
INFORMATION TO USERS

This material was produced from a microfilm copy of the original document. While 
the most advanced technological means to photograph and reproduce this document 
have been used, the quality is heavily dependent upon the quality of the original 
submitted.

The following explanation of techniques is provided to  help you understand 
markings or patterns which may appear on this reproduction.

1.The sign or "target" for pages apparently lacking from the document 
photographed is "Missing Page(s)". If it was possible to  obtain the missing 
page(s) or section, they are spliced into the film along with adjacent pages. 
This may have necessitated cutting thru an image and duplicating adjacent 
pages to insure you complete continuity.

2. When an image on the film is obliterated with a large round black mark, it 
is an indication that the photographer suspected that the copy may have 
moved during exposure and thus cause a blurred image. You will find a 
good image of the page in the adjacent frame.

3. When a map, drawing or chart, etc., was part of the material being 
photographed the photographer followed a definite method in 
"sectioning" the material. It is customary to begin photoing at the upper 
left hand corner of a large sheet and to continue photoing from left to 
right in equal sections with a small overlap. If necessary, sectioning is 
continued again — beginning below the first row and continuing on until 
complete.

4. The majority of users indicate that the textual content is of greatest value, 
however, a somewhat higher quality reproduction could be made from 
"photographs" if essential to the understanding of the dissertation. Silver 
prints of "photographs" may be ordered at additional charge by writing 
the Order Department, giving the catalog number, title, author and 
specific pages you wish reproduced.

5. PLEASE NOTE: Some pages may have indistinct print. Filmed as 
received.

Xerox U niversity iVlicrofilms
300 North Zeeb Road
Ann Arbor, Michigan 48106



74-6986

SMITH, Roger L a i r ,  1938- 
AERODYNAMICS OF CHANNEL AND RING WINGS.

The U n iv e rs ity  o f  Oklahoma, P h .D ., 1973 
A erospace S tu d ie s

I University Microfilms, A XEROX Com pany, Ann Arbor, Michigan

THIS DISSERTATION HAS BEEN M ICRO FILM ED EX A C TLY  AS RECEIVED.



THE UNIVERSITY OF OKLAHOMA 

GRADUATE COLLEGE

AERODYNAMICS OF CHANNEL AND RING WINGS

A DISSERTATION 

SUBMITTED TO THE GRADUATE COLLEGE 

in  p a r t i a l  f u l f i l lm e n t  o f th e  req u ire m en ts  f o r  th e

d eg ree  o f  

DOCTOR OF PHILOSOPHY

BY

ROGER L. SMITH 

Norman, Oklahoma 

1973



AERODYNAMICS OF CHANNEL AND RING WINGS

APPROVED BY

DISSERTATION COMMITTEE



ACKNOWLEDGMENTS

The i n s p i r a t i o n ,  encouragem ent, and guidance o f P ro fe s so r  

E. F . B lic k  d u rin g  t h i s  s tu d y  and th roughou t th e  g ra d u a te  program a re  

g r a t e f u l ly  acknowledged by th e  a u th o r .  A lso , th e  i n t e r e s t ,  tim e and 

e f f o r t  o f  P ro fe s s o r  W. N. H uff, D r. M. C. J is c h k e ,  and P ro fe s so r  M. L. 

Rasmussen have been  g r e a t ly  a p p re c ia te d .

The f in a n c ia l  a s s is ta n c e  of th e  N a tio n a l S c ience  Foundation  

by means o f  a g ra d u a te  t r a in e e s h ip  was In d isp e n sa b le .

The te c h n ic a l  counse l o f  P ro fe s s o r  L. A. Comp in  m odel de­

s ig n  and wind tu n n e l o p e ra tio n  was in v a lu a b le  to  th e  a u th o r .  The 

a s s is ta n c e  o f Mr. E. P arsons and Mr. E. F inch  in  wind tu n n e l model 

c o n s tru c t io n  and m o d if ic a t io n  was s in c e r e ly  a p p re c ia te d .  The C uster 

Channel Wing C o rp o ra tio n  d ese rv es  th e  a u th o r 's  thanks f o r  i t s  con­

t r i b u t i o n  o f th e  mahogony fo r  one o f  th e  wind tu n n e l m odels. The 

a u th o r  g r a t e f u l l y  acknowledges th e  l i v e l y  i n t e r e s t  in  t h i s  s tu d y  of 

h i s  c o lle a g u e s  o f  th e  U nited  S ta te s  Army A ir M o b ility  R esearch  and 

Development L a b o ra to ry .

The a u th o r  i s  in d eb ted  to  th e  t y p i s t s ,  J a n e t  H askenhoff, 

D orothy S heppard , and Ruth Ann F erence  fo r  t h e i r  p a t ie n c e  and p e rs e ­

v e ran ce  in  th e  p re p a ra t io n  o f  th e  m a n u sc rip t.

T h is  work i s  d e d ic a te d  to  my w if e ,  Nancy, in  a p p r e c ia t io n  of 

h e r  m a te r ia l  and m oral c o n tr ib u t io n s  to  i t s  advancem ent.

iii



ABSTRACT

The r e s u l t s  of a d e f le c te d  s tream tu b e  th e o ry  f o r  th e  l i f t  

and induced  d rag  o f i s o la te d  r in g  w ings a r e  b r i e f l y  rev iew ed , and a 

s im i la r  th e o ry  f o r  channel w ings i s  p re s e n te d . The r in g  wing th e o ry , 

and m ethods d e r iv e d  from i t s  g e n e ra l c o n c lu s io n s , a r e  compared w ith  

o th e r  t h e o r e t i c a l  d e r iv a t io n s  and w ith  e x p e rim e n ta l d a ta .  A wind 

tu n n e l t e s t  o f  two channel w ings o f a s p e c t  r a t i o  1 . 0  and 2 . 8  i s  de­

s c r ib e d ,  and th e  d a ta  a re  compared w ith  th e  ch an n e l wing d e f le c te d  

s tream tu b e  th e o ry . I t  i s  shown th a t  th e  r in g  wing th e o ry  y ie ld s  

good agreem ent w ith  experim ent and w ith  o th e r  developm en ts, bu t th e  

channe l wing d e f le c te d  s tream tu b e  th e o ry  does n o t .  The e x p e rim en ta l 

r e s u l t s  f o r  ch an n e l w ings and r in g  w ings in d ic a te  t h a t  th e s e  w ings 

a ch iev e  span e f f ic ie n c y  f a c to r s  o f ap p ro x im ate ly  1 .5  and 2 .0 ,  r e ­

s p e c t iv e ly .

A l i f t i n g  a rc  th e o ry  fo r  ch an n e l w ings i s  d e r iv e d  and shown 

to  a g re e  w ith  th e  e x p e rim en ta l d a ta .  A d i g i t a l  com puter program 

w hich Im plem ents t h i s  th e o ry  i s  p ro v id e d . The com puter program  a l ­

lows r a p id  c a lc u la t io n  o f l i f t  and d rag  c o e f f i c i e n t s  o f i s o la te d  

channel w ings as  a fu n c tio n  o f wing geom etry , a i r f o i l  s e c t io n  c h a r­

a c t e r i s t i c s ,  and an g le  o f a t t a c k .

Power r e q u ir e d ,  ra n g e , and endurance o f  a i r c r a f t  w ith  channe l 

o r r in g  w ings a re  e s tim a te d , and compared w ith  th a t  f o r  p la n e  wing 

a i r c r a f t .  The l a t t e r  r e q u ir e s  more power o v er a s ig n i f i c a n t  p o r t io n

iv



of th e  low speed (h ig h  l i f t  c o e f f i c i e n t )  f l i g h t  regim e th a n  th e  f o r ­

m er, a t  th e  same a s p e c t r a t i o .  The w id th  o f t h i s  speed ran g e  in ­

c re a s e s  a s  a s p e c t r a t i o  d e c r e a s e s .  Power e f f e c t s  on wing aero d y ­

nam ics a r e  n o t c o n s id e re d . The ch an n e l wing a i r c r a f t  w ith  r e c ip r o ­

c a t in g  en g in e  p ro p u ls io n  w i l l  have a  s ig n i f i c a n t  in c re a s e  in  en­

d u ran ce  a s  compared to  a p la n e  wing a i r c r a f t ,  and a  l e s s e r  in c re a s e  

in  ra n g e . The r in g  wing a i r c r a f t  r e q u ir e s  more power and has  l e s s  

ran g e  and endurance th an  th e  ch an n e l wing a i r c r a f t .
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INTRODUCTION

A lthough f u l l - s c a l e  channe l wing and r in g  wing a i r c r a f t  have 

been b u i l t  and flow n ( th e  C u s te r  Channel Wing a i r c r a f t  and th e  B e l l  

X-22A a r e  exam ples, r e s p e c t iv e l y ) ,  few a n a ly se s  o f  th e  aerodynam ics 

of th e se  w ings have been p u b lish e d . A lso , th e  a i r c r a f t  m entioned 

o p e ra te  w ith  each chan n e l o r  r in g  submerged in  a p r o p e l le r  s l i p ­

s tream . Sim ple methods o f p r e d ic t in g  th e  l i f t  and drag o f  i s o la te d  

channel w ings and r in g  w ings a r e  needed in  o rd e r  to  e v a lu a te  th e  

p o s s ib le  ad v an tages  o f th e s e  w ings.

T h is  paper u n d e r ta k e s  to  e v a lu a te  th e  v a l i d i t y  o f p u b lish ed  

th eo ry  f o r  th e  l i f t  and d rag  o f r in g  w in g s , to  develop  a  s u i t a b le  

a n a ly s is  fo r  ch an n e l w in g s , to  e x p e r im e n ta lly  v e r i f y  th e  l a t t e r ,  

and to  in v e s t ig a te  b r i e f l y  th e  perform ance a d v a n ta g e s , i f  any , o f  

th e se  n o n p lan ar w ings. Of n e c e s s i ty ,  th e  ex p e rim en ta l d a ta  fo r  

i s o la te d  channe l w ings w ere o b ta in e d  by th e  a u th o r  by means o f a 

wind tu n n e l t e s t  program , w hich i s  r e p o r te d  h e r e in .



CHAPTER I  

DEFLECTED STREAMTUBE THEORY 

R ib n e r’s Theory f o r  th e  Ring Wing

R ibner [ l ]  p u b lish e d  a  b r i e f  d e f le c te d  s tream tu b e  th e o ry  fo r  

r in g  a i r f o i l s  a t  an g le  o f a t ta c k  in  1947. He assumed th a t  th e  

s tream tu b e  th re a d in g  th e  r in g  wing i s  d e f le c te d  a s  a r ig i d  c i r c u l a r  

c y l in d e r .  Combining t h i s  assum ption  w ith  th e  n o tio n  o f a v o rte x  

bound in  th e  r in g  allow ed th e  d e te rm in a tio n  o f th e  c i r c u la t io n  d i s ­

t r i b u t io n  and th e  downwash a n g le . A d e t a i le d  acco u n t o f  R ib n e r 's  

d e r iv a t io n  w i l l  n o t be g iv en  h e re ,  s in c e  a  s im i la r  d e r iv a t io n  i s  

p re se n te d  f o r  th e  channe l w ing. R ib n e r 's  r e s u l t  f o r  r in g  wing l i f t  

w as:

L -  SV‘ir*Rc«. • (1.1)

N om enclature f o r  th e  r in g  wing a r e  shown in  F ig u re  1.

The r in g  wing induced drag i s  e a s i l y  o b ta in ed  from R ib n e r 's  

[ l ]  e q u a tio n s  f o r  outw ard norm al fo rc e  and downwash an g le :

€  =  - — • (1 .3 )
TfC



C e n te r lin e  o f  Ring

2R

P ro je c te d  Wing Area S ■ 2f?C 

T o ta l Wing Area * 21YRc

M  = 4 ^

F ig u re  1. Ring w ing nom encla tu re ,



A

The lo c a l  induced an g le  o f  a t t a c k ,  c o n s is te n t  w ith  R ib n e r 's  assump­

t i o n s ,  i s ;
=  €  A -u / t  0  • ( l.A )

Then th e  induced  d rag  p e r  u n i t  a rc  i s :

(1 .5 )

where I s  th e  outw ard norm al fo rc e  p e r  u n i t  a r c .  S u b s t i ­

tu ting  e q u a tio n s  (1 .2 )  and ( 1 .3 ) ,  we f in d  th a t

‘fR

I n te g r a t io n  o f  e q u a tio n  (1 .6 )  g iv e s  th e  t o t a l  induced d rag  o f  th e  r in g
,i i r

w ing:

=  (1
O

4R .
Di =  (1  +  ^  K c  (X , (1 .7 )

R e c a llin g  e q u a tio n  ( 1 .1 ) ,  we s e e  th a t  th e  r in g  wing induced 

d rag  can be w r i t t e n  as

(N L ex.
(i *

However, e q u a tio n  (1 .1 )  can a l s o  be so lv ed  fo r  Ot* , y ie ld in g



With e q u a tio n  ( 1 .9 ) ,  th e  r in g  wing induced drag  red u ces  to

D. =

The r in g  wing l i f t  and induced d rag  c o e f f i c i e n t s  a r e  d e f in e d  

w ith  th e  p ro je c te d  wing a r e a ,  S = 2Rc:

^  ^

2
Thus, 

and

By an alo g y  to  th e  s ta n d a rd  d e f in i t i o n  fo r  wing a s p e c t r a t i o ,  th e  r in g  

wing a s p e c t  r a t i o  i s  d e f in e d  a s  th e  sq u are  o f th e  d ia m e te r , d iv id e d  

by th e  p r o je c te d  a re a :

^  ’  - T & T "  “  ^  • < 1 1 3 )

Thus th e  l i f t  and induced  d rag  c o e f f i c i e n t s  may be w r i t t e n  as

"  a  *

• (1 11)

D e fle c te d  S tream tube Theory fo r  th e  Channel Wing 

A dopting th e  approach  used  by R ibner [ l ]  f o r  th e  r in g  w ing, 

a sz z a e  th a t  th e  s tream tu b e  w hich th re a d s  th e  channe l wing i s  de­

f le c te d  e s s e n t i a l l y  as  a r i g i d  c y l in d e r ,  th a t  a t  l e a s t  th e  low er p a r t  

o f t h i s  c y l in d e r  i s  c i r c u l a r  (w ith  ra d iu s  R ) , and th a t  th e  ch an n e l



6

wing may be re p re s e n te d  by a l i n e  v o r te x  bound in  th e  w ing . The v o r­

te x  f i la m e n ts  s tream in g  from th e  bound v o r te x  w i l l  form a  d i s t r i b u t i o n  

o f v o r t i c i t y  around th e  low er s u r fa c e  o f th e  s tre a m tu b e . T h is d i s ­

t r i b u t io n  i s  such a s  to  produce th e  assumed d e f le c t io n  o f  th e  s tream ­

tu b e . N om enclature used  f o r  th e  ch an n e l wing i s  shown in  F ig u re  2.

The v e lo c i ty  induced a t  th e  p o in t  o f  i n t e r s e c t io n  o f  th e  

c e n te r  l i n e  o f th e  d e f le c te d  s tream tu b e  and th e  v e r t i c a l  p la n e  con­

ta in in g  th e  bound v o r te x ,  due to  one v o r te x  f i la m e n t ,  i s

(K uethe and S ch e tze r [z ]  ) ,  where J jf i s  th e  s t r e n g th  o f  th e  f i la m e n t .  

This induced v e lo c i ty  i s  p e rp e n d ic u la r  to  a l i n e  co n n ec tin g  th e  v o r­

te x  f i la m e n t and th e  s tream tu b e  c e n t e r l i n e .  The v e r t i c a l  component 

o f i s  > and th e  t o t a l  induced  downwash a t  th e  c e n te r l in e

due to  th e  h a l f - r i n g  o f t r a i l i n g  f i la m e n ts  i s

Now i f  th e  c i r c u l a t i o n  abo u t th e  bound v o rte x  i s  deno ted  by 

P  , th en  th e  s t r e n g th  o f a v o r te x  f i la m e n t i s

dl^ = d r  ;

and , assum ing th a t  P  i s  p ro p o r t io n a l  to  s in  ^  , we w r i te

d y  = dP  = K c«ra,p , (1.18)

where K i s  a  c o n s ta n t .  Thus,
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^  =  gT̂  , or K -  ?R w  ,

so th a t

P  =  ? R w  . (1.19)

Then th e  c i r c u la t io n  d i s t r i b u t i o n  i s

•5 —-̂ “  — S w  cttiL B • ( 1 . 20)

The downwash a n g le  i s  g iv e n  by

I f  i t  i s  assumed th a t  ^  1 , th en

W a  VC ,

and

=  8 V € ca&g • (1.21)

C o n s is te n t w ith  th e  assum ption  o f th e  form o f  P , th e  lo c a l  

v e lo c i ty  induced  r a d i a l l y  outw ard a t  th e  channel wing i s

=  W AÙvt g  ,

or
W, -  V f iA X v i g  . (1 .2 2 )

Then th e  lo c a l  induced a n g le  o f a t t a c k  i s

‘ V y  V

(K; =: 6 • (1.23)



9

The lo c a l  a i r f o i l  s e c t io n  g eo m etric  a n g le  o f  a t ta c k  fo r  an  un­

tw is te d  ch an n e l wing i s  d e r iv e d  in  C hap ter VI :

(jGU/lCKg A Ù \ ^ )  (1 .24)

where oc  ̂ i s  th e  channe l c e n t e r l i n e  a n g le  o f  a t t a c k .  For sm a ll OC,, 

can  be approx im ated  w ith  sm a ll e r r o r  by

=  (Xg , (1 .25)

and t h i s  s im p l i f ic a t io n  w i l l  be  used  in  th e  p r e s e n t  c a s e . Then th e

lo c a l  e f f e c t i v e  a n g le  of a t t a c k  i s  

(X* =  Wl -  OCj

=  0 <C p

(Xg =  (OCg — € )  (1 .2 6 )

(on ly  sym m etric a i r f o i l  s e c t io n s  a re  c o n s id e re d  h e r e ) .

By th e  K u tta-Joukow sk i theorem , th e  norm al fo rc e  p e r u n i t  a rc

i s

R J f

But a l s o ,  by d e f i n i t i o n ,

= çV r . (1 .27)

“  % c* C '  ( l )  — ^  V C| C * (1 .28)

S olv ing  f o r  th e  c i r c u l a t i o n ,  we o b ta in

r  = h  V c,c • (1.29)
I f  i t  i s  assum ed, fo r  co n v en ien ce , th a t  th e  s e c t io n  l i f t - c u r v e  s lo p e  

i s  i f f ,  th en  th e  s e c tio n  l i f t  c o e f f i c i e n t  i s

C | =  2 t r o c .  ,
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and th e  c i r c u l a t i o n  i s

r  =  n  V  c  (K, • (1 .3 0 )

W ith th e  s u b s t i tu t io n  o f  e q u a tio n  (1 .2 6 ) ,  th e  c i r c u l a t i o n  becomes

r  =  i r ^ c  ( a .  -  e )  , (1 .3 1 )

th u s  th e  c i r c u l a t i o n  d i s t r i b u t i o n  i s

c / r  _  V c (1 .3 2 )

E quating  e q u a tio n s  (1 .2 1 ) and (1 .3 2 ) y ie ld s  th e  downwash 

a n g le  a t  th e  ch an n e l w ing;

8  V (  a r i  g  =  2 ^ ( ( X c - £ ) o a ^

S €  +  6

I
C l .  ■

The c i r c u l a t i o n  can  now be o b ta in ed  w ith  e q u a tio n s  (1 .3 1 ) 

and (1 .3 3 ) :

r  s  ir Vc

(1 .3 3 )

(1 .3 4 )

A gain u s in g  th e  K u tta -Jo u k o w sk i theorem , th e  inw ard norm al fo rc e  per
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u n i t  a rc  i s

Æ .  =  g v r  -

Now c o n s id e r  th e  in c re m en ta l l i f t  f o rc e :

J  L  — J  N ^

JL  _  J N  
KJ§

Then, w ith  e q u a tio n  (1 .3 5 ) ,

JL  
R  Jp =  ( - T O ^ )  S V ’ i r c o c .

(1 .3 5 )

(1 .3 6 )

The t o t a l  l i f t  i s  o b ta in ed  by in t e g r a t i n g  eq u a tio n  (1 .3 6 ) around th e  

ch an n e l:

(1 .3 7 )
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E quation  (1 .3 7 ) r e p re s e n ts  th e  t o t a l  l i f t  produced by a  s e m ic irc u la r  

channel wing (below th e  s t a l l ) .

The ch an n e l wing induced drag  p e r  u n i t  a rc  i s

=

R e c a llin g  e q u a tio n  ( 1 .2 3 ) ,  we o b ta in  

S u b s t i tu t io n  o f e q u a tio n s  (1 .33 ) and (1 .35 ) y ie ld s

(w t )

(1 .3 8 )

(1 .3 9 )

*  1 )
^  , v ' i Y c o < :  W f . (1 .4 0 )

and in t e g r a t io n  around th e  channel g iv e s  th e  t o t a l  induced  d ra g :

D, =

D i =

on arouna cne cnannex g iv e s  rne  ro c a i  in a

1)* ' r rRco(^J

"itc ^V*ir'Rco<*
( " W c  + 1 ) '

With eq u a tio n  (1 .3 7 ) ,  t h i s  r e s u l t  can be w r i t t e n  as

(1 .41 )

Di =
L o<6

But e q u a tio n  (1 .3 7 ) can a ls o  be so lv ed  fo r  :

(1.42)



13

S u b s t i tu t in g  in  e q u a tio n  ( 1 .4 2 ) ,  we f in d  th e  ch an n e l wing induced 

drag  to  be g iven  by

Di =  T F ^  • (1-44)

As fo r  th e  r in g  w ing, i t  i s  co n v en ien t to  b a se  th e  channel 

wing induced  l i f t  and d rag  c o e f f i c i e n t s  on th e  p ro je c te d  wing a re a :

C l = S  '

w here S = 2Rc (c o n s ta n t wing chord i s  assum ed). Then

r  -  sV*-rr*Rco<.
4 "  * 1 )  ( ^ ï ç V ) C 2 R c )

* :

. (1-45)

r  -  î [  S '  _  c l  ( 2 R c )
"  9 l f % R ' % S  g i y  R*

=  4 1 ^  • (1-44)

A gain a s  f o r  th e  r in g  w ing , th e  ch an n e l wing a s p e c t  r a t i o  i s  d e fin e d  

as
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=  4 ^  .

so th a t

and

IT

c!
2 1 Y

* c (1 .4 7 )

(1 .4 8 )

These a r e  th e  l i f t  and induced  d rag  c o e f f i c i e n t s  r e s u l t i n g  

from a d e f le c te d  s tream tu b e  th e o ry  f o r  th e  channel w ing.



CHAPTER I I

COMPARISON OF DEFLECTED STREAMTUBE THEORY WITH 

EXPERIMENT AND OTHER THEORIES

Ring Wing

NACA TN 4117

F le tc h e r  [ s ]  r e p o r ts  th e  r e s u l t s  o f a wind tu n n e l t e s t  on 

model r in g  w ings o f  a s p e c t r a t i o  3 , 1 .5 ,  1 .0 ,  2 /3  and 1 /3 . F ig u re  3 

p re s e n ts  m easured l i f t  c o e f f i c i e n t  f o r  th r e e  o f th e s e  w in g s, a long  

w ith  c a lc u la t io n s  from th e  R ibner d e f le c te d  s tream tu b e  th e o ry . Cor­

r e l a t i o n  i s  good f o r  /& =  3 , b u t th e  th e o r e t i c a l  l i f t - c u r v e  s lo p e  i s  

too  h ig h  f o r  th e  low er a s p e c t  r a t i o s .  The t h e o r e t i c a l  v a lu e  i s  ob­

ta in e d  from e q u a tio n  (1 .1 4 ) :

"  ■ ^ c  "

I t  shou ld  be no ted  th a t  F le tc h e r  [3 ]  used a C la rk  Y a i r f o i l  

s e c t i o n ,  w hereas th e  R ibner th e o ry  was d e r iv e d  only  f o r  a  sy m m etrica l 

s e c t io n .  However, th a t  does n o t a cc o u n t fo r  th e  la c k  o f agreem ent a t  

low a s p e c t  r a t i o  shown in  F ig u re  3 , s in c e  th a t  d isag reem en t i s  i n  th e  

s lo p e  o f th e  l i f t  c u rv e s , n o t in  th e  a n g le  fo r  zero  l i f t .

In  R efe ren ce  [ l ]  R ibner p r e d i c t s  th e  f a i l u r e  o f  th e  th e o ry  a t  

v e ry  low a s p e c t  r a t i o s ,  b u t h i s  p h y s ic a l  e x p la n a tio n  ( t h a t  th e  wake 

would a l ig n  i t s e l f  w ith  th e  r in g  a x i s )  i s  no t su p p o rted  by th e  wake

15
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o b se rv a tio n s  re p o r te d  by F le tc h e r  [3 ] .

R ibner [ l ]  found a s  a g e n e ra l c o n c lu s io n  th a t  th e  r in g  wing 

has tw ice  th e  l i f t  o f  a p lan e  e l l i p t i c  wing which spans th e  r in g  

d ia m e te r  and has o n e -q u a r te r  th e  t o t a l  (n o t p ro je c te d )  a re a  o f th e  

r in g .  T hat i s ,  th e  e l l i p t i c  wing has a re a

s. = = f  Rc (2.2)

and a s p e c t  r a t i o

9 R
(2 .3 )

Se

In  teinns o f  th e  a sp e c t r a t i o  o f th e  r in g  w ing,

T h e re fo re ,  w ith

«  =  a .  ^  , (2.5)

a s  recommended fo r  low a s p e c t r a t i o  wings by Wood [4 ] , and

= 0 .0 9 2 /d eg ree  fo r  th e  C la rk  Y a i r f o i l  s e c t io n  (Jacobs and Rhode 

[ 5 ]  ) ,  th e  r in g  wing l i f t - c u r v e  s lo p e  by t h i s  method i s

T h is  r e s u l t  I s  la b e le d  Method 1 in  F ig u re  4 , and e x a c tly  c o r r e la te s  

th e  l i n e a r  p o r t io n  o f th e  ex p erim en ta l d a ta  f o r  = 3 . Agreement 

w ith  experim en t i s  good fo r  -  1 , b u t poor fo r  = 1 /3 .
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Method 2 in  F ig u re  A i s  sim ply tw ic e  th e  l i f t - c u r v e  s lo p e  

(e q u a tio n  (2 .5 ) )  o f a  r e c ta n g u la r  p la n e  wing o f  th e  same a sp e c t r a t i o  

a s  th e  r in g  w ing , a s  recommended by F le tc h e r  [ s ]  . T h is  method 

e x a c tly  c o r r e l a t e s  th e  e x p e rim en ta l d a ta  f o r  -  1 /3 ,  b u t i s  a 

l i t t l e  low a t  ^  = 1. I t  i s  seen  in  F ig u re  A t h a t  th e  av erag e  o f  

Methods 1 and 2 would ag re e  v e ry  w e ll  w ith  ex p erim en t a t  Ak = 1.

F le tc h e r  [ s ]  found v e ry  good agreem ent w ith  R ib n e r 's  d e f le c te d  

s tream tu b e  th e o ry  r e s u l t  fo r  induced d ra g . The t o t a l  wing d rag  was 

c a lc u la te d  u s in g  th e  m easured Cg a t  C i =  0 f o r  th e  (c o n s ta n t)  Cp :

=  c . .  +  T & -  •

Drag p o la r s ,  f o r  Ak = 1 /3  and 3 , c a lc u la te d  in  t h i s  manner a r e  com­

pared  w ith  th e  e x p e rim e n ta l d a ta  in  F ig u re  5 . C o r r e la t io n  o f th e o ry  

and experim en t i s  good in  b o th  c a s e s ,  b u t b e t t e r  f o r  th e  ^  = 3 

c a s e .

E xperim ents by M illa

M illa  [ s ]  conducted  wind tu n n e l t e s t s  in  1966 o f a  model a i r ­

p la n e  w ith  r in g  w ings and t a i l .  A lA in ch  d ia m e te r ,  Ak = 2 .8 ,  r in g  

wing was a t ta c h e d  d i r e c t l y  to  each s id e  of th e  f u s e la g e ,  and a 

sm a lle r  r in g  se rv ed  a s  th e  empennage. M illa  found th a t  d i r e c t  a p p l i ­

c a t io n  o f R ib n e r 's  th e o ry  would n o t c o r r e l a t e  th e  ex p e rim en ta l l i f t ,  

b u t th a t  an  in t e r f e r e n c e  l i f t  c o n tr ib u t io n  was r e q u ir e d .

M illa  a l s o  found th a t  an in te r f e r e n c e  d rag  c o n t r ib u t io n  to  

th e  R ibner th e o ry  was r e q u ire d .  However, p a r t  o f  t h i s  la c k  o f c o r­

r e l a t i o n  was due to  an  in c o r r e c t  d e r iv a t io n  o f th e  induced  d rag  from
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th e  r e s u l t s  o f R eference  [ l ]  :

‘' “ i “

The c o r r e c t  r e l a t i o n  i s

NACA TR R-139

Cone [ 7 ] p re d ic te d  th e  c i r c u la t io n  d i s t r i b u t io n s  re q u ire d  

fo r  minimum induced  d ra g , and th e  co rresp o n d in g  maximum span e f ­

f ic ie n c y  f a c t o r s ,  f o r  many nonp lan ar w ings. T h is o p tim iz a tio n  was 

perform ed on th e  b a s is  o f M unk's [ s ]  theorem  f o r  minimum induced 

d ra g : th e  norm al ( to  th e  lo c a l  s u rfa c e )  component o f th e  lo c a l  in ­

duced v e lo c i ty  m ust be p ro p o r t io n a l  to  th e  c o s in e  o f th e  lo c a l  

" d ih e d ra l  a n g le ,"

=  K

S o lu tio n s  were o b ta in e d  by conform ai t r a n s fo rm a tio n , and by 

e l e c t r i c a l / p o t e n t i a l - f l o w  an a lo g  te ch n iq u es  f o r  th e  more complex
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form s. For th e  r in g  w ing . C o n e 's  r e s u l t  was

e =  2 .0  ,

where th e  span e f f ic ie n c y  f a c to r  e  i s  d e fin e d  by

c - cL-  i t  e  A  '
(2 .9 )

and th e  a s p e c t  r a t i o  i s  based  on th e  p ro je c te d  wing sp an . Com­

p a rin g  e q u a tio n  (2 .9 )  and e q u a tio n  (1 .1 5 ) ,  i t  i s  seen  th a t  R ib n e r 's  

[ l ]  th e o ry  y ie ld s  e x a c tly  th e  same span  e f f ic ie n c y  f a c t o r ,  e  = 2 .0 ,  

fo r  r in g  w ings.

NAVWEPS RPT 8401

R eynolds [9 ]  developed  a l i f t i n g  s u r fa c e  th e o ry  fo r  th e  l i f t  

and p i tc h in g  moment o f a r in g  w ing. The r in g  was re p re s e n te d  by a 

c y l in d r i c a l  v o r te x  s u r f a c e  a t  an g le  o f  a t t a c k ,  w ith  W e iss in g e r 's  

g e n e ra l boundary c o n d i t io n  imposed ( r a d ia l  component o f  induced  flow  

i s  ze ro  a t  v o r te x  s u r fa c e )  . The K u tta  c o n d itio n  a t  th e  t r a i l i n g  

edge i s  a ls o  im posed. T hese boundary c o n d itio n s  a llo w  e v a lu a tio n  o f 

a s e r i e s  r e p r e s e n ta t io n  f o r  th e  v o r te x  d e n s ity  d i s t r i b u t i o n  in  th e  

v o r te x  s u r f a c e ,  a s  a  fu n c t io n  o f a s p e c t r a t i o .  Then th e  lo c a l  fo rc e  

lo a d in g  i s  g iv e n  by th e  K u tta -Joukow sk i r e l a t i o n

A P  =  % y  #  ( x  ; 6?) ,

where K ( x , 6 )  i s  th e  v o r te x  s u r fa c e  d e n s ity  d i s t r i b u t i o n .

Reynolds [9 ]  g iv e s  th e  r in g  wing l i f t  c o e f f i c i e n t  as

c[= (c. + . (2-10)
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t

w here i s  based on t o t a l  s u r fa c e  a re a  ZttR c . I f  t h i s  e x p re s s io n  

i s  co n v e rted  to  based on p ro je c te d  a re a  S = 2Rc, we have

1
(  (Co +  ^ ( 2 . 11)

Reynolds [9 ]  e v a lu a te d  th e  s e r i e s  c o e f f i c i e n t s  fo r  th re e  a s p e c t 

r a t i o s :

TABLE 1

SERIES COEFFICIENTS FOR VORTEX DENSITY 
DISTRIBUTION OF RING WING,

DUE TO REYNOLDS [9 ]

2.000

2.0 1.098 -0 .2 3 8 -0 .0 1 8

0.796 -0 .4 1 51.0 —0.068

I n f i n i t e  a s p e c t  r a t i o  co rresponds to  th e  l i f t i n g - l i n e  c a se :

Q  =  ( 2 )  CX =  T r* tx . ,

and t h i s  a g re e s  e x a c tly  w ith  R ib n e r’s  [ l ]  r e s u l t ,  e q u a tio n  ( 1 .1 4 ) ,  

when oo . For = 1 , how ever, th e  l i f t i n g  s u r fa c e  th e o ry  g iv e s

=  %  ( .7 9 6  -  .207)<Xg = 2 .90  ,

w h ile  R ib n e r 's  th e o ry  (eq u a tio n  (1 .1 4 ))  y ie ld s

-
i r OCj = 3 . * + k ,  ,
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a 32% d i f f e r e n c e .  These r e s u l t s  a r e  compared in  F ig u re  6 , w ith  

F l e t c h e r 's  [ s ]  e x p e rim e n ta l d a ta  fo r  = 1 .0 .  R ey n o ld s ' l i f t i n g -  

s u r fa c e  th e o ry  a lm ost e x a c t ly  c o r r e l a t e s  th e  wind tu n n e l d a t a ,  w h ile  

th e  R ibner th e o ry  i s  to o  o p t im is t i c .  I t  i s  c l e a r  t h a t  th e  l i f t i n g -  

s u r fa c e  th e o ry  p r e d ic t s  l i f t  c o e f f i c i e n t  more a c c u r a te ly  a t  low 

a s p e c t r a t i o  th a n  does th e  R ibner th e o ry . Of c o u rs e ,  f o r  a s p e c t  

r a t i o s  o th e r  th a n  1 .0  o r  2 .0 ,  th e  u s e r  would have to  c a r r y  o u t th e  

s e r i e s  e v a lu a tio n s  r e q u ir e d .  For r a p id  e s t im a te s ,  th e  m o d if ic a t io n s  

o f R ib n e r 's  th e o ry  (m ethods 1 and 2 , F ig u re  4) may be p r e f e r r e d .

The r in g  wing p i tc h in g  moment d e r iv e d  by R eynolds [9 ]  (con­

v e r te d  to  th e  p ro je c te d  a re a )  i s

, ( 2 . 12)

where th e  moment i s  m easured ab o u t th e  q u a r te r -c h o rd  p o in t ,  and i s  

p o s i t iv e  n o se -u p . E q u a tio n  (2 .1 2 ) i s  compared in  F ig u re  7 w ith  

F l e t c h e r 's  [3 ]  e x p e rim e n ta l d a ta  fo r  r in g  wings o f a s p e c t  r a t i o  1 .0 .  

Agreement i s  good, e x c e p t f o r  a n g le s  o f  a t ta c k  around  z e ro . F le tc h e r  

d id  n o t comment on th e  f a i l u r e  o f th e  e x p e rim en ta l p i tc h in g  moment 

d a ta  to  go to  ze ro  a t  z e ro  a n g le  o f  a t t a c k ,  as  would be  ex p ec ted  fo r  

a sym m etrica l r in g  w ing.

E quation  (2 .1 2 ) y ie ld s  a p o s i t i v e  v a lu e  fo r  p i tc h in g  moment 

( fo r  p o s i t iv e  a n g le  o f a t ta c k )  f o r  a l l  a sp e c t r a t i o s  e v a lu a te d  by 

R eynolds [9 ] , ex cep t f o r  A  » 00 , w here C * *  0 i s  p r e d ic te d .  T h is  

tre n d  w ith  a s p e c t  r a t i o  does n o t a g re e  w ith  th e  e x p e rim e n ta l tre n d  

found by F le tc h e r  [3 ] , who m easured a ze ro  p itc h in g  moment s lo p e
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Figure 6 . Comparison o f l l f t ln g - s u r fa c e  and d eflec ted  streamtube th eories  
fo r  ring wing l i f t  c o e f f ic ie n t  with experim ental data.
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fo r  ^  = 1 . 5 ,  and a n e g a t iv e  s lo p e  fo r  41 = 3 . 0 .

The r in g  wing c e n te r  o f p re s s u re  lo c a t io n  can  be determ ined  

from R ey n o ld s ' [ s ]  r e s u l t s  f o r  l i f t  and p i tc h in g  moment:

T  '  “  T  -  . (2 .1 3 )

where M i s  m easured ab o u t th e  q u a r te r -c h o rd  p o in t ,  and Xcp i s  

m easured from  th e  wing le a d in g  ed ge , p o s i t iv e  re a rw a rd . S u b s t i tu ­

t io n  o f  e q u a tio n s  (2 .1 1 ) and (2 .1 2 ) in to  e q u a tio n  (2 .1 3 ) y ie ld s

♦  % ( c . +  “  ♦

1 _  c. -c ,

^ y c  =

T h is  e q u a tio n  g iv e s  Xgp = c /4  a t  i n f i n i t e  a sp e c t r a t i o ,  w hich i s  th e  

tw o -d im en sio n a l a i r f o i l  s e c t io n  c l a s s i c a l  th e o ry  (G la u e r t [lO ] ) r e ­

s u l t  f o r  a i r f o i l s  w ith  C* = 0 a t  zero  l i f t .  R e s u lts  f o r  o th e r  a s p e c t 

r a t i o s  a r e  shown in  F ig u re  8 . C o r re la t io n  w ith  F l e t c h e r 's  [3 ] wind 

tu n n e l d a ta  i s  good f o r  = 1 . 0 ,  b u t d e t e r io r a t e s  a s  a s p e c t r a t i o  

in c r e a s e s .  The ex p e rim en ta l c e n te r  o f p re s s u re  i s  a t  c /4  f o r  a sp e c t 

r a t i o  o f on ly  1 .5 ,  and i s  c o n s id e ra b ly  a f t  of c /4  f o r  a sp e c t r a t i o  

o f  3 .0 .  T h is  r e s u l t s  in  th e  n e g a tiv e  s lo p e  o f moment ab o u t th e  

q u a r te r -c h o rd  p o in t .

C o n clu sions f o r  Ring Wing

R ib n e r 's  [ l ]  d e f le c te d  s tream tu b e  th e o ry  g iv e s  good r e s u l t s  

fo r  induced  d rag  o f i s o la te d  r in g  w ings o f  any a s p e c t r a t i o ,  and fo r  

l i f t  o f  r in g  w ings o f a s p e c t  r a t i o  ab o u t 3 .0  and l a r g e r .  L i f t  and
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Figure 8 . Ring wing center o f pressure lo ca tio n .
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induced  d rag  c o e f f i c ie n t s  a r e  e a s i ly  and r a p id ly  c a lc u la b le  w ith  t h i s  

th e o ry .  R eynolds' [9 ] l i f t i n g  s u r fa c e  th e o ry  a c c u r a te ly  p r e d ic ts  th e  

l i f t  o f r in g  w ings, bu t i s  c o n s id e ra b ly  more d i f f i c u l t  to  c a lc u la te  

th an  R ib n e r 's  r e s u l t s .  R ey n o ld s ' th e o ry  a ls o  a llo w s  c a l c u la t io n  o f 

p i tc h in g  moment, b u t th e  t h e o r e t i c a l  v a lu e s  do n o t a g re e  w ith  ex­

p e rim en t fo r  a s p e c t r a t i o s  above 1 .0 .

Methods 1 and 2 (F ig u re  4 ) ,  w hich a re  m o d if ic a t io n s  o f 

R ib n e r 's  th e o ry  [_l] , a r e  e a sy  to  use  and y ie ld  good e s tim a te s  fo r  

l i f t  o f  low a sp e c t r a t i o  r in g  w ings. The span  e f f ic ie n c y  f a c to r  of 

R ib n e r 's  th eo ry  i s  i d e n t i c a l  to  th e  maximum v a lu e  p r e d ic te d  by Cone 

[? ]  f o r  r in g  w ings, and a g re e s  w e ll  w ith  e x p e rim e n ta l d a ta  

( F le tc h e r  [ s ]  ) .  R ib n e r 's  d e f le c te d  s tream tu b e  th e o ry  and R eyno lds' 

l i f t i n g  s u r fa c e  th e o ry  g iv e  i d e n t i c a l  r e s u l t s  f o r  l i f t  a t  i n f i n i t e  

a s p e c t  r a t i o .

C hannel Wing

D e sp ite  a  tho rough  l i t e r a t u r e  s e a rc h , th e  a u th o r  was un ab le  

to  f in d  ex p e rim en ta l d a ta  f o r  i s o la te d  channe l w in g s . Crook [ l l ]  and 

C ham berlain  [ l2 ]  conducted  wind tu n n e l t e s t s  o f  p la n e  re c ta n g u la r  

w in g s , b e fo re  and a f t e r  th e  c e n te r  s e c t io n  had been  re p la c e d  by a 

s e m ic ir c u la r  ch an n e l:
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T hese c h an n e l s e c t io n s  w ere r e l a t i v e l y  sm a ll compared to  th e  p la n a r  

wing s e c t io n s :  in  th e  f i r s t  c a s e ,  th e  ch anne l d ia m e te r  was a p p ro x i­

m a te ly  o n e - fo u r th  th e  wing sp an , w h ile  in  th e  l a t t e r  c a s e ,  i t  was 

o n e - s ix th  th e  wing span . The d a ta  re p o r te d  i n  b o th  c a s e s  in d i c a te  a 

s l i g h t  a d v an tag e  in  l i f t  and d rag  f o r  th e  wing w ith  th e  ch an n e l se c ­

t i o n .  U n fo r tu n a te ly ,  th e  d a ta  in  b o th  r e fe re n c e s  w ere n o t i n  dim en- 

s io n le s s  c o e f f i c i e n t  form ( l i f t  and d r a g ) , b u t w ere g iv e n  in  pounds- 

f o r c e ,  and th e  am bient c o n d i t io n s  o f th e  t e s t s  w ere n o t  g iv e n . Thus 

r e f e r e n c e s  [^ ll] and [ l 2 ]  a re  c o n s id e re d  to  have no s ig n i f i c a n c e  fo r  

v e r i f i c a t i o n  o f t h e o r e t i c a l  p r e d ic t io n s  f o r  i s o la te d  c h an n e l w ings, 

and th e  d a ta  o f th e se  r e f e r e n c e s  a r e  n o t p re s e n te d  h e r e .

