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INTRODUCTION 

The purpose of this paper is to eonstruct an orthonormal 

set of biharmonic functions defined on the unit circle C 

using an inner product which aris s as the result or a certain 

variational problem> discussed in Section II . 

In Section III , rollo ing Bergman's method , 1 an ortho

normal system of o1harmon1c functions is constructed tor the 

unit circle: the kernel function is .defined and certain of 

its properties proved . The orthogonal series is defined and 

certain of its properties proved. Then , assuming that the 

syst is closed , an arbitrary biharmonic function is repre

sented by means of this orthogonal series . Finally the value 

of this function at any int erior point is expressed in terms of 

its value and the value of its radial derivative on the boundary 

ot th unit circle . 

l Stefan Bergman, Partial Differential Equations , 
dvanced Topics , Chapter VI , pp . 38- 50 . 



SECTION I 

This section contains fundamental definitions and 

the ore hich are need din rder to prove later results . 

R fer no ill b de to the~ as used . 

The bihar.m.onic eguat1on1 is th partial differential 

quat1on ot fourth or er 

(l . l) 

here in rectangular ooordinates the operator 

(1 .2) 

(1 . 3) 

Any function hich sati ti s the biharmonic quation is 

call d a bihari:ionic function . ny co pl x solution ot the 

biha onic equation may b expressed in the form 

l Phil.ipp rank and ichard v . ,Iises , Die Dirr rential
gleiohun5en S!£ achanik and Physi.k , .PP • 845-846 . 
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where z: = "i- +Ad > ~ = x:-ld) and fl~) and 3(~) are analytic 

runotions or r .2 Since any complex !unction may be sapar ted 

into 1 ts real nd i~ n ry parts , a real biharmonic .tunction.3 

(x,y) ay be written in the form 

(l . 5) 

or 

= 1te u( Cr)i) =- Re[~ fl~) + 3 CciJ 
:: I r)'\ Uc t, ~) = I~ [if(~) + 1 cril. 

The clas L2 is detined to be the subset [ Re z!(z). 

Im i t (z )J of th s t of biharmonic functions with the 

additional property 

(1.6) < C>cO ) 

where Dis a simply connected domai n . 
[ J (a,, ::: ,) ~ }31 '' , ) 

A system ot functions <p...,_ (x, ~) > ' " 

b longing to L2 , is called an orthogonal set 4 if 

f e,r rt 4 Wt. 

C!-O rt S t a. K t f I r l'l = m. ' 

2 It ft?:) is an anal yti c tu.net i on of ~, then a~f <~)J 
and Im [f <~)J atisty t he har .1:1oni c e quat ion, C> 1?e. [ft~) :::O and 
A !tK[tl~)~ == o. 'R.e [ fc~il and In\. [ f<:ail are cal e harmonic 
functl ons • 

.3 Frank and v . ses • .Q.2_. cit ., p . 848 . 

4 Stefan Bergman, 2.2,. cit •• p . 39. 



It 

1 
(1 . 8) 

tor m = n, the system. is called norm.al . A system is called 

an ort.honormal set5 if it is both orthogonal and no 1. ---------
An orthogonal set may be no~lized by dividing eaeh 

by 

[ ff [ f~ (~,y]'ix~ J !t 
which call the normalizing tactor .6 

If [ 4'11. (x,~)j is a. sequence of l.inearly independent 

functions of class L2 an it very function f (x,y) of class 

L2 can be approximated by linear combinations ot the to 

(1.10) (en being constants) 

so that the average quadratic rror 

(1 .11) 

5 !ill· ,. p . 40. 

