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PREFACE 

The induction motor i s one of the most importa nt types of 

electric machi nery in use t oday; it mi ght be said that it i s 

second only to the transformer i n i mportance . It is t o be ex

pect ed t hen, t hat a gr eat amount of research would be done to 

determi ne the operati ng char acter i stics of the induct i on motor. 

There are two methods available f or determining the per

formance of induction motors and they are (1) t he method of 

l oadi ng and ( 2) the equivalent circuit method. It i s generally 

conceded t hat t he l oad test i s the most a ccurate for all types 

of motors ; however, the equivalent circuit method r equires less 

e qui pment and gives compar abl e resul ts . The equivalent circuit 

method , in its usual form, requires the following tests of t he 

machine: (1) the no-load test , (2) the blocked rotor test and 

(3) the meas urement of stator r esistance . The perfor mance of 

single- and polyphase machines from t he equivalent circuit has 

been covered f a i rly well in present day electrica l litera ture, 

but much work i s left to be done . The .method of the four

termina l network i s given i n so.me detail in this paper and 

will be found to be one of the more a ccurate and expedient 

methods ava ilable, but t he use of t his method , as well as all 

others , results in i naccura cies because of: 

(1) unjustified t reatment of exciting current, 



(2} the assumption that circuit parameters are constant, 

(3 ) the failure to consider stray load loss, 

(4) t h assumption of s inusoid 1 currents and voltages 
t hro ughout the motor. 

Some work may be found in the literature on the firs t three 

iv 

items listed a bove; however, very little work has been done on 

the fourth, es eeia lly as applied to single-phase motors . The 

us ual procedure, when considering the performance characteristics 

of induction motors, is to neglect the effect of harmonics and 

in most instances t he results obtained are su~ficiently a ccurate. 

1th harmonics present, however, the motor can be expected to 

show some departure from normal operation. 

It has been shown.1 that to types of harmonics exist in in-

duct ion mo tors; 

(a) time har monics, introduced by the im.oressed emf, 

(b) space harmonics , introduced by the counter emf of 
the .motor. 

In analyz i ng a motor considering harmonics, the motor could be 

t hought of as several motors con acted on the s ame s haft, ea ch 

1dent1 ca l to t he motor under considerat ion , and dra ing po er; 

one from the fundamenta l, one from t he t hird , one from the fifth, 

and one from t he seventh harmonic e f. The reactance of t he har-

manic motors is n times t hat of t ie f undamental , where n is the 

order of t he harmonic . The resis tance is ulso somewhat greater 

1 Doggett, L •• and ueer, E. R., "Induction Motor Operation 
With Non-sinusoida l Impressed Voltages', Electrica l Eng i neering, 
XLVIII, {October, 1929 ) p. ?59. 
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for the harmonic motors, but not n times as great. It was further 

shown that to all but the fundamental frequency , the running in

duct i on moto~ acts practically as though blocked; i . e. , the sli p 

is i n the nei ghbor hood of one. The conclusions were that , with 

harmonics of 10% or less , the effect of har~onics a re neglig ible 

for all types of i nduction motors and for a ll condit ions excep t 

the no-l oad condition. It was fo und that , at no-l oad , an increase 

of r2x occurred , but i t was not considered serious and the lightly 

loaded induction motor could be expeeted to smooth out the im

pressed emf wave . 

In t he split-phase s ingl e -phase motor i t i s 9oss1bl e to have 

all the har monics present , but moder n wi nding practice does lessen 

t he ir magnitudes . The problem i s comp lica ted by the fact that 

t here is no way to obt a i n t he wave forms of rotor current and 

voltage . In t h is thesis the problem is approached f rom the i nput 

current and voltage and the waveforms of these quanti ties were 

obtained t hrough the use of the magnet ic oscillograph and then 

analyzed for harmonics . The question i s how much the effects of 

these harmonics are and how much i s being neglected. 
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1?RI£DtGTH.,G lffOTOP 

INTRODUCTION+ Th.e alternating current induction motor has 

been clB.Ssified in many different \·:ays, but may sir1ply be classi

fied as single-phase or polypb.a~e. In each class will be found 

many types of motors, each built for a particular service and. ee.ch 

:req_uiring special ope2·ating characteristics. :lfor example: one 

load requirement nw.y .mal(e desirable a constant speed at all loads, 

while another load nuy require variable charucteristi ct3; i.e .. , a 

ch:c:u1.ge in slip with a change in load. r:ro classify all indnction 

.motors, it m.ay be sai.o. that they belong to that group of' electrical 

apparatus which is 1'movm a:::: asynchronous; i.e., t.hey operate at a 

speed somewhat, less than the synchronous opeed of their rotating 

fluxes. 

The induction motor vJas invented by Nikola '11esla in 1888, 

ancl much Lmproveraent has been made in its operating characteristics 

since its invention. The co.tw."U.on use of this motor may be largely 

attributed to its simple, rugged and inexpensive eol.lstruction. 

The theory of operation and construction of the poly-phase 

motor is simoler than that of' th.e single-phase motor and al though 

the si ngle .. phaBe motor lac}~s tl}e symmetry inherent in the ·poly

phase motor it is very eomc1onlJ used. This .rzH.:,y be largely 

attributed. to the gr01,~1th of the single-phase system of trans-



mission and distribution in this country. Sinee the use of the 

induction .motor is so co.mm.on it follows that much research would 

be done on the opere.ting characteristics of the motor and a search 

of electrical literature will reveal a wealth of information on 

both the single-phase and the polyphase motor .. 

l?J-m:1FORMA1:.TCE OF INDUCTION k:OTOHS. In general, the pert orma.nee 

ot induction .motors may be obtained by direct or indirect .methods. 

The direct .method necessi,tates the use of the load test which m.ay be 

perform.eel in two different ways depending upon whethe.r the output 

of the machine is measured directly or calculated from the input 

and losses. The performance of' the motor is usually obtained by 

the use of the dynamom.eter, prony bra.lee, or a calibrated generator. 

One manufacturer1 states that most induction motors, rated from. 

1 to 300 horsepower, are tested by use of the electric dyna• 

rn.om.eter, as it o:f'fers the most satisfactory method of obtaining 

eom.plete performance and speed-torque characteristies., that 

fractional horsepower .motors are tested by use of the prony brake, 

although this is not suitable for large motors; that the equivalent 

e1reu.it method is used for machines too large to be loaded con

veniently. Loading deviees are quite often unavailable, not to 

mention tha. t they are bulky and. costly for even m.edi um sized 

machines, therefore, they are applied only to the smaller machines. 

Load tests 1i11ill not be co11ered. further, as sufficient information 

may be :round in any good text on alternating current illachinery.,, 

l Westinghouse Electric Manufacturing Co., Factory Testing 
of Electric .Apparatus, East Pittsburgh, Pa., 1943. 
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The indirect method, v1hi.ch m.ay be referred. to as the equiv ... 

lent circuit method 1 makes- use of tests that .may be applied to 

a motor without special equipment. The indirect method always 

begins with the equivalent circu:t.t a.nd the accuracy obtainable 

is dependent upon the choice of an equivalent circuit whieh will 

closely represent the motor under all load conditi.ons. 

rrhe induction motor is ess,entially a transformer i the .mag

netic path of which is separated by the air gap of the .nrotor into 

two relatively moving parts, one part carrying the primary and 

the ,other the secondary \vindings. The secondary is usually of 

the form of a squirrel eage win.ding; i.e,., .i.t consists of ident

ical copper or aluminum bars cast solicUy to conducting end ri.ngs. 

Thus, the secondary 1s short-ct.reui ted; or as in. the case of the 

wound rotor machine • .may be closed through an external resistance. 

'The distingu.ishing feat.ure ·Of the 1nduct·1on .machi.n,e is th.e fact 

that current is n1na.uoed" into the secondary, that is,, no emf is 

directly applied to the rotor. Motion is created by electro

magnetic forces corresponding to the power that is t,ransferre.d 

across the air gap by 1.ndue,tion. Thus, with the .mo.chine being 

considered as a transformer, it may be represen.ted by an equi.V• 

alent ciraui t, and the perfor.mance predi eted fairly accurately 

if the circuit constants a.re careful.ly determined in advance. 

'i'he tests for the det.erminat,ion .of the eircui t constants are 

essentially the sume for single- or polyphase machines.. 'J.'he 

11..meriean Institute of 111eetrical n;ngineers test code2 for in-

2 .a.IEE, Test ~ ~ !?oltphase Induction Machines, No .. 500, 
(August, 193?,:--



duotion .ma.chines gives author.itative met.hods for all the usuel 

tes,ts on polyphase machines and will not be discuss@d further. 

4 

THE SIN"GLE-PHASE NfOTOR. The .performance of the single.phase 

.motor is inferior to the :polyphase, but many appli.cations require 

the .single-phase motor and, 'because of the extent of the single

phase dis'tribution .system, they are very col!:1mon.. Tl1ere are two 

popular theories for explei.ning the operation of' the single-phe.ee 

induction motor: (l): the double-re·volving field theorr5 and (2) 

the cro.es-field theory. 4 , 5 :Both theor1.es lead to t.he same e.on

olus1ons and the results of each are ident.ieal. 

r.rhe end result :ts to pre-det~rmine the performanc1EJ of the 

single-phase .motor and to do so :ueceSsita.tee the calculation of 

the curren.t. Jirany expressionf:i!' tor the current have been derived,, 

but for this investigation the method of the tou.r-termintil network 

theory was used. The use of thi.s theory for the predtctio,n ot 

motor performance from the equivalent ciroui t hs.s been presented 1n 

a text6 and is an excellent t.rea.tr.1ent e:f t.he fot.ir-term1nal network 

1l1EJthod as applied to induction motors in general. The four-terminal 

netv,mrk theory v,e.s recently extendel1 and il13:provernent was made 

3 Puchstein, A. F., · and Lloyd, T. C. ,. Alt.ernatins~Current 
Ma.chines, P• 333. 

4 Ibid., p. 343. 

5 Robin Beach, ,tA Physical Conception of Single-Phase Motor 
Operation~', Elecrt:rical Engineering, LXIII, (July, 1944} pp. 254-
263. 

6 T-drboux., J. G., .Alternating-Current :Machinery:. 
? Harmon Reeder, J'r., "The Four Terminal Network Method of 

Predicting Single-Plw.se Induction Motor Performance Characteristics 
From Test Data", Oklahoma 1'1. .• &M. College (Thesis), 1948. 