Hermes L i f t i n g  S u rfa c e  Theory

Hermes [13] developed  a l i f t i n g - s u r f a c e  th e o ry  f o r  th e  

ch anne l w in g , in c lu d in g  th e  e f f e c t  o f  a  p r o p e l l e r  o p e ra t in g  in  th e  

ch an n e l a s  u t i l i z e d  by th e  C u s te r  ch an n e l wing a i r c r a f t .  The method 

i s  q u i t e  d e t a i l e d  and r e q u ir e s  e x te n s iv e  m achine c o m p u ta tio n .

C e r ta in  c a lc u la te d  d a ta  fo r  z e ro  p r o p e l l e r  l i f t  and d ra g  w ere ex­

t r a c te d  from  R eferen ce  [ l3 ]  and a re  compared h e r e in  w ith  th e  de­

f l e c te d  s tre a m tu b e  th e o ry  f o r  th e  ch an n e l w ing.

F ig u re  9 p re s e n ts  c h an n e l wing l i f t - c u r v e  s lo p e  a s  a fu n c tio n  

o f a s p e c t  r a t i o ,  as  c a lc u la te d  by Herm es' [ l 3 ]  l i f t i n g - s u r f a c e  th e o ry  

and by th e  d e f le c te d  s tream tu b e  th e o ry  developed  in  C h ap te r I .  A 

r e c ta n g u la r  p la n a r  wing i s  in c lu d e d  fo r  com parison . The l a t t e r  curve 

was c a lc u la te d  u s in g  th e  f i n i t e  wing l i f t - c u r v e  s lo p e  fo rm u las
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Figure 9. Comparison o f  l if t in g -s u r fa c e  and d eflec ted  
streamtube th eories for channel wing l i f t -  
curve s lo p e .
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^  =  ---------------T T T T —  , ^  ^  6  , (2 .1 5 )
1 ♦ * » * *

f t  Rs.

R \  to /
a  =: ( I ,  < 6  , (2 .1 6 )

recommended by Dommasch, S h erby , and C onnolly [ l 4 ]  and by Wood [4 ] , 

r e s p e c t iv e ly .  Above = 6 , th e  two ch anne l wing th e o r i e s  y ie ld  

ap p ro x im ate ly  th e  same l i f t - c u r v e  s lo p e , and b o th  r e s u l t s  a r e  low er 

th an  f o r  th e  p la n e  w ing. At low a s p e c t  r a t i o ,  th e  d e f le c te d  stream ­

tu b e  th e o ry  i s  c o n s id e ra b ly  more o p t im is t ic  th an  e i t h e r  th e  Hermes 

th e o ry  o r  th e  p la n a r  w ing.

Channel wing induced d rag  p re d ic te d  by th e  two th e o r ie s  i s  

shown i n  F ig u re  10. The c a lc u la t io n s  fo r  a p la n a r  wing in c lu d ed  fo r  

com parison u t i l i z e d  th e  e q u a tio n

"  0.9f ff R  ’
recommended by Dommasch, S herby , and C onnolly [ l 4 ]  . The d e f le c te d

s tream tu b e  th e o ry  g iv e s  a  low er induced d ra g , fo r  th e  same C^, than  

does th e  Hermes l i f t i n g - s u r f a c e  th e o ry . Both a r e  low er th a n  th e  

p la n a r  w ing .

NACA TR R-139

C on e 's  [ 7 ] th e o r e t i c a l  r e s u l t  fo r  maximum span  e f f ic ie n c y  

f a c to r  f o r  s e m ic ir c u la r  ch an n e l wings i s

e - 1.5 ,
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Figure 10. Comparison o f U ftin g -su r fa e e  and d eflected
streamtube th eories for channel wing induced drag.
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w here
1Y e  ^  %  • (2 .1 8 )

However, In s p e c tio n  o f e q u a tio n  (1 .4 8 ) in d ic a te s  th a t  th e  d e f le c te d  

s tream tu b e  th e o ry  p r e d ic ts  6  -  2 .0  f o r  th e  channe l w ing . The v a lu e  

e  = 1 .5  g iv e s  app ro x im ate ly  th e  same a s  H erm es' [ l3 ]

l i f t i n g - s u r f a c e  th e o ry , f o r  i  Z (se e  F ig u re  1 0 ) .

C onc lu sio n s f o r  Channel Wing

A l i t e r a t u r e  se a rc h  re v e a le d  no e x p e rim en ta l d a ta  fo r  i s o ­

l a te d  ch an n e l w ings. The d e f le c te d  s tream tu b e  th e o ry  developed  in  

C hap ter I  i s  o p t im is t i c  w ith  re g a rd  to  induced  d ra g , as  compared to  

o th e r  th e o r e t i c a l  developm en ts. The ch an n e l wing wind tu n n e l t e s t s  

d e s c r ib e d  in  th e  fo llo w in g  c h a p te r s  were p lanned  and conducted  to  

p ro v id e  ex p e rim en ta l d a ta  to  r e s o lv e  t h i s  la c k  o f ag reem en t.



CHAPTER I I I  

CHANNEL WING IVIND TUNNEL TEST PROGRAM 

T e s t Program R equirem ents

The re q u ire m e n ts  e s ta b l i s h e d  f o r  th e  channel w ing wing tu n n e l  

t e s t  program w ere:

1. O b ta in  r e l i a b l e  l i f t  and d rag  d a ta  fo r  i s o la t e d  ch an n e l 

w ings a t  low a sp e c t r a t i o .

2 . M inim ize c o s ts  o f th e  program .

D ata f o r  low a s p e c t r a t i o s  w ere p r e f e r r e d  becau se  (1) th e  

l i f t i n g  l i n e  th e o ry  was expec ted  to  be  l e s s  a c c u ra te  a t  low a s p e c t  

r a t i o s ,  and (2) a p p l ic a t io n s  o f ch an n e l w ings to  a i r c r a f t  would b e  

expected  to  be a t  low a s p e c t r a t i o s .  The second req u ire m en t was 

n e c e s s i ta te d  by th e  la c k  o f  any fo rm al o r  com plete f i n a n c i a l  su p p o r t 

fo r  t h i s  s tu d y .

Wind Tunnel T e s t F a c i l i t y

The su b so n ic  wind tu n n e l o f th e  U n iv e rs i ty  o f Oklahoma was 

u t i l i z e d  f o r  th e  ch an n e l wing wind tu n n e l  t e s t  program . T h is  t e s t  

f a c i l i t y  i s  used  f o r  th e  u n d e rg ra d u a te  aerodynam ics la b o ra to ry  

c o u rse , fo r  r e s e a rc h  by f a c u l ty  and g ra d u a te  s tu d e n ts ,  and by a i r ­

c r a f t  and o th e r  com panies f o r  r e s e a rc h  and developm ent w ork. The 

wind tu n n e l i s  d e s c r ib e d  in  d e t a i l ,  and o p e ra t io n  in s t r u c t io n s  a r e

35
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g iv e n , by Comp [ l 5 ]  . The tu n n e l f a c i l i t y  i s  b r i e f l y  d e sc r ib e d  h e re .

The U n iv e r s i ty  of Oklahoma su b so n ic  wind tu n n e l i s  a v e r t i ­

c a l  ( s in g le )  r e tu r n ,  c lo se d  th r o a t ,  a tm o sp h e ric  p r e s s u re  tu n n e l .

The t e s t  s e c t io n  has  a 4 - fo o t by 6 - fo o t  c r o s s - s e c t io n ,  made up o f a 

r e c ta n g le  4 - fo o t  h ig h  by 2 - fo o t w ide and capped on each end w ith  a 

s e m ic ir c le  o f  2 - fo o t  r a d iu s .  In  ap p earan ce  th e  c r o s s - s e c t io n  ap­

p e a rs  a lm o st e l l i p t i c a l ;  th e  a re a  i s  2 0 .6  f t * .  The t e s t  s e c t io n  i s  

11 f e e t  lo n g .

The tu n n e l  fa n  i s  a th re e -b la d e d ,  7 - fo o t  d ia m e te r  p r o p e l le r  

d r iv e n  th rough  an e x te n s io n  s h a f t  by an A l l i s o n  V1710 1200 h o rse ­

power e n g in e . The t e s t  s e c t io n  v e lo c i ty  ran g e  i s  100 mph to  200 mph, 

and th e  tu rb u le n c e  f a c to r  i s  1 .3 5 . A pneum atic  en g in e  c o n t ro l  de­

v ic e ,  u t i l i z i n g  d i f f e r e n t i a l  p re s s u re  betw een  th e  s e t t l i n g  chamber 

and th e  t e s t  s e c t i o n ,  a u to m a tic a l ly  h o ld s  th e  s e t  t e s t  s e c t io n  dy­

namic p r e s s u r e .  A c r o s s - s e c t io n  o f th e  tu n n e l  i s  shown in  F ig u re  11.

The b a la n c e  system  i s  a s ix  component p y ra m id a l- ty p e  w ith  a 

s in g l e ,  c e n t r a l  m odel s u p p o r t.  Model f o r c e s  a r e  sensed  by e l e c t r i ­

c a l  r e s i s t a n c e  s t r a i n  guages mounted on th e  w eighing  beams and a re  

re a d  d i r e c t l y  from  SR-4 s t r a i n  in d i c a to r s .  The b a la n c e  system  

c a p a c i t i e s  a r e :
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STATION AREA «V FT?

A 20.6
B 31.6
C 38.5
D 47.8
E 58.9
F 57 .3

G to  M 70.0

Figure 11 . U n iv ersity  o f  Oklahoma subsonic wind tu nnel.
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TABLE 2

THE UNIVERSITY OF OKLAHOMA SUBSONIC WIND TUNNEL 
BALANCE SYSTEM CAPACITIES

Component C apac ity Component C apac ity

L i f t + 500/-300 lb s . P itc h in g  Moment + 1200 i n . - l b s

Drag + 200 lb s . R o llin g  Moment + 500 i n . - l b s

S ide Force + 150 lb s . Yawing Moment + 600 i n . - l b s

P itc h  Angle + 2 5 ° /-1 5 ' Yaw A ngle + 30®
(nom inal)

The a c tu a l  p i tc h  an g le  a v a i la b le  depends, o f  c o u rse , on th e  t a i l  ja c k  

system  geom etry o f th e  in d iv id u a l  model. T e s t s e c t io n  dynamic p re s ­

su re  i s  in d ic a te d  by an in c lin e d  w a te r manometer.

M o d if ic a tio n s  o f Model M ounting System 

S in ce  th e  s t a l l  c h a r a c t e r i s t i c s  o f  i s o la te d  channel wings 

were n o t known, i t  was n e c e ssa iy  to  p ro v id e  th e  c a p a b i l i ty  fo r  t e s t ­

ing to  r e l a t i v e l y  h igh  an g les  o f a t t a c k .  T h is  re q u ire d  m o d if ic a tio n  

o f  th e  t a i l  ja c k  system  and o f th e  s ta n d a rd  m ounting r in g  which i s  

b o lte d  to  th e  t e s t  model and pinned to  th e  top  o f  th e  tu n n e l mount­

ing system  b ay o n e t. Mr. E a r l F inch , U n iv e r s i ty  o f  Oklahoma A erospace 

E n g in ee rin g  m a c h in is t ,  f a b r ic a te d  a 6 - in c h  e x te n s io n  f o r  th e  lower 

arm o f th e  t a i l  ja c k  system . With Mr. F in c h 's  a s s is ta n c e ,  th e  au th o r 

m ille d  th e  bayonet c le a ra n c e  s l o t  o f a sp a re  mounting r in g  to  a llow  

a g r e a te r  a n g le  o f a t ta c k  ran g e . S e le c t iv e  f i l i n g  o f th e  a ttach m en t
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b o l t  heads was a l s o  found n e c e s s a ry . A f u l l - s c a l e  la y o u t of th e  

m od ified  model m ounting and p i tc h  c o n t ro l  system s in d ic a te d  th e  

le n g th  r e q u ire d  fo r  th e  t a i l  ja c k  arm fo r  each m odel. These m o d if i­

c a t io n s  allow ed an a n g le  o f  a t t a c k  range  o f  + 28* f o r  th e  wind tu n ­

n e l m odels. The la rg e  n e g a t iv e  ran g e  was re q u ire d  because  e v a lu a ­

t io n  o f in te r f e r e n c e  l i f t  and d rag  re q u ire d  th e  te s t in g  o f each 

model in  th e  in v e r te d  as  w e ll  as  th e  u p r ig h t  p o s i t io n .

Wind Tunnel Models

A spect R a tio  » 2 .8  Model

The r in g -w in g  model b u i l t  and te s te d  by M illa  [6 ]  was made 

a v a i la b le  to  th e  a u th o r  by P ro fe s s o r  Edward F . B lic k  o f  th e  U n iv e rs i ty  

o f Oklahoma. M illa  c o n s tru c te d  th e  w ings o f t h i s  model by bend ing  an 

aluminum box sp a r  in to  a c i r c l e ,  bonding on s e c t io n s  o f  b a ls a  wood, 

and th e n  shap ing  th e  b a l s a  wood to  an NACA 0015 s e c t io n .  One w ing . 

F ig u re  12 , o f t h i s  model was c u t in  h a l f ,  to  o b ta in  a ch an n e l wing 

w ith  NACA 0015 (sy m m etrica l) s e c t io n ,  14 in c h es  d ia m e te r , and 5 

inches c h o rd , o r  an a s p e c t  r a t i o  o f 2 .8 ,  based on p ro je c te d  sp an .

T his model channe l wing r e q u ire d  e x te n s iv e  m o d if ic a t io n s  to  p re p a re  

i t  fo r  u se  i n  th e  wind tu n n e l .  These m o d if ic a t io n s  w ere c a r r ie d  ou t 

by th e  a u th o r  in  th e  U n iv e r s i ty  o f  Oklahoma A erospace E n g in eerin g  

Machine Shop. The m o d if ic a t io n s  c o n s is te d  p r in c ip a l ly  o f  (1) fa b ­

r i c a t in g  and m ounting a  t a i l  ja c k  arm f o r  wing tu n n e l p i t c h  c o n t r o l ,

(2) m achining th e  bayonet c le a ra n c e  s l o t  in  th e  box s p a r ,  (3) d r i l l ­

ing  m ounting h o le s ,  (4) f a b r i c a t i n g  wing t i p s ,  and (5) r e f in i s h in g
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F ig u re  12. M i l l a 's  r in g  wing wind tu n n e l model,
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th e  m odel. A s p e c ia l  j i g  had to  be b u i l t  to  h o ld  th e  ch an n e l wing 

d u rin g  th e  d r i l l i n g  and m achin ing  o p e ra t io n s .  The a s p e c t  r a t i o  2 .8  

ch an n e l wing model i s  shown on th e  l e f t  in  F ig u re  13.

The sm a ll th ic k n e s s  o f th e  wing model (a s  compared to  a

fu s e la g e )  and th e  la rg e  a n g le  o f a t t a c k  ran g e  caused  th e  model 

m ounting r in g  and bayonet head to  be exposed to  th e  w indstream  a t  

h ig h  a n g le s  o f  a t t a c k .  S in ce  th e  model su p p o rt image system  does 

n o t in c lu d e  th e s e  i te m s , i t  was n e c e ssa ry  to  b u i ld  s p e c ia l  w ind­

sc re e n s  to  s h ie ld  them . These w indscreens a re  shown in  F ig u re  13 

w ith  b o th  o f th e  wind tu n n e l  m odels. The com plete  s e t  o f item s 

shown in  f r o n t  o f each  model in  th e  f ig u re  accommodated th e  fo u r 

ru n -c o n f ig u ra t io n s  r e q u ire d  f o r  each model ( u p r ig h t ,  in v e r te d ,  w ith  

and w ith o u t th e  image sy stem : see  th e  d is c u s s io n  in  C hap ter IV on

e v a lu a t io n  o f  in t e r f e r e n c e  and t a r e  d r a g ) . The s p e c ia l  w in d screen s  

a t ta c h e d  d i r e c t l y  to  th e  model m ounting p l a t e .  The a s p e c t  r a t i o  2 .8

model i s  shown mounted in  th e  wind tu n n e l in  F ig u re  14.

A spect R a tio  ~ 1 .0  Model

The a s p e c t  r a t i o  1 .0  model used  in  t h i s  wind tu n n e l t e s t  

program  was one of two i n i t i a l l y  id e n t i c a l  channel w ing m odels b u i l t  

j o i n t l y  by th e  a u th o r  and a n o th e r  U n iv e rs ity  o f  Oklahoma g ra d u a te  

s tu d e n t ,  Mr. Edward P a rs o n s . A 1 2 -in ch  d ia m e te r , 1 2 - in c h  chord  r in g  

wing was b u i l t  f i r s t ,  th e n  c u t  in  h a l f  to  y ie ld  two ch an n e l wing 

m ode ls . Mr. P arso n s m o d ified  h i s  channel wing f o r  t e s t i n g  w ith  an 

en g in e  and p r o p e l l e r .

As th e  f i r s t  s te p  in  th e  c o n s tru c t io n  o f th e  a sp e c t r a t i o



42

F ig u re  13. Channel w ing wind tu n n e l  m odels, 
w ith  s p e c ia l  w in d screen  d e v ic e s .

a

F ig u re  14. A spect r a t i o  2 .8  channe l wing 
model mounted in  wind tu n n e l .
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1 .0  r in g  wing m odel, s t e e l  p la t e s  f o r  each p lanned  chan n e l wing were 

d r i l l e d  fo r  m ounting b o l t s  and m ille d  f o r  bayonet c le a ra n c e .  The 

p la te s  were b e n t to  f i t  th e  wing c u rv a tu re  by h e a tin g  w ith  a w eld ing  

to rc h  and hammering w ith  a s le d g e , w h ile  clamped in  a v i s e .  The 

p la te s  w ere th e n  quenched in  w a te r .

N ext, a "b lan k "  fo r  l a th e  tu rn in g  was c o n s tru c te d  by lam i­

n a tin g  H in ch  th ic k  s t r i p s  o f  Honduras mahogany w ith  g lu e  in to  th e  

o c tag o n a l b lo c k  shown in  F ig u re  15. N ote th a t  th e  c e n te r  was l e f t  

ho llow  to  reduce  la b o r  and th e  amount o f  wood r e q u ir e d .  The s t e e l  

m ounting p la te s  w ere imbedded in  c a r e f u l ly  m easured p o s i t io n s  in  th e  

b lo c k  d u rin g  th e  la m in a tin g  p ro c e s s .  The u se  o f  Honduras mahogany 

fo r  wind tu n n e l m odels was recommended by Pope and H arper [ l b ]  . The 

c o s t  o f t h i s  wood was donated  by th e  C u s te r  Channel Wing C o rp o ra tio n .

A f te r  c u r in g ,  th e  la m in a ted  b lo c k  was mounted in  a  wood 

la th e  in  th e  U n iv e rs i ty  of Oklahoma Wood Working Shop and tu rn e d  to  a 

r in g  wing w ith  NACA 4412 a i r f o i l  s e c t i o n ,  1 2 -in ch  d ia m e te r (m easured 

to  chord l i n e ) , and 1 2 -in ch  c h o rd . F ig u re  16. The camber of th e  

4412 s e c t io n  was tu rn e d  o u tw ard s ; th a t  i s ,  th e  " to p "  o f th e  s e c t io n  

was toward th e  in s id e .  F in a l ly ,  th e  com pleted r in g  wing was c u t  in  

h a l f  to  o b ta in  two chan n e l w ings o f  a s p e c t  r a t i o  1 .0 .

C o n s tru c tio n  o f th e  model was com pleted by d r i l l i n g  to  expose 

th e  b o l t  h o le s  and bayonet c le a ra n c e  s l o t  in  th e  m ounting p l a t e ,  and 

f a b r ic a t in g  and i n s t a l l i n g  o f  t a i l  ja c k  arm. T h is  model a ls o  r e ­

q u ire d  s p e c ia l  w in d sc reen s , a s  d is c u s s e d  above f o r  th e  a s p e c t  r a t i o  

2 .8  m odel. The a s p e c t  r a t i o  1 .0  model i s  shown on th e  r i g h t  in
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F ig u re  15. Mahogony "b lan k "  fo r  wood 
la th e  tu rn in g  o f r in g  w ing.

F ig u re  16 . A spect r a t i o  1 .0  wing b e fo re  se p ­
a r a t io n  in to  two channe l w in g s .
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F ig u re  13, and mounted in  th e  wind tu n n e l .  F ig u re  17.

Both m odels were f in is h e d  w ith  th r e e  c o a ts  o f c l e a r  and two 

c o a ts  of c o lo re d  model a i rp la n e  dope, w ith  l i g h t  san d in g  w ith  f in e  

sandpaper betw een c o a ts .  Model a i r p la n e  dope was used b ecau se  th e  

a s p e c t  r a t i o  2 .8  model had p re v io u s ly  been  f in is h e d  (a s  p a r t  o f  

M i l l a 's  model) w ith  t h i s  ty p e  o f p a i n t .  B efo re  a p p l ic a t io n  o f  th e  

c l e a r  dope, th e  a s p e c t r a t i o  1 .0  model was sanded w ith  rough sand­

paper and s e a le d  w ith  model a i rp la n e  san d in g  s e a l e r .  The c o lo r  

c o a ts  were sp rayed  on b o th  m odels.

Boundary L ayer T ra n s i t io n  S t r ip s

On th e  a d v ic e  o f Pope and H arper [ l 6 ]  , th e  a u th o r  planned 

th e  wind tu n n e l t e s t s  to  in c lu d e  t e s t s  w ith  and w ith o u t boundary 

la y e r  t r a n s i t i o n  s t r i p s .  Pope and H arper c a u t io n  t h a t  lam in a r sepa­

r a t i o n  e f f e c t s  may cause  d i f f i c u l t y  in  w ind tu n n e l t e s t i n g  a t  ( r e l a ­

t i v e ly )  low R eynolds num bers, and a d v is e  t h a t  t e s t in g  b e  done w ith  

boundary la y e r  t r a n s i t i o n  s t r i p s  i n s t a l l e d  on th e  model to  fo rc e  

t r a n s i t i o n  to  a tu rb u le n t  b o undary , th u s  av o id in g  p rem atu re  

s e p a r a t io n .

Pope and H arper [ l 6 ]  recommend a  t r a n s i t i o n  s t r i p  1 /8  to  1 /4  

in ch  w id e , composed o f carborundum  g r i t ,  and lo c a te d  a t  abou t 5% 

chord and a t  5% fu se la g e  le n g th .  The fo rm u la

Dj « 4800/Re in c h e s  (3 .1 )

i s  su g g es ted  f o r  th e  g r i t  d ia m e te r . C o n s id e rin g  th e  sm a lle r  (chord) 

m odel, th e  Reynolds number was ex p ec ted  to  be about 500 ,000 . Thus,
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F ig u re  17. A spect r a t i o  1 .0  channel wing 
model mounted in  wind tu n n e l.

F ig u re  18. C a l ib r a t io n  o f  d rag  s c a le ,  U n iv e rs ity  
o f  Oklahoma su b so n ic  wind tu n n e l.
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4800
D. = t  = 0 .0096 In c h e s ,

9 5 .0  X 10*

which co rresp o n d s  Co a com m ercial carborundum  g r i t  number o f 70.

The a u th o r  was un ab le  to  o b ta in  t h i s  carborundum  g r i t ;  how ever, 

sand s i f t e d  to  #100 mesh s i z e ,  which y ie ld s  g ra in s  o f ap p ro x im ate ­

ly  0 .0 1  inch d ia m e te r , was o b ta in e d  from th e  U n iv e r s i ty  o f  Oklahoma 

D epartm ent o f C iv i l  E n g in e e r in g .

The sand was a p p lie d  to  one s id e  of 1/8 in ch  w ide s t r i p s  

o f  S co tch  brand "D o u b le -S tic k y "  ta p e ,  which were th e n  a t ta c h e d  to  

th e  wind tu n n e l m odels, to p  and bo ttom , a t  5% cho rd .

Wind Tunnel B alance C a l ib r a t io n  

D uring o p e ra t io n  o f  th e  U n iv e rs i ty  o f  Oklahoma subson ic  

wind tu n n e l ,  model fo rc e s  and moments a re  sensed  as d e f le c t io n s  o f 

w eighing  beams by e l e c t r i c a l  r e s i s ta n c e  s t r a i n  g au g es , and th e  de­

f l e c t i o n s  a re  read  d i r e c t l y  from s t r a i n  in d ic a to r s .  C onversion  

f a c to r s  a re  r e q u ire d  to  o b ta in  th e  a c tu a l  fo rc e s  from th e  measured 

d e f l e c t i o n s .  These co n v e rs io n  f a c to r s  a re  o b ta in e d  by c a l ib r a t in g  

th e  b a lan ce  system  by a p p ly in g  known fo rc e s  and moments and r e c o rd ­

ing  th e  r e s u l t a n t  s t r a i n  in d i c a to r  re a d in g s . S p e c ia l  c a re  must be 

e x e rc is e d  to  in s u re  th a t  th e  known fo rc e  i s  a p p lie d  s o le ly  in  th e  

d i r e c t io n  d e s ir e d .

C a l ib r a t io n  o f  th e  d rag  s c a le  i s  shown in  F ig u re  18. Drag 

w e ig h ts  were hung on a s t e e l  c a b le  led  over a p u lle y  and a t ta c h e d  to  

th e  bayonet head by means o f  a sw iv e l and p in  which a p p lie d  th e  drag
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fo rc e  as  would a  m odel. The plumb bob shown in  th e  photograph  was 

used to  a l i g n  th e  c a b le  w ith  th e  tu n n e l c e n t e r l i n e ,  and a  s p i r i t  

l e v e l  was u sed  to  in s u re  th a t  th e  c a b le  was l e v e l .  For th e  l i f t  

c a l i b r a t i o n ,  a  s im i la r  method was u se d , ex ce p t th a t  a s p e c ia l  s c a f ­

fo ld  w ith  two p u l le y s  was n ece ssa ry  to  e n a b le  th e  c ab le  to  p u l l  

d i r e c t l y  upw ard, a s  in d ic a te d  by a  plumb b o b . N egative  l i f t  fo rc e s  

were s im u la te d  by s ta c k in g  w eig h ts  d i r e c t l y  on th e  bayonet model 

a ttach m en t p o in t .  The alignm en t o f  th e  c a l i b r a t i n g  fo rc e  was v e r i ­

f ie d  by o b se rv in g  th a t  no d e f le c t io n  was in d ic a te d  in  th e  o th e r  

c h an n e ls  ( e . g . ,  no d e f le c t io n  in  l i f t  and s id e  fo rc e  w h ile  c a l i ­

b r a t in g  d r a g ) .

The a p p l ie d  c a l ib r a t io n  fo rc e s  and r e s u l t i n g  s t r a i n  guage 

d e f le c t io n  re a d in g s  f o r  l i f t  and d rag  c a l i b r a t i o n  a re  p lo t te d  in  

F ig u re  19. I t  may be seen  in  th e  f ig u r e  t h a t  b o th  c a l ib r a t io n  

c u rv es  a r e  l i n e a r ;  th e r e f o r e ,  th e  s lo p e  o f  th e  curve may be used 

as  a  c a l i b r a t i o n  f a c t o r .  The l i f t  and d rag  c a l ib r a t i o n  f a c to r s  as  

m easured by th e  a u th o r  were

D rag: 0 .118  ■ L i f t :  0 .290  : "m icro inch  m icro inch

Comp [is] g iv e s

D rag: 0 .117 L i f t :  0 .290 ■ '
m icro inch  m icro in ch

The c lo s e  agreem ent le n d s  co n fid e n ce  in  th e  c a l ib r a t io n  f a c to r s

m easured in  t h i s  program . The f a c to r s  m easured by th e  au th o r were

used  in  th e  d a ta  re d u c t io n  because i t  was co n s id e re d  p ro b ab le  th a t

th ey  r e f l e c t e d  th e  c o n d itio n s  under which th e  d a ta  were o b ta in ed
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Figure 19. Wind tunnel balance c a lib ra tio n .



50

more c o r r e c t ly  th a n  c a l ib r a t io n  f a c to r s  m easured s e v e ra l  y e a rs  b e fo re .

C a l ib r a t io n  o f  th e  model p i t c h  a n g le  in d ic a to r  s c a le  was 

n e c e ssa ry  becau se  th e  a c tu a l  p i tc h  a n g le  o f  th e  model depends on th e  

model and t a i l  ja c k  d im ensions and geom etry . T h is  c a l ib r a t io n  was 

ach iev ed  by m easuring  th e  model p i tc h  a n g le  w ith  a  s p i r i t  le v e l  f o r  

s e v e r a l  p i t c h  in d i c a to r  re a d in g s . In  making th e s e  m easurem ents, i t  

was found th a t  th e  b ack la sh  in  th e  p i t c h  change mechanism was so 

se v e re  t h a t  r e p e a ta b le  s e t t in g s  cou ld  be  ach iev ed  on ly  by always 

app ro ach in g  a  p i t c h  s e t t i n g  from th e  same d i r e c t i o n .  C onsequen tly , 

th ro u g h o u t th e  w ind tu n n e l t e s t  program r e p o r te d  h e r e in ,  p i tc h  s e t ­

t in g s  w ere approached  alw ays from a more nose-dow n p o s i t io n .  The 

p i t c h  a n g le  c a l i b r a t i o n s  f o r  b o th  m odels a r e  shown in  F ig u re  20.

T e s t P lan

As d e s c r ib e d  above, two channe l wing tu n n e l  m odels were con­

s t r u c t e d :  an  a s p e c t  r a t i o  2 .8  model and an  a s p e c t  r a t i o  1 .0  m odel,

where a s p e c t  r a t i o  i s  based  on p ro je c te d  sp a n . I t  was d e s ire d  to  

t e s t  each  model b o th  w ith  and w ith o u t a  boundary  la y e r  t r a n s i t i o n  

s t r i p .  A lso , a s  d is c u s se d  in  C hapter IV , fo u r  t e s t  ru n s  (u p r ig h t ,  

in v e r te d ,  w ith  and w ith o u t su p p o rt image system ) a r e  re q u ire d  fo r  

each m odel c o n f ig u ra t io n  in  o rd e r  to  e v a lu a te  t a r e  and in te r f e r e n c e  

l i f t  and d ra g . Thus a  t o t a l  of 16 tu n n e l ru n s  w ere p lanned .

The o rd e r  o f  th e  tu n n e l t e s t  ru n s  was p lanned  to  m inim ize 

model change tim e  and th u s  m inim ize wind tu n n e l  down tim e . T h is  

o b je c t iv e  may se e n  o f m inor Im portance in  a  u n iv e r s i ty  wind tu n n e l ,  

b u t i t  becomes v e ry  Im p o rtan t indeed  in  i n d u s t r i a l  and government
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-  2 .8  MODEL 

Upright

DIAL NOSE DOWN

40°

20°

40° 20°

-  1 .0  MODEL 

Upright

DIAL NOSE DOWN

40" DIAL NOSE UP

I
40°Vi

20°

20° 40° DIAL NOSE UP20°

20°

I
Flgur# 20. Wind tunnel model p itch  engle c e llb r e t lo n e .
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wind tu n n e ls ,  w here th e  in v e s t ig a to r  i s  charged  f o r  each  h o u r o f  

tu n n e l occupancy . In  any c a s e ,  an o r d e r ly  t e s t  p la n  i s  d e s i r a b l e .  

In  o rd e r  o f  in c re a s in g  tim e r e q u ir e d ,  th e  model changes ex p ec ted  

w ere: (1) i n s t a l l  o r remove dummy b a y o n e t ,  w in d sc re e n , and t a i l  

ja c k ;  (2) i n s t a l l  o r removed boundary la y e r  t r a n s i t i o n  s t r i p ;  and

(3) in v e r t  m odel.

W ith th e s e  c o n s id e ra t io n s  and th e  a d d i t io n a l  o b je c t iv e  o f 

av o id in g  tim e-consum ing com binations o f  model ch an g es, th e  fo llo w ­

ing t e s t  p la n  was form ed:

TABLE 3

INITIAL WIND TUNNEL TEST PLAN

Model U p rig h t Model In v e r te d

4 1 = 2 .8 A  = 1 .0
With W ith

T r a n s i t io n Dummy Dummy
Run Model Model S t r ip Support Support

1 X X
2 X X
3 X X X
4 X X X
5 X X X
6 X X X
7 X X
8 X X
9 X X

10 X X
11 X X X
12 X X X
13 X X X
14 X X X
15 X X
16 X X
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The p rim ary  d a ta  d e s ire d  w ere  l i f t  and d rag  c o e f f i c ie n t s  o f 

each model as  a fu n c tio n  o f  model a n g le  o f  a t t a c k .  Model p i tc h in g  

moment was o f much l e s s  i n t e r e s t ,  s in c e  th e  d e f le c te d  s tream tube  

th e o ry  f o r  th e  channe l wing does n o t p r e d ic t  p i tc h in g  moment. I t  

was o r ig i n a l l y  in ten d ed  to  re c o rd  p i tc h in g  moment a long  w ith  th e  

l i f t  and d rag  d a ta .  However, d u rin g  th e  t e s t  program , th e  p itc h in g  

moment s t r a i n  in d ic a to r  ex p erien ced  la rg e  d r i f t ,  became v ery  e r r a t i c ,  

and e v e n tu a lly  became in o p e ra tiv e  b e fo re  th e  t e s t  program was com­

p le te d .  T h e re fo re , no a tte m p t was made to  red u ce  o r u se  th e  p i tc h in g  

moment d a ta  re c o rd e d .

The independen t v a r ia b le  in  each t e s t  ru n  was th e  model a n g le  

o f a t t a c k ,  w hich was v a r ie d  in  tw o-degree  s t e p s .  The a n g le  o f  a t ta c k  

range f o r  th e  a s p e c t r a t i o  2 .8  model (w hich had a sym m etrica l a i r ­

f o i l  s e c t io n )  was p lanned  to  be from -4* to  s e v e ra l  d eg rees  p a s t  th e  

s t a l l ,  w hich was found to  occur a t  +14*. Thus d a ta  were taken  

th rough  +20*. The a s p e c t  r a t i o  1 .0  m odel, w hich had a  cambered sec ­

t i o n ,  was te s t e d  from -6* to  +28*, th e  s t a l l  o c c u rr in g  a t  +22*.

The U n iv e rs i ty  o f  Oklahoma su b so n ic  wind tu n n e l has a nomi­

n a l  speed range  o f  100 to  200 mph, o r  ap p ro x im ate ly  147 to  293 

f t / s e c .  In  th e  p re s e n t  c a s e ,  th e  o p e ra t in g  a i r  speed was a compro­

m ise betw een th e  d e s i r e  to  maximize Reynolds number and th e  need to  

l i m i t  t e s t  s e c t io n  and en g in e  te m p e ra tu re , s in c e  th e  t e s t s  w ere con­

d ucted  in  J u ly  and A ugust. The t a r g e t  o p e ra t in g  speed chosen fo r  

th e  wind tu n n e l t e s t s  was 220 f t / s e c . ,  o r  73% o f th e  tu n n e l maximum 

sp eed . Even a t  t h i s  a i r  sp eed , t e s t  s e c t io n  a i r  te m p era tu re  reached
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115 * F and engine o i l  consum ption was e x c e ss iv e  on s e v e ra l  e s p e c ia l ly  

h o t d ay s . At 115 * F , th e  ta p e  and m odeling c la y  used to  s e a l  a c c e ss  

h a tc h e s  on th e  m odels began to  s o f te n  and r e le a s e .

A t e s t  run  was conducted a s  fo llo w s : W ith no a i r  movement

in  th e  tu n n e l ,  th e  i n i t i a l  s t r a i n  in d ic a to r  re a d in g s  were re c o rd e d .

A f te r  en g in e  s t a r t  and s t a b i l i z a t i o n ,  th e  d e s ir e d  t e s t  s e c t io n  dy­

namic p re s s u re  was s e t  w ith  th e  m anual mode o f th e  eng ine  speed  con­

t r o l  sy stem . Then, engagement o f th e  au to m atic  mode of th e  pneu­

m a tic  en g in e  c o n tro l  m a in ta in ed  t h i s  dynamic p r e s s u re .  The model 

was s e t  to  th e  most nose-down p o s i t i o n  re q u ire d  f o r  th a t  t e s t  ru n . 

The re a d in g s  of th e  l i f t ,  d ra g , and p i tc h in g  moment s t r a i n  in d i ­

c a t o r s ,  a s  in d ic a te d  by th e  m anom eter, and th e  t e s t  s e c t io n  a i r  

te m p e ra tu re  were reco rd ed . Then th e  model was p itc h e d  nose-u p  two 

d e g re e s , and d a ta  reco rd ed  a g a in .  T h is  p ro cess  was re p e a te d  u n t i l  

th e  r e q u ir e d  model an g le  o f a t t a c k  ran g e  was co v ered . A f te r  en g in e  

shut-dow n and c e s s a t io n  o f a i r  movement, f i n a l  s t r a i n  in d ic a to r  

re a d in g s  w ere reco rd ed .

The i n i t i a l  t e s t  p la n  shown i n  T ab le  3 was n o t fo llo w ed  

p r e c i s e ly  becau se  th re e  t e s t  ru n s  had to  be r e p e a te d . T h is  was due 

to  d i f f i c u l t i e s  w ith  a  h a tc h  s e a l in g  b lo c k  blow ing lo o s e  a t  h igh  

a n g le  o f  a t t a c k .  However, a l l  th e  t e s t  ru n s  re p re s e n te d  in  T ab le  3 

w ere com ple ted . In  a l l ,  19 t e s t  ru n s  w ere made.



CHAPTER IV

WIND TUNNEL DATA REDUCTION AND CORRECTIONS

R eduction  to  U nco rrec ted  L i f t  
and Drag C o e f f ic ie n ts

The raw l i f t  and d rag  d a ta  w ere o b ta in e d  as  th e  d i f f e r e n c e  

between th e  s t r a i n  in d i c a to r  re a d in g  f o r  each w ind-on  d a ta  p o in t  and 

th e  av erag e  o f  th e  i n i t i a l  and f i n a l  w in d -o ff  in d ic a to r  re a d in g s  fo r  

th e  p a r t i c u l a r  t e s t  ru n . The p i tc h in g  moment s t r a i n  in d ic a to r  was 

e r r a t i c  and e v e n tu a l ly  f a i l e d ;  co n seq u en tly  th e  p i tc h in g  moment d a ta  

were n o t red u ce d . The in d ic a te d  l i f t  and d rag  fo rc e s  w ere c a lc u la te d  

by u se  o f th e  b a la n c e  c a l ib r a t io n  f a c t o r s :

L,„ -  0.290 L^i^. (4-1)

D^, = 0.118 D^;m. . (4.2)

Then th e  u n c o rre c te d  l i f t  and d rag  c o e f f i c i e n t s  w ere o b ta in e d

as

C . .  =  (4 -3 )

D
i

where S ■ model (p ro je c te d )  p lanform  a re a

^  = t e s t  s e c t io n  dynamic p r e s s u re .

The t e s t  s e c t io n  dynamic p r e s s u r e ,  ^  , i s  de te rm in ed  in  th e  

U n iv e rs ity  o f Oklahoma su b so n ic  wind tu n n e l by means o f th e  s t a t i c
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p re s s u re  d i f f e r e n c e ,  a P  , betw een th e  s e t t l i n g  chamber and th e  t e s t  

s e c t io n .  D uring tu n n e l o p e ra t io n s ,  a P  i s  re a d  from an in c lin e d  

w a te r m anom eter. As th e  r e s u l t  o f s e v e r a l  m easurem ents o f AP and 

^  , Comp [ 1 5 ] o b ta in e d  th e  fo llo w in g  c a l i b r a t i o n s :

I = o.ono aP , (4.5)
w here, w ith  „ in  Ibm /ft* and a P  in  in c h e s  o f w a te r , ^  i s  g iv e n  

in  I b f / f t *  . The manometer w ate r d e n s i ty  q i s  based on th e  

b a la n c e  room am bien t te m p e ra tu re .

In  co n d u c tin g  th e  t e s t  ru n s , i t  was found th a t  th e  au to m a tic  

eng ine  speed c o n t r o l ,  w hich p rov ided  c o n t ro l  o f  a P , was u n ab le  to  

h o ld  a P c o n s ta n t  to  an accu racy  g r e a te r  th a n  ab o u t + 0 .05  in ch es  o f  

w a te r , a s  in d ic a te d  by th e  manometer. T hat i s ,  a P and th u s  ^  ex­

h ib i te d  s h o r t - p e r io d  e x c u rs io n s  o f  + 0 .05  in c h e s  o f  w a te r . In d eed , 

o c c a s io n a l o s c i l l a t i o n s  to  j ^ . l  in c h es  w ere o b se rv ed . S in ce  a l l  

d a ta  item s cou ld  n o t  be  reco rd ed  s im u lta n e o u s ly , i t  i s  p o s s ib le  th a t  

th e  a P re c o rd e d  f o r  a d a ta  p o in t  d id  n o t i n  f a c t  o b ta in  a t  th e  in ­

s t a n t  when one o r  more model fo rc e  r e a d in g s  w ere re c o rd e d . T here­

f o r e ,  th e r e  i s  a  minimum u n c e r ta in ty  i n  th e  m easured ^  o f a p p ro x i­

m a te ly

.0 5 /8 .9  (100) -  0.56% , 

and perh ap s a s  much as  1.1%. S ince  th e  l i f t  and d rag  c o e f f i c i e n t s  

a r e  o f  th e  form

Force ,

î S
and S is assumed to be known with high accuracy, the uncertainty
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in  ^  t r a n s l a t e s  in to  an u n c e r ta in ty  of th e  same m agnitude in  th e  

l i f t  and d rag  c o e f f i c i e n t s .  T h is  u n c e r ta in ty  was e s p e c ia l ly  im­

p o r ta n t  when th e  m agnitude of p o s s ib le  d a ta  c o r r e c t io n s  was con­

s id e re d .

T e s t s e c t io n  a i r  te m p era tu re  was reco rd ed  f o r  each d a ta  

p o in t ;  how ever, i t  was n o t co n sid e re d  n e c e ssa ry  to  c a l c u la te  a

Reynolds number f o r  each d a ta  p o in t .  R eynolds number was c a lc u la te d

fo r  each t e s t  ru n  u s in g  a i r  d e n s ity  and v i s c o s i t y  v a lu e s  based  on 

th e  reco rd ed  b a ro m e tr ic  p re s s u re  and th e  av e ra g e  t e s t  s e c t io n  a i r  

te m p era tu re  fo r  t h a t  ru n . The le n g th  p aram ete r used  in  R eynolds 

number was th e  model ch o rd .

The tu n n e l t e s t  Reynolds number was c o r re c te d  to  th e  " f r e e  

a i r  e f f e c t iv e  R eynolds number" w ith  th e  tu rb u le n c e  f a c t o r ,  a s  recom­

mended by Pope and H arper [ lb ]  :

Re = (TF) • (Re) . (4 .6 )
e f f

The tu rb u le n c e  f a c to r  f o r  th e  U n iv e rs ity  o f  Oklahoma su b so n ic  wind 

tu n n e l i s  g iv e n  by Comp [ i s ]  as TF = 1 .3 5 .

