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ABSTRACT

The l i n e a r i z e d  s e t  o f  e q u a t i o n s  t h a t  gove rn  the  t h e r m a l l y - d r i v e n  

n a t u r a l  c o n v e c t i o n  f low o f  a Newtonian f l u i d  a r e  d eve loped  i n  a r a t i o n a l  

manner  and t h e  a p p r o x i m a t io n s  invo lved  a r e  e x p l i c i t l y  d e s c r i b e d .  An a r ­

b i t r a r i l y  shaped  c l o s e d  c o n t a i n e r  c o m p l e t e l y  f i l l e d  w i t h  t h i s  "Bouss inesq"  

f l u i d  i s  c o n s i d e r e d .  I t  i s  assumed t h a t  t h e  f l u i d  i s  o r i g i n a l l y  i n  some 

p h y s i c a l l y  p e r m i s s i b l e  s t a b l e  s t a t e  o f  r e s t  and t h a t  a t  an i n i t i a l  i n s t a n t  

the t e m p e r a t u r e  o f  t h e  c o n t a i n e r  i s  i m p u l s i v e l y  changed .  The e n s u in g  un ­

s t e a d y  l a m in a r  m o t i o n  i s  found by s o l v i n g  t h e  l i n e a r i z e d  e q u a t i o n s .  A 

" b o u n d a r y - l a y e r ,  i n v i s c i d - i n t e r i o r "  d e c o m p o s i t i o n  l e a d s  t o  a m o d i f ie d  

a s y m p t o t i c  e x p a n s i o n  scheme o f  a n a l y s i s .  The b o u n d a r y - l a y e r  conc ep t  i s  

v a l i d  o n l y  f o r  s u f f i c i e n t l y  l a r g e  v a lu e s  o f  t h e  G ra sho f  number.  Thus, we 

r e s t r i c t  ou r  a t t e n t i o n  to  t h i s  p r a c t i c a l l y  i m p o r t a n t  f low reg im e  and, i n  

a d d i t i o n ,  l i m i t  P r a n d t l  number to  o r d e r  u n i t y .

I t  i s  found  t h a t  the  i n v i s c i d  i n t e r i o r  r e g i o n  r e s p o n d s  to  a s p e c i a l  

" a v e r a g e "  v a l u e  o f  t h e  tem pe ra tu re  p e r t u r b a t i o n .  The e f f e c t  o f  the  bound­

a ry  l a y e r  i s  t o  smear  o u t ,  o r  a v e ra g e ,  any c i r c u m f e r e n t i a l  v a r i a t i o n  in  

t h i s  p e r t u r b a t i o n  so t h a t  the  i n t e r i o r ,  i n  e f f e c t ,  r e s p o n d s  to  an i s o ­

t h e r m a l  boundary  i n  each  h o r i z o n t a l  p l a n e .  The t e m p e r a t u r e  and v e r t i c a l  

v e l o c i t y  component a r e  exp re s s e d  s imply  i n  terms o f  t h i s  " a v e r a g e "  con­

t a i n e r  t e m p e r a t u r e .  The h o r i z o n t a l  v e l o c i t y  p o t e n t i a l  i s  governed by a 

P o i s s o n  e q u a t i o n  whose genera l  s o l u t i o n  i s  dev e lo p e d  i n  te rm s  o f  a Neumann 

f u n c t i o n  t h a t  depends  on the  c o n t a i n e r  geomet ry .  S e v e r a l  s p e c i f i c  examples  

a r e  s o lv e d  to  i l l u s t r a t e  the  n a t u r e  o f  the  f low.

IV
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LINEARIZED BUOYANT MOTION IN A CLOSED CONTAINER

CHAPTER I

INTRODUCTION

M o t i v a t i o n

Many e n g i n e e r i n g  p rob lems have a r i s e n  w i t h i n  the p a s t  f i f t e e n  y e a r s  

i n  which u n s t e a d y  b u o y a n c y - d r iv e n  f l o w s  a p p a r e n t l y  p l a y  a c e n t r a l  r o l e .  

These p rob lems c a n  g e n e r a l l y  be c l a s s i f i e d  a s  e i t h e r  " e x t e r n a l "  p ro b le m s ,  

such as t h e  f low a round  a h e a t e d  rod o r  p l a t e  in  an o t h e r w i s e  q u i e s c e n t  

f l u i d ,  o r  " i n t e r n a l "  p r o b le m s ,  such as  t h e  f low be tw een  p a r a l l e l  p l a t e s  

o r  i n  f l u i d - f i l l e d  c a v i t i e s .

As p o i n t e d  o u t  by O s t r a c h  [ l ] ,  t h e  e x t e r n a l  p ro b le m s  have  r e c e i v e d  

a g r e a t  d e a l  o f  a t t e n t i o n  w h i l e  r e l a t i v e l y  l i t t l e  has  be e n  done a bou t  

i n t e r n a l  p rob lems th u s  f a r .  O s t r a c h  c o n te n d s  t h a t  t h e  r e a s o n  f o r  t h i s  

i s  n o t  t h e  g r e a t e r  im p o r ta n c e  o f  the e x t e r n a l  p rob lem b u t  r a t h e r  t h a t  

i n t e r n a l  n a t u r a l  c o n v e c t i o n  prob lems a r e  c o n s i d e r a b l y  more complex.  Th is  

i s  because  t h o se  e x t e r n a l  n a t u r a l  c o n v e c t i o n  prob lems f o r  which the Ray­

l e i g h  number i s  l a r g e  can be a n a ly z e d  by the  u s u a l  P r a n d t l  b o u n d a r y - l a y e r  

t h e o r y  t h a t  i s  so  h e l p f u l  i n  o t h e r  e x t e r n a l  f l u i d  f low p ro b le m s .  This  i s  

due to  t h e  a s s u m p t io n  t h a t  t h e  r e g i o n  e x t e r i o r  to  t h e  boun d a ry  l a y e r  can 

be assumed to  be u n a f f e c t e d  by th e  boundary  l a y e r  i n  an e x t e r n a l  p roblem. 

For  c o n f i n e d  n a t u r a l  c o n v e c t i o n  p ro b le m s ,  on the  o t h e r  h a n d ,  a boundary 

l a y e r  w i l l  e x i s t  n e a r  t h e  w a l l s  ( f o r  s u f f i c i e n t l y  l a r g e  R a y l e ig h  number)



b u t  t h e  r e g i o n  e x t e r i o r  t o  t h e  boundary  l a y e r  c a n n o t  be assumed to  be 

i n d e p e n d e n t  o f  t h e  boundary  l a y e r .  I n  o t h e r  words ,  t h e  r e g i o n  e x t e r i o r  

t o  t h e  boundary  l a y e r  w i l l  be c o m p l e t e l y  e n c l o s e d  by t h e  boundary l a y e r  

and w i l l  form a c o r e  r e g i o n  t h a t  i s  g r e a t l y  a f f e c t e d  by the boundary -  

l a y e r  b e h a v i o r .  Hence,  t h e  bounda ry  l a y e r  and c o re  a r e  c l o s e l y  c o u p le d  

to  ea ch  o t h e r  and t h i s  c o u p l i n g  c o n s t i t u t e s  t h e  main s o u rc e  o f  d i f f i c u l t y  

i n  o b t a i n i n g  a n a l y t i c  s o l u t i o n s  to i n t e r n a l  p ro b le m s .

We s h a l l  b r i e f l y  d e s c r i b e  some examples  o f  c o n t a i n e d  n a t u r a l  con­

v e c t i o n  f low s  i n  o r d e r  to  i n d i c a t e  the  n a t u r e  o f  the  problem i n  g e n e r a l ,  

t h e  d i v e r s i t y  o f  t h e  s p e c i f i c  a p p l i c a t i o n s ,  and th e  im por tance  a t t a c h e d  

to  t h e  s o l u t i o n  o f  t h e s e  s p e c i f i c  p ro b le m s .

The f i r s t  example i n  which b u o y a n c y - d r i v e n  f lows  p l a y  a c e n t r a l  

r o l e  d e a l s  w i t h  the  s t o r a g e  o f  l i q u i f i e d  n a t u r a l  gas  (LNG). With t h e  

r a p i d l y  g rowing c onsum pt ion  o f  LNG as a low s u l f u r  c o n t e n t  f u e l ,  t h e  

need f o r  s t o r a g e  o f  l a r g e  q u a n t i t i e s  o f  LNG h a s  a r i s e n .  L a rge ,  l a n d -  

b a s e d ,  c y l i n d r i c a l  t a n k s  ( t y p i c a l l y  one hundred  f e e t  t a l l  and t h r e e  h u n ­

d r e d  f e e t  wide)  have  been  c o n s t r u c t e d  f o r  t h i s  p u r p o s e .  Al though th e  

t a n k s  a r e  i n s u l a t e d ,  h e a t i n g  by s o l a r  r a d i a t i o n  l e a d s  to  LNG s t r a t i f i c a ­

t i o n  and v a p o r i z a t i o n  w i th  a t t e n d a n t  p r e s s u r e  b u i l d - u p  i n  the c o n t a i n e r .  

P e r i o d i c a l l y ,  t h i s  p r e s s u r e  must  be r e l i e v e d  by v e n t i n g  to  the  a tm osphere  

and th u s  LNG i s  l o s t .  Thi s  l o s s  o f  LNG by v a p o r i z a t i o n  i s  c r i t i c a l  to  

th e  economics  o f  l ong  term s t o r a g e  such as i s  i n v o lv e d  i n  peak  s h a v in g  

o p e r a t i o n s .  F u r t h e r ,  a t  h i g h  v a p o r i z a t i o n  r a t e s ,  the  dense  LNG va po r  

f lows  a l o n g  the  g round ,  d i s p e r s i n g  v e r y  s lo w ly  and c a u s i n g  a s e r i o u s  f i r e  

h a z a r d .  At p r e s e n t ,  we a r e  unab le  to  p r e d i c t  v a p o r i z a t i o n  r a t e  a s  a 

f u n c t i o n  o f  imposed h e a t i n g  r a t e ,  t a n k  geomet ry  and f l u i d  p r o p e r t i e s



because  t h e  s t r a t i f i c a t i o n  i s  i n t i m a t e l y  coup led  w i t h  the  induced  f l u i d  

mot ion  i n  t h e  t a n k .

The m a n u f a c t u r e  o f  g l a s s  r e p r e s e n t s  a second  a re a  i n  which 

b u o y a n c y - d r iv e n  f lo w s  a r e  o f  c e n t r a l  i n t e r e s t .  G lass  i s  n o rm a l ly  p r o ­

duced in  o p e n - h e a r t h  f u r n a c e s  i n  which th e  g l a s s  i n g r e d i e n t s  a r e  f lame 

he a te d  from above to  form a m e l t .  The raw m a t e r i a l s  ( b a t c h )  a r e  f ed  a t  

one end o f  t h e  f u r n a c e  and f l o a t  on th e  s u r f a c e  t o  form th e  s o - c a l l e d  

" b a t c h  heap"  o r  c o v e r .  The c ha rge  r e a c t s ,  i s  mixed  by b u o y a n c y -d r iv e n  

c o n v e c t i o n  and by d i f f u s i o n ,  and th e  p r o d u c t  g l a s s  i s  wi thdrawn a t  t h e  

o p p o s i t e  end o f  t h e  f u r n a c e .  A f u l l  u n d e r s t a n d i n g  o f  the v a r i o u s  t r a n s ­

p o r t  p r o c e s s e s  and c h e m ic a l  r e a c t i o n s  o c c u r r i n g  i n  a g l a s s  fu rnace  i s  an 

enormous t a s k .  The o v e r a l l  problem i n v o l v e s  c h a r a c t e r i z a t i o n  o f  t h e  

r a d i a n t  h e a t  t r a n s f e r  from th e  f l a m e - f i r e d  r e f r a c t o r y - l i n e d  gas volume 

above the  s u r f a c e  o f  t h e  m e l t .  These t r a n s f e r  r a t e s  a r e  i n t i m a t e l y  

coupled  w i t h  c o n v e c t i v e  r a t e s  w i t h i n  t h e  m e l t ,  t h e  magnitudes o f  which 

a re  d e t e r m i n e d  by t h e  i n t e r a c t i o n  o f  r a d i a n t  t r a n s f e r ,  con d u c t iv e  t r a n s f e r ,  

and, i n  t h e  a r e a  o f  t h e  p o r t  f e e d ,  by m e l t i n g ,  c h e m ica l  r e a c t i o n ,  and 

gas g e n e r a t i o n  and d i s e n g a g e m e n t .  T h e r e f o r e ,  i t  i s  n o t  s u r p r i s i n g  t h a t  

the d e s i g n  o f  t h e s e  f u r n a c e s  has  d e v e lo p e d  as  an  a r t .  U n c e r t a i n t i e s  i n  

the r e l a t i o n  be tween  t h r u - p u t  r a t e  ( q u a n t i t y  o f  p r o d u c t  g l a s s  w i thdrawn 

per  u n i t  t i m e ) ,  h e a t i n g  r a t e s ,  geom et ry ,  e t c . ,  p r e s e n t l y  make optimum 

fu rnace  d e s i g n  an i m p o s s i b i l i t y .  However , the  b u o y a n c y -d r iv e n  c u r r e n t s  

w i t h i n  the  m e l t  homogenize the  g l a s s  and th e  m o d i f i c a t i o n  o f  t h es e  

c u r r e n t s  can e x e r t  a p ro found  i n f l u e n c e  on p r o d u c t  q u a l i t y  and t h r u - p u t  

r a t e .



A t h i r d  problem a r e a  i n v o l v i n g  b u o y a n c y -d r iv e n  c o n t a i n e d  f lows 

d e a l s  w i t h  the  c o n ta in m e n t  o f  n u c l e a r  r e a c t o r s  such  a s  t h e  l i q u i d  m e ta l  

f a s t  b r e e d e r  r e a c t o r .  A s p h e r i c a l  r e a c t o r  co re  su r ro u n d e d  by a l i q u i d  

i n  a s p h e r i c a l  annu lu s  i s  a t y p i c a l  c o n f i g u r a t i o n .  The h o t  i n n e r  and cool  

o u t e r  s u r f a c e s  a r e  m a i n t a i n e d  a t  c o n s t a n t  t e m p e r a t u r e  and h e a t  i s  t r a n s ­

f e r r e d  a c r o s s  the  a nnu lus  p r i m a r i l y  by  means o f  b u o y a n c y - d r iv e n  n a t u r a l  

c o n v e c t i o n  f low.  For  p r a c t i c a l  v a l u e s  o f  t h e  R a y l e ig h  number,  t h e r e  i s  

no t h e o r e t i c a l  method f o r  c a l c u l a t i n g  t h e  h e a t  t r a n s f e r  r a t e  a c r o s s  the  

a n n u lu s  and the  s c a l i n g  laws rem ain  e m p i r i c a l .