5 

in it for predicting the performance of single-phase motors. 

The necessa.ry cletrelo't)Ine.nts and equations are preGG.nt0d here 

briefly. 

1 shows an exact equivalent circuit for the split-phase single-

phase :not or and it has been show.n that the rotor exciting branch 

of this circuit is the complicating parameter. i:rhe constants of 

this circuit cannot be fow1d from the usual tests of a single-

phs.se motor, hmNever the circuit of Figure 2, the approximate 

equivalent circuit, may be solvecl and the constants determined by 

test. 

The circuit of Figure 2 is a four ... terminal network with the 

inr,ut terminals at a and b and the output terminals at c and d. 

It has been shown that the voltage and cur1,ent relations in a 

four-terminal network may be represented as 

Y1 - 1-1'11' 
.;_;j._J 2 + ,::iI 

c'd 2 ( 1} 

Il - CV~> + DI2 ( 2) .., 

where the subscript 1 denotes sending end and subscri.pt 2 denotes 

receiving end. 

bCJ.t 

Heferring to Figure 2 and by applying Kirchhoff's Law 

T -~1 - I,.-, + L, 
V {:., 

Tf =T':" +1r 
0 ... 2'~'2 :.J 2 

( 3) 

( 4) 

( 5) 

( 6' 
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C 

-I, Im lz 

Rs Rr 

v, ~ ~ v2 z. 

x. Xr 

cl 

Figure 1. The exact equivalent circuit or the single-
phase induction motor. 

a C 

b d 

Figure 2. The approximate equivalent circuit of the 
single-phase induction motor. 
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Substituting the value of I of equation (6) i nto equation (4), 
0 

and substituting equation (7 ) into equation (3), 

V1::: z1[I2 + Yo(I2Z2 + V2 )] + I 2Z2 + v2 

vl = ( Z1Yo + l)V2 + ( Z1 + Z1Z2Yo + Z2 }I2 

Comparing equation (8) with equation ( l) shows that 

A = z1Y0 + l 

B = Zi + zl Z2YO + z2 

Rearranging equation(?}, 

and com.paring equation (11 ) with equat ion (2) shows that 

(?} 

( 6) 

( 9 ) 

(10) 

(11) 

(12) 

(13} 

Returning to t he two general equat i ons of the equivalent 

circuit , equations (1) and (2) , t rom equation (1 ) , 

(14 ) 

but from. Fi gure 2 , 

(15 ) 

and 
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12 = AZR + B (16) 

Substituting this value of current into equation (15), 

(17} 

and using equations (6) and (7) in equation (2), 

_ V1 (CZa + D) 

I1 - AZR + B (18) 

Multiplying both the nwnerator and denolllinator of the right hand 

Side of equation (18) by A, equation (18) becomes, 

V1 (ACZR + AD} 
A(AZR + B) (19) 

Adding and substraeting, simultaneously~ BCV1 in the numerator 

of the right hand side of equation (19) and rearranging gives 

(20) 

Equation (20) gives t he input current in terms of the four

terminal network constants and it .may be seen that the following 

relations hold. 

C/A 
) 

K' = (en admittance) (a) ) 

l/A2 
) 

K' = (a oomplex ratio} (b) )-(21) 

j K2 = B/A 
) 

K = Kl + (an impedance) ( e) ) 
) 



Using the above constunts in equation (20) and gro~ing ZR with 

the resistive comnonent of K {ZR is considered a variable load 

res.istance ·whose value depe.udS upon the rotor speed), equation 

(20} takes tte form, 

- ·r,C'V 1.1 = J.i 1 + (22) 

Equation {22} represents the input current and consists of' 

a constant component a.nd a variable component. It has been shown 
a 

that K'V1 = In, the no-load current. This, however, cannot be 

true unless the machine is driven at synchronous speed, but this 

error is considered slight compared to the errors in obtaining 

the test data. 

111he proper substitutions in equations (21} gives the values 

of Kand Knv1 as 

K = B = Zo 
A 

K0 V1 = V -
0 

(23) 

(24} 

where K' ;=. In/Vn (the no-load voltage is the rated voltage V1 ). 

It should be noted here that,. unlens otherwise specifically -stated, 

all quantities are vector quantities and must be handled as su.eh. 

CALCULA'I'ION SHEE'r. The calculation shee·t is a means to an 

en(l. It is used for the sole purpose of saving time in the eal-

culation of the performance. In any such procedure it is necessary 

th.a·t the sheet be as si.mple and straight-forward as possible 

8 Ib · 'l • "4 lC~·•' P• ,,;, • - -
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and fa.r that reason certain. simplifying substitutions are .made. 

In this case the procedUl'e envolves actually two sheets; one a 

preliminary calculation sheet and the other the final or cal-

culation sheet. 

The ne'twor.k conl5tants are obtained fro.m the usual no-load 

and blocked rotor tests. These tests yield the following: 

{a) Bloclrnd rot;or te::.;t, tci.ain v,rin<Hng, Ib, Vb. Wb. 

(b) Ko-load test, 1nain winding, In,. Vn., Wn. 

( c) :F:esistance of the stator winding R1 ; which may be 
rn.easu.1·ed by the nrR dropff method or by the use of 
a bridge. 

From. the blocked rotor test the f'ollov1ing equi Valent valt1es 

are obtained. 

'7 -L,le -

The total resistance Re is also equal to 

R = R1 + e 
R2Ro 

R2+ Ro 

but since the resistance to the shunt branch is so much greater 

than H~i, the resistance of the secondary, the resistance R,,, .may 
L_,,,, V 

be assumed to be equal to 

from which the value of R
2 

m.ay be obtained. 

Since Z = Re· + jX
6

, it follovliS that the value of the equiv ... 
e 
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alent reactanoe may be obtained from the relation 

ancl maldng the assumption that the stator and rotor reacta.nees are 

eq_ual; then, x1 = x2 = 0.5 X
0

• From this the stator and rotor 

impedances are· readily obtained. 

zl = Rl + jXl = 

z2 = R2 + jXg = 

The no-load current is completely determined with the phase 

angle bet'\r;;een it and the applied voltage given. The phase angle 

en may be found from the relatio.ri, 

and using the applied voltage. Vf<Jo0 , as a reference, the no-load 

current will be In/90° - 9ns 

Applying KirGhhoff''s Law to the circuit at no-load. the volt

age drop across the shunt or exciting branch is obtained as 

and 

Vo= Vn - InZ1 

= V nL 9JJ.~. - ( InL 90° - ep) ( z1&) 

y = 
0 

From equivalent circuit theory, the variable load impedance is 
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If it is further assumed tl1at the rotor speed is :practically 

a linear function of the power output, then values of S .may be 

assumed a starting p:,ints for the calculation of performance. The 

equation may be wri t·ten 

N' - k(N's-Nf1} 
s = --~$--~--~----

where k: is the per cent of rated load at which the performanoe is 

desired, Ns is the synchronous speed and liJfl is the full load 

speed. 

From equation ( 22} the stator current eould be re-written as 

where, 

11 = {m + jn)+ ~- + js 
+ jy 

m = v 1 ( c/ A) cos ( 90° + 13 ) 
n = V1 (C/A) sin(so0 + (3}1 

r = (V
1

/ Af.) 

s = (V1/ A2
) 

cos ( 90° + cp) 

sin( 90° + q>) 

x = ZR + ( B/ A} o.o.s Y' 

y = (B/A} Bin '(' 

u = x 2 + y 2 

After .making the proper substitutions and rationalizing 

equation {25} the expression for the current becomes 

(25) 

{25a} 



and it will be seen that the phase a.ngle between I1 and v1 is 

. •l e = ta.n 
m + (rx +.sz) 

u 
( :x:s .. ry) n + 

tl. 

15 

f'ro.rn whieh the power factor may be found by taking tbe cosine of 

the angle e. 
Wow, by malcing a eom:parison o:f equations (25) and (25a) w1th 

reference to the circle diagram given in Figur~ 3, it will be seen 

that sinee I 1 · is ma.de up o:f the components OF and Pa,. 

and 

Pa = (rx + sy) + j·(xs .. ry) 
u u 

Pe' rx + si. - u 

ae' 
XS ... rt - u 

0 - tan""'1 ~. = tan-1 .. R · · . t 
ae 

(rx + sy} 
:x.s - ry 

Referring to the triangle Fad.• Ftgure 3, by tr1gono.1netry 

ad - l?.a cos (0:n + cp) 

:Pd - Pa ·sin( eR + c:t,) 

Referring to the triangle Pfh', Figure 3, by trigonometry 

fh' = rb cos eb 

J?h' = Ib sin ab 

Pf = ,/CPh' }2 + 

In cos en 

In sin en 
(fh' t 



(h,k) 

Figure 3. Circle diagram of a single-phase induction motor. 
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6 - tan-1 Ph' -:fh t 

and 

fK = Pf cos ( 6 ·+ cp ) 

It is now necessary that the rotor and stator copper losses 

be se-parated. The length h'l' represents the stator copper loss 

and may be calculated by 

h'L' -
(Ib - I~)Bl 

v1 

From the cire·le diagraN i.t will be seen that 

fL' = fh' - h., L 1 

fL = 
cos cp 

and the point L 1s loea ted. 

(26) 

Ret'e.rring again to the circle diagram, Figure 3, from. the 

triangles Pdb and PfK., the following relations may be written 

bd = Pd cot( 'B +cp) 
fL 

be= bd (~} 
J. j\. 

It follows then, fro.m the above ealculations, that the _power 

output '" P , may be obto. ined from 
0 

and t.he torque,, in synchronous watts, m.ay be found from 

T = V x ac = v1 (ad - ed) 1 . 

{27) 

(28} 



The torque in oz-ft .may now be obtained from. the eauation 
:.c 

T -
112 .. 8 (ad-cd}Vl 

N s 

The power input, watts, is given by the equation 

P. = ae X Vl 
l 

16 

( 29} 

(30) 

and the efficiency, the ratio of' the power output to the power 

i.np ut:, is obtained from. 

Eff. -
ab 

ae (31) 

9 
The calculation sheets are given in Figures 4 and 5 and the 

co1nnlet.e -performance characteristics may be obtained and plotted. 

