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PREFACE 

Since the results of experiments for the semi-rigid 

connection were published in Professor Cyri~ Batho's 

"First, Second and Final Reports~ 1-, the problem and the 

importance of the semi-rigid connection have been of much 

~nterest to · structu'ral engineers. In January 1935 the 

first paper 2 relating to semi-rigid-beam-to-column 

connections by Professor J. Charl es Rathbun was published 

in the Proc eedings of the American Society of Civil 

Engineers and in the Transactions of the American Society 

of Civil Engineers, Volumn 101, 1936. Professor John E. 

Lothers proposed the method3 of obt a ining the semi-rigid 

connection constant , Z, by analys i s and computation 

inst ead of by the expensive and time-consuming l aboratory 

tests . Profess or Lothers derived an equation f or Z for 

the web-angle type of connection in his paper "Elastic 

Restraint Equations For Semi-Rigid Connections'1. " 

1Professor Cyril Batho, First, Second and Final Report s , 
Steel Structures Re search Committee, Department of Scien
tific and Industrial Research. H.M. Stationery Office, 
London , 1931-1936. 

2J . Charles Rathbun, nElastic Properties of Riveted 
Connections~ Transactions of the American Society of Civil 
Engineers~ Vol. 101, (19361, pp. 524-596. 

3John E. Lothers, "Elastic Restraint E,quations for 
Semi-Rigid Connections. 11 Transactions of- the American 
Society of Civil Engineers.Vol. ll6,7 (~5'IT;" pp. 480-503. 
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The writer's decision to derive the Z-equation for the 

top and seat angle type of connection came about as a result 

of courses taken under Professor J.E. Lothers of the School 

of Architectural Engineering at Oklahoma A. and 1liLi College. 

Grateful acknowledgement is due to Professor Lothers 

for his advice and encouragement as well as for the proce~ 

dure laid down in his paperi111 

4 J. E~ Lothers, · Transact:Lons __ of the . .American Society 
of Civil Engineers, Vol. 116, pp .. 41m'-50.3. .. ~1, 
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INT ROD UT ION 

In the analysis of semi-rigid connected building frames 

the same method of analysis may be--employed as that used- in 

rigid connected bu,ildings. The method is modified, however, 

to compensate for the strain in the semi-rigid ccinnection by 

means of a connection constant, z. '!lhe latter ,constant has 

been established through laboratory measu:l"em~nts for_ many 

semi-rigid connections. These have b~en p~blish.ed5,o,7 and 

are available to the structural designer. Obviously it 

would be impracticable and very expensive to measure every 

semi-rigid connection. In the thesis which follQws an 

equation has been cl.erived by which the co:n.neetion constant, 

Z, may be computed for one type of semi-rigid connection; 

namely the top and seat angle connection. 

The reciprocal of Z for a given semi-rigid connection 

is the slope of the moment-rotation curve for the same 

connection,. The test of the accuracy of an equation for z, 

5professor Cyril Ba.tho, First, Se,cond and Final 
Re;eQr:t.!, 19.31-19~6• __ 

6 J. Charles Rathbun, Tran.sa,etions 91. :the American 
So,ciety of_ Civil EJ?,gin~ers, - Vel_. _ l@l, pp:. ]!1; ... 596~ · .- , ,, 

7 Robert A •. Heehtman and Br:uce G. Johnston, B.ive:te,d 
Sem.i;;.;Ri~id Beam·~-,C.olum;n Building Connections, Progres-s 
Report wnber 1, Comm1'ttee · on Steel Structure's Research, 
American Insti~ute of Steel construction, 1947~ · -, · 
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then, may be established by using the equation in the 

compution for Z for a given semi-rigid.connection and then 

plotting its reciprocal (1/z) on the laboratory based 

moment-rotation curve for the same connection. As indicated 

above, many such curves are available to the structural 

designer8 ,9,lO• Professor nathbun,s moment-rotation curves11 

have been used to establesh the accuracy of the equation 

derived on the .following pages, see Figures 12, 13 and 14. 

8Professor Cyril Batho, First, · Second and Final 
Report.s,,1931-1936 .. 

9J. Charles Rathbun,-Trarisactions of the American 
Society of Civil EI).~~neers, Vol. 1@1,-PP• 5"24 .. 596. · . 

lORobert A. Hechtman and Bruce G. Johnston, Riveted 
Semi-R:i;gid Beam-~-.Golu.mn Building Connect ions, Progress 
Report Number l, 19471! 

llJl,I Charles Rathbun, Transactions of the American 
Society of Civil Engineers, Vol." lol, pp-.-;4oand 54Li) 

' - "'. ' -
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.ANALYSIS 

I. Introduction. 

In order to derive an equation for th€ elastic res

traint of the top and seat angle type of semi-rigid connec

tion, it is assumed that the analysis of the cennection is 

based on the bending strength of the connecting anglesfZ,l~ 

Due to the bending moment of the beam the connecting 

angles are subjected to a pull in the beam connected leg, 

(Fig. 1), and the deflection,LlB(Fig. 1), at the heel of 

the top.angle away from the column is a maximum. 

p 

Figure 1 .• Figure 2. 

1·2.J.... Charles Rathbun, Transactions of the American 
Societz £! Civil Engineer.s, Vol. 101, pp, 524;....596. · .· · 

13J. E.: Lothers, Transactions of tlae .American· Societz 
£!. .Givil Engineers, Vol. 115,· pp-. 4~ ... ffl'. 



By applying the slope deflection method, the amount 

of this de_flection niay be derived. After the neutral axis 

being located, the angle rotation or the angle of strain, l, 
can be expressed. 

Finally the semi-rigid connection constant, or the 

"angle change for unit moment, ~;- will be derived as ~ being 

divided b)7" the resisting moment., !; of the c?nnection°' 

II, The Critical Moment in 1fil:. Legs of~ Connection Angle. 

