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ORTHOGONAL GEOMETRY OVER RINGS WITH 

STABILITY CONDITIONS

CHAPTER I  

INTRODUCTION

H i s t o r i c a l l y ,  H. Bass d e s c r i b e d  a  " s t a b l e  r a n g e  c o n d i t i o n "  on 

a  r i n g  and when t h e  s t a b l e  r a n g e  i s  1 , he was a b l e  to  c l a s s i f y  c o m p le te ly  

t h e  no rm al su b g ro u p s  o f  t h e  g e n e r a l  l i n e a r  g roup i n  any d im e n s io n .  I n  

c o n t r a s t ,  t h e  s tu d y  o f  t h e  o r th o g o n a l  g roup  and t h e  W it t  r i n g  o v e r  a 

g e n e r a l  c o e f f i c i e n t  r i n g  h as  p r o g r e s s e d  s lo w ly  th ro u g h  i n c r e a s i n g l y  more 

g e n e r a l  r i n g s ,  e . g . ,  f i r s t  f i e l d s ,  t h e n  l o c a l  r i n g s ,  th e n  s e m i l o c a l  r i n g s .  

Our a p p ro a c h  was to  d i s c o v e r  a n  e q u a t i o n a l  c o n d i t i o n  a n a lo g o u s  to  s t a b l e  

r a n g e  w hich  would a l l o w  d u p l i c a t i o n  o f  t h e  c l a s s i c a l  r e s u l t s .

I n  C h a p te r  I I ,  a  r i n g  i s  d e f i n e d  t o  be f u l l , o f  ty p e  <m,n>, i f  

i t  s a t i s f i e s  c e r t a i n  p o ly n o m ia l - ty p e  c o n d i t i o n s .  Examples o f  r i n g s  w hich  

a r e  < m ,n > -fu l l  a r e  shown t o  i n c l u d e  l a r g e  enough f i e l d s ,  s e m i - l o c a l  

r i n g s  whose r e s i d u e  f i e l d s  a r e  f u l l  o f  t y p e  <m,n>, and von Neumann r e g u ­

l a r  r i n g s .  We show t h a t  e v e ry  com m uta t ive  r i n g  can  be embedded i n  an  

( m , n ) - f u l l  r i n g .

C h a p te r  I I I  c o n c e rn s  i n n e r  p r o d u c t  s p a c e s  o v e r  a  r i n g  R w hich  

i s  f u l l  o f  t y p e  <1,3> and has  2 a  u n i t .  We show t h a t  such  an  i n n e r  

p r o d u c t  s p a c e  a lw a y s  h a s  an  o r t h o g o n a l  b a s i s  and t h a t  W it t  C a n c e l l a t i o n

1



h o l d s .  F o r  a  s p a c e  w i th  h y p e r b o l i c  r a n k  ^  1 , we d e te rm in e  g e n e r a t o r s  

o f  t h e  o r th o g o n a l  g roup  and show t h a t  t h e  E i c h l e r  subgroup  e q u a ls  th e  

com m utator subg roup  o f  t h e  o r th o g o n a l  g ro u p .

C h a p te r  IV d e a l s  w i th  t h e  no rm a l s u b g ro u p s  o f  t h e  o r th o g o n a l  

g roup  0(V) w here  V i s  a  f r e e  sym m etr ic  i n n e r - p r o d u c t  s p a c e  o v e r  a  ( 1 , 3 ) -  

f u l l  r i n g  R and V h a s  h y p e r b o l i c  r a n k  >  1 .  The main r e s u l t  i s  t h a t  G 

i s  a  norm al subgroup  o f  0(V) i f  and  o n ly  i f  t h e r e  i s  an  i d e a l  A o f  R 

w i t h  0(V,A) <  G <  0 (V ,A ) .

The f i n a l  c h a p te r  d e f i n e s  t h e  W it t  r i n g  W(R) o f  f r e e  sym m etric  

i n n e r  p r o d u c t  s p a c e s  o v e r  a < l , 3 ) - f u l l  r i n g  R h a v in g  2 a  u n i t .  G enera­

t o r s  and r e l a t i o n s  o f  W(R) a r e  g iv e n  and i t s  p r im e  i d e a l s  a r e  c l a s s i ­

f i e d .  For a  r i n g  w hich  i s  f u l l  o f  ty p e  ( 3 ,3 )  and h a s  2 a u n i t ,  we show 

u s in g  round fo rm s t h a t  t h e  g e n e r a t o r s  o f  t h e  t o r s i o n  p a r t  o f  t h e  W it t  

r i n g  have  t h e  fo rm  ( 1 , - a )  where a  i s  a  u n i t  and a  sum o f  s q u a r e s .

T h ro u g h o u t ,  r i n g s  a r e  com m uta tive  w i th  i d e n t i t y .  L e t  R* d e n o te  

t h e  g roup o f  u n i t s  o f  a  r i n g  R.



CHAPTER I I  

RING THEORETIC RESULTS

I n  t h i s  c h a p t e r ,  e q u a t i o n a l  c o n d i t i o n s  on a  r i n g  a r e  d e f in e d  

w hich  a l lo w  th e  deve lopm ent o f  t h e  t h e o r y  o f  f r e e  sym m etric  i n n e r  p ro d ­

u c t  s p a c e s ,  t h e  o r th o g o n a l  g ro u p ,  and t h e  W it t  r i n g .  Examples o f  r i n g s  

w hich  s a t i s f y  t h e s e  c o n d i t i o n s  a r e  shown t o  i n c l u d e  " s u f f i c i e n t l y  l a r g e "  

f i e l d s ,  s e m i - l o c a l  r i n g s  w i t h  " l a r g e  enough" r e s i d u e  f i e l d s ,  and  von 

Neumann r e g u l a r  r i n g s .

(1 1 .1 )  D e f i n i t i o n . L e t  m be  an  i n t e g e r  >  1 and n an  i n t e g e r  >  2.

A r i n g  R i s  f u l l  o f  ty p e  <m,n>, o r  <m ,n)-f u l l , i f  f o r  e v e ry  m x n m a t r i x

A = [ a _ j ]  o v e r  R w i th  u n im o d u la r  row s , t h e r e  e x i s t  an  a  i n  R (d ep e n d e n t

on A) and u n i t s  u . , u „ ,* * * ,  u  o f  R su c h  t h a t  1 z m

■ 1 " l

a u_2
2 .

a

n - 1 ua m

R ings  o f  t h e  above ty p e  have  "many" u n i t s ,  i . e . ,  a r e  " f u l l "  o f  u n i t s — 

h e n c e  t h e  t e rm in o lo g y .

R i s  s t r o n g l y  f u l l  o f  ty p e  (m,n> i f  a may be ch o sen  t o  b e  a

u n i t .
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F i n a l l y ,  R i s  ( s t r o n g l y ) f u l l  i f  R i s  ( s t r o n g l y )  f u l l  o f  ty p e  

<m,n> f o r  a l l  p o s i t i v e  i n t e g e r s  m, n .  ( T h is  g e n e r a l i z e s  t h e  d e f i n i t i o n  

o f  a  f u l l  r i n g  used  i n  [ 2 9 ] . )  C e r t a i n l y  any  s t r o n g l y  f u l l  r i n g  i s  f u l l .

To i l l u s t r a t e  t h e  d e f i n i t i o n ,  we w i l l  c o n s i d e r  some s p e c i f i c  

t y p e s  o f  f u l l n e s s  and i n d i c a t e  t h e  t y p e s  o f  r e s u l t s  t h e y  g i v e .

(1) S u p p o s e R i s  f u l l  o f  ty p e  <1,2>. Then f o r  any two e le m e n ts  

a ,  b o f  R su c h  t h a t  t h e  i d e a l  g e n e r a te d  by a  and b i s  a l l  o f  R ( t h e  no­

t a t i o n  f o r  t h i s  i s  ( a ,b )  = R ) , t h e r e  e x i s t s  an  a  i n  R w i t h  a  +  ab a  u n i t .  

T h is  i s  B a s s ’ s  d e f i n i t i o n  o f  s t a b l e  r a n g e  1 ( s e e  [ 7 ] ) .  Bass showed i n  

[7 ]  t h a t  f o r  a  f r e e  module V o v e r  a  r i n g  w i t h  s t a b l e  r a n g e  1 ( i . e . ,  a  

r i n g  w h ich  i s  f u l l  o f  ty p e  (1 , 2 >), th e  no rm a l subgroup  s t r u c t u r e  o f  

GL(V) b e h a v e s  i n  th e  c l a s s i c a l  f a s h i o n .

(2) Suppose R i s  f u l l  o f  ty p e  < 1 ,3 ) .  Then f o r  t h r e e  e le m e n ts

a ,  b ,  c o f  R su c h  t h a t  ( a , b , c )  = R, t h e r e  i s  an  e le m e n t  a o f  R w i th  

2a  +  ba  + ca  a  u n i t .  We show t h i s  c o n d i t i o n  i s  s u f f i c i e n t  to  i n s u r e  

t h a t  e v e ry  f r e e  i n n e r  p r o d u c t  s p a c e  o v e r  R h a s  an  o r th o g o n a l  b a s i s ,

W i t t  c a n c e l l a t i o n  h o l d s ,  g e n e r a t o r s  and r e l a t i o n s  f o r  th e  W it t  r i n g  

o v e r  R a r e  known, and i f  h y p e r b o l i c  r a n k  ^  1 ,  t h e n  t h e  E i c h l e r  subg roup  

i s  e q u a l  t o  t h e  comm utator subgroup  o f  t h e  o r th o g o n a l  g ro u p .

(3) Suppose R i s  s t r o n g l y  f u l l  o f  ty p e  < 1 ,3 ) .  Then f o r  any

t h r e e  e le m e n ts  a ,  b ,  c o f  R such  t h a t  ( a , b , c )  = R, t h e r e  i s  a  u n i t  a

2
i n  R s a t i s f y i n g  a +  bet +  Ca i s  a  u n i t .  F o r  a  f r e e  module V o v e r  R, 

w here  R i s  o f  ty p e  < 1 ,3 ) ,  w i t h  c e r t a i n  a d d i t i o n a l  h y p o th e s e s ,  we show 

t h e  no rm al sub g ro u p s  o f  0 (V ) ,  t h e  o r th o g o n a l  g roup o f  V, a r e  n e s t e d  b e ­

tw een  c o n g ru e n c e  s u b g ro u p s .

(4) Suppose R i s  f u l l  o f  ty p e  ( 3 , 3 ) .  T h is  s a y s  t h a t  i f

^ ^ i j^ 3 x 3  ^ m a t r ix  o v e r  R w i th  ( S n » ^ x 2 ’®13^ = ^^21’^ 2 2 ’ ^23^



2
= (^31*^32’^33^ ~ t h e r e  i s  an  a i n  R such  t h a t  a^^  +  a^gG + ,

2 2 
a^^ + ^22^ ^23^^ ’ ^31 '*' ^32^ ^33°^ a l l  u n i t s .  We show t h i s

c o n d i t i o n  i s  enough t o  d e te r m in e  g e n e r a t o r s  o f  t h e  t o r s i o n  p a r t  o f  t h e  

W it t  r i n g .

C e r t a i n  r e l a t i o n s  be tw een  ty p e s  o f  f u l l n e s s  s h o u ld  b e  n o t e d :

Any r i n g  w h ich  i s  f u l l  o f  ty p e  <m,n) i s  f u l l  o f  ty p e  < s , t >  f o r

l < s < m ,  1 <  t  <  n .

A r i n g  R i s  c a l l e d  n - s t a b l e  f o r  a  p o s i t i v e  i n t e g e r  n i f  f o r

e v e ry  s e t  o f  n  + 1 e le m e n ts  a ,  g^, g^, , g^ i n  R w i t h  ( a , g ^ , • • • , g^)

= R, th e n  t h e r e  e x i s t  w . i n  R w i t h  a +  g^w^ + + g w = u n i t .I n  1 1  n  n

A r i n g  R i s  s t a b l e  i f  R i s  n - s t a b l e  f o r  e v e ry  n >  1 .  I t  i s  s t r a i g h t ­

fo rw ard  t o  c h e ck  t h a t  i f  R i s  1 - s t a b l e ,  t h e n  R i s  n - s t a b l e  f o r  n  >  1 ,

and i f  R i s  n - s t a b l e  t h e n  R i s  m - s t a b l e  f o r  1 <  m <  n .  T hus ,  1 - s t a b l e

i m p l ie s  s t a b l e .  C l e a r l y ,  i f  R i s  < l , 3 > - f u l l ,  t h e n  R i s  1 - s t a b l e ,  hence

R i s  s t a b l e .

The f o l lo w in g  lemma g i v e s  a  u s e f u l  e q u i v a l e n t  c o n d i t i o n  to  

< l , 3 > - f u l l .

( I I . 2) Lemma R i s  < l , 3 > - f u l l  i f  and o n ly  i f  f o r  any  s e t  o f  2n + 1

e le m e n ts  a ,  g ^ , • • • ,  g , 6^,  • • • ,  6 i n  R w i t h  ( a , g , • • • , g , 6  , • • • , 6  )
1 n i  n 1 n i  n

= R, t h e r e  e x i s t  w, , • • • , ü) i n  R w i th
1 Z n

2 2 
o + g.w, +  g-u)_ + * ’ * + g a )  + 6, 0)- +  *** + 6 cü = u n i t .1 1 . 2 2  n n  1 1  n n

P ro o f  One d i r e c t i o n  i s  t r i v i a l .  So su p p o se  ( a , g , , * * * , g  ,ô .  ) = R.  1 n i  n

Then f o r  s u i t a b l e  a ,  b , • • • ,  b , d , , • • • ,  d , a a  +  Tb . g .  +  Yd. ô . = 1.
1 n i  n

S in c e  R i s  < l , 3 > - f u l l ,  i t  i s  s t a b l e ,  so t h e r e  i s  a  b i n  R w i th

a  +  b (Y . b g. +  y . d . ô . )  = u n i t .1 1  ^ 1 1 1



L e t  b .  = b b . ,  d . = b d . .  Then 
1 1 1  1

(a  + l l l [  b .B .  +  l l l l  d . 5 . )  + b^g^  + d ^ 6^  = u n i t .

S in c e  R i s  ( l , 3 > - f u l l ,  t h e r e  i s  a n  e le m e n t ,  say  w i th

[a +  y? } (b .B .  + d . ô . ) ]  + w g + c ü ^ ô  = u n i t .^1=1 1 1  1 1  n n  n n

Now r e a s s o c i a t e ,  and r e p e a t  t h e  a rgum en t on b , g , +  d , 6  _ t o  manu-® n - 1  n - 1  n - 1  n - 1

f a c t u r e  w A f t e r  n s t e p s ,  we have  u , ,***,cü w i t h  a +  Tg.w. + Td.w .^n - 1  1 n ^ 1 1  ^ 1 1

= u n i t .

A m inor  a p p l i c a t i o n  o f  ( I I . 2) i s  t h e  f o l l o w in g  lemma w hich  i n  

t u r n  w i l l  b e  a p p l i e d  i n  ( I I I . 6 ) .

( 1 1 . 3) Lemma L e t  R be a  r i n g  w h ich  i s  f u l l  o f  t y p e  <1,3> and l e t  A b e  

a  p r o p e r  i d e a l  o f  R. Then R/A i s  f u l l  o f  ty p e  <1,3>.

P ro o f  L e t  x d e n o te  t h e  image o f  x  u n d e r  t h e  c a n o n ic a l  mapping R ^  R/A.

Suppose ( x , y , z )  = R/A. Then t h e r e  e x i s t  a ,  b ,  c i n  R/A such  t h a t

a x  +  by  + cz  = Ï .  T h is  i m p l ie s  t h a t  t h e r e  i s  a  k  i n  A w i th  ax  +  by  + cz

-  k  = 1 .  Thus ( x , y , k , z , k )  = R. By ( I I . 2) t h e r e  e x i s t  i n  R such

2 2t h a t  X  + w^y +  (1)2 .̂ + z +  Wg k = v  a  u n i t  i n  R. Then

X + w^y + Wgk + z +  Wg k = x +  w^y +  u^z = v .  S in c e  v i s  a  u n i t ,

V i s  a  u n i t .

Now some exam ples o f  some ty p e s  o f  f u l l  r i n g s  w i l l  be  g iv e n .

S in c e  t h e  c l a s s  o f  f u l l  r i n g s  o f  ty p e  <m,n> i s  d e f i n e d  e q u a t i o n a l l y ,  we

have  t h e  f o l l o w in g  r e s u l t .

( 1 1 . 4) P r o p o s i t i o n  (a)  I f  R^ i s  ( s t r o n g l y )  f u l l  o f  ty p e  <m,n> f o r  each

A i n  an  in d e x  s e t  A, th e n  th e  p r o d u c t  ]  R^ i s  ( s t r o n g l y )  f u l l  o f  ty p e

<m,n).



(b) I f  {R^} i s  a  d i r e c t e d  sy s te m  o f  ( s t r o n g l y )  f u l l  r i n g s  o f  

ty p e  <m,n), t h e n  t h e  d i r e c t  l i m i t  l im  i s  ( s t r o n g l y )  f u l l  o f  ty p e  <m,n>.

As an  a p p l i c a t i o n  o f  (1 1 .4 )  we ha v e :  I f  e a ch  f i n i t e l y  g e n e r a te d

s u b r i n g  S o f  R i s  c o n ta in e d  i n  some ( s t r o n g l y )  f u l l  s u b r i n g  o f  ty p e  

(m ,n ) ,  t h e n R  (b e in g  a  d i r e c t  l i m i t  o f  such  r i n g s )  i s  ( s t r o n g l y )  f u l l  o f  

ty p e  <m,n>.

(1 1 .5 )  P r o p o s i t i o n  L e t  R be  ( s t r o n g l y )  < m ,n > - fu l l  w here  n >  2 and l e t  

A be  a  p r o p e r  i d e a l  o f  R. Then

(a) R/A i s  ( s t r o n g l y )  f u l l  o f  ty p e  <m ,n-l> .

(b) The c a n o n ic a l  r i n g  morphism tt: R ^  R/A in d u c e s  a  s u r j e c -  

t i v e  g roup  m orphism R* ->■ (R/A)*. In d e e d ,  R* ->■ (R/A)* i s  s u r j e c t i v e  f o r  

e v e ry  A i f  and o n ly  i f  1 i s  i n  th e  s t a b l e  r a n g e  o f  R, i . e . ,  R i s  ( 1 , 2 ) -  

f u l l .

P ro o f  L e t  [a^^ ]  b e  an  m x (n -1 )  m a t r i x  o v e r  R/A h a v in g  u n im o d u la r  row s.

T he re  a r e  r . . i n  R/A w i th  
i j

-n—1 — —
(1 <  i  <  m)

L e t  r . .  and a . ,  be  i n  R w i th  r . .  r . .  and a . .  a . ,  u n d e r  t h e  c a n o n ic a l
i j  i j  i J  i j  1]

morphism  R R/A. Then, t h e r e  e x i s t  a ^ , . . . , a ^  i n  A w i th

(1 <  i  <  m) .

Thus

' 11 * l , n - l  ^1

-  â ml m ,n - l  m

h a s  u n im o d u la r  row s . S in c e  R i s  f u l l  o f  ty p e  <m,n), t h e r e  i s  an  ct w i th



1^=1 ^ ^  (1 <  i  <  m)

w here  v .  i s  a  u n i t .  I f  a  ->■ a u n d e r  R ->■ R/A, th e n  i a . . a ^  ^ = v . ,
1 ^ j = l  XJ 1

i s  a  u n i t  i n  R/A. T h is  g i v e s  ( a ) .

(b) L e t  u b e  a u n i t  i n  R/A. Then t h e r e  i s  a  v i n  R/A w i t h  

uv = 1 . L e t  u and v be p re im a g e s  f o r  u and v ,  r e s p e c t i v e l y ,  u n d e r  R

-> R/A. F o r  some a  i n  A, uv  + a  = 1 .  S in c e  ( u , a )  = R and R i s  s t a b l e ,

t h e r e  i s  an e lem en t  b o f  R w i t h  u +  ba = w and w i s  a  u n i t .  Then i f

w ^  w u n d e r  R -> R/A, w i s  a  u n i t ,  and w = u + ba = u .

( 1 1 .6 )  P r o p o s i t i o n  A f i e l d  k w i t h  more t h a n  m (n - l )  e le m e n ts  i s  <m,n>- 

f u l l .

P r o o f . Suppose [ a ^ ^ ] i s  an  m x n  m a t r ix  o v e r  k  w i th  a  n o n - z e r o  e n t r y

i n  each  row. I n  o r d e r  f o r  a l l  m e n t r i e s  o f  [ a ^ ^ ] [ l ,  a ,  a ^ ,  , a *

to  b e  n o n - z e r o ,  a can n o t  b e  a  z e r o  o f  any o f  t h e  m p o ly n o m ia ls

n- 1
a^.^ +  a ^ 2% + • • •  +  a^^^X . A p o ly n o m ia l  o f  d e g re e  n - 1  o v e r  a  f i e l d

h a s  a t  most n - 1  z e r o e s .  T hus ,  t h e r e  a r e  a t  most m(n -  1) e le m e n ts  o f  

k  w h ich  w i l l  n o t  meet th e  r e q u i r e m e n t  f o r  a .

In  p a r t i c u l a r ,  ( 1 1 . 6 ) s a y s  t h a t  a  f i e l d  w i t h  2 a  u n i t  i s  f u l l

o f  ty p e  <1,3>, and a f i e l d  w here  2 , 3 and 5 a r e  u n i t s  i s  f u l l  o f  ty p e

<3,3>. O b v io u s ly ,  an  i n f i n i t e  f i e l d  i s  f u l l .

( 1 1 .7 )  Theorem L e t  Rad(R) d e n o te  t h e  J a c o b so n  r a d i c a l  o f  R and l e t  A 

be  an  i d e a l  o f  R c o n ta in e d  i n  R ad(R ). I f  R/A i s  < m ,n > - fu l l ,  t h e n  R i s  

< m ,n ) - f u l l .

P ro o f  L e t  [a^^ ]  be  an  m x n m a t r ix  o v e r  R w i th  u n im o d u la r  ro w s .  L e t  

i t :  R -»■ R/A be t h e  c a n o n ic a l  map. S in c e  R/A i s  < m ,n > - fu l l ,  t h e r e  i s  an  

a i n  R/A w i th

where



[ n ( a  ) ] [ 1 , à ,  • • • ,  a "  = [u u ,  u , u
i j  X z m

where i s  a  u n i t ,  1 ^  i  <  m. L e t  a ,  u ^ ,  • • • ,  b e  i n  R w i t h  it (a )  = a ,  

tt(u^) = u ^ .  Then

[a  ] [ 1 , a ,  = [u +  j . , • • • ,  u + ji j  X 1 m ui

w here  i s  i n  A, 1 <  i  <  m. S in c e  li(u^) = uu i s  a  u n i t ,  t h e r e  e x i s t  

i n  R and t ^  i n  A w i th  (u^ +  j ^ ) y ^  = 1 +  t ^ ,  1 <  i  <  m. S in c e  1 +  t ^  

i s  a  u n i t  f o r  e a c h  i ,  u^ +  i s  a  u n i t .

