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ABSTRACT

We, human b e in g s ,  a re  exposing ourse lves  to  e lec trom agnetic  f i e ld s  

f o r  th e  d u ra tio n  o f  ou r  l i f e t i m e s ,  and we cannot he lp  asking what an 

in c re as in g  in t e n s i t y  o f  e lec trom agnetic  ra d ia t io n  o f  a l l  types  does to  

us. I t  i s  im portan t to  know whether th e re  i s  a b io lo g ic a l  s t a t e  t h a t  can 

be a f fe c te d  by t h i s  i n v i s i b l e  r a d ia t io n  which surrounds us. This problem 

c a l l s  f o r  worldwide a t t e n t i o n ;  as we know th e  maximum "safe" l im i t s  (as 

s e t  by law) f o r  e lec tro m ag n e tic  exposure a re  lOmW/cm fo r  th e  U.S.,

ImW/cm^ fo r  Sweden, and 0.01 mW/cm  ̂ fo r  the  Ü.S.S.R.

This work i s  a s te p  to  determine th e  b io lo g ic a l  e f f e c t s  of 

e lec trom agne tic  r a d i a t i o n .  Drosophila m elanogaster have been used as 

a n a ly t ic a l  and experim ental o b je c ts  because t h e i r  l i f e t im e s  a re  so sh o r t  

t h a t  they  can be reproduced e a s i ly .

Drosophila m elanogaster i s  assumed to  be an e l l i p s o id  o f  revo lu 

t io n  (p ro la te  sphero id )  o r  rev o lu tio n  s o l id  o f  a nephroidal shape with 

p e r m i t t i v i ty  e , c o n d u c t iv i ty  a  , and p e rm eab il i ty  y . The input 

e lec trom agne tic  f i e l d  i s  assumed to  be a plane wave. Two methods o f  

determ ining th e  e lec tro m ag n e tic  f i e l d  o f  th e  p ro la te  spheroid s c a t t e r e r  

have been used: (1) so lv ing  th e  vecto r Helm holtz 's  equation fo r  the

spheroid  coo rd ina te  and (2) so lv ing  the  v ec to r  Helm holtz 's  equation fo r  

th e  sp h er ica l  e lem entary  v ec to r  and then using th e  boundary conditions  

to  match both t r a n s m it te d  and s c a t te re d  waves to  f in d  the  unknown

IV



c o e f f i c i e n t s  o f  th e  t r a n s m i t te d  and s ca t te re d  f i e l d s .  The second method 

used in so lv ing  fo r  th e  p r o la te  spheroid s c a t t e r e r  has a lso  been used to  

so lv e  the  nephroidal s c a t t e r e r .

The power absorbed by th e  p ro la te  spheroid re p re sen tin g  Droso

p h i la  melanogaster has been c a lc u la te d  a t  a frequency o f  4 GHz. The 

fo llow ing ta b le  l i s t s  seve ra l  va lues  of in c id en t power and th e  c o r re s 

ponding absorbed power :

Qab(W)

1. 1.94  X 10 7.19 X lO'TZ

10. 6 .14  X 10 7.19 X lO'TI

100. 1 .94  X 10% 7.19 X lO'TO

1000. l l 4  X 10^ 7.19 X 10"9
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CHAPTER 1 

INTRODUCTION

In our modern environment, we are u t i l i z i n g  a l l  types o f  e l e c t r i c  

and e le c t r o n ic  dev ices  a t  an inc reas ing  r a t e .  Thus, th e  environment i s  

becoming s a tu ra te d  w ith  e lec trom agnetic  r a d ia t io n  o f  a l l  types — very low 

frequency a ss o c ia te d  w ith  power d i s t r ib u t in g  systems; low and medium f r e 

quency a sso c ia te d  w ith  b roadcas ting ; very high and u l t r a h i gh frequency 

a sso c ia ted  with t e l e v i s i o n ,  ra d io ,  nav ig a t io n ,  and communication; and 

microwave frequency a sso c ia te d  w ith l i n e - o f - s ig h t  communication rad a r  and 

cooking. The b io lo g ic a l  e f f e c t s  o f  t h i s  ra d ia t io n  depend in  p a r t  on the  

frequency and on th e  i n t e n s i ty  of the  s ig n a l .  Some o f  th e  b io lo g ica l  

e f f e c t s  of r a d i a t i o n ,  p a r t i c u l a r ly  from ra d ia t io n  in  th e  high energy range 

and ra d ia t io n  a s s o c ia te d  with h e a t in g ,  have been in v e s t ig a te d  r e l a t i v e l y  

e x ten s iv e ly  and a re  known [ 1 ,2 ,3 ,4 ] .

The d i e l e c t r i c  behavior o f  human body t i s s u e  in  th e  microwave 

range led to  th e  in t ro d u c t io n  o f microwave diathermy in  th e  medical 

p ra c t ic e  a t  th e  beginning o f  the  1950 's .  At f i r s t ,  th e  use o f  microwaves 

in medical d iagnosis  and therapy was very c o n t r o v e r s ia l ,  but through the 

y e a r s ,  the  behavior o f  body t i s s u e  in  a microwave f i e l d  has become b e t t e r  

understood. In s h o r t ,  wave diathermy frequencies  o f  27 MHz (11 m eters) 

and 40.68 MHz (7 m eters) a re  employed. The heating i s  c a r r ie d  ou t in  the 

c ap a c i to r  or c o i l  f i e l d  depending upon the  p a r t  o f  th e  body and on th e

1



d isease  to  be t r e a t e d .  The heating  of th e  body area  depends l a r g e ly  on 

the  d i s t r i b u t i o n  o f  th e  e lec trom agnetic  f i e l d  on th e  complex d i e l e c t r i c  

cons tan t and th e  volume o f  d i f f e r e n t  ad jo in in g  t i s s u e s  [5 ] .

The energy d e n s i ty  o f  the  ra d ia ted  wave must no t exceed a c e r t a in  

va lue , in  o rd e r  to  p ro te c t  the  body t i s s u e  a g a in s t  b io lo g ic a l  in ju r y  

r e s u l t in g  from s trong  ra d ia t io n .  Because o f  th e  r i s i n g  r a d ia t io n  capa

b i l i t y  o f  newly developed high power ra d a r  i n s t a l l a t i o n s ,  th e  maximum 

ra d ia t io n  d e n s i ty  pe rm iss ib le  fo r  human beings in the  microwave range 

must be c a lc u la te d  [6] .

The b io lo g ic a l  e f f e c t s  o f  e lec trom agnetic  ra d ia t io n  on th e  human 

body in  the  microwave range have been d iscussed  by many au tho rs  [6- 20] .  

They researched  th e  behavior of various forms of human t i s s u e  under the  

in f luence  o f  e lec trom agne tic  waves in th e  microwave range in  o rd e r  to  

d iscover th e  d i f f e r e n c e s  and the advantages and d isadvantages o f  diathermy 

derived from th e  frequency dependence o f  c o n d u c t iv i ty ,  p e r m i t t i v i t y ,  and 

p e rm eab il i ty  o f  t i s s u e .  Therapy with e lec trom agnetic  r a d ia t io n  i s  based 

s o le ly  on th e  development o f  heat [7,8] and th e  t i s s u e  changes a sso c ia te d  

with i t  through th e  d i l a t i o n  o f  blood v e s s e l s .  When th e  r a d ia t io n  energy 

absorbed and converted  in to  heat exceeds a  p a r t i c u l a r  v a lu e ,  l a r g e  su rface  

i r r a d i a t i o n  has harmful e f f e c t s  because o f  th e  general r i s e  o r  in c rease  

o f  the  body tem pera tu re . In the  i r r a d i a t i o n  o f  small t i s s u e  a r e a s ,  th e  

danger l i e s  in lo ca l  tem perature in c reases  in  organs p a r t i c u l a r l y  s e n s i 

t iv e  to  h ea t such as th e  lense o f  the  eye , th e  b ra in  o f  the  head, th e  

ga ll  b lad d e r ,  th e  b lad d e r ,  and the  t e s t i c l e s .

The eye i s  one o f  the  organs most s e n s i t iv e  to  microwave r a d ia 

t io n .  The eye has a weak vascu la r  system, and the  h ea t produced by



r a d ia t io n  cannot be conducted away quickly  enough. Gray c a t a r a c t  i s  a 

ty p ic a l  eye d is e a s e  occu rring  through p ro tra c te d  exposure to  ra d ia t io n  

when the  r a d ia t io n  d e n s i ty  exceeds a s p e c i f ie d  value [9 ,1 0 ] .  In t h i s  

c a se ,  th e  p ro te in  in th e  lens coagula tes  in to  v i s ib l e  w hite  f l a k e s .  At 

2400 MHz, a r a d ia t io n  d e n s i ty  o f  l e s s  than 80 mW/cm̂  was c a lc u la te d  by 

Carpenter [9,10] f o r  r a b b i t s  whose eyes resemble th e  human eye in  s iz e  

and shape. A c a t a r a c t  develops above a c r i t i c a l  frequency o f  about 

200 MHz. Short r a d ia t io n  periods o f  high r a d ia t io n  d e n s i ty  a re  c o n s id e r

ab ly  more harmful than  prolonged ra d ia t io n  with a uniform medium ra d ia 

t io n  d e n s i ty ;  in  o th e r  words, pulse-form overloading can lead  to  qu icker 

c a ta r a c t  fo rm ation . For example, th e  eyes o f  r a b b i t s  were exposed fo r  

20 minutes to  a r a d i a t i o n  den s ity  o f  140 mW/cm w ithou t showing any in d i 

c a t io n  o f  c a t a r a c t .  When, on the  o th e r  hand, the  energy was supplied  in  

pu lse  form, a c a t a r a c t  developed with th e  same r a d ia t io n  tim e and d e n s i ty  

[9 ,1 0 ,1 1 ,1 2 ,1 3 ,1 4 ] .

The b ra in  and th e  extension o f th e  sp inal cord a re  s e n s i t iv e  to  

changes of p re s su re  and tem perature. T here fo re , abnormal tem perature  

changes induced by i r r a d i a t i o n  of th e  head can have s e r io u s  consequences. 

Cranial bones produce s trong  r e f l e c t i o n s ,  and e s t im a tin g  th e  energy 

absorbed by th e  c ra n ia l  bones i s  very d i f f i c u l t .  In d ic a t io n  o f  th e  r a d i 

a t io n  absorp tion  can be ob ta ined  only in  a dummy as done by Antharvedi 

Anne.* The tem pera tu re  r i s e s  most ra p id ly  in  the  b ra in  when i t  is  i r r a 

d ia te d  from above or when the  thorax i s  i r r a d i a t e d ,  s in c e  i t  i s  through

*
Antharvedi Anne, S ca tte r in g  and Absorption o f  Microwaves by 

D is s ip a t iv e  D ie l e c t r i c  O bjec ts :  The B io log ica l S ig n if ic an c e  and Hazards 
to  Mankind (U n iv e rs i ty  o f  Pennsylvania, 1963).



the  th o rax  t h a t  th e  heated blood flows d i r e c t l y  in to  th e  head. The 

r e c ta l  tem perature  remains u n a l te red  f o r  a long period o r  only r i s e s  very 

l i t t l e .  In apes , i r r a d i a t i o n  o f  th e  head led to  a cond ition  o f  somnolence 

and subsequently  to  unconsciousness. With p ro trac te d  r a d i a t i o n ,  convul

s ions  occurred and then continuous p a r a ly s i s  [15].

The male sex organs a re  e x t r a o r d in a r i l y  s e n s i t iv e  to  h e a t  and a re

th e re fo re  e s p e c ia l ly  endangered by r a d i a t i o n .  The in ju r io u s  r a d i a t i o n
2

d e n s i ty  was given by Ely [16] a t  a maximum o f  5 mW/cm , thus i t  i s  lowest 

in comparison w ith the  d e n s i t i e s  o f  o th e r  r a d ia t io n - s e n s i t iv e  o rgans . 

S l ig h t  r a d ia t io n  damage to  th e  sperm atic  duc t leads to  s t e r i l i t y ,  which 

according to  o b serva tions  d isappea rs  ag a in  a f t e r  a sh o r t  tim e. I f  th e  

p re sc r ib ed  ra d ia t io n  d e n s i ty  i s  exceeded, in ju r i e s  can occur which r e s u l t  

in permanent s t e r i l i t y  [17 ,18] .

Some b io lo g ica l  e f f e c t s  which a re  not due to  heat were observed. 

McAfee [3,4] was ab le  to  observe t h a t  animals exposed to  a r a d ia t io n  

f i e l d  a re  very r e s t l e s s  even befo re  t h e i r  body tem perature  has r i s e n .

They t r y  to  excape from th e  beam, tu r n  round in  c i r c l e s ,  and show con

v u ls iv e  spasms. I t  can be shown t h a t  th e s e  symptoms a re  caused by local 

tem perature  r i s e s  and a r e  no t t r a c e a b le  t o  i r r a d i a t i o n  o f  th e  b r a in .

In a d d i t io n ,  phenomena were observed in  microwave r a d ia t io n  which 

a re  n o t  due to  thermal e f f e c t  [19]. Amoebae and protozoa in  a high f r e 

quency f i e l d  o f  a c a p a c i to r  (1-100 MHz) move p e rpend icu la r  o r  p a r a l l e l  to  

th e  e l e c t r i c  f i e l d  l i n e s ;  th e  d i r e c t io n  o f  movement and speed vary  

accord ing  to  th e  frequency o f  the  i r r a d i a t i n g  f i e l d  and th e  s p e c ie s  o f  

amoeba [20]. I t  can happen th a t  th e  p a th s  o f  two amoeba c u l tu r e s  c ross  

and a f u r th e r  type  p e r s i s t s  a t  t h i s  p o in t .  This p e rs is te n c e  i s  used fo r



seg reg a tin g  d i f f e r e n t  c u l tu re s .  In te rn a l  s t r u c tu r a l  changes were also 

n o ticed  in amoebae, leading  to  f i s s io n  and d e s t ru c t io n  o f  th e  body. 

M utations can be produced as  w e l l .

Red and white  blood corpuscles  ( e r i th r o c y te s  and leucocy tes)  i n  

th e  high frequency f i e l d  d isp lay  behav ior s im i la r  to  th a t  o f  th e  amoebae. 

They a rrange  themselves in  the  d i r e c t io n  o f  propagation o f  ra d ia t io n  l i k e  

iro n  f i l i n g s  a re  o r ie n te d  in  a magnetic f i e l d .  Fat globules in  milk and 

lymphocytes make b ead - lik e  chains which a lso  run in  the d i r e c t io n  of 

r a d ia t io n  [20] .

I t  i s  almost impossible t o  p r e d ic t  the  amount of r a d ia t io n  energy 

absorbed by man a t  a p a r t i c u l a r  a rea  in  th e  e lec trom agnetic  f i e l d  and 

converted  in to  h ea t ,  because to  a g re a t  e x te n t  ra d ia t io n  i s  dependent on 

th e  p re v a i l in g  e l e c t r i c a l  p ro p e r t ie s  ( th e  p o s i t io n ,  s i z e ,  and s t ru c tu re  

o f  th e  muscular and f a t t y  t i s s u e  and th e  in c id e n t  d i r e c t io n  o f  th e  wave), 

t h a t  is  to  say ,  on th e  in p u t  impedance o f  t h i s  complex s t r u c tu r e .  The 

d i r e c t i o n  o f  p o la r iz a t io n  o f  th e  in c id e n t  wave in  r e l a t io n  to  th e  body 

a x is  a lso  p lays  a considerab le  p a r t  h e re .  In each ind iv idua l c a se ,  th e  

symptoms demand an exact study o f  th e  e x i s t in g  co n d it io n s .  The actual 

amount o f  tem perature  r i s e  in the  body i s  determined by such environ

mental co n d itio n s  as tem perature , hum idity , and th e  cooling mechanism o f  

th e  body. A simple successfu l and p re c i s e  method o f  measurement can be 

o b ta ined  by reproducing th e  human body in  a l i f e - s i z e  dummy o f  equal 

d i e l e c t r i c  p ro p e r t ie s .

A. Anne used the  so lu t io n  o f  KCf-Dioxane-Water m ixture in  the 

s p h e r ica l  dummy to  s im ula te  the  e l e c t r i c a l  p ro p e r t ie s  o f  human t i s s u e .

