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PREFACE 

Coe o! the greatest practical problei in the design of modern aircraft 

is the phenanenon of :f'lutter. T st fiights a:y reveal flutter in wing, aileron, 

.fuselage or tail ass .mbly unless it is carefulJ.¥ considered at the time of 

preliminary sign. The purpose o! this paper ia to present the tundatiental 

nature of, an.i the basic L13thods of, handling t analysis of this problem. of 

nut tor in prelio.inary de ign. 

This paper will also include a ethod of solving ay"'tems of equations that 

arise in U analysis by a caabination o! matrix and Laplace transform llethods . 

References to the bibliography throug)lout the text are indicatt3d by bracketed 

numbers followed by tl e page numb rs. 

I wish to expr ss uq gratitude to Mr. ar¥i "' L. J. Fila lately- associated 

vith the Lockhe d and Glenn L. artin aircraft companies and Professor E. F. Allen 

of the llathematics Department for their aid in the final preparation of this 

papor. 

January, 1948 c. J. c. 
till at r, kl.:i.ho 
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INTR rucn:m 

In vi of t.he recent. int.er st and develo nt in tm design o£ hi.gtl 

speed aircra.tt., it. se proper t;o bring out the general 

ind aling ·th cne of the moat. import.ant design proble "' involVi d .• that 

of aircraft. tluttar. The Yibrat.ions occurring in .f'lut.ter phen n can often 

lead to looa of control. or to atruct.ural failure in su aircraft. p s as 

wing., aileron, tus.elage, am tail. The increasing size and c.cet ot ai.rcra!t., 

the danger of actual !tight testing, and the difficulty with which ideallz 

wind tunnel experiments are carried on es it · perative that there be 

developed analytical t.. ods hereby t-htt nutt. r characteristics ean be 

accurately predicted. ill or the t heoretical cwptlt ons m ,xperisoontal 

asure t . on aircraft. vibration h e ~ one b sic objective in mind, aiu 
that is to 03tablish the :um sa.f e air speed of t aircraft. 

}'br convenience., this paper ill deal for t .oat pirt with the 

specialized proble1a of .flutter in the ng or ;ing- aileron structure. Such 

a proble is also discuss in (5, pp. 220-228) . It ia kno n that n ouch 

a structure is restrain ·~ to an i? itial. position of equilibri: , it fI3' bee 

unstable urrier certain conditions ot motion. The t hecr y oi small oscillations 

is., in general, an approximat t eory of the JllOtion of iechanical st 

in the neighborhood of an equilibrium sitioµ aad. :.~ierefor is used in tl::e 

analysis of fl.utter . e ohall consider the ing and aileron as our rneehani.cal 

sys • he wing is cronsidered a an elastic structure cl.amped to th airplane 

fuselage Tthicl1 is considered as a rigid base. The ing is then taken to have 

two degr c.s of freedom, corresponding to emir>g and twisting am a third gree 

of freed re pre nting the relative cenecti on ot the ileron. Still more 

recent developments in aircraft design require an addition of a fourth d gree 

or :freedo I that of relative t d .t1ection. Ho ever, in our 1,r esent dis.c.'Ussion. · e 
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r e 1 the u.1,1.c, ...... ,...._ wi;r .... ~,cticm q1 

ot tl , aileron 

ml.at.iv tot dir cti ot 

throo kind ffoct f'" ch .st • (l) th in rt.i 

forces, (2) t • r'-otrai ( arxi 3) the a~ ·c fore s • 

.forces are !'in to he t~ !ore d t.o th air fSSU ting on 

or wi - ail.oron and !'unctions of t i.e air .. t.'<l. Sine th critical. s 

or !lut.t..er · .fin to be tr · l ~ id of the ropl tor tl.eh 

c t ady,_ e all · ploy Lagran • s equo.tions of t.ion to 

a. .:q-st I r_orci free oscillations. Th .... e uutimiions cont 

the equllibri . or . above ntioned to n. 

