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SEPARABLE ( X ) -ALGEBRAS o

INTRODUCTION

L e t  X be a c o m p a c t  H a u s d o r f f  s p a c e  a n d  C[X) t h e  

C - a l g e b r a  o£ a i l  c o m p l e x - v a l u e d  c o n t i n u o u s  f u n c t i o n s  on 

X. I t  i s  known t h a t  t h e  c a t e g o r y  o f  f a i t h f u l  s e p a r a b l e  

C ( X ) - a l g e b r a s  t h a t  a r e  f i n i t e l y  g e n e r a t e d  p r o j e c t i v e  C ( X ) - 

m o d u l e s  a nd  t h e  c a t e g o r y  o f  £ i n i t e - f i b e r e d  c o v e r i n g  s p a c e s  

o f  X a r e  c o n t r a v a r i a n t l y  e q u i v a l e n t  [C,  Theorem 2 a nd  Ml,  

C o r o l l a r y  1 2 ] .  L e t  X be  a l o c a l l y  c o m p a c t  H a u s d o r f f  s p a c e  

a n d  Cg(Xj  t h e  C - a l g e b r a  o f  a l l  c o m p l e x - v a l u e d  c o n t i n u o u s  

f u n c t i o n s  on X v a n i s h i n g  a t  i n f i n i t y .  Our  s t u d y  h e r e  i s  

t o  e x p l o r e  t h e  r e l a t i o n  b e t w e e n  t h e  s e p a r a b l e  C ^ ( X ) - a l g e b r a  

e x t e n s i o n s  and  t h e  l o c a l l y  c o m p a c t  H a u s d o r f f  f i n i t e - f i b e r e d  

c o v e r i n g  s p a c e s  o f  X. C h i l d s  p r o v e d  t h a t  i f  X i s  a com

p a c t  H a u s d o r f f  s p a c e  an d  S i s  a f i n i t e l y  g e n e r a t e d  p r o j e c 

t i v e  s e p a r a b l e  C ( X ) - a l g e b r a , t h e n  f o r  e a c h  max i ma l  i d e a l  

M o f  C(X) t h e r e  i s  an  h n o t  i n  M s u c h  t h a t  = ( C [ X ) ^ j ^ ,  

a  p r o d u c t  a s  r i n g s  o f  n c o p i e s  o f  C(X)^  [C, p .  3 2 ] .  The 

c o n v e r s e  i s  a l s o  t r u e .  The a b o v e  m o t i v a t e s  o u r  d e f i n i t i o n  

f o r  s e p a r a b l e  C^ ( X ) - a l g e b r a s  w i t h o u t  i d e n t i t y .



L e t  X be  a l o c a l l y  c o m p a c t  H a u s d o r f f  s p a c e  and  S a 

c o m m u t a t i v e  C - a l g e b r a  w i t h o u t  i d e n t i t y .  We c a l l  S a C^CX)- 

a l g e b r a  i f  t h e r e  i s  a  C - a l g e b r a  homomorphism 0 : C^(X) -> S,

an d  c a l l  S a ( X ) - a l g e b r a  e x t e n s i o n  i f  8 i s  i n j e c t i v e .

L e t  S be a ( X ) - a l g e b r a  e x t e n s i o n .  I f  f  e  C^CX),  we l e t  

Z ( f )  d e n o t e  t h e  z e r o  s e t  o f  f  a n d  f  = 0 ( f ) .  S i s  c a l l e d  a  

s e p a r a b l e  ( X ) - a l g e b r a  i f  ( i )  f o r  e a c h  r e g u l a r  maximal  

i d e a l  N o f  C^(X) t h e r e  i s  a n  f  i n  (X) b u t  n o t  i n  N a n d  

a p o s i t i v e  i n t e g e r  n s u c h  t h a t  X - Z ( f ) c  F,  a  compac t  s u b 

s e t  o f  X, an d  Sg = ( C g ( X ) ^ ) ^  [ s e e  C h a p t e r  I I ] ,  a p r o d u c t  

a s  r i n g s  o f  n  c o p i e s  o f  C ^ ( X ) ^ ,  an d  ( i i )  no r e g u l a r  maximal  

i d e a l  o f  S c o n t a i n s  a l l  f , w h e r e  f  s a t i s f i e s  ( i ) . We p r o v e  

t h a t  i f  Y i s  a l o c a l l y  c o m p a c t  H a u s d o r f f  f i n i t e - f i b e r e d  c o v 

e r i n g  s p a c e  o f  X, t h e n  C^(Y) i s  a s e p a r a b l e  ( X ) - a l g e b r a  

e x t e n s i o n ,  and  c o n v e r s e l y ,  i f  S i s  a s e p a r a b l e  C^CX)- 

a l g e b r a  e x t e n s i o n ,  t h e n  t h e  s t r u c t u r e  s p a c e  Rm S o f  S i s  a 

l o c a l l y  c o m p a c t  H a u s d o r f f  f i n i t e - f i b e r e d  c o v e r i n g  s p a c e  o f  

X. The s e t  o f  a l l  l o c a l l y  c o m p a c t  H a u s d o r f f  f i n i t e - f i b e r e d  

c o v e r i n g  s p a c e s  o f  X t o g e t h e r  w i t h  t h e  p r o p e r  maps [B2,  p .  

97]  b e t w e e n  two c o v e r i n g  s p a c e s  w h i c h  commute w i t h  c o v e r 

i n g  p r o j e c t i o n s ,  and  t h e  s e t  o f  a l l  s e p a r a b l e  ( X ) - a l g e b r a  

e x t e n s i o n s  t o g e t h e r  w i t h  t h e  C - a l g e b r a  homomorphisms b e t w e e n  

s e p a r a b l e  ( X ) - a l g e b r a  e x t e n s i o n s  w h i c h  commute w i t h  C^CX)- 

a l g e b r a  homomorphisms form two c a t e g o r i e s ,  an d  t h e  map 

Y -> C^(Y) i s  a f u l l  and  f a i t h f u l  f u n c t o r .  We a l s o  g i v e  ah 

ex am pl e  t o  show i n  g e n e r a l  t h e  f u n c t o r  i s  n o t  a c o n t r a v a r -  

i a n t  e q u i v a l e n c e .  Ho wev er ,  i f  we r e s t r i c t  t h e  l a t t e r



c a t e g o r y  t o  a l l  C* -Bana ch  a l g e b r a s  t h a t  a r e  s e p a r a b l e  (X) 

a l g e b r a  e x t e n s i o n s ,  t h e n  t h e  f u n c t o r  Y -> (Y) i s  a  c o n t r a -

v a r i a n t  e q u i v a l e n c e .



CHAPTER I

COMMUTATIVE C-ALGEBRAS WITHOUT IDENTITY 

AND STRUCTURE SPACES

The p r i n c i p a l  r e s u l t  i n  t h i s  c h a p t e r  i s  t h a t  t h e  

s t r u c t u r e  s p a c e  o f  a n o n r a d i c a l  c o m m u t a t i v e  C - a l g e b r a  w i t h 

o u t  i d e n t i t y  i s  a l o c a l l y  c o m pa c t  s p a c e ,  and  i s  a  l o c a l l y  

compact  H a u s d o r f f  s p a c e  i f  t h e  C - a l g e b r a  i s  t h e  r i n g  o f  

a l l  c o m p l e x - v a l u e d  c o n t i n u o u s  f u n c t i o n s  on a l o c a l l y  com

p a c t  H a u s d o r f f  s p a c e  v a n i s h i n g  a t  i n f i n i t y .  We b e g i n  by 

r e v i e w i n g  some d e f i n i t i o n s  r e l a t e d  t o  t h e  c o m m u t a t i v e  C- 

a l g e b r a s  w i t h o u t  i d e n t i t y .

T h r o u g h o u t  t h i s  c h a p t e r  R d e n o t e s  a c o m m u t a t i v e  

C - a l g e b r a  w i t h o u t  i d e n t i t y .  L e t  R = C x R = { ( k , r ) | k  e  C , 

r  e  R}. Then R f o r ms  a c o m m u t a t i v e  C - a l g e b r a  w i t h  i d e n t i t y  

e = ( 1 , 0 )  i f  t h e  a d d i t i o n  a n d  s c a l a r  m u l t i p l i c a t i o n  a r e  

d e f i n e d  c o m p o n e n t w i s e  a n d  t h e  m u l t i p l i c a t i o n  i s  d e f i n e d  by 

( k , r ) ( p , s )  = ( k p ,  ks  + p r  + r s ) . I t  i s  c l e a r  t h a t  R c a n  

be i d e n t i f i e d  w i t h  t h e  m a x i m a l  i d e a l  ( 0 , R )  o f  R, and R/R 

i s  i s o m o r p h i c  t o  C. We c a l l  a C - a l g e b r a  i d e a l  I a r e g u l a r  

i d e a l  i f  t h e r e  e x i s t s  an  e l e m e n t  u i n  R s u c h  t h a t  u r  - r  

e  I f o r  a l l  r  e  R, o r  e q u i v a l e n t l y  t h e  q u o t i e n t  r i n g  R / I  

i s  a c o m m u t a t i v e  C - a l g c b r a  w i t h  i d e n t i t y  ü = u + I .  C a l l

4



a  r e g u l a r  i d e a l  a r e g u l a r  maximal  i d e a l  i f  i t  i s  a  max ima l  

i d e a l ,  o r  e q u i v a l e n t l y  t h e  q u o t i e n t  r i n g  i s  a  f i e l d .  The 

i n t e r s e c t i o n  o f  a l l  r e g u l a r  max imal  i d e a l s  i s  t h e  r a d i c a l .

R i s  c a l l e d  a s e m i - s i m p i e  C - a l g e b r a  i f  t h e  r a d i c a l  i s  0,  

a  n o n r a d i c a l  C - a l g e b r a  i f  R h a s  a t  l e a s t  one  r e g u l a r  m a x i 

mal  i d e a l  and  a r a d i c a l  C - a l g e b r a  i f  R h a s  no r e g u l a r  m a x i 

mal  i d e a l .  S i n c e  R h a s  no i d e n t i t y ,  i t  may be  a r a d i c a l  

C - a l g e b r a  [M2, p.  2 8 ] .  H e n c e f o r t h ,  we s h a l l  a s sume  a l l  

C - a l g e b r a s  t o  b e  n o n r a d i c a l .

Lemma 1 . 1 : I f  J  i s  a  C - a l g e b r a  i d e a l  o f  R c o n t a i n i n g  a

r e g u l a r  i d e a l  I ,  t h e n  J  i t s e l f  i s  a r e g u l a r  i d e a l .

P r o o f  : I f  u  i s  t h e  i d e n t i t y  mod I ,  t h e n  c l e a r l y  u i s  t h e

i d e n t i t y  mod J .

Lemma 1 . 2 : Eve ry  r e g u l a r  i d e a l  o f  R i s  c o n t a i n e d  i n  a

r e g u l a r  maxi mal  i d e a l .

P r o o f  : L e t  I be  a r e g u l a r  i d e a l  o f  R. By d e f i n i t i o n  R / I

i s  a  c o m m u t a t i v e  C - a l g e b r a  w i t h  i d e n t i t y ,  h e n c e  c o n t a i n s  a 

max imal  i d e a l  M / I ,  wh er e  M i s  an  i d e a l  o f  R c o n t a i n i n g  I .

I t  i s  c l e a r  t h a t  M i s  a maximal  i d e a l .  By Lemma 1 . 1  M i s  

a l s o  a r e g u l a r  i d e a l .

Lemma 1 . 3 : I i s  a r e g u l a r  i d e a l  o f  R i f  a n d  o n l y  i f  t h e r e

e x i s t s  an  i d e a l  Î o f  R s u c h  t h a t  Ï ^  R a n d  I n R = I .  More 

o v e r ,  I i s  r e g u l a r  maximal  i f  and  o n l y  i f  I i s  m a x i m a l .  

P r o o f  : S upp ose  t h a t  I i s  a r e g u l a r  i d e a l  o f  R. Then t h e r e

e x i s t s  an e l e m e n t  u i n  R s u c h  t h a t  u r  - r  s  I f o r  a l l  r  i n



R. L e t  I = { ( k , r ) | k u  + r  s  I } .  C l e a r l y ,  I i s  an  i d e a l  o f  

R c o n t a i n i n g  I .  S i n c e  ( 1 , - u )  i s  i n  I b u t  n o t  i n  R, I ^  R.

I f  ( k , r )  e  I n R, t h e n  k = 0 a n d  r  e  I .  Thus  I n  r  c  i .

On t h e  o t h e r  h a n d ,  b o t h  I a n d  R c o n t a i n  I ,  s o  I c  i  n  R.  

Hence I = I n  R.  Now we a s s u m e  f u r t h e r  t h a t  I i s  a  r e g u l a r  

max imal  i d e a l  o f  R. C l e a r l y ,  t h e  map a:  R ^  R/ I  d e f i n e d  

by  a ( k , r )  = (ku + r )  + I i s  a s u r j e c t i v e  C - a l g e b r a  homomor

p h i s m  w i t h  k e r n e l  I .  Thus  R / I  = R / I .  S i n c e  I i s  r e g u l a r  

m a x i m a l ,  R / I  i s  a f i e l d .  T h e r e f o r e ,  R / Ï  i s  a f i e l d .  I t

f o l l o w s  t h a t  I i s  a m ax i m al  i d e a l  o f  R.