A f o u r t h  a r e a  i n  which  b u o y a n c y - d r iv e n  f lows  ha ve  become o f  i n ­

t e r e s t  i s  i n  the  s t u d y  o f  g l o b a l  p l a t e  t e c t o n i c s  and th e  t h e o r y  o f  con­

t i n e n t a l  d r i f t .  While t h e  e x i s t e n c e  o f  c o n t i n e n t a l  d r i f t  i s  a l m o s t  u n i ­

v e r s a l l y  a c c e p t e d ,  t h e  f o r c e s  which c a u s e  the  d r i f t  a r e  n o t  w e l l  u n d e r ­

s t o o d .  The u p w e l l i n g  o f  m a t e r i a l  f rom th e  E a r t h ' s  i n t e r i o r  n e a r  mid­

o c e a n  r i d g e s  and the  r e t u r n  o f  m a t e r i a l  i n  s u b d u c t i o n  zones  have  l ed  

p r e s e n t - d a y  i n v e s t i g a t o r s  to s u s p e c t  t he rm a l  c o n v e c t i o n  c u r r e n t s  as  a 

p o s s i b l e  m ot ive  f o r c e .  The t y p i c a l  a n a l y s i s  c o n s i d e r s  s t e a d y  n a t u r a l  

c o n v e c t i o n  between two h o r i z o n t a l  i n f i n i t e  s l a b s  h e a t e d  from below and 

t h u s  the  g e o p h y s i c a l  p rob lem  i s  modeled by a geomet ry  f o r  which  the  

h o r i z o n t a l  l e n g t h  s c a l e  c a n n o t  be  d e t e r m i n e d .  While  t h e s e  c a l c u l a t i o n s  

do i n d i c a t e  the  p o s s i b i l i t y  o f  g e o p h y s i c a l  f lows b e in g  d r i v e n  by buoyancy,  

t h e y  ca n n o t  be d i r e c t l y  a p p l i c a b l e  t o  t h e  c o n t i n e n t a l  d r i f t  prob lem be ­

c a u s e  o f  the  a pp rox im a te  s p h e r i c a l  geomet ry  o f  t h e  E a r t h  and t h e  a t t e n d a n t  

g l o b a l  mass c o n s e r v a t i o n  r e s t r i c t i o n  im pl ied  by a f i n i t e  f low r e g i o n .

T h e re  i s  s e i s m ic  e v id e n c e  to  s u p p o r t  t h e  t h e o r y  t h a t  t h e  E a r t h  can  be 

modeled as a s o l i d  s p h e r i c a l  c o re  and a t h i n  s p h e r i c a l  c r u s t  d i v i d e d  by



a m olt en  a n n u l a r  r e g i o n .  The i m p l i c a t i o n s  o f  such a model w i t h  r e g a r d  

to  p o s s i b l e  c o n v e c t i o n  c u r r e n t s  and a s s o c i a t e d  i n t e r n a l  s h e a r  l a y e r s  have  

not  been e x p l o r e d .  F u r th e r m o r e ,  the  s t e a d y  s t a t e  a s sum pt ion  may n o t  be 

j u s t i f i e d ,  a s  we s h a l l  s e e .

F i n a l l y ,  l o n g - t e r m  sp a ce  m i s s i o n s  w i l l  r e q u i r e  s t o r a g e  o f  c y ro g e n s  

i n  o r b i t .  H e a t in g  by s o l a r  r a d i a t i o n  l e a d s  to c ryogen  s t r a t i f i c a t i o n  i n  

much the same manner a s  w i t h  l i q u i f i e d  n a t u r a l  gas .  Pumping l i m i t a t i o n s  

a r e  de te rm ine d  by the  o n s e t  o f  c ryogen  c a v i t a t i o n  which,  in  t u r n ,  depends  

c r i t i c a l l y  upon the  s t r a t i f i c a t i o n .

While  t h e s e  examples  do n o t  e x h a u s t  the  v a r i o u s  c o n t a i n e d  buoyancy- 

d r i v e n  f lows  o f  i n t e r e s t ,  t h ey  do i l l u s t r a t e  the b r e a d t h  o f  a p p l i c a t i o n  

and the  im por tance  a t t a c h e d  to  such f lo w s .

E a r l i e r  Work

There have been  many e f f o r t s  to  a n a ly z e  v a r i o u s  models o f  t h e  c o n ­

t a i n e d  b u o y a n c y - d r iv e n  f low  prob lem. We s h a l l  r e s t r i c t  ou r  a t t e n t i o n  to  

the  p r a c t i c a l l y  i m p o r t a n t  f lo w  regime t h a t  c o r r e s p o n d s  to l a r g e  v a l u e s  o f  

the  Grashof  number ( t h e  r a t i o  o f  buoya n t  f o r c e s  t o  v i s c o u s  f o r c e s )  and we 

w i l l  exc lude  t h a t  c l a s s  o f  problems t h a t  d e a l s  w i t h  the  s t a b i l i t y  o f  

b u o y a n c y -d r iv e n  f lows t h a t  i s  t y p i f i e d  by t h e  h e a t - f r o m - b e lo w  R a y le ig h  

i n s t a b i l i t y .  Also we w i l l  c o n s i d e r  l a m in a r  f low e x c l u s i v e l y .

P r e v io u s  e f f o r t s  to  a n a ly z e  t h i s  l a r g e  R ay le igh  number, h e a t e d -  

f r o m - t h e - s i d e  n a t u r a l  c o n v e c t io n  p rob lem  have  used e i t h e r  ad hoc boun d a ry -  

l a y e r  methods o r  p u r e l y  n u m e r i c a l  s o l u t i o n s  by means o f  f i n i t e  d i f f e r e n c e  

a p p r o x i m a t io n s .  T y p i c a l  o f  the  e a r l i e r  b o u n d a r y - l a y e r  approaches  i s  

t h a t  o f  B a i l e y  and Fearn  [ 2 ]  who c o n s i d e r e d  the t r a n s i e n t  s t r a t i f i c a t i o n  

o f  a c y l i n d r i c a l  t a n k  w i t h  h e m i s p h e r i c a l  ends  due to  s i d e w a l l  h e a t i n g .



A l l  o f  the  h e a t  in p u t  to  the  t a n k  i s  assumed to  a p p e a r  a s  s e n s i b l e  h e a t  

i n  t h e  s i d e w a l l  boundary l a y e r  which  e m p t i e s  i n t o  a u n i f o r m l y  mixed h o t  

u p p e r  l a y e r  i n  the  core  and r em a ins  t h e r e .  Mixing  be tween  the  h o t  l a y e r  

and t h e  lower c o ld  l i q u i d  i n  t h e  co re  i s  n e g l e c t e d .  Comparison w i th  

e x p e r im e n t  i s  poor  and can  be a t t r i b u t e d  t o  two o f  t h e  a s s u m p t io n s .

F i r s t ,  t he  h o t  upper  l a y e r  i s  n o t  u n i f o r m l y  mixed ,  b u t  i s  i n s t e a d  s t r a t i ­

f i e d .  Thus t h e  mass f l u x  i n t o  and o u t  o f  the  s i d e w a l l  boundary  l a y e r  de ­

pends  upon t h e  t im e - d e p e n d e n t  c o r e  s t r a t i f i c a t i o n  and ca n n o t  be a p r i o r i  c a l ­

c u l a t e d  by means of  r e s u l t s  f o r  f r e e  c o n v e c t i o n  a l o n g  a f l a t  p l a t e  i n  a 

medium w i t h  c o n s t a n t  b u l k  t e m p e r a t u r e .  Second,  t h e  boundary  l a y e r  formed 

on t h e  bo t tom h e m i s p h e r i c a l  end i s  c o m p l e t e l y  i g n o re d  w i t h o u t  j u s t i f i c a t i o n .

More r e c e n t l y  M a t u l e v i c i u s  [ 3 ]  h a s  measured  bo th  t e m p e r a t u r e  and 

v e l o c i t y  i n  a n  u n s te a d y  s t r a t i f i e d  f l u i d  i n  a h i g h  a s p e c t  r a t i o  r e c t a n g u ­

l a r  e n c l o s u r e  ( i n i t i a l l y  a t  u n i f o r m  t e m p e r a t u r e )  which  i s  h e a t e d  u n i f o r m ­

l y  on the s i d e s  and i n s u l a t e d  on the  t o p  and b o t tom .  These e x p e r i m e n t s  

have  shown t h a t  the s i d e w a l l  h e a t i n g  r e s u l t s  i n  t h i n  bounda ry  l a y e r s  

b e i n g  formed a l o n g  the  v e r t i c a l  w a l l s .  The boundary  l a y e r  d i s c h a r g e s  

f l u i d  i n t o  t h e  co re  r e g i o n  a l o n g  the  e n t i r e  ( t i m e - v a r y i n g )  l e n g t h  o f  t h e  

s t r a t i f i e d  r e g i o n .  The g r e a t e s t  amount o f  f l u i d  d i s c h a r g e  o c c u r s  a p p r o x i ­

m a t e l y  a t  the  i n t e r f a c e  o f  t h e  s t r a t i f i e d  and u n s t r a t i f i e d  r e g i o n s  in  

ag reem en t  w i t h  the  e x p e r i m e n t a l  r e s u l t s  o f  Schwind and V l i e t  [4]  . H o r i ­

z o n t a l  t e m p e r a t u r e  g r a d i e n t s  in  t h e  c o re  a r e  s m a l l .  The warmer f l u i d  

d e p o s i t e d  in  t h e  core  s e t t l e s  downward l i k e  a " p l u g  f low" as  c o o l e r  f l u i d  

from the lower  r e g i o n s  i s  fed  i n t o  the  s i d e w a l l  boundary  l a y e r .  E x c e p t  

f o r  t h e  top p a r t  o f  the  c o re  and a sm a l l  r e g i o n  n e a r  the b o t tom ,  the  a x i a l

t e m p e r a t u r e  p r o f i l e  i s  l i n e a r  a f t e r  an i n i t i a l  t r a n s i e n t  p e r i o d .  L a s t l y ,



an  u n e x p la i n e d  i n s t a b i l i t y  i n  the f low b e h a v io r  was n o t e d .  I n i t i a l l y  

t h e  f low a p p e a r e d  t o  be s ym m etr ica l  a bou t  the  c e n t r a l  p l a n e .  However,  

i n  t ime the  s t r e a m l i n e s  become skewed and the  symmetry was d e s t r o y e d .  

S i m i l a r  r e s u l t s  were  o b s e r v e d  in dye s t u d i e s  by Drake [5 ]  . The t e m p e ra ­

t u r e  f i e l d  was n o t  a p p r e c i a b l y  a f f e c t e d  by t h i s  i n s t a b i l i t y .

U s ing  t h e s e  r e s u l t s ,  M a t u l e v i c i u s  deve loped  a t h e r m a l  s t r a t i f i ­

c a t i o n  model  i n  which  t h e  f low  i s  d i v i d e d  i n t o  two r e g i o n s ,  a boundary  

l a y e r  r i s i n g  a t  t h e  h e a t e d  w a l l  and a c e n t r a l  c o r e .  The boundary  l a y e r  i s  

assumed to  be q u a s i - s t e a d y  and t h e  g o v e r n i n g  e q u a t i o n s  were s o lv e d  by means 

o f  an i n t e g r a l  method and t h e  P r a n d t l  number was assumed to  be much g r e a t e r  

t h a n  u n i t y .  By in v o k in g  th e  e x p e r i m e n t a l  r e s u l t  t h a t  t h e  c o re  t em p e ra ­

t u r e  v a r i e s  o n l y  v e r t i c a l l y  and a ssum ing  p l u g  f low ,  M a t u l e v i c i u s  c a l c u ­

l a t e d  t h e  c o r e  f low n u m e r i c a l l y  u s i n g  f i n i t e  d i f f e r e n c e  a p p r o x i m a t i o n s .  

Comparison o f  t h e s e  r e s u l t s  wi th  e x p e r i m e n t  was good.

While  M a t u l e v i c i u s '  work r e p r e s e n t s  an i m p o r t a n t  c o n t r i b u t i o n  b e ­

c a u se  o f  t h e  d a t a  o b t a i n e d  and t h e  im por ta nc e  a t t a c h e d  to  t h e  c o r e - b o u n d a r y  

l a y e r  i n t e r a c t i o n  i n  t h e  c a l c u l a t i o n s ,  t h e r e  a r e  s e v e r a l  l i m i t a t i o n s .

The a n a l y s i s  i s  r e s t r i c t e d  t o  a r e c t a n g u l a r  geometry and a u n i fo r m  h e a t  

f l u x  a t  t h e  s i d e w a l l s  and i s  s t r i c t l y  a p p l i c a b l e  o n l y  when t h e  P r a n d t l  

number i s  l a r g e .  F u r t h e r ,  d e t a i l s  o f  t h e  i n i t i a l  t r a n s i e n t s  were o b s c u r e d  

and c e r t a i n  s i m p l i f i c a t i o n s  i n  t h e  c o r e  were n o t  r e a l i z e d .  L a s t l y ,  t h e  

r e s u l t s  a r e  o b t a i n e d  n u m e r i c a l l y  and a p p r o p r i a t e  s c a l i n g  laws a r e  n o t  

w h o l l y  e v i d e n t .

I n t e g r a l  methods  ha ve  a l s o  been used by Emery and Chu [6 ]  to 

c a l c u l a t e  the  s t e a d y  s t a t e  h e a t  t r a n s f e r  r a t e  a c r o s s  a r e c t a n g u l a r  e n ­

c l o s u r e  w i t h  t h e  top  and bo t tom i n s u l a t e d  and the  two s i d e s  a t  d i f f e r e n t



c o n s t a n t  t e m p e r a t u r e s .  Comparison o f  the  c a l c u l a t e d  h e a t - t r a n s f e r  r a t e s  

w i t h  e x p e r i m e n t  i s  good a l t h o u g h  d e t a i l e d  f low p r o p e r t i e s  a r e  no t  a v a i l ­

a b l e .  The e x t e n s i o n  to  t h e  g e n e r a l  p rob lem  i s  n o t  c o n s i d e r e d .

