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CHAPTER I 

INTRODUCTION 

1. 1 Historical ~ackg:round of F,inite. Element. Method 

Tl1.e concept of the finite element method dates back t0 1941, when 

Hr~nnikoff ( 28) introduced the Goncept of substituting a framework of 

bars for two-dimensi<:mal elasticity proble:r;nf13, such as bending of plates 

and bending of cylindrical shells~ and proposed similar substitution of a 

three-dimensicmal framework of bars for a solid continuum. 

In 1943, Coura.nt (12) presented an app:roxirnate solution of St, 

Venant's torsion problem, The problem was formulated by the principle 

of minimum potential energy assuming a linear distribution of the warp

ing Junction in ea~h of the assemblages of triangular elements, 

In 1947, Prager and Synge (61)(70) provided further insight into 

approximate solutiohs of boundary value problem$ by geometric repre

sentation in function space. The procedure often is called the Hyper

circle method and was applied to the finite element idealiz?tion of i;;olid 

continua, 

In 1953, Levy ( 40) introduced the idea of replacing the continuous 

structure by pieces, generahng a stiff:p.ess matrix for each element, and 

summing the r:;tiffnesses, Tll,us, the use of discrete techniques was 

based mainly on intuition and common e;ense rather than on a systematic 

theoretic~l development, A more rigorous basis for the discrete 

1 



analysis was first J?Ubllshed in 1954 by Argyris (3) and in 1956 by 

Turner, et al, ( 7 4 ). 

2 

Obviously, due to the lack of high speed and large storage corn

puters at that time, problems of only limited size and complexity could 

be solved, The popularity of the finite element approach started to in

crease expqnentially during the sixties due to the availability of digital 

yOmpvters. 

The development of the matrix formulation of the transformation 
'· 

theory of st;r,uctures, after t:\'le fundamental work of A rgyris, was an 

important step~ The clear and elegant matrix representation not only 

shed light on formulation of the e;olution methods, but provided a power

ful way of organizing the automatic computation as well, Introduction 

of the first two,...dimensionat compatib-~e displacement finite element, 

the constant strain triangle (74), provided a means of analyzing arbi

trary plane stress and plane strain problems, But it did not take long 

to recognize that t:qe basic chara9teristic of a displacement-consistent 

finite element was the assumed displacement function. Application of 

the basic property to rectangular plates ( 45 ), shells of revolutions, 

a:xisymmetric bodies, and general three-dimensional continua ( 23 ). ( 3 5) 

(69) was also found to be successful, 

T}J.e formulation of stiffne!;,s matrices and the application of dis

placement methods were found to be ideally suited for this type of dis

placement mode analysis. While a theory to establish necessary and 

sufficient conditions for convergence ta the true solution was lacking, 

the derivation of the load-displacement equations was shown to be 

equivalent to a piecewise Rayleigh-Ritz procedure applied to the varia

tional principle of minimum potential energy. The basic conditions for 
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the selection of the diflJ?iacement function, continuity and completeness, 

were outlined by Irons and Draper (32), A method of com);)arison and 

evaluation of the stiffn~ss matrices w1:s iptroduced by Khanna and 

Hooley ( 37 ), and a comparative review and interpretation of the bas is of 
I 

finite elem~nt methods was presented by Pian and Tong (60) in 1969, 

Now, with a well-estaoUshed basis for the selection of higher order 

displacement functions, a systematic development of suitab'Le finite 

elements is possible, 

Fraeijs de Veubeke ( 16) ha$ demonstrated the application of 

equilibrium elements formulated by means of stress assumptions on 

the minimum complementary energy principle to obtain upper hounds 

on the influence coefficients, f.lybrid models, formulated by partial 

assumptions of displacement and stress functions, as illustrated by 

Pian and Tong (57) (58) are ab10 e:xtre:r:ne'ly useful for .rn!;lny problems, 

Finally, it can be pointed out that the applic;ation of the finite element 

technique is l'lOt r~strlc::ted ·only to the., .. s.,olution of 1;1tructural problems; 

Zienkiewicz and Cheung (84) bave applied this. procedure t9 solve prob-· 

lems in heat conduction and seepage flow, 

1. 2 D;ynairliC An8;lysis 9y Finite ·Elements 

Fo~ years, i!'). all branches of engineering, many engin~ers and 

analysts were oc<;::upied with the problems of structural dynamics. 

Interest in the analysis of vibration and general dynamic behavior of 

complex structures inoreased greatly during recent years, For well 

over a century, methods of analysis applicable to simple structural 

elements were known, and these methods were applied to ic:l.ealizeq. 

models of complex structurei;:i. The literature contains numerous 
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publications on the flexural vibration of beams, including fl!uch problems 

as the approximate deter,roination of natural frequencies for non-li11ei=lr 

beams, the vtbration of beams co:ntinuous over one or more s1,1pport~, 

the vibration of two- or th:t1ee-dimensional frames built up from beams, 

~nd the vibration of beams with attached masses, springiis, and dash.pots. 

Exarnples are found in the analyses of multi-story building structures 

and high aspect-ratio airplane wings in which these structures are dealt 

with ide;ally as beams (6) {7), The results of these analyses are qui:te 

dependable and useful so long as the bases for idealizations are valid 

( 6) ( 7 ). 

During more recent years, :methods were devised by which the be

havior of a structure may be predicted in terms of the properties of its 

elements (26) (29) (30) (39), These methods of analysis involve, ex,,. 

plicitly, ev~ry element in the structure. The effects of changes in·· 

these elements on the behavior of the entire structure can be determined 

by the application of tl).ese methods. 

Since the present investigation 113 ultimately ai;rned towards analy

zing a plane stress problem of a beam., one of the procedures demon

strated here leads to the formulation of an eigenvalue problem in terms 

of the generalized coordinates and generalized inert la and stiffness·· 

coefficients, OnGe this problem is formulated, a direct solution is ob

tained by one of the several ~ossible techniques that is wen known. An 

approximation to the trqe mode is obtained by superposition of a finite 

n'Umber of these modes. 

For the problem of a large magnitude, the number of finite ele

ments increases very rapidly and it becomes prohibitive to use the 

mode~superppsition technique, Therefore, this study also illustrates 



a $tep-by-step numerical integration technique, With this procedure, 

the equation of motion is; directly integrated for an q.ssumed variaticm 

of acceleration, 

1, 3 Purpose and Scope of Present Investigation 
• • • , ,W • • '•p, · , .. · · • 

5 

The purpose of the study is to evaluate and demonstrate the feasi

bility of applying the finite element method to the analysis of beams sub

jected to impact load, A portion of the report presents the investigation 

of convergepce characteristics by analyzing several examples for seven 

configurations of idealization using five different finite elements, The 

suitability of the type of finite element and the configuration of ideali

zation is determined on the basis of the needed computer time and the 

convergence to the closed-form solution, 

The remainder of the report deals with a comparative study of the 

application of modal analysis and step-by-step numerical integration 

methods to the anal:ys is of beams subjected to impact load, This illus

trates the suitability of the methods to linear plane stress problems. 

A unique feature of the step-by-step integration technique permits the 

use of accelerations which vary linearly during each time interval with

out the need for the iterative operations required by other procedures. 

Specific examples and the included computer programs demon

strate the rnethods with regard to relative computer storage require

ments, accuracy, and time required for computation. 



CHAPTER II 

STEPS TO STRUCTURAL ANALYSIS 

2, 1 Approximations :3-n~:l Errors 

Prior to using an approximate method for the solution of a 1?truc

tura·L apalysis problem, one must have a clear concept of approxima

tions and their validity, Three types .of errors can be a~rnociated with 

approximate solutions of structural problem!:;;. These can be classified 

as ideaLization, discretization, and manipulation errors. 

Idealization errors are those which are involved in formulating a 

mathematical model of the structure, for example, Ul:)ing (a) a flat sur

face for a curved fiiUrface, (Q) a constant depth for a varying d(;lpth, or 

( c) pinned joints for partially restrained joints, 

Discretization errors are those which are associated with replac

ing a continuous structure by one com.posed of finite elements. Discre

tization errors vai;iish as the size of the elements tends to zero, 

Bounding theorems are applicable to defining limits of the discretizatiop 

error, In defining bounds, both the minimum potential energy and the 

minimum complementary energy approximations are needed ( 47) ( 60). 

Manipulation errors occur in the process of computation. These 

include round~ off, truncation, and arithmetic errors incurred in per

forming the calculations, 

6 
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2. 2 Idealization of Structure 

The process of formulating a disc'.Pete element model of a struc

tural continuum is called structural idealization. Thus, a system of an 

infinite number of degrees of freedom can be replaced by a system of 

a finite number of degrees of freedom, This leads to the well-known 

and powerful approach of the :matrix method of structural analysis. 

Generally, in structural analysis, two types of elements are chosen: 

( 1) line elements, and ( 2) finite elements. One-dimensional members 

are line elements, and are usually represented by the centroidal line of 

the members. Since these elements are attached to neighbors at single 

points, their ele:ment stiffnesses can be easily derived: Structural sys

tems such as plates, slabs, and shells are examples of the continuous

type systems which, cannot be idealized as line elements. For these 

systems, finite elements :;1re discrete elements which are obtained by 

line- cuts. Such cutting removes the real, continuous edge connections 

between the elements. After cutting, these elements are connected to 

the neighbor tng elements at the nodes. Clearly, the inter-element 

forces at these artificial joints or nodes do not exist in reality; there

fore, further fictitious stress and displacement patterns over the element 

field must be introduced which can be related to the node forces or dis

placements. This causes the discrete element to become an approxima

tion to the original structure. The application of these finite elements 

for the discretization and analysis of a structural coptmuum is known 

as the finite element method. The last step in the structural idealiza

tion requires that the internal and external forces be transformed into 

a static;:i.lly eqt:tivalent set of concentrated forces acting at the appro

priate nodal points. 
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2~ 3 Selectii:m of Finite Elements 

In the selection of finite elements, the first important step is to 

determine the necessary features of the str1,1cture and then to explore 

the corresi:>onding structural idealizations. The specification for the 

re,earch reported herein was for a planar beam, with linear material 

properties, to be loaded by lateral impact load. 

The force system is in the plane of the beam and includes no 

forces normfll to that plane; consequently, the analysis becomes a two

dimensional plane stress problem. The choice of a finite element for 

idealization is thus immediately simplified. Whereas triangular finite 

elements have ~ome advantages when applied to irregularly bounded re~ 

gions, their combination into quadrilateral finite elements has signifi

cant advantages. Reduction of four constant strain triangular elements 

into one quadrilateral e·Lement by condensation of the central node re

duces the computational effort and mesh details, The quadrilateral 

finite elements com.posed of these sub-triangles, alo;ng with triangular 

elements at the boundary, as needed, still maintain a capability. for 

handling irregular boundaries, depending on the sequence UEi;led in the 

nodal description, 

It is shown in this report that the linear strain rectangular ele

ment is better isuited for the plane stress problems under consideration 

than is the constant strain triangle rectangular element. For problems 

with irregular boundaries, tl:ie constant strain triangular elements can 

still be used, together with the linear strain rectangular elements, to 

satisfy boundary shapes. The details of the mathematical formulations 

for deriving various element stiffness matrices are given in Appendix A. 
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2, 4 The Displacement Method An~lysis 

The system of discrete elements, produced from an idealization 

of a structure, is highly indeterminate. The total stiffness matrix of 

the entire structure is constructed by evaluating and assembling the 

stiffness matri:'.l{ of each element of the structure. This assemblage 

produces a system of linear equations which relate nodal forces to nodal 

displacements. This system of equations has a size determined by the 

total number of degrees of freedom of the idealized structure, Until the 

advent of (he electronic digital computer, the solution of a very large 

system of equations was difficult, and this approach to structural analy

sis was impractical. In present methods, the displacement modes are 

used to evaluate element stiffnesses, which are then combined in a 

direct stiffness procedure to give compacted arrays of equations that 

are finally solved by taking advantage of their banded nature. Thus, it 

is a versatile and powerful method of analysis of complex structures. 

This procedure can be outl[ped for the static and elastic analysis of an 

idealized structure according to the following basic steps: 

1, Assume displace:rpent functions for the element. 

2, Derive the element stiffness matriix [ k Jin the element coordi

nate system, 

3. Assemble the stiffness matrix for the entire structure in the 

global coordinate system. 

4. Solve the equilibrium equation~ for nodal displacements . 

5. Compute the element stresses or the nodal forces in the de

sired coordinate system using the element stiffness matrix. 
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2, 5 System for Numbering Nodes 
· · 41 I · · , ; " · · · 

The following properties of the structµre stiffness matrix have 

some special advantages in the process of solving the equilibrium equa

tions: (a) bapded; (b) symmetric about the diagonal; (c) diagonally 

dominant. Figures 1 and 2 show that orderly numbering systems for 

nodes and elements produce a concentration of non-zero coefficients in 

a. diagonal banq, If "D" is the greatest difference between node numbers 

for any ele:ment and "n" is the number of degr,ees of freedom per node, 

the half-band width is (D + 1 )n. Since the matri;x is symmetrical and 

banded. this system. of numbering nodes gives another advantage in 

storage processesL and in writing· computing al&orithms, . 

2, 6 Element Stiffness lVli:!-t~ices 

Tll~ stiffness coefficient is defined as the force per unit displace

ment. The coefficients :mv,$t be calculated for each el~nnent in o,rder to 

constl"'uet the stiffness matrix of the eptire structure. Several methods 

are use(;i for determining these element stiffnesses. Most of these 

methods generally fall under energy methods of analysis, Approaches 

sµch as variational method$, or virtual work theorems, are widely used 

to derive relations between nodal forces and noctal d,isplacements, The 

stiffness.matrix of an elem~nt of any shape, form, or material p;roper

ties may be evaluated by assuming a displacement function for the ele

ment anc,i using a. standa.;r-d derivatio:r;i procedure. The basic aim in the 

selection of these functions is to achieve compatibility of displacements 

between the boundaries of elements. However, in additiQn, the number 

of displacement patterns chosen wust agree with the number of degreei;; 

of freedom of displacements of the element. A function of a large 
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U4 t_ U3 7 U13 6 NODAL NUMBER 

© ELEMENT NUMBER 

U2 U12 

U1 U11 

6 

(bl SYSTEM OF NUMBERING NODES AND ELEMENTS 

I ~ALF·BANDWIDTH=I~ I 

LARGEST DIFFERENCE BETWEEN TWO NODAL NUMBERS =6 
HALF-BAND WIDTH = 2 X ( 6-tl l = 14 

(cl STIFFNESS MATRIX 

Figure 1. Band Width of Stiffness 
Matrix for System 1 
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14 NODAL NUMBER 

(D ELEMENT NUMBER 
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HALF· BAND WIDTH • 28 

LARGEST DIFFERENCE BETWEEN TWO NODAL NUMBERS=l3 
HALF-BAND WIDTH= 2 X ( 13+1) = 28 

(c) STIFFNESS. MATRIX 

Figure 2. Band Width of Stiffness Matrix 
for System 2 
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number of displacement patterns may be assumed and reduced to the 

number of degreee qf freedo:o,,. by a Rayleigh·Ritz type of process ( 34;) 

( 56) ( 60 ), but this does not necessarily lead to improvement in the ele

ment stiffness properties, 

2. 7 :Procedure to Derive Finite ·Element Stiffnel!;ls Matrix 

A systematic application of th.is procedure is illustrated in 

Appendix A.. 

1. To define ctisplacements at any point within a plane stress 

element, the displacement functions u(x, y) and v(x, y) can be assumed 

for a. set of two orthogonal directions,' These displacement functions 

may be expressed using the arbitrary constant coefficients: 

The column vector of constants, {,a}, is th~ vector of generalized di1z1-

placements at the boundary nodes where the displacement compatibility· 

witb neighboring nodes is required. The nu:mber of elements in the 

vector {13} is equal to tb.e number of the generaUzed displacements at 

the boundary node13 (refer to Equations A. 2a and A, 2b). 

2. The displacement functions for the element can be writter;i. in 

:matrix form as 

(2.lb) 

where { q} is the column vector of the displacement functions u(x, y) and 

v(x, y), and [ L(~, y)] is the rectangular matrix whose elements are func

tions of coordinates x and y (refer to Equation A, 2c). 

3, Nodal displacements { 6} can be evaluated in terms of arbi

trary constants {,a} by subliitituting the coordinates of tl:te nodes in th,e 
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displacement functions u(x, y) and v(x, y) in Equation ( 2. lb). Thus, the 

nodal di$f.')lacements can be written in matrix form as 

(2, le) 

whel"e n is the number of nodes in the plane stress element, ::i,nd the 

elements of the square matrix [ A J are constants. 

4. The column vector of arbitrary constants {!3} can be evaluated 

in terms of nodal displacements { 6} from Equation (2, le), as 

{s} = [A]- l { 6 } . (2,ld) 

5. The column vector of unknown arbitrary constants {!3} can be 

eliminated by substituting Equation ( 2, ld) into Equation ( 2. lb) to evalu

ate displacement functions { q} in terms of nodal displacements { 6}: 
-1 

{ q} :. [ L(x, y)] [A] { 6} :. [ C(x, y)] { 6} (2,le) 

where the elements of the rectangular matrix [ C(x, y)] are functions of 

the coordinates x and Yi 

6. Internal strains {e} in the element can be evaluated in ter;ms 

of nodal displacements { 6} by using displacement functions from 

Equation ( 2, lb) and the column vector of arbitrary constants {s} from 

Equation ( 2, ld). Thus, 

e; au 
X ax 

{e} z,: € 
av = [B{x,'.y)] {s} = ay y 

Yxy 
au+~ 
ay ax 

-1 
:,: [B(x, y)] [ A J { 6} (2, lf) 
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7. Intij:rnat' atresaeis { o} in the element can be: obtained in term~ 

of nodal displaee:r.nents { 6} by using st:res~ ... strain relatLons and substi

tuting strains {i} from Equation ( 2. lf). Thus, 

a 
X 

(] 
y 

'T xy 

where [DJ is the matrix of elastic constants, 

8, If { i} are the virtual strains in the element ca.used by the 

nodal virtual displacements {i}, inter:p.al virtual work cap. be written 

by using Equations ( 2. lf) and ( 2, lg), aa; 

-1 
[A] { 6} dV 

• {i} T [A- 1]"\ [:s(x, yl [o J [:s(x, y)] 
-1 

dV [A] { 6} . ( 2, lh) 

9, If { S} al:'e the nodal forces and [k J is the element $tiffness 

matrix, the relation of the noda'L forces to nodal displacements can be 

given by 

( 2, li) 

10. For virtual nodal displacements {'6} , the external virtua·L 

work by nodal forces can be written 1::>y using Equation { 2. 1 i), as 

(2, lj) 
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11. EquJti;ng internal wo:rk and external work of Equations ( 2 •. 111.) 

and ( 2, lj), the element stiffness matrix can be obtained as 

(2. lk) 

2.8 $electio9: o:t: Di~placement Functions 
I I I · · · · ·' . ' 

A key to the derivation of a deformation-consistent stiffness 

matrix is the selection of a displacement function satisfying the follow

ing requirements (32) (47): 

1. Must be continuous over the element, They need not have 

continuous derivatives, 

2. Mµst main,tain the continuity with displacementei of adjacent 

elements, This can be accomplished in two ways: 

a, when nodal displacements are $elected as generali:zed 

displacements. and 

b. wh~n displacemente1 along any side of the element are 

selected so that they depend only o:p. the displacements' 

at the nodes bounding the side. 

3. Must be a linear function of the generalized displacements. 

This is necessa:ry so that the force-displacemept equations will be 

linear, i, e., independent of the position of the external reference 

4. Mµst include rigid body displacement states, It is necessary 

to inclt1.de the conditions of global static equilibrium; otherwise, self

straining wo1,1ld result from rigid body motio:ris. 

A check on whether or not these states are included can be 

made by showing that the forces in each column of the stiffness 



matrix ~atisfy the macroscopic equations of equilibrium for the ~le· 

ment ( 3 2) ( 4 7 ). 
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5. All of thes';? stipulations are independent of element geometry, 

material characteristics, smallneE;is of strains, and dis placements, 

2. 9 Stiffnes$ Matrices of Special Elements 

The stiff:p.ess matrices given in this section have been used for 

studying convergence behavior of the elements. These matrices have 

been obtained from the combination of stiffness matrices derived in 

Appendix A and as described below. 

2.9.1 Rectangular Element No, 1 

Using.Eg_uatlo:q. {A. 13) and corobinir').g stiffness matrices of two 

triangular elements of Figures S and 4, the stiffness matri~ for a rec

tangular element shown in Figure 5 can be obtained as indicated in 

Equation ( 2. 2), where 

µ ;: Poisson's ratio of the material 

A = length of the element along the Xe-direction 

B = 

~ = 1 

width of the element along the ye-direction 

1 
2(1 - µ) 

1 2 ( 1 + µ) 

E = modulus of elasticity 

te =; thickness of the element 

S = nodal forces of the element, 

The stresses within the element can be given by 

( 2. 3) 
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A ~I 
Figure 3. Constant Strain Triangular 

Element No. 1 

Figure 4. Constant Strain Triangular 
Element No. 2 
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Figure 5. Rectangular Element No. 1 · 
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Figure 6. Rectangular Element No. 2 



!; A 2 + B2 
l 

t; 2AB A 2 + !; B2 
1 

-B2 -µAB s A 2 + B 2 
1 

[k] = 2( l~))AB I -s AB -!; B2 0 . 1 1 

-!; A 2 0 0 1 

0 0 -s 1AB 

-!; A 2 
1 -s 1AB 0 

-µAB -A 2 !;~B 

A 2 + s B 2 
1 

-µAB s,A2 +B2 
~ 

-A 2 s 2AB 

!;~B -B2 

0 -!; AB 
1 

Symmetric 

A 2 + !; B2 
1 

-µAB !;A2+B2 
1 

-s B 2 
1 0 A2+!; B2 

1 
-

( 2. 2) 

N) 
Q 
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where matrix [ Q J can be written as 

- -
-B -µ,A B -µA B µA -B µA 

E .. µB -A µB -A µB A -µB A 

-As1 -Bs1 -As B!; As1 Bs1 As1 -Bs1 1 1 

2( 1 - t1 2)AB 

- -
(2.4) 

2,9,2 Rectangular ·Element No. 2 

Using Equation (A, 13) ~nd combining stiffness matrices of two 

t:i;-iangular ele:rn~n~s, the stiffness matri.¥ for a rectangular element 

shown in Figure 6 can be obtained as indicated in Equation ( 2, 5 ). 

The streE.1ses with.in the element can be given by 

wh.ere mfltrix [ QJ can be written as 

E 2 .... 
2( 1 - µ )AB 

~ 

-B 

-µB 

..-As1 
-

-f.l,A B 

.. A µB 

-BS .. 1 -As1 

2.9.3 Rectangular Element No. 3 

-µA B µA 

-A µB A 

Bs1 A!;l Bs1 

( 2. 6) 

..,.. 

-B µA 

-µB A 

As1 -Bs 
1 -
( 2. 7) 

This element (Figure 7) was obtained by combining the two ele

ments which are shown in Figures 5 and 6. The stiffness matrix, ob

tained by averaging the stiffnesses of the two elements, has improved 

stiffness characteristics. This combination will yield re~n11ts of greater 

accuracy than the worst combination of the two triangular elements, 
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Figure 7. Rectangular Element No. 3 
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s1 
A2 +B2 

0 A2+s1B2 

-B2 s 1AB s·A2+B2 
1 

Et. I -µAB -I; B2 -s 2AB 1 
[k] - e 

- 2(1-µ 2)AB I 
-s· A 2 0 -s 2AB 1 

-I; AB 
2 

0 µAB 

-I; A2 
1 µAB 0 

s 1AB -A2 0 

A2 + I; B2 
1 

s 1AB I; A 2 + B 2 
1 

-A 2 0 

0 
. 2 

-B 

0 µAB 

Symmetric 

A 2 + I; B 2 
1 

s 1AB s A 2 + B2 
1 

-s B 2 
1 -l;~B A 2.+ I; B2 

1 

. -
(2. 5) 

N 
c., 
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Thus. sumrning a:nd av~raging of the stiffness matrices of Equations 

( 2. 2) and ( 2. 5) will vesult in Equation ( 2, 8 ), 

2.9.4 Rectangular Element No. 4 

To obtain the f!Jtiffness matrix for th,e quadrilateral element built 

of four triangular elements. as shown ip Figure 8, the stiffness matrix 

[k] of the triangular element. Equation (A. 13). can be used. By assem

bling the stiffne~s matrices Qf four triangles. a stiffness matrix of size 

10 x 10 is obtained to represent t:he quadrilateral having five nodal 

points. If no load is applied at the central node, the matrix can be con

densed to ~btain an 8 ~ 8 stiffnes1;1 matrix for the quadrilateral element 

with fou.!I'.' nodes as follows: 

881'1 

5 2;xJ 

where 

kll 
8:x;8 

:;,:; c2 •. e > 
k 

~12x8 
k 

22 2x2 

10:8:l lOxlO lOxl 

(2. 10) 

;,; column veotor of the nodal forces at the boundary 
node1:1 

= 9olumn vector of the nodal forces at the inter,nal node 

;:; square matrix of stiffness coefficient forces induced 
at the boundary nodes due to unit nodal displacements 
at the boundary nodes 

= rectangular matrix of stiffness coefficient forces in
duced at the boundary nodes due to un;i.t nodal displace
ments at t:.O.e internal node 



1;1A2 +B2 

t1;2AB A2+1;1B2 

-B2 1 
2(1;1 - µ)AB 

Et 

[ k] = 2( 1-µ2)AB 

I t(-1; l+µ)AB I; B2 - 1 

0 -fl;~B 

-fl;~B 0 

-I; A2 
1 t(-1; 1+µ)AB 

i(l; 1-µ)AB -A2 

I; A2 + B2 
1 . 

-il;~B A2+1;1B2 

-1; A2 
1 f(i; 1-µ)AB 

f(-1; 1+µ)AB -A2 

o· f1;2AB 

ti;2 AB 0 

i;1A2 + :a2 

t1; 2AB 

-B2 

f(-~+µ)AB 

Symmetric 

A2 +" B2 ':> 1 . 

t{i;l -µ)AB 

-1; B2 
1 

1;1A2+B2 

-fszAB A2+1;1B2 

(2.8) 

1') 
c:,i 



k 
212:x:8 

26 

= r~etangular matrix of stiffness coefficient forces in,. 
duced at the internal node due to u:q.it 11,odal displace
ments at the boundary nodes 

.,. square matrix of stiffness coefficient forc;:es induced 
<;1.t the internal node due to unit nodal displacements at 
the internal node 

:=; qolurnn vector of nodal displacements at the boundary 
nodes 

= column vector of nodal displacements at the internal 
node, 

Since no load is applied at node 'm'. vector {s •} is zero. and 

-1 

{o•}2xl ~ - [ k2·2J2x2 [ k21]2x8 { 6 }Bxl · 

Substituting { 61} from Equation (2. 11) into Equation (2. 10) gives 

-1 
{s} = [ ku] { 6} .. [ k12] [ k22] [ k21J { 6} 

or 

Therefore, 

( 2, 11) 

(2. 12) 

(2. 13) 

To eliminate the need for a matrix inversion subroutine in the 

computer priogram~ the f oUowing procedure illustrated for Equation 

(2. 14) was usec:l to obtain the stiffness matrix of Equation (2. 13) by 

taking the value of n equal to 9: 

If Sn+l = 0, the (n+l )th row can be written as 

n 

o = l Cn+l, 2 6 i 
i=l 

.i,. C 6 
n+l, n+l · n+l ( 2, 15) 



s1 

S2 

s 
3 

s n 

sn+l 

l 
I 

I 

= 

1 c11 c21 · · · · .er n-=3· cl, n-2 C 
~ 

1, n-1 

J c21 c22 . . . . . .. . . .. . . C 2_., n-2 C 
2,n-1 

1 C31 . •. ·• ----. • .... • • • .. • • --.e • .. • • -• -• • • ... • -• .... • - ...... 

en, 1 en, 2 

C C n+l, 1 n+l, 2 cn+l,3 

C 1, n 

C 
2, n 

C 
3,n 

C 1, n+l 

c2, n+l 

c3 .+1 ,n 

C 
n+l,n+l 

61 

62 

63 

6 
n+l 

{2.14) 

N 
-J 
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f:rorn which 

n 

6 " ~ . .1 \' C _,_1 2 6. • 
n+l Cn+l. n+l L n..,,- • 1 

i;:;=1 

(2. 16) 

The e~pres~ion 6n+l can be eliminated from Equatio:p. ( 2. 14) by substi

tuting the value of 61').+l; thus. 

( 2. 17) 

or 

n 
lh 

s. = c~ . oi 
J J. 1 

(j = 1, 2, 3, ... n) (2. 18) 

ill; 1 

whe:re Ct i a;re new elements of matrix (n ~ n). 

Similarly, l;>y :repeating the procedure for the nth rovr. the matrix 

of size (n ~ ;n) can be furthEH' reduced. 

2. 9.5 Rectangula:r -Element No. 5 

This is a linear strain rectang-ular element shown in Figure 9, 

and its atiffness matrix is given in Equation (A. 20 ). The stresses with

in the element Gan be found by using Equations (A. 21) and (A, 22). For 

a point at the center of the element. that is, for x ;:: ; and y "' i in 

EquatiQ,;:i (A, 22), 

-b -µa b -µa b µa -b µa 

[ QJ = E -µb µb µb b -µb (2. 19) I 0-~ii< '2 0 -a -a a 
2( 1..-µ ) ab 

-s a -s b -s a s lb sla ;lb \a -s b 
l 1 1 1 
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Figure 9, Rectangular Element No. 5 



so 

From the experience o! the analysts, it was found tha. t the ele,.. 

ments with more complete displacement functi0ns give accura,te solu,.. 

tions much more f!{fi.ciently, in terms of computation tbn~. than do the 

simpler elements. However, such elements are not always easy.to 

devise because of the geometric continuity requirement of the displace

ments at the e lemep.t junctions ( 7 9 ). 



CHAPTER IU 

EXAMPLES OF LINEAR ELASTIC PROBLEMS 

WITH STATIC LOADS AND THEIR RESULTS 

3. 1 Procec;h1re 

Several ~xamples were selected to study the convergence charac

terie;tics, ooroputation time requirements, and the suitability of the 

finite element fo:r applicaticm to ~om.e plane stress problems of linear 

elasticity. To si:mplif.y the comparison wit:q. a:q.alytic solutions, only 

isotropic material was considered, 

Five elements and seven configurations (as shown in Figures 10, 

11, 17, anq. 18) were used ~n the examples. A 11 meshes were proceseed 

by a di.gitp.1 computer p:rogl"~:tn. using four nodal point rectangle~. which 

consist of two or four con~tant strain triangles, or a linear strain rec

tangle as basic elements~ The coniputer programs are given in Appen

dix B. These programs generate the meshes, compute the stiffness 

matrices, aseemb·~e the total stiffness matrix, calculate the displace

ments at all nodal points and the stresses at the central point of the 

rectangular elements, and print out the computation time for each exam

ple, 

Fqr an seven configurations of idealization, an equal number of 

:reotangulat" eJem.ents was taken for each set of poillts on the deflection 

conve:t'gence curve. This enables the curves to be directly comparaole. 

31 
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The elasticity !lnd beam th.eory ijolutions are shown in Figures 12, 13,. 14'.,, 

1-5, 16, 1~, 20, 21, 22, and 23 to illustrate the convergence behavtor. 

3, 2 E:x;arn1iles 
.. ,; ' . ' 

3. 2.1 Simply Sµppqrted Beam. 

This beam was analyzed for two kinds of loading: (a) a uniformly 

distributed load, and (b) a point load at midspan, as shown in Figures 

10 and 11. Central nodes along the vertical edge at the ends were res

trained against vertical displacement, and the central node at the mid

span was rest~ain,ed against horizontal displacement to maintain the 

symmetry of the problem. 