6 • • Hobson, The Theory 2! Functions 21'., Real 
Variables. Vol II, p.-7;). 
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pproaehes O s V ~ 00, then [ f"'- (x,~)J 1 said to 

b a olos d sr tem.7 

It {_ ~ti (.x 1~)J be clos · d sequence or !"unctions, 

closed orthonormal syst [ Cf t1. tx,"d>} can be deter.mined by the 

Gramm-Schmidt proo sa so that Cf~(x,d) is a linear combination 

or [ f n l x > ~)J . 8 

Let 

(1.12) a>t "' ff. f,~,';I) r ... (i<, i) i.ic t1;r-) n :,. t ,t, 31 ••• ) 

:D 

her [ 'fn Cx, ~) J is an orthogonal system or class L2 o.n 

D and f (>c,j) b lo s to L2 on D, then 

(l.lJ) 

This st tem t is called Bessel's inequ lity. If [ o/rt. (x ,~)j 
is a closed syst , this inequality beoo.mes Parseval' 

qu.ality .9 

0.0 

L 
h.-:.. I 

7 Bergman, 2.1?.• cit., p. 41 . 

r~n, £1?.• -9.ll.•·, p. 42, and Robson, .9.£• cit., p. 754 . 

9 Bergman, 2£• .2.!!•, p. 41 . 
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s a tool in our proofs we sh 11 us the follo ing two 

1.nequalitie or S-0h artz: 

o0 )-i. o0 °" (lo) 
11.15) (f I ~.J" I =: fu I ~ .. 1 .... b, /,( I 2 

2 (I/) 

(1.16} ) ff f <x,~) ~ (x,~) ih~, ~ f fl f j'Jx ~ff/ j{ )d;r 

e need th definition or ab olute convergence and 

uniform converge.no • 

1.r 

A eris 
oO 

L I a~( 
n.:: I 
The s ri s 

2_ Cln 
I\.,: ' 

conv rges . 
<)O 

is said to be absolutely convergent 

fu l,{.,_(x,~ is said to be uniter ly 

convergent to the function (x,y) over the domain D if, given 

any positive number E-, e oan 1'1nd a number n0 , depending on 

E but not on :x or y , such t.b.a t 

(1.17) 

tor n> no, and for every v lue or (x , y} in D.1 ) 

10 !!?.!!• .• p . 39. 

ll. E. . c. Titchmarsh, la_ Theory 2!, Functions , p .• 281 . 

12 Lawrence M. Graves , The Theory .£.! Functions. gt. !!!! 
Variables, p . 108. · · 

13 Titohm.arsh , 9..e. ill.•, p . 2 . 



In order to establish absolute and ·uniform. convergence 
o<J 

e use the eierstrass - tast .14 If the series J;., /v/ 11 

converges and lf r \At\. ()(.,~I ~ f'1K ( n. ::. ( I;.., JI .•. ) for 
) 00 

every (x,y) in a closed domain D, then L lA~ (><, ~) con-
"': I 

verges absolutely and uniformly . 

Th eierstrass convergence theore l5 state that the 

s of a unifo.r.c1ly c nvergent series cf continuous functions 

is a continuous f~nction . 

series may be differentiated~~ term it the 

differentiated s riea is a unifor.mly convergent series f 

continuous functions and its sum ls qual to the derivative 

or the sum or th original series . 16 

The Lebesque CO!N r~ence t heorem17 is also used. A 

u~torm.ly convergent serie of continuous functions may b 
oO 

integrat d term by term; that is• it b, vlt\ (x , y) converges 

unifor.mly for all (x ,y) in D, then 

(l.18 ) ff!;-, (,(ll (X,~) ,h. ~ = ,:t; ff IA,._ (x i}l .( I( ~ • 
~ p 

14 Graves , ~ · ,ill.-, p . 11 . 

15 Titchmarsh, Qa • .21-!.•, p . 7 • 

16 l!?!g., PP • 37- JS . 

17 ~ • • p . J6. 

7 
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SEOTIOll II 

The tollo ing theorem is proved by applying the classical 

methods of the oeloulus of variations to runot1ons involving 

higher order derivatives . l 

Theorem 2 . 1 . If the integral 

(2.l) J:" = ~~~(x,y,u,p, q,r,s,t) dx dy 

is a minimwn, then 

(2.2) 

here Fis a continuous function on the domain D and has 

continuous third order partial deri atives, and 

Proof: Let us assume that u;:: u(x,y), continuous along 

with its second order partial derivatives, is a certain func

tion or :x and y hich makes the integJ"al (2 . 1) a m.1nic.um.. e 

sh 11 consider u(:x , y) to be a one-parameter family of 

f'unotions oonstructed as follows . Take any arbitrary function 

1 William. F . Osgood, dvanced Caloulus, pp . 406- 419, and 
R. Courant , Differential and Integral Calculus , Vol II, pp . 
491-521. 
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h(x.y), hioh is continuous along 1th its second order 

partial d rivatives in D, and also vanishes a long with its 

partial d rivatives on the boundary B of D. or tha fa ly 

of functio.as u{x , y) + c h(x,y), e being the para.meter . 

