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PREFACE 

The advancements of the electronic art in the past 

decade have probably been greater than those of any other 

science in a similar period. In spite of this 9 the be

havior of the simple antenna remains one of its unsolved 

mysteries. Many assumptions render results that are 

fairly accurate but the final adjustment is always one 

based upon empirical data and experimentation o The 

commercial antenna nestgner encounters many problems in

volving the mutual impedance between antennas of varied 

lengths and must always rely upon the laboratory to supply 

the necessary data. It was felt that a study of the effect 

of the mutual impedance would be of great value to the 

designer as well as add another clue to the absolute 

solution of the simple antennao 
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INTRODUCTION 

Radio services are often assigned frequencies that are 

harmonically related in order that harmonic radiation will 

not interfere with other stations. Typical examples are the 

amateur frequencies which are multiples of 1.75 megacycles 

and the aerial watch frequencies of 3105 kcs. and 6210 kcs. 

Where the same directivity is desired, it ls necessary that 

the antennas be parallel and their lengths must be multiples 

of each other. This condition causes great concern upon ship

board and in other limited space applications due to the 

high mutual impedances encountered between close spaced har

monic ~ntennas. Not only does the pattern become distorted 

due to absorptions and reflections but the feed point im

pedance is altered to such 'a degree that serious mismatches 

may result. Phased antenna arrays may require redesign and 

construction of phasing networks. 

It is economically desirable to operate amateur ten and 

twenty me~er beam antennas from the same rotatable mount and 

manufacturers, in their advertising literature, often state 

that it is possible to operate their beams under these con

ditions without serious interaction. This is generally true 

in the case of the larger twenty meter beam where the ten 

meter elements are then but one-eighth wave long at the 

operating frequency yet it is far from the case in ten meter 

operation where the unused twenty meter elements are one 
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wavelength long and located very close to the half wave 

elements in use. The radiation patterns as well as the feed 

point impedances are effected to the degree that the ten 

meter beams offer little advantage over the ordinary dipole. 

Although various means have been devised to determine 

the mutual impedance between antennas, it is difficult to 

predict the degree of coupling. An engineering approxima

tion that would enable the des i gner and user of multiple 

length antennas to predict the actual distortion of the 

radiation pattern and the change of feed point impedance 

would be of great value. 

OBJECTIVE 

It is the object of this thesis to compare the cal

culated, theoretical effect of mutual coupling between two 

close coupled harmonically related antenna elements to the 

actual measured values obtained with antennas of several 

finite diameters in order to determine some means of approx

imating the degree of coupling and more accurately predict 

the feed point impedance. 

THEORY 

The antenna element may be compared to a passive series 

circuit of resistance, capacitance and inductance for a 

circuit analogy. It may be shown as in Figure 1, where v1 

represents the external source of excitation such as a 

generator, oscillator, etc. 
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Figure 1. 

The antenna located in the near range may be shown as in 

Figure 2. 

V1 V2 

/. M 

F.igure 2. 

The circuit may be further simplified by lumped impedances 

as in Figure .3. 

Z11 
' 

Z22 

v1 Vz 
II 

! 

Figure )• 

The values of the lumped impedances are as follows: 

Z11 • R1 f J(XLl Xc1) 

Z22 - R2 ,/. J (XL2 Xc2) -
zl2 = JwM 

The network equations for solution of the above are: 

(1) V1 - Io1Z11 /. Io2Z12 -
(2) V2 - Io1Z21 ,/. Io2Z22· -



In the case of excitation to only element number one, v2 is 

equal to zero. Further simplification is obtained from the 

fact that 

where all elements of the network are linear and of constant 

dielectric. Making the necessary substitutions, we have 

(1) V1 = Io1Z11 f Io2Z12 

(4) 0 = Io1Z12 f Io2Z22 

A solution of the equations for the impedance as seen by the 

generating source may be obtained by solving for V1/I01 and 

is found to be 

(5) 

Assuming the notation 

Z12 = Z12 f G12 

Z22 = Z22 I 0 22 
Our solution is of the form 

(6) -(Z12>212G12 - Q22 

Z22 

The resistive component · is 

(7) R .. -(Z12)2 cos (2Q12 - Q22} 
Z22 

The reactive component is 

(8) X = -(Z12)2 sin ~_2Q12 - G22 ) 
Z22 

The value of z12 is equal to JwM which necessitates a 

solution for the value of M. A method of determining this 
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value is outlined in an article by Cox. 1 Based on vertical 

antennas, values computed may be ~ompared to the horizontal 

antenna of double length with multiplication by two. 

