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FREFACE

This is a synthetic approach to the study of real
Buclidean nespace. This has been done, especially for
spaces of dimensions one to four, DBut for spaces of
dimension higher than four, the study is not so extensive.

To some extent this is due to the fact that it is impossible
to draw figures for spaces of higher dimension, and conse=
quently it is hard to visualize all the properties of these
spaces,

To overcome this difficulty, we introduce a mapping
which will map the Buclidean n-Space En into another space
Pn which lies in a plane. Then we prove that the non-metric
axioms of E  are true of P,. Consequently it is possible to
study Bn by studying Pn'

The space Pn has some extra properties which do not hold
in B. These properties arise from this special kind of
mapping, and will be studied along with the rest of the
properties of Pn.

In the final part of the paper, a metric will be
introduced and this will lead to certain new results and in
particular to a graphical solution of a system of four linear
homogeneous equations in four unknowns,

My thanks are due to Drs, L. Wayne Jolnson and E, F, Allen
for their valuable guidance and helpful criticism; and to Dr,
0. H. Hamilton for reading the manusecript and for his valuable

suggestions,
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FART 1o PRELIVINARY EOTIONS, POINTS, LINES ARD FLARES IN En
The following relations concerning peints, lines and planes
in B, will be used in this paper.
A real Buclidean n-space, is defined to be the set of all
ordered netuples “1’ ...znl of real numbers, celled points
of the space, metrized by the function:

%
dx,y) = [élxi-r,)z] o
Aml{.x:,....x:lumzmnubam

MﬂﬂMM({'l:’t-s':) ma‘%g%’ton{;

if the following equations hold:

j’-xz -3
i I - { J‘k.lgz'...n
32-31 2“1
33 =

The set of all points collinear with twe given distinct
points constitutes & line,

Two distinet lines intersect if they have a point in

8 _ =

A plane is the set of all lines intersecting tuwo intere

secting lines in two distinet points, Any point belonging to
& line of 2 plane is said to belong to the plane,

Yystord Hurewics and Henry Wallman, Dimensic
{Princeton, 1948), pe 158,




A plane is also called a 2«plane,

An i-plane is defined by induction:

Consider two distinct (i-1) ~ planes, 2 <1 ¢n, having
an {i=2) = plane in cormon. The set of all {i-l) = planes
having 2 distinct (i=2) = planes in common with the two
given (i=l) = planes is called an ieplanec,

An j-plane and a jeplane {(J<i<n) intersect if they have
a (j=1) = plane in common.

A point (%, Xs » « « X,) is said to be a point at
infinity if at least mofthemlmﬁmmmte,
A point at infinity 15 not wniquely deternined unless it
belongs to ¢ given definite line,

Two lines are parallel if they intersect and their point
of intersection is at infinity,

in i-plane is said to be at infinity if all its points
are at infinity.

An i-plane is parallel to a jeplane (j <1 <n) if they
intersect and their common (j-l)=planec is at infinity., This
definition of parallelism is emivalent to what many authors
call complete parsllelisme”

3;5'1-@@«-1& 8, Woods, Hisher Geometry, (lew York, 1922),
De -



PART Ile B, SPACE, DEFINITION OF POINTS, LINGS, AND PLANSS IN
P, SPACE
INTRODUCTION OF THE TRANSFORMATION: Consider a plane B
ﬁt.hnmlle}.nneszl.lr...zninit. Since it is
poscible to establish a one to one corresnondence between
the points on a line and the set of all real numbors, it is
possible to establish a one to one correspondence beotween the
mwvhmmmmunmﬁ,sz......nn
Mngmthen.n&xl,xz;..znmmeuvﬂh The inverse
of this trensformstion is also one to onc.t

Suppose the point (%, « « « %) of B corresponds to the
86t Ayy o « o Ay ond the point (y,e « « ¥,) corresponds to the
8t By « o o Bja In plone B, the linos 4; A, and B; B,
mmoctaathemnmx“mz,,j-l,z....nandi#.j.
WMMMMM-ﬁ&J,MMM
points of intersectione

Now the following restriction will boe imposed on the
above correspondence: _ _

If the point (Z;4 « « « %) of § which trencforms into
mancl,...cnumunmunhmmm
(:l...z,,)mtri....ynl.mmcicjmm
t.hroughmmintalurmmvely.

