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Preface 

This brief study is :intended to prove some theorems related to 

special continua and some of their special subcont,inua based upon 

Moore's Axioms 0-2. It is seen to bEJ advantageous in the study of 

continua of condensation of a continuum M to introduce original 

definit.ions defining o< , (3 1 and ~ f., -continua of condensation 

of Mas a classification of continua of condensation of M. A more 

general definition of' an narc11 than that given in Dei'inition MlS 

is introduced in Definil:,ion 4 as an o< -arc. 

A few theorems are proved that are closely related to neither 

continua of condensation of a continuum nor o< -arcs but which nw,;,r 

be of int0rest to the reader. 
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Theorems Proved on the Basis of Moore's Axi01ns 0-2 Related to Special 

Continua and Some of Their Special Subcontinua 

For the bonefit of the reader, Moore's axioms 0-2 are listed below 

uith definitions and theorems which are either employed in the proof of the 

theorcfils in this paper or listed as references for the purpose of clar-

ification. 

A . l noms: 

Axiom O. Every region is a point set. 

Axiom 1. There exists a sequence G1 , G2, G1 , • • • such 
that (1) for each n, G is a collec~ion of ~egions cover
ing S, (2) for each nr; G + 1 is a subcollection of G , 
{3) if R is any region ~atsoevcr, Xis a point of nu, 
Y is a point of Reither identical with X or not, then 
there mtlsts a natural numbor m such that if g is any 
region belonging to the collection G and containing X 
then g is a subset of (R - Y)+ X, C?) if Ml' it,, ~1J, 
• • • is a sequence of closed point sets such that for 
ea.ch n, 11n, contains f\i+ 1 and, for each n, there exists 
a region~ of the collection G such that M is a sub
set of g, then -~here is at lea~t one point ~ornm.on to 
all the Boint sets of the sequence M1 , M2, M3,• • • • 

Axiom 2. If Pis a point of a region there exists a non
degenerate connected domain containing P and lying 
wholly inn.. 

Definitions: 2 

Definition Ml. A point P is s~dd to be a limlt 2oint_ of 
a point set M if every region that contains P contains 
at lea.st one point of M distinct from P. 

1 R. L. Moore, Foundations of Point Set 1'heory, pp. 5, 6, 86. 

2 ~., pp. 5, 11, 17, 21, 2S, 34, 38-39, h7-4S, 75-76, 81, 94, 
103-104, 106, 128. 
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Definit,ion M2. A point set is said t.o be closed if 
it contains all tts limit points. 

Dofinltion M3. The boundary of a point set M is the 
set of all points X such that every- region that con
tains X contains .at least one point of H ::md at least 
one point which does not belong to M. (A point of 
the boundary of M is called a boundary point of' M.) 

Definition M4. •rwo point sets are said to be mutu
ally exclusive if they have no point in common. 

Definition M5. Two point sets are said to be 
mutualll senarated if they are mutually exclusive 
and neither of thorn contains a limit point of the 
other ono. 

Definition H6. A point set is said to be ?CYmp~ if 
eveI'iJ infinite subset of H has at least one limit 
po:L.··rt. 

Definition M.7. The point set D is said to be a 
domain if for each point p of D there exists a re
gion containing p and lying in D. 

Definition MS. A subset K of a point set M is said 
to be an~ subset of M if for each point p of' K 
there exists a region R containing p such that R • M 
is a subset of K. 

Definition M9. An open subset of Mis also called a 
domain with respect to M• 
Definition·r.110. A point set is said to be locallz 
comeact if, for each point p of I~, there is a com
pact open ::mbset of M containing p. 

Definition Mll. A point set is said to be connected 
if it is not the sum of two mutually separate point 
sets. 

Definition Ml.2. A point set which is both closed and 
connected is called a continuum.. 

Definition Ml3. A maximal connected subset of a point 
set M is a connected subset of· M which is not a proper 
subset of any other conned;ed subset of M. A maximal 
connected subset of a point set is also called a 
comnonent of that point set. 

Definition )D.4. The continuum M is said to be an 
irreducible continuun about tho no.int set H if M 
-· 4 
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contains H but no proper subcontinutTul of M contains 
H. 

Definition Jfl5. If d. is a sequence o.f point sets 
M1 ., 11:2, i~., • • • then by the 1-im.iting set of o<. 
is moant the set of all points P such that if R is 
a region containing P there exist infinitely many 
positive integers n such that M contains a point of 
R. 

Definition Ml.6. If H, IC and 'i' are proper subsets 
of the connected point set M then Tis said to 
separate!! from_! in !1 if M - Tis the slIDl of two 
mutually sep.-::irated point sets containing H and K 
respectively. 

Definition 1117. If K is a proper subset of the 
connected point set M and M - K is not connected, 
then M is said to be disconnected !?.;y: !:!!£ omission 
of !, or to be disconnected ~ !, or to be separated 
]?z !, and K is called a cut set of M; and., if K is a 
point, it is called a cut 2oint of M., and., if it is a 
continuum., it is called a cut continuum of M. 

Definition MJ.3. If A and B are two distinct points, 
a sirnple continuous~ from A to Bis a closed., 
connected and compact point set which contains A 
and B and which is disconnected by the omission of any 
one of its points except A and B. A simple continu
ous arc is sometimes called meroly an arc. The state
ment "AB is an arc" is to be interpreted as moaning 
that AB is an arc from A to B. 

Definition Ml.9. A simple closed curve is a nondegen~ 
rate compact . continuum imich is disconnected by the 
omission of any two of its points. 

Definition ~!20. A point set is said to be degenerat~ 
if it consists of only one poi.nt. Ot.horiiise it is 
said to be nondegenerat~. 

Definition M:21. If Mis a continuum., a comoosant 
of M is a point set K such that, for some point P 
o:f M., K is the set of all points X such that there 
is a proper subcontinumn of M containinG both P and K. 

Definition 1122. 'l'he continuum M is said to be 
indecomposable if it is not the sum. of two continua 
both distinct from i·t. 