C o r o l l a r y  A s e m i - l o c a l  r i n g  R h a v in g  | r /m |  >  m(n -  1) f o r  each  maximal 

i d e a l  M i s  < m ,n > - fu l l .

P ro o f  R/Rad(R) = ] f  R/M w here  t h e  p r o d u c t  r u n s  o v e r  t h e  f i n i t e l y - m a n y  

maximal i d e a l s  o f  R. A p p ly ing  ( I I . ô) and ( I I . 7) g i v e s  t h e  r e s u l t .

N o te ,  i n  p a r t i c u l a r ,  t h a t  a  s e m i - l o c a l  r i n g  w i t h  2 a  u n i t  i s

f u l l  o f  ty p e  <1,3>, and i f  2 ,  3 and 5 a r e  u n i t s ,  i t  i s  f u l l  o f  ty p e

<3,3>.

We n e x t  show t h a t  von Neumann r e g u l a r  r i n g s  a r e  f u l l  o f  ty p e  

<1,3> ( o r  ty p e  <m,n) f o r  l a r g e r  m and  n when c e r t a i n  a d d i t i o n a l  h y p o th e s e s  

a r e  g iv e n )  and th u s  a l s o  s t a b l e .  T h is  i n v o lv e s  t h e  P i e r c e  r e p r e s e n t a t i o n  

o f  a  von Neumann r i n g  a s  a  r i n g  o f  c r o s s - s e c t i o n s  o f  a  s h e a f  o f  f i e l d s  

o v e r  a  B oo lean  s p a c e .  (See [ 3 3 ] ,  p p .  4 - 4 1 . )

( I I . 9) Theorem The r i n g  o f  c r o s s - s e c t i o n s  o f  a  s h e a f  o f  < m ,n ) - f u l l

r i n g s  o v e r  a  B oolean  s p a c e  i s  < m ,n > - fu l l .

P r o o f  L e t  Z b e  a  s h e a f  o f  f u l l  r i n g s  o v e r  a  B oolean  s p a c e  X. L e t  R 

d e n o te  t h e  r i n g  o f  c r o s s - s e c t i o n s .  Suppose [o^^]  i s  an  m % n m a t r ix
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o v e r  R w i t h  = R f o r  each  1 , 1 <  i  <  m. Then t h e r e

e x i s t  5^2 » ***» R w i t h  ® i j ° i j  ~ T hen , f o r  e a ch

p o i n t  X i n  t h e  b a s e  s p a c e  X, J ?  , S . . ( x ) a . . ( x )  = 1  i n  t h e  s t a l k  R^ j = l  i j  i j  X X

above x .  T ha t  i s ,  ( o . - ( x ) ,  a . „ ( x ) ,  • • • ,  a .  ( x ) )  = R f o r  each  i .  S in c eiJ. i z  i n  X

R i s  < m ,n > - fu l l ,  t h e r e  i s  an  a i n  R w i thX X X

[ O y W m ,  e.^, • • • ,  -  [U ix ,  " 2%. • • • .

w here  u .  i s  a  u n i t  i n  R , (1 <  i  <  m).IX X*

By 3 .2 ( b )  and Lemma 3 .3  o f  [ 3 3 ] ,  t h e r e  e x i s t  t , u^ and v^  i n  R

w i t h  t (x) = a , u . ( x )  = u and v . ( x )  = u . \  Then X i  xx X XX

( V j /O i l  + “ i 2 " +  \

and by 3 .2 ( e )  o f  [33] t h e r e  i s  an  open  n e ig h b o rh o o d  o f  x i n  X such  

t h a t

( V i (O i i  + 0 . 2 ? + • • •  +  O L , r " - l ) ( y )  = 1^ 

n
f o r  a l l  y i n  N. . L e t  N = .n  N. . ThenIX X 1=1 IX

(v ^ (o ^ ^  + 0 ^2? + • • •  + o^^T^ ^ ) ) ( y )  = l y  f o r  a l l  i

and f o r  a l l  y i n  N^. The f a m i ly  ^  c o v e r  X and by t h e  p a r t i t i o n

p r o p e r t y  t h e r e  i s  a  f i n i t e  d i s j o i n t  s u b c o l l e c t i o n  o f  o p e n - c l o s e d  s u b s e t s  

w hich c o v e r  X. By p a t c h i n g  t o g e t h e r  t h e  a p p r o p r i a t e  s e c t i o n s  above  each  

o f  t h e s e  s e t s ,  we o b t a i n  a  t i n  R w i t h

a . .  + o . „ T  +  • • •  + 0 . ^ = u n i t  f o r  e a c h  ii j  i 2 i n
«W _  0 — ^

T ha t  i s ,  [ o ^ j ] [ l , T , T  ] i s  a  column o f  u n i t s .

U s ing  t h e  f a c t  t h a t  a  von Neumann r e g u l a r  r i n g  may be  r e p r e s e n t e d  

a s  t h e  r i n g  o f  c r o s s  s e c t i o n s  o f  a  s h e a f  o f  f i e l d s  o v e r  a  B oolean  s p a c e  

g i v e s  t h e  f o l l o w in g  c o r o l l a r i e s .
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(1 1 .1 0 )  C o r o l l a r y  A von Neumann r e g u l a r  r i n g  h a v in g  2 a  u n i t  i s  f u l l  

o f  t y p e  <1,3>•

(1 1 .1 1 )  C o r o l l a r y  A von Neumann r e g u l a r  r i n g  w i th  2 , 3 ,  and 5 b e in g

u n i t s  i s  f u l l  o f  ty p e  <3,3>.

(1 1 .1 2 )  Theorem A z e r o - d im e n s io n a l  r i n g  h a v in g  2 a  u n i t  i s  f u l l  o f

ty p e  <1,3>. A z e r o - d im e n s io n a l  r i n g  i n  w hich  2 ,  3 ,  and 5 a r e  u n i t s  i s

f u l l  o f  ty p e  <3,3>.

P ro o f  G o o d e a r l  and W a r f ie ld  i n  [16] show t h a t  a  com m uta tive  r i n g  R i s  

z e r o - d im e n s i o n a l  i f  and o n ly  i f  Rad(R) i s  n i l  and R/Rad(R) i s  von 

Neumann r e g u l a r .  Combining ( I I . 7) w i t h  (1 1 .1 1 )  g iv e s  t h e  theo rem .

F o r  an  exam ple o f  a r i n g  w h ich  i s  n o t  s t a b l e ,  he n c e  n o t  f u l l

o f  ty p e  <m,n> f o r  any  m >  1 ,  n  >  2 ,  c o n s id e r  R [X ], t h e  p o ly n o m ia l  r i n g
2

o v e r  a  com m uta tive  r i n g  R. L e t  a  = 1 +  X and B = X . Then (a ,B )  = R[X]
2

s i n c e  1 = (1 +  X ) (1 -  X) + X . However, by c h e c k in g  d e g r e e s ,  t h e r e  i s

2
no p o ly n o m ia l  f  w i t h  (1 + X) +  X f  a  u n i t  i n  R[X].

On t h e  o t h e r  h an d ,  we have  t h e  f o l l o w in g

(1 1 .1 3 )  P r o p o s i t i o n  I f  R i s  f u l l  o f  t y p e  <m,n>, t h e n  t h e  fo rm a l  power 

s e r i e s ,  R [ [ X ] ] ,  i s  f u l l  o f  ty p e  <m,n).

■ P r o o f  L e t  [ f . . ]  b e  an  m x n m a t r i x  o v e r  R [[X ]]  w i t h  ( f  , f  , . . . , f . )
ZL JL i n

= R [[X ]]  f o r  1 <  i  <  m. Then t h e r e  a r e  1 <  i  <  m, 1 <  j  <  n ,  i n

R[[X]] w ith  a - i f - i  + a - 2 f i 2  + + ^in^in =  ̂ = “i l ^ i l  +

+  • • •  +  a?  , where  a ° ■ i s  t h e  c o n s t a n t  c o e f f i c i e n t  o f  a . . ,1 /  i n  i n  i j  i j

e t c .  T h a t  i s ,  [ f ^ \ ]  i s  an m x n m a t r ix  o v e r  R w i th  u n im o d u la r  row s.

S in c e  R i s  < m ,n > - fu l l ,  t h e r e  i s  an  & i n  R w i th

rc °  1 n  2 n - l ^ t  r ^ t[ f j j j l l , a , a  , " ' , a  ] = [u^ ,U 2 , * * * ,u^J
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where i s  a  u n i t ,  1 ^  i  m. Then a and a r e  e le m e n ts  o f  R[ [ X] ]  and

[ f  _ ]  [ l , a , a ^ , * * * , a ’̂  = [g i» S 2 ’ * ’ ' ’ ®m̂  ^

where h a s  f o r  i t s  c o n s t a n t  c o e f f i c i e n t .  S in c e  a  power s e r i e s  i s  

a  u n i t  i f  and o n ly  i f  i t s  c o n s t a n t  c o e f f i c i e n t  i s  a  u n i t ,  e ach  i s  a  

u n i t .

As t h e  f o l l o w in g  exam ples  w i l l  show, t h e  r e q u i r e m e n t  t h a t  R be 

s t r o n g l y  f u l l  o f  t y p e  <m,n> i s  n o t  much more s t r i n g e n t  th a n  r e q u i r i n g  

t h e  r i n g  t o  be f u l l  o f  ty p e  <m,n>.

(1 1 .1 4 )  P r o p o s i t i o n  A f i e l d  k  w i th  more th a n  m(n -  1) +  1 e le m e n ts  i s  

s t r o n g l y  f u l l  o f  t y p e  <m,n>.

P ro o f  I n  t h e  p r o o f  o f  ( I I . 6) ,  t h e  a d d i t i o n a l  c h o ic e  a  = 0 now must be  

a v o id e d .

(1 1 .1 5 )  C o r o l l a r y  A f i e l d  such  t h a t  b o th  2 and 3 a r e  u n i t s  i s  s t r o n g l y  

f u l l  o f  t y p e  (1 ,3 > .

(1 1 .1 6 )  Theorem I f  R/Rad(R) i s  s t r o n g l y  f u l l  o f  ty p e  (m,n>, th e n  R i s  

s t r o n g l y  f u l l  o f  ty p e  <m,n>.

P ro o f  L e t  it: R -*■ R/Rad(R) be  t h e  c a n o n ic a l  map. Suppose [a^^]  i s  an

m X n m a t r ix  o v e r  R w i t h  u n im o d u la r  row s. Then i s  an  m x n m a t r ix

o v e r  R/Rad(R) w i t h  u n im o d u la r  row s. There  e x i s t s  a  u n i t  a  o f  R/Rad(R) 

w i th  [ira^j ] [ l , a , a ^ ,  • • * , a ^  = [u^,U 2 , " ' ' , u ^ ] ^  w here  u^ i s  a u n i t ,

1 ^  i  m. S in c e  t h e  m orphism R* -> (R /R ad(R ))*  induced  by  tt i s  s u r j e c t i v e ,

t h e r e  i s  a  u n i t  a  i n  R w i th  r ( a )  = a .  Thus

w here u^ i s  i n  R and i s  i n  R ad(R ). Now ir(u^ + j ^ )  = u^ i s  a  u n i t  i n
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R/Rad(R) i m p l ie s  t h e r e  i s  an  i n  R w i th  (u^ +  = 1 + t ^ ,  f o r  some

t ^  i n  R ad(R ). S in c e  1 +  t ^  i s  a  u n i t ,  u^ +  i s  a  u n i t  f o r  e a ch  i ,  and 

t h e  p r o o f  i s  done.

(1 1 .1 7 )  C o r o l l a r y  A s e m i - l o c a l  r i n g  R h a v in g  |R/M| >  m(n -  1) + 1 f o r  

e a c h  maximal i d e a l  M i s  s t r o n g l y  f u l l  o f  ty p e  <m,n>.

I n  p a r t i c u l a r ,  a  s e m i - l o c a l  r i n g  i n  which 2 and 3 a r e  b o th  u n i t s  

i s  s t r o n g l y  f u l l  o f  ty p e  < 1 ,3 ) .

(1 1 .1 8 )  Theorem L e t  Z be  a  s h e a f  o f  r i n g s ,  each  o f  w hich  i s  s t r o n g l y  

f u l l  o f  ty p e  <m,n), o v e r  a  B oolean  s p a c e .  The r i n g  o f  c r o s s  s e c t i o n s  

o f  E i s  s t r o n g l y  f u l l  o f  ty p e  <m,n).

P r o o f  The p r o o f  i s  o n ly  a  l i t t l e  more d e t a i l e d  t h a n  th e  p r o o f  o f  ( I I . 9 ) .  

L e t  R d e n o te  t h e  r i n g  o f  c r o s s  s e c t i o n s .  Suppose [oUj] i s  an  m x n  m a t r ix  

o v e r  R w i t h  u n im o d u la r  row s. Then t h e r e  e x i s t  1 ^  i  <  m, 1 <  j  <  n ,

i n  R w i t h  Y? - S . . ( x ) o . . ( x )  = 1  i n  t h e  s t a l k  R above x ,  f o r  each  p o i n t^ j = l  I J  I J  X X

X i n  X. T h a t  i s ,  [ a . . ( x ) ]  i s  a n  m % n m a t r i x  o v e r  R w i t h  u n im o d u la r
I J  X

row s. Then t h e r e  e x i s t s  a u n i t  i n  R^, w i th

[ o i j ( x ) ] [ l , O x .......a*  = [u^^ ,U 2^ , . . . , u ^ ] ^ ,

w here  u . ^  i s  a  u n i t  i n  R^, 1 <  i  <  m. By 3 .2 ( b )  and Lemma 3 .3  o f  [ 3 3 ] ,

t h e r e  e x i s t  a ,  t , u , v i n  R w i t h  ? (x )  = m , o (x )  = , u . ( x )  = u1 1  X X I  IX

and v . ( x )  = u . ^ .  Then ( v . ( a . ,  + o . - t  + • • •  +  a .  ^ ) ) ( x )  = 1  and 1 IX 1 i i  1^ i n  X

o t (x) = 1^ . By 3 .2 ( e )  o f  [33] t h e r e  i s  an  open ne ig h b o rh o o d  o f  x

i n  X su c h  t h a t  ( v \ ( o ^ ^ +  + • • •  +  ^ ) ) ( y )  = 1^ f o r  a l l  y i n

N. , and t h e r e  i s  an open n e ig h b o rh o o d  0 o f  x  such  t h a t  a i ( y )  = 1  f o r
m ^

a l l  y i n  0 . L e t  N = .Ci N, n o .  ThenX X 1=1 IX X

(Vi (O i l  +  0 -2% + . . .  +  o . ^ T * - l ) ) ( y )  = l y
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and a i (y) = 1 f o r  a l l  i  and f o r  a l l  y  i n  N . The f a m i ly  {N } _ „  c o v e r  y  X x x S X

X and by t h e  p a r t i t i o n  p r o p e r t y  t h e r e  i s  a  f i n i t e  d i s j o i n t  s u b c o l l e c t i o n  

o f  o p e n - c lo s e d  s u b s e t s  w hich  c o v e r  X. By p a t c h i n g  t o g e t h e r  t h e  a p p ro ­

p r i a t e  s e c t i o n s  above  each  o f  t h e  s e t s ,  we o b t a i n  t and a i n  R w i th

+ • • •  +  ^ = u n i t  f o r  e a ch  i ,  and t o  = 1 . T ha t i s ,  t

i s  a  u n i t  and ] [ 1 , t , • • • , t ] i s  a  column o f  u n i t s .

(1 1 .1 9 )  C o r o l l a r y  A von Neumann r e g u l a r  r i n g  i n  w h ich  2 and 3 a r e  u n i t s

i s  s t r o n g l y  f u l l  o f  ty p e  <1,3>.

(1 1 .2 0 )  C o r o l l a r y  A z e r o - d im e n s io n a l  r i n g  i n  w hich  2 and 3 a r e  u n i t s

i s  s t r o n g l y  f u l l  o f  ty p e  ( 1 , 3 ) .

(1 1 .2 1 )  P r o p o s i t i o n  I f  R i s  s t r o n g l y  f u l l  o f  ty p e  <m,n>, t h e n  R[ [ X] ]

i s  s t r o n g l y  f u l l  o f  ty p e  <m,n>.

P ro o f  The p r o o f  i s  n e a r l y  i d e n t i c a l  t o  t h e  p r o o f  o f  ( 1 1 .1 0 )  and w i l l  be

o m i t t e d .

L e t  R be  any  com m uta tive  r i n g .  I f  f  = a^X^ i s  i n  R[X],

t h e  c o n t e n t  o f  f  = c ( f )  = (a^,a^^, • • • , a ^ ) . f  i s  p r i m i t i v e  i f  c ( f )  = R.

L e t  S d e n o te  t h e  s e t  o f  p r i m i t i v e  p o ly n o m ia ls  i n  R [X ]. Then ( [ 3 2 ] ,  pp .

17-18) S i s  a  m u l t i p l i c a t i v e l y  c lo s e d  s u b s e t  o f  R[X] c o n t a i n i n g  no z e ro
-1

d i v i s o r s .  L e t  R(X) d e n o te  S R[X].

(1 1 .2 2 )  Theorem L e t  R be  a  com m uta tive  r i n g ,  and l e t  m >  1 ,  n >  2 ,  be  

i n t e g e r s .  Then R(X) i s  s t r o n g l y  f u l l  o f  ty p e  <m,n>.

P ro o f  L e t  A = [ f \ ^ ]  be  an  m x n m a t r ix  o v e r  R(X) w i t h  u n im o d u la r  row s.

By " c l e a r i n g  d e n o m in a to r s "  o f  u n i t s  (w hich  w i l l  n o t  a f f e c t  c a l c u l a t i o n s ) , 

we may assum e a l l  f _  a r e  i n  R[X]. T he re  e x i s t  g^^ and h _  i n  R[X]
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w i t h

i n  R (X ). Thus

^ i k ^ ^ i j ^ i j  T T \ j "

Then t h e  c o n t e n t  c ( l  f  h . . )  = 1 T c ( h . . )  = R. So I I h . .  i s  a  u n i t  i n
j  j  j

R (X ). L e t  = d e g ( f _ )  f o r  e a ch  i ,  j .  L e t  s  be  any i n t e g e r  w i th  

s  > 2 m ax{m ..} . C o n s id e r

S i  -  f l l  +

The c o e f f i c i e n t s  o f  g^ w i l l  b e  a  u n io n  o f  t h e  c o e f f i c i e n t s  o f

{ f \ j :  j  = l , * * * , n } .  By t h e  a b o v e ,  c (g ^ )  = R. Hence g^ i s  a  u n i t  f o r

e a c h  i .  X® i s  a l s o  a  u n i t  i n  R (X ), and t h e  p r o o f  i s  c o m p le te .

(1 1 .2 3 )  C o r o l l a r y  Every  com m uta t ive  r i n g  i s  a  s u b r i n g  o f  a  s t r o n g l y  

f u l l  r i n g  o f  ty p e  <m,n> f o r  any  m >  1 , n  >  2 .

P r o o f  O bserve  R C R(X) and a p p ly  ( 1 1 .2 2 ) .

T h is  c h a p te r  i s  c o n c lu d e d  w i th  a  c o n d i t i o n  on a  com m uta tive  

r i n g  w hich  seems t o  have  no c o n n e c t io n  w i t h  t h e  f u l l n e s s  c o n d i t i o n s ,  b u t  

w h ich  i s  p o s s e s s e d  by z e r o - d im e n s i o n a l  r i n g s  i n  w h ich  2 and 3 a r e  u n i t s .  

The c o n d i t i o n  i s  u s e f u l  i n  t h e  no rm al subg roup  t h e o r y  o f  t h e  o r th o g o n a l  

g ro u p .

(1 1 .2 4 )  D e f i n i t i o n  A r i n g  R i s  s q u a re  r e p r e s e n t a b l e  i f  e v e ry  e le m en t

o f  R can  b e  w r i t t e n  a s  a  sum o f  s q u a r e s  o f  u n i t s  and n e g a t i v e s  o f  s q u a r e s  

o f  u n i t s ,  i . e . ,  f o r  any r  i n  R, t h e r e  e x i s t s  a  f i n i t e  s e t  o f  u n i t s
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u ^ ,  u ^ ,  , such  t h a t  r  = ^ w here  G {0 , 1 }.

O bserve  t h a t  i n  a  f i e l d  k  w i t h  2 f  0 ,  any e lem en t  n» n f  0 ,  2 , 

may b e  e x p r e s s e d  a s  t h e  sum o f  two s q u a re d  u n i t s  m inus a  s q u a re d  u n i t :

n = ( n / 2 )^  +  1 - ^ . I f  3 f  0 ,  2 = 2^ +

fo rm . F u r t h e r ,  0 = 2 ^ +

h a s  t h e  same 

T hus , when 2 and 3

a r e  b o t h  u n i t s ,  e v e ry  e le m en t  o f  t h e  f i e l d  may be  w r i t t e n  i n  t h e  form

2 2 2 2 2 u^ 4- Ug + Ug - u^ - u^ where the u^ are units (by adding and sub-
2

t r a c t i n g  1 i f  n e c e s s a r y ) .  T hus ,  i f  i s  a  f i e l d  w i th  c h a r a c t e r i s t i c

d i f f e r e n t  from  2 o r  3 ,  f o r  a l l  A i n  an  in d e x  s e t  A, th e n  

r e p r e s e n t a b l e .

R i s  s q u a r e
ASA

( 1 1 .2 5 )  P r o p o s i t i o n  L e t  R be  a  s t a b l e  r i n g  w i t h  2 a  u n i t  su c h  t h a t  

R/Rad(R) i s  s q u a r e  r e p r e s e n t a b l e .  Then R i s  s q u a r e  r e p r e s e n t a b l e .

P r o o f  L e t  ir: R ^  R/Rad(R) b e  t h e  c a n o n i c a l  map and l e t  u be an  e lem en t

Ic —2 —

o f  R. t t ( u )  = w here  t h e  a r e  u n i t s  i n  R/Rad(R) and n^

i s  0 o r  1 .  S in c e  t h e  in d u ced  map R* ^  (R /R ad (R ))*  i s  s u r j e c t i v e ,  we
n

may c h o o se  u n i t s  v^ i n  R su c h  t h a t  r ( v \ )  = v ^ .  Then u = ^ ( -1 )  v^ +  r  

w here  r  i s  i n  R ad (R ).  Now, r  i s  i n  Rad(R) i m p l i e s  t h a t  1 +  r  and 1 -  r

a r e  u n i t s ,  so  r  = 1 +  r 1 -  r , a  d i f f e r e n c e  o f  s q u a r e s  o f  u n i t s .

Thus u i s  w r i t t e n  i n  t h e  d e s i r e d  fo rm .

(1 1 .2 6 )  C o r o l l a r y  A s e m i lo c a l  r i n g  i n  w h ich  2 and 3 a r e  u n i t s  i s  s q u a re  

r e p r e s e n t a b l e .

