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Preface

This brief study is intended to prove some theorems related to
special conbinua and some of their special subcontinua based upon
Moore's Axioms 0=2, It is seen to be advantageous in the study of
continmua of condensation of a continuuwm M to introduce original
definitions defining o , B, and <3 -continua of condensation
of ¥ as a classification of continua of condensation of M. A more
general definition of an "arc" than that given in Definition 1S
is introduced in Definition 4 as an K -arc.

L few theorems are proved that are closely related to neither
continua of condensation of a continuum nor A -arcs bubt which may

be of interest to the reader,

frse

F



Table of Contents

Axioms 0-2, definitions, end theorems taken from
Foundations of Point Set Theory by R. L. Mooree..cceen..

I:!’ltI'OductiOﬂ-....-a--.-‘...av.-.....----.o.....--.....-..-a

Definitions 1=3 and examples 1-3 concerning continua of
condensation of & ContINUMA, taevevraverrvssnsavsosasnsse

Theoremns concerning conbinua of condensation of a

contikﬁllllrniiﬂ.d.OQOOODQDOOOQIQOSIU...'0'.0.00....6.0.....
Theorems concerning simple continuous arcS.ceecisecssecscass

Theorems concerning open curves and indecomposable

Cozl't:i-nua.-...lD.'..\.O..'.'l.'..‘.l.0.!‘.1.'.0."...0'...
Definition 4 and example 4 concerning oK =arCS.ceesecssase
Theorems concerning X =arCSecsssesssseccsssassssssssssoss

COnClusiOn.oo.ottucanOo".-v.coluuaooloooun.'nu-a-..-c-ul.'

Page

524

9
16

21
23
23



Theorems Proved on the Basis of Moore's Axioms 0-2 Related to Special

Continua and Some of Their Special Subcontinua
P

For the boneflt of the reader, Moore's axzioms 0-2 are listed below
with definitions and theorems which ore either omployed in the proof of the
theorams in this paper or listed as references for the purpose of clar-
ification,

Axioms:

Axiom O, Every region is a point scb,

Axiom 1, There exists a sequence G, G,, G,, * * * such
that (1) for each n, G is a collec%iongof %egions cover-
ing S, (2) for each nl G +q 18 a subcollection of G,
(3) if R is any region %ha%soevcr, X is a voint of "R,
Y is a point of R eibher identical with X or not, then
there exists a natural number m such that if g is any
region belonging to the collection Qn and containing X
then g is 2 subset of (R - Y)+ X, (}) if M), M%, MS’

* + * is a seguence of closed point sets such that” for
each n, I, contains M, 1 and, for each n, there exists

a region g of the collection & such that ¥ is a sub-
get of g;,nthen there is at leaBt one polint Common Lo

all the Doint scbs of the sequonce Mi, M, MS,' s,
Axiom 2, If P is a voint of a region there exists a none
degencrate comnected domain containing P and lyling
wholly in R.

Definitions:?
Definition Ml. 4 point P is suld to be a limit point of

a2 point set ¥ i every reglon that contains P contains
at least one point of ¥ distinct from P,

1 R. L. Moorc, Foundations of Point Set Theory, pp. 5, 6, 86,

“ Ibid., pp. 5, 11, 17, 21, 28, 34, 38=39, h7-h8, T5=76, 81, 94,
103104, 106, 128.



Definition M2. A poinht set is sald to be clesed if
it contains all its limit points,

Definition M3. The boundary of a point set M is the
set of all points X such that every reglon that con-
tains X contains at least one point of ¥ zand at least
one noint which does not belong to M, (A point of
the boundary of M is called a boundary point of M.)

Definition ¥4, Two point sets are said to bs mutu-
ally exclusive if they have no point in cosmon.

Definition M5, Two noint sets are said to be
mitually separated if they are mutually exclusive
and neither of than containg a limit point of the
other one,

Definition M6. A point set is said to be compact if
every infinite subset of M has at least cone limit
point,

Definition M7. The point set D is said to be a
domain if for each point p of D there exists a re-
gion containing p and lying in D,

Definition M8, A subset K of a point set M is said
to be an gpen subset of M if for each point p of K
there exisbs a region R conbaining p such that R i
is a subseb of X,

Definition M9, An open subset of M is also called a
domein with respoct to M.

Definition M10. A point set 1s said to be locally
compact if, for each point p of H, there is a com-
pacht open subselb of M containing p.

Definition Mll. A point set is said to be comnected
if it is wnot the sum of two mmtually separate noint
sets.

Definition M12, A point set which is both eclosed and
connected is called a continuum,

Definition M13. A maximal connected subsebt of a point
seb M is a connected subset of M which is not a proper
subsel of any other comnected subsel of M. A4 maximal
connected subset of a point set is also called a
component of that point seb.

Definition MlL4, The continuum M is said Lo be an
irreducible continuum about the point set H if ¥




containg H but no proper subcontinuum of ¥ contains
H,

Definition Ml5, If o is a sequence of point sets
M, M“, M,, « » « then by the limiting set of £
is mpaaL hc set of all points P such that if R is

n region containing P there exist infinitely many
positive lntg 2ers n such that ¥ contains a point of
R.