The r e l a t i v e  absorp tion  cross s ec t io n  was c a lc u la te d .  In o rd e r  to  sim ulate



th e  shape o f  mankind and i t s  e f f e c t  on r e l a t i v e  absorp tion  cross s e c t io n ,  

hollow p l a s t i c  d o l l s  o f  th e  type  used by c h i ld re n  were adapted as dummies 

which were f i l l e d  w ith  s a l in e  s o lu t io n .  The p l a s t i c  d o l l s  were b e lieved  to  

be r e l a t i v e l y  acc u ra te  models o f  babies o r  c h i ld re n  o f  the  same physica l 

s i z e .  Hence th e  r e s u l t s  could a lso  be ap p lied  to  an a d u l t  i f  the do ll 

dummies were sca led  to  th e  c o r r e c t  s i z e .



CHAPTER 2

EFFECTS OF ELECTROMAGNETIC FIELDS ON DROSOPHILA 

CAUSING SOME GENETIC PHENOMENA

Very l i t t l e  i s  known about the b io lo g ica l  e f f e c t s  o f  an e l e c t r o 

magnetic f i e l d  which does no t produce heating ( i . e . ,  low average power 

d en s i ty )  o r  o f  a low energy f i e ld *  ( e .g . ,  in  e x t ra  low frequency range).

In o rd e r  to  co n s id e r  some b io lo g ica l  e f f e c t s  in  t h i s  frequency range, the  

athermal in f lu en ce  o f  nonioniz ing  e l e c t r i c  and magnetic f i e l d s  on several 

g ene tic  phenomena in  Drosophila melanogaster i s  being t e s t e d  [21]. These 

b io lo g ica l  e f f e c t s  inc lude  m uta tion , raeiotic  exchange, nond is junc tion  of 

chromosomes, and e f f e c t s  on developmental time and fecu n d i ty .

2.1 E le c t r ic  F ie lds  

Recent work a t  t h i s  i n s t i t u t i o n  on Drosophila m elanogaster using 

s t a t i c  e l e c t r i c  f i e l d s ,  both homogeneous and inhomogeneous, with f i e l d  

i n t e n s i t i e s  up to  300 kV/m, involved both males and fem ales kept in  the  

f i e ld s  fo r  11 days with no n o ticeab le  untoward e f f e c t s  on v i a b i l i t y  and 

f e r t i l i t y .  This appeared somewhat in c o n s is te n t  w ith th e  re p o r t  o f  t e s t s

by Horlacher [22] fo r  s ex - l in k ed  recess iv e  le th a l  m uta tions  in Drosophila.
kVIn H o rlach e r 's  f i r s t  experiment with 33 a t  60 Hz, t rea tm en ts  from 1 to  

30 minutes had obvious immediate e f f e c t s  on th e  f l i e s ,  w ith  those  not

The d i s t i n c t io n  here i s  th a t  the  power d e n s i ty  i s  p roportional 
to  th e  square  o f  th e  f i e l d  am plitude, whereas th e  energy i s  p roportional 
to  frequency.
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immediately k i l l e d  being se r io u s ly  a f f e c t e d .  Apparently  only a small

p roportion  o f  th e  f l i e s  su rv iv ing  re tu rn e d  to  normal. In his second
kVexperiment w ith  225 - ^ a t  a frequency o f  1.225 MHz, a one minute exposure 

was th e  lo n g e s t  p r a c t ic a l  time used , and t h i s  s h o r t  trea tm en t k i l l e d  h a l f  

th e  f l i e s .  H orlacher used a l t e r n a t in g  c u r r e n ts  in  h is  work which appar

e n t ly  genera ted  heat in t e r n a l ly  by in d u c tio n  in  th e  t r e a te d  male f l i e s .  

This heat was probab ly  re sponsib le  f o r  th e se  s t r i k in g  e f f e c t s .

2.2 Magnetic F ie ld s  

Chevais and Manigault [23] in d ic a te d  in  a p re lim inary  r e p o r t  t h a t  

an inhomogeneous magnetic f i e l d  w ith  i n t e n s i t i e s  o f  severa l tenths o f  a 

Tesla  produced some g en e tic  e f f e c t s  in  a D. m elanogaster egg t h a t  had been 

in  the  f i e l d s  f o r  24 hours and then removed to  develop. The CIB method 

f o r  s ex - l in k ed  l e t h a l s  was employed, and some v i s i b l e  wing mutants as  well 

a s  some l e t h a l s  were recovered.

A r e c e n t  s tudy  by Close and B e isch er ,  c i t e d  by Beischer [24], 

in d ica ted  a lack  o f  e f f e c t  in  an extrem ely high in t e n s i ty  homogeneous 

magnetic f i e l d  on a l l  s tages o f  Drosophila development. Base (M uller-5) 

females were mated w ith  t r e a te d  m ales. One p o s s ib le  mutation a t  the  

y - lo cu s  was observed , but only 258 t r e a t e d  gametes were t e s te d .

Mulay and Mulay [25] rep o r ted  th e  p roduction  o f  n o n in h e r i tab le  

ab n o rm a li t ie s  o r  d e fo rm it ie s  in  f l i e s  t h a t  had been rea red  in magnetic 

f i e l d s  o f  3 . x IQ"^ and 4 .4  x 10"^ Tesla  f o r  two o r  th re e  g en e ra t io n s .  

F ie ld s  o f  lower i n t e n s i t i e s  (1 .5  x 10"^ T es la  and l e s s )  did no t appar

e n t ly  produce any d e fo rm it ie s .  The au th o rs  claimed t h a t  p o s s i b i l i t i e s  

f o r  dominant, r e c e s s iv e ,  v ia b le ,  and re c e s s iv e  l e th a l  mutants (both 

autosomal and sex - l in k ed )  were checked and ru led  o u t .



In a r e c e n t ly  pub lished  study o f  th e  e f f e c t s  o f  magnetic f i e l d s  

in D. m elanogaste r , Tegenkamp [26] , using two permanent U-shaped magnets, 

sub jec ted  f l i e s  to  f i e l d  i n t e n s i t i e s  o f  0 through 5 .2  x 10” T es la .  He 

reported  the  e f f e c t s  on th e  sex r a t i o ,  th e  in d u c tio n  o f  autosomal m utan ts , 

and a sex - l in k ed  re c e s s iv e  l e t h a l .  Braver and Zelby co n s id e r  the  au then

t i c i t y  o f  th e se  e f f e c t s  to  be q u es t io n ab le .  The rep o r ted  a l t e r a t i o n  in  

sex r a t i o ,  in  fav o r  o f  male o f f s p r in g ,  i s  i n t e r e s t i n g  in  t h a t  q u i te  o f ten  

in normal c u l tu r e s ,  female progeny outnumber t h e i r  b ro th e r s .  In many o f  

Tegenkamp's c ro sse s  w ith t r e a t e d  f l i e s ,  th e  males were in  excess. This 

a lso  appeared to  happen in  th e  c o n t r o l s ,  a lthough th e  a l t e r a t i o n s  in  sex 

r a t io s  were no t as  g re a t  as in  the  exp ér im en ta is .  The f a c t  t h a t  some 

matings occurred w ith  a h ig h ly  excessive  male coun t,  and one o f  these  in  

the  contro l s e r i e s ,  may in d ic a te  t h a t  something o th e r  than  th e  trea tm en t 

was re sp o n sib le  f o r  the  excess  o f  male progeny.

2 .3  Work Conducted a t  th e  U n iv e rs i ty  o f  Oklahoma

At t h i s  i n s t i t u t i o n .  Braver and Zelby have been looking fo r  

g ene tic  e f f e c t s  o f  s t a t i c  e l e c t r i c  f i e l d s  in  Drosophila and have, to  t h i s  

d a te ,  confined t h e i r  s tu d ie s  t o  p o s s ib le  e l e c t r i c  f i e l d  and m agnetosta tic  

f i e ld  in f lu en ce  on chromosome movements. I f  th e  chromosomes were to  

respond to  th e  f i e l d s ,  then t h e i r  movements p r io r  to  and leading to  

p a ir in g  during gametogenesis could be a f f e c t e d .  This could lead to  

a l te r e d  frequenc ies  o f  m e io tic  exchange in  females o r  a l t e r e d  r a te s  o f  

nondis junc tion  in  both sex es .

Research to  date  has cen te red  on th e  degree to  which microwave 

ra d ia t io n  can induce sex - l in k ed  re c e s s iv e  l e th a l  m utations in  males o f

D. m elanogaster. The f l i e s  were exposed to  microwave ra d ia t io n  by being
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placed about 5 cm from th e  mouth o f  a  pyramidal horn. The frequency in  

use was 16.5 GHz produced by an SDF-342 Varian magnetron. Power d e l iv e red  

to  the horn was measured with an HP432A power b r id g e ,  a P486 th e rm is to r  

mount, and 30 dB co u p le rs ;  th e  frequency was measured by a Polarad Spec

trum Analyzer Model SA84 WA. The average power was 43 w atts  d e l iv e red  to  

th e  horn a t  9 ma f i lam en t c u rren t  and 9.75 kV on th e  anode. Peak power 

measured a t  th e  c en te r  o f  th e  horn was 62 kW, with a duty cycle o f  

0.00072 produced by a pu lse  width o f  about 1 .2  microsecond and PRF 

s l i g h t l y  below 600 Hz.

Attempts to  determine the  e x ten t  o f  h ea ting  o f  the  f l i e s  were 

made w ith  s tandard  thermocouple and a YSI model 47 scanning telethermom

e te r .  I n i t i a l l y ,  th e  f l i e s  were contained in  g la ss  v ia l s  with th e  

thermocouple measuring th e  tem perature  o f  th e  a i r  in  the  v ia l .  Several 

measurements in d ic a te d  t h a t  the  r i s e  in tem perature  was due p rim ari ly  to  

th e  heating  o f  th e  v ia l s  themselves r a th e r  than  th e  f l i e s .  Subsequent 

experiments were th e re fo re  conducted by enc los ing  th e  f l i e s  in s p e c ia l ly  

made c o n ta in e rs  o f  b a lsa  wood and b o l t in g  c lo th .  This prevented the  

h eating  o f  f l i e s  due to  heating  o f  th e  w alls  o f  th e  con ta iners  and a lso  

allowed f o r  f r e e  a i r  flow and v e n t i l a t io n  during  the  experiments. Thermo

couples were in s e r te d  in to  the  c o n ta in e rs ,  and th e  temperature was moni

to red  throughout the  trea tm en t pe riod  and recorded on a Bausch & Lomb 

reco rd er .  In th e  experiments with th e  l a t t e r  c o n ta in e rs ,  the  tem perature  

o f  the a i r  in th e  co n ta in e rs  was kept below 30°C and usua lly  ranged from 

room tem peratu re  (23°C -  25°C) to  27°C. The con tro l temperatures stayed 

a t  room tem perature .

Several t e s t s  were made to  determine whether th e  thermocouples
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absorbed microwaves and recorded the  tem perature  as a r e s u l t  o f  absorption  

r a th e r  than as a r e s u l t  of changes in the  ambient tem perature . The 

thermocouples were f i r s t  exposed to  microwaves, and th e  temperature was 

monitored. With a i r  flow provided by a sp ec ia l  fa n ,  thermocouples in d i 

cated  th e  room tem perature  (23°C -  25°C). The thermocouples were then 

in s e r te d  in to  g la s s  v ia l s  with co tton  s to p p e rs ,  w ith  and w ithout f l i e s ,  

and tem peratu res  in  excess o f  41°C (the l i m i t  of th e  b ridge) were 

recorded.

As a f in a l  de term ina tion  o f  the v a l i d i t y  o f  tem perature  measure

ment, a number o f  f l i e s  were packed very c lo se ly  between two lay e rs  o f  

b o l t in g  c lo th .  This produced a dense volume o f  f l i e s  with a microwave 

exposure a rea  o f  about one square cen tim eter and th ick n ess  o f  about one 

m il l im e te r .  Two such s e t s  were exposed to  microwave ra d ia t io n  sim ultan

eously , each monitored by a thermocouple, one on th e  s id e  o f  th e  micro

wave source with one s e t  o f  f l i e s  and th e  o th e r  away from the  microwave 

source with th e  o th e r  s e t  o f  f l i e s .  The two s e ts  were moved l a t e r a l l y  

in  th e  r a d ia t io n  f i e l d  and were a lso  ro ta te d  180 degrees . Under the 

usual experim ental cond itions  using forced a i r  co o lin g ,  no heating  was 

ev id en t ,  even though th e  f l y  d en s ity  was very high. In v ia ls  with 

s l ig h ly  lower f l y  d e n s i ty ,  the  f l i e s  were heated above 41°C w ith in  a few 

minutes and were a l l  k i l l e d .

Continuous measurements o f  tem perature in various lo ca t io n s  in  

the r a d ia t io n  f i e l d ,  in te rchange  o f  thermocouples, and constan t moni

to r in g  in d ic a ted  t h a t  the  temperature measurements were reasonably r e l i 

ab le  and t h a t  th e  f l i e s  were not being s ig n i f i c a n t l y  heated by the  

microwaves.
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Other tem peratu re  measurements o f  th e  f l i e s  were a lso  a ttem pted , 

one using c h o le s t e r i c  c r y s t a l s  and one using  thermography. The former 

was n o t  very p ro d u c tiv e  because of the problem a sso c ia ted  w ith  pa in tin g  

th e  f l i e s  with c r y s t a l s  and then observing them in  th e  e lec trom agnetic  

f i e l d .  Thermographic measurements using f l i e s  heated by an in f ra re d  

lamp were very prom ising.

Thus f a r ,  some o f  the  biological uses and e f f e c t s  o f  e l e c t r o 

m agnetic r a d ia t io n  have been mentioned. In th e  fo llowing chap te r  the  

energy absorbed by a p ro la te  spheroid re p re se n t in g  th e  Drosophila mela

n o g a s te r  has been c a lc u la te d .  The f l y  i s  rep re sen ted  as a p ro la te  sphero id  

and a ls o  as a nephroid  o f  revolu tion  upon which a plane e lec trom agnetic  

wave i s  in c id e n t .  The ca lc u la t io n  o f  energy absorbed i s  checked using 

th e  o p t ic a l  theorem.



CHAPTER 3 

BACKGROUND

3.1 The S c a t te r in g  o f  an E lectrom agnetic  

Wave by a Spheroid [27]

The problem of a p e r f e c t ly  conducting p ro la te  spheroid i l l u m i 

nated by a p lane  wave a t  a r b i t r a r y  inc idence  has been considered by 

T.B.A. Sen ior [27]. The known low-frequency so lu t io n  i s  p resen ted  in  a 

much s im p l i f ie d  form; based on symmetries, th e  next terms in th e  expan

sion a re  p re d ic te d .  T.B.A. Sen ior reviewed a c l a s s i c  paper pub lished  by 

Stevenson [28] on th e  so lu t io n  o f  e lec tro m ag n e tic  s c a t te r in g  problems as 

power s e r i e s  i n  th e  propagation co n s tan t  k . He pointed out t h a t  

S tevenson 's  th e o ry  provides the  only sy s te m a tic  approach to  th e  c a lc u la 

t io n  o f  more than  th e  lead ing  term in  a low-frequency expansion. The 

scope o f th e  method i s  so g rea t  t h a t  any homogeneous body o f f i n i t e  

dimensions can be t r e a t e d ,  and in  view o f  t h i s  g e n e r a l i ty ,  i t  i s  no t s u r 

p r is in g  t h a t  th e  so lu t io n  is  no t always ob ta in ed  in  a form convenien t 

fo r  s p e c i f i c  a p p l ic a t io n s .  Even in  a companion paper [29], where th e  

a n a ly s is  f o r  an e l l i p s o i d  is  p re sen ted ,  th e  r e s u l t s  in such l im i t in g  

cases as a m e ta l l i c  spheroid s t i l l  demand conside rab le  s im p l i f ic a t io n  

before  they  can be put to  p ra c t ic a l  use.
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3 .1 .1  S tevenson 's  so lu t io n  [29]

The problem considered  here  i s  t h a t  o f  a p lane  wave in c id e n t  on 

a p e r f e c t ly  conducting p ro la te  sp hero id . In terms o f  the  Cartesian  

c o o rd in a te s  th e  sphero id  i s  defined  by th e  equation

= df (3 .1 .1 )
Ç - 1 r

w ith 1 _< Ç < oo . The semi major and semiminor axes a re  çd and 

(ç ^ - l )^ ^ ^ d  r e s p e c t iv e ly .  Following Stevenson [29] ,  the  in c id e n t  f i e l d  

i s  assumed to  be

= (£^,m^,n-|) exp[/k(&x + my + n z ) ] ,  (3 .1 .2 a )

h’ = Y(&2 ,m2 ,n2 ) exp[xk(&x + my + n z ) ] ,  (3 .1 .2 b )

where k i s  p ropagation  c o n s ta n t ,  and (&,m,n), (&^,m^,n^), and (£2 »' 2̂ ’'^2  ̂

a re  th re e  s e t s  o f  d i r e c t io n  cosines  o f  d i r e c t io n  o f  p ropagation , e l e c t r i c  

v e c to r ,  and magnetic v e c to r  r e s p e c t iv e ly ,  which s a t i s f y  the  r e la t io n s