G i l l  [7 ]  h a s  employed a s y m p t o t i c  methods to  s tu d y  t h e  same s t e a d y  

f low n e a r  the  h o r i z o n t a l  c e n t e r l i n e .  R e s u l t s  o b t a i n e d  f o r  t h e  l i m i t i n g  

c a s e  o f  i n f i n i t e  P r a n d t l  number a r e  i n  agreement  w i t h  t h e  e x p e r i m e n t a l  

d a t a  o f  E l d e r  [ 8 ] .  The a n a l y s i s  does  n o t  app ly  to  the  f low away from the  

c e n t e r l i n e  and t h u s  c a n n o t  be used  to  compute the  t o t a l  h e a t - t r a n s f e r  

r a t e  o r  d e s c r i b e  t h e  g e n e r a l  f low p a t t e r n .

I n  a r e c e n t  i m p o r t a n t  c o n t r i b u t i o n ,  Krane [9 ]  h a s  used  s i m i l a r  

methods to  c a l c u l a t e  t h e  h i g h  G rasho f  number f low i n  t h e  e n t i r e  c a v i t y .

His  c a l c u l a t i o n s  show t h a t  the  f low d i v i d e s  i t s e l f  i n t o  an i n v i s c i d  

s t r a t i f i e d  c o re  ( i n  which t h e r e  i s  a p r e s s u r e - b u o y a n c y  f o r c e  b a l a n c e )  

w i t h  n o n l i n e a r ,  n o n s i m i l a r  f r e e  c o n v e c t i o n  v e l o c i t y  and th e r m a l  boundary 

l a y e r s  on the  v e r t i c a l  w a l l s  and l i n e a r  th e r m a l  boundary  l a y e r s  on the  

h o r i z o n t a l  w a l l s .  The r e s u l t s  s t r e s s  t h e  i n t i m a t e  c o u p l i n g  o f  the  co re  

f low and v e r t i c a l  w a l l  bounda ry  l a y e r s  by means o f  e n t r a i n m e n t  and e x -  

t r a i n m e n t .  Tha t  i s ,  t h e  c o r e  v e l o c i t y  f i e l d  i s  g i v e n  d i r e c t l y  by th e  

e n t r a i n m e n t  i n t o  ( o r  e x t r a i n m e n t  f rom) t h e  v e r t i c a l  w a l l  boundary  l a y e r ,  

the s t r u c t u r e  o f  w h ic h ,  i n  t u r n ,  depends upon t h e  c o r e .  Comparison o f  

the  c a l c u l a t e d  t o t a l  h e a t  t r a n s f e r  r a t e  w i t h  e x p e r im e n t  i s  good.

S teady  s t a t e  c a l c u l a t i o n s  such as  t h e s e  a r e  o f  i n t e r e s t  ( f o r  a 

p a r t i c u l a r  p rob le m )  i n  t h a t  they  i n d i c a t e  the n a t u r e  o f  the  f i n a l  asymp­

t o t i c  s t a t e .  However ,  t h e y  a re  u n a b le  to a n a ly z e  the  i m p o r t a n t  t r a n s i e n t  

p a r t  o f  the  p r o b le m .  A l so ,  e x i s t i n g  c a l c u l a t i o n s  a r e  g e n e r a l l y  r e s t r i c t e d  

to  r e c t a n g u l a r  c a v i t i e s .  F u r t h e r ,  t h e  n o n l i n e a r  n a t u r e  o f  the  v e r t i c a l



w a l l  boundary l a y e r  r u l e s  o u t  s t a b i l i t y  c a l c u l a t i o n s  which c ou ld  p rov ide  

a t h e o r e t i c a l  e x p l a n a t i o n  f o r  t h e  o c c u r r e n c e  o f  m u l t i c e l l u l a r  f lows  in  

h i g h  a s p e c t  r a t i o  c a v i t i e s  u n d e rg o i n g  s i d e w a l l  h e a t i n g .

S a k u r a i  and Matsuda [10]  c o n s i d e r  a Bouss inesq  f l u i d  a t  r e s t  i n  a 

c i r c u l a r  c y l i n d e r  w i th  i t s  a x i s  o f  symmetry p a r a l l e l  to  the  g r a v i t a t i o n a l  

f o r c e .  They a n a ly z e  the  u n s t e a d y  f low  t h a t  r e s u l t s  f rom a b r u p t l y  chang ing  

th e  s i d e w a l l  t e m p e r a t u r e  from i t s  o r i g i n a l  p r o f i l e ,  which i s  i n v a r i a n t  

around the c y l i n d e r  ( i n  a h o r i z o n t a l  p l a n e )  and l i n e a r  a lo n g  t h e  c y l i n d e r  

( i n  a v e r t i c a l  p l a n e ) ,  to  some new p r o f i l e  t h a t  i s  a l s o  l i n e a r  a lo n g  the 

c y l i n d e r .  This  new p r o f i l e  has  a s l i g h t l y  g r e a t e r  r a t e - o f - c h a n g e  than  

the  o r i g i n a l  p r o f i l e  and i s  o r i e n t e d  such  t h a t  t h e  c o n t a i n e r  i s  h e a t e d  

above i t s  h o r i z o n t a l  m id - p l a n e  and c o o le d  below i t s  r a id -p la n e .  They 

ap p ly  t h e  l i n e a r i z e d  t h e o r y  f o r  t h e  c a s e  where  the  P r a n d t l  number i s  o f  

o r d e r  u n i t y  to  f i n d  t h e  t e m p e r a t u r e  and v e l o c i t y  w i t h i n  the c o re  r e g i o n .  

They d e m o n s t r a t e  t h e  e x i s t e n c e  o f  a m e r i d i o n a l  c i r c u l a t i o n  t h a t  i s  

pumped by a s i d e w a l l  boundary  l a y e r .  This  m e r i d i o n a l  c i r c u l a t i o n  r e ­

d i s t r i b u t e s  the  f l u i d  t e m p e r a t u r e  to  b r i n g  a bou t  a new s t a t e  o f  s t r a t i ­

f i c a t i o n .  The t ime s c a l e  f o r  t h i s  t e m p e r a t u r e  a d j u s t m e n t  p r o c e s s  i s  de ­

t e r m in e d .  T h i s  work by S a k u r a i  and Matsuda i s  i m p o r t a n t  in  t h a t  f o r  the  

f i r s t  t ime an a n a l y t i c a l  s o l u t i o n  h a s  been  deve loped  f o r  the  t r a n s i e n t  

n a t u r a l  c o n v e c t io n  f low o f  a f l u i d  i n  a c a v i t y  t h a t  makes c l e a r  t h e  b a s i c  

p h y s i c a l  p r o c e s s e s  t h a t  o c c u r .  The l i m i t a t i o n  to  t h e i r  work i s  t h a t  i t  

a p p l i e s  o n ly  to the c i r c u l a r  c y l i n d e r  geometry  w i t h  t h e  p a r t i c u l a r  l i n e a r  

boundary  c o n d i t i o n  t h a t  they  c o n s i d e r e d .  Thus,  the  g e n e r a l  problem o f  

l i n e a r i z e d  bouyant  mot ion in  a c l o s e d  c o n t a i n e r  rem ains  to  be s o l v e d .

ll ie main t h r u s t  o f  the  r e c e n t  r e s e a r c h  e f f o r t  i n  c o n t a i n e d
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buoy a n c y -d r iv e n  f lo w s  h a s  c o n c e n t r a t e d  on deve lo pm en t  o f  n u m e r i c a l  s o l u ­

t i o n s  by means o f  f i n i t e - d i f f e r e n c e  a p p r o x i m a t io n s .  A l though  a p p l i c a b l e  

in  p r i n c i p l e  to a r b i t r a r y  c o n f i g u r a t i o n s ,  t h e  c o m p u ta t io n s  d e a l  a lm os t  

e x c l u s i v e l y  w i t h  r e c t a n g u l a r  c a v i t i e s  and s t e a d y - s t a t e  f l o w s .  For  

r ea s o n s  o f  c o m p u t a t i o n  e f f i c i e n c y  and s t a b i l i t y  i t  h a s  become p o p u l a r  to 

s o lv e  t h e  u n s t e a d y  c o n s e r v a t i o n  e q u a t i o n s  w i t h  the a s y m p t o t i c  s t e a d y  

s t a t e  b e in g  t h e  r e s u l t  o f  i n t e r e s t .  Thus, i n  p r i n c i p l e ,  the  u n s t e a d y  

problem can be a n a ly z e d  n u m e r i c a l l y  and t h e s e  n u m e r i c a l  s o l u t i o n s  do en­

joy  some de g re e  o f  s u c c e s s  i n  p r e d i c t i n g  t o t a l  h e a t - t r a n s f e r  r a t e s  and 

d e t a i l e d  f e a t u r e s  o f  t h e  f l o w f i e l d .  However, l i m i t a t i o n s  on computer  

s t o r a g e  s p a ce  have  p r e v e n t e d  the  f i n i t e  d i f f e r e n c e  models  f rom b e in g  

a p p l i e d  t o  t h e  p r a c t i c a l l y  i m p o r ta n t  h ig h  G rasho f  number r eg im e .  This  

oc c u rs  b e c a u s e  t h e  b o u n d a r y - l a y e r  t h i c k n e s s  d e c r e a s e s  w i t h  i n c r e a s i n g  

Grashof  number ,which  r e q u i r e s ,  i n  t u r n ,  an i n c r e a s e  i n  t h e  number o f  

g r i d p o i n t s  needed to  a d e q u a t e l y  r e s o l v e  t h e  f e a t u r e s  o f  t h e  f low i n  the 

boundary l a y e r .  W hi le  t h e  u se  o f  v a r i a b l e  mesh s i z e  can  p a r t l y  a l l e v i a t e  

t h i s  d i f f i c u l t y ,  one s t i l l  c a nno t  c a r r y  o u t  c a l c u l a t i o n s  f o r  a l l  Grashof  

numbers o f  i n t e r e s t .  F u r th e r m o r e ,  as  p o i n t e d  o u t  by Emmons [ l l ] ,  t h e r e  

e x i s t s  a number o f  s e r i o u s  q u e s t i o n s  c o n c e r n i n g  the adequacy  o f  the  con­

vergence  c r i t e r i a  u sed  by th o se  employing  f i n i t e  d i f f e r e n c e  t e c h n i q u e s .

In the  a b s en c e  o f  m a t h e m a t i c a l l y  r i g o r o u s  p r o o f s  o f  a c c u r a c y  and con­

ve rge nc e ,  most  n u m e r i c a l  s o l u t i o n s  a r e  assumed to  have " co n v e rg e d "  when 

they " lo o k  good" when compared w i t h  p r e c o n c e i v e d  t r e n d s  i n  the  d a t a .  I t  

should  a l s o  be no ted  t h a t  num er ica l  s o l u t i o n s  a r e  q u i t e  c o s t l y  i n  terms 

o f  computer  t ime and programming manhours and thus  a r e  n o t  s u i t e d  f o r  

most  d e s i g n  p u r p o s e s .  Most  i m p o r t a n t l y ,  n u m e r i c a l  s o l u t i o n s  by  t h e i r  

ve ry  n a t u r e  do n o t  r e a d i l y  i n d i c a t e  p a ra m e t e r  t r e n d s  o r  l end  a n  u n d e r s t a n d in g
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t o  the  b a s i c  p h y s i c a l  phenomena o c c u r r i n g  i n  a g iv en  p rob lem .  The 

e f f e c t s  o f  geometry  changes  c a n n o t  be a s s e s s e d  and the  d i s p a r a t e  t ime 

and l e n g t h  s c a l e s  which o c c u r  i n  t h e  p r a c t i c a l l y  i m p o r t a n t  h i g h  Grashof  

number regime a r e  n o t  w e l l  s u i t e d  t o  n u m e r i c a l  s o l u t i o n s .  Thus, i t  i s  

a p p a r e n t  t h a t  more a n a l y t i c a l  and s e m i - a n a l y t i c a l  work ( such  as t h a t  

done by S a k u r a i  and Matsuda and K rane )  i s  needed  i f  advances  i n  u n d e r ­

s t a n d i n g  the  u n s t e a d y ,  b u o y a n c y - d r i v e n  c o n t a i n e d  f low p ro b le m  a r e  to be 

made.

Method o f  A t t a c k

N a t u r a l  c o n v e c t i o n  i s  a p h r a s e  t h a t  i s  used to  d e s c r i b e  f l u i d  

f low  t h a t  i s  d r i v e n  by a g r a v i t a t i o n a l  body f o r c e .  This  body f o r c e ,  

more commonly c a l l e d  the  buoyan t  f o r c e ,  r e s u l t s  s o l e l y  from a nonhomogen- 

eous  d e n s i t y  f i e l d  i f  we c o n s i d e r  t h e  g r a v i t a t i o n a l  f i e l d  to  be i n v a r i ­

a n t .  Thus, a f l u i d  i s  s a i d  to be s t a b l y  s t r a t i f i e d  i f  t h e  d e n s i t y  g r a ­

d i e n t  p roduces  a buoyan t  f o r c e  t h a t  t e n d s  t o  r e s t o r e  a p e r t u r b e d  f l u i d  

p a r t i c l e  to  i t s  o r i g i n a l  p o s i t i o n .  We w i l l  f o c u s  ou r  a t t e n t i o n  on 

s t a b l y  s t r a t i f i e d  l a m in a r  n a t u r a l  c o n v e c t i o n  i n  a c lo s e d  c o n t a i n e r  t h a t  

i s  h e a te d  from th e  s i d e .  Thus,  we w i l l  a v o id  t h a t  c l a s s  o f  problems 

t h a t  d e a l s  w i t h  f u n d a m e n t a l l y  u n s t a b l e  n a t u r a l  c o n v e c t io n .

In t h e  s t u d y  o f  n a t u r a l  c o n v e c t i o n  p ro b le m s ,  i t  i s  a f r e q u e n t  

p r a c t i c e  to  s i m p l i f y  the  b a s i c  e q u a t i o n s  by i n t r o d u c i n g  c e r t a i n  a p p r o x i ­

m a t io n s  t h a t  a r e  a t t r i b u t e d  to  B o u s s i n e s q  [ l 2 ] .  The B o u s s in es q  a p p r o x i ­

m a t io n s  a r e  examined by S p i e g e l  and Veron is  [ 1 3 ] ,  and t h e y  summarized 

them in  two s t a t e m e n t s :  (1) The f l u c t u a t i o n s  i n  d e n s i t y  which appear

w i t h  the  ad v e n t  o f  m o t io n  r e s u l t  p r i n c i p a l l y  f rom the rm al  (as  opposed to  

p r e s s u r e )  e f f e c t s .  (2 )  I n  t h e  e q u a t i o n s  f o r  t h e  r a t e - o f - c h a n g e  o f
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momentum and m ass ,  d e n s i t y  v a r i a t i o n s  may be n e g l e c t e d  e x c e p t  when th ey

a r e  c o u p le d  to  the  g r a v i t a t i o n a l  a c c e l e r a t i o n  i n  t h e  buoyancy f o r c e .  We 

s h a l l  d e v e lo p  t h e  l i n e a r i z e d  e q u i v a l e n t  of  t h e  " B o u s s in e s q "  e q u a t i o n s  

i n  a r a t i o n a l  manner  and e x p l i c i t l y  d e s c r i b e  the  a p p r o x i m a t i o n s  i n v o lv e d .