Definition 1123. The point set Mis said to be an 
inner limiting set if there exists a seq:uencc of do-
mains Dl' D2 :, o3,. • • such that {a) for every n, 
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D contains Dn+ 1 , (b) M i.s the intersection of the 
db3ina.ins of this sequence. 

Definition M24. The point set M is said to be _£2!1:: 
nected in1 kleinen at the point O if O belongs to M 
and for every open subset D of 1-1 that contains O there 
exists an open subset of M which contains O and which 
is a subset of a component, of D. If t,he point set M 
is connected im kleinen at every one of its points it 
is said to be con.fleeted im kle:inen. 

Definition M25. The point set M is said to bo locally 
connected at, the point O if O belongs to M and every 
open subset, of M that contains O contains a connected 
09en subset of U containing O. If the point set Mis 
locally connected at each of it.s points it is said to 
be locally com1ected. 

Definition 1126. A connected im klei.nen continuum is 
called a continuous curve. 

Definition M27. An p;een curve is a locally compact 
continuum which is separated into two connected sets 
by the omission of any one of its-points. 

Definition }128. If O is a point, a ra;ic from O is a 
locally compact continuum H containing O and such 
that (1) M - 0 is connected, (2) if Pis any point of 
M distinct from O then M - Pis the sum of two mutu
ally separated connected point sets. 

Definition M29. The continuum K is said to be a. 
continuum of condensation of the continuum M if K is a 
nondegonerate subset of M andwery point of K is a. 
limit point o.f M - K. 

Definition M30. The point set M is said to be arm·dse 
connected if every two po.ints of M are the extremities of 
an arc lying tJholly in M. 

Theorems:3 

Theorem Ml. No point of a region is a boundary point 
of that region. 

Theorem M2. If pis a l:ilnit point of the point set M 
then every region tha.t contains p contains infinitely 
.many points of M and, indeed, there exists an infinite 
sequence of points belonging to M :.md all distinct 

.3 Ibid., PP• 6-8, 17, 21, 2g, 33, 75-77, 81, 86, 94-96, 101, 106. 
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from each other m1d from p such that pis a sequential 
limit point of this sequence. 

Theore:m M3. If a point is not a li.m.it point of any 
one of a finite number of point sets then it is not a 
limit point of their sum. 

Theorem M4. If Hand Kare two mutually separatGd 
point sets, every connected subset of H + K is a sub
set of either H or of K. 

Theorem. M5. If Mis a connected point set and Lis a 
point set consisting of M together with some or all 
of its limit points, then Lis connected. 

Theorem.Mb. If G is a collection of connected point 
sets and one of them contains a limit point of each 
of the others then the sum of all the point sets of the 
collection G is connected. 

'.i'heorcm M7. If H and K are mutually exclusive closed 
subsets of the compact continuum M then there is a 
subcontinuum of M that is irreducible from H to K. 

Theorem M8. If Ml' l,~, i1=3, • • • is a sequence of 
connected point sets such that the point set consist
ing of M1+M2+ M3+• • • togethc> ·:/;th all its limit 
points is· compact and there exl$1~:21 a convergent 
sequence of points A1 , ~, A3 , • • • such that, for 
each n, A belongs to M, then the limitin13: set of the 
sequence 11,\, M2, v3, .n. • is a continuwJ1.. 

Theorem M9. If Tis a connected subset of the con
m~ctcd point set M and M - T is the su.m of two mutu
ally separated point sets H 3nd K then H+ T and K+ T 
are cormected. 

Theorem MlO. If K is a composant of a cornooct conti
nuum M, every point of Mis a limit point of K. 

Theorem Mil. Every composn.nt of' a compact continuum 
M is the sum of a countable nu..mber of proper suhcon
tinua o:f M. 

T'neorem Ml2. In order that the continuum M should be 
indecomposable it is necessary o.nd sufficient that 
ev0ry proper subcontinuum of M should be a continuum of 
condensation of M. 

Theorem Ml3. Wo two co:mposa.nts of an indecomposable 
continuum have a point in common. 

Theorem 1U4. Every compact indecomposable continuum 
has uncountably many composo.nt s. 
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Theorem Ml5. In order that the compact continuum. I·! 
should be indecomposable it is necessary and suffi
cient that there should eJd.st three diGtinct points 
such that M is irr0ducible between each t1:ro of them. 

Theor(.>ril. Ml.6. Every closed point set is rn1 inner lim
iting set. 

Theorem m. 7. If A and B are distinct points of a 
connected domain D there e.::d.sts a sim:Jle continuous 
arc from A to B that lies wholly in D. 

Theorem ~ll.8. The poL.'"'lt set M is connected im kleinen 
at the point O if it, is locally connected at that 
point; und if 14 is connected im lclcinen ut every point 
of some open subset of U that contains O then M is 
locally comlected at o. 

'rheor0m ?.ll9 • If O is u point. of th<.1 locally compact 
continuum M and M is not connect.0d im kleinen at the 
point O then, if Risa region containing O, there 
exist a connected domain D containing O and lying in 
R, an infinite sequence of points o1 , o2 , O~, • • • 
converging to o, 1:.nd an :iJ.1f:i11ite sequenc,~ of mutually 
exc_!usive continua M1, M2, }j, • • • such that (1) 
M • D is comp.n.ct., (2) for eacn n, M is a component 
of M • D - 0 · corrtalni.11g O and a po~nt of the boundary 
of D, (3) the sequence ~"S_, M2 , lt,, .• • converges to 
a subset of M which contains O. ~> 

Theorem ¥120. Suppose M is a continuous curve or, indeed, 
any connected and connected :iJn kleinen inner limiting 
set. If Mis regarded as a space and the term 11 region11 

is interpreted to mean a connected open subset of M, 
then, with respect to this interpretation of "point" 
and "reeion", Axioms 1 and 2 are satisfied ru1d 111:i..mi.t 
point" is invariant under this change. 

