
SO'.JE Fm.D ronrr THI.:OPJWS OR COHPACT CO!JTitlUA 

IN llli'.l'RIC SP/.CLS 

Bachelor of rcienco 

Oklaho::.a Ar;riculti.m;.l and llechanical CollegE. 

1949 

Submitted to the Faculty of the Grad.unto School of 

the OklahOl?lEI. Agricult.ura.l and l!oeha.niettl. College 

in Partial Fulti.ll.11r.mt or the Roqu:irczonts 

for th~ Degree of 

MASTER or sc:rr:zm 

l9S0 



,,,,- G''U"~..,A 
ISR!CILTURll & r ~fl com.E 

LI BRA~Y 

JAN 17 1951 

:OJ.:E FIXJ!'.D FODn' THEOREMS FOR COMPACT CONTDlUA 

DJ !.GlRIC s: \C. ~ 

WILLIJ.M AlFuRErl HOLIEY 

W.STZR OF scr::m .... 

1950 

THE3IS AMD ABS'm.\C'.(' APP1WVl.D1 

Thesis Adviser 

Facult.y n.epresontat.ive 

Do:i.n o£ the Graduato School. 

266804 

11 



SOl!E FIXED POINT TllEOP..m:3 FOR COl!PACT ConTINUA 

IN lm'l'RlC SPACF..S 

A f~.is unsolved probloJ:1 is this: Does every continuous 

tronsi'Ol"Il3.tion o! a bounded eMtinuum. lJ 1n the pl.ano onto a subset 

of itscll, l'lhoro I! does not separate the plane, le:..ve so:io point of 

U invariant? Tho queation has boen ansr.cred 1n the a.ffirmativo for 

most continua tt. ich aro not indecomposable. A oolution of the 

problem for several sit:Iplo typos of continua is given horo. 'l'hezc 

include the 1-cell, tho 2-cell, and the n-ccll, or respectivcq, ens
hom.eo.morphie image o£ the unit interval, the unit circle., or tM 

' 
unit sphere in Euelleean n-spaee. In addition it is shown that 

locally connected continua 'Which do no-t contain a simple elooea curvo, 

various];; called dendrites , acyclic curves, or trees, po:,sssG tho 

fixed point property. 

First the follonng lemm is established: 

If' a point set 1.! hl.l.s the property that ovccy continuous trans-

fo~tion of 1! into itself loaves ::.or.io point of U invariant, and if' 

l.5' is any- hoooozor;;,hic i."lB..ge of ll., then u• has this propert y . 

Proofs let T be a homeomorphism 1'h1ch c3.rries l! into ll', and 

T• any continuous transformtio.."l of ll ' into itself' . lot T• • ba o. 

tra.nsforr..ation on ~ ccf'lnod as follO"~rs, T1 • (x) = T-
1 

(T1 (T(x) )) • 

That T • 1 is a continuous trans.formation o! U into itself f ollorrs from 

the .fact that T-~ T1 , and -T are cont.inuous tran.si'on:iations . But by 
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eypothcsis some point Xo o£ 1l is invariant under the trans.formation 

T• •, so that T' 'uro} ; XO• Therc£ores 

T"{xo) ==Xe ;!!! T-
1
(T1 (T(ro) )), so that, 

«r(ro) = T(T-1(T• {T(%Q} ) )) = T• (T (xo) ) • 

JJut. then T (xo) is a point ot ?!' which is invariant uneer T • • 

The lem:na is thcrc£oro true. 

Theam i. 

Ii' 11 is a 1-coll, then every continuous transformation T o-r U 

i."Ito itsoll' leaves 50"'.JB point of U invariant. 

Proof i A 1-cell is ~- bo::neomorphic ~ge -ot the Wlit i.'lterva.l I . 

By lea'aa l it i• sutfieiont to show that ever:/° continuous t.r.inaformation 

T of I into itsolf leaves soms point of I invariant. 