The notation representing the dimensions of the angle 

are shown in Figure 1. By the slope deflection method the 

bending moments at points A, B, and. C are expressed. by the 

known values P d and the ratio of. the. de.flee-. , _, ,g, an ~l' 

tion of the heel of the angle with respect to point A to 

the length of point AB, £, _ is also expressed by:'l:, g and ~l. 

A., Slope Deflection Equations. 

The effective length of AB and BC are g and g1 r.e~

pectively •. From Figure l the known values are: 

1AB = g 1BG = gl 

e = o e = o 
A C 

and 

The basic slope deflection equations become; 

(1) 

M = 2EI ( 9A+29B'""! 3rB.A) = 2EI ( 2i - 3r ) 
BA L g ·· B A.B 

(2) 

BA 



2EI 2El . 
M. = ( 9 + 29 ... Jr ) = ----- ( 9 ) L B. · .. C CB B CB . CB I gl 

B. Mechanics Equatio.ns. 

and 

M + M = P.g 
AB BA 

c. Calculation. 

Equations (1) and (3) are substituted into 

Equation (5) which becomes: 

2EI ( 29 - Jr, ) + 2EI { 28B) = 0 
g · B AB. g1 •. 

which may be simplified into: 

JglrAB = 29B(g + gl) 

and therefore: 

r =,~ 9 g + gl 
AB 3 B gl 

Equations (lJ and (2) are substituted into 

Equation (6) which becomes: 

, 2EI (0 - Jr ) + 2EI (29 - 3rAB) =pg 
g ·B AB g B 

which is simplified into: 

2EI8 - 6EI r + 4EI8 - 6EI r = P g2 
B AB B AB 

(3) 

( 4) 

(5) 

( 6) 

(7} 



and therefore: 

6EI&B- 12EI rAB= P g2 

The value of rAB' Equation (7), 

Equation ( 8): 

6EI9 - 12EI(~ 8 g + gJ} = P g2 
B 3 B g1 

which is simplified into: 

is substiteted in 

6EI gleB- 8EI g eB-8EI gleB= P g2gl 

then the value of eB is: 

P 2 P' 
e = - g 01 

B 2EI 4g + g1 

Th1:1 value of eB is substituted into Equation ( 7): 

2 
2(g +g1) (-Pg gl ) 

rAB= 3 gl 2EI 4g + g1 

the value of rAB is: 

2 
pg g + gl 

rAB= - 3EI 4g + g1 

D. The Critical Moment. - ---......------ ---

6 

( $) 

(9) 

(10} 

The.se values of. eB and~ c1re substituted in 

Equations ( 1} , ( 2) , ( 3) and ( 4} to solve for the critical 

moment MA,~ and M0 • 

and 



which is simplified: 

and 
2EI . 

M = M = M = -( 28 ) 
B BC CB g B 

l 

= ---( 2) - ----=--2EI [ p g2g1 J 
gl _2EI{4g + g1 ) 

Which is simplified: 

M = p g 2g B ----
4 g + gl 

and 
2EI 

Mc= McB=~ 9B) 

= 2EI [ p g 2 gl 1· 
gl l 2EI(4g + gl ~ 

which is simplified: 

III. The Deflection, .6.B, of the Heel of the Top Angle." 
..__...._. .· - ----~~ 

7 

(11) 

(12) 

(13) 

By definition,£ is the ratio of the deflection of the 
A 

heel of the angle to the length of~' i. e. rAB = gB. 

The value of rAB is substituted in 

AB= rABX g 

and the minus sign is ignored. 

Pg3 g+g A = 1 
. B JEI 4g + g1 

(14) 



. . 

IV. The Ho:rizontal ~1:111, f• 
The connection is based on the strength.of the 

connecting angles and the critical bending momen:t is at 

the rivet line A which is shown in Figures l, 4 and 5. 

The resistant moment, M, at the rivet line A of the top 

angle is: 

substituting Jche value of MA from Equation ( 15} into 

Equation (11) and solve for P, 

Is= pg ?g + gl 
t/2 4g + gl 

from which 

2I s 4g + gl 
p = gt 2g + gl 

and substituting I= ~1.3 into 

p = bt2s 4g + gl 
6g 2g + gl 

v. The Angle .2f Strain, ~. 

Referring to Figure 5, 

Equation (16}, then, 

(15) 

(16} 

(17} 

(18) 

The Value of·.6B from Equation (14) is substituted into -
Equation (18) and¢ 

I . 
becomes: 

p g3 
¢ ~ 

- 3EI{ y-g-t) 
(19) 



Figure 3. 

y Y-g-t 
H 

Figure 5. 

Figure 4. 

Figure 6 .. 

p 

9 

Rivet , 
Line A. 

Figure 7. 
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The value of P from Equation (16) is substituted into 

Equation ( 19), then, 

¢ = 21 s 
g t 

g3 g + gl 

3EI(y-g-t) 4g + g1 

which may be simplified into: 

. 2 s g 2 

¢ = 3E t(y-g-t) 

VL. The Resisting MomEmt, M, of the Connection. 

(20) 

Since the strength of the angle governs the resisting 

moment of the connection. The value of Pin Equation (17) 

is a maximum for the safe resisting moment, M, of the 

connection. 

From Figure 3 the following relation can be obtained: 

lVI = P(y + 2 q) 
3 

The value of P from Equation (17) is .substituted in 

Equation ( 21): 

M = b s t 
6 g 

VII .. The Neutral Ax.is. 