Definition M6, If H, K and T are proper subsebe
of the connected point set M then T is said to
separate H from K in M if ¥ -~ T is the sum of two
mutually se pnraicd polnt sets containing H and X
respectively,

Definition M17. If K is a proper subset of the
connected point set M and M - K is not connected,
then M is said to be disconnected by the cmission

of K, or Lo be discomnected by K, or to be separated
by K, and K is called a cut sct of M; and, if K is a
p01nt it is called a cut point of H, and, if it is a

F Shedesstoinit
continmm, it is called a cut continuum of Ha

Definition Ml3, If A and B are two distinct points,

a sinmple continuous arc¢ from A to B is a closed,
comected and compact point sct which contains A

and B and which is disconnected by the omission of any
one of its points except 4 and B, A simple continu-
ous arc is sometimes called mercly an arc., The state-
ment "AB is an are" is to be interpreted as meaning
that AB is an avc from A to B,

Definition ¥ML9, A simple closed curve is a nondegenew
rate compact continuum which is disconnected by the
onigssion of any two of its points,

Definition ¥M20, A point set is said to b d cenera t
if it consists of only one point., Othem it
said to be nondegencrate.

i—"(D

Definition M2l. If H is a continuum, a composant

of M is a point set K such that, for some point P

oif ¥, X is the set of all points X such that there

is a proper subconbinuum of M containing both P and K.

Deiinition M22,., 7the continuum M is said Lo be
indecomposable il it is nobt the sum of two coubinua
both distincet from it.

Definition M23, Thﬂ noint set ¥ is said to be an
inner limiting set if there exists a secuence of do-
mains Dy, Dy, D 350 o such that (a) for every n,

W



D, contalns D\ 4 5 (b) M is the intersection of the
domains of this séouence.

nl'ion M24. The point set ¥ is salid to be con=
nected im kleinen at the point O if O belongs to Y
and Lor every open subset D of M that contains O there
exists an open subsel of ¥ which contains O and which
is a subset of a component of D, If the point set Y
is connected im kleinen at every one of its points it

.

is said to be connected im kleinen.

s}
v @
;_ﬁ

Definition M25. The point set M is said to be locally
connected at the point O if O belongs to ¥ and every
open subset of M that contains O contsins a conmected
open subset of Y containing O, If the point set M is
locally comnected abt each of its poinbe it is said to
be locally connected.

Definition MR6. A comnscted im kleinen continuum is
called a contbinuous curve,

Definition M27. An open curve is a locally compact
continuum which is separatb bed into two comnccted sets
by the omission of any one of ibs points.

Definition M28, If O is a point, a ray from O is a
1ocally compact continuum M containing O and such

that (1) M - 0 is connected, (2) if P is any point of
M distinct from O then M - P is the sum of two mutu-—
ally separated connected point scis,

Definition M29, The continuum K is said to be a
continuun of condensation of the continuum M 1f X is a
nondegenerabe subsed of M and every point of K is a
limit point of ¥ -~ K.

s

Definition M30. The point set K is said to be arcwise
connected 1if every two points of M are the extremities of
an arc lj1np wholly in M.

3

Theorenss

Theoras Ml. o point of a region is a boundary point
of that reglon.

Theorem M2, If p is a limit point of the point set I
then every region thalt contains p contains infinitely
nany points of M and, indeed, there exists an infinite
sequence of points belonging to M and all distinct

2
Z Ibid., pp. 6=8, 17, 21, 28, 33, 75-77, &L, 86, 94=96, 101, 106,



from each other end from p such that p is a secusntial
1imit point of this sequence.

Theoren M3. If a point is not a limit point of
one of a finite number of point sets then it is
limit point of their sum.

Theoren ¥Mh. If U and K are two mutually separated
point ssts, every comnected subsel of H+K is a sub-
set, of either H or of X,

Theoran M5+ If M is a comnected point set and L is a
point set consisting of M together with some or all
of 1ts limit points, then L 1s connected,

Theorem M6, If G is a collection of connected point
sets and one of them contains a limit point of each

of the others then the sum of all the point sets of the

collection G is connected,

Theorem ¥M7. If H and K are mwbually exclusive closed
subsets of the compact continuum M then there is a
subcontinuum of M that is irreducible from H to K.

Theorem M8, If M, Ng, M,, » » « 1is a seqguence of
commected point sEts Such” that the point set consist—
ing of M4+ M.+ M.+ « o togethey . th all its limit
points iS5 cofipnct and there existz a convergent
sequence of points 4., Ay, Ay, ¢ + ¢ such that, for
each n, A belongc to M , then the limiting set of the
sequance ‘%l, H Ny U -1~ « is a continuum,

Theorem M9. If T is a connccted subsst of the con-

nected voint set M and ¥ -~ T is the sum of two mutu-
ally separated point sels H snd ¥ then H¥ ¥ and K4 T
are connected,

Theorem 110, If ¥ is a compesant of a compact conti-
nuwn M, every point of M is a 1limit point of K.

Theorem Mll. Every composant of a compact contimuum
M is the sum of a countable number of proper subcor-
tinua of M.

Theoren M1l2, In order that the continuum M should be
indecomposable it is necessary and sufficlent that

every proper subcontimuum of M should be a contipuunm of

condensation of M,

Theoren ¥M13. No two composants of an indecomposable
conbinuum have a poink in common,

Theoran ¥k, Everv compact indecomposable continuum
has uncoumtably many composants,

p ¥4



Theorem M15., In order that the compact conbinuum M
shiould be indecomposable it is necessary and suffi-
cient that there ghould exist three distinct points
such that ¥ is irrceducible between each two of them,

n M16., Bvery closed point sct is an loner 1lime-

[CRVIN
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Theoran
tlng
Theorem M17. If A and B are distinct points of &
commectbed domain D there exisbts ¢ invla continuous
arc from A to B that lics wholly in ©.