cit cal sy.st ia treated 

tat · ents rag~ 

nature arie s int. cal rn re;:{ b actu 

d into t at., tl· re t 

dis !p tod~ th 

e chos o r y-s 

air,. _t, i 

enorgy to he arby a.tr,. The Lnv'rartr:r 

~t~n int to 

(l) ~ rt Ct.) 
~ dt2 

hod ot 

.equat,ions o . at-ion o 

CiJ <f {t) a 0 

j i ad ion index and oth i m J l ave t: r 

coefficients aiJ• ijJ cij c d t 

and p tcro the aireratt true 

g densit:, > location o t~f.'nass Sld. (elastic 

centers ra; ity of t l e Wine d eron 1 ngt.h., an:l 

l to n. 'l":he 

various · .. ods or olvl & t iom3 i) t fo { ) , ru at. 

ti d.s point ""' shall · v the • 



.res~:ui;re~, q, " 

rl", d le • ~ ~i cti: e:b' .. 
cit: 

t:1.otuJ (l) n b rit 

(2) .. + Cq •O 
'->ince CCC the ine.rt..ial. ~ .rti ru C cont.aina t 8 pertiea 

of tric d C are referred to as the 

ti: • the lS in t 
!o C 

Th l..apl.aco truna.f'or ot .tuoction q (t) is a function 

cl (p) • J q1Ct> 
0 

sq 1 • 

.......... ..-ion (2) is quivalent., to 

(3) -1 CQ. • . 

by A-l . 

column 

ld.notJ.c ono , A:-· 

O! ach t' :.n 

+ p. - l Bq + -l. Cq • O. 

·COCJl)QBjJd of the nt4 q{O) am (0) 

(0) • 0 in our c # sine q1(o) is stab quilibri 

point .. roarrang t giws 

(4) (p 1 • PA-l B + -l C)q • <q 
re Ii a unit ri.x. • obt fro 

(5) q • { 2 I• p - l + - 1 c)-1 <l.i• 
ti i; tion oi r1 er of equ tJ.on (4) 

4> ...... ,.u.di qtlrI 

nnd t ""e tain the ol.uti in 
. r, 
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n 

(6) q • > r sin(• t • ) 
- r r 

r l 
here i a colur.in trix of constants. 

A irn.pl.e n · rical ple ill sut!ico to c nstrate ao -la.Ch.intU';,Y o! the 

coo .mtations. Consider a sys to be rep cu.t.ld by the foll ~ .. if'ferenti 

1 tions or ion. 

(?) 

ct" 92 
4 2 . 

dt 
+ ql + 2 • O 

h re q1 (o) • q2(o) • dd~~ • o 

l 
and .!!..a. • r dt 

ations(?) can bo rit.ten int atrix fo 

To { ~?~ CT (~ ) Co> 
f •2l 

( ) . ( ) 

....2... .lt... Cq2) ( 1 (qj ...A.. ( ) {o 

Thus tJ B .r_: 0 ct • -0 

-5 

.L 

-1 6' . C • 
14 

{p2 1 • - l C) • I:• 2/3 

(p2 I + - l C )- l • l . . . 
{p2 + 2/J)(p2 + 1) - 5/12 

·o f "th initi co 1tions n • (r) 
~ () 

0 ~ (p2 + l) ~ 
( - 1/4 ) 

• • • q • ___ µ.r ____ _ 

(6p2 + 1)(2 2 + 3) 

-i. l2r {p2 • l} .JL l ~ 
q ( p2 + 1}{2P2 + 3) 4 ~ 2.; + 3 

+ 
6p2 • l 

•Jt ( l. 
l 

2p2 + .3 8 6p2 + l 

c( • - _3r!!!""""' ____ _ 

(6p2 + l)(2p2 + 3) 
) 

f7 + l 

kJ.14 

) 



Using a table of Laplace tra.risforos we obtain the solutions 

(E!) ql = Jr (sin ,I 372 t + 5 sin ....L t) 
4,16 ,16 

(sin v' 372 t ... 3 sin ._........1-,- t ) 
vo 
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St .. ILITY CO DlTIONS 

e etominant or the trix , t u1t plle q in qu t.ion (4) ill be 

observed to b ,, id .i.tical ·ith the det rm.inat, or !'requency cquation1 ot the 

ssical ethod of ving e ntions (l) . for 

t quency e atio w2 I + w - 1 B + - 1 C • o. It is in een0ral or degr-ee 

renist n r or dog · ot f1'tt ·do • root are in g eral 

c pl.ex an ifeur in -conjugate c ... '"'::t_......, .... pairs, o th solution will be of 

