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Preface 

At the inception of Project No. 21 of the Research Foundat.ion at Okla­

hana A.. d • College, Dr. Alvin C. SUgar began the preparation of an atlas 

of inverse ma.trices which could be used to solve the Dirichl t probl • This 

paper anbodies the results of that investigation, which may be ext nded t.o 

exam1n allied problems that ar suggested. 

fh• fundamental theory for the simple cases has been worked out 1n great 

detail with the hope that some clue may becane apparent for general.izing more 

canplicated cases. 

The bibliogx-aphy, deliberately' inextensive, is basic. References to it 

throughout the text are indicated by bracketed numerals and page·numbers. 

The paper doe not repres• all tha~ has been and is b4ting done on th 

project; 8J!! a matter of .f'~t, an approaeh t.o the probl is bein_g made at 

present through the use of integral equations ap.d variation principles. 

July, 1947 
Stillwater, Okla. 

R, R.R. 
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matri ces containing ui and. linear combination of uf, respecti vefy [i • 1, 

2, ••• mn; j • 1, 2, 3., 4]. Th for a given rectangular boundary, as and 

n increase without bound, h and k approach zero and the solutions of (2) ¢on­

verge to those of (1).,. subject to the given boundary conditions. A proof of 

this is given in [l). The solution 

of the matrix equation (2) requires (1) the inversion of and (2) the multi-

-1 - l plication ot ll b7 the column matrix u*. Once M is known,. each ~ can b 

comput d by adding mm pairs o! products ot numbers. Thus it appears that 

tabulation of inverses of K !or areas divided into a large number of reetan-

gles would facilitate the complete solution of many nwnerically difficult 

.engineering proble • 

2 The l >< n rectangle 

]quation(l) is reduced in [7, p. 163) and [5, p. 20] to the difference 

equation 

(4) u(x+h,y)+u(x,y+h)+u(x-h,y)+u(x,y-h)-4u(x,y) 0 0, 

which is a simplification of 

(5) u(x+h,y)+u(x-h,y)-2u(x,y) • u(x,y+k)+u(x,y-k)-2u(x,y) 
--~------~~~----- a 0 . . h2 . k2 

in the case where the rectangle is subdivided into squares so that h • k. 

ow suppose m • l; then in (2) M has 4' s in the pt"incipal diagonal, -l's. in 

th immediately adjacent diagonals, 

,,_ l 2 3 l 2 
••• un, and u-... has 'i. +'1:1. +uj_, u2+~, 

and o• s elsewhere, hile u has ~' u2, 

l 2 1 2 4 • • • u. 1tu 1, u +u +u, reading downward n- n- n n n 
in both eases. The square matrix, whieh in this instance (m • l) will be 

called~' is not only symmetric but also has the reversibility property th t 
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the el J.ents of the i th row [j th column) read i'orwa.rd [ down a.rd] are the 

same as those of the (n+l- i )th ro [ (n+l - j )th column] read backward [upward) . 

or.e precisely, · if J is a square matrix tJi. th 1 1 s in th secondary diagonal 

and O • s else here, and if M • ~ , then M is called a reversible atrix. Th• 

theorems below follow fr the 

Lemma: J 2 • I , where I is the unit matrix of th sam. order as J; for 

if the elements ot J are ~j [i, j • 1, 2, ••• n], then ~j • ai,n+l-j • 

on+l-i,j' where 

0 • lifi•j 
· ij O if i ,f j 

is used throughout for the Kronecker delta. Now if J 2 • C and the el ents 

of Care cij' then eij • E d..ucdij' where the summation runs from k • 1 ton. 

The only nonzero elements a.re those of the form d.i, n+l-i<\i+l- j,j; hence n+l - i 

• n+l - j, or i • j . Therefore, cij • oij , so that C • I . 

b ,J d, 

Theor 1: J- l • J . 

Theorem 2: A reversible matrix i not n cessarily symmetric; . g • ., if 

ab C 

d e d. • 
cba 

eorem ;:: A sy:rrmetric matrix is not necessarily reversible; e. g., if 

ab 
b d • 

Theoren 4: 'r'he inverse or a reversible matrix is reversible; for suppose 

M • JMJ, then l.C1 • J - Iy- lJ- l • JlC1J . 

'lbeorem 5: If :M is reversible, then JM • ; for suppose M • JMJ, then 

= JJW = DIJ • • 
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eorem. 6:. The um or difference of t ro reversible a.trices is revei-

sible; £or suppos • J 4"J and . = JNJ, then ! N = JMJ!J J '"' ( ,!JN)J = 

J( :!;.N)J. 

Tbeor 7: The product of two reversible matrices is reversible; for 

su pose = J'iJJ and i ... JI~J, then Mti • JWJNJ • JMINJ • JMNJ. 

Definition: syr.umetric, reversible matrix is called a symverse. 
- 1. . , , , .. 

Since n is a symverse, so also is M0 ; thus it is necesoary to compute 

only those elements in the fwldamental triangl.e, hioh is that part of M=1 
n 

to the le.ft of and including the 1 ;f't halves of the principal and 8econcla.cy 

diagonals. These inverses are calculated exactly and to five decimal places 

in Table 1 up to n = 7. lt is possible to deter.mine aifY element in - l one 
n 

the el ent 8ii iI the first row and first column is known. oreover, an+l 

can be expressed in terms of an. Furthermore, it will be sho that each of 

the elements approaches a l1miting value as n increases without bound. 