The raw wind tu n n e l d a ta  and u n c o rre c te d  l i f t  and drag  co­

e f f i c i e n t s  f o r  each t e s t  run  a r e  ta b u la te d  in  Appendix A.

C o rre c tio n  fo r  T a re , I n te r f e r e n c e  
and Flow M isalignm ent

T are  i s  th e  p o r t io n  o f th e  d rag  re a d in g  due to  th e  model 

su p p o rt system  d ra g , w h ile  th e  e f f e c t  o f  th e  su p p o rt system  on th e  

a i r  flow  abou t th e  model i s  term ed in t e r f e r e n c e .  Flow m isa lignm en t 

r e f e r s  to  th e  (u s u a l)  c o n d itio n  o f th e  t e s t  s e c t io n  a i r  s tream  n o t
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b e in g  p e r f e c t ly  a l ig n e d  w ith  th e  b a la n c e  sy stem , so  th a t  a component 

o f l i f t  ap p ea rs  in  th e  d rag  r e a d in g ,  and c o n v e rs e ly . C o rre c tio n  of 

th e  wind tu n n e l d a ta  f o r  th e se  e f f e c t s  i s  d is c u s se d  in  Pope and 

H arper [ l b ]  and in  Comp [ i s ]  ; th e  d e r iv a t io n  below i s  drawn from 

th o se  d is c u s s io n s .

The in d ic a te d  d rag  o f th e  model mounted in  th e  normal u p r ig h t  

p o s i t io n  may b e  re p re s e n te d  as

D, = D- + I . . ,  + Iw , + + T._ (4 .7 )

or
= %  + I .  + T i ,  . (4 -8 )

An e x p la n a tio n  o f  th e  symbols used  i s  g iv en  in  th e  L i s t  of Symbols.

For p u rp o ses  o f th e  e v a lu a tio n  c o n s id e re d  h e r e ,  th e  s p e c ia l  wind­

sc re e n s  used  to  s h ie ld  th e  bayonet head and model m ounting p la te  

(s e e  C h ap ter I I I )  a r e  co n s id e re d  p a r t  o f th e  bayonet w indscreen .

With th e  model s t i l l  mounted u p r ig h t ,  th e  image su p p o rt system  i s  

i n s t a l l e d .  T h is  image system  c o n s i s t s  o f a  dummy b ay o n e t, dummy

(bay o n e t) w in d sc reen , and a  dummy t a i l  J a c k . The dummy bayonet and

t a i l  J a c k  a r e  a t ta c h e d  to  th e  m odel b u t to u ch  n o th in g  e l s e ,  w h ile  

th e  dummy w in d screen  i s  a t ta c h e d  to  th e  tu n n e l r o o f .  The image sup­

p o r t  sy stem , i n s t a l l e d  w ith  th e  ( in v e r te d )  a s p e c t  r a t i o  1 .0  m odel, 

i s  shown in  F ig u re  21. Then th e  m easured d rag  w i l l  be

Dt •
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F ig u re  21. Image model su p p o rt system  i n s t a l l e d  w ith  th e  
( in v e r te d )  a s p e c t  r a t i o  1 .0  channe l wing model.
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»» = Dm», + I l  + Tu + + T„, . (4-9)

N ex t, th e  model i s  te s t e d  mounted in v e r t e d .  The drag  

m easured w i l l  c o n s is t  of

“ j  ■

®î -  “ m j + I „  +  T „, .  (4 .1 0 )

s in c e  in  t h i s  p o s i t io n  th e  su p p o rt system  a p p e a rs  to  th e  model as  

th e  upper o r  dummy system . F in a l ly ,  th e  in v e r te d  model i s  te s te d  

w ith  th e  image su p p o rt system  i n s t a l l e d .  The d rag  i s

D* = + I ,  + Tv. + II + T , ,  , (4.11)

becau se  th e  image system  h as  th e  same in f lu e n c e  a s  th e  model su p p o rt 

sy stem .

Now, th e  d rag  o f th e  model in  th e  u p r ig h t  p o s i t io n  i s  found 

by w r i t in g

D, +  D , -  D, •  +  I t  + + I „  +

“  Dk j  ” lu  “  Tyg -  "  T^g ,
o r ,

Dm„ - D ,  + D ,  - D ^  . (4 .1 2 )

S im i la r ly ,  th e  d rag  o f  th e  model in  th e  in v e r te d  p o s i t i o n  i s  g iv en  

by

Df + D ,  - D ,  + 1 ,  + T ,g  + Iv  + Ty,

"  l l  T|_g I v  “  T v .  »

o r ,
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Dk j  » Dji + D, -  . (4 .1 3 )

The same p ro ced u re  y ie ld s  com parable  r e s u l t s  fo r  th e  l i f t ;  t h a t  i s ,

"  L* + Lg -  L , , (4 .1 4 )

and
L " :  "  + L ,  -  L ,  '  (4 .1 5 )

The flow  m isa lig n m en t i s  in d ic a te d  by th e  d i f f e r e n c e s  in  

l i f t  and d rag  betw een m odel u p r ig h t  and model in v e r te d  (Pope and 

H arper [ l 6 ]  ) .  For exam ple, th e  a n g le  o f a t t a c k  s e t t i n g  e r ro r  due 

to  th e  tu n n e l a i r f lo w  n o t b e in g  e x a c t ly  p e rp e n d ic u la r  to  th e  l i f t  

s c a le  i s  shown fo r  th e  a s p e c t  r a t i o  2 .8  model in  F ig u re  22. The 

c u rv e s  in d ic a te  t h a t  th e  b a la n c e  system  was tip p e d  fo rw ard  w ith  

r e s p e c t  to  th e  t e s t  s e c t io n  a i r s t r e a m .  A s im i la r  p lo t  o f  v s  C*

would show th e  d rag  e r r o r  due to  m isa lig n m en t. The m ost d i r e c t  p ro ­

c e d u re , how ever, i s  to  s im p ly  a v e ra g e  th e  d a ta  f o r  th e  model norm al 

and in v e r te d ;  th a t  i s ,

and

Om *  - " 4 - —  • (4 .1 7 )

T h is  p ro c e d u re  was used  f o r  th e  tu n n e l t e s t s  r e p o r te d  h e re in ;  ta b u ­

l a t i o n s  o f th e  d a ta  a r e  p re s e n te d  in  Appendix A.

Model Buoyancy C o rre c tio n  

A n e g a t iv e  s t a t i c  p r e s s u r e  g r a d ie n t  w i l l  e x i s t  a long  th e  

wind tu n n e l  t e s t  s e c t io n  in  th e  downstream  d i r e c t io n  due to  th e  p ro ­

g r e s s iv e  th ic k e n in g  o f th e  w a ll  boundary la y e r ,  w hich c o n s t r i c t s  th e
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1.2

Average : True
L if t  Curve1.0

Model Inverted
0.8

Typical Error: ■ -1 .6 50.6

0 .4

Model Normal

^  Degreas
0.2

-0 .4L

Figure 22. Angle o f a ttack  s e t t in g  error due to tunnel flow misalignment.



63

flow  a r e a .  T h e re fo re ,  th e  model w i l l  ten d  to  " f l o a t "  downstream due

to  " h o r iz o n ta l  b u o y ancy ."  Pope and H arper [ l b ]  recommend

■ ^  =  - A  ^  (4 .1 8 )

fo r  t h i s  p re s s u re  g r a d ie n t ,  w here th e  f a c to r  Jk may v a ry  from 0 .016

to  0 .0 4 0 , and B i s  th e  j e t  w id th . The f a c to r  i t  h as  n o t  been  de­

term ined  fo r  th e  U n iv e r s i ty  o f Oklahoma su b so n ic  wind tu n n e l .  The

maximum p re s s u re  g r a d ie n t  to  be expec ted  along  th e  t e s t  s e c t io n  fo r  

th e  t e s t s  r e p o r te d  h e r e in  was c a lc u la te d  u s in g  i t  » 0 .040  and 

6  -  4 .0  ( th e  s m a lle r  d im en s io n ):

^  = - ( . 0 4 0 ) ^ . - 0 . 5 1 5

The drag  increm en t due to  model buoyancy i s

a D j  “  " ■ 4  A j t m  . (4 .1 9 )

(Pope and H arper [1 6 ]  ) ,  w here th e  f a c to r  Xg i s  p lo t t e d  i n  F igu re  

6 :14  of th e  same r e f e r e n c e  a s  a fu n c tio n  o f f in e n e s s  r a t i o ,  and i s  

th e  maximum th ic k n e s s  o f  th e  m odel. The f in e n e s s  r a t i o  o f  th e  a s p e c t  

r a t i o  1 . 0  model was

-  1 .0 / .1 2  -  8 .34  ;

and th e  f ig u r e  c i t e d  g iv e s  X | ■ 4 .4  fo r  t h i s  /4 m  •

Then,

a D , “  -  ' f / 4 ( 4 .4 ) ( 0 .1 2 ) * '  (-0 .5 1 5 ) -  0 .00308 Ib f  , 

o r ,  in  c o e f f i c i e n t  form ,

"  (5 1 .5 )  (1 .0 )  "  0-000060 - 

But th e  minimum Cg m easured fo r  th e  a s p e c t  r a t i o  1 .0  model was
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.0221, so  th e  maximum buoyancy c o r r e c t io n  would be on ly  about 0.3% 

o f th e  s m a l le s t  Cp v a lu e . S ince  th e re  was a  b a s ic  u n c e r ta in ty  in  

Cp o f ap p ro x im ate ly  1% due to  an  u n c e r ta in ty  in  dynamic p r e s s u r e ,  

th e  buoyancy c o r r e c t io n  i s  seen  to  be  n e g l ig ib l e .  The buoyancy c o r­

r e c t io n  fo r  th e  a s p e c t r a t i o  2 .8  model would be even s m a lle r .

L i f t  and Drag o f  th e  Model T a i l  Jack  Arms 

The t a i l  ja c k  sy stem , w hich moves th e  wind tu n n e l model in  

a n g le  o f a t t a c k ,  c o n t r ib u te s  to  th e  m easured l i f t  and d ra g . S in ce  

th e  low er and v e r t i c a l  arms a r e  d u p lic a te d  by th e  dummy t a i l  ja c k ,  

th e  e f f e c t s  o f  th e s e  members a re  removed by th e  c o r r e c t io n s  fo r  

ta r e  and in te r f e r e n c e .  However, th e  upper t a i l  ja c k  arm, w hich i s  

f ix e d  to  th e  m odel, canno t be d u p lic a te d  by th e  image system . The 

l i f t  and d rag  c o n t r ib u t io n s  o f th e  model t a i l  ja c k  arms w i l l  be 

e s tim a te d .

The t a i l  ja c k  arm o f each  model was a sm ooth, c i r c u l a r  c ro s s

s e c t io n ,  h a l f  in c h  d iam ete r aluminum ro d . The s o -c a l le d  " c ro s s -

flosf p r i n c i p a l , "  a s  a p p lie d  to  c i r c u l a r  c y l in d e r s ,  a s s e r t s  th a t  th e

f lu i d  dynamic p re s s u re  fo rc e s  on an  in c l in e d  c y l in d e r  co rresp o n d  to

th e  v e lo c i ty  component norm al to  th e  a x i s  o n ly  (H oerner [ l7 ]  ) .

T h e re fo re , b ased  on th e  p ro je c te d  a re a  S . ■ d « | ,
%

r  — N  _  ^  C V > d û \ o < )  S f c  _  Csk  t

=  C p , (4 .2 0 )

w here Cp^ , o r  Cp b a s ic ,  i s  th e  d rag  c o e f f i c i e n t  o f  th e  c y l in d e r  a t
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Oc = 90*. Then th e  l i f t  ex p erien ced  by th e  in c l in e d  c y l in d e r  i s

C t =  (%* =  C o^ C ^ 0 <  , (4 .2 1 )

and th e  d rag  i s

— Cm I AuvtOC

H oerner recommends th e  a d d i t io n  o f  a s k in  f r i c t i o n  component to

th e  d rag  c o e f f i c i e n t :

Co =  Cp , (4 .2 3 )

where Cf  i s  th e  s k in  f r i c t i o n  c o e f f i c i e n t ,  and i s  th e  s u r fa c e  

a re a  r a t i o ,

^  c y l in d e r  s u r fa c e  a re a  .
* “ r e fe re n c e  a r e a  S,

In  th e  p re s e n t ca se  o f a  c i r c u l a r  c y l in d e r ,

-n; = = ir .
The R eynolds number based  on th e  c y l in d e r  d ia m e te r  i s  ap­

p ro x im ate ly

Se .  .  U 0P213M 220>y,-5 /1 2 ) .  4 9 , 5 0 0  ,

a Reynolds number v e ry  much below th e  c r i t i c a l  ra n g e . However, s in c e  

th e  t a i l  ja c k  arm i s  a t ta c h e d  to  th e  wing in  th e  chord  p la n e  and 

f a i r s  in to  th e  w ing , i t s  boundary la y e r  shou ld  be s tro n g ly  dependent 

on th e  wing boundary la y e r .  For th e  a s p e c t r a t i o  2 .8  m odel, fo r

exam ple, th e  lo c a l  Reynolds number a t  th e  m id p o in t o f th e  6 - inch

t a i l  ja c k  arm would be

Re -  ( .0 0 2 1 3 )(2 2 0 )(8 /1 2 )  _ 790,000 ,
3 .95  X lOr*
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w hich i s  in to  th e  t r a n s i t i o n  ra n g e .

T hese r a th e r  c o n f l i c t i n g  r e s u l t s  fo r  Reynolds number i l ­

l u s t r a t e  th e  d i f f i c u l t y  o f a r r iv in g  a t  a  s im p le  model f o r  th e  l i f t  

and d ra g  o f  th e  t a i l  ja c k .  However, th e  low er Re v a lu e  a c tu a l ly  

r e p r e s e n t s  th e  c a se  o f 0( "  90* , w hich was no t approached  in  th e  w ind 

tu n n e l t e s t s  (w here -6 * 6  0< S  2 8 * ). A c o n s e rv a t iv e  approach  would 

seem to  be  th e  fo llo w in g : assume Cp^to be  th a t  o f  a c i r c u l a r  c y l in ­

d e r ( i n  c ro s s - f lo w )  b e fo re  t r a n s i t i o n ,  and assume co rre sp o n d in g

to  fo rc e d  tu rb u le n t  flow  a t  a low R eynolds num ber. T hus, from 

H oerner [ l7 ]  ,

■ 1 .1  and Cy= 0.009 .

These v a lu e s  w ere in  f a c t  u sed . T h e re fo re , th e  l i f t  and d rag  co ­

e f f i c i e n t s  o f  th e  t a i l  ja c k  a rm s, based  on t h e i r  own p ro je c te d  

a r e a s ,  w ere e s tim a te d  to  be

C, =  ( l . l )  (4 .2 4 )

= (1. 1)  I I  + 0.009-0' • (4 .2 5 )

T h is  e s t im a te  n e g le c ts  end e f f e c t s ,  of c o u rse . For c o n v e n ie n c e , 

th e se  c o e f f i c i e n t s  were c o n v e rte d  to  th e  same r e f e r e n c e  a r e a s  a s  

th e  w ind tu n n e l m odels:

(1 .1 )  (4 .2 6 )

C  =  S y j d . D l W o t j  +  0.02t3 h /s . (4 .27 )

w here $  »  J ' l  (o f t a i l  ja c k  arm)
'i

S  ® ZR c (p ro je c te d  wing a r e a ) .
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For b o th  wind tu n n e l m ode ls , th e  t a i l  ja c k  arm was mounted in  th e  

chord  p la n e ,  so th a t  th e  a n g le  o f  a t t a c k  oc was th e  same a s  th a t  of 

th e  m odel.

The exposed le n g th  o f th e  t a i l  ja c k  arm o f  th e  a s p e c t  r a t i o  

2 .8  m odel was 6 .5  in c h e s ,  so th a t

V  - ■

and

=  O.OSi (4 .28)

=  O.Ofi fl.OOl3i . (4 .29 )

U sing th e s e  e x p re s s io n s , C^^^and w ere e v a lu a te d  f o r  th e  an g le

of a t t a c k  range  used in  t e s t i n g  th e  a s p e c t r a t i o  2 .8  m odel. The 

d rag  c o e f f i c i e n t  c o r r e c t io n  ranged  from 1.5% to  4%, b u t  th e  maximum 

l i f t  c o e f f i c i e n t  c o r r e c t io n  was o n ly  0.8%. S in ce  th e r e  was a b a s ic  

u n c e r ta in ty  in  o f a b o u t 1% due to  u n c e r ta in ty  i n  dynamic p re s ­

s u re  ^  , th e  c o r r e c t io n  f o r  l i f t  o f  th e  t a i l  ja c k  arm was n o t used . 

The d ra g  c o e f f i c i e n t  o f th e  t a i l  ja c k  arm , i s  shown a s  one of

th e  columns in  th e  ta b u la t io n  o f d a ta  c o r r e c t io n s .  A ppendix A.

For th e  a s p e c t r a t i o  1 .0  m odel, th e  le n g th  o f  th e  t a i l  ja c k  

arm was 2 in c h e s , th u s

V s  ■ u T t i n m  -  '

0 .00765 C ^ (X  A jÛaV  (4 .30)

0 .00765 +  0.000197 . (4 .31 )

Upon e v a lu a tin g  th e s e  e q u a tio n s  over th e  a n g le  o f a t ta c k  

ran g e  t e s t e d ,  i t  was found th a t  th e  maximum l i f t  c o e f f i c i e n t
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c o r r e c t io n  was ab o u t 0.1%, w h ile  th e  maximum d rag  c o e f f i c i e n t  c o r­

r e c t io n  was 0.9%. R e fe rr in g  ag a in  to  th e  u n c e r ta in ty  in  ^ o f  abou t 

1%, th e s e  c o r r e c t io n s  w ere seen  to  be n o t s ig n i f i c a n t  and so w ere 

n o t u sed .

Model and Wake B lockage

The p re se n c e  o f th e  wind tu n n e l  w a lls  produces a l a t e r a l  

c o n s t r a in t  on th e  flo w  about th e  model and th e  model wake (Pope and 

H arper [ Ï6 ]  ) term ed m odel, o r s o l id ,  b lo c k in g  and wake b lo c k in g , 

r e s p e c t iv e ly .  The model reduces th e  t e s t  s e c t i o n  flow  a r e a ,  th u s  

in c re a s in g  th e  a i r  v e lo c i ty  in  th e  model v i c i n i t y  as a fu n c tio n  o f  

model s i z e ,  th i c k n e s s ,  and th ic k n e s s  d i s t r i b u t i o n .  However, th e  

s o l id  b lo c k in g  v e l o c i ty  in c re a s e  i s  much l e s s  th an  th e  d i r e c t  flow  

a re a  r e d u c t io n .

The model wake has an  av e rag e  v e lo c i ty  low er th an  th e  f r e e -  

s tre a m , th u s  th e  v e lo c i ty  o u ts id e  th e  wake in  th e  t e s t  s e c t io n  m ust 

have a  h ig h e r  v e l o c i ty  th a n  th e  u n d is tu rb e d  t e s t  s e c t io n  f re e s tre a m . 

The v e lo c i ty  in c re a s e  r e s u l t s  in  a p re s s u re  d e c re a se  p la c in g  th e  

model in  a  n e g a t iv e  p re s s u re  g r a d ie n t ,  w hich i s  m easured a s  a  m odel 

d rag  in c r e a s e .

Pope and H arper [16 ] p re s e n t  combined th e o r e t ic a l - e m p ir ic a l  

a n a ly se s  f o r  b o th  model and wake b lo c k ag e ; how ever, th e  wake b lo c k ­

age c a lc u la t io n  r e q u ir e s  a p r io r  knowledge o f  th e  model Q  , which 

v a r ie s  w ith  a n g le  o f  a t ta c k .  F o r tu n a te ly ,  i t  has been found ex­

p e r im e n ta lly  t h a t  th e  t o t a l  v e lo c i ty  Increm en t due to  model and 

wake b lo ck ag e  i s  w e ll  r e p re s e n te d  by



69

€ = (1 /4 )  g o d e l J r jo n ta l  a re a  (4 .3 2 )
t e s t  s e c t io n  a re a

V =  v . ( i + C )  . (4 . 33)
Upon expanding and d ropp ing  h ig h e r  o rd e r  te rm s , we f in d  th a t

<l .  + Z e )  (4 .3 4 )

The drag  increm en t due to  wake b lockage  i s  g iv e n  by Pope and

H arper as

v X -  C .  . (4 .35)
T*

where V i s  model volum e, and K, and T, a r e  e m p ir ic a l fu n c tio n s  o f 

model th ic k n e s s  r a t i o  and model s p a n /tu n n e l w id th  r a t i o ,  r e s p e c t iv e ­

l y ,  and a r e  p re se n te d  in  g ra p h ic a l  form in  Pope and H arper [ l 6 ]  .

No c o r r e c t io n  was re q u ire d  fo r  su p p o rt system  b lo ck ag e  s in c e  

th e  image method o f e v a lu a tin g  t a r e  and in te r f e r e n c e  removes any 

b lo c k in g  c o n t r ib u t io n  o f th e  m ounting system .

C onsider th e  a s p e c t  r a t i o  1 .0  model a t  an an g le  o f  a t ta c k .  

The f r o n t a l  a re a  i s  th e  p ro je c te d  a re a  in  th e  chord p la n e  m u l t ip l ie d  

by th e  s in e  o f th e  a n g le  o f  a t t a c k :

A , -  (1 .0 )  (A im 0(g) .

The tu n n e l t e s t  s e c t io n  a re a  i s  20 .58 f t ?  (Comp [1 5 ] ) ,  so  th a t

€ = (1 /4 )  -  0.01215 ^ D ( c  • (4 .3 6 )

The a s p e c t  r a t i o  1 .0  model was found to  s t a l l  a t  22*; th e r e f o r e  th e  

maximum b lo c k in g  c o n d it io n  was

é  -  0 .012 1 5 (0 .3 7 5 ) -  0.00455 ;
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le a d in g  to

= ^ u [ l  + (2 )(.00A 55)] -  (5 1 .5 ) (1 .00910) « 5 2 .0  I b f / f t * .

Thus th e  maximum c o r r e c t io n  to  dynam ic p re s s u e  due to  model and 

wake b lo ck ag e  was

E -  52 .0_^^51 .5  (100) .  0.97% .

B u t, a s  d is c u s s e d  above on page 56 , th e  u n c e r ta in ty  In  th e  m easure­

ment o f ^  was ap p ro x im ate ly  1.1%; th e r e f o r e ,  th e  c a lc u la te d  model 

and wake b lo c k a g e  c o r r e c t io n  f o r  dynamic p re s s u re  was n e g le c te d  f o r  

b o th  m ode ls .

The d rag  Increm ent due to  wake b lo ck ag e  f o r  th e  a s p e c t 

r a t i o  1 .0  m odel was e v a lu a te d  w ith  e q u a tio n  (4 .3 5 ) and th e  g ra p h i­

c a l  f u n c t io n s  In  Pope and H arper [ l6 ]  :

. (4.37)

For wing volum e. Pope and H arper su g g e s t

V =  (0.7)  t c b  ,

w here b I s  th e  wing sp an , and In  th e  c a s e  o f  th e  n o n -p la n a r wing 

m ust b e  th e  c u r v i l in e a r  span . T hus,

V  -  (0 .7 ) (0 .12 ) (1 .0 ) (T r) ( l /2 )  -  0.132 f t . 3 , 

and -  0.00126 • (4.38)

The d rag  c o e f f i c i e n t ,  a d ju s te d  f o r  t a r e ,  in t e r f e r e n c e ,  and flow  m is­

a lig n m e n t, b u t  u n c o rre c te d  o th e rw is e ,  o f  th e  a sp e c t r a t i o  1 .0  model 

a t  -  22*, was 0.297. Then th e  d rag  c o r r e c t io n  f o r  wake b lock ag e  

was
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“ (0 .0 0 1 2 6 )(0 .2 9 7 )  = 0.000375 ,

w hich was o u ts id e  th e  ran g e  o f  s ig n i f i c a n t  f ig u r e s  c a r r i e d  f o r  th e  

d rag  c o e f f i c i e n t ,  o r a  c o r r e c t io n  o f ap p ro x im ate ly  0.1%. T h e re fo re , 

th e  d rag  c o r r e c t io n  f o r  wake b lo ck ag e  was n o t u sed  f o r  e i t h e r  m odel.

Boundary Induced  Upwash and S tre a m lin e  
C u rv a tu re  C o rre c tio n s

The tu n n e l t e s t  s e c t io n  b o u n d arie s  a l t e r  th e  norm al downwash 

such  th a t  th e  m easured l i f t  i s  to o  la rg e  and th e  m easured  d rag  i s  

to o  sm a ll.  The l i f t  e r r o r  i s  u s u a l ly  t r e a te d  by a  c o r r e c t io n  to  th e  

g eo m etric  an g le  o f a t t a c k ,  s in c e  th e  in c re a se d  l i f t  i s  due to  an  up­

wash ( in c re a s in g  th e  a n g le  o f  a t t a c k ) . Pope and H arper [ l 6 ]  develop  

th e  c o r r e c t io n s  by r e p r e s e n t in g  th e  b o u n d arie s  w ith  im ages o f th e  

model wing "h o rsesh o e"  v o r te x .  The r e s u l t in g  e q u a tio n s  a r e

A  =: 8  (  C l (4 .3 9 )

A C , .  =  8  (  J  C [  . (4 .4 0 )

w here S i s  a  fu n c t io n  o f

(1) span  lo a d  d i s t r i b u t i o n ,

(2) r a t i o  o f m odel sp an  to  tu n n e l  w id th ,

(3) shape o f tu n n e l t e s t  s e c t io n ,

(A) w hether o r  n o t m odel i s  on tu n n e l c e n t e r l i n e .

The e q u a tio n s  assume t h a t  th e  upwash a t  th e  tu n n e l c e n t e r l i n e  may be 

ta k e n  a s  th e  av e rag e  upw ash. T h is  c o n d i t io n  w i l l  h o ld  i f  th e  wing 

span  i s  l e s s  th a n  80% o f th e  tu n n e l w id th  (Pope and H arper [ l ^  ) .
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The norm al c u rv a tu re  o f  th e  a i r  flow  abou t a  l i f t i n g  wing 

i s  a l t e r e d  by th e  t e s t  s e c t io n  b o u n d a rie s  so th a t  th e  l i f t ,  moment 

(abou t th e  q u a r te r  c h o rd ) , and a n g le  o f a t ta c k  a r e  in c re a s e d .  The 

e f f e c t  i s  t r e a t e d  a s  a v a r i a t io n  o f th e  boundary-induced  upwash 

a long  th e  wing ch o rd :

(X =  <Xy +  AOCJ + y, =  OĈ + Cl +

C* := (X* + Cl + ? , )  S (4 .4 1 )

S ince  th e  s t r e a m lin e  c u rv a tu re  e f f e c t  i s  more pronounced a t  th e  

model t a i l  th a n  a t  th e  w ing. Pope and H arper [ l6 ]  p re s e n t  g r a p h ic a l  

d a ta  f o r  a s  a fu n c tio n  o f  " t a l l  le n g th ."  For th e  w ing , th e  

t a i l  le n g th  I s  ta k e n  a s  o n e -h a lf  th e  wing ch o rd .

The f a c t o r  6 was de term ined  f o r  th e  s u b je c t  m odels and wind 

tu n n e l by means o f g ra p h ic a l  d a ta  p re se n te d  in  Pope and H arper [ l6 ]  

I t  was assumed th a t  th e  ch an n e l w ings cou ld  be c o n s id e re d  as  f l a t  

w ings o f th e  same p ro je c te d  wing sp a n . Pope and H arper g iv e  d a ta  

fo r  b o th  u n ifo rm  and e l l i p t i c a l  span lo a d  d i s t r i b u t i o n ,  b u t f o r  th e  

s u b je c t  c o n d i t io n s  th e re  was no a p p re c ia b le  d i f f e r e n c e  in  6 . The 

r e s u l t s  w ere

6  » 0 .1 1 4

fo r  b o th  th e  a s p e c t  r a t i o  1 .0  model and th e  a s p e c t r a t i o  2 .8  m odel. 

The f a c to r  T , was found to  be

T ; “  0 .23  f o r  th e  a s p e c t  r a t i o  1 .0  m odel,

and

= 0 .10  f o r  th e  a s p e c t  r a t i o  2 .8  m odel.
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The maximum d rag  and a n g le  of a t ta c k  c o r r e c t io n s  due to  

boundary induced  upwash and s tre a m lin e  c u rv a tu re  w ere

ACp. = (0 .1 1 4 ) (  2 ^ ^ )  (1.097)* = 0.00667

and

A 0( -  (1  + 0 .23 ) ( .1 1 4 ) (  2 n i & )  (1-097) -  .00749 rad  = 0.43*'

0
fo r  th e  a s p e c t  r a t i o  1 .0  m odel, o c c u rr in g  a t  0(g= 22 . These r e p re ­

s e n t  p e rc e n ta g e  c o r r e c t io n s  o f  2.3% and 1.95%, r e s p e c t iv e ly .  As 

d isc u sse d  above, th e  b a s ic  u n c e r ta in ty  in  Cg was co n s id e re d  to  be 

about 1.1%, and th e  u n c e r ta in ty  in  s e t t in g  th e  a n g le  of a t t a c k  was 

e s tim a te d  to  be  a t  l e a s t  + 0 .2 5 " . T h e re fo re , th e s e  c o r r e c t io n s  were 

co n s id e re d  to  be s i g n i f i c a n t ,  and were r e ta in e d .  The p e rc e n ta g e  

c o r r e c t io n s  a t  low w ere much low er o f c o u rs e , b u t  w ere r e ta in e d  

f o r  co m p le ten ess .

S im i la r ly ,  maximum v a lu e s  fo r  th e  a sp e c t r a t i o  2 .8  model

were

= ( .1 1 4 )  (  a H 'D  (I 'O ^ D *  = 0.00303

and

AW -  (1 + 0 .1 0 ) ( .1 1 4 )  (  2 0 *.5 8 ^ }  d -0 6 1 )  = .00314 ra d  = 0 .1 8 * ,

o r c o r r e c t io n s  o f 2.75% and 1.28%, r e s p e c t iv e ly ,  a t  (X, = 14*. The 

an g le  o f a t t a c k  c o r r e c t io n  h e re  may have been w ith in  th e  s e t t in g  

u n c e r t a in ty ,  b u t was r e ta in e d  on th e  d a ta  s h e e ts  s in c e  i t  re q u ire d  

so l i t t l e  e x t r a  c a l c u la t io n  e f f o r t  a f t e r  o b ta in in g  ACg. .



CHAPTER V

RESULTS OF CHANNEL WING WIND TUNNEL TESTS

T ra n s it io n  S t r ip

Both ch an n e l wing wind tu n n e l m odels w ere te s t e d  w ith  and 

w ith o u t boundary la y e r  t r a n s i t i o n  s t r i p s ,  a s  recommended by Pope 

and H arper [ l6 ]  , and d isc u sse d  In  C hapter I I I  above. However, th e  

t r a n s i t i o n  s t r i p  r e s u l t s  were not s a t i s f a c t o r y ;  In d eed , th e  l i f t  

and drag  d a ta  re a d in g s  w ere more e r r a t i c  fo r  th e  t r a n s i t i o n  s t r i p  

ca se s  th a n  th o se  w ith  no t r a n s i t i o n  s t r i p .  T h is  I s  I l l u s t r a t e d  In  

F ig u re s  23 and 24 f o r  th e  = 2 .8  m odel. S im ila r  r e s u l t s  were ob­

ta in e d  f o r  th e  A& = 1 .0  m odel. C o n tra r iw is e , th e  d a ta  from th e  

t e s t s  w ith  no t r a n s i t i o n  s t r i p s  were much more o r d e r ly ,  e s p e c ia l ly  

th e  l i f t  d a ta .  T h e re fo re ,  th e  t r a n s i t i o n  s t r i p  d a ta  w i l l  no t be 

p re se n te d  h e re in .

Prem ature S t a l l  

The fo u r - ru n  method fo r  e v a lu a tio n  o f  t a r e  and In te r f e re n c e  

d e sc r ib e d  In  C hap ter IV le d  to  d i f f i c u l t i e s  w ith  th e  a s p e c t r a t i o  

1 .0  m odel. For t e s t  ru n s  o f  types  2 , 3 , and 4 ,  th a t  I s ,  th o se  w ith  

th e  bayonet o r  dummy bayonet ex ten d in g  In to  th e  "ch an n e l"  of th e  

w ing, ( s e e  C hapter IV , page 58) t h i s  model e x p e rien ced  prem ature 

s t a l l  a t  an  a n g le  o f a t t a c k  of about 4 d e g re e s .  T h is  r e s u l te d  In  a

74
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Figura 23 . Comparison o f l i f t  c o e f f ic ie n t  for  the M -  2 .8  model with  
and w ithout tra n sitio n  s t r ip s .
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Figure 24. Comparison of drag c o e f f ic ie n t  for the Æ  -  2 .8  model with  
and w ithout tr a n s it io n  s tr ip s .
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pronounced d ip  in  th e  l i f t  cu rve  s lo p e  a f t e r  th e  d a ta  were combined 

a s  d e sc r ib e d  in  C hap ter IV (s e e  F ig u re  2 5 ). E v id e n tly  th e  p re s s u re  

f i e l d  a n d /o r  s e p a ra te d  flow  due to  th e  p re se n c e  o f th e  b ay o n e t, 

bayonet w in d sc re e n , and s p e c ia l  w in d screen  f o r  th e  bayonet head and 

model m ounting p l a t e  produced th e  e a r ly  s t a l l  o f th e  w ing. Due to  

i t s  th in n e r  s e c t io n  and l a r g e r  d ia m e te r , th e  a s p e c t r a t i o  2 .8  wing 

had a  l a r g e r  ch an n e l a re a  th a n  d id  th e  a s p e c t  r a t i o  1 .0  m odel, so 

th e  form er d id  n o t s u f f e r  t h i s  e f f e c t .

S in ce  th e  l i f t  cu rv e  o b ta in e d  from th e  ru n  o f  ty p e  1 was 

l i n e a r  to  th e  s t a l l  a t  20 d e g re e s ,  th e  p re m a tu re ly  s t a l l e d  l i f t  

cu rv es  o f th e  ru n s  o f  ty p e s  2 , 3 , and 4 w ere l i n e a r ly  e x ten d ed , a t  

t h e i r  s lo p e  p r io r  to  th e  p rem atu re  s t a l l ,  to  th e  same f i n a l  s t a l l ,  

a s  shown in  F ig u re  26 . These f a i r e d  d a ta  w ere th e n  used in  th e  

fo u r - ru n  method to  e l im in a te  th e  t a r e ,  i n t e r f e r e n c e ,  and flow  m is­

a lig n m en t. The v a l i d i t y  of t h i s  approach  i s  i l l u s t r a t e d  in  

F ig u re  27 , where i t  i s  seen  th a t  th e  f a i r e d  and u n fa ire d  d a ta  merge 

a g a in  when s u f f i c i e n t l y  removed from th e  p rem atu re  s t a l l  a r e a .

L i f t  and Drag C o e f f ic ie n ts  

The e x p e r im e n ta lly  de term ined  l i f t  and d rag  c o e f f i c i e n t s  

f o r  th e  a s p e c t  r a t i o  1 .0  and 2 .8  models a r e  p re se n te d  in  F ig u re s  28 

th rough  31 . The d a ta  have been  reduced  and c o r re c te d  a s  d e s c r ib e d  

above and in  C h ap te r IV. T a b u la tio n s  o f  th e  raw  d a ta  and th e  r e ­

d u c tio n  s te p s  a r e  p re s e n te d  in  Appendix A.
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Figure 25. L ift coefficien t of aspect ratio 1.0 model, showing premature
s t a l l  due to preaence of bayonet in channel.
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Figure 26, Fairing of l i f t  data to eliminate premature s ta l l  due to presence
of bayonet In channel.
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Figure 27. Comparison o f fa ired  and unfaired l i f t  data for  the aspect 
r a t io  1 .0  channel wing model.
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Figure 28. L ift coefficien t of A  ■ 1.0 channel wing model.
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Figure 29. Drag coefficien t of * 1*0 channel wing model.
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Figure 30. L ift coefficien t of " 2,8 channel wing model.
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F ig u re  31. Drag c o e f f i c i e n t  o f  2 .8  ch an n e l wing model.
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The l i f t  d a ta  w ere c o r r e l a te d  w ith  a l i n e a r  l e a s t - s q u a r e s

curve f i t , ^  and th e  d rag  d a ta  w ith  a p a ra b o lic  l e a s t - s q u a r e s  cu rv e  
2

f i t .  I t  may be seen in  F ig u re s  28 and 30 th a t  th e  l i n e a r  f i t  of 

th e  l i f t  d a ta  i s  v e ry  good. The d rag  d a ta  a re  somewhat s c a t t e r e d ,  

b u t s t i l l  w e ll re p re se n te d  by th e  p a ra b o lic  cu rv e .

E xperim en ta l v a lu e s  o f  ch an n e l wing l i f t  cu rv e  s lo p e ,

’ were o b ta in ed  from th e  l i n e a r  c u r v e - f i t  o f l i f t  c o e f­

f i c i e n t  in  F ig u re s  28 and 30;

~ 0 '0 4 0  p e r d e g re e  = 1 .0

^  “ 0 .073 p e r  d e g re e  M  = 2 . 8  .

Span E f f ic ie n c y  F ac to r  

An ex p erim en ta l d e te rm in a tio n  of channel wing span e f f i ­

c ien cy  was o b ta in ed  from th e  l i f t  and d rag  d a ta .  I f  th e  d rag  co­

e f f i c i e n t  i s  w r i t t e n  in  th e  form

where 6  i s  th e  span e f f ic ie n c y  f a c t o r ,  th e n  C can  be r e l a t e d  to  th e

s lo p e  o f a s t r a i g h t  l i n e  th ro u g h  th e  d a ta  p lo t te d  in  th e  form  C, v s .
t

C t . The d a ta  p lo t te d  w ere th e  p a ra b o l ic  f i t  o f Cp , and th e  

sq u are  o f th e  l i n e a r  f i t  o f Q  , F ig u re  32 . The form er was chosen  

because  of th e  s c a t t e r  in  Cp , w h ile  th e  f i t  o f was used o n ly  fo r

^Program IV-2 o f th e  S t a t i s t i c a l  Package L ib ra ry  f o r  th e  
H ew le tt-P ack ard  Model 9100B program m able c a lc u la to r .

^ I b i d . , Program IV -8.



.20

L east Squares 
Curve F i t

.12

Slope m  ■ 0 .211
08

1.51

0 .4 0.6 0.8 1.00 0. 2

L ea st Squa re s  
Curve F i t

,08

Slope fn •  0 .0766

1 .4 8

1.21.00.80.60 ,40.20

F ig u re  32. E xperim en ta l d e te rm in a tio n  o f  channel wing span 
e f f ic ie n c y  f a c t o r .
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conven ience . The r e s u l t s  were

Ç = 1 .51  A  = 1 .0

e  = 1 .48  A  = 2 .8  .

The 2% d i f f e r e n c e  in  m easured 0  i s  a t t r i b u t e d  to  d a ta  s c a t t e r  r a th e r  

than  to  a tre n d  w ith  a sp e c t r a t i o .

Angle o f A tta c k  E rro r 

R e fe r r in g  to  F ig u re  30, i t  i s  seen  th a t  th e  e x p e rim e n ta l 

l i f t  c o e f f i c i e n t  f o r  th e  PK = 2 .8  m odel does n o t p ass  th rough  ze ro

fo r  (wing a n g le  o f a t ta c k )  CX, = 0* , as  would be expec ted  w ith  a

sym m etrica l a i r f o i l  s e c t io n .  The l i f t  c o e f f i c i e n t  was n o t exp ec ted  

to  be zero  a t  0* fo r  th e  M = 1 .0  m odel, s in c e  a cambered a i r ­

f o i l  s e c t io n  was used  fo r  t h i s  m odel. I f  a  c o n s ta n t e r r o r  o f  one 

d eg ree  (n e g a tiv e )  in  s e t t i n g  th e  ch an n e l wing an g le  o f a t t a c k  d u rin g  

th e  wind tu n n e l t e s t s  were assum ed, th e n  th e  l i f t  c o e f f i c i e n t  o f 

th e  = 2 .8  model would p ass  a p p ro x im a te ly  th rough  = 0 a t  

0^^= 0*. The a u th o r ,  of c o u rs e , e x e rc is e d  c a re  to  p re v e n t t h i s  

ty p e  o f o c c u rre n c e , b u t th e  e x is te n c e  o f  such a s y s te m a tic  e r r o r  

cannot be ru le d  o u t .  A lso , a one d eg ree  p o s i t iv e  s h i f t  in  a l l  th e  

d a ta  of th e  wind tu n n e l t e s t s  r e p o r te d  h e re  would a f fo rd  b e t t e r  

c o r r e la t io n  w ith  th e  l i f t i n g  a rc  th e o ry  (se e  C hap ter V I I I ) . How­

e v e r ,  th e  l a t t e r  o b se rv a tio n  canno t be co n s id e re d  to  be a s  o b je c t iv e  

as th e  f a i l u r e  o f th e  l i f t  cu rve  o f a  sy m m e tr ic a l- s e c tio n  wing to  

p ass  th rough  th e  o r ig in .  S t i l l ,  an in a d v e r te n t  an g le  o f  a t t a c k  

s h i f t  in  th e  l i f t  and drag cu rv es  seems to  be th e  b e s t  e x p la n a tio n  

fo r  th e  lo c a t io n  o f th e  l i f t  cu rv e  o f  th e  = 2 .8  w ing, and th e
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same e r r o r  would p robab ly  have e x is te d  f o r  b o th  m o d e ls . Thus th e  

a u th o r  recommends th a t  th e  re a d e r  d e s i r in g  to  u se  th e  e x p e rim en ta l 

l i f t  and d rag  cu rves p re se n te d  h e r e in  s h i f t  them to  th e  r i g h t  th e  

amount re q u ire d  to  make th e  l i f t  cu rve  o f  th e  A  = 2 .8  model pass 

th ro u g h  th e  p o in t = 0*, = 0 .

C onclu sion

The d e f le c te d  s tream tu b e  th e o ry  developed in  C hap ter I  fo r  

th e  ch an n e l wing p re d ic te d  a span  e f f ic ie n c y  f a c to r  o f @ = 2 .0 ,  

w h ile  Cone’s [? ]  t h e o r e t i c a l  maximum f o r  s e m ic ir c u la r  ch an n e l wings 

i s  6  = 1 .5 .  Thus th e  wind tu n n e l t e s t s  re p o r te d  h e re  have re so lv ed  

t h i s  la c k  o f agreem ent in  fa v o r  o f Cone’s v a lu e ,  6  = 1 .5 .

