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A b s tra c t

I t  is  t y p ic a l ly  the case in  o rthogona l image a n a ly s is  th a t 

the  p a tte rn  m a tr ix  is  in te rp re te d  in  an a ttem p t to  d e f in e  the  fa c to rs  

u n d e r ly in g  the  observed v a r ia b le s .  I t  is  shown th a t ,  u n lik e  o th e r  

o rtho go na l fa c to r  a n a ly t ic  models, p a tte rn  and s t ru c tu re  a re  no t the 

same in  o rthogona l image a n a ly s is .  The s t ru c tu re  f o r  Image a n a ly s is  

Is  d e riv e d  fo r  both the  f u l l  and d e f ic ie n t  rank cases, The d if fe re n c e s  

between image p a tte rn  and s t ru c tu re ,  as the y  re la te  to  the  in te rp re ta t io n  

o f  fa c to rs ,  a re  demonstrated in  a s e rie s  o f  num erica l examples.



PATTERN AND STRUCTURE IN APPLIED

IMAGE ANALYSIS

The term fa c to r  a n a ly s is ,  In the  popu lar usage is  ge ne ric  and 

re fe rs  to  a c lass o f  procedures designed to  determ ine th e  s t ru c tu re  

u n d e rly in g  a se t o f  observed v a r ia b le s .  In p sych o lo g ica l resea rch , 

e s p e c ia lly  In the areas o f  in te l l ig e n c e  and p e rs o n a lity  assessment, 

measurements are taken on a la rg e  number o f  observed v a r ia b le s ,  and i t  

may be d e s ira b le  to  account fo r  the  in te r re la t io n s h ip s  among the  

observed v a r ia b le s  in  terms o f  a fewer number o f  u n d e rly in g  v a r ia b le s . 

I f  a red u c tio n  in the number o f  v a r ia b le s  is  p o s s ib le , a c e r ta in  

economy Is  obta ined In  terms o f  the number o f  fa c to rs  needed to  account 

fo r  a v a r ie ty  o f  observed psych o log ica l v a r ia b le s .

In the h is to ry  o f  fa c to r  a n a ly s is ,  the  predom inant model has 

been the  common fa c to r  a n a ly s is  model. T h is  model assumes th a t the 

v a r ia b i l i t y  o f  the observed v a r ia b le s  can be represented by two p a r ts ;  

th e  v a r ia b i l i t y  common to  a l l  o f  the  v a r ia b le s ,  and th e  v a r i a b i l i t y  

which is  s p e c if ic  to  each v a r ia b le ,  The common fa c to r  model a ttem pts  

to  account fo r  the v a r ia b i l i t y  o f  the  common p a rts  o f  th e  observed 

v a r ia b le s  In terms o f a se t o f  la te n t  v a r ia b le s  c a lle d  fa c to rs .  I t  

Is  fu r th e r  assumed th a t  s in ce  the la te n t  v a r ia b le s  form a bas is  f o r  the 

common p a r ts  o f the observed v a r ia b le s ,  the re  are  In  genera l fewer
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common fa c to rs  than o r ig in a l v a r ia b le s .

In o rd e r to  app ly th e  common fa c to r  a n a ly s is  to  d a ta , a 

d e te rm in a tio n  o f  the unique p a r ts  o f each o f  the  o r ig in a l  v a r ia b le s  

( th e  uniquenesses) Is  made and these uniquenesses a re  removed from the  

In te rc o r re la t lo n s  o f  the o r ig in a l (s tand a rd ized ) v a r ia b le s ,  The 

re s u lta n t  cova riance  m a tr ix  (c a lle d  the  reduced c o r r e la t io n  m a tr ix )  Is 

then " fa c to re d "  to  determ ine the  number arid com pos ition  o f  the  u n d e rly in g  

common fa c to rs .  T h is  model, however, has a ve ry  s e rio u s  l im i t a t io n .

The assumption th a t the  p o r ig in a l  v a r ia b le s  may be e x a c t ly  reproduced 

by r  common fa c to rs  (r<p) and p un ique fa c to rs  leads to  a system o f  p 

l in e a r  equa tions  In v o lv in g  p+r unknowns. The s o lu t io n  o f  such a system 

o f  l in e a r  equa tions Is  not un ique ( e ,g , ,  S ea rle , 1966, p , 138), T h is  

s ta te  o f  a f f a i r s  has been re fe re d  to  as the  inde te rm inacy  problem o f  

common fa c to r  a n a ly s is  (Guttman, 1955),

A co n s id e ra b le  amount o f  research in  the  area o f  fa c to r  a n a ly s is  

has been done on methodology. Much o f  t h is  research has been Invo lved 

w ith  f in d in g  methods fo r  de te rm in ing  the uniquenesses o f  the  observed 

v a r ia b le s .  O ther aspects o f  the  research on the  common fa c to r  a n a ly s is  

have Invo lved  the de te rm in a tio n  o f  a l te r n a t iv e  models which do not 

s u f fe r  the  Indeterm inacy problem.

Image a n a ly s is  (Guttman, 1953) Is  one o f  th e  a l te r n a t iv e  

m odels. The fundamental theorem o f  Image a n a ly s is  In vo lve s  the 

d e te rm in a tio n  o f  the cova riance  m a tr ix  o f  those p a r ts  o f  the  o r ig in a l  

v a r ia b le s  which a re  l in e a r ly  p re d ic ta b le  from  the rem a in ing  v a r ia b le s .
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The p re d ic ta b le  p a rts  o f  the  o r ig in a l v a r ia b le s  a re  c a lle d  images, 

and those p a rts  which a re  no t p re d ic ta b le  from  the o th e r v a r ia b le s  are 

c a lle d  a n ti- im a g e s . In t h is  fo rm u la t io n , each o f  the p o r ig in a l 

v a r ia b le s  may be reproduced by adding i t s  re s p e c tiv e  image and a n t i -  

image. An advantage o f  the  image model is  th a t i t  is  com p le te ly  

de te rm in a te .

image a n a ly s is ,  in  a d d it io n  to  p ro v id in g  an analogous and 

de te rm in a te  a l te r n a t iv e  to  common fa c to r  a n a ly s is ,  has a ls o  p rov ided 

a lo g ic a l method fo r  de te rm in ing  es tim a te s  o f  the  common p a rts  (and 

consequently  the unique p a r ts )  o f  the observed v a r ia b le s  in  common 

fa c to r  a n a ly s is .  McDonald (1975) has c r i t i c i z e d  the  use o f  images as 

es tim a te s  o f  "common p a r ts "  and suggests th a t when images a re  used, 

the  same bas ic  problems e x is t  as when the com m una lities a re  ob ta ined  

by the  methods ty p ic a l o f  common fa c to r  a n a ly s is .  There is ,  however, 

a d if fe re n c e  between em ploying images as es tim a te s  o f common p a r ts  in  

the common fa c to r  model and choosing image a n a ly s is  as the  bas ic  m odel. 

T h is  d if fe re n c e  e x is ts  because the ba s ic  assum ptions o f  common fa c to r  

a n a ly s is  and image a n a ly s is  are d i f f e r e n t ;  the  assumptions o f  the  

common fa c to r  model lead to  the  fa c to r  inde te rm inacy prob lem , whereas 

the  assum ptions o f  the  image model e l im in a te  the  inde te rm inacy problem .

i t  is  the  purpose o f  th is  paper to  d e ta i l  the common fa c to r  

a n a ly t ic  model w ith  i t s  assumptions and re s u lts  and then use i t  as a 

ba s is  fo r  the development o f  the image a n a ly s is  model. Based on the  

development o f  an analogy between the  two models i t  is  observed th a t
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th e re  a re  d isc repanc ies  In th e  way these models are  a p p lie d  to  da ta .

These d isc rep anc ies  are Id e n t i f ie d ,  and a re s o lu t io n  Is  p rov ided  along 

w ith  num erica l examples. F in a l ly ,  I t  Is  noted th a t  the  method suggested 

to  re s o lv e  the  d isc repanc ies  In  the a p p lic a t io n  o f  Image a n a ly s is  

posasses c e r ta in  p ro p e rtie s  which r e la te  to  p r in c ip a l components 

a n a ly s is .  These re la t io n s h ip s  are developed a n a ly t ic a l ly .

D e f in it io n  o f  th e  Models 

Three o f  the most w e ll known and w id e ly  used methods o f  

d e te rm in in g  the s tru c tu re  u n d e rly in g  a s e t o f  observed v a r ia b le s  are  

common fa c to r  a n a ly s is  ( e ,g , ,  T hurs tone, 1947), Image a n a ly s is  (Guttman, 

1953) ,  and p r in c ip a l components a n a ly s is  (H o te ll in g ,  1933), For purposes 

o f  d e f in i t io n  and comparison, con s id e r the fo llo w in g  fo rm u la tio n s  o f  the 

models.

Common fa c to r  a n a ly s is  (CFA), The CFA model Is  w r i t te n  as

( I )  £ = £ + £  = Fx + U£, 

where £  Is  a p x l ve c to r o f  observed (s tand a rd ized ) v a r ia b le s ,  c_ is  a 

px l v e c to r  o f  common p a rts  o f  the o r ig in a l v a r ia b le s  and c o n s is ts  o f  

the  p roduct o f  F, a pxr m a tr ix  o f  unknown common fa c to r  load ings  

( c o e f f ic ie n ts )  and £ ,  an r x l  v e c to r (r<p) o f  common fa c to rs  ( fa c to r  

s c o re s ). In ( I ) ,  £  Is a pxl v e c to r o f  unique p a rts  o f  th e  o r ig in a l 

v a r ia b le s  and Is  the  product o f  U, a d iagona l m a tr ix  o f  unknown unique 

fa c to r  c o e f f ic ie n ts  and v_, a pxl v e c to r o f unique fa c to rs  ( fa c to r  sco re s), 

The orthogonal CFA model makes the  fo llo w in g  b a s ic  assum ptions:
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(1) E (x x ')  =

( I I )  E ( w ')  = l ( p ) ,

( I I I )  E (x v ')  = 0.

There a re  seve ra l consequences which re s u lt  from  these ba s ic  assum ptions. 

I t  Is Im m ediate ly seen th a t the  unique p a rts  a re  u n c o rre la te d ;

(2) E (u u ')  = E (U vv 'U ') = (d ia g o n a l) .

The common and unique p a rts  a re  u n c o rre la te d ,

(3) E (ç u ')  = E (F xv 'U ') = 0,

and th e  common p a rts  have the  fo l lo w in g  covariances

(4) E (c c ')  = E (F x x 'F ')  = FF' = R -  U^.

From these re la t io n s h ip s ,  the  c o r re la t io n  m a tr ix  o f the  o r ig in a l  

v a r ia b le s  may be w r it te n

(5) R = E (z z ')  =■ FF' + U^,

which has been la b e lle d  the  fundamental theorem o f  CFA,

I t  Is  w e ll known th a t the  CFA model has two in h e re n t problem s. 

The f i r s t  o f  these Is  re fe rre d  to  as the  ro ta t io n  o r  id e n t I f  l a b i l i t y  

problem . The I d e n t i f l a b i l i t y  problem may be s ta te d  by n o tin g  th a t  (5) 

may be w r i t te n

(6) R -  = FF' = FTT 'F ' = F *F * ',

where TT' -  T 'T  •» I and F* = FT, Thus, th e re  a re  i n f i n i t e l y  many cho ices 

o f  w e igh ts  F* w h ich s a t is fy  the model. The i d e n t i f l a b i l i t y  problem  Is  

no t un ique to  CFA; I t  Is  a problem In a l l  fa c to r  a n a ly t ic  models. I t  

Is u s u a lly  reso lved  In p ra c tic e  by choosing a m a tr ix  F* w h ich  s a t is f ie s

T h u rs to n e 's  s im p le  s tru c tu re  c r i t e r i a  (Thurstone, 1947, p, 335 ), w h ich ,
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In the  orthogona l case, is  approxim ated by K a is e r 's  (i958b) Varimax 

c r i t e r io n .