Theorem M21. I.f '1~ is a. subset of the poi."1t set M and 
M - T is the sum of the two mutually separated connected 
point sets ll and K and is the sum of two mutually 
soparated sets fP and K•, then one of the sets H' ~,nd K' 
is H and the other one is K. 

'rheorem M22. Every arc, simple closed curve, open curve 
or ray is a continuous curve. 
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In the brief study presented herein, an attempt is made to give a. 

slightly more detailed treatment than some texts offer of the special 

subcontinua, cont:i.nua of condensation of a continuum., with respect to 

subclassifications and their usefulness in determining additional pro

perties of that continuum of which they are continua of condensation. 

By assuming that continua have certain properties such as connectedness 

im klcinen and local connectedness (Definitions I>if24 ar1d M25 respectivaly), 

one may state whether or not such continua have continua of condensation 

of themselves and under what subclassifications they fall. Also, under 

the assumption that continua have certain other properties such as com

pactness and irreducibili·!;y from a point, A to another :roint B., one may 

determine the existence of a. simple continuous arc AB from A to B. A few 

theorems appear here that eit,her break the continuity of the study or are 

remotely related to the major theme "continua of condensation of a contin

uum" but which a.re nevertheless interesting. Examples are given whenever 

it is thought necessary for clarification. The rea.der·may., of course, 

construct those to suit his fancy whether simpler or more complicated. 

The special subcont:µma of a continuum M., continua .2f condensation., 

nhich are defined by Definition M29 are interesting in that their properties 

give iufonnation regardints, M. It is suggest,cd upon consideration of various 

€.xamples (see e:xamplos 1 and 2 below) that there c1dst various classifi

cations of continua of condensation of a continuum. I do.fine o< , f ., 

and o< f' -continua of condensation of a continuur.'1 in Definition 1-3. 

Examples 1-3 are exampL;s of o< , (? ., and d. ~ -continua of condensation 

of a continuum., respectively. 

Definition 1:• If for each point p of a continuum of condensation K 

of a continuum M, there exists no open subset of H containing p which has 



tt component containing p which is a subset of K; then K is said to be an 

o< -contin~ of' .91mdensa:t.ion of H. 

Definition ~. If for each polnt p of a continuum of conderwation K 

of a cont1numn M, there exists an open subset .D of M containins panda 

component of D containing p which is a subset of K;; t.!1en K is said. to be 

a ~ ~continuur.G. of conden§ation of M. 

Definition 2.. The continuum K is said to be an o< (3 ..=_continuUI!l of 

condensation of the continuum M if K is G. cont.inmm of condensat,ion of M 

and if there exists points p mid q of K such that (i) no open subset of M 

containing p contains a component 1rJhich is a subset, of K und (ii) there 

exists an open subset; D of M conta:ining q and a component of D containing 

q which is a subset of K. p is called an oc -point of K and q a (3 -point 

of K. 

In the folloi,i.ng examples, it ,d.11 b0 understood that the spo.ce is the 

Euclidean plm1e. Cartesian coordinates are used. 

Ernple l• Let R be the coll0ction of line segments with end points 

(O,O), (1,0); (1,0), (1,1); (1,1), (O,l); nnd (0,1), (O,O). Let Y 

denote the sequence of line segments IS., R2 , R3, • • • such that for each 

positive integer n, R has end points (O, l/2n) and (1, l/2n). For ea.ch 
n 

integer n > 0, let R~ denote a collection of line segments ·with end points 

(O, lr/2n) and (1, k/2n), k = 1, 3, 5, • • •, i 1 -1. Lot M denote the 

sum of R, l( , and Rj_, R2, Rj, • • • • The line segment 11tlth end points 

(O,O) rmd (0.,1) is an i:,;:am.ple of an o< -continuurrt of condensation o.f the 

continuum H. 

E.xi·1m:ple g. Lot. I.f be the continuum consisting of that pa.rt of the graph 

of y: sin 1/x for v.ihich O ~ x ~ 1 c-md that pa.rt of the y-axis for which 

0 ~ \yl ~ 1. The line segment with end points (0,1) ood (O, - 1) is an 
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exanrple of a. (3 -continuum of cond,,nsnt:.ion of th(eo cont.L'1uu.m :tl:. 

1~xamplc 1.. Let. 11 he the cmitinuuri com,isting of !',J.ys from the origin 

1/n "l - l ') 
" . ' .is - - ~ .:'v' 3, ••• with tho positi1ro x-~ax.is. That part 

( denot,~ K) of the x-n-·.is for whtch .:::. :!:. 0 is an cxau..plc, of an of (3 

co1'.rLinuux11. of condE:nsacion oi' t.h,.::. continuum i:cI. Tho or.igln is an 0xD:r-.1ple of 

DXl o< -point of K. JI. point. x for \1hich x 7' 0 is a (3 -point of 

Theorem 1. If K is a propor nondegenerato subeont1nuu.m of a continuum 

Mand K is a continuum of condensation of H, then K is one of the tl1rce 

classifications of contirn.u:1. of condcJn:..;;at.Lon- o<, ~ , o< (3 • 

Proof. 

1. If pis uome point of K, then either (i) there exists an open subset 

D of Icl containing p such that no ce>mponent of D containing p is a subset o.f 

Kor (ii) not. 

2. If (i) is triie .for each point of K., then K :u; cm oe. -cont.inuum of 

ccndc :'ls,:;tion of M by De.fi.nition 1. 

3. If' (:Li) is the cas,;3 for each point of K, then K is a (3 -continuum 

of cond6,nsation 11 by Dcfiniti.on 2. 

L;.. (i) is true for a point p of K and (ii) is t.rue for a point q 

o.f K, thr:.m. K is an oe. (3 -eontimmm of cond,:::nsation or H Deflnit.ion 3. 

'I'he t.h::,orem :Ls proved. 

'l'heore1n 2. If K is an o< (3 -continuum of crmdec1snt.ion of H ,:.tnd p is a 

point o:f K, '!:,hen p is either an o( -point or a (3 -point of K. 