I t  i s  sp e c u la te d  t h a t  th e  f a i l u r e  o f th e  channe l wing de­

f l e c t e d  s tream tu b e  th e o ry  i s  due to  th e  f a c t  th a t  th e  channe l wing 

i s  n o t a  c lo sed  sh ap e , as i s  th e  r in g  w ing. A p p a ren tly  th e  concept 

o f a  s tream tu b e  ’’th re a d in g ” th e  w ing , and b e ing  d e f le c te d  a s  a r i g i d  

c y l in d e r  o f d e f in i t e  c r o s s - s e c t io n a l  sh ap e , i s  n o t v a l id  f o r  an  open 

w ing. The l i f t i n g  a rc  th e o ry  p re se n te d  in  C hap ter VI was developed 

in  re sp o n se  to  th e  a p p a re n t f a i l u r e  o f  th e  d e f le c te d  s tream tu b e  

th e o ry  to  a d e q u a te ly  p r e d ic t  th e  span  e f f ic ie n c y  f a c t o r  and in ­

duced d rag  in  channe l w ings. I t  i s  e v id e n t th a t  a s a t i s f a c t o r y  

th e o ry  m ust p r e d ic t  span  e f f ic ie n c y  f a c to r s  o f  ap p ro x im a te ly  1 .5  

f o r  ch an n e l w ings.



CHAPTER VI 

LIFTING ARC THEORY FOR CHANNEL WINGS 

L in e a r iz in g  Assum ptions

C o n sid er a bound-vortex  a rc  r e p re s e n t in g  a channel w ing.

The a r c  i s  v is u a l iz e d  as having th e  same spanw ise c u rv a tu re  as  th e  

channel w ing , and i s  s i tu a te d  in  a  p la n e  p e rp e n d ic u la r  to  th e  s te a d y  

f r e e - s tre a m  flow  V. The b o u n d -v o rtex  a rc  has th e  ( to  be p re s c r ib e d  

su b se q u en tly )  c i r c u la t io n  d i s t r i b u t i o n  P ( s ) , assumed to  be sym­

m e tr ic a l  ab o u t th e  wing lo n g i tu d in a l  c e n t e r l i n e  and f a l l i n g  to  ze ro  

a t  th e  t i p s .  Between th e  p o in ts  s  and (s  + ds) on th e  a r c ,  th e  c i r ­

c u la t io n  changes by th e  amount ds ; th e r e f o r e ,  a t r a i l i n g  v o r te x

l in e  o f  t h i s  s t r e n g th  em anates from  th e  a rc  elem ent ds and ex ten d s  

downstream to  i n f i n i t y  (G la u e rt [ lO ]  ) .  The t r a i l i n g  v o r te x  f i l a ­

ments from a l l  e lem ents o f th e  b o u n d -v o rtex  a rc  to g e th e r  form a 

t r a i l i n g  v o r te x  sh e e t as  sk e tch ed  in  F ig u re  33. U sing th e  induced 

v e lo c i ty  law o f B io t and S a v a r t ,  Cone [_?] g iv e s  th e  r e s u l t in g  flow  

f i e l d  as

t  ^  X *  ^ J ^ r i s ) S  X ^ J s  , (6 .1 )

where ^ in d ic a te s  a re a  in t e g r a t i o n  over th e  t r a i l i n g  s e m i - in f in i t e  

v o r te x  s h e e t ,  J"* in d ic a te s  l i n e  in t e g r a t i o n  along  th e  bo u n d -v o rtex  

a r c ,  and 51  i s  th e  v o r t i c i t y  i n t e n s i t y  v e c to r  o f th e  v o r te x  s h e e t .

89
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F ig u re  3 3 . Bound v o r te x  a r c  w ith  t r a i l i n g  v o r te x  f i l a m e n ts .
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T his e q u a tio n  i s  n o t l im ite d  to  a bound-vortex  a rc  r e p r e s e n t in g  a 

channel w ing , o f c o u rse .

Now th e  f i e l d  ^  i s  n o t in  g e n e ra l u n ifo rm , so th e  wake w i l l  

r e a c t  upon i t s e l f ,  p roducing  d i s t o r t i o n  of th e  v o r te x  s h e e t  and in ­

tro d u c in g  n o n - l in e a r  e f f e c t s  (Cone [? ] ) .  However, i f  th e  r a t e  o f 

change of c i r c u l a t i o n  along  th e  bound-vo rtex  a rc  i s  r e l a t i v e l y  sm a ll, 

then  th e  wake induced v e lo c i ty  (second term  in  e q u a tio n  (6 .1 ) )  w i l l  

be sm a ll compared to  V , and th e  n o n - lin e a r  wake d e fo rm a tio n  e f f e c t s  

may be n e g le c te d . T hat i s ,  th e  v o r te x  sh e e t i s  assumed to  ex tend  un­

a l t e r e d  to  i n f i n i t y ,  p a r a l l e l  to  V , w ith  th e  c r o s s - s e c t io n a l  shape 

o f th e  l i f t i n g  a r c .  These c o n d itio n s  may be ex p ec ted  to  e x i s t  fo r  

most p r a c t i c a l  l i f t i n g  system s w ith  r e l a t i v e l y  sm a ll maximum l i f t  

c o e f f i c i e n t  (Cone [? ]  ) .

N onplanar l i f t i n g  system s have components o f induced  v e lo c i ty ,  

due to  th e  bound v o r te x ,  which a c t  p a r a l l e l  to  th e  f r e e - s tr e a m  ve­

l o c i t y  V ( t h i r d  term  in  e q u a tio n  ( 6 . 1 ) ) ,  thus p rod u c in g  an "induced  

l i f t . "  T h is  i s  in d ic a te d  in  th e  accompanying s k e tc h ,  a f t e r  Cone [? ]  :

However, u nder th e  assum ption  o f  sm all induced v e l o c i t i e s ,  may
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be n e g le c te d  in  com parison w ith  V •

Except as s p e c i f i c a l l y  n o te d , th e  l i n e a r i z in g  assum ptions o f 

sm all induced  v e l o c i t i e s  in  com parison w ith  V and n e g l ig ib le  wake 

d e fo rm a tio n s  w i l l  be used  in  th e  d e r iv a t io n s  below .

Induced V e lo c ity  

R e fe rr in g  to  F ig u re  34 , c o n s id e r th e  v e lo c i ty  induced a t  

p o in t  P (y ,  z) o f  th e  bo u n d -v o rtex  a rc  ( r e p re s e n t in g  th e  channel 

wing) by th e  v o r te x  f i la m e n t em anating from p o in t  P  ̂ ( ^ , ^ ) of th e  

a r c .  The f ila m e n t has  s t r e n g th

.

i s  p a r a l l e l  to  th e  f r e e - s tr e a m  v e lo c i ty  (u n d is to r te d  v o r te x  sh e e t 

as  d is c u s s e d  a b o v e ), and ex ten d s  downstream to  i n f i n i t y .  For t h i s  

c a s e ,  th e  B io t-S a v a r t  Law red u ce s  to

(G la u e rt [lO ] ) ,  w here th e  induced  v e lo c i ty  i s  norm al to  th e  

p la n e  c o n ta in in g  f  and th e  t r a i l i n g  f i la m e n t ,  w ith  d i r e c t io n  as  

g iv en  by th e  r ig h t-h a n d  r u le  fo r  th e  c i r c u l a t i o n  ab o u t th e  f i la m e n t .  

But o n ly  th e  component of induced v e lo c i ty  norm al to  th e  bound- 

v o r te x  a rc  i s  e f f e c t iv e  in  changing  th e  lo c a l  s e c t io n  an g le  o f 

a t ta c k  and th u s  p roducing  induced  d rag :

J<i, =  ^  c o ^ i - r - e )  ■ (6 .3 )

The t o t a l  e f f e c t i v e  induced v e lo c i ty  a t  P due to  th e  e n t i r e  v o rte x



'^n  = ( d c j^  C O s [ r - e )/
tow

F ig u re  3 4 . V e lo c i ty  in d u c ed  a t  p o in t  on ch an n e l w ing l i f t i n g  a r c  by a  t r a i l i n g  v o r te x  f i la m e n t ,



94

sh e e t i s  o b ta in ed  by in te g r a t in g  a long  th e  l i f t i n g  a rc ;

^ k ( y . h )  =  ( - ÿ j j s  ■ (6.4)

L ocal E f f e c t iv e  Angle o f A tta ck  

Due to  th e  f i n i t e  span  o f th e  l i f t i n g  a r c ,  th e  lo c a l  i n c i ­

dence a t  a wing s t a t i o n  i s  reduced  by th e  induced an g le  o f a t t a c k .  

T h e re fo re , th e  lo c a l  a i r f o i l  s e c t io n  e x p e rie n c e s  the  normal fo rc e  

co rresp o n d in g  to  tw o-d im ensional flow  a t  th e  e f f e c t iv e  an g le  o f 

a t t a c k ,

CXo =  0<a -  OC: , (6 .5 )

. (6 . «

see  F ig u re  35. The ap p ro x im atio n  to  i s  c o n s is te n t  w ith  th e  

l i n e a r i z in g  assum ption  made above ( i . e . ,  « V ) -  Note in  F ig u re

35 th a t  b o th  Demand OC^are m easured from th e  r e l a t i v e  w ind, and th a t

OC^and (Xg^are m easured to  th e  z e r o - l i f t  l i n e .

The a b s o lu te  an g le  o f  a t t a c k  (Xg w i l l  be a fu n c tio n  of <f)

fo r  th e  channel w ing. The lo c a l  a i r f o i l  s e c t io n  an g le  o f a t t a c k

OCj. i s  m easured in  th e  r a d i a l  p la n e  a t  th a t  s e c t io n .  R e fe rr in g  to

F ig u re  2 , th e  v e lo c i ty  components in  th e  r a d i a l  p la n e  a r e  (assum ing

an u n tw is te d  wing)

V , =  V (6 .7 )

and
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Z e ro -L if t  L ine

Chord L ine

F lig h t  Path

OC L*C

0(  ̂ = geom etric  a n g le  o f  a t ta c k  m an g le  betw een f l i g h t  p a th  and
chord l i n e  o f  s e c t io n .

an g le  of z e r o - l i f t  l i n e  =  geo m etric  an g le  o f  a t ta c k  fo r  
zero  s e c t io n  l i f t .

(Xq = a b s o lu te  a n g le  o f  a t ta c k  =  an g le  betw een f l i g h t  p a th  and 
zero  l i f t  l i n e .

0(- = induced  an g le  o f  a t ta c k  =  an g le  betw een r e l a t i v e  wind Vg
and f l i g h t  p a th .

0(g ■ e f f e c t iv e  an g le  o f a t ta c k  =  an g le  betw een r e l a t i v e  wind Vg
and z e r o - l i f t  l i n e .

N otes ; A ll an g les  a re  in  th e  p la n e  o f th e  lo c a l  a i r f o i l  s e c t io n ,  

i s  u s u a l ly  a n e g a tiv e  number.

Figure 35. Angles associated with the local airfoil section.
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%. =  V W c ^ c  • (6 .8 )

Then th e  ta n g e n t of th e  a n g le  o f th e  s e c t io n  chord l i n e  i s

0 ( ,  =  V  =  V 'jjU .'K c
V O A  DCc

and th u s

CXl =  ( / G m  OC^ . ( 6 .9)

I f  th e  a i r f o i l  s e c t i o n  i s  cam bered, th e  an g le  of ze ro  l i f t  

must be c o n s id e re d ;

Vl Z e ro -L if t  L ine

Then th e  lo c a l  a b s o lu te  a n g le  o f  a t t a c k  as m easured from th e  s e c t io n  

z e r o - l i f t  l i n e  i s

01* = -  (X t,o

(X* =  À ^ 4 > )  -  (6.10)

( i s  g iv en  in  a i r f o i l  d a ta  as  a n e g a t iv e  number) , and th e  lo c a l

e f f e c t iv e  an g le  o f a t t a c k  becomes

CK. == <*i --  C * i.o  -  ^

C ir c u la t io n

(6 . 11)

By th e  K u tta -Joukow sk i theorem , and w ith  th e  l i n e a r i z a t i o n  

assum ptions d isc u sse d  ab ove , th e  aerodynam ic f o r c e ,  per u n i t  a rc
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le n g th , norm al to  b o th  th e  f re e - s tre a m  v e lo c i ty  and th e  lo c a l  seg ­

ment of th e  l i f t i n g  a rc  i s

t '  =  ?  V « r  s' ,

w h ile  th e  co rre sp o n d in g  fo rc e  p a r a l l e l  to  V i s

(6 . 12)

(6 .1 3 )

The m agnitude o f th e  norm al fo rc e  i n t e n s i t y  i s

f; = fvr = c,(ii v’)c (i) ,

so th a t  th e  c i r c u l a t i o n  i s

r  = c V (6 .1 4 )

The lo c a l  s e c t io n  l i f t  c o e f f i c i e n t  i s

C | — Ao Dig ^

where i s  th e  s e c t io n  l i f t - c u r v e  s lo p e ,

Thus, w ith  e q u a tio n  ( 6 .1 1 ) ,  e q u a tio n  (6 .1 4 ) becomes

r  = ^  V («L- «L.. -

(6 .1 5 )

(6 .1 6 )

Now, s u b s t i tu t in g  e q u a t io n  (6 .4 )  fo r  may w r i te  th e  lo c a l

channel wing c i r c u l a t i o n  as

r =  V - v
-St

(6.17)
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S in ce  d s  a  » we w r i te

( f ) ' - -  ( " p )  -
(6.18)

and

r =_ A ,C V (6 .1 9 )

The v a r ia b le s  T  , Ô > and Y w i l l  be rep la c e d  by use o f  th e  r e l a t i o n s

and

r  = + ( Y -  .

and th e  c o o rd in a te  r e l a t i o n  (Cone [? ]  ) :

+ ( % y  4

( 6 . 20)

(6 . 21)

(6 . 22)

R e fe rr in g  to  F ig u re  34 , i t  i s  seen  th a t
  1

(6 .2 3 )

(6 .2 4 )

‘' M ,

''Y  ' j T T p ^

(6 .2 5 )

(6 .2 6 )
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Then,

( y -  ( )  + ‘* 5 â y C a - ' 2 >

y i  + ( % r  [ C * " 2 V  +  ( y - S ) ' ] ' / :  '

and e q u a tio n  (6 .1 9 ) may be w r i t t e n  as

r  = r«L - “ i..
-  - Î -  Hr\jp

A f u r th e r  tr a n s fo rm a tio n  w i l l  be u s e f u l ,  a s  su g g es ted  by

(6.27)

(6 .2 8 )

B llc k  In  u n p u b lish ed  n o te s .  Again r e f e r r in g  to  F ig u re  34, we n o te  

th a t

Z = R -  y = -Rcdld» (6 .29 )

(6 .3 0 )

= KÀjU(f> , (6 .31 )

and th u s (6 .3 2 )

S u b s t i tu t in g  th e se  e x p re s s io n s  in to  e q u a tio n  ( 6 .2 8 ) ,  we have

r  =_  A .c V
«U  -

w ]  \ ‘‘? y  “

A f te r  some tr ig o n o m e tr ic  m a n ip u la tio n , we a r r iv e  a t
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-  A'CV

*  [ j f j  ‘' f

w here 04^ = OĈ

W ith in  th e  assum ptions d isc u sse d  above , (6 .3 3 ) i s  th e  b a s ic  

e q u a tio n  fo r  th e  lo c a l  c i r c u la t io n  abo u t a channe l wing re p re s e n te d  

by a l i f t i n g  a r c .  Note th a t  th e  chord c may be a fu n c t io n  of ^  i f  

n e c e s s a ry . In  th e  s tu d y  re p o r te d  h e r e in ,  an  approx im ate  s o lu t io n  

o f e q u a tio n  (6 .3 3 ) was o b ta in ed  by u s in g  a c o l lo c a t io n  te ch n iq u e  

w ith  an  assumed i n f i n i t e  s e r ie s  e x p re s s io n  f o r  th e  c i r c u l a t i o n  P  . 

The s o lu t io n  i s  n o t v a l id  in  g e n e ra l n ea r th e  wing t i p s ,  how ever.

A pproxim ate S o lu tio n  

The c i r c u la t io n  d i s t r i b u t io n  i s  assumed to  be a  F o u r ie r  s in e  

s e r i e s  in  (j> , sym m etrica l abo u t th e  wing m idspan, and zero  a t  th e

wing t i p s :

co
=  VR a  A n » n = 1 , 3 , 5 , . . . ,  (6 .34 )

w here o n ly  th e  odd n 's  a r e  r e ta in e d  due to  th e  assum ption  o f sym­

m e try . W ith t h i s  e x p re s s io n , e q u a tio n  (6 .3 3 ) becomes

(6.33)

=  I f  [ « .  -  (x„

. (6 .3 5 )

w here n = 1 , 3 , 5 . . . . The I n te g r a l  i s  e v a lu a te d  in  Appendix B, 

w here i t  i s  shown th a t
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~  (6 .3 6 )

fo r  n = 1 , 3 , 5 , . . . , 

where
K| = 2 i ^ ^ C o t ( ^ ) J  -  2 q «.<^ (6 .3 6 a )

K,=* K*.&- » n=3, 5 , . . . , (6 .36b )

J j = 1Y + 2 (6 .3 6 c )

J^=« + - p ^ A w ( i a - 2 ) ^  , n=3, 5 . . . . (6 .3 6 d )

W ith t h i s  r e s u l t ,  eq u a tio n  (6 .3 5 ) may be w r i t t e n  a s

^ , * " 1 ' ° ^ ' ' *  + ( ^ ^ )  j C ^ n # )  J ,  -  ( c » * r t ^ ) K „ j |

=  ( ^ ) K ( t - 3 7 )

where n  = 1 , 3 , 5 , . . .

0 (^=  D(g A vv\

E q u a tio n  (6 .3 7 ) d e te rm in e s  th e  c o e f f i c i e n t s  A in  th e  s e r i e s
n

w
=  V R &  Ay, , n = l ,3 ,5 ,  . . . ;  (6 .3 8 )

n«i

how ever, s in c e  Kj (e q u a tio n  (6 .3 6 a ) )  i s  i n f i n i t e  a t  ^  =  O , IT ,
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e q u a tio n  (6 .3 7 ) i s  no t in  g e n e ra l  v a l id  a t  th e  wing t i p s .  By p ro p er 

s e l e c t io n  of th e  c o l lo c a t io n  p o in t s  fo r  e v a lu a tio n  o f e q u a tio n

( 6 .3 7 ) ,  a s  d e sc r ib e d  below , i t  was found p o s s ib le  to  av o id  d i f f i ­

c u l ty  w ith  th e  wing t i p  s i n g u l a r i t y ,  and u se  e q u a tio n s  (6 .3 7 ) and

(6 .3 8 ) to  e s tim a te  th e  l i f t  and induced  drag  o f  ch an n e l w in g s. A lso , 

i f  th e  problem  i s  such th a t  th e  chord  d i s t r i b u t i o n  in  th e  v i c i n i t y

o f th e  wing t i p s  i s  a t  th e  d i s c r e t i o n  o f th e  in v e s t i g a t o r ,  th e  t i p  

re g io n  p lanform  may be chosen  such  th a t  th e  s in g u la r i t y  in  e q u a tio n  

(6 .3 7 )  i s  removed. T h is i s  d em o n stra ted  in  a su b seq u en t s e c t io n  o f  

t h i s  c h a p te r .

For th e  m ajor p a r t  o f th e  s tu d y  re p o r te d  h e r e in ,  o n ly  chan­

n e l  w ings w ith  r e c ta n g u la r  p ro je c te d  p lan fo rm s (and th u s  sq u are  

t i p s )  w ere c o n s id e re d , s in c e  i t  i s  b e lie v e d  th a t  t h i s  i s  th e  most 

l i k e l y  form  which m igh t be en co u n te red  in  p r a c t i c e .  For t h i s  c a s e ,  

th e  chord  c i s  c o n s ta n t ,  and e q u a tio n  (6 .3 7 ) i s  in v a l id  a t  th e  wing 

t i p s .  However, t h i s  s i n g u la r i t y  d id  n o t d e s tro y  th e  v a lu e  o f th e  

c h an n e l wing l i f t i n g  a rc  th e o ry  f o r  e s t im a tin g  th e  l i f t  and Induced 

d rag  fo r  t h i s  c a s e ,  s in c e  th e  c o l lo c a t io n  p o in ts  w ere p la c e d  w e ll 

away from  th e  wing t i p s .

The d iv e rg e n ce  o f Kj a t  0 , 1T le a d s  to  a m ore s e r io u s  

d i f f i c u l t y  in  th e  induced v e l o c i ty .  The l a t t e r  i s  g iv e n  by th e  

n e g a t iv e  o f  th e  r i g h t  hand s id e  o f  e q u a tio n  (6 .3 6 ) :
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, (6.39)

as may be seen  by com paring e q u a tio n s  ( 6 .1 6 ) ,  (6 .3 3 ) ,  ( 6 .3 5 ) ,  and

( 6 .3 6 ) .  I t  i s  seen  in  e q u a tio n  (6 .3 9 ) th a t  th e  Induced v e lo c i ty  i s  

i n f i n i t e  when K| i s  i n f i n i t e ;  th a t  i s ,  a t  0 , f f .  As shown below , 

th i s  m a th em a tic a l s in g u la r i ty  in  th e  induced v e lo c i ty  e x p re s s io n  i s  

no t c a r r i e d  o v e r in to  th e  induced d rag  c a lc u la t io n .  However, i f  

one i s  in t e r e s te d  in  in v e s t ig a t in g  th e  ch an n e l wing induced v e lo c i ty  

d i s t r i b u t i o n ,  th e  t i p  re g io n  m ust be av o id e d , o r a rounded ( in  p la n -  

form) t i p  assumed as d isc u sse d  in  a  su bsequen t s e c t io n  o f t h i s  

c h a p te r .

C o llo c a t io n  Method

E q u a tio n  (6 .3 7 ) d e te rm in e s  th e  c o e f f i c i e n t s  A in  th e  in -
n

f i n i t e  s e r i e s  ( 6 .3 8 ) ,  b u t s in c e  A*, A ,, Ag, . . . d e c re a se  r a p id ly  

in  m ag n itu d e , i t  i s  s u f f i c i e n t  to  r e t a i n  on ly  th e  f i r s t  few c o e f­

f i c i e n t s .  G la u e r t [lO ] , in  h i s  c l a s s i c a l  approx im ate s o lu t io n  fo r  

p la n a r  w in g s , which used an approach  s im i la r  to  th e  p re s e n t  channel 

wing s o lu t i o n ,  recommended r e t e n t io n  o f  th e  f i r s t  th re e  o r fo u r  co­

e f f i c i e n t s .  R e te n tio n  o f th e  f i r s t  f iv e  c o e f f i c ie n t s  was th e  p r in ­

c ip a l  c h o ic e  f o r  th e  p re s e n t  s tu d y , a lth o u g h  th e  e f f e c t  o f  th e  number 

of c o e f f i c i e n t s  used was in v e s t ig a te d ,  a s  d e sc r ib e d  below . To de­

te rm in e  m c o e f f i c i e n t s ,  m s im u ltan eo u s  e q u a tio n s  a re  r e q u ir e d ,  and 

th e se  e q u a tio n s  a re  o b ta in e d  by e v a lu a tin g  e q u a tio n  (6 .3 7 ) f o r  m 

d i f f e r e n t  v a lu e s  o f ÿ  a long  th e  ch an n e l wing l i f t i n g  a r c .  The



104

wing l i f t  d i s t r i b u t i o n  i s  assumed to  be sym m etrica l abou t th e  c e n te r -  

l i n e ;  t h e r e f o r e ,  on ly  p o in t s  in  th e  ran g e  <|> < 90* need be con­

s id e r e d .  S in ce  e q u a tio n  (6 .3 7 ) i s  n o t v a l id  a t  th e  wing t i p ,  ^  = 0 

shou ld  n o t be chosen  as  one o f th e  p o in t s  to  e v a lu a te  e q u a tio n

( 6 .3 7 ) .  These c o n s id e ra t io n s  le d  to  e v a lu a tio n  o f e q u a tio n  (6 .3 7 ) 

a t  th e  p o in ts  (when f iv e  c o e f f i c i e n t s  a r e  d e s ire d )  <P = 18", 3 6 " ,

54*, 72*, and 90*, th u s  y ie ld in g  f iv e  e q u a tio n s  fo r  th e  f iv e  un­

knowns, Aj^, A^, Ag, Ay, and Ag. E v a lu a tio n  o f th e  c o e f f i c i e n t s  o f  

th e  s im u ltan e o u s  e q u a t io n s ,  and s o lu t io n  o f  th e  e q u a tio n s  to  f in d  

th e  A ^ 's ,  was perform ed by th e  d i g i t a l  com puter program  developed  

to  m echanize th e  channel w ing l i f t i n g - a r c  th e o ry . The program  i s  

d e sc r ib e d  in  C hap ter V II.

C hannel Wing L i f t  

The ch an n e l wing c i r c u l a t i o n  d i s t r i b u t i o n  f o r  th e  sym m etri­

c a l  l i f t  c a se  i s  g iv en  by e q u a tio n  (6 .3 8 ) :

(6 .4 0 )

w here th e  A 's  a r e  d e te rm in ed  f o r  th e  p a r t i c u l a r  wing and a n g le  o f  

a t t a c k  a s  d e s c r ib e d  above. Then th e  norm al fo rc e  p e r  u n i t  span i s

(6 .4 1 )

The t o t a l  ch an n e l wing l i f t  i s  o b ta in e d  by in te g r a t i n g  th e  v e r t i c a l  

component o f  a lo n g  th e  w ing:
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. i f

L = ^  V ' + A, . 6 ^  3 ^  + . . . j  . (6 .42 )

But i t  i s  a w ell-know n r e s u l t  from in t e g r a l  c a lc u lu s  th a t

( — f  *
i  ^ 0 , n = 2 , 3 , 4 , 5 , . . . ;

th e r e f o r e ,

L  *  T  <5 V* R* A t  . (6 .4 3 )

The dependence o f  th e  channel wing l i f t  s o le ly  on th e  f i r s t  c o e f­

f i c i e n t  A | p a r a l l e l s  G la u e r t 's  [lO ] approx im ate  s o lu t io n  fo r  th e  

p la n a r  w ing .

In  c o e f f i c i e n t  form b ased  on th e  p ro je c te d  wing a re a  S = 2Rc,

C|_ — 2 ^  R  A j • (6 .4 4 )

As in  C h ap ter I ,  th e  a sp e c t r a t i o  o f th e  channel wing i s  d e f in e d  as

1 5 L
Z R c  G

so th a t  th e  ch an n e l wing l i f t  c o e f f i c i e n t  i s

C c  =  %  M  A | . (6 .4 5 )

The l i f t  c o e f f i c i e n t  i s  n o t a c tu a l ly  a  l i n e a r  fu n c tio n  o f  a s p e c t  

r a t i o ,  s in c e  A^ i s  a  fu n c tio n  o f A .

Channel Wing Induced Drag 

The m agnitude o f th e  fo rc e  a c t in g  on th e  ch an n e l w ing , due

to  th e  induced  v e lo c i ty ,  in  th e  d i r e c t i o n  of th e  f r e e - s tr e a m
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v e lo c i ty  i s

fÇ =  r* (6 .4 6 )

p e r u n i t  a rc  le n g th  (se e  e q u a tio n  ( 6 .1 3 ) ) .  The c i r c u l a t i o n  P  i s  

re p re s e n te d  by eq u a tio n  ( 6 .3 8 ) ,  w h ile  th e  induced v e lo c i ty  I s  

g iv en  by e q u a tio n  (6 .3 9 ) .  Thus e q u a tio n  (6 .46) becomes

I; '  = S J„ -  Cco>4.K<̂ ) kJ

(6 .4 7 )

The t o t a l  channel wing induced  d rag  i s  o b ta in e d  by i n t e ­

g r a t in g  a lo n g  th e  wing from t i p  to  t i p :

D i =

«0 1 
• d(f> , (6 .4 8 )

J

w here n = 1 , 3 , 5 , . . . , and m "  1 , 3 , 5 , . . . , and and

a re  g iv e n  by e q u a tio n s  (6 .3 6 a ) th ro u g h  (6 .3 6 d ) . The in te g ra n d  in

e q u a tio n  (6 .4 8 )  appears to  have a  s in g u la r i ty  a t  (^ = O  , TT due

to  Kj ( s e e  e q u a tio n  (6 .3 6 a ))  b e in g  i n f i n i t e  a t  th o se  p o in t s ,  as

d is c u s s e d  above . However, i t  may be seen  in  e q u a tio n  (6 .4 8 ) th a t
«

i s  m u l t ip l ie d  by ^  wi (ft , y ie ld in g  te rm s of

th e  form

( a Â«̂  w\ ,

w hich i s  in d e te rm in a te  a t  ^  a  O , TT , s in c e  m i s  an in t e g e r .
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R ew ritin g  as

i» 9
C a c  »VI < f>

and a p p ly in g  L ’H o p ita l’s  R u le , we w r i te

Aw A*(.cf _  AU. -

—  <l>

Z  M CedLht  ̂Cel ^  ^

—  ü«»  W<14̂
—  ^ -fcO ,ir  ^  C«rlW l(^ a î h ^

A nother a p p l ic a t io n  o f L 'H ô p i t a l ' s  Rule y ie ld s  

AJw» ^ ( c g t   2 m

_  A m  2m<^
"" f-»0,Tf CoKM^ CeAÿ + MC*l(k1+i)ÿ —

_  iû«*   A m  2
( j _  wt)(c«AMt^Ca4.^)+ MCaA(M+i)(^

=  0  • (6 .5 0 )

Thus th e  second  term  in  e q u a tio n  (6 .4 8 ) i s  ze ro  in  th e  l i m i t  as ^  

app ro ach es  z e ro  o r Tf , th e  in te g ra n d  i s  n o t i n f i n i t e  a t  th e  wing 

t i p s ,  and th e  induced d rag  i s  f i n i t e .

The i n t e g r a l  o f e q u a tio n  (6 .4 8 )  was e v a lu a te d  in  a  su b ro u tin e  

o f  th e  a fo rem en tio n ed  d i g i t a l  com puter program  fo r  ch an n e l w ings.

The n u m e ric a l q u a d ra tu re  used  i s  a  m o d ified  t r a p e z o id a l  r u l e  m ethod.

The p a r t i c u l a r  v a lu e  o f th e  i n t e g r a l  i s ,  o f c o u rs e ,  a  fu n c t io n  o f
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th e  wing p a ram e te rs  and th e  ang le  o f a t t a c k ,  through th e  F o u r ie r

c o e f f i c ie n t s  A .
n

I f  th e  i n t e g r a l  in  e q u a tio n  (6 .4 8 ) i s  d e s ig n a te d  by ,

then

D ;  =  ^  L  :

or

“  l i f e  ■  ï f e r  I "  (*-52)

in  c o e f f i c i e n t  fo rm , based  on Sç,= 2Rc. Now, i f  th e  induced d rag  co­

e f f i c i e n t  i s  d e f in e d  as

cl
Cm, =  — - r V  . (6 .5 3 )I TT e A

where Q i s  c a l l e d  th e  span e f f ic ie n c y  f a c t o r ,  th en

cl  _  AL T
Tt e Pk u  1Y ®

c !e = Ife -̂1 j  . (6 .5 4 )

S u b s t i tu t in g  e q u a tio n  (6 .4 5 ) f o r  , th e  ch an n e l wing span  e f f ic ie n c y  

f a c to r  i s

t f '  t
6  =  I  A j  • (6 .5 5 )

*0
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Channel Wing P r o f i l e  Drag 

The p r o f i l e  drag c o e f f i c ie n t  o f  any wing may be re p re s e n te d

as

(6 .5 6 )

A bbott and von Doenhoff [ l8 ]  , where i s  th e  lo c a l  ( tw o-d im ensional) 

s e c t io n  d rag  c o e f f i c i e n t ,  and i s  th e  wing c u r v i l in e a r  sem ispan 

(s e e  F ig u re  3 4 ) . Now i s  o b ta in ed  e x p e r im e n ta lly  fo r  i n f i n i t e  

a s p e c t r a t i o  c o n d i t io n s ;  th e r e f o r e ,  a s t r i p - t h e o r y  summation p ro ­

ced u re  i s  r e q u ire d  fo r  e v a lu a tio n  o f e q u a tio n  (6 .5 6 ) .  For th e  chan­

n e l w ing, th e  lo c a l  s t r i p  i s  an  elem ent o f  a rc  le n g th ;

Co, ^  C,J Cj , o" 5  *  5 9 0 \  (6 .57 )

w here th e  sym m etrica l case  has been assum ed. S ince  a c o n s ta n t-c h o rd  

channe l wing i s  c o n s id e re d  h e re ,

2
“  (trRc) ( R : )

C , ,  =  &  ^  C-4i (-^<»)j . o '  £  S  90* . (6 .58 )

Note t h a t  (A  <|>)j h e re  m ust be in  r a d ia n s .

E x te n s iv e  d a ta  on th e  ex p e rim e n ta l tw o-d im en sio n a l ch a ra c ­

t e r i s t i c s  o f a la rg e  number o f a i r f o i l  s e c t io n s  have been o b ta in ed  

by th e  NACA ( e . g . ,  A b b o tt, von D oenhoff, and S t iv e r s  [ l 9 ]  ) .  Typi­

c a l l y ,  s e c t io n  d rag  d a ta  a re  p lo t te d  a s  a fu n c tio n  of s e c t io n  l i f t  

c o e f f i c i e n t ;  th u s  s e c t io n  d rag  c o e f f i c i e n t  i s  a  fu n c tio n  o f th e  

lo c a l  e f f e c t i v e  an g le  o f a t t a c k ,  w hich i s
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K ,  =  -  CX^.. -  ^  • (6 .1 1 )

R e c a llin g  e q u a tio n s  (6 .9 )  and (6 .3 9 ) ,  we f in d  th a t  e q u a tio n  (6 .1 1 ) 

becomes

- i
(Xo =

+  J n j  » (6 .5 9 )

where K and J  a r e  g iv en  by e q u a tio n s  (6 .3 6 a ) th rough  (6 .3 6 d ) . 
n o

Assuming a l i n e a r  l i f t - c u r v e  s lo p e  fo r  norm al an g le s  of a t t a c k ,  th e  

lo c a l  s e c t io n  l i f t  c o e f f i c i e n t  i s

c ,  =  (■Ælw.cx.

+  |(C * ^ W I^ )K »  -  • (6 .6 0 )

Only th e  odd n 's  a re  r e ta in e d ,  s in c e  th e  sym m etrica l c ase  has been 

assum ed. E q u a tio n  (6 .6 0 ) was e v a lu a te d  by th e  channe l wing d i g i t a l  

com puter p rogram . C hapter V II , u s in g  th e  F o u r ie r  c o e f f i c i e n t s  

de term ined  by th e  program .

The channe l wing l i f t  and d rag  com puter program , C hap ter V II , 

a c c e p ts  as  in p u t a ta b le  o f a i r f o i l  s e c t io n  l i f t  and drag  c o e f f i c ie n t s  

f o r  th e  p a r t i c u l a r  wing b e ing  c o n s id e re d . Then v a lu e s  of lo c a l  se c ­

t io n  C| ( c a lc u la te d  w ith  e q u a tio n  (6 .6 0 ))  a re  used to  e n te r  th e  a i r ­

f o i l  s e c t io n  d a ta  t a b le ,  th e  o u tp u ts  being  v a lu e s  o f lo c a l  s e c t io n  

Ci f o r  u se  in  e q u a tio n  ( 6 .5 8 ) .  As d is c u s s e d  above, Kj becomes 

i n f i n i t e  a t  th e  wing t i p s ;  how ever, t h i s  p re s e n ts  no d i f f i c u l t y  in
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e v a lu a tin g  e q u a tio n  ( 6 .6 0 ) ,  s in c e  and Cjj a re  e v a lu a te d  a t  th e  

c e n te r  of ( A j  .

Channel Wing T o ta l Drag 

The p r o f i l e  d rag  fo r  any n o n p la n a r wing must be based  on th e  

t o t a l  wing a r e a  r a t h e r  th an  p ro je c te d  wing a r e a ,  s in c e  p r o f i l e  d rag  

i s  composed o f  s k in  f r i c t i o n  and p re s s u re  d ra g . T h is was done above 

in  d e r iv in g  th e  ch an n e l wing p r o f i l e  d ra g :

D. =  <j(irRc)C,_, . (6 .6 1 )

However, i t  i s  c o n v e n ie n t to  b ase  t o t a l  ch an n e l wing l i f t  and drag  

on p ro je c te d  wing a r e a .  For t h i s  p u rp o se , th e  t o t a l  channe l wing 

drag i s  w r i t t e n  a s

c -  -5s. + c -  -î M £ 2 c + clC» -  S  -  iiZRc) ‘'■>0 *

g»

Co = T  Co, + > (6 -62)

w here i s  g iv e n  by e q u a tio n  (6 .5 8 ) and e  by e q u a tio n  ( 6 .5 5 ) ,  b o th  

o f w hich a r e  e v a lu a te d  by th e  ch an n e l wing l i f t  and d rag  com puter 

program . C hap ter V II .

L im ita t io n s  o f  L i f t in g  L in e  T h eo rie s  

The b a s ic  id e a  o f l i f t i n g  l i n e  th e o ry  i s  th a t  a s t a t io n a r y  

tw o-d im ensional l i n e  v o r te x  in  a moving s tream  i s  th e  e q u iv a le n t  o f 

a tw o-d im en sio n a l wing w ith  c i r c u l a t i o n  in  o th e rw ise  uniform  flow . 

T h is  c o n c lu s io n  (K uethe and S c h e tz e r  [z ]  ) i s  based  on th e  tw in
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n o tio n s  th a t  (1) a  u n i t  le n g th  o f a l i n e  v o r te x  s t a t i o n a r y  w ith  

r e s p e c t  to  th e  g e n e ra l  flow  e x p e rie n c e s  a fo rc e  o f m agn itude 

in  a d i r e c t io n  p e rp e n d ic u la r  to  b o th  V and th e  l i n e  v o r te x ,  and (2) 

th e  l i f t  fo rc e  e x p e rien ced  by a u n i t  span  of a c y l in d e r  o f any c ro s s  

s e c t io n  i s  d i r e c te d  p e rp e n d ic u la r  to  V and th e  c y l in d e r  a x is

( th e  K u tta -Joukow sk i th e o re m ). The f i r s t - o r d e r  e f f e c t  o f  f i n i t e  

wing span  i s  to  red u ce  th e  lo c a l  s e c t io n  in c id e n c e  by an  induced  

an g le  o f a t t a c k .  T h e re fo re ,  th e  (tw o -d im en sio n a l) K u tta -Jo u k o w sk i 

theorem  may be used  in  th e  f i n i t e  wing c a se  by sim p ly  assum ing t h a t  

th e  fo rc e  e x p e rien ced  by th e  lo c a l  s e c t io n  i s  th e  same a s  would be 

f e l t  by a s e c t io n  o f  an  i n f i n i t e  wing s e t  a t  an  a n g le  o f a t t a c k  

eq u a l to  th e  g eo m e tric  a n g le  reduced  by th e  induced  a n g le .  T h is  

assum ption  has been  i n t e g r a l  to  f i n i t e - s p a n  l i f t i n g  l i n e  a n a ly s i s  

s in c e  th e  l e t t e r ' s  fo u n d a tio n  by P r a n d t l ;  how ever, th e  f i r s t - o r d e r  

e f f e c t  o f f i n i t e  sp an  has been  d e r iv e d  fo rm a lly  by A shley and 

L andahl [20] , who exam ined th e  m atched in n e r  and o u te r  s o lu t io n s  

a s s o c ia te d  w ith  th e  p ro c e s s  0  a t  f ix e d  span  (w here i s

in v e rs e ly  p ro p o r t io n a l  to  a s p e c t r a t i o ) , o f th e  e q u a tio n

^  +  i ?  =  0 .

assum ing th a t  M# = 0 and th e  wing th ic k n e s s ,  a n g le  o f  a t t a c k ,  and 

camber a re  s m a ll.

T h is  app roach  to  th e  f i n i t e  span  problem , w hich was used  in  

d e r iv in g  th e  ch an n e l wing l i f t i n g  a rc  th e o ry , m igh t ap p ea r to  be in ­

a p p l ic a b le  a t  low a s p e c t  r a t i o s .  On th e  c o n t ra ry ,  how ever, i t  has
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been found to  y ie ld  rem arkab ly  good r e s u l t s  f o r  wing l i f t  and induced 

d rag  down to  a s p e c t  r a t i o  of u n i ty .  For exam ple, th e  r e s u l t s  o f 

u s in g  f i n i t e - s p a n  l i f t i n g  l i n e  th e o ry  to  c o r r e l a t e  e x p e rim e n ta l l i f t  

and drag  d a ta  f o r  w ings of a s p e c t r a t i o  one th ro u g h  seven  a r e  p re ­

se n te d  in  F ig u re  7-5  o f Ashley and Landahl [20] , where th e  d a ta  

a r e  shown to  c o l la p s e  to  a s in g le  l i f t  cu rve  and a  s in g le  d rag  c u rv e , 

w ith in  th e  e x p e rim e n ta l acc u racy .

A lthough l i f t i n g  l i n e  th e o ry  y ie ld s  u s e f u l  r e s u l t s  f o r  t o t a l  

l i f t  and induced d rag  even fo r  w ings o f  low a s p e c t  r a t i o ,  Jo rd an  [2 lJ  

a s s e r t s  th a t  n e i th e r  l i f t i n g  l i n e  th e o ry  no r app ro x im ate  ( c o l lo c a t io n  

m ethods) l i f t i n g  s u r f a c e  th e o ry  can be  c o n s id e re d  r e l i a b l e  f o r  s tu d ie s  

o f downwash d i s t r i b u t i o n  in  th e  v i c i n i t y  o f th e  wing t i p ,  f o r  w ings 

o f  any a sp e c t r a t i o .  J o rd a n 's  c o n c lu s io n  stem s from h is  s tu d y  of 

th e  c i r c u l a r  p lan fo rm  (p la n a r )  w ing , f o r  which he o b ta in e d  an e x a c t 

s o lu t io n  fo r  th e  p re s s u re  d i s t r i b u t i o n  and th u s  was a b le  to  ac ­

c u r a te ly  c a l c u la te  th e  downwash d i s t r i b u t i o n .  I t  was found th a t  

th e  d i s t r i b u t i o n  changes s ig n ,  go ing to  a  l a r g e  n e g a t iv e  downwash 

( i . e . ,  upwash) i n  th e  v i c i n i t y  o f th e  wing t i p .  Jo rd a n  s t a t e s  t h a t ,  

q u a l i t a t i v e l y ,  th e  same downwash d i s t r i b u t i o n  w i l l  be v a l id  f o r  

o th e r  wing p la n fo rm s , and t h a t ,  c o n se q u e n tly , e l l i p t i c  span lo a d in g  

i s  in v a l id  in  th e  t i p  re g io n . He a ls o  found th a t  th e  u se  o f a p p ro x i­

m ate m ethods, such a s  l i f t i n g  l i n e  a n a l y s i s ,  to  c a l c u l a t e  th e  down- 

wash d i s t r i b u t i o n  from th e  e x a c t l i f t  d i s t r i b u t i o n  (o f th e  c i r c u l a r  

wing) le a d s  to  a d iv e rg e n c e  to  I n f i n i t e  upwash a t  th e  wing t i p .  The 

c o n c lu s io n s  o f  Jo rd a n  c a s t  doubt on th e  v a l i d i t y  o f  th e  c a lc u la te d
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ch an n e l wing downwash d i s t r i b u t i o n  in  th e  t i p  re g io n , a s  o b ta in e d  

below  in  th e  s e c t io n  o f t h i s  c h a p te r  on th e  rounded p lanform  wing 

t i p .

