from  U on to  X su ch  t h a t  r(X ) = X and d ( r |X , i d  X) < 1 . By 

a  r e s u l t  in  [Wi, Theorem 3 .7 ,  p p .79 -8 0 ] th e r e  i s  a  l o c a l ly  co n n ec ted  

n e ig h b o rh o o d  (c lo s e d )  K o f  X c o n ta in e d  in  U . r | x  i s  an i d e n t i 

f i c a t i o n  and r(X) = X ; h e n c e , X i s  l o c a l l y  co n n ec ted  [Du, p . 1 2 $ ].

By ap p ly in g  Lemma V .1 3 , C o ro l la ry  V .1 2 .3 , C o ro lla ry  I I . 1 6 . 1 ,

and Theorem V.9 th e  fo llo w in g  theo rem  can  b e  p ro v e d .

V .l4  Theorem. A com pact m e tr ic  s p a c e  i s  a  o-AER i f  and o n ly  i f

i t  i s  a  SAAERg.

In  view  o f t h i s  theorem  and C o r o l la r y  V .9 .1  one m ight a s k  i f  

e v e ry  SAAR i s  a q-AR. A p a r t i a l  r e s u l t  in  t h i s  d i r e c t i o n  i s  th e  fo llo w 

in g  th eo rem .

V.15 Theorem. Every A R -lik e  SAAR i s  a  q-AR.

P ro o f : L et X b e  an A R -lik e  SAAR. I t  i s  c l e a r  t h a t  X i s  a

SAAER^ ;̂ h e n c e , i t  i s  a  SAAER^. A cco rd in g  t o  Theorem V .lk ,  X i s  a  q -

AER. S in c e  X i s  a q-AER, a c c o rd in g  t o  Theorem V . l ,  g iven  a  p o s i t i v e

r e a l  number e th e r e  i s  a  p o s i t i v e  r e a l  number 5 such t h a t  i f  f

from  X o n to  a  m e tr ic  space  Y i s  a ô-map th e n  th e r e  i s  a map g from
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Y o n to  X such  t h a t  d ( g f , i d  X) < e . S in ce  X i s  A R -lik e  th e r e  

a re  an  AR A and a  ô-map f  from  X o n to  A . Hence t h e r e  i s  a  map 

g from  A o n to  X su ch  t h a t  d ( g f , i d  X) < s . T hus, X i s  a  q-AR.

The fo llo w in g  lemma g e n e r a l iz e s  B o rs u k 's  Homotopy E x te n s io n  

Theorem [Bk U, Theorem 8 .1 ,  p . 9 ^ ] .

V . l 6 Lemma. L e t A h e  a  c lo s e d  s u b se t o f  a  m e tr ic  sp ace

Y , and l e t  X be a  q-AHR. Suppose t h a t  F from A x [ 0 , l ]  t o

X i s  c o n t in u o u s , and t h a t  h as  a  co n tin u o u s  e x te n s io n  f  from  Y

in t o  X . Then f o r  e v e ry  p o s i t i v e  r e a l  number e th e r e  i s  a  map’ H

from Y X [ 0 , l ]  in t o  X su ch  t h a t  f o r  ( y , t )  i n  A x [ 0 ,1 ]  U Y x {0} ,

d ( H ( y , t ) , F '( y , t ) )  < e w here

f F ( y , t )  i f  ( y , t )  i s  in  A x  [0 , l ]  [C l,  p . 128]
F ' ( y , t )  = <

f ( y )  i f  t  = 0

F u rth e rm o re , i f  F^(A) = X th e n  H^(A) = X .

P ro o f  : G iven F and  f  as in  th e  h y p o th e s is  o f  t h i s  lemma

d e f in e  F ' from  A x [ 0 , l ]  U Y x {Q}  i n t o  X as in d i c a te d  in  th e  

s ta te m e n t o f  th e  lemma.