#2 f 
#1 12 

I r 
~--- . 2---v 

Figure 4. 

11 = height of antenna #1 Y:1 • u1 :a B( \!dz 7 122 f 12) 

12 - height of antenna #2 so = B(d) -
d - horizontal spacing s1 • B(\/d.2 7 1z! - lz) . -

v0 = B{ Vd2 7 11. ! 
I 

WO - ·/. 11) v1 = B( \fd! 74.Z -A) -
B( Vdz 7 Lz - .J L) Wl = .6 = lz 11 

XO • u0 = B ( \"dz 7 11 ! - 11) L • 12 /. 11 

Xl = B ( \fd2 7 LZ - L) Yo = B(d) 

Assuming the above configuration and an antenna base 

current of I 01 for antenna #1 and current at any other 

l Russell Cox, "Mutual Impedance Between Vertical 
Antennas of Unequal Heights,• Proceedings of the I.R.E., 
XXXV (November, 1947), 1367-1370. 
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point Izl with similar notation for antenna #2, we may 

determine the mutual impedance by determining the value of 

v12 (excitation voltage of antenna #2) and dividing by the 

value of 101 • 

(9) Z21 = -V21 
101 

(10) {11) where v21 = (l2 Ez21Iz2 dz 
j O 1 02 

and Iz2 = I 02SinB{l2 -z) 
Sin B12 

assuming sinusoidal distribution of current. 

The mutual impedance is determined to be 

or, 

{12) z21 = 112 

I 0 

dz 

in exponential form, 

(13) z21 = ~12 Ez21 { eJB(l2 - z) - e-JB{l2 - z)) dz 

2J 101 Sin B1 2 

Using Brown 1 s2 expression for the vertical component of an 

electric field, 

(14) E~21 = -J30I01eJwt (e-JB_2 f e-JBr2 - 2e-JBro Cos Bl) 
Sin B 11 r 1 r 2 r 0 1 

The mutual impedance determined by substituting Ez2l into 

the expression for z21 is the sum of six integrals 

2 G. H. Brown, "Directional Antennas", Proceedings 
of the I.R,.E., XXIV (1936), 81-145. 
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The values of resistive and reactive co~ponents are determined 

to be 
I 

(16) R21 : 15 . :'· . rcos B.AjCi{u1 ) ... Oi(u0 ) . .J Ci(v1 ) 
sin Bl1 sin Bl2 ~ ; 

~. · - Oi(v0 ) .J 2Ci(y0 ) - C1(y1 ) .· 

Ci ( s1 ) j 
/. sin B,,AIS1(u1) - Si(u0 ) f S1(v0 ). 

- Si ( v1 ) - Si ( y1 ) f Si ( s1 ) I 
.;. cos BLj C1(w1 ) ...; Ci(v0 ) /. Ci(x1) . 

- 01 ( Uo) .j. 201 (Yo) - 01 ( Y.1) 

- Ci ( S1) I 
.;. sin BL j Si ( w1 ) - Si ( v O) .J S1 ( u0 ) . · 

- S1 ( x1 ) - S1 (:Vi) ! Si ( s1 ) 0 ' 
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( 17) X21 = . _ _ ~ _lj __ 
sin B11 sin Bl2 

[cos a4s1(u0 ) - S1(u1 ) /. S1(v0 ) 

- Si(v1 ) ./, S1(y1 ) ~ 2Si(y0 ) ./, Si(s1 )) 

/. sin BAjCi(u1 ) - C1(u0 ) ./, Ci(v0 ) 

- C1(v1 ) - C1(y1 ) ./, C1(s1 )f 
/. cos BLj Si(v0 ) - S1(w1 ) .f. S1(u0 ) · 

- Si(x1 ) ./, si(y1 ) - 2Si(y0 ) ./, Si(s1 )1 
./, sin BLj Ci(w1 ) = C1(v0 ) /. C1(u0 ) 

