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PRODUCTS AND DUALS OF GENERALIZED LINEAR SPACES
CHAPTER 1
INTRODUCTION

Much of mathematics is synthesized from the properties of a set of
objects or of the objects themselves, and the properties of a family of
mappings on those sets or the mappings themselves. For this dissertation
a set X with a family X of "lines" in X and a family ¥ of real-valued
(R = reals) functions is considered, which has as its prototype any
usual convex subset of E" with usual lines and the fanily of usual liinear
functions restricted to the subset, Initially (X,2X) is a "generalized
linear space", (defined in Chapter II and symbolized G.L.S.), as studied
by Cantwell [1]., A definition of "linear" is considered via a "line"
structure f'induced upon X x JR and the graphs of functions. The term
"dual" space is used to indicate the set of "linear" functions, which is
shown to be a real module under the usual operations on functions, The
conditions under which X is isomorphic to its "dual" space has been inves-
tigated thoroughly in classical works when X is a real module. With the
line structure f’induced on X x IR in a natural manner, (X,J) is shown
to be isomorphic to a real module precisely when (X x IR ,f’) is a G.L.S.
More generally a line structure I”may be induced on X x Y where X and Y
are G.,L.S., and X, Y are shown to be isomorphic to real modules if and

only if (X x Y,I") is a G.L.S.
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Certain properties of the family :F' and its members are found to
be sufficient to show that X must be a G.L.S. under the imposed convexity
and line structures, The imposed structures on X are shown to possess
the property that inverse-images4of singletons for non-trivial functions
are hyperplanes in X (and conversely if X is of finite dimension).

Considering these properties of 37 s together with a G,L.S. X of
finite dimension, a topology T is induced upon X under which F is a
family of continuous functions, This topology is shown to be equivalent
to the topology considered by Cantwell, so that a result of Cantwell's
that (X, r)lis homeomorphic to E" for some n holds., (X, t) is shown to
be a locally convex generalized linear space, so that classical results

such as the Krein-Milman theorem can be obtained, (as shown by Shirley

(7.



CHAPTER II

LINEAR FUNCTIONS VIA

PRODUCTS OF GENERALIZED LINEAR SPACES

Let X be a set, and L a family of subsets of X bearing certain
properties in common with lines in geometry. Traditional language is
used: Members of X and £ are called "points" and "lines" respectively.
Each line 1s assumed to have a total ordering from which, as shown by
Prenowitz [3], an interval convexity structure can be extracted. If x,y
eLeX, x#y then let (xy) denote the set of points strictly between x
and y. Correspondingly: (xy = (xy)U{y}, xy) = (xy) U{x}, and xy = (xy)
U{x,y}. The notation xyz ﬁeans y € xz and (xyz) means y € xz., We freely
use this notation for real numbers. If x,y,zce £ <., then x, y, z are
collinear, A non-collinear triple is called a trianple. We consider a
class of spaces which was studied by Shirley [7] and by Cantwell [1]

before him,

2,1. DEFINITION., The pair (X,.) is called a peneralized linear space

(G.,L.S.) if the following three axiors are satisfied:
A. Each line is order-isomorphic to the reals,
B. Each pair of distinct points belong to a unique line,
c. If x, y, z € X, (xuy), (uvz) then there exists w such that
(xwz) and (wvy). |

The unique line containing x ¥ y as given by axiom B will be
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denoted by L(x,y). The order-isomorphism given by axiom A shall be denoted
by m; that is, w#: L -+ R. This isomorphism depends upon the particular
line L, so that at times additional subscripts will be necessary. Since
infinitely many isomorphisms would be available; we shall assume that for
each line there is, up to an arbitrary constant, a fixed isomorphism.
Thus when we say that (X,Z) is a G.L.S., a particular family of isomor-
phisms from the members of Jf to /R will be assumed.

2,2. DEFINITION, A directed distance function d on X is a function

d: X x X + IR such that
d(x,y) = 0 if x =1y,
d(x,y) = m(y) - n(x) if x #y,
where 7 = nL(x,y) is the isomorphism guaranteed from L(x,y) to ﬂ{.

2.3, PROPERTIES OF d, In view of Definition 2.2. we have:

(i) d(x,y) = 0 if and only if x = ¥y
(i1)  d(x,y) = -d(y,x)
(1iii) Given x € L with d defined on L, to each A ¢ IR there cor-
responds a unique y € L such that d(x,y) = A,
(iv) If x, v, z are any three collinear points then
d(x,y) = d(x,z) if and only if v = z,
(v) If x, y, z are any three collinear points
(1) d(x,y) + d(y,z) = d(x,z).
(vi) Point y is between x and z if and only if x,v, and z are
distinct, collinear points and
2) ldx,y) | + |d(y,2)| = |d(x,2)]
or equivalently, if and only if x, y, z are collinear and

(3) d(x,y)d(yv,z) > 0.
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We note that d does not necessarily satisfy the triangle inequality:

ldx,» | < ldGx,2)| + ld@y,2)].
Proof (i). Suppose d(x,y) = 0 and x ¥ y. Then if L = L(x,y)
!L(y) - 1 (x) = 0 or nL(y) - ﬂL(x), from which we obtain y = x (since
n, is an isomorphism), a contradiction. The second half is immediate from
the definition of d.
Proof (ii). Clear from definition of d.

Proof (1ii),(iv). Clear since m, 1s an isomorphism from L to R .

Proof (v), If x=y=2, or x=y ¥z, or x#¥y=2 then (1)
is clearly satisfied, If x =2z ¢ y then

d(x,y) + d(y,z) = d(x,y) - d(x,y) = 0 = d(x,2).

If x, y, z are distinct then
d(x,y) + d(y,z) = [ﬂL(y) - ﬂL(x)] + [‘nL(z) - 'n'L(y)]
= n,(z) - m(x) = d(x,2)
and (1) is satisfied, completing the proof.

Proof (vi). Now y is between x and z if and only if (xyz) which
implies x, y, z are distinct collinear points, Since ® 18 an order-
isomorphism, we have m(x) < w(y) < n(z) or =(x) < w(y) < n(z) if and
only if |[m(y) = 7#(x)| + |n(2) = w(y)|] = |n(z) -~ w(x)| which is

equivalent to (2). Similarly for (3).

We now turn to a consideration of space X xR = {(x,a) | x €X, a €]}
with a view to making it a G.L.S. The motivation for this is to formulate

a definition for linear functions from X to /R .

2,3, DEFINITION, A line in X x[R is a set of one of the following two

types, for each me¢ X, u,A ¢, L e L:



(1) {m} x R

(11) {(x, un(x) + 1) | xeL}.

Observe that the lines in‘ X x IR may be made order-isomorphic to R
under the two isomorphisms m', #" where n#': {m} x JR + IR is defined by
'(m,a) = o and 7 {(x, un(x) + A )} + R  1is defined by
" ((x, un(x) + 1)) = 7(x). Thus axiom A of a G.L.S. is satisfied.

Let (a,a), (b,B) be two distinct points in X x R, If a = b, then
a line in X xR containing (a,a), (a,B) has the form {a} x IR or
{(x, Uﬂ(x)b+ A) | x € L} for some u, A € IR and line L thru a., But
in the latter case;x = 3 implies ¢ = uw(a) + A and B = um(a) + A yielding
a = B a contradiction, and the line is of the form {a} x/R, If a ¥ b
then there exists L € ¥ such that L = L(a,b). Thus the corresponding
line in X x /R, namely

b= {(xy um(x) +2) | xe L}
will contain (a,a), (b,B)‘if and only if

d(a,b)y = B - a , d(a,b) A = an(b) - Bw(a)
since d(a,b) ¥ 0 so that u,A are unique. Hence for any two distinct
points in X x R, there is a unique line joining them and axiom B of a
G.L.S, 1s satisfied.

We state a simple lemma, whose proof is obvious, which will be

useful later,

2,4, LEMMA, For a # b the lire L((a,a), (b,B)) 1s the set of all points

(x,£), x €L(a,b) where

d(a,x) d(a,x) d(a,x) d(x,b)
& - [1 - d(‘a‘"‘,b)]“" d(a,b) © 7 d(,b) Pt d@,p) ¢ -
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2.5, DEFINITION, Let (a,a), (b,B), and (¢,Y) be any three collinear

points in X x /K. Then (b,8) is said to be between (a,a) and (c,Y)
if and only if either b is between a and ¢ in X or a=b=¢ and 8 1is
between a and y in R.

Before investigating axiom C as it applies to X x R s we consider
"flats" in X x /KR, Following the usual manner in which flats are defined
in terms of lines, we adopt the following.

2,6, DEFINITION. A flat in X x /R is a set F such that for all p,q € F,

L(p,q) < F. A flat H is called a hyperplane in X x R if and only if H

is a maximal propei: flat in X x R, If Ac X x /R the flat spanned by

Ais fl1(A) = {F | Ac P, F a flat in X x /R}. (Similar definitions are
made if (Y, Y) is any pair satisfying axiom B, or, in particular, a G.L.S.)

2,7, DEFINITION, A function f: X + /R 1is called linear if and only if

graph £ = {(x,f(x)) | x ¢ X is a flat in X xR},
REMARK, Linear functions can be thought of as those functions which are
either trivial on lines or preserve the ratios determined by the directed
distance function d between points on the lines of X. For, if L is a line
in X with x # y €L, a point on the line L((x,f(x)),(y,f(y))) in
X x R has the form

@4 £(y) + 4o ) - (mEm), m eL(x,y)

d(x,y)
which yields

f(x) - f(m) = dlx,m)
f(y) - f£(y) d(x,y)

2,8, LEMMA, If m € f1(x,y,z), then (m,8) € f1((x,6),(y,8),(z,8)).
Proof. If x,y,z are not distinct, then 2z e L(x,y) and

m € L(x,y). By Lerma 2.4, (m,8) & L((x,8),(y,8)). Suppose x, y, z are
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distinct, Since me f1(x,y,z) and X is a G.L.S., it follows from
properties of flats, that either L(z,m) ¥ L(x,y) # @, L(x,m) NL(y,2)
$#9 or L(y,m) N L(x,z) ¥ @; wolog, L(z,m)N L(x,y) = {u} . Then
(u,68) € L((x,8),(y,6)) and (m,GA) € L((z,6), (u,8)). Hence (m,6) ¢

fl((xga) ’ (}’.5). (296))0

2,9, COROLLARY., Let f be a linear function such that f(x)=f(y)=£f(z)= §

If m € fl(x,y,2) then f(m) = ¢,

2,10, THEOREM., The graph of every linear function f on X is a hyperplane

in X x [R.

Proof. The set F = graph f is clearly proper in X x R. Thus
suppose that F is not a maximal flat; that is, suppose there exists H, a
flat of X x R, such that F ¢ Hcoxx IR . We shall show H = Xx /R, Let
(y,n) € X XIR\H. If {y} =X then (y,8) € H for some § # f(y). But

(7,m) € {y} xR =L((y,8), (y,£(y)))cH
so that H= X x R, If X# {y} then there exists x # y€ X, § ¢ JR such
that (x,6) € H\F, We can assume that f(x) - § ¥ n - £(y) for if not,
then let &' = ( &+ £(x))/2 so that (x,8') € H\F and f(x)~8' # n~-f(y).