4g + gl (y + 2 q) 
2g + g 3 

1 

(21) 

( 22) 

The same method as the transformed section in reinforced 

concrete beam analysis to locate the neutral axis}4 is used. 

of -
14 J.E. Lothers, Transaction of the American Society 

Civil Engineers, Vol. 116, pp .. 480-503 .. 
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The shear area, As, along rivet line A is: 
, 

As = b t 

and the compression area, Ac, of the bottom· seat angle is: 

Ac = b(H - y) 

But the relation between the bending stress and the 

shearing stress is that the ratio of the bending stress,~' 

to the shearing stress is equal to!!• 
s n=-v 

and! is equal shearing force divided by the area, As: 

V = p -
b t 

substituting the value of P from Equation (17), then, 

1 b s t 2 
V = b t Z l.;;)g 

4g + g, = s 
2g + g1 n 

simply and solve for£: 

n = 
6g(2g + g1) 
t(4g + gl) 

( 23) 

By the transformed area method the compression area becomes: 

Ab= n b(H- y) 

In order to locate the neutral axis expressed by the 

distance, z., down from the rivet line A, the equation of 

the static moment of the shear area, As, about the neutral -
axis and that of the transformed compression area is 

established as following: 

L MN .. A. = 0 

case 1: The neutral axis is above the rivet of the 

column connected leg of the seat angle {Figures 3 and 5). 

b t y = n b (H - y){H z y) (24) 



Simplifying into a quadratic equation: 

n y2 - 2(nH + t)y + n H2 = 0 

which is solved for y 
y = ( n H + t ) -:_ .J,...(_n_H_+_t_)...,.2--_(_n_)_( _n_H_2_) 

n 

12 

the positive sign gives an unreasonable value for y and the 

negative sign is used: 

y = 
n H + t - ~(2n H + t)t 

n 
( 25) 

case Q: The neutral axis is under the rivet of 

the column connected leg of the seat angle (Figure 6). 

Referring Figure 7 the shear stress is proportional to the 

distance from the neutral axis~ 

2-'=y-h 
s y 

Then the transformed shear area for rivet line A' is 

b t ( y y h) 

Applying 2MN.A.= 0 

b b (y - h) ( h ) n b (H - y)(H 2= y, t y + t y - = - -f y 

simplying into: 

b t y + b t (y - h) 2= n b (H - y)(H - Y) ( 26) 
y 2 

Where (y - h) 2 is very small as compared to~· Its 
y 

importance is less than that of other factors neglected 

in derivation of Equations (24) and (26). Among the 

latter may be considered rivet slip, bending in the column 
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flange, etc. Therefore, for all practical considerations, 

the second term of Equation (26) may be assumed to vanish 

-v;hich makes it identical with Equation ( 24}.. The latter 

equation will be used in locating the neutral ax.is. 

VIII. The Semi-Rigid Connection Factor~. 

BY defination, the factor ~ i,s the angle of strain 

for unit moment, therefore: 

The values of 1 and M from Equations (20) and (22) are 

substituted in Equation ( 27): 
2 

2 s g (g + e:~) 

which is simplified into: 

4 g3 z = -:----_;__ ____ ___ 
Et3 b ( y - g - t )( y + - q) 

3 

IX~ The Comparison _2! ~ Equation with t,he Published 

Laboratory Results. 

(27) 

(28} 

As a check on the effectiveness of Equation ( 28), it 

will be used to compute the Z-values for specimens s-, 9 

and 10, (Figure 8, 9, 10 and 11) of Professor Rathbun's 

paper, 11Elastie Properties of Riveted Connections 11 , published 

in the Transact ions of the Arnerican Society of Civil 

Engineers, Volume 101, 1936~ Also the resulting slope of 
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Specimen 8 2 9and 10. 
- .:.n 

1 

12-in. I-beam , ln 
y (9).31.8 lb. 2 111; long 

:a1.·_~=====t 
+++-- --~ 6x6x~ 

-----i---------~'111"------!-t ! • ) T 011 _:Z ______ _ 

I 

Specimen .2,, 

Figure. 8.: 

. ,,,.:,··., 

n 

I 

~l=;=l::~=t--t--;;; 1 ti 
+H"'-tH-· --ttt--t-t-~ 11 

~~H+-f-......1..-'2~ 

J.111 
4 

Figure 10. 

"Specimen 10 -----· 

2' 

Plate I 
1411:x:l'x2'0J 

L6x6ilil'2" 
8 

14 

n 

f 

1 Plate 

" ' . 6~:&2' 

Figure 9 • 

Figure 11. 

l5 J. Charles Rathbun, Transactions of the American 
Society 2£. Civil Engineers, Vol. lOl, P• 527;--
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the moment-rotation curve (ljz) will be_plotted on repro-
16 ductions of Professor Rathbun's curves for the above 

mentioned specimens in F'igures 12,13 and 14. 

Referring to Figures 8, 9, 10 and 11, the following 

data can be obtained which are common to all three specimens: 

t = i in.= 0.375 in. 

and 

g = 21 - t = 2.5 - 00375 = 2.1250 in. 2 

gl = 2t - t = 2.25 - 0.375 = l.8750 ino 

H = g + t + 12 + 6 = 2.5 + 12 + 6 = 20.50 in. 

F'rom Equations ( 23), ( 25) and ( 28), the values of Z and ! 
may be obtained. 

From Equation ( 23) : 
6g(2g + g) 

n = l 
t(l.1-g + gl) 

= 20.07 

From Equation ( 25) : 

6 X 2.1250(2 X 2.1250 + 1.8750) 
= --------·---------

0.375 (4 X 2.1250 + 1.8750) 

y = 
n H + t - J(2 n H + t) t 

= 

n . 

20.07 X 20.50+ 0.375-J(z X 20.07 X 20.50 +0.375)0~375 
20.07 

= 19.61+ in. 

From Equation (28): 

z = -------------
E t3b(y - g - t)(y + 2/J q) 

16 J .. Charles Rathbun, Transactions of the American 
societl of Civil Engineers, Vol~ 1101, pp.52.4-596~ 
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whence: 
E t3b(y - g - t)(y + ~ q) 4g + gl 

1 = 3 - __ _.;;;;.. 
z 4 g3 g + gl 

(29) 

The latter equation is applied to Professor Rathbun,s 

specimens 8, 9 and 10 below. 

Specimen 8. 

b = 6 in. 