Proof. 

1. tither (i) there c:d.sts an open subs0t D of 11 such that no com-

poncnt of D conta.:J..n1ng p is a subset of K or ( ii) riot. 

2. If (i) is true, then, by D0finition 3., p is an O<. -point of K. 

3. Ii', on t.tv2J othor hand, (ii) i.s tho ca::,e, then p is a ~ -point of 
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K by Definition 3. 

Theorem 2 is proved. 

An e;;,c'k'Ilpl1s of t,ht1 uso:l:\1.L11ess of the subclassificntion of continua of 

condensation of a continuun1 may be seem in Theorem 3 below. 

Tho01~:g 1_. If M is a. c01'.lnGct0d im kleinon continuum, then no propr.n' 

nond.ee;enerate subcont.:i.nuum of M is either a (3 -cont,inuum of condensa:t.ion of 

H or an o< (3 -co11.t.i:nuum of condensation of 1-1. 

Proof. 

1. Assume that there exists a prop0r nondegenerate subconti:numn K of 

r1 that is a (3 -continuum. of condonsation of 11. 

2. Let, p denote a point of K. By Definition 2, there exists rm open 

:subsot D of 14 contni.ning :p such that D conta:ins a component containing p 

uhich is a subset, of K. 

3. By hypothesis, M is connected :im kle:incm. Hence, hy Definition 

M2lJ.. there exists an open subset Q of t,1 containing p such that Q is a subset 

of a component of D. 

4. By Definition J:15; there exists n ree;ion R cmrt,aining p such that 

rt· M C D. Hence, by Definition !U, p is not a liJnit point of M - K 

contrarJ to Definition M29 th.at cvory point of K is a lirn .. it point of 11 - K. 

'rhe assumption of step l is therefore false. 

5. A proof similar to steps 1-h caplo:ring Dc.,finition 3 prov;:c-:;s the 

second conclusion. 

'l'he continuum. M of example 1 is an example of a connect.ed im kleinen 

continuum ,·mich possesses a propor subcorrtinumn K of I1 v.ihich :'Ls an o(.. -

continum:1 of condensation of M. 'fhus, under the hy1Jothesis of 'l'hoorem 3, 

the theorem is not true if the conclusion is strengthened to read no 

proper nondcgencrato subcontinuum of U is a conM.11uurn. of condensation of :tr. 



'l'heorem lJ:• If O is a point of a locally co.tlpact continuum M and H 

is not connected im kleinen at O, then there mdsts a proper subcontinuum 

K of M containing O which is a continuum of condensation of M. 

Proof. 

1. By Theorem· Hl 9, if R is a region containine O, there exi.st,s a 

connected domain D containing O and lying in R, an infinite sequence of 

• • • conversing t,o O, c1.:nd an infinite sequence of 

mutually exclusive continua l\, M2, M3, • • • such that (1) M • D is 

con1pact, (2) for ca.ch n, l1 is a component, of 11 • D - 0 containing O and 
n n 

a poii,t of the boundary of D, (3) the sequence i\, M2, M3, • • • 

converges to a subset K of M which contains O. 

2. Let R be a rceion containing O such that 1-1 is not contained 

wholly in R. Then, K is a proper subset of li. 

3. By Theorem MC, K is a continuum. 

4. Let Oi, O~, o3, • • •bean infinite sequence of points such 

that for each positive integer n, 0' is a point of Mand a point of the 
n 

boundary of D. The existence of the sequence f 0 1 J is assured by stf:;J L 
n 

Also, by step 1, M • D is com.pact and M • D :> { 0~} • 

5. Consider the point set W = ~ 0 1 • 
ta=-1 n By step 1, M is an infinite . n 

sequence of mutually exclusive continua. Hence, by Definition lJJl+, O! is · 
:L 

distinct from O! for each positive integer i and j with the exception 
J 

i = j. Thus, :w is an infinite subset of M " D. 

6. By Definitions H6 and l-12, there exists at least, one point p of 

M · D such t,ha:t p is a limit point of W • By Theorem M2 and Definition 

Ml5, p belongs to K. If R is a region containing p, then by Definition 

Ml, R contains at least one point of M'. R contains a boundary point of 

M • D since every poi.t"lt of I-1' is a point of the boundary of M • D. By 

11 
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Definition lO., p is a boundary point of M • D. By Theorem l-U and the above., 

pis distinct from O. 

7. Hence., hy steps 2-6 and the above., K fa a proper nondegenerate 

subcontinuum of I-:I. Dy Definition M29., K is a continuum of condensation of 

M. 

The theorem is proved. 

If 14 is a locally compact continuum and O is a point of M., it is 

interesting to observe that although it is necessary that there 0.xist a 

proper subcont:inuum K of M which is a continuum of condensation of M in 

order that M not be connected im. kleinen at O, it is not sufficient. The 

continuum M of e~rrple 1 which is connected :im. kleinen and locally compact 

is an example to show that it is not sufficient. If the condition is 

altered to read (3 ... continuum of condensation of M, then the condition is 

sufficient as Theorer.:1 1 shows. It will now be shown that this requirement 

is not necessary• If' we rotate the continuum M of example 1 in a counter

clocktcr.ise mariner through an angle ff /2 about the oriein and add to it 

that part of the graph o.t' y = sin 1/x for which O ~ x ~ l and that part 

of the y-axis for v,'l:lich O ~ y ~ - 1, we obtain a locally compact continuum 

which is not conmict0d im kleinen at any point of the y-axis for which 

0 ~ I yl ~ 1. This shows that the altered condition that M contain a 

proper subaontinuum 1,.Jb.ich is a (3 -continuum of condensation of M 

containing O in order that tI not be connected irn. kl0inen at O is not 

necessary. 