A com:pq.;r;iiso;n o! the midspan deflections and some in,te:i:-n.al 

atr~sses with. ela$tlcity and 'beam theory solutions is presented in Fig

ures 12, 13, 14, 15, and 16, 'l'he values used as theoretical midspan 

deflections arei 

(a) · For a ~;niformly distril?uted load: 

_ 5wL 4 [ 24E 2h 2] ~ 5 . 
AST - 384EI 1 + 25G (L) . = 1. 664 x 10 i,nches 

(Beam The(')ry) (3. 1) 

A = 5wL 4 [ 1 + 6( 8 + 5µ l ( 2h 2) J :: 1, 6 58 x 1 o- 5 inches 
ST 384EI 25 . L 

(Elasticity) (3. 2) 

(b) For a point load at midspan: 

PL 3 [ 6 E 2h 2 ] - 5 . AsT ;o; 48EI 1 + 5G (L) = 1. 344 x 10 inches 

(Beam Theory) ( 3. 3) 
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Asr K 1011 

W = wL • 6LBS., E• 30x 101 PSI • 2G( l+µ.I, µ.•0.333, Asr •DEFLECTION AT MIDSPAN 
1.75 

Asr • ia~~I [, .. ~:~ (2~ t] • 1.664 x 10-5 INCHES ( BEAM THEORY) 

1.70 
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where 

wL = 6 lbs 

p = 3 lbs 

µ :;; 0.333 

E F 30 X 106 psi = 2G(l + µ), 

3, 2. 2 Cantilever Bea.;rn 

As shown in Figures 17 and 18, a cantilever bea:r;n was also · 

analyzed for two kinds of loading: (a) a uniformly distributed load, and 

(b) a parabolically varying end shear. The fixed-end condition was 

introduced by restraining all the :Q.odes along one of the end-edges of the 

beam against all displacements. 

A comparison of free-end deflectio;ns aI!l.d some internal stresses 

with elasticity and beam theory solutions is presented in Figures 19, 

20, 21, 22, and 23, The values used as theoretical free-end deflection 

ar.e: 

(a) For a uniformly distributed load 

wL 4 [ 2E 2h 2] _ - 5 . 
AST = BEI 1 + $G (17) - 2. 048 x 10 inches 

(Beam Theory) (3.4) 

4 2 
AST ;,; ~~t [ 1 + 81~ Sµ ( ~) ] = 2. 036 x 10- 5 inches 

(Elasticity) ( 3, 5) 

(b) For a parabolically varying end shear 

PL 3 [ 3E 2h" 2] - 5 . 
AST "' 3EI 1 + lOG <r> . = 2. 688 x 10 mches 

(Beam Theory) ( 3, 6) 



48 

PL 3 [ 4 + ~ 2h 2] - 5 AST -= 3Ef 1 + 8 I::' (L) :c 2. 674 x 10 inches 

(Elasticity) (3,7). 

where 

wL "" 6 lbs 

.p =!II 3 lbs 

µ !: 0.333 

E ;c 30 X 106 psi = 2G(l + µ)~ 

3. 3 Discussion of Results 
. '' 

In th~ proble:i:ns considered here for illustration. the elasticity 

solutionij3 are approximately equal to the beam theory solutions, with 

some exceptions, such as in the proximity of the built-in end where the 

full clamping condition constitutes a mixed problem of elasticity for 

which there is no closed for:cn solution. The elasticity solution .assumes 

that the section at the built-in end is free to warp •. while the finite ele

ment method of solution considers all nodal points fixed at this section. 

Therefore, the elasticity solution (shown in Figures 12, 13, 15, 16, 19, 

20,- 22, and 23) is an upper l;>ound for the exact solution, On the other 

hand, the deflections computed by a compatible finite element analysis 

are lower bounds for the exact solution, 

The nor:rnal stresses and shear stresses obtained by. the finite 

element analysis are plotted in Figures 14 and 21 arid compared with 

the beam theory and theory of elasticity for a cross section at a certain 

distance far from the cross section where the displacement-boundary 

conditions are specified, 
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It can be observed from Figures 12, 15, 19, and 22 that a consi

derable improvement in the results occurs as the number of elements 

along the height of the beam increases from NY = 4 to NY = 6 for the 

2-CSTR idealization, This is obviously due to the fact that the improved 

convergence curve represents a better approximation to the actual de

formation pattern than the other convergence curve. Case 5 represents 

the idealization containing 4-CSTR, which gives not only a finer division 

of the rectangular element than the 2-CSTR for the same rectangular 

element to achieve a monotonic convergence, but it also provides a bet

ter freedom of deformations and stress distribution. . Thus, it gives 

smoother curve approximation to the actual stress and deformation 

curves. In general (and as shown in Figures 13, 14, 16, 20, 21, and 

23 ), the linear strain rectangular elements (where applicable) yield 

slightly better results for stresses and deformations for a given nodal 

pattern than 4-CSTR elements because they employ a more refined dis

placement function and deformation approximation. 

3. 4 Computing Time 

The computing time required for each problem is examined con

sidering many.factors wbich are involved in the total process of compu

tation. The computation time depends on the number of elements and 

the nodal displacements in the idealized structure, band width of the 

total stiffness matrix, the time required to transmit information between 

core memory and the magnetic disk storage units, and the kind of com

puter used. The time to read or write on magnetic storage units varies 

directly with the band width and the number of records in each matrix. 
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Four polynomials were derived to give an estimate of the approxi

mate computation time. These polynomials were obtained by evaluating 

the four arbitrary constants a 1, a 2, a 3, a 4 of Equation ( 3. 8) for each 

of the four tables, I, II, III, and IV. 

( 3, 8) 

where 

T = time in milliseconds 

N ;z number of nodal points. 

3,4.1 Simply Supported Beam (NY= 4, Table I) 

Table I gives four values of the average time--3530, 4760, 6220, 

and 7450 milliseconds--corresponding to the four idealizations with the 

numbers of nod:;i.l poillts 85, 125, 165, and 245, respectively. Substitu

ting these four sets of value1;1 into.Equ1;1.tion (3. 8), a set of four simul

taneouf:i equations with the unknown constants a 1, a 2, a 3, and a 4 were 

obtained. From the evaluation and substitution of these four constants 

into· Equation ( 3, 8 ), the following polynomial was obtained: 

N N 2 
'l' = 4396. 44 - 5449, 85(100> + 6529. 45( 100> 

N 3 
154 9 _ 51( l O O). ( 3. 9) 

This equation can be used to obtain an estimate of the execution time 

for other idealizations (NY = 4) which are not listed in Table I by sub

stituting the value of the number of nodal points in the configuration of 

idealization. 

3,4,2 Simply Supported Beam (NY= 6, Table II) 

The polynomial 

. N N 2 N 3 
T = -3861, 84 + 9924. 02( 100) - 2640. 69( 100) + 351.14( 100) (3.10) 



Number of 
Elements 

Along 
x-Direction 
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32 

48 
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TABLE I 

TIME COMPARISON FOR VARIOUS FINITE ELEMENT 
CONFIGURATIONS FOR A SIMPLY 

SUPPORTED BEAM 
(NY= 4) 

Average 

I Number of Type of Time Time in Number 
Elements Configur- i.n 

Milli- of 
Along ation Milli-

seconds Elements 
y-Direction ! 

(Case No.) seconds 
T 

-
! 

1 or 2 3330 I 
[ 3 or 4 3690 

4 3530 64 

~ 
3690 

3430 I 
I 

1 or 2 4640 

I 3 or 4 4720 
4 I 4760 96 

5 4910 

6 4790 

1 or 2 6038 

3 or 4 6372 
4 G220 128 

5 6137 

6 6338 

1 or 2 7435 

3 or 4 7420 
4 -----------·~ 7450 192 

5 7600 

6 7340 

y t 
F-------<lt---· --1-; 

N N 2 
T = 4396. 44 - 5449. 85 ( lOO) + 6529. 45 ( 100 ) 

3 
1549. 51 (1~0) 

51 

Number 
of 

Nodal. 
Points 

N 

85 

125 

165 

245 

---

( 3. 9) 
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TABLE II. 

Tll,VIE COMPARISON FOR VARIOUS FINITE ELEMENT 
CONFIGURATIONS FOR A SIMPLY 

SUPPORTED BEAM 
(NY= 6) 

NumQer of Type of Time Average 
Time in Number Elements Configur- in Milli- of Along ation Milli-
seconds Elements y-Direction (Case No.) seconds T 

1 or 2 4240 

3 or 4 4700 
6 4800 96 

5 5100 

6 5290 

1 or 2 7170 

3 or 4 7390 
6 7300 144 

5 7320 

6 7320 

1 or 2 9380 

3 or 4 9100 
6 ··------ 9300 192 

5 9430 
' 

6 9380 

1 or 2 13080 

3 or 4 13240 
6 13280 288 

5 13390 

6 13390 

yt 

--:k,---~-=---~-----=---,--i-~ 
N N 2 N 3 

T = - 3861. 84 + 9924. 02( 100) - 2640. 69(100) + 351. 14( 100) 

52 

Number 
of 

Nodal 
Points 

N 

119 
I 

I 
i 

I 
I 

I 175 

I 
! 
I 

I 
I 
I 

231 I 

343 

( 3. 10) 
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was obtained ui~ing the same procedure as explained for Equation (3, 9) 

in the preceq.ing section, For Equation (3. 10), values of the average 

ti;me--4800, .7300, 9300, and 13280 milliseconds--corresponding to the 

idealizations with the numbers of nodal points 119, 175, 231, and 343, 

respectively, were used to evaluate the arbitrary constants a 1 , a 2, a 3, 

and a 4 inEquation(3.8). 

3.4,3 Cantilever Beam (NY= 4, Table III) 

It can be observed from Tables I and III, by comparing the two 

idealizations corresponding to the same number of nodal points, that 

the solution of the cantilever beam problem required approximately 11 

percent ;more execution time than that taken by the simply supported 

beam. This difference in time was due to the fact that the extra time 

was used in the modification of the matrix form of the equilibrium equa

tion for the specified boundary conditions. Obviously, the specified 

boundary conditions for the cantilever beam are more in number than 

the number of boundary conditions specified for the simply supported 

beam. 

The polynomial 

N N 2 N 3 
T:,; 4903. 36 - 4744.11( 100) + 5609. 45( 100) - 1145, 85( 100) (3.11) 

was derived by substituting into Equation ( 3. 8) the values of the average 

time--4220, 5500, 7200, and 10100 milliseconds--corresponding to the 

values of the number of nodal points 85, 125, 165, and 245, given in 

Table III, and evaluating the arbitrary constants a 1, a 2, a 3, and a 4 , 
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I 

TABLE III 

TIME COMPARISON .FOR VARIOUS FINITE 
ELEMENT CONFlOURATIONS FOR A 

CANTILEVER BEAM 
(NY= 4) 

Number of Type of Time Average 

Elements Configur- in Time in 

Along ation Milli- Milli-

y-Direction (Case No.) seconds seconds 
T 

1 or 2 4090 

4 5 4274 4220 

6 4290 

1 or 2 5322 
'-----

4 5 5720 5500 

6 5455 

1 or 2 6918 

4 5 7435 7200 

6 7285 

1 or 2 9598 

4 5 10663 10100 

6 9981 

Number 
of 

Elements 

64 

96 

128 

192 

2 3 
T = 4903. 36 - 4744. 11 ( l~O) + 5609. 45 ( 1~0) - 1145. 85 ( 1~0) 

54 

Number 
of 

Nodal 
Points 

N 

85 

125 

165 

245 

( 3. 11) 
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3.4.4 Cantilever Beam (NY = 6, Table IV) 

By comparing Tables II and IV, a similar difference in time can 

be observed, as discussed in the preceding section; however, this dif

ference in time is roughly 50 percent larger than that between Tables I 

and III. This is due to the fact that the number of boundary conditions 

specified for the problem in Table IV are more than that specified for 

the problem in Table III, 

For the derivation of the polynomial 

N N 2 
T = 2652. 77 + 1586, 89( 100) + 1280. 06( 100) 

N 3 
192. 19(100>, (3. 12) 

the set of values of the average time--6030, 8320, 10780, and 15400 

milliseconds--correspondi.ng to the values of the number of nodal points 

119, 17 5, 231, and 343, given in Table IV, were substituted in Equa

tion (3. 8) to evaluate the values of the constants al' a 2, a 3, and a 4. 

Tables I, II, III, and IV show the comparison of the execution 

times in milliseconds for the complete solution, including both stresses 

and displacements, but excluding the program compilation time. The 

polynomials of Equations (3. 9), (3. 10), (3. 11), and (3. 12) were derived 

to represent these tables and to delineate themselves as tools in esti

mating an approximate computation time for a configuration of idealiza

tion which is not listed in the tables. For example, if the number of 

elements in the y-direction of a simply supported beam is 6 (NY = 6, 

refer to Table II). and the number of nodal points are equal to 287, 

Equation (3. 10) would give an approximate value of average computation 

ti.me T = 11170 milliseconds upon substituting N = 2.87 into the equation. 



Number of 
Elements 

Along 
x-Direction 

16 

24 

32 

48 

TABLE IV 

Tll,\JlE COMPARISON FOR VARIOUS FINITE 
ELEMENT CONFIGURATIONS FOR A 

CANTILEVER BEAM 

Number of 
Elements 

Along 
y-Direction 

6 

6 

6 

6 

(NY= 6) 

Type of Time Average 
Time in Configur- in Milli-

ation Milli- seconds (Case No.) seconds 
T 

1 or 2 5987 

5 6120 6030 

6 5971 

1 or 2 8234 
-· 

5 8317 8320 

6 8401 

1 or 2 10531 

5 11013 10780 

6 10796 

1 or 2 15106 

5 15737 15400 

6 15355 

y t 

l==--~-----x 

Number 
of 

Elements 

96 

144 

192 

288 

N N 2 
T = 2652,77+1586.89( 100)+1280.06( 100) 

N 3 
192.19(100> 

56 

Number 
of 

Nodal 
Points 

I N 

119 

17 5 

231 

343 

(3. 12) 
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3. 5 Aspect Ratio 

From a study of Figures 13, 16, 20, and 23, it can be observed 

that reducing the size of the mesh increases the accuracy of the results. 

For example, the curve obtained for Case 5 (Figure 8) shows far better 

displacement convergence than do Cases 1, 2, 3, and 4 (Figures 5, 6, 

and 7 ), which contain triangular elements of twice the size of the trian

gular elements in Case 5. It is important to note that such a wide dif

ference in the behavior of these two kinds of elements exists in spite 

of the fact that the number of degrees of freedom for the two kinds of 

elements differs only by two (Figures 5, 6, 7, and 8 ). Figures 13, 16, 

20, and 23 show that the system of reducing the size of the mesh is 

controlled by another factor which is called the "aspect ratio." Here, 

the aspect ratio is defined as the ratio between the base and the height 

of the rectangular element; .. It can be seen in the convergence curve for 

Case 5 that the result startl3 to diverge if the aspect ratio goes below 

O. 8, regardless of the size of the mesh. For Cases 1, 2, 3, 4, and 6, 

approximately at an aspect ratio of 0. 8, the gradient of the curves has 

become very small and any further increase in the number of elements 

adds little to the convergence of displacement. 

From a general observation of the displacement convergence 

curves, the empirical expressions of Table V can be given as a guide 

for the first trial. Further modifications in the size of the mesh can 

be made for the desired accuracy of the results. It is important to 

keep the value of the aspect ratio within certain limits to avoid ill

conditioning of the matrix, According to the illustration in Reference 

( 41 ), the best performance results for the aspect ratio 1, 0, when the 

number of .degrees of freedom is maintained at the same value and only 



Types of Divisions 
Element in 'H' 

[5J 8 

0 4 

~ 6 

~ 4 

D 6 

. 

TABLE V 

ESTIMATION OF A FINITE ELEMEN'l' MESH 

H = Height of Beam 

L = Beam Span 

R = L/H 

Recommended Nl.µllber 
Aspect Ratio of Elements for 

Range First Trial 

O; 80 to 0. 90 36R to 40R 
, 

0. 80 to 0. 90 18R to 20R 

O. 80 to 0. 90 38R to 42R 

0. 80 to 0. 90 18R to 20R 

0. 80 to 0. 90 38R to 42R 

Expected Deviation 
from Beam 

Theory Solution 

3% 

' 4% 

2% 

3% 

.. 
1% 

58 
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the size of the mesh varies. It is recommended here that the aspect 

ratio for a mesh should be chosen within the li:rp.its of o. 7 5 a,nd 1. 50. 



CHAPTER IV 

DYNAMJC RESPONSE BY MODE SUPERPOSITION 

AND STEP-BY-STEP PROCEDURE 

4. 1 General . 

__ ... ,,,I 

In this report, the finite element technique is applied to analyze 

the dynamic behavior of beams under free vibration and µnder a time

dependent forcing function, 

For dynamic analysis by the finite element displacement method, 

the structure is discretized into a number of finite elements; and after 

the individual matrices are assembled, a set of simultaneous ordinary 

second-order differential equations of motion in terms of generalized 

displacements~ velocities. and accelerations is obtained, 

The solution of th,ese differential equations of motion can be ob

tained using two different approaches, One of them is called the 

"clas~ical mode superposition method. '' This method requires the 

extraction of';a. few normalized eigenvectors and eigenvalues, the nu;m

ber depending on the kind of the structure and the exciting force pattern. 

It is p.eces13ary to determine these eigenvectors accurately. Thus. the 

dynamic response analysis by the mode superposition method is to be 

preceded by a f:ree vibration analysis to determine the eigenvalues and 

the corresponding eigenvectors. Recently. the mode superposition 

method was used by Clough and Chopra (11) to determine the response 

of earth dams under earthquakes as a .plane strain problem and by 

60 
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Idriss (31) to analyze the effects of the finite element mesh and earth

bank siz~ on the accuracy of the results and suggested criterion for 

their selection, 

The dynamic response of a problem with forced vibration can be 

determined directly by a numerical integration approach. In this ap

proach, a certain variation of acceleration is assumed within the short 

period of integration. This method yields stable results using a rea

sonable amount of computer time. This method is more versatile than 

the normal mode superposition method and it can be exteri'ded to non

linear materials without further difficulties, This approach also retains 

the generality of tt,i.e damping matrix, although in this report damping is 

neglected. 

The matrix formulation of dynamic response problems uses a 

stiffness matrix to define the elastic characteristics and a mass matrix 

to define the inertial characteristics of the structure, The formulatton 

of the stiffness matrix for various types of structures is well described 

in the literature ( 21) ( 62). The formulation of the mass matrix, on the 

other hand, is usually accomplished by the physical lumping of the 

structural mass at the nodes where the stiffness coefficients are defined. 

This leads to the formulation of the simple diagonal mass matrix, and 

thus to a simple technique of solution. Nevertheless, the resulting 

eigenvalues and eigenvectors may be quite different from the solution 

of the exact problem, 

In spite of the fact that this report does not attempt to illustrate 

the application of the consistent mass matri¥ (1) (2) (25) and its effect 

on the accuracy of the results due to prohibitive computer time require

ments, it does cover its derivation to some extent for a future opportunity 
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for its application. To improve the accuracy of the dynamic analysis 

as it is affected by the mass matrix, the use of a consistent m9oss 

matrix is desirable. The evaluation of the consistent mass matrix is 

given in section 4. 2. 

In brief, the studies show that the accuracy of a dynamic response 

analysis depends on the accuracy of the derivation of the mass and 

stiffness matrices and the degree to which the assumed displacement 

functions can represent the actual displacements. Thus, the utmost 

importance should be given to the choice of the type of finite element to 

be u::;ed. 

4. 2 Differential Equation of Motion and Consistent Mass Matrix 

To obtain the dynamic response ( 1) ( 2) ( 25) ( 44) of a structural 

system with sr.p.all displacements, the applicable form of Lagrange's 

equations can be written as 

(1=1,2,3, ... n) (4.1) 

where {ii} are the finite number of generalized coordinates represen

ting the deformation of the structure at the nodal points and { Qi} are 

the non-conservative generalized forces. 

In the Rayleigh-Ritz technique, the deformation of a system can 

be expressed by a set of n independent displacement functions W .(x, y), 
1 

so that the total displacement of the element area dA can be written as 

{q(x,y,t)} = {:x~=,~·:~} = [*(x,y)] {"K(t)} 
2xl y ' ' 2x4 4xl 

( 4. 2) 

where the function { q (x, y, t)} is the total dis placement vector obtained 

by the superposition of the component vectors [ w (x, y)] and time-variant 
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amplitudes {'6(t)} , which are the generalized nodal displacements of 

the element. If the structural system behaves linearly, the kinetic 

energy T of an element may be written as e . 

Te = ! J m ( x, y) { q ( x, y, t)} T { q ( x, y, t)} dA ( 4, 3 ) 
A 1x4 4x1 

where superscript T denotes the transpose of the matrix. Substituting 

Equation (4, 2) into Equation (4. 3), 

T 
e 

1 {. }T r J {..:... } = 2 o"(t) L m.. o(t) 
1x4 1J · 4x4 4x1 

(4.4) 

where the coefncient m .. 
lJ 

is the symmetric mass inertia force acting 

at coordinate i concurrent with a unit acceleration of coordinate j and 

determined from 

( 4. 5a) 

The matrix [m .. J obtained from Equation (4. 5a) is called the consistent 
. lJ. 

mass matrix of the element. If the mass per unit area of the element 

m (x, y) is a constant value m, then 

( 4. 5b) 

The total mass matrix of the entire structure can be obtained by assem

bling the element mass matrices. The kinetic energy of the total struc

ture can then be written as 
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( 4. 6) 

SilJlilarly, the potential energy Ve of the element ?an be written as 

T v :R • .!. {o} [k .. J · {o} 
e 2 lx4 · 1J 4x4 4xl 

(4, 7a) 

where the coefficileRt le. is the symmetric elastic stiffness coefficient . ' lJ 

and represents the restraining force acting at coordinate i concurrent 

with a unit displacement of coordinate j, The derivation of these coef

ficients has already been dealt with in section 2. -7 and Appendix A. The 

total potential energy V of the linear structural system can be written as 

(4,7b) 

Assuming the damping force proportional to the velocity, it will 

be convenient to introduce a function 

(4.8) 

which was called the "dissipation function" by Lord Rayleigh ( 64 ). 

Introducing Equations (4. 6), (4. 7b), and (4, 8) into.Equation (4, 1), 

. a set of n coupled ordinary differential equations describing the motion 

of a viscously damped, linear system is obtained in the form 

[~]{.:.:.} c-J{..:.} [-]{-} r:-Ji=123 n M .. 6. + c .. o. + K .. o. = LQ· (.= 1, 2, 3,,., ).(4.9) 
lJ J LJ J lJ J l J , , , •.. n 

These equations are, in general, complex; but in the special case rn 

which the damping matrix [ Cij J is a linear combination of the matrices 

[ M .. J and [K .. J, the uncoupled equations are real. This fact was 
lJ lJ 

pointed out by Lord Rayleigh (64), who stated that the uncoupling is 

achieved when F is a linear function of T and V. 
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4, 3 Mass Matrix, [ivI] 

In order to simplify the technique of solution, save computer 

storage, facilitate computations in generating the mass matrix, and 

economize computer time, it was assumed that the mass of the element· .. 

is equally distributed among the nodes of the element. Thus, the re

sulting matrix is diagonal. 

4, 4 Stiffness Matrix, [KJ 

The discussion given in section 2. 4 also applies to this case. 

4. 5 Methods of Solution 

The differential equation of vibration (Equation 4. 9) for the dyna

mic response of a structural system can be solved by either of the 

following methods. 

4. 5.1 The Normal Mode Superposition Method 

When the system is linear, that is, the elements of the matrices 

1LM., l and rLK .. ] are constant and the elements of the matrix [ C .. ] -+ 0, lJ - . lJ .. lJ 

the normal mode superposition technique can be used by extracting the 

eigenvalues and the eigenvectors of the structural system. The proce

dure of finding the eigenvalues and eigenvectors is discussed in 

section 4. 6, 

For a general multidegree of freedom system, the differential 

equation of the dynamic response is 

( 4. lOJ 
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and in the case of free vibration, its solution can be written as 

n 

{i} : l (di{~\} cos wit + ci {~i}sin wit) (4. 11) 

i= 1 

where { ~i} and w i are the normal modes and the natural frequencies, 

respectively, if the initial conditions at time t = 0 are 

and (4. 12) 

The values of the coefficients d. and c. can be expressed as 
1 1 . 

and . (4. 13) 

For the forced vibration, when the time-wise variation f( r) is the 

same for every force, and the system is initially at rest, 

n 

i= 1 

1 ,_, 
w'i 

(4, 14) 

When the initial displacement and velocity of the system are zero 

(i.e., the system is at rest), only Equation ( 4. 14) will solve the prob

lem. Also, if the load applied on the system remains constant for all 

time 

then Equation (4. 14) can be written as 

n 

{&}=I 
i= 1 

1 
~ 
W. 

1 

T=t 
{~J J wi sinwi(t-T) dr 

T=O 

(4. 15) 

(4,16a) 



or 

1 
2 w. 

1 

It can be seen.in Equation (4.16) that the term 

1 
~ 
w. 

1 
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cos wit). (4, lflb) 

is constant for a givelil value of i, By calling this term Ci' Equation 

(4. 16) can 'be written as 

n 

{ 5} ;c l Ci { qi i} ( 1 - cos w1 t) . (4, 17) 

i:a; 1 

Once the natural frequencies wi and normalized modes {ti} are 

known from the extract'i:ld eig:envalues and eigenvectors (section 4. 6), 

the solution of differential Equation ( 4. 10) can be found from Equation 

( 4. 17 ), 

4,5,2 The Step-by-6tep lntegration Procedure 

A direct integration of Equation (4, 9) can be performed on the 

assumption that the accelerations at the discrete points vary in an 

arbitrary fashion during a small interval of time. The dynamic re1;3-

ponse is then determined by a step-by-step integration technique (83) 

following a sequence of matrix operations. The advantage of this pro

cedure is that the pre-e:xtraction of the eigenvalues and eigenvectors is 

not nece$sary, 

The equation of motion, with a viscous form of dam.ping, at time t 
\ 

can be written as (Equation (4, 9)): 
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[M} {%} + [ c] ft} + [K] {o} = {Q} 
t t t t 

(4. 18) 

where 

{t} ;: acceleration vector of the system at time t; 
- t 

{t} = velocity vector of the system at time t; 
t 

{o} .. displacement vector of the system at time t; 
t 

{Q} = force vector on the system at time t; 

[MJ = total mass matrix; 

[c] :::; damping matrix; 

[KJ = total stiffness matrix. 

It is assumed here that within a small increment of time, the 

acceleration for each node of the system varies linearly, as shown in 

Figure 24, This permits the reduction of the second-order differen

tial equation into a sequence of recurring matrix equations, 

A d Lrect integration over a time interval for all nodes yields the 

following matrix equations for the velocity and displacement at the end 

of the time interval At: 

6 c 6 + - 6 sr - 6 {..:;_1··. {..:;_} At{.:.:.} . At{.:.:.} 
t t-At 2 t-At 2 t 

(4.19) 

and 

{&}. = {o} . + At{i°} + (At)2 {°t} + (At)2 {%} 
t t-At t-At 3 l t-At 6 t 

= { } (At) 2 {%} 
b t-At + 6 t 

(4. 20) 
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LH 

u 1' 
~t-~t~ .. __ · ___________________________ ...,... _________________________ ..., __ 

t-LH t 
LINEAR ACCELERATION VARIATION 

t.:~t t 

PARABOLIC VELOCITY VARIATION 

t-LH t 
CUBIC DI SP LACE MENT VARIATION 

Figure 24. Displacement Functions 
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where 

(4. 21) 

and 

{ } {} {.J (At)2 t'"} b .; 6 + At 6 + · 6 . 
t-At . · t-At t-At 3 t-At 

(4. 22) 

Introducing Equations (4.19) and (4. 20) into Equation (4. 18) gives 

or 

or 

{t} = 
t 

[ [M] + A21 [cJ + (A~)2 [ K D-1 [{ Q}t 

- [c]{atA! - [KJ{btA!J ( 4. 23) 

Since damping is being neglected here, ( [c] .... 0), Equation (4, 23) 

become$ 

(4.24)' 

Since the initial displacement and velocity are zero, the procedure 

can be outlined as follows: 

Step 1: frqm Equation (4.18) at time t = 0 

{6} ,: [ iv!J ~ 1 { Q} 
0 · 0 

(4.25a) 

• 



Step 2: from Equations (4. 21) and (4. 22) at time t = 0 

{a} 0 = A2t {!} 0 

{b}o = (Ai)2 {6}o 

Step 3: from Equation (4. 24) at time t= At 

Step 4; from Equations (4. 19) and (4. 20) at time t = At 

{i}' = {a} + At {B"} 
At O 2 At 

{"6t = {b}O + (4),~)
2 {'&-}At , 
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(4. 25b) 

(4. 25c) 

( 4, 25d) 

(4. 25e) 

(4. 25f) 

After the completion of the above four steps of Equation ( 4. 25 ), 

the fol\owing steps can be repeated in sequence for each increment of 

time Atr 

Step 1: 

(4.26a) 

Step 2: 

( 4. 26b) 

Step 3; 

{%} = r[M J + (A~) 2 [K J] -! I { Q} - [1<J{b} I (4, 26c) 
t u ( t t-AJ 

Step 4: 

At 
6 {t} 

t 
(4. 26d) 
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Step 5: 

(4, 26e) 

Thus, the step-by-step response of the system can be obtained by 

the repeated application of the above five steps of Equation ( 4, 26 ). 

4. 6 Normal lVIodes and Frequencies of a Free Vibration Problem 

The modes aJ:1d frequencies can be obtained by letting { Q} = 0 and 

assuming th.e displacements { o} to be sinusoidal functions of time with 

frequency w. Thus, 

ft} = {x} sin wt 

{%} = -w'2 {x} sin wt 

and Equation ( 4 1 10) becomes 

or 

or 

[A] { X} = 1 { X} . 

( 4. 27 a) 

(4. 27b) 

(4.28a) 

(4,28b) 

(4.28c) 

The solution of Equation (4. 28c) can be obtained by using a clas

sical method of finding the eigenvalues and eigenvectors using the com

puter subroutines given in Appendix C. This subroutine (22) (38) is 

written to find all the real eigenvalues and eigenvectors of a real 

genera·L matrix. The eigenvalues are computer by the "QR double-step" 

method and the eigenvectors by the inverse iteration technique ( 17) (80). 
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To improve the accuracy of the results, the following modifica

tions are· carried out: 

1. The matrix is scaled by a sequence of similarity transforma

tions so that the absolute sums of correspor:i.ding rows and columns are 

roughly equal. 

2. The scaled r.natrix is normalized so that the value of the 

Euclidean norm is equal to one. 

The main part of the process commences with the reduction of an 

(n x n) real matrix [A] by a similarity transformation (Householder's 

method) to an upper, almost triangular Hessenberg forin (80). Then 

the QR double-step iterative process is performed on the Hessenberg 

matrix until all elements of the subdiagonal that converge to zero are in 

-t modulus less than 2 IIHII E' where t is the number of significant digits 

in the mantissa of a binary floating-pbint number and UHII E is the 

Euclidean (Frobenius) norm of the triangular Hessenberg matrix. For 

the IBM 360/65 computer, the value oft is equal to 53. Since the 

Hessenberg form is preserv?d under the QR iteration, a reduction of 

the initial matrix [A J to the Hessenberg form provides a significant 

saving of computation in each iteration for the QR decomposition. 

After the eigenvectors { x} and eigenvalues 1 are determined, 

normaUzed eigenvectors { iP} and natural frequencies w are determined 

as follows: . 

(4. 29) 

and 

w. = {f. 
l 1 

(4.30) 

where i = 1~ 2, 3, ••• n. 
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4, 7 Closed Form Solution 

.In the case of a beam with simply supported ends (as shown in 

Figure 25 ), the displacements are represented by the summation of a 

series of the sinusoidal displacements. 