The second probiem in  common fa c to r  a n a ly s is  is  th a t the  

s o lu t io n  f o r  th e  common and unique fa c to rs  is  no t un ique . The 

nonuniqueness o f  the  common and unique fa c to rs  is  re fe r re d  to  as the  

inde te rm inacy  probiem (Guttman, 1955; SchBnemann, 1971), and a r is e s  from 

the  assum ption th a t the unique fa c to rs  are  u n c o rre ia te d . Assumption

( i i ) ,  in  c o n ju n c tio n  w ith  ( i l l ) ,  g ive s  r is e  to  the  inde te rm inacy  by 

re q u ir in g  th a t  the  r  common p a r ts ,  £ , and th e  p un ique p a r ts ,  £ , be 

so lved f o r  in  a system o f  p l in e a r  eq ua tion s , i t  is  w e ll known th a t a 

system o f  p l in e a r  equations in  p+r unknowns can no t have a unique 

s o lu t io n .  Indeterm inacy is  a se rious  probiem fo r  the  CFA model because 

th e re  is  no known s a t is fa c to ry  re s o lu t io n  o f  the  probiem . There a re , 

however, a l te r n a t iv e  models which y ie ld  de te rm ina te  de rive d  v a r ia b le s  

w hich a re  s im i la r  to  the unobservab le , in d e te rm ina te  common fa c to rs .

Two such a l te rn a t iv e  models a re  now d iscussed .

Image a n a ly s is  ( lA ) ,  The lA model (Guttman, 1953) is  w r i t te n  as

(7) z. = IE. + £ i

where m is  a px l ve c to r o f  images — th e  p o r tio n s  o f  th e  o r ig in a l v a r ia b le s  

l in e a r ly  p re d ic ta b le  from the p - i rem ain ing v a r ia b le s ,  and £  is  a pxl 

v e c to r o f  a n ti- im ag es  — the  p o r tio n s  o f  the  o r ig in a l v a r ia b le s  no t 

p re d ic ta b le  from  the p - i o th e r v a r ia b le s .  The v e c to r m may, th e re fo re , 

be w r i t te n

(8) m = Wz,
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where W îs  a pxp m a tr ix  o f  row -w ise le a s t squares reg ress io n  w e igh ts 

f o r  p re d ic t in g  the  j t ^  ( J = I , 2 , . . . ,p ) observed v a r ia b le  from the p-1 

o th e r  v a r ia b le s ,  Guttman (ig 40 ) showed th a t

(9) W = (R -  S^)R "’ = ( I  -  s V ’ ) ,

where R Is  the  c o r re la t io n  m a tr ix  o f  the o r ig in a l v a r ia b le s ,  and

(10) = (Dlag R"’ ) “ \

The v e c to r o f  a n ti- im a g e s  Is  ob ta ined from

(11) a_ = ( I -  W)£ =■ S^R

The m a tr ix  o f  covariances o f th e  Images, G, Is g iven  by

(12) G = E(m ^') = E (V ^ 'W ')  = WRW = R -  2S^ + S^r" ’ s^ .

S ince G Is ,  In ge n e ra l, n o n -d iag on a l, i t  Is  p o s s ib le  to  o b ta in  

a s e t o f  v a r ia b le s ,  £ , th a t form an orthogona l bas is  f o r  the  images. A 

b a s is  fo r  the  images may be expressed as fo llo w s :

(13) m = Bd,

where B is  a pxp m a tr ix  o f  c o e f f ic ie n ts ,  and ^  is  a px l o rthogona l bas is  

sca led so th a t  E (dd ') = I ,  Equation (13) im p lie s  th a t

(14) G = E (rm ') = E ( B ^ 'B ')  = BB ',

However, a bas is  fo r  the  Images Is  no t unique s ince  we may w r i te  (14) as

(15) G = BB' = BTT'B' = B *B * ',

where TT' *■ T 'T  = 1 ,  A lo g ic a l b a s is , unique by r e s t r ic t io n ,  is

p rov ided  by a p r in c ip a l axes decom position o f  the Image cova riance

m a tr ix  G, The c o e f f ic ie n ts ,  B, o f  the  Images r e la t iv e  to  the  p r in c ip a l 

axes bas is  a re  provided by the decom position

(16) G = QDj^Q' = BB ',
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where Q is  a m a tr ix  whose columns a re  the  e igenvec to rs  o f  G, Is  

a d iagona l m a tr ix  whose e n tr ie s  a re  the e igenva lues o f  G, and B =

The p r in c ip a l axes decom position o f  G In (16) has been suggested and 

employed In  p ra c tic e  ( e .g . ,  K a is e r, 1958a, 1963; M u la lk , 1972, p. 191).

P r in c ip a l components a n a ly s is  (PCA). A second a l te r n a t iv e  to  

th e  Ind e te rm in a te  CFA model Is  p r in c ip a l components a n a ly s is  (H o te ll in g ,  

1933). The PCA model is  g iven  by

(17) z = ]^ + e = Vx =» + e,

where V | Is a pxp m a tr ix  o f  w e igh ts , and •£ ' | y g ' j  Is  a

px l v e c to r o f  orthogona l p r in c ip a l components sca led so th a t  E (y y ' )  = I ,  

J_ Is  a p x l v e c to r which co n ta in s  a l in e a r  com bination o f  the  Im portan t 

p r in c ip a l components o f  ( i . e . ,  and e_ rep resen ts  a px l v e c to r

c o n ta in in g  a l in e a r  com bination o f  the  t r i v i a l  components o f  

( I . e . ,  V g ^ ) , From th is  fo rm u la t io n ,  i t  can be seen th a t  J_ and £  a re  

u n c o rre la te d  by n o tin g  th a t

(18) E(1e_') = = 0,

because o f  th e  d e f in i t io n  o f  ' j I j ' J '

The PCA model p rov ides a decom position  o f  R as

(19) R -  E (z z ')  = E ( V ^ 'V ')  = V V ,

where V ■ LD^*, and where L i s a  m a tr ix  whose columns a re  the  e ige n ­

ve c to rs  o f  R and Is  a d iagona l m a tr ix  o f  e igenva lues o f  R. Even 

though the  form  o f  VV In ( I 9 ) rep resen ts  a un ique decom position  o f  R, 

th e re  a re  I n f in i t e l y  many cho ices  o f  w e ig h ts , V* =■ VT (TT' = T 'T  = 1 ), 

which w i l l  s a t is f y  the model. B u t, as In the  preced ing  two m odels.
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the  p a r t ic u la r  cho ice  o f w e ights are  o fte n  those which s a t is f y  a 

s im p le  s t ru c tu re  c r i t e r io n  (e .g . ,  V arim ax).

Comparison o f  th e  Models

From the preceding e x p lic a t io n  o f  m odels, seve ra l p o in ts  o f

comparison can be made. F i r s t ,  as p re v io u s ly  m entioned, a l l  o f  th e

models a re  s u b je c t to  the ro ta t io n  o r  I d e n t i f l a b i l i t y  problem . The

m a trices  which s a t is fy  the s im p le  s t ru c tu re  c r i t e r io n ,  however, a re

the  usual cho ices fo r  the  w e igh t m a tr ic e s . A second p o in t  o f  comparison

in vo lve s  the  na tu re  o f  the " re s id u a l"  p a rts  in  each o f  the  m odels. In

th e  CFA c o d e l, the  res idua l p a rts  are  the  unique p a rts  o f  the  o r ig in a l

v a r ia b le s ,  and In (2) i t  was shown th a t  the  unique p a rts  a re  u n c o rre ia te d
2

and th a t  t h e i r  va rlance -cova rlance  m a tr ix ,  U , is  d iagona l and f u l l  rank. 

I t  is  p re c is e ly  th is  consequence o f  ( I i )  which causes the  Inde term inacy 

problem In  th e  CFA model,

In th e  lA model, the  re s id u a l p a rts  are  represented by the  

a n ti- Im a g e s , a_. U n like  the  unique p a r ts  In CFA, the  a n ti- im a g e s  are  

c o rre la te d  as may be seen from  ( I I ) ,  and n o tin g  th a t

(20) E (a a ') = E((sV’z) (z'R"’ ŝ )) = s V s ^ .
2

This cova riance  m a tr ix ,  l ik e  U , is  f u l l  rank under the assumption 

th a t  R is  f u l l  rank, but Is In  general non-d lagonal .

In PCA, the re s id u a ls , e_, a re  c o r re la te d .  From the  p a r t i t io n in g  

o f  V and we see th a t £  = V ^ ^ , and

(21) E (e e ') -  “  V 2 ' -
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T h is  cova riance  m a tr ix  Is d e f ic ie n t  In ran k , s in ce  the  rank o f  is  

equal to  p - r ,  the  number o f  re je c te d  ( t r i v i a l )  components o f  V, Thus, 

th e  re la t io n s h ip s  among the re s id u a l p a rts  in  each o f  the  th re e  models 

a re  d i f f e r e n t .  In CFA the re s id u a ls  a re  u n c o rre ia te d  and have a f u l l  

rank cova riance  m a tr ix .  In lA the  re s id u a ls ,  a_, a re  c o rre la te d  and 

y ie ld  a cova ria nce  m a tr ix  th a t  may, o r  may no t be f u l l  rank. The 

re s id u a ls ,  ê . In PCA are  c o r re la te d  and always have a d e f ic ie n t  rank 

cova ria nce  m a tr ix .  These c o n d itio n s  a re  s u f f ic ie n t  f o r  a vo id in g  an 

inde te rm inacy  in  lA and PCA,

A f in a l  p o in t o f  comparison o f  the  th re e  models in v o lv e s  the 

re la t io n s h ip s  between the re s id u a l and the non res idua i p a rts  o f  the 

o r ig in a l  v a r ia b le s ,  In CFA, the common and unique p a r ts  a re  u n c o rre ia te d . 

T h is  re la t io n s h ip  was shown in  (3) as a consequence o f  ( i l l ) .  In lA , 

o n ly  the  Image and the a n ti- im a g e  o f  the  v a r ia b le  a re  u n c o rre ia te d ,

In g e n e ra l, th e  i ^  Image and the a n ti- im a g e  a re  c o r re la te d .  From

(22) E(ma') = E ( ( l -  S V ) ^ ' ( r’ ’ s^ ) ) = -  S^r" ' s^ ,

i t  may be seen th a t  the j ^  image and th e  jth_  a n ti- im a g e  a re  u n c o rre ia te d  

because the d iagona l o f  S^R im p ly in g  th a t  the  d iagona l elements

o f  the  cova riance  m a tr ix  -  S^R a re  z e ro . The o ff-d ia g o n a i 

e lem ents o f  -  S^R a re  g e n e ra lly  non -ze ro . F in a l ly ,  rega rd ing  

PCA, I t  was shown In ( |8 )  th a t the  l in e a r  com b ina tions o f  the  im portan t 

and the t r i v i a l  p r in c ip a l components a re  u n c o rre ia te d  ( i . e . ,  E ( ^ ^ ^  ' ) “  0 ) .  