(&^,m^,n^) = ^  (&,m,n), (3 .1 .3 a )

(2,2>^2’^2^ ~ (S">i^>o) X ( 2>i »m-j ,n-j ) .  (3 .1 .3 b )

Y i s  th e  i n t r i n s i c  adm ittance o f  f r e e  sp ac e ,  and a time f a c to r  e 

has been suppressed . The express ions  f o r  fa r -z o n e  e l e c t r i c  f i e l d  com

ponents provided by Stevenson a re  as fo llow :

_xkR
^6 ° [ I ?  * i i S T  I ? ]  ^  ’ ( 3 .1 .^a)

" [ s i S T  H  ■ l e  ]  ^  • (3 .1 .4 b )

Here, (R, e ,  4 , )  a re  the  sp h e r ica l  p o la r  c o o rd in a tes  of th e  f i e l d  

p o in t .  P and P a re  func tions  o f  a s s o c ia te d  Legendre function  [27],
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3 .1 .2  S e n io r 's  a l t e r n a t i v e  re p re se n ta t io n  [27]

For any f i n i t e  body, the  components o f  th e  s c a t te re d  e l e c t r i c

v e c to r  in  th e  f a r -z o n e  can be w r i t t e n  a s :

./CkR f (  . _ _  P[(cos 8 ) )
E. = —5- v.Sn e) + r e _  l . - |cos(r4,)R r^O s^l r r s  ae ' ^rs sin e

( a r -  Pc(cos e)
+ TT p j c o s  e) -  r  a  ,  cT» s i n ( r * )V s 36 ' > s  Sin 8 I

UR
F -  _ e  f  f

~ R r§0  sM

Pg(cos e) 
*rs 36 '^Ys s in  0lc .„  ■—  P[(cos 6) -  r s „  s j .  .  1 cos(r*)

L  s . r ,
+ I Srs â F  P^tcos ») +

COS e) ) 1
Î ^ T ê - j  s in ( r ^ ) J  ,

where th e  four s e t s  o f  c o e f f i c i e n t s  and a re ,  as y e t ,

u n re la ted  to  one ano ther  and s p e c i f ie d  only by th e  boundary cond itions  

a t  th e  su rface  o f  th e  body [27].

3 .2  S c a t te r in g  by S p h e r ic a l ly  Symmetrical 

Objects [30]

According to  L. Shafai [30 ] , s c a t t e r in g  by sp h e r ic a l ly  symmet

r i c a l  o b jec ts  can be expressed in  terms o f  two a u x i l i a r y  fu n c t io n s ,  

r e l a t e d  r e s p e c t iv e ly  to  th e  phase and amplitude o f  the  r e s u l t in g  f i e l d .

I t  i s  shown t h a t  th e se  a u x i l i a r y  fu n c tio n s  s a t i s f y  f i r s t - o r d e r  d i f f e r 

e n t i a l  equa tions  o f  the  ra d ia l  c o o rd in a te ,  and th e  s c a t te re d  f i e l d  i s  

desc ribed  by th e  phase fu n c tio n s  a lone . Furtherm ore, the  d i f f e r e n t i a l  

equations  s a t i s f i e d  by th e  phase fu n c tio n s  a re  found to  be independent 

o f  th e  am plitude fu n c tio n s  and a re  solved num erically  by using the  i n i 

t i a l  phase s h i f t s  ob ta ined  from th e  boundary co n d it io n s .
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An e lec tro m ag n e tic  f i e l d  in  a sp h e r ica l  coord inate  system may be 

found from two ra d ia l  v ec to r  p o te n t ia l s  A and F , r e s p e c t iv e ly ,  f o r  the 

e l e c t r i c  and magnetic v ec to r  p o te n t ia l s .  The so lu t io n s  of th ese  func

t i o n s  in  a r a d i a l l y  s t r a t i f i e d  region and in  terms o f  th e  spher ica l  

harmonics a re  r e a d i ly  known and given by [31]

* -  ^  n i l  • (3-2  " )

F = i  s i "  * n i l  '  nfn + \ i  ®n(F* ’ (3 .2 .1b)

where R = k r , th e  propagation co n s tan t  o f  f r e e  space and th e  ra d ia l  

d is ta n c e  in  th e  s p h e r ica l  coord ina tes  a re  k and r  , r e s p e c t iv e ly .  The 

fu n c t io n s  G^(R) and W^(R) a re  two r a d ia l  fu n c tio n s  with- W^(R) s a t i s 

fy in g  the  fo llow ing  d i f f e r e n t i a l  equation

d^W
Wjj = 0 (3 .2 .2 )

where and a re  the  r e l a t iv e  p e r m i t t i v i ty  and perm eab ility  o f  the

medium. The fu n c tio n  G s a t i s f i e s  a s im i la r  d i f f e r e n t i a l  equationn
which may be ob ta ined  by in terchanging  and in th e  above equation . 

Equation ( 3 . 2 . 2 ) ,  however, may be m odified to

d̂ W

dR^

where i s  an o p e ra to r  given by

n ,  «n = w„ . (3 .2 .3 )

and a s im i la r  o p e ra to r  fo r  the  fu n c tio n  Ĝ  may be found by i n t e r 

changing and in  equation ( 3 .2 .4 ) .  Equation (3 .2 .3 )  i s  a Sturm- 

L io u v i l le  equation  and has a so lu t io n  o f  the  form
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W„(R)  = c ’ j „ ( R )  +  C ^ ; „ ( R )  + y ^ L ^ « „ ( R ' ) R ' d R ' [ j „ ( R ' ) ; „ ( R )  -  j n ( R k n ( R ' ) ]

(3 .2 .5 )
7 2where and a re  two c o n s ta n ts  y e t  to  be determ ined , and j^ (R ) and 

y^(R) a re  R icca ti  Bessel fu n c t io n s  o f  o rd e r  n . Now, s im i la r  to  the 

case o f  a conducting sphere , th e  so lu t io n  o f  and may be expressed 

in terms o f  two a u x i l i a r y  am plitude and phase fu n c tio n s  o f  the  form

W^(R) = A^(R)[j^(R) cos 6^(R) + y^(R) s in  6^{R)] , (3 .2 .6 a )

G„(R) = B^(R)[j^(R) cos e^(R) + y^(R) s in  e^(R)j , (3 .2 .6 b )

where A^(R) and g^(R) are  th e  amplitude and phase fu n c tio n s  a sso c ia te d

with , and B^(R) and e^(R) a re  th e  a p l i tu d e  and phase fu n c tio n s

a sso c ia ted  with G . An in t ro d u c t io n  o f  th e se  fu n c tio n s  in to  th e  d i f -  n
f e r e n t i a l  equations s a t i s f i e d  by and Ĝ  g ives

j f  A„(R) = W„ , (3 .2 .7 a )

_d
dR

and

A^(R) = -(L^W^)[jp(R) s in  6^(R) -  y^(R) cos 6^(R)] , (3 .2 .7 b )

®n

^  B„(R) = -(LgG^)[j‘ „(R) s in  c^(R) -  P„(R) cos e^(R )]. (3 .2 .7 d )

Equations (3 .2 .7 a )  to  (3 .2 .7 d )  provide a s e t  o f  f i r s t - o r d e r  d i f f e r e n t i a l  

equations  which may be solved num erically  to  g ive  th e  requ ired  s c a t te re d  

f i e l d .
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3 .3  The Inverse  Problem o f  S c a t te r in g  from a P e r f e c t  

Conducting P ro la te  Spheroid [32]

F. H. Vandenberghe and M. M. Boerner [32] have d iscussed  th e  

in v e rse  problem o f  e lec trom agne tic  s c a t t e r in g  from a p ro la te  spheroidal 

s c a t t e r e r .  The approach i s  based on th e  in v e rse  s c a t t e r in g  model theory  

as developed in  Boerner, Vandenberghe, and Hamie [33] and Boerner and 

Vandenberghe [34] f o r  the  c i r c u l a r  c y l in d r ic a l  and th e  s p h e r ica l  c ase s ,  

re s p e c t iv e ly .  In t h i s  model th e o ry ,  th e  t ra n sv e r se  s c a t te r e d  f i e l d  i s  

expressed in  terms of a t ru n c a te d  s e r i e s  expansion o f  th e  a sso c ia te d  

wave fu n c t io n s .  The unknown expansion c o e f f i c i e n t s  a re  recovered from 

the  b i s t a t i c  s c a t te r e d  f i e l d  d a ta  by employing a m atrix  in v e rs io n  proce

dure . Based on th e  hypo thesis  t h a t  a l l  th e  inform ation p e r ta in in g  to  

these  simple shapes i s  i m p l i c i t l y  con ta ined  in  the  expansion c o e f f i c i e n t s ,  

closed form express ions  fo r  th e  e l e c t r i c a l  r a d i i  ka a re  derived  in  terms 

o f a l im ite d  number o f  contiguous expansion c o e f f i c i e n t s .  In s tead  o f  

d i r e c t l y  using an expansion in  sphero ida l wave fu n c t io n s ,  an a l t e r n a t iv e  

expansion of th e  s c a t te r e d  f i e l d  by Senior [27] i s  employed. I t  i s  then 

shown t h a t  the  c h a r a c t e r i s t i c  param eters o f  th e  e l l i p s e  gen era t in g  the  

p ro la te  spheroid  ( th e  in te r fo c a l  d is ta n c e  d and th e  e c c e n t r i c i t y  

e = Y ) can be d i r e c t l y  recovered from S e n io r 's  expansion c o e f f i c i e n t s .

In o rd e r  to  fo rm ulate  th e  s c a t t e r e d  f a r  f i e l d  m a tr ix .  S e n io r 's  

[27] s o lu t io n  i s  again  reviewed. He considered the  plane wave incidence 

given by equations  (3 .1 .2 a )  and (3 .1 .2 b ) .  The p e r f e c t ly  conducting pro

l a t e  sphero id  i s  defined  by equation  ( 3 .1 .1 ) .  Fig. 3 .3 .1 i l l u s t r a t e s  

the  case  o f  nose-on inc idence  on a p e r f e c t ly  conducting p r o la te  spheroid .
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S en io r then showed t h a t  th e  t ra n s v e r se  s c a t te r e d  f a r  f i e l d  com

ponents can be rep re sen ted  by equations  (3 .1 .4 a )  and (3 .1 .4 b ) ,  where 

(R, e ,  (j)) d e f in e  th e  sp h e r ic a l  coo rd ina te  parameters a t  the observa tion  

p o in t .  Retain ing  only th e  lead ing  express ion  in  a low-frequency expan

s io n ,  P and F  a re  given by

P = k^[k-| cos * + kg s in  * )s in  8 + kg cos e] + O(k^), (3 .3 .1a )

P = k ^ [ (F^ cos (() + Yg s in  ^ J s in  8 + kg cos 8] + 0 (k*) ,  (3 .3 .1b)

where th e  c o e f f i c i e n t s  kj and lÿ  ( j  = 1 ,2 ,3 )  a re  e x p l i c i t  fu n c tio n s  o f  

th e  d i r e c t io n  cosines  (2^,m^,n^) and (üg^mg.ng) and im p l ic i t  func tions  

o f  the  geom etrical param eters d and ç o f  th e  p ro la te  sphero id . Fol

lowing Senior [27], th e  c o e f f i c i e n t s  k^ and 1^  can be expressed by

2 3 ,  ^ i f s )  1-  _ 2 3 ,  P i ( 5 ) '

2 3 ^1 — 2 .3  ^1 'ko ~ "od m̂  —Î  , ko “ “ od m

"2 qO (s) '

where P^^g), Q^(c) a re  a s s o c ia te d  Legendre fu n c t io n s  o f  o rd e r  a and 

degree g o f  th e  f i r s t  and second k ind , r e s p e c t iv e ly ,  and th e  primed 

express ions  r e p re se n t  f i r s t - o r d e r  p a r t i a l  d e r iv a t iv e s  with r e s p e c t  to

Neglecting terms o f  O(k^) and h ig h e r-o rd e r  o f  equations 

(3 .3 .1 a )  and (3 .3 .1 b ) ,  th e  t r a n s v e r s e  s c a t te r e d  f a r  f i e l d  components can
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be expressed in  a m a tr ix  form. E x trac ting  th e  ra d ia l  components according

to  equations  ( 3 .1 .4 a ) ,  (3 .1 .4 b ) ,  ( 3 .3 .1 a ) ,  and ( 3 .3 .1 b ) ,  the  normalized

f i e ld  components a re  r e l a t e d  unknown c o e f f ic ie n ts  k- and k- ( th e
J J

c o e f f i c i e n t s  k . ,  k .  f o r  j  = 1, 2, 3 a re  re ta in e d  in  t h i s  low-frequency
J J

expansion) by

[E] = [S(8 ,+)] [K]

where

[E] =

Êe7 *̂1

EBg 2̂

. [k] = •̂ 3

E(|)2 kg

E<̂ 3

and

cose^cos*^ cose^sin*] -sine^ -sin*^ cos*^ 0

COSGgCOSOg cosBgSin^g -sinSg -sin*2 cos*2 0

COSBgCOSOg cosBgSinOg -sinOg -sin*g COS*g 0

-sin*^ cos*^ 0 -cose-|COS$^ -cosB-jSin(j>-j sinB

-sin*2 cos*2 0 -COSBgCOSOg -cos82Sin*2 sins

-sin*3 C0S4g 0 -COSBgCOSOg -cos8gSin*g sinB

3 .4  S c a t te r in g  P ro p er t ie s  of Oblate Raindrops and Cross 

P o la r iz a t io n  o f  Radio Waves Due to  Rain:

C a lcu la t io n s  a t  19.3 and 34.8 GHz [35]

T. Qguchi in h is  paper [35] explained t h a t  boundary va lue  problems 

fo r  s c a t t e r in g  o f  ra d io  wave by o b la te  ra indrops may be solved by th re e
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d i f f e r e n t  techn iques : (a) point-m atching techn ique , (b) spheroidal func

t io n  expansions, and (c) p e r tu rb a t io n  method.

A ra ind rop  i s  assumed to  be an o b la te  sp hero id , and th e  r e la t io n  

between deformation and drop s iz e  i s  approximated by a l i n e a r  r e la t io n

S = 1 -  ^  R (3 .4 .1 )

where S i s  th e  r a t i o  o f  minor to  major ax is  and R i s  th e  e f f e c t iv e  

drop rad ius  in mm, meaning the  ra d iu s  o f  th e  sphere  w ith  a volume equal 

to  t h a t  of th e  o b la te  drop.

The geometry f o r  c a lc u la t io n  o f  the  s c a t t e r in g  property  i s  i l l u s 

t r a t e d  in  Fig. 3 .4 .1 .  I f  the  e l e c t r i c  f i e l d  o f  a u n i t  plane wave 

impinging on th e  o b la te  drop is  denoted by

= e e x p t - lk g r  kjkg) , (3 .4 .2 )

th e  e l e c t r i c  f i e l d  o f  th e  s c a t te re d  wave, in th e  f a r  f i e l d  reg io n , is  

w r i t t e n  as

= f  (k^,k2 )r"^ ex p (- lk g r)  (3 .4 .3 )

where e i s  a u n i t  v e c to r  sp ec ify in g  the  p o la r iz a t io n  s t a t e  o f  the  i n c i 

dent f i e l d ,  k-j i s  a u n i t  vec to r in  d i r e c t io n  of propagation o f  the 

in c id e n t  wave, kg i s  a u n i t  v e c to r  d i re c te d  from the  o r ig in  to  the  

o bserva tion  p o in t ,  kg i s  the  f r e e -sp a c e  propagation c o n s ta n t ,  r  i s  

th e  d is ta n c e  from the  o r ig in  to  th e  o b serva tion  p o in t ,  and f (k ^ ,k g )  i s  

a func tion  denoting v e c to r - s c a t te r in g  am plitude . E  ̂ in  (3 .4 .3 )  i s  

ob ta ined  by the  so lu t io n  o f  the boundary-value problem on th e  su rface  of 

a sphero id . The following th ree  techn iques  a r e  used f o r  ob ta in ing  E 

[hence, ob ta in ing  f (k ^ ,k g )  ] .
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Fig . 3 .3 .1 .  P r o la te  sphero id  s c a t t e r in g
geometry f o r  nose-on inc idence .

