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PART I 

DEFINITION OF THE SCOPS OF TBE RBPORT 

The prima.ry purpone of thio paper is to present. in ocmparati valy ocrm­

paot form, a demons·tra.tion ot the uae of' s@"ftlral of the more oonmon mthod$ 

of beam en.alyeieo !t is intended that ·I.hes~ i?tmuuples serve as an a:ld to 

othera who, thoogh soDl8What unfamiliar w1 tu too toehniqusa involvedm miglrt: 

wish to ~xtend om { or more) of ·lihe sa method o to apply to e. particular pro.,., 

blem not co'fl9r~d hereino 

It would oo undesirable em practically impossi bl~ to attempt. within 

the acop, or a single report. analyses dC:lillouetrating OVt!fT7 possibl0 oombi .... 

nation of support am loading comi tioWJ., For thie rea.13011,, only a. few of 

thit nora common olaasea ot loading will be sho-vm.., ihe typos of beams to b3 

oowred inoludea (l) the simple beam,, (2) the oaniiilev~ beam:, {S) l>eams 

find at ems end and &\.lppcr·ted at the other, (4) fixed-emed beams~ und 

(5) oon-tinuous beams., 

For the beams which are ata.tioally detQrminate>n tr1.0 object or too analy= 

sis will be to d&termine the mexi:mla dsfloction A., For statioaJ.ly inde'tarao 

m.1.na"i.e beama• the reaetiona mJd momsnts at the supports (and, in soma oases .9 

the defleotions) will bs found. Our only concern will be tba magnitude of 

·the detleotion. ainco the direction usually oa.n be detsrmimd easily by 

inopeo·~iono 

Too ma,thods of analysis to b0 used will inoludoa (A) double inteua~ 

tion!I (B) area-momnt, (C) conjuga:t3 beam. {D) column analogy, (E) slol}G) 

deflection,, {F) virtual work, (G) real ,rorke (H) loast work,, (J) theorem of 

three moments. and (K) moment distribu·b:3.ono In order t.o f'aoili tai;e u.ude1•= 

standing or ttiese m3thodB 9 ihs baeio theories upon whicl1. they are foundi!Jd 

will be point<l)d out., For certain of tl-ia bee.ms diaei,esadf) soma or 1he above 



methods or analysis will be oi the:r im.pplioablfJ or sc cumbereoli.i9 w:ld im­

praotioa.l a.o to be of littlf.l value>o In auch eases 0 no attsmpt will be made 

to include th.om as a part of thei l'"'9porto 

A.a e result of these oa.lcule.tioM• it ll!hould be possible to point ou·t8 

in conolus1on,, wh1oh or "tt>.eH methods offer ·c..lte most t'aoile l'l'ISams ot inquiry 

tor eMh ~ ot: beam studiado 



PART II 

.~ OUTLINE OF THE AUALY'!'lCAL METHODS TO B:E USED 

As a preliminary ewp a brief outline will be :61'Sl!!ented of the theory 

eupporting eaoh method of inveetigationo 

(A) Method of Double Intag,rationa i'he expr~seion !'cir the radius ot 

· G ~ ''*dl ;21~ ourvaturo, f, of any our,re 1o f • ~j . o Sinoo tho our,rature of 

meet (initially) straight beams 18 quite small whan subjectad to stresses 

bc,lcm this ela21tio limit, the eocond order differential (f )a ia very small 

and may b~ Jlegleotsd with no a ppreoiable er:roro Benoe~ tor our purpoHeo 

('!!I 1'1:% .. It can be show 1"'urther that{> • Eiftl:, By equating the two 

expressions forf we arrive at the basic relationehip9 El ~~ 8 ~o which 

ie the gaDer&l equation for the elastio curve of' a beanie lll 1a tho bending 

moment0 expresaed in terms of x 9 at a distance : f'rom the origin and y is 

the def'leotion of the beam at the 191!\DlO pointo 

3 

(B) Ar9a=Momnt Mathcd: Proof or the two theorems uaed in this method 

may be found in meat strength of materials textbookso Tb.G theorema may be 

statsd as follows~ 

'?heorem I= '.?he o~g9 in the slope bet&f8en two points on the elastio 

curve of a. straigM, beam subjected to bending 1a represented in magnitude 

b)" the area. under the Jlfe1 diag,:-tJUR between the two pointeo 

Theorem II ... When a irtlPa.ight beam is qubjectod to betlding0 the distance 

of arr:, point on the elastic ourva,, measured normal to the original position 

of: tho bending e.,cis 0 from a tan~nt dr111'lll at ~ other point on the ele.etic 

curve8 is represented in magnitude by tha mo~nt of the area under the 

M;EI d1.ag1'"am betvn.1en the two points about an ordinate through the f'iret 
I 

pobto 



Figo ! 
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llf/EI Diagrll\l!l 

The two theorems above may be expressed ma.thematically by the equations, 

('B fB dx as B r • and -tA Iii ~ !!) where M ifii oxpressed in terms of tbs die= 
'i. ~ . 

tance 9 Xe msasursd from the point@ A., 

(C) Con;bigato Be~ Uetbod1 From the aimilari·ty 0£ the relationships 

d2M .. wand!~ e .!... £4 . it may be s0en that th& load bears the same relation-=· 
di'l? dx El 
ahip to the momnt that ttw llf/EI bsars to the deflecticno Thua if ·bm real 

beam 1e replaced by o. eon.jugate beam (wtdch" in som cs.Ha differs trom the 

real b@am in typo or support) and this conjugate boam then loaded wl th the 

llVEI diagram, the daf'leotion of' the real bee.m at o. ~wn point will be equal 

in :magn:ltud0 to tbs moment in the conjugate boam at the same pointo 

Tlw slope :1.11 the real beam at a given point0 incidentally@ will be 

equal 1n magtlitude ·to tm shear in the oonjugato beamo 

(D) _£olumn .AxlalO§VI '!'bis is the mthod devised by l?of'eoeor Bar~ 

Cross tor determining tha momsnt at any point of a statically indeterm:lna.~ 

ertrueture ?.hioll forms a continuous ring (th9 earth is asew.rltl>d to be a part 

of this ring) wi.th9ut a.r.11 W>:mbers orossing or intareocting at a. jointo The 

ioothod appli®e only to single> npanso 



In the use of Column Aw.\logy O the w,mber is tr<lated as a short oolumu 

ot width 1. and t11iokneH l/EI, with its a.:dg eymm9t.!l"ica.l to tbs e.xie of th.a 

sti'uottuse, and loaded with the angle obe.nge (from au.y cause) 0 It. as in 

this paper o tho angle omi.nge is due to mom® pr•odw,e4 by loading the struc­

ture, the 1:rtruotul"e la altered in aomG way (oo e.s to bG statioe.lly dotermi0 

na:te) tU1d the moment curve or this simple oti"Uoture applied as a load on 1.ns 

analogous ool'WDD.o The stress (P/A :t Mo/I) in the column is tmn computed 

and that stress i& equal to thG ind11tel"minato moai,nh at the point under oon­

eiclerationo Then the aotual moment a.t that point 13 the atatioe.l moment 

(fol' tbs assumed statically detsrmil2atQ eo12dition) minus the i:odewrmins:to 

momnto 

'l'hio method may be applied to single bents as well ae to single span 

be8JJIS o 

(E) Slope Defleotion1 
I . 

The moment a.t the end l)t a rigid beam may be 

influenoscl by i'OUX" ta.ctoraa (1) the fixed encl mome:a:~ due to loads on the 

beam. (2) the angla thl'ough which that end rote.tec.1., (3) the angle through 

which the tar end rotates,, and (4) the relatioq detleot1on o.t' the two endso 

It »ab represents the mo•nt at .end,, a.~ or Gpan ab. then the ~neral equa­

tion 'Which takes these four taotors into consideration iae 

"ab 111 "rab + ¥, ( 4Ga. + 2~ "'' 4) 
and tor tho moment at end. b 

"i.a a "'rba + ¥ (~e .. + 46, ~ 5!) 
If titeae equatione are applieds to~ther with the statioal equations 

of equilibrium which may be writwu., tber$ 1rlll gen'!lre.lly be e. euffioient 

number of equatiows to determine the unknown values for moment and angle 

ob001ge in tho structure., ln the abo~ equations tru, numerical -values of the 

:f'ixi,d and momants should bl1) ueod 'V(ith their prop,r signea positive when thq, 



rsshting moment acts clookwiea and negative when i·t a.ots countarolockwiseo 

The unknown angl~s @ should be ase\1Il3ed pod t:tve or olockwiee o · The aign ot 

th& fixed end m~nta du& to A mDst be conaio'bsnt w.th the direotion of Ao 

Sometimls the ratio A/L la represented by the lette~ Ro 

(F) Virtual Worlct 1'b.e expreasion tor ·cha elaatio deflection of Ii!:. 

beam due to moment is A m J" ~ IJ wh0ro i.14 ia the b11nding moment at x d1e­

tance from ·tM origin due to the applied loads lU1d m is tho bending moment 

at the ea.me point du~ to a unit load applied at the point mere the de~-

t'leotion "le to b~ found. Thie equation ma.y bo der1wd ae f'olloma 
pl Pa 

Aesl.lm3 that all portions of 
a 

1 lbo · are 1nfin1t.ely stiffo 
(a) 

Let F (tigo 2e) be the fioor 

1 lbo 

Fds + Fdt~ But Fda ~ Fdt s 

(o) Fede~ Ftda s Fda(s~t) or Fhd~ 

ne..l EW.d internal work we get; 

l o A e m:la (Eqc l) 

6 

(d) 

Examining the deformed portion 

of ~he b0am (f1go 2d) it is e~an 

that ~ e .~~ u ~ @ !'!.. 
dx l!, El 

1Jtilt 
OZ" d~ 0 ·-= 

El 



~ =(Hmcb= Then from Eqo l a pit 1 o 4 t;"!l ,rj:" or A :JTI"'°' {Eqn 2) if the beam 

is detormsd along ite entire lengtho 

The equations expressing the da.f'lsotion due to torque and ahe0..l' may be 

deri wd Gimilarly., They are a! !iii J :y and 6s w J"'-~;!:' o 

(G) RGal Worka Thie method is somwlw.t limited in applies.tion since 

it oen. be used to find a deflection only where there is a load 0 only in the 

dire(l)tion of the load.ti and only when there are no other loads o lti, of 

@ouree 0 will mt apply to dis·l:ribu.ted lcadso 

1 

The Gxpression f'or the elastic energy uh.1oh 'Will be e.bao~'·bed by a given 

vo1Wll9 or material when uniformly streaeed is U e 1/2 s2./E x Vol" In tm 

oe.se of beams". where the mate!"ial iil not uniformly stressed:, 'this f'e.ot may 

be used 1:n setting up a. differential expression for the q,,mrr::,Q For the 

1Dterna.r ei110rgy or ffl)J"ko 
dx 

-4 ~dv .. 