Assume that T is a continuous transformation of I into itse1f mich 

leaves no point of .If invariant-. Let n be tho set of all points in I 

such that x < T(x) where x and T (x) are tho eoordinants of the point 

and its itnge. Let, K be the set of points for 1'hich x ~ T(x) . That 

B is closed may bo shorm as follcms-. Suppose that XO is a limit poi.nt 

of H which is not in H. at <xt> be a soquonec in B converging to 

%0• Then since T is continuous, tho aequence (T Cx1) ) converges to 

T CxQ) • By assur.;ption xo :.> T C:ro) . Let E1 am E2 be dis-joint neighbor

hoods 0£ rndius € eont.a:i.ning Xo and T(:Jo) respccti?ely. Then tor acme 

intcgar k if n > k, Xu is in E1, or .XO - f < Xzl < XO +€ , and TCJrn) is in 

E2, or TCxo) - f < T(Xn_) < T(zo) + €- • But T(ro) .._ f < X() - E-, and 

hence T (~) L %n for n > k . Tlds cont.radiets tho fa.et tb:lt ~ ia in 

H, fr,r ,.hi;t. by o.ofinit.ion, lrz1 < T(.xn). Therefore, tho assU!!!ption ·that 
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His not clost.d is false, and hence His closed. Similarly K is closed. 

Since x and T(x) are by assumption distinct for each x , every point or 
the continuum I is in either H or K. Then H and K have a point or a 

limit point in common. Being closed sets they, therefore, have a point 

z in common. But this means that T(z) < z and T(z) .,. z , which is im

possible . Hence the assumption t.hat for each x , x and T(:x) are 

distinct, is fal se , so that I has the fixed point propert y. 

In the next theorm use is .made of the following definition: 

A contiµuous transformation T of a point sot X into a point set Y 

is said to be inessential if there exist.a a. function F(p,t) , continuous 

in p and t separately, and a point z such that : 

l . For each fixed t in the wlit interval I, Jt(p,t) is a 

continuous transformation of X into Y. 

2. For a fixed point p 1n X, F(p,t) is a continuous transformation 

of I into Y. 

3. F (p ,o) = T (p) for e:vccy p i.11 X. 

4. F(p,1) = z for every p in x. 
Theorm 2 . 

If ll is a 2-cell, then every continuous transformation 'l' of Li into 

itself leaves some point of M invari,ant . 

Proof: First, it is shown that under tho assumption that no point 

of M is loft invariant, there exists a continuous mapping T' ~ M into 

its bour.dary s2 which leaves each point of the boundary fixed. If' x and 

T(x) are distinct points, then a ray from T(x) through xis uniquely 

defined. Let T 1 (x) be a trans.for.cation ,'lhioh carries a point x in M 

into a point y on the bow1dary, \mere y is thG intorsection of the ray 

f r om T(x) through x ,nth the bom1.dary of M. 
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If xis on the boundary, then the intersection oi' tho ray iro!l T(x) 

through x io x, so that T' (x) leaves tho points o£ the bound:i.r-,1 fixed. I£ 

XO is a point of U and (Xj_) n soquonce conver&ine to xo~ thon tho sequence 

(T(x.i)) convorges to T(Jro) . Renee the ra:'J. !roll T(x1) to Xi converges to the 

ray fro;;i T (Jro) to xo, anJ the poims on tho bounda.rj T • (xi) comcr0e to 

T' (xo) . T• (x) is thurei'ore continuous. 

Second,. it follows that 1.t thero is a continuous tr:msi'ormntion T' 

o£ ll into itB boundary s2 which loaves each point or t.11o botmdary .fixed, 

then the ideutity transi'ormation on the bolnldary is inosaential. For 

consider tho function F(x, t) = T•((l- t}x) , .hare xis a point on tho boundacy' 

and (l- t)x is t.'ie poi!lt in ll obtained by mUltipl.ying t.he eo:1ponents or x 

b.r (1-t) . It i:J clear that the tunctian is continuous in both variables, 

that r(x,O) == T1 (x) := x, and th~t F(x,,l ) = T' (0) for each x. Bence by 

definition the idc:ttity transfor.::at.ion in inessential . 

Third, it is ahc;:rn that tho i<!ontity tr-..nsformation of the boundar,y 

circle s2 o! U is not inessential. For, sup-poso that tho idcnt"ity trans

!'ormati-on is inessontial. Then there ia 4 funotion F(x, t) and a point z 

satisfyu,..g the conditions in tho dc!inition. 

