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Preface 

The problem of generalizing llenger' s1 result was first raised b;y 

s •. Hoberman., and suggested to the author of this paper by Dr. J. c. C. 

llcKinsey. The formulation of the principal theorem here proved is due 

to Miss Helen Dqton. The proof., the first given for this theorem., 

is original.. 

In Menger' s paper there is a. proof for the special case n • 2. 

The proof here given is valid for all n > 1, and thus includes his 

result. The theorem provides a decision method, that is, a method 

for determining whether an arbitrary expression is a forlllllla. 

1K&r1 Menger., !!!l!, elemtare Bem.a.rkung ~!!!!Structure logischer 
Formeln. 
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Section I. Definitions and Lemmas. 

All. numb~rs used in the following are int.egers., for which the results 

of arithmetic are assumed. 

Notation: The symbol pi is a sentential variable tor any integer i, 

and will be referred to a.s a •variable.• The syni>ol aj • R is an n-ary

connective for 81.f¥ ~ an~ n > l., and wp.i be called simply a comect.ive. 

Definitions.i 

(1).. An expression is a sequence 8i •••'\ such that a1 for i • 1., ••• ,_k 

is a variable or eonnectiw,. 

(2). An initial segment of an expression is an expression 8i •.• a1 ., 

where i < k. 

(3). A terminal segment ot an expression is an expression st ... 8ic, 

where t > l. 

(4) • For each a > i, a to.rmula is an expression contained in ever,y set 

It such that: 

(a) Every variable 1a in K. 

(b) It Xi••··~ are in It, &,_• •• ~ 1a in K. 

From (4) we h.ave immediately the lemmas: 

(5). If all variables have a property, and if when;_,-~ have the 

property, i:E.i •• ·~ has the property, then all f omulaa have the property. 

(6). Eireey variable is a formula. I£;,,••·•~ are .formulas, then 

~ •• ·~ is a formula. 

Section II. Principal TheONlll. 

Neeeasary and sufficient. conditions that an e.xpreaaion x • 8i•••8ic be a 

fornw.a are: 

(Cl) v1 < (n - 1) c1 + 1 

(C2) Tk t( (n - l) °le + 1 
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, where X:1. • an initial segment of x for 1 • 1-. ••• ,k-1 

.,1 • the number of w.riables in X:f. 

e1 • the number of cormecti wa in ~ 

vk • the number of variables in x 

ek • the number of connectives in x. 

The conditions are necessaey: 

Every variable aatis.t'iea (l.) vacuous.q and (2), since~• o. 
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To show by (5) that (Cl) and (C2) hold tor all fo:mulas, we assume they 

hold for z1., ••• sn and consider x • Rz1 ••• zn• Let y be an initial segment 

of x. Then one of the .toll.owing is true 1 

(7) y is an initial aegment cf Bz1• 

(S) y • az1 ••• Zi,i for aOJD8 h < n. 

( 9) Bs:i. •• •Zii is an initial segment of y £or some h < n. 

If (7) holds, x obviousq eat.us fia {Cl). 

If (8) holu., let 

~ • number o! var:lab1es in 11 for i • l, .••• ,h 

t1J.. • number of connectives in z1 for 1 • 1, ••• ,h 

')' • ~er of variables in y 

"' • number ot conne etivee 1n y. 

Then we haves 

(l.O) ·ci., • q1 + •• • • ~ • l 

'),--~·····~ 
• (n.l)(Qi_ • •••• ~) + h by (2) for each s1 

• (n-1Hc,. - 1) + h by (10) 

• (n-1)'7- - n + h + l 



But h - n < O, since h < n, so that U.,. < (n - l)~ + l• 

If (9) hol.ds, consideration of (8) and Zii+l leads to the desired 

result; thus (Cl) hold.a far all i'<>~. 

The proof that (C2} holds for x is the same aa the proof for case (8) 

above, with ~ • vk• ~ • 'ic• and h • n. 1bua (C2) holds for all formulas, 

The conditions are su.tficiemt& 

This is proved by an induction on the leqgth of the expression. I! 

x is an expre•ion of length one, this one symbol by (C2) JJlllst be a 

variable. This,].s a forml.a by (6).. Suppose then that all expressions of 
J • 

length . -< k.. -,atisfying (Cl) and (C2) are formulas, and that x • 8i•••8k 

satisfies (Cl) and (C2), where k > 1. 

If 31. is a variable I by ( Cl} •• have l < l. Hence 91 is a come eti ve. 

In any terminal. se~t, if vt is the number e.f variables., and ct the nuni>er 

of eoraecti ves, we have tor t • l + 1 for aaue 1, 

Vt• Vk - Ti 

> (n-l)'ic + l - (n-l)e1 - 1 by (Cl.) and (C2) 

• (n-,.J.) ( 'it - c1.) 

..... . • (n-l}ct 

or (11) vt > (n-l)ct. 

\oi'rite x • Rx' • Ra2• ••8k• It a2 • ;, is a variable, it is a fol"nllla by 

(6). If s2 is a connective1 this initial segment of xt satisfies (Cl). Let 

x,._ be the shorl,est segment which does not eatisfy (Cl), i.e. such that 

v1 • (n-l)ei_ • 1, where v1 and Ci, are defined for x1 a.e unal. There is such 

a segment by (ll) for x•. Thus ,_ satiaf'ies (Cl) and (C2), arn is a formula 

by the induction hypothesis. We write x • a:i,.x", and construct in the 



aerie manner f'onnula.s ~···•,X. so that x • R;.•••Xia• It is possible to 

uh.aust the symbols of x in this manner., since k is an integer,, and eaeh 

~ contains at least one symbol. 

A8 in the proof ot (t:L) tar cue (~, we have 

vk • (n-l)<i£ .;. n + l + a 

but vk • (n-1)«;c + 1 by (C2) for x. 

Henee m. - n • 0 or .ra • n. We conclllie b7 (6) that x 18 a .formala. 

This canpl.etea the proof of the theorem. 
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1'enger~-Karl, Kine eleinentare :@cpa.rlgwt iiber ~ Struct.ure lomm•r Formeln, 
El'gebnisn einee mathenatischen ltolloquiwu, Heft 3 (pp. 2a-.23). 