S in ce  X i s  com pact i t  may be  assum ed to  be  c o n ta in e d  in  th e  

H i lb e r t  cube Q . L e t e > 0 be  g iv e n . S in ce  X i s  a q-AER, b y

Theorem V .lU  i t  i s  a  SAAER^; h e n c e , t h e r e  a re  an open n e ig h b o rh o o d  U

o f  X in  Q and  a map r  from  II o n to  X such t h a t  r(X ) = X and 

d ( r |X , i d  X) < £ . S in c e  U i s  an AtTR, t h e r e  i s  a  map G from

Y X [0 , l ]  i n t o  U su ch  t h a t  G (y ,t )  = F ’ ( y , t )  i f  ( y , t )  b e lo n g s  t o

A X [ 0 , 1 ] U Y X {0} [Bk U, Theorem 8 .1 ,  p . 9 ^ ] .



L e t H from  Y x [ 0 , l ]  i n t o  X b e  d e f in e d  by  = rG^ .

I f  ( y , t )  b e lo n g s  t o  A x [ 0 , l ]  U Y x {0 } th e n  H ( y , t )  = r G ( y ,t )  = 

r F ' ( y , t )  . T hus, d ( H ( y , t ) , F * ( y , t )) <  e s in c e  d ( r F ' ( y , t ) , F ' ( y , t ) )  < e . 

I f  F^(A) = X th e n  X c o n ta in s  H^(A) = rG^(A) = rFJ| (a )  w hich c o n ta in s

r(X ) = X . In  t h i s  c a s e ,  t h e r e f o r e ,  H^(A) = X .

V .I 7  Theorem. A g u a s i - c o n t r a c t i b l e  q-AER i s  a  SAAR [C l,  p . 1 2 8 ] .

P r o o f ; L et X b e  a  q u a s i - c o n t r a c t i b l e  q-AHR. Suppose i  from

X i n t o  a  m e tr ic  sp ace  Y i s  an em bedding . S in c e  X i s  assumed t o  be  

com pact i(X ) i s  c lo s e d .  i(X ) i s  a  SAAER^ by Theorem V .l^ .

I t  i s  now c la im e d  t h a t  i ( x )  i s  q u a s i - c o n t r a c t i b l e .  L e t e > 0 

b e  g iv e n . S in c e  i  i s  u n ifo rm ly  c o n tin u o u s  th e r e  i s  a  ô > 0 such 

t h a t  i f  f o r  and  i n  X , dCx^jX^) < 5 , th e n  d ( i(x ^  ) , i ( x 2 ) ) < e .

S in c e  X i s  q u a s i - c o n t r a c t i b l e  t h e r e  i s  a  map F from  X x [Q ,l]  i n t o  X

su ch  t h a t  f o r  some a i n  X , Fg(X) = {a} , F^(X) = X , and

d ( F ^ , id  X) < 5 . T hus, th e  map F from  i(X )  x [ 0 , l ]  i n t o  i(X )

d e f in e d  by F ( i ( x ) , t )  = i F ( x , t )  s a t i s f i e s  F g ( i(X ))  = { i( a )>  ,

F ^ ( i (X ) )  = iF^(X ) = i(X ) , and d ( F ^ i , i )  = d ( i F ^ , i )  < e s in c e  

d ( F ^ ; id  X) < 6 . T hus, i(X ) i s  q u a s i - c o n t r a c t i b l e .

L e t e > 0 be  g iv e n . S in ce  i(X ) i s  q u a s i - c o n t r a c t i b l e  th e r e

i s  a  map F from  i(X ) x [ 0 , l ]  i n t o  i(X ) su ch  t h a t  f o r  some a in

X , F^C iC x)) = i ( a )  , F ^ ( i(X ))  = i(X )  and  d ( F ^ i , i )  < e /2  . Now F^

h a s  an e x te n s io n  f  t o  a l l  o f  Y by d e f in in g  f ( y )  = i ( a )  f o r  a l l  y

i n  Y . A ccord ing  t o  Lemma V .I 6 t h e r e  i s  a  map H from  Y x [0 ,1 ]  

i n t o  i ( x )  such  t h a t  H ^ (i(X ))  = i(X ) and  d (H (y ,t  ) ,F ’ (y  , t )  ) < e /2  ,

F ’ as in  V .I 6 . L et r  = . Then r  maps Y o n to  i(X ) w here
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r i(X )  = i(X ) and th e  fo llo w in g  i n e q u a l i t i e s  h o ld : d ( r i , i )  g

d (H ^ i,F ^ i  = F ^ i)  + d ( F ^ i , i )  < e /2  + e /2  = e . T hus, X s a t i s f i e s  th e  

re q u ire m e n ts  f o r  D e f in i t io n  V .8 . H ence, X i s  a  SAAR.

