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lftlll#!IS ·~ minimal minems mid ~Y deflated 1nton111tion 

pattensa arise 1n the theory of aero-8Ulll ~ gemes w.1111 n ..._. 

w. Gball show that tw 1.."lfo:rmati.on pe:tteme have the 8(188 el.ass ·fd 

~ mtlel"ff.a U ftnd only 1t they have tho &eM completely denatod 

ton. We ahaU treat intonation ,atterna 1n e. )'JUNly formal 1my, aa 

Smtepmdeot mathe:iwl't1oel artiti.as .ting no atta.pt to relate them to 

the theory of gonea. 

In thi8 1,mper we WNt COlmlTltional ~cal nrititlon u 

tollon. 

{ 91.•82• •• •• a. l tor the aet who-se only ~ ere 81•~•· •• .a8 • 

< 81. .a..l• • • •• ~ ) tor oriond n-tuplee, 

" s fer abstraction• reed •the z•e 8llOh t1mt• • 

5: ~or inclmton,, 

E tor llGlllberikip• 

... u an4 (l for urd.c,a and ~ten. 

we deaot. by i_ the set { 1.2, • • •• n) of the t1nJt n pc,aitt.'ff 

mtegera. we denote by fJ II the eat of all 81lbs.f/lfb ot 1-• Aleo, it A ie 

a subaet oE Ia thtn w dalOf.e l'.a~A by -.&. 

l.JlfintHsa 1. • Wmat&w farrNer ts e. function :r etch mope 

~ into ti• in mch a ~ tbnt 

7(1) = A 

1'(1+ 1) S {1.2. • ••• l } • 

P9(ipf$1W I• tt 3 is a auhsfl of 1-• and F b mt inlomtttton 

~ t.he we -11 the ordered eouple ( S.F ) 8 atkrn Jt.t Wma;»op. 



Pef1rnJUep I- It < s,.F ) la a pattern et lnf'ormation, then by a 

minKfA '4.th reepeet to < S..F > • !leml a Mquenoe ( i 1.,t2, •• •• ·s... ') or 
(«t leut tw) c,l.elltl:tts el 1n such ~. 

(1) '1 E 1(12)• ~ E F(~) •. • • ., 1i,.l?fl.-h 

(U.) U tif S,: th4m l,l•S tor' k = 2, • • •• rt 

(W.) U '/•S. tbea ~ ES tor k = 2-· • • •• r • 

r',e call r the lppg:th ~ the. mlnel"f'fle mid 1i mid 1r tta S!nfd.m1 fiE2'H• 

It ( J 1.J2• • ·• •t .18 ) 1a a uubaeqtlelllCo of <li.•'a• •• ·~ l.r ) Yhtoh ls 

itNU a ~ the w call ( J 1.32 ••• •• J8 ) a f9l5d.nem of 

2 

<1i,1,, ••• , t,. ) . A mlQinena or <Si.•"2• •• •• 1i-> is celled m:snw; 

1t it 18 not 14~eal wJ.th ( 1l.t12 ••• •·•tr) . ,\ ~ 1• ealled 

mnvnJ. if it ho.a 110 proper -~ wt:th the fSame tendnal elemonte. 

R8f1ork1r. It 1a cl.ear .from Detim:tione 1 am 3 that 1t 

( ii_,1.z:- • • •• 1z.) ie a · od.nerva with roe;pect to any intonuatJ.on pettern 

( S.F) • tbtwlt 

ii .( ~ < • • • < 1.,, • 

It 1a al.so cl.ear that < ii •'2• • • •• 1,,.) 1c a m.nena (01" ndnfmol 

rainen'a) nth respect to < s,,:r ) :l:t am only if 1.t b a ~ (or Dlinir4!l1 

ra.inerva) w1 th rtWpOet to < •S,F >. 
It 1a eeaUy --. finally., tha:t a ~ <ii• ••• , 1r ') le a 

rainSmnl mnerva 1t tmd crnly f.f' 

tor e : l, • • •• F - 2 end k : e + 2., • • •t 1" • A ~ ot length two 

1a a.1.waye e. mirdml ndflena. 

