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CHAPTER I 

INTRODUCTION AW  PROBLEM STATE/CNT

The r e c o g n i t i o n  of  i n d iv id u a l  d i f f e r e n c e s  among s t u d e n t s ,  and the  

p r o v i s i o n  of a p p r o p r i a t e  e d u ca t io n a l  ex p e r ien ces  which tak e  account of 

such d i f f e r e n c e s ,  comprise a broad to p i c  which has concerned educa tors  

in  a l l  s u b j e c t  a r e a s .  The N a t iona l  S o c i e ty  fo r  t h e  Study of  Education 

(1950, 1958, 1962, 1968) has devoted one p a r t  of each  of fo u r  of i t s  

yearbooks t o  t h i s  t o p i c  during the  p o s t -U o r ld  War I I  e r a .  The most 

immediate ,  a l though  c e r t a i n l y  n o t  the  on ly ,  a sp e c t  of  i n d iv id u a l  d i f ­

f e r e n c e s  i s  the  r e l a t i o n  between l e a r n i n g  and age.  According to  

McGeoch and I r i o n  (1952) ,  the  r e l a t i o n  between l e a r n i n g  and age i s  a 

fu n c t i o n  of s e v e r a l  c o n d i t i o n s ,  i n c lu d in g  ( l )  m a t e r i a l  l e a r n ed  and 

method of p r e s e n t a t i o n  and measurement, (2) amount of  t r a n s f e r  from 

p r e v io u s  l e a r n i n g ,  (3) t r a n s f e r  from p r a c t i c e  a t  formal  l e a r n i n g ,  (4) 

men ta l  age,  and (5) m o t iv a t io n  and p e r s o n a l i t y  c h a r a c t e r i s t i c s .

Johnson and R is ing  (1967, p.  180) reco g n ize  t h e  fo l lowing  dimen­

s i o n s  a long which s tu d e n t s  in  a g iven mathematics c lass room may vary;

1.  Mental a b i l i t y ,  a b i l i t y  t o  reason  or t h i n k  r e f l e c t i v e l y ,  

a b i l i t y  to  so lve  problems.

2 .  Mathematical  a b i l i t y ,  a b i l i t y  t o  use  s^mibols, a b i l i t y  to  do 

l o g i c a l  r e a so n in g ,  a b i l i t y  to  compute.

3.  Knowledge of mathemat ica l  c o n c e p t s ,  s t r u c t u r e s ,  and p rocesses .



4.  M ot iva t ions ,  i n t e r e s t s ,  a t t i t u d e s ,  a p p r e c i a t i o n s .

5.  P h y s i c a l ,  em ot iona l ,  and s o c i a l  m a t u r i t y  of the  l e a r n e r .

6.  S p e c ia l  t a l e n t s  or d e f i c i e n c i e s  such as  c r e a t i v i t y ,  lack  of 

r e a d in g  s k i l l ,  or r e t e n t i o n  span .

7 .  Learn ing  h a b i t s ,  s e l f - d i s c i p l i n e ,  a t t e n t i o n  span, and 

o r g a n i z a t i o n  of  w r i t t e n  work.

The focus of the  r e s e a r c h  r e p o r t e d  h e r e in  invo lves  l e a r n e r  a t ­

t r i b u t e s  which appear to  f a l l  under items (6) and (?) above. The 

r e s e a r c h  emphasizes m a t e r i a l  l e a r n ed  and method of p r e s e n t a t i o n  as  a 

c o n d i t i o n  of l e a r n i n g ,  as  c i t e d  by McGeoch and I r i o n .

A r t i c l e s  in The Mathematics Teacher and v a r io u s  yearbooks of the  

N a t io n a l  Counci l  of Teachers  of Mathematics have i m p l i c i t l y  or ex ­

p l i c i t l y  main ta ined  t h a t  l e a r n in g  of mathematics t a k e s  p lace  through 

many, i f  no t  a l l ,  of the  s e n s e s .  Two of  th e  yearbooks,  the  e ig h t e e n th  

and t h i r t y - f o u r t h ,  a r e  devoted e n t i r e l y  to  i n s t r u c t i o n a l  a i d s .

The d i f f e r e n c e s  in  l e a r n e r s '  p re fe re n ce s  f o r  th e  v i s u a l  or v e r b a l  

mode of  i n s t r u c t i o n ,  as a concern fo r  p s y c h o lo g i s t s  and e d u c a to r s ,  i s  

n o t  a new phenomenon. D iscu s s io n  of t h i s  p r e f e r e n c e ,  and the  p o s s i ­

b i l i t y  of  r e l a t i n g  i t  t o  i n s t r u c t i o n a l  p ro c e d u re s ,  d a te s  back to  

F r a n c i s  G a l ton ,  (1822-1911) accord ing  to  Waugh (1967) .  In he r  r e s e a r c h  

r e v ie w ,  Ealmuth (1968) s t a t e s  t h a t  r e s e a rc h  on sensory  m oda l i ty  began 

a t  l e a s t  e ig h ty  years  ago.  During the p a s t  t en  or twelve y e a r s ,  con­

s i d e r a b l e  e f f o r t  has been expended toward th e  goal of i d e n t i f y i n g



and c a p i t a l i z i n g  upon i n d i v i d u a l  m o d a l i ty  p re fe re n c e .  The main group 

of  l e a r n e r s  w i th  whom s tudy  has been concerned a r e  th o s e  who a re  normal 

in  menta l  a b i l i t y ,  sensory  a c u i t y ,  and emotional  s t a b i l i t y ,  but who 

r e c e i v e  and p roce ss  da ta  in  some i d i o s y n c r a t i c  manner.  (Waugh, 1971, 

p.  3)•

Two a d d i t i o n a l  e x p o s i to ry  a r t i c l e s  may be c i t e d  a s  evidence  t h a t  

th e  m o d a l i ty  concep t  i s  p a r t  of an a c t i v e  r e s e a r c h  a r e a .  Yamamoto 

(1969) no tes  t h a t  the  m a t te r  o f  s t im u lu s  mode and sense  m o d a l i ty  has 

i m p l i c a t io n s  f o r  s e v e r a l  a r e a s  o f  e d u c a t io n .  Inc luded  among th e se  

a r e a s  would be th e  p re p a r a t io n  of  t e x t u a l  m a t e r i a l s ,  u t i l i z a t i o n  of 

a u d i o - v i s u a l  media ,  fo re ig n  language i n s t r u c t i o n ,  t e a c h in g  of  the  c u l ­

t u r a l l y  depr ived  and m en ta l ly  r e t a r d e d ,  and remedia l  r e a d i n g .  The 

a u th o r  p rov ides  examples under each a r e a .

Wepman (1967) d i s c u s s e s  th e  d i f f e r e n c e s  among c h i l d r e n  in  t h e i r  

use  of  s p e c i f i c  m o d a l i t i e s  f o r  l e a r n i n g  and th e  n e c e s sa ry  e s t a b l i s h m e n t  

o f  p e r c e p tu a l  bases  f o r  conceptua l  l e a r n i n g .  He c i t e s  c l i n i c a l  e v i ­

dence of p re f e r e n c e  f o r  c e r t a i n  i n p u t  pathv/ays on th e  p a r t  of c h i ld r e n  

w i th  no demonstrable  n e u r o lo g ic a l  impairment,  and s t r e s s e s  t h a t  the  

importance of  t h e  unders tand ing  of m o d a l i ty  l e a r n in g  l i e s  in  the  area  

o f  a s s i s t i n g  th e  u n d e r - a c h ie v e r .

T e s t s  which have been dev ised  f o r  t h e  purpose of d e t e c t i n g  

l e a r n e r s '  m o d a l i ty  p re fe re n ce  appea r  to  p lace  emphasis upon p e rcep tu a l  

a s p e c t s .  In h i s  review of r e s e a r c h  on v i s u a l  and a u d i t o r y  m o d a l i t i e s ,



Jones  (1972) f in d s  f a u l t  w i th  th e  e x i s t i n g  methods of i d e n t i f y i n g

i n d i v i d u a l  m oda l i ty  p r e fe re n ce :

. . . High on th e  l i s t  o f  p r i o r i t i e s ,  then ,  should  be th e  
development of a modal p re fe re n ce  t e s t .  Quite l i k e l y ,  such 
a t e s t  would need t o  c o n s id e r  the  conceptual as w e l l  as  th e  
p e r c e p tu a l  a s p e c t s  of  l e a r n in g .  A v a l i d  t e s t  of modal 
p re fe re n c e  would a l s o  do much to  s t r e n g th en  th e  r e s e a r c h  in 
t h i s  a r e a .  ( Jones ,  1972, p.  33) .

Sta tement o f  th e  Problem 

As w i l l  be noted in  the  l i t e r a t u r e  rev iew ,  th e  e f f o r t s  expended 

toward a s s e s s in g  the  e f f e c t s  of  v e rb a l  ve rsus  v i s u a l  p r e s e n t a t i o n s ,  

and toward i d e n t i f y i n g  in d iv id u a l  m oda l i ty  p re fe re n c e ,  have been 

g r e a t l y  concen t ra ted  in the  a rea  of  r e a d in g .  The r e s e a r c h  which is  

r e p o r t e d  h e re in  i s  concerned wi th  the  problem of m o d a l i ty  p re fe rence  

and v i s u a l  ve rsus  v e rb a l  p r e s e n t a t i o n s  in  mathemat ics ,  and i s  d i r e c t e d  

s p e c i f i c a l l y  t o  the  fo l lowing  q u e s t io n s :

1.  Do s tu d en t s  l e a r n  mathematics b e t t e r  when v i s u a l  methods 

of p r e s e n t in g  concepts  a re  used e x t e n s i v e l y  by the  i n s t r u c t o r  than 

when such dev ices  a r e  no t  used?

2. Can i n t e r a c t i o n  between s e l e c t e d  l e a r n e r  a p t i t u d e s  and i n ­

s t r u c t i o n a l  mode be observed?

3. To what e x t e n t  can s tu d e n t s  w i th  c o n s id e rab le  m oda l i ty  

p re fe re n c e  be i d e n t i f i e d  by d i f f e r e n c e s  in  t h e i r  performance fo l low­

ing v i s u a l l y - r i c h  i n s t r u c t i o n  and fo llowing v e r b a l l y - r i c h  i n s t r u c t i o n ?



CHAPTER I I

REVIEW OF RELATED LITERATURE, THEORETICAL 

FRA/CWORK, AND HYPOTHESES

The r e s e a r c h  which has been done in a r e a s  c lo se  t o  t h a t  of th e  

p r e s e n t  s tudy  lends i t s e l f  t o  c a t e g o r i z a t i o n  as  fo l lows ;  ( l )  b a s i c  

exper im en ta l  r e s e a r c h  on m o d a l i ty  which p e r t a i n s  d i r e c t l y  to  the  s tudy  

of  r e a d in g ;  (2) r e s e a r c h  which i s  somewhat c l a s s r o o m -o r ie n te d ,  and 

r e l a t e s  t o  a s u b j e c t  m a t t e r  o th e r  than mathematics ;  and (3) a type  

s i m i l a r  t o  ca teg o ry  ( 2 ) ,  w i th  mathematics as th e  s u b j e c t  m a t t e r .

Bas ic  Exper im enta l  Research on N cd a l i ty  
a s  R e la ted  to  Readino

Problems r e l a t i n g  to  r e a d in g  cannot be com ple te ly  s ep a ra te d  from 

r e s e a r c h  concerning l e a r n i n g  in  any academic a r e a .  W r i te r s  such as  

Earp (1971) p o in t  ou t  t h e  connec t ion  between success  in  l e a r n in g  

mathematics  and f a c i l i t y  in  th e  v e rb a l  s k i l l s  o f  re a d in g .  E a rp ' s  

a r t i c l e  d e a l t  s p e c i f i c a l l y  w i th  p u p i l s '  vo cab u la ry  a t t a in m e n t s  in  r e ­

l a t i o n  t o  the  r e a d a b i l i t y  l e v e l  of the  t ex tbooks  from which th ey  a re  

expec ted  to  l e a r n .  Too o f t e n ,  th e  r e a d a b i l i t y  l e v e l  i s  too h igh  fo r  

a l a r g e  f r a c t i o n  o f  a g iven  c l a s s .

Jones  (1972) has p r e s e n te d  a very  u s e f u l  review of r e s e a r c h  d e a l ­

ing w i th  modal r e l a t i o n s h i p s ,  l a r g e l y  a u d i t o r y  ve rsus  v i s u a l .  Modali ty  

r e s e a r c h  has d i r e c t e d  a t t e n t i o n  to  th r e e  f a c t o r s :  i n t e r s e n s o r y  t r a n s ­

f e r ,  i n t e r s e n s o r y  p e r c e p t u a l  s h i f t i n g ,  and modal p re fe re n c e .  Under the



l a t t e r ,  r e s e a r c h  may be s u b ca te g o r iz ed  i n to  two ty p e s ;  ( l )  s t u d i e s  

which compare l i s t e n i n g  and read ing  as  in p u t  channe ls  f o r  the compre­

hension  of  analogous  v e rb a l  and p r i n t e d  m a t e r i a l s ,  and (2) s tu d i e s  

which i n v e s t i g a t e  i n d iv id u a l  modal p re fe r e n c e  a s  a f a c t o r  in l e a r n in g  

t o  r e a d .  The l a t t e r  involve  e f f o r t s  t o  a s c e r t a i n  th e  modal p re fe ren ce  

o f  each s u b j e c t .

Much of  t h e  b a s ic  exper imenta l  r e s e a r c h  in  t h i s  a re a  involves  

p a i r e d  a s s o c i a t e  t a s k s .  Will iams (1970) worked w i th  s u b j e c t s  a t  grade  

l e v e l s  two, f o u r ,  s i x ,  e i g h t ,  and t e n ,  us ing  e i g h t - p a i r  l i s t s  of 

f a m i l i a r  nouns .  Each s u b je c t  l e a r n ed  tv;o l i s t s ,  one p re sen ted  v i s u a l ­

l y  and th e  o th e r  a u r a l l y .  Performance on t e s t s  over th e  v i s u a l l y  

le a rned  m a t e r i a l  was su p e r io r  to  t h a t  over the  a u r a l l y  le a rn ed ,  and 

th e  a n t i c i p a t e d  improvement w i th  i n c r e a s i n g  grade l e v e l  was found.

Gaeth (1967 and 1966) conducted s t u d i e s  of  p a i r e d  a s s o c i a t e  l e a r n ­

ing in c h i l d r e n  w i th  normal hear ing  and in th o se  w i th  seve re  hear ing  

l o s s e s .  The v e r b a ln e s s  of th e  m a t e r i a l  and i t s  meaningfu lness  in  terms 

o f  the  l e a r n e r s '  e x p e r i e n c e s ,  were v a r i a b l e s  which were manipula ted in  

m a t e r i a l  p r e s e n te d  a u d i t o r i l y ,  v i s u a l l y ,  and a u d i o v i s u a l l y .  The f i r s t  

o f  th e  s t u d i e s  i n d i c a t e d  t h a t  meaningfulness  was t h e  more important 

independent v a r i a b l e .  In the  l a t e r  s tudy ,  the  d im ensions  of meaning­

f u ln e s s  were e x p lo re d ,  as was the  r e l a t i o n s h i p  to  th e  s t u d e n t s '  cho ice  

of  the  audio  or v i s u a l  modes of p r e s e n t a t i o n .  I t  v/as concluded t h a t  

meaningfulness  i s  no t  to  be viewed in  an a b s o lu t e  f a s h i o n ,  but i s



always r e l a t i v e  t o  t h e  c o n tex t  in  which th e  m a te r i a l  i s  t o  be p la ce d ,  

i r r e s p e c t i v e  of mode.

R i n g l e r  and a s s o c i a t e s  (1971) used th e  New York U n iv e r s i t y  

M odal i ty  T e s t  to  i d e n t i f y  the  m oda l i ty  p re fe ren ces  of a sample of  f i r s t  

g r a d e r s .  These were then  randomly a s s ig n e d  to  an a d d i t i o n a l  p e r io d  of 

i n s t r u c t i o n  v ia  a m oda l i ty  of one o f  fo u r  types ,  or  t o  a c o n t r o l  group 

which r e c e i v e d  no e x t r a  i n s t r u c t i o n .  R e s u l t s  were t h a t  t h e  fo u r  e x p e r i ­

menta l  groups d i f f e r e d  s i g n i f i c a n t l y  from the  c o n t r o l ,  b u t  n o t  from one 

a n o t h e r .  There was no s i g n i f i c a n t  d i f f e r e n c e  between th e  group whose 

t r e a t m e n t  matched t h e i r  p re fe rence  and th e  group whose t r e a t m e n t  d id  

n o t .

Wheeler (1972) i n v e s t i g a t e d  the  e f f e c t  of a d i s t i n c t  v i s u a l  

s t im u lu s  on th e  l e a r n i n g  of a four-component chain of nonsense s y l ­

l a b l e s  by young c h i l d r e n .  The speed of a c q u i s i t i o n  was u n a f f e c t e d ,  

b u t  e r r o r s  were reduced .  T h a lb e rg ' s  s tudy  (1964) d e a l t  w i th  th e  

r e l a t i v e  e f f e c t i v e n e s s  of  read ing  and l i s t e n i n g  in  the  l e a r n i n g  of

v e r b a l  m a t e r i a l .  N e i th e r  the  a b i l i t y  l e v e l  of the  s u b j e c t s  nor the

d i f f i c u l t y  o f  the  t a s k  was d i f f e r e n t i a l l y  r e l a t e d  to  e i t h e r  channel 

of  p r e s e n t a t i o n .  Nazzaro and Nazzaro (1970) compared a u d i t o r y  and 

v i s u a l  l e a r n i n g  of Morse code t r i a d s  w i th  r e s p e c t  t o  s h o r t  term r e ­

t e n t i o n .  The t a s k  was p re sen ted  in  a manner which provided fo r  c lo se

s i m i l a r i t y  between th e  v i s u a l  and th e  o r a l  s t i m u l i .  I t  was found t h a t

a u d i t o r y  p a t t e r n s  were l earned  wi th  s i g n i f i c a n t l y  g r e a t e r  r a p i d i t y .

In an exper iment by Duncan and H a r t le y  (1969),  co l le g e  underg raduate



s u b j e c t s  were p re sen ted  a maze e i t h e r  v i s u a l l y  o r  v e r b a l l y ,  then  asked 

to  rep roduce  i t  in  each of  the  v i s u a l  and v e r b a l  modes. Reproduction  

of the  maze in  th e  same mode as i t  vras p re s e n te d  v;as done s i g n i f i c a n t l y  

b e t t e r .

Modal ity  Research  Involv ing  S p e c i f i c  Sub jec t  
M at te r  O ther Than Mathematics

A s tu d y  by A l len  and a s s o c i a t e s  (1970) i n v e s t i g a t e d  v i s u a l - v e r b a l  

p r e s e n t a t i o n  modes when used fo r  i n s t r u c t i o n  in  d i f f e r e n t  types  of 

l e a r n in g  t a s k s  w i th  l e a r n e r s  of d i f f e r i n g  m enta l  a b i l i t i e s .  With in  

each of  seven s o c i a l  s t u d i e s  and s c ie n c e  c o n t e n t  a r e a s ,  f i v e  p a r a l l e l  

exper iments  were conducted ,  each fo r  a d i f f e r e n t  l e a rn in g  o b j e c t i v e  or 

t a s k .  For each c o n ten t  a r e a ,  s t im u lus  sequences  r e p r e s e n t in g  seven 

l e v e l s  on a v i s u a l - v e r b a l  continuum were d e s ig n ed .  I t  was found t h a t  

motion p i c t u r e  sound and s t i l l  p i c t u r e  t r e a t m e n t s  were s u p e r i o r  to  

o th e r s  f o r  four  of the  f i v e  l e a r n in g  o b j e c t i v e s .  The f i v e  p a r a l l e l  

exper iments  f a i l e d  t o  v e r i f y  a h i e r a r c h i c a l  p a t t e r n  r e l a t i n g  th e  l e a r n ­

ing t a s k s .

Gagné and a s s o c i a t e s  (1965) d id  two s t u d i e s  us ing v i s u a l  r e p r e ­

s e n t a t i o n s  fo r  s c ien ce  i n s t r u c t i o n .  The f i r s t  s tudy  t e s t e d  the  

hy p o th e s i s  t h a t  the  use  of  p i c t o r i a l  i n s t r u c t i o n  would produce h ighe r  

c o r r e l a t i o n  between r e s u l t s  of  v i s u a l  a p t i t u d e  t e s t s  and r e s u l t s  of 

l e a r n i n g  t e s t s ,  and t h a t  th e  use of v e r b a l  i n s t r u c t i o n  would produce 

h ig h e r  c o r r e l a t i o n  between r e s u l t s  of  v e r b a l  a p t i t u d e  t e s t s  and r e s u l t s  

o f  l e a r n i n g  t e s t s .  A p t i tu d e  measures used were ( l )  s p a t i a l  r e l a t i o n s .



(2) v e r b a l  r e a so n in g ,  (3) a b s t r a c t  re a so n in g ,  and (4) i n t e l l i g e n c e .

The h y p o th e s i s  was no t  su p p o r ted .  The second s tudy  used  p i c t o r i a l  

r e p r e s e n t a t i o n s  in rev iew  s e s s i o n s ,  dea l ing  w i th  t h e  t o p i c  of  mechani­

c a l  advan tage .  S tudents  who reviewed by p i c t o r i a l l y  p re sen te d  m a te r ­

i a l s  r e t a i n e d  and t r a n s f e r r e d  in fo rm at ion  s i g n i f i c a n t l y  b e t t e r  than 

th o se  v;ho did  not review a t  a l l .  Adding a d d i t i o n a l  p i c t o r i a l  examples 

d id  n o t  improve r e t e n t i o n  b u t  l e d  t o  b e t t e r  t r a n s f e r  than  when only  

th e  o r i g i n a l  m a t e r i a l s  were reviewed.

