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VIBRATIONALLY INELASTIC SCATTERING AT MODERATE ENERGIES

CHAPTER I  

INTRODUCTION

The t r a n s f e r  o f  energy  from  t r a n s l a t i o n  to  i n t e r n a l  s t a t e s  o f  mole­

c u le s  d u r in g  c o l l i s i o n s  p la y s  an e s s e n t i a l  r o l e  in  num erous m o lecu la r 

p ro c e s s e s .  For exam ple , c o l l i s i o n a l  e x c i t a t i o n  o f  v i b r a t i o n a l  and ro ta ­

t i o n a l  en e rg y  l e v e l s  i s  a  m ajo r mechanism by w hich p o p u la t io n  in v e rs io n s  

a r e  p roduced  in  ch em ica l l a s e r s ^  and by w hich m o le c u la r  r e a c ta n t s  a c q u ire  

th e  a c t i v a t i o n  en e rg y  by w hich to  form  new p ro d u c ts .^

C ro ssed  m o le c u la r  beam te c h n iq u e s  a re  now b e g in n in g  to  y ie ld  de­

t a i l e d  in fo rm a tio n  co n c e rn in g  th e  outcome o f  i n e l a s t i c  m o lecu la r c o l l i ­

s io n  e v e n ts .^  The o u tp u t o f  such experim en ts i s  i n  th e  form  o f  an g u la r 

d i s t r i b u t i o n s  and c ro s s  s e c t io n s .  Thus we now have m ic ro sc o p ic  e x p e ri­

m en ta l te c h n iq u e s  to  com pare w ith  t h e o r e t ic a l  c o l l i s i o n  dynam ics, where­

a s  p re v io u s ly  e x p e rim en ts  w ere concerned  w ith  b u lk  p r o p e r t ie s  f o r  c o l l i ­

s io n s  i n  g a s e s ,  su ch  a s  r e la x a t io n  t im e s , t r a n s p o r t  p r o p e r t i e s ,  e t c .

The t h e o r e t i c a l  d e s c r ip t io n  p ro ceed s  by s e l e c t i o n  o f  a  p o te n t i a l  

en e rg y  s u r f a c e  w hich  d e s c r ib e s  th e  i n t e r a c t io n  b e tw een  th e  c o l l i s io n  

p a r tn e r s .  R ig o ro u s  t h e o r e t i c a l ,  o r  ab i n i t i o  m ethods to  c a lc u la te  r e l i ­

a b le  p o t e n t i a l  s u r f a c e s  a r e  d i f f i c u l t  to  ap p ly  an d , a s  y e t ,  th e r e  i s
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no d i r e c t  m ethod fo r  in v e r t i n g  th e  p ro c e ss  i n  o rd e r  t o  d e te rm in e  th e  

i n e l a s t i c  s c a t t e r i n g  p o t e n t i a l  from  ex p e rim en ta l m easurem ents. However, 

new te c h n iq u e s  a r e  r a p id ly  b e in g  developed  which may f a c i l i t a t e  th e  in ­

v e r s io n  p ro c e s s  f o r  th e  i n e l a s t i c  c a se .*

The n e x t  s te p  in v o lv e s  th e  s o lu t io n  o f th e  s c a t t e r i n g  problem  to  

o b ta in  th e  p r o b a b i l i t i e s  f o r  th e  i n e l a s t i c  ev e n ts  w hich  can  ta k e  p la c e  

i n  th e  sy stem . The fo rm a l th e o ry  fo r  m o lecu la r s c a t t e r i n g  h a s  been de­

veloped^  b u t  e x a c t  c a lc u l a t io n s ,  a lth o u g h  f e a s i b l e ,  a r e  u s u a l ly  d i f f i ­

c u l t  and tim e-consum ing  to  p e rfo rm . T h e re fo re , v a r io u s  m odels o f  th e  

c o l l i s i o n  p ro c e s s  have b een  d e s ig n ed  to  re p la c e  an e x a c t  s o lu t io n  to  

t h e  dynam ics o f  a  c o l l i s i o n . 6 ,7

The p roblem  o f  v i b r a t i o n a l l y  i n e l a s t i c  c o l l i s i o n s  which a r e  en erg e­

t i c  enough to  p roduce v i b r a t i o n a l  t r a n s i t i o n s  i s  a d i f f i c u l t  o n e . Eve­

r y  system  w ith  v i b r a t i o n a l  l e v e l s  w i l l  a ls o  have r o t a t i o n a l  energy  l e ­

v e ls  w hich a r e  c lo s e ly  sp aced  compared to  th e  v i b r a t i o n a l  l e v e l s  so 

t h a t  r o t a t i o n a l  t r a n s i t i o n s  w i l l  o ccu r fo r  each v i b r a t i o n a l l y  i n e l a s t i c  

e v e n t .  A pprox im ations w hich  can  t r e a t  a few w id e ly  sp aced  l e v e l s  w i l l  

f a i l  f o r  th e  r o t a t i o n a l  p a r t ,  w h ile  th o se  v a l id  fo r  a  la rg e  number o f  

c lo s e ly  sp aced  l e v e l s  w i l l  f a i l  f o r  th e  v ib r a t io n a l  p a r t .

The s im p le s t  model w ith  w hich  to  t r e a t  t h i s  problem  i s  a  c o l l i n e a r  

c o l l i s i o n  o f  an atom w ith  a  d ia to m ic  m o lecu le . T h is  p ro c ed u re  e l im i­

n a te s  th e  r o t a t i o n a l  p a r t  o f  th e  problem  and th e  a n is o tro p y  o f  th e  v i ­

b r a t i o n  p a r t  o f  th e  i n t e r a c t io n  p o t e n t i a l .  The f i r s t  e x a c t  c l a s s i c a l  

c a lc u l a t io n  f o r  t h i s  model was made by K e lley  and W olfsberg .®  They 

u sed  b o th  harm onic and M orse o s c i l l a t o r  p o t e n t i a l s  t o  d e s c r ib e  th e  d ia ­

tom ic m o lecu le  a lo n g  w ith  an  e m p ir ic a l  in t e r a c t io n  p o t e n t i a l  to  o b ta in



3

th e  e x a c t c l a s s i c a l  en e rg y  t r a n s f e r .  R e c e n tly , t h i s  c l a s s i c a l  model 

h as  been ex ten d ed  to  two d im en s io n s .^  S e c re s t  and Johnson^O f i r s t  c a l ­

c u la te d  e x a c t  quantum m ech an ica l t r a n s i t i o n  p r o b a b i l i t i e s  in  one d i ­

m ension f o r  an harm onic o s c i l l a t o r  in  s o f t  c o l l i s i o n s .  These c a lc u la ­

t io n s  have been  ex ten d ed  t o  a  M orse o s c i l l a t o r  and s e v e r a l  d i f f e r e n t  

s y s t e m s . B y  assum ing t h a t  a l l  th e  ig n o red  o r i e n t a t i o n s  and im pact 

p a ram e te rs  make a r a p id ly  and r e g u la r ly  d e c re a s in g  c o n t r ib u t io n  to  th e  

i n e l a s t i c  s c a t t e r i n g ,  a s t e r i c  f a c to r  can be in tro d u c e d  to  o b ta in  a 

th re e -d im e n s io n a l av e rag e  t r a n s i t i o n  p r o b a b i l i t y .  The s t e r i c  f a c t o r  i s  

u s u a l ly  s e t  e q u a l to  a  c o n s ta n t^ ^  o r  o b ta in e d  by some p r e s c r i p t i o n . ^3 

The t r a n s i t i o n  p r o b a b i l i t y  th u s  o b ta in e d  can th en  be used  to  c a lc u la te  

r e la x a t io n  r a t e s  f o r  th e  sy s tem . The s t e r i c  f a c to r  co n cep t has been 

found to  b e  g e n e ra l ly  in v a l id  f o r  v ib r a t i o n a l ly  i n e l a s t i c  e v e n t s . ^2 ,1 4 ,1 5  

S in ce  c ro s s  s e c t io n s  a r e  o b ta in e d  by in te g r a t in g  o v e r  im pact p a ra m e te r , 

th ey  can n o t be o b ta in e d  from  t h i s  m odel.

At th e  o th e r  ex trem e , th e  r o t a t i o n a l  p a r t  o f  th e  p roblem  may be r e ­

moved when th e  r o t a t i o n a l  p e r io d  i s  much s h o r te r  th a n  th e  d u ra tio n  o f 

th e  c o l l i s i o n .  The v i b r a t i n g  m o lecu le  i s  t r e a te d  a s  a s p h e re  which un­

d erg o es changes i n  r a d iu s  a s  th e  m o lecu le  v i b r a t e s .  T h is  i s  th e  b a s i s  

f o r  th e  b re a th in g  sp h e re  m o d e l . A l t h o u g h  such  a  m odel i s  n o t  r e a l i s ­

t i c ,  s in c e  th e r e  i s  no c o u p lin g  o f  a n g u la r  momenta f o r  a  s p h e r ic a l  po­

t e n t i a l ,  i t  a llo w s f o r  a  th re e -d im e n s io n a l  t e s t  f o r  v a r io u s  o th e r  ap - 

p ro x im a tio n s .

I n  th e  l a s t  few y e a r s  a s e r i e s  o f  p ap e rs  has in tro d u c e d  what a r e  

now c a l l e d  " e f f e c t i v e  H a m ilto n ia n "  te c h n iq u e s .18 -2 3  T hese app rox im ate  

m ethods, w hich  a c h ie v e  a  r e d u c t io n  in  th e  number o f  co u p led  e q u a tio n s .
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a l l  in v o lv e  v a r io u s  ty p e s  o f  an g u la r  momentum d e c o u p lin g s . The reduc­

t io n  i s  e f f e c te d  by a l t e r i n g  o r  e l im in a t in g  s t a t e s  n o t d i r e c t ly  mea­

s u re d . R ab itz^ ^  h a s  in d ic a te d  th e  f l e x i b i l i t y  in  c h o ice  o f an  e f f e c ­

t i v e  H a m ilto n ia n  w ith  r e g a rd  to  com puting tim e  and accu racy  req u irem en ts  

f o r  two c o l l i d in g  m o le c u le s  and f o r  an  a to m -m o lecu le  c o l l i s i o n .  I t  h as  

been  p o in te d  o u t^^  t h a t  w ith  in c re a s in g  a n is o tro p y  o f  th e  i n te r a c t io n  

p o t e n t i a l  th e  e f f e c t i v e  H am ilto n ian  m ethods a r e  l i k e l y  to  become l e s s  

a d e q u a te  b e c a u se  th e y  employ ap p ro x im a te  a n g u la r  momentum co u p lin g .