}'le l!IOW introduce two tuuttiona2 J tmd J•, both of m!eh aee:ae 

11t1bseta t4 X. as TOJ.uu. J depaids on tour arguments A• ? • k,. 1, '1here 



A is a eultNt ~ la• F le an 1nfonmt1on tune<tion, natl k and i ant 

elOIBtllll'ta '4 \.I .T* depends on merely the three orguments A• F• and t. 

Ptd'Wr:HRA 5• Let A be mtY subset of Z.• .ad F any inf'orme:tton 

tunctlon. '1hClll - fflf 

(i) 

(U) 

(W.) 

.t(A,F,t,O) = A 

tor k -.y element of 1-' 
J(A.F.t.1 + 1) = I\. 
tor It f.U'Q" el.8!1111't of • A and 1 + 1 eny el.._t of 1-; 

A 
J(A,.F~.J.+ 1) = J ~ e AJ <.k• end F(J) : Y(k) U J{A.F,k.til 

tor k aa)" ~ of A and 1 + l ey element of 1zi• 

J*(A,,F.k) : J(J.._F,ktl!-1) • 

Dlf'klMII i• »7 • ~ 4!flntisa or an ~tton pet .... 

( s.G ) d.ll. bo mt"ttmt my tnfonlation pe.tt0m ( s , F ) for u1ich there are 

inw~ers ~ mid fA GU.eh thn'ts 

)I E G( i\ ) and ,.u ' J'*( s , G, A ) u J*(-s,o, A )J 

F( i\ ) ::: rr( ,\ ) - { ,.uJ ! 

F(i) = G(1) for 1 :/ ~ • 

Det1e1:YPP i,. An intormat1on pat~ ia said to be ffll'1f3lleS,lt 

4@A§ili 1f 1t does not pOs608a any "1Pediate ,.tetl.ations. 

&edi• It la 36fJD imedintely from Def1n:J:t1omt $ mtd 6 thut en 

WwmaU-ou patt&m ( s .F) 1a eontplately deflated u and only u the 

i'ollowing oondJ:Uoo holds for all ,J mMl k in 1n 1 

u J·f J•(s.F,t) ll.t*(-s.:r.t), then J ~ F(k) . 

Ii. 1s also clear that, starting •tll tfflY int'onJB.t !cm pe.ttem 

( s,a) we emi, by w-ceessive doffationa, obtain en inf'bnzt!cm J!Qttem 
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( s.:r) \llhtch 1s eaapl.etely detleted; '11lon ( s,F) Nld(s,G) are so 

re.1.aw. w cell ( s.:r) a 9:RPle:t,1¥ gtla-tpd .tsma ot (s,r. ) . ~Ve ohall 

aee later that an informut1on pa'ttem has only one completely dofiated 

'DMt9£F l• If < s,F) is NI WonmrU.on pattem~ A my mbset of 7-• 
.mi4 Jt 81f1 waber of X.• th• 

J(A.F.k,l)S J(A·F·k·1+ 1) 

toi- i + l < t . 

i!Gtt(• 'lhia Vlill be ~ by an induction on 1. If 1 : o, then 

.r<.&.F•k•t>= A . so, c16V"11. 

J(A, F,k,1} ~ J(A., F,k •. 1 + 1). 

How we wWi to tilow that U 

J( A,F , .k.:I.) S J( .&,Jr •k•i + 1) • 

J(!..F.kt:1+ 1) f J(A,F,k,i+ a). 
Let J be eay member ot J.(A,F,k,1 + 1). '3J.en 

F(J)E l'(k) LJ J(A.Ftkt1) 

end hen-. using the induction hyz)othesie• 

F(J)! F(k} UJ(A,F,k,,1+ 1). 

