
INFORMATION TO USERS

This material was produced from a microfilm copy of the original document. While 
the most advanced technological means to  photograph and reproduce this document 
have been used, the quality is heavily dependent upon the quality of the original 
submitted.

The following explanation of techniques is provided to  help you understand 
markings or patterns which may appear on this reproduction.

1.The sign or "target" for pages apparently lacking from the document 
photographed is "Missing Page(s)". If it was possible to  obtain the missing 
page(s) or section, they are spliced into the film along with adjacent pages. 
This may have necessitated cutting thru an image and duplicating adjacent 
pages to insure you complete continuity.

2. When an image on the film is obliterated with a large round black mark, it 
is an indication that the photographer suspected that the copy may have 
moved during exposure and thus cause a blurred image. You will find a 
good image of the page in the adjacent frame.

3. When a map, drawing or chart, etc., was part of the material being 
photographed the photographer followed a definite method in 
"sectioning" the material. It is customary to begin photoing at the upper 
left hand corner of a large sheet and to continue photoing from left to 
right in equal sections with a small overlap. If necessary, sectioning is 
continued again — beginning below the first row and continuing on until 
complete.

4. The majority of users indicate that the textual content is of greatest value, 
however, a somewhat higher quality reproduction could be made from 
"photographs" if essential to  the understanding of the dissertation. Silver 
prints of "photographs" may be ordered at additional charge by writing 
the Order Department, giving the catalog number, title, author and 
specific pages you wish reproduced.

5. PLEASE NOTE: Some pages may have indistinct print. Filmed as 
received.

Xerox University Microfilms
300 North Zeeb Road
Ann Arbor, Michigan 48106



76-3141
TSENG, Chung Y1, 1943- 

I BAROTROPIC INSTABILITY IN RELATION TO THE] GENERATION OF SYNOPTIC-SCALE ATMOSPHERICI VORTICES.
The University of Oklahoma, Ph.D., 1975 Physics, atmospheric science

Xerox University Microfilms, Ann Arbor, Michigan 46106

THIS DISSERTATION HAS BEEN MICROFILMED EXACTLY AS RECEIVED.



THE UNIVERSITY OF OKLAHOMA 

GRADUATE COLLEGE

BAROTROPIC INSTABILITY IN RELATION TO 

THE GENERATION OF SYNOPTIC-SCALE ATMOSPHERIC VORTICES

A DISSERTATION 

SUBMITTED TO THE GRADUATE FACULTY 

in  p a r t i a l  f u l f i l lm e n t  o f  th e  requ irem ents f o r  th e  

DOCTOR OF PHILOSOPHY

BY

CHUNG YI TSENG 

Norman, Oklahoma 

1975



BAROTROPIC INSTABILITY IN RELATION TO 

THE GENERATION OF SYNOPTIC-SCALE ATMOSPHERIC VORTICES

APPROVED BY

—-----------7 ^ -------------------

yjtukiL C. JislLIul̂

DISSERTATION COMMITTEE



ABSTRACT

I t  i s  g e n e ra lly  known th a t  b a ro tro p ic  i n s t a b i l i t y  canno t accoun t 

fo r  the  developm ent and in t e n s i f i c a t i o n  o f  a cyclone by means o f  conver

s io n s  betw een a v a i la b le  p o te n t ia l  energy  and k in e t i c  energy . That i s  a 

b a ro c l in ie  p ro c e s s . However, a f t e r  th e  cyclone has i n i t i a l l y  developed 

due to  b a ro c l in ie  i n s t a b i l i t y ,  th e  b a ro tro p ic  p ro cess  may e x p la in  th e  

subsequen t developm ent o f  s y n o p tic -s c a le  d is tu rb a n c e s . This s tu d y  w i l l  

ex p lo re  th e  r e l a t io n  betw een b a ro tro p ic  i n s t a b i l i t y  and the  g e n e ra tio n  

o f  s y n o p tic -s c a le  d is tu rb a n c e s  d u rin g  th e  extrem e to rn a d ic  o u tb reak  o f  

A p ril  3 -4 , 1974.

The g e n e ra l f e a tu re s  o f  b a ro tro p ic  i n s t a b i l i t y  a re  review ed and 

th e  e f f e c t  o f  sm oothing o f  a  wind p r o f i l e  on th e  s t a b i l i t y  c h a r a c te r i s 

t i c s  i s  examined. I t  i s  found th a t  smoothing e lim in a te s  th e  u n s ta b le  

waves due to  t ru n c a tio n  e r r o r s  o r  e r r o r s  in h e re n t in  th e  f i n i t e  d i f f e r 

ence app ro x im atio n , le a v in g , as  a  r e s u l t ,  la r g e - s c a le  i n s t a b i l i t y  c h a r

a c t e r i s t i c s  which have p h y s ic a l s ig n if ic a n c e .  The e f f e c t  o f  ex ten d in g  

th e  boundaries to  i n f i n i t y  on the  s t a b i l i t y  c h a r a c t e r i s t i c s  o f  a  v e lo c i ty  

p r o f i l e  i s  a ls o  s tu d ie d . I t  i s  found th a t  such an  e x te n s io n  (which i s  

more p h y s ic a l ly  m eaningful fo r  th e  d a ta  s tu d ie d )  w i l l  in c re a s e  th e  in 

s t a b i l i t y  o f  th e  v e lo c i ty  p r o f i l e .

The s t a b i l i t y  c h a r a c te r i s t i c s  (u n s ta b le  w aves, growth r a t e s ,  

most p re fe r re d  w aveleng th , momentum t r a n s p o r t ,  e t c . )  o f  each wind p ro 

f i l e  a t  fo u r m andatory le v e ls  d u rin g  th e  A p ril  3 -4 , 1974 to rnado  o u t 

b reak  a re  computed and d is c u s se d . I t  i s  found th a t  th e  atm osphere over

iii



th e  a re a  o f  maximum to rn a d ic  a c t i v i t y  was b a r o t r o p ic a l ly  most u n s ta b le  

on OOOOZ A p ril 4 , i . e . ,  s h o r t ly  b e fo re  the  to rnado  o u tb re a k . U iis  r e 

s u l t  in d ic a te s  th e  p o s s i b i l i t y  th a t  b a ro tro p ic  i n s t a b i l i t y  may be syn- 

o p t ic a l ly  a s s o c ia te d  w ith  th e  to rnado  o u tb reak .

i v



ACKNOWLEDGMENTS

This study  vas  supported  by th e  N a tio n a l Science Foundation 

under C o n tra c t GA 30976, and a ls o  f o r  s e v e ra l months by th e  N a tio n a l 

A ero n au tics  and Space A d m in is tra tio n  under C o n trac t NAS 9-13360, and 

was conducted under th e  d i r e c t io n  o f  D r. Y oshl Kazu S a sak i, to  whom I  

w ish  to  ex p ress  my h e a r ty  thanks fo r  h i s  gu idance, a s s is ta n c e  and 

encouragem ent. Support was a ls o  re c e iv e d  from the  G raduate C ollege 

R esearch Development Fund, U n iv e rs ity  o f  Oklahoma, The d o c to ra l  p ro 

gram was supported  by th e  N a tio n a l S cience  C ouncil, Taiwan, R epublic  

o f  C hina.

I  w ish to  ex p ress  my g r a t i tu d e  to  th e  o th e r  D octo ra l Committee 

members : Dr. Rex L . Inman, D r. C laude E. Duchon, Dr. M artin  C. J ls c h k e ,

Dr. E . F . B lic k , and Dr. M aurice L. Rasmussen fo r  t h e i r  encouragem ent 

and a s s is ta n c e  through a l l  th e  phases o f  my d o c to ra l  program . I  am 

p a r t i c u l a r ly  Indebted  to  D r. Jay  S . F e in  fo r  h i s  v a lu a b le  d is c u s s io n s  

and su g g es tio n s  on th e  m anuscrip t o f  t h i s  re s e a rc h . A v e ry  s p e c ia l  

thanks I s  extended to  Ms. A n ita  Cameron f o r  ty p in g  th e  m an u sc rip t.



TABLE OF CONTENTS

Page

LIST OF TABLES..........................  v i l

LIST OF F IG U R E S ...............................................................................................   v l l l

LIST OF SÏM BOLS   . ' ........................... x lv

CHAPTER

I .  INTRODUCTION ..............................................................................  1

I I .  BASIC EQUATIONS...................................................   6

I I I .  GENERAL THEOREMS OF BAROTROPIC INSTABILITY . . . .  16

IV . GENERAL STABILITY CHARACTERISTICS . 20

V. STABILITY CHARACTERISTICS OF SINE-CURVE PROFILES. . 29

V I. EFFECT OF SMOOTHING OF VELOCITY PROFILES ON
STABILITY CHARACTERISTICS..........................   33

V II. STABILITY CHARACTERISTICS OF VELOCITY
PROFILES EXTENDING TO IN F IN IT Y ..........................................  37

V II I .  DISCUSSION ON THE STABILITY CHARACTERISTICS
OF EACH WIND PROFILE .  ..................................................... 43

IX. THE EFFECT OF P, SHEAR AND THE DISTANCE BETWEEN
CRITICAL POINTS ON STABILITY CHARACTERISTICS . . .  52

X. BAROTROPIC INSTABILITY IN RELATION TO THE
GENERATION OF TORNADOES AND ATMOSPHERIC VORTICES . 55

X I. CONCLUDING REMARKS  .............................  . . . . 58

REFERENCES......................   59

APPENDIX  ..............................................................................   62

v l



LIST OF TABLES

Table Page

1 . D im ensional and d im ension less  U(y) and g-U" a t  each
g r id  p o in t ,  and th e  low er and upper c r i t i c a l  wave
le n g th , f o r  500 MB OOOOZ A p ril 3 wind p r o f i l e  . . . . . .  71

2 . The C£ o f  u n s ta b le  waves c a lc u la te d  fo r  v a rio u s  
cases f o r  th e  symmetric s in e -cu rv e  p r o f i l e
U(y) = % (l-cosTTy), 0 < y < 2 .............................................................. 78

3 . The low er and upper c r i t i c a l  w avelengths c a lc u la te d  
fo r  v a r io u s  cases fo r  th e  p r o f i l e  U(y) = % ( l- c o s n y ) ,
0 < y < 2 ..............................   79

4 . The growth r a te s  c a lc u la te d  fo r  v a r io u s  cases  fo r
500 MB OOOOZ A p ril 3 wind p r o f i l e   ...................................83

5 . The num erical v a lu e s  o f  the  momentum and v o r t i c i t y
tr a n s p o r t  o f th e  most u n s ta b le  wave fo r  th e  bounded
and extended 500 MB OOOOZ A p ril 3 wind p r o f i l e ......................86

6 . The 8, a and Cj. v a lu e s  on th e  upper c r i t i c a l  wave
le n g th  f o r  th e  e a s te r ly  c u rre n t (8 < 0) w ith  v e lo c i ty  
p r o f i l e  U (y)=% (l-cos T r y ) , 0 < y < 2 .............................................. 113

7. The c^ v a lu e s  on #  = 0 as a  fu n c tio n  o f  8 fo r  th e
e a s te r ly  c u r re n t  (8 < 0) w ith  th e  v e lo c i ty  p r o f i l e  
U (y)=% (l-cos n y ) , 0 < y < 2 .................................................................113

8 . The e - fo ld in g  tim e o f th e  most u n s ta b le  wave and
most p re fe r re d  w avelength fo r  each wind p r o f i l e  
co n sid ered  in  th i s  s tu d y ......................................................................... 114

vii



LIST OF FIGURES

F igu re  • Page

1 . An a tm ospheric  wind p r o f i l e ............................................   70

2 . D is t r ib u t io n  o f  damped, a m p lif ie d , and n e u tr a l  
waves a s  r e la te d  to  b a s ic  c u r re n t  and w avelength
fo r  a w e s te r ly  j e t   ............................................................................ 70

3 . Howard's s e m ic irc le  theorem  fo r  w e s te r l ie s  . . . . . . .  70

4 . A (Cp, c^)-L  diagram  f o r  symmetric s in e -c u rv e  p r o f i l e  . 72

5 . A (c , C j)-L  diagram  fo r  500 MB OOOOZ A p ril 3
wind p r o f i l e .............................................................................................  72

6 . U nstab le  s o lu tio n s  fo r  500 MB OOOOZ A p ril  3
wind p r o f i l e ...............................................................................  73

7. An u n s ta b le  s o lu t io n  f o r  700 MB OOOOZ A p ril  3
wind p r o f i l e .............................................................................................  73

8 . U, — , u 'v ' ,  Ç and v 'Ç ' d i s t r i b u t io n s  fo r

500 MB OOOOZ A p ril  3 wind p r o f i l e ............................................. 74

9. R-H wave s o lu t io n s  f o r  700 MB OOOOZ A p ril  3
wind p r o f i l e ...................................    74

10. E ig en fu n c tio n  cp o f s in g u la r  waves a t  L = 1 .0  fo r
500 MB. OOOOZ A p ril 3 wind p r o f i l e ............................................. 74

11. (Cj., c ^ - L  diagram s fo r  s in e -c u rv e  v e lo c i ty  p r o f i l e  

U (y)=% (l-cosny), 0 < y <  2 , w ith  v a r io u s  v a lu e s  o f r  . J75-76

12. Number o f  u n s ta b le  waves and R-H waves fo r  s in e -c u rv e  
p r o f i l e s  U (y)= % (l-cosny), 0 < y <  2 as a  fu n c tio n  o f
r  and g ......................................................................................................  76

13a. A (Cp, C j)-L  diagram  fo r  sym m etric s in e -c u rv e  p r o f i l e

U(y)=% (l-cosTiy), 0 < y < 2 when 8=0.375 and N=20 and
a l l  th e  f ig u re s  p a s t  hundred th  in  th e  num erical v a lu e
o f  U(y) a re  tru n c a te d   ................................. ' ................... 77

viii



Figure Page
13b. A (c , c^ )-L  diagram  fo r  a smoothed tru n c a ted  

symmetric s in e -c u rv e  p r o f i l e  U (y)=% (l-cosny),
0 < y < 2 when 3=0.375 and N=20....................................................   77

14a, A (Cj., c , ) - L  diagram  fo r  500 MB OOOOZ A p ril 3
wind p r o f i l e  smoothed once w ith  S ^ = 0 . 2 5 .............................  8Q

14b. A (Cp, C i)-L  diagram  fo r  500 MB OOOOZ A p ril 3
wind p r o f i l e  smoothed tw ice  w ith  8^=82=0.25   80

14c. A (Cj., C£>-L diagram  fo r  500 MB OOOOZ A p ril 3
wind p r o f i l e  smoothed tw ice  w ith  8 j=-82=0.25 .................  81

15. Symmetric and an tisy m m etric  s in e -c u rv e  v e lo c i ty
p r o f i l e s  w ith in  a channel ( r ig id  w a lls )  and 
ex ten d in g  to  i n f i n i t y ......................................................................... 81

16a. A (Cj., c^ )-L  diagram  fo r  500 MB OOOOZ A p ril 3
wind p r o f i l e  when th e  low er boundary ex tends 
to  i n f i n i t y  and th e  r e s u l t in g  p r o f i l e  i s  smoothed 
once w ith  8^=0.25.... ....................................  . . . . . . . . . .  82

16b. A (Cj., Cj_)-L diagram  fo r  500 MB OOOOZ A p ril 3
wind p r o f i l e  when th e  low er boundary i s  extended
to  i n f i n i t y  and th e  r e s u l t in g  p r o f i l e  i s  smoothed
tw ice  w ith  8^=82=0.25   82

17. A com parison o f  th e  am p litude  fu n c tio n s  cp o f  un
s ta b le  waves fo r  th e  500 MB OOOOZ A p ril  3 ( s o l id  
l in e )  w ith  th o se  f o r  th e  co rresp o n d in g  extended
p r o f i l e  (d o tte d  l i n e ) .  . . . . . . . . . . . . . . . . .  84

18. A bso lu te  v a lu e  o f  cp o f an u n s ta b le  wave a t  v a r io u s
w avelengths f o r  ex tended 500 MB OOOOZ A p ril 3
wind p r o f i l e .................................................................................................. 84

19a. D is tu rb an ce  s tream  fu n c tio n  o f  most u n s ta b le  wave
a t  L=2.6 fo r  500 MB OOOOZ A p ril 3 wind p r o f i l e ....................... 85

19b. D is tu rb an ce  stream  fu n c tio n  o f  most u n s ta b le  wave
a t  1=2.6 fo r  ex tended 500 MB OOOOZ A p ril 3 wind 
p r o f i l e   ..............................................................................................85

20. A com parison o f  th e  cp's o f  s in g u la r  waves fo r
bounded 500 MB OOOOZ A p ril  3 wind p r o f i l e  (a) and
th o se  fo r  co rrespond ing  extended p r o f i l e  (b) ....................... 87

21a. A m plitude fu n c tio n s  cp o f  a  Rossby-H aurw itz wave
fo r  500 MB OOOOZ A p r il  3 wind p r o f i l e  a t  v a r io u s  
w avelengths 89

ix



Figure Page
21b, Am plitude fu n c tio n s  9  o f  a R ossby-H aurw itz wave due

to  the  e x te n s io n  o f  low er boundary to  i n f i n i t y  fo r  
500 MB OOOOZ A p ril  3 wind p r o f i l e  a t  v a r io u s  wave
le n g th s ............................................................................................................... 87

22. A tm ospheric wind p r o f i l e s  a t  850 MB. (a ) d im ensional
p r o f i l e s ,  (b) d im en sio n less  and norm alized  p r o f i l e s  , . 88

23. Growth r a te  v e rsu s  w avelength  fo r  850 MB p r o f i l e s  . . .  88

24a, A (Cp, c . ) - L  diagram  fo r  850 MB OOOOZ A p ril 3
wind p r o f i l e    . 89

24b. D is tu rb an ce  stream  fu n c tio n  o f  most u n s ta b le  wave
a t  L=3.8 (3619 km) fo r  850 MB OOOOZ A p ril  3 
wind p r o f i l e ..................................................................................................89

24c. A (Cj., c - ) -L  diagram  fo r  850 MB OOOOZ A p ril  3
wind p r o f i l e  smoothed tw ice w ith  Sj^=-S2=0.25 . . . . . .  90

25a, A (Cp, C j)-L  diagram  fo r  850 MB 1200Z A p r il  3
wind p r o f i l e ...................................................; .......................................... 91

25b. D is tu rb an ce  stream  fu n c tio n  o f  most u n s ta b le  wave
a t  1=3.0 (2857 km) f o r  850 MB 1200Z A p r il  3 
wind p r o f i l e      . 91

26a. A (Cp, C£)-L diagram  f o r  850 MB OOOOZ A p ril  4
wind p r o f i l e .............................................................................   92

26b. D is tu rb an ce  s tream  fu n c tio n  o f  most u n s ta b le  wave
a t  1=4.8 (4572 km) fo r  850 MB OOOOZ A p ril  4 
wind p r o f i l e ..............................................................  92

27a. A (Cp, c . ) - l  d iagram  fo r  850 MB 1200Z A p ril  4
wind p r o f i l e ....................................................................   93

27b. D is tu rb an ce  stream  fiin c tio n  o f  most u n s ta b le  wave
a t  1=1.6 (1524 km) f o r  850 MB 1200Z A p ril  4 
wind p r o f i l e ................................................................................................. 93

28. A tm ospheric wind p r o f i l e s  a t  700 MB. (a ) dimen
s io n a l  p r o f i l e s ,  (b) d im en sio n less  and norm alized  
p r o f i l e s ....................................................................    94

29. Growth r a t e  v e rsu s  w avelength  fo r  700 MB p r o f i l e s  . . .  94

30a. A (Cp, c , ) - l  d iagram  f o r  700 MB OOOOZ A p ril 3
wind p r o f i l e  ............................. . . . . . . . . . . . . . . .  95



Figure Page

30b. D is tu rb an ce  stream  fu n c tio n  a t  most u n s ta b le  wave
a t  1=1.6 (1524 km) fo r  700 MB OOOOZ A p ril 3 p r o f i l e  . . 95

31a, A (c , c . ) - L  diagram  fo r  700 MB 1200Z A p ril 3
wind p r o f i l e  . . . . . ........................................................................  96

31b. D is tu rb an ce  stream  fu n c tio n  a t  most u n s ta b le  wave
a t  1=3.6 (3429 km) fo r  700 MB 1200Z A p ril 3 p r o f i l e  . . 96

32a. A (Cj., c . ) - l  diagram  fo r  700 MB OOOOZ A p ril 4
wind p r o f i l e ............................................. ....... .......................................  97

32b. D is tu rb an ce  stream  fu n c tio n  a t  most u n s ta b le  wave
a t  1=3.0 (2857 km) fo r  700 MB OOOOZ A p ril 4 p r o f i l e  . . 97

32c. A (Cp, c . ) - l  diagram  fo r  700 MB OOOOZ A p ril 4
wind p r o f i l e  smoothed tw ice w ith  8^=82=0.25 . ..................  98

33a. A (Cj., c , ) - l  diagram  fo r  700 MB 1200Z A p ril 4
wind p r o f i l e ............................................................................................  99

33b. D is tu rb an ce  stream  fu n c tio n  o f  most u n s ta b le  wave
a t  1=4.8 (4572 km) fo r  700 MB 1200Z A p ril 4 p r o f i l e  . . 99

33c. A (Cp, c , ) - l  diagram  fo r  700 MB 1200Z A p ril 4
wind p r o f i l e  smoothed tw ice w ith  8ĵ =82=0.25  100
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BAROTROPIC INSTABILITY IN RELATION TO 

THE GENERATION OF SYNOPTIC-SCALE ATMOSPHERIC VORTICES

CHAPTER I

INTRODUCTION

The s tu d y  o f  hydrodynamic i n s t a b i l i t y  o f p a r a l l e l  flow U(y) has 

been a  c l a s s i c a l  problem  in  hydrodynam ics, b u t i t s  a p p l ic a t io n  to  geo

p h y s ic a l problem s i s  r e l a t i v e ly  modem. R ayleigh  (1880, 1913) has shown 

th a t  p a r a l l e l  flow o f  an  in v is c id  n o n ro ta tin g  f lu id  i s  s ta b le  i f  th e  

v e lo c i ty  p r o f i l e  U(y) has no in f l e c t io n  p o in t ,  and fo r  i n s t a b i l i t y  to  

o ccu r, th e  a b so lu te  v a lu e  o f  th e  v o r t i c i t y  o f  the  b a s ic  c u rre n t must 

have a maximum in  the  f i e ld  o f  flow . Tollm ien (1935) has shown th a t ,

fo r  symmetric v e lo c i ty  p r o f i l e s  in  a  ch an n e l, and fo r  the  b o u n d ary -lay e r

d^Uv e lo c i ty  p r o f i l e s ,  th e  c o n d itio n  — r  = 0 a t  some p o in t in  th e  b a s ic
dy2

c u r re n t  i s  a  s u f f i c i e n t  c o n d itio n  fo r  i n s t a b i l i t y .  The e a r l i e r  works 

on hydrodynamic i n s t a b i l i t y  o f  p a r a l l e l  flow have been surveyed by  Lin 

(1955) and Yih (1969). R ecent developm ents have been t r e a te d  by D razin  

and Howard (1966). The v isco u s  th eo ry  o f  p a r a l le l - f lo w  i n s t a b i l i t y  has 

been summarized by Reid (1965).

Kuo (1949) and Foote  and L in  (1950) extended th e  n o n ro ta tin g  

i n s t a b i l i t y  theory  o f R ayleigh  fo r  geophysica l a p p lic a t io n s  to  a 

r o ta t in g  e a r th  by the  a d d i t io n  o f  th e  p term . They showed th a t  th e  

a b so lu te  v o r t i c i t y  must be a  maximum o r minimum a t  some p o in t ( s )  in  

the  b a s ic  c u r r e n t .  I t  was a ls o  found th a t  th e  g - e f f e c t ,  in  g e n e ra l.



reduces the  i n s t a b i l i t y  o f  w e s te r ly  j e t s  and in c re a se s  the  i n s t a b i l i t y  

o f  e a s te r ly  j e t s  (see  a ls o  Kuo, 1973). Kuo (1951) co n sid e red  the  

e n e rg e tic s  o f  b a ro tro p ic  i n s t a b i l i t y  and showed th a t  when am p lif ie d  

waves e x i s t ,  k in e t i c  energy i s  fed  from th e  b a s ic  c u r re n t  in to  th e  

d is tu rb a n c e s , w h ile  the  e f f e c t  o f  damped d is tu rb a n c e s  i s  to  feed  th e  

energy in to  th e  b a s ic  c u r r e n t .  L ipps (1962) co n sid e red  th e  b a ro tro p ic  

i n s t a b i l i t y  o f  a  n o n d iv erg en t B ickley  j e t .  L ipps (1963) examined th e  

i n s t a b i l i t y  o f  a  B ick ley  j e t  in  a d iv e rg e n t, b a ro tro p ic  f lu id  and 

ap p lie d  the  th eo ry  to  th e  G ulf Stream . Howard and D razin (1964) i n v e s t i 

ga ted  th e  s t a b i l i t y  c h a r a c te r i s t i c s  o f  v a r io u s  b a s ic  v e lo c i ty  p r o f i l e s .  

L ipps (1965) d iscu ssed  th e  s t a b i l i t y  p ro p e r t ie s  o f  h y p e rb o lic - ta n g e n t 

sh ea r flow . Jacobs and W iin -N ie lsen  (1966) extended th e  i n s t a b i l i t y  

th eo ry  o f homogeneous f lu id s  to  a  s t r a t i f i e d  atm osphere. Lorenz (1972) 

considered  th e  b a ro tro p ic  i n s t a b i l i t y  o f  th e  Rossby wave m otion and 

suggested  th a t  b a ro tro p ic  i n s t a b i l i t y  i s  la r g e ly  re sp o n s ib le  fo r  the  

u n p r e d ic ta b i l i ty  o f  th e  r e a l  atm osphere.