F ig . 3 .4 .1 .  Geometry f o r  c a lc u la t io n  o f  th e  
s c a t t e r i n g  p ro p e r ty  o f  an 
o b la te  ra in d ro p .
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3.4 .1  Point-matching technique

The in c id e n t  f i e l d  i s  expanded in  terms o f  a s p h e r ic a l  e lem entary  

vec to r  s o lu t io n  with known expansion c o e f f i c i e n t s ,  and s c a t t e r e d  and 

t ra n sm it te d  f i e ld s  a re  expanded by sp h e r ic a l  elementary v e c to r  s o lu t io n s  

w ith  unknown expansion c o e f f i c i e n t s .  I f  th e  i n f i n i t e  modal summations in  

th e  express ions  o f  f i e l d s  a re  t ru n c a te d  a t  some modal index (M,N) and 

i f  th e  boundary cond itions  a re  s a t i s f i e d  f o r  the  r e p r e s e n ta t iv e  p o in ts  on 

th e  spheroid  [whose number i s  a p p ro p r ia te  to  the  index (M,N) ] ,  th e se  

cond itions  give s im ultaneous l i n e a r  equ a tio n s  fo r  the  d e te rm in a tio n  o f  

unknown c o e f f i c i e n t s .  Truncated modal summations w ith th e se  c o e f f i c i e n t s  

g ive approximate f i e l d s  and f fk ^ .k g )  .

3 .4 .2  Spheroidal fu n c tio n  expansions

In c id e n t ,  s c a t t e r e d ,  and t r a n s m i t te d  f i e ld s  a re  expanded in  terms 

of spheroidal elem entary v e c to r  s o lu t io n s  with known and unknown expan

s ion  c o e f f i c i e n t s  r e s p e c t iv e ly .  A p p lica t io n  o f  th e  boundary co n d itio n s  

fo r  th e  f i e l d  g ives s im ultaneous l i n e a r  equations of i n f i n i t e  e x te n t  fo r  

th e  unknown expansion c o e f f i c i e n t s ,  because the sphero idal e lem entary  

v e c to r  so lu t io n s  a re  no t o rth o g o n a l.  These equations a re  so lved  as in  

s e c t io n  3 .4 .1  a f t e r  they  a re  t ru n c a te d  a t  some modal index (M,L) .

These procedures a re  alm ost analogous to  those used in  th e  e lec tro m ag n e tic  

s c a t te r in g  by a conducting spheroid  [36, 37, 38], except t h a t  th e  f i e l d s  

e x i s t  a lso  in  the  lo s sy  d i e l e c t r i c  sp h ero id .  The procedures o f  c a lc u la 

t io n  a re  shown in appendix 2 o f  O guchi's  paper [35].

3 .4 .3  P e r tu rb a tio n  method

I f  th e  e c c e n t r i c i t y  o f  a sphero id  i s  sm all ,  e lec tro m ag n e tic  

s c a t te r in g  by a spheroid  can be fo rm ulated  as a p e r tu rb a t io n  of the
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,2
corresponding  so lu t io n  f o r  a sphere  [39] . By s e t t i n g  v = 1 — 5- (where 

a and b denote  th e  minor and major semiaxes r e s p e c t iv e ly ) ,  the  s c a t te r e d  

f i e l d s  can be expressed as a power s e r i e s  in  v . Only th e  f i r s t  o rd e r  

p e r tu rb a t io n  i s  considered in  numerical computation in  the  paper [35] .

This background in fo rm a tio n , though based on only fo u r  papers 

[27, 30, 32, 35] r e p r e s e n ts ,  I b e l ie v e ,  th e  most im portant work in  dea lin g  

with s c a t t e r in g  from a sphero id  o b je c t  and i s  the  most re le v an t  informa

t io n  to th e  problem a t  hand. The main d i f f e r e n c e ,  a s ide  from s p e c i f i c  

s o lu t io n  te ch n iq u es ,  i s  t h a t  th e  foregoing  work d e a l t  with f a r - f i e l d  

s c a t t e r in g  and asym ptotic  s o lu t io n s ;  whereas in  th e  problem a t  hand, the  

concern i s  th e  f i e l d  d i s t r i b u t i o n  w ith in  the  s c a t t e r e r .  Furthermore th e  

o th e r  s o lu t io n s  re p re se n t  approx im ations , in  th e  fo llow ing work th e  b as ic  

a n a ly t i c  s o lu t io n  i s  e x ac t .  Approximation were in troduced subsequently  

by th e  e l im in a t io n  o f terms whose c o n tr ib u t io n  to  energy abso rp tion  would 

be n e g l ig ib le  because o f  th e  s i z e  o f  th e  spheroid  and the  frequency a t  

which th e  c a lc u la t io n  was made.



CHAPTER 4 

MODELING

In order to  determine th e  e lec tro m ag n e tic  energy absorbed by a 

Drosophila melanogaster exposed to  an e lectrom agnetic  f i e l d ,  i t  i s  neces

sa ry  to  c a lc u la te  th e  f i e l d  d i s t r i b u t i o n  in s id e  tha t i n s e c t .  To make 

t h i s  problem t r a c t a b l e ,  i t  i s  necessa ry  to  generate  some s im plify ing  

assumptions. F i r s t ,  the Drosophila m elanogaster i s  assumed to  be an 

e l l i p s o id  o f  rev o lu tio n  (p ro la te  sphero id ) o r  revolu tion  so lid  o f  

nephroidal shape w ith  p e r m i t t iv i ty  e , perm eability  p , and conduc

t i v i t y  a  . Second, the  in c id e n t  f i e l d  i s  assumed to be a plane wave. 

This l a s t  assumption is  not l im i t i n g ,  as  o th e r  wave f r o n t s  can be syn the

s ized  by su p erp o s i t io n  o f  plane waves.

Two methods o f  determing th e  e lectrom agnetic  f i e l d  o f  th e  p ro la te  

spheroid  s c a t t e r e r  have been used in  t h i s  re sea rch :  ( 1) solving th e  

vec to r  H elm holtz 's  equation  fo r  th e  sphero id  coord inate  and (2) so lv in g  

th e  vec to r  Hemholtz's equation f o r  th e  sp h e r ica l  elementary v e c to r  and 

then  applying the boundary co n d itio n s  t o  match both t ra n sm it te d  and 

s c a t te re d  waves t o  f in d  the  unknown c o e f f i c i e n t s  of th e  t ra n sm it te d  and 

s c a t te re d  f i e l d s .  The second method used in  solving f o r  the p ro la te  

spheroid  s c a t t e r e r  has a lso  been used to  so lve  th e  case o f  a nephroidal 

s c a t t e r e r .

25
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A fte r  th e  e lec trom agnetic  f i e l d  d i s t r i b u t io n  o f  the  Drosophila 

m elanogaster has been found, the power which i s  d is s ip a te d  in  Jo u le  heat 

was c a lc u la te d  using fo^Ej dV , w ith c a lc u la t io n  confirmed by th e  use 

o f  th e  o p t ic a l  theorem.



CHAPTER 5

SOLUTION ANALYSIS

5.1 P ro la te  Speroid S c a t t e r e r

5 .1 .1  The s c a la r  Helmholtz wave equation  

The s c a l a r  Helmholtz wave equation  i s :

+ k̂ ifi = 0 , (5 .1 .1 )

2 2where k = uew +twow (5 .1 .2 )

with the Laplacian  o f the  s c a la r ,

1 [ 9 a , 3 a , a h h  a \
^ ^ - h ^ [ a U 7 l - h ^ a V )  +

(5 .1 .3 )

I f  * measures th e  angle o f  ro ta t io n  from th e  x -ax is  in  the  z -p lan e  and 

r  th e  p e rp en d icu la r  d is ta n ce  o f  a p o in t  from th e  z - a x i s ,  then (see 

F igs . 5 .1 .1  and 5 .1 .2 ) :

X = r  cos* , y = r  s in *  . (5 .1 .4 )

In p ro la te  sphero idal co o rd in a tes ,  th e  v a r ia b le s  are

u  ̂ = Ç , Ug = n , Ug = * . (5 .1 .5 )

The equations  o f  two confocal systems d e f in in g  the  coord ina tes  a re

^2 2 .  , 2  _2 ,
—5* + —5--------= d and —̂   ----------?  -  d , (5 .1 .6 )

r  -  1 1 -

from which we deduce

27
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Figure  5 .1 .1 .  Two confocal systems given by
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0 =  0

* » Y

X

Figure 5 .1 .2  P ro la te  sphero idal coord ina tes  (ç,e,(j)).
Coordinate su rfaces  a re  p ro la te  spheroids 
(ç  = const)  , hyperboloids o f  rev o lu tio n  
(e = const)  « and h a lf -p la n e  (<j) = const)
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X = d [(ç^ -  1)(1 -  n^)] COS* ,

y = d [(ç^ -  1)(1 -  n^)] s in*  and z = dgn » (5 .1 .7 a )

where 5 1 1  > -1 _< n 1  1 > and G _< * £  2ir .

With th e  m e tr ic a l  c o e f f i c i e n t s .

° '̂ ifz " I )  . hg = --"l'j , and hj = < j|u^  - 1 ) 0  -  n^)
.1/2

‘1

1/2

(5 .1 .7b)

S u b s t i tu t in g  eq u a tio n s  ( 5 .1 .3 ) ,  ( 5 .1 .5 ) ,  and (5 .1 .7 b )  in to  (5 .1 .1 )  leads 

to

-  ’t 3n
9 \jj

J

+ k V ( ç ^  -  n^)* = 0 .

(5 .1 .8 )

L e tt in g  * = *^(ç) (an e"^“ ^ time convention i s  assumed

and i s  su p p re ssed ] ,  equation (5 .1 .8 )  s ep a ra te s  in th e  fo llow ing th ree  

equations:

. 1 r .  .  . 2

dç

d
dn

- ' )d f  *1 -

(1 -  n ^ ) ^  *2 + .2 2
m&

H 2- S y  * + m = 0 ,
d<t>

-  = 0 , (5 .1 .9b )
1 -  ^

(5 .1 .9 c )

where h = kd = ^  = - y  d , and (h) i s  a s e p a ra t io n  c o n s tan t .
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The s o lu t io n s  o f  equations (5 .1 .9 a  to  5 .1 .9 c )  a re  (see  

appendix A):

(5 .1 .1 0 a )

/  2
♦l = .  { K f  i ( ^ )  d „ ( h i . , . ) n „ ^ ( h ç )

(5 .1 .10b)

hejj,j^(h.Ç) = jen,jj(h,ç) + ^ne^ j^ (h ,ç)  , (5 .1 .1 0 c )

? m/2
*2 ( ^ )  "  "  n dn^m+nf^) = (^ “ ^ ) ^ <̂ n ^ n^ ^ )  '

(5 .1 .1 1 )

*3( 4 ) = sin(m*) ’ (5 .1 .1 2 )

where j e „ „ ,  ne„„, and he„. a re  the  sphero idal ra d ia l  func tions  o f  them£ m£ m£

f i r s t ,  second, and th i r d  kind re s p e c t iv e ly .  l^ (n )  is  the  Gegenbauer

polynomial*, P|JJ+n(n) i s  th e  a sso c ia te d  Legendre fu n c t io n ,  and i s

the  spheroidal angle  fu nc tion .

The complete so lu t io n  o f  the  s c a la r  wave equation (5 .1 .8 )  i s

^ sin^"’'^^’ ou ts ide  the  p ro la te

(5 .1 .1 3 a )

= n fa je m t 'h z - s )  s in*”* ’ ’ f '" '

(5 .1 .13b)

^  h ' x ) " 1  d ^ ^  - 1 )% .
2**; dX***



32

where

h-j = k^d = dCii^e-jü)^ + ^ , (5 .1 .14a)

hg = kgd = dfygEgu^ + ^ygOgw)^/^ . (5 .1 .14b)

[The "h^ 2 " v a r ia b le s  used here should not be confused w ith the  m etrical

c o e f f i c i e n t s  h^, hg, hg o f  equation  (5 .1 .7 b ) .]

5 .1 .2  The plane wave expansion

The plane wave expansion in  terms o f  th e  p ro la te  spheroidal 

coo rd ina te  i s  [42]

^ 7 ^  Sm%(h.:os8o )c °s  "(*  '  ♦ ( , ) S „ J h ,c o s e ) j e ^ J h ,c o s h  u)

(see  appendix A fo r  an exp lana tion  of ) (5 .1 .15)

where ç = cosh u, n = cose , and

î  • r  = h[cosh u cose cosBg + s inh  u s ine  sinBg cos(*  -  *g)] ;

6g and (t)g a re  the  coord ina tes  o f  th e  angular lo c a t io n  o f  th e  plane wave 

source. The Neumann f a c t o r ,  , i s  1 when m = 0 and i s  2 when

m > 0 .

5 .1 .3  S o lu t ions  o f  th e  v e c to r  Helmholtz wave equation  

The vec to r  Helmholtz wave equation  i s

= 0 (5 .1 .16a)

or

v(v • a) -  V X V X a  + k^a = 0 (5 .1 .16b)

Suppose th e re  i s  a func tion  f  which i s  an a r b i t r a r y  fu n c tio n  o f  p ro la te

sphero idal coo rd ina tes  ç ,  n, and (}> . We a lso  de fine  a v e c to r  as
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( 5 . a . 17)

[ , hg, and a re  th e  m e tr ica l  c o e f f i c i e n t s  in  equa tion  (5 .a .7 b ) . ]

i s  ta n g en t ia l  to  the  su rface  ()> = const . Since th e  divergence o f  A 

i s  zero , i t  could be one s o lu t io n ,  i f  f  i s  such a s c a l a r  f i e l d  as to  

make M s a t i s f y  th e  equation  (5 .1 .1 6 a ) ;  t h a t  i s

-7 %  = -7(v  • f^ )  + 7 x 7 x i ^ = v x 7 x i 3i = k%  (s in c e  7 '  #  = 0)

We t r y  to  a rrange  th e  equation  so t h a t  7 x f^  = 7 x 7 x (* f )  i s  equal to  

k (j)f plus th e  g ra d ie n t  o f  some s c a l a r ,  because th e  cu rl  o f  t h i s  w il l  

j u s t  be k %  .

By ta k in g  th e  cu r l  o f  both s ides  of equation  (5 .1 .1 7 ) ,  we have

V x i ^  = 7 x 7 x  ((J)f)

= -  iT |^  j 3 |[ h ^

hgh^jaoLhghg an 3 . 

A fte r  rea rran g in g ,  the  preceding

h ^ 3 f [ h ; E 7  9 |< ¥ > .

1 ( h , f )_3(̂  3 L hgug

r  h.

* w  L v ç  i •

1 r aIn o rder to  make th e  cu r l  o f  ^  7 - ^ h g f ) equal to  z e ro ,  we choose a

func tion  t h a t  i s  independent o f  <{> . (We make t h i s  cho ice  because 

hg = d(c^ - 1)^/2 (1 -  i s  a lread y  independent o f  (j) . )  I f  f



34

i s  th e  fu n c t io n  of  ç and n only [ i . e . ,  f  =4>(ç,n) ] , then by sub

s t i t u t i n g  t h i s  f  , ? X R can be r e w r i t t e n  as

” “ - h ^ j 31 [h^ ÎV X

" - J l  nn ! 4, . (5 .1 .1 8 )
(ç “ 1 )(1 -  n )

We now show t h a t  $ ( c , n )  i s  equal to  4 ^ (s )  ^2 ^^) ’ which i s  th e  so lu 

t io n  o f  th e  ra d ia l  and angu lar  p a r t s  o f  th e  s c a l a r  Helmholtz equation

( 5 .1 .8 ) .  Let

♦ =4>(C,n) (5 .1 .1 9 )

2 2be th e  s o lu t io n  o f  s c a la r  Helmholtz equa tion  v 4, + k 4, = 0 , which is

-  Dgfl-] + 3 f [ ( l  -  n ^ ) â ^ ]
(ç^ -  1)(1 -  94»

+ k^(ç^ -  n^)* = 0

(5 .1 .2 0 )

S u b s t i tu t in g  equation  (5 .1 .1 9 )  in to  ( 5 .1 .2 0 ) ,  we have

- 1 ) ^ ]  + | ^ [ ( l  -  [  ^2/ ^

+ _ n^)$jg°^(m$) = 0

which s im p l i f i e s  to

:  _^2j -  ' > 3! * ]  * l t [ < ’ -  ”^ > 3 ^ ]

_ mf $  1= - k^$ . (5 .1 .21 )
{ t  -  D (1 -  n )
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From equations  (5 .1 .1 8 )  and (5 .1 .2 1 )  we see t h a t

7 X ,

provided m = 1 . By ta k in g  th e  c u r l  o f both s id es  and app ly ing  simple

a lg eb ra ,  we o b ta in  ^
M

-7 X V X M + k 7 X ($*) = 0 .