The above a p p ro x im a tio n  m ethods a p p e a r  to  have g e n e ra l  a p p l i c a b i l i ­

ty  to  th e  c l a s s i c a l ,  s e m i - c la s s i c a l  and quantum  m ech an ica l fo rm u la tio n s  

f o r  i n e l a s t i c  c o l l i s i o n  p r o b a b i l i t i e s .  F or exam ple , A u g u stin  and Ra- 

b i tz ^ ^  have ex ten d e d  th e  e f f e c t i v e  H a m ilto n ia n  m ethods to  th e  c l a s s i c a l  

S -m a tr ix  th e o ry .

A c o m p le te ly  c l a s s i c a l  S -m a tr ix  f o rm u la t io n  o f  a  m o lecu la r c o l l i s io n  

p rob lem  h as  b een  p ro p o sed  by M i l l e r . H e  showed how to  c o n s tru c t  th e  

c l a s s i c a l  l i m i t  o f  a  quantum  m echan ical S -m a tr ix  by e x a c t num erica l 

s o lu t io n  o f  th e  c l a s s i c a l  e q u a tio n s  o f  m o tio n . Quantum m echanics i s  

in tro d u c e d  in to  t h i s  th e o ry  by th e  s u p e r p o s i t io n  p r in c ip l e  whereby p ro ­

b a b i l i t y  a m p litu d e s  a r e  added in s te a d  o f  th e  p r o b a b i l i t i e s  th em se lv es . 

The m ethod h as  b e e n  ex ten d e d  to  th o s e  p ro c e s s e s  which a r e  c l a s s i c a l l y  

fo rb id d e n  by a p a r t i a l  av e rag in g  te c h n iq u e  w hich t r e a t s ,  f o r  exam ple, 

r o t a t i o n  by  a  M onte C a rlo  av e rag in g  and  v i b r a t i o n  by c l a s s i c a l  te ch ­

n iq u e s .  T h is  c l a s s i c a l  m odel r e q u ir e s  a  r o o t  s e a rc h in g  p ro ced u re  to  

d e te rm in e  c l a s s i c a l ly - a l l o w e d  t r a j e c t o r i e s  and  complex v a lu e  t r a j e c t o ­

r i e s  f o r  c l a s s i c a l ly - f o r b i d d e n  t r a j e c t o r i e s .  D o ll and M ille r^ ^  have 

a p p l ie d  t h i s  m ethod to  i n v e s t i g a t e  v a r io u s  th re e -d im e n s io n a l  atom-
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d ia tom  c o l l i s i o n s ,  and  com pared t h e i r  r e s u l t s  w ith  th e  quantum m echani­

c a l  c a lc u la t io n s  o f E a s te s  and S e c re s t^ ^  f o r  c o l l i s i o n  e n e rg ie s  in  a 

ran g e  o f l-2 eV , and o b ta in e d  e x c e l l e n t  ag reem en t.

An e x a c t  quantum m ech a n ica l r e s u l t  means a c lo s e  c o u p lin g  c a lc u la ­

t i o n .  28 I n  p r a c t i c e  th e  ex p a n sio n  o f  th e  t o t a l  wave fu n c t io n  in  term s 

o f  com plete  s e t s  o f b a s i s  f u n c tio n s  m ust be t ru n c a te d  to  a  f i n i t e  num­

b e r  o f  b a s i s  f u n c tio n s .  T h is  i s  done by adding  fu n c tio n s  u n t i l  a p re ­

s c r ib e d  convergence c r i t e r i o n  i s  re a c h e d . C lose  c o u p lin g  c a lc u la t io n s  

in  t h r e e  dim ensions a r e  s c a r c e .  To d a te ,  few a to m -d ia to m ic  m olecu le 

system  c a lc u la t io n s  h av e  b een  made w hich in c lu d e  b o th  v i b r a t i o n a l  and 

r o t a t i o n a l  s t a t e s .  Those t h a t  do c a r ry  o n ly  two o r  th r e e  r o t a t i o n a l  

ch an n e ls  -

W hile th e  p re v io u s  two fo rm u la tio n s  have d e s c r ib e d  th e  c o l l i s i o n  

system  d e g re e s  o f  freedom  e i t h e r  e n t i r e l y  c l a s s i c a l l y  o r e n t i r e l y  quan­

tum m e c h a n ic a lly , i t  i s  p o s s ib le  to  u se  a  mixed d e s c r i p t i o n .  The sem i- 

c l a s s i c a l  fo rm u la tio n  t r e a t s  th e  i n e l a s t i c  s c a t t e r i n g  as  a  tim e-depen­

d e n t p e r tu r b a t io n  o n  th e  i n t e r n a l  c o o rd in a te s  w h ile  th e  r e l a t i v e  co o rd i­

n a te s  fo llo w  a t r a j e c t o r y  d e te rm in ed  by a  s p h e r ic a l l y  sym m etric p o ten ­

t i a l .  T h is  method h a s  b een  u sed  in  a  f i r s t - o r d e r  p e r tu r b a t io n  t r e a t ­

ment and a m u ltiq u an tu m  tre a tm e n t o f  c o l l i n e a r  s c a t t e r i n g  by e m p ir ic a l  

p o t e n t i a l s . T h e  tim e -d ep e n d en t form alism  was ex ten d ed  to  th re e  

d im ensions b y  in v o k in g  th e  b re a th in g  sp h e re  m odel^^ f o r  an  energy  range 

below  o n e -h a lf  eV.

A nother fo rm u la tio n  f o r  s e m i - c la s s ic a l  i n e l a s t i c  s c a t t e r i n g  has 

b een  developed  and a p p l ie d  to  th re e -d im e n s io n a l ,  v i b r a t i o n a l l y  i n e la s ­

t i c  c o l l i s i o n s  in  t h e  sudden  a p p r o x i m a t i o n . T h i s  method w i l l  be
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d e s c r ib e d  i n  d e t a i l  i n  th e  n e x t c h a p te r ,  w here m o d if ic a t io n s  w i l l  be 

made in  o rd e r  to  d e s c r ib e  i n e l a s t i c  ev e n ts  a t  m oderate c o l l i s i o n  e n e r­

g i e s .

The sudden ap p ro x im a tio n  p ro v id e s  a s im p le  h ig h  en e rg y  l i m i t  from 

w hich  one can  o b ta in  p r o b a b i l i t i e s  and c ro s s  s e c t io n s  f o r  i n e l a s t i c  

t r a n s i t i o n s  w ith  an  e f f o r t  c o n s i s t e n t  w ith  th e  p r e s e n t ly  l im i te d  know­

le d g e  o f  in te rm o le c u la r  i n t e r a c t i o n  p o t e n t i a l s .  I t  would be v a lu a b le  

to  h ave an  e q u a lly  s im p le  m ethod fo r  d e s c r ib in g  i n e l a s t i c  ev e n ts  a t  mo­

d e r a t e  c o l l i s i o n  e n e rg ie s  —  from  abou t 4eV up to  th e  sudden l i m i t .

We p ro p o se  to  deve lop  a r a th e r  s im p le  s e m i - c la s s i c a l  approach  fo r  

ta k in g  in to  a c co u n t d e v ia t io n s  from  th e  sudden ap p ro x im a tio n  w h ile  m ain­

t a in in g  a t  th e  same tim e  th e  c a lc u l a t io n a l  f a c i l i t y  o f  th e  sudden l i m i t .  

We w i l l  a c co u n t f o r  v i b r a t i o n a l  en e rg y  le v e l  d i f f e r e n c e s  by r e la x in g  

th e  sudden  ap p ro x im a tio n  w ith  a  c o n s ta n t  e n e rg y - le v e l  sp a c in g  betw een 

th e  i n i t i a l  v i b r a t i o n a l  s t a t e  and a l l  p o s s ib le  f i n a l  s t a t e s .  A p r e s c r ip ­

t i o n  f o r  ch o o sin g  t h i s  sp a c in g  w i l l  be based  on an e x a c t  c o l l i n e a r  quan­

tum m ech an ica l c a l c u l a t i o n .  We th e n  ex ten d  th e  fo rm u la tio n  to  th re e  

d im en sio n s and com pare th e  r e s u l t  w ith  th a t  o b ta in e d  i n  th e  sudden ap­

p ro x im a tio n  f o r  th e  same c o l l i s i o n  p ro c e s s e s .



CHAPTER I I

THEORETICAL FORMULATION OF THE SCATTERING PROBLEM

1 . Form al Theory 

The fo rm al th e o ry  o f  s c a t t e r i n g  s t a t e s  t h a t  a  c o l l i s i o n  p ro c e s s  may 

be s u f f i c ie ;  t l y  d e s c r ib e d  by th e  s t a t i o n a r y  s o lu t io n s ,  i(i(r^,R) , o f  th e  

tim e—in d ep en d en t S c h ro d in g e r  wave e q u a tio n :

[ H^ + H2 -  (h^ /2y)V ^ +  V g(r) -  E ] * ( r ,R )  = -AV tÿ(r,R). (2 .1 )  

H ere , H]_ and H% a r e  th e  H am ilto n ian s  o f  n o n in te r a c t in g  c o l l i s i o n  p a r t ­

n e r s ,  r̂  i s  a  v e c to r  j o in in g  th e  c e n te r s  o f  mass o f  th e  m o le c u le s , and 

R r e p r e s e n ts  th e  c o l l e c t i v e  i n t e r n a l  c o o rd in a te s .  The i n t e r a c t io n  po­

t e n t i a l ,  V(r_,R), h as  b een  w r i t t e n  a s  th e  sum o f  a  s p h e r ic a l ly  sym m etric 

p a r t ,  Vq, and a  p a r t ,  AV, w hich  c o n ta in s  th e  dependence on th e  i n t e r ­

n a l c o o rd in a te s  o f  c o l l i d in g  sy s tem s . In  w r i t in g  Eq. ( 2 .1 ) ,  we must 

make two a ssu m p tio n s : ( i )  e l e c t r o n  t r a n s i t i o n s  a re  ig n o re d ;  and ( i i )

th e  p ro c e s s  i s  l im i te d  to  e n e rg ie s  below  th e  th re s h o ld  fo r  d i s s o c i a t i o n  

o f t h e  c o l l i s i o n  p a r tn e r s  so  t h a t  we w i l l  n o t c o n s id e r  th e  continuum .