Let a symmetric matrix be partitioned 

M• a c ' 
e d ' 

where a and d a.re squar, symmetric, and nonsingular, but c and hence its 

transpose c• ma:y- be rectangular. Then its inverse 

-1 AC' 
M • CD ' 

llhose submatrices are of the same order as similarly placed quantities in M, 

is worked out according to the following steps, 'Which are adapted from 

(4, p. 112, ££. ]: 

1) Compute a - l 

(6) 2) Premultipq l) by c: 

J) Post.multiply 2) by c 1 : 

-1 ca 

-1 ea c ' 



(6) 

4) Subtract 3) fr m d: -1 d-cu c ' 

5) Invert 4): D = (d-ca-1c• rI 

6) Premultiply 2) by the negative of 5): c = - ca- 1 

7) Pr ultiply 6) by c ' : c •C 

8) Subtr~et 7 from the unit matrix I: I-c'C 

9) Premultiply 8) by 1):. A "" a- 1 (I-c •c) 

The sub.ma.trices A, C, Dare thus determined from 9), 6), 5). 

Suppos ~l ie known and that ~+l is partitioned 

M Kt 
~+l • Kn 4 ' 

lvhere K is a row matrix with n-1 O' s and having - 1 as the rightmost element. 

Then, since the element in the n t.h row and the n the column ot i - 1 is equal 
n 

to an (because Mn is reversible), it follows a.f"ter applying the !irst five 

steps of ( 6) that 

(7) 

Since a:i_ • 1/4, subsequent an are rational fractions; thus it 9ri = NJDn., 

where N and d are relatively prime integers, (7) is equivalent to n n 

Combination of these yields the relations 

5 

(8) 
Nn+ 1 • 4Nn - Nn-1 

0n+J. = 4Dn- 0n- l 
(n • 3, 4, ••• ]. 

'l'he value cf N and ten-place approximations o;f a are entered in Table 2. n n 
l An enlargement of this table gives the leading element in u; for 8Ir:f n . 

Now, in order to determine the other elements of the f\mdamenta.l tri-
- 1 . . 

a,:igle, designate the elements of Un by aij and thos of 140 by bij; then, 

sinee ~, • "'-r,,u;_1 • In (the unit matrix of order n), the n2 equations 
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(9) [i, j • l, 2, ••• n] I 

hold, the summation running from k = 1 to n. Fran the definition of M, 

••• n] bii - 4 
b .. l • - 1 

J.,J.+ 

[i = 1, 2, 

[i = 1, 2, 

(i • 2, 3, 
... n- 1]; 

bi i - 1 • - 1 
' 

thus for i, j = 1, 2, ••• n, (9) may be ritten 

(10) 

provided that 

(11) aiO • ~,n+l • lloj • \i+l,j • O • 

Elements of the first coltunn are determined from the equations 

. •. nJ 

(12) 8ll. • \i' ai+l,l • 4ail- ai-l,l- dil (i • 1, 2, ••• n-1]. 

Now since a can b written ail• N(i)/Dn, where N(i) is an integer, it fol­

lows that nti:) satisfies a differenc equation 

. (1+1) . 4N(i)_N(i -l), . N(l) • N 
n 

similar to that £or N ; however, the sequence N(i) decreases from N to l n n 
while assuming the same values as N1 in reverse order. 

To determine the r aining elenenta, first eliminate aij from (10): 

(13) a. · l •a. l j + i l .-ai j l • 1,J+ 1- , + ,J , -
An induction shows that 

(14) ~+(j-1) 
aij • i -(j -1) arl' 

the summation running over either odd or even integers r, not both, since 

If+j 2 ~ +j - 2 ~ +j - I!.+J - 2 
i - j i - j + i-j+2 i - j+2 

and (14) holds for j • 1, 2. After applying (7) and (12), it is most expedi.-



tious to calculate first the clements alo the principal diagonal., then 

t se along t he diagonal j st belo , etc. ; work toward the center of the 

matrix. This solves completely the probl of inverting th 

l X n rectangle. 

trix for the 

It ill now be ho tin that as n - co, corr spond;ing element of l\t.l 

have limiting values; t he i.n1'inite matrix 1;C1with t he limiting element 
00 

is a.ccordingl.y called th limit matrix of ~ 1 • This is accomplished by 

proving (1) all the aij are bounded for any n mid (2) correspon a.ij 

form a monoton s quence~ suppose in (.3) that u* has 1 in the j t h row and 

O' s elsewhere, then if M: .. (a1jJ, 1 • . a.ij [i,j = 1., 2, ••• n]; thu.s any 

8i.j is actually a solution ot (2) for a. particular set of boW'¥iary values; 

viz . , l at so e ~oint and O at all other boundary points. Since by (5) 

u(x,_y) is the average of Talues of u at t he four neighboring points (x+h ,Y), 

(x-h .,y) , (x,y+h) , (x,y-h), it follows as shown in [ 3, p. 73.5] that u attain 