It e consider x and y as fix d , th n (2.1) becomes 

tunction of E : 

<2 . i.i Ice)~ f[Fc.-.~, .... + .. ~111' H-k.,,v"~ h.+ "'"•xis+ ei...;1,t+ei.;1Jt1.-1, . 
.J) 

The int gral (2.4) is t least s great t.b.e ori inal 

integral (2 . l) and is e ual to it hen € ~ O • By E. 

aryi.ng I!laY vary the integral (2.4). ~hus if I( e ) is 

1nimum, th n 

(2 . 5) 
d. Ice) 

J. E 
0 hen €. =O 

By Leibniz' ruJ.e2 e differentiate (2 . 4} with respect 

to € r embering that x and y are indep ndent of e., nd get 

the foll ing e ua tion 

J[l > (r[ ~r d(u+etJ ~ F ~~+e-lt") + d f <>(j+e~) T =)}~(v.•Et.) ~ + d~+E:i,.J ~e J(a,+<=hc1) de 
<2 •6) e .t> J F ~s + E:h \ J f J(t+€'1.J~ L 

+ ,) f d{!t.+Ehu) -rd(s+Eh) ~c ><f'+ J(t+e-tt,...,) de :J' K -a, 
dVt +E:k•") d E "~ "" 

Usin.v. conditions (2.5) this differentiation becomes 

12. 11 "l!e> =-J[ ~k +~""+Fi ~d + F; /...., + r;; \ -t Ft ",~] £x: I.a-
~ 

2 Osgood, Q.E.• ~., pp. 461- 462 . 
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hr the su qcript d note partial differentiation. 

Examining the second ter or (Z.7l, e kno that 

(2.8) 

Integrating (2 . 8) over the domain D, have 

,2.9) Ji~ k,J.,.~ = K!x<"6>").tx~ -! r ~ k .ix<%-
~ D ~ 

~ sg~ k la- - fl ~h .ix~ . 

But h(x,y) :::. O on the boundary , so t t 

S 1larly the third ter of (2.7) b comes 

12.ui ({ Fa- h'\ J,({L, "' - f i }f i h &i< ~ • 
~ 0 --i ~ d 

Using the rule tor ditfer~ntion of a product, the fourth 

term or (2.7) is 

(2 . 12} 

Integrating this over the domain D 

(2 . lJ) 55 e:kxjJ.xLi "Jf?it:£.J,fofd-ff t~ h,_tP-~~ 
J) 

=c ft""~~ -f ( t: i.. JI<~. 



11 

, in hx x. , ) =- 0 n t e boundar .... , thus 

(2.14) ff f/Ck<>< c9..:~ = - J{ t("-hxix ~. 
Int at1 ,. t ri t h n - emb r of (2 .14) b parts ~ in, 

an r c llln t t h ( x 1 ) :::: O on ,. ( 2 .14) b o es 

,2.1~1 Jf r'" k." J.x~ =-U[tJt~k)k ~ -{ a;;;: k_J.~J 
= -[f 6 t~"h ~ -J[;, k J x~J 

JL ~::~ k ilG~ 

11 ly 1 t n be sho n that the last t o ter or 

(2.7) C e 

flG k,~ ,h~ == f { ~~ k ,h~ 

Lr ft1.~~&1d} ~ Ji ~k i~~ -/J) D 

and 

(2 . 17} 

Substitutin (2.10) . (2 . 11), (2 . 15), (2 . 16) and (2. 17) 

into (2 . 7) an raotorin out n. 1e ha e 

(2.1 ) u t an1sh t ev ry point on th d n D. here.tore 

(2.2) is .nee ssary condition for (2 . 1) to be a ini • 
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n i.mclediate eons quene of this thaore is th follo ing 

stat ent, hioh concerns our inner product in Section III . 