Sinoe the external work must equal 

the internal work9 l/2 PA .. ,! ~2r-" 8 or A .., ffi!y ./M2dxo 

(H) Ler.u1t Work a Cast:1.gliano O s Theorem@ i.vhich stQ tea the. t th0 dsri va.= 
~ . 

dU 
tiw, or ~Ile wotk mtbt respoo·~ to a gi'ii·cn load d1""' ia eg,ue.l to the diatruloa 

1 
through which the load moves (y1), provid~s a. tool by moans or '!t\hioh d.Gi= 

l 
fleotions may be determitl8do A fairly bri~fe semi=geomet!'io proof' of 

CaitigliOJlOoe Th0orsm is as f.ollows: 

l Irving P o Oburoh.9 Machenios of ~£..1!!..l \''fork:a ppo 1260:,12'1.. Proof du@ to 
Prof o E" Wo Rottgor o Co:rIWU. lfniverei ty o 



' \ ......_ ...._ Ayl \ , __ 
\ __ ...,.. 
' \ 

' "1 

' ' 

- - --/ --- / --- ,,, / 
/ 

Loa.da P1 and P~ are applied .at points a and c :, res~ctively(ll 0£ the 

span shown e.boveo In investigating the ef'f0ct on ~;;he inteni.al works U@ of 

applying an 1norelllGnt9 AP1e to the load P1, let us utilize the t'aot that it 

is immaterial whether the loads be applied eimultrul8ouslye or suooessiiraly 

in any order61 the final result being tht9 Ba.Il13o Tlwn eozu,eive the inoretmnt 

AP1 of the variable load P1 to be applied firat of ~11$ evsn before P1 and · 

Pa are pl aoed on the etruotureo 

If AP1 is applied gradually, the total erlornal work doDG 10 far is 

8 

j AP1Ay1o wl11oh is represented by the arsa or tm triangle ab,,h"" wh8re b 11h0 

equals 6P1 (to eome scale) o 

Now11 let the loads P1 and P2 be applied gradually and e1multaneouely 

until the final positions b 0 and e 0 of pointe a and c are rsacllodo Tlw 0x= 

ternal wol"k dona by P1 is } l\y1, represented by the area. b":1.ki and that 

l 
doM by P~ is 2 PaY~e rGpreeented by the a\'"ee. e"s~no The additional oxwi'-

nal work dona by 6P1 t) mioh aot13 ~- th oonatant foroe through tho distance 

y1, ia equal to AP1y1~ Th11s the total o::ternal work (whioh ie equal to the 

total intar nal work9 Uri ) 1s r opresontsd by t ha enti re shaded area in f i gure 



9 

liext. lot the etruoture be entirely unloaded and the two loads0 P1 aI1d 

Pa II be applied gradually and eim>Jltauouslyo The total external m,rk (whioh 

111 equal to the total iDterna.l works U) is aque.l to f P1Yf" jP2 y2 o '?Mee 

two terms are repreeented.o respectively,, by th0 areee of the two triangle1 0 

h"ik and e"ean, whioh form a. pa.rt of the shaded l'l.reNS shown in figure 4o 

· Th3refore. it 1s evident that the difference U8 - Uc or AU• is repres~ntsd 

by the sum of th$ areas of the triangle0 ab"h",, a.Dd tho rectangle 0 b"b'ih"o 

Tharetore 

m.s AP1 ~o :1 Ay1 ~o 

lim AU 
and AP1 --.a of AP1 a Y1 

That 1s.o !!l... M ., 

dPl l 

Since s.Dil' of the loads may be ooneidered as tha variablsD tlw preoe.d­

ing relationship is generally expressed as a partial derivatives 

o..[ "'y 
c)Pl JI. 

The internal energy due to bending has been shown (on page 7) to ~ 

usf~ 
Toon ~iil/f+ 

aP c. EI 

or A aj+ 
El 

whero A represents ttle defleotion of the bcQJJl at tho point of application 

of the load Po 

The similarity between this 8quat1on and the v-lrtual work equation 

{shown on p:;,,ge 7) should be pointed out at this timeo It TJill be notod 



that9 wbt>rs in the virtual mrk equation tmre 18 au m denoting the mo:imnt 

due to a. d'WIID!V unit loa.d8 her0 wo ha:ve ~ o The two equations lead to tha 
~p 

ea.1J1a result since m am I are identioal_, For examr,le!:) consider o. simple 

beam with a concentrated load at mid-spans 

p 
R 111 2 

·-x 

p 

unit load 
L 

10 

If 1 t is desired to i'ind a. def'lsot1on8 by the method of least ?rork0 at 

solllli pcin~ other than where a load 1s acting it will be I1Boessary to apply 

o. dummy load of &f!ro magnitude at the point under oonaiderat:lono The val-w, 

ot zero for P1 (the d~ load) ms.y be subs·l.1tutod at any tLw after the 

partial der1vat1V& has boen f)Xtractedo 

(J) Theorem of Throe Momentsa If a bGWll 15 oontinuoue owr throe or 

more supports 0 a cei"t&1n rela.tionahip exists bc:rl..~en the m.omnt@ at rmy tlu~e€t 

oonseoutive supports a.nd the leads on tlle two illoluded spanso A convenient 

derivation of this relationahip ma.y bC!> made by use of the msthod of araa0 

momente-=as previously outlined und0r (B)o In f'igo 5 let, e b~ the- slops 

ot the tangent drawn to the ele.atio ourve e;l; tbe oe:nter 1upporta t 1 and t 6 ,; 

the tangontial deviations of' points l and 59 reapeotiveli?11 from the :tangent 

drawn at ths oenwi• sup~ort6 A1 sl'ld A-~8 tlw areas under the simplfJ moment 

d1a.gr8..l!la tor the two spans0 x1 :, the distance trom the left support to too 

oontroid of thG A1 areai i ,:'l? the diete.nC$ from the right :support to the cen~ 

troid of the A2 a.roaa e.nd M1e M~0 and Ma ,, tho molDIDnte at t~1e l"ft~ oenter9 
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and right eupport1 0 respectively (plottod below the base line for oon-

venienoe of ropr0senta.tion9 but &sswnod to be positive)c 

__ J, 

(Eq., 1) 

--- - - - ------

r: - JI. Li l 211] 1 
t1 ° 1:1:1 .;. a ~Li O r ·> 2 MaL1 ° ,- 111 

tl j",t ~I ~111 + UlL~ + 2BI~~ 

r. ... l L2 1 2L~, 1 
t2 B ~ra + i ~La O 3 + 2 M2L2 0 ~J iii 

t2 s fix~ [6Aaia + MsL~ + 2Ma1,~ 
then0 trom Eqo l 

1 in 2 3i -1 f; a a) 
6El1L1 l:5Ai;?1 -> ~Ll y 214at.:.1 lit 6ElaL2 L6A~2 +Mata+ 2M2L2J 

w:.1.d if 11 8 Ia~ then 
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whioh is the general Theorem or Three Moments equation for oontinuoue beams 

of oonstant cross section and made of ons materialD wiere points le 29 and 

S remain on the same straight lineo 

(K) Moment Dietribution1 2 The momant distribution method of analyzing 

statically indetermina.te atructuree was developed by Proreesor Hardy Croes 

while at the University of Illinoi1 0 and originally published by the Amer1~ 

can Concrete Institute in 1929 ., 

If' the B end ot an unloaded structural member AB is fully reetra.ined 

against both tranelation and rotation0 and the A end restrained againat 

translation but caused to rotate through an angle e by a moment M applied 

at that end. 11 there will be a moment M0 produced at the B end whioh bears a 

f :1.xed relationship to the moment JI suoh that the ratio M0 /M is a ooutanto 

This conatant vd.11 be termed tho ttoe.rry-over factor" o If the member is of 

constant oroaa=seotion, it may be demonstrated by tba method of area=momants 

that MA ei 4E1AG/L and that~ s = jMAe, if' tem1on in the lower fibers ia 

te.kun as a positive mom,nt and tension 1n the upper fibere 9 as a negative 

momento That ia., the oe.rrycoover factor 1s equal to o. negatiw one .. half'o 

For a given angle ohange Ae., the momenta are proportional to the I/L re.tic 

tor the member c This ratio will be called the "stitt'neaa factor" and will 

be denotcld by l~o The effect of translation of a joint will not be con= 

sidered i n ·bhis report o 

To make use of the relations ahown abov~, consider all joints cf a 

structure to b~ l ooked in position against translation end rotationo 

2 Fred Le Pl,Jmm6r 0 Fundamentals ,2!., Indeterminate Struct uree o ppo 135=139 
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Compute the, tiud=~nd moments due to the loads on thl!J members.. In gensra~n 

there will rum exist an unbala:a.oed moment at eaob joint., Now unlock one 

joint for rotation only mile beping all other joints lookedo Tha joint 

will rota't.0 sutficiontly to balance the molrulnts at that jointo The change 

in moment in eaeh of' the membsrs coming into the joint will be proportional 

to the etit"fnese factor K of tho member. and ths total or thes~ oor reotioIIS 

will equal the original unbalanced momento At ttla same time thsre will be 

produced at the far end of each member a carry-over molD9nt of the oppoggite 

algebraic dgn and oriechalf the magnitude of the change in momnt e.t th@ 

me.r endo Ifow it this joint is again oonsidered looked in position against 

translation and rotation and each other joint0 in turn. unlooked for rota.0 

tione there will result a. first set of oorreoted ni.lues much nearer to t he 

aotual values or the moments than were the original fixed=end momentsc Due 

to the oarrycoover moments. the momenta about eaoh joint will still be un ... 

balru:loed0 and ihe process must be repeated until the carry=over momenta are 

negligible a& compared to the actual moment in the I111amber o Usually no mora 

tlui..n five repetitions of the prooess are raquired to prcduoe values very 

close to the true Il10JD9nts in the struotureo 



PAIT III 

APPLic.&.TIOB a, ml VAIIOUB 18!BOD8 at AJIAUSIS 
TO 8B1BlW, SPBCIFIC CASIS 

m SINPU' SUPPm!ID BJUJI 

a1 • P/2 Ra• P/2 

(A) By Double Integ1"&tion1 

B1diy/c1z2 • ~ • Pz/% 

s1t;•~+o1 
pt,8 

when z • I/2 • 47/u • o , ao o1 • • 1r 
itv pza PI,2 

llI~•-r·Ye 
pza . PL2z 

Bly • tr • -yr + Ca 

when z • o , y • O o eo Ca • O 

and when z • I/2 • 7 • A • then 
PI.a PL• PI.a 

BIA•re- ... U-•""tr 
pt8 

A• itlf 

(B) By Area-Momenta a 

.... -----L 
PL L 1 L PLa 

tA • A • 1lf o y o 'f o "'f • 1&f 
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(C) By the Conjugate Beam 1'9thoda 

The maximum momnt in U. oonjugate beam will ooour at mid ... epan 

and will be equal to the maximwa det'leotion A ot the real beam 

PI.a L PL L l L 
A e 16ii o 1'""4if o 2 o 2 o °l 

ptB PLS PI,8 
A • T2if .. 96El • i6i" 

(D) Column Analogy doee not apply o 

(E) Slope Detleotion ma:, be used, but ie UDComon tor this purpoaeo 

(F) By the Method ot Virtual Work& 

p 

R • P/2 
r • 1/2 

1 lbo 

~ B Px/2 I ~ B x/2 

A• ii ( ~d:6. 

(G) By the Method of Real Works 

6 s fi1 t M2dz 

ll 8 Px/2 
lC 

L ----oi)I 

15 
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(J) In the derivation of the Thoorem ot Tbre~ Moments (PG.rt 11 3 J) it 

'WU aesu:med that points 1. 211 and 3 were 01°igina.lly on the ea.me straight 

liDe& and that they retained tlv>se positions after the application ot 

the loadso The three points ohosen are not neooesarily reaction points, 

nor med they retain their orig:1.Jlal positions when tho loads are ap--, 

3 pliedo A forDllll& which takes into account tbl, defleotion d of point 

2 with respect to a straight liDe through points l and 3 1aa 

~Li Ma(Ll + L2) lfsLa Alil Ai'2 (1 1 ) a--> 3 +-+-+-sEid .-+~ 
6 Li L2 .... 1 J.Ja 

This method is not comm.only applied to statico.1.1.y determinate 

beama 9 though it does provide rather an easy mane for de·termining the 

deflection at any desired pointo For thia particular cases t 1 111 L2 6 

L/2 a 14i and Me are equal to seroti Ma • n./411 and both ~2i, and A~a 

are equal to zero einco the only lorui e.ote at point 2o Therefore 



l -L 
IA 

(I) Moment Distribution does not applyo 

2c Comentrated Load. at Any Pointo 

{A) By Double Integration:i 

N!t<~---- El. 