From Equation ( 29): 

l 29 X 106(0.J75))6(19.64,-2.12·5~0.J75)(19.64+~ 00857) 

~ - 4(2;125)3 

d, ' 6 = 214.o X 10 

Specimen 9. 

b =$in. 

X 4 X 2.125 + 1.875 
2.125 + 1.875 

The values are the same as specimen 8 except 12., and 

the value of f is proportional to b.. Therefore: 

2' = 214.8 X 106 X: = 286.4 X 106 

Specimen 10. 

b = l ft. 2 in.= 14 in. 

~ = 214,.8 X 106 :x: 1t = 501.2 X 106 

The slopes of the moment-rotation curve, 1/z , calcu-
··· .......-

lated by the derived Equation {28) or Equation (29) are 

plotted on Professor Rathbun's curves reproduced in Figures 

12, 13 and 14 .. 

As an additional check on the effectiveness of Equation 
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300 
280 
260 
240 
220 
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60 
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20 
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J7 , 
I 
I 
I 

Specimen 8 

~.,,,..,,.-
/ 

/ 
/ 

/ 

---- specimen~: 

¢ = 0 .. 001 

17 

M = 2-14800 in-lb. 

S pe cim ei:1 2.: 
¢ = 0.002 

M =572800 in-lb~ 

Specimen !.Q: 

¢ = 0.001 
0 

0 .001 .CO2 J))J .004 .CD5 .006 M = 501200 in-lb. 

560 
520 
480 
440 
400 
360 
320 
280 
240 
200 
160 
120 

80 
40 

0 
0 

Rotation in Radans 

Figure 12. 

Specimen 9 Specimen 10 
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I ' .--
I / 
I --- /' 
7 t............- V 
I / / 
] / I/ 
I 7 J 

J I I 
If I 
'/ 

• 002 00 008 n 002 00 . 16 00 8 .• 4 J:JJ6 • O " • 4 IXJ • .010 
Rotation in Radians 

Figure 13. Figure 14. 
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( 29) it was applied to several of the moment-rotation curves 

of Messrs~ Hechtman and Johnston17 with equally good results. 

500 

400 

Moment 
. 300 
1n, 

in-kip200 

100 

I Te st No 

/ 

V 
I/ 

J 
I . 
I 

', 

J 6 l'T'A Rt No 117 rre Rt 1\1o lR 
' 

.-, ).....- ,/ 

v-
V ,/ I/"' ,/ 

/ I/ ' 
I/ I 

I I 
I I 

o .. 004 ~ooa o 0004 .ooa .012 

Rotation in Radians 

The data 6f these specimens are in Table I: 

Table I .. 

Specimen t g g 1 H n y b 

Test No. 16 1 2.000 1.750 20.625 14.15 19.42 63 -2 4 
Test No. 17 l 2.000 1 .. 750 20.625 14.15 19 .1+2 63 'Z 4 
Test No. 18 1 2 .. 000 L,750 21.000 14sl5 19.85 8 

2 
1 2 .. 000 1.750 26.625 14.15 25005 10 Test No. 11 2 

Test No. 23 t 1.,875 1 .. 625 24.750 10.60 22 .. 65 10 

Test No. 35 i 1 .. 875 1..625 20.625 10.60 19,.12 s1 
2 

;.:c 

The length cfjf the seat angle is different from the 

1 
z 106 

682 

682 

Bli-5 

1742 

3000 

1995 

top 

17 Robert A. Hechtman and Bruce G. Johnston,Riveted 
~-Ri@id ~-.I.2:-Column f!uilding Connections, Progress 
Report Number 1, 1947. pp. "90-97 ,102,103 ,114 and 115. 

>!c w 

71 
2 

71 
4 
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angle and then the equation for locating the neutral axis, 

Equation (25), should be deriv~d as follows: 

Let b = the length of the top angle. 

w. = the length of the seat angle • 

E;quat ion (24) is change to: 

b t y = n w ( H - y) (H - Y) 
, 2 . 

Simplifying into a quadr~tt ic equation:· 

n w y2 - 2(wn H + b t) y + n w H2 = 0 

which is solved for z 

nw 
n w H + b t - '1 ( 2 w n b H + b2 t )t y = (30) 

Equation ( 30) is applied., for locating t.he neutral 

axis of the specimens of Test No. 11 and Test No. 23. 

J.000 

800 
Moment . 

in 600 

in-kip400 

200 

' 

r; 'r.:,q T Ir. ~ ,. .,v 
V 

I . ' 

I 

I 

I 
I 

00 d .004 .OOo 

Jes J(' ?' 
-,I Vl 

·~ 

!/ 
I 

400 

I 'T';: !<:!+. 1\Tr V ~ i:; - !/ ~ , 

I 
I 

I 300 

I 
I 

I 
I ' 200 

I I ! 

100 

0 .004 .008 .012 °o .004 .008 .012 

Rot at ion in Radians 

Figure 16. 
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APPLIGATION 

In order to get a comparison 
20,000. lb. 

between rigid and semi-rigid struc- - - I-E----15 1 5 r 
500....._,.._.,._~~~~----l.~--l-

tures, a single stroy, single bay B c 
bent with wind and unsymmetrical 

gravity loads, as shown in Figure 6' 

17 will be designed, First with 

rigid connections at Band C, and 

then with semi-rigid connections 

at the same joints. 

I. Design the Approximate Section. 

A. ,, Beam BC. ---

Figure 17. 

Tp.e beam is considE3red as~ fixed end beam. 

t 

M.sc ( 

200 0 /, 

--~~~a=15'~~~----~1 

Figure 18. 

-P ~2b2 = _ 20000 X 15 X 

202 

= 20000 :x: 152x 5 
202 

= -1$750 ft-lb. 

= -56250 ft-lb. 

LMc = o: (RB x 20)- ~1c -(20000 x 5)+ McB = o 

20 RB - 18750 - 100000 + 56260 = 0 

therefore: RB = 3125 lb • 
... . ... r·.:t 

--.\. .... 