its and minimum on the boundary; hence, all the aij li b tween 0 

and l for any ~. In {7) therefore 4- an > O so that the dii'ferenco 

(J.5) 1-a •(a -a 1 )/(4-an)(4,-a 1 ) n n n- n-

7 

i positi e it an- n-1. > O. Since a2-~ • 4/15-1/4 "" 1/60 > O, it follows by 

induction from (15 t 1at the n form a .monotone nondecreasing sequenc ith l 

as an upper baund d ha a limit s 'lhich is the amaller root of 

(16) , s • 1/(4..-s) , s2 • 4s-l , or s = 2-v'3 • 

Similar ar nts usi (12) and (l.4) demonatrate the eonvergenc or remaining 

~ . To calculate these limits fur j = 1, .first t ake the llmit 

the !irst terms in (12) for i • l: 

llm • 1-s-l • 21 ~ ' 

comparison of this with (16) akes 

as n - roof 



(17} 

a:t e d~agonals are displ.qoo in Table ) ,, In th inverses. comput d in Table l 

it app am that if the elew.ents .in. the ftwd.araental triangle of u.;1 are , . 

pl.aced by tbos ot u;, the foll mg mq be s-a.td about diffel"encc between 

corrc poudi.ng elem.ent:s: (1) they decrease as n. increases, {2) t t1ey increase 

re.ther rapidly aJJay tro th principal dingonal.1' (,3) tlley increase rather 

sl=e,-d.y a.long the principal dia.gonal towards t.he eent r of the ma rix; therefore., 

f-01t l.arge n the matrix built up by ... y.mfl'l&t,ry and rever"'ibility in tnis manner 

.fl:'Qm. , e appropriate .fundam.ental triangle is a good ai:-iprO"..d.nta.tion to ; 1 and 

can be improved by wu.ng the torm.ula 

itl.eh i the f'ir ... t step o,f an it tive pr c uro described in [4., p . 120). 

As a nwoorical exa: J.e consider a 1 X reetant:;le ith l-'Oun<.ia.ey val:ues 

{ 2i , ~ • 9 ,. all ot, er u;, - 0 • 

The r :sultn obtained. b using elements of ~l di.£1' r from the exact values, 

t;,, • 1 .in t.he fitth decimal ace,, as att.eeted in Table 4• !ho exac<# t.U:ilu~,.. 

t1on 1 v. • q .. 

In applying (5) to the caso of m rows ot points [ = l., 2., ... ] tlte 

matrix ~ in (2) is ot or J' m M.d is compo-.a et m ti1 oli"der submatl"'lces., 

m 1\t ts in th principal dia:i.._~na.12 -Int s in tl e • di.a-to~ adjacent diagonals,, 



and On I s els hero, where In and On a.re nth order unit and z ro a.trices, 

respectively; w~ is a col matrix of nth order column submatrice 

1 3 1 u1 has lli. +lli, ~, 
U· has u., O, ••• 

r/ has u2+u'J u2 
m , m• 2' 

(i "" 2, 3, • • • m-lJ , 

all reading d ru ards. The square atrix., which in this ins-ta.nee will. b 

called [n = l., 21 ••• J, is a ~verse., and so also is its inverse; 
- 1 - 1 .:1 - 1 . 

M22, .M23, 24, and ~ 3 arc, e.xhibited l.I1 Table ; . 

Results anaJ.ogoua to those in the prec diDg section are now presented. 

Suppose ~ i knom and that 1 is partitioned ... ,n 

Kt 
:u mn :'l 

m +l , n • Kn ~ " 

9 

Jlher l\i is a row atrix of sub :trtcest m,,.l On'' a and -1n at th extreme 

right . Let the submatric elements of - l be '1J [i,, j • l, 2., •• .m], ea.ch of 

n th order. Also let Amll:1 • '\i• then application or the first five steps of 

(6} gives 

(18) 

whence it follows by Theo 4 and 6 and mathematical. indre tioil that A +l 1 . 

a symverse and therefore Au • -'mm• \i :for all • Furthermore, if the sub-

matric lements of the la.st row of (1) ( 
l are designated A. ""+l . j .. 1,2., •• • . , n ~ . ,J 

+lJ., t-hey ~ be calculated according to step 6 or (6) by the formula. 

(19) !!1, +2 ... j • ~it\n.,m+1-j ' 

U) 1 
because Am-+l ,m+l • A.m+i • Hmu1ver, since ~ is. a symverse, 

(20) Aij = Aji • +l- i,m+l- j ""' ~+l.-j ,m+l - 1 ' 

so that (19) beccmos 
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(21.) ~ -~l J (i • 2, 3, ••• ] , 

where, in accord with convent.ion, i replaces j to designa;t t e row. 

To determine th oth r ~j of ~, note that the equations for finding 

the iJ th and ji th submatric elements in the product A\nn,1t;!, can be written 

(22) 

(23) 

respectiv ly, provi d AiO • Ai, +l • Aoj = A ~l,j • 0 and 

1n if i. . j 
0ij • 0 i:t i r j • n 

Substitution of (20) into (23 yiel.ds 

-A1,j~1•»n~-Jt.i,J+1 • 0ij; 

elindnation of ~Aij from {22) and (24) gives the analog of (13); finally, 

induction is applied to thi and the analog of (12) 

(25) [i = l, 2, ••• m] 

to produce 

(26) = ~+(j- l)A 
ij i - (j- 1) rl _ 

the surmiation ~ over r as described after (14.) . In summary, to calculate 

-1 : 

1) Use the ethods of Section 2 to calculate »;_1 

2) Use (18) to find the appropriate -\i, hich is t he 1 acting 

sub trio el ent in -l 
(27) .3) Use (21.) to find the remaining il 

4) Use (26) to determine all the other Aij in the fund ental 

triangle of symmetric elements 

Several theo .are now proved: 

[i~ j • l, 2, ••• m; n • l, 2, ••• ) . 