Theorem .2• If M is a locally com.pact continuum, p is a point 0£ M, 

and no subcon'Cinuum N of M containing p cont,uins a proper subcontinuum 

K containing p such that (i) K is an °' -cont:h1Uum. of condensation of U 

or ( ii) l{ is an o< fl -continuum of co11d0nsa:t,ion of M such that p is an 
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«-point of' K., then a necessary and sufficient condition that M not be 

connected im kleinen a·i; p is that there exlst a proper subcontinmun K o.f M 

containing p such that K is either a (3 -continuu.rn of condensation of M 

or an o< (3 -continuuE1 of condensation of M such that p is a f -point of 

K. 

Proof. 

The condition is necessary., for: 

1. By Theorem 4, there exists a. proper subcontinuum. K of M containing 

p which is a contfo.uum. of condensation qf lcI. 

2. · By the hypothesis and Theorems 1-2., K is either a. (3 -continuum 

of condensation of M or an ex (3 -conti.nua.rn of condensation of M such 

that p is a. (3 -point of K. 

'!'he condition is sufficient by 'rheorem. 3. 

Theorem §.. If U is a locally compact continuum and no subcontinuum 

~J of M contains a proper subcont.inuum K such that K is an o< -continuum 

of condensation of I<I., then a nocessar-,1 a.'11.d sufficient condition that, M be 

a continuous curve is that no proper sub-continuum of M be a ~ -continuum 

or an o< (3 ... continuum of condensation of M. 

Proof. 

l. By Definition M26 and Theorcn1. 3, the condition is necessary. 

2. Assume t,hut tho condition is not sufficient. Then., there exists 

a point, p of M su.cb that. le:!: is not connected im. kleinen at p. 

3. By Theorem 5, there exists a subconti.nuum K of M such that K is 

either a (3 -continuum of condensation of M or an o( (3 ...;continuum of 

condensation of M ruch that p is a (3 -point of K. This is contrary to 

the hypot.h<zsis that no proper subcontinuwn of 1'I be a (3 - or an o/.. (3 

continuum of condensation of M. The assumption of step 2 is false. 



rrhc condition is S"uf ficicnt. 

:rheorer,1 1• If I1 ia ai1 arc, simple closed curve, open curve, or ray, 

then H contains no proper nondege:ncra-t,e subcontinum;1 ·which is a (3 o:r an 

0( (3 -cm1tinuu:m of condensation of M. 

Proof. 

1. By 'L'heore111 M23, M is a continuous curve. Hence, by Definition 

i,126, !I is connected im kleincn. 

2. By Theorem 3 and step 1, the th0orem. is true. 

Theorem ~. If !:1 is a continuum, K is a proper nondegenerate sui:.J.... 

cont.inuum. of M, and K is a cont:Lrmuin of condensation of M; then K contains 

no domain. 

Proof. 

1. Asm.m1,) that K contains a dam.a.in D. 

2. By Definition 117., if p is a point of D, there exists a region R 

containin13 p such that R is a rubset of D. Hence, 'by Definition I,D., p is 

not a limit point of M ... K. This is contrary to Definition M29 that every 

point of K is a limit poin.t of 11 - K. 'I1hercfore, t,he assmnption of step 

l is false. 

The theorem is proved. 

As a consequence of 'l'heor0:m ts and 'l'heore:m 1'112, the following thoorO'"t 

is proved. 

Theorem 2• If 1,1 is an indecomposable continuum, then 1,1 contains no 

dmnain. 

Proof. 

1,. Assume that M contains a dorna.-J.n D. 

2. By a:io.oms 1 and 2, th ore exists a nond0gonerate connected domain 

D1 containing a point p of D such that. D' is a subset of D. 



3. By ~1heor0:ii1S lll and M5, D' is a proper subcontinuum of M. 

4. By hypot,hesis, M is indecomposable. Hence., by 'I'heorern. :Ml2, 15• 

is a continuuri1 of cond,ansation of H. 

5. D1 conta.:ins a domain., namely D1 , contrary to Theorem s. The 

assumption of step 1 is therefore false. 

The theorem is proved. 

Conditions for the e:Jdstence of a simple continuous arc from a point 
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A t,o a point B, A and B distinct, are given in terms of locally connected 

cont:i.J.1ua, irreducible continua, Eind continua of condensation of a continuu:m 

in the follovd11.e; theor"1ms. 

Theorem lQ. If r:I is a locally connected corrtinuum irreducible from 

a point A to another point B, then Mis an arc from A to D. 

Proof. 

1. By Theore.:n. lcil.8, M is connected im kleinen. By Theorem Ml6.,, M 

is an i.rrr1er limiting set. Hence, by '1:heore:m 1,120, we may regard M as a 

space and interpret the I1ord tiregion11 to rnean a. connected open subset of M. 

2. If p is a point of M, then t,here exists a. "region11 R containine p 

such that R is a subset of' M - by c.i..tion 1, Dei'init,:lon M25, and stop 1. 

By Definition H7, M is a 11 dorn,.'lin11 • M is a connected 11 doma:u1.n since i:1 is 

a contim1urn. and corrrwcted by Definition Ml2 • 

.3. By Theor€:m 1U.7, there e::d.r:ts a simple continuous arc AB from A 

to B that lies tirholly in M. 

4. M: := AB. Othcintlse, H is not irreducible from A -to B contrary 

to the hypothesis. 

The thcore:m is proved., 

'J.'heorem 11. If M is a locally connected continuum conta:ining two 

distinct points A end B, then every point that. separates A from B in U 



lies on an arc AB from A to B. 

Proof. 

1. By Theore:m. I-US., M is connected im k.lGinen. 

2. By Theor,~m 1.U6, 14 is an inner limiting set. 

3.. By Theor® M20., if H is regarded as a space, the term 0 region" 

may be interpreted to meari connected ope.'1 subset of H:. The existence of 

such nregions11 is established by the hypothesis that 1Vl is locally con-

nected and Definition i'.l:25 • 

. 4. M is e. connected 11domai.n11 since M io a sun1 of "regions" and 

connected by the hypothesis that M is a continum1. By Theoi~em In 7, 

there mr.ists a.11 arc AB from A to B lying wholly in U. 