(1 1 .2 7 )  Theorem A r i n g  o f  c r o s s  s e c t i o n s  o f  a  s h e a f  o f  f i e l d s  w i th  

c h a r a c t e r i s t i c  f  2 o r  3 , o v e r  a  B oolean  s p a c e  i s  s q u a re  r e p r e s e n t a b l e .  

P r o o f  The p r o o f  f o l l o w s  th e  same o u t l i n e  a s  t h e  p r o o f s  i n  ( I I . 9) and

( 1 1 .1 8 ) .  I f  n i s  an  e le m en t  o f  t h e  r i n g  R o f  c r o s s  s e c t i o n s ,  n (x )  =

T here  a r e  u n i t s2 ^ 2 . 2  
“ i x  +  “ 2x + "3x

2 2u, -  Ur , w here  u .  a r e  u n i t s  i n  R . 4x 5x I X  X
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V . ,  u . i n  R su c h  t h a t  u . (x) = u . , v . (x)  = u . ^ and
X X  X X X  X XX

/ N  / 2 ^  2  ̂ 2 2 2 .n (x) = (u^ +  -  u^ ) (x) .

Then t h e r e  i s  a n  open  n e ig h b o rh o o d  o f  x i n  X s u c h  t h a t

,  .  ,  2 ^  2 ^  2 2 2 . ,  ,n (y )  = (uj^ +  u^ + u^ -  u^ -  u^ ) ( y )

and u ^ v ^ (y )  = f o r  e a ch  y i n  and f o r  each  i ,  1 <  i  <  5 .  The f a m i ly

^  c o v e r s  X. P a t c h in g  t o g e t h e r  o v e r  a  f i n i t e  d i s j o i n t  s u b c o v e r ,

_ 2  - 2  - 2  - 2  - 2  we o b t a i n  u .  u n i t s  o f  R w i th  n = u , +  u„ +  u_ -  u ,  -  u^ .
1 1 2 3 4 5

(N ote:  i n  o r d e r  t o  p a tc h  t o g e t h e r ,  t h e  same number o f  u n i t  

s q u a r e s  m ust be added  and  s u b t r a c t e d  o v e r  e a ch  s e t  i n  t h e  su b c o v e r .  T h is  

i s  why t h e  h y p o t h e s i s  i s  l e s s  g e n e r a l  t h a n  f o r  t h e  f i r s t  two theorem s 

in v o lv in g  a  r i n g  o f  c r o s s - s e c t i o n s . )

(1 1 .2 8 )  C o r o l l a r y  A von Neumann r e g u l a r  r i n g  i n  w hich  2 and 3 a r e  u n i t s

i s  s q u a re  r e p r e s e n t a b l e .

(1 1 .2 9 )  C o r o l l a r y  A z e r o - d im e n s i o n a l  r i n g  i n  w h ich  2 and 3 a r e  u n i t s  i s

s q u a re  r e p r e s e n t a b l e .



CHAPTER I I I  

INNER PRODUCT SPACES OVER <1,3>-FULL RINGS

The s t r u c t u r e  t h e o r y  f o r  t h e  g e n e r a l  l i n e a r  group  o v e r  a  s t a b l e  

r i n g  i s  g iv e n  by Bass i n  [7 ] .  Ue w i l l  be  c o n c e rn e d  w i th  i n n e r  p r o d u c t  

s p a c e s  and t h e i r  o r th o g o n a l  g roups  o v e r  r i n g s  w hich  a r e  f u l l  o f  ty p e  

<1,3>.

T hroughout t h i s  c h a p t e r ,  V w i l l  be  a f r e e  s p a c e  o f  d im e n s io n  n 

o v e r  a  < l , 3 > - f u l l  r i n g  R. F u r t h e r ,  V p o s s e s e s  a  sym m etric  i n n e r  p r o d u c t  

g: V X V ^  R, i . e . ,  g i s  an  R - b i l i n e a r  form  on V, B (x ,y )  = g ( y ,x )  and

dg : V -> Hom^(V,R) by d g ( x ) ( y )  = g ( x ,y )  i s  an  R -isom orph ism . We w i l l

u s e  t h e  b a s i c  te rm in o lo g y  and f a c t s  on sym m etric  i n n e r  p r o d u c t  s p a c e s  o v e r  

com m uta t ive  r i n g s  a s  g iv e n  by M iln o r  i n  C h a p te r  I  o f  [3 1 ] ,  by McDonald 

i n  C h a p te r  I I I  o f  [ 2 8 ] ,  o r  by Baeza i n  K a p i t ê l  I  i n  [A ] .

L e t  S be  a  com m utative  r i n g  and M a  f i n i t e l y  g e n e r a te d  p r o j e c t i v e  

S -m odule . The module M i s  c a l l e d  s t a b l y  f r e e  i f  t h e r e  e x i s t  f i n i t e l y  

g e n e r a te d  f r e e  S-m odules F^ and F^ w i t h  M 0  F^ = F 2 . I t  c an  be shown 

( [ 1 5 ] ,  p .  1 6 ) ,  ( [ 8 ] ,  p .  2) o r  ( [ 3 7 ] ,  pp . 188-196) t h a t  "Every  s t a b l y  f r e e  

p r o j e c t i v e  i s  f r e e "  i s  e q u iv a l e n t  to  "For  e v e ry  s u b s e t  { a ^ ,* * * ,a ^ }  o f  S 

w i t h  ( a ^ ,* * * ,a ^ )  = S, th e n  t h e r e  i s  an  n % n  m a t r ix  A h a v in g  d e te r m in a n t  

a  u n i t  and f i r s t  row <a^ ,̂ • • • , a ^  >." I t  i s  a  s t r a i g h t f o r w a r d  c a l c u l a t i o n  

t o  show t h i s  m a t r ix  c o n d i t i o n  i s  v a l i d  f o r  s t a b l e  r i n g s .  T h is  g i v e s  t h e  

f o l l o w i n g  u s e f u l  lemma.

18
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(1 1 1 .1 )  Lemma A s t a b l y  f r e e  p r o j e c t i v e  m odule o v e r  a  s t a b l e  r i n g  i s  

f r e e .

N o t a t i o n ; (u) d e n o te s  a  1 - d im e n s io n a l  s p a c e  spanned  by a  v e c t o r  

X h a v in g  g ( x ,x )  = u .

( 1 1 1 .2) Theorem L e t  R be  a  r i n g  w hich  i s  f u l l  o f  ty p e  <1,3> and h a v in g

2 a  u n i t .  Then V = (u, ) 1 • • • 1  (u ) where u , , * * * , u  a r e  u n i t s  i n  R.
1 n  i n

P ro o f  (The m a t r i x  c o m p u ta t io n  i n  t h i s  p r o o f  was p a r t  o f  t h e  m o t i v a t i o n  

f o r  t h e  d e f i n i t i o n  o f  < l , 3 > - f u l l . )  The p r o o f  i s  by  i n d u c t i o n  on th e  

d im e n s io n  o f  V. I f  n = 1 (n  = d im (V )) ,  t h e  r e s u l t  i s  im m ed ia te .  L e t  

^®1’ ®2’ ’ * *’ ®n^ b e  a  b a s i s  f o r  V and l e t  B = w here  6^^ = S(e^,e^.)*

Then

B =
^11 t

D

where b = [^1 2 ’ * * *’ ^In^ and D i s  an  ( n - 1 )  x (n -  1) b l o c k .  S in c e  6 i s

an  i n n e r  p r o d u c t ,  t h e  d e te r m in a n t  o f  B, d e t ( B ) ,  i s  a  u n i t .  C o n s e q u e n t ly ,

t h e  e le m e n ts  o f  each  column g e n e r a t e  R an d ,  i n  p a r t i c u l a r ,  u s in g  th e

second  colum n, ®22’ * * ’ ’ ^n2^ ~ S in c e  R i s  s t a b l e ,  t h e r e  e x i s t

w i t h  6, o +  +  • • •  +  to B - = V w here  v i s  a u n i t .  L e t6 n  i z  z zz  n nz

x =  Then

1  X «11 1 o' a  b  +  xD

0 1 b ^  D x^ 1 b ^  + Dx^ D

t  t  tw here  a  = +  bx + xb + xDx . Then

an d ,  by  th e  c h o ic e  o f  x ,  bg i s  a  u n i t .



20

T h e r e f o r e ,  w i t h o u t  l o s s  o f  g e n e r a l i t y ,  we may assum e B= 

h a s  t h e  p r o p e r t y  t h a t  (w hich  e q u a l s  a  u n i t .  S in c e  g^^ i s  a

u n i t ,  R = ( G i i ' 6 1 2 *^2 2 ) '  S in c e  2 i s  a  u n i t ,  R = (S^j^,2 g^2 » ^2 2 ) • The 

r i n g  R i s  < l , 3 > - f u l l ,  so  t h e r e  i s  a  y  i n  R w i t h  g^^ + 2 g^2^ + $22^^  ~ ^ 

w here  u i s  a  u n i t .  Then

y o' ° 0 u *
0 1 B y 1 =

* *
0 I 0 I

Thus, a f t e r  a  s u i t a b l e  change  o f  b a s i s ,  we may assum e t h e  m a t r i x  B =* [g^^]

h a s  g.^ = u a u n i t .  I f  {f  , • • • , f  } i s  t h e  b a s i s  o f  V h a v in g  g . .  = g ( f . , f . )  i  J» X n 1 j  X j

and  g^j^ = u ,  t h e n  f^  i s  n o n - i s o t r o p i c ,  i . e . ,  g ( f ^ , f ^ )  i s  a  u n i t ,  and 

by  ( ( 3 . 2 ) ,  [ 3 1 ] ) ,  V = Rf^ 1 (Rf^)^  = (u) 1 (R f^ )^ .  S in c e  Rf^ i s  f r e e ,  

we have  (Rf^)'*’ i s  s t a b l y  f r e e .  By ( I I I . l )  (R f^)^  i s  f r e e .  H ence, (R f^)^

w i t h  g = g 

d im e n s io n
(Rf,)-^ X (R f ^ ) l

i s  a  f r e e  sym m etr ic  i n n e r  p r o d u c t  s p a c e  o f

n  -  i. The p r o o f  f o l l o w s  by i n d u c t i o n .

A b a s i s  { e ^ ,* » « ,e ^ }  o f  a  f r e e  sym m etr ic  i n n e r  p r o d u c t  s p a c e  

(V ,g)  g i v in g  r i s e  to  a n  o r th o g o n a l  d e c o m p o s i t io n  a s  g iv e n  i n  ( I I I . 2 ) ,  

i . e . ,  g ( e ^ , e ^ )  = u^  and g ( e ^ , e ^ )  = 0 f o r  i  f  j , i s  c a l l e d  an  o r th o g o n a l  

b a s i s  f o r  V.

L e t  (V ,g)  be  a  f r e e  sym m etr ic  i n n e r  p r o d u c t  s p a c e .  A u n im o d u la r  

v e c t o r  X i n  V i s  i s o t r o p i c  i f ,  g ( x ,x )  = 0 .  A d i r e c t  summand W o f  V i s  

t o t a l l y  i s o t r o p i c  i f  g(w,w) = 0 f o r  a l l  w i n  W. F u r t h e r ,  V i s  s p l i t  i f  

V c o n t a i n s  a  t o t a l l y  i s o t r o p i c  summand W w i t h  W = .

Suppose dim(V) = 2 and V h a s  a  b a s i s  { e ^ , e 2 } w i t h  ~ T

and g ( e ^ , e ^ )  = 0 f o r  i  = 1 ,  2 . Then V i s  s p l i t  and i s  c a l l e d  a  h y p e r ­

b o l i c  p l a n e .
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( I I I . 3) Theorem L e t  R b e  a  < l , 3 > - f u l l  r i n g  h a v in g  2 a  u n i t .  The f o l ­

low ing  a r e  e q u i v a l e n t :

(a )  (V ,g) i s  s p l i t .

(b) (V,B) i s  an  o r th o g o n a l  sum o f  h y p e r b o l i c  p l a n e s .

P ro o f  S in c e  a  h y p e r b o l i c  p la n e  i s  s p l i t  and o r t h o g o n a l  sums o f  s p l i t  

s p a c e s  a r e  s p l i t  ( s e e  [ 3 1 ] ,  Lemma ( 6 . 2 ) ) ,  i t  i s  c l e a r  t h a t  (b) i m p l ie s

( a ) .

Now assum e ( a ) ,  t h a t  (V,S) i s  s p l i t .  Then V = W ® Y w here

W = v/" . By ( I I I . 2 ) ,  l e t  { e ^ ^ » " ' , e ^ }  be an  o r th o g o n a l  b a s i s  f o r  V. L e t

e  = e and u = g ( e , e ) .  Then e = w + y f o r  w i n  W and y i n  Y. C l e a r l y  
1

y f  0 s i n c e  g ( e , e )  = u a  u n i t .  Thus, u = S ( e , e )  = 2g (w ,y )  +  g ( y , y ) .

D e f in e  a :  Y ^  R by  o (  ) = g(2w +  y ,  ) .  Then o (y )  = u  and y i s  u n im o d u la r .

Thus a i s  s u r j a c t i v e  and y g e n e r a t e s  a  f r e e  d i r e c t  summand o f  Y,

Y = Ry ® Ÿ.

S in c e  V i s  s p l i t ,  Y i s  n a t u r a l l y  i so m o rp h ic  u n d e r  x  g( ,x )  

w i t h  t h e  d u a l  s p a c e  W* = Hom^(W,R) o f  W ( s e e  [ 3 1 ] ,  p .  1 2 ) .  Thus

W* = Rf © W w here  f  i s  g iv e n  by f (  ) = g( , y ) .  S in c e  W i s  f i n i t e l y  gen­

e r a t e d  and  p r o j e c t i v e ,  we may i d e n t i f y  W w i t h  i t s  d o u b le  d u a l  (W*)* v i a  

t h e  p a i r i n g  <w*,w> = w*(w) f o r  w* i n  W* and  w i n  W. S in c e  f  i s  unimodu­

l a r  i n  W*, t h e r e  i s  a  w i n  W w i th  1 = <f,w> = f(w ) = g ( w ,y ) .  Thus, we 

have  an  e le m en t  w i n  W w h ich  i s  i s o t r o p i c ,  i . e . ,  g(w,w) = 0 , and u n i ­

m o d u la r .  F u r t h e r ,  H = Rw © Ry i s  a  h y p e r b o l i c  p l a n e .  Then V = H 1 V 

by ( [ 3 1 ] ,  [ 2 8 ] ) .  Again  a p p ly in g  ( I I I . l ) ,  V i s  a  f r e e  i n n e r  p r o d u c t  s p a c e .  

I t  i s  e a sy  t o  s e e  t h a t  V i s  a l s o  s p l i t .  H ence, t h e  p r o o f  f o l l o w s  by 

i n d u c t i o n  on t h e  d im e n s io n  o f  V.
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A sym m etric  i n n e r  p ro d u c t  space  (V ,6 ) i s  s a i d  to  have  h y p e r b o l i c  

r a n k  >  t ,  i f  t h e r e  e x i s t s  an  o r th o g o n a l  s p l i t t i n g  V = H ^ 1  • • •  1 1 V

where t h e  f o r  1 <  i  <  t  a r e  h y p e r b o l i c  p l a n e s .

(1 1 1 .4) Lemma L e t  (V ,3) be  a  f r e e  sym m etric  i n n e r - p r o d u c t  s p a c e  o f  d i ­

m ension  n o v e r  a  ( l , 3 ) - f u l l  r i n g  R. I f  x  i s  i s o t r o p i c  i n  V t h e n  t h e r e  i s  

a  y i n  V s a t i s f y i n g :

(a)  H = Rx ® Ry i s  a  h y p e r b o l i c  p la n e

(b) 6 ( x ,y )  = 1

(c )  V = H 1 W

P ro o f  S in c e  x i s  u n im o d u la r ,  V = Rx 0  W. L e t  X2 ,* * * ,x ^  be  a  b a s i s  f o r

W. Then {x = x , x „ ,* * * ,x  } i s  a  b a s i s  f o r  V. L e t  f , , f _, • • • ,  f  b e  a 1 z n  1 2  n

d u a l  b a s i s  o f  V* = Hom(V,R), w here  f ^ ( x ^ )  = S in c e  g i s  a n  in n e r

p r o d u c t ,  g (X j,  ) :  V ^  V* i s  an  isom orphism  f o r  each  j . Then t h e r e  a r e  

y = Yl» y 2 * i n  V w i t h  6 (X j ,y ^ )  = o ^ ( X j ) .  Then Rx ® Ry i s  a  h y p e r ­

b o l i c  p l a n e .

( 1 1 1 .5) C o r o l l a r y  (W it t  D e c o m p o s i t io n ) .  L e t  V be  a s  i n  ( I I I . 4 ) .  V has  

a  d e c o m p o s i t io n  V = 1 tH w here  i s  a n i s o t r o p i c  (h a s  no i s o t r o p i c

v e c t o r s ) .

For t h e  r e m a in d e r  o f  t h i s  c h a p t e r ,  R i s  a  < l , 3 > - f u l l  r i n g  i n  

w hich  2 i s  a  u n i t ,  and (V ,g)  i s  a  f r e e  sym m etric  i n n e r  p r o d u c t  sp a ce  

o f  d im en s io n  n o v e r  R.

L e t  0(V) d e n o te  t h e  o r th o g o n a l  g roup  o f  V, i . e . ,  t h e  s e t  o f  a l l  

a i n  t h e  g e n e r a l  l i n e a r  g roup GL(V) s a t i s f y i n g  g (a x ,o y )  = g ( x ,y )  f o r  

a l l  X and y i n  V. I f  a i s  i n  0 (V ) ,  a i s  c a l l e d  a n  i s o m e t r y .
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Our te rm in o lo g y  and n o t a t i o n  w i l l  b a s i c a l l y  f o l lo w  C h a p te r  I I I  

o f  [2 8 ] .  We f i x  t h e  f o l lo w in g  a s s u m p t io n s  and n o t a t i o n  f o r  t h e  r e m a in d e r  

o f  t h i s  c h a p t e r :  Assume t h e  h y p e r b o l i c  r a n k  o f  V i s  >  1 and dim(V) >  3 .

Then V = H i  W w here  H = Ru © Rv, g ( u ,u )  = B (v ,v )  = 0 ,  and g ( u ,v )  = 1 , 

i . e . ,  H i s  a  h y p e r b o l i c  p l a n e .  Under t h i s  h y p o t h e s i s ,  we can  d e s c r i b e  

some e le m e n ts  o f  0 (V ).  (See [19] o r  C h a p te r  I I I  o f  [ 2 8 ] . )

(a)  D e f in e  A i n  0(V) by A(v) = u ,  A(u) = v  and A(x) = x  f o r

a l l  X  i n  W.

(b) For  E a  u n i t  o f  R, d e f i n e  by $ ^ (u )  = eu ,  $ ^ (v )  = e v  

and $ ^ (x )  = X f o r  a l l  x  i n  W.

(c) I f  X  i s  i n  V w i t h  g ( x ,u )  = 0 ,  d e f i n e  ^  by

^ ( z )  = z -  g ( u , z ) x  +  g ( x , z ) u  -  ^ # ( x , x ) g ( u , z ) u

and d e f i n e  E^ ^  ( i f  6 ( x ,v )  = 0) i n  an  a n a lo g o u s  f a s h i o n .  The maps E^ ^

and E a r e  E i c h l e r - S i e g a l  t r a n s v e c t i o n s .v , x  --------------------°-----------------------------

( I I I . 6 ) Theorem VJhen V has  h y p e r b o l i c  r a n k  >  1 ,  t h e  maps E , E ,   u , x  v , x

A and a r e  i n  0 (V ) .  F u r t h e r ,
- 1

(a )  E E = E , , (E ) = E  , and E = E f o r  a a  u n i t .u , x  u , y  u ,x + y  u ,x  u , - x  a u ,x  u , a x
- 1  - 1

(b) A $ A = 0 $ = 4 _ i .
E E ^ e  e  ^

(c)  = A, A  ̂ = I .

(d) I f  z i s  i n  V th e n  z = au  +  6v + y w here y i s  i n  W, a and 6 a r e  i n

R. I f  X  i s  i n  W, th e n

E^ ^ ( z )  = [a +  g ( x ,y )  -  % ô g (x ,x ) ]u  + 6v + (y -  ô x ) .

(A s i m i l a r  fo rm u la  i s  a v a i l a b l e  f o r  E ( z ) . )v , x

(e )  I f  0 i s  i n  0(V) and 0 | „  = i d e n t i t y ,  th e n  0E 0 ^ = E „ . I n'H  ̂ u , x  u ,0 x

g e n e r a l  0E 0 = E„ „ f o r  0 in  0 (V ) .^ u , x  0u , 0x
- 1

( f )  I f  X  i s  i n  W, th e n  E <J> = E = E
£  U , X  E U , E X  E U , X
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P ro o f  See ( I I I . 15) and ( I I I . 16) o f  [28] o r  v e r i f y  d i r e c t l y .

S in c e  V = H 1 W and H i s  a  h y p e r b o l i c  p l a n e ,  t h e n  W i s  a  f r e e  

sym m etric  i n n e r  p r o d u c t  s p a c e .  By ( I I I . 2) we may s e l e c t  an  o r th o g o n a l  

b a s i s  { e ^ , ' » ' , e ^ }  ( t  = n -  2 ) o f  n o n - i s o t r o p i c  v e c t o r s  i n  W, i . e . ,

^^® i’ ^ i^  = Vi a  u n i t  f o r  1 <  i  <  t .  I f  x  = a ^ e^  + • • •  + a^e^  i s  i n  W

and z = au  +  ÔV +  6 ^e^ + • • •+ ô ^ e ^  i s  i n  V, th e n

E (z)  = [a  +  y a . ô . v .  +  ^ 6 (7  a . ^ v . ) ] u  +  6v  + 7 ( 6 .  -  6a . ) e .U,X '• ^ 1 1 1  1 ■’ 1 1

from ( I I I . 6 ) ( d ) .  T h e r e f o r e ,  i f  z i s  u n im o d u la r  and R i s  < l , 3 ) - f u l l ,

th e n ,  by ( I I . 2) t h e r e  e x i s t  a ^ ,* * * ,a ^  i n  R w i th  a  +  7 a^ô^v^  + %67(a^v^)

= w a  u n i t .  ( T h is  i s  t h e  second  m o t i v a t i o n  f o r  t h e  te rm  " f u l l "  o f  ty p e

( 1 , 3 ) . )  T ha t i s ,  a f t e r  a  t r a n s f o r m a t i o n  o f  z by a  s u i t a b l e  t r a n s v e c t i o n

E w i th  X = a , e ,  +  + a e _ , we may assum e E (z )  = a u + 6v + 6  e .u , x  1 1  t  t  ■' u , x  1 1
- 1

+ • • •  + 6^e^ w here  a i s  a  u n i t .  Then, i f  y = a ( 6^e^  + • • •  +  6^ e ^ ) ,

E E (z )  = h w here  h i s  i n  H. F u r t h e r ,  h = au  +  6v w here  a i s  a  u n i t .v , y  u ,x

( I I I .  7) Theorem L e t  R h e a  r i n g ,  f u l l  o f  ty p e  <1,3 >, h a v in g  2 a  u n i t ,  and l e t  

(V,3) be a  f r e e  sym m etr ic  i n n e r  p r o d u c t  s p a c e  o f  h y p e r b o l i c  r a n k  ^  1 . Then

(a) t h e  o r th o g o n a l  g roup  0(V) i s  t r a n s i t i v e  on u n im o d u la r  v e c t o r s  o f  th e  

same norm.