(9) > r •rt. 
q l ere• • c + i r r 

l:Soemwc of co1\1ugs cm.plox pFs, t.he olution 
t . t • • > 7F r h:e. 

l 
n 

(l ) - \..r er 0 q•~ IT C 
l 

b writt int 

the bar represents th co jugate 

e d:> to.in .at at o 

incre "'ing ar.:;plltui e and s st is unstable. 

since an ces 

to e ne tiv 

COIUlider 

ich one could d>tain tal».llty conditio or aet e i! a 

appliostio ar out 's test o too det ·rminantal uation, 

d auf!icient ca ditiou t tho real rts o..i. all the root.a 

.at all th t,e., 

th di! rtJntial 0 'ion of the s · pli.fi d flut-t. r 

probl t ~t as discus d in t intro :et.ion. ll b 

2 • J. ndo 6t d. (1905) pp. 29?-301 

r, D nc , n th Criteria fr,r tho <itabillty o! •·aa.1..1 tions:• 
~ . • ~ Serio , V. l . 124, P• 61+2 (1929) 



negle~ct3 ine th coefi'ici nt ot t,. line 1.'unotione of t locities are 

plica.tc· ney- ~ d tl ir incl.u .. ian doe not ' ri 

ou,"""-1' is • U · ne q1 2 th c rtll.iz c rdin t.es 

and C U 

(U} i2- 92 l 2 
a.. ... 2 •kuq +-t..., ... q •O -~ dt: ~ 

cl- 91 ((- 92 
°J-2 2 + ".22 2 

'!t • coef fi i nt 4 a by' 

11 • ot in rti o! the ing about, .fix.e nxia ( l. tic axis) 

~ "" S of ail 

a • di ... tance bot en ol stie axis of ing hin axis f aila 

12 • radius or gyration 

2 • dist ce or cen: o~ gravity· fro- hing a.xi-a 

oen t. e coo1 di te q1 and </ a. tl r tor 

s s l.2) . le kiJ arc unc o .lb o the 

aer'O®rnmnc !ore .a. 

2 • O. or an nn si.8 or coupled 

air speed as -1cy r · t iro. 

~- o ever, i Btill non,-conserv-at-1 v • a p. 2 
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can nrit-0 quation {4) £or oul" specialized probl as 

p2 .. ( t(") ( rl) 
u < ) ~ ~ • ( ) · for con ience 

~ 
~ 

( -l . q ) 
( ) . 1"1 
( ,. t(p) 
( -2 ) 
( q ) 

p2 + k22 

·822 

t(p) • (p2 + g) (p2 + h) 

(" + " (13) !or e and h • 11 2 22)2 t 

. ( J 
( cfJ 
{ ) 

2 
22 )2 

( ) ass q2(0) • 0 

~ 0 ~ 
and ql(O) • rl 

-

- -The solution ill cont.a.in · linear cotlbinatio ot t: sin v' h and sin ~ g • th 

.... --iuvero transi'o requ1 s vb and v g to be real arrl this ill be tru upon 

exam.ining equo.tions ll:3) hen the following condit,ions ar sat.is!ied 

2 2 k._ k 
(l.4) (9u - 1122 )2 + 4 -.i.2 21. > 0 

u422 

C'•u • •22 ) V 2 2 2 

:> 4 

conditions 1;. · obtained by tho expansion of e dett1roinantal. eq1 tion, 

hich is essentially hat w " do e above . FvT a. discunsion of that thod and the 

physical aning of t.l-ie~e stability conditions see 5., pp •. 225-227]. 
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As the nu.r.:Jb r of de.gre s of freedom is increased, th expansion of the 

d tomim:.tcl. oqu, tion is increasingly more difficult . Therofore a graphical ethod 

of det r.niniug t he critical speeds is u ed. Far any speed belo this critical 

value the oscillationei resulting from any given initial disturbance eventually die 

away; at the ctual critical speed tHe moti n tends to becc.-ne :;i: ply sinus~idalJ 

~tile at" all speeds ovc::r a co ~ain range hose lom,r lLdt is · tt · critical speed., 

oticillat · on occur 1hich incNase to an inde.finitely la.r..,.e amplitude ho ov r soall 

the initial disturbance a;, be. 