Hence J f J(A, F~ .,1-t 2) .. u ~s to be t'fflO'a\• 

Ltnn 1. Lot < 11 • •· • •• 1r '> be a minimal m1nerva with roopee't to 

< s_v ) , £.illd let 18 and ~ be any members ot { li ~ • • •• 1io l •· -Jhm 

1-t\ J*( s,.F~it) U J*(.-s,:r ,.~). 

!.)"off. We mall provo only that 1a ~ J*( s.F •1k). '!he proof' tm:'t 

1-s. ~ J*(- s,,F •it) uU bo analogoua. 



s 

U .~t. tba 1.~ ~ by Def'initione land 3, end hence 18 ~ J*(S.F,\;) 

IQ' Definition 4 (lll). Hence we need comdder only th-9 C&fJe that a< k. 

we now diet~ah two etiSGS, ae-conllng u 

1i_€ s 

t 2• ',• • • •• 1,. E •S 

or 

ti f -s 

'2• t,, • • •• l,. Es. 
In the first caaa,. wo MO by Detiai ti.on 4 ( ii · tl:ud,. ~-

1t = 2, ••• , r , 

J*(S.F,~) = A , 

so that., cl«u"'ly-. 

tor a <k. 

(1) S.1 ~ -s 

(2) i;a• ~• • • •• 1,. E S. 

'Wle shall J}l"OYe the 1 ... for thia caee by an induction on a. 

For the case a = l, the lea le obri.owJ, since J*( s,F •It), for 

k == 2- • • .. ,, r , oonta1na only 1111111Mtn, of s. 

Now we wiah to abow tna-t. U 18 ~ J'*( S:,1" ~) tor t == • +-lt • • •t r • 

thm ia+l t J*( s,r.~) tor t = e + 2, • • ., r - 'lhleh 18 to show that 

F(l•+l) ~ F(~) UJ(s.F~-~- 2) 

for t = e _. 2., • • •• r. S1noe <1>..., • • • , ~ ) la a Dd.n1ml 1!d.lsol"'l'lt.-

18 ~ F(~) tor k = a +2, • • ., r , and by the !nduotion bypot.Jtesle 

1a 4-J*(s,F,~). '.baa t. ~J(s,F,ft:,!t- 1), and benoe, by '!heoNII 1, 



la~ J(s.,.~,1t- 2). fut 18 E FO.a+lh end theNfore 

F(i.8 +1) * F(~) UJ(StFt1t•1t• 2)• 

as waa to be ehoui. 

wwe J• Let ( S,,F > be an im:.'lediate deflation o~ ( s, G > and let A 

8Dd p be iiltegen sue that, 

F(J) = G(J) tor 3 t A • 

F( A )UfµJ:::o( 7\ } • 

µ ~ F( A) , 

end atppose that S 1s a integer leas tmn _µ , Qlld that f> €J(s ,c, A. ,t} 

hr wme i 1n x_; then o E J(S.F, i\ ,1). 

ptogf. 'Dl18 will bG provod by an bubcticm on 1. It 1 = o, then 

J(S.G, >, .,!) :: A 

end the lGl:l'ma io vacuously true. Yow we wish to ehow thfii; U our 1.

ia ,tnw tori =k, tbEfl it is true for 1::. k +l. By h_..vpoitlesis, 

6 EJ(S,0. i\ ,1-tl), 

ad tberetore, 

G( b } ~ G( 1'. ) UJ(S.C, ).. ,1). 

Since b <)A < A ,, F( o ) :: G( & ) , end tb&rGtore. 

F( f> ) ~ G{ 1\ ) U J(s , G, A ,J.). 