I n  t h e  p a r t i c u l a r  p roblem we w i l l  t r e a t ,  we w i l l  c o n s i d e r  an a r b i ­

t r a r i l y  shaped  c l o s e d  c o n t a i n e r  e n c l o s i n g  a B o u s s i n e s q  f l u i d  which i s  

i n i t i a l l y  i n  some p h y s i c a l l y  p e r m i s s i b l e  s t a b l e  s t a t e  o f  r e s t .  At an 

i n i t i a l  i n s t a n t  the  t e m p e r a t u r e  o f  t h e  c o n t a i n e r  w i l l  be i m p u l s i v e l y  

changed .  We w i l l  d e s c r i b e  t h e  e n s u i n g  uns te ady  l a m in a r  f low as  w e l l  a s  

t h e  f i n a l  a s y m p t o t i c  s t e a d y  s t a t e  t h a t  i s  governed  by t h e  l i n e a r i z e d  

e q u a t i o n s .  We r e f e r  to  t h i s  p rob le m  as  the g e n e r a l  h e a t - u p  problem 

s i n c e  no r e s t r i c t i o n  has  been  made a s  t o  the c o n t a i n e r  ge omet ry  o r  c on ­

t a i n e r  t e m p e r a t u r e  p r o f i l e .  I n  r e q u i r i n g  t h e  i n i t i a l  s t a t e  o f  r e s t  t o  

be  s t a b l e ,  we a r e  s p e c i f i c a l l y  e x c l u d i n g  t h a t  c l a s s  o f  p rob lem s  d e a l i n g  

w i t h  the  s t a b i l i t y  o f  b u o y a n c y - d r i v e n  flows t y p i f i e d  by t h e  h e a t e d - f r o m -  

below R a y l e ig h  i n s t a b i l i t y .  Many f lo w s  o f  p r a c t i c a l  i n t e r e s t  c o r r e spond  

to  l a r g e  v a l u e s  o f  t h e  G ra s h o f  number.  We s h a l l  r e s t r i c t  o u r  a t t e n t i o n  

to  t h i s  p r a c t i c a l l y  i m p o r t a n t  f low r e g im e .  We s h a l l  a l s o  l i m i t  the 

P r a n d t l  number to  be o f  o r d e r  u n i t y .  The s o l u t i o n  to  t h i s  g e n e r a l  h e a t -  

up p roblem encompasses  most  l i n e a r i z e d  c o n ta i n e d  buoyan t  m ot ions  as 

s p e c i a l  c a s e s ,  and a s  s uc h ,  s h o u ld  be o f  f a r - r e a c h i n g  p r a c t i c a l  i n t e r e s t .

Those  who s tu d y  s t r a t i f i e d  f l u i d s  are aware t h a t  a v e r y  c lo s e  

a n a logy  e x i s t s  be tween s t r a t i f i e d  f l u i d  phenomena and r o t a t i n g  f l u i d  

phenomena.  For example,  V eron is  [ lA] g ives  a n  e x t e n s i v e  r ev ie w  o f  the  

a n a logy  be tw een  r o t a t i n g  and s t r a t i f i e d  f l u i d s  and G reenspan  [ l 5 ]  o f t e n  

m en t ions  t h e  a n a lo g y  i n  h i s  book on  r o t a t i n g  f l u i d  t h e o r y .  A " r o t a t i n g "
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f l u i d  i s  a f l u i d  i n  which m o t ion  i s  c a p a b l e  o f  be in g  d r i v e n  by a C o r i o J i s  

f o r c e .  Thi s  C o r i o l i s  f o r c e  p l a y s  the  r o l e  o f  the buoyant  f o r c e  in  the  

a n a lo g y  w i t h  s t r a t i f i e d  f l u i d s .  Thus,  b o t h  o f  t h e s e  s u b j e c t s  have r i c h l y  

endowed s t r u c t u r e s  f o r  p r e c i s e l y  the  same r e a s o n  - -  t h e y  b o th  s u p p o r t  

i n t e r n a l  wave m o t io n .

The ana logy  i s  d e r i v e d  from th e  f a c t  t h a t  the  l i n e a r i z e d  e q u a t i o n s  

g o v e rn in g  a  r o t a t i n g  f l u i d  and the  l i n e a r i z e d  e q u a t i o n s  g o v e rn in g  a s t r a t i ­

f i e d  f l u i d  can,  i n  each  c a s e ,  be w r i t t e n  a s  a s i n g l e  s i x t h - o r d e r  p a r t i a l  

d i f f e r e n t i a l  e q u a t i o n  f o r  p r e s s u r e  ( w i th  d i f f e r e n t  p a r a m e t e r s  i n  each 

c a s e ) .  However, the  boundary  c o n d i t i o n s  f o r  a  f l u i d  dynamics problem can­

n o t ,  i n  g e n e r a l ,  be w r i t t e n  i n  terms o f  t h e  p r e s s u r e  a l o n e .  Thus, even 

though the  gove rn ing  e q u a t i o n  i s  the  same f o r  bo th  a l i n e a r i z e d  r o t a t i n g  

f l u i d  and a l i n e a r i z e d  s t r a t i f i e d  f l u i d ,  t h e  boundary  c o n d i t i o n s  a r e  no t  

the  same i n  g e n e r a l  and an e x p l i c i t  a n a l o g y  be tw een  r o t a t i n g  and s t r a t i ­

f i e d  f l u i d s  i s  p r e v e n t e d .

There  a r e  c e r t a i n  s p e c i a l  c a s e s  f o r  which t h e  g o v e rn in g  e q u a t i o n s  

and the  bounda ry  c o n d i t i o n s  can  be made i d e n t i c a l  and t h e n  th e  ana logy  

i s  " p e r f e c t " .  That  i s ,  t he  s o l u t i o n  to  a r o t a t i n g  problem can be g e n e r ­

a t e d  from the  ana lo g o u s  s t r a t i f i e d  s o l u t i o n  by s im ply  renam in g  the  a p p ro ­

p r i a t e  p a r a m e t e r s .  Fo r  example ,  T rus t rum  [16]  c o n s i d e r s  i n v i s c i d ,  i n ­

c o m p r e s s i b l e  f l u i d s  f lo w in g  p a s t  a s m a l l  d i s t u r b a n c e  i n  a n  i n f i n i t e  f l u i d  

domain to  a c h i e v e  t h e  p e r f e c t  a n a lo g y .  As a r u l e ,  the s p e c i a l  c a se s  t h a t  

a l l o w  the  p e r f e c t  a n a lo g y  a r e  n o t  too a p p e a l i n g  p h y s i c a l l y .  A n o t a b l e  

e x c e p t i o n  i s  the  t r e a t m e n t  o f  l i n e a r i z e d  buo y a n t  m otion  due to  an  impul ­

s i v e l y  h e a t e d  i n f i n i t e  v e r t i c a l  p l a t e  by Doty and J i s c h k e  [ 1 7 ] .  For 

P r a n d t l  number e q u a l  to u n i t y ,  t h i s  r e s u l t  i s  c o m p l e t e l y  ana logous  t o  the
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s o - c a l l e d  Ekman l a y e r  i n  r o t a t i n g  f l u i d  t h e o r y .  The Ekman l a y e r  i s  the 

boundary  l a y e r  t h a t  forms on an i n f i n i t e  r o t a t i n g  p l a t e  when i t s  a n g u l a r  

v e l o c i t y  i s  i m p u l s i v e l y  i n c r e a s e d  s l i g h t l y  f rom an i n i t i a l  s t a t e  where 

the p l a t e  and i t s  s u r r o u n d i n g  f l u i d  a r e  r o t a t i n g  as a r i g i d  body.

While  i t  i s  a r a r e  i n s t a n c e  when one can  draw an e x a c t  p a r a l l e l  

be tween  the  phenomena i n  r o t a t i n g  and s t r a t i f i e d  f l u i d  f low,  a wide 

v a r i e t y  o f  phenomena i n  one p h y s i c a l  sys tem  c a n  be a n a ly z e d  and u n d e r ­

s to o d  i n  terms o f  t h e  b e h a v i o r  i n  t h e  ana lo g o u s  sys te m . The i n c r e a s e d  

u n d e r s t a n d i n g  p rov ide d  by t h e  d i f f e r e n t  v i e w p o i n t s  i s  one j u s t i f i c a t i o n  

f o r  d e v e l o p i n g  the  ana logy  i n  some d e t a i l .  For  example,  S a k u r a i  and 

Matsuda [10]  were m o t i v a t e d  in  t h e i r  work on t h e  h e a t - u p  o f  a c i r c u l a r  

c y l i n d e r  by t h e  work done by Greenspan  and Howard [18] on the  spin-down 

p r o c e s s  i n  a r o t a t i n g  f l u i d .  A second r e a s o n  i s  t h a t  l a b o r a t o r y  s t u d i e s  

may be more e a s i l y  pursued  i n  one o f  t h e  two sys tem s  and e x p e r i m e n t a l  i n ­

f o r m a t i o n  p e r t i n e n t  to the  o t h e r  may be o b t a i n e d .

The r o t a t i n g  f l u i d  p rob lem  t h a t  i s  s i m i l a r  to  ou r  g e n e r a l  h e a t - u p  

problem f o r  s t r a t i f i e d  f l u i d s  i s  the  g e n e r a l  sp in -down prob lem t r e a t e d  by 

Greenspan  [19] . He c o n s i d e r s  a n  a r b i t r a r i l y  shaped c l o s e d  c o n t a i n e r  

f i l l e d  w i t h  an i n c o m p r e s s i b l e  f l u i d  t h a t  i s  o r i g i n a l l y  r o t a t i n g  as  a 

r i g i d  body w i t h  c o n s t a n t  a n g u l a r  v e l o c i t y .  At an i n i t i a l  i n s t a n t  a phys­

i c a l l y  a c c e p t a b l e  i n i t i a l  s t a t e  o f  f l u i d  m o t ion  i s  p r e s c r i b e d .  Greenspan 

then  a n a l y z e s  the  e n s u in g  t r a n s i e n t  m o t ion  and d e s c r i b e s  the  u l t i m a t e  r e ­

t u r n  to r i g i d - b o d y  r o t a t i o n .  We w i l l  a d a p t  t h e  s o l u t i o n  p r o c e d u r e  used 

by Greenspan  to  s o l v e  o u r  g e n e r a l  h e a t - u p  p roblem f o r  a s t r a t i f i e d  f l u i d .  

B r i e f l y ,  G r e e n s p a n ' s  s o l u t i o n  p r o c e d u r e  i s  as f o l l o w s :  Expans ions

in  h a l f  powers o f  t h e  Ekman number ( t h e  f o u r t h  r o o t  o f  the  r e c i p r i c a l  o f
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the  R a y le igh  number i s  the a p p r o p r i a t e  p a ra m e t e r  f o r  s t r a t i f i e d  f l u i d s )  

a r e  i n t r o d u c e d  i n t o  t h e  gove rn in g  e q u a t i o n s  and a p rob lem  sequence  i s

r e s o l v e d .  The f i r s t  o f  t h e s e  prob lems i s  f o r  the  z e r o t h - o r d e r  s o l u t i o n

f o r  t h e  i n v i s c i d  i n t e r i o r  r e g i o n .  In  the  second prob lem , the  i n t e r n a l  

m o t ion  i s  c o r r e c t e d  f o r  v i s c o u s  e f f e c t s  t o  make the  b a s i c  t a n g e n t i a l  

v e l o c i t y  ze ro  a t  t h e  boundary .  However, the  boundary  l a y e r s  induce  fu r ­

t h e r  i n t e r i o r  m o t io n  by e s t a b l i s h i n g  a sm a l l  normal  mass f l u x  and t h i s  

s e t s  up a t h i r d  prob lem.  Once t h e  seco n d a ry  i n t e r i o r  m o t io n  i s  dete rmined 

from t h i s  t h i r d  prob lem,  i t  too  must  be c o r r e c t e d  a t  the  bounda ry .  How­

e v e r ,  our  a n a l y s i s  w i l l  end w i t h  t h i s  se conda ry  c i r c u l a t i o n  a l t h o u g h ,  in 

p r i n c i p l e ,  the  p r o c e d u r e  can be c a r r i e d  t o  h i g h e r  o r d e r .  The g o a l  o f  our

work t h e n ,  i s  to  a d a p t  t h i s  s o l u t i o n  p ro ce d u re  to  the  g e n e r a l  h e a t - u p

problem f o r  a s t r a t i f i e d  f l u i d  and a c h ie v e  an a p p ro x im a te  s o l u t i o n  f o r  

t h e  m o t io n  t h a t  i s  u n i fo r m ly  v a l i d  i n  t ime and s p a c e .



CHAPTER I I

THEORETICAL DEVELOPMENT

Govern ing  E q u a t io n s

C o n s i d e r  an a r b i t r a r i l y  shaped  c lo s e d  c o n t a i n e r ,  S ,  t h a t  i s  com­

p l e t e l y  f i l l e d  w i t h  a f l u i d  t h a t  i s  i n i t i a l l y  i n  a s t a b l e  s t a t e  o f  r e s t .

At an i n i t i a l  i n s t a n t ,  t  = 0,  t h e  t e m p e r a t u r e  o f  S i s  i m p u l s i v e l y  changed.

A d e s c r i p t i o n  o f  t h e  u n s t e a d y  f low t h a t  ensues  i s  d e s i r e d .