I.ct o (p,q) bo a real valued function on tho circle s2 de!':ihcd as 

£01lows1 o'(p, q) is the leneth of the soallcst ar~ from p to q., positiv-v 

if 1masured in a counter clockiiiso dh"Cctio.'l on S2, and negative it maasured 

in a clockwise direction. Th.le £unction is uniquoly' defined for those 

po.lnt3 p a.."ld q £or tlhich r,e use it as is shOffll bel~. It foll<ma fr02:1 the 

continuity or F(x.,t} that, s ivcn any pooitivo nm.iber t , there are numbers 

S, and Sz.. , such that, ii' d(x.,y) ~ s, and 1t1 - ~ l < S1.. , then J6(F(x, ti_) , 

1'' (y, t2)) I <'.'. c • From this, given auy positive nU?Jbor c , there Qrlsts an 

llE ~ na.ccly the least integer greater th..'Ul '/sz. in the statement abovo, auch 



tha.t ii' n > ll~ and i£ t 1 ==: i/n, i ::: (0,1.,2, ••• .,n), t.ben 

I 6 (F(x,t1), ;"(x,ti-1) ) I.( i :ror ever:, x . Intting f = 'ff , there is 

tbon an n 1Yz , far which I, (F(x,ti) - F(x,ti-1) ) I~ ~z. • But then 

for n• > 11, thcro ls oru.y- one ffllall.est ~c fra:11 F(x, "tj_) to F(x,t.1_1) 

for each i and :i:, so that 6 (F(x,t1), F(x,t1_1)) 1s unique, :xnd is 

therefore a contmuoua function of .x for each i . 
M' 

Let V(x) = L. 6 (FCx,t1), P(x,t1_1) ) ., where n• is a fixed ll1lmber , .. , 
greater than li 'Yz.• The function V{:x:) , then, is tho surn or n finite 

number or continuous !'unctions of x, and thcrei'ore is itsoll' a continuous 

function or x . 

Tho function V(x) ia a continuous roa.l valued function ll'hich gives 

the variation ot x as t taltes on values rrom O to 1 in tho prescribed 

manner. Since F(z, O) = z and F(z,l) = z , V(z) has the value 2ntt, v.here 

n is one of t.he numbers 0,±1/-2., . .. . Further., it is clear that z is the 

only x on S2 for which V(x) io an integr.u multiple o! 21T, 

For nomo point.s x on tho circle, V(,x) L.. 2nlf. Ii' not, then ror every 

point x, V(x) ~ 2ntr. I.et Xn be fl point such that 6"(z,Jrn) = - 1/n. The 

sequence (Xo) convorccs to· z . Further V(X:n) = 2nTT+- 21r- 1/n, £or ea.ch 

n, since V(~) > 2nlf,and tho lenutb cf tho arc .frort x to z in a posi~ivo 

direction is (211" - 1/n). The sequence (VCxn) ) , then convcrcca to 

2nYr t 2T = 2(n + l )rr. But since V(s) == 2n,r , (V(:xzi) ) docs not convor,e 

to V{z:), and V(x) is not con inuou&. This is a contradiction. Therefore 

the assUI:1ption that £or every x, V(x) ~ 2nYr is false, ao that for SC1l%Jf3 

x, V(x) -<.. 2ntr. Siz:J:Jlnrly for s~ y, V(y) > 2nlr. 

~ H be the set of clll x on tho circle i"or v.bich V(x) ~ 2nlr , and K 

the set or all y for which V(y) ~ 2n1f. Tho set H ia closect., far if Xo 

io a boundnrr point or Hand (Xj,) a sequence in H convergi.ng to so, then 



6 

by continuity (V(x)) converges to V(xo) . But V(~) ~ 2n'ir for each i , 

so that V(.xo) ~ 2n Tr , ,uich meano that Xo belongs to H. SiroiJarly the 

set K is closed. Clem-ly every point of the circle is 1n one of the 

cloned sots H or K. Renee t!lc sets 11 and K !lust lu,.vo at least tr:o boundary 

points ill cotlClon on S2 . But then for ~ome point x' distinct fron ::; , 

V(x 1 ) is in both H and K, a.r.d thercfo.re V(x• ) :::.. 2n lf ., ,rhich is inposm.blo . 

Therefore the assW!!ption that tho identity trmisformation on s2 is 

inessential is false . 