ADYN = l - i TT X 
iJ1 i_{t) sin -y:-- (4.31) 

i:.:1,2,3,, .. 

-The functions of time, iJ1. {t), are determined from the differential 
1 

equation of dynamic response which can be derived using d 'A lemb~rt' s 
,··-;, 

principle combined with the principle of virtual work. The equation for 

the vibration, produced by some disturbing force P applied at a distance 

x from the end support, is obtained as 

2P . i TT x sm---
mL L 

The general solution of Equation (4. 32) is 

.2 2 ~I .2 2~, ~ lTT · t-'- . lTT t 
':l!i =i Q'lCOS L2 m -ra2sm~ m 

. i TT X 
sm-

L 

{ .2 2 ~!EI } 
sin \,2· Vm (t - T) dT • 

(4.32) 

(4. 33) 

Integrating the third term, which represents the forced vibration, 

and ignoring the first two terms, which represent the free vibration, 

the displacement equation is obtained from Equation ( 4. 33) as 

2PL3 

ADYN c TT 4EI 
\' 1 . iTix . tnx 
L, A sm -L ( 1 - cox wit) sm ~. ( 4. 34) 

11= 1, 2, 3, .. 1. 
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When the load P is applied at midspan (i.e. , x = ~), 

- 2PL 3 I .< -1 )( i-. 1) I 2 . 
A - · · ( 1 - COE! w 1.t) s_ .. in ... 1 nL .. x DYN . 4EI .4 

TI i:;:;1,3,5, ... 1 

(4. 35) 

Thus, th~ displacement for the point at midspan can be written as 

2PL3 ~ 1 
6. = l A ( 1 - cos w1t). 

DYN n4EI . 1 . 
L=l,3,5, ... 

(4, 36) 
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CHAPTER V 

AN EXAMPLE OF A LINEAR ELASTIC 

PROBLEM WITH A DYNAMIC LOAD 

AND ITS RESULTS 

51 l Procedure 

The numerical procedures presented in Chapter IV are illustrated 

here by using an example of a beam with both-erids pinned.and·a:-sU:ddenly 

applied constant impact load P of infinite duration, as shown in Figure 

26, To maintain the symmetry of the problem, both?.eri.ds::ofthe beam 

were restrained against vertical displacement and the node at·the mid

span was restrained against horizontal displacement, as shown in Fig

ures 10 and 11, For ease in comparing the two numerical procedures, 

an equal number of finite elements was chosen for the finite element 

configuration of the example. The comparison was made for the com

putation time, storage requirement, and the convergence of the deflec

tion solution at midspan to the closed form solution. 

The finite element mesh was processed by a digital computer 

program using a linear strain rectangle as the basic element, The 

computer programs are given in Appendices B and C, These programs 

generate the me$h, compute the stiffness matrix, assemble the total 

stiffness matrix, formulate mass matrix, modify the matrices for the 

given boundary conditions, calculate the eigenvalues and eigenvectors; 

select the flexural modes, perform the modal superposition and 

77 
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step-by-step integration of the differential equation of vibration. The 

computed displacements at the midspan of the beam by the normal mode 

superposition and step-by-step integration methods are presented in 

Table II and plotted in a graphical form in Figure 26 for a comparison 

of the results. 

5, 2 Selection of the Finite Element Mesh 

The linear strain rectangular element was selected for this exam

ple in vi-ew of the fact that it represents a better deformation approxima

tion than the constant strain triangle rectangular element as discussed 

in section 3. 3, 

According to section 3. 5, the selection of a mesh should be deter

mined on the basis of an aspect ratio ranging within the limits of 0. 7 5 

and l. 50 as a first trial, and then the succeeding trials could be esti

mated to meet the degree of accuracy desired for the solution of a prob

lem, For the problem considered here for illustration, the selection of 

the mesh size was dictated by two major factors: (a) the amount of 

funds available for the computer use and the number of K-bytes of 

available main core memory in the computer, as discussed in section 

5, 3, and (b) the desired degree of accuracy of the results. Since the 

first factor was the dominating one, a mesh of ( 4 x 18) with an aspect 

ratio of 1. 77 was selected to save computer time, A mesh within the 

recommended limits of aspect ratio would have required a larger num

ber of elements and thus more computation time, It can be observed 

from Figure 16 that by violating the recommended limits of the aspect 

ratio, a considerable degree of accuracy of the solution was sacrificed. 

This illustrates that the aspect ratio of 1. 77 would not have been a good 
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trial value if one intends to achieve a good degree of accuracy of the 

solution, It can be noticed also in Figure 16 that the maximum deflec-

tion for the static load at midspan of the beam for the ( 4 x 18) mesh 

differs by 7 percent from the closed form solution, while if one chooses 

the aspect ratio of 1, 50, this maximum deflection will differ only by 

4. 8 percent from the closed form solution, 

5. 3 Example 

5.3.1 Normal Mode Superposition Method 

1. Computer program: The computer program ( 22) to determine 

the eigenvalues and eigenvectors was rewritten to make full use of the 

available main core memory and to keep the reading and writing on the 

magnetic disk as small as possible. This approach saves computer 

time and is thus economical. 

2. Selection of modes: The flexural modes of vibration were 

selected by comparing them with the flexural modes and the correspon

ding natural frequencies obtained from beam theory solution, A com

puter program FLXMOD (Appendix C) was written on the basis of 

Equation ( 4. 35) to select all symmetrical modes and rearrange them 

in order of their increasing natural frequencies. From these orderly 

arranged 47 modes, the modes whose period was greater than 3 percent 

was chosen on the basis of a judgment that the superposition of the 

modes whose perLod is larger than 3 percent would satisfactorily repre

sent the required solution. On the basis of the above criterion of judg

ment, only five flexural modes were selected for the superposition to 

obtain a satisfactory solution, These first five normal modes of the low

est natural frequencies are presented graphically in Figure 27. 
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3. Superposiition of norma'.l flexural modes: The superposition 

of all the 47 normal modes and the five normal modes corresponding 

to the lowest frequencies was accomplished in accordance with section 

4. 5 by the computer program FLXMOD, The displacements obtained 

from both superpositions of the normal modes are given in Table VI. 

The displacements obtained from the superposition of 47 flexural modes 

are also illustrated graphically in Figure 26. 

5.3.2 Step-By ... Step Integration Method 

1. Computer program: This computer program is the modifica

tion of the computer program ( 8 2) written for the static analysis of 

structures. The computer program was modified to suit the require

ments of the problems considered in this report. Since a large number 

of subscripted variables are involved in this program, it was preferred 

to take advantage of the banded nature of the matrix. This procedure 

required a large amount of reading and writing on the magnetic disk; 

and, especial~y, the time increment in the process of integration is 

usually very small, which increases the use of the magnetic disc con

siderably and thus the total computer time. Since this program is 

designed to keep only a small portion of the ma trices in the main core 

memory at a time, the program has a capability of solving problems 

of a large magnitµde. 

2, Selection of time increment ~t: Newmark (51) has suggested 

that, for the linear acceleration method, 4t should be less than one 

tenth of the smallest period of the structure, Since the smallest period 

of the structure is not usually known, several different time increments 
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TABLE VI 

COMPARISON OF DISPLACEMENTS AT MID-SPAN OBTAINED FROM 
CLOSED FORM SOLUTION, MODE SUPERPOSITION 

AND STEP-BY-STEP INTEGRATION METHODS 

Number Superposition Superposition 
of Closed Form of first 5 of all 47 Step-By-Step 

Time Time Solution Flexural Modes Flexural Modes Integration 
Steps (Seconds) ( inches) (inches) (inches) (inches) 

1 0.0 0.0 0.0 0.0 0.0 

2 0. 005 D-02 0. 0553 D-05 0. 0626 D-05 0. 0664 D-05 0. 0665 D-05 

3 0 .010 D-02 0, 1536 D-05 0, 1681 D-05 0, 1725 D-05 0.1725 D-05 

4 0. 015 D-02 0. 2807 D-05 0. 2852 D-05 0. 2896 D-05 0, 2893 D-05 

5 0 020 D-02 0. 5011 D-05 0. 4852 D-05 0.4900 D-05 0. 4901 D-05 

6 0. 025 D-02 0, 7503 D-05 0, 7462 D-05 0. 7505 D-05 0, 7510 D-05 

7 0. 030 D-02 0. 9917 D-05 1. 0067 D-05 1. 0108 D-05 1. 0113 D-05 

8 0. 035 D-02 1. 2866 D-05 1. 2561 D-05 1. 2612 D-05 1. 2618 D-05 

9 0. 040 D-02 1. 5790 D-05 l. 5396 D-05 1. 5435 D-05 1. 5434 D-05 

10 0. 045 D-02 1. 8188 D-05 1. 8278 D-05 1. 8310 D-05 1. 8314·D-05 

11 0. 050 D-02 2. 0.685 D-05 2, 0307 D-05 2. 0338 D-05 2. 0345 D-05 

12 0. 055 D-02 2. 2854 D-05 2. 2025 D-05 2, 2054 D-05 2. 2054 D-05 

13 0. 060 D-02 2, 4095 D-05 2. 3733 D-05 2. 3788 D-05 2. 3780 D-05 

14 0. 065 D-02 2, 5075 D-05 2. 4522 D-05 2. 45.68 D-05 2. 4567 D-05 

15 0. 070 D-02 2. 5595 D-05 2. 4450 D-05 2. 4492 D-05 2. 4496 D-05 

16 0. 075 D-02 2. 5013 D-05 2. 4038 D-05 2,4086 D-05 2. 4089 D-05 

17 0. 080 D-02 2. 4030 D-05 2, 3211 D-05 · 2. 3264 D-05 2, 3255 D-05 

18 0, 085 D-02· 2. 2727 D-05 2, 1550 D-05 2. 1590 D-Q.5 2. 1589 D-05 

19 0, 090 D-02 2. 0492 D-05 1, 9178 D-05 1. 9230 D-05 1. 9235 D-05 

20 0. 095 D-02 1. 8009 D-05 1. 6951 D-05 1. 6986 D-05 1. 6989 D-05 

21 0.100 D-02 1. 5577 D-05 1. 4516 D-05 1. 4548 D-05 1. 4551 D-05 

22 0.105 D-02 1. 2604 D-05 1. 1399 D-05 1. 1443 D-05 1. 1437 D-05 

23 0.110 D-02 0. 9704 D-05 0. 8647 D-05 0. 8685 D-05 0. 8693 D-05 

24 0, 115 D-02 0, 7319 D-05 0, 6430 D-05 0. 6475 D-05 0. 6485 D-05 

25 0. 120 D-02 0.4819 D-05 0.4145 D-05 0. 4192 D-05 0, 4200 D-05 

26 0, 125 D-02 0, 2685 D-05 0. 2133 D-05 0, 2179 D-05 0. 2177 D-05 

27 0, 130 D-02 0, 1471 D-05 0, 0964 D-05 0. 1013 D-05 0, 1010 D-05 

28 0.135 D-02 0, 0497 D-05 0. 0567 D-05 0. 0618 D-05 0, 0610 D-05 

29 0.140 D-02 0, 0012 D-05 0. 0348 D-05 0. 0379 D-05 0. 0389 D-05 

30 0.145 D-02 0, 0619 D-05 0, 0694 D-05 0. 0735 D-05 0, 0736 D-05 

31 0.150 D-02 0, 1602 D-05 0. 2222 D-05 0. 2254 D-05 0. 2247 D-05 
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need to be t;ried until the proper time increment is found to give the de

sired degree of accuracy, 

For the example presented here, a trial time increment was found 

using a procedure of three steps {Figure 28 ): (a) A group of four ele

ments adjoining a node 11 i" was selected; (b) The boundary conditions 

were assumed, as shown in Figure 28; {c) The mass of node "i'' was 

obtained by lumping one-fourth of the mass of each of the four elements 

then using the expression 

or 

where 

m C 

T 1 2L 2 _/m-
6t = To = 10 (rr v'Ef) 

p(Al + A3) (Bl+ B3) 

4g 

A 1 and A 2 = length of the elements in inches 

B 1 and B 2 = height of the elements in inches 

( 5, 1) 

p = weight of the material in poupds per cubic inch 
(for steel, p = 0, 28 3565 lbs/ in3) 

g = 386. 4 in/ sec2 

E = modulus of elasticity (for steel, E = 30 x 106 psi) 

I = moment of inertia, i. e., (B 1 + B 2 )3 / 12 in4. 

The dimensions of the elements in the example illustrated here are 

shown" in Figure 29. Since the material used for the example is steet 

a trial time increment 6 twas found equal to O, 115 x l 0- 5 seconds from 

Equation ( 5. 1 ). 
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Two trial values of time increment At (At:.: 0. 1 x 10- 5 seconds 

and At = O. 2 x 10- 5 seconds) were tested for the first few points of the 

deflection curve, The deflections obtained by using At ::; 0, 1 x 1 o- 5 sec

onds were almost the same as those obtained by the modal superposition 

method. The values of the deflections obtained by using At =-·O. 2 x 10- 5 

seconds were also in accord with the deflect ions obtained by the modal 

superposition method, but the acceleration and velocity values at each 

time increment were very much different from those obtained by using 

-5 At = O. 1 x 10 seconds. This deviation in acceleration and velocity 

values causes one to suspect a possibility of instability of the solution 

at same later step of integration. Since, from modal analysis, the 

minimum period was found to be 0, 733 x 10- 5 seconds, the value of the 

time increment equal to o. 1 x 1 o- 5 seconds was judged to be an adequate 

trial value to test the solution for a larger number of time increments. 

Tests for determining a larger number of points on the deflection curve 

for the other time increments were p.ot attempted due to a prohibitive 

req1,1irement of the computer time by the step-by-step integration 

method. 

5.3.3 Computing Time 

The computing time for the normal mode superposition method 

depends on the number of degrees of freedom of the system. For the 

step-by- step integration method, the computing time not only depends 

on the number of degrees of freedom of the system but also on the time 

increment At and on the number of steps of increments desired for the 

displacement curve, 
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The distribution of computer time for the two methods was as 

follows: 

1, Normal mode superposition method: 

Formulation of [ K J and [ M J matrices 

Formulation of [ M ]-l [K J matrix 

Computation of all eigenvalues and 
eigenvectors 

Selection and s1,1perposition of 4 7 flex
ural modes 

Total 

Ma.in core memory of 374 K-bytes was used. 

2. Step-by step integration method: 

Formulation of [ K] and [ M J matrices 

Step-by~ step integration 

Total 

Main core memory of 188 K-bytes was used. 

5. 4 Discussion of Results 

17 seconds 

20 seconds 

1869 seconds 

37 seconds 

1943 seconds 

17 seconds 

4986 seconds 

5003 seconds 

For the problem considered here for illustration, although the 

continuous system is idealized by a medium-size mesh, the results 

shown in Table VI and in Figure 26 are in excellent agreement with the 

closed form soltition. From the standpoint of the computational time, 

it is apparent from section 5. 3 that the mode superposition of 47 modes 

required much less computer time than did the step-by-step integration 

method, It should be noted that th.e distribution of computer time given 

in section 5, 3 depends on the specific computer used. The step-by-step 

integration program performs computations on blocks of the banded 



88 

matrix,rarid. the number and size of the recorcls written on the magnetic 

disk are proportional to the number of elements in the band width of the 
' ' 

matrices, For example, if two problems of an equal number of degrees 

of freedom are to be solved, the one having the larger band width would 

need more computer t lme. 

Although, for the problem illustrated here, the modal analysis 

was found to be considerably more economical than the step-by-step 

integration method, the direct integration of the differential equation 

of vibration by the step-by-step procedure would be economical for 

large systems with loads varying with time, because the numerical 

integration of the convolution integral in the modal superposition would 

involve similar difficulties with the time step, b.t, as in the step-by

step integratlon method. Modal superposition is particularly recom

mended for undamped systems; but in special cases where the damping 

matrix is a linear combination of the mass and stiffness matrices, it 

ca:t). be used for damped systems, Furthermore, the modal superposi

tion method is based on the assu~ption of linear structure, whereas the 

step-by-step method may be applied to,nonUnear systems simply by 

modifying the assumed linear properties approximately at each succes

sive step of integration. 

One of the pvincipal advantages of the mode superposition method 

lies in the fact that the response of the s.tructure is largely expressed 

by tlp.e first few flexural modes of vibration of the system due to the 

pre~ence of a large number of dilatory modes with varied frequencies. 

The program used here can easily be modified to extract only a certain 

number of modes, but it would be necessary to select the corresponding 

eigenvalues from all the eigenvalues of the system. Since determination 
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of all the eigenvalues of the system is required., the modification may 

save. only up to 25 percent of the computer time used in computation 

of all eigenvalues and eigenvectors (e.g., from section 5,3,3, a savings 

of approximately 470 seconds out of a total 1869 seconds), 



CHAPTER VI 

SUMMARY AND CONCLUSIONS 

Summary 
'.I" ; 

The primary aim of this investigation wa1;:1 to determine a suitable 

simple fi,nite element and to .evaluate its application to plane stress 

problems for the idealization of a structure under dynamic loads, Th? 

major items of this study included the convergence of solution, the 

requirement of computer time, and the storage in K-bytes of the core 

memory. To simplify the investigation, only the simple examples of 

beams with pinned supports and cantilever beams of isotropic material 

were cons idel"ed. 

For the static analysis, each problem was idealized as a struc~ 

tural model using plane stre$s rectangular elements. Seven configura

tions were analyzl;ld using five types of rectangular elements. Four of 

these re9ta.ngular elements were composed of const::mt strain triangu

lar elements, and the fifth element was the linear strain rectangular 

element. F(;)r-all seven co;ro.figu;rations,. the. analysis was performed 

using the IBM 360/65 digital computer, and the results are presented 

graphically to illustra,te the convergence behavior. 

To study the problem with dynamic loads, only a simply supported 

befl.m with an impact load of infinite duration at midspan was considered. 

The beam wa$ idealized as ·a structural model using linear strain rec

tangular elements. The problem was solved by the mode superposition 

90 
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method and the step-by-step integration method to investigate th~ over

all practicality of each method. A 11 9omputations were performed using 

the IBM 360/65 digital computer. 

6. 2 Conclusions 

From the study of the convergence, it was found that the behavior 

of the linear strain rectangular element is the most satisfactory of the 

five elements studied for the purpose. The results obtained for the 

problem with static loads were in excellent agreement with beam theory 

and elasticity solutions; convergence to the solution required fewer 

elements and less computation tb;ne than that required by the other ele

ments, 

On the basis of the above results, the linear strain rectangular 

element was used for the analysis of the problem with an impact load 

using the mode superposition method and the step-by-step integration 

method, Botl+ methods of solution gave values of deflections which 

were almost the same and were found to be in excellent agreement with 

the closed form solution. The mode superposition method required 

considerably less computing time than did the step-by-step integration 

procedure. 

Thus, from this investigation it was concluded that the linear 

strain rectangula:r element is a satisfactory element for the analysis of 

a plane stress problem with in-plane dynamic loads. Also, if the un

damped structural system does not have a large number of degrees of 

freedom and is not subjected to time dependent varying loads, the mode 

superposition method would be an economical procedure. For a general 

case of a viscously damped system where damping is not a linear 
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combination of the mass and stiffness matrices, the systematic inte

gration of the step-by-step procedure may be comparatively more eco~ 

nomical and practical than the mode superposition technique, which 

may require considerably more time and computer storage space in 

determining modes and frequencies. Determination of the modes and 

frequencies for a damped system of n degrees of freedom is equivalent 

to solving an eigenvalue problem of an undamped system of 2n degrees 

of freedom (44, page 206). 
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A. 1 Constant Strain Triangular Element 

The displacement function for any point within the triangular ele

ment can be uniquely given by the displacements, u and v. Thus, the 

nodal displacements shown in Figure 30 may be represented by 

(A, 1) 

The element displacement functions, u and v, for a constant

strain, triangular element are taken to be linear functions of x and y, as 

which can be written as 

[:J [: I ~ I 
y 

1: 1: 1:J 
/31 

;c 

0 /3 2 

/3 3 

{3 4 

/3 5 

/3 6. 

Following the scheme summarized in Section 2. 7, 

(A.2a) 

(A. 2b) 

(A. 2c) 

the nodal dis-

placements { o} in terms of the displacement parameters {.8} may be 

expressed as 

u. 1 0 0 0 0 0 /31 1 

u. 1 a 0 0 0 0 /3 2 J 

Uk 1 C b 0 0 0 /3 3 
= (A, 3a) 

v. 
l 

0 0 0 1 0 0 /3 4 

v. 0 0 0 1 a 0 /3 5 J 

vk 0 0 0 1 C b /3 6 



b 

Figure 30. Triangular Plane Stress Ele
ment with Element Coordi
nate System 

Figure 31. Triangular Plane Stress Ele
ment with Global Coordi
nate System 
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which can be written as 

(A. 3b) 

The internal strains in the element are obtained by taking the par

tial derivative of displacements . 

E: 
X 

C y 

au 
ay 

au 
ax 

av ay 

+ av 
ax 

which can be written as 

0 1 0 0 0 0 
f31 

/3 a 

'= 0 0 0 0 0 1 (3 3' (A. 4a) 
(3 4 

0 0 1 0 1 0 
/3 5 

(3 6, 

(A, 4b) 

~ince the elements of matr'ix [BJ are all constant. it follows that 

the strains within the element are constant. The stress-strain rela

tionships for an isotropic material, for a plane stress element. with 

Poisson's ratioµ, are given by 

. ax 1 µ 0 e 
X 

= E 1 0 E: y O' -, µ 
y 1-µ 

..,. 0 0 i(l-µ) Yxy xy 

(A., 5a) 

wbich can be written as 

(A. 5b) 

The stiffnes1;1 matrix of the element may be obtained by using 

step 11 in section 2. 7: 

(A, 6) 
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r 1 [ J Since the matrices LBJ and . D contain only constant terms, the ex-

pression for the stiffness matrix becomes 

(A, 7) 

. . t ab 
where te is.the thickness and T·iS the volume of the element. 

Thus, from Eq1,1ation (A. 7 ), by substituting !; 1 = } ( 1 - µ) and 

!; 2 :i: } ( 1 + µ), the element stiffness matrix can be <;>btained as given on 

the following page in Equation (A, 8a), and which can be written as 

The stresses within the element are given by 

where matrix [ QJ can be written as 

E 
2 

(1-µ )ab 

-b 

-µb 

1 ( c-a) 

µ(c-a) 

( c-a) 

-!;lb 

b -µc 

µb -c 

-!;le !;lb 

A. 2 Transformation to Global Coordinates 

0 

0 

sl a 

(A, 8b) 

(A. 9) 

-
ba 

a (A,10) 

0 
-

The relationship between the nodal forces in the global coordinate 

system and the element coordinate system may be obtained by coordi

nate transformation. The transformation of the stiffness matrix from 

xe -y'~ element coordinate system to xg -yg global coordinate system 

ls carriecl out as shown in Equation (A. lla) and Figure 31. 



s1 I I 2 2 • b + S 1 { c-a) 

s; I I -s 2b(e-a) 
2 . 2 s 1 b +-t(c-:-a) 

s; I Et J - b 2 - s 1 e( e- a) S 2bc -µab 

= e 
1 2 I s 1 b(e-a) + µbe 

2 s: I -(1-µ ) ab 
2 • -sl b - c(c-a) . 

s; I I sla{e-aj -S ab 1 

s: I I -µab a( e-a) 

Symmetric 

b 2 + s c 2 
1 

2 2 .!s be 
2 Slb + C 

-s 1ae s 1ab 

µab -ae 

J 

1 
I 

I 
s 1a 

2 

I 
0 

2 
a I 

) ul 

J vl 

I u2 

I v2 

I U3 

I V3 

{A. 8a) 

..... 
0 
01 
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...... -
Coscp S int.p 0 0 0 0 

-Sin cp Coscp 0 0 0 0 

0 0 Coscp Sincp 0 0 

0 0 -Sincp Cos CJ) 0 0 

0 0 0 0 Coscp Sincp 

0 0 0 0 -Sincp Coscp 
- -

This can be written as 

(A. llb) 

Similarly, 

(A. 12) 

and therefore, 

(A. 13) 

A. 3 Lin~ar Strain Rectang,ular Element 

The procedure used to develop the stiffness matrix for this ele

ment (Figure 7) follows closely to the outline given in section 2, 7. The 

element displacement functions u and v are taken to be 

(A. 14) 

(A. 15) 

Thus, the nodal displacements { 6} can be expressed in terms 

of the displacement pa:riameters {.B} as 



U, 1 0 0 0 ~/ 1 

uj 1 a 0 0 
0 

U,.e 1 0 b 0 

/~ Uk 1 a b ab 
:;: 

' v. 

~ / 1 0 0 0 
l 

v. 1 a 0 0 
J 0 

VJ, / ~ 
1 0 b 0 

vk 1 a b ab 

which can be written as 

{6} ·= .[A] {/3}. 
The internal strains in the element are 

' X 

e: 
y 

av 
ay·. 

which can be written as 

0 1 

::: 0 0 

0 0 

0 y 0 0 

0 0 0 1 

1 X 1 0 
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/31 

/32 

/3 3 

/34 
(A,16a) 

/3 5 

/36 . 

/37 

f3a 

(A. 16b) 

/31 

/32 
-

0 /3 3 

/3 4 
X 

/3 5 
(A.17a) 

y; {36 
-

/37 

f3a 

(A,17b) 

The stress~str13-in relationships in an isotropic material for the 

plane stress element are given by 
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(1 1 µ 0 El 
X X 

;; E .1 0 E: (1 

(1 _· µ2) 
µ 

y y 
1 

T 0 0 jl-µ) Yxy xy; 

(A, 18a) 

which can be written as 

{a} : [n] {c}. (A, 18b) 

The stiffness matrix of the element may now be obtained by using 

step 11 in section 2. 7, as 

(A. 19) 

Thus, from Equation (A, 19) by substituting s1 :::} (1 - µ) and s2 ;:} (1 +µ), 

the element 19tiffness matr~ can be obtained as given on the fo:Uowing 

page in Equation (A, 2.0). 

The stresses within the element are given by 

{a} .. [ D] ·c B] [ A J-l { 6} 

::; [QJ {o} 
where matrix [ QJ may be written as 

(y-b) µ(x-a) (b-y) -µx y 

E µ(y-b) (x-a) µ(b-y) .. 2 -x µy 
( 1-µ )ab 

s1(x-a) s1(y-b) -six s1 (b-y) s1x 

(A. 21) 

µx -y µ(a-x) 

X -µy (a-x) 

s1y s1(a-x) -s1y 

(A. 22) 



tb2 +c1•2J 
2 2 3abg 2 4(a + g 1b ) 

2 i2 2 2 
l,2(g 1a ·- 2b). 3ab(g 1 - µ) 4(b +g 1a) 

. · . 2 2 
-3aM 2 Ete 3ab~-sl) · 2(a - 2glb ) 

[kj = 12(1-µ 2)AB 
-2{b2+g1~2) -3abs2 2(b 2 - 2s la 2) 

-3abs2 -2(a2 +slb2) 3ab{µ - s 1) 

2(b2 - 2sl a 2, 3ab(µ - s 1) -2(b2 + s1a2) 

3ab(g 1 - µ) 
2 2 3 b5 2{s 1 b - 2a J a 2 

4(a2 + s1b2) 

3ab{s l - µ) 

2(slb2 - 2a2) 

3abs 2 

2 2 
-2{a + s1b ) 

4(b2 +sla2) 

3abs2 

Symmetric 

2 2 
4(a +sla) 

2(s 1a 2 - 2b 2) _ Sab(s 1 - µ) 4{b 2 + s1a2) 

3ab(,, - S 1) 
2 2 

2(a - 2slb ) -3ahs2 4(a2 +slb2) 

(A. 20) 

,-
0 
co 



APPENDIX B 

FLOW CHART AND LISTING OF COMPUTER 

PROGRAMS FOR STATIC ANALYSIS 

110 



~~=-~IN PR~~=-=-----=~ 
I ' . START ' ' I 

I . -~~ 
CALL MANE -1· sue--:-~ 

• FROM I 
SUB.MANE B 

CALL, EXIT --....:Y-=E5--< 

READ 
BOUNDARY CONDITIONS 

AND 
APPLIED NODAL LOADS 

PRINT 
BOUNDARY CONDITIONS 

AND 
APPLIED NODAL LOADS 

COMPUTE 
NODAL DISPLACMENTS 

USING GAUSSIAN ELIMINATIONS 
TECHNIQUE FOR BANDED 

MATRICES 

PRINT 
NODAL DISPLACEMENTS 

CALL STRESS SUB~~TRESS I ,-@) 
FROM' I ___ ....;.........._--tl---1®0 

SUB. STRESS 

I 
STOP I 

. . I L ________ EN~- ________ J 

Figure 32. Flow Chart for Static Analysis 
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READ 
1-1-.....-:-:,,.,......,,.,...,~,......-1~ E, PR, DENS, NCASE, DEPTH, 

SPAN, NR, K2, XNOT, YNOT 

RETURN14---.---V~E=S-< 

PRINT 
E, PR, DENS, NCASE, DEPTH, 
SPAN, NR, K2, X NOT, YNOT 

READ 
PRESCRIBED NODAL 
DISPLACEMENTS, AND 

ZERO LOADS FOR REMAIN I NG 
. NODES 

PRINT 
PRESCRIBED NODAL 

DISPLACEMENTS AND LOADS 

GENERATE 
NODAL NUMBERS, ELEMENl' 
NUMBERS, CQORDINATES OF 
NODES,ELEMENT MASSES. 

PRINT 
NODAL NUMBERS, ELEMENT 
NUMBERS, COORDINATES OF 
NODES, ELEMENT MASSES 

TO CALL MASTIF SUB. MASTIF · 

FROM 

I 
I 
I 
I 
I 
I 
I 
I 

SUB. MASTIF I 
I 

L ______ -----------_ _J 
Figure 32. (Continued) 
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~- · • SUBROUTINE M~TI F ----1 
I INITIALIZE I 

E CALLED FROM ELEMENTS OF MASS Mt!,TRIX I 
suej MANE AND TOTAL STIFFNESS~~~~ I 

I I 
I ~-sT1Fa8-)-.-- I 

I r;~"~T;; ~~881 I I r---------- ---------1 
! I I COMPUTE STIFFNESS I 
I I I MATRICES OF THE I 
I I L --~=-E~~~T_: ____ J 
I L-----, . 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I I . 

ASSEMBLE 
ELEMENT STIFFNESS MATRICES 

TO OBTAIN STRUCTURE 
STIFFNESS MATRIX 

COMPUTE 
LUMPED NODAL MASSES 

MODIFY 
STRUCTURE STIFFNESS 

MATRIX AND LOAD VECTOR 
TO ACCOUNT FOR 

PRESCRIBED DISPLACEMENTS 

I 
I 

F ,._-,t--,.--------' I 
I I 
~-------~----.--~ 

Figure 32. (Continued) 
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C 
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~=-suBR OU TIN ES TRESS-=---- -=i 
1.· . · · . I 

I USE I 
I PREVIOUSLY COMPUTED I 

ELEMENT STIFFNESS I 
CALLED FROM MATRICES TO CALCULATE 

MAIN PROGRAM I 
O""x , Dy , Txy , Oj , a-2 , 

T max AND TH E I R 
DIRECTIONS 

PRINT 
STRESSES · CTx , CTy, Txy 

AND 
PRINCIPAL STRESSES 

CTx , CTy AND T ma.x 

AND THEIR DIRECTIONS 

@------'-~~~--~~~-iRETURN 

L ________________ .. __ _J 
Figure 32. (Continued) 



I.. 

C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
I.. 

C 
C 
C 
C 
C 
C 
C 
C 
C 
I.. 

C 
C 
(. 