C o n v e r s e l y ,  s i n c e  I # R,  t h e r e  e x i s t s  an e l e m e n t  

5 i n  I  b u t  n o t  i n  R. R i s  a m a x i m al  i d e a l  o f  R and s ^  R. 

Thus  t h e  i d e a l  g e n e r a t e d  by  R a n d  s i s  t h e  whole  r i n g  R.

I t  f o l l o w s  t h a t  t h e r e  e x i s t s  a n  e l e m e n t  m i n  R s u c h  t h a t  

e = sm + u  f o r  some u  i n  R. F o r  a ny  r  i n  R, we h a ve  

u r  - r  = (e - s m) r  - r  = o r  - smr - r  = r  - smr - r  =

- smr  G R n I = I .  Thus  I i s  a r e g u l a r  i d e a l  o f  R. Now 

s u p p o s e  t h a t  I i s  a  max imal  i d e a l  o f  R. C l e a r l y ,  t h e  map

g: R / I  R / I  d e f i n e d  by  s e n d i n g  r  + 1 o n t o  r  + I i s  a w e l l -

d e f i n e d ,  i n j e c t i v e  C - a l g e b r a  homomorphi sm.  The image o f  

R / I  u n d e r  g i s  an  i d e a l  o f  R / I  and  R / Î  i s  a f i e l d .  Thus  

g i s  e i t h e r  0 o r  s u r j e c t i v e .  But  we know t h a t  g i s  i n j e c 

t i v e ,  so g mus t  be  a s u r j e c t i v e  map.  Thus  g i s  a C - a l g e b r a  

i s o m o r p h i s m ,  and  h e n c e  R / I  i s  a f i e l d .  By d e f i n i t i o n  I i s  

a r e g u l a r  max i mal  i d e a l  o f  R.

L e t  Rm R d e n o t e  t h e  s e t  o f  a l l  r e g u l a r  maximal  

i d e a l s  o f  R and mR - {R} t h e  s e t  o f  a l l  maximal  i d e a l s  o f



R n o t  e q u a l  t o  R. We h a v e :

Lemma 1 . 4 : T h e r e  i s  a  b i s e c t i o n  b e t w e e n  Rm R a n d  mR - {R}. 

P r o o f : D e f i n e  a  map a :  mR - {R} -> Rm R by a (M) = M n  R.

By Lemma 1 . 3  a i s  w e l l - d e f i n e d  an d  s u r j e c t i v e .  We n e e d  

o n l y  t o  show t h a t  a i s  i n j e c t i v e .  L e t  P,  Q e mR - {R} an d  

P ^ Q. S i n c e  no two o f  P ,  Q, R a r e  e q u a l ,  R ^ P n  Q. I t  

f o l l o w s  t h a t  t h e r e  e x i s t s  y e P - Q ,  z e Q - P  and  x e  R

w i t h  X  ^  P n  Q. S i n c e  P ,  Q a n d  R a r e  i d e a l s ,  xy  s  p n  R

and  x z  e  Q n R. We c l a i m  t h a t  e i t h e r  xy ^  Q n  R o r  xz ^

P n R. I f  x y  e  Q n R a n d  xz E p n  R, t h e n  xy s  Q and  xz

6  P.  P a n d  Q a r e  p r i m e  i d e a l s ,  so  x e  p and  x  g  Q .  T h u s ,

X  G p n Q, a c o n t r a d i c t i o n .  Hence  P n R ^ Q n R, i . e . ,  a 

i s  i n j e c t i v e .

F o r  e a c h  r  i n  R, l e t  F^ = {N g  Rm R | r  G N}. Then 

Rm R c an  be  made i n t o  a t o p o l o g i c a l  s p a c e  by t a k i n g  t h e  

f a m i l y  o f  a l l  F^ a s  a b a s e  f o r  t h e  c l o s e d  s e t s .  The s p a c e  

i s  c a l l e d  t h e  s t r u c t u r e  s p a c e  a n d  t h e  t o p o l o g y  i s  c a l l e d  

t h e  h u l l - k e r n e l  t o p o l o g y . Endow mR w i t h  t h e  h u l l - k e r n e l  

t o p o l o g y .  We h a v e  t h e  f o l l o w i n g  t h e o r e m .

Theorem 1 . 5 : R e g a r d i n g  mR - {R} a s  a s u b s p a c e  o f  mR, i t  i s

homeomorph i c  t o  Rm R.

P r o o f  : By Lemma 1 . 4  t h e r e  i s  a b i j e c t i o n  a :  mR - {R} ^ Rm R

t h a t  s e n d s  M o n t o  M n R. We n e e d  o n l y  t o  show t h a t  a i s  a 

c o n t i n u o u s  o p e n  map.  L e t  r  g R a nd  F^ = {N g Rm R | r  g N} . 

Then a ^ ( F ^ )  = {M G mR - { R } | r  g M} w h i c h  i s  a b a s i c  c l o s e d



s e t  i n  mR - {R}. Thus  a i s  c o n t i n u o u s .  L e t  r  e  R and

U~ = {M e  mR - { R } | r  ^  M}. Then U~ i s  a  b a s i c  open  s e t  i n

mR - {R}.  We show t h a t  a ( U - )  i s  o p e n  i n  Rm R a s  f o l l o w s :

L e t  N s  a(U~)  and  M e  U- s u c h  t h a t  a(M) = M n R = N. S i n c e

M e  U~, t h e n  f  ^  M. S i n c e  M 7̂ R and  b o t h  R and  M a r e  p r i m e

i d e a l s  o f  R,  t h e r e  e x i s t s  a n  e l e m e n t  a i n  R b u t  n o t  i n  M

s u c h  t h a t  a r  e  R an d  a f  ^  M. L e t  r  = a r  and  = {N* € Rm R]

r  ^ N ' } .  S i n c e  r  = a f  ^ M n R = N, N i s  i n  t h e  b a s i c  op en

s e t  V^.  L e t  N'  e  a n d  M' s  mR - {R} s u c h  t h a t  M' n R

= N ' .  Then s i n c e  a r  = r  ^  N'  = M' n R, we h av e  f  ^  M ' .

Thus  M’ G U~, and  h e n c e  N ' = M' n  R e  a ( l J - ) .  T h e r e f o r e ,

N G c  a ( U - )  w h i c h  i m p l i e s  t h a t  a ( U~ ) i s  o p e n ,  and  h e n c e  

a i s  an  open  map.

C o r o l l a r y  1 . 6 : Rm R i s  a l o c a l l y  c o m pa c t  s p a c e .

P r o o f  : S i n c e  R i s  a  c o m m u t a t i v e  C - a l g e b r a  w i t h  i d e n t i t y ,

t h e  s t r u c t u r e  s p a c e  mR i s  a c ompac t  T^ s p a c e  [GJ,  p .  1 1 1 ] .  

Now mR - {R} i s  o pen  i n  mR. Thus  mR - {R},  h e n c e  Rm R, i s  

a l o c a l l y  c om p a c t  s p a c e .

I f  R i s  t h e  C - a l g e b r a  o f  a l l  c o m p l e x - v a l u e d  c o n t i n 

u o u s  f u n c t i o n s  on a l o c a l l y  c o m pa c t  H a u s d o r f f  s p a c e  v a n i s h 

i n g  a t  i n f i n i t y ,  t h e n  we know t h e  e x a c t  fo rm o f  t h e  r e g u l a r  

maximal  i d e a l s  o f  R an d  t h e  s t r u c t u r e  s p a c e  i s  a l o c a l l y  

compac t  H a u s d o r f f  s p a c e .  We f i r s t  d e f i n e  t h e  f o l l o w i n g  

n o t a t i o n s .

X = a l o c a l l y  c o m p a c t  H a u s d o r f f  s p a c e .

X = t h e  one p o i n t  c o m p a c t i f i c a t i o n  o f  X.



Cg(X) = t h e  C - a l g e b r a  o f  a l l  c o m p l e x - v a l u e d  c o n t i n 

u o u s  f u n c t i o n s  on X v a n i s h i n g  a t  i n f i n i t y ,  t h a t  i s ,  f  e  (X) 

i f  a n d  o n l y  i f  f  i s  c o n t i n u o u s  on X and f o r  e a c h  e > 0 t h e r e  

e x i s t s  a  c o m p a c t  s u b s e t  o f  X s u c h  t h a t  | f ( x ) |  < e f o r  a l l  

X e  X - Kg.

C(X) = t h e  C - a l g e b r a  o f  a l l  c o m p l e x - v a l u e d  c o n t i n u o u s  

f u n c t i o n s  on X.

C^(X) = t h e  C - a l g e b r a  o b t a i n e d  by a d j o i n i n g  t h e  com

p l e x  i d e n t i t y  t o  C^CX).

Z ( f )  = {X e  X ( o r  X ) | f ( x )  = 0,  f  e  C^(X) ( o r G ( X ) ) } .

Z ( I )  = {Z(f3  | f  e  I } .

Lemma 1 . 7 : Cg(X) i s  i s o m o r p h i c  t o  C(X) .

P r o o f  : C^(X) i s  i s o m o r p h i c  t o  C(X) u n d e r  t h e  map ( k , f )

k  + f .

Lemma 1 . 8 : The f a m i l y  Z(Cq (X))  = { Z ( f ) | f  G C^(X)} i s  a b a s e

f o r  t h e  c l o s e d  s e t s  o f  X.

P r o o f  : L e t  F be  a c l o s e d  s e t  i n  X and  x f  X. Then F u {œ}

i s  a c l o s e d  s e t  i n  X and x ^ F u  S i n c e  X i s  c o m p l e t e l y

r e g u l a r ,  t h e r e  e x i s t s  a c o n t i n u o u s  f u n c t i o n  g:  X -> C s u c h

t h a t  g ( x )  = 1 an d  g ( F  u {«}] = 0.  L e t  f  = g | ^ .  Then 

f  e  C^CXj,  F c  Z ( f )  and  x  0 Z ( f ) .  Thus  Z(Cq (X3) i s  a b a s e  

f o r  t h e  c l o s e d  s e t s  o f  X.

Lemma 1 . 9 : F o r  e a c h  x 6 X t h e  s e t  = {f  G (X) | f ( x )  = 0}

i s  a r e g u l a r  max ima l  i d e a l  o f  C^ (X) .

P r o o f  : F or  e a c h  x g X, d e f i n e  a map a :  C^(X) ^ C by
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a ( £ )  = f [ x ) .  I t  i s  c l e a r  t h a t  a i s  a  C - a l g e b r a  e p i m o r p h i s m  

w i t h  k e r n e l  N^.  Thus ^  C a n d  h e n c e  i s  a  r e g u l a r

ma x i ma l  i d e a l  o f  X^CX).

The n e x t  lemma i s  t h e  c o n v e r s e  o f  Lemma 1 . 9 .

Lemma 1 . 1 0 : I f  N i s  a  r e g u l a r  ma x i ma l  i d e a l  o f  C ^ ( X ) ,  t h e n

t h e r e  e x i s t s  x  6 X s u c h  t h a t  N = N^.

P r o o f  : By Lemma 1 . 4  t h e r e  e x i s t s  a ma x i ma l  i d e a l  M f  C^CX]

i n  C(X) s u c h  t h a t  M n  (X) = N. S i n c e  X i s  a  c o m p a c t  H a u s 

d o r f f  s p a c e ,  M = f o r  some x e  X [GJ ,  p .  5 6 ] .  S i n c e  

M ^ Cg( X) ,  X 7̂ Thus  X € X. But  t h e n  N = M n  (X]

= n  C^CX) = { f  G C ^ ( X ) | f C x )  = 0} = N^.

Lemma 1 . 1 0 ,  t o g e t h e r  w i t h  Lemma 1 . 9 ,  g i v e s  u s  t h e  

f o l l o w i n g  t h e o r e m .

Theorem 1 . 1 1 : The s e t  o f  r e g u l a r  m a x i m a l  i d e a l s  o f  C^(X)

i s  p r e c i s e l y  t h e  s e t  o f  a l l  = { f  e  C ^ ( X ) | f ( x )  = 0 } ,  f o r  

X e  X. The i d e a l s  a r e  d i s t i n c t  f o r  d i s t i n c t  x .  F o r  e a c h  

X ,  C o ( X ) / N x  a  C

P r o o f  : We n e e d  o n l y  t o  show t h e  s e c o n d  a s s e r t i o n .  I t  f o l l o w s

i m m e d i a t e l y  f rom t h e  f a c t  t h a t  X i s  c o m p l e t e l y  r e g u l a r .

Now we p r o v e  t h e  main  r e s u l t  i n  t h i s  c h a p t e r .

Theorem 1 . 1 2 : The s t r u c t u r e  s p a c e  Rm Cg(X) o f  C^(X) i s

homeomorph ic  t o  X, and h e n c e  Rm C^(X) i s  a l o c a l l y  co mp ac t  

H a u s d o r f f  s p a c e .
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P r o o f  : By Theorem 1 . 1 1 ,  t h e  map a :  X ^  Rm Cg[X)  d e f i n e d

by  ci (x)  = i s  w e l l - d e f i n e d  a n d  b i j e c t i v e .  S i n c e  a ( Z ( f ) )  

= t N ^ l f  e  N^} a n d  { Z [ f ) | f  g (X) },  {Ni | f  e  N^} a r e  b a s e s  

f o r  t h e  c l o s e d  s e t s  o f  X a n d  Rm C ^ ( X )  r e s p e c t i v e l y ,  t h e n  a 

i s  a  c o n t i n u o u s  c l o s e d  map.  H e n c e ,  i t  i s  a homeomorphism 

f r o m  X o n t o  Rm C^ CX) .