From the  re la t io n s h ip s  between the  n o n -re s id u a i and th e  re s id u a l p a rts  

in  each o f  the  models, we see th a t in  CFA, the  common and unique p a rts
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are u n c o rre ia te d , the  n o n -re s id u a l and re s id u a l p a rts  in  PCA a re  a ls o  

u n c o rre ia te d , bu t images and a n ti- im a g e s  a re  c o r re ia te d ,  These 

re la t io n s h ip s  f a c i i i t a t e  a comparison o f  the  s tru c tu re  m a trice s  in  

each o f  the  modeis. Th is  comparison is  deveioped in  the  next s e c t io n .

P a tte rn  and S tru c tu re  M a trice s  

In the  CFA m odel, th e  common fa c to r  w e igh t m a tr ix ,  F, which 

p a r t i a l l y  reproduces observed v a r ia b le s  as l in e a r  com b inations o f  

common fa c to rs ,  is  c a lle d  the  fa c to r  p a tte rn  o r  the  p a tte rn  m a tr ix  

(Thurstone, ig47 ; see a ls o  M u la ik , 1972, p . 101). The fa c to r  s t ru c tu re ,  

o r  the  s tru c tu re  m a tr ix , is  the  m a tr ix  o f c ro s s -c o r re ia t io n s  o r  c ro s s ­

covariances among the observed v a r ia b le s  and the  (unobservab le ) common 

fa c to rs .  A lthough these d e f in i t io n s  p e r ta in  p r im a r i ly  to  the  CFA 

model, they may be ge ne ra lized  to  the  lA and PCA models.

In the th ree  models p re s e n tly  under d is c u s s io n , the  p a tte rn  

m a trice s  are  re a d i ly  Id e n t i f ie d .  From (1 ) ,  the m a tr ix  F in  the CFA 

model is  th e  p a tte rn  m a tr ix .  From (17) th e  p a tte rn  m a tr ix  fo r  

components a n a ly s is  can be seen to  be V j.  From these re la t io n s h ip s ,  

i t  may be im p lie d  from com bining (7) and ( 13) as

(23) z =  + £ ,

th a t  the  m a tr ix  B is  the  p a tte rn  m a tr ix  fo r  image a n a ly s is .  Thus, 

the  p a tte rn  m a trice s  fo r  the  th re e  modeis are  q u ite  s im i la r .  One 

m igh t be J u s t i f ie d ,  however, in  q u e s tio n in g  the  va lue  o f  p a tte rn  

m a trice s  when I t  comes to  the  in te rp re ta t io n  o f  u n d e r ly in g  fa c to rs .



P a tte rn
12

We note th a t  the  CFA model In (1) may be re w r it te n  as

(24) 2. "  JJ = Fi»

and the PCA model In (17) may be re w r it te n

(25) z -  e =

Thus, we see th a t the p a tte rn  m a tr ic e s , F and V j,  a re  o f  l i t t l e  

In te r p r e ta t iv e  va lue  In th a t  they p ro v id e  the w e igh ts  on one s e t o f 

la te n t  o r  d e rive d  v a r ia b le s  which reproduce y e t ano the r s e t o f  la te n t  

o r  de rive d  v a r ia b le s , The o n ly  redeeming q u a l i t y  these m a trice s  have 

is  th a t  In orthogona l CFA and PCA they a re  a ls o  s t ru c tu re  m a tr ic e s .

We may see th is  by n o ting  th a t  in o rthogona l CFA

(26) E (z x ')  = E ((Fx + i j ) x ' )  = E (F x x ')  + E (u x ')  = F, 

and in  PCA

(27) E ( z i^ ')  = E ((V ^2 j + e )^ j‘) = ' + E ( e ^ j ')  = V^.

An arguement can be made th a t a p a tte rn  o n ly  has in te r p r e t iv e  va lue  

when i t  is  s im u ltaneous ly  a s tru c tu re ,

indeed, Brogden (1969) d iscusses p a tte rn  and s t ru c tu re  in  

the  c o n te x t o f  o b liq u e  fa c to r  a n a ly s is  and draws a c le a r  d is t in c t io n  

between the use o f p a tte rn  and s t ru c tu re  in  fa c to r  id e n t i f i c a t io n .  

A lthough Brogden's paper was concerned w ith  o b liq u e  fa c to r  a n a ly s is ,  

h is  m ajor p o in t is  re le v a n t to  any s itu a t io n  where p a tte rn  and 

s t ru c tu re  a re  d is t in c t ,  B rogden's m ajor p o in t is  th a t  g iven  a 

knowledge o f  the  o r ig in a l v a r ia b le s  and no knowledge o f  the u n d e rly in g  

v a r ia b le s  ( fa c to r s ) ,  the  u n d e rly in g  v a r ia b le s  a re  be s t In te rp re te d  by 

c o n s id e rin g  the  c o r re la t io n s  between u n d e rly in g  v a r ia b le s  and the
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observed v a r ia b le s .  Since the c o e f f ic ie n ts  In the  p a tte rn  m a tr ix  are  

w e igh ts  ( s p e c i f ic a l ly ,  reg ress ion  w e igh ts ) on la te n t  v a r ia b le s  which 

reproduce a p o r tio n  o f  the  observed v a r ia b le s ,  they possess dubious 

In te r p r e t iv e  va lue . The c o e f f ic ie n ts  In th e  s tru c tu re  m a tr ix ,  

however, a re  d i r e c t ly  re le v a n t to  the  In te rp re ta t io n  and /o r d e f in i t io n  

o f  the  u n d e rly in g  v a r ia b le s  s in ce  they p ro v id e  the  o n ly  d i r e c t  l in k  

between the observed v a r ia b le s  and the u n d e rly in g  v a r ia b le s .

I t  is  easy to  show th a t  th e  p a tte rn  and s t ru c tu re  a re  no t 

the  same In  Image a n a ly s is  as they are  In  CFA and PCA, To show th is

(23) may be w r i t te n  In the  form

(28) £  -  £  "

Thus, B, the  p a tte rn  m a tr ix  In image a n a ly s is ,  l i k e  F and V j,  is  a 

m a tr ix  o f  w e igh ts  on one se t o f  d e rive d  v a r ia b le s  which reproduce 

a no the r s e t o f  de rived  v a r ia b le s .  However, I t  may be shown th a t  B, 

u n lik e  F and V j , is  no t a s tru c tu re  m a tr ix . To show th is  we use (13) 

to  d e r iv e

(29) E(md') = E ( B ^ ')  = B.

Thus, B, Is  a m a tr ix  which c o n ta in s  covariances (c o r re la t io n s )  between

two se ts  o f  de rived  v a r ia b le s , The elements o f  B can be in te rp re te d

as cova ria n ce s ; however, the  elements a re  no t cova riances among observed 

and d e riv e d  v a r ia b le s ,  and as a r e s u lt  B is  no t a s t ru c tu re .

The suggestion th a t B Is  no t a s tru c tu re  m a tr ix  f o r  lA leads 

to  the  development o f  the  Image s tru c tu re  m a tr ix .  From (8) and (13) 

we may w rI te
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(30) m = Wk =

hence,

(31) z = w’ ^Bd.

From th is  we o b ta in  the  s tru c tu re  m a tr ix ,  A, as

(32) A = E ( ^ ' )  = E(w" ' b̂ ' )  = W-lB,

Because o f  the s c a lin g  assumptions on the  v a r ia b le s  £  and d̂ , the

s t ru c tu re  m a tr ix .  A, con ta in s  the  c o r re la t io n s  among observed and

de rive d  v a r ia b le s , I t  may be the  case, however, th a t  W does no t have

an Inve rse  even when the c o r re la t io n  m a tr ix ,  R, Is  f u l l  ran k . Th is

may be seen by no tin g  from (9) th a t  W  ̂ = R(R -  S^) Thus, the

e x is te n ce  o f  W  ̂ depends upon a f u l l  rank (R -  S ^), w h ich may no t be
- ]

the  case even when R Is  f u l l  rank. In the s itu a t io n  where W does

no t e x is t ,  we may s t i l l  ob ta in  the s tru c tu re  m a tr ix .  A, f o r  Image

a n a ly s is .  To do th is  we make use o f  (13) and (8) to  o b ta in

(33) d = (B 'B )"^B 'm  = (B 'B ) " ’ b 'Wz ,

where (B 'B ) *B' I s the (un iq ue ly  determ ined) le ft-h a n d  Inve rse  o f B.

From th is  r e s u lt  we may o b ta in  the  s tru c tu re  m a tr ix .  A, as

(34) A » E (zd ' )=E(zz 'W 'B (B 'B ) " ’ ) = RW'B(B'B)" ’ ,

From (1 6 ) , B may be w r i t te n  as and (B 'B) '  = 0^ ^ = 0^ ' ,

Equation (34) then reduces to

(35) A -  (R -  s2)BDĵ " \

where  ̂ Is  a d iagonal m a tr ix  o f  re c ip ro c a ls  o f  the  non-zero  e ige n ­

va lues o f  G, In the  case where W and G a re  no t f u l l  ran k , the  s tru c tu re  

m a tr ix ,  A, may s t i l l  be ob ta ined  s ince  can be r e s t r ic te d  to  co n ta in
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o n ly  the non-zero e igenva lues o f G, and Q w i l l  then be composed o f  

the  e ig e n ve c to rs  o f  G correspond ing to  the non-zero e ige nva lue s . 

T h e re fo re , A, In the d e f ic ie n t  rank case w i l l  have o rd e r p x r ,  where 

r  Is the rank o f  G (r< p ).

A t th is  p o in t th e re  Is a fu r th e r  s e t o f  re la t io n s h ip s  which 

may be developed fo r  the  case o f  f u l l  rank R and G, From (3 2 ), (1 4 ), 

and (12) I t  may be seen th a t

(36) AA' = w" ’ bB 'W '" ’ = w" ’ gW " ' = W"’ WRW'W'“ '  = R, 

w h ich  Im p lie s  th a t  A Is  a Gram fa c to r  o f the  c o r r e la t io n  m a tr ix ,  R,

I t  was shown In the  development o f  the  p r in c ip a l components m odel,

(1 9 ), th a t V Is  a ls o  a Gram fa c to r  o f  R, From the  re la t io n s h ip s  In

(36) and ( 19) I t  may be noted th a t  A and V a re  both m a trice s  o f 

c o r re la t io n s  among o rthogona l bases and o r ig in a l v a r ia b le s ,  o r  

e q u iv a le n t ly ,  A and V a re  the  w e igh t c o e f f ic ie n ts  fo r  th e  two d i f f e r e n t  

bases fo r  £ , I t  must th e re fo re  be the  case th a t  A and V d i f f e r  by an 

o rtho go na l r o ta t io n ,  That Is ,

(37) VT, = A,

and

(38) AT, -  V,

where T ,T , ' -  T , 'T ,  = T ,T , ' = T , 'T ,  = I ; , ) .

The In te rc o r re la t io n  m a tr ix  R^^ = E ()rd ') fo r  th e  two se ts  o f 

components, % and Is  a m a tr ix  o f  p ro je c tio n s  o f  the  p r in c ip a l 

component b a s is ,  on the  Image b a s is , d , and Is equal to  the o r th o ­

normal pxp tra n s fo rm a tio n  m a tr ix  T , , By s im i la r  reason ing the  t ra n s -
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fo rm a tio n  m a tr ix  can be shown to  equal E ( ^ ' )  = = T ^ '.  In

o rd e r to  o b ta in  the  tra n s fo rm a tio n  m a trice s  and T ^, ^  and ^  must 

be ob ta in ed  and the expected va lue  o f  t h e i r  o u te r  p roduc t taken .