Since (y,n) € H, x# y, there exists m eL(x,y) such that

7 (m) = T(W(F(x) =6 ) + w((f(y)=n)
f(x) -6 + f(y) = n

from which follows the equation

d(x,m) + d(m,z)f(x) = d(x,m)f(y) + d(m,y) 5 =

d(x,y) " d(x,y) d(x,y) d(x,y) &

(x,6)

(m,¢) (yym)

1

(x,£)) e EmY o (v, £(3)) Fapure 1.
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By Lemma 2.,4., (2.2) € L((x,f(x)), (y,m)N L((x,6), (y,£(y)))

(see fig, 1), Hence (m,8) ¢ H so that (y,n) e H and H= xx R.

We now investigate the "dual" of X, denoted X* where

x* = {f |f:x -+ [R, f is linearl.

2,11, THEOREM, X* is a module over [R, under the usual definitions of

function addition and scalar multiplication,
Proof. We need only show that for all A e [R, f, g € X%,
(1) graph (A*f) 1is a flat,
>(2) graph (f + g) is a flat,
Proof of (1). Let x # y € X; then two points in graph (A*f) are

(x, (Ae£f)(x)) = (x, Af(x)), (y, (A<£)(¥)) = (y, Af(y)).

The line joining these two points has points of the form

X, d
(m, %—é—:—:—y'% M(y) + d(;"y)xf(x))

- ma[8EB e+ SEBDi] ), e Ly,

and since graph f is a flat this point is

(my, Af(m)) = (m, (A<f)(m)).
Thus (m, A+*f(m)) € graph (.A'f) for all me L(x,y). Hence A* f is a
linear function,

Proof of (2). Let x # y e X, then

(x, (£ +g)(x)), (y, (£+ g)(x)) € graph (f + g).

The line joining these two points has points of the form

, SEIE () + S+ 9 6)
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= (m, ?(élﬂ f(y) +d—§"~?-L) f(x) + ﬁ:—‘i;%- g(y) + :Em,y; g(x) )

where m € L(x,y), and since graph f and graph g are flats

(m, £(m) + g(m)) = (m, (f + g)(m)) € graph (f + g).

Thus f + g 1is a linear function, completing the proof,

Now X* is a real module, so that X* is convex-isomorphic to (Y,fS)
vhere £ is a convexity stru-ture on Y if and only if Y is also a real
module (Shirley [7]). Hence, the following result is established.

2,12, THEOREM. X** is convex-isomorphic to X if and only if X is a real

module,
Thus we see that the conditions in the definition of "linear", which
at first seem relatively general, are indeed quite restrictive,as we obtain

the classical situation,

He observe examples of a G.L.S. X with regard to axiom C in X x ﬂe.
EXAMPLE (1), Let X be a real module with usual lines. If the order-
isomorphisms are induced by the usual coordinate projections, then X x R
satisfies axiom C,

EXAMPLE (2). Let X be a moulton plane. If the order-isomorphisms are

again induced by the usual coordinate projections which on the broken

lines will be piecewise linear, then X x R does not satisfy axiom C on

triangles whose corresponding triangles in X have at least one broken edge,
'As a specific example, let a = (0,0), b = (4,1), ¢ = (0,~2) be

three distinct points in X, u € be, v € au be such that u = (2,0),

v=(1,0), Let w= (0,-2/3) so that v € wb and w € ac in order to satisfy

axiom C in X. For L(a,c) let 7 be first coordinate projection; for theothers

let 7 be second coordinate projection, Consider three points in X x ﬂ?
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a' = (a,0), b' = (b,4), ¢c' = (c,~2). The line containing b', c' has
points of the form (m, (3/2)7(m) - 2) for m € L(b,c) so that u' = (u,l) 3
L(b',c'). Similarly v' = (v,1/2) € L(a',u'). Now the line containing
v', b' has points of the form (m, (7/6)n(m) - 2/3) for m € L(v,b). Thus
w' = (w,~13/9) € L(v',b')., But w' £ L(a',c') as w would correspond to
the point (w,~2/3) € L(a',c'). Hence axiom C is not satisfied by triangle
(a,0), (b,4), (c,-2).
EXAMPLE (3). If X is an open convex set in E2 with usual lines where the
order-isomorphisms are natural homeomorphisms between open intervals and
the reals, then X x R does not satisfy axiom C.

As a specific example let X be the interior of the square whose
vertices are (+ 4, + 4)., Let a = (0,0), b = (2,2), and ¢ = (2,0) with
u= (2,1), v=(1,1/2) and v = (2/3,0) so that u € bec, v € au and
v € wb, w € ac., For L(b,c) let m be second coordinate projection followed
by t:(~4,4) > R where 1t(t) = t/¥ 16 - tz;' for the others let 7 be first
coordinate projection followed by t. Consider three distinct points in
XxR, a'" = (a,0), b' = (b,2//_3'), and c' (c,1/¥" 3 ). The correspond-
ing u', v' are then u' = (u, (1 + V5 )// 15 ) and v' =
(v, (1 + /—g-)/(Z/TEB). On the line L(u',v') the correspondent to w is
w' = (w, 2/(37V"15)) whereas on L(a',c'), w corresponds to w'" =

(w, 1/¥ 35 ), Hence axiom C is not satisfied by triangle a',b',c',

We now consider what bearing axiom C in X x R has on properties

of X, As we shall see, quite strong consequences can be developed. We

» shall assume that axiom C holds throughout the results 2,13, through

2,17, below.
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2,13, LEMMA, Let x,y,z be non-collinear points in X, A ¢ R where

ue (xy), ve (uz), and m € (yz) such that v ¢ (xm).
(a) If d(u,y) = Ad(x,y), d(v,u) = Ad(z,v) then d(v,m) = Ad(x,m) and
d(m,y) = Ad(z,3). |
(b) If d(u,y) = Ad(x,y), d(m,y) = Ad(z,y) then d(v,u) = id(z,v) and
d(v,m) = Ad(x,v).

Proof. Consider the points (x,0), (v,1), (z,2) in X x [R. Then by
Lemma 2.4, we have the (u,1 - 1) € (x,0)(y,1) and (v,1) € (u,1 - A)(z,2).
Now by axiom C in X x [{ , there exists u such that (m,u) e¢(y,1)(z,2) and

(v,1) € (x,0)(m,u).

Figure 2,

Thus by definition of lines in X x J§ we have for L(y,z) and L(x,v)

respectively
d(z,m) d(m,y)
= .1 2
(*) * d(z,y) ' d(z,y)
L d(x,m) d(m,v)
d(x,v)'1 * d(x,v) 0.

Considering the points (x,0), (y,1/(1 = 1)), (z,1) in X x R we have by

Lemma 2.4, that



13

WD e €0, T4, WD @D,

By axiom C in X x R, there exists u' such that

@u") € (et (2,1, (v,1) € (mu")(x,0).

Thus for L(y,z) and L(x,v) respectively we have

u! - d(sz) . 1 + d(m,zz o 1
d(z,y) 1 =12 d(z,y)

v . d(x,m) , démuXL .
v a(x,v) 1 + d(x,v) 0

Now the second equations in (*) and (**) refer to L(x,v) and yield

(**)

that y = u', The first equations refer to L(y,z) and yield

d(z,m) + 2d(m,y) = T_%_K_ d(z,m) + d(m,y)
or equivalently
d(m,y) = Ad(z,y).
Thus u = (1 -1) + 2 A= 1+ ) from equation 1 in (*), so by the second

equation in (*%)

m

or equivalently
d(v,m) = Ad(x,v).

Hence (a) is completed.

(b) We shall prove the left equation; symmetry will yield the
right equation, Choose v' € L(u,z) such that d(v',u) = Ad(z,v').
Since 0 < A < 1, v' € uz, so by axiom C there exists m' € yz such
that v' € xm'. By (a) d(v',m') = Ad(x,v') and d(m',y) = Ad(z,y). But
d(m,y) = Ad(z,y) so that d(m',y) = d(m,y) or m = m'. Since lines

joining two points are unique v = v', Hence, d(v,u) = Ad(z,v) and
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d(v,m) = Ad(x,v), (b) is completed.
REMARK: We note that in (a) for A = 1/2, (that is when u is the midpoint
of x and y and v is 1/3 the distance from u to z) then v is 1/3 the
distance from m to x and m is the midpoint of y and z, 1In (b) for

A=1/2 we obtain the following familiar geometric theorem,

2,14, THEOREM, The medians of a triangle are concurrent at a point which

is 1/3 the distance on the median from the midpoint of a side to the

vertex opposite that side.

2,15, LEMMA, Let x, y, z be non=collinear

points , x', y', m, m'

€ X such that x'e (xy),
z'e(zy), m' e (x'y'), m € (xz), and m' ¢ (my), If

for A, a c!R, d(x',y) = Ad(x,y), d(z',y) = 2ad(z,y)

and d(x',m') = ad(x',y'), then d(x,m) = ad(x,2z)
and d(m',y) = Ad(m,y). Figure 3,

Proof. Consider the points (x,1), (y,0), (z,B) in X x R where
B ==L, Then by Lemma 2.4. ', e (x,(y,0), (z', 28) ¢
(y,0)(z,8), (m',0) € (x',A)(z', 28) and (m',0) ¢ (y,0)(m,0), But
since X xR is a G.L.S. (m,0) ¢ (x,1)(z,B) so that by Lemma 2,4,
d(x,m) = ad(x,2).

For the second equation we consider the points (x,1), (y,0), (z,1)
in Xxx /R, By Lemma 2.4, we have (x',).) e (x,1)(y,0), (2',1) € (y,0)(z,1),
@',MVe x}N(z',2) and (m,1) e (x,1)(z,1). But since X xR is a G.L.S.

(m',2) € (m,1)(y,0) so that by Lemma 2,4. d(m',y) = Ad(m,y).

We are now able to define two operations + : X x X =+ X and

i :IR x X =+ X so that X becomes a vector space over IR with respect



15
to +,° ,
Let 6 be a fixed element of X, If x = 6 1let d be the
distance function of an arbitrary line through 6 so that d(8,x) = 0., If
x¥ 06 then d is as in Definition 2,2.,, d(08,x) = m(x) - n(8) where =

is an order-isomorphism of L(6,x) to R .

2,16, DEFINITION, For each x, y eX define the midpoint m of xy to be the

unique point m on L(x,y) such that d(x,m) = (1/2)d(x,y) if x #y and
m=x if x =y, Define x + y to be the unique point z such that

z ¢ L(B,m) and d(6,z) = 2d(6,m), where m is midpoint of xy.

2.17. DEFINITION, For each x € X, A ¢ R define A *x to be the

unique ye L(6,x) such that d(6,y) = Ad(6,x).