Considering the assurn.,ntions made in the foregoing development, the 

accuracy is fairly good. All the values obtained from the blocked 

rotor and no-load tests and given on the calculation sheet of 

Figure 4 are considered to remain constant for a particular motor. 

CIRCIJD DIAGRaM. The circle diagrw:n is another popular method 

of determining the performance of induction machines. The circle 

diagram method_, ho-r,rever, is not as accurate as the method using the 

calculation sheets. This method is based upon the faet that the 

ec1tki.tion for tlrn current I 1 , er;_uatton (22}, is made up of a con

stant co.mponent and a variable eom.ponent; the variable component 

being the locus of a circle. The four-terrn.inal network theory 

may be used to advantage in finding the necessary parameters for 

g . 
~-, pp. 35-45. 



Tf = 
b 

cos 

V = n ---
eb = wb/vbrb = 

eb= 

I = 
n ---

w -
n 

cos en = Wn/'V nin = 

90°- en= 

17 

z -··e- Vb/Ib= --- R = R R 2 e - ~1 = 

X = ... /7.<:. - n'e. 
e V ~·'e .ne 

Z1/e1 = Rl + jXl = 

ze& = Re + j:~e = --

x1 = x 2 = o. 5 x 8 = 

Z2.Je2 = R2 + jX2 = 
V = V - I z1 = o n n 

"IT - r Iv -.1.0 - w o - v1 (c/ ll)/9o0 + /3,~ = In/90°-en = 

m = Incos(go0 - en> - ---= 
'K' = (I./V )1-.Ae .. = 

n = In s1n(90° - en) = __ _ 

" .0: 11 t..::.:.I!. ·---
-rr IV"' = z. Kf'Zz. = 
AL.J_ 6 - -~ -1 ---

IPZ~ = K'Z1/2el - en == 

y = K sin Y' -
----

I+ K•z1 = l + K'Zi/._e1-en = rnzl = InZi/90+(e1-en)=_ 

InZ1(1+ :KtZ1) = -- Kav1L9o+4> = Vo - InZ1(l+KtZ1)= ____ _ 

r = K0 V1 cos{90 + cf:,): = __ _ s = Kt-'V1 sin(«JO +cp) = 

f'h' = !bcoseb - Incosen = 

Pf = Y{fh' )" + (:PHt )'c. = ---

Pht = I 0sin9b - Insinen= ___ 

8 = tan-1 (Ph• } / ( fh 1 ) = 

8 + q> = --- cot(~ +cp) = __ _ ry = sy = ----
fK = Pf cos { 5 + 4>) = ---
A/% = Z1Y0 + 1 = ---

h'L' = R1 (Ib - I~)/V1 = 
fL = ( fh t - ht L' ) I cos cp = 

F1~ure 4. Prelimii1ary ealeu.lation sheeto 

----
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CALCULATION SHEET 

CD Slip 

® ZR = ( R 26 2 ) / ( 1-S 2 ) 

© K eos 'f + ® 
© .,z +@'2. 

® rx@ 
©@ + sy 

®©1@ · 
® lll + ® 
® ax@ 
@ ®- ry 

(11) @iw 
~ n+~ 

@) Pi= v1 X @ 
@ I= (®2 + @)'/t 
@ (90-9) = tan·1 @/@ 
@ P.r. = sin (90-Q) 

@ Pa = (®a + @Yt 
@ A = tan·1 @/® 
@ ad =@X sin ()..-cp) 

@ Pd= @x eoa (A-4>) 

@ bd = @x cot (S +cfl) 

@ ed = @x (tK-tL)/ (tK) 

@ P0 = V1 X (@) - @ ) 
@ T=ll2.8/N8 (@) - @ ) 
@ Ett. =@!@ 
@ Hp.=@/ 748 

Figure 5. Calculation sheet tor a e1ngle-phase induction 
.motor. 
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the eonstruc·tion of the circle diagram • 

.It bas been shown that th.e diameter of t.he circle d1agl'.·a.ml0 

is 

ynv 
Die.meter= . ..::.._.l. 

jl{., 
er:, 

(32) 

and if the voltage reference is talcen as JV1 tb.is expression for 

the diam.eter becomes 

_ V1·.Ktt 
Diameter 

- K2 

It was further shown. that; the eoord.ina tes of the eircla are 

V 
k = . l sin ,1... 2K A e ... ·.. 't' 

2 

also 1 t was shown that the diameter of the circle should be 

tilted by the angle cp, ,1hi.ch is eae11y dete.rmined. f'ro.m the net-

work constant A. 

its previously .mentioned the quanttty K'V1 is the no ... load 

eurrent. and. displaces the center of the eix·cle by the ma.gnetude 

of the no-load eurre.nt and in the dJ.reetion of its angle from. 

the oi·iginal coordinates, (h,k). The circle diae;:ram is shovm in 

J!"igure 3, page 14 .. 

The separation of the rotor and stator copper losses is as 

folloius: it was sto.ted previously that the length 

10 6 Jb:!:_q_., pp.. 13-1 • 
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.h 'L' = ( I~ -I~ )R1 
v1 

(26) 

but when the circle is tilted there is no length on the eon-

ventional circle diagram which represents the stator copper loss,. 

·rhe point L may be located approximately by the use of the above 

formula as f'ollows: loea te the point L' first, then the horizontal 

projection to the line representing the in-phase component of the 

blocked. rotor current, sueh as line Kf 011 Figw~e 3, will locate 

the point 1. Som.e simplification can be made on the above method 

by making more assumptions, but the simplified formulas hold 

only for motors rated at less than! horsepower. 

fflhe procedure for usi.rig the circle diagram to predict the 

motor performance is as follows. The usual blocked rot~or and 

no-load tests are made on the motor and from these tests and the 

formulas on pages 10 and 11 of this ch.apter, Ib, In,- eb, en and 

the network constants Ze, Re, R1 , H2 , Xe, x1 , x2 and Y
0 

are first 

obtained. Next the network constants are calculated from 

equations (9), (10), (12}t (13} and equations (21}. The dic.w.1eter 

of the circle .may then be found from equation (52}. To find the 

current assume a value of rotor speed as a fraction of synchronous 

speed and determine the load impede.nee. 

T.h.en the current r1 rnay be found from. equation (22}. The next 

step is to determine the stator copper loss as _previously 

indicated and locate t.he point L :trom equation ( 25}. The 
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performance may- novr be foun(i from the circle diagrrun as follows: 

for any value of input current, r1 (the distance Oa on the circle 

diagram}, the performance characteristics are represented by the 

following quantities fro.m the circle diagram. (Figure 3): 

(ae}V
1 

- Power input (watts} 

(ac)V
1 

- rrorque (synchronous watts) 

( ab )V 
1 

- Power Output (watts) 

ae/ o~ - Povver f ae tor (decimal) 

ab/ ae - Ef:ficiency {decimal} 

(a) 

{b) 

(e) 

(d) 

(e) 

) 
) 
) 
} 
) 
}-(3.4) 
} 
) 
) 
) 
) 



22 

CHAP'.l1ER II 

'fflE L:W.l-1MONIG ANA.LYS !8 

The importance of the equivalent circuit has all'eady been 

shown, however, certain assumptions are necessary in the usual 

solution of t!1e circuit and certain inaccuracies result from. 

theSEl asstrniptions. One of the ass ump ti ons usually made is that 

the impressed voltage is sinusoidal. 1\.lthough great c~.re is 

taken to mini.m.ize the .harmonic content of the output of modern 

alternators, it is practi ca.lly impossible to remove all harmonics 

from the alternator output. It has been shown tha't only the 

higher odd harm.onics are present in a three-phase alternator; the 

third and. multiples of the third harmonic are cancelled, or very 

nearly so, in the maehine. 

Figures 6, ? , 8, 9 and 10 show· the almost negligible har-

monic content of an ordinary commercial supply voltage. These 

figures also show the harmonic content o:t the iffput current 

when applied to a si.ngle-plwce motor and it will rm seen that 

tlle harmonic eonte.:nt 1 s so11ewha t increased. 

:u;ven vvhen the stpplied voltr,_ge ic; a pure sinusoidal v1a:ve, 

harmonics are produced in a motor. In this e~se the harmonics 

are the result of a non-sinusoidal d.ist~r:U:mtion of' flux in space 

.nt1:'1lbcr of slots per ,Jole. 
--- .t 

The reEuJ:t, is that. the com:i:tor emf 

and the primary current are non-sinusoic1al vr~rv·es. Harmol1ics 
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produ.ced in this 1aanner are given the na."ne "spaeefJ harmonics. 

The flux in a .motor is the res ult of current f'lov1ing in the 

st,at;or and rotor and just as the fundamental produces flux so do 

the ha:;'.'.monic::c~. rrhus .• it vJill be seen ·that tlle flux in a motor 

must adapt its-elf to the time variation. of the input voltage and 

when the impressed volt.age contains harmonies these same harmonies 

appear in the rnotor. These har-monles ar".e given the name «ti.me" 

harmonics. 

To complete the distortion in the motor t there exists tlle 

effects .oi' :i1tagnet1c saturation which causes the magnetizing 

current to be non-sinusoidal also •. 

It is logiea.1~ thens that the harmonic content of the :input 

eurrent may contain a larger amount of each harmonic than the im

pressed voltage. In the analysis that foll.o-ws no attempt is made 

to differentiate between the types ot ha.rmoni cs o:r- to determine 

their effects separately .. The purpose ls,. however, to analyze the 

effect of the total harmonic content of the input current and im-

pressed voltage as vra.vefor.ms .of t,hese quantities may b-e obtained 

easily. 

It has been shown1 that it is theoretieall,Y possible to have 

all the possible ha.rmoni cs present in a single-phase 1tdnding. 

This is readily seen from the equation 

n=k-1 (35) 

where k is a :positive integer exolusi ve o:f zero and n 1.s the 

1 Liwschi tz-Garick, 11,1,. and Whipple,, c. c. • Electric lJaehinerz 
Vol .. II, P• 49tt. -
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order of the harmonic. Equation (35) is independent of the num.-

ber of :phases and 11Jhen applied to a single-phase motor it yields, 

for integral slot windings, all digits from Oto infinity indica~

ing that it is posni ble to have an i.JJ.fini te nur11be1"' .of h1:1rm.onies 

in a ,single phase v1incUng. 'With proper windJ.ng distribution, it 

is possible to eliminate many, and reduce the rem.ainder 1 of the 

possible harrn.onics. 