Dwyer (1967 and 1968) c a r r i e d  out  two exper iments  us ing  v i s u a l  

i l l u s t r a t i o n s  to complement d i f f e r e n t  types  of  i n s t r u c t i o n .  In the  

f i r s t  s tu d y ,  th e  v i s u a l  i l l u s t r a t i o n s  complemented programed i n ­

s t r u c t i o n  w i th  n in th  g ra d e r s  as  s u b j e c t s .  Various  groups were g iven 

i n s t r u c t i o n  which was e i t h e r  v e rb a l  only ,  programed on ly ,  or  programed 

w i th  e i t h e r  ( l )  l i n e  drawings as  v i s u a l  i l l u s t r a t i o n ,  (2) drawings ,  or

(3) p h o tos .  Verbal p r e s e n t a t i o n s  were found to  be s u p e r i o r  fo r  l e a r n ­

ing e f f e c t i v e n e s s ,  economy, and s i m p l i c i t y  of  p ro d u c t io n .  R e ten t ion  

t e s t s  showed s u p e r i o r i t y  fo r  th e  l i n e  i l l u s t r a t i o n s ,  however. The 

second s tu d y  concerned th e  use of  v i s u a l  i l l u s t r a t i o n s  to  complement 

o r a l  i n s t r u c t i o n  on t e l e v i s i o n .  The s u b je c t s  were c o l l e g e  s tu d e n t s  and 

th e  s u b j e c t  m a t te r  d e a l t  w i th  t h e  human h e a r t .  The v i s u a l  i l l u s ­

t r a t i o n s ,  p re sen ted  v ia  s l i d e s ,  were e f f e c t i v e  when th e  o b je c t iv e s  were 

measured by a drawing t e s t ,  bu t  were unnecessary  and even d i s t r a c t i n g  

w i th  r e s p e c t  to  o th e r  o b j e c t i v e s .



10

In h i s  s tu d y ,  F i l e p  (1967) r e l a t e d  l e a r n e r  c h a r a c t e r i s t i c s  to  

media s t i m u l i  and programing sequences .  Three v i s u a l  s t im u lu s  modes 

and th r e e  audio  s t im u lu s  modes were used  w i th  e i t h e r  l i n e a r  o r  branch­

ing programs. The s u b j e c t s  were e ig h th  grade  s tu d e n t s  in  g e n e ra l  

s c ie n c e  and th e  s u b j e c t  m a t te r  was c l a s s i f i e d  as e i t h e r  non -concre te ,  

c o n c r e t e ,  o r  a c t i o n  p ro c e s s .  The c h i e f  outcome o f  i n t e r e s t  he re  was 

t h a t  c h i l d r e n  of low I .Q .  who were non-whi te  and from th e  t h r e e  lowest 

o c cu p a t io n a l  groups l e a r n ed  b e s t  w i th  t h e  b ranch ing ,  non v e rb a l ,  sound 

t r e a t m e n t s .

Cropper (1965) conducted two m u l t i v a r i a t e  exper iments  which used 

programed s c ien ce  dem ons t ra t ions  p r e s e n te d  over t e l e v i s i o n  and p ro ­

gramed v e rb a l  m a t e r i a l s  on the  same s u b j e c t  m a t te r  given in  s e l f -p a c e d  

b o o k le t s .  The s u b j e c t s  were a t  the  e i g h t h  grade l e v e l .  Conclusions  

were t h a t  in th e  v i s u a l  p r e s e n t a t i o n ,  s t u d e n t s  performed b e t t e r  by 

a c t i v e l y  p r a c t i c i n g  re sponses  t o  f e a t u r e s  of the  p r e s e n t a t i o n  than by 

rem ain ing  p a s s iv e  and responding  a f t e r w a r d .  When both v i s u a l  and verba l  

modes were used in  i n s t r u c t i o n ,  employing the  v i s u a l  mode b e fo re  the 

v e r b a l  gave th e  b e s t  r e s u l t s .  Shor t  i n s t r u c t i o n a l  sequences  lend them­

s e l v e s  t o  an i n t e g r a t e d  f ixed -paced  v i s u a l  p r e s e n t a t i o n  w i t h  a s e l f -  

paced v e rb a l  program.

Research  Concerning th e  I n t e r a c t i o n  of 
A p t i t u d e , T rea tm ent , and Achievement 

in  Mathematics I n s t r u c t i o n

The i n t e r a c t i o n  o f  in d iv id u a l  m o d a l i ty  p re fe ren ces  w i th  classroom 

i n s t r u c t i o n ,  which i s  a t  the  h e a r t  of t h i s  r e s e a r c h ,  l i e s  w i t h i n  the
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purview o f  a p t i t u d e - t r e a t m e n t  i n t e r a c t i o n  (ATI) r e s e a r c h .  S tu d i e s  i n ­

volv ing  mathematics  i n s t r u c t i o n  which i n v e s t i g a t e  only t r e a tm e n t -  

achievement i n t e r a c t i o n ,  prov ided  they  invo lve  some sensory  concern ,  

a re  a l s o  deemed r e l a t e d .

Becker (1970) has sugges ted  a paradigm f o r  th e  p r e s e n t a t i o n  and 

i n t e r p r e t a t i o n  of ATI r e s e a r c h ;  he a t t r i b u t e s  th e  no t io n  to  L. J .  

Cronbach. The paradigm invo lves  the  s im ul taneous  p r e s e n t a t i o n  of  th e  

r e g r e s s i o n  l i n e s  of two or  more t r e a tm e n t  g ro u p s ,  shovdng the  r e g r e s ­

s ion  of  outcome on a p t i t u d e .  Values of th e  a p t i t u d e  measure c o r r e ­

sponding t o  p o in t s  where th e  r e g r e s s io n  l i n e s  c ro s s  may then s e rv e  as  

bounds f o r  a s s ig n in g  l e a r n e r s  t o  the  most d e s i r a b l e  t r e a tm e n t s .

The above paradigm was an important f e a t u r e  of a t  l e a s t  two of 

the  s t u d i e s  which were examined. One of t h e s e  was th e  d i s s e r t a t i o n  

of Marvin Trask (1972).  The s tudy  was concerned w i th  th e  i n t e r a c t i o n  

of c o n c r e te  m an ipu la t ive  v e r s u s  non-m anipu la t ive  exper iences  w i th  a p t i ­

tu d e ,  a t  t h e  t h i r d  grade  l e v e l .  A comprehensive background of l e a r n e r  

c h a r a c t e r i s t i c s  was ob ta ined  through a d m i n i s t r a t i o n  of the  O t i s  Lennon 

Mental A b i l i t y  T e s t ,  th e  S tan fo rd  Achievement T e s t ,  and the  Torrance  

Tes t  of  C r e a t i v e  Thinking .  Only fo r  the  S.A .T . su b sc a le  A r i th m e t ic  

Computation was s i g n i f i c a n t  i n t e r a c t i o n  found, and t h i s  only  f o r  th e  

computa t ional  form of th e  l e a r n in g  t e s t .  Higher r ank ing  p u p i l s  on the  

above s u b sc a le  b e n e f i t e d  more from the  m a n ip u la t iv e  expe r ience .

A s tu d y  by Hancock (1973) i n v e s t i g a t e d  th e  i n t e r a c t i o n  between the  

p e r s o n o lo g ic a l  v a r i a b l e s  of sex d i f f e r e n c e ,  c e r t a i n  mental f a c t o r s  and
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two methods of p re s en t in g  concep ts  and p r i n c i p l e s  a s s o c i a t e d  w i th  a 

made-up m athemat ica l  r e l a t i o n  having  the  p r o p e r t i e s  o f  a l i n e a r  o rde r  

r e l a t i o n .  This  r e l a t i o n  was s t u d i e d  by s u b je c t s  from a c o l l e g e  popu­

l a t i o n  by e i t h e r  a f i g u r a i  o r  a v e r b a l  program. No s i g n i f i c a n t  

i n t e r a c t i o n s  o f  th e  i n s t r u c t i o n a l  modes w i th  any of t h e  menta l  f a c t o r s  

were found ,  a l though  a n a l y s i s  of t h e  main e f f e c t  of mode on ach ievement 

c l e a r l y  favored  the  ve rb a l  mode.

The menta l  f a c t o r s  r e f e r r e d  t o  above were dete rmined by a b a t t e r y  

o f  n in e  t e s t s  developed by G u i l f o r d ,  and a r e  r e l a t e d  t o  G u i l f o r d ' s  

S t r u c t u r e  of  I n t e l l e c t  m ode l . (G u i l fo rd  and Hoepfner,  1971).  Th is  

model p ro v id es  an i d e n t i f i c a t i o n  of  a b i l i t i e s  by an o rde red  t r i p l e  

( x , y , z ) ,  where x denotes a c a t e g o r i z a t i o n  as to  c o n t e n t ,  y as  to  o p e r ­

a t i o n ,  and z as  to  p ro d u c ts .  The number of l e v e l s  of th e  t h r e e  

d im ensions  a r e ,  r e s p e c t i v e l y ,  f o u r ,  f i v e ,  and s i x .  Some of t h e  s t u d i e s  

r e f e r r e d  to  below, in a d d i t i o n  t o  t h a t  of Hancock, employ t h i s  model as  

a g e n e r a t o r  of independent  v a r i a b l e s .

An i n v e s t i g a t i o n  by C ar ry  (1968) ,  and a r e l a t e d  one by h i s  s t u d e n t ,  

Eastman (1972) ,  examined t h e  i n t e r a c t i o n  o f  s p a t i a l  v i s u a l i z a t i o n  and 

g e n e r a l  r e a son ing  a b i l i t i e s  w i th  t r e a tm e n t s .  The s u b j e c t  m a t t e r  was 

t h e  t o p i c  of q u a d ra t ic  i n e q u a l i t i e s .  Both s tu d i e s  used th e  Necessary  

A r i th m e t i c  Opera t ions  t e s t  f o r  reason ing  a b i l i t y .  Car ry  used th e  Paper 

F o ld ing  T e s t  and Eastman th e  A b s t r a c t  Reasoning T es t  t o  measure s p a t i a l  

v i s u a l i z a t i o n .  Sub jec ts  of both  s tu d i e s  were geometry s t u d e n t s .  Both 

s t u d i e s  employed e i t h e r  a g r a p h i c a l  or a n a l y t i c  mode. The l a t e r
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r e s e a r c h  had some r e f in e m e n ts  under each ty p e .  Carry  found no s i g ­

n i f i c a n t  i n t e r a c t i o n ,  us ing  l e a r n in g  s co res  as  c r i t e r i o n ,  b u t  d id  f in d  

s i g n i f i c a n c e  when t r a n s f e r  was used as  c r i t e r i o n .  Eastman d id  f ind 

s i g n i f i c a n t  i n t e r a c t i o n  w i th  r e s p e c t  t o  l e a r n in g  s c o r e s ,  a t  th e  .05 

l e v e l .

Davis (1967) s t u d i e d  a p t i t u d e - t r e a t m e n t  i n t e r a c t i o n  in  connection 

w i th  th e  d e r i v a t i v e  of an a l g e b r a i c  ex p re ss io n  and th e  m u l t i p l i c a t i o n  

of  v e c t o r s .  He drew upon G u i l f o r d ' s  model in measuring c e r t a i n  mental- 

q u a l i t i e s .  A group of  c o l l e g e  u n d e rg radua tes  and one of t e n t h  graders  

l e a r n e d  from e i t h e r  a symbolic or  a semantic  program t r e a t m e n t .  The 

s tu d y  in d i c a t e d  t h a t  t h e r e  does e x i s t  i n t e r a c t i o n  between a b i l i t y  and 

th e  c o n te n t  form, a t  l e a s t  fo r  th e  t o p i c s  s tu d i e d .  Both symbolic and 

semantic  f a c t o r  t e s t s  were s i g n i f i c a n t  p r e d i c t o r s  of achievement on 

semantic  l e a r n in g  m a t e r i a l s .  Only th e  symbolic f a c t o r  t e s t s  s i g n i f i ­

c a n t l y  p r e d i c t e d  l e a r n in g  of  th e  symbolic l e a r n in g  m a t e r i a l s .

Dorminey (1972) i n v e s t i g a t e d  th e  i n t e r a c t i o n  of  th e  a p t i t u d e s  of 

in d u c t iv e  re a so n in g  a b i l i t y  and d e d u c t iv e  reason ing  a b i l i t y  w i th  an 

Ind u c t iv e -D ed u c t iv e  i n s t r u c t i o n a l  sequence and a D educ t ive -E xpos i to ry  

approach .  The s u b j e c t s  were e ig h th  g ra d e rs  and the  t o p i c  d e a l t  w i th  

i n t r o d u c t o r y  coun t ing  p r i n c i p l e s .  The t e s t s  used to  measure the  

s e l e c t e d  a p t i t u d e s  were th e  " L e t t e r  Se ts"  and " In fe re n c e "  from the 

K i t  of Reference T e s t s  fo r  Cogn i t ive  F a c t o r s . The f i r s t  o f  these  

measured in d u c t iv e  and th e  second deduc t ive  reason ing  a b i l i t y .  Tes ts  

f o r  s i g n i f i c a n t  i n t e r a c t i o n  between each a p t i t u d e  and th e  t r e a tm e n ts
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were a l s o  made, us ing  l i n e a r  r e g r e s s i o n  a n a l y s i s .  The only  s i g n i f i c a n t  

i n t e r a c t i o n  was between in d u c t iv e  r ea so n in g  a b i l i t y  and t r e a tm e n t s  on 

th e  r e t e n t i o n  t e s t .

Of c o n s id e rab le  i n t e r e s t  in r e l a t i o n  t o  the  p r e s e n t  r e s e a r c h ,  in 

s p i t e  of  the  s u b j e c t  m a t t e r ’ s no t  being s p e c i f i e d  in  the  a b s t r a c t ,  i s  a 

d i s s e r t a t i o n  by Huebner (1969).  He examined the  i n t e r a c t i o n  between 

p a t t e r n s  of i n d iv id u a l  d i f f e r e n c e s  in s en so ry  m o d a l i t i e s  of p u p i l s  and 

methods of classroom i n s t r u c t i o n .  S u b je c t s  were second g r a d e r s .  The 

a u d i t o r y  and v i s u a l  r e c e p t i o n  s u b t e s t s  of th e  I l l i n o i s  Tes t  of  Psy- 

c h o l i n g u i s t i c  A b i l i t i e s  were used to  measure modal i ty  p r e f e r e n c e .  

I n t e r a c t i o n s  between sen so ry  modal i ty  and mode of i n s t r u c t i o n  and a l so  

between sensory  m o d a l i ty  and mode of t e s t  were sought .  No s i g n i f i c a n c e  

vias found.

Atkinson (1972) exp lored  the  e f f e c t  o f  d i f f e r e n t  g e o m e t r i c a l  s u r ­

f a c e s  and d i f f e r e n t  m o d a l i t i e s  of p e rc e p t io n  upon the  a b i l i t y  o f  young 

c h i l d r e n  ( p r e - k i n d e r g a r t e n )  to  match geom et r ica l  models.  The b a s ic  

t a s k  re q u i r e d  of a s u b j e c t  was to  p e rce iv e  two s e l e c t e d  models and to 

dec ide  whether or no t  t h e y  were th e  same shape.  The m o d a l i t i e s  used 

inc luded  v i s i o n ,  to u ch ,  and combinations  o f  t h e s e .  S i g n i f i c a n t  e f f e c t s  

were a t t r i b u t a b l e  to  bo th  su r f a ce  and m o d a l i ty  as  f a c t o r s ,  b u t  i n t e r ­

a c t i o n  between these  was not s i g n i f i c a n t .

Behr (1970) ,  in a summary paper based on h i s  d i s s e r t a t i o n ,  r e p o r t e d  

an i n v e s t i g a t i o n  of t h e  i n t e r a c t i o n  between s t r u c t u r e  o f  i n t e l l e c t  

f a c t o r s  and two methods of p re sen t in g  modular a r i t h m e t i c .  The s u b je c t s
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were s t u d e n t s  e n r o l l e d  in  a c o l l e g e  course  f o r  p r o s p e c t iv e  e lem entary  

t e a c h e r s .  The programed m a t e r i a l  was p re sen te d  through e i t h e r  a 

f i g u r a i -symbolic  or  a ve rba l - sym bo l ic  mode. Modest suppor t  fo r  th e  

hypotheses  r e g a r d in g  i n t e r a c t i o n  was found in  t h e  sense t h a t  s i g n i f i ­

c a n t  i n t e r a c t i o n  occurred  between f iv e  of the  s e l e c t e d  fo u r teen  menta l  

f a c t o r s  and th e  two methods of  i n s t r u c t i o n .  In fo u r  of the  f i v e  c a s e s ,  

t h e  i n t e r a c t i o n  v;as c o n s i s t e n t  w i th  the e x p e c t a t i o n  t h a t  f i g u r a i  f a c t o r s  

would be b e t t e r  p r e d i c t o r s  f o r  l e a rn in g  and r e t e n t i o n  by f i g u r a i  p r e ­

s e n t a t i o n ,  and semantic  f a c t o r s  f o r  semantic  p r e s e n t a t i o n .

Bas is  f o r  th e  P re se n t  Research

The q u e s t io n s  posed in Chapter I p o in t  to  th e  i n v e s t i g a t i o n  of  the  

main e f f e c t s  of mode of p r e s e n t a t i o n  on achievement ,  the  i n t e r a c t i o n  of 

l e a r n e r  a p t i t u d e s  and i n s t r u c t i o n a l  mode, and th e  p o s s i b i l i t y  of 

i d e n t i f y i n g  l e a r n e r s  having p r e s e n t a t i o n  m oda l i ty  p re fe re n c e .  A sse s s ­

ment of v a r i o u s  e f f e c t s  i s  based upon measurement of l e a r n in g  under th e  

two modes o f  p r e s e n t a t i o n .

Some of  t h e  examined r e s e a r c h  of a b a s ic  exper imenta l  n a tu re  was 

concerned w i th  main e f f e c t s  on ly ,  and some examined r e l a t i o n s h i p s  w i th  

mental  f a c t o r s  o f  th e  s u b j e c t s .  V i r t u a l l y  a l l  o f  i t  was concerned w i th  

p o s s i b l e  i m p l i c a t i o n s  f o r  r e a d in g  i n s t r u c t i o n .  Jones  (1972) r e f e r s  t o  

a rev iew by Day and Beach (1950) of  t h i r t y - f o u r  s t u d i e s  dea l ing  w i th  

l i s t e n i n g  and r e a d in g  as i n p u t  channe ls ,  which d id  no t  take  i n t o  a c ­

count l e a r n e r  m oda l i ty  p r e f e r e n c e s .  A l i s t  of f i n d i n g s  gleaned from
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t h e s e  s t u d i e s  in c lu d e s  some c o n t r a d i c t o r y  r e s u l t s .  Jones  a t t r i b u t e s

th e  c o n t r a d i c t i o n s  t o  i n d iv id u a l  d i f f e r e n c e s .  He c i t e s  McGeoch and

I r i o n ' s  i d e n t i f i c a t i o n  of  the  fo l lo w in g  major v a r i a b l e s  a s  th e  b a s i s

f o r  such d i f f e r e n c e s :  ( l )  p r a c t i c e ,  (2) c h ro n o lo g ic a l  age ,  (3) type

of m a t e r i a l  to  be l e a r n e d ,  and (4) mode of app rehens ion .  (1952).

The l a t t e r  a u th o r s  observe  t h a t

. . . The s u b t l e t y  and r i c h n e s s  o f  the  r e p r e s e n t a t i v e  and ■ 
r e a c t i v e  d e v ice s  in the  human s u b j e c t  permit  so read y  a 
t r a n s l a t i o n  of the  m a t e r i a l  i n t o  o th e r  terms th a n  th o s e  in 
which i t  i s  p re sen te d  t h a t  mode of  s t im u la t io n  may be un­
im p or tan t ,  excep t  in  cases  o f  ve ry  s trong h a b i t a t i o n  t o  a 
p a r t i c u l a r  mode. (1952, p.  482 ) .  (u n d e r l in in g  m ine . )

I t  i s  th e  c lo s i n g  phrase  in  t h e  above quote,  and t h e  e x i s t e n c e  of

in d i v i d u a l s  p o sse ss in g  such a s t r o n g  h a b i t u a t i o n ,  which u n d e r l i e  the

p r e s e n t  r e s e a r c h ,  and many s t u d i e s  done be fo re .  Indeed ,  Wepman (1971)

s t a t e s  t h a t  m oda l i ty  dominance tends  t o  be overcome in  most c h i ld re n

by the  age of  n i n e .  But a g a in ,  t h e  word i s  "m os t" .

In  the  i n t r o d u c t i o n  to  t h i s  s tu d y ,  a quote from Jones  (1972)

recommends t h a t  m oda l i ty  p re f e r e n c e  i d e n t i f i c a t i o n  t e s t s  in c o rp o ra te

t h e  concep tua l  w i th  the  p e r c e p t u a l .  Hashem (1971) i n v e s t i g a t e d  the

r e l a t i o n s h i p  between a nonverbal and a ve rba l  l e a r n i n g  p r o f i l e .  The

r e s u l t s  sugges ted  t h a t  p e r c e p tu a l  a s p e c t s  may be overemphasized in the

d ia g n o s i s  and re m e d ia t io n  of r e a d in g  d i f f i c u l t i e s .  N e i th e r  the  ve rba l

b a t t e r y  nor the  nonverbal b a t t e r y  p re sen te d  a d i f f e r e n t i a t e d  modali ty

l e a r n i n g  p r o f i l e .  This  in fo r m a t io n ,  t o g e th e r  w i th  McGeoch and I r i o n ' s

i n c l u s i o n  of type  of m a t e r i a l  t o  be l e a rn ed  as a major v a r i a b l e
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u n d e r ly in g  i n d i v i d u a l  d i f f e r e n c e s ,  s u g g es t  t h a t  m o d a l i ty  p re fe re n c e  

ought t o  be i n v e s t i g a t e d  w i th in  the  framework of s e v e r a l  d i f f e r e n t  

s u b j e c t  m a t t e r s .

Of th e  c i t e d  s t u d i e s  dea l ing  w i th  s u b j e c t  m a t te r  o t h e r  than  mathe­

m a t i c s ,  those  by Dv;yer and by Cropper were concerned w i th  main e f f e c t s  

of v i s u a l  and v e r b a l  m a t e r i a l s .  The remain ing  ones in c o r p o r a t e d  

l e a r n e r  c h a r a c t e r i s t i c s  in  the  s tudy .  I t  i s  i n t e r e s t i n g  to  note  t h a t  

A l len  and a s s o c i a t e s  (1970) c l a s s i f i e d  th e  i tems of t h e i r  c r i t e r i o n  

t e s t s  acco rd ing  to  a h i e r a r c h i c a l  scheme. Trask (1972) ,  d e a l i n g  w i th  

mathematics  i n s t r u c t i o n ,  c l a s s i f i e d  h i s  c r i t e r i o n  t e s t s  as  e i t h e r  com­

p u t a t i o n a l  or problem so lv in g ,  bu t  d id  n o t  imply a h i e r a r c h y .  T r a s k ' s  

r e s e a r c h ,  and a l l  t h e  o th e r  s tu d i e s  on mathematics e d u c a t io n ,  were of  

th e  ATI ty p e .