We need to show that (X; +, ¢) is a lef: M module. The abelian
group properties for (+) are clear except for associativity; thus, we
shall check the following for all A, u € ﬂ2 s X, ¥, 2 € X

(1) Aeuex) = (Ap)ex

(1) 1 ex = x

(1id) (A +y) ¢ x = K ex+yp e+ x

(iv) 1 ; (x+y) = Xex+2d ey

(v) x+y)+z = x4+ (y+2).

Proof of (1), Now u * x =y if y € L(6,x) such that d(8,y) =

ud(8,x), and A e(u*x) = X ¢y = 2z 1f 2z ¢ L(8,y) = L(8,x) such that
d(8,z) = Ad(0,y). Thus d(6,z) = A(ud(8,x)) = (Ap)d(8,x) or
Ae (uex) =z = (Ap) -« x,

Proof of (4i)., Now 1+ x=y 1if y ¢ L(8,x) such that d(e,y) =

1d(6,x), But by properties of d, d(0,y) = d(6,x) implies y = x, Thus
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l]e x=x,

Proof of (1ii)., (A + u)e x = Aex + u*x., We first note that

(A + u)ex, Aex, uex € L(0,x)e Now A ¢ x+u e x=2z if 2z ¢ L(8,x)
such that d(6,z) = 2d(8,m) where m is midpoint of (Aex)(u+x). That
is, d(Ax,m) = (1/2)d(A*x,u*x). But

d(Aex,pex) = d(Aex,0) + d(6,u*x)
and d(é,m) = d(6,A*x) + d(Aex,m)
so that

d(6,z) = 2d(6,m) = 2d(6,A*x) + 2d(A*x,m)

2a(8,00x) + [d(A-x,8) + d(o,u+x)]

d(8,A*x) + d(@,uex)

(l + u)d(egx) .
Thus z = (A + plex = A ¢ x+ - A en.

Proof of (iv). Ae(x + y) = Aex + Aey, Let m, m' be midpoints

of xand y , 'l-x and Ay reSpectively.‘ If Xx=0 or x =y, the
assertion is clear, By Lemma 2,15. d(6,m') = Ad(6,m) and m' € L(6,m).
Thus A¢(x + y), Aex+ Aey € L(6,m) and d(B,A*(x + y)) = 2Ad(6, x + y)=
A*2d(8,m) = 2d(8,m') = d(8,A<x + A*y).

Hence As(x + y) = Aex + A-y,

Proof of (v)., (x+y) +z=x+ (y+ z). The proof is the same

as the proof given in Kay [4] in a different setting, but will be included
for the purpose of completeness. Assume none of x, y, z = 6, for otherwise,
the assertion 1s trivial,

Case 1, x=y=2, x+ (x+x)=(x+x)+ x by commutativity,

Case 2, 1If x, y, z, 6 are collinear then assertion follows from (iii),

Case 3, x ¥y =2, Let m be the midpoint of xy, m' the midpoint of y and
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x +y, and m the midpoint of x and 2y. Let reL(6,m') N L(x,y),
8 € L(B,ml) N L(x,y)« Considering 6 , 2y, x we have by Lemma 2,13.
d(y,s) = (1/3)d(y,x). For © , x +y, y we have by Lemma 2,13, d(m,r) =
(1/3)d(m,y). Since d(y,m) = (1/2)d(y,x) we have d(y,s) = (1/3)d(y,x) =
(1/3)+2d(y,m) or equivalently d(m,s) = (1/3)d(m,y). Hence r = s, and

m = m' by Lemma 2.3, and assertion follows,

»®

. x+y
e
]
Fl\\‘\k+y)+>’
x + 2y

Figure 4.

Case 4, x =y ¥ 2z

(x+y)+z=z+(x+y)=z+(y+x)=(2z+y)+x

= x+ (z+y) =x+ (y+ z).

Case 5, x=2z#y Similar té (4).
Case 6., Suppose x, y, z are distinct, including when x, y, z pairwise
collinear with 6, Let m be the midpoint of xy, my the midpoint of x + y
and z, m' the midpoint of y and z, and ml' the midpoint of x and y + z.

Considering 6, x, y + z, we have by Lemma 2,13, that 2d(r,m') =
d(x,r). Considering 6, z, x + y, we have 2d(s,m) = d(z,s). Considering
X, ¥, 2 we have 2d(t,m) = d(z,t) and 2d(t,m') = d(x,t). Combining the

firét and the last we have r = t and the middle two yield s = t, Thus
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r=t=g and by Lemna 2.13.'m1-m1' so that x+ (y+ z) = (x+y) + z.

x+y

Figure 5.

Thus under the assumption that X and X *IR are G.L.S.'s we see
that (X; +, °*) is a real vector space., However, if X is a real vector
space, then X x R 1is a real vector space. So we have:

2,18, THEOREM, X x IR is a G.L.S. if and only if X is a vector space.

Since X x /§ 1is a real vector space whenever X is a vector space,
we have:

2,19, COROLLARY, Axiom C in X x fR is equivalent to the vector space

axioms in X x IR .

We now investigate a generalization of products of the type X x fR.
It is possible to generalize all the results for X x [R to X x V where V
is any vector space., But a further generalization is possible from which
the results for X x V can be obtained as a special case. Consider a
product X x Y for two G.L.S.'s X and Y with families of lines 7, I'

respectively and d, d' the respective distance functions,
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2,20, DEFINITION, A line in X x Y is any set of one of the following

three types (x, y €X, x', y' € Y):

{x}) x L'(x',y"), L(x,y) x {x'}

deem _ d'Gmt)

{ (m') | m € L(x,y), m'e L'(x',y"), d(x5,y) ~ T (x'.y")

REMARK. By the order-isomorphisms of X and Y , for each m ¢ L(x,y),
x ¥ y, there exists m' € L(x',y'), x' # y' such that

d(x,m) d'(x',m')

- and conversely.
d(x,y) a'(x',y") 4

Let us now consider the structure of X x Y as it perfains to the
axioms of a G,L.S.

The lines of X x Y have a natural order as follows: For lines of
the form {m} x L' define (m,x') = (my') 4if and only if d'(y',x') > O,
Fer lines of the form L x {m'} define (x,m') S (y,z') if and oaly if
d(y,x) > 0. For lines of the third type L((x,x"),(y,y")) define

(z,2')

ia

(m,m') 4if and only if d(m,2z) > O, From the properties of d
and d' these lines are then order-isomorphic to the reals, Hence axiom A
is satisfied.,

Let (x,x'), (y,y') € X xY, If x=y then the line {x}xL'(x',y")
is a line joining (x,x') and. (y,y'). By definition of the other types
of lines this is the only possibility, and it is unique since L'(x',y"')
is unique . If x' = y' then then above applies to the line L(x,y) x
{x'}., Thus suppose x # y and x' # y'. The line joining (x,x') and
(y,y') has points of the form (m,m') where me L(x,y), m' e L'(x',y")
and %é%:?% = -%;%ﬁ;:%;% . Since L(x,y) and L'(x',y') are both unique,
L((x,x"), (y,¥"')) 1is unique, Hence axiom B is satisfied,

By our previous examples we know that X x Y need not satisfy axiom C,
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2,21, LEMMA, Let (m,m') € L((x,x"),(y,¥')) x ¥y, x'" ¥#y'. Then

d(x,m) _ d'(x',m") if and only if d(my) . d'(m',y") ,
dlx,m) .__L_ru_él and only ?FT—TJle

d(x.)') d'(x oy ) d(x’y) X Yy )

Proof., Immediate from properties of d and d'.

2,22, LEMMA, Let (m,m') € L((x,x'),(y,¥")) x#y, x' #y', 2 el

Then d(x,m) = Ad(x,y) if and only if d'(x',m') = Ad'(x',y').
Proof. Since L((x,x"'),(y,y')) 1is of type three, the equivalence

is immediate from definition.

2,23. DEFINITION., Let (x,x'), (y,y'), and (z,z') be any three collinear

points in XxY, Then (y,y') 1is said to be between (x,x') and (z,z')
if and only if either y is between x and z in X, or x =y = 2z and y' is
between x' and z' in Y,

Following the usual nmanner in which flats are defined in terms of

lines, we adopt the following,

2,24, DEFINITION, A flat in X x Y is a set F such that for all p,q € F

then L(p,q) < F, A flat H is called a hyperplane in X x Y if and only

if H is a maximal proper flat in X x Y, If A X xY then the flat

spanned by A is f1(A) = N{F | Ac F, F is a flat in X x Y},

2,25, DEFINITION., A mapping f: X+ Y 1is called linear if and only if

the graph f = {(x,f(x)) | x ¢ X} is a flat in X x Y,

2,26, THEOREM., The graph of every linear function f from X to Y is a

hyperplane in X x Y,
Proof. The proof follows the argument of Theorem 2,10, Suppose

there exists H a flat in X x Y such that graph f ¥ HC X x Y, Let
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(x,x') € X x Y \ H. We will show (x,x') € H. Let (y,y') € H\ graph £
such that a = d'(x',f(x)) + d"'(f(y),y') ¥ 0, Let z € L(x,y) such that
w(z) = ﬂi’.cr;f_(l‘.)_).n(y) + ﬂ.f_{?.al'_)v(x)._
If x =y, then let 2z' é L'(y',f(i)). If x # y then there exists z' such

that
d(x,z) . 4'Ge'yz") L d'(f(x),z")
d(x,y) d'(x',£(y)) d'(E(x),y")
or (z,2') € L((x,x"),(y,£(¥))) AL((x,£(x)),(y,y"')). Since L((x,f(x)),

(y,¥')) ¢ H we have (z,z') € H, Hence L((z,2'),(y,y'))c H so that

(x,x') ¢ H, Thus H = X x Y,

The definition of linear function from X to Y did not require that
X and Y both satisfy axiom C, 'We consider then two theorems relating the

concept of linearity and axiom C.

2,27. THLCREM, Let X be a G,L.S., and Y satisfy only axioms A and B. If

f is a linear onto mapping from X to Y, then Y is a G,L.S.

Proof, Let x',y',z',u',v' € Y such that u' e (x'y'), v' € (u'z"),
Since F is onto there exist x,y,z,u,v € X such that f£f(x) = x', f(y) =
y', £f(z) = z', £(u) = u', f(v) = v' and by Lemma 2,22, u ¢ (xy),
v € (uz). Now by axiom C in X there exists w ¢ (xz) such that v e (wy).

Since graph f is a flat

d(x,w) _ d'(x',£(w)) and - d(y,w) _ d'(y',£(w))
d(x,z) d"(x",z") d(y,v) d'(y',v)

Thus f(w) € (x'2') and v' € (f(w)y'). Now Y clearly satisfies the

special cases of axiom C, so Y is a G.L.S.