From (17) and (31) we see th a t

(39) E ( ^ ' )  = v" ’ w' ’ b = v" ’ a  = T ,.

We now show th a t  T j Is  o rthon rom a l;

(40a) T jT j '  = v" ’ aA 'V '“ ’ = v " ' rV '" ’ = v " ’ v V 'V '" '  = I ,

(40b) T , 'T ,  = A 'V '" ’ v " ’ a  = A 'R " 'a  = A 'A '~ ' a " ' a = I ,  

and th a t  T j and perform  the d e s ire d  tra n s fo rm a tio n s ;

(4 la )  VTj = VV"’ a =■ A,

(41b) ATg = A T j' = A A 'V '" ’ = R V " ' = V V 'V '" ’ = V.

Thus, In th e  f u l l  rank case the s tru c tu re  m a tr ix ,  V, ob ta ined  from 

p r in c ip a l components a n a ly s is ,  is  l in e a r ly  re la te d  to  the  s tru c tu re  

m a tr ix .  A, ob ta ined from Image a n a ly s is .

T h is  re la t io n s h ip  between A and V Is  o f  more th e o re t ic a l 

than a p p lie d  Import because In a p p lie d  work the  resea rcher is  u s u a lly  

In te re s te d  In choosing r  (r<p) components which s a t is f a c to r i ly  account 

f o r  the s tru c tu re  u n d e rly in g  the  p observed v a r ia b le s  In  In the 

s itu a t io n  where an approxim ate reduced rank s o lu t io n  Is  d e s ire d , the  

re la t io n s h ip  between A and V may be examined by p a r t i t io n in g  V and A 

as fo llo w s :

(42) V - jvj V̂ ],

and

(43) A -  |a , I A j ,
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where and are both pxr and rep resen t the  d e s ire d  approxim ate 

reduced rank s o lu t io n s . Both and are  dimensioned p x (p - r )  and 

rep resen t the  re je c te d  components o f  V and A, Using th e  p a r t i t io n in g  

to  re w r ite  (37) we o b ta in

"1 = A

^11 l i

^21 ^22
[^11 ' ' î ]

■ [ " i ' l l  *  V 2 l |  ■ g i  I ‘ 2] ’
where T g ,, and rep resen t the  a p p ro p r ia te  p a r t i t io n in g

o f  th e  tra n s fo rm a tio n  m a tr ix ,  T j , From these re s u lts  we see th a t  

(th e  r  re ta in e d  components o f  the b a s is , depends no t o n ly  upon the 

r  components re ta ined  from p r in c ip a l components a n a ly s is ,  V j,  bu t a ls o  

on the  p - r  re je c te d  components, V^, Thus, the  r components o f  Vj 

cannot be used to  p e r fe c t ly  reproduce A  ̂ by means o f  an o rthogona l 

tra n s fo rm a tio n . Furtherm ore, the  m a tr ix  T j^  in  (44) Is  no t guaranteed 

to  be o rth o g o n a l. In  which case = A^* would no t be an o rthogona l

ro ta t io n  o f  V j , and A j*  does n o t,  in  g e n e ra l, equal A ^,

A lthough we have argued a g a in s t the  in te r p r e ta t io n  o f  B, i t  

is  the  m a tr ix  which Is  u s u a lly  in te rp re te d  in  p ra c t ic e  ( e .g . ,  K a ise r, 

1963; M u la ik , 1972, p, 191; Veldman, 19&7, p, 21 8 ), I t  was p o in te d  

o u t e a r l ie r ,  (2 8 ), th a t  B Is  a cova riance  m a tr ix .  Due to  the  

unbounded na tu re  o f  covariances i t  m ight be p re fe ra b le  to  resca ie  

the  e n tr ie s  o f  B in to  c o r re la t io n s  i f  one is  In te re s te d  In in te rp re t in g  

B, The necessary re s c a lin g  o f  B may be accom plished by p re m u lt ip ly in g
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B by a d iagona l m a tr ix ,  D, whose diagona l e n try  is  the  re c ip ro c a l 

o f  the  m u lt ip le  c o r re la t io n  c o e f f ic ie n t  fo r  p re d ic t in g  th e  j t h  v a r ia b le  

from  th e  p-1 o th e r v a r ia b le s .  Hence,

(45) D = ( I -  5% )"*,

and th e  resca led  m a tr ix , designated B*, is  g iven as

(46) B* = DB = ( I  -  S ^ )"^B .

A Numerical Comparison o f  P a tte rn  and S tru c tu re

Because the m a trice s  B and A a re  d i f f e r e n t  in  com p o s itio n .

I t  seems l i k e ly  th a t In te rp re ta t io n s  based on these m a tr ic e s  would be 

d i f f e r e n t .  These d iffe re n c e s  a re  demonstrated In a s e r ie s  o f  examples. 

In each o f  the  examples, the  Image cova riance  m a tr ix ,  G, was ob ta ined  

from th e  c o r re la t io n  m a tr ix ,  R, A p r in c ip a l axes decom position o f  G 

p rov ided  the  Image p a tte rn  m a tr ix  B, The resca led  p a t te rn  m a tr ix ,  B*, 

and th e  Image s tru c tu re  m a tr ix .  A, were then ob ta in ed  as in  (46) and 

(32 ), (Some o f  the im p ortan t m a trice s  re s u lt in g  from the  in te rm e d ia te  

com puta tiona l steps are  la b e lle d  and presented in  the  A ppend ix .) 

T y p ic a lly  In a p p lied  fa c to r  o r  p r in c ip a l components a n a ly s is ,  a subset 

o f  the  fa c to rs  ob ta ined  a re  ro ta te d  and in te rp re te d .  A lthough  th e re  

a re  many methods fo r  de te rm in in g  how many components to  r o ta te ,  we 

a r b i t r a r i l y  chose to  ro ta te  th re e . For purposes o f  in te r p r e ta t io n  in  

a p p lie d  w ork, a v a r ia b le  whose c o r re la t io n  w ith  a g iven  fa c to r  exceeds 

,30 Is  g e n e ra lly  considered to  c o n tr ib u te  to  the  d e f in i t io n  o f  th a t  

fa c to r .  T h is  conven tiona l ru le  was employed in  the  com parison o f  the
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v a rio u s  m a trice s  In the  examples. Since the  purpose o f  th is  paper is  

to  p o in t o u t the  d iffe re n c e s  between the In te rp re ta t io n  o f  the  p a tte rn  

m a tr ix ,  B, and the s tru c tu re  m a tr ix ,  A, the  examples focus on these two 

m a tr ic e s , The resca led p a tte rn  m a tr ic e s , 8 * , a re  a ls o  p ro v id ed .

The data employed In example one were the  In te rc o r re la t lo n s  

o f  the  e leven subscales o f  the Wechsler A d u lt in te l l ig e n c e  Scale 

(W echsler, 1955, p, 16), These In te rc o r re la t lo n s ,  based on the data 

from  150 males and 150 fem ales, a re  presented In th e  m a tr ix  M In Table I

In s e rt  Table I about here

The upper t r ia n g u la r  p o r t io n  o f  M con ta in s  the  c o r re la t io n s

between the  observed v a r ia b le s .  The diagonal elem ents a re  th e  squared

m u lt ip le  c o r re la t io n s  fo r  p re d ic t in g  each v a r ia b le  from  the rem aining

v a r ia b le s  ( I , e , ,  I -  S ^ ), and the  lower t r ia n g u la r  p o r t io n  c o n ta in s  the
2

Image cova riances . The m a tr ix  S may be ob ta ined  by ta k in g  I minus the  

d iagona l elem ents o f  M, Thus, Table I co n ta in s  a l l  o f  the ba s ic  

In fo rm a tio n  necessary to  conduct an Image a n a ly s is ,  A p r in c ip a l axes 

decom position o f  G y ie ld e d  the m a tr ix  B, which was resca led  in to  B*, and 

the  m a tr ix  A was ob ta ined as In  (3 2 ), The th re e  m a tr ic e s  re s u lt in g  

from  a Varimax ro ta t io n  o f  B, B*, and A a re  presen ted In Tab le  2 and 

a re  s u b sc rip te d  w ith  an r .

in s e r t  Tab le  2 about here



P a tte rn
20

From Table 2 I t  may be seen th a t  th e  e n tr ie s  In suggest a s o lu t io n  

w h ich c o n ta in s  two fa c to rs  (Factors  I and H )  which a re  each de fin e d  

by a l l  bu t one o f  the  v a r ia b le s ,  and a t h i r d  fa c to r  de fine d  by a small 

lo a d in g  on v a r ia b le  9, A s o lu t io n  which c o n ta in s  two general type 

fa c to rs  Is  o f  q u es tio na b le  u t i l i t y .  A c o n s id e ra b ly  d i f f e r e n t  s o lu t io n  

Is  ob ta ined  by an exam ination  o f  A^. In A^, F ac to r I Is  de fine d  by 

a l l  o f  the  v a r ia b le s  but 9 and 11, and F ac to r I I  Is  de fine d  by v a r ia b le s  

1, 8 , 9, 10, and 11, And, F acto r I I I  Is  de fine d  by v a r ia b le s  2 , 7, 8 ,

9 , and 10,

An exam ination  o f  o r  A^ suggests th a t  an o b liq u e  s o lu t io n

would p robab ly  be needed to  o b ta in  s im p le  s t ru c tu re ,  bu t the  p o in t to

be made here Is  th a t B^ and A^ lead to  d i f f e r e n t  in te rp re ta t io n s  

concern ing  the  na tu re  and the com position  o f  the  v a r ia b le s  u n d e rly in g  

the  observed v a r ia b le s .

The second example was taken from  Veldman (1967, p. 222) In

w hich a t r a d i t io n a l  Image a n a ly s is  was perform ed on a s e t o f  r e a l,

S e lf-R e p o rt Inve n to ry  (Sown, 196I )  data (N=16), The upper t r ia n g u la r  

p o r t io n  o f  the  c o r re la t io n  m a tr ix  and th e  low er t r ia n g u la r  p o r t io n  

o f  the  Image covariance m a tr ix ,  to  in c lu d e  the  d ia g o n a l, a re  presented 

In  Table 3 as the  m a tr ix ,  M, As In example one, the  m a trice s  B, B*, 

and A were computed and s in ce  Veldman's example con ta ined  th re e  ro ta te d  

fa c to r s ,  we a lso  ro ta te d  th re e  fa c to rs  to  f a c i l i t a t e  com parison. The 

re s u lta n t  m a tr ic e s , B^, B*^, and A^, a re  presen ted in  Table h.
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In s e rt  Tables 3 and 4 about here

In Table 4 , Factor I In is  d e fin e d  by a l l  o f  th e  v a r ia b le s  except 

v a r ia b le s  4 , 6, and 7 , w ith  v a r ia b le  2 c o r re la t in g  h ig h e s t w ith  th is  

fa c to r ,  In A^, however, v a r ia b le  1 does no t c o n tr ib u te  to  the  

In te rp re ta t io n  o f  F acto r I ,  There a re  no no tew orthy d iffe re n c e s  

between the  In te rp re ta t io n s  o f  F ac to r I I  g iven and A^, T h is  Is  

no t the  case w ith  F ac to r I I I ,  In B^, F acto r I I I  Is  d e fin e d  by v a r ia b le s  