Now G{ 1' ) = F( i\ ) U t,t.\ }and ,.M ~ F( Sh thus we s" tlw.t 

F( 6 ) ~ F( A) U J( s,o, A ,.1). 

lt 0 • 1a a'fl3 integer tbr,-t belongs to F( ~ ) and to J(s ,~, A-.i), thfm 

f:,'< r, <µ end by thG induction hypothesis b • E J(s ,r,~1). nonce 

F(o ) C F( A ) UJ(S.F, A, .s.) 

o €J(S, F, ). _,1 1) 



' 
1he proof or the next lennia. which is Vf117 e1.m1hr to the proof' of 

tern&. 2. will be omitted. 

r..ema 3• r..et < s,F ) be a mnediate deflation of < s.-G) • and let 

}..end)' be integtrO Duch the:t 

F(J) = {J(J) tor j j A • 

F( l\ ) LJ {)Al == G( A)• 

)J. )"( I\) • 

and aippose that 6 ia an integer lea then _,,AA , Md thtlt 6 E J( •s,o, l ,1} 

tor some 1 in X.• then 6 f J(•s ,F. ~ ,.1).. 

ldPJp i • Let <s. :r) be an imllGdiat-e ttotlat:ion of (s,o > , and let 

}... and fa be integers uneh that 

(1) FU) = G(J) tor J I J... • 

(U) _µ E J*(s,,o .• A) UJ*(-s,o, A) • 

(W.) ,,AA ~ F( ~ ) 

(1v) G( ~ ) = F( A) LJ {,,u] • 

}' E- J*( s,F., A ) UJ*( • S-.F, '"A ) • 

rnel• We ahell prove the lGMll f'or the con thnt ,,u f J• ( S,-G, ). ) • 

'lhe proof in case)" ~ J*(•S.O,, A) bl VfJ'r"I similar. 

Sinoe 

),I €- J*{ s,o,, ")\ ) 

aha.Ye 

(1) G(µ ) ~ G( ~ ) U .T(S.G, ). , A- 2). 

!fO'W let 6 be an erbt traey member of F()J}. Siuoe c5 ~ F( )'), • 

(2) o < ,.,.U •· 



Since. IQDNOn>Ft by ( iY) Of the hypothesis of our lf!lmla WO >'Ja.YO 

..,tHG( A), we see that 

(3) A< 7' • 

From (3), and (1) o.t the bypotlu:uds~ it tollowo that 

F(p ) = G(,,.U)' 

BO that 

of a(µ ). · 

From (1) w therefore have 

b € G( }.. ) U J( s,a, A , A - a), 
ao tba't alther 6 E G( A) or 6 E J(s,o, ~. A. 2). tt 6 f G( A)., then 

£nm ( 2) t ' 'together w1 th ( iT), we }fflT9 

6E F( A). 

tt 6 f J(s,o, ). • >. - 2), ttten. by (2) mid ~, 2, we oe.o ttmt 

6 E= J( s , r , '/\ • "A - 2). 

'!mt.e wecy element 6 of F(}-1 ) boloneo oi +J1er -t,0 F( A } or to 

.r(s,F, 1\ , ]\ - 2)1 so we conclude that 

F(,A ) S F{ 1' ) VJ(S,F, A, A- 2), 

}J ~J*(S,F, 7\), 

as was to be aho•• 

iM9!:e 2. It ( s_~ ) is au ~te detlation ot ( s,G ) , 'then 

( S.P' ) end ( s,c ) have tho asmo clsoo of minimal. mill&naa. 

~. Since ( s,F) :ls an immediate def'laf.1tm or ( s,r. ) , there are 

integers ).., um µ 8'.JCh that 

:F(i) :: G(i) tor 1 -=I= ~ , 

F( 7\) lJ{_pJ == cc 7\l, 



_µ~ r( ~ ) • 

)' f J*(s.s . A) UJ*(-s , G, A). 