Hence the ie.entit.y tra.nsfol"l!'.ation is not inessential, contradicting 

the result prOVC;d in part two of the proof undor tho assumption that no 

point is left invariant unaer T. Hence the theorm is true . 

The fixed point thoorm for an n-ccll may be proved in a.~ analogous 

way. 

Theorm J . 

I£ Mis an n-cell and if Tis any continuous transformation 0£ M 

into itself, the11 sane point of ll is left invariant under tho tra.ns_f ormation 

T. 

Proof: An n-ccll is the homoornor.phic i:aage of the recion Rn+l in 

En+l spaco bounded b.t the unit Sn sphere. Sui pose that T is ~ eon·- '\ 

tinuous trans.formation o! Rntl into itself such 'that for each x, T(x) 

and x arc distinct. Thon there is a continuous nappin& T• (y) of the 

interior of Rxi-tl into its boundary Sn vt1ich leaves each point of the 

boundary fixed . lfor let T' (x) carry x into ttie point on tho boundary Sn 

of Rnt l which i~ the intersection of the ray from T(x) throuch x with 

the boundary. It follows then that the identity mapping of Sn is inessential., 

for l et F(x.,t) be a function defined as foll ows: 
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) = T' ( (l- t )x) 1 lCl is on then- • h th 

!l.lllCti , t) i continuous., a (x.,O) =- x., .,1) = z. 

t · eon~ et. ... t tity transfo tion is not. 

true . 
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point of pB on ·the arc Al3 :L'l the order i'rom p to B. Then tho arc pp' 

contains no point of AD e:i:cept p• . R&nco p belongs to the branch Cp' . 

llmr suppo::10 tha.t p belongs to tt7o br:mchcs Cx and Cy, 'Whcro x and y 

arc distinct. !.Dt p• be tho first point 0£ the iutorscetion of tho 

arcs yp and xp on xp i.--i the ord01• .from x to p. Thon ~'w arcs :n>', 

9 

:.cpt, end ~ for::1 a zi..-;,lc clo.:.ccl curve in 1!, com:.ra.dieting an hypotnosis 

of tho 1~. 

temmn 4. 
If ?! in a loc.u'.cy' connected continuum and li contains no sil:!.plo 

closed curve, &nd if AB is a.narc from A to Bin J.:, and Cx and Cy arc 

di3tinct, branches ith respect to AB, then Cx and Cy aro J.1Utual.ly 

scparat d closed sets. 

Preo:r: Suppoue on the co."ltrary that Cx and Cy are br~oa which 

are not :r.rutua.lly separated. Lot p bo a limit point of Cx cont&ined in 

Cy. Sinc,e l! is locally connected, it may he considered a 1'oore space 

satisfying axioms O., 1 , and 2, in which regions are open connected sets. 

I.et g be a reeio containinf P• Thon from tho a.ssu:i;ption, g con-tains 

a poi."lt x' of Cx and y 1 of Cy.. There is 2ll .-ire froi:i x • to .,-• in g . 

Since x' is a point o! Cx ;J.D.d y 1 is contained in an arc co.'ltaining x•, 
y 1 is cor .. taincd ln &.'"1 a.re containinc :x: and hence belongs to both Cx 

and Cy~ contradict:L."lc; Icl:!lD. J . Similarly 0,: ca!lllot contain a limit 

point of: Cy. Hence Ox mid Cy are mutually separ.:ted sets. 'l'ha+, the 

act!J arc c1oscd thon is evident i'rro the fact that Ir is closed. 

I.c?m:a s. 
If li is a loe4lly connected compact continuum and l! contains no 

simple cl osod curve, and if' Tis a continuous transforr.iation of Jl into 

~tsclf and AB is an arc in U, then there is a point x in AB ouch that 
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eit ,01· T(x) is icenticu vd.iJl .. or T(x) is contained in the br.mch ex. 

Proct': Suppose that for every x iil AB, .x: and T(x) are distinct 

am T(:c) is not contained in ex. Consider. a division 0£ the arc AB 

into t.110 sets H and K. Let x be in H if, in c,.e.se T (x) is on AD, % 

precedes T(x) , or, i.'l case T(x) i6 not on AD, x precedes 7, r.herc 

T(x) is i..i-i the branch Cy. ~t x be in K if x tollo,rs 't(:x:) when T(x) 

i.s on AB, or follows y hen T(lC) is in the branch Cy. 