- Ci(x1 ) - C1(y1 ) /. Oi(s1 )~ 

In order to determine the theoretical value of z22 , the 

solution for the impedance at the center of an antenna as out

lined by King and Blake3 enables us to form a complete 

solution, 

(18) a22 = .30 [<1-cot2H) "O'r 4H ./, 4cot2H Ci 2H 

./, 2cot H (-S1·4H - 2S1 2HB 

(19) x22 = 30 [(l ... cot2H) Si 4H ./, 4 cot2H S12H 

· /. 2oot H(2C12H'-Ci4H-2 ln !'] 
where ~ = ,,5772 ..• ./, ln x - Ci x 

H ~ £?Ch I ,.. 
h ~ antenna half length 

am radius of conductor 

A solution of (16) and (17) for values of spac1rig from 

.1 to 1.0 wavelength was made using the experimental lengths 

3 R. King and G. H. Blakei 11 The Self-impedance of a 
Symmetrical Antenna 1 11 Proceedings of the I.R.E .. ~ XXX (July, 
1942))) 335-349. 
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and is summarized in Figure 15. Values for z22 are included 

in the data for the various antennas used in the experimental 

work and used with 

theoretical curves 

• 10. 

Figure 15 enable 

of - ~2.~ shown 
22 

the calculation of the 

in Figures 8, 9, and 

EXPERIMENTAL RESULTS 

Measuring Equ1pment.--A General Radio type 874B slotted 

line was made available for use in this worko This line is 

fifty centimeters long and has a characteristic impedance of 

fifty ohms. The terminals have a guaranteed standing wave 

ratio of less than 1.02 and accuracy of the characteristic 

. impedance 1s within f 15'. The accuracy of probe penetration 

is stated to be better than f 2i%. It was found that the 

line had a,. slight taper or a variation in probe penetration 

which produced slightly different SWR values along the lineo 

Inasmuch as the measurements to be made were of a difference 

character,,this fault of the line had no effect and was 

checked by making several data runs on each end of the line 

for the same load conditiono 

Type RG 8/U coaxial line was used throughout for trans

mission from the signal generator to the slotted line, line 

to antenna and probe. to metero 

• An example of this calculation is included in 
Appendix A. 

"'. 
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The signal generator was an Army type APT/5 radar 

Jammer transmitter. The APT/5 employs a type 3022 light

house tube in a cavity resonator and has a frequency range 

of JOO to 1400 mes. It was found to be extremely useful 

due to its versatility and great frequency coverage. The 

only conversion necessary for its use ·is the removal of 

the noise modulator section and the addition of a source to 

supply 24 vo~ts D. c., for the blower motor and a 300 volt'. 

D. c. supply for plate voltage in addition to the 110 volts 

· A. C. required for the filament transformer. 
. . 

· Method of Measure .--Wherever .·crystal .diodes are used 

for detection in accurate measu~ements, it .is necessary 

• that calibration. curves be constructed fo.r the crystal in 

use. . Perh~ps the best method of calibrating crystals .used 

in.slotted line work consists of shorting the line and 

plotting the voltage distribution along the line. 'l'he 
,, ' . " 

resultant curve should be sinusoidal and. the crystal may be 

calibrated against a ;iinusoid plotted for the same maxima. 

The calibration curve used in this work was .Figure 16. 

The actual. measurement procedure consisted of first 

removing the antenna. and shorting the load.end of the co~ 

·· axial cable. Notation was made of a vol tag,e mini.ma on the 

slotted line and the short was then removed. .Replacing the 

dipole, the. voltage minima was then relocated and .notation 

was made of the displacement of the m1.nima, t.he value of' 

·the minima and. the value of the nearest maxima. It was 

10 



necessary to recheck the frequency of the transmitter as 

the oscillator showed a tendency to shift slightly with a 

different reflected load impedance. 

Calculation of the terminating impedance was made with 

the use of circular Smith charts as illustrated in Appendix B. 

By determining the value of the SWR from the corrected 

voltage readings and locating the shift of the minima, a 

normalized impedance was determined and converted to the 

actual terminating impedance by multiplying by the char

acteristic impedance of the line. 

Initial readings· were made with the long antennas out 

of the near field of the excited antenna. Successive read

ings were then made as the antenna was moved closer to the 

excited antenna. A continual check of the frequency was 

necessary as the spacing was decreased in order to maintain. · 

a constant frequency at the transmitter with different 

reflected loads. 