It is !mmedlntely apparent from tbeso conditions that a sequence 

( J.i•ia• • • ., 11) ,. llhere 18 :I- P tor a = 1, ••• , r-, is a minlmal 

mtnerm wt th reapeet to < s,F > 1t mm only 1t it i8 a mSnhlal. m1nena 

1d.ih nupecrt to < s.c; ) t end ihe 08JDe is tnae for 90qMenees 

( '2_ -.12,, • • •• 1-r) • Where 18 i- A tor a = 1, • • ..,,, r. 

nenc:o w em restr1.ct ounel"Ntt to B&qt1encea 

( ii, ,£2• • • .,µ • • • •• -,.. , • • •• 1r) • t.foreoyer, since b)" hypotheale 

_µ € J*( s.a. 1\ ) U J'*(-s,a, i\) • 

w see bf 1ACmaa l tha't there are M such miuiau ~ nth respect 

to ( S.G ) • Finally, by Leaa 4 , we see that 

~ E .T*(S,.F, A) UJ*(-5,,F, J\); 

id. th respect to ( S,F) • 

111126 S. rat < s , F) be a eomr,letely def'lated 1ntormatlon patternJ 

let 1i and s.2 be integers, both ot mich belong to s, mid aueh thd 

12 E F<i.i)• end 1et r be rm in,teger greater thsn 2. 'Jhen either 

( A) there 13 an integers satisfying 3~ a ~ r, and el«lel'ltB 

13, • • ., 18 . of 1a auch that ( 18 , . • • •• '3•12•1i) le a 

minerYa,. and ~ 41('1.) tor J.:=3" •• •• • • or 

(B) ihere are el.eeamte '3• ••• , 1r of 1-. 8UCl'l that the t ...,tuple 

<1r, • • ••!,~•ii) aatisf'iu tho followi:ng coadltiona 

( oC ) 13 E S tor J == 1, ••• , r , 

( /3 ) :1._, f F(l.s-1) tor J := 2-, • • •• r 1 

( i ) 13 (\- F( 1i) U .r( s,F,1i_ ,ti· J -t 1} tor J :: a, • • • , r • 



fnll• ''Ibis will be pJVYed by an induction en r. 

Let r = 3. s.tnc. <s,:ir> is completely deflated end 1iE- P'(t 1). 

tbm (ct• Rer.aarit ~ollowllng l)e.f'Sa1tlon 6) 

1a t J(S.F.t.i.ti- 1) • 

FC1a)$ F(1i,.) VJ'(s.F,Si·•'i.- 2) ·t 

ma there ox1at8 m Sateger 1, aum that 

iaE F(~) 

~ ~ r(1i,) U J( S, F •Ii Ji• 2) • 

10 

It 13 E • S, then ( S,.t~ii) ls a ~, and the e1.aaa:lta t.s.;,11, 

aatiafy ccmdiU. (A). tt 1, € S the ( ~,ii) ea.tiaf:lee condition (Bl. 

Now w wmt to mow thd, u ·our lanl ls true tor r =t. it le 

also tNe tor r = k + l. Jt ccmdition (A) bolds tor r = tt, lt holds 

A fm14er! tor r = t t lJ ror it ,s !; t thm certainly • Ek +1. Hence we 

auppo8G that there iu a k-tlJJl• <~ • ••• , ~-1i) satud'ybtg eonctitioa 

(B) • Since, tben 

~ ~ Ftli.) l/J(s~,'2.•Si· t -t l) 

F(~)t F<1i> UJ(s.F,t,..t,_:- 11: -t 1 - 1) = 
F('i,) UJ(S.F.£i.•1l.- (k + l) + 1). 

'Dula there exist• m lntcer 5tt +l neh tlw:t1 

~ +1 E.r(~) 

t,..1 ~ J'(s.1 ) U.1(s,r,s1.s,.- (t t l) .. 1) • 

'lh.ls we conclude that 'the t + l • tuple 

( 'at+i~· • • •• 12•~ ) 



satbtiea condiUoa ( A) or ocmdition (B), uoon\in& as i'k+l E-S or 

~ + 1 Es, *1eh aompl-etes the pnof. 

