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OPTIMAL SAMPLING OF A 

STRATOSPHERIC SUDDEN WARMING

CHAPTER I  

INTRODUCTION

I t  i s  co n v en ien t to  c o n s id e r  th e  atm osphere in  term s o f  re g io n s  

acc o rd in g  to  c e r t a in  c h a r a c t e r i s t i c  f e a t u r e s ,  i . e . ,  te m p e ra tu re , 

tu rb u le n c e ,  co m p o sitio n , i o n i z a t i o n ,  ch em ica l r e a c t io n s ,  m ag n e tic

f i e l d s ,  o r  c i r c u la t io n  in d i c e s .  The m ost common f e a tu r e  i s  b a sed  on

th e rm al s t r a t i f i c a t i o n  and t h a t  i s  th e  c h a r a c t e r i s t i c  t h a t  w i l l  be 

used  h e r e .  To avo id  c o n fu s io n , a s  th e  same word used by  d i f f e r e n t  

peop le som etim es d i f f e r e n t  m ean ings, a  b r i e f  d e f in i t io n  o f  each  

re g io n  and b o u n d arie s  o f  th e  atm osphere w i l l  b e  g iven  and d e p ic te d  in  

F ig . 1 .

The tro p o sp h e re  i s  th a t  l a y e r  o f  th e  atm osphere e x te n d in g  from  

th e  s u r f a c e  o f  th e  e a r t h  to  th e  tro p o p a u se . M ost o f th e  m e te o ro lo g ic a l  

phenomena such as c lo u d s ,  th u n d e rs to rm s , and to rnadoes o ccu r i n  t h i s  

r e g io n . The tro p o sp h e re  h a s ,  on th e  a v e ra g e , a  te n ç e ra tu re  la p s e  r a t e

o f 6.5C p e r  km u n t i l  t h e  tro p o p au se  boundary i s  reach ed .

The tro p o p au se  i s  d e f in e d  a s  th e  lo w es t le v e l  a t  w hich th e  tem

p e ra tu r e  la p s e  r a t e  d e c re a s e s  to  2C o r  l e s s  p e r  km. The tro p o p a u se  i s  

h ig h e r  and c o ld e r  o v e r  th e  e q u a to r i a l  re g io n s  (app rox im ate ly  18 km ),
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and low ers o v er th e  p o la r  r e g io n s  to  8 km. A v a lu e  o f 13 km i s  g iv e n  

in  F ig . 1 b ased  on th e  te m p e ra tu re  p r o f i l e  g iv e n  i n  the U .S . S tan d a rd  

A tm osphere, 1966, f o r  J u ly  a t  45“N.

Above th e  tro p o p a u se  th e  te m p e ra tu re  in c re a se :: w ith  h e ig h t  u n t i l  

th e  s t r a to p a u s e  i s  re a c h e d . The s t r a to s p h e r e  i s  th e  re g io n  betw een 

th e  tro p o p au se  and  s t r a to p a u s e ,  and i s  th e  a r e a  o f  p rim ary  i n t e r e s t  

h e re  as many in t r i g u i n g  a; d i r ç )o r ta n t  phenomena o ccu r i n  t h i s  r e g io n .

The te m p e ra tu re  d e c re a se s  w ith  h e ig h t  above th e  s t r a to p a u s e  u n t i l  

th e  m esopause i s  reac h ed  (ap p ro x im a te ly  SO km). The re g io n  betw een 

th e  s t r a to p a u s e  and m esopause i s  th e  m esosphere. The m esosphere i s  

an i n t e r e s t i n g  a r e a  and  no d o u b t in f lu e n c e s  th e  a c t i v i t i e s  t h a t  o ccu r 

i n  th e  s t r a to s p h e r e ,  and r e c i p r o c a l l y ,  some o f  th e  c i r c u l a t i o n  system s 

found  in  th e  s t r a to s p h e r e  e x te n d  in to  th e  m esosphere .

The te m p e ra tu re  in c re a s e s  w ith  h e ig h t  above th e  m esopause i n  a  

re g io n  known as  th e  th e rm o sp h e re . T em peratu res i n  th e  th e rm o sp h ere  

have been c a lc u la te d  from  th e  e l e c t r o n  (o r  io n )  d e n s ity  p r o f i l e s  and  

from  o b s e rv a tio n s  o f s a t e l l i t e  d rag  (G la s s to n e , 1965).



CHAPTER I I  

LITEEATURE SURVEY

As m en tioned  e a r l i e r  our main concern  i s  o f  th e  s t r a to s p h e r e  and , 

i n  p a r t i c u l a r ,  w arm ings t h a t  suddenly  occur i n  t h a t  r e g io n .  The f i r s t  

sudden warming t h a t  was n o tic e d  was docum ented by Scherhag (1952) and 

o c c u rre d  over B e r l in ,  Germany d u rin g  th e  1951-52 w in te r .  A f te r  more 

th an  20 y e a rs  o f  re s e a rc h  and numerous r e p o r t s ,  no  one can d e f i n i t e l y  

o f f e r  a  com plete e x p la n a tio n  o f th e  o r ig in  and m ain tenance  o f  a  sudden 

w arm ing.

F o r a  b e t t e r  u n d e rs ta n d in g  o f  some o f  th e  c h a r a c t e r i s t i c s  th a t  

d e f in e  a  s t r a t o s p h e r i c  sudden w arm ing, we sh o u ld  b e  f a m i l i a r  w ith  th e  

c i r c u l a t i o n  o f  th e  s t r a to s p h e r e .  Much knowledge has been  g a in ed  about 

th e  s t r a t o s p h e r i c  c i r c u l a t i o n  due to  th e  u se  o f  m e te o ro lo g ic a l  ro c k e ts  

(Webb, e t  a l . , 1961) and s a t e l l i t e s  (Shenk and Salomons on , 1 9 7 0 ). As 

o f  Ja n u a ry  1973, o v e r  17,000 te m p era tu re  a n d /o r  w ind o b s e rv a tio n s  had 

been  made by m e te o ro lo g ic a l  ro c k e t pay lo ad s  a t  44 d i f f e r e n t  lo c a t io n s  

over th e  w o rld . The d a ta  a re  now p u b lish e d  u n d er th e  t i t l e  o f "W orld 

D ata  C e n te r  A —  High A l t i tu d e  M e te o ro lo g ic a l D ata" by  th e  N a tio n a l 

O cean ic  and A tm ospheric  A d m in is tra tio n , N a tio n a l  C lim a tic  C e n te r , 

A s h e v i l le ,  N orth  C a ro l in a .

The 10 mb c o n s ta n t  p re s s u re  c h a r t  (ap p ro x im a te ly  30 km) i s  an 

e x c e l le n t  c h a r t  to  p o r t r a y  th e  s t r a t o s p h e r i c  c i r c u l a t i o n  f e a tu r e s  a s



d a ta  u sed  i n  th e  a n a ly se s  have  b een  o b ta in e d  from  b a l lo o n  and ro c k e t 

so u n d in g s . F ig . 2 i l l u s t r a t e s  a  t y p i c a l  w in te r  s i t u a t i o n  o f a  c ircum - 

p o la r  low p re s s u re  c e l l  th a t  dom inates th e  c i r c u l a t i o n .  T h is  means 

w es t w inds (winds blow ing from  th e  w est) a re  found o v er th e  m iddle and 

h ig h  l a t i t u d e s .  Wind speeds u s u a l ly  reach  a  maximum o f 40 to  50 mps 

d u r in g  D ecem ber. A b e l t  o f h ig ji p r e s s u re  can  u s u a l ly  be  found o v er 

th e  s u b - t r o p ic a l  l a t i t u d e s ,  and  a tro u g h  o f  low p r e s s u r e  i s  p re s e n t  

m ost o f  th e  tim e over th e  s o u th w e s te rn  U n ite d  S t a t e s .

D uring  th e  summer, h ig h  p r e s s u r e  i s  c e n te re d  o v e r th e  N orth  P o le  

w ith  e a s t e r l y  w inds o v e r m ost o f  th e  N o rth e rn  H em isphere as shown in  

F ig .  3 . Speeds o f  10 to  20 mps a r e  common w ith  th e  av e rag e  maximum 

re a c h in g  40 mps d u rin g  J u ly .  Webb (1966) h a s  p l o t t e d  th e  average  

wind components o f  a  10 km l a y e r  betw een  45-55 km f o r  d i f f e r e n t  lo c a 

t io n s  as shown i n  F ig . 4a and 4b. The mean z o n a l flow  has more v a r i 

a b i l i t y  betw een  w in te r  and summer th a n  th e  m e r id io n a l .  Note in  F ig . 4a 

t h a t  th e  r e v e r s a l  o f th e  w inds from  w es t to  e a s t  o c c u rs  betw een A p r il  

15 and May 15 s t a r t i n g  w ith  th e  n o r th e rn -m o s t s t a t i o n s .  The same 

sequence  o ccu rs  i n  th e  f a l l  w ith  th e  w inds r e v e r s in g  f i r s c  a t  th e  

n o r th e rn -m o s t s t a t i o n s ,  b u t  th e  w ind r e v e r s a l  a t  th e  m id - la t i tu d e  

s t a t i o n s  o ccu r w i th in  a few days o f  each  o th e r .  T hese  t r a n s i t i o n  

p e r io d s  betw een th e  w in te r  and  summer c i r c u l a t i o n s  have been  d isc u sse d  

by M iers (1963) and Webb (1966) , and Webb h as  su g g e s te d  th a t  a v a r i e ty  

o f  s o l a r  in f lu e n c e s  a re  p r e v a le n t  i n  th e  s t r a t o s p h e r i c  c i r c u la t io n .

Kjw t h a t  th e  main c i r c u l a t i o n  f e a tu r e s  o f  th e  s t r a to s p h e r e  have 

been  p r e s e n te d ,  perhaps a  d e f i n i t i o n  o f a  warming t h a t  o ccu rs  i n  t h i s  

medium i s  i n  o rd e r .  An e x p l i c i t  d e f i n i t i o n  o f t h e  s t r a t o s p h e r i c
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F ig . 2. Mean co n to u r map o f  10-mb s u r f a c e  d u rin g  w in te r  ( a f t e r
K r i e s t e r ,  ^  a l . , 1963-1965). C ontour h e ig h ts  a re  i n  te n s  
of g e o p o te n tia l  m e te rs .



F ig . 3 . Mean c o n to u r  map o f  10-mb s u r f a c e  d u rin g  summer ( a f t e r
K r i e s t e r ,  e t  a l . , 1963 -1965). C ontour h e ig h ts  a r e  in  te n s  
o f  g e o p o te n t ia l  m e te rs .
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F ig . 4a . Mean zo n a l SCI d a ta  f o r  s e le c te d  s t a t io n s  p l o t t e d  to
i l l u s t r a t e  th e  m e rid io n a l s t r u c t u r e  o f th e  s t r a t o s p h e r i c  
c i r c u l a t i o n .  A S-A scension I s l a n d ,  W I-W allops I s l a n d ,  FG- 
F o r t  G re e ly , BKH-Barking S an d s , WSMR-White Sands M is s i le  
Range, ( a f t e r  Webb, S t r u c tu r e  o f  th e  S tr a to s p h e re  and Meso
s p h e re ,  F ig . 4 .7 )
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F ig . 4b . Mean m e rid io n a l SCI d a ta  f o r  th e  s ta t io n s  i n  F ig . 4 a .
( a f t e r  Webb, S tr u c tu r e  o f  th e  S tr a to s p h e re  and M esosphere, 
F ig . 4 .8 ) .



sudden warming has been  made by J u l ia n  (1967) in  w hich a  d i s t i n c t i o n  

sh o u ld  b e  made betw een m a jo r , m inor, and th e  warming t h a t  o ccu rs  j u s t  

b e fo re  th e  s p r in g  t r a n s i t i o n  p e r io d . Webb (1966) o f f e r s  t h i s  d e f in i t i o n  

o f a sudden warming -  " a  dynam ic ev en t in  th e  s t r a t o s p h e r i c  c i r c u l a t i o n  

which i s  p r in c i p a l l y  c h a r a c te r i z e d  by a te n ç e r a tu r e  in c r e a s e  in  p o la r  

re g io n s  im m ed ia te ly  above th e  s t r a t o n u l l  l e v e l  g r e a te r  th a n  50C over 

a  p e r io d  o f  te n  days o r  l e s s ,  a cc o rçan ie d  by a  d is r u p t io n  o f th e  u s u a l  

w e s te r ly  z o n a l c irc u m p o la r  flow  o f th e  s t r a t o s p h e r i c  w in te r  c i r c u la 

t io n " .  The s t r a t o n u l l  i s  a  t r a n s i t i o n  l ^ e r  betw een  th e  t ro p o s p h e r ic  

and s t r a t o s p h e r i c  c i r c u l a t i o n  and i s  u s u a l ly  found i n  th e  25 to  30 km 

re g io n . Minimum v a lu e s  o f w ind conçonents a re  u s u a l ly  found in  th i s  

• re g io n .

K ello g g  and S c h i l l in g  (1951) w ere th e  f i r s t  to  u t i l i z e  a l l  

a v a i la b le  d a ta  s o u rc e s  ( r o c k e t s ,  h ig h  l e v e l  b a l lo o n s ,  a c o u s t ic  sound

in g s ,  n o c t i lu c e n t  c lo u d s , m e teo r o b s e rv a t io n s ,  and ra d io  wave p ro p o g a- 

t io n )  to  p ro p o se  a  s im p le  c i r c u l a t i o n  model from  th e  s u r f a c e  to  120 km. 

T h e ir  m odel in c lu d e d  th e  w in te r  w e s t e r l i e s ,  summer e a s t e r l i e s ,  p r e v a i l 

in g  w e s te r l i e s  above 80 km, s in k in g  a i r  o v e r th e  w in te r  p o la r  r e g io n ,  

and r i s i n g  a i r  o v er th e  summer p o le .  They concluded  t h a t  th e  complex 

r a d i a t i o n a l  h e a t in g  t h a t  o c c u rs  i n  th e  s t r a to s p h e r e  i s  s u f f i c i e n t  to  

p ro v id e  th e  d r iv in g  fo rc e  n e c e s s a ry  fo r  t h e  s t r a t o s p h e r i c  c i r c u l a t i o n .

A f te r  S c h e rh a g 's  r e p o r t  o f  th e  sudden  wanning o v er B e r l in  in  th e  

1951-52 w in te r ,  r e s e a r c h e r s  began to  th in k  tw ic e  b e fo re  d is c a rd in g  

a  s u s p ic io u s ly  warm te n ç e r a tu r e  v a lu e . The e a r ly  r e s e a r c h  done on 

s t r a t o s p h e r i c  sudden w arm ings and s t r a to s p h e r i c  c i r c u l a t i o n  c o n s is te d  

o f  p l o t t i n g  te m p e ra tu re  p r o f i l e s  on t im e -h e ig h t c ro s s  s e c t io n s  and
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a ls o  a n a ly z in g  th e  100, 5 0 , 2 5 , and 10 mb c o n s ta n t p r e s s u r e  c h a r t s .

[See th e  w ork o f  S c a rse  (1 9 5 3 ), Teweles and F in g e r  (1 9 5 8 ), Tew eles 

(1 9 5 8 ), C ra ig  and B erin g  (1 9 5 9 ), Palm er (1 9 5 9 ), Bov i l l e  (1 9 6 0 ) , Hare 

(1 9 6 0 ), S cherhag  (1 9 6 0 ), T ew eles, R othenberg  and F in g er ( I 9 6 0 ) ] .  A l l  

b u t  S c ra se  d is c u s s  th e  Jan u ary  1958 warming t h a t  o ccu rred  o v e r  

C h u rc h i l l ,  Canada. A warming o f some 30C over N orth A m erica i s  a l l  

t h a t  co u ld  b e  d e te c te d  u s in g  th e  c o n s ta n t  p re s s u re  c h a r t s ,  b u t  by 

making u se  o f  ro c k e t d a ta  (T ew eles, 1961 ), g renade d a ta  (S tro u d  e t  a l . ,  

1960) and th e  f a l l i n g  sp h e re  tech n iq u e  (Jo n es  e t  a l .» 1959) i t  was 

found t h a t  a  fo u r  day te m p era tu re  in c re a s e  o f  n e a r ly  70C o c c u rre d  o v e r  

F t .  C h u r c h i l l  i n  th e  la y e r  betw een 38 and  41 km. Tew eles b e l ie v e d  

t h a t  su b s id e n c e  as w e ll  as a d v e c tio n  h ad  to  acco u n t f o r  su ch  a  trem en 

dous te m p e ra tu re  in c r e a s e .

C ra ig  and L a te e f  (1962) computed v e r t i c a l  m otions o v e r  N orth  

A m erica, C anada, and N orth  A t la n t i c  a r e a  d u r in g  th e  1958 w arm ing.

T h e ir  v e r t i c a l  m otion  f i e l d s  in d ic a te d  t h a t  upward m o tion  o c c u rre d  e a s t  

o f  tro u g h s  and  downward m otion  w es t o f  tro u g h s  b e fo re  a  sudden  warming 

s t a r t e d .  A f te r  th e  commencement o f  a  sudden  warming a  v e ry  la r g e  a r e a  

o f  un ifo rm  downward m otion  e x i s t e d .  Extrem e v a lu e s  w ere 8 cm p e r  s e c  

a t  25 mb to  4 cm p e r  s e c  a t  100 mb. I t  had  been  h y p o th e s iz e d  e a r l i e r  

by  t r a c e  t r a n s p o r t  in v e s t ig a to r s  th a t  downward m otion o c c u rs  o v e r  th e  

w in te r  tim e p o la r  re g io n s  (B rew er, 1949; Dobson, 1956; G o ld ie ,  1950; 

P a lm er, 1959 ; L i l l y  and P alm er; 1960). However, Mahlman (1969) computed 

a  s t r a t o s p h e r i c  mean c i r c u la t io n  f o r  p e r io d s  b e f o r e ,  d u r in g ,  and a f t e r  

th e  1958 warming by u s in g  a  h e a t  b a la n c e  m ethod. H is c a l c u la t io n s  

in d ic a te d  r i s i n g  m o tions o v e r th e  p o la r  cap d u rin g  a  su d d en  warming and
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th a t  v e r t i c a l  m otion cannot be e x p la in ed  by c o n s id e r in g  therm odynamic 

p ro c e s s e s .

The need f o r  s y n o p tic  a n a ly s is  h ig h e r  th an  th e  10 mb l e v e l  was 

a p p a re n t s in c e  t im e -h e ig jit  c ro ss  s e c t io n s  in d ic a te d  th a t  th e  l a r g e s t  

te m p e ra tu re  in c re a s e  i n  the  1958 warming was n e a r  40 km. Keegan (1962) 

used  ro c k e t  d a ta  to  i l l u s t r a t e  t h a t  th e  e n t i r e  r e g io n  from  30 to  70 km 

i s  a re g io n  o f  c o n s id e ra b le  a c t i v i t y  d u rin g  th e  w in te r .  F in g e r  e t  a l . ,  

(1963) d is c u s s e d  th e  p rocedu res  th a t  co u ld  be u sed  t o  do a  s y n o p tic  

a n a ly s is  b a se d  on m e te o ro lo g ic a l ro ck e tso n d e  d a ta  a t  th e  2 mb (n e a r  

42 km) and .4  mb (n e a r  55 km) by b u i ld in g  up from  th e  10 mb l e v e l .

They i l l u s t r a t e d  th a t  ah  ex p lo siv e  w arn ing  cou ld  b e  d e te c te d  a t  h ig jher 

a l t i t u d e s .  T hese c h a r ts  were an a ly zed  on a w eekly b a s e s  by  th e  Upper 

A ir  B ranch , N um erical Methods C en ter (NMC), N a tio n a l  O cean ic and 

A tm ospheric A d m in is tra tio n  (NCAA), from 1964-1967 and a r e  an a ly se d  

f o r  s e l e c t i v e  p e r io d s  now.

The n e x t m ajor warming o ccu rred  d u rin g  Jan u a ry  1963. M orris  and 

M iers (1964) i l l u s t r a t e d  th a t  th e  sudden warming d ev e lo p ed  over th e  

A t la n t ic  when a  r id g e  o f  higJi p re s s u re  form ed i n  symmetry w ith  a 

P a c i f i c  r id g e .  On th e  23rd o f J a n u a ry , th e  p o la r  v o r te x  s p l i t  and 

moved sou thw ard  over N orthw est Canada and N o rth e a s t E urope. The 

warm c e n te r  ap p ea red  so u th  and e a s t  o f  th e  c y c lo n ic  v o r te x  over th e  

Hudson Bay a r e a  and m ig ra ted  po lew ard . By 30 J a n u a ry , th e  p o la r  n i ÿ i t  

w e s te r l i e s  had  c o lla p s e d  and d isap p ea red - I t  was n o t  u n t i l  th e  m idd le  

o f  F ebruary  t h a t  th e  w in te r  c i r c u la t io n  began  to  re a p p e a r  as a  c y c lo n ic  

v o r te x  was e s ta b l i s h e d  over S ib e r ia .  They a ls o  n o te d  t h a t  some o f  th e  

c i r c u l a t i o n  f e a tu r e s  observed  n e a r  30 km r e ta in e d  t h e i r  i d e n t i t y  above
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50 km. W am ecke and N ordberg (1965) a l s o  n o te d  th a t  th e  A le u tia n  

a n t ic y c lo n e  ex ten d ed  up to  70 km. F in g e r  and Tew eles (1964) in  

t h e i r  s tu d y  o f  th e  1963 m idw in ter warming s t a t e d  t h a t  th e  25 to  55 km 

re g io n  b e longs to  th e  same regim e. The used  10 , 2 , and .4  mb c o n s ta n t 

p r e s s u r e  c h a r t s  and tim e -h e ig h t c ro s s  s e c t io n s  f o r  t h e i r  in v e s t ig a 

t i o n .  They concluded  th a t  m ajor w arn ings a re  a s s o c ia te d  w ith  r e g re s 

s io n  o f  m idd le  s t r a t o s p h e r i c  system s and th a t  th e  fav o red  lo c a t io n  

o f  an i n i t i a l  warming i s  on th e  e a s te rn  s id e  o f  a  b ip o la r  t r o u ÿ i  

t h a t  e x te n d s  i n t o  m id - la t i tu d e .  A ll  o f  th e  s tu d ie s  have n o te d  th a t  

th e  warming s t a r t s  a t  h ig h  a l t i t u d e s  and p ro g re s s e s  downward. The 

s lo p e  o f th e  w anning seems to  b e  i n  th e  d i r e c t i o n  o f  movement» The 

1963 warming ex ten d ed  down to  th e  500 mb l e v e l  and even  caused  a  

w ind r e v e r s a l  th e re  ( J u l ia n  and L a b itz k e , 1965) J u l ia n  and L ab itzk e

(1965) i n  t h e i r  s tu d y  o f  tro p o s p h e r ic  e v e n ts  and r e la t io n s h ip  to  

s t r a t o s p h e r i c  warmings found th a t  warmings began  d u rin g  s tro n g  

m e r id io n a l  c i r c u l a t i o n s  and  th a t  b lo c k in g  c o n d ito n s  a r e  t y p i c a l ly  

u p s tream  from  th e  re g io n  o f i n i t i a l  s t r a t o s p h e r i c  w arm ings. However, 

b lo c k in g  c o n d it io n s  do n o t g u a ra n te e  th a t  a  warming w i l l  o c c u r .

F ig . 5 i l l u s t r a t e s  th e  d ram a tic  warming o f  1963 by p lo t s  o f  

mean te m p e ra tu re  v a lu e s  a t  th e  10 mb l e v e l  f o r  v a r io u s  l a t i t u d e s  a t  

0®. 90®ff, 180®, 90®E lo n g i tu d e s .  The cu rv e  t h a t  ex ten d s to  -SC on 

18 Ja n u a ry  i s  d a i ly  te m p e ra tu re s  observed  a t  60®N, 90®W.

L a b itz k e  (1965) surm ised  th a t  th e r e  i s  a  c o n n ec tio n  betw een  th e  

26-month c y c le  i n  th e  low er s t r a t o s p h e r i c  w inds i n  th e  t r o p ic s  and th e  

c y c le  in  s t r a t o s p h e r i c  w arm ings. She u sed  m inor warmings to  su b -  

s t a n i a t e  h e r  th e o ry  th a t  d u rin g  a l t e r n a t e  y e a rs  th e  warmings o r ig in a te d
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F ig .  5 .  A verage te m p e ra tu re  o f  v a r io u s  l a t i t u d e  c i r c l e s  on th e  10-mb 
p re s s u re  s u r fa c e  o f  th e  upper s t r a to s p h e r e  d u rin g  th e  sudden 
w arming e v e n t o f  J a n u a ry  1963. ( a f t e r  Webb, S t r u c tu r e  o f  th e  
S tr a to s p h e re  and M esosphere , F ig . 4 .2 5 ) .
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over th e  E a s te rn  U n ited  S ta te s  and Canada o r over C e n tra l and E a s te rn  

Europe. The r e la t io n s h ip  betw een  th e  26-month c y c le  o f th e  s t r a t o 

s p h e r ic  w inds over th e  t r o p i c s  and sudden  warmings la c k s  i n  c o n c lu s iv e

p ro o f .

W illiam s (1968) an a ly zed  1 mb c h a r t s  (n e a r  47 km) a t  3 day i n t e r 

v a ls  to  s tu d y  a  warming th a t  o c c u rre d  a t  th e  30 to  55 km re g io n  i n

F eb ruary  1966. The p o la r  low d id  n o t  s p l i t  a t  10 mb b u t d id  a t  th e  

1 mb l e v e l .  He concluded  th a t  t h e  c i r c u l a t i o n  i n t e n s i f i e s  w ith  h e ig h t

w ith  h ig h e r  w ind speeds a t  th e  b a s e  o f  th e  m esosphere . High wind

speeds w ere a l s o  n o te d  by Q uiroz (1969) i n  h i s  w ork o f  th e  F eb ruary

1966 w arm ing. Q uiroz u t i l i z e d  ro c k e t  d a ta  from H eiss  I s la n d ,  Ü .S .S .R .

(80°37 'N , 58“0 3 ’E) t h a t  p o r tra y e d  a  te m p e ra tu re  in c re a s e  o f  85C a t  th e

32 km le v e l  p reced ed  by a  r e c o rd  w ind o f  n e a r ly  400 k t s  a t  39 km.

M esospheric  d a ta  su g g e s te d  t h a t  p r i o r  to  a  warming even t th e  upper

p o la r  m esosphere i s  c h a r a c t e r i s t i c a l l y  c o ld .  T h is  would s u b s t a n t i a t e

Leovy’s (1964) c a l c u la t io n  o f a  -75C te m p e ra tu re  a t  75 km. Q uiroz 

n o te d  th a t  th e  h ig h  w inds w ere r e l a t e d  t o  th e  p r e s s u re  g ra d ie n t

i n t e n s i f i c a t i o n  s e v e r a l  days b e f o r e  th e  peak  te m p e ra tu re .

Johnson (1969) compared th e  December 1967-January  1968 warming 

w ith  p re v io u s  warmings by u s in g  t i m e — s e c t i o n s ,  s p a t i a l  c r o s s - s e c t io n s ,

and th e  2 and  .4  mb c h a r t s .  W illiam s and M iers (1969) d is c u s se d  th e  

same warming by u s in g  40 and 50 km c o n s ta n t  h e ig h t  c h a r t s ,  and con

s t r u c t in g  mean te m p e ra tu re  c h a r t s  be tw een  40 and 50 km. They found 

th a t  th e  l a r g e s t  te m p e ra tu re  changes o c c u rre d  n e a r  30 km and amounted 

to  70C. They cou ld  n o t  f in d  a  c o n c lu s iv e  r e l a t io n s h ip  betw een tro p o 

s p h e r ic  and s t r a t o s p h e r i c  e v e n ts . T h is  was a ls o  th e  co n c lu sio n  o f  

M il le r  and Johnson  (1970) c o n s id e r in g  th e  500 mb d a ta .
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S tr a to s p h e r ic  warmings a re  n o t c o n fin e d  to  th e  m idd le  and upper 

n o r th e rn  l a t i t u d e s .  M ukherjee and Ramanamurty (1972) d e te c te d  an 

in c re a s e  o f  26C a t  th e  45 km le v e l  o v er Thunba In d ia  (8°N, 77°E) on 

23 December 1970. D ata from m e te o ro lo g ic a l  ro c k e ts  f i r e d  from McMurdo 

S ta t io n ,  A n ta r c t ic a  as re p o r te d  by B rig g s  (1965) w ere used  by Q uiroz

(1966) to  d is c u s s  a  warming th a t  o c c u rre d  from  m id -Ju ly  to  m id-August 

1963. Q uiroz s t a t e s  th a t  a r c t i c  and a n t a r c t i c  warmings a r e  s i m i l i a r  in  

t h a t  th e  c irc u m p o la r  v o r te x  i s  e lo n g a te d  and d is p la c e d .  F in g e r  and 

Wolf (1967) d is c u s s  th e  S outhern  H em isphere c i r c u l a t i o n  d u rin g  March and 

A p r i l  1965 from  d a ta  o b ta in ed  by f i r i n g  r o c k e ts  from  a  s h ip  t h a t  moved 

a lo n g  th e  w est c o a s t  o f  South A m erica. They s u sp e c t t h a t  th e  S outhern  

H em ispheric cy c lo n e  i s  more in te n s e  th a n  th e  N o rth ern  H em ispheric  cyc lo n e .

S outhern  H em ispheric  warmings have  b een  th e  s u b je c t  o f many a u th o rs  

t h a t  have had  a c c e ss  to  s a t e l l i t e  d a ta  (Kennedy e t  a l . , 1967; J u l i a n ,

1967; Shen e t  a l . , 1968; Belmont e ^  a l . ,  1968; F r i t z  and M c ln tu r f f ,

1972). S a t e l l i t e  d a ta  on ly  g iv es  in fo rm a tio n  on an av e rag e  te m p era tu re  

r e l a t e d  v a lu e  o v e r a  th ic k  la y e r .  However, som etim es i t  i s  s u f f i c i e n t  

to  d e te c t  a sudden  warming.

N ordberg e t  a l . , (1965), Zak and P anofsky  (1 9 6 8 ), Belmont e t  a l . , 

(1968 ), F r i t z  (1 9 7 0 ), F r i t z  and S o u les  (1 9 7 0 ), and Q uiroz (1971) 

d is c u s s  th e  l i m i t a t i o n s  o f  u s in g  s a t e l l i t e  m easured ra d ia n c e  d a ta  

f o r  d e r iv in g  te m p e ra tu re s . B r i e f l y ,  r a d ia n c e  in  th e  CO  ̂ band c e n te re d  

a t  15 m icrons i s  m easured by an in f r a r e d  sp e c tro m e te r  aboard  th e  

s a t e l l i t e .  The ra d ia n c e s  a re  a  m easure o f  a w eig h ted  mean te m p era tu re  

o f  ap p ro x im ate ly  th e  upper 100 mb o f  th e  a tm osphere . Belmont e t  a i . ,  

(1968a) compared ra d ia n c e  v a lu e s  w i th  te m p e ra tu re s  a t  100, 70 , 50, 20,
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and 10 mb a t  97 s t a t i o n s  f o r  24 days and found a  0 .7  c o r r e l a t i o n  a t  

b o th  th e  30 and 20 mb l e v e l s .  Q uiroz s t a t e s  th a t  v e r t i c a l  te m p e ra tu re  

p r o f i l e s  in f e r r e d  from  in f r a r e d  m easurem ents do n o t ap p ea r to  be  

i d e a l l y  s u i t e d  f o r  m o n ito rin g  sudden warmings above th e  10 mb l e v e l .  