C o r o l l a r y  1 . 1 5 : mC(X) a n d  Rm C^CX),  t h e  one p o i n t  c o m p a c t i 

f i c a t i o n  o f  Rm Cg{X),  a r e  h o m e o m o r p h i c .



CHAPTER I I

LOCALIZATION OF COMMUTATIVE C-ALGEBRAS 

WITHOUT IDENTITY

T h r o u g h o u t  t h i s  c h a p t e r  R d e n o t e s  a c o m m u t a t i v e  

C - a l g e b r a  w i t h o u t  i d e n t i t y  a n d  S d e n o t e s  a m u l t i p l i c a t i v e  

c l o s e d  s e t  i n  R i n  t h e  s e n s e  t h a t  0 ^ 5  a nd  s t  e  S w h e n e v e r  

s  G S and  t  6 S .

L e t  Rg = { ( r , s )  | r  e  R, s e  S},  D e f i n e  a r e l a t i o n  

~ on Rg by ( r ^ , s ^ )  ~ ( ^ 2 , 5 2 ) i f  and  o n l y  i f  t h e r e  e x i s t s  

s e s  s u c h  t h a t  s ( r ^ S 2 - = 0.

Lemma__2_^: ~ i s  a n  e q u i v a l e n c e  r e l a t i o n  on R g .

P r o o f  : C l e a r l y ,  ~ i s  r e f l e x i v e  and s y m m e t r i c .  L e t

~ Ci ' 2 ’ ^2^ ~ ' ^3^ ' T h e r e  e x i s t  t , s e  S s u c h

t h a t  t ( r ^ S 2 - r 2 S^) = 0 and  s ( r 2 Sg - r g S 2 ) = 0.  Thus

t r ^ S 2  -  t r 2 S ^  = 0  ( 1 )

and  ^ ^ 2^3  '  ^ ^ 3^2  ^ ® ( 2 )

S i n c e  s s g ( l )  + t S 2 (2)  = 0 ,  we h a v e  ( t s s 2 ) ( r ^ s ^  - r 2 S^) = 0,  

S i n c e  t s s 2 G S,  ' ^ l ^  ~ ^^3 ’ ^ 3 ^ '  Thus ~ i s  t r a n s i t i v e  an d  

h e n c e  ~ i s  an e q u i v a l e n c e  r e l a t i o n  on Rg.

Our n o t a t i o n  f o r  t h e  e q u i v a l e n c e  c l a s s  o f  ( r , s )  w i l l  

be  r / s .  We c a n  make t h e  e q u i v a l e n c e  c l a s s e s  o f  Rg i n t o  a

12
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C - a l g e b r a  by d e f i n i n g  r ^ / s ^  + ' 2̂^2 ^ ^^1^2 * ^ 2 ^ 1 ^ ^ ^ 1 ^ 2 ’ 

k ( r i / S i )  = k r ^ / s ^  and ( r ( r 2 / s 2 ) = ^ i ^ 2 ' ^ ^ 1 ^ 2 ’ ^ h e r e

a n d  r g  i n  R, and Sg i n  S a n d  k i n  C. S t r a i g h t f o r w a r d  

c o m p u t a t i o n s  show t h a t  t h e  a b o v e  o p e r a t i o n s  a r e  w e l l - d e f i n e d  

a n d  show t h e  f o l l o w i n g  l emmas .  We u s e  Rg t o  d e n o t e  t h e  s e t  

o f  e q u i v a l e n c e  c l a s s e s .

Lemma 2 . 2 : Rg i s  a c o m m u t a t i v e  C - a l g e b r a  w i t h  i d e n t i t y  s / s

f o r  a n y  s s  S and  t h e  map r  -s- r s / s  i s  a C - a l g e b r a  homomor

p h i s m  f rom R i n t o  Rg.

Lemma 2 . 3 : The s e t  S '  = S u {e} i s  a m u l t i p l i c a t i v e  c l o s e d

s e t  i n  R (R i s  t h e  C - a l g e b r a  o b t a i n e d  by a d j o i n i n g  t h e  com

p l e x  i d e n t i t y  t o  R and a i s  t h e  i d e n t i t y  o f  R) and  R g , = Rg.

I f  r  i s  a n o n - n i l p o t e n t  e l e m e n t  i n  R, i . e . ,  r ^  /  0 

f o r  n > 1 ,  t h e n  t h e  s e t  S = { r ^ | n  > 1} i s  c l e a r l y  a m u l t i 

p l i c a t i v e  c l o s e d  s e t  i n  R. F or  c o n v e n i e n c e  we d e n o t e  Rg

by R^.

We n e e d  t h e  f o l l o w i n g  lemmas t o  e s t a b l i s h  a c o r r e s 

p o n d e n c e  b e t w e e n  t h e  p r i m e  i d e a l s  o f  Rg and t h e  p r i m e  i d e a l s  

o f  R d i s j o i n t  f rom S.

Lemma 2 . 4 : I f  P i s  a p r i m e  i d e a l  o f  R d i s j o i n t  f r o m  S,

t h e n  Pg = { g / s | g  e  P,  s e  S} i s  a p r i m e  i d e a l  o f  Rg.

P r o o f  : C l e a r l y ,  Pg i s  an i d e a l  o f  Rg.  Le t  g / s ,  h / t  e  Rg

and g / s ' h / t  E Pg.  Then g h / s t  = k / u  f o r  some k e  P. I t  

f o l l o w s  t h a t  t h e r e  e x i s t s  s '  e  s  s u c h  t h a t  s ' ( u g h  - s t k )

= 0.  Thus  s ' u g h  = s ' s t k  E P s i n c e  k e  p .  S i n c e  s ' u  ^ P,
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gh e  P.  P i s  a  p r i m e  i d e a l ,  so  e i t h e r  g e  P o r  h e  P.  Thus

g / s  E Pg o r  h / t  E Pg.  He nc e ,  Pg i s  p r i m e .

Lemma 2 . 5 : I f  J  i s  a p r i m e  i d e a l  o f  Rg,  t h e n  t h e  s e t  I 

= { x | x s / s  E  J }  i s  a  p r i m e  i d e a l  o f  R d i s j o i n t  f rom S and  

I g  = J .

P r o o f  : (1) I i s  a n  i d e a l  o f  R. L e t  x a n d  y be  i n  I .

Then x s / s  and  y s / s  a r e  i n  J .  J  i s  an  i d e a l ,  so  (x + y ) s / s

= x s / s  + y s / s  E J .  Thus  x + y £ I .  L e t  t  e  R and  x  e  I .
? 2Then t s / s  e  Rg and x s / s  e  J .  Thus  t x s / s  = t x s  / s  =

t s / s ' X s / s  E J  a n d  h e n c e  t x  e  I

(2) I i s  p r i m e .  I f  x y  E  I t h e n  x s / s « y s / s  = x y s s / s s

= x y s / s  E J .  J  i s  p r i m e ,  so e i t h e r  x s / s  e  j  o r  y s / s  E J .

Thus  e i t h e r  x  e  I  o r  y  £ I .  Hence I i s  p r i m e .

(3) S n I = ÿ . I f s E S n i  t h e n  s s / s  £ J .  Thus

s / s  = s s s / s s s  = s s / s ' s / s s  E J .  Hence  J  = Rg,  a c o n t r a d i c 

t i o n .  T h e r e f o r e ,  S n I = ÿ .

(4) I g  = J .  L e t  x / s  E I g  w h e r e  x £ I .  Then x s / s

E  J  and  hence  x / s * s s / s  = x s / s  £ J .  S i n c e  s s / s  ^  J  a n d  J

i s  p r i m e ,  x / s  £  J .  Thus  I g  c  j .  On t h e  o t h e r  h a n d ,  l e t

j = x / s  E J .  Then x s / s  = x / s - s s / s  £  J .  Thus  x £ I a n d

x / s  E  I g .  Hence  J  c  I g .  So I g  = J .

Lemma 2 . 6 : I f  P and  Q a r e  two d i s t i n c t  p r i m e  i d e a l s  o f  R

d i s j o i n t  f rom S,  t h e n  Pg and Qg a r e  two d i s t i n c t  p r i m e  i d e a l s  

i n  Rg.

P r o o f  : S i n c e  P /  Q, t h e r e  e x i s t s  x £ P w i t h  x ^  Q. Then 

x / s  E Pg f o r  s E S,  I f  x / s  E Qg,  t h e n  x / s  = g / t  f o r  some
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g e  Q. I t  f o l l o w s  t h a t  t h e r e  e x i s t s  s '  e  S s u c h  t h a t  

s ' ( t x  - s g )  = 0.  Thus  s ' t x  = s ' s g  e  Q. Q i s  a p r i m e  i d e a l  

a nd  s ' t  ^  Q, so X e  Q, a c o n t r a d i c t i o n .  Thus ,  x / s  ^  Qg and  

h e n c e  Pg /  Qg.

We su mmar ize  Lemma 2 . 4 ,  Lemma 2 . S  and  Lemma 2 . 6  a s

f o l l o w s .

Theorem 2 . 7 : T h e r e  i s  a n  o r d e r  p r e s e r v i n g  b i j e c t i o n  b e t w e e n

t h e  s e t  o f  a l l  p r i m e  i d e a l s  o f  Rg and  t h e  s e t  o f  a l l  p r i m e  

i d e a l s  o f  R d i s j o i n t  f r om  S.

C o r o l l a r y  2 . 8 : T h e r e  i s  a b i j e c t i o n  b e t w e e n  t h e  s e t  o f  a l l

maximal  i d e a l s  o f  Rg and  t h e  s e t  o f  a l l  maximal  p r i m e  i d e a l s  

o f  R d i s j o i n t  f rom S.

P r o o f  : The map a d e f i n e d  by s e n d i n g  maximal  p r i m e  i d e a l s

P o f  R d i s j o i n t  f rom S o n t o  Pg i s  t h e  d e s i r e d  b i j e c t i o n .

C o r o l l a r y  2 . 8  p l a y s  a v e r y  i m p o r t a n t  r o l e  i n  C h a p t e r

V.



CHAPTER I I I

FINITE-FIBERED COVERING SPACES

L e t  X a n d  Y be  two l o c a l l y  c o m pa c t  H a u s d o r f f  s p a c e s .  

I n  t h i s  c h a p t e r  we g i v e  t h e  a l g e b r a i c  n e c e s s a r y  c o n d i t i o n s  

f o r  Y t o  b e  a f i n i t e - f i b e r e d  c o v e r i n g  s p a c e  o f  X. F i r s t  

r e c a l l  :

D e f i n i t i o n  3 . 1 : L e t  p be  a c o n t i n u o u s  f u n c t i o n  f rom a t o p o 

l o g i c a l  s p a c e  Y o n t o  a s p a c e  X. I f  e a c h  x e  X h a s  an  o p e n  

n e i g h b o r h o o d  s u c h  t h a t  p i s  a f i n i t e  d i s j o i n t  u n i o n

o f  o p en  s e t s  U, e a c h  o f  w h i c h  i s  homeomorphic  t o  u n d e r  

t h e  map p l y ,  t h e n  p i s  c a l l e d  a c o v e r i n g  p r o j e c t i o n  w i t h  

f i n i t e  f i b e r s , X i s  c a l l e d  t h e  b a s e  s p a c e , and  Y i s  a f i n i t e - 

f i b e r e d  c o v e r i n g  s p a c e  o f  X.

T h r o u g h o u t  t h i s  c h a p t e r  X d e n o t e s  t h e  b a s e  s p a c e ,

Y a f i n i t e - f i b e r e d  c o v e r i n g  s p a c e  o f  X and  p a c o v e r i n g  

p r o j e c t i o n  f ro m Y o n t o  X.

Lemma 5 . 2 : p i s  an  o pen  map.

P r o o f  : [S ,  p .  6 3 ] .

Lemma 5 . 3 : Y i s  a H a u s d o r f f  s p a c e  i f  X i s .

16
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P r o o f  : L e t  y and  z be  two d i s t i n c t  p o i n t s  i n  Y. I t  i s  c l e a r

t h a t  y a n d  z c a n  be  s e p a r a t e d  by o p e n  s e t s  i n  Y i f  p ( y )

^ p C z ) .  Now s u p p o s e  t h a t  p ( y )  = p ( z )  = x .  T h e r e  e x i s t s
-1  ^a n  o p e n  n e i g h b o r h o o d  U o f  x s u c h  t h a t  p (U„) = . y  U.

X X 1— X 1

whe r e  i s  o pen  i n  Y, n û . = 0  f o r  i  j  and
-1u n d e r  t h e  map p | ^  . S i n c e  y  E p , y g f o r  some i .

S i m i l a r l y ,  z e  U. f o r  some j .  S i n c e  y  f  z and  U. = U , y
J I X

an d  z c a n n o t  be  i n  t h e  same U^. n  = 0 i m p l i e s  t h a t

Y i s  H a u s d o r f f .

I f  we assume f u r t h e r  t h a t  X an d  Y b o t h  a r e  l o c a l l y  

c om p a c t  H a u s d o r f f  s p a c e s ,  t h e n  p h a s  a d d i t i o n a l  p r o p e r t i e s .

Lemma 5 . 4 : p i s  a c l o s e d  map.