Theorem 13, The point set M is conmnected im kleinen
at the point O if it is locally comnected at th?t
point; and if M is connscted im kleinen JL every opolnt
of some open subseb of If that contains © then M 1

locally comected at O,

Theoren 19, If 0 is 2 polnt of the locally conpach
conbtinuum ¥ and ¥ 1s not comnected im kleinen at the
point O then, if H is a region containing 0, there
exist a commected domain D contuining 0 and lying in
H, an infinits secuocnce of points © vl, 02, O,, ¢ *
convarging to 0, snd an infinite seluence of mutus ally
exclusive continua M,, M,, H,, « » « such that (1)
F‘ D is compact, (2) for euch n, ¥ is a component
FeD -0 conbaining 0 and a JO%DT, of the boundary
of D, {3) the sequence I, , I Hos ﬂg, « + « converges Lo
a subset of M which contains 0,

Theorem ¥20. Suppose M is a continuous curve or, indeed,
any connected and cormected im kleinen inmer limiting
set, I{ ¥ is regarded as a space and the berm "region®
is interpreted to mean a connected open subseb of H,
then, with respect to this interpretation of "point®
and "region", Axioms 1 and 2 are satisfled and "1limib
point" is invariant under this change.

Theorem ¥2l., If T is a subset of the point sct M and

M -~ T is the sum of bthe two mtually separated connected
point sets H and K and is the sum of two mmbually
separated sebs H! and K', then one of the sets H! snd K¢
is I and the other one is K,

Theorem M22, Fvery arc, simple closed curve, open curve
or ray is a continuous curve,



In the brief study presented herein, an attempt is made to give a
slichtly more detailed treatment than some texts offer of the snecial

subconbinua, continua of condensabion of a continuum, with radp to

suavla ssifications and their usclfulness in determining additional pro-
perties of that continwun of which they are continuma of condensation,

By assuming that continua have certain propertics such as connecteduess

im kleinen and local commectedness (Definitions M24 and HMR5 respectively),
one may state whether or not such continua have continua of condensation
of themselves and under what subclassifications they fall., Also, under
the assumption that contlinua have certain other properties such as come
pactness and irreducibility from a point A to another noint B, cne may
determine the ewistence of o simple contimuous arc AR from A to B, A fow
»theorem< appear here that elther break the continuity of the study or are
remotely related to the major theme "conbinna of condensation of a contine
wum” but which are nevertheless interesting, Usamples are given whenever
it is thought neces bdfy‘i@f clarification. The reader may, of course,
cons irﬁct those to suibt his fancy whether siepler or more complicated.

The special subcontinua of a conbimmm ¥, continua of condensation,

wnich are defined by Definition MZ29 are interesting in that thelr properties
give information regarding M. It is suggested upon consgideration of various
examples (sce examples L and>2 below) that there cxist various classifi-
cations of continua of condensation of & continuum. I define o s 3 »

and AP ~continua of condensation of a continuum in Definition 1-3.

f

.

Ixamples 1-3 are

s (35 and R/’ —continua of condensation

of a conbinuunm M, there exists no open subset of ¥ containing p which has

+
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a gomponent containing » which is o subset of X3 thon K 1s said to be an

¢ ~conbinuunm of cendensabion of M.

Definition 2. I for each poinbt p of a co '1tmuun of condeflw ation K

A )
P

of a contiruum ¥, there exists an open subset D of ¥ containing p and a

BN

1]

component of D conbaining p which 1s a subset of ¥; then X is said to be

a B =continuum of condensation of .

Definition 3. The continuum K is saild to be an L B -continuum of
condensation of the conbinuum M if K is & conbinuum of condensation of H
and if there exists points p and g of K such that (1) no open subset of I
containing p contains a component which is a subsel of K and (ii) there
exists an oven subselb D of ¥ containing g and a componunt of D containing
g which is a subset of K. p is called an o «point of K and q a ) ~noint
of K,

In the following examples, it will be understood that the space is the
Zuclidean plane. Ca::*tesiam coordinates ars used.

Dxample 1, Leb B bs the collection of line sesments with end points
LXAMPLE L & I

"y . 3 3y 3 ! - 5 ! ~ " o
(0,0), (1,0); (1,0), (1,1); (1,1), (C,1); and (0,1), (0,0). Let ¥
denote the seguonce of line segments Rl s Hyy Byy o » o such that for each
. =
was . A . ALy T \ o
positive integer n, R has end points (0, 1/27) and (1, 1/27). For each
integer n > 0, let RI'1 dencte a collection of line segments with end poinks
(0, ®/2%) and (4, %/2™), k= 1,3, 5, « ++, 2% -1, Lot M denote B
s K ar s X/2 ), k= 1, 3, 5 s < = 1l ob M denote the

sum of R, ¥ , and Rj, 15, R, « » ¢« , The line segment wilh end points
(0,0) and (0,1) is an czample of an o —conbtimmun of condensation of the
conbinuum M,

Example 2. Leb M be the continuum consisting of that part of the graph

o st S0 =] 13 <] b
of ¥ = sin 1/x for which 0 < x £ 1 and that part of the y-axis for which

0 <£\yl £ 1. The line segment with end points (0,1) and (0, ~ 1) is an
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exmmple of a B ~conbinuum of condensation of the contlinuum M.

Let 1 he the contimuunm consisting of rays from the origin

' — " ) ) KT [P S, = 57y 1 %
anzles l/n, n = 1, 2, 3,... with the positive x-axis. That part

S~
(denote by K) of the x-arls for which x = 0 is an exawple ari C1/3 -

continum of condensabion of the contlirmaun . The origin is an cxomple of
an & =point of K. A point x for which x > 0 is a B -point of K.

4

Theorem 1. If K is a proper nondegenerate subcontinuuwn of a continuwum
M and K is a conbtimmm of condensation of ¥, then ¥ is one oi the three
classifications of continga-of condonsation=- X, I A3

Prooct,

1. If p is some point of K, then either (i) there exists an open subset
D of ¥ ceontaining p such that no component of D containing » is a subset of
% or (ii) not.