:r 

Pb 
R•-L 

For portion of beam to left 
of load, 

(1) El ~s P.x 
( 2) .[!.,&. ~ 2 + C 

P dx 2L l 

p 

For portion. of beam to right 
or load, 

El !xl "' p. x - P(x - a) 

El ~ bx2 (x ~ a) 2 
P c1x Iii r - - 2 - + Ci 

17 



when x • L " y e O 

(L = 9.~ bL3 

o C ·----~-u 1 ai. .. fIDl 

18 

NowD to determim th$ distanoe :x to tho point of marl.mum det'leotion 

6" it will be assumed that the maximwn def'leotion oooure to the laft of' 

the loo.do Then at thia point tbs 0lope (dy/dx) of the ela.stio ourve 

will bo eque.l to seroo It\ in the equation (2) for the slope for the 

portion of the bea to the left of' the load. zero is substituted for 

dy/ax emd the prop0r value for c1 inserted,, the resul't,ing equation may 

be solved for x. ths distance to the point ol maximum defl$otiono 

S1noe L - a a bi, tllis Jr.Ay be written 

bx2 + f ... ~ t"" 0 ,, whence 

2 1,2 ... b2. 
X llil 5 

Thia expression for x may now be used in equation (3),, with the 
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Ths deflection 'Y of tm beam at !!Ley' point to the left of the load 

may be f'ound from equation (3) by substituting therein the value for x 

meo.sured from the left en.do 

(B) By Area-Momnts a 

RA 
L··---~f 

11,t x be the dis tanoe from ~ to th.3 point of maxi.mum de-

fleotion A .. 

(1) 

(2) 

Pbx! Pbn ~ a 2 2b a) Pbxf Pbx~ 
- ... ~ab+-+-=-+~ 
3ElL ia'.j!L S 5 2El a.:..u .. 

from 'Which x2 13 a(a <- bl 
1 3 

lf ~-~is substituted for!. 1n the preeed1ng expression, it 

is found t.ha:c 

X • ! V3(L2 ""ba) 
1 3 

By substituting th:is 1ro.luo for x1 into eq1latiou (1),, it is 

seen that 



• lilt Pb(L2 ... b2) V5(L2 - b2) 
tA A 27EIL 

(C) By the Ocmjugate Beem U.thod1 

1 

t 
I 

Pbx1 t Pba 
iit, m 

t 

l + ·b 

( e.) Load Diagram 

_j_r..-..-.......i ....... 1----------------....---,--....----.~--.......... 
l<I: • ,Xl -----· 

(b) Shear Diagram 

20 

The shear equation for the conjugate beam for values of :a: between 

sero am a isa -

Where the shear in the conjugate beam is equal to zero 9 the mom19n.t 

in the conjugate beam will be a maximuma a!ld the :maximw.n. defleotion in 

the res.l beam i.v:111 ocour at this pointo If the above shear equation 

1s sst equal to zero 0 the va.lue for x found therefrom will be equal to 

: I 
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Now the maximum momnt in the conjugate beam (A for the real boe.m) 

will b0 

(D) Column .Analogy does :aot applyo 

(E) Slope Detleoti on is not oo:mmonly U11!8do 

(F) By the Method of Virtual Works 

The solution of this problem by virtua.l work 18 quite tedious and 

the liltelihood of mu:ing m,ohanioal errors (in algebra,, eto") is greato 

It io shown l\ere principally to indicate th~ method of attack tor such 

problemso 
p 

,~ b -1 

' 
-, 

~ 41 s I~ 

lb., -
L 

~, 
R • Pb/L Re ~L 
r· • (L - s)/L -~ a SL 

:IA,t s be the distance Jll9aaured from the le.ft end to the point of 

maximum detleotionv alld 1st the unit load be applied at this pointo 

In setting up tho e~preseion fort~ work dollG by the portion of 

ths beam to the left (>f the lo!l.l.d , lot the or1g1Il be tak~n at the loft 

Pbx 
reactiono Then f'or ,-aluea of' x between zero and e fl Mx s L Ii and 
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mJC ... (L ~ 8 ) x o For the interval between x • e a.1ld x 18 ajl ~ m ~x. 0 

and m.1: • (~ ~ •) x = (x = e) o 

For the part of the beam to the right of the load• let the origin 

be taken at the right reaotion.,. For values of x between zero and b,, 

Pax ax Mx 1B T ,, am mJt • L o Thon 

(l) E!A 111 (
8 Pb{L ... s)x2dz + fa~ [(L ... e)a ... (x ... s>1 dx 

Jo L2 J. L L '.J 

fb Pasx2dx 
+ I· t2 ..to 

It the 1nd1oated operations are performed8 the preoeding expreaeicn 

reduces to 

(2) ElA • £:f (L - 8 ) - ~~e + Pb~e + ,~2
11 ... ~~e "'P:~}e 

or 6Elt26 • - 2aaa + ste.2s = ta2 + 2ab2s 
' i'6 

If L - bis sub1tituted tor a, it is found that 
. -

(3) 6EILA • (L2 - b2)a = es 
Pb 

In order to find the value of' s for which the deflection A is a 

maximum, the first derivative of A wt th respect to e may be set equal 

to soro, e.:Jd the resulting equation solved for So 

~!!. • (L2 - b 2 ) ... 3a 2 • 0 
Pb da 

e • .! V3(L2 ... b2) s 
N'aw0 plao1ng this value of a in equation (3) 

~LA • (L2 ... b 2) o i' v'3(t2 ... b2) "" (-l- VS(L2 - b2)) G 

or b CD Pb(L2 rn b2) v'3(t2 <S> b2) 
2'1EIL 0 

{G) The Method of Real Work do0s not applyo 

(B) Th.e Method or Least fiork may be used in very much the same manner 

as was the method of virtual worko No solution will be ahowno 

• 
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(J) Tllo Theorem of Three llomente 1a not often used for this type beamo 

(K) Moment dililtribution d09e not applyo 

So Two EqUAl Concentrated Loads Symnetrioally Plaoode 

R 18 p 
1 

(A) By Double Integratioru 

For portion of beam betwen 
R1 and Pta 

For portion or beam between 
PL and Pa~ 

!! d2v s 2t 
p 'P 
El~ x 2 
rc1x • 2 ·>- 0 1 

Elg 
- • a p dx 

X la 
cl l .a + Ci • aa - 1 
c1 1 ,j (a - L) 

!! y • £ + 5 (mo = L) + c.,. 
P 6 2 "' 

when JC 111 0 e y 111 0 

when x l a 

a 3 "-2 ( L) 1 a 5 & 2L u -·:·- a - 1~ = -·>C 
6 2 f ~ 2 2 



rAe I a _., C 
s :ri 

~u x • ! o y s 6 
2 

EI a.L2 a.t2 as 
r 4 ·a=-i-+r 

4 R ..!.!_ {3L2 "" 4&2) 
24EI . 

{B) By Area=Mf>mentsa 

•4 I - · --
. --~ ---· ~_.,it ~ ,-i_;._ __ .. ____ .,.. 

J., 

6 8 tA 8 ~ • i O ~ • i} (f -..) G +} (f ~ a)] 
Pa3 Pa (t \ l /.t .\ 

6 B 3E1 {, if \2 = 51 o 2 \2 ~ '1 
J;i ~ + !!_ (~ = aa\ 

3EI 2El 4 I 
Pa8 PaL2 Pa.3 PaL2 Pa8 

s _,. ,<> ~ <:';) ----e. -- c:;;i. ~ 

SU 881 2EI mu 6El 

A @I ~ {3L2 = 4a2) 

{C) By the Conjugate Beam Methods 

Pa. 
ii 

R s !!..,. (L , .. e.) 
2e:l 

1. 
1-----

24 



6 s M (mu.,) 8 ~f (L = a) o j ~, ~ o i o (i O ~ 
Pa. /_L .\ 1 IL \ 

= ff \2 «' 91 ° 2 \i = a) 
El o.L2 o.2.t a2L a.8 aI.2 ~2z. a3 
yr-A 8 T""T ..., T'°'r=a~T""r 

¥- A • Tl (SLa = 4a2) 

4 s ~ (3L2 <=> 4a2) 
~4!I 

(D) Column Analogy does not applyo 

(E) Slope Deflection is not oommonly usedo 

(F) By the Method of Virtual Work, 

p 

s 
~ ~ 

a --1 I ~ 
z~ l lbo 

L 

R • P 
r • 1/2 

p 

I 

l--a 

FO?" the valua,e of x between ~ero end a 

For the value• ot x b1ttwoen a and (L ... e.) 

K.,,: e Pa ,, JI': s x/2 

j ~ 

--"Ii> 

Since the beam :le e~trica.lly losi.d@d md supported,, tha total 

internal v.iork of' the beam v.d. 11 be equal to twioe the work: of one=half' 

the beamo '!'hen 



!!. b. e ~ (3L2 "" 4:e.2) p 2~ 

Pn 
A s nff (3L~ '° 4a.2) 

(G) The mathod 0£ real work does not applyo 

(R) By the Msthod of 14aet Works 

26 

S1no9 there ill no lo:a.d m.cting at th-, oentar of thQ> bes.m where 1:he 

defleotion ie a maxilmmib it v11ll be ru,ccssary to apply a dl.UlmI,Y load of 

sere magnitude ~t mid=apano 

p p 

t 

~ lp ~--1 
L 

! 

u~1s\(~ 
SIU fi[a (Px • +)•u + fl•(Pa + pr)• dx 

1116 ~ :l ~1 • f 2(P.< + p~~)· f dx + ['a z~ +pr), ydx 
llUld since pi ... 0 

EIA Iii / Px2dx ·> 1th Paxdx 
o a 

, from which 

(J) Tho Theorem or Thl"ee Moments 1e not generally ueedc 

(K) Moment Distribution doas not applyo 



4.., Load Uniformly Di1t.l"1buted Owr the Entire I.3:nglih of the Be&ao 

when X • 0 fl y a O 9 o0o C 2 8 0 

when 2t • L/2 5 y e A 

. wt• uL4 wL4 5wL6 
EIA s "§'lf'"" .., ~ = W'"' a saa--

6 wL6 
A•l§i'oi!' 

(B} By Are&=Moments a 

ttA 
•• f 

RA 

A 

l, 

' 2 L wL2 5 L 
A 8 ~A 13 3 0 2 0 Fl C 6 0 2 

--

27 



(C) By the Conjugate Beam Methods 

L 

wL5 L 2 !.., wL2 3 L 
A • M {max0 ) e m'f o 2 = 3 o 2 o FI o 8 o 2 

wL,g. wL6 5 wL4 

A 8 48E'f - i2fil ~ 384° 0 El 

{D) Column .Ana.logy doe>s not apply o 

(E) Slopa Det'laotion ia not oommonly usedo 

(F) By the Mothod of Virtual Work& 

l lbo 

~------L 

28 

S1noe tm belllll is symmatr1oe.llyloe.ded and supporteds the internal 

work -ione by the beam is eqUQl to twioe the work of om ... half the beam .. 

Then 

,.. ... !_ fl a'Mmtlx 
El o 

For values of x between zero am L/2 

wt« wx2 
Mx 8 T 0 2 

~ 8 x/2 
i fL/2 1 wtx a wxS \ 

A ~ ii Jo ,-.r- = T}dx 



wL4r wL4l. fRIL4 
EIA ""41r' = ffl's m-

6 wL(J, 
A s 1'§"4' o if"" 

(G) The m,thod of real work doss not &pplyo 

{H) By tile Mathod of Least Work¥ 

the point or mwt:lm.um defl0otion0 it will be ~oess&ry to apply & dummy 

load of zero lllll.gp.itudo at this pointo 

(J) The Tbsorem of Three Moments is not genarally uaedo 

(K) Moment Distribution does not applyo 



THE OANTIIEVER BfliAM 
WWW -- WWW ~ 

(A) By Double Intsgre:cions 

El :X% ~ ~t ,.. ·~ PJt 

El! • ... ¥+ C1 

d pt2 
when X 8 L tJ ~ M O f) o0 o cl l'B T 

Ely • ·;., !4~- ~ ~ 4- Ca 
2 

when 

when X ll!l O O y • A 

t,. e PIP m 

PL8 Ai,,-
~! 