In  th e  t r o p ic s ,  where th e  b a r o c l in ic i ty  i s  weak, b a ro tro p ic  in 

s t a b i l i t y  has n a tu r a l ly  drawn th e  a t t e n t io n  o f  many a u th o rs  who have 

a ttem pted  to  c o r r e la te  i t  to  t r o p ic a l  phenomena. Indeed many s tu d ie s  

have re c e n t ly  been p u b lish ed  on b a ro tro p ic  i n s t a b i l i t y  in  the  t ro p ic s  

as an energy source  o f  e a s t e r ly  flow , N i t ta  and Yanai (1969) s tu d ie d  the  

i n s t a b i l i t y  o f  an e a s te r ly  c u r re n t  w ith  a symmetric s in e -c u rv e  p r o f i l e .  

Lipps (1970) examined the  s t a b i l i t y  c h a r a c te r i s t i c s  o f  a h y p e rb o lic  ta n 

gen t wind p r o f i l e  in  th e  t r o p ic s .  Yamasaki and Wada (1972a) extended N i t ta  

and Y a n a i's  re se a rc h  and showed th a t  the  s t a b i l i t y  p ro p e r t ie s  o f  th e  

e a s te r ly  c u r r e n t  a re  d i f f e r e n t  from th ose  o f  th e  w e s te r ly  c u r re n t  in



s e v e ra l  r e s p e c ts .  Yamasaki and Wade (1972b) in v e s t ig a te d  th e  v e r t i 

c a l  s t r u c tu r e  o f  th e  b a ro tro p ic  u n s ta b le  waves in  t r o p ic a l  e a s t e r l i e s .  

D esp ite  many in v e s t ig a t io n s  o f  v a r io u s  a u th o rs , b a ro tro p ic  i n s t a b i l i t y  

a ss o c ia te d  w ith  th e  h o r iz o n ta l  sh e a r  o f  th e  e a s t e r l i e s  has n o t y e t  been 

f u l ly  e x p lo red .

S ince  th e  b a ro tro p ic  i n s t a b i l i t y  e q u a tio n  i s  a n o n lin e a r  one, 

th e  m athem atical tre a tm e n t i s  v e ry  d i f f i c u l t  ex cep t fo r  l im ite d  case s  

o f  s p e c ia l  v e lo c i ty  p r o f i l e s ,  such as  s in e -c u rv e  v e lo c i ty  p r o f i l e s ,  

th e  B ick ley  j e t  and th e  h y p e rb o lic  ta n g e n t sh ea r la y e r .  One must r e 

s o r t  to  n um erica l methods to  determ ine  th e  s t a b i l i t y  c h a r a c te r i s t i c s  

o f  b a s ic  c u r re n ts  w ith  v a r io u s  p r o f i l e s .  V arious au th o rs  (W iin -N ielsen , 

1961; H a lt in e r  and Song, 1962) have in v e s t ig a te d  th e  i n s t a b i l i t y  p ro b 

lem by f i n i t e  d if f e r e n c e  methods o r  f i n i t e  F o u r ie r  s e r i e s ,  Y anai and 

N it ta  (1968) in v e s t ig a te d  th e  accu racy  o f th e  f i n i t e  d if f e r e n c e  ap p ro x i

m ation  in  so lv in g  th e  s t a b i l i t y  problem  o f a  n o n d iv erg en t b a ro tro p ic  

c u r r e n t .  I t  was shown th a t  fo r  a  s u f f i c i e n t l y  a c c u ra te  d e s c r ip t io n  o f  

th e  i n s t a b i l i t y ,  a la rg e  number o f  s u b d iv is io n s , a t  l e a s t  20^ a re  

re q u ire d  fo r  a symmetric s in e -c u rv e  b a s ic  c u r r e n t .  A p p lic a tio n s  o f  

th e  f i n i t e  d if f e r e n c e  method proposed by them a re  found in  N i t ta  and 

Yanai (1969) and Yamasaki and Wada (1972a,b ) ,  D ickinson and C la re  

(1973) used th e  sh o o tin g  method and a  fo u r th -o rd e r  m a trix  approx im ation  

to  so lv e  th e  i n s t a b i l i t y  problem  o f  a  h y p e rb o lic  tan g en t b a ro tro p ic  

sh ea r flow . The b a ro tro p ic  s t a b i l i t y  eq u a tio n  can be fo rm ulated  a s  a 

v a r ia t io n a l  problem . This a llow s us to  use  th e  f in i te - e le m e n t  method

to  so lv e  th e  i n s t a b i l i t y  problem  n u m erica lly  (see  Appendix E f o r  a  

d e s c r ip t io n  o f  th i s  m ethod).



In  m iddle l a t i t u d e s ,  b a ro tro p ic  i n s t a b i l i t y  has been in v e s t i 

gated  in  co n ju n c tio n  w ith  v a r ia t io n s  o f  th e  w e s te r ly  j e t .  I t  i s  

g e n e ra lly  accep ted  th a t  b a ro tro p ic  i n s t a b i l i t y  i s  n o t a s  im p o rtan t as  

b a ro c l in ie  i n s t a b i l i t y  in  m iddle l a t i t u d e s  where b a r o c l in ic i ty  domi

n a te s .  B a ro tro p ic  models r a r e ly  p r e d ic t  occu rren ces  o f  s tro n g  in te n s i 

f i c a t io n  o f  w eath er system s, and do  n o t accoun t fo r  th e  fo rm atio n  o f  

e x tr a t ro p ic a l .c y c lo n e s .  However, a f t e r  la r g e - s c a le  d is tu rb a n c e s  develop 

due to  b a ro c l in ie  i n s t a b i l i t y ,  f u r th e r  developm ent may be produced by 

b a ro tro p ic  i n s t a b i l i t y .  The purpose o f  th e  p re s e n t work i s  to  a ttem p t 

to  r e l a t e  b a ro tro p ic  i n s t a b i l i t y  to  th e  g e n e ra tio n  o f  s y n o p tic - s c a le  

a tm ospheric  v o r t i c e s .  The d a ta  fo r  th e  p re s e n t  a n a ly s is  a re  tak en  from 

th e  sy n o p tic  d a ta  o f  th e  tornado o u tb reak  d u rin g  A p ril 3 -4 , 1974. This 

to rnado  o u tb reak  was the  g r e a te s t  in  reco rd ed  h i s to r y  in  term s o f  number 

o f  to rn ad o es , tra c k  le n g th s , a re a  a f f e c te d  and damage. One hundred 

and f i f t e e n  to rnadoes o ccu rred  w ith in  th e  a re a  g e n e ra lly  encompassed 

by a l in e  from Chicago southw ard to  th e  G u lf o f  Mexico and eastw ard  to  

th e  A t la n t ic  c o a s t .  The h a rd e s t  h i t  a re a  c o n s is te d  o f  In d ia n a , Ohio, 

K entucky, Tennesse and Alabama. The b a ro tro p ic  i n s t a b i l i t y  a n a ly s is  

o f  the  wind p r o f i l e s  over th i s  a re a  i s  perform ed fo r  s ix te e n  wind 

p r o f i l e s ,  i . e . ,  wind p r o f i l e s  fo r  fo u r  m andatory le v e l s ;  850 MB,

700 MB, 500 MB and 300 MB and fo r  fo u r tim e s te p s :  OOOOZ A p ril  3 ,

1200Z A p ril  3 , OOOOZ A p ril  4 and 1200Z A p ril 4 . The domain co n sid e red  

is  chosen so th a t  th e  a tm ospheric  flow i s  q u a s i - p a r a l le l  and th e  d i s 

tu rb an ces  a r e  sm a ll, a s  shown in  F ig u res  46 , 47 , 48 and 49 . The atmo

sp here  o ver th e  c e n t r a l  and e a s t - c e n t r a l  U nited  S ta te s  i s  v e ry  b a ro 

c l i n i e  d u rin g  th i s  p e rio d  o f  i n t e n s i f i c a t i o n  and , fo llo w in g  th e  therm al



wind c o n s t r a in t ,  the  q u a s i - p a r a l le l  J e t  s tream  i s  predm ninantly  due to  

th is  b a r o c l in ic i ty .  S h o r tly  a f t e r  OOOOZ A p ril 4 a tornado o u tb reak  

took p la ce  in  th i s  q u a s i - p a r a l le l  flow a re a .  I t  i s  e a s i ly  co n jec tu red  

th a t  the  to rnado  o u tb reak  m ight be a s s o c ia te d  w ith  the  p a r a l le l - f lo w  

i n s t a b i l i t y ,  a lth o u g h  o th e r  i n s t a b i l i t i e s  o f  more com plicated  p ro cesses  

may a ls o  be p o s s ib le . I t  would be in te r e s t in g  and rew arding to  examine 

a sim ple p h y s ic a l mechanism such a s  b a ro tro p ic  i n s t a b i l i t y  in  th e  syn

o p tic  environm ent which supported  a  sev ere  tornado o u tb reak .



CHAPTER I I  

BASIC EQUATIONS

In  th i s  s tu d y  th e  atm ospheric  m otion i s  assumed to  be h o r i 

z o n ta l ,  no n d iv erg en t and b a ro tro p ic . The eq u a tio n s  o f  m otion , c o n t i 

n u ity  e q u a tio n , v o r t i c i t y  eq u a tio n  and energy eq u a tio n  tak e  th e  form 

(e .g .  see  H a l t in e r ,  1971)

a t

av
at

V -  fv  = _  M
ÔX ^ ay ax

V ^  +  fu  =» . â i
ÔX ay ay

Cl)

+ u + V ^  +  fu  =» -  ^  (2)

at = ^  % JJ (u^ + v^) dxdy = 0 (5)

where u and v a re  th e  x - and y-component o f  v e lo c i ty ,  f  i s  the  C o r io lis  

param ete r, § = gz the  g e o p o te n t ia l ,  g th e  a c c e le r a t io n  o f  g ra v i ty ,  z 

the  p re s su re  h e ig h t ,  C the  r e l a t iv e  v o r t i c i t y ,  3 = ^  th e  Rossby param

e te r  and E th e  k in e t ic  energy . Eq. (4) ex p re sses  th e  co n se rv a tio n  o f  

a b so lu te  v o r t i c i t y  and Eq. (5) th e  co n se rv a tio n  o f  k in e t i c  energy . Since 

the e f f e c t  o f th e  v a r ia t io n  o f  th e  d e n s ity  p i s  assumed to  be sm a ll, p 

w i l l  be taken  a s  c o n s ta n t and w i l l  n o t e n te r  in to  th e  eq u atio n s  d e fin in g  

p h y s ic a l q u a n t i t i e s .



We d e f in e

u = u (y , t )  + u ' (x , y , t )

V = v '  (x , y , t )

G = c (y , C) + C (x , y , t) , C = - ^  

$ = § (y, t) + § ' (x , y ,  t)

(6)

Here the  b a rre d  q u a n t i t ie s  denote  average  v a lu e s  in  x - d i r e c t io n ,  which 

a re  z e ro th  o rd e r  fu n c tio n s . The primed q u a n t i t ie s  denote  th e  d e p a r tu re s  

from th e  average  v a lu e s , which can a ls o  be taken  a s  re p re se n tin g  f i r s t  

o rd e r  p e r tu rb a t io n s .  The u (y , t )  i s  assumed to  be p a r a l l e l  to  th e  x -  

a x is  and v i s  assumed to  be z e ro . From Eq. (6) i t  i s  obvious th a t  the  

average v a lu e s  o f  th e  d e p a r tu re s  a re  z e ro , i . e .  u ' = v '  = £ '  = $ '  = 0.

On s u b s t i tu t in g

at "  3x " By

(8)

H + •  (»)

The c o n tin u ity  eq u a tio n  i s  a u to m a tic a lly  s a t i s f i e d .

I f  we d e fin e  the  mean-flow k in e t ic  energy E as

E = % J  u^ dy 

and the  p e r tu rb a t io n  k in e t ic ,  energy E ' as

E ’ = % J  (u ')2  + ( v ') ^  dy 

Then from Eq. (5) we o b ta in

H  - H ’= -  ^  % J  (u ’)^  + ( v ') ^  dy (10)

Note th a t  th e  dim ension o f  E and E ' i s  d i f f e r e n t  from th e  dim ension o f  E.
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S u b s t i tu t in g  (6) in to  (1 ) ,  (2 ) , (3) and (4) and u s in g  th e  r e la t io n s  (7 ) ,

(8) and (9) we g e t ,  to  low est o rd e r ,  th e  fo llo w in g  eq u a tio n s  f o r  the  

p e r tu rb a t io n s :

| ï ' + s g ' + £ a '

(11) 

(12) 

(13)

0 (14)

This k in d  o f  fo rm u la tio n  i s  c h a r a c t e r i s t i c  o f  the  re g u la r  p e r 

tu rb a t io n  th e o ry . When we want to  fo rm u la te  th e  p ro g n o s tic  e q u a tio n  

fo r  th e  p e r tu r b a t io n s ,  we ig n o re  th e  tim e r a t e  o f  change o f  th e  mean 

flow , s in c e  th e  l a t t e r  i s  o f  second o rd e r , as  can be seen  from (7 ) , (9) 

and (1 0 ). A f te r  th e  q u a n t i t ie s  o f  the  p e r tu rb a t io n  have been c a lc u la te d ,  

we can f in d  th e  tim e r a t e  o f change o f th e  mean flow . However, th e se  

second o rd e r  v a r ia t io n s  a re  e s s e n t i a l  in  de te rm in in g  th e  s t a b i l i t y  o f  th e  

mean flow .

From e q u a tio n s  (11) and (12) one f in d s  th e  tim e r a te  o f  change 

o f  th e  p e r tu rb a t io n  k in e t ic  energy

It* = 4y

“  " J u 'v '  dy = J  T dy (15a)

= -  I  * dy (15b)

where u 'v '  i s  th e  y -d i r e c t io n  momentum t r a n s p o r t  and T = - u 'v '  i s  th e  

R eynolds' s t r e s s .  For th e  in v is c id  th e o ry , th e  momentum tr a n s p o r t  and 

th e  R eynolds' s t r e s s  should  v a n ish  a t  s o l id  b o u n d a rie s . From Eq. (10)



th e  tim e r a te  o f  change o f  th e  mean-flow k in e t i c  energy  becomes (e ,g , 

see  E l ia s s e n  and K le ln sch m id t, 1957)

si ° ■ J ^  (1**)

“ I “ ly

The in te g ra n d  u in  (16b) re p re se n ts  th e  r a t e  o f  work done by th e  

R eynolds' s t r e s s  and th e re fo re  th e  r a te  o f  In c re a se  in  m ean-flow k in e t i c  

energy . The in te g ra n d  T in  (15a) co rre sp o n d in g ly  re p re s e n ts  th e  r a te  

a t  which th e  R eynolds' s t r e s s  in c re a se s  th e  k in e t ic  energy  o f  p e r tu rb a t io n s .  

I f  the  p e r tu rb a tio n s  a re  assumed to  be c y c l ic  in  x , from (7) and

(9) we o b ta in  th e  tim e r a te  o f  change o f  th e  momentum o f  th e  r e l a t i v e  

v o r t i c i t y  o f  th e  mean flow  in  th e  form ( e .g .  see  E l ia s s e n  and K le in schm id t, 

1957)

^  '  »  '  •  ^  ^  (17)

i  = -  ^  ^  (18)

where th e  term  v 'g '  i s  v o r t i c i t y  t r a n s p o r t .

Normal Mode S o lu tio n  o f  P e r tu rb a tio n  E quations 

Ihe  c o n t in u i ty  eq u a tio n  fo r  p e r tu rb a t io n  flow (13) a llo w s us 

to  d e f in e  a  stream  fu n c tio n  fo r  th e  p e r tu rb a t io n  flow

( 1 9 )
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and I t  fo llow s th a t

I f  we now s e t

c . 4 '  +  4
ôy

r = 9 (y) , (20)
i . e . ,  proceed w ith  th e  normal mode s o lu t io n ,  th e  v o r t i c i t y  eq u atio n  

fo r  a  tw o-dim ensional d is tu rb a n ce  (14) becomes (Kuo, 1949)

(U -  c) (cp" -  a \ )  + 0  -  U") 9  = 0

Here we u se  a  prim e to  denote  a  d i f f e r e n t i a t io n  w ith  re s p e c t to  y and 

u se  U = Ü (y) f o r  convenience - in  th e  fo llow ing  d is c u s s io n , a i s  th e  

r e a l  wavenumber in  x - d i r e c t io n ,  c th e  complex phase v e lo c i ty .  We now 

d e f in e  th e  d im ension less  v a r ia b le s  a s  fo llow s

y* = b >  ^  'max min  ̂ max m in'

a *  = #b  , p* s= u -u - 'max min

C* = .
max min

where b i s  a c h a r a c te r i s t i c  len g th  f o r  a  s p e c if ie d  problem  (here

d efin ed  as  h a l f  th e  w id th  o f  the  channel o r  th e  sh ea r zone).

and U . a re  th e  maximum and minimum v a lu e  o f  th e  b a s ic  c u rre n t U(y) min

in  th e  f i e ld  o f  flow . The nondim ensional param eter P* m easures the 

r a t i o  o f  p la n e ta ry  v o r t i c i t y  to  the  s c a le  o f th e  sh ea r v o r t i c i t y .
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The nondlm enslonallzed  eq u a tio n  w ith o u t th e  a s t e r i s k s  assumes the  

form

(U-c) (9" -  A )  + O  -  U") 9  = 0 (21)

Note than  when 3 = 0  Eq, (21) becomes th e  R ayleigh  s t a b i l i t y  e q u a tio n , 

i . e . ,  in v is c id  form o f  th e  Orr-Sommerfeld eq u a tio n ,

(U-c) (cp" -  A )  -  U" cp = •—  (cp ^ ^ -2 A ” +  A )  (22)

where R i s  th e  Reynolds number.

For an e a s te r ly  b a s ic  c u r re n t  U^, i f  we s e t  U = -  and use . 

th e  same d im en sio n less  v a r ia b le s  we o b ta in  th e  same Eq. (2 1 ) , excep t 

th e  d im ension less  g becomes n e g a tiv e  (Kuo, 1973). In  f a c t  th e  s t a b i l i t y  

c h a r a c te r i s t i c s  o f  an e a s te r ly  c u rre n t under th e  in f lu e n c e  o f  g a re  

e x a c tly  th e  same as  those  o f  th e  w e s te r ly  c u rre n t under th e  in flu en c e  

o f -p . Hence we s h a l l  u se  a  n e g a tiv e  g to  c h a ra c te r iz e  th e  flow p rop

e r t i e s  o f  an e a s te r ly  c u r re n t .  D im ensional and d im ension less  atmo

sp h e r ic  p r o f i l e s  a r e  sch e m a tic a lly  shown in  F ig u re  1 . I t  i s  e a s i ly  

seen  th a t  w ith  p ro p er n o n d im en sip n a liza tio n , a l l  th e  eq u atio n s  from 

(1) to  (20) a r e  a ls o  v a l id  in  d im ension less  form.

Boundary C ond itions 

At a  r i g i d  w a ll ,  such  as  shown in  F igure  1 , th e  normal v e lo c 

i t y  V* o f  th e  d is tu rb an ces , v a n ish e s . This can be shown to  imply th a t

9 = 0  a t  y = 0 , 2 (23)

i f  we take  th e  p o s i t io n  o f  r ig id  w a lls  a t  d im ensional y = 0 , 2b . I f  

th e  flow ex tends to  i n f i n i t y ,  th en , by p h y s ic a l req u irem en ts  9  must
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be bounded th e re .  Thus boundedness o f cp a t  i n f i n i t y  in  g en era l im plies 

th a t  cp must tend  to  zero  th e re ,  and we may use  boundary c o n d itio n  (23) 

a t  an i n f i n i t e  a s  w e ll a s  a t  a f i n i t e  boundary (D razin  and Howard, 1966). 

O ther boundary c o n d itio n s  have been d iscu ssed  by Kuo (1949) and Yanai and 

N i t ta  (1969) ( f o r  th e  symmetric and an tisy m m etric  v e lo c i ty  p r o f i le s  ex

tend ing  to  i n f i n i t y ,  i . e . ,  th e  p r o f i l e s  shown in  F ig u re  1 5 b ,d ), and by 

D razin  and Howard (1966) ( fo r  th e  p r o f i l e s  in  which U o r  U' i s  d isco n 

tinuous in  th e  f i e ld  o f  f lo w ).

Eq. (21) i s  an e ig envalue  problem  under a p p ro p r ia te  boundary 

c o n d itio n s  fo r  a g iven  p r o f i l e  U o f  th e  b a s ic  c u r r e n t .  We can f in d  c 

as  an e ig en v a lu e  by so lv in g  (21) w ith  th e  wavenumber a s p e c if ie d .  The 

phase speed c may in  g e n e ra l be complex. When i t s  im aginary  p a r t  ĉ  ̂

i s  eq u al to  z e ro , th e  d is tu rb a n c e  i s  n e u t r a l ,  and when c^ 0 , the  d i s 

tu rbance  i s  a m p lif ie d  o r  damped. The f i n i t e  d if f e r e n c e  approx im ation  

to  so lv e  (21) and f in d  c as  an e ig en v a lu e , as  proposed by Yanai and 

N i t ta  (1968), w i l l  be .d iscu ssed  in  th e  Appendix.

Momentum T ran sp o rt

The p h y s ic a l mechanism o f  momentum and v o r t i c i t y  tra n s p o r t  

a s s o c ia te d  w ith  th e  s t a b i l i t y  o f  mean flow  has been d iscu ssed  by Kuo 

(1951). Here we b r i e f l y  review  th e  momentum and v o r t i c i t y  tra n s p o r t  

e q u a tio n s . From eq u a tio n s  (1 9 ), (2 0 ), and (21) we o b ta in  the  y - 

d i r e c t io n  momentum tra n s p o r t  eq u a tio n  (Foote and L in , 1950),

  a
u 'v '  = ” “ 2ÏT J u 'v '  dx

o

= -  I  (9 ^  -  9*
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.  ^  f ’'  - C M l M !  dy 0 <  y <  2 (24b)
o |u -c

“  | I  = .  ^  i g d i l l k j !
^ lo -c |2

I t  shou ld  be remembered th a t  the  p h y s ic a l q u a n t i t i e s  u ' ,  v ' ,  t '»  C'» G tc. 

a re  understood  to  be th e  r e a l  p a r t  o f  th e i r  r e p re s e n ta t io n .  The term
I 12 2|cp| i n  Eq. (24b) and (24c) i s  p ro p o r tio n a l to  ( v ')  . Ih e  momentum 

tr a n s p o r t  can a ls o  be ex p ressed  in  term s o f th e  t i l t i n g  o f  th e  troughs 

and r id g e s ,  d e fin e d  a s  th e  curves a long  which v '  i s  z e ro . Thus, th e  

lo c a t io n  o f  trough  and r id g e  cu rves i s  determ ined by (Kuo, 1951)

'Pita n  a  (x -  c t )  = - —

and th e re fo re  th e  ta n g en t o f  th e  an g le  o f  t i l t  @, m easured from p o s i t iv e  

y d i r e c t io n ,  i s  (Kuo, 1951)

“ 4  (25b)
» I'd

From th e  above e q u a tio n  we see  th a t  th e  momentum tra n s p o r t  i s  

p ro p o r tio n a l to  th e  t i l t i n g  o f  th e  t r o u t s  and r id g e s .

V o r t ic i ty  T ranspo rt 

The v o r t i c i t y  t r a n s p o r t  can  e i t h e r  be o b ta in e d  in  th e  same 

way, o r  sim ply by d i f f e r e n t i a t i n g  (24) w ith  r e s p e c t  to  y .  Thus, we
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have th e  v o r t i c i t y  t ra n s p o r t  eq u a tio n  (Kuo, 1951)

ore
1 l e a M f  ^ 2 « c jt  (2«)

|u-(

This e q u a tio n  shows th a t  the  v o r t i c i t y  t r a n s p o r t  produced by th e  

am p lify in g  d is tu rb a n c e  i s  in  th e  d i r e c t io n  o f  d e c rea s in g  a b so lu te  

v o r t i c i t y  o f  mean flow .

Time R ate o f  Change o f Momentum o f  Mean Flow 

S u b s t i tu t in g  Eq. (24) in to  (17) we g e t th e  tim e r a t e  o f  change 

o f  momentum o f  mean flow

I f  = I  a  (cp̂  (27a)

cyci (P-U") m l  âorcjt (27b)
|u-c|

= v V  (27c)

i t  fo llo w s th a t  th e  e f f e c t  o f  th e  damped d is tu rb a n c e  (Cj  ̂ < 0) 

i s  to  produce an  in c re a s e  o f  U in  th e  re g io n  where P-U" i s  p o s i t iv e  

and a d ec rea se  where P-U" i s  n e g a tiv e , th u s  t h e i r  e f f e c t  i s  to  sharpen  

th e  mean v e lo c i ty  p r o f i l e .  The e f f e c t  o f  th e  am p lify in g  d is tu rb a n c e s  

(Cj  ̂ >  0) i s  in  th e  o p p o s itiv e  d i r e c t io n ,  th a t  i s  to  f l a t t e n  th e  mean 

v e lo c i ty  p r o f i l e .
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Time R ate o f Change o f  K in e tic  Energy o f  Mean Flow 

S u b s t i tu t in g  th e  e x p re ss io n  fo r  ~  (24c) In to  th e  energy  eq u a tio n  

o f  mean flow (1 6 b ), we o b ta in

s  = .  ÎÜ 1 f  l%i!_
a": 2 y

(2»)

=  . 5 S ’ 
at

Since th e  on ly  energy  which th e  d is tu rb a n c e s  can w ithdraw  fo r  

. the  growth i s  th e  mean-flow k in e t ic  energy , th e  e x p re ss io n  a t  th e  r ig h t -  

hand s id e  should  be n e g a tiv e . Thus, i f  th e  p e r tu rb a tio n  k in e t ic  energy 

i s  to  in c re a se  (Cj  ̂ > 0 ) ,  th e n , we must a ls o  have p o s i t iv e  P-U" a s s o c ia te d  

w ith  h ig h e r  v a lu e s  o f  U and n egative . g-U" w ith  lower v a lu e s  o f  U. This 

r e s u l t  i s  e s s e n t i a l l y  due to  Fj o r t o f t  (1950),



CHAPTER III

GENERAL THEOREMS OF BAROTROPIC INSTABILITY

In  th is  ch ap te r we b r i e f l y  review  some known p ro p e r t ie s  o f  

the s o lu tio n  o f  Eq. (21) s u b je c t  to  th e  boundary c o n d itio n s  (2 3 ).