2. If (i) is true for each point of K, then ¥ is sn o —continuum of

stion of ¥ by Definition 1.

a 3 -continuum

W
(g}
-
w

3. If (ii) is the case fof each point of K, then
ol condensabion of M by Definition 2.
Le If (i) is true for a peoint p of K and (ii) is true for a point g
of K, then K 1s an CX(3 ~continume of condensation of ¥ by Definition 3,

The thoorem is proved,

theorem 2. If K is an X3 —contimmua of condensablon of ¥ and p is a
noint of K, then p is either an o =point or a ﬁ -point of XK.

Proof.,

1, ither (i) there esists an open subset 0 of ¥ such that no com—
ponent of D conbaining p is & subset of K or (ii) not.

2. If (i) is true, then, by Definition 3, p is an X =point of K.

P

3. If, on the obher hand, (ii) is the case, then p is a B -point of
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X by Definition 3.
Theorem 2 is proved,
An example of the uscfulness of the subclagsification of continua of

condensation of a conbinmm may e secn in Theorewm 3 below.

Theorem 3. If M is a connecfed im Kleinon conbimuum, then no proper
nondegencrate subconbimum of M is either a (3 ~conbinuum of condensation of
¥ or an A B —conblnuum of condensation of i.

Proof.

1. Assume that bthere exists a propoer nondegenerate subcontinuum K of
¥ that is a r3 ~conbimum of condensation of i,

2. Let p denote a point of X, By Definition 2, therc exists an open
subsct D of ¥ containing p such that D contains a component containing p
which 1s a subset of XK.

3¢ By hypothesis, ¥ is connected im kleincn, Hence, by Definition
M2l there exists an open subset § of M containing p such that ¢ is a subsct
of a component of D.

4o By Definition MZ,; there exists a region R conbaining p such that
R-M C D, Hence, by Definition ML, p is not a limit point of U - K
contbrary to Definition MR9 thalb cvery point of K is a limlt point of ¥ ~ XK.
The sssumption of step 1 is therefore false.

5. A proof similar to steps 1= amploying Definition 3 proves the
second conclusion,

The conbinuum M of cxample 1 is an example of a connected im klelnen
contimuum which possesses a proper subcontinuum X of ¥ which is an o€ =
contimuun of condensation of M. Thus, under the hypothesis of Theosrem 3,
the theorem is not true if the conclusion is ;trengthenod to read no

proper nondegensrate subcontinuum of M is a conbtinuum of condensation of .



Theorenm 4o If O is & point of a locally compact continuwa M and i
is not connecbed im kleinen at O, then there exists a proper subconbinuum
K of ¥ containing O wvhich is a conbinuum of condensation of M.

Proof,

1. DBy Theorem ¥M19, if R is a reglon containing 0, there exists a
connected domain D containing 0 and lying in R, an infinite sequence of
noints Ol’ O O,y * * * converging bte 0, and an infinite sequence of

3?7
such that (1) M+D is

mmtually exclusive conbinua Ml » If.fz s Moy o 0 0
compact, (2) for cach n, Iu"E}] is a component of i+ D - O contalning an and

a point of the boundary of D, (3) the secuence M, My, X‘»‘IB, . e

converges bto a subsebt K of ¥ which contains 0.

2. Let R be a region containing O such that M is nob conbained
wholly in R, Then, X is a proper subsel of i,

3« By Theorem M3, K is a conbtinuum,

e Let O 3 5 * * * be an Infinite seguence of points such

that for cach positive integer n, O‘r'x is a poinbt of ¥ and a point of the
boundary of D. The existenice of the sequence f()r‘l} is assured by step L.
Also, by step 1, M +D is compact and M. DD {O;J .

5, Consider the point set M! = 21 0! . By step 1, Mn'is an infinite

sequence of mubtually exclusive continua, Hence, by Definition ¥, Olﬁl is -

distinet from 0! for each positive integer 1 and J with the excepiion
J

i = j. Thus, H' is an infinite subset of M+ D,

L

5. By Definitions 6 and M2, thore oxists at least one point p of
M-+ D such that p is a limit point of M'. By Theorem M2 and Definition
115, p belongs to K. If R is a reglon containing p, then by Definition

Mi, B conbtains al least one point of M!', K contains a boundary point of

Wi

¥ D sinece every point of ' is a point of the boundary of ¥+ D. By

11



Definition M3, p is a boundary point of M D. By Theorem ML and the above,
p is disbinct from 0.

7. Hence, by steps 2= and the above, K is a proper nondegencrate
subcontinuuz of M, By Definition H29, K is a comtinuum of condensation of
Lo

The theorem is provsd,

If ¥ is a locally compact conbinmuwm and O is a point of M, it is
interesting to observe that although it is necossary that there oxist &
proper subcontinuum K of M which is a continuum of condensation of M in
order that ¥ not se. commected im kleinen at O, it is not sufficienlt., The
continuum M of example 1 which is connected im kleinen and locally compact
is en example to show that it is not sufficient. If the condition is
altered to read B =continuum of condensation of M, then the condition is

t as Theoren 1 shows. It will now be shown that this requirement

&
[}
e
&_-
fe]
bde
t(_g,
P
o

s
s not necessary. If we robtate the continuum Y of examplé 1 in a counter
clockwise mauner through an sngle "'/2 aboul the origin and add to it
that part of the groph of ¥ = sin 1/x for which 0 < x £ 1 and that part
of the y=axis for which 0 2 y 2 -~ 1, we obtain a locally compact continuum
which is not connected im kleinen ab any point of the y=axis for which

Iyl £1. This shows that the albtered condition that i contain a
proper subcontinuum which is a (3 —continuum of condensation of M
containing O in order that ¥ not be comected im kleinen at O is not
necessary.