(C) ty the Conjugate Beam W.eth.odll 

' fixed end of tt.e conjuga:t;e baa.m41 and ·the f'ixed and of the r0al be!:l.m 
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L ----·i 

It mould be notsd thnt8 for ttio cantil10ver beam0 this method ia 

exactly like the method or Area-Moments o exc&pt f'or th.G so:rz.r.,vmat dif-

terent approach v.hioh ia noticeable only in tho difference or the two 

identification sk$tolweo 

(D) Column .Analogy does not e.pplyo 

(E) By tho Slope Def'leotion Method: 

The reader 1.a referred to page 6 • part ll fl ot this report for a 

discuosinn of thia method &nd for th!> basic equations of slope de= 

f'l@ot1ono The method will apply directly for the cnnt1lever b0am whare= 

aei it applies only artif.icially to the simple beamo In this (.first) 

applioa.tion or the method. the general basic 0qu11.tions will be shown 

as wall a,.., the apeoifio equations for" thb oa.ee, so "chat the trans ... 

formei.t1onmay be e~sily oompreheDdedo 

!_. ~~---__:.!b 
a-=~- ~ 

V 



(2) ~a w 1\rbo. v ¥,(20a + ~ = 1) 
ThGnD from equa.t1on (1) 

(3) o w O ,e. ¥-(~a ~ O °" ~) 

and from equation (2) 

(4) =PL '"' O + !J..#2~ ~ O "" ~) 
L ~ a L 

From equa:tion (3) 

"" 3A 
~ '811 

Mid if this ia substituted for 0a iil. equation (4) 

( ) El {.3A 6A_\ EI ( 
5 -PL ~s O + r ,r = L/8~ .°"SA) 

ns 
A stiff 

(F) By the F.bthod o~ Virtual Works 

f X 

l==-
1 lbo 

L 

EIA a Lt, -Px(-x)dx ,;:i f Px2dx 
0 () 

A p1.,S 
uu-

381 

( G) By the M,thod of Real Work & 

AB M~ 
m= 

L p2i,S 
PEI 6 18 I p2:Jc2dx 13 -

0 3 
s 

A I& !!L,_ 
SE:I 
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(H) By the r&Jthod of' Lsm.st Worka 

JM~ (>L p2:?,1x 
Ue;: -=- 8 ~ 

2EI ,,) 0 2EI 

,,, U ./1L 2Px2dx 
A ~:ff, •Jo -m:c= 

P!I~ 
4 Rm 

(J) 'l'he Tbaorem of T'hre11 Momsnts doss not applye 
. 

{K) Moment Distribution does not applyo 

(A) By Double Integz-atione 

Since the b-,ma to ths left of the load P is not subj~oted to berid·"" 

1ng ...... i.,eo the rlld.1ua of curvature is 1nf17liwly large==it w:l.11 be oon= 

venient to a0bot tm origin Qt th~ load point alld to datormine tho 

det"lect1on Yp Utlder the lo!ll.do Th~ dGf'l0ot1on A of ·the s.nd of' the beam 

may be found by a.dd1ng to Yp the additional deflootion(QP o a)dv.e to 

the change in elope at the load point {see stmtoh below)o 

'lo dstel'mim y O oonoide1 .. m. beom having ta length of (L ... &) o · 
p 



pz2 
s-+c Z 1 

when x • v ... Q .. !l. • O, e O P(L "' a) 2 
1/J " dx u l • 2 

when x • O st m o.... • P(L ... a) 2 
e dx -r 2ml 

A 8 V + @ fA • P(L .. ,!)! Pa(L "" a),! 
"'P P O SU + 2El 

A Iii P(L - f;_) 2(2L ,c. ,!l. 
6El 

(B) By Al"oa"'Moments & p 

- ~ 0 P(L ~ al 
~ EI 

L ~ 

A Iii t • P(L - al «> ! (L "" a) /o. ~ 2~L3- a)\ 
A EI 2 ~ 1 

P(L "" a)2 l 
A .. Z3l .,, 3 ( &\ + 2L ... 2a) 

A a P(L ~la)2 (2L + a) 

(C) By the Conjugate Bomn •thoda 

• 
'<lS\_\\\\\] iP(L = e.l ~1· El 

A 8l lll (max.,) a P(LEi a) o j (L - a)(a ,e. 2(L3" a)) 

A • P(L ~la)2 f (14 + 2L .,. 2&) 

A ,. fiLGE al~ (2L ~ a) ~I 

lD} Column Anclogy does not apply o 

34 



(E) By the !bthod of Slol)I) Deflections 

'lhls method 1e, in geooral.., rather oumbersOWt wmn appl!E.ld to 

tixad ... -,elld momnts" which thomselws aria somatims difficult of solu= 

solution will be shewn here to domonstrate ~ use of the ~thod~ and. 

a.t the eame t,,100 9 to 1lluatrata its comparative awltn.rd.tl$SSa . 

r-~_g 
A . J~ . . L ----i,,,,1 

The solution of eqmition (1) for eA gimc,s 

Po2a 3A 
SA 19 4i1t ~ 2L 

t"ov.,·8 1.f 1.his value fer OA is placed into equo.ti.on (2) and the 

resulting ~qU&\tion solved for Ag it is found that 

(F) 

Pb 
A 0 m (2a2 + ab "" 2L2) 

IUld. einoe be L - ~ 

P(L ''" a,~ 
A Ss , aiii'L,.,. ( 2!, .,. @.) 



• 

Fol" values of x between esro and &- 6 ifx is 2ero and tile produot 

Mn is zero, therefore ttle work equation \'dll eover only the portion or 

tho beam to the right or 'the lOQdt) mere 

and :Ill" .... z 

EIA =- t P(:z: "" &)xdx r..i .[L Px2dz "' t Paxclx 

E!A Ls ee ~2 as T·r -r-,-•r 

(G) The Method of R0Al Work does not applyo 

(B) By th<J :Dlethod of loo.et Worka 

p 

~&\-

L 

For the values of x between sero IUld a.., fu1x s .,,, Pi~~ M.d for vm.luo0 

ot x between a mid Lsi Mx • '""' P1x = P(x - ~):, rho:o. 

U • ~1L'\ ... P1x)~ + ;,r.,~( \-Pi x ... P.:t -e- P&)2d.z: 

2EIA e 2EI ~, 8 / 2Pfx2 + / L 2( ... p1x "' Px ·> Pa.) ( ~x)dx 
g . i o a 

ainoe pi a 0 

1 PLs Pm.s pa1,2 Pae .,._A= -~~oh S A !ill - ... --= ..,, __..._ + - e ,1.4- ~ .. ,UJ. 

5 3 2 S 

A Ii .tl_L "" a)~ (2L 10 a) 
6El 

(J) The Theorq,m of Thrso Momi:ints dooo not applyo 

(K) ~nt Diatribution does not mpplyo 



3o Let.vi Uniformly Distributed Owr the Entire Length of the Beamo 

when x e !,,, ! a 03 o0o Cl 1s ~ 
wx41 wL8x 

Ely • "" 24 + ,- '.°' 02 

when X UI Lo 'Y • Os o0c Oa IIJ "" ?JI:. 
when x "' o,, y s A 

A WL4 
ue-

8EI 

(:9) By .Area-Momntaa 

L-----~ 



(C) By the Conjugate Beams 

i--1., ---~ 

~ 

{D) Column. Analogy does not apply., 

(E) b method or Slop0 Def'lecticn 1Nii1Y be appli0d.1 but£> for rGaoone 

pl:"e'\J'iouely ntated9 is too tmm.eldy to wnrrei.nt oonsiderationo The su» 

gei20ral oothod. as t.hat shown under 2(EL, page 369 appli<Mo 

(F) 

gzzzz; !be elf+w 

t =~ ~ L 

l 'lbo 

wz2 P4:sco 2 

J§ 
.. Z2ZZd::;~: 

·-~:;:: ~----- ___. 

(G) Th@ Msthoa of Real Work does not apply~ 



i,,c-------L 

p · tl!I 0 
1 

sinee Pi o O 

A e wL.o. 
8EI 

(J) The Thaoram of 1bree Momtmts does not applyo 

(K) Moment D1s~ibut1on doee not applyo . 

BEAMS FIXED AT ONS ElID A."ID SUPPORTED AT THE OTHER 

(Ii.) By Double lntogration.~ 

For values of x b$tw8en 
0 llDd GU 

EI t:-% 0 Mx ~ Rx 

!:JI! ~ "" F..:~ ~ C ~u T' l 

For n.luss of x between 
Cl. and 1...a. 
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when X 1111 L I) f a 0 

o o Pba RL2 
oo cl sT""T 

when x 11e1 a 

1m2 . f ill.a o 
T"'' C17 T"' 01 

! a Pb2 RL2 
c'll B c ""~- -

,11, 1 2 2 

Rx8 P Pb2x 
Ely • T O 1' (x .... a)3 + ,--

when x s a 

Ra3 + Yr.1·~ RLa._ ! Ro.5 + Pb2a- RL2n + 0 o. 
T '"""r ·""Z- IT ,--,- 'a 

o'"' c~ 

TJhen X 8 !, 8 Y I!;;! 0 

0 Pb2 
o o R 8 z;,,S ( 314 .., b) 

The moooont 11.t B may bn be determined atat1cally<> 

M • RL .,. Pb o ~ (31 .,. b)L ... Pb 
B . 2L 

~ s c:, ~ (L 9 n) 

10 

The detleotion at r.my point may be determined from the equations 

or the- elaetio curve~ shown aboveo For fill¥ problem involving 11Umi,r1a 

cm.l vn.luea the oumputo.t1ona ,vould be quite simple., 

If a. • b Iii f thG abo'ftl expressions tor the rc,aotion R and tile 

6P 3P.L 
:momont at B become R • 16 mid Ma • 16 

It more thal:l one lo~d a.ots on the sps;n.9 the reaultiDg reaction 

and end JllOJDffnt ma.y be found by a.lgebra.ioally adding the reaction and .. 
m~nt dus to each lo'-d tleting sepo.ro.tely,, 



(B) p 

-J~ ·r 
A 1F -= - :: = =-= 

~'1<1I---------L -1-
11 

iR 
RL 
ff 
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The te.nmsntio.l do"viation of' point A with respsot to tbs tangent 

drlo\im at point B is equal to zero o 

RL t 2~ Pb b t 2b) 
tA '!ii O Hi EI O ]' - T '" El ·~ 2 ,a. + 1-

'RL8 Pb2a Pb5 Pba 
Ts "''?r-· ~ T ~ ""l, ... ( 3i. .,. 2b) 

Pba Pba 
Jl lB V (3o. + Zb) .. rJi!r (3L = b) 

The moment m.t B may be determined by sta:tics as ahovm under 1 (A) ::, 

(C) By th9 Conjugate Bee M<.tthoda 

Ar-=-~ 
R • ..,!_ (L2 "" b 2) 

2EI 

RL 
ff 

The deflcsotion of' the re~l beom st both A am B is equal to zero.., 

Therefore, ttls ~nt in the oonjugatG at either A or B m,,.y b0 eet 

&q'W:IJ. to sero GUld tlw resulting oqunt1on solwd for Ro It will be 

., 
., 



RL L 2L Pb b ,; 2b) ~~~MOoo'ffo2oroEToi ~t·?-r 
Solving this eqUAtion for R gives 