Corollary 2. 1. If the integral 

( 2 . 19) ff l Af (x,~)J,_ ,RJ. ~ 
J) 

is a m.lnimuai, then ftx.y) is a bihar nic fun.otion on D, ie, 

Proof: e know that 

[2 . 21) ff [ t.fcx,1 ft/<~"' flux~ + f ,~rJ. .. ,!er 
1) :D 

and that f""' =- r, and f i-a-:: t . Let F ~ [_f"" + f.i~] :1- nd 

pply equation {2.2). e 1imned1 t ly find that 

quation. (2.2) b&eome 

(2 . 23) z ( f X>l)()C + f ~·.m- + 2 ~f ~ = 0 

(~ + ~ 'f ) 0 
2 "bx"' cl t' + 2. d )(. ... d t 

whioh is the bihar onic equation (2.20). 'fheretore f (x,y) is 

a biharmonic. tunction on». 



S-LlCt 101: Ill 

2 1te z:r l/1, = 7(e ~ ~2. y;'7.. :: Tvn ( J ,.1} lfo = ~c • • • 
) ) ) 

- vt-tl Tm YI+ I 

LJ,I; =- T-f e 12n= z: r ., . • 
=c r > t.n -I 

. {:}- - - ,,.: -8-
J:n polc.1~ coordinates ~ = }'i,JL and ~ ::. ft,,12.. , tll.is system 

would be 

(3.3) 

'fo = 1\,2.-) f, = ,h.-3 ~ -17-) 

n-,.. .'4 'f fln - I = .k. C!...M Yl. "9- ) yJ 1. vr. 

r;;, == L; the inner p.roduot becomes 

3 . 
(/J z. -= A.. ~ {:)-) 

. . . 
n + -z . 

- h ~ n-e-J - . . 



hio as the de.si d property of Corollary 2.1. 

tor. 

Theor ).l. he y t of real biharmonic tu.notions. 
k2-

Cf0 = tfvrr 
/t... tt + 2.. Cc:o::9 n -e-

(1) - - (n.=t,213, ···) 1 At'l - I - '2... '1 Z Tf ( ~ + I) 
Jt!'l+Z ~ n-6-

2_ V2rr (n +1) 
an orthonormal set (tor functions of ola s 1,2) on the 

it circle C 1th re ct to th inner prodact (J.J). 
Proor: mhe set ot functions (J. 21 form an orthogonal 

t it re peet to th inner product (J . )). Proof: 

'.) . 6) 
ff. [ f,. ip"-th, ~) A lf!m (/\, fl-~ J A (n # m.) 

C = f J [( '{-._ t 'i)Jt," ~.: f ( '/-wt -f 4 )k_ 111. <!A1 hf. ·t>}, ,l,t J.g 
C , (j tt+"' ..f- I 11.J. = Jfo(h.+t)(m+,)j It ~n-&-u,cdtt-9-~ -b-

" 0 

- ,, ( n. +1)(m+1) Izrr 11't.--6- f e- == 0 
Vl-t-ltl. + 2 ~ h .e- ~ 

0 
(Thia lat integral 

[ in ne- co ~ or 

al.so oon in products such a 

~1 Il! in m~ , but these int grals also 

set (.3.2} is orthogonal. ni h) • .8 t 

'lo normalize our orthogonal. set e fin th nor lizing 

(ot. otion I) 1T r 

f I [ Ll 'PJ '-J A ~ fie ( 4...+</-)/1-.. Ut r{'if; LA. .L~ (11. i O) 
C o O ,_1( '2. 

I 4- -fl/.\ -:z.f a.M 11. -e- £ .f)-
- '- n I o .. Vt+2 

(J .7) 

_ ~ rr ( n -+ 1) 



or t h 

(J . 8) 

o s n =- o ~ t b. · norme.1.izi ng r aoto 1tould 
'2.11"' I 

If [ A'f.fJA " J f L<t]/LJ1t..l4-
c O O 2-lf 

8' f & ~ = ,, 7T • 
0 

Divi i 'fo by J.f{if and \f11t by Z V.21f ( n -t-t) 

rthonox l set (3 •. 5) ,. 