An im m ediate c o r o l l a r y  o f  t h i s  r e s u l t  and Theorem V.15 i s  th e  

fo l lo w in g .

V .1 6 .1  C o r o l la r y . An A R -lik e  q u a s i - c o n t r a c t ib le  q-ANR i s  a

q-AR.

V .I 7 D e f i n i t i o n . A com pact m e tr ic  space  X i s  a  u n ifo rm  q-ANR 

(u n ifo rm  q-AR) i f  and o n ly  i f  th e r e  e x i s t s  an ANR (AR) A such  t h a t  

f o r  ev e ry  p o s i t i v e  r e a l  number e th e r e  a re  maps f  from  X o n to  A 

and g from  A o n to  X su ch  t h a t  d ( g f , i d  X) < e .

V.1 8  Theorem . A sp ace  w hich i s  quasi-hom eom orphic to  a  u n ifo rm  

q-ANR i s  a  un ifo rm  q-ANR.

P r o o f : L et ( f ^ ,g ^ )  be a quasi-hom eom orphism  o f  a  com pact m e tr ic

space  X o n to  a  u n ifo rm  q-ANR Y . L e t A be an ANR such  t h a t  D e f in i 

t i o n  V .1 7  i s  s a t i s f i e d  f o r  th e  space  Y . L et e > 0 be  g iv e n . Then 

th e r e  a re  maps f^  from  X o n to  Y and g^ from Y o n to  X su c h  

t h a t  d ( g ^ f ^ , i d  X) < e /2  . S in ce  g^ i s  u n ifo rm ly  c o n tin u o u s  t h e r e  i s  

a  p o s i t i v e  r e a l  number 5 su ch  t h a t  i f  f o r  y^ and y^ in  Y ,

<i(y-, ^ 5 th e n  d (g ^ (y ^ )  ,g ^ (y 2 ) ) < s /2  . S in ce  Y i s  a  u n ifo rm

q-ANR th e r e  e x i s t  maps f  from Y o n to  A and g from  A o n to  Y

such t h a t  d ( g f , i d  Y) <  5 . H ence, d (g ^ g f ,g ^ id  Y) < e /2  . T hus,

d ( g ^ g f f ^ , i d  X) g d (g ^ g f f^ jg ^ f^ )  + d ( g ^ f ^ , i d  X) < e . T h e re fo re ,  X i s  

a  u n ifo rm  q-ANR.
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V .1 8 .1  C o r o l la r y . A sp a c e  w h ich  i s  quasi-hom eom orphic to  a 

u n ifo rm  q-AE i s  a  u n ifo rm  q-AR.

P ro o f : The MR A in  t h e  p re c e d in g  p ro o f  may be re p la c e d  by

an AR.

B ecause o f  Theorem V .l8  and  C o r o l la r y  I I . 1 6 .U th e  fo llo w in g  

c o r o l l a r i e s  a re  v a l id .

7 . 1 8 .2  C o r o l la r y . The m e tr ic  im age o f  a  u n ifo rm  q-M R (u n ifo rm  

q-AR) u n d e r a  r e f in a b le  map i s  a  u n ifo rm  q-AKR (u n ifo rm  q-A R).

7 . 1 8 .3  C o r o l l a r y . The m e tr ic  im age o f  an AETE (AR) un d er a 

r e f i n a b l e  map i s  a  u n ifo rm  q-M R  (u n ifo rm  q-AR).