Convergence o f th e  Approxim ate S o lu tio n

A fo rm al p roof o f th e  convergence of th e  approx im ate  s o lu t io n  

f o r  th e  channel wing l i f t i n g  a rc  was deemed n o t p o s s ib le ,  s in c e  th e  

fu n c tio n  to  be  re p re se n te d  by th e  i n f i n i t e  s e r ie s  i s  n o t known, b u t 

r a th e r  i s  th e  q u a n t i ty  so u g h t. However, a p r a c t i c a l  in d ic a t io n  of 

convergence o f th e  s o lu t io n  was d e s i r e d ,  e s p e c ia l ly  in  view  o f th e  

d iv e rg e n ce  of K, (e q u a tio n  (6 .3 6 a ) )  a t  ^  = 0,1T . T h e re fo re ,  th e  

convergence o f th e  c a lc u la te d  c i r c u l a t i o n  and induced v e lo c i ty  

th ro u g h o u t a la rg e  sweep o f  th e  number o f  F o u r ie r  c o e f f i c i e n t s  

was in v e s t ig a te d .

For th e  convergence s tu d y , th e  channel wing com puter program  

d e sc r ib e d  in  C hapter V II was m o d ified  to  i t e r a t e  on th e  number o f 

c o e f f i c i e n t s  A^ r e ta in e d ;  t h a t  i s  on th e  number o f (e q u a l ly  spaced) 

c o l lo c a t io n  p o in ts  a long  th e  l i f t i n g  a rc  ( O < (^ S  90* ) .  C a lc u la te d  

v a lu e s  fo r  c i r c u la t io n  and Induced v e lo c i ty  fo r  a  ty p i c a l  c a s e  a re  

p re se n te d  in  T ab le  4 . I t  may be seen  th a t  th e  l i f t i n g  a rc  s o lu t io n  

i s  s ta b l e  and convergen t th ro u g h  f o r t y - f i v e  c o e f f i c i e n t s .  T h is  a re a  

o f convergence r e p re s e n ts  a w ide m arg in , s in c e  f iv e  c o e f f i c i e n t s  p ro ­

v id e d  s u f f i c i e n t  accu racy  f o r  th e  s tu d ie s  re p o r te d  h e r e in .  The 

number o f A ^ 's  used had l i t t l e  e f f e c t  on th e  channel wing c i r c u l a ­

t i o n  d i s t r i b u t i o n ,  a s  shown in  F ig u re  36 . An example o f  th e  v a r i a ­

t i o n  o f  c a lc u la te d  channe l w ing l i f t  and d rag  w ith  th e  number o f
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TABLE 4

CALCULATED CHANNEL WING* CIRCULATION AND INDUCED VELOCITY 
AS A FUNCTION OF NUMBER OF FOURIER COEFFICIENTS RETAINED

Number o f F o u r ie r f a  \
C o e f f ic ie n ts WR eta in ed At ♦  -  45* \  • / At ^  = 45* V

3 0.8022
0.0059

0.06656
0.0069

5 0.8081
0.0075

0.06725
-0 .0027

7 0.8156
0.0011

0.06698
0.0012

9 0.8167
0.0022

0.06710
-0 .0 0 0 9

11 0.8189
0.0004

0.06701
0.0004

13 0.8193
0.0009

0.06705
-0 .0003

15 0.8202
0.0002

0.06702
0.0001

17 0.8204
0.0005

0.06703
-0 .0 0 0 2

19 0.8209
0.0001

0.06701
0.0001

21 0.8210
0.0004

0.06702
-0 .0 0 0 1

23 0.8214
0.0000

0.06701
0.0001

25 0.8214
0.0002

0.06702
-0 .0001

27 0.8216
0.0001

0.06701
0.0000

29 0.8217
0.0001

0.06701
-0 .0001

31 0.8218
0.0001

0.06700
0.0001

33 0.8219
0.0001

0.06701
-0 .0001

35 0.8220
0.0000

0.06700
0.000

37 0.8220
0.0001

0.06700
0.000

39 0.8221
0.0000

0.06700
0.000

41 0.8221 0.06700

43
0.0001 0 .000

0 .000
0.8222

0.0000
0.06700

45 0.8222 0.06700

* ^ - 1 . 0  M odel, NACA 4412, d ,  « 0 .0 9 5 /d e g re e , OC -  6*



45 coefficients

1 .0

0.8  •

0.6  •

C o n e 's  Optimum /  
C i r c u la t i o n  D i s t r i b u t io n

1.0
NACA 4412, O . -  0 .096/D eg

a>0 .4  * '

0 .2  ■

0.8 1.00 .90.6 0 .70.2 0 .3 0 .4 0 .50 0.1

F ig u re  36 . E f f e c t  o f  number o f  F o u r ie r  c o e f f i c i e n t s  r e ta in e d  on c h a n n e l w ing c i r c u l a t i o n  
d i s t r i b u t i o n .
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c o e f f i c i e n t s  r e ta in e d  i s  shown in  F ig u re s  37 and 38 . A lthough th e  

d rag  cu rves f o r  on ly  th r e e  th rough  s ix  c o e f f i c ie n t s  a r e  p lo t te d  in  

F ig u re  38, th e  d rag  cu rv es  th ro u g h  f o r ty - f iv e  c o e f f i c i e n t s  f a l l  

w ith in  th e  envelope shown.

M ajor W illiam  A. E dg ing ton  o f th e  US A ir F orce  Academy i s  

p r e s e n t ly  engaged in  a g e n e ra l  s tu d y  o f l i f t i n g - l i n e  a n a ly s is  of 

n o n p lan ar w ings. In  a  p r iv a t e  com m unication w ith  th e  a u th o r .

M ajor Edgington d is c u s se d  th e  r e s u l t s  o f h is  c a lc u la t io n  o f  c i r c u ­

l a t i o n  d i s t r i b u t i o n  fo r  s e v e ra l  c o n s ta n t-c h o rd  n o n p lan a r w ings w ith  

e l l i p t i c a l  spanw ise c u rv a tu r e ,  in c lu d in g  a s e m i-c ir c u la r  (ch an n e l)  

w ing. E dgington found th a t  i f  a  c o l lo c a t io n  p o in t  i s  p la ced  too  

c lo s e  to  th e  wing t i p ,  th e  c a lc u la te d  c i r c u l a t i o n  d i s t r i b u t i o n  ex­

h i b i t s  e x c e ss iv e  o s c i l l a t i o n .  For a c o l lo c a t io n  p o in t  a t  th e  wing 

t i p ,  th e  s o lu t io n  i s  d iv e rg e n t ,  a s  was found in  th e  s tu d y  re p o r te d  

h e r e in .  E dgington found th a t  th e  c o l lo c a t io n  p o in t  s e p a ra t io n  

(from  th e  wing t i p )  r e q u ire d  to  o b ta in  a  smooth c i r c u l a t i o n  d i s ­

t r i b u t io n  v a r ie d  w ith  th e  e c c e n t r i c i t y  o f th e  span  c u rv a tu r e .  For 

th e  c a se  co rresp o n d in g  to  th e  ch an n e l w ing , th e  minimum a n g u la r  

s e p a ra t io n  a llo w a b le  a p p e a rs  to  be  betw een 0 .100  and 0 .025  r a d ia n s .  

The u se  o f a maximum of f o r t y - f i v e  F o u r ie r  c o e f f i c i e n t s ,  y ie ld in g  

a s e p a ra t io n  betw een th e  wing t i p  and th e  f i r s t  c o l lo c a t io n  p o in t  

o f 0 .035  r a d ia n s ,  in  th e  s tu d y  d e s c r ib e d  above was m ere ly  f o r t u i ­

to u s ,  s in c e  th e  ch o ice  was made b e fo re  th e  a u th o r became aw are of 

M ajor E d g in g to n 's  work.

The r e s u l t s  d isc u sse d  above in d ic a te  th a t  th e  ch an n e l wing 

l i f t i n g  a rc  s o lu t io n  g iv e n  by e q u a tio n s  (6 .37 ) and (6 .3 8 )  i s
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F ig u re  3 7 . E f fe c t  o f  number o f  F o u r ie r  c o e f f i c i e n t s  r e ta in e d  on 
p re d ic te d  l i f t  o f  a  channel w ing.
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co nvergen t a t  l e a s t  th rough  th e  range  of f o r t y - f i v e  F o u r ie r  co e f­

f i c i e n t s .  U lt im a te ly ,  how ever, th e  s o lu t io n  would d iv e rg e  a s  th e  

number o f c o e f f i c i e n t s  i s  in c re a se d  so a s  to  cau se  th e  f i r s t  c o l­

lo c a t io n  p o in t  to  approach  too  c lo se  to  th e  wing t i p .

Rounded P lanform  Wing T ip  

The m a jo r i ty  o f th e  channe l wing s tu d y  was devoted  to  con­

s t a n t  chord  channe l w ings becau se  i t  was f e l t  t h a t  t h i s  would be th e  

p lanform  s e le c te d  in  a c tu a l  p r a c t i c e .  However, th e  p ro p er ch o ice  of 

a rounded wing t i p  was found to  be u s e fu l  f o r  in v e s t ig a t in g  th e  t i p  

r e g io n ,  s in c e  th e  Kj term  (s e e  eq u a tio n  (6 .3 6 a ) )  in  e q u a tio n  (6 .3 7 ) 

i s  i n f i n i t e  a t  ^  = 0,'Tf f o r  th e  r e c ta n g u la r  w ing t i p .  C onsider th e  

chord d i s t r i b u t i o n

C =  Co , (6 .6 3 )

where c* and k a re  c o n s ta n ts .  S u b s t i tu t io n  o f t h i s  r e l a t i o n  in  

e q u a tio n  (6 .3 7 ) y ie ld s  te rm s o f th e  form

Now i f  k i s  an in t e g e r ,  t h i s  i s  e x a c tly  th e  same form a s  th a t  which 

was shown above in  th e  induced  d rag  d is c u s s io n  to  be  f i n i t e  even a t  

0 ,7 f  . T h e re fo re , th e  chord d i s t r i b u t i o n  g iv e n  by eq u a tio n

(6 .6 3 )  a llo w s  e v a lu a tio n  o f  e q u a tio n  (6 .3 7 ) in  th e  t i p  re g io n . How­

e v e r ,  i t  i s  n o t p r a c t i c a l  to  e v a lu a te  (6 .3 7 ) e x a c t ly  at (f) = 0, 

s in c e  in  th a t  c a se  th e  e q u a tio n  i s  id e n t i c a l l y  z e ro .

The c o n s ta n t k in  e q u a tio n  (6 .6 3 ) i s  de te rm in ed  from con­

s id e r a t io n s  o f th e  s iz e  o f th e  rounded t i p  r e g io n  d e s i r e d .  At th e
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ju n c t io n  o f  th e  t i p  and th e  c o n s ta n t chord p o r t io n  o f th e  ch an n e l 

w ing, c = c , , r e q u ir in g  th a t  s in (k ^ )=  1 , o r  k ^  = fC /2. L et th e  

t i p  re g io n  c u r v i l in e a r  span  be VR ,

T ip Region 
C u rv il in e a r  
Span YR

th e n  a t  th e  ju n c t io n  o f th e  t i p  r e g io n  and th e  w ing, <̂  = Y , so th a t

À f  =  V i

i t  =  Y Y  * (6 .6 4 )

w ith  th e  r e s t r i c t i o n  th a t  k m ust be an  in te g e r .  I t  i s  l i k e ly  th a t  

a ch an n e l wing w i l l  have c o n s ta n t  chord o v er th e  g r e a t  m a jo r i ty  o f 

i t s  sp an . T h e re fo re , f  w i l l  be s m a ll ,  r e q u ir in g  k to  be la r g e .

For exam ple, th e  channel wing wind tu n n e l m odels d e sc r ib e d  in  

C hap ter I I I  w ere e s s e n t i a l l y  r e c ta n g u la r  in  p lan fo rm , th e  t i p s  d i f ­

f e r in g  from t h i s  shape o n ly  by round ing  o f th e  edges to  avo id  sh a rp  

c o rn e rs  and ed g es . A v a lu e  o f  YR = 0 .2  in c h es  i s  r e p r e s e n ta t iv e  

of th e s e  m odels ( t h i s  i s  n o t m eant to  im ply th a t  th e  wing t i p s  w ere 

shaped to  th e  d i s t r i b u t i o n  c = c , s in  <f> ) .  The ^  = 1 . 0  model had 

a 6 in c h  r a d iu s ,  so

f  =  0 .0333  ra d ia n s  =  ,

^  ^  =  T O T  =
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Since k m ust be an in te g e r ,  47 would be u sed .

A b r i e f  s tu d y  o f th e  e f f e c t  o f  th e  rounded t i p  on c a lc u la te d  

induced v e lo c i ty  was conducted . The ch an n e l wing com puter program 

d e sc rib e d  in  C hap ter VII was m o d ified  to  use e q u a tio n  ( 6 .6 3 ) ,  and 

th e  induced v e lo c i ty  d i s t r i b u t i o n s  f o r  s e v e ra l  v a lu e s  of t i p  re g io n  

span , fo r  a  p a r t i c u l a r  channel w ing, a r e  p lo t te d  in  F ig u re  39 . To 

o b ta in  a smooth c u rv e , i t  was found n e c e ssa ry  to  c a l c u la te  th e  in ­

duced v e lo c i ty  a t  th e  same p o in ts  a long  th e  span a t  w hich e q u a tio n

(6 .3 7 ) was e v a lu a te d . A la rg e  number o f  c o e f f i c i e n t s  w ere used  to  

in s u re  th a t  t i p  re g io n  d e t a i l s  o f th e  induced v e lo c i ty  cu rv e  would 

be o b ta in e d . F ig u re  39 in d ic a te s  th e  d iv e rg e n ce  o f  th e  c a lc u la te d  

induced v e lo c i ty  a t  (p = 0 fo r  th e  r e c ta n g u la r  t i p  c a s e ,  and shows 

how in  th e  t i p  re g io n  i s  reduced  a s  th e  t i p  span i s  in c re a s e d .

The t i p  re g io n  spans used in  F ig u re  39 a r e  sm all f r a c t io n s  o f th e  

t o t a l  wing sp an . For exam ple, th e  Y = 3 .8 * c a se  co rre sp o n d s  to  a 

t i p  span to  wing c u r v i l in e a r  sem ispan r a t i o  of 0 .042  fo r  th e  ^  = 1 .0  

wind tu n n e l m odel. A r e l a t i v e l y  sm a ll change in  wing a r e a  i s  in ­

v o lv e d , and th e  perform ance i s  no t a p p re c ia b ly  e f f e c te d ,  a s  can  be 

seen  in  T ab le  5 . In  f a c t ," e v e n  fo r  th e  Y = 1 1 .3 * c a se , th e  l i f t  

to  d rag  r a t i o  i s  reduced  by l e s s  th a n  one p e rc e n t.  For p u rp o ses  o f 

com parison , a l l  c o e f f i c i e n t s  in  T ab le  5 a r e  based  on th e  (p ro je c te d )  

a re a  o f  th e  r e c ta n g u la r  t i p  w ing. W ith in  th e  ran g e  t e s t e d ,  th e  

rounded t i p  had no a p p re c ia b le  e f f e c t  on th e  c i r c u l a t i o n .

A lte rn a te  S o lu tio n  A ttem pted 

In  th e  c o u rse  o f th e  ch an n e l w ing s tu d y  re p o r te d  h e r e in ,  

s e v e ra l  assumed i n f i n i t e  s e r i e s  e x p re s s io n s  f o r  c i r c u l a t i o n  o th e r
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TABLE 5

EFFECT OF ROUNDED TIP ON CHANNEL WING* PERFORMANCE

Tip Span 
C urv . Semispan 

R a tio
C

L
C

Di

e
(Span E f f ic ie n c y  

F a c to r)

o ' 0 .0 0.4399 0.04156 0.05310 1.482

1.4* 0.016 0.4399 0.04156 0.05310 1.482

1.9* 0.021 0.4399 0.04156 0.05310 1.482

2.8* 0.031 0.4398 0.04155 0.05309 1.482

3.8" 0 .042 0.4398 0.04155 0.05309 1.482

5.6* 0.062 0.4396 0.04155 0.05308 1.480

11.3* 0.126 0.4386 0.04188 0.05338 1.462

* ^  = 1 .0  Model, NACA 4412, = 0 .0 9 5 /d e g re e s , Mg = 6*; a l l
c o e f f i c i e n t s  a re  based  on a re a  o f th e  re c ta n g u la r  t i p  w ing.

th an

w ere in v e s t ig a te d .  In  p a r t i c u l a r ,  th e  e x p re ss io n

r C ^ )  = VR ^

(6 .3 4 )

(6 .6 5 )

was c a r r i e d  th rough  to  a  s o lu t io n  f o r  th e  c o e f f i c ie n t s  A in  a man-
n

n e r  s im i la r  to  th a t  used to  o b ta in  e q u a tio n  (6 .3 7 ) above. The 

r e s u l t  was
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+ ( ^ 2 r . ÿ ) K j j  =  ( «  -  o r , , J  .

where = 1Y + 4  AaX\

J h  =  J k - i  + ( l ^ )

(6 . 66)

(6 .6 6 a )

(6 .6 6 b )

(6 .6 6 c )

(6 .68d )

= 3 , 5 , 7 , . . . , and 

Kj =  2 icoi^  — -4 6 ^  0

K» = K , . i  -  û r t . ( 2 n - 3 ) ( J )

“  ( l ^ ) ’

K\ = 3 , 5 , 7 , . . . .

A lthough Kj i s  i n f i n i t e  a t  = 0, 'W' in  t h i s  case  a l s o ,  th e  p ro d u c t 

( s in  2 4>) Kj in  e q u a tio n  (6 .68 ) i s  f i n i t e .  T h is can be shown w ith  

L 'H ô p i ta l ' s  Rule e x a c tly  a s  was done above in  th e  d is c u s s io n  o f in ­

duced d rag . However, upon im plem en ta tion  in  a computer program  

s im i la r  to  t h a t  d e sc r ib e d  in  C hapter V II , th e  s o lu t io n  g iv e n  by 

eq u a tio n s  (6 .6 7 ) and (6 .6 8 ) was found to  be u n s ta b le ,  y ie ld in g  v e ry  

poor accu racy  i f  on ly  th r e e  o r fou r A ^ 's  w ere r e ta in e d ,  and com­

p le t e ly  m ean in g le ss  r e s u l t s  i f  more c o e f f i c i e n t s  were u sed .



CHAPTER V II 

CHANNEL WING DIGITAL COMPUTER PROGRAM

A d i g i t a l  com puter program was developed  by th e  a u th o r  to  

implement th e  l i f t i n g  a rc  th e o ry  f o r  ch an n e l w ings p re s e n te d  in  

C hapter VI. The so u rce  program was w r i t t e n  in  FORTRAN IV la n g u ag e , 

and com piled and execu ted  on an IBM system  360 e l e c t r o n i c  d i g i t a l  

com puter. The program i s  d e sc r ib e d  b r i e f l y  in  th e  fo llo w in g  p a ra ­

g ra p h s , and a  com plete  FORTRAN l i s t i n g  ( in c lu d in g  s u b ro u tin e s )  i s  

p re se n te d  in  Appendix C.

Program D e s c r ip t io n

The com puter program  f i r s t  dev e lo p s  th e  s im u ltan e o u s  equa­

t io n s  f o r  th e  F o u r ie r  c o e f f i c i e n t s  o f  th e  c i r c u l a t i o n  d i s t r i b u t i o n  

by e v a lu a tin g  e q u a tio n  (6 .3 7 ) fo r  as many <p v a lu e s  a s  th e  number 

o f  c o e f f i c i e n t s  to  be r e ta in e d .  Most o f th e  com pu ta tions re p o r te d  

h e re  w ere done w ith  f iv e  c o e f f i c i e n t s ,  and th e  FORTRAN l i s t i n g  

g iv en  in  Appendix C i s  s e t  up f o r  f iv e  c o e f f i c i e n t s .  The e f f e c t  of 

th e  number o f  c o e f f i c i e n t s  r e ta in e d  in  th e  c i r c u l a t i o n  d i s t r i b u t i o n  

i s  d is c u s s e d  i n  C hapter V I, page 114.

The s im u ltan e o u s  e q u a tio n s  f o r  th e  F o u r ie r  c o e f f i c i e n t s  a re  

so lv ed  by s u b ro u tin e  SIMQ, o b ta in e d  from th e  IBM S c i e n t i f i c  Sub­

ro u t in e  P ackage . SIMQ u se s  a G au ssian  e l im in a tio n  m ethod and th e  

" l a r g e s t  p iv o t a l  d iv i s o r "  approach  to  o b ta in  th e  s o lu t io n  o f a s e t

126
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of s im u ltan eo u s  l i n e a r  e q u a t io n s .  The o u tp u t o f th e  s u b ro u tin e  i s

th e  s e t  o f c o e f f i c i e n t s  A in  th e  c i r c u l a t i o n  d i s t r i b u t i o n ,n

e q u a tio n  (6 .3 8 ) .

The ch an n e l wing p re d ic te d  l i f t  i s  e a s i l y  e v a lu a te d  ( s e e  

e q u a tio n  (6 .4 5 ) )  u s in g  th e  f i r s t  F o u r ie r  c o e f f i c i e n t ,  A j. However, 

th e  induced  d ra g , eq u a tio n  ( 6 .4 8 ) ,  r e q u i r e s  th e  e v a lu a tio n  o f  a d i f ­

f i c u l t  i n t e g r a l .  The double summation re q u ire d  to  s e t  up th e  in ­

duced d rag  in te g ra n d  i s  perform ed by a  fu n c tio n  s u b ro u tin e  in  th e  

com puter program . The summations a r e  c a r r i e d  o u t on ly  o v e r th e  

number o f c o e f f i c i e n t s  used in  th e  c i r c u l a t i o n  d i s t r i b u t i o n ,  o f 

c o u rse . Then th e  i n t e g r a l  i s  e v a lu a te d  by th e  su b ro u tin e  QATR, 

an o th e r  IBM S c ie n t i f i c  S u b ro u tin e  Package su b ro u tin e . The num erical 

q u a d ra tu re  u sed  i s  a  m od ified  t r a p e z o id a l  r u l e  m ethod. The num eri­

c a l  v a lu e  o f th e  induced  d rag  i n t e g r a l  i s  used in  th e  com puter p ro ­

gram to  c a l c u la te  th e  induced d rag  c o e f f i c i e n t  and th e  sp an  e f ­

f ic ie n c y  f a c t o r ,  e q u a tio n s  (6 .5 2 ) and ( 6 .5 5 ) ,  r e s p e c t iv e ly .

The s t r i p - t h e o r y  method used to  e v a lu a te  th e  ch an n e l wing 

p r o f i l e  d rag  was d e sc r ib e d  in  C hapter V I. The com puter program  

e v a lu a te s  e q u a tio n  (6 .6 0 ) to  o b ta in  th e  lo c a l  a i r f o i l  s e c t i o n  l i f t  

c o e f f i c i e n t .  Then th e  lo c a l  s e c t io n  d rag  c o e f f i c i e n t  i s  o b ta in e d  

from an in p u t t a b le  o f  s e c t io n  l i f t  and d rag  c o e f f i c i e n t s  f o r  th e  

p a r t i c u l a r  a i r f o i l  s e c t io n  and R eynolds number being  c o n s id e re d . 

I n te r p o la t i o n  in  th e  d a ta  ta b le  i s  perform ed by th e  s u b ro u tin e s  

ATSG and ALT (a g a in  from th e  IBM S c i e n t i f i c  S u b ro u tin e  P ack ag e ).

The channel wing profile drag coefficient is estimated by summing
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th e  lo c a l  s e c t io n  d rag  c o e f f i c i e n t s  o v e r th e  w ing, e q u a tio n  ( 6 .5 8 ) .

The ch an n e l wing t o t a l  d rag  i s  th e  sum o f th e  induced  d rag  

and th e  p r o f i l e  d ra g , e q u a tio n  ( 6 .6 2 ) .  The p r in c ip a l  o u tp u ts  o f  th e  

channel wing com puter program a re  th e  l i f t  and d rag  c o e f f i c i e n t s  

c a lc u la te d  a s  fu n c tio n s  o f th e  wing geom etry , a i r f o i l  s e c t io n  c h a ra c ­

t e r i s t i c s ,  and th e  wing c e n te r l i n e  a n g le  o f a t t a c k ,  which th e  program  

s te p s  th rough  a  ra n g e  s e le c te d  by th e  u s e r .  The program as l i s t e d  in  

Appendix C i s  s e t  up f o r  a  ch an n e l wing w ith  r e c ta n g u la r  p lan fo rm  

(c o n s ta n t cho rd ) and ze ro  tw i s t ;  how ever, i t  would be r e l a t i v e l y  

sim ply to  m odify  th e  program to  a llo w  v a r ia b le  chord and tw is t  i f  

so d e s i r e d .  In d e e d , th e  a u th o r  d id  m odify  th e  program  fo r  a l i n e a r  

(w ith  ^  ) wing tw is t  w h ile  in v e s t ig a t in g  th e  c o r r e l a t i o n  betw een 

th e  c i r c u l a t i o n  d i s t r i b u t i o n  c a lc u la te d  w ith  th e  l i f t i n g  a rc  th e o ry  

and C one 's  £7l| optimum c i r c u l a t i o n  d i s t r i b u t i o n .  T h is  i s  d is c u s s e d  

in  C hapter V I I I .

Program In p u ts  and O utputs

The in p u t d a ta  re q u ire d  fo r  th e  channel wing com puter p ro ­

gram a r e  l i s t e d  and d e sc r ib e d  in  T ab le  6 . Sample com puter p r i n t ­

o u ts  of in p u t and o u tp u t d a ta  a re  p re s e n te d  in  Appendix C w ith  th e  

program FORTRAN l i s t i n g .  The in p u t d a ta  shown a r e  f o r  th e  /& =  2 .8  

wind tu n n e l m odel d e sc r ib e d  in  C hap ter I I I .  The in p u t t a b le  o f  a i r ­

f o i l  s e c t io n  d a ta  i s  n o t no rm ally  p r in te d  o u t .  The s e c t io n  l i f t  and 

d rag  d a ta  f o r  th e  a i r f o i l s  u sed  f o r  th e  wind tu n n e l m odels t e s t e d  

a r e  p re se n te d  in  Appendix D.
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TABLE 6

INPUTS REQUIRED FOR CHANNEL WING COMPUTER PROGRAM

FORTRAN Inp u t D e sc r ip tio n U n its Comments
Name Format

CIDEN 10A4 I d e n t i f i c a t i o n  o f Wing
AERSEC 10A4 I d e n t i f i c a t i o n  o f A i r f o i l
IROW 13 Number o f  p o in ts  in  a i r ­

f o i l  s e c t io n  C» -  Cj  
t a b l e .

50 p o in ts  
max.

CDERR FIO.O Upper bound f o r  i n t e r ­
p o la t io n  e r ro r  in  
CjL -  Cy t a b le .

CLMIN FIO.O Minimum Cĵ  in  C^ -  C j 
t a b l e .

I f  exceeded . 
Ci = CLMIN.

CLMAX FIO.O Maximum in  C| -  Cj 
t a b l e .

I f  exceeded , 
Ci = CLMAX.

TCL(I) FIO.O A i r f o i l  s e c t io n  Ci f o r  
t a b le  d a ta  p o in t ( I ) .

*

TCD(I) FIO.O A i r f o i l  s e c t io n  Cj fo r  
t a b l e  d a ta  p o in t ( I ) .

*

R FIO.O Wing ra d iu s F t .
C FIO.O Wing chord F t .
ASO FIO.O A i r f o i l  s e c t io n  l i f t -  

cu rv e  s lo p e .
1 / r a d .

ANZL FIO.O A i r f o i l  s e c t io n  an g le  
fo r  ze ro  l i f t .

d e g re e s

ALPAS FIO.O F i r s t  wing ( c e n te r l in e )  
a n g le  o f a t t a c k  p o in t

d e g re e s

DALPA FIO.O Wing ( c e n te r l in e )  an g le  
o f  a t t a c k  in c rem en t.

d e g re e s

ALPAE FIO.O F in a l  wing ( c e n te r l in e )  
a n g le  o f  a t t a c k  p o in t .

d e g re e s

*The a i r f o i l  s e c t io n  Cj -  Cj t a b le  d a ta  p o in t s  a re  punched in  
p a i r s  (C  ̂ , C ^), th r e e  d a ta  p o in ts  to  a  ca rd  (6 F 1 0 .0 ) .
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The c a lc u la te d  o u tp u t d a ta  fo r  one wing a n g le  o f a t t a c k  ( fo r  

th e  ^  = 2 .8  model) a re  a ls o  shown in  Appendix C. These d a ta  in ­

c lu d e  th e  c o e f f i c i e n t s  of th e  c i r c u la t io n  d i s t r i b u t i o n ,  th e  span e f ­

f ic ie n c y  f a c t o r ,  th e  wing l i f t  c o e f f i c i e n t ,  and th e  p r o f i l e ,  induced , 

and t o t a l  wing d rag  c o e f f i c i e n t s .  The program can be e a s i l y  m od ified  

to  p r in t  o u t o th e r  c a lc u la te d  v a lu e s ,  such as th e  c i r c u l a t i o n  d i s ­

t r i b u t io n  along  th e  w ing. In  f a c t ,  t h i s  was done d u rin g  th e  program 

developm ent and ch eckou t.



CHAPTER V III 

CORRELATION OF CHANNEL WING LIFTING ARC THEORY

C irc u la t io n  D is t r ib u t io n  and 
Span E f f ic ie n c y  F a c to r

Cone [ 7 ] p re d ic te d  th e  c i r c u l a t i o n  d i s t r i b u t i o n s  re q u ire d  

fo r  minimum induced  d rag  (maximum span e f f ic ie n c y  f a c to r )  f o r  many 

n onp lanar w ings (See C hap ter I I ,  page 21 above f o r  a b r i e f  d e s c r ip ­

t io n  o f h is  m ethod). Cone’s optimum c i r c u la t io n  d i s t r i b u t i o n  fo r  

a s e m i-c i r c u la r  a rc  wing ( i . e . ,  ch an n e l wing) i s  shown by th e  dashed 

l i n e  in  F ig u re  AO, where i t  i s  compared w ith  th e  c i r c u l a t i o n  d i s ­

t r i b u t io n  p re d ic te d  by th e  a u th o r 's  l i f t i n g  a rc  th e o ry ,  f o r  s e v e ra l  

a s p e c t r a t i o s .  The l a t t e r  d i s t r i b u t io n s  a re  d is p la c e d  somewhat 

from C one 's  optimum v a lu e ,  w ith  th e  d isp la cem e n t in c re a s in g  w ith  

a s p e c t r a t i o  (a lth o u g h  a p p a re n tly  ap p roach ing  a l im i t in g  v a l u e ) .

The ch an n e l wing span e f f ic ie n c y  f a c to r s  p re d ic te d  by th e  

l i f t i n g  a rc  th e o ry  a r e  s l i g h t l y  le s s  th an  C one 's [7 ]  p re d ic te d

maximum v a lu e  o f 1 .5 0 . For th e  c a se  shown in  F ig u re  40 , th e  l i f t ­

ing  a rc  th e o ry  v a lu e s  f o r  6  a r e  1 .4 6 6 , 1 .4 6 6 , 1 .4 5 0 , and 1 .4 4 1 , fo r

a s p e c t r a t i o  1 .0 ,  2 .8 ,  6 .0 ,  and 1 2 .0 , r e s p e c t iv e ly .  I f  6  = 1 .5 0  i s

co n sid e re d  th e  nom inal v a lu e , th e s e  l i f t i n g  a rc  th e o ry  p r e d ic t io n s  

fo r  span e f f ic ie n c y  f a c to r  a re  in  e r r o r  by on ly  2.3% to  3.9%. How­

e v e r ,  i t  i s  n o t c le a r  th a t  th e  c o r r e c t  ( a c tu a l)  v a lu e  fo r  an
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C o n e 's  Optimum C i r c u la t io n  D is t r ib u t io n  
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Figure 40. Effect of channel wing aspect ratio on circulation distribution.
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u n tw is te d  ch an n e l wing i s  1 .5 ,  s in c e  C one 's  v a lu e  i s  a th e o r e t i c a l  

maximum dependent on a c e r t a in  optimum c i r c u l a t i o n  d i s t r i b u t i o n .

Thus th e  l i f t i n g  a rc  th e o ry  v a lu e s  fo r  g may be more e x ac t fo r  an 

u n tw is te d , c o n s ta n t  chord  channe l wing th a n  i s  6  = 1 .5 0 .

The e f f e c t  of geom etric  tw is t  on th e  ch an n e l wing was 

In v e s t ig a te d  by m od ify ing  th e  d i g i t a l  com puter program  (C hap ter V II) 

to  a llo w  fo r  a l i n e a r  (w ith  ^ ) tw is t  d i s t r i b u t i o n  a long  th e  wing 

sp an . Then th e  c a lc u la te d  c i r c u la t io n  d i s t r i b u t i o n  was compared 

w ith  C one 's  [7 ]  optimum d i s t r i b u t i o n .  F ig u re s  41 and 42 in d ic a te  

th e  e f f e c t  o f l i n e a r  tw is t  on th e  c i r c u la t io n  d i s t r i b u t i o n  o f chan­

n e l  w ings o f a s p e c t  r a t i o  1 .0  and 6 .0 ,  r e s p e c t iv e ly .  OĈ  i s  th e  

change in  an g le  o f a t t a c k  a t  th e  wing t i p  due to  th e  wing tw is t .

The f ig u re s  show th a t  e x c e ss iv e  tw is t  cau ses  th e  c i r c u l a t i o n  d i s t r i ­

b u tio n  to  "o v e rsh o o t"  C o n e 's  optimum d i s t r i b u t i o n ,  and t h i s  e f f e c t  

i s  s tro n g e r  fo r  th e  h ig h e r  a s p e c t r a t i o  w ing . I t  may b e  seen  in  

F ig u re  41 th a t  tX^= 0 .8*  p roduces a c i r c u l a t i o n  d i s t r i b u t i o n  v e ry  

c lo s e  to  C one 's  optimum fo r  th e  A  = 1 .0  c a s e . For th e  Ak = 6 .0  

c a s e ,  = 0 .8*  g iv e s  th e  b e s t  agreem ent w ith  C o n e 's  d i s t r i b u t i o n  

in  th e  in b o a rd  r e g io n ,  w h ile  0(̂  = 1.0* y ie ld s  c lo s e r  agreem ent in  th e  

o u tb o a rd  a r e a .  The c o r r e l a t i o n  o f c i r c u l a t i o n  d i s t r i b u t i o n s  shown 

in  F ig u re s  41 and 42 i s  p ro b ab ly  as c lo s e  a s  can  be o b ta in e d  w ith  

s im p le  l i n e a r  w ing t w i s t .  A r a th e r  co m p lica ted  tw is t  d i s t r i b u t i o n  

would be r e q u ire d  to  in c re a s e  th e  c o r r e l a t i o n .

A lthough c a lc u la te d  c i r c u la t io n  d i s t r i b u t i o n s  a r e  shown in  

F ig u re s  41 and 42 w hich l i e  v e ry  c lo se  to  C o n e 's  [7 ]  p re d ic te d
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Figure 41 » Effect of twist on ^  - 1.0 channel wing circulation distribution.
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Figure 42. Effect of twist on ^  =6.0 channel wing circulation distribution.
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optimum d i s t r i b u t i o n ,  th e  c a lc u la te d  span e f f ic ie n c y  f a c to r s  do no t 

q u i t e  reach  Cone’s p re d ic te d  maximum, 6  = 1 .5 0 . As shown in  T ab le  7 

th e  span  e f f ic ie n c y  f a c to r  v a lu e s  p re d ic te d  by th e  l i f t i n g  a rc  th eo ry  

fo r  t h i s  case  a r e  s l i g h t l y  l e s s  th a n  1 .5 0 , b u t a re  maximum when th e  

c i r c u la t io n  d i s t r i b u t io n  i s  c l o s e s t  to  C one's optimum d i s t r i b u t i o n .  

However, th e  b e s t  l in e a r  tw is t  y ie ld s  only  a 1.6% g a in  in  span  e f­

f ic ie n c y  f a c to r  over th e  u n tw is te d  c a se , fo r  M = 6 .0 ,  and on ly  0.5% 

f o r  = 1 .0 .

TABLE 7

CALCULATED CHANNEL WING* SPAN 
EFFICIENCY FACTOR AS A 

FUNCTION OF LINEAR 
WING TWIST

/k  = 1 .0 fik = 6 .0

Tw ist
(D egrees) e

Tw ist
(Degrees) e

0 1 .466 0 1 .4 5 0
0.8 1 .473 0 .8 1 .472
1 .0 1 .473 1 .0 1 .473
4 .0 1 .443 4 .0 1 .382

*NACA 0015, a , =  0 .092 /D egree, Q<;= 6*

An example o f th e  e f f e c t  o f wing tw is t  on c a lc u la te d  chan­

n e l  wing l i f t  and d rag  i s  shown i n  F ig u res  43 and 44 . As m ight be 

ex p e c te d , l i f t  in c re a s e s  w ith  t w i s t ,  a t  c o n s ta n t wing c e n te r l i n e  

a n g le  o f a t t a c k .  However, t h i s  i s  a t  th e  expense o f h ig h e r  d ra g . 

The l i f t  cu rv e  s lo p e  rem ains unchanged.
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Figure 43, Effect of twist on calculated channel wing lift coefficient.
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Figure 44. Effect of twist on calculated channel wing drag coefficient.
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The e f f e c t  o f tw is t  on channe l wing perfo rm ance i s  b e t t e r  

i l l u s t r a t e d  by c o n s id e r in g  th e  l i f t  to  d rag  r a t i o ,  F ig u re s  45 and 

46. N ote th a t  th e  g a in  in  , over th e  u n tw is te d  c a s e ,  fo r  th e

b e s t  tw is t  d i s t r i b u t i o n  in v e s t ig a te d  i s  v e ry  s m a ll ,  and i s  r e ­

duced when th e  optimum tw is t  i s  exceeded.

L i f t  and Drag C o e f f ic ie n ts

L i f t  and d rag  c o e f f i c i e n t s  c a lc u la te d  w ith  th e  l i f t i n g  a rc  

th e o ry  a re  compared w ith  th e  wind tu n n e l d a ta  (C hap ter V) in  F ig u re s  

47 th rough 50. For th e  )R =  1 .0  model (F ig u re  47) th e  c a lc u la te d  

l i f t  c o e f f i c i e n t  cu rv e  h as  alm ost th e  same s lo p e  a s  does th e  e x p e r i­

m en ta l c u rv e . However, th e  th e o r e t i c a l  cu rve  i s  s h i f t e d  to  th e  

r i g h t  r e l a t i v e  to  th e  e x p e rim en ta l cu rv e  — 1 .5*  a t  Of* = 0*. As 

d isc u sse d  in  C hap ter V, th e  e x p e rim en ta l d a ta  may have been  s h i f te d  

u n ifo rm ly  to  th e  l e f t  by ap p ro x im ate ly  one d e g re e . I f  t h i s  a c tu a l ly  

i s  th e  c a s e , th e n  th e  c o r r e l a t i o n  would b e  b e t t e r  th a n  shown.

In  F ig u re  48 , th e  ex p e rim en ta l M  = 1 .0  d rag  c o e f f i c i e n t  i s  

compared w ith  c a lc u la te d  d a ta  f o r  b o th  smooth and rough a i r f o i l  s e c ­

t i o n  d a ta .  The rough s e c t io n  d a ta  y ie ld s  b e t t e r  c o r r e l a t i o n .  The 

m atching o f e x p e rim e n ta l and t h e o r e t i c a l  d rag  c o e f f i c i e n t s  around 

zero  l i f t  ( »  -6 * ) w ith  th e  rough s e c t io n  d a ta  in d ic a te s  th a t

th e  wind tu n n e l model s u r fa c e  was more l i k e  NACA rough c o n d itio n  

th a n  NACA smooth c o n d i t io n .  In  b o th  c a s e s ,  th e  c u rv a tu re  o f th e  

c a lc u la te d  d a ta  a g re e s  w e ll  w ith  th e  wind tu n n e l d a t a . T h is  i s  to  

be ex p ec ted , s in c e  th e  ex p e rim en ta l and th e  t h e o r e t i c a l  span  e f ­

f ic ie n c y  f a c to r  v a lu e s  a r e  v e ry  c lo s e .  A gain , th e  c o r r e l a t i o n  

would be improved by a  one d eg ree  s h i f t  o f th e  ex p erim en ta l d a ta .
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Figure 47. Comparison of theoretical and experimental lift coefficient for
Al - 1.0 channel wing.
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Figure 48. Comparison of theoretical and experimental drag coefficient
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Figure 4 9 . Comparison of theoretical and experimental lift coefficient for
A  » 2.8 channel wing.
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Figure 50. Comparison of theoretical and experimental drag coefficient
for A& = 2.8 channel wing.
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Turning to  th e  = 2 .8  c a s e , i t  i s  seen  in  F ig u re  49 th a t  

th e  th e o r e t ic a l  wing l i f t  cu rve  s lo p e  does n o t m atch th e  ex p erim en ta l 

s lo p e  a s  w e ll a s  in  th e  = 1 .0  c a s e . Curves c a lc u la te d  fo r  two 

v a lu e s  of th e  a i r f o i l  s e c t io n  l i f t  curve s lo p e  a r e  shown in  F ig u re  49 

to  i l l u s t r a t e  t h a t  th e  m a jo r i ty  o f th e  d i f f e r e n c e  i s  n o t due to  th e  

s e c t io n  l i f t  cu rve  s lo p e  in p u t to  th e  com puter program .

C a lc u la te d  d rag  c o e f f i c i e n t  cu rves a re  compared w ith  wind 

tu n n e l d a ta  fo r  th e  fik = 2.8  model in  F ig u re  50. As d isc u sse d  in  

Appendix D, s e c t io n  d a ta  fo r  th e  NACA 0015, a t  low Reynolds number, 

which would be co n s id e re d  a c c u ra te  by modern s ta n d a rd s  a re  n o t d i ­

r e c t l y  a v a i la b le .  However, e s tim a te s  fo r  th e s e  d a ta  fo r  NACA smooth 

( p a r t i a l  lam inar flow ) and sm ooth, f u l l y  tu rb u le n t  flow  a r e  o b ta in ed  

in  Appendix D, and w ere used to  o b ta in  th e  c a lc u la te d  cu rv es  in  

F ig u re  50. T hat th e s e  e s tim a te s  were only  p a r t i a l l y  s u c c e s s fu l  i s  

in d ic a te d  by th e  f a i l u r e  to  m atch th e  ex p erim en ta l d rag  c o e f f i c i e n t  

around zero  l i f t .  However, t h i s  f a u l t  may be due to  th e  la c k  of 

rough s e c t io n  d a ta  r a th e r  than  th e  methods o f Appendix D, s in c e  

rough s e c t io n  d a ta  w ere re q u ire d  to  m atch th e  d rag  c o e f f i c i e n t s  a t  

ze ro  l i f t  fo r  th e  o th e r  wind tu n n e l m odel. The c u rv a tu re  o f  th e  

c a lc u la te d  drag  cu rv es  in  F ig u re  50 co rresp o n d s w e ll  w ith  th e  ex­

p e r im e n ta l cu rv e .