P r o o f  : L e t  F be  a c l o s e d  s e t  i n  Y and  x e  X - p ( F ) .  Then

t h e r e  e x i s t s  an  open  n e i g h b o r h o o d  U o f  x s u c h  t h a t  
-1 "p (U^) = U^,  w h er e  a r e  o p e n ,  n = 0  f o r  i  ^ j

a n d  u n d e r  p | ^  . L e t  p ‘ ^ ( x )  = {y^ ,  y ^ ,  • • • ,  y^}

and  y^ e  U^. Then ,  f o r  e a c h  y ^ ,  t h e r e  e x i s t s  an  o p e n  n e i g h 

b o r h o o d  U o f  y .  s u c h  t h a t  U n F = 0 s i n c e  Y i s  r e g u l a r .
Yi 1 7 i

F or  e a c h  i ,  l e t  V. = U n U . .  Then V. i s  o p e n ,  y .  G V.l y ^ i  1 ^
n F = 0 a nd  n V. = 0 f o r  i  /  j .  By Lemma 3 . 2 ,  p ( v . )

 ̂ n ^
i s  o pen  i n  X and  x s  p f V^)  f o r  a l l  i .  Thus  x s  p ( V \ )

= V and  V i s  open .  C l e a r l y ,  V c  and  h e n c e  p ^ (V)

= p ' l ( V )  n p ' ^ ( U ^ )  = p ' ^ ( V )  n ( . y ^  u.)  = ( p ‘ ^(V)  n  U- ) .

F o r  e a c h  i  = 1,  2, • • • , n ,  i f  w e  p  ̂ (V) n U , t h e n  w G

a n d  p(w)  G p ( V \ )  c  . S i n c e  i s  ho meomo rp hi c  t o  U^,

w G . Thus p ^(V) n  c  f o r  a l l  i .  Hence
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. -1  *p (V) = (p -"(V) n  U^) c  ^y^ v ^ .  We c l a i m  t h a t  V n  p ( F )

= 0 ,  L e t  z e  V n p ( F ) .  S i n c e  z E p ( F ) ,  t h e r e  e x i s t s  y  e  F
-1 - ]s u c h  t h a t  p ( y )  = z . S i n c e  z e  V, y s  p (z )  c  p (V) a n d

n n
h e n c e  y e  . u  v . . Thus  . y  y .  n F ^ 0 ,  a c o n t r a d i c t i o n .1—1 1 1—1 1
So V n p ( F )  = 0 w h i c h  i m p l i e s  t h a t  X - p ( F )  i s  o p e n .  Thus  

p ( F )  i s  c l o s e d .

Lemma 3 . 5 : p i s  a p r o p e r  map.

P r o o f  : L e t  y e  Y. By d e f i n i t i o n  o f  p ,  p ^Cy) i s  f i n i t e

and h e n c e  i t  i s  c o m p a c t ,  p i s  a c l o s e d .  Thus p i s  a  p r o p e r  

map [B2,  Theorem 1 ,  p .  1 0 1 ] .

We n e e d  t h e  n e x t  lemma n o t  o n l y  f o r  p r o v i n g  Theorem

3 . 7 ,  b u t  a l s o  f o r  l a t e r  u s e .

Lemma 3 . 6 : L e t  A a n d  B be two l o c a l l y  c omp ac t  H a u s d o r f f

s p a c e s .  S uppose  q :  A -j- B i s  a p r o p e r  map.  Then q i n d u c e s  

a C - a l g e b r a  homomorphism q* f ro m C^(B) i n t o  C^ ( A) .

P r o o f  : D e f i n e  q* : C^fB) -> C^(A] by q* ( f  ) = f ° q .  We show

t h a t  q* i s  w e l l - d e f i n e d .  L e t  f  g C^(B) and e > 0.  Then 

t h e r e  e x i s t s  a c o m p a c t  s u b s e t  K o f  B s uc h  t h a t  | f ( b ) |  < e 

f o r  b E B - K. S i n c e  q i s  a p r o p e r  map, q i s  a com

p a c t  s u b s e t  o f  A [B2,  P r o p o s i t i o n  7,  p .  1 0 4 ] .  L e t  a  E A 

- q ^ ( K ) .  Then q ( a )  ^ K an d  h e n c e  [ f o q ( a ) |  = | f ( q C a ) ) |  < e.  

T h e r e f o r e  f op  i s  i n  C ^ ( Y ) .  C l e a r l y ,  q* i s  a C - a l g e b r a  homo

m or ph i sm

Theorem 3 . 7 : The c o v e r i n g  p r o j e c t i o n  p i n d u c e s  a C - a l g e b r a

monomorphism p* f rom C^(X) i n t o  C^(Y) .
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P r o o f  : Bec ause  o f  Lemma 3 . 5  a n d  Lemma 3 . 6  we n e e d  o n l y  t o

show t h e  map p* : C^(X) d e f i n e d  by  p * ( f )  = f ° p  i s

i n j e c t i v e .  S uppose  f o p  = 0.  S i n c e  p i s  s u r j e c t i v e ,  f o r  

e a c h  X e  X t h e r e  e x i s t s  y  e  Y s u c h  t h a t  p ( y )  = x .  Thus

f ( x )  = f ( p ( y ) )  = f ° p ( y )  = 0.  p* i s  i n j e c t i v e .

I f  f  E Cg( X) ,  we l e t  f *  d e n o t e  t h e  i mage  o f  f  u n d e r  

p * .  N o t e  t h a t  i f  f  i s  n o t  t h e  z e r o  map,  t h e n  f  i s  a n on -  

n i l p o t e n t  e l e m e n t  i n  C^CXj and  f * i s  a  n o n - n i l p o t e n t  e l e m e n t  

i n  Cq (Y) s i n c e  p* i s  i n j e c t i v e .  Thus  C^CX)^ a n d  C^(Y)^* 

[ C h a p t e r  I I ]  a r e  two c o m m u t a t i v e  C - a l g e b r a s  w i t h  i d e n t i t y .

The f o l l o w i n g  t h e o r e m  g i v e s  t h e  a l g e b r a i c  n e c e s s a r y  c o n d i 

t i o n s  f o r  a l o c a l l y  c ompac t  H a u s d o r f f  s p a c e  t o  b e  a f i n i t e -  

f i b e r e d  c o v e r i n g  s p a c e  o f  a l o c a l l y  c o m pa c t  H a u s d o r f f  s p a c e .

Theorem 3 . 8 : L e t  X and  Y be two l o c a l l y  c o m p a c t  H a u s d o r f f

s p a c e s .  I f  Y i s  a f i n i t c - f i b e r e d  c o v e r i n g  s p a c e  o f  X, t h e n

( i )  f o r  e a c h  r e g u l a r  max i ma l  i d e a l  N o f  C^CX) t h e r e  i s  an 

f  6 Cg(X] - N a n d  a p o s i t i v e  i n t e g e r  n s u c h  t h a t  X - Z [ f )  

c  F,  a comp ac t  s u b s e t  o f  X, and  Cg(Y)^* = a p r o d u c t

a s  r i n g s  o f  n c o p i e s  o f  and  ( i i )  no r e g u l a r  maximal

i d e a l  o f  C^(Y) c o n t a i n s  a l l  f * ,  whe r e  f  s a t i s f i e s  ( i ) .

P r o o f  : ( i )  Le t  N be a r e g u l a r  maxi mal  i d e a l  o f  C^CX). By

Lemma 1 . 1 0 ,  t h e r e  e x i s t s  x e  X sucl i  t h a t  N = N^.  S i n c e  Y

i s  a f i n i t e - f i b e r e d  c o v e r i n g  s p a c e  o f  X, t h e r e  e x i s t s  an
-1 nopen  n e i g h b o r h o o d  U_ o f  x s u c h  t h a t  p (U_) = . y ,  U. wh er e

X X 1—1 1

U a r e  o p e n ,  OL n Uj = ^ f o r  i  /  j  and  u n d e r  p | ^ .

S i n c e  X i s  l o c a l l y  c o m p a c t ,  t h e r e  e x i s t s  a c o m p a c t  s u b s e t
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F o f  X s u c h  t h a t  x G i n t ( F )  £  F c  u ^ .  S i n c e  X i s  a l s o  com

p l e t e l y  r e g u l a r ,  t h e r e  e x i s t s  a f  e  C^CX) s u c h  t h a t  x e  W

= X - Z ( f )  c  i n t ( F )  £  F c  u . Then f  f  and p ' ^ (W)  
n  X X

= w h e r e  a r e  o p e n ,  n  = * f o r  i  j

and  W. = W u n d e r  p L, . F u r t h e r m o r e ,  l e t  W be t h e  c l o s u r e
i

o f  W i n  X, t h e  c l o s u r e  o f  i n  Y, b d r y  W t h e  b o u n d a r y

o f  W and b d r y  W- t h e  b o u n d a r y  o f  W . . Then we have  p
n ^

= .y-, W. , iv. n iv = 0 f o r  i  j a n d  W. = W u n d e r  p | „
1 j  n  ^ ^ i

and  p ( b d r y  W) = ( b d r y  W^) , ( b d r y  W^) n ( b d ry  Ŵ 3 = <j>

f o r  i  ^ j  and  b d r y  = b d r y  W u n d e r  t h e  map p | ^  . Le t

f ^ ,  i  = 1 ,  2,  , n ,  be  s u c h  t h a t

f f * ( y )  i f  y  e  W.
f i ( y )  =

(0 i f  y e  Y -

Then c l e a r l y ,  f ^  e  CQ(Y] f o r  e a c h  i .  L e t  e^ = f \ / f * .  Then

®i ^  Co(Y)g* .

C la i m 1: e^Oj = 0 f o r  i   ̂ j .

I f  y ^ W^, t h e n  f \ ( y )  = 0 .  I f  y  ^ Ŵ. , t h e n  f \ ( y )  = 0.

S i n c e  n  = 0 ,  X - u  X - = Y. Thus  f * ( f j ^ f j ) ( y )

= 0 f o r  a l l  y  e  Y. Hence  f ^ / f * * f j / f *  = 0 ,  i . e . ,  e^e^. = 0.

C la im  2: e ,  + e« + • • • + e = f * / f * .
n ^

I f  y E Wj, , t h e n  y i s  i n  one  and  o n l y  one  W^. Thus

£ * ( f * f ^  + ^ *** ^ f * f ^  - f * f * 3  (y)

= f * ( y ) ( f * ( y ) f i ( y )  - f * ( y ) f * ( y ) 3

= f * ( y ) ( f * ( y ) £ * (y)  - f * ( y ) f * ( y ) )  = 0.
n

I f  y ^  t h e n  £* (y)  = f ( p ( y ) )  = 0 s i n c e  p ( y )  f  W.

Thus f o r  any y e  Y, £ * ( £ * f ^  + £ * £ 2  + • • •  + f * f ^  - £*£*)  = 0,
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H e n c e ,  + 62  + = 0.  By C l a i m  1 and  C l a i m 2 we

h a v e  C^ (Y) £jĵ  -  e ^ .

C l a i m  3:  C^( X) ^  = C^CY^^^ ' e^  f o r  e a c h  i .

D e f i n e  a map a :  CgCX)^ ^  C ^ f Y ^ ^ ^ ' e ^  by  a ( h / f ^ )  = h * / f * ^ - e £ .

a i s  w e l l - d e f i n e d .  For  i f  h / f ^  = k / f ^ ,  t h e n  t h e r e  e x i s t s

f ^  s u c h  t h a t  f%Chf^ - k f * )  = 0 .  Th u s  f ( h * f * ^ ^ ^ f ^  - 

= 0 and  h e n c e  h * / f * ^ - f £ / f *  = k * / f * ^ - f ^ / f * . 

C l e a r l y ,  a i s  a  C - a l g e b r a  homomorph i sm.  a i s  i n j e c t i v e .

F o r  i f  h * / f * ^ * e £  = h * / f * ^ « f £ / f *  = 0 ,  t h e n  t h e r e  e x i s t s  f * ^  

s u c h  t h a t  f * ^ h * f ^  = 0.  L e t  x e  W. Then t h e r e  e x i s t s  

y  E s u c h  t h a t  pCy) = x .  Th us  f ^ * ^ ( x ) h ( x )  = f ^ ( x j h ( x ) f ( x )  

= f ’̂ ( p ( y ) ) h ( p ( y ) ) f C p ( y ) )  = f * ^ ( y ) h * ( y j f ^ C y j  = 0 . i f  x 2 iv,

t h e n  f ( x )  = 0.  Thus f ^ ^ ^ h ( x )  = 0 f o r  a l l  x E X. T h e r e f o r e ,  

h / f ^  = 0.  We show n e x t  t h a t  a i s  a l s o  s u r j e c t i v e :  L e t

g / f * * - e .  = g / f * * . f i / f *  = g f . / f * * + l  E C ^ ( Y ) £ ^ . 6 £ .  Then

' g ( y ) f * ( y )  i f  y e  w^

1 ' ' -  |_0 i f  y E Y -

S i n c e  Ŵ  = W, t h e r e  e x i s t s  a f u n c t i o n  h e  C^(X) s u c h  t h a t

= S ^ i l w .  = g f * l%  • c l a i m  t h a t  a ( h / f " ^ l )  = g / f ^ ^ - e ^ ,

i . e .  h * / f * ^ ^ ^ » e £  = f / f ^ ^ - e ^ ;  f o r  i f  y e  Y - W^, t h e n  f^Cy)

= 0.  Thus

f * ( f * n + l h * f ^  - = 0.