Theorem 5. If M is a locally compuct conbimnm, p is a point of I,
and no subcontinuum ¥ of ¥ containing p conbtains a proper subcontinuum
K containing p such that (i) K is an ot =conbtinuum of condensation of M

or (ii) X is an p =continuum of condensation of M such that p 1s an
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K -point of K, then a necessary and suificient conditicn that Y not be
connected im kleinen at p is that there exlst a proper subconbinuum K of ¥
containing p such ﬂmt K is cither a (3 -contiouwum of condensation of K

or an o3 =continuw: of condensation of If such that p is a ﬂ -point of

K.

Proof, ’

The condition is necessary, for:

l. By Theorsm 4, there exists a proper subconbinuum K of M containing
p which is a contimuua of condensation of I,

2« By the hypothesis and Theorsms 1-2, K is either a ﬂ =continuumn
of condensation of M or an o 3 =contimmum of condensation of M such
that p is & 3 =-poiut of K.

The conditicn is sufficlent by Theorem 3.

Theorem 6, If M is a locally compact continuum and no subconbinuuwm
W of M contains a proper subcontinuum K such that X is an of —continuun
of condensstion of i, then a nccessary and sufficient condition that M be
& continuous curve is that no proper subconbimuwm of ¥ be a (3 -continuum
or an X B wconbtinuum of condensation of M,

Proof.

le By Definition M2 and Theorom 3, the condition is necessary.

2e Assumc that the condition is wot sufficient, Then, there exists
a point p of M such bthat ¥ is not connected im kleinen at p.

3e By Theoren 5, there exists a subcontinuuwm XK of M such that K is
either a (3 ~continuum of condensation of M or an &3 —contimuum of

&

condensation of M such that p is a B -point of K., This is contrary to

d

)

the hypothegis that no proper subeontinuum of ¥ be a (3 = or an o3

contimum of condensation of M. The assumption of step 2 is false.



The condition is sufficient,

Theorem 7. If M ia an arc, simple closed curve, open curve, or ray,
then M contains no proper nondegencrabe subcontinuum which is a [ or an

o /3 ~continuum ofi condensation of M,

Proof.

1. By Theorem M23, M is a continuocus curve. lence, by Definition
MR26, M is cormected im kleinen.

2+ By Theorem 3 and step 1, the theoresn 1s true,.

Theorem 8. If M is a continuum, K is a proper nondegenerate sube-

¥

continuum of M, an

o

K is a contimuum of condensation of ¥; tbthen X containg
no domain,

Proof.

1. Assume that K contains a domain D,

Z2e By Definition M7, if p is & point of D, there exists a region R
containing p such that R is a subset of D, Hence, by Definition M1, p is

. This is contrary te Definition 29 that every

~

riot 2 limit point of ¥ -
point of K is a limit point of M « K. Therefore, the assumpbtion of step
1 is false,
The theorem 1s proved,
As a comsequence of Theorem £ and Theorsm M2, the following theorom

is proved,

Theoren 9, If ¥ is an indecomposable continuumm, then M contains no

domain,
Proof,
1ls Assume that Y conbtains a dowain D.

2. By axioms 1 and 2, there exists a nondegenerate connected domsin

Dt containing a point p of D such that D' is a subset of D,



36 By Theorems ML and M5, D is a proper subcontimwm of M.

Le By hypothesis, M is indecomposable, Hence, by Theorem M1Z2, Dt
is a continuum of condensation of .

5, D' contains a domain, namely D', contrary to Theorem 8. The
agsumption of sbep 1 is therefore folse,

The theorem is proved,

Conditions for the existence of a simple conbinuous arc from a point
A to a point B, A snd B distinct, are given in terms of locally connected
continua, irreducible continua, and continua of condensation of a continuum
in the following theorwms,

Theorem 10. If M is a locally comnected continuum irreducible from
a point A to anobher point B, then M is an arc from A to B.

Proof.

1. By Theoresm M1&, M is connected im kleinen. By Theorem 16, M
is an inmer limitiag set., Hence, by Theorasn M20, we may regard M as a
space and interpret the word "region" to mean a commscted open subset of M,

2s If p is a point of M, then there exists a "reglon" R containing p
such that R is a subset of M — by axion 1, Definition M25, and step 1.
By Definition M7, ¥ is a "domain"., ¥ is a connected "domain® since ¥ is
a continuum and comnected by Definition M2,

3. 3y Theorem M17, there exists a simple continucus arc AB from A

to B that lies wholly in M,

1

Le M = AB, Otherwise; ¥ is not irreducible from A to B contrary
to the hypothesis,
The theoren is proved.
Theorem 11, If ¥ is a locaily comnected continuvum containing two

distinet points A and B, then every point that separates A from B in H
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lies on an arc AB from A to B.

Proof,

1. By Theorem M18, ¥ is comnected im kleinen,

2+ By Theorem M6, M is an imner limiting set,

3o By Theorcm M20, if M is regarded as a space, the term Yregion
may bs inbterpreted to mean connected open subset of M. The existence of
such "reglons" is established by the hypothesis that ¥ is locally con-
nected and Definition M25,

He M is o comected Ydomain! since M is a sum of "regions" and

o

1,

connected by the hypothesis that M is a continuum., By Theorem M17,
there eixists an arc AB from A to B lying wholly in I,
5. Assume that there exists a point p of M that separates 4 from B
waere S, and
B A

SB are mutually separated point sets containing A and B, respsctively, by

in ¥ bub does not lie on the arc AB, Then M ~ p = $A+-S

Definition M16.

w9

6. By Theoven k4, AB is either a subset of SA or SB which is

Y

wpossible, lHence, the assumption of step 5 is false,

The theorem is proveds
Theorem 12. A nondegenerate locally connected continuum is arcwise
conneacted,
Proof.
1ls Let A and B be two distinct polnts of the nondsgenerate locally
connected continuum M.
2+ BSteps 1-4 of Theorem 11 are valid under the hypothesis of Theorem

s arcwise commected.