R ~ ~ (3L ""b) 

(D) By Column Analogy a 

42 

In the us@ of the ColUllll2 Ana.logy() tlw ~logous oolumn is lowied 

with tb9 moJl'l.ent diagmn tor th® atrouctur~ &lte!'ad in ~V 'ffll.y so a.19 to 

oally doterminat~ condition should not be achieved by imposing a con ... 

dition or restraint where noDtl alre/Ady exieteo For cxample0 if the 

struotuJ.•e under- consider&tion in this problem mere to be m,-1.do stati-

ported end the column ro.nalogy could be applied to detsrmins correctly 

the m.oment o.t tbA:l i'ixe,d ella. Bo But the ma·Gl'lod tllila when it is 

attempted to show that the moment at ·bhe hinge A is z0rco 

It must be noted thm.t0 since it offers no r0sistt.uJ.oe to ro·ts.tion 

due to moment:) a hinge, ie oonsiderad to ba'W! tm infinite elaetio areo.o 

'l'huat1 the 11!'~11. of the analogous ool'Ullln is 1nf'im:bely great0 ruld the 

P/A tcDrm (of f 81 P/A "> Mc/I) is j.nf'initoly em.all am med not be oon .. 

sidaredo Both tha osntroid and the k.Grn point of' the infinite oolumu 

section lia at th@ hingeo 

In fuis cue let the fUl&legous column be loaded vlth moment curve 

for a simple spano(see sketch on page 4S)o 

Pab I. l L + a T"l'oBlo, ... -• 
0 ¢ ~-· ll •• ,.. •• !" 9t:aL 

l L n-or 
L 

• Pt1b (L ~ a.) 
21,2 



Infinite 
W:i.dth 

L+a ._. ___ .. ___ -~--

a 
L 

, (E) By tho Mathod or Slop0 Deflectione 

b 

Tlrl.s mthodi, or cours®a impliee a knmvl'5dge of the fixed t!ID.d 

solution of this problem might be considered oomo1m.li\t question&bl@ o 

the solution will be shown to 5.llus·tr:-ats the method.o 

_a -=--+-b--~ 

·~.~~=,~:a~~===~===::-==:=· =-==~~=-=-;::~~:.:~~ 
i-~....-~~-~~~~~z. ~~~--~~~---

HABl!!IO"~s0 8 AwO 

Pb2a BI ( ) (l} MAB e "" ,:r." ·!· L ~A + O - o • o 

( 2.) Pa2b El ( ) 
~ s~+L~ 217:)A+ 0.,. 0 



It should be noted that the sign of ~A la positift beoauee the 

resisting JROm9nt at B acts in a clockwise direotionD which is in ao= 

44 

cordanoe with the aaaumptiona ma.de in developing the slope detleotion 

equations o 

(F) By the Method of Virtual Work11 

Let the unit load 9 in this oue 9 be applied at too lett reactiono 

Sinoe there is no deflection of the ela&1tiQ curve at thia point the 

work dom by the unit load is zeroo T'nerefora~ the internal work equa= 

ticn may be est equal to zero o E::;: 

-.bb --ti r a. 

- l lb:r--x .a i,il 
., :::: ~ 

p t!O l L 

For values of x 'between &ero and !. , f'x O Rx and lr1z: ·= Xo For 

values of x between a and L , Mx .. Rx •• P(x ... o.) and ~ 111 JC o Then 

t L L 
Ely A • 0 Iii • Rx2dx + / Rx2iix ,., { P(x "' a)xdx 

o a 

Ra3 RL8 Ra.8 PL3 Pa3 PaL2 Pa8 
0• ~+-- r-i - 11'%> ..,......+--.,-- -> ---.C.IO~ 

3 3 3 3 3 2 ~ 

2RL8 11B 2PL9 "" 3PaL2 + Pa8 

and einoe a u L = b 

R •~(SL.,, b) 
2L 

'l'he moJlll9nt at B may now be foum by statics Binoe Ma ,. RL = Pbo 

(G) The Method or Real Work does not apply.., 

(a) ty the Method at Least Works 

A1J has been poi.JJ:i;ed oat, this meihod is eub•tan.tially the aame as 

the mthod or virtual worko Bera- there is no deflection. of the ela.8-

tio oU!"W at the left reaction. Then tor valma of z bet.en zero and 

a. l( = b J and f'or values of z be-'li'Ween a and L, 1ll = Rx ~ P(z - a). 
- z X 
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l1 • K2dz -2SI 
a L 

28IU • £ (Rx)2dz + [ (Ix - Pz + Pa)2dx 

zf • o • {a {Rx)mz + {L {az .. h + Pa)m: 

Thia may be NW1tten 

0 • t Rx~ ,o. t Rx~ "" t P(x ... a.)xdx 

which is exactly the smme form as -tho virtual work equa:t1ono Therefore 
Pba 

R • 1t9' (SL ... b) 

(J) By the Theorem of Three Uomentes 

In order to .apply this theoreme an additional span of zero length 

11m9t be &HWll9d to extend beyond point 2 into the wall o 

~) ur----- L ,. L 
1 

R 
-L • 0 a 

The simple moment diagrllll tor span 11. 111 shown belowo 

MlLl + 2M2(Ll + La) + ~La•• ... 6~t:- = 6A~2 

0 + 2M~(L + 0) + 0 • • 6 ~ 0 ~ 0 L ~ a l 
"' L 2 3 °L 



( 
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{Ir) By Moment Distribution, 

Thie mothod. 0 ju.st as d.id the method of slope dei'leotion0 must pro,. 

oaed on the o.ssumption that the .fiJted=end m0ll\9nts tor the zplW 0.ra 

e.lroai.dy l.cnownt> since ·bhe fixsd=snd moments are oorely redistribut;(ld as 

the jointe nI'$ allowed to rotQte in turno 

F o E.., Homen ts 

Balancing Moment 

0 

c:, Pb2a 
~ 

= Pab .. (2o. ,s, b) 
2L2 

s .,, t~ (L + a) 

The fixedcend momenta are m.ssumad. to be negative if the top fibe1:~s 

of the beam arc in tensiono 1 
t..·> - 0 

2 

2o Load UL.lf'ol"Illly Distributed the Entire l$ilgth of the Bs8.lllo 

A mmITfilffilf[ w lbso fto ~:~~----~~--~~~~----~~~~~.,..JJ i "~ 
R 
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whsn x Iii L. ,, y e o I) so 

R sjwL 

wt2 S wL2 wL2 1\J Iii RL "' T • 8 wL2 "' T 18 ... 8 

The defleotion a·t any point may be found by the use of tile equa­

tion £'or the ela:Jtio ourw" shaw. above. lf the point of maximma de-

f'lecticn is draoi1,ed0 the equation for the slope ot' the ela.st1c curve 

:ma.y be set eq\.\11.l to zero and. aolired for Xo 

~ ·wlbe:/tt, 

..,._ ____ 3L 

4 

RL L 21 wL2 I. 5L 
tA B O 8 rr .. 2 (l r- m O ]' 0 4 II from which 

3 R Bli'WL 

To de·ts1'"ll11Il.o the dGfleotion of aey polnt on the elastio curve 1 t 

1s :aacesse\r"'J only ·i:;o tnkc, the momtu:tt of too area umer ·the M/El db,gl"lllJB 



bet;w.,en that poin"G Qlld Bo einoe ·the> ·t;ange)nt !\t l3 1s parallel to tbs 

origim.l poai t1on of the beimllo 

(C) By the Conju~te BGam. Method& 

40 

The momnt in the oonjuga.te 'bsem at R io (!)qual to the defl0otio11 

in t..'1-i.e re:i.l ba>e at Ro It is knom:l.c, however 9 thra.t this dc,fleotion im 

zeroo 
RL L 2L wL2 L 3L 

~-Oli!lif 0 Tc;T'"~'m • s 0 r 

R •jwL 
If' the shear equation for ·the conjugate be&m is eet eqllli\l to zero:, 

the diatNloe :.,, to the point of IIWtimum deflootion 'IIlAY be foundo The 
..1, 

mmx1mwn def'lect1on then will be equal to the !JlOilDnt in th9 conjugir:r.e 

beam at this pointo 

(D) By Column Analogya 

Let the a.nalogous column be lo&\ded VLl.th the lllOlD'Dnt diiagnm for a. 

simple spm:, remmbering that too centroid of tho infini w column area 

lies at tt19 hinge ( seie slr.etch on page 49) o 

M. • w12 
-""'J.B T 



wL2 ,-
Int'imte. 
Width c;__.-~,t--------------..V.~::....L\> /EI 

L 

V 
(E) By the Method of Slc;pe Defleotiona 

(1) 

(2) 

wL2 
MA • 0 ' ~ • 0 ' = ~ AB ... ~BA s 12 

wt2 El 
MAB • ""' l2 + L ( 49A + 0 - 0) ., O 

M... s £ + !!, ( 20 + 0 - 0) 
liA 12 L A 

wL5 
From equation (1) 9A • ffl:C , then 

wL2 El 2'1'1L9 wL2 

MeA•Yf"'~L 0 48ff"-"T 
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:be positi've sign indioe.tea that the resisting moment at B aots 1n 

a clockwise direotion - 1o9oe there is tension in the top fibere o 

(F) By the Method of Virtual Work a 

R ID ' :i.-- X 
p ,.. l lbo jjlllr------ L 

wx2 ~-Rx--,- 9 ~,..X 

rL J.L 'WXs 
EiyA • 0 aa Ex 2.cix "" ; ""T"" dx 

t}o . o (°; · 



R • !w1 
8 

3 L~ L2 
~ "'8wr. 0 1 .... !!re-;-

(G) The Method ot Real Work d06s not a.pplyo 

(B) By the Method or !.ecurt Worka 

wx2 
14x = 1a: - T 

L 
2EIU m / (Rx - wx 2) 2c1x 

0 

2EI:,A • 0 • 21:I ;&• f 2~ - "!2 )xd:z 

which may be m.•i tten 

0 • fL Rx2dx • rL ~ d% Jo ~o 
s from which. R = 8 wL 

Simple Mom,nt Diagrwn 

60 



.I!L L ~ 2M (i..._ + L ) + 111 t ,.. "~ 6A1i1 .., 6Aaxa ~l 21 a ~:a _,.. .. _ --
L:t r..~ 

_ SwL2 2L L 1. o + 2M2(L + o> ~ o 8 ""a== .. r .. 2 o t · .. o 

2MaL m o ?!{: 
M2 f.;j - w!l/a 

(K) By Moment Di•tributiona 

L 

... jprti l FoEoUo ""-:wti 12 

* !..vt2 
12 

Bm.lo lifomo CeOoMo - t,rv'La 
- ... --- -

0 Firla.l Yem .. ... !wt2 
a 

BEAMS FIXED AT :SOTH ENDS -------- .... _... .., 

la Concontra.ted Y...olld at !rq Point 
p 

a ~,6,..----~~~~~~~fj._.~~~-----~~ B 

=r-
-----· L 

(A) By Double Integrations 

For values or x b~twa0n 
0 and 0.8 

EI :Xl 111 !11,x • MA + VAx 

For values of x between 
a GUJ.d Ls 

EI ~ 111 Mz a MA + V Ax ,,. P(x - a) 

51 

d VAx2 
EI ~ &J M'A'r. "' 2 -· ~ c1 

d VAx2 p 
El * • Mi: -@, ,- - 2 (x - a) 2 <- c;_ 
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when:r:11:110,i•oe 000 cl C o f 
when x O a 

V a. 2 ' V a 2 MAa y A = MAa + A - O + c0 
~,_ ,_, A ,- 1 

o ~ c' l 
M.x2 V x.8 

'4 A 
Ely • T, + ,- ">- C 2 

H :x2 V x 3 

Ely • -f- + +- = f (x - a)S ~ c~ 

I 

wh&n x • a 
JI( a2 V as f M a.2 V a3 
~ A "A A o 

,_- + ,---i ~+tr" - 0 ~ c. 