(b) The o r th o g o n a l  g roup  0(V) i s  t r a n s i t i v e  on t h e  s e t  o f  h y p e r b o l i c  

p l a n e s  i n  V.

P ro o f  L e t  y and z b e  u n im o d u la r  o f  t h e  same norm, i . e . ,  g (y ,y )  = g ( z ,z )  

and l e t  V = U 1 W w here  H i s  a  h y p e r b o l i c  p l a n e .  By t h e  above d i s c u s s i o n ,  

t h e r e  e x i s t  p r o d u c t s  E and F o f  t r a n s v e c t i o n s  such  t h a t  E (y)  = a^^u + g^v, 

F (z )  = a^u + dgV, w here  a^  and a^ a r e  u n i t s  (H = Ru ® R v ) . Then 

* o _ - lE (y )  = u + o ^ a ^ v ,  $ g _ iF (z )  = u +  S in c e  g ( y ,y )  = g ( z , z ) .
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= “ 2 '^2 '  Hence, $ ^ _ iE (y )  = 4 ^ _ iF (z )  and c o n s e q u e n t ly ,

y = E $ - l F ( z ) .
1 2

T h is  c o m p le te s  t h e  p r o o f  o f  ( a ) .

To show ( b ) , we may assum e t h a t  and Hg a r e  h y p e r b o l i c  p l a n e s  

w here  = H = Ru ® Rv. Suppose = Ru $  Rv where g ( u ,v )  = 1,

3 ( u ,u )  = 6 (v ,v )  = 0 .  By p a r t  ( a ) ,  we may t r a n s f o r m  u t o  u .  T hus ,  assume

u = u .  Then v = au + 6v + w where w i s  i n  W, V = H 1 W. S in c e

Ô = 3 ( u ,v )  = B (u ,v )  = 1, we have  v = au  + v +  w. Then E^ ^  w i l l  c a r r y

V i n t o  H and s im u l ta n e o u s l y  f i x  u .  Hence Hg i s  c a r r i e d  to

( I I I . 8 ) Theorem ( C a n c e l l a t i o n ) .  L e t  R be a r i n g ,  f u l l  o f  ty p e  ( 1 ,3 ) ,

h a v in g  2 a  u n i t .  L e t  U, W, and  Z b e  f r e e  sym m etric  i n n e r  p r o d u c t  s p a c e s

o v e r  R. I f  U 1 W = U 1 Z, t h e n  W = Z.

P ro o f  I t  s u f f i c e s  t o  p ro v e  t h e  r e s u l t  when U = H w here  H i s  a  h y p e r ­

b o l i c  p l a n e .  T h is  f o l l o w s  s i n c e  i f  U = ( U ,g ) ,  th e n  b o th  s i d e s  o f  t h e  

above  i s o m e t r y  may be  augm ented by r e p l a c i n g  (U ,g) by (U ,-g )  1 ( U ,g ) .

But (U ,-g )  1 (U,g) i s  s p l i t ,  and by ( I I I . 3 ) ,  i t  i s  a  d i r e c t  sum o f  h y p e r ­

b o l i c  p l a n e s .  Then, by i n d u c t i o n ,  we may assume U = H. T hus , l e t  

a: H i  W - ) - H l  Z b e  th e  g iv e n  i s o m e t r y .  L e t  H = a (H ) .  By t h e  p r e ­

c e d in g  theo rem  t h e r e  i s  a  t i n  0(H 1 Z) w i t h  = H. S in c e  i s o m e t r i e s  

c a r r y  o r th o g o n a l  com plem ents to  o r th o g o n a l  com plem ents, t h e  r e s u l t  

f o l l o w s .

N ote  t h a t  t h e  above a l s o  shows t h a t  i f  W and Z a r e  n o n - s i n g u l a r  

s u b s p a c e s  o f  a  sym m etr ic  i n n e r  p r o d u c t  s p a c e  U, th e n  any  i s o m e t r y  

o :  W Z may be  l i f t e d  t o  an i s o m e t r y  a :  U U w i th  a = a .
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Next we exam ine t h e  g e n e r a t o r s  o f  0(V) when V h as  h y p e r b o l i c

r a n k  ^  1 .

Suppose 0  i s  i n  0(V) and V = H i  Re^ 1 • • • 1  Re^ where

{ e ^ ,* * * ,e ^ }  i s  an  o r th o g o n a l  b a s i s  f o r  W = . Then 3(cj(eg) , o ( e ^ ) )

= S ( e ^ , e g ) .  By t h e  p r o o f  o f  ( I I I . 7) t h e r e  i s  a  p r o d u c t  o f  th e

i s o m e t r i e s  d e s c r i b e d  i n  ( I I I . 6 ) w i th  T ^***T^a(eg) = e ^ .  Then 

1 1
(Re^) ^  (Re^) . An i n d u c t i o n  a rgum en t would show t h a t  th e

i s o m e t r i e s  d e s c r i b e d  i n  ( I I I . 6 ) g e n e r a t e  0(V) p r o v id e d  i t  i s  t r u e  f o r

V = H 1 Re w here  e  i s  n o n - i s o t r o p i c .

T hus, su p p o s e  V = H 1 Re w here  3 ( e , e )  = w (a u n i t ) .  L e t  a be

i n  0 (V ) .  Then a(H) = H w here  H i s  a h y p e r b o l i c  p l a n e .  By th e  p r o o f  o f

( I I I . 7) t h e r e  i s  a  p r o d u c t  o f  i s o m e t r i e s  d e s c r i b e d  i n  ( I I I . 6 )

w i th  T^***Tg0 = i d e n t i t y  on II. F u r t h e r ,  . H ence,

2
Ti-**T sO (e)  = a e .  U s ing  g ( e , e )  = w, one  s e e s  t h a t  a = 1 .

2
To exam ine t h e  e q u a t i o n  a = 1 ,  l e t  P be  a  p r im e  i d e a l  o f  R.

2
The l o c a l i z a t i o n  ( a ) p  o f  a s a t i s f i e s  ( a ) ^  = 1 i n  t h e  l o c a l  r i n g  R^.

S in c e  2 i s  a  u n i t ,  ( a ) ^  = ±1. L e t  V = {P i n  S p e c ( R ) | ( a ) p  = 1} and l e t  

W = {P i n  S p e c (R ) |  (ct)p = - 1 } .  Thus V = Supp(a +  1) and  W = Supp(a -  1 ) .  

Then Spec(R) i s  a  d i s j o i n t  u n io n  o f  V and W. T h is  d e c o m p o s i t io n  o f  

Spec(R) d e te r m in e s  a  p a r t i t i o n  o f  u n i t y  1 = e 4- f  w here  e and f  a r e  

o r th o g o n a l  i d e m p o te n t s .  I n d e e d ,  e = (a + l ) / 2 ,  f  = (a -  V) I I .  T h is  

g iv e s  n a t u r a l  d e c o m p o s i t io n s  R = Re © R f ,  V = eV 0  fV an d ,  i n  p a r t i c u l a r ,  

0(V) = 0(eV) © 0 ( f V ) .  (For exam ple, s e e  [26] o r  [ 4 ] . )  A f t e r  decompo­

s i t i o n  o f  0 (V ) ,  we may assum e a = 1 o r  a  = - 1 .  We now t r e a t  each  c a s e .

I f  T ^ * " T g O (e )  = e ,  t h e n  Tj^***TgO = I  ( i d e n t i t y )  and 

-1 -1o = Tg i s  t h u s  g iv e n  a s  a p r o d u c t  o f  t h e  i s o m e t r i e s  d e s c r i b e d

i n  ( I I I . 6 ) .
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Suppose ^ ^ - ' 'T g O C e )  = - e .  T h is  i s  more d i f f i c u l t  and  r e q u i r e s

a  b r i e f  d i g r e s s i o n .

I f  X i s  a  n o n - i s o t r o p i c  v e c t o r  i n  V, th e n  t h e  symmetry o r  h y p e r -

p l a n e  r e f l e c t i o n  a d e te rm in e d  by x i s  d e f i n e d  by  0 (z )  = z -  2 x
^ ------------------------------------------ X  ■' x '  g ( x ,x )

f o r  a l l  z i n  V. The symmetry i s  a n  i n v o l u t i o n  i n  0(V) and 

0^  = 1 I n  t h e  p r e v i o u s  d i s c u s s i o n ,  i f  T ^ y . .T g 0 (e )  = - e ,

t h e n  T^***Tg0 i s  p r e c i s e l y  t h e  symmetry 0^ .  The n e x t  lemma shows t h a t  

a  symmetry 0^  w here  x i s  i n  may b e  w r i t t e n  a s  a  p r o d u c t  o f  t h e  i s o ­

m e t r i e s  d e s c r ib e d  i n  ( I I I . 6 ) .

( I I I . 9) Lemma L e t  V = H 1 W and l e t  x be n o n - i s o t r o p i c  i n  W. Then t h e  

symmetry 0^  i s  g iv e n  by

*̂ x ^'^-%6( x , x ) ^ v , - x ^ ^  2x ^ v ,- :
’ 6(x ,x )

P ro o f  I t  i s  s t r a i g h t f o r w a r d  b u t  t e d i o u s  to  ch eck  t h a t  b o th  s i d e s  o f  t h e

ab o v e  e q u a t io n  a g r e e  on u ,  v and a r b i t r a r y  w i n  W.

For t h e  r e m a in d e r  o f  t h i s  s e c t i o n ,  we assume t h a t  R i s  c o n n e c t e d , 

i . e . ,  h a s  no n o n t r i v i a l  id e m p o te n t s .  (See Remark on page  2 9 . )

(1 1 1 ,1 0 )  Theorem ( G e n e ra to r s  o f  0 ( V ) ) .  VJhen th e  h y p e r b o l i c  r a n k  o f  V

i s  >  1 ,  t h e  group 0(V) i s  g e n e r a te d  by t h e  i s o m e t r i e s  E , E , A andu , x  v , x

f o r  v a r i o u s  c h o ic e s  o f  x and e.

L e t  A b e  a  p r o p e r  i d e a l  o f  R. The c a n o n ic a l  r i n g  m orphism 

i t :  R R/A in d u c e s  a  n a t u r a l  morphism  o f  b i l i n e a r  s p a c e s  i r :  (V, 6 )

(V/AV,3) where "g i s  g iv e n  by "6(TTx,Try) = n ( g ( x , y ) ) .

S i m i l a r l y ,  we o b t a i n  a  g roup  morphism i t :  0(V) ^  0(V/AV) by

(no)  ( i T x )  =  7 r ( 0 ( x ) ) .  S in c e  V h a s  h y p e r b o l i c  r a n k  >  1 w i t h  a  h y p e r b o l i c
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p la n e  H = Ru © Rv, i t  i s  e a sy  to  s e e  t h a t  V/AV h a s  h y p e r b o l i c  r a n k  >  1 

w i t h  a  h y p e r b o l i c  p l a n e  H = Rtiu ® Rirv. By ( I I . 3 ) ,  R/A i s  f u l l  o f  ty p e

( 1 ,3 )  w i t h  2 a  u n i t .  Hence, each  g e n e r a t o r  o f  0(V/AV) i s  g iv e n  by ( I I I . 10) 

and  c o n s e q u e n t ly  ( a p p ly in g  ( I I . 5 ) (b) f o r  e a ch  g e n e r a t o r  i n  0(V/AV) 

h a s  a  g e n e r a t o r  p re - im a g e  i n  0 (V ) .  Thus, we have  t h e  n e x t  theo rem .

(1 1 1 .11) Theorem I f  A i s  a  p r o p e r  i d e a l  o f  R, t h e n  t h e  g roup morphism  

i t :  0(V) 0(V/AV) i s  s u r j e c t i v e .

( 1 1 1 .12) Theorem The c e n t e r  o f  0(V) i s  {±1}.

P ro o f  The p r o o f  o f  t h e  a n a lo g o u s  r e s u l t  o v e r  a  l o c a l  r i n g  g iv e n  i n  

( [ 1 9 ] ,  Lemma 1) o r  ( [ 2 8 ] ,  Theorem ( I I I . 2 2 ) )  c a r r i e s  o v e r  to  th e  <1,3>- 

f u l l  r i n g  w i t h o u t  c h a n g es .

The subgroup  o f  0(V) g e n e r a te d  by a l l  ^  and ^  w i th  x i n

W i s  d e n o te d  by EO(V) and c a l l e d  t h e  E i c h l e r  subg roup  o f  0 (V ) .  S in c e

t h e  g e n e r a t o r s  o f  0 (V ) ,  by ( I I I . 1 0 ) ,  a r e  o f  t h e  form  A, <5>̂ , E^ ^  and

E , and , s i n c e  t h e  E , E behave  p r o p e r l y  u n d e r  c o n ju g a t io n  ( s e e  v , x  u , x  v , x  “

( I I I . 6 ) )  by t h e s e  g e n e r a t o r s ,  we h av e  t h a t  EO(V) i s  a norm al subgroup

o f  0 (V ) .

L e t  n(V) = [0 (V ) ,0 (V ) ]  be  t h e  com m utator subgroup  o f  0 (V ) .

We c o n c lu d e  by  showing t h a t  i f  3 i s  a l s o  a  u n i t  i n  R, t h e n  fi(V) = EO(V).

( 1 1 1 .13) Theorem L e t  3 a l s o  be  a u n i t  i n  R. Then

EO(v) = n(v) = [n (v ) ,n ( v ) ] .

P ro o f  P r i o r  to  t h e  p r o o f  we need  a  t e c h n i c a l  lemma. The lemma was p ro v e n  

o v e r  f i e l d s  by E i c h l e r  [12] and l a t e r  o v e r  l o c a l  r i n g s  by James [1 9 ] .

The lemma may be  v e r i f i e d  d i r e c t l y  by c h e c k in g  th e  images o f  u and v

and o f  X  i n  W on b o th  s i d e s  o f  t h e  e x p r e s s i o n .
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( I I I . 14) Lemma I f  a and  6 a r e  i n  R and x i s  i n  W w i t h  n = 1 -  ^ a ô 6 ( x ,x )  

a  u n i t ,  t h e n

E E . = E -1 . E $ - 2 *v , a x  u ,o x  u ,n  -^ox v ,a n x  n

We now b e g in  a  p r o o f  o f  ( I I I . 1 3 ) .  To show EO(V) = 0 (V ) ,  f i r s t  o b s e rv e

■ ♦ 3 \ , ü / 2 * l / 3 ^ u , - x / 2  '  [ * 3 'G u ,x / 2 ] '

To show f2(V) i s  i n  EO(V), r e c a l l  from ( I I I .  1 0 ) ,  i f  6 i s  i n

0 (V ) ,  t h e n  6 may be  w r i t t e n  a s  9 = w here  a  i s  i n  { 0 ,1 } ,  n i s  a  u n i t

and  X i s  i n  EO(V). ( ( 1 1 1 .6 )  a l l o w s  th e  f a c t o r s  t o  a p p e a r  i n  t h e  o r d e r  

d e s c r i b e d . )  Then, f o r  0 and 4> i n  0 (V ) ,

-1 -1 -1 
w here  x , = 0 X# i s  i n  EO(V), = $ 4i<P i s  i n  EO(V), Xo = * Xn#1 n n 1 ne ne *2  e ^ l  e

and  11̂ 2 a r e  i n  EO(V). U sing  (1 1 1 .6 )  t o  remove A, we have

[0 ,(f>] = 4> _2 li-.
(e ^^)

w here  i s  i n  EO(V). I t  r e m a in s  t o  show 0^2 i s  i n  EO(V) f o r  e a  u n i t  

i n  R. L e t  e b e  a  u n i t  and  x  b e  i n  W w i th  g ( x ,x )  a  u n i t .  S e t  

a  = (1 -  e ) 3 ( x ,x )  ^2 .  Then e = 1 -  îsa6 ( x , x ) .  A p p ly ing  ( 1 1 1 .1 4 ) ,  we 

h ave  0^- 2  (and hence  0 ^2 ) i ^  EO(V). Thus Q(V) = [ 0 (V ) ,0 (V ) ]  i s  i n  EO(V).

C l e a r l y ,  [ Q(V) , Q(V) ]  = [EO(V),EO(V)] i s  i n  EO(V) = 0 (V ) .  On 

t h e  o t h e r  han d ,  E = [4» 2 , E , . ]  i s  i n  [ f i (V ) ,n (V ) ] .  Thus
U  > X  Z  U  ,  X /  j

EO(V) = [ 0 ( V ) ,0 ( V ) ] ,  c o m p le t in g  t h e  p r o o f .

Remark The m a t e r i a l  f o l l o w i n g  Lemma (1 1 1 .9 )  may be  e x te n d e d  to  a r i n g  

w h ich  i s  f u l l  o f  ty p e  <1,3>, h a s  2 a  u n i t ,  and i s  n o t  c o n n e c t e d ,  p r o v id e d  

A i s  r e d e f i n e d  t o  r e f l e c t  t h e  e x i s t e n c e  o f  n o n - t r i v i a l  id e m p o te n t s .



CHAPTER IV 

NORMAL SUBGROUPS OF 0(V)

The c e n t r a l  p u rp o se  o f  t h i s  c h a p t e r  i s  t o  d e te r m in e  t h e  n o rm al 

s u b g ro u p s  o f  0 (V ) .  We assum e t h a t  2 i s  a  u n i t  o f  R, R i s  < l , 3 ) . - f u l l  

w i t h  no n o n - t r i v i a l  i d e m p o te n t s , (V ,g) i s  a  f r e e  sym m etr ic  i n n e r  p r o d u c t  

sp a c e  o v e r  R, dim(V) >  3 ,  and  V h a s  h y p e r b o l i c  r a n k  >  1 . Thus V s p l i t s  

a s  V = H 1 W w here  H = Ru © Rv i s  a  h y p e r b o l i c  p l a n e  w i t h  g ( u ,v )  = 1 

and g ( u ,u )  = g ( v ,v )  = 0 .

L e t  J2(V) = [0 (V ) ,0 (V ) ]  a c t o n O ( V )  a s  a  t r a n s f o r m a t i o n  g roup  u n d e r  

c o n j u g a t i o n  and examine t h e  o r b i t  o f  a  s i n g l e  e le m e n t  p .  We show t h a t  among 

t h e  e le m e n ts  o f  t h i s  o r b i t  t h e r e  i s  an  i s o m e t r y  w hich  i s  a p r o d u c t  o f  two 

E i c h l e r - S i e g a l  t r a n s v e c t i o n s ,  a  s u i t a b l e  and an  e le m e n t  o f  0(W).

F i r s t  we e s t a b l i s h  some d e f i n i t i o n s  and n o t a t i o n .  Suppose A 

i s  a  p r o p e r  i d e a l  o f  R. The r i n g  m orphism  tt^: R R/A in d u c e s  a  s u r ­

j e c t i v e  R-morphism (V ,g) ^  (V/AV,g^) o f  sym m etr ic  i n n e r  p r o d u c t  

s p a c e s  w here  S^(ir^x,i;^y) = iT^6 ( x , y ) .  I n  t u r n ,  t h i s  g i v e s  a  s u r j e c t i v e  

g roup  m orphism  X^: 0(V) -v 0(V/AV) ( s e e  ( I I I . 1 1 ) ) .  The S p e c i a l  O r th o ­

g o n a l  G roup, SO(V) i s  d e f i n e d  by SO(V) = {o E 0 (V ):  d e t ( o )  = 1} . D e f in e  

0(V,A) = {o i n  0 (V ):  X o i s  i n  C e n te r (0 (V /A V ))} .  S in c e  dim(V) >  3 ,

( I I I . 12) i m p l ie s

0(V,A) = {a i n  0 (V ) :  X o = ± I } . '

L e t  SO(V,A) = SO(V) Ci Q(V,A). The g roup  0(V,A) i s  t h e  co n g ru e n c e

30
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subgroup  o f  0(V) o f  l e v e l  A and th e  g roup  SO(V,A) i s  t h e  s p e c i a l  co n g ru ­

ence  subgroup  o f  0(V) o f  l e v e l  A.

I f  A = R (h en c e  V/RV = 0 ) ,  l e t  0(V/RV) = I  and SO(V/RV) = I .

F u r th e r  l e t

0(V ,R) = 0 (V ) ,

0 (V ,0 )  = C e n te r  ( 0 (V ) ) ,

SO(V,R) = SO(V), and 

S0(V ,0 )  = SO(V) n  C e n t e r ( 0 ( V ) ) .

R e c a l l  f2(V) = [0 (V ) ,0 (V ) ]  d e n o te s  t h e  com m utator su b g ro u p  o f  0 (V ) .  De­

f i n e  t h e  mixed com m utator  subg roup  o f  l e v e l  A t o  be Q(V,A) = [0 (V ) ,0 (V ,A )]

-1 -1f o r  an  i d e a l  A, i . e . ,  0(V,A) i s  t h e  subg roup  g e n e r a t e d  by a l l , g h gh

f o r  g i n  0(V) and h i n  0 (V ,A ) .  O bserve  Q(V,A) <  0 (V ,A ) .  In d e e d ,

n(V,A) <  SO(V,A). L e t  EO(V) d e n o te  t h e  subg roup  o f  0(V) g e n e r a t e d  by

a l l  t h e  E i c h l e r - S i e g a l  t r a n s v e c t i o n s  E and E w here  x and  y a r e  i nu , x  v , y

W. F o r  a n  i d e a l  A o f  R, l e t  EO(V,A) d e n o te  t h e  EO (V )-norm al subgroup

o f  0(V,A) g e n e r a t e d  by a l l  t r a n s v e c t i o n s  E and E w here  x and y a r eu , x  v , y

i n  W and TT^(x) = 0 , i . e . ,  t h e  o r d e r  0 (x) o f  x and  th e  o r d e r  0 (y) o f

y a r e  i n  A. We c a l l  EO(V) t h e  E i c h l e r  subg roup  o f  0(V) and  EO(V,A) t h e

E i c h l e r  su b g ro u p  o f  l e v e l  A. O bserve  EO(V,A) <  0(V,A) and EO(V,A) i s

-1 -1t h e  subgroup  g e n e r a t e d  by a l l  6E 6 and 0E 6 f o r  6 i n  EO(V) andu , X v ,y

0 ( x )  C A, 0 ( y )  C A.

( I V .1) Theorem L e t  A b e  an  i d e a l  o f  R and p b e  i n  0 (V ,A ) .  Then f o r  

s u i t a b l e  i n  n (V ) ,

— 1
\pp\p = where

(a )  and a r e  E i c h l e r - S i e g a l  t r a n s v e c t i o n s  o f  o r d e r  c o n ta in e d  i n  A; 

■(b) £ = ±1 mod A;

(c)  8 |y  = i d e n t i t y .  Hence 0 i s  i n  0(W,A).
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(N ate  t h a t  a ^ ,  <î>̂ o r  9 may b e  t r i v i a l ,  e . g . ,  p may be  I .