03

12, Hence, by Definitiocsn 150, N

et
[ aad

Theoreme 17 and 14 below have significance in themselves, but their
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main purpose in this study is theiy application in the proof of Theorem

15, The conclusion of Theorem 15 islinteresting in view of the hypothesis,
Theorem 13, If M is a compact irreducible contimmum from A to B

and from A to € where A, B, and C are distinet points of M, then some

nondegenerate proper subcontinuum of M is a continuum of condensation of

M,

Proof,

1. Dither (i) M is irreducible from C to B or (ii) not,

2, Case (i) M is irreducible from C to B (in addition to the fact
that M is irreducible from A to B and from A to C as stabed in the
hypothesis),

(a) By Theorem M15, M is an indecomposable continuum. Hence,
by Theorem M12, every proper subcontinuum of M is a continuum of
condensation of M, |

(b) By (a) and the hypothesis that M is compact, it follows from
Theorem ML4 that ¥ has uncountably'many composants. From Theorem M10, it
follows that no composant of M is a degenerate point set since if K is a
composant of M, K= M. By Theorem M1l, every composant of ¥ is the sum
of a countable number of proper subcontinua of M, Some nondegenerate
proper subcontinum of M is a continuum of condensation of ¥ - by the
above and Definition 19,

3. Case (ii) ¥ is not irreducible from C to B,
(a) By Theorem M7, there exists a subcontinuum N, of M

CB

irreducible from C to B, ig a proper subconbtinuum of M since M is

N
) e
reducible from € to B = by Definition Ml4,

(b) Assume that Y - ECP is not commscted, Then, by Definition
253

M, M -H,.= S 4-32 vhere 5. and S5, are mutually separated point sets.

CB 1 1 2



A does not belong to N, — by Definition iflh, since i is irreducible from

A to B. Therefore, either A belongs to S‘L or A kelongs to 52. For convene

Fad

ience, let 5,= 5 contain A,

(¢) By Theorem M9, 8, + Wy, is comected, Ko limit point of
: heloness 5, = by stey a /] b) and Theorem M3 that =
RCB+ S, belongs to S, by steps (2) and (b) and Theorem M3 that l\CB'i' SA
T+ 5.,
Soa S

(4) By Theorem M5 and (c) above, ! (, + bA is a proper subcontinuum

off ¥ containing A + B contrary to the bypothesis that ¥ is 1rredu01blc; from

A to B, The assumption of step (b) is false. Hence, H = N 0B is comnected,
(e¢) By Theorem M5 and Definibtion M12, If - § opts a contimuum,

M - N’Cf is compact — by hypothesis,
(£) {l’s:sume that i - T, contains no point of N loge Then H - W,

I, is the sum of two mmbtually cxclusive closed point sets contrary to the

hypothesis that ¥ is a continuum,. "horufo "3, M= N fon contains some point x

of I
G
(g) If x=C or x= 3B, then ¥ - ECB contains EGT' Otherwise,
. 3
"= ‘Z“Gﬁi a proper subcontinuum of g A+ B or A+ G contrary

to the hypothesis that ¥ is lrreduecible from A to B and frowm A to C,.

Therefore, every point of N oB is a limit point of ¥ - ¥ on® By Definition
B ;

1429, NGB is & conbtinuum of condensation of M. &";CB

s

is a nondegenerate proper
subcontinuuin of 1§ — by step (a). Henee, the theorem is true.

(h) If no point x of I, belonging to M - K B is B or €, then

B
M~ on is a proper subconbtinuum of ¥ that contains neither 3 nor C,.
=]

CB

irreducible from A Lo x. X belongs to (EEC.G) (B <9 w ). Also, by Theorem

(i) By Theorem M7, thore exists a subcontinuum I N of M =&
x

M7, there exist subcontinua B and # of ¥ _. irrveducible from x to C
? xC x3 :

and from x to B, respectively.
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L= Eiﬁ, then by Theorems M15 and Ml2, every
eroper subcontimmm of NCB ig a continuum of condensation of NCBand hence

of M. The existence of proper subconbinua of ¥ is established by an

2

c

argument similar to 1 (b). The theorem is therefore true for NXBEE

s

N

Hl

CB ﬂxﬂ'

(k) Assume that either N _ or N

<O is a proper subcontinuum of

xB
NCB'

«B cn? then NXB does not

conbain C, Otherwise, NCE is not irreducible from C to B contrary to step

{a). By Theorems M3 and 16, NAxf NXB is & continuum comtaining A + B,

leit ‘ g ntai . crefore, B+ ©
Neither NXB nor IAX conbains C, Therefore, hAx ﬁxB

continuum of ¥, This is contrary to the hypothesis that M is irreducible

(1) If ¥ _ is a proper subconbinuum of ¥

is a proper sub-

from A to B. A similar argument leads to a similar combradiction assuming

that N, 1s a nroper subcontinuwma of NCB + Therefore, the assumption of

xC
step (k) is false. We obtain under the restrictions of (k) that

i

N _ = X
xB CB

(m) Having considercd all possible cases in steps (g) and (h)

ng. The theorem is true by the argument of step (Jj).

for a point x to be a point of (HCB) '(ﬁf:~ﬁég), it follows from the
results of those ¢considerations that the theoram is true,

Theorem lhe. If M is a compact irreducible contimuum from a point A
to another point B and no nondegenerate subconbtinuum of M is a continuum of
condensation of ¥ and if C is any point of M not A or B, then there exist
proper subconbtinua of ¥ irreducible from A to € and from C to B,

Proof,

1, Assume that there exists no proper subcontinuum of M that centains

both A and G,
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2, By step 1 and Definition Ml4, H is irreducible from A to C.