15 

w ve the, 

Th orem ) . 2. It t(r .~). is ot class L2 on the unit clrcl 

c. t he constants 

I.Ml a.._ == ff LI. f o,,-8-J LJ. cf.._ U! ,-fH J A 
C. 

are called the Fourier ooe~ticients and posses the follo ins 

n um prop rti s . or all the linear combinations ot the 

form 

00 

(J . 10) L 
th on hich gives the best approximation to f(1t,-e-) 1th 

reap ct to the average quadratic error i en == an 1e. th 

inte l 

2 
~ • • pp . 40-41 . 
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Proor: e have 

(3.12) 0 ~ff [6 (f- .(C!_.<pJfJA 
= ff [ e.f]'-J; - z lo e,. fj:f e.r,.JI/ + t.to (!,. e{a1,.11<fmdll 

C C 

But the s cond integral is the Fourier eoef:fieient (.3 .9} and 

the last integr l is the inner product (J.J), hence 

The .minimum is obviously obtained for en == •n• 

This minimwn is then 

y write 

(J .151 

Finally, since the right member 1s independent of v' , e have 

(J . 16) 

which is Bessel's inequall ty. .Assuming that the system is 

clo,s-ed, Bessel • a inequality becomes r.. 0.,,.:2. = jf [ 6f J z. J. A 
l'\.:O oo (!. 

which is Parseval 's equality. The series L a: is 
kc:o 



e. b ol tel conve g nt since 1 t is a co.nv rg nt ri s of 

positive t rms . 

'?h er.nel tun.ct1onJ tor the ort ogonal set [ q?"t~ 
tor any point ( s ,at) and (t,f ) in G, is 4.ef'ined by 

Co 

(J . 17) l\(s-,oi, t ,f) = L Cfn(s-, ei) o/n(~f3) 
n.~o 

c,o 

eo J.). tfhe ser e f
0 

Cfn (s,o1,) <fn lt, f3) is an 

bs .lutaly and uniformly oo ergent series tor 11 ( s , ol ) 

17 

nd ( t ,f) b long!.ng to any clo d ub4omain c• contain din 

c. -'?he rnel function (J . 17) 1a continuous ruaction or 
r 1 a iabl , ( s • o( , t, f ) , y be o rat d on t by ter 

~ , 1 e. illt:t onio !unction. 

Proof': Uains Schwartz• in-equality, a ,ries (J . 17) 

be-co 

oO (t 1/ ~/ 'Sn +2CM~~ frt +~nt f 
() . lll) [; / fn (s,.I) p,. J f:l)J = S, %.'1.2.rr(n + t) 2.\1.trr(tt ~ 7j 

~ l. co s-zYl+ "-~ '2.n "I l fu\-t-'I~ 'n j 
- i Tf L n + l _ n + t 

~=o ~-o 

It prove th t both series nnder the rQdical in (3 . 18) are 

unif'ormly and absolut l aonvergant. then (J.17) will b 

unito y and absolutely convergent . Let u examine one ot 

tho series under the r d1ca1 

o0 ~2.n -t- 4- ~"'rt~ 
{) .19) ~ 

L_ vt+I h+/ 
h.:: 0 

) Ibid. , PP• 42-47 . 



toll o( .::::. -
oO l."-+ '+ oO 

L s L.. L (3.20) n. + I -
h. !:- 0 h.-:: 0 

Replaci a by it 

00 

(.) . 21) L 

1 • 

'l. l'\ + 4- s" s -- ,-s:i-

'l'he point ( .ot') 1s 

rary oint in c', and the 

~·~- v lue or would 

l 

= l - E • ller ~ = n I~ - 5 [ 
t belon to the boundary B 

ot C n S belongs t C'. 

T n er €. 1 po it1ve be

e us the closed set c• do 

not 1.nterseot thi boundary B. 

alu_e 1n (J.20),. 