I f  y  E w^,  t h e n  h * ( y )  = g f^Cy)  = g f * ( y ) .  Thus  

f * ( f * " * l h * f i  - f * * * 2 g f i ) ( y )

= f * C y ) ( f * ^ * ^ C y ) g ( y )  - f * " * ^ ( y ) g C y ) ]  = 0.
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Hence  £ * ( £ * ^ ^ ^ h * f ^  - £ * ^ ^ ^ g £ ^ ) (y) = 0 £ o r  a l l  y ,  i . e .  

h * / £ * ^  = g / f * ^ - e ^ .  T h e r e £ o r e ,  a i s  s u r j e c t i v e .  By

C l a i m  3 we h a v e  C^(Y)^*  = CC^CX]^)^.

( i i )  L e t  M be  a r e g u l a r  max i mal  i d e a l  o£ C ^ ( Y ) .  T h e n ,  by  

Lemma 1 . 1 0 ,  t h e r e  e x i s t s  y  e  Y s u c h  t h a t  M = M^. S i n c e  

My n p * ( C ^ ( X ) )  = Np^yj  = {g e  C^CX) | g C p ( y ) )  = 0} i s  a  r e g 

u l a r  ma x i ma l  i d e a l  o£ C ^ f X ) ,  t h e r e  e x i s t s  £  ^  ( y )  s a t i s 

f y i n g  ( i )  . S i n c e  £ ^  ^ p ( y ) >  t h e n  £* ^  M n p ( C ^ C X ) ) .  But  

£* e  p ( C ^ ( X ) ) .  Hence  £* ^  M .



CHAPTER IV 

SEPARABLE (X)-ALGEBRAS

L e t  S be  a c o m m u t a t i v e  C - a l g e b r a  w i t h o u t  i d e n t i t y .  

R e c a l l  t h a t  S i s  a ( X ) - a l g e b r a  i f  t h e r e  e x i s t s  a  C - a l g e b r a  

homomorphism 0: C^(X) S,  S i s  a ( X ) - a l g e b r a  e x t e n s i o n

i f  e i s  i n j e c t i v e  a nd  f o r  s i m p l i c i t y  we r e g a r d  C^CX) a s  a 

C - s u b a l g e b r a  o f  S.  S i s  a s e p a r a b l e  C X ) - a l g e b r a  e x t e n s i o n  

i f  S i s  a  ( X ) - a l g e b r a  e x t e n s i o n  and  s a t i s f i e s ;  ( i )  f o r  

e a c h  r e g u l a r  max i mal  i d e a l  N o f  C^CX) t h e r e  e x i s t s  f  e  (X)

- N and a p o s i t i v e  i n t e g e r  n s u c h  t h a t  X - Z ( f )  c  F,  a com

p a c t  s u b s e t  o f  X, an d  S^ = a p r o d u c t  a s  r i n g s

o f  n c o p i e s  o f  C^CXj^,  and  ( i i )  no r e g u l a r  maximal  i d e a l

o f  S c o n t a i n s  a l l  f  w h e r e  f  s a t i s f i e s  ( i ) . Theorem 3 . 8  

p r o v e s  t h a t  i f  Y an d  X a r e  two l o c a l l y  compact  H a u s d o r f f  

s p a c e s  and  Y i s  a f i n i t e - f i b e r e d  c o v e r i n g  o f  X, t h e n  C^(Y) 

i s  a  s e p a r a b l e  C^CX) e x t e n s i o n .  I n  t h i s  c h a p t e r  we f i r s t  

d e a l  w i t h  t h e  c o n v e r s e  q u e s t i o n :  I s  Y a f i n i t e - f i b e r e d

c o v e r i n g  s p a c e  o f  X i f  C^CY) i s  a s e p a r a b l e  ( X ) - a l g e b r a  

e x t e n s i o n ?  We p r o v e  t h a t  t h e  a n s w e r  i s  p o s i t i v e  by s ho wi n g  

a s t r o n g  v e r s i o n  o f  t h i s  q u e s t i o n :  I f  S i s  a s e p a r a b l e

( X ) - a l g e b r a  e x t e n s i o n ,  t h e n  t h e  s t r u c t u r e  s p a c e  Rm S o f  

S i s  a f i n i t e - f i b e r e d  c o v e r i n g  s p a c e  o f  X. S i n c e
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Rm Cg(Y) = Y (Theorem 1 . 1 2 ) ,  t h e  c o n v e r s e  o f  Theorem 3 . 8  

f o l l o w s  i m m e d i a t e l y .

T h r o u g h o u t  t h e  f o l l o w i n g  lemmas S d e n o t e s  a s e p a r 

a b l e  ( X ) - a l g e b r a  e x t e n s i o n .

Lemma 4 . 1 : I f  M i s  a r e g u l a r  m a x i m a l  i d e a l  o f  S,  t h e n

MriCg(X)  = N i s  a r e g u l a r  maxi mal  i d e a l  o f  C ^ ( X ) .

P r o o f  : L e t  8 : Cg(X) ^  S be  t h e  i n j e c t i v e  C - a l g e b r a  homo

m o r p h i s m .  C l e a r l y ,  t h e  map 6 : C^CX) = C(X) S d e f i n e d

by 8 ( k , f )  = ( k ,  8 ( f ) )  i s  an  i n j e c t i v e  C - a l g e b r a  homomorphism

and  we h a v e  t h e  f o l l o w i n g  c o m m u t a t i v e  d i a g r a m :

5-------► s

C(X) ------- --------  ̂ S

M i s  a r e g u l a r  maximal  i d e a l ,  so by  Lemma 1 . 4 ,  t h e r e  e x i s t s  

a m a x i m a l  i d e a l  M ^ S o f  S s u c h  t h a t  M n  S = M. C l e a r l y ,

M C (X) i s  a p r i m e  i d e a l  o f  C(X) .  S u p p o s e  M n C (X) c  C^(X) 

Then M C(X) c o n t a i n s  a l l  c o n t i n u o u s  f u n c t i o n s  i n  C(X) 

v a n i s h i n g  a t  a n e i g h b o r h o o d  o f  i n f i n i t y  [GJ ,  p .  6 2 ] .  S i n c e

M n c(X) n  s  c  M n C (X) c  M n s  = M, M c o n t a i n s  a l l  c o n 

t i n u o u s  f u n c t i o n s  i n  C(X) v a n i s h i n g  a t  a n e i g h b o r h o o d  o f  

i n f i n i t y , i n  p a r t i c u l a r  a l l  f  s a t i s f y i n g  ( i )  , a c o n t r a d i c t i o n .  

Hence  M n c(X)  f  C^(X) .  By Lemma 1 . 3 ,  M n C (X) n C (X)

= M n  Cg(X) i s  a r e g u l a r  i d e a l  o f  C ^ ( X ) .  But  N = M n C^(X)

= M n  s  Cg(X) = M n C^( X) ,  so N i s  a r e g u l a r  i d e a l  and 

h e n c e  i s  c o n t a i n e d  i n  a r e g u l a r  max imal  i d e a l  N ' o f  C^(X) .
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S i n c e  S i s  a  s e p a r a b l e  ( X ) - a l g e b r a , t h e r e  e x i s t s  £ e  Cg(X) 

- N'  s u c h  t h a t  = (C^CX)^)^ .  S i n c e  f ^ N ' ,  f ^ N  = M 

n ( X ) . Thus  f  ^  M. By C o r o l l a r y  2 . 8 ,  i s  a  ma x i ma l  

i d e a l  o f  C ^ ( X ) ^ .  S i n c e  S^ i s  i n t e g r a l  o v e r  C ^( X )£ ,  

n  C ^( X )£  i s  a  max ima l  i d e a l  o f  C^(X)£.  But  M£ n C^ (X )£

= (M n C ^ ( X ) ) £  = N£. Thus  N£ i s  a maxi mal  i d e a l  o f  C ^( X )£ .  

By C o r o l l a r y  2 . 8 ,  N i s  a  max i mal  p r i m e  i d e a l  o f  (X) d i s 

j o i n t  f r om  { f ’̂ j n  > 1}.  But  N c  N ' ,  f  0  N' a n d  N ’ i s  a p r i m e  

i d e a l  o f  C ^ ( X ) . T h u s ,  by t h e  m a x i m a l i t y  o f  N, N = N ' .

Hence  M n  C^(X) = N i s  a  r e g u l a r  maximal  i d e a l .

We w o u l d  l i k e  t o  know w h e t h e r  o r  n o t  t h e  r e g u l a r  

max ima l  i d e a l s  o f  C^(X) a r e  c o n t r a c t i o n s  o f  t h e  r e g u l a r  

max i ma l  i d e a l s  o f  S.  The f o l l o w i n g  lemma a n s w e r s  t h i s  

q u e s t i o n .

Lemma 4 . 2 : I f  N i s  a  r e g u l a r  maximal  i d e a l  o f  C^CX),  t h e n

t h e r e  e x i s t s  a r e g u l a r  max imal  i d e a l  M o f  S s u c h  t h a t  

N = M n  c^CXj .

P r o o f  : By a s s u m p t i o n ,  t h e r e  e x i s t s  f  e  C^(X) - N s u c h  t h a t

X - Z ( f ) c  F,  a  c om p a c t  s u b s e t  o f  X and  S£ = ( C ^ ( X ) £ ) ’̂ .

By C o r o l l a r y  2 . 8 ,  N£ i s  a max imal  i d e a l  o f  C^ ( X ) £ .  By C o r o l 

l a r y  2 . 8  t o g e t h e r  w i t h  t h e  f a c t  t h a t  S£ i s  i n t e g r a l  o v e r  

Cg ( X) £ ,  we h a v e  a max i ma l  p r i m e  i d e a l  M’ o f  S d i s j o i n t  f rom 

{ f ^ | N  > 1} s u c h  t h a t  M£ ri C^( X) £  = N£. But  M£ n C^ (X) £

= (M' n Cq ( X ) ) £  = N£. Thus M’ n Cq (X) = N (Theorem 2 . 7 ) .

We now show t h a t  M' i s  a r e g u l a r  i d e a l .  S i n c e  M' i s  a p r i m e  

i d e a l  d i s j o i n t  f rom { f ^ l n  > 1} ,  M' i s  an  i d e a l  o f  S d i s j o i n t
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f r o m { f ^ | n  > 1 } .  Thus  t h e r e  e x i s t s  a  max imal  p r i m e  i d e a l  

M o f  S s u c h  t h a t  M' C M  a nd  M n  { f ’̂ | n >  1} = 0 .  I f  M c  S,  

t h e n  M n C(X) c  S n  C(X) = C ^ ( X ) .  M n  C(X) i s  a  p r i m e  i d e a l

o f  C (X ) ,  so f  e  M n C(X) [GJ ,  p .  6 2 ] ,  a  c o n t r a d i c t i o n .

Thus  M # S. By Lemma 1 . 3 ,  M n  S i s  a  r e g u l a r  p r i m e  i d e a l

o f  S.  S i n c e  M* c  M n S ,  f ^ M n s  a n d  M' i s  a max i mal  p r i m e

i d e a l  d i s j o i n t  f rom { f ^ | n  > 1 } ,  M' = M n S and  h e n c e  M' i s  

a  r e g u l a r  i d e a l  o f  S.  By Lemma 1 . 2 ,  M' i s  c o n t a i n e d  i n  a 

r e g u l a r  maximal  i d e a l  M o f  S.  Thus N = M' n (X) c  M 

n  Cq(X) i s  an  i d e a l  o f  (X) a n d  N i s  a maxi mal  i d e a l  o f  

Cq(X) ,  N = M n  C (X) o r  M n  C^fX) = C (X) .  I f  M n C (X)

= C ^( X ) ,  t h e n  C^(X) c  M, a c o n t r a d i c t i o n .  Thus  N = M C ^( X) .

The n e x t  lemma shows t h a t  t h e  o n l y  maximal  i d e a l s  o f  

S w h i c h  c o n t r a c t  t o  r e g u l a r  max i ma l  i d e a l s  o f  C^(X) a r e  

t h e  r e g u l a r  max i ma l  i d e a l s  o f  S .  We n e e d  i t  f o r  l a t e r  u s e .

Lemma 4 . 3 : L e t  f  c  C^CX) s a t i s f y  ( i )  a n d  M be  a maxi mal  

p r i m e  i d e a l  o f  S d i s j o i n t  f r o m  { f ^ | n  > 1} .  Then M n C^(X) 

i s  a r e g u l a r  maximal  i d e a l  o f  C^CX) i f  a n d  o n l y  i f  M i s  a 

r e g u l a r  maximal  i d e a l  o f  S.

P r o o f  : The s u f f i c i e n t  c o n d i t i o n  f o l l o w s  f rom Lemma 4 . 1 .