However, h e  u ses  th e  r a t i o  o f  ra d ia n c e  change betw een two ch an n e ls  to  

d e te rm in e  th e  c e n t r a l  a l t i t u d e  and am p litu d e  o f  a  warming. He d e riv e d  

warming am p litu d es  o f abou t 20C i n  th e  low er s t r a to s p h e re  (20 km) and 

30-35C i n  th e  upper s t r a to s p h e r e  (40 km).

R e la tio n sh ip s  betw een th e  m esosphere and s t r a to s p h e re  have  been  

in v e s t ig a te d  by s e v e r a l  w o rk e rs . K e llo g g  (1960 and 1961) s tu d ie d  th e  

dynam ics o f  th e  p o la r  m esosphere and concluded  th a t  th e  p o la r  meso

sp h e re  i n  w in te r  sh o u ld  co o l ab o u t IOC p e r  day due to  th e  lo s s  o f  

s o l a r  h e a t ,  b u t  i n  f a c t  th e  m ésosphère i s  warmer i n  w in te r  th a n  in  

summer. K ellogg  s p e c u la te d  t h a t  th e  lo s s  o f  h e a t  i s  com pensated by 

th e  r e le a s e  o f  energy  o f  reco m b in a tio n  o f  a tom ic oxygen. Shapley and 

Beyson (1965) e s ta b l is h e d  by  u s in g  10 mb te m p era tu res  and d a i ly  v a lu e s  

o f  io n o s p h e r ic  a b s o rp tio n  th a t  h ig h  v a lu e s  o f  a b so rp tio n  accompany 

s t r a t o s p h e r i c  w arm ings. H unten and Godson (1967) found a  s i g n i f i c a n t  

c o r r e l a t i o n  betw een  th e  sodium  abundance a t  90 km and 30 mb te m p e ra tu re  

v a lu e s  d u r in g  a  warm ing. Hook (1972) used  w ind p a t te r n s  d e r iv e d  from 

m eteo r t r a i l s  (75-105 km) o v er C o lle g e , A laska and found th a t  w inds 

re v e rs e d  d i r e c t io n  a t  th o s e  a l t i t u d e s  d u r in g  th e  1967—68 w arm ing. 

L a b itz k e  (1972) has in f e r r e d  t h a t  th e  m esospheric  and s t r a to s p h e r i c  

a re a s  i n t e r a c t  b ecau se  when th e re  a r e  te m p era tu re  changes i n  th e  

s t r a to s p h e r e  th e re  a r e  o p p o s ite  changes i n  th e  m esosphere.
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The l a t e s t  m ajor warming o c c u rre d  d u r in g  th e  w in te r  o f  1969-70 and 

h as  been  d is c u s s e d  o n ly  by Q uiroz (1971) u s in g  s a t e l l i t e  ra d ia n c e  d a ta .  

R ocketsonde d a ta  from West G e i r in i s h ,  S c o tla n d  in d i c a te s  winds in  

e x ce ss  o f  150 mps and a  te m p era tu re  o f  +38C a t  43 km on 27 December.

I t  appears  t h a t  th e  warm a i r  moved o v er N o rth e rn  S ib e r i a  and n e v e r  

moved over A la sk a  o r  th e  N orthw est T e r r i t o r i e s .

The im p o rtan ce  o f  le a rn in g  more ab o u t th e  sudden  warming can n o t 

be o v e r em phasized . I t  does n o t ta k e  much im a g in a tio n  to  v i s u a l iz e  

th e  change t h a t  o ccu rs  i n  th e  atm osphere d u rin g  a  sudden  warming and 

some o f  th e  con seq u en ces. F or exam ple, com m unications cou ld  be  d i s 

ru p te d  in  c e r t a i n  l o c a l i t i e s  due to  changes i n  o r  t h e  tem porary c r e a 

t i o n  o f  an a r t i f i c i a l  io n o sp h e re . F o re c a s t  t r a j e c t o r i e s  o f p o la r  

ro u te d  b a l l i s t i c  m is s i l e s  cou ld  b e  i n  e r r o r  due to  th e  change in  

d e n s i ty  and w in d s , b u t  more im p o r ta n t ,  th e  a b i l i t y  o f  r a d a r  d e te c t io n  

and i d e n t i f i c a t i o n  o f  such  m is s i l e s  would b e  in p a i r e d .  A i r c r a f t  c o u ld  

ta k e  ad v an tag e  o f  th e  reduced  d e n s i ty  and change i n  w inds fo r  a  l e a s t  

c o s t  f l i g h t  p a th .  The sudden warming i s  n o t on ly  m e te o ro lo g ic a lly  

i n t r ig u in g  b u t  more know ledge o f  th e  phenomenon c o u ld  b e  b e n e f i c i a l  

i n  s e v e r a l  f i e l d s .



CHAPTER I I I

CASE STUDY OF THE DECEMBER 

1967 -  JANUARY 1968 WARMING

The s t r a t o s p h e r i c  e v o lu tio n  t h a t  o c c u rre d  d u rin g  December 1967 -  

Jan u ary  1968 was chosen  f o r  a  c a s e  s tu d y  f o r  two re a so n s : t h i s  warming

i s  an e x c e l l e n t  exam ple o f  a  s t r a t o s p h e r i c  sudden w arm ing, and , d a ta  

a re  a v a i la b l e  from  th e  c o n s ta n t p r e s s u r e  c h a r t s  th a t  w ere p rep a red  by 

th e  U n iv e r s i ty  o f  F ree  B e r l in  ( K r i e s t e r ,  e t  a l . ,  1967-1968).

Warm a i r  (o f  -25C) was f i r s t  d e te c te d  o v e r S o u th e a s te rn  Europe a t  

th e  5 mb p r e s s u r e  l e v e l  on 17 December 1967 (F ig . 6) . A b e l t  o f  h ig h  

p r e s s u r e ,  lo c a te d  ap p ro x im ate ly  n e a r  th e  20 to  40 d eg ree  l a t i t u d e  

c i r c l e ,  e x te n d s  a lm ost a round  th e  n o r th e r n  h em isphere . A tro u g h  of 

low p r e s s u r e  ex ten d s  from  th e  p o la r  low , t h a t  i s  over I c e la n d ,  to  

Hudson Bay and southw ard to  N o rth e rn  B a ja  C a l i f o r n ia ,  M exico. The c o ld  

a i r  i s  c e n te re d  o v e r N o rth e rn  G reen land  w ith  a  tongue o f  c o ld  a i r  

e x te n d in g  to  th e  n o r th  o f  th e  p r e s s u r e  tro u g h . By 26 December (F ig . 7) 

th e  w arm est a i r  had  in c re a s e d  i n  te m p e ra tu re  to  +10C and had  moved o v e r  

S o u th e a s te rn  G reen land . A c i r c u n p o la r  c i r c u l a t i o n  s t i l l  e x i s t e d  on 26 

D ecem ber, as  ev idenced  by th e  low c e n te re d  n o r th  o f V ic to r i a  I s la n d ,  

N orthw est T e r r i t o r i e s ,  b u t  had  w eaken and  f i l l e d  320 m e te rs  s in c e  

17 December. A h ig h  p r e s s u re  c e l l  o v e r C e n t r a l  S ib e r ia  h ad  i n t e n s i f i e d

18
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Fig. 6. 5 mb map at 00 GMT 17 December 1967 (after Kriester, et al.,
1967). Contour heights are in tens of geopotential meters.
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Fig. 7. 5 mb map at 00 GMT 26 December 1967 (after Kriester, et al.,
1967). Contour heights are in tens of geopotential meters.
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from 36480 to  36560 m e te rs  i n  th e  same n in e  day p e r io d .  On 31 December 

(F ig . 8) th e  low p re s s u re  c e l l  was lo c a te d  j u s t  so u th w es t o f Banks 

I s la n d , N orthw est T e r r i t o r i e s ,  and had become e lo n g a te d  i n  a  n o r th -  

so u th  d i r e c t i o n .  The h ig h  p re s s u re  c e l l  t h a t  was o v e r  S ib e r ia  moved 

eas tw ard  o v er F in lan d  and in t e n s i f i e d  to  a  c e n t r a l  v a lu e  o f  37040 

m e te rs . The warm a i r  moved from S o u th e a s te rn  G reenland to  N o rthern  

Hudson Bay and th e  te m p e ra tu re  rem ained a  +5C i n  th e  c e n te r .

On Jan u ary  1 , 1968 (F ig . 9) a  low p re s s u re  c e n te r  developed over 

C e n tra l  S ib e r i a ;  how ever, th e  main low p re s s u re  c e n te r  moved southw ard 

from th e  p re v io u s  d a y 's  lo c a t io n  to  S o u th ern  Yukon. T h is  ev en t marked 

th e  b e g in n in g  o f  th e  c y c lo n ic  c i r c u la t io n  a s s o c ia te d  w ith  th e  sudden 

warming. The warm a i r  c e n te r  moved l i t t l e  from 31 December to  

1 J a n u a ry , b u t  m a in ta in e d  a  +5C te m p era tu re  a lth o u g h  s t r o n g  co ld  a i r  

a d v e c tio n  was o c c u rr in g .

By 5 Jan u a ry  (F ig . 10) th e  low p re s s u re  c e l l  was e lo n g a te d  by a  

southw ard push  from  a  h ig h  p re s s u re  c e l l  lo c a te d  j u s t  e a s t  o f th e  

so u th e rn  t i p  o f  G reen land . The warm a i r  b ro k e  in to  s e v e r a l  c e n te r s  

w ith  th e  maiTi c e n te r  rem a in in g  over C e n tra l Canada. The c o o lin g  of 

th e  warm a i r  can be s e e n  on 8 Jan u ary  (F ig . 11) as can  th e  w e ll  d e fin e d  

double c y c lo n ic  c i r c u l a t i o n  over Canada and R u ss ia , and th e  h ig h  

p re s s u re  r id g e  over th e  p o la r  a re a  n e a r  G reen land . The warm a i r  

moved o v e r th e  G ulf o f  A lask a  by th e  12 th  (F ig .  1 2 ) , a lth o u g h  circum 

p o la r  c y c lo n ic  c i r c u l a t i o n  d id  n o t r e tu r n  u n t i l  21 Ja n u a ry .

The movement o f  th e  warm and co ld  a i r  c e n te r  f o r  th e  p e r io d  o f 

17 December 1967 to  12 Ja n u a ry  1968 i s  shown i n  F ig .  1 3 . The warm 

a i r  was lo c a te d  to  th e  w e s t o f  N o rthern  A f r ic a  on th e  1 7 th ,  moved
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Fig. 8. 5 mb map at 00 GMT 31 December 1967 (after Kriester, et al.,
1967). Contour heights are in tens of geopotential meters.
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Fig. 9. 5 mb map at 00 GMT 1 January 1968 (after Kriester» et al.»
1967). Contour heights are in tens of geopotential meters.
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Fig. 10. 5 mb map at 00 GMT 5 January 1968 (after Kriester, et al.,
1967). Contour heights are in tens of geopotential meters.
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Fig. 11. 5 mb map at 00 GMT 8 January 1968 (after Kriester, et al.,
1967), Contour heights are in tens of geopotential meters.
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Fig. 12. 5 mb map at 00 GMI 12 January 1968 (after Kriester, et al.,
1967). Contour heigfits are in tens of geopotential meters.
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F ig . 13. Movement o f th e  warm (W) and co ld  (K) a i r  c e n te r s  i n  two day 
in c rem en ts  from  17 December 1967 to  12 Jan u ary  1968.
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n o r th e a s tw a rd  to  Poland on th e  1 9 th  and th e n  began moving to  th e  w e s t; 

p a s s in g  over S o u thern  G reen land , s o u th e rn  t i p  o f  B a f f in  I s l a n d ,  Hudson 

Bay, and S ou thw estern  Canada.

The maximum in t e n s i ty  o f th e  warming t h a t  o c c u rre d  a t  th e  5 mb 

l e v e l  was re a c h e d  on 27 December (P ig . 1 4 ). F ig s .  14 , 15, and 16 a re  

d a i ly  te m p e ra tu re  p lo t s  from  20 December 1967 to  12 Jan u ary  1968 f o r  

th e  5 , 10, 30 , 5 0 , and 100 mb l e v e l s  f o r  d i f f e r e n t  l a t i t u d e  and lo n g i 

tu d e  lo c a t io n s .  Note th e  s p e c ta c u la r  te m p e ra tu re  in c re a s e  o f  80C i n  

F ig . 14 as  th e  te m p era tu re  ro s e  from  a  -67C on th e  2 0 th  to  a  +13C on 

th e  2 7 th  a t  th e  5 mb l e v e l .  The te m p era tu re  in c re a s e  a s s o c ia te d  w ith  

th e  warming was n o t  as d ra m a tic  a t  th e  10 and 30 mb le v e l s  and  was n o t 

n o t ic e a b le  a t  th e  50 and 100 mb l e v e l s .

The te m p e ra tu re  d id  in c r e a s e  a t  th e  50 and 100 mb l e v e l s ,  b u t  i t

ap p ea red  as a  g ra d u a l in c re a s e  and n o t as a  sudden w arm ing. T here was

a two day la g  i n  th e  maximum te m p e ra tu re  in c r e a s e  betw een  th e  5 mb 

to  th e  30 mb l e v e l .  T h is e f f e c t  s u g g e s ts  t h a t  th e  maximum warming 

p ro p a g a te s  downward in  th e  atm osphere w ith  t im e .

F ig s .  17-21  show th e  d i s t r i b u t i o n  o f  p r e s s u r e  and te m p e ra tu re  f o r  

28 December 1967 f o r  th e  5 ,  1 0 , 3 0 , 5 0 , and 100 mb l e v e l s .  The warm 

a i r  s lo p e d  to  th e  s o u th e a s t  from  th e  5 mb down to  th e  30 mb l e v e l .  The 

warm a i r  i s  c e n te re d  over Southham pton I s la n d  on th e  5 mb c h a r t ,  o v e r 

N o rth e rn  Quebec on th e  10 mb c h a r t , and o v er Goose Bay, L ab rad o r 

on th e  30 mb c h a r t .  The co ld  a i r  s lo p e s  to  th e  e a s t  from  S o u th ern

A lask a  a t  th e  5 mb le v e l  to  Yukon a t  th e  10 mb l e v e l ,  and th e n  n o rth w ard

to the Beaufort Sea at the 30 mb level. There was no indication of a
warming effect over the Western Atlantic at the 50 and 100 mb levels.
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Fig. 14. Daily tençerature valxies for the 5, 10, 30, 50, and
100 mb levels at 65N, 70W during 20 December 1967 to
12 January 1968.
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Fig. 15. Daily tençerature values for the 5, 10, 30, 50, and
100 mb levels at 55N, 85W during 20 December 1967 to
12 January 1968.
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Fig. 16. Daily tesiperature values for the 5, 10, 30, 50, and
100 mb levels at 45N, lOOW during 20 December 1967 to
12 January 1968.
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Fig. 17. 5 mb map at 00 GMT 28 December 1967 (after Kriester, et. al.,
1967). Contour heights are in tens of geopotential meters.
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:

Fig. 18. 10mb map at 00 OtT 28 Decenier 1967 (after Kriester, et. al.,
1967). Contour heists are in tens of geopotential meters.
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6

Fig. 19. 30 mb map at 00 GMT 28 Decanter 1967 <:after Kriester, et. al.,
1967). Contour heights are in tens of geopotential meters.
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Fig. 20. 50 mb map at 00 GMT 28 December 1967 (after Kriester, et. al.,
1967) . Contour heights are in tens of geopotential meters.
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m

Fig. 21. 100 mb map at GO GMT 28 December 1967 (after Kriester, et. al.,
1967). Contour heights are in tens of geopotential meters.
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The low p re s s u re  c e l l  s lo p e s  to  th e  e a s t  from th e  5 mb l e v e l  to  th e  

30 mb l e v e l ,  and th e n  southw ard to  th e  100 mb l e v e l .

An e m p ir ic a l  s t r a t o s p h e r i c  sudden warming m odel can be c o n s tru c te d  

from th e  d e s c r ib e d  o b s e rv a t io n a l  s t u d i e s .  The above d a ta  s u g g e s ts  th a t  

on ly  th r e e  l e v e ls  w ould be  s u f f i c i e n t  f o r  c o n s tru c t in g  a  m odel, and 

th e s e  a re  th e  5 , 10 , and 30 mb l e v e l s .  A h ig h e r  l e v e l ,  such as th e  

2 o r  1 mb l e v e l ,  m igh t be  d e s ir e d  b u t th e  5 mb l e v e l  d e f in i t e l y  p o r 

t r a y s  th e  c h a r a c t e r i s t i c s  o f  a  sudden warming.

An e m p ir ic a l  m odel w i l l  be p roposed  and th e n  tran sfo rm ed  in to  a  

s t a t i s t i c a l - m a th e m a t i c a l  form at w hich w i l l  p e rm it s tu d ie s  i n  o p tim a l 

sam pling  o f  a  s t r a to s p h e r i c  sudden  warming.



CHAPTER IV

EïlPIRICAL MODEL

I t  h as  been  n o te d  i n  th e  l i t e r a t u r e  su rvey  t h a t  th e  e f f e n t s  o f  

s t r a to s p h e r i c  warmings have b een  o b served  a t  m eteo r t r a i l  a l t i t u d e s  

(ap p ro x im ate ly  100 km ). The warm ings a re  f i r s t  o b se rv e d  a t  h ig ji 

a l t i t u d e s  and p ro p a g a te  downward w ith  tim e , re a c h in g  maximum i n t e n s i ty  

in  th e  35 to  45 km a l t i t u d e  r a n g e . Very seldom  does a  warming p e n e t r a te  

low er th a n  th e  20 to  25 km a l t i t u d e .  One can on ly  s p e c tu l a t e  a t  th e  

a l t i t u d e  th e  warming o r ig i n a te s  b eca u se  th e  fo rm a tio n  i s  above th e  b a l 

loon a l t i t u d e  o f 30-35 km and n o t u s u a lly  i n  th e  v i c i n i t y  o f  a  m ete

o ro lo g ic a l  ro c k e t s i t e .

The l i f e  o f  a  w arm ing may l a s t  as  lo n g  a s  fo u r  to  f iv e  w eeks and 

could  cau se  th e  p o la r  c y c lo n ic  c i r c u la t io n  to  be  d is ru p te d  from  s ix  to  

e ig h t  w eeks. The tim e  sp an  o f  th e  warming a t  i t s  maximum i n t e n s i t y  i s  

in  th e  one to  two w eek ra n g e .

The movement o f  th e  warming i s  ap p rox im ate ly  15 d eg ree s  o f  l a t i 

tude  p e r  day d u rin g  th e  e a r ly  s ta g e s  to  on ly  5 d e g re e s  o r  l e s s  d u rin g  

th e  maximum i n t e n s i t y  p e r io d .  As t h i  warming b e g in s  to  w eaken, th e  

movement w i l l  u s u a l ly  in c r e a s e  to  n e a r  10 d eg ree s  p e r  d ay . The movement 

i s  p red o m in a tly  from  e a s t  to  w e s t ,  u s u a lly  from  E u ro p e , e a s tw a rd  to  

G reen land , th e n  i n  a  g e n e ra l  s o u th e a s t  d i r e c t io n  to  o v e r S o u th e rn  Canada 

and N o rth e rn  U nited  S t a t e s .  The movement i s  u s u a l ly  p e rp e n d ic u la r

38
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to  th e  wind flo w , a l th o u g h  o c c a s io n a lly  i t  i s  a g a in s t  th e  w ind flo w .

The warm a i r  i s  e lo n g a te d  i n  a  n o r th - s o u th  d i r e c t i o n  and th e  

a i r  mass i s  on th e  o rd e r  o f  2500-5000 km lo n g . The d im ensions a r e  

q u i t e  a r b i t r a r y  b ecau se  one p e rso n  m igh t u se  th e  OC iso th e rm  as th e  

boundary o f  warm a i r  w h ile  a n o th e r  m igh t u se  th e  -20C is o th e rm . A t any 

r a t e ,  th e  e a s t-w e s t  d im ension  i s  ap p ro x im ate ly  o n e -h a lf  th a t  o f th e  

n o r th - s o u th .  The is o th e rm s  a re  packed t i g h t e r  on th e  w est s id e  o f  th e  

warm a i r  in d ic a t in g  a  s te e p  s u r f a c e  on th a t  s id e  and a t r a i l i n g  o f f  on 

th e  e a s t  s id e .  The t i g h t  g ra d ie n t  on th e  w est s id e  i s  to  b e  ex p ec ted  

as  th e  m ain co ld  a i r  c e n te r  i s  u s u a l ly  lo c a te d  on th e  w es t s id e  o f  th e  

warm a i r  c e n te r .  T here  ap p ea rs  to  b e  no s i g n i f i c a n t  d i f f e r e n c e  i n  th e  

s lo p e s  o f th e  n o r th  and so u th  s id e s  o f th e  warm a i r  dome.

The av erag e  a m p litu d e  o f  th e  warm a i r  i s  30 to  35C. The am p litu d e  

i s  c e n te re d  about 40 km and e x ten d s  some 15 km h ig h e r  and low er (25 to  

55 km).

The warm a i r  m a in ta in s  i t s e l f  i n  s p i t e  o f  a lm o s t u n b e l ie v a b le  c o ld  

a i r  a d v e c tio n . F o r exam ple , w ind speeds o f  65 mps w ere n o te d  o v er 

E a s te rn  U n ite d  S ta t e s  on 27 December 1967 and w ere p e rp e n d ic u la r  to  th e  

iso th e rm s . The te m p e ra tu re  g ra d ie n t  was 30C/2050 km. . The e q u a t io n  f o r  

com puting h o r i z o n ta l  te m p e ra tu re  a d v e c tio n  i s  v| “ AgT| ^ Cos $ w here 

i s  th e  a n g le  betw een  th e  wind speed  V and th e  h o r i z o n t a l  te m p e ra tu re  

g ra d ie n t  -A T. S u b s t i t u t in g  our d a t a  in to  th e  above e q u a tio n  

65m /sec* 1 km/10^m*3600 sec/h r*30C /2050  km* Cos 0 “= 3 .4 C /h r .

T h is  i s  a  l i t t l e  m ore th a n  800 p e r  day! How th e  warm a i r  m a in ta in s  

i t s e l f  i s  one o f th e  m ost f a s c in a t in g  ev en ts  to  o ccu r i n  th e  a tm osphere , 

and y e t  so many t r o p o s p h e r ic  minded m e te o ro lo g is ts  a r e  n o t  ev en  aw are
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o f  th e  phenomenon.

The sam p lin g  of a  s t r a to s p h e r i c  sudden warming c o u ld  le a d  to  a 

v e ry  complex and ex p en siv e  e x p e rim en t. The p u rp o se  o f  t h i s  re s e a rc h  

i s  n o t  to  p e rfo rm  an a c t u a l  f i e l d  ex p erim en t, b u t  to  i l l u s t r a t e  th a t  

o p tim a l sam pling  te c h n iq u e s  p re s e n te d  h e re  have a p p l ic a t io n s  to  th e  

r e a l  w o rld . The tim e , money, and energy  s a v in g s , a n d /o r  th e  enhance

m ent o f  th e  r e s u l t s  o f a s u c c e s s f u l ly  desig n ed  f i e l d  ex p e rim en t could  

b e  phenom enal. The d e te rm in a tio n  o f  c o r r e c t  s e n s o r  p la c e m e n t, as w e ll  

as when to  sam ple and how much d a ta  to  c o l l e c t ,  c o u ld  r e s u l t  in  th e  

s a v in g  o f  s e v e r a l  ex p en siv e  ro c k e ts  o r  o th e r  ty p e s  o f  s e n s o r s .  The 

c o l l e c t i o n  o f  on ly  th e  d a ta  s i g n i f i c a n t  f o r  an o p tim a l v a r ia n c e  exp lana

t i o n  a n a ly s i s  I s  an im p o rta n t f a c t o r  to  c o n s id e r  i n  th e  d e s ig n  o f  an 

e x p e rim e n t. The d e te rm in a tio n  o f  th e  above f a c to r s  b e f o r e  th e  f i e l d  

e x p e rim en t i s  a c tu a l ly  done can b e  accom plished  by th e  u se  o f  s im u la

t i o n .  The c l o s e r  th e  s im u la tio n  model i s  to  th e  phenomena b e in g  sam pled, 

th e n  th e  b e t t e r  th e  r e s u l t s  w i l l  be  from  th e  f i e l d  e^q jerim en t.

An o p tim a l sam pling  te c h n iq u e  h as  b een  dev elo p ed  by an  e x p e r i

m e n ta l d e s ig n  group a t  th e  U n iv e rs i ty  o f  Oklahoma (Eddy, A var a , Y erg, 

K ays, and o t h e r s ) . An o b je c t iv e  a n a ly s is  te c h n iq u e  th a t  u t i l i z e s  th e  

tim e and sp ace  c o v a ria n c e  r e l a t io n s h ip s  o f  th e  s i g n a l  as w e ll  as th e  

n o is e  has b een  developed  (Eddy, 1973; B e s t ,  1973; L acy , 1 9 7 3 ). The 

o b je c t iv e  a n a ly s i s  fu rn is h e s  a  r e l a t i o n  betw een th e  s e n s o r s ’ lo c a t io n s  

and th e  c o n fid e n c e  in  th e  an a ly zed  p a ram ete r v a lu e s  th ro u g h  th e  modeled 

c o v a r ia n c e . The o b je c t iv e  o f  th e  w hole scheme i s  to  d e te rm in e  th e  

p lacem en t o f  s e n so rs  th a t  w i l l  p ro v id e  th e  optimum e x p la n a t io n  o f  

v a r ia n c e  o f  th e  s ig n a l .  The number o f  m ob ile  s e n s o rs  c o u ld  b e  f ix e d ;
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o r  th e r e  co u ld  b e  an u n lim ite d  su p p ly  o f se n so rs  and th e  g o a l would be  

to  d e te rm in e  when i t  i s  o f  no s i g n i f i c a n t  v a lu e  to  add an e x t r a  s e n so r .

I f  th e  s e n s o r  lo c a t io n s  a re  f ix e d  in  sp a c e , th e n  th e  p rob lem  

becomes one o f  tim e — when w ould  b e  th e  b e s t  tim e to  f i r e  a  r o c k e t ,  

o r  r o c k e t s ,  i n  o rd e r  to  o b ta in  an  o p tim a l a n a ly s is ?  The ro c k e t  f i r 

in g s  co u ld  e i t h e r  be s im u ltan e o u s  o r  s e q u e n t ia l .

O p tim al sam pling  netw orks h av e  been  dev ised  by s e v e r a l  a u th o rs  

(G andin , 1963; K asah ara , 1972; A lak a  and E lv an d er, 1972; H u ss , 1971; 

and S t e i n i t z ,  ^  a l . , 1971 ). M ost a re  a v a r ia t io n  o f  G andin ' s  

" o p tim a l in t e r p o la t io n "  scheme w here  l i n e a r  in te r p o la te d  v a lu e s  o f 

th e  an a ly zed  e lem en ts a r e  found a t  g r id  p o in ts  o f  a  r e g u la r  p r e d e te r 

mined netw ork . These v a lu e s  a r e  found by u s in g  c l im a to lo g ic a l  d a ta  

to  d e te rm in e  th e  s t a t i s t i c a l  s t r u c t u r e  ( c o r r e la t io n  s u r fa c e s )  o f  th e  

m e te o ro lo g ic a l  f i e l d s  and w e ig h ts  (de te rm in ed  by a  r e g re s s io n  

te c h n iq u e ) .  O b se rv a tio n a l random e r r o r s  a re  co n s id e re d  to  be  non

c o r r e l a te d  w ith  th e  f i e l d  v a r i a b l e s .  S ensor s e p a r a t io n ,  s i g n a l  and 

n o is e  c h a r a c t e r i s t i c s ,  s e n s o r  e r r o r ,  e t c . ,  a re  changed to  y i e l d  th e  

s o lu t i o n  t h a t  p ro v id e s  th e  o p tim a l e x p la n a tio n  o f v a r ia n c e  betw een 

th e  " t r u e "  and " f o r e c a s t"  f i e l d .  What makes E ddy 's  te c h n iq u e  s u p e r io r  

i s  t h a t  th e  n o is e  and s ig n a l  c o v a r ia n c e  fu n c tio n  can  be m odeled to  

g iv e  th e  o p tim a l a n a ly s i s .  C o n s id e ra b le  work has been  done by B est 

(1973) on th e  n o is e  m odel and Lacy (1973) has perform ed e x te n s iv e  

t e s t s  on th e  s e n s i t i v i t y  o f  th e  te c h n iq u e  to  th e  m odeling  o f  th e  

s ig n a l  and n o is e  c o v a rian ce  f u n c t io n s .

The covariance of the signal and noise can be evaluated by taking

the expected values of parameters and their cross products located at
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p a i r s  o f p o in ts  in  x , y , h , t  over th e  range o f  th e  v a ry in g  p a ra m e te rs .

An a n a l y t i c a l  d e s c r ip t io n  o f  an e m p ir ic a l  model can be u t i l i z e d  to  

o b ta in  an e s tim a te  o f  th e  m odeled c o v a ria n c e ; how ever, th e  a n a l y t i c a l  

fu n c tio n  m ust re p re s e n t  th e  d e s i r e d  system . The fu n c tio n  sh o u ld  

be as s in g le  as p o s s ib le  y e t  c o n ta in  adequa te  p aram eters  to  d e s c r ib e  

th e  sy stem . An e x p o n e n t ia l  fu n c t io n  developed by Avara (1973) i s  used  

to  r e p r e s e n t  a  s t r a t o s p h e r i c  sudden warming.

Let S ( x ,y , t ) = Z ( x ,y ,h , t ) + e ( x ,y ,h , t )

where

S ( x ,y ,h , t ) =  the  o b se rv a t io n  a t  p o in t ( x ,y ,h , t )

Z ( x ,y ,h , t )=  th e  s i g n a l  a t  p o in t  ( x ,y ,h , t )

and

e ( x ,y ,h , t ) = th e  n o is e  a t  p o in t  ( x , y , h , t ) .