Assume t h a t  t h e  f l u i d  i s  Newtonian and t h a t  i t  obeys F o u r i e r ' s  con­

d u c t i o n  law.  F u r t h e r m o r e ,  assume t h a t  t h e  f i r s t  and second c o e f f i c i e n t s  

o f  v i s c o s i t y ,  n and and the  t h e r m a l  c o n d u c t i v i t y ,  k ,  a r e  c o n s t a n t .  Also 

assume t h a t  t h e  o n l y  body f o r c e  a c t i n g  on the f l u i d  i s  a g r a v i t y  f o r c e  

t h a t  a c t s  i n  the  n e g a t i v e  z - d i r e c t i o n  w i t h  a c o n s t a n t  m agni tude  o f  g per  

u n i t  m ass .  With t h e s e  a s s u m p t i o n s ,  t h e  e q u a t i o n s  t h a t  gove rn  t h e  f l u i d  

a r e

M  + p v v  = 0 (2 .1 )

momentum p ^  = - V p + p . V ^ +  ) V ( V * V ) - p g e ^  (2 .2 )

energy   ̂ (p -  V'V^ +  T :e  + kV^T . ( 2 .3 )

Here p r e s s u r e ,  d e n s i t y ,  and t e m p e r a t u r e  a r e  g iv e n  by p,  p, and T, 

r e s p e c t i v e l y .  V e l o c i t y  and t ime a r e  V and t , r e s p e c t i v e l y .  The v i s c o u s  

s t r e s s  t e n s o r ,  t ,  i s  r e l a t e d  to  the  r a t e - o f - s t r a i n  t e n s o r ,  e ,  a c c o r d i n g

16
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t o  the  Newtonian law

T = 2M.S + \ ( V - V ) 5  ( 2 . 4 )

e = %[vv + (yv)"^ . ( 2 . 5 )

The c o e f f i c i e n t  o f  t h e r m a l  expansion  and t h e  c o e f f i c i e n t  o f  i s o t h e r m a l  

c o m p re s s io n  a r e  g i v e n  by 3 and h, r e s p e c t i v e l y , w h e r e  t h e s e  c o e f f i c i e n t s  

a r e  d e f i n e d  as

e  = -  F  ( I ? )  ( 2  s )
P

P (? % ) , ' (2 7 )

Th is  sy s tem  o f  e q u a t i o n s  becomes c lo s e d  upon th e  a d d i t i o n  o f  the  

the rm al  e q u a t i o n  o f  s t a t e

p = p ( p ,T )  ( 2 . 8 )

and a p p r o p r i a t e  i n i t i a l  and boundary c o n d i t i o n s .

S t a t i c  Bas ic  S t a t e  

Assume t h a t  t h e  f l u i d  motion t o  be s t u d i e d  i s  a p e r t u r b a t i o n  on 

a b a s i c  s t a t e  o f  s t a b l e  s t a t i c  e q u i l i b r i u m .  Then the  g o v e rn i n g  e q u a t i o n s  

f o r  t h i s  b a s i c  s t a t e  ( d eno te d  by the s u b s c r i p t  B) r educ e  to

mom y g -  = - Pgg ( 2 . 9 )

d^T
^ ^ - ^  = 0 ( 2 . 1 0 )

dz

L e t  z = 0 r e p r e s e n t  the  bot tom o f  t h e  c o n t a i n e r  where t h e  s t a t i c  

t e m p e r a t u r e  i s  d e f i n e d  to  be the  " o p e r a t i n g "  t e m p e r a t u r e  T^^. L e t  

z = L r e p r e s e n t  t h e  t op  o f  t h e  c o n t a i n e r  where t h e  s t a t i c  t e m p e r a t u r e  i s
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d e f i n e d  to  be + AT. We w i l l  r e q u i r e  AT to be p o s i t i v e  i n  o r d e r  to 

e n s u r e  t h a t  t h e  b a s i c  s t a t e  i s  s t a t i c a l l y  s t a b l e .  The ene rgy  e q u a t i o n  

may t h e n  be i n t e g r a t e d  to  y i e l d  the  b a s i c  t e m p e r a t u r e  p r o f i l e

IL = T + A T ( z/ l ) . ( 2 .12 )D op

Th is  b a s i c  s t a t e  and th e  c o n t a i n e r  geomet ry  a r e  i l l u s t r a t e d  i n  F ig u re  

(2 . 1 ) .

Weak S t r a t i f i c a t i o n  

D ef ine  weak s t r a t i f i c a t i o n  as t h a t  s t a t e  f o r  which any s t a t i c  

thermodynamic v a r i a b l e ,  Q, c a n  be r e p r e s e n t e d  by

Q/Qr^P = 1 + h i g h e r  o r d e r  t e rm s  (2 .13 )

where i s  some r e p r e s e n t a t i v e  v a lu e  o f  Q w i t h i n  t h e  r e g i o n  o f  i n ­

t e r e s t  and t h e  h i g h e r  o r d e r  terms a r e  much l e s s  t h a n  u n i t y .  For example,  

we s e e  from th e  b a s i c  t e m p e r a t u r e  p r o f i l e ,  Eq. ( 2 . 1 2 ) ,  t h a t  i f  t he  b a s i c  

s t r a t i f i c a t i o n  i s  to  be weak th en

AT/T < < 1 . (2 .1 4 )
op

This  a l l o w s  us to  w r i t e

-  1 + ( A l / T ^ p ) ( . / l )

= 1 + h i g h e r  o r d e r  t e r m s  (2 .15 )

w i t h i n  the  r e g i o n  o f  i n t e r e s t  0 ^  z ^ L.

S i m i l a r l y ,  the  b a s i c  e q u a t i o n  o f  s t a t e ,  Eq. ( 2 . 1 1 ) ,  may be i n t e ­

g r a t e d  to  y i e l d

Ps/P .p -  1 - (Ppp'^: - Ppp% p:W b/i.) + . . . (2 .16)

and we se e  t h a t  weak s t r a t i f i c a t i o n  r e q u i r e s  two more c o n d i t i o n s



AT

op

A  t

z = L

F igure  2.1 ITie Bas ic  S t a t e  and C o n t a i n e r  Geometry
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P At  < < 1 ( 2 .1 7 )
op

p K gL < < 1 . ( 2 .1 8 )
op op

The b a s i c  momentum e q u a t i o n ,  ( 2 . 9 ) ,  may be i n t e g r a t e d  to  y i e l d  

Pg/Pop =  ̂ -  (Pop8L/Pop)(z /L )  + • • • ( 2 .1 9 )

which  g iv e s  t h e  f o u r t h  and f i n a l  c o n d i t i o n  n e c e s s a r y  f o r  a w e a k l y - s t r a t i ­

f i e d  b a s i c  s t a t e  t o  be

When t h e  f l u i d  be ing  c o n s i d e r e d  i s  a p e r f e c t  g a s ,  t h e  c o e f f i c i e n t s  

o f  e x p a n s i o n  and com press ion  a r e  g i v e n  by P = 1 /T  and k = 1 / p .  In  t h i s  

c a s e ,  t h e  f o u r  r e q u i r e m e n ts  f o r  weak s t r a t i f i c a t i o n  r educe  to  two r e q u i r e ­

m en ts  which c a n  be t a k e n  as AT/T < < 1 and p gL /p  < < 1. In  words ,
op op *̂ op

t h e  r e q u i r e m e n t s  f o r  weak s t r a t i f i c a t i o n  o f  a p e r f e c t  gas  a r e :

(1) t h e  v e r t i c a l  t e m p e ra t u re  change in  t h e  r e g i o n  o f  i n t e r e s t  

must  be much l e s s  t h a n  the  o p e r a t i n g  t e m p e ra t u re  o f  the  r e g i o n

(2) t h e  s t a t i c  p r e s s u r e  due to  t h e  f l u i d  w i t h i n  the  r e g i o n  

o f  i n t e r e s t  m u s t  be much l e s s  t h a n  the  o p e r a t i n g  p r e s s u r e .

The r e q u i r e m e n t s  f o r  weak s t r a t i f i c a t i o n  a r e  met  i n  many e n g i n e e r ­

ing  p ro b le m s .  For  example,  a i r  a t  STP i n  a 100 f t .  c o n t a i n e r  w i t h

AT = 10°F y i e l d s  AT/T «  0 .02  and p g L/p  % 0 .0 0 4 .■' op op° “̂ op

Some f l u i d s  may d e v i a t e  s i g n i f i c a n t l y  f rom p e r f e c t  gas  b e h a v io r  

such  t h a t  i n  a d d i t i o n  to the  two weak s t r a t i f i c a t i o n  c o n d i t i o n s  g iven  

i n  words above the o t h e r  two c o n d i t i o n s  must  a l s o  be checked i n  o r d e r  to  

e n s u r e  t h a t  t h e  f l u i d  i s  w e a k l y - s t r a t i f i e d .



21

Nondimens iona l  E q u a t io n s  

We may w r i t e  each  thermodynamic v a r i a b l e  a s  the  sum o f  i t s  un­

p e r t u r b e d  b a s i c  v a lu e  and a n o n d im e n s io n a l  p e r t u r b a t i o n  (deno ted  by an 

a s t e r i s k )  a s  f o l l o w s :

P = Pg +  P r e f P *  9 +  ^ r e f P *  ( 2 . 2 1  a , b )

p = P n  + P  £ p *  H = +  H ( 2 . 2 2  a , b )
B r e f  B r e f

T = +  T -T* c = c +  c c * . ( 2 .2 3  a , b )
B r e t  p Pg P , s f  P

Here t h e  p e r t u r b a t i o n  h a s  been n o n d i m e n s io n a l i z e d  by an ,  as y e t ,  u n s p e c i ­

f i e d  r e f e r e n c e  v a l u e .  We a l s o  n o n d i m e n s i o n a l i z e  v e l o c i t y ,  t ime,  and space  

by r e f e r e n c e  v a l u e s  i n  a s i m i l a r  way

V = V Jv* ( 2 .2 4 )r e f

t  = t ^ ^ g t *  (2 .2 5 )

V • ( 2 .2 6 )

We may now s u b s t i t u t e  t h e s e  e x p r e s s i o n  i n t o  t h e  gov e rn in g  equa ­

t i o n s ,  n o n d i m e n s i o n a l i z e  each  thermodynamic  v a r i a b l e  by i t s  o p e r a t i n g  

v a l u e ,  and o b t a i n  a s e t  o f  n o n d i m e n s io n a l  c o n s e r v a t i o n  e q u a t i o n s .  For  

e xam p le ,  t h i s  p r o c e s s  f o r  t h e  c o n t i n u i t y  e q u a t i o n ,  s t a r t i n g  w i t h  Eq.

( 2 . 1 ) ,  i s  a s  f o l l o w s :

Do
mass ~ + P V * V  = 0 ( 2 .1 )

+ V-pV = 0 ( 2 .2 7 )

F T  5TS «’ b " r e f " * »  '  <PB +  ' r e f  ' ' r e f " *  "  °  <2.28)r e f  r e f

1 ^  + (V*-Pg^* + = 0 (2 .2 9 )
r e f  ' r e f
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^  ^  1 ^  +  V* .  V*) + ( ^ )  v * .p * v *  .  0 . (2 .  30)
op r e f  r e f  op op

In  a s i m i l a r  way, the momentum and e ne rgy  e q u a t i o n s  may be w r i t t e n

as

momentum

M  M  v „ ; v * . v r v . )  v . p *
op op r e f  op r e f  r e f

(•p~ L ' i M )  +  ( l  +i%) V * f7 * .V * ) ]+ \p  _  ,  „  ,op r e f  r e f

( 2 .3 1 )
P • IT' op r e f

e ne rgy
c c

op ^op p p r e f  r e f*̂ op *̂ op

, e ' i  . ( r
= ( op op ^ op "^op op op

op op

[(e—  + ^  + ( M  ' ' r s f ) ( l ^  ^op op r e f  r e f

j-gf r e f  op op p^p r e f  r e f  r e f

+ ( p c- " l .  • (2 -32)
op p r e f  r e f  op

Small  D i s t u r b a n c e s

I f  we d e f i n e  s m a l l  d i s t u r b a n c e s  to  t h e  b a s i c  s t a t e  t o  be t hose

p e r t u r b a t i o n s  f o r  which p _ p * < <  p p _ p * < <  p_ and T ,.1* < < T :
^ r e f  r e f  B r e f  B’
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th en  t h e  a s sum pt ion  t h a t  p* ,  p*  and T* a r e  o f  o r d e r  u n i t y  l e a d s  to  the  

c o n c l u s i o n  t h a t

P r e f /P B  '  P r e f / P * '  ^  ^  ^

f o r  a s m a l l - d i s t u r b a n c e  f low .  I n  o t h e r  words ,  the  maximum f lo w - in d u c e d  

change to e a c h  thermodynamic v a r i a b l e  i s  much l e s s  t h a n  i t s  s t a t i c  v a lu e .

As a  consequence  o f  a s m a 1 1 - d i s t u r b a n c e  a s s u m p t io n ,  t h e  e q u a t i o n  

o f  s t a t e  may be expanded i n  a T a y lo r  s e r i e s  about  t h e  b a s i c  s t a t e  as  

f o l l o w s ;

P ( P , I )  -  P(PB + P refP * . T* + T fefT *)

■ P(PB-Pg) + [ © J  _ PrefP* + [ ( s l ) + . .
" ' ^ P B ' P B  " ° " P  PB'PB

'  P b +  P b ■‘ b P re fP *  ■ Pb ^  P re fP *  + ' '

Thus,  by d e f i n i t i o n ,  we may w r i t e

P r e f  P * '  P -  Pb

= - P b ®B - " s P r e f P * )  + ' '  ’

Th is  i s  t h e  a p p r o p r i a t e  s m a l l - d i s t u r b a n c e  form o f  t h e  e q u a t i o n  o f  s t a t e .  

N o t i c e  t h a t  i f  a s m a l l  d i s t u r b a n c e  o c c u r s  i n  a w e a k l y - s t r a t i f i e d  

b a s i c  s t a t e  then  t h e  e q u a t i o n  o f  s t a t e  may be f u r t h e r  s i m p l i f i e d  as

p* = - (p p T* + (p H p* + . . . ( 2 .3 6 )
\  op op \  op op

L i n e a r i z e d  E q u a t io n s  

We have been c o n s i d e r i n g  th e  p rob lem  o f  a f l u i d  t h a t  i s  c o n f i n e d  

to  an a r b i t r a r y  c lo s e d  c o n t a i n e r  which  i s  c h a r a c t e r i z e d  by a v e r t i c a l  

h e i g h t  L. L e t  us now assume t h a t  t h e  f l u i d  i s  i n i t i a l l y  in  a  w eak ly -  

s t r a t i f i e d  s t a t e  o f  s t a t i c  e q u i l i b r i u m  and t h a t  a t  an i n i t i a l  i n s t a n t
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t h e  t e m p e r a t u r e  o f  the  c o n t a i n e r  i s  changed by a " s m a l l "  amount such 

t h a t  a s m a l l - d i s t u r b a n c e  f low  r e s u l t s .  L e t  t h i s  " s m a l l "  t e m p e r a t u r e  

d i s t u r b a n c e  be c h a r a c t e r i z e d  by eAT where e i s  no more t h a n  o r d e r  u n i t y .  