We p r o v e  t h e  n e c e s s a r y  c o n d i t i o n .  S i n c e  M i s  a  p r i m e  i d e a l  

o f  S d i s j o i n t  f r o m { f ^ | n  > 1 } ,  M i s  a n  i d e a l  o f  S d i s j o i n t  

f r o m  { f ^ | n  ^  1} .  T h e r e  e x i s t s  a max i mal  p r i m e  i d e a l  P o f  

S c o n t a i n i n g  M w i t h  ^  P f o r  a l l  n > 1 .  S i s  a c o m m u t a t i v e  

r i n g  w i t h  i d e n t i t y ,  so  P i s  c o n t a i n e d  i n  a maximal  i d e a l  

o f  S.  I f  P c  S,  t h e n  P n  C(X) c  S n C(X) = C (X) .  C l e a r l y ,
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P n C(X) i s  a  p r i m e  i d e a l  o f  C( X) ,  so  f  e  p n C(X) [GJ,  

p .  6 2 ] ,  a c o n t r a d i c t i o n .  H e n c e ,  P c  M, M max i ma l  i d e a l  

o f  S n o t  e q u a l  t o  S.  We n e x t  show t h a t  P i s  a c t u a l l y  e q u a l

t o  M. I f  P c  M, t h e n  f ^  e  M a nd  h e n c e  P n S c  M n S.  S i n c e

P n S i s  a  p r i m e  i d e a l  o f  S d i s j o i n t  f rom { f ^ | n  ^ 1 }  a n d  

M c p n S , M = P n s c M n S .  Thus M n C^(X) c  (M n  S) 

n  C^(X) s i n c e  f ^  e  M n C (X) an d  f ^  ^  (M n S) n  C ( X ) .  I f  

( M H S )  n C^(X) = C g( X ) ,  t h e n  C^(X) c  M n S w h i c h  i s  a  r e g 

u l a r  ma x i ma l  i d e a l  o f  S (Lemma 1 . 3 ) ,  a c o n t r a d i c t i o n .  Hence  

(M n s )  n Cg(X) i s  a  p r o p e r  i d e a l  o f  C^(X) c o n t a i n i n g  M 

n Cg( X) .  But  t h a t  c o n t r a d i c t s  t h e  a s s u m p t i o n  t h a t  M n C^(X) 

i s  a  r e g u l a r  m a x im a l  i d e a l  o f  C^CX).  Thus  P = M, i . e . ,  P

i s  a r e g u l a r  max ima l  i d e a l  o f  S n o t  e q u a l  t o  S.  Now s i n c e

M c  p and f ^  ^  P,  M c  P n  s and  f ^  ^ P n  S.  By t h e  m a x i 

m a l i t y  o f  M a n d  t h e  f a c t  t h a t  P n s i s  a  r e g u l a r  max imal  

i d e a l  o f  S,  we c o n c l u d e  t h a t  M = P n S an d  h e n c e  M i s  a 

r e g u l a r  max ima l  i d e a l  o f  S.

Lemma 4 . 4 : T h e r e  i s  a  c o n t i n u o u s  open map f r o m  t h e  s t r u c 

t u r e  s p a c e  Rm S o n t o  X.

P r o o f  : By The orem 1 . 1 2 ,  X i s  homeomorphic  t o  Rm C ^( X ) .

Hence  i t  i s  s u f f i c i e n t  t o  show t h e r e  i s  a c o n t i n u o u s  o p en  

map f r o m  Rm S o n t o  Rm C^(X). By Lemma 4 . 1  a n d  Lemma 4 . 2 ,  

t h e  map p:  Rm S ^ Rm C^(X) d e f i n e d  by p(M) = M n C^CX) i s

w e l l - d e f i n e d  a n d  s u r j e c t i v e .  We f i r s t  show t h a t  p i s  c o n 

t i n u o u s .  L e t  a  G C^(X) and  = {N e  Rm ( X ) ]a e  N } , a

b a s i c  c l o s e d  s e t .  Then p ^C?^)  = {M e  Rm S | a  g M} i s  a
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b a s i c  c l o s e d  s e t  o f  Rm S.  H e n c e ,  p i s  c o n t i n u o u s .  L e t

X G S a n d  = {M s  Rm S ]x ^  M} b e  a b a s i c  o pen  s e t  o f  Rm S.

We show t h a t  p(U^)  i s  o pen  i n  Rm ( X ) . L e t  N e  p(U^)  and  

M G s u c h  t h a t  M n (X) = N. S i n c e  S i s  a  s e p a r a b l e  

Cq ( X ) - a l g e b r a  e x t e n s i o n ,  t h e r e  e x i s t s  f  e  Cg(X) - N s u c h  

t h a t  S£ = S i n c e  f  0  N = C^(X) n  M and M i s  a

r e g u l a r  ma x i ma l  i d e a l  o f  S,  M i s  a  max ima l  p r i m e  i d e a l  o f

S d i s j o i n t  f r om  { f ^ | n  > 1} .  By C o r o l l a r y  2 . 8 ,  i s  a m a x i 

mal  i d e a l  o f  S^.  S i n c e  n  C^CX)^ = (M n C ^ ( X ) ) £  = N£ and  

S f  = £§£ CqCX)£,  M£ = C^( X) £  © C ^ ( X) £  © . . .  © N£ © . . .  © C^(X)£ 

w h e r e  N£ i s  on t h e  i ' t h  c o m p o n e n t .  S i n c e  x e  S - M, x / f

= ( r ^ / f ^ i ,  r g / f ^ z ,  . . . ,  r % / f  —  r ^ / f  g S£ - #£  whe r e

^ i  ^  C^CX),  t £  p o s i t i v e  i n t e g e r ,  i  = 1,  2,  . . . ,  n .  Thus

r ^ / f  ^ ^  N£ an d  h en ce  r ^  ^ N. L e t  V = {N' e  Rm C ^C X ) [ f r ^

f  N ' }. S i n c e  V i s  open  i n  Rm C ^^ X j ,  we c o m p l e t e  t h e  p r o o f

i f  we c a n  show N e V c  p ( u ^ ) .  C l e a r l y ,  N e  V. L e t  N' e  V.

Then f r ^  ^  N ' .  S i n c e  N' i s  an  i d e a l  o f  C ^ ( X ) , f  ^ N'  and

r ^  ^  N*.  By C o r o l l a r y  2 . 8 ,  f  ^  N'  i m p l i e s  N£ i s  a maximal
n

i d e a l  o f  C^ (X) £ .  S i n c e  S£ = C ^ ( X ) £ ,  I = C^ (X) £ © —

© N£ © • • •  © C^(X)£ ,  w h e r e  i s  t h e  i ’ t h  c o m p o n e n t ,  i s  a

m a x i m a l  i d e a l  o f  $£ a n d  I n C^CX)£ = N^. By C o r o l l a r y  2 . 8 ,

t h e r e  e x i s t s  a  u n i q u e  maximal  p r i m e  i d e a l  Q o f  S d i s j o i n t

f rom { f ^ | n > l }  s uch  t h a t  p£ = I .  Thus  = I n C^(X)£

= Q £  n C^( X) £  = (Q n C ^ ( X ) ) £ .  By Theorem 2 . 7 ,  N ’ = Q n C^CX).

By Lemma 4 . 3 ,  Q i s  a r e g u l a r  max i mal  i d e a l  o f  S.  B e c a u s e
.

^  N ’ i m p l i e s  r ^ / f  ^ ^ N^,  x / f  0 Q g . Thus x ^ Q and h e n c e  

Q G U^.  T h e r e f o r e ,  p(Q)  = Q n C^(X) = N ’ s  p ( U ^ ) . Hence
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N e  V ç  p ( U ^ ) .

L e t  N e  Rm C (X) and  f  €  C (X) - N be  s u c h  t h a t  o o o o
S f  = ( C ^ ( X ) f ) ^ .  L e t  V f  = {N e  Rm C^CX)[ f  ^ N} and = {M

e  Rm Si £ 0 M, Mf = C ^ ( X ) f  ffi • • •  ® Nf @ • • •  ® C ^ ( X ) f , Nf on

t h e  i ’ t h  c o m p o n e n t } ,  i  = l , 2 , * * * , n .

-1  "Lemma 4 . 5 : p (Vf)  = A^.

P r o o f  : L e t  M s  p ^ ( V f ) .  Then p(M) = M n C^(X) = N s  Vf

and h e n c e  f  Çé N = M n (X) . Thus  Mf i s  a max i ma l  i d e a l  o f

S f .  S i n c e  S f  = ( C ^ C X j f ) "  = C ^ ( X ) f ,  Mf = C^CX)f @

® I e  . . .  © C g ( X ) f ,  w h e r e  1 i s  a  ma x i ma l  i d e a l  o f  C ^ ( X ) f

and i s  on t h e  i ’ t h  c o m p o n e n t .  S i n c e  I = Mf n  C ^ ( X ) f  =

(M n C o ( X ) ) f  = N f ,  Mf = C^CX)f  © © Nf ® • • •  © C ^ ( X ) f
1 H

and h e n c e  M s  A . .  Thus  p (VrJ c  . u A . .  On t h e  o t h e r  h a n d ,^  1 ^  ̂ f  — 1=1 1 ’
i f  M s  A f ,  t h e n  M s  A^ f o r  some i .  Hence f  ^ M and 

Mf = C g( X Jf  © • • .  © Nf © . © C g ( X ) f  f o r  some N s  Vf .

But Mf n  C g ( X ) f  = (M n  C ^ ( X ) ) f  = Nf .  Hence ,  by Theorem

2 . 7 ,  M n  C^(X) = N s  V f .  Thus  M s  p ^ ( V f )  a n d  hen ce  

iWi Af £  p ( V f ) .  T h e r e f o r e ,  p ' ^ ( V f )  = .

Lemma 4 . 6 : ( i )  Each A^ i s  o p e n  i n  Rm S.

( i i )  Af n Aj = 0  f o r  i  0 j .

( i i i )  p i s  a homeomorphism f rom A^ o n t o  Vf .

P r o o f  : ( i )  L e t  M s  A ^ . Then Mf = (X) f  © . . .  © Nf © -• • •

® C g ( X ) f  w h er e  N s  Vf .  L e t  ( 0 ,  0,  • • • , f / f , 0,  * • • , 0) = a / f ^ .

S i n c e  f / f  ^  Nf ,  a / f ^  ^  Mf.  Thus  a ^  M. L e t  U = {M’ s  Rm S

I f a  ^ M ' } .  Then M G U a nd  U i s  o p e n .  We c o m p l e t e  t h e
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p r o o f  by  s ho wi n g  t h a t  U c  A^.  L e t  M' e  U. Then f a  M' 

and h e n c e  f  0 M' and  a ^  M' s i n c e  M' i s  an  i d e a l .  i s  a

maximal  i d e a l  o f  s i n c e  f  ^  M ' .  Thus  = C^(X)£  © • • •

© I  ® • • •  © Cg(X]£  where  I i s  a  ma x i ma l  i d e a l  o f  C^ (X) £  

and i s  on t h e  j ' t h  c o mp o ne n t .  By C o r o l l a r y  2 . 8 ,  t h e r e  e x i s t s  

a  max i ma l  p r i m e  i d e a l  J  o f  (X) d i s j o i n t  f r om  {f ’̂ j n  > 1}

s u c h  t h a t  j £  = I .  S i n c e  (M' n  CgCX))£ = n C^(X)£ = I

= J £ ,  M’ n Cg(X) = J .  By Lemma 4 . 1 ,  M' n  ( x ) , h e n c e  J ,

i s  a  r e g u l a r  max i mal  i d e a l  o f  (X) a n d  f  ^ J .  Thus  J  e  V£.

A l s o  a ^  M' i m p l i e s  a / f ^  = ( 0 , 0 , - • • , f / f , • • • , 0 )  ^  = C^CX)£

© • • •  © J £  © • • •  © Cg(X)£ .  Th us  J £  m u s t  b e  on t h e  i ' t h  

compo nen t  and  h e n c e  M' € A^.  T h e r e f o r e  M e  U c  A^.

( i i )  T r i v i a l .

( i i i )  C l e a r l y ,  p |  i s  a c o n t i n u o u s  b i s e c t i o n  f rom A. on t o
i  ^

Vr .  We n e e d  o n l y  t o  show t h a t  p L  i s  o p e n .  I t  f o l l o w s  f rom
i

t h e  f a c t  t h a t  p i s  an o pen  map (Lemma 4 . 4 )  and  A^ i s  an  

open s e t  o f  Rm S.

We s u mmar i ze  Lemma 4 . 4 ,  Lemma 4 . 5  a nd  Lemma 4 . 6  as

f o l l o w s  :

Theorem 4 . 7 : I f  S i s  a s e p a r a b l e  C ^ ( X ) - a l g e b r a  e x t e n s i o n ,

t h e n  t h e  s t r u c t u r e  s p a c e  Rm 8 o f  S i s  a  f i n i t e - f i b e r e d  c o v 

e r i n g  s p a c e  o f  X.

No te  t h a t ,  s i n c e  t h e  c o m p o s i t i o n  o f  two p r o p e r  maps 

i s  a a g a i n  a p r o p e r  map [B2,  p .  99] a n d  t h e  c o m p o s i t i o n  o f  

two C - a l g e b r a  homomorphisms i s  a C - a l g e b r a  homomorphi sm.
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t h e  s e t  o f  a l l  l o c a l l y  co mp ac t  H a u s d o r f f  f i n i t e - f i b e r e d  

c o v e r i n g  s p a c e s  o f  a  f i x e d  l o c a l l y  c omp ac t  s p a c e  X t o g e t h e r  

w i t h  t h e  p r o p e r  maps b e t w e e n  two c o v e r i n g  s p a c e s  w h i c h  com

mute  w i t h  c o v e r i n g  p r o j e c t i o n s ,  a n d  t h e  s e t  o f  a l l  s e p a r a b l e  

C ^ C X ) - a l g e b r a  e x t e n s i o n s  t o g e t h e r  w i t h  t h e  C - a l g e b r a  homo

morph i sms  b e t w e e n  two s e p a r a b l e  ( X ) - a l g e b r a  e x t e n s i o n s  

w h i c h  commute w i t h  ( X ) - a l g e b r a  homomorphisms f o r m two 

c a t e g o r i e s .  We p r o v e  t h a t ,  i n  t h e  s e c o n d  h a l f  o f  t h i s  c h a p 

t e r ,  t h e  map Y -> C^(Y) i s  a f u l l  and  f a i t h f u l  f u n c t o r  and  

an ex am pl e  i s  g i v e n  t o  show t h a t  t h e  f u n c t o r  i n  g e n e r a l  i s  

n o t  a c o n t r a v a r i a n t  e q u i v a l e n c e .