When we s e t  y = 2 in  the Eq, (24b) and s in ce  the  momentum tra n s p o r t  

o r Reynolds’ s t r e s s  v an ish es  a t  th e  upper boundary, we o b ta in  th e  

fo llow ing  ex p ress io n

from which fo llow s th e  K uo's theorem (1949); A n ecessa ry  c o n d itio n  

fo r b a ro tro p ic  i n s t a b i l i t y  (c^  ̂ >  0) i s  th a t  a t  some v a lu e  o f  y ,  say

P _ u" = 0 a t  y^, 0 <  y^ < 2 (30)

T his i s  an ex ten s io n  o f  th e  well-known theorem o r ig in a l ly  d e riv ed  by 

R ayleigh (1880, 1913). In  o th e r  w ords, th is  c o n d itio n  s t a t e s  th a t  

the a b so lu te  v o r t i c i t y  must be a  maximum o r  minimum a t  some p o in t in  

the b a s ic  c u r re n t .  From Eq. (29) i t  m ight be supposed a t  f i r s t  s ig h t  

th a t  we have proved th a t  damped d is tu rb a n ce s  (c^ < 0) a ls o  re q u ire  

p-U" to  v an ish  a t  some p o in t  in  th e  f i e ld  o f  flow . This i s  n o t th e  

case , however, as  was p o in te d  o u t by L in  (1953), and the  above r e s u l t  

a p p lie s  o n ly  to  am p lified  d is tu rb a n c e s . I t  should  be noted th a t  th is  

i s  only  a  n ecessa ry  c o n d itio n . The p r o f i l e  U(y) = % (l-cos ^ ) ,

16
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0 < y < 2 , which s a t i s f i e s  (30) b u t i s  s ta b le ,  i s  a  c l a s s i c a l  c o u n te r

example to  th e  s u f f ic ie n c y  o f  th e  Rayleigh-K uo' s n ecessa ry  c o n d itio n , 

Kuo (1949) showed th a t  fo r  the  symmetric j e t  which he c o n sid e re d , (30) 

i s  bo th  n e ce ssa ry  and s u f f i c i e n t  fo r  the  e x is te n c e  o f  a m p lif ie d  w aves. 

There a re  s e v e ra l  theorems fo r  th e  n e u tra l  s o lu tio n s  o f  (21) which a re  

r e le v a n t  to  th e  i n s t a b i l i t y  problem . Based on S tu rm 's  o s c i l l a t i o n  

theorem , Kuo shows th a t  the  phase v e lo c i ty  o f  n e u tr a l  waves can nev er 

exceed th e  maximum wind speed , b u t may be le s s  than  th e  minimum wind 

speed: th e se  a re  Rossby-H aurw itz w aves. I f  th e  n e u tr a l  waves whose

phase v e lo c i ty  c ly in g  between th e  maximum and th e  minimum o f  the  

b a s ic -c u r re n t  v e lo c i ty  a re  to  e x i s t ,  th e re  must be a  c r i t i c a l  p o in t 

y = y^ where p-U" changes s ig n . I f  th e re  i s  j u s t  one p o in t  y^ ( in  

each h a l f  o f  th e  b a s ic  c u r r e n t ) ,  then  th e re  i s  j u s t  one n e u t r a l  wave 

and i t s  phase v e lo c i ty  i s  (U^ = U (y^)). For am p lif ie d  waves to  

e x i s t ,  th e  a b so lu te  v o r t i c i t y  must have a  maximum o r  a  minimum w ith in  

the  f i e ld  o f  flow  and , i f  no such p o in ts  e x i s t ,  a l l  waves w ith  a  phase 

v e lo c i ty  g r e a te r  than  th e  minimum wind speed w i l l  be damped. Waves 

w ith  phase speeds betw een and U^, i . e . ,  < c^ <  U^, a re

a m p lif ie d  and th e i r  w avelength L >  L^. On th e  o th e r  hand, th e  f a s t e r  

moving w aves, c >  U , a re  damped and L <  L , These c h a r a c te r i s t i c s3T H H
a re  i l l u s t r a t e d  in  F ig u re  2 in  d im ension less  q u a n t i t i e s .  The above 

s ta tem en t i s  a p p lic a b le  fo r  th e  symmetric w e s te r ly  j e t  th a t  Kuo con

s id e re d , There a re  some c o n tro v e rs ie s  a s  to  w hether th e  a m p lif ie d  

d is tu rb a n c e s  may t r a v e l  w ith  a  phase v e lo c i ty  c^ le s s  than  ( in

d im ension less  form c^ > 1) f o r  an e a s te r ly  j e t  (d im ension less  g < 0) 

(See C hapter IX ),
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In  1950 F jo r to f t  proved th e  s tro n g e r  n e ce ssa ry  c o n d itio n  fo r  

i n s t a b i l i t y  th a t  (0-U") (U-U^) > 0 someidiere in  th e  f i e ld  o f  flow . His 

e x te n s io n  o f  R a y le ig h 's  theorem  can be shown to  be e q u iv a le n t to  th e  

s ta te m e n t: f o r  i n s t a b i l i t y ,  th e  a b so lu te  v a lu e  o f  th e  a b so lu te  v o r t i c i t y  

o f  th e  b a s ic  c u r r e n t  must have a  maximum in  th e  f i e l d  o f  flow .

S te m  (1961) and L ipps (1963) extended th e  R ay leigh-K uo 's  

n ecessa ry  c o n d itio n  (30) to  a d iv e rg e n t flow : A n e c e ssa ry  c o n d itio n

fo r  i n s t a b i l i t y  fo r  a  d iv e rg e n t b a ro tro p ic  f lu id  i s  th a t  th e  p o te n t ia l  

v o r t i c i t y  must be a  maximum o r minimum a t  some p o in t  in  th e  b a s ic  

c u r r e n t .

T ay lo r (1915) gave a p h y s ic a l in t e r p r e ta t io n  o f  R a y le ig h 's  

n e ce ssa ry  c o n d itio n  o f  i n s t a b i l i t y .  L in  (1955) a ls o  h as  in te rp re te d  

p h y s ic a l ly  th e  mechanism o f  p a r a l le l - f lo w  i n s t a b i l i t y  by c o n s id e ra tio n  

o f  th e  m ig ra tio n  o f  v o r t i c i t y .  Brown (1972) re-exam ined th e  p h y s ic a l 

in te r p r e ta t io n  o f  R a y le ig h 's  c o n d itio n  o f  i n s t a b i l i t y .

M o d ific a tio n  o f  th e  p ro o f o f  th e  s e m i-c i rc le  theorem  (Howard, 

1961) fo r  th e  Eq. (21) shows th a t  i n s t a b i l i t y  (c^  ̂ >  0) im p lie s  th a t

(Cr -  %)^ +  c /  <  + (31)

This im p lie s  th a t  c l i e s  in  th e  upper s e m ic irc le  w ith  c e n te r  (%, 0)

and ra d iu s  % (1 + ’̂ ^ )  in  th e  complex c p la n e . I t  can  f u r th e r  be
a

shown th a t  c^ < 1 when p >  0 (w e s te r l ie s )  and th a t  c^ > 0 when p < 0 

( e a s t e r l i e s ) .  These m o d if ic a tio n s  o f  Howard's s e m i-c irc le  theorem 

a re  e s s e n t i a l l y  due to  Fedlosky (1963). T his theorem  i s  a s  p r e t ty  

a gem as ev e r h as  been p o lish e d  in  the  hands o f  h y d ro d y n am ic is ts , as  

s ta t e d  by Yih (1969). However, t h i s  theorem i s  too g e n e ra l to  be used to
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d e te c t  " sp u r io u s"  u n s ta b le  waves. The in e q u a l i ty  (31) may be used 

to  o b ta in  an upper bound on Cj .̂ A ccording to  (3 1 ) ,

Of

The em barrassing  f e a tu re  o f  (31) and (32) i s  th a t  th e  s e m i-c irc le  in  

which c must l i e  and the  upper bound on ĉ  ̂ in c re a s e  as  |p |  /  Qf̂  in 

c re a s e s .  The upper bound on the  growth r a te  i s

( « )

which was due to  H olland (1953) and Howard (1961). This s t a t e s  th a t  

the  growth r a te  can n ever be la r g e r  than  h a l f  th e  a b so lu te  v a lu e  o f  th e  

maximum sh ea r o f  th e  b a s ic  c u r re n t .  A c tu a lly  th e  s e m i-c irc le  theorem 

(3 1 ), upper bound on ĉ  ̂ (32) and the  growth r a t e  (33) have l im ite d  

p r a c t i c a l  a p p l ic a t io n s .



CHAPTER IV

GENERAL STABILITY CHARACTERISTICS

In  th i s  c h a p te r  we s h a l l  d is c u s s  some fe a tu re s  o f th e  d e te r 

m ina tion  o f  c r i t i c a l  w avelengths and phase speeds fo r  b a ro tro p ic  in 

s t a b i l i t y .

Lower C r i t i c a l  W avelength o f  an U n stab le  Wave 

A ccording to  Kuo (1949), th e  lower c r i t i c a l  w avelength L^ can 

be found by so lv in g  (21) a f t e r  s e t t in g  c = U^, i . e . ,  by so lv in g  th e  

e ig en v a lu e  problem
0 _ T T l l  O  2 tT

(p" +  f e r  (p -  «  (p = O' ® “ l"  (34)
K ^

cp = 0 * a t  y = 0 , 2

The f i n i t e  d if f e r e n c e  scheme w i l l  be d isc u sse d  in  th e  Appendix. For 

a  v e lo c i ty  p r o f i l e  e x p re s s ib le  in  m athem atical fu n c tio n s , the  L ^ 's  

can be determ ined  q u i te  a c c u ra te ly  by so lv in g  (3 4 ). However, fo r  

a c tu a l  a tm ospheric  wind p r o f i le s  we had  b e t t e r  so lv e  (21) and d e te r 

mine c a s  an e ig en v a lu e  by sp e c ify in g  ce and lo c a te  the  w avelength L^ 

a t  which the  phase speed o f an  u n s ta b le  wave f i r s t  becomes complex.

Upper C r i t i c a l  Wavelength o f  an U nstab le  Wave 

For a  w e s te r ly  b a s ic  c u r r e n t ,  the  upper c r i t i c a l  w avelength 

L^ o f an u n s ta b le  wave can be found by so lv in g  (21) a f t e r  s e t t in g

20
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c = 0 , i . e . ,  by so lv in g  the  e igenvalue  problem (Kuo, 1949)

cp" + ^ ( p  -  = 0 , (v = | 2  (35)
o

cp = 0 a t  y = 0 , 2

The f i n i t e  d if f e re n c e  scheme w i l l  be d iscu ssed  in  th e  Appendix. In  

g en era l Lq can be determ ined q u ite  a c c u ra te ly . For an e a s te r ly  c u r

re n t  O  < 0) th e re  a r i s e  some problems in  determ in ing  by so lv in g  

(35) when we s e t  c = 1. I t  i s  p o s s ib le  th a t  an u n s ta b le  wave may 

t r a v e l  w ith  a  phase speed c^ > 1 . We may so lve  (35) to  de term ine a  

r e la t io n  between c and L fo r  r e a l  c > 1 and f in d  th e  minimum v a lu e  o f 

L. Thus th i s  L i s  th e  upper c r i t i c a l  w avelength o f  th e  u n s ta b le  wave 

(See C hapter IX ).

(Cp, c^)-L  Diagrams

I f  we want to  Jcnow th e  g en era l fe a tu re  o f s t a b i l i t y  c h a ra c te r 

i s t i c s ,  the  b e s t  method i s  to  so lv e  (21) and f in d  c and cp as fu n c tio n s  

o f  a  o r  L. F ig u re  4 , c a l le d  a  (c^ , c^)-L  diagram  in  th i s  s tu d y , shows 

an example o f  th e  r e la t io n s h ip  between phase v e lo c i ty  c and th e  wave

len g th  L fo r  th e  symmetric s in e -cu rv e  p r o f i l e  U(y) = j  (1 - cos tt y ) ,

0 < y < 2 when th e  d im ension less 9=0.375 and th e  number o f  su b d iv is io n s  

N = 20. We o b ta in  n in e te e n  s e r ie s  o f  phase v e lo c i t i e s  c ,  among which 

a p a i r  become complex fo r  in te rm e d ia te  w avelengths as denoted by th e  

th ic k  l in e  in  th e  f ig u r e .  The o th e r  seven teen  s e r ie s  co rrespond  to  

" s in g u la r” s o lu t io n s  having  phase speeds equal to  th e  v e lo c i t i e s  o f  

the  b a s ic  c u rre n t somewhere in  th e  f i e ld  o f  flow . For a more d e ta i le d  

d e s c r ip t io n  o f  th i s  f ig u r e ,  see  Yanai and N it ta  (1968).
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F igure  5 shows the  (c^ , c^)-L  diagram  f o r  the a tm ospheric  p ro 

f i l e  a t  500 MB, OOOOZ A p ril 3 , 1974. The number o f  su b d iv is io n s  i s  20. 

The v a lu e s  o f  the  d im ensional and d im ension less  v e lo c i ty  p r o f i l e ,  dimen

s io n le s s  a b so lu te  v o r t i c i t y  g ra d ie n ts ,  and th e  lower and upper c r i t i c a l  

w avelengths fo r  the  u n s ta b le  waves found from (34) and (35) a re  shown 

in  Table 1 . For t h i s  wind p r o f i l e ,  th e re  a re  fo u r c r i t i c a l  p o in ts  and 

f iv e  u n s ta b le  waves. The r e a l  p a r ts  o f  th e  phase speeds o f  th ese  un

s ta b le  waves a re  denoted by th ic k  l in e s  and th e  im aginary p a r t  by 

d o tte d  l in e s .  I t  i s  d i f f i c u l t  from F igure  5 to  t e l l  the  " t ru e "  un

s ta b le  waves from "sp u rio u s"  u n s ta b le  waves due to  t ru n c a tio n  e r ro r s  

o r e r ro r s  in h e re n t in  the  f i n i t e  d if f e r e n c e  approx im ation . A c lo s e r  

exam ination  o f  th e  v a lu e  o f  P-U" a t  each p o in t in  Table 1 shows 

th a t  th e  c r i t i c a l  p o in ts  a t  y = 1 .64  and y = 1 .79  a re  v e ry  c lo se  to  

each o th e r .  These two c r i t i c a l  p o in ts  can be e a s i ly  smeared ou t by 

smoothing th e  b a s ic  c u r re n t .  Hence i t  i s  p o s s ib le  th a t  fo u r o f th e  

u n s ta b le  waves a re  a c tu a l ly  the  same u n s ta b le  wave, which w i l l  be con

tiguous to  a  Rossby-Haurwitz wave. The e f f e c t  o f sm oothing o f th e  

wind p r o f i l e s  on the  s t a b i l i t y  c h a r a c te r i s t i c s  w i l l  be d iscu ssed  in  

C hapter V I. I t  i s  a ls o  found th a t  th e  L ^ 's  c a lc u la te d  from Eq. (3 4 ) , 

shown in  Table 1 a re  in  g en era l d i f f e r e n t  from those  shown in  F ig u re  

5 . The fo r  one o f  the  u n s ta b le  waves i s  e s p e c ia l ly  d i f f i c u l t  to  

f in d  a c c u ra te ly  s in ce  the r e a l  p a r t  o f  th e  phase speed c^ fo r  th i s  

u n s ta b le  wave changes l i t t l e  as  1 in c re a s e s . A l i t t l e  inaccuracy  in  

in te rp o la t in g  y^ and w i l l  change s ig n i f i c a n t ly .  On th e  o th e r

hand, the u n s ta b le  wave a ss o c ia te d  w ith  the Rossby-Haurwitz wave has 
dc

i t s  | - ^ |  q u ite  la rg e  and th e re fo re  i t  i s  e a s ie r  to  f in d  i t s  more
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a c c u ra te ly . This type o f u n s ta b le  wave in  g e n e ra l c o n tr ib u te s  to  

l a r g e r  growth r a t e .  I t  i s  i n te r e s t in g  to  n o te  th a t  fo r  a l l  th e  atmo

sp h e r ic  wind p r o f i l e s  co n sid e red  in  th is  s tu d y , th e  e ig en fu n c tio n s  cp 

fo r  th e  s in g u la r  waves which become th i s  type o f  u n s ta b le  wave a t  

a re  o f  f i r s t  mode. The u n s ta b le  waves o f  th i s  type a re  in  g e n e ra l th e  

" t ru e "  u n s ta b le  waves fo r  an a tm ospheric  wind p r o f i l e  and a re  in  gen

e r a l  o f  p r a c t i c a l  im portance, s in c e  they  c o n tr ib u te  l a r g e r  growth r a t e .

There a re  o th e r  u n s ta b le  waves which change in to  s in g u la r  waves 

o r  e x i s t  even a t  i n f i n i t e  L. T h e ir c ^ 's  in  g e n e ra l change l i t t l e  a s  

L in c re a se s  and thus i t  i s  more d i f f i c u l t  to  de term ine  th e i r  L^^s 

a c c u ra te ly .  They c o n tr ib u te  in  g en e ra l le s s  growth r a te s  as  compared 

to  th e  u n s ta b le  waves con tiguous to  a  Rossby-H aurw itz wave. An example 

o f  th e  u n s ta b le  wave due to  tru n c a tio n  e r r o r s  w i l l  be shown in  C hapter 

V I, and th a t  due to  e r ro r s  in  th e  f i n i t e  d if f e r e n c e  approxim ation  w i l l  

be shown in  C hapter V.

Since i t  i s  n o t econom ical o r f e a s ib le  to  in c re a s e  th e  number 

o f  su b d iv is io n s  N f o r  th e  a c tu a l  a tm ospheric  wind p r o f i l e s ,  th e  b e s t  

method to  determ ine w hether an u n s ta b le  wave i s  sp u rio u s  i s  to  u se  the  

techn ique o f  sm oothing. For a  v e lo c i ty  p r o f i l e  e x p re s s ib le  in  mathe

m a tic a l fu n c tio n s , t ru e  u n s ta b le  waves can be id e n t i f i e d  by t h e i r  

in s e n s i t iv i t y  to  v a r ia t io n s  o f  number o f  su b d iv is io n s  N.

U nstab le  Waves

In  F ig u re  6 and F igu re  7 th e  e ig e n fu n c tio n s  fo r  some u n s ta b le  

waves a re  shown in  term s o f  t h e i r  am plitude  |cp| and phase an g le  a rg  cp. 

Also p lo t te d  i s  ^  exp ressed  in  term s o f  th e  component in  phase and
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th e  conqponent o u t o f  phase w ith  cp:

f  = ^  1,1 A (arg 9) e‘(" +

Wy>ln = ^

%)ouC “ I'*’! ^  (*rs 9)

For sm all c^ , i t  can be found th a t  th e  in -p h ase  and o u t-o f -  

phase component o f  ^  has a d i s t i n c t  s in g u la r  b eh av io r a t  th e  p o in ts  

where c^ i s  eq u al to  th e  v e lo c i ty  o f  the  b a s ic  c u r r e n t .  For c^ equal 

to  z e ro , i . e . ,  f o r  a  s in g u la r  wave, t h i s  s in g u la r i ty  i s  more profound 

and w i l l  be d isc u sse d  l a t e r .

The d is tu rb a n c e  stream  fu n c tio n  o f  an  u n s ta b le  wave can be 

c a lc u la te d  from (2 0 ) , i . e . ,

ijf'= [cp^’ cos a (x  -c ^  t )  -  cpĵ  s in  or(x -  c^ t ) ]  e^ ^ i^

In  F ig u re  19a i s  shown th e  d is tu rb a n c e  stream  fu n c tio n  o f  th e  most 

u n s ta b le  wave fo r  500 MB OOOOZ A p ril  3 wind p r o f i l e ,  which has  a  

w avelength  of. 2 .6  (2476 km) and a m p lif ie s  by a f a c to r  o f  e in  3 .44  

days. The maximum am plitude o f  th e  d is tu rb a n c e  occurs a t  y = 1 .0 ,  

j u s t  a t  th e  m iddle o f  th e  ch an n e l. The l e t t e r  C and A re p re s e n t  th e  

prim ary c e n te rs  o f  c y c lo n ic  and a n tic y c lo n ic  v o r t i c i t y .  The dashed 

l in e s  show th e  trough and r id g e  l i n e ,  where v '  v a n ish e s . The lo c a 

t io n  o f  t r o u ^  and r id g e  l in e  i s  determ ined  by

ta n  Q r ( x - c ) ' » -  —  t '  cp̂
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and the  tan g en t o f th e  an g le  o f  t i l t  9 measured from p o s i t iv e  y d i r e c 

tio n  i s  g iven  by (25a) and (2 5 b ), which i s  p ro p o r tio n a l to  th e  momentum 

t r a n s p o r t .

The momentum tr a n s p o r t  u 'v '  i s  g iven by Eq. (24a ,b ) and i s  re p re 

sen ted  by a curve in  F ig u re  8b. I t  goes from zero  to  a minimum a t  the  

f i r s t  c r i t i c a l  p o in t ,  then  in c re a se s  from h e re  to  a  maximum p o s it iv e  v a lu e  

a t  th e  second c r i t i c a l  p o in t .  From th is  c r i t i c a l  p o in t  i t  decreases  to  

zero  a t  th e  upper boundary ex cep t a t  the  two c r i t i c a l  p o in ts  c lo se  to  each 

o th e r ,  where i t  i s  n e g a tiv e . I t  is  seen from F ig u re  8b th a t  u 'v '  ^  i s  

m ainly n e g a tiv e  so t h a t  the  tim e r a te  o f change o f  m ean-flow k in e t ic  energy , 

given by (16) and (28) i s  n e g a tiv e , i . e . ,  th e  p e r tu rb a tio n  i s  w ithdraw ing 

the  k in e t ic  energy  from th e  b a s ic  c u r re n t .

The tim e r a t e  o f  change o f  th e  b a s ic  c u r re n t  i s  g iven  by (27) a t  

every  p o in t o f  y . From F igu re  8a , in  which a re  p lo t te d  th e  b a s ic  c u rre n t

U and i t s  tim e r a t e  o f  change i t  i s  r e a d i ly  seen  th a t  th e  momentumoC
tr a n s f e r  reduces th e  maximum sh ea r in  the  mean flow  and hence in te n s i f i e s

th e  d is tu rb a n c e s .

I t  i s  found th a t  th e  ^  c a lc u la te d  by (27a) and (27b) can be usedo t
as a measure o f  th e  accu racy  o f  th e  f i n i t e  d if f e r e n c e  app rox im ations.

The maximum ro o t  mean square  d if fe re n c e  between th e se  two c a lc u la t io n s  

fo r  the  wind p r o f i l e s  co n sid ered  in  th is  study  i s  0.7935 x 10 The 

maximum p ercen tag e  e r r o r  i s  l e s s  than 0.01%. T h e re fo re , th e  accuracy  o f  

the  f i n i t e  d if f e r e n c e  approx im ation  o f  Eq. (21) i s  s a t i s f a c to r y .

The v o r t i c i t y  t r a n s p o r t  v 'g '  , which i s  n u m erica lly  equal to  the  

tim e r a te  o f  change o f  th e  b a s ic  c u rre n t ^  fo r  a p lan e  p a r a l l e l  flow , i soC

given  by (2 6 ) . I t  i s  found from F igure  8c th a t  th e  v o r t i c i t y  tra n s p o r t  is
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in  the  d i r e c t io n  o f n e g a tiv e  y a t  the c e n te r  p a r t  o f  the  channel and 

in  the  d i r e c t io n  o f  p o s i t iv e  y near the  b o u n d a rie s .

Rossby Waves

In  F igure  4 and 5 i t  i s  seen th a t  Rossby-Haurwitz waves ap pear

a t  a c e r ta in  w avelength L^. They a re  Rossby-Haurwitz w aves.o f th e  f i r s t
«  • #

mode. Rossby-Haurwitz waves appear in  th e  o rd e r o f  th e  number o f  modes,

as  can be seen  from the c l a s s i c a l  frequency r e l a t io n  o f  Rossby-Haurwitz

waves. L e t U(y) = U = 1 , U . = 0 , then  th e  frequency r e la t io n  read sniâx mxn

i l  ^4

Keeping th e  r ig h t-h a n d  s id e  c o n s ta n t, we can see  th a t  the  number o f  

modes n  in c re a se s  i f  the  w avelength L in c re a s e s . That i s ,  the  Rossby- 

Haurwitz waves o f  h ig h e r  modes w i l l  appear f i r s t  a t  la r g e r  w aveleng ths. 

F igure  30a shows the  (c^ , c ^ ) - !  diagram fo r  th e  700 MB OOOOZ A p ril 3 

wind p r o f i l e  and F ig u re  9 shows the  e ig en fu n c tio n  q> o f the  th re e  Rossby- 

Haurwitz waves fo r  th is  p r o f i l e .

S in g u la r Waves

In  a d d it io n  to  the  re g u la r  s o lu tio n s  (u n s ta b le  waves and Rossby- 

Haurwitz waves) m entioned above, th e re  a re  " s in g u la r"  o r  "continuum " 

s o lu t io n s ,  which a re  denoted by th in  s o l id  l in e s  in  F igu res 4 and 5 . 