Proof: The product -lymn has the 1j th submatric ele nt given by 

(2S) - Ai,j- l+~jJ\i- Ai,j+l .. 0ij ' 

with the sam notation as in (23), The theorem follows i.mrtLedia:tely on e 

parisa o:r {24) and (.28) . 

ll 

orem ,2: If (1) A and B are sy.nmetric matrices and (2) AB • BA, th n 

AB is etric. 

Proof: Let A' , B' , (AB) ' be t respective transposes of A,. B,. (AB); 

then (AB) ' • B1A1 • B • AB. 

· Theorem !Q: '1.J is a symverae by application of Theor s 8, 9, 7, 6 and 

equations (18), (25), (.26) . Co qu tl.y, it is nee ssary to compute only the 
\ 

elements in th fundamental triangle of each A1 j . 

Theorem 11: A. A • A =--= - -"lll m+l m+l (m • l, 2, ••• ). 

Proof: P and post.multiplication of the second equation in (18) by 

MnAm+l- ~ +l. • 1n 

m+l.Mn- Am+l.Am • 1n ' 

respectively. By the definition of ~ +l and Theorem 8 the first terms in each 

ot these eqia.tions re identical; hence, the theorem. 

Theorem !6: The corresponding. ele.me!\ts in ~ .Llcrease monotonically with 

m. 

Proof: Th difference bet een successive tems in the sequenoe (17) mq-

be written 



According to the stat ent preceding (15) ~ has only positive elements; 

hence the matrix Am+l ~~ contains all positive elements if and only if 

~ - 1 does also" To compl.et the induction note that. 

has positive elements, 

Since each element 1n is never more than 1 for any m, it follow by 

12 

Theorem 12 that corresponding elern.ents have limits and that the limit trix 

is a solution of 

Which upon post.multiplication by: ·(lln-S) and rearrangement bee. es 

• . -1 • 
n 

The le.ft s1d could be written as a perfect square thus: 

s2 -s»..j2 ns/2+Ji;/ 4 • S.:I 4- In , 

(29) S( /2)-(Mu/ 2)(~2) • (~ -~ )/4 , 

(S41/2):! • (~ -~}/4 , 

provided SYn • li\iS ,. but this ,is true by Theorem 8 and the convel'gence oi \i: 
to S; consequently" fro (29), 

wher 

is an n th order matrix having, for n > 3, 14 t in the principal diagonal 

with the exception of the two corner elements hich are 131 s , ' s in the 
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two immediately adjacent diagonals, 1 1s in t he t wo next dia.gonal.s,. and O's 

elsewhere. The steps for the determination o'f ,i;f2 by using Sylvester • s 

theorem are sketched below (for the application of the theorem to fractional 

exponents see (4, P• 81): 

J.) Calcnlate the characteristic roots ~ of ~ [r • 1, 2, ••• n] 

2) For each xr form the product Fr of all a.trices ~ In 

[j f rJ . This can be expanded into a matric polynomial of 

degree n-1 in ~; thus it is necessary to calculate pow-ers 

· of~ 

(30) 3) Also form the product Ar of all numbers xj- ~ [j ,;. r] 

4) Fo:rm the matrices Zr • F./ A"t' [r • l, 2, ••• n] 

S) Then '{/2 .• I: !x;/4Lr, the SQD!lation running frem l to n; th~ 

sign • before ea term .must be determined in such a 83' 

that S has elements all l.ess than 1 . 

The apPropriate square root of ~ and the limit matrix K<Xit2 are given in Table 

6. In general submatrie e.lellt3nts of •a.in are expressible as sums of p ers of 

S in the same manner that the aij are calculated in (17); consequently, once 

S is known, a go0d approximation to u;;. for large m can be obtained by multi­

plication and addition of nth order matrices . 

4 The relaxation method 

. - 1 
Recall that the elements in the first co1umn of M a.re the so.luti n of 

(2) . hen u* has l for its first element and 0 1s elsewhere., so tnat the problem 

0£ solving {2) i s equivalent to solv· the Laplace boumary value problem 

here the sum of the value~ of u at the boundary points near thP upper left 

corner interior point of the rectangle is l mld all· otl::.~r "boonda.cy values 

are o. 'lhe relaxation procedure., which is used to solve th.is problem., is 

described in (2] and [5]; an interesting gaanetrio interpretation is given 

in [6] . First guess a set of values up [p • 11 2, ••. mn], numbered as in 
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Section 1, and substitute them into th left side of (5); generally instead of 

being O this ill equal some residual RP. Equations for the interior points 

Pp and the surrounding normal neighbors Pp-l' Pp+l' Pp-n' Pp+n' som of which 

may be bmmdary points, are 

(31) 

(32) 