C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
G 
G 
C 
C 
C 
C 
G 
C 
G 
C 
C 
C 

••••++t•t••·····~················••••+++++++++++++t++++++t++t+++++++ 

+ PRCGRAM 
+ 
+ ''STATIC ANALYSIS USING FIVE TYPtS OF FINITE ELEMENTS IN 
+ SEVEN CONFIGURATIONS" 
+ 
+ LANGUAGE 
+ DIGITAL COMPUTER 
+ PROGRAMMER 
+ 
+ 
+ 
+ 
+ PURPOSE 

FOR TRAN IV 
IBM 360/65 
BKIJ R. Kl SHORE 
STRUCTURAL ENGINEER 
u. S. ARMY, CORPS OF ENGINEERS 
CHICAGO, lLLINOl S 

+ THIS PROGRAM PERFOKMS THE STATIC ANALYSIS OF THE PLANE 
+ STRESS PROBLEMS. DETAILED INFORMATION CAN BE FOUND tN: 
+ ''CHARACTERISTICS OF FINITE ELEMENTS FOR ANALYSIS Of 
+ BEAMS SUBJECTED TO IMPACT LOAD''• PH.D. DISSERTATION 
+ BY BRIJ Ro KlSHORE, SCHOOL OF CIVIL ENGlNEERING, 
+ (KLAHGMA STATE UNIVERS1TY, JULY 1972. 
+ 

+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 

++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++ 

+ UESGRIPTION OF PARAMETERS: 
+ 
+ ~M 
+ NN 
+ lV 
+ LOAOY Ill 
+ YLOAO ( I l 
+ JX 
..,. LUAUr. ( 1 I 
+XLUAO(ll 
+ ISUNIF 
+ 
+ UNIFLD 
+ NR 

• 
+ E (N l 
+ AP,,M) 
+ l,BLK 
+ ~UMNP 
+ FFM( 11,121 
+ I-ED 
+ E 
+ PR 
+ CEPTH 
+ IIIOTH 
+ SPAN 
+ ~U~EL 
+ X 
+ y 
+ ux 
+ 

"+ UY 
+ 
+ ~CASt 

BLOCK WIIJTH 
BLOCK LENGTH 
NUMBER Of NODAL LOADS IN Y-OIRECTION 
NODAL NJMBERS WHICH HAVE LOAO IN Y-DUECTlDN 
MAGNI Tl.OE Of LDAD AT NODE LOA DY (II 
NllMdEH: UF NODAL LOADS IN X-DIRECTION 
NCUAL NUNBEkS ~HlCH HAVE LOAD IN x-DlkECTluN 
MAGN [ TUDE OF LOAIJ AT NOOE LOA DX I I) 

LOGICAL VARIABLE; .TRUE. IF BEAM HAS ANY 
UN[FiJRMLY DISTRU!UTEO LDAD, OTHERWISE .FALSE. 
MAGNITUDE OF TOTAL UNIFORMLY DISTRIBUTED LUAIJ 
NUMBER Of VEKTICAL LINES IN THE FINITE 
ELEMENT ME SH 
LOAD VECTOR 
BLOCKS OF STIFFNESS MATRIX 
NUMBER OF llLOCKS 
NUMBER OF NODAL POINTS 

= MASS MATRIX 
: HEAD ING 

MODULUS OF EL AST lGITY 
• POISSON'S RATIO 

DEPTH OF !:SEAM 
• rilOTH CF BEAM 
: SPAN 0/- llEAM 

NUM llER OF ELEMENTS 
X-CuORCINATE OF NODAL POINTS 
Y-COORUINATE OF NOIJAL POINTS 

• INITIAL LOAD Ok DISPLACEMENT VALUE AT NUlES 
IN X-0 IRECTION 
INITIAL LOAD OR 01 SPLACEMENT VALUE AT NODES 
IN Y-OIRECT IOf< 
TYPE Of FINITE tLEMENT CUf<FI~UMATION 

+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 

~ 
C 
C 
C 

G 

C 

+ ~oA~C = llAN~ ~ IUTh 
+ + 
++•+++++++++++++++++++++++++++++++++++~+++++++++++++++++++++++++++++ 

lHPLICI T REAL *8 IA-H,0-l) 
COMMUN / AAA/ X( 343 l, Y( 3't3) , UX[ ~'tl I , UY( 343) ,UXTY PE 1343 I ,UYTYPE 1343 I 

l,ELHASl28Bl,HED(l81,TYPE(81;E,OENS,PR,VOL,MTYPE(288l,NUMNP, 
2NUMEL,NUMAT,KN,NCASE,KOUNT 

COMMON /ARG/ XXX( 51, YYY( 51, SC lO, 10) ,00( 3, 31 ,HH Io ,10), POOi ,XX I', I, 
l YY I 4 ) , C ( 't o't I , HI b , l O I , DI b, 6 I , F ( 6, l O I , 
2TYPE1,TYPE2,TEST1,TEST2,1Xt286,41,Ll1141,NR,LIMIT,1START 

COMMON /BANARG/ Al 3b, lBl,FM(3bl ,6136) ,MBAND,NUMBLK 
CQf,\MGN/ A I JF M/ AA 140 1 l 8 ,1 BI, FFM 140, 16 ) 
GOMMON/SETNUM/lERO,HALF,ONE,TWO,THREE,FOUR ,SIX,PI 
CO~~CN / AZZA/ Alli 18, 40 I 
COM~ON/SQUAD/SQll0,101 
DlMENSIUN YLOAD191,XLOAUl91,LOADYl91,LOA0Xl9) ,NBCYl9) ,NB(;Xl91 

l ,KDI SP( 18,401 
LOGICAL *l ISUNIF 

KO~NT=O 
CONTINUE 
CAU ELAPSE(ll 
PRI I\ T 3224, I 
KOUNT=KOUNT+ 1 
CALL HANE 
CALL ELAPSEIIl 
PRlN T 3224, I 

C******NCASE BEING READ IN SUBROUTINE MANE 
IF(NCASE.EQ.Ol GOTO 9999 

C 

"c 
C 

RE II l l\D l 
Ri:WIND 2 
~EW 11\D 3 
RE t.11\D 4 
MilAND= 2*L !Ml T 
~M:~BM,D 
I\N=~BAI\D 
NL~NN+ l 
NH=2•NI\ 
I\U~BLK=O 

~EH (5 1 32241 IY 
If( I Y.EQ. 01 GO TO 10 
REAGl5, l3)(L0ADYll l,YLOAD111,l= l,IYI 
PRINT 3, IY,ILOADYCil,YLOAD(ll,I=l,IYI 
DO 6 l=l,IY 

6 UYILCADY(lll=YLOAD( I) 
10 COI\TINUE 

REA015,3224)JX 
IF(JX.E<.;.O I GO TO ll 
REA015,13) ILOAOX(ll ,XLUACI 11, l=l,JX I 
PRINT 3, JX,ILOAOXlll,XLOAO(ll,I=l,JX) 
CG 7 i=l,JX 

7 I.XI LCADXll 11 =XLGAOl 11 
ll CUNTINUE 

KEAL tO,ISUNIF,UNlfLU 

..... ..... 
c.n 



IFIISUNIFI GOTU 25 
GOTG 35· 

25 Vl=UNIFLO/DFLOATCNR-11 
l=LIMlT-2 

C 
C**O*lf·OISTRIBUTEO LOAU IS ON NEUTRAL SURFACE LJ=l.+112 
C LJ= 1-1/ 2 
C*****lf DISTRIBUTED LGAD LS CN TOP SURFACE LJ=I 

LJ=I 
C 

IF I UYTVPE I LJI • EQ. TYPEll UV I LJI =UY'( LJ I +YI/TWO 
Jl=(NR-ll*l+LJ 
IF(UYTYPEIJII.EQ.TYPEllUYCJIJ=UY(Jll+YI/TWO 
DO 30 J•3,NR 
Jlz(J-21*1+LJ 
IF I IJYTYPEI JII. ~ii. TYPEllUY (JI l•UY (J 11 +Y l 

30 CONTINUE 
PRINT 3244, IJ,UYl"J J,J•LJ,NUMNP, 11 

35 COt.TINUE 
C 
C** .. *INITIALIZE MATRICES BCNI ANu AIN,HI 
C 

C 
C 
C 

C 
(. 

(. 

C 
C 

C 

00 5C N=l ,NH 
BIN l=ZERO 
CC 50 1'=1,NN 

SC AIN,Hl=ZERO 

COMPUTE I NBLK' 

NBLK=NUHNP/UHIT 
l•MGOI NUIINP-,LIMIT I 
IFC!.GT.01 NBLK•NBLK+l 
PRINT 3224,NSLK 

INITIALIZE i; READ IN TOTAL SflfFNESS MATRIX 

CO 691 11=1 ,NBLK 
00 691 12=1,NN 
CO 691 13=1,NN 

691 AA(I1,12,131=ZERC 

CO 693 IL=l ,NBLK 
REAOl3IIFFHl11,121 ,IL=l,NNJ 
REACl21 N 
PR I II T3224 ,N 
REAOl41112,13,AA(ll,12,131,14•1,NI 
GC TC 124 

C•••••SHIFT BLOCK OF EQUATIONS~ HOOlfY EQUATIONS BY dLOCKS 
C 

C 

122 NUMBLK=IIUMBLK+l 
NS=LIHIT*INUHBLK+ll 
NK=NS-L IM IT 
r-.P=N K-Ll HIT+ l 
K SH IF T= 2*NP-2 
IFINK.GT.NUHNPINK=NUHNP 

OU 123 N=l,NN 

IIM=NN+t, 
BIN l=BINHl 
ec !\~)=ZERO 
00 123 M=l,MM 
ACN;Hl=AINH,Hl 

123 A(NM,Hl=ZERO 
IFINUHBLK .EQ. NBLKI GO TO 12b 

124 CONTINUE 
ll=IIL-1 
00 711 12=1,NII 
N=N+l 
CO 7ll 13=1,HH 
ACr-.,13l=AAINUMBLK+l,12,131 

711 CONTINUE 
IF.l~UHBLK .EQ. 01 GO TO !22 

C 
C*****ADO CONCENTRATED FORCES 
C 

C 

12t 

240 

CONTINUE 
CO 250 N=NP, NK 
~=2•11-KSHIFT 
IFILVTYPEINI .NE. TYPEll GO TO 240 
BIK l=BIK l+UY(Nl 
!flUXTVPECNI .NE. TYPEll GO TO 250 
Ill K-ll =BI K-11+ UXI NI 

250 ,CONTINUE 

C*****BOUNDARV CONDITIONS 
C 

C 

C 

C 

CO 410 M=NP,IIK 
IF(H-NUHNPJ3l5,315,4l0 

315 11=2*M-KSHIF1-l 
!flUXTYPEIMJ .NE. TYPE.icl GO TO 320 
U=UX (HI 

CALL MODIFYC~H,N,UI 

320 ~=NH 
IF(UYTYPEIM) ,NE. TYPE21 GO TO ~10 
U=UVIHI 
CALL HCOIFVINH,N,Ul 

410 CONTINUE 

C*****RECUCt EQUATIONS BY BLOCKS 
C . 

2CO DO 300 N=l,NN 
IF(~CN,lll 225,300,225 

225 BINl=B(NI/AIN,11 
CU 275 L=2,HM 
IFIAIN,Lli 230,275,230 

23C Q=AIN,LI/AIN,11 
l=N+L-1 
J"'O 
OU 255 K=L,HH 
J=J+l 

255 Al 1,Jl=All ,Jl-Q*AIN,Kl 
ll ( I I =61 I 1-A I JI, , LI *ll I r.J 
A(N,L 1=11 

l 7~ C.UI\J INUE 

..... 
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C 

300 CC hf INU E 
IF n.uMBLK-NBLKl 3 75 ,400 ,3 75 

375 DO 720 N=l,NN 
wRITEll I IHNI, IA.IN,Ml,M=2,MHI 

12C COIITINUE 
GO TO 122 

C*****BACK SUBSTITUTION 
C 

400 CO 450 Mzl,NN 
N=Ml+l-M 
DO 425 K=2,HH 
L=ll+K-1 

425 8INl=B1Nl-AtN,Kl*BILI 
NH=N+NN 
Bllll'l=BINl 

45C AZZIN,NUMBLKl•BINI 
NUMBLK=NUMBLK-1 
IFIIIUMBLKl475,500,475 

475 CONTINUE 
CO 729 N=l,NN 
BACKSPACE 1 

72~ CON flNLE 
CO 730 N=l,NN 
RE.110111 BINl,IAIN,1U,M=2,MMI 

7?C CONTINUE 
CO 731 N=l,NN 
eACKSPACE 1 

731 CONTINUE 
GO TO 'tOO 

5CO COIi Tl NUE 
C 
C*****PR!NT DISPLACEMENTS 
(; 

C 

C 

PRINT 2009 
K=O 
00 352 NB=l,NBLK 
DO 350 N=l,MBAN0,2 
K=K+l 
KOISPIN,NBl=K 
IFIDABSIAlZIN ,NBII .LT. l.OD-OolA-LllN ,NBl=lERO 
IFIDABSIAlllN+l,NBII .LT. l.OD-Ol>IAlZIN+l,NBl=lERU 

J5C CONTINUE 
IFIK-NUMNPI 352,31>0,31>0 

352 COIITINUE 
HC CONTINUE 

PRINT 2010,IIKDISPIN,NBl,AZZIN,NBl,AlllN+l,NBl,N=l,MBAND,21, 
11\B=l ,NBLKI 
CALL ELAPSE I I I 
PRihT 3224, I 

CALL STRESS 

2 FORMAT 1110,/,lblSl 
3 FORMAT 1110,/,5115,0lC.211 

12 flJRMAT I lo I 5 I 
13 FORl'ATl~II5,D!-0.2ll 
20 FORMATIL5,Dl~.2l 

2004 FORMAT I LOX, 15, :SX, ·lPiOl<! • .:1, 4X, A4, lPLll2.4, 4X, A4, lPOllo4 l 

20C'» HHI.MAf('l',,l7X,'Nuut NU.• ,L3X, 1 X-Ut!>P. 1 ,lJx,''f-Ul!">P. 1 Ji 
2010 FORMAT 1217X,I8,5X,!~Ul5.D,5X,!P0l5.bll 
3220 FORMATllX,3026.lb,lXI 
3223 FORMAT 1212X,13,1X,13,1X,023ol6,7Xll 
3224 FORMAT 11101 
3244 FORMAT l/////,3X,•COMPUTED NODAL-LOAD E~UIVALENT TO UNIFORMLY DIST 

lRlBUTED LOAD• ,//,3X,5PNODE N0. 1 ,3X, 'Y-NODAL-LOA0',3Xl,/, 
2 51110,3X,Dl3.211 

GO TO l 
9999 SlCP 

END 

SUBRWT INE MANE 
.IMPLICIT REAL *8 IA-H,O-ll 
CUMMON /AAA/ Xl3431,Yl3431,UXl3431,UYl3431 ,UXTYPEl3431,UYTYPEl34JI· 

1,ELMASl2881,HEOl181,TYPEl81,E,UENS,PR,VOL,MTYPEl2881,NUHNP, 
2NUMEL,NUHAT,KN,NCASE,KOUNT 

CUMHON /ARG/ XXXl5l,YYYl51,S110,101,DD0,3l,HHl6,lOl ,Pll01,XXl41, 
lYYl41,C(4,41,Hl6,lOl,Dlo,ol,Flo,lOl, 
2TYPE1,TYPE2,TEST1,TEST2,1Xl288,41 ,LMl4l,NR,LIH1T,1START 

COMMON /8ANARG/ Al3o,181,FHl361,B(3bl,MBAND,NUHBLK 
COMMON/ AI JFM/ AAl40118 ,181, FFMl40, 181 . 
COMMON/SETNUM/lERO,HALF,ONE,TwO,THREE,FOUR ,SIX,PI 
CO~MOr. I All Al· All I 18, 40 I 
COHHCN/SQUAU/S~ll0,101 

C . 
C*****REAC ANO· PRINT OF CONTROL INFORMATION AND MATERIAL PROPERTIES 
C 

C 

IFIKOUNT.GT.11 GOTO 5 
~EAC 1000,HEC,TYPE 
READ 1001, E ,PR 

5 CONrINUE 
REAC15,32241~CASE 
IFINCASE.EQ.Ol RETURN 
PRINT2000,HEDiTYPE 
PRl~T 2001 
DENS=DENSTY 
PR INT 2002, E ,PK 

,D.ENSTY 

,DENS 

C*****REAO AND PRINT OF NODAL POINT DATA 
C 

RE.IIC 402,DEPTH,WIDTH ,SPAN,LIMIT 
DENS = IONE/( 3.81>.4000*1728.00001 l*DENS 
REAC 4~0, NR,K2,XNOT,YNOT 
PR! "'T 435 
PRINT 432,DEPTH,WIDTH,NR,K2,SPAN,XNOf,YNLT 
DR2=DEPTH/DFLOAT IK21 
KJ:~R-1 
DR 3= ~PAN/ufLOA TIK 31 
PKINT 2010, DR.:,ORJ,L lMlT 
PRI~T 3226, NCASE 
K=K2+1 
K"'=K 
I\U~·I\ P=K* I\R 
NU QUAD = I K-11 * I NR-11 

..... ..... 
-.J 



C 

C 

C 

NUHE:l=Nu .. uAiJ 
PRINT 440 
DO 315 J sl ,K 
XI J l=XNOT 

315 YIJlzYNOT + DFLOATIJ-ll*OR2 
VIK2/2 + 11 = 0,0DOO 

CO l20 1=2, NR 
XL=DR3* I l-11 +X NOT 
NlzK*I 1-11+1 
00 320 KK=l,K 
J=IU + K K-1 
XIJ l=.X.Z 

320 YIJl=YIKKI 
DO 321 l=l,NUHNP 
UXTYPEI I lzTYPEl 
UYTYPECI l=TYPEl 
liXII I= .ZERO 
UY 11 I• LERO 

J21 COIi T lNUE 

READ 1002, IUMNP 
READ 1002,11,UXTVPE(ll,UX(ll,UYTYPElll,UYlll,N=l,IUHNPI 
PRINT 2004, I I ,XI 11 ,YI II ,UXTYPEl 11 ,UXI II ,UYTYPEI 11 ,UY( 11, l=l, 11/JMNPI 
CALL GRAPH IX,YoNUHNP,11 

C**•**READ AND PRINT OF ELEMENT PROPERTIES 
C 

C 

PRIIIT 2001> 
NH=O 
I\RMl=NR-1 
K=KN 
Ct.I 610 1=1,NKHl 
U=lK-11*11-ll+l 
L2~1K-ll*I 
lI=IL2-ll+ll*ll-ll 
DO 610 Nsli, L2 
HTYPEINI= l 
IXIN,ll=N+l~l 
IXIN,2l=IXIN,ll+K 
IX(N,31=1XlN,21+1 
IXl~141=1XIN,ll+l 
ELMASINlz(Y(N+II-YlN+l-lll*DR3*DENS 
llO 633 H=l,4 
00 633 MM=l ,4 
KKslABSIIXlN,MI-IXIN,MMII 
IFIKK-NMI 633,633,031 

631 ~M=KK 
lF. (NM - LIMIT) 633,63'+,634 

634 PR I NT 2008 -
CALL EX! T 

633 CUNT INUE 
6lC COH INUE: 

~l "' ONE /FUUR 
CO 613 N=l,NUMEL 

613 ELMASINl=ELMASINI * XZ 
PRINT 2007,11,IIXll,Jl,J=l,41,MTYPElll,ELHAS 111,l=l,M.IHELI 
l'BAl\0=2• LIMIT 

C 

FKII\T 3000 
C.ALL ELAPSE:l 11 
PRINT 3224,1 
CALL MASTIF 
CALL ELAPSEIKI 
PRINT 3224,K 
PRI l'<T 3010 

402 FORMAT 13Fl0,0, 1101 
430 fOR~AT (215,2Fl0,01 
432 FORMAT ( lP20l4,3,2I7,1P3Dl4,31 
435 FORMAT er,, lX, •DEPTH DF BEAM 1 , • W 10TH OF BEAM', 5X, 'NR •, !>X, • K2' , 

llOX,'SPAN' ,10X, 1 XNOT• ,10X, 1 YNOJI I 
'+40 FORMAT 1 1 1•, lOX,'NOOE' ,5X, 1 X-OROINATE: Y-ORDINATE X-LUAD 1 ,3X, 

l I UR DISPL, Y-LOAO OR OISPL ,, I 
lOCO FORMAT ll8A4,/,8A3 I 
100 l FORMAT I 313X,OU,41 I 
1002 FORMAT 115,6X,A4,Fl0,0,6X,A4,FlO,OJ 
2000 FORMAT l 'l' ,4X,l8A4,//5X,8A3,//I 
2001 FORMAT l6X, 1 MOOULUS OF POISSON S DENSITY 0F',/ 1 6X,'ELAST1CITY 1 1 

15X, 1 RATl0' 15X, 1 MATERIAL 1 1/I 
2002 FORMAT 15X, lP3012,31 
2004 FORMAT ( lOX, 15, 3X, 1P2Dl2,3, 4X, A4, lPD·l2,4, 4X, A4, lPUll,4 
20C6 FORMAT I' l' t l3X,'EL, NO,' ,9X,' I' ,9X,'J' 1 9X,'K' ,9X, 1L 1 ,2X, 

!'MATERIAL', 7'.X, 1 EL, MASS' I 
2007 FORMAT 11ox, 6110,023,161 
20C8 FORMAT 130HO SANO WIDTH EXCEEDS ALLOWABLEI 
2010 FORMAT (/, 5X, '0R2= 1 ,011.4, 5X, 1 0R3= 1 t D 11. 4, 5X,' LI Ml T=• , 141 
30CO FORMAT(//, lX,'SSSS-STARTS-CALL STIFF PRINT OUT',//1 
3010 FORMAT!//, lX,'SSSS- ENDS -CALL STIFF PRINT OUT' ,//1 
322'+ FORMATIIlOI 
3-22f: FORl'AT l/,5X,'CASE NO, =•, 131 

RETURN 
El'<C 

SUBROUTINE MASTIF 
IMPLICIT REAL *B IA-H,O-ZI 
COl'l!ON /AAA/ X 13431 ,Y 13431 ,UX 13431, UY·( 3431,UXTYP El 3431, UYTYP El343 I 

1,ELMASIZ88l,HEO(l81,TYPEl81,E,DENS,PR,VOL,MTVPEl2881,NUMNP, 
2 I\U l'EL, hUMAT, KN, NCAS E, KOUNT 

COMMON /ARG/ XXXl51,VYYl51,S110,101,00l3,31,HH1b,101,P(l0l,XXl41, 
lYV(41,C14,41,Hl6,10f,DI 6,61,Flo,101, 
2TYPEl,TVPE2,TESTl,TEST2,IXl288,41,LM(41,NR,LIMIT,iSTART 

COMMON /BANARG/ A(36,l81,FM(361,8(361,MBAND,NUMBLK 
COl'MCN/ SETNUM/ LERO, HALF, ONE, TWO, THREE ,FOUR , SIX, PI 
CO~MON/SQUAD/S~ll0,101 
DIMENSION DUHMVIIOOOl,IZlllOOOl,JZlllOOOI 
CIME~SION S118,81 

C 
c•••••INITIALIZATION 
C 

REiilNO l 
REW IND 2 
~E~li'<D 3 
REi.IND '+ 

..... ..... 
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C 

C 

Jlitl ~ LIMIT 
ND=2*Ntl 
IID2=2*ND 
I\U~BLK=O 
PRINT 3009 ,NB,ND,ND2,NUMBLK 

DO 50 N=l ,ND2 
BIN l=ZERO 
FHll,1= ZERO 
DO 50 M=l,ND 

50 Al I\, Hl=ZERO 

, .... *FORM MASS AND STIFFNESS MA_TRICES .IN _BLOCKS 
C 

C 

C 

C 

C 

C 

f:C I\U~BLK=NUMBLK+l 
NH=NB*INUMBLK+ll 
I\M=NH-NB 
NL=NM-NB+l 
KSt, IFT=2*NL-2 
BLK=DFLOATINUMBLKI 

NUM Ell= l +NUMEL/ 2 
DO 210 N=l,NUHEL 

IF IMTYPEINII 210, 210,b5 
t:5 oo ao I•l ,4 

IFUXIN,11 .GE. NL .AND. IXIN,11 
80 CUt,TINUE _ 

GO TO 210 
90 CONTINUE 

lflt,.GT.NUMELllGOTO 94 

.LE. NMI GO TO 

IFINCASE.NE.3.ANO.NCASE.NE.4IGOTO 93 
IFIN.EQ.NUMELllGOTO 9b 

9J IF It. .GT. 11 GO TO 94 
Sf: CONTINUE 

CALL ELAPSE I II 
PRINT 322ft, I 
CALL STIFBBINI 
CALL ELAPSEIJ I 
PRINT 3224, J 

MTYPEINl=-MTYPEINI 
IFINCASE.NE. 51GOT098 
00 lrt7 l=l, 10 
DO 147 J=l ,10 

147 SQll,Jl=Sll,JI 
DO 150 II= 1,9 
CC=Slll,101/Sll0,101 
Pl 11 l=P I 111-CC*P 1101 
DO l.50 JJ=l,9 

15C Slll,JJl=Slll,JJI-CC*SllO,JJl 

~C lbO 11=1,8 
CC=Slll,9l/Sl9,91 
P I 111= P I 111-CC *P I 9 l 
UO lbO JJ=l ,B 

lbO SI 11,JJ l=SI 11,JJ 1-CC*SI 9,JJI 
98 COH INUE 

90 

CU 'i9 I= 1, d 
cc 99 J=l,8 

S9 Slll,Jl=SU,JI 
PRINT 3003, IISll l,Jl,J=l,81 ,1=1,81 

9999 COIITINUE 
GO TO lb5 

94 MTYPEINl=-MTYPEINI 
DO 97 1=1,B 
00 97 J=l,8 

97 Sll,Jl=Slll,JI 
DO 151 l=l,B 

151 Pl I l=Z-ERO 
C 
C*****AUO ELEMENT STIFFNESS TO STRUCTURE STIFFNESS 
C 

C 

C 

C 

165· DO lb6 1=1,4 
ltf: LHl11•2*1XIN~ll-2 

ELM = EL MAS I NI 
00 199 i=l,4 
00 199 K=l,2 
ll=LMlll+K-KSHIFT 
FMll 11= FM( 111 + ELM 

KK=2•1-2+K 
tlllll =Bllll+PIKKI 
DO 200 J=l,4 
DC 200 L=l,2 
JJ=L/41 JI +L-11+1-KSHIFT 
i.L=2•J-2+L 
IFI JJI 200,200,175 

175 IFIND-JJl180,195,l95 
180 PRINT 2001, N 

CALL EXl"T 
195 CONTINUE 

Alll,JJl=Alll,JJl+SIKK,LLI 
200 ·CONTINUE 
199 COI\T INUE 
21C COIi Tl NUE 

C***** AOC CONCENTRATED FORCES WIT HIN BLOCK 
C 

C 

DO 250 N=NL,NM 
K=2•N-KSHIFT 
IF I UYTYPEINI oNE. TYPEl 
BIKI = tllKI + UYINI 

240 IF I UXTYPEINI .NE. TYPE! 
B·IK-11 = B{K-11 + UXINI 

250 COIITINUE 

GO TO 240 

GO TO 250 

C*****WRITE BLOCK OF EQUATIONS UN TAPE ANO SHIFT UP LOWER BLOCK 
C -

IIRI TEI 31 (FM( NI ,N=l ,NOi 
N=O 
DC 8b0 1=1, ND 
00 860 J=l , ND 
IF IAll,Jl .GT. 1.0 .UR. All,JI .L.T. ·-1.01 GO TO 161 
GC TC 1!60 

l.tl N=N+l 

.... .... 
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C 

C 

lll.{t,l=l 
Jl l( Nl=J 
OUMl'Y INl=AI 1,J I 

81:C COI\Tl NUE 
PRINT 3224,N 
PRINT 3222, IIZllll,JZll 11,0UMMYI 11,izl,NI 
~RlTEl21 N 
WR IT EI 411 I Z 11 11, JZ 1111,0 UMM YI ll , l =l, NJ 

455 DO 420 Nzl,ND 
K=N+ND 
Bllllzll{Kl 
FHINl=FMIKI 
BIKlzZERO 
fMIKI= ZERO 
00 420 H=l,ND 
All\,Hl=AIK,HI 

420 AlK,Ml=ZERO 

C*****CHECK FOR LAST BLOCK 
C 

C 

C 

If INM-NUMNPI 60,480,480 
480 CONTINUE 

500 RETURN 
2000 FORMAT l26HONEGATIVE AREA ELEMENT NO. 141 
20Cl FORMAT l29H0BAND WIDTH EXCEEDS ALLOWABLE 141 
3003 FORMAT llOX, 'MAT.Rix- Sl'/ ( 3X,8Dlb.6ll 
3009 FORMAT l//,5X,'NB,I\D,~2,NUMBLK',4110,//I 
3010 FORMAT 12X,'B',7Dl7.5 I 
3011 FORMAT{/,• NUMBLK,NH,NM,NL,KSHlfT',5110,/1 
3025 FORMAT (5(1X,D23olb,2XII 
3220 FORMAT 15X, 'FMl·Nl'/1{ lX,3D26.l6,lXI I 
3222 FOl<MAT l4llX,' (', U,',', 13,' I', 02::>.lbl I 
3223 FORMAT {2(2X,13,lX,13,lX,D23.l6~7XII 
3224 FORMAT I 110 I 

ENC 

SUBROUTINE STIF881Nl 
IMPLICIT REAL *8 IA-H,0-l l 
COMMON /AAA/ Xl343l,Yl343l,UXl343l,UYl343l,UXTYPEl3431,UYTYPEl343l 

l ,ELMAS 1288 l, HEDI 181, TYP El 81, E,DENS,PR, VOL ,MTYPEI 2881, NUMNP, 
2NUMEL,NUMAT,KN,NCASE,KOUNT 

COMMON /ARG/ XXXl51,YYYl51,Sll0,101,DDl3,31,HHl6,10l,P(l01,XXl41, 
lYYl41,Cl4,41,Hl6,l01,Dl6,bl,F16,l01, 
2TYPEl,TYPE2,TESTl,TEST2,IXl288,41,LMl4l,NR,LIMIT,ISTART 

COMMON /BANARG/ Al36,l8l,FM(361 ,B1361 ,MBAND,NUMBLK 
COl'MCN/ S ETNUM/ ZERO, HALF, ONE, TWO, THREE ,FUUR , SIX, PI 
DIMENSION SSIS,81. 