5. Assume that there exists a point p of M that separates A from B 

in M but does not lie on the arc AB. Then M - p = SA+ SB t:here SA and 
. 

SB are :nrutually sep-~rated point sets containing A and B, r0spectively, by 

Definition lU6. 

6. Dy Theorem M4, AB is either a subset of SA or SB which is 

:is,possible • Hence., the as sum.pt ion of step 5 is false• 

The theorem is proved. 

Theorem 12. A nondegene.rate locally connected continuum is arcwise 

connected. 

Proof. 

,1, Lot A and B be two distinct points of the nondegenerate locally 

cormectGd continuum. M. 

16 

2., Steps 1-4 of Theorem 11 are valid under the hypothesis of Theorem 

12. Hence, by Definition 1130, M is arci-.rlse connected. 

Theorems 13 and 14 below have significance in ther.i.selves, but their 
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main purpose in this study is their applicatiori in the proof of Theorem 

15. The conclusion of Theor6m 15 is interesting in view of the hypothesis. 

Theorem J:.l• If M is a compact irreducible continuum from A to B 

and from A to C where A11 B, and Care distinct points of M., then some 

nondegenera.te proper subcont,inuum of M is a continuum of condensation of 

M. 

Proof. 

1. Either (i) Mis irreducible from C to B or (ii) not. 

2. Case (i) Mis irreducible .from C to D (in addition to the fact 

that M is irreducible from A to B and from A to C a.s stated in the 

hypothesis). 

(a) By Theorem 1U5, M is an indecomposable continuum. Hence, 

by Theorem M12, every proper sub continuum of M is a continuum of 

condensation of M. 

(b) By (a) and the hypothesis that M is compact., it follows from 

Theorem Ml4 that M has uncountably many composants. From Theorem MlO, it 

follows that no co:mpos8llt of Mis a degenerate point set since if K is a 

composant of M, i-::: M. By Theorem Ml.1, every composant of M. is the sum 

of a countable number of proper subcontinua of M. Some nondegenerate 

proper subcontinuum of Mis a continuum of condensation of M - by the 

above and Definition ~0.9. 

J. Case (ii) M is not irreducible from C to B. 

(a.) By Theorem. M7, there exists a subcontinuU1I1 .NCB of M 

irreducible from C to B. NCB is a proper subcontinuum of M since M is 

reducible from C to B ~ by Definition Ml4. 

(b). Assume that M - MCB is not connected. Then, by Definition 

.till, M - N0B= s1 + s2 where s1 and s2 are mutuall,y separated point sets. 
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A does not belong to NCB- by Definition MJ.4., since Mis.irreducible from 

A to B. Therefore, either A belongs to s1 or A belongs t.o s2 • For conven

ience, let SA= s1 contain A. 

(c) Dy Theorem M9, SA+ NCB is connected. No lL"Il.it point of 

NCB + SA belongs to s2 - by steps (a) and (b) and Theorem M3 that NCB + SA= 

-+-
l\iCB SA. 

(d) By Theorem M5 and ( c) above, NCB-t SA is a proper subcont:i.nuum 

of M containing A t B contrary to the hypothesis that M is irreduciblG from 

A to B. The assuinption of step (b) is false. Hence, I·I - NCB is connected. 

( e) By Theorem M5 and Definition J.fi2, M - N GBis a continuum. 

M - ~JCB is compact, - by hypothesis. 

(f) ~ssume that M - !JCB contains no point, of NcB• Then M - NCB 

NCB is the sum of two mutually exclusive closed point sets contrary to the 

hypothesis that lI is a continuum. Therofore, M - I\f CB contains some point x 

of N.CB" 

(g) If x = C or x = B., then M - u013 contains J:JcB• otherwise, 

M - !:!CBis a. proper su.bcontinuum. of 21 containine A+ B or A+ C contrary 

to the hypothesis that Mis irreducible from A to Band from A to C. 

Therefore., every point of ?JCB is a limit point of l-1 - NcB• By Definition 

1-129, MCD is a continuum of condensation of 1·1. NCB is a nondegenerate proper 

subcontinuum of M - by step (a). Hence, the theorem is true. 

(h) If no point x of n0B belonging to I:'.i: - lJCB is B. or C, then 

M - i:;i·CB is a. proper· subcontirmum of I-f that contains neither B nor c. 

(i) :Sy '1:heorem 'i:I'/, there mdsts a. subcontinuum NAxof M - NOB 

irreducible from A ·l~o x. x belongs to (i:JCB).(~CB). Also., by Theorem 

}'f/, there exist; subcontinua. rJxC and l~xD of lJCB irreducible from x to C 

and from x to B, respectively. 
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( j) If NxB::: MCB:::: HxC' then by 'l'heorems lU5 and Ml.2, every 

proper subcontinuum of N03 is a continuum of condensation of NCBand hence 

of M. The existence of proper subcontinua of tJCB is established by an 

argument similar to 1 (b). The theorem is therefore true for NxB 

NcB= NxC. 

(k) Assume that either NxB or I~xC is a proper subcontinuum of 

(1) If N.xB is a proper subco:ntinuum of NCB' then NxB does not 

contain c. Otherwise, NCB is not irreducible from C to B contrary to step 

(a). By Theorems M3 and M6, tJAx -t l\TxB is a continuum containing A + B. 

Moither NxB nor NAx contains c. Therefore, l'JA..,c + mxB is a proper sub

continuum of M. This is contrary to tho hypothesis that M is irreducible 

from A to B. A similar argument leads to a similar contradiction assuming 

that NxC is a proper subcontinutUn of NCB. Therefore" the assumption of 

step (k) is false. We obtain under the restrictions of (h) t,hat 

NxB = NCB ==- N:xC. The theorem is true by the argument of step (j). 