With re g a rd  t o  t h e  t e s t s  aimed a t  t h e  i d e n t i f i c a t i o n  of m o d a l i ty  

p r e f e r e n c e ,  i t  has been noted t h a t  q u e s t io n s  have been r a i s e d  as  t o  the  

p e r c e p t u a l  emphasis found in  some such t e s t s .  The concep tu a l  a sp e c t s  

need t o  be c o n s id e re d .  There a re  r e s e a r c h  p receden ts  f o r  th e  p r a c t i c e  

of  t h e  d e t e r m in a t io n  of  p re fe ren ce  by r e s e a r c h e r - d e s ig n e d  p rocedu res .

In a d i s s e r t a t i o n  by Montgomery (1972) ,  a p t i t u d e  was d e f i n e d  in  terms 

of  t h e  l e a r n e r s '  a b i l i t y  to  m aster  s p e c i f i c  concepts  a s s o c i a t e d  w i th  a 

c e r t a i n  u n i t  o f  m a t e r i a l .  The d e te r m in a t io n  of t h i s  a b i l i t y  was done 

th ro u g h  a procedure  c o n s i s t i n g  of a p r e t e s t ,  a b r i e f  i n s t r u c t i o n a l  

t r e a t m e n t ,  and a p o s t t e s t  on the u n i t .  Learners  were c a t e g o r i z e d  as
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t o  t h e i r  a b i l i t y ,  and t h i s  c a t e g o r i z a t i o n  served  a s  an independent  v a r i ­

a b le  in  th e  remainder  of  t h e  s tu d y .  Levin ( l 9 7 l )  d id  much the  same 

t h i n g .  Montgomery’ s s tu d y  invo lved  teach ing  a mathem at ica l  t o p i c  to  

second and t h i r d  g rade rs  and L e v i n ' s  d e a l t  w i th  t h e  l e a r n in g  of  p a i r e d  

a s s o c i a t e s  by p u p i l s  from k in d e r g a r t e n  and f i r s t  and t h i r d  g rades .

Hypotheses

The p r e s e n t  r e s e a r c h  i s  d i r e c t e d  toward t e s t i n g  th e  fo l lowing hy­

po theses  in  connec t ion  w i th  t h e  t h r e e  q ues t ions  posed in  th e  i n t r o ­

d u c t io n :

I .  A group of s t u d e n t s  which has been t a u g h t  a u n i t  o f  m a t e r i a l

us ing  v i s u a l l y - r i c h  methods w i l l  score  h igher  on a t e s t  over th e  u n i t  

than  w i l l  an o th e r  group which has been t a u g h t  the  u n i t  us ing  v e r b a l l y -  

r i c h  methods.

I I .  There w i l l  be i n t e r a c t i o n  between mode of  i n s t r u c t i o n  and 

each of  s e v e r a l  a p t i t u d e  measures from the  D i f f e r e n t i a l  A p t i tude  T e s t s ,  

in  th e  sense  t h a t  i n d i v i d u a l s  rank ing  lower on a g iven  subsca le  w i l l  

b e n e f i t  r e l a t i v e l y  more from th e  v i s u a l l y - r i c h  i n s t r u c t i o n .

I I I .  Using a d i s c r i m i n a n t  a n a l y s i s  p rocedu re ,  i t  w i l l  be p o s s ib l e  

t o  c l a s s i f y  s tu d e n t s  as v i s u a l l y - o r i e n t e d ,  v e r b a l l y - o r i e n t e d ,  or 

n e u t r a l ,  so as  t o  ag ree  w i th  t h e i r  c l a s s i f i c a t i o n  by a process  based 

s imply on d i f f e r e n c e s  between t h e i r  sco res  on th e  v i s u a l  and the  v e rb a l  

u n i t .
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The s t a t i s t i c a l  n u l l  hypotheses  a r e  a s  fo llcv/s :

Ho I :  A group of  s tu d en t s  which has been t a u g h t  a u n i t  of

m a t e r i a l  us ing v i s u a l l y - r i c h  methods w i l l  s co re  no 

h ighe r  on a t e s t  over th e  u n i t  than w i l l  a n o th e r  

group which has been t a u g h t  the  u n i t  us ing v e r b a l l y -  

r i c h  methods.

Ho I I :  There w i l l  not  be i n t e r a c t i o n  between mode o f  i n ­

s t r u c t i o n  and each o f  th e  a p t i t u d e  measures from the 

D i f f e r e n t i a l  Apt i tude  T e s t s ;  t h a t  i s ,  i n d i v i d u a l s  

rank ing  lower on a g iven  subsca le  w i l l  no t  b e n e f i t  

r e l a t i v e l y  more from th e  v i s u a l l y - r i c h  i n s t r u c t i o n .

Ho I I I :  The c l a s s i f i c a t i o n  of s u b j e c t s  by a d i s c r im in a n t

a n a l y s i s  procedure  as  v i s u a l l y - o r i e n t e d ,  v e r b a l l y  

o r i e n t e d  or n e u t r a l ,  w i l l  ag ree  w i th  t h e i r  c l a s s i f i ­

c a t i o n  by a process  based simply upon d i f f e r e n c e s  

between t h e i r  s co r e s  on th e  v i s u a l  and the  v e rb a l  

u n i t ,  t o  no g r e a t e r  an e x t e n t  than t h a t  t o  be ex­

pected  by chance.



CHAPTER I I I  

DESIGN

Sampling and Treatment Procedures  

The u n i t  of a n a l y s i s  i n  th e  p re s e n t  r e s e a r c h  i s  th e  e ig h th  grade 

s t u d e n t  in  mathemat ics .  The r e s e a r c h  v;as conducted a t  P a t r i c k  Henry 

J u n io r  High School,  Sioux F a l l s ,  South Dakota .  Ten s e c t io n s  ave rag ing  

tw en ty -n ine  s tu d e n t s  each were s e l e c t e d  fo r  t h e  r e s e a r c h ,  w i th  a view 

toward minimizing the  number of t e ac h e rs  in v o lv ed .  The s t u d e n t s  had 

been randomly a r ranged  in  fo u r t ee n  s ec t io n s  fo l low ing  the  removal of 

the  s c h o l a s t i c a l l y  h i g h e s t  rank ing  s i x t y  i n d i v i d u a l s .  The sample ex­

cluded approx im a te ly  th e  h i g h e s t  ranking o n e -e ig h th  of the  c l a s s  because 

t h i s  group was being t a u g h t  d i f f e r e n t  s u b j e c t  m a t t e r .  C lasses  were a s ­

s igned  to  one or the  o th e r  of the  two groups corresponding  to  each of 

th e  t r e a t m e n t  sequences d e s c r ib e d  below, s u b j e c t  t o  the  c o n d i t i o n  t h a t  

f i v e  c l a s s e s  comprised each  group.

The s u b j e c t  m a t t e r  c o n s i s t e d  of two t o p i c s ,  based on the  t e x t  

Modern School Mathematics,  S t r u c t u r e  and Use, Book 8 . by E r n e s t  R.

Duncan and o t h e r s .  (1972) .  Topic I was e lem en ta ry  d i s c r e t e  p r o b a b i l ­

i t y .  Topic I I  fo llowed from one to  th r e e  days a f t e r  Topic I ;  th e  

in t e rv e n in g  m a t e r i a l  was n o t  involved in  th e  r e s e a r c h .  Topic I I  con­

cerned  th e  i n t e g e r s ,  t h e i r  p r o p e r t i e s ,  and th e  o p e ra t io n s  of a d d i t i o n  

and s u b t r a c t i o n .  From fo u r  t o  f iv e  c l a s s  p e r i o d s ,  p lus  t e s t i n g  t ime,  

were a llowed f o r  each t o p i c .

20
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One o f  t h e  groups was t a u g h t  Topic I th rough a v i s u a l l y - e n r i c h e d ,  

b u t  v e r b a l l y  l i m i t e d ,  approach ,  and then  Topic I I  th rough  a v e r b a l l y  

en r ich ed  b u t  v i s u a l l y  l i m i t e d  approach .  The o th e r  group v/as t a u g h t  

t h e  t o p i c s  in  th e  same o r d e r ,  bu t  w i th  r e v e r se d  s enso ry  emphasis.  By 

v i s u a l l y - e n r i c h e d ,  i t  i s  meant t h a t  th e  p r e s e n t a t i o n  o f  each d a y 's  

l e s s o n  vjas c en te red  around from one t o  four  models o r  p r o je c te d  

g r a p h ic a l  c o n f ig u ra t io n s  which d id  no t  appear in  th e  s t u d e n t s '  t e x t .

'By v e r b a l l y - e n r i c h e d ,  i t  i s  meant t h a t  the  concepts  o r  r u l e s  being 

t a u g h t  were f u r t h e r  i l l u s t r a t e d  th rough v e rb a l  examples provided to  

th e  t e a c h e r s .  In the  ve rba l  emphasis mode, the  t e a c h e r s  were i n ­

s t r u c t e d  to  dea l  w i th  the  v i s u a l  i l l u s t r a t i o n s  in  th e  t e x t  only as 

r e f e r r e d  t o  by the  w r i t t e n  m a t e r i a l .

I l l u s t r a t i o n s

In t h a t  which fo l low s ,  examples of  enrichment m a t e r i a l s  a re  shown, 

one each of  a v i s u a l  and a v e r b a l  t y p e ,  w i th in  each o f  the  tvjo t o p i c s .  

D e s c r ip t i o n s  of  a l l  of th e  m a t e r i a l s  appear in  Appendix A.

Topic I - V isual

The example p e r t a i n s  t o  th e  l e s s o n  the  concep t  o f  odds . The 

t r a n s p a r e n c y  used ,  which i s  d u p l i c a t e d  in  f i g u r e  1,  d e a l s  w i th  the  con­

c e p t  w i th o u t  r e f e r r i n g  to  a s p e c i f i c  numerical  problem. In a l l  such 

problems, hc.vever, th e re  i s  a comparison of a c e r t a i n  s u b se t ,  here  

symbolized by shading, w i th  th e  r e s t  of  the  sample sp ac e ,  i . e . ,  the  

complement. The numerical  v a l u a t i o n  of the  s u b s e t  and of i t s  comple­

ment,  i n d i c a t e d  by n( ) ,  i s  of course  simply a count  of e lements in
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any s p e c i f i c  problem. However, the  use of  shaded re g io n s  en ab le s  the  

p r e s e n t a t i o n  of the  ooncept w i th o u t  r e l i a n c e  on a s p e c i f i c  numerical  

example.

Topic  I -  Verbal

The concept d e a l t  w i th  i s  again  odds . Three s t a t em e n t s  were made, 

i n  t h e  form below;

In one throw of a d i e ,  th e  odds in  f a v o r  of an outcome of  6 a re  

1/ 5 . The odds a g a i n s t  an outcome o f  6 a r e  S / l .

"Odds a g a in s t "  i s  always the  r e c i p r o c a l  of  "odds in  f a v o r " ,  so 

long as  "odds in favor"  i s  g r e a t e r  than  ze ro .

When an event i s  as  l i k e l y  as no t  to  happen, the  odds a re  in  favor 

of i t  a r e  l / l .

Topic  I I  -  Visual

This  v i s u a l  d e a l s  w i th  th e  s u b t r a c t i o n  of  a nega t ive  i n t e g e r .  

F ig u re  2 i s  d iv id e d  i n t o  t h r e e  p a n e ls .  The to p  pan e l ,  c o n ta in in g  the  

same in fo rm at ion  as d id  one o f  the  t r a n s p a r e n c i e s  making up t h i s  

v i s u a l ,  i n t roduces  p o s i t i v e  and n e g a t iv e  " co u n te r s "  which r e s p e c t i v e l y  

resem ble  th e  r i g h t  and l e f t  ha lves  of th e  numeral 0 .  Thus,  when p laced  

t o g e t h e r ,  they  serve  to  " can ce l "  each o t h e r .  The bottom panel  shows 

f i v e  p o s i t i v e  c o u n te r s ,  which a l s o  appeared  on one t r a n s p a r e n c y .  The 

middle  panel shows the  appearance  of the  f i g u r e  when th e  l a t t e r  t r a n s ­

pa rency  i s  o v e r l a id  w i th  an o th e r  c o n ta in in g  two nega t ive  c o u n t e r s .  At 

t h i s  p o i n t ,  th e  i n t e g e r  "^3 i s  d i s p l a y e d .  L i f t i n g  the  o v e r l a y  " t a k e s  

away" “2 from ‘*’3,  l e a v i n g  "*"5.
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Topic I I  -  Verbal

The t e a c h in g  o f  t h e  s u b t r a c t i o n  of  a nega t ive  i n t e g e r  v;as enr iched  

v e r b a l l y  v /i th  tv.'O examples as  fo l low s :

Suppose t h a t  a company owns f i v e  g roce ry  s t o r e s ,  and t h a t  one of 

them has been lo s in g  money f o r  s e v e r a l  months. I f  t h i s  s t o r e  i s  so ld ,  

the  e f f e c t  on th e  t o t a l  p r o f i t s  of th e  company would be j u s t  l i k e  the  

s u b t r a c t i o n  of a n e g a t iv e  i n t e g e r  from a n o th e r  i n t e g e r .

A l a r g e  ba l loon  f i l l e d  w i th  ho t  a i r  or g a se s ,  b e fo re  making a 

f l i g h t ,  may be h e ld  down w i th  sand bags .  The b a l lo o n  r i s e s  when enough 

of th e  bags have been throvm o u t .  Throwing ou t  each  bag i s  l i k e  the  

s u b t r a c t i o n  of a nega t ive  i n t e g e r  from ano ther  i n t e g e r .

T e s t in g  and S t a t i s t i c a l  P rocess ing  

P o s t t e s t s  f o r  each of the  two t o p i c s  were p repa red  by the  au thor .  

The sco re s  from th e s e  t e s t s  produced th e  dependent v a r i a b l e s  of the  

s tudy .

Scores  on th e  fo l lowing  two s t an d a rd iz e d  t e s t  b a t t e r i e s  were 

a v a i l a b l e :  ( l )  Iowa T es t  of  Bas ic  S k i l l s  (ITBS), of  which th e  t o t a l

sco re  on th e  s u b t e s t s  A r i thm et ic  Concepts and A r i th m e t i c  Problem S o l ­

ving  was u sed ,  and (2) the  D i f f e r e n t i a l  A p t i tude  T e s t s  (DAT). The 

n ine  s u b sc a le s  o f  th e  l a t t e r  were a l l  used in th e  s tu d y .  They a re :

( l )  Verbal Reasoning, (2) Numerical A b i l i t y ,  (3) Verbal Reasoning + 

Numerical  A b i l i t y ,  (4) A b s t ra c t  Reasoning, (5) Space R e l a t i o n s ,  (6) 

Mechanical  Reasoning,  (?) C l e r i c a l ,  ( s )  Language Usage, S p e l l i n g ,  and 

(9) Language Usage, S en tences .
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The n u l l  hy p o th es i s  Ho I ,  w i th  r e f e r e n c e  to  the  s ta t em en t  o f  hy­

po theses  a t  the  end of Chapter  I I ,  was t e s t e d  s e p a r a t e l y  fo r  each  of 

the  two t o p i c s .  The a n a l y s i s  o f  covar iance  was th e  s t a t i s t i c a l  p r o ­

cedure used  to  o b ta in  a comparison of  v i s u a l  and ve rba l  t r e a tm e n t  

e f f e c t s .  The method p rov ides  a d ju s t e d  group means; the  ad jus tm en t  i s  

based upon some p e r t i n e n t  c o v a r i a b l e ,  one which i s  l i k e l y  to  be r e l a t e d  

to  the  dependent v a r i a b l e  of th e  s tu d y .  The ITBS A ri thm et ic  s u b t e s t  

score  was used as  th e  c o v a r i a b l e  in t h i s  a n a l y s i s .

The id e a l  s i t u a t i o n  f o r  use of th e  a n a l y s i s  of covar iance  i s  one 

in which s u b je c t s  have been randomly a ss ig n ed  t o  t r e a tm e n t s ,  so t h a t  

one may assume t h a t  d i s t u r b i n g  v a r i a b l e s  o t h e r  than the c o v a r i a b l e  a re  

un i fo rm ly  d i s t r i b u t e d  over the  groups (Cochran, 1957, p. 262) .  The 

design of  t h i s  s tudy  d id  n o t  permit  such ass ignm ent ,  but the  f a c t  t h a t  

s t u d e n t s  had been randomly a ss igned  t o  c l a s s e s  could  be expec ted to  

provide  a t  l e a s t  a p o r t i o n  of the  b e n e f i t s  o f  pure  random ass ignment .

The power of the  F t e s t  in  the  a n a l y s i s  of covar iance  was used to  

e s t a b l i s h  a sample s i z e  which was used f o r  a l l  o f  th e  main hy p o th es i s  

t e s t s .  Power may be d e f in e d  as  the  p r o b a b i l i t y  of  d e c la r in g  a s t a t i s t i c  

to  be s i g n i f i c a n t  when, i n  f a c t ,  t h e  p o p u la t io n  paramete r which i t  

e s t i m a te s  i s  s i g n i f i c a n t  (Hays, 1963, p. 270 ) .  The .05 l e v e l  was 

s e l e c t e d  as the  minimal l e v e l  a t  which s i g n i f i c a n c e  would be r e p o r t e d .

S ince  a n a l y s i s  of covar iance  i s  an a n a l y s i s  of v a r ia n ce  on ad ­

j u s t e d  group means, i t  was deemed rea so n a b ly  a p p r o p r i a t e  to  use methods 

of power e s t im a t io n  r e l a t e d  t o  the  a n a l y s i s  of  v a r ian ce  t o  de termine
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t h e  s i z e  of  a subsample which would a f f o r d  a s p e c i f i e d  l e v e l  o f  power 

o f  th e  t e s t  f o r  d i f f e r e n c e s  in  a d j u s t e d  group means.

The th e o ry  of power of  the  F t e s t  in a n a l y s i s  o f  v a r i a n ce  i s  based 

upon th e  n o n c e n t r a l  F d i s t r i b u t i o n .  The d i s t r i b u t i o n  has t h r e e  p a r a ­

m e te rs :  th e  upper and lower degrees  of freedom and a n o n - c e n t r a l i t y

parameter  0 ,  which f o r  th e  two-group s i t u a t i o n  of  th e  p r e s e n t  r e s e a r c h  

may be exp ressed  as  (Hays, 1963, p.  384)

0 = / n(g/i^ + *2?)

V  2Ce2

where n i s  th e  (equa l )  group s i z e ,  and th e  t r e a tm e n t  e f f e c t s ,  

and Cg th e  common v a r ian ce  of th e  group s c o r e s .  There e x i s t  t a b l e s ,  

a s  in th e  Chemical Rubber Company's Handbook of P r o b a b i l i t y  and 

S t a t i s t i c s  (Beyer,  1966, p.  248) which,  fo r  v a r io u s  a - l e v e l s  and 

s e v e r a l  sample s i z e s ,  e x h i b i t  power as a fu n c t io n  of 0 .

In an a c t u a l  implementa tion o f  th e se  id e a s ,  i t  i s  necessa ry  t o  

a s s ig n  v a lu e s  t o  and in te rms of Og. I t  was decided  to  f in d

a sample s i z e  which would ach ieve  d e t e c t i o n  of a d i f f e r e n c e  of means 

of  one Og w i th  a p r o b a b i l i t y  of .9 0 ,  t h a t  i s ,  w i th  power = .90.  This 

su g g es t s  s e t t i n g  = .5 and q'2 = - . 5 .  S u b s t i t u t i o n  i n t o  the  equ a t io n  

d e f i n i n g  0 le ad s  t o

0 — V •25 n ,

Using th e  power t a b l e  fo r  th e  two-group s i t u a t i o n ,  and a s i g n i f i c a n c e  

l e v e l  o f  .05 ,  th e  v a lue  n = 23 was found to  y i e l d  a power as near  as 

p o s s i b l e  t o  .90.
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The n u l l  h y p o th e s i s  Ho I I ,  concern ing  i n t e r a c t i o n  of th e  t r e a t ­

ments ,  was t e s t e d  s e p a r a t e l y  f o r  each of  the  two p o s t t e s t s ,  w i th  

r e s p e c t  t o  each of th e  n ine  s u b s c a l e s  of th e  DAT. Becker (1970) sug­

g es ted  th e  n o t io n  of a p t i t u d e - t r e a t m e n t  i n t e r a c t i o n .  I t  i s  based upon 

l o c a t i n g  th e  p o i n t  of i n t e r s e c t i o n  of  two r e g r e s s i o n  l i n e s .  Each of 

th e se  l i n e s  corresponds  t o  th e  r e g r e s s i o n  of  some dependent v a r i a b l e  

on a c e r t a i n  a p t i t u d e  measure ,  and r e p r e s e n t s  one t r e a tm e n t  group.

(See f i g u r e  3 ) .

Assign  toAss ign to

Outcome

A pt i tude

F igu re  3

Assuming t h a t  th e  p o i n t  of  i n t e r s e c t i o n  l i e s  w i th in  th e  range  of 

the  a p t i t u d e  measure ,  a s u b j e c t  whose a p t i t u d e  sco re  i s  l e s s  than  th e  

c ro s so v e r  a p t i t u d e  v a lue  would b e n e f i t  most from t r e a tm e n t  T2 , w hi le  

one whose a p t i t u d e  sco re  i s  g r e a t e r  than the  c ro s so v e r  va lue  would 

b e n e f i t  most from T] .̂
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As r e f i n e d  by Behr (1970) and employed by Trask  (1972) ,  t h e  method 

c a l l s  fo r  the  r e j e c t i o n  of  the  hypothes is  of  no i n t e r a c t i o n  between 

t r ea tm en ts  and a s p e c i f i c  a p t i t u d e  measure i f  and o n ly  i f  t h e  following 

occur:

1.  The two r e g r e s s i o n  l i n e s  i n t e r s e c t  w i th in  th e  range of  the  

a p t i t u d e  measure,

2 .  At l e a s t  one o f  th e  r e g r e s s io n  c o e f f i c i e n t s  i s  s i g n i f i c a n t l y  

d i f f e r e n t  from 0 ,  a t  t h e  .05 l e v e l ,  and

3 . The h y p o th e s i s  o f  equal r e g r e s s io n  c o e f f i c i e n t s  i s  r e j e c t e d ,  

a l s o  a t  the  .05 l e v e l .