3, 4 , 5, and 6. In A^, however, o n ly  v a r ia b le s  3 and 7 c o n tr ib u te  to  

the  d e f in i t io n  o f  F acto r I I I ,  The in te rp re ta t io n  o f  F ac to r I I I ,  based 

on B^ is  con s id e rab le y  d i f f e r e n t  from  the in te r p r e ta t io n  o f  F ac to r I I I  

p rov ided  by A^, A d d it io n a l ly ,  A^ looks " n ic e r "  in  terms o f  s im p le  

s t ru c tu re .  In A^ o n ly  two v a r ia b le s  (3 and 7) load on two o r  more 

fa c to rs ,  whereas in  B^, 4 o f  the  8 v a r ia b le s  load on two o r  more o f  

the fa c to rs ,

The th ir d  and f in a l  example was a h y p o th e tic a l example taken 

from Harman (1967, p , 8 8 ), As In the preced ing two exam ples, the  

c o r re la t io n s  and image cova riances were ob ta ined  and a re  presented as 

M In  Tab le  5. The m a trice s  B, B*, and A were computed and the  m a trice s  

B^, B*p, and A^, r e s u lt in g  from  the ro ta t io n  o f  th re e  fa c to r s ,  a re  

presented In  Table 6 ,

In s e r t  Tables 5 and 6 about here
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I t  may he noted from Table 6 th a t  F ac to r I in  is  d e fin e d  by 

m eaningful load ings on the f i r s t  th ree  v a r ia b le s . F ac to r I in  

is  d e fine d  by the same v a r ia b le s ,  1, 2 , and 3, w ith  s l i g h t ly  la rg e r  

lo a d in g s . Regarding Factor I I ,  in  we see th a t  i t  is  d e fin e d  by 

a l l  s ix  v a r ia b le s , whereas in  A^, F acto r I I  is  d e fin e d  by v a r ia b le s  

1, 4 , 5 , and 6. Hence, the re  is  a con s id e rab le  d if fe re n c e  in  the  

in te rp re ta t io n  o f  th a t fa c to r .  F in a l ly ,  F acto r I I I  in  B̂ . and in  A^ 

is  d e fin e d  by v a r ia b le  3.

In th is  la s t  example the re  is  a d if fe re n c e  in  the  id e n t i f i c a t io n  

o f  F ac to r I I ,  and as in  the second example, Aj. p resen ts  a b e t te r  

o v e ra l l appearance c f  s im ple s tru c tu re  than does B^.

Summary and Conclusions 

In the present paper we have presented the b a s ic  models fo r  

common fa c to r  a n a ly s is , image a n a ly s is ,  and p r in c ip a l components 

a n a ly s is .  We have emphasized the  d is t in c t io n  between p a tte rn  (a 

m a tr ix  o f  w e igh ts  on u n d e rly in g  v a r ia b le s  which reproduce p o r tio n s  o f 

the o r ig in a l  v a r ia b le s )  and s tru c tu re  (a m a tr ix  o f  cova riances among 

the observed v a r ia b le s  and the u n d e rly in g  v a r ia b le s ) .  I t  is  w e ll known 

th a t  p a tte rn  and s tru c tu re  are  the same fo r  o rthogona l common fa c to r  

a n a ly s is  and p r in c ip a l components a n a ly s is .  T h e re fo re , id e n t i f i c a t io n  

o r  d e f in i t io n  o f  the fa c to rs  based on the  p a t te rn -s t ru c tu re  m a tr ix  is  

an accep tab le  p ra c tic e  in  these two models. For o rthogona l image 

a n a ly s is ,  however, the p a tte rn  is  no t s im u lta n e o u s ly  a s t r u c tu r e .  An
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image s t ru c tu re  m a tr ia  was d e r iv e d , and i t  was argued th a t  s t ru c tu re ,  

no t p a t te rn ,  is  most a p p ro p ria te  fo r  in te rp re t in g  the s t ru c tu re  o f  

observed da ta . S ince the p a tte rn  and s tru c tu re  are d i f f e r e n t  in  

image a n a ly s is ,  i t  is  l i k e ly  th a t the in te rp re ta t io n s  o f  the  

d e rive d  v a r ia b le s  based on these m a trice s  would a lso  be d i f f e r e n t .

The d if fe re n c e s  which re s u lt  from  in te rp re t in g  image p a tte rn  versus 

image s t ru c tu re  were demonstrated in  th re e  num erica l examples. In a l l  

o f  the  examples th e re  was an im p ortan t d if fe re n c e  In the  in te rp re ta t io n  

o f  a t le a s t one o f  the fa c to rs  ob ta in e d . I t  is  recommended th a t  fo r  

a p p lie d  image a n a ly s is  the s tru c tu re  m a tr ix  as de rived  in  th is  paper 

be in te rp re te d  because o n ly  th is  m a tr ix  a llow s one to  determ ine the 

re la t io n s h ip s  between the d e rive d  v a r ia b le s  (the  image b a s is )  and the 

o r ig in a l  v a r ia b le s .  I t  was a lso  shown th a t ,  in  the case o f  f u l l  rank 

G and R, the  image s tru c tu re  m a tr ix .  A , is  a Gram fa c to r  o f  the  

c o r re la t io n  m a tr ix ,  and th e re fo re , is  l in e a r ly  re la te d  to  the  p r in c ip a l 

components s tru c tu re  m a tr ix  (a ls o  a Gram fa c to r  o f  the  c o r r e la t io n  

m a t r ix ) .
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Tab le  1

M a tr ix  o f  C o rre la t io n s  and Image C ovariances f o r  

I I  WAIS Subscales

M =

( .7 6 ) .70 .66 .70 .53 .81 .57 .67 .58 .62 .45

.64 (.5 9 ) .49 .62 .40 .73 .44 .56 .49 .57 .43

.57 .50 (.4 9 ) .55 .49 .59 .43 .50 .51 .49 .37

.67 .58 .51 (.6 0 ) .46 .74 .53 .56 .52 .52 .39

.49 .42 .39 .43 (.3 5 ) .51 .41 .39 .39 .47 .30

.73 .64 .58 .65 .49 (.7 6 ) .60 .61 .53 .62 .43

.54 .49 .44 .48 .37 .53 (.4 4 ) .48 .47 .51 .44

.60 .54 .50 .53 .41 .60 .47 (.5 6 ) .62 .57 .54

.56 .49 .45 .48 .38 .55 .45 .53 (.5 6 ) .58 .61

.60 .51 .48 .54 .39 .58 .46 .53 .51 ( .5 4 ) .52

.47 .39 .37 .41 .31 .44 .36 .45 .45 .44 (.4 5 )



Table 2

Rotated P a tte rn  and S tru c tu re  M a trice s  fo r  

11 WAIS Subscales

M a tr ix V a riab le
Factor

1 I I I I I

1 .74 .44 .12
2 .65 .32 .24
3 .55 .34 .19
If .68 .37 .08
5 .47 .27 .16
6 .75 .38 .17r
7 .49 .34 .25
8 .49 .50 .25
9 .38 .54 .33

10 .50 .50 .15
11 .27 .61 .07

1 .84 .50 .13
2 .84 .42 .31
3 .79 .49 .27
4 .87 .47 .11
5 .80 .46 .28

B* 6 .86 .43 .19r
7 .74 .52 .38
8 .66 .66 .33
9 .51 .72 .44

10 .68 .69 ,20
11 ,40 .90 .10

1 .84 .34 .21
2 .66 .12 .50
3 .61 .28 .27
1* .77 .29 .15
5 .53 .20 .23

Ar 6 .89 .18 .29r
7 .47 .26 .48
8 .43 .51 .49
9 .27 .57 .64

10 .48 .57 .30
I I .19 .86 .17



M =

Table 3

M a tr ix  o f  C o rre la tio n s  and Image Covariances 

f o r  Veldman's Data

(.6 1 ) .18 .47 .27 .24 - .3 9 .56 -.0 3

.30 (.68 ) .62 .55 .55 -.2 2 .02 .39

.30 .42 (.61 ) .26 .32 - .0 5 .27 .31

.21 .37 .36 (.41 ) .35 - .3 7 .14 .26

.08 .40 .32 .32 (.5 6 ) -.21 - .3 0 .11

-.2 5 -.1 6 -.21 - .2 7 - .1 5 (.33 ) - .2 8 -.11

.34 -.0 2 .22 .10 - .0 5 - .1 9 (.56 ) -.01

.05 .31 .19 .19 .18 -.01 .02 (.22 )



Table  4

Rotated P a tte rn  and S tru c tu re  M a trice s  fo r  

Veldman's Data

M a tr ix V a ria b le
F acto r

1 11 I I I

1 .33 .66 - .0 0
2 .76 .09 .28
3 .36 .33 .47
4 .28 .17 .49
5 .32 -.11 .60
6 - .0 2 -.3 3 - .3 4
7 - .1 5 .67 .10
8 .35 -.01 .15

1 .43 .85 - .0 0
2 .92 .11 .35
3 .46 .43 .61
4 .44 .27 .77

B *r 5 .43 -.1 5 .80
6 - .0 3 - .5 8 -.6 0
7 - .2 0 .89 .13
8 .75 - .0 3 .31

1 .15 .90 ,00
2 .92 .18 -.0 3
3 .59 .36 .52
4 .58 .30 .07
5 .77 - .0 6 .02
6 -.21 - .4 8 -.0 2
7 - .2 5 .80 .38
8 .43 .01 .06



M =

Table 5

M a tr ix  o f C o rre la tio n s  and Image Covariances 

Harman's I l lu s t r a t i v e  Example

(.6 6 ) .72 .75 .49 .42 .28

.64 (.66) .78 .42 .36 .24

.61 .61 (.69 ) .35 .30 .20

.38 .37 .39 (.3 2 ) .42 .28

.34 .32 .33 .25 (.2 5 ) .24

.23 .22 .22 .18 .16 (.12 )



Table 6

Rotated P a tte rn  and S tru c tu re  M a trices  fo r  

Harman's i l lu s t r a t iv e  Example

M a tr ix
F acto r

1 I I I I I

i .67 .41 .20

2 .69 .35 .22

3 .53 .37 .53

=r 4 .23 .46 .20

5 .22 .42 .11

6 .14 .30 .06

i .82 .50 .24

2 .85 .43 .27

B*r
3 .63 .44 .63

4 .40 .81 .35

5 .43 .84 .22

6 .42 .87 .18

.83

.91

.80

.20

,21

.12

.43

.21

.16

.83

.71

.53

-.00

.06

.57

.16

.02

-.01



APPENDIX

INTERMEDIATE COMPUTATIONAL MATRICES



I N T E R M E D I A T E  C O M P U T A T I O N A L  M A T R I X

R I N V E R S E

F O R  1 1  W A I S  S U B  S C A L E S

4 .  170 - 0 . 5 9 C - 0 . 7 5 0 - 0 . 3 3 C - 0 . 2 6 0 - 1 • 4SC - C . 2 1 0 - 0 . 7 0 0 - 0 . 1 7 0 - 0  . 1 6 0 0 . 140

>0.590 2 . 460 0 . 0 6 0 - 0 . 2 7 0 0 . 0 8 0 - 0 . 9 9 C 0 . 230 - 0 . 1 3 0 O.COC - 0 . 3 0 0 - 0 . 1 8 0

• 0 . 7 5 0 C.06C 1 . 9 6 0 - 0 .  I 90 - 0 . 3 1 0 - C .  I  1C 0 . 020 - 0 . 0 2 0 - 0 . 2 8 0 -C  . 0 5 0 0 . 090

■0.330 - 0 . 2 7 0 - 0 . 1 9 0 2 . 5 2 C - 0 . 1  I G - 0 . 9 7 0 - 0 . 2 1 0 - C . 1 5 0 - 0 . 2 3 0 0 . 0 9 0 0 . 0 8 0