2,28, THEOREM, Let X satisfy only axioms A and B, Y be a G,L.S. If f

is linear, one-to-one mapping from X to Y, then X is a G.L.S.
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Proof, Let x, y, Z, u, v € X such that u € (xy), v € (uz), Then
for distinct x. y, z, f being linear and one-to-one yields f(x), f(y),
f(u), £(v), £(2) distinct. By Lemma 2.22, and graph f is flat we obtain
u' e (x"y"), v' € (u'2'). But axiom C in Y yields w' € (x'z') such
that v' ¢ w'y'. By Lemma 2,22, and graph f is a flat, we have there
exists w € (xz) such that f(w) = w', and v € (wy). Since X satisfies

the special cases of axiom C, we have that X is a G,L.S.

We now investigate the structure of X and Y when X, Y, and X x Y
are G.L,.S.

2,29, LEMMA, Let X, y, z be non-collinear points in X, and u,v,w,m € X

such ﬁhat ue (xy), ve (yz), me (uv), w € (xz), and m € (yw).
1f 'g%ifi% =)= %%%f%; , and d(u,m) = d(m,v) then d(x,w) = d(w,z)
and d{m,y) = Ad(w,y).

Proof. Consider the points (x,y'); (y,y'), (2,2'), y' # 2" in
X x Y, Now by properties of d' in Y, there exists v' € (y'z') such that
d'(v',y') = d'(z',y"), so that by definition of lines (v,v')e(y,y')(z,z').
Also there exists m' ¢ (y'v') such that d'(y',m') = d'(m',v'). Since
(u,y") € (x,¥y")(y,y'), we have by definition of lines that (m,m') €
(u,y")(v,v'). X x Y is a G.L.S. so that there exists

(wow') e L((x,¥"),(z,2")) NL((m,m"), (y,y"')) such that

*)

d(x,w) _ d'(y',w') and d(y,m) _ d'(y',m")

d(x,z2) U CAITD) K (TR A CARTL
Considering the points (x,z'), (y,y"), (z,y'), we obtain in like manner
(w,w") € L((x,2"),(z,y")) OL((m,m"),(y,y')) such that

d(x,w) . d'(z',w") d(y,m) - d'(y',m")

k% ————— ————
™ e T Tewn ™M TG T Toe
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Comparing the second two equations of (*), (**) respectively we have that
w' = w", Then the first two equations yield that d'(y',w') = d'(w',z")
from which,by Lemma 2,22, we have that d(x,w) = d(w,z).

To establish d(m,y) = Ad(w,y) we consider the points (x,x'), (y,¥'),
(z,2'), x' ¥ y'. Now there exists u' € (x'y') such that d'(u',y') =
Ad' (x',y'). Since d(u,y) = Ad(x,y) we have by definition of lines that
(u,u') € (x,x")(y,y') and since d(v,y) = Ad(z,y) we have (v,u') ¢
(y,v')(z,x"). Now (m,u') € (u,u’)(v,u') and (w,x"') € (x,x")(z,x") so0
that siace X x ¥ is a G,L.S. (m,u') € (w,x")(y,y'). By definition of
lines g.r(:_’_;%- =%—:-%:-:%:-;- but d'(u',y') = Xd'(x',y') so that

]
d(m,y) = A\d(w,y), completing the proof,
We observe that the same arguments hold for Y so we have:

2,30, COROLLARY, Let x',y',z' be non-collinear points in Y, and u',v',

w',m' € Y such that u' € (x"y"), v' € (y'2'), m' € (u'v'), w' e (x'2")

.and m' € (y'w'), If %;%i;Lg;%.= A= %;%%;Li;%, and d'"(u',m') = d'(m',v")

then d'(x',w') = d'(w',2"), and d"(n',y') = Ad"(w',y").

2,31, LEMMA., Let x,y,z be non-collinear points in X, u,m,v € X such that

ue (xy), ve (yz), and m € (xv) N(uz). If d(x,u) = d(u,y) and

d(z,v) = d(v,y) tﬁen d(u,m) = (1/2)d(m,z) and d{(v,m) = (1/2)d(m,x).,
Proof. Consider the points (x,x'), ky,y'), (z,2"') in X x Y where

y' # 2' and x' is midpoint of y'z'. Then (v,x') ¢ (y,y")(z,2') and

(myx') € (x,x")(v,x"). Since X x Y is a G.L.S. there exists u' such

that (u,u') € (%x,x") (y,y")N(m,x")(z,2'). By Lemma 2.22.

) dlom) _diulxD)  any dnw | d',ul)
d(m'zj d GF,Z') d(x,y) CAISSAD)

1
2

Now d'(x',z') = d'(y',x') so that
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1 . d'%x'.u') d'(x',u") _ d'(x',u") . du,m) |
2 d*(x',y") " adT(x',2) d'(x',z") d(m,2)
By symmetry we have d(v,m) = (1/2)d(m,x), completing the proof.

2,32, COROLLARY, Let x', y', z' be non-collinear points in Y, u', m',

v! ¢ Y such that u' ¢ (x'y'), v'e (y'2') and m' ¢ (u'z")(x'v')., If
d'(x',u') = d'(u',y') and d'(z',v') = d'(v',y') then d'(u',m') =

(1/2)d'(m',2') and d'(v',m') = (1/2)d'(m',x').

Since the definitions 2,16, and 2.17. made use of only the distance
function on a G.,L.S., we have definitions for +, * on X and Y respectively,

and can prove the following.

2,33, THEOREM. If X, Y, X x Y are each a G,L.S. then X and Y are

real vector spaces,

2,34, COROLLARY., If V is a real vector space, X and X x V are each a

G.L.S., then X is a real vector space,

The discussion of the product of X and Y each of which is a
G.L.S5, was motivated by considering the structure of X x R in

formulating a definition of linear function. We conclude with the following,

CONJECTURE, Let f be a linear mapping from X to Y, If X, Y, and X x Y

are each a G,L.S. then f 4is onto or trivial,



CHAPTER III

GENERALIZED LINEAR SPACE VIA PROPERTIES

ON THE GENERALIZED DUAL

We now consider the question of what type oif properties on a set of
real-valued functions are necessary or desirable in order to describe
geometric properties in the domain set. Ky Fan [2] considered a similar
situation, but was concerned with properties which would require the
functions to be lower-semi continuous in reference to a convexity
‘structure.

Throughout the discussion X will be an arbitrary non-empty set

and ¥ will be a non-empty subset of the generalized dual of X, the family

of all functions from X to R, with usual operations. We shall consider
the following properties of X and ¥ and their effect on X:
Pl, ¥ is element distinguishing; that is, for all x, y € X
x # f there exists f € ¥ such that £(x) # f£(y).
P2, ¥ is a real module under usual function addition and real
multiplication.
P3. For each f ¢ ¥, if for some x, y € X and a € I,
f(x) < a < f(y), then there exists z ¢ f-l(u) such that
z € g-l[g(X),g(yﬂ for eachge ¥,
P4, For all x, y € X, there exists z # x, y such that

y € g-l[g(x),g(z)-] for each g ¢ ¥ .
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P5, For x, yeXandae R (\{f-l(a) | feF and f(x) =

f(y) = a} ¢ X,

NOTATION. For A, e, Dyl = (g | 2 <g<u or 22620k
REMARK, By way of summary we could say that the first two properties
above pertain to the family of functions 3, whéreas the next two proper-
ties are combined properties of F and X. The last merely requires X to
be at least 2-dimensional.
EXAMPLES, Let X be a real vector space. E#amples of ¥ are:

(1) ?1, the family of linear functionals,

(2) ?’2, the family of convex functionals.

We now consider a set mapping 0 which is shown to be a segment

operator; that is, for x, y € X

(1) {x,y} c o(x,y),

(i1) {u,v} c o(x,y) dimplies o(u,v)c o(x,y).

3.1. DEFINITION, Define themap o0 : X x X + P(X) as follows:

(x,y) P 9 = n E@, e | £ e Fh.

3.2, LEMMA, {x,y}c o(x,y).

Proof. Clear since {x,y}cC f-l[f(x).f(y)] for all f ¢ 3,

3.3, LEMMA, {u,v} c o(x,y) implies o(u,v)C o(x,y).

Proof. Let w e o(u,v) so that £(w) e [f(u),f(v)}] for all
fe X, Nowsince {u,v} € o(x,y) we have {f(u),£(v)} ¢ [£(x),£(y)
for all f e 5., Thus [£(u),f(v)] < [£(x),6(y)] for all £ ¢ ¥,

Hence
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f(w) € [f(u).f(v)-] - [f(x),f(y)] for all f ¢ ¥,
or v ¢ £1[£,8() for all £ ¢ ¥.

Thus w € 0o(x,y) and o(u,v) € o(x,y).

Since o 1is a segment operator, we can obtain a natural convexity

structure on X,

3.4, DEFINITION, Let A c X, A set A 1is called convex if and only if

o(x,y) ¢ A for all x, ye A, T = {Acx | Ais convex} 1is called

a convexity structure on X,

REMARK, We note that as a result of property (ii) above for segment

operators, each segment o(x,y) is convex. Moreover, B is a T, convexity

1
structure (that is, {x} ¢ G for all x ¢ X) since 3’ is element
distinguishing and o(x,x) = {x} for each x.

Now & has an associated hull-operator H, defined by

H(c) = NA{a |Aae &,ccal, c ¢ X.

3.5, THEOREM. H({x,y}) = o(x,y).

Proof. Since H({x,y}) = N{Ae G | {x,y} ¢ A} and {x,y} <
a(x,y) € §, we have that H({x,y}) ¢ o(x,y)e Now o(x,y) ¢ A for all
Ae § such that {x,y} ¢ A, so that o(x,y) < H({x,y}). Hence we have
the desired equality.

NOTATION, From this point on we use more standard notation:

o(x,y) = xy ’ (xy = o(x,y) \ {x}

xyz 1if and only 1f y € o(x,2).

3.6, DEFINITION, A function is called convex if for ¢ ¢ § then £(C)

is convex as a set of real numbers, A function is called preconvex if
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£1(C) e G for each convex subset C of R.

3.7. LEMMA, Each f ¢ 3 is preconvex and convex,

Proof. Let C be a convex subset of /R, Let x, ye £1(C), 1let
z € xy. We need to show z € f~1(C). Now by definition of o0 , z €

ng-! [g(x),g(y)] c £} [f(x).f(y)]. Since [£(x),f(y))< ¢ , we have

ze £ [ £(x),£(y))cE"1(C). Hence £71(C) 1is convex under § so that
f is preconvex.

Let C ec; x' # y'€ £(C), and choose a ¢ [x',y'] . Now there
exists x, y € C such that £(x) = x', f(y) = y'. Since a e[f(x), £(y)]
there exists by P3 z € £ !(a) such that z eg~! [g(x),g(y)] for all ge¥.

Thus z € xy ¢ C and £f(2) =ae £f(C), Hence f(C) is convex.

We now derive three important properties of segments will be useful

in the definition of lines,

3,8, LEMMA, For eachx, y € X and f ¢ :1', f is either trivial or
one-to-one on Xy.