-.ihe proof of tho nut lC111Da, which le very a!ndter to f.lu, proof' 

ol tADll1 s, .ul b& omitted. · 

u 

1flet I• Let ( s.;) 'be a compl.e'tely deflated Wcmstion Pl!ttem:J 

let 1i and 12 be !n'tegwa,, both ot iid.ch belong to -s, autt euoh that 

12 E- 1(1i_)J mtd let r be an iateger grefttor than 2. 'JlJon ettm,r, 

( A) ihero 1s an inugw • satisf'ying 3 ~ a ~ r Md -9lementa 

ls• • • •• s.. or lll auoh t.hat <1 •• • • •• ~tl2.ti ) is a 

mSnena .mm iJ ( F(ti) ~ .1 = s,. • • •• •, or 

( ll) 'there en e1 .. ts t,-. • • •• 1.- o.t 1a euoh that the r-tuple 

( 1r• • • •• S,t12,li,) sattet.loe the foll~ condittona 

( d ) l.1 € -s tor J = 1.. • • •• r • 

( ~ ) 1.J E P(lJ•l) :.::tor J = 2,, ••• , r ,. 

( 'lf ) 1., . F(1i,} UJ(-S.F.1i,• J -t 1) for J =3, ••• , r • 

l:ewr 7. Lot <1t~• • • •·• 1r,) be a m1nena with rnpeet to 

( s.F ) sch 1;1w.t• for J = l, •• •• r - 2, 13 4ll'(1r)• 'ihen there exi&ta 

a mbse~ (.,.u1, _µ2., ••• ., ,u• ) ot ( 1,2, ••• , r • 2) 8I.ICh that 

( s.)4_ ,i ,.u • • • ••. l ,.t, , 1.,.1.\. ) 
. l. 2 • 

ls a m-11:imal tdnGnu 1ll th resp&ct to ( S,F ) • 

fmf• '12d.s· wLU be preyed by an hldtletion on r. t~ r = 2, thm 

( t.i.£2 ) la itaelf a m1n!mal. m1nena wt.th ~ to < S,F ) . Assume 

the i-. 1a 'true tor r ~ k, end let ( 1i_.S.2, •• •• ~•!it .. 1 ) be a 

mnona aucb tha-t for J = 1, • • ., t-t. s., ~ F( 1t .. 1 ). ff 

<li.,£2• • • •• ~•\+l ) la not a llWdsl m.tner.a then 1c,1 EF(1J tor 



1 ~ 11 ~1'3 -l~ k-1. 

mmae. if 1.c+i• • • •• t,,_1 ta left oat. the reeulttag ~ will 

atlll 'be a mlnerra. 'Jlds ndnerYa 18 of length leas tl1tm t mid our 

1 .. an follows bJ aeens ot tho Jnduct!on hypoihests. 

JfllP f• Let ( s.v} be a colll,)letel.y def'laW intorme.tion pattemJ 

aacl 1st '1, end '2 be Sntegwa,, both o~ llh1ch. belong to s. OJ" both ot 

mi.ch 'bGlGng to •S'; 'and let t 2 E J11i,)• 'Dien there are elemente 

'3• • • •• , ~ \a Roh that <1t• • • •• fr~·~ '> ta a tdatml tdnerw. 

f£Mf• 1llt1aw r : 51 t l• • •• that ihen ,camot be e1..-
,§..t • • .. ir of ~ aatiet.vlng oondttt.on (B) ct fAB!ll s-1 t.. condHS.ea 

·:'.·:; !1~ :,. ' 

(B) would hltly 

',. < 1.-1 < 1r-a < • • •<!:a < l.1 

8Dll bmee 1i- '1f.Uld baYo to be aegatlfi• eorrt.rary to tho doi"intt1en of 7-. 
H-.oe 1:heN ta a mnena. <~, •• •• :l2Ji ) aueh that, 

13 • r<ti) tor J = 3* • • •• • • 

By Lana 7 there then e.x18t8 a mhs~ee <.)-fi•--"2• •• ••)'• > of 

( a. ... 1. • • •• 3 '> at.Ob 'that 

< 'PJ.· ~· •••• S;,u.• ~· ~ ) 
le a minJmol. minona. 