VJAVEFORlVlG .AND DATA. The v.raveforr,1s presented here were ob

tained by use of a magnetic oscillograph; the traces being 

obtained. on pho·togra:phic film.. Three tests were used and. they 

inelude {l) the synchronous speed test,, (.2} the no ... load test and 

{3} the blocked rotor test. In ad.di t,ton oscillogra.ms were ob

tained at two sneeds slightly less t,han synehrono,us,, 

The synchronous spee11 tost gave the waveforMs of voltage 

and current shown in Figure 6 11.ri tlt rated voltage applied.. The 

waveforms of voltage e,w1 current a.ti less than synchronous speed 

are shown in Figures 7 and 8 e:ind were also obtained with rated 

voltage applietl., .Figure g ts the waveformtl of voltage applied 

to~ and the current in the m.otor at no ... load. No apprecifible 

change will be noted in these first four oseillograms with re

spect to harmonic content. However, the blocked rotor condition,. 

shown in Figure 10, indicated an appreciable 111orease in the har

monic content of the inp1.1t current and no inerease .in t.he harmonic 

content of the impressed voltage. Since the blocked rotor wave

forms were also obtained at rated voltage it may be assumed that 

the effects of sat;uration caused the increGl.se in harmonic content. 



Figure 6. Waveforms of input current and applied voltage 
in a Century single-phase motor at synchronous speed. The 
larger waveform represents the input current. 

V = 118.5 volts, I= 2.92 amps, W = 4g watts, N8 = 1800 rpm 

25 
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Figure ? • Wavetorms ot input current and applied voltage 
i n a Century s ingle-phase mo t or at slightly less than synchronous 
speed. The larger waveform represents t he input current. 

V = 118.5 volts, I= 2.92 a.mps, W = ?6 watts, N = l?g4 rpm 
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Figure a. Waveforms of input current and applied voltage 
in a Century single-phase motor at slightly less than synchronous 
speed. The larger waveform represents the input current. 

V = 118 volts, I = 2.92 amps, W = 91 watts, N = l?ag rpm 
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~ 

Figure 9. Wavetor.ma ot input current and applied voltage 
in a Century single-ph·aae .motor at no-load. The larger waveform 
represents the input current. 

V = 116 volte, I= 2.e~ ampa, W = 6& watte, N ~ 1783 rpm 
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Figure 10. 'llavetorms ot input current and applied voltage 
in a Century single-phase motor under blocked rotor conditions. 
Rated voltage Yres applied. The larger waveform represents the 
current. 

V ~ 114.volts, I= 22.6 amps, W = 2.2 kw, N = O 
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.AJ::JALYSIS OF ]Tn;nnms ON HAJmONICD • A graphical method2 was 

used to determine the harmonics present in the voltage and current 

waves shown by the oscillogra.r.n.s. Analyzing the ·waveforms of 

voltage applied to the motor reveBled a very small harmonic con

tent as was expected. In per cent of the fundeunental 1 t was found 

that there was 

(a} 0, 26% th.ird harmoni e, 

(b '· 1 .. -53( ~1-th h . , ~ ,., J,. J,. ·armonie, 

( c) 0 .13)'t seventh harmonic ... 

rrhese values bear out the theory of negligible third and. multiples 

of the third harmonic present; in ordinary commercial supplies and 

it is seen that the higher od.d harmonics are also very small. 

At synchrono11s speed with rated voltage applied the single-

phase .motor acts as an energy absorption device and the power 

applied to the motor represents the friction and. windage, core 

and a. ~n1all stator copper loss. 'l'his may be s.how11 as followsi 

Sinc0, at sy.nchronous speed, S = l, ZR approaches infinity and I 2 

is essentially zero3 • In the conventional circle d:lagram In is 

not equal to I 5 (synchronous speed current} as is assumed to be 

true of an ideal motor, therefore, In of Figure 3 could be more 

accurately represented by the input current at synchronous spee·d, 

I .• Some error might be attributed to the difference in power 
s 

<) 

c, See Appendix for graphical met.hod of harmonic analysis. 

3 Sis the ratio of rotor speed to the synchronous speed of 
the motor flux. 

ZH is equal to {S 2 R2 )/ (1-Sz), the load which can be repre
sented as a variable resistance. 
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factor of I and I • It was observed that there 1:nas a chapo>e in 11. s ·"'Q 

power fac.tor as t.he speed ,FJas varied from synchronous speed to 

no-load speed. ·rhe data and findings a:ce given in the table 

below. 

E1yn. Speed lJ.o-load 
rpm. 1800 1'794 1789 1?83 
Voltage 118.5 118.5 118 116 
Current 2.92 2.92 9 09 

,,,) • .... !.,..) 2.83 
Watts 49 76 91 66 
:Power Fe.ctor 0.142 0.220 0.264 0.201 

As the speed is varied fro.m synchronous, ZH is no longer infinity, 

although it is still much larger than the impedance of the e.xcit-

ing branch, and so;ne current flows in the rotor circuit of the 

.motor supplying some of the rotor core and copper losses. There 

is also some increase in losses because of the addition oi' st;ray 

load loss caused by· the harmonics of the eurrent .. 

At synchronous speed it was found tha. t the innut eu:rrent 

contained the following per eent harmonics 

(a) 1.15 ,1i 
I third harmonic, 

(b} 2.16 % fifth harmonic, 

(c) 0.54 :;1 seventh harmonic. 

At no .. load, the power input represents the rotor and stator 

copper loss, core loss, friction and windage and stray load loss. 

So.me increase in the harmonic content of the input current vras., 

therefore, expected ana. found. At no-load there was 

(a) 1.55 j~ third harmonic, 

(b) 2 .• 35 rd Jo fit'th harm.0111 c, 

(c) 0.32 % seventh harmonic. 
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Under blocked rotor con.di tions, the motor is essentially a 

transform.er with a short-circuited secondary-. The losses are 

the stator and rotor copper losses and core losses4 However, 

the::re is an increase in the har;:nonic content of the input current. 

Under bloc~;:ed. rotor conditions there ·was fo una. to be 

(a} 6. 537& third harmonic, 

( b} 1 "'2"" • b,.,7{} fifth hiiirmoni c, 

( c) 0 60r'1 
°" • , ;G seventh ha~cmo11ic. 

Since the reacta11ces x1 and X2 are found from the blocked rotor 

data, there iHill be a definite error because of the grec,tly in-

creused third hc,.rmonic. 

FOURI1i:H J~:QUATION:3 O.B' CURRENT L.HD VOLTAGE. From. the graph-

ical analysis, the Fourier Series equations of the current and 

voltage may be obtained. At synchronous speed, 

i = 4.04 cos(o -89.4°) + 0.0467 cos(30c -169.7°) + 

0.08'72 cos{50t -26.1°) + 0.0218 cos('?Oc +162.95°} 

At no-load, 

i = 3.9 cos( o -90°) + O.OG05 cos(3 0c -170.35°} + 

0.0917 cos(50< -4.3.5°) + 0.0126 coc(?O+l28.5°} 

Under blocked rotor conditions, 

i = 30. 35 cos ( 0t -8 7. 9 o} + 1. 08 cos ( 3 a+ 113. 3°} + 

0 r:::c:::1 s(50c + l"r. .,..,oi- + 0 18Q co~("'"'+ A3.4_5°)-: • 00 co · ;.:,. ;, • ,::, J • ,<, - ' """ -

The voltage under block:ed rotor conditions is 
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v = 161.5 cos( ac -Q0.4°) + 0.42 cos{30.+l35°} -t 

2.46 cos (50t+33 .. 6°} + 0.21 eos(70r.-+87 •. 5°) 

DlAGRo.M OF COi'Il'-TECTIONS. The eonnection diagram used to ob-

tain the data for this investigation are shovm in Figure 12.. 11'he 

direct current motor provided the drtving force for obtaining the 

synchronous speed data and the speed was determined by the use of 

a stroboscope and target mounted on the coupled shafts of the two 

.machines. Synchronous speed was then easily obtained by adjusting 

the speed. of the direct current motor until the target image re-

mained stationary. 

The oscillogrr::..ph was connected directly to the input of the 

induction .motor :for all tests with one exception.. Under blocked 

rotor candit1ons, because of the high short-circuit current, it 

was necessary to use a shunt for the current element of t.he 

os cillograph ,i 

The testing was greatly facilitated by use of the induction 

motor test table upon which it was possible to place all xuotors 

and instrwnents. .The complete set-up of test equipment is shown 

in the photograph of Figure 11. · 

CIRCUIT GONSTAHTB CONSIDERING fu,.m,oNtCS. In the foregoing 

analysis it was found that under blocked cond.itions the harmonic 

content of the current was fairly large; i.e., in per eent of the 

fundamental, t.b.e third harn1onic was 5 .. 537i, the fifth .harmonic 

was 1.82% and. the seventh harmonic was O.o~t. It follows, then, 

that since the circuit constants are almost entirely determined 

from the blocked rotor data, these constants will be in error. 



Figure 11. Photograph showing testing table and complete 
test set-up. 

Osc i I lo<3raph 

A.C. 
Voltage D.C. 

Volta!je 

Figure 12. Diagram of connections for obta ining data for 
harmonic analysis. 

34 
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It will be remembered that the equivalent impedance is given 

by 

and the equivalent resistance is given by 

where R.., = R
6 

- R1 • The equivalent reactance may be f'ound 
G 

from. the equation 

where x1 = x2 = 0 .•. 5 X
0

• The voltage across the exciting branch 

is given by 

V = V - I Z1 o n n _ 

·where Vn 1s the no-load voltage, In is the no-load current and 

z1 is ·the primary impedance. The admittance of the exciting 

branch may then be found from. the relation 

The above equations may be corrected for the error caused by 

harmonics through the use of the harmonic analysis and the follow-

ing symbols will be used. The subscript t,1 n will be add.ed to 

denote the fundamental, the subscript "3 1
i will be added to denote 
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the third harmonic, etc., and the added subscript Hnn will .mean 

The egui Valent impedance of th,3 motor may be found fro1n 

vbl 
Itl 

The equivalent resistance will be given by the equation below if 

it ie assumed that the input IJO'J!Ter of the harmonics is negligible. 