The above correspondence with this restriction
is the transformation which is under consideration in this

Ione such correspondence will be introduced and studied in
part V of this paper,



paper, It will be denoted by f.

maapaumtouhichﬁnutmnafmdby 7 is called a
pamllelspaeeaadisdmoudbyn. 1’9:»::133;&»%:1:1,.«,..;«.:l'l:l
mmlledthanamofthaspaee?n. The set of n points
AI,A ...Ahhmgmthenmmwinly,d@m
a point in space P, m&um«uwr%)m%u
mmm:"’mmmo:tMspm

It follows from this definition and the previous discussion
that 7/ trensforns the space & into P and the inverse
transformation 7/ o transforms P into &,

INAGE OF A LIEE: A line A of space &, is determined by
two of its points A and B, The image of these two points, under
the trensformation 7 5 will be the two points P(A,) and P(B,) of
Pn" '

Any other point of ¢ will transform into a point P(Cy)
of P, thmnnwclﬂjﬁnmthwxghwem
Iu. Since/ df‘lmwzhmamme_, the inverse
mseofmypomﬂll‘],mhthnt ninjmw
-l“,\ull‘balmgtathonm'f'. Hence it is possible to
'mmwomw@mx”umm@orm
1tne lof B . This image is denoted by Ly(x).

Itﬁwldhmticﬁtmmﬂm@mm
are not all independente

Giyven n-1 puints'lusuehmut.hamdimsiamijot
these points include all the numbers from 1 to n and no index
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being repoated more than twice, it is possible to determine the
rost of the points uniquely:

Suppose m and n are the two indices that occur only
once, Omsidartmpointaiamdsnmgmandmactthm
tox_&,k{n. The lines 4y X, and B L, will intersect
kammlkmdﬂka- Gommﬁaﬂﬂhm&p
4 n f n, end extond them to find Ay and B on x y »
mmmumemamnmahemaluanam
Bi‘boﬂnamtm. These two sets of points will determine
Mmm%_m&mtmmmmw.

From this discussion follows that instead of the set of
M@Lm&rm#mmwn-lmmmm
considered as the imege of the line { .

The n=1 points having the above properties are called the
n-leampmteotmnmln(z). The set of n=-l points
xia*l,ma-l....m,u-mmmwmm

memammammg'”l
will be used to denote the image of a line £ in . The
ml"£+1mmmtdtmmlmmtaef
this image,



PART 111, OSOME PROFPEBRTIES OF SPACE Pn
Tl BF IR ITI0UNS S
DIRBCTIONS OF A LINS: Consider a line Ln(z) and a point
P(Ah} of this line such that 3 of its successive coordinates
Ays Ai-l-l" &; 4o @re collinear in the Buclidean plane &,

Since it is always possible to connect two points of a
plane, there always m:lat on every line of Pn n=2 points having
the above property.

These points are called the n-2 directions of the line
and are indicated by the first direction, the second direction,
cesnsonsths ned " direction. of the lime L (x). The nez™®
direction is also called the last direction of the line.

It should be noticed that in space Pl and !‘2 lines
have no directions, and in PB they have only one, provided
that ‘12 and 123 do not coincide, If they do, the line will
have infinitely many directions.

Jince directions of a line are points of that line; a

line is determined uniguely by two of its directions or a
direction and one of its points,
POINT AT INFINITY: The point P(A ) is said to be a point at
infinity if at least one of its coordinates is at infinivy,
in the BEuclidean plane E and in the direction X .

If more than one of the coordinates of a point are

infinite, the point is rot determined uniguely. 7o detoermine

6



such a point uniquely, it has to be given on which line
the point lies, This is equivalent to considering a line
and deternmining the ideal point of that line, which is of
course a unicue point,

JETERSECTION OF TWO LINES: Two lines are said to intersect
if they have one and only one point in common,

It should be noticed that given amy two lines in Pn
they do not neccessarily intersect except in case n = 2, In
that case they always have 2 point in common, because each
line has only one component
PARALLEL LINES: Two lines are said to be parallel if they
intersect and the point of intersection is at infinity.

This meons thot in the Euclidean plane &, the lines
Joining the respoective components of the two lines should
be parallel to the axes,
2=THEZ0R Lt

Given a line L (x) and a point P(A ) not lying on the
line, there exicts one =nd only one line passing through the
given point and parallel to the given line.