L e t  G d e n o t e  t h e  c a t e g o r y  o f  l o c a l l y  compact  H a u s 

d o r f f  f i n i t e - f i b e r e d  c o v e r i n g  s p a c e s  o f  a f i x e d  l o c a l l y  com

p a c t  H a u s d o r f f  s p a c e  X, and  l e t  H d e n o t e  t h e  c a t e g o r y  o f  

s e p a r a b l e  ( X ) - a l g e b r a  e x t e n s i o n s .

Theorem 4 . 8 : The map * : G H d e f i n e d  by *[Y) = C^CY) and

Cq) = q* i s  a f u l l  a n d  f a i t h f u l  c o n t r a v a r i a n t  f u n c t o r .

P r o o f  : We f i r s t  show t h a t  <j) i s  a f u n c t o r .  ( i )  L e t  Y be

an o b j e c t  i n  G.  T h e n ,  by  Theorem 3 . 8  $(Y) = i s  an

o b j e c t  i n  H.  L e t

q
Y ---------- . Z

P l \  / P2
X

be a c o m m u t a t i v e  d i a g r a m  i n  G,  whe r e  q i s  a  p r o p e r  map and 

p ^ ,  P 2 a r e  c o v e r i n g  p r o j e c t i o n s .  Then ,  by Lemma 3 . 6 ,  * ( q )  

= q* : C (X) C (Y) i s  a C - a l g e b r a  homomorphism and
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q * p | ( f )  = Cf°P2)Cq)  = f ( P 2 ° q )  = f ° P i  = p j ( f )  f o r  a l l  £ 6

C g ( X ) .  Hence  t h e  d i a g r a m

Cq ( Z ) — ^ C ^ ( Y )

c o mmu t es .  T h e r e f o r e ,  <j> (q)  = q* i s  a  morphi sm o f  G.

( i i )  S i n c e  ( l y ) * ( g )  = g o l y  = g f o r  a l l  g e  Cg ( Y) ,  * ( l y )

= ( l y ) *  = l ^ ^ y ^ .  ( i i i )  L e t  Y, Z a n d  W be i n  H a n d

q :  Y ^ Z, r :  Z ^  W be two p r o p e r  maps.  S i n c e  f o r  e a c h

g S Cg(Y) we h a v e  ( r o q ) * ( g )  = g o ( r o q )  = ( g o r )  (q)  = q * ( g o r )

= q * ( r * ( g ) ) = ( q * ° r * ) ( g ) ,  t h e n  ( r q ) *  = q * r * .  T h e r e f o r e ,

<j) ( r q )  = o ( q ) $ ( r ) .  By ( i )  , ( i i )  a n d  ( i i i )  * i s  a f u n c t o r .

N ex t  we show t h a t  (j; i s  f a i t h f u l .  L e t  q:  Y Z a n d  q ’ : Y

-> 2 b e  two p r o p e r  m ap s .  I f  q ^ q ' ,  t h e n  t h e r e  e x i s t s  a 

y  G Y s u c h  t h a t  q ( y )  f  q ’ ( y ) . S i n c e  Z i s  c o m p l e t e l y  r e g u 

l a r ,  t h e r e  e x i s t s  a c o n t i n u o u s  f u n c t i o n  h g 0 ^ ( 2 )  s u c h  t h a t  

h ( q ( y ) )  /  h ( q ' ( Y ) ) .  Thus  h ° q  f  h o q '  and h e n c e  q* f  q ' * .  

F i n a l l y ,  we show i s  f u l l .  L e t

c  ( z ) — m

A
Co(X)

be  a c o m m u t a t i v e  d i a g r a m ,  w h e r e   ̂ i s  a C - a l g e b r a  homomor

p h i s m  and  p* and p |  a r e  t h e  C - a l g e b r a  homomorphisms i n d u c e d  

by t h e  c o v e r i n g  p r o j e c t i o n s  p^ : X X and p 2 : Z -> X r e 

s p e c t i v e l y .  L e t  My be  a r e g u l a r  maxi mal  i d e a l  o f  C ^ ( Y) .
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Then e i s  an i d e a l  o f  C^(Z)  and  t h e  map 6:  C ^ ( X ) / 0  ^(M^)

-> C^(Y) /My d e f i n e d  by h + 6 -> 8 ( h )  + M̂ . i s  an  i n j e c 

t i v e  C - a l g e b r a  homomorphism.  S i n c e  C^(Y) /My = C, 0 i s  a l s o  

s u r j e c t i v e  a n d ' h e n c e  0 i s  a  C - a l g e b r a  i s o m o r p h i s m .  Thus  

C q ( Z ) / 0  ^(My) = C and h e n c e  0 ^(My) i s  a r e g u l a r  max i ma l  

i d e a l .  D e f i n e  a map a:  Rm (Y) -> Rm C^(Z)  by  a (My)

= 0 ^ ( My ) .  a i s  w e l l - d e f i n e d .

C l a i m  1:  a i s  a p r o p e r  map.  The  c o n t i n u i t y  o f  a f o l l o w s

f rom t h e  f a c t  t h a t  a ^({N g Rm C ^ ( Z ) | h  E N}) = {M E Rm C ^ ( Y ) |  

0 ( h )  E M}. N ot e  t h a t  we h a v e  t h e  f o l l o w i n g  d i a g r a m :

Rm C (Y)----- -— ^Rm C„(Z)o . /  o

Rm C (X) o

S i n c e  p^ and  p^ a r e  p r o p e r  m ap s ,  i t  i s  s u f f i c i e n t  t o  show 

t h a t  t h e  a b o v e  d i a g r a m  commut es ,  i . e . ,  p 2 °a(M ) = p^(M ) 

f o r  a l l  My E Rm C^(Y) [B2,  p .  9 9 ] .  S i n c e

f  G p^(M ) f o p ^ ( y )  = 0

( f ° P o ) C y )  = 0 ( s i n c e  0'p% = p f )
y

^  0 ( f 0 P 2 ) G M

O f o p g  E 0 " l ( M y )  

*  f  E p 2 ( 8 - l ( M y ) )

f  £ PgCafM ) )

Then p^ = PgOa.  Hence a i s  a p r o p e r  map.

C l a i m  2:  <}>(a) = 0. L e t  h E  C^(Z) a nd  y E  Y. Then
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(<j) ( a )  (h) ) (y)  = ( h o a ) ( y )  = h ( a ( y ) )  = h ( e ‘ ^ (My))  = h + e ’ ^CMy) 

= 0 ( h )  + My = 6 (h)  (y)  . Thus  # ( a ) ( h )  = 8 ( h )  and h e n c e  * ( a )

= 6 .  By c l a i m  1 and  c l a i m  2 * i s  f u l l .

N e x t ,  we g i v e  an  e x a m p l e  t o  show t h a t  4) i s  n o t  a

c o n t r a v a r i a n t  e q u i v a l e n c e .  L e t  X = [ - 1 , 1 ) ,  y = [ - 2 , 0 )  u

( 0 , 2 ]  and  p :  Y ^  X be d e f i n e d  by

i f  y e  [ - 2 , 0 )
p ( y )  =

i f  y G ( 0 , 2 ]

Then X and  Y b o t h  a r e  l o c a l l y  c om p a c t  H a u s d o r f f  s p a c e s  and  

Y i s  a c o v e r i n g  s p a c e  o f  X w i t h  f i n i t e  f i b e r s .  I f  g e  Cg(Y)

we l e t  g^ = g | [ - . 2 , o )  ®2 " § 1 ( 0 , 2 ] *  S = {g e  (Y) |

t h e r e  e x i s t s  g , -2  < B < 0 ,  s u c h  t h a t  g ^ ( y )  = g 2 ( - y )  f o r  

y G ( 6 , 0 ) } .  Then c l e a r l y  S i s  a C - a l g e b r a  ( c o m m u t a t i v e )  

w i t h o u t  i d e n t i t y ,  S c  C^(Y) and  t h e  map p* : Cg(X) -> S d e 

f i n e d  by p * ( f )  = f ° p  i s  an  i n j e c t i v e  homomorphism.  Hence 

S i s  a ( X ) - a l g e b r a  e x t e n s i o n .  L e t  X = [ - 1 , 1 ]  and  Y = 

[ - 2 , 2 ]  be t h e  one p o i n t  c o m p a c t i f i c a t i o n s  o f  X and Y r e 

s p e c t i v e l y ,  g^ = g l [ - _ 2 , o ] ’ §2 " g l [ o , 2 ]  S ^  C(Y) and

S = {g G C ( Y ) | t h e r e  e x i s t s  g , -2  <  g <  0,  s u c h  t h a t  g ^ ( y )

= g 2 ( - y )  f o r  y G ( 6 , 0 ] } .  T he n  S i s  a c o m m u t a t i v e  C - a l g e b r a  

w i t h  i d e n t i t y ,  S c  C(Y) and  S i s  i s o m o r p h i c  t o  S,  t h e  (C- 

a l g e b r a  o b t a i n e d  by a d j o i n i n g  t h e  c om pl ex  i d e n t i t y  t o  S 

u n d e r  t h e  map g -> ( g ( 0 ) ,  g - g ( 0 ) ) .  We i d e n t i f y  S w i t h  S. 

Our  f i r s t  g o a l  i s  t o  show t h a t  t h e  s t r u c t u r e  s p a c e  Rm S o f  

S i s  homeomorphic  t o  Y, and  we p r o v e  i t  by showing  t h a t  t h e  

s t r u c t u r e  s p a c e  Rm S i s  homeomorph ic  t o  Y. We b e g i n  w i t h
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t h e  f o l l o w i n g  c l a i m s .

( 4 . 9 )  E v e r y  i d e a l  o f  S i s  f i x e d  [GJ,  p .  5 4 ] .

P r o o f  : L e t  I be  a n  i d e a l  o f  S.  Then Z ( I )  = { Z ( f ) | f  e  1}

i s  a f a m i l y  o f  c l o s e d  s e t s .  L e t  f , ,  f ^ , • • • ,  f  e  I .
n .  n *

C l e a r l y ,  Z ( f - )  = Z(%? = i  I f ^ T ) .  I f  Z ( f - )  = 0 ,  t h e n

Z(%^_^ | f \ | ^ )  = 0 and  h e n c e  | f ^ | ^  i s  a u n i t  i n  S.

S i s  c l o s e d  u n d e r  t h e  c om pl ex  c o n j u g a t i o n ,  i . e .  i f  f  e  S,

t h e n  t h e  c om p le x  c o n j u g a t e  f  e  S.  S i n c e  | f \ | ^

= T? 1 f . f .  and  I i s  an  i d e a l  o f  S,  T? . I f . s  I ,  Thusi - i= l  1 1 » ^1=1 I 1 ‘

t h e  i d e n t i t y  i s  i n  I a n d  h e n c e  I = S,  a c o n t r a d i c t i o n ,  
n

Thus  Z ( f \ )   ̂ 0 .  S i n c e  Y i s  compac t  and  Z ( I )  h a s  t h e  

f i n i t e  i n t e r s e c t i o n  p r o p e r t y ,  n Z ( I )  ^ 0 ,  i . e .  I i s  a  f i x e d  

i d e a l .

( 4 . 1 0 )  N i s  a  max i mal  i d e a l  o f  S i f  and  o n l y  i f  t h e r e

e x i s t s  a y E Y s u c h  t h a t  N = = {g e  S [ g ( y )  = 0}.  F u r 

t h e r m o r e ,  Ny = S i f  and  o n l y  i f  y  = 0 and  N̂ , a r e  d i s t i n c t

f o r  d i s t i n c t  y .

P r o o f  : L e t  N b e  a maxi mal  i d e a l  o f  S.  By ( 4 . 5 )  nZ(N) f  0 .

L e t  y G n Z ( N ) . Then N c  N c  S.  S i n c e  N i s  m a x i m a l ,  N = N .— y  y
C o n v e r s e l y ,  i f  N = f o r  some y e  Y, t h e n  t h e  map y : S

C d e f i n e d  by yCg) = g ( y )  i s  c l e a r l y  a C - a l g e b r a  homomor

p h i s m  w i t h  k e r n e l  N^.  No te  t h a t  y i s  a l s o  s u r j e c t i v e .

Hence N̂ , i s  a r e g u l a r  maximal  i d e a l  o f  S.  Now f o r  t h e  s e c 

ond a s s e r t i o n ,  i f  y  = 0,  c l e a r l y  = S.  S up p os e  y ^ 0 .

L e t  <5 = j l y l  > 0.  S i n c e  Y i s  p e r f e c t l y  n o r m a l ,  t h e r e  e x i s t s  

a g E C(Y) s u c h  t h a t  Z( g)  = [ - 5 , 6 ] .  Hence g £ S a n d  g £ S,
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g ^  Ny. Thus S f  Ny. F i n a l l y ,  i f  ^ / g  /  0.  L e t
1 ^

6 = 2- niin{ l>'j  ̂1 , l y 2 I  } > 0 .  By t h e  p e r f e c t  n o r m a l i t y  o f  Y,

t h e r e  e x i s t s  a g e  C(Y) s u c h  t h a t  ZCg] = [ - 6 , 6 ]  u  {y^}.