These s o lu t io n s  correspond to  continuous e ig en v a lu es  o f  c which a re  

equal to  th e  b a s ic  c u rre n t U somewhere in  the  f i e ld  o f  flow . I t  i s  

c le a r  from Eq. (21) th a t  th ese  s in g u la r  s o lu tio n s  po ssess  d isco n tin u o u s

È£.
dy . The e ig en v a lu es  Y a t  L = 1 .0  fo r  500 MB OOOOZ A p ril 3 wind p r o f i l e
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a re  shown In  F igu re  10 in  o rd e r o f  num erical v a lu es  o f  th e  phase speed

c . The s in g u la r  waves p o ssess  r e a l  phase v e lo c i ty  which a re  eq u al to  

the  v e lo c i t i e s  o f  th e  b a s ic  c u r re n t  shown by d o ts . These waves have 

d isco n tin u o u s f i r s t  d e r iv a t iv e s  o f  cp a t  the  p o in ts ,  a lth o u g h  a  sm all 

d iscrep an cy  due to  the  co a rse  f i n i t e  d if f e r e n c e  is  observed .

The s in g u la r  s o lu tio n s  a re  b e s t  i l l u s t r a t e d  by D razin  and Howard 

(1966). They showed how to  a t ta c k  th e  i n s t a b i l i t y  problem  as  an i n i t i a l  

v a lu e  problem by th e  use  o f  F o u rie r-L ap lace  tran sfo rm s. I t  i s  found 

th a t  th e  s o lu tio n  c o n ta in s  a d is c r e te  spectrum  (re g u la r  s o lu t io n s ) ,  

which i s  the  same as  th e  normal mode s o lu t io n ,  and a» continuum  spectrum  

(s in g u la r  s o lu t io n s ) . Case (1960) and D ik ii  (1960) have in d ic a te d  th a t  

the  in te g r a l  over the  continuum spectrum  decays l ik e  1 / t ,  so the  d i s 

c re te  spectrum  a lo n e  i s  a s s o c ia te d  w ith  th e  i n s t a b i l i t y .  Thus, in  

seek ing  a c r i t e r io n  fo r  i n s t a b i l i t y ,  we may u se  the  method o f  normal 

modes and ignore  th e  continuum spectrum . The s in g u la r  o r  continuum 

s o lu tio n s  correspond to  continuous e ig en v a lu es  o f c which a re  equal 

to  U somewhere in  the  f i e ld  o f  flow . Case (1960) has shown th a t  th e se  

continuum modes a re  needed to  form a com plete s e t  o f  s o lu t io n s  fo r  

a r b i t r a r y  i n i t i a l  d is tu rb a n c e s . B ut, as noted  above, we can proceed 

w ith  the  normal mode s o lu t io n  and ignore  th e  continuum mode. I t  should 

be remarked th a t  th e  s in g u la r  waves shown in  F ig u res  4 and 5 would form 

a con tinuous spectrum  o f  phase v e lo c i t i e s  when the  number o f  s u b d iv i

s io n s  N i s  in c re a se d  to  i n f i n i t y ,  i . e . ,  on ly  the  u n s ta b le  waves and 

Rossby-Haurwitz waves a re  d is t in g u is h a b le .

F in a l ly ,  l e t  us d is c u s s  some im portan t fe a tu re s  o f  (c ^ , c ^ ) - l  

d iagram s. I t  i s  found th a t
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a .  c ^ -c u rv e s , i . e . ,  th e  curves = c ^ (L ), fo r  s in g u la r  s o lu 

tio n s  r a r e ly  c ro ss  each o th e r ,  however, they may c ro ss  th e  c^-cu rvea  

fo r  u n s ta b le  waves.

b . The s in g u la r  waves o f  f i r s t  mode in  g en e ra l t r a v e l  mor^. 

slow ly  than  those o f  h ig h e r  modes.

c .  For the  u n s ta b le  waves con tiguous to  Rossby-Haurwitz w aves, 

the g ra d ie n t o f  c^ w ith  r e s p e c t  to  L, i . e . ,  f ^ |  i s  l a r g e r ’.

d . The c^ -cu rv es  f o r  th e  s in g u la r  s o lu t io n s  tend  to  d ec rease  

as th e  w avelength L in c re a s e s ,  i f  they  do n o t c ro s s  each o th e r  o r th e  

c^ -cu rv es  fo r  th e  u n s ta b le  waves. However, when they  c ro ss  the  c^- 

curves fo r  u n s ta b le  w aves, t h e i r  s lo p e  may in c re a se  as  L in c re a s e s .

I f  they  c ro ss  the  u n s ta b le  c^ -cu rv es  a t  la rg e  a n g le s , th en  i t  i s  p o s s ib le  

th a t  th e re  i s  a d is c o n t in u i ty  in  th e  s lo p e  o f th e  c^(L) fo r  th e  c o r r e s 

ponding u n s ta b le  w aves.

e .  Two s in g u la r  c^ -cu rv es  may converge in to  one u n s ta b le  c ^ -  

curve a t  some w avelength  L^. A lso , a t  th e  g ra d ie n t  o f  c^ fo r  

s in g u la r  waves w ith  r e s p e c t  to  L i s  i n f i n i t e  w hereas th a t  fo r  u n s ta b le  

waves i s  f i n i t e .

f .  The g ra d ie n t o f  w ith  r e s p e c t  to  L in  the  v i c in i t y  o f  th e  

lower c r i t i c a l  w avelength  and upper c r i t i c a l  w avelength  becomes 

i n f i n i t e ,  as proved by Yanai and N i t ta  (1968).

g. Only th o se  s in g u la r  waves th a t  a re  a s s o c ia te d  w ith  u n s ta b le  

waves, o r  th a t  c ro s s  the  u n s ta b le  w aves, have th e i r  r e a l  p a r t  o f  th e  

phase speed c^ in c re a s in g  as L in c re a s e s .



CHAPTER V

STABILITY CHARACTERISTICS OF SINE-CURVE PROFILES

In  a l a t e r  c h a p te r , we s h a l l  compare th e  i n s t a b i l i t y  charac

t e r i s t i c s  o f our a tm ospheric  wind p r o f i l e s  w ith  th o se  o f  s in e -cu rv e  

p r o f i l e s ,  so l e t  us now d is c u s s  some s t a b i l i t y  c h a r a c te r i s t i c s  o f 

w e s te r ly  c u rre n ts  (g >  0) w ith  sym m etric and an tisym m etric  s in e -cu rv e  

p r o f i l e s .

C onsider a s in e -c u rv e  p r o f i l e  g iven  by 

1
U(y) = j  (1 - c o s T r r y ) ,  0 <  y <  2 (36)

where r  i s  a measure o f  w avelength  o f  U(y) in  the  y - d i r e c t io n  and 

needs n o t be an in te g e r .  The c r i t i c a l  p o in ts  a re  found by

±  m  0 <  y* <  2

and th e  U a t  c r i t i c a l  p o in ts  by

where m is  ah in te g e r  and should  be chosen such th a t  0 < y^ < 2 . In  

o rd e r th a t  th e  g ra d ie n t  o f  a b so lu te  v o r t i c i t y  may v a n ish  somewhere in  

th e  ch an n e l, the  fo llo w in g  r e l a t i o n  should  ho ld

< 1
TT r

29
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Follow ing Kuo (1949), we determ ine  th e  c h a r a c te r i s t i c  wavenumber o f 

the  n e u tr a l  s o lu t io n  which i s  re le v a n t  to  th e  s t a b i l i t y  problem . Sub

s t i t u t i n g  U and in to  Eq. (3 4 ) , we g e t

V" = ( of - n? r% ) 9 . (37)

(37) adm its the  s o lu t io n

9  = s in  p y

where

p2 = n? r% -  o f . (38)

The boundary c o n d itio n s  cp(0) = 9 (2 ) = 0 a re  s a t i s f i e d  by

nxT
2 (39)

where n  i s  an in te g e r .  Hence from (38) and (39) the  c r i t i c a l  w avelength 

i s

L = • *

For a r e a l  n  should  be chosen such th a t  n  < 2 r .  The a cc e p tab le  

l a r g e s t  v a lu e  o f th e  in te g e r  n i s  a c tu a l ly  th e  number o f  u n s ta b le  

waves fo r  the  s in e -c u rv e  p r o f i l e .  S ince our a tm ospheric  wind p r o f i l e s  

correspond to  th e  s in e -c u rv e  p r o f i l e  (36) w ith  r  l e s s  than  2 , only th e  

case r  < 2 i s  co n sid e red  in  t h i s  s tu d y .

For th e  case  r  < 0 .5 ,  th e re  i s  no lower c r i t i c a l  w avelength  

and th e re fo re  no u n s ta b le  waves e x i s t .  For 0 .5  < r  < 1 .0  and n = 1; 

th e re  i s  one low er c r i t i c a l  w avelength  and th e re fo re  on ly  one u n s ta b le  

wave. For 1 <  r  < 1 .5  and n  = 1 , 2 ; th e re  a re  two l*^ 's and two u n s ta b le
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waves. For 1 .5  < r  < 2 and n = 1 , 2 , 3; th e re  a re  th re e  L 's  and 

th re e  u n s ta b le  w aves. For r= 0 .5 , th e  s in e -cu rv e  v e lo c i ty  p r o f i l e  i s  

a c l a s s i c a l  counter-exam ple to  the  s u f f ic ie n c y  o f  th e  c o n d itio n  fo r  

i n s t a b i l i t y  (3 0 ). th e  (c^ , c^)-L  diagram s fo r  v a rio u s  v a lu es  o f  r  

a re  shown in  F ig u re  11. I t  should be noted  th a t  fo r  non-sym m etric 

s in e -cu rv e  p r o f i l e s ,  i . e . ,  the  p r o f i le s  w ith  r  n o t equal to  an in te g e r ,  

the am plitude fu n c tio n  cp o f  the  s in g u la r  s o lu tio n s  i s  n o t symmetric o r 

an tisym m etric  ex cep t a t  th e  lower c r i t i c a l  w avelength where i t  i s  

symmetric o r  an tisy m m etric . In  a d d itio n  to  th e se  c r i t i c a l  v a lu e s  o f 

r ,  i . e . ,  those  r  equal to  0 .5 ,  1 .0 , 1 .5 , 2 .0 , e t c . ,  i t  i s  e a s i ly  seen 

from F igu re  11 th a t  th e re  a re  o th e r c r i t i c a l  v a lu e s  o f  r  which demar

c a te  the  number o f Rossby-Haurwitz waves e x is t in g  fo r  th e  s in e -cu rv e  p ro 

f i l e s .  In  F igu re  12 i s  shown the number o f u n s ta b le  waves and Rossby- 

Haurwitz waves as a  fu n c tio n  o f  r  and d im ension less  g fo r  the  s in e -  

curve p r o f i l e  (3 6 ) . With th e se  f a c ts  in  mind, we can in te r p r e t  the  

appearance o f  th e  f a l s e  u n s tab le  wave, shown in  F igure  l i d ,  fo r  the

s in e -cu rv e  p r o f i l e  (36) w ith  r  = 1 and th e  number o f  su b d iv is io n s
2̂ 2

N = 6 and U"(y) exp ressed  in  d i f f e r e n t i a l  form, i . e . ,  U"(y)= "^ ^ c o sn rjd  

in s te a d  o f  in  d if f e r e n c e  form, U"(y)= ^  ^^j+1 ^ j- 1  “ 2Uj)* Yanai

and N i t ta  (1968) have n o t been su c c e ss fu l in  an a ly z in g  the  c o n d itio n  

fo r  th e  " f a ls e "  i n s t a b i l i t y .  Indeed as we compare F igu re  l i d  w ith  

F igu re  l i e  ( r  = 1 .0 6 2 5 ), we fin d  th a t  the  main fe a tu re s  a re  the  same. 

S ince th e  r  v a lu e  o f the  p r o f i le  considered  by Yanai and N it ta  (1968) 

i s  on th e  boundary which determ ines w hether the  number o f  u n s ta b le  

wave i s  1 o r  2 , i t  i s  p o ss ib le  th a t  e r r o r s  in  th e  num erical c a lc u la 

tio n  w i l l  s h i f t  th e  v a lu e  o f  r  e x a c tly  equal to  1 to  th a t  s l i g h t ly



32

la r g e r  than  1 o r  to  th a t  s l i g h t ly  le s s  than  1. In  th é  l a t t e r  case  

th e re  a re  no fa ls e  waves s in ce  th e  number o f  u n s ta b le  waves w ith  r  = 1 

i s  the  same as th a t  w ith  r  s l i g h t l y  le s s  than 1 . In  the  form er case  

a " f a ls e "  u n s ta b le  wave ap p ea rs . A sp u rio u s  wave a ls o  appears when 

r  = 2 .0  w ith  the  number o f  su b d iv is io n s  N = 20 and U" exp ressed  in  

d i f f e r e n t i a l  form, as shown in  F ig u re  l l j .  Hence i t  i s  p o s s ib le  th a t  

a sp u rio u s  u n s ta b le  wave w i l l  appear fo r  the  s in e -cu rv e  p r o f i l e  (36) 

w ith  r  equal to  0 .5 , 1 .0 , 1 .5 , 2 .0 ,  e t c .  when num erical methods a re  

used to  c a lc u la te  th e  s t a b i l i t y  c h a r a c t e r i s t i c s .  For o th e r  v a lu es  

o f r ,  q u ite  d i f f e r e n t  from 0 .5 ,  1 .0 , 1 .5 , 2 .0 ,  e t c . ,  no f a l s e  u n s ta b le  

waves a re  re p o r te d . When U" i s  expressed  in  d if fe re n c e  form, i t  

happens th a t  the  num erical method w i l l  change th e  v a lu e  o f  r  = 1 o r 

r  = 2 to  th a t  o f  f  s l ig h t ly  sm a lle r  than  1 o r 2 r e s p e c t iv e ly ,  so th e re  

a re  no f a ls e  u n s ta b le  wave e x is t in g ,  even when the  number o f  su b d iv is io n s  

N i s  sm a ll.

I t  can be concluded th a t  fo r  th e  sm all v a lu e  o f  N, th e  num eri

c a l  c a lc u la t io n  w ith  U" expressed  in  d i f f e r e n t i a l  form w i l l  in c re a se  

th e  v a lu e  o f  r  s l i g h t l y ,  and when r  i s  equal to  0 .5 ,  1 .0 , 1 .5 ,  2 .0 ,  

a sp u rio u s  u n s ta b le  wave w i l l  appear and the s t a b i l i t y  c h a r a c te r i s t i c s  

w i l l  be changed.



CHAPTER VI

EFFECT OF SMOOl’HING OF VELOCITY PROFILES ON STABILITY CHARACTERISTICS

As s ta t e d  above, smoothing techn iques may p la y  an im portan t 

ro le  in  the  d e te rm in a tio n  o f s t a b i l i t y  c h a r a c te r i s t i c s  o f  a c tu a l  

a tm ospheric  wind p r o f i l e s .  S ince what i n t e r e s t s  us i s  the  " la rg e -  

s c a le "  i n s t a b i l i t y ,  we should  smooth the  b a s ic  c u r re n t  in  o rd e r to  

i s o l a t e  a r e s u l t  o f  p h y s ic a l s ig n if ic a n c e  and to  remove th e  i n s t a b i l i t y  

due to  th e  n o is e .  The trea tm en t o f  sm oothing and f i l t e r i n g  techn iques 

can be found in  S hap iro  (1970). F i r s t  we c o n s id e r  th e  sim ple one

d im ensional th re e  p o in t o p e ra to r

2U,) (40)

W ith smoothing elem ent <S = 0 .2 5 , th i s  sm oother w i l l  remove two g rid - 

le n g th  waves in  th e  b a s ic  c u r re n t .  I t  can be e a s i ly  shown th a t  the  

a b so lu te  v o r t i c i t y  g ra d ie n t Z s  p -  U" s a t i s f i e s  (4 0 ) , i . e . .

Zj = +  s  (Z j+ l +  Z j . l  -  z Z j) . (41)

I t  can be proved th a t  i f  and Z ^ a r e  o f  th e  same s ig n  and Z  ̂ i s  

o f  o p p o s ite  s ig n  to  and Z y ^ ,  th en , w ith  S = 0 .2 5 ,  i f

|Zjl < k  IZj+X +Zj-ll

the  smoothed Z^ w i l l  be o f  the  same s ig n  as  Zy^^ and Z ^ T h a t  i s  ^

33
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the  two c r i t i c a l  p o in ts  w i l l  be smoothed o u t. We may tak e  |Z j^^  + Z j_^ |

- 2 |Z j |  as the  s tre n g th  o f th e  two c r i t i c a l  p o in ts  a g a in s t  the  sm oothing. 

I f  th i s  s t r e n g th  i s  p o s i t iv e ,  then  th e  two c r i t i c a l  p o in ts  w i l l  d isap p e a r 

a f t e r  the  b a s ic  c u r re n t  i s  smoothed once w ith  th e  smoothing elem ent 5=0.25. 

I f  i t  i s  n e g a tiv e , then  th e  two c r i t i c a l  p o in ts  w i l l  s t i l l  e x i s t  a f t e r  

sm oothing.

I t  i s  ap p a ren t th a t  rep ea ted  a p p lic a t io n s  o f  th e  sim ple sm oother 

(40) would be u n d e s ira b le  because o f  ex cessiv e  damping o f  even medium and 

long waves in  the  b a s ic  c u r r e n t .  In  f a c t ,  i t  would be d e s i r a b le  to  leave  

waves lo n g e r than  s e v e ra l  g r id le n g th s  r e l a t iv e ly  u n a ffe c te d . I t  i s  p o ss

i b l e ,  by combining s e v e ra l  smoothing e lem en ts , to  d esig n  a f i l t e r i n g  

o p e ra to r  to  s u i t  s p e c i f ic  re q u ire m e n ts . S uccessive  a p p l ic a t io n  o f  two 

sm oothing o p e ra to rs  o f  th e  form o f  Eq. (40 ), w ith  sm oothing elem ents 

= 0 .2 5 , Sg = -0 .2 5  w i l l  produce s ig n i f i c a n t ly  le s s  damping o f  the  

in te rm e d ia te  w aveleng ths.

I t  i s  e a s i ly  seen  th a t  sm oothing tends to  d e c rea se  th e  sh e a r  o f  

th e  b a s ic  c u rre n t and th e re fo re  make th e  b a s ic  c u r re n t  more s t a b l e .  In  

o th e r  w ords, i t  w i l l  d ec rea se  the  upper c r i t i c a l  w avelength  o f  an  un

s ta b le  wave, s in c e  th e  Rossby-H aurw itz wave can be more e a s i ly  m ain ta ined  

when th e  sh e a r  i s  sm a ll. Smoothing w i l l  a ls o  d ec rea se  th e  im aginary  p a r t  

o f  phase speed ĉ  ̂ and , th e re fo re ,  th e  growth r a t e .  Smooüiing w i l l  a ls o  

in c re a s e  th e  low er c r i t i c a l  w avelength  fo r  s t a b i l i t y .

In  o rd e r to  study  th e  e f f e c t  o f  smoothing f u r th e r ,  l e t  us con

s id e r  th e  symmetric s in e -c u rv e  p r o f i l e  U(y) = % (1-cos TT r  y ) , r  = 1 ,

0 < y < 2 , which h as  been examined n u m erica lly  by Yanai and N i t ta  (1968). 

F ig u re  I3 a  i s  the  (c ^ , c^)-L  diagram  fo r  the above p r o f i l e ,  excep t 

a l l  the  d i g i t s  p a s t  the  hundred th  were tru n c a ted  when th e  num erical
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v a lu es  o f  U(y) a t  th e  g r id  p o in ts  were computed. I t  i s  found th a t  a 

sp u rio u s  u n s ta b le  wave ap p ea rs  from the  w avelength  L »  2 to  L w 13. 

However, as  shown in  F ig u re  13b, a f t e r  ap p ly in g  th e  o p e ra to r  (4 0 ), the  

u n d e s ira b le  u n s ta b le  wave d is a p p e a rs , a lth o u g h  th e re  i s  a  s l i g h t  change 

o f  phase v e lo c i t i e s  and low er and upper c r i t i c a l  w aveleng ths, a s  shown 

in  Tables 2 and 3 , I t  seems th a t  sm oothing i s  a  pow erful techn ique to  

e lim in a te  th e  u n d e s ira b le  u n s ta b le  waves due to  the  tru n c a tio n  e r r o r s  

o r e r ro r s  in h e re n t in  the  f i n i t e  d if f e r e n c e  scheme. This enab les us 

to  o b ta in  a  r e s u l t  o f  p h y s ic a l  s ig n if ic a n c e .  The o ccu rrence  o f  th e  un

d e s ir a b le  u n s ta b le  wave shown in  F ig u re  13a may be in te r p r e te d  by th e  

f a c t  th a t  a  s l i g h t  change o f  num erical v a lu e s  o f  U fo r  th e  p r o f i l e  w ith  

r  = 1 w i l l  s h i f t  i t s  s t a b i l i t y  c h a r a c te r i s t i c s  in to  th o se  fo r  the  p ro 

f i l e  w ith  r  s l i g h t l y  l a r g e r  than  one, a s  s ta te d  in  th e  l a s t  c h a p te r . 

T h e re fo re , i t  i s  p o s s ib le  th a t  the  e f f e c t  o f  smoothing w i l l  reduce th e

a c tu a l  v a lu e  o f  r  fo r  th e  s in e -c u rv e  p r o f i l e .  For the  s in e -c u rv e  p ro -
1

f i l e  (36) w ith  r  = i t  i s  found th a t  th e  p r o f i l e  i s  s t i l l  s ta b le  a f t e r  

i t  was smoothed once o r tw ice  (Sj  ̂ = 0 ,2 5  = S g).

L e t us now c o n s id e r  th e  e f f e c t  o f  smoothing o f  th e  a c tu a l  

a tm ospheric  wind p r o f i l e s .  Take th e  wind p r o f i l e  a t  500 MB, OOOOZ 

A p ril 3 , f o r  in s ta n c e . As m entioned above, in  C hapter IV, th e re  a re  

f iv e  u n s ta b le  waves fo r  t h i s  wind p r o f i l e ,  w hich a r e  in  such a  c h a o tic  

manner th a t  we a re  n o t a b le  to  t e l l  th e  u n s ta b le  waves o f  p h y s ic a l 

s ig n if ic a n c e  from o th e r  "u n d e s ira b le "  waves due to  t ru n c a tio n  e r ro r s  

o r  p o s s ib ly  due to  e r r o r s  in h e re n t in  th e  f i n i t e  d if f e r e n c e  a p p ro x i

m ation . The (Cp, c^)-L  diagram  fo r  th i s  p r o f i l e  has been shown in  

F igure  5 . A f te r  th e  p r o f i l e  i s  smoothed one tim e (S^ = 0 .2 5 ) ,  th e re  

rem ain on ly  two u n s ta b le  w aves, as shown in  F ig u re  14a, and th e  u n s ta b le
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wave which e x i s t s  a t  i n f i n i t e  L b e fo re  smoothing i s  no lo n g er p re se n t 

in  th i s  f ig u r e .  There i s  a ls o  some com bination o f  u n s ta b le  waves.

I h i s  (Cp, c^)-L  diagram  re p re se n ts  a  " b e t te r "  c o n f ig u ra tio n  s in c e  the  

i n s t a b i l i t y  due to  s h o r te r  waves in  the  b a s ic  c u rre n t has been sup

p re s se d . I f  we apply  the  smoothing tw ice w ith  = Sg = 0 .2 5 , th e re  

rem ains only one u n s ta b le  wave, as  shown in  F igure  14b. The r e a l  

p a r t  o f  the  phase v e lo c i ty  c^ fo r  th i s  u n s ta b le  wave d ecreases  to  zero  

v e ry  qu ick ly  as  the  w avelength L in c re a se s  and i t  becomes a  Rossby- 

Haurwitz wave a t  a c e r ta in  w avelength L^. Only th i s  u n s ta b le  wave 

i s  o f  p h y s ica l s ig n if ic a n c e  and re p re se n ts  a " la rg e - s c a le "  i n s t a b i l i t y .  

There i s  o f  course  a s l i g h t  change in  th e  c r i t i c a l  w avelengths and 

growth r a te s ,  as  shown in  Table 4 .

In  F igure  14c i s  shown th e  (c^ , c^)-L  diagram  fo r  th i s  p r o f i l e  

smoothed tw ice w ith  smoothing elem ents = -Sg = 0 .2 5 . In  t h i s  case  

th e re  a re  two u n s ta b le  w aves, s in c e  th e  two c r i t i c a l  p o in ts  c lo se  to  

each o th e r can n o t be smoothed o u t by su ccess iv e  a p p l ic a t io n  o f  two 

smoothing o p e ra to rs  o f th e  form o f  Eq, (40) w ith  = -Sg = 0 .2 5 . 

However, the  growth r a te s  o f  u n s ta b le  waves a re  c lo s e r  to  those  fo r  

th e  nonsmoothed p r o f i l e .

In  co n c lu s io n , smoothing i s  a  pow erful technique to  determ ine 

th e  la rg e - s c a le  i n s t a b i l i t y  c h a r a c te r i s t i c s  which a re  o f  p h y s ic a l 

s ig n if ic a n c e  and to  e lim in a te  the  u n d e s irab le  waves due to  tru n c a tio n  

e r ro r s  o r  e r ro r s  in h e re n t in  th e  f i n i t e  d if fe re n c e  approx im ation . In  

o th e r  w ords, the  u n s ta b le  waves o f p h y s ica l s ig n if ic a n c e  can be id e n t i 

f ie d  by th e i r  i n s e n s i t i v i t y  to  sm oothing.