Proof. We assume x # y, since xx = {x}. Suppose f is not trivial
and not one~to-one on xy. Thus there exist u # ve xy such that f(u) =
f(v)e Now u € f! [ f(x),f(y)] so we may assume f£(x) < f(u) = f(v) <
f(y). Since f is not trivial on xy, we have either £(x) # f(u) or
f(v) # £(y); 1in particular f(x) < f(y). By Pl there exists g ¢ }
such 't:hat g(u) # g(v). Nowu, v € g~} [ g(x), g(y)] and we assume
g(x) > g(y) (if not, replace g with =-g). Define h = ag + f where «
is the unique real such that a(g(x) - g(y)) = £f(y) - f£f(x). Since g(x) >
g(y) and f£(y) > f(x) we have a > 0. Also for this choice of a, we have

h(x) = h(y), for
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£(y) - £ £ = £GIR(y)

-« f(y) - £(x) . S fe(y) + f(y)elx),
A e I e e

Now h(u) = ag(u) + £(u) # ag(v) + £(v) = h(v) since a > 0, g(u) ¥ g(v)

and f(u) = f(v), But uy, v e h-l[h(x), h(y)] and since h(x) = h(y),

we have h(x) = h(v) = h(u) = h(y). Thus we have a contradiction.

3.9, LEMMA, If zexy, z ¥ xy then xzNzy = {z},
Proof, Now there exists ge 3  such that g(x) # g(y). Hence g
is one=-to~one on xy and
{z} € (xznzy) N xy

c ne! g, €] N £l {f(Z). f(y)] N xy
fe ¥ fe ¥

¢ gl[ew, @) N gl [g@, s] N xy
= gl (g(z)) N xy = {z},

3,10, LEMWMA, If 2ze xy, then xzUzy = xy

Proof, By Lemma 3,3. we have xzUzyCxy. To avaid trivialities,
let x # y, and let ue xy \ zy. Thus
h(z) ¢ (h(x), h(y)] forallh e 3§

huw ¢ [, nm] forallhe ¥
and there exists g ¢ § such that
gw) ¢ [8(2), 8(m] .
since g(z) ¢ [8(x), g(y)) , we have [g(x), g(») = [gx), g(2)] U
e, g(») « But gl e [e(), 8(»)] so that g(u) /[g(z). ()]
yields g(u) €[g(x), g(2)] . Now £(uw e{f(x), £(z)] for functions trivial
on xy, so that we consider when f is not trivial (that is, one-to-one)

on Xxy.
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Claim. £(u) € [£(x),£(2)] for u ¥ x, z.

Suppose not. Since £(u) € [£(x),£(y)] =[£(x),£(2)) U [£(2),£(3)] .
we have f£f(u) € [f(z),f(y)]. Define a new function h € § by setting
h = af + g where a is the unique real such that a(f(x) - £(y)) =
g(y) - g(x). Since f£f(x) # f(y), a is well defined and is such that h(x) =
h(y) = A, Also from z € xy it follows that X = h(z)., Similarly
A= h(u). Now we have X = h(x) = h(y) = h(u) = h(z), which yields

A= af(x) + g(x) = af(y) + g(y) = af(u) + g(u) = af(z) + g(z),

and since f( is one-to-one on xy and u ¥ y, u ¥ z, we have

LB -ew  g(z) - glw)
@ f(u) - £(y) f(u) - f(z) *

Now g(z) = g(u) ¥ 0 (otherwise, g(u)e [g(z),g(y)]) so we have

g(y) = g(u) . f(y) = £(u)
g(z) - g(u) £(z) - f(u)

But this is impossible for g(u)f [g(z),g(y)] and f(u) € [f(z),f(y)] .
Hence the claim is established.
Thus £(u) € [f(x),f(z)] for all f ¢ § and u € xz, It follows

that xy € xzUzy and xy = xzUazy.

We now define "lines" in X and show that they possess all of the
natural geometric properties,

3.11. DEFINITION, For all x,y € X, the line joining x and y is taken to

be the set
Lix,y) = N{t M) | £eF and £(x) = £(y) = a}.

REMARK, If x = y then by P1, L(x,x) = {x}.



31

3.12. LEM. xy C L(X.Y) = L(}'.X)o

Proof. =xy = 9(x,y) = n{f-ll-f(x),f(y)] | £ e F}
cn sl | £ e ¥ and £(x) = £(y) = a}
- L(x;y) = L(y,x).

3,13, LEMMA, If x ¥ u ¢ L(x,y), then L(x,y) ¢ L(x,u).

Proof. Suppose not. Let z ¢ L(x,y)\L(x,u). Since z ¢ L(x,u)
and by P5 L(x,y) ¥ X, there exists g€ § such that g(x) = g(u) # g(z).
By Pl there exists £ € ¥ such that £(x) # £f(u). If g(x) = g(y) then
z ¢ L(x,y) implies g(x) = g(y) = g(z), a contradiction of function g.
Thus we aséume g(x) # g(y) and define h as follows: h = ag + £ whére
o is the unique real such that a(g(y) - g(x)) = £(x) - £f(y). If
f(x) = £(y), then we have a contradiction of u ¢ L(x,y), since f(x) # £(u).
Thus a is non-zero, Now o was chosen so that h(x) = h(y). We thus
obtain h(x) = ag(x) + £f(x) and h(u) = ag(u) + £(u), so that a # 0,
g(x) = g(u), and f(x) # f(u) imply h(x) ¥ h(u). But u e L(x,y) so

that h(x) = h(y) = h(u). The contradiction then establishes the result,

3,14, LEMMA, If u #¥ v € L(x,y) with x ¥ u, y # v then L(x,y) ¢ L(u,v).

Proof. If u =y then Lemma 3.13. applies to u # y € L(x,y). If
v = x then Lemma 3.13. applies' to u# x e L(x,y). Thus assume u # y and
v ¥ x. Now Lemma 3.13. applied to u ¢ L(x;Y) implies L(x,y) ¢ L(x,u).
Also, v € L(%x,y) ¢ L(x,u), so that since v ¥ x,u we apply Lemma 3.13, to

obtain L(x,u) € L(u,v). Thus L(x,y)C L(u,v).

3,15, THEOREM, If u # v € L(x,y) with x,u,v,y distinct then

L(x,y) = L(u,v).

Proof. By Lemma 3.14, L(x,y) c L(u,v). Now x,y € L(x,y) and
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X, ¥, 4, v distinct so that Lemma 3.14, applies to x, y € L(u,v), yielding

L(u,v) € L(x,y). Hence L(x,y) = L(u,v).

3.16., COROLLARY, Each pair of distinct points has a unique line contain-

ing them.

We now show that the lines could have been defined in terms of the

segment operator oO.

3.17, THEOREM, For x # y, L(x,y) = {z | %2y, zxy, or xyz}.

Proof. If (xzy), then by Lemma 3.12, z e xy € L(x,y). If (zxy)
then x € L(z,y) so by Lemma 3,13, L(z,y) C L(x,y) or 2z & L(x,y). If
(xyz) then by Lemma 3.13. y € L(x,z) € L(x,y) so that z € L(x,y). If
X=2zo0r z=y then z e L(x,y). Hence {z | xzy, zxy, or xyz} € L(x,y). -

For the second part, suppose z € L(x,y), z £ xy, x £ zy, and y £ xz.
Then there exist f, g, h € ¥ such that

£x) £ [£(2),£()]

g(y) £ [g(x),g(2)]

h(z) ¢ [h(x),h(y)].
Now define G = B8g + h + f where B(g(x) - g(y))= f(y) - £(x) + h(y) -h(x).
Since g(x) # g(y), B is well defined and G(x) = G(y). If G(x) # G(=)
then we have a contradiction of 2z € L(x,y). Thus g(x) = G(z) = G(y) and

Bg(x) + h(x) + £f(x) = Bg(z) + h(z) + £(z) = Bg(y) + h(y) + £(y)
from which follows

B(g(z) - g(y)) = £(y) - £(2) + h(y) - h(z).
Let g(z) - g(y) = a(g(x) - g(y)) where a # 0 since g(z) # g(y). Using

the definition of 8 we have
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B(g(z) - g(y)) = £(y) - £(2) + h(y) - h(z)
= aB(g(x) - g(y)) = a(f(y) - £(x) + h(y) - h(x)).

Thus we obtain

(*) (1 - a)h(y) + ah(x) ;h(z) = -((1 - a)f(y) + af(x) - £(2)).
Now g(y) ¢ [g(x),g(z)] so that a >0, If 0 <a <1l then
(1-a)h(y) + ah(x) - h(z) # 0, for otherwise h(z) ¢ [h(x),h(y)], a contra-
diction. Hence a > 1, and (l-a)f(y) + af(x) - £(z) # O, for otherwise
£(x) ¢ [£(z),£(y)] , a contradiction, Thus (*) 1is an equality of non-
zero quantities. If we replace h by 2h then 2h(z) ¢ [2h(x),2h(y)) since
h(z) ¢ [h(xj,h(y)]; and (*) will no longer be an equality. Thus we

have a contradiction and L(x,y) = {z | xzy, zxy, or xyzl}.

3.18., LEMMA, For all x, y € X, there exist z, u distinct from x and y

such that xyz and uxy.
Proof. By P4 there exists z # x, ¥y such that g(y) ¢ [g(x),g(zﬂ
for all g ¢ 3;. Thus y € xz or equivalently xyz. Similarly there

exists u such that g(x) ¢ [g(u),g(yﬂ for all g € § so that uxy.

3,19, LEMMA, Each f ¢ § 1is either trivial or one-to-one on lines of X.

Proof, Immediate from L(x,y) = {z | X2y, zXy, Or xyz} and from
Lemma 3,8, which states that each function is either trivial or one-to-one

on xy for all x,y.

Each line in X can now be given an order via the segments on that
line as shown by Shirley [7]. We define for each line in X an order via
non-trivial functions on that line, A relationship between that ordering

and segments is then established yielding a connection to Shirley's work.
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3,20, DEFINITION, Let x ¥y € X, £ be a non-trivial function on L(x,y).

For all u, v € L(x,y), define u <¢ v 1if and only if f£(u) < f(v).