( I - e.)tf-
2 €:. - €-z.. ) 

hav 

0 < E < / 
) 

n h r1 is b olutely and uniformly ccmv r nt. Sim1-

ly the ot r series 1 ().18) can be sllo n to be bso-

1 t l and u.o.U y eonv r nt . Therefore by the 
oc, 

ei tra e t, the ser1e '!;, cptt (sJo/) cp,, (t,f) 1 

convergent 1n any c.lo ed n c• 
con in in C. The kernel runotion 1s a coAtinuo !UD.Oti 

sac it 1 t e ot u.nitorml.1 coo er nt r1 or con-

1 nous functio.as. 
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To prove that the s ri s (3.17) may b operated on term 

by tar , mu t sho that the series hose terms are 
a() 

L ~'ft1. (s,tj) <f..,. Ct,~) is a uniformly convergent series or eon-
~=o 

tinuou functions.. y (J . 18) this involves sho ing that the 
oO \l\.t-l. 

series L A S c.+on oS eonver es uniformly tor (s, ol ) c:::::. C'. 
r\.=o 2 VJ..rr(n.+ t) 

i h ~,. I ~ j_ d-i.. ) r nd t at ( 6 = ~ 1 + 5 a~ + s· a°'-i.. 

( J . 22) 

and sine 
oO ,I t'\ 

(3.23} L , ,., (tt+ ,)s ~ n~ f 
t'\':C) 2 v zrr(l't+/) 

But e s e that 

(J . 24) 

h 4- I 
and since s {s < l) is a convergent pm er series, the 

limit and the differentiation may be interohanged,4 thus 
00 

(J.25) II. \ vi +( J. ( s ) 
&s b-o S -;:::: ds /-S 

I 
(L -S)2-

4 Titchm.arsh, £1?.• .2.!l.•, p . JB. 



inc (s,o( ) Cc•, e replace s by its ximum I - € , then 

~ j A 5 "- .... 1. C!.AW n~ / ~ J ; -j;'J. Co < E: < 1) . 
() • 26) fu ~ '{i 1T ( rt + I) J 

Consequently (3 . 22) 1s an absolutely and uniformly con

vergent a ri sot continuous functions . Therefore th 

series (3 .17) may b operated on by A term. by term. S1mi

larl,' it may easily be verified that the k rnel function 1 

bihar om.o function in (s l'l') and ( t ,p> • 
'?heor J .4 .5 It l Cf rt ( It, f-) J is a syst ot orthonormal 

functions ot class L2 on the unit circle C, and if the 

s quence or numb ire { Gl ""~ is such that 

(J. 27) L... c,() ) 

th nth s ries 

C)I(!) 

().28) ~ ( /\. I 9) := &o a. tr. <f.,_ ( /t I-;,-) 

converges absolut ly and unitormly in every clos d ubdomain 

C • C C and represents a tu.notion g(r ,&) of clas L2 whose 

Fouri r coeft1c1ent ar equal to an, ie, 

(3.29) 

rgman, fUl• ~ •• pp . 47-49 . 

20 



It { cprl (Jt,-e-)} is a clos d syst . with respect to 

tunotions of ola L2, th n very tu.notion }(r, ) ot cla s 

L2 may b repres nt din the form. (J.28). The coef'fioients 

ot thi r1 a ar 1 n by (J.29) and the series converges 

bsolut l y an uni.for y in v ry clos d subdo in C' C c . 

Proo~: e hall ti st sho that th series (J.28} con

verges absolut ly and u.nito y in C'. · e shall sh.ow that 

21 

ind pend nt ot (r, ) longing to C'. By Schwartz inequall ty 

(J .Jl } 

<. --
and trom. (J.21), for any point (r,) inc•, 

(J.)2) 

Letting 

13ut by () . 27) 
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th re!ore (J . JO) .tollo s . Jl the eierstra s co.nv rg nee 

tear th function (r, ) gi en by () . 28) is continuous in 

ery cl s d ubdo inc• o! c. 
Sine the set [ Cf.-i3 is biharmonic in c, the function 

(r, ) 

this r sult 

m or J .J) . 

pr e to b biharmonic 1n the s ay as 

pro d tor the kern l f'unoti n (c pr t ot 

To co pl t th pr or th.at g(r ,-&) is of olas L2 we 

t show that Ji ( A 3(1t,-e-]]2.d. li < oo • t 
(! 