0 . 2 6 0 O.OBO - 0 . 3 1 0 - 0 . 1  1C I . 5 5 0 - 0 • 1 7 0 - C . 120 0 . 0 6 0 - C . C 3 C - 0 . 2 7 0 0 . 0 3 0

■1 . 4 5 0 - 0 . 9 9 0 - 0  . 1 I 0 - 0 . 97C - C . I  70 4 . 2 3 C - 0 . 5 5 0 - 0 . 0 9 0 0 . 1 6 0 - 0 . 3 3 0 0 . 0 9 0

• 0 . 2 1 0 C.23C 0 . 0 2 0 - 0 . 2  10 - 0 . 1 2 0 - 0 . 5 5 0 1 . 780 - 0 . 0 4 0 - 0 . 0 9 0 - 0  . 2 0 0 - 0 . 2 6 0

• 0 . 7 0 0 - C . 1 3 0 - 0  . 0 2 0 —0 . 1 5 0 0 . 0 6 0 - 0 . 0 9 0 - 0  . 040 2 . 2 9 0 - 0 . 4 9 0 - 0 . 1 9 0 - 0 . 3 7 0

• 0 . 1 7 0 0 . 0 0 0 - 0 . 2 8 0 - C . 2 3 C - 0 . C 3 0 0 .  160 - 0 . 0 9 0 - 0 . 4 9 0 2 . 2 5 0 - 0 . 3 5 0 — 0 . 680

•0.  160 - C . 3 9 0 - 0 . 0 5 0 0 . 0 9 0 - 0 . 2 7 0 - 0 . 3 3 0 - 0  . 200 - 0 . 1 9 0 - 0 . 3 5 0 2 .  150 - 0 . 3 1 0

0 . 1 4 0 - 0 . 1  80 0 . 0 0 0 0 . 0 8 0 0 . 0 3 0 0 . 0 9 0 - C . 2 6 0 - 0 . 3 7 0 —C. 6 8 0 - 0 . 3 1 0 1 . 8 2 0



I N T E R M E D I A T E  C O M P U T A T I O N A L  M A T R I X

0

F O R  U  W A I S  S U B S C A L E S

0 . 8 5 0 - 0 . 1 1 0 —0 . 0 9 0 - 0 . 0 8 0 - 0 . 0 7 0 - 0 .  320 - 0 . 0 2 0 0 . 0 2 0 - 0 . 0 4 0 0 . 0 0 0 0 . 0 2 0

0 . 7 4  0 - 0 . 2  20 0 . 0 7 0 - C . 0 8 0 0 . 0 5 0 C . 060 0 . C8 0 3 . CIO - 0 . 0 2 0 0 . 0 2 0 - 0 . 0 1 0

C . 6 8 0 — 0 . 0 5 0 0 . 0 3 0 C. I 00 0 . 0 9 0 - 0 . 0 6 0 - 0  . 060 0 . C 4 0 - 0 . C 4 0 o.coo 0 . 0 0 0

0 . 7 6 0 - 0 . 1 3 0 - 0 . 0 9 0 - c . o s o 0 . 0 3 0 0 .  000 - 0 . 0 2 0 - 0 . 0 4 0 0 . 0 0 0 - 0 . 0 2 0 - 0 . 0 2 0

0 . 5 7 0 - 0 . 0 6 0 0 . 0 3 0 C . 0 3 0 - 0 . 0 7 0 - 0 . 1 4 0 0 . 0 5 0 - 0 . 0 4 0 0 . 0 1 0 0 . 0 1 0 0 . 0 0 0

0 . 8 4 0 - 0 . 1 6 0 - 0 . 0 2 0 0 . 1  30 - 0 . 0 7 0 0 . 0 3 0 0 . 020 0 . 0 2 0 C . 0 4 0 0 .000 0.000

0 . 6 4 0 0 . 000 0 . 1 0 0 —0 . 0 7 0 0 . 0 5 0 - 0 . 3 4 0 C.OCO 0 . 0 3 0 C.C60 - 0 . 0 1 0 0 .010

0 . 7 3 0 0 . 1  10 0 . 0 5 0 0 .  060 0 . 0 7 0 0 . 0 3 0 C . 0 3 0 — 0.060 - 0 . 0 2 0 - 0 . 0 1 0 0.010

0 . 6 9 0 0 . 2 3 0 0 . 1 2 3 - 0 . C 2 C - 0  .1 10 0 . 0 2 0 - 0  . 0 4 0 0 . 0 1 0 - 0  . 0 2 0 -0.010 — 0.010

0 . 7 1 0 0 . 1 0 0 - 0 . 0 5 0 - 0 . 0  20 0 . 0 3 0 0 . 0 3 0 - 0 . 0 9 0 - 0 . C 3 C 0.030 0 . 0 3 0 0.000

0.580 0.300 - 0 . 1 3 0 0 . 0 1  C 0 . 0 2 0 - 0 . 0 2 0 0 . 0 7 0 0.030 0.010 0 .000 0.000



I N T E R M c D I A T E  C O M P U T A T I O N A L  M A T R I X

B  S T A R

F O R  I I  W A I S  S U S  S C A L E S

0 . 9 8 0 >0 • I 20 - 0 . 1 0 0 - 0 . 0  90 - 0 . 0 8 0 - 0 . 0 2 0 - 0 . 0 2 0 0 . 0 2 0 - 0  . 0 4 0 - 0  .CIO 0 . 020

0 .  970 - 0 . 1 6 0 0 . 090 - 0  • I I 0 0 . 0 7 0 0 . 0 7 0 0 . 1 0 0 0 . 0 2 0 - 0 . C 3 0 0 . 0 3 0 - 0 . 0 1 0

0 . 9 7 0 - 0 • 0 8 0 0 . 0 4 0 0 . 1 5 0 0 . 1  30 - 0 . 0 9 0 - 0 . 0 8 0 0 . 0 6 0 - 0 . C 6 C 0 .CCO - 0 . 0 1 0

0 . 9 7 0 - 0 . 1 7 0 - 0 . 1 2 0 - 0 . 0 7 0 C. 0 3 0 0 . 000 - C . 0 3 0 —0 . 0 5 0 O.COO -C . 0 2 0 - 0  . 0 3 0

0 . 9 5 0 - 0 . 1 0 0 0 . 0 5 0 0 . 0 6 0 - 0  . 1 10 - C . 2 3 0 0 . 080 - 0 . C 7 0 0 . 0 2 0 O.C20 C.OOn

0 . 9 6 0 - 0 . I 80 - 0 . 0 3 0 0.  1 SC - 0 . 0 8 0 0 .  100 0 . 0 2 0 0 . 0 2 0 0 . 0 4 0 0 . 003 0 . 0 0 0

0 . 9 7 0 - 0 . 0 1 0 0 .  1 5 0 - 0 . 1 1 0 0 . 0 8 0 - 0 . 0 6 0 0 .CCO 0 . 0 5 0 0 . 1 0 0 -C . 0 2 0 0 . 0 1 0

0 . 9 7  0 0 . 1 5 0 0 . 060 0 . 0 7 0 0 . 0 9 0 0 . 0 4 0 0 . 040 - 0 . 0 9 0 - O . C 3 0 - 0 . 0 2 0 0 . 0 2  0

0 . 9 2 0 0 . 310 0 . 1 6 0 - 0 . 0 3 0 - 0 . 1 5 0 0 .  030 -O.OSO 0 . 0 1 0 - 0  .03C - 0 . 0 1 0 - 0  . 020

0 . 9 8 0 0 . 1 3 0 - 0 . 0 7 0 - 0 . 0  30 3 . 0 4 0 C. 040 - 0  . 130 - 0 . 0 4 0 0.C4C 0 . 030 O.OCO

0 . 8 6 0 0 . 4 5 0 - 0 . 2 0 0 C.O 10 0 . 0 3 0 - 0 . 0 3 0 0 . 1 2 0 0 . 0 5 0 O.C 1C 0 . 0 0 0 - O . C I O



i n t e r m e d i a t e  c o m p u t a t i o n a l  m a t r i x

F O R  11  W A I S  S U B S C A L E S

0 . coo 0 . 1 4 0 0 . 1 8 0 0 . 0 8 C 0 . 0 6 0 0.  350 0 . 0 5 0 C. 170 0 . C 4 0 0 . 0 4 0 - 0  . 030

3 . 2 4 0 O.COO - 0 . 0 2 3 0 . 1 1 0 - 0 . 0 3 0 0 . 4 0 0 - 0 . 0 9 0 0 . 0 5 0 O.COC 0 . 1 2 0 0 . 0 7 0

C . 3 8 0 - 0  .C3Û 0 . 3 0 0 0 . 1 00 0 .  160 0 .  060 - 0 . 0 1 0 0 . 0 1 0 0 . 1  40 0 . 0 3 0 C.OOO

0 .  130 0 . 1 1 0 0 . 0 8 3 O.COC 0 . 0 4 0 C. 3SC 0 . oeo 0 . 0 6 0 0 . C 9 0 - 0  . 0 4 0 - 0  . 030

0 .  170 - C . C 5 0 0 . 2 0 3 3 . 0  70 C .CCO C . l l O 0 . 0 8 0 - 0  . 040 0 . C2 0 0 . 1 7 0 - 0 . 0 2 0

0 . 3 4 0 0 . 2 3 0 0 • 0 30 0 . 2 3 0 0 . 0 4 0 0 . 000 0 .  130 0 . 0 2 0 - 0 . 0 4 0 C . 0 8 0 - 0 . 0 2 0

0.  120 - 0 . 1 3 0 - 0 . 0 1 0 0.  12C 0 . 0 7 0 0 . 3 1 0 o.coo 0 . 0 2 0 0 . 0 5 0 0 . 1 1 0 0 . 1 4 0

0 . 3 0 3 0 . 0 6 0 0 . 0  10 0 . 0 6 0 — 0 . 0 3 0 C . 040 0 . 0 2 0 C.OOO 0 . 2 1 0 0 . 0 8 0 0 . 1 6 0

0 . 0 7 0 0 . 0 0 0 0 . 1 3 3 0 .  1 CO 0 . 0 1 0 - 0 . 0 7 0 0 .  340 0 . 2 2 0 c.coc 0 . 1 6 0 0 . 300

0 .  070 0 .  140 0 . 0 2 0 - 0 . 0 4 0 0 . 1 3 0 0 .  I 6C 0 . 0 9 0 0 . 0 9 0 0 . 1 6 0 0 . 000 0 . 1 4 0

■0.030 0 . 1 0 0 0 . 0 0 0 —0 . 0 4 0 - 0 . 0 1 0 -C.OSO 0 . 1 4 0 0 . 2 0 0 0 . 3 7 0 e .  170 0 . 0 0 0



I N T F R M S D I A T E  C O M P U T A T I O N A L  M A T R I X

M I N V E R S E  

F O R  I I  W A I S  S U B  S C A L E S

-2 .ÜOC 1 . 400 I . 6 6 0 3.  I 1 C : . S 6 C 0 . 030 - 2 . 1 8 0 - 0 . 9 9 0 1 . 5 7 0 - 0 . 6 1 0 - 0 . 0 2 0

2 . 3 7 0 1 .A90 - 1 . 5 5 0 - 4 . 3 0 C 0 .  160 I . 200 - 2 . 1 6 0 ! . 130 - 2 . 0  00 3 . 9 5 0 - 0 . 5 6 0

3 . 5 5 0 - 1 . 9 6 0 0 . 1 5 0 - 0 . 87C 1 . 8 4 0 -  I . 5 7 0 - 1 . 2 2 0 2 . 6 7 0 0 . 2 5 0 - C . 6 7 0 - 1 . 5 3 0

5 .  160 - 4 . 2 1 0 - 0 . 6 7 0 - 2 . 3 5 0 - 3 . 0 4 0 1 . 750 5 . 0 6 0 4 .  140 - 1 . 2 7 0 - 4 . 3 3 0 - 0  . 520