By s u b s t i t u t in g  th e  d é f i n i ton o f  given p rev ious ly

-7  X V X #  + k̂ M = 0 .

From t h i s  and th e  v ec to r  i d e n t i t y  = 7(7 * #) -  7 x 7 x A , we con

cluded t h a t  A i s  one o f  th e  s o lu t io n s  of th e  v ec to r  Helmholtz equation 

V%  + k %  = 0 , provided t h a t  ij) = $ (5 ,n)g°^(m(j)) i s  a s o lu t io n  o f  the  

s c a la r  Helmholtz eq ua tion .

Let 1Ï = -  ^  = (j)(k$) . 7 • ÏÏ = 0

A = ^  = 7 X ($$) 7 • = 0

and t  = 74; .

The v e c to r  p o te n t ia l  t  i s  a combination o f  1%, î^, and t  ;

^  " ü[mjî, ^mÆ& ^mÆ&]

l [ ® l / l £  *  ^ U ^ u ]  (5 .1 .22 )

f o r  m = 1 only [52,53]

5 .1 .4  E lectrom agnetic  f i e l d s  in s id e  and o u ts id e  th e  p r o la te  
spheroi d

Having so lved  f o r  th e  v e c to r  p o te n tia l  A , th e  e lec trom agne tic  

f i e l d  can be found by

Ê*= (5 .1 .23)
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where

S u b s t i tu t in g  equation  (5 .1 .2 2 )  in to  (5 .1 .23) y ie ld s

Î  = < » l / u  "  <=U*®U> •

Recall t h a t  th e  v e c to r s  A and ^  a re :

-  V X [ i$ ( ç ,n ) ]  =

d(g2 -  qZ)
-  3 r | ( s ^  -  T)

( h y  hg, and a re  m e tr ica l  c o e f f ic ie n ts )

^  ,

where

*sca t(S *n) = * i ( s ) * 2(n) = he, ^ (hg .c )  ^^^^(hg.n) (5 .1 .25a)

= * ^ (s )* 2 (%) = je^ ^ ( " I 'S )  ^ ih ^ .n )  (5 .1 .25b)

where 4» ^ , .  and r e p re se n t ,  re sp e c t iv e ly ,  a s c a t te r in g  s o lu t io n  and
SCau 1 M

a so lu t io n  in s id e  th e  sphero id .

The in c id e n t  p lane  wave i s  chosen to be

î f n c t  = k E,e
J i t  .

Using equations (5 .1 .1 5 )  and (B.9b, appendix B),

E r  2 T/2- 2 1/ 2 .-
( i n c t  '  ,  ,  t / 3  -  1 ) E ^ Ç n - n )  n

( 1^ -  n^)

*̂ e

(5.1.26a)
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where i s  th e  amplitude o f  the  in c id e n t  p lane  wave w ith  propagation 

c o n s tan t  t  p a r a l l e l  to  th e  x -a x is .  That i s ,  <{»q = 0 , and

a re  s im p lif ie d  to  (see  Fig. 5 .1 .3 ) .

^ i n c t  " T 2 ^2 \ l / 2  
U  " n ;

(5 .a .26b)

We can w ri te  th e  E - f ie ld  in s id e  the  p ro la te  sphero id  and th e  f i e ld  

s c a t te r e d  by th e  p ro la te  spheroid as

1
^ in  ^ I  ^ , . 2  2 Ü / 2 9n

d i e  -  n")

0

*  &Ci&kijei%(hT^^)S^^(hi,n)* (5 .1 .27a)

's c a t  ^ ^ [ ( 1  -  n^)^^^he^^(h2 , ç ) S ^ J h 2 ,n )]ç

_ji
3Ç

E ^1 £^2^^1 Ü . ^ ^ 2 ( 5. 1. 27b)  

where b^^, b j^ ,  c^^, and c.{^ are  co n s tan ts  to  be determined by using 

boundary c o n d i t io n s .  We can immediately s e t  c.|^ and c^^ equal to  z e ro ,  

because the  î . „  and f i e ld s  do not have (j) components when th ei n  SCaX

in c id e n t  f i e ld  does not have ({> components.
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5 .1 .5  Boundary cond itions  [Appendix C]

The normal component o f  Ü(=et) i s  continuous a t  th e  boundary, 

o r  e q u iv a le n t ly  n • (Gg - = 0 ; i . e . ,

o u ts id e  '  4 ( (  in s id e  «  « = «b

where o u ts id e  th e  ç component o f  th e  E - f i e ld  o u ts id e  th e  p ro la te  

spheroid  (E%ouTs,DE " in c t  s c a t ^ ’

■ P i t

" t?m Sm&(h2 ,0)cos(m*)S^^(h2 ,n)jm%(h2 ,Cb)

(5 .1 .2 8 a )

The ta n g e n t i a l  components o f  E a re  continuous a t  th e  boundary 

or eq u iv a len t  to  n x (f^  -  î- |)  = 0 ; i . e . .

o u ts id e  = in s id e  o t  th e  boundary ç = ; i . e . .

f u â f (ç 2 _ i ) l / 2h e i2/ h 2 , f ) S i^ ( h 2 ,n )]

5 = %b

S = Gb

“ tjm̂ ẑ b̂̂  ̂ ■ Â l̂hg) Sm&(h2,0)cos(m*)S^ (̂h2,n)jeQ (̂h2,Sb)

(5 .1 .28b)

We have two e q u a t io n s ,  (5 .1 .28a)  and (5 .1 .2 8 b ) ,  and two unknowns, b-ĵ  ̂

and b j^  . These two unknowns can be obta ined  by means o f  Cramer's r u l e .  

The so lu t io n s  a re
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_9
3Ç

5 = C.
n £

(5 .1 .2 9 )

' 2  9n [(1 -  n^)^^^he^^(h2 ,Çfj)S^^(h2 ,n)] -  -  1 )^^^

^ [ ( C ^  -  l ) ^ ^ ^ h e ^ J h 2 , c ) S ^ J h 2,n ) ] ^b(l -  n Y / '

1 1

(5 .a . 30)

where

'23n 

3
3Ç

( i M ) S C ’2 ’« b ) 5 a ' ’2 ” '>]

U M f ^ e ^ l h j . ç j S ^ J h j . n ) ]  - â |[ (Ç ^ - l )^ “j e , [ h , . 5 ) S , i [ h , . n ) ]

S=G»

(5 .1 .31 )

We a re  not in t e r e s t e d  in  the  p a r t i c u l a r  s e t  o f  e^, €2 k^a, and k2a 

which may cause A to  be equal to  ze ro ,  f o r  th a t  case  r e p re se n ts  th e  

n a tu ra l  modes o f  th e  system, and i s  o u ts id e  the  scope o f  t h i s  work.
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5 .1 .6  An a l t e r n a t e  approach

Again we f in d  th e  E - f ie ld s  as b e fo re , t h i s  time in  sp h e r ica l  

c o o rd in a te s .  The s o lu t io n s  of th e  s c a la r  Helmholtz equation  in spher ica l  

coo rd ina tes  are

where i s  the  sp h e r ica l  Bessel func tion  [which may be s p e c i f ie d  as 

j% (kr) o r  n^(kr) ] .

Again, we d e f in e  two func tions  which we s h a l l  c a l l  and 1Ï

[43,44]:

= (5 .1 .33)

7 X M

V X i t

The re c ip ro c a l  r e l a t i o n  R „ = — f ol l ows from th e  f a c t  t h a t  bothm2 K
and it s a t i s f y  th e  v ec to r  Helmholtz equation , in  a d d i t io n  t o  being 

func tions  with van ish ing  divergence. In l i g h t  o f  th e  above, in  spherica l

component form, the  v e c to r  so lu t io n s  a re

(5 .1 .35 )

" k F i i H e a F ' - Z , ( k r ) p - ( c o s e ) { ^ j ” j } ;  (5 .1 .3 6 )

The su rface  o f  th e  p r o la te  spheroid i s  defined by

1 o r  r  = — =— — T T  (5 .1 .3 7 )
a b (a cos 0 + b s in  8) =



X

Figure 5 .1 .3 . Geometry f o r  th e  p r o la te  
sphero id  and th e  in c id e n t  
wave.

F igure  5 .1 .4 .  Geometry f o r  p r o la te  
sphero id  and th e  
in c id e n t  wave.
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where x = r  s in e  cos* , y  = r  s ine  sin* , and z = r  cose .

The p lane  wave expansion in  terms of s p h e r ic a l  coord ina tes  i s

[45]

(5 .1 .38)

I f  the  p lane wave i s  propagating  in  the  x - d i r e c t i o n ;  i . e . ,  propagation 

co n stan t it / /  i o r  T  has th e  sp h er ica l  an g les  eg = -^ and *q = 0

(see Fig. 5 .1 .4 ) ,  th e  above may be reduced to

= Â ( 2 » n i y o PT (0)P% (cose)j,(k r)

(5 .1 .39)

The in c id e n t  plane wave, which i s  denoted by assumed

to  be 

( i n c t  =

= EQ(cosef-sinee) J q(2£+1 )^^jQ-^^^jjy^os(m*)p'J(0)p'J(cos8)jj^(kr)

^ r  in c t^  ^  inct® (5 .1 .40)

where Eg i s  an amplitude o f  the  in c id e n t  wave.

The s c a t t e r in g  wave, which i s  denoted by E , is
sc a t
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"scat

'  ^!m|»m»4 | ^ , ^ t k 2r ) p ; ( c o s e )c o s  m*r-.iïl/

m£ kgr s ine (rh^) P j J s i n  m* * j  (5 .1 .41)

(P^)'  ̂ ( r h ^ ) '  = 3 f K < ' ‘2’'>] »"'* ( P j j '  '  ]

The e l e c t r i c  f i e l d  in s id e  th e  sphere w i l l  then be

f , r  '

(P i) ] “ '

+ [ -  % t 4 ( P T )  -  =m  Y & m e  [ P ^ t f  P^]=’ "
(5 .1 .42)

where th e  odd fu n c tio n  of and th e  even fu n c t io n  o f  are used ,

because in  the  equa tion  f o r  , cos ni({) i s  m u l t ip l ie d  by the r

and 0 components.

We do not expect and t o  have a 4> component when

the in c id e n t  e l e c t r i c  f i e l d  has no (j) component. I t  follows

th a t

1

■ ®m£ k% r"sînë[*'*'%] P^ = 0 (5 .1 .43 )
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A* i  r ' ni
k , r  sine r j , p T ' O (5 .1 .4 4 )

The u n i t  normal n to  th e  su rface  o f  th e  p r o la te  sp h e ro id ,  in  

terms o f  a sp h e r ica l  c o o rd in a te ,  i s

n = vf 1
T v f T ' T W f

'' 2 / 1  1 \ 
r  + r  — g-jsine cose e = n^r + n^e

(5 .1 .45 )

where f  = r ab— 5— 5-------- 5— 5— Y j n  » and n^ and n_ a re  th e
( a W e  + ^

components o f  n in  th e  r  and e d i r e c t io n s .

By using equa tions  (5 .1 .4 3 )  and (5 .1 .44 )  to  f in d  in  terms

o f  , and A^^ in  terms o f  B̂Ĵ  ̂ , we can by s u b s t i t u t i o n  re w ri te  

equations  (5 .1 .4 1 )  and (5 .1 .4 2 )  as

"scat

 ( r h  ) ' P"*J  » _ (3)
,m\, mu m2

2^m®m2

h J P P '

p"*
kgr 2 2 cos m* r

_m _]2/pm \2
s in e j  \ 2 / ^ 1
 -------- / + TT

Y  ( ' ' I )
kgr!(P^ )' (rh%)' cos m* 8

^ r  s c a t^  ^8 scat® (5 .1 .46)

in E B' ■ 2 ,m m2

( IÜ! / r i  i 'P ^
k ^ r s i n e P J  % ( i )  , j , ( i )

m2 m2
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E B'2,,m m2,

i2 . _ .2r_m _l /pm\ -,

in ’" ^ in  ®
(5 .1 .4 7 )

where and a re  the  r  and 0 components o f  ,

and E„ . and E„ ■ a re  th e  r  and e components o f  É.„ .r  in  e in in

We a re  now ready to  apply the  boundary co n d it io n s  to  find th e

values o f  and B '^ .

The normal component o f  S i s  continuous n ' f b .  ■ 5-|) = 0 a t  

r  = rg  ; i . e . .

a

r  I m pm\2 /pmV- 
I s i n ?  ^ i )  ^ V & l

kgr j |rh .
-  7 ) -

sine cose

e
.y \ -

- B ' . Em2=l)

r / m „m\2 /pm
&(&+!); ptn . ( s in e  2 / , V z )

['■jtk , r o ^ l ^ t 0 .r=ro  'aa -
- ^ j s in e  cose

= -Eo=2 COSG ( 2 a + l ) /  - f j + s y r  P%^0)P%^2(k2ro)

(5 .1 .4 8 )

where r „  = ab

^ |a^cos% + b^sin^e



46

The tangential components of î^^at ’ ^inct * ^in 

"  ̂ ^scat ~ *(nr^8 scat ~ "e^r scat^

_ £^m^m£]
~ ~ m kgr ( ’■’’O '

COS mi# I#

(5 .3 .4 9 )

" - = ♦("r^einct '  " e^  inct'

-1 -  r ^ ( - ^  -  -^ )cos^6
a b

xcos m* P^(0 )P’̂ j^ (k 2r ) i

(5 .1 .5 0 )

" " ^ in  = in '  in)

■ “ T ^
( I I  . Kf

/ m V I '•' U y.
h^K) k , r H i

''^(3 - c ° s 8a b
cos mi# I#

(5 .1 .5 1 )

The ta n g e n t ia l  components o f  t  a re  continuous o r  e q u iv a len tly  

n X (^2 - î - | )  = 0 a t  r=rg , t h a t  i s
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(i) . K l 'S in e /  I \ Zi

V o J

e'

-B' . r & )  .« )■■T T T- ■'

h ' - o K )
- " g ' . ' :

By applying Cramer's r u l e  to  eq u a tio n s  (5 .1 .48 )  and (5 .1 .5 2 ) ,  t h e  co e f

f i c i e n t s  o f  and B̂ ^̂  a re  found to  be

"^2 i - i i sinfe cose ~s

1+rol
rb -̂a '̂
^aV

cosfe sine - 6 '

m£
-6 

-6"

2 2.

(5 .1 .53 )

sin^e cose

sine

a -6

- 6 ' (5 .1 .5 4 )
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5,2  Nephroid o f  Revolution 

This s e c t io n  desc r ib e s  a f l y  as a re v o lu t io n  s o l id  o f  nephroldal 

shape, which Is  expressed by ro ta t io n  o f  th e  func tion

r  = r i  + r£  cos e (5 .2 .1 )

where r^ and rg  a re  co n s ta n ts  (see  F ig .  5 .2 .1 a ) .

We use th e  same method as  we did  In s e c t io n  5 .1 .6 .  Equation

(5 .1 .4 5 )  I s  rep laced  by

:  _ 7f _ 1
" - - [ w r ' i w r

.  2 f ,
r  + ——  cos s in e  e (5 .2 .2 )

and th e  equation  (5 .1 .4 8 )  I s  rep laced  by

^ pHl
kgrg £ £ .k g r lp 'J ) '  ^2^0

2 r,
cose sine

4 # j . p ?  +
(S . K ) '

[ r j ;
, Ü
r=r« *̂ 0

cose s ine

1 -

EYgSln^e^

(5 .2 .3 )
2 2 where f  = r  -  r^ -  rg cos © and rg  = r^ + rg cos e. Equation (5 .1 .5 2 )

I s  rep laced  by
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l i â )  « ) iB I  s in e  / + y  s. rh.
r= r .