We red u ce  Eq. ( 2 .1 )  to  a  s e t  o f  co u p led  se c o n d -o rd e r  o rd in a ry  d i f ­

f e r e n t i a l  e q u a tio n s  by  expand ing  ij» i n  term s o f  th e  e ig e n fu n c tio n s  

and (j»2n  o f  Hi and H2 , r e s p e c t iv e ly :

♦ C r ,0 ,$ ) = I  r - ^ u ^ ( r ) Y g ^ ( 8 , * ) * ^ * 2n
n&m

where & and m a r e  th e  o r b i t a l  quantum  numbers a s s o c ia te d  w i th  s t a t e  n

7



gnrf th e  a r e  as y e t  un d eterm in ed  r a d i a l  wave f u n c t io n s .  The

in d ex  n r e p r e s e n ts  a l l  o f  th e  i n t e r n a l  quantum  num bers. P u t t in g  Eq. 

(2 .2 )  in to  Eq. (2 .1 )  y ie ld s

[ (d/dr): -  + kl -  « / , )  ] Î
tLxm

where

U ( r )  = 2 V ( r ) / h ^  o o
2

Aü = 2yAV/h

■'n ■ -  ^ 1.  -  ^ 2n>-

P i s  th e  reduced  mass o f  th e  sy s te m , E th e  t o t a l  e n e r g y ,  and E^^ and

E2h a re  th e  r e s p e c t iv e  en e rg y  e ig e n v a lu e s  o f  and H2. B oth s id e s  o f

*  *  *
Eq. (2 .3 )  may b e  m u l t ip l i e d  by ^2 'm ''^ ln ''^2 n *  in te g r a te d  ov er R, 9 , 

and to  g iv e

[ ( d /d r ) ^  -  i ( i + l ) / r ^  + -  U ^(r)]

* ^ n '£ ’m'nim'^n£m, (2 .4 )%ix,m

w here

V f m 'n i m  "  /  * l n '^ 2n '^ & 'm '^ ^ * ln * 2n V ^ ' ^ -  

U sing  th e  s u b s t i t u t i o n

P ^ (r)  = -  £ ( i + l ) / r ^  -  U „(r) (2 .6 )n o .  o

we can w r i t e  Eq. (2 .4 )  in  th e  more compact form ,

u " ( r )  + p ^ ( r ) u  ( r )  = I  U , ( r ) u  ( r )  (2 .7 )Q n  n  f uu un
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w ith  n d en o tin g  th e  e n t i r e  c o l l e c t i o n  o f  in d ic e s .  I f  AV v a n is h e s ,  Eq. 

C2.7) re d u ces  to  a  s e t  o f  d eco u p led  e q u a tio n s  which d e s c r ib e  e l a s t i c  

s c a t t e r i n g .

2 . S e m i- c la s s ic a l  A pproxim ation 

In  o rd e r  to  d e s c r ib e  th e  r a d i a l  fu n c tio n s  u ^ ( r ) , we t r e a t  th e  

th re e -d im e n s io n a l  c o l l i s i o n  p ro c e s s  w ith  th e  s e m i- c la s s ic a l  m ethods de­

v e lo p ed  by C r o s s . T h e s e  a r e  b ased  upon two m a th em atica l a p p ro x i­

m a tio n s : th e  rem oval o f  r a p id  o s c i l l a t i o n s  and th e  WKB ap p ro x im a tio n ;

th e  fo rm er r e q u ir e s  th e  en e rg y  d i f f e r e n c e s  between th e  i n t e r n a l  s t a t e s  

to  b e  sm a ll compared to  th e  k i n e t i c  energy  o f  th e  sy stem  and th e  l a t t e r  

r e q u ir e s  t h a t  th e  d e B ro g lie  w av e len g th  m ust be sm all com pared to  the  

ran g e  o f  th e  p o t e n t i a l .  The d e r iv a t io n  th e n  allow s f o r  a d e s c r ip t io n  

i n  te rm s o f  c l a s s i c a l  t r a j e c t o r i e s  and c o r r e c t ly  p r e d ic s t  th e  asym pto­

t i c  p r o p e r t ie s  o f  i n t e r e s t  su ch  a s  p r o b a b i l i t i e s  and c r o s s  s e c t io n s .

We b e g in  th e  s e m i - c l a s s i c a l  t re a tm e n t  by w r i t in g  th e  r a d i a l  wave- 

fu n c tio n s  in  term s o f  two l i n e a r l y  in d ep en d e n t app rox im ate  s o lu t io n s  

f o r  e l a s t i c  s c a t t e r i n g  from  th e  s p h e r ic a l l y  sym m etric p a r t  o f  th e  po ten­

t i a l  . Then

Uj^Cr) = X ^(r)u^^C r) +  Y ^ ( r ) u ^ ^ ( r ) . (2 . 8)

S in c e  Eq. (2 .8 )  in v o lv e s  tw ic e  a s  many fu n c tio n s  a s  Eq. ( 2 .7 ) ,  we may 

im pose th e  fo llo w in g  r e s t r i c t i o n s  on th e  c o e f f i c i e n t s  and Y^:

X ^ ( r ) u i i ( r )  +  Y’ ( r ) u 2^ ( r )  = 0 (2 .9 )

I n s e r t in g  Eq. (2 .8 )  and (2 .9 )  i n to  (2 .7 )  r e s u l t s  in  two s e t s  o f  f i r s t -  

o rd e r  co u p led  d i f f e r e n t i a l  e q u a tio n s  f o r  th e  X^ and Y^. T hese a re
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w h e r e

* i j  “  ~  “ 2 1 ^ i j “ l i  ’  ( 2 . 1 1 a )

» l j  ■  « ï ‘ < “ 2 l “ 2 1  +  i " 2 l " 2 i " l j  -  % ‘ “ 2 i ” « “ 2 J  •

<=« '  +  i " l i « l i " l ]  +  “ I ‘ “ l l ' ' ' l j “ l 3 •

“i l  ■ "■i'"‘l i “n  + ■’i “ l l “2i>«li + “I ‘'‘l i ”l 3“23 •

and W i s  th e  W ronskian o f Uĵ  and u^. The e x a c t  s o lu t io n s  o f th e  e l a s -
2

t i c  S ch ro d in g e r e q u a tio n  s a t i s f y  u" = -P  u , in  which c a se  th e  f i r s t  

te rm s o f  Eq. (2 .1 1 ) a r e  z e ro . S ince u^ and u^ a r e  ap p ro x im a te  s o lu t io n s  

f o r  th e  e l a s t i c  c a se  we e x p e c t th e  f i r s t  term s o f  Eq. (2 .1 1 ) to  b e  

s a m ll ,  and om it them from  th e  fo llo w in g .

O u ts id e  o f  th e  c l a s s i c a l ly - f o r b i d d e n  re g io n  and w e ll  away from  a 

c l a s s i c a l  tu rn in g  p o in t ,  we can  use s im p le  WKB fu n c tio n s  f o r  u^ and u^ . 

T hese a r e  g iv e n  by

u ^ j = e x p ( is ^  -  i i r / 4 ) , r  > ( 2 . 12a)

u^^ = P^^ e x p ( - i s ^  -  i i r /4 ) ,  r  > r^ ^  ( 2 . 12b)

« l i  = '»2i  = 0 * r  < r ^ ^  ( 2 . 12c)

w ith

=  1 /  P ^ ( r ’ ) d r ’  1 .  ( 2 . 1 3 )

^ c i
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The q u a n t i ty  P ^ (r)  i s  th e  momentum a s s o c ia te d  w ith  p o s i t io n  r  and 

i s  th e  c l a s s i c a l  tu rn in g  p o in t  f o r  th e  i ^ ^  s t a t e ,  i . e . , th e  v a lu e  fo r  

which = 0 .  E q u a tio n s  C 2 .l l )  become

^ i j = -4  i ( P ^ P j) ” *̂  U ^jC xpC -is^ + i S j ) , (2 .1 4 a)

' i j
= i(P ^ P j)~ ^  U ^^ex p (-is^  - i S j ) , (2 .1 4 b )

' i j
= h i ( P ^ P j ) ”** U^^expC i s ^  + i S j )  , (2 .1 4 c )

= h ^  U^^expC i s ^  - i S j ) . (2 .14d)

F or th e  energy  range we a r e  concerned  w i th ,  P ^ ( r )  i s  la rg e  so s^  i s  

a ls o  l a r g e  and v a r ie s  r a p id ly  w ith  r .  T hus, th e  B and C term s w i l l  be 

r a p id ly  o s c i l l a t i n g  fu n c tio n s  o f  r  so  t h a t  any i n t e g r a l  over them w i l l

be n e g l i g i b le .  The p r o p e r t i e s  o f  a r e  a l s o  im p o rta n t to  th e  v a l i ­

d i t y  o f  t h i s  ap p ro x im a tio n : th e  m ust b e  s u f f i c i e n t l y  s lo w ly -v a ry ­

in g  fu n c tio n s  so t h a t  th e  av e rag e  o f

( P iP j ) “ *̂  U^^exp[ ± i ( s ^  + s j ]

i s  c lo s e  t o  z e ro . W ith o n ly  th e  s lo w ly  o s c i l l a t i n g  term s A and D r e ­

m a in in g , we have th e  coup led  e q u a tio n s

-  I  « -15a)

and

n  ■ ] W i  • ( '-" M

The n e g le c t  o f  th e  B and C term s means t h a t  we h ave l o s t  quantum i n t e r ­

fe re n c e  betw een th e  o u tg o in g  h a l f  o f  th e  t r a j e c t o r y  re p re s e n te d  by

and th e  incom ing h a l f  re p re s e n te d  by Y^.
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F o r e n e rg ie s  in  th e  ra n g e  o f  e fe”  e l e c t r o n  v o l t s ,  we ex p ec t o n ly  

s m a ll  r e l a t i v e  changes i n  th e  r e l a t i v e  en e rg y  t r a n s f e r r e d ,  s in c e  energy  

l e v e l  sp ac in g s  a r e  on th e  o rd e r  o f o n e - h a l f  e l e c t r o n  v o l t .  A lso , f o r  

m ost m o le c u la r c o l l i s i o n s  th e  an g u la r  momentum I  -  200 and th e  changes 