Assume E { £ (x i,y i,h i,tx )e (x 2 ,y 2 » ii2 > ^ 2 )^ ~ P u ^ * ’̂   ̂ ,y i ,h i , t ]^ >

* O g ^ X 2 , y 2 , h 2 , t 2 ) •

D efin e  Z (x ,y ,h , t )= A ( t) [ e x p  [ ( - l / 2 ) Q ( x , y , t ) ] f ( h ) ]  

w here A (t)  i s  a tim e d ependen t random p ro cess  

and

Q ( x ,y , t ) = B ^ ( t )  [ x - x ^ ( t ) l^ + 2 B ^ ( t>  [x -x ^ ( t)  ] [y -y^C t)]

+Byy(t)[y-y^(t)]2.

f ( h )  i s  th e  a l t i t u d e  fu n c t io n  and i t s  ex p ec ted  v a lu e  i s  dev elo p ed  in  

Appendix B. x^Ct) and y ^ ( t )  a r e  tim e  dependent random p ro c e s se s  

d e f in in g  th e  ce n te r  o f t h e  sy stem  a t  tim e t .  The E {x^ (t) }= x^ (t) and 

E {y ^ (t)} = y ^ (t) . L et A (t) (a m p litu d e ) be a  l i n e a r  f i r s t  o r d e r  Markov 

p ro c e ss  w ith  expec ted  v a lu e  A ^ ( t ) , s ta n d a rd  d e v ia tio n  c r^ ( t) , la g  - t ,

and c o r r e l a t io n  c o e f f i c i e n t  . The c o e f f i c ie n t s  B , B , anda XX x y ’
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B change w ith  tim e to  form an e l l i p s e  i n  th e  x -y  p la n e  w i th  one a x is
yy

a lo n g  th e  d i r e c t io n  o f movement and th e  o th e r  p e rp e n d ic u la r  to  th e

d i r e c t io n  o f  movement. As tim e in c re a s e s  th e  e l l i p s e  may change to  a

c i r c l e  and then  back  in t o  an e l l i p s e .  The sy stem  may fo llo w  any

s p e c i f i e d  p a th  such as a  s t r a i g h t  l i n e ,  p a r a b o la ,  e t c .

The a l t i t u d e  f u c t io n  may be e x p re s se d  by S in  ((jh+<j>) w here u3=2n/T,

T i s  th e  f ix e d  p e r io d ,  sji i s  th e  an g le  betw een movement o f  th e  system

and  th e  x a x is  and i s  a  no rm ally  d i s t r i b u t e d  random v a r ia b le  w ith  mean

6 and s ta n d a rd  d e v ia t io n  a , .
9

The ex p ec ted  v a lu e  o f  S and th e  c o v a r ia n c e  betw een S a t  one p o in t

in  sp ace  and tim e and S a t  a  d i f f e r e n t  p o in t  i s  found by ta k in g  th e

e x p e c te d  v a lu es  o v er A (t)  , x ^ ( t )  , y^C t) and (̂ . The developm ent o f  th e

e x p e c te d  v a lu e s  a re  shown in  Appendix A and B.

The ex p ec ted  v a lu e  may be  w r i t t e n  a s

h
E {S (x ,y  , h , t )  }=(A^/ [1+b^a^^) (l-Fb^a^^) ] ) exp{4< [M ^ (x -x ^ ) ^

+2M ^(x-x^) (y -y ^ )+ M ^ (y -y ^ )^ ](- o^^)}[Sin(w h+p^)]

w here

2 2 
M = dx Cos (H-dy S in  6XX T J T

M = (dx-dy) S in# Cos#

2 2 M = dx S in  # + dy Cos # .
yy

The c o v a ria n c e  can be  ex p re ssed  as
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E{S(x^,y^,h^,tj^)S(x2,y2,h2,t2) }=
[8x(ti»t2)gy(ti,t2)]

[e x p (- ij(x -x  ) % (x -x  ) ) ] [ y c o s [ u ( h  -h  ) ] -e x p [ -2 a ^ ] [c o s (u (h ,+ h  )+2y ) ] o o  J L Z  9  1  z 9

The c o v a ria n c e  i s  a  r e s u l t  o f  v a ry in g  th e  ev e r-c h a n g in g  e l l i p s o i d

shaped  system  back and f o r th  o v e r x^»Yq> and h . The r e l a t i o n  o f  th e

s y n o p t ic a l ly  d isc o v e re d  p a ra m e te rs  to  th e  s ig n a l  fu n c tio n  i s  q u i te

s im p le . I t  was n o ted  t h a t  an am p litu d e  o f some 30 to  35 d eg ree s

o c c u rre d  d u rin g  a  w arm ing, th e r e f o r e ,  an  am p litu d e  p a ra m e te r  (A) was

in c lu d e d  in  th e  s ig n a l  fu n c tio n . The h o r iz o n ta l  shape  o f a  warming

was o b served  to  v a ry  w ith  tim e , and th e  B , B , and B v a r ia b le sXX xy yy

r e l a t e  t h i s  v a r i a t io n .  The v e r t i c a l  o r  a l t i t u d e  f u n c t io n .  S in  (ojh+9) > 

c h a r a c te r iz e s  th e  downward p ro p a g a t io n  and shape  t h a t  a warming 

p o r t r a y s .  The p a ra m e te rs  assume a  l e s s  s im p le  r e l a t i o n  w ith  o th e r  

v a r i a b l e s ,  as g iven  by th e  ex p ec ted  v a lu e  e q u a t io n s .  The d i r e c t io n  

and c u rv a tu re  p a ra m e te rs , and th e  c o r r e l a t i o n  o f  th e  s ig n a l  w ith  tim e  

a re  in c lu d e d  in  th e  ex pec ted  v a lu e  developm ent.

The advan tage o f th e  e x p o n e n tia l  fu n c tio n  i s  t h a t  i t  i s  ex trem ely  

f l e x i b l e  i n  t h a t  th e  q u a d ra t ic  form  may ta k e  on any re a s o n a b le  shape 

and th e  d i r e c t io n  o f  movement may be  s p e c i f i e d .

S im u la tio n

The sudden  warming was s im u la te d  by th e  exponen tia l fu n c t io n  

moving a c ro ss  a 7 x  7 g r id  c o n ta in in g  a  netw ork  o f  s e n s o r s .  The 7 x 7
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g r id  i s  a  conçrom ise betw een f i n e r  r e s o lu t io n  o b ta in e d  from a  l a r g e r  

g r id  number and l e s s  com puter tim e f o r  a  s m a l le r  g r id .  The u n i t s  in  

th e  mesh s i z e  w ere made co m p atib le  w ith  th e  p a ra m e te r  u n i t s .  The 

pu rp o se  f o r  s im u la t io n  was to  d e te rm in e  th e  s i z e  and b e h a v io r  o f c e r t a in  

p a ra m e te rs  under changing  c o n d i t io n s ,  and to  e s t a b l i s h  a  c l im a to lo g i-  

c a l  f e e l  f o r  th e  p a ra m e te rs .

The sudden warming e n te r s  and e x i t s  from  th e  g r id  as de term ined  

by two p r e s e t  p a ra m e te rs ;  th e  c u rv a tu re  and th e  lo w e s t g r id  p o in t  

th a t  i s  reach ed  as th e  warming moves a c ro s s  th e  g r id .  The lo w es t 

p o in t  was ( 3 .0 ,  3 .5 ) .  The warming e n te r s  th e  g r id  from th e  u pper 

r i g h t  c o m e r ,  p ro ceed s  to  th e  low er m id d le , and th e n  to  th e  upper 

l e f t  c o m e r .  The g r id ,  i t s  coverage o f  th e  e a r t h ’s s u r f a c e ,  and th e  

lo c a t io n  o f  sam ple s i t e s  a re  shown i n  F ig . 22 .

The tim e o f  th e  a n a ly s is  was s p e c i f i e d  as  w e ll  as  th e  a l t i t u d e .

The s t a t i o n  lo c a t io n s  f o r  th e  o p tim a l sam pling a r e  shown as sq u a re s  

in  F ig s .  23 -37 . F ig s .  23-37 i l l u s t r a t e  th e  h o r iz o n ta l  shape o f  th e  

sy stem  f o r  th r e e  a l t i t u d e s  as i t  moves a c ro ss  th e  g r id .  N o tic e  th a t  

th e  sy s tem  does n o t a p p e a r a t  Z=0 and T=6, b u t  does appear when T=8.

The sy s tem  p ro p o g a te s  downward w ith  tim e and w eakens ag a in  when Z=0 

and T=14. The sy stem  h as  th e  l a r g e s t  am p litu d e  a t  th e  h ig h e s t  a l t i t u d e .  

The a l t i t u d e s  o f  0 , 15 , and 30 km w ere a r b i t r a r i l y  chosen to  v e r i f y  

th e  com puter program . The v a lu e s  o f  25 , 40 , and 55 km would be  

r e a l i s t i c  a l t i t u d e s  to  u se  in  a  r e a l  warming s i t u a t i o n .

The s i m i l a r i t y  betw een  th e  h o r iz o n ta l  shape o f th e  system  and 

th e  is o th e rm  p a t te r n s  i n  F ig s .  7-11 a re  s t r i k i n g .  The +10 d eg ree  

iso th e rm  c o n to u r i n  F ig . 7 i s  shaped  l i k e  an e l l i p s e  as  i t  approaches
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m

F ig . 22 . G rid  used  f o r  s im u la tin g  a  s t r a t o s p h e r i c  sudden warming 
w ith  lo c a t io n s  o f  ro c k e t  s i t e s .  (WAl, W allops I s la n d ,  
V a .; XMR, Cape Kennedy, F l a . ;  VPS, E g lin  AFB, F l a . ,
WSMR, W hite  Sands M is s i le  Range, N .M .; YUM, Yuma, A r iz . ;  
PGÜ, P o in t  Mugu, Ca. ; GRV, G reen R iv e r ,  U tah ; TPH, 
Tonapah, N e v .; WIQ, P rim ro se  L ake, A lb e r ta ,  Canada: FTCH, 
F o rt C h u r c h i l l ,  Canada; THU, T h u le , G re e n la n d .)
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TIME - 6.0000 

Z - 0.0

Fig* 23. A tw o-d im ensional r e p r e s e n ta t io n  o f a  s im u la te d  m e te o ro lo g ic a l 
phenomena f o r  th e  in d ic a te d  tim e and a l t i t u d e .  A sq u a re  
r e p re s e n ts  a  s e n so r  lo c a t io n  ( p r e d ic to r )  and a  p lu s  r e p re s e n ts  
a  g r id  p o in t  ( p r e d ic ta n d ) . Z i s  in  te n s  o f  km and T in  h o u rs .
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TIME - 8.0000 

Z = 0.0

F ig . 24. A tw o -d im en s io n a l r e p r e s e n ta t io n  o f  a  s im u la te d  m e te o ro lo g ic a l 
phenomena f o r  th e  in d ic a te d  tim e and a l t i t u d e .  A sq u are  
r e p r e s e n ts  a  s e n s o r  lo c a t io n  (p r e d ic to r )  and a  p lu s  r e p re s e n ts  
a  g r id  p o in t  ( p r e d ic ta n d ) . Z i s  i n  te n s  of km and T in  h o u rs .
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TIME = 10.0000 

Z - 0.0

F ig .  25. A tw o-d im en sio n a l r e p r e s e n ta t io n  o f  a  s im u la te d  m e te o ro lo g ic a l 
phenomena f o r  th e  in d ic a te d  tim e  and a l t i t u d e .  A sq u a re  
r e p r e s e n ts  a  s e n s o r  lo c a t io n  ( p r e d ic to r )  and a  p lu s  r e p re s e n ts  
a  g r id  p o in t  ( p r e d ic ta n d ) . Z i s  i n  te n s  o f  km and T i n  h o u rs .
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TIME = 12.0000 

Z - 0.0

F ig .  26. A tw o-dim ensionaJ. r e p r e s e n ta t io n  o f a  s im u la te d  m e te o ro lo g ic a l 
phenomena f o r  th e  in d ic a te d  tim e  and a l t i t u d e .  A sq u are  
re p re s e n ts  a  s e n s o r  lo c a t io n  ( p r e d ic to r )  and a  p lu s  r e p re s e n ts  
a  g r id  p o in t  ( p r e d ic ta n d ) .  Z i s  i n  te n s  o f km and  T in  h o u rs .
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TIME = m.oooo 
Z  ̂ 0.0

Fig" 27. A tw o-d im ensional r e p r e s e n ta t io n  o f  a  s im u la te d  m e te o ro lo g ic a l 
phenomena f o r  th e  in d ic a te d  tim e and a l t i t u d e .  A sq u a re  
r e p re s e n ts  a  s e n s o r  lo c a t io n  ( p r e d ic to r )  and a  p lu s  r e p re s e n ts  
a  g r id  p o in t ( p r e d ic ta n d ) .  Z i s  i n  te n s  o f km and T i n  h o u rs .
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TIME - 6.0000 

Z :: 1.5

F ig . 28. A tw o -d im en sio n a l r e p r e s e n ta t io n  o f  a  s im u la te d  m e te o ro lo g ic a l 
phenomena f o r  th e  in d ic a te d  tim e and a l t i t u d e .  A squaze  
r e p re s e n ts  a  s e n s o r  lo c a t io n  ( p r e d ic to r )  and a  p lu s  r e p re s e n ts  
a g r id  p o in t  ( p r e d ic ta n d ) .  Z i s  i n  te n s  o f  km and T in  h o u rs .
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TIME - 8.0000 

Z - 1.5

F ig .  29 . A tw o -d im en sio n a l r e p r e s e n ta t io n  o f a  s im u la te d  m e te o ro lo g ic a l 
phenomena f o r  th e  in d ic a te d  tim e  and a l t i t u d e .  A sq u are  
r e p re s e n ts  a s e n s o r  lo c a t io n  ( p r e d ic to r )  and a  p lu s  r e p r e s e n ts  
a g r id  p o in t  ( p r e d ic ta n d ) .  Z i s  in  te n s  o f km and T i n  h o u rs .
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TIME - 10.0000 

1 -  1.5

F ig . 30. A tw o -d im e n s io n a l r e p r e s e n ta t io n  o f  a s im u la te d  m e te o ro lo g ic a l  
phenomena f o r  th e  in d ic a te d  tim e and a l t i t u d e .  A sq u are  
re p re s e n ts  a  s e n s o r  lo c a t io n  (p r e d ic to r )  and a  p lu s  r e p r e s e n ts  
a g r id  p o in t  ( p r e d ic ta n d ) .  Z i s  i n  te n s  o f  km and T i n  h o u rs .
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a

TIME = 12.0000 

Z = 1.5

F ig . 31 . A tw o -d im en sio n a l r e p r e s e n ta t io n  o f  a  s im u la te d  m e te o ro lo g ic a l  
phenomena f o r  th e  in d ic a te d  tim e and a l t i t u d e .  A sq u a re  
r e p r e s e n ts  a s e n s o r  lo c a t io n  ( p r e d ic to r )  and a  p lu s  r e p r e s e n ts  
a g r id  p o in t ( p r e d ic ta n d ) .  Z i s  i n  te n s  o f km and T i n  h o u rs .
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TIME 14.0000

Z - 1.5

F ig . 32. A tw o -d in e n s io n a l r e p r e s e n ta t io n  o f  a  s im u la te d  m e te o ro lo g ic a l 
phenomena f o r  th e  in d ic a te d  tim e and a l t i t u d e .  A sq u are  
r e p re s e n ts  a  s e n so r  lo c a t io n  ( p r e d ic to r )  and a  p lu s  r e p r e s e n ts  
a  g r id  p o in t  ( p r e d ic ta n d ) .  Z i s  in  te n s  o f  km and T in  h o u rs .
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TIME = 6.0000 

Z = 3.0

F ig . 33 . A tw o-d im ensional r e p r e s e n ta t io n  o f  a  s im u la te d  m e te o ro lo g ic a l  
phenomena f o r  th e  in d ic a te d  tim e and a l t i t u d e .  A sq u are  
re p re s e n ts  a s e n s o r  lo c a t io n  ( p r e d ic to r )  and a  p lu s  r e p r e s e n ts  
a  g r id  p o in t  (p re d ic ta n d ) .  Z i s  i n  te n s  o f  km and T i n  h o u rs .
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TIME = 8.0000 

Z - 3.0

F ig . 34 . A tw o -d im en s io n a l r e p r e s e n ta t io n  o f  a  s im u la te d  m e te o ro lo g ic a l 
phenomena f o r  th e  in d ic a te d  tim e and a l t i t u d e .  A sq u a re  
r e p r e s e n ts  a  s e n s o r  lo c a t io n  ( p r e d ic to r )  and  a  p lu s  r e p r e s e n ts  
a g r id  p o in t  ( p r e d ic ta n d ) .  Z i s  i n  te n s  o f  km and T i n  h o u rs .
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TIME - 10.0000 

Z - 3.0

F ig .  35. A tw o -d im en sio n a l r e p r e s e n ta t io n  o f  a  s im u la te d  m e te o ro lo g ic a l  
phenomena f o r  th e  in d ic a te d  tim e and a l t i t u d e .  A s q u a re  
r e p r e s e n ts  a  s e n s o r  lo c a t io n  ( p r e d ic to r )  and a  p lu s  r e p r e s e n ts  
a  g r id  p o in t  ( p r e d ic ta n d ) .  Z i s  i n  te n s  of km and T i n  h o u rs .
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TIME = 12.0000 

Z = 3 , 0  -

F ig .  36. A tw o -d im en s io n a l r e p r e s e n ta t io n  o f  a  s im u la te d  m e te o ro lo g ic a l 
phenomena f o r  th e  in d ic a te d  tim e  and a l t i t u d e .  A sq u a re  
r e p r e s e n t s  a  sen so r lo c a t io n  ( p r e d ic to r )  and a  p lu s  r e p re s e n ts  
a  g r id  p o in t  (p re d ic ta n d ) .  Z i s  i n  te n s  o f  km and T i n  h o u rs .
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TIME = 14.0000

Z = 3.0

F ig . 37 . A two—d im en sio n a l r e p r e s e n ta t io n  of a  s im u la te d  m e te o ro lo g ic a l  
phenomena f o r  th e  in d ic a te d  tim e  and a l t i t u d e .  A sq u a re  
r e p re s e n ts  a  s e n so r  lo c a t io n  (p r e d ic to r )  and a  p lu s  r e p r e s e n ts  
a  g r id  p o in t  ( p r e d ic ta n d ) .  Z i s  in  te n s  o f  km and T in  h o u r s .
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B a ff in  I s la n d .  N ote th e  e l l i p t i c  shape o f th e  co n to u rs  i n  F ig . 28.

The iso th e rm s  become c i r c u l a r  as tim e p ro g re s s e s  as can be seen  in  

F ig . 9 by n o tin g  th e  ±0 d eg ree  iso th e rm  c o n to u r. The -3 0  d eg ree  

iso th e rm  in  F ig . 11 i s  shaped somewhat l i k e  an e l l i p s e  as th e  warming 

w eakens and moves w estw ard .

A th r e e  d im e n s io n a l r e p r e s e n ta t io n  o f  a  sudden w anning i l l u s t r a t e d  

by th e  ex p ec ted  average  s ig n a l  i s  shown i n  F ig s .  38-40 f o r  T=10, 13 , 

and 1 5 .5 . The am p litu d e  d e c re a se s  w ith  tim e and th e  ex p ec ted  av e ra g e  

s ig n a l  e x i t s  from  th e  u p p er l e f t  o f th e  g r id .  The lo c a t io n  of s t a t i o n s  

w ere f ix e d  and i t  was determ ined  w hich one o f  th e  a v a i la b le  s t a t i o n s  

gave an OiTIA u s in g  th e  49 g r id  p o in t s .  Then u s in g  the  s e le c te d  s t a t i o n  

and 49 g r id  p o in t s ,  a second  s t a t i o n  was s e le c te d  and so  on . The tim e 

th a t  a s t a t i o n  sh o u ld  sam ple was co n fu te d  by a s s o c ia t in g  th e  tim e when 

th e  minimum v a r ia n c e  o c c u rre d .

The s e le c t io n  o f s t a t i o n s  and tim es a re  done s e q u e n t ia l ly  

in s te a d  o f  s im u lta n e o u s ly . S e q u e n tia l  sam pling  seems to  be  a 

p r a c t i c a l  approach  i n  p la n n in g  an experim en t to  sample a  sudden warming. 

The chances o f  su ccess  o f s im u lta n e o u sly  f i r i n g  ro c k e ts  a t  a l l  s t a t i o n s ,  

h av in g  a l l  th e  pay lo ad s ex p e l and fu n c tio n  p ro p e r ly ,  o r  ra d a r  and th e  

r e c e iv e r  to  t r a c k  and re c e iv e  th e  p ay lo ad  would b e  m a rg in a l. The 

p r o b a b i l i t y  o f  o b ta in in g  u s a b le  d a ta  from  one ro c k e ts  on de i s  85 p e r 

c e n t (p e r s o n a l  com m unication w ith  T illm an  P o w e ll, e l e c t r o n i c  te c h n ic ia n  

a t  W hite Sands M is s i le  R ange). The p r o b a b i l i ty  o f  a  s im u ltan e o u s  

o c c u rre n c e  o f a  number o f  independen t e v e n ts  i s  th e  p ro d u c t of th e  

s e p a r a te  p r o b a b i l i t i e s .  The p r o b a b i l i ty  o f  o b ta in in g  u s a b le  d a ta  from 

on ly  th r e e  s t a t i o n s  would be 6 1 .4  p e rc e n t  and 4 4 .4  p e rc e n t  from f i v e
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Fig. 38. A three-dimensional representation of a simulated meteorologi
cal phenomena for the indicated time and altitude.
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Fig. 39. A three-dimensional representation of a simulated meteorologi
cal phenomena for the indicated time and altitude.
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Fig. 40. A three-dimensional representation of a simulated meteorologi
cal phenomena for the indicated time and altitude.
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s t a t i o n s .

An e v a lu a t io n  o f  p a ra m e te rs  co u ld  be made a f t e r  each  sam pling 

tim e i f  th e  s e q u e n t i a l  method was u t i l i z e d .  T h is  would a llo w  th e  

r e s e a rc h e r  to  conclude  th e  experim en t a f t e r  r e c e iv in g  s u f f i c i e n t  d a ta  

to  s a t i s f y  h i s  n e e d s .

P aram eters

The p a ram e te rs  used  i n  th e  e x p o n e n tia l s im u la tio n  model were the  

a n ç l i tu d e ,  h o r i z o n ta l  and v e r t i c a l  sh ap e , sam pling  tim e , speed  and 

c u rv a tu re .

The am p litu d e  (A) i s  a  Markov p ro cess  w ith

E{A}= Ap e x p [-a ^  (t-A )^ ]

s ta n d a rd  d e v ia t io n  o f  o^A ^(t) and la g  one c o r r e la t io n  c o e f f i c i e n t

p^. The Ap p a ra m e te r  was a s s ig n e d  a  v a lu e  o f  6 0 , of  0 .9 5 ,  and

a o f  0 .1 .  a

The h o r iz o n ta l  shape was c o n t ro l le d  by a  f a c to r  "omega" in  th e

com puter program . A ty p i c a l  v a lu e  f o r  omega was 2 ir/20. The v e r t i c a l

shape was c o n t ro l le d  by th r e e  v a r i a b le s ;  omegaz (w^), p h i lb a r  (^) and 

2
sigmap (a ) .  R e a l i s t i c  v a lu e s  f o r  th e s e  v a r ia b le s  were 

P
w = 2 tt/ 1 2 ,  (fi=20 r / 1 8 0 ,  and a^=10 ir/180. z p

The speed p a ra m e te r  (c )  h a s  a  n e g a tiv e  v a lu e  to  move th e  system  

from r i g h t  to  l e f t  a c ro s s  th e  g r id .  A va lue  o f  - 0 .3  p roved  to  g ive  

s a t i s f a c t o r y  r e s u l t s .

The c u rv a tu re  p a ra m e te r  (a) moved th e  sy stem  i n  an e l l i p t i c  pa th  

th rough  a  p r e s e t  p o in t  n e a r  th e  bo ttom  of th e  g r id .  The p r e s e t  p o in t 

d e te rm in ed  th e  p la c e  of maximum am p litu d e . A v a lu e  of 0 .16667  gave
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r e a l i s t i c  r e s u l t s .

The sam pling  tim e co u ld  be  any v a lu e  betw een z e ro  and an a r b i t r a r y  

v a lu e  o f  22 . The m ost f re q u e n t used w ere e i t h e r  8 , 10, o r  12 becau se  

th e  sy stem  was c lo s e  to  th e  c e n te r  o f th e  g r id  and a t  a  n e a r  maximum 

in t e n s i t y  a t  th o se  t im e s . The tim e inc rem en t was g iv en  a  v a lu e  o f 

two a llo w in g  only  12 a v a i la b le  tim es.

A bar (A) i s  th e  tim e o f maximum am p litu d e  o f  th e  sy stem . The 

maximum am p litu d e  o ccu rs  a t  a  p r e s e t  p o in t  o f  ( 3 .0 ,  3 .5 )  on th e  

7 x 7  g r id .



CHAPTER V

MATHEMATICAL MODEL

The o p tim a l d e s ig n  problem  may be  approached  b y ;

a) d e c id in g  on an o b je c t iv e  a n a ly s i s  te c h n iq u e

b) choosing  th e  o b s e rv a tio n a l  p o in ts  i n  sp a c e - tim e

c) o b ta in in g  sam ples ( s ig n a l  p lu s  n o is e )  o f  th e  p a ra m e te r  f i e l d  

a t  th e  chosen p o in ts

d) u s in g  th e  o b je c t iv e  a n a ly s is  tra n s fo rm  th e  o b se rv a tio n s  in to  

a  fo re c a s t  o r r e s u l t a n t  p a ram ete r f i e l d

e) g iv e n  th e  o b je c t iv e  a n a ly s is  schem e, i s  th e  f o r e c a s t  f i e l d  

th e  b e s t  ap p ro x im atio n  i n  th e  l e a s t  sq u a re s  sen se?

The o b je c tiv e  i s  to  d e te rm in e  which o b s e rv a t io n a l  p o in ts  (n o t n e c e s s a r i 

ly  unique) w i l l  p rod u ce  a  "y es"  to  e  above.

The o b je c tiv e  a n a ly s i s  model (Eddy, 1973) i s  l i n e a r  

Y=X&fe

where th e  3 and e a r e  unknown p o p u la tio n  v a lu e s  to  b e  e s tim a te d  from 

th e  o b s e rv a tio n s .  3 i s ,  i n  r e a l i t y ,  a  s e t  o f  u n iq u e  w e ig h ts  determ ined  

by th e  o b se rv a tio n  o r  s a n ç le  p o in ts  and th e  p o s i t i o n  o f  Y. 3 i s  

e s tim a ted  by b w here b i s  o b ta in ed  under th e  d e s i r e d  c o n d it io n  o f 

m inim izing th e  e r r o r  sum o f s q u a re s ,  o r

b= [X *^r"^]“ ^ X^V"^Y 

w ith  V, a  n o is e  c o r r e l a t i o n  m a tr ix , g iv en  by o^V=E[EG^], and e'vN(0,a^V) .
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The m anner i n  w hich V i s  e s tim a te d  h as  b een  d e s c r ib e d  by B es t (1973) 

The in v e r s e  o f th e  n o is e  c o r r e l a t i o n  m a tr ix  i s

v" i=
l-p 2

1

-P

0

- p  0

1 + p ^  - p  

- p  l + p 2  

0

  0

0   0

—p ...........   0

- p

- p

1

B est u se d  s im u la te d  d a ta  w ith  known p, th e n  e s tim a te d  p. can  be 

e s t im a te d  as by {1/[N-(1M-1) ] e S r  ^e w here N i s  th e  number o f 

o b s e r v a t io n a l  s e t s  and M i s  th e  number o f  s e n s o r s .

The o b je c t iv e  a n a l y s i s ,  Y, a r e  g iv e n  by 

Y=Xb

and th e  d i s c r e p a n c ie s ,  e , by 

e=Y-Y.

The m u l t ip le  c o r r e la t io n  c o e f f i c i e n t ,  R , can be d e f in e d  as 

th e  p ro p o r t io n  o f  v a r ia n c e  o f  Y accoun ted  f o r  by  Y. I f  

yS7“ ^ = o a -  R
y y

w here

R = yV ^ / ( yV ^ ) ^  (y V ^ ) ^

A s i m i l i a r  e x p re s s io n  o f  R may b e  o b ta in e d  by do ing  some m a n ip u la tio n .
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E a r l i e r  b was ex p re sse d  as

now

Y=Xb=X(X*^V

M u ltip ly in g  b o th  s id e s  o f  th e  above e q u a tio n  by Y^V ^ to  o b ta in

Y^V“ ^=Y *^V ~^(X *V "^) .

E v a lu a te  y S t' ^

y ’̂ v“ ^ = y * V '^ ( xS t" ^ )  " ^ ^ v " ^ ( x ^ v " & )

=y W " ^ ( xS ^ ~ ^ )

th e r e f o r e

Y ^V "4=Y ^V "4.

Now

r ^=yV 4 / y S* 4 (1)
.2, .and th e  (1-R  ) i s  th e  amount o f v a r ia n c e  u n acc o u n ted  f o r  by r e g r e s -  

2
s io n .  R , X, and Y r e l a t i o n s h i p  can b e  e x p re s s e d  by a  c o v a ria n c e  

m a tr ix  W. A rrange a l l  o b s e rv a tio n s  in to  a  m a tr ix  A as fo llo w s

A =

^1 ^11

^2 4 l

IM

2M

N ^ 1

The sy stem  i s  r o ta te d  by p re m u lt ip ly in g  by V ^  to  o b ta in  A. 

D efin e  W as  th e  c o v a ria n c e  m a tr ix  from  th e  r o ta t e d  d a ta .
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o r

A.

W can b e  p a r t i t i o n e d  as fo llo w s

W

y S t  h  1 
1 ' ' l l  1 ^ 12 '
1

1

1
1

x ^ v ' ^ x ^ 2 1  :  ' " z z .

E q u a tio n  1 can be w r i t t e n  u s in g  e q u a tio n  2 as

«12 «^2

,2 .

( 2)

N ote t h a t  R i s  a  fu n c tio n  o f  th e  c o v a ria n c e  between v a r io u s  p o in ts  

i n  th e  p a ram ete r f i e l d  ( p r e d ic to r  and p re d ic ta n d  lo c a t io n s ) .

The d e te rm in a n t o f  W, |w | , i s  g iv e n  by

l“ H " u ' ' l 2 ” i 2 " 2 2 l  I«221

SO now

W ^^(1-R ^)= |W |/|W ^2I'

O b ta in in g  th e  b e s t  o b je c t iv e  a n a ly s i s  in v o lv e s  m axim izing th e  c o r r e l a -

2 2 .t i o n  betw een Y and Y, w hich means m in im iz in g  1-R . 1-R i s  th e

i n a b i l i t y  o f  th e  o b je c t iv e  a n a ly s i s  to  e x p la in  th e  " t ru e "  f i e l d  a t

th e  d e s i r e d  g r id  p o in ts  f o r  a  g iv e n  s e t  o f  s e n s o r s .  The ex p ec ted  values

found in  C hap ter IV a re  r e l a t e d  to  th e  te rm s in  th e  W m a tr ix .  The
2

n o is e  c o v a rian ce  may b e  e q u a l to  a  I  as th e  c h a r a c t e r i s t i c s  o f  th e
-1

n o is e  a r e  unknown. T h is  w i l l  e n a b le  us to  d e le te  V te rm  f o r  th e  

p r e s e n t  and becomes X*̂ X. L e t  i  and j  re p re s e n t d i f f e r e n t

lo c a t io n s  and a  g s u b s c r ip t  r e p re s e n t  g r id  p o in t  v a lu e s ,  th e n
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(X^X) ^ ^ = E { S (x ^ ,y ^ ,h ^ ,tp s (x ^ ,y ^  , b u , t j )  }

- E { S ( x ^ , y ^ , h ^ , t ^ )  } E { S ( x y y y h j ) t j )  } .