PROOF: The proof follows from the fact that in Buclidean

plane 3, it i1s possible to draw one and only one line through

a given point and parallel to a given line, and two lines either
intersect or they are parallel,

Given two lines in Pn such that all thernd components of
each line coincide, they always have a point in commone
PROOF: Consider P and P' to represent the coinciding components
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of the two lines, In Buclidean plane 5, it is always possible
to conneet these two points and the line PP’ intersects the n
axes in necollinear points which determine a point P(&n] in
P_. This point belongs to both lines and hence it is their

n
point of intersection,

AoPLANE IN P

The definition of plane in & , given on page 1 is also
valid for the plane in Pn'

It follows from the definition that any two distinct
intersecting lines always determine a plane,
THEOREM 3: Any two lines of a plane always intersect.
PROOF: Consider 2 1ines L(X) and L{X ) which have a point
P(A)) in common. (fige 1).

Gonsider a line L{x® ) in this plane. This means consider

2 points P(rl) and ?Uknl hd.mging to Llrh] and lea) respecte
ivelye They deternine a line L{rhl in the plane of L(x )

and L(;nl. Similarly consider 2 points PI::) and Pun)' The
line 1.{::) deternined by these 2 lines alsc belongs to the plane.
d#e prove émt these 2 lines always have a point in common,
This means that in the Buclidean planc £ (fig. 1), the lines
lfzézm_x;x;mm=M-mmmotxpm

2

X I;mdl;‘l;‘nmmwzjmdingmml

the lines x:’“_lli A4l and éﬂ' 142 %441,442 rust intersect
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mammmwemmantﬂmxhgly
which have the point P(A ) in common,

Consider the first directions of these two lines, They
wwmmrl nnsmetmma(px v":...
lmmmmuamemehmmmem
plmonsmaitbasammmﬁ.thdmnm,mn
called the first axes of the plane, Similarly we can consider
any u'2 dtrection of the two 1ines and define the =@ axes
of the plenes mmmpl.p:....p:_emeauu

the nw2 components of the m® axis of the plane,

Since these ne2 axis of the plane are lines in that
plane any two of them have a point in common and any two of
then determine the planc. 3Since any other line in the plane
pust intersect all these axes of the planc, the following
theoren follows:

THEOR®M 42 The 3% direction of any line in the plane rmst
pass through the % axes of the plane,

It is worth noting that in 3e-space where every line has
only one direction, the plane will have only one axis which
consists of a single peint in plane E and hence the direction
of all the lines in a plane of this 3Jespace will pass through
this uwnique point,

It is clear that for each of the n-2 axes of the plane
there exist two components which coincide, (The general line
has nel components but these opecial lines have only ne2).
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13
the result to the higher spaces. Consider two plancs A and B
mr’,dmdmdbymeuwomrimiimnmm
P(A;), and P(A,), one bolonging to each plane. (fige 2).
!rmthefacethatPl mflmznneahulmgingtothe
two plancs mmmx it mnm that. the two planes have
atl&atmwﬂﬂinw,mﬁ‘,h
MhMMMEMMWW&Az,AZA’,

nlazmazssmmmémﬁ. Inseribe a trapesoid
xaxnizgmmmmmzﬁzmmw
zmmﬁxz.aln A25m325;mmummu

mﬁzlnm hparﬂldtomaﬂsrzandm

12 mmxnx pauthrml’ Mﬁlmpemfely.

To eonstruet such & trapesoid consider the quadrilateral
A B ¢ D and the points P and ¢ {fig. 3)s Draw the diagonals
AC and BD and eonsider AC to be the diagonal which has to be
parcllel to the bases of the trapesoid, Drew any line PB
through P and intersecting C B in 2 point 8, Draw a line
through B and parallel to AC to intersect AB in F, Comnect F
to R, the point of intersection of FE and BD, &wam
mrmmwmummmr Cormect
P mamwmaﬁa and AD and AB at G and H,
Gosmecs 2’ 20 P to Hkeveoit D0 amd CB in 0’ and By GHO B
is the inscribed trapesoid.



14

Xs

Fig.






B i ~
53 wpdeen
b

the

kit

ey

]

R

B

g% QGX‘Q

L]
v or
e

=3

Lg i*’*-} bel

,5;
&




A

a

=

%
Pty

£




g
wbin & AT




19

o

Fig. 4



nthannop:. These two points belong to the 3-plane and
hence the line they detarmine belongs to the 3-plane., Jince
each of the two points has 4 collinear coordinates, the line
they determine will have only ne3 distinct components., (The
first 3 components coincide). This line is called the axis
of the 3eplane and its components are designated by

":gl:‘»to-"' .