L I  a r e  on th e  o rd e r  o f  10 o r  s o . 39 T h e re fo re , w i th  Ak/k and L l / l  s m a ll ,  

we can  expand (s ^  — s ^ )  i n  a  double T a y lo r  s e r i e s  and r e t a i n  o n ly  th e  

f i r s t - o r d e r  te rm s ,

(s ^  -  S j)  = (3 s /3 k ) (k ^  -  k j )  + (3 s /3 1 )  (£.^ -  S,^). (2 .1 6 )

The c l a s s i c a l  t r a j e c t o r y  determ ined  by V ^(r) i s  s p e c i f ie d  by r ,  6 , and 

* a s  fu n c tio n s  o f  th e  tim e  t .  They a r e  r e l a t e d  by

d r  = + P ^ h d t/p  (2 .1 7 a )

and

d9 = ± id r / r ^ P ^  , (2 .1 7 b )

w h ere  th e  u p p er s ig n  h o ld s  f o r  th e  incom ing h a l f  o f  th e  t r a j e c t o r y  and 

th e  lo w er s ig n  h o ld s  f o r  th e  o u tg o in g  h a l f .
u

I n  Eq. ( 2 .1 7 ) ,  we h av e  an  av e rag e  momentum, P ^ , to  r e p la c e  (P^P^) 

w hich o c c u rs  i n  Eq. ( 2 .1 4 ) .  We c o n s id e r  i t  to  b e  an av e rag e  P by which 

we can  d e f in e  a  s in g le  c l a s s i c a l  t r a j e c t o r y .  The m anner by w hich such 

an  a v e ra g e  i s  d e f in e d  h a s  been  shown to  have l i t t l e  e f f e c t  on th e  quan­

t i t i e s  c a lc u la te d  by i t s  u s e .  S u b s t i tu t in g  Eq. (2 .1 7 )  in to  (2 .1 6 ) 

y i e l d s ,

( s ^  -  S j)  = ± w ^ j ( t  -  t^ )  ? ( i ^  -  i j ) (6 -  8^) , (2 .1 8 )

w here i s  th e  en e rg y  d i f f e r e n c e  betw een  s t a t e s  i  and j  i n  u n i t s  o f 

h .  S u b s t i t u t i o n  o f  E q s . (2 .1 7 ) and (2 .1 8 )  i n to  (2 .1 5 )  e f f e c t s  a  change- 

o f - v a r i a b l e s  from  r  to  t :
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-  -  Cl/A)I  V^^exp[ iw ^ jC t -  t ^ )  -  -  l j ) ( 8  -  0^) ]x ^  (2.19a)

fo r  t i t ,  and c

Ÿ = -  a / h ) l  V e x p [  iw ( t  -  t  ) -  1(1 -  1 )Ce -  e ) ]y  (2.19b)i  J 1 J  C j

fo r  t  < t ^ .  C o n tin u ity  o f  th e  wave fu n c tio n  r e q u ir e s  t h a t  X^ = a t  

tim e t ^ ,  th e  tim e a t  w hich th e  system  I s  a t  th e  tu rn in g  p o in t .

As they  s ta n d ,  E qs. (2 .1 9 )  c o u p le  th e  v i b r a t i o n a l ,  r o t a t i o n a l ,  and 

o r b i t a l  angular-m om entun s t a t e s  o f  th e  c o l l i d in g  sy s tem . We now remove 

th e  o r b i t a l  p a r t  by  em ploying an a c t lo n - a n g le  t r a n s fo rm a tio n  which i s  

v a l id  In  th e  c l a s s i c a l  l i m i t  of l a r g e  F or l a r g e  I  and m << Î, we

can u se  an a sy m p to tic  expansion  o f  th e  s p h e r ic a l  harm o n ic .

Yj^^(0 ,i{i) = IT ^ ( s l n 6) ^ c o s [  (1 + ^ 6  -  r /2  -  mir/2  ]e x p (im 4i) (2 . 20)

which I s  v a l id  f o r  0 »  1 /1 .  The p o t e n t i a l  m a tr ix  can  th e n  b e  w r i t te n

as

V , , ( r )  = (4 ti ) /  d o / V ( r , 0 ' , 4 i ' ) e x p ( -  lAm$)
i j x  m *.m 0 o

•[ex p (lA 1 0 ' + lirAm/2) + e x p ( -  IA I’0 -  lirAm/2)]d$ ' (2 .21 )

where & l  = I '  -  i  and Am = m’ -  m. Terms c o n ta in in g  e x p |± l ( l - r l ') 8 1 

a r e  h ig h ly  o s c i l l a t o r y  and a r e  o m itte d . Making u se  o f  th e  f a c t  th a t  

( 6 ' , ^ ' )  and ( - 0 ' ,ÿ'-Mr) r e p re s e n t  th e  same p o in t  In  s p a c e ,  we can r e w r i te  

Eq. (2 .2 1 )  as

V , , ( r )  = (4 i:^)“  ̂ /  d 0 ' /  V ( r , 8 \ * ' ) e x p [  -  lA m (*' -  ir/2>]
i j i  m &m 0 0 ^

«[exp(1A 10' ) d $ ' ] .  (2 .2 2 )

S in c e  V as  g iv en  by Eq. (2 .2 2 )  depends on A£ and Am and n o t on I n d l -
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v id u a l  v a lu e s  o f  I  and m, we can d ia g o n a l iz e  th e  o r b i t a l  a n g u la r  momen­

tum v i a  th e  tr a n s fo rm a tio n

I  e x p [  imCy -  n /2 ) ] e x p ( - i i6 ) X ^ ^ ^ ( t ) ;  (2 .2 3 )
im

h e r e ,  and  a r e  th e  numbers o f  i  and m v a lu e s  r e s p e c t iv e ly ,  to  be 

u sed  i n  th e  sum, and ô and y  a r e  d e f in e d  by

6 = 2irn^/Ng^ , y  = 2 n^/N ^ . (2 .2 4 )

As and become l a r g e ,  may be c o n s id e re d  to  become a  co n tin u o u s 

fu n c tio n  o f  5 and y .  The in v e rs e  o f  Eq. (2 .2 3 )  i s  g iv en  by

2ir 2ir
X j^ (r ,i,m ) = (N^N^) (4ir ) /d y /e x p [  - im (y  -  r / 2 ) ]2 s - l

0 0

• [ e x p ( i iÔ )X ^ ( r ,6 ,Y )d6] . (2 .2 5 )

S u b s t i t u t i o n  o f  Eqs. (2 .2 2 ) and (2 .2 5 )  i n to  (2 .1 9 a ) y ie ld s  

X ^ C t,6 ,Y) = -  ( i / h ) 2v ^ j ( t ,5  + e -  e^,Y )

*{exp[ i w ( t  -  t ^ ) ]  X j ( t , 6 ,y ) ^ .  (2 .2 6 )

By a s i m i l a r  p ro c ed u re  we o b ta in  th e  co u p led  e q u a tio n s  fo r  Y^. Equa­

t i o n s  o f  th e  form  o f  (2 .1 9 )  have been  d e r iv e d  from tim e dependen t p e r ­

tu r b a t io n  th e o ry  by in c lu d in g  th e  s p h e r ic a l  harm onics in  th e  o r ig in a l  

wave fu n c t io n .  T r a n s i t io n  p r o b a b i l i t i e s  can  b e  o b ta in e d  from  th e  p e r ­

tu r b a t io n  t r e a tm e n t ,  b u t  th e  t r a n s l a t i o n a l  p a r t  i s  ig n o red  so t h a t  an ­

g u la r  d i s t r i b u t i o n s  can n o t be o b ta in e d .  E q u a tio n s  s im i l a r  to  (2 .2 6 ) 

h av e  been  u se d  to  d e s c r ib e  v i b r a t i o n a l l y  i n e l a s t i c  s c a t t e r i n g  i n  a c o l ­

l i n e a r  m odel.
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3 . T reatm en t o f I n te r n a l  S ta te s  by th e  

R elaxed Sudden A pproxim ation  

The coup led  e q u a tio n s  s t i l l  c o n ta in  th e  r o t a t i o n a l  and  v i b r a t i o n a l  

t r a n s i t i o n s .  The r o t a t i o n a l  dependence i s  removed by u s in g  th e  sudden 

ap p ro x im a tio n . H e re , we assum e th a t  does n o t  depend upon r o t a t i o n a l  

en erg y  d i f f e r e n c e s ,  i . e . ,  t h a t  th e  e n e rg y - le v e l  sp ac in g  f o r  r o t a t i o n a l  

s t a t e s  i s  e s s e n t i a l l y  z e ro . F u r th e r ,  we assum e t h a t  rem a in in g  v ib r a ­

t i o n a l  e n e rg y - le v e l  sp a c in g  co n ta in e d  i n  d o es  n o t depend upon th e  

v i b r a t i o n a l  quantum numbers so  th a t  we can r e p la c e  by some c o n s ta n t  

v a lu e  (1). We th e n  have

\ ( t , ô , y )  = -  (i/h)%v^j(t,6 + e -  e^)

•{ e x p [  iw ( t  -  t^ ) ]  X j ( t ,5 ,y ) }  (2 .2 7 )

w ith  a  s im i l a r  e x p re s s io n  f o r  Y^. We r e f e r  to  t h i s  p ro c e d u re  a s  th e  

" re la x e d  sudden a p p ro x im a tio n ."  At t h i s  s ta g e  i t  i s  n o t  e a sy  t o  a s s e s s  

th e  p o s s ib le  e r r o r  in tro d u c e d  by th e  n a tu r e  o f  t h i s  a p p ro x im a tio n . I t  

h as  a  s t ro n g  a p p e a l ,  in  t h a t  i t  sh ou ld  p e rm it a  t e s t  o f  th e  u s u a l  sud­

den a p p ro x im a tio n  w hich c o n s id e rs  u to  be z e ro .