(X^Y) E { S ( x ^ , y ^ , h j j ^ , t ^ ) S ( X g , y g , h g , t g ) } - E { S ( x ^ , y ^ , h ^ , t p }  -

(y H ) . =  E { S ( X g . y ^ . h g , t g ) 2 } - E { S ( x ^ , y ^ , h g . t g ) } 2 .

2
The changes i n  (1-R o ccu rs  as th e  p o s i t io n s  o f  th e  se n so rs

change w ith  r e s p e c t  to  changes in  th e  s ig n a l .  I f  th e  s e n so r  i s  lo c a te d  

some d is ta n c e  from  th e  system , th e n  th e  v a r ia n c e  would be  s m a ll .  I f  

th e  s e n s o r  i s  s h i f t e d  ( in  x , y ,h , t )  and becomes c lo s e r  to  th e  system , 

th e n  th e  v a r ia n c e  shou ld  be  l a r g e r .  S e v e ra l maxima and minima v a r i 

ance v a lu e s  w i l l  o c c u r, how ever, we a r e  i n t e r e s t e d  i n  th e  g lo b a l  

minimum.



CHAPTER VI 

APPLICATION TO SUDDEN WARMING

B ay esian  Approach

One o b je c t iv e  i n  d ev e lo p in g  an e m p ir ic a l and m a th em a tica l model 

i s  to  f in d  th e  o p tim a l tim e to  sam ple a  sudden warm ing th a t  w i l l  g iv e  

a  minimum u n exp la ined  v a r ia n c e  a n a ly s i s  from a f ix e d  number o f  s t a t i o n s .  

Eddy’ s o b je c tiv e  a n a ly s i s  com bines th e  minimum u n ex p la in ed  v a r ia n c e  

co n ce p t a long  w ith  th e  c o r r e l a t i o n  o v er tim e-sp ace  d is ta n c e s  and n o is e  

c h a r a c t e r i s t i c s  o f th e  d a ta .  The o b je c t iv e  a n a ly s i s  co u ld  a ls o  be  u sed  

to  d e te rm in e  which s e n s o r  lo c a t io n  w ould y ie ld  an o p tim a l v a r ia n c e  

e x p la n a tio n  a n a ly s is  (OVEA).

The e x p o n e n tia l  fu n c tio n  c o n ta in s  p a ram eters  t h a t  can be v a r ie d  

to  y i e l d  th e  d e s ir e d  model o f  a  sudden  warming. I f  com plete know

le d g e  w ere known ab o u t th e  p a ram e te rs  and t h e i r  r e l a t i o n  to  co rre sp o n d 

in g  a tm o sp h eric  v a r i a b l e s ,  th e re  w ould b e  no need  f o r  v a r i a t io n .

H owever, com plete know ledge abou t any m e te o ro lo g ic a l sy stem  i s  r a r e l y  

th e  ca se  in  th e  r e a l  w o r ld . One approach  th a t  can  b e  u t i l i z e d  i n  

c a s e s  o f  u n c e r ta in ty  o r  in c o m p le te  knowledge i s  th e  B ayesian  app roach .

E x c e lle n t d is c u s s io n s  on B ay esian  s t a t i s t i c s  may be found i n  

C h e m o ff and Moses (1959) and W ink ler (1972). A Bayes s t r a t e g y  may 

b e  d e f in e d  as th e  s t r a t e g y  th a t  m in im izes th e  e x p e c te d  v a r ia n c e  o f  

an  o b je c t iv e  a n a ly s is  g iv e n  to  ^  p r i o r i  p r o b a b i l i t i e s  f o r  a l l  p o s s ib le
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outcom es. The approach  o f  a p p ly in g  B ayesian  s t a t i s t i c s  to  an e x p e r i

m en tal d es ig n  o f  a  sudden warming i s  as fo llo w s ;

(1) f ix  s e n s o r  lo c a t io n  (Z)

(2) f ix  sam ple tim e ( t )

(3) f ix  th e  c u rv a tu re  (a ) and speed  (c )  o f  th e  system

(4) compute the  av e rag e  s ig n a l  v a r ia n c e  ( a ^ ^ ) fo r  a l l  g r id  p o in ts .

(5) Compute the  s ig n a l  v a r ia n c e  f o r  a l l  com binations o f  c and a .

The Bayes r i s k  f o r  a lo c a t io n  and tim e i s  d e f in e d  a s

BRt , t Z Z pc a  c a  ca

where i s  th e  p r o b a b i l i t y  f a c t o r  found i n  T able 1. The p r o b a b i l i ty

f a c to r s  were c a lc u la te d  from  a  b i v a r i a t e  norm al d i s t r i b u t i o n .

(6) c y c le  th rough tim e

(7) f in d  th e  tim e when th e  r i s k  i s  th e  s m a l le s t  a s s o c ia te d  w ith

th a t  lo c a t io n ,  o r

t> •

TABLE 1

PROBABILITY MATRIX FOR CURVATURE (a) AND SPEED (c)

c - .4 0 - .3 0 - .2 0 TOTAL
.27 .102 .115 .102 .319
.16 .115 .131 .115 .362
.06 .102 .115 .102 .319

TOTAL .319 .362 .319 1.000

The c u rv a tu re  and sp eed  w ere n o t in te g r a te d  o u t i n  th e  expec ted  

v a lu e  p ro c e s s  b eca u se  th e y  a r e  r e a l i s t i c  m e te o ro lo g ic a l p a ra m e te rs . 

The speed  and c u rv a tu re  may b e  a s s ig n e d  v a lu e s  b a sed  upon c lim a to lo g y  

o r e x p e rie n c e , b u t  f o r  th e  g r id  s i z e  th a t  was used  c= - .3 0  and 

a= 0 .1667 . T h ree  d i f f e r e n t  v a lu e s  were a s s ig n e d  c and a  and th e
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s im u la te d  sudden w anning was p r o je c te d  a c ro ss  a  netw ork  f o r  each  

v a lu e .  The g r id  p o in ts  a r e  used  as  p re d ic ta n d s  and th e  s e n s o r  s i t e s  

( r o c k e t  s t a t i o n s )  as p r e d i c t o r s .  The tim e to  sam ple i s  a l s o  ta k e n  in to  

c o n s id e r a t io n  when d e te rm in in g  w hich s i t e  to  s e l e c t .  The ex p ec ted  

av e ra g e  s ig n a l  v a r ia n c e  f o r  each  g r id  p o in t  f o r  each  co m b in a tio n  o f  c 

and a  was co n fu te d  c o n s id e r in g  each  se n so r l o c a t io n ,  one a t  a  tim e .

The lo c a t io n  th a t  a cco u n ts  f o r  m ost o f th e  e x p e c te d  av e ra g e  v a r ia n c e ,  

u s in g  a l l  49 g r id  p o in t s ,  i s  chosen  as th e  o p tim a l s t a t i o n .  The com

p u ta t io n s  a re  re p e a te d , h o ld in g  th e  f i r s t  o p tim a l lo c a t io n  f ix e d  and 

f in d in g  a  second lo c a t io n  t h a t ,  coribined w ith  th e  f i r s t ,  w i l l  g iv e

an  OVEA. The p ro c e ss  i s  r e p e a te d  a g a in  f o r  as many lo c a t io n s  as
2

d e s i r e d .  I t  was d em o n stra ted  i n  C hap ter V t h a t  th e  q u a n ity  1-R  re p re 

s e n ts  th e  f r a c t io n  u n e x p la in e d  v a r ia n c e  i n  th e  p r e d ic t io n  by th e

2r e g r e s s io n ;  th e r e f o r e  R i s  th e  f r a c t io n  e x p la in e d  v a r ia n c e  acco u n ted

2f o r  by  th e  p a r t i c u l a r  o b je c t iv e  a n a ly s is  te c h n iq u e  b e in g  u s e d . R was 

com puted f o r  th e  f i r s t  o p tim a l s t a t i o n ,  f i r s t  th r e e  o p tim a l s t a t i o n ,  

f iv e  o p tim a l s t a t i o n s ,  and th r e e  su b -o p tim a l s t a t i n s  f o r  a  s im u la te d  

w anning o f  s ix ty  d eg rees  a m p litu d e  moving th ro u g h  th e  7x7 g r id .  These 

p e rc e n ta g e  v a lu e s  (m u l t ip l ie d  by 100) f o r  each  com bination  o f  c and a  

a re  g iv e n  i n  T ab le  2 . The tim es  and lo c a t io n s  o f  th e  o p tim a l s t a t io n s  

a re  shown i n  F ig . 41.

I t  i s  r a th e r  obv ious t h a t  as th e  number o f  o p tim a l s t a t i o n s  

in c r e a s e ,  th e  av erag e  v a r ia n c e  acco u n ted  f o r  by r e g r e s s io n  in c r e a s e s .  

The th r e e  su b -o p tim a l s ta io n s  a r e  s e le c te d  i n t u i t i v e l y  by ch o o s in g  

th e  s t a t i o n s  c lo s e s t  to  th e  phenomenon a t  th e  tim e and a l t i t u d e  o f  

th e  a n a l y s i s .  I f  more th a n  one tim e and a l t i t u d e  a re  s p e c i f i e d ,  th en
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STN 1
H=3
T=9

STN 3 
H=3

STN 4 ®

^ T^9.1

STN 2
H=3
T=10.0

F ig .  41. O ptim al s t a t i o n  lo c a tio n s  and t h e i r  tim es  and a l t i t u d e s  f o r  a  
f iv e  o p tim a l s t a t i o n  v a r ia n c e  e x p la n a tio n  a n a ly s is  when th e  
T=10 hou rs  and  H=25 km. A sq u a re  r e p re s e n ts  p o s s ib le  s e n s o r  
lo c a t io n s  and a  dot i s  a  g r id  p o in t  l o c a t io n .
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th e  s e le c te d  s t a t i o n  would be  th e  c e n t ro id  o f  th e  space  and tim e domain. 

In  t h i s  p a r t i c u l a r  c a se  th e  th r e e  su b -o p tim a l s t a t i o n s  had j u s t  a s  good 

o f  an  OVEA as th e  f i r s t  th r e e  o p tim al s t a t i o n s .  The su b -o p tim a l s t a 

t io n  lo c a t io n s  w ere p ro b a b ly  id e n t i c a l  w ith  th e  f i r s t  th re e  o p tim a l 

s t a t i o n s  e x c e p t f o r  an a l t i t u d e  d i f f e r e n c e  o f  one s t a t i o n .

The o p tim a l s t a t i o n  lo c a t io n s  in  F ig . 41 a re  abou t a s  expec ted  

due to  th e  p a th  o f  th e  warming. S ta t io n s  3 , 4 , and 5 a re  lo c a te d  in  

th e  same x -y  l o c a t io n ,  b u t  s t a t i o n  4 has a  d i f f e r e n t  a l t i t u d e .

TABLE 2

PERCENTAGE AVERAGE VARIANCE EXPLAINED BY REGRESSION FOR DIFFERENT 
NUMBER OF SAMPLE STATIONS THAT GAVE AN OPTIMAL SOLUTION FOR DIFFERENT 
COMBINATIONS OF CURVATURE AND SPEED.

FIRST OPTIMAL STATION

c - .2 0 - .3 0 - .4 0  ..

.05

.16

.27

33 .43
33.73
33 .88

33.00
33.63
33.94

32.42
33.46
33.94

FIRST THREE OPTIMAL STATIONS

Ac - .2 0 - .3 0 - .4 0

.05

.16

.2 7

54 .5 1
54 .14
53.77

55.09
54.29
53.53

55.48
54.13
52.99

FIVE OPTIMAL STATIONS

c - .2 0 - .3 0 - .4 0

.05

.16

.27

63 .95
63 ,64
63.18

66.07
65.06
63.59

67.60
65.69
63.30

THREE SU3-OPTIMAL STATIONS

c - .2 0 - .3 0 - .4 0

.05

.16

.27

55.02
54 .62
54 .28

55.60
54.65
53 .91

55.75
54.19
53.23
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The re s e a rc h e r  has th e  c a p a b i l i ty  to  r e f i n e  o r  make b e t t e r  

e s t im a te s  o f  th e  B ayesian  p aram eters  as  th e  experim ent p ro g re s s e s .  

The sequence  o f  e v e n ts  t h a t  m ight happen d u r in g  an experim en t a re  

g iv e n  i n  T ab le 3 .

TABLE 3

SEQUENCE OF EVENTS USING A PRIORI AND A POSTERIORI INFORMATION

OBSERVATION DECISION PARAMETERS COMPUTE

None
■k *

Guess c ^ ,a ^ t l l 'C f l  

*^12'*12

^lm '*lm
* *

e s tim a te  c^.Ug *^21**21

^22**22

^2m’*2m
* *

e s tim a te  Cg,ag *^31’*31 

^32’*32

^3m’°^3m

The re s e a rc h e r  b e g in s  by making a p r i o r i  e s t im a te s  o f  th e  two 

B ay es ian  p a ram ete rs  (c*  and a*) and th e n  th e  sam pling tim es ( t^ ^ )  and 

th e  u n ex p la in ed  v a r ia n c e  ) a re  c a l c u la te d .  The " o b s e rv a tio n s "  a t  

tim e s  tj^j g iv e  a  b e t t e r  e s t im a te  fo r  c* , a* and new sam pling  tim es
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and v a r ia n c e s  a re  computed. The v a r ia n c e  (a^ ) and tim e ( t^ )  a re  now 

^  p o s t e r i o r i  e s t im a te s ,  can  be  compared w ith  0 “ to  d e te rm in e  i f  

f u r t h e r  sam pling i s  needed . The sam pling  co u ld  c o n tin u e  u n t i l

where th e  v a lu e  o f  s i s  b ased  upon e x p e rie n c e  o r  some 

p r e s e n t  c r i t e r i a .

The im portance o f th e  B ay esian  approach i s  th a t  i t  a llo w s v a r i a 

t i o n  i n  th e  speed  and c u rv a tu re  p a ra m e te rs . Any p a ram e te r cou ld  have  

b e e n  a B ayesian  p a ram ete r as  th e r e  a re  no r e s t r i c t i o n s  on th e  q u a n t i ty .  

However, p a ram eters  sh o u ld  be  chosen  th a t  w i l l  r e v e a l  some in fo rm a tio n  

ab o u t th e  phenomena b e in g  sam pled .

U t i l i t y

The concept o f  an u t i l i t y  fu n c t io n  can b e  u t i l i z e d  i n  th e  sudden  

w anning experim ent even though i t  i s  h a rd  to  p u t a  v a lu e  on a s u c c e s s 

f u l  ex p erim en t. One would b e  h a rd  p re sse d  t o  p u t  a m onetary v a lu e  on 

w hat a  s u c c e s s fu l  sam pling  o f  a  sudden  warming w ould mean to  s c ie n c e .  

One can e i t h e r  maximize an u t i l i t y  fu n c tio n  o r  m inim ize a  c o s t  fu n c t io n .  

I  have  chosen to  do th e  l a t t e r  and have s e t  th e  c o s t  e q u a l to  th e  

u n ex p la in ed  v a r ia n c e .

The c o s t  a s s o c ia te d  w ith  d i f f e r e n t  s t r a t e g i e s  co u ld  become v e ry  

in v o lv e d  i f  th e re  were a  w ide ch o ice  o f  ro c k e t  i n s crûm enta t io n  

a v a i la b le  t h a t  gave abou t th e  same r e s u l t s  f o r  th e  same c o s t .  However, 

a  L o k i ro c k e t ,  com plete w ith  te m p e ra tu re  and w ind se n so rs  and c a p a b le  

o f sam pling  to  65 km, c o s ts  ab o u t $850 .00 . A b o o s te d  o r  su p e r L oki 

t h a t  w i l l  reach  an a l t i t u d e  o f  90 km c o s ts  $ 1 ,1 0 0 .0 0 , w h ile  a  compa

r a b le  A reas ro c k e t c o s ts  $ 3 ,0 0 0 .0 0 . There a r e  no advan tages i n  u s in g
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th e  b ig g e r  ro c k e ts  s in c e  th e  a c c u ra c ie s  o f  th e  above th r e e  a re  ab o u t 

e q u a l .  I t  i s  c l e a r  w hich ro c k e t  sy stem  w i l l  g iv e  th e  m ost in fo rm a tio n  

f o r  th e  l e a s t  c o s t .

Computer Program

OPTML, a  com puter program  w r i t t e n  i n  F o r tra n  IV , com putes th e  

o p tim a l sam pling  tim es and th e  s t a t i o n  lo c a t io n s  to  b e  u sed  d u rin g  a 

s im u la te d  sudden w arm ing. T h is program  i s  l i s t e d  i n  A ppendix C.

OPTML c o n ta in s  th e  fo llo w in g  s u b ro u tin e s  o r  f u n c t io n s  : INVERS,

in v e r t s  a m a tr ix ;  TIME, conçû tes  th e  minimum r e s id u a l  v a r ia n c e  and 

th e  a s s o c ia te d  tim e ; GOV, computes th e  c ro s s —c o v a ria n c e  betw een th e  

d a ta  a t  one p o in t  and th e  d a ta  a t  a n o th e r  p o in t ;  TIMCK, com putes th e  

tim e used s in c e  th e  b e g in n in g  o f  th e  program  and when th e  s u b ro u tin e  

i s  c a l le d ;  VAR, c o n çû te s  th e  u n e x p la in e d  v a r ia n c e ;  COST, com putes th e  

e q u iv a le n t  c o s t  a s s o c ia te d  w ith  a  s p e c i f i c  tim e .

A second program , EXPVAR, i s  l i s t e d  a f t e r  OPTMAL i n  Appendix C. 

EXPVAR com putes th e  t o t a l  ex p ec ted  v a r ia n c e  u t i l i z i n g  th e  o p tim a l 

tim es and s t a t i o n  lo c a t io n s  as  computed i n  th e  OPTML program . The 

in p u t  p a ram ete rs  w ere th e  same f o r  b o th  p ro g ram s, s o  th e y  w ere n o t 

in c lu d e d  i n  EXPVAR. The s u b ro u tin e  COV and f u n c t io n  INVERS a r e  common 

to  b o th  program s and w ere on ly  l i s t e d  i n  OPTML.

The fo llo w in g  fu n c t io n s  and s u b ro u tin e s  a re  found  i n  EXPVAR:

REG, conçû tes  r e g r e s s io n  c o e f f i c i e n t s  and o u tp u ts  th e  o b je c t iv e  

a n a ly s i s ;  EXPEC, co n çû tes  th e  ex p e c te d  s ig n a l ;  CONTR, a  p lo t t i n g  

s u b ro u tin e  f o r  th e  x — y p l o t t e r  lo c a te d  a t  W hite Sands M is s i le  

R ange, New M exico; ACIUL, computes th e  a c t u a l  s ig n a l ;  RED, adds red
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n o is e  to  th e  d a ta  by u s in g  th e  F u n c tio n  GAUSS and random number 

g e n e ra to r  RANDOM.

S e n s i t i t i v i t y  A n a ly s is

A ll  th e  above p a ram ete rs  (s e e  C hap ter IV) were changed o v e r  a 

ran g e  o f  v a lu es  to  d e te rm in e  w hat e f f e c t  each  would have on th e  f i n a l  

a n a l y s i s .  A was a ss ig n e d  v a lu e s  o f  7 to  1 3 ; was a s s ig n e d  Ttt/ISO 

to  lO r/lS O ; ranged  from  2 n/15 to  2 t t / 2 4 ; 4> from 15 i t /180  to

25 -tt/IBO and omega from 2 tt/16  t o  2 ir/24. The a n a ly s is  was done fo r  

t=10 h o u rs  and an a l t i t u d e  o f  25 km. A com parison  o f  th e  o p tim a l s t a 

t i o n  lo c a t io n s , t im e s , and p e rc e n ta g e  e x p la in e d  av e rag e  v a r ia n c e  a re  

g iv e n  in  T ab les 4 to  13. The r e s u l t s  w ith  th e  s ta n d a rd  v a lu e s  o f  th e  

p a ra m e te rs  (A=10, =20 tt/ISO , = .0 5 , 0^=10 ir/180, 0)^=2%/12 and

omega = 27t / 20) a re  l i s t e d  to  th e  l e f t  o f th e  e n c lo se d  p a r e n th e s i s .  The 

v a lu e s  in s id e  th e  p a r e n th e s is  a r e  due to  chang ing  th e  one p a ra m e te r .

T ab les 4 and 5 l i s t  th e  changes in  s t a t i o n  lo c a t io n ,  tim e and 

e x p la in e d  v a r ia n c e  when A was 7 o r  13. The r e s u l t s  in d ic a te  t h a t  when 

A had  a  v a lu e  o f  13 a  b e t t e r  OVEA was o b ta in e d  th a n  when A was e i t h e r  

10 o r  7 . T h is was due to  th e  maximum a m p litu d e  b e in g  f ix e d ,  and th a t  

th e  system  covered  a  l a r g e r  a r e a  o f th e  g r id  when A was 13 a s  compared 

to  th e  o th e r  two v a lu e s .  Note a l s o  th a t  th e  tim es o f s t a t i o n  5 in  

T ab le s  4 and 5 changed a lm o st 5 h o u rs  from  th e  s ta n d a rd . ' Both con d i

t i o n s  chose th e  a l t i t u d e  o f  3 f o r  a l l  f iv e  s t a t i o n s  w ith  o n ly  th e  x 

and  y lo c a t io n s  o f s t a t i o n s  4 and  5 in te rc h a n g in g .

Omegaz (m̂ ) was a vertical shape parameter and a term in the
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TABLE 4

COMPARISON OF STATION LOCATIONS, TIME AND EXPLAINED VARIANCE WHEN 

Â = 7 AND Â = 10. VALUES IN PARENTHESIS ARE FROM Â = 7.

STN X y z t EXP. VAR.

1 4 .0 (4 .0 ) 5 .1 (5 .1 ) 3 .0 (3 .0 ) 9 .6 (  9 .5 ) 34 .12 (29 .20 )

2 3 .6 (2 .4 ) 1 .3 (3 .4 ) 3 .0 (3 .0 ) 1 0 .0 (1 0 .1 ) 51 .10 (47 .39 )

3 2 .4 (3 .6 ) 3 .4 (1 .3 ) 3 .0 (3 .0 ) 1 0 .8( 8 .9 ) 61 .5 6 (61 .19 )

4 2 .4 (3 .6 ) 3 .4 (1 .3 ) 1 .5 (3 .0 ) 1 3 .9 ( 5 .3 ) 64 .9 7 (6 3 .9 5 )

5 2 .4 (2 .4 ) 3 .4 (3 .4 ) 3 .0 (3 .0 ) 9 .1 (  4 .8 ) 65 .3 8 (6 6 .4 9 )

TABLE 5

COMPARISON OF STATION LOCATIONS, TIME AND EXPLAINED VARIANCE WHEN 

Â = 13 AND Â = 10. VALUES IN PARENTHESIS ARE FROM Â = 13.

STN X y z t EXP. VAR.

1 4 .0 (4 .0 ) 5 .1 (5 .1 ) 3 .0 (3 .0 ) 9 .6 (  9 .9 ) 34 .1 2 (4 1 .9 8 )

2 3 .6 (2 .4 ) 1 .3 (3 .4 ) 3 .0 (3 .0 ) 1 0 .0 (1 0 .2 ) 51 .1 0 (5 8 .2 1 )

3 2 .4 (3 .6 ) 3 .4 (1 .3 ) 3 .0 (3 .0 ) 1 0 .8 (1 0 .0 ) 61 .5 6 (6 6 .7 8 )

4 2 .4 (2 .4 ) 3 .4 (3 .4 ) 1 .5 (3 .0 ) 1 3 .9 (1 5 .6 ) 64 .9 7 (6 8 .5 7 )

5 2 .4 (3 .6 ) 3 .4 (1 .3 ) 3 .0 (3 .0 ) 9 .1 (1 5 .3 ) 6 5 .3 8 (6 9 .6 7 )
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e x p ec ted  a l t i t u d e  v a lu e  fu n c t io n ,  u s u a l ly  had  a  v a lu e  o f  2 tt/1 2 .

L i t t l e  change o ccu rred  in  th e  e x p la in e d  v a r ia n c e  a n a ly s is  when th e

two ran g es  w ere used  (See T ab le s  6 and 7 ) .  The m ajor d if f e re n c e  i s  th e

a l t i t u d e  th a t  was s e le c te d  when w was 2 tt/ 9 . Four o u t of th e  f iv ez

a l t i t u d e s  g iv en  in  T ab le 6 w ere  15 km, due to  th e  s ig n a l  b e in g  s tro n g e r  

t h e r e .  The tim es  chosen f o r  b o th  c a s e s  a g re e  rea so n ab ly  w e ll w ith  th e

s ta n d a rd  c a se .
_ 2 

P h ib a r (4>) and Sigmap (a^ ) w ere v e r t i c a l  shape c o n t ro l l in g

p a ra m e te rs . L i t t l e  change o c c u rs  i n  th e  a n a ly s i s  when th e se  p a r a 

m e te rs  a re  c o n s id e re d  s e p a r a t e ly ,  as  shown i n  T ab le s  8-11. L i t t l e  

change i s  ex p ec ted  i n  th e  v e r t i c a l  sh ap e  from  sam ple to  sam ple, ex ce p t 

th e  downward p ro p a g a tio n  o f  th e  sy stem  w ith  tim e .

Omega was a  h o r iz o n ta l  shape c o n t r o l l i n g  p a ram e te r and changed 

v e ry  l i t t l e  from  th e  s ta n d a rd  exam ple (T ab le s  12 and 1 3 ). T h is  co u ld  

b e  ex p ec ted  a s  th e  a n a ly s is  was f o r  th e  same tim e . More v a r i a t i o n  

w ould have b een  n o tic e d  in  th e  h o r iz o n t a l  and v e r t i c a l  shape p a ram e te rs  

i f  d i f f e r e n t  a n a ly s is  tim es had  b een  com pared.

The c o v a ria n c e  fu n c tio n  and th e  mean o f  th e  s ig n a l  a re  p a ra m e te rs  

t h a t  cou ld  b e  h a rd  to  e s t im a te .  I f  th e  mean v a r ie s  from se a so n  to  

sea so n  w h ile  th e  co v arian ce  fu n c tio n  rem ains approx im ate ly  th e  sam e, 

th e n  i t  would be im p o rtan t to  know w hat c o n t r ib u t io n  th e  mean makes to  

th e  OVEA. R e s u lts  from in c lu d in g  and rem oving th e  expected  av e ra g e  

s ig n a l  in  th e  o b je c t iv e  a n a ly s i s  a r e  g iv e n  in  T ab le  14. The p e rc e n ta g e  

av e ra g e  v a r ia n c e  ex p la in ed  by  r e g r e s s io n  te rm  i s  sho rten ed  to  ex p la in ed  

v a r ia n c e .  I t  can b e  seen  th a t  th e  mean c o n t r ib u te r s  very  l i t t l e  to  th e  

OVEA.
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TABLE 6

COMPARISON OF STATION LOCATIONS, TIME AND EXPLAINED VARIANCE IVHEN 

OMEGAZ = 2 ir/9 AND 2 ir/12 . VALUES IN PARENTHESIS ARE FROM 0MEGAZ=2Tr/9

STN X y z t EXP. VAR.

I  4 .0 (4 .0 ) 5 .1 (5 .1 ) 3 .0 (1 .5 ) 9 .6 (  9 .7) 3 4 .1 2 (3 3 .3 8 )

2 3 .6 (3 .6 ) 1 .3 (1 .3 ) 3 .0 (1 .5 ) 1 0 .0 (1 0 .0 ) 5 1 .1 0 (5 2 .7 4 )

3 2 .4 (2 .4 ) 3 .4 (3 .4 ) 3 .0 (3 .0 ) 1 0 .8 (1 0 .6 ) 6 1 .5 6 (6 4 .2 8 )

4 2 .4 (2 .4 ) 3 .4 (3 .4 ) 1 .5 (1 .5 ) 1 3 .9 (1 3 .9 ) 6 4 .9 7 (6 8 .7 8 )

5 2 .4 (2 .4 ) 3 .4 (3 .4 ) 3 .0 (1 .5 ) 9 . K  8 .0) 6 5 .3 8 (7 2 .9 2 )

TABLE 7

COMPARISON OF STATION LOCATIONS, TIME AND EXPLAINED VARIANCE WHEN 

OMEGAZ = 2 Tr/15 AND 2 ? /1 2 . VALUES IN PARENTHESIS ARE FROM OMEGAZ=27r/15

STN X y z t EXP. VAR.

1 4 .0 (4 .0 ) 5 .1 (5 .1 ) 3 .0 (3 .0 ) 9 .6 (  9 .7 ) 3 4 .1 2 (3 4 .4 0 )

2 3 .6 (2 .4 ) 1 .3 (3 .4 ) 3 .0 (3 .0 ) 1 0 .0( 9 .7 ) 5 1 .1 0 (5 2 .4 9 )

3 2 .4 (3 .6 ) 3 .4 (1 .3 ) 3 .0 (3 .0 ) 1 0 .8 (1 0 .0 ) 6 1 .5 6 (6 0 .1 6 )

4 2 .4 (2 .4 ) 3 .4 (3 .4 ) 1 .5 (3 .0 ) 1 3 .9 (1 2 .9 ) 6 4 .9 7 (6 7 .2 3 )

5 2 .4 (3 .6 ) 3 .4 (1 .3 ) 3 .0 (3 .0 ) 9 .1 (  7 .3) 6 5 .3 8 (6 9 .6 3 )
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TABLE 8

COMPARISON OF STATION LOCATIONS, THE AND EXPLAINED VARIANCE WHEN

PHIBAR = 15 17/180 AND 20 tt/IS O . VALUES IN PARENTHESIS ARE FROM 
PHIBAR = 15tt/180

STN X y z t EXP. VAR.

1 4 .0 (4 .0 ) 5 .1 (5 .1 ) 3 .0 (3 .0 ) 9 .6 (9 .7  ) 3 4 .1 2 (3 4 .3 3 )

2 3 .6 (3 .6 ) 1 .3 (1 .3 ) 3 .0 (3 .0 ) 1 0 .0 (1 0 .0 ) 5 1 .1 0 (5 1 .7 4 )

3 2 .4 (2 .4 ) 3 .4 (3 .4 ) 3 .0 (3 .0 ) 1 0 .8 (1 0 .6 ) 6 1 .5 6 (6 1 .7 7 )

4 2 .4 (2 .4 ) 3 .4 (3 .4 ) 1 .5 (3 .0 ) 1 3 .9 (1 3 .8 ) 6 4 .9 7 (6 5 .6 4 )

5 2 .4 (2 .4 ) 3 .4 (3 .4 ) 3 .0 (3 .0 ) 9 . K  7 .6 ) 6 5 .3 8 (6 9 .2 5 )

TABLE 9

COMPARISON OF STATION LOCATIONS, TIME AND EXPLAINED VARIANCE WHEN

PHIBAR = 25 tt/180 AND 20 tt/1 8 0 . VALUES IN PARENTHESIS ARE FROM 
PHIBAR = 25tt/180__________________ ________  ______________________

STN X y z t EXP. VAR.