CHAPTER VII

STABILITY CHARACTERISTICS OF VELOCITY PROFILES EXTENDING TO INFINITY

The q u e s tio n  n a tu r a l ly  a r i s e s  as to  the  e f f e c t  o f  ex tend ing  

the boundaries to  i n f i n i t y  on the s t a b i l i t y  c h a r a c t e r i s t i c s .  F ig u re  

15 shows the  symmetric and an ti-sy m m etric  s in e -c u rv e  v e lo c i ty  p r o f i l e s  

w ith in  a  ch an n e l, and those  ex tend ing  to  i n f i n i t y .  The l a t t e r  have 

the  same s in e -c u rv e  v e lo c i ty  p r o f i le s  as  g iven by

U(y) = % (1 - cos IT r  y) r  = %, 1

in  th e  c e n t r a l  b e l t  0 < y < 2 and a re  co n s ta n t o u ts id e  th i s  b e l t .  This

w i l l  in  g en e ra l tend to  in c re a se  the  i n s t a b i l i t y ,  s in c e  the  sh ea r w i l l  

in c re a se  s l i g h t ly  and the  boundaries which p rev en ted  th e  momentum t r a n s 

p o r t  n ece ssa ry  to  m a in ta in  u n s ta b le  d is tu rb a n c e s  no lo n g e r e x i s t .  Take 

the  p r o f i l e  w ith  r  = % fo r  in s ta n c e . This p r o f i l e  (F ig u re  15c) i s

s ta b le  i f  i t  i s  in  a channel w ith  boundaries a t  y = 0 and 2 , w h ile  the

p r o f i l e  (F igu re  I5d)

U(y) = % (1 - cos 0 < y < 2

U(y) = 0 y < 0

U(y) = 1 y > 2

i s  u n s ta b le  ( e .g .  see  Yanai and N i t ta ,  1968). The p r o f i l e  U(y) = %

(1 - cos TT y ) ,  0 < y < 2 , shown in  F ig u re  15a i s  more s ta b le  than  the  

fo llow ing  p r o f i l e ,  p lo t te d  in  F igu re  15b
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U(y) = % (1 -  cos TT y) 0 < y < 2 

U(y) = 0 y < o ,  y > 2

F urtherm ore , th e  p r o f i l e  in  F ig u re  l5b  has two u n s ta b le  w aves, w h ile  

th e  p r o f i l e  in  F igu re  15a has only  one u n s ta b le  wave (e .g .  see  Yanai 

and N i t ta ,  1968). The in c re a se  in  th e  number o f  u n s ta b le  waves may 

a ls o  be in te rp re te d  by the f a c t  th a t  th e  ex ten s io n  o f th e  boundaries 

may in c re a se  th e  a c tu a l  r  s l i g h t ly .

Now l e t  us co n sid e r our a tm ospheric  wind p r o f i l e s .  A g lance  

a t  th e  w eather maps (F igure 46 , 47, 48 and 49) fo r  the  le v e ls  and tim e 

co n sidered  in  th is  study  shows th a t  th e  atm osphere below th e  lo w er(so u th - 

e a s te rn )  boundary, i . e . ,  over th e  G ulf o f  Mexico and A tla n t ic  Ocean sou th  

and so u th e a s t o f  F lo r id a , was q u i te  i n e r t .  The p re s su re  and wind f ie ld s  

d id  n o t change v e ry  much as  compared to  th o se  over the  U .S. c o n tin e n t .

I t  seems th a t  we may g e t a more r e a l i s t i c  r e s u l t  o f  s t a b i l i t y  c h a r a c te r 

i s t i c s  i f  we extend  th e  lower boundary to  i n f i n i t y  w ith  the  v a lu e s  o f  

the  v e lo c i ty  o u ts id e  the  o r ig in a l  boundary equal to  the  v a lu e s  on th i s  

boundary. Then th e  wind p r o f i l e  w i l l  c o n s is t  o f  a  sh ear b e l t  in  the  

reg io n  0 < y  <  2 and a  co n s tan t wind b e l t  fo r  y < 0 . S ince we do n o t 

want wind p r o f i l e s  which have a d is c o n t in u i ty  in  U '(y ) ,  we had b e t t e r  

u se  smoothing techn iques to  e lim in a te  th i s  u n d e s ira b le  d is c o n t in u i ty .

For e a s ie r  m an ip u la tio n  o f num erical c a lc u la t io n  we p la ce  th e  low er 

boundary a t  y = -1 , i . e . ,  we add te n  g r id  p o in ts  o u ts id e  the  sh e a r  zone 

to  21 g r id  p o in ts  w ith in  the  sh ea r zone, and use  th e  same boundary con

d i t io n ,  i . e . ,  (p = 0 a t  y = - 1 .

F ig u re  16a shows the  ( c ^ ,c p - L  diagram  fo r  the  500 MB OOOOZ 

A p ril 3 wind p r o f i l e  ex tend ing  to  i n f i n i t y  and smoothed once and
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F ig u re  16b fo r  th a t  p r o f i l e  ex ten d in g  to  i n f i n i t y  and smoothed tw ice . 

When we compare F igu re  16a and 16b w ith  F ig u re  14, I t  I s  found th a t  the  

o v e ra l l  f e a tu re s  o f  (c^,Cj^)-L diagram  do n o t change v e ry  much. The un

s ta b le  wave con tiguous to  th e  Rossby-H aurw itz wave Is  n o t s e n s i t iv e  to  

th e  e x te n s io n  o f  th e  low er boundary, w h ile  th e  u n s ta b le  wave e x is t in g  

even a t  I n f i n i t e  L rem ains a f t e r  moving th e  low er boundary from y = 0 

to  y = -1 . This u n s ta b le  wave Is  I n s e n s i t iv e  to  sm oothing In  c o n tr a s t  

to  th e  case  fo r  the  bounded wind p r o f i l e .  P r a c t i c a l ly  speak ing , th is  

u n s ta b le  wave I s  n o t Im portan t s in c e  I t s  growth r a te s  a re  sm all as com

pared to  those  o f  th e  u n s ta b le  wave con tiguous to  th e  Rossby-Haurwitz 

wave. There a re  many ( th e o r e t ic a l ly  I n f i n i t e )  s in g u la r  s o lu tio n s  which 

o r ig in a te  from th e  co nstan t-w ind  b e l t  (Yanai and N i t t a ,  1968). This 

can be e a s i ly  seen  from Eq. (2 1 ). As a  I . e . ,  L -*'0

(U -  c) cp = 0

o r
c = U

which s t a t e s  th a t  as L -* 0 , th e  phase speed i s  eq u a l to  th e  b a s ic  

c u r re n t  a t  th e  g r id  p o in ts .  These s in g u la r  c ^ -c u rv e s , o r ig in a t in g  

from th e  con stan t-w ln d  b e l t ,  d en se ly  cover a  p o r t io n  o f  th e  (c^^c^)-L  

diagram . I t  I s  a ls o  found th a t  no u n s ta b le  waves a r e  contiguous to  th e  

s in g u la r  waves which o r ig in a te  from th e  co n stan t-w ln d  b e l t .  The s in g u 

l a r  waves which o r ig in a te  from th e  co n stan t-w ln d  alw ays become a Rossby- 

Haurw itz wave I f  th e  co n stan t-w lnd  speed I s  c lo se  to  zero  (Yanai and 

N i t t a ,  1968). I t  I s  a ls o  found th a t  th e  growth r a te s  fo r  the  sem l- 

I n f l n l t e  wind p r o f i l e  I s ,  In  g e n e ra l , l a r g e r  than  those  fo r  th e  c o r re s 

ponding bounded p r o f i l e ,  as  shown In  Table 4 , Thus, the  e x ten s io n  o f
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the  boundary w i l l  tend to  in c re a s e  th e  i n s t a b i l i t y  in  the  sen se  th a t  i t  

w i l l  in c re a s e  th e  growth r a te s  o f  an  u n s ta b le  wave in h e re n t in  a bounded 

p r o f i l e  and produce a d d i t io n a l  u n s ta b le  waves.

In  F ig u re  17 i s  shown a  com parison o f  th e  am plitude  fu n c tio n s  

cp o f  u n s ta b le  waves fo r  th e  500 MB OOOOZ A p ril 3 wind p r o f i l e  ( s o l id  

l in e s )  w ith  th ose  fo r  th e  co rrespond ing  extended p r o f i l e  (d o tted  

l i n e s ) .  In  F ig u re  18 i s  shown th e  (cp| o f  an u n s ta b le  wave a t  v a rio u s  

w avelengths fo r  the  extended 500 MB OOOOZ A p ril 3 wind p r o f i l e .  I t  

i s  found th a t  the  am plitude  o f u n s ta b le  waves i s  confined  in  th e  sh ea r 

b e l t  0 <  y < 2 . The g e n e ra l f e a tu re s  o f th e  am plitude do n o t change 

much w ith in  th e  sh ea r b e l t  a f t e r  th e  e x ten s io n  o f  th e  lower boundary 

from y = 0 to  y = -1 . The d is tu rb a n c e  stream  fu n c tio n s  o f  th e  most un

s ta b le  wave ( a t  L = 2 .6 )  f o r  th e  500 MB OOOOZ A p ril  3 in  a channel and 

the  co rrespond ing  extended p r o f i l e  a r e  shown in  F ig u re  19. The c e n te rs  

o f  cy lo n ic  and a n t ic y c lo n ic  v o r t i c i t y  a re  marked by C and A. The dashed 

l in e  shows th e  trough and r id g e  l i n e s ,  where v '  v a n ish e s . The stream - 

fu n c tio n s  cover one w avelength in  x . The s tre a m lin e s  a re  drawn a t  

equal in te r v a ls  on an a r b i t r a r y  s c a le .  There i s  on ly  one c y c lo n ic  

v o r t i c i t y  c e n te r  and one a n tic y c lo n ic  v o r t i c i t y  c e n te r  in  one wave

le n g th , s in c e  the  am plitude  |cp| has  on ly  one maximum fo r  t h i s  u n s ta b le  

wave, shown in  F igu re  17a. I t  i s  found th a t  fo r  bo th  cases  th e  maxi

mum am plitude  o f  th e  d is tu rb a n c e  occu rs  a t  y = 1 . The lo c a t io n  o f 

cy c lo n ic  and a n tic y c lo n ic  v o r t i c i t y  c e n te rs  and the  an g le  o f  t i l t  0 do 

n o t change much a f t e r  th e  e x te n s io n  o f  th e  lower boundary to  y  = - 1. 

However, th e  am plitude  o f  th e  d is tu rb a n c e s  fo r  the  ex tended p r o f i l e  i s  

la r g e r  than  th a t  fo r  th e  bounded p r o f i l e .  This a g a in  in d ic a te s  th a t  

the  e x te n s io n  o f lower boundary to  i n f i n i t y  ( a c tu a l ly  to  y = -1 fo r
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num erical c a lc u la t io n s )  tends to  In c re a se  the  degree o f  I n s t a b i l i t y .

The num erical v a lu e s  o f  momentum tra n s p o r t  u 'v  , v o r t i c i t y  tra n s p o r t

auv 'G ',  and the  tim e r a t e  o f  change o f  mean momentum ~  a re  shown in  

Table 5 fo r  both  c a se s . I t  i s  found th a t  the  d i r e c t io n  o f  momentum 

and v o r t i c i t y  t r a n s p o r t  i s  th e  same in  th e  sh ea r b e l t  fo r  bo th  c a se s . 

However, the m agnitudes o f  th e  tra n s p o r ts  a re  in te n s i f ie d  due to  the  

ex ten s io n  o f  the  low er boundary. In  the  constan t-w ind  b e l t ,  th e re  were 

p o s i t iv e  momentum tra n s p o r t  and n e g a tiv e  v o r t i c i t y  t r a n s p o r ts ,  the  mag

n itu d e s  o f  which a re  n e g lig ib ly  sm all. The tim e r a te  o f  change o f  the  

mean-flow k in e t ic  energy fo r  th e  bounded p r o f i l e  i s  -7 .0940 , w h ile  th a t  

fo r  the  extended p r o f i l e  i s  -10 .7061 . From th e  above f a c t s ,  i t  i s  con

cluded th a t  the  ex ten s io n  o f  the  lower boundary w i l l  in c re a se  th e  degree 

o f  i n s t a b i l i t y .

The am plitude o f  th e  a d d i t io n a l  s in g u la r  waves due to  th e  ex ten 

s io n  o f  the  low er boundary to  " in f in i t y "  i s  confined  to  the  c o n s ta n t-  

wind b e l t ,  w h ile  th e  am plitude  o f  the  o r ig in a l  s in g u la r  waves i s  con

fined  to  the  sh e a r  b e l t .  Thus, i t  i s  easy to  id e n t i f y  the  a d d it io n a l  

s in g u la r  waves due to  the  e x ten s io n  o f  the  lower boundary from th e  o r ig i 

n a l s in g u la r  waves fo r  the  bounded wind p r o f i l e .  From F igure  20 we see  

th a t  th i s  i s  the  c a se . These s in g u la r  waves p ossess  d isco n tin u o u s f i r s t  

d e r iv a tiv e s  o f cp a t  some p o in ts  where t h e i r  phase v e lo c i t i e s  a re  equal 

to  th e  v e lo c i t i e s  o f  the  b a s ic  c u r re n t .  For l a r g e r  c^ th i s  s in g u la r  

b ehav io r can be seen  from th e  f ig u r e ,  w h ile  fo r  sm alle r c^ , on ly  one o f 

th e  d is c o n t in u i t ie s  i s  v i s i b l e  in  th e  f ig u r e .  The a d d it io n a l  s in g u la r

waves have th e i r  ^  d isco n tin o u s  in  th e  constan t-w ind  b e l t  and a re  r e -  dy
f le e te d  in  the  f ig u re  as  z igzags in  the  cp.

I t  should be no ted  th a t  one o f  th e  ten  a d d it io n a l  s o lu tio n s  cp 

i s  a Rossby-Haurwitz wave, whose phase speed i s  n e g a tiv e . The am plitude
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fu n c tio n  9  o f  th is  Rossby-Haurwitz i s  confined  in  th e  constan t-w ind  

b e l t .  As L in c re a s e s ,  the  am plitudes tend to  sp read  in to  the  shear 

b e l t .  In  F igure  21b a re  shown the  cp o f  Rossby wave o f th i s  type fo r  

su ccessiv e  w aveleng ths. I t  can be seen th a t  fo r  L > 5 .4  th e  maximum 

am plitude i s  s h if te d  in to  the  sh ea r b e l t .

The o r ig in a l  Rossby-Haurwitz wave, i . e . ,  t h a t  in h e re n t in  a 

bounded p r o f i l e ,  w i l l  change th e  number o f modes from one to  two. This 

Rossby-Haurwitz wave, which i s  contiguous to  an u n s ta b le  wave, i s  con

fin ed  to  th e  sh ea r b e l t .  As L in c re a se s  i t  tends to  spread  in to  the  

co n stan t wind zone, in  c o n tra s t  to  the  Rossby-Haurwitz wave due to  the  

ex ten s io n  o f  the low er boundary. This can be seen from F igu re  21a.

In  co n c lu s io n , th e  ex ten s io n  o f  the  lower boundary to  " in f in i t y "  

w i l l  in c re a se  the  degree o f i n s t a b i l i t y  fo r  a v e lo c i ty  p r o f i l e .  How

ev e r , th e  g en era l p a t te rn s  o f  th e  s tre am lin e s  o f  th e  u n s ta b le  wave and 

the (C j.,c£)-L  diagram  do n o t change much fo r  the  extended wind p r o f i le s  

as compared to  the  corresponding  bounded wind p r o f i l e s .  As a lread y  

n o ted , we s h a l l  g e t a more p h y s ic a lly  m eaningful r e s u l t  i f  we extend 

the lower boundary to  i n f i n i t y  s in ce  th e  observed atm ospheric  flow fo r  

our study  below th e  lower boundary was q u i te  i n e r t .



CHAPTER VIII

DISCUSSION ON THE STABILITY CHARACTERISTICS OF EACH WIND PROFILE

In  th i s  study  the  v a lu e  o f P fo r  c a lc u la t in g  th e  s t a b i l i t y  

c h a r a c te r i s t i c s  o f  a c tu a l  atm ospheric wind p r o f i l e s  i s  assumed c o n s ta n t , 

though our r e s u l t s  have sim ple e x ten s io n s  fo r  the  more g en era l fu n c tio n  

p (y ) . The d im ensional P i s  taken a t  l a t i t u d e  36°. The domain of. th e  

atm osphere co n sid ered  in  th is  study  i s  shown in  F igure  46 , 47, 4 8 , and 

49. We chose 23 x  35 g r id  p o in ts  in  th i s  domain and on the  b o u n d arie s . 

Only 21 X 33 v a lu es  o f u were o b ta in e d . Thus, we had 21 v a lu es  o f  U (y). 

Most o f  our c a lc u la t io n s  were based on a bounded p r o f i l e ,  i . e . ,  we 

assumed th e  a tm ospheric  m otions o ccu rred  in  a  channel bounded by two 

r ig id  w a l ls .  This w i l l  in  g en era l u n d e re stim a te  the  growth r a t e s .  For 

the  extended p r o f i l e  we> add ten  g r id  p o in ts  in  the b e l t  0 < y <  - 1 .

The g r id le n g th  i s  95.2 km. Thus i t  i s  n o t f e a s ib le  to  r e f in e  th e  mesh 

and use a  la r g e r  v a lu e  o f N. In  th e  fo llo w in g  we s h a l l  d isc u ss  th e  

s t a b i l i t y  c h a r a c te r i s t i c s  o f  each wind p r o f i l e .

850 MB OOOOZ A p ril 3 

This p r o f i l e  has th re e  c r i t i c a l  p o in ts ,  as  denoted by b la c k  

d o ts  in  F ig u re  22b. There a re  s ix  u n s ta b le  waves, as can be seen  in  

th e  (Cj.,Cj^)-L diagram  in  F igure  24a. Of th e  fo u r " i s o la te d ” u n s ta b le  

waves, th re e  a re  p o s s ib ly  " sp u rio u s” waves due to  the  tru n c a tio n  e r r o r s  

o r  e r ro r s  in h e re n t in  the  f i n i t e  d if f e r e n c e  approx im ation . They a re
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o f  no p r a c t i c a l  im portance s in c e  th e i r  c ^ a r e  v e ry  sm all. The (Cj.,Cj^)-L 

diagram  fo r  smoothed p r o f i l e  (Sj  ̂ = -Sg = 0 .2 5 ) i s  shown in  F ig u re  24c, 

in  which th e re  rem ain only fo u r u n s ta b le  w aves. This p r o f i l e  i s  q u i te  

u n s ta b le  and no Rossby-Haurwitz wave e x i s t s .  However, s in c e  th e  sh ea r 

i s  sm all (see  F igu re  2 2 a ), the  l a r g e s t  grow th r a t e  i s  only  0 . 176/day, 

as shown in  F ig u re  23, co rrespond ing  to  an e - fo ld in g  tim e o f  5 .68  days 

a t  th e  most p re fe r re d  w avelength L = 3 .8  (3619 km). The d is tu rb a n c e  

stream  fu n c tio n  o f the  most u n s ta b le  wave i s  shown in  F igu re  24b.

850 MB 1200Z A p ril  3 

This p r o f i l e  has on ly  one c r i t i c a l  p o in t lo c a te d  a t  y = 0 .36  

w ith  = 0 .074 and on ly  one u n s ta b le  wave from L = 1 .3  to  L = 6 .0 9 , 

where i t  becomes a  Rossby-Haurwitz wave (F ig u re  2 5 a ). T his p r o f i l e  i s  

s im i la r  to  th e  s in e -c u rv e  p r o f i l e  (36) w ith  r  = 0 .75  and th e  s t a b i l i t y  

c h a r a c t e r i s t i c s  a re  th e  same as  th e  co rresp o n d in g  s in e -c u rv e  p r o f i l e ,  

i . e . ,  i t  has only  one u n s ta b le  wave and one Rossby-Haurwitz wave. The 

l a r g e s t  growth r a te  i s  0 .078/day (F igure  2 3 ) , co rrespond ing  to  an e -  

fo ld in g  tim e o f  12.85 days a t  th e  most p re fe r r e d  w avelength L = 3 .0  

(2857. km). Ih e  d is tu rb a n c e  s tream  fu n c tio n  o f  th e  most u n s ta b le  wave 

i s  shown in  F ig u re  25b.

850 MB OOOOZ A p ril  4 

This p r o f i l e  has one c r i t i c a l  p o in t  lo c a te d  a t  y = 0 .27  w ith  

= 0 .1 3 . The c r i t i c a l  p o in t i s  c lo se  to  th e  lower boundary and i t s  

i s  sm all a s  compared to  1 . For th i s  type  o f  v e lo c i ty  p r o f i l e ,  th e  

c ^ a r e ,  in  g e n e ra l , v ery  sm all. Only one u n s ta b le  wave e x i s t s  between
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L -  3 .16  to  L °  6.36 where I t  becomes a Rossby-H aurw itz wave, as  can 

be seen  from the  (c r,C £ )-L  diagram  in  F ig u re  26a. This p r o f i l e  i s  

s im ila r  to  the  s in e -cu rv e  p r o f i l e  (36) w ith  r  = 0 .75  and th e  s t a b i l i t y  

c h a r a c te r i s t i c s  a re  s im i la r .  The growth r a t e  i s  0 .066/day , co rrespond

ing to  an e - fo ld in g  tim e o f  15.20 days a t  th e  most p re fe r re d  w avelength  

L = 4 .8  (4572 km). The d is tu rb a n c e  stream  fu n c tio n  o f th e  most u n s ta b le  

wave i s  shown in  F igu re  26b.

850 MB 1200Z A p ril  4 

This p r o f i l e  h as  two c r i t i c a l  p o in ts  a t  y^ = 0 .17  and y^ = 1 .8 8 , 

v ery  c lo se  to  th e  b o u n d a rie s , w ith  co rrespond ing  = 0 .14  and = 0.049 

re s p e c t iv e ly .  S ince th e  c r i t i c a l  p o in ts  a re  c lo s e  to  th e  boundary and 

the  U ^ 's a re  sm a ll, we expec t a sm all c^ f o r  t h i s  p r o f i l e .  There a re  

th re e  u n s ta b le  waves and two Rossby-Haurwitz waves fo r  th i s  p r o f i l e  

(F igure  2 7 a ). The maximum growth r a te  i s  0 .029/day , co rrespond ing  to  

an e - fo ld in g  time o f 33.50 days a t  th e  most p re fe r re d  w avelength  L=1.6 

(1524 km). The smoothed p r o f i l e  becomes s ta b le  w ith  no c r i t i c a l  p o in t .  

The d is tu rb a n c e  s tream fu n c tio n  o f  th e  most u n s ta b le  wave i s  shown in  

F igure  27b.

700 MB OOOOZ A p ril 3 

This p r o f i l e  h as  one c r i t i c a l  p o in t lo c a te d  a t  y^ = 1 .88  w ith  

corresponding  = 0 .74  (F igure  2 8 ). The c r i t i c a l  p o in t i s  c lo se  to  

the  upper boundary and i s  lo c a te d  in  a  reg io n  where th e  sh ea r i s  sm a ll.

I t  i s  e a s i ly  seen th a t  the  c^ o f th e  u n s ta b le  wave fo r  t h i s  p r o f i l e  

i s  v ery  sm all. There a re  th re e  Rossby-H aurw itz waves and one u n s ta b le  

wave, as shown in  F igu re  30a. The maximum growth r a t e  i s  O .O ll/day
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(F igure  2 9 ), co rrespond ing  to  an e - fo ld in g  tim e o f 85.38 days a t  the  

most p re fe r re d  w avelength  L = 1 .6  (1524 km). The smoothed p r o f i l e  should  

be s ta b le  s in c e  the  only  c r i t i c a l  p o in t  can e a s i ly  be smoothed o u t.

There a re  two c y c lo n ic  v o r t i c i t y  c e n te rs  and two a n tic y c lo n ic  c e n te rs  

in  th e  d is tu rb a n c e  stream  fu n c tio n  (F igure  36b) s in ce  th e  |cp| has two 

maxima (F igu re  7 ) .

700 MB 1200Z A p ril 3 

This p r o f i l e  has two c r i t i c a l  p o in ts  lo c a ted  a t  y^ = 0.19 and 

y^ = 1 .8 3 , v e ry  c lo se  to  the  bo u n d aries, w ith  co rresponding  = 0.040 

and = 0 .40  re s p e c t iv e ly .  We do n o t expec t a la rg e  growth r a te  fo r

th is  p r o f i l e .  There a re  th re e  u n s ta b le  waves (F igure  3 1 a ). One i s  con

tiguous to  a Rossby-Haurwitz wave and has a  p e c u lia r  b eh av io r , i . e . ,  

the  g ra d ie n t o f c^ w ith  re s p e c t to  L o f  th is  u n s ta b le  wave in c re a se s  L 

a t  some w aveleng ths. This p r o f i l e  corresponds to  th e  s in e -c u rv e  p ro 

f i l e  (36) w ith  r  somewhere between 0.75 to  1 .5 0 . A lso , i t s  s t a b i l i t y  

c h a r a c te r i s t i c s  a re  s im ila r  to  the  s in e -c u rv e  p r o f i l e  w ith  r  = 1 .125, 

excep t fo r  th i s  p r o f i l e  one u n s ta b le  wave i s  an " is o la te d "  one. The 

maximum growth r a te  i s  0 .018/day, co rrespond ing  to  an e - fo ld in g  tim e 

of 32.96 days a t  the  most p re fe r re d  w avelength L = 3 .6  (3429 km). The 

d is tu rb a n ce  stream  fu n c tio n  i s  shown in  F ig u re  31b.