C onclusions

The channel wing l i f t i n g  a rc  th e o ry  developed  h e re in  p re ­

d i c t s  induced d rag  (sp an  e f f ic ie n c y  f a c to r s )  which a g re e  w e ll  w ith  

wind tu n n e l d a ta  and w ith  C one 's  p re d ic te d  v a lu e .  The c a lc u ­

la te d  l i f t  cu rve  s lo p e  i s  in  good agreem ent w ith  experim ent a t  

a sp e c t r a t i o  o f 1 .0 ,  b u t i s  low by 24% a t  a s p e c t r a t i o  o f 2 .8 .



CHAPTER IX 

PERFORMANCE PREDICTIONS 

Drag P o la r s

Drag p o la r s  fo r  p la n e , c h a n n e l, and r in g  wings a re  p re s e n te d  

in  F ig u re s  51 th rough  54. The d a ta  f o r  th e  ch anne l wing w ere c a l ­

c u la te d  w ith  th e  d i g i t a l  com puter program  d e sc r ib e d  in  C hapter V II , 

w h ile  th e  r in g  wing d a ta  w ere o b ta in e d  from  R ib n e r 's  th e o ry . C hap ter 

I ,  w ith  s t r i p  th e o ry  f o r  th e  p r o f i l e  d ra g . The p la n a r  wing d a ta  

shown a r e  f o r  a wing w ith  e l l i p t i c a l  l i f t  d i s t r i b u t i o n .  In  th e se  

f i g u r e s ,  th e  ch an n e l and r in g  w ings have r e c ta n g u la r  (p ro je c te d )  

p la n fo rm s , and a l l  c o e f f i c ie n t s  a r e  based  on p ro je c te d  a re a .

Wings w ith  sym m etrica l (NACA 0012) a i r f o i l  s e c t io n s  and 

= 1 a r e  compared in  F ig u re  51. As would be expec ted  from con­

s id e r a t i o n  o f  w etted  a r e a ,  th e  p la n e  wing h a s  th e  lo w est d rag  a t  

very  low  C^. But th en  i t s  drag exceeds t h a t  o f th e  channe l wing 

a t  a b o u t C|_ = 0 .2 ,  and th a t  of th e  r in g  wing a t  app ro x im ate ly  

C  ̂ = 0 .3 .  The ch anne l wing has l e s s  d rag  th a n  th e  r in g  wing up to  

ab o u t C|_ = 0 .4 .  At h ig h e r  C^, th e  r in g  wing has th e  lo w est p re ­

d ic te d  d ra g .  These tre n d s  a re  du e , o f c o u rs e ,  to  th e  low er induced  

drag  (a s  a consequence o f h ig h e r span  e f f ic ie n c y  f a c to r s )  o f  th e  

n o n p la n a r w in g s . As C  ̂ in c re a s e s ,  th e  induced  drag  becomes a 

l a r g e r  p o r t io n  o f th e  t o t a l  d ra g , u n t i l  th e  h ig h e r  p r o f i l e  d rag  o f

147
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Figure 51. Drag polar for plane, channel, and ring wings of M  * 1 and
NACA 0012 section.
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Figure 52. Drag polar for plane, channel, and ring wings of ^  - 6 and
NACA 0012 section.
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.14.04 .06.02 .08 .10 .120

Figure 53. Drag polar for plane and channel wings of A  ■ 1 and NACA 23012
section.
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Figure 54. Drag polar for plane and channel wings of - 6 and NACA 23012
section.
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th e  n o n p lan ar wing i s  more th an  o f f s e t  by i t s  low er induced d ra g .

F ig u re  52 r e p e a ts  th e  c a se s  of th e  p rev io u s  f i g u r e ,  bu t

w ith  th e  a s p e c t  r a t i o  in c re a se d  to  s ix .  The c ro s so v e rs  observed  

fo r  th e  4 ^ = 1  c a se s  occur in  th e  same o rd e r ,  b u t a t  r e l a t i v e l y

h ig h e r  l i f t  c o e f f i c i e n t s .  T h is  i s  due to  th e  f a c t  th a t  th e  induced

d rag  becomes a  sm a lle r  p o r t io n  of th e  t o t a l  d rag  as  a s p e c t r a t i o  

in c r e a s e s .

Drag p o la r s  f o r  w ings w ith  NACA 23012 a i r f o i l  s e c t io n s  a re  

p re se n te d  in  F ig u re s  53 and 54. Ring w ings w ere o m itted  f o r  th e se  

c a se s  b ecau se  i t  was c o n s id e re d  u n l ik e ly  th a t  a nonsym m etrica l a i r ­

f o i l  s e c t io n  would be used  f o r  a r in g  w ing. The d rag  p o la r s  a re  

l i t t l e  changed from th e  sym m etrica l c a s e s ,  and th e  tre n d s  a re  th e  

same.

Power R equired f o r  L evel F l ig h t

The power re q u ire d  f o r  e q u ilib r iu m  le v e l  f l i g h t  o f  an  a i r ­

c r a f t  was d e r iv e d  in  Appendix E, and s u i t a b le  m o d if ic a t io n s  f o r  th e  

in c re a se d  w eigh t and p r o f i l e  d rag  o f a i r c r a f t  w ith  ch an n e l and r in g  

w ings were e s t im a te d . I t  was assumed th a t  th e  a i r c r a f t  p ro p u ls io n  

and l i f t  system s w ere n o t in te g r a te d  ( e . g . ,  p r o p e l l e r ( s )  n o t mounted 

in  th e  r i n g ( s ) ) .  A g e n e ra liz e d  p lo t  o f power re q u ire d  f o r  p la n e , 

c h a n n e l, and r in g  wing a i r c r a f t  i s  p re se n te d  in  F ig u re  55 , w here i t  

i s  seen  t h a t  b o th  th e  ch an n e l wing and th e  r in g  wing a i r c r a f t  r e ­

q u ire  l e s s  power th a n  th e  p la n e  wing a i r c r a f t  in  th e  low speed 

ra n g e . T h is  o ccu rs  becau se  C,̂  m ust be la rg e  a t  low V, w hich means 

th a t  induced  d rag  becomes r e l a t i v e l y  more Im p o rtan t, and th e  induced
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F ig u re  55 . G e n e ra lized  oower re q u ire d  f o r  l e v e l  f l i g h t  o f  n la n e , 
c h a n n e l, and r in g  w ing a i r c r a f t .
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drag  of th e  n onp lanar wing a i r c r a f t  i s  l e s s  th a n  th a t  o f th e  p la n e  

wing a i r c r a f t .  F ig u re  55 a ls o  shows th a t  th e  channe l wing a i r c r a f t  

r e t a i n s  i t s  advan tage  over th e  p lan e  wing a i r c r a f t  to  a h ig h e r  speed 

th an  do es  th e  r in g  wing a i r c r a f t .  T h is  i s  due to  th e  low er p r o f i l e  

d rag  (w hich in c re a s e s  w ith  V*) of th e  channel wing a s  compared to  

th e  r in g  w ing. The r in g  wing a i r c r a f t  r e q u ir e s  as  much o r  more 

power f o r  l e v e l  f l i g h t  a t  a l l  v e l o c i t i e s  th an  does th e  ch an n e l wing 

a i r c r a f t .

The power re q u ire d  fo r  a s p e c i f i c  a i r c r a f t  w ith  p la n e ,  chan­

n e l ,  o r  r in g  w ings i s  p lo t te d  in  F ig u re  56. In  each c a se  th e  a sp e c t 

r a t i o  i s  s i x ,  and th e  p ro je c te d  wing a re a  i s  182 f t .*  . The b a s ic  

( i . e . ,  t h a t  o f th e  p la n e  wing a i r c r a f t )  w eigh t and p r o f i l e  d rag  co­

e f f i c i e n t  a r e  2700 pounds and 0 .0 1 6 . The w eigh t and p r o f i l e  d rag  

c o e f f i c i e n t  o f th e  ch an n e l and r in g  wing a i r c r a f t  were in c re a s e d  as 

d e sc r ib e d  in  Appendix E. The r in g  wing a i r c r a f t  r e q u i r e s  l e s s  power 

th a n  th e  p la n e  wing a i r c r a f t  up to  65 k n o ts ,  and th e  ch an n e l wing 

a i r c r a f t  l e s s  power to  90 k n o ts .  I f  th e  a s p e c t  r a t i o  i s  reduced  to ,  

s a y , t h r e e ,  th e  n onp lanar wing a i r c r a f t  r e t a i n  t h e i r  ad v an tag e  over 

th e  p la n e  wing a i r c r a f t  to  h ig h e r v e l o c i t i e s ,  a s  shown in  F ig u re  57. 

The r in g  wing a i r c r a f t  r e q u ir e s  l e s s  power up to  78 k n o ts ,  th e  chan­

n e l  wing a i r c r a f t  l e s s  power up to  110 k n o ts .  The r e s u l t  o f f u r th e r  

r e d u c t io n  o f  th e  a s p e c t  r a t i o  to  a v a lu e  o f one i s  shown in  F ig u re  

58. The ch an n e l wing a i r c r a f t  r e q u ir e s  l e s s  power th a n  th e  p la n e  

wing a i r c r a f t  up to  140 k n o ts ,  th e  r in g  wing a i r c r a f t  l e s s  power to

104 k n o ts .  T h is  tr e n d  w ith  a sp e c t r a t i o  i s  due to  th e  g r e a t e r  im­

p o r ta n c e  o f  induced d rag  a t  low a s p e c t r a t i o .
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The d a ta  o f F ig u re s  56, 57 , and 58 show an ad v an tag e  o f th e  

ch an n e l w ing over th e  p la n e  w ing , f o r  th e  same a s p e c t  r a t i o ,  in  a 

s ig n i f i c a n t  p o r t io n  o f th e  low speed f l i g h t  regim e o f  a  l i g h t  a i r ­

c r a f t .  However, com parison o f  th e  f ig u re s  in d ic a te s  t h a t  th e  a i r ­

c r a f t  w ith  th e  = 6 .0  p la n e  wing alw ays r e q u ir e s  l e s s  power th a n  

th e  a i r c r a f t  w ith  th e  ch an n e l wing of Â  = 3 .0 ,  and s im i la r ly  fo r  

th e  ^  = 3 .0  p la n e  wing v e rs u s  th e  /R  = 1 .0  ch an n e l w ing . Thus th e  

n o n p lan a r wing w i l l  be advan tageous on ly  i f  th e  maximum span  i s  

f ix e d .

Maximum Range and Endurance 

The B reguet fo rm u las fo r  a i r c r a f t  maximum ra n g e  and endur­

ance a r e  g iv e n  by P e rk in s  and Rage [22 ] a s  fo llo w s . F or r e c ip r o ­

c a t in g  e n g in e s , th e  maximum ran g e  in  m ile s  i s

R = 375 max (Vc„)m ax A ' '
(9 .1 )

and th e  maximum endurance in  h o u rs  i s

max /max ( s f c )  I / V / w ,  /  I  

For a i r c r a f t  powered by j e t  e n g in e s , th e  maximum ran g e  in  m ile s  i s

(9 .2 )

391 W.
max Smax ( s f c )  

and th e  maximum endurance in  hours i s

1 -
w

'/w .
(9 .3 )

max (sfc)' (9.4)
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In  th e s e  e q u a t io n s ,

= p ro p u ls iv e  e f f ic ie n c y

s fc  = s p e c i f i c  f u e l  consum ption in  pounds p e r b rak e  h o rse ­
pow er-hour

( s f c /  = s p e c i f i c  f u e l  consum ption  in  pounds p e r  hour p e r  pound 
o f th r u s t

W, » I n i t i a l  w eigh t

Wj = f i n a l  w eigh t = W* -

0“  = .

For pu rp o ses  o f com parison o f  a i r c r a f t  w ith  p la n a r  and non­

p la n a r  w in g s , one may c o n s id e r  , s f c ,  ( s f c ) ' , O' , and S to  be 

th e  same f o r  each a i r c r a f t .  However, i t  would be u n r e a l i s t i c  to  

assum e th a t  th e  s t r u c t u r a l  w e ig h ts  o f  th e  n o n p lan ar wing a i r c r a f t  

a r e  eq u a l to  th a t  o f th e  p la n a r  wing a i r c r a f t ,  s in c e  more wing

s t r u c t u r e  i s  re q u ire d  f o r  th e  fo rm er. T h e re fo re , Wp and Wj m ust

be in c re a s e d  fo r  th e  ch an n e l wing and r in g  wing a i r c r a f t .  The in ­

c r e a s e  in  a i r c r a f t  f ly in g  w eigh t due to  th e  n o n p lan ar wings was 

e s tim a te d  in  Appendix E:

w' = 1.057W f o r  th e  ch an n e l w ing ,

w ' = 1 .2 1 AW f o r  th e  r in g  w ing,

w here W i s  th e  g ro ss  w eigh t o f  th e  p la n a r  wing a i r c r a f t .  Then,

W,« w '

Wj- w ' -  w, ,

w here Wy i s  th e  f u e l  w e ig h t (assum ed c o n s ta n t ) .

Use o f  th e  B reguet fo rm u las  r e q u ir e s  th e  e v a lu a tio n  o f

c f o r  each  ty p e  of 
max
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a i r c r a f t .  I f  a p a ra b o lic  d rag  p o la r  i s  assum ed, P e rk in s  and Hage 

[ 2 2 ] show th a t  C p . =  (9 .5 )

and q  =  Jit efif. (9 .6 )

f o r  |m a x ’ These r e s u l t s  w ere o b ta in e d  by d i f f e r e n t i a t i n g

^ 9 ^ 1  w ith  r e s p e c t  to  . A s im i la r  approach  was used to  o b ta in

Cg. s  3  (9 .7 )

c ,  =  (9 .8 )

Cd. =  ÿs
fo r  IW  y v  I and 

'max

(9 .9 )

M m a x -
fo r lC j^ /C ,^ )  . F or th e  n o n p lan ar wing a i r c r a f t ,  i s  in c re a se d  

a s  d e s c r ib e d  in  Appendix E to  acco u n t f o r  th e  h ig h e r  wing p r o f i l e  

d ra g :

"  1 .228  Cg  ̂ f o r  th e  channe l w ing ,

•  1 .858  Cg^ f o r  th e  r in g  w ing,

where i s  th e  p r o f i l e  d rag  o f th e  p la n a r  wing a i r c r a f t .  A lso ,

6 v a lu e s  o f  1 .0 ,  1 .5 ,  and 2 .0  m ust be  used  fo r  th e  p la n a r ,  channe l 

and r in g  wing a i r c r a f t ,  r e s p e c t iv e ly .

The B reguet ran g e  and endurance e q u a tio n s  w ere e v a lu a te d  

fo r  th e  l i g h t  a i r c r a f t  o f  F ig u re s  56, 57 , and 58 , w ith  th e  above
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m o d if ic a tio n s  b e in g  used fo r  th e  ch an n e l wing and r in g  wing c a s e s .  

The r e s u l t s  a re  p lo t te d  a g a in s t  a s p e c t r a t i o  in  F ig u re s  59, 60 , 61 

and 62. These f ig u r e s  show th a t  th e  ch an n e l wing a i r c r a f t  s tu d ie d  

has g r e a te r  ran g e  th a n  th e  p lan e  wing a i r c r a f t ,  when r e c ip ro c a t in g  

en g in e  pow ered, and lo n g e r endurance when powered w ith  e i t h e r  j e t  

or r e c ip r o c a t in g  e n g in e s . The ad v an tag e  in  range and je t-p o w e red  

endurance i s  o n ly  abo u t 4%, b u t th e  re c ip ro c a tin g -p o w e re d  endurance 

in c re a s e  i s  ap p ro x im ate ly  18%. The r in g  wing a i r c r a f t  has 6% lo n g e r 

endurance th a n  th e  p la n e  wing a i r c r a f t ,  w ith  r e c ip ro c a t in g  eng ine  

p ro p u ls io n , b u t l e s s  endurance th a n  th e  ch an n e l wing a i r c r a f t .  

O th e rw ise , th e  r in g  wing a i r c r a f t  i s  i n f e r i o r  to  th e  p lan e  wing a i r ­

c r a f t  in  ran g e  and endurance.

A lthough th e  d a ta  show an advan tag e  in  maximum range  ( r e ­

c ip ro c a t in g  en g in e  powered) and endurance f o r  a channel wing l i g h t  

a i r c r a f t  a s  compared to  th e  p la n e  wing a i r c r a f t  of th e  same a s p e c t  

r a t i o ,  i t  shou ld  be no ted  th a t  a n o t u n re a so n a b le  in c re a s e  in  

a s p e c t r a t i o  o f  th e  p la n e  wing a i r c r a f t  w i l l  n u l l i f y  th e  advan tage  

of th e  ch an n e l wing a i r c r a f t .  For exam ple, an  in c re a s e  in  a s p e c t  

r a t i o  from 4 .5  to  6 .0  f o r  th e  p la n e  wing a i r c r a f t  y ie ld s  more en­

durance th a n  th a t  o f  th e  channel wing a i r c r a f t  o f a s p e c t r a t i o  4 .5 ,  

f o r  th e  r e c ip ro c a t in g  eng ine powered c a s e .  T h e re fo re , as  in  th e  

c o n s id e ra t io n s  above on power re q u ire d  f o r  l e v e l  f l i g h t ,  th e  p la n e  

wing a i r c r a f t  would be p re fe r re d  u n le s s  th e  maximum span i s  f ix e d .

C onclusions

Channel w ings and r in g  w ings have h ig h e r  d rag  ( a t  th e  same 

C^ ) th a n  does th e  p la n e  wing a t  low l i f t  c o e f f i c i e n t ,  b u t low er
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drag  ( r e l a t i v e l y )  a t  h igh  C^. T h is  i s  due to  th e  h ig h e r p r o f i l e  

d rag  b u t low er induced d rag  o f th e  nonp lan ar w ings. The r in g  wing 

e x h ib i t s  t h i s  tr e n d  more s tro n g ly  th a n  does th e  channe l w ing, s in c e  

th e  form er has h ig h e r  p r o f i l e  d rag  b u t low er induced d rag  th a n  th e  

l a t t e r .

P re lim in a ry  perform ance c a lc u la t io n s  fo r  p la n e , channe l and 

r in g  wing a i r c r a f t ,  w ith  a llo w an ces  f o r  in c re a se d  s t r u c t u r a l  w eigh t 

and p r o f i l e  d rag  o f  th e  n onp lanar w in g s, showed c e r t a in  advan tages 

fo r  a i r c r a f t  w ith  channel o r  r in g  w in g s. The c a lc u la t io n s  assumed 

th a t  th e r e  w ere no power e f f e c t s  on wing aerodynam ics (and th e re ­

fo re  no en g in e  o r  p ro p e l le r  mounted in  th e  channel o r  r in g  w in g ) . 

For th e  same a s p e c t  r a t i o ,  b o th  th e  ch an n e l wing and th e  r in g  wing 

a i r c r a f t  r e q u i r e  l e s s  power f o r  le v e l  f l i g h t  th a n  does th e  p la n e  

wing a i r c r a f t  o v e r a  s u b s t a n t i a l  p o r t io n  o f th e  low speed f l i g h t  

reg im e. T h is  p o r t io n  i s  l a r g e r  fo r  th e  ch an n e l wing a i r c r a f t  th a n  

fo r  th e  r in g  wing a i r c r a f t ,  and th e  r e l a t i v e  m agnitude o f t h i s  seg ­

ment o f th e  f l i g h t  regim e in c re a s e s  w ith  d e c re a s in g  a s p e c t r a t i o .  

W ith r e c ip r o c a t in g  eng ine  p ro p u ls io n , a  ch an n e l wing l i g h t  a i r c r a f t  

was p r e d ic te d  to  dem o n stra te  a s ig n i f i c a n t  in c re a s e  in  endurance as  

compared to  a  p la n e  wing a i r c r a f t ,  w ith  a  l e s s e r  in c re a s e  in  ra n g e . 

A lso , th e  je t-p o w e re d  channe l wing a i r c r a f t  has s l i g h t l y  lo n g e r  en­

durance th a n  th e  p la n e  wing a i r c r a f t .  The re c ip ro c a tin g -p o w e re d  

r in g  wing l i g h t  a i r c r a f t  has g r e a te r  endurance th an  th e  p la n e  wing 

a i r c r a f t ,  b u t t h i s  advan tage i s  accom panied by a  d e c re a se  in  ra n g e .

The c a lc u la te d  power re q u ire d  f o r  th e  r in g  wing a i r c r a f t  i s  

alw ays e q u a l to  o r  g r e a te r  th a n  th a t  f o r  th e  channel wing a i r c r a f t .
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and th e  r in g  wing a i r c r a f t  h as  l e s s  ran g e  and endurance th a n  does 

th e  channel wing a i r c r a f t .  T h e re fo re , th e  ch an n e l wing a i r c r a f t  ap­

p e a rs  to  be  th e  more a t t r a c t i v e  o f th e  two.

A lthough th e  perform ance c a lc u la t io n s  showed c e r t a in  ad­

v an tag es  o f th e  nonp lan ar w ings over th e  p la n e  wing f o r  f ix e d  a s p e c t  

r a t i o ,  i t  was a ls o  shown th a t  a  s u b s t a n t i a l  in c re a s e  in  a s p e c t  r a t i o  

o f th e  p la n a r  wing y ie ld e d  b e t t e r  perform ance th a n  going  to  th e  non­

p la n a r  wing a t  f ix e d  a s p e c t r a t i o .  T h e re fo re , th e  n o n p lan ar wing 

w i l l  be advantageous on ly  i f  th e  maximum span  i s  f ix e d  — p e rh ap s  

by o p e ra t io n a l  req u ire m en ts  — and i f  th e  d e s ig n  m iss io n  r e q u i r e s  

long endurance a t  low  a irs p e e d  (h ig h  l i f t  c o e f f i c i e n t ) . I f  in ­

c rea sed  a s p e c t r a t i o  i s  a llo w e d , th e  d e s ig n  r u le  shou ld  be (w ith  

a p o lo g ie s  to  Omar Khayyam); "Take th e  a s p e c t  r a t i o  and l e t  th e  

e f f ic ie n c y  f a c to r  g o ."



CONCLUSIONS

R ib n e r 's  [ i j  d e f le c te d  s tream tu b e  th e o ry  f o r  r in g  w ings, and 

m ethods d e riv e d  from h i s  g e n e ra l  c o n c lu s io n s , y ie ld  p r e d ic t io n s  fo r  

l i f t  and Induced d rag  w hich a g re e  w e ll w ith  e x p e rim e n ta l d a ta ,  and 

w ith  o th e r  th e o r e t i c a l  r e s u l t s .  However, a  s im i la r  d e f le c te d  stream ­

tu b e  th e o ry  fo r  ch an n e l w in g s , d e riv e d  by th e  a u th o r ,  was n o t suc­

c e s s f u l ,  a s  in d ic a te d  by th e  ch an n e l wing wind tu n n e l model t e s t s  

re p o r te d  h e r e in .  The l i f t  and d rag  d a ta  o f th e s e  model t e s t s  ap­

p a re n t ly  c o n s t i tu te  th e  o n ly  ex p e rim en ta l d a ta  a v a i la b le  f o r  Is o ­

la te d  channe l w ings.

The channe l wing l i f t i n g  a rc  th e o ry  d e r iv e d  In  C hap ter VI 

p ro v id es  good c o r r e l a t i o n  o f l i f t  and Induced d rag  d a ta .  The d i g i t ­

a l  com puter program developed  to  Implement t h i s  th e o ry  a llo w s ra p id  

c a l c u la t io n  o f l i f t  and d rag  c o e f f i c i e n t s  o f I s o la t e d  ch an n e l w ings 

as  a fu n c tio n  o f wing geo m etry , a i r f o i l  s e c t io n  c h a r a c t e r i s t i c s ,  

and wing c e n te r l i n e  a n g le  o f a t ta c k .

E xperim en ta l r e s u l t s  f o r  channe l and r in g  w ings I n d ic a te  

th a t  th e se  w ings a c h ie v e  span  e f f ic ie n c y  f a c to r s  c lo s e  to  th e  th eo ­

r e t i c a l  maximums d e r iv e d  by Cone [7 ] .

A i r c r a f t  w ith  ch an n e l o r  r in g  w ings w i l l  r e q u i r e  l e s s  power 

fo r  le v e l  f l i g h t  o v er a s u b s t a n t i a l  p o r t io n  o f th e  low speed (h igh  

l i f t  c o e f f i c ie n t )  f l i g h t  reg im e th an  w i l l  a  p la n a r  wing a i r c r a f t  o f 

th e  same a s p e c t r a t i o .  The w id th  o f t h i s  speed  ran g e  In c re a s e s  a s

168
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a s p e c t  r a t i o  d e c re a s e s .  Power r e q u ir e d  f o r  th e  r in g  wing a i r c r a f t  

i s  e q u a l to  o r g r e a te r  th an  th a t  f o r  th e  channe l wing a i r c r a f t ,  a t  

any f l i g h t  speed . Power e f f e c t s  on wing aerodynam ics were n o t con­

s id e r e d .

The channe l wing a i r c r a f t  w ith  r e c ip ro c a t in g  eng ine  p ro p u l­

s io n  w i l l  have a s ig n i f i c a n t  in c re a s e  in  endurance a s  compared to  a 

p la n e  wing a i r c r a f t ,  and a  l e s s e r  in c re a s e  in  ra n g e . The je t-p o w e re d  

ch an n e l wing a i r c r a f t  has s l i g h t l y  lo n g e r  endurance th a n  does th e  

p la n e  wing a i r c r a f t .  W ith r e c ip r o c a t in g  p ro p u ls io n , th e  r in g  wing 

a i r c r a f t  has  more endurance b u t l e s s  ran g e  th an  th e  p la n e  wing a i r -  

c r a f  t .

The channel wing i s  more a t t r a c t i v e  a s  a  d e s ig n  a l t e r n a t i v e  

th a n  i s  th e  r in g  w ing, s in c e  th e  r in g  wing a i r c r a f t  r e q u ir e s  a s  

much o r  more power and has  l e s s  endurance and ra n g e .

The ch an n e l wing i s  an  a t t r a c t i v e  d e s ig n  a l t e r n a t i v e  to  th e  

p la n a r  wing i f  o p e ra t io n a l  re q u ire m e n ts  r e s t r i c t  th e  wing span  to  a 

low v a lu e ,  and i f  th e  d e s ig n  m is s io n  r e q u ir e s  long  endurance a t  low 

a i r s p e e d .  Such m iss io n s  in c lu d e  b a t t l e f i e l d  s u r v e i l l a n c e ,  crop  

d u s t in g ,  t r a f f i c  c o n t ro l ,  and tow ing of a e r i a l  a d v e r tis e m e n t s ig n s .



LIST OF REFERENCES

1. R lb n e r , H. S . ,  "The Ring A i r f o i l  in  N o n ax ia l F low ," J .  A ero.
S c ie n c e s , V ol. 14, Septem ber, 1947, pp . 529-530.

2. K u e th e , A. M ., and S c h e tz e r , J .  D . , F o u n d a tio n s  of A erodynam ics,
J .  W iley and Sons, I n c . ,  New Y ork, 1950.

3 . F le t c h e r ,  H. S . ,  "E xperim en ta l I n v e s t i g a t io n  o f  L i f t ,  D rag, and
P itc h in g  Moment o f F ive  A nnular A i r f o i l s , "  NACA T ec h n ica l 
N ote 4117, 1957.

4 . Wood, K. D . , T e c h n ica l A erodynam ics, M cG raw -H ill, New Y ork, 1947.

5 . J a c o b s , E. N . , and Rhode, R. V ., " A i r f o i l  S e c tio n  C h a r a c te r i s t i c s
a s  A pplied  to  th e  P r e d ic t io n  o f  A ir  F o rces  and T h e ir  D i s t r i ­
b u t io n  on W ings," NACA R eport 631 , 1938.

6. H i l l a ,  J .  H ., "E xperim en ta l D e te rm in a tio n  o f  Aerodynamic C harac­
t e r i s t i c s  o f a  Model A irp la n e  w ith  A nnular A i r f o i l s , "  M aster 
o f E n g in eerin g  T h e s is ,  U n iv e rs i ty  o f  Oklahoma, Norman, 
Oklahoma, 1966. See a l s o :  M il la ,  J .  H . , and B lic k ,  E. F . ,
" L i f t  and Drag C h a r a c te r i s t i c s  o f  a  B ia n n u la r  Wing A irp la n e ,"  
J .  A i r c r a f t , November-December, 1966 , pp . 586-587.

7 . Cone, C. D ., "The Theory of Induced  L i f t  and Minimum Induced
Drag of N onplanar L i f t in g  S y s tem s ,"  NASA T e c h n ica l R eport 
R -139, 1962.

8 . Munk, M. M ., "The Minimum Induced Drag o f  A e r o f o i l s , "  NACA
R ep o rt 121, 1921.

9 . R ey n o ld s , J .  F . , " L if t in g -S u r f a c e  T heory  A pplied  to  I s o la te d
R ing Wings a t  Angle o f A tta c k ,"  NAVWEPS R eport 8401, U .S. 
N aval Ordance T e s t S ta t io n ,  C hina L ake, C a l i f o r n ia ,  1963.

10. G la u e r t ,  H . , The E lem ents o f A e ro fo i l  and A irscrew  T heory , 2nd
e d . ,  Cam bridge, 1948.

11 . C rook, L . , " L i f t  F o rces on S in g le  Scoop A i r f o i l  and S t r a ig h t
A i r f o i l  o f Same P lan  Form ," A erodynam ical R eport No. 557, 
Crook A erodynam ical L a b o ra to ry , W ash ing ton , D .C ., Septem ber, 
1943.

12. C ham berla in , J .  F . ,  "Changes in  L i f t  and Drag When Channel
S e c tio n  R ep laces P o r t io n  o f C o n v en tio n a l A i r f o i l , "  C a th o lic  
U n iv e r s i ty ,  W ashington, D .C ., F e b ru a ry , 1952.

170



171

13. Hermes, M. E . ,  "Aerodynamics o f C u s te r  Channel W ing," DAS Report
No. 553, Devore A v ia tio n  S e rv ice  C o rp ., A ugust, 1969.

14. Dommasch, D. 0 . ,  S herby , S. S . ,  and C onno lly , T. F . , A irp la n e
A erodynam ics, P itm an P u b lish in g  C o rp ., New Y ork, 1961.

15. Comp, L . A ., "L ab o ra to ry  Manual fo r  Wind Tunnel T e s t in g ,"
U n iv e rs i ty  o f Oklahoma, Norman, Oklahoma, Ju n e , 1964.

16. Pope, A ., and H arp e r, J .  J . ,  Low-Speed Wind Tunnel T e s t in g ,
J .  W iley and Sons, I n c . ,  New Y ork, 1966.

17. H o erner, S . P . ,  Fluid-D ynam ic D rag, S . F . H o ern er, B ric k  Town,
New J e r s e y ,  1965.

18. A b b o tt, I .  H ., and Von D oenhoff, A. E . , Theory o f  Wing S e c t io n s ,
Dover P u b l ic a t io n s ,  I n c . ,  New York, 1959.

19. A b b o tt, I .  H ., Von D oenhoff, A. E . , and S t iv e r s ,  L. S . ,  "Summary
o f A i r f o i l  D a ta ,"  NACA R eport 824, 1945.

20. A sh ley , H . , and L an d ah l, M ., Aerodynamics of Wings and B o d ie s ,
A ddison-W esley, R ead ing , M a ssa c h u sse tts , 1965.

21. J o rd a n , P . P . ,  "Span Loading and Form ation o f Wake," in  A ir c r a f t
Wake T urbu lence  and I t s  D e te c tio n , ed . by O lsen , J .  H .,
G oldburg , A .,  and R ogers, M ., Plenum P r e s s ,  New Y ork, 1971.

22. P e rk in s ,  C. D . , and Hage, R. E . , A irp la n e  P erfo rm ance , S t a b i l i t y
and C o n tro l , J .  W iley and Sons, I n c . ,  New Y ork, 1949.

23. L o f t in ,  L . K ., and Sm ith , H. A ., "Aerodynamic C h a r a c te r i s t i c s  of
15 NACA A i r f o i l  S e c tio n s  a t  Seven R eynolds Numbers," NACA 
T e c h n ic a l N ote 1945, 1949.

24. J a c o b s , E. N ., and Sherman, A ., " A i r f o i l  S e c tio n  C h a r a c te r i s t ic s
as  A ffe c te d  by V a r ia t io n s  of th e  Reynolds Number," NACA 
R eport 586, 1937.

25. J a c o b s , E. N ., and A b b o tt, I .  H ., " A i r f o i l  S e c tio n  D ata O btained
in  th e  NACA V a ria b le  D en sity  Tunnel a s  A ffe c te d  by Support 
I n te r f e r e n c e  and O ther C o r re c t io n s ,"  NACA R eport 669 , 1939.

26. S ch w artzb e rg , M. A ., " A i r f o i l  P r o f i l e  Drag E s tim a t io n ,"  Un­
p u b lish e d  R e p o r t, U .S . Army A ir  M o b ili ty  R esearch  and 
Development L a b o ra to ry , 1971.

27. C o rn in g , G. ,  S uperson ic  & Subsonic A irp la n e  D esig n , G. C orn ing ,
C o lleg e  P a rk , M aryland, 1964.



APPENDIX A

TABULATED WIND TUNNEL DATA REDUCTION 

AND CORRECTIONS



TABULATED WIND TUNNEL DATA REDUCTION 

AND CORRECTIONS

The wind tu n n e l raw d a ta ,  w ith  th e  workup of d a ta  r e d u c t io n  

and c o r r e c t io n s ,  a r e  ta b u la te d  in  t h i s  ap p en d ix . As d is c u s se d  in  

C hapter V, th e  t e s t  ru n s  w ith  t r a n s i t i o n  s t r i p s  i n s t a l l e d  on th e  

m odels d id  n o t p roduce th e  d e s ire d  r e s u l t s ;  th e r e f o r e ,  th e  d a ta  from 

th e s e  ru n s  i s  n o t p re s e n te d .

The d a ta  r e d u c t io n s  and c o r r e c t io n s  w ere c a r r ie d  o u t a s  

d e sc r ib e d  in  C h ap te rs  IV and V. The d e n s i ty  o f manometer w a te r ,

> was d e te rm in ed  from s ta n d a rd  ta b le s  a s  a  fu n c tio n  o f b a la n c e  

room te m p e ra tu re . A ir  d e n s i ty  and v i s c o s i t y  re q u ire d  to  c a l c u la te  

R eynolds number w ere based  on th e  av e ra g e  t e s t  s e c t io n  a i r  tem pera­

tu r e  f o r  a  p a r t i c u l a r  t e s t  ru n ,  w h ile  V f o r  Reynolds number was ob­

ta in e d  from  t h e AP v s .  V graph  in  Comp j^lS] , u s in g  av e rag e  a P . 

Then th e  e f f e c t iv e  R eynolds number was c a lc u la te d  a s  th e  av e rag e  

Reynolds number f o r  th e  fo u r  t e s t  ru n s  fo r  each m odel, m u l t ip l ie d  

by th e  w ind tu n n e l  tu rb u le n c e  f a c t o r .

The l i f t  c o e f f i c i e n t s  ( fo r  th e  ^  "  1 .0  model) o b ta in e d  from 

th e  f a i r e d  c u rv e s  o f  F ig u re  26 a re  p re s e n te d  h e re  a l s o .  R efe r to  

C hapter V f o r  a  d is c u s s io n  of th e  u se  o f th e s e  d a ta .

173



174

WIND TUNNEL DATA REDUCTION

RUN 1 RUN TYPE I MODEL 2 .8 TRANS. STRIP No

MODEL ATTITUDE U p rig h t IMAGE SYSTEM No  AMB. TEMP _

CORR. BAR. PRESS. 28.96 in .H g . g,*,* = 62 .0  Ibm /ft*

F, = ( .0 9 2 0 ) = 5 .7 0  I b f / f t *  p e r  in .H jO  S = 0.486 f t*

0 .2 9 0  _ Ib f

91^ F

.596 ft* A in .

J  - .00215 s l u g s / f t ’ A  = 3 .9 5x1 0*’ v » 219 f t / s e c  

Re « 496.000

SET
(X*

DEGREES

%
(F ,) .(& P ) 

I b f / f t *

F,
F . / t

1/M in.
F k / t

1/M in.

DRAG

A M in.

Ç.U
( f ; ) . ( D )

LIFT

A U in.
(F ,) - (L )

-4 5 1 .5 .00471 .01158 4 1 .5 .1955 -2 6 .5 -.3 0 7
-2 5 1 .5 .00471 .01158 4 0 .5 .1908 -1 7 .5 - .2 0 2 5

0 51 .5 .00471 .01158 39 .5 .1860 -  7 .5 —.0868
4-2 51 .5 .00471 .01158 3 8 .5 .1813 + 2 .5 +.0289

4 51 .4 .00472 .01161 3 8 .5 .1820 +12.5 +.1452
6 51 .4 .00472 .01161 3 8 .5 .1820 +23.5 .273
8 5 0 .8 .00478 .01173 3 8 .5 .1840 34 .5 .405

10 51 .9 .00467 .01149 4 1 .5 .1940 47.5 .546
12 51 .4 .00472 .01161 4 4 .5 .2100 57.5 .669
14 5 1 .5 .00471 .01158 4 8 .5 .2285 69.5 .805
16 5 1 .5 .00471 .01158 5 5 .5 .261 63.5 .735
18 5 1 .6 .00470 .01155 6 2 .5 .294 63.5 .734
20 5 1 .5 .00471 .01158 6 7 .5 .318 63.5 .735
22 5 1 .5 .00471 .01158 8 2 .5 .388 47 .5 .550
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WIND TUNNEL DATA REDUCTION

RUN 2 RUN TYPE I I MODEL fik= 2 .8

MODEL ATTITUDE U p rig h t IMAGE SYSTEM Yes 

CORR. BAR. PRESS. 28.96 in .H g .

TRANS. STRIP No 

AMB. TEbO» 91* F

S v  = 62 .0  Ib m /ft*

= (.0 9 2 0 ) = 5 .7 0  I b f / f t '  p e r  i n .  H,0 S = 0 .486  f t ’

Ib f  r. _ 0 .290  _ Ib f

g  = .002135 s lu g s / f t*  M  = 3 .95x10^ I b f ^ p c  ^  ^ ^  f t / s e c  

Re « 493.000

SET

DEGREES

%
( F .) .& P )
I b f / f t*

f . ' ,
F . / t

1 /k in .

K

1 /u in .

DRAG

A X lln .

C,v
( fJ ) - ( d)

LIFT

A M in .

,CLu
( f; > - ( l )

-4 50 .5 .00480 .0118 70 .336 -24 - .2 8 3
-2 51.3 .00473 .01162 70 .331 -20 - .2 3 2 5

0 51 .6 .00469 .01154 70 .328 -15 - .1 7 3 1
+2 5 1 .6 .00469 .01154 71 .333 -1 1 - .1 2 7 0

4 5 1 .6 .00469 .01154 71 .333 -  4 - .0 4 6 2
6 51 .5 .00471 .01158 73 .344 -  1 -.0 1 1 5 8
8 51 .1 .00474 .01166 75 .358 + 6 + .0700

10 51.3 .00473 .01162 78 .369 +13 + .1151
12 51 .2 .00473 .01164 81 .383 +17 .1980
14 51 .3 .00473 .01162 85 .402 +24 .279
16 51.3 .00473 .01162 90 .426 +30 .349
18 5 1 .5 .00471 .01158 93 .438 +36 .417
20 51.3 .00473 .01162 98 .464 +40 .465
22 51 .0 .00476 .01169 102 .485 +45 .526
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WIND TUNNEL DATA REDUCTION

RUN J_  RUN TYPE I I I  MODEL fk = 2 .8  TRANS. STRIP _No

MODEL ATTITUDE In v e r te d  IMAGE SYSTEM No  AMB. TEMP _

CORR. BAR. PRESS. 28.93 in .H g . g*,» = 62 .0  Ib n /f t '*

F, = (.0920)g |w ,o = 5 .70  I b f / f t *  per in .  HjO S = 0 .486  f t ’

F = _ 2425
» S  ----- —  f t* ^ in .

95 “f

Ib fP = 0 .2 9 0  ^ __ __
*■ S --------  f t W n .

g  = .00212 s lu g s / f t*  

Re = 492,000

M  = 3.95x10"? V = 220_ f t / s e c

SET
%M

DEGREES

Î
(F ,) .(A P )
i b f / f t *

Fp'
F , / l

l / * i n .

t
Fl

l / * i n .

DRAG

AWin.

Ç Ou
(Fo').(D )

LIFT

AMin.

,C iu
(f [ ) - ( l )

-4 5 1 .0 .00475 .01169 36 .5 .1733 -12 - .1 4 0 2
-2 51 .0 .00475 .01169 37.5 .1781 - 3 - .0 3 5 1

0 51 .0 .00475 .01169 38 .5 .1829 + 6 + .0701
+2 5 1 .0 .00475 .01169 39.5 .1877 +15 + .1753
+4 51 .3 .00472 .01162 4 1 .5 .1960 22 .256

6 51 .3 .00472 .01162 4 5 .5 .215 30 .349
8 51.3 .00472 .01162 4 7 .5 .2245 37 .430

10 5 1 .3 .00472 .01162 50 .5 .2385 42 .488
12 51 .3 .00472 .01162 56.5 .267 50 .581
14 5 1 .0 .00475 .01169 59 .5 .283 56 .655
16 5 1 .3 .00472 .01162 64 .5 .3045 62 .721
18 5 1 .0 .00475 .01169 6 7 .5 .321 67 .784
20 50 .7 .00478 .01177 72 .5 .3465 70 .824
22 5 0 .7 .00478 .01177 74.5 .356 74 .870
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WIND TUNNEL DATA REDUCTION

RUN 8 RUN TYPE IV MODEL A =  2 .8  TRANS. STRIP No

MODEL ATTITUDE In v e r te d  IMAGE SYSTEM Yes AMB. TEMP 95 

CORR. BAR. PRESS. 28.93 in .H g. = ^2 .0  ib m /f t’

= ( .0 9 2 0 ) = 5 .70  ib f / f t *  p e r  in .  H^O S = 0 .486  f t *

= O '118 = .2425 
S ----------

Ib f
ft*yuin.