3. M is compach by hypothesis. Hence, M is a compact irreducible

3e
continwum from A to B and from A to C. M satisfies the hypothesis of
Theorem 13, Hence, by Theorem 13, some proper subcontinuum of M is a
contimmm of condensation of M. This is contrary to the hypothesis that no
proper subcontinuum of ¥ is a continuum of condensation of M. Therefore,
the assumption of step 1 is false.

Le By step 3 and Theoram M7, there exists a proper subcontinuum of
# irreducible from A to C.

5 By an argument similar to that of steps 1=/, there exists a
proper subcontinuum of M irreducible from C to B.

6. Combining steps 4 and 5, we have the desired result,

Theorem 15, If M is a compact irreducible continuum from a point A
to ancther point B and no nondegenerate proper subcontinuum of i is a
continuum of condensation of M, then M is an arc from A to B,

Proofs

1, Let C be any point of ¥ not A or B,

2+ By Theorem 14, there exisl proper swbcontinua NAC and NGB
irreducible from & to C and from C to B, respectively,

3« By Theorem M3 and Mb, N,  + NCB is a continuum, Since

AC

i & . ]
%o D A and NCB > B, NAC + NCB D A+ B,

L4, By hypothesis, M is irreducible from A to B. By Definition Ml4

hva

and step 3, ¥ = By + KCB .

5. Assume that NAC and NCB have at least one point x in common

other than C.

6, By Theorem 14, there exigt proper subcontinua of NAC and NCB 3



designated by‘NAK and NXB , irreducible from A to x and from x to B
respectively.

7. By steps 4 and 6 and Definition Ml4, neither NAx nor NXB
containg C.

8. By Theorems M3 and M4, and step 7, NAxﬁ- ¥_. is a proper sube

x3

continvum of M containing A + B. This is contrary to the hypothesis that
1 is irreducible from A to B, Thus, the assumption of step 5 is false,

Hence, the only point that NAC and NCB have in cormon is C.

aQ, " I I vy = [ T ider M - - ; -
7« By step 3, Mo+ Boge Consider M - C (NAC c) +

(NG“ - C). By step 8, no point of N
B

Similarly, no point of H

AC og~ C-

cp o point of NAC - C, Since NCB is closed,

1o pcint of EAC other than C is a limit point of ECB . Other'wise,_NcE

would contain a point of HAC other than C, Similarly, no point of NCB

- C is a point of H

is a 1limit point of HAC other than C. In conclusion, (NA - () and

C
(NCB - C) are mutually scparated point scts — by Definition ¥5. Hence,
by Definition M17, ¥ is discomnected by C.

10. By hypothesis, M is a connected and compact point set containing
& + B. Since € was any point of M not 4 or B, M is discomnected by the
ormission of any one of its points not A or B. Hence, by Definition M8,

M is a simplé continuous arc from A Lo B,

Definitions M27 and M28 define open curve and ray, respectivelys The

following theorem is one of tw@ consecutive theorems which are miscellancous
items but may be of some interest in the study of open curves and inde-
composable continua, respectively,

Theoren 16. If p is a point of an open curve ¥, then M is the sum

of two rays having only the point p in common,
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Proof,
le M=p= H + K, two mbually separated connected point ssts —by

Definition M27. p + K and p + H arc connected by Theorsm M9, Thus,

both p+ K~ p and pt H - p are connected,
2. Lebt h and k be points of H and K, respectively. A4lsoc, let

Rl = p+ K and RZ = p+ H,

3. Assume that Ei - k is connected, Then Rl + RD -k M=k is

connected contrary to Definition M27. Thus, Rl -k = Sl-* 32 — two

mutually separated point sets, For convenience, let p belong to 5

1 ®
Then M - k = (R? + Sl)+'52, the sum of two mubtually separated point
sebts, M=k = HI' 4+ K, two mubually separated connected point sebs by

Definition MR27. By Theorem M21, either H' or X! is R2-+ Sl and the other

is 3, . Hence, both B, + S, and S, are connected.

2 2 1 2
Le Assumne that Sl is not conmnected, .Then Sl = Si + Si' by
Definition M11, Let Si contain », for convenience, Then, R2 + Si

and Si' are mmtually separated point sets by sbeps 2 and 3. This is

contrary to Definition M27, Hence, Sl is comected,

5 By Definition MR8, Rl is a ray from p. Similary, R2 is a ray
from p. From steps 1 and 2, Rl and R2 have only the point p in common.

The thecrem is proved,
Theorem 17, If H is a proper subcontinuum of an indecomposable
conbinuam M, then M - H 1is connected.
Proof,
1, Ascume that M -« H is not comnected. Then, by Definition Mll,

HeH = 35, + 82 where S, and S, are two mubtually separated point sets.