1 4 .0 (4 .0 ) 5 .1 (5 .1 ) 3 .0 (3 .0 ) 9 .6 (  9 .7 ) 3 4 .1 2 (3 4 .1 0 )

2 3.6(3.6) 1 .3 (1 .3 ) 3 .0 (3 .0 ) 1 0 .0 (1 0 .1 ) 5 1 .1 0 (5 1 .3 7 )

3 2 .4 (2 .4 ) 3 .4 (3 .4 ) 3 .0 (3 .0 ) 1 0 .8 (1 0 .5 ) 6 1 .5 6 (6 1 .7 2 )

4 2 .4 (2 .4 ) 3 .4 (3 .4 ) 1 .5 (1 .5 ) 1 3 .9 (1 3 .8 ) 6 4 .9 7 (6 5 .8 2 )

5 2 .4 (2 .4 ) 3 .4 ( 3 .4) 3 .0 (3 .0 ) 9 . K  7 .5 ) 6 5 .3 8 (6 9 .2 8 )
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TABLE 10

COMPARISON OF STATION LOCATIONS, TIME AND EXPLAINED VARIANCE WHEN

SIGMAP = 7 t t /180 AND IOtt/ISG . VALUES IN PARENTHESIS ARE FROM 
SIGMAP = 7 t t /180

STN X y z t EXP. VAR.

1 4 .0 (4 .0 ) 5 .1 (5 .1 ) 3 .0 (3 .0 ) 9 .6 (  9 .7 ) 3 4 .1 2 (3 5 .1 2 )

2 3 .6 (3 .6 ) 1 .3 (1 .3 ) 3 .0 (3 .0 ) 1 0 .0 (1 0 .0 ) 5 1 .1 0 (5 1 .8 3 )

3 2 .4 (2 .4 ) 3 .4 (3 .4 ) 3 .0 (3 .0 ) 1 0 .8 (1 0 .6 ) 6 1 .5 6 (6 1 .9 2 )

4 2 .4 (2 .4 ) 3 .4 (3 .4 ) 1 .5 (1 .5 ) 1 3 .9 (1 3 .8 ) 6 4 .9 7 (6 5 .6 7 )

5 2 .4 (2 .4 ) 3 .4 (3 .4 ) 3 .0 (1 .5 ) 9 .K  7 .5 ) 6 5 .3 8 (6 9 .3 0 )

TABLE 11

COMPARISON OF STATION LOCATIONS, TIME AND EXPLAINED VARIANCE WHEN

SIGMAP = 13 t t /180 AND 10 t t / 180. VALUES IN PARENTHESIS ARE FROM 
SIGMAP = 13 t t /180 ________________

STN X y z t EXP. VAR.

1 4 .0 (4 .0 ) 5 .1 (5 .1 ) 3 .0 (3 .0 ) 9 .6 (  9 .7 ) 3 4 .1 2 (3 9 .8 9 )

2 3 .6 (3 .6 ) 1 .3 (1 .3 ) 3 .0 (3 .0 ) 1 0 .0 (1 0 .1 ) 5 1 .1 0 (5 1 .4 3 )

3 2 .4 (2 .4 ) 3 .4 (3 .4 ) 3 .0 (3 .0 ) 1 0 .8 (1 0 .5 ) 6 1 .5 6 (6 1 .7 3 )

4 2 .4 (2 .4 ) 3 .4 (3 .4 ) 1 .5 (1 .5 ) 1 3 .9 (1 3 .9 ) 6 4 .9 7 (6 5 .4 8 )

5 2 .4 (2 .4 ) 3 .4 (3 .4 ) 3 .0 (1 .5 ) 9 .K  7 .4) 6 5 .3 8 (6 9 .1 4 )
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TABLE 12

COMPARISON OF STATION LOCATIONS, TIME AND EXPLAINED VARIANCE MEN

OMEGA = 2tt/ 16 AND 2 u /2 0 . VALUES IN PARENTHESIS ARE FROM OMEGA=2tt/16

STN X y z t EXP. VAR.

1 4 .0 (4 .0 ) 5 .1 (5 .1 ) 3 .0 (3 .0 ) 9 .6 ( 9 .6  ) 3 4 .1 2 (3 4 .2 8 )

2 3 .6 (3 .6 ) 1 .3 (1 .3 ) 3 .0 (3 .0 ) 1 0 .0 (1 0 .0 ) 5 1 .1 0 (5 1 .6 5 )

3 2 .4 (2 .4 ) 3 .4 (3 .4 ) 3 .0 (3 .0 ) 1 0 .8 (1 0 .6 ) 6 1 .5 6 (6 0 .4 4 )

4 2 .4 (2 .4 ) 3 .4 (3 .4 ) 1 .5 (1 .5 ) 1 3 .9 (1 4 .3 ) 6 4 .9 7 (6 5 .5 9 )

5 2 .4 (2 .4 ) 3 .4 (3 .4 ) 3 .0 (3 .0 ) 9 .1 (  8 .3 ) 6 5 .3 8 (6 9 .7 3 )

TABLE 13

COIP ARISON OF STATION LOCATIONS , TIME AND EXPLAINED VARIANCE WHEN

OMEGA = 2 •!t/2 4  and 2 tt/2 0 .  VALUES IN PARENTHESIS ARE FROM 0MEGA=2tt/24

STN X y z t EXP. VAR.

1 4 .0 (4 .0 ) 5 .1 (5 .1 ) 3 .0 (3 .0 ) 9 .6 (  9 .7 ) 3 4 .1 2 (3 4 .1 9 )

2 3 .6 (3 .6 ) 1 .3 (1 .3 ) 3 .0 (3 .0 ) 1 0 .0 (1 0 .1 ) 5 1 .1 0 (5 1 .6 2 )

3 2 .4 (2 .4 ) 3 .4 (3 .4 ) 3 .0 (3 .0 ) 1 0 .8 (1 0 .6 ) 6 1 .5 6 (6 0 .4 7 )

4 2 .4 (2 .4 ) 3 .4 (3 .4 ) 1 .5 (1 .5 ) 1 3 .9 (1 3 .8 ) 6 4 .9 7 (6 4 .9 8 )

5 2 .4 (2 .4 ) 3 .4 (3 .4 ) 3 .0 (3 .0 ) 9 .1 (  6 .9 ) 6 5 .3 8 (6 6 .7 3 )
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TABLE 14
COIIPARISON OF STATION LOCATIONS, TIME, AND EXPLAINED VARIANCE 
COMPUTED FROM DATA WITH EXPECTED AVERAGE SIGNAL REMOVED AND 
WITH EXPECTED AVERAGE SIGNAL INCLUDED. VALUES INSIDE THE 
PARENTHESIS ARE FROM COMPUTATIONS WITH THE SIGNAL REMOVED

5TN X y z t EXP. VAR.

1 2 .0 (2 .0 ) 3 .5 (3 .5 ) 1 .5 (1 .5 ) 1 1 .5 (1 0 .2 ) 3 2 .6 2 (3 1 .4 5 )
2 2 .8 (0 .3 ) 0 .8 (1 .6 ) 1 .5 (1 .5 ) 1 1 .3 (1 2 .7 ) 4 3 .0 2 (4 7 .8 7 )
3 0 .3 (2 .8 ) 1 .6 (0 .8 ) 1 .5 (1 .5 ) 1 1 .7 (1 1 .2 ) 5 3 .6 2 (5 0 .9 7 )
4 2 .0 (2 .0 ) 3 .5 (3 .5 ) 1 .5 (3 .0 ) 7 .8 (1 2 .3 ) 6 0 .7 1 (5 5 .6 6 )
5 2 .8 (2 .8 ) 0 .8 (0 .8 ) 1 .5 (1 .5 ) 7 .9 (  7 .7 ) 6 4 .2 2 (5 9 .8 4 )

The r e s u l t s  used i n  T ab le  14 came from th e  c a se  w here a  com bina

t io n  o f a l t i t u d e  and tim e w ere u se d . A program  was ru n  from  when 

z=10, t= 8 , z=25 and t= 12. The p o in t  th a t  gave th e  b e s t  e x p la in e d  

v a r ia n c e  was chosen . The pupose o f  perfo rm ing  th e  co m b in a tio n  o f  tim e 

and a l t i t u d e  was to  co m p lica te  th e  problem  and make i t  d i f f i c u l t  to  

p r e d ic t  th e  lo c a t io n  o f  th e  o p tim a l s t a t i o n .  A 5 x 5 g r id  was used  f o r  

th e  com bination  c a se  to  red u ce  c o n ç u te r  tim e to  a p p ro x im a te ly  h a l f  of 

what i t  would ta k e  f o r  7 x 7  g r id .  The sample s t a t i o n  lo c a t io n s  w ere 

i n  th e  same p la c e  on th e  g r id  fo r  each  in s ta n c e .

The s t a t i o n  lo c a t io n s  d i f f e r  when th e  means a r e  n o t  in c lu d e d  

when s t a t i o n  2 , 3 , and 4 a r e  c o n s id e re d . Even w ith  th e s e  d i f f e r e n c e s  

th e  tim e and e x p la in e d  v a r ia n c e  underw ent l i t t l e  change .

A p lo t  o f th e  u n ex p la in ed  v a r ia n c e s  f o r  o b je c t iv e  a n a ly se s  p e r 

formed a t  S ta t io n  1 and S ta t io n  5 i s  shown i n  F ig .  42 . The p l o t s  o f 

when th e  ex p ec ted  av erag e  s ig n a l  was n o t  in c lu d e d  a r e  in d ic a te d  by an 

arrow  w ith  an N a t  th e  t a i l .  The u n ex p la in ed  v a r ia n c e s  w ere n o rm alized  

f o r  com parison. The minimum v a r ia n c e  o ccu rred  a t  th e  same tim e in  

a lm o st every  c a s e  w ith  th e  m ost v a r i a t i o n  i n  s t a t i o n  5 . The u n ex p la in ed
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STN 1

1 /3

5

STN 5

(TIME)

F ig . 42. N orm alized  v a r ia n c e s  co n fu ted  fo r  d i f f e r e n t  s t a t io n s  when 
th e  mean was removed (N) and when th e  mean was in c lu d e d .
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v a r ia n c e  a s s o c ia te d  w ith  s t a t i o n  5 (u sing  f iv e  o p tim a l " o b se rv a tio n s " )  

shows s h a rp e r  cu rv es  in d i c a t in g  a  q u ick er minimum v a r ia n c e  s o lu t io n .

The l a b e l s  (X^yT^,Z^, e t c )  g iv en  in  F ig . 42 a re  f o r  seven  o f  th e  n in e  

a v a i la b le  s e n s o r  l o c a t io n s .  The correspondence betw een  th e s e  l a b e l s  

and th e  a c t u a l  s t a t i o n  numbers was n o t p a r t  o f  th e  o u tp u t;  how ever, th e  

o rd e r  t h a t  th e  s e n s o r  lo c a t io n s  were co n sid e red  i s  th e  same f o r  th e  

two c a se s  p re s e n te d  i n  F ig . 42 .

G rid  P o in t  A n a ly s is

The u n e x p la in e d  v a r ia n c e  was computed f o r  each  g r id  p o in t  f o r  

th r e e  s u b -o p tim a l,  f i r s t  th r e e  op tim al and f i r s t  f iv e  o p tim a l s t a t i o n s .  

A p o r t io n  o f  th e s e  com pu ta tions  appear i n  T ab le  15. A s m a l le r  number 

o f  th e  u n e x p la in e d  v a r ia n c e  in d ic a te s  a b e t t e r  OVEA th an  a  l a r g e r  

nu n b er. The v a lu e s  found in  T ab le 15 a re  n o t  p e rc e n ta g e  v a lu e s ,  b u t 

a re  numbers r e s u l t i n g  from  com puting th e  c o v a r ia n c e  when th e  v a r io u s  

p a ra m e te rs  and th e  e x p e c te d  s ig n a l  a re  c o n s id e re d .

TABLE 15

UNEXPLAINED VARIANCE FOR DIFFERENT GRID POINTS AND OPTIMAL STATIONS

GRID POINT 
NUMBER

VARIANCE 3 SUB OPT. FIRST
OPT.

FIRST 
3 OPT.

FIRST 
5 OPT.

8 2 6 .383 4.424 2 4 .550 23.786 15.765
9 146.064 22.787 127.408 126.908 73.367

10 243 .301 24.359 206 .081 148.434 88.174
11 146 .064 7.557 131.629 28.161 18.209
12 26 .383 7.363 25 .306 2.703 2.555
13 1 .1 7 4 .704 1 .1 5 9 .380 .380
14 .012 .010 .012 .007 .007
15 41.022 4.709 37 .403 31.943 26.581
16 170 .238 36.690 139.500 131.080 118.357
17 219.604 139.468 173 .852 153.754 153.490
18 170.238 114.638 159.619 62.146 47.501



91

The s m a lle r  numbers do n o t m a in ta in  a  c o n s is te n c y  w ith  g r id  

p o in ts  o r  o p tim a l s t a t i o n s .  For exam ple, f o r  g r id  p o in t  8 , th e  th re e  

su b -o p tim a l s ta io n  s o lu t io n  i s  a  b e t t e r  s o lu t io n  th a n  th e  f i r s t  

o p tim a l s t a t i o n ,  b u t  j u s t  th e  o p p o s ite  i s  t r u e  f o r  g r id  p o in t  18.

A v a r i a t io n  o f th e  v a lu e s  i n  a column i s  q u i te  a p p a re n t b u t  t h i s  i s  

due to  th e  la y o u t o f th e  g r id  p o in t s .  G rid  p o in t  7 ,  14, 21 , e t c . ,  a re  

th e  ex trem e r i g h t  edge g r id  p o in ts  and th e  maximum ex p ec ted  s ig n a l  

may b e  on th e  o p p o s ite  s id e  o f th e  g r i d .

The f i r s t  f i v e  o p tim a l s t a t io n s  s o lu t io n  does n o t  n e c e s s a r i ly  

have to  be  th e  b e s t  s o lu t io n  fo r  ev e ry  g r id  p o in t ,  b u t  sh o u ld  have 

th e  l e a s t  t o t a l  when compared w ith  th e  o th e r  s t a i o n s .

F ig .  43 i s  th e  t r u e  s ig n a l  o f a  s im u la te d  sudden  warming o f  6GC 

am p litu d e  when T=10 h o u rs  and a t  an a l t i t u d e  o f  25 km. T h is  w i l l  be  

th e  a n a ly s i s  w h ich  we a re  t r y in g  to  a c h ie v e . The o b je c t iv e  a n a ly s is  

(F ig . 44) f o r  f i v e  o p tim a l s ta t io n s  compares q u i t e  w e l l  w ith  F ig . 43.

The c e n te r  o f b o th  a n a ly se s  a re  a t  ap p ro x im ate ly  t h e  same lo c a t io n ,  

how ever, th e  o b je c t iv e  a n a ly s i s  i s  f l a t t e r  as th e  10 c o n to u r co v ers  more 

a re a . T here  i s  a  ze ro  co n to u r i n  F ig .  44 in d i c a t i n g  below  z e ro  v a lu e s  

in  th e  u pper and low er r i g h t  c o m e r s .

The t o t a l  s i g n a l  v a r ia n c e  i s  shown i n  F ig . 4 5 . T here i s  a  r id g e  

o f maximum v a lu e s  e x te n d in g  from to p  to  bo ttom  lo c a te d  i n  th e  same 

p o s i t io n  a s  th e  maximum s ig n a l  v a lu e s .  T h is  i s  n o t  s u r p r i s in g  as th e  

maximum t o t a l  s i g n a l  v a r ia n c e  i s  ex p ec ted  to  b e  lo c a te d  n e a r  th e  

maximum v a lu e  o f  th e  s i g n a l .

The f r a c t i o n  u n ex p la in ed  v a r ia n c e  accoun ted  f o r  by r e g r e s s io n ,  o r

2
1-R , f o r  f iv e  o p tim a l s t a t i o n s  a re  shown in  F ig .  46. T here i s  a  l i n e
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TIME 10.0000

Z = 2.5

Fig. 43. The signal of a simulated sudden warming when T=10 hours and
2=25 km. A square represents possible sensor location and a
plus represents a grid point location.
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1 0

1 0

4 4

Fig. 44. The objective analysis of a simulated sudden warming when
T=10 hours and H=25 km. A square represents possible sensor
locations and a dot represents grid points.
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60

Fig. 45. The total signal variance of a simulated sudden warming when
T=10 hours and H=25 km. A square represents possible sensor
locations and a dot represents grid points.
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.7 .4  ,5  .4 .3

F ig .  46. The f r a c t i o n  u n ex p la in ed  v a r ia n c e  accounted f o r  by r e g r e s s io n  
( 1 - r 2 )  o f a  s im u la te d  sudden  w anning when 1 = 1 0  hours and 
H=25 km. R i s  th e  m u l t ip le  c o r r e l a t i o n  c o e f f i c i e n t .  A 
sq u a re  r e p r e s e n ts  p o s s ib le  s e n s o r  lo c a tio n s  and a  d o t r e 
p r e s e n ts  g r id  p o in t s .



96

o f minimum v a lu e s  e x te n d in g  in  a  curved f a s h io n  from  upper r i g h t  to  

low er r i g h t .  T h is  minimum l i n e  co in c id es  w ith  th e  a v a i la b l e  s e n s o r  

lo c a t io n s .  I t  i s  ex p ec ted  th a t  th e  p o in ts  su rro u n d in g  th e  s e n so r  

lo c a t io n s  to  acco u n t f o r  most o f  th e  ex p ec ted  av e ra g e  v a r ia n c e .

Experim ent

I t  was s t a t e d  e a r l i e r  th a t  one o f th e  o b je c t iv e s  o f t h i s  p ap e r 

was to  d e v e lo p s  an o p tim a l sam pling  te ch n iq u e  and n o t to  p e rfo rm  an 

a c tu a l  e x p e rim en t and p r e s e n t  th o s e  r e s u l t s .  T h is  s e c t io n  w i l l  d is c u s s  

how an a c t u a l  experim en t m ight b e  c a r r ie d  o u t .

The tim e o f  th e  o ccu rren c e  o f m ajor s t r a t o s p h e r i c  sudden w arm ings 

a re  from December to  M arch. The NOAA p e rs o n n e l  a re  c o n s ta n t ly  

a n a ly z in g  d a t a  f o r  sudden warm ings and is s u e s  a  STRA.TWRM a l e r t  o v er th e  

w eath e r t e l e ty p e s  i f  a  sudden warming i s  ap p ro ac h in g  N orth  A m erica.

T h is  g iv e s  some w arn ing  so ro c k e ts  w i l l  n o t  b e  f i r e d  j u s t  to  s e e  i f  

a  sudden  warming i s  i n  th e  v i c i n i t y .  However, m ost ro c k e t  i n s t a l 

l a t i o n s  c o l l e c t  d a ta  ev e ry  Monday, Wednesday, and F r id a y .

An e x p e rim e n te r  m ight want to  s e t  up some c r i t e r i a  to  v e r i f y  t h a t  

a  sudden  warming i s  ap p ro a c h in g . One m ethod o f  d e te rm in in g  i f  a 

sudden  warming i s  ap p ro ach in g  would be th e  l i n e a r  d is c r im in a n t  func

t i o n  (LDF) as d is c u s s e d  by M orrison  (1 9 6 7 ). M o rriso n  d e f in e s  th e  LDF 

as

Y = ( x ^  - X g ) ^  S ^  ( x ^ - X g )

w here x^ and x^ a re  th e  sam ple mean v e c to r s  o f  two c a te g o r ie s  and S i s  

th e  poo led  common c o v a ria n c e  m a tr ix .
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The sam ple mean v e c to rs  come from d a ta  c o l le c te d  when a warming 

was and was n o t o c c u rr in g . These d a ta  co u ld  be  te m p e ra tu re  a t  v a r io u s  

l e v e l s ,  w ind d i r e c t io n ,  o r  c loud  ty p e  and amount d e r iv e d  from  s a t e l 

l i t e  p h o to g rap h s . The s ta n d a rd  d e v ia t io n  o f  th e  p o o led  d a ta  i s  found , 

and by knowing th e  means o f  each sam p le , a  c r i t i c a l  p o in t  can be found . 

The c r i t i c a l  p o in t d iv id e s  th e  f u tu r e  o b s e rv a tio n s  i n t o  two c a t e g o r ie s ;  

a  w arm ing w i l l  occur o r i s  o c c u r r in g  now, o r  one w i l l  n o t o c c u r .

I f  i t  i s  d ec id ed  th a t  a  warming i s  g o ing  to  o ccu r th e n  ro c k e t  

i n s t a l l a t i o n s  sh o u ld  be n o t i f i e d  t o  ta k e  th e  n e c e ssa ry  a c t io n s  to  

in s u r e  tim e ly  f i r i n g s .  S ta t io n s  lo c a te d  a t  T h u le , G reen lan d , F o r t  

C h u r c h i l l ,  Canada and W allops I s la n d ,  V ir g in ia  w ould p ro b a b ly  b e  th e  

f i r s t  to  o b ta in  sam p les. O ther ro c k e t  s t a t i o n s  w ould sam ple as th e  

warming moved w estw ard.

Each ro c k e t s t a t i o n  has problem s to  overcome to  in s u re  a  s u c c e s s 

f u l  f i r i n g .  The b ig g e r  ran g es  r e q u ir e  a m iss io n  r e q u e s t  two weeks 

i n  advance. T h is can be han d led  by r e q u e s t in g  f i r i n g  tim es and 

c a n c e l l in g  th e  day b e fo re  th e  f i r i n g .  O ther d i f f i c u l t i e s  a r e  th e  

ra n g e  work h o u rs . Most w i l l  n o t work lo n g e r  th a n  10 h o u rs  a  d ay , 

making i t  im p o ss ib le  to  c o l l e c t  d a ta  f o r  24 h o u rs .

F u l l  c o o p e ra tio n  o f  many a g e n c ie s  would have to  b e  had  i f  a  

sudden warming i s  ev e r to  be  o p tim a lly  sam pled . The US A ir  F o rc e ,

NASA, Army, and NOAA e f f o r t s  would have to  b e  ex tre m e ly  w e ll  c o o rd i

n a te d  by a  few in d iv id u a ls .  I f  such  ex p erim en ts  such  as GATE o r  

GASP a re  s u c c e s s f u l ,  th en  a  s m a l le r  ex p erim en t such  as sam p lin g  a  

sudden warming sh o u ld  be ex tre m e ly  s u c c e s s f u l .



CHAPTER V II 

SUMMARY AND CONCLUSIONS

A te c h n iq u e  to  sample o p tim a lly  a  s t r a t o s p h e r i c  sudden warming 

h as  been  p re s e n te d .  This te ch n iq u e  uses th e  co n cep t o f  tim e and space  

c o v a ria n c e  r e la t io n s h ip s  o f  th e  s ig n a l  and n o is e ,  and a  B ayesian 

approach f o r  v a ry in g  p a ra m e te rs . The o b je c t iv e  a n a ly s i s  fu rn is h e s  a 

r e l a t i o n  betw een th e  sen so r lo c a t io n  and an e s tim a te d  p aram eter th ro u g h  

th e  m odeled co v a rian ce .

An e m p ir ic a l  model o f a  s t r a to s p h e r i c  sudden  warming was con

s t r u c t e d  b ased  upon o b s e rv a tio n a l  s t u d i e s .  The e m p ir ic a l  model was 

th e n  tran sfo rm e d  in to  a  s t a t i s t i c a l - m a th e m a t ic a l  fo rm at th a t  allow ed 

s im u la tio n  o f  th e  sudden warm ing. An e x p o n e n t ia l  fu n c tio n  w ith  a 

q u a d ra t ic  exponen t was used f o r  s im u la tio n  p u rp o se s . No c la im s a re  

made t h a t  t h i s  p a r t i c u l a r  fu n c tio n  i s  th e  b e s t ,  how ever, s a t i s f a c to r y  

r e s u l t s  w ere o b ta in e d .

The s im u la tio n  of th e  warming was perfo rm ed  u s in g  a 7 x 7 g r id .

The s ig n a l  e n te re d  th e  g r id  from th e  upper r i g h t ,  p roceeded  to  low er 

c e n te r ,  and d e p a r te d  from th e  upper l e f t  p o r t i o n .  The system  changed 

from  a c i r c u l a r  form to  an e l l i p t i c  shape a s  i t  moved tow ard th e  low er 

c e n te r .  As i t  moved up and to  th e  l e f t ,  t h e  sy stem  reg a in ed  th e  c i r 

c u la r  fo rm . The s im u la ted  p a t t e r n  was compared w ith  th e  iso th e rm  

p a t te r n  t h a t  o ccu rred  d u rin g  a  warming, and th e  s i m i l a r i t y  was n o te d .

98
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V ario u s  p a ram ete rs  w ere s u b je c te d  to  a  s e n s i t i v i t y  a n a ly s i s  and the 

tim e t h a t  th e  s ig n a l  reach ed  i t s  maximum am p litu d e  had  more in f lu e n c e  

on th e  a n a ly s is  th a n  th e  h o r iz o n ta l  o r  v e r t i c a l  shape p a ra m e te rs .

A com bination  o f  two a l t i t u d e s  and tim es f o r  th e  a n a ly s is  was 

i n t e r j e c t e d  fo r  th e  p u rpose  o f  c o m p lic a tio n . The a l t i t u d e  s e le c te d  

f o r  o p tim a l sam pling  changed w ith  th e  number o f  s t a t io n s  s e le c te d .

The f i r s t  f iv e  o p tim a l s t a t i o n  s o lu t io n  u s u a l ly  had  a sam ple tim e 

j u s t  b e fo re  th e  a n a ly s i s  tim e .

A com parison was made o f  th e  t r u e  s ig n a l  and th e  o b je c t iv e  

a n a ly s i s  fo r  th e  same tim e and a l t i t u d e .  The c o n to u rs  w ere v e ry  

s im i la r  in  shape and s iz e  in d i c a t i n g  t h a t  a  good e s t im a te  was made 

o f  th e  mean and c o v a ria n c e  f u n c t io n .

A system s ap p ro ach  to  an  o p tim a l e x p e r im e n ta l d es ig n  has been  

d ev e lo p ed  by M artin  C. Yerg (1 9 7 3 ). H is  approach  was d i f f e r e n t  in  

many r e s p e c t s ,  and th e s e  d i f f e r e n c e s  w i l l  be  b r i e f l y  d is c u s s e d .

Y erg used an o p e ra t io n  r e s e a r c h  app roach  w h ile  a  B ayesian  

approach  was u t i l i z e d  i n  t h i s  p a p e r . He m inim ized an o b je c t iv e  

fu n c tio n  (minimum v a r ia n c e )  t h a t  was s u b je c te d  to  c o n s t r a in t s  o f  

a i r c r a f t  o p e ra t io n s  and sam p ling  tim e . N o n lin e a r  programming (NLP) 

was used  to  m inim ize th e  o b je c t iv e  f u n c t io n .  The B ay esian  approach 

a llow ed  v a r i a t io n  i n  th e  speed  and c u rv a tu re  p a ra m e te rs . The com bina

t i o n  o f th e  v a ry in g  p a ra m e te rs  t h a t  gave th e  minimum v a r ia n c e  s o lu t io n  

was u se d .

A nother d i f f e r e n c e  i n  th e  two m ethods was th e  a v a i l a b i l i t y  of 

d a ta .  A i r c r a f t  can c o l l e c t  volum es o f  d a ta  a t  many d i f f e r e n t  a l t i 

tu d e s  and a re  n o t  r e s t r i c t e d  in  space  o r  t im e , e x c e p t by th e  range o f
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th e  a i r c r a f t .  C o l le c t io n  o f  ro c k e t  d a ta  i s  r e s t r i c t e d  to  th e  im mediate 

v i c i n i t y  o f  th e  ro c k e t  i n s t a l l a t i o n ,  and on ly  a  v e r t i c a l  p r o f i l e  o f  

th e  d a ta  may be o b ta in e d .

Y e rg 's  method u t i l i z e d  s im u ltan e o u s  sam p lin g  in s te a d  o f  sequen

t i a l .  S im ultaneous sam p ling  may g iv e  a  b e t t e r  s o lu t io n  due to  a l l  

th e  s t a t i o n s  b e in g  s e le c te d  a t  th e  same tim e , w h ile  only  a p o r tio n  o f 

th e  s t a t i o n s  may sam ple u s in g  th e  s e q u e n t i a l  m ethod; how ever, i t  was 

em phasized th a t  s e q u e n t ia l  sam pling  h as  i t s  ad v an tag es  and i s  more 

a p p l ic a b le  to  ro c k e t ty p e  ex p e rim en ts .

Both approaches a re  s im i la r  i n  t h a t  th e  s ig n a l  was s im u la te d  by 

an e x p o n e n t ia l  fu n c t io n  o f  some fo rm . B oth  approaches used  an o b je c 

t i v e  a n a ly s is  te c h n iq u e  developed  by Eddy and h i s  group a t  th e  U niver

s i t y  o f  Oklahoma.

The m ethodology developed  i n  t h i s  p a p e r  was k e p t r e l a t i v e ly  

s im p le , and y e t  seemed to  y ie ld  re a s o n a b le  r e s u l t s  as  to  s t a t io n  

lo c a t io n s  and sam pling  tim e s . B e t t e r  o p tim a l sam pling  r e q u ir e s  fo r  one 

th in g ,  th a t  work b e  done i n  d e v e lo p in g  a  c o v a r ia n c e  m odel u t i l i z i n g  

r e a l  d a ta .

I t  i s  th e  hope o f  th e  a u th o r  t h a t  t h i s  work w i l l  s e rv e  as an 

in c e n t iv e  to  th o s e  in d iv id u a ls  r e s p o n s ib le  i n  co n d u c tin g  experim en ts . 

The id e a  o f  th e  unp lanned  c o l l e c t i n g  o f ream s o f  d a ta  and  h o p e fu lly  

re d u c in g  i t  to  a  u s e f u l  form  i s  becom ing a  th in g  o f  th e  p a s t .  O ptim al 

d e s ig n  o f  ex p erim en ts  i s  a  more l o g i c a l  answ er to  th e  co n d u c tin g  o f  a  

s u c c e s s f u l  f i e l d  ex p e rim en t.
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APPENDIX A

The e x p e c te d  valxaes o f th e  o b s e rv a tio n  and h e ig h t  fu n c tio n  a re  de

v e lo p ed  h e re  and i n  Appendix B. R e fe r r in g  to  C hap ter IV ,

S ( x ,y ,h ,t )= Z  ( x ,y , h , t ) + e ( x , y ,h , t )  

o r  th e  o b s e rv a t io n  (S) a t  a p o in t  and tim e  i s  e q u a l to  th e  s ig n a l  (Z) 

and th e  n o is e  ( e ) . The s ig n a l

Z ( x ,y ,h , t ) = A ( t ) [ e x p [ - % Q ( x ,y , t ) ] ] [ f ( h ) ]

w here

A i s  an  am p litu d e  p a ra m e te r , Q i s  a  q u a d r a t ic  fu n c t io n  and f (h )  i s  

an a l t i t u d e  f u n c t io n .  The e x p e c te d  v a lu e  of th e  s ig n a l  can be ex p re ssed

as

E { s ( x ,y ,h , t )  }=E {A }E{exp(-^) }E{f (h) }+E{e}

when i t  i s  assummed t h a t  x ^ ( t )  and 7 ^ ( 0  a r e  s t o c h a s t i c a l l y  independen t 

o f  A (t) .