700 MB OOOOZ A p ril 4 

This p r o f i l e  has two c r i t i c a l  p o in ts  lo c a ted  a t  y^ = 0.23 and 

y^ = 1.83 w ith  correspond ing  = 0 .19  and = 0 .5 2 . The c r i t i c a l  

p o in ts  a re  a ls o  c lo se  to  th e  b o u n d arie s . There a re  th re e  u n s ta b le  waves
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(F igure  3 2 a ), two o f which should be the  same one, as can be e a s i ly  

seen from th e  f ig u r e .  This p r o f i l e  corresponds to  the  s in e -cu rv e  p ro 

f i l e  (36) w ith  r  equal to  some v a lu e  between 0 ,75  to  1 .5 0 . Indeed , i t s  

s t a b i l i t y  c h a r a c te r i s t i c s  a re  s im ila r  to  th e  s in e -cu rv e  p r o f i l e  w ith  r  

= 1 .125 . The maximum growth r a te  i s  0 .125/day, co rresponding  to  an e -  

fo ld in g  tim e o f  7.89 days a t  w avelength L = 3 .0  (2857 km). The d i s t u r 

bance stream  fu n c tio n  i s  shown in  F igure  32b.

700 MB 1200Z A p ril 4 

This p r o f i l e  has two c r i t i c a l  p o in ts  lo c a te d  a t  y^ = 0 .44  and 

y^ = 1.76 w ith  co rrespond ing  = 0 .24  and = 0 .6 9 , r e s p e c tiv e ly .

The sh ear o f  the  p r o f i l e  n ear the  l a t t e r  c r i t i c a l  p o in t i s  sm all and 

thus the u n s ta b le  wave due to  th i s  c r i t i c a l  p o in t ,  i f  any, i s  expected 

to  c o n tr ib u te  l i t t l e  growth r a t e .  There a re  th re e  u n s tab le  waves 

(F igure  3 3 a ), one o f  which i s  obviously  sp u rio u s . The smoothed p r o f i l e  

has two u n s ta b le  w aves, (F igure  3 3 c). One o f the  o r ig in a l  u n s ta b le  waves 

has been e lim in a te d  by sm oothing. The m axim a growth r a te  fo r  th e  non

smoothed p r o f i l e  i s  0 . 055/day, corresponding  to  an e - fo ld in g  tim e o f 

18.11 days a t  th e  most p re fe r re d  w avelength L = 4 .8  (4572 km). The 

d is tu rb a n ce  stream  fu n c tio n  o f  the  most u n s ta b le  wave i s  shown in  F igure  

33b.

500 MB OOOOZ A p ril 3 

This p r o f i l e  has been d iscu ssed  p re v io u s ly . The e - fo ld in g  tim e 

o f  the  most u n s ta b le  wave, and the  most p re fe r re d  w avelength a re  shown 

in  Table 8 . This p r o f i l e  i s  q u ite  s im ila r  to  the  s in e -cu rv e  p r o f i l e  

(36) w ith  r  la 0 .9 , i f  we exclude the two c r i t i c a l  p o in ts  too  c lo se  to
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each o th e r .  And the " t ru e "  s t a b i l i t y  c h a r a c te r i s t i c s  a re  s im ila r  to  

those fo r  th e  s in e -cu rv e  p r o f i l e  w ith  r  = 0 .9 , i . e . ,  on ly  one u n s ta b le  

wave and one Rossby-Haurwitz wave.

500 MB 1200Z A p ril 3 

This p r o f i l e  has th re e  c r i t i c a l  p o in ts  a t  y^ = 0 .2 3 , y^ = 0 .39  

and y = 1 .5 3 , w ith  co rrespond ing  U = 0 .6 0 , U = 0.71 and U„ = 0 .4 0 ,H ^ H ^

re s p e c tiv e ly . The form er two c r i t i c a l  p o in ts  a re  too  c lo se  to  each 

o th e r  and lo c a te d  a t  th e  reg io n  where th e  sh ea r is  sm a lle r (F igu re  34) 

as compared to  the  th i r d  one, and th e re fo re  they  should c o n tr ib u te  

sm alle r growth r a t e .  There a re  th re e  u n s ta b le  waves (F igure  3 6 a ), b u t 

only  one i s  contiguous to  Rossby-Haurwitz wave. I t  i s  expected  th a t  

fo r  th e  smoothed p r o f i l e  only  th e  u n s ta b le  wave a ss o c ia te d  w ith  th e  

Rossby-Haurwitz wave w i l l  rem ain. The maximum growth r a te  (F ig u re  35) 

fo r  th e  nonsmoothed p r o f i l e  i s  0 .145/day co rrespond ing  to  an  e - fo ld in g  

time o f  6.91 days a t  th e  most p re fe r re d  w avelength L = 3 .8  (3619 km). 

D istu rbance  stream  fu n c tio n  o f  th e  most u n s ta b le  wave i s  shown in  

F igure  36b.

500 MB OOOOZ A p ril 4 

This p r o f i l e  has two c r i t i c a l  p o in ts  lo c a ted  a t  y^ = 0 .3 4  and 

y^ = 1.59 w ith  co rrespond ing  = 0.72 and = 0 .38  re s p e c t iv e ly .

There a re  f iv e  u n s ta b le  waves (F igure  3 7 a ), one o f  which c o n tr ib u te s  

to  la rg e  growth r a te  and has a la rg e  g ra d ie n t o f  Cj. w ith  re s p e c t  to  L. 

For th is  p r o f i l e  th e re  i s  no Rossby-Haurwitz wave. This p r o f i l e  c o r r e 

sponds to  th e  s in e -cu rv e  p r o f i l e  (36) w ith  r  equal to  some v a lu e  

between 0 .5  and 1 .0 . However, i t s  s t a b i l i t y  c h a r a c te r i s t i c s  a re  q u i te
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d i f f e r e n t  from th e  co rrespond ing  s in e -c u rv e  p r o f i l e ,  even th e  smoothed 

p r o f i l e ,  a s  shown in  F ig u re  37c. For th e  smoothed p r o f i l e  th e re  appears 

a Rossby-H aurw itz wave a t  a la rg e  w aveleng th . The maximum growth r a te  

fo r  th e  nonsmoothed p r o f i l e  i s  0 .265/days co rresp o n d in g  to  an e - fo ld in g  

tim e o f  3 .77  days a t  th e  most p re fe r re d  w avelength  L = 5 .0  (4762 km).

The maximum growth r a t e  fo r  the  smoothed p r o f i l e  i s  0 .2 3 5 /days, c o r re 

sponding to  an  e - fo ld in g  tim e o f 4 .2 5  days a t  L = 5 .2  (4953 km).

500 MB 1200Z A p ril  4 

This p r o f i l e  h as  two c r i t i c a l  p o in ts  a t  y^ = 0 .59  and y^ = 1 .68 

w ith  co rresp o n d in g  = 0 .61  and = 0 .3 7 , r e s p e c t iv e ly .  The c^ o f 

th e  u n s ta b le  wave, i f  any , due to  th e  form er c r i t i c a l  p o in t  w i l l  be 

sm a lle r , s in c e  th e  c r i t i c a l  p o in t  i s  lo c a te d  in  th e  re g io n  w here th e  

sh ea r i s  sm a ll. There a re  th re e  u n s ta b le  waves (F ig u re  3 8 a ). One o f 

them should  be " sp u r io u s"  and can be e a s i ly  e lim in a te d  by sm oothing.

The maximum growth r a t e  i s  0 .234 /days, co rrespond ing  to  an e - fo ld in g  

tim e o f 4 .27  days a t  th e  most p re fe r re d  w avelength  L = 4 .2  (4000 km).

300 MB OOOOZ A p ril 3 

This p r o f i l e  has two c r i t i c a l  p o in ts  a t  y^ = 0 .22  and y^ = 1 .70 

(F igure  39) w ith  co rrespond ing  = 0 .85 and = 0 .20  r e s p e c t iv e ly .

The l a t t e r  c r i t i c a l  p o in t i s  too c lo se  to  the  upper boundary and the  

form er c r i t i c a l  p o in t  i s  in  the  re g io n  where th e  sh ea r i s  sm a ll. I t  i s  

expected  th a t  th ey  c o n tr ib u te  l i t t l e  to  th e  growth r a t e s .  There a re  fo u r 

u n s ta b le  waves (F ig u re  4 1 a ) . Two o f  th e  u n s ta b le  waves a re  a c tu a l ly  th e  

same u n s ta b le  wave which w i l l  be con tiguous to  a  Rossby-H aurw itz wave.

Due to  th e  boundary e f f e c t ,  the  smoothed p r o f i l e  (F ig u re  41c) has th re e
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c r i t i c a l  p o in t s , two o f  which a re  v e ry  c lo se  to  th e  upper boundary and 

to  each o th e r .  I f  the  smoothed p r o f i l e  i s  to  be smoothed once more 

th e re  m ight be no more c r i t i c a l  p o in t .  The maximum growth r a t e  (F igu re  

40) fo r  the  nonsmoothed p r o f i le  i s  0 .053/day, co rrespond ing  to  an e -  

fo ld in g  tim e o f  18.97 days a t  the  most p re fe r re d  w avelength  L = 4 .4  

(4191 km). Ih e  d is tu rb a n c e  stream  fu n c tio n  i s  shown in  F ig u re  41b.

300 MB 1200Z A p ril  3 

This p r o f i l e  has two c r i t i c a l  p o in ts  lo c a te d  a t  y^ = 0 .42  and 

y^ = 1 .73  w ith  co rrespond ing  = 0 .73  and = 0 .2 9 . There a re  f iv e  

u n s ta b le  waves (F igu re  42a) . Two o f  the  u n s ta b le  waves a re  a c tu a l ly  

th e  same u n s ta b le  wave which w i l l  be con tiguous to  a Rossby-H aurw itz 

wave, a t  w avelength  L = 9 .7 4 . The maximum growth r a t e  i s  0 .1 4 9 /day, 

co rrespond ing  to  an e - fo ld in g  tim e o f  6 .71 days a t  th e  most p re fe r re d  

w avelength L = 2 .0  (1905 km). Tlie d is tu rb a n c e  stream  fu n c tio n  i s  shown 

in  F ig u re  42b.

300 MB OOOOZ A p ril 4 

This p r o f i l e  has fo u r c r i t i c a l  p o in ts ,  two o f  which a re  v e ry  

c lo se  to  each o th e r .  From th e  shape o f  th e  p r o f i l e  and th e  lo c a t io n  

o f  th e  c r i t i c a l  p o in ts ,  i t  i s  expected  th a t  th e  Cĵ  o f  u n s ta b le  waves 

f o r  t h i s  p r o f i l e  i s  la r g e .  There a re  fo u r u n s ta b le  waves (F ig u re  4 3 a ), 

one o f which i s  con tiguous to  a  Rossby-H aurw itz wave and has a  l a r g e r  

and growth r a t e .  For the  ex tended p r o f i l e  th e  (Cj.,Cj^)-L diagram s 

a re  shown in  F ig u res  43c and 43d. The maximum growth r a t e  fo r  non

smoothed p r o f i l e  i s  0 .278/day , co rrespond ing  to  an e - fo ld in g  tim e o f
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3.60 days a t  th e  most p re fe r re d  w avelength L = 3 .8  (3619 km). The 

co rrespond ing  d is tu rb a n c e  stream  fu n c tio n  I s  shown In  F igure  43b.

300 MB 1200Z A p ril 4 

This p r o f i l e  has two c r i t i c a l  p o in ts  lo c a te d  a t  = 0 .40  and 

y^ = 1 .60  w ith  co rrespond ing  = 0 .38  and = 0 .53  re s p e c tiv e ly .

From th e  shape o f  the  p r o f i l e  and the  lo c a t io n  o f  c r i t i c a l  p o in ts ,

I t  Is  expected  th a t  th e  c^ o f  th e  u n s ta b le  waves a re  q u i te  la rg e . In 

deed t h i s  I s  th e  c a se . There a re  two u n s ta b le  waves (F igure  44a), 

which should  be th e  same u n s ta b le  wave con tiguous to  a  Rossby-Haurwitz 

wave. This p r o f i l e  I s  s im i la r  to  the  s in e -c u rv e  p r o f i l e  w ith  r  equal 

to  0 .9375 . T h e ir s t a b i l i t y  c h a r a c te r i s t i c s  a re  a ls o  q u i te  the  same. 

The maximum growth r a t e  I s  0 .341/day , co rrespond ing  to  an  e -fo ld in g  

tim e o f 2 .93  days a t  th e  most p re fe r re d  w avelength L = 4 ,0  (3810 km).



CHAPTER IX

THE EFFECT OF P, SHEAR AND THE DISTANCE BETWEEN CRITICAL POINTS 

ON THE STABILITY CHARACTERISTICS

As has been noted  in  the  in tro d u c tio n , th e  p - e f f e c t  i s .  In

g e n e ra l, to  reduce the  i n s t a b i l i t y  o f  w e s te r ly  j e t s  and to  in c re a s e

the  i n s t a b i l i t y  o f e a s te r ly  j e t s .  Well-known examples a re  th e  B ick ley  
2

j e t  (U(y)=sech y , -«  < y <  ») and th e  symmetric s in e -c u rv e  p r o f i l e  

(U(y)=% (l-cos n y ) , 0 < y < 2) (Kuo, 1973). Yamasaki and Wada (1972a) 

a ls o  no ted  th a t  th e  s t a b i l i t y  c h a r a c te r i s t i c s  o f e a s te r ly  c u rre n ts  

a re  d i f f e r e n t  from those  o f  w e s te r ly  c u r r e n ts .

I t  i s  g e n e ra lly  known th a t  lo n g e r waves a re  much more i n f l u 

enced by th e  p -term  than  s h o r te r  ones fo r  a  g iven v e lo c i ty  p r o f i l e .  I t  

can be concluded th a t  th e  p - e f f e c t  w i l l  reduce th e  i n s t a b i l i t y  o f  w e s t

e r ly  j e t s  and in c re a se  th e  s t a b i l i t y  o f  e a s te r ly  j e t s ,  e s p e c ia l ly  a t  

la rg e r  w aveleng ths, w h ile  a t  s h o r te r  w avelengths the  p - e f f e c t  i s  n o t 

so p rom inent. In  F igure  45 i s  shown th e  growth r a te  a s  a  fu n c tio n  o f  

wavenumber a  and p fo r  th e  symmetric s in e -c u rv e  p r o f i l e .  I t  can be 

e a s i ly  seen th a t  the  e a s te r ly  c u r re n t  (p <  0) i s  made more u n s ta b le  

by the  p - e f f e c t  in  a fan-shaped re g io n  a t  sm a lle r  a  ( la r g e r  L ) , w h ile  

the w e s te r ly  c u rre n t (P > 0) i s  made more s ta b le ,  e s p e c ia l ly  a t  sm a lle r  

Of. For l a r g e r  of, i . e . ,  sm a lle r  w aveleng th , th e  p - e f f e c t  i s  n o t prom i

n e n t. There a re  some c o n tro v e rs ie s  over th e  e x is te n c e  o f  &n upper 

c r i t i c a l  w avelength L^ fo r  the  e a s te r ly  c u r re n t  (p < 0 ) .  N it ta  and

52



53

Yanai (1969) showed th a t  in  the  case  o f  e a s t e r l i e s  the  upper c r i t i c a l  

w avelength does n o t e x i s t .  In  o th e r  w ords, th e re  a re  no long n e u tra l  

waves o f  Rossby and Haurwitz and a l l  d is tu rb a n ce s  a re  u n s ta b le  fo r  wave

len g th s  la r g e r  than  L^. Yamasaki and Wada (1972a) contended th a t  th e re  

e x is t s  an upper c r i t i c a l  w avelength fo r  i n s t a b i l i t y  and the  u n s tab le  

waves may t r a v e l  f a s t e r  than  th e  minimum v e lo c i ty  o f  the  b a s ic  c u rre n t 

( in  d im ension less form c^ may be la rg e r  than 1 ) .  Kuo (1973) d id  n o t 

m entioh th e  upper c r i t i c a l  w avelength . However, h i s  f ig u re  d id  n o t 

show an upper c r i t i c a l  w avelength f o r  the  e a s te r ly  c u r re n t .  The au th o r 

te s te d  the  problem by two d i f f e r e n t  methods and found th a t  th e re  i s  in 

deed an upper c r i t i c a l  w avelength . One method i s  to  f in d  th e  phase 

speed c as a  fu n c tio n  o f  g, s e t t in g  a  = 0 . I t  i s  found th a t  fo r  B 

approxim ately  sm alle r than  -0 .409  th e  Cj, v a n ish e s . The r e s u l t  i s  shown 

in  Table 7. A nother method i s  to  f in d  th e  #  as  a  fu n c tio n  P a f t e r  

s e t t in g  Cl = 0 and v a ry in g  Cj. from 1 to  about 1 .2 . I t  i s  found th a t  

th e re  i s  an upper c r i t i c a l  w avelength  beyond which the  u n s ta b le  wave 

becomes Rossby-Haurwitz wave and the  u n s ta b le  wave may tr a v e l  w ith  a 

phase speed c^ la r g e r  than  1. The num erical v a lu e s  o f  the  c a lc u la te d  

P, O' and Cj. a re  shown in  Table 6 and p lo t te d  in  F ig u re  45 , as  l in e  A,

Kuo (1973) a ls o  noted  th e  d e s ta b i l i z a t io n  o f  the  e a s te r ly  (p <  0) 

s in e -cu rv e  p r o f i l e  U(y) = sin iry , 0 < y < 2 , by th e  in flu en c e  o f  P. I t  

i s  e a s i ly  seen th a t  i f  an e a s te r ly  c u r re n t  w ith  a  continuous and d i f f e r 

e n tia b le  p r o f i l e  has no c r i t i c a l  p o in t in  th e  f i e ld  o f  flow when p -  0 , 

i t  may have c r i t i c a l  p o in ts  fo r  P < 0 . Thus, i t  i s  d e s ta b liz e d  by the  

P - e f f e c t ,  s in ce  th is  k ind o f  j e t  has i t s  -U" everywhere p o s i t iv e  in  

th e  f i e ld  o f  flow and th e  p(< 0) w i l l  o verba lance  -U" to  make p-U"
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change s ig n  in  the  f i e l d  o f  flow .

P o s it iv e  3 w i l l  make the  c r i t i c a l  p o in ts  c lo s e r  to  th e  boundary 

o r th e  reg io n  where th e  sh ea r i s  sm a ll, and away from each o th e r ,  i f  

th e re  a re  two c r i t i c a l  p o in ts  fo r  a  bounded p r o f i l e .  The e f f e c t  o f  

n e g a tiv e  3 i s  j u s t  th e  in v e rse  o f  p o s i t iv e  3. Thus, the  p o s i t iv e  3 w i l l  

reduce the  i n s t a b i l i t y  and n e g a tiv e  3 w i l l  in c re a se  the  i n s t a b i l i t y .  

However, i f  th e  m agnitude o f  n e g a tiv e  3 i s  too  la r g e ,  i t  w i l l  b r in g  th e  

two c r i t i c a l  p o in ts  too  c lo se  to  each o th e r  such th a t  th e  degree  o f  

i n s t a b i l i t y  w i l l  be reduced . Thus, fo r  la r g e r  degrees o f  i n s t a b i l i t y ,  

the  d is ta n c e  o f  c r i t i c a l  p o in ts  should  n o t be too  la rg e  o r  too  sm all. 

Hence, i t  i s  i n t u i t i v e l y  concluded th a t  th e  r e s is ta n c e  o f th e  c r i t i c a l  

p o in ts  a g a in s t  being  smoothed o u t p la y s  an  im p o rtan t ro le  in  e s tim a tin g  

the  growth r a t e .

The sh ea r a f f e c t s  the  i n s t a b i l i t y  through th e  e q u a tio n  fo r  th e  

tim e r a t e  o f  change o f  k in e t i c  energy  (16) and the* in e q u a l i ty  fo r  th e  

upper bound on th e  growth r a te  o  c^ (3 3 ) . I f  a  c r i t i c a l  p o in t  i s  lo c a te d  

in  a re g io n  where sh ea r i s  s m a ll, th e  c^  o f  th e  u n s ta b le  wave due to  

th i s  c r i t i c a l  p o in t  i s  a ls o  sm a ll, s in c e  th e  c r i t i c a l  p o in t  i s  e a s i ly  

smoothed ou t by su c c e ss iv e  a p p l ic a t io n s  o f  th e  sm oother o f  th e  form (4 0 ) .

The above d is c u s s io n  i s  o n ly  a h e u r i s t i c  approach . However, i f  

we examine th e  d is ta n c e  betw een two c r i t i c a l  p o in ts  and th e  lo c a t io n  o f  

th e  c r i t i c a l  p o in ts ,  we may e s tim a te  th e  growth r a t e  o f  an u n s ta b le  wave 

fo r  a  v e lo c i ty  p r o f i l e .



CHAPTER X

BAROTROPIC INSTABILITY IN RELATION TO THE GENERATION 

OF TORNADOES AND SEVERE ATMOSPHERIC VORTICES

On OOOOZ A p ril 3 , 1974, a  rem arkable cyclone developm ent took 

p la c e  over w este rn  K ansas, This cyclone moved toward th e  n o r th e a s t  

through Iowa and W isconsin and reached i t s  maximum in t e n s i ty  on OOOOZ 

A p ril  4 over e a s te rn  W isconsin . During th i s  p e r io d , a  quasi-perm anent 

a n tic y c lo n e  was lo c a te d  over Cuba and i t s  in t e ù s i ty  d id  n o t change.

As th e  cyclone moved toward th e  n o r th e a s t ,  th e  flow  f i e l d  between th e  

cyclone and a n tic y c lo n e  was in te n s i f i e d  and a  j e t  developed over the  

re g io n  between th e  M is s is s ip p i  and t'" A tla n tic  c o a s t .  S h o r tly  a f t e r  

CUOOZ A p ril  4 a to rnado  o u tb reak  took p la ce  ov er t h i s  a re a .  In  th e  

e a r ly  s tag e  o f  cyclone  developm ent and th e  i n t e n s i f i c a t i o n  o f  the  flow 

f i e l d  th e  u n d e rly in g  p h y s ic a l p ro cess  was p r im a r i ly  th e  b a ro c l in ie  in 

s t a b i l i t y .  However, b a r o c l in ie  i n s t a b i l i t y  a lo n e  cou ld  n o t account 

fo r  th e  v a r ia t io n s  o f  th e  j e t  which p layed  a s ig n i f i c a n t  r o le  in  the  

tornado o u tb reak  in  th a t  a re a .  Now l e t  us c o n s id e r  th e  e f f e c t  o f  baro- 

t r o p ic  i n s t a b i l i t y ,  which in  g e n e ra l r a r e ly  occurs in  th e  m iddle l a t i 

tu d e s . A fte r  the  cyclone h as  developed due to  b a r o c l in i c i t y ,  the  baro- 

t ro p ic  p ro cess  may accoun t fo r  th e  subsequent i n t e n s i f i c a t i o n  o f the  

flow  f i e l d .

Table 8 shows th e  e - fo ld in g  tim e o f  th e  m ost u n s ta b le  wave, 

and th e  most p r e fe r r e d  w avelength  fo r  each p r o f i l e .  Most o f  th e  most
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p re fe r re d  w avelengths o f the  u n s ta b le  waves a re  com parable to  a c tu a l  

w avelengths in  th e  p re s su re  system  shown in  F igu res 46-49 , ex cep t the  

wind p r o f i l e s  a t  850 MB 1200Z A p ril 4 , 700 MB OOOOZ A p ril 3 and 300 

MB 1200Z A p ril  3 , which a re  s ig n i f ic a n t ly  le s s  than  th e  dominant 

w avelength o f  th e  p re s su re  system . This means th a t  th e  a c tu a l  growth 

r a te  fo r  th e se  p r o f i l e s  could  be sm a lle r .

In  th e  l i n e a r  th eo ry  assumed in  th i s  s tu d y , th e  growth r a te s  

re p re se n t only  th e  i n i t i a l  grow th. A fte r  the  d is tu rb a n c e s  have grown 

to  some e x te n t th e  l i n e a r  theo ry  i s  no lo n g e r v a l id .

As a lre a d y  n o te d , th e  c a lc u la te d  growth r a te s  may u n d e re s t i 

mate th e  a c tu a l  growth r a te s  o f th e  d is tu rb a n c e s . The a r t i f i c i a l  

boundaries p re v e n t th e  momentum tra n s p o r ts  n ecessa ry  to  m a in ta in  un

s ta b le  d is tu rb a n c e s . Furtherm ore, w ith  a r t i f i c i a l  b o u n d a rie s , th e  

d im ensional may have been o v e restim ated , which w i l l  reduce th e

v a lu e  o f growth r a t e .  Thus, the  a c tu a l  e - fo ld in g  tim es may be sm a lle r  

than  those  shown in  Table 8 ,

Thus, i t  i s  found th a t  th e  atm osphere a t  a l l  le v e ls  o ver the  

domain chosen i s  b a r o t r o p ic a l ly  most u n s ta b le  d u rin g  OOOOZ A p ril  4 , 

i . e . ,  s h o r t ly  b e fo re  and a t  th e  tim e o f th e  to rnado  o u tb re a k , excep t 

a t  850 MB, where i t s  degree  o f  i n s t a b i l i t y  was d e c rea sin g  from OOOOZ 

A p ril 3 . I t  i s  a l s o  found th a t  the  atm osphere a t  the  upper le v e l  i s  

b a ro tro p ic a l ly  more u n s ta b le  than  th e  lower l e v e l ,  which i s  g e n e ra lly  

accep ted  to  be t r u e .

In  F ig u res  46-49 th e  d o tte d  l in e  in  th e  domain chosen i s  th e  
2

l in e  where p -  = 0 , At th e  c e n te r  p a r t  o f  th e  domain 8 -  — ^  i s

p o s i t iv e ,  w h ile  n e a r  the  n o rth w este rn  and so u th e a s te rn  boundaries i t
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I s  n e g a tiv e . I t  i s  in te r e s t in g  to  n o te  th a t  the  h a rd e s t  h i t  a re a  

(In d ian a , Ohio, Kentucky, Tennesee and Alabama, which may be id e n t i f ie d  

in  the  f ig u re s )  was lo c a te d  j u s t  a t  the  reg io n  in  \d iich  th e  d is ta n c e  

between the  c r i t i c a l  p o in ts  i s  s h o r te s t .  I f  we take  the  lo c a l  u (x ,y )  

as mean flow in s te a d  o f  th e  averaged U (y ), i t  i s  found th a t  t h i s  re g io n  

i s  most u n s ta b le .  Hence, th e  f iv e  s t a t e s  were confined  to  th i s  most un

s ta b le  a re a  and w ere h a rd e s t  h i t  by to rn ad o es .