XLAMl=HALF*IONE-PRI 
~LAM2=HALF* I ONE+PRl 
Nl2=0 
cc l.210 11=1,8 
uo l.210 JJ=l ,8 

l.2l.C SSlll,JJl=lEKD 
5 I= IXIN, 11 

J=IXIN,21 
K=IXIN,31 
L=!XIN,41 
XA=UABSIXIJI-XI Ill 
YB2DAbSIYIKI-YIJll 
I\UMELlz l+NUMEL/ 2 
lF(N.NE.NUMEll.lGCTG 200 
IFINCASE.EQ.31GOTO 2 
IFII\CASE.EQ.4lGOTO l 

2cc COI\Tl NUE 
GO TO I 1,2,1,2,3,41,NCASE 

C PRINT 2002,NCASE 
C 

IFINCASE .NE. 121 CALL EXIT 
l COM lNUE 

C 
C STIFFNESS MATRIX 0135 
C SUBROUTINE TRll351Nl 
C 

C 

COEf=E/1 
Sll,ll= 
S12,21= 

2.0DOO*XA*YB*I ONE-PR*PRI I 
(Y B*YB+XL AM l*XA*XA I 

SI 2, ll= 
Sl6,ll= ZERO 
SI 5,21= ZERO 
Sl4,31= ZERO 
S18,71= ZERO 

I XA*XA+XLAMl*YB*YBI 
XA*YB*XLAM2 

SI 8,31= XA*YB*I PR+XLAMU 
S17,4J= ,XA*YB*IPR+XLAMll 
Sl6,51z S12,ll 
SI 3, ll=-YB*YB 
>l7,5l=Sl3,ll 
S14 ,ll =-XLAMl*XA*YB 
S(8,ll=-PR*XA*YB 
SlJ,.21= SIB,ll 
SI 7,21= Sl4,ll 
S16,3l= S14,ll 
SI 5 ,41= SIB ,U 
S17,61= SIB,11 
Sl8,5l= Sl4, 11 
Sl 7 ,11 =-XLAMl*XA*~ A 
SI 5, 31= SI 7, ll 
SI 5, ll = ZERO 
S17,3l= Sl5,ll 
514,21= ~XLAMl*YB*YB 
SlB,bl= S14,21 
SI 8,21= -XA*XA 
516,41= SIB,.21 
Sl 6,.21 = ZERO 
SlB,41= Sl6,21 
GOTC 3545 

.2 CONTINUE 

C STIFFNESS MATRIX 004i 
C SlJBROUTI NE TRI 045 I NI 
C 

COEF=E/ I Z.ODOO*XA*YB*IONE-PR*PRI I 

.... 
1:-v 
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S(L,ll= !YB*Yd•XLAMl*XA*XAI 
S(2,21= IXA*XA+XLAMl*YB*YBI 
SI 2, ll=ZERO. 
S (6, ll= -XA*Y B* ( XL AHl +PR I 
S(5,2l=Sl6,ll 
514, 31=-XLAH2*XA*Yll 
Sl8,7l=S14,3l 
SI 8, 31 =ZERO 
S(7,41= ZERO 
$(6 ,51= S (2 ,11 
SI 3,11=-YS*YB 
Sl7,Sl=Sl3, ll 
S14,ll= PR*XA*Y 6 
S( 8, 11= XLAH l*XA*YB 
Sl3,21= SIS,11 
S11,2l= 514,ll 
S16,31= S<4,ll 
S(S,41= SIS,11 
SI 1, 61 = SI 8, 11 
SIS,51= S(4,ll 
S17,ll=-XLAMl*XA*XA 
515,31= 517,ll 
S(5,ll= ZERO 
S!7,31= S15,ll 
5(4,2)= -XLAMl*YB*YB 
S(8,61= 514,2) 
$(8,21= -XA*XA 
516,41= Sl8,21 
S 16 ,,U= ZERO 
S18,41= S16,21 
GOTO 3545 

4 COIIT lNU E 
C 
C**STIFFNESS MATRIX RECTNG 
C SUBROUTINE RECTNGINI 
C 

CUEF=EI< 12, OOOO*XA*YB*I ONE-PR*PRI I 
SI 1, 11= FOUR* (Y B*YB+xLAM l*XA*XA I 
S ( 2 ,21 =f OUR* I XA* XA+XUIMl*YB*Y Bl 
SI 2, ll=THREE*XA*YB*XLAM2 
S(6,ll=-Sl2,ll 
S( 5,21= SI 6,11 
S14,31= Sl6,ll 
S(S,71= S16,ll 
S18,31= S12,ll 
S17,41= Sl2,ll 
S16,Sl= S12,ll 
S( 3, ll =TWO*( XLAM l~ XA* XA-TWO*YB* YBI 
S17,51=S13,ll 
S14,ll=THREE*XA*YB*IPR-XLAMl I 
S( 8, ll=-SI 4, ll 
SO,Ll= SIB,11 
SI 7,2.1= Sl4,ll 
Sl6,31= Sl4,ll 
SIS ,41= SIS ,ll 
SI 7,6l= SI 8,ll 
518,51= Sl4, ll 
S17,Ll=TWU*IYB*YB-TwG*XLAMl*XA*XAI 
S( 5 ,3 l = SI 7, ll 

S15,il=-Twu*(Yti*YU+ALAMl*XA*XA) 
SI 7, 3l= SI 5, 11 
S (4, 21 = TWO* (XA*XA-HIO*XLAM l*YB*YB l 
S18,6l= Sl4,2l 
Sl8,2l= TWO*IXLAMl*YB*Y8-TWO*XA*XAI 
Slo,41= 518,21 
S( 6, 21 =-TWO* ( XA* XA+ XLAHl*YB*YBI 
S18,41= Sl6,21 
GOTC 3545 

3 CONTINUE 
C 
C**SllffNESS MATRIX QUAD 
C SUBROUTINE QUAD INl 
C 
C*****FORM STRESS-STRAIN RELATIONSHIP 
C 

C 

If ITY PE 14 l - TES Tl I 10, 30, 10 
lC If lTVPEl41 - TEST21 20,40,20 
20 PR INT 2000 

CALL EXIT 
30 COMM = E /(ONE -PR * PR 

C (l , l I = COMM 
Cll,2l. =COMM* PR 

Cll,31 = ZERO 
Cl 1,41 = ZERO 
Cl2,ll = Cl 1,21 
C<2 ,21 = COMM 
C12,31 = ZERO 
Cl2,41 = ZERO 
C13,ll = ZERO 
C13,21 = ZERO 
C13,31 = ZERO 
Cl3 ,4) = ZEHC 
Cl 4, ll = ZERO 
C14,21 = ZERO 
C( '1, 31 = ZERO 
Cl4,4l = COMM *HALF * IONE- PR 
GO TO 50 

4C COMM= E I II ONE+ PR I * 
Cll,ll =COMM* IONE- PR I 
Cl 1 ,21 = COMM * PR 
C( l t31 = ZERO 
Cll,41 = ZERO 
C12,ll = C ll ,21 
C(2,21 = Cll,11 
C12,31 = ZERO 
Cl2 ,41 = ZERO 
Cl3,ll =COMM* PR 
C13,21 = C13,ll 
Cl 3,31 = ZERO 
Cl3,41 = ZERO 
(.(4 ,11 = ZERC 
Cl4,2J = ZERO 
C(4,31 = ZERO 

I ONE-HALF* PR 

C14,41 ~ COMM *HALF* IONE-TWO* PR 
C 
C*****FOH~ ~UALlKILATERAL STIFFNESS MATRIX 
C 

11 

i-
1:'6 
i-



C 

c; 

c; 

C 

50 XXXl5.I = IX(ll + XIJI + XIKI + XILII I FOUR 
YOl51 = IVIII + Y(JI + VIKI + Yllll I FOUR 
00 94 M = 1,4 
MM= IXlt,;,MI 

( XXXI HI = XI HHI 
94 YYYIHI = Y1MHI 

DO 100 II=l, 10 
Pl II l=ZERO 
00 95 JJsl ,1> 

95 t,HI JJ, II JaZERO 
DO 100 JJ=l ,10 

l.CO SI I I ,JJl=ZERO 

IF CK-LI 125,120,125 
120 tAU. TR I STF 11,2 ,31 

XXXl51 a IXXXI 11 + XXlU 21 + l(XXi 311 / THREE 
YYYl51 = IYYYlll + YYY(21 + YYYC311 / THREE 
GO TO 130 

125 vOL,.ZERO 
tALL TRISTF14,1,51 
tALL TRISTFll,2,51 
tALL TR1STF12,.3,5I 
CALL TR1STFC3,4,5I 

DO 140 ll=l,1> 
co 140 JJ=l,10 

140 HH(Il,JJl•HHIIl,JJI/FOJR 
C 

130 RETURN 
2000 FORMATl41HO PLANE STRESS OR STRAIN TYPE ERROR 

.c 
3545 CUNT INUE 

00210 I I=3 ,8,2 
JJ=II+ 1 
SI II, I ll=S I 1, 11 

210 SIJJ,JJlzS12,21 
00220 II= 1, 8 
00230 JJaJ I,8 

220 SIIl,JJl=SIJJ,III 
00220 KK•l,8 

220 Slll,KKl=COEF*SIIl,KKI 
IFINCASE,NE,121 RETURh 
Nt2,.Nl2+1 
DO 1220 11=1 ,8 
DO 1220 JJzl ,8 
SSIII,JJJ=SSCII,JJl+SIII,JJI 
SIII,JJl=ZERO 

l2~C CON JINUE 
IFIN12 ,EQ,11 GOTO 2 
00 1230 I I =l ,8 
DO 1230 JJ= 1, 8 

1230 SIII,JJl=SSIII,JJl*HALF 
RETURN. 

2002 FORMATJ5X,•NCASE =1 ,I5,'**********' ,Ill 
Ef'<C 

C 

C 

C 

C 

1210 

SvtlRUUTINE ;TRE~S 
IMPLICIT REAL *8 IA-H,O-Zl 
COMMON /AAA/ XC3431,Yl3431;UXl3431,UYl34311UXTYPEl3431,UYTYPEl343J 

1,ELMAS 12 881 ,HEO 11811 TYPE 181 1 E ,DENS ,PR ,VOL, MTYPE l.i!88 I I NUMNP, 
21'<UMEL,NUMAT,KN,NCASE,KOUNT 

CdMHCN /ARG/ XXXl5J,YYYC511Sll01101,0013,31,HHl1>,lOJ,PllOI ,XXl41, 
lYYl41,C14,41,Hl1>,lOl ,DC1>,6l ,FC6,lOI, 
2TYPE 1, TYPE2, TEST1, TE..ST2, IXI 288, 41 ,LMI 41 ,NR ,LIMIT, IS TART 

COMMCN/ SET NUM/ Z ER0, 11ALF, ONE, TliO, THREE, FOUR •SIX, PI 
COMMON /AZZA I All 118 ,40 I . 
COMMON/SQUAD/SQ( 10,101 . 
OIMEl'<SION QC3,81,S1Gl41,TPC61,QQ13,81 

NN=2*L IMIT 
XLAMl=HALF*ICNE-PRI 
MPRINT=O 
NUMELl=l+NUMEL/2 

00 90 N=l,NUMEL 
1112=0 
00 1210 II =1,3 
00 1210 JJ= 1. 8 
,,111 hJJ I= ZERO 
l=l UN,11 
J=IXCN,21 
K=IX (N,31 
l=UIN,41 
XA=CA·IISC XIJ I-XI I )I 
Y8=0ABS1YCKI-YIJ)) 
COE =El( XA*YB*C ONE-PR*PRI I 
XZX=CXIIl+XIJl+XCKl+XCLII/FOUR 
YZY•IYCll+Yl~l+YIKl+YCLII/FOUR 
XXA=XA/TWO 
VYB=YB/Hm 
DO 10 Il=l,4 
ll= 2•11 
KK=2*IX IN, 111 
NB=KK/hN 
NJ=MOOC KK, NNI 
IFCIIJI 5,6,5 

5 t..BaNB+l 
JJ=NJ 
GC TC 8 

6 JJ•f'<N 
8 PIII-ll=AZZCJJ-1,~i!I 

Pl II I= AZZ IJJ ,NBJ 
lC CONTINUE 

IFINCAS E ,EQ ,3,ANO,N, GE,NUMEL llGOTO 2 
lFINCASE,EQ,4,ANO,N,GE,NUMELllGOTO 1 
GOTOl 1, 2, 1,2,3,41,NCASE 

IFINCASE ,NE, 121 CALL cXIT 
CONTINUE 

C HREiS 0135 
C 

·coEF=HALF•COE 
Qll ,11 =-YB 
i,lll,31=YB 

-N 
N 



"'11,51= YB 1,113, ll=XLAMl*Ql2,2 I 
QI 1, 71=-YB !;11,2 l=PR*Q 12 ,21 
QU ;21=-PR*XA QI 3, 21= XLAM l*QI 1,11 
Ill 1,41-PR*XA Ill 1,.31=-QI l; 11 
Qll,1>1= PR*XA Ql2 ,31 =PR*Qll ,31 
QI l ,BJ= PR*XA QI 3, 31•'-XLAM l*XXA 
QI 2, 11=-PR*Yll !;I 1,41•-PR*XXA 
Q(2,31= PR*YB Q12,41=-XXA 
Q12,51= PR*YB QI 3, 41=-XLAM l•QI 1, 11 
QI 2, 71=-PR*YB (;;U,51=YYB 
Ql2,21=-XA QI 2,51=PR*YYB 
Ql2 ,41 •-XA Q13, 51=XLAMl*XXA 
QI 2, 1>1= XA 1,Hl ,l>l=PR*XXA 
1.12,81= XA Q12,61=XXA 
QI 3, 11=-XA* XlAMl Ql3tl>l•XLAMl*YYB 
QI 3, 31=-XA*XLAM l Qll, 71=-YYB 
Ql.3,51= XA*XLAMl QI 2, 71=-PR*YY·B 
Ql,3,71a XA*XLAMl ,13,71=-XLAMl•Ql2,21 
QI 3, 21=-YB•XLAM 1 Qll,8l=-PR*Q12,21 
QI 3,,41 = .YB* XLAMl Q12,8)=-Q12,2) 
Q13,1>l= YB•XLAMl i;;t3;81=-XLAMl*YYB 
i;; 13 t 81=-Y B*XLAMl C 
GOI029 29 CONT lNUE 

2 CONTINUE lFINCASE.NE.121' GOTO 1240 
C C 
C HRESS 0045 Nl2=N1Z+l 
C DO 12.ZO ll =l ,3 , 

COEF=HALF*COE DO 1220 JJ=l, 8 
Qt 1 ,11 =-YB 12ZO QQlll,JJl=QQlll,JJ l+Qlll,JJI 
QC 1,31= YB IFIN12 .i:Q.11 GOTO 2 
i;;U,51= YB DO 1230 ll= 1, 3 
Qll,71=-YB 00 1230 JJ=l,8 
Qll,21=-PR'l<XA 123C 1111 l ,JJI =QQI II, JJl *HA·Lf ,u ,41=-PR*XA 124C L;O 30 ll=l,l 
QI 1,61= PR*XA SIG Ill l=ZERO 
QI 1, 81= PR 'l<XA 00 30 JJ=l,8 
Q12,11=-PR*YB Qlll,JJl=COEF*Qlll,JJI 
Q12,31• PR*YB 30 S IGI ll l=S !GI II l+QI lI ,JJ l*PI JJ I 
Q12,5 I" .PR*YB GOTO l 7 
Q12,71=-PR*YB 3 CONTINUE 
"112,21=-XA 00 15 l=l,10 
Q12,41=-XA DO. 15 J=l,10 
Q12,61= XA 15 SI l,Jl=SQI l,JI 
QI 2, 81= XA 00 20 l = 1,2 
Qll, ll=-XA•XLAMl )XI II = Pl 1+81 
Q0,31=-XA*XLAMl 00 20 K = 1,8 
QI 3, 51= XA*XLAMl 20 XXIII • xx ll 1 -s 11+8,KI * PIKI 
1113,71= XA*XLAMl C 
1,1( 3,21=-YB*XLAMl COMM=S 19,9) •S 110,101-S 19,101 •s 110,91 
.Q13,41= YB*XLAMl lFICOM.Ml32 ,40 ,32 
Qll•l>I= YB*XLAMl 32 Pl ~I =IS I 10,101 • XXUI -S 19,101 'I< XXl211 / COMM 
QI 3,81=-YB*XLAMl Pl 10 J = 1-S 110, 91 • XXI 11 +S 19,91 * XXI 211 I COMM 
GCTC29 C 

C 40 OU 50 I = 1,6 
4 CONTINUE TP, 11 = o .o 

COEF=COE DO 50 K = 1,10 
'-ill ,11 =YYl!-YB 50 TPIII = TPIII + H-111,KI * Pl Kl i--
,I( 2, 11 =PR*QI 1, 11 C 1:-.:> 
"112,2l=XXA-XA ~< )Xlll = TP12l CA 



C 

XXIZI = TP{b) 
XX( 3 l = O. 0 
XX(41 = TP(3l + TP(5l 

5b DO 60 I = 1,4 
SIG( I) = O. 
00 60 K = l, 4 

60 SIGlll = SIGUI + Cll,KI * XX(Kl 
. SIGl3)=SIGl4l 
17 COIITINUE 

RAD=llSIGlll-SIGll I l/TWOl **2+1SIGl311**2 
TMAX=OSQRTI RAO l 
SAVR=IS1Gll l+SIGl2ll/TWO 
SIGl=SAVR+TMAX 
SIG2=SAVR-TMAX 
TAN2A•TkO*SIGl31/ISIGlll-SIGl2ll 
ANG•DATAN( TAN2Al *90. ODOO/Pl 

b2 IFIMPRINT .GT. 01 GO TO 80 
PRINT 2000 
MPRINT= 55 

80 MPRINT=MPRINT-1 
PRINT 2001,N,XZX,Y ZY, ISIGI ll I ,ll=l .31,SIGl, SIG2, ANG 

90 CONTINUE 
RETURN 

2000 FORMAT I 'l' ,5X,/,lX,'STRESS AT MID-POINT Of ELEMENTS• ,//,lX, 
* 1 EL. NO. 1 , 2X, 1 X-OROINAT E 1 , 4X, 'Y-ORD !NA TE•, 7X, • SI GMA-X', 7X, 
*' SIGMA-Y', 8 X, 1 TAIJ-XY' , 7X ,• SI GMA-1 1 , 7X,' S IGMA-2' 1 4X, 
*'ANGLE IN RADIANS',/) 

2001 FORl'ATtlX,15,8014.41 
2002 FORMAT! 5X, 'NCASE = 1 ,15,'**********' ,//1 

END 

SUBROUTINE GRAPHlX,Y,IIP,NSI 
c•••••PROGRAMMER: ROBERT WOODS, SCHOOL OF MECH. ENGINEERING, OSU. 

C 

IMPLICIT REAL*8 IA-H,0-Z I 
DIMENSION PLQTl12l,5ll, XllOOOl, YllOOOl 
INTEGER PLOT, ROUND, DlSTX, DlSTY, XAXIS, YAXIS 
INTEGER DOT, BLANK, MINUS, UNITS, 01131 
DATA DOT, BLANK, MINUS, UN!TS/lH.,lH ,lH-,lHI/ 
DATA 0/ lHO, lHl, 1H2, lH3, IH4, lH5, lH6, lH7, lH8, lH9, lH* ,l~ l, lH2/ 
ROUl'<DIA,BI = .A/B + 0.5 

l FORMATl1Hl,28X, 'MAJOR X HASH 
• 29X,' MAJOR Y HASH 

3 FORMAT(///5l(l4X, 71Al/ll 
4 FORMAT( /5l(l0X,l21Al/ll 

IXM = 
IYI' = 
IF INS 
IXH 
IYH = 

121 
51 
• Ci T • 
71 
41 

Ol GO TO 11 

HARKS INDICATE ',D9. 2 ,/ 
HARKS INDICATE 1 ,D9 .2) 

C 
C 

C 

C 

C 

C 

C 

C 

C 

llXMlll=Xlll 
)(MAX = X(ll 
YMIN = YI 11 
YMAX = Y 111 

GO 20 1=2, NP 
lf(Xlll .LT. 
IF(Xlll .GT. 
lf(Y(ll .LT. 
IF(Ylll .GT. 

20 CONTINUE 

XMINI 
XMAXI 
YM IN I 
YMAXI 

XMIN=XIII 
XMAX = Xll l 
YIIIN = VIII 
YMAX = VIII 

IF(XMAX .NE. XMINl GO TO 21 
)(HIN= 2*XMIN - l.E-7 
XMAX = 2*XMAX + l.E-7 

21 IFIYMAX .NE. YMil'<I GO TO 22 
YMIN = 2*YHIN - l.E-7 
YMAX = 2*YMAX + l.E-7 

22· XSTEP 
YSTEP 
STE PX 
STEPY 
HASHX = 
HASHY = 

CISTX = 
DIS TY = 
XAX IS 
IF{VMAX 
YAX! S = 
IF(XMAX 
LOCNX 
LOCNY = 

AMAX( XMAX, XIIAX-XMIN,-XMJ Nl 
AMAXIYMAX,YIIAX~YMIN,-YMINI 
STEPIXSTEP/IIXM-0.5111 
STEP I YSTEP /I 1 YM-0. 511 l 
ST EPX*lO. 
STEPY*lO. 

ROUNDIXSTEP,STEPXI 
ROUND(YSTEP,STEPYl 
IYM/2 + l - DlSTY/2 
.GE. 0.01 XAXIS· = XAXIS + ROUND{YMAX,STEPYI 
lXM/2 + l + OISTX/2 
,GE. 0.01 YAXIS = YAXIS - ROUNDIXMAX,STEPXI 
YAXIS - IYAXIS-11/10*10 
XAXIS - IXAXIS-11/10*10 

DO 40 l=l ,121 
DO 40 J=l,51 

40 PLOTll,JI = BLANK 

DO 41 L=l,IYH 
PLCTll,LI = UNITS 
PLOTIIXH,U = UNITS 

41 PLOTIYAXIS,LI = DOT 
CO 42 L=l, IXM 
PLOTIL,11 = MINUS 
PLOTIL,IYMI • MINUS 

42 PLCT CL, XAX IS I = DOT 

IC = 0 
DO 50 l=LOCNX,IXM,10 
IIUMX = -IYAXIS-11/10 + IC 
NX= IABS(NUMXl+l 
IC = lC+l 

5C PLOTll,XAXISI = OINXI 

IC = 0 
DO 6C J=LOCNY,l YM,10 
IIUHY = {XAX !S-11/ 10 - IC 

..... 
NJ 
...... 



C 

C 

C 

C 

l'<Y= I-All~ I NUM YI+ l 
IC = IC+l 

cC PLCllYAXIS,JI = OINYI 
PLOTIYAXIS,XAXISI = Ulll 

DO 10 K=l,NP 
IX= VAXIS + ROUNDI XIKI ,STEPXI 
JY = XAX IS - RUUNOIVIKI ,STEPY I 

lC PLCTIIX,JYI = OIHI 

WRITE 16, ll HAS HX, HAS l1Y 
IFIIXM .LE. 711 WRITEl6,31 IIPLUTII,Jl,1=1,711,J=l,UMI 
IFIIXM .GT. 7li WRITEl6,41 PLOT 

RE TURN 
ENC 
FU ~CTI ON STEP !loll 
IHPLICI T REAL*B IA-H ,O-ll 

~ = CL OGl O i W I 
IFIIII ,LE. 1,01 N = N-1 
K = W/10,**N + 1,0 
STEP = K*lO •**N 
IFI IK-ll*lO,**N ,GE. hi STEP 
RETURN 
END _ 
FUNCTION AMAXIA,8,CI 
IMFLIC IT REAL*8 I A-h, 0-Z I 
AMAX= A 
IFl8.GE.C .ANO. 8,GE,AI AMAX 
IFIC,GE,A ,AND. C,GE,BI AMAX 
RE TlJRN 
ENC 

w 

ll 
C 

GI 
GI 
GI 
GI 
Go 
GI 
GI 

.... 
i:-., 
CJ1 
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C 
C 
C 
C 

++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++ 
+ 

+ PROGRAM 
+ 
+ ''DYNAMIC ANALYSIS USING MODAL SUPERPOSITION'' 
+ 
+ LANGUAGE 
+ DIGITAL COMPUTER 
+ PROGRAMMER 
+ 

+ 
+ 
+ PURPOSE 

FORTRAN IV 
IBM 360/65 
BRIJ R, K lSHJRE 
STRUCTURAL ENGINEER 
U. S, ARMY, CORPS OF 
CHICAGO, ILLINOIS 

ENGINEERS 

: THIS PROGRAM FORMULATES [Mj-':K MATRIX, FINDS ALL 
+ EIGENVALUES AND EIGENVECTORS, AND PERFORMS MODAL 
+ SUPERPDSIT'ION, DETAILED INFORMATION CAN BE FOUND IN: 
+ ''CHARACTERISTICS OF FINITE ELEMENTS FOR ANALYSIS OF 
+ BEAMS SUBJECTED TD IMPACT LOAD'', PH,O. DISSERTATION 
+ BY BRIJ R, Kl SHORE, SCHOOL OF CIVIL ENGINEERING, 
+ OKLAHOMA STATE UNIVERSITY, JULY 1972, 
+ 
+ 

+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 

C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

++++++++++++++++++++++++++++++++++++++++++++++++++++++++++~+++++++++ 
+ 
+ DESCRIPTION Of PARAMETERS: 

+ SEE ALSO DESCRIPTION OF PARAMETERS GIVEN IN PROGRAM 
+ STATIC ANALYSIS IN APPENDIX B. 

FOR 

+ 
+ 
+ A 
+ 
+ N 
+ AWDRK t:. BWORK= 
+ 
+ 
+ !WORK 
+ T 
+ 
+ 

MATRIX FOR WHICH EIGENVALUES t:. EIGENVECTORS 
TD BE FOUND. 
ORDER OF MATRIX A 
~ORK ARRAYS. FUR TEMP OR ARY STORA GE OF 
EIGENV!:CTURS, EIGENVALUES·, ANU OTHER.~ORK 
ARRAYS. 
WORK ARRAY FDR INTEGER VARIABLES 
NUMbER OF BINARY DIGITS IN THE MANTISSA OF 
A DOUBLE PRECISION FLOATING POINT 

+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 

C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

++ ++ + + ++ ..... ++ + + ......... + ..... + ... + ..... + ++ + + +-++ + +++ ++ ........ + ++ +++++ + ++++ + + ++ + ..... + +++ ++ 

// EXEC PGM=GOGO 
//01 00 DSN=OSU.ACT10188.NONZERON, 
II UNIT=2314,VOL=SER=DISK06,0ISP=IOLD,OELETEI 
1102 00 OSN=OSU.ACT10188.MASSMATX, 
II UNIT=23l4,VOL=SER=OISK06,0ISP=(OLD,OELETEI 
//03 00 OSN=0SU.ACTl0l88.TOTLST1F, 
II LNIT=LJl4,VOL=StR=01SK06,0ISP=(OLO,DELETEI 
1104 DD DSN=DSU.ACT10188,MASSINVK, 
II UNIT=2314,VOL=SER=Dl$K06,DISP=IOLO,DELETEI 
1105 DO OSN=OSU,ACT10188,EIGVALUE, 
II UNIT=2Jl4,VOL=SER=01SK06,DISP=(OLD,DELETEl 
1106 DD DSN=OSU.ACT10188,E!GVECTK, 
II UNIT=2314,VOL=SER=Ol~KOo,DISP=(OLO,OELETEI 

II EXEC FORTHCLG,REGION,G0=241K 
//FURT,SYSIN DO* 
C 
C 
C*****PRO~RAM FORMULATES HASS MATRIX, STRUCTURE STIFFNESS MATRIX 
C ANO STORES ON DISK ONLY NONZERO TERMS OF STIFFNESS MATRIX 
C OF EACH BLOCK. NONZERON IS NUMBER OF ELEMENTS STORED IJN DISK 
C WHICH ARE NONZERO. 
C 
C 

IMPLICIT REAL *8 (A-H,D-Zl 
C 

C 

C 

COMMON /AAA/ X(3431,Ylj4}1,UX(3431,UYl3431,UXTYPEl3431,UYTYPE(3431 
l ,ELMA 5( 2881 ,HEDI 181 , TYPE ( 81 , E, DENS, PR, VOL, MTYPEI .2881, NJ MNP, 
2il<UMEL,NUHAT,KN,NCASE,KOUNT 

COMMON /ARGI XXXl5l,YYY(51,SllO,lOJ,0013,31,HHl6,lOl,Pll01,XX(41, 
lYY(41,C14,41,H( 6,101,Dl 6,61,FI 6,101, 
2 TY PEl, TYPE2, T ESTl, TES T2, IX (288, 41,LM ( 41,NR,L IM IT, I START 

COMMON IBANARGI Al 36,181 ,FMl361 ,B(361,MBAND,NUMBLK 
COMMON/AIJFMIAA(40,18,ldl,FFHl40,181 
COMMONISETNUM/ZERO,HALF,DNE,TWO,TMREE,FDUR ,SIX,Pl 
COMMON /AZZAI Allll8,40l 
COMMON/SQUAD/SQ( 10, 10 I 

KOi.;N T=O 
CALL ELAPSEIII 
PRI t,T 3224, I 
KOUNT=KDUNT+ l 
CALL MANE 
CALL ELAPSE ( II 
PR INT 3224, I 

99S9 STCP 
3224 FORMAT 11101 

Eil<C 

SUBROUTINE MANE 

(THIS SUBROUTINE IS LISTED IN APPENDIX Bl 

REHRN 
E~C 

t-"' 
ts.:> 
-.J 



C 
C 

~UdRGUTINE MAST IF 

(THIS SUBRUUTINE IS LISTED IN APPENDIX Bl 

RETURN 
END 

SUBRCUT !NE STIF88 (NI 

(THIS SUBRDUTINE IS LISTED IN APPENDIX Bl 

RETURN 
ENO 

C*****THE FULLOW!NG PROGRAM FOLLOWS THE ABOVE PROGRAM TO REA_D.,-. 
C MASS MATRIX, AND STIFFNESS MATRIX ANO IT FGRMULATES (I\J J<.i 
C ~AT RIX. 
C 
C 
// EXEC PGM=GDGO 
//Dl DD DSN=OSU.ACT10188.MASSINVK, 
// UNIT=2314,VDL=SER=DISK06,D!SP=(OLU,DELETEI 
// EXEC FCRTGCLG,REG!ON.G0=379K 
//FORT.SYSIN DD* 
C 
C 
C SUBROUTINE MASI NA 

C 

IMPLICIT REAL*8lA-H,D-ll 
CDMMDN/SETNUM/ZERD,HALF,DNE,TwU,THREE,FOUR ,SIX,Pl 
DIMENSION ll2(l20l ,II3(120l ,AA(l4,141 
DIMENSIUN Al 190, 1901, UF~UX( 1901, OFFDUYl 190) 

READ 10,LIMIT,NUMNP 
NB I G= 2*NUMNP 
~BA~D=2*L IM IT 
PRINT 20,LIMIT,MllANO,~UMNP,NBlG 

C 

C 
C 

C 
C 
C 
C 

C 

CLJMPUH: VALUE OF NU. OF oLOCKS I NBLK' 

~ilLK=NUMNP/ LIM IT 
l=MOD(NUMNP,LIMITI 
!Fl I.GT.OJ NBLK•NBLK+l 
PRI~T 3224, NBLK 

INITIALIZE MASS 6 STIFFNESS MATRIX IDFMUX & Al 

DO 691 l=l,NBIG· 
DFMUX 11 l=ZERO 
OFFDUVlll=lERO 
DO 691 ll=l,NBlG 

691 All,Ill=ZERO 

C REAC BLOCKS OF MASS MATRIX 6 STIFFNESS MATRlX 
C 

C 

C 

C 
C 

REiolND 2 
REW IND 3 
REiolNO 4 
00 693 ll=l, NBLK 
KSHlFT=MBAND*( ll-ll 
Jl=KSHIFT+l 
J2=KSHIFT+MBAND 
lF(J2,GT .NB!Gl GOTO 600 
READ(3IIDFMUX(l2l,I2=Jl,J21 
GOTO 610 

600 REAC(3l(OFFDUY(l2l,I2=l,MBAN0l 
I 4=NBIG-Jl+ l 
DO 620 12=1, 14 

620 OFMUX(Jl+l2-ll=OFFDUYll21 
610 READ( 21 N 

Fi<l~T 3224,N 
RE AD ( 41 ( 112 l 14 l ti B ( 141, AA I I 12 I 14 I, ll3 I 14 I I, 14= 1, NI 
DO 693 14=1,N 
l2=ll2(I4l+KSHIFT 
A(l2,l2-1+113ll411 =AA(ll2ll4l,ll3114ll 

6 9 3 CONTINUE 

PRINT 3224,NBIG 
PRINT 2070 1 (OFMUX(Il,l=l,NBIGI 

DD 30 l=l ,NBIG 
MB IG=O 
DO 32 J=l,NBIG 
IFlDABS(A(l,Jll .GT. 1.01 GOTO 161 
GOTO 32 

161 ~BIG=MBIG+l 
DFFDUY(MBIGJ=All ,JI 
ll21MBIGJ=J 

32 cu~ Tl l'<UE 
PRINT 3224, MBIG 
PRINT 3222 , ( I, I 12(Jl ,OFFDUYlJI ,J=l,MBIGI 

30 cor, Ti NUE 

CG 095 ll=l,NBIG 
DO 694 !2=11,NtilG 

~ 

N 
co 



C 

C 

<> ~<t A 112 , ll I =A Ill. , 12 l 
DO 695 12=1,NBIG 

095 Al12,lll=All2,lll/DFMUXll21 

D0330 I =l ,NBIG 
~BIG=G 
D0332 J=l,NBIG 
IFIOAllSIA( 1,Jll .GT. loOI GOTO 162 
All,JJ=ZERO 
GOTO 332 

lo.il MBIG,.MB IG+l 
OFFDUYIMBIGl=AII,JI 
1121MBIGl=J 

332 COt.T INUE 
PRINT 3224, MBIG 
PRINT 3222 ,11,1121Jl,OFFOUYIJl,J•l,MBIGI 

330 COt.T l NU E 

RE•IND 11 
00 097 I=l,NBIG 
wRI TEllll lAll ,Jl ,J=l ,N81GI 

697 CONTINUE 
STCP 

C RETl.,Rt, 
C 

C 

10 FORMAT 12151 
20 FORMAT llOX,'LlMlT"', 13,5X, 'MBAN0=', 13,I, 

llOX,'NUMNP= 1 ,14,'NBIG=• ,14,////1 
2070 fOR~AT 110013.51 
3222 FORIIAT lollX, 1 11 ,13, 1 ,, , 13,' 11 ,Dll.311 
3224 FORMAT 11101 

Et.C 

BLOCK DATA 
IMPLICIT REAL*8IA-H,O-ZI 

COMMON/SETNUNIZERO,HALF,ONE,TWO,THREE,FOUR ,SIX,PI,SMALL 
DATA ZERO,HALF,ONE,TWU,THREE,FOUR IO.OD00,0.5000,1.0D00,2.0DOO, 

13.C000,4.0000/,SIX/o.ODOO/,PI 13.1415921>535897931,SMALL/.lD-51 
~c 

1/Gil.HSIN 00 * 
7 95 

//GC.FTO.IEOOl DD UNIT=2H4,VOL=SER=UISKOo, 
// UISP=IOLD,KEEPI ,SPACE=ITRK,11, 
II CCB= ILRECL=8 ,.BLKS IZE= 109 2, REC FM= VB SI, 
II 0St,=QSU.ACT10l88.NONZERON 
I/GO.FT03f001 DO UNIT=2314,VOL=SER=OISKOo, 
II CISP=ICLO,KEEPl,SPACE=ITRK, 11, 
// UCB=llRECL=ll2,BLKSlZE=lo64,RECFM=V8S1, 
// DSN=0SU.ACT10l88.MASSMATX 

//t.O.FT04f001 DD UNI T=2314,VOL=SER=DISKOo, 
// ClSP=IOLO,KEEPl,SPACEzlTRK,51, 
// CCB= I LRECL=l800 ,BLKS IZE= 2298, RECFM=V BS 1, 
II DSN=OSU .ACTlOl 88. TOTL STlf 
1/GC.FTllFOOl DO UNIT=2314,VOL=SER=OISKOo, 
// OISP=INEw,KEEPl,SPACE=ITRK,551, 
II CCB=ILRECL=lo80,BLKS1ZE=2298,RECFM=VBSI, 
// CSt,=CSU.ACT10188.MASSINVK 
II 

C 
C 
c•••••iHE FOLLOWING PROGRAM FOLLOWS THE ABOVE PROGRAM. IT REAOS 
C '.ilf'00_1MATRIX ANO FINDS ALL EIGENVALUES AND EIGENVECTORS 
C Cf [I(] :J<J MATRIX• 
C 
C 
// EXEC PGM=GOGO 
//01 DD 0SN=OSU.ACT10188.EIGVALUE, 
// UN 1T=2314, VOL=SER=OI SKOo,Dl SP=I OLD ,OE LE TEI. 
//02 DO OSN=0SU.ACT10l88.EIGVECTR, 
// LNIT=2314,VOL=SER=DISK06,0ISP=IOLO,DELETEI. 
// EXEC F-ORTHCLG,REGION.G0=379K 
//FCRT.SYSIN OD* 
C • ••• o HA IN PROGRAM 

IMPLICIT REAL *81A-H,O-ZI 
C , 
C +++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++ 
C--Ct, FILE 1---'INOIC' + 
c--c~ FILE 2---•H• THEt, 'A' + 
C--ON FILE 3--- 'LOCAL' + 
c--[t, FILE14---•VECR' + 
c--CN fl LE 8---· PRF AC r• + 
C--ON FILE 9 6 13--- 'EVR 1 + 
C--Ct, FILE 12--1 SUBOIA 1 + 
C--ON fl LE 13 & 9---• EVR' + 
C ++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++t++ 
C . 