Prom M o rriso n  (1 9 6 7 ), page 81 , th e  ex p ec ted  v a lu e  o f th e  j o i n t  den

s i t y  f u n c t io n  can be  w r i t t e n  f o r  th e  g e n e ra l  case

e{£(X))=--------- -̂----j—  f f(X ) e x p [ - ls (X -u )4 “ ^ (X -u )J dX

w here u i s  th e  mean, Z i s  th e  c o v a ria n c e  m a tr ix .

X=

'^ i
X 2 U2

I , E{X}=u= .
X u
_p _P_

and VAR{X}=r.
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F or o u r  c a s e , l e t

Q=(X-X )S (X -X  ) = (X -X )S (X  -X)o o

where

X x , ( t ) :xx(^:) =xy('=)" i „ ( t )

x=
y '  ^ o = y^Ct) , B= _ B ^ (t)  Byy(t)_ a n d  X q=

7 o < «

Since

V ^ = < V V - ^ « o - »

Q-CX -X )^B(X -X )+2(X -X)'^B(X -X )+(X -X)'^B(X -X ). o o  o o  o o o o  o

For s im p l ic i ty  assume x ^ ( t )  and y ^ ( t )  a r e  G aussian  w ith  c o v a rian ce  mat

r i x  E. The expec ted  v a lu e  o f  e x p (-% )  can be w r i t t e n  as

E { ex p (-% ) }=  f exp[J${Q f(X  -X )^ e '^ (X  -X )} ]  dX
( 2 :1) | z r  4  o o o

 I exp[=%{(X^-X^)’'(B+E‘ b (X ^ -X ^ )+

( 2 r ) | z |  - »
o o

2(X -X )S (X  -X )+(X  -X )S (X  -X )}] dX^ O O O O  o o

I t  would b e  co n v en ien t to  have p a r t  o f Eqn A1 in  th e  form
,  OO

(1 /2 ? |H |^ )  _ /  e x p ( - y u ^ " ^ )  dU

as t h i s  e q u a ls  u n i ty .  L e t

u = ( x ^ - ÿ « < x ^ - x )

w ith  G b e in g  an unknown v a r i a b l e  to  be  de te rm in ed .

u ’̂ " ^ = ( X  -X )^(B fZ “ ^)(X  -X  )+2(X -X )*^(B+Z“ ^)G(X -X)+o 0 o o o o

(X^-X) *^G^(B+E~b G(X^-X)

(Al)

(A2)
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L e t (B+E“ ^)G=B, th e n  G = (B + Z "^)"^ , 

th e n  U=(X -X )+ (B + z "^ )" ^ (X  -X ).o o o

C o n sid er o n ly  th e  l a s t  term  i n  Eqn A l. S u b s t i tu t in g  (B+E ^)G f o r  B 

g iv e s

(X -X)  ̂(B+E"l) G(X -X ) .  (A3)o o

Now the  p o r t io n  G^(B+E ^)G i n  Eqn A2 can be w r i t t e n  

G^(B+e“ ^) G=B (B+e"^) ”^(B+e“ ^) (B+e“ ^)

=B(B+E” ^ ) “ ^ .

Eqn A2 becomes

(X^-X) ^B (B+E"^) ~ h  (Xq-X) .  (A4)

Adding and s u b t r a c t in g  Eqn A3 to  th e  l a s t  te rm  i n  Eqn A l g iv es

(X -X)^B(X -X )-(X  -X ) ’̂ (B + e" ^ ) " ^ ( X  -X )+ o o o  o

(X -X) ^B (B+E~^) ~ h  (Xg-X) .  (A5)

The l a s t  te rm  i n  Eqn A5 i s  w hat i s  needed to  add to  Eqn A l to  a lm ost

o b ta in  th e  d e s i r e d  e q u a tio n . Now

E { e x p ( - ^ )  }= ----------   r- exp{-%(X -X) ^ [B -B (B + z"^“ ^ ]  (X -X) }
. . r ( 2 * ) | z |  t
j" exp[^U*^(BbZ"^)U] dU.  (A6 )
CO

The c o e f f i c i e n t  o f Eqn A6  i s  ---------------------  and th e  d e s ir e d  form  i s
(2 n ) |E | ^

------------ -— — f o r  th e  l a s t  te rm  to  be u n i ty .

(2 n ) |z |  ^  )  ( ( 2 i ) | B f r ' ^ r ’* )
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Eqn A5 becomes

E{exp ( -% )} =  ---------- - - 7  r  exp{-%(X - X ) * ^ ( X  -X)}
(2TT)l&4-r^l^

---------- ^ — -  r  exp[-^U^(B+Z"^)U dU] ........................... (A7)
( 2 tt) jB+E"^!” "^-»

The l a s t  p a r t  of Eqn A7 i s  e q u a l to  u n i ty ,  how ever, more m o d if ic a t io n  

i s  needed on th e  f i r s t  p a r t .  The te rm  B-B(B+E~^)“ ^B can  be w r i t t e n  

a s  B'^CI+B'^ZB'^) ^B^U T h is  can  be p roven  from th e  id e n t i t y

T h is  can be o b ta in e d  by w r i t in g

(F+GHG^)=F+GH(H~^4G^F"^G)(H~^+G^F"^G)"^G 

=F+(GfGHG^F"^G) (H"^G*^F"^G)“ ^G*̂

=F+ (F+GHG^) F“ ^G (H“ ^+G*̂ F“ ^G)“ ^G^

F=(F+GHG^) [I-F"^G(H"^+G^F"^G)“ ^G*̂ ]

1= (F-i-GEG^) [F~^-F~^G(H~^+G*^F"^G)"^G*^F"^]

(F+GHG^) ~^=F"^-F"^G (H~^+G*^F“ ^G) "^G*^F~^

L e t B ^=F, I=G, E=H, th e n  

B-B(B+E-1 ) " 1 b = (B ~ ^E ) “ 1

= [B~^ ( I+B^EB^) B% ] " 1

=b''^(i +b^ zb^ )" ^ b^ .

IEI^I BfE ^1^ can be w r i t t e n  as  | eb+i |^ .

Eqn A7 now becomes

E {ex p (-î^ )}=  ----- 1—  exp[-%(X -X)'^B^(I4-B^EB^)"^B^(X -X )] .
1i+ z b |^  °  °
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L et th e  q u a d ra t ic  form Q (x ,y , t )  be  an e l l i p s e  w ith  one a x is  in  th e

d i r e c t io n  o f  p ro p a g a tio n  o f th e  system  and th e  o th e r  a x is  p e rp e n d ic u la r

to  th e  f i r s t .  L e t 9 ( t )  be th e  an g le  betw een th e  v e l o c i ty  v e c to r  o f  th e

system  and th e  x -a x is  o f  th e  g r id .  Now we can w r i te

B=R*̂ B R o

w here R i s  a  r o ta t io n  v e c to r  and w r i t t e n  as

R=
Cose ( t ) S ine ( t ) '

and B =
b ^ ( t ) o"

-S in e  ( t ) Cose ( t ) 0
0 by(C)

An a d d i t io n a l  re q u ire m e n t w i l l  be  th a t  th e  v a r ia t io n s  i n  th e  p o in t  

[X g ( t) , y ^ ( t ) ]  about [ x ^ ( t ) ,  y ^ ( t ) ]  have a  component a lo n g  the  d i r e c 

t io n  o f  p ro p a g a tio n  o f th e  system  w hich i s  in d ep en d en t o f  th e  component 

p e rp e n d ic u la r  to  th e  d i r e c t i o n  o f  th e  sy stem . T h e re fo re ,

where

Z=R Z R o

z =o

o ;( c )

S u b s t i tu t in g  f o r  B, I ,  and  remembering th a t  I=R R

M=(rS ^ )  [I+(R*^B^R)(r 4  R ) ( R S ^ > r ^  (R*^B^)o o o o  o

= (r S ^ )  [I+R^(B^Z B^)R]“ ^ (r S \ )  o o o o  o

= (R^b\ )  [ R^R+R^ (B^Z B^)R]
0  o o o  o

= (R̂ B'%1) R  ̂(I+B^ Z B ^ )'^ (R ^ B ^ )
0  o o o

=R^[B^(I+B^Z B ^ )" ^ ^ ]R .o o o
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I f  th e n

m=r ’̂ d r .

E v a lu a tin g  (I+B ^Z^B ^ by s u b s t i t u t i n g  th e  a p p ro p r ia te  v a lu e s  fo r

and Z y ie ld s

I

1 0

0 1

i j ( t )

l+ b ^ ( t ) o 2 ( t )

0

o ^ ( t )
X

b ^ ( t )  0

0  b% (t)
y .

l+ b y ( t ) o 2 ( t )

T ak ing  th e  in v e r s e ,  p re  and p o s t  m u lt ip ly in g  by B‘

D=

T h e re fo re

M=

b% (t) 1 p
- - -   ̂ g - '  ■ 0 d x ( t ) 0

l+ b % (t)o 2 ( t )

b _ ( t ) =

0 d y ( t )
l+ b ^ ( t ) a 2 ( t )  _

dx Cos^S + dy S in^e

(dx-dy) S in 6  Cos9

M x x (t)  M jjy ( t)

'^Xy M yy(t)

(dx-dy) S in0  Cos9 

dx Sin^B 4- dy Cos^S

E { S (x ,y ,h ,t)} = (A ^ /{ [(1 + b ^ o ^ )  ( 1+b^o^)] ^ } ) e x p [ M ^ ( x - x ^ ) ^+X X' '  y y '

2M^y (x-Xq) (y-y^j)+Myy (y -y ^ )  ̂  ] }E{ f  ( h ) } (A8 )
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The ex p ec ted  v a lu e  betw een two o b s e rv a tio n s  w i l l  now be found . 

E { S (x ^ ,y ^ ,t^ )S (x 2 ,y 2 ,t2 )} = E { Z (x ^ ,y ^ ,t^ )Z (x 2 ,y 2 > t2 )H

E { e (x j^ ,y ^ ,t^ )e (x 2 ,y 2 , t 2 )}

= E { A (tp A (t2 > }E {exp{-^[Q (x^,y^, t^ )+ Q (x 2 ,y 2  }E{f (h^) f  (h 2 > }

U sing M a tr ic e s  l e t

Q = Q (x ^ ,y ^ ,tp + Q (x 2 ,y 2 » t 2 ) = (X-X^) (X-X^)

w here

X =

X,

X,

- X i -

^ 1 X =

^ 2
0

9

- ^ 2 - -= 'o < V -

x=
x . C l )

x .C tz )

x . ( t i )

7 o^'=2>J

and

B=
B (t^ )

B(t2> : x y ( " l )

0

0

B x y ( tl )

0

0

0

0

: x x ( ' 2 )

Bxy(^2 )

0

0

" x y ( Y
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Assume X ( t . )  and X ( t_ )  a re  m u l t iv a r ia te  norm al v a r i â t e s  w ith  co v arian ce  o J. o Z

m atrix

Z =

Z (t^ )

$ ( t ^ , t 2 ) ZCtg)

From th e  p re v io u s  developm ent

. l
E{ exp ( - i ^ )  }= ( 1 / (  11+ZB1 ^  ) exp{-%(x -x ) *3^(I+B^ZB^) ^B^(X -X)}.

A lso

w here

B=R^B R o

R=

Cos0, S in 0 ,X 1

-S in 0 ^  Cos0j^

0

L  0

0

0

0

0

0
0

Cos 0 2  S in 0 2

- S in 0 2  Cos0 2 _j

R(Cl)

RXCg)

and

B = o
W

Assume Z=R 2 R o

“" ° '®

0

Z = o

0 0 

0 0

0  C y * y (tl)* y (C 2 )

’’^ ‘ 2>
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and T = !^ 2 - ^ 2 '*

T h is  means t h a t  the  components o f  th e  v a r i a t i o n  o f  [x ^ ( t)  , y ^ ( t )  ] 

ab o u t [ X g ( t ) ,Y g ( t ) ] along and p e rp e n d ic u la r  to  th e  d i r e c t io n  o f m otion  

o f  th e  sy s tem  a r e  s to c h a s t i c a l ly  in d e p e n d e n t l i n e a r  f i r s t  o rd e r Markov

T Tp ro c e s s e s  w ith  la g  -x  c o r r e l a t io n  c o e f f i c i e n t s  and p^.

L e t (A9)

=R^DR

w here

djCii 0

D=B^(I+B^Zo O 0  O 0

0 4?11

d* 2 i 0

0 d? 2 1

A 4X4 m a tr ix  i s  o b ta in ed  when (I+B^

can become in v o lv e d  and i s  b e s t  computed b

m a tr ix

“ 1 1 “ 1 2

“ 2 1 “ 2 2

-

dx12

dx22

0
dy

0

dy

12

22

(AlO)

^  ~h ~ "h hb e  th e  in v e r s e  o f  th e  n o n -s in g u la r  m a tr ix ,  B* (I+B Z B )Bo o o o o

r e p re s e n te d  by

4 i ^ 2

/ 2 1 ^ 2 2 .
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I t  i s  w e ll known th a t

“ l l '^ l l '^ ^ l i ^ l Z  (^ 2 2 " ^ 2 1 ^ 1 1 ^ 1 2 ) ^^ 2 1 ^ ^ 1 1

® 1 2  ^ l i ‘̂ 1 2 ^^2 2 ” '^2 l ‘̂ l l ‘̂ 1 2 ^

-1 -1 -1
a 2 i= -(A 2 2 “A2 iAiiAj_2  ̂ ^ 2 1 ^ 1 1

“ 2 2  (^ 2 2 " ^ 2 1 ^ 1 1 ^ 1 2  ̂ ‘

Computing (I+ B ^^B ^) g iv e s

^ 1 =

"12=421=

l+ by(tjL )O y(t^)

* 22 '

l+ h y ( : 2 )*y(C 2 )

S e v e ra l te rm s w i l l  now be e v a lu a te d .

i+ b  ( t i ) o 2 ( t p
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^21^11'^12

l+ b y C tp c -JC ti)

^ 2 2 ' * 2 1 ^ 1 1 * 1 2

S x < h " '2 >

l+ b y ( t^ ) o J ( t i )

w here

8 ^ C t i , t 2 ) = 1 4 - b ^ ( t i ) c 2 ( t ^ H b ^ C t 2 ) a ^ ( t 2 ) + ( l - p f ) b ^ < t , ) b ^ ( t 2 ) c ^ ( t l ) o 2 ( t j , )  

and a  s i m i l a r  e x p re s s io n  c o n ta in in g  y ' s  in s te a d  o f x 's  f o r  g y ( t ^ , t 2 ) .

0l+ b _ ( t - ) a _ ( t - )

-1

T h is  te rm  i s  common i n  a l l  th e  e lem en ts o f  th e  in v e r s e  m a tr ix  and i s  

th e  ct2 2  te rm . The u p p er l e f t  and low er r i g h t  te rm s a re  i d e n t i c a l  and

w i l l  be  e v a lu a te d  n e x t .
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l+ b ^ ( t i ) a ‘ ( t i )

2 _ 2L 

l + t y ( ' l ) ° y ( : l )

“ 2 2 ~ “ 2 1  ”^ 1 1 ^ 1 2 ^ ^ 2 2  ^ 2 1 ^ 1 1 ^ 1 2 ^

- P > ^ ( t i ) b ^ ( t 2 ) b , ( t i ) . . ^ ( ' : 3 )

êy(*^l»*=2 ^

-1 —1P o s t m u l t ip ly in g  th e  above by ^22^11 add ing  w i l l  y i e ld

“i r

g ^ ( t i , t 2 ) + p f b ^ ( t i ) b ^ ( t 2 ) < J ^ ( t ^ o | ( t £

2 ,.g ^ ( t i ,C 2 ) t l + b ^ ( t i ) » ^ ( E l ) i

S y(C l'C 2 ) + C y 'k y ( : l ) t , ( t 2 ) ° ;X t i ) ° y (C 2 )

g y C t^ .tp E l+ b y C tp O y C t^ ^ )]

—1
P re  and p o s t  m u lt ip ly in g  (I+B^E B^) by B^ and l e t t i n g  th e  p a r t i t io n e d

m a tr ix

^ 1 1  ^ 1 2  

^ 2 1  ^ 2 2

= B ^ (I+ B ^  w i l l  r e s u l to o in
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h r

1

b , ( t j ^ ) [ E ^ ( t ^ . t , ) t p f b ^ ( t i ) t ^ ( t ^ ) c ^ ( t i ) g ; ( t , ) I

g ( t ^ j t ^ )  [ l+ b y ( t ^ ) a y ( t ^ ]

Ï 2 - 8 21

SxCti.Cg)

®22°
b , ( t ; ) [ l + b / t i ) g ; ( t i ) l

s ^ C t i . t a )

T hese te rm s can be s im p l i f ie d .  U sing as an exam ple, s u b s t i t u t i n g  

f o r  g ( t _ , t _ )  i n  th e  num era tor e l im in a te s  th e  b , ( t _ ) b  ( t - ) o ^ ( t ^ )
2C X ^  X X X X ^ X X

o ^ / tg )  te rm  le a v in g

,<*1 >' 2̂ > U + b ^ ( tp b g ( c ^ ) ]
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The q u a n t i ty  in s id e  th e  b ra c k e ts  o f th e  num era tor f a c to r s  and becomes

and l+b^X t2 ) o ^ ( t^ )  i s  common in  th e  num erator and denom inator. 

R e fe rr in g  to  Eqn AlO,

* ' u '

Using th e  same s u b s t i t u t i o n  r e s u l t s  in

and

Eqn A9 becomes

M=

8 = ( t l '

^ x x l l ^ x y l l ^ x x l2 ^^xy2 1

% 1 1 ^ y y l l ^ x y l2 “ y y i 2

^^xx2 1 % 1 2 ^xx 2 2 ^xy 2 2

^xy 2 1 % 2 1 ^xy 2 2 ^yy 2 2
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where

M . ,= d x ..C o s0 .C o s9 ,+ d y . .S in 0 .S in 0 .
X X I j  X j  X j  X J  X j

M . .= d x . .S in 0 .C o s 6 .-d y . .C o s0 .S in 6 . 
x y iJ  1  J i j  1  j

M . .= d x ..S in 0 .S in 6 .+ d y . .C os0 .C os0 . yyxj X] X J ■'xj x j

f o r  i  and j - 1 , 2 ,

I l+ È B |^ = [g ^ ( t^ ,t2 ) g y ( t ^ , t 2 )

and

E{A (t^) A C tp  }= P lC a(C i)O a(t2 )+ A „ ( t i )A o ( t2 )

th e re fo re

E { s ( x T ,y p t^ ) S ( x ^ ,y , , t , ) } = Pa‘̂ a^^l^ '^a'

(exp [-is(X -i^S l(X -X ^) ] )E { f (h^) f  (h ,)  }+ p ^ o ^(x ^ ,y ^ , t^ )  (x^ .y ^ , tg )



APPENDIX B

The a l t i t u d e  fu n c tio n  adds an o th e r d im ension  to  th e  m odel. The 

ex p ec ted  v a lu e  o f  th e  a l t i t u d e  fu n c tio n  S in (w h f8 ) w i l l  b e  e v a lu a te d  

w here w=2tt/T,6 i s  th e  phase  a n g le , T i s  th e  p e r io d ,  and h  i s  th e  

a l t i t u d e  v a r i a b le .

Assume ( f ( 8 ) = [ l / ( 2 n ) ^ b g ]  exp[-^K 8 -U g /O g)^].

E S in(w h+ 8 ) = _______ 1 ^ Sin((oh+6 ) [exp -% (( 8 -U g)/O g) ] d 8 .

( 2 TT)̂ Og - »

L e t W=(8 -U g )/0 g, dW=d8/0g, 8 =W0 g+Ug.

S u b s t i tu t in g  f o r  8  and d0

2
E{Sin(ü)h+0) }= _ _ 1 _ _ _  I Sin(uh+Wag-Hig)exp (-igW ) dW.

( 2 m)% -»

C o n sid er th e  s in e  te rm , l e t  A=uh+u„, and rem em bering t h a t
O V

5 i n  ( A+B) = 8  inACo sB+C os AS inB

r e s u l t s  i n

Sin(w h+ U g+ W O g)= S in(cüh-K ig)C os (W 0g)+Cos (w h+U g)S in(W O g) .

Now l e t  C=Cos (mh+u„) and D=Sin(mhhi„) so t h a t
0  0

E{Sin(ü)h+6 ) } =  ( [D Cos(Wa )+C Sin(Wo ) ] exp dW.
( 2 m)% ® ®

The C S in  (Wo ) i s  z e ro  when in te g ra te d  b e c a u se  i t  i s  an  odd fu n c tio n .
6

From th e  ta b le  o f  i n t e g r a l s
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00 J

s  t e x p ( -a ^ x ^ ) ] Cos b d x = [(n )^ /a ]  e x p ( -b ^ /4 a ^ ) ,

2 2 2 I f  a  =%, X =W , and b=a_, th e n
V

E{Sin(ojlrf 9) }=D  r  — exp [ -o ^ /4 (y ) ]

=[ exp (-%0q) ] Sin(toh+Ug) .

Now Eqn AS o f A ppendix A can be w r i t t e n  as

E { S (x ,y ,h , t )  }=A ^exp{-îs[M ^(x-x^)2+2M ^(x-x^) ( y - y ( y - y ^ ) ^ ] [--lOg]}

[sin(o)h+Ug) ] / [  (1+b^a^) (l+byOy) ]^ .

C o n sid er th e  c ro s s -p ro d u c t  w here th e  c o v a rian ce  can  be  ex p re sse d  as 

Cove'S,

w here
CO

E{f(h ) f (h  )}= ^  r Sin(üh +0)Sin(tuh«+e)exp[-%((e-u )/C q) ]de.
1  - 4  1  2  6  0

L et W = (0 -u .) /a „ , dW+d0/a. o r  d6 =dWa. and 0=Wa.+u„.U W O o W D

E{f (h^) f  ( h p  }= — y  [Sin(uh^+Wag+Ug)] [Sin(ü3h2+W ag+Ug)]exp(-î^)dW. 

U sing th e  i d e n t i t y  SinASinB=?2 [Cos(A-B)-Cos(A+B) ] g iv e s
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E {f(h  ) f ( h - ) } =  ?  yC os[uh,+W a +u )-0>îh-+Wa +u )]-
^ ^ (27r)'^-'i - L e e  2  0  0

Cos[ (u)h,+WCT +u.)-(w h„+W a.+u-) ] }exp(-^W ^) dW X o U Z 0 0

1 r 2
— j -  J  C o s [ u ( h ^ - h 2 ) ] - C o s [ o ) ( h ^ + h 2 ) + 2 W a g + 2 U g ]  e x p ( - î s W  )

2 ( 2 n) 3 -CO

-Cos wCh^-h^) 1 2

dW

■J {Cos[w(h +h )+2u-+2Wa„] }exp(-î2W ) dW.
2(2ir)  ̂ -  ® ®

The c o s in e  te rm  can be th o u g h t o f  as Cos(C+D) w here C=w(h^+h^) +2Ug

and D=2Wo , th e nV

Cos(C+D)=CosC CosD-SinC SihD 

-CosEwCh^-hg)]®

E { f ( h ,) f ( h _ )  }= --------------r -------j{C os[co(h.+h„)+2u ] [Cos(2Wo ) ] -
^ ^ 2 ( 2 r ) ^  1 2  8  6

Sin[w(h^+-h-)+2u ]Sin(2W o^)} e x p (- !^ ^ )  dw.X Z 0 o

The s in e  te rm s a r e  e q u a l to  z e ro . R ea rra n g in g  te rm s

-C os[(u (h ,-h_ ) ]{Cos[ü)(h^+h-+2u ) ]
E { f ( h J f ( h J } = --------------— ----------------- — ----- —  [exp(-hV )][Cos(2lbJdW].

^ ^ 2 ( 2 %)% -®

U t i l i z i n g  th e  same i n t e g r a l  as b e fo re  r e s u l t s  in

f [exp(-%W^)][Cos(2Wa )d W ]= -2 --r  exp
Z  ® (% )'2 14(%) J  '

E {f ( h ^ f C h p  }=%{Cos[w(h^-h2 ) ] - [ e x p ( - 2 0 g) ]C os[o)(hj+h2 )+ 2 Ug]}
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OPTML D e t e r m i n e s  t h e  o p t i m a l  s a m p l i n g  t i m e  a n d  w h i c h  o p

t h e  NpTN POSSIBLE LOCATIONS S H OULD BE USED. A TOTAL 
OF NTOTAL SAMPLING TIMES AND THE C O O R E S P O N D I N G  LOCAT
IONS WILL BE F O U N D  GIVEN THAT THERE ARE N F I X  SAMPLING 
T I M E S  WHI C H  C A NNOT BE ALTERED (THIS C O U L D  INCLUDE POU- 

" T I N E  SAMPLING o r' P a s t  s a m f 'l f 's ' w h i c h  c a n  i n f l u e n c e  t h e  
ANALYSIS). THE a n a l y s t  WILL H A V E  A T O T A L  OE NTOTAL +
NFIX «;AMPl ES TO USE IN THE ANALYclp'. THE . ANALYC Ic IT
SELF IS COMPO S E D  O- U S I N G  ALL A V A I L A B L E  SAMPLES IN A 
L I N E A R  R EGRESSION PR O C E D U R E  TO P R E D I C T  THE OBSERVATION 
AL (BUT NOISE FREE) V A LUES AT GRID P O I N T S  IN SPACE AT
P A R T I C U L A R  TIMES.

O P T M L  FINDS T HE OPTIMAL S A M P L I N G  T I M E S  SEQUENTIALLY NO' 
ALL OF t h e m  s i m u l t a n e o u s l y .

THE  f u n c t i o n  to BE SAMPLED IS
S(X.Y.Z.T) = R(X,Y,Z,T) + E(X. Y , Z . T )

WHERE
R (X .Y ,Z ,T ) IS THE T R U E  SIGNAL AND E ( X . Y . Z . T )  IS THE NOISE. 

R(X.Y.Z.T) = A(T) •»EXP(-G.B*QCX.Y.T ) )*S IN(0MFGAZ*Z+PHIZ)

A IS A M A RKOV PROCESS WITH EXPEC T E D  VALU="
A Z E r O(T) = A P E A K * E X P (- S I G M A A * (T - A B A R )**2)

S T A N D A R D  D E V I A T I O N  EQUAL TO SI G A * A Z E R O ( T )  AND LAG-ONE 
c o r r e l a t i o n  c o e f f i c i e n t  RHOA.

Q(X.Y.T) = B X X ( T ) * D X ( T ) * * 2  + P . 0 * P X Y ( T ) * D X (T )♦ D Y ( T )
+ R Y V (T )* D Y (T )* * ?

B X X . B X Y  AND BYY CHANGE W I T H  T TO FORM AN ELL IPSE IN THE 
X-Y PLANE WITH ONE AXIS ALONG THE D I R E C T I O N  OF MOTION 

AND T HE o t h e r  P E R P E N D I C U L A R  TO T HF D I R E C T I O N  OF.*MOTION 
"FOR ALL V A L U E S n O F ' H
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n x ( T )  = X -  y x c - s n c T )  - - -
O Y ( T )  = V  _ v7=-D0(T)

C XZC-PO ( T ) ANn YZ^ZPO f T ) AOC 7 Mr,(rpc-\,r»crMT " AC>KO\/
C  ‘ ’•/ITH '^XOFCT'^Z ' V ALU ‘̂<̂  X O f T I  A N O  Y D ( T i  , c, t  A A on r̂ cry/y A-
c  T I A N <  '=IGX(T) A\l'̂  = I G Y ( T ) ,  -VMP) A G  r GO?c^_ AT T O N
C ''rcpc- Y r TFM-rc PHOX' A \ n  P M G Y . --------    . - - .
c
-  ° H I Z  I S  A n j g d ma lLY D I S T P T S U T F D  P AN'-)0V v A P J A c l p  T TH '
<r N'îFAN  D H I 8 A P  ANZ' STANOAPn n P V I A J T O N  S I G Y A d ,

C THF S X ^ f CTED v a l u e  OF S AND THC COV^PJANC!^ î=FTWFF^J =: AT
C ' ONE P G I N T '  IN S ° A C F  AND T I N "  AND < A - '  A D T C F r o r N T  o n  TNG
-  I S  FO^i^!D ° v  TAiGINtG THT T y o - ^ T E D  V A L u  F G OV^n A(T),

,L_.. x 2 : ^ P 0 ( T ) ; Y Z F P 0 ( T )  AND c î H i z ;   —  "  ......................

D P'ETNfSr ON Df ( 1 GO ) , YM on ) ,T( I no ) , X X f  1 f̂ O ) * YV ( in ) , p r c  f rnn* 
?P T f O O  ) 7 T T  ( ono  y , pooY ( T o , 1 a , r ;  y ,Dpon ( ?G,-?oo , ‘nrfvA/ 1 0 ) ,
G n u - ' T  ( 1 G  )  ♦ 7 Z  (  1 n  )  ,  7  (  1 n . G  ) ,

CO**XON / O AT A/ AOF A' <  IGNA A , A.'=iAR,S I GXX « T GYY , OY=^GA , F I GX 
7 ’ S IGY » PHOX, RHOY 1 S G G A , X X Z F P O , Y Y Z F P O » T N 1 N , T Y A X . p c L T ,
D O v t r O A Z f D H T F A P ^ S l G N A P  — . '... ...................... ............ .....................................
C O M M O N  / T I M P C / T Z ^ P O

G
C . . ......................................................   INOUT PAPAMETEo S

C 1 -  s t a t i s t i c a l  PAPAMETPPS

r  A -  A m d l i t u Q P

ADFAk'=40 • 0
------------ G TGMAA = 0 .  ne ;   -----  • '

A R A 0 = 1 n , o
  o h o A=0»'p F  *   —  ---------

S l G A = n , 1

C B -  H 0 P I 7 0 M T A L  SHAPE

O v f G A = 6 , 7 B 7 ! p c R / P O . n  

S I G Y V c O . R

C C -  h o r i z o n t a l  POSITION GF ST'^pm cp mti tq

XX7FDn=G. O
 :--- ■ YV'7=’P 0  = n » 5 ------    "" "

S î G X = 0 , «
   Dy DX — O '      ■ —

S I G Y = 1 . n
" P H O T s C . P F  -----------------------------------------
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r
r  "  o  - \/FOT IC AL  ' î l - ' A D r r
r

-  = A, •p«-î,] 1 C3-, O -  — - -
DHtRAP=^n«0
s i r :M A D = io . r !  ■ ■ - ............................   " ■' —

c
c   ■ ' ?  -  SAVPL TN'ip-T 7’''!'=’ S F A P C H  ■TM=^PO"''A r r ' ^ M
C

-■ - ■ TN = P ^     ■ ■■ '
T m /\X = ? P , 0

  ■ ' DFL"'' = ? «n " —   ■ ■
NTOTAL=P

r. 7 — c p - F n  D A P  A v r y c P C

NIJVC = F
  C^/PA\i = -'̂  « 3   ' ---  -----

O F L C = 0 , 1

C 4  -  C'JPVATUPF o A O A v p T p p ; :

NI r/A = 3
   AV=-AN = 0,-^rF66.F6F6'7........    •

O F L A = 0 , ! 1 Î î î ! 1 n

r F - GPID iNic-oo’'" A~ IOM
C

\ i r :o7nx  = =:
N G P i n Y = c

C
N = 0
0 0 '  1 '  J = i N G Ô I O Y  
JJ=J-1
D O  'i < = r , N G P r o x '
K'X = X - l
N = N+  1 ........ .....
Z ( N ) = ? , K
Y ( N f  = J J  .............
X  ( N  > = «
T ( N ) = i 2 ; o
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r
c

ô  -  PO - î x - 0  iMr,

NPTX=n   ' ■

NViXrN^" I M +  N'r IX
X ( I NX 1 5 =  1 . 0

• y f M ' v I T N + i 1 = ?  « 6
7 ( MM T N + 1 1 =P . 0

' T  ( MM I N +  1 ) = P , 0

X ( MM T M X -5 1 = ' ) . p
V f M M J M x - s 5 = 1 . 0 '
7 ( MMT N X O 5 = 0 , 0

-  ■■ T / M M  T M x o 5 = 0 . 0
X ( MM T NX'’ 5 = 3 . ^

■ ■ Y ( m m  T N X -3 5 = = ^ . ' ^
7  ( m m  t N x -3 5 = 0  , 0

— T  ( m M t N + '- s ) = P , ^

■■-r -  C T A T T O N " L O C A T T O N <  ( ^ O R  O P T T  c * \ ' 0 | _ t m O

\'?TM = 9' ■ ^
XX ( I = 0 . 3

“ ■ YYf! = I .6 '■
. Z7(! = 0 , 0

- - XX ( 9
VVf P = 0 . 8
7 7  ( P = 0,0'
XX (1 = 0.0

' YY(3 = 3.5 '
77(3 = 0.0

.... XX (6 = 0 , 3 "
YY(a = 1,6
7 7 ( 6 = 1 v=; ■
XX (K = 7.9

---  —  y Y ( = 0 - . 8
ZZ(5 = 1 .5

------- XY(6
vy (f, = 3.5

“ ■ 7 7 ( 6 = 1 ',6
XX ( 7 = 0.3

-------- Y VI 7 = r.~6-
7 . 7 ( 7 = 3.0
XX (B = 7.“B-
YV(B = A . A  '
7 7  (B = 3.0
XX f o = P 7 0 "
V Y ( Q = 3,5
7 7 ( 0 = 3V0—
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r* ■" B -  BAV-g'  Dap/\Vç-TFoB PAO ■ ( c') AMB '  Cl Jov ATi f /\ \
f*

-NjDoOo’Cs 'a ................... .. ..........  — -  .  . . .