RP• 4up-up-l-u.p.1 · p-n-up+n 

Rp-1 • 4up-l- up-2- up- up-l- n- up-l•n 

tmd three others £or up•l' up-n' '\>-+n · In case \ ' ,f O it is possible to 

reduce it to O by adding - \ to both sides of (31); this can be accomplished 

by adding ~R/4 to up, not only in (31) but also in (32) and the three other 

quations; then to galance (.32)., etc., -R/4 mutJt be. subtracted from \--1' 
Rp+l' R n' Rp+n• Usually it is best not to reduce I\, to O because the 

surrounding residuals are thereby increased in absolute value. Therefore., an 

arbitrary positive or negative number q is added which r duces the lett side 

of (.31) to almost zero., so t~t; (31) and (32) etc. bee 

and three other equations. Th proc dura is outlined as follows:. 

l) G'..less a. set of values up 

2) Calculate \ from {)l) for p • 1 take up-l +up-n = 1 

for p • kn [k • 1., 2., • • .. m] take up•l • 0 

for p • kn + 1 (k • l., 2, • .. • l.] take up-l .. 0 

{.33} for p < 1, p > u take ~ • 0 

3) At a point where~ is largest; add q to RP., add g/4 to 

up., d..indnish Rp-l' Rp+l" Rp-n' Rp+n each by q/4 

(boundary values are not to be used) 

4) continue repeating (3) until every ~ is Leiss than a. pre­

scribed value 
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Thi3 method is now · used to det:e.l"mi:u.$ the first col.uunis of in'llorse fill:l.trioe,a 

for certain square boundair.Les up to 15 >< l!i. 'lhe up h. these squares a.re 

s,:mmetrie with respect to the diagol:1.i'il.l et the square whi:eh runs frara the upper 

left to the lower rigr,t eornel"; i.e., uij ~ u'(~l)n~j U., j = l; 2,. ••·• nJ. 

Consequent~," the residual at a. nonccGrner diagonal point :ls 

In apl)lying step 3 ot (33) to ~ ~ia•i just below tlle diagonal., the residual.$ 

i(i-lln+i' ~+i+l at. the diagonal points w£t be d-iminish~d by 2f!/4. In 

gu.essillS take value$ ao.mmvhat greater than those at. corresponding points in 

smaller squ.aNl's £er 1mich the p:roblero. has already been. solved and fill the 

remaining rcws ~th. qu.antiti.es. so that the~ decreases in arw ool.umn toward 

the bot·J»m. These vel:uez,. written out e>nly t-o three decimal places.,, are 

rel.axei so that, th~ absolute value o.t' ·-1\, never exceeds 2 :in the third place; 

then a (ourth t'~'l'Ure .is guessed and the above repeated, etc.. Variou:s stages 

.of this proo.ess i'or the l.O X Jt!J r>oct.angle are shown ii'l. Table · 7ji ,and fabl.(l 

8 emita.ins solutions :for aevenil n X n squares Cn •· 1,.. 2, .3, 4., ? 1 1081 15} .. 

Fin.all;;, {26) is used to calculate. the oiilier elements .for 'l',b.e l.5 X l~ case 

and the fwlda.r.iental ·triaaglea a£ the first submetri~ ool'UJM; in the. co~~pond­

hg 22!i X 225· matrix. are exbibited ·in,. Table 9. lf thia apprwdmati.ng matrilt 

is ea.U.efi Jllt;. 15,, then 

w:l. ,,.,,1 J..~-l. ) lli, 15 • -.l!1 l5 · ..:.J. .:1\; l!ti5 lS 
1s a.Lt .impr.ovene1t. 



is equ.i:vtlent to solvint:~ Laplaoots equation w·lth altert::H.i bowr1dar-,r condittons., 

aince the di:f'feretiee equ~&ion c<Ynespot1di.r1g 'l~o .(34) for u net.work 

(h = k) is 

1vhiah differs fro-ti (2) only in havir1g the i th element of u~~ increased by 

¢1h~\ lJilero ¢1 is the value of ¢(x,y) at J?1 [i !'<· l., 2" .... nm] .. 
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• tor l X n Ntet 8 

n -l J.Cl (5 ) n 
1 4 l 1 25000 -4 

2 4 -1 ..! 4 1 21,667 6667 
-1 4 15 l 4 7 -;J,66? 

4 -1 0 l. 15 l. 2b7; ?l.43 178'> 
3 -1 4-1 ;g 4 16 4 7143 28571 7143 

0 - l 4 l 4 l.S 1786 7143 26786 

-l 0 0 56 15 4 l li,794 '1177 1914 478 
4 -l 4-l 0 1 15 60 16 4 7177 2EYI 7656 1914 

0 -l 4 -1 259 4 16 60 1., 191.4 7656 2i1/08 7177 
a -1 4 l 4 15 56 478, 1914 1177 2h7 

4 209 2"795 
-1 4 l 56 221+ 7179 28?18 

5 -l 4 '7 15 0 ~ 192:;) 7692. 28846 
4 16 5l..3 2051 

0 l. l2B 

4 7 26795 
-1 4 :al9 836 '1180 ~19 

6 0 -l 4 l 56 w. 840 192:. 7695 28856 - 60 225 515 2061 0 0-l 29U l5 7129 
0 0 4 l:rl 550 
0 34 