(J .35) 

h 

(3 . )6) 

a since th right int grand is a uniformly and absolutely 

convergent sequeno ot continuou fllll.ctio , by th.e Lebesque 

eonv rgence theorem equation (3. J6) b co s 

(3 . 37) 

which becomes by our orthogonality properti a 



(j,J) 

1 C' ~ c. then 

(3.)9) »: [ A ;;]\(A "' lee f{,c A~2-Jfl 
C oO 

< ~ 2. 
- L ~n . 

r\:: 0 

«rh r for g(r.~ 1 or cla s t2. e know if the syst 1 

closed, then · quation () .)9) be4omes (( [A'l] 2-a H =- f an%. JJa. ct "'~o ) 
which i Parceval' quality. 

In order to pro () . 29) e use onwa.rtz .iaequ lity and 

the orthogo l ro erties t the syst (J.5) 

(3 . 40) Jf 63A'fmJ. A- a,,. = f[[~J -t0°'1AfJ( LlfJJf} J ( V >rn) 
C ~C~~~--~~-------

~ J~A}-f a.AfJJn fL[_Mp.,]JA 

=-J (~d -t-. °'~ Acr~TM 

2) 



L ttin c• ~ c, e have 

J~ A} - l «~ AfJiA 
C. 

(.3.42) 

an if V ----> oe • th n 

().4)) 

ince V is arbitrary in (J.40) it follo s that 

(J.4) 

Il ne then bers am are the Fourier coetfioi nts ot g(r,&), 

hich completes the proof of the first part of our theor • 

I.et us now consider a given function f (r;&) elonging 

to t 2• assume that the system. [ <f11.J is closed. Then it 

ro.llo s fro Theora {J . 2) and the f1rst part or this 

th or that 

hare 

00 

• s e hav just proved th seri s £ at,\ cpl'\. (It ,-e-) converge 

uniformly and absolutely tor all (r ,-e-} belonging to any 

clo subset 0 1 of C, tllld represents a function g(r,-e-) of 

clas L2 • must show that this function s(r ;tr) is iden

tical to J (r ,ei. It will su.ttioe to sho that 



Dut (J .46) is n 1 edi te consequenc of the de~inition or 
a closed yst (cf . ction I) and th minim prop rty of 

th ouri r co ffioi • 

25 

Th o em .3 . 5. If C 'f vt.3 is a c los d rthonor£1al sy t on 

t unit oirel, any function f<r,-e) or ola s L2 ay b 

r pr ent d at any in erior point (s.o<) or th unit oi cle C 

t J.'i 

Thi eries expre es the value ot the function f t 

y interior point (s .o() of t he oirole O 1n terms or it 
vale and the value or~~ on the circwnterenoe of the circle . 

roof: h series in equ tion (J .46) may written in 

t ollo i g tor 

(J .4 ) 

.e tr nstorm this equation to rect ngular coordinates by 

l tting F(x , y) == f (r ;&) and ptll\.(K,~ -= ~(lt,'6-) ancl dA=-dX y , 

thon 
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no·· u.s the foll ing for ot Gr n's h or . 6 

her n s the ou s: n r al, + B is th po 1tiv d1r ction 

alon t oundar 3 or , and d is the el ent or arc 

l gth. 

co 

(Ml) JJr~AF -FAAP ... JJ.x'J "JGP"'~ - F :l:~~""· 
C r8 

t .6 A f M. =- 0 , so that 

(J.52) ff[AfA~ .. J.t~'J_ = f [A~M~: - F da1i J.s. 
t-'B 

It e tr nsfo baa to polar coordinate, th n 

(3.53) ff Af A 'Pm tL A -J[ 6cp,Jt - f "~'£:"' J .is . 
C -t-:B 

On t e unit circle C, the out r norm.al coincides with the 

riable r, ia •• ~ = ~ • and ds = d, thus (J.5J) b co.me 
"2-lt 

(Ml+) HA f Acp .. JA "'"f &cp ... Ct,e-) d~~,e-) - f (t,~) ~~1·.(1,jJ-6 
C. 0 

6 Courant. ~ • .2.!l•, Vol II, p. 367. 



Substituting (J.54l 1nto (3.48), 'lr,'e have 
,.yr 

(J.55) f (s,.o ~ %. <p.,f,;,-1f [A cp..,c,, e> ;;iJ;i,4') - f c,,eJ d~!.,,,c',j J-fr 
0 

whicl1 was to be proved. 

27 
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