. . ,,, 
.,. .a> .... ~ ... -, ' 

·: · .•. ·.:,11" ..... :··i,_.,, ~,.--·,:.:;,,·;·· ' 
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And R8 = 200CO- 3125 = 16875 lb. 

The moment under load =(R: x a) - Mb' = 15 x 3125 18750 B .. C 

= 28125 ft-lb. 

The maximum moment = Mcrn = 56250 ft-lb = 675000 in-lb. 

I_ M _ 675000 __ 33 ... 75 i·n3 c - s - 20000 

Then 12WF27 is required. 

B. Columns. 

It is considered as rigid frame and the moments in 

the columns are found by the Portal Method. 

The moment in the column AB= 20000 +-18750 + 27 x 202 
12 

= 39650 ft-lb. 

The moment in the column CD 27 X 202 
= 20000 + 57150 + ..;..;.,..:......;;:........;...;._ 

12 
= 77150 ft-lb. 

Try 8WF3l_~or colum~ AB and 10WF39 for column CD for 

the pr:imary sections. 

c. The Moment Inertia and the K-Value - --
Column AB: 8WF31 

Ix= 109 .. 7 in4. 

KAB = IAB = 109.z = 6.86 
LAB 16 

Beam BC: 12WF27 

I = X 204.1 in4 

KBC 
= IBC· = 204,1 10.20 = 

1Bc 20 

Column CD: 10WF39 

Ix= 209.7 
I 209.7 Ken = _QQ = = 13.11 
Len 16 



II. Rigid Connections at Joints Band c. 
A. Slope Deflection Method. 

The Known Values: 

8A = O, 

and RBc = o. 

Let E = 1. 

Slope Deflection Equation: 

1. MAB= 2EKAB(28A + &B - JR)= 2 x 6.86(8B - JR) 

= 13.72 8B - 41.16 R 

2. MBA= 2EKBA(8A + 28B - 3R) = 2 x 6.86(28B - 3R) 

= 27 .41+ OB - 41 .. 16 R 

3. MBc = 2EKBc(28B + 8c - 3R) - Pa b2 w 12 
12 12 

· 22 

20000 X 15 X 52 
400 

27 X 202 

12 

= 40.eo eB + 20.40 e0 - 19650 
28. _ JR) .LP a 2b w 1 2 

4 .. MCB = 2EKcB ( 8B + r 

C 12 12 

= + ;oooo x 152x 5 27 x 202 
2 X 10~20 ( 8B + 28c) ---~-......;...--"'-- + 

400 12 

= 20 .. 40 eB + 40.so e0 + 57150 

5. Men= 2EKcn(2e0 + en - 3R) = 2 x 13.11(2e0 - 3R) 

= 52.44 e0 7s.66 R 

6a MDC= 2EKD0(e0 + 28D - 3R) = 2 x 13.11(8c - 3R) 

= 26~22 e0 78.66 R 

Mechanics E.quation: 

a. MBA= -MBc 

b .. McB = -Men 

or MBA+ MBc:;: Q 

or McB +Men= o 



c. MAB+ MBA+ Men+ MDC+ 5000 x 16 = 0 

calculation: 

(1) ~ 27.44 8B 41.16 R 
40.so eB + 20.40 e0 - 19650 

6s.24 e-B + 20.40 e0 41.16 R = 19650 

(2) 20.40 eB + 40.so e0 + 57150 
52.44 9c - 78.66 R -

( .3 l 

20.li,0 @B + 

13.72 6-B 
27.44 6B 

93.24 Be - 78.66 R =-57150 

- 41.1-6 R 
- 41.16 R 

5-2.44 8c - 78.-66 R 
26.22 90 - 78~66 R 

+ 5000 xl6 

41.16 eB + 7s.66 ec - 239 .64 R = - aoooo 

Solution: 
18 19 By Gauss Method and Iteration. ' 

This gives three equations with three unknowns. 

To evalute these unknowns the Gauss method is used for 

obtaining approximate values. These values are then 

used in the Iteration method to obtain more accurate 

values. 

18 John R. Parcel and george Alfred Maney, 
Staticall~ Indeterminate Structures. (New York, 1947), 
pp. 224, 25 2.32 and 235. · 

19 -
Hale Sutherland and Harry·· Lake Bowman, 

Structural Theory. (New York, 1944), P• 2.35. 

23 
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Table I.I. Rigid connections 

OPERATION EQUA. 
, eB .. '. UNKN0~0TERMS R ... CONSTANT 

,,TERM 
CHECK 
TERM NO. 

(1) 
( P. ) 
(3) 

T 

(lj':'68.240 (1) 
· ( 2 t20.400 C32r} 
( 3 +41.160 { ) 

(2' )-(1') (4) 
{2 1 )-(3') (5) 

( 4) ~ 4. 272 ( 1./) 
( 5 ) + 2 • 660 ( 5) 
(5 1 )-(4') (6) 

(6}+ 1.500 (S) 

Gauss Solution 

Iteration 

68.240 20.400 - 41.160 
20.400 93.2-40 .... 78.660 
41.160 78.660 -239.640 

. ~ . . 

+19650.000 
-57150.000 
-80000.000 

+19697.4,30 
-57115.020 
-80119.820 

11 _.00·0000 40 •• 25,~9 - .· 3o .. · •. ~n53 + 2s7.954 + 2ss.650 
11 o 6 - 2801.t?O - 2799.755 

1.000 1.911 - 5.822 - 1943.635 - 1946.546 

4.2-72 - 3.253 - 36s9.424 - 3oss.405 
2.660 + 1.966 - $57.835 ~ 853.209 

1:000 - 0~761 - 723.180 - 722.941 
1.000 + 0.739 - 322.494 - 320.755 

1.500 + 400.686 - 402.186 

1.000 + 267.124 + 268.124 

604.4$0 -519.899 267~124 

604. 49 5 -519. f539 267. 028 
604.421 -519.903 266.994 
604.41s -519.931 266~9a4 

· 604.420 -519.940 266.981 
604.421 -519.94'3 266.980 
604.421 -519.943 266.980 

1st. Approximation 
2nd. Approximation 
3rd. Approximation 
4th. Approximation 
5th. Approximation 
6th. Approximation 

The actual values: , .. - .. 