The t h i r d  h y p o t h e s i s ,  d ea l in g  with  c l a s s i f i c a t i o n  of l e a r n e r s  as  

v i s u a l l y - o r i e n t e d ,  v e r b a l l y - o r i e n t e d ,  or n e u t r a l ,  was t e s t e d  by the 

e x t e n t  of agreement between th e  c l a s s i f i c a t i o n  by t h e  upper twenty-seven 

per  c en t  - lower twenty-seven  per cent method, and by a d i s c r im in a n t  

a n a l y s i s  method. The former method c l a s s i f i e d  the  s tu d e n t s  on a 

q u a n t i t y  D. For  each s u b j e c t  in  th e  group r e c e i v i n g  Topic I v i s u a l l y  

and Topic I I  v e r b a l l y ,  D v/as s e t  equal to  (Topic I  p o s t t e s t  s tandard  

sco re  minus Topic I I  p o s t t e s t  s tanda rd  s c o r e ) .  In th e  o th e r  group,

D equa l led  (Topic I I  p o s t t e s t  s tandard  score  minus Topic I p o s t t e s t  

s tanda rd  s c o r e ) .

This method, which was d e r iv e d  by Truman L. K e l ly  (1939),  provides  

a s p l i t  such t h a t  th e  d i f f e r e n c e  between th e  means o f  the  upper and 

lower groups ,  d iv id e d  by th e  s tanda rd  d e v ia t i o n  of th e  d i f f e r e n c e ,  i s  

a maximum. While th e  procedure  was de r ived  f o r  use  in  item v a l i d a t i o n .
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i t  has been used to  o b t a in  a h igh-low d i v i s i o n  of a s e t  o f  s co re s  f o r  

o th e r  purposes .  An example i s  t h e  use of t h e  method by F lamin i  in  p a r t  

of h i s  d i s s e r t a t i o n  s tu d y  (1969) .

The twenty-seven  p e r  c e n t  having t h e  l a r g e s t  D score  comprised a 

group cons idered  to  have p re fe re n c e  f o r  v i s u a l  p r e s e n t a t i o n ,  the  lowest  

twenty-seven  pe r  c e n t  a group having p r e f e r e n c e  f o r  v e rb a l  p r e s e n t a t i o n ,  

and th e  middle group to  have no p r e f e r e n c e .  A m u l t i p l e  d i s c r i m i n a n t  

a n a l y s i s  procedure  (Tatsuoka ,  1971) was a p p l i e d  t o  th e  t h r e e  groups ,  

us ing  the  DAT subsca le  sco res  as c l a s s i f i c a t i o n  v a r i a b l e s .

P rocess ing  of th e  data  was c a r r i e d  ou t  by th e  Stepwise D isc r im in ­

a n t  A na lys is  program d es ig n a ted  EM)07M, from the  Biomedical  Computer 

Program l i b r a r y  (Dixon, 1973, p.  233).  The program computes a d i s ­

c r im in a n t  fu n c t io n  f o r  each group; each such d i s c r im in a n t  f u n c t io n  i s  

a l i n e a r  combinat ion of  c l a s s i f i c a t i o n  v a r i a b l e s .  The v a r i a b l e s  a r e  

s e l e c t e d  one a t  a t ime in  th e  o rde r  of  th e  magnitude of t h e i r  c o n t r i b u ­

t i o n  t o  d i s c r i m i n a t i n g  a b i l i t y  in  th e  p re sence  of th o se  a l r e a d y  in u se .  

(Dixon, 1973, p.  242) .  The p ro cess  c o n t in u e s  u n t i l  the  p o t e n t i a l  con­

t r i b u t i o n  of a l l  remain ing v a r i a b l e s  t o  d i s c r i m i n a t i n g  a b i l i t y  f a l l s  

below a c e r t a i n  l e v e l .  The t e rm in a l  s t a g e  of a g iven  program run p r o ­

v id es  a c l a s s i f i c a t i o n  m a t r i x ,  t e l l i n g  th e  number of  s u b j e c t s  in  each 

o r i g i n a l  group which th e  program would c l a s s i f y  i n t o  each of  the  t h r e e  

p o s s ib l e  groups .
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The n u l l  h y p o th e s i s  Ho I I I  was t e s t e d  by comparing th e  number of 

c o r r e c t  c l a s s i f i c a t i o n s  of  s u b je c t s  w i th  the  number to  be expec ted  by 

chance.  The p r o b a b i l i t y  model f o r  t h i s  i s  th e  b inominal,  w i th  th e  

p r o b a b i l i t y  of  c o r r e c t  c l a s s i f i c a t i o n  by chance equal t o  l / S .



CHAPTER IV

RESULTS

Genera l  Condi t ions  o f  the  Study

The s tu d y  was c a r r i e d  ou t  beginning  January  21, 1974, a t  P a t r i c k  

Henry J u n i o r  High School,  Sioux F a l l s ,  South Dakota.  The c l a s s e s  met 

fo u r  t imes  weekly .  The p o s t t e s t  on Topic  I :  P r o b a b i l i t y  v/as given

e i t h e r  Janua ry  29 o r  30.  I n s t r u c t i o n  on Topic I I :  The I n t e g e r s  be­

gan on February  5 o r  6.  The p o s t t e s t  on t h i s  to p ic  was a d m in is te r ed  

e i t h e r  February  13 o r  14, except  in t h e  case  of  th ree  of  th e  ten  

s e c t i o n s .  Because of  an o v e r s ig h t  on th e  p a r t  of one t e a c h e r ,  th e se  

t h r e e  s e c t i o n s  took th e  t e s t  one p e r io d  l a t e r  than was p lanned.  The 

two p o s t t e s t s  a p p ea r  in  Appendix A, each fo llowing the  d e s c r i p t i o n  of 

th e  m a t e r i a l s  used in  the  s tudy .

Four t e a c h e r s  p a r t i c i p a t e d  in  th e  s tu d y .  The r e g u l a r  teach ing  

ass ignments  o f  t h e s e  t e a c h e r s  provided f o r  two of them to  t e ac h  th r e e  

s e c t i o n s  each and two to  t e a c h  two s e c t i o n s  each .  One t r e a tm e n t  group 

comprised th e  t h r e e  s e c t io n s  of one t e a c h e r  and the  two o f  a n o th e r .

The o th e r  group then  c o n s i s t e d  of  the  remain ing f iv e  s e c t i o n s  t a u g h t  

by th e  o th e r  two t e a c h e r s .  I t  can be seen t h a t  only fou r  p o s s i b i l i t i e s  

e x i s t e d  as  t o  th e  way the  groups could  be composed and be a ss ig n ed  to  

t r e a tm e n t  sequences .  This composi t ion and assignment was done by two 

co in  t o s s e s .

32
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The t e a c h e r s  p r e s e n t in g  Topic I w i th  v i s u a l  emphasis and Topic  I I  

w i t h  v e r b a l  emphasis w i l l  be l a b e l l e d  Mrs. A and Mr. B. The fo rmer ,  

hav ing  more than twenty  years  of j u n i o r  h igh school t e ac h in g  e x p e r i en c e ,  

t a u g h t  two s e c t i o n s ;  t h e  l a t t e r ,  having about ten  y ea r s  of e x p e r ie n c e ,  

t a u g h t  t h r e e  s e c t i o n s .  The t e a c h e r s  p r e s e n t in g  th e  m a t e r i a l  w i th  r e ­

v e r s e d  sen so ry  emphasis w i l l  be l a b e l l e d  Mr. C and Mrs. D. The fo rmer ,  

who had f i v e  years  of j u n i o r  h igh  school t e ach ing  exper ience  t a u g h t  

two s e c t i o n s ;  the  l a t t e r  was in  h e r  second year  of  t e ach in g  a t  t h i s  

l e v e l  and taugh t  t h r e e  s e c t i o n s .

The au th o r  v i s i t e d  one of t h e  c lassrooms of each t e a c h e r  on one 

o f  t h e  days  t h a t  i n s t r u c t i o n  was be ing done v ia  th e  v i s u a l  mode. Each 

was t r e a t i n g  the  v i s u a l s  f o r  the  l e s s o n  as p r e s c r i b e d .  Other than  the 

l a t e  a d m i n i s t r a t i o n  of one of  th e  t e s t s  to  th r e e  of  th e  s e c t i o n s ,  the  

s tu d y  ra n  smoothly.  E x c e l l e n t  l i a i s o n ,  over and above p e r so n a l  con­

t a c t  w i t h  the  t e a c h e r s ,  v;as p rov ided  by th e  mathematics depar tment  

chairman ,  who was no t  o the rw ise  in v o lv e d .

The t o t a l  number of  s t u d e n t s  on th e  c l a s s  r o l l s  in  th e  t e n  p a r ­

t i c i p a t i n g  s e c t i o n s ,  as of th e  f i r s t  week of January ,  v;as 297. The 

f i r s t  tr imming of the  g ross  sample was done on the  b a s i s  of  m is s in g  

ITBS a r i t h m e t i c  s c o r e s .  A f t e r  th e  i n s t r u c t i o n  had been completed and 

p o s t t e s t s  given, the  da ta  from a l l  s u b j e c t s  who were in  any of th e  f o l ­

lowing c a t e g o r i e s  was d e l e t e d  from th e  s tudy :

1.  s u b je c t s  who f a i l e d  to  t a k e  one of the  p o s t t e s t s ;

2 .  s u b je c t s  who were a b se n t  f o r  more than  one c l a s s  d u r ing  e i t h e r  

one o f  t h e  to p i c  i n s t r u c t i o n a l  p e r i o d s ;
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3. s u b j e c t s  who were p r e s e n t  f o r  a l l  of th e  c l a s s e s  dur ing  

th e  i n s t r u c t i o n a l  p e r io d  of  one to p ic  b u t  ab se n t  fo r  e x a c t l y  one 

of  th e  p e r iods  of  t h e  o th e r  t o p i c .

At t h i s  p o i n t  t h e  sample had been reduced  in  s i z e  t o  174; 90 were 

male and 84 female .  The p re l im in a ry  a n a l y s i s  d e sc r ib e d  below was based 

on t h i s  sample.  Seven more s u b je c t s  were d e l e t e d  because t h e i r  D i f f e r ­

e n t i a l  A p t i tude  s co r e s  were u n a v a i l a b l e .  From th e  r e s u l t i n g  167, a 

f i n a l  sample of male and female s u b j e c t s  was ob ta ined  as d e sc r ib e d  be­

low in  t h e  Ana lys is  of Covariance s e c t i o n .

P r e l i m in a r y  A na lys is  of P o s t t e s t  R esu l t s  

In o rder  to  be a b le  to  ob ta in  a measure of the  r e l i a b i l i t y  of  the 

p o s t t e s t s ,  us ing  th e  s p l i t - h a l f  techn ique  (Thorndike and Hagen, 1955, 

p.  128),  i t  was n e ce s sa ry  t o  dete rmine  each s u b j e c t ' s  score  on t h e  even- 

numbered and th e  odd-numbered items of each t e s t .  Table  1 p r e s e n t s  the  

numerical  in fo rm a t ion  p e r t a i n i n g  to  t h e s e  t e s t s ;  fo r  each t e s t ,  a sum­

mary of  i tem d i f f i c u l t y  appears  in Appendix A, fo llowing th e  t e s t  to  

which i t  p e r t a i n s .  The r e l i a b i l i t i e s  o f  th e  p r o b a b i l i t y  and in t e g e r s  

t e s t s  were .78 and .76 ,  r e s p e c t i v e l y .

The p r e l im in a r y  a n a l y s i s  vjas done v ia  an a u t h o r - w r i t t e n  computer 

program, run  on th e  IBM 360-40 a t  th e  U n i v e r s i t y  of South Dakota,  

V e rm i l l io n .  I n p u t - o u tp u t  was through th e  IBM 2700 s e r i e s  h igh-speed  

t e rm in a l  a t  Dakota S t a t e  C o l leg e ,  Madison. A l l  of the  computer p r o ­

c e s s in g  r e p o r t e d  in  t h i s  c h a p te r ,  us ing  both  a u t h o r - w r i t t e n  and l i b r a r y  

programs, was done on th e  same system.
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TABLE 1 

POSTTEST RESULTS

No. of  
I tems

Means S tandard  D ev ia t ions
R e l i a b i l i t yOdd

Items
Even
Items

Pooled Odd
Items

Even
Items

Pooled

P r o b a b i l i t y  Tes t

28 8 .54 7.08 15.62 2.28 2.78 3.60 .78

I n t e g e r  T e s t

26 7 .88 7.61 15.49 2.71 2.50 3.69 .76

A n a ly s i s  of the  sco res  of the  male and female s u b je c t s  s e p a r a t e l y  

was a l s o  p rovided .  For the  p r o b a b i l i t y  t e s t ,  pool ing  th e  r e s u l t s  f o r  

t h e  odd and even i tems r e s u l t e d  in  a mean and s t an d a rd  d e v i a t i o n  of 

16.17 and 3 .6 9 ,  r e s p e c t i v e l y ,  f o r  male s u b j e c t s .  For the  female sub­

j e c t s  t h e  corresponding  f i g u r e s  were 15.04 and 3 .4 5 .  For th e  i n t e g e r s  

t e s t ,  t h e  male mean and s t a n d a r d  d e v i a t i o n  were 16.00 and 3 .5 9 ,  r e ­

s p e c t i v e l y .  For the  fem a les ,  th e  va lues  were 14.94 and 3 .7 4 .  For each 

p o s t t e s t ,  a t - t e s t  o f  t h e  n u l l  h y p o th e s i s  t h a t  t h e r e  was no d i f f e r e n c e  

between th e  sexes  in t h e i r  mean sco res  r e s u l t e d  in  r e j e c t i o n  a t  the  

.01 l e v e l  (Hays,  1963, p. 320) .  In each case t h e  performance o f  male 

s u b j e c t s  v;as s u p e r io r .  Based upon th e se  f i n d i n g s ,  a l l  succeed ing  

a n a l y s e s  were s ep a ra te  f o r  th e  s ex es .
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R e s u l t s  o f  the  A na lys is  of Covar iance  f o r  Main E f f e c t s  

As v/as in d i c a t e d  in Chapter I I I ,  n u l l  hypo thes i s  Ho I ,  t h a t  of  no 

s u p e r i o r i t y  of t h e  v i s u a l  mode over t h e  v e rb a l  mode of  p r e s e n t a t i o n ,  v/as 

t e s t e d  by an a n a l y s i s  of covar iance  on th e  p o s t t e s t  means f o r  the  tv/o 

t r e a t m e n t  groups-  This v/as done f o r  each to p ic  and s e p a r a t e l y  fo r  male 

and female  s u b j e c t s ,  a t o t a l  of fo u r  t e s t s .

Based upon the  f in d in g s  concern ing  power, as d e s c r i b e d  in  Chapter 

I I I ,  th e  a n a l y s i s  was c a r r i e d  o u t ,  u s ing  the  data  from 23 randomly 

chosen s u b j e c t s  w i th in  each o f  t h e  favo t r e a tm e n t  g roups ,  f o r  each sex.  

The computer program used was "Analys is  of Covar iance" ,  d e s ig n a te d  

BJ'D09V, in  the  Biomedical Computer Program l i b r a r y  (Dixon, 1973, pp. 

705-718) .  A s i n g l e  c o v a r i a t e ,  th e  ITBS a r i th m e t i c  s c o r e ,  was employed.

A r e q u i s i t e  to  the  use of  th e  r e s u l t s  of an a n a l y s i s  of covar iance  

i s  t h e  n o n - r e j e c t i o n  of  the  hy p o th e s i s  t h a t  the  r e g r e s s i o n  s lopes  of 

each t r e a t m e n t  g ro u p ' s  t e s t  sco res  on the  co v a r iab le  be e q u a l .  An a c -  

o e p ta b l e  s i g n i f i c a n c e  l e v e l  f o r  t h i s  requ irem ent  i s  .10 (K irk ,  1968, 

p.  4 6 9 ) .  In  t h i s  s i t u a t i o n ,  the  deg rees  of freedom were 1 and 42, 

l e a d in g  to  an F v a lu e ,  a t  the  .10 l e v e l ,  of 2 .82 .  The l a t t e r  va lue  was 

o b ta in e d  from t h e  t a b l e  of t h e  t - d i s t r i b u t i o n ,  f o r  a t w o - t a i l e d  t e s t ,  

a t  th e  .10 l e v e l ,  us ing the  r e l a t i o n  t ^  = F. With df  = 1, t h i s  i s  

a p p r o p r i a t e ,  s i n c e  the  a l t e r n a t i v e  to  t h e  n u l l  hy p o th es i s  concerning 

r e g r e s s i o n  s lopes  was n o n - d i r e c t i o n a l  (Hays, 1963, p.  375) .

The t e s t  o f  s i g n i f i c a n c e  of d i f f e r e n c e s  between a d j u s t e d  group 

means v/as o b ta in ed  by comparing th e  computed F-value  t o  t h e  square  of
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t a b u l a t e d  t - d i s t r i b u t i o n ,  in  t h e  d i r e c t i o n a l  s ense ,  a t  the  .05 l e v e l  

f o r  f o r t y - f o u r  degrees  of  freedom. The c r i t i c a l  F was 2 .82 .

In th e  i n v e s t i g a t i o n  o f  th e  f i r s t  h y p o t h e s i s ,  as we l l  in  th e  f o l ­

lowing two, th e  p o s t t e s t  s co r e s  were exp ressed  in  per  c en t  c o r r e c t .

The ITBS sco re  was th e  p e r c e n t i l e .

As may be seen by examining Tables 2 and 3,  s i g n i f i c a n t  suppor t  

fo r  th e  h y p o th es i s  t h a t  i n s t r u c t i o n  which i s  v i s u a l l y - r i c h  y i e l d s  b e t ­

t e r  r e s u l t s  than  t h a t  which i s  v e r b a l l y - r i c h  was found only  f o r  female 

s u b j e c t s  when p r o b a b i l i t y  was t h e  t o p i c .  That i s ,  in  only  one of four 

cases  was th e  hypo the s i s  s u s t a i n e d .  I t  shou ld  be noted a l s o  t h a t  the  

r e s u l t s  of  th e  t e s t  f o r  m a les ,  p r o b a b i l i t y ,  a r e  no t  u s ea b le ,  s i n c e  the  

r e g r e s s i o n  s lopes  d i f f e r e d  s i g n i f i c a n t l y .  (This d i f f e r e n c e  i s  i n d i ­

ca ted  by the  F v a lu e ,  fo r  e q u a l i t y  of s lo p e s ,  a t  1 .847) .

TABLE 2

ANALYSIS OF COVARIANCE, PROBABILITY TEST

Source of  Variance D.F. Mean Square F Adjus ted  Means
Visual Verbal

Fa le s
57.766 57.760

E q u a l i t y  of Adjus ted
C e l l  Means 1 .031 0.000

Zero Slope 1 3853.590 24.779
Erro r 43 155.526
E q u a l i t y  of Slopes 1 281.715 1.847
Erro r 42 152.522

Females
57.583 50.181

E q u a l i t y  of  Adjusted
C e l l  Means 1 623.082 4.434*

Zero Slope 1 4978.691 35.427
Er ro r 43 140.534
E q u a l i t y  of  Slopes 1 .695 .005
Er ro r 42 143.864
^ S i g n i f i c a n t  r e s u l t ,  .05 l e v e l .
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TABLE 3

ANALYSIS OF COVARIANCE, INTEGERS TEST

Source  of  Variance D.F. Mean Square F Adjus ted  Means
V isua l  Verbal

Males

E q u a l i t y  of Adjusted 
C e l l  Means 

Zero Slope  
E r r o r
E q u a l i t y  of Slopes 
E r r o r

1
1

43
1

42

105.324
3781.832

147.465
70.969

149.287

0.712
25.645

0.475

60.465 57.428

Females
54.563 53.630

E q u a l i t y  of Adjusted
C e l l  Means 1 9.918 0.062

Zero Slope 1 5975.383 37.024
E r ro r 43 161.393
E q u a l i t y  of Slopes 1 117.875 0.726
E r ro r 42 162.429

R e s u l t s  Concerning A p t i t u d e -Treatment I n t e r a c t i o n  

As v/as d e sc r ib ed  in Chapter  111, in  a d d i t i o n  to  th e  requ i rem ent  

t h a t  th e  r e g r e s s i o n  l i n e s  of the  tv/o t r e a tm e n t  groups i n t e r s e c t  w i th in  

the  range  of any given a p t i t u d e  measure,  th e  conc lus ion  of  s i g n i f i c a n t  

i n t e r a c t i o n  r e q u i r e d  t h a t  a t  l e a s t  one r e g r e s s i o n  l i n e  have a s lope  

s i g n i f i c a n t l y  d i f f e r e n t  from ze ro ,  and t h a t  th e  s lo p es  d i f f e r  s i g n i f i ­

c a n t l y .  Underlying th e  l a t t e r  t e s t  i s  th e  req u i rem en t  of homogeneous 

v a r i a n c e  of the  p o s t t e s t  s co res  of the  two groups (Dixon and Massey, 

1957),  p.  102).  Thus t h re e  s t a t i s t i c a l  t e s t s  were involved  in  each 

i n v e s t i g a t i o n  of ATI.
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P e r t i n e n t  q u a n t i t i e s  which u n d e r l i e  th e  t h r e e  t e s t s  mentioned 

above a r e  as fo l lows:

r  - -  The c o r r e l a t i o n  between th e  independent ( a p t i t u d e  measure)

and dependent ( p o s t t e s t  sco re)  v a r i a b l e s  fo r  th e  tv/o groups,

a - -  The " Y - in t e r c e p t "  f o r  th e  r e g r e s s i o n  equa t io n  of  th e  two

groups .

b — The r e g r e s s i o n  c o e f f i c i e n t  or s lope  of each of the  

e q u a t io n s .

n — The number of s u b j e c t s  of  a given sex in  a given t r e a tm e n t

group.

— The s tanda rd  e r r o r  of  th e  r e g r e s s i o n  c o e f f i c i e n t .

Computations l ead ing  to  t h e  s t a t i s t i c a l  t e s t s  in t h i s  phase of the  

r e s e a r c h  were done by an a u t h o r - w r i t t e n  computer program. The formulas 

used f o r  r ,  b,  and were t h e  u su a l  ones employed when working w i th  

raw s c o r e s .  (Hays, 1963, pp.  505-509).