Fro.i the a.bO'le it is clear that at tie critical speed for flutter the determ.inan

tal equation ill have at lea.:,t one pair of conju.g_at.e pure i f>.aginary roots. These 

are s ti.mos r forred t(:) as c:riticru. roots. The dingrar.ia.tic method by which the 

nutte~ speod of an a roplano can be represent d consists of showing the arlation 

of the dm ping factor c 1th the air speed for tm several constituents of the 

motion. A f o I graphn5 will illustrat this procedure . 

10 ..--~~,-~~-,-~~-,-~~--.. 

Fig. 1 

Airspeed (ft./sec .) 

T 1e curve c1 of Fig. 1 repres nts tl:e d ping factor of one .o cillatory 

constituent tihich is d ped fer all spo ds les than 240 rt/see. and g ro s indo initely 

l~g.; .£.'Or all speeds greater than this value, while 62 of the second constituent 

remains damped .for all apeeds. 

5 Th se graphs were obtained "rom 4~ p. ,358] 
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AirspeBd 

Both of the Constituents of the oscillation in Fig. 2 reQQin de:.:iped through

out. thE> range covered by the dia;Jrams htmner there is a very SJ~ .margin of 

:stability in the vicinit.y of 250 f.t/a&e·• 
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ATRIX ITERATI011 M:i:t IoD 

Tl e thod by 1hich one can obtain t} frequencies of the several constituent 

at.ions depends on e complexity of t.he problen. at hand . For a small number of 

6 de{,rrees of .treedan (:3 or less) the Laplace transform- :trix od rrwy be employed. 

There is an approximate numerical method called the raatrix iteration method iich 

handl.1;:s large numbers of degrees of freedom and also 1.o useful in taking ea.re of 

corrections due to our initial assumption~ . A brief \)Utlim of this oethod will 

be given. 

le shall first replace the one secun order matric differentio.l equat.i_on (.3) 

tith the t o .first- order quations 

(15) • 
q=r 

• - l - 1 • r=-A Cq - A Bq 

Define trices s and U by t.ue follO\ ing 

(q) 
a,.. (r ) 

( ) 

0 
O• 

- 1 
- 6 C 

I 

where O and I are zero and unit atrices of such an order as to make U e. square 

matrix. Then equations (15) Carl bo . r1tten as one first-order tric differential 

equation 7 • 

(16) • 
s • Us 

6 See (lOJ for a discussion on t 
degrees of Y.J"eed~. 

advisability of em.ploying large number. of 

7 The Laplace transfori· ma.y be applied at this point rendering 

- · ( )-1 s• pl-U s0 
and using the first n eleoonts, e obtain t e sai1e results as before. 
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.c nor, a ek oolutione of tt1 type 

(17) • a ewt w is a scalar 

Substituting quation (17) in (16) and w obtain 

(18) Ua • wa. 

;e oust now go value• of And th t vlill o· ti fy ()( ation (18) . Co ider 

now the r currence relation 

r • 01 1, 2, •• • ] 

hore O is an arbitrarily giv oolu: trix. t, 0,1 by a suec a iv us o f th1 

roeurr nc to ula can xprea in t r. 0 au thusly 

• 

It can be shown thnt i'or la.re r tt1 ratio of t.he el ent of the column matrix 

.~ t l r - 1 1 , 'I? v 8a o tbo con-es nt. o! tl c u.mn oat rix U 3a s appro.:xim.at ""J 

a constant equal to 1 , re w1 is e greatect froquency of our 03cillating 

syste • Th fund ntal frequency ani t 

corrcoponding .:>litud can al o b rot ed by 

di.ate ovnrtones and their 

othod cons ting of reducing 

the n bera of d ,eroea of fraedo and r. peati.11J the itoration 

prooos is a ey te. tic thod of ironing out th err-;~a in ·the a6s cd col 

matrix. or detail d account of this t .oo along 1th aids in computing th 

:roal t1.nd imaginary parts o! th ca.tn.i l characteristic roots • · 3) . 
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In conclusion, it might be of so interest to observe brie!l.y o of the 