Thus, 

R el 

where R2 = Rel - R1 .. 1l1h.e equivalent reactance Ji.18.f be found 

fro.m. 

'tvhere x11 = x21 = o. 5 X131 • 

Since the reactance of an alternating current circuit is 

proportional to the frequency, the reactance to each of the har

monics .may be found from. 

X - n Xel ·en -

where n is the order of the harmonic. The resistance to each 

harmonic will be slightly greater but not n tin1es as great and 

the incre2,se in resistance will be considered negligible :for this 

analysis. 

It was pointed out that the no-load. speed of the single ... phase 

motor is not synchronous for an ideel motor and. it was suggested 
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that the synchronous speed test be used instead. Then, 

where Vsl is the applied fundamental voltage and Isl is the 

fundeunental input current, both being obtained from the test at 

synchronous speed. The admittance of the exciting branch may 

be found from 

To determine Y0 n, the equivalent circuit at synchronous 

speed 11ust be analyzed. As prmriously stated the motor acts as 

an. energy absorp·c:i.on device at synchron.o un speed and with rated 

voltage appliea. ·the loS>ses represented are { l} the stator copper 

loss and. (2) the core loss. Figure 13a shows the equivalent 

circuit of the motor at synchronous speed vc1i th the usual parallel 

representation of tr10 exei ting branch and t.he circuit of F'igure 

13b represents the parallel exciting branch srrith e. series bra1-:i.eh 

needed to calculate R01 a:nd X01• 

The impedance, is related to Y01 and 

Zoe -

and 

T'.he equivHlent series resistance m&y be found. by first 

finding the equivalent resistarce of th0 eircui. t of Figm~e 13b. 



(a) (b) 

Figure 13. Equivalent circuits of a single-phase split
phase motor when operated· at synchronous s~eed. (a)Parallel 
representation of the exciting branch. (b)Exciting branch 
~epresented by an equivalent series resistance and reactance. 

nXon 
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Figure 14. General equivalent circuit which may be used 
for the fundamental or any of the harmonics, where n is the order 
or the harmonic. 



and R00 = Res - R1, then, the equivalent series reactanee is 

given by 

The parallel reactance X01 and the parallel resistance R01 

.may be found f'rom the following relations: 

g -

b -

and 

1 -Rol 

1 -Xol 

R~a + X:e 
Xoe 

The resctance to the 11 nthr' harmonic may then be found from 

and 

Thus, all of the constants of the equivalent circuit have been 

determined considering harmonics. 1rhe equivalent circuit of 

Figure 15 .may be applied to the fm1.damental or any of the har-

monies present. 
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SLIP AND TORQUE AT H.JiRMONIC FREQUENCY. In any harmo,nic 

analysis, applying to induction motors, it is necessary to de

termine whether the harmonics aid or oppose the fundamental in 

producing torque. This relationship may be found by obtaining 

the angular di splacem.ent, &long ·the time axis, of the harrnonics 

·with respect to the fw1damental throughout the entire load range. 

This relationship ts not constant and varies over the load range 

which .means, for example, that although the third harmonie may 

aid the fundamental at no-load it may oppose the fundamental at 

half load and aid it again near full load. There is no .method at 

hand by ~0.1hich this variation may be predicted and any attempt to 

apply perform.anee caleulations to the high.er harmonies results in 

pure eonjeeture. 

It is possible to determine the slip at the varioua harmonic 

frequencies. For exam_ple: if the third harmonic is considered 

for a four pole single-phase motor operating on 60 cycles {no

load speed 1?82 rpm}, then, if the thi.rd harmonic is assumed to 

oppose the fundamental. 

Synchronous speed = 3 x 1800 - 5400 .rpm 

s = 5400 + 1 ?82 = ?182 rpm 

'S - ~ = 1.33 
5400 

If it is assoo1ed that the tb.1rd harmonic aids the fundruaental 

s - 5400 - 1782 = :3ol8 rpm 

3618 
0.67 s == -= 

5400 
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If' so.me method were available for determining the effect of: 

.har1nonics in producing torque, the perform.ance of the !!lfiC.hine 

could be determined by considering the fundamental and each har

monic separately in their proper magnitudes, phase relation and 

frequency an<"l combining the results. However, the overall effect 

of harmonics may be found without the aid of this analysis a.swill 

be shown in the following chapter. 
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RESULTS 

11t1e performance w.:'.trcJ calculated for a ~t horsepower Century 

split-phase single-phe.se motor vb ich was chosen because complete 

performarme characteristics were a:va.ilable for eon:mar1son of 

results. 

Test data on this machine v1as obtained as follows: 

At Synchronous speed (1800 rum) 

V = 118 .• 5 volts, 

At no-load (1782 rpm) 

V = 116 volts, 

I = 2.29 amps, 

I = 2.83 amps, 

Under blocked rotor conditions 

V = 114 vol ts , I = 22.6 amps, 

W - 49 v,iatts. 

TN - 66 Vlatts. 

V: = 2200 "'Tat ts. 

In addition, the waveforms of voltage and current were obtained 

as shown in Figures 6, 9 and 10 of Chapter II and analyzed for 

harmonies. The resistance of the stator winding, R1 , v,ms measnred 

and found to be 2.42 ollm.s. 

The sample calculation shown belov<i is the calculation. of' circuit 

constants using the func.amental components of current and voltage 

under bloclrnd rotor concU tions. This removes the error caused by 

higher harmonics in determining these constants. 

From the hfi.rmonic analysis of voltage and current under 
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blocked rotor conditions 

Vbl = 114. volts. Ibl = 21.45 amps• 

From. the harmonic analysis of voltage and current at synah:ronou.s 

speed 

Ial = 2.-86 amps, l'1 = 49 wa tt.s. 
s 

Detailed calculations of constants are as follows: 

eb1 = eos-1 w:Jvblibl = 2200/ {114 x 21 .• 45) = 20.2° 

e81 = cos ... 1 W8/V81 r81 = 49/ (118 .. 5 x 2.ae) = s1.t7° 

90° - esl = 90° - 81. 7° = s.3° 

Z61 = VbJ/Ibl = 114/21.45 = 5.3 ohms 
2 2 

B.ei = wJrbl = 2200/21.45 = 4.76 ohms 

R2 = Rel - B1 == 2. 34 ohm$ 

Xe1= -{z;1 - R~l = i/.-5--.3-. e-.. --4-. 7-6 ....... z. = 2 •. 34 ohllls 

Xll = 
zll = 
Z~n = 

z -el -

vol= 

Yol = 

zol = 
Res= 

x21 = o.5 X.91 = 0.5 x 2.~4 = 1.17 oh.ois 

:a1 + j :x:11 = 2\>42 + j 1.17 = 2.69[25.s0 ohms 

R2 + j X21 = 2.34 + j 1.17 = 2.62/26.6° oh.ms 

Rel + j X:61 = 4. 76 + j 2.34 = 5. 3/26. 2° ohmS 

V81 - I 81z11 = 114fgo0 - ( 2.asLs.3° x 2. 5g/2s.a0 ) 

= -5.3? + j109.69 = 109 .. 9/93.3° volts 

Is1/v01 = 2.as/a.3° I l09 ... 9f.93.3° = 0.020/-~5!: m..hos 

1/Y01 = l/0.026 = 38 •. 5 ohms 
., 2 

W8 /I: = 49/2 .. 86 = 5.99 ohms 

R00 = 5. 99 - 2.42 = 3 .. 57 ohms 

xoe = ,/z~l - Re = 
oe V3a.5e - 3. 57e - 38.6 ohms 

~e 
z 3.57z + 38.62 + xoe R - - - 414 ohms 

ol Roe 3.57 

Rz + t 3 .. 57?. + 38.6"2 Xoe 
X - Q~ - - 38.4 o11!ill3 
ol Xae 38.6 
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Table I gives a comparison of equivalent circuit eonstants 

as dete1~rni_:1ed frr:>tfl tl1e usual four-termi1:1al network tb_eory with 

the ey_uivalent circu.i t constants as determined by the harm.onto 

analysis using tl1e fundamental components of current and voltage. 

1rhe per cent error •.ivas computed using the values obtained by the 

.method of the harmonic analysis as being the correct values for 

the equivalent circuit constants. 

X 1 

TABLE I 

Usual 
Four - rre:eni nal 

l\1etwork Method 

2 •. 42 

1.,89 

4.31 

1.32 

1.32 

2.64 

') 7a. / '>8 5· 0 
r..,._-,. •· V ..,_J . _:_..__ 

2.31{34.9° 

5.ms/si.4° 

o .0255L-e1. 5° 

* Error in the magnitude only. 

Harmonie 
Analysis 

2.42 

2.34 

4.176 

1.17 

1.17 

2.34 

2.02/?,f,.,6° 

5.!30/2s.2° 

0.026/-85.0° 

Per Cent* 
Error 

19.4 

10.4 

12 .• a 

12.a 

12.a 

2.6 

13.4 

4.7 

1.9 

Table II shows the yariation of circuit constants for the 

various har.raonies through the seventh h&.r.m.onic. 1:i.'his table shows 

that the reactances increase vrt. th the order of the hal'filonic; i.e., 

the reactEince for a _particular harmonic is equal to u times the 
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reactance of the fundamental. The assuruption is made that al-

though the resistances in the equivalent circuit will increase 

they YaJill not be n times the resistances o:r the fundarnemtal and 

the increase ·will be considered negligible. 

Ti~BLE II 

Fundamental 3rd 5th '7th 

R1 2.42 2.42 2.42 2.42 

R2 2.34 2.34 2.34 2.34 

He 4. 76 4.76 4 .. 76 4.76 

X 1 1.1'7 3.51 5 .. 85 8.19 

x.) 1 .. 17 3.51 5,.85 8.19 
/i..J 

X e 2 .. 34 ?.02 11.70 16.38 

'7 
'''l 2.69/25.8° 4.26/55.4° 6.33/67.5° 8.541?3.5° 

Z2 2.62/26.6° 4.22[56.3° 6 .. 30/68.2° 8. 52/ 74. 05° 

ze I o 5 0 30 - 2 6 .. 2 __ I o 8.48 55.85 12.65/6?.9~ 11.06/73.8° 

y 0.020/-85.0° 0.00901/-74.5° 0.00574/-6.s.2° L . o 
0 

0.00443-57.l . 