'lmrw I• tt < s.F) msc1 < s.o > ... both c:iompletety c1enaw 

~ pattenus• ead F *G• tht1ll ( s,F) ,and <s.o > have different 

cla&aea ot min1-l~;~n8l"'ft\h, 

rmd• Let ~ be en tnteser for 1llldch F end G are dUEonmt. 

auppoae that J 4 s (it J E -s the proof 1s tdmUar}. Without los3 of 

g..-rll'ty we OM aa.sume that there oxi8ta m2 !nt~e?' t mtch bel~ to 



JU) but not to G(J).. Il t E • S the ( k.J ) 1e a m.nwu miner,a w11h 

r-,eot to < s , F ) • S1noe k , oo l, ( k.J ) la not a 11bdaal ~ ld.:tll 

reapect to ( s,.o ) • SUppc,ae t¥t k E S; then by tea.a 8 there exiri 

lategers 11, ii• • • .-. \, aaeb that ( '1.,,, '2• •• •• t.,., t. J ) h a 

mim•l mbaena w1 th N81).ffl to ( S.J' ) but not w1 th NSJINt 'to ( S•C ) 

eiDoe k ~ G(J). Hence w conclude that ( s ,F) anti < S.G > ,-... different 

class:u of ud.tdnld minen'u. 

lbMrr i• ~ 1ntcmac:t.1on pattern bu a unique eoaspletely 

cleflated tom. 

Pae(• holl a prevJ.ou& Nm.rt we know that fMH7 intona'tS.. 

pattern baa a:t 1..-t one c~y deflated fem. 

Lot ( s.:r1) cmd<s.,2) he ~tely detlated tonu ~ the 

tntomatioa pattern < s.F) • 'then• 'b1 ~ a. w aee that ( s.v1) 
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mad <s.r ) baTe the &91118 clue of llinimt.l ~a; ad tdndlarly ( s,F2) 

1!11111 ( S.7) haft the .,_. ·class of llinimal mt.nerffia. 'thus ( s.,-1) and 

( s.F 2) haft the aame olaes ot lldnt.1 lld.nern.s9 so 1,y 1hNNII ! w 

eonclude ihat v1 = Fz- ae -. to be sho,m.. 

3wPre 5;• ~ intormtion pe.tteru have the SfJae cslaee of lWdal1 

~ it Md only lt they have the 86119 completely deflated fora. 

J:'l"ld• By 'lheorau 2 ad 3. 



1). s.o ~ [1] • 1Dl1s definitioa and u. toll.ovdng two ere 
dl&e to J. c. c. J.fcKlmley. 

2). See~ [2]. 'lhia definition 1a due to 11. v. ~. 'lhe 
detinition giym hwo 41.ffen from that giTGD by ~.dae 1n two 'lifflY&• 
F.irat" in t.Jie def'Wtion ocl J*(A,F.,lt,l + 1)., we impose the cottdition tba:t 
J be l.eu than t. Second-• ;~ doff.nee 

J*(A,l'tk) ~ ~ J(A.F,k.1)., 
:I.. 

*11e - define 

J*(A, P'ek) ::: J(A1F.k•k - 1). 

HoweYGl't WO abttll BMt by 'Dleorfll 1, that 

J(~F,k_it • 1) ::. 2... J(A-7,1.t)• 
J<t 



[1] }.IDKhmoy. J. c. c •• 4\totes ta Gaw In ~ .. Font•. l!lm1 
9!n9D13& Memll1¥kll Dl:D! (Hay. 1949). 

fzJ ~ .. 'i'i. v., .,ftria on Intomatt.on Patterns In Game ~ • 
.Bll1lfl 99EP9m"tiffl ~ Jm::?-M (August• 1949). 