0 .. C · 

I 2
- x • L • y • o , am i · o 

Therefore 

MAL2 VALs p . 
2- + -r- ... 6 (L.., a)a"' <, 

Multiplying eq .. (1) by L/5 

ML::! V L8 

_!,_ + _!__.., £'! (L - a)2 a 0 
S 6 6 

Subtracting eqo (3) from eqo (2) (note that L - a• b) 

M L 2 2 
...L + O + £2.... (L ... b) • O 

6 6 

Pb2a 
MA gJ - ,;r 

and from eqo (1) V • Pb 2( 3a + b) 
' A L2 

(1) 

(2) 

(3) 

{4) 

The other two unknown reaotiono1> Ms and VB 9 may be foUDd by statioeo 

Ma ea= p~~ 

V m Pa2(a + ~ 
B Ls 
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It should be obsern,d that" if' the two end mo:msnts tor~ epan 

be kn.oim,., the end aheara may be determinsd by ad.ding to tlwJ simple 
' 

shear at the 0nd of the, greater moment the a.lgebra.io d1ff.ol"enoa or the 

In this problem if a • b • L/2, it is f'otmd tha·t MA • Ms = - PL/a 

and that VA"" VB "' P/2 o 

(B) By Arse.='Momonta 1 

a . 

..... __ 
- -----

L 

MjEl Die.gram Shown by Part• 

b 

... Pb 
if 

The angle ohange betwsn A and B 1s equal to ZGro9 and the tm­

gentie.l devia:tion of A from a tangmt drawn to the elas·tic curw at B 

ia equal to zoroo 

tie DI o a ~ • L + "!!.1:. o L - Pb O b 
EI EI ~ if 2 

o ., 'II( L -> VALa ... Pt:>2 
Jl!A - -2 2 

(1) 

MA L VAL L 2L Pb b \: 2'b~ t. •O= oI,o-+~owo--_,,,_ a+-
A. El 2 l!l.L ~ 3 El 2 ~ 3 
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Mi.1· VALs Pba 
o • ,- '°' ,- - 6 (3a ~ Zb) (2) 

Multiplying eqo (1) by~ 

2UAL2 VALs Pb2t 
Oa 3 ~,----y-" (S) 

Subtract eq. (3) from eqo (2) 

-M 12 2 . +-> 0 ... ~ (3& + 2b ... 2L) • 0 (4) 

M ..... ~ 
A z.aa 

from ~qo (1) 

By statics it 1e found that~ "' - ~~,, and that VB s Pa2(£/' 3b).e 

(C) By ·the Conjugate Beam Methods 

The ends whioh are fixed in the real beam become free ends ill th0 

oonjugate be&J.1111 which is aseum,d to be held in equilibrium in epaoe by 

the pseudo-pressures exerted by the M/EI diagramo 

Pab m 

Pab L L + a L L L 2L 
EIA A .. 0 • MA (conj.) la T O 2 0 3 + MA q; i . 3 + Ms O 2 0 r 

(1) 

) Pab L L + b L 2L L L 
El~ • 0 • Ma (oonjo III L o 2 o S + MA " 2 • 3 + ~ o 2 o 3 

' (2) 

Mu.l·tiplying eq, (1) by 2 

0 • 2h.b(L + r..) -+ 2J!JAL2 .,e. 4MaL2 (3) 
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aubt:aoting oqo (3) f:rom 0qe (2) 

O ~ Pab(L + b o 2L Q 2~) - 0 = 3M.eta (4) 

~L2 ... Pab(-3a) 

l'L ..... PIA~ 
~}j ~ 

Pb~ 
MA "" 0 t'T' from eq., (l) 

(D) By Colwm,. /umlogy: 

t.-,t the analogoi1s ool'll'llm ba lo:adsd with the moment; diag~ or a 

(E) Since the bade sque:tio:o.a of th~ elops do.t'leotiou nwthod oonm:i.n 
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Poeaible to use ths method in the solution of thia problemo 

(F) By the lli,thod or Virtual Works 
p 

Firet, let a uni·l; load be applied at th'9 left end of the bee.mg 

which ia taken aa ttie origino For values or x between zero and a 0 

Mz 1.i MA + VAx and~• xi tUld for values between a and L, Mx e MA + 

V Ax ... P(x - ti.) and mx • Xo Thon 

IIpA a. 0 • lA (IIAx + V Ax2)dx + t (MA:r: + V A"'a "" Px2 + Pax)u 

from which it ie found that 

ml L2 + 2V L8 - 2PL5 + 3Pat2 ... Pa.3 • 0 A A (1) 

Next. let the right end ot the beam be taken o.s tha origin and 

the unit load applied at the right endo 

For values of' x between zero and b, ~ • Ms + VBx and ~ a xa and 

for value a between b and L0 ~ ... Ms + VBx ... P(x .. b) and m..a: 111 Xo Then 

ElpA • O • t (~x + v8x2)d.x + t (»ax + v8x 2 0 Px2 + Pbx)dx 

from which it ie found that 

(2) 

Since fie • MA + VAL - Pb• am v8 • P ... VA , equation (2) may be 

rewritten 

3M L2 + V L2 "' l'b3 • O A A 
(3) 

Nov,, mul·tiply equation (3) by twoo 

6~L2 + 2VAL3 .,, 2Pbs a 0 (4) 

If equation (4) is sub·traoted from equation (l) it 1e found that 
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VA may now be detel"minod from equation (l) and \ and. VB found by 

atatioa. 

(G) The Method of Real Work does not apply. 

(B) The Method of Least Work may b9 applied in muoh the same way as 

waa the Method ot Virtual Work. Inatead ot applying a unit load at 

eaoh elld in tul"'l1. ttl.e partial derivative of U nth re1psot to VA is set 

equal to aeroo 

(J) By the ThA?Jor em of Three Momcmtas 

Al n, o; ~~---~~...,....~~--~~~~~~-~· 
6 Pab L (L + b) 

0 + 2li42( 0 .} L) + !feL 1'J O e, L c> L \) 2 0 s ... 

Pab ( ) 2,Y~ y MsL Ill ~, L L • b {l) 

!>H-(L + 0) + O .., = ! " ~ o ! o ~ -i- e.) 
~ L L 2 S 

PS\.b ( ) M2L + 2:MsL • = L L + a (2) 

The silnultanooue molution of equation.a (1) and (2) produoe-s tbs 

values 



(1) The llethod of' Moment Distribution doea not apply ai11Ce there is 

no rotation of the joints men the load is t1.ppliado 

2~ Load U:a.itormly Distributed Over the Entire Length of the Beamo 

W lbeo/fto 

L 

wh9n x • O t1 y a O , .. °o C 2 • O 

when x • J., , ! e O , and y = 0 , therefore 

6ll4 + SV L .. wL2 • 0 :A A 
(l). 

12M + 4V L ... wt2 • 0 
A A 

(2) 

If.' equations (l) and (2) uo solved simultaneously it will be 

found that 

VA• wr/2 

1i Iii - wl,2/12 
A 

ln oasee of thia 1ort0 where there is symmetry 0£ los.dillg al1d 

WL 
support, some tim my be gained by observing that VA 18 VB " 2 ,, thu• 

removing th~ neoeeai ty tor the simul·tm.naoua solution of two aquationeo 

• 



The llltil.Ximwn defleotion oocurs at mid=span so when x s !! 8 y@ A 
2 

in the eql.~tion of th& alastio ovvec 

ElA • MAL2 !!~ .., ~ 
8 + 48 384 

wt• wL6 wL6 wL4 
ElA a= 96 + 96 = 384 a i§i ( =4 + 4"" 1) 

wL6 

A • 384EI 

(B) By Area-Moments i 

w lboo/tto 

- -- --
L 

59 

The deviation of point A from a tangent drawn at point B is equal 

to S4Pl"Oo 

All other wik:nown ree.ct1om may be t'ound by statics and by taking 

advantage of the 8ymm8tl-yo 

With respect to a t&ll~n.t draffll to the elastic ourw at the mid"" 

point 
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( C) By ·t;i:w ConjugE1;te B~uMl Methods 

Tlw d~fk>otion of the real boam s:t po1ni; A. io eqWAl t.:> .eeroo 

'.l'hsre.for3 tha moment in the conjugate boam e.t A is equal. +,o z0roo 

2 wL2 L MA I, 
]'o8ET<> L o 2 +if o L 01""' 0 

wt2 
MA"' - I'ffi" 

Th& marlmum moment in the oonjugat& barun is at 1te oenter and ie 

equal to the ·maximum def'l"'c tion in the real be11111,., 

vt2 c: L 3 1 MA L 1., 
11. ~ u emu: .. > • ri o 3 o 2 ,, a o 2 ~ n o 2 " 4 

wL ii. wt v. wt~ 
A m fiaBI .,, 96EI' a ... 384EI 

(D) By Column Ana.logya 

A 

Th-, $tatioall.y determinate condition chos1Un will bo that of' a 

simpliai upaD.9 v,hioh provicws an analogous oolW'llil loa.rled aa ahown o.boveo 

Noto that the load is a oonoentrio load am that Mo/! wlll ther@foro 



po 
.. t ,.. -A a 

Mo r 
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It may be obsorv~d that. since the load is conoontric 9 tho 1Ddetsr= 

minate moment at any point 1n the beam ia eqU1.1l to tlw P1 /a stress in 

wt2 
the analogous ool'WDD., :l. oe o Yr' 

(E) Ths, Method of Slope Ottflection does not applyo 

{F) By the lllethod of Virtual Worka 

Let the origin be taken at A and the unit load applied nt A so 

that pA • Oo 
• 

wx2 
MX .. MA -> Vix - -r II mx • % 

L ., wx2) 
E:tpA .,. O "" £ ( MA + VAx - 2 xdlt ~ from whieh 

12MA -4- av AL -~ 3wL2 llS 0 

wL 
Nov.rt since VA ,. 2 

(G) 11ho Method of Real Work do~a not applyo I 
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(H) By 'the 1'3thod ot Least Work; 

The procedure closely parallels that shown tor virtual work. Again, 

the partial derivative ot U with respect to VA is equal to zero. 1'h.en 
wz2 J\ • MA + VAX - 2 • 

2EIU • iL (11A + V Ax • •t)2 clx 

lll!IA ~ 0 • 21311~A • J: 2~A + VAx • i:)-: 
Note that this equation ia the ea.me as that for virtual .work. 

' 
Therefore 

( J) By the Theorem of Three ?lomen 't:i1 s 

L2 Iii L 

6 't'1L9 I, 
O + 2n11(o _+ L) + Mal, 8 0 ""'Lo l2 o 2 

wL9 
2f1iL + M2L •.., 4 

By symmr,try u1 • M28 ~refore 

wL3 
3MlL Iii ... T 

wLa 
}'J.&<.>iT 

Le• 0 

(K) TM Method or ?4oment Distribution doe s not applyo 

3o to.ad Varying Un1formlx from. ZGro at 0ns End to a Maximum &.t too othsro 

Thie problem 1l'J inoluded ollly to point out a speo1el method which may 
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be applired to the solution of iroble:ms involving distl ... ibuted loadso The 

tUJ.alysie will f'iret be made by msans of double integration end then by the 

speoie.l method eo that there will exist some basis £or oompar,.son .. 