7 .1 9  Lemma. I f  each  o f  X and Y i s  a  q-AER (u n ifo rm  q-M R ) 

th e n  X X Y i s  a  q-M R (u n ifo rm  q -M R ).

P ro o f : L e t e > 0 be g iv e n . Then s in c e  X i s  a q-AI'IR th e r e

e x i s t  an MR A ( i f  X i s  a  u n ifo rm  q-AER A does n o t depend on th e

c h o ic e  o f  e ) ,  a map f  from  X o n to  A , and a  map g from  A o n to  

X su ch  t h a t  d ( g f , i d  X) < s /2  . S i m i l a r l y ,  f o r  Y th e r e  e x i s t  an MR

B , a  map h from  Y o n to  B , and  a  map k from  Y o n to  B such

t h a t  d ( k h , id  Y) < e /2  .

S in ce  A x B i s  an MR [R u, p . 9 7 ] ,  f  x h  i s  a  map from  X x Y

o n to  A X B , and g x k i s  a  map from  A x B o n to  X x Y w hich s a t i s f y

d ( (g  X k ) ( f  X h ) , i d  X X i d  Y = i d  X X Y) S d ( g f , i d  X) + d ( k h , id  Y) < e ,

X X Y i s  a q-M R (a  u n ifo rm  q-AER i f  th e  c h o ic e  o f  each  o f  A and B 

does n o t depend on e ) .

7 . 1 9 .1  C o r o l la r y . I f  e ach  o f  X and Y i s  a  q-AR (u n ifo rm  q-AR) 

th e n  X X Y i s  a q-AR (u n ifo rm  q-A R).



P ro o f ; The M R 's  A and B in  th e  p re c e d in g  p ro o f  may be  r e 

p la c e d  by A R 's.

V .20 Lemma. I f  X i s  a  q-M R  (u n ifo rm  q-ATIR) th e n  C(X) i s  a

q-AR (u n ifo rm  q-AR).

P r o o f ; F or each p o s i t i v e  r e a l  number e th e r e  e x i s t  an  AER A , 

a  map f  from  X o n to  A , and  a  map g from  A o n to  X such  t h a t  

d ( g f , i d  X) < e . I t  i s  c l e a r  t h a t  d ( C ( g ) c ( f ) ,C ( id  X) = i d  C(X)) < s . 

The cone o v e r  A i s  a  c o n t r a c t i b l e  M R ; h e n c e , C(A) i s  an  AR. From 

th e s e  f a c t s  th e  lemma f o l lo w s .

V .21 Exam ple. L e t H b e  th e  H aw aiian  e a r r in g  (Example 1 1 .2 8 ) .

By Lemma V .2 0 , C(H) i s  a  q-AR. I t  i s  c la im e d  t h a t  C(H) i s  n o t an

AR. I f  C(H) w ere an AR th e n  s in c e  H x {0} i s  a  n e ig h b o rh o o d  r e t r a c t

o f  C(H) ; H w ould be an M R [Hu, p .9 T ] ,  w hich i s  n o t th e  c a s e  s in c e  H

i s  n o t l o c a l l y  c o n t r a c t i b l e .

H i s  a l s o  an exam ple o f  a  SAMR^ w hich i s  n o t a  SAMR^. Con-

2 _ s id e r  H as embedded in  th e  p la n e  E as  i n  Example I i . 2 8 .  Suppose H
2

i s  a  SAMR,^. Then th e r e  i s  a  n e ig h b o rh o o d  U o f  H in  E such  t h a t

f o r  ev e ry  p o s i t i v e  r e a l  num ber e th e r e  i s  a map r  from  U on to  H

which s a t i s f i e s  r(H ) = H and d ( rH ,id  H) < s . At th e  p o in t  0 th e r e

i s  a  p o s i t i v e  r e a l  number 5 su ch  t h a t  H _(g ) i s  c o n ta in e d  i n  U and
o

Sg(0) = {y in  E^ I d (y ,0 )  = 6} i s  n o t ta n g e n t  to  any o f  th e  c i r c l e s  