4 29ll ~95 
780 ;3W 7180 zm.9 

0-l 4 l 
2Jy.J 836 3135 1924. 769, 28857· 

7 0-1 4 10864 56 22.4 840 3136 ,i; 2062 7732 2B 
0 0 0 1, 225 138 .552 2071 
0 0 4 YI l.47 

l 9 

or >4 
nonaign.1ficant s are last col 
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able 2 

Leading elements and numerators or 1 >< n .rectangles 

n Nn ~ 
l 1 25000 00000 
2 4 26666 66667 
3 l.5 21>785 71428 
4 56 2h794 25837 
5 209 -;J,794 iYfJ.79 
6 700 26794 91584 
1 2911 21,794 91900 
8 10864 26794 91922 
9 40545 21,794 91924 

l.O 1 51316 '21,794 91924 
11 5 64719 
12 21 07560 
13 78 65521 
14 293 54524 
lS 1095 52575 
16 4088 55776 
17 l525S 70529 
18 S6946 21,340 

.19 212526 3483.l 
20 7 93159 12984 
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Tabl 3 

$ome elements of the lindt matrix M 
CX> 

Row * Column l Column 2 Column 3 · Column 4 Column 5 

l 0 2.6794 91924 
2 1 71796 76971 28718 7fY/89 
.3 1 19237 88646 76951 54585 28856 82710 

4 2 51547 76140 20619 10456 77321 64213 28866 74640 
5 2 1381218104 55248 72416 207].$ 27156 7734s 21385 28867 45839 
6 3 37009 62755 14803 85102 55514 W.33 20725 39143 7735012161 

7 3 99166 998l..3 39666 7992h 14875 04972 55533 51896 2C/J25 90261 
8 4 2.6571 71706 10628 68683 39857 57S61 1488016156 55534 88867 
9 5 71198 70l.Z/ 28479 48051 10679 80519 39871 27Zl4 14800 52884 

10 5 l90'n 63451 28616 45176 10683 47801 39872 25687 
ll. 6 5lll8 '36760 28626 29303 10683 74l.70 
12 6 1'3697 12$32 28626 99960 

13 7 367281.3160 
14 8 98412 73201 
15 8 2.6 369 61206 
16 9 70657 16255 
17 9 l£932 52964 
18 10 5(1'/29 560'Z'/ 

Cc.1:wnn 6 Column 7 Column 8 Column 9 

6 0 28867 50591 

7 l 77350 25858 28867 51318 
8 l 2<1725 93934 77350 26842 28867 51344 
9 2 55534 98708 2(1'{25 94198 71350 26912 2886'7 51.346 

10 2 14880 .55521 55534 99415 2<Y/25 942l.7 77350 2.6918 
ll 3 39872 32753 14880 55710 55534 99466 
12 3 10683 76064 39872 332.60 
13 4 286Z'! 05033 

*Each figure 1n second column indicates number of zeros between decimal 
point and first digit of elements re.ad along appropriate diagonal. 



20 

Table 4 

. - 1 - 1 Approx:unation to 118 by 1(00 

1.cl u* 

21,794 91924 7179 67697 192J 7886/+ 515 47761 2 1.00005 69579 
7179 67697 28718 70789 7695 15458 2061 91046 4 2. 00004 98388 
1923 78864 7695 15458 28856 82970 7732 16421 6 3.00004 27189 

515 47761 2061 91046 7732 16421 28866 '14h40 8 4.00003 55985 
138 12181 552 48724 0071 82'716 7734 82138 10 5.00002 84779 

37 00963 148 03851 555 w.41 2071 82716 12 6.0000213566 
9 91670 39 66680 148 03851 552 4872414 7.00001 42385 
2 65717 9 91670 -yr· 00963 l38 l21Sl 25 a. 00000 71176 

Oncy the irst four columns of - l are shown here 

Decimal points and nonsignificant zero are omitted from 1.C1 
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Table 5 

Inverses for m X n rectangles 

- 1 1c1 (5 decimals) mn ~ (axe.et} mn 

4 - 1 -1 0 56 16 16 8 29.333 833.3 
- 1 4 0 -1 l 16 56 8 16 8333 2933.3 

22 - 1 0 4 ~1 192 16 8 56 16 8333 41.67 
0 - l - 1. 4 8 16 16 56 1+167 8333 

4 - 1 712 208 294132 8613 
..;1 4 20$ 712 S613 29482 

3 2 -1 0 4 -1 l 225 120 780 255 · 9317 4969 32298 1055, 
0 - 1 2Al5 120 225 255 700 4969 9317 10559 32298 
0 0 68 47 2816 J.946 
0 0 47 68 194h 2816 

4 -1 8948 2623 ~256 865.5 
- 1 4 2623 8948 S655 29256 
;..1 0 - 4 - 1 l 28641544 9912 3312 9451 5095 3Z7Cll 10929 

42 0 -1 ~1 4 30.305 1544 2864 .3312 9912 5095 9451 10929 32707 

0 0 ... 1 0 964 689 3167 1792 3181 2274 10450 591.3 
0 0 0 - 1 689 964, 1792 3167 2274 3181 5913 10450 
0 0 303 249 1000 818 
0 O· 248 .30.3 818 1000 