The t e s t ,  f o r  each group w i th  r e s p e c t  t o  each a p t i t u d e  measure,  of 

t h e  n u l l  h y p o th e s i s :  b = 0 v/as

t  = ^yx , (Hays,  1963, p.  521)
^ y x

The a l t e r n a t i v e  was d i r e c t i o n a l :  b > 0.

Using th e  n o t a t i o n  and fo r  the  v a r i a n c e s  of any two groups
2 2of  s u b je c t s  being compared, th e  t e s t  of the  h y p o th e s i s  was

F = S l "
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deno tes  a v i s u a l l y - i n s t r u c t e d  group and S2 a v e r b a l l y - i n s t r u c t e d  

one .  Here,  the  a l t e r n a t i v e  i s  two s i d e d .  Thus the  hy p o th es i s  of homo­

g e n e i t y  was r e j e c t e d  only  i f  the  observed  F exceeded P(dfj^, d fg ,  .975) 

or  th e  r e c i p r o c a l  of the  observed F was l e s s  than  F fd fg ,  d f^ ,  .025 ) .  

(Hays, 1963, p. 350) .

The n u l l  h y p o th e s i s  bĵ  = b2, where b^ i s  th e  r e g r e s s i o n  c o e f ­

f i c i e n t  o f  a v i s u a l l y - i n s t r u c t e d  group and b2 t h a t  o f  a v e r b a l l y -  

i n s t r u c t e d  one, was based on an F t e s t  in  th e  a n a l y s i s  o f  covar iance  

(Snedecor and Cochran, 1967, p.  432).  Again,  s i n c e  t h e r e  were on ly  

two groups  involved in  each t e s t ,  a t - t e s t  was used w i th  pooled e r r o r  

term de f ined  by

_  / (" i  -  1) -i- ( h2 -  1 )  S2^

n i  + n2 - 2

Then th e  t e s t  i s

t  = .‘̂ 2. .
■/2 Sp2

The a l t e r n a t i v e  was a g a in  d i r e c t i o n a l :  b]̂  < b2 .

Table  4 shows th e  p e r t i n e n t  c r i t i c a l  va lues  o f  t  and F, and Table 

5 th e  observed v a lu e s  of F in  the  t e s t  of homogeneity o f  v a r i a n c e s .

From th e s e  i t  i s  r e a d i l y  noted t h a t  t h e  l a t t e r  h y p o th e s i s  was s u s t a in e d  

in  each case .  In th e  t e s t  of the  n u l l  hypo thes i s  b^ = b2 , a s i g n i f i ­

c a n t  r e s u l t  was ob ta in ed  when the  observed value  of  t  was l e s s  than 

th e  t a b u l a t e d  v a l u e .
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TABLE 4

CRITICAL VALUES OF t  AND F FOR ATI, .05 LEVEL

Null  Hypothesis Degrees of  Freedom C r i t i c a l  Value

b = 0 21 1.72

Si  = Sg 22,22 Upper F :2 .36

Lower .42

b i  = bg 44 -1 .68

TABLE 5

OBSERVED VALUES OF F FOR NULL HYPOTHESIS: S]_ =  S g

Treatment Group/Tes t  F
Males, P r o b a b i l i t y  ........................................................................... 1.438
Females,  P r o b a b i l i t y ...............................................   1.158
Males,  I n t e g e r s  ............................................................................... 0 .604
Females,  I n t e g e r s  ..........................................................................  0 .440

Tables 6 and 7 p r e s e n t  the  va lu es  of t  f o r  th e  t e s t  o f  r e g r e s s i o n  

c o e f f i c i e n t  d i f f e r e n t  from zero ,  th e  v a lue  of th e  a p t i t u d e  measure a t  

which the  r e g r e s s i o n  l i n e s  c r o s s ,  and the  t e s t  fo r  e q u a l i t y  o f  r e g r e s ­

s ion  c o e f f i c i e n t s .  The DAT su b sca le s  a re  numbered the  same a s  in  the  

l i s t i n g  in th e  s t a t i s t i c a l  p o r t i o n  of  Chapter  I I I .
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TABLE 6

OBSERVED t  VALUES AND CROSSOVER VALUE FOR ATI, PROBABILITY

DAT
Subscale

t  f o r  h y p o th e s i s :  b = 0 Crossover
Value

t  fo r  
h ypo thes i s :  

bj  ̂ = i>2V isua l  Group Verbal Group

Males

1 4.328 1.838 11.4 1.052
2 0.636 1.597 21.8 2.352
3 5.865 1.891 37 .4 1.626
4 1.427 2.262 41.1 -0 .829
5 1.703 1.655 33.8 0.485
6 3.402 0.933 44 .2 1.981
7 2.532 0.855 30 .3 1.240
8 1.839 1.553 *** 0.024
9 3.128 1.451 14.8 0.862

Females

1 4.058 0.066 15.1 3.166
2 3.461 1.800 10.0 1.315
3 4.689 2.285 0.834
4 3.691 1.324 16.6 1.222
5 0.906 0.851 *-*-* 0.047
6 5.328 0.730 32 .4 2.578
7 3.377 1.508 0.618
8 2.835 1.144 *** 1.059
9 3.943 2.936 *** 0.157

**-xCrossover va lue  was n o t  in  th e  range of th e  a p t i t u d e  measure.

From Table  7, s u p p o r t  can be observed f o r  th e  hypo thes i s  t h a t  sub­

j e c t s  ran k in g  lower on c e r t a i n  a p t i t u d e  measures b e n e f i t  most from 

v i s u a l l y - r i c h  i n s t r u c t i o n ,  and those  rank ing  h ig h e r  most from v e r b a l l y -  

r i c h  i n s t r u c t i o n .  The c o n te n t s  of Table 6 a r e  n e g a t iv e  in  r e g a rd  t o
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t h i s  h y p o th e s i s .  In Appendix B, graphs  of  t h e  r e g r e s s i o n  l i n e s  of 

t h o s e  cases  e x h i b i t i n g  s i g n i f i c a n t  i n t e r a c t i o n  in  th e  d i r e c t i o n  hy­

p o th e s i z e d  a re  p re s en te d .

TABLE 7

OBSERVED t  VALUES AND CROSSOVER VALUE FOR ATI, INTEGERS

DAT t  fo r  h y p o th es i s :  b = 0 Crossover t  f o r
Subsca le va lue h ypo thes i s :

V isua l  Group Verbal Group b^ = b2

Males

1 3.593 4.132 *** -0 .202
2 3.300 5.400 27.1 -1.651
3 4.065 5.547 46.1 -0 .676
4 3.413 1.970 34 .4 1.103
5 4.251 1.955 0.154
6 1.990 2.511 47 .6 -0 .952
7 2.320 1.812 -0.037
8 3.350 1.934 69.7 0.862
9 2.022 2.136 *** -0 .090

Females

1 -0 .3 3 2 3.970 21.7 -3.640**
2 2.721 4.080 19.0 -1.930*
3 3.173 5.006 45 .0 -1 .407
4 0.920 4.217 31.6 -2.349**
5 0 .889 0.358 *** 0.212
6 -0 .008 4.750 26.7 -3.503**
7 1.086 6.190 23.5 -2.560**
8 2.385 2.561 49.7 -0.731
9 2.384 3.979 24 .2 -1 .246

* S i g n i f l e a n t  r e s u l t ,  .05 l e v e l .
♦ ♦ S i g n i f i c a n t  r e s u l t ,  .01 l e v e l .

♦♦♦Crossover va lue  was not in  t h e  range  of th e  a p t i t u d e  measure.
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R e s u l t s  Concerning I n s t r u c t i o n a l  Modali ty  P re fe rence

T r e a t in g  th e  sexes  s e p a r a t e l y ,  t h e  p a i r  of s tandard  sco re s  of each 

s u b j e c t  on the  two p o s t t e s t s  was the  b a s i s  f o r  d iv id ing  th e  sample by 

th e  upper  twenty-seven -  lower twenty-seven  p e rc e n t  method. The 

q u a n t i t y  D was de f in ed  as  th e  s tanda rd  score  on th e  p o s t t e s t  fo l lowing  

v i s u a l l y - r i c h  i n s t r u c t i o n  minus t h a t  fo l low ing  v e r b a l l y - r i c h  i n s t r u c ­

t i o n .  This  r e s u l t e d  in twelve  s u b je c t s  of  each sex being p laced  in  

each of  th e  v i s u a l  and v e r b a l  p re fe ren ce  groups  and twenty-two in  th e  

no p re fe r e n c e  group.

The l i b r a r y  computer program used in  th e  a n a l y s i s ,  BMD07M (Dixon, 

1973, p.  233),  r e q u i r e s  a number of paramete rs  to  be s p e c i f i e d .  The 

paramete r  of primary i n t e r e s t  in t h i s  r e p o r t  was t h a t  which r e g u l a t e s  

th e  manner in which the  computation proceeds from one i t e r a t i o n  to  th e  

n e x t .  The op t ion  e l e c t e d  in  th e  computer runs  was t o  use th e  va lue  

s p e c i f i e d  by th e  program, t h a t  i s ,  a t  each s t e p  to  br ing i n t o  the  

c l a s s i f y i n g  s e t  of  v a r i a b l e s  t h a t  v a r i a b l e  which had the  g r e a t e s t  "F 

t o  e n t e r "  a t  th e  preceding  s t e p .  An a d d i t i o n a l  parameter was th e  

minimal s i g n i f i c a n c e  l e v e l  t h a t  the  "F to  e n t e r "  of a given v a r i a b l e  

must a t t a i n ,  t o  be e l i g i b l e  f o r  in c lu s io n  in  th e  c l a s s i f y i n g  s e t .  The 

v a lu e  of t h i s  paramete r was s e t  a t  .5 .  Any v a r i a b l e  no t  meet ing t h i s  

c r i t e r i o n ,  a t  t h e  s t e p  a t  which i t  had th e  g r e a t e s t  "F to  e n t e r " ,  was 

c o n s id e re d  to  be only a t r i v i a l  c o n t r i b u t o r  to  the  c l a s s i f y i n g  a b i l i t y ,  

and was a c c o rd in g ly  exc luded .  Table 8 e x h i b i t s  the  order in which the  

v a r i a b l e s  e n te r ed  the  c l a s s i f y i n g  s e t .  Those n o t  l i s t e d  f a i l e d  to  meet 

th e  c r i t e r i o n  f o r  "F to  e n t e r " .



45

TABLE 8

VARIABLE ENTERED BY STEP, DISCRIMINANT ANALYSIS

Step  Number V a r ia b le  Entered F to  E n te r

Males

1 Mechanical  Reasoning 2.165
2 Language Usage, Sentences 1.297
3 A b s t r a c t  Reasoning 1.101
4 Language Usage, S p e l l in g 1.323
5 Space R e l a t io n s 1.210
6 Verbal Reasoning 0.720
7 Numerical  A b i l i t y 0 .542

Females

1 C l e r i c a l 9.844
2 Language Usage, S p e l l in g 2.356
3 Language Usage, Sentences 2.402
4 Mechanical  Reasoning 1.393
5 Verbal Reasoning + Numerical A b i l i t y 0 .704

Note:
I t  i s  n o t  n e c e s s a r i l y  t r u e  t h a t  the "F t o  e n t e r "  must shov/ a 

s t e a d i l y  d e c rea s in g  p a t t e r n  from s te p  to  s t e p .  The measure of a given 
v a r i a b l e ' s  p o t e n t i a l  c o n t r i b u t i o n  to  c l a s s i f y i n g  a b i l i t y  changes in 
r e l a t i o n  t o  th o se  v a r i a b l e s  a l r e a d y  inc luded .

The f i n a l  c l a s s i f i c a t i o n  m a t r ic e s  a re  p r e s e n te d  in Tables 9 and
10 .

From Table  9,  i t  can be observed t h a t  tw en ty -seven  of the  f o r t y -  

s i x  male s u b j e c t s  were c o r r e c t l y  c l a s s i f i e d .  From Table  10, T h i r ty - tw o  

of  th e  f o r t y - s i x  female cases  were c o r r e c t l y  c l a s s i f i e d .
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TABLE 9

CLASSIFICATION MATRIX, f<ALE SUBJECTS

Number of  Cases C l a s s i f i e d  In to  Group
Group

Visual No P r e f e r e n c e Verbal

V isua l 8 I 3
No P r e f e re n c e 4 12 6
Verbal 3 2 7

TABLE 10

CLASSIFICATION /4ATRIX, FEKALE SUBJECTS

Number of Cases C l a s s i f i e d  In to  Grouo
Group Visual No P re fe re n c e Verbal

Visual 8 4 0
No P re fe re n c e 6 14 2
Verbal 0 2 10

The p r o b a b i l i t y  of a g iven case  being c o r r e c t l y  c l a s s i f i e d  by 

chance a lone  i s  l / 3 ,  s in ce  t h e r e  a r e  t h r e e  groups .  The binominal d i s ­

t r i b u t i o n  i s  an a p p r o p r i a t e  p r o b a b i l i t y  model f o r  a s i t u a t i o n  invo lv ing  

n independent r e p e t i t i o n s  of  a two-outcome random p r o c e s s .  (Hays,

1963, p.  143).  The random c l a s s i f i c a t i o n  of cases  would f i t  t h i s  

d e s c r i p t i o n .  With n c a se s ,  th e  p r o b a b i l i t y  of r  c o r r e c t  c l a s s i f i ­

c a t i o n s  would then  be

p(x) = ( ; ) ( l / 3 ) r  ( 2 /3 ) " - ^  , 

where ^ ^ ^ i s  th e  binomial c o e f f i c i e n t .
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C o m p uta t iona l ly ,  the  normal approx im a t ion  to  the  binomia l (Hays, 

1963, pp. 227-230) o f f e r s  d e f i n i t e  a d v an ta g e s .  Both (n x l / s )  and

(n X 2/ 3) exceed 10 f o r  the  va lue  n = 46 ,  which i s  th e  number of  sub­

j e c t s  of each sex in  t h i s  s tudy ;  t h u s ,  t h e  use of th e  approximat ion  i s  

a p p r o p r i a t e .  L e t t i n g  r  denote a g iven number of  c o r r e c t  c l a s s i f i ­

c a t i o n s ,  and w i th  mean = (n x l / s ) ,  v a r i a n c e  = (n x l / S  x 2 / 3 ) ,  th e  z

v a lu e  corresponding  t o  r  i s  z = ^ ^  .
</n X 1/3 X 2/3

The r e s u l t i n g  z v a lu e  fo r  male s u b j e c t s  was 3 .71 ,  a r e s u l t  s i g n i f i ­

c an t  beyond th e  .001 l e v e l .  For females  t h e  v a lue  vjas 5 .3 7 ,  which was

a l s o  s i g n i f i c a n t  beyond the  .001 l e v e l .

Supplementary r e s u l t s  from the  o u tp u t  of program B[-D07,’-' a re  

a v a i l a b l e  in  Appendix C.



CHAPTER V

CONCLUSIONS

Summary o f th e  F ind ings

f4ain E f f e c t s  of I n s t r u c t i o n a l  Mode

Ho I :  A group of s tu d e n t s  which has been ta u g h t  a u n i t  o f

m a te r ia l  u s in g  v i s u a l l y - r i c h  methods w i l l  sco re  no 

h ig h e r  on a t e s t  over th e  u n i t  than  w i l l  a n o th e r  group 

which has been ta u g h t  th e  u n i t  u s in g  v e r b a l l y - r i c h  

m ethods.

The n u l l  h y p o th es is  v/as r e j e c t e d  only fo r  th e  group of fen.ale 

s u b je c t s ,  when th e  to p ic  was p r o b a b i l i t y .  The s ig n i f i c a n c e  l e v e l  was 

.05 . For th e  o th e r  th r e e  t e s t s ,  th e  group which was ta u g h t  v ia  th e  

v i s u a l  mode a l s o  exceeded, a l th o u g h  n o t  s i g n i f i c a n t l y ,  t h a t  t a u g h t  v ia  

th e  v e rb a l  mode, in  terms o f th e  a d ju s te d  group means.

A p ti tu d e -T rea tm en t I n t e r a c t i o n

Ho I I :  There w i l l  n o t  be i n t e r a c t i o n  between mode of i n ­

s t r u c t i o n  and each o f th e  a p t i tu d e  measures from th e  

D i f f e r e n t i a l  A p ti tu d e  T e s ts ;  t h a t  i s ,  in d iv id u a ls  

rank ing  lower on a g iven  su b sc a le  w i l l  no t b e n e f i t  

r e l a t i v e l y  more from th e  v i s u a l l y - r i c h  i n s t r u c t i o n .

48
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ATI v;as in v e s t ig a te d  fo r  male and female s u b j e c t s ,  f o r  each of th e  

n in e  DAT m easures . Of the  t h i r t y - s i x  t e s t s ,  on ly  f iv e  r e s u l t e d  in  

r e j e c t i o n  of th e  n u l l  h y p o th e s is .  A ll of th e se  p e r ta in e d  to  th e  female 

s u b je c t s  and th e  in te g e r s  to p ic  (Table 7 ) .  The DAT su b sc a le s  w ith  

which th e r e  was s i g n i f i c a n t  i n t e r a c t i o n  were: Numerical A b i l i t y ,  a t

th e  .05  l e v e l ,  and Verbal R eason ing , A b s t ra c t  Reasoning, Mechanical

R easoning , and C l e r i c a l ,  each a t  th e  .01 l e v e l .

The I n v e s t ig a t i o n  of Learner P re fe re n c e  For 
V isual o r  Verbal I n s t r u c t io n

Ho 111: The c l a s s i f i c a t i o n  of s u b je c ts  by a d is c r im in a n t

a n a ly s i s  procedure as  v i s u a l l y - o r i e n t e d ,  v e r b a l ly  

o r ie n te d  or n e u t r a l ,  w i l l  agree w ith  t h e i r  c l a s s i f i ­

c a t io n  by a p ro cess  based simply upon d i f f e r e n c e s  

between t h e i r  s c o re s  on th e  v i s u a l  and th e  v e rb a l

u n i t ,  t o  no g r e a t e r  an e x te n t  than t h a t  to  be ex­

p ec ted  by chance.

The n u l l  h y p o th e s is  was r e j e c t e d  a t  th e  .001 le v e l  fo r  bo th  male and 

fem ale s u b j e c t s .

G enera l O bservations 

The r e s e a rc h  re p o r te d  h e re in  h a s ,  in a broad sen se ,  been concerned 

w i th  l e a r n e r  d i f f e r e n c e s  as  r e l a t e d  to  mode of i n s t r u c t i o n .  A p o r t io n  

of i t  d e a l t  only  w ith  the  e f f e c t s  of a v is u a l  v e rsu s  a v e rb a l  mode.
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The two remaining q u e s t io n s  came w ith in  th e  g en e ra l  framework of 

a p t i tu d e - t r e a tm e n t  i n t e r a c t i o n .  Of th e s e ,  one was i n v e s t ig a t e d  by 

c l o s e l y  fo llow ing a w e l l - a c c e p te d  paradigm, and th e  o th e r  by a method 

n o t  w ide ly  found in  r e p o r t s  of r e s e a rc h .

The in s t r u c t i o n  in  the  v e rb a l  mode may be d e sc r ib e d  a s  having f o l ­

lowed a symbolic model, in  th e  language o f some w r i t e r s  and re s e a rc h e r s  

ex em p lif ied  by Fennema (1972, p. 233). The v i s u a l l y - r i c h  i n s t r u c t i o n  

fo llow ed  a concre te  model, f u r th e r  d e s c r ib a b le  as p a s s iv e ,  s in c e  the  

h a n d lin g  of th e  m a te r i a l s  was a l l  done by th e  te a c h e r s  r a t h e r  than  by 

th e  s u b je c t s .

The au th o r  was av/are, both in  th e  d es ig n  o f th e  s tu d y  and in  the 

i n t e r p r e t a t i o n  of r e s u l t s ,  of each of th e  fo u r  d i f f i c u l t i e s  in  ATI 

r e s e a r c h  i d e n t i f i e d  by Becker in  h is  a r t i c l e  which p laced  t h i s  su b je c t  

b e fo re  the  mathematics ed u ca tio n  community (1970, pp. 2 6 -2 7 ) .

The Problem of S e le c t io n  of A p titude  Measures

A v i t a l  f a c to r  i s  th e  s e le c t io n  of a p t i t u d e  measures which w i l l  

i n t e r a c t  w ith  methods o f  i n s t r u c t i o n .  A p ti tu d e  measures a r e  needed 

t h a t  r e v e a l  s p e c i f i c  m enta l a b i l i t i e s .  In  o rd e r  to  sense  a v a r i e t y  of 

s p e c i f i c  a b i l i t i e s ,  a broad b a t t e r y  of t e s t s  may be needed; p o s s ib ly  

some o f th e se  may have low c o r r e la t io n s  w i th  o th e rs  in  th e  b a t t e r y .

I t  would appear t h a t  th e  D i f f e r e n t i a l  A p ti tu d e  T e s t  b a t t e r y  q u a l i f i e d  

f a i r l y  w ell r e l a t i v e  t o  th e  above c r i t e r i a .  N e v e r th e le s s ,  one cannot 

be su re  t h a t  a b a t t e r y  d e a l in g  s p e c i f i c a l l y  w ith  v i s u a l - v e r b a l  m odality  

p re fe re n c e  would n o t  have a ffo rd ed  b e t t e r  c l a s s i f y i n g  a b i l i t y .
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The Problem of Determining th e  Length of th e  Treatm ent Period

T h is  i s  a most p e rp le x in g  i s s u e .  The s e t t i n g  fo r  ATI r e s e a rc h  i s  

p r im a r i ly  th e  classroom . This  i s  no t to  say t h a t  th e  f in d in g s  of 

l a b o r a to r y - ty p e  i n v e s t ig a t i o n s  cannot prov ide  in p u t  and g u id e l in e s  fo r  

c lassroom -based  r e s e a rc h .  In the  re se a rc h  r e p o r te d  h e re in ,  i t  v;as con­

s id e r e d  im portan t t h a t  th e  p o s t t e s t  r e s u l t s  could  be s u b s t a n t i a l l y  

a t t r i b u t e d  to  immediate l e a r n in g ,  r a t h e r  than  to  t r a n s f e r  or r e t e n t i o n .  