Cj . I t  i s  c l e a r  t h a t  t h e r e  i s  a  l e a s t  i  such  t h a t  i s  c o n ta in e d

in  Ng(0) . I t  i s  a l s o  c l e a r  t h a t  H' = U{C. | j  ^  i}  i s  a  H aw aiian

e a r r in g  c o n ta in e d  in  H (0 )  . L e t H be th e  i n t e r s e c t i o n  o f  H w ith

C1(N _(0)) . Now H i s  th e  u n io n  o f  H' w i th  th e  u n io n  o f  t h e  f i n i t e  
0
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c o l l e c t i o n  o f  a rc s  1^ = R îîg (0 )  w iiere j  < i  ( s e e  F ig u re  V .2 1 .1 ) .
*  *

D e fin e  th e  map f  from  H i n t o  H t o  b e  th e  map w hich f i r s t  sends

H’ o n to  k e e p in g  f ix e d  w h ile  a l s o  se n d in g  to  0 f o r

J < i  , th e n  fo llo w s  t h i s  b y  r o t a t i n g  by tt . I t  i s  c l e a r  t h a t  f
*

h as  no f ix e d  p o in t s ;  f u r th e rm o re ,  s in c e  H i s  com pact and th e  f u n c t io n  

from  H to  th e  p o s i t i v e  r e a l  num bers w h ich  sends x to  d ( f ( x ) ,x )  ,

( d ( f ( x ) ,x )  > 0 f o r  a l l  x  i n  H s in c e  f  h as  no f ix e d  p o in t s )  i s  

c o n t in u o u s , i n f { d ( f ( x ) ,x )  | x b e lo n g s  to  H } e x i s t s  and i s  a t t a in e d  

a t  some p o in t  x^ . H ence , y  = d (f(x g ),X Q ) > 0 . L e t

e < m in { l/2 ^ ^ ^ ,y /3 }  b e  a  p o s i t i v e  r e a l  number such  t h a t  Hg_^^(0) con

t a i n s  H' , and f o r  j  < i  , C l(H g ^ ^ (0 )) does n o t  c o n ta in  , and

th e  d ia m e te r  o f  each  com ncnent o f  th e  s e t  C R Cl(H _, (0 ) -  H _(0)) i sJ o-rs o

l e s s  th a n  y /3  . D efine  th e  map s on Cl(Hg_^^( 0) ) i n t e r s e c t e d  w ith
*

H by  l e t t i n g  s be th e  i d e n t i t y  on H , and by  l e t t i n g  s map

(Cj R Cl(Ug_j_^(0))) -  H t o  th e  n e a r e s t  p o in t  o f R (H -  H g(0 )) f o r

j  < i  ( n o t ic e  t h a t  R (H -  H g(0 )) c o n ta in s  e x a c t ly  two p o i n t s ) .

S ince  H i s  assum ed to  be  a  SAAHE^ th e r e  i s  a  map r  from  U

o n to  H such t h a t  rH = H and d ( r |H , i d  H) < s . In  p a r t i c u l a r ,

r ( C l ( H - ( 0 ) ))  i s  c o n ta in e d  in  t h e  i n t e r s e c t i o n  o f  Cl(H_, ( 0 ) )  w i th  o o+e

H . T h u s, s r [C l(H g (0 ))  i s  w e l l - d e f in e d  and s r ( C l( ï ïg ( 0 ) )  i s  con -
* , , . V *

ta in e d  in  H . T hus, f s r  from  C l(N g (0 )) i n t o  H i s  a  w e l l -

d e f in e d  map. S in ce  C l(N g (0 )) i s  a  2 - c e l l  i t  h as  th e  f ix e d  p o in t

p r o p e r ty .  H ence, th e r e  i s  a  p o in t  x i n  C l(H g (0 )) su ch  t h a t  

f s r ( x )  = X . I t  i s  c l e a r  t h a t  x b e lo n g s  to  H ; in  f a c t ,  by th e  way

f  h as  been  d e f in e d  x m ust b e lo n g  t o  Ĉ . . Now
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d ( s r ( x ) ,x )  é  d ( s r ( x )  , r ( x )  ) + d ( r ( x ) ,x )  < r / 3  + e < 2 r /3  ; h o w ev er, hy  