T h is  w i l l  n o t  a f f e c t  t h e  s u b s e q u e n t  p r o o f s . )

P ro o f  Suppose p (v )  = au  + 6v  + z ,  w here  a  and 6 a r e  i n  R, z i s  i n  W,

and p i s  i n  0 (V ,A ).  S in c e  A^p = ±1, 6 = ±1 mod A, a E 0 mod A and

TT̂ z = 0 ,  i . e . ,  0 ( z )  C A. F i r s t  we show t h a t  p may be  m o d if ie d  by con­

j u g a t i o n  so t h a t  6 i s  a  u n i t .  L e t  i|; = E _ w here s  i s  i n  W. C l e a r l yV, s
-  -1  -  -1 ii i s  i n  0 (V ) .  S e t  p = t('p$ . Then p (v) = [jjpip (v) = 4 ^ (v )

= au  + [6 -  6 ( s , z )  -  Î5a g ( s , s ) ] v  +  (z +  a s ) .  L e t  be  an

o r th o g o n a l  b a s i s  f o r  W w i th  6 ( e ^ , e ^ )  = a  u n i t .  Then z  = \  dLe^ f o r

d^ i n  R. S in c e  p (v) i s  u n im o d u la r ,  ( a ,  6 , d ^ ,  • • • ,d^^) = R. S in c e  2 i s  a

u n i t  and each  i s  a  u n i t ,

R = ( 6 , - d ^ v ^ , -dgV ^, « "  , , « - - ,  -^gav^) .

A p p ly in g  ( I I . 2 ) ,  t h e r e  e x i s t  ' " ' * k  ^  such  t h a t

c r k  , 1 r k  2
'  -  i i - i  ■ ' i V i  -  i i = i  ” i  ' ' i  ■

a  u n i t .  L e t  s  = w \e ^ ,  w h ich  i s  i n  W. O bserve t h a t  g ( s , z )  =
2

\  w^d^v^, 6 ( s , s )  = ^ w^ v^  so 6 -  6 ( s , z )  -  ^ a g ( s , s )  = p and

p (v )  = au  +  pv + (z +  a z )  h a s  c o e f f i c i e n t  o f  v a u n i t .  Ô E p mod A

s i n c e  0 (z )  C A and a i s  i n  A. T hus ,  we may w r i t e  $ p ^ (v )  = p (v )

= a u  + 6v  + z w here a  and 6 a r e  i n  R, 6 i s  a  u n i t ,  6 E ±1 mod A, a  i s  

i n  A, z i s  i n  W and 0 ( z )  C A.

The t r a n s v e c t i o n  îî(V,A) = EO(V,A), and

Eu g _ i 2, ( p ( v ) )  = [a +  îs6 ^ g ( z , z ) ] u  +  5v.

Then

E ^  g _ l ^ ( p ( v ) )  =  [ 6 a  +  k # ( z , z ) ] u  +  V .
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S e t  = OgEy g - ig P .  S in c e  6 (v ,v )  = 0, t h e n  g ( p ^ ( v ) , p ^ ( v ) )  = 0 , and

c o n s e q u e n t ly .  Sa +  î$B(z,z) = 0. Thus p ^ (v )  = v .

Next c o n s id e r  t h e  a c t i o n  o f  p^ on u .  As a b o v e ,  i n  g e n e r a l ,

p ^ (u )  = yu + yv + w f o r  y ,  y i n  R and w i n  W. S in c e  p^ i s  i n  0 (V ,A ),

0(w) C A. S in c e  1 = S ( u ,v )  = g ( p ^ ( u ) , p ^ ( v ) ) ,  we h av e  y = 1 . Then

^v  w P i(u )  = u + yv , and u s in g  g ( u ,u )  = 0 , i t  i s  c l e a r  t h a t  y = 0 . Hence,

^$gE^ = 8 where  0 (u) = u and 0 (v) = v ,  i . e . ,  0 f i x e s  H. F u r t h e r ,

0(w) C A i m p l ie s  E i s  i n  n (V ,A ).  T h is  i s  b e c a u s e  E (z) = z +v ,w  v ,w

B (w ,z)v  -  B (v ,z )w  -  isB(w,w)6 ( v , z ) v  and a l l  t h e  te rm s  e x c e p t  z have  c o e f ­

f i c i e n t s  i n  A, so tt.E  ( z )  = n . ( z ) .  ThenA v ,w  A '

" = ^ u , - 5 - l z ^ - l ^ v , - w ®  = G u ,_g - izE v ,_S w * 6 - lG '

For t h e  r e m a in d e r  o f  t h i s  c h a p te r  we f i x  t h e  f o l l o w i n g  s e t t i n g :

L e t  G d e n o te  an  S2(V )-norm al subgroup  o f  0 (V ) ,  i . e . ,  G i s  a

subgroup  o f  0(V) and opo ^ i s  i n  G f o r  a l l  a i n  0(V) and p i n  G. For

p i n  G, l e t  d e n o te  t h e  o r b i t  o f  p u n d e r  c o n j u g a t i o n  by e le m e n ts  o f

fi(V). C e r t a i n l y ,  i s  i n  G. F u r t h e r ,  by ( I V .1 ) ,  we may assum e t h e r e

i s  a  ^ i n  0 (V) w i t h  il/pip ^ = E E $ 0 w here  0 I i s  t h e  i d e n t i t y  andu , x v , y e  H

X and y a r e  i n  W.

( IV .2) Lemma (F or  t h e  above s e t t i n g ) .  Assume 3 and  5 a r e  a l s o  u n i t s

i n  R. Then t h e r e  a r e  u n i t s  e and n such t h a t  E and E b e lo n g  t o  G.
u , e x  v ,n y

P ro o f  O bserve  t h a t  = [$2 >A] i s  i n  Q( V) . Thus t h e  commutator

[ m  ^ ,$ 4] = # 1' \ < P P  V^<î>4^ = Eu,xEv,y$c0$40"^^^Ey _yEy _x*4l

-1  -1 -1 -  E E $ ,E  E 4>, = E E $ ,E  $ ,E  <1),u , x  v , y  4 v , - y  u , - x  4 u ,x  v , y  4 v , - y  4 4 u , - x  4

= E E E ,,E  . = E (E  ̂ , ,E  .  )E~^u , x  v , y  v , - y / 4  u , - 4 x  u , x  v , 3 y / 4  u , - 3 x  u ,x
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i s  i n  G. C o n ju g a t in g  by E shows t h a t  E _ , ,E  _ i s  i n  G. I tu , - x  u ,3 y / 4  u , - 3 x

now s u f f i c e s  t o  show t h a t  i f  E E l i e s  i n  G, t h e n  t h e r e  a r e  u n i t su , x  v , y

E and n such  t h a t  E and E l i e  i n  G.u , e x  v ,n y

O bserve  s i n c e  E E i s  i n  G th e nu , x  v , y

E E  = e“ ^ (E E )Ev , y  u , x  u , x  u ,x  v , y  u ,x

i s  i n  G. Thus

E _ E - = e" ^  (E E ) (E  E )Eu , 2x v , 2y v ,y ^  v , y  u , x  u , x  v , y  v , y

i s  i n  G. R e p e a t in g  t h e  a rgum ent o f  t h e  p r e v io u s  p a r a g r a p h  shows t h a t

-1
E , E , i s  i n  G. Then E E = 4>,E , E , i s  i n  G s i n c e ,u ,4 x  v ,4 y  u ,1 6 x  v , y  4 u ,4 x  v ,4 y  4

a s  n o te d  a b o v e ,  i s  i n  n (V ) .  Then

E _  E E = E"1 (E T, E )Eu ,1 5 x  v , y  u , x  u , x  u ,1 6 x  v , y  u ,x

i s  i n  G and s i n c e  E E i s  i n  G, we c o n c lu d e  t h a t  E .  ̂ i s  i n  G.v , y  u , x  u ,1 5 x

Hence, t h e r e  i s  a  u n i t  e = 15 s u c h  t h a t  E^ i s  i n  G. An a n a lo g o u s

argum ent shows t h e r e  i s  a  u n i t  n su ch  t h a t  a i s  i n  G. T h i s  c o m p le te s
v ,n y

t h e  p r o o f .

O bserve  t h a t  i f  one  i s  i n t e r e s t e d  o n ly  i n  t h e  no rm a l su b g ro u p s  

o f  0(V) r a t h e r  th a n  t h e  J2(V)-normal s u b g ro u p s ,  th e n  i n  t h e  above  p r o o f  

t h e  c o n ju g a t io n  by w h ich  l i e s  i n  Q(V),  may be  r e p l a c e d  by c o n ju g a ­

t i o n  by $2 ’ w hich  i s  i n  0 ( V ) . Then, w i t h  m ino r  m o d i f i c a t i o n s ,  t h e  a r g u ­

ment w i l l  c a r r y  th ro u g h  u n d e r  t h e  h y p o t h e s i s  o n ly  t h a t  2 and 3 a r e  u n i t s ,  

o m i t t i n g  t h e  a s su m p t io n  t h a t  5 i s  a  u n i t .

Having o b t a i n e d  E^ ^  i n  G, we n e x t  show t h a t  s u i t a b l e  c o n ju g a ­

t i o n  g iv e s  S l(V ,0(x))  <  G. T h a t  i s ,  t h e  o r b i t  o f  E^ ^  when Q(V)  a c t s  on 

0(V) v i a  c o n ju g a t io n  i s  S l (V ,0 (x ) ) .

( I V .3) Theorem L e t R b e  a  r i n g  w hich  i s  s t r o n g l y  < l , 3 ) - f u l l  and s q u a re  

r e p r e s e n t a b l e ,  h a v in g  2 a  u n i t .  L e t  G be an  n (V )-n o rm a l  su b g ro u p  of
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0 (V ) ,  dim(V) = 3 o r  >  5 , and h y p e r b o l i c  r a n k  o f  V >  1 .  I f  ^  i s  i n  

G, t h e n  0 ( V ,0 ( x ) )  <  G.

P ro o f  The p r o o f  w i l l  f o l l o w  from  a  s e r i e s  o f  s t e p s .

(a )  I f  E i s  i n  G, t h e n  E i s  i n  G f o r  a l l  n i n  R. O b se rv e ,  i fu , x  u ,n x

Ô i s  a  u n i t ,  t h e n  $^2 i s  i n  0(V) s i n c e  $^2 “  Then, i f  E^ ^ i s
-1

i n  G, we have  E^ ^2^  ~ x ^ 6^ i s  i n  G. Suppose , u s in g  s q u a r e  r e p r e -

r t  2s e n t a b i l i t y ,  n = >. , v .  w here  v .  = ±u. and  u .  i s  a  u n i t  f o r  e a ch  i .‘*1=1 1 1 1  1

Then E = E E . - - E  i s  i n  G. T h is  a rgum en t shows t h a tU,nX U,V^X U^VgX u ,v ^ x  *

f i (V ,0 (x ) )  <  G i n  t h e  c a s e  dim(V) = 3 . F o r  t h e  r e m a in d e r  o f  t h e  p r o o f ,  

we assum e dim(V) >  5 a n d ,  c o n s e q u e n t ly ,  V = H 1 W w here  dim(W) = m >  3 .

(b) N ext we m a n u fa c tu re  some e le m e n ts  i n  0 (V). I t  was n o te d  i n  ( I I I . 9)

t h a t  t h e  symm etry f o r  z n o n i s o t r o p i c  i n  W c o u ld  be w r i t t e n  a s

0 = 60 \E E \Ez -% S (z ,z )  v , - z  u , - 2z / e ( z , z )  v , - z

i n  te rm s  o f  t h e  E i c h l e r - S i e g a l  t r a n s v e c t i o n s .  A, and  $ . R e c a l l  t h a t  

2
6 = I  and 6 $^A = H ence, l e t t i n g  e = ~ h B ( z , z ) ,

-1
$ Ao = E E -1 E 

£ Z  v , - z  U , E  ^2 v , - z

i s  i n  fi(V). C o n s e q u e n t ly ,  f o r  y and  z n o n i s o t r o p i c  i n  W and l e t t i n g

a  = - ^ 6 ( y , y ) ,  t h e  i s o m e t r y

-1  -1  -1  2$ Ao i) Ao = 0 0 A 0 0 = $ - i $ 0 0£ z  a y e a  z y  e ^ a z y

i s  i n  0 (V ) .  I t  i s  e a sy  t o  check  t h a t  i f  X i s  a  u n i t  o f  R, = o^^"

Thus, i n  ^ be r e p l a c e d  by  g ( z , z )  ^z and  y by hy  w i t h o u t

c h a n g in g  t h e  f a c t o r  a 0 . However, $ _ i$  = <t> _i becomesz y  ’ e ^ a e ^ a  g ( z , z ) 6 ( y , y ) / 4

u n d e r  t h e s e  r e p l a c e m e n t s .  T h e r e f o r e ,  . , , 0  0 i s  i n  Q(V) .
g ( z , z ) g ( y , y ) / 4  z y

(c )  Suppose  f u r t h e r  t h a t  y and z a r e  n o n i s o t r o p i c  i n  W and s a t i s f y

g ( y , z )  = 1 .  A d i r e c t  c o m p u ta t io n  g iv e s
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(o^Oy -  ayO ^)(x )  = [ 4 / 6 ( z , E ) 6 ( y , y ) ] [ B ( y , x ) z  -  g ( z , x ) y ] .

Hence, i f  e = g ( z , z ) g ( y , y ) / 4 ,  t h e n

eCOgOy -  ayO ^)(x )  = 6 ( y ,x ) z  -  g ( z , x ) y .

(d) Next we combine (b) and (c )  and a p p ly  them to  t h e  t r a n s v e c t i o n

^  i n  G. S in c e  G i s  0 (V ) -n o rm a l  and $^a^Oy i s  i n  fi(V) where z ,  y ,  and

e a r e  a s  g iv e n  i n  ( c ) , we have

(4> a a )E ($ o o ) = Ee z y u , x  E z y u,ea^OyX

i s  i n  G. L ik e w is e ,  E i s  i n  G. Thus,u , e a  a x
y  z

E E~^ = E Eu ,e o  a X u ,e o  a x u , e a  a x u , - e o  a x z y  y z z y  y z

u^eOgOyX- eOyO^x u , g ( y , x ) z  -  6 ( z , x ) y

i s  i n  G. We now c o m p le te  t h e  p r o o f  by  c a r e f u l l y  c h o o s in g  x ,  y ,  and z .

(e )  Suppose E i s  i n  G. L e t  W have  an  o r th o g o n a l  b a s i s  {x, , x „ , * * » ,x  }U 9 X JL z Tn

w here  m = n -  2 >  3.  Then x = a , x ,  +  • • •  + a  x  f o r  a .  i n  R and1 1  m m  1

0 (x )  = (c t , , • • • , a  ) . We w ant to  show o ( V ,0 ( x ) )  C G. S in c e  n ( V ,0 ( x ) )1 m —

= E 0 ( V ,0 ( x ) ) ,  we need  t o  show E^ -  i s  i n  G w here  0 (x )  i s  i n

(A s i m i l a r  a rgum ent em ploy ing  E^ ^  w i l l  p l a c e  E^ -  i n  G .)  I f

X = 6 ^x^ + . . .  +  6^ x ^ ,  t h e n  6 ^ i s  i n  0 (x )  and c o n s e q u e n t ly ,  5^ = I jW i j& j '

Hence, x  = T. Y. u - . a - x . .  Thus, i f  we a r e  t o  show E -  i s  i n  G, we
i j  J 1 u , x

need  f i r s t  to  show E i s  i n  G f o r  each  i  and j . Then, by ( a ) ,U ,OjXi

E w i l l  be i n  G f o r  a l l  u . .  i n  R. I n  t u r n ,U.WijOjX^ i j

E -  = E „  = T T  Eu , x  u , 2 y _ a ^ x ^  I I u , y _ a j X ^

i s  i n  G. We u s e  p a r t  (d) a b o v e ,  i . e . ,  i f  y and z a r e  n o n i s o t r o p i c  i n

W w i th  g ( y , z )  = 1 ,  t h e n
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^ u , 3 ( y , x ) z  -  6 ( z , x ) y

i s  i n  G w henever E i s  i n  G.u ,x
_2

L e t  = 3 ( x ^ ,x ^ )  f o r  1 <  i  <  n .  L e t  y^ = x ^ .  Then

3 ( X i ,y i )  = 1 f o r  1 <  i  <  m.

For i  f  j , s i n c e  ( e ^ , e . )  = R and R i s  s t r o n g l y  < l , 3 > - f u l l ,  t h e r e

2
i s  a  u n i t  n so  t h a t  w i th  z = x^ +  nx^ and y = y ^ ,  g ( z , z )  = +  n

i s  a  u n i t .  Thus y and z a r e  n o n i s o t r o p i c  and 6 ( y ,z )  = 1 .  By s u b s t i t u t -

ing in  (* ) ,  \ ^ g ( y ^ x ) z  -  6 (z ,x )y  \ ,Ti(a^Xj -  ct^E^y )̂ '

(® ) ' - n . E . y p  "  “  °  ^ " •  ^

L e t  1 <  i , j , k  <  m b e  d i s t i n c t .  ( R e c a l l  m > 3 ) .  I n  (*) s e t

z = %k, 

y = y% + 6yj,

- 1 2 - 1w here  6 i s  a  u n i t  such  t h a t  3 ( y ,y )  = e, + 6 s .  i s  a  u n i t ,  a p p ly in g
k J

t h e  f a c t  t h a t  R i s  s t r o n g l y  f u l l  o f  ty p e  <1,3>. Then 3 ( z ,y )  = 1 and

E „ ,  \ - ,  \ = E . i s  i n  G, where i  f  k .  S in c e  ô i s  a  u n i t ,u , 3 ( y , x ) z  -  3 ( z , x ) y  u , 6a^x^

by p a r t  ( b ) , E i s  i n  G f o r  a l l  i  and k w i th  i  f  k .

I t  r em a in s  to  show E i s  i n  G f o r  1 <  i  <  m. In  (*) s e tu ,a ^ x ^

^  “ i \ *

z = yx^ ,

y = : ^ ^ = k '

w here  y i s  a  u n i t  such  t h a t  3 ( z , z )  i s  a  u n i t  and i  f  k .  Then 

^ u , 6 ( y , x ) z - 6 ( z , x ) y  °  ^ „ , v a . x .  *’>' <»> > ^ . n . x .

p l e t e s  t h e  p r o o f  o f  t h e  theo rem . An a n a lo g o u s  s t a t e m e n t  and p r o o f  w i l l

a p p ly  f o r  E i n  G.•' v , x
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I f  one i s  i n t e r e s t e d  o n ly  i n  t h e  c a s e  t h a t  G i s  a  no rm al  su b ­

group  o f  0 (V ) ,  s q u a r e  r e p r e s e n t a b i l i t y  i s  n o t  n e c e s s a r y  t o  p ro v e  th e  

p r e c e d in g  th eo re m , a s  i s  shown n e x t .

( IV .4) Theorem L e t  R be  a  r i n g  w hich  i s  s t r o n g l y  f u l l  o f  ty p e  (1 ,3> 

and i n  w hich  2 i s  a  u n i t .  Assume dim(V) = 3 o r  >  5 and t h a t  V h a s  h y p e r ­

b o l i c  r a n k  >  1.  I f  G i s  a norm al subg roup  o f  0(V) c o n t a i n i n g  th e n

0 ( V ,0 ( x ) )  <  G.

P ro o f  For any n i n  R, t h e r e  i s  a  6 i n  R such  t h a t  b o th  n -  6 and n +  6

2 2 2 a r e  u n i t s :  (n , - 1 )  = R i m p l i e s  t h e r e  i s  a u n i t  6 i n  R such  t h a t  n -  I ' d

2 2
i s  a  u n i t .  S in c e  n - 6  = (n -  <5) (n +  6 ) ,  b o th  n -  ô and  n +  6 a r e  u n i t s .

I f  E i s  i n  G, t h e n  E i s  i n  G f o r  a l l  n i n  R: L e t 6 beu , x  u ,n x

an  e le m en t  o f  R such  t h a t  n -  6 and n + 6 a r e  u n i t s .  Then .

- 1  - 1  $ .E $ . = E . i s  i n  G and $ ,-E  0 . .  = E , . i s  i n  G,n-o  u , x  ri-o u , n x - o x  n+o u , x  n+o u ,n x  + 6x

by n o r m a l i t y  o f  G. Thus E - E , . = E „ i s  i n  G, andu ,n x  -  ÔX u ,n x  + 6x u , 2 nx ’

<î>, E - = E i s  i n  G.u , 2 nx \  u ,n x

T h is  shows t h a t  f i (V ,0 (x ) )  <  G i n  t h e  c a s e  dim(V) = 3 . For

dim(V) >  5 ,  t h e  p ro o f  i s  e x a c t l y  t h e  same a s  p a r t s  (b) th ro u g h  (e )  i n

th e  p r o o f  o f  ( I V .3 ) .

Now we can  p ro v e  t h e  main theo rem  o f  t h i s  c h a p t e r .

( I V .5) Theorem L e t  R be  a  r i n g  w hich  i s  s t r o n g l y  f u l l  o f  ty p e  <1,3> 

and s q u a re  r e p r e s e n t a b l e  and i n  w hich  2 , 3 ,  and 5 a r e  u n i t s .  Let  

dim(V) = 3 o r  dim(V) >  5 and assume V h as  h y p e r b o l i c  r a n k  >  1 . Suppose 

G i s  a  subgroup  o f  0(V) n o rm a l iz e d  by n(V) and l e t  A b e  an  i d e a l  which 

i s  maximal w i t h  r e s p e c t  to  0 (V,A) <  G. Then n(V,A) <  G <  0 (V ,A ).

P ro o f  O bserve fi(V ,0) = I  i s  a lw ays  i n  G. Thus t h e r e  e x i s t s  an  i d e a l  B 

w i th  n(V,B) <  G.
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I f  {B^}, A S A ,  i s  a  f a m i ly  o f  i d e a l s  s a t i s f y i n g  fi(V,B^) <  G, 

th e n  s i n c e  EO(V,B^) = f i(V ,B ^) ,  i t  i s  e a s y  to  s e e  t h a t  B^) <  G.