Î Ü ü L Ü Ü Î i M l h  p”
'"o  ẑ''o * "

' ( s m )  . r a '

L k f o ( p ! T  " "2"“ -I
Zr^cose s in e  m

Tq k^rQ 2

ô'

.22r„cos el
1 + -  V -  s in e  P';(0 ) P ' ; \ ( k 2rg )

(5 .2 .4 )

The c o e f f i c i e n t s  B and B' , in  t h i s  c a s e ,  a re  found to  be
liljC IIIXp

Zrvsin^e"

- 4 - ^
cose - 6

1 +
Zrgcos e

sine - 0 '

ma
y  -5 

y '  - S ' (5 .2 .5 )

y  -S ' 1 -

Zr^sin^e"
cose

Y' 1 +
ZrgCos e

s ine

y  - S  

y '  -6 ' (5 .2 .6 )



a) r  = r  + r«cos 0 b) Drosophila  
M elanogaster

c) p r o la te  spheroid

Ml eno

Fig . 5 .2 .1 .  Comparison o f  mathematical models w ith  an a c tu a l  specimen.
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In o rd e r  to  check t h a t  th e  r e s u l t s  o f  so lu t io n s  (5 .1 .27a) and 

(5 .1 .47) a re  the  same, the  p ro la te  spheroid  has been reduced to  a sp h ere .  

As we can see  from appendix D, equations  (5 .1 .27a) and (5 .1 .47 )  a re  

e q u iv a len t  in  th e  l im i t  o f  a  sphere  to  the  so lu tion  given in  S t r a t to n  [51] 

The ab so rp tio n  o f  a sphere s c a t t e r e r  has been ca lc u la te d  using th e  r e s u l t  

on page 569 o f  S t r a t to n ;  t h i s  s o lu t io n  has been proven to  be the  o p t ic a l  

Theorem (appendix E ], and agrees  num erically  with J a E ^ d \ l  [appendix F ] .

In th e  case  o f  a p e r f e c t  conducto r ,  ® as a = » ; thus

jg^k^r) = 0  as k^r = «  . T here fo re , from equation (5 .1 .2 7 a ) ,  th e  

e lec trom agnetic  f i e l d  in s id e  a p e r f e c to r  vanish .

Some i d e n t i t i e s ,  recu rs io n  r e l a t i o n s ,  and behaviors of sp h e r ica l

Bessel fu n c t io n s  and Legendre fu n c t io n s  have been l i s t e d  in  appendix G.



CHAPTER 6

ENERGY ABSORBED BY A DROSOPHILA MELANOGASTER

The energy absorbed by a Drosophila m elanogaster ( f ly )  can be 

ca lc u la te d  by th e  equation

/ e -J dv = /a |E l^ d v  (6 .1 )
V V

which re p re sen ts  th e  power d is s ip a te d  in  Jo u le  h ea t -  an i r r e v e r s ib l e  

t ran s fo rm a tio n ,  where a and v a re  th e  c o n d u c tiv i ty  and volume o f  th e  

f l y  r e s p e c t iv e ly .

As we can see  from equations  (5 .1 .2 9 -3 0 , 5 .1 .5 2 -5 3 , 5 .2 .5 - 6 ) ,  

th e  c a lc u la t io n  o f  equa tion  (6 .1 )  i s  so ted ious  t h a t  i t  i s  no t p r a c t i c a l .  

Since the  f i r s t  severa l terms of th e  equa tions  (5 .1 .2 9 -3 0 , 5 .1 .5 3 -5 4 ,

5 .2 .5 -6 )  a re  th e  dominant ones when çh i s  small ( i . e . ,  çh < 1 ) ,  we

attem pt to  f in d  th e  v a lues  o f  equation  (6 .1 )  with £ = 1 only.

6.1 Power S e r ie s  Expansion f o r  the  d ' s  and

O ther Constants f o r  h Small 

Power s e r i e s  expansions f o r  th e  d ' s  and o th e r  co n s tan ts  f o r  h

small may be ob ta ined  [46]. For in s ta n c e ,  s e t t in g

^00 " dQPo(n) + d2Pg(n) + d*P4(n) + •••

2 4and Aqq = a^h + a^h + . . .

we have
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]t>2do + -  Aoodo]P„(n) + [edj + -  Aood2|P2(')

20d, + -  Aggd^jP^(n) + • • •  = 0

S e t t in g  dg = + h*a^ + '««Idg  and d^ = [h*g^ + " " 'I d g  and equating

the  c o e f f i c i e n t s  o f  Pq(ti) ,  PgCn), •••  to  zero  s e p a ra te ly ,  we obtain

^2 " J  * ^4 " Î 5  “ 2 Gg = -  ^  ; -ogBg + 6a^ + ^  og = 0

*4 = ; %4 = 5§7 and 20e^ + M ' “2 " °  ^4 " " s k  *

Consequently

1 . 2  _ 2 . 4
ÿ  “ 5 6 T

Since Sqq i s  equal t o  u n ity  a t  n = 1 , by applying eq u a tio n  (A.3, 

appendix A) we must have

2 .2  . 11 u4
9^ 2025^

•  •  «I = 1

or <0 " T + + 2525*''' *

By t h i s  means, approximate formulas can be b u i l t  up f o r  small values o f  h 

‘‘‘ 2Ü55^ )P2(n) + 525^4^^)

dQ (h |0 ,0)

^OoV^ ■ 1§5*'^ '

d g (h |0 ,0 ) d^fhlOUO)

*03=2 [l + I f f  + g l l |h 4

^Ol“ ^̂  2 ^ ^  55l25^*)^l(^ ') " 6 0 5 ^  )^3(^) 22Ü5**5 '̂’^

d ^ ( h |0 , l )

* o f  2 -  A h *

d g fh iO ,!)

18375

dgfhlCUl)

* 0 f l  + 75^^ +
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Si^«(l + + 27562sh*)Pl(^) “ (75 ^  ^  11025^5^'^^

d Q ( h | l , l )  d g C h l l . l )  d ^ { h \ ^ , ^ )

A i f 2  + -  875*’'  ̂ ’ ^ i f 4  + 7§h^ +

(6 . 1 . 1)

6 .2  The Value o f  h a t  th e  Long-Wavelength 

Limit (he"<<l)

The va lues  o f  d and Sy r e l a t e d  t o  th e  s iz e  of Drosophila a re  

assume to be d ~ 1 .2 3  x 10

Çjj~1.05 (Çjj = COShyjj, 0 .2  X | - « 0 .3 1 ) .

We fu r th e r  assume t h a t  the  values o f  y^, e-j, and a t  a  frequency o f

4 GHz to be ( rep re sen t in g  known va lue  o f  t i s s u e  [47] )

V,«WO = 4.  X 10-"

e ,« 4 0 e o  = 4 0 x 3 ^ . 1 0 - ^ ™

a - j« 2 .5  mho/m

Recall t h a t

w = 2ir X 4 X 10^ sec ^

h^ = = d^(y^e-jü)^ + iy^o^u)

o r

|h-,i = d
1/4

«0 .6 6 4  (6 .2 .1 )

(y^G^w^)^ + (y^o^w)'

and
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1 /2 1 /2
Ihgl = d(p2e2“ ) "  dfugGow )

feO.103. (6 .2 .2 )

6 .3  The Value o f  o f  Equation (5 .1 .3 0 )  w ith  £= 1 

In th e  case o f  long wavelengh approxim ation, th e  Bessel fu n c tio n s  

are  dominated by ; th e  remaing terms (f > 2  ) a r e  n e g l ig ib le  in  

comparison to  in  th e  case  o f  th e  f ly .

The value o f  i s  found to  be [see appendix H ]:

? 2 : 
b ' ^ « 3 . 0 8  X TOr^E^d cos (1-n ) ^

r  2
6 .4  The Evaluation o f  J a |E |  dv

V

The e l e c t r i c  f i e l d  in s id e  th e  f l y  can be w r i t t e n  as

g^ [( l  -  n ^ )^^^ je^^(h^ ,ç )S ^^ (h^ ,î i) ]çc._ = M l

H e  -  n‘ )

_ ±
H

« 3 .0 8  X lOT^E cos* ( l  -  4 ^  ^  y n \ -  2 n j e , , ç
(ç -  n ) '  '

-  [(1 + + (s  -
2 n 1/2

[ E i n T  = 9 .5  X lO '^ E ^ c o s 'i r -^ ------
.4r2___2 -  % ) ), 2 .2 /

(ç^ -  n^)
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The volume element dV f o r  p ro la te  sphero idal coo rd ina tes  i s
3 2 2dV = d (sinh u + s in  e)sinhu sine  dyded*

= -d (ç -  n )dçdrid(ÿ

, 2 tt

/ a | E l d V « - 9 . 5  x lO '^E^d^d^ /" 'c o s^ < ) .d < { ,/d f  -  n^)dn

The above in te g ra t io n s  o f  transcenden ta l  fu n c tio n s  can be c a r 

r ied  out by approximate in te g r a t io n .  Using the  Simpson's r u l e ,  some 

computer work is  needed to  accomplish th e  jo b .  The numerical r e s u l t s  

a re :

^ (h^ç)dç  =  0.1133 X lO 'S

1 .0 5

/  (l + - I j  j^ (h ^ ç )d  0.8932 X io '2

959 X 10-3
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1.05 2

(ç -  jo (h iS )d c  =  0.1394 x 10 '^

The r e s u l t  o f  the  in te g ra t io n  o f  f o|E|^dV i s
J \ i

fo |E |^dV  ^  1.91 X l O ' ^ V  (6 .4 .1 )
*'v

Using th e  o p t ic a l  theorem (see appendix E ) , th e  amount o f  ab

sorbed energy i s  approximately 2.19x10“ ^^Eq , a value w ith in  13 % 

o f  equation  ( 6 .4 .1 ) .  In view o f  th e  approxim ation th e  aggrement can be 

considered  q u i te  good.

Suppose th e re  i s  an in c id e n t  p lane  wave with the  inpu t power 

, then  the  of equation  ( 6 .4 .1 )  can be c a r r ie d  out by th e  

fo l lo w in g :

1^1  »  376.6 a  (6 .4 .2 )
l " y |

and l^z ■“ “yl = (6 -4 .3 )
m

i . e . ,  = 376.6 x (6 .4 .4 )

The fo llow ing  ta b le  l i s t s  th e  power absorbed by the  p ro la te

sphero id  rep re sen tin g  th e  f l y  given th e  e lec trom agne tic  p ro p e r t ie s  o f  

th e  sp h ero id  assumed above, and th e  E^ o f  th e  in c id e n t  plane wave

when DOwer per unit area of the inc ident  wave P. i sin known.
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m Qab(W)

1. 1.94 X 10 7.19 X lO 'IZ

10. 6.14 X 10 7.19 X 1 0 " "

100. 1.94 X 10^ 7.19 X lOT^O

1000. 6.14 X 10^ 7.19 X 10"9



CHAPTER 7 

DISCUSSION

The models o f  an e l l i p s o i d  o f  rev o lu tio n  and a nephroid  of re v o lu 

t io n  have been used to  d e sc r ib e  a f l y .  As we can see from F ig . 5 .2 .1 ,  

both th e  e l l i p s o id  o f  r e v o lu t io n  and nephroid of re v o lu t io n  models, 

a lthough c lo se  approx im ations , a r e  not ex ac tly  th e  same as a  f l y .  Because 

i t  i s  im possible  to  model a f ly  p e r f e c t ly  by a  s in g le  mathematical func

t i o n ,  some s im p l i f ic a t io n s  o f  th e  f l y ' s  shape have to  be made. The 

r e l a t i v e l y  unimportant p o r t io n s  o f  th e  f l y ,  such as l e g s ,  w ings, and the  

s l i g h t  d epar tu re  from re v o lu t io n a l  symmetry, were n e g lec ted .

The f l y  i s  about 2 .6  mm long. This leng th  corresponds to  a 

frequency of 115 GHz. As th e  sk in  d ep th ,  which i s  6 » approaches

or exceeds th e  s i z e  o f  th e  f l y ,  th e  shape o f th e  f ly  becomes u n c r i t i c a l  

f o r  t h a t  p a r t i c u l a r  frequency w , a t  which th e  wavelengh i s  much 

la rg e r  than th e  f l y .

The skin  o f  the  in s e c t  i s  almost an in s u l a to r ;  i t s  body i s  about 

70 pe rcen t s a l i n e .  No in fo rm ation  o f  i t s  a . c .  co n d u c t iv i ty  a , perme

a b i l i t y  y , and p e r m i t t i v i ty  e a re  known. The va lues  o f  a . c .

( 0 , y ,  and E ) used in  s e c t io n  6 .2  are  e s t im ates  and , th e r e f o r e ,  a re

not a u th o r i t a t i v e .  In a d d i t io n ,  th e se  q u a n t i t i e s  vary depending on the  

specimen and b io lo g ic a l  s t a t e .  T herefo re , s ec t io n s  6 .2 ,  6 .3 ,  and 6 .4
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serve  as an example o f  how to  c a lc u la te  the  power absorbed by a f l y  f o r  

any given c o n d u c tiv i ty  a , pe rm eab il i ty  p , and p e rm i t t iv i ty  e o f  

th e  f l y .

In s e c t io n  6 .1 ,  we are  dea lin g  with a small h ,  which i s  near

th e  low frequency (or long wavelength) l i m i t .  In th e  high frequency (o r

sh o r t  wavelength) case ,  h i s  no longer s m a l l ,  but th e  ideas used in

approaching th e  problem a re  s t i l l  th e  same. Ins tead  o f  expanding th e

fu n c tio n s  o f  A^^(h) and d^(h)m,«.) in to  power s e r i e s  o f  h , they  can

be rep re sen ted  by powers o f  (h-k) . For example, = z a ^ (h -k )"  ,

d , ( h |0 ,0 )  = Zo: (h -k )"  , d . ( h |0 ,0 )  = £6„(h-k)"  ; e t c . ,  where k i s  some 
c  n " ^ n "

co n s tan t  chosen t o  insure  th a t  |h -k |  i s  sm a l l .  In t h i s  case ,  th e  number 

o f  te rm s, z  , necessary  to  ob ta in  an acc u ra te  numerical summation c a l -  

c u la t in g  th e  E - f ie ld ,  must inc rease  to  in c lu d e  a l l  th e  dominant te rm s.

This A i s  dependent on th e  magnitude o f  hÇjj .

The power absorbed by th e  Drosophila m elanogaster rep resen ted  

in  terms o f  a spheroid  has been c a lc u la te d ,  th e  c a lc u la t io n  was performed 

a t  a frequency o f  4 GHz. The reason f o r  t h i s  choice i s  the  f a c t  th e  e l e c t r o 

magnetic p ro p e r t ie s  o f  f l y  are  no t known. Consequently the values o f  e ,  p,

and a  o f  human t i s s u e  measured a t  4 GHz have been used as an approxim ation .

Several given in c id e n t  powers and th e  corresponding power absorbed by th e  

sphero id  have been l i s t e d  in  the  fo llow ing t a b l e .

h { l ] Qab(W)

1. 1.94 X 10 7.19 X lO'TZ

10. 6.14 X 10 7.19  X lO'TI

100. 1.94 X 1q2 7.19 X lO'TO

1000. 6.14 X 10^ 7.19 X 10"9
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We, human beings, a re  exposing ourse lves  to  th e  nonionizing 

e lec trom agnetic  ra d ia n t io n  f i e l d s  fo r  the  du ra tion  o f  our l i f e t i m e s ,  and 

we cannot help but ask what t h i s  inc reas ing  in t e n s i ty  o f  e lec trom agne tic  

ra d ia t io n  o f a l l  types does to  u s .  I t  i s  im portant to  know whether th e re  

is  a b io lo g ic a l  s t a t e  t h a t  can be a f fe c ted  by t h i s  i n v i s i b l e  r a d ia t io n  

which surrounds us. This problem in c reas in g ly  c a l l s  f o r  worldwide a t t e n 

t io n ;  as we know the  maximum "safe"  l im i t s  (as s e t  by law) f o r  e l e c to r -
2 2 magnetic exposure a re  10 mW/cm fo r  the  U .S ., 1 mW/cm fo r  Sweden, and

0.01 mW/cm  ̂ f o r  th e  U .S .S .R .[54] .