In order that the balanced antennas could be fed with 

coaxial line and not .be seriously detuned by the unbalanced 

line, it was necessary to construct an isolation section or 

line choke. This section in addition to transferring the 

balance to unbalanced line also serves to offer a high 

impedance to radio frequency currents that would otherwise 

travel on the outer conductor and seriously upset radiation 

11 



and line conditions. This section constructed as in Figure 5 

is one quarter wave long at the operating frequency. The 

complete measuring set-up is shown in Figure 6. 

A ~ l 5/8 copper tubing );m~~~~~n:0-RG 8/U cable 
standard Polystyrene washer 
UG 103/U connector 

Figure 5. 

: 

APT-5 ,. 0 

8 4-B 7 Slotted Line 

Figure 6. 

Analysis of Results . --Experimental data were obtained 

for antennas of three different diameters. A plot of the 

theoretical value of - w2M2 and the measured value reveal· 
Z12 . 

that the actual maxima were less than the calculated; the 
' I 
I 

entire curve shifted to the right and succes~ive peaks 

spread over greater distance with regard to spacing. It 

may be said that the curves were also shifted downward with 

12 



smaller diameter antennas. In the case of the .127 om. 

·copper wire antenna, the resistive components did not appear 

positive until a spacing of .45 wavelength was reached as 

compared to .3 for both the .483 cm. brass and the .953 om. 

aluminum tubing. However, it was felt that the accuracy 

of the .127 cm. wire measurements was impaired due to sag 

of the longer element. This effect would be more pronounced 

at close spacing and would be a probable explanation Qf the 

irregularity in the resistive curve occurring between 

.2 and •. 4 wavelength. 

Examination or the curves plotted or the absolute 

impedances and their phase angles reveal that the actual 

mutual effect varies from twenty to fifty per cent or the 

calculated. It is evident that there is a oQmplex co

efficient of coupling whose magnitude varies from .20 to 

.5.0 and whose phase angle is varied from -100° to -215°. 

Maximum coefficient of coupling appears with spacing in the 

order of .3 wavelength but the phase angle continues to 

increase in a negative direction with decreased spacing. 

T.his would serve to indicate that the amount of coupling 

is greatly affected by the capacity between.the two antennas 

as well as their mutual inductance. 

OONCLUSIO~S 

The results of the study are rather·disappointing in 

·that a definite means of approxi111a;ting the effect of the 
·,•:,',, 

mutual impedance was not deter.niin~d. It was realized that 



the problem is a very complex one and cannot be solved by 

merely making a series of measurements at one frequencyo 

The frequency used was an arbitrart one dictated by the 

length of slotted line available and convenience of isolat

ing the antenna from other objects. Lower frequencies 

would greatly increase ground effects as well as being very 

inconvenient from the standpoint of the larger antenna equip

me~t required. Higher frequencies require increased accuracy 

in the cutting of antennas and isolating networks as well as. 

more prec1,se measuring techniques. The distributed capacity 

is greatl.y increased due to the much closer spacing involved 

with very short wavelengths. 

In view of the close correlation between the calculated 

values and the actual measured values 1 it was felt that a 

step has been made in the right direction but more studies 

are needed before· the formulas as develope~ by Cox will be 

worthwhile at the higher frequencies. Accurate measurements 

of 6apac1tance between antennas as well as studies at 

different frequencies are needed. The arrangement of 

antennas in this problem is only one of a number that 

should be investigated. Other harmonic lengths should be 

studied as a means of more accurately determining the co

efficient of coupling and effect of distributed capacity. 

14 
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Figure 8. 
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Figure 9. 
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Figure 11. 
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Figure 12. 
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Figure 13. 
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Figure 14. 
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Figure 15. 
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APPENDIX A. 

Sample Calculation of M 

Spacing= d • .l~ = . 62832 radians 
0 11 = 81 • .225A 

12 = 162° = .45 >. 

.A • 12 - 11 = 045 - .22.5 • 0 22.5 i\ 

L = 12 ./, 11 = .45 ./, .225 = 0 675 A 
i 

1 2 = .050625 1 
1 2 .. 

2 - • 2025 

A.2 = .050625 

t2 - .455625 -
f = .395' mes. 