F. = 0 .290  = .596 Ib f  
—g—   f tV in .

9  = .00211 s lu g s / f t *  JX = 3.95x10"^ I b f . ^ ^  v = 220 f t / s e c

Re = 490.000

SET

DEGREES

%
(Ft ) .(& ?)
I b f / f t*

fJ
F o /t

1/yuin.

f '
Fi/%

1/A in.

DRAG

A A in .

Ço«
(Fo ')'(D )

LIFT

A M in.
(f ;  ) .  (L)

-4 50.7 .00478 .01175 70 .335 - 5 .5 - .0 6 4 6
-2 50.7 .00478 .01175 70 .335 - 1 .5 -.0 1 7 6 3

0 51 .0 .00475 .01169 70 .5 .335 0 0
+2 51.0 .00475 .01169 72 .342 + 5 .5 + .0643
+4 51 .0 .00475 .01169 72 .342 11.5 .1344

6 51.0 .00475 .01169 74 .3515 18.5 .2165
8 51 .0 .00475 .01169 77 .366 25.5 .298

10 51 .0 .00475 .01169 79 .375 31.5 .368
12 51.3 .00472 .01161 81 .3825 38.5 .448
14 51 .3 .00472 .01161 85 .401 4 4 .5 .517
16 51 .0 .00475 .01169 87 .413 4 7 .5 .555
18 51 .3 .00472 .01161 92 .434 53.5 .621
20 51 .0 .00475 .01169 93 .442 57.5 .672
22 51 .0 .00475 .01169 98 .466 60.5 .707



WIND TUNNEL DATA REDUCTION

MODEL M  “ 2 .8  S = .486 f t*  g  = .114

5 (S /A _) = .00269 (?) S (S /A .,)(1  + I p  (5 7 .3 )  = .170* (3)

^  = .1 0  = 493 ,000

= (R eA ,j)(T F ) = 665,000

0(w @

I ♦ m

DR

c .«

( D - w

AG

0 - 3 T

Co

I *  m

LIE

® - 3 T

T

0 -  n

C . AOf

® * c . ® - c :

oc c . .

z 2

_40 .3688 .0338 .0328 .0333 - .4 4 7 2 - .3 8 2 6 - .1 6 4 2 - .2 7 4 .0750 - .0 4 7 ° .000202 .0013 -4 .0 5 ° .0322
-2 .3689 .0339 .0379 .0359 - .2 3 7 6 - .2 2 0 0 - .0 0 5 1 - .1 1 2 5 .0127 - .0 1 9 .000034 .0013 -2 .0 2 .0346

0 .3689 .0339 .0409 .0374 - .0 1 6 7 - .0 1 6 7 + .1564 +.0698 .0049 + .012 .000013 .0013 + 0 .0 1 .0361
+2 .3690 .0270 .0360 .0315 + .2042 + .1399 + .3312 + .236 .0557 + .040 .000150 .0013 + 2 .04 .0304

4 .3780 .0360 .0450 .0405 + .4012 + .2668 .4474 .357 .1275 .061 .000343 .0013 4 .0 6 .0395
6 .3970 .0455 .0530 .0492 .622 .4055 .6336 .519 .269 .088 .000725 .0014 6 .09 .0485
a .4085 .0425 .0505 .0465 .835 .537 .765 .651 .424 .111 .00114 .0015 8 .1 1 .0461

10 .4325 .0575 .0635 .0605 1.034 .666 .919 .792 .627 .134 .00169 .0016 10.13 .0606
12 .4770 .0940 .0940 .0940 1.250 .802 1.052 .927 .860 .158 .00231 .0018 12.16 .0940
14 .5115 .1105 .1095 .1100 1.460 .943 1.181 1.061 1.127 .180 .00303 .0020 14.18 .1109
16 .5655 .1525 .1395 .1460 1.456 .901 1.107 1.004 1.008 .170 .00271 .0024 16.17 .1463
18 .6150 .1810 .1770 .1790 1.518 .897 1 .101 .999 .998 .169 .00269 .0028 18.17 .1788
20 .6645 .2225 .2005 .2115 1.559 .887 1.094 .991 .982 .168 .00264 .0034 20.17 .2107
22° .7440 .2780 .2590 .2685 1.420 .713 .894 .803 .645 .136° .00174 .0040 2 2 .1 4 ° .266

00
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WIND TUNNEL DATA REDUCTION

RUN 19 RUN TYPE I  MODEL A  = 1.0 TRANS. STRIP

MODEL ATTITUDE U p rig h t IMAGE SYSTEM No AMB. TEMP _

CORR. BAR. PRESS. 28.72 in .H g . ^ h, o = 61 .9  Ib m /f t’

= (.0920)^H ,o  = 5.695 I b f / f t *  p e r  in .  H%0 S = 1 .0  f t*

Ib f  r  -  0 .290  _ „ onn I b f

98* F

F. - = oais. F , .  .  0 ^  î ï ^

8  ~ .00207 s lu g s / f t*  /JL = 4 .02x10  ' — t V = 223 f t / s e c

Re = 1.15x10**

SET
OCm

DEGREES
(F * )'(A P ) 

I b f / f t*

K
F . / l

1/M in.

Fj
F. /% 

1/M in.

DRAG 

AM. in .

C.u
(fJ ) - (D )

LIFT 

AM in .

,CLU
(f ' ) - ( l )

-6 50.65 .002327 .005725 42 .0978 -  8 - .0 4 5 8
-4 50 .65 .002327 .005725 42 .0978 4  5 4 .0286
-2 50 .65 .002327 .005725 42 .0978 17 .0974

0 50 .65 .002327 .005725 46 .1071 31 .1775
+2 50 .65 .002327 .005725 49 .1141 44 .252
44 50 .65 .002327 .005725 52 .1211 57 .3265

6 50 .65 .002327 .005725 58 .1350 72 .4125
8 50 .65 .002327 .005725 64 .1490 85 .487

10 50.65 .002327 .005725 73 .1700 100 .5725
12 51 .25 .002303 .00566 83 .1912 112 .634
14 50.65 .002327 .005725 92 .214 125 .716
16 5 0 .1 .002355 .00579 103 .2425 140 .811
18 51 .25 .002303 .00566 117 .2695 153 .867
20 5 0 .1 .002355 .00579 127 .299 164 .950
22 50.65 .002327 .005725 139 .3235 173 .991
24 51.25 .002303 .00566 141 .325 162 .917
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TRANS. STRIP No

WIND TUNNEL DATA REDUCTION

RUN 11 RUN TYPE TT MODEL 1 .0

MODEL ATTITUDE U p r i g h t  IMAGE SYSTEM Yes AMB. TEMP _

CORR. BAR. PRESS. 28.77 in .H g. gH,o= 6 2 .0  i W f t ^

= ( . 0 9 2 0 ) =  5 .70  I b f / f t*  p e r in .  HjO S = 1 .0  ft*

F. = = 0 .118 Ib f
‘ 0  3  ■ ■ f t 'M in . F. = £ i l i 2  = 0 .290  — ^ —

'■ S --------- f t V i n .

g  = .002085 s lu g s / f t*  M, = 4 .00x10“ \i = 221 f t / s e c

Re = 1.15x10*

SET

DEGREES

I
(F ,) .(A P )  

I b f / f t *

F.'
F . / t

1//Uin.

f:
F i / t

1/Alin.

DRAG

tw in .

Çok
(F f ) '(D )

LIFT

AMin.

,CLv
( F i ) '( L )

-6 50 .7 .002327 .00572 68 .1582 - 2 -.01145
-4 50.7 .002327 .00572 72 .1677 + 7 +.04005
-2 50.7 .002327 .00572 72 .1677 +17 .0973

0 50 .7 .002327 .00572 76 .1769 27 .1545
+2 50 .7 .002327 .00572 82 .1909 36 .206
+4 50.7 .002327 .00572 87 .2025 44 .252

6 50.7 .002327 .00572 92 .214 50 .286
8 50 .7 .002327 .00572 103 .240 50 .286

10 50 .7 .002327 .00572 108 .2515 41 .235
12 50.7 .002327 .00572 110 .256 35 .2005
14 50.7 .002327 .00572 115 .268 38 .2175
16 50.7 .002327 .00572 117 .272 40 .229
18 50 .7 .002327 .00572 124 .289 42 .2405
20 50 .7 .002327 .00572 128 .298 47 .269
22 50 .7 .002327 .00572 132 .307 50 .286
24 50.7 .002327 .00572 144 .335 53 .303
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WIND TUNNEL DATA REDUCTION

RUN IB RUN TYPE I I I

MODEL ATTITUDE In v e r te d

MODEL fK= I.O  

IMAGE SYSTEM No

TRANS. STRIP No 

AMB. TEMP

CORR. BAR. PRESS. 28.72 in .H g.

f t / W i n .
F. = £ î 290 = 0.290L g --------

5  " «00207 s lu g s / f t*  M  = 4 .02x10 .|.£.9 V = 222 f t / s e c

Re = 1.14x10*

98® F

61 .9  Ib m /f t’

F  ̂ = ( .0 9 2 0 ) gw;o = s.feQs I b f / f t*  p e r  in .  HgO S =  ̂ n f t ’

F = 0 .118  _ 0 .118  Ib f  t7 = 0 .290  _ n oon Ib f
f t  M in .

SET
OCm

DEGREES

Î
(F. ) . (6P) 

I b f / f t *

Fj
F p /l
1/Min.

Ft
Ft/%
1/M in.

DRAG

AMin.
(F o ) '(D )

LIFT

AMin.
( F ^ - ( L )

-6 50 .65 .002327 .005725 39 .0908 +17 +.0973
-4 5 0 .1 .002355 .00579 42 .0989 29 .1679
-2 5 0 .1 .002355 .00579 45 .1060 42 .243

0 5 0 .1 .002355 .00579 50 .1178 52 .301
+2 50.65 .002327 .005725 56 .1304 61 .3495

4 50.65 .002327 .005725 64 .1490 70 .401
6 50 .65 .002327 .005725 73 .1700 55 .315
8 50 .1 .002355 .00579 77 .1813 55 .3185

10 5 0 .1 .002355 .00579 82 .193 55 .3185
12 51 .25 .002303 .00566 90 .207 60 .3395
14 50 .65 .002327 .005725 94 .219 66 .378
16 50.65 .002327 .005725 101 .235 69 .395
IS 50 .65 .002327 .005725 107 .249 71 .407
20 49 .5 5 .00238 .00585 107 .2545 73 .427
22 5 0 .1 .002355 .00579 115 .271 78 .4515
24 50 .65 .002327 .005725 127 .296 84 .481
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WIND TUNNEL DATA REDUCTION

RUN 17 RUN TYPE IV MODEL A  = 1 .0

MODEL ATTITUDE In v e r te d  IMAGE SYSTEM Yes

TRANS. STRIP No

AMB. TEMP 

Ib m /ft’CORR. BAR. PRESS. 28.72 i n . H r .

F, = (.0920)% *^, = 5.695 I b f / f t*  p e r in . HjO S = 1.0 f t^

Ib fF = 0 .118 = 0 .118
" s --------- f t \ u i n .

F = 0 .290  = 0 .290
t g --------

J  .  .00209 S l u g s / E t ’  M. .  3.99x10-’ l b |_ s e ç  ^

Ib f 
f tVin.

f t"

Re = 1.16x10

SET
C<M

DEGREES
( F .) . ( 6 P )

I b f / f t*

K
F , / t

lA u in .

FÛ
F c / t

l/>Uin.

DRAG

AMin.

Çt..
(F„ ) .  (D)

LIFT

AMin.
(F ^ ) .(L )

-6 50.65 .002327 .005725 75 .1748 +16 +.0916
-4 50.1 .002355 .00579 76 .1790 27 .1562
-2 50.65 .002327 .005725 74 .1723 37 .222

0 50.65 .002327 .005725 77 .1792 47 .269
+2 50.65 .002327 .005725 80 .1863 59 .338

4 50.65 .002327 .005725 87 .2025 67 .384
6 50.65 .002327 .005725 93 .2165 74 .424
8 50.65 .002327 .005725 101 .235 46 .2635

10 50.65 .002327 .005725 106 .247 48 .275
12 50.65 .002327 .005725 108 .2515 50 .286
14 50.65 .002327 .005725 114 .2655 53 .3035
16 50.65 .002327 .005725 116 .270 57 .3265
18 50.65 .002327 .005725 118 .275 60 .3435
20 50.65 .002327 .005725 125 .291 67 .384
22 50.65 .002327 .005725 129 .3005 71 .4065
24 50.65 .002327 .005725 139 .3235 76 .435
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TABLE A-1

LIFT COEFFICIENTS OBTAINED BY FAIRING 
RUNS 11(TYPE I I ) ,  18(TYPE I I I ) ,  AND 

17(TYPE IV) IN FIGURE 26*

Ww Civ

D egrees I I I I I IV

-6 -.0 1 1 .108 .095
-4 + .040 .168 .155
-2 .097 .225 .222

0 .150 .286 .268
+2 .205 .343 .324
+4 .255 .403 .384

6 .310 .463 .440
8 .363 .523 .498

10 .415 .581 .553
12 .470 .641 .612
14 .522 .701 .670
16 .576 .760 .727
18 .630 .820 .783
20 .682 .880 .841
22 .710 .920 .870
24 .620 .830 .788

*Model #»= 1.0, no transition strip.



WIND TUNNEL DATA REDUCTION

MODEL fK = 1 .0 S = 1 .0  f t* g  = .114

S (S /A ,)  = .00554 S (S /A ,.)(1  + T .) (5 7 .3 )  = .3 9 0 °  (3)

Re,-  0 .2 3

= (ReAvjXTF)

= 1 .15x10 '

= 1.55x10

(D
1+ n r

D

C.w
(D-m

RAG

(D-i

Q (D
i + n r

LIFT

® - i r

C. cl A # aCo, ^«>TJ OC 

(X.+ A(x

c . .
Co*

2 z

-6° .1186 .0138 .0304 .0221 .062 -.033 .073 .020 .0004 .004° .00000 Not -6.00° .0221
-4 .1967 .0177 .0290 .0233 .197 +.042 .157 .100 .0100 .038 .00003 S ig n i f i c a n t -3.96 .0233
-2 .2038 .0315 .0361 .0338 .322 .100 .225 .163 .0264 .070 .00018 \ -1.93 .0340
0 .2249 .0457 .0480 .0468 .464 .196 .314 .255 .0650 .104 .00040 \ +0.10 .0472

+2 .2445 .0582 .0536 .0559 .595 .271 .390 .331 .1092 .129 .00060 \ +2.13 .0565
+4 .2701 .0676 .0676 .0671 .730 .346 .475 .411 .1685 .160 .00093 \ 4.16 .0680

6 .3050 .0885 .0910 .0898 .876 .436 .566 .506 .256 .145 .00077 \ 6.15 .0906
8 .3303 .0953 .0903 .0928 1.010 .512 .647 .579 .335 .207 .00156 \ 8.21 .0944

10 ,3630 .1160 .1115 .1138 1.154 .601 .739 .670 .449 .248 .00224 \ 10.25 .1160
12 .3982 .1467 .1422 .1445 1.275 .663 .805 .734 .539 .285 .00296 \ 12.29 .1475
14 .4330 .1675 .1650 .1662 1.417 .747 .895 .821 .674 .325 .00384 \ 14.33 .1700
16 .4775 .2075 .2055 .2060 1.571 .844 .995 .919 .845 .362 .00477 \ 16.36 .2108
18 .5185 .2435 .2295 .2365 1.687 .904 1.057 .980 .960 .383 .00534 \ 18.38 .2418
20 .5535 .2625 .2555 .2585 1.830 .989 1.148 1.069 1.142 .410 .00613 \ 20.41 .2646
22 .5945 .2940 .2875 .2910 1.911 1.041 1.201 1.121 1.259 .428 .00667 \ 22.43 .2977
24° .621 .2975 .2860 .2915 1.747 0.959 1.127 1.043 1.088 .401° .00586 \ 24.40° .2974

00



APPENDIX B

EVALUATION OF THE INTEGRAL IN 

EQUATION (6 .3 5 )



EVALUATION OF THE INTEGRAL IN EQUATION (6-35)

The in t e g r a l  r e q u ire d  in  e q u a tio n  (6 .3 5 ) i s

I  = ^ C e r t  ’ n = 1 , 3 , 5 .................... ( b . l )

L et = X, th e n  , and th e  in t e g r a l  can be w r i t t e n  as

+ ( % ) ^ X  (b .2 )

^1T-f

I  -  Urikntf>lcerXvixcÂ^{^)‘̂ X . (b .3 )

-> 4

D efine  I  =  "  1% , (b .4 )

where
=  C^n4> I CerXyLK C & ^ [ ,h )d x  (b .4 a )

4

I AxvviAX • (b .4 b )

4

C onsider I ,  f i r s t ,  and f u r th e r  d e f in e

I j  =  ( sA ^ i \< f )  Jw , (b .5 )

186
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where
I f -*

8)

= I Ce^T ( % )  J x  . (b .5 a )

A re c u r re n c e  r e l a t i o n  fo r  3^ ( f o r  > 3 ) may be o b ta in ed  by 

w r i t in g

( m - 2)X . (b .6 )

-4>
Now s u b s t i t u t e  th e  tr ig o n o m e tric  r e l a t i o n

( b . ' )

The second and fo u r th  term s of eq u a tio n  (b.B) can  be expanded w ith

th e  fo rm u las fo r  th e  s in e  o f  th e  d i f f e r e n c e  and th e  sum o f two

a n g le s ,  r e s p e c t iv e ly :

, i r . t
T -  T = 1  Jv + II ** I 4ÛAX

-♦ 4

_  I .AvaÇax -2>0 ^ ^  I - 2 k +x) —

X i-  J h.« + jcw .K \xa/x -  —

"♦ -♦  4

+  jC ^ ( M X - 2 x ) d ^ X  • (b .9 )

4
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A nother a p p l ic a t io n  o f  th e  s in e  form ula y ie ld s

J . -  = j
- * -  ♦

. i r - d
Aûawx o r t . 2 x — Gfriwiax Aiw 2 x

/  AL4A %

- i r - ^

+ I 2 )X  (Jx ,

dx

■/.
w hich becom es, w ith  th e  a id  of th e  tr ig o n o m e tr ic  fo rm ulas fo r  th e  

c o s in e  and s in e  o f  d oub le  a n g le s ,

J« -Jn - t  = dx + O r i . n x J x  + 2 ) x d x
"L*- d d -  d

,ir-d /."ir-d^ ir -v  ^  " -V
I Aw/IMX Ci -  2 J„ J. T I c<r\K\x Xu^X caiX
/ ÂZiTÏ '^/ ÂSTx

-'-d

^ i r - d  ^ i r - d  ^ ir -d

=  I Or l̂KX J x  + 1  CM.(K-2)X Jx  + 2 / x t ^ n x  AtnX c/x

.IT -*
+ 2 I Co-IMX O rix  dx . (b.lO)

The l a s t  two term s a r e  re c o g n iz e d  a s  th e  c o s in e  o f  th e  d i f f e r e n c e  o f 

two a n g le s ,  so

^ f r - d  ^iY -d

= Cf f ^nxJx  + I C < rl(k i-2 )x  d x
- '-d

^ iv -d

+ 2 1  O ri(K X  -  x )  d x
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. i r - ^ ^  ir -y

jr — =  I  c ^ w x  cfx + 2 1  c o ^ ( n - i ) x  J x

J  c & x ( i ^ - 2)  X d x  . ( b . l l )
,-rr-^

+

The s im p le  in t e g r a l s  of e q u a tio n  ( b . l l )  a r e  e a s i l y  e v a lu a te d , s in c e

M = 3 ,5 ,7 ,  . . .  ; thus

J„-Jn-i= %  ^ n ( j )  + 2)(() . ( b . l2 )

Now c o n s id e r  when M = 1:

J, =  J X  =  J 6JU/IX

I clx + I Co-1 X c/x 
'C<(,

J  =  1Y +  2 a U  ÿ  . ( b . l3 )

T h e re fo re , th e  second i n t e g r a l  in  e q u a tio n  (b .3 )  i s

=  (A x w KV<()) , ( b . l4 )

w here i s  g iv e n  by th e  re c u rre n c e  r e l a t i o n

=  f r  + 2 cf>

=  ^n-z + ^  A ^ { n - 2 ) 4 >  ( b . l2 )

f o r  n = 3 , 5 , 7, . . . .

Turning to , we define

I ,  =  (O A  K n  , ( b . l5 )
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w here

= I  C e s ^ n x  0 4 : ( % )  dx . ( b .l5 a )
J-<p

A gain w r i t in g  a re c u r re n c e  r e l a t i o n  fo r  K\ > 3 ,

-  K*_z = /c<ri»ax Co=t(%)c/x -  / o r l ( i a - 2 ) x  C ot ( ^ ) d x  . ( b . l 6 )
J - é

- i r - ^  ^fr-<p
c e i . n x  cot(%)c/x -  I ce

-'-<P

S u b s t i tu t io n  of e q u a tio n  (b .7 )  g ives

K n - K „ - ,  -  r c z r t . ( K v - z ) x ( - i ^ ^ ^ ) t d k  ; ( b .i7 )

th e  second and fo u r th  terras a re  expanded by u s in g  th e  fo rm u la  fo r  

th e  c o s in e  o f  th e  d i f f e r e n c e  and th e  sum o f two a n g le s ,  r e s p e c t iv e ly :

K . - K . - . = f e j x

/ lî x -2x + *) + A^Ciax-2x) Jy 
” j  ^

" t*  -/-♦

^TT-^

-  dx

^̂.1= I  -fSSr - /,̂ »AXdx - /â ('̂ -2)x dx

~ L

1Y—f
Gq»K\X C atZ x  + ( b . l 8 )

Awv X
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A pplying th e  tr ig o n o m e tr ic  i d e n t i t i e s  fo r  c o s in e  and s in e  o f 

double a n g le s .

K^.t= dx - / . ^ A X i ^ X  — l ^ i A - 2 ) x d x
■J-* J-^ -/-*

.n -4  r ^ - *
_  I CotMX Cl -  Z I O I

L  i .

Ai^X C^X Jy
AiAX

K„-K^-i = - j ^ A X c l x  -  A j i ^ ( n - Z ' ) ^ d x  + 2 ( ^ n x A i t w J x

—  2 f .A/L*A. M,

tr-t
X Ceriv.X dx . ( b . l 9 )

The argum ents of th e  l a s t  two term s of e q u a tio n  ( b . l9 )  are. recogn ized  

a s  th e  s in e  o f ( K lx-x):

f~'tr-4
K „ - K „ . ,=  dx - Z  ^ i n - i ) x d x  -  ^ ( n ~ z ) x  dx . (b .20 )

Now th e  i n t e g r a l s  of th e  r e c u r re n c e  r e l a t i o n  can be  e v a lu a te d :

K „ -  K„.^ =  -  ^  ü»îi,la 4> -  (b .2 i )

s in c e  M = 3 , 5 , 7 , . . .

K„ fo r  K =1 must b e  e v a lu a te d :

K, =  lortLX c t ^ ( \ ) d x  =  / - 6 S ^ J L _ Ç ^ 1 ^  j x  
J . t  7-^

-ir-^
_ I Qrt.(,x - j
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.1̂ -̂

A j^ X c/x (b .2 2 )

K, z K„ -  K,, • (b .2 2 a )

The second in t e g r a l  K „  i s  e a s i l y  e v a lu a te d , y ie ld in g

= 2 ĉ rX(f> ; (b .2 3 )

however, th e  e v a lu a tio n  o f K„ r e q u ir e s  s p e c ia l  c a re ,  s in c e  c o t (J^|) 

becomes i n f i n i t e  a t  x = 0. F i r s t ,  l e t  y = , th en  dx = 2 dy , and

ft-»

K„ = 2 . f c ^ L y ) d y  • (b .24 )

In  o rd e r to  avo id  th e  s in g u la r i ty  a t  y = 0 , i t  w i l l  be shown th a t  

t h i s  i n t e g r a l  may be  re p la c e d  by

K „ =  2 catiyD-Jy

The in te g r a t io n  i n t e r v a l  i s  d iv id e d  in to  th r e e  segm ents:

K„ = 2  + 2 J l ^ ( y V y

o 0

-  2  f c » t ( y ) J y  - 2 j u * ( y ) J y  + Z j a i t ( . y ) J y

4  i  \
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K„ = 2
ir-^

C<rT (y )  afy

'H
fy- *

L J

i r - ( l>

K„ = 2 ^ ( o )  -  IJÛ io) + Z j c ^ i y )  Jy
À

K„ =  2 ( a r t  Cy) <yy (b .2 5 )

This r e s u l t  can be deduced a ls o  from c o n s id e ra t io n  o f th e  graph o f  

c o t ( y ) .  E v a lu a tio n  o f e q . (b .2 5 ) i s  s t r a ig h tfo rw a rd :

K,i =  > 4 tw .y j

-nr-*

f i
=  2

= 2 ]

=   ̂ ^[-2 $ 4

K„ =  . (b.26)
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I t  i s  i n t e r e s t i n g  to  n o te  th a t  a s t r a ig h tfo rw a rd  a p p l ic a t io n  o f  th e  

Cauchy P r in c ip a l  V alue m ethod.

C / ( x )  dx =
-/a

f / M J x

A+6

(b .2 7 )

fo r  j f  { X ) = OO a t  x = A., to  K,, in  th e  form shown in  

e q u a tio n  (b .2 2 ) y ie ld s

K„ = 2 i<T3 c&t ,

which cannot be e v a lu a te d . 

Thus we have

K, = K„ - K,̂  = 2 (ctrt — 2 co\(t> ,
and

I, = Kw ,
where i s  g iv en  by th e  re c u rre n c e  r e l a t i o n

(b .2 8 )

(b .29 )

K, =  2 yfcy — 2  co% (f) (b .2 8 )

fo r  M -  3 ,5 ,7 ,  . .
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The in t e g r a l  r e q u ir e d ,  e q u a tio n  ( b . l ) ,  i s
ir

=  (  Qrti , (b .3 0 )

n = 1 ,3 ,5 ,  . . . , where

K, =  2 Ccot — Z 4> (b .30a)

Kn =  Kn- t  -  Vji ^  as\{y\~i)4> , (b .30b)

n = 3 , 5 ,7 ......................and

J j  =  1Y + 2 AÂ.W (j) (b .30c)

«In =  J n - t  + ^  + TfTz (B.30d)

M = 3 ,5 ,7 ,  . . .
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FORTRAN LISTING OF CHANNEL WING COMPUTER 

PROGRAM, WITH SAMPLE INPUT AND OUTPUT

The FORTRAN l i s t i n g  o f  t h e  d i g i t a l  c o m p u te r  p ro g ram  d e ­

s c r i b e d  i n  C h a p t e r  VII i s  p r e s e n t e d  i n  t h i s  a p p e n d ix ,  a l o n g  w i t h  

sam p le  c o m p u te r  p r i n t o u t  o f  i n p u t  and  o u t p u t  d a t a .  T h is  p ro g ra m ,  

w r i t t e n  i n  FORTRAN IV, u t i l i z e s  t h e  l i f t i n g  a r c  t h e o r y  d e v e lo p e d  i n  

C h a p t e r  VI t o  c a l c u l a t e  t h e  l i f t  and  d r a g  c o e f f i c i e n t s  o f  a c h a n n e l  

w ing  a s  a f u n c t i o n  o f  w ing g e o m e t r y ,  a i r f o i l  s e c t i o n  c h a r a c t e r i s t i c s ,  

and  w ing  a n g l e  o f  a t t a c k .  S e v e r a l  IBM S c i e n t i f i c  S u b r o u t i n e  P a c k a g e  

s u b r o u t i n e s  a r e  u t i l i z e d ;  t h e s e  a r e  i n c l u d e d  i n  t h e  FORTRAN l i s t i n g .
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c *** LIFT AND DRAG COEFFICIENTS OF A CHANNEL WING ***
C

DIMENSION RHV(5), T J (9 ) ,T K (9 ) , A C0F(9), A D I(5 ,5 ) , A S I(2 5 ),
1 AUX(200), A (9 ) , CIDEN(IO), AERSEC(IO), TC L(50), TCD (50), WORK(50)
2 , ARG(50), VAL(50)

EQUIVALENCE(ADI( 1 ,1 ) ,  A S I ( l) )
EXTERNAL FCT 
COMMON A 

C INPUT DATA
5 READ(5,10,END = 99) CIDEN, AERSEC, IROW, CLMIN, CLMAX, CDERR

10 FORMAT(10A4,/10A4,/2X, 13 , 5X, 3F10.0)
C AIRFOIL SECTION CL VS. CD TABLE LIMITED TO 50 POINTS

R EA D (5,11)(TC L (I), T C D (I), I  = l.IROW)
11 FORMAT(6F10 .0 )

,READ(5,12) R, C, ASO, ANZL
12 FORMAT(4F10.0)

READ(5 ,1 3 )  ALPAS, DALPA, ALPAE
13 FORMAT(3F10.0) S

C PRINT CHANNEL WING INPUT DATA “
WRITE(6 ,2 0 )

20 FORMAT(IHl, 30X, 23HCHANNEL WING INPUT DATA)
WRITE(6,21) CIDEN, AERSEC

21 FORMAT(IHO, 6HWING: , 10A 4// 18H AIRFOIL SECTION: , 10A4)
WRITE(6,22) R , C, ASO, ANZL

22 FORMAT( /  20H WING RADIUS, FT. = , 1 P E 1 6 .6 ,/ /  19 H WING CHORD, FT.
1= , 1PE 16.6 , / /  48H AIRFOIL SECTION LIFT-CURVE SLOPE, PER RADIAN =
2 , 1 P E I 6 .6 , / /  48H AIRFOIL SECTION ANGLE FOR ZERO LIFT, DEGREES = ,
3 1 P E 1 6 .6 ,//)

C * CALCULATION OF COEFFICIENTS OF SIMULTANEOUS EQUATIONS
FOR FOURIER COEFFICIENTS *

PIF  = 3.141593
ANZL = ANZL * 0.0174533
CSl = ASO * C /(2 .0  * R)



ALPAC = ALPAS 
94 IF(ALPAC -  ALPAE) 92 , 92 , 5 
92 WRITE(6 ,2 3 )  ALPAC
23 FORMAT(IHl, 43W-"ING CENTERLINE ANGLE OF ATTACK, DEGREES = ,

1 F 10 .2 )
ALPAC = ALPAC * 0.0174533 
PHI = 0 .0  
DO 62 I  = 1 ,5  
M = 0
PHI = PHI + (1 8 .0  * 0 .0174533)
ALPAL = ATAN(SIN(ALPAC) * SIN(PHI)/COS(ALPAC))
RHV(I) = CSl * (ALPAL -  ANZL)
DO 60 N = 1 ,9 ,2  
M = M + 1 
RELN = N
RNPHI = RELN * PHI m
IF (N - l)  6 4 , 64 , 66 'o

64 T J(1 ) = P IF  + 2 .0  * SIN(PHI)
COTF = C O S (P H I/2 .0 )/S IN (P H I/2 .0 )
TK(1) = 2 .0  * ALOG(COTF) -  2 .0  * COS(PHI)
GO TO 68 

66 RELN2 = N -  2
RN2PHI = RELN2 * PHI
TJ(N) = T J(N -2) + (2.0/RELN)*SIN(RNPHI) + (2.0/RELN2)*SIN(RN2PHI)
TK(N) = TK(N-2) -  (2.0/RELN)*COS(RNPHI) -  (^.0/RELN2)*COS(RN2PHI)

68 T1 -  SIN(RNPHI)
T2 = CSl * RELN/(8 .0  * PIF)*(SIN(RNPHI)*TJ(N) -  COS(RNPHI)*TK(N))
ACOF(N) = T1 + T2 

60 ADI(I,M ) = ACOF(N)
62 CONTINUE

* SOLUTION OF THE SIMULTANEOUS EQUATIONS FOR FOURIER COEFFICIENTS 
OF CIRCULATION DISTRIBUTION *



WRITE(6 ,2 8 )
28 FORMAT( / /IH O, 20X, 49HF0URIER COEFFICIENTS FOR CIRCULATION DISTRIBUT 

IION, /  )
CALL SIMQ(ASI, RHV, 5 , KS)
IF(KS -  1) 70 , 72 , 70 

72 WRITE(6,19)
19 FORMAT(IHO, 18HMATRIX IS  SINGULAR)

WRITE(6,15)
15 FORMAT(IHO, 18HG0 ON TO NEXT CASE)

GO TO 5 
70 IX = -1

DO 74 I  = 1 . 5 
IX = IX + 2 
A(IX) = RHV(I)

74 WRITE(6,32) IX , A(IX) g
32 FORMAT(IH , 30X, IHA, I I ,  3H = , 1PE20.7) °

* EVALUATION OF INDUCED DRAG INTEGRAL *
XL = 0 .0  
XU = P IF  
EPS = 5 .0E -4  
NDIM = 101
CALL QATR(XL, XU, EPS, NDIM, FCT, DINT, ITGER, AUX)
WRITE(6 ,3 7 )

37 FORMAT(//IHO, 20X, 24HINDUCED DRAG INTEGRATION )
WRITE(6 ,3 8 )  DINT, ITGER

38 FORMAT( IHO, 30X, 18HINTEGRAL OF FCT = , 1 P E 1 6 .6 ,/ /
1 30X, 25H ERROR PARAMETER ITGER = , I I )

* SPAN EFFICIENCY FACTOR *
E = (P IF**2)*(A (1)**2)/D IN T
WRITE(6 ,4 0 )  E



40 FORMAT( IHO,30X, 38HCHANNEL WING SPAN EFFICIENCY FACTOR = ,
1 IP E 12 .5 , / / )

: * CALCULATE CHANNEL WING PROFILE DRAG COEFFICIENT *
PHI = 0 .0  
CDSUM = 0 .0
DPHI = 4 .5 0  * 0.0174533 
DO 76 J  = 1, 20 
IF ( J  -  1) 78, 78, 80 

78 PHI = PHI + D PH l/2 .0  
GO TO 82 

80 PHI = PHI + DPHI
82 CLTl = ATAN(SIN(ALPAC) * SIN(PHI)/COS(ALPAC))

: INDUCED ANGLE OF ATTACK
CLT3 = 0 .0  
DO 84 N = 1 , 9 , 2
RELN = N ^
RNPHI = RELN * PHI o
IF(N  -1 )  86 , 86 , 88 

86 COTF = C O S (P H I/2 .0 )/S IN (P H I/2 .0 )
TK(1) = 2 .0  * ALOG(COTF) -  2 .0  * COS(PHI)
T J(1 ) = PIF +  2 .0  * SIN(PHI)
GO TO 90 

88 RELN2 = N -  2
RN2PHI = RELN2 * PHI
TK(N) = TK(N-2) -  (2.0/RELN) * COS(RNPHI) -  ( 2 . /RELN2)*C0S(RN2PHI)
TJ(N) = T J(N -2) + (2.0/RELN) * SIN(RNPHI) + ( 2 . /RELN2)*SIN(RN2PHI)

90 CLT3 ■= CLT3 +  (RELN * A (N )/(8 .0  * P IF )) * (COS(RNPHI)* TK(N) -  SIN(
1RNPHI) * T J(N ))

84 CONTINUE 
: SECTION LIFT COEFFICIENT

CLSEC = ASO * (CLTl -  ANZL + CLT3)
: CHECK SECTION CL TO BE IN DATA RANGE

IF(CLMIN -  CLSEC) 81 , 81 , 83



83 CLSEC = CLMIN 
GO TO 89 

81 IF(CLSEC -  CLMAX) 85 , 8 5 , 87 
87 CLSEC = CLMAX
89 PHIPD = PHI * 57.29578

WRITE(6,47) PHIPD, CLSEC 
47 FORMAT ( 49H *** SECTION CL EXCEEDS RANGE OF CL VS. CD TABLE, 7X,

1 5HPHI =, F 9 .4 , lOX, 13HSET SEC. CL =, 1PE13.5)
ORDER SECTION CL VS. CD TABLE FOR INTERPOLATION ROUTINE 

85 CALL ATSG(CLSEC, TCL, TCD, WORK, IROtV, 1, ARC, VAL, IRŒV)
INTERPOLATE SECTION CD VALUE AT SECTION CL 

CALL ALI(CLSEC, ARC, VAL, CDSEC, IRŒV, CDERR, 1ER)
SUM SECTION CD OVER WINGSPAN 

76 CDSUM = CDSUM + CDSEC * DPHI 
CDO = (2 .0 /P IF )  * CDSUM

* LIFT AND DRAG COEFFICIENTS * k,
ASPRO = 2 . 0  * R/C g
CL = (P IF /4 .0 )  * ASPRO * A (l)
CDI = (C L**2)/(E  * PIF * ASPRO)
CD = (P IF /2 .0 )  * CDO + GDI 
ALPAC = ALPAC * 57 .29578 
WRITE(6,42)

42 FORMAT( IHO, 20X,39HCHANNEL WING LIFT AND DRAG COEFFICIENTS / / )
W RITE(6,44) CDO,CDI,c l ,CD 

44 FORMAT(33H WING PROFILE DRAG COEFFICIENT = , 1PE16.6 / / /  33H WING
1INDUCED DRAG COEFFICIENT = , 1 P E 1 6 .6 ///  25H WING LIFT COEFFICIENT
2 = , 1P E 16 .6 ///25H  WING DRAG COEFFICIENT = , 1PE I6 .6)

INCREMENT WING ANGLE OF ATTACK 
ALPAC = AI.PAC + DALPA 
GO TO 94 

99 STOP 
END



C SUBROUTINE SIMQ
C
C PURPOSE
C OBTAIN SOLUTION OF A SET OF SIMULTANEOUS LINEAR
C EQUATIONS, AX = B
C
C USAGE
C CALL SIMQ(A,B,N,KS)
C
C DESCRIPTION OF PARAMETERS
C A-MATRIX OF COEFFICIENTS STORED COLUMNWISE. THESE ARE
C DESTROYED IN THE COMPUTATION. THE SIZE OF MATRIX A IS
C N BY N.
C B-VECTOR OF ORIGINAL CONSTANTS (LENGTH N ). THESE ARE
C REPLACED BY FINAL SOLUTION VALUES, VECTOR X.
C N-NUMBER OF EQUATIONS AND VARIABLES. N MUST BE ,GT. ONE.
C KS-OUTPUT DIGIT o
C 0 FOR A NORMAL SOLUTION
C 1 FOR A SINGULAR SET OF EQUATIONS
C REMARKS
C MATRIX A MUST BE GENERAL. IF MATRIX A IS SINGULAR, SOLUTION
C VALUES ARE MEANINGLESS.
C METHOD
C METHOD OF SOLUTION IS BY ELIMINATION USING LARGEST PIVOTAL
C DIVISOR. EACH STAGE OF ELIMINATION CONSISTS OF INTERCHANGING
C ROWS WHEN NECESSARY TO AVOID DIVISION BY ZERO OR SMALL
C ELEMENTS.
C THE FORWARD SOLUTION TO OBTAIN VARIABLE N IS DONE IN N
C STAGES. THE BACK SOLUTION FOR THE OTHER VARIABLES IS
C CALCULATED BY SUCCESSIVE SUBSTITUTIONS. FINAL SOLUTION
C VALUES ARE DEVELOPED IN VECTOR B, WITH VARIABLE 1 IN B ( l ) ,
C VARIABLE 2 IN B ( 2 ) , ..................   VARIABLE N IN B(N).
C IF  NO PIVOT CAN BE FOUND EXCEEDING A TOLERANCE OF 0 .0 ,



c THE MATRIX IS CONSIDERED SINGULAR AND KS IS SET TO 1. THIS
C TOLERANCE CAN BE MODIFIED BY REPLACING THE FIRST STATEMENT.
C

SUBROUTINE SIMQ(A,B,N,KS)
DIMENSION A (1 ),B (1 )

C
C FORWARD SOLUTION 
C

TOL=0.0
KS=0
JJ=-N
DO 65 J=1,N  
JY=J+1 
JJ=JJ+N+1 
BIGA=0
IT = JJ -J  K,
DO 30 I= J ,N  ®

C
C SEARCH FOR MAXIMUM COEFFICIENT IN COLUMN 
C

IJ= IT + I
IF (ABS (BIGA)-ABS (A ( I J  ) ) ) 2 0 ,3 0 ,3 0  

20 BIGA=A(IJ)
IMAX=I 

30 CONTINUE
C
C TEST FOR PIVOT LESS THAN TOLER.\NCE(SINGULAR MATRIX)

IF(ABS(BIGA)-TOL)3 5 ,3 5 ,4 0  
35 KS=1 

RETURN
C
C INTERCHANGE ROWS IF NECESSARY



40 I1= J+ N *(J-2)
IT=IMAX-J 
DO 50 K=J,N 
I l - I l+ N  
12=11+IT 
SAVE=A(I1)
A (T1)=A (I2)
A(I2)=SAVE

C
C DIVIDE EQUATION BY LEADING COEFFICIENT
C

C
C(
C

C

50 A (II)= A (II)/B IG A  
SAVE=B(IMAX) 
B(IMAX)=B(J) 
B(J)=SAVE/BIGA ros

CC ELIMINATE NEXT VARIABLE

IF (J -N )5 5 ,7 0 ,5 5  
55 IQS=N*(J-1)

DO 65 IX=JY,N 
IXJ=IQS+IX 
IT=J-IX  
DO 60 JX=JY,N 
IXJX=N*(JX-1)+IX 
JJX=IXJX+IT 

60 A( IXJX)=A( IXJX)- (A( IX J)*A (JJX ) )  
65 B (IX )= B (IX )-(B (J)* A (IX J))

C
C BACK SOLUTION

70 NY=N-1



IT=N*N
DO 80 J=1,NY 
IA =IT-J 
IB=N-J 
IC=N
DO 80 K =1,J
B (IB )=B (IB )-A (IA )*B (IC ) 
IA=IA-N 

80 IC=IC-1 
RETURN 
END

K>Oo\



c FUNCTION SUBROUTINE FCT(X)
C THIS SUBROUTINE PERFORMS THE DOUBLE SUMMATION REQUIRED TO
C SET UP THE INDUCED DRAG INTEGRAND.
C

FUNCTION FCT(X)
DIMENSION A (9 ) , T J ( 9 ) , TK(9)
COMMON A
PIF = 3 .141593
IF(X .LE. 0 .0 )  GO TO 30
IF(X  .GE. PIF) GO TO 30
COTF -  C O S (X /2 .0 )/S IN (X /2 .0 )
FCT = 0 . 0  
DO 20 N = 1 ,9 ,2  
RELN = N 
RNX = RELN * X 
IF (N -l)  1 2 ,1 2 ,1 4

12 T J(1 ) = PIF  + 2 .0  * SIN(X) ^
TK(1) = 2 .0  * ALOG(COTF) -  2 .0  * COS(X) °
GO TO 16 

14 RELN2 * N -  2 
RN2X = RELN2 * X
TJ(N) = T J(N -2) + (2.0/RELN) * SIN(RNX) + (2.0/RELN2) * SIN(RN2X)
TK(N) = TK(N-2) -  (2.0/RELN) * COS(RNX) -  (2.0/RELN2) * C0S(RN2X)

16 T1 = RELN * A(N) * (TJ(N) * SIN(RNX) -  TK(N) * COS(RNX))
DO 20 M = 1 ,9 ,2  
RELM = M 
RMX = RELM * X 
T2 = A(M) * SIN (RMX)
SBT = T1 * T2 

20 FCT = FCT +  SBT 
RETURN 

30 FCT = 0 . 0  
RETURN 
END
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SUBROUTINE QATR 

PURPOSE
TO COMPUTE AN APPROXIMATION FOR INTEGRAL 
OVER X FROM XL TO XU).