Comparing the values of Table I above shows that the error 

in calc11lati ng the cireui t constants is quite high, being over 

10% in most cases. Some error 1s also apparent in the angles 

computed. for the various parameters. These errors 1-,vill af'f'ect 

the calculated performance of the motor and lead to false eon-

clusions. 

COMJ?AHISON OF' CALCULl~TED PEimOITh!AfiCB: CH1~RAC1'KB.ISTICS • To 

compare the calculated performance using the tvm sets of constants 
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previously calculated in this chapter the method of the four-

terminal net·work theory v1as used throughout .. 

The performance characteristics VIere first c:o.leulated and 

plotted using the usual form of the fou:r-ter.minal network theory. 

The next set o:e characteristic curves were calculated and plotted 

using the circuit constants obtai.ned from the harmonic analysis 

in conjunction YJi th the test values of voltage, current and power. 

The thi.rd set of curves were obtained by using constants obtained 

from. the harmonic analysis and the fundamental components of 

voltage and current. Detailed calculations VJi 11 be shovm for the 

second case only. 

Using the values of the eireui t constants as calculated on 

page 42 and listed in Table I, column 3. 

Inf 90° - Sa = 2.83/11. 6° 

.m = 2.83 cos 11.0° = 2. 77 

0 n = 2.83 sin 11.6 = 0.569 

K' = C/A = Y0 /(z1Y
0 

+ l) = (0.026/-85°)/(1.03'7[-3.3°} 

= 0.0251/81.7° 

K'Zi = o.0251L, ... a1.?0 (2.69[25.a0
}
2 = 0.1817/-50.1° 

K/..:s:_ = ze - IPZi_ = 4.76 -t- j2.34 - 0.1572 + j0.091 

= 4.8 + j2.43 = 5.2112,.e.0 

y = K sin'( = 2.43 

K cos Y' = 4.6 

A/4'/e = z1Y
0 

+ l = 1.037[-3.3° () = -6.e0 

K" = 1/A2 = 1/(1.037L-3.3°)
2

= o.9aLs.6° 
0 

K"Vi/90°+ cp = 0.93/6.6° X 115/~0° = 107/96 .. 8 



r - K'tV cos (90°+ 4>) = 10"7 
1 

s - r-rrrvl sin ( 90° + q:>) - 10? 

ry= -12.3 X 2.43 = -29.9 

sy= 106.3 X 2.43 = 259 

fh • = Ibcos eb - In cos en 

cos ('6 6° ,:;_) .. - -12.3 

sin 96.,6° - 106.3 

- 22.6 cos 31.4° - 2.83 cos 78.4° = 18.73 

Ph'= Ib sin eb - In sin en 
- 22.6 sin 31.4° - 2.83 sin ?B.4°= 9.01 

Pf - -/(fh'}
2

+ (Ph'}2. = {18.7'.:/-+ 9.012 = 20.8 

3 = tan-l (Ph' )/(fh'} = tan-1 9.0l/18.73 = 25.?0 

0 0 
3+c:p = 25.7 + 6.6 = 3 <) 30 

C.-1 .• 

. 0 
cot { ~ -t cp } . - cot 3 2 .. 3 = 1.584 

fK = :t?f cos (8 -t c:p} = 20.8 cos 3r~.3o = 17.58 

h'L' = R1 (I~ - I~)/V
1 

= 2.42(22.6
2 

- 2.83
2

}/115 

- 10.57 

fL = (fh' - h'Lt}/cos ,=p = (18.73 - 10.57}/cos 6.6° 

= a.ra 

(fK - fL)/fK = (17.58 - a.21)/17.58 = 0.533 

47 

The above calculations are the calculattons outlined in Chapter I, 

Figure 4, on the preliminary calculation sheet.. The remainder of 

the calculations are m.acle using the calculation sheet of Figure 5, 

Chapter I, and a.re shown in Figure 15. The performance curves, 

plotted from the data of Figure 15, are shmnn in Figure 16 as solid 

lines and the dashed curves are the perforrrmnce characteristics 

s u:pplied by the :T;a.nufacturer. It will be seen that tho calculated 

curves do not follow the .mHnuf'actu.rer' z data perfectly. However, 
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CALCULATION SHEET 

© Slip 0.991 0.986 0.980 0.975 0.969 

® ZR = ( R2S c! ) I ( 1-S 2 ) 127.6 78.3 56.2 44.4 36.0 

® K cos '( + ® 132.! 82.Q 60.8 49.1 40.6 

® y-e. + ®'2. 17450 6875 3700 2410 1650 

® rx@) -1626 -1020 -'748 -604 -499 

© @)+ sy -1367 -761 -489 -345 -240 

(J) @!© -C>.078 -0.111 -0.132 -0.143 -0.146 

® m +(J) 2.69 2.66 2.64 2.63 2.62 

® s X@ 14050 8830 6460 5220 4315 

@®- ry 14080 8850 6510 5250 4345 

@ @/(4) 0.806 1.289 1.76 2.18 2.635 

@ n+@ 1.375 1.858 2.329 2.749 3.204 

@ P1 =V1 X @ 158.l 213.5 268.0 316~1 368.5 

@ I=[®~+~~ 3.02 3.24 3.52 3.80 .4.14 

@ (90-e) =tan-1 @/@ 27.1 
0 

34.9 
0 

41.4° 46. 25° 50.7° 

@ P.F. = sin (90-e) 0.456 0.573 0.662 0.722 0.774 

@ Pa = (0~ + @~)~ 0.810 1.293 1.762 2.185 2.636 

@) A= tan-1 @/<!) 95.6° 94.9° 94.3° 93.8° 93.2° 

~ ad =@x sin ()..-q>) 0.810 1.292 1.761 2.183 2.63 

@ Pd = @ X cos ( A -q,) 0.014 0.038 0.071 0.107 0.156 

@ bd = @ X cot ( h + cp) 0.022 0.061 0.112 0.169 0.248 

@ cd = @ X ( fK-fL)/ ( fK) 0.012 0.032 0.060 0.090 0.132 

@ P0 = v1 X ( @) - @ ) 90.7 141.6 189.7 231.5 274.0 

·~ T =112.8/N8 ( @) -~ ) 0.05 0.079 0.107 0.131 0.156 

@ Ett. =@/@ o.573 0.663 0.708 0.733 o.744 

~ Hp=~ /746 0.122 0.19 0.255 0.311 0.368 

Figure 15. Pertor.mance calculations using constants from 
the harmonic analyst• and test values. 
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Figure 16. Comparison of calculated performance curves with 
the manufacturers curves of performance. The calculated curves 
were obtained by uee of the four-terminal network method using 
the constants obtained from the harmonic analysis with the test 
values of current and voltage. 
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Pigure 17. Comparison of calculated performance curves with 
the manufacturers curves of performance. The calculated curves 
were obtained trom the usual tour-terminal method. 
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' ~-

Figure 18. Comparison ot calculated 
the manutacturera curves ot pertormanoe. 

pertormanoe curvee with 
The calculated curves 

were obtained by uae ot the tour-terminal network method using 
the constant• obtained trom the harmonic analyaia with the funda
mental componente ot current and voltage. 
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the large errors are considerably above full load. 

Figure 1'7 gives the calculated performance by the usual 

fo ur-term.inal network theory (solid lines) as compared to the ma.nu-

facturer 's pe:rformanee data. The calculated curves do not follow 

tlle .manufactur·er';:1 data and the larger error is above full load. 

Figure 18 shows the calculated perf'or:m.anee usLug the funda-

mental oom.ponents of voltage and current with the circuit constants 

determined fron1 the harmonic analysis. Here again the calculated 

curves do no·t fit the inanu:faeturer•s perrorm.ance curves and further. 

do not fit as well as in Figures 16 and 17. The curves of Figure 

18 are given here to show that the harmonics do aff'eet the per-

formance of the motor. 

A comparison, at full load., of the per cent error in perfor-

ma.nee with reference to the .manufacturer's performance data is 

shown below. This comparison is made bet'.\ll1een the data of Figures 

16 and 1'7. 

Watts 
Current 
Vower Factor 
Efficiency 

Per Cent Error 

Usual 
Four-Terminal 

:Network Theory 

6.4% 
6 .. 2% 
0.45~ 
6 0 ~, . ~ 

Har111onie 
Analysis 

C01JCLUBIONS. Single-phase motor theory is a di:ffieult 

theory· to mo.r'3ter. Similarly., the. performance of single-phase 

mo tors is diff'i cult to :predict and in :m.any cases the results 
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obtained from usual methods are unsat.isfactory.. This is readily 

seen when the many assuro:ptions used to calculate the performanee 

eharacteristics are pointed out. However, some method is necessary 

for prea.ieting single-phase motor perfor,mance and the four-terminal 

network method is presented in this investigation a:s being no 

worse anc1 in many cases a little better than most methods. It is 

evident, then. that the work is not complete. Much work is lef't 

to be done. Perhaps, with further investigation, other improve

ments can be made by use of .new tests ana. new caloulation 

procedures. With the improvement in preo.i·etion methods must come 

improvement of single ... phase motor theory. This does not mean 

that existing methods of analyzing single-phase motors are not 

good.. 11-lese methods are very good. in so :fa.r as 111ustrat ing what 

happens inside the motor. 

The results of this investig.0.tio11 show that considerable 

error is int:roc1uced into the calculation procedure by the usual 

method of determ.ining the equivalent circuit constants. ,A .method 

for correcting for this error is :prese.rri;ed j.n this ·thesis. Sinee 

the circuit parameters are determined fro.m. the bloel{ed rotor- test 

and since t.he effect of harmonies is greatest for this test, it 

follows t.ha t eons i derable error in the circuit par~ueters ef\n be 

expected using usual .methods of' calculation. 1.ro eorreet for this 

error it is necessary that the voltage and current waves be ana

lyzed for harmonics. The corrected values of circuit constants 

may then be calculated from the fundamental components of voltage 

and current.. 1rable I of' this chapter shows the magnitude of this 

error to be of the order of 10 per cent. The error is not eon-
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fined to, the magnitudes o:f the circuit para.meters. A study of 

Table I will show that some error exists in the computed angles 

of these parac1eters. The conclusion ru.ust not be drawn that these 

corrections are always necessary. The necessity of such correct-

ions will depend upon the accuraey desired. the instru:nents 

available and the harmonic content of the source. 