Thus t h e  A i n  t h e  s t a t e m e n t  o f  t h e  theo rem  i s  u n iq u e  and  c o n t a i n s  e v e ry  

i d e a l  B w i t h  0(V,B) <  G.
-1

L e t  (fi be  i n  G. T h e re  i s  a ^ i n  n(V) w i th  = E E $ 0 ,u , x  v , y  e

w here  E and E a r e  i n  G. Thus $ 8 i s  i n  G. For a r b i t r a r y  z i n  W, u , x  v , y  . e

we h a v e ,  s i n c e  0|„ = I ,  [E ,$  0] = E . i n  G. Then'H '• u,-z e ■' u,E0(z)-z
î2(V ,O (e0(z) -  z ) ) <  G and c o n s e q u e n t ly ,  by th e  above re m a rk ,

O(e0(z ) -  z )  C a .  T h e r e f o r e ,  e0(z ) 5 z mod A. S e l e c t  z i n  W w i t h  z

2
n o n i s o t r o p i c ,  i . e . ,  S ( z , z )  i s  a  u n i t .  Then e  g ( 0 ( z ) , 8 ( z ) )  = g (e 0 ( z ) , e0 ( z ) )

2
= g ( z , z )  mod A. S in c e  B ( z ,z )  i s  a u n i t ,  e  e 1 mod A and th u s  

0 ( z )  E Ez mod A f o r  a l l  z i n  W. I f  we a p p ly  th e  above to  (j), (j) (x )  e 

E X  mod A f o r  a l l  x i n  V. L e t  ^ = A^^. Then $ (x) = e x  f o r  a l l  x  i n  

V/AV. L e t  ij; be  any e le m en t  o f  0(V/AV). For any  x i n  V/AV, ^ # (x )  =

^ (e x )  = E^(x) = ^4j (x ) .  Thus = # ,  and $ = Â(j> i s  i n  C e n te r  ( 0 (V/AV)) .  

T h is  shows t h a t  4i i s  in  0 (V ,A ) ,  and c o m p le te s  th e  p r o o f .

R e c a l l  t h a t  i f  we a s k  G t o  b e  norm al r a t h e r  t h a n  f i (V )-n o rm a l ,

t h e  a s s u m p t io n s  t h a t  5 i s  a  u n i t  and R i s  s q u a re  r e p r e s e n t a b l e  may b e

o m i t t e d .

T h is  c h a p te r  i s  c o n c lu d e d  w i t h  s e v e r a l  u s e f u l  o b s e r v a t i o n s .

Remark L e t  G b e  a  subg roup  o f  0 (V ) .  The o r d e r  o f  G, d e n o te d  0 (G ) ,  

i s  t h e  s m a l l e s t  i d e a l  A s a t i s f y i n g  A^G <  C e n t e r ( 0 (V/AV)) .  T hus ,  s i n c e

dim(V) >  3 ,  0(G) i s  t h e  s m a l l e s t  i d e a l  A w i th  A^o = ± I  f o r  a l l  a i n  G.

Suppose G i s  0 (V ) -n o rm a l  and 0(G) = A. Under t h e  h y p o t h e s i s  

o f  t h e  m ain  theo rem  i n  t h i s  s e c t i o n ,  t h e r e  i s  an  i d e a l  B w i th  

Q(V,B) <  G <  0 (V ,B ) .  Thus, s i n c e  G <  0 (V ,B ) ,  we have  A c o n ta i n e d  i n  B.



40

On t h e  o t h e r  h an d ,  0(V,B) = EO(V,B) and c l e a r l y  t h e  g e n e r a t o r s  o f  EO(V,B) 

i n d i c a t e  0 (E 0 (V ,B ))  = B. Hence 0 (Q (V ,B ))  = B and  s i n c e  fi(V,B) <  G, B 

i s  c o n ta i n e d  i n  A. Hence A = B. T hus , i f  G i s  an  JJ(V)-normal subgroup  

o f  0(V) and 0(G) = A, th e n

n(V,A) <  G <  0 (V,A)..

Remark Suppose G i s  any  subg roup  o f  0(V) s a t i s f y i n g  0(V,A) <  G <  0(V,A)

f o r  an  i d e a l  A o f  R. L e t  o be  i n  0(V) and t  be  i n  G. Then a i a  ^

i s  i n  0(V,A) s i n c e  t i s  i n  0 (V ,A ) .  Hence oto ^ = p f o r  some p i n  G

-1s i n c e  Q(V,A) i s  i n  G. T ha t i s ,  otq = pT i s  i n  G and G i s  no rm al  i n  

0 (V ) .  T h e r e f o r e ,  i f  G i s  any  subgroup  o f  0(V) s a t i s f y i n g  fi(V,A) <  G 

<  0(V,A) f o r  an  i d e a l  A, t h e n  G i s  no rm a l  (hence  Q (V )-norm al)  i n  0 (V ) .



CHAPTER V

THE WITT RING

In  t h i s  c h a p t e r ,  t h e  W i t t  r i n g ,  W(R), i s  d e f i n e d  f o r  a  r i n g  

R which i s  f u l l  o f  ty p e  <1,3> and h a s  2 a u n i t .  G e n e r a to r s  and  r e l a t i o n s  

f o r  W(R) a r e  g iv e n ,  t h e  p r im e  i d e a l  th e o r y  i s  d e s c r i b e d ,  and some f a c t s

a b o u t  n i l p o t e n t  and t o r s i o n  e le m e n ts  a r e  shown. F o r  a  r i n g  w h ich  i s

f u l l  o f  ty p e  <3,3>, t h e  g e n e r a t o r s  o f  th e  t o r s i o n  p a r t  o f  W(R) a r e  i d e n ­

t i f i e d  u s in g  t h e  t h e o r y  o f  round  fo rm s ,  p a r t i c u l a r l y  P f i s t e r  fo rm s .

The th e o r y  o f  W it t  r i n g s  o v e r  s e m i - l o c a l  r i n g s  i s  g iv e n  i n  Baeza [ 4 ] .

L e t  R be  a  r i n g  w h ich  i s  f u l l  o f  ty p e  <1,3> and  h a s  2 a  u n i t .  

D enote  by B i l (R )  t h e  c a t e g o r y  o f  f r e e  sym m etric  i n n e r  p r o d u c t  s p a c e s  

o v e r  R. On B i l (R )  we have  t h e  f o l l o w in g  o p e r a t i o n s :

For (V^,B^) and ( ^ ^ , 6 2 ) i n  B i l ( R ) ,

( 1 ) (V ^ ,6^) 1 (V2 , 6 2 ) = ® V ,g )  w here  g i s  d e f i n e d  by

g(xi + Xg, + Yg) = 6^(x^,y^) + B2(^2’^2^

( 2 ) (V^,g^) & (^ 2 , 6 2 ) ^ ^ 2 ’ ^1 ® w here  ® gg i s  d e f i n e d  by

g  ̂ ® ® Xg, y^ 0  y )̂ = gj^(x^,y^)g2(x2 ,y2)

w here  x ^ ,  y^ a r e  i n  V^.

Now i n  t h e  c a t e g o r y  B i l (R )  we c o n s t r u c t  t h e  G r o th e n d ie c k  r i n g

and o b t a i n  t h e  W i t t - G r o th e n d ie c k  r i n g  W(R) = K ^ (B i l (R ) )  o f  f r e e  sym m etric  

i n n e r  p ro d u c t  s p a c e s  o v e r  R. The i d e n t i t y  e le m e n t  o f  W(R) i s  r e p r e s e n t e d
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by t h e  o n e -d im e n s io n a l  s p a c e  ( 1 ) .  An e le m en t  x  o f  W(R) h a s  t h e  form

X  = [V^] -  [V2 ] w here  [V^] i s  t h e  isom orph ism  c l a s s  o f  = (V ^ ,S^)-

By d e f i n i t i o n ,  [V^] -  [Vg] = [W^] -  [W^] when t h e r e  i s  a  U i n  B i l (R )  w i t h  

Vf 1 « 2  1 U = Wf 1 V2 1 U. By c a n c e l l a t i o n  ( I I I . 8 ) ,  1 Wg = 1 V^.

I n  W(R) d e f i n e  H(R) = { [V^] -  [Vg]: and a r e  s p l i t  s p a c e s

i n  B i l ( R ) } .  By ( I I I . 3 ) ,  a l l  s p l i t  s p a c e s  a r e  sums o f  h y p e r b o l i c  p l a n e s ,

so t h a t  H(R) = ZH w here H i s  a  h y p e r b o l i c  p l a n e .

(V . l )  P r o p o s i t i o n  H(R) i s  an  i d e a l  o f  W(R).

P ro o f  I t  i s  s u f f i c i e n t  t o  show t h a t  f o r  H a  h y p e r b o l i c  p l a n e  and (V ,g)

i n  B i l ( R ) ,  V ® H i s  i n  H(R). S in c e  H = ( 1 , - 1 ) ,  V ® H = (V ® 1) 1 (V ® - 1 )

= V 1 ( - V ) , w hich  i s  s p l i t .  Thus V ® H i s  i n  H(R).

(V.2) D e f i n i t i o n  W(R) = W (R)/H(R). W(R) i s  t h e  W it t  Ring o f  f r e e  sym­

m e t r i c  i n n e r  p ro d u c t  s p a c e s  o v e r  R.

In  W(R), d e n o te  t h e  c l a s s  o f  a  s p a c e  (V ,g) by [V,g] o r  s im p ly

[v].  [V,B] i s  c a l l e d  t h e  W it t  c l a s s  o f  t h e  sp a c e  (V ,g ) .  S ince

(V,B) 1 (V ,-g )  i s  s p l i t ,  - [V ,B ]  = [V ,-g ]  i n  W(R). Thus e v e ry  e le m e n t  o f  

W(R) i s  t h e  W i t t  c l a s s  o f  some s p a c e ,  n o t  j u s t  t h e  d i f f e r e n c e  o f  two 

W it t  c l a s s e s .

(V .3) D e f i n i t i o n  We c a l l  two s p a c e s  V and  W o v e r  R e q u i v a l e n t  o r  W i t t -

e q u i v a l e n t , and w r i t e  V v  W i f  [V] = [W] i n  W(R).

C l e a r l y  W(R) i s  t h e  q u o t i e n t  o f  t h e  s e m i r in g  B i l (R )  by t h i s  

e q u iv a l e n c e  r e l a t i o n :  W(R) = B i l (R ) / 'v .  We have  t h e  f o l lo w in g  d e s c r i p t i o n

o f  W it t  e q u iv a l e n c e .

(V .4) P r o p o s i t i o n  Two s p a c e s  V and W o v e r  R a r e  e q u i v a l e n t  i f  and o n ly  

i f  V 1 nH = W 1 mH f o r  m, n n o n n e g a t iv e  i n t e g e r s .  (nH d e n o te s  th e



43

o r th o g o n a l  sum o f  n h y p e r b o l i c  p l a n e s . )

P ro o f  I f  [V] = [W], t h e n  i n  W(R), [V] -  [W] = [P] -  [Q] w i th  P, Q i n  

H (R). By d e f i n i t i o n  o f  W(R), t h e r e  i s  a  s p a c e  (U ,6 ) i n  B i l (R )  such  t h a t

V I  Q 1 U = W 1 P I  U.

Add -U t o  b o th  s i d e s .  Q 1 U 1 -U and P I  U 1 -U a r e  s p l i t  s p a c e s ,  th u s

sums o f  h y p e r b o l i c  p l a n e s .

R e c a l l i n g  t h e  W i t t  d e c o m p o s i t io n  ( s e e  I I I . 5 ) ,  e v e ry  sp a c e  V h as  

a  d e c o m p o s i t io n  V = 1 tH w here  i s  a n i s o t r o p i c .  By c a n c e l l a t i o n ,

th e  isom orph ism  c l a s s  o f  and th e  number t  >  0 a r e  u n i q u e l y  d e te rm in e d  

by V. O bserve  t h a t  i n  W(R), [V] = [V^]. i s  c a l l e d  t h e  k e r n e l  sp a c e  

o f  V.

(V .5) C o r o l l a r y  Two s p a c e s  V and W i n  B i l (R )  a r e  e q u i v a l e n t  i f  and o n ly

i f  V = W . o o

W( ) i s  a  f u n c t o r  from  t h e  c a te g o r y  o f  f u l l  r i n g s  o f  ty p e  ( 1 ,3 )

and r i n g  m orphisms to  t h e  c a t e g o r y  o f  r i n g s  and r i n g  m orph ism s, a s  f o l ­

lo w s .  L e t  a :  R ^  S be a  homomorphism o f  < l , 3 ) - f u l l  r i n g s  w i th  2 a  u n i t ,

and l e t  (V,B) b e  i n  B i l ( R ) . S i s  a n  R-module v i a  a and  c o n s e q u e n t ly  

V S i s  a  f r e e  S-m odule . On V S, d e f i n e  t h e  b i l i n e a r  form  

6g (x  ® X, y ® y) = a ( 6 (x ,y ) )X y  f o r  x ,  y i n  V and X, y i n  S. I t  i s  e a sy  

t o  check  t h a t  ( V S ,  Sg) i s  i n  B i l ( S ) .  T h is  c o n s t r u c t i o n  i s  c a l l e d  

s c a l a r  e x t e n s i o n  v i a  a :  R S. W ith i t ,  one o b t a i n s  an  a d d i t i v e  and

m u l t i p l i c a t i v e  f u n c t o r  a * :  B i l (R )  ^  B i l ( S )  which in d u c e s  t h e  W i t t -

G ro th e n d ie c k  r i n g  homomorphism a * :  W(R) -> W(S). Now su p p o se  H i s  a

h y p e r b o l i c  p l a n e  i n  B i l ( R ) ,  say  H = < u ,v ) ,  g ( u ,u )  = g ( v ,v )  = 0 and 

B (u ,v )  = 1 .  Then H S h a s  b a s i s  {u ® 1 ,  v  ® 1} and Bg(u @ 1 ,  u ® 1)

= a ( 6 ( u , u ) ) * l * l  = 0 , Bg(v ® 1 , V ® 1 ) = a ( 6 ( v , v ) ) * l * l  = 0 ,
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6„ ( u  0  1, v<» 1) = a ( B ( u , v ) ) * l * l  = 1 .  Thus H C>s S i s  a  h y p e r b o l i c  p l a n e  b K

i n  B il( .S )  and a*H(R) C H (S ) .  Then a *  in d u c e s  a  r i n g  homomorphism 

a*:  W(R) ^  W(S).

Next we d e f i n e  two homomorphisms w hich  a r e  u s e f u l  f o r  exam in ing  

t h e  s t r u c t u r e  o f  W(R).

For s p a c e s ,  we have  t h e  o b v io u s  homomorphism dim: B i l (R )  {non­

n e g a t i v e  i n t e g e r s } .  T h is  y i e l d s  a  homomorphism dim: W(R) Z. S in c e  

dim(V) i s  even  f o r  any  V i n  H(R), we o b t a i n  a  r i n g  homomorphism 

v: W(R) ->■ Z/2Z d e f in e d  by v ( [V ])  = dim(V) mod 2 . We u s u a l l y  w r i t e  v(V) 

i n s t e a d  o f  v ( [ V ] ) .

2
L e t  Q(R) d e n o te  t h e  g roup  R * /(R *) o f  s q u a re  c l a s s e s  o f  R.

I f  V = [ a ^ j ]  and V' = [a ^ ^ ] a r e  i s o m o rp h ic  b i l i n e a r  s p a c e s  o v e r  R, t h e n

[ a l . ]  = B ^ [ a . . ] B  f o r  some B i n  GL^(R). T ak ing  d e t e r m i n a n t s ,
2

d e t [ a î . ]  = b d e t [ a . . ]  w i t h b  = d e t  B a  u n i t ,  
i j  i j

2
(V .6 ) D e f i n i t i o n  We c a l l  t h e  s q u a r e  c l a s s  d e t [ a „ ] ( R * )  t h e  d e te r m i n a n t

o f  t h e  s p a c e  V, d e n o te d  d e t ( V ) ,  and we have  shown t h a t  d e t(V )  i s  a  w e l l -

d e f i n e d  i n v a r i a n t  o f  V.

For two s p a c e s  V and W o v e r  R, we have  d e t(V  1 W) = d e t ( V ) d e t ( W ) .

Thus o u r  i n v a r i a n t  y i e l d s  a  d e te r m i n a n t  map d e t :  W(R) -> Q(R) d e f i n e d  by

d e t ( [ V ]  -  [W]) = d e t ( V ) d e t ( W ) . ( N o t ic e  t h a t  d e t ( [V ]  +  [W] -  [W]) =

d e t(V )d e t(W )^  = d e t ( V ) ) .  U n f o r t u n a t e l y ,  d e t(H )  = d e t ( [ l ]  i  [ - 1 ] )  =

2
-1 (R * )  . T hus , d e t  d oes  n o t  f a c t o r  th ro u g h  W(R). To r e p a i r  t h i s ,  l e t  

(Z/2Z) o Q(R) d e n o te  t h e  a b e l i a n  g ro u p  c o n s i s t i n g  o f  t h e  p a i r s  ( v ,d )  

i n  (Z/2Z) X Q(R) w i th  " t w i s t e d "  m u l t i p l i c a t i o n  ~

(v^ + v ^ ,  ( - 1 )   ̂ C o n s id e r  t h e  map z (n mod 2 ,  ( - l ) " ^ "  ^ ^ ^ ^ d e t  z)

from  W(R) t o  (Z/2Z) ° Q(R), w here  n = dim z .  T h is  map i s  a  g roup
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homomorphism and v a n i s h e s  on H. Thus i t  i n d u c e s  a  map ( v , d ) :  W(R) -»

(Z/2Z) o Q(R) by ( v , d ) ( z )  = ( v ( z ) ,  d ( z ) ) .  The second  component o f  t h i s

map, d :  W(R) Q(R) i s  d e f i n e d  by d ( [V ] )  = ( - 1 ) ^ ^ ^  d e t(V )  and i s

c a l l e d  t h e  s ig n e d  d e t e r m i n a n t . T h is  s q u a re  c l a s s  i s  d e n o te d  by d (V ) .

For s p a c e s  V, W o v e r  R, d(V 1 W) = d(V) d (U ) .

Q(R) c a n  be r e g a r d e d  a s  t h e  g roup  o f  isom orph ism  c l a s s e s  (a)

o f  d im e n s io n  1 o v e r  R w i t h  t h e  t e n s o r  p r o d u c t  a s  m u l t i p l i c a t i o n .  We

have  a  n a t u r a l  map (a)  [ ( a ) ]  from  Q(R) t o  W(R). S in c e  d ( [ ( a ) ] )  = a (R * )^ ,

t h i s  map i s  i n j e c t i v e .  H e n c e fo r th  we r e g a r d  Q(R) a s  a  s u b s e t  o f  W(R),
2

i . e . ,  we i d e n t i f y  a  s q u a r e  c l a s s  a(R *) w i t h  t h e  W i t t  c l a s s  [ ( a ) ] .  Now

Q(R) i s  a  su b g ro u p  o f  t h e  g roup  o f  u n i t s  W(R)* o f  t h e  r i n g  W(R).

2F or c o n v e n ie n c e ,  l e t  G = Q(R) = R * /(R *) .

(V .7) P r o p o s i t i o n  W(R) i s  a d d i t i v e l y  g e n e r a t e d  by  G.

P ro o f  L e t  V be  i n  B i l ( R ) .  V h a s  an  o r th o g o n a l  b a s i s ,  so V = (a^)  1

(ag)  1 • • •  1 (a^ )  = ( a ^ , a 2 , * * • , a ^ )  w here  a^  i s  a  u n i t ,  n = d im (V ) . In

W(R) we have  t h e  e q u a t i o n  V = [ ( a ^ ) ]  + [ ( a g ) ]  +  • • •  +  [ ( a ^ ) ] .

A c c o rd in g  t o  t h i s  p r o p o s i t i o n  we h av e  a  s u r j a c t i v e  homomorphism

from  t h e  i n t e g r a l  g ro u p  r i n g  Z[G] t o  W(R), $ :  Z[G] -s- W(R) in d u ce d  by t h e

2
i n c l u s i o n  map from  G t o  W(R). I f  we c o n s id e r  a  s q u a r e  c l a s s  a(R *) a s

an  e le m e n t  o f  Z[G] we d e n o te  t h i s  s q u a re  c l a s s  by <a>. The homomorphism

$ maps <a> t o  [ ( a ) ] .  L e t  K d e n o te  t h e  k e r n e l  o f  $ .

(V .8 ) P r o p o s i t i o n  The i d e a l  K i s  a d d i t i v e l y  g e n e r a t e d  by  th e  e lem en t

<1 > + ( - 1 > and a l l  e le m e n ts

" ■ S - l  -  S - 1  '»!>■

f o r  n any  p o s i t i v e  i n t e g e r  and w here  1 ^^^ (a ^ )  = 1 ^^^  ( b ^ ) .
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P ro o f  C l e a r l y  a l l  o f  t h e s e  e le m e n ts  l i e  i n  K. Now l e t  z be  a  g iv e n

e le m e n t  o f  K. We have z = <a, > +  • • •  + (a > -  <b, > -  • • •  -  <b > w here1 r  1 s

a . ,  b j  a r e  u n i t s .  R e p la c in g  z by  - z  i f  n e c e s s a r y ,  we may assum e x >  s .

The s p a c e s  V = ( a ^ ,* * * ,a ^ )  and  W = ( b ^ ,* * * ,b ^ )  a r e  W i t t - e q u i v a l e n t .  I n

p a r t i c u l a r ,  s i n c e  [V] -  [W] = 0 i n  W(R), t h e  d i f f e r e n c e  i n  W(R) i s  a

sum o f  h y p e r b o l i c  p l a n e s ,  so  r  -  s i s  an  even  num ber, s a y  2 t .  Then i n  '

W(R), V and W 1 t ( l , - l )  h av e  t h e  same im age. Thus V = W 1 t ( l , - l ) .  For

s <  i  <  r ,  l e t  b^ = ±1 so  t h a t  W 1 t ( l , - l )  = ( b ^ ,b 2 , • • • , b ^ ) . Then we

h ave  z = t ( < l >  + <-l>) +  ( a .>  -  T? (b_>.^ 1=1 1 ^ 1=1 1

(V .9) Theorem W(R) i s  a d d i t i v e l y  g e n e r a te d  by { ( a ) :  a  S R*} w i t h  t h e  

f o l l o w i n g  r e l a t i o n s :

( i )  (ab^)  = (a )  f o r  a l l  b i n  R*.

( i i )  ( a ^ ) +  ( a - )  +  • • •  +  (a ) = (b^) +  • • •  +  (b ) i f  and o n ly  i f■i-  ̂ n 1 n

( a . )  1 —  1 (a  ) = ( b , )  1 • • •  1 (b ) .J. n  ± n

( i i i )  (a )  +  ( - a )  = 0

( iv )  (a )  +  (b) = (a  +  b) +  (ab (a  +  b ) )  i f  a  + b €  R*.