(FCT(X), SUMMED

USAGE
CALL QATR (XL,XU,EPS,NDIM,FCT,Y,1ER,AUX) 
PARAMETER FCT REQUIRES AN EXTERNAL STATEMENT.

DESCRIPTION OF PARAMETERS
XL
XU
EPS
NÛIM

FCT
Y
1ER
AUX

- THE LOWER BOUND OF THE INTERVAL.
- THE UPPER BOUND OF THE INTERVAL.
- THE UPPER BOUND OF THE ABSOLUTE ERROR.
- THE DIMENSION OF THE AUXILIARY STORAGE ARRAY AUX. 

NDIM-1 IS THE MAXIMAL NUMBER OF BISECTIONS OF 
THE INTERVAL (XL,XU).

-  THE NAME OF THE EXTERNAL FUNCTION SUBPROGRAM USED.
-  THE RESULTING APPROXIMATION FOR THE INTEGRAL VALUE.
-  A RESULTING ERROR PARAMETER.
-  AN AUXILIARY STORAGE ARRAY WITH DIMENSION NDIM.

REMARKS
ERROR PARAMETER 1ER IS CODED IN THE FOLLOWING FORM 
lER̂ AO -  IT  WAS POSSIBLE TO REACH THE REQUIRED ACCURACY.

NO ERROR.
lERj^l -  IT  IS IMPOSSIBLE TO REACH THE REQUIRED ACCURACY 

BECAUSE OF ROUNDING ERRORS.
IER#2 -  IT  WAS IMPOSSIBLE TO CHECK ACCURACY BECAUSE NDIM

IS  LESS THAN 5 , OR THE REQUIRED ACCURACY COULD NOT
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.QATR 002 
QATR 003 
QATR 004 
QATR 005 
QATR 006 
QATR 007 
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c BE REACHED WITHIN NDIM-1 STEPS. NDIM SHOULD BE
C INCREASED.
C
C SUBROUTINES AND FUNCTION SUBPROGRAMS REQUIRED
C THE EXTERNAL FUNCTION SUBPROGRAM FCT(X) MUST BE CODED BY
C THE USER. ITS ARGUMENT X SHOULD NOT BE DESTROYED.
C
C METHOD
C EVALUATION OF Y IS DONE BY MEANS OF TRAPEZOIDAL RULE IN
C CONNECTION WITH ROMBERGS PRINCIPLE. ON RETURN Y CONTAINS
C THE BEST POSSIBLE APPROXIMATION OF THE INTEGRAL VALUE AND
C VECTOR AUX THE UPWARD DIAGONAL OF ROMBERG SCHEME.
C COMPONENTS AUX(I) ( I # l , 2 , . . . ,IEND, WITH TEND LESS THAN OR
C EQUAL TO NDIM) BECOME APPROXIMATIONS TO INTEGRAL VALUE WITH
C DECREASING ACCURACY BY MULTIPLICATION WITH (XU-XL).
C FOR REFERENCE, SEE
C ( I )  F IL IP P I, DAS VERFAHREN VON ROMBERG-STIEFEL-BAUER ALS QATR 050 o
C SPEZIALFALL DES ALLGEMEINEN PRINZIPS VON RICHARDSON,
C MATHEMATIK-TECHNIK-WIRTSCHAFT, VOL. 11, IS S .2  (1 9 6 4 ),
C P P .4 9 -5 4 .
C (2) BAUER, ALGORITHM 60, CACM, VOL.4 , IS S .6  (1 9 6 1 ), P P .255.
C
C ....................................................................................................................................................
c

c 
c

DIMENSION AUX(l)
C
C PREPARATIONS OF ROMBERG-LOOP 

AUX(1)=.5*(FCT(XL)+FCT(XU))
H=XU-XL
IF(NDIM-1 ) 8 ,8 ,1

SUBROUTINE QATR(XL,XU,EPS,NDIM,FCT,Y,IER,AUX)
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c

1 I F ( H ) 2 ,1 0 ,2

NDIM IS  GREATER THAN 1 AND H IS  NOT EQUAL TO 0 .
2 HH=H 

E=EPS/ABS(H)
DELT2=0.
P = I .
J J = 1
DO 7 1 = 2 ,NDIM 
Y=AUX(I)
DELT1=DELT2
HD=HH
HH=.5*HH
P = .5 * P
X=XL+HH
SM=0.
DO 3 J = 1 , J J  
SM=SM+FCT(X)

3 X=X+HD
AUX( I ) = .5 * AUX( I-1 )+ P * S M
A NEW APPROXIMATION OF INTEGRAL VALUE IS  COMPUTED BY MEANS OF 
TRAPEZOIDAL RULE.

START OF ROMBERGS EXTRAPOLATION METHOD.
Q = l.
J I = I - 1  
DO 4 J = 1 , J I  
I I = I - J  
Q=Q-H)
Q=Q-H)

4  A U X (II )= A U X (II+ 1 )+ (A U X (II+ 1 )-A U X (I I ) ) / '(Q -1 .)
END OF ROMBERG-STEP
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SUBROUTINE ATSG 

PURPOSE
NDIM POINTS OF A GIVEN GENERAL TABLE ARE SELECTED AND 
ORDERED SUCH THAT A B S (A R G (I)-X ).G E.A B S(A R G (J)-X ) IF  I .G T . J .

USAGE
CALL ATSG (X ,Z,F,W O RK,IROW ,ICOL, ARG,VAL.NDIM)

DESCRIPTION OF PARAMETERS
X
Z
F

WORK
IROW

ICOL
ARG

VAL

NDIM

THE SEARCH ARGUMENT.
THE VECTOR OF ARGUMENT VALUES (DIMENSION IROW).
IN CASE IC 0 L # 1 , F IS  THE VECTOR OF FUNCTION VALUES 
(DIMENSION IROW).
IN CASE IC 0 L # 2 , F IS  AN IROW BY 2 MATRIX, THE FIRST 
COLUMN SPECIFIES THE VECTOR OF FUNCTION VALUES AND 
THE SECOND THE VECTOR OF DERIVATIVES.
A WORKING STORAGE (DIMENSION IROW).
THE DIMENSION OF VECTORS Z AND WORK AND OF EACH 
COLUMN IN MATRIX F .
THE NUMBER OF COLUMNS IN F ( I . E .  I  OR 2 ) .
THE RESULTING VECTOR OF SELECTED AND ORDERED 
ARGUMENT VALUES (DIMENSION NDIM).
THE RESULTING VECTOR OF SELECTED FUNCTION VALUES 
(DIMENSION NDIM) IN CASE IC 0 L # 1 . IN CASE IC 0L#2 
VAL IS  THE VECTOR OF FUNCTION AND DERIVATIVE VALUES 
(DIMENSION 2*NDIM) WHICH ARE STORED IN PAIRS ( I . E .  
EACH FUNCTION VALUE IS  FOLLOWED BY IT S  DERIVATIVE 
VALUE).
THE NUMBER OF POINTS WHICH MUST BE SELECTED OUT OF

ATSG 001
ATSG 002
ATSG 003
ATSG 004
ATSG 005
ATSG 006
ATSG 007
ATSG 008
ATSG 009
ATSG 010
ATSG O i l
ATSG 012
ATSG 013
ATSG 014
ATSG 015
ATSG 016
ATSG 017
ATSG 018
ATSG 019
ATSG 020
ATSG 021
ATSG 022
ATSG 023
ATSG 024
ATSG 025
ATSG 026
ATSG 027
ATSG 028
ATSG 029
ATSG 030
ATSG 031
ATSG 032
ATSG 033
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THE GIVEN TABLE ( Z ,F ) .

REMARKS
NO ACTION IN CASE IROW LESS THAN 1 .
IF  INPUT VALUE NDIM IS  GREATER THAN IRŒ f, THE PROGRAM 
SELECTS ONLY A MAXIMUM TABLE OF IROW POINTS. THEREFORE THE 
USER OUGHT TO CHECK CORRESPONDENCE BETWEEN TABLE (ARG,VAL) 
AND ITS DIMENSION BY COMPARISON OF NDIM AND IR W , IN ORDER 
TO GET CORRECT RESULTS IN FURTHER WORK WITH TABLE (ARG,VAL). 
THIS TEST MAY BE DONE BEFORE OR AFTER CALLING 
SUBROUTINE ATSG.
SUBROUTINE ATSG ESPECIALLY CAN BE USED FOR GENERATING THE 
TABLE (ARG,VAL) NEEDED IN SUBROUTINES A L I, A HI, AND ACFT,

SUBROUTINES AND FUNCTION SUBPROGRAMS REQUIRED 
NONE

METHOD
SELECTION IS  DONE BY GENERATING THE VECTOR WORK WITH 
COMPONENTS W O R K (I)#A B S (Z (I)-X ) AND AT EACH OF THE NDIM STEPS 
(OR IROW STEPS IF  NDIM IS  GREATER THAN IRŒV)
SEARCHING FOR THE SUBSCRIPT OF THE SMALLEST COMPONENT, WHICH 
IS  AFTERWARDS REPLACED BY A NUMBER GREATER THAN 
MAX(WORK(I)).

SUBROUTINE ATSG(X,Z,F,WORK,IROW,ICOL,ARG,VAL,NDIM)

DIMENSION Z(1),F(1),W 0R K (1),A R G (1),V A L(1) 
IF (IR 0W )11,11,1
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1 N=NDIM ATSG 066
IF  N IS  GREATER THAN IROW, N IS  SET EQUAL TO IRCW. ATSG 067
IF (N -IR O W )3 ,3 ,2 ATSG 068

2 N=IROW ATSG 069
ATSG 070

GENERATION OF VECTOR WORK AND COMPUTATION OF ITS GREATEST ELEMENT. ATSG 071
3 B=0. ATSG 072

DO 5 I=1,IRCXV ATSG 073
D ELTA =ABS(Z(I)-X ) ATSG 074
IF  (D E L T A -B )5 ,5 ,4 ATSG 075

4  B=DELTA ATSG 076
5 WORK(I)=DELTA ATSG 077

ATSG 078
GENERATION OF TABLE (ARG, VAL) ATSG 079
B=B+1. ATSG 080
DO 10 J = 1 ,N ATSG 081
DELTA=B ATSG 082
DO 7 1 = 1 , IROW ATSG 083
IF(WORK( I ) -DELTA)6 ,7 ,7 ATSG 084

6 I I = I ATSG 085
DELTA=WORK(I) ATSG 086

7 CONTINUE ATSG 087
A R G (J )= Z (I I ) ATSG 088
IF ( IC O L -1 ) 8 , 9 ,8 ATSG 089

8 V A L (2 * J -1 )= F ( I I ) ATSG 090
III= II+ IR O W ATSG 091
V A L ( 2 * J )= F ( I I I ) ATSG 092
GO TO 10 ATSG 093

9 V A L (J )= F ( I I ) ATSG 094
10 W ORK(II)=B ATSG 095
11 RETURN ATSG 096

END ATSG 097

NJ
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c ALI 0 0 1
c 0 0 2
c ALI 0 0 3
c SUBROUTINE ALI ALI 0 0 4
c ALI 00 5
c PURPOSE ALI 00 6
c TO INTERPOLATE FUNCTION VALUE Y FOR A GIVEN ARGUMENT VALUE ALI 0 0 7
c X USING A GIVEN TABLE (ARG,VAL) OF ARGUMENT AND FUNCTION ALI 0 0 8
c VALUES. ALI 0 0 9
c ALI 0 1 0
c USAGE ALI O i l
c CALL ALI (X ,A R G ,V A L ,Y ,N D IM ,E P S,1ER) ALI 0 1 2
c ALI 0 1 3
c DESCRIPTION OF PARAMETERS ALI 0 1 4
c X -  THE ARGUMENT VALUE SPECIFIED BY INPUT. ALI 0 1 5
c ARG -  THE INPUT VECTOR (DIMENSION NDIM) OF ARGUMENT ALI 0 1 6
c VALUES OF THE TABLE (NOT DESTROYED). ALI 0 1 7
c VAL -  THE INPUT VECTOR (DIMENSION NDIM) OF FUNCTION ALI 0 1 8
c VALUES OF THE TABLE (DESTROYED). ALI 0 1 9
c Y THE RESULTING INTERPOLATED FUNCTION VALUE. ALI 0 2 0
c NDIM -  AN INPUT VALUE WHICH SPECIFIES THE NUMBER OF ALI 0 2 1
c POINTS IN TABLE (ARG,VAL). ALI 0 2 2
c EPS -  AN INPUT CONSTANT WHICH IS  USED AS UPPER BOUND ALI 0 2 3
c FOR THE ABSOLUTE ERROR. ALI 0 2 4
c 1ER -  A RESULTING ERROR PARAMETER. ALI 0 2 5
c ALI 0 2 6
c REMARKS ALI 0 2 7
c ( 1 )  TABLE (ARG,VAL) SHOULD REPRESENT A SINGLE-VALUED ALI 028
c FUNCTION AND SHOULD BE STORED IN SUCH A WAY, THAT THE ALI 0 2 9
c DISTANCES A B S (A R G d )-X ) INCREASE WITH INCREASING ALI 0 3 0
c SUBSCRIPT I .  TO GENERATE THIS ORDER IN TABLE (ARG,VAL), ALI 0 3 1
c SUBROUTINES ATSG, ATSM OR ATSE COULD BE USED IN A ALI 0 3 2
c PREVIOUS STAGE. ALI 0 3 3

NîM
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c ( 2 ) NO ACTION BESIDES ERROR MESSAGE IN CASE NDIM LESS ALI 0 3 4
c THAN I . ALI 0 3 5
c ( 3 ) INTERPOLATION IS  TERMINATED EITHER IF  THE DIFFERENCE ALI 0 3 6
c BETWEEN TWO SUCCESSIVE INTERPOLATED VALUES IS ALI 0 3 7
c ABSOLUTELY LESS THAN TOLERANCE E PS, OR IF  THE ABSOLUTE ALI 038
c VALUE OF THIS DIFFERENCE STOPS DIMINISHING, OR AFTER ALI 0 3 9
c (N D IM -1) STEPS. FURTHER IT  IS  TERMINATED IF  THE ALI 0 4 0
c PROCEDURE DISCOVERS TWO ARGUMENT VALUES IN VECTOR ARG ALI 0 4 1
c WHICH ARE IDENTICAL. DEPENDENT ON THESE FOUR CASES, ALI 0 4 2
c ERROR PARAMETER 1ER IS  CODED IN THE FOLLOWING FORM ALI 0 4 3
c lERj'^O - IT  WAS POSSIBLE TO REACH THE REQUIRED ALI 0 4 4
c ACCURACY (NO ERROR). ALI 0 4 5
c IE R #1 - IT  WAS IMPOSSIBLE TO REACH THE REQUIRED ALI 0 4 6
c ACCURACY BECAUSE OF ROUNDING ERRORS. ALI 0 4 7
c IE R #2 - IT  WAS IMPOSSIBLE TO CHECK ACCURACY BECAUSE ALI 0 4 8
c NDIM IS  LESS THAN 3 ,  OR THE REQUIRED ACCURACY ALI 0 4 9
c COULD NOT BE REACHED BY MEANS OF THE GIVEN ALI 0 5 0
c TABLE. NDIM SHOULD BE INCREASED. ALI 0 5 1
c IER^A3 - THE PROCEDURE DISCOVERED TWO ARGUMENT VALUES ALI 0 5 2
c IN VECTOR ARG WHICH ARE IDENTICAL. ALI 0 5 3
c ALI 0 5 4
c SUBROUTINES AND FUNCTION SUBPROGRAMS REQUIRED ALI 0 5 5
c NONE ALI 0 5 6
c ALI 0 5 7
c METHOD ALI 0 5 8
c INTERPOLATION IS  DONE BY MEANS OF AITKENS SCHEME OF ALI 0 5 9
c LAGRANGE INTERPOLATION. ON RETURN Y CONTAINS AN INTERPOLATED ALI 0 6 0
c FUNCTION VALUE AT POINT X , WHICH IS  IN THE SENSE OF REMARK ALI 0 6 1
c ( 3 ) OPTIMAL WITH RESPECT TO GIVEN TABLE. FOR REFERENCE, SEE ALI 0 6 2
c F .B . HILDEBRAND, INTRODUCTION TO NUMERICAL ANALYSIS ALI 0 6 3
c MCGRAW-HILL, NEW YORK/TORONTO/LONDON, 1 9 5 6 ,  P P .4 9 - 5 0 . ALI 0 6 4
c ALI 0 6 5

roMOv



c 066
c ALI 067

SUBROUTINE ALI(X,ARG,VAL,Y,NDIM,EPS,1ER) ALI 068
c ALI 069
c ALI 070

DIMENSION ARG(I),VAL(1) ALI 071
IER=2 ALI 072
DELT2=0. ALI 073
IF(NDIM-1 ) 9 ,7 ,1 ALI 074

c ALI 075
c START OF AITKEN-LOOP ALI 076

1 DO 6 J=2,NDIM ALI 077
DELT1=DELT2 ALI 078
IEND=J-1 ALI 079
DO 2 I=1,IEND ALI 080
H=ARG(I)-ARG(J) ALI 081
IF (H )2 ,1 3 ,2 ALI 082

2 VAL(J ) = (VAL(I) * (X-ARG(J ) ) - VAL(J ) * (X-A RG(I) ) ) /H ALI 083
DELT2=ABS(VAL(J ) - VAL(lEND)) ALI 084
I F ( J - 2 ) 6 ,6 ,3 ALI 085

3 IF(DELT2-EPS)1 0 ,1 0 ,4 ALI 086
4 I F ( J - 5 ) 6 ,5 ,5 ALI 087
5 IF(DELT2-DELT1)6,1 1 ,1 1 ALI 088
6 CONTINUE ALI 089

c END OF AITKEN-LOOP ALI 090
c ALI 091

7 J=NDIM ALI 092
8 Y=VAL(J) ALI 093
9 RETURN ALI 094

c ALI 095
c THERE IS SUFFICIENT ACCURACY WITHIN NDIM-1 ITERATION STEPS ALI 096

10 IER=0 ALI 097
GOTO 8 ALI 098



c ALI 0 9 9
c TEST VALUE DELT2 STARTS OSCILLATING ALI 100

11 IER=1 ALI 101
12 J=IEND ALI 102

GOTO 8 ALI 103
c ALI 104
c THERE ARE TWO IDENTICAL ARGUMENT VALUES IN VECTOR ARG ALI 105

13 IER=3 ALI 106
GOTO 12 ALI 107
END ALI 108

ro
M
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Sample In p u t and O utput D ata P r in to u t  

The in p u t d a ta  r e q u ire d  f o r  th e  com puter program  a r e  l i s t e d  

and d e sc rib e d  in  T ab le  6 . A sam ple com puter p r in to u t  o f in p u t  d a ta  

i s  p re se n te d  on th e  fo llo w in g  p age . The d a ta  shown a r e  f o r  th e  A  =

2 .8  wind tu n n e l model d e s c r ib e d  in  C hap ter I I I .  See Appendix D fo r

a i r f o i l  s e c t io n  d a ta  f o r  t h i s  m odel. Follow ing th e  in p u t d a ta  i s  a

sam ple p r in to u t  f o r  one wing a n g le  o f a t ta c k .
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CHANNEL WING INPUT DATA 

WING: MODEL ASPECT RATIO = 2 .8

AIRFOIL SECTION: NACA 0015, RE = 8 .7E 5 , SMOOTH

WING RADIUS, FT. = 5.833000E-01

WING CHORD, FT. = 4.166999E-01

AIRFOIL SECTION LIFT-CURVE SLOPE, PER RADIAN -  5.271999E 00

AIRFOIL SECTION ANGLE FOR ZERO LIFT, DEGREES = 0 .0
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OUTPUT DATA

WING CENTERLINE ANGLE OF ATTACK, DEGREES = 8 .0 0

FOURIER COEFFICIENTS FOR CIRCULATION DISTRIBUTION

A1 = I .9 7 9 3 9 0 4 E -0 1
A3 = 7 .2 7 1 2 8 2 4 E -0 3
A5 = 3 .2 3 1 4 4 8 6 E -0 3
A7 = 1 .4 1 7 9 8 B 4 E -0 3
A9 = 3 .7 6 4 7 2 7 2 E -0 4

INDUCED DRAG INTEGRATION

INTEGRAL OF FCT = 2 .6 5 1 3 2 5 E -0 1

ERROR PARAMETER ITGER = 0

CHANNEL WING SPAN EFFICIENCY FACTOR = 1 .4 5 8 4 8 E  00

CHANNEL WING LIFT AND DRAG COEFFICIENTS

WING PROFILE DRAG COEFFICIENT = 1 .2 2 8 1 8 7 E -0 2

WING INDUCED DRAG COEFFICIENT = 1 .4 7 6 6 9 6 E -0 2

WING LIFT COEFFICIENT = 4 .3 Ü 2 3 0 6 E -0 1

WING DRAG COEFFICIENT = 3 .4 0 5 9 2 7 E -0 2



APPENDIX D

SECTION DATA FOR NACA 4412 

AND 0015 AIRFOILS



SECTION DATA FOR NACA 4412 AND 0015 AIRFOILS

The ch an n e l wing d i g i t a l  com puter program  d e sc r ib e d  in  

C hapter V II r e q u ir e s  as in p u t a ta b le  o f l i f t  and d rag  c o e f f i c i e n t s  

fo r  th e  p a r t i c u la r  a i r f o i l  s e c t io n  and R eynolds number being  con­

s id e r e d .  The wind tu n n e l models o f th e  t e s t s  re p o r te d  h e re in  used 

th e  NACA 4412 and th e  NACA 0015 a i r f o i l  s e c t i o n s .  T h e re fo re , fo r  

c o r r e l a t i o n  p u rp o se s , d a ta  fo r  th e s e  s e c t io n s  a t  r e l a t i v e l y  low 

Reynolds numbers were r e q u ire d .

NACA 4412

The wind tu n n e l t e s t s  o f th e  = 1 .0  channe l wing model 

w ere conducted  a t  an e f f e c t iv e  Reynolds number o f 1 .5 5  x 10^. Sec­

t i o n  d rag  c o e f f i c i e n t  d a ta  a s  a  fu n c tio n  o f l i f t  c o e f f i c i e n t  a t  

Re = 1 .5  X 10^ w ere o b ta in ed  from L o f t in  and Sm ith [23] . T h is  

r e fe re n c e  p r e s e n ts  s e c t io n  d a ta  f o r  s e v e r a l  NACA a i r f o i l s ,  o v e r  a 

w ide range o f  Reynolds numbers. The d a ta  were o b ta in ed  from t e s t s  

conducted  in  th e  Langley tw o-d im ensional lo w -tu rb u le n c e  tu n n e l ,  and 

in c lu d e  d a ta  f o r  bo th  smooth a i r f o i l s  and th o se  w ith  NACA s ta n d a rd  

ro u g h n e ss .

NACA 0015

Smooth S e c tio n  D ata

The e f f e c t iv e  Reynolds number f o r  th e  wind tu n n e l t e s t s  o f 

th e  /R  = 2 .8  model was 665,000 . D e sp ite  an  e x te n s iv e  l i t e r a t u r e

223
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s e a rc h , th e  a u th o r  was u n ab le  to  f in d  s e c t io n  d a ta  f o r  th e  0015 a t  

such a  low Reynolds number which would be  c o n s id e re d  a c c u ra te  by 

modern s ta n d a rd s .  T h e re fo re , th e  b e s t  d a ta  a v a i l a b l e  i s  a p p a re n tly  

th a t  o f NACA R eport 586, Jacobs and Sherman []24] , when m od ified  as

d ir e c te d  by NACA R eport 669, Jaco b s and A bbo tt [2 5 ] . The d a ta  of

R eport 586 w ere o b ta in ed  from t e s t s  o f th re e -d im e n s io n a l ,  a sp e c t 

r a t i o  6 .0  model w ings in  an  NACA v a r ia b le  d e n s i ty  tu n n e l in  1932 

and " c o r re c te d  . . . f o r  i n f i n i t e - a s p e c t - r a t i o  c h a r a c t e r i s t i c s ."  

S u b seq u en tly , in  R eport 669, th e  NACA recommended f u r th e r  c o r re c ­

t i o n s .  More r e c e n t ly ,  th e  NACA recommended th a t  R eport 586 and 

R eport 669 b e  c o n s id e re d  superseded  by NACA R ep o rt 824 , A b b o tt, 

von D oenhoff, and S t iv e r s  [19] , w hich p r e s e n ts  s e c t io n  d a ta  ob­

ta in e d  under a c tu a l  tw o-d im ensional c o n d i t io n s .  U n fo r tu n a te ly ,  th e  

0015 s e c t io n  was n o t in c lu d ed  in  th e  t e s t s  o f  R eport 824.

NACA R ep o rt 669, Jacobs and A bbott [2 5 ] , recommends th e  

fo llo w in g  c o r r e c t io n s  to  th e  d rag  c u rv e s  o f  NACA R eport 586, Jacobs 

and Sherman [24 ] :

= 2 .64  Re«„^ ( d . l )

= (Xg + 0.39C^ in  d e g re e s  (d .2 )

Cd = C, + 0.0016C* -  1 /3 ( t - 6 ) (0 .0 0 0 2 ) , (d .3 )

w here Rej,,^ , , Ĉ  , and C, a r e  re a d  from  th e  R ep o rt 586 d rag

p l o t s ,  and t  i s  th e  maximum a i r f o i l  s e c t io n  th ic k n e s s  in  p e rc e n t 

ch o rd . The a n g le  fo r  ze ro  l i f t  and th e  s e c t io n  l i f t  cu rv e  s lo p e
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do n o t r e q u ire  c o r r e c t io n ,  and so may be o b ta in e d  from T able I  o f  

R eport 586, bu t as  a fu n c t io n  o f Re^^^ r a th e r  th a n  R ej^ ,| . The 

Retasf cu rve  o f th e  NACA 0015 d a ta  o f R eport 586 w hich y ie ld s  R e ^ ^  

c l o s e s t  to  665,000 i s  = 331 ,000 . Thus

Regff = 2 .6 4 (3 3 1 ,0 0 0 ) = 874,000 ,

and T able I  of R eport 586 g iv e s

= o '

<1, = 0 .092  p e r  d e g re e  .

Then th e  " c o r re c te d "  s e c t io n  c o e f f i c i e n t s  fo r  th e  NACA 0015 a r e  

g iv en  by

/

+ 0 .39C i in  d eg ree s  (d .4 )

C| = a# (X, = 0 .092  (d .5 )

Cj = C, + 0.0016cJ -  1/3(15-6)(0.0002)

c^ = C  ̂ + 0.0016C* -  0 .0006 . ( d .6 )

Using eq u a tio n s  ( d .4 ) ,  ( d .5 ) ,  and ( d .6 ) ,  and d a ta  re a d  from th e  C^ 

and Cg cu rv es  o f NACA R ep o rt 586, C| and c^ f o r  NACA 0015 a t  

Re = 874,000 w ere o b ta in e d .  T ab le  D -1. However, when p lo t t e d .  

F ig u re  D-1, th e  c a lc u la te d  d a ta  showed a s l i g h t  s c a t t e r  due to  

e r r o r  in  read in g  th e  R eport 586 c u rv e s . T h e re fo re , a  f a i r e d  cu rv e
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TABLE D-1

NACA 0015 AIRFOIL SECTION DATA AT R egff = 874 ,000 , FROM 
NACA REPORT 586, CORRECTED BY NACA REPORT 669

R eport 586 C o rre c te d  by R eport 669

#
« 0 Ci Cp

O' 0.000 .0110 0 .0 0 " 0 .000 .0105
2 ' 0 .200 .0115 2 .0 8 “ 0 .191 .0110
4' 0 .400 .0120 4 .1 6 “ 0 .383 .0115
6* 0.590 .0145 6 .2 3 “ 0 .573 .0145
8 ' 0 .780 .0190 8 .3 0 “ 0 .764 .0194
9 ' 0 .840 .0215 9 .3 3 “ 0.858 .0220

1 0 ' 0.900 .0235 1 0 .3 5 “ 0 .952 .0242
11 ' 0 .970 .0275 1 1 .3 8 “ 1 .047 .0284

was drawn th rough  th e  p lo t te d  p o in t s ,  and v a lu e s  from t h i s  curve 

were used a s  in p u t to  th e  ch an n e l wing com puter program . These 

f i n a l  d a ta  f o r  th e  0015 a i r f o i l  a t  Re = 874 ,000  a r e  p re se n te d  in  

T able D-2.

F u lly  T u rb u le n t Boundary Layer S e c tio n  D ata

The a i r f o i l  s e c t io n  d a ta  o f NACA R eport 586, Jacobs and 

Sherman ^24j , a re  o n ly  fo r  smooth s e c t io n s  w ith ,  c o n se q u e n tly , 

e x te n s iv e  b u t undeterm ined amounts o f la m in a r boundary la y e r  flow . 

T hat i s ,  no rough or f u l l y  tu rb u le n t  s e c t io n  d a ta  a re  a v a i la b le  fo r  

th e  NACA 0015 a t  o r n e a r  th e  t e s t  R eynolds number o f  665 ,000. How­

e v e r , a s e m i-e m p ir ic a l method developed  by Schw artzberg  ^26] a llow s 

th e  e s t im a tio n  of th e  p r o f i l e  d rag  c o e f f i c i e n t  o f  sm ooth, sym m etrica l
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TABLE D-2

NACA 0015  AIRFOIL SECTION DATA AT R e ^ f f  = 8 7 4 ,0 0 0 ,  

FROM FAIRED CURVE THROUGH DATA OF TABLE D-1

C,

0 .00 0.0105
0 .10 0.0107
0 .20 0.0110
0 .30 0.0114
0 .40 0.0122
0 .50 0.0133
0 .60 0.0149
0 .70 0.0170
0.80 0.0195
0 .90 0.0227
1.00 0.0267
1 .10 0.0317

a i f o i l s  w ith  f u l l y  tu rb u le n t  boundary la y e r  a t  any R eynolds number. 

B r ie f ly ,  th e  method forms th e  a i r f o i l  s e c t io n  p r o f i l e  d rag  a s  th e  

sum o f f r i c t i o n  d rag  and p re s s u re  d ra g . The form er i s  assumed to  

be th a t  of a smooth f l a t  p la te  in  tu rb u le n t  flow  a t  th e  d e s ir e d  

Reynolds num ber, and th e  l a t t e r  i s  o b ta in e d  from NACA s e c t io n  d a ta  

a s  th e  d i f f e r e n c e  betw een t o t a l  d rag  and f r i c t i o n  d ra g . The a c tu a l  

p rocedu re  i s  c o m p lic a te d , and Schw artzberg  [2 6 ] p ro v id e s  g rap h s  to  

f a c i l i t a t e  th e  c a l c u la t io n s .  In  th e  p re s e n t  c a se  o f th e  NACA 0015 

a t  Re = 665 ,000 , th e  r e s u l t  i s

= 0.01196 + 1 .86  (Oi  )*•’  , (d .7 )

w here Qi i s  in  r a d ia n s .  With th e  assum ption  o f  a  l i n e a r  l i f t  curve 

s lo p e  o f  th e  same v a lu e  a s  g iven  by NACA R ep o rt 586 f o r  th e  0015 a t  

R egff = 874 ,0 0 0 , A , = 0 .092  p e r d e g re e , v e rs u s  d a ta  fo r
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sm ooth, tu rb u le n t  flow  were e s tim a te d . These d a ta  a re  g iv en  in  

T able D -3, and p lo t te d  in  F igu re  D-1.

TABLE D-3

NACA 0015 AIRFOIL SECTION DATA FOR FULLY TURBULENT 
BOUNDARY LAYER, AT R e^ff = 665 ,000 ,

BY SCHWARTZBERG'S METHOD

Ci Cj

0.00 0.0110
0.10 0.0120
0.20 0.0122
0.30 0.0128
0.40 0.0137
0.50 0.0152
0.60 0.0172
0.70 0.0200
0.80 0.0234
0 .90 0.0278
1.00 0.0329
1.10 0.0391
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Figure D-1. NACA 0015 e ir fo l l  auction data.
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POWER REQUIRED FOR LEVEL FLIGHT

T h iu s t R equired

For e q u ilib r iu m  le v e l  f l i g h t  a t  c o n s ta n t  a l t i t u d e  and sp eed .

D = . ( e . l )

i f  i t  i s  assumed th a t  th e  t h r u s t  v e c to r  i s  a l ig n e d  w ith  th e  d i r e c ­

t io n  o f f l i g h t .  Assuming a p a ra b o lic  d rag  p o la r ,  we w r i te

Now

so

W,

and th u s  th e  t h r u s t  re q u ire d  i s

T  =

But th e  a s p e c t  r a t i o  i s  d e f in e d  as

A 5  ^

so

o r

(e .2 )

(e .3 )

(e .4 )
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N ondlm ensional T h ru s t R equired 

The f i r s t  term  in  e q u a tio n  ( e .4 )  i s  c a l le d  th e  p a r a s i t e  

t h r u s t  r e q u ire d ,  and th e  second term  i s  c a l le d  th e  e f f e c t iv e  induced 

t h r u s t  re q u ire d  (P e rk in s  and Hage [2 2 ] ) .  The form er in c re a s e s  w ith  

V* and th e  l a t t e r  d e c re a se s  w ith  V* . The two term s a r e  eq u a l a t  

one speed  o n ly , and i t  can be shown th a t  t h i s  i s  th e  speed  f o r  m in i­

mum t h r u s t  re q u ire d  (minimum d r a g ) . W rite  e q u a tio n  ( e .4 )  as

T  = AV ' + iy, ,
w here

th en

= Z A V  -  . (e .5 )

S e t t in g  dT/dV equal to  zero  and s o lv in g  fo r  ,Dun

V c w =  7 ¥  =

\f _ low rm 
W -  y i c i T ?  J j v  •

But we have assumed e q u ilib r iu m  le v e l  f l i g h t  above , w ith  T = D, so
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T h ru st a t  th e  speed  fo r  (L/D)t^^^ is  found by s u b s t i t u t i o n  in to  

e q u a tio n  ( e .4 ) :

V/L,

=  =  y Â î  +  v /Â F  ,

con firm ing  th a t  th e  two term s o f  e q u a tio n  ( e .4 )  a r e  equ a l a t  minimum 

t h r u s t .  Then

W =

W .  =  1 - 1 2 7  ( ' = ^ b ) / V "  •

The th r u s t  r e q u ire d  a t  any f l i g h t  v e lo c i ty  can be  nondimen- 

s io n a l iz e d  w ith

=  V* + — | = r  - L
2 / S T  V

k

C . W  =  =  i h
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th e  nondlm ensional th r u s t  r e q u ir e d  fo r  l e v e l  f l i g h t  i s

(
I

T\ V/0)moJ
(e .lO )

where VfL/̂ ymax

( e .8 ) ,  r e s p e c t iv e ly .

and _ a r e  g iven  by e q u a tio n s  ( e .7 )  and'max

N ondlm ensional Power R equired  

The power re q u ire d  f o r  e q u ilib r iu m  le v e l  f l i g h t  i s  o b ta in e d  

from th e  r e l a t i o n  P = TV:

_ T.
T v i),

( e . l l )

S u b s t i tu t in g  e q u a tio n  ( e . lO ) ,  we f in d  th a t

-  1

XS).

( e . l2 )

The power re q u ire d  a t  th e  speed  f o r  (L/D)*** i s  o b ta in e d  

from e q u a tio n s  (e .8 )  and ( e .7 ) :
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J

1. / S 3 T  / w  A

r e a r s '  y  « « H )  •
( e . l 3 )

T il ls  p o w er e q u a t io n  h a s  u n i t s  o f  f t  -  l b / s e c .

I t  s h o u ld  b e  n o te d  t h a t  t h e  a b o v e  d e v e lo p m e n t i s  f o r  low  

Mach nu m b ers  o n ly ,  s i n c e  t h e  d r a g  p o l a r  w i l l  n o t  b e  p a r a b o l i c  a s  t h e  

c r i t i c a l  Mach num ber i s  a p p r o a c h e d .

G en era lized  Power R equired  

In  o rd e r to  compare power r e q u ire d  f o r  a i r c r a f t  w ith  p la n e ,  

ch a n n e l, and r in g  w ings on a  g e n e ra liz e d  p l o t ,  i s  form ed

w ith  e q u a tio n  ( e . l 3 ) :

p p \lê
p 1.195 N

p /T '
p

A lso , u s in g  e q u a tio n  ( e . 7 ) ,  we n o n d im en sio n a lize  th e  v e lo c i ty ;  

V  _  V

( e . l 4 )

( e . l 5 )

S u b s t i tu t in g  ( e . l 2 )  and ( e . lS )  in to  ( e . l 4 ) ,  we f in d  th a t



236

=  0 . 2 9 7

( e . l6 )

Thus \- 1 ^ 1  can  b e  p lo t te d  v e rsu s  V to

o b ta in  a g e n e ra liz e d  p lo t  o f power re q u ire d  f o r  le v e l  f l i g h t .

M o d if ic a tio n s  f o r  Channel and Ring Wings 

The power r e q u ire d  f o r  l e v e l  f l i g h t  f o r  any a i r c r a f t  was 

developed  above a s  a  fu n c tio n  o f a i r c r a f t  w e ig h t . In  o rd e r  to  com­

p a re  a i r c r a f t  w ith  p la n e , ch an n e l and r in g  w in g s , an  e s t im a te  of th e  

r e l a t i v e  w e ig h ts  i s  r e q u ir e d .  Sim ply in c re a s in g  th e  w e ig h t W o f th e  

n o n p la n a r wing a i r c r a f t  by th e  r a t i o  o f wing t o t a l  a re a  to  p ro je c te d  

a r e a  would p u t th e  ch an n e l and r in g  wing a i r c r a f t  a t  a  v e ry  la rg e  

and u n f a i r  d isa d v a n ta g e , s in c e  wing w eig h t i s  on ly  a f r a c t i o n  of 

a i r c r a f t  s t r u c t u r a l  w e ig h t , and an  even sm a lle r  f r a c t i o n  o f  f ly in g  

w e ig h t . Some exam ples o f  th e  r a t i o  o f  wing w eigh t to  ta k e - o f f  

w e ig h t from Corning [27 ] a r e ;

TABLE E-1

WING WEIGHT AS A FUNCTION OF AIRCRAFT TAKE-OFF WEIGHT

A i r c r a f t  Type T ake-O ff W eight Wing S t r u c tu r a l  W eight 
Take-O ff W eight

L ig h t p r iv a te 2 ,000  lb s . 0 .1 0
L ig h t p r iv a te 3 ,0 0 0  lb s . 0 .09
DC-3 s i z e  t r a n s p o r t 30 ,000  lb s . 0 .1 2
DC-6 s i z e  t r a n s p o r t 100,000 lb s . 0 .09
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I t  i s  seen th a t  wing s t r u c tu r a l  weight i s  ty p ic a l ly  about 10% of 

ta k e -o ff  w eigh t. Then th e  w eight in c re a se  fo r  th e  nonplanar wings 

may be estim ated  as the  wing a rea  r a t i o  ap p lied  to  10% of the  a i r ­

c r a f t  w eigh t. For the  channel wing a i r c r a f t  the  m odified w eight i s

w '  =  0 .9  W + ( o . j  k /) =  1 ,0 57  W . ( e . l7 )

and fo r  th e  r in g  wing a i r c r a f t ,

VJ* = O.^VJ + i Vv/) =  1 . 2 1 4 W  , ( e . l8 )

where W i s  th e  ta k e -o ff  w eight of the p lane  wing a i r c r a f t .

Other m o d if ic a tio n s  to  th e  r e s u l t s  o f th e  previous s e c tio n s  

a re  n ecessa ry . I t  i s  convenient to  r e t a in  S as p ro je c ted  a re a , but 

then  th e  p r o f i l e  drag c o e f f ic ie n t  must be in c reased  fo r  th e  channel 

wing and r in g  wing a i r c r a f t .  However, s in c e  th e  a i r c r a f t  p r o f i l e  

drag c o e f f ic ie n t  i s  composed of fu s e la g e , t a i l ,  e t c . ,  drag as

w ell as  wing form d rag , th e  should no t be increased  by th e

r a t io  of t o t a l  channel (o r r in g )  wing a re a  to  p ro jec ted  channel (o r 

r in g ) wing a re a . Hoerner [ l7 ]  g iv es  th e  fo llow ing  examples o f th e  

r a t i o  of wing p r o f i l e  drag to  a i r c r a f t  t o t a l  p a ra s i te  drag (induced 

drag excluded from t o t a l ) :
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TABLE E-2

WING PROFILE DRAG AS A FRACTION OF 
TOTAL AIRCRAFT PARASITE DRAG

A ir c r a f t  Type _____ Wing P r o f i l e  Drag_______
T o ta l A i r c r a f t  P a r a s i t e  Drag

Me-262 0 .3 3

Me-109G 0 .41

Ju-88  0 .44

A r a t i o  o f 0 .40  i s  chosen  a s  a r e p r e s e n ta t iv e  v a lu e  fo r  th e  work 

h e re .  Then th e  C^  ̂ in c re a s e  due to  th e  n o n p lan ar w ings i s  e s t i ­

mated as th e  wing a r e a  r a t i o  a p p lie d  to  40% of th e  p la n a r  wing 

a i r c r a f t  p r o f i l e  d ra g . For th e  channel wing a i r c r a f t  th e  p r o f i l e  

d rag  c o e f f i c ie n t  becomes

Coo =  0 - t O C ^  + (t Rc)  , (e-19)

and fo r  th e  r in g  wing a i r c r a f t ,

cl. = O.fcOC,, = J.ÎÎ8C,. . (e.20)

where C,^ i s  th e  p r o f i l e  d rag  c o e f f i c i e n t  o f  th e  p la n e  wing a i r ­

c r a f t .  With th e s e  ch an g es, th e  wing span b becomes 2R fo r  th e  chan­

n e l  wing and r in g  wing a i r c r a f t ,  w' and C ^  a r e  used in  th e  power 

re q u ire d  e q u a tio n s  in  l i e u  o f W and Ĉ  ̂ , r e s p e c t iv e ly .

F in a l ly ,  o f c o u rs e , the  c o r re c t  span  e f f ic ie n c y  f a c to r  e

fo r  each type  o f  wing m ust be u sed . For th e  channel and r in g  w ings,

e was shown in  p re v io u s  c h a p te rs  to  be 1 .5  and 2 . 0 ,  r e s p e c t iv e ly .

To p ro v id e  c o n s e rv a tiv e  com parisons, th e  maximum th e o r e t i c a l  v a lu e  

fo r  e f o r  p la n a r  w ings, 1 .0 ,  w i l l  be u sed .