8B = 604.421 (12) = 0.0002501 
29 x 1o'0 

. ec = -5l9.94g (12) = -0.0002152 
29 x 10 

R = 266 •980 (12) = 0.0001105 
29 x 106 

The End Moment: -·-
1 .. MAB= 13.72 SB - 41.16 R=l3.72 x 604.421-41.16 x 266.980 

= - 2696.3 ft-lb. 
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2. MBA =27 .L1r4 8B-· 41.16 R = 27 .44 X 604.421 -41.16 x 266.980 
'· - ... ,· 

= 5596.3 f.t-lb. 

3. MBc =4?.so eB+ 20.40 ec - 19650 

=40.80 X 6040421 + 20.40 (-519.943) - 19650 

= -5596.4 ft-lb~ 

4. McB = 20.40 eB + 40.so~c + 57150 

=20.40 x 60L1-.4-21+ 40.so (-519.943) + 57150 

= 4$266.5 ft-lb. 
- ~ .. 

5. MCD .52.44 8c -78.66 R= 52.44(-519.943)-78.66 x 266.980 

= - 48266.5 ft-lb. 

6. MDC =26.22 ec -78066 R= 26.22(-519.943)-78.66 X 266.980 

= -J463Je6 ft~lb. 

B. Cross-Morris Method ( Moment Distribution Method). 

Fixed End Moment : Beam BC: 

McB= +57150 ft-lb. 

Column AB and CD: 

Shear in AB = 50;0 x ., 6•86 = 1717.6 lb. 
6.86+13.11 

Shear in CD= 5000 - 1717.6 = 3282.4 lb. 

FEM in AB= 1717.6 x 8 = - 13741 ft-lb. 

FEM in CD= 3282.4 x 8 = - 26240 ft-lb. 

KAB = 6086 

KBC= 10.20 

Ken= 13 .. 11 

KAB +KBC= 6.86 + 10.20 = 17.06 

KBC+ Ken= 10.20 + 13.11 = 23.31 

The results of the end bending moment are in Table III. 
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C. Comparison of the End Bendin_g ])lloment§_ ~ .. Found J?.l the 

Slope Deflectio.n and Cross Method·so 

The end bending moment for the rigid connection 

computed by Slope Deflection method and Cross method is 

very close. The comparison between them is tabulated as 

follows: 

Table III. 

End of Member End Bending Moment (ft-lb.) 
Slope Deflection Method Cross Method 

MAB 

MBA 

MBc 

1'.v\JB 

M 
CD 

Mnc 

- 269603 

+ 5596.3 

- 559604 

+48266.5 

-l1-8266. 5 

-346JJ.6 

D. Desi§;;n the sections of the frame. 

Design of ~ Bearn BC. 

- 2696 

+ 5597 

- 5597 

+48268 

-48268 

-34639 

Maximum moment, M = 48266.5 ft-lb.= 579198 in-lb. 

I= fil = 579198 _ 28 96 . 3 
C S 20000 - " in. 

Then 12 WF 27 is required and is the most economical .. 

Design of the Qolumn AB and CD. 

20000: lb. 
MBc hf----- 15-'---T ------- 5' 

-5596.li,( .//J------------'----r/, ) McB= 482660 5 ft-lb. 

~ Re= 17133.5 lb .. ft-lb. 

Figure 19. 



2 Mc ::: 0 : 

RB X 20 + 4$266.5 - 5596.4 - 20000 X 5 = 0 

Therefore: 

RB= 286?.5 lb. 

Re =20000 - 2866.5 = 17133.5 lb. 

Column M-
MBA::: 5596.3 ft-lb. = 67155.6 in-lb. 

P = RB = 2866.5 lb. 

27 

2 I . 3 
Try 4 WF 13: A= J.82 in. - = 5.45 in. r = 1.72 in. 

C 

sc= 17000 - o.4s5(1/r) 2 

= 17000 - 0.485l16 X 12)2 = 10950 lby in~ 
1.72 

sb= 2oooolb./in~ · 
l. = ....E.._ + !L£... = 2s66.5 + 67155.6 = 0 •685 

A sc I sb J.82 x 10950 5.45 x 20000 

Therefore 4 WF 13 is sufficient. 

Column CD, 

Men= 4s266.5 ft-lb.= 579198 in-lb. 

P =Re= 17~33.5 lb. 

Try 10 WF 33: A= 9.71 in2• I= 35 in3. r = 4.2 in. 
. . C 

S = 17000 - 0.4$5( 16 X 12) 2 = 15990 lby:iJ 
C \ 4.2 . 

1 = · 17133.5 + 579198 ·= o 9378 
9.71 X 15990 35 X 20000 e 

Therefore 10 WF 33 is sufficient. 
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.. 
III .. §~1~!-Rig~cl Connection ~t Joint B. a,nd c. 

. . . ·- . . .. , 

A~ Des:Lgg _tb,e connection at Joint B. 

3 n 
.. Try the __ top a1:1g:Le 6x4~ $ and the seat angle 

6x6xix Sn and t):lf\ .. ,;qJ:;li-e~ d,imensions are shov-m :i'n Figure 20. 

. 