Since a 3Jeplane is also determined by two noneintere
secting lines, it can be determined by one of its axes and
one of its lines which does not intersect the axis, In
ﬁm&mmnmwthmmm

P:;’;gdwtq-’:_a

It should be noticed that the axes of planes and
neplanes ere lines, and therefore have directions like any
other line,

THEOR®M 7: Given a 3eplane, the direction of the axes of

any plane belonging to this 3-plane passes through the axis
of the 3wplane,

PROOF: Consider the 3eplane of fipgure Le 4Any plane of this
3eplane is determined by two intersecting lines lying in the
two planes which determine the 3-plane, one in each plane,

The direction of these lines passes through the axes of the
two original planes, respectively.

In figure § the direction of these two lines are designe
ated by red color, The axis of this new plane is denoted by



=] -
1. Pz_. S ﬁ:-zg

It follows from Desergue’s theoren that in the pline 5,

mmﬁﬁ,mwﬁ. By & method of proof
mwmwmhuumuommem
mm}?mwﬂsmmm pt

n-z
passes through D 1® MMMtMNGtm
theoren,

As a particular example, consider P , A Jeplane in this

&
mismmwmmmmm One plane is

mwiummalm;» and & point P(4, ),
The second plane is determined by the same point and its
ﬁrnamﬁ,#z. (fig, 5)« The two planes intersect at the

mmmwﬁp 13‘.

mnplummnup:m&w?;,mm.m
neet at a point P which is the axis of the 3eplane, Now if
we consider any other plane in this 3-plane and connect the
two distinct components of its axis, the connecting lines will
pass through the point P,



Fig. 5
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PART IVeTHZ PROOF OF NON METRIC POSTULATES OF LUCLIDEAN HeSPACE
Intﬂs--mmnawm&nm?n satisfies

postulates formulated by iilbert, all of which execept postulate
1«7 hold for spaces of dimension higher than 3,

I~ The Postulates of Uonnectiont

1 and 2 Two distinet points determine one and only one straight

line,
Proofs RMMG&MM&&@MI&@MPni
3 There are at least two points on every line, and there

Proof: The proof of the first part follows from the fact that
in Buclidean plane E, there exist at least two points
on every stroight line X . The second part follows
from the definition of the plane in By,

4 and 5 Three points which do not lie on the same straight line
deternine one and only one plane,

Proof: Follows from the definition of the plane and postulate l.

6 If two points of a line lie on a plane, then all the
points of the line lie on the plane,

————ac— o

. ,w,;wmgwamm (siew




2l

Proof: Wﬁmt&od&tﬁi&imdam&nﬁﬁaﬂmh%.

7 If two planes have one point in common they have at
least one other point in carmon, (This postulate
mmrwmr,).

Proof: Consider two planes 4 and B in F , plane A being
mwsumplmdamm,)mm
nmmuwmm!}mmmm
m,a. thmmmwem&mﬁ
?‘aum-d.mumpxgnnmmmm
mﬁa.ml ‘3“““’52“‘3- These
mmdm;mmr’mmmmuw
planes and therefore the two planes have at least one
mmumum,)am

8 There oxist at least L points which do not lie on the
same plane,

Proof: Consider 3 points which determine a plane and find the
axis of this plane, It is always possible to find a
mn?‘mmmmmxmmmw
the axis of this plane and hence does not belong to the
plane, Any point of this line together with the
three given points deternines a set of four points vhich
do not lie on the same plane,

1I THE POSTULATES OF ORDER:s

Definition: A point P(C)) is said to lie botween two given points

ﬂ«%’ and P(R)) if 1t s collinear with these two points, and in

Buclidean plane B, one of its coordinates G, lies betwoon the
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26
Proof: See theorem 6, on page 11, _

Sinee there does not exist any uniform set of postulates
for Euclidean spaces of dimension b or higher, we will not
attempt to prove that all the different postulates proposed
by different authors hold for F . '
eontained in every set of postulates and have been used in this
papers
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Uongider a space P determined oy a plane £ and n
parallel lines X, Gho betwown X, and Ry being
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