This work re p re se n ts  ano ther s tep  in  an a ttem p t a t  q u a n t i t a t iv e  

de term ina tion  o f  th e  b io lo g ica l  e f f e c t s .  Drosophila m elanogaster have 

been used in  the  experiment and were rep re sen ts  by a sphero id  in  the  

a n a ly s is .
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APPENDIX A

THE SOLUTIONS OF EQUATIONS (5 .1 .9 a -c )  [40]

The s o lu t io n s  o f  equations (5 .1 .9 a -c )  a re :

_ cos
*3 ( 4) " sin(m*)

9 m/2  _
= S „ ( h . n )  = E d„P^„(n) = (1 -  Id„T^(n) .

n n

where th e  recu rs io n  formula r e l a t in g  su ccess iv e  c o e f f i c i e n t s  i s

'"n+2
n(h -  l ) h  J J. (n + 2m + l ) ( n  + 2m + 2 )h ^

T l r T T W ^ n T T S ' T l i i r ^  °n-2 (2n + 2m + 3)(2n + 2m + 5) "

(A .l)

There a re  two s e ts  o f  f i n i t e  s o lu t io n s  o f  ang le  f o r  equation  

(5 .1 .9 b ) ,  one f o r  even values o f  n and the  o th e r  f o r  odd v a lu es .  We 

arrange  each in o rd e r  o f  inc reas ing  value o f  A^^(n) to  ob ta in  th e  f in a l  

so lu t io n :

9 m/2  _
S ^ J h .n )  = :'dn(h|m.%)P%+m(n) = (1 -  n^) I 'd„T ^(n ) (A.2)

n

which i s  f i n i t e  and continuous over the  range -1 1  n l  1 f o r  d i f f e r e n t

allowed va lues  o f  th e  sep a ra t io n  constan t A^^(n) (&=m, m+1, m+2 , • • • )  ,

where A . ( n )  < A . . i ( n )  • The prime on th e  summation sign in d ic a te s  m 9 A> iH 9 A. • 1
th a t  on ly  even va lues  o f  n a re  included i f  &-m i s  even, and odd
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values o f  n a r e  included i f  %-m i s  odd. When h -» 0 , th e  equa tion  

fo r  reduces to  t h a t  f o r  a  s in g le  sp h er ica l harmonic P^(n)

= (1 -  and + 1) [ th is  can be obtained  from equa

t io n  ( A . l ) ] .  We can norm alize  our fu n c tio n  S^^(n) so t h a t  i t s  behavior 

near n = 1 i s  c lo se  to  t h a t  o f  P^Cn) , no m a tte r  what value n has.

In o th e r  words, s in ce  we have

(& + m).

(which can be obtained  from th e  genera ting  fu n c tio n  fo r  Gegenbauver poly

nomials; i . e . ,

(T V !”' I  '  n ïo ‘ ^ '">  ; ( l t l  < 1) . we re q u ire  t h a t

■ («-3)

The fu n c tio n s  re p re s e n t  a s e t  o f  orthogonal

e ig en fu n c tio n s .  The norm aliz ing  co n s ta n t  i s :

[dn(h|m,&)]2̂ 2̂  + In + 1 ] ^

There a re  th re e  k inds  o f  s o lu t io n s  fo r  th e  ra d ia l  equation

(5 .1 .9 a ) .  S o lu t io n s  o f  th e  f i r s t  k in d , f i n i t e  a t  ç = ± 1 a re :

r  2
-  I K #  [ ^ ]  < l „ ( h h . t ü „ ^ ( h c )

— *■ COS[hç -  •̂ ■(z + 1 ) ] ;  hç—*• =

where d ' s  a re  th e  same c o e f f i c i e n t s  as fo r  S^^(h ,n) ,
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À. (2nri-l) ^ .
j ( h |m ,£ )  (2h )% !  U-m)l  ’

&=m, m+2, m+4, • • •

= (2m+2)(2m+3) (&+m):r d ^ ,1
(A.6 )

(2h)f 

£=m+l, m+3, m+5,

and where j^^hg)  i s  th e  sphe r ica l  Bessel func t ion  o f  the  f i r s t  kind. 

For h e ^ « l  , some p a r t i c u l a r  approximate formulas [41] a re :

u) = 1 - y g  h^ -  ^  h^sinh^u 

jeQ^(h ,cosh  u) = ( ^  + ygh^^cosh u , 

j e ^ ^ (h ,c o s h  u) = ( ^  + y |h ^ ) s in h  u ,

(A.7a)

(A.7b)

(A.7c)

where u = cosh '^ç  and 0 = cos"^n . 

So lu t ions  o f  th e  second kind [41] a r e :

m/2

■ f ^ s i n [ h ç  - | ^ £ + 1 ) ] ;  hç—»°° (A.8 )

For h e ^ « l

ne00 (h ,cosh u) = - | - | j  h^coshu + ( l  + -  ^ ^ c o s h 2u j tanh"^e" ‘̂ ]

(A.9a)

neoj2̂ (h,cosh u) = -  " ‘  ^ ^ c o s 3 u j t a n h ' ^ e ’ *̂

■ + I f h ^ )  -  ^ ^ c o s h 2u ]} (A.9b)



69

n e „ ( h , c o s h  u) =. .  .  ^ fh^ jcosh  u -  ^ ^ c o s h ^ u ]

-  2sinh^u^^l + 5^ ^ )  + -y^^cosh^ujtanh ^ .

(A.9c)

Solu t ions  of the  t h i r d  kind [41] a re :

h e ^ , ( h , ç )  = + ( n e ^ J h , g )

;-&-l --t,e-
h ^ - -  * ; h e - - » .  . (A.IO)

For he"<<l , in  p a r t i c u l a r  we have

jQ(a)hQ(e) " ^  ” l ) j i ( a ) h ^ ( g )
*- 0

_ :£ - l  12cosh-  A . ---------

“*4 4 ^

0 ' 7 " o

d.

^ ( i f d : -  T d T " ^  l ) j 2 (“ )h2 ( 6) - •••] ; a= 0 ,2 ,4 , .

h— ^ [ j l ( a ) h ^ ( g )  -  l ) j 2( a ) j 2 (e)

+ ( H d ^  I  d ^ ’̂  2) j 3 (a)h3 (B) - *••] ; i = l , 3 , 5 , - -

( A . l l a )

heijj^(h,cosh u) = 12sinhu (a)h^(g) -  s j j g f a jh g f g )

+ ( i T  d ^  -  G + 6) j 3 (a )h3 (6) -  •••] ; &=T,3,5,

where a = ^ e ”“ and g = ^ e

d, 

0̂

^4 8 ^ 2

K - - U  . . .  .  U . U



APPENDIX B 

Unit Vectors in a C u rv i l in e a r  System

The u n i t  vec tors  i ,  j ,  k in t h e  r e c t a n g u la r  coord ina tes  a re  

worked in terms o f  the  p r o l a t e  sphero idal coo rd in a te s :

X = d [ ( s^  - 1)(1 - n^)]^^^coS(j) = d s inh  u s ine  cos*

y = d [ ( ç^  - 1)(1 -  r ^ ) ] ^ / ^ s in *  = d s inh  u s ine  sin* (B . l )

z = dçn = d cosh u cose

Let f  = xi + y j  + zic be the  pos i t ion  v e c to r .  With th e  s u b s t i t u t i o n  of

equation (B . l )  i n to  the p o s i t io n  v e c to r  f  , we have
^ *** ^  ^ \
r  = d [s inh  u s ine  cos* i + s inh  u s ine  s in* j  + cosh u cose k] (B.2a)

= d [(%2 _ l ) 1/ 2( i  _ n^)^^^cos* i + -  1)^^^(1 -  n^)^^^sin* j  + snk]

(B.2b)

The u n i t  tangen t  vectors  u,  e ,  * ( s , n , * )  a re :

a£  .  .
J _ 3u _ cosh u s ine  cos* i + cosh u s ine  s in*  j  + s inh u cose k

9 r I (cosh^u s in fe  + sinh^u cos^e)^ /^
du I

(B.3a)

2 , V 2, , _  :  ,  , , 2  _ , , 1 /2  r
;  £(1 -  n 1 '  cos* i + £(1 -  r T ) ' ' ' s i n *  j  + ( r  -  l ) ' ' ‘ nk

|3 T |  ■ .  n " ) ' / "
he I

(B.3b)
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9 =

3r
38

i l
30

s inh  u cose cos* i + s inh u cose s in* j  -  cosh u s ine  k 
(cosh^u sin^e + s inh  u cos

(B.4a)

n =
3r
9n

i Z
3n

^ -nfçZ -  l ) 1/ 2cos* i -  n(E^ -  D ' ^ S i n e  j  + c ( l  -  k2 , x l / 2. 2x1/2

I L
(|> = = sin# i + cos* j

3r

(B.4b)

(B.5)

3*

We re w r i te  equat ions  (B.3a-b,  B.4a-b,  B.5) in  matr ix  form:

u

e =

^  cosh u s ine  cos* ^  cosh u s ine  s in* 

^  s inh u cose cos* ^  s inh u cose s in*

- s i n *

— s inh  u cose 

cosh u s ine
P

(B.6a)

l ç ( l  - n^)'^^cos* ^ ( I  - lr,(5^ - 1)’ ^̂

-  l ) l / 2 c o s *  - D ’ / ' s i n  ^ ( 1  -  „2 )V 2

-sin*
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B J

k

(B.6b)

where p = (cosh^u s in^e  + sinh^u cos^e)^^^ and q = .

The determinants  and the  transposes  of  A and B (as defined above) 

a re :

de t  A = 1 , d e t  B = -1 ,

=

cosh u s ine  cos* ^  s inh  u cose cos<j> -  sin*'

1  cosh u s ine  s in* ^  s inh  u cose sin* cos*

— s inh u cose 
P

^  cosh u s ine

B" =

■ ^(1  - COS*

^ ( 1  -  sin*

(ç^ -  i ) 1/ 2cos*

1 )
1/2

-  -  l )^ /^ ^ in *

^ ( 1  -

sin*

COS* 

0 .

The a d jo in t  o f  A , w r i t t e n  "adjA", i s  de fined t o  be th e  transposed 

matrix of  c o fa c to r s  o f  A . Thus,

adjA =

cosh u s ine  cos*

— cosh u s ine  sin* 
P

,% sinh u cos 
"-P

^  s inh  u cose cos* - sin*

1 - u-  s inh  u cose s in* cos* 

1  cosh u s in  0

(B.7a)

S im i la r ly ,  we have
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adjB =

^ ( 1  -  n^)^^^cos(j) -  D^/^coS(j)

^ ( 1  -  -  l)^^^siri(j)

1
-  “ n )

'1

2x1/2

sin* 

-  cos* 

0

(B.7b)

We a re  now ready to  w r i t e  the  in verse  o f  A and B :

A-'  = = adjA (B.8a)

and

(B.8b)

F in a l ly ,  we ge t

or

-

i

j = A‘ ^

k

-

= B’ "'

u

e

*

i

n

*

(B.9a)

(B.9b)



APPENDIX C

BOUNDARY CONDITIONS [48,49]

At t h e  i n t e r f a c e  of  two media, the  t r a n s i t i o n  of  the  t an g en t ia l  

component o f  Ê and the  normal component o f  Ü i s  expressed by [48,49] .

n X (^2 - ) = 0 , n • ($2 -  0 ] )  = & >

where n i s  th e  u n i t  normal d i r e c ted  from the  medium 1 in to  2 and 5 

denotes th e  su r face  charge.  The flow o f  charge across  o r  to  the  boundary 

must a l so  s a t i s f y  t h e  equat ion o f  c o n t in u i ty  in  case e i t h e r  or both the  

c o n d u c t i v i t i e s  are  f i n i t e  and not zero.

n • (^2 ■ ^ 1  ̂ = ■ I f

Suppose now t h a t  the  t ime e n te r s  only as a common f a c t o r  exp(^ iu t)  and 

t h a t  a p a r t  from the  boundary the  two media a re  homogeneous and i s o t r o p i c .  

Then 1 and 2 t o g e th e r  give

^2^2n ■ ^ l^ ln  ^

or

where

¥ 2n •  °
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APPENDIX D

REDUCE THE SPHEROID PROLATE TO A SPHERE

The c o n d i t io n s  f o r  reducing a spheroid to  a sphere  are  ç-x*> and 

d ->-0 (and h = k d ^ )  ,

X — d*J(ç -  1 ) (1 -  n ^ )  cos# ^  dç(l  -  n  ) ^cos#

y -  dij(ç -  1)(1 -  n^) s in# ->• dç(l  -  n )^sin#> 

z = Sn

From th e  above equations  we have

xf  + yZ + = (d s )2 =

When lT+0 , t h e  s ep a ra t io n  constant A^^ ^  &(&+!) , and equat ion (5 .1 .9a )  

w il l  give

V  -  *

which can be reduced to

2 d ,  . .  d, . -  &(%+l)j#i = 0 (p ihç)

This equat ion has p a r t i c u l a r  so lu t io n s  of the  spher ica l  Bessel func t ions  

of the  f i r s t  kind j ^ ( p )  , the  second kind n^(p) , and t h i r d  kind

\ ( p )  ■
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The equat ion (5 .1 .9 b )

•  "^>5^ 2]  ^ K n  • •  : | ^ ] * 2  °  “

can be reduced to

$2 = 0

This equat ion has a s o lu t io n  o f  a s in g le  spher ica l  harmonic P^(n) . We 

can a lso  d i r e c t l y  reduce j@ j  and S P”* when h-4) .
m  ^  mj!. Jt

Now, we reduce , which i s  in a spheroid  coord ina te ,  to  a 

spher ica l  case .  The equation (5 .1 .27a)  i s

Le tt ing h->0 , , and d&+r , i t  follows

J ’ m£’̂  £

ç^ r  , n^-e

We rew r i te  (5 .1 .27a)  as

Ein '  + ^ [ r j , ( k , r ) ]  (1 -  5 |  ; u=l

E2|2h,(k2a) - 3f['fl',(k2r)]^J|i£paj,(k2a)

|e2'^^(k2a)-^jrjyk^r)j^^^ - J'l (k2r)j^^  ̂J.

X y z c o s 0j ^ ( k ^ r ) r  -  - ^ [ r j ^ ( k ^ r ) ] s i n 6 ejsine cos* (D. l)

where bj^ is
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Ml =

'23n 11

i r i i
g=Sb

^ (0) cos# S-j-j(0,r|) j6-j- |(0 ,Ç^)

E2 ( - 2n)h^ (kgia) -S jlCb

3
3r rh^(k2r) ( l - n ^ y t

r=a
C b d -» ^ ) ’̂

E g d ^ ^ l - n ^ ) ^  cos#j^ (kga)

Zh^fkga) -  ( rh^)
r=a J 3 i

£2^1 ( r j- , )  -  £ i j - , ( rh^ )
r=a r=a

T ^ E gas ine  cosf j^fkga)  ; gd=a

where

^ 2 3 n î ^ ^ " ^   ̂ " * l l ( " 2 ' ^ b ) ^ l l ' ^ 2 * ^ ) )  " ^ l 3 n   ̂ J S j - j  ( h ^ ( h ^ , n ) ]

j | [ ( ç ^ - l ) V , , ( h 2 , | ) S , , ( h 2 . . ,) ]  - 3| [ ( ç ^ - l ) ^ J e , , ( h , , ç ) S , , ( h , . n ) ]  _

E2 ( - 2n)h^(k2a) -  e-] ( - 2n ) j i  (k-|a)

 ̂ ^rh^(k2r ) j  ( 1-n^) * “ ar3r r=a

= 2n ( l - n ^ ) ^ j e 2h i ( k 2^ ) - ^  r j ^ ( k ^ r ) ]  ^ ( k ^ a ) ^  rh^ (k2r)
I r~a

The equat ion (5 .1 .47)  i s

r=a

^ in  " tfm "■
sine £j .T—  +

K )
e?cos m#
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e>coS(ji ; &=1, m=l

Egjzh^fkga) -  rh^tkgaljj |

Egh^tkga) r j ^ ( k ^ r ) - e , j , ( k , a ) [ r h , ( k 2r ) ] ^ ^ .
I^EQaj^Ckga)

 ̂ f j 2j i ( k ^ r ) c o s e  r  - r j^ (k^ r ) ] s ine  e>sine cos* (D.2)

where

M r

. . j i sin^e cose

s ine
X EgSt | -  s ine  j^ fkga)

k-a 1
2s in  e

kgacose

sine

rh.

- Egcose

sine

r=a

2sin^e
k  ̂kga

€2h ^ ( r j ^ ) '  -  € ^ j y r h ^ ) '

EgSisinej^Ckga) ; a=b

, | 2h  ̂ - (rh^ ) ■
r=a

k^a

r=a

3 i
s ine
cose [e2h , ( r j , ) '  -

—  En s ine  (kga)2 "0

where

A =
a -g  

a ’ g' r=a

“ ^ ^2 1 ^ 1  *̂̂ 2®̂  » a '  = -  k^acose rh,(kj>r) 1
J r=a

From equat ions  (D.l)  and (0 .2 ) ,  we concluded t h a t  equat ions  

5 .1 .27a  and 5 .1 .47  have the  same r e s u l t .