\ iooO“ û=T
■ C*=^TAOs-ri«^ .............................................    - -

A=:TAD = r!, 1
— -  f^rj ^ s  ̂  I * ~ . . . .  _ .- ........................ .....................................

0 ‘̂ I.AA=n, 1 1  1 n  1 ’ 1 1

T '
N'DOOr3Y=MDOOBC+ 1

—  K IO C )C A X  =  \tC )C ? n B  A4- r    "  ■" --------- ------ ---------  ---------

\ i r  = N j D p n = v / ?
" MA —\ idoQd Y / p —--------------  - ■•     - —' ----------

B = ,

OO J=1»N! °OORA .

R( . n  =BXo f . 1 oK<.n4(.n )
 oonn, p j , M opopv)  ='^ , -----------  " ■■ ------- -- ------------  ----------

PB c = c + o ( j )
pn  p7  ' j  —'j , \ ; o o p p p ------ - ■■" — - — --------   -•
0 = J - N C
T T T J ) ‘= B V D T - B v r ? ^ ^ O ^ D  )‘~ ------------------ -------------------------------------------
opOBf NC' OOAX,  J )  = 0 , 0

S=B*BS
■pppa;fMC3oOBX",N'CDna'yi  ='''■, O ---------- — ...................................... ..............
0 0  9 B J =  1 ,NO=»0BA

 n o  ^A— — 1 •xtDpooy*'  ------ — —........... *   —  —  - —
p p n q  ( J  , V ) =R ( J   ̂ -^TT ( X ) / B
PPOB rNP''0=5X , NOPOpy  ) = p QOc  f M P P p o y  , i s j p p o o v  ) j . ppr , q  ( j  
°f?OB f J  «MOOpnY ) = o p n a  ( j , \ ; o p p  =  Y) + D P n o  ( J  , k- ) 

p p  PROa ( Mf^OP.X «'<0 = P R O = (  poc>^=X ■*'< ) -vPP^-n ( J  , Y ) -• — - ----
C
C --Q - ViAX Î'^^U'^-RFAL T - ( IN-.‘='=■00̂ 0,'. )— .iLt-OVf'^nr-TO = U N  r.oxv

PTMAx=IoB>^0,r!          -  - .........  ..
C
•C'.'.' ; v i .-i ; .  i-.-.-.'-. é . ; . . ; .̂-.EN'T iNPUT-p&PAr/^TEoB . . .  v ; . v . . , .  v . . v . •
c

TZPP0 = ' ^ l O  ........
call T!mC<(TOTAL) 
T7c-P0=TPTAL —

ocrp  iN p - 'A  î  V  î  «» tjY  A P T  A K r r r — B O L ' 'T  t n w

(T

S-TOMAP = -ï-.l A rBQpB=-»-BTG'''''ÛP/-l BO-êO-- 
PHIBAP = -5. 1 A I BopAB*PH I B A P / 1 BO .  O

NCOUNT=n  
? p  wCzTCNU'VTr+i r / p -  

MA = (NUw A-t-1 ) / ?
CA rCEiAN-FLOAT ( Mp- I ) -N-OECC '
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A A = a A T ( M/ \ -  1 ) A

\ ' C^UmT = mCO'JmT + 1
G s = r  <Tao-c |_nAT ( \ , r - 1  )*D'ïLGr
AS=A?TaD-FLO.AT (NJA- 1 ) -K-ni^LÀ A

A = A A—DE%L &
00 3  KA=1 «NU'^A
K < a = < A  ' ............
a = A-*-OFL A 
o u v a (<A) = A

0 = 0 a-nr-(_c '
oo O <0=1 , N'IMO

OUVC(<C)=C

vaq,\i IN=! .OF+l 0
~ LL= 1 ' .............

no 2 L = 1 «NFTN
 ' c a i i c “ t  i 'me  ( x v Y ; o r ,  ttkim rKj-,NVA>?;xx ( U ) %v v ' ( C T *  r c T'

1 « 0 , A,TX,VAD*1)
~  ■■■ TF( VaD.o-E.VAPMl'KTî ■ GO TO 2------------------------

LL=L
—  v/admtm=\/AQ ---------------  — ■ ---------- ----------  ---- ----------

TX=TIM
 ->s- COniTTKTOp ---------------------------------
C

r.

doo-TCT05*;<C , 1 ) fXXTCL )--------- ------------------------------- ---------------  ------------
° O D T ( < A , K C , 2 ) = Y Y ( L L )

-  P o o r  ( < A  .‘< 0  V3  ) =77rCCCD------------------------------------- ---------------  — -----------------------
° o o T ( < a ,< C i A ) = T x

-5 p 03 T ( < A', < c  r= 9 A PM" rM----------------------------- ---------------------- --------------------
I F ( N'OOUnT ,  p o  .  1 ) \MO I TP ( 6  . A )

A POPVATTlHl , POX ? 3H0OT I v AL^FA vo|_ ; MG "TI VFF'/71---------------- '

-  v;r i t p ( 6 ' . f ) NOOUNT ...........................■ -------  ------------
p FOOVAT ( 0 2 H 1 aoo I NO STATION \i’. IMPpo , I = : / / ^ y  , ip\y aTi iDcr . t  v ,
■ lFHF=>PPCni7X» l H X i 9 X .  1 H Y , 9 X  , T H Z , 9 Y ,  1 HT , P y  , 8H\ /  A 9  T A N C P / T  "

DO 6  < A = 1 » N U M A

0 0  6  < 0 = 1 »MUYC
6  W p r T F ( 6 » R )  DUWACKAyVDUMCr’̂ Cl  » ( P O P T C < A , < r  « J Î  YJ=I VP- )  -------
7 FOPMAT( IHO)

■R F 0 P M A T ( î 5 F l O , ? , A F ' i n ; A i P 1 0 ' . ' 6 î ‘' '   ----------------------- ----------- -----------------

Wp ÎTP { 6 , E > ■ ‘NCOUMI 
OO Q <0=1 , NIJMO 
i./PTTF(6,7) —
n o  <=> < a = i , n!!j v a
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C X , Y , Z , T  AOr I VI" COO^nl N' AT- Q o f  Twr  r-D t o  d o I n;T'=.
C A MO THF F I X = ’D SA'"DL TNC S T AT I ONS  "  '
C
r  ■■ N M T N  IS T H F  NiiiVRpo O F  O P  ID O Q  I NTO
C  N V A X  i s  TH=" T O T A L  OF" o o  TO

 o  V P I T F ( A , A )  OUYA ( <A ) *OUMC( k:C ) . ( P O P T I X A  . T O V J T r j r Y . c )
C

c a l l  T I mC K I T o t a L )  "  - ...................................................   '

r
C EMO I N I YU'-t VAPIANC"^ s o l u t i o n

C A 1^0 IN c A y t ^ S  SOLUTI ON

VAd m i n = 1 . O E + l o
L L = r .........................
DO 1 A L=1 «NSTN

N = o
  .......  t x = t m I N - D F L T .........- ............................................... ............  ......

10 N = \i+I
--------------T X = T y + n rL T    ■■ ■■
r'

R ( N ) = 0 , 0

a = a o - d e l a a
--------0r)-~n ~XA= I VNDd o a  A "  --------------

a = a + o f l a a

 DUWA ( KA ) = A      " '  —
C

n o  11 ><rr= 1 1NPROAO 

DU'vC ( < C ) = C
c_

call t I MF ( X » y * z » t » NW I n « N'-IAX . XX < L 1 * YV ( l ) » 7 7  ( L ) * O . A . 

11 P ( N ) = P ( N ) + V A P 4 P P O A f <A,KC)

Î F ( T X . L T . T M A X )  GO TO 1O

C
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l . / P T - r r f ^ . ^ o n ,  !_,  ( J . T j f  J )  .DC J )  , J = 1  , M)
? n c  FnoM An--C ' ,Hn.T '^ /(TA.?c- i3 .AT)  - - -

J =  1
o= I « OCT 4- in   ............... —  ■ ■   * ■'* ■ —
no 1 ? K = 1 «N

- -  OXXX = COFT ( L ,  DC . TTC K) ) " " ------------------------------ -----------------
I F ( D X X X , r , î = : . 0 )  GO TO 1?

o = n x x x
-  10 CONTINUE       —  —....... ...................

D X = D ( J )

r < = ^ ( j . - o .  1 GO TO 1 ^
pyv = *1“)“̂ “ ( !_ f w C'vJ“ ? ) • ( 0— Î / /   " '
d y x = G O S t ( L . P ( J + l ) . T T ( j + 1 ) )

— DF[_ = 0  « F-if. ( P XX—DXY 1 /  ( P X Y + D Y X - ?  # 0 * D  )      ' '
P X X X = D ~ 0 . 2 ^ * ( p v X - P X Y ) * DEL

PX= ( ( P  ( J + n - f - P C  J - l  ) -  ? . 0 * p  ( J )  1 «■DEL*Ol='L-f p  ( J4-1 )-D ( J _1 ) ) *

IF ( R X X X ï G F  . V û D M î v )  - G O - T o -  l-a-

N/ûPV> IN=DXXX 
RXX=PX
T y y = T X .....................
LL=L

“ 14 C O N T I N U f ' .................        '------------  ----

N M A X  = N M a X+1........................ .........
XCNÎM4X) =XX (LL >
YCNMAX) =YY(LL‘5       —  - -
Z(N%4X)=ZZ(LL>

■ f ( N M a X > = T X X................. ....
RFC ( NCOi INT 1 =RXX 
IF(Nr0U\'T]P0.1 1 GO "TO Ai
m g o u =m c o o n t - i
DO 4 0  J , r / = I  «NGOU ■■............ .. ............ ..........  ......
JU w o = N M A X - J U M
SU5 = ASSY X ( NMAX ) -X ( JU m P T ) ”'A5S ( V (MMAX') -Ÿ ( JÜWPT)'' 

1 + A B S ( T { n!MAX)-T( JUMP) 1 
IF CSÛB .LE . 0 . 00 1 )“ NT O T A L = N C Œ J N T  .............. ..

40  c o n t i n u f
41 C O N f l N U F          - - ...
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■ CALL T I mCKCTOTAL^ ' ' - - - .............
TOT=TOTaL*PLOAT  (NlCOUNT+1 ) / FLOAT (NrOUN'T )
I P C T O T . C F . R T MA X 5  \ 'TOTAL = n.’'“ 0;  iMT - 
r r f l i N s T ( m v a x )

-  ■ —  ,           ■ '  -  ■ ■ .

DFI . o= ( T v A X - T M I N > / F C  , o

I - ( A = ? .  (TMAX~TMIN> . L F . C ,  1 ) n t o t a l  = m c o u n t  
- -  I F f  \ ' COL \ ; T . L T , MT OT AL )  GO T O ‘ PO • -   ■

" ---  W ^ I T F  (6, 15) ( D U M C C O  ,K=1 « M P R O F C )  ' " " ' ---------
IF FORMAT ( 1H1 , A C X . Z F H F A Y F F  OPT I v,ijw INFORMAT I 0 N / / / A O y  ,

----------1 POHDRGBAF IL ITY ~FuM C T IO N / /F O X .F H F P E E D / / 1''X« I o F 6 . ?  )
•VRIT=- ( 6 , 3 3 )

— F"? - odmat (OX , 1 PP ( 1 H*) )■   ■     ~..................
DO 16  J=1  , N R R 0 P A

----------- J J =NPRO p X - J   ......................- ' ' ■— ..............   '    ~
16 XRITF ( 6 ,  1 7  ) DUMA( J J )  , ( PPORf  J J , K )  , .<=I «NiPPORV)

■■ — 1 7  "FORMAT LI H'  l H i ( - , P 0 F 6 . 7 ) '  '   -------  ' -------------  " ------
L'RTTF ( 6 , 3 0 )  ( POOR C NRQOFX , < )  , < = 1  , NRRORV )

 30 FOOMAT(QX, ! H * , F 0 t ^ 6 . ? / Q X , l P F  C I H ^ n  .................... ................
C

- '■'•.•.•RITE ( 6 ,  18)  " (X ,X X (<)  ,YYCX)^-ZZTKT) ,K=i",NRTSf)-------------  “
18 f o r m a t {1h O / / ô C =  s t a t i o n  l o c a t i o n s  FOR USF IN FI NDI NG 

- I OPri'M AL 5AYOLT\%"Tl Y F S / / 7 H  " NijYcER, rx , ']HX ,PX , T hV , oX , I HZ/
P ( I 7 , P F 1 0 . A ) )

c " "     ' '  ■
Iv R I TP ( 6  , 1 P ) ( Y , X ( < )  , Y ( K ) , Z ( i ^ )  , T ( % )  ,kr=i  , MM IM )

 1 9  FORM'ATC ]H1 , PCX,  I f h GRTD" "PO'I'Nt  ' D A T A / / - 7 h ' NL'YRPR , 'f X , 1 H V , Q X ,
1 i h y , c x , i h z , 19X,  : h t / / (  i - 7 , A F r o , A )  )

W RITF(6 ,p i" )
2 0  FORMAT! ; 9H 1 F IXFD STAT I ON " D A T A / / T H  N U M B E R  f'FX'VTHX L9X, IHY',' 

1 1 H Z , O X , 1 HT/)
  I r ( NF 1 X'.EQ . O') "GO ■■ TO 3 Ï ----------------------------------------

DO P I  K = I ♦N P I X  
  XK = NMINTK........................................................................... ........ .

2 r  YRTTf(6", 22) K,X(K<) ,Y(K<) ,ZL<<) ,T(i<K)' 
2 P  FORMAT!I  7 , F F  I 0 . 6 )

31 W R I T E (6,32)
' 32'  F O R M A T n  hO , oX 41"6H***** N O N E  ***»*7///")'
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p-i, v.'q I TE ( 6 , ) - -    -■
r OP ' / û T  ( 6 7 H " 0 P T  T \'i&L SA^'iPLINC^ TIDIES FOR ALLO'.*'AFL'"- L û r  A T -  

1 I 0NJ5//7HNUMFEP . FX . 1 HX ♦ ex , 1 HV » aV . 1 H7 . PV O  HT . 6X , P T mi, JNEV- 
9 ° L A I N F O  VARIANCF)

NJM=Nf/ I M+NiF IX
00 ?=: ■<= ] »N"^OTAL    — ' '
<K=NN4-K
V.'PITF ( 6 , ' ? 2 )  X » X ( X ' < )  - V r K t O  . Z CXXÎ  « T C k-K) ♦P='P(V' ) ............... ..............

CALL T I M C K ( T Q - A L )

C EN'O RAYFS SOLUTION

STOP
SNO

i F O R t I S  . I NVR P

C INVERSE WILL INVENT THE SU3MATPIX PETwFf^N THi^ R0'*'<= NRA
C  ANO' NRR—AND TH^^'COLT^'S NOA' AXO N - ^ P ^ T H r  T tsj\/c-o<;cr QCT - A'
C IS  RE-^URN-D IN A.

------------ S U 3 R 0 U T  I NE- ' I NVE P S C A X N R A , NRB fNCA VNCB NGODEi'-xMTN 4XNAX1---------
2=VTM INfPVr.viAX,  I Z)

DI m E n SI o n  m (? 0 ) , m C (20) ,A ( IZ, I Z ) .E {20 « p O )

00  2 0  J=NRA, NRP

OO ? 0  X=NCA,NCF
 ? 0 E c j  1 k” ) = A n j  » <)--------------------------------------------------------------------------------------
C

\ :m= NCB —'1~ ■■ " ~
N C 0 0 F = 0

  R ' / T M  I N =  î'. 0 F + T 6 -------------   "  —  - — '
PVTMAX=0.0

- DO -1'-K=NCA»NCB 
1 N(K)=K

DO 7 J=NRA«NRR
   H=AB'E('A C JiNCAT r  ...........

Yvi J J = NC A-rJ-NRA

M M «  = J
------------'<Tr=NCB+'KIRAMLJ-------------------------------------
C
 ---- D 0 ~ 2 1_ = J»NR8  ------------------ .

DO 2 K = N C A iKK 
----- - TR(7iBS{BCL»Kn';L'^.HI ' GCrTQ-p

<x=f<r4--j-NPAr 
MMJJ = M (ikX ) 
<J=L --------
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vMi î<r = M(̂  ( i_ )
( A (L «XT) J

C

C

c '

c

?. COnTI N' Jp

IF(.ViMJJ,EO. r J )  GO TO 4

I F ( W M J J , E Q . I ) GO TO ]3  

V(k'X) =M( I )
M( n  =MMjj .............. ■ ■ .... ..................
wM=i<rx-j-t-NR&

n o  3  < = N P A « N R 5
F = A (K«NrA) ■■ ■ -.... ..... ...
A C K »NCA ) = a ( :< »MM )

3 A'(<7MM) =F ■■ ..... - ............  —

I F ( M M i « . ' F O , J )  GO TO 4

Ï 3  r /C (< J)= V C (  J )  '  ~ ■ '
MC( J ) =Mmkk

C 

C

' c  ■■ ■' ........................ ..... . ................
DO 1 4  <=NCA»NCF

-■ ■■ F=A  - -■ •
A ( < J , < ) = A ( J , K )

 1 4 “ A {'J «!<) = q  ' ' --------  •'    - ~  • ■
C
- - -  4  H=1 . 0 / A {  J-^MCAl   ------

R B = A B S ( A ( J , N C A ) )
  T F ( P V T M I M . G T ; R F r ' P V T M I N  = = p

IF{PVTNV.X.LT ,RB ) PVTV1AX = RB

2 8  DO 5  <=\ iCA»NM
5 -AC Jf'^TTsA'C J«K+])'*H------- - •

A ( J  « N C B ) =H

no  7 <=m r a «\ irr
-------------- H= A'T •<■» \ ' r  A ------------------------- ------

I F ( K . E Q . J )  GO TO 7

DO 6  L=NCA»NM 
■S’ A( K»L’ 1 = A ( K * L + 1  ) - A (  

A ( K , N G R ) = - A ( J , N C R ) * H

7  c o n t i n u f

DO 1 ?  J = N C A . N C R
- - i F f w n j i . F O . j )  g o - t o  IR- -

r



»nm

V
II
5

en y» ;
tr 2 l

n 3 z 2
c • » *
z O < y y"»
- u. (y Vy. c r  : " 1

II z < I I.11 II 3 II 2
y y z y - II

y
c e 5 1 - 0 ' » 2

» y z < V \ 2c a o o IIc i; r, a <î i < >

a:

F)

1 c
( -

o  
I L9 
a
et -
z
< ca II 
Z •

o  Ll

l u
2
F ‘CT

<
U
Z

m ~> 
a •
z  o- lu 
~>. • u ^  U I Iy ;v. 3  y

i'' z  j 
ir x j  ^  vo
-H ?: t -  ^

I- Z ;c  a c  c

r '
V

2
%

' '  ;<  
y  II

k  
n

CL U  
Il T

I I» i<-N y  >-
3  V. '  5- 1 - 5 2
<  n  t
I l  — l ;

h

c
,v

o  i

I
c r

2 .  P  * -  1 O  ( J  p  C «■j <  2

p . :  ; ' v C  i h
p i  i n
! : ! - ! i

! u  ; ; u  j ! c ' i  u

( V
(V I

0
< ,

s=!
(s
z
ir
à

1 ( a 1 a a Z X
1 1 ! II a a a  !

!
y

a .
a i

I I
z

I I
X

a
a

1 4 U ' 4
1 1 L l j 5 ? C l  1 2
! i 1 3 3

'
X X ‘

1 , a c r i r y • ' j ^  1 i r
i 1 0 u c 4 C 1 c  ,

1
p .

z z z * a 1 a a : •  j X
v O • ; a a 1 i h
r * Ü < < < - J • • 1 •  ' o
+ Z a u y 4 1 - k

L l
1 1 -  ! Ilu I I z z z h < t V - 1  ; aC o < II : i i I I + c . D n a  1 •  1 m a

• • D 3 y _ j « a a Z z X 3 X  1 v Oi-, o Z c 4 + + t r . 4 Z 4  1 a II
: i i II .11 ( V ( \ • C ï a y à 2 2 #—1 1 2  ; a i 4 a i
Z X < ( V CVJ c p Z a 4 X X H  , X  ; h - 2 o

c f < II f II II II z  1 — 1 Q C
? 2 O ' O o a o _ J b a a a a c a  1 0 C u
X X z o c a D _ J a — a L J  , a z

c

u  ü



136

C(rT| )PN|

FNn - - ................................... - ................................  ■ ............. .............
* F 0 O , I S  . T l v p y

C WHF\' NCOD = 0 . . . . .
C ' TIMF CO-'PUTc'F THF iriUAL V A n j A N r c r  AT fl L O F A -
C T I O N  X X . Y Y . Z 7

C WMi^N N c r n  = 1 . . . . .
IT ■ TH=^ - q - ?  ÎOÜ-AL V A P T A w r — 'A-'-TIMf^ T y  -Yc -('nYPl. 'TC-n AMr, - ■
C  QFTUPmFD IM VAP
r ..................PPIMTF A\'n P i y m  =;t .a~IOMf —  -
r
C '  —  C Î S “' T hc- S ° - - n  OP"' T H c  S'^?t ~ m --------------------------   ■.. .......................
C A I'= Th >̂  CÜPVATÜPF OF Th " S y S T t .M
c

S U 3 P O U T I N E  T I m e ( X . Y . Z . T , N MI N . N MA X , y y . y Y . 7 7 . C . a . TX, VAP ,

D I MENS I ON X ( 1 F O ) « Y ( 1 Of. ) . Z C 1 FC ) . T ( 1 OF ) ,  R ( ?P , b f i n , 1 r, ) ,
 ̂< ‘J )

COMMON / D A T A / A D E A <  .  S I Gm A A , ABAP . S I GXX , « I GYY . Om-GA«  c. IGX 
-T? » S I GY .  P h OX 1 PHOY^.-«GG A , XXZFPO . YYZ’̂ ’PO t-T^ -TTI ♦ T *̂A-y-4 O F f ^ .   ■

? C M = -G A Z .P H I = : A R ,  S I G M A P
r

M = 0" '   ■ ■ ■ - ..—■ —..............
MM = 0

I=-(NMAX.EQ.NJMfN) GO TO ?

N = N M I N + 1
    "0 0  r  J i N .N / M A X       ■

Vi=M+l
“  imm= m - r  ................. ..

DO 1 <=J.NMAX
  MM=MM+1 ”   ,

3  ( M . MM ) =COV ( X C J ) . Y ( J ) . Z ( J ) . T ( J ) . X { K ) . v ( K ) , 7 ( K ) t T C i < ) . A . C )  
.I F  ( M ,  EO.MM )' ' 8  ( M .m' )  = B  ( mVm ) +  !' . 0

1 B (M M .M )= B (M . W M  )
c "     ■ ■.......................................

2  N N = 0
TTX = TM IN-OFLT ■....  ........  ....

3 T T y = T T X + D E L T

I F ( N r O D . E O , 1) T T X = T X
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r

r

\J\' = NN+1

I~(v>.r0,0) GO TO 6

DO 4  J = ! «M
DO 4  K = i  ,M ■ '..... ..........................  ....................

4  W( J « < ) = = ^ (  J » , < )

0 0  5  J  = NJ«N!^AX

W ( V.+ 1 ,  MV : = C O V  c X  ( J  ) ,  Y ( J  ) ,  7  { J  ) ,  T { J  ) ,  X X  « V Y  ,  T 7  ,  t T X  • A , r  >

c ( VJ. 1 , Mv ) =v; ( V+1 , M Y )
^ ( MY f M+. 1 ) =1.; ( M4- 1 , MM )

c  W ( v M , V + | 5 , MMj  -  -.................... .................................

6  WCM-^1 i Mj- 1 ) = C O V ( X X , Y Y , Z Z , T T X , X X ,  Y Y , Z Z T T T X ,  A , r  ) +1 .  ~
R  ( M +  ! , M +  1 ) =\.| C M + 1 , Y +  1 )
MM=Vi+l ............... .......................................... ............... ....

' I P ( Y . E O . n )  W ( 1 , î ) =1 . 0 / V H  1 , n  -  - ■" ■ - - - .
I r  ( ' ^ . G T  . 0 )  CALL î NVE^G ( YM ,  \ i c p d E < X'* , x N  , < o \ i , - n  ^

I - ( N O C O R )  5 1 , 5 1 , 5 0
50'  V ; p j T t r ( 5 , c 5 )  V.MMVXt.VMîN' .MMAX    ' '   ""
= R FOOMAT ( / / ,  R?HTHE5E APF M, YM, X» Xr.M XMAy , = 1 1 0 , / )

DO ' = ?  1 = 1 ,  MM -   - - - ■   -  -  ---------
’.‘.'PTTC- ( 6  , 5 6  ) ( =  ( I , J )  , J = 1  , 1 0 )

56 FOPMATf'tH , 1 OF 1 0,4 4/)  " ‘ --------------------------- ----
5 2  C 0 X T T N U 5

W P I 7 E C 6 , 6 6 )  —  - -    -     ■'
6 6  F O P M A T C / / , I Q H  OT COOPOI NATg ?  , / / )

■ 0 0 “ 6 0 ■  J s N  « NMAX ................-   —-----------------------------------------
.'ip I T 5  { 6  . 6 5  ) J  ,  X { J  ) , Y ( J  ) , 7  ( J  ) , T ( J  )

6 5  F O o M A T C n O . A F i O i A )  '----- ------- ------ ------------- ------ -------------------------------
6 0  CONT INL'5

 ~ 6 7 ~ f O P M A T T 7 / ,  I R H '  5 P 5 r T A L ' P 0 Î N T ' ~ , ' / 7 r
WP1 7 5 ( 6 , 6 5 )  M M , X X , Y v , Z Z , 7 7 X

■ " 5 1 COK'T'ÎNUR ...............    ~ " "
5 ijm = 0 , 0

■ ■ DO 10 < = H N M I N   ■ - — .... -
C

I F C M .F O . o l  GO' 7 0  B —.................................
C
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MV1 = 0 - ................  -
DO T J  = KJ»NVAX

=     -

IV f v +  p , mm ) =C0V < X { J ) » Y ( J ) , Z ( J ) * T ( J  ) ,  X ( k' ) ,  Y ( y- ) ,  7  ( ><r )
p , X ( V  ̂ A , C)   - '   ................  ■ ......

~  W ( K'M « M +  P  ) =\<I ( N « + ?  < MM )

B ‘.V ( M+ 1 , M+2 ) =CCV ( X X ,  Y Y . Z Z ,  TTX , X ( K )  , Y ( < ) » Z ( K )  , T ( K ) , A , C )
■ - W ( V + ? , M + 1  )=' , . / {M+l  , M + ? ) ........................ ...................................
C

— -  - • -  W( ' V * + 5 , M+ p ) = C 0 V ( X ( ' < )  , Y f ^ )  , Z ( f < ' ) ' , T t X )  . X  ('<''> . Y (  y") , Z (  X") , T
2 ( 0  , A , C )

•M :M — Vt -I- J
  =-Jvi=:W {,Vx? i M4-Z )+B UWT...........- -   -

n o  m  l = i , mm

0 0  °  L L = 1 , VM
-  ■ - g ( l , l L ) ^ W ( l L , m+ ? )  ' --------------------------------  ----------------------------- --------

1 0  = ( M + p . L )

11 P ( N N )  = S u Y . / F L 0 A 7 ( N M I N )

VAO= P ( NM)
   rP^(NC0 D.=‘0 « n ~ P F T U R N  ---- - -------------------------- --------- -------------------------------
0
- -IP(TTX.LT.T'VIA'X ) OO TO ' .1'    ' ------
C

MM= 1

IF(P(J).GE.VApj OO TO 12 

VAP=P(J)

C

TXrrTY' IN+DELT*t^LOAT ( MM-l )
T F ( M M . E 0 . 1  . O P . v m . f- O . n n I 'P'^TURN  “     — ---------------------------
VAR = R(  mm 5-C R(!'7^ + i ) - P (  MM- 1 ) ) A .0-%- ( P  ( mm +  1 ) + p  ( mm- i ) -

  --p ■îî'D(VkM))}” ’ *      "*      ~    ~   • — — •
TX = T X - ( P ( M M + 1  ) - R ( M M - 1  ) ) - > O F L T / ( 2 oO-K-(P(mmj . i ) + p (  MM- l  )

c

END

c
-C“ -  COV -COMcnj-TE^ -THE -CPOABCOVARI ANCE' BE-TWEETX—rHE"-DATA--AT- -
C ONE POINT AND THE DATA AT ANOTH'^P P O I N T
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r  COOP'^ î \'AT=^" û p -  GI VFm AS { X « V , 7  , T I v p  î
r  X 4 . Y A , Z a , T A  a p e  THp  C O O R P l N A T e S  OP T H e  r j P ^ T  POINT
0 X 9 , Y ? ' Z P , T B  A p e  - H P  C O O P O I N A T P P ' O P  c c r p N P  POINT
C
-  THP’̂ A I e  T- |P CURV'ATUPP 0=" ~ H e  s v p T P M
C C 15  7 h p  S ° E F D  of  THe  5 Y 5 ~ F y

FUNCTI  On  C C V ( X A , Y A , Z A , T 6 , X 9 , Y P . 7 R . T c , T H ^ T a , O)  
DI ME N S I ON  D T ( 2 ) , X ( 2 ) , v ( P ) , A Y P ( ? ) , D I R ( ? ) , A 7 e P 0 ( 7 ) ,

?  = X ( P ) , p y ( ? )  . TP f A ) , OOFF M  ) 1 OXX( 3 ) , O Y Y ( ? )  , 7 ( 7  5 
CO'’NON / O a T a / a P - T A K ,  S IG'-'AA , A p a R ,  S I G X X ,  S I GYY, OYt GA , C f ç x  

7 1 5  I GY , PwOX , PHOY , FGG A , XX 7 ^ 0 0  , v y  7 - p n  , t  v [  \t a y  , t  ,
T O y - Q i Z  < PH I a . ap  « P IGNAP

c
RT( 1 ) = - a _ a p A P  
D T ( 2 ) = T n - A B a p

X ( 1 ) =XA
............... Y ( ï )  = YA‘ ' "  ' ■ ......................