In  th e  sudden  a p p ro x im a tio n , th e  a v a i l a b le  energy  l e v e l s  a r e  t r e a ­

te d  a s  i f  th e y  a r e  co m p le te ly  d e g e n e ra te  s in c e  th e  p a ra m e te r  w e x p re s ­

s in g  en e rg y  d i f f e r e n c e s  betw een s t a t e s  i s  s e t  e q u a l to  z e ro .  Under 

such  a  c o n d i t io n  any  c l a s s i c a l  p a th  sh o u ld  be a b le  to  c o n n e c t th e  ap­

p r o p r ia te  i n t e r n a l  s t a t e s  in v o lv ed  in  an  en e rg y  t r a n s f e r  d u r in g  a  c o l­

l i s i o n .  At low e n e r g ie s ,  how ever, t h i s  d eg en eracy  sh o u ld  no lo n g e r  be 

a p p a re n t  to  th e  c o l l i d in g  m o lecu les  and  th e  sudden  a p p ro x im a tio n  shou ld
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f a i l .

As a  n e x t  a p p ro x im a tio n , a c o n s ta n t ,  n o n -z e ro  u i s  chosen in  o rd e r  

to  c lo s e ly  re p ro d u ce  th e  e l a s t i c  s c a t t e r i n g  t r a n s i t i o n  p r o b a b i l i ty  f o r  

an  o s c i l l a t o r  i n  i t s  ground s t a t e  as  g iv e n  by a quantum m ech an ica l c a l ­

c u l a t i o n  f o r  th e  c o l l i n e a r  p rob lem . Such a  ch o ice  fo r  u makes a l l  e x c i ­

te d  v i b r a t i o n a l  s t a t e s  d e g e n e ra te ,  i . e . ,  a l l  e x c i te d  s t a t e s  l i e  a t  th e  

same energy  above th e  ground s t a t e .  Harmonic o s c i l l a t o r  wave fu n c tio n s  

a r e  th e n  used  to  d e s c r ib e  th e  i n t e r n a l  v ib r a t i o n a l  s t a t e s .

E q u a tio n s  C2.27) a r e  s t i l l  co u p led  to  th e  v a r io u s  i n t e r n a l  s t a t e s  

by th e  p o t e n t i a l  m a tr ix  e le m e n ts . The m a tr ix  e lem en ts have th e  form

= /<t*(R)AV4i^(R)dJÎ , (2 .2 8 )

w hich  r e p r e s e n t s  a t r a n s fo rm a tio n  from  a b a s i s  s e t  q u a n tiz e d  in  th e  

s e t  o f  quantum  numbers i  and j  to  a  b a s i s  s e t  in  th e  i n t e r n a l  c o o rd i­

n a te  r e p r e s e n ta t i o n .  The b a s i s  s e t  becomes a  s e t  o f D ira c  d e l t a  func­

t io n s  s o  t h a t  th e  in v e r s e  t r a n s fo rm a tio n  ig 3 3 ,3 4

li j+ iC R )  $*(R)

= A V (R)ô(R-R ') , (2 .2 9 )

w here th e  c lo s u r e  p ro p e r ty  o f  th e  co m p le te  s e t  o f  i n t e r n a l  wave fu n c­

t io n s  h a s  b ee n  u se d . U sing  Eq. (2 .2 9 )  we can d ia g o n a liz e  Eq. (2 .2 7 ) ,

p ro d u c in g  th e  sec  o f  c o m p le te ly  deco u p led  e q u a tio n s ,

X (t,5 ,Y ,R ) = -  ( i /h )A V ( t ,6  + 6 -  6^ ,y ,R )

• [x ( t ,S ,Y ,R ) ]  (2 .3 0 a )

f o r  ( t  % t ^ )  and
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ŸCt.6,Y.R) = -  Ci/h)AVCt,5 + 8 -  8^.Y,R)

• [ Y ( t , 6 ,Y ,R )] (2 .3 0 b )

f o r  C t < C ^). The s o lu t io n  o f  Eq. C2.30) i s  o b ta in ed  by a  s im p le  i n ­

t e g r a t i o n  o v e r  th e  c l a s s i c a l  t r a j e c t o r y .  F or th e  asy m p to tic  l i m i t  

!-*■<*>, we can  w r ite ^ ^

XCt -*■ +  » ) =  e x p (2 in )  Y ( t  -► -  «) (2 .3 1 )

w here th e  p h a se  s h i f t  n i s  g iv en  by

n = -  (2 h )"^  /A V e x p (iu t) . (2 .3 2 )

The X and Y fu n c tio n s  no lo n g e r  depend upon th e  in te r n a l  s t a t e s  o f  th e  

c o l l i s i o n  p a r tn e r s ,  b u t  th ey  do depend upon th e  in te r n a l  c o o r d in a te s ,  

c o l l e c t i v e l y  d en o ted  by R. The p o t e n t i a l  AV v a r ie s  in  tim e a s  th e  

t r a j e c t o r y  changes w ith  tim e .

I n  p re v io u s  a p p l i c a t i o n s  o f  th e  sudden l i m i t  to  b o th  th e  r o t a t i o n a l  

and v i b r a t i o n a l  p a r t s  o f  th e  c o l l i s i o n  p rob lem , th e  phase s h i f t  was 

d e te rm in ed  by
1

n = -  (2 h )”  ̂/A V dt. (2 .3 3 )

H e re , AV depends o n ly  upon th e  t r a j e c t o r y ,  w h ile  th e  i n t e r n a l  c o o r d i ­

n a te s  ( f o r  v i b r a t i o n  and r o t a t i o n )  a r e  in d ep en d en t o f th e  tim e . F o r 

th e  r e la x e d  sudden a p p ro x im a tio n , a s  g iv e n  by Eq. (2 .3 2 ) ,  i t  i s  c o r r e c t  

to  s a y  t h a t  th e  r o t a t i o n a l  c o o rd in a te s  a r e  independen t o f  tim e s in c e  

any r o t a t i o n a l  c o n t r ib u t io n  to  th e  a p p e a rin g  in  Eq. (2 .2 6 ) was s e t  

e q u a l  to  z e ro .  T hen , s in c e  a l l  o f  th e  r o t a t i o n a l  energy  l e v e l s  a r e  de­

g e n e r a te ,  we can  u s e  any  l i n e a r  co m b in a tio n  o f  wave fu n c tio n s  to  d e s ­

c r i b e  th e  r o t a t i o n a l  s t a t e .  In  p a r t i c u l a r ,  we can d ia g o n a l iz e  AV and
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n by u s in g  a s e t  o f  D ira c  d e l t a  wave f u n c tio n s  in  th e  i n t e r n a l  r o t a ­

t i o n a l  c o o r d in a te s .  F o r th e  v ib r a t i o n a l  c a s e  a  s im i l a r  d ia g o n a l iz a t io n  

v a s  c a r r i e d  o u t ,  b u t i t  i s  n o t c l e a r  t h a t  th e  v i b r a t i o n a l  c o o rd in a te  

can  b e  t r e a t e d  a s  tim e -in d ep en d en t due to  th e  e x p o n e n tia l  f a c to r  ap­

p e a r in g  i n  Eq. ( 2 .2 7 ) .  However, u was assumed to  be a  c o n s ta n t  so  t h a t  

th e  d ia g o n a l iz a t io n  co u ld  be c a r r ie d  o u t ;  a c c o rd in g ly ,  we w i l l  assume 

t h a t  th e  i n t e r n a l  v i b r a t i o n a l  c o o rd in a te  i s  in d ep en d e n t o f tim e . Thus, 

th e  q u a n t i ty  w i n  Eq. (2 .2 7 )  w i l l  b e  u sed  a s  a p a ram e te r to  m odify  th e  

r e s u l t s  o b ta in e d  p r e v io u s ly ,  i . e . ,  u s in g  Eq. (2 .3 3 )  f o r  th re e -d im e n ­

s io n a l  a tom -d iatom  s c a t t e r i n g .

4 . I n t e r a c t io n  P o te n t ia l

A problem  fa c in g  any t h e o r e t i c a l  c a lc u l a t io n  o f  a c o l l i s i o n  p ro ­

c e ss  i s  how to  choose an  in t e r a c t io n  p o t e n t i a l  which can  a t  l e a s t  e x h i­

b i t  th e  q u a l i t a t i v e  f e a tu r e s  o f an e x p e r im e n ta l  s i t u a t i o n .  The v ib r a ­

t i o n a l  p o t e n t i a l  o f  th e  H2 m olecu le i s  t h a t  o f  an enharm onic o s c i l l a t o r .  

The He + i n t e r a c t i o n  p o te n t i a l  sh o u ld  e x h ib i t  a  sh a llo w  p o t e n t i a l  

w e l l .  A p u re ly  r e p u ls iv e  n o n s p h e r ic a l  e x p o n e n tia l  p o t e n t i a l  i s  a  r e a ­

so n a b le  ap p ro x im a tio n . Many in t e r a c t io n  p o t e n t i a l s  o f  t h i s  a n a ly t i c  

form h av e  been  in tro d u c e d .  We chose to  u se  th e  p o t e n t i a l  f i t  o f  K rauss 

and M ies ,^ ^  s in c e  i t  i s  th e  one ad o p ted  by War t e l l  and C ro ss . I t  i s  

more s p h e r ic a l  and i t s  a n iso tro p y  v a r ie s  l e s s  r a p id ly  a s  a  fu n c tio n  o f  

th e  v i b r a t i o n  c o o rd in a te  th an  the more r e c e n t  one o f Gordon and S e c r e s t ,  

b u t  i t  d e s c r ib e s  th e  e s s e n t i a l  f e a tu r e s  o f  th e  i n t e r a c t io n  q u i t e  w e l l ,  

e s p e c i a l l y  i n  th e  h ig h ly  r e p u ls iv e  ra n g e .