(v) (a)  (b) = (ab)

P ro o f  U sing  W(R) =  Z [ R * / (R * )^ ] /K ,  p a r t s  ( i ) ,  ( i i ) ,  ( i i i )  and (v) c l e a r l y  

h o ld  i n  W(R). To s e e  t h a t  ( i v )  h o l d s ,  suppose  (V ,6) = (a)  1 (b) h a s  

b a s i s  e le m e n ts  x ,  y w i th  6 ( x ,y )  = 0 ,  6 ( x ,x )  = a ,  S ( y ,y )  = b .  Then

6 (x  +  y ,  X + y )  = a  + b i s  a  u n i t  i m p l i e s  t h a t  t h e r e  e x i s t s  z i n  V such

t h a t  {x +  y ,  z )  i s  an  o r th o g o n a l  b a s i s  f o r  V, i . e . ,  V = (a  +  b )  1 (c)  

w here  6 ( z , z )  = c i s  a  u n i t .  Now com paring  d e t e r m i n a n t s ,  ab = (a  +  b ) c  

and s i n c e  (a  +  b) = (a +  b) ^ m od(R*)^, c 5 a b ( a  +  b )  m od(R*)^. Thus

(a )  1 (b) -  (a  + b) 1 ( a b ( a  +  b ) ) .  N o t i c e  t h a t  ( i v )  i s  a  r e s u l t  o f  ( i )

and  ( i i ) .
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Now l e t  S be a  r i n g  g e n e r a te d  by { ( a ) :  a  S R*} w i th  r e l a t i o n s

( i )  th ro u g h  ( v ) . S in c e  t h e s e  r e l a t i o n s  h o ld  i n  W(R), t h e r e  i s  a  canon­

i c a l  r i n g  homomorphism h :  S -> W(R) which maps (a)  i n  S to  t h e  c l a s s  o f  

t h e  b i l i n e a r  s p a c e  (a)  i n  W(R). h  i s  c l e a r l y  s u r j a c t i v e .  Suppose 

h ( ^ ? _ l  ( a u ) )  = 0 i n  W(R). Then (a^ )  1 • • •  1 (a^ )  i s  a  sum o f  h y p e r b o l i c  

p l a n e s .  That i s ,  n i s  even , and (a^ )  1 • • • 1  (a^)  = ^nH, so 

(a^)  1 • • • 1  (a^ )  = l sn ( (1) +  ( - 1 ) )  = 0 . T hus , h i s  i n j e c t i v e ,  hence  an  

isom orph ism .

S in c e  W(R) i s  i so m o rp h ic  i n  a  n a t u r a l  way t o  t h e  q u o t i e n t  

Z [Q (R )]/K , t h e  p r im e  i d e a l s  o f  W(R) c o r r e s p o n d  u n i q u e l y  w i t h  t h o s e  p r im e  

i d e a l s  o f  Z[Q(R)] which c o n t a i n  K. Thus, to  d e te r m in e  th e  p r im e  i d e a l s  

o f  W(R), we d e te r m in e  t h e  p r im e  i d e a l s  o f  Z[Q(R)] and th e n  lo o k  a t  w hich  

o f  them c o n t a i n  K.

The p r im e  i d e a l s  o f  Z [G ], f o r  G any  g roup  o f  exponen t 2 ( i . e . ,
2

g = 1 f o r  a l l  g i n  G ), a r e  d e te rm in e d  by Knebusch i n  [ 2 5 ] ,  pp .  166-169 .

D enote  by I (R )  t h e  k e r n e l  o f  v: W(R) Z /2Z . From [ 2 5 ] ,  P ropo ­

s i t i o n  1 ( i i i ) ,  p .  167, we o b t a i n :

(V.IO) P r o p o s i t i o n  I (R )  i s  t h e  u n iq u e  p r im e  i d e a l  o f  W(R) w hich  c o n -  

t a i n s

(O bserve  t h a t  t h e  g e n e r a t o r s  o f  K a r e  e v e n -d im e n s io n a l  and th u s  

a r e  c o n ta i n e d  i n  I ( R ) ) .

( V . l l )  D e f i n i t i o n  A s i g n a t u r e  o o f  R i s  a r i n g  homomorphism from  W(R) 

to  Z.

The k e r n e l  o f  a  s i g n a t u r e  a i s  d e n o te d  by  P^; t h u s ,  W(R)/P^ =  Z. 

P a r t  ( i )  o f  P r o p o s i t i o n  1, i n  [25] g iv e s  t h e  f o l l o w i n g .
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(y. 12) P r o p o s i t i o n  For e v e ry  p r im e  i d e a l  P o f  W(R) w hich  d oes  no.t con­

t a i n  f o r  any r a t i o n a l  p r im e  p ,  t h e r e  e x i s t s  a  u n iq u e  s i g n a t u r e

a su c h  t h a t  P = P .0

R e c a l l  t h a t  a  c h a r a c t e r  o f  a  g roup G i s  a  homomorphism x :  G

-> {±1}. X e x te n d s  u n iq u e ly  t o  a  r i n g  homomorphism x :  Z[G] Z. To

a n a ly z e  t h e  p r im e  i d e a l s  P o f  W(R) which c o n t a i n  p « L , f o r  p an  oddw (R)

p r im e ,  we need  t h e  f o l l o w in g  in f o r m a t io n  a b o u t  t h e  i d e a l  K.

2
(V .13) Lemma F o r  e v e ry  c h a r a c t e r  x  o f  G = R*/(R*) e i t h e r  x(K) = 0

o r  x(K) = 2^Z f o r  some n ^  1.

P ro o f  We know t h e  a d d i t i v e  g e n e r a t o r s  o f  K, by (V .8 ) .  On (1) +  ( - 1 ) ,

e v e ry  c h a r a c t e r  x h as  v a lu e  0 o r  2 ,  s i n c e  x ( l )  = 1 .  We c la im  t h a t  on an

e le m en t  z = x h as  a  v a lu e  0 o r  4n , n  an  i n t e g e r .

To p ro v e  th e  c la im ,  l e t  s  be  t h e  number o f  s q u a re  c l a s s e s  (a^^ w i th

x (<a^> ) = - 1  and l e t  t  be  t h e  number of c l a s s e s  <b^> w i th  x(<b^>) = - 1 .

Then x ( z )  = - s  +  (n  -  s )  +  t  -  (n -  t )  = 2 ( t  -  s ) .  Now f o r  z a  g e n e r a t o r

o f  K, t h e  s p a c e s  ( a ^ , ' " ' , a ^ )  and ( b ^ , " ' " , b ^ )  a r e  i s o m o r p h ic ,  so  th e y
n n

have  t h e  same d e te r m i n a n t ,  ]  f  a .  = ]  f  b . .  A pp ly ing  x we o b t a i n

t  '
( -1 )  = ( -1 )  . Thus t  -  s  i s  ev e n .  T h is  i m p l ie s  x ( z )  = 0 mod 4.

From t h i s  lemma i t  i s  c l e a r  t h a t  i f  x(K) C pZ f o r  an  odd p r im e

p ,  t h e n  x(K) = 0 .  Thus we o b t a i n  from  p a r t  ( i i )  o f  P r o p o s i t i o n  1 i n

[2 5 ] ,  t h e  f o l l o w in g .

(V .14) P r o p o s i t i o n  L e t  p be  a n  odd p r im e .  Then f o r  e v e ry  p r im e  i d e a l

M o f  W(R) w i th  p'l^^^^^ i n  M t h e r e  e x i s t s  a  u n iq u e  s i g n a t u r e  a o f  R such

t h a t  M c o i n c i d e s  w i th  t h e  s e t  M = pZ + P c o n s i s t i n g  o f  a l l  z i n  W(R)
o ,P  o

w i th  o ( z )  5 0 mod p .
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Thus t h e  P , t h e  M , and I (R )  a r e  a l l  t h e  p rim e i d e a l s  o f  a a , p

W(R). The r i n g  R i s  c a l l e d  r e a l  (o r  f o r m a l l y  r e a l ) i f  R h a s  a t  l e a s t  

one s i g n a t u r e .  O th e rw ise  R i s  c a l l e d  n o n - r e a l . T h is  d e s c r i p t i o n  o f  t h e  

p r im e  i d e a l s  o f  W(R) im p l ie s  t h e  f o l l o w i n g .

(V .15) C o r o l l a r y  Assume R i s  r e a l .  Then t h e  a r e  t h e  m in im al  p r im e

i d e a l s  o f  W(R). The i d e a l s  M and I(R )  a r e  t h e  maximal i d e a l s  o f  W(R)o , p

Every ^ c o n t a i n s  a  u n iq u e  m in im al  p r im e  i d e a l ,  w hich  i s  P^ .  The

i d e a l  I (R )  c o n t a i n s  a l l  m in im al p r im e  i d e a l s .

(V .16) P r o p o s i t i o n  The f o l lo w in g  a r e  e q u i v a l e n t :

(a)  R i s  n o n - r e a l .

(b) I (R )  i s  t h e  u n iq u e  p r im e  i d e a l  o f  W(R).

(c )  2^W(R) = 0 f o r  some p o s i t i v e  i n t e g e r  n .

P ro o f  The e q u iv a l e n c e  o f  (a )  and (b )  i s  e v i d e n t  from  o u r  a n a l y s i s  o f  

th e  p r im e  i d e a l s  o f  W(R). (c)  i m p l i e s  ( a )  i s  t r i v i a l  s i n c e  W(R) d oes

n o t  a d m it  homomorphisms t o  Z i f  W(r ) c o n s i s t s  e n t i r e l y  o f  t o r s i o n  e l e ­

m e n ts .  I t  r e m a in s  t o  p ro v e  (b) i m p l i e s  ( c ) . By (b) and e le m e n ta ry  com­

m u ta t i v e  a l g e b r a ,  I (R )  i s  t h e  n i l r a d i c a l  o f  W(R). In  p a r t i c u l a r  2*1W(R)

i s  n i l p o t e n t ,  he n c e  2^*1^^^^^ = 0 f o r  some n .  Then 2"w(R) = 0.

Next we c o n s id e r  t h e  n i l p o t e n t  and t o r s i o n  e le m e n ts  o f  W(R) f o r  

R a  < l , 3 > - f u l l  r i n g  w i t h  2 a  u n i t .

I f  R i s  n o n - r e a l  we know t h a t  a l l  e le m e n ts  o f  W(R) a r e  t o r s i o n ,  

a n n i h i l a t e d  by a  f i x e d  power o f  2 .  M oreover, I (R )  i s  t h e  s e t  o f  a l l  

n i l p o t e n t  e le m e n ts .

From now on , we assume t h a t  R i s  r e a l .  S in c e  t h e  P^ a r e  p r e ­

c i s e l y  a l l  m in im al  p r im e  i d e a l s  o f  W(R) we have  t h e  f o l l o w in g  c h a r a c t e r ­

i z a t i o n .
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(V .17) P r o p o s i t i o n  An e le m e n t  z o f  W(R) i s  n i l p o t e n t  i f  and o n ly  i f  

o ( z )  = 0 f o r  e v e ry  s i g n a t u r e  a o f  R.

Now we c o n s i d e r  t h e  t o r s i o n  e le m e n ts  o f  W(R).

(V .18) Theorem An e le m e n t  z o f  W(R) i s  a t o r s i o n  e le m e n t  i f  and o n ly  

i f  z i s  n i l p o t e n t .

P ro o f  Assume nz = 0 f o r  some n !>  1 . Then c e r t a i n l y  a ( z )  = 0 f o r  a l l  

s i g n a t u r e s  a o f  R, h e n c e  z i s  n i l p o t e n t .  The p r o o f  o f  t h e  c o n v e rs e  

f o l l o w s  e x a c t l y  t h e  p r o o f  g iv e n  by Knebusch i n  [ 2 5 ] ,  and  w i l l  be  o m i t t e d .

(V .19) C o r o l l a r y  A l l  z e r o - d i v i s o r s  o f  W(R) h av e  even  d im e n s io n .

P ro o f  P^ i s  c o n ta i n e d  i n  I (R )  f o r  e v e ry  s i g n a t u r e  a o f  R.

(V.20) P r o p o s i t i o n  For e v e ry  t o r s i o n  e le m en t  z o f  W(R) t h e r e  e x i s t s  

a  2-pow er 2 ^ w i th  2^z = 0 .

P ro o f  The p r o o f  g iv e n  by  Kenbusch ( [ 2 5 ] )  c a r r i e s  o v e r  w i t h o u t  ch an g e .  

Next we e x p lo r e  some u s e f u l  p r o p e r t i e s  o f  s i g n a t u r e s .

L e t  a be a  s i g n a t u r e  o f  R, t h a t  i s ,  a  r i n g  homomorphism from 

W(R) t o  Z. 0 y i e l d s  a  homomorphism R* —̂  Q(R) = R * /(R * )^  °^Q(R)^ {±1} 

w here  i t  i s  t h e  c a n o n i c a l  map. o i s  c o m p le te ly  d e te r m in e d  by t h e  compo­

s i t e  homomorphism from  R* t o  {±1}, s i n c e  W(R) i s  g e n e r a t e d  by Q(R). 

H e n c e fo r th  we i d e n t i f y  a  s i g n a t u r e  a and t h e  c o r r e s p o n d in g  map from  R* 

t o  {±1 }, and w r i t e  a ( a )  i n s t e a d  o f  o ( [ ( a ) ] ) .

(V .21) P r o p o s i t i o n  I f  a  map a :  R* -s- {±1} i s  a  s i g n a t u r e  th e n  t h e  f o l ­

low ing  p r o p e r t i e s  h o ld :

( i )  a ( a b )  = o ( a ) o ( b )  f o r  a ,  b i n  R*,

( i i )  a ( - l )  = - 1 ,
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( i i i )  I f  a ^ ,  a ^ ,  a^  a r e  u n i t s  w i th  o ( a ^ )  = 1 ,  1 <  i  <  r ,  t h e n  f o r

2 2any u n i t  b = A + • • •  +  X a  f o r  A. i n  R, a (b )  = 1.
1 1  r r  1

P ro o f  ( i )  and ( i i )  a r e  e v id e n t  from  t h e  f a c t  t h a t  a i s  a  r i n g  homomor­

p h ism . To p ro v e  ( i i i ) ,  c o n s i d e r  t h e  b i l i n e a r  sp a c e  ( a ^ , a 2 »* * * , a ^ ) •

T h is  s p a c e  c o n t a i n s  a  v e c t o r  x w i t h  6 ( x ,x )  = b .  Thus ( a ^ , ' " ' , a ^ )  =

(b) 1 (b)"*". L e t  G = (b)"*" , t h e  o r th o g o n a l  complement o f  Rx. The s p a c e  

G 1 (1) h as  an  o r th o g o n a l  b a s i s .  Thus ( l , a ^ , ' " " , a ^ )  = ( b , b ^ , • • • ,b ^ )  

f o r  b^ i n  R*. Computing t h e  v a l u e s  o f  a on t h e  c l a s s e s  o f  t h e s e  two 

s p a c e s ,  we o b t a i n  r  +  1 = o ( b )  +  o (b ^ )  +  • • •  +  a ( b ^ ) .  S in c e  e a ch  sum­

mand on th e  r i g h t  s i d e  i s  e i t h e r  1 o r  - 1 ,  t h e y  m ust be  1 . I n  p a r t i c u l a r ,  

o ( b )  = 1 .

( y .22 )  Theorem L e t  R be  a  < l , 3 > - f u l l  r i n g  i n  w hich 2 i s  a  u n i t .  L e t  

a ^ ,* * * , a ^  b e  u n i t s  o f  R. Then f o r  any  u n i t  b o f  R th e  f o l l o w in g  s t a t e ­

m en ts  a r e  e q u iv a l e n t :

(a )  F o r  e v e ry  s i g n a t u r e  o o f  R w i t h  a ( a ^ )  = 1 f o r  1 <  i  <  r ,  a l s o  

o ( b )  = 1 .

(b) The u n i t  b can  be  e x p re s s e d  i n  t h e  form

i-l i
^ "  ^'ik = 0 o r  1 ^ d ^ , - ' . , i ^  ^1

w i t h  c o e f f i c i e n t s  d .  . w hich  a r e  sums o f  s q u a r e s  o f  e le m e n ts
^ l ’ ’ * ' ’ ^ r

i n  R.

P ro o f  (b) im p l ie s  (a)  i s  e v i d e n t  from  (V .2 1 ) .  To p ro v e  (a)  i m p l i e s

( b ) ,  c o n s id e r  t h e  " P f i s t e r  fo rm s"  F = ( l , a ^ )  g) ( l . a g )  ® • • •  ® ( l , a ^ )  

and  E = ( 1 , - b )  ® F = F 1 ( - b )  ® F . A ssum ption  (a) i m p l ie s  a (E )  = 0 f o r  

a l l  s i g n a t u r e s  a o f  R. Thus t h e  c l a s s  o f  E i n  W(R) i s  n i l p o t e n t  (V .17) 

he n c e  t o r s i o n  (V .1 8 ) ,  and t h e r e  e x i s t s  some n a t u r a l  number m ( a c t u a l l y .
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a  power o f  2) su ch  t h a t  mE 0. From t h i s ,  mF m(b) ® F. S in c e  mF

and m(b) ® F have  t h e  same d im e n s io n ,  i t  f o l l o w s  t h a t  mF = m(b) ® F. 

S in c e  F r e p r e s e n t s  1 ( i . e . ,  f o r  some x  i n  F, 6 ( x , x ) = l ) ,  t h e  sp a c e

(b) S' F r e p r e s e n t s  b ,  so mF r e p r e s e n t s  b .  T h is  g i v e s  t h e  d e s i r e d  ex­

p r e s s i o n  f o r  b w i t h  sums o f  m s q u a re s  a s  c o e f f i c i e n t s .

(V.23) C o r o l l a r y  The u n i t s  o f  R w hich  have  t h e  v a lu e  +1 u n d e r  a l l  

s i g n a t u r e s  a r e  p r e c i s e l y  t h e  u n i t s  which a r e  sums o f  s q u a r e s .

P ro o f  T h is  i s  t h e  s p e c i a l  c a s e  r  = 1 ,  a^ = 1 o f  (V .2 2 ) .

(V.24) C o r o l l a r y  L e t  R b e  a f u l l  r i n g  o f  ty p e  <1 ,3) w i t h  2 a  u n i t .

Then R i s  n o n - r e a l  i f  and  o n ly  i f  - 1  i s  a  sum o f  s q u a r e s .

P ro o f  I f  - 1  i s  a  sum o f s q u a r e s ,  t h e n  from  ( V . 2 1 ) ( i i i )  i t  i s  c l e a r  t h a t  

R h as  no s i g n a t u r e s .  Now suppose  R i s  n o n - r e a l .  In  (V .2 1 ) ,  t a k e  r  = 1 , 

a^ = 1 , b = - 1 .  We s e e  t h a t  b = - 1  i s  a  sum o f  s q u a r e s .

L e t  W(R)^ d e n o te  t h e  t o r s i o n  p a r t  o f  W(R).

(V.25) P r o p o s i t i o n  I f  W(R)^ = 0 ,  th e n  any u n i t  a  o f  R w hich  i s  a  sum

o f  s q u a r e s  i s  i t s e l f  a  s q u a r e ,  b u t  - 1  i s  n o t  a  s q u a r e .

P ro o f  I f  a  i s  a  sum o f  s q u a r e s ,  by (V .2 3 ) ,  a ( a )  = 1 f o r  a l l  s i g n a t u r e s  

a o f  R. Hence o ( [ ( l , - a ) ] )  = 0 f o r  each  o ,  so  [ ( 1 , - a ) ]  i s  i n  W(R)^, by

(V .1 7 ) .  Thus [ ( 1 , - a ) ]  = 0 , o r  [a]  % [ 1 ] .  T h is  i m p l i e s  a  = 1 mod(R*)^,

i . e . ,  a  i s  a  s q u a r e .  Now W(R)^ = 0 im p l i e s  W(R)^ ^ W(R) so  R i s  r e a l  

and t h e  s e t  o f  s i g n a t u r e s  on R i s  non-em pty . Thus - 1  i s  n o t  a  s q u a r e ,  

by ( V . 2 1 ) ( i i )  and  (V .2 3 ) .

The c o n v e r s e  o f  (V.25) w i l l  b e  p ro v en  f o r  r i n g s  which a r e  f u l l  

o f  ty p e  <3,3>, f a r t h e r  i n  t h i s  c h a p t e r .

We g iv e  one f u r t h e r  d e s c r i p t i o n  o f  W(R)^.
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( y . 26)  Theorem L e t  M = {a i n  R*: a  i s  a sum o f  s q u a r e s } .  I f  W(R)^

5̂ W(R), th e n

W(R)j. = U A n n [ ( l , a ^ )  ® • • •  ® ( l , a ^ ) ]

w here  a^  i s  i n  M f o r  each  i  and  r  r u n s  th ro u g h  i n t e g e r s  ^  0 .

P ro o f  L e t  A d e n o te  t h e  r i g h t - h a n d  s i d e .  I f  x i s  i n  A, t h e n  

x [ ( l , a ^ ) ] [ ( l , a 2 ) ] • • • [ ( l , a ^ ) ]  = 0 f o r  some a^  i n  M. S in c e  a ( a ^ )  = 1 f o r  

any  a^  i n  M (V .2 3 ) ,  we have  2 ^ o (x )  = 0 ,  so o (x )  = 0 ,  f o r  a l l  s i g n a t u r e s  

0 o f  R. Thus X  i s  a  t o r s i o n  e le m e n t .  On t h e  o t h e r  hand , i f  x  i s  t o r ­

s i o n ,  t h e r e  i s  an  i n t e g e r  n  w i t h  2^x = 0 .  T h e r e f o r e ,  x [ ( l , l ) ] ’̂  = 0 ,  

and X  i s  i n  A.

A p o w e r fu l  s t im u lu s  f o r  t h e  s tu d y  o f  W it t  r i n g s  was P f i s t e r ’ s

t h e o r y  o f  m u l t i p l i c a t i v e  fo rm s ,  w h ich  was s i m p l i f i e d  by t h e  c o n c e p t  o f

a round fo rm , i n t r o d u c e d  by W it t  and  l a t e r  g e n e r a l i z e d  by Knebusch [2 2 ] .

For a  n i c e  summary o f  th e  h i s t o r i c a l  d ev e lo p m en t ,  s e e  H s ia  [ 1 8 ] .  We

n e x t  s tu d y  round form s o v e r  a  f u l l  r i n g  o f  ty p e  <3,3>.

At f i r s t ,  R w i l l  be  a  f u l l  r i n g  o f  ty p e  <1,3> w i t h  2 a  u n i t .

L e t  (V ,6 ) be  i n  B i l ( R ) .  D(V)* o r  D(S)* d e n o te s  t h e  s e t  o f  u n i t s  o f  R

r e p r e s e n t e d  by 6 ; t h a t  i s ,

D(V)* = {6 ( x ,x )  i n  R* I X  i s  i n  V}

A u n i t  X o f  R i s  c a l l e d  a  s i m i l a r i t y  norm o f  (V ,g) i f  (V ,6 ) = (X) ® (V ,6 ) .

N(6 ) d e n o te s  t h e  g roup  o f  s i m i l a r i t y  norms o f  (V ,g ) .  F o r  exam ple , X i s

i n  N(S) means t h a t  t h e r e  i s  a n  R - l i n e a r  isom orph ism  a :  V V w i t h  

6 ( o ( x ) , a ( x ) )  = X6 ( x ,x )  f o r  each  X i n  V. a i s  c a l l e d  a  s i m i l a r i t y  w i t h  norm X,

I f  1 i s  i n  D (6) ,  i t  f o l l o w s  t h a t  N(S) C D (6) * ,  s i n c e  i f  a :  E -> E 

i s  a  s i m i l a r i t y  w i th  norm X and  6 ( x ,x )  = 1 , th e n  3 ( a ( x ) , a ( x ) )  = X6 (x ,x )

= X"1 so  X i s  i n  D(B).
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(V.27) D e f i n i t i o n  A b i l i n e a r  sp a c e  (V,B) i s  c a l l e d  round  i f  N(S) = D (S)* .