4 - l 0 67 55 29910 .33036 
-1 4 -1 22 74 9821 

0 - 1 4 7 .3125 
- 1 0 0 4 ..;1 0 l 22 74 9821 33036 

3 3 0 - 1 0 - 1 4 -1 224 14 28 28 84 6250 12500 12500 37500 
0 0 -1 0 ,.1 4 6 10 2679 4464 

; 
7 3125 .o 0 0 

0 0 0 6 10 2619 "4464 
0 0 0 3 13.39 

Decimal points and nonsignificant zeros are omitted f:roin last columns 
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Table 6 

The limit matrix l{CQ2 

~ - 13 - 8 

- 8 13 

41. • 2l. ~ = 5 

Ai - -16 ~ 
.. 16 

8 
F2 

8 8 - -1 8 -8 8 8 

zl - l/2 - l/2 z .. l/2 l/2 
.. 1/2 l/2 2 1/2 1/2 

ri/2 • 1iZ1•92 
s • .29533 9082 . 0866.2 6929 

.08662 6929 .29533 9082 
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Table 7 

Stages in approximating first column lements .for 10 x 10 square 

1 2 3 4 5 6 7 a 9 10 

303 
105 75 

43 4h 39 
2l 30 29 19 
10 17 20 15 10 

4 8 ll 7 6 3 
2 5 6 6 5 2 l 
1 3 4 5 3 l 0 0 
0 1 1 2 2 l 0 0 0 
0 0 1 1 0 0 0 0 0 

3025 
1050 750 

425 449 354 
198 Z'/6 255 222 
102· 160 178 187 ll.,O 

51 94 112 109 94 68 
31 56 69 69 60 44 25 
18 32 41 43 36 26 16 14 
8 14 22 23 20 13 3 4 1 
3 6 10 10 9 6 2 l 0 0 

30230 
104(,J. 7419 
4193 4377 3355 
1934 2539 2333 1864 
1003 1511 1573 1395 ll34 

568 928 1051 1006 S"/2 7<Y'/ 
339 582 698 705 641 541 427 
205 363 452 474 446 m 312 232 
ll8 213 271 291 280 248 203 153 102 

54 99 127 138 135 121 100 76 51 26 

Decimal points and nonsignificant zeros are anitted 
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Table 8 

Relaxation approximations to first columns for n x n squares 

n 

l 25000 

2 29.333 
8333 4:J..67 

29910 
3 9821 6250 

3125 2679 13.39 

30105 

4 102ll 6938 
3802 3665 2392 
1333 1530 ll20 560 

30216 
10432 7362 

4150 4292 3231 
7 1875 2425 2169 1656 

925 1.363 1366 1142 842 
464 735 790 702 542 360 
197 323 361 332 263 178 89 

,30233 
l~iJ~,s 7433 

4202 4395 3381 
l.944 2561 2363 1898 
1015 1534 1604 1429 1170 

10 
579 948 1079 1039 9ll 741 
347 597 718 730 670 570 451 
209 .370 464 490 467 410 .333 250 
120 214 275 300 294 265 218 161.; 109 

53 99 129 142 143 129 108 81 56 Z7 

Decimal points and nonsignif icant z.eros . are omitted 
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able 9 

First column of submatric elements for 15 x 15 square 

30240 
10480 34467 

42'Z/ 12461 35561 
1981 5321 13075 35945 
1094 2595 5705 1.3331 36121 

614 1478 2851 5881 13468 'J62'Zl 
384 870 1654 2988 5987 1.3548 36283 
256 560 1007 1760 3()68 6043 13596 36303 
176 393 666 1087 1816 3116 6063 
137 282 473 722 ll35 1836 
106 217 338 521 7h2 

80 ·162 265 .358 
56 128 182 . 
48 76 
20 

10480 
7455 14909 
4429 10098 l6l~97 
2643 6017 ll.102 17157 
1588 3647 6677 ll566 17503 
1004 2248 4lll 7023 ll831 17709 
660 1468 2594 4376 7229 ll9S8 17820 
4h4 1006 1733 2S00 4533 7340 12065 17860 A21 
346 729 1212 1890 29ll 4610 , 7380 
265 552 886 1323 1967 2951 
206 422 663 963 1363 
157 317 499 703 
111 234 357 
r. 1Sl 
40 

4227 
4429 7618 
3391 6836 9274 
2407 5047 7986 10105 
1656 3557 5878 8608 10575 
1150 24K/ 4J.79 6348 8976 10870 

8.31 1772 2957 4547 6643 9210 11043 
622 1301 2140 3252 4781 6816 9331 lll03 A3l 470 990 1596 2374 3425 4902 6876 
36S 765 1224 1769 2495 3485 
295 602 9J8 1.345 1S29 
234 468 723 998 
173 356 528 
121 233 

60 
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Table 9 

( continued) 

1981 
264.3 4388 
24<Y/ 4604 5901 
1961 3920 5759 67(!J 
1513 3116 4806 6446 7329 
U55 2399 .3803 5348 6887 7700 
886 1842 2941 42.44 5719 7196 7928 
687 142S 2283 3312 455.3 ;947 7370 8006 

41 542 1128 1799 2592 .3540 47Z7 6025 
441 913 1437 20Zl Z766 3714 
371 750 1141 l6ll 21.o; 
'.309 599 924 1219 
22S 483 677 
174 306 