methods us d in obtaining experimental r-0s ta against hich analytical Jt.hods 

are cheeke 

Vibration quipnent8 c pable of recording a number of positions simultaneousq

is used so tr.at frequency and relative phase and amplitude or various point on th 

structure can be obtained so as to de.tine defiection curves of too vibrating 

structure ,. hese defiection curves ·u correspond to the column trix obtair.ed 

in t iteration ethod. 

The ing 1s anal~ed by placing pickups al.o e t\10 lines, one near the leading 

edge and the other n ar the trailing edge, 1n order to detcr.:i.ine t o deflection curve 

for tl: ihg. From t e two curves it is possible to determine .the ount of bending 

and torsion present at eac wing st ation. The picku aro so placed on the ing 

as to oeasur the motion rpendicu.la.r to th sur£ac • For •·tudying ::ing f'ore-and

aft modes o! vibration., b 1 vertical. at¥i horizontal component.a are tudied to 

determine the amplitude as ell a th direction of · otion. Th exciter used is a 

rotating unbal.an d weight driv n by a va.riable-ap d transmission through a 

tl.exible drive sh t . h output of ch pickup is put into a separate ampllfior 

and then into a r:w.tiel t. recording oscillograP!i so the .frequency, plitude, and 

}ilase relation of each ing ... tation studied can b tecorded sklultaneously, thus 

detem.ining the wing d i'.l. ction curves for each ode of vibration. 

8 For a detailed list of such equipnent and its range, see (2., p . 369-370] . 
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In the prac'tical sen-.. nutter mans an oscillation hich ,s and finally 

breaks tho structure. 'l' e proble of fl.utter is co~ rned ith tl"l' motion of a 

ooehanical system in t he neit:;hborhood of an equilibrium position a1 t h rofore tl;e 

theory of sua.11 oscillations in employ d in the analysis of ..flutt ,r. In the theory, 

critical V, lues ar det r.miried 'Ythen fr o oscillations are steady. Therefore the 

Lagra.11..[ ia.n equ ti.ons of , otion for a system perforoing free osc · 1.lati us aro set 

up using as g nuralizcd coordinate tno dugrees of fre dam d scribud by the bending 

and t isting of th ins aud the 1 tiv de!lections of the aileron and tab. 

Tl e generalize orces used ar t .he 

dyn -· cal f ceo . 

ent due to inertial, retraining, and 

l t:i solution of La,erane;o• s eq tiotiu of o.oti n is acco.rnplished by riti tbe1:1 

as 0110 e&trix. diff' cntial equa.ti n and applying th ~ u thod of Laplace transforms 

to this matrix quat;i.on. ter i:.t.e trix oub idar .. t:qu a.tion is rut ined, tl s e 

equations that make up t trix quation solved y taking the i nvar~o transform. 

Due to the eamJ lezity of the il version of a trix imolving elements containing 

a v iable, t he eth 0d at it.s present dovelop: · nt i.., l tad in the numb r of d grees 

ot freedom that can be oyed. Th · thor i at present orking on th~ deriv·tion 

of fornule:e d neth ods h reby mo di gr Co can be handl Al o ork is beine 

dotie on t} e extension of the Laplace-transi"oru theory so that formulae may be us -d 

!'or obtainine the inv ·r e transi"or,,. o the suhsidary matrix equation directly. 

Stability c,:mditions are detcrminec. by d:>taining tie conditions for l'lhich any 

one of ti constituent oscillaW.. oo ill not be a growi ;) o cill ion. l•or this 

procedure, Routh 's tests or direct 

enployed. 

ansion or the eterminantal equation m.ay be 

The a.trix iteration t.bod is also sed 1n solving the differential equations 

of motion., and a graphical ethod showing the vari tion of d ping !'aetoro 

of tne constituent motio s wit too air sp.ed is ployed in determining the critical 

flutters ed. 
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