Define u > v if and only if u fgv or u=v,

3,21, LEMMA. xy = {z ¢ L(x,y) | x g% 5g y} where g is a one-to-one
function on L(x,y) such that g(x) < g(y).
Proof, 1f x = y then both sides are {x}. Thus suppose x # y, If
z € xy € L(x,y), then £(z2) ¢ [f(x),f(yf] for all f € § so certainly
g(z) € [e(),g(»). Since g(x) < g(y) we have g(x) <g(2) <g(y) and
z belongs to the right hand side,
Let z ¢ L(x,y), x Sg 2%y and fe ¥, Define h = ag + £
where a(g(y) - g(x)) = f(x) -.f(y). Now g(x) ¥ g(y) since x ¥ y and
g is one-to-one; thus a is well defined. For this choice of a, h(x)=h(y);
hence, h is trivial on L(x%,y). Thus h(x) = h(z) = h(y) or
(1) ag(x) + £f(x) = ag(z) + £(z)
(2) = ag(y) + £(y).
if o >0, then since g(x) - g(z) < 0, g(z) - g(y) < 0 we have (1) implies
a(g(x) - g(z)) = £(2) - £(x) <0 or f£(x) > £(z)
and (2) implies
alg(z) - g(y)) = £(y) - £(z) <0 or £(z) > £(y).
Hénce f(x) > £(z) > f(y). If =@ <0 then (1) ylelds f(x) < £(z) and (2)
ylelds f£(z) < f(y), so that f(x) < f(z) < f(y). Thus in either case

f(z) € [f(x),f(yi]. Since f was an arbitrary element of ¥, we have that

Z € XY,

3.22, COROLLARY, 2g is equivalent to either <¢ or >¢ for g, f non-trivial

functions on L,
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We can now combine Theorem 3.17., Lemmas 3.18., 3.21, to obtaint

3.23, THEOREM., If f is a non-trivial function on L(x,y), then f is an

order isomorphism from L(x,y) to f(L(x,y)) and f(L(x,y)) is an open

interval .on /R (possibly = IR).

The set X has-unique lines joining any two distinct points and the
lines are order-isomorphic to an open subset of the reals, hence, order-

isomorphic to the reals, X will thus be a G,L.S. after the following,

3.24, Theorem, Let x, y, z be distinct points in X. If u € xy, v € uz

then there éxists ‘'w € xz such that v € wy,

Proof. If 2z ¢ L(x,y) then the result is trivial, so suppose
z ¢ L(x,y)e Ifu=x, letw=v; if u=y, let w=2; if v = u, let w = x;
if v=2, let w= 2, Thus assume u € (xy) and ve (uz). Let f e &
such that f(x) # f(y) = f£(v) which exiscs since x ¢ L(y,v). Then
ue (xy), ve(uz) yield f(u) e [E(x),£(y)] and £(v) € [F(u),£(2)).
Now f is trivial or one-to-one on lines of X so that f(x) # £(y) implies
f(u) # £(y) = £(v) which in turn implies £(z) # f(v). Now f£f(z) # £(x)
as f(x) < f(u) < £(y) = £(v) for example and f(v) ¢ [f(u),f(zf] imply
- f(u) < £(v) < £(z) so0 that f(x) < £(v) < f(y). Since f is convex on xz,
there exists w ¢ (xz) such that £(w) = f(v) = £(y).
Claim: v € (wy). Suppose not, then there exists g ¢ ¥ such that
g(v) ¢ [g(w),g(yi]. Define h as follows: h = af + g where
a(f(v) = f(u)) = g(u) - g(v) which is well defined since £(v) # f(u).
With this choice of a, h(u) = h(v)., Also h(u) = h(v) = h(z) since
v € (uz) and h is trivial on L(u,v). If h(x) = h(u) then h is trivial
on all lines under consideration, in particular h(y) = h(v) so that

af (y) + g(y) = af(v) + g(v).
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But f(y) = f(v) so that g(y) = g(v) and we have a contradiction of
g(v) ¢ [8(+),g(s)) . Thus h(x) # h(u). Suppose h(x) < h(u) < h(y).
Then since h(u) = h(z) and w e (xz) we have h(x) < h(w) < h(z2).
But h(u) = h(z) = h(v) so we have
h(x) < h(w) < h(v) < h(y)
or af (w) + g(w) < af(v) + g(v) < af(y) + g(y).
But f(w) = £(v) = £(y) so that
g(w) < g(v) < g(y)
which 1s a contradiction of g(v) ¢ [g(W),g(y)] . If h(x) > h(u) > h(y)
we arrive at the same contradiction. Thus we have an h such that
h(u) ¢ .[h(x)',h(y)] . Hence u £ (xy) which is a contradiction and result

is established.

It is of interest to note that we have used P4 in showing lines are
order-isomorphic to an open interval of reals and only then, Property P3
implies that functions are convex, first used in the preceeding
fheorem. The following lemma was proved by Cantwell using simple geometric
considerations such as Theorems 3.23., 3.24. We include a proof which
does not use P4 indicating that Cantwell's work up to the separation

theorems can be duplicated using Pl, P2, P3,

3.25, LEMMA, Let a, b, c be distinct points. If x ¢ (ab), z e (ac)

then there exists y ¢ (zb) N (xc).

Proof, Let f be such that f(x) = f(c) > f(a). Thean £(z) < f(c)
and f(b) > f(x). Since f is convex on zb there exists y € (zb) such
that f£f(y) = £(z) = £(c).

Claim, y € (xc). Suppose not, then there exists g ¢ ¥ such that

gly) ¢ [g(x),g(c)] . Define h € 3 as follows: h = af + g where
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a(f(b) - £(z)) = g(z) - g(b) which is well defined since f(z) < f(c) =
£(x) < £(b). Then h(z) = h(y) = h(b). If h(x) =h(y) then f£(x) = £(y)
yielding g(x) = g(y), a contradiction. Thus assume h(x) < h(y). Then
x ¢ (ab), z ¢ (ac) yleld |

h(a) < h(x) < h(y) = h(b) = h(z) < h(c)
or af(x) + g(x) < af(y) + g(y) < af(c) + glc).
But f(x) = f(y) = f(c) so that g(x) < g(y) < g(c), a contradiction,

Thus claim is verified and proof is completed.,

Recall that a flat was previously defined as a set F with the
property that for each x, y € F, L(x,y) C F, and a hyperplane was any
maximal proper flat. In the classical situation hyperplanes correspond

to linear functionals; we obtain only part of that correspondence,

3,26. LEMMA. If f ¢ 5 1s a non-trivial function, a € Range f, then

{f:wa] = f-l(a) is a hyperplane.

Proof. If u, v e[f:a], then f(u) = £(v) = a, But w e L(u,v)
iff g(w) = g(u) = g(v) whenever g(u) = g(v)., Thus f(w) = a or
we [f:al. So L(u,v) < [f:e] and [f:a] 4s a flat,

Suppose there exists a flat H such that [f:a] i Hc X. Let z €X,
y € H\(f:a]. Now f(y) >a or f£f(y) < a, so we assume f(y) > a., If
f(z) < a then since f is convex there exists x ¢ (yz) such that
f(x) = a, Thus x ¢ {f:a) ¢ H. Since y € H and H is a flat z ¢ L(x,y) C H.
If f(z) > a, then by P4 there exists y' such that f£f(y') < a, We repeat
the above argument for z and y'. Thus in either case z ¢ H, Hence XC H
and H = X,

We follow Cantwell's work in the following.
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3,27, DEFINITION. XgeeeosXy € X are independent if

Xy £ EL(XQseaesR seenyx) for 1= 0,ui,he If F is a flat, din F =

sup {h | xg,eeeyx, € F, with XgsesesX; independentl},

3.28, LEMMA, For each set of ntl points Xg,eee,x, € X with

X, ¢ fl(xl,...,xn) there exists f € 3 such that f(xo) da= f(xi) i>1,
Proof. Let A(n) be the statement of lemma; we proceed by induction.

Part 1, n = 1,2, A(l) is true by axiom Pl, and A(2) is true as we are

assumning X is not a line.

Part 2, Assume A(k) is true for all k < n., Let XgoeeesXy be such that

xg ¢ f1(xgseeesx ). Then x, ¢ fl(xz,...,xn) so by hypothesis there

exists f € 3 such that £(xg) # a = f(xg) 1> 2. If f(x;) = a we are

finished so suppose f(xi) ¥ a, Two cases occur: L(xo,xl) meets [f:al

or L(xo,xl) Nnis:a] = 0.

Case 1, L(xo,xl) N [f:a] = {v} for some v. Now by induction hypothesis

there exists g € § such that g(v) # B and x4 € [g:B] i> 2, since

v ¢ fl(xz,...,xn) as  xq £ £1(x)peeesx,)e Let h = Af + g where

A(f(xy) - £(x1)) = g(xl) - g(xz), which is well defined since a = f(x;) #

£(xy)s Clearly h(xy) = ax + B8 for all i > I.

Claim, h(xo) # a) + B, Suppose that h(xo) = aX + B8 = h(x;). Then h is

constant on L(xo,xl) and h(v) = al + B = f(v)A + g(v) = ax + g(v), That

is, g(v) = B8, a contradiction. Thus h is the required function,

Las_t‘-:_g. L(xo,xl)ﬂ[f:u] = ¢, Assume wolog f(xo) > a, Since f£(x;) ¥ a,

either f(xl) >a or f(xl) < a, Now f(xl) < a 1implies by the convex~

ity of f that there is a v ¢ [f:u] such that XQVX; or v € L(xo,xl)n

[f:a] so we again have case 1. Hence consider f(xg) > o and f(xl) > a,

There exists u such that XgX,u and since f is one~to-one on L(xo,xz)
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we have £(u) < f(xz) < f(xo) yielding £(u) < a < f(xl). By convexity
of £ there exists v such that xjvu and £(v) = a, Let we xovnxlxz..
Now L(xy,w)N [f:a]l = {v} so by case 1 there is an h € ¥ such that
h(xg) # h(w) = h(x,) 12> 2. But;. v € X)Xy 8o h(x;)) = h(w) = h(x,).

Thus h(xo) ¢ h(xi) i>1.

3.29, COROLLARY. If X is finite dimensional, then for each hyperplane

HC X, there exist f ¢ ¥, a € IR such that H = [f:q].

Proof. Let XjjyesesXp be maximal independent in H so that
fl(xl,...,xn) = H, and let x, ¢ H, By Lemma 3.28. there is an f ¢ ¥ such
that f(xy) # @ = f(x,) 1 > 1. Hence [f:a] is a flat containing Xj,e..,%y

so that H C [f:a] & X, Since H is a maximal proper flat, H = [f:a].

We now include some results which were proved by Cantwell and will
be needed later. The proof of the basic separation theorem will be omitted
since Cantwell's proof of that is actually an easy extension of Valentine's
proof in [8] of the classical separation theorem to a G.L.S. Since all
later results apply only to finite dimensional spaces and we have a
convenient functional representation for hyperplanes in that case, we shall

now assume that dim X = n < =,

3,30, DEFINITION., Let H = [f:a] be a hyperplane. The sides of H are

defined to be the sets

H 2 {x | £(x) >a} and H = { x | £(x) < al.

The sets H' and H™ are also called open half spaces, while

+

el ut zutUH and 1l W =W un

are the closed half spaces corresponding to H. Two sets A and B in X are
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said to be separated by H if Acecl H+ and B C ¢l H, and the separation
is strong if AC H* and B c W,
We note that for any hyperplane H the space X is partitioned by the
triple (H,H+,H-). A resul; which is easy to establish, awing ta the pre-
convexity of each f € J is that it and H™, as are cl B and cl H~, are

convex,

3.31. LEMMA, For any hyperplane H=[f:a] both types of half spaces determined

by H are convex. Moreover, if x € Wt and y € H then
(xy) N H= {2}
for some z € X,

Proof. Let R = {i] A>c; } and el R ={A]| A>a } , clearly convex
subsets of /JR. Then f-l(R) = Y and f-l(cl R) = cl HY are convex
(similarly for H™ and ¢l H ). Since f£i{x) > o and £(y) < a we have
that f is convex and one-to-one on L(x,y). Hence there is a unique 2z ¢ xy

such that £(z) = a; and since z ¥ x and z ¥ y, z € (xy) NH,

Another property of half spaces requires a definition.