I . 5 2 0 0 . 2 5 0 2 . 3 3 0 - 4 . 95C 1 • 060 0 .  IOC 0 . 5 9 0 - 2  *950 - 1 . 5 4 0 S . 310 - 0  . 5 8 0

0 . 0 3 0 0 . 7 0 0 - 0 . 7 3 0 I . 0 5 0 0 . 0 4 0 - C . 1 7 T 0 . 0 7 0 - 0 . 2 3 0 - 0 . 5 1 0 0 . 2 9 0 - 0 . 1 2 0

- S . 100 - 2 . 9 9 0 - Î  . 3 5 0 7.  170 0 . 5 2 0 2 .  060 2 . 5 2 0 - 2 . 4 2 0 1 . 9 4 0 - 1  . 6 7 0 1 . 260

- 1 • 7 9 0 1 . 220 2 . 2 4 0 4 , 5 5 0 - 1  . 9 9 0 - C . 4 2 C - 1 . 8 8 0 - 3 . 2 9 0 3 . 9 4 0 - 3  . 0 2 0 1 . 6 7 0

2 .91 0 - 2 . 1 8 0 0 . 2 2 0 - 1 . 4 3 0 -1 . 0 6 0 - 0 . 9 7 0 1 . 5 3 0 4 . 0 2 0 - 1 . 7  10 - 1 . 2 4 0 0 . 6 6 0

- I . 190 4 . 5 2 0 - 0 . 6 1 0 - 5 . C 6 C 3 . 8 2 0 0 .  570 - I . 3 8 0 - 3 . 2 1 0 - 1  . 300 4 . 5 6 0 I  . 500

"*0 .  050 - 0 . 7 5 0 - 1 . 6 5 0 - 0 . 7 2 0 - 0 . 5 0 0 - 0 . 2 7 0 1 . 230 2 . 1 0 0 0 . 8 1 0 1 . 780 - I . 320



I N T E R M E D I A T E  C O M P U T A T I O N A L  M A T R I X

W I N V E 3 S E  B

F O R  I I  W A I S  S U B S C A L E S

0 . 9 1 0 - 0 . 2 0 0 0 . 1 0 0 0 . 2 2 0 0 . 1 0 0 0 . 0 2 0 0 . 0 0 0 - 0 . 0 8 0 - 0 . 1 4 0 0 . 0 1 0 - 0 . 2 0 0

0 . 7 8 0 - 0  • 2 40 - 0 - 2 7 0 0 . 0 6 0 - 0 . 1 2 0 0 .43 C 0 , 0 1 0 - 0 . 1 1 0 —0 . 0 5 0 0 . 2 3 0 0 . 1 8 0

0 . 7 1 0 - 0 . 0 8 0 0 . 0 0 0 C . 0 3 0 —0 . 3 6 0 - 0 . 4 1 C - 0 . 1 2 0 - 0 . 2 7 0 - 0  . 2 9 0 — 0 . 0 5 0 0 . 1 3 0

0 . 8 0 0 - 0 . 2 2 0 0 .  120 0 . 1  00 - 0 . 1 1 0 0 . 0 8 0 0 . 0 9 0 0 . 2 4 0 0 . 0 8 0 - 0  . 3 3 0 0 . 3 0 0

0 .  60 0 - 0 . 1 0 0 - 0 . 0 2 0 0 .  1 30 0 . 0 7 0 - 0 . 2 9 0 — 0 . 5 6 0 0 . 3 1 0 0 . 1 2 0 0 . 2 8 0 0 . 1 3 0

0 .  890 - 0 . 3 1 0 —0 . 0 5 0 - 0 . 2 8 0 0 .  I 00 0 . 0 2 0 0 . 0 5 0 - 0 . 0 4 0 0 . 0 9 0 0 . 0 0 0 - 0 . 0 1 0

0 . 6 8  0 0 . 0 7 0 - 0 . 2 0 0 0 . 1 0 0 - 0 . I 70 - 0 . 1 0 0 — 0 . 0 5 0 - 0 . 0 9 0 0 . 5 5 0 - 0 . 2 1 0 - 0 . 2 9 0

0 . 7 8 0 0 . 2 7 0 —0 . 0 3 0 - 0 . 1 4 0 - 0 . 1 3 0 0 .  130 - 0 . 0 4 0 0 . 3 0 0 - 0 . 2 9 0 - 0 . 1 0 0 - 0  . 280

C . 7 4 0 0 . 4 7 0 - 0 . 1 9 0 0 .  07 0 0 . 3 0 0 - 0 . 1 4 0 0 . 080 - 0  . 0 6 0 - 0 . 1 0 0 - 0 . 1 4 0 0 . 1 9 0

0 . 7 7 0 0 . 2 1 0 0 . 1  10 0 . 0 0 0 - 0 . 1 1 0 - 0 . ISO 0 . 3 2 0 0 .  130 0 . 1 6 0 0 . 4 2 0 0 . 0 2 0

0 . 6 3 0 0 . 5 4 0 0 . 3 6 0 -  0.  I  50 - 0 . 0 1 0 0.  220 - 0 . 2 1 0 - 0 . 2 2 0 0 . 1 3 0 - 0 . 0 1 0 0 . 070



I N T E R M E D I A T E  C O M P U T A T I O N A L  M A T R I X

R I N V E R S E

F O R  V E L D M A N * S  D A T A

2 . 5 7 0 0 . 9 2 0 - 1 . 1 2 0 - 0 . 2 6 0 - 0 . 9 7 0 0 . 5 4 0 - 1 . 2 5 0 0 . 2 8 0

0 . 9 2 0 3 . 0 9 0 - 1 . 5 8 0 - 0 . 9 5 0 - 1 . 0 5 0 0 . 2 7 0 - 0 . 2 5 0 —0 . 3 0 0

1 . 1 2 0 - I . 5 8 0 2 . 5 6 0 0 . 4 0 0 0 . 0 0 0 - 0 . 6 2 0 - 0 . 2 8 0 - 0 . 3 8 0

0 . 2 6 0 - 0 . 9 5 0 0 . 4 0 0 1 . 6 9 0 - 0 . 1 2 0 0 . 2 6 0 - 0 . 1 5 0 - 0 . 1 5 0

0 . 9 7 0 - I . 0 5 0 0 . 0 0 0 - 0 . 1 2 0 2 . 2 7 0 0 . 2 2 0 1 . 3 3 0 0 . 2 0 0

0  . 5 4 0 0 . 2 7 0 - 0 . 6 2 0 0 . 2 6 0 0  . 2 2 0 1 . 4 9 0 0 . 3 2 0 0 .  1 8 0

1 . 2 5 0 - 0 . 2 5 0 - 0 . 2 8 0 - 0 . 1 5 0 1 . 3 3 0 0 . 3 2 0 2 . 2 9 0 0 . 1 0 0

0 . 2 6 0 —0 • 3 0 0 —0 . 3 8 0 - 0 . 1 5 0 0 . 2 0 0 0 . 1 8 0 0 . 1 0 0 1 . 2 8 0



I N T E R M E D I A T E  C O M P U T A T I O N A L  M A T R I X

B

FOR V E L D M A N * S  DA TA

0 . 3 1 0 - 0 . 4 6 0 - 0 . 2 7 0 0 . 2 0 0 0 .  1 3 0 — 0 . 0  7 0 - 0 . 0 7 0 0 . 0 1 0

0 . 7 0 0 0 . 2 6 0 - C . 3 0 0 0 . 0 2 0 - 0 . 0 3 C 0 . 0 6 0 0 . 0 9 0 - 0 . 0 1 0

0 . 6 8 0 - 0 . 0 3 0 0 . 0 9 0 — 0 . 2 6  0 - 0 . 0 7 0 - 0 . 2 7 0 C .O OO 0 . 0 0 0

0 . 5 6 0 0 . 0 8 0 C.  1 6 0 0 . 0 9 0 - 0 . 1 7 0 0 . 0 8 0 - 0 . 1 1 0 - 0 . 0 1 0

0 . 5 2  0 0 . 3 8  0 C . 2 4 C 0 . 0 5 C 0 . 2 9 0 0 . 0 3 0 O . C O O 0 . 0 0 0

0 . 3 7 0 0 . 2 0 C - 0 . 2 2 0 - 0  . 2 7 0 C . 1 4 0 - 0 . 0 2 0 - 0 . 0 9 0 - 0 . 0 1 0

0 . 2 7 0 - 0 . 6 2 0 0 . 1 1 0 - 0 . 2 2 C 0 .  0 7 0 0 .  1 7 0 0 . 0 4 0 - 0 . 0 1 0

0 . 3 1 0 0 .  1 8 0 - 0 . 1 2 0 —0 . 1 8 0 - 0 . 0 7 0 0 . 1 9 0 - C . 0 4 0 0 . 0 2 0



I N T E R M E D I A T E  C O M P U T A T I O N A L  M A T R I X  

B STAR  

FOR V E L D M A N * S  D A TA

0 « 6 6  0 - 0 . 5 8 0 - 0 . 3 5 0 0 . 2 5 0 0 . 1 6 0 - 0 . 0 8 0 - 0 . 0 8 0 0 . 0 1 0

0 . 8 6 0 0 . 3 6 0 —0 . 3 6 0 0 . 0 2 0 - 0 . 0 4 0 0 . 0 7 0 C . l l O - 0 . 0 2 0

0 . 8 7 0 - 0 . 0 4 C 0 .  1 t o - 0 . 3 3 0 - 0 . 0 9 0 - 0 . 3 5 0 0 .  0 0 0 0 . 0 0 0

0 . 8 8 0 0 .  1 3 0 0 . 2 6 0 0 .  1 4 0 - 0 . 2 6 0 0 .  1 3 0 - 0 . 1 8 0 - 0 . 0 2 0

0 . 7 0 0 0 . 5 0  0 0 . 3 2 0 0 . 0 6 0 0 . 3 9 0 0 . 0 4 0 0 . 0 0 0 0 . 0 0 0

0 . 6 5 0 0 . 3 5 0 - 0 . 3 8 0 - 0 . 4 7 0 0 . 2 4 0 - 0 . 0 4 0 - 0 . 1 6 0 - 0 . 0 2 0

0 . 3 6 0 -  0 . 8 3 0 0 .  1 5 0 - 0 . 3 0 0 0 .  1 0 0 0 . 2 3 0 C .  0 5 0 - 0 . 0 1 0

0 . 6 6 0 0 . 3 9  0 - 0 . 2 6 0 - 0 . 3 9 0 - 0 . 1 6 0 0 . 4 0 0 - 0 . 0 8 0 0. 0 5 0



i n t e r m e d i a t e  c o m p u t a t i o n a l  m a t r i x  

w

FOR V E L D M A N ' S  DATA

0 .  0 0 0 - 0 . 3 6 0 0 . 4 4 0 0 . 1 0 0 0 . 3 8 0 - 0 . 2 1 0 0 . 4 8 0 - 0 . 1 1 0

- 0 . 3 0 0 0 . 0 0  0 0 . 5 1 0 0 . 3 1 0 0 . 3 4 0 - 0 . 0 9 0 0 . 0 8 0 0 . 1 0 0