C 

C 

C 

COMMON/BLOCK1/AWORKl1901,BWORKl1901,All90,190l 
COMMON/8LOCK2/IWORKl1901,N,1VEC,M 
COMMON/ BLOCK3/ ENORM, EPS, ex, T 
COMMON/AFILEl101,ID2,ID3,ID4,108,l09 
CDHMON/ SETNUM/ZERO, HALF ,ONE, hO, THREE ,FOUR , SIX, Pl, SMALL 
DEFINE FILE 11190,1,U,1011,21190, 380,U,1021,31190,1,U,1031, 

ll4ll90,380,U,104l,8(l90,2,U,1D81,9ll90,2,U,ID9l 
Ol~EIIS ION Cll90 I 

KKKK=ll 
CALL ELAPSE I Ill 
PRINT 3989, KKKK,ll 

T=53 .O 
TT=T 
PR INT 3 

.... 
. t,.:) 
co 



READ 10,LIMlT,NUMN~ 
· 10 FORMAT! 2151 

Ii = 2•r..uMNP 
MBAND=2*LIMIT 
PRINT 15,LIHIT,MBAND,NUMNP,N 

C ., . 
c•u••COMPUTE VALUE Of NO. Of BLOCKS 1 NBLK1 

C 

C 

C 
C 

NBLK=NUMN.P/ L IHIT 
l=HOOI NUMNP ,LIMI n 
lfll.GT.01 NBLK=NBLK+l 
PRlhT 3224, NBLK 

REW IND 11 
CO 30 l=l ,N 
READ 1111 IAII,Jl,J=l,NI 

30 CONTINUE 
PRINT 2070,IIAII,Jl,J•l!N 

C*****BOUNOARY CONDITIONS:-

1,1=1,N J 

C INITIALIZE NODAL DISPLACEMENTS DfHUX 
c· ANY ARBITRARY-VALUE GREATER THAN ONE 
C . • 

C 

DO 689 l•l~NUHNP 
AWORKlll=SIX 

689 BWCRK 11 l=S IX 
READ 3224,JX 
lflJX.EQ.01 GOTO 9 

' C***** 1 1 IIDRK 1 = 1 NODE NUMBERS• 
C 

C 

READ12, I IWDRK I 11, l.• 1,JXI. 
PRINTZ, JX,1 IWURKI 11, l•l ,JX 

& DffDUY BY GIVING THEM 
I SAY 1 SIX' ·j 

c•••••sET x-DISP V.ALUES EQUAL TO ZERO FOR T.HE NODES WHICH HAVE_ 
C ll-Dl SP = ZERO • 
c · 1 AWORK • ·= •x-oISP • 
c_ 

C 

C 

-00 5 I=l ,JX 
5 AWORKI IWDRKI 11 l=Zl:RO 

9 COIITINUE 
RE-AC 3224,JY 
lflJY.EQ.OJ. GOTO 8 

c••••• 1 IWORK·, = 'NODE NUMBERS' 
C 

C 

READ12,llWDR~1ll~I=i;JYI 
PRINT2,JY,IIWORKCll,l•l,JYI 

C*****SET Y-OISP VALUES EQUAL TO ZERO FOR THE NODES jjHICH HAVE 
C Y-DI SP = ZERO • 
C I BW.CRK 1 = • Y-1l1SP·' 
C 

C 

DO 4 I=l,JY 
4 BWliRK IIWORK I II )=ZERO 
E CONTINUE 

c••***HDCIFY THE MATRIX A FUR THE KNOWN ZERO DISPLACEMENTS, 

C 
C 
C 

C 

C 

C 

C 
C 

FUR EXAMPLE, If KTH.-DISP. = ZERO, SET AIK,Kl=ON!: f. REMAININI, El
EMEIITS Of KTH. COLUMN & KTH. ROW • ZERO. 

CO 410 M•l,NUMNP 
K=2*M:-l 
lflAwORKIMJ.GT.DNEl GOTO 320 
ASSIGN 320 TO MTURN 
GDTC500 

320 K=K+l 
lflllWDRK IHI .GT .ONEJGOTO 410 
ASSIGN 410 TD MTURN 

500 CONTINO£ 
CD 420 1=1,N 
Al 1,Kl=ZERO 

't20 AIK, ll=ZERO 
AIK,KJ=ONE 
GOTO Ml"URN, I 320,'tlOI 

410 COIIT INU E 

RE.,INO 4 
CO 510 1=1,N .. 
wRITE C4J IACI,Jl,J=l,NI 

510 CONTINUE 

KKKK=22 
CALL ELAPSE I 111 
PRINT 3989, KKKK,11 
CALL EIGENP 
KKKK=33 
CALL ELAPSE 1 llJ 
PRINT 3989, KKKK,11 

REWIND 4 
ct ,20 l=l ,111 

READ 141 IAII,JI ,J=l ,NJ 
520 CONTINUE 
. T=TT 

PRINT 2074, T 
REW IND 13 
READ lllllBWDRKllll,ll=hNI 
PRINT 208('1, I 11,BWORKfll I ,11=1,NI 
IDl=l 
ID4=1·· 
PRINT 116 
DD 20 J=i,N 
READ( 1''1011 I WORK.I Jf 
READll't 1 1D41 IAWORKllll,11=1,N I 
PRINT 2081 ,J·, I 11, AllrnRKC 111, 11= 1,N_I 

.C*****THE FDLLD~ING PROGRAM IS ONLY TO CHECK If ALL EIGENVUUES, 
C AND EIGENVECTORS FOUND ARE CORREC°T. 
C 
C 
C ++ ++++ ++ ++++ ++++++++.++ •+++++++++•+ +++++++•++ ++++++++ + ++ + +++++ + +++++ + 

lf(J .LT• 1511 GO TO 20 
C ++++++++++++++++++•+++++++++++++++++++++++++++++++++++++++++++++++++ 

DO 10 IN=l ,N 
CllNl=C.DOO 

1-
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C 

C 

C 

C 

C 

00 12 IM=l,N 
CIINl=CIINl+AIIN,lMI * AWORKIIMI 

72 CONTINUE 
Cl lNl=CI lNI /BWORK( JI 

70 CONT lNUE 
PRINT 2081,J,111, Cllll,11•1,NI 

PRIIIT 66 
o.C CONTINUE 

PRINT 66 
PRUIT 66 
PRINT 2082 ,111, hiORKI 111,llal ,NI 

KKKK=44 
CALL ELAPSE t Ii I 
PRINT 3989, KKKK,11 

99'ii's STOP 
2 FORMATlll0,/,16151 
3 ·FORl'AT I' l' I 

12 FORMAT 1161 51 
15 FORMAT uox, 'LIMIT=', U,5X, 'M.BAN0=',13,/, 

llOX,•NUMNP=• ,14, 1 1\1 = 1 ,·l'o,////1 
66 FORMAT 1//1 

2070 FORl'AT (lX,10013.51 
2072 FORl'AT 1/,5X,20161-
2·0H FORMAT I 5X, 1 T•' ,01". 71 
2080 FORM ATC 5X-,' EIGENVALUES ',II, l)X, 7( lX, 14, •-'•012. ,1 l I 
2081 FORJIIAT 12X, 1 EIGENVECTOR-• 114,/ ,UX,71U.,l4,'-',0l2.5111 
2082 FORMAT I 5X, 1 lNOICATOR 1, /,5X, 12-EJGENVALUE & EIGEN\IECTORS 80TH FOUN 

10' ,/ ,5X,'l-ONLY EIGENVALUE FOUND 1 ,/,5X, '0-NONE FOUND' ,II, 
21 ZX, 1611 't, lX, 1-' ,-1 2111 

3220 FORMATllX,3026,16,lXI 
3223 FORMAT 1212X,l3,1X,I3,1X,023.16,7XII 
322't FORMAT U 101 
3989 FORMAT I 5X,14, 1 -', 1101 

ENO 

BLOCK DATA 
IMPLICIT REAL*81A-H,D-ZI 

COM.HON/ SETNUM/ZERO,HALF ,ONE, TWO,THREE ,FOUR ,SIX, Pl ,SHALL 
DATA ZERO,HALF,ONE,TWO,THREE,FOUR /0.0000,0.5000,l.0000,2.0000, 

13. 0000,'t, 0000/, SI X/6. 0000/ ,Pl / 3.141592653589793/, SHALL/ .10-6/ 
ENC 

SUBROUTINE EIGENP 
lMPLICl T REAL *BIA-H,O-ZI 

COl'l'CN/ BLOCKl/ AW ORK I 190 1, BliORK I 1901, Al 190, 1901 
COHMON/BLOCK2/lWORKl1901 ,N,IVEC,H 

C 

C 

COMMoJN/BLOCK3/ENORJll ,EPS ,EX, T 
COMMON/SETNUH/ZERO,HALF,ONt,JWO,THREE,FOUR ,SlX,Pl,SMALL 
COMMON/AFILE/ I01,lU2, I03,1D4, ID81 109 
OEFINE FILE 11190,1,U,1011 ,2U90, 380,U, 102·1,31190,1,U,1031, 

ll4ll9Q,380,U,lO'tl,81190,2,U,l081,91 l90,2,U,1D91 

KKKKa 111 
CALL ELAPSE 1111 
PRINT 3989, KKKK ,11 

l CALL SCALE 
CALL ELAPS.E Ill I 
PRINT 3989, KKKK ,11 

C ••••• •H• CiN FILE .2 
c •• ••• -•A•ORK 1 = 1 PRFACT1 ON FILE 8 

c ••••••••• ~····························································· C THE COMPUTATION OF THE EIGENVALUES OF THE NORMALISED 
C HATRU. 
C 

C 

EX = DEXP(-T*0LDGl2 .DOI I 
KKKK= 222 
CALL ELAPSE llil 
PR I Ill 39S-9 t KKKK , 11 
CALL HESQR 
CALL El.APSE 1111 
PRINT 3989, KKKK ,11 

c ••••• •awORK'='H' ON FILE 2 
c ••••• •AwCRK'='SUS0lA1 ON FILE 1.2 
C., ••• 1 AWORK 1 = 1 EVR' ON FILE 9 & 13 
C•••••'lWORK 1 = '1NOIC 1 ON FILE l 
C 

C 

REW IND 13 
RE.,1110 12 
REAOU2l IAWORKlll I ,U =1,NI 

2072 FORMAT 1/,5X,20161 
2070 FORl'JIT 16020,7 l 

C THE POSSIBLE OEC-OHPOSITION Of THE UPPE-R-HESSENSERG HATRI.X 
C lhTO THE SUSHATRICES Of LOWER ORDER IS INDICATED -IN THE 
C ARRAY LCCAL, THE DECOMPOSITION OCCURS WHEN SCME 
C SUBO IAGONAL ELEMENTS ARE IN JIIODUL.US LESS THAN A SHALL 
C PCSITIVE NUMBER EPS DEFINED IN THE SUB1l0UTI-NE Hl:SQR • THE 
C AMOUNT OF WORK IN THE EIGENVECTOR PROSLEH HAY BE 
C DlHINlS~EO IN THIS WAY. 
c ••••• •Aw0RK'•1 SUBOIA 1 ON FILE 12 
C 

J = "' 
l = 1 

C, •• ,.•LOCAL'='lWORK1 ON FILE 3 
hlCRKlll=l 
lFiJ.EQ.llGO TO 't 

c: •••• , 'SUt!OlA'='AolORK 1 ON FILE lZ 
2 lflDABSIAWORKIJ-111.GT.EPSI GOTO 3 

I = l+ 1 
IWORKI 11=0 

3 J = J-1 
lolORKlll=IWO~K(ll+l 
IFIJ.NE.llGO TO 2 

.... 
-c,,, .... 



C 
C THE EIGENVECTOR PROBLEM. 

4 K = 1 
L•I IIORKlll 

C•••••'IWORK 1 = 1 LOCAL 1 ON FILE 3 
103"'1 
oo_ ~45 11=1,N 
WRlTEl3 1 l031 lWORKllll 

945 COI\TlNUE 
K"' N 
LOCALK• lWORKIKI 
KKKK• 333 
CALL ELAPSE 1111 
PRINT 3989, KKKK ,ll 
00 10 l=l,N 

l VEC = N-l+l 
PRINT 2010, L, IVEC 

2010 FORMAT l5X,'L=1 ,l5,5X, 1 lVEC= 1 , 151 
101•1 VEC 
READll'lOll lNOlVC 

2071 FORMAT 15X, 1 lNOlCl1VECl=1 ,151 
If 11.L E.LI GO TO 5 
K • K+l 
II= N-L 

l03=K 
READl3'ID31 LOCALK 
L=L+LOCALK 

5_ CONTINUE 
IFC INOIVC .EQ. 0 I GO TO 10 -

2076 FORMAT (5X,' l VEC=' ,15 ,, EV1=1 ,020. 71 
C 
c ••••• 110TE:-
c. • • •• 1 COHPVE' SUBROUTINE IS CALLEO UNLY WHEN-' EV I' .NE. 'l ERO'. If 
c ••••• 1 Ev1 1 IS 1 LER0 1 ,SUtlRUUTINE 'COMPVE' IS SKIPPEI.I. 
C 
C TRANSFER UF AN UPPER-HESSENBERG MATRIX Of THE ORDER M FROM 
C TrE ARRAYS 1 H1 = 'VECI' ANO SUBOIA INTO THE ARRAY A• 
C 

REMIND 12 
READ 112 I I AW ORK I 111 , 11= 1, NI 
I02=1 

00 7 Kl=l,M 
READ 12' 102) I BWORK 1111, 11= l, NI 

00 6 Ll• l,Kl 
6 Al L 1,K 11= BWORK(Lll 

IFIK1.EQ.11GOTO 7 
AIKl,Kl-ll=AWORKIKl-11 

CONTINUE 7 
2090 

C 
FORMAT 15X, 'K= 1 , 15, • L_OCALK=', I51 

& •••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 
C THE COMPUTATION Of THE REAL EIGENVECTOR IVEC U_f THE UPPEil.
C HESSENBERG MATRIX CORRESPCN_DlNG Hi THE kEAL "EIGENVALUE 
C EVRIIVECI. -
C 

CALL REALVE 
(; 

C •• •••'VECR 1 ='AWORK 1 UN FILE 14 
10 COMINUE 

C 
CALL ELAPSE 1111 
PRINT 3989, KKKK ,11 

C 
C THE RECCNSTRUCTION OF THE MATRIX USED IN THE REDUCTION OF 
C MHR IX A TO AN UPPER·-HESSENBERG FORK BY HOUSEHOLDER METHOD 
C 

00 12 I=l,N 
CO 11 J•l,N 

All ,JI = 0 .DO 
11 AIJ,11 "'O.DO 
12 All, I I = 1.00 

IFII\.LE.21 GOTO 15 
H=N-2 
CO 14 K=l,M 
102•-K 

READ I 2' 1021 IAWORKll21 ,12=1,NI 
L•K+l 
CC 14 J=Z,N 
Dl•0.000 
00 13 l=L,N 
02-=AWORKIII 

13 01 •Ol+D2*AIJ,11 
CC 14 l=L,N 
AIJ,ll=AIJ,Il-AWORKlll*Ol 

14 CONTINUE 
C 
C THE CO~PUTATION Of THE EIGENVECTORS Of THE ORIGINAL NON
C SCALED HATRI Xo -

15 COIIT INUE 
DO 24 l=l ,N 

t ••••• •AWORK 1 = 1 VECR' 
ID4=1 
READ( 14 1 l04IIAWORKIILl,11=1,NI 

c ••••• 1 BWORK'='WORK',NOTE THIS 'WORK' HAS NO RELATION WITH 
C. • •, • 1 WORK' OF SUBROUTI NE-1 REALIIE 1 

C. 

CO lB J=l,N 
IOB=J 
READIB1 IOBI PRFACJ 

01 = o.oo 
00 17 K=l ,N 

03 • AIJ,KI 
Ol=Dl+03*AWORKIKI 

11 CONTINUE 
BWORKIJl•Ol/PRFACJ 

18 CONTINUE 

C THE NORMALIZATION OF THE EIGENVECTORS AND THE COMPUTATION 
C Of Tt,E EIGENVALUES OF THE ORIGINAL NON-NORMALISED MATRIX. 

Dl = 0.00 
DO 19 H=l,N 

Wl=BiliCiRKIHI 
1~ a, = Dl+Wl*Wl 

Dl = DSQRTIOll 
104=1 
FIND ll4'1D41 

CO 20 H= l,N 
~wCRKIMl=SWCRKIMI/Dl 
IFIOA8SIAWORK1Hll,LT. 1.0D-081 AWORK{Hl=0,0000 

·1-4 
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20 CCll\TlNUE 
WRITEl14 1 1041(AWORKl111,11=1,NI 
109=1 
REAOl91 l09l EVRl 
109 .. 1 
Fll\019'109 I 
EVRl,.EVRl•ENORM 
WRITE19 1 l09 IEVRI 

24 COIITINUE 
25 CONTINUE 

109"1 
CO 40 11"1,N 
READ 19'109IAWORKllll 

40 CONT JNUE 
RE~JNO 13 
WRITE I 131 IAWORKII 11 ,llzl,NI 

81 
-2081 
3989 

~ETURN 
FORMAT 
FORMAT 
FORMAT 
ENO 

(5)(, 013.61 
I 2-X, 1 EIGENVECTOR-•, 14 ,I , 13><, 7 Ill< ,14 ,• -• ,012 .51 l 1 
I 5)(,Jit,•-•, 110 f 

C 

C 

SUBROUTINE SCALE 
IMPLICIT REAL •81A-H,O-ll 

LOGICAL •l SCLRQO 
SCLRQD = .FALSE. 
CDHHON/BLOCK1/AWORKl19011BWORKl190l,Al190,l90i 
co~~ON/BLDCK2/lWOR~(l901,N,lVEC,H 
COMMON/BLOCK3/ENORM,EPS,EX,T 
COHMUN/AflLE/ IO 1, ID2, I03, I04, lD81lD9 
COMMON/ SETNUM/ lERO, HALF,ON£, Two, THREE ,FOUR , Sl ><, P 1, s~ __ ALL 
DEFINE FILE 11190,l;U,1011,21190, 380,U,1021,31190,1,U,1031, 

1141190, _380, ll, I04l, 8( 190, 2,U,1081 ,9( 190,2, U, 1091 

c ••••• •AWORK1=1 PRFACT1 ON FILE 8 
c ••... •H•=•A• ON FILE 2 

102=1 
00 1 J=l,N 
WRITE( 2'lD2llA( l,Jl,1=1,Nl 
AWCRK (J l=ONE 
B0l1N0l = o. 7500 
B0UN02 = 1.3300 
lTER = 0 

3 NCOUNT = 0 
CO 8 J=l,N 

CCLUMN = O.DO 
Row·= o.DO 
tC 4 J=l,N 

IFII.EQ.JIGO TO 4 . 
COLUMN= COLUMN+ DABSIAIJ,lll 
ROW = ROW + DABS IA( 1,J 11 

4 CONTINUE 
c ••••• NOTE 'COLUMN' & 1R.0W' ALWAYS POSITIVE NUMBERS. 

If I COLUMN • LT• SMALL) GOTO 5 

lFIROW .LT• SMALL) GO.TO 5 
C IFICOLUHN.EQ.0.001~0 TO 5 
C IFIROW.EQ.O.OOIGO TO 5 

ll = COLUMN/ROW 
IFIQ.U.BOUNDllGO TO 6 
1F(Q.GT.B0UND2IG0 TO 6 

5 I\COUNT" NCOUNT + 1 
GO TO 8 

6 FACTOR " OSQRTIQ I 
SCLRQO = .TRUE; 

00 7 J=l,N 
lfl I .EQ .J IGO TO 7 
All,JI "All,Jl•FACTOR 
AIJ,11 "AIJ,11/FACTOR 

7 CONTINUE 
C ••••• •A•ORK 1 a 1 PRFACT1 

AWORKlll=AWORKlll•FACTOR 

C 

8 COPiT I.HUE 
I TER = I TER+l 
IFISCLRQOI PRINT 91 
IFIITER.-GT.301GD TO 11 
lFINCOUNT.LT.NIGO TO 3 

FNCRM " 0.00 
DO S I =1 ~N 

DO 9 Jal,N 
,=All ,JI 

S FNORH .= FNORH+Q•ll 
FNORH " OSQRTIFNORHI 
DO 10 1=1,N 

00 10 J= 1,N 
10 All,Jl=All,JI/FNORH 

ENORM = -FNORM 
C PRINT 92, 

Go re 13 
C 

C 

11 CON TINuE 
102=1 
DO 12 J=l,111 
AWORK( Jl=ONE 
REACl2 1 102l IAll,Jl,lzl,NI 

12 COI\TINUE 
PRINT 90 
ENCRM=ONE 

13 CONllNUE 
c ••••• •H• ON FILE 2 
c ••••• •A~ORK'•'PRFACT' ON FILE 8 

108= 1 
CO 195 11•1,N 
~RITE 18'108IAWORKll11 

195 CONTINUE 
RETURN 

90 FORMAT (5><,••••scALIN6 FAILED •••• , 
91 FORMAT 15><,'*•*SCALING WAS REQUIRED•**'! 
92 FORMAT 15><,'***MATRIX HAS BEEN SCALED•*•'I 

END ...... 
GA, 
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C 

C 

SUBRo·uu NE HESQR_ 
IMPLIC lT REAL *81A-H,O-L l 

LOGICAL *l ISHIFT 
ISHIFT=.FALSE. 
SMAL2=1.0D-20 
COMMON/8LOCK1/AWORK(l901,BWORK(l90l,All90,190l 
COMMON/BLOCK2/IWORK(l901,N,1VEC,M 
COMl40N/8LOCK3/ ENORM, EPS, EX, T 
COHMON/AFlLE/I01,1D2,103,1D4,ID8,109 
COl4MCN/SETNUM/ZER0,HALF,ONE,TWO,THREE,FOUR ,SIX,Pl,SMALL 
DEFINE FILE 11190,1,U,1011,21190, 380,U,1021,31190,1,U,1031, 

114( 190,380, U, 1041, 81190,2,U, 1081 ,91190 ,2 ,U ,I 091 

,. = l'<-2 
AW ORK( NI= 0.00 

AWCRK (N-ll=ZERO 
00 12 K=l,M 
l02=K 
READl2'lD2l(8WORKllll,ll=l,NI 
I02=K 
FINDI 2' 102 

c ••••• •BhORK'='H' ON FILE 2 
L = K+l 
S = 0 .DO 
DC 3 l=L,N 

BWDRKI I l=AI l ,Kl 
3 S = S+OA8SIA11,Kll 

C IF(S.NE.DABSIAIK+l,Kl I IGO TD 4 
c ••••• NOTE •s• [ s ALWAYS A POSIT( VE NUM!lER 

SOABSA=S-DABSIAl~+l,~11 
IFIOABSISOABSAI .GT. SMAL21 GOTO 4 
PRINT 921, K,S,AIK+l,Kl 

921 FORMAT llX, 'K,S,A(K+l,K1', l5,.:D25.l6I 
c ••••• •AwORK'•'SUBDIA' ON FILE 12 

AWORK(Kl=A(K+l,KI 
C SUBDIAIKI = AIK+l,Kl 
C H(K+l,Kl = 0,DO 

BWORK(K+ll=ZERO 
C GC TO 12 

GOTO 112 
4 SR2 = 0.00 

DC 5 l=L,N 
SR= All,KI 
SR = SR/S 
All ,Kl = SR 

5 SR2 = SR2+SR*SR 
SR= OSQ1U(SR21 
IFIAIL,KI.LT.O,DOIGO TO 6 
SR = -SR 

6 SR2 = SR2-SR*All,Kl 
All,Kl = AIL,Kl-SR 

BWORKILl=BWORK(LI-SR*S 
A~CRKI Kl =SR*S 

C Sl.BDIAIKI = SR*S 
C HIL,KI = Hll,KI-SR*S 

X = S*DSQRT( SR21 
DO 7 l*l,N 

BWORKlll=BWORKIII/X 
AWORKI ll=A( 1,Kl/SR2 

7 COIITINUE 
C HI I ,Kl z H(I ,Kl /X 
C 7 SUB DIAi I I = Al I ,Kl/ SR2 
C PREMLLTIPLICATION BY THE MATRIX PR, 

CO 9 J=l,N 
SR• 0,00 
DO 8 l=l,N 

8 SR • SR+All, Kl*All, JI 
00 9 l=L,N -

C S All,JI = All ,Jl-SUBDIAlll*SR 
9 All,Jl=All,Jl-AWORKIII *SR 

C PCSTMULTIPLICATION BY ThE MATRIX PR, 
DO 11 J=l,N 

SR=0,00 
DO 10 l=L,N 

10 SR = SR+AIJ,ll*AU ,Kl 
00 11 l=L,N 

C 11 AIJ,11 = AIJ,ll-SUBDIAlll*SR 
11 AIJ,ll=AIJ,11-AWORK(ll*SR 

112 COIITINUE 
WR1TEl2'1D2 I IBWORKl111,I1=1,NI 

12 CONTINUE 
DO 13 K=l ,M 

13 AIK+l,Kl°=AWORKIKI 
C. 13 A(K+l,K l = SUBOIAI Kl 
C TRANSFER OF THE UPPER HALF OF THE MATRIX A INTO THE 
C ARRAY H ANO THE CALCULATION OF THE SMALL POSIT IVE NUMBER 
C EFS. 
C SlJBOIAIN-11 = All'<,t.-11 

AwORKIN-ll=AIN,N-11 
14 EPS = 0,00 

C ••••• 'l•DRK'='INDIC' 
DO 15 K=l,N 
ID2=K 
IWORKIKl=O 
IFIK,NE,NIEPS=EPS+AWORKIKl*AWORKIKI 
READ 12' 102 I l BWORK Ii 11, 11= 1, N l 
ID2=K 
FINOl2' 102 I 
CO 155 I=l,K 
BWORK( I l=AI I ,Kl 
ill2=AI l,KI 
EPS=EPS+W2*W2 

155 CONTINUE 
WRITEl2'102 I (8,;0RKllll,11=1,NI 

15 COIITINUE 
EPS=EX*OSQRTIEPSI 

C ••••• 'AWCKK'='SUB0IA 1 ON FILE 12 
RE ~11\D 12 
WRITEl121(AWORKl111,11=1,Nl 

c; 
C THE QR ITERATIVE PROCESS, THE UPPER-HESSENBERG MATRIX HIS 
C RECUCEC TO THE UPPER-MODIFIED TRIANGULAR FORM, 
C 
C D~TERMlhATION OF THE SHIFT Of ORIGIN FOR THE FIRST STEP JF 

..... 
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C ThE 'R ITERATIVE PKOCESS. 
SHlf T = Al N,N-ll 
lflN.LE.2lSHlfT = 0,DO 
IF IOABSlAIN,Nll,GT, SMAL2l SHifT=lERO 
If I DABS( A I N-1,Nl I ,GT, SMAL2l SHIFT=lERO 
IF IOABSIAIN-1,N-lll ,GT, SMAL2l SHIFT=lERO 