(m) Havinr; considered all possible cases in steps {g) and (h) 

for a point x to be .a point of (N0B) • (M - tJ0B), it follows from the 

results of those considerations that the theor~~ is true. 

Theorem 14. If M is a compact irreducible continuum from a point A 

to another point Band no nondegenerate subcontinuum of Mis a continuum of 

condensation of Mand if C is any point of M not A or B" then there exist 

proper subcantinua of M irreducible from A to C and from C to B. 

Proof. 

lo Assume that there exists no proper subcontinuum of M that contains 

both A .tind C. 
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2. By step land Definition 1114., I-1 is irreducible from A to c. 

3. H is compact, by hypothesis. Hence, M is a compact irreducible 

continuum from A to B and from A to c. H satisfies t,he hypothesis of 

Theorem. 13., Hence, by Theorem 13, some proper subcontinuum of Mis a 

continuum of condensation of M. 1'his is contrary to the hypothesis that no 

proper suhcontinutun of M is a continuum of condensation of M. Therefore, 

the assumption of step l is false. 

Li,,. By step 3 and Theorem M7, there exists a proper subcontinuum of 

M irreducible from A to C. 

5. By an argument similar to that of steps 1-1+, there exists a 

proper subcontinuum of M irreducible from C to B. 

6. Combining steps 4 and 5, we have the desired result. 

Theorem 15. If Mis a compact irreducible continuum from a. point A 

to another point Band no nondegenerate proper subcontinuum o:f Mis a 

continuum of condensation of M; then Mis an arc from A to B. 

Proof. 

1. Let C be any point of M not A or B. 

2 11 By Theorem ll:., there, exist proper subcontinua NAC and NCB 

irreducible from A to C and from C to B, respectively. 

3. By Theorem 1:13 and M6, l'JAC + NCB is· a continuum. Since 

Nft.c :::> A and NCB ::) B, NAC + NCB ::> A + B. 

4. By hypothesis, M is irreducible from A to B. By Definition lU4 

and step 3, M = IillW + NCB • 

5. Assume that N AC 
other than G. 

and NCB have at least one point x in common 

6. By 'flheorem 14,, there exist proper subcontinua of lJAC and NCB , 



designated byNAx and NxB, irreducible from A to x and from x to B 

respectively. 

7. By steps 4 and 6 3Ild Definition Mll+, neither NAx nor NxB 

contains c. 

8. By Theorems V.J and M6, and st,ep 7, NAx + Nxa is a proper sub

continuum of M containing A + B. This is contrary to the hypothesis that 

M is irreducible from A. to B. Thus, the assumption of step 5 is false. 

Hence, the only point that NAC and NCB have :in common is C. 

9. By step 3, M = NAC + NcB• Consider M - C = {NAC - C) +. 

(NCB "'." C). By step 8, no point of MAC - C is a point of NCB- C. 

Similarly, no point of f.iCB _is u point of NAC - C. Since MCH :l.s closed, 

no point of NAG other than C is a limit point of HCB • otherwise,. NCB 

would contain a point of NAC other than C. Similarly, no point of ?ICB 

is a limit point of NAC other than C. In conclusion, (NAG - C) and 

(NCB - C) are r.!llltually separated point sets ...... by Definition M5. Hence, 

by Definition ~Il. 7, M is disconnected by C, 

10. By hypothesis, Mis a connected and compact point set containing 

A + B. Since C was any point of M not A or B., M is disconnected by the 

ommission of any one of' its points not A or B. Hence; by Definition Ml8; 

Mis a simple continuous a.re from A to B. 

Definitions M27 .and M28 define ,2Een curve and ray, respectively. The 
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following theorem is one of two consecutive theorems which are miscellaneous 

items but may be of some interest in the study of open curves and inde-

composable continua, respectively. 

Theorem 16. If pis a point of an open curve M, then Mis the sum 

of two rays hav:ing only the point p in common. 
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Proof. 

1. M - p = H + K, two mutually separated connected point sets -by 

Definition M27. p + K and p + H arc connected by Theorem M9. Thus., 

both p + K - p and p + H - p are connected. 

2. Leth and k be points of Hand K, respectively. Also, let 

R1 = p + K and R2 = p + H. 

3. Assume that R1 - k is connected. Then \ + R2 - k = M - k is 

connected contrary to Definition M27. Thus., Bi_ - k = s1 + s2 - two 

mutually separated point. sets. For convenience., let p belong to s1 • 

·rhen M - k = (R2 -+ s1 )+ s2 , the sum. of two mutually separated point 

sets. M ... k = ll' + K', two mutually separated connected point sets by 

Definition M27. By Theorem. M21, either HI or K' is R2 + s1 and the other 

is s2 • Honc0, both R 2 + s 
l 

and s2 are connected .. 

4. Assume that sl is not, connected. Then S 
1 - 51 

l 

Definition Mll. Let 5 1 
1 

contain p, for convenicnceo Then, 

and Si' are mutually separated point sets by steps 2 and 3. 

contrary to Definition M27. Hence, s1 is connected. 

+ s• • by 
1 

R2 -t- s• 
1 

This is 

5. By Definition :M28, ~ is a ray from p. Similary, R2 is a ray 

from p. From steps 1 and 2, R1 and R2 have only the point p in comm.on. 

The theorem is proved. 

Theorem 17. If His a proper subcontinuum of on indecomposable 

cont:inuum M., then M - H is connected. 

Proof. 

1. Assume that M - H is not connected. Then, by Definition Ml.l, 

M - H ::: s1 + s2 where s1 and s2 are two mutually separated point sets. 

2. His connected by hypothesis and separates s1 from s2 in M by 



Definition Ml.6. Hence, by Theorem %;!9, both H + s1 and H + s2 are con

nected. 

3. No point of s2 is a. limit point of s1 - by step le Since H is 

closed, no point o:f s2 is a limit point of H. M is closed by Definition 

- -:m.2. Thus, H + s1 = H + s1 by Theorem M3. 