The K rauss-M ies i n t e r a c t io n  p o t e n t i a l  f o r  th e  He + H2 sy stem  i s
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g iv e n  by

VCr.R.Y) = C ex p [ -  (a^  -  a ^ R )r ]  [  A(y ) + B(y)R ] , (2 .3 4 )

w here th e  d is p la c e m e n t from th e  v i b r a t i o n a l  e q u i l ib r iu m  i s  R, th e  

d i s t a n c e  from He to  th e  bond c e n te r  o f  H2 i s  r ,  and Y i s  th e  an g le  be­

tween th e  m o le c u la r  a x i s  and th e  momentum v e c to r .  The n u m erica l v a lu e s  

o f  th e  c o n s ta n ts  a r e :

A(y) = 1 .1 0 0 4 [ 1 + 0 .18250 P^CcosY) ]

B(y) = -  0 .5 2 1 5 l[  1 -  0 .27506 P-C cosy) ] a .u . - I

and

C = 198.378 eV (2 .3 5 )

a  = 1 .86176 a . u .   ̂o

Oĵ  = 0 .3205  a .u .  ^

w here P2 (co sy ) i s  th e  second L egendre p o ly n o m ia l and a l l  l i n e a r  dimen­

s io n s  a r e  g iv e n  in  a to m ic  u n i t s  (1 bohr = 0.529% ). T h is  p o t e n t i a l  i s  

v a l id  f o r  2 .5  < r  < 3 .8  a .u .  and - 1 .4  < R < 0 -6  a . u . .  S in c e  th e  p o ten ­

t i a l  becomes l a r g e  a s  R exceeds ab o u t 6 a . u . ,  th e  e x p o n e n tia l  term  in ­

v o lv in g  R i n  Eq. (2 .3 4 )  was expanded to  f i r s t  o rd e r  i n  R which gave th e  

p o t e n t i a l  u sed  th e  form

V (r,R ,Y ) = C e x p [  -  a ^ r  ] [  1 + Oj^Rr ] [ A(y ) +  B(y)R ] • (2 .3 6 )

The L egendre p o ly n o m ia l was w r i t t e n  as a  fu n c t io n  o f  th e  an g le s  6 , * ,

0 ,  and  $ by u s e  o f  th e  a d d i t io n  theorem  f o r  s p h e r i c a l  h a rm o n ics. The 

r e la t io n s h ip  o f  th e s e  a n g le s  i s  shown i n  F ig .  1.
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X

FIG . 1 C o l l i s i o n  Geometry



CHAPTCR I I I

DETAILS OF THE NUMERICAL COMPUTATIONS 

F o r each  en e rg y  and im pact p a ram ete r a  c l a s s i c a l  t r a j e c t o r y  fo r th e  

r e l a t i v e  t r a n s l a t i o n a l  m otion was c a lc u la te d  fay i n te g r a t in g  th e  c l a s s i ­

c a l  e q u a tio n s  o f  m otion  u s in g  th e  i s o t r o p i c  p a r t  o f  th e  i n te r a c t io n  po­

t e n t i a l .  T h is p o t e n t i a l  was o b ta in e d  fay a v e ra g in g  o v e r  th e  in te rn a l  

c o o r d in a te s .  The av e rag e  over r o t a t i o n a l  c o o rd in a te s  was done in  th e  

s ta n d a rd  manner by in te g r a t in g  o v er 9 and $. The av e rag e  o v e r th e  v i ­

b r a t i o n a l  c o o rd in a te s  was c a r r i e d  o u t w ith  a  w eig h t f a c t o r ,  e x p [  ] ,  

w here o was chosen  ac co rd in g  t o  th e  i d e n t i t y  o f  th e  d ia to m ic  m olecu le . 

The r e s u l t i n g  t r a j e c t o r y  was th e n  ex p re ssed  a s  a s e t  o f  d a ta  g iv ing  th e  

c e n te r  o f  mass d i s ta n c e  r  and th e  s c a t t e r i n g  an g le  0 a s  fu n c tio n s  of 

t im e . T hese fu n c tio n s  were th e n  used  to  o b ta in  a tim e  dependen t i n t e r ­

a c t io n  w hich fo llo w ed  th e  v ib r a t i o n a l  m otion  o f  th e  d ia to m ic  m olecu le .

The p h a s e - s h i f t  c a lc u la t io n s  w ere made by i n t e g r a t i n g  o v e r the 

co m p le te  i n t e r a c t io n  p o t e n t i a l  f o r  a g iv e n  t r a j e c t o r y .  The suddeti-ap- 

p ro x im a tio n  r e s u l t s  w ere o b ta in e d  from th e  r e l a t i o n

1n(E.fa,R,e,$) = -  (2fi)“ /v(r,8,*,R,e,$)dt. (3.1)

H e re , E and fa a r e  th e  c e n te r  o f  mass en e rg y  and im pact p a ra m e te r , r e s ­

p e c t i v e ly ,  R i s  th e  v i b r a t i o n a l  c o o rd in a te  o f  th e  d ia to m ic  m olecu le, and 

0  and $ a r e  th e  o r i e n t a t i o n  a n g le s  f o r  th e  d ia to m ic  m o lecu le  a s  de-

21
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f in e d  by F ig .  1 . Phase s h i f t s  f o r  th e  re la x e d  sudden ap p ro x im a tio n  

w ere c a lc u la te d  from  a r e l a t i o n  which d i f f e r s  from Eq. (3 .1 )  o n ly  by 

th e  in c lu s io n  o f  an  e x p o n e n tia l  f a c to r ,  e x p ( iu t ) ,  under th e  i n t e g r a l .

I n  Eq. ( 3 .1 ) ,  i t  was co n v en ien t to  u se  th e  com plete p o t e n t i a l  fo r  th e  

sy stem  r a t h e r  th a n  th e  a n is o t ro p ic  p a r t ,  AV, which was used in  th e  

t h e o r e t i c a l  developm en t. T h is  s u b s t i t u t i o n  produced o n ly  a p h a s e - fa c -  

t o r  d i f f e r e n c e  in  th e  s c a t t e r i n g  m a tr ix  e lem en ts  and no d i f f e r e n c e  in  

th e  t r a n s i t i o n  p r o b a b i l i t i e s ,  s in c e  V ( r ,R ,0 ,$ )  = V ^(r) + V (r,R ,G ,$ )

and s in c e  th e  m a tr ix  e lem en ts  were o b ta in e d  by in te g r a t io n  o v e r th e

i n t e r n a l  c o o r d in a te s .  The t r a j e c t o r y  was c a lc u la te d  fo r  a s p h e r ic a l ly  

sym m etric p o t e n t i a l  so th e  az im u th a l a n g le  ^ was chosen to  be z e ro .

The s c a t t e r i n g  m a tr ix  e lem en ts  w ere o b ta in ed  by in te g r a t in g

th e  e x p o n e n tia l  o f  th e  phase  s h i f t  o v e r  v ib r a t i o n a l  wave fu n c tio n s  o f 

th e  m o lecu le  u s in g  th e  e q u a tio n

S ^ , ( E , b , 0 , * )  » < n ']e x p (2 in )  I n )  , (3 .2 )

w here [n ^  and [ n ) ’ a r e  th e  i n i t i a l  and f i n a l  s t a t e s  o f  th e  o s c i l l a t o r  

and w ere ch o sen  a s  h a r m o n ic -o s c i l la to r  wave fu n c tio n s .  F or t h i s  w ork, 

th e  i n i t i a l  v i b r a t i o n a l  s t a t e  was chosen  to  be th e  ground s t a t e  o f  th e  

d ia to m ic  m o le c u le . The t r a n s i t i o n  p r o b a b i l i t i e s ,  P^^, w ere o b ta in e d  

from  th e  s q u a re s  o f  th e  a b s o lu te  v a lu e s  o f  th e  s c a t t e r in g  m a tr ix  e l e ­

m en ts , i . e . ,

P ( E . b , e , i )  = |s ^ ^ ( E ,b ,8 ,» ) |^  . (3 .3 )on on

O r ie n ta t io n —dep en d en t c ro s s  s e c t io n s  w ere d e f in e d  by and c a lc u la te d

from  th e  r e l a t i o n ,
IT

Qojj^CE,e,«) = 2 n f P ^ ^ (E ,b ,0 ,* )b d b . (3 .4 )
0
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F in a l ly ,  a n g le -a v e ra g e d  c ro s s  s e c t io n s  f o r  f ix e d  energ y  w ere ob­

ta in e d  by a v e ra g in g  o v e r  th e  i n t e r n a l  a n g le s  o f  th e  d ia to m ic  m o le c u le .

The c a lc u l a t io n s  w ere  perfo rm ed  fo r  c e n te r  o f m ass e n e rg ie s  o f  4 ,

5 , 8 , and lOeV. These e n e rg ie s  f a l l  w ith in  th e  ran g e  used  in  th e  quan­

tum m echan ical c a lc u l a t io n s  o f  S e c r e s t  and Johnson f o r  c o l l i n e a r  c o l l i ­

s io n s  o f  th e  He and H2 sy stem .

C a lc u la t io n s  w ere c a r r i e d  o u t on a PDP-10 sy stem . Sim pson’s r u le  

was used  f o r  a l l  n u m eric a l i n t e g r a t i o n s .