0

]. .· . 'l" L6xi,x~ 811 6x6xlx !l" .l n 

1" 
8WF31 4 12 WF 27 ·12" 12 WF 27 10WF39 

Figure 20. Jo int B. Figure 21. _ Joint c. 
From Equation ( 22), the resisting moment of the 

connection is: 

M = b s t2 
6g 
",l:·-: 

4g + g1 (y + j q) 
2g + gl 

substituting the known values: 

M $ X 24(3/g) 2 4 X 2.125+1~$75 + i. X (19.64 0.857) 
6 X 2.125 2 X 2.125+1.875 3 

= 72.6 in-kip. 

which is less than the ma.xirnum moment, MBC = 67 •. 16 in-kip, 

obtained by the slope deflection method of rigid connection. 

therefore the angles are sufficient. 

B. Design the Connection at Joint&.· 
11 

Try the top angle and the seat angle 6x6xlx $ and the 

other dimensions are shown in Figure 21. 
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From Equation (22) the resisting moment of the connection 

is: . 2 
M = b st 4g + gl ( y + i q) 

6 g 2g + gl 3 

Where: g = z1 - l = 1.50 in. 
2 

in. 

Substituting in Equation (23): 

n = 
6 g (2g + gl) 

t ( 4g + gl) 

= 5.275. 

From Equation ( 25): 

. l 
= 6 X 12 (2 X 1.5 + 1.25) 

1 ( 4 X 1.5 + 1.25) 

n H + t - /(2 n H + t) t y = ____ ___._ ________ _ 
n 

= 5.275 x 20.5 + 1 ~ V(2 x 5.275 x 20.~ + 1) x ~ 
5.275 

= 17.90 in. 

q = H - y = 20.5 - 17.90 = 2.60 in. 

Substituting these value in Equation {22): 

8 X 24 (1) 2 4 X 1.5 + 1.25 2 
M= 6 X 1.5 2 X 1.5 + 1.25 ( 17.90 + 'j' X 2.60) 

= 714 in-kip. 

which is less than the maximum moment, MCB = 579.2 in-kip, 

obtained by the solpe deflection method of rigid connection 

therefore the angles are sufficient. 

c. The value of z. 
Joint B. 

From the Equation (28): 
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-3 4 g g + g, 
z = E t3 b . ( y - g - t} ( Y + 2f 3 q) 4g + gl 

4(2.125)3 
2Bc= 6 3 2 29 x 10 (0.375) s(19.64-2.125-o.375)(19.64+~ o.s57) 

2.125 +,,l.87~ 
X 4 X 2.1%5 + l. 75 

Therefore: 

ZBC = 0.000000003485 

Joint C. 
3 

Z 4 X 1. 5 , ·cB= -
29 X 106(1)3$(17.90-1.5-1.0}(17.90 + £ X 2.60) 

Therefore: 

ZCB = 0.000000000073 

D. Slope Deflection Method. 

Slope Defledtion Eguat ions. 

3 

X lo5 + 1,25 
4 X 1.5 + 1.25 

9 A = 0, eB = 0, RAB = ROD = R, ~c = 0. 

L = 20 ft.=240 in. E = 29,000,000 lbfin2 
. . 

~c = L +3EIBCZBc=240+3 x 29x106x 204.1 x 0.0000000034$5 

= 240 + 62 = 302 in. 

LcB = L +3EIBcZBc=240+3 x 29x106x 204.1 x 0.000000000073 

= 240 + 1.3 = 241.3 in. 

1. MAB= 2E1AB(z 9A+ 8B- 3R) =2 x 29xl06x 6109.7 
LAB l x 12 

= 33100000 eB - 99300000 R 
· IBA ( . . ) 6 109 • 7 

2. MBA= 2E~ eA+ 2 eB- 3R =2 x 29x10 x 
LBA · · · 16 x 12 

= 66200000 eB - 99300000 R 
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· · · ·6 · · 2 x 241. 3 ( eB - o} + 240 ( · ec - o ) 
= 6 X 29xl0 . X 204 .1 X .. . . . : 2 

·· 4 X 302 X 241 .. 3 - {240) 

- 6(~ L p ~ a) X 2 ~ 241.3 -~ 240 

L 4 X 302 X 241.3 -(240} 2 

2 
6 { £ L w L ) 2 1 241.3 - 1 240. 

3 $ X 2 2 
L 4 X 302 X 241.3 -(240} 2 

= 73300000 eB + 36450000 &0 - 1so200 

6 2 x 302( e0 - o) + 240( eB -o) 4 M = 6 X 29xl0 X 204.1 X _ __;;..._.;__...;;._ ______ --:::---

• CB 4 X 302 X 241.J -{240} 2 

3 X 20000x 15xl2 X 5xl2 ( f x 300 X 241 • 3 - ? 420 X 240) 

- 240 ( 4 X 302 X 241,.J - 2402 ) 

~ X 27 X 203 X 122 ( 2/+0 X 241.3 - ~ X 240} 

240 ( 4 X 302 X 241.J - 2402 ) 

= 36450000 eB + 91600000 ec + 322000 

5. Men = 2Eicn (2 e0+ en -3R) =2 x 29x106:x: _ ?-09.7. (2 ec - 3R} 
Len 16 x 12 

= 126700000 9c - 190000000 R 

6. Mnc = 2Einc { en:- 2 en-3R} =2 x 29x106x 209•7 { e0 - 3R) 
Lnc 16 x 12 

= 63350000 Sc - 190000000 R 

Mechanics Eguation: 

ao MBA = -MBC 

b. McB = -Men 

or MBA+ MBC = 0 

or McB + Men ~. o 

c. MAB + MBA + J.VicD + Mnc + 5000 x 16 x 12 = O 
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Calculation: 

(1) 66200000 8 - ·· · · - 993 00000 R 
73300000 e~ + 36450000 e0 - 1ao200 

139500000 aB + 36450000 ec - 99300000 R = 1so200 

( 2) 36450000 eB + 91600000 ec + 322000 
126700000 Sc - 190000000 R 

36450000 9B + 218300000 Sc - 190000000 R = - 322000 

(3) 33100000 9B - 99300000 R 
66200000 9B - 99300000 R 

126700000 Sc - 190000000 R 
63350000 9c - 190000000 R 

+ 960000 

99300000 eB + 190050000 ec - 578600000 R = - 960000 

Solution: 