W0 = V 0 = 1B( \fd? f l1t ./-11): 21'f( v'.01 f .05062.5 f .22.5) 
I I = 2.9604 

·w1 = B( vc.\2 7 L2 ./, L) = 2,r( \f.01 7 .455625 ./, .675) • 8.5295 

X0 • U0 = B{ \fd2 7 11°2 - 11) = 2"1 { V.01 f .050625· -.225) 

= .13257 

x1 = B{ ...jd2 ./, L2 m L) = 21" { v.ol 7 .lj:55625 - .675) = .04712 

y0 • B(d) = 21" x .1 = .62832 

y1 = u1 = B( vci2 7 122 ./, 12 ) = 2rr ( V .01 :,Z.2025 .;. .45) 

• 5.7240 

s 0 : B(d) : 27' X .1 • .62832 

s1 = B{ Vd2 7 122 - 12) = 2mv .01 7 .2025 - .45)= .06911 

v1 • B{ \fd2 {-c,,2 -A) = 2mV.Ol 7 .050625 =- .22.5)= .13257 

25 



Quantity Si Ci - -
1.846.51 .13277 
1.846.51 .13277 
1.63233 i .09730 

.1323 :..1.4477 

.1323 -1.4477 

.0470 -2.4786 

.61440 .01.501 
1.44392 - .11087 
1.44392 - .11087 

.61440 .01501 

.0690 -2.0960 

.1323 -1.4477 

Substi t uting in (16) 

R21 = 15 (cos 81°[-.11087 f 1.4477 - 1.4477 
sin 81° sin 162° 

- .13277 f .03002 f .11087 f 2.096g 

f sin 81°(1.44392 - .1323 f 1.84651 

- .1323 - 1.44392 f .069~ 

f cos 243°[.09730 - .13277 - 2.4786 

f 1.4477 f .03002 f .11087 f 2.096~ 

f sin 243°[1.63233 = 1.84651 f .1323 

- .0470 - 1.44392 f .0690 ~ 
= 49.145 (.615954 f 1.63058 - .531404 f 1.339927) 

= 15001409.n. 

Substituting in (17) 

26 



= 49.145 

,(c~s s1°[.1323 - 1.44392 f 1.84651 
sin 162° · 

.1323 f 1. 44392 - l. 22880 f . 0690] 

f sin 81°[-.11087 f 1.4~77 f 1.3277 

f 1.4477 f .11087 - 2.096~ 

f cos _243°(1.84651 - 1.63233 f .1323 

- .0470 f 1.44392 - 1.22880 f .069~ 

f sin 243°[~09730 - .13277 - 1.4477 

f 2.4786 f ,.11087 - 2.096~) . 

<~212207 f .92069 - .264948 f .881832) 

= 85.9929.n. 

Doubling these values to connect from vertical antenna to 

horizontal of double length we obtain 

R21 : 300·. 2818 .n.. 

X21 = 171.9858.D. 
(.lJI. spacing) 

Z21 = 300°28 f J 171.98 ~ 356128.9° 

Using values from Blake and~~ art1cle3 for z22* 

- <z2,) 2 = (356) 2 = 56.5 
Z22 1 2250 

R = - (Zz,) 2 cos (2Ql2 ~ G22) =-49.8.n.. 
Z22 

X • - (Z21) 2 sin (2G12 - G22 ) = - 20.2.n. 
Z22 

* 1800 f Jl300 for .953 cm. tub1n.g of 324° length. 
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APPENDIX B. 

Sample ,Calculation of Lo~~mEedance 

Data: Minima shift 

Maximum value 

Minimum value 

SWR = .9 = 1.385 
7b5 

5 cm. toward load (.066 wavelength 
at 395 mes.) 

.9 ma. 

.65 ma. 

On SWR circle of 1.385 of the circular Smith chart, 

start at the line of resistance only and in direction of 

R less than 1 and rotate in the f jx (clockwise) direction 

a distance equivalent to .066 wavelength. Read normalized 

impedance of .79 f j.19. The load impedance is found by 

multiplying the normalized impedan·c~ by the characteristic 

impedance of the line. 

50(.79 t j.19) = 39.5 t j9.5 

This is based on the assumption of negligible losses 

in the line and a .constant characteristic impedance of 

50 ohms. This .is a fairly valid assumption although 

manufacturing irregularities will cause discrepancies 

of over one ohm in ' the RG type cables. 
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