Hence  g e  S,  g e  N and  g N . Thus N 7̂ N .
"1 ^2  ^1 y 2

( 4 . 1 1 )  m S i s  homeomorphi c  t o  Y a n d  h e n c e  Rm S i s  homeo

m o r p h i c  t o  Y.

P r o o f  : The map a :  Y m S d e f i n e d  by a (y) = N i s  a b i -

j e c t i o n  ( 4 . 1 0 ) .  S i n c e  a ( 2 ( f ) )  = { N ^ j f  e  N^} and 2 ( f )  and  

{ N y | f  e  Ny.} a r e  b a s e s  f o r  t h e  c l o s e d  s e t s  o f  Y and  m S r e 

s p e c t i v e l y ,  t h e n  a i s  a h omeo mor ph i s m.  Now, by Theorem 1 . 5 ,  

Rm 8  i s  homeomorphic  t o  m S - {5} .  But  m S - {8 } i s  homeo

m o r p h i c  t o  Y - { a ( S ) }  = Y - {0} = Y. Thus  Rm S i s  homeomor

p h i c  t o  Y.

Our s e c o n d  g o a l  i s  t o  show t h a t  S i s  a s e p a r a b l e  

( X ) - a l g e b r a  e x t e n s i o n .

( 4 . 1 2 )  S i s  a s e p a r a b l e  ( X ) - a l g e b r a  e x t e n s i o n .

P r o o f  : ( i )  L e t  N be a r e g u l a r  max ima l  i d e a l  o f  C ( X ) ,
1 °  °6 = 2 m i n { l  - x ^ ,  Xq + 1} a n d  N ( x , g )  = (x^ - 6 , x + 6 ) .  

S i n c e  X i s  p e r f e c t l y  n o r m a l ,  we c a n  c h o o s e  a f u n c t i o n  f :

X -> (C s u c h  t h a t  f ( x )  = 0 i f  a n d  o n l y  i f  x  s  x - N ( x ^ , 6 ) -  

C l e a r l y ,  p ^ ( N ( x ^ , 6 ) )  = u w h e r e  , U2 a r e  open  i n  

Y a nd  £  [ - 2 , 0 ) ,  U2 £  ( 0 , 2 ] .  D e f i n e  h^ :  Y ^ C by

f f C p ( y ) )  i f  y  e  u .
h i ( y )  =

[0  o t h e r w i s e

i  = 1 , 2 .  Then c l e a r l y ,  h^ e  s ,  i  = 1 , 2 .  Hence h ^ / f  e  s ^ .



37

i  = 1 , 2 .  S i n c e  i f  y e  u ^ ,  i  = 1 , 2 ,  t h e n

f  (p(yD)  C£C p( y) ) h^ Cy )  + £ C p ( y ) ) h 2 (y) - f  C p ( y ) ) £ C p C y ) ) )  

= £ ( p C y ) )  ( f  C p ( y ) )h ^ Cy )  - f C p ( y ) ) )

= f ( p ( y ) )  C £ ( p ( y ) ) £ ( p ( y ) )  - f  C p ( y ) ) £ ( p ( y ) ) )

=  0

a nd  i f  y #  U^,  t h e n  pCy)  ^  N ( x ^ , ô )  an d  h e n c e  fCpCy) )  = 0.

Thus C£ °P) CCf°P) h^  + ( f ° p ) h 2 - ( f o p ) ( f ° p 3 )  = 0.  Hence  

h ^ / f  + h ^ / f  = f / f .  S i n c e  i f  y  e  U^,  t h e n  h^Cy)  = 0;  i f  

y  e  U2 , t h e n  h ^ ( y )  = 0 a n d  i f  y ^  u  U2 , t h e n  f ( p C y ) )

= 0,  30 f  (p (y)  ) (hj^ ( y ] h 2 (y )  ) = 0 f o r  a i l  y .  Hence h ^ / f *  

h ^ / f  = 0.  T h e r e f o r e ,  S^ = S ^ ^ h ^ / f  ® S^«h2 / f . N e x t ,  we show 

t h a t  Cq(X)£ i s  i s o m o r p h i c  t o  S ^ - h ^ / f .  D e f i n e  a map a :

CqCX)£ -4- S f ' h ^ / f  by  a ( r / f ^ )  = r / f ^ - h ^ / f .  a i s  w e l l - d e f i n e d .  

F o r  i f  r / f ^  = s / f ^ ,  t h e n  t h e r e  e x i s t s  f*  ̂ s u c h  t h a t  

f ^ ( r f ^  - s f ^ )  = 0.  Th u s  f ^ C r f ^ ^ ^ h ^  - s f ^ ^ ^ h ^ )  = 0 and  

hen ce  r / f ^ - h ^ / f  = s / f ^ . h ^ / f .  a i s  c l e a r l y  a C - a l g e b r a  

homomorphism.  a i s  i n j e c t i v e .  For  i f  r / f ^ ' h ^ / f  = 0 t h e n  

t h e r e  e x i s t s  t  > 0 s u c h  t h a t  f ^ r h ^  = 0 .  I f  x g X - N ( x ^ , 6 j  

t h e n  f ( x )  = 0 .  I f  x e  N ( x ^ , 6 )  t h e n  t h e r e  e x i s t s  y G 

s u c h  t h a t  p ( y )  = x .  Thu s

f ^ ( x ) r ( x )  = f ^ ( x ) r ( x ) f C x )

= £ ^ ( p C y 3 ) t C p ( y ) ) f  ( p ( y ) )

= £ ^ ( p ( y ) ) i ’ ( p ( y j ) h £ ( y )

= C f ^ r h ^ ) C y )  = 0

a nd  h e n c e  f ^ ^ ^ C - x ) r ( x )  = 0 f o r  a l l  x g  X. Thus  r / f ^  = 0.  

a i s  a l s o  s u r j e c t i v e ;  l e t  s / f ^ - h ^ / f  g  S £ * h £ / f .  D e f i n e  a
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map r :  X •> C b y

r ( x )  =
s ( ( p | u  i f  X E N ( x ^ , 6 )

I o t h e r w i s e

Then  c l e a r l y  r  e  C ^ ( X ) .  I f  y  s  t h e n  p [ y )  = x  g NCx^ , ô) .  

Thus

f ( p ( y ) ) ( f " * l ( p ( y ] ) r C p ( y ) ) h . ( y ]  - f " " ^  (p (y)  ) s ( y ) h . (y)  )

= f  Cx) ( f ^ ' ^ ^ ( x ) r ( x ) f  (x)  - f " ‘̂ ^ ( x ) s ( y ) f  ( x ) )

= f  (x)  C f ^ ^ ^ ( x ) s ( y ) f  ( x ) f  Cx) - f ^ ' ^^ (x )  s ( y ) f  ( x ) )

= 0 .

I f  y ^  t h e n  h ^ ( y )  = 0 .  Hence

f  ( p ( y ) )  ( f ^ ^ ^ ( p ( y ) ) r ( p ( y ) ) h j ^ ( y )  - f " * ^ C p C y ) ) s ( y ] h ^ ( y ) )  = 0

f o r  a i l  y e  Y.

Thus  c t ( r / f ” ^^)  = r / f ^ - h ^ / f  and  h e n c e  a i s  s u r j e c t i v e .

( i i )  L e t  M be a  r e g u l a r  max i mal  i d e a l  o f  S. Then by ( 4 . 1 0 )

t h e r e  e x i s t s  y  g  Y s u c h  t h a t  M = M . S i n c e  M n  c (X)'  y y o
= i s  a r e g u l a r  m ax i m al  i d e a l  o f  C^ (X) ,  t h e r e  e x i s t s

f  ^  ^ p ( y )  s a t i s f y i n g  ( i )  . S i n c e  f  ^ ^ p ( y ) ’ f  ^  M. T h e r e 

f o r e ,  S i s  a  s e p a r a b l e  ( X ) - a l g e b r a  e x t e n s i o n .

Nex t  we show t h a t  S a n d  C^(Y) a r e  n o t  i s o m o r p h i c

a s  ( C - a l g e b r a s .  F i r s t  n o t e  t h a t  C^(Y) i s  a s e m i - s i m p l e

Banach  a l g e b r a  w i t h  r e s p e c t  t o  t h e  sup norm,  i . e .  I f 1

= s up  f ( y ) ,  and  S i s  n o t  a Banach  a l g e b r a  w i t h  r e s p e c t  t o  
yGY

t h e  sup  norm s i n c e  t h e  s e q u e n c e  { f ^ } ,  w h er e



39

f „ ( y )  =

y i £  0 <  y  < 2

- y  i f  - — <  y < 0

y  + —  i f  - 2 ^  y ^  —n n

i s  a  Cauchy  s e q u e n c y  i n  S c o n v e r g i n g  t o  no e l e m e n t  i n  S.

A l s o  n o t e  t h a t  S s e p a r a t e s  Y and f o r  e a c h  y  e  Y t h e r e  e x i s t s

f  G S s u c h  t h a t  fCy)  f  0.  H e n c e ,  b y  W e i e r s t r a s s '  t h e o r e m ,

S i s  d e n s e  i n  C ( Y ) ,o

( 4 . 1 2 )  S a n d  C^(Y) a r e  n o t  i s o m o r p h i c  a s  C - a l g e b r a s .

P r o o f : S u p p o s e  t h e r e  e x i s t s  a C - a l g e b r a  i s o m o r p h i s m  * :

C^(Y) S.  D e f i n e  = a <j) ^(s) I I  f o r  s g S.  Then c l e a r l y

S i s  a  Ban ach  a l g e b r a  w i t h  r e s p e c t  t o  t h e  norm WsW^. By 

[N, Theorem 1 ,  p .  2 1 0 ] ,  BsB < f o r  a l l  s G S,  w h e r e

K i s  a  c o n s t a n t .  C l e a r l y ,  t h e  map * : S 5 d e f i n e d  by

s* = <{i ((J) ^ ( s ) )  i s  an  i n v o l u t i o n  a n d  lis*sl!^ = B (f> ^ ( s * s ) B

= : * " i ( s * ) * " i ( s ) :  = B * " i ( * ( * - i ( s ) ) ) 4 " i ( s ) :  = ; * - i ( s ) * " i ( s ) :

= a 4> ^ ( s ) l l ^  = Thus  S i s  a C * - a l g e b r a .  By [ S ,  T he o

rem 1 . 2 . 4 ,  p .  5 ] ,  BsB^ < a s i  f o r  a l l  s g S.  Hence isH and 

i sO^ a r e  e q u i v a l e n t .  T h e r e f o r e ,  5 i s  a Banach  a l g e b r a  w i t h  

r e s p e c t  t o  t h e  sup no rm,  w h i c h  i s  a c o n t r a d i c t i o n .

Now we a r e  r e a d y  t o  show:

( 4 . 1 3 )  The f u n c t o r  d e f i n e d  i n  T he or em 4 . 8  i s  n o t  a  c o n t r a 

v a r i a n t  e q u i v a l e n c e .

P r o o f  : S up po se  t h e  f u n c t o r  i s  a c o n t r a v a r i a n t  e q u i v a l e n c e .

Then t h e r e  e x i s t s  a f i n i t e - f i b e r e d  c o v e r i n g  s p a c e  Z o f  X 

s u c h  t h a t  Cg(Z) = S.  By The orem 1 . 1 2  Z i s  h omeomorph ic
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t o  Rm Cg(Z) ^  Rm S.  By ( 4 . 1 1 )  Y i s  homeomorphic  t o  Rm S. 

Thus  Z i s  homeo mo rph i c  t o  Y. Hence  S = [ ^ ( Z )  i s  i s o m o r p h i c  

t o  Cg(Y) w h i c h  c o n t r a d i c t s  ( 4 . 1 2 ) .  Thus S d o e s  n o t  come 

f r om  a c o v e r i n g  s p a c e ,  i . e . ,  t h e  f u n c t o r  i s  n o t  a c o n t r a 

v a r i a n t  e q u i v a l e n c e .

We e n d  t h i s  c h a p t e r  by n o t i n g  t h a t :

Theorem 4 . 1 4 : The c a t e g o r y  o f  l o c a l l y  compac t  H a u s d o r f f

f i n i t e - f i b e r e d  c o v e r i n g  s p a c e s  o f  a f i x e d  l o c a l l y  c om pa c t  

H a u s d o r f f  s p a c e  X a nd  t h e  c a t e g o r y  o f  C * - a l g e b r a s  t h a t  a r e  

s e p a r a b l e  ( X ) - a l g e b r a  e x t e n s i o n s  a r e  c o n t r a v a r i a n t l y  

e q u i v a l e n t .

P r o o f : We n e e d  o n l y  t o  show t h a t  a n y  C * - a l g e b r a  S t h a t  i s

a s e p a r a b l e  ( X ) - a l g e b r a  e x t e n s i o n  comes f rom a f i n i t e -  

f i b e r e d  c o v e r i n g  s p a c e  o f  X, i . e .  t h e r e  e x i s t s  a f i n i t e -  

f i b e r e d  c o v e r i n g  s p a c e  Z o f  X s u c h  t h a t  C^(Z) i s  i s o m o r p h i c  

t o  S.  S i n c e  S i s  a s e p a r a b l e  e x t e n s i o n  o f  C ^( X ) ,  by 

Theorem 4 . 7 ,  Z = Rm S i s  a f i n i t e - f i b e r e d  c o v e r i n g  s p a c e  

o f  X. S i n c e  5 i s  a l s o  a  C * - a l g e b r a ,  by [M2, p .  5 6 ] ,

C^(Z)  = Cg(Rm S) i s  i s o m o r p h i c  t o  S.
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