Now make the  f o l l o w i n g  a s s u m p t io n s ;

(1) Assume t h a t  the  t e m p e r a t u r e  p e r t u r b a t i o n  i n  the  f l u i d  w i l l  e v e n ­

t u a l l y  be o f  t h e  same o r d e r  as  t h a t  on t h e  bounda ry .  This  i m p l i e s  =

eAT i f  T* i s  to  be o f  o r d e r  u n i t y .

(2)  Assume t h a t  o r d e r  u n i t y  t e m p e r a t u r e  changes  cause  o r d e r  u n i t y

d e n s i t y  c h a n g e s .  Then t h e  a p p r o p r i a t e  e q u a t i o n  o f  s t a t e ,  Eq. ( 2 . 3 6 ) ,

i m p l i e s  p - = e p g AT. r e f  "^op op

(3)  Assume t h a t  an o r d e r  u n i t y  a c c e l e r a t i o n  r e s u l t s  from an o r d e r

u n i t y  buoyan t  f o r c e .  The momentum e q u a t i o n ,  Eq. ( 2 . 3 1 ) ,  t h e n  r e q u i r e s

(4)  Assume t h a t  the  a p p r o p r i a t e  l e n g t h  s c a l e  i s  t h e  c h a r a c t e r i s t i c

h e i g h t  o f  t h e  c o n t a i n e r  so t h a t  L^^^ = L.

(5) Assume t h a t  the p r e s s u r e  f o r c e  and t h e  buoyan t  f o r c e  b a l a n c e  i n

th e  s t e a d y  i n v i s c i d  i n t e r i o r  r e g i o n  ( a n t i c i p a t i n g  b o u n d a r y - l a y e r  b e h a v i o r )

to  o b t a i n  p ^ = e p g i f  AT from Eq. ( 2 . 3 1 ) .*^ref op op

(6) Assume t h a t  the  u n s t e a d y  e n e rg y  te rm and th e  l o w e s t - o r d e r  con-

v e c t e d  e n e rg y  te rm b a la n c e  to  d e r i v e  t ^ e f ^ r e f  ~ from Eq. ( 2 . 3 2 ) .

In  summary, the r e f e r e n c e  v a l u e s  a r e

P f c f / P . p  '  :  ( 2 . 3 7 )

P r e t ' ^ p  - ' ® o p « '  ( 2 . 3 8 )

' r e f / T . p  '  : (A T/T pp)  ( 2 -3 5 )

V .  = « LN ( 2 . 4 0 )r e f



25

Cref  = 1/N (2 .41 )

= L ( 2 .42 )

where

AT (2 .4 3 )N op

i s  the  s o - c a l l e d  " B r u n t - v â i s â l â "  f r e q u e n c y .

Two i m p o r ta n t  o b s e r v a t i o n s  can  be made by i n s p e c t i n g  t h e s e  r e ­

f e r e n c e  v a l u e s .  F i r s t ,  n o t i c e  t h a t  an o r d e r  u n i t y  t ime  c o r r e s p o n d s  to  

t h e  p e r i o d  o f  a s im p le  pendulum o f  r e f e r e n c e  l e n g t h  t h a t  i s  o s c i l l a t i n g

i n  a " s t r a t i f i e d - r e d u c e d "  g r a v i t y  f i e l d ,  gP AT. Second,  n o t i c e  t h a t  the
op

w e a k - s t r a t i f i c a t i o n  a s su m p t io n  and the  s m a l l - d i s t u r b a n c e  a s s u m p t io n  a r e  

c o m p a t ib l e  f o r  e up to  o r d e r  u n i t y .  For  ex a m p le ,  we s e e  from Eq. (2 .39 )  

t h a t  i f  AT/T^p i s  much l e s s  t h a n  u n i t y  (weak s t r a t i f i c a t i o n )  t h e n  

i s  a l s o  much l e s s  than  u n i t y  ( s m a l l  d i s t u r b a n c e )  as l o n g  a s  e i s  no more 

t h a n  o r d e r  u n i t y .  As a c o n s e q u e n c e ,  we w i l l  s e e  t h a t  t h e  w e a k - s t r a t i f i ­

c a t i o n  assum pt ion  and t h e  swa11- d i s t u r b a n c e  a s s u m p t io n ,  as we have d e f i n e d  

them h e r e ,  a r e  n o t  s u f f i c i e n t  t o  p roduce  a l i n e a r  s e t  o f  e q u a t i o n s .

Before  s u b s t i t u t i n g  t h e  r e f e r e n c e  v a l u e s  back i n t o  t h e  gov e rn in g  

e q u a t i o n s ,  l e t  u s  d e f i n e  the f o l l o w i n g  p a r a m e t e r s ;

= p^pgL^P^pAT/|jb^ = G ra sho f  number (2 .44 )

P  ̂ p, c / k  = P r a n d t l  number ( 2 .45 )
^ *^op

M 3 T gL/ (c  AT) = C o m p r e s s i b i l i t y  f a c t o r  (2 .46 )
op op P^p

Then the e q u a t i o n s  g o v e rn in g  w e a k l y - s t r a t i f i e d ,  s m a l l - d i s t u r b a n c e  

f low become

mass 3 AT ^  + V *  • V* +  e3 AW* • p*V* = 0 (2 .47 )  op 0 t «  p op
op
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momentum

+  e P A t  P * ) ( H |  +  e V * -V * V * )  =  -  v * p *
^op

+  [ v * ^ *  +  ( l  +  ^ )  V * ( V * - V * ) ]  -  p *  e% ( 2 , 4 8 )

e n e rg y  c c

+ :  PopAT p * ) ( ; r ^ -  + = p * )(li%  + ** + ^ T *-?*?*)
°P Pop Pop

op op_______op op op op
~  p H C ,K^  K -  \

+  „—  » * )  
op op

* [ ( r  +  r  ^ * ) ( I S  +  " *  + :  V*.V»T*) -  V - V * ]
op op op

p-k
T  ^  A t  2 "1

+  G M ^  P T * : e * + v * I *  ( 2 . 4 9 )
■- op

s t a t e

p *  =  -  T* +  p ^ p H ^ p g L p *  . ( 2 . 5 0 )

The c o m p r e s s i b i l i t y  f a c t o r ,  M, i s  g e n e r a l l y  v e r y  s m a l l .  For  

example,  a i r  a t  STP w i t h  L = 100 f t  y i e l d s  M AT/T^^ »  0 .0 0 1 .  Thus,  t h e

v i s c o u s  d i s s i p a t i o n  t e rm  i n  t h e  e n e r g y  e q u a t i o n  can be n e g l e c t e d  i n  com­

p a r i s o n  w i t h  the  c o n d u c t i o n  t e rm  f o r  most  v a l u e s  o f  the  P r a n d t l  number . 

However, n o t i c e  t h a t  v e r y  l a r g e  P r a n d t l  number f lows a r e  i n h e r e n t l y  non­

l i n e a r  due to  v i s c o u s  d i s s i p a t i o n .

We assume t h a t

e .pAT- PopTopSl"  M <  < 1 (2 -51)

and

(2-52)
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Then,  to  l o w e s t  o r d e r ,  t h e  e q u a t i o n s  governing  w e a k l y - s t r a t i f i e d ,  s m a l l -  

d i s t u r b a n c e  f lo w  become

mass = 0 (2 .5 3 )

momentum 1 ^  + e V*-V*V* = -  V*p* + G"^ -  p*êg ( 2 .54 )

Ô T* “* r  2e n e r g y  ^  + W* + e v*-V*T* = ^ — 7* T* ( 2 .55 )

s t a t e  p* = _ T* (2 .5 6 )

The o r d e r  o f  t h e  te rm s  n e g l e c t e d  i n  t h es e  e q u a t i o n s  i s  P^^AT and 

P o p " .p !& '

These e q u a t i o n s  a r e  v a l i d  f o r  e up t o  o r d e r  u n i t y .  Thus, a l i n ­

e a r  s e t  o f  e q u a t i o n s  i s  o b t a i n e d  i f  we f u r t h e r  r e s t r i c t  e to  be much l e s s  

t h a n  u n i t y  which  c o r r e s p o n d s  to  a " v e r y  small"  change i n  the  boundary  

t e m p e r a t u r e  as  d e p i c t e d  i n  F i g u r e  ( 2 . 2 ) .

I t  i s  c o n v e n i e n t  to  e l i m i n a t e  the Grashof  number in  f a v o r  o f  the  

R a y l e ig h  number s i n c e  t h i s  w i l l  y i e l d  s teady  s t a t e  s o l u t i o n s  t h a t  depend 

on  o n ly  one p a r a m e t e r ,  t h e  R a y l e ig h  number, i n s t e a d  o f  the  p r e s e n t  two- 

p a r a m e t e r  s t e a d y  s o l u t i o n s  t h a t  depend on t h e  Grashof  number and the  

P r a n d t l  number .

L e t  ” R a y l e i g h  number ( 2 .5 7 )

and  r e s t r i c t  t h e  P r a n d t l  number to  be o f  o r d e r  u n i t y .  Renormal ize  

v e l o c i t y  and t ime a s

v ' ^ - v / P ^ V *  ( 2 .5 8 )

t+  :: / r  t *r  (2 .5 9 )

and l e t  the  o t h e r  v a r i a b l e s  r em a in  unchanged.  Tha t  i s ,  l e t  

n"  ̂ s  n* (2 .6 0 )



NOTE:

(1)  T i s  a w e a k l y - s t r a t i f i e d  b a s i c  s t a t e  s i n c e  AT/T < < X.B op

(2)  Tg i s  a " v e r y  s m a l l "  t e m p e r a t u r e  p e r t u r b a t i o n  s i n c e  e < < 1.

(3)  = ( T ^ -T g ) / e A X  i s  a n o r m a l i z e d  t e m p e r a t u r e  p e r t u r b a t i o n .

z*eATz

L

0
T*

op

P h y s i c a l  V a r i a b l e s Normalized  V a r i a b l e s

F ig u re  2 .2  A T y p ic a l  T em pera tu re  P e r t u r b a t i o n  Lead ing  to 

L i n e a r i z e d  Flow

28
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p'*' = P* (2 .6 1 )

= T* . ( 2 .6 2 )

Then th e  l i n e a r  e q u a t i o n s  become

4- —#4-
mass 7 -V = 0

momentum —̂  = -  7 ^ p ^  + R ^ 7 ^  -  p"*" ê (2 .64 )bC  ̂ ^
+  2

energy  P = r ' ^  7 ^  ( 2 .6 5 )

s t a t e  p"  ̂ = _ . ( 2 .6 6 )

Th is  s e t  o f  e q u a t i o n s  i s  e q u i v a l e n t  to  t h e  s o - c a l l e d  " B o u s s in e s q "  

a p p ro x i m a t io n  t h a t  i s  o f t e n  a p p l i e d  i r r a t i o n a l l y  i n  t h e  s tu d y  o f  n a t u r a l  

c o n v e c t i o n  f lo w s .  However,  the  a s s u m p t io n s  o f  a w e a k l y - s t r a t i f i e d  b a s i c  

s t a t e  and ve ry  s m a l l  d i s t u r b a n c e s  a l low ed  the  r a t i o n a l  deve lopm en t  o f  

th e s e  e q u a t i o n s  i n  t h i s  c a s e .

I t  shou ld  be  m en t io ned  t h a t  t h e  n o r m a l i z a t i o n  used  h e r e  depends  on 

the  f a c t  t h a t  6T i s  n o t  z e r o .  In  o t h e r  w ords ,  even  th ro u g h  the  b a s i c  

s t a t e  i s  o n l y  w e a k l y - s t r a t i f i e d ,  t h a t  s t r a t i f i c a t i o n  i s  c r u c i a l  and the 

case  o f  z e ro  s t r a t i f i c a t i o n  i s  f u n d a m e n ta l ly  n o n l i n e a r .

P e r t u r b a t i o n  Expans ion

The h e a t - u p  problem f o r  an a r b i t r a r i l y  shaped  c l o s e d  c o n t a i n e r  i s  

governed by a s e t  o f  l i n e a r  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s  when th e  b a s i c  

s t a t e  i s  a w e a k l y - s t r a t i f i e d  s t a t e  o f  r e s t  and t h e  change  i n  t h e  bounda ry  

t e m p e r a t u r e  i s  v e ry  s m a l l .  Dropping  the  s u p e r s c r i p t  n o t a t i o n ,  we may 

w r i t e  t h e s e  e q u a t i o n s  as

7 - V  = 0 ( 2 .6 7 )
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| X  = .  V P +  +  T êg (2 .68 )

? r  I I  + W = V^T . (2 .6 9 )

Here we have s u b s t i t u t e d  the  s t a t e  e q u a t i o n  i n t o  the  momentum e q u a t i o n .

To comple te  the  f o r m u l a t i o n  o f  t h e  p rob lem , we add the  fo l l o w i n g  

i n i t i a l  and boundary  c o n d i t i o n s :

t  = 0 : V ( r , 0 )  = T ( r , 0 )  = 0 s t a t i c  e q u i l .  i n i t i a l l y ( 2 .7 0 )

on S : T ( r j , t )  = H ( t )T ^ ( r j , ) boundary  t e m p e r a t u r e (2 .71 )

on S : V ( r ^ , t )  = 0 n o - s l i p  on c o n t a i n e r (2 .7 2 )

t  - »  CO ; V, T f i n i t e bounded s o l u t i o n (2 .7 3 )

where H ( t )  i s  t h e  H e a v i s id e  s t e p  f u n c t i o n ,  I g ( r ^ )  i s  the  t e m p e ra tu re  

p r o f i l e  on th e  boundary, and i s  the p o s i t i o n  v e c t o r  to some p o i n t  on 

the  c o n t a i n e r .