{A) By the Method of Double Integ:rationz 

w lbao h 2W 
1111-

m L 

when x • I. , f • O , and y • O ., 

(l) 

w:ien y • O 

(2) 

1,~ equations (1) and (2) a.ro solved eimultanooualy it will bG 

1'ound that MA• ... I and VA•;. o The moment and shear at B are 

· WL 7W 
t'ounci by atatios t.o be ~ • = Io Blld VB iii lo o 



(B) By a Special Method of Integrationa 

ffl 
h 81 -m L 

.-,::1..ir.;;;. _________ .....s~------~ --1L. 
A~i---~~----~-....... ~----~ ........ ...,.1B 

Aa has been shown pravioualy ~ tiltl momant a. t end A of a fi:ed=ended 

beam. due to c. oonoentratod load P appl10d at diote.noe !. from em A is 

Pab 2 
114A • ... ,:r- o Bow. a.esume the distributed lead ·to bo made up of an 

1n1'1ni te number ot conoent.rated loads of' magnit\lde dP aoting at the 

variable dieta.uoo lt .trom end A.. Thc,n th.Et differential moioont a.t A due 

to the load dP will be dMA s ~ dP o·x(~a/" zl 2 ., Note now that dP e 

2Nxdx 
hxdx • L2 - o Thsn 

The moment s.t B 1.D€J;f bo foUDd similarlyo 

CONTINUOUS BEAMS 

Of the ten methods of analysis studiad previously in this I"6port, a.11 

but three., prove to be generally impractioa.1 or laborioi\s 1n the ru:ialyBie of 

''----'continuous be@JnS o Theref'ore,, this esotion mll be limited t~ ·tr.fl stl.tdy @f 
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only theH thre;e methode ...... (l) slope defl.eotion. (2) the theorem of thr0e 

momeJ:&ts, and {~) moment distributiono The beams chosen will bo of oonstant 

croae ... seotions al't;hough all of these procedures apply ae vroll to beams of 

variable oroas1ootiono The stithese ratio I/L$ for whioh K is the oommon 

notation. will ft.17 then invereoly with the length ot the spano 

It is believed advisabloe in the int'.0i9es·t of clarity# to US® numsrioal 

values for the span lengths and the lea.dee Since the moment of inertia of' 

the orosa""eection ie to remain oonsta:rrlis it will not be moeesary to employ 

a numerice.1 value in its steado ln geueralt> the bas'io equations required 

will not be restated ea.oh time tru,y are umsd" It falls upon the rsader to 

refer to Part II of this report to acquire familiarity with suoh &qv.ations(} 

Where the fixedeend morir.,nte are nseded 1n the eoll!tion they will not be bere 

deriwd, but will be taken from the portion of' this report desl:1.ng vt th f'ixedc;, 

ended beamao 

lo Beam Continuous Over Two Spans5 All Suppoi-ts Sim.pleo ·, 

A 
[[I] I I I too 1b~ ~I ID 

K2 • 1 = I 
~ I 

- HiO 12° .. 

(A) By the Method of' Slope Detleot1ona 

trnless it ie dasired to determi.Da the angle or rotation at tbe 

eupporta 9 one ne~d be ooncerDecl only with the relative stiffness of tha 

spans o As was previously notGd 0 K1/Ka ""' L~Li_ if' the mcmant of inertia 

is constant (since K is proportional to I/L}o Then K1 .. Ka,ta/Li, in 

which ~ convenie11"1i valua may be chosen for Ka e In this problalD. lot 

K2 ... s, then K1 • 6 ii s 4 ., The tiltedc.end mc:soenta at A and B i!l. the 
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fi:rst span are numrioally equal to wt2/12, the moment at A being taksn 

as negative and that at B positive.. In. the eaoond span the fixsd..,0&1d . 
moment at B is equal to "" Pab 2/t2 and that at C equal to = Pa.2b/L2o 

BL ~ ~ M__ 8 = £2_0(l5) 2 ~ - 9370 ft.,-lbso 
~ab -irba 12 

llL.. 2000<3>29 = G 11~s ~t -lbo ~ 0 - t12j2 ~ 4 .. . uo 

2000(9) 23 
Mrcb • -- (12)2 • • 3375 ft ..... lbso 

tho following relationships may be further notad: 

( o) ~a of· l\o "" 0 

Now. using the basic slope-..daflection equations; 

Mab = "". 9370 + 4E(49a + 2€?b} ... O » or 

l6ea + ee.i e go70/n 

?\,a =ii 9370 + 6E0a + 16EGb 

~ 0= .. 1126 .,. 5E(4~ + 2@0 ) $ or 

1\o "" "" 1125 + 20E~ ~ lOEe0 

M0 b .., 3375 + lOE@b + 20E00 = O ~ o~~ 

100 .~ 2oe ~ - 3375/E 
b C 

Now, :f'rom 'equations (o), (2) 9 and (3) 

sea+ 36~ + lOSe M - 6245/E 

From equation (4) 

(l) 

( 2) 

(3) 

(4) 

(6) 

(6) 

If equations (5) and (6) are combined to elirllinate 00 ~ it is 

found that 

( 7) 

The simul·te.neous solution of equations (1) and (7) show that 

Gia. :!II 793,/E , ~ Iii "" 416/E !J and 90 e. 39/E , Then equ.~t:1.o:ae (2) and 

(3) m2.y be used to show that ~a e 9060 ft o~lbso WJd 1bc • = 9056 ft o= 



lbs0 which iii a olose oheoltc The solution will be asoumd to be 

oorTeot .. 

(B) By the Theorem of Three .Momants1 
2000 lbso 

The general equation is M1L1 ·!- 2t4 2(t1 + La) ~> llfsLa • = ~ A15:1 

.,. ~ Ai.i,2o In this problem M,. 0 Ms Oil Oo 

6 2 l 16 
o ·,;, enr2 (l5 + 12) + o n .... 16 'l (15) 8 (foo)(1s} 2 2 

C, h i (12) 2000!~2(!1 (6) 

64Ma s ~ 422~000 = 8?9 600 ~ = 489.500 

M 8 = 489 , 600 B m 9060 f'to=lbeo 
2 64 

(C) By Moment D111tribu·tion1 

6'1 

In ordi,r to determim what proportion or ttis unbalanoed momsnt at 

a joint ie taken by each Illllmber QS tha joi:D.t 1s unloolced 0 it 1e necos 0 

sary to determine the distribution f.aotors for the msniberso The dis.,, 

tr1but1on fa.otor for member 1 at a joint mere n members JDGet is 

l\ Kl 
--------- or t'l Thus in this problem, the distr1bu= Kl +Ka+ K3ooaa+ ~ fi{ 

tion facto1." for member AB a:c joint B is 4/9 or Oo~.l:5~ and the:b for BC 



88 

6/9 or Oo565o Joints A and C wlll b0 unlocked in succession$ bal1:W00d, 

N'2.d thG :noment cariried over to Bo Than joint B will be unlooked and 

balanoado It • ll be \U.l!lSOee&u,wy to car-ry over t.m balanoi:ng mamante 

from. B to joints A and C0 since anything carried OWi'" to the simple 

end joints wlll be reflected baok to B i n the same proportion aud 1; 

heno0~ w-111 not affect tbe final moment 2:I. B<> To facilitate cheoking 

the ·tabulations~ line should be draWD. banoath each balancing momanto 

Here- only one balancing operation is requiredo 2000 lbs 0 

.,.......-,...,_._. _____ ....,._~ ...... --........ .,..1.,,;! 90,--~:- 3'i 

.-.---------~-M-~[=~-
= 9370 
+ 9370 
-= 

0 

- 93•10 . - 1125 
Co Oo Mo O 4686 = 1667 Co Oo M 
Balo Me + 6000 = 6?.43 BQlo Mo 

=-=====--=> u =-= 
..,, 9061 I ·- 9055 

.Fin~.l Moments in Ft.,.,.Lbao 

-.., 3315 
+ 3376 :-= 

0 

It~ be seen that there is praot1ca1ly no differa:a.ae in the 

aocuraoy of the three methods., ·bho results differi.1.1g by &\bi:art 00055 

per oent in this eue f.l 
I 

2o Beam Continuous Over ho Spgnsi Fixed ~.t One End aIJd Overh001ging the 

oth0ro 
0 1000 lba P 3000 lbse 

t-50 -t-- 90 ----.ee 

C: A Ks 2 

Ml-----15° -~~,---J.OG 



(A) By tht lKathod ot Slope Defleoticn& 

3000{9){6) 2 
lli\Pa.b 61 "' {lG):r-' = "" 4320 f'to=lbso 

~a• 30~~),26 
0 6480 ft.~lbso 

lOOOl'.lQl! 
~c 8 Q Krob = .., -U = ... 8330 f·t. ~lbso 

Known relationships; 

(b) ~a + ~ • 0 , (o) 

Slopec.d.oflection equations; 

Mab a - 6000 "' ''-' 4S20 + 2E(40a + 2t\,) ~ or • 

80& + 4~ 111 ~ 680fil (1) 

Mt,() 18 12E~ .... 8330 (3) 

M0b 9 SE~ + 8330 (4) 

From equations (b)~ (2) 0 and (3) 

(5) 

69 

e ... o 
C 

Now,, if equations (1) and (5) are solved simultaneously~ it will 

be f'ou:nd 1:ha t ~ • 122/E and th.at @a. "" ... 146/E o i'hen .from equation 

(2) 
?\a. n 4(=146) tt 8(122) •I> 6480 • 6872 fto=lbao 

and from equation (3) 

!\o 8 12(122) c , 8330 "' = 6866 t'to""lb8o 

fl.l'ld from. oqu@.tion { 4) 
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Tha siz foot0 po1m4 difference between !\,a and~ iDdic~te a small 

error in the simultaneous solution or the equations, but tbs error is 

not 1ar ge enough to oause e.~ worry o To get an exaot eheok., one should 

eolv. the equations on a oaloulator and remove tbs errors by successive 

approxim!ltiono 

(B) By the Theorem or Three Momnts, 

1000 lbs o 3000 lb&1o 

-50 -i 90 -so 

J 

--·o.,,;.--7fl 

By illSpection9 »i a "" 6000 fto ... lbBo Then tor spans l O 2 and 

2 .,, 3a 

m6000(1s> + 2»12 <1s + 10> .. 1!6eC10> -·n- ~ o 8000}:Hs> ca> 
... ~ ! 10 1000(10)2 (6) 

.LU 3 8 

-16,000 + SOMa + lOUs • - 259.200 • 260~000 o or 

60M2 + l<>Mct e O 4341 200 

llaw9 for spans 2 - 3 and 3 ° 4: 

lOM2 + 2Ms(lO + O) + O • • 250,000 o or 

lOMa + 20l'ils • ~ 250.000 

(1) 

(2) 
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The simultansol,'l.s solution of equations (1) end (2) provides the 

values M2 • "" 6810 f'to ... lbso and ~ 0 ... 9066 fto"'lbso~ whioh olosely 

oheck the values obta.1:led by slope defleotiouo 

(C) By Moment Distt'ibutioiu 

1000 I lbs. 1 5000 f •• r s· =~ . 9, • -= s· 

0 1 
= 5000 • 4320 

C, 680 + 340 
+ 488 - 816 4 1314 

436 2i§' --"" + 
<Co a ... 68 + 131 - -'"' 44: .. 22 
+ i 9 + 13 

4 1' -+ 
0 ..,, l + l 

= F == ,,. ......... :::r:: 

"" 5000 ... 6000 ""6871 = 6871 

r1na1 ~nts are in f't11""lbso 

600 lbeo 

(A) 

6000 lba. 