The eq u a tio n  fo r  th e  tim e r a te  o f  change o f  m ean-flow k in e t ic

energy

I f ' I  (16a)
s t i l l  h o ld s  ap p rox im ate ly . The momentum t ra n s p o r t  i s  p ro p o r tio n a l to  

the  t i l t i n g  o f  troughs and r id g e s , as  a lre a d y  n o ted . I t  i s  found from 

F igures 46-49 th a t  the  t i l t i n g  o f  troughs and r id g e s  was in  a d ir e c t io n  

such th a t  th e  mean-flow k in e t ic  energy would d ecrease  w ith  r e s p e c t  to  

tim e. This means th a t  th e  t i l t i n g  o f  troughs and r id g e s , in  r e l a t i o n  to  

th e  p o s i t io n  o f  th e  mean j e t ,  was fav o ra b le  fo r  i n s t a b i l i t y  to  o ccu r .

From the  above r e s u l t s  i t  i s  concluded th a t  b a ro tro p ic  i n s t a 

b i l i t y  may be s y n o p tic a l ly  a s s o c ia te d  w ith  th e  g e n e ra tio n  o f  tornadoes 

and sev ere  atm ospheric  v o r t i c e s .



CHAPTER XI 

CONCLUDING REMARKS

In  m iddle l a t i t u d e s ,  where b a r o c l in ic i ty  p redom inates, th e  

im portance o f  b a ro tro p ic  i n s t a b i l i t y ,  d e s p ite  i t s  s im p le r p h y s ic a l 

mechanism, i s  always overshadowed by th e  im portance o f  b a ro c l in ie  

i n s t a b i l i t y .  Most s tu d ie s  have n o t a s s o c ia te d  b a ro tro p ic  i n s t a b i l i t y  

w ith  g eo p h y sica l phenomena, p o ss ib ly  due to  th e  f a c t  th a t  th e  geophysi

c a l a p p l ic a t io n s  o f  b a ro tro p ic  i n s t a b i l i t y  a r e  now in  t h e i r  e x p lo ra to ry  

s ta g e . The p re s e n t work perform ed a b a ro tro p ic  i n s t a b i l i t y  a n a ly s is  

o f  wind p r o f i l e s  over th e  a re a  h a rd e s t  h i t  by th e  A p ril  3-4  to rnado  

o u tb re a k . I t  was found th a t  the  atm osphere over th is  a re a  was b a ro - 

t r o p ic a l ly  most u n s ta b le  du rin g  th i s  tornado o u tb reak . This r e s u l t  

in d ic a te s  th e  p o s s ib i l i t y  th a t  b a ro tro p ic  i n s t a b i l i t y  may have been 

sy n o p tic a lly  a ss o c ia te d  w ith  th a t  o u tb reak . A d d itio n a l case  s tu d ie s  

should be done to  confirm  the  above r e s u l t s .  A lso , the  r e l a t i v e  impor

tance o f  b a ro c l in ie  and b a ro tro p ic  i n s t a b i l i t y  should be e v a lu a te d . 

Another p rom ising  a re a  fo r  fu tu re  re se a rc h  would be to  in v e s t ig a te  

w hether the  atm osphere over a re a s  where to rnadoes occur most o f te n  

is  b a ro t ro p ic a l ly  u n s ta b le .
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APPENDIX

FINITE DIFFERENCE SCHEME

A. Real P a r t  and Im aginary P a r t  o f  Phase Speed 

We d iv id e  the  channel 0 < y < 2 in to  N su b d iv is io n s  o f  w idth  

2/N by N-1 eq u a lly  spaced p o in ts  w ith in  the  channel. A fte r  we w r i te  

cp" and U” in  d if f e r e n c e  re p re se n ta tio n s

„2
tp"“  X  "fj-i ■

0" -  ^  (Uj+I +  U j . i  -  2Uj) . f u ' j  .

the  eq u a tio n

(U-c) (cp" - Jcp) + (3 - U") cp = 0 (21)

becomes

(Al)

- c (a^  ^ j -1 " 9j  + 'P j+ P  “  0 • 3 ® 2 , 3 , . , . , N

where

1^ = + 2a^

Z j = 3 -  a% UJ .
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I f  we use  th e  boundary cond tions

we g e t from (Al) a l in e a r  homogeneous system  in  cp̂ » 

This l in e a r  homogeneous system  tak es  the  form

N

(B -  cD) P = 0 , P =

where B i s  a square  m a trix  o f  th e  form

B =

/
0

0

a fu .

and D i s  a  square  m a trix  o f  th e  form

-1

a '

0

-1

- 1'

a

0 0 ..................

0 .... .
» • • •

•  »
•  •# •

0 ................................

0 . . . . .
2

sl 0  • • •

-1^ â  0 . .

I f  D i s  n o n s in g u la r , we can w r ite

(d"^ B - c I )  P = 0 ,
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where D ^ Is  th e  In v e rse  o f  D and I  the  u n i t  m a trix . Ihe  c o n d itio n  

fo r  a n o n tr iv ia l  s o lu t io n  o f  P i s

Det (d ’ ^ B - c  I )  = 0

1
Thus, th e  phase speeds c a r e  th e  e ig en v a lu es  o f  th e  m a trix  D** B and 

th e  am plitude fu n c tio n s  9  in  P a re  s im ila r ly  i t s  e ig e n v e c to rs . When 

we d iv id e  the  in te r v a l  in to  N s u b d iv is io n s , we g e t N-1 s e r ie s  o f  th e  

phase speeds c .  When u n s ta b le  waves e x i s t ,  phase speeds c^ f  0 a re  

o b ta in ed  as comple s  c o n ju g a te s .

B. Lower and Upper C r i t i c a l  W avelength , Lq 

The eq u a tio n s  (34) and (35) may be w r i t t e n  in

_(P" + § î ~  cp -  or̂  9  = 0  ̂ (B l)

The f i n i t e  d if f e r e n c e  form o f  th e  above eq u a tio n  i s

-  2 a f)  cp̂  + ® ^ j+ i  -  ofVj = 0 , j  = 2 , 3 , . . . , N

(B2)

where ag a in .

n2



65

With the  boundary c o n d itio n s

(B2) can be w r i t t e n  In  m a trix  form

(A I )  P = 0

where

A =
a U^-c -  2a a 0

and

P =

P̂2
%

N

Hence, a a re  e ig en v a lu es  o f  A and 9 In  P a re  th e  co rrespond ing  e ig en 

fu n c tio n s , I f  we s e t  c = U^, th e  lower c r i t i c a l  w avelength  can be

found. Ü a re  In te rp o la te d  l i n e a r ly  by H

”k = "j  ̂ Wj+l - ”l>

where Zj = p -  a  Uj . and a re  o f  o p p o s ite  s ig n .
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I f  we s e t  c = 0 , we o b ta in  th e  upper c r i t i c a l  w avelength  Lq 

fo r  a w e s te r ly  b a s ic  c u r re n t  O  < 0 ) .  For an e a s t e r ly  c u r re n t  O  > 0) 

th e re  a r i s e  some problem s In  de te rm in in g  by s e t t in g  c -  1 . For an 

e a s te r ly  b a s ic  c u r re n t  w ith  symmetric s ln e -c u rv e  p r o f i l e

U(y) = % (1 - cos TT y ) ,  0 < y <  2 ,

we can f in d  Lq a s  th e  minimum v a lu e  o f  L = L (c) by v a ry in g  c from 1

to ,  say , 1 .2  w ith  a  s p e c if ie d  g. The r e s u l t s  a re  shown In  Table 6 and

F ig u re  45 .

I t  shou ld  be no ted  th a t  th e  m a trix  A Is  r e a l  sym m etric. There

a re  some theorems on th e  r e a l  symmetric m a trix :

a .  Two e ig e n v e c to rs  o f  a  r e a l  symmetric m a tr ix , co rrespond ing  

to  d i f f e r e n t  e ig e n v a lu e s , a re  o rth o g o n a l.

b . The e ig en v a lu es  o f  such a m a trix  a re  always r e a l .

C. Num erical S o lu tio n s  o f  E igenvalue Problems 

The num erica l method o f  so lv in g  e ig en v a lu e  problem s was coded In

FORTRAN as  EISPAC and run  on th e  IBM 370 a t  th e  E ducation  and Research 

Computing C en te r, U n iv e rs ity  o f  Oklahoma.

D. Accuracy o f F in i te  D iffe re n c e  Methods 

I t  I s  found th a t  th e  b e s t  method to  t e s t  th e  accu racy  o f  th e  

f i n i t e  d if f e r e n c e  scheme Is  to  compare th e  nu m erica l v a lu e s  o f  ^  c a l -  

c u la te d  by

If  " % - <Pi (27a)
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and th ose  c a lc u la te d  by

M . . ^  (27b)
2 |b - c |2

“•3The maximum ro o t mean square o f  d if f e r e n c e  i s  0.7935 x 10 . The

maximum p e rcen tag e  e r r o r  i s  le s s  than 0.01%. T h ere fo re , th e  accuracy  

i s  s a t i s f a c to r y .

E. F in i te  Element Method

The eq u a tio n

(U-c) («P" -  a^cp) + O  -  U") cp = 0 (21)

to g e th e r w ith  th e  boundary co n d itio n s

cp = 0 a t  y = 0 , y = 2 

can be transform ed in to  a  v a r ia t io n a l  problem  61 = 0 where

2
I  = J [(V ')2  +  Q q f ]  d y  . (E l)

o

2  6 - U "w ith  Q = (% -  . I t  fo llow s th a t  th e  problem o f  de term in in g

th e  s o lu t io n  o f  (21) ,  s u b je c t to  th e  boundary c o n d itio n s , i s  e q u iv a le n t 

to  th e  problem  o f  determ in ing  the  fu n c tio n s  s a t i s f y in g  the  boundary con

d i t io n s ,  which ren d e r (E l) s ta t io n a r y .  T his v a r ia t io n a l  p r in c ip le  can 

be used to  fo rm u la te  f in i te -e le m e n t method to  fin d  th e  s o lu t io n  numer

i c a l l y .  A sim ple trea tm en t o f f i n i t e  elem ent fo rm u la tion  i s  found in  

M yers, 1971. The r e s u l t  i s
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(3af -  2^ )  cp^_  ̂ - ( 6a f  + Q^^))

2 o (9 )+ (3a -  ^ — ) cpj+1 j “ 2 , «««yN CE2)

where

a ÎL
4

and i s  th e  v a lu e  o f Q in  th e  elem ent p between g r id  p o in ts  j -1

and j  and i s  the  v a lu e  o f  Q in  th e  elem ent q between g r id  p o in ts

j  and j+ 1 . We may take = ^j+%* (E2) i s

e q u iv a le n t to  the

A P = 0

where

P =

92

9iN

and A i s  an  (N-1) X (N-1) m a trix  whose elem ents a re

j  “  3y4y. . «yN 

j  = 2 ,3 y . . . ,N - l

a l l  o th e r  Â ^̂  = 0
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D eterm ining the  e ig en v a lu e  a  o r  c o f (E l) amounts to  f in d in g  

the complex ro o ts  o f  the  fu n c tio n  F(c,of) = d e t[A (c ,a ) ]  w ith  c o r  @ 

s p e c if ie d .

The f ln l te - e le m e n t  method I s  proposed b u t n o t used  fo r  f in d in g  

the  s t a b i l i t y  c h a r a c te r i s t i c s  In  th i s  s tu d y .
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»9Ji}mnm9f9mwm»n*m9j>n7n}Mmnnnmnnmm%
(b)

F ig u re  1 . An a tm ospheric  wind p r o f i l e .  The c r i t i c a l  p o in ts  a re  
denoted by b la c k  d o ts ,  (a) d im ensional p r o f i l e ,  (b) 
d im en sio n less  and norm alized  p r o f i l e .

c,=Uk

Cr> Uk I 0 <Cr<UK
Damped Amplified

c=0
c<0

Lq N eutral

F igure  2 . D is tr ib u t io n  o f  damped, a m p lif ie d , and n e u tr a l  waves as  
r e la te d  tp  b a s ic  c u r re n t  and w avelength  fo r  a w e s te r ly  
j e t .

0 .5

F igure  3 . Howard's s e m ic irc le  theorem  f o r  w e s te r l ie s  (0 > 0 ) .  The 
complex phase speed must l i e  in  th e  s e m ic irc le  in  th e  
complex v e lo c i ty  p la n e . The shaded re g io n  i s  n o t a pos
s ib le  reg io n  fo r  c .  The ra d iu s  o f  th e  s e m ic irc le  I s  
g iven  by R = % (1 + p /  «2) .
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y (95.2km) U(y)(m/sec) u(y) P-D"(10‘ ^V sec

0 18.205 0.048 —
0.1 18.759 0.079 -1.267
0.2 19.596 0.125 -3.229
0.3 20.894 0.198 -3.141
0.4 22.645 0.296 -3.604
0.5 24.891 0.421 -4.354
0.6 27.700 0.578 -2.777
0.7 30.929 0.758 8.166
0.8 33.585 0.907 15.200
0.9 35.030 0.987 15.266
1.0 35.258 1.000 16.258

■ 1.1 34.179 0.940 14.924
1.2 31.914 0.813 7.132
1.3 29.170 0.660 -0.849
1.4 26.671 0.520 -1.289
1.5 24.457 0.397 -2.392
1.6 22.628 0.295 -0.716
1.7 21.032 0.205 0.805
1.8 19.531 0.122 -0.055
1.9 18.203 0.047 -3.417
2.0 17.-353 0 —

0.63 0.624 -  1.570

1.29 0.676 = 1.308

“ 1.29 0.676 = 3.501

1.64 0.253 “  3.877

1.79 0* 0.127 » 4.452

Lg -  5.497

Table 1. Dimensional and dlmcnsIonless U(y) and g-U" a t  each grid 
poin t, and low c r i t i c a l  wavelength and upper c r i t ic a l  
wavelength h calculated  from (34) and (35), for the 500 
MB OOOOZ April 3 wind p ro f ile . Dimensional U(y) Is p lo tted  
in  Figure 34a and dlmensIonless U(y), In Figure 34b. The 
corresponding (c^,Cj_)-L diagram Is  shown In Figure 5.
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0.8 J!/v> J fl-comv̂  0 < V < 2
0 . 7

0.6

0 . 5

0 .6

0.3

0.2

0.1

- 0.1

L

F ig u re  4 . A (Cj-jCi)-L diagram  fo r  symmetric s in e -cu rv e  v e lo c i ty  
p r o f i l e  U(y) = % (l-cos tt y) when 3 = 0.375 and N = 20. 
The th ic k  s o l id  l in e  and the  d o tted  l in e  correspond to  
Cj. and c^ o f  th e  u n s ta b le  wave re s p e c tiv e ly . Black d o t 
on th e  o rd in a te  re p re se n ts  U^.

e
r 3uumD uuuu^  A p r i l  3

e i 0 . 9

0.8

0 . 7

0 .6

0 . 5

0 . 4

0. 2

0.1

- 0.1 0 4 71 3 5 86 9 10
I  952km

F igure 5 . A (C y,C j)-L  diagram  fo r  500 MB OOOOZ A p ril 3 wind p r o f i l e .
The th ic k  s o l id  l in e s  and th e  d o tted  l in e s  correspond  to  
c^ and c^ o f  u n s ta b le  waves re s p e c tiv e ly . Black d o ts  on 
th e  o rd in a te  re p re s e n t  U ' s .H
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y

0 1

y 2

solid  lin e  
chain lin e

arg (p I c y In

y 2

• <

^̂ ŷ out

? . 
(d)

100 -20  0 20 -20
L-1.8 Cp-0.587 c^-0.04AO
L-2.6 e^-0.434 0^-0.0740

20

F igure  6, U nstab le  s o lu tio n s  fo r  500 MB OOOOZ A p ril 3 wind p r o f i l e ;
(a) A bsolu te  v a lu e  o f  e ig en fu n c tio n  cp> (b) Phase o f  (p in  
d e g re e s , (c) D e riv a tiv e s  o f cp in  phase w ith  cp, (d) Dériva» 
t iv e s  o f  cp ou t o f  phase w ith  cp. Note th e  s in g u la r  behav io r 
a t  th e  p o in ts ,  denoted by b lack  d o ts ,  where c i s  equal to  
th e  v e lo c i ty  o f th e  b a s ic  c u r re n t .

1
axg 9 y'lti

(b )( a )
0

24cr -20  
c ."0.0084

1 O' 
c_-0.7329

0

F igu re  7, U nstab le  s o lu t io n  fo r  700 MB OOOOZ A p ril  3 wind p r o f i l e .
(a) A bsolu te  v a lu e  o f  e ig en fu n c tio n  cp, (b) Phase o f  tp 
in  d e g re e s , (c) D eriv a tiv e  o f  9  in  phase w ith  (p. Note 
th e  s in g u la r  behav io r a t  the  p o in ts ,  denoted by b lack  
d o ts ,  where i s  equal to  th e  v e lo c i ty  o f  th e  b a s ic  
c u r r e n t .
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(■)

u»v

(b) (c)

F igu re  8 . U, ^  , u ' v \  Ç and v 'Ç ' fo r  500 MB OOOOZ A p ril 3 wind 
p r o f i l e .

10- 0 .6
L=4.0

solid line  c=-0.39385
chain line c=-0.03487
dotted lin e  c^-O.002247

F igu re  9, Rossby-H aurw itz wave so lu tio n s  

fo r  700 MB OOOOZ A p r il  3 wind p r o f i l e .

0 .9 6 »  0 .9 3 3  0 .8 7 9  0 .8 3 2  0 .7 7 7  0 .7 1 2  0 .6 6 4  0 .3 9 0  0 .5 2 6  0 .4 3 1

>

F igu re  10 . E ig en fu n c tio n  cp o f  
s in g u la r  waves a t  
L=1.0 fo r  500 MB 
OOOOZ A p ril 3 wind 
p r o f i l e .  Nondimen- 
s io n a l iz e d  phase 
v e lo c i t i e s  a re  shown 
below . The s in g u la r  
waves p ossess  phase 
v e lo c i t i e s  equal to  
th e  b a s ic  c u rre n t 
v e lo c i ty  a t  the  p o in ts  
in d ic a te d  by b lack  
d o ts .

0 .4 0 6  0 .3 0 9  0 .2 9 7  0 .2 1 0  0 .2 0 3  0 ,1 3 6  0 .1 2 2  0 .0 8 1 8  0 .0 3 6 »
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F ig u re  11. (C aption on n ex t p a g e .)



76

I

e #

# »

t.t

t

U(y># r  (l*e*i«fy)
r»2 0
N"?0

I

&

•|
0.8

e.«

0.9

0,4

0.9

0.2

0.1

• 0.1

1
F igu re  11. (c^ , c^)-L  diagram s fo r  s in e -c u rv e  v e lo c i ty  p r o f i l e

U (y) = % (1 -  cos r r r y ) ,  0 < y  < 2 , w ith  v a r io u s  v a lu e s  

o f  r .  *

0 .7 '

0.6
0.5

0.4

0.3

0 .2

0.1

unstable 
■ wave 
\  and

3I y
! t\ 1 R-H 1 * 

R-H
1

\  wave
. 1 unstable \ 2 unstable waves 3 unstable, waves}

wave and \ and and i 
1 R-H wave |

I
no R-H wave \ 1 R-H wave

\ •
\ I\

\ \ .
\ \

\ \
0.5 1.0 1.5 2.0

r

Figure 12, Number o f  u n s ta b le  waves and R-H waves fo r  s in e -c u rv e  
p r o f i l e  a s  a  fu n c tio n  o f  r  and p.
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r

B ■ 0 .3 7 5

M »  2 00.8
0 .7

0.6
0 . 5

0 . 4

0 . 3

0 . 7

O.l

0 1 7 4 S 6 7 8 9 10
952km

F ig u re  13a, A (Cj., diagram  fo r  symmetric s in e -cu rv e  p r o f i l e
U(y) = %(1 -  C O S  tt  y) when 0 = 0.375 and N = 20 and a i l  
th e  f ig u re s  p a s t  hundredth  in  th e  num erical v a lu e  of U(y) 
a re  tru n c a te d . Compare th is  f ig u re  w ith  F ig u re  4 .

c
r

3 7 5
o.m H ■ 20
0 . 7

0.6
0 . 5

0 . 4

0 . 3

0.1

-0.10 1 7 3 4 95 6 7 8 10
952km

F igure  13b. A (Cp, Cĵ ) -L diagram  fo r  a smoothed tru n c a ted  symmetric 
s in e -c u rv e  p r o f i l e  U(y) = %(1 -  cos rr y ) . Note th a t  the  
u n s ta b le  wave due to  tru n c a tio n  has been e lim in a te d  by 
smoothing o f  th e  p r o f i l e .
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L n o n s m o o th e d
sm o o th e d

o n c e t r u n c a t e d
t r u n c a t e d  

s m o o th e d  o n c e

1 . 0 0 0 0 0 0

1 . 5 0 0 0 0 0

2 . 0 0 0 0 0 0

2 . 5 — 0 .0 2 4 0 .0 2 5 0 .0 4 1 0 .0 2 8

3 . 0 0 .0 7 8 0 .0 7 5 0 .0 8 1 0 .0 2 1 0 .0 7 7

3 . 5 ------ 0 .0 9 2 0 .0 9 9 0 .0 1 9 0 .0 9 5

4 . 0 0 .1 1 0 0 .1 0 6 0 .1 1 3 0 .0 1 7 0 .1 0 8

4 . 5 — 0 .1 0 9 0 .1 1 6 0 .0 1 6 0 .1 1 1

5 .0 0 .1 1 1 0 .1 0 6 0 .1 1 3 0 .0 1 5 0 .1 0 7

5 . 5 0 .0 9 0 0 .1 0 5 0 .0 1 4 0 .0 9 9

6 . 0 0 .0 9 5 0 .0 8 8 0 .0 9 6 0 .0 1 3 0 .0 9 0

6 .5 ------ 0 .0 7 8 0 .0 8 6 0 .0 1 2 0 .0 8 0

7 . 0 0 .0 7 1 0 .0 6 4 0 .0 7 3 0 .0 1 1 0 .0 6 6

7 . 5 ----- 0 .0 4 6 0 .0 5 7 0 .0 1 0 0 .0 4 8

8 . 0 0 .0 4 0 0 .0 3 2 0 .0 4 1 0 .0 0 9 6 0 .0 3 3

8 . 5 ------ 0 .0 1 3 0 .0 2 4 0 .0 0 8 8 0 .0 1 4

9 . 0 0 0 0 0 .0 0 8 0 0

9 . 5 0 0 0 0 .0 0 7 2 0

1 0 .0 0 0 0 0 .0 0 6 5 0

1 0 .5 0 0 0 0 .0 0 5 7 0

1 1 .0 0 0 0 0 .0 0 4 9 0

1 1 .5 0 0 0 0 .0 0 3 9 0

1 2 .0 0 0 6 0 .0 0 2 9 0

1 2 .5 0 0 0 0 .0 0 1 2 0

1 3 .0 0 0 0 0 0

1 3 .5 0 0 0 0 0

c o r r e s p o n d i n g
( C r .C i ) - L
d ia g r a m  i s  
show n  I n :

F i g .  4 — F i g .  1 3 a F i g .  1 3 b

T f l t l e  2  T h e  c ,  o f  u n s t a b l e  v a v e s  c a l c u l a t e d  I n  v a r i o u s  c a s e s  f o r  t h e  s y m m e t r ic  s l n e -  
c u r v c  p r o f i l e  U (y )  =  % ( l - c o s n y ) ,  0  <  y  <  2 w hen  p  -  0 .3 7 5  a n d  H -  2 0 .
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6
. o o n e m o o th e d  

N -2 0

s m o o th e d
o n c e
N -2 0

t r u n c e t e d
N -2 0

t r u n c a t e d
s m o o th e d

N -2 0
n o n s m o o th e d

H -4 0

1 . 5 4 . 4 0 4 . 3 6 4 . .3 9 4 . 3 5 4 . 4 0

0 . 7 5 6 .2 5 6 .2 0 6 .2 4 6 .1 9 6 .2 5

0 . 5 7 .6 7 7 .6 1 7 . 66 7 . 6 0 —

0 .3 7 5 8 . 8 7 8 .8 0 8 . 8 5 8 . 7 8 8 .8 6

0 . 3 9 .9 2 9 .8 4 9 .9 0 9 .8 2 9 .9 2

0 . 2 5 1 0 .8 7 1 0 .7 8 1 0 .8 4 1 0 .7 6 —

0 .2 1 4 3 1 1 .7 4 1 1 .6 5 1 1 . 72 1 1 .6 2 1 1 .7 4

0 .1 8 7 5 1 2 .5 5 1 2 .4 5 1 2 . 53 1 2 .4 3 —

0 .1 6 6 6 1 3 .3 2 1 3 .2 1 1 3 .2 9 1 3 .1 8 —

0 . 1 5 1 4 .0 4 1 3 ,9 3 1 4 .0 1 1 3 .9 0 1 4 .0 4

V a lu e a  o f  a i  a  f u n c t i o n  o f  6 .  c a l c u l a t e d  f ro m  ( 3 5 )

8
n o n s m o o tb e d

H -2 0

S m o o th ed
o n c e
N -2 0 t r u n c a t e d . N -2 0

t r u n c a t e d ,  s m o o th e d  
o n c e ,  S -  0 . 2 5

1 . 5 2 .3 5 2 .3 6 2 .5 5 2 .2 3 1 4 .7 4 2 .4 1 2 . 3 4  —

0 . 7 5 2 .3 5 2 .3 6 2 .3 5 2 . 0 5 5 .6 2 2 . 3 9 2 . 2 7  —

0 . 5 2 .3 5 2 . 3 6 2 .4 1 2 .0 7 5 .9 7 2 .4 2 2 .1 9  8 .2 2

0 . 3 / 5 2 .3 5 2 .3 6 2 .4 4 2 .0 8 6 . 1 9 2 . 4 4 2 .0 6  4 .8 7

0 . 3 2 .3 5 2 .3 6 2 .4 6 2 .0 9 6 .3 4 2 .4 5 1 .7 8  3 .5 2

0 . 2 5 2 .3 5 2 . 3 6 2 .4 8 2 .0 9 6 . 4 6 2 .4 6 1 .1 7  2 .8 5

0 .2 1 4 3 2 . 3 5 2 . 3 6 2 .4 9 2 .1 0 6 .5 4 2 .4 7 0 .5 7  2 .6 9

0 .1 8 7 5 2 .3 5 2 .3 6 2 . 4 9 2 .1 0 6 .6 1 2 .4 8 2 . 2 6  —

0 .1 6 6 6 2 . 3 5 2 .3 6 2 .  SO 2 .1 0 6 . 6 7 '  2 .4 8 2 . 2 6  —

0 .1 5 2 .3 5 2 . 3 6 2 .5 1 2 .1 0 6 .7 2 2 .4 9 2 .2 1  —

T h e o r e t i c a l  v a l u e  “  2 .3 0 9 4 1 0 6

V a lu e a  o f  c a l c u l a t e d  f ro m  ( 3 4 )

Table 3. Hie upper and lower c r i t ic a l  wavelength calculated in  various cases fo r 
the p ro file  U(y) = i ( l - c o s n y ) ,  0 < y < 2.
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F igure  14a. A (c^ , c^)-L  diagram  f o r  500 MB OOOOZ A p ril  3 wind p r o f i l e  
smoothed once. Compare th i s  f ig u r e  w ith  F igure  5 .

c .
r

500MB OOOOZ A p r i l

s in o o th e d  tw i c e0.8

0 . 7

0.6
0 . 5

0 . 4

0 . 3

0.2
0.1

-0.1

F igure  14b. A (c ^ , Cj^)-L diagram  fo r  500 MB OOOOZ A p ril 3 wind p r o f i l e  
smoothed tw ice . Compare th i s  f ig u re  w ith  F igure  14a and 
F ig u re  5 .
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t

F igu re  14c. A (Cj., c^)-L  diagram  f o r  500 MB OOOOZ A p ril 3 wind p r o f i l e  
smoothed tw ice . S i = 0 .2 5  '*$2 = -0 .2 5 .