78 
1094 
1588 2750 
1656 3101 4034 
1513 2940 4154 4890 
1284 2566 3796 4850 5462 
1053 2140 3262 4368 5327 5899 
856 1749 2712 3739 4805 5729 6157 
696 1428 2226 3149 4l4l. 5063 5882 6235 A5l 572 1173 1865 2628 3407 4294 5141 
477 1009 1575 2123 2781 3485 
437 879 1267 ~728 2ZJl 
402 695 1032 1345 
258 555 773 
153 336 

78 
614 

1004 1764 
lJ.50 2159 281? 
11.5; 2203 3080 3605 
1053 2!J76 2991 3747 /J.70 

921 l8U Z743 3556 4229 4581 
788 1588 ~ 322; 3967 4570 4828 
667 135.3 mo 2817 .3566 4214 47Zl 4905 A.61 
565 1149 1764 ~ 3064 3723 4291 
482 976 1490 20ll 2568 3141 
J.,ll 823 1223 1647 2088 
341 658 900 1300 
247 498 735 
157 324 

77 



27 

Table 9 

(continued) 

384 
660 1215 
831 1546 2071 
886 1687 2334 2774 
1356 1674 2390 ·2952 3..311 
788 1559 2292 2927 3420 3702 
703 1406 2096 27&:J 3318 3734 .3934 
618 1240 1874 2J+efl '3074 3550 3885 4008 Arri 537 1086 1631 2188 2719 .3225 3624 
468 928 l400 1863 2339 Z'/93 

391 782 ll60 1551 1937 
314 623 933 1234 
232 465 697 
151 306 

74 
256 
464 878 
622 1151 1574 
687 1318 1818 2192 
696 1354 19.36 2381 2692 
667 1314 1917 -2436 2843 3062 
618 1230 1814 2379 2806 3134 3277 
563 1U8 1692 2184 2670 3021 3275 3347 A81 
500 1025 l.488 1983 2399 28ll 3091 
462 870 1316 1703 2124 2469 
370 753 1085 1457 1773 
291 585 894 ll.55 
215 43~ 655 
141 285 

70 

176 
346 646 
470 888 1218 
542 1042 l453 1755 
572 ll07 1579 1953 2221' 

565 ll09 l6(Yf 2045 2357 2556 
537 1065 1575 2011 2380 2622 2755 
500 1003 U-69 1910 2276 2579 2751 2819 ~l 466 901+ 1338 1134 2109 2405 2643 
404 801 1.1.69 1537 1863 2173 

335 669 J.000 1298 1601 
26-5 534 798 1064 
199 394 598 
129 263 

64 



28 

Table 9 

( continued) 

137 
· 265 505 

368 706 982 
441 845 1188 1450 
477 92.3 131.3 1650 1854 
482 945 1385 1717 1994 w.i 
468 944 1349 l?'J!J 2004 2221:, 2317 
462 872 1288 1636 1961 2180 2344 2377 Aio,1 404 806 1159 1520 1812 2079 2240 
344 691 10.38 13.35 1638 1872 

2137 576 S67 ll56 139.$ 
232 463 694 9Z/ 
176 350 523 
118 236 

60 

106 
206 401 
295 571 838 
371 732 988 1229 
437 782 ll23 1358 1564 
411 828' 1152 1458 1645 1801 
391 781 1163 14.39 1695 1847 1956 
370 726 1068 1400 1641 1850 1953 2010 All 1 
335 657 963 1270 ' 1555 1747 1904 , 
287 572 859 lll8 1.376 1609 

237 . 489 7Z/ 965 ll72 
202 392 59.5 781 
155 308 446 
.106 209 

54 

80 
157 314 
234 466 71.6 
309 636 807 10.30 
402 650 9.50 1098 1295 

.341 716 91+1 1215 1330 l.497 
314 632 981 1173 1417 1500 1630 
291 579 864 1183 134.3 . 1550 l59l 167 ... Au,1 
265 523 781 1034 1316 ·1434 1598 
232 467 693 914 ll25 . 1364 
202 402 600 784 . 952 
170 335 493 648 
13.3 261 383 

91 181 
48 
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Table 9 

{continued) 

56 
l.73 339 4fr/ 
228 431 586 719 
258 475 663 801 918 

247 490 690 862 977 1073 
232 462 689 866 1017 lllO ll.81 
215 431 638 S44 999 ll25 1186 1218 Ai,3,1 
199 391 586 771 952 1075 lJ.62 
176 354 524 69.4 847 9g9 

155 309 462 6oo 731 
133 263 385 499 
108 209 300 

76 145 
37 
48 
77 169 

121 251 322 
174 Zl4 408 473 
153 331 425 54.9 602 

157 304 472 554 667 708 
151 298 433 590 660 758 784 
141 280 416 539 68"1 736 815 Sl2 A14.,1 
129 259 386 507 61.5 738 764 
118 2.35 350 462 564 643 
106 209 Jll 4f17 490 · 

91 182 266 339 
76 14$ 210 
57 104 
28 

20 
40 so 
60 llS 158 
78 1.38 195 232 
78 155 212 265 296 
77 152 225 Z'/6 325 350 
74 147 216 285 330 373 3S7 
70 138 207 270 333 367 401 402 15,1 64 130 192 255 307 361 382 
60 118 178 229 283 322 

54 108 155 206 244 
48 91 136 170 
37 76 106 
28 52 
15 
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