It is also necessary to note that the improve111ent, gained in 

the harmonic analysis to deternrine circt1i t parameters, was lost 

in the met.hod of calculation to determine the nerform.ance. At 

this point, to illustrate the overall itnprovement made, the table 

of page 51 will be repeated. 

Watts 
Current 
l?ov.rer Factor 
Efficiency 

Per Cent Error 

Usual 
Four-Terminal 

Network Theory 

6.4% 
6 21 • I 
0.46% 
e.0% 

Harmonie 
Analysis 

The overall improvement will be seen to be extremely small in 

most cas,1s, hut the errors remaining to be corrected for are 

small also. 

This investigation was conducted to determine the .m.agni tude 

o:f the errors introduced in malcing the usual p-eri'or.ma.nce calcu-

latio.ns and not in an effort to improve upon existing methods of 

:pred.icting motor per:t'ormanee., It is probable that other sche.mes 

ean be devised to take into account the affects of harmonics. 

:!?er haps, the four-terminal networ}: method ean be improved. On the 
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other hand, the search for an entirely new sehem.e tor predicting 

motor performance may be necessary. 

The investigation of the effect of harmonics on single-phase 

motor perform.arwe is important to the general knowledge of the 

entire subject of single-phase motors. The harfJlonic .method. of 

calculating 'the circuit parar1eters is presented as an imp:rove

ment over conventional met.hods. To logically neglect the affects 

of harmonics, it is necessary to know how much is being neglected 

and what errors are being introduced .. 
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T.tie waveform to be analyzed is that of Figure 10, page 29, 

and ·was obtained by means of an oscillogrlll.ph. The diagram of 

connections is shown in Figure 12., page 34. A stucl.y of the 

oscillograms of Chapter II revealed that the wave of st~tor 

input cUl':rent contains a definite ha:1·monic and that this wave 

is syr.1m.etri cal with the time axis, thus, it is safe t,o assume 

that only odd harmonics etl'e pre.sent and 1. therefore, only one

half cycle need be analyzed. It '\rwill be remembered that if 

even order harmonics are present in. a wave, the wave will not 

The general equation of the Fourier Series is 

y = .A
0 

+ Al.cos 0t + Ascos 3a + A5cos 5Cl + A
7

eos 701. + .... 

+ :a
1
stn Ct + I3..Bsin 5 ex + B5sin 5a + B

7
sin Vo.+ ••• 

however,_ for a.uy alternating cur·rent wave t,hat is s3rrru.netl'ical 

Wi t;h respect to the horizontal time axis A
0 

= 0, hence, A
0 

ean 

be omitted fro.m. the expression given above having only odd har-

monies._ 

i'i.S: show11 in Figure 19, the enlarged wave w.s.s traeed and the 

tirae axis (fro.;:i1 o0 to 180°} is divided into 36 :parts, divisions 

of 5°,. and the 111agni tude of the ordinates at the midpoint of ooch 
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Figure 19. Trace of enlarged wave of blocked rotor current 

to be analyzed for harmonics. Ordinates (y) were erected and 
measured at each 5 degree interval starting with 2.5 degrees. 
The maximwn value of y is 48.7 units. 
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section is recorded (measured ordinate y of Tables),. Values of 

parallel columns. 

The res ulta.nt su.mma.t ion of products of rty sin oP and "y eos o;."1 

are deternined E,epa:rately. The value o-f B1 may then be :round by 

ta king the c..lgebraic SL11i1 of' the positive and negative parts of 

11 y sin Otn and divid.ing by 18. Similarly_, the value of A1 may be 

found by taking the algebraic stn of the positive and negative 

parts of' 11 y cos Ctn and di vi ding by 18 .. 

Bl 
y sin Q; 

X 2 
y sin 0.. 

- -
35 18 

y cos 0.. 
X 2 

y eos 0c. 
A - -1 38 18 

The values of B~31 ~, B5 ~ A5 , B-7 and A? a.re found in the 

similar manner using ny sin 3 Qn, "y cos 3 °'1'1-, 1'y sin 5 °''f _, 

The series can be further simplified a.s follows, let 

A - C cos e n n n 
B - -C sin e n n n 

(1) 

(2) 

Substituting these values for An and Bn in the series given above, 

y = c1cos 0c cos el -+ c3 cos 3 0tco.s ea + .. • • • .. ·• .., 

-C1s1n 0t sin el -- c3sin 3 0i sin e 3 -· • • .. • • ·• .. 

and collecti11g terms gives the general equation of' the har.m.onic-s 
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y = C ( cos n Q. cos en - sin n 0t. sin e } 
n · n 

which is eoual to ,, 

The value of Cn is obtained as follov,s: square equation ( 1) and 

(2) and add, then, 

from whieh 

The value of en may be obtained as follows: dividing equation {2} 

by equation (1), 

-Bn 
tan e = -

n An 

There vllill, of course, be two values of en determined by the above 

equation, but t'<n inspection of equations (1) :and ( 2) will indicate 

which is to be used. 

The Fourier Series equation will then be of the form 

y = c
1

cos( o. + e1 ) + c
3

eos(30; + e3 ) + c
5

cos(5 Cl+ e5 ) 

+ c7cos( 7o. + e
7

) + ........ (4} 

In this analysis, 

y is proportional to i ( t.he instantaneous current} 

A.
0 

is zero (as previously shown} 

C will be replaced by I (the amplitude of the harmonic). 



Pro duets 
sin x (y sin x) 

Pos. eg. 

.04362 0.06 

.13053 0.56 

.21644 1.70 

.30071 3 .48 

.38268 6.07 

.46175 9.19 

.53730 13.10 

.608?6 17 . 25 

.67559 21.55 
• 73728 25 .90 
.79335 30.50 
. 84339 34.60 
.88701 38.30 
. 92386 41.70 
.95372 44.40 
• 9 7630 46.50 
.99144 48.00 
.99905 48.70 
.99905 48.40 
.99144 47.10 
.97630 45.20 
.95372 42.60 
.92388 39. 25 
.88'701 35.50 
.84339 31.35 
.79335 26 .95 
• 73728 22.55 
.67559 18. 25 
.608?6 14.30 
.53730 10.85 
.46175 7.65 
.38268 5.09 
• 30071 2.97 
. 21644 1.49 
.13053 0.52 
.04362 0.06 

Sum. of 
oducts 831.64 

831.64 

TABLE I 

FUNDAMENTAL 

eas. 
gle Ord. 
X y 

2 .5 1.30 
7.5 4.30 

12.5 7.85 
17.5 11.60 
22 .5 15.85 
27.5 19.90 
32.5 24 .40 
37.5 28.30 
42 .5 31.90 
47 .5 35 . 20 
5 2. 5 38.45 
57 .5 41.00 
62 .5 43 . 20 
67 .5 45 .10 
72.5 46.60 
77.5 47.'70 
82 . 5 48.40 
8'7 .5 48.70 
92 . 5 48.40 
97 .5 47.60 

102.5 46.35 
107.5 44. 70 
112.5 42 .50 
117.5 40.05 
122 .5 37. 20 
127.5 34.00 
132.5 30.60 
137.5 27.00 
142.5 23.50 
147.5 20. 20 
152. 5 16.60 
15?.5 13.30 
162.5 9.90 
16?.5 6 .90 
1?2.5 4.00 
1?7.5 1.35 
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Products 
COS X (y COB X) 

Pos. Neg. 

.99905 1.30 

.99144 4. 26 

.97630 7.66 

.95372 11.05 

.92388 14.65 

. 88701 17.65 

.84339 20.55 
• 79335 22 .45 
.73728 23.50 
.67559 23 . 80 
. 60876 23 .40 
. 53730 22 .00 
.46175 19.90 
. 38268 17.27 
.30071 13.98 
. 21644 10.30 
.13053 6.32 
.04362 2.12 

-.04362 2.11 
-.13053 6. 21 
-.21644 10.01 
-.30071 13.40 
-.38268 16. 28 
-.46175 18.50 
-.53730 20.00 
-.60876 20.70 
-.67559 20. 70 
-.73728 19 .90 
-.79335 18.65 
-. 84339 17 .05 
-.8ff?Ol 14.73 
-.92388 12.30 
-.953? 2 9.44 
-.97630 6 .73 
-.99144 3.98 
-.90905 1.35 

:?.62. 16 232 .02 

30 .14 



Products 
sin 3x (y s1n 3x) 

.t'OS. .Neg. 

.13053 O.l'l 

. 38268 1.65 

.60876 4.78 
• '79335 9.20 
. 92388 14.65 
.99144 19.'72 
.99144 24 .20 
.92388 26 .15 
• 79335 25.30 
.60876 21 .40 
.38268 14.70 
.13053 5.35 

-.130~3 5.63 
-.38268 17. 26 
-.60876 28.35 
-.'79335 3?.80 
-.92388 44. '70 
-.99144 48.25 
-.99144 48.00 
-.92388 43.90 
-.79335 36.75 
-.608'/tj 27 . 20 
-.38268 16.28 
-.13053 5.23 
.13053 4.86 
.38268 13.02 
• 608'76 18.64 
• 79335 21 .40 
.92388 21. 70 
.99144 20 .00 
.99144 16.45 
.92388 12.28 
.'79335 7.85 
.80876 4 . 20 
. 38266 1.53 
.13053 0.18 
Sum of 

Products 309.38 359.35 

-49.97 

T BLE II 

THIRD HARMONIC 

Meas. 
gle Ord. 
:x y 

2.5 1.30 
7.5 4.30 

12.5 7.85 
17 .. 5 11.60 
22.5 15.85 
27.5 19.90 
32.5 24.40 
37.5 28.30 
42 .5 31.90 
47.5 35.20 
52.5 38.45 
57.5 41.00 
62.5 43.20 
67 .5 45.10 
72.5 46.60 
77.5 4?.?0 
82.5 48.40 
8?.5 48.70 
92.5 48.40 
97.5 47.60 

102.5 46.35 
107.5 44.70 
112.5 42.50 
117.5 40.05 
122.5 37.20 
12? .5 34.00 
132.5 30.60 
13'7. 5 27 .00 
142.5 23 .50 
147.5 20.20 
152.5 16.60 
157.5 13.30 
162.5 9.90 
167.5 6 .90 
1?2.5 4.00 
177.5 1.35 
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Products 
cos 3x (y cos 3:x) 

Pos. Neg. 