N e v e r th e le s s ,  th e  i n s t r u c t i o n a l  sequences needed to  be long enough to  

p e rm it  t r e a tm e n t  e f f e c t s  to  emerge. A d d i t io n a l ly ,  th e re  i s  th e  con­

s i d e r a t i o n  of t e s t  r e l i a b i l i t y .  I t  would be d i f f i c u l t  to  p rep a re  a 

t e s t  n o t  e n t a i l i n g  ex cess iv e  r e p e t i t i o n  which covered a very  s h o r t  

i n s t r u c t i o n a l  sequence, and which would a t  th e  same time avoid the  

problems of chance elem ents  in  th e  s u b je c t s '  b eh av io r  or in  th e  p a r ­

t i c u l a r  sampling of i tem s.

. . . " In  g e n e ra l ,  th e  l a r g e r  a sample o f  a p e rso n s ' behav ior 
we have, the  more r e l i a b l e  the  measure w i l l  be ."  (Thorndike 
and Hagen, 1955, p . 129).

Becker c i t e s  ev idence  t h a t  a s u b j e c t ' s  re sp o n se  to  i n s t r u c t i o n  i s  

a fu n c t io n  of the  kind of i n s t r u c t i o n  he r e c e iv e d  in  the  p a s t .  D is ­

tu r b in g  e f f e c t s  may occur in  th e  case  of a c l a s s  whose te ac h e r  used 

v i s u a l  m a te r i a l s  e x te n s iv e ly  bu t then d is c o n t in u e s  t h e i r  use as c a l l e d  

f o r  by th e  re se a rc h  g u id e l in e s .  On the  o th e r  hand, the  s tu d e n ts  o f  a 

t e a c h e r  w ith  th e  o p p o s ite  p ro p e n s i ty  may be a f f e c t e d  e i t h e r  p o s i t i v e l y  

o r  n e g a t iv e ly  when f i r s t  p re sen ted  w ith  numerous dev ices  fo r  nonverbal 

l e a r n i n g .
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The Problem o f D e te rm in a t io n  of Achievement Measures 
Which W ill  Uncover I n t e r a c t i o n s

The d es ig n  o f  th e  p re s e n t  r e s e a r c h  s u b s t a n t i a l l y  d i c t a t e d  emphasis 

on immediate r e c a l l  m easures, o r  a t  l e a s t  item s which r e q u i r e d  the  ap ­

p l i c a t i o n  o f  m a te r i a l  to  be r e c a l l e d .  The c o n s t r u c t io n  of th e  p o s t ­

t e s t s  a l s o  c a l l e d  f o r  f a i r n e s s  t o  each t r e a tm e n t  group.

The R e su l ts  As R e la te d  To P a s t  F ind ings

The s l i g h t  i n d i c a t io n  of s u p e r i o r i t y  f o r  th e  v i s u a l  over th e  v e r ­

b a l  mode o f p r e s e n ta t io n  appears  t o  be in  harmony w ith  e a r l i e r  f i n d ­

in g s .  T r a s k 's  r e p o r t  (1972) on r e s e a r c h  w ith  e a r ly  e lem en ta ry  p u p i l s ,  

in v o lv in g  a comparison between th e  r e s u l t s  of m an ip u la t iv e  v e rsu s  

symbolic le a r n in g  e x p e r ie n c e s ,  in d ic a te d  no c l e a r  p a t t e r n  of s u p e r i ­

o r i t y  f o r  e i t h e r .  Working w ith  a c o l le g e  p o p u la t io n ,  Hancock (1973) 

r e p o r te d  c l e a r  s u p e r i o r i t y  fo r  a v e rb a l  over a f i g u r a t i v e  p re s e n ta t io n  

mode.

P a s t  f i n d in g s  in  a p t i t u d e - t r e a tm e n t  i n t e r a c t i o n  r e s e a r c h  have 

ranged  from no s i g n i f i c a n t  i n t e r a c t i o n  w ith  any of th e  a p t i t u d e  mea­

su re s  u se d ,  such  a s  r e p o r te d  by Huebner (1969), to  q u i t e  p o s i t i v e  

f in d in g s  e x e m p l i f ie d  by D av is ' r e p o r t  (1967) . The l a t t e r  does in d ic a te  

th e  p o s s i b i l i t y  t h a t  success  in  uncovering  in t e r a c t i o n s  may be somewhat 

dependen t upon th e  n a tu re  of th e  c o n te n t  being ta u g h t .  The a u th o r  i s  

in c l in e d  to  a g re e  w i th  t h i s  s u g g e s t io n ,  in  l i g h t  o f  th e  modest support  

f o r  th e  i n t e r a c t i o n  hyp o th es is  in d ic a te d  by th e  r e s u l t s  p e r t a in in g  to  

th e  i n t e g e r s  t o p i c ,  and th e  r a t h e r  n e g a t iv e  f in d in g s  ( i . e . ,  somewhat
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o p p o s i te  in  d i r e c t i o n a l i t y )  r e l a t i v e  to  th e  p r o b a b i l i t y  t o p i c .  These 

n e g a t iv e  f in d in g s  may p o s s ib ly  in d i c a t e  a n o v e l ty  e f f e c t  of th e  v i s u a l s  

which seems t o  im pair slow l e a r n e r s '  perform ance more than  t h a t  o f  

f a s t e r  ones. This is  in  l i n e  w i th  th e  r e p o r t  o f  Kulm and o th e rs  

(1974)5 p e r t a in in g  to  th e  e f f e c t  o f  p i c t o r i a l  m a te r i a l s  on problem 

so lv in g ,  and w i th  T r a s k 's  r e p o r t  t h a t  new m a n ip u la t iv e  m a te r i a l s  bene­

f i t e d  h ig h e r - ra n k in g  p u p i l s  more than  Icrwer.

The im portance of th e  s e n s o ry  m o d a li ty  concept as  a g en e ra l  f a c t o r  

in  c lassroom  i n s t r u c t i o n a l  p lan n in g  may be r e l a t e d  t o  th e  age of th e  

p u p i l s .  As no ted  in  C hap ter  I I ,  V/epman has taken  th e  s tan d  t h a t  

m oda lity  p re fe re n c e  tends  t o  lo s e  importance f o r  most p u p i ls  by age 

n in e .  N e v e r th e le s s ,  t h a t  segment of the  schoo l p o p u la t io n  f o r  whom 

t h i s  i s  n o t  th e  case  d ese rv es  c o n s id e r a t io n ,  in  terms of the  a v a i l ­

a b i l i t y  o f  l e a rn in g  o p p o r tu n i t i e s .

The f in d in g s  r e p o r te d  in  C hap ter  IV p e r t a in in g  to  v i s u a l  v e rsu s  

v e rb a l  i n s t r u c t i o n a l  modal p r e fe re n c e  shcr.ved a s t a t i s t i c a l l y  s i g n i f i ­

c an t  a b i l i t y  o f  th e  d i s c r im in a n t  a n a ly s i s  p rocedure  to  c l a s s i f y  

l e a r n e r s  in  agreement w ith  a n o th e r  grouping based on p o s t t e s t  s c o r e s .  

This does n o t  a u to m a t ic a l ly  mean t h a t  tw en ty -seven  per c e n t  o f  a g iven  

c la s s  n e c e s s a r i l y  needs e x te n s iv e  o p p o r tu n i ty  f o r  nonverbal l e a r n in g .  

Indeed, th e r e  were some c a se s  in  which a s u b je c t  w i th  a s u b s t a n t i a l l y  

h ig h e r  r e l a t i v e  sco re  on th e  v i s u a l  compared to  th e  v e rb a l  u n i t  was 

m i s c l a s s i f i e d ,  as were some showing the  r e v e r s e  p a t t e r n .



54

I t  i s  th e  a u t h o r ' s  op in io n  t h a t  th e  methodology a p p l ie d  to  th e  

i n v e s t i g a t i o n  o f  m oda lity  p re f e re n c e  as r e p o r te d  h e re in  could  be of 

v a lu e  in  p lann ing  m athem atics i n s t r u c t i o n .  Suppose t h a t  a f t e r  r e p l i ­

c a t io n  on d i f f e r e n t  to p ic s  and th e  e x p lo ra t io n  o f  d i f f e r e n t  a p t i tu d e  

measures and methods of i n i t i a l l y  d iv id in g  l e a r n e r  g roups , a combin­

a t io n  were o b ta in e d  which y ie ld e d  very  h igh  su ccess  in  c l a s s i f i c a t i o n  

over a wide range  o f to p ic s  a t  a g iven grade l e v e l .  The d a ta  from the  

r e s e a r c h  s u b j e c t s ,  o r  s im ply  th e  d is c r im in a n t  c l a s s i f y in g  e q u a t io n s ,  

could  be r e t a i n e d ,  and p u p i l s  in  subsequent c l a s s e s  could  be screened  

f o r  m o d a li ty  p re fe re n c e  by sim ply  feed ing  t h e i r  a p t i t u d e  s c o re s  in to  

th e  program.

L i m i t a t i o n s ; Recori'mendat i e n s  fo r  F u r th e r  R esearch  

One l i m i t a t i o n  of th e  r e s e a r c h  re p o r te d  h e re in  i s  th e  f a c t  t h a t  

b e tw een - teach e r  v a r i a b i l i t y  v;as n o t  measured. Another b a s ic  q u es t io n  

i s  w hether o r  n o t  th e  n a tu re  of th e  p o s t t e s t s  p e rm it te d  s u b je c t s  to  

e x h i b i t  le a r n in g  which th e y  had o b ta ined  n o n v e rb a l ly .  In  th e  absence 

of s p e c ia l  nonverbal t e s t  i te m s —which would be v e ry  d i f f i c u l t  to  p re ­

s e n t  in  a c lassroom  s i t u a t i o n —le a r n e r s  needed to  r e l y  upon some 

i n t e r n a l  m ed ia to r  between th e  nonverbal l e a rn in g  and th e  e s s e n t i a l l y  

v e rb a l  t e s t  i tem s .

The d i s c r im in a n t  a n a ly s i s  procedure r e l i e s  upon th e  assum ption of 

the  m u l t i v a r i a t e  n o rm a li ty  o f  th e  c l a s s i f y in g  v a r i a b l e s .  (T atsuoka, 

1971, p . 164-65) . Robustness of th e  v a r io u s  t e s t s  i n t e r n a l  to  th e
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program t o  v i o l a t i o n  o f  th e  assum ptions  i s  no t e s t a b l i s h e d  a t  t h i s  

t im e . This  could  a f f e c t  th e  i n t e r p r e t a t i o n  o f  r e s u l t s .

The sample used in  th e  r e s e a r c h  came from a j u n i o r  h igh school l o ­

ca te d  in  th e  h ig h e s t - r a n k in g  socioeconomic area  of th e  c i t y .  To th e  

e x te n t  t h a t  such f a c t o r s  may a f f e c t  th e  r e s u l t s  of r e s e a r c h  of th e  type  

r e p o r te d  h e r e in ,  th e  g e n e r a l i z a b i l i t y  o f  th e  c o n c lu s io n s  i s  co rrespond­

in g ly  r e s t r i c t e d .

The a u th o r  recommends t h a t  f u r t h e r  i n v e s t ig a t i o n  ta k e  p lace  a long  

th e  fo llow ing  l i n e s :

1. A p t i tu d e - t r e a tm e n t  i n t e r a c t i o n  re s e a rc h  on m athem atical 

concep ts  should be pursued in  l a b o r a t o r y - l i k e  s e t t i n g s  w ith  emphasis on 

the  use o f  t e s t  item s c a l l i n g  f o r  a minimum of v e rb a ln e s s  in  the  r e ­

sponses .

2 . V e rb a l -v is u a l  m o d a li ty  p re fe re n c e  r e s e a rc h  in v o lv in g  s e v e ra l  

p a i r s  o f  m athem atics  t o p i c s ,  v a r io u s  s e t s  of a p t i tu d e  m easures , and 

v a r io u s  methods o f i n i t i a l l y  d iv id in g  a group of l e a r n e r s  should be 

pursued  by means o f  th e  methodology used  in  th e  p r e s e n t  re s e a rc h .
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INSTRUCTIONAL MATERIALS USED IN THE STUDY

TABLE 11 

NUMBER OF VISUALS BY LESSON

Lesson Number

P r o b a b i l i ty

I P r o b a b i l i t y  -  In t ro d u c t io n 4
I I Independent Events 2

I I I Dependent Events 2
IV Naming S u b se ts ;  Ordered S u b se ts 2

V Odds 2

The In te g e rs

I Number Sen tences ; Number P r o p e r t ie s 3
I I In te g e r s 2

I I I A dd ition  of In te g e r s 3
IV In v erse  O pera t ions  on the  In te g e r s 3
V S u b tr a c t io n  of In te g e rs 1

Note
The le sso n s  a re  based on pages 202-211 and 221-230, r e s p e c t i v e l y ,

o f  Modern M athematics, S t r u c tu re  and Use, Book 8, by Duncan and o th e rs
(1972).

Topic %: P r o b a b i l i t y

D e s c r ip t io n s  or Sketches of V isu a l M a te r ia ls  

I -  1 . The s tu d e n ts  were shovm a d ie  and a co in .  The te a c h e r s  to ssed  

th e  d ie  and th e  co in  and t r i e d  to  e l i c i t  th e  unders tand ing  o f  th e  

e q u ip r o b a b i l i t y  of th e  head and the  t a i l ,  and of each of th e  fa c es  of 

t h e  d i e .

56
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1 - 2 . Four t r a n s p a r e n c i e s  were used in  t h i s  p i c t o r i a l  r e p r e s e n t a t i o n  

o f  p r o b a b i l i t y  as a f r a c t i o n .  The bottom t r a n s p a re n c y ,  number 1, 

showed th e  c o n ta in e r  o n ly ;  th e  n ex t one, number 2 , showed fo u r  red  

b a l l s ,  and th e  n e x t ,  number 3 , two g reen . A t te n t io n  was c a l l e d  to  th e  

s i x  b a l l s  a s  th e  sample space  of th e  experim en t.  Number 3 was moved 

upward, making th e  g reen  b a l l s  " r i s e  above" th e  o th e r s .  Then, number 

2 was a l s o  moved upward, so  t h a t  th e  red  b a l l s  l a y  j u s t  below th e  green  

o nes . F i n a l l y ,  number 4 , i d e n t i c a l  to  number 3 , was o v e r la id  so  as  to  

b r in g  t h e  sample space back to  f u l l  s t r e n g th ,  th u s  i l l u s t r a t i n g  th e  

f r a c t i o n  -  l / 3  = th e  p r o b a b i l i t y  of drawing a green b a l l .

F ig u re  4

1 - 3 . The th r e e  p r o b a b i l i t y  ex p re ss io n s  shown below appeared  on a 

s in g le  t r a n s p a re n c y .  They were in tended  to  p i c tu r e  p r o b a b i l i t i e s  a s  

r a t i o s  o f  measures o f  r e g io n s  w i th in  a sample sp ace .  The i n t e n t  vÆS 

t o  s u g g e s t  t h a t  a p r o b a b i l i t y  may be a r b i t r a r i l y  c lo se  to  z e ro ,  abou t 

o n e - h a l f ,  or up th rough  one.



58

D
n

n
F ig u re  5

F ig u re  6

1 - 4 . In th e  ske tch  below, a sample space i s  p re s e n te d ,  and c e r t a i n  

s u b s e ts  a re  s p e c i f i e d  acco rd ing  to  v i s u a l  p r o p e r t i e s  of th e  members.

The te a c h e r s  dem onstra ted  th e  p resence  or absence  of s t r a i g h t  or curved 

segments by motions of a s t r a ig h te d g e .  The f a c t  t h a t  th e  i n t e r s e c t i o n  

of any two of th e  s e t s  i s  empty was no ted .
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A B C D E F G H I J K L M N O P Q R S T U V V / X Y Z

L e t  U = ^ L e t t e r s  in  a lphabet^  

n (U) = 26

L e t  C = ^ L e t t e r s  having no s t r a i g h t  segmentsj-

A = -^L etters  having no curved parts j-

B = ^ L e t t e r s  having some curved p a r t s  and some s t r a i g h t

segmentsj-

F igure  7

I I  -  1 . This v i s u a l  invo lved  a dem onstra t ion  w ith  p h y s ica l  o b je c t s  to  

show th e  concept of independent e v e n ts .  A p iece  o f  tagboard  co n ta in in g  

a s in g l e  h o le ,  th r e e  styrofoam  b a l l s  of th e  same s i z e  bu t d i f f e r e n t  

c o lo r ,  and a sack f o r  each b a l l  comprised th e  m a t e r i a l s .  The p r o b a b i l ­

i t y  o f  being a b le  t o  p ass  any randomly chosen b a l l  th rough  th e  hole  in 

th e  tagboard  i s  independen t of th e  b a l l  chosen. A v a r i a t i o n  o f  t h i s  

c o n s i s t e d  o f th e  in t r o d u c t io n  of a second p ie c e  of ta g b o ard ,  co n ta in in g  

3 h o le s  o f  d i f f e r e n t  s i z e s .  In t h i s  c a se ,  th e  p r o b a b i l i t y  o f  randomly 

choosing  a ho le  th ro u g h  which an e a r l i e r - c h o s e n  b a l l  w i l l  f i t  i s  again  

independent of th e  b a l l  chosen; t h a t  i s ,  any b a l l  chosen would pass 

th ro u g h  the  same number o f  holes  a s  would any o th e r .
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I I  -  2 .

F ig u re  8

The- sk e tc h  shcvyn above appeared  on tvyo t r a n s p a r e n c ie s .  The lov;er 

t ra n s p a ie n c y  inc luded  the  head s id e  of the  co in  w ith  l in e s  connec ting  

i t  t o  each of th e  s ix  d ie  f a c e s .  The upper t ra n sp a ren cy  showed the  

t a i l  s id e  w ith  l i n e s  of a d i f f e r e n t  c o lo r  co nnec ting  i t  to  each d ie  

f a c e .  The i n t e n t  was to  show t h a t  the  combined sample space o f  tv;o 

experiem ents  i f  formed by p a i r i n g  outcomes of th e  two s e p a ra te  e x p e r i ­

ments .

I l l  -  1 . The v i s u a l  shown below employed fo u r  t ra n s p a re n c ie s  t o  convey 

th e  concep t o f  dependent e v e n ts ,  through emphasis on the changed n a tu re  

o f  th e  sample space a f t e r  one drawing w ith o u t  rep lacem ent.  The bottom 

t ra n s p a re n c y ,  number 1, showed th e  c o n ta in e r ,  two r e d ,  and two green  

b a l l s .  The n ex t  one, number 2 , co n ta in ed  two red  b a l l s  to  o v e r la y  th e  

middle two of number 1. Number 3 co n ta ined  a s in g le  red b a l l  t o  o v e r ­

la y  th e  r ig h tm o s t  red  one in  number 1. F i n a l l y ,  number 4 co n ta in ed  a l l
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th r e e  re d  b a l l s .  Moving number 4 up s l i g h t l y  showed th e  f r a c t io n  3 /5 ;  

number 4 was then  l a i d  a s id e .  Number 3 was a ls o  moved up and l a i d  

a s id e ,  s ig n i f y in g  th e  drawing of one re d  b a l l  w ith o u t  rep lacem en t.

Moving number 2 up, f i n a l l y ,  showed a new f r a c t i o n ,  ^ 4 ,  th e  p r o b a b i l i t y  

o f  drawing a red  on th e  second draw.

F igure  9

I I I  - 2 . This  v i s u a l  c lo s e ly  p a r a l l e l e d  I I  - 1 d e sc r ib e d  above. Here, 

however, the  concept of dependent ev en ts  was shown. In s te a d  o f th re e  

e q u a l - s iz e d  b a l l s ,  th r e e  of d i f f e r i n g  s i z e s  were used . Thus, i t  d id  

make a d i f f e r e n c e  which b a l l  was drawn, as to  th e  su ccess  in  pass ing  a 

chosen b a l l  th rough  e i t h e r  th e  s in g le  ho le  or a chosen one of th re e  

h o le s .

IV - 1 . The sk e tc h  below appeared on th r e e  t r a n s p a r e n c ie s ,  and was in ­

tended to  show th e  doubling of th e  number of su b se ts  o f  a s e t ,  when the  

s e t  i s  formed by the  in c lu s io n  of one a d d i t io n a l  e lem ent in  a s e t  p re ­

v io u s ly  d e f in e d .  The bottom tra n sp a ren c y  con ta ined  th e  s in g le -e lem e n t
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s e t  w i th  i t s  tv/o s u b s e ts  below. The m iddle t ra n s p a re n c y  showed th e  

tw o-elem ent s e t  w ith  i t s  fou r  s u b s e t s ,  each new one d e r iv in g  from a 

s u b s e t  o f  th e  s m a l le r  s e t  by a d jo in in g  th e  nev; e lem ent. F i n a l l y ,  the  

th re e -e le m e n t  s e t  w i th  i t s  e ig h t  s u b se ts  appears  on th e  to p  t r a n s p a r ­

ency; aga in  each new s u b se t  d e r iv e s  from a su b se t  o f  th e  n e x t  sm alle r  

s e t  by th e  a d jo in in g  o f  th e  new e lem ent.

(□ , A] f a A p ]

0
foi

F ig u re  10
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IV -  2 . T h is  v i s u a l  i s  a d em o n stra t io n  us ing  p h y s ic a l  o b je c t s ,  w ith  

th e  i n t e n t  o f  p i c tu r in g  th e  fo rm ation  o f tw o-e lem ent ordered  su b se ts  

from a s e t  o f  th r e e  o b j e c t s .  The o b je c t s  were th r e e  d i f f e r e n t - s h a p e d  

wood p ie c e s .  There a r e  t h r e e  ways of s e l e c t i n g  any tv;o o f  th e s e .  

Given a chosen p a i r ,  t h e r e  a r e  two p o s s ib le  " to w ers"  t h a t  can be made 

from them, i . e . ,  two o rdered  s u b s e t s .  A t o t a l  o f  s i x ,  o r  th r e e  tim es 

two, o rdered  su b se ts  r e s u l t s .

V -  1 . This  v i s u a l  shows th e  complement o f  a s e t  on a s in g le  t r a n s ­

parency . The c o lo r  r e d  was used f o r  th e  s e t  and green  fo r  th e  

complement.

F igu re  11

V -  2 . (See th e  d e t a i l e d  d i s c u s s io n  in  C hapter I I I )
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VERBAL ENRICHj’ÆNT: PROBABILITY

Lesson I

In drawing e q u a l - s iz e d  b a l l s  from a j a r ,  each b a l l  has a s  much 

chance to  be drawn as  any o th e r .  The same can be s a id  fo r  th e  ca rd s  in  

th e  example on page 203. The drawing o f a b a l l  or a card  would be done 

w i th o u t  lo o k in g .