C IFIAIN,Nl,NE,O.OOISHIFT = 0,00 
C IFIAIN-1,Nl ,NE,O,DOJSHIFT = 0,00 
C IFIAIN-l,N-11.NE,0,DOISHlfT = 0,00 

M s N 
NSa 0 
l'AXST = N*lO 

C 
C TEST ING IF THE UPPER HALF Of THE MATRIX IS EQUAL TO lERO, 
C IF IT IS EQUAL TO ZERO THE QR PROCESS IS NOT NECESSARY, 

00 16 1=2,N 
00 16 K=l ,N 

C IFIAll-1,Kl,NE,O,DOIGO TO 18 
If IOABSIAll-1,Kll,GT, SMAL2l GOTO 18 
All-1,Kl = 0,0000 

16 CONTINUE 
c •••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 
C,,,,, 1 EVR'='AWORK' ON FILE 9 & 13 

00 17 I =l ,N 
lwORKI 11=1 
AWORKI ll=AI 1, 11 

17 co~ Tl NUE 
GOTO 37 

C 
C START THE MAIN LOOP CF THE QR PROCESS, 

1S K=M-1 
Ml=K 
I = K 
00 85 Il=l,N 
OD 85 12=1, N 
IFCOABSIAlll,1211 ,LT, 1,00-201 Alll,121=0,0000 

85 CONTINUE 
C FIND ANY OECOMPOSITIO~S OF THE MATRIX. 
C JLMP TO 34 IF THE LAST SUBMATRIX OF THE DECOMPOSITION IS 
C Of H.E ORDER ONE, 
C JUl'P TO 35 IF THE LAST SUBHATRIX Of THE DECDMPOSITION IS 
C OF THE ORDER TWO, 

lf(K 137, 34, 19 
19 IFIDASSIAIM,Kll,LE,EPSIGO TO 34 

IFIM-2,EQ,OIGO TO 35 
20 I = I-1 

IFIOASSIAIK,ll l ,LE,EPSIGO TO 21 
K ~ I 
If(K,GT,llGO TO 20 

21 IFIK,EQ,MllGC TC 35 
IFIISHIFTIPRINT 999,R 

999 FORMAT 15X, '***R=•, 0.!5,161 
C TRANSFORMATION Of THE MATRIX Of THE ORDER GREATER THAN Two 

S = AIM,Ml+AIMl,Mll+SHIFT 
SR= AIM,Ml*AIMl,Mll-AIH,Hll*AIMl,MI + 0,2500*SHIFT*SHIFT 
AIK+2,KI = 0,00 

C CALCULATE Xl,Yl,Zl,FOR THE SUSMATRIX O~TAINEO BY THE 
C OECOMPCSITION, 

X = AIK,Kl*IAIK,Kl-Sl+AIK,K+ll*AIK+l,Kl+SR 

Y = AIK+l,Kl*IA(K,Kl+AIK+l,K+ll-Sl 
R = OABS(Xl+OASSIYI 
IFIR,GT,SMAL21 GOTO 215 
IFI I SHIFT) GO TO 215 
SHlfT=AIM,H-11 
lS11lfTz,TRUE, 
GO TO 21 

215 CONTINUE 
ISHIFT=,FALSE, 

C IFIR,EQ,O,OOISHIFT = AIM,M-11 
C IFIR,EQ,0,DOIGO TO 21 

l = AIK+2,K+ll*AIK+l,KI 
SHIFT = 0,00 
~S =t,S+l 

C 
C T~E LOOP FOR ONE STEP OF THE QR PROCESS, 

00 33 l=K,Ml 
IFll,EQ,KIGO TO 22 

C CALCULA.TE XR,YR,ZR, 
X = All ,1-ll 
Y = AII+l,I-11 
l = 0 ,00 
IFIU2,GT,MIGO TO 22 
l = Al 1+2,1~11 

22 SR2 = OASS(Xl+OASSIYl+OABSIZI 
IF I SR2, LT, SMAL2 I SR2= 0,0000 
IFISR2,LT,SMAL21 GOTO 23 

C IFISR2,EQ.O,OOIGO TO 23 
X =· X/SR2 
Y = Y/SR2 
Z = Z/SR2 

23 S ,; DSQRTIX*X + Y*Y +Z•ZI 
IFIX,LT,O,DOIGO TO 24 
s = -s 

24 IFII,EQ,KIGO TO 25 
Al I, 1-11 = S*SR2 

25 IFIOASSISR21,GT,SMAL21 GUTO 26 
C 25 IF ISR2,NE,0,DOIGO TO 26 

lf(I+3.GT,MIGO TO 33 
GC TO 32 

26 SR = l,DO-X/S 
s = x-s 
X = Y/S 
Y = Z/S 

C PREMULTIPLICATION BY THE MATRIX PR, 
DC 28 J=I ,M 

S = All,Jl+All+l,Jl*X 
IFl1+2,GT,MIGO TO 27 
S = S+AI 1+2,Jl*Y 

27 S = S*SR 
All ,JI = All ,JI-S 
All+l,Jl = All+l,JI-S*X 
IF( 1+2,GT .HIGO TO 28 
All+2,JI = All+2,JI-S*Y 

28 CONTlNUE 
C PCST~ULTIPLICATION BY THE MATRIX PR, 

L = 1+2 
If i I ,LT ,M UGO TO .29 
L = M 

.... 
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29 

JO 

31 

32 

33 
C 

C 

DO 31 J=K,L 
S = AIJ,ll+AIJ,l+ll*X 
IFll+2.GT.MIGO TO 30 
S = S + AIJ,1+21*Y 
S = S*SR 
AIJ,11 = AIJ,11-S 
AIJ,l+ll=AIJ, l+ll-S*X 
IFll+2.GT.MIGO TO 31 
AIJ,1+21=AIJ,1+21-S*Y 
CONTINUE 

IFll+3.GT.MIGO TO 33 
S = -A(l+3,1+21*Y*SR 
All+3,I1 = S 
Al1+3,1+11 = s•x 
Al 1+3,1+21 = S*Y +· Al 1+3,1+21 
CONTINUE 

IFINS.GT.MAXSTIGO TO 37 
GO TO 18 

C COMPUTE THE LAST EIGENVALUE. 
34 AIIORK.IMl=AIM,MI 

IWORKIMl=l 
M = K 
GO TO 18 

C 
C CCMPUTE THE EIGENVALUES OF THE LAST 2X2 MATRIX OBTAINED BY 
C THE DECOMPOSITION. 

C 

35 R = c.sOO*IAIK,Kl+AIM,MJI 
S = O.SDO*IAIM,MI-AIK,KII 
S = S*S + AIK,Ml*AIM,KI 
IWORKIK l=l 
IWCRKIMl=l 
lFIS,LT,O.uOIGU TU jb 

T = OSQRTISI 
111,0RKIKI =R-T 
AWORKI Ml =R+ T 
M = M-2 
GO TC 18 

Jc CONTINUE 
PRINT 3010,S 

3010 FORMATl5X,'VALUE OF S IS NEGATIVE=',014.ol 
T=DSQR Tl-SI 
AWDRKIK J=R 
AWCRKIMl=R 
M=l'.-2 
GOTO 18 

37 CONTINUE 
c ••••• •awORK'='H' ON FILE 2 
C,, •• ,•AWORK'='SUBOIA' ON FILE 12 
C,,,,,'AWCRK'•'EVR' ON FILE 9, 13 
C ..... I h!ORK '= • INDIC I UN FILE l 

1Dl=l 
ID<;=l 
00 915 11=1,N 
WRITE 11' I Dll IWORK Cll I 
WRITEl9'109 I AWORKUll 

915 CONTINUE 

RElolNO 13 , 
WRITE ll311AWORKl11J,ll=l,NI 
PRINT 917,111 ,IWORKll 11, AWORK.1111, 11= l,N I 

C PRINT 919, 111,IWORKllll ,11=1,NI 
CC 925 11=1,N 

C 

C 

IFI I WORKI 111 .EQ. 01 CALL EXIT 
925 CONTINUE 

RETURN 
919 FORMAT 11 x, • ••evR-1 NOIC**' ,/, ux, lo 11x, 14, •-•, 1211 1 
917 FORMAT llX,'***11,INOICllll,EVRllll***'• /,11X,511X,17,14,Dl3oblll 

ENC 

SUBROUTINE REALVE 
IMPLICIT REAL *BIA-H,O-ZI 

SMAL2=1.00-20 
COMMON/BLOCKl/AWORKll901,BWORKll901,All90,1901 
COMMON/BLOCK2/IWORKl1901,N,IVEC,M 
COMMON/BLOCK3/ENORM,EPS,EX,T 
COMMON/ AF ILE/ IDl, ID2, ID3, ID4, IDB, ID9 
COMMON/SETNUM/ZERO,HALF,ONE,TWO,THREE,FOUR ,SIX,Pl,SMALL 
DEFINE FILE ll 190,1,U,1011.21190, 380,U,1021,3( l90,l,U,1D31, 

l 141190,380 ,U, 1041,8(190 ,2,U, IDBl,91190, 2,U, l091 

VECRl l=ONE 
IFIM.EQ.llGO TO 24 

C SMALL PERTURBATION Of EQUAL EIGENVALUES TO OBTAIN A FULL 
C SET Of EIGENVECTORS. 
C, •••• 'A~CRK'='EVR' ON FILE 9 
c ••••• •AwORK'•'EVR' ON FILE 13 

REWIND 13 
READ ll3J!AWORK11ll ,U=l ,NI 
.EVALUE = AWORK(IVECI 
X = IVEC+l 
R = C, DO 
IFIIVEC.EQ,MIGO TC 2 
DO l i=K,M 
IFIICINTIEVALUE*l.091.NE.IOINT(AWORKlll*l,0911 GOTO 1 

C IFIEVALUE ,NE.AWORKIIII GOTO l 

C 

R = R+3.DO 
CC~TINUE 

EVALUE = EVALUE+R*EX 
2 CO 3 K= 1, M 
3 AI.K,Kl = AIK,KI-EVALUE 

C GAUSSIAN ELIMINATION OF THE UPPER-HESSENBERG MATRIX A, ALL 
C RC~ INTERCHANGES ARE l~DICATED IN THE ARRAY IWORK.ALL THE 
C M~LTIPLIERS ARE STORED AS THE SUBDIAGONAL ELEMENTS OF A, 

X = ~-1 
c ••••• •,wCRK'='IWORK' NOT REQO. ro STORE ON FILE 

CO 85 11=1,N 
CG 85 12=1,N 
lFIDAllSIAlll,1211 ,LT, l,OIJ-201 Alll,121=0,0DOO 

85 WNT INUE 
DO 8 l=l,K 

..... 
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L = l+l 
lWORK( ll • 0 

lf(DABS(A(l+l,111 .GT• SMALZI GOTO it 
IFIDABS(All ,111 .GT. SMALZI GOTO 8 

C IFIAI 1+1,11.NE.O.DOIGO TO it 
C IFIAII,ll.NE.O.DOIGO TO B 

All,ll=EPS 
GO TO 8 

it lf(DABSIAII,III.GE.DASS(All+l,IIIIGO TO b 
IWORKIII = l 
ca 5 J•I,M 

R •· -All ,JI 
All,JI • A(l+l,Jl 

5 A(l+l,JI • R 
b R • ·-All+l ,ll/All,11 

All+l,11 = R 
00 7 J•L,M 

7 AU+l ,JI = AU +1,JI +R*AC I,J I 
8 · CONTINUE 

IFIDABSUIM ,Mil .GT• SMALZI GOTO 9 
C lflAIM,MI.NE.O,OOIGO TO 9 

AIM,MI = EPS 
9 COIIT ll'IUE 

C 
C THE VECTOR 11,1,,,,,11 IS STORED IN THE PLACE Of THE RIGHT 
C HAhO SIDE COLUMN VECTOR, 
C.,,,,'Bk0RK 1 ='WORK1 NOT REQD. TO STORE Oh FILE 
C.,. •, INITIALIZE 1 SWORK 1 

C 

DO 11 1=1,N 
IFll,GT,MIGO TO 10· 

8WORK( l l=ONE 
GO TO 11 

10 BWORKI I l=ZERO 
11 COI\T INUE 

C THE INVERSE ITERATION IS PERFORMED ON THE MATRIX UNTIL THE 
C lhFll\lTE NORM Of THE RIGHT-HAND SIDE VECTOR IS GREATER 
C THAN THE BOUND DEFINED AS D.01/IN*EXI, 

C 

BOUND• 0,0100/IEX * DFLOATINII 
IIS = 0 
ITER = l 

C ThE BACKSUBSTITUTION. 
12 R = 0,00 

C 

00 15 I=l,M 
J = M-l+l 

S=BWORKI JI 
IFIJ,EQ,MIGO TO lit 
L = J+l 
OG 13 K=L,M 

SR= BWORK I K I 
1, S = S - SR*AIJ,KI 
14 BWORKI Jl=S/A( J,JI 

T=DABS I BWORKI J 11 
IFIR.GE,TIGO TO 15 
R = T 

15 CONTINUE 

C THE COMPlJTATION OF THE RIGHT-HANU SlUE VECTOR FOR THE .NEiii 

L I lERATICh STEP, 
00 lb I•l,M 

lb BWORK(ll•BWORK(ll/R 
C 
C THE COMPUTATION Of THE RESIDUALS ANO COMPARISON Of THE 
C RESIDUALS Of THE TWO SUCCESSIVE STEPS Of THE INVERSE 
C I lERATION.lf THE INFiNIJE NOAH Of T.HE RESIDUAL VECTOR IS 
C GREATER THAN THE INFINITE NORM OF THE PREVIOUS RESIDUAL 
C VECTOR THE COMPUTED EIGENVECTOR Of THE PREVIOUS STEP IS 
C TAKEh AS THE.FINAL EIGENVECTOR. 

Rl • O,DO 
CO 18 1=1,M 

T = 0,00 
DO 17 J• l,M 

17 T~T+All,Jl•BWORKIJI 
T • DABS( Tl 
IFCRl .GE• TIGO TO 18 
Rl= T 

lt CONTINUE 
If I ITER .EQ, l lGO TO 19 
lFCPREVIS.LE.RllGO TO Zit 

c ••••• 1 VECRC1,1VECl 1 =1 AWORK' ON FILE lit 
19 ca 20 1=1, M 

C 

20 AWORK(ll=BWORKlll 
PREVIS = Rl 
lf(IIS.EQ,1:IGU TO Z<!t 
lfllTER.GT,blGO TO 25 
ITER = ITER+ 1 
IFIR,LT,BOUNOIGO TO 21 
hS" l 

C GAUSSIAN ELIMINATION Of THE RIGHT-HANO SIDE VECTOR. 

C 

a K = M-1 
DO 23 l= l,K 
li=BWCRK I 1+11 
IFllWORKIII.EQ,OIGO TO 22 .. 
BWORK I l+ll=BWORKI l l+BWORKI l+ ll*A( I+ 1, 11 
Bi.CRK( ll=R 

GO TO 23 
22 BWORKll+ll=BWORKll+ll+BWORK(ll*AI l+l,11 
23 COhTlNUE 

GO TO 12 

C,,a,, 1 1NDIC(lVECl 1 ='1NDIYC• ON FILE 1 
24 INOI VC=Z 

lf IM,EQ,llAWORKlll•VECRll 
lOl=IVEC 
kRI TEI 11 1011 INDIVC 

25 IFIM,EQ.NJGO TO 27 
J = M+l 

C •••• , 'VECRI 1, IVECl'='AWORK 1 ON FILE .14 
ca Zb l=J,N 

Zt AWORK(ll=ZERO 
27 CUNT lNUE 

C,,,,, 1 VECR 1 =1 AWORK' ON FILE lit 
104=1 VEC 
WRITE I lit'IDitl lAWORKll ll,11= l,NI 

'lS FORMAT llOX,' IVEC,1NDlVC 1 , 2151 
C PRINl 97, ITER, IVEC,lil,AWORKllll,11=1,NI -c..) 

-J 



<;7 FORMAT 15X,'ITER t; IVEC',215,1, UX,HlX,14,'-',012.5111 
RETURN . 
El';D 

//GO .s YS IN DO * 
7 95 

l 
4E 

2 
3 93 

IIGO.fTllfOOl 00 UNIT=2314,VOLsSER=OlSK06, 
II OISP=IOLD,KEEPl,SPACE=ITRK,551, 
II CCB=ILRECL=l680,8LKSllE=2298,RECfH=VBSl, 
II OSN=OSU.ACT10188.MASSINVK 
IIGO.fT13f001 00 UNIT=2314,VOL=SER=OISK06, 
I I . OISP= (NEW ,KEEP 1, SPACE=ITRK, 11, 
II OCB=CLRECL=l680,BLKSllE=2Z98,RECFH=VBSl, 
II OSN=OSU.ACT10188.EIGVALUE 
IIGO.FT14f001 00 UNIT=Z314,VOL=SER=OISK06, 
II OISP=INEW,KEEPl,SPACE=ITRK,551, 
II CCB=ILRECL=l680,8LKS12E=Z298,RECFM=V8SI, 
II OSN=OSU.ACT10188.EIGVECTR . 
IIGO.fTOlFOOl 00 UNIT=SYSOA,SPACE=CTRK,110,1011,0ISP=NEW, 
II CCB=1BLKSIZE=l754,LRECL=l750,RECFH=VBSI 
IIGO.FT02f001 00 UNIT=SYSOA,SPACE=CTRK,110,1011,0ISP=NEW, 
II CC8=1BLKSllE=l754,LRECL=l750,RECfM=VBSI 
//GO.FTOJFOOl 00 UNIT=SYSOA,SPACE=ITRK, 110, 1011,0ISP=NEW, 
II 0CB=IBLKSIZE=l754,LRECL=l750,RECfM=VBSI 
IIGC.fT04f001 00 UNIT=SYSOA,SPACE=ITRK,110,1011,0ISP=NEW, 
II OCB=l6LKSllE=l 754,LRECL=l750,RECfM=V8S I 
IIGO.fTOBFOOl 00 UNIT=SYSOA,SPACE=I TRK,110,1011 ,OlSP=NEW, 
I I CCB= I BLKS llE=l 754,LRECL= 17 50,KECFH=VBS I 
I IGC.F T09F001 00 UNI T=SYSOA,SPACE=IT RK, 110, 1011, OlSP=NEW, 
I I CC8=18LKS llE= 1754,LRECL= 1750,RECFM=VB SI 
IIGO.FTlZFOOl 00 UNIT=SYSOA,SPACE=ITRK,110,1011,0ISP=NEW, 
II DC8=IBLKSllE=1754,LRECL=l750,RECFM=VBSI 
II 

C 
C 
c ••••• THE FOLLOWING PROGRAM FOLLOWS THE ABOVE PROGRAM. IT SELECTS 
C · ALL FLEXURAL MODES AND PERFORMS SUP ERPOS IT ION• 
C 
C 
II EXEC fORTGCLG,REGl01';.GG=l90K 
llfORT.SYSIN 00 * 

IMPLICIT REAL *8 I A-H,O-l I 
DlMEl';SlON OMGASQl1901,fORCEl1901,AMASl1901,DlSPll90, 651, 

lPHlll90l, COSWTI 651 ,HOOElt901 ,TIMEI 651 
CEflNE flLt 141190,380,U,1041 

c ••••• hOTE: THE VALUE Of NUMOT MUST BE EQUAL OR LESS THAN DIMENSION uf 

c ••••• TIME (HERE 651 
JJ= 1111 
CALL ELAPSE 1111 
PRI hT 65, JJ,11 
CALL ELAPSE 1111 
PRINT 65, JJ, 11 
READ 10,LIMIT,NUMNP. 
N=2*NUMNP 
l'BAl'<D=Z*L IM IT 
PRINT 20,LIMIT,MBANO,NUMNP,N 

C 
C COMPUTE VALUE Of NO. OF BLOCKS 'NBLK' 
C 

C 

NBLK=NUMNP/LIMIT 
l=l'OOINUHNP,L IMIT I 
lfll.GT.01 NBLK=NBLK+l 
PRINT 30, NBLK 
IIEldNO 3 
REIIINO l3 

C READ BLOCKS OF HASS MATRIX· IAMAS I ON UNIT 3 
C 

C 

00 693 11= 1, NBLK 
KSHlfT=MBANO*l ll-l l 
Jl=KSHlfT+l 
JZ=KSHIFT+MBANO 
lflJZ.GT.N I GOTO 600 
READl311, AHASIIZI ol2=Jl,JZI 
GO TO 693 

600 REAOl31C PHI 1121 ,12=1,MBANOl 
l4=N -Jl+l 
00 620 12=1, 14 

620 AHASCJl+l2-ll= PHICIZI 
6'H CUNTINUE 

PRINT 60, IAHASI 111, ll•l,NI 

READ 30, NUHDT,PERIOD,OT 
PRINT JO, NUMOT, PERIOD, or 
DO 15 l =l ,N 
FORCE Cll=0.0000 
OD 15 K=l, NUMOT 

15 DlSPll,KI= 0.000 
c ••••• THE FOLLOWING OOLOOP COMPUTES: 
C •• ••• •• .NMODE=NUMBER OF FLEXURAL HODES 
c •••••••• MOOEIIJI IS ARRAY CONTAINING SEQUENCE NOS. OF FLEXURAL MODES. 

REAC 1131 IOMGASQlll, l=l,NI 
C PRll'iT 60, COMGASQIU,l=;l,NI 

NMOOE=O 
CO 80 J=l,N 
104:J 
READ I 14' 1041 IPHl I 11,l=l,NI 
If I PH ll 96 l • E(.I • 0 .o 000 I GOTO 80 
IF ll01NTCPHll86l*l•00051 .E(.I. -lDINTIPHlll0bl*l•00051l GOTO HO 
If I lOINTIPHIC 161*1.00051 .E(.I. -lOlNHPHll l76l*l•0005JI GOTO 80 
If IPHIC951 .NE. 0.00001 GOTO 80 
NMOOE=NMOOE+ l 
MOOEINHODEl=J 

80 CU~TIIIIUE 
PRINT 50, NHOilE, IMOUEIJl,J=l,NMODEI 

1--' 
(,) 
00 



C 
c ••••• AFTER COMPLETION OF DULOOP ijO, VALUE Of NMOOE IS EUUAL TO 
C TOTAL NUMBER Of FLEXURAL HODES. 

READ 35, 11, IJ,FORCEIJI ,l=l,111 
PRINT 35,ll,IJ,FORCEIJl, 1=1,lll 
CALL ELAPSE II l 
PRINT 65, JJ,l 

c ••••• THE FOLLOWING OOLOOP RESTORES SEQUENCE NOS. OF MODES IN AN ORDER 
C ••••• SUCH THAT THE LOWEST FREQUENCY HOOE NOS. ARE FIRST IN ARRAY MOOElll 
c ••••• ANO HIGHEST FREQUENCY MOOE NOS. ARE LAST. 

IS*l 
300 XJ=l. 0070 

00 400 l=IS,NMODE 
IFIOMGASQIMODEI II I .GT .XJ I GOTO 400 
XJ=OMGA SQI MODE 1111 
JX=MODEII I 
111=1 

400 CONTINUE 
NTEMP•MODEI ISi 
l'ODEIISl=JX 
MOOE llilll =NTEMP 
IS• IS+l 
IFIIS.LE.NMOCEI GOTO 300 
PRINT 50, NMODE, IMOOEIJl,J=l,NHOOEI 

c ••••• THE FOLLOWING DOLOOP SELECTS THE HODES WHOSE PERIOD ·1s LARGER THAN 
c ••••• 31 OF THE .LARGEST PERIOD FOR THE PURPOSE OF SUPERPOSITION; MODES 
c ••••• wlTH PERIOD LESS THAN 31 OF THE LARGEST PERIOD BEING NEGLECTED. 

C 

XX=OMGASQIMODEllll•l.0003 
DO 23 J=2,NMODE 
HODSHL=J 
IF IOMGASQIHOOEIJII .GT. XXI GO TO 24 

23 CONTINUE . 

C ••••• AFTER COMPLETION OF DULOUP 23, VALUE OF MOOSML IS ~UJAL 
C TO NUMBER OF FLEXURAL HODES WHOSE PERIOD IS LARGER THAN 
C 31 OF THE LARGEST PERIOD. 
C 

24 COIITINUE 
C 
c ••••• lF MODES, WHOSE PERIOD IS SMALLER THAN 31 OF THE LARGEST 
C PERIOD, ARE TO BE NEGLECTED, SET NHOOE EQUAL TO HODSML. 
C 

C 

IIMCCE = MOOSML 
~Q CONTINUE 

PRINT 40, NHODE 

00 25 JJ=l,NMODE 
J=HOOEIJJl 
104= J 
OMEGA= OSQRT IOHGASQ(Jll 
CJN =0.0000 
CJC =0.0000 
READ 114'104!' IPHilll,1=1,NI 
IFCPHI196l .GE. 0.00001 GOTO 33 
00 31 l=l ,N 

31 PHllll= ~PHllll 
33 COIIT INUE 

C PRINT 60, CPHI Ill, l=l,NI 
DO 34 1=1,N 

CJN a CJN + PHIIIl • FORCEIII 
CJD= CJD+ PHIIII * AHASIIl*PHIIII 

34 CONTINUE 
CJ = CJN/ ICJD*OMGASQIJI I 
OTOHGA=OT*OHEGA 

C PRit.T 60, CJ,CJN,CJO 
00 45 IT=l,NUHOT 
OHTIHE • DFLOAT IIT-ll*OTOHGA 
COSIH. llTl =1.000- DCOSIOHTIMEI 

45 CONTINUE 
00 55 I=l,N 

C IF 11.EQ. 71PRINT 40,J,COISPC6,Kl,K•l,NUMDTl 
PHICJ = PHllll*CJ 

C IF Cl .EQ. 61 PRINT 40, J,PHICJ 
00 55 K=l ,NUMOT 
DISP 11,KI =OISP CI,KI + PHICJ*COSWTIKI 

55 CONTINUE 
CALL ELAPSE II I 
PRINT 65, JJ,1 

25 COt.TINUE 
C 00 64 1=6,N,10 

1=96 

C 

PRINT 40, 1,IOISPll,Kl,K=l,NUMDTI 
64 CONTINUE 

JJ=2222 
CALL ELAPSE Ill 
PRINT 65, JJ,1 
CO 7·0 K•l,NUMOT 
COSnTIKl a DlSPl96,KI 
TIHECKI a OFLOATIK-11* OT 

70 COI\T lNUE 
CALL GRAPH ITIHE, COSWT,NUHOT,11 
JJ*2222 
·CALL 1:LAPSE CJ I 
PRINT 65, JJ,l 

STCF 
10 FORivATl2151 
20 FORMAT ClOX,'LlHITz 1 ,l3,5X,'H8AN0•1 ,13,/, 

llOX, 1 NUMNP. 1 ,14,' N • 1 ,l,.,////1 
3C FORMAT Cll0,2f20.6l 
35 FORHATlll0,/,,.115,015.211 
40 FORMATII10,/,l1X,100l3.5ll 
5C FORMAT ll6I 51 
60 FORMAT I lX,10013.5,/1 
65 FORMAT nx, • JJ•' , 15, •T IHE• •, 1101 

ENO 

1/GC.SYSIII. 00 • 
l ~5 

60 0 .0014 0.00005 
l ' 

~6 30. 00 0,. 
//GO.FT03F00l OD UNIT=i314,VOL=SER=OISK06, 
// OISP=IGLO,KEEPI ,SPACE=CTRK,11, 

...... 
w 
co 



// OC8=ILRECL=ll2,8LKSIZE=l68~,RECFH=V8Sl, 
// 0SN=OSU.ACT10188.MASSMATX 
//GO.FT13F001 00 UNIT=2314,VOL=SER•01SK06, 
II DISP=IOLO,KEEPl,SPACE=ITRK,11, 
// OCB=I LRECL=l680 ,BLKSI ZE=2298 ,R.ECFll=V8S I, 
II 0SN=OSU.ACT10188.EIGVALUE 
//GO.FT14F001 00 UNIT=2314,VOL•SER=01SK06, 
II OISP•IOLO,KEEPI ,SPACE•ITRKi551, 
// CCB= I LRECL=l680, BLKS lZE=2298,R ECFH=V8S 1, 
II OS1\•0SU.ACT1018B.EIGVECTR 
II 

..... 
i,I:>. 
0 
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++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++ 
+ + 
+ PROGRAM 
+ "DYNAMIC ANALYSIS I/SING STEP-8Y-STEP INTEGRATION" 
+ 
+ LANGUAGE 
+ DIGITAL COMPUTER 
+ PROGRAMMER 
+ 
+ 
+ 

FORTRAN IV 
18M 360/65 
BRIJ R. KISHORE 
STRUCTURAL ENGi NEER 
U • S • ARMY, CORPS OF ENG !NEER S 
CHICAGO, ILLINOlS 

+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 

+ + 
+ PURPOSE + 
+ + 
+ THIS PROGRAM FORMULATES MASS MATRIX, STRUCTURE STIFFNESS + 
+ MATRIX, AND COMPUTES DISPLACEMENTS OF ALL THE NODAL POINTS + 
+ OF THE STRUCTURE. DETAILED INFORMATION CAN t3E FOUND IN: + 
+ "CHARACTERISTICS OF FINITE ELEMENTS FOR ANALYSIS OF + 
+ BEAMS SU8JEC TEO TO 1 MPACT LOAD" , PH. O. DISS ERT AT ION + 
+ BY BRIJ R. KISHORE, SCHOOL OF CIVIL ENGINEERING, + 
+ OKLAHOMA STATE UNIVERSITY, JULY 1972. + 
+ + 
4+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++ 
+ 
+ 
+ DESCRIPTION OF PARAMETERS: 
+ 
+ SEE ALSO DESCRIPTION OF PARAMETERS GIVEN IN PROGRAM FOR 
+ STATIC ANALYSIS IN APPENDIX 8. 
+ 
+ ACC Ill 
+ VEL Ill 
+ 01 SP I 11 
+ T 
+ TEND 
+ FORCE 111 
+ TENDl 
+ TENOZ 
+ OT 
+ RERUN 
+ 
+ 
+ 
+ 
+ 
+ 
+ RERUNT 
+ 
+ 

• ACCELERATION IN I-TH DIRECTION 
= VELOCITY IN 1-TH DIRECTION 
= 01 SPLACEMENT IN 1-TH DIRECT ION 

TIME 
= TIME AT WHICH FORCE BECOMES ZERO 
a APPLIED FORCE AT ANY .TIME T IN I-TH DIRECTION 
• TEND - OT/2 
= TENO + OT/2 
• STEP INCREMENT OF TI ME 
• LOGICAL VARIAl!l.E; IF PROGRAM IS BEING RUN 

FOR 1-ST TIME: RERUN• .FALSE. • IF THE 
PROGRAM IS BEING RUN FOR THE CONTINUATION 
OF THE PREVIOUS INTEGRATION STARTING FROM 
THE TIME T WHERE FIRST RUN STOPPED, 
RERUN = •TRUE. • THIS HAKES PROGRAM TO READ 
DATA FOR CONTINU~TION FROM THE DISK. 

a TIME FOR WHICH THE PROGRAM CALCULATED 
DISPLACEMENT IN THE PREVIOUS RUN. 