Remark I f  D (6)*  C N (6 ) ,  t h e n  (V ,6 ) i s  r o u n d .  To show t h i s ,  we need

o n ly  show 1 i s  i n  D(6) .  Suppose 6 ( x ,x )  i s  i n  D (6) * .  S in c e  S ( x ,x )  i s  

i n  N (6) ,  t h e r e  i s  a  s i m i l a r i t y  a o f  (V ,6 ) w i th  norm 6 ( x , x ) .  So 

6 ( a ( z ) , 0 ( z ) )  = 6 ( x , x ) 6 ( z , z )  f o r  e v e ry  z i n  V. I n  p a r t i c u l a r ,  f o r  z = x ,  

B(6 ( x ,x )  ^ o ( x ) ,  6 ( x ,x )  ^ o (x ) )  = 6 ( x ,x )  ( x , x ) S ( x , x )  = 1 , so 1 i s  i n

D (6 ) .

An example o f  a  round  form i s  g iv e n  i n  t h e  f o l l o w in g  lemma.

(V .28) Lemma L e t b be a u n i t  o f  R. Then t h e  b i l i n e a r  s p a c e  ( l , b )  i s

ro u n d .

P ro o f  L e t  ( l , b )  have  b a s i s  {x ,y}  where 6 ( x ,x )  = 1 ,  6 ( y ,y )  = b ,  B (x ,y )

= 0 . L e t  z = ax  + yy be  i n  ( l , b )  w i th  g ( z , z )  a  u n i t .  Then th e  m a t r i x

a Y 

-b y  a
T =

2 2i s  a  s i m i l a r i t y  o f  ( l , b )  w i th  norm 6 ( z , z )  = a  +  Y b .

S e v e r a l  e a sy  o b s e r v a t io n s  a b o u t  round  s p a c e s  can be made. I f

V i s  a  round  fo rm , V m ust r e p r e s e n t  1 , s i n c e  1 ig V = V. A ls o ,  i f  r  and

s a r e  b o th  r e p r e s e n t e d  by V, so  i s  t h e i r  p r o d u c t ,  s i n c e  r s  ® V =

-1  -2r  ® (s  ® V) = r  ® V = V. I f  r  i s  r e p r e s e n t e d  by V, so i s  r  = r  r .  

T h e r e f o r e ,  t h e  s e t  o f  u n i t s  r e p r e s e n t e d  by  a  round  form  i s  a m u l t i p l i ­

c a t i v e  g ro u p .  S in c e  i n  ou r  s e t t i n g  e v e ry  s p a c e  h a s  an o r th o g o n a l  b a s i s ,  

i t  i s  e a s y  t o  s e e  t h a t  a  round form r e p r e s e n t s  i t s  own d e te r m i n a n t .

S in c e  round form s a lw ays  r e p r e s e n t  1 , any  o n e -d im e n s io n a l  round  

form i s  iso m o rp h ic  to  ( 1 ) .  A tw o -d im e n s io n a l  form  i s  round  i f  and o n ly  

i f  i t  h a s  t h e  form  ( l , a )  where a  i s  a  u n i t .
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(V .29) P r o p o s i t i o n  L e t  (V ,6 ) be  a  round  form  i n  B i l (R )  o f  odd d im e n s io n .

I f  c i s  i n  D (6) * j  t h e n  c i s  a  s q u a r e .

P ro o f  S in c e  c i s  i n  D (g )*  = N (6 ) ,  c & V = V and d e t ( c  (# V) = d e t ( V ) .

Thus d e t(V )  = d e t ( V ) .  Thus = 1 m od(R*)^, S in c e  dim(V)

2i s  odd, t h i s  g i v e s  c = 1 mod(R*) , and c i s  a  s q u a r e .

Thus, i f  V i s  round  o f  odd d im e n s io n ,  V h a s  a  d i a g o n a l i z a t i o n  

( 1 , 1 , • • • , ! )  = n * ( l ) ,  and e v e ry  e le m en t  o f  t h e  r i n g  R w h ich  i s  r e p r e s e n t e d  

by V i s  n o t  o n ly  a  sum o f  s q u a r e s  b u t  a s q u a re  i t s e l f .

(V .30) Lemma I f  V i s  i n  B i l (R )  and  V i  H i s  ro u n d ,  t h e n  V i s  round

and D(V)* = R*.

P ro o f  L e t  x  be  i n  V w i t h  g ( x ,x )  a  u n i t .  Then 6 ( x ,x )  i s  i n  D(V 1 H)* 

so  6 (x ,x )  ® (V 1 H) = V 1 H. But g ( x ,x )  ® (V 1 H) = ( g ( x ,x )  ® V) 1 

( g ( x ,x )  ® H ) . Now s i n c e  2 i s  a  u n i t ,  H = ( 1 , - 1 )  r e p r e s e n t s  any r  i n  

R: r  = (%(1 + r ) ) ^ * l  +  (Js(l -  r ) ) ^ ( - l ) .  A l s o ,  by  ( V .2 8 ) ,  H i s  ro u n d .

So g ( x ,x )  ® (V 1 H) = ( g ( x ,x )  ® V) 1 H = V 1 H. By c a n c e l l a t i o n ,  

g ( x ,x )  ® V = V.

To show D(V)* = R*, o b s e rv e  t h a t  s i n c e  D(H)* = R*, D(V 1 H)*

= R*. Then f o r  any  u n i t  r ,  r  ® ( V i  H) = ( r  ® V) 1 ( r  ® H) = ( r  ® V)

i  H. V 1 H i s  round  i m p l i e s  r  ® ( V I  H) = V 1 H. Thus V I  H = ( r  ® V)

1 H and by  c a n c e l l a t i o n ,  V = r ®  V. Thus R* = D(V)*.

The n e x t  th e o re m , (V .3 3 ) ,  shows how t o  b u i l d  a  new round  form

from  o t h e r  round  fo rm s ,  when R i s  f u l l  o f  ty p e  <3,3>. The p r o o f  o f  th e  

theo rem  u s e s  t h e  f o l l o w i n g  lemma.

(V.32) Lemma L e t  a  b e  a  u n i t  i n  R and l e t  V be  i n  B i l ( R ) .  Suppose n
2

i s  i n  R such  t h a t  1 +  an i s  a  u n i t .  L e t  {x ,y}  b e  t h e  o r th o g o n a l  b a s i s
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f o r  t h e  d i a g o n a l  s p a c e  ( l , a ) .  The map ( l , a )  0  V ^  ( l , a )  0  V d e f i n e d  by

6 0  i d „  w here  6 (x) = x +  ny , 6 (y )  = anx  -  y i s  a  s i m i l a r i t y  o f  ( l , a )  ® E 

2
w i t h  norm 1 +  an .

P r o o f  The c la im  may be  v e r i f i e d  d i r e c t l y  by c o m p u ta t io n .  O bserve  t h a t  

t h e  m a t r i x  o f  0 w i th  r e s p e c t  to  t h e  b a s i s  {x ,y}  i s

1 an 

n - 1
2

w hich  h a s  d e te r m in a n t  - ( 1  + an ) .

(V .33) Theorem L e t  R be  a  r i n g  w hich  i s  f u l l  o f  ty p e  <3,3> and h a s  2

a  u n i t .  L e t  (V,S) be  a  round  s p a c e  i n  B i l ( R ) .  Then f o r  e v e ry  a  i n  R*,

( l , a )  0  V i s  ro u n d .

P ro o f  L e t  W = ( l , a )  ® V = V 1 (a )  0  V. Choose t  i n  (a )  w i t h  g ( t , t )  = a ;  

t h a t  i s ,  R t = ( a ) .  For  e a s e  o f  n o t a t i o n ,  we w r i t e  n (x )  f o r  t h e  norm o f  

X ,  t h e  i n n e r  p ro d u c t  o f  x w i th  i t s e l f .  For  an  a r b i t r a r y  e lem en t  x +  t  0  y 

o f  W ( x ,y  i n  V ) ,

n ( x  + t  ® y) = n ( x )  +  a n ( y ) .

I f  n ( x )  +  a n (y )  i s  a  u n i t ,  we m ust show (n (x )  +  a n ( y ) )  0 W  = W. We

c o n s i d e r  two c a s e s .

Case I .  Suppose n (x )  and n ( y )  a r e  b o th  u n i t s .  Then b e c a u s e  V i s  r o u n d ,  

n (x )  0  V = V and n ( y )  0  V = V. T h e r e f o r e ,  ( l , a )  0  V = ( l , a n ( x ) n ( y ) )  0  V. 

So (n (x )  +  a n ( y ) )  0  W = (n (x )  +  a n ( y ) )  0  ( l , a n ( x ) n ( y ) ) 0  V. On t h e  o t h e r  

h a n d ,  f o r  two u n i t s  A, y w i th  A + y a  u n i t ,

(*) ' (A) i  (y) = (A +  y) 0  ( l ,A y ) .

A p p ly in g  (*) to  A = n ( x )  and y = a n ( y ) ,  i t  f o l l o w s  t h a t

(n (x )  +  a n ( y ) )  0  W = [ ( n ( x ) )  i  ( a n ( y ) ) ]  0  V

= (n (x )  0  V) 1 (a n (y )  0  V)

= V 1 (a )  0  V -  W.
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Case I I .  Suppose n ( x )  and n (y )  a r e  n o t  b o th  u n i t s .  C o n s id e r  t h e  f o l ­

low ing  m a t r ix  o v e r  R:

A = n ( x )  - 2 a S ( x ,y )  a ^ n (y )

n ( y )  2 6 ( x ,y )  n ( x )

S in c e  n (x )  + a n (y )  i s  a  u n i t  and a  i s  a  u n i t ,  A h a s  u n im o d u la r  row s. 

S in c e  R i s  f u l l  o f  ty p e  < 3 ,3 ) ,  t h e r e  e x i s t s  an  n i n  R w i t h

A [ l , n , n ^ ] ^  = [u^.U g.U g]^

w here  u ^ ,  u ^ ,  u^ a r e  u n i t s .  Now l e t  x '  = x -  any  and y '  = y + nx.

Then n ( x ' )  = n (x )  -  2an B (x ,y )  + a^ n ^n (y )  = u ^ ;  n ( y ' )  = n ( y )  +  2 n 8 (x ,y )

+  n^n (x )  = u ^ ;  and n ( x ' )  +  a n ( y ' )  = (1  +  a n ^ ) ( n ( x )  +  a n ( y ) )  = u ^ (n ( x )

+  a n ( y ) )  i s  a  u n i t .  By t h e  lemma (V .3 2 ) ,  (1 +  a n ^ )  ® W = U. A pp ly ing  

c a s e  I  g i v e s  ( n ( x ' )  + a n ( y ' ) )  ® W = W. T h is  g iv e s

W = (1 +  a n ^ ) ( n ( x )  +  a n ( y ) )  ® N = (n (x )  +  a n ( y ) )  ® W,

w hich  i s  w hat we w anted  t o  show.

(V.34) D e f i n i t i o n  A b i l i n e a r  s p a c e  o f  t h e  form  ( l , a ^ )  ® ( l , a 2 ) ® • • •

® ( l , a ^ ) ,  w here  each  a^  i s  a  u n i t ,  i s  c a l l e d  a  b i l i n e a r  P f i s t e r - s p a c e , 

o r  a  b i l i n e a r  P f i s t e r - f o r m .

(V .35) C o r o l l a r y  I f  R i s  f u l l  o f  ty p e  <3 ,3) h a v in g  2 a  u n i t ,  t h e n  e v e ry

b i l i n e a r  P f i s t e r  form  ip o v e r  R i s  round .

P ro o f  Use i n d u c t i o n  on n where (ji = ( l , a ^ )  ® • • •  0  ( l , a ^ ) .  ( l , a ^ )  i s

round  by (V .2 8 ) .

(V .36) C o r o l l a r y  L e t  n >  1 be  a  p o s i t i v e  i n t e g e r .  L e t  R be  a ( 3 , 3 ) -  

f u l l  r i n g  h a v in g  2 a  u n i t ,  and l e t  S r e p r e s e n t  t h e  s e t  o f  u n i t s  o f  R

w hich  a r e  sums o f  2^ s q u a r e s .  Then S i s  a subgroup  o f  R*.
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■P ro o f  The 2 ^ -d im e n s io n a l  form  = ( 1 ,1 )  ® ( 1 ,1 )  ® • • • ® ( 1 ,1 )  (n f a c t o r s )  

i s  ro u n d ,  by (V .3 4 ) .  O bserve  t h a t  S = D ($ )* ,  w h ich , a s  we have  a l r e a d y  

s e e n ,  i s  a  g roup .

The n e x t  theo rem  i d e n t i f i e s  t h e  g e n e r a t o r s  o f  t h e  a n n i h i l a t o r  

i d e a l  o f  a  round form and l e a d s  t o  t h e  p rom ised  c o n v e rs e  o f  (V.'25).

(V .37) Theorem L e t  R be  a  r i n g  w h ich  i s  f u l l  o f  ty p e  <3,3> h a v in g  2 

a  u n i t .  I f  V i s  a  round  s p a c e  o v e r  R, V ^  0 , th e n  t h e  a n n i h i l a t o r  i d e a l  

Ann(V) i n  W(R) i s  g e n e r a te d  by t h e  s p a c e s  (1 , -A )  w i th  A a  u n i t  r e p r e ­

s e n te d  by V.

P ro o f  We may assume V i s  a n i s o t r o p i c ,  s i n c e  t h e  k e r n e l  s p a c e  i s

round  and r e p r e s e n t s  t h e  same u n i t s  a s  V ( s e e  ( V .3 0 ) ) .  L e t  I  b e  t h e

i d e a l  o f  W(R) g e n e r a te d  by { ( 1 , - A ) :  A i s  a  u n i t  r e p r e s e n t e d  by V}.

S in c e  (1 ,-A )  ® V = V 1 (-A) ® V = V 1 -V ^  0 ,  we have  I  C Ann(V).

We w i l l  u s e  t h e  f o l l o w i n g  o b s e r v a t i o n :  L e t  b be a u n i t  o f  R

2and l e t  c b e  a u n i t  o f  t h e  form  c = n ( x )  + bn n (y )  w i th  n ( x )  and n (y )

u n i t s  and n an  e lem en t  o f  R, x and y e le m e n ts  o f  V. c i s  r e p r e s e n t e d

by t h e  round  s p a ce  ( l , b )  ® V, so t h a t  (c )  0  ( l , b )  0  V = ( l , b )  0  V and

th u s  ( 1 , - c )  ® ( l , b )  ® V 'V 0 . Now c o n s i d e r  t h e  s p a c e  F =

( n ( x ) , b n ( y ) ,  - c ,  - b e ) .  The s u b s p a c e  ( n ( x ) ,  b n ( y ) )  r e p r e s e n t s  t h e  u n i t  
2

c = n (x )  +  bn n ( y ) ,  so  F can  b e  w r i t t e n  a s  ( c , t , - c , - b c )  w here  t  i s  a

u n i t .  Comparing d e te r m in a n t s  o f  t h e  two d i a g o n a l i z a t i o n s  o f  F,

2 2 n ( x ) n ( y ) b  E c t  mod(R*) , so  t  = b c n ( x ) n ( y )  mod(R*) . Then

F = ( c ,  b c n ( x ) n ( y ) ,  - c ,  - b e )  a. ( b c n ( x ) n ( y ) ,  - b e )

= ( -b e )  0  (1 , - n ( x ) n ( y ) )

w hich  i s  i n  I .  Thus F E 0 mod I .  On t h e  o t h e r  hand .
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( 1 , - c )  ® ( l , b )  -  F = ( l , - c , b , - b c , - n ( x ) , - b n ( y ) , c , b c )

~ ( l , b , - n ( x ) , - b n ( y ) )  = ( l , - n ( x ) )  i  b ® ( l , - n ( y ) ) ,  

which i s  a l s o  i n  I .  T hus , ( 1 , - c )  ® ( l , b )  E F 5 0 mod I .  Thus

( l , b )  = (c )  ® ( l , b )  mod I .

C ongruences  o f  t h i s  ty p e  w i l l  b e  u se d  i n  t h e  r e m a in d e r  o f  th e

p r o o f .

Assume Ann(V) I .  L e t  F = ( b ^ , ' ' « , b ^ )  b e  a  s p a c e  o f  m in im al 

d im e n s io n  n  w i t h  F n o t  i n  I  and F ® V ~ 0 .  The s p a c e  ® V

m ust have  k e r n e l  s p a c e  i so m o rp h ic  t o  ( -b ^ )  ® V. S in c e  V r e p r e s e n t s  1 ,

( -b ^ )  ® V r e p r e s e n t s  - b ^ ,  and t h e r e  i s  an  e q u a t i o n

b i  +  b2n (x g )  + + b n ( x  ) = 0 n n

w i t h  x^ i n  V. We w i l l  a l t e r  F modulo I  t o  a  s p a c e  F '  = ( b ^ , ' " " , b ^ )

so t h a t  bJ +  b l  +  • • •  +  b '  = 0 .1 2  n
2

F i r s t ,  we f i n d  a  u n i t  c o f  t h e  form  1 + n b g /b ^  such  t h a t

c (b ^  + bgO^Xg)) = b ^ n ( x j )  +  bgn^Xg) w i t h  x |  and x^ i n  V and n (x ^ )  and

n (x g )  b o th  u n i t s .  L e t  x^ be  i n  V w i t h  n ( x ^ )  = 1 .  L e t  A b e  t h e  m a t r ix

1 0 b g /b ^

n (x ^ )  - 2 (b2 / b ^ ) g ( x ^ ,X 2 ) ( b 2, / b ^ ) ^ n ( x 2 )

n ( x 2 ) 2 b(x^ ,X 2 ) n (x ^ )

A h as  u n im o d u la r  ro w s .  Then s i n c e  R i s  f u l l  o f  ty p e  < 3 ,3 ) ,  t h e r e  i s  an  

n i n  R such  t h a t  A [ l , n , n ^ ] ^  = [u^ ,U 2 ,Ug]^ w here  u ^ ,  U2 » u^ a r e  u n i t s .

L e t  x^ = x^ -  (b 2 /b ^ )n X 2 and %2 "  *2 ^  ’̂ ^ l '  Then n ( x | )  = U2 > n ( x p  = Ug, 

and n (x ^ )  +  ( b 2 / b ^ ) n ( x p  = (1 +  n^b2 / b ^ ) ( n ( x ^ )  + ( b 2 / b ^ ) n ( x 2 ) ) .  M u l t i ­

p l y in g  b o th  s i d e s  o f  t h i s  e q u a t io n  by  b^ g i v e s

bin (xj)  + bgnCxg) = (1 + n^^b2/b^)(b^n(x^) + b2n(x2)) 

= (1 + n^b2/b^) (bĵ  + b2,n(x2).
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2
L e t  c = 1 + n b g /b ^ .

- 1  -1C la im : ( b . , b _ , * * * , b  ) = (c b^ j C b _ ,b  , *** , b  ) mod I .X z n  X z j  n

P ro o f  o f  c la im :  As i n  t h e  e a r l i e r  o b s e r v a t i o n ,  ( 1 , - c  ® ( l ^ b g / b ^ )

i s  i n  I ,  so  b^ ® ( 1 , - c  ® ( l ^ b g / b ^ )  = ( 1 , - c  i s  i n  I ,  and

th u s  (bj^»b2 ) = (c ^ b ^ ,c  ^bg,) mod I .  Now l e t  b^ = c ^ t ^ n ( x ^ )  and

bg = C2^ b2n ( x p .  S in c e  and a r e  i n  V and have  u n i t  norm s,

(c  , c  ^ b „ ,b  , *** , b  ) 5 ( b ' , b ' , b _ , ' " ' , b  ) mod I .  F u r t h e r ,  
X Z J n X Z o n

- 1  -1
b ^ n (x ^ )  +  b 2n ( x 2 ) = c b ^ n (x ^ )  +  c b 2n ( x p  so t h a t  b^ +  b^  +  b^ +  • * •

+  b = 0 .  n

T h is  p r o c e s s  i s  c o n t in u e d  ( n e x t  u s in g  b^ and h y n ^ x ^ ) )  u n t i l

F = (b ' , b ' , • • • , b ' )  mod I  w i t h  bJ +  + b '  = 0 .  L e t  e , , e „ , * * * , e  bex z n  X n x z n

t h e  o r th o g o n a l  b a s i s  o f  F '  = ( b ^ b ^ »  • • • ,b ^ )  w i t h  n ( e ^ )  = b % The v e c t o r  

e^ +  Cg + i s  i s o t r o p i c .  Then F '  = H 1 G w here  H i s  a  h y p e r b o l i c

p l a n e  and dim(G) = n -  2 . F Ë 0 mod I  and H i s  i n  I ,  so  G ^ 0 mod I .

But 0 ' v F ® V ' v - H ® V i  G ® V ' v G ® V .  T h is  c o n t r a d i c t s  t h e  m in i m a l i t y  

o f  d im (F ) .  (N o t ic e  t h a t  dim F >  2 ,  s i n c e  i f  n  = 2 , t h i s  a rgum en t shows 

F = H w hich  i s  i n  I ,  c o n t r a r y  t o  t h e  c h o ic e  o f  F .)

(V .38) C o r o l l a r y  I f  R i s  a  f u l l  r i n g  o f  ty p e  <3,3> w i t h  2 a  u n i t ,

W(R)^ i s  g e n e r a te d  by e le m e n ts  o f  t h e  form [ ( 1 , - a ) ]  w here  a  i s  a  u n i t  

and a  sum o f  s q u a r e s .

P ro o f  By (V .26) and (V .3 7 ) ,  W(R)^ i s  g e n e r a te d  by e le m e n ts  o f  t h e  form  

( 1 , - a )  w here  a  i s  a u n i t  r e p r e s e n t e d  by a  P f i s t e r - s p a c e  ( l , a ^ )  ® • • •

® ( l , a ^ )  w here  each  a^  i s  a  u n i t  and a  sum o f  s q u a r e s .  E le m e n ts  r e p r e ­

s e n te d  by such  a sp a c e  a r e  a g a in  sums o f  s q u a r e s ,  h e n c e  t h e  c o r o l l a r y .

(V .39) C o r o l l a r y  W(R) i s  t o r s i o n  f r e e  i f  and o n ly  i f  e v e ry  u n i t  w hich  

i s  a sum o f  s q u a r e s  i s  i t s e l f  a  s q u a r e ,  w i t h  t h e  e x c e p t io n  t h a t  - 1  i s
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n o t  a  s q u a r e .

P ro o f  I f  e v e ry  e lem en t  w hich  i s  a  sum o f  s q u a r e s  i s  a l r e a d y  a  s q u a r e ,
2

t h e n  W(R)^ i s  g e n e r a te d  by ( 1 , - a  ) ( 1 , - 1 )  % 0 so  W(R)^ = 0 . The con­

v e r s e  i s  (V .2 5 ) .
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