1 1

2., H is connected by hypothesis and separatcs Sl from S, in M by

2



N
L,

Definition Ml6. Hence, by Theorem 19, both H + Sl and H + 82 are con-
nected,
3. Ho point of S? is a 1imi$ point of Sl ~— by sbtsp 1, Since H is

closed, no point of S, is a limit point of H, M is closed by Defimition

2
12, Tms, B+ 5, = H + "s'l by Theorem 3.
Lo By Theorem 5 and Definition M1l, H + S, and H + S_ are proper

1 2
subconbtinua of M, (H + sl). + (U + 82) = I ~— by step 1. Hence, M is
decomposable contrary to the hypothesis and Definition M22,
The theorem is proved,

A more general definition of an Pare’ than that giﬁen in Definition
M18 is that which I define in the following definition.

Definition 4. If A and B are two distinct voints, an o —arec from A
to B is a continuum M such that M contains A + B and every point of M =
(A + B) separates A from B in M.

Ixample 4. Let S denote a subspace of the Buclidean plane such thav S
plus that part of the &haxis for which 0 < 1yl £ 1 is the Fuclidean plane.
Wow let M denote thal part of the graph of ¥y = sin 1/x for which 04 x £ 2/ar
plus the origin. If A denotes the origin and B the point (2/t5 0), then M
is an o ~arc from 4 to B, M is not locally compact,

An aposyndetic continumméis defined as follows:

The point set M is said to be aposyndebic at the point

P if P bolongs to M and for sach point X of lf distinet

from P there exists an open subset of ¥ which contains

P and belongs to a connected and relatively closed sub-
set of ¥ 1lying in ¥ - X. A point set which is

aposyndetic at each of its points is sald to be
aposyndetic.

k F, Burton Jones, "Aposyndetic Continua and Certain Boundary Problems,®
American Journal of Mathematlics, LXIII (July, 1941), 545,




‘hen the conbinuum M in exemple 4 above 1s aposyndetic butb neither con-

P

nechbed im kleinen nor sewi-locally connected., The definition:?

A comnected set M will be said to be scmi-locally con—
T

nected (s.l.c.) at a point ¥ of ¥ provided that for

any € > 0 there exists a neighborhood V of X in M

of diameter less than € such that M - ¥V has only a

finite mumber of components. If ¥ is s.l.c. abt each

of its points, it is =ald to he s.l.c.
has not been ussed vreviously in this study. It is interesting to note
that if an & -arc is lecally connected (and hence both connected im
kileinen and aposyndetic), it is a simple conbinuous arc, This is proved
in the following theorem as a conseguence of Theorem 11.

Theorem 18. If ¥ is a locally connected o€ -arc from a point A to

another noint B, then M 1s a simple continuocus arc from 4 to B.

Proof.

il

1. By Theoren 11, every polnt that separates A from B in Y lies on
an arc AB from A to B,
2. By Definition 4, every npoint of If - (A + 1B) separates A from B

n M. Hence, ¥ = A3 is a simple continuous arc.
Other simplé theorems concerning X -ares are the following:
Theorem.;g.v If 1 is an ©% -arc from a point 4 to another point B,
then i 1g irreduecible from A bo B,
Proof,
1. Assume that ¥ is not irreducivle from A to B. Then there exists a
proper subcontinuum H of ¥ containing A + 5§ —by Definition Mi4.
2+ By step 1, i -~ § is non vacuocus. Let p be a point of M - K, By

Definition 4, p scparates A from B. Therefore, M -~ p = 8, t Sy two

5

G. T. Whyburn, fnalytic Topology, p. 19.




mubually separated poiut sets containing A and B, respectively, by
Definition ML6,

3. By Theorem Mh, I is a subset of sither S, or SB which is ime

A
posgible. The assumption of step 1 is therefore false,
The theorem is proved,
L definition and theorem of F., Burton Jones follow for use in the
proof of Theorems 20 and 21, respectively,
| Definition d.
A contimmm M is said to be freely decomposable provided
that if A and B are distinct points of ¥ then M is the
gsum of two continua neither of which contains both A snd
Be
Theoren J. "In order that a continuum be aposyndelic 1t is necessary
and sufficient that it be freely‘dacomposable.”r
Theorem 20. An ol —arc AB from a point A to another point B is freely
decomposable,
Proof,
1, Assume that AR is not {reely decomposable.
2, By Definition A4, if p is a point of AB - (A+ B), then AB - p
SA + SB where S1 and 52 are two mubtually separabed noint sebs containing

A and B, respectively. By Theorem H9 and Definition M1Z, S

N + p and

SB + p are proper subcontinua of AR,
3 AB = (S, + p) + (8 + p) — by step 2, Hence, by Definition
A B

H22, AB is decomposable,

Jones, op. cit., LAIII, 547.

7 Ibid., p. 548,
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Le By steps 1-2 and Definition J, AR is the sum of two continua R
and S one of which conbainsg both A and B.
5. By Theorem 19, AR is irreducible from A to B. Hence, by Defini-

tion MlL, the conclusion of step & 1s impossible,
2 &

The theorem is proved.

e
“

Theorem 21. An o -arc AB from a point A to another point 3B

By Theorem 20 and Theorem J, AB is aposyndetic,

There is evidence that with sufficient time, one could obtain important
theorems concerning conbinua of condensation of a contimmum and o —arcs.
Perhaps the thesorems proved in this study, are trus in more gensral spaces
than those satisfying Moorets Axioms 0-2 upon which they are based. An
investigation which would require more time than is allowed for the study
given here would reveal the answer., FExample 4 and Theorems 18-21 were given
to show that an & -arc is more general than a simple conbinuous arc and
that theorsms may be obtained concerning its propertiss. It is concluded
from the theorsms proved that the subclassilication of continua of condensa~
tion of a continuvum is advantagecus. Alse, it is regrettable that time

does not permit a more extensive study of the propertics of eontinua that

n 1

may be obbained with the aid of definitlons 1-4 based upon Moorels Axioms

O=2 as well as axioms for other spaces.
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