Because a p r o b a b i l i t y  compares some o f  th e  outcomes w ith  th e  

e n t i r e  s e t  of outcomes, i t  must be a f r a c t i o n  n o t  g r e a t e r  than  one, 

no r  l e s s  than  z e ro .

At th e  beg inn ing  o f the  p ro f e s s io n a l  f o o t b a l l  season , th e  sample 

space of a l l  teams t h a t  might become th e  Super Bowl champions co n ta in s  

26 teams (e le m e n ts ) .  When r e g u la r  season  p la y  has been com pleted, th e  

sample s i z e  i s  reduced  in  s i z e  to  8. On th e  morning of th e  Super Bowl 

game, th e  s i z e  i s  2 .

A g i r l  w ishes to  wear something green on S t .  P a t r i c k ' s  day . She 

owns one green  b lo u s e ,  th r e e  green d r e s s e s ,  and two green p a i r s  of 

j e a n s .  Assuming no p re fe re n c e  on her p a r t ,  th e  p r o b a b i l i t y  t h a t  she 

s e l e c t s  a green d re s s  i s  3 /6  or l / 2 .
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Lesson I I

Suppose we c a l l  two e v en ts  A and B. I f  th e  happening o f  ev en t A 

does n o t  a f f e c t  th e  p r o b a b i l i t y  of B happening , and v ic e - v e r s a ,  th e  

e v e n ts  a r e  independen t.

I f  two s tu d e n ts  go to  d i f f e r e n t  rooms and a re  each t o l d  to  guess 

a number between 1 and 25, th e  p r o b a b i l i t y  t h a t  one s tu d e n t  g u e sse s ,  

s a y ,  15, i s  u n a f fe c te d  by w hether or n o t  th e  o th e r  guessed 15. These 

would be independent e v e n ts .

V/hen th e  weatherman says  t h a t  th e r e  i s  a 30 per c en t  chance of 

r a i n  in  th e  nex t 24 h o u rs ,  he means t h a t  th e  p r o b a b i l i ty  o f  r a in  i s  

3 /1 0 .

In l i s t i n g  the  sample space fo r  a tw o -p a r t  experim ent, l i k e  

throw ing  a d ie  and a c o in ,  we l i s t  a l l  th e  p o s s ib le  p a i r s  of outcomes. 

One member of each p a i r  i s  an outcome of th e  d ie  throv; and th e  o th e r  

an outcome of th e  co in  throw .
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Lesson I I I

Suppose t h a t  a d ie  i s  throv;n tw ice ,  and we want to  f in d  the  

p r o b a b i l i t y  t h a t  the t o t a l  of th e  two outcomes i s  9 o r  more. I f  the  

f i r s t  th r o ’w i s  a 6,

P ( t o t a l  s  9) = P(second = 3) + P(second = 5) + P(second = 6) =

1 /6  + 1/6  + 1 /6  + 1/6 = 2 /3 .

However, i f  th e  f i r s t  throv; i s  a 4 ,

P ( t o t a l  s  9) = P(second = 5) + P(second = 6) = l / 6  + l / 6  =

2 /6  = 1 /3 .

When th e  f i r s t  outcome i s  a 6, th e  sample space f o r  th e  t o t a l  throw i s  

1 ^ 7 ,8 ,9 ,1 0 ,1 1 ,1 2 / .  But, when th e  f i r s t  outcome i s  a 4 ,  the  sample space

fo r  the  t o t a l  i s  j / , 6 , 7 , 8 , 9 , l o } . This shows t h a t  th e  outcome fo r  th e

t o t a l  depends on the outcome f o r  th e  f i r s t  d i e .

Suppose t h a t  you a r e  about to  meet someone fo r  th e  f i r s t  t im e , 

and you a r e  wondering w hether o r  n o t  he has b lue  e y e s .  I f  you knew 

t h a t  bo th  of h i s  p a ren ts  have b lue  eyes , you would be more l i k e l y  to  

guess t h a t  your so o n - to -b e  acq u a in tan ce  w i l l  have b lue  eyes . That i s ,  

th e  ev en t  o f  a p e r s o n 's  eyes be ing  blue i s  dependent on the  ev en t t h a t  

h is  p a r e n t s '  eyes a re  b lu e .
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Lesson IV

L e t  us examine a s e t  {A,B,C,D^. To form a s u b s e t  having one e l e ­

m ent, t h e r e  a r e  fo u r  d i f f e r e n t  e lem en ts ,  so th e r e  a r e  fo u r  d i f f e r e n t

on e-e lem en t s u b s e t s .  To g e t  a tw o-e lem ent s u b s e t ,  we need to  p ick  any

two t o  in c lu d e  in  th e  s u b se t  ( th e  o th e r  two a re  a u to m a t ic a l ly  ex ­

c lu d e d ) .  We could  have -^A,b| ,  ^A,c| ,  | a , d|-, |^B,c| ,  j^Bjoj-, a

t o t a l  of s ix  two elem ent s u b s e ts .  To g e t  a th r e e -e le m e n t  s u b s e t ,  i t ' s  

s im ply  a m a t te r  o f  d e c id in g  which s i n g l e  elem ent to  e x c lu d e , so aga in  

th e r e  a r e  fo u r  p o s s i b i l i t i e s :  iA,B,cj" (exc lude  D); j^A,B,Dj (exclude

C ); j^AjCjDj" (exc lude  B) ; and jB ,C ,o j  (exclude A). F i n a l l y ,  th e r e  i s  

a s in g le  fo u r-e lem en t su b se t  and a s in g le  empty s u b s e t .  Adding up a l l  

o f  th e s e  s u b s e t s ,  we g e t  16 = 2^.

A d e le g a te  t o  a two-day s t a t e  m eeting of s tu d e n t  co u n c il  o f f i c e r s

has  s i x  o u t f i t s  from which she could  p ick  two to  ta k e  a lo n g . She does

n o t  want to  wear th e  same one on bo th  days, and c o n s id e r s  th e  wearing 

o f  o u t f i t  A on F r id a y  and o u t f i t  B on S a tu rday  to  be d i f f e r e n t  from 

th e  r e v e r s e  o rd e r .  How many cho ices  of a p p a re l  does she have?

(6 X 5 = 30).
Nev/ uniform s a re  being  o rdered  f o r  a school f o o t b a l l  team. There 

a r e  two q u a r te rb a c k s ,  Joe and Tom, vjho a re  to  r e c e iv e  numbers between 

1 and 19. How many ways can numbers be a ss ig n ed  to  th e s e  two p la y e r s ,  

i f ,  f o r  example, i t  i s  d i f f e r e n t  to  g iv e  Joe number 11 and Tom number 

14 th an  th e  re v e rse ?  (19 x 18 = 342 ).



68

Lesson V

In one throv; o f  a d i e ,  the  odds in  fa v o r  of an outcome of 6 a re  

1/ 5 . The odds a g a i n s t  an outcome o f 6 a re  5 / l .

"Odds a g a in s t"  i s  alv;ays the  r e c i p r o c a l  of "odds in  f a v o r" ,  so 

long as  "odds in  fa v o r"  i s  g r e a te r  th a n  z e ro .

V/hen an ev en t  i s  as l i k e l y  as n o t  t o  happen, th e  odds in  favor 

o f  i t  a re  l / l .
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PROBABILITY TEST 

CIRCLE THE LETTER OF THE CORRECT CHOICE

1. In  a box a r e  10 m arb les ;  4 a r e  r e d ,  3 b la c k ,  and 3 ye llow . What 
i s  P ( b la c k ) ,  th e  p r o b a b i l i t y  o f  p ick ing  a b lack  b a l l?
(a )  7 /10  (b) 1 (c) .03 (d) 3/lO

2. In  th e  box c o n ta in in g  th e  10 m arb les; 4 r e d ,  3 b la c k ,  3 y e llo w , 
what i s  P (b la c k  o r  ye llow )?
(a )  1 (b) 3 /5  (c) 3 /10 (d) l / S

3. In  which case  would th e  outcomes have unequal p r o b a b i l i t i e s ?
(a )  G e t t in g  a head o r t a i l  when to s s in g  a co in .
(b) G e t t in g  an odd number o f  an even number in  to s s in g  a d i e .
(c )  P ick in g  someone in  t h i s  room who i s  le f t -h a n d e d  or someone

who i s  r ig h t -h a n d e d .
(d) P ick ing  a b lack  or a ye llow  marble from a box c o n ta in in g  3

b lack  and 3 yellow m arb le s .

4 . Which one of the  numbers below could no t be th e  p r o b a b i l i t y  of 
any outcome?
(a) 5 /6  (b) 6 /5  (c) .74 (d) 0

5. In  p ic k in g  a whole number from 1 through 30, what i s  the  
p r o b a b i l i t y  o f  g e t t in g  a number which ends in  a 5 o r a 0?
(a )  1 /5  (b) 1 /6  (c) 1/30 (d) l / l l

6. A r e g u la r  c a rd  deck has 13 h e a r t s ( r e d ) ,  13 d iam o n d s(red ) , 13 
s p a d e s (b la c k ) ,  and 13 c lu b s ( b l a c k ) . What i s  P (b lack  card  o r  a 
h e a r t?
(a) 13/52 (b) 26/52 (c) 0 (d) 39/52

7. In  th e  box c o n ta in in g  th e  4 r e d ,  3 b la c k ,  and 3 yellow  m arb le s ,  
how many d i f f e r e n t  e lem ents  belong to  th e  sample space?
(a )  10 (b) 3 (c) 5 (d) 2

8 . In  th e  s e t  o f  even numbers from 2 th rough  20, what i s  P(number 
ending in  5)?
(a )  5/20 (b) 5/18 (c) 0 (d) 2 /5

9. In  th e  s e t  of odd numbers from 3 through 24, what i s  P(number 
ending in  7)?
(a) 25% (b) 2/11 (c) 7 /21 (d) 30%
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10. In  th e  s e t  of whole numbers from 0 through 99, what i s  P(number 
ending in 9)?
(a )  9/99 (b) 20% (c) .09 (d) 10%

11. I f  you to s s  one c o in ,  see  t h a t  i t  i s  a head, then  to s s  a second
c o in ,  what i s  P ( t a i l  on 2nd co in )?
(a )  1 (b) 3 /4  (c) 5 /8  (d) l / 2

12. In  to s s in g  a n ic k e l  and a dime, how many outcomes a re  the re?
(a )  2 (b) 4 (c) 15 (d) 3

13. Remember t h a t  in  th e  box in  problem 1 th e r e  were 10 m arb les ,  of 
which 4 were r e d ,  3 b la c k ,  and 3 ye llow . Vie draw a re d  one and do 
n o t  r e p la c e  i t .  Then, f o r  a second draw ing, what i s  P (red )?
(a )  .4  (b) 1 /3  (c) 7 /10  (d) .12

14. From the  box w ith  4 r e d ,  3 b la c k ,  and 3 ye llow  m arb le s ,  we draw
a re d  one and do n o t  r e p la c e  i t .  Then, f o r  a second drawing, what
i s  P(yellow )?
(a )  3/10 (b) 6 /19 (c) l / lO  (d) l / 3

15. From the box w ith  4 r e d ,  3 b lack ,  and 3 ye llow  m arb le s ,  we draw
a re d  one and do n o t  r e p la c e  i t .  Then, fo r  a second drawing,
what i s  P (red  o r  yellow )?
(a )  7 /10 (b) 6 /19  (c) 2 /3  (d) 7 / l 5

16. F ive  boys o f  equa l a b i l i t y  a re  competing f o r  two a v a i l a b le  sp o ts  
on a b a s k e tb a l l  team, one forward and one guard  p o s i t i o n .  C a l l in g  
t h e  boys A, B, C, D, and E, what i s  P(A i s  chosen guard , B i s  
chosen forward)?
(a )  1 /5  (b) 1/25 (c) l/2G (d) l / 9

17. F ive  boys o f  equal a b i l i t y ,  named A, B, C, D, and E, a re  competing 
f o r  one guard and one forward s p o t  on a b a s k e tb a l l  team. What i s  
P(A n o t  chosen guard , D i s  chosen forward)?
(a )  1 /4  (b) 4 /9  (c) 1/5  (d) 3/20

18. F ive  boys o f  equa l a b i l i t y ,  named A, B, C, D, and E, a re  competing 
f o r  one guard and one forward sp o t  on a b a s k e tb a l l  team. What i s  
P(C d o e s n ' t  make th e  team)?
(a )  3 /5  (b) 16/25 (c) 7 /20  (d) 3/4
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19. L e t A = { 1, 2, 3} ;  B = {9, 10} ;  C = {99 ,lO o}. Which s ta tem e n t  i s  
c o r r e c t?
(a )  C has more s u b se ts  than  A.
(b) C has more su b se ts  th an  B.
(c) A has th e  few est su b se ts  o f  a l l .
(d) A has th e  most su b se ts  o f  a l l .

20 . Which of th e  numbers i s  th e  only  one which could  p o s s ib ly  be th e  
number of s u b s e t s  of some se t?
(a )  16 (b) 24 (c )  80 (d) 72

21. A s e t  w ith  4 e lem ents has more 2 -e lem ent s u b se ts  th an  any o th e r
s i z e .  I f  a n o th e r  s e t  has 10 e lem en ts ,  which s i z e  w i l l  be th e  
most numerous? Those w ith :
(a) 2 e lem ents (b) 3 e lem ents  (c )  5 elem ents  (d) 9 e lem ents

22. From th e  d i g i t s  { l , 2 ,3,4 ,5} ,  how many 3 - d i g i t  numerals can be 
made i f  no d i g i t  i s  used tw ice  in  any numeral?
(a) 120 (b) 60 (c )  45 (d) 543

23. Making 3 - d i g i t  numerals as in  problem 22, what i s  th e  p r o b a b i l i t y
of g e t t in g  a numeral which i s  l a r g e r  than  500?
(a) 1/3 (b) 12/500 (c )  9/500 (d) 1/5

24. C onsidering  only  th e  whole numbers from 1 . th rough  20, and l e t t i n g
A equal | a l l  odd numbers between 1 and 20j , which number i s  in  th e
complement of A?
(a )  5 (b) 15 (c )  16 (d) 17

25. Saying t h a t  th e  odds in  fav o r  of th e  L akers ' w inning the 
championship a re  2 /3  means t h a t  P(Lakers win) = ?
(a )  1/6 (b) 2/Z  (c )  ^ 5  (d) 1/3

26. In  th e  problem abou t th e  box c o n ta in in g  th e  4 r e d ,  3 b la ck ,  and 
3 yellow  m arbles  what a re  th e  odds a g a in s t  p ick in g  a red  b a l l?
(a )  3/2 (b) 2/3 (c )  2/5 (d) 5/2

27. In  th e  above problem, what a r e  th e  odds in  fa v o r  o f  a b a l l  which 
i s  e i t h e r  re d  o r  black?
(a )  7/10 (b) 1/3 (c )  11/4 (d) 7/3

28. Which s ta te m e n t  i s  c o r re c t?
(a )  0 could never be the  odds in  fav o r  of some outcome.
(b) 1/1 could never be th e  odds in  favor of some outcome.
(c) Every number we have s tu d ie d  so f a r  in  t h i s  co u rse  could be 

th e  odds in  favo r  of some outcome.
(d) No f r a c t i o n a l  number l a r g e r  th an  1 could be th e  odds in  fa v o r  

o f  some outcome.
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TABLE 12

ITEM DIFFICULTY; PROBABILITY TEST

Item Number Number o f  In c o r r e c t  Responses

1   1
 2 ........................................................................................................ 42
 3 ........................................................................................................ 46
 4 ...................................................................................................... 122
 5 .........................................................................................................64
 6 .........................................................................................................64
 7 ...................................................................................................... 102
 8 ........................................................................................................ 47
 9 ........................................................................................................ 66

1 0  120
1 1 ........................................................................................................ 23
1 2 ........................................................................................................ 64
1 3 ........................................................................................................ 27
1 4 ........................................................................................................ 42
1 5 ........................................................................................................ 37
1 6  101
1 7 ...................................................................................................... 152
1 8  96
1 9 ........................................................................................................ 15
2 0  108
2  1 ...................................................................................................... 127
2 2  86
2 3 ........................................................................................................ 82
2 4 ...................................................................................................... 108
2 5 ...................................................................................................... 130
2 6 ...................................................................................................... 105
2 7 ........................................................................................................ 78
2 8 ........................................................................................................ 99

Note:
The number of s u b je c t s  w r i t in g  th e  t e s t  was 174.
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Topic I I ; The In te g e r s  

D e sc r ip t io n  o r  Sketches  of V isual M a te r ia ls  

I - 1 . In th e  v i s u a l  shovm below, th e  i n t e n t  i s  to  c o n t r a s t  th e  

c lo s u r e  o f  a s e t  under an o p e ra t io n  (which i s  n o t  s p e c i f i e d )  w ith  

la c k  of c lo s u r e .

a,
C

F igu re  12

I I  -  2 . A t ra n sp a ren c y  was used to  show an example of a non- 

a s s o c i a t i v e  o p e ra t io n  from o u ts id e  o f  m athem atics . The o p e ra t io n  was 

t h a t  o f  combining in g re d ie n t s  in  th e  making of ic ed  t e a .  The drawing 

f i r s t  showed ( te a  + b o i l in g  w a te r )  + i c e ,  which y ie ld s  th e  iced  t e a .  

The te a  was symbolized by a box l a b e l l e d  " t e a " ,  th e  b o i l in g  w a ter  by a 

k e t t l e  and th e  ice  by a t r a y  o f  ic e  cubes . Then, th e  drawing showed 

te a  + ( b o i l in g  w ater + i c e ) ,  and th e  te a c h e r s  were to  p o in t  o u t ,  as 

needed, t h a t  t h i s  v/ay of combining in g re d ie n ts  would n o t  y i e l d  the  

d e s i r e d  r e s u l t .
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1 - 3 . The v i s u a l  ske tched  below i l l u s t r a t e d  th e  d i s t r i b u t i v e  law by 

combining two s ta c k s  of b lo c k s .  The lower t r a n s p a re n c y  co n ta in ed  the  

two-by-two s t a c k ,  and th e  u p p e r ,  th e  tw o -b y - th re e ,  th u s  showing the  

in s t a n c e  2 x 2 + 2 x 3  = ( 2 + 3  ) = 2 (5 ) .  The upper t ra n s p a re n c y  was 

moved so as  to  b r in g  th e  two s ta c k s  in to  an appearance of one longer 

s t a c k .  A second in s ta n c e  shown was 3 x 2 + 3 x 4 = 3  (2 + 4) = 3 (6 ) .

F ig u re  13

I I  -  1 . This v i s u a l ,  in  th e  form of a Venn diagram on a t ra n sp a re n c y ,  

was in ten d ed  to  su g g es t  t h a t  th e  whole numbers, l a b e l l e d  '"W", a re  only  

p a r t  o f  a more in c lu s iv e  number system , th e  i n t e g e r s .  On th e  t r a n s ­

p a ren cy , th e  e n t i r e  diagram was o u t l in e d  in  b la ck ,  th e  shad ing  w ith in  

th e  whole number re g io n  was g re e n ,  and th e  boundaries  o f  th e  reg ion  

complementary to  th e  whole numbers, i . e . ,  th e  n e g a t iv e  in te g e r s  were 

o u t l in e d  in  r e d .

7
F ig u re  14
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I I  -  2 . The number l i n e  v;as drawn on a t r a n s p a re n c y ,  b u t  w i th  th e  

a d d i t i o n a l  f e a tu r e  o f  v e r t i c a l  b a rs  c o n s t r u c te d  a t  each in te g e r  

(from - 5 th rough  + 5) ex tending  upward o r  downward acco rd ing  as  the  

i n t e g e r  i s  p o s i t i v e  o r  n e g a t iv e .  The p o s i t i v e  p o r t io n  o f  th e  l i n e ,  

and th e  v e r t i c a l  b a r s  t h e r e ,  were g reen ; th e  n eg a tiv e  p o r t io n  and i t s

b a rs  were re d .

+1 +2 +3 +4 +5

F igure  15

I I I  -  1 . An a d a p ta t io n  of  Papy 's  (1968, p . 316) t re a tm e n t  o f  th e  

a d d i t io n  of in t e g e r s  was p re sen ted  in  t h i s  l e s s o n ,  by means o f  a black 

f l a n n e l  board and g reen  ( p o s i t iv e )  u n i t s  and re d  (n e g a t iv e )  u n i t s .  The 

p o s i t i v e  army i s  a r r a y e d  on one s id e  of th e  board and th e  n e g a t iv e s  on 

th e  o th e r .  When th e  a rm ies  engage, one n e g a t iv e  and one p o s i t i v e  an­

n i h i l a t e  one a n o th e r  u n t i l  one o f  th e  a rm ies  i s  d e p le te d .  The te a c h e rs  

p re s e n te d  a number o f  examples o f a d d i t io n  f a c t s  w i th in  th e  in te g e r s  

by t h i s  means.

I l l  -  2 . Two t r a n s p a r e n c ie s  w ith  number l i n e s  drawn on each were used 

to  show th e  a d d i t io n  o f  i n t e g e r s .  The number l in e  on th e  lower t r a n s ­

p arency  vjas p o s i t io n e d  so t h a t  i t  was lower than  th e  o th e r  in  th e
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p r o je c te d  v iew . In  o rd e r  to  perform  th e  a d d i t io n  of + 1 to  + 4 ,  t h e  

upper t r a n s p a re n c y  i s  f i r s t  moved to  make th e  upper 0 a l ig n  w ith  t h e  

lower + 1 . Then, a move o f  4 u n i t s  from 0 to  th e  r i g h t  re ach es  + 4 on 

th e  upper l i n e ,  which i s  a l ig n e d  w i th  + 5 on th e  lower. This i s  t h e  

answer.

I l l  -  3 . The sk e tc h  below shows th e  a b so lu te  v a lu e  of a number a s  th e  

le n g th  o f  th e  l i n e  segment jo in in g  th e  number to  zero  on th e  number 

l i n e .  R a th e r  than  c l u t t e r  up th e  number l i n e ,  congruent segments have 

been shown, v e r t i c a l l y  removed from th e  number l i n e .  The te a c h e r s  

were i n s t r u c t e d  to  make a p o in t  of counting ou t th e  number of u n i t  

moves from th e  o r ig i n  to  -r 4 and to  -  4 , and t h a t  the  number of u n i t s  

r e s u l t i n g  from t h i s  count i s  th e  a b so lu te  va lue  o f  each in te g e r .