It i3 cl.Cl!l' that ncit.hw- il nor K is vacuo a~, since n contains 

A and K containo D. Further, every point oi" AB is in either H or K. 

Far ii' x is in A9, then T(x) is c.iistioot £ram x by assumption, and i! 

T (x) is on AB, I {x) must either r ollow or precede x . If, en i:.ho other 

ha.1u, T (x) is not, on .A.B, then by Lor.roa J , :: {.x) is in Cy for one am only · 

ono point. 7 , which is cistinct from x by assllT.1.!itiaa, and x mu:;t either 

prcocdo or i"ollo.1 y . 

The ::-et !! is closed. If not, thci·c ls a ll"!li.t point ~ or I! which 

is not in H. Lot (pi) bo a sequence i."l H converging to Po• C-0~:1· er 

t...'le sequence (yi.) 1 .here Yi -= ':'(pi), {i = 0,1, 2,. • • ) ~ il l(p1) is on AB, or 

is t'?le point y for wblch x<.,1) iu in the bre.nch Cy, in case T(pt) ls ~ 

on AB. Thet the sequence (y1) converges to Yo can be shOflll as follows: 

1'ir6t., suppose that T(PQ) iD a point or J..D. tot R be an::, re<"ion containing 

Yo• Thon there exists an into£;er k such that far a > le, T(Pn) is contained 

in P... But is colltlcctcd and heme conte.ins the are i'rom T (Pn) to T (p0) . 

Further I Yn lioa on this arc, since othonns .... there would exist two 

distinct arcs .fron T (pn) to T (;Jo), contra.diet~ Imcma. 2 . Cormoquentl;y, 

fer n > "-, Jn lic:J in tuo region 1 .. ., and Yn c,1nverges to Ye = T(PQ) . 

On the other hani, suppose that r(ro) i:, not a point o! AB. Then 
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T(pJ is in%· tot P. be a rogion containing T(p0) r.bicl1 doeo not. 

contain YO• 3ince R is connectoo., by wmna 4, it is a oubsot of C70• 

But T(pi) !or i "'>k £or aomo in~ger k is contained in C:fr• This moans 

that y i = Yo £or i )' k, and the so~uenco (y1) thu::i conwrccs to Yo• 

As l?O w,.s assu::ied to be a limit point of n ilhich was not in n, 
Po iu i.>t K. Dy cle.t'ini-tion o! K, then., 70• ulrl.ch 13 T(I1) in case 

T<Po) is on AB., or a branch point if not., precedes Po in the order from 

A to B on AB. Hcr.rov~r, Pi precedes :Yi for evcr;r i., since tho P.1 are in 

H. There exist disjoint intM-vals on AB; Ii containing Yo and 12 con

taining p0 , having the property that 1£ x belongs to I 1 and y belongs to 

12, then x precedo:. y . Since Yo is a sequential liltdt poin~ of the 

r.oquence <Y1) the interval 11 contains Yn for n > k for scr.Je intoeor k ._ 

Similarly tho i.11terwl. 12 contains (pi) £or n '> k ' for s-0m k ' . But then 

for n .>-k, and n > lc' , Yn precedes Pn, which contradicts the fact that Pn 

bclongo to H. Therefore tho set H is closed. 

SjmiJarly +,,he cot K is clo~ed. FrC!ll this rnti the fact that .H and 

K incltlt!e ~11 of AB, it follOtT:J that H and K have a point p in ccm:non. 

But this ia i.,;,ossi.ble, as distinct point.a p and T(p) on AB, or p and 7 

£or T(p) m th.a branch Cy, cannot both follow and procet!o each other. 

Henco the ler""1 is true. 

Thcorm 4. 

Ir li is a loca."3 connected continuUI:1• and if !! CO!ltains no oimplo 

cloccd cum,, then every- continuous transformation Tot ll irito itsoU' 

leave:i sotie point. o.r H invariant. 

I.et A and B be two points of :e and let. A1 designate the arc AB. 

Suppooe that no point of ll remains invariant under tbo transf or...iation T. 
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