4. · By Theorem 5 and Definition Mil, H + s1 and H + s2 are proper 

subcontinuu of M. (H + s1 ) + (ll + s2 ) :: lc1 - by step 1. Hence, M is 

decomposable contrary to the hypothesis and Definition M22. 

The theorern is proved. 

A more general definition of an "arcu than that given in Definition 

Ml8 is that which I define in the followil.1£; definition. 

Definition !.• If A and B are two distinct points, an of. -arc from A 

to B is a. continuum M such that M contains A + B and ever"J point of M -

(A+ B) separates A from Bin M. 
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Exam:Ele !.±• Let S denote a subspace of the Euclidean plane such that S 

plus that part of the y-axis for which O ~ l yl = 1 is the Euclidean plane. 

Now let M denote that part of the graph of y = sin 1/x for ivhich O ~ x ~ 2/,rr 

plus \he oriein. If A denotes the origin and B the point (2/11', 0), then M 

is an o< -arc from A to B. M is not locally compact. 

An aposyndetic continuum4is defined as follows: 

The point setM is said to be aposyndetic at the point 
P if P bGlongs to Mand for each point X of M distinct 
from P there exists an open subset of M 1rih.ich contains 
P and belongs to a connected and relatively closed sub
set of J.1 lying in M - X. A point set which is 
aposyndetic at each of its points is said to be 
aposyndetic. 

4 F. Burton Jones, "Aposyndet,ic Continua and Certain Boundary Probl0rns, 11 

American Journal .2f Mathemat2.:.£!!, LXIII (July, 1941), 545. 



Then the continuum M in example 4 above is apos;yndetic but neither con

nected im kleinen nor semi-locally connected. The definit.ion:5 

A connected set M 1:dll be said · to be semi-locally con-
nected (s.l.c.) at a poi..vi.t X of H provided that for 
any € "> 0 there exists a neighborhood V of X i..'1 M 
of diameter less than E such that M - V has only a 
finite number of components. If His s.1.c. at each 
of its points, it is said to be s.l.c. 

has not been used previously in this study. It is interesting to note 

t}:lat if an o'- -arc is locally connected ( and hence both connected :i.m 

klcinen and aposyndetic), it is a s:iJnple continuous arc. This is proved 

in the following theorem as a consequence of Theorem 11. 

Theorem 18. If M is a locally connected o<. -arc from a. point A to 

another point B, then Mis a. sim,ole continuous arc from A to B. 

Proof. 

1. By Theorem 11, every point that separates A from Bin Ic1 lies on 

mi arc AB from A to }3,. 

z. By Definition 4, every point of M - (A+ B) separates A from B 

in M. Hence, l! = AB is a simple continuous arc. 

Other sL~ple theorems concerning o(. -arcs are the following: 

Theorem 19. If M'is an o(. -arc from a point A to another point B, 

then !-! is irreducible from A to B. 

Proof. 

2l~ 

1. Ass-ume that Mis not irrBducible from A to B. Then there exists a 

proper subcontinuu.m H of iJ containing A + B - by Definition 1114. 

2. By .step 1, M - M is non vacuous. Let p be a point of M - N. By 

Definition 4, p s~parates A from B. 'rhereforo, M - p == SA + Sn two 

5 G. T. Whyburn, Analytic •ro;eolo&, p. 19. 



mutually separated point sets containing A and B, respectively, by 

Definition 10.6. 

3. By Theorem M4, lJ is a subset of either SA or SB 1m.ich is im

possible. The assumption of step 1 is therefore false. 

The .theorem is proved. 

A definition and theorem of F. Burton Jones follow for use in the 

proof of Theorems 20 and 21, respectively. 

Definition 2.• 6 

A continuum M is· said to be freely decomposable provided 
that if A and B are distinct poi.'rlts of U then M is the 
sum of two continua neith0r of which contains both A and 
B. 

Theorem l• "In order that a continuum be aposyndetic it is necessary 

and sufficient that it be freely decomposable. 117 
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Theorem ,gg,. An ex: -arc AB from a po:int A to another point B is freely 

decomposabl.e. 

Proof •. · 

1+ Assume that AB is not freely decomposable. 

2. By Definit,ion 4, if p is a. point of AB - (A+ B), then AB - p 

SA + SB where s1 and s2 are two mutually separated point sets containing 

A and B, respectively. B-J Theorem M'.9 and Definition Ml2, SA + p and 

SB + p are proper subcontinua of AB. 

3. AB = (S1 + p) + (SB + p) - by step 2. Henc~, by Definition 

:M22, AB is decomposable. 

6 
Jones, .212• cit., LlUII, 547. 

? Ibid., P• 51~8. 



4. By steps 1-2 and Definition J, AB is tho sum of two continua R 

and S one of r,.:hich contains both A and B. 

5. By Theorem 19, AB is irreducible from A to B. Hence, by Defini

tion J•U4, the conclusion of step 4 is impossible. 

'fho theorem is proved. 

Theorem 21. An o( -arc AB .from a point A to another point B is 

aposJrndetic. 

Proof. 

By Theorem 20 and 'l'heorem J, AB is apos;vndetic. 
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There is evidence that v1Uh sufficient time, one could obtain important 

theorerns concerning continua of condensation of a continuum and o( -arcs. 

Perhaps the theorems proved :in this study, are true in more general spaces 

than those satisfying Moore's Axioms 0-2 upon which they are based. An 

investization 1;.,Jhich would require more time than is allowed for the study 

given here would reveal the a.ns1-.er. ftr,.ample 4 and 'rheorems 18-21 were given 

to show that an o( -arc is more general than a simple continuous arc and 

·t.hat theorems may be obtained concerning its properties. It is concluded 

from the theorems proved thnt the subclassification of continua of condensa

tion of a continuum is advantageous. Also, it is regrettable that t.iJne 

does not permit a more e.Rtensive study of the properties of continua that 

may be obtained with the aid of dofinitions 1-4 based upon Moore 1 s Jud.oms 

0-2 as well as axioms for other spaces. 
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