Table IV. Semi-Rigid Connections 

OPERATION EQUA. UNKN01AlJ\T 'r RR.MS CONSTANT CHECK 
NO. ~~1000 Sc+lOQO .R+lOOO TERM TERM 

(1) 139500 36450 - 99300 +18020 + j4670 
( 2) 36450 218300 - 190000 -32200 + 2550 
( 3) 99300 190050 - 578600 -96000 -385250 

\1 ~ +JJqz:;oo ( 1' ) 1. 000 . 0.261 - 0.712 +0.129 + 0.67$ 
?/+ 36450 ( 2 t ) 1.000 5.9$9 - 5.213 -0.883 - 0.893 

(3 + 99300 ( 3' ) 1.000 1 .. 914 - 5.827 -0.967 - 3.880 

(2')-(1'1 (4i 5.72$ - 4.501 -1.:012 + 0.215 
(2')-(3' (5 4.075 + 0.614 +0.,084 + 4.773 

>-----

(4)+ 5.72$ ( 4:) 
I; 

0.786 1.000 - -0.177 + 0.037 
( 5)+ 4.075 { 5. ') 1.000 + Ool51 +0.021 + 1.172 

(5 1 )-(4') (6) + 0.937 +0.198 + litl35 

(6).;. 0.,937 ( 6' ) + 1.000 ~0.211 + 1.211 

Gauss Solution o.002.s21 -0.000110 0.002110 

Itertion 0.002823 -0.000110 0.00210s 
0.002821 -0.000112 0.002107 
0.002$21 -0.000112 0.002107 



The End_Moment. 

1. MAB= 3~100000 8B - 99300000 R, 

= 33100000 X 0.002$21 - 99300000 X 0.002107 

= - 9654 ft-lb. 

2. l\A = 66200000 9B - 99300000 R 

= 66200000 X 0.002821 - 99300000 X 0.002107 

== - 1873 ft-lb. 

3. MBC = 73300000 8B + 36450000 BC - 180200 

33 

= 73300000 X 0.002821 + 36450000 X{-0.000112} - 180200 

= + 1875 ft-lb. 

4. McB = 36450000 eB + 91600000 e0 + 322090 

= 36450000 x o.ooia21 + 91600000 x(-0.000112) + 322000 

= + 34547 ft-lb. 

5. Men= 126700000 e0 - 190000000 R 
= 126700000 X(-0.,000112) - 190000000 X 0.002107 

= - 34543 ft-lb. 

6. MDC = 633500000 e0 - 190000000 R. _ 
= 63350000 X(-0.000112) - 190000000 X 0.002107 

= - 33952 ft-lb. 

E. Design of the Section .. .21 the Semi-Rigid Connection Fre111e. 

Design of the Beam BC. 

Mroax = McB = 34547 f't-lb. = L:-14564 in-lb .. 

1. = M = 414564.0 = 20.73 in~ 
C S 20000 

Then 10 .WF 21 is required~ 

:Cesign of the Column AB and CD(> 

2Mc = 0: 



~~0 RB+ 1875 + 34547 - 20000 x 5 = 0 

threrfore: 

RB= 6j57$ = 3178.9 lb. 
20· · •. 

· ~ = 20000 - 3178.9 = 16821.1 lb • ... - C 

Col).11nn_ -~. 

Mmax = ~Ai:3 = 9654~.:ft-lb. = 115848 in-lb. 

p~.~~ RB = 3178.9 lb. _ 

34 

Try 5 WF 16: A = 4 .. 70 in~ ... ! = $.53 in~ .. r = 2.13 in. 
. - C . -·· . 

Sc·= 17000 - 0 845( 16 ;x 12 )2 = 13060 lb./. 2 • · 2.13 · in 

1 = .1.._. + M....£... = 317a.9 . + . 11584a = o. r307 
A Sc I Sb. 4~70 X 13060 $.53 X 20000 ' ·. 

Therefore 5 WF 16 is sufficient. 

Column GD. ----
Mmax =Men= 34543 ft-lb.= 414516 in-lb. 

P = Re = 168·21.l lb. 

Try 10 .WF 25: A = 7 .35 in~ I = 26.4 in~ r = 4.26 in. 
' · .. ' . 0 2 , .. 

sc = 17000 - 0.$45(1:.~612 ) = 16015 lb./in~ 

1 = 16821.1 + ' 414516 ' .' = 0 143 + 0 705 = o .. · 928 
7 .35 X 16015 · 26.4 X 20000 . • • .o • 

Therefore 10 WF 25 is sufficient. 

IV. Comparison :Between fiigid and Semi ... Rigid Connection .• 

The weight of steel for the rigid frame is; 

20( 27) + 16( 13 + 33) = 540 + 736 = 1276 lb. 

The weight of steel for the semi-rigid frame is: 

20(21) + 16(16 +.25) = 420 + 656 = 1076 lb. 

Therefore the total average saving for this examp;e is: 

1276 - 1076 = 15 .. 7 %• but in general, may be 20 %• 
1276 



35 

CONCLUSION 

By the above procedures the equation for the connec

tion constant,~' of the top and seat angle type of semi-

rigid connection is derived. It may-be mentioned that 

the value of Z is inversely proportional to the cubic ...... . - .. - - ·-· . .. . . 

power of the thickness and to the length of the top connec

ting angle, and is not much affected by the other dimen

sions. The slopes of the moment-rotation curve, 1/Z, 

calculated b) the.deriv:ed Equation (~9) are plotted on 

Professor Rathbun's curves and several of Messrs. Hechtman 

and Johnston ( six specimens are shown in the thesis) with 

good results. By applying this type of semi-rigid connec

tion to the design problem shown in the thesis, it is 

evident that a saving of approximately 16% may be a.chieved. 
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