.99144 1.29 

.92388 3.97 
• 79335 6.23 
.60876 7.06 
.38268 6.06 
.13053 2.60 

-.13053 3.18 
-.38268 10.85 
-.608 76 19.40 
-.'79335 27.90 
-.92388 35.50 
-.99144 40.60 
-.99144 42.80 
-.92388 41.70 
- • 79335 36 .90 
-.60876 29 .00 
-.38268 18.55 
-.13053 6 .36 

.13053 6.32 

. 38268 18.21 
• 60876 28 .20 
• '79335 35.45 
.92388 39.30 
.99144 39. 70 
.99144 36.90 
.92388 31.40 
• '79335 24 .30 
.60876 16.45 
.38268 9.00 
.13053 2.63 

-.13053 2 .1? 
-.38268 5.09 
-.60876 8.03 
-. 79335 5.47 
-.92388 3.70 
-.99144 1.34 

315.07 336.54 

-21.47 



Products 
sin 5x ( y sin 6x) 

Pos. Neg. 

.21644 0.28 

.60876 2 .62 

.88'701 6 .96 

.99905 11.60 

.92388 14.65 
• 67559 13.45 
.300?1 ?.32 

-.13053 3.69 
-. 53730 l?.12 
-.84339 29 . 70 
-.99144 38.10 
-. 95372 39.10 
-.'73728 31.80 
-.38268 17.25 

.04362 2.03 

.46175 22 .00 

.79335 38.40 

.97630 47.50 

.97630 47.25 

.'79335 37.70 

.46175 21 .40 

.04362 1.95 
-.38268 16.30 
-.73?28 29 .50 
-.95372 35.50 
-. 99144 33.70 
-.84339 25 .80 
-.53730 14.50 
-.13053 3.07 

.30071 6.06 

.6?559 11.22 

.9 2388 12.29 

.99905 9.90 

. 88701 6 .12 

.60876 2.44 
• 21644 0.29 

Sum of 
roducts 323.43 335.13 

-11.7 

T BLE III 

FIFTH HAR 10NIC 

eas. 
ngle Ord. 

X y 

2.5 1.30 
?.5 4.30 

12.5 7.85 
17.5 11.60 
22.5 15.85 
2?.5 19.90 
32.5 24 .40 
37.5 28.30 
42.5 31.90 
4'7.5 35.20 
52.5 38.45 
5'7.5 41.00 
62.5 43.20 
67 .5 45.10 
72.5 46.60 
77.5 47.?0 
82.5 48.40 
87 .5 48. 70 
92.5 48.40 
97 .5 47.60 

102.5 46.35 
107.5 44.70 
112.5 42.50 
117.5 40.05 
122.5 37. 20 
127.6 34.00 
132.5 30 .60 
137.5 2'7 .00 
142.5 23 .50 
147.5 20 . 20 
152.5 16.60 
157.5 13.30 
162.5 9.90 
167.5 6 .90 
1'72.5 4 .00 
l??.5 1.35 
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roducts 
cos 5x (y cos 5x) 

Pos. Neg. 

.9'7630 1.27 
• 79330 3.37 
.46175 3.62 
.04362 0.51 

-.38268 6.0'7 
-.73728 14.66 
-.95372 23 .30 
-.99144 28 .10 
-.84339 26 .90 
-.53730 18.90 
-.13053 5.02 

.30071 12.30 

.67559 29 . 20 

.92388 41.70 
• 99905 46.60 
.88701 42.25 
.60876 29.50 
.21644 10.53 

-.21644 10.48 
-.60876 28 .95 
-.88701 41.10 
-.99905 44 .70 
-.92388 39.30 
-.6'7559 27 .10 
-.30071 11.16 

.13053 4.44 

.53730 16.42 

.84339 22.70 

.99144 23 .30 

.95372 19. 26 

.73728 12.24 

.38268 5 .09 
-.04362 0.43 
-.46175 3 .18 
-.79335 3 .17 
-.97630 1.32 

324.30 333.84 

-9.54 



sin 7x 

.30071 
• 79335 
.99905 
.84-339 
.38268 

-. 21644 
-. 73728 
-.99144 
-.88701 
-.46175 
.13053 
.6?559 
.97630 
. 92388 
• 53730 

-.04362 
-.60876 
-.95372 
-.95372 
-.60876 
-.0436 2 

• 53730 
.92388 
• 97630 
. 67559 
.13053 

-.46175 
-.88?01 
-.99144 
-.73728 
-. 21644 
.38.268 
. 84339 
.99900 
• ?9335 
. 30071 
Sum of 

Pr oducts 

TABLE IV 

SEVENTH BAR ONIC 

Products Meas. 
( y s in 7x.) Angle Ord. 
os. Neg. X y 

0.39 2.5 1.30 
3.41 7.5 4.30 
7.85 12.5 ?.85 
9.78 17.5 11.60 
6.0? 22.5 15.85 

4.31 2 7.5 19.90 
17.98 32.5 24.40 
28 .05 37.5 28.30 
28 .30 42 .5 31.90 
16.24 47.5 35. 20 

5 .02 52.5 38.45 
27 . ?O 57 .5 41.00 
42.15 62.5 43. 20 
41.60 67.6 45.10 
25 .00 72.5 46.60 

2 .08 77 .5 47. 70 
29 . 45 82 .5 48.40 
46 .40 87 .5 48.?0 
46. 20 92.5 48 .40 
28.95 97.5 4?.60 

2.02 102.5 46.35 
24.00 107.5 44. ?0 
39.25 112.5 42 .50 
39.10 11?.5 40.05 
25 .15 122.5 37. 20 
4.44 127.5 34.00 

14.10 132.5 30.60 
23 . 95 137.5 27.00 
23 .30 142 .5 23 .50 
14.89 147.5 20.20 

3.59 152 .5 16 .60 
5.11 15?.5 13.30 
8 .35 1 6 2 .5 9 . 90 
6.90 157.? 6.90 
3.17 172.5 4.00 
0.40 177.5 1.35 

324.84 329 .81 

-4.97 
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Products 
cos ?x (y cos ?x) 

Pos. Neg . 

. 953?2 1. 24 
• 60876 2 .62 
.04362 0.34 

-.53730 6.23 
-.92388 14.65 
-.97630 19.43 
-.67559 16.50 
-.13053 3.69 

. 46175 14.70 

.88701 31.20 

.99144 38 .10 

.73728 30.20 

. 21644 9.34 
-.38268 17.25 
-.84339 38.30 
-.9990 5 47. 70 
-.?9335 38.40 
-.30071 14.60 

. 30071 14.52 
• 79335 37 .70 
.99905 46.30 
. 84339 37.60 
. 38268 16. 27 

-. 21644 8.66 
-. 73728 2?.40 
-.99144 33.70 
-.88?01 2?.10 
-.46195 12 .45 

.13053 3.07 

.6'7559 13.55 

.97630 16 . 20 

. 92388 12 . 29 

.53730 5 . 32 
-.04362 0 .30 
-.60876 2.44 
-. 953'72 1.29 

330.66 330.09 

0.5'7 



The remainder of the analysis is devoted to the evaluation 

of the :fundamental, third, fifth and seventh harm.onics of' the 

input current under blocked rotor conditions. Tab1es I, II, III 

and IT shmv the preliminary calculations n.ecessi:u:-y for obtaining 

the coEstantD of the Fourier Series equations. 

Fro.m Table I the constants A, B and O are determined. as 

follows: 

cl -

el -

y stn 0( 

18 

y cos 0( 

18 

-yA~ + Bi 

-

-

tan-1 .:!i 
Al 

831.4 
l:8 

- 46.2 

50.14 

18 
- 1.675 

v 1.. 6752 + 46.2a = 46 .. 25 

= tan-1 
-46.2 0 0 

- -8?.9 or 92.l 
1.675 

The correct angle to use may be found from the relation of 

equation (2} 

B = -C sin e 
n n 

46.2 = -46.25 sin e
1 

and to n:w.ke the equa.li ty true, e
1 

must be negative. 11.'herefore, 
0 e1 is equal to -87.9 and the equation may be written as 

0 
y l - 46. 25 cos ( 0t - 87. 9 ) 

The above method .may be u.sea. .in conjunction ·with Tables I Ii 

III and IV and the results are as follo·ws: 



Ya= 0 •. 839 0(:>'S ( 5 o. + 129.2°) 

17 = o. 278 eos ("'1o.. + e3 •. 450) 

The per c·ent harmonic may be determined from. the above 

equations and 

% 05 -1 3 .• 02 
X: G.55,z; -

CJ. 
X 100 - 45.25.- 100 -

% ...!u.. o ... s3t 
1.s2" 05 - X 100 - X 100 -c1 46,.25 

fa 
Cy o.2?a 

o.ao% o,,. - X 100 - X .100 -
C1 46.ins 

6'1 

It is next necessary to dete.rmine the instant.aneou$ current 

equations. Sine~ the equations are now in terms of a.rbitra:r:r 

units •. they .must be converted ·to et.ll"rent .. 'i'his may si.mpl:r be 

done as follows: the complete expression,. arbitrary units., is 

y = 46 .. 25 cos( o. - 6?.9°) + 3.02 co.s(30. + ll.3.3°} + 

o.839 eos.(oo. + 129.2°} + 0.278 eos{'l DL + B3.45°} 

From. the bloc·.1:ce.d rotor t:e.st, I = 22.6 amps and 

1 = {2" X 82. 6 = 51. 95 amps .. 

From. Figure 19, y = 48. 7 uni ts and 
m. 

46.25 
1:m1. = 48~ 70 X 31. 95 = 30. 35 amps 

3.02 
i l'2. = X 51.95 = 1.98 amps 

m.;;i 48. 70 

0 .. 839 
1 5 = X 31.95 = 0.551 amps 
1ll. 48.?0 
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0.2?8" l 
1.m? = 48 • 70 A 31.95 = o. 82 amps. 

rrhe equation for the instantaneous current .may novl be written as 

i = 30.35 cos( 0t - 87.9°) -+ 1.98 cos(3~ + 113.3°) + 

0 .. 551 cos(5o. + 129.2°} + 0.182 cos(7D. + 83.45°) 

Thus, the waveform. analysis has given the a.mount .of harmonic 

in the input cu.rrent of the motor under blocked rotor conditions. 



- Margaret Hitt -