We w i l l  now make s e v e r a l  a s su m p t io n s  ba s ed  p r i m a r i l y  on work done

by Doty and J i s c h k e  [ l 7 ]  which g iv e s  a n  e x a c t  s o l u t i o n  t o  the  problem o f

l i n e a r i z e d  n a t u r a l  c o n v e c t i o n  f low p a s t  a n  i m p u l s i v e l y  h e a t e d  i n f i n i t e

v e r t i c a l  p l a t e .  We w i l l  assume t h a t  t h e  R a y l e i g h  number i s  l a r g e  (a

8 3t y p i c a l  v a lu e  f o r  a i r  a t  STP i s  10 p e r  L where L i s  t h e  c o n t a i n e r

h e i g h t  i n  f e e t )  and t h a t  v i s c o u s  a c t i o n  and h e a t  c o n d u c t i o n  a r e  c on f ine d

to t h i n  boundary  l a y e r s  a t  t h e  c o n t a i n e r  w a l l s  t h r o u g h o u t  the  p r i n c i p a l

phase  o f  the  m o t io n  ( th e  b o u n d a r y - l a y e r  d i s s i p a t i o n  t ime i s  a n t i c i p a t e d

to be o f  o r d e r  R r ) .  These bounda ry  l a y e r s  p roduce  a se conda ry  motion

t h a t  i s  o f  m a jo r  impor tance  by means o f  a "b u o y an c y - in d u c e d "  t r a n s p o r t

o f  i n t e r n a l  e n e rg y .  Buoyancy, i n  t h i s  f a s h i o n ,  a d j u s t s  t h e  t e m p e ra tu re
1

p r o f i l e  to  i t s  s t e a d y - s t a t e  v a l u e  in  t h e  " h e a t - u p "  t ime s c a l e ,  R*, and 

Rg^  emerges as  the s i g n i f i c a n t  e x p a n s io n  p a r a m e t e r .
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An a p p ro x im a te  s o l u t i o n  i s  sough t  t h a t  c o n s i s t s  o f  an i n v i s c i d  

m o t io n  t h r o u g h o u t  t h e  i n t e r i o r  o f  t h e  c o n t a i n e r  t h a t  i s  matched to  a 

m o t io n  i n  t h e  v i s c o u s  bounda ry  l a y e r  i n  o r d e r  to  s a t i s f y  the boundary 

c o n d i t i o n s .  F u r th e r m o r e ,  t h e  r e p r e s e n t a t i o n  must  be u n i fo r m ly  v a l i d  in  

t ime and space  t o  e n s u r e  t h a t  a l l  t h e  i m p o r t a n t  phenomena a r e  i n c lu d e d  

and d e s c r i b e d .  The s o l u t i o n  p r o c e d u r e  i s  to  expand the  f low v a r i a b l e s  

i n  powers  o f  i n t r o d u c e  t h e s e  e x p a n s i o n s  i n t o  t h e  gove rn ing  e q u a t i o n s ,

and r e s o l v e  a p rob lem  s e q u e n c e .  The f i r s t  o f  t h e s e  problems i s  f o r  the 

z e r o t h - o r d e r  i n v i s c i d  i n t e r i o r  m o t io n .  I n  the  second problem, the i n t e r ­

n a l  m o t ion  i s  c o r r e c t e d  f o r  v i s c o u s  e f f e c t s  to  make the  v e l o c i t y  z e ro  a t  

t h e  bounda ry .  These bounda ry  l a y e r s  induce  f u r t h e r  i n t e r i o r  m ot ion  by 

e s t a b l i s h i n g  a s m a l l  mass f l u x  normal  t o  t h e  boundary  which r e q u i r e s  a 

t h i r d  problem t o  c o r r e c t  t h e  i n t e r i o r  m o t io n .  The a n a l y s i s  ends w i t h  

t h i s  f i r s t - o r d e r  c o r r e c t i o n  to  the  i n t e r i o r  m o t i o n ,  a l t h o u g h  i n  p r i n c i p l e ,  

h i g h e r  o r d e r  c o r r e c t i o n s  c o u ld  be c a r r i e d  o u t .

I t  i s  a n t i c i p a t e d  ( a g a i n  from r e f e r e n c e  [ l 7 ] ) t h a t  the  p r e s s u r e  

f o r c e  and t h e  b u o y a n t  f o r c e  w i l l  be i n  b a l a n c e  o v e r  many p e r i o d s  o f  the  

B r u n t - V a i s a l a  f r e q u e n c y  w i t h i n  t h e  i n v i s c i d  i n t e r i o r  and t h a t  t h e  i n ­

t e r i o r  w i l l  change s l o w l y ,  w i t h o u t  o s c i l l a t i o n ,  f rom i t s  i n i t i a l  v a lu e  

t o  i t s  f i n a l  v a l u e  on t h e  h e a t - u p  t ime s c a l e .  Thus,  the  assumed form 

o f  the  i n t e r i o r  s o l u t i o n  i s  g i v e n  by

V = v ( ' ^ , t )  (2 .7 4 )

P = p ( r , T )  ( 2 .7 5 )

T = T ( r , T )  ( 2 . 7 6 )

where t = R~^t . ( 2 . 7 7 )

This  i n v i s c i d  s o l u t i o n  must  be c o r r e c t e d  f o r  v i s c o u s  a c t i o n  n e a r  

t h e  b ounda ry ,  w h ich  in  t u r n  i n d u c e s  f u r t h e r  i n v i s c i d  motion  i n  the



32

i n t e r i o r ,  e t c .  The bounda ry  l a y e r s  p roduced  by  t h e  t e m p e ra tu re  p e r t u r b a ­

t i o n  become f u l l y  d eve loped  i n  a r e l a t i v e l y  s h o r t  t ime (a few p e r i o d s  o f  

the B r u n t - V a i s â l â  f r e q u e n c y )  and then  change v e r y  s lo w ly  d u r i n g  h e a t - u p .  

Thus,  as f a r  as  t h e  i n v i s c i d  m o t ion  i s  c o n c e r n e d ,  the  bounda ry  l a y e r s  can 

be c o n s i d e r e d  t o  be formed i n s t a n t a n e o u s l y  and to  rem a in  s t e a d y  t h r o u g h ­

o u t  t h e  h e a t - u p  p r o c e s s .  As a consequence ,  t h e  i n i t i a l  c o n d i t i o n  on the  

v e l o c i t y  m us t  be g i v e n  up.  That  i s ,  t h e  i n t e r i o r  f l u i d  w i l l  n o t  be a t  

r e s t  i n i t i a l l y ,  w i t h i n  t h e  framework o f  t h i s  a n a l y s i s ,  b u t  w i l l  have some 

i n i t i a l  f i r s t - o r d e r  m o t io n  t h a t  i s  d i c t a t e d  by t h e  b o u n d a r y - l a y e r  " s u c ­

t i o n " .

Of c o u r s e ,  we l o s e  t h e  c a p a b i l i t y  o f  e x a c t l y  d e s c r i b i n g  the  bound­

a ry  l a y e r s  and a s s o c i a t e d  s e c o n d a r y  f low a t  t h e  v e r y  e a r l i e s t  t im e ,  b u t  

o n l y  t h e n .  F u r th e r m o r e ,  t h e s e  boundary l a y e r s  and s e c o n d a r y  f lows a r e  

s u b s t a n t i a l l y  t h e  same as  t h o s e  de te rm ine d  from th e  e a r l i e r  t h e o r y  o f  

Doty and J i s c h k e  [17]  t h a t  t r e a t s  the s i m p l e r  f l a t  p l a t e  geometry.

Based on t h e s e  n o t i o n s  from the  p h y s i c s  o f  t h e  f low an a p p r o x i ­

mate  s o l u t i o n  o f  t h e  f o l l o w i n g  form i s  s o u g h t ;

V = V g ( r ,T )  + Vq + C \ ( r , T )  + V^] + . . . ( 2 .7 8 )

P = P o ( r , T )  + PQ + [ P i ( r , T )  + p^] + . . . ( 2 .7 9 )

T = T p ( r , T )  + Tq + R ' ^  [ T j ( r , T )  + . . . ( 2 .8 0 )

Ihe  t i l d e  symbol  d e n o t e s  a b o u n d a r y - l a y e r  f u n c t i o n  o f  a s t r e t c h e d

b o u n d a r y - l a y e r  c o o r d i n a t e ,  These f u n c t i o n s  a p p ro a c h  z e ro  e x p o n e n t i a l l y

f a s t  as  § -• 0°, which  c o r r e s p o n d s  to the  o u t e r  edge  o f  the  boundary 

l a y e r .  The f u n c t i o n s  w i t h o u t  t i l d e s  a r e  t h e n  t h e  s o l u t i o n  o f  the  i n ­

v i s c i d  e q u a t i o n s  o f  m o t io n .  The rep la ce m e n t  o f  t h e  dependen t  v a r i a b l e s  

by such  a d e c o m p o s i t i o n  l e a d s  to  a m o d i f i e d  s y s te m  o f  e q u a t i o n s  w i t h i n
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a s i n g u l a r  p e r t u r b a t i o n  scheme o f  a n a l y s i s .

L e t  n be d e f i n e d  as  the  outward  p o i n t i n g  u n i t  no rmal  t o  t h e  con­

t a i n e r  S .  The f l u i d  v e l o c i t y  i n  t h e  boundary  l a y e r  can t h e n  be r e s o l v e d  

i n t o  components  t h a t  a r e  normal  and t a n g e n t i a l  t o  E .  T h i s  i s  exp re s se d

as  ^ ^  ^

V = (V • n ) n  -  (V X n ) x  n . (2 .81 )

Th is  e x p r e s s i o n  can  be s u b s t i t u t e d  i n t o  t h e  c o n s e r v a t i o n  e q u a t i o n s  and the 

t a n g e n t i a l  d e r i v a t i v e s  a l o n g  S o f  any  f low v a r i a b l e  can be n e g l e c t e d  when 

compared d i r e c t l y  w i t h  normal  d e r i v a t i v e s  of  t h e  same f u n c t i o n  to  lead

to  the  f o l l o w i n g  s e t  o f  e q u a t i o n s  which  a r e  v a l i d  i n  t h e  bounda ry  l a y e r :

mass ^  (V*n) + R ^ n • Vx(V x n)  = 0 (2 .82)
OS 4L

momentum ®z] (2 .83)

ÔT ~  Ô 2 ^
e n e r g y  â t  +  ^  2 * (2-84)

Here i s  d e f i n e d  a s  t h e  t w o - d im e n s io n a l  g r a d i e n t  o p e r a t o r  w i t h  compo­

n e n t s  i n  t h e  p l a n e  o f  E .  The fo rm al  deve lopment  o f  t h e s e  e q u a t i o n s  can 

p r o c e e d  i n  s e v e r a l  e q u i v a l e n t  ways and t h e  p r e s e n t a t i o n  h e r e  i s  t aken  

from G reenspan  [ l 5 ]  who, i n  t u r n ,  ba sed  h i s  work i n  p a r t  on  t h a t  o f  

C r a b t r e e ,  Kuchemann and Sowerby [ 2 0 ] .

Problem Sequence

S u b s t i t u t i o n  o f  the  p e r t u r b a t i o n  e x p a n s io n s  i n t o  t h e  gove rn ing  

e q u a t i o n s  and boundary c o n d i t i o n s ,  E q s . ( 2 .6 7 )  th rough  ( 2 . 7 3 ) ,  l ea d s  to  a 

sequence  o f  problems f o r  t h e  i n v i s c i d  i n t e r i o r  f lo w ,  t h e  b o u n d a r y - l a y e r  

f low and t h e i r  m u tu a l  i n t e r a c t i o n s .  The p roblem sequence  i s  a s  f o l l o w s :  

Problem A l :  The Z e r o t h - O r d e r  I n t e r i o r
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V V  -  0

w i th I  VQ.n = 0 on E

(2 .8 5 )

( 2 . 86)

( 2 . 8 7 )

( 2 . 88)

Problem A2: The F i r s t - O r d e r  Boundary Layer

a
as

(V^.n)  = -  n-Vx(VQX n)

a ^ ,
a§

w i t h Vq +  Vq = 0 on  S

( 2 .8 9 )

(2 .9 0 )

(2 .9 1 )

( 2 .9 2 a )

( 2 .9 2 b )

Problem A3; The F i r s t - O r d e r  I n t e r i o r

w i t h = 0 o n E

= 0 a t  T = 0

( 2 .9 3 )

( 2 .9 4 )

( 2 .9 5 )

( 2 . 9 6 )

( 2 .9 7 )

ihe z e r o t h - o r d e r  b o u n d a r y - l a y e r  e q u a t i o n s  y i e l d  t h e  t r i v i a l

r e s u l t s

VQ-n = Po = 0 ( 2 .9 8 )
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which have been i n c o r p o r a t e d  i n t o  the  f i r s t - o r d e r  p rob lem .  These r e s u l t s  

f o l l o w  from t h e  f a c t  t h a t  the  z e r o t h - o r d e r  e q u a t i o n s  show t h a t  V^-n and 

Pq a r e  c o n s t a n t s  and th e s e  c o n s t a n t s  must  be z e r o  i f  t h e  boundary  l a y e r  

i s  t o  decay  to  z e r o  e x p o n e n t i a l l y  i n  § .

F i n a l l y ,  n o t i c e  t h a t  t h e  v o r t i c i t y  e q u a t i o n  f o r  t h e  i n v i s c i d  i n ­

t e r i o r  shows t h a t  the  v e r t i c a l  component  o f  v o r t i c i t y  i s  a lw ays  ze ro  t o  

a l l  o r d e r s  o f  a p p ro x i m a t io n .  To see  t h i s ,  s im p ly  t a k e  t h e  c u r l  o f  the  

momentum e q u a t i o n ,  Eq. ( 2 . 6 8 ) ,  t o  o b t a i n  the  v o r t i c i t y  e q u a t i o n

^  +  VT X êg ( 2 .9 9 )

—* ^
where u) = c u r l  V. Then, i f  we n e g l e c t  t h e  v i s c o u s  t e rm ,  t h e  v e r t i c a l  

component o f  t h i s  e q u a t i o n  i s

1 ^  (êg-w) = 0 . (2 .100 )

Thus,  we see  t h a t  the  v e r t i c a l  component  o f  v o r t i c i t y  i s  c o n s t a n t  f o r  a l l  

t ime and s i n c e  t h e  f l u i d  s t a r t s  f rom a s t a t e  o f  r e s t  t h a t  c o n s t a n t  must  

be z e r o .  Hence,  the  f l u i d  w i l l  n e v e r  c o n t a i n  any v e r t i c a l  v o r t i c i t y  i n  

the  i n v i s c i d  i n t e r i o r .  This  i s  t r u e  b e f o r e ,  d u r i n g  and a f t e r  the  i n i ­

t i a l  i n s t a n t  i n  which the boundary  l a y e r s  form.  This  r e s u l t  i s  c r u c i a l  

to  t h e  a n a l y s i s  t h a t  fo l l o w s .
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ANALYSIS

A n a l y s i s  o f  the  g e n e r a l  h e a t - u p  problem r e q u i r e s  s o l v i n g  problems  

Al ,  A2 and A3 f o r  the  i n t e r i o r  f low ,  t h e  b o u n d a r y - l a y e r  c o r r e c t i o n ,  and 

t h e i r  m u tua l  i n t e r a c t i o n .  The s o l u t i o n  to  t h e s e  problems  w i l l  be t a k e n  

up now.