The v a lu e s  o f  u to  u se  in  Eq. (2 .2 7 ) f o r  each  en e rg y  were s e le c te d  

by c a lc u la t in g  th e  e l a s t i c  t r a n s i t i o n  p r o b a b i l i ty  f o r  v a r io u s  u ' s  and 

choosing  th o s e  w hich  gave v a lu e s  f o r  th e  p r o b a b i l i ty  w hich was c lo s e s t  

to  th e  c o l l i n e a r  c a lc u l a t io n  o f  S e c r e s t  and Johnson . The v a lu e s  used 

a r e  g iv en  i n  T ab le  I .

T a b le  I .  V alues S e le c te d  fo r

C o l l i s io n  Energy (eV) u (x  lO^^s

4 8 .9 0

5 8 .4 4

8 6 .9 2

10 5 .4 6

14 -1a .  F or a s  an harm onic o s c i l l a t o r  u = 8 .28  x  10 s

F ig .  2A i l l u s t r a t e s  th e  b e h a v io r  o f  th e  peak  i n  th e  p r o b a b i l i ty  

d i s t r i b u t i o n  a s  a  f u n c t io n  o f  th e  f i n a l  s t a t e  a s  w becomes non—z e ro .
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FIG . 2 T r a n s i t io n  p r o b a b i l i t y ,  Pno» v s .  f i n a l  s t a t e  n  
f o r  c o l l i n e a r  c o l l i s i o n s  a t  z e ro  im pact p a ra m e te r .
(a ) 8eV Open c i r c l e s  f o r  w f  0 . F u l l  c i r c l e s  f o r  u = 0 .
Cb) Open c i r c l e s  f o r  lOeV w # 0 . F u l l  c i r c l e s  f o r  4eV w ^ 0 .
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F ig . 3 T r a n s i t io n  p r o b a b i l i t y ,  P , v s .  f i n a l  s t a t e  n fo r  c o l l i n e a r  c o l l i s i o n s  
a t  ze ro  Im pact p a ra m e te r . F u ll  c i r c l e s  r e p r e s e n t  th e  w ^ 0 r e s u l t s  and th e  open 
c i r c l e s  r e p r e s e n t  th e  e x a c t r e s u l t s  o f  R ef. (1 0 ) .  (a )  4eV (b ) 5eV
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FIG. 4 T r a n s i t io n  p r o b a b i l i t y ,  Ppo» v s .  f i n a l  s t a t e  n f o r  c o l l i n e a r  c o l l i s i o n s  
a t  ze ro  Im pact p a ra m e te r . F u l l  c i r c l e s  r e p r e s e n t  th e  w ^ 0 r e s u l t s  and th e  open 
c i r c l e s  r e p re s e n t  th e  e x a c t r e s u l t s  o f  R ef. (1 0 ) . (a )  8eV (b) lOeV
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F o r a  z e ro -im p ac t p a ra m e te r ,  c o l l i n e a r  c o l l i s i o n  a t  8eV, th e  u * 0 r e ­

s u l t s  a r e  th o se  o f  W a r te l l  and C ross —  a  b road  d i s t r i b u t i o n  c e n te re d  

on r e l a t i v e l y  h ig h  f i n a l  s t a t e s .  When u i s  in c re a s e d  from  zero  th e  peak 

s h i f t s  to  low er f i n a l  s t a t e s  and th e  d i s t r i b u t i o n  becomes n a rro w er.

T h is r e s u l t  i s  an in d i c a t io n  o f  how th e  sudden ap p ro x im a tio n  o v e r e s t i ­

m ates th e  i n e l a s t i c i t y  o f  a  c o l l i s i o n  p ro c e s s . For w f  0 ,  th e  d i s t r i ­

b u t io n  sp re a d s  w ith  in c r e a s in g  c o l l i s i o n  e n e rg y , g iv in g  s i g n i f i c a n t  

t r a n s i t i o n  p r o b a b i l i t i e s  a t  h ig h e r  f i n a l  s t a t e s ;  i . e . ,  th e  c o l l i s i o n  b e­

comes more i n e l a s t i c .  T h is  r e s u l t  i s  shown in  F ig . 2B.

Com parisons o f  th e  c o l l i n e a r  c o l l i s i o n  r e s u l t s  o f  S e c r e s t  and 

Johnson w ith  th o se  o f  th e  p r e s e n t  work a r e  g iv en  in  F ig s .  3A through 

4B. At 4eV th e  two r e s u l t s  c o in c id e  w ith  e s s e n t i a l l y  no d is c e rn a b le  

d i f f e r e n c e ,  w h ile  a t  5eV as  n  in c re a s e s  our v a lu e s  o f  a r e  s l i g h t l y  

l a r g e r  th an  th e  q u a n ta l  r e s u l t s .  The maximum in  th e  p r o b a b i l i ty  d i s ­

t r i b u t i o n  o cc u rs  f o r  th e  same e s c i te d  s t a t e  f o r  b o th  r e s u l t s  a t  8eV, b u t 

th e  d i s t r i b u t i o n  f o r  th e  r e la x e d  sudden ap p ro x im a tio n  i s  b ro a d e r  and 

s i g n i f i c a n t  v a lu e s  o f  a r e  seen  a t  l a r g e r  n . At lOeV th e  maximum 

f o r  th e  p r e s e n t  work h as  s h i f t e d  to  a h ig h e r  n th an  th e  q u a n ta l  r e s u l t  

and th e  d i s t r i b u t i o n  i s  much b ro a d e r .

C o l l i s io n s  fo r  w hich  th e  im pact p a ram ete r i s  n o t ze ro  e x h ib i t  more 

e f f i c i e n t  t r a n s f e r  o f  en e rg y  when one end o f  th e  m o lecu le  i s  c lo s e s t  

to  th e  a to m 's  p ro je c te d  t r a j e c t o r y .  T h is  e f f e c t  i s  i l l u s t r a t e d  by 

F ig s .  5 th rough  8 in  w hich  th e  sudden and re la x e d  sudden r e s u l t s  a r e  

compared a t  8eV a s  0 i s  v a r ie d  and * i s  k ep t c o n s ta n t .  The e l a s t i c  

p r o b a b i l i t y ,  P^^, i s  s m a l le r  fo r  th e  sudden ap p ro x im a tio n  f o r  a l l  im­

p a c t  p a ra m e te rs . Each r e s u l t  shows a  minimum f o r  w hich  occu r n e a r
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th e  " a s p e c t"  o f  th e  m o lecu le  C eq u ilib r iu m  s e p a r a t io n  m u l t ip l ie d  by

s in 0 )  p re s e n te d  to  th e  c o l l i d in g  atom . As 9 i s  in c re a s e d  th e  minimum

moves to  l a r g e r  im pact p a ram ete r and  th e  c o l l i s i o n  becomes more e l a s t i c

a s  in d ic a te d  by th e  in c re a s in g  sh a llo w n e ss  o f  th e  minimum. The re la x e d

sudden  minimum more c lo s e ly  fo llo w s  th e  a s p e c t .  At low er e n e rg y , the

b e h a v io r  i s  s i m i l a r  b u t  th e  minima in  F a r e  much s h a llo w e r  a s  shownoo

by F ig .  9 . The sudden ap p ro x im a tio n  shows a  l a r g e r  ran g e  o f  im pact 

p a ra m e te rs  c o n t r ib u t in g  to  th e  i n e l a s t i c  s c a t t e r i n g  th a n  does th e  re ­

la x e d  sudden  ap p ro x im a tio n . T h is  ra n g e  n arrow s as  th e  en erg y  o f  th e  

c o l l i s i o n  d e c re a s e s .

When b o th  atom s o f  th e  m o lecu le  l i e  in  a  p la n e  p a r a l l e l  to  th e  in ­

coming atom  ($ = ir/2 ) th e  re la x e d  sudden  r e s u l t  r a p id ly  app roaches e l a s ­

t i c  s c a t t e r i n g  as  9 i s  in c re a s e d  and  th e  ra n g e  o f  im p act p a ram e te rs  con­

t r i b u t i n g  to  i n e l a s t i c  s c a t t e r i n g  n arrow s a p p r e c ia b ly .  The sudden r e ­

s u l t ,  how ever, in d ic a te s  a p p r e c ia b le  v i b r a t i o n a l  e x c i t a t i o n  fo r  a l l  

v a lu e s  o f  0 w ith  th e  minimum i n  moving to  l a r g e r  im pact p a ram eter 

a s  0 i s  in c re a s e d .  A lso , a  v e ry  b ro a d  ra n g e  o f  im pact p a ram ete rs  con­

t r i b u t e s  to  th e  i n e l a s t i c  s c a t t e r i n g .  T h is  b e h a v io r  i s  in d ic a te d  by 

F ig s .  10 th ro u g h  13.

As shown in  F ig . 14 , w here InCQ^^) i s  p l o t t e d  a g a in s t  th e  f i n a l  

s t a t e  n  f o r  fo u r  e n e r g ie s , th e  c ro s s  s e c t io n s  a l l  f a l l  o f f  lo g a r i th m i­

c a l l y  w ith  th e  r a t e  o f  d e c re a s e  l e s s  f o r  h ig h e r  en e rg y . F ig .  15 com­

p a re s  th e  8eV r e s u l t  w ith  t h a t  o b ta in e d  by th e  sudden  ap p ro x im a tio n  and 

we s e e  t h a t  th e  sudden r e s u l t  f a l l s  o f f  m ore s lo w ly  a s  th e  f i n a l  s t a t e  

becomes h ig h e r .

A l e a s t  sq u a re s  f i t  to  a p a ra b o la  f o r  th e  d a ta  i n  T ab le  I  y ie ld s
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FIG . 5 T r a n s i t io n  p r o b a b i l i t y ,  Pq q , v s . im pact 
p a ra m e te r  b a t  8eV. o R elaxed  ap p ro x im a tio n  
•  Sudden a p p ro x im a tio n . O r ie n ta t io n  a n g le s  fo r  
H2 a r e  6 = ir/8  and $ = 0 .
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p a ra m e te r  b  a t  8eV. o 
•  Sudden, ap p ro x im a tio n , 

a r e  0 = it/4  and $ = 0 .

im pact 
R elaxed ap p ro x im a tio n . 
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T r a n s i t io n  p r o b a b i l i t y ,  Pq q , v s .  im pactFIG . 7
p a ram e te r b a t  8eV. o 
•  Sudden ap p ro x im a tio n  
Eg a r e  0 = 3 ir /4 , * = 0 .