^ 4 1  =  +4

F ig u re  16

IV -  2 . The n e t  r e s u l t  of adding  to  some number a second number, and 

th en  s u b t r a c t i n g  th e  l a t t e r ,  i s  equal to  the  o r ig i n a l  number. The same 

can be s a id  i f  s u b t r a c t i o n  ta k e s  p lace  f i r s t ,  fo llow ed by a d d i t io n .
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The v i s u a l  showed + 5 as th e  number being s u b t r a c te d  and added, w ith

+ 3 and -  2 th e  o th e r  numbers in v o lv e d .

~ 5 " 4

F ig u re  17

IV -  2 . The f l a n n e l  board was used  a s  in  I I I  -  1 ; t h i s  t im e  i t  i s

in ten d ed  to  show the  i d e n t i t y  p r o p e r ty  of a d d i t io n .  A c e r t a i n  number

o f green u n i t s ,  say t h r e e ,  i s  used  a long  w ith  no re d  ones. Since no 

green  u n i t s  a re  a n n ih i l a t e d ,  t h r e e  rem a in . This i l l u s t r a t e s  3 + 0 = 3 .  

The procedure  was r e p e a te d  fo r  3 r e d  and no g reen .

IV -  3 . Again th e  f l a n n e l  board v/as used as in  I I I  - 1 , f o r  th e  p u r­

pose of showing th e  a d d i t iv e  in v e r s e  p ro p e r ty .  Equal numbers of 

p o s i t i v e  and n e g a t iv e  u n i t s  do b a t t l e ,  le av in g  none of e i t h e r  as

s u r v iv o r s .  Thus, f o r  in s ta n c e ,  3 + ( -  3) = 0.

V - 1 . (See th e  d e t a i l e d  d is c u s s io n  in  Chapter I I I ) .
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VERBAL ENRICHKEtLT; THE INTEGERS 

Lesson I

On page 221, problems 1 -3 ,  th e  rea so n  f o r  no s o lu t io n  in  th e  

whole numbers i s  t h a t  5 < 6. In problems 4 -6 ,  th e  re a so n  i s  t h a t  no 

whole number i s  l e s s  than  0.

Pages 222-223

The commutative p ro p e r ty  f o r  a d d i t io n  means t h a t  th e  sum o f  two 

numbers i s  th e  same r e g a r d l e s s  o f  which number i s  p laced  to  th e  l e f t  

o f  th e  a d d i t io n  symbol, and which to  th e  r i g h t .  (A s i m i l a r  s ta tem e n t  

may be made w ith  re g a rd  to  m u l t i p l i c a t i o n . )

A p a r t i c u l a r  s e t  of numbers i s  c lo se d  under a d d i t io n  prov ided  

t h a t  th e  sum of any two numbers of th e  s e t  i s  a number in  t h a t  same 

s e t .  (a s im i la r  s ta te m e n t  may be made f o r  m u l t i p l i c a t i o n . )

A ddition  i s  a p ro c e ss  which combines two numbers to  form a t h i r d .  

I f  we wish to  add th r e e  numbers, hov/ever, th e  a s s o c i a t i v e  p ro p e r ty  

f o r  a d d i t io n  a ssu re s  us t h a t  i t  makes no d i f f e r e n c e  w he ther we group 

th e  f i r s t  two or th e  l a s t  two to g e th e r  to  be added f i r s t .  (A s im i la r  

s ta te m e n t  may be made fo r  m u l t i p l i c a t i o n . )

The d i s t r i b u t i v e  p ro p e r ty  means t h a t ,  when m u l t ip ly in g  a number 

by th e  sum of a second and a t h i r d  number, an equal r e s u l t  i s  o b ta in ed  

i f  one m u l t ip l i e s  th e  f i r s t  by th e  second and th e  f i r s t  by th e  t h i r d ,  

and then  adds th e se  p ro d u c ts .
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Lesson I I

The whole numbers and th e  n e g a t iv e  i n t e g e r s  to g e th e r  form the  

i n t e g e r s .  Each n e g a t iv e  i n te g e r  i s  l e s s  th a n  each whole number.

Some a d d i t i o n a l  in s ta n c e s  o f  th e  c o n cep t  o f  n eg a tiv e  numbers:

A. Some land  in  th e  d e s e r t s  o f  Sou thern  C a l i fo rn ia  i s  

below sea l e v e l .

B. When th e  U nited  S ta te s  buys more goods from fo re ig n

c o u n t r i e s  than  i t  s e l l s  to  them, t h e r e  i s  a t r a d e  d e f i c i t .

C. Space e x p lo re rs  in  a space s h ip  r e - e n t e r i n g  th e  e a r t h ' s  

a tm osphere  exper ience  n e g a t iv e  G - f o r c e s .

Some in s ta n c e s  of s i t u a t i o n s  where on ly  whole numbers a re  

needed:

A. The number o f runs scored  o r  p o in t s  made in  s p o r ts  c o n te s t s .

B. The number of eggs to  add to  a cake mix.

C. How f a r  a s tu d e n t  l i v e s  from s c h o o l .
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Lesson I I I

Suppose t h a t  we w ish to  add a f i r s t  number to  a second number, 

u s in g  th e  number l i n e .  I f  th e  second number i s  p o s i t i v e ,  s t a r t  a t  

th e  f i r s t  and move t o  th e  r i g h t  t h a t  number o f  u n i t s  which eq u a ls  

th e  second number. The s to p p in g  p o in t  i s  th e  sum. I f  th e  second 

number i s  n e g a t iv e ,  move as  many u n i t s  to  the  l e f t  as you would have 

moved to  th e  r i g h t  i f  th e  second number had had a d i f f e r e n t  s ig n ,  

bu t was o th e rw ise  th e  same. Again th e  s topp ing  p o in t  i s  t h e  sum.

The a b so lu te  va lue  of any in te g e r  i s  simply how f a r  i t  i s  from 

z e ro ,  w ith o u t  paying a t t e n t i o n  to  d i r e c t i o n .

In comparing th e  a b so lu te  v a lu es  of two numbers, th e  one which 

i s  f a r t h e r  from zero has th e  g r e a t e r  a b so lu te  v a lu e .

The f i r s t  of two numbers, a l though  l e s s  than th e  second , may have 

a g r e a t e r  a b so lu te  v a lu e .
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Lesson IV

F u r th e r  i l l u s t r a t i o n s  of o p e r a t io n s ,  t h e i r  in v e r s e s ,  and id en ­

t i t y  e lem en ts :

O p e ra t io n
An a i r p l a n e  c lim b­
ing 1 ,000  f e e t .

Showing a p r o f i t  
o f  $100.

A c l u b ’ s lo s in g  
f i v e  members.

In v e rse
An a i r p l a n e  coming 
down 1,000 f e e t .

Showing a lo s s  of 
$100 .

A c l u b 's  ga in ing  
f iv e  new members.

I d e n t i t y  element
An a i r p l a n e  main­
t a i n i n g  a f ix e d  a l ­
t i t u d e .

Showing no p r o f i t  o r  
l o s s .

S iz e  o f  a c lub  r e ­
m aining th e  same.

The sum of any p a i r  of o p p o s i te  numbers is  much l i k e  a tu g -o f -w ar  

between two teams of e x a c t ly  equal s t r e n g th .  The rope  f a i l s  to  move 

in  one d i r e c t i o n  or th e  o th e r ,  j u s t  as  th e  sum of th e  numbers i s  0 .
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Lesson V

Suppose t h a t  a company owns f iv e  g ro ce ry  s t o r e s ,  and t h a t  one of 

them has  been lo s in g  money f o r  s e v e ra l  m onths. I f  t h i s  s to r e  i s  so ld ,  

th e  e f f e c t  on th e  t o t a l  p r o f i t s  of th e  company would be j u s t  l i k e  the  

s u b t r a c t i o n  of a n e g a t iv e  in te g e r  from a n o th e r  i n t e g e r .

A la rg e  ba llo o n  f i l l e d  w ith  h o t  a i r  o r  g a s e s ,  b e fo re  making a 

f l i g h t ,  may be h e ld  down by sand bags. The b a l lo o n  r i s e s  when enough 

o f  th e  bags have been thrown o u t .  Throwing o u t  each bag i s  l i k e  the  

s u b t r a c t i o n  of a n e g a t iv e  in te g e r  from a n o th e r  i n t e g e r .
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TEST ON THE INTEGERS 

CIRCLE THE LETTER OF THE CORRECT CHOICE

1. Which s ta tem e n t  i s  c o r re c t?
(a )  S u b t r a c t in g  a whole number from a n o th e r  whole number always 

r e s u l t s  in  a whole number.
(b) An eq u a tio n  in  whole numbers always has a whole number 

s o l u t i o n .
(c) An in e q u a l i t y  in  whole numbers always has a whole number 

s o l u t i o n .
(d) Adding whole numbers always r e s u l t s  in  a whole number.

2 . Which o f  th e  fo llow ing  i s  an example o f  th e  commutative p rope rty?
(a) (x + 2) + 5 = (2 + 5) (b) (3 + 2) + 5 = 5 + (3 + 2)
(c )  3 X (2 T 5) = 3 X 2 + 3 x 5 (d) (2 + 5) x 3 = 2 x 3 + 5 x 3.

3 . Which o f th e  fo llow ing  i s  an example o f  th e  d i s t r i b u t i v e  p ro p e rty ?  
(a) 5 + (2 + 4) = (5 + 2) + 4 (b) (5 + 2 )  + 4  = 4 + (5 + 2 )
(c) 5 X ( 2  + 4 )  = (5 X 2 )  + ( 5 x 4 )  (d) 5 x  ( 2  x  4) = ( 5  x  2) x 4

4 . Which of th e  fo llow ing  i s  an example o f  th e  i d e n t i t y  p roperty?
(a )  10 X (3 -  2) = 10 (b) 10 x (3  x 2) = (10 x 3) x 2
(c )  10 X (3 + 2) = 10 X 3 + 10 X 2 (d) 10 + (3 + 2) = (10 + 3) + 2

5 . L e t  n be a whole number. Which s ta tem e n t  i l l u s t r a t e s  the  c lo su re  
p ro p e r ty ?
(a )  5 + n i s  a whole number (b) (5 + n) + 2 = 5 + (n + 2)
(c )  5 X ( n + 3 )  = 5 x n + 5 x 3  (d) 5 + n = n + 5

6 . I f  we s a id  t h a t ,  f o r  a l l  s e t s  A and B, AU B = BUA, what would you 
c a l l  t h i s  p ro p e r ty  of th e  union o f  s e ts ?
(a )  commutative (b) a s s o c i a t i v e  (c) c lo s u r e  (d) i d e n t i t y

7 .  Which s ta tem e n t  i s  c o r re c t?
(a) The s e t  o f  in te g e r s  i s  th e  same a s  th e  s e t  o f  whole numbers.
(b) There a r e  some in te g e r s  which a re  no t whole numbers.
(c) There a r e  some whole numbers which a re  n o t  i n t e g e r s .
(d) The l a r g e s t  n eg a t iv e  i n te g e r  i s  0 .

8 . Which s ta tem e n t  i s  c o r re c t?
(a) There i s  some whole number which i s  l a r g e r  than  a l l  o th e r  whole 

numbers.
(b) There i s  some n e g a t iv e  i n t e g e r  which i s  l e s s  than  a l l  o th e r  

n e g a t iv e  in t e g e r s .
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(c) Between any two in t e g e r s  th e r e  i s  a n o th e r  i n t e g e r .
(d) Each n e g a t iv e  i n t e g e r  i s  l e s s  than  every  whole number.

9. How many n e g a t iv e  in te g e r s  a r e  l e s s  than  "5?
(a )  4 (b) 5 (c) 6 (d) more than  1 m i l l io n

10. How many n e g a t iv e  i n te g e r s  a r e  g r e a t e r  than  "5?
(a )  4 (b) 5 (c) 6 (d) more than  1 m i l l io n

11. I f  n i s  an i n te g e r  and n < "3 ,  what can be s a id  f o r  sure?
(a )  n i s  a whole number (b) n < “2
(c )  n < 4 (d) n i s  p o s i t iv e

12. +5 + "2 = ?
(a) -3  (b) +7 (c) +3 (d) ~7

13. “8 + -1 = ?
(a )  -7 (b) +7 (c) -9  (d) +9

14. I -5  + +3| = ?
(a) +8 (b ) +2 (c) +5 (d) "̂ 3

15. I f  a and b a re  i n t e g e r s ,  th en  (a + b) w i l l  be bo th  g r e a t e r  than  
a and g r e a t e r  than  b i f
(a )  a i s  n e g a t iv e  and b p o s i t i v e  (b) a i s  p o s i t i v e  and b n eg a tiv e
(c) a i s  p o s i t i v e  and b p o s i t i v e  (d) a i s  n e g a t iv e  and b n eg a tiv e

16. Which s ta te m e n t  i s  c o r r e c t ,  where n m ight be any in te g e r?
(a )  1+5 + n| has to  be a t  l e a s t  as  g r e a t  as 5.
(b) 1+5 + n| has to  be a t  l e a s t  a s  g r e a t  as n.
(c )  1+5 + n| = +5 + n , no m a t te r  what n e q u a ls .
(d) 1+5 + n| could be neg a t iv e .

17. I - 7 1 + |+6 | = ?

(a) -1 (b) +13 (c) +1 (d) -13

18. ( -6  + +6) + ( -2 )  = ?
(a )  +2 (b) +14 (c) +4 (d) "2

19. In th e  e q u a tio n  (n -  6) + 6 = 11, what i s  n?
(a) 23 (b) 11 (c) -1 (d) 0



85

20. 10 + (5 - 5) = ?
(a )  5 (b) 0 (c )  20 (d) 10

21. In  th e  eq ua tion  17 + (9 -  n) = 17, what i s  n?
(a )  9 (b) 0 (c )  10 (d) 8

22. Which of th e  fo llow ing  t r u e  s ta te m e n ts  about th e  union  o f  s e t s  
lo o k s  l i k e  an i d e n t i t y  p ro p e r ty  to  you?
( a ) A U B = B U A  (b)  (AUB) UC = A U(B UC)
(c )  A U |  j- = A (d) A UB i s  always a s e t

23. +5 -  ( -2 )  = ?
(a )  +3 (b) +1 (c) -7  (d) +7

24. -7  -  +4 = ?

(a )  -3 (b) -11 (c) +11 (d) +3

25 . No m a t te r  which n e g a t iv e  i n te g e r  we s u b t r a c t  from + 2 , th e  answer 
w i l l  be:
(a )  l e s s  than th e  n e g a t iv e  i n t e r e r .
(b) between th e  n e g a t iv e  i n t e g e r  and ~2.
(c )  g r e a te r  than  +2.
(d )  d e f i n i t e l y  zero .

26 . +5 -  +8 = ?
(a )  +13 (b) +3 (c) -13 (d) -3
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TABLE 13 

ITEM DIFFICULTY: INTEGERS TEST

Item Number Number o f  In c o r r e c t  Responses

 1 ............................................................................................................ 45
 2 ............................................................................................................ 79
 3 ............................................................................................................ 52
 4 ............................................................................................................ 76
 5 ............................................................................................................ 85
 6 ............................................................................................................ 87
 7 .......................................................................................................... 101
 8 ............................................................................................................ 50
 9 ............................................................................................................ 52

1 0  88
1 1 ............................................................................................................ 95
1 2  22
1 3 ............................................................................................................ 21
1 - ^  88
1  5 .................................................................................................................................... 8 4
1 6 .......................................................................................................... 147
1 7 ............................................................................................................ 89
1 8 ............................................................................................................ 33
1 9 ............................................................................................................ 33
2 0 ............................................................................................................ 32
2 1 ............................................................................................................ 25
2 2 .......................................................................................................... 119
2 3 ............................................................................................................ 82
2 4 .............................................................................................................69
2 5 .......................................................................................................... 127
2 6  48

Note:

The number of s u b je c t s  w r i t in g  th e  t e s t  was 174.
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TABLE 14

MEANS AND STAf-IDARD DEVIATIONS 
OF THE TREAÏÏCMT GROUPS

T rea tm en t I ;  P r o b a b i l i t y I I :  I n te g e r s
Group Mean S.D. Mean S.D.

Males

I - V isu a l
I I  - V erbal 58.539 16.442 58.194 16.564

I - V erbal
I I  - V i s u a l ’ 56.987 13.701 59.699 12.087

Females

I - V is u a l ,
I I  - V erbal 58.696 16.035 53.345 13.094

I - V erba l ,
I I  - V isu a l 49.068 14.902 54.849 19.750

In  th e  t a b l e s  which fo llow  in  t h i s  append ix , beg inn ing  w i th  Table 

16, t h e  s im ultaneous  p lo t s  of th e  two r e g r e s s io n  l i n e s  and s c a t t e r -  

grams f o r  th e  two t re a tm e n t  groups a r e  p re s e n te d ,  f o r  th o se  a p t i tu d e  

m easures  w i th  which th e r e  was s i g n i f i c a n t  i n t e r a c t i o n .

87
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TABLE 15

CORRELATIONS OF POSTTEST SCORES 
WITH DAT fCASURES

DAT P r o b a b i l i t y I n te g e r s
Subscale V isual Verbal V isual V erbal

Maies

1 .687 .372 .617 .670
2 .776 .330 .584 .762
3 .788 .381 .664 .771
4 .298 .443 .597 .395
5 .348 .340 .680 .392
6 .596 .200 .398 .481
7 .484 .184 .452 .368
8 .372 .321 .590 .389
9 .564 .302 .404 .423

Females

1 .663 .014 -.0 7 2 .655
2 .603 .366 .511 .665
3 .715 .446 .569 .738
4 .627 .278 .197 .677
5 .194 .183 .191 .078
6 .758 .157 - .0 0 2 .720
7 .593 .313 .231 .804
8 .526 .242 .462 .489
9 .652 .539 .462 .656
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TABLE 16

ATI FOR INTEGERS SCORES VERSUS DAT SCALE
VERBAL REASONING, FEMALES

100
Verbal

80

70

60

V isua l
50

40

30

20

70 8010 20 40 50 600 30

VERBAL REASONING

I n t e r c e p t Slope Observed Range, DAT's

V isu a l 54.985 -0 .072
10 -  78

V erbal 19.154 1.582
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TABLE 17

ATI FOR INTEGERS SCORES VERSUS DAT SCALE
NUMERICAL ABILITY, FEMLES

100

Verbal
80

70 V isual

60

50

40

30

0 10 30

NUMERICAL ABILITY

I n te r c e p t S lope Observed Range, DAT's

V isual 33.566 1.083
8 - 3 0

Verbal 6.909 2.489
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TABLE 18

ATI FOR INTEGERS SCORES VERSUS DAT SCALE
ABSTRACT REASONING, PENALES

100

Verbal70

V isual

40

so­

lo 40

ABSTRACT REASONING

I n te r c e p t Slope Observed Range, DAT's

V isua l 44.389 0.293
6 - 4 6

Verbal 10.815 1.354
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TABLE 19

ATI FOR INTEGERS SCORES VERSUS DAT SCALE
fCCHANICAL REASONING, FEALES

100

90 ■

V erbal

70 ■

60 •
V isu a l

40

30

20

30 40 5020

MECHANICAL REASONING

I n te r c e p t Slope Observed Range, DAT's

V isu a l 53.494 -0 .004
26 - 47

Verbal -41.869 2.581
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TABLE 20

ATI FOR INTEGERS SCORES VERSUS DAT SCALE 
CLERICAL, FEMALES

100

V erbal

Visual

U'-------------
0 10 20 30

CLERICAL

40 50 60

I n t e r c e p t Slope Observed Range, DAT's

V isu a l 43.105 0.411
9 - 5 2

Verbal 15.638 1.579
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TABLE 21

MEANS AND STANDARD DEVIATIONS OF THE MODALITY GROUPS 
ON THE DAT fÆA.SURES, MALE SUBJECTS

DAT V isual No P re fe ren ce Verbal
S ubsca le Group Group Group

Means

1 23.000 22.318 20.833
2 19.750 20.909 18.083
3 42.750 43.045 38.917
4 31.333 35.636 32.833
5 40.917 43.682 38.083
6 48.583 47.500 42.583
7 33.833 33.273 25.750
8 63.417 58.727 60.333
9 24.083 22.500 19.833

S tandard D ev ia tions

1 9.145 7.403 9.428
2 5.786 6.480 6.156
3 11.655 12.572 13.688
4 11.911 9.189 7.184
5 6.543 10.144 10.229
6 6.374 7.866 8.618
7 10.214 13.090 9.176
8 11.381 15.923 15.168
9 5.143 6.247 7.222

94
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TABLE 22

MEANS Am STANDARD DEVIATIONS OF THE MODALITY GROUPS 
ON THE DAT MEASURES, FEf^ALE SUBJECTS

DAT V isu a l No P re fe re n c e V erbal
S ubscale Group Group Group

Means

1 19.917 22.773 25.000
2 18.917 17.727 20.500
3 38.833 37.364 45.500
4 29.917 29.182 37.583
5 46.833 44.909 42.250
6 36.083 36.545 38.500
7 20.417 22.863 33.000
8 68.083 69.500 66.750
9 22.750 25.682 28.167

S tandard D evia tions

1 5 .696 14.419 7.337
2 6.960 4 .842 6.346
3 9.806 11.155 11.674
4 9.774 9 .762 6.230
5 9.806 8 .535 10-814
6 5.977 5 .152 6.557
7 4.033 8.498 8.257
8 12.034 12.902 18.709
9 5.707 7 .530 8.277



TABLE 23

DAT WITHIN GROUPS CORRELATION mTRIX, MALES

V ariab les

1 2 3 4 5 6 7 8 9

1 1.000

2 .512 1.000

3 .908 .821 1.000

4 .338 .238 .328 1.000

5 .286 .355 .341 .399 1.000

6 .443 .128 .342 .276 .183 1.000

7 .548 .463 .583 .271 .283 .558 1.000

8 .453 .560 .566 .258 .366 - .034 .093 1.000

9 .525 .541 . 616 .104 .175 .008 .213 .706 1.000

\ o
o \



TABLE 24

DAT WITHIN GROUPS CORRELATION MATRIX, FEMALES

V aria b le s

1 2 3 4 5 6 7 8 9

1 1.000

2 .117 1.000

3 .337 .797 1.000

4 .028 .556 .624 1.000

5 .125 .379 .311 .273 1.000

6 .087 .359 .523 .532 .204 1.000

7 .052 .430 .531 .560 .123 .583 1.000

8 .107 .419 .519 .209 .218 .234 .438 1.000

9 .298 .442 .629 .218 .154 .238 .273 .618 1.000
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