3.32. DEFINITION. A set AcC X is called convex-open iff it is convex and

VaeA,xeX 3ye(ax 3 ay) c A.

3.33. LEMMA, Open half spaces are convex=-open,

Proof, Let a ¢ H' where H is a hyperplane and x € X, x # a, If
X € H+, then ax)c H', If x e H and y € ax) where y ¢ H' then by
Lemma 3,31, either y € H or there is y'e (ax) such that y' ¢ H so that
aelL(x,ycH or aceL(x,y') C H, which is a contradiction since a ¢ HT,

Thus, for each x € H, ax) ¢ HY. If x ¢ H then since a ¢ ut let
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(ax) NH = {y} so that ay)c H*, Hence H' is convex-open, (A similar

proof holds for H .)

3.34., BASIC SEPARATION THEOREM. - For each pair of convex sets A,BCX

where ANB = @ and A contains a nonempty convex-open subset, there exists

a hyperplane separating them,

We also state without proof another result of Cantwell which will

be used later.

3,35, STRONG SEPARATION THEOREM., Let A and B be any two finite sets such

that H(A) NH(B) = ¢. Then H(A) and H(B) may be strongly separated by a

hyperpiane.

Some easily proved results of Cantwell on independence of points

will also be needed.

3,36, LEMMA. If bj,...,by are independent points and bygy, ¢ fl(bo,...,bk)

then bo,...,bk,bk+1 are independent.

3.37. LEMMA, If bo,...,bk are maximal independent in A then

fl(A) = fl(bo,oo . ’bk) .

1]
3,38, EXISTENCE OF DIMENSION THEOREM, If bo,...,bk and bO"“’bé are

both maximal independent in a flat F then k = {,

Recall that dim F was defined as the unique number of elements in a
maximal independent subset of F. To show how these results can be used in

the theory, we prove a result not given by Cantwell,
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3.39, COROLLARY. A set H in a flat F is a hyperplane in F if and only if

H 18 a flat of dimension dim F -~ 1,

Proof. Let H be a hyperplane in F, where dim F = k, and let
bgseessby be maximal independent in H. Thus f <ke If [ =k then by
Lemma 3,37, H = fl(bO""’bR) =F, If f <k~ 2 then let bO""’bj""’bk
be maximal independent in F, Now by Lemma 3.36,

Hs= fl(bo....,bj) s £1(bgsecesbyy) g fl(bo,...,bk) = F,

Thus if | # k - 1 we contradict that H is a maximal proper flat contained
in F,

Let dim F = k and let bO""'bk-l be any k independent points in F
such that H = f1(bgseessby_1). ~ Suppose HE GCF for some flat G,
Consider by € G\H. Now since dim F = k, we have by Lemma 3,36, that
bO""'bk are maximal independent in F; hence, also in G. Then by Lemma
3.37, F = fl(bo,...,bk) = G, Thus H is a maximal proper flat contained

in F.

We end the chapter by establishing that if bp,.es,b, are maximal

n

independent in X, then the set
n mn
(*) H(bO"“’bn) \ Ui=0H(b0o'°00bi""’bn)
is convex-open for n > 1., We shall use the fact noted by Cantwell that 1if
A is convex then the join of x and A xA = Uixa | a € A} is convex
(proved by applying Axiom C), Then it follows that =xA = H(xUA) for all

x € X and A € X, a property referred to as join-hull commutativity in

Kay-Womble [5].

First, the above set (*) is shown to be nonempty, by applying

induction on n = dim X > 1,
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Case 1. Let by ¥ b} and choose x e (bgb;) = H(bo,bl)\\{bo,bl} so that
(*) is nonempty for n = 1,
Case 2, Suppose that (*) 1is onempty for dim X < n, Consider X' =
f1(bjyeeeyby) which has dimension n-1 so by theinduction hypothesis there
exists a point

x' € H(bjyeea,b)) \\ \J?-IH(bl"":%1"“’bn)‘
Now x' # by by independence of bgsb seee,by, and H(bo,...,bn) =
bOH(bl,...,bn) so choose x ¢ box'. Thus x € H(bg,eee,by), 80
x ¢ \J?noﬂ(bo....;gi....,bn) remains to be shown, Suppose

X € H(bo,...:gl,....bn) for some i, Then f > 0 for otherwise b_ € L(x,x')

0
C fl(bl,....bn) contradicting the independence of bo....,bn. But since

~
i > 0 HCbO'.."%i’.‘.'bn) Ll bOH(bl’...’bi’...’bn) and there iS x" €
H(blgaoo,%i’co-,bn) such that x ¢ (box"). Since

N

x' ¢ UT_ B eeaibyyeee,by)
we have x' # x" so that x € (box') and x € (byx") yield L(bo,x) -
~

L(x',x"), Thus by € L(x',x") c fl(bl""'bi"“’bn) a contradiction,

Hence (*) is nonempty.

For notational purposes we introduce the ray R(x,y) from x to y as
the set R(x,y) = { z | xzy or xzy }, x # y. We note the fact that if

z € R(x,y) and z ¥ x then R(x,y) = R(x,2z).

3.4, .LEMMA, Let H be a hyperplane with x € H, z € H, (xyz) and R(y,w)
any ray from y not passing through x and not meeting H. Then there exists
a point q € H such that xq meets R(y,w) at a point s ¥ y,

Proof. Choose p such that (xzp). Then x and p lie on opposite

sides of H, likewise for w and p. Hence let (pw)NH = {q} and apply
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Lemma 3.25. to the points x,y,p,q,w with (xyp) and (pqw) so that there

exists s € (xq) N(yw), the desired point,

3,41, LEMMA. Let bp,eee,b, be maximal independent in X and let
x € H(bgyeaasby) \Uggoﬂ(bo,...,/b\i,...,bn), n > 1, Then every ray from
x meets H(bo,...fl}i,...,bn) for some {i.

Proof. Apply induction on n, the case n = 1 being obvious. Suppose
R(x,y) does not meet any H(bo.....'b\i,...,bn) 0 <1i<n. Inparticular,
R(x,y) does not contain by and does not meet H(bj,see,by).

Claim., R(x,y) does not meet the hyperplane X' = fl(b;,...,b;). Suppose
z' € f1(b],seayby) NR(x,y) and let x' be that point in H(bjsesesby,) such
that x € (bgx')s Now by induction hypothesis R(x',z') meets
H(bl,...,’l;i,...,bn) for some i say at w'., By applying Lemma 3.25. to
bgsx,x',w' 2" with (bgxx') and (x'w'z') as z' € R(x,y) vhich does not meet
H(bj,eseybpy), we obtain w € (x2') N (bgw').C R(x,y)nH(bO’...,/b\i,...,bn)
a contradiction, Hence claim is established.

By Lemma 3.40. there is 2z' € X' = f1(bj,+ss,b,) such that boz'
meets R(x,y) at z ¥ x. WVithx' as above, by induction hypothesis R(x',2") meets
H(bl,..../t}i,...,bn) for some 1 < i< n say at w'. In the case (x'w'z'),
Lemma 3,25, applies to obtain w ¢ (xz)n(bow') c R(x,y)nH(bo,..,’I;i,...,bn),
a contradiction, If w' = z' then 2z € R(x,y)ﬁH(bO,...,’t?i,...,bn),

a contradiction, If (x'z'w'), consider the 2-dimensional flat fl(bgy,x',z')
(vhere lines are hyperplanes), Then bo,x',w' are not in L(x,z) so either
x' or by lie on the opposite side of L(x,z) from w'. But x' cannot do so
for otherwise L(x,y), and hence R(x,y) would meet x'z'() H(b\o,bl,...,bn),
a contradiction, Thus by is opposite of w' so that L(x,z) and R(x,y) meet

bow' at a point w e H(bo,...,/l;i,...,bn), a contradiction,
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3,42, THEOREM. If by,ees,b;

a are maximal independent in X, n > 1, then

the set
Al
H(bo,ooo ,bn) \ U:-on(bogo . Q,bigoc o.bn)
is a nonempty convex-open set,
P
Proof. Let x E H(bo.o.l'bn) \ U:.ou(bo'llo’bigiio’bn) and let
y € XD y * X By Lemma 3.41.' ray R(X.Y) meets H(bO'.‘.’/b\i’.."bn) at some
point z where z ¥ x and xz ¢ H(bgyees,by). Now fl(bov"';%i""'bn) is a
hyperplane for each i so since R(x,y);f fl(bo"°':ti""'bn) for any 1,
we have at most a finite number of such z. Thus there exists we(xz) N (xy)
such that
(XV) n U?-ou(bos'0°£i)'°'vbn) - ¢'
Hence
XW) C H(bo,...,bn) \UI:E:OH(bO"“ﬁ;i"”’bn)

which completes the proof.



CHAPTER 1V
A TOPOLOGICAL STRUCTURE ON GENERALIZED LINEAR SPACES

In this chapter we expand on the five properties Pl=-P5 of Chapter 3
to include the derivation of a topological structure, induced by specify-
ing the sub-basic elements, which will turn out to be equivalent to the
topology considered by Cantwell.

" We assume throughout that X is a non-empty set with a family % of
real-valued functions satisfying properties P1-P5, Let the sub-basic
elements for a topology T be the subsets of X of the form f-l(R), where
fe3 and Rec/R 1is an open ray. We note that if R = (-»,a) is an open
ray on the reals R then f"l(R) = (-f)-l(R+), where R = (ay=). Thus we
may always assume that rays are of the form (a,») for some a € R. we
observe two irmediate properties:

(1) 1) is Tye

(2) 1 is the smallest topology on X for which each f is continuous.

4,1, LEMMA, The relative topology on each line L is equivalent to the
order .topology on L which is induced on L by the order isomorphisms of L
wvith £.

Proof. Llet x ¢ f-l(R)nL. If f is trivial on L, then for all
u,v € L such that (uxv), we have x ¢ (uv) < f-l(R)nL. If £ is non-trivial

on L, then there exist u,v € L such that (uxv) and £(x) ¢ (f(u),f(v)) < R,
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But by definition of segments x & (uv) C f'l(f(u),f(v))ﬂL c f-l(R) nL,
Thus the sub~basic open sets are order-~topology-open., Hence any open set
in the relative topology on L is order—topology=-open.

Let x € (uv) ¢ L., Let f b.e any non-trivial function on L such that
f(u) < £(v). Let R,, R, be open rays such that R, = (f(u),=) and
R, = (-=,f(v)). Thus (f(u),f(v)) = R,NR, and f“l((f(u),f(v)))'
f'l(Ru)f\f'l(Rv). But by definition of segments f'l((f(u),f(v)))f\l.C(uv)
8o that x ¢ f'l(%)ﬂFI(Rv) NLC(uv). Hence order-topology open sets
are open in the relative topology.