(a) (C )

Figure  15. Symmetric and an tisym m etric  s in e -c u rv e  p r o f i l e s  w ith in  
r i g i d  w a lls  and ex ten d in g  to  i n f i n i t y .
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F ig u re  16a. A (c^ , c^ )-L  diagram  fo r  500 MB OOOOZ A p ril 3 wind p r o f i l e  
when th e  low er boundary i s  extended to  i n f i n i t y  and th e  
r e s u l t in g  p r o f i l e  i s  smoothed once w ith  = 0 .2 5 . Some 
o f  th e  s in g u la r  waves a re  n o t shown.
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952km

F ig u re  16b, A (c^ , c^)-L  diagram  fo r  500 MB OOOOZ A p ril  3 wind p r o f i l e  
when th e  low er boundary i s  extended to  i n f i n i t y  and the  
r e s u l t in g  p r o f i l e  i s  smoothed tw ice w ith  8% = S2 = 0 .2 5 , 
Some o f  th e  s in g u la r  waves a r e  n o t shown.
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L b o u n d e d  n o n s m o o th e d

b o u n d e d ,  
sm o o th e d  

o n c e ,  S ^ - 0 .2 5

s e m i i n f l n i t e
s m o o th e d

t w i c e ,
S ^ > S 2 * 0 .2 5

a e a t i n f i n i t e
s m o o th e d

o n c e ,
S j* 0 # 2 5

a e m i i n f l n i t e
sm o o th e d

tw i c e ,
S i » S 2 » 0 .2 5

1 . 0 0 0 0 0 0 0 0 0 0

1 .2 0 0 0 0 0 0 0 0 0

1 . 4 0 .0 6 1 0 0 0 0 0 0 0 0

1 . 6 0 .2 0 8 0 0 0 0 0 0 0 0

1 .8 0 .2 4 9 0 0 0 .0 7 6 0 0 .0 4 3 0 .0 7 3 7 0 0 .0 5 4

2 . 0 0 .2 0 1 0 0 0 .1 4 3 0 0 .0 4 3 0 .1 5 5 0 0 .1 3 2

2 . 2 0 .2 3 8 0 0 0 .2 4 1 0 0 .2 1 6 0 .2 7 5 0 0 .2 4 6

2 . 4 0 .2 8 9 0 0 0 .2 7 0 0 0 .2 3 5 0 .3 0 3 0 0 .2 6 6

2 . 6 0 .2 9 0 0 0 0 .2 6 0 0 0 .2 1 8 0 .2 9 7 0 0 .2 5 9

2 . 8 0 .2 6 8 0 .0 3 4 0 0 .2 3 0 0 0 .1 9 5 0 .2 8 3 0 0 .2 6 5

3 . 0 0 .2 3 2 0 .0 4 7 0 0 .2 1 1 0 0 .2 0 4 0 .2 8 0 0 0 .2 6 9

3 . 2 0 .2 1 3 0 .0 5 4 0 0 .2 0 5 0 0 .1 9 3 0 .2 6 9 0 0 .2 5 5

3 . 4 0 .1 9 5 0 .0 5 7 0 0 .1 8 1 0 0 .1 6 2 0 .2 4 6 0 0 .2 3 1

3 . 6 0 .1 6 1 0 .0 5 9 0 0 .1 4 0 0 0 .1 2 3 0 .2 1 8 0 0 .2 0 8

3 . 8 0 .1 1 3 0 .0 6 0 0 0 .1 1 6 0 0 .1 1 7 0 .1 9 3 0 0 .1 8 7

4 . 0 0 .1 0 0 0 .0 6 0 0 0 .0 9 8 0 0 .0 9 3 0 .1 6 4 0 0 .1 5 7

4 . 2 0 .0 6 3 0 .0 6 0 0 0 .0 3 0 0 .0 3 2 0 .0 4 7 0 .1 2 6 0 .0 2 0 9 0 .1 2 8

4 . 4 0 .0 3 3 0 .0 5 9 0 .0 5 3 0 .0 1 4 0 .0 6 1 0 .0 5 7 0 .1 0 7 0 .0 1 6 9 0 .1 0 3

4 . 6 0 .0 3 3 0 .0 5 9 0 .0 2 2 0 0 .0 4 9 0 .0 3 8 0 .0 8 3 0 0 .0 7 5

4 . 8 . 0 .0 3 3 0 .0 5 8 0 .0 1 5 0 0 .0 1 6 0 .0 1 3 0 .0 5 7 0 0 .0 4 3

5 . 0 0 .0 0 9 0 .0 5 7 0 .0 4 3 0 0 .0 2 4 0 .0 1 2 0 .0 3 4 0 0 .0 1 6 4

5 .2 0 0 .0 5 6 0 .0 2 7 0 0 0 0 0 0

5 . 4 0 0 .0 5 5 .  0 0 0 0 0 0 0 .0 0 8 9

5 . 6 0 . 0 0 .0 5 3 0 0 0 0 0 0  . 0 .0 1 4 3

5 . 8 0 0 .0 5 2 0 0 0 0 0 .0 1 2 9 0 0 .0 1 7 7

6 . 0 0 0 .0 5 1 0 0 0 0 0 .0 1 8 3 0 0 .0 2 0 1

c o r r e a p o n d

d ia g r a m  i a
show n  i n :

In g

F i g .  5 .............F ig . . 1 4 a F i « .  1 4 b F i g . 1 6 a F i g .  1 6 b

T a b l e  4 .  T h e  g r o u c h  r a t e  In ' 1 / d a y  c a l c u l a t e d  i n  v a r l o u a  c a a e t  f o r  t h e  5 0 0  MB OOOOZ 
A p r i l  3  w in d  p r o f i l e .
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0 L -  2 .6  ^

y 2

1

0

«rg 9

1
30 60 90 1200 0 1L -  6.0

'aolid lin e  0^*0.434 Cj^»0.074 ao lld  lin e  C,=0.666 0^^=0.0301
dotted lin e  0^-0.432 Ci=0.077 dotted lin e  0^-0.621 0^=0.0109

(a) (b)
F igure  17. A com parison o f  th e  am plitude fu n c tio n  o f  u n s ta b le  waves 

fo r  th e  500 MB OOOOZ A p ril 3 ( s o l id  l in e )  w ith  th a t  fo r  
co rrespond ing  extended p r o f i l e  (d o tted  l i n e ) .

so lid  lin e  1-2.0 0^-0.527 Ci=0.0310 
chain lin e  1=3.0 0^=0.363 Ci=0.0837 
dashed lin e  1-4.0 0^-0.217 0^-0.0654 
dotted lin e  1-5.0 0^-0.0602 0^=0.0167

F ig u re  18. A bso lu te  v a lu e  o f  9  o f  an u n s ta b le  wave a t  v a r io u s  wave
le n g th s  f o r  extended 500 MB OOOOZ A p ril  3 wind p r o f i l e .  
Note th a t  th e  | V| ' s  a re  confined  in  th e  s h e a r - b e l t .
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(a)

(b)

F ig u re  19. D is tu rb an ce  s tream  fu n c tio n  o f  most u n s ta b le  wave a t  L -2 .6  
fo r  500 MB OOOOZ A p ril  3 wind p r o f i l e .  The p rim ary  c e n te rs  
o f  c y c lo n ic  and a n t ic y c lc n ic  v o r t i c i t y  a re  marked by C and 
A. The dashed l in e  shows where v ' v a n ish e s , i . e . ,  trough  
and r id g e  l i n e s ,  (a) case  fo r  bounded p r o f i l e ,  (b) case  
fo r  extended p r o f i l e .
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y

b o u n d e d

n'v*
e x t e n d e d

ayat
b o u n d e d

.  v'C*
e x t e n d e d

• 1 0  * 0
• 0 . 9 — 0 . 0 — •Q.OOO
• 0 . 8 — 0 . 0 — • - 0 .0 0 2

• 0 . 7 — 0 . 0 — • 0 .0 0 5

• 0 . 6 — 0 .0 0 1 — - 0 . 0 1 1

• 0 . 5 — 0 .0 0 3 — • 0 .0 2 1

• 0 . 4 — 0 .0 0 6 — - 0 . 0 3 8

• 0 . 3 — 0 .0 1 1 — - 0 . 0 7 0

- 0 . 2 — 0 .0 2 1 — - 0 . 1 2 5

• 0 . 1 — 0 .0 3 8 — - 0 .2 2 3

0 0 0 .0 0 4 0 0 .9 1 2

0 . 1 - 0 .0 0 2 - 0 .0 6 7 0 .0 4 2 0 .5 0 2

0 . 2 - 0 .0 3 3 - 0 .2 2 1 0 .5 8 1 2 .5 8 3

0 . 3 • 0 .1 6 9 - 0 .6 4 8 2 .1 4 3 5 .9 6 1

0 . 4 • 0 .8 2 4 - 2 . 0 7 5 1 0 .9 5 4 2 2 .5 7 6

0 . 5 - 5 .6 1 2 - 9 . 2 9 9 8 4 .8 0 5 1 2 1 .8 9 0

0 . 6 - 1 0 .7 3 6 - 1 6 .7 3 4 1 7 .6 7 8 2 6 .8 1 0

0 . 7 • 1 0 .4 5 3 • 1 6 .3 1 2 - 2 3 .3 5 5 - 3 5 .2 3 3

0 . 8 - 7 .6 9 7 • 1 2 .1 8 3 - 3 1 .7 6 0 - 4 7 .3 6 0

0 . 9 - 4 .7 1 7 - 7 .7 5 4 - 2 7 .8 4 4 - 4 1 .2 1 2

1 . 0 - 1 .8 9 2 - 3 .5 8 6 - 2 8 .6 4 1 • 4 2 .1 4 6

1 . 1 . 0 . 9 2 9 0 . 5 5 4 - 2 7 .7 8 5 - 4 0 .6 5 6

1 . 2 3 .1 1 0 3 .7 3 6 - 1 5 .8 4 6 - 2 2 .9 9 3

1 . 3 3 .7 6 0 4 .6 8 3 2 . 3 5 5 4 .0 5 7

1 . 4 3 .0 6 9 3 .7 7 0 1 0 .9 7 2 1 4 .2 0 8

1 . 5 1 .3 0 5 1 .5 9 2 2 4 .3 0 1 2 9 .3 5 7

1 . 6 0 . 0 3 4 0 .0 4 6 1 .1 1 5 1 .5 4 6

1 . 7 - 0 .0 0 9 - 0 .0 1 2 - 0 .2 6 3 • 0 . 3 7 5

1 . 8 0 .0 0 4 0 .0 0 6 0 .0 0 4 0 .0 0 6

1 . 9 0 .0 0 2 0 .0 0 3 0 .0 4 2 0 .0 6 1

2 . 0 0 0 0 0

T a b l a  5 .  T h e  n u m e ri c a l  v a l u e s  o f  m om entum  t r a n s p o r t  u 'v *  a n d  v o r t i c i t y
t r a n s p o r t  v ' ( *  o f  t h e  m o s t  u n s t a b l e  w av e  ( L * 2 .6 )  f o r  t h e  b o u n d e d  
a n d  e x t e n d e d  5 0 0  MB OOOOZ A p r i l  3  w in d  p r o f i l e .  T he  u n i t  i a  
a r b i t r a r y .  T h e s e  v a l u e s  f o r  t h e  c a s e  o f  t h e  b o u n d e d  p r o f i l e  a r e  
p l o t t e d  i n  F i g u r e  8 .
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b [>

O .tW  9.911  O .M I O .f H  0.720  0 .M 4 0 .99#  9.949 0.490

n

>
0.919  0 .3 1 9  0.244 0 .2 0 9  0,140  0 .1 9 : 0 ,1 0 4  0.002  «O.OIOI

I H W N ^
0,909  0.929 0.999  9  709 0,090  0 ,070  0 ,900  0 ,929  0 .421

o.M ] « .X I  o .m  « . m  « . l u  « . u t  « .««u « . « u

(b)

(a)

F ig u re  20 , A com parison o f th e  cp's o f  s in g u la r  waves fo r  bounded 
500 MB OOOOZ A p ril 3 wind p r o f i l e  (a) and th o se  fo r  
co rrespond ing  extended p r o f i l e  ( b ) . Nondimensional 
norm alized  phase speeds a re  shown below .

(a)

U 9 .4  U S .ft > 9 . 1  > 4 . 0  >  0 0
> •0 .0 0 1 1  > # 0 .0 2 4  > " 0 .0 3 $  > # 0 .0 4 4  > -0 .0 9 9

(b)

> '2 .0  > 3 .0  > 4 . 0  1«4.9 > 9 .0  > 9 . 4  > 9 .4  V 4 .0  >  0 0
# *4).0039 e  #-0.031 # # -0 .0 9  t  #-0 .044  •  # -0 .071  c # -0 .090  c  # -0 .11  e  # -0 .1 9  e  # -0 ,9 1

F igu re  21a, Am plitude fu n c tio n  cp o f a  Rossby-Haurwitz wave fo r  500 MB 
OOOOZ A p ril 3 wind p r o f i l e .

F ig u re  21b. Am plitude fu n c tio n  cp o f  Rossby-H aurw itz wave a t  v a rio u s  
w avelengths due to  th e  e x ten s io n  o f  low er boundary to  
i n f i n i t y  fo r  500 MB OOOOZ A p ril  3 wind p r o f i l e .
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F ig u re  22, A tm ospheric wind p r o f i l e s  a t  850 MB. (a) d im ensional 
p r o f i l e s ,  (b) d im ension less  and norm alized  p r o f i l e s .

growth 0.3
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F igu re  23. Growth r a t e  v e rsu s  w avelength fo r  850 MB p r o f i l e s ,
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F igure 24a. A (c^ , c ^ )-L  diagram  fo r  850 MB OOOOZ A p ril 3 wind p r o f i l e .

Figure 24b. Disturbance stream function of most unstable wave at L=3.8
(3619 km) for 850 MB OOOOZ April 3 wind profile.
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F ig u re  24e . A ( e _  e . ) - L  diagram  fo r  850 MB OOOOZ A p r il  3 «Ind  p r o f i l e  
smoothed tw ice w ith  = -S2 -  0e25#
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F ig u re  25e. A (e^ . C j ) - !  diagram  «or 850 MB 1200Z A p r il  3 wind p r o f i l e .

Figure 25b. Disturbance stream function of most unstable wave at L=>3.0
(2857-km) for 850 MB 1200Z April 3 wind profile.



92

0.6e.■r
*1

0 . 5
850HB OOOOZ A p r i l  4

0.6

0 . 3

0 .2

0.1

- 0.1 87652 43

952km

F ig u re  26a, A (Cj., c ^ ) - !  diagram  fo r  850 MB OOOOZ A p ril  4 wind p r o f i l e .

Figure 26b. Disturbance stream function at most unstable wave at L-4.8
(4572 km) for 850 MB OOOOZ April 4 wind profile.
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F igure  27a. A (cj., Cj^)-L diagram  fo r  850 MB 1200Z A p ril  4 wind p r o f i l e .

Figure 27b. Disturbance stream function at most unstable wave at L=4.8
(1524 km) for 850 MB 1200Z April 4 wind profile.
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F igure  28. A tm ospheric wind p r o f i le s  a t  700 MB. (a) d im ensional 
p r o f i l e s ,  (b) d im ension less  and norm alized p r o f i l e s .
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F igure  29. Growth r a t e  v e rsu s  w avelength fo r  700 MB p r o f i l e s .
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F ig u re  30a, A (c^ , c ^ ) - !  diagram  f o r  700 MB OOOOZ A p ril 3 wind p r o f i l e .

Figure 30b. Disturbance stream function at most unstable wave at L"1.6
(1524 km) for 700 MB OOOOZ April 3 profile.
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®  12002 A p ril
^ Wind p r o f i l e .

F igu re 31b , D istu rb an ce stream  fu n ctio n  a t  m ost u n sta b le  w ave a t  L = 3,6
(3429 km) fo r  700 MB 1200Z A p r il 3 p r o f ile .
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F ig u re  32a. A (Cj., Cj^)-L diagram  fo r  700 MB OOOOZ A p r il  4 wind p r o f i l e .

Figure 32b, Disturbance stream function at most unstable wave at L=3.0
(2857 km) for 700 MB OOOOZ April 4 profile.
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F igure  32c. A (c^ , c^)-L diagram  f o r  700 MB OOOOZ A p ril 4 wind p r o f i l e  
smoothed tw ice w ith  Sĵ  = S2 = 0 ,2 5 .



99

C.
r

“i ' 700MB 1200Z  A p r i l  &

0.8

0 . 7

0.6

O .S

0 . 4

0 . 3

0.2

0.1

-0.1
0 1 42 3 65 7 98 10

952km

F igu re  33a. A ( c . ,  c^)-L diagram  fo r  700 MB 1200Z A p ril  4 wind p r o f i l e .

Figure 33b. Disturbance stream function of most unstable wave at L=4.8
(4872 km) for 700 MB 1200Z April 4 profile.
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Figure 33c, A (ĉ , c,)-L diagram for 700 MB 1200Z April 4 wind profile
smoothed^twice with Sĵ = $ 2  “ 0.25.
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F igu re  34. A tm ospheric wind p r o f i l e s  a t  500 MB. (a) d im ensional 
p r o f i l e s ,  (b) d im en sio n less  and norm alized  p r o f i l e s .
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F ig u re  35. Growth r a t e  v e rsu s  w avelength fo r  500 MB p r o f i l e s .
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F igu re  36a. A (c^., c^)_ l diagram  f o r  500 MB I200Z A p ril  3 wind p r o f i l e ,

Figure 36b. Disturbance stream function of most unstable wave at L«3.8
(3619 fan) for 500 MB 1200Z April 3 wind profile.
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F igure  37a. A diagram  f o r  500 MB OOOOZ A p ril 4 wind p r o f i l e .

Figure 37b. Disturbance stream function of most unstable wave at L^S.O
(4762 km) for 500 MB OOOOZ April 4 wind profile.
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F igure  37c. A (Cj., diagram for 500 MB OOOOZ April 4 wind profile
smoothed twice with 8% = Sg = 0,25.
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F ig u re  38a, A (c^ , c^)-L  diagram  fo r  500 MB 1200Z A p ril  4 wind p r o f i l e .

Figure 38b. Disturbance stream function of most unstable wave at 1=4.2
(4000 km) for 500 MB 1200Z April 4 profile.
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F ig u re  40 . Growth r a t e  v e rsu s  w avelength  fo r  300 MB p r o f i l e s .
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F ig u re  41a. A (c^ , c^)-L  diagram  fo r  300 MB OOOOZ A p ril 3 wind p r o f i l e .
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Figure 41b. Disturbance stream function of most unstable wave at L=4.4
(4191 km) for 300 MB OOOOZ April 3 profile.
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Figure 41c, A (ĉ , diagram for 300 MB OOOOZ April 3 wind profile
smoothed twice with = S2  = 0.25.



109

*» 1 
* 1  0 . 9 300MB 1200Z  A p r i l  3

0.8

0 .7

0.6

0 . 5

0 . 4

0 . 3

0.2

0.1

- 0.1
8 9 100 3 41 2 6 75

L  952km

F igure  42a, A (c^., c ^ - L  diagram  fo r  300 MB 1200Z A p ril 3 wind p r o f i l e .

Figure 42b. Disturbance stream function of most unstable wave at L=2,
(1905 km) for 300 MB 1200Z April 3 profile.
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F igure  43a, A (Cj,, c^ )-L  diagram  fo r  300 MB OOOOZ A p ril  4 wind p r o f i l e .

Figure 43b, Disturbance stream function of most unstable wave at 1-3.8
(3619 km) for 300 MB OOOOZ April 4 profile.
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F ig u re  43d. A (c , c )-L  diagram  fo r  300 MB OOOOZ A p ril 4 p r o f i l e  when
th e  low er boundary i s  extended to  i n f i n i t y  and th e  r e s u l t in g  
p r o f i l e  i s  smoothed fo u r tim es Sĵ  = Sg = = 0 .2 5 .
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F igu re  44a . A (c^ , c^ )-L  diagram  fo r  300 MB 1200Z A p ril  4 wind p r o f i l e ,

Figure 44b. Disturbance stream function of most unstable wave at L=4.0
(3810 km) for 300 MB 1200Z April 4 profile.
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F igu re  45 . Growth r a te  v e rsu s  a  and p fo r  th e  symmetric s in e -cu rv e  
p r o f i l e  U(y) = % (1 - cos tt y ) ,  0 < y < 2 , The dashed 
l in e  i s  the  boundary o f  u n s ta b le  wave reg io n  proposed 
by N it ta  and Yanai (1969) and by Kuo (1973) and l in e  A 
proposed by Yamasaki and Wada (1972a).

Table 6.

8 a «r

-0 .5 0.866 1.000
-0.485 0.649 1.012
-0.470 0.537 1.018
-0.455 0.442 1.042
-0.440 0.3471 1.06
-0.430 0.2787 1.07
-0.420 0.1973 1.09
-0.410 0.0619 1.10
-0.409 0.0221 1.103

The 8, a and c^ values on the 
wavelength for the ea s te rly  cu 
with the v elocity  p ro f ile  U(y) 
0 < y < 2. These values of 8 
in  Figure 45, as lin e  A.

8 H

-0.409 0
-0.40885 0.00165
-0.40880 0.00682
-0.408 0.0273
-0.407 0.0402
-0.406 0.0498
-0.405 0.0578
-0.404 0.0647
-0.403 0.0710
-0.402 0.0767
-0.401 0.0820
-0.400 0.0869
-0.390 0.124
-0.380 0.152
-0.370 0.174
-0.360 0.192

Table 7. The c . values on cfO as a function o f 8 for 
the easte rly  current (8<0) with the velocity  
p ro file  U(y)-%(l-cos n y ) , 0 < y < 2,
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850 MB 700 MB 500 MB 300 MI

OOOOZ April 3
(a) (5.68, 3619)
(b) —
(c) (6.35, 3619)

(85.38, 1524) 
stable

(3.44, 2476) 
(3.70, 2286 
(3.20, 2286)

(18.97, «191)

1200Z April 3 (a) (12.85, 2857) (32.96, 3429) (6.91, 3619) (6.71, 1905)

OOOOZ April 4
(a) (15.20, 4572)
(b) —
(c) —

(7.98, 2857) 
(117, 4572)

(3.77, 4762) 

(3.76, 4572)

(3.60, 3619) 

(2.74, 4000)

1200Z April 4
(a) (33.50, 1524)
(b) stab le
(c) (29.49, 1524)

(18.11, 4572) (4.27, 4000) (2.93, 3610)

(a) fo r a bounded nonsmoothed p ro f ile
(b) for a bounded p ro file  smoothed once “ 0.25
(c) for a sem iinfin ite p ro file
(d) for a sem iinfin ite p ro file  smoothed once " 0.25

Table 8. The e-fo lding time of the most unstable wave, and the most p referw d 
wavelength, for each wind p ro file  considered in  th is  study. The M rat 
value in  the parenthesis is  the e-folding time in  days, the seconâ 
value is  the most preferred wavelength in  km.
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Figüre 46. Weather maps at 850 MB for four time steps and the domains
considered in this study.
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Figure 47. Weather map at 700 MB for four time steps and the domains
considered in this study.
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Figure 48. Weather map at 500 MB for four time steps and the domains
considered in this study.
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Figure 49. Weather map at 300 MB for four time steps and the domains
considered in this study.