R elaxed a p p ro x im a tio n . 
O r ie n ta t io n  a n g le s  f o r
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FIG- 8 T ra n s i t io n ,  p r o b a b i l i t y ,  Pqo» v s .  im pact 
p a ra m e te r  b a t  BeV. o R elaxed  ap p ro x im a tio n .
•  Sudden a p p ro x im a tio n . O r ie n ta t io n  a n g le s  f o r  
Eg a r e  9 = i r /2 ,  $ = 0.
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FIG . 9 Pqo v s .  b fo r  4eV.
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FIG. 11 Pqo v s .  b f o r  8eV a t  Q = r / 4 ,  $ = ir /2
R elaxed Sudden.
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FIG. 15 N a tu ra l  lo g  o f  an g le  av erag ed  c ro s s  s e c t io n  v e rs u s  f i n a l  s t a t e  
0 R elaxed sudden a p p ro x im a tio n . •  Sudden ap p ro x im a tio n .
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th e  c u rv e ,

w here

2
U» = u -  aE -  bE (3 .5 )o

14 -1ü)  ̂ = 9 .7 3  X 10 s ,

a  = 6 .4 2  X lO^^eV  ̂ , 

and  b = 3 .59  x lO^^eV  ̂ .

The v a lu e  o f  t h e  c e n te r  o f  mass en erg y  fo r  w hich  tu = 0 in  Eq. (3 .5 )  i s  

15 .6eV . T hus, a  lo w er l i m i t  f o r  th e  a p p l i c a t io n  o f  th e  sudden ap p ro x i­

m atio n  would seem to  be a c e n te r  o f mass en e rg y  o f  ab o u t th r e e  tim es 

th e  d i s s o c i a t i o n  en e rg y  f o r  H2 * A s t r a i g h t - l i n e  f i t  t o  th e  same d a ta  

y i e ld s  a  lo w er l i m i t  o f  abou t fo u r  tim es th e  d i s s o c i a t i o n  energy .



CHAPTER IV

SUMMARY AND CONCLUSIONS

A th re e -d im e n s io n a l  s e m i - c la s s i c a l  method u s in g  th e  re la x e d  sudden 

a p p ro x im a tio n  h a s  b een  d ev e lo p ed  and a p p lie d  to  v ib r a t i o n a l ly  i n e l a s t i c  

s c a t t e r i n g  o f  a s t r u c t u r e l e s s  helium  atom from  a hydrogen m olecu le- A 

s im p le  p ro c ed u re  was d e v ise d  fo r  s e l e c t in g  a v a lu e  fo r  w which produced 

c lo s e  agreem ent betw een th e  c o l l i n e a r  s e m i - c la s s i c a l  t r a n s i t i o n  p ro b a­

b i l i t i e s  and  th e  e x a c t  quantum  m ech an ica l v a lu e s .  The s e m i- c la s s ic a l  

m ethod was th e n  ex ten d ed  to  th r e e  d im ensions to  o b ta in  p r o b a b i l i t i e s  

and c ro s s  s e c t io n s  f o r  v i b r a t i o n a l  t r a n s i t i o n s  from th e  ground s t a t e  

o f  an harm onic o s c i l l a t o r .  T hese r e s u l t s  w ere compared w ith  th o se  o f 

th e  sudden a p p ro x im a tio n . A n u m eric a l low er l i m i t  on th e  c o l l i s i o n  

en e rg y  was found f o r  th e  u se  o f  th e  sudden ap p ro x im a tio n  fo r  th e  He +

H2 system .

F or low c e n te r  o f  m ass e n e rg y , i t  was found th a t  th e  e x a c t r e s u l t  

f o r  th e  t r a n s i t i o n  p r o b a b i l i t i e s  co u ld  be mimicked by a  s in g le  ch o ice  

o f  w. At h ig h e r  e n e rg ie s  th e  re la x e d  sudden t r a n s i t i o n  p r o b a b i l i t i e s  

showed a tendency  to  p eak  a t  a  h ig h e r  v i b r a t i o n a l  s t a t e  th an  th o se  found 

by th e  e x a c t  q u a n ta l  c a l c u l a t i o n .

W hile th e  sudden  a p p ro x im a tio n  in d ic a te s  th e  g e n e ra l  b eh a v io r o f 

th e  p r o b a b i l i t y  p e a k s , i t  o v e re s t im a te s  th e  c o n t r ib u t io n s  o f h ig h e r  v i ­

b r a t i o n a l  s t a t e s .  The c ro s s  s e c t io n s  c a lc u la te d  from th e  p r o b a b i l i t i e s

41
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were sm a lle r  in  th e  c a s e  o f  th e  re la x e d  sudden ap p ro x im a tio n . T h is be­

h a v io r  was ex p ec ted  s in c e  th e  re la x e d  sudden approx im ation  in tro d u c e d  a 

more com p lica ted  energy  dependence v i a  th e  f a c to r  ex p (ic jt) which o s c i l ­

l a t e s  r a p id ly  a t  low e n e rg ie s  and re d u c e s  th e  t r a n s i t i o n  p r o b a b i l i t i e s .

As th e  c o l l i s i o n  energy  in c r e a s e s ,  th e  o s c i l l a t i o n s  d e c rea se  w ith  an  a t ­

te n d a n t in c re a s e  in  th e  t r a n s i t i o n  p r o b a b i l i t y .  I t  was a l s o  found th a t  

th e  re g io n  o f  s i g n i f i c a n t  i n e l a s t i c  v i b r a t i o n a l  s c a t te r in g  i s  r e s t r i c t e d  

to  a  s m a lle r  range  o f  im pact p a ra m e te rs  f o r  th e  re lax ed  sudden ap p ro x i­

m ation  th an  fo r  th e  sudden a p p ro x im a tio n . T h is  range o f  im pact param e­

t e r s  was c e n te re d  around th e  a s p e c t  o f  th e  m olecu le  and in d ic a te d  th a t  

th e  most e f f i c i e n t  energ y  t r a n s f e r  o c c u rre d  when th e  incom ing p r o j e c t i l e  

approached  one o f  th e  m o le c u la r .atoms h e a d -o n . The r e s t r i c t i o n  o f  s ig ­

n i f i c a n t  v ib r a t io n a l  s c a t t e r i n g  to  a  s m a lle r  range  o f im p ac t p a ram eters  

f o r  th e  re la x e d  sudden ap p ro x im a tio n  comes ab o u t due to th e  f i n i t e  en e r­

gy sp ac in g  in tro d u c e d  by w. T h is  means t h a t  s t ro n g e r  f o r c e s  a re  n ec e s­

s a ry  to  produce v i b r a t i o n a l  t r a n s i t i o n s .

The v a lu e s  f o r  w w ere u sed  to  s e t  an  ap p ro x im a te  low er energy  l im i t  

o f  th re e  to  fo u r  tim es  th e  d i s s o c i a t i o n  en e rg y  on th e  u s e  o f  th e  sudden 

ap p ro x im a tio n . A lso , Eq. (3 .5 )  co u ld  be used  to  determ ine v a lu e s  fo r  

(I) w ith in  th e  energy  ran g e  o f t h i s  w ork a lth o u g h  t h i s  was n o t  done.

We would l i k e  to  compare o u r  th re e -d im e n s io n a l  c a lc u la t io n  w ith  

ex p e rim en ta l r e s u l t s  and an e x a c t  th re e -d im e n s io n a l  c a lc u la t io n .  So f a r ,  

ex p erim en ts  f o r  v i b r a t i o n a l  en e rg y  t r a n s f e r  i n  th e  He +  H2 system  have

been  perform ed a t  e n e rg ie s  below  th o s e  c o n s id e re d  in  t h i s  w ork .^^  The

29same i s  t r u e  fo r  t h e o r e t i c a l  c a l c u l a t i o n s .  W a rte ll  h a s  perfo rm ed  su d -
47

den  ap p ro x im a tio n  c a lc u la t io n s  f o r  th e  s c a t t e r i n g  o f  He from HD.
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I t  w ould  be o f  i n t e r e s t  to  ap p ly  th e  r e la x e d  sudden ap p ro x im a tio n  to  t h i s  

sy s tem . Model c a lc u la t io n s  u s in g  t h i s  ap p ro x im a tio n  co u ld  be ex tended  

to  heavy  p a r tn e r  c o l l i s io n s  and more a n i s o t r o p ic  p o t e n t i a l s .

The method combines th e  n u m eric a l ad v a n ta g es  o f c l a s s i c a l  m echanics 

and r a t h e r  s im p le  te ch n iq u e s  w ith  w hich to  h an d le  th e  quantum p r o p e r t ie s  

o f th e  sy stem  under i n v e s t i g a t io n .  I t  i s  easy  to  program  and com puting 

tim e  i s  re a s o n a b le , a lth o u g h  no a t te m p t was made to  produce a  more e f ­

f i c i e n t  program . The number o f  t r a j e c t o r i e s  needed i s  sm a ll —  one f o r  

ea ch  s e t  o f  b and E. A lthough a c tu a l  p h y s ic a l  v a lu e s  w i l l  u l t im a te ly  

r e ly  on th e  f u l l  quantum d e s c r ip t i o n ,  we can  use s e m i- c la s s ic a l  means 

to  r e v e a l  many d e t a i l s  o f  th e  c ro s s  s e c t io n s  and p r o b a b i l i t i e s .  Even 

a s  new c a lc u l a t io n a l  te c h n iq u e s  a r i s e  w h ich  w i l l  a llo w  a f u l l  q u a n ta l 

d e s c r ip t i o n  a t  m oderate e n e r g ie s ,  a tw o -p a r t  approach  w i l l  p ro b ab ly  

s t i l l  b e  o f  v a lu e .  In  th e  low en e rg y  r e g io n ,  quantum m echanics w i l l  b e  

u sed  and  i n  th e  high energy  re g im e , s e m i - c la s s i c a l  c a lc u la t io n s  can  g iv e  

an a d e q u a te  d e s c r ip t io n .
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