APPENDIX E 

NUMERICAL CHECK OF OPTICAL THEOREM [5 l]

The s c a t t e r e d  energy fo r  a sphere o f  r ad iu s  a is

r 2

k 2<\
Â ( 2 ' + n ( l < l  + i»Il ) ;

th e  sum o f  absorbed and s ca t t e r e d  energ ies  a r e

V2

To f ind  th e  absorbed energy

where

<  = -

"a = " t  -  ^s

yijj^(Np)[pj^(p)] - ygjg/t) Npj^(Np)]'

yi3^(Np) jphj (̂p) ] - W2h%(p) Npj%(Np)]'

UlJJp) Npj%(Np)]' - WgN̂ jĝ Np)

Plhjp) Npj^(Np)]’ - WgN̂ jĝ Np) ph^(p)]

= Nkg , p = kgB , k^a = Np 

Suppose we use the  following parameters:
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"  = 2tt X 10^ Sec”  ̂ e« = 49—  f a r a d /u 0017 m

o = 2 .5  mho/m 7
Pq = 4tt X 10 henry/|^

Gi  -  40 E n  -  40 E

= 162.5  j^ONp) = 0.05402

kg = 20.94 

N = k l / k 2 = 7.77 

p = kga = 0.02094

Np = k.ja = 0.1625

[ N p jy N p ) ] '  = 0 .1078  

j ] ( p )  = 0.00698 

n^(p) = -2281.087

[ p J l ( p ) ] ’ = 0.01396 

p h ^ ( e ) ] '  = 0.01396 + 2281.066%

We f in d  t h a t

hence

alj* = -2 .0 6  X 10"^^ + 4 .5 4  x 10"^% 

b [  = -3 .3 9  X lO 'Tl + 5 .82  x 10"®%

= - 3 . 8  X lO'T® Eq ( E . l )

To check absorbed energy , we c a l c u l a t e

Wa = /*a|E.^|^dV = - (2 .5 ) (1 .0473  x 10"®)Eo^/r2sin2e cos^* d(cose)d*dr

'' 4 a3
3 3 ^

= -3 .7  X 10"T® Eq (E.2)
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where

^in  =

Eg 2h , ( k 2a) - â p rh^(kgr)
r=a

^  Egaji(kga)

2h i ( k 2a ) ^ [ r j i ( k i r ) ] ^ ^ ^  -  Ĥ1 ^ |

X •p|2cos0j^(k^r)r - rj^ (k^r)]sine * | s in e  cos* ; 2=1

[2 (0 .00698-2281.087i)-(0.01396+2281.066i)] iEQ(10‘ ^)(0 .00698)(162 .5) 

[(0.00698-2281.087t) ( 0 .1 0 7 8 ) - (40+45i)(0.05402)(0.01396+2281.0 66 i )J

X [cose r  -  s ine  el s ine  cos* ; (40 + 45 i)eg

k , r
J‘l (k^r) = —  ,

_9_
ar

-7.762 E0
5.545 X 10^ -  5.175 x lO^t

1 2k. r
r j , ( k , r ) ]

(cose r  -  s ine  *)s ine  cos*

IE.^1^ = 1.0473 X lO'G s in^e  cos^* ;

dV = - r  d(cose)d* dr  

As we can see from ( E . l )  and (E .2 ) ,  the  two methods give  values 

-3 .8  X lOT^^Eg and -3.7 x lO’ ^^Eg , r e s p e c t i v e l y ;  they agree  within  

3 percen t .
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In th e  case o f  the  sphero id ,  th e  s c a t t e r i n g  E - f i e ld s  
[equation ( 5 .1 .2 7 b ) ]  i s

^ s c a t  '  ' ' 1 1 ' ^ ^  I " i r  [ ( l - ' i ^ ) ^ e i j ( h 2 _ 5 ) S j i ( h 2 _ n ) ]  5

■ 1 ?  - l ) "h e ^ ^ (h 2 ^g)S^^(h2 n ) ]  n  j

At l a rg e  d i s tances  he^^ , , dç ,  and n can be reduced to

dç -----   r

n — -  - e

Asympto tical ly  the s c a t t e r i n g  f i e l d  a t  l a rg e  d i s t a n ce s  from the  o r ig in  

may be w r i t t en  [SO]

Escat = î f r  ««■*> ®

11 À k n ^  ^
—  e s in  6 e r

F(0,4>) = k , / i s i n e  e

Suppose we use the  following parameters :  

d = 1.23 X 1C"3 m = 1.05
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^̂ 0 = v z =  47TX 10’ h/m a i  = 2 .5  mho/m
10-9

ei  = 40eo= 40Xjg^ f/m 

e f  -  El + — =(40 +11.25 x)eo

Ü) = 4 X 2tt X lO’ ^sec"^

hj= = d^(wiEiw2 +4p^aw )

k^= 5.4x10 (0 .99  + 0.138 x) h%= dk% = 0 .664(0 .99  + 0.138x)

*̂ 2 «  0.103

Aii= 1.34

kg w 83.8

j e i l ( h l . S b )  = 0.07 

h e i i ( h 2 ^Cb) = 0 .01-  379 +

-  1 s )  = 0.45

(ç2 - i ) ^ h e j j (h 2 ^ C b ) ]  = 0.072 + 281 i
3

By using above da ta  F(e ,* )  i s  found to  be

F ( e , 4i) ~  (5.87 X 10 -  1.1 X lO’ ^O ) t  s in ^ e  cos* â

The c ross  sec t ion  i s

^ t  =
' 4 1 : '

d* ( F : F * ) x  = 8.23 X 10’ ^^ 
^  = ̂ 2

The s c a t t e r i n g  cross  sec t io n  i s

1 ■ 2it -  ir

°sca lT 7 1 1 <'♦
*2 ^ 0  "0

|F|Z s in0de= 4.07 x 10’ °̂ ^
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The power W absorbed by th e  p ro la te  spheroid becomes

= 8.23 X lO 'lZ X 2.65 x 10"^ Eq

= 2.19 X E q



APPENDIX F

DERIVATION OF STRATTON'S SCATTERING CROSS-SECTION 

FORMULA FROM THE OPTICAL THEOREM [50,51]

On page 235 o f  Panofsky and P h i l l i p s  [50] ,  o r  on page 564 of  

S t r a t t o n  [51] ,  th e  e lec tromagnetic  f i e l d  s c a t t e r e d  by a sphere i s  given 

by

?  -  c ?  22+1
S ~ 0 2=1 ^  2(2+1 )

c f  22+1 .
^0 2^1 ^ 2( 2+1 ))*2 S in ê h%(k2r)P%(cose)cos* e -  h^P^ s in*  *

h p]cos*r  + P] cos* ek^r 2 2 kgr

kgrs ine rh . ■ Pj sin* *

= En i 22+ L I  ; h i U l U
0 2-1 ^  2 ( 2+1 ) 2 kgr 2 2h„P'cos* r

^ kg rs ine l^^^ l  ’’2 Sin* * > .

Asym pto t ica l ly ,  the  s c a t t e r e d  f i e l d  a t  l a rg e  d is tances  from the 

o r ig i n  may be w r i t t e n  as [50].
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h  = Eo

where f ( e , * )  can be e x t r a c te d  from above, we ge t

p i

a
£ S in e cos* 8

i W I jsin* *1

V 2£f1 .»,
" £=1 £(£+1 )^ \  "

P'

‘£sine ^ ^£*^£ j cos* e

1 '
aJP + b.

P'
s in* *£ £ £sine 

p„(x)  = (1 -  T (x) ; X = cose

-p m , , \  _ (£+m) .  TI -  £(£' '̂1 )

( l - x ^ ) j f p ^ ( x )  = (x+1) X P'j(x) - (n-nH-l)P^” ,{x)

= *p;+i -  '%+') -  p;

.  j ( i - x ^ ) ‘'‘ T ' ^ , . , ( x )  -  (W i)  X ( i - x^)‘̂ t ; . , ( x) 

i . e .  P’ ' 0 ) = ^ ^ ^ | ^

? 2&+1 J
ih  £ ( £+1)

(^£*b%)cos* e + (^^*b%)sin* * j
*e=0

= J ,  < j  -  (a%+b%)c°:* « * ( a / b ^ ) s i n *  _ 

^ x  . ( W )  = %  (2» - ^ I ) R e ( V \ >
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Es = Eo k^F

where f ( e , $ )  can be e x t ra c te d  from above, we get

p i

£ S in e

Sin* *

cos* 0

r 2£+1 . ,
£=1 £(£+1)^^ "

p ;  T  
®£sine  ̂ *̂ £*̂£ cos* 9

si P'

®£^£ ^£s ine s in* *

p j (x )  = (1 -  ; X = cose

T \U  =  ( m l
2\:{£-m):

: -r. _ £{£+l)
77 ’ ^£-1 ■ 2 ^

( l - x E ) g ^ ^ ( x )  = t i+1)  X P'^(x) -  (%-m+l)P,%,(x),m/ m

_  „ D i  _  ( % + T )  X p<

= s(i-xE)% T;+,_,(x) - (S+I) X (i -x‘ ) ^ t; . , ( x)2.\H  TI

I .e .  (1) =

= s l l  i f t î î T  ^ { •  4 ^  ' :%+bs)c°:+ ® "  4 ^  (* s+ b , ) s i "*  ♦!
V / 0=O

= J ,  i  { -  (a%+b%)cos* i  + (a^+b^)s in t  ^

4 ;  • = f l s l l  ( E ^ + l ) E e ( V \ )
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From page 421 o f  Panofsky and P h i l l i p s  [50] ,  the  sum o f  the  c ro s s  sec t ion  

f o r  s c a t t e r i n g  and absorp t ion  i s

« to t a l  '  « s ca t  * «abs = ^

where

•2 ir

«scat = J V l ^ s m e  de ,
k g - 'o  ; o

This i n t e g r a t i o n  can be evaluated with the  help o f

TT fO  i f  i f x n

-P!P'j j a e - t sinede =) 2%2(t+l)2 
( 2 )1+1 i f  £=m

and the  r e l a t i o n

[siSe de '’t  ̂ iÎM  de '  « ̂U J

 ̂ . e . ,

i o  £%1 (2£ + l ) ( l a j 2 + | b j 2 )

which have been shown above to  be eq u iva len t  to  t h e  express ion  on page 

569 o f  S t r a t t o n  [51].

« to ta l  = f t  Â  ( 2%+1)Re(a%+bt)
K2

« s c a t  '  &  t : l  (2^ + n ( | a J ^ t  | b j 2 )
<2



APPENDIX G

SPHERICAL BESSEL FUNCTIONS AND LEGENDRE FUNCTIONS 

Spher ica l  Bessel Functions

n r
=j2z 1.3.5....(22+1)

Y COS [z - | ^ £ + 1)| ; a an i n t e g e r  

 ̂ s in [ z  -  |< £ + l ) j  ; n%(z) = (-1

Z-H»

Z-X» Z

h^(z ) = j  J 2 ) + i  n j z )  ; h .^ ( z )  = i ( - l ) * - ’ h ^ . , ( z )

j . C )  = ; n , ( z )  = -  :

h j{z)  = - i  ( - l ) V ( ^ )  ( V )  

i o ( z )  = i  s in  z ; ngO:) = -  ]■ cos z ; h j ( z )  = -  i

j , ( z )  = -  “ P  ; „ , ( z )  = -  s p ^  .  U p  ; h , ( z )  = -  ( y

I f  f ^ ( z )  i s  a l i n e a r  combination o f  j ^ ( z )  and n%(z) , with  

c o e f f i c i e n t s  independent o f  2 o r  z , we have
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f ,  = 0
z *■ z

( ^ ) f , ( z )  = V i ( z )  + f , + , ( z )

(2i l + l ) ^ f j z )  = Af^.- ,(z) - (&+T)f&+i(z)

Legendre Functions

-  m -
'  ( 1- z 2 )2t ^ . , ( z )

m
n  , 2 \2  .£+m ,

= CEÏÏE (z -T) ; m, £ = 0 , 1 , 2 , . . .  ; £ > m

(2£+1)(1-z^ ) ^  P%(z) = P ^ ] ( z )  -  P ^ ] ( z )

= (£+m)(£+ni-l )p'J*"](z) -  {£-m+l)(£-m+2)P'J'](z) 

(2£+1 )zP'J(2 ) = (£-m+l)P^'J^(z) + (£+m)P%;\(z) 

( l - z ^ ) d ^ £ ( z )  = (t+T)zP%(z) -  (ii-m+l)P’J^T(z)

d
dz

E _ 1
= -  (£-m+l)(£+m)(l-zZ)Z 2pm-l(2 )



APPENDIX H

THE VALUE OF OF EQUATION (5 .1 .30)  WITH £ = 1

The values o f  equations  (6 .2 .1 )  and (6 .2 .2 )  can be s u b s t i t u t e d  

in to  the d ' s  o f  equat ion  (6 . 1. 1) to  y i e l d

d Q ( h ^ l U )  = 1 +  +  2 7 5 6 2 5 ^ 1  d g ^ h g l l . l )  = 1 . 0 0 1

= 1.036

d g t h , ! ! , ! )  = d j C h j I l . l )  .  0.00014

and

= -0,00588 

^4

d4 ( h ^ | l , l )  = 1.76 X lO'S d j ^ h g l l . l )  = 1.02 x 1 0 '^

= 0 = 0

S - | i ( h ^ , r i )  = d g P j ( n )  + dgPgCn)  +  d ^ P g ( n )

= 1.036p](n) -  0.00588P3(n) + 1.76 x lO 'Splfn)

= P ] ( n )  = (1 -  n Z ) 1 / 2

S - | i ( h 2 , n )  = p ] ( n )  = (1 -

The value o f  je^^ (h ^ ,g ^ )  can be obta ined e i t h e r  from equat ion  

(A.5) or (A.7c),  which is
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j 6 n  ~  *

and the values  o f  Ihe^^fhg,^^)!  can be obtained e i t h e r  from equat ion 

(A.9c) or  ( A . l i b ) ,  which i s

IhOi 1 (h2 ,Çb) I  ̂ ~ *

The values o f  - ^ [ (1  -  -^ [ (1  -  n^)^^^S^^ (h^ ,n)]  >

-  1 )^^^he-ji (h2 C)] , -  l ) ^ ^ ^ je ^ ^ (h ^ ,g ) ]  , and A^-j(h2 )
S=S C=S»

a re :

^ [ ( 1  -  n ^ ) ^ / % ^ ( h 2 ,n)]  = ^ [ ( 1  -  n^)^^^p](n)]

= -^[{1  -  r f ) T / 2 ( i  _ ^2)1/2]  = _2n

■g^[(l -  n^)^^^S^i (h  ̂ ,n ) ]  = -2n

• l p 7  ’
1/2

[Zdgj^fh^s)

-  12d2j 3 (h^ç) - SOdjj^fhiS) + • •• ]

9
9C (c -

= 0.452

( 2n+l) ÿ^ f^ (z )  = nf^_-,(z) -  (n+ l ) f^^^ (z )  , where f^  i s  a 

l i n e a r  combination o f  j^^z)  and n^(z) with c o e f f i c i e n t s  independent 
o f  n or  2 .
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l ) l / 2he (h_ ,s ) ]  = ^ [ ( ç 2 - l ) 1 / 2 n e , , ( h , , 5 ) ]  ; h,<<1n  2 J H  11 2 2
b ‘’■■’b

(by using equat ion  A.9c)

2

-  2 (gZ - l ) [ ( l  + ^ 2 ) 

+ ^ ^ ] t a n h ^ [ C  -
3

2hg

S=Sb

= 278

and

= dQ(h2 | l , l ) j  Y " Y  = 1 . 3 4  [using  equation (A .4 ) ] . 

The quan t i ty  o f  A in equation ( 4 . a . 31) i s

-Eg X 386 X 2n 40eq X (0.073) X 2n

278 X (1 -  *2)1/2 -  (0.452) x (1 _ *2)1 /2  

F in a l ly

-Egx386x2n -£gn(0 .32)

,  278x(1-n^)^/2 (1 .05)x(T-n2)1/2

= -127Seg (1 -  *2 )1/2

n i

= 1

= 3.08 X 10"2e d c o s * ( l - * 2 ) l / 2  i