Since segments are arder isomorphic to closed and bounded real
intervals, we have an obvious consequence of Lemma 4.1,

4,2, COROLLARY. Segments are compact.

Let & define the family of convex sete in X (as in Chapter 2),
with H the convex hull operator.

4.3, DEFINITION, For C e, define

c-int C={aeC|] VYxecC, 3 yeXaacexy)ccCl.
4.4, LEMMA, Let bp,...,bx be independent points and byyq £ £1(bgsess,by).
Further, let ba"°'ob1: be such that by € (b;b1:+1) for 1 = 0,..0,ks
Then b(;""’bl‘c-f-l are independent and

c=int H(bgyeessby) € cmint H(bgyeee,brsr)e

Proof. If b; ¢ f1(b5,....'b\;,...,b;+1) = F for 0 < 1 < k, then
by £L(bj,bjs)) C T for 0 < j <k and £1(bgyees,by) € Fo If
bysesesbrseaa,by (1 > k) are maximal independent in F, then by
Theorem 3,38, 1 = ks, Thus bp,...,by are maximal independent in F and we
have by Lemma 3,37. fl(bo,...,bk) = T, But this provides the contradiction

bii; € £1(bgsesesby)e Similarly, if byyy € £1(bgsess,by) then
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fl(bo,...,bk) C fl(ba,....bé) vhich implies the contradiction
byys € ELCBGsere,bg) = £1(bgseesb,)s
Hence, b6,....b£+1 are independent,
Now let x € c-int H(bo,.;.,bk). By hypothesis bo,...,bk €

H(bogooo,b ) so that x ¢ H(bo.oo.,bk) c H(bg

k+l greeeob k+1
commutativity there exists y € H(ba,...,bi) such that x € yby4j. Since

)¢ By join-hull

H' = fl(bo,...,bk) is a hyperplane relative to X' = £f1(b] ) and

or°°°? k+1

k+l ¢ H', we may assume that bk+1 e 'Y, Then ba,...,bk e H' and

y € H(bo""’bé)‘: H'". Since x e H' we have x#y and x ¢

H(ba....,bi). If x¢ H(b6s°--:\' for 1 # k+l then consider

i’ol',bl:+1)
X € biH(bo,...;gi....,bk) which implies x € biz for some z €

~
H(bo,l.o’bi’....bk). Since x * z and bj € fl(bo,ono, i’...’ k+1) fot
j 4 1i,ktl, we have z ¢ fl(bg!"°:b1»"°!bk) c.fl(BO,...,bi,...,b£+1) 80

bi € L(x Z) C fl(bo"..’bi’...’bk+l)'
Then

L4 4 ”~ /\‘ rd

bi E L(bi’bk+1) C fl(bo’...’bi’...’bk"'l)

denying the independence of b6....,b£+1. Therefore,
rd » k+1 P d ,\' =
X E H(bo’.c..bk+l) C u igo H(bo,...’bi’go.’ k+1) S

and since, relative to X', S is convex-open by Theorem 3.42, we have
X € c=int H(bé’...’b{("'l)‘

4,5. COROLLARY, 1If A is convex open, x ¢ A, and dim X = n then there

exist n+l independent points bo,...,b in A such that

n

X € C-int H(bO'...’bn).
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Proof.(By induction on n). If n = 1 then by definition of convex-
open there exist bg, by € A such that x ¢ (bobl)cz A. Assume the result
for all dimensions < n, and consider any hyperplane H through x. Now
ANH = A' 1is convex-open relatiQe to He= X' and by Corollary 3,39,
dim X' = n - 1, By induction hypothesis there exist independent points
bgsesesbp] in A'C A such that x ¢ c-intH(by,ese4by.y). Since A is
convex open A ¢ H so choose b; € A\H and b; € A such that bie(b;,b;)
for 0 < {1 <n -1, Now by Lemma 4.4., ba,...,b; are independent and
x € c=int H(bg,esayby ) © c-int H(bgyesssby).
4,6, LEMMA, If bg,...,by are independent points in X, then
c=1nt H(bgseea,b) = H(bgyeassbd \UKag H(bgseeasbysens,by)e
Proof. Since the set on the right of the equality sign is convex-
open relative to fl(bg,...,by) we have that
H(bgseeasb) \ UL jH(bg, e e Bysenesb) € coint Hbgyeuesbp)
For the other inclusion, suppose i € c-int H(bo,...,bk) and that
X E H(bO”":gl""'bk) for some i, 0 < 1 < k. Hence x # bieH(bg, e« by)
and there is y € H(bg,...,bg) such that x € byy). Also
y € byH(bg,eee;Biseee,b,) implies there is 2z € H(bgyeessDyyens,by)
such that y € byz, Thus x € biz) and since z ¢ H(bo"'°:gi"°°’bk)
we have by € L(x,2z) C fl(bo,...ﬁ;i,...,bk) contradicting the indepen-~
dence of bQ,sesyby. Therefore
x € Hbgyeeayb) \ UK _gilbg,ene Biseeniby),

and proof is completed.
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4,7, LEMMA, If bo....,b are maximal independent, then there exist

n
hy, Ry, where 0 < 1 < n such that
c-int H(bgyees,by) © NATL(R)) € Hlbgyeesyby).

Proof, Let a € c-int H(bb,...,bn). By Lemma 3,28, for each {1,
there exist hy, a; such that hy(by) > hi(bj) = aj for all j ¥ i, Let
Ri be the open ray, Rj = (aj,®) for each i, 0 < i < n, Now for each i
there is b € H(bgyesa;Dy,ees,by) such that a € bby by join-hull
commutativity; since a € c-int H(bg,...,b,), (babj) holds, Since
h;(b) = a; and hy is preconvex, we have hy(b) < hy(a) < hj(bg) or
ac hIl(Ri). for all 1, Thus a enhil(Ri) or |

c=int H(bg,...,bg) € Nh3L1(Ry).

Let x ¢ ﬁhIl(Ri). Since a € c-int H(bO"“’bn) =
H(bo,...,bn) \Ul;oﬂ(bo,...,/gi,...,bn), by Theorem 3,42, we may take
b € H(bgyesayby), b # a, such that x € R(a,b). Suppose x ¢ H(bgyeeaybp).
Then R(a,b) NH(bgy,.se,by) = ac and (xca) where c ¢ H(bo’--‘-/b\iv----bn)-
for some 1, But hj(a) € Ry, hy(c) = a; = glb Ry and since hj is one-to-
one on L(a,x), we have x ¢ hIl(Ri), a contradiction., Thus

X € H(bo,...,bn) and nh;l(Ri) C H(bo,-nn,bn)-

The topology introduced by Cantwell was defined as the topology
whose basic open sets were convex-open,

4.8. THEOREM, If dim X = n, the topology on X whose basic open sets are

convex-open sets is equivalent to the topology whose sub-~basic open sets
are f-l(R) where f ¢ § and Rc R is an open ray.

Proof, Consider f'I(R) wvhere R = (a,») for some a, Let a € f"'l(R)
and x € X« If f(x) = f(a) then choose and b such that xab). Since f

would be constant on L(x,a), we have f(ab)c R yielding ab) € ab ¢ f-l(R).
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If f(x) < £(a), choose b such that xab), If b ¢ f'l(R), then
ab) ¢ lR), If b ¢ f'l(R), then since f is convex there is a ¢, (bca)
such that f(c) e R, Thus a € x¢) and ac) C f-l(R). Hence for each £,
£~1(R) 1s convex-open,

Let A be convex-open and suppose a € A. Then by Corollary 4.5.
there exist bo,...,bn € A independent points such that
a € c-int H(bg,ees,by)s By Lemma 4.7, there exist hy, Ry such that

a € c=int H(bg,eee,by) € ANTT(R,) € Hlbg,ueu,by) € A,
Hence A 1is open,
REMARK, Hence the two topologies are equivalent, Cantwell shows that
his topology makes X Homeomorphic to EM if dim X = n, so we would have the

same result for (X,T).

¢ continuce to investigate the properties cf this tocpolegy by
showing that the convex hull-operator is continuous on the power set (with
Hausdorff limit topology). Certain results of Shirley[é} then follow since
we have representation of closed hyperplanes by continuous functions. In
particular the Krein-Milman Theorem will hold,

4.9, DEFINITION, Let {AA} be a net of subsets of X (D is a directed

AeD

set), and define the sets
lim inf AA = {x ‘ Each neighborhood of x eventually meets AA}’
lim sup Ay, = {x | Each neighborhood of x frequently meets Ay},

The Hausdorff 1limit of {Ax} is said to exist whenever lim inf A, =

lim sup Ay, and in that case we write lim A, for the common set,
We note that we always have 1lim inf A € lim sup A) so that
lim A, = A if and only if

lim sup A) € A C lim inf A,.
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Moreover, 1f {A,} has limit A then any subnet has limit A, and the limit
structure defined for P (X) in this manner determines a unique Hausdotfg
topology for (P (X), given a topology for X.
The continuity of the con;ex hull operator H: Xe > G)(X) for each

integer m > 1 is now investigated where X has the topology introduced
earlier. Let {xik} be a nét in X for each 1 = 1,,..,m, and put

A= H(xlx.....xﬁ), Aed

A = H(xl.....xk).
We shall prove that

lim sup AyC A C lim inf A,

which will establish
1im H(xlx,...,xmx) = H(Xjyea09%y)e
Let x € lim sup A, If x ¢ A then by the strong separation
theorem (Theorem 2,35.) there is a hyperplane H = [f:d] strongly separ-
ating x and A, with A c H+' and x € H .
i = {x | £ > a} = £71(R)
where R = (a,®), 80 ut is an open convex set containing A as well as all
the points Xj,sss,Xy, 80 that {xiA} is eventually in H* for all i, Hence
' H(xlx,...,xmk) = AA is eventually in H(H+) = Ht, But H™ is also an open
set containing x € lim sup A,; thus, H meets frequently many A,. Thus
there is a X € D such that A, C Y and Ay N H ¢ @, an impossibility
since H NH™ = @, Therefore x € A.
Next we consider x € A, Let U be a neighborhood of a and let B be
a basic open subset of U containing x, with
b=k lep,

-1
vhere Rj = (Qj.“) for each j. Consider x € B C £, (Ry) so that £4(x)>ay.
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1f some subnet {Au} of {A,} exists such that fj(xj") < ay for all
i=1,,..,m then by continuity of fj

£y(xy) < o
for { = 1,...,m which by the convexity of A and the preconvexity of £5
yields

fj(x) < oy
a contradiction. Hence for each j, eventually all A) meet f;l(Rj) and
since there are oanly finitely many f;l(Rj)'s eventually all A, meet
r‘?slfjl(kj)‘ Thus, A, eventually meets U, so that x € lim inf Ay. This

proves:

4,10, THEOREM., The convex hull operator H is continuous from each finite

product X® to the power set of X.
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