7 ( 1 ) = 7 A

Y ( 7 ) = Y B

■ Z ( 7  ) = Z B  ..........

-VapX = S I GX * 5 I G X -----  ■   -
VAPY = S ÎGY-S-C IGV

■'VAPPHI = P l G Y A P * = r T G N A p --------------------------- ----------------
DO 1 J = 1 , 2
AZFPOT J-) =AOPAK*FXP ( - S  I GNAA*DT ( J T * D T T U )  )‘

OU Y s A B S  ( COS ( O^FGA*DT ( J  V) T------------------------------
BX f J  ) = S I GXX* ( 1 .  o+ D c'Y )
BY ( J  ) =S TGYY&X 3 . '’-DUM ) '

W R ( J ) = A Z E R 0 ( J ) / s Q R T ( ( 1 .  B X ( J ) * V A R X ) * C I , 0 + P Y ( J ) * V A P Y ) ) 
D X - B X ( U l / ( [ * T + a X f j ) * y a P X )   ---------------------------  ------ --------
D Y = q v ( j ) / ( 1 , 0 + P Y ( J ) * V A P Y )

o u y = c * o T ( j )
-•■OVèTHFTA*DUY ■ —  '■..... ........

X ( J ) =X < J ) - D V Y - X X 7 F P O  
' • Y ( J )  = Y ( E H - D Y * 5 ^ Y P v v % r Q 0 -

'“DIPCJ) = A T A N ( 2 . ' 0 * D M ) ‘ "" -  
T P ( J ) = C O S ( O I P ( J ) )

— TPTUX7 ) =S I N ( D I P ( J )1------
C C = T P ( J ) * T R ( J )

■" SP=TP(U+71 *Tt7rEJ3'73~----------
S C = T P ( J ) * T P ( J + 7 )

COP=’ ( 1 ) =OX*CC+OY*SS 
C O F F ( 2 ) = l D X - n Y ) * S C ■ 
C O e p ( 3 ) =DX*SS+OY*CC
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'C '  ■
DvJv = COE~ ( 1 ) ->X C J ) + 2 . 0 ^ G 0 F ^  +CCFF

9 Y (  J )  *YT J )  ■  -  •
1 AFD(  J)=f l ^' i P(  J ) ^ F X = C - G , F - ' “ ( DUM+VAPPHI  1 1 * < I N ( 0 M F F A Z  

------------?A<.-7(J  )>=>HiPApr   ■' ■ •...........................
c

n T T = A p F f T p - T A y

C

c

c

PHOXXiPHO>C**nTT”  ................... - ...............  ........... ........... .........
PHOYY=PHn Y*#OTT
PHnAA=RHOA*%OTT         "

G x = 3 'x r i  ) +BX ' 2 ) p e r . f - r h o x x * r h o x x y * n x r r r * p x ( 2 ) - w a r x  
GX=1,G+FX*VARX

GY = 3  Y ( 1 ) + 3 V  ( 2  ) + ( 1 • ■~-RHOYY*RHOYY ) *RY ( 1 ) * P Y  ( 2  ) * VARY  
'GY=1.^+GY*VARV  -----   '  ' ----------------  "

" GXXr r ) ' =TI  i'F-f-nX FP ) * VAR X ) * n X f  D  XGX -------- ----- ----------------
DXXf P)  = { 1 . F + P X ( ’ 1 * V A R X ) * ° X ( P ) / G X

OXX ( P ) =-RHOXX*PX ( 1 ) *P,X ( P ) *' /ARX/GX
DYYC I ) = rr'.F+RYC P ) ÎÏ-VARY) îfPY ( 1 5/ G Y ...................  ' —   '
DYY( P ) =-RHOYY*BY{ 1 ) ( 2 ) *VARY/GY
■ o w r 3 )  = c 1 .0+pYC 1 )*v a o y ) * p y ( 2 ) / gy  ---------------- ----

S F = T P ( 3 ) * T P ( 3 )

"CCPF'tTl =nxx ( ' 11  -ïFC+nYY ( 1 ) *FS  -------- ----------- ------ ---------
C O P F ( P ) = ( O X X { 1 5 - P Y V ( 1 ) )

XOPÎPC 30 =OXX t T) ^'=F+r>YY C ] ) * r c -------------  •--------------------

'CC=Tof20PFrp fPO----
S S = T p ( 6 ) * T p < 4 >  
S C = T p ( 2 T * T p r ^ 1 —

“ COFF FA y=DXX ( 1  ) XCF'+OVY ( 3  TPfFS' 
C O P F ( 5 ) = ( D X X ( 3 ) - O Y Y ( 3 ) ) * = 0  

“ COPF ( 6 1  = 0X X T 3 ) -)fFF-t-!-m a3y^fC C “

'CC=TR'(T) '^TRf 2 )----------------------------
S S = T P ( 3 j * T R ( A )

- F r = T p ( 1 ) * T P ( 6 ) --- -------------------------
CF=TR(2)*TP(3)
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c n c -p  ( 7 )  =nxx ( ? ) *C( ~+nYY(  ?  )
C 0 r F [ a ) = D x x ( ? ) * ? r - n Y v ( ? r % r ^    ■
C O F F ( a ) = o x x ( 2 ) * C ? - 0 Y Y ( ? ) * F C
co-Ff ] ny=nxx(F)*F-4nYY( ?) *C(— .........  ..........

D'JY=COEF C Î ) 4 X ( 1 ) * X ( T )  + ? .  -^CCFFT 2  ) *X +COFF ( F )

F * Y ( ] )  +COEF ( 4 ) * X ( F ) f X ( 2 ) + F .  0 ^"CCFF ( F ) * X ( 2 ) * Y ( ? )  + r  OFF ( A ) 
0 * Y f  P ) + P . O ^ C O F F  (7)-;!-X( J ) * X f ? ) + C 0 F F ( 8 ) ^ X (  1 ) Y ( 7 )  4 -0 0 ^ 7  ( Q ) ' 
a * Y f ] ) * X O )  +COFF ( 1 2 ) -S-v ( I ) 4{.y ( o ) )

COv = AZ n P O(  1 ) ’^ A Z E P 0 ( 2 ) * (  ! . 0+FlGA*<I^A*PHraA ) / < O P T ( G X * O Y )  
COV=C . F f C O V *  ( COF ( O^FGAZ^ C Z A - Z B  ) )'-C O S ( OYFnAZ*  ( 7 A + 7 P  ) +

1 2 . 0 * P H I M A R ) * F x o ( - 2 . 0 * V A q O H I ) )
- COV = C O V f ^ X R ( - O . F * D U M y ^ A V O ( l ) * A ^ = ( 2 )   '----- ------

END
• « F 0 R « 1 S ....  ■ - • ' « C O S T X ---------------------  --------------------------------------------  ------------- -
r
c    C O FT -C O â PUTES  -T H F ' ^ CUÎ  VALENT -COS'F-AFFi'=^f: î ftTg-pr-*^i~Tt-y—A -
C SPECIFIC TIYF T AND AN UN^xPLAINj-D \/AC [ A\|CE VAO
r  TH- COST VAY R=- ASFQCTATTn ITH TH^ LOC^Ti^N OF tmp
C ' 'SAvPl i NG STATION GIVEN FY TEE'STATION NUNpnrR >j ' '
C

' C   A U T I L I T Y  FUNCTI ON MAY RF U SED  T 'O '0O v.d UT=- TpF ' c O S T
C (NOTE that  p o o p  TIMES FOR SAMPLING Mav RP ASSOCIATFD
C w i t h  a VERY LARGE COST VALUE
n

■    FUNCTION COST CNWAP-,  T)  ' ■ ----------- -------------------------------------
C0FT=VAO
RETURN     "■ ................
end

I F O P ,  I S  V t I M C " '  ...... ............... .
C
C T I y CK RETURN’S ' t h e  TI^/iE S I mCF THE F='G IMN IMG OF THF

PROGRAM IN SECONDS IN THE VARIABLE T I mf

SURPQUT i NE TI MCK( TI MF)
  COMMON / t i v e c / t z f r o  ■ " ............................................ .......
C

<=o
T I m f =MI l T I M ( k )

— — T l Y E = 0 .n Q i* T lM F _ T Z E P O -  ------------------------------------------  ------
T I mE=ARS(TIME>

D E L T = T I m f -TLAST
c

■ ■ IFCTIME.GT, l O O O O . O )  RETURN--------  "       "
WPITE(6,1) TIME,DELT 

1 F O R M A T  Cl 8HST0 T A L  T I MF -USED~='« F 1 .  3 , 1 OV*, ISHTfT^F 'CHANGF 
2 =,FI0,3)
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BEGIN PROGRAM EXPVAR

■ \ 0  INPUT P A P A v ^ t - P S

c a l l  i n î t a l i  11 per , 11,0 , O) ' - -..................
c a l l  P E n C 1 , 0 . 0 ,a n O I 1
P C T = A N O r ( l ) ^ C T ^ W A P + P H I R A p
c a l l  P E P (T^ .P HOA,ANr i)

■ ’ ““ CALL R E n ( n O , P M O X ; X N O I ) '       ' ................................
c a l l  ppiT ( o r  , PHOY, ymot )
DO ? i  j = n « o  ............. - ..................  -
XN O I ( J ) = S I G X * X N O I ( J )
YNîor f J )  = < iG Y * v w m  (jy- — ......— - ~ ---------------------------
M=̂ NI =
' ■',' = ? y t n —o e l t

20 T"'' = T'.i+gcrLT

1“ (T' - f .GT.  ( T M A X + T . O r n  ) GO TO 3
D0"2 "U= 1 ,'3 "
U U = 3 * J — P

- ?  c a l l  COn TP ( ZZ C J J  TU , CONTOP Ü XX", YY ,'n ST  f X . Y .  MYTN-TCTVlFAtqi—
1 AXp; A , a n O I , XNO I , YNO I , VPM .DPI)

c a l l  COn TPC Z( 1 ) C 1 ) , C 0 NT C P , X X , ' ^ Y , NP T , X , Y , N aaI N , C N î -AN,
-  rAY=- AN , XNO r ,  YNOT « V-N", D5  T )------------------------------------------ -------------------------------

c a l l  PP-rRCl)
N="0 ■ ■ ■ ■ " ■ '
T U = T V I N - 1 . 0

!F(Tw.gp. ( T M A X + O . o o n  ) GO TO =1 

T P ( N ) = tw

H j  I O 4
^  n o  T J = 1 ,NGTN

DO 6 <=i ;N ......  ■  ' — ' ■'
V A P E ( K )= E X P F C (X X (J ), YY ( J ) , Z Z ( J ) ,TD(K),OYr AN ,AM^AN)

G ' 'APV ( < )  = cOV(XX ( J )  , YY( J l  , ZZ( J T ' T P N f  1 ,XX( U) , v y  ( J )  , 7 7 (  J )  , 
?TD( '< ) , A/^FAN,G' /FAN)

- -7 WQITP ( 6 *  p. ) J ,  (TPU-O'VVARVfYi ,vAPf=“tr<--) ,!<'=I , M5  ------------------- -------
8 POPVAT( I 7 H 1 S TATION NU^B EP  = I ,?/2 1 H T I MP VAD VPAN/

DO P J = 1 , N M I M  
o  VAPUtT 4-J)=C0VCXC J ) - ,Y{  J ) - , Z t  J r » T C  J ) - , X t  , V |
1A V P A N ,C m EAN)

'"1= ?
X X = 1 . Q P + I O  

DO 10 J = 1 , N G T N
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I F (  f t p s c ^ z c  J 5 - 7 C  î  ) ) r , o  t o  i ' -
< = j
Xm= a r S ( 7 Z (  J ) - Z (  1 )■) —  -

1 C  C O N T T N U P
n o  1 1  J = 1 , N F T
XXX ( J  ) = X X  ( J )
YYV c J )  =VY ( J )    - .
7 7 T ( j ) = 7 7 ( K )

1 1 TTT ( j  5 =t ( 1 ) ............................................. .......  ........
NO=NFT

cVaPVi  » ANO I *XNC!  ,-Y \'0  I , Y P N , p c  I ) - ..........

CALL R E G ( X X X , Y Y Y , Z Z Z . T T T , X , Y , Z , T , N Q , A M F A N ,t y p A N ,
n o  1 ? LL=1
M = Y+ 1
N0=7*LL-1
n o  1 2  J =  1 , NO" ‘    - .-  -
KX = N M I N + J
XXX ( J) =YC<X) ' ■“    . — . _  -
Y Y Y ( J ) =YC KXl
Z77( J) =7(<X) “  ' —     - ■ -  - -

I F  - T T ( J ) = T ( < X )
C all REG ( XXX . YY Y , ZZZ , TTT . X » V * Z « ~ * NIO f M , NM I N , A Mp AN i pmp a N , 

P V A Q U i A N O I , X N O I , Y m O I ♦V P N t P F I )

1 F OONTINUP ■ " ...................
DO 1 A J = 2 , F  
DO 1A <=1 »NYIn 

1 A VAp J  ( J  ) -VAPIJ f 1 , < ) - V A P U ( J * < )
DO IF J=]V n m IN ...  ' "... ........ .... . .......
V A Q U ( 6 , J ) = V A P U ( F , J 1 - V A P U ( 7  4 J )

 V A P U ( 7 , j ) = V A P U ( ? , J l - V A P U ( A , J )  - .......... ..............  ......
V A O L ( A , J ) = V A P U ( ? , J ) - V A P U ( F , J )

"  V A o O(PL J1=VAPU(74 JV-VAPLTCA, J)     —  '
VAPU(  Î 0 , J ) = V A P U ( P , J ) - V A P U ( F , J )

1P V A P U C 11.J ) = V A P U(AtJ)-VAPU(F,J)
 %'PITP I f . ) —T J .  f V A P U {  y ; J ) - . K = !  » 1 n ; u =  TiNMTM'5--------------------------  '
I f  FOPUAT(FlHi;NFXPLAINFD V AP I AMC^//( I = , 1] 11 .  f  ) )
■ 'YPX = M»'tM+“l ■     "

DO 2 6  J= 1 « 1 1
 V A O Ü rj'.M?x')'=cvo—  ------------- -—  •“ ------  - — .....

DO 2A K = 1 , N W I N
26 VAPU C J ♦'MEDC) WAPrJC J , MFX )+VaPUrUV<)------------------------------

V.'PITP ( f  , 2 6  ) ( VAPUC J , Y F X )  ,  J = 1 , 1 1 )

DO 1 7  Y = 1 * N Y I N
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 ̂ VAOl.;C j , < )  =VARüC J , ' < ) / V A R ’JC I ' . K)  ■ -
• ' PIT' ^( n«  I P )  ( J ,  ( \ / A P U ( x r ,  J )  . < = 1  . 1 ! ) « J = 1  , Nv  T )

I P  r O P U A T ( ^ p H l P A T I O  OF rO L U ’ViN"̂  c, -  ; 1 TO rOLi'ViN' =
n o  J = 1 * 11

-- - -- VADiJ ( J*  mFX ) = 0 . 0  ■ ■     -
OO ?<= K=l tNjMl M

- 2= VAPO( J«''i-X)=VAP’Jf J, vrX)+VARW( J»K)  ...........
I v P l To  ( 6 . F 6 )  ( VAPU C J . M F X )  , J =  1 » I 1 )

 ? 5  F C P M A T ( i H O / , = H  TOT ,  1 1 F 1 1 . 6 )     '   ■ - - -
STO=

i F C P » I ?  .REGX
SUBROUTI NE P F G r X X X S ' Y Y Y , Z 7 Z « T T T . X . y , 7 * T . \ ' 0 , - v i , \ i v i n i , A ' ^ T A N ,  ' 

ocr-'B Â j , VAPU ♦ ANO I , XNO I , YNO Î , Y^m , Do I )
  - DI MENS I ON X X X ( c ) \ Y Y Y ( = U N Z Z Z ( E ) , X (  100), Y(  1^07,7(1 ) -,--------

2 T  ( 1 GO ) ,  T ? C  = 0  ) ,  P (  F ,  <= ) ,  Q ( -  ,  c^O ) . V A P U  ( 1 1 , = 0 ) ,  F P T A  ( F . c O )  ,
  S O S J ( f O) VTTT( =  ) , ANOT CF-^-l-.XMOT C=Z) , YNTT f F ' ' ) ---------------------- ------

on 11 J = 1 *NQ
— DO 10 ■ K = J  « NO ................ *■ -  • •    —

=  ( J i : < ) = r O V ( X X X (  J )  , Y Y Y ( J )  , Z Z 7 (  J )  , T T T ( J )  , X X X ( K )  ,  YYY( K)  ,
................P Z 7 7 C K )  , ” TT f < )  . AXt a N . C N E A N )  ---------- ............... .......

I F ( J . F O . K )  0 ( J , J ) = P { J , J )  1 . 0

DO 11 X=1«NMIN
11 Q(U.K) =cOV CXXXC J-) , YYYC J) ,77ZC J) ,t t t ( ,X( xy .YfiCy ,-7T;0 r - -

PTCX) , AM=--AN»CMTAN)'   "  - -  - - -
V)RITE<6« 1 ) (X. (0( J . K )  , J=1 ,^) ,x=l .NMINf)

1 FOPXAT (1H1/(I = ,FF?C.F))  .... ..
ICXNO.E O.I )  0 ( l , l )  = 1 . 0 / D ( l , l )

' I F C N O . G T .  1) "CALL” I N V E R S C P »  1 ,NQ, 1 ,NO,NcOd,XXA , cwa- , PMf  ,)■
DO I? L=1,NM1N

" DO IF J=1 ,N0  " ”    ■ - -    • ••
f e t a (J,L)=0.0

1P B E T A (J .L > =BETA (J,L)+O(J,K)*0(X,L)
 [̂ 0* 1 7 - J-l',NO ---    ” ■ ”■ ----------- --------------
1 7  TP(  J ) = A ' - T U L ( X X X (  J )  , Y Y Y ( J )  , Z Z Z (  J )  . TTT ( J  ) , , * y p A N  ,

PAMOT ,XMOI ,YNOr,M=-N-, PS I )-FXPFr(XXX ( J ) ,  Y YY  ( J) .777TJ) .TTT—  '
B ( J )  . OYFAN 1 AYFAM)

 L ' R I T F f f i .  1 ) NO,  ( TPT j y ,  J = r , F ) — n : .  CRFTA(  J ' , r  ) , ~ J i r . ‘= :T .L = ! .NM-tXI'
DO 14 L = 1 « N Y IN

■~Tlr J t L ) =FXPEC r x  ( L ) , Y  ( LT « Z(L)1T(L) , C ' F A N  , A Y<=T1>T---------------------------
V A D U ( M , L ) = 0 . 0
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0 = J ( L ) = r > B J (  L ) + ^ E T A ( J , L ) * T P ( J )
! a  V f 3 U ( M , L ) = V a Q U ( ^ , L ) + R - T A ( j , L ) % 0 r j , L l  "  ~  '

- - -  A - R T T ? ( 6 ,  1 5 )  VM. C J »  0 = i j (  J )  , J = 1  « N M I N ) — —  -
1 FOPW/iT(  i Qh i 0 5 J ? C T I  VE A N A L Y T I C ,  ! ? / / ( !  = ,

ENjn

FUNCTI ON p y P F C ( Y A , Y A , 7 A , ^ A , F , T H ^ T A )
------------- 0  I v ~ \ iS  I ON 'CCFF ( 7  ) —.-  —  ■   - ........ ................ ..........

COV.NON /DATA/AdEAK 4 E I CYAA ,  AF.AP , E % g x Y , F % r tv v  , FW^GA , F 1 P y  ,
I SIGY «Rh OX vP h OY , 3 HOA, ?  IGA, XXZFPOi  y y 7 F P C \  T F T N , - F A y , O F L ^ ^ '  
p o y e c a z , p .h i f a r , f i g y a p  

VAQX=SIGX*EIGX
-------------VADY=E rCY^<-F IGV-------------     — ................  —

VARPH I =F I GYAP^f-F IGNAD
■■A7FRn = APFAk:>F>'P (-FTG '̂fA'A-Sf-Trr-^O-^T---------------------. - . . . -------------------

n u y = A F F ( c o E ( o y F G A * n T ) )
. — F X G'X'<'T-'f'I ~i F4.t-5j-j»x̂ ------------------------------------------------------------------
3Y =  F  I G Y V * c  F .C-nU M )

-A YO =AZEPO XSO PTT( 1 .  C + P X * V A P X )  *  rTTC+FY»\ AARYy )----------------
D X = B X / ( 1 . C + P X * V A P X )

- Qy^QY/-(-T~C-fFYJ(.\/aDV y  ------------------------------------------------- ----------
DUM=F*0^

’’0*̂ * = T H e ̂  A — ' ' ' " “ ~   --------- ----  -      - —— -------
XB=X A-Di  ;^ -X X ?F R O
Yn=YA'-D".‘'*Or./MPYYZFRO"' ----      — --------
F I p= aTAn C ?  «F*ryv )

T F = F I N ( o I R )

SF=T f * t f

COE" ( 1 ) =DX*CC+DY*E.E
- ̂   ̂^  ) % ( 0 ^ “ 0 Y ——— - —- —- - -.. ' — -— ——
c o F F (3 y =nx * F F + 0 Y * cc
DUX = AMP*EXP(-F.F*VAPPHI ) i(-F I N( OY^G AZF-ZA'+PHTFAP) — 
D U ^ = C G E F (I )* X E * X F + ? .n * C O E F ( ? ) *XE*YB+COFF(T)*Y«*YP 

-EXOF'~=D»iX*FXP<-F,5*Qij!y-y ----- ---------------------------------------------

r e t u r n
FNO
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, c: o m t p x

SL ^qO U T  I NE CONTR { Z A i T A . C * XX . YY . NET . VG . YC-. N̂ -: I N , G , 'H ^ T  A ,  
1 Û N O I , X N O I « Y N G I , YFN 

D I YENS I ON C < ' X ( 1 C T ) , Y ( 1 '' G ) ,  V ( =; ) , P ' , y y  ( 1 p ) . V V { 1 P ) ,
IXGC I C C )  , YG(  l ' C ) , A N O !  ( = ' ' ■ )  . X N O :  ( = 0 )  .YNOT ( P O )  

ce:'/Y  ON /P; AT A / A  PEAK , G 1 GYAA.  A P A 3 . G  î OXX. <  î C - Y v . o y f o a  , < T G X .
! S I GY , Rh OX . SHOY . Rh O A. P I C A .  XXZERO . YYZFCO'. 'p M j N , TE^ X,  D~LT . 
pCYPG AZ. P P 1P AP. E r GM AP 

Nlj:/X = ArT‘~
CALL P L O T ( i , o . i . O . - o )  
pTrrT /\ —AcsûO
f , vo=APPAX*PXP(  - S  I GYAA* OT* n T) * (  I . 0  + c ir-A' -ANCI (YPN)  ) 
D U Y = A B S ( C 0 P ( 0 ^ - G A * n T ) )
D X = S i G X y * ( I . O+OUM)

■' "DX=T.C7e o P T (A B S (O X )) .......... .
D'  ̂= S jGvy^;- ( E .  '^-OUM)
D '^ =  1 . 0 / E Q P r  ( A R P  ( D Y  ) )
DNy = c,*Dt

' Dy =t h ET a*DUM
D î p =ATAn (?,0-^OM)

* ■ TC = C C S ( o I R ) '    ' ■ • ■ ■ - ' ' ■■■
T C = P I N ( 0 I R )
COPX=DU%+XXZERO+TC*XNOrT^PN)-TS*YNOI(YEN)  
CORY=DM*0UY+YYZERO+TS*XNOI ( vEN ) +TC-^YN0 I ( y PN)

 DUX = A Y D * G I N ( n Y F G A Z * 7 A + P P n  .......................  ' ..............
DP 1 J = i , 5

----------- n Y v = c c j ) / D ü x    -  ..........  ......  .....
~ ( J  ) = 1 » 0

- ” T F (O M M .L r .O .P )  " P (  J ) = - l       ■
Dy y = aB S ( D E Y )

■ • ' f  Vf J ) - =- - r , n*ALOGf DAWj  --------------------  •
NX=?#NUYX+1

0ANGLF = ->. I 6 I = P ? 6 = / ^ L 0 A T ( N U W X )
- ........ 0 0  ?  j = 1  . 5  ■................................................................

I - ( V ( J )  , L T , 0 , 0 )  g o  TO ?
----------P A O = S O P - T V r j )  ) - -------- •         ■*■*

ANOLP=-OANGLF
   - DO =5 < = r . N X M

ANGLE=An GLE+OANGLE
 X ( X) =P A o * Dy * C O S ( ANG L F )  " "  '   '

Y( <> = R A O * O Y * S I N ( ANGLF)
O M v = T C * X ( < ) - T P * Y ( < )  ' ' ■..... ........  ...................
Y ( X ) = T F * X ( X ) + T C * Y ( ^ ) + G O R Y

 - ■ X { v y  =r)My+C0R5T  ■ ■■.......... ....................... ..
I F ( X ( K ) . L T , O . P )  X ( K ) = 0 . O  

  I P ( Y Y X ) . L T ^ P . O )  Y ( K ) = P ; o  - .......... - ................
I F ( X { < ) , G T , A , 0 ) X ( K ) = F . O

 c - l P ( Y ( : ^ T ) . G T . 6 . 0 ) - v T X ) = F . r r --------------- ------- ---
X ( MX ) = X ( 1)

- -  Y(nX->-=Y(1)- '  ■ ................ ....................
CALL L I N E C X . Y . N X . O , 1)
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, T '< ,  I M\/“ D . . .  - ..............

^ I L L  TM<̂  <Ml=VATOTy ocrTi./c r̂rN; Twr OO'-IC MO n,
AN'-' ND=  ̂ AND THF C r'l./'F  NT A ./'NO N ^ c  ,  t H”̂  TMw^ac^ p p  ^
TC P F T L . ' P N F n  TN A ,  -----  -------------- --------

FU=»O0llT INE Î N V - P F  ( A . N P A , N P = . N r A  , N P 5 , N r n o r . y y T M , X ^ A X .  
?OVTViM,OVTVAX.7 7 )  - -

•OP«I<^    ' .  A C T l ' L X   ..................... —  ■  ----
^ U N C T I  On  A C T U L  c X A , y a , t a , t a , F , T H E T A

- G O ^ Y O N  / D A T A / A O F A < , S T G V A A , A = A P , F I F X y , c f C y Y . n v T p A ^ F f p Y ,
! F I r ; y , r h ^ x  ,  d h :ay ,  p h o  a . f  i g a  , x x 7 ^ P ^ . v y T t D . o ,  TV I M ,  T v A x ,  n=-j_-r ,
r>pv—p/<, T , n w  J o  AP  .  F 7 F V .AD-  .............. —---------  ■ ----

n  I Y T \ , F  I A.\, r o p p (  T 5 ,  a m f  1 ( c; 1 < X N F  I ( KG > ,VN!P T < -FC 5
  p T  = TA —A n A P  -     —        . .

A v o  = A P E A ^ * E Y ^  ( - F  [ F V  A A-K-nT“- n T  ) *  ( 1 .  0 +  F î G-A-«-AMn j ( v f m  ) )
  nt j v  = A F S  ( G O S  ( QYF'GA-^^nT )-)   - - - -------------------------------------------

D X = F l G X y *  ( ! . ^ + p i j Y )
. . . . . .  — • ^  • • - -    • '  '  -  - — —   —   —  - - -  -  —— —

OL'v = c * r ) x
      v_  T h ^ T  a JY -   ■ • • ------------------     — -— —  . ------------------

y c - y  A _ P i  ' Y _ y x 7 P o n  

 . Yca —Y A—r5»."*G!'.Jv—Y Y Z ' ^ P O  ---------- ---- --------------------------------------------------------------------
T o  r  A T  .A M C P ,  F V ^

t p = G ^ F ( n I P )
T F - C T N ( n r P ) " ......................        '•
C G = T F * T G

f C = T G * t f

X F x X F - T r - î ^ X N O  î ( YtFN) ) +TF-V.YMO ! 'C y f n ' 5 '~  .........
v p - y f - T c * X ’'JO I ( yc-nj  ) _T' ' -y-vNO T ( "'FN >

r Ç F F  ( p ]  = ( p y - o Y  ) if-FF

n i , y =  A v o f c  %M ( P Y F Ç A 7 * 7 A ^ P F  î )
0 1 ) v = G 0 E f < lG«-y° - î « -X°  +  ? . 0 - ï ! - G O F p ( - p ^ y = :
A r x |  , y  * c v o  ( _.n )

PCTTljPM' ’ ........... .......
E N P



ÜN3
--   ------------------  —  — , —  —  .-------------- fSioO^— - -

0 I - j 9 u L 5 C ü l o J ' * Ü = D
I — ^

^ i\Ü + ^ 9 c:b ï,^ o :jt.V t:-r  1 = I ( o * l T  I )

^5'sV t.cJ l = I
     l ..

/  î / a N U  VX V L]
• x d a î s i i .  _5.V _.v' l -  = ^ _ H x l M  ______ • • • • _ ■

( ^) k . C! o i \ vc  - N i x n ü ù e n b
  ___  ... . '.....  *\OüNVü* . _. . . . _ b i ‘ ao--

u N 3
.. _ . — .. . — ( .̂ .̂3ci .

OVbX+A-frl7k-.C;i S = 3 Ü  IvD
  ,(iMX* = * t - X ) - ( t ( N X / 0 *b'.l ) J .c 0 'o = x ____

f\ = NX

(D)^ÛûWVü “ilvD 
. . . ...... .......................... ..  , N* i = r  I Où

o* l - = J
•   _

c Va Q l a ' ù v  aX * i\ J 'i VD i \û  I x D A .U
     .Xst>nvb>*    ■■ôl.laOs

ON 3
  .  . . . . .  ..................................................... N è j r u â a .  -  -  --

I v u o l b  ‘ ù v a x *  O i ) i ,b r iv o -r (  i - r  ) x * a =  ( D X  i
  . . . .  . -  -................N.*6=r i v o  ---------------

a f l N i x N u D  d 
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