0 .  4 4 0 3 . 6 2 0 0 . 0 0 0 - 0 . 1 6 0 0 . 0 0 0 0 . 2 4 0 0 . 1 1 0 0 . 1 5 0

0 . 1 5 0 0 . 5 6 0 - 0 . 2 4 0 0 . 0 0 0 0 . 0 7 0 - 0 . I S O 0 .  0 9 0 0 . 0 9 0

0 . 4 3 0 0 . 4 6 0 0 . 0 0 0 0 . 0 5 0 0 . 0 0 0 - 0 . 1 0 0 - 0 . 5 8 0 - 0 . 0 9 0

- 0 . 3 6 0 - 3 . 1 8 0 0 . 4 2 0 - 0 . 1 7 0 - 0 . 1 5 0 0 . 0 0 0 - 0 . 2 1 0 - 0 . 1 2 0

0 . 5 5 0 0 . 1 1 0 0 . 1  2 0 0 . 0 7 0 - 0 . 5 8 0 - 0 . 1 4 0 C .  0 0 0 - 0 . 0 4 0

- 0 . 2 2 0 3 . 2 4 0 0 . 3 0 0 0 . 1 2 0 - 0 . 1 6 0 - 0 . 1 4 0 - 0 . 0  8 0 C.OOO



I N T E R M E D I A T E  C O M P U T A T I O N A L  M A T R I X

W I N V E R S E  

FOR V E L D M A N * S  D A TA

0 .  0 70 0 .  8 7 0 0 . 1 3 0 0 . 4 5 0 0 . 4 1 0 0 . 4 5 0 1 . 1 1 0 - 2 . 3 0 0

0 . 7 2 0 - 1 . 7 1 0 C . 9 7 0 - 0 . 9 1 0 0 . 4 4 0 - 1 . 4 0 0 - 1 . 2 6 0 3 . 6 2 0

0 . 1 3 0 1 . 1 7 0 C . 5 2 0 0 .  1 6 0 0 . 0  2 0 1 . 3 5 0 0 . 6 9 0 - 0 . 8 9 0

0 . 6 9 0 - 1 . 6 7 0 0 . 2 5 0 - 4 . 1 9 0 0 . 7 5 0 - 4 . 8 7 0 - 1  . 3 6 0 5 . 8 6 0

0 . 4 7 0 0 . 5 9 0 0 . 0 2 0 0 . 5 5 0 C . 6 3 0 0 . 2 9 0 - 0 . 7 1 0 - 1 . 3 7 0

0 . 7 7 0 - 2 . 9 0 0 2 . 3 1 0 - 5 . 5 1 C 0 . 4 4 0 - 3 . 7 5 0 - 2 . 4 3 0 5 . 6 7 0

1 . 2 5 0 - 1 . 7 0 0 0 . 7 7 0 - 1 . 0 1 0 - 0  . 7 1 0 - 1 . 5 8 0 - 0 . 6 4 0 2 . 7 5 0

—4 . 6 1 0 8 . 7 0 0 - 1 . 7 7 0 7 . 6 9  0 - 2  . 4 3 0 6 . 5 9 0 4 . 9 0 0 - 1 3 . 2 0 0



I N T E R M E D I A T E  C O M P U T A T I O N A L  M A T R I X

M INVERSE B

F O R  V E L D M A N ' S  D A T A

C . 6 3 0 - 0 . 6 2 0 0 . 2 2 0 0 . 1 0 0 0 . 3 3 0 - 0 . 1 9 0 0 . 1 1 0 - 0 . 0 8 0

0 . 8 5 0 ■ 0 . 40 0 C . 0 7 0 - 0 . 1 9 0 - C . 1 9 0 0 . 0 3 0 - C . 1 5 0 0 . 1 5 0

0 . 7 5 0 - 0 . 0 4 0 - 0 . 4 1 0 - 0 . 4 3 0 C . 2 2 0 - 0 . 1 5 0 0 . 0 2 0 —0 . 0 6 0

0 . 6 5 0 1 . 0 9 0 0 . 0 0 0 0 . 2 6  0 - C . 1 6 0 0 . 4 4 0 0 . 4 5 0 0 . 2 8 0

0 . 5 9 0 0 . 4 9 0 - C . 0 4 0 0 . 5 1 0 0 . 2 2 0 - 0 . 3 2 0 - 0 . 0 4 0 - 0 . 0 4 0

0 . 4 5 0 0 . 2 5 0 - 0 . 1 0 0 -  0 « 4 4 0 - 0 . 0 4 0 - 0 . 5 6 0 0 . 3 6 0 0 . 3 1 0

0 . 3 1 0 - 0 . 8 5 0 - 0 . 1 7 0 — 0 . 0 3  0 - 0  . 3 5 0 - 0 . 0 5 0 - 0 . 1 1 0 0 .  1 3 0

0 . 3 7 0 0 . 2 3 0 — 0 . 0 6 0 - 0 . 2 2 0 - 0 . 4 9 0 0 .  0 5 0 0 . 3 0 0 —0 . 6 5 0



I N T E R M E D I A T E  C O M P U T A T I O N A L  M A T R I X

R I N V E R S E

F O R  H A R M A N ' S  E X A M P L E

2 . 9 5  0 - 0 . 6 9 0 - I . 3 7 0 - 0  . 4 9 0 - 0 . 3 3 0 - 0 . 1 7 0

- 0 . 6 9  0 2 . 9 5 0 - 1  . 6 4  0 - 0 . 2 4 0 - 0 . 1 6 0 - 0 . 0 8 0

- I . 3 7 0 - 1 . 6 4 0 3 . 2 0 0 0 . 1 7 0 0 . 1 2 0 0 . 0 6 0

- 0 . 4 9 0 - 0 . 2 4 0 0 . 1 7 0 1 . 4 7 0 - 0 . 3 4 0 - 0 . 1 7 0

- 0 . 3 3 0 - C . 1 6 0 0 . 1 2 0 - 0 . 3 4 0 1 . 3 3 0 - 0 . 1 2 0

- 0 . 1 7 0 - 0 . 0 8 0 0 .  0 6 0 - 0 . 1 7 0 - 0 . 1 2 0 1 . 1 3 0



I N T E R M E D I A T E  C O M P U T A T I O N A L  M A T R I X

B

FOR H A R M A N ' S  E XAMPLE

0 .  7 9 0 C . 0 9 0 - 0 . 1 2 0 - 0 . 0 1 0 - 0 . 1 0 0 - 0 . 0 1 0

0 . 7 9 0 0 . 1 5 0 - 0 . 0 9 0 0 . 0 3 0 0 . 0 9 0 0 . 0 0 0

0 .  7 9 0 0 . 0 6 0 0 . 2 4 0 —0 . 0 3 0 - 0 . 0 1 0 0 . 0 1 0

0 . 5 0  0 - 0 . 2 2 0 0 . 0 2 0 0 . 1 3 0 0 . 0 0 0 - 0 . 0  10

0 . 4 4  0 - 0 . 2 0 0 — 0 .  0 5 0 - 0 . 1 2 0 0 . 0 3 0 - 0 . 0 3 C

0 . 3 0 0 - C .  1 5 0 - 0 . 0 5 0 - 0  . 0 2 0 - 0 . 0 1 0 0 .  0 6 0



I N T E R M E D I A T E  C O M P U T A T I O N A L  M A T R I X  

B S TA R  

FOR H A R M A N ' S  EXAMPL E

3 . 9 8  0 C.  11 0 - 0 . 1 5 0 - 0 . 0 1 0 - 0 . 1 2 0 - 0 . 0 1 0

0 . 9 7 0 C.  1 9 0 - 0 . 1 2 0 0 . 0 4 0 0 . 1 1 0 0 . 0 1 0

0 . 9 5 C 0 . 0 7 0 0 . 2 9 0 - 0  . 0 4 0 - 0 . 0 1 0 0 . 0 1 0

0 . 9 9 0 - 0 .  3 8 0 0 . 0 4 0 0 . 2 3 0 - 0 . 0 1 0 — 0 . 0  30

0 . 8 8 0 - 0 . 3 9 0 - 0 . 0 9 0 - 0 . 2 3 0 0 . 0 7 0 - 0 . 0 5 0

0 . 8 7  0 - 0 . 4 3 0 - 0 . 1 4 0 — 0 . 0 6  0 - 0 . 0 2 0 0 . 1 7 0



I N T E R M E D I A T E  C O M P U T A T I O N A L  M A T R I X

W

FOR HARMAN* S E XA MP LE

0 . 0 0  0 0 . 2 3 0 0 . 4 6  0 0 . 1 7 0 0 . 1 1 0 0 . 0 6 0

0 .  2 3 0 C.OOO 0 .  5 5 C C . 0 8 0 0 .  0 5 0 0 .  0 3 0

0 . 4 3 0 0 . 5 1 0 0 . 0 0 0 - 0 . 0 5 0 - 0 . 0 4 0 - 0 . 0 2 0

0 . 3 3 0 0 . 1 6 0 - 0 . 1 2 0 0 . 0 0 0 0 . 2 3 0 0 .  1 2 0

0 .  2 5 0 C.  1 2 0 - 0 . 0 9 C 0 . 2 5 0 0 . 0 0 0 0 .  0 9 0

0 .  1 5 0 0 . 0 7 0 - 0 . 0 5 0 0 . 1 5 0 0 .  1 0 0 0 .  0 0 0



I N T E R M E D I A T E  C O M P U T A T I O N A L  M A T R I X

W I N V E R S E

FOR HARMAN* S E XA MPL E

1 . 9 6 0 1 . 6 4 0 0 . 6 0 0 0 . 3 1 0 0 . 4 1 0 0 . 6 9 0

1 . 8 4 0 - 1 . 6 4 0 1 . 2 6 0 - 0 . 1 6 C - 0 . 2 1 0 - 0 . 3 5 0

0 . 5 5 0 I .  1 6 0 0 . 0 1 0 - 0  . 2 8 0 - 0 . 3 7 0 - 0 . 6 1 0

0 . 6 3  0 - 0 . 3 1 0 - 0 . 6 0  0 - 1 . 6 6 0 1 . 7 6 0 2 . 9 4 0

0 . 9 2 0 —0 . 4 6 0 - 0 . 8 8 0 1 . 9 4 0 - 3 . 2 2 0 4 . 3 0 0

I . 8 1 0 - C . 9 0 0 - 1 . 7 3 0 3 . 8 2 0 5 . 0 7 0 - 1 0 . 6 0 0



I N T E P M E D I A T E  C O M P U T A T I O N A L  M A T R I X

W I N V E R S E  8

F O R  H A R M A N ' S  E X A M P L E

0 . 9 1 0 - 0 . 1 1 0 0 .  1 6 0 0 . 0 4 0 0 . 3 6 0 0 . 0 5 0

0 , 8 9 0 C . l l O 0 . 2 6  0 - 0 . 1 0 0 - 0 . 3 3  0 — 0 . 0 3 0

0 . 8 8 0 0 . 4 5 0 - 0 . 1 3 0 0 . 0 5 0 0 .  0 4 0 - 0 . 0 2 0

0 . 5 9 0 - 0 . 4 4 0 —0 . 4 5 0 —0 . 4 8 0 - 0 . 0 4 0 0 . 1 4 0

0 . 5 2 0 - 0 . 4 5 0 - 0 . 2 8 0 0 . 5 4 0 - 0 . 2 6 0 0 . 2 9 0

0 .  3 5 0 — 0 . 3 6 0 - 0 . 2 0 0 0 . 1 3 0 - 0 . 0 3 0 - 0 . 8 3 0