+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
.+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 

+ + 
++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++ 

II EXEC PGM=GUGO 
1101 00 0SNa0SU.ACT10188.NOIIZERON, 
// IJNIT=2314,VOL•SER=OISK06,01SPalOLO,OELETEI 
//02 OD DSN=0SU.AC·Tl0l88,MASSMATX, 
// LNlT=2314,VOL=SER=OISK06,0ISP=IOLD,DELETEl 
//U3 DD DSN=O SU.AC ll0188. TOTLSTIF, 
II UNJTa2314,VOLaSER=DISK06,0ISP=IOLD,OELETEI 

// ~XEC FORTHCLG,REGION,GO•Z41K 
//FCRToSYSIN 00 * 
C 
C 
C*****PROGRAM FORMULATES MASS MATRIX, STRUCTURE STIFFNESS MATRIX 
C AND STORES ON DISK ONLY NONZERO TERMS OF STIFFNESS MATRIX 
C OF EACH 8LOCK. NONZERON IS NUMBER OF ELEMENTS STORED ON DISK 
C WHICH ARE NONZERO. 
C 
C 

C 

C 

C 

IMPLICIT REAL *8 (A-H,O-ZI 

COMMON /AAA/ Xl3431,Yl3431,UX(343l,UYl3431 ,UXTYPEl343l,UYTYPEl343l 
l,ELMASl2881,HEOl18l,TYPEl8l,E,DENS,PR,VOL,MTYPEl288l,NUMNP, 
2NUMEL,NUMAT,KN,NCASE,KOUNT 

COMMON /ARG/ XXX( 51, YYYI 51, Sll0,101 ,0013 ,31 ,HH(6 ,101, PllO I ,XX 14 l, 
lYY(41,Cl4,4l,Hl6,10l,0(6,6l,F(6,lOI, 
2TYPE1,TYPE2,TEST1,TEST2,IX(288,4l,LMl4l,NR,LIMIT,ISTART 

COMMON /BANARG/ Al36,l8l,FMl36l,Bl36l,MBANO,NUMBLK 
COMMON/AIJFM/AAl40,18,18l,FFM(40,l81 
COMMON/ SETNUM/ZERO ,HALF ,ONE, TWO, THREE,FOUR , SIX, PI 
COMMON /AZZA/ AZZl18,40l 
COMMON/SQUAO/SQll0,101 

KOUNT=O 
CALL ELAPSE 111 
PRINl 3224, I 
KOUl,T=KOUNT+l 
CALL MANE 
CALL ELAPSE( 1 l 
PRINT 3224, I 

9999 SlOP 
3224 FORMAT 11101 

ENO 

SUBIWUT INE MANE 

ITHIS SUBROUTINE IS LISTED IN APPENDIX Bl 

RETURN 
ENO 

,_. 
~ ,_. 



SUBRUUTI NE MAS Tl F 

IThlS SUBROUTINE IS LISTED IN APPENOIX Bl 

l<ETURN 
ENC 

SLBROUTINE STIF88 IN) 

(THIS SUBROUTINE IS LISTED IN APPENDIX 81 

RETLRN 
ENO 

// EXEC PGl"EGOGO 
//Dl DD DSN=0SU,ACTl2387,ACVEL01S, 
// UNIT=2314,VDL=SER=DISK06,01SP•IOLO,OELETEI 
//DZ DD DSN><0SU,ACTl2387,8FMIJK, 
// UNlT=2314,VOL•SER•DlSKOo,01SP=IOLO,DELETEI 
//D3 DC 0SN=OSU,ACT12387,TYMACDIS, 
// UNIT•23l4,VOL•SER=DlSK06,0ISP=IOLD,OELETEI 
// EXEC FORTHCLG,REGI0N,G0=l90K 
//FDRT,SYSIN 00 * 
C$SSSSSSSS$S$$$$S$SSS$$$$$SSSS$SSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSS 
CSS$SS$S$S$$$$$$SSSS$$$$$SS$$$$$$$SSSSSSSSSSSSSSSSSSSSSSSSS$$$SSSSSSSSSS 
C- Cl'\ flLf l---•BXB1N1,lAFMIN,Ml,M•2,MMI 
C- Cl\ FILE 2--- 1 N1 OR 'NONZERON' 
C- CiN FILE 3--- 1 FFM 1 DR 1 MASSMATX' 
C- Cl\ FILE 4--~•AAlll,12, 131' OR 'TOTLSTIF' IN BLOCKS 
C- ON FILE 8---'FORCEINl,BXINJ,AXlNl,N•l,NO' 
C- CN flLE 9~-•ACCINl,VELINl,DISPINl,N•l,NO• 
C- CN FILE 11----• BXB(NI ,N=Nl.., l'\H' 
C- ON FILE 12---•BFMlll,I.,,131' OR 'AFM(IZ,131' II\ tlLOCKS 
CS•SS$$$SSSSS$$$SSSSSSSSSSSSSS$$SSSSSSS$$SSS$$$SSSSSSSSSSS•SSSSSSSSSSSSS 
CSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSS 

IMPLICIT REAL * 8 · I A_-H,0-l 1 
LCGlCAL *l RERUN 
COl"MGN /AAA/ Xl951 ,Y195 I ,UXl9Sl ,UYl951,UXTYPEl9Sl,UYTYPEl9SI, 

l EL MASI 7 21, HEOl 181, TYPE! Bl ,E ,DENS ,PR, VOL, MTYPE I 721 , NUMNP, 

2NUMEL,NUMAT,KN 
COl'MCN/ARG/ 

2 TYPtl ,TYPE2,TESTl,TEST.2,IXl7l ,41,LMl41,NR,LIMIT, !START 
COMMUN /BANARG/ A128,141,FMl28J,Bl281 ,MBANO,NUMBLK,NBLK 
COMMCN/ AIJFM/ AAl14, l4, l't l,FFMI 14,141 
COMMON/DYNAM/AFMl28 ,141 ,BXS 1281 ,BX I 281,X 8128 l, AX 1281, ACC 1281, 

lVELl281,0lSPl2Bl,FSTRTl281,FORCEl28l,DT ,NODEl15l 
COMMON/SETNUM/ZERO,hALF,ONE,TWO,THREE,FOUR ,SIX,Pl 
COMMON/8LOCKZ/T,TEND,TENDl,TEND2,RERUN 

CC DIMENSION DISPXl2081,D1SPYl2001 ,TIMEl2001 
DIMENSION DISPXl501,DISPYl50l,TIMEl501 

C*********************************************************************** 
llERUNT •0,0000 

C RERUN*, TRUE, 
RERUN= , FALSE• 
lflllERUNI READ 3220,RERUNT 
PRINT 3220, RERUNT 

C*********************************************************************** 
LIMIT = 7 
SPAN *16, ODOO 
NUMNP= 95 
MB.IINP a Z*LIMIT 
CUT • 0,50 01 

C**** ****************************************************************** '**** •••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 
c•••• ****************************************************************** 

00 689 izl,NUMNP 
LXTVPEIII = TYPEl 
UY TYPE 111 =TYPE 1 
UXI 11 *ZERO 

6S9 lJYIII *ZERO 
REW IND 13. 
~EW IND 2 
RE.,lt\D 3 
REW IND lt 

C---THIS I REW IND 9 1 IS N EEDEO FOR 'RERUN•, 
RE .. IND 9 
UXTYPEl481 • TYPE2 
UYT'l'PE 131 = TYPE2 
UYTYPEl93J = TYPE2 

c ••••• INCDE= TOTAL NUMBER Of NODES wlTH APPLIED IMPACT LOAD. 
C,,,,,NODElll=NODAL NUMBERS WHICH HAVE APPLIED LOAD, 

READ 690 ,INODE,INODElll,Izl,INOOEJ 
PRINT690 ,INODE,INOOElll,I2 l,INOOEI 
NB=LIMI T 
N0-2"'N8 
~02• Z*NC 
NBLK=NUMNP/LIMIT 
!=MODI NUMNP ,LIMIT I 
lfll ,GT, 01 NBLK•NBLK+l 

C PRINT 3224iNBLK 
PRINT 3.224,NBLK 
DO o'll 11 =l ,NBLK 
DO 691 12•1,ND 
ffMI 11, 121=ZERO 
DO 691 B=l ,ND 

691 AAl11,12,l3l=ZERO 
C 
C 

,_. 
..i,.. 
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DO 693 11=1,NBLK 
READ I 31 IFFMlll,121,IZal,NDI 
READ '21 N 

C PRl NT3224 ,N 
PRINT3224,N 
READ 14J 112,13,AAlil,12,131,lltsl,NI 

6'i3 COIITINUE 
OT • 0.000002000 
TEIIC" OT • 39.0 
TENDl•TENO--DT /TWO 
TEND2&TEND+DT/TWO 
TF • TEND 
DO 7C9 N•l ,ND 
ACCINJ•LERO 
VELlllll•ZERO 
OJ SP I NJ •LERO 
.FSTRTIN laZERO 
ax INl • ZERO 

7C9 AXINl=ZERO 
KOUNT • 0 
JSTART "' -1 

c•••··················~·· .. ····················· .. ·············· .. ······ C 

C 

1START aO 
T=LERO 
l~IRERUNI T• RERUNT 
IFIRERUNI lSTART•l 

c•••• •••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 
NDTaO 
CALL ELAPSE llO.TJ 
PRIIIIT 3230. ,N·DT, l·DT , ...................................................................... . 
CALL ELAPS~ IIDTI 
FRIIIT 3230 ,NOT, IDT 

C 
720 T•T+DT 

IIDT•.NDT • 1 
1START•lSTART • l 
JSTART • JSTART + l 
.REWJ.l'dl 8 
NUMBlK •0 
NB • llMlT 

. IID • 2•NB 
13C IIUNBLK •NUNBLK•l 

NH •NB•CNUMBLK+ll 
11,-IIIH - NB 
NL• NM-NB+ l 
KSll lFT " 2*NL -2 
lfl NM .GT• NUNNP I N ... NUMNP 
00 110 I al ,ND 

710 FOIi.CE( I I " z·ERO 
If CT .GT. Tfl GC TO 735 
00 112 I=l,INODE 
NsNOOECII 
IFIN .LT. NL .OR. N .GT• NMI GO TO 712 
JJ•2*N -KSHIF T 
IFIISTART .E~. 11 FSTRTIJJla-30.000004 
f'ORCEIJJI = -30.000DO't 

712 

72~ 

792 
790 

735 

791 
795 

c•••• 
c• , .... 
c•••• 

Bl0 c•• .. , .... 
c• c•• .. 
C 

COIIT INUE 
IF llSTART .NE. 11 GO TO 735 

DO 726 I•l,NO 
AX I Ila ZERO 
BXI I lzZERO 
CO 790 l"'l,lNOOE 
JaNOOEI ll 
lFIJ .LT. NL .oR. J .Gr. NMI GO TO 790 
L•2•J-KSHIFT - 2 
DO 792 LK•l ,2 
11• L+LK 
AXIJJI • FSTRTIIII •OT/TWO 
BXIJil•FSTRTIJll•IDT••ZJ/JHREE 
FSTRTI 11 l•ZERO 
CONTINUE 
CONTINUE 
GO TO 795 
READ 191 IACCINI ,VELINI ,DJSPINI ,Hal ,NOi 
DO 791 J •NL,NN 
L•2•J-KSHlFT - 2 
CO 791 LK •1,2 
lJ• L+LK 
AX( Jl l•VEU JI l+COT ITlilOl•ACtllU 
BX( I JJ•DJSP( J, .. or•VELI l 11 +I (OT••2JITHREEI •ACCI 111 
COIIITINUE 
IIIRITEI BJ I FORCE I NI ,BXINJ ,AXINI t N-1,NOI .................................................................. 

CHECK FOR LAST 6LOCK .................................................................. 
lf(NM-NUMNPI 730,810,810 .................................................................. 
CALL 8ANSOL ................................................................... .................................................................... 

ACCELERATJON,VELOCJTY ANO DISPLACEMENT AT TIIIE T • .................................................................. 
Jfl T eGT • TENDl I JS TAR T•O 
JFIJSTART .EQ. S I JSTART-0 
lflJSTART.NEo OJ GOTO 8lS 
KDUNT • KOUNT + l 

C TYME•T 
TINEIKOUNTt •T 
11&-L JN JT 
NDa2•N8 
N02=2•NO 
IIUIIBLK •O 

c••••·······························*···················· .. ············· J • 't8 

c••····································································· 805 NUMBLK • NUMBLK•l 
t,H=ll8 •lt;UMBLK+ll 
M4•NH-t;B 
NL=NM-N8•l 
KSHIFT •2•NL-2 
IFC NM .GT. NUMNP I NM-NUMNP 
READl91 IACCINl,VELINl,fllSPINI ,Nal,NOI 
IFIJ .LT •. NL .OR. J .GT• NMI GO TO 805 
L=2*J - KSHIFT 

·,;,. 
C.:J 



DI SP-XI KOUl'fU =ACCILI 
lHSPYIKOUNTI = OlSPIL I 

C ACCLNN•ACCILI 
C OlSPLY•Ol~PILI 
C CUTTaOI SPL Y 

CUTT • DI SPY IKOUNTJ 
PR INT 816, KOUNT ,Tl HEI KUUNTI ,DISPXC KWNT I ,DISPY (KDUNT I 

C WRITEl131 KOUNT,TYME,ACCLNN,DISPLY 
IF l DA8SCCUTTI .GT. CUTt CALL EXIT 
REWIND 9 

815 CONTINUE 
·lFINDT.EQ. 11 JSTART•l 
IF IT .LE. TENO I GO TO 720 
CALL ELAPSE IIDTI 
PRINT 3230 ,NDT,IOT 

C PRINT 816,11,TIHElll,DISPXlll,DISPYIII, 1=1,KOUNTI 
C CALL GRAPH ITIME,DISPY,KOUNt ,11 
C 

CALL ELAPSE IIDTI 
PRINT 3230 ,NDT,IOT 

CSSSS$SSSSSSSSSSSSSSSSSSSS$SSSSSSSSSSSSSS$$$$S$SSSSSSSSSSSS$SSSSSSSSSSSS 
C 

690 FORMAT 
816 FORMAT 

3220 FORMAT 
3223 FORMAT 
3224 FORMAT 
3230 FORMAT 

STOP 
END 

C 15,/, 161151) 
I 5X,15,3026.l61 

1 lX, 3026.16, lXI 
1212X ,13 ,1 X, 13,l·X,023 ol6 ,7X.I I 
11101 . 
I lX, 'NOT•·•, 15, 1 T IME• ,., 110 I 

8LOCK DATA 
IMPLICIT REAL*BIA-H,0-ll 
COMl41.N/ ARG/ 

2 TYPE1,TYPE2,TEST1.,TEST2,IXl72 ,'ti ,LMl'tl,NR,LIMIT, lSTART 
COMMON/SETNUH/ZERO,HALF,ONE, TliO, THREE ,FOUR ,SIX ,Pl 
DATA ZERO, HALF,ONE, TWO, Tlfl.EE,FOUR /0.0DOO, O. 5000, 1. 0000,2. 0000, 

13.0D00,4oODOO/,SIX/6.0000/,PI /3ol'tl592653589793/ 
DATA TYPE1/4HLOAD/,TYPE2/4HDISP/,TEST1/3HESS/,TEST2/3HAI~/ 
END 

SUBROUTINE 8ANS0L 
IMPLICIT REAL •a IA-H,O-ZI 
LOGICAL *l RERUN 
COMMON /AAA/ XI 951, YI 951, UXI 951 ,UYI 951 ,UXTYPE I 951 , UY TYPE I 951, 

1ELMASC721 ,HEDl18), T't PEI 81, E, DENS ,·PR, VOL,MTYPEI 72); NUMNP, 
ZNUMEi.,NUMA T ,KN 

COMMON/ ARG/ 
2 TYPEl ,TYPE2,TESTl,TEST2, IXl7l. ,41,Ull41,NR,LIMU, I START 

CUMMON /8ANARG/ Al28il4l ,FMl281,tH281,M8AND,NUM8LK,N8LK 
COIIMfjN/ A IJFM/ AAI 14, 14,141, FFMI 14, l'tl 

C 

C 

C 

COMMON/DYNAM/AFMI 28, 14h8X81281 ,BX( 281, X8( 281 ,AXl281 ,ACCI 281, 
1VELl281,DISPl281,FSTRTl281,FORCEl281,DT ,NODEl151 

COMMON/SETNUM/LERO,HALF,ONE,TWO,THREE,FOUR ,SIX,PI 
CUl4140N/8LOCKZ/T,TEND,TEND1,TEND2,RERUN 
DIMENSION DUMMY I 3001 , IZll 3001 , JZll 3001 
DIMENSION 8FMl14,14,l41 
PRINT 3224,NUMSLK 
REWIND 1 
REli lND 8 
REWIND 9 
REWIND 11 
REW lND 12 
I\N•Z•LIMIT 
NL•NN+l 
NH•NN+NN 
1\8•0 
MM=MBAND 

00 5-0 l=l,NH 
8X8CU= ZERO 

XBI H• ZERO 
BIi i = ZERO 
DO 50 J•l,NN 

50 AFMll,JI• ZERO 
GO TG 150 

c•••• •••••••••••••••• .. *****************••••••••••••••••••••••********* 
C* REDUCE EQUATIONS BY BLOCKS - SHIFT BLOCK OF EQUATIONS 
c•••• ******•••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 
C 

100 NB•NB+l 

00 125 N"'l ,.N"H 
NM•NN+-N 
BX CNl=BX·INMI 
tsXI I\MI = ZERO 
AXINl=AXINMI 
AXll\141= ZERO 
fMINl•FMINMI 
FMINMI= ZERO 
81Nl=81NMI + FORCE{NMI 
IHN14la ZERO 
XB IN l•XB-1 ttMI 
X8.INMI • ZERO 
00 125 Mal ,MM 
AfM-IN,M JaAfMC-NM,MI 
Afl41NM,MJ•ZERO 
Al"N ,Ml •AC NM, Ml 

125 AINM,MI• ZERO 

c•••• •••••••••••·•••••••••••••••·•••••••••••••••••••••••••••••••••••••••• 
C* ' READ NEXT ·BLOCK Of EQUATIONS INTO CORE . * 
c•••• ••••••••••>!!••••••••••**••••••••••••••••••••••••••••••••••••••••••• 
C 

IF C NUMBLK - N81 150,110, 150 

150 N=NL-1 
CO 149 12= l ,NN 
N=N+l 
FHINJ=fFMINB+l,121 
CO Ht9 13 =1, NN 
AIN.,131=AAIN8+1,IZ ,131 

149 CONTINUE 

.,_. 
~ 
~ 



1Sl 
152 

c•••• 
C• 
c•••• 

lb2 

lb't 
166 
lb8 

17C 

172 
116 

178 
lEC 
182 

195 
19S 

C 
110 
120 

c••u 

6SO 
C 
C 
C 
C 
C 
C 
C 161 
C 
C 
C 
C leC 
C 
C 
C 
C 
c•••• 

9S9 

READ 181 IFURCEINl ,BXINI ,AXINJ ,N=NL,IIIHl 
IF IISTART .NE. 11 GO TO 152 
DO 1Sl l•NL,NH 
FHl•FHI ll 
IF IFHI .EQ~ ZEROJ GO TO 151 
AXIi l•AXII I /FHI 
BXI I l•BXI 11/FHI 
COI\TINUE 
lFINBJ 162,100,162 
•••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 

FORM AFH AND axe MATRICES • 
•••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 
DO 1911 N=l,NH 
DO 195 H=l,HH 
IFINB-ll 16't,l66,l64 
IFIN-NNI l76,l7b,lbb 
lFI M-11 170,168,170 
XB1Nl=X8INl+AIN,Hl•BXINI 
IF II START .GT• l I GO TO l9S 
AFMIN,HlzfMINl+IIDT••211s1x1•AIN,MI 
GO TO 19S 
K=l\-l'+l 
lFIKI 176,176,172 
XBINl•XBINl+AIK;Ml•BXIKI 
K=N+ll-l 
lFINH-KI 195,178,178 
IFINB-U 180,182,180 
lFI K-NNI 195,195,182 
XBINl•XB(Nl+AIN,Hl*BXIKI 
IF IISTART .GT. l I GG TO 195 
AFMI N, Hl•I I DT••.21 / SI XI• Al N, Ml 
CONTINUE 
COI\TI NUE 

00 120 N=l,NN 
BXB I NI =Bl NJ -XB( NI 

·····················**··········································· IF 11ST ART • GT. 11 GO TO 999 
DO 680 t.2=1 ,NN 
WRITE 1121 IAFHI 12,131, 13"1,HMI 
00 680 13=1,HH 
BFHINB,12,131 • AFMl12rl31 
N=O 
Z98 " 0 .10-11 
DO lbO l•l ,NN 
CiO 160 J=l,NN 
IFIAFHCI,JI .GT. Z98 .OR. AFHCI,JI .LT. -l981 GO TO lbl 
GO TO 160 
l\=f\+l 
IZlC NI =I 
Jl 11 Nl=J 
OUMMYINI = AFMll,J I 
CONTINUE 
PRINT 3224, NB 
PRl I\T 3224, N 
PRINT 3222, lllllll,Jlll 11,0UMHY(ll, l=l,Nl 
PRINT 3224, NB 
****************************************************************** 
CONTINUE 

C 
C 
C 
C 
C 700 

6'>7 

699 
6'>8 

1.22 

123 

l.24 

.C 124 
C 
C 
C 710 

711 

c•••• c•••• 
C* 
c••o 

126 

315 

320 

IIRITE lllllBXBINl ,l\=l,Nl\l 
DU 700 N=l ,NN 
WRITE 1111 BX81N I 
IIRITE 1111 BXSINl,IAFMIN,Hl,Hsl,MHI 
PRINT 3227,IAFMIN,Hl,Msl,HMI 
COhTINUE 
IF I NUIIBLK • NE• Nill GO TO 100 
IFIRERUNI GOTO 697 
GO TO b98 
CONTINUE 
IF IISTART .NE. 21 GO TO 698 
00 699 11•1,NBLK 
DO 699 12•1,NN 
READ 1121 IBFHI ll, 12,131, I3"l,MMl 
COIITINUE 
CONTINUE 
REW 1110 11 
NB•O 
GO TO 124 
IIS,.h8+1 
hS•i-l'IIIT• I NB+ll 
NK•N-S-L I Ml T 
IIP=IIK-LIMIT+l 
KSHIFT " 2* NP -2 
IFI NK .GT• NUHNP I NK=NUHNP 
00 123 N•l , NII 
NM" NN+ N 
eXB(N1=BXB1NHJ 
exe I.NMl~ZsERO 
DO. 123 M=l ,HM 
AFHI-N,M JzAFH( NM, HI 
AFIHNH,Hl•ZERO 
lFINUMBLK .EQ. NBI GO TO 126 
CUU INUE 
READ 1111 IBXB(Nt ,N•NL,hHI 
00 710 N=NL ,tfi 
REAC llll BXBlNI 
READ I Ul BXBINI ,IAFHIN,.MI ,M=l ,HHl 
CO·NT INUE 
l\zflL-1 
DO 7 11 I 2" l ,NN 
N=N+l 
DO 711 13=1,'4"4 
AFHIN, 131=BFHI NB+ 1,12 ,131 
CONTINUE 
IF(NB .EQ. 01 GO TO 122 .................................................................. ................................................................... 

BOUNDARY CONO IT IONS * ................................................................... 
DO 410 M=NP,NK 
lflll-NUMNPI 315,315,410 
N=2•M-KSHIFT-l 
IFIUXTYPEIHI .NE. TYPEH GO TO 320 
U=UXIMI 
CALL MOO lFY INH,N, UI 
N=N+l 
IFIUYTYPEIHI .NE. TYPE2l ~OTO 410 
U=UY IMI -,;i::,. 

Cj1 



410 
c•••• 
c• c•••• 

200 

CALL HODlf.Y (NH,N,Ul 
COI\T INUE .................................................................. 

REDUCE BLOCK Of EQUATIONS • 
•••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 
DO 300 N>-1,NN 
IFIAFHIN,lJI 225,300,i25 

225 BXB(Nl =BXB( NI/AFMIN~ll 
00 215 ·L=2,-MM 
IFIAFHIN,Lll 230,275,230 

23C Q=AfHtN,Ll/AFM(N4ll . 
lsN+L--1 
J•O . 
DO 250 K•L,HH 
J-J+l 

250 AfMI 1,J l•AFMI 1,J 1-Q•AFN-IN,K I 
BXB( l)a8X811 I-AFHtN,Ll•axB(NJ 
AfHIN,LJ=Q 

275 CONTINUE 
3CO CONTINUE . c•••• ................................................................. . 

C• WRITE BLOCK OF -REDUCED EQUATIONS ON TA.PE l • c•••• .................................................................... . 
lf(l'lU.HBLK-NBJ 3-75,400,375 

315 00 120 N=l ,NN 
WRITEllJ BXBINJ,1 Ai=H(N,-111 ,H=2,HHI 

720 CONTI.HUE 
GO TO 122 c•••• ................................................................. . 

C* BACK SUBSTITUTION • c•••• ................................................................. . 
400 00 450 M=l,NN . 

N=l\i.t-1-1' 
DO 425 K=Z, MM 
L=N+K-1 

425 BXB INI =BXBINl ,-AfMI N, Kl*BXBILI 
NM=N+NN. 
l!XB I NMI =8X8Hil 

45C AfMINH,NBl=BXBINI 
NBsNB-1 
lf(l\81 475,500,475 

415 CONHNUE 
co 729 Nsl,NN 
BACKSPACE l 

72'i CONTINUE 
00 730 N=l-,NN 
READ Ill 8XBCNl,1AfMIN,H1,H=2,HHI 

13Cl CONTINUE 
CO 731 N=l,NN 
eACKSPACE 1 

131 CONTINUE 
oo· TO 400 c•••• ................................................................. . 

C• ORDER UNKNOWNS IN ACC ARRAY AND CALCULATE VEL AND OISP ARRAY • c•••• •••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 
SOC REWIND 8 

MOCL=2*M0D(NUMNP,LlMITI 
C PRli',T 4015, T 
C 

00 bOO N8•1,IIUM8LK 
K•O 
READ CBI (FORCEINJ,BXINl,AXINl,N• 1,NNI 
If llSTART .NE. ll GO TO 519 
00 518 N=l,NN 
lf(NB .EQ. NUHIILK oAND. N .GTo HODLJ GO TO 519 
IFlffHCNB,NI .EQ.· lEROI GO TO 518 
fM l•fFHI NB, NJ 
AXINl=AXINI/FHI 
BXIN-l•BXINI /FMI 

518 COIITINUE 
519 CONTJNU.E 

DO 520 N• l, NN 
IFINB .EQ. NUf!IBLK .AND. N .GT• HOOL I GO TO 520 
K•K+l 
NH-.N+NN 
ACC IKI= A·FMtNM, NIU 
VEU Kl •AXI Kl+ IDT /.TWOl•ACCIKI 
DISP UU•BX·IK-1+( ( DT••211 SI XI •ACC I Kl 

520 .-COI\TINUE 
IFJNB .Ello NUHBLK 1 GO TO 523 
GO 1'0 525 

523 COI\TINUf 
flOOUo,MODL +1 
CO 524 K•HODLl , -.N 
ACC-1 Kl "' Z~RO 
VEL 111.l•ZERO 
CIS·P ·t10 = ·ZERO 

524 COI\JINUE 
525 CONTINUE 

WRITE191 IACCINI,~ ELINl,OISPINl,Nal,NNI 
C lF 11:START .GT. 31 GO TO 600 
C 1ft T ~Lr• TEND 1.oR. T .GT• TEN021 GOT060-0 
C ~=1118-ll*NN-l 
C .DO 650 N"1,NN,2 
.C ·K=K+2 
C KlaK+l 
C Nl•N .. l 
C PRINT 4004,K,ACC-INl,VELtNl,DISPINI..Kl,ACCINll ,VEL(Nll ,OlSPINll 
C hRITE-17,40051 K_.ACC1Nl.,VELINJ,D1SPINI 
C WRlTEI 7,40051 Kl,ACCCNU ,VELINll ,OISPINll 
C 650 COhT INU.E 

60C COt.TlNUE 
REWINO 9 
ltEJU-RN-

3025 FORMAT 1511X,023ol6,2Xll 
3221 fORM·AT CSX, •ax-8 .,,,-sx,3D23.l6,48XI I 
3.222 -FORM.AT l4·11X, 1 I•, 13, •,', 13,' 11 ,023.161 I 
322'• -FORMAT 11101 
3225 FORMAT 1-lOX,'NB=',ii!I 
3226 FORMAT 110X,4 NP• 1 ,lto,'NK•', 141 
32.27 FORMAT '( 511X,D23.lb,2XI 1·1XI 
400'o fORMAT 1215X,I3,3012,411 
4005 FORMAT U4,3·D25. lbl 
4015 FORMAT UX,'ACCINl,VE'LINl,DISP(NI ON FILE 191 FOR TIME=•, D16.71 

-EN·O 
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SUIIKUUTJNE MODIFY INEi,;,N,UI 
IHPLICIT REAL *8 IA-H,D-ZI 
COMHON / BANARG/ Al28, l'o I, fH(281, Bl28l 1MBAND1NUIIBLK•NBLK 
COMMON/D YNAM/AFMI 28 ,HI ,BX8(2.8J 1BXl28 I 1XB(28 l ,AX 1281, ACCI 281, 

l VELl 281, DISP (281, FSTRTl281, FORCE( 2BI ,DJ ,NOOE( 151 
COMMON/ SETNUM/ ZERO,HAL·f ,ONE, TWO,THREE,FOUR , SIX, PI 
DO 250 11=2,MBAND 
K•ll-M+l 
IFIKI 235,235,230 

230 BXB(Kl•BXBt·KI-AFMIK,Ml*U 
,\FIH K, MI., Z:ERO 

235 Kal\i+M-1 
IFlNEQ-KJ 250,2'o0,2'o0 

2'o0 BXBIKJ= BXBIKI-AFMIN,Ml*U 
M'Ml-N,MI = ZERO 

250 CONTINUE 
AFMIN,11• ONE 
BXB(Nla U 
RETURN 
END 

//GCl.SYSIN 00 * 
l 

'oB 
//GO.ofTOlFOOl DO UNIT=SYSU,SPACE• ITRK, l 10, 1011, DISP=NEW, 
// OCB=I BLKS1ZE=7196,LRECLaH 6 ,RECFM=VBSJ 
//GO.fl02f001 OD UN-IT=23l't,VOL•SER=IHSK06, 
// D1SP=l0LO,KEEPI ,S.PAU:•HRK,11, 
// OCB=ILRECL=B,BLKSU·E•1092,RECf-M•VBS1, 
II DSN=OSUoACT1018B.NONZERON 
//GO.FT03f001 DD UNIT=23l4,V0l•SER=D1SK06, 
// CISP=IOLO,KEEPl,SPACE=ITRK,11, 
// OCB•llRECt.sU2 18LKS-1ZEsl684,RECFM=VBS 1, 
// 0SN•QSU.ACT10l88oHASSMATX 
//GO.FT04f001 DD UNIT=2314,VOLsSER•01SK06, 
// OISP=IOLO ,KEEPI ,S.PAC-EalTRK.,51, 
// DCB=( LRECL=lBOO,BLKSJ Z£.-229B,RECfMsVBSI, 
// DSNs0SU.ACT10l8B.TOTLSTIF 
//GCof T08f001 00 UNJT=SYSDA,SPACE=ITRK, I 10,10 I It OISP•NEW, 
// OCBz1BLKSIZEa7l'o'o,LRECL•3'o0,RECFH•VBSI 
//GC.Fl09F001 OD UNlfs2314, VOL•SER=01SK06, 
// DlSP=lNEW,KEEPI ,SPACE•URK,21, 
// 1.CBa ILRECL=340,BLKS IZE•7144,R1:CFH•VBSI, 
// DSN=OSU. ACT12387 o ACVELOIS 
//GO.ffllFOOl 00 UNI T=SYSOA,SPACEs( TRK,U0,1011,0ISP•NE-W, 
// CCB .. ULKS IZEa71%,LRECL=ll6,RECfHa VBS.I 
//GO.FT12f001 00 UNH=2314,VOL•SER•D1SK06, 
// D1SP=IN1:W,KEEP1,SPACE•ITRK,5I, 
// OCBatLRECL•ll6, BLKS JZE•l 1116,RECFH•VBS 1, 
// 0SN=OSU.ACT12387.BFMIJK 
//GOofT13FOOl DO UNIT=231'o,VOL=SER=DISK06, 
// OJSp.,a(NEW,KEEPl,SPACE•tTRK,111, 
// DCB•ILRECL=36,BLKS1ZE•l092,RECFH•VBS1, 
// OSN=OSU .AC 11238 7. T Y-HACD1 S 
II ..... 
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