By the !bthcd of Slope Detleotion8 
500(ltl2 

~flO ~ ... ~ir • o 12 > R va 6000 f'tc""lb8o 

"" 66'7 

0 66 

61 

l -
... 9060 

500U!}! 5000£13\ 
l\L_ ... 0 l\l_ lill "" _.......l O -~8 ... ,., 24,750 ft..,-lbso .. '.l .. 1,)0 --¥(l~ 2 



Known relationehip1u 

(a) Mab= - 12,000 £to=lbso 

(o) !\,a + l\o • 0 

S1ope~Det1ection Equationss 

2408. + 12~ • - 6~000/ls 

l\a • s~ooo + 6E{2~a + 4~) 

{d) 

!\a 8 l2E9a + 24El\, ,o, 69 000 

. ~B •~24,760 ~ 4E(4'\, + 200 ) 

M0b ~ 8E~ + l6E90 + 24,760 

Med"" ,<t 241000 + S(490 + 2~4) 

Mdo s 16,000 s 24~000 + !&(200 + 4G4) 

606 + 12e4 1!11 ""' 811000/E 

From equations (o). {2) 9 and (3) 

l2EG ~ 40Efl + 0EG Q l8e750 • 0 a "-b o 

From equations (d), (4) 9 and (6) 

8E@0 + 28E00 ~ 6Eid + _750 s 0 

s~ ~ 28Q0 + eed ~ _~ 750/k 

72 

(l) 

(2) 

(3) 

(4) 

(5) 

(6) 

(7) 

(8) 
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'l'AB!E I 

Op$r~tion i Eqo lioo ea. I Q 00 ed I Constant Check 
b Term Term 

l + 24 ~ 12 ... 6000/E ""6964 - -
2 ~ 6 o¢> 12 ... 8000ft: ... 7982 --- --- -
3 ..-. 12· + 40 ,e. 3 +18'150/E +18810 - -
4 ? 8 + 28 + 6 ... 750fti ... 708 - "' 

l f 24 l' + l +0 .. 5 .... 260,IE "" 248e5 -
2 2' + 6 + 12 - aooo/m ... 7982 

! w 12 3s + 1 +3.333 +0.667 + 1562/E .;, 1667 -
4 4a ? 8 + 28 ... 6 - 750/s <W 708 

• - ....... 
21 6 + 6 + 12 ... aooo/E ... 7982 -
1a ... $' 6 ... 2.835 ... Q.867 - ... 1812/g - 1615.G - . 
4a 7 + a + 28 + 6 ... 750/E ""' 706 -
6 5@ + A 

0 + 12 ... 6000/E ... 7982 

6 ! ... 2 .. 833 • 63 + l +0.,236 + 640/E +64le236 
0 

7 : 8 7, + 1 + 5a6 + 0~1s ...93(175/g - 88 .. 6 
r 

5a a + G + 12 Q aooofe - 1982 

s• ..... 7a 9 ... z .. 264 ... o.75 +1S3.75/E +729.736 --
8 :•6 ea + l + 2 ... 1333./E .., 1330 

9 ! -S.264 90 + 1 0.23 .. 22406/E ~ 223,~27 • 
aa .. 96 10 1' lo77 -110805/~ -1106 .. 73 

.. 
(from 10) 9d .... 626/E 

(f'rom 9') QC • 1252/E ... 1333/E lit - 61/E 

(from 71 ) °'b G +283.5 + 469.6 ... 93 .. 75 a+ 659.25 
E E 

(trom l&) 9 l!I '-'329e63/E • 250/E 
519e63 .... 

a. g 
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Ths ~our eque:i.ions "" (l):, {6) ~ (7) 0 and (8) ... contaiu ·lih.e, fou:i'• 

unlmown slopes and 'ZiJS3¥ be solved simultaneouslyo Where there are more 

than three equat1ona to solve siaulte.:o.eously iii is gel.le1•ally moot oon= 

venient to set up the eqo.atiom in tabular t'Cn"m e.m systems.tioally re...,. 

duce the number of unknown quan:l:;ltiss until & solution ie he.do Table I 

shows tha solution of this problem in the a.fortmentioiled mazw1ar0 Using 

the values shown in Table I for Qa. oi eb I G0 1} and Gd ® it is possible 

to determiDe the moments at the supporteo Tl>.us.11 from eqtla·tion (2) 8 

~a ,. 14.S50. fto=lbeo From. equation ( 3) a ~e ia .., 141 850 f'li .. -lbse From 

CBquation (4)~ M0b ..., 28.,680 f't.-lbs., From equation (6)~ N0d • .. 283 720 

tto .... lbso Note tlla:t there is e. very slight disorepanoy be'twe5!l M0 b and 

M04 o Such disorepanoieu are typioal of slide rule solutionso 

(B) 

9 

Ml=-

:me 

Theorem of Three !foments: 

90 _Jsooo lbeo r--1 
18° 

i>, r-
o"·lbso 12000 I 

I 

24~ 
· ~ 

1«.a. • -16000 lf'to=lbs~ 
; 

I 
i 

The ocmposi te a.ree. Aa is equal to th3 sum or trian.gu.lar area of 

the moment dia.gr9.t!l due to tbs oonoentrated load and tbs pt\rabolio area 

of the moment diagram due to the distributed loado 
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l ~tlr ..... -r {12 18) l8lll~ 6 2 !90~12) 2 (12) (6} -1 .... ,;,.11112 + + -a c "" U 3 

_ 6 ! 500(16L! (18) (9) _ !_ ! 5000(18) (18) (9) 
!'§'3° 8 182° 4 

60M2 + 1811a 18 -=- l,,408t-OOO 

l8U2 + 2llfs(l8 + 24) + 2~ 8 = 729.000 - 607,000 

6 2 600(24) 2 (24) (12) 
243 ° s 

18Ma + 64rife = 3848 000 • = 729,000 = 607 8 000 ... 10 128,,000 

l8U2 + 8411a • - 21 680$000 

(l) 

(2) 

Tbs simulta.csous solution of equations (1) and (2) shows that 

the values found by slope""<ietleotiono 

(C) By Moment Distribution; 

500 lb•~ 5000 lbso 

I o 1 I I oe o4 I lo572 o42a I I 1 Io J 
=12000 .... sooo ... sooo ... 24750 ... 24760 -24000 0 24000 . =16000 

- 6000 +3000 
~ 6626 ... 13050 + 8700 ... 4360 
- 6625 + 3262 ... 1460 ,e. 2920 .., 2180 + 1090 
~ 1416 - 2832 + 1890 ... 945 ... 3455 + 6910 -... 1416 + 708 + 717 ... 1436 + 1075 ,:, 537 
- 2 + 6 - 4 + 2 C, 268 y 537 
,(, 2 ... i .. 77 ... 164 + 116 "" 58 ... 23 + 47 ... 31 ,!, l6 .., 2§' + 58 
.), 23 ... tr + n ... 25 + 19 .. 9 - 9 4 4 9 ... 7 + 14 "" + .. + 
•I> 7 .. 3 ,Jo 2 "" 5 + 3 ... i' . II!----

+ s .,. 2 + l 
b.U.9.QQ ... 12000 ... 'i4lJg! ~ =28723 --28723 :-:C-6000 ... 16000 -

Final Momentc 
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Stat1call.Y Datel'JiliDate Beams: ot the metb.Ods available :for deter­

mining deflections of statically detemdnate baeJnS, the !ll8thods of double 

integration end ot area-momenta are more universally understood and em­

ploye~ than any ot tbe others ., This doubtless is a result of the trend:> 

in elementary meohenios textbooks, tow81"d the presentation of these tlvo 

m'3thods to the exclusion of others. However, this does not seem to be an 

undesirable bias since the area-moment method usually provides a solution 

more readilf than any otber method. 

In cues whero tbe beem is syDID8trically loaded and supported end 

where it is desired to f'1nd the maxinJum def'leotion, tm use or double in­

tegration is perhel)s almost as easy as the ~a-manent ~thod. But le.ck 

ot symmetry, 1n a simple beem, complicates the solution by double integra­

tion much more tban 1a the case With sCIID& ot the other methods. In general 

the dUt"iculty of making a. solution by doUble 1ntegre.t1on is pr9portional 

to the dit'ticulty encountered 1n evaluating th$ constants or integration, 

which are peculiar to this method. 

'l'b.ere is actually VfJT7 little d1ttere110e between the erea-mo.msnt and 

conjugate beam methods. The only d1tterenee l1es in the disaimiler frames 

o1' mind, or phUosopbies, with which the attack is begun. Foz, some stu• 

dents the conjugate beam method may be more eesUy remembered beoause it 

1s the duplication ot a cammon, ever.Yd~ operation-that or finding the 

moment at a given eeotion at a beam. Care must be e:xe.ro1sed, however, 1n 

choosing the proper type ot support tor the conjugate beam. Ver:, 11 ttle 

difi"iculty is oe.ueed by this it a tew simple rules are leBr?18d. 
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The imthods of' work ver,J often pl-"Ov1de an expedient mans for finding 

the detlections or ateticelly determinate beams. D'requently thoy mey be 

employed with as .much facility as is possible by the area-moment methodo 

The method 0 however, becomes 1ncreeaingly complicated as the number ot 

loads on the structure increases. Separate moment equations must be set 

up 0 integrated, and evaluated between certa:.!.n limits corraspon.ding to 

adje.aent 0 abrupt ohanges in tli..e sbse.r d:tegrem. 

Other methods, such ao th.a Theorem of Three Momenta and the slope­

deflection method, are rather Gaaily applied but involve more or less arti­

ficial approaches. Further, they require the use of basic formulae which 

are easil.y forgotten or misapplied if not i'rsquently used .. 

In short 0 it would seam that the area,-m.oment method is the one most 

read1.l.y used in the greatest variety of conditions. In addition it is 

easily comprehended mid easily recell.ed, so ·!;hat it provides an excellent 

tool for occasional use as well as one ro:r. routine useo 

§.!i_!lticelll Indeterminate Beams: For single-span 1ndeterm..1.na.te beam 

unelys1a, it is rather hard to choose between the e.rea-mo..-nen·~ method end 

the Column .Analogy. The Column Analogy seems some'fthat easier to apply 11 but 

its advantage over the area-moment 111Sthod io hardly great enou.gh to justii'y 

1.ts use for ocoaaional problems or tha type covered in this report. For 

aingle-spen bents, tor curved beams, or for arches 1t ia a singularly 

uaeful method. 

'l'1le Tb~orem ot Thl."ee ~Jlomente should not be discounted for ·the solution 

of single .... span beams. In some cases (particularly for single-spon 1nde­

terminates w".nich overhang one hinged su1>port) thia nx;tl1od provides a 

solution more readily than does any other. 
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T.b.o :msthods or work are generally cumbersome to apply end would cer­

ta:t.nly not seem desirable tor sporadic usao 

For multi-span indeterminate beams the method of moment distribution 

is to be preferred by tar tor general useo When trun1e 1s only one redun­

dant reaction the 'lb.eorem of Tl:u."e& Moments provides t:i ee.tisf'actory method 

ot solution. If tha number of redundanta excaods two 11 necessitating the 

oolution of three or more equations sim:ul·iameously, tha Theorem 01" '.fnree 

Moments solution becomes unvn.eldly as compared to that by moment 

distributiono 

The method 01' slope-deflection~ which usually i nvolves the solution 

of three or more equations simultaneously, is fraught with the possibility 

f or erroro The solution can almost never be accomplished the first time 

without mistake unless the equations are set up and solved in a systematic 

manner and a constant ch.eek maintained as the solution progresses . The 

1nethod shown previously in Table I provides one way o:, reducing the 

possibility ot error. 

It should be repeated that the method of moment d1atributton far ex­

cels any other for deta11llining the moments in multi-apan beamao The 

method, furthermore, is easily used for determining t he mOIJ'l.ents in the 

~ers of multi-story conti.nuous FJtruct'1]."es. It is r egrettable that so 

many engineering students are graduated with very litt le or no knowledge 

ot this important method ot' an.alys1ao 

The applications ahown in this report ere by no m ens the onl.y uses 

for many ot tlle methods describedo Same of them, for example tile methods 

of work 0 f1Jr.niah useful nsans for determining the deflections of trusses. 

There o.re many other applicat i ons tor the methods, and it 1~ to be hoped 
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that the examples shown in this report may serve to introduce some or the 

methods end indicate the manner in which they may be appliedo 
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