th e  way y  h as  b een  d e f in e d  d (x  = f s r ( x ) , s r ( x ) ) ^  y  . T h is  y i e l d s  a 

c o n t r a d ic t io n ;  h e n c e , K can n o t be a  SAAER^ .̂

V .22 E xam ple. L e t X = U {{ l/n }  x [ 0 , l ]  | n i s  a  p o s i t i v e

in te g e r }  U {0} x [ 0 , l ]  U [ 0 , l ]  x {0} . I t  i s  c l e a r  t h a t  X i s  n o t

l o c a l l y  c o n n e c te d ; h e n c e , X i s  n o t a  GAAER^. I t  i s  now c la im e d  t h a t

X i s  an AAR. F o r e a c h  n  d e f in e  r ^  from  [ 0 , l ]  x [ 0 , l ]  i n t o  X

by  l e t t i n g  r ^  b e  th e  p r o j e c t io n  o f  [ 0 , l / n ]  x [0 ,1 ]  o n to

{1/n} X [ 0 , l ]  , and by  l e t t i n g  r ^  be  a  r e t r a c t i o n  o f  [ l / n , l ]  x [0 ,1 ]

o n to  U {{ l/k }  X [ 0 , l ]  I 1 g  k  5  n} U [ l / n , l ]  x {0} , I t  i s  c l e a r  t h a t

d ( r^  X ,id  X) < 1 /n  . L e t i  b e  an em bedding o f  X i n t o  a  m e tr ic  space

Y . L et s > 0 be  g iv e n . S in c e  i  i s  u n ifo rm ly  co n tin u o u s  t h e r e  i s  an

n su ch  t h a t  i f  f o r  x^, and x^ in  X , d (x^,X g) < 1 /n  , th e n

d ( i ( x ^ ) , i ( x g ) )  < s . i  ~ i s  a  map from  i(X ) i n t o  th e  AR [ 0 , l ]  x

[0 ,1 ]  . T hus, t h e r e  i s  an e x te n s io n  o f  i~ ^  from  Y in to  
2

[ 0 , l ]  . C o n s id e r  th e  map r  = i r ^ ^  . S in c e  d (r^cp i(x ) ,x ) < 1 /n  , 

d ( i r ^ c p i , i )  < e , H ence, X s a t i s f i e s  th e  c o n d i t io n s  f o r  an  AAR g iv e n  

in  D e f in i t io n  V .5 [Ho, 2 .8 ,  p . 2 0 ] .

Example V .22 shows t h a t  arrow s L , 15 , and iL  in  D iagram  V . l  

c an n o t b e  r e v e r s e d .  Exam ple V .21  shows t h a t  a rrow  1 3 , a rrow  1 fo llo w e d  

b y  arrow  2 ,  and arrow  8 fo llo w e d  by  arrow  10 i n  D iagram  V .l  c an n o t b e  

r e v e r s e d .  Theorem V .lU  v e r i f i e s  th e  d o u b le  arrow  12. The r e v e r s i b i l i t y  

o f  arrow s 1 ,  2 , 8 , 10 i s  l e f t  unansw ered  by  th e  r e s u l t s  and exam ples 

g iv e n  so  f a r .  I f ,  f o r  exam ple , arrow  8 ( o r  arrow  l )  i s  r e v e r s i b l e  th e n  

by C o ro lla ry  V .1 8 .3 , th e  m e tr ic  image o f  an AHR u n d er a  r e f in a b le  map
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w ould be  an ANR. T hus, w h ile  th e  g e n e ra l  p rob lem  o f  w h e th e r th e  m e tr ic  

im age o f  an ANR i s  an ANR h as  n o t  y e t  b een  s o lv e d ,  f u r t h e r  s tu d y  o f 

exam ples o f  a-ANR's and th e  p r o p e r t i e s  o f  q-ANR' s may h e lp  p roduce 

e i t h e r  a  co u n te r-ex am p le  o r  a  p ro o f .
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