Z e r o th - O r d e r  I n t e r i o r

Problem Al ,  which d e s c r i b e s  t h e  z e r o t h - o r d e r  i n t e r i o r  f low ,  i s  

mass  V ' V ^ = 0  ( 3 . 1 )

mom 7 p  = T ê ( 3 . 2 )
  o o z

e n e r g y  = 0 ( 3 . 3 )

i t h  I  V^-n = 0 on S . ( 3 . 4 )wi

The c u r l  o f  the momentum e q u a t i o n  y i e l d s  VT^xe^ = 0 ,  which shows 

t h a t  T  ̂ depends  o n ly  on the  v e r t i c a l  s p a t i a l  c o o r d i n a t e  z .  Of c o u r s e  

t ime e n t e r s  i n t o  the  d e s c r i p t i o n  o f  t h e  i n t e r i o r  f low ,  b u t  o n ly  as a 

p a r a m e t e r .  F u r t h e r  a n a l y s i s  o f  t h e  z e r o t h - o r d e r  i n t e r i o r  must  be d e f e r r e d  

u n t i l  prob lem A3 i s  c o n s i d e r e d .

F i r s t - O r d e r  Boundary Layer

The f i r s t - o r d e r  bounda ry  l a y e r  i s  d e s c r i b e d  by problem A2, which 

i s  g iv e n  by

36
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^ —* —♦
ô|"  ( V j ' n )  = - n  ■ Vx(VQxn) ( 3 . 5 )

mom -  n = — y-  + T_ ê  ( 3 . 6 )
0Ç, ag  ^

~
e n e r s y  Wq = ( 3 . 7 )

0 |

w i t h  | V ( ,  +  V „ . O o n E  ( 3 . 8 )

Tg + I g  -  on  Z . ( 3 . 9 )

The s c a l a r  components  o f  t h e  momentum e q u a t i o n  normal  to the  c o n ­

t a i n e r  and i n  t h e  v e r t i c a l  d i r e c t i o n  a r e  

Bp ^

n-mom -  ô| — = T g ( n rê ^ )  ( 3 . 1 0 )

Bp. B ^ q ^

à̂Jn£B -  â T  = 3 2 "  +  ^0 ( 3 -1 1 )
BS

where we have  used  the  c o n d i t i o n  V^-n = 0 from Eq. ( 2 . 9 8 ) .

By combin ing  t h e s e  two s c a l a r  momentum e q u a t i o n s  w i t h  the  e n e r g y  

e q u a t i o n ,  we d e r i v e  a s i n g l e  f o u r t h - o r d e r  e q u a t i o n  f o r  t h e  bounda ry -  

l a y e r  t e m p e r a t u r e  which may be w r i t t e n  as

B ^  9 ~
^  + [ l  - ( n - e  ) ] Tq = 0 . ( 3 . 1 2 )

B r

I t  i s  c o n v e n i e n t  to r e s c a l e  t h e  b o u n d a r y - l a y e r  v a r i a b l e ,  § ,  as

f o l l o w s

;  , ( 3 . 1 3 )
4

Then th e  e q u a t i o n  f o r  t h e  b o u n d a r y - l a y e r  t e m p e r a t u r e  becomes s imply  

~
 r + 4 T  = 0 . ( 3 . 1 4 )
a s * *  "

S ta n d a r d  methods f o r  s o l v i n g  o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n s  may 

a p p l i e d  to  t h i s  e q u a t i o n  s i n c e  a l l  v a r i a b l e s  o t h e r  t h a n  the  b o u n d a r y - l a y e r
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v a r i a b l e  a r e  p a r a m e t e r s  i n  t h i s  prob lem. Four  f u n c t i o n s  o f  i n t e g r a t i o n  

m ust  be e v a l u a t e d .  The f a c t  t h a t  must  decay  e x p o n e n t i a l l y  a l low s  two 

o f  them to be s e t  to z e r o .  The t h i r d  and f o u r t h  f u n c t i o n s  can be shown 

to  be e q u a l  from the  n o - s l i p  c o n d i t i o n  and th u s  t h e  s o l u t i o n  can be found 

i n  terms o f  a f u n c t i o n  o f  i n t e g r a t i o n  t h a t  must  be d e te r m in e d  by the  

s p e c i f i c a t i o n  o f  t h e  t e m p e r a t u r e  on th e  bo u n d a ry .  Th is  s o l u t i o n  i s  found 

to  be

Tq = Tg(Tg;T ) e x p ( -§ * )  cos  §* ( 3 .1 5 )

where r^ i s  t h e  p o s i t i o n  v e c t o r  t o  some p o i n t  on t h e  c o n t a i n e r  and 

T g ( r y ; T ) i s  t h e  b o u n d a r y - l a y e r  t e m p e r a t u r e  on the  c o n t a i n e r .

As we have  a l r e a d y  s e e n ,  t h e  component o f  t h e  z e r o t h - o r d e r  boundary-  

l a y e r  v e l o c i t y  t h a t  i s  normal  to  the  c o n t a i n e r  w a l l  must  v a n i s h  and thus  

th e  e n t i r e  z e r o t h - o r d e r  b o u n d a r y - l a y e r  v e l o c i t y  i s  t a n g e n t  t o  the c o n ­

t a i n e r .  Hence,  t h e  v e c t o r  momentum e q u a t i o n  t h a t  d e s c r i b e s  the  bounda ry-  

l a y e r  f low i n  a d i r e c t i o n  t a n g e n t  to the  c o n t a i n e r  i s

= T- (ê xn) X  n . ( 3 .1 6 )

The e x p r e s s i o n  j u s t  found f o r  the  t e m p e r a t u r e  can  be s u b s t i t u t e d

i n t o  t h i s  e q u a t i o n .  Then,  by i n t e g r a t i n g  t w i c e ,  and u s i n g  t h e  f a c t  t h a t

th e  b o u n d a r y - l a y e r  v e l o c i t y  must  decay  e x p o n e n t i a l l y  a c r o s s  the  boundary 

l a y e r ,  we f in d  the  z e r o t h - o r d e r  b o u n d a r y - l a y e r  v e l o c i t y  to be

Z  ~  r ( n x ê g )  X n-|
Vq = T g ( r ^ ; r )  e x p ( - 5 * ) s i n  g* . ( 3 . 1 7 )

L e t  be t h e  curve  t h a t  i s  formed by  i n t e r s e c t i n g  S w i t h  some

h o r i z o n t a l  " c r o s s  p l a n e "  such t h a t  0% bounds t h e  c r o s s - p l a n e  a r e a  A a s

shown in F i g u re  ( 3 . 1 ) .  Def ine  n*  to be t h e  n o r m a l i z e d  component  of  the
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c o n t a i n e r ' s  outward p o i n t i n g  u n i t  normal ,  n,  such t h a t  n* l i e s  i n  t h e  

c r o s s  p l a n e .  Then n and n* a r e  r e l a t e d  by

n = |n  X e^l n* + (n • ( 3 .1 8 )

as  can  be seen  from t h e  f i g u r e .  Def ine  to  be a u n i t  v e c t o r  t h a t  i s  

t a n g e n t  to (* i n  the c r o s s  p l a n e .  Then i s  r e l a t e d  t o  n by 

ê X n 

z '

and (n* ,  ê ^ ,  ê^)  form an o r th o n o r m a l  t r i a d  on the  c o n t a i n e r  as a l s o  shown 

i n  F i g u r e  ( 3 . 1 ) .

Thus, i n  terms o f  ê ^ ,  we may r e w r i t e  Eq. (3 .17 )  as

Vq = T ^ ( r^ ;T )  (n x ê ^ )  e x p ( - | * ) s i n  | *  . ( 3 .2 0 )

Hence,  we f i n d  t h a t  x n  i s  g i v e n  by

Vq X n = J ^ ( r ^ ; T )  e x p ( - | * ) s i n  . ( 3 .2 1 )

Then the c o n t i n u i t y  e q u a t i o n ,  Eq. ( 3 . 5 ) ,  may be i n t e g r a t e d  a c r o s s  t h e  

boundary  l a y e r  to  y i e l d  the  f i r s t - o r d e r  normal  component o f  the  boundary -  

l a y e r  v e l o c i t y  on the  c o n t a i n e r .  Thi s  b o u n d a r y - l a y e r  " s u c t i o n "  i s  g i v e n  

by ^

‘ 7=  "  %  | W  ( 3 -2 2 )/ 2  |n X e^l

where we have i n t e g r a t e d  from z e r o  t o  i n f i n i t y  i n  Ç and used the  f a c t  

t h a t  must approach  z e ro  as  5 a p p ro a c h e s  i n f i n i t y .

Thus,  the  b o u n d a r y - l a y e r  s u c t i o n  i s  so lved  to  w i t h i n  a f u n c t i o n  

t h a t  r e p r e s e n t s  the b o u n d a r y - l a y e r  t e m p e ra tu re  on the  c o n t a i n e r ,  which 

must  u l t i m a t e l y  be d e te r m in e d  from t h e  g iven t e m p e r a t u r e  d i s t r i b u t i o n  

on t h e  c o n t a i n e r .
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F i r s t - O r d e r  I n t e r i o r

Problem A3 d e s c r i b e s  t h e  f i r s t - o r d e r  i n t e r i o r  flow and i t  i s  g iven

by

mass

mom

energy

w i t h

V • = 0

’ P i  ■ ' ■ 5 F

ÔT0
" l  = -  Pr

+ V j = 0 on E

Tg = 0 a t  T = 0 .

(3 .2 3 )

(3 .2 4 )

(3 .25 )

(3 .2 6 )

(3 .27 )

We now decompose the i n t e r i o r  v e l o c i t y  v e c t o r  i n t o  a component  

t h a t  i s  i n  t h e  c r o s s  p l a n e  and a component  t h a t  i s  normal t o  the  c r o s s  

p l a n e .  I n  o t h e r  words ,  l e t

V = V + W e (3 .2 8 )

where v h a s  no component  i n  the  z - d i r e c t i o n  by d e f i n i t i o n .  Then d e f i n e  

th e  t w o - d im e n s i o n a l  g r a d i e n t  o p e r a t o r  i n  t h e  c r o s s  p l a n e  to  be

+
h., ô x J ( 3 .2 9 )

where and X^ a r e  a r b i t r a r y  c r o s s - p l a n e  c o o r d i n a t e s  w i th  u n i t  v e c t o r s  

and and s c a l e  f a c t o r s  h^ and h ^ .  Of c ou rse  we may e x p r e s s  the 

c r o s s - p l a n e  v e l o c i t y  i n  terms o f  t h e s e  c r o s s - p l a n e  c o o r d i n a t e s  as

V = u e^ + V eg ( 3 .3 0 )

where u and v a r e  the  v e l o c i t y  components  i n  the X^ and X^ d i r e c t i o n s  

r e s p e c t i v e l y .

Thus,  the  tw o-d im ens iona l  c u r l  o f  t h e  c r o s s - p l a n e  v e l o c i t y  may 

be w r i t t e n  as



42

’ 2 ■ h x ( k ' V  ■ b r v )  %  ■‘1 2  " ‘1 " " 2  

F u r th e rm o re ,  t h e  t o t a l  v e l o c i t y ,  w, I s  s e en  to be

(JD = c u r l  V

1  r ,  /aw a . \  .  . /aw a \  .
'  L*‘A â x ^  - s T  ” 2 '’^ ' i  -  " '2 lax^  -  s T  * ' i“ /

+ ( l i T  ' ’ 2' '  ■ SxT ’' 1" )  ■ (3-32)i  I
Hence,  we a r e  a b l e  to  deduce t h e  i m p o r t a n t  r e s u l t

e ^ ‘ (1) = | v 2  X v] . ( 3 .33 )

In o t h e r  w o r d s ,  t h e  m a g n i tu d e  o f  the  c r o s s - p l a n e  v o r t i c i t y  i s  e q u a l  to 

t h e  z -componen t  o f  t h e  t o t a l  v o r t i c i t y  t o  e ve ry  o r d e r .  But ,  a s  was seen  

from Eq. ( 2 , 1 0 0 ) ,  t h i s  component  o f  t h e  t o t a l  v o r t i c i t y  i s  z e r o  f o r  a l l  

t ime and to  a l l  o r d e r s .  Thus ,  we c o n c lu d e  t h a t  the  c r o s s - p l a n e  v e l o c i t y  

i s  i r r o t a t i o n a l  i n  t h e  c r o s s  p l a n e .

The c o n t i n u i t y  e q u a t i o n  s t a t e s  t h a t  the t o t a l  v e l o c i t y  v e c t o r  has  

no d i v e r g e n c e  to a l l  o r d e r s .  As a d i r e c t  consequence to  t h i s  we may 

use  Eq. ( 3 . 2 8 )  to w r i t e

* 2 ' V = -  ST ' (3 34)

This  can be i n t e r p r e t e d  a s  t h e  c o n t i n u i t y  e q u a t i o n  f o r  a c o n s t a n t  d e n s i t y

tw o -d im e n s io n a l  f low in  t h e  c r o s s  p l a n e  w i t h  a s o u rc e  term due to  the

v e r t i c a l  m o t ion  i n t o  t h e  c r o s s  p l a n e .

l l ie  z e r o t h - o r d e r  i n t e r i o r  has  no f low i n  t h e  v e r t i c a l  d i r e c t i o n ,  

as shown by Eq. ( 3 . 3 ) .  Thus,  t h e  z e r o t h - o r d e r  c r o s s - p l a n e  v e l o c i t y  has  

n o t  on ly  z e ro  tw o - d im e n s io n a l  c u r l  b u t  a l s o  zero t w o - d im e n s io n a l  d i v e r g e n c e .
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I t  f o l l o w s  t h a t  t h e  z e r o t h - o r d e r  f low i s  a p o t e n t i a l  f low in  t h e  c r o s s  

p l a n e .  F u r t h e r m o r e ,  t h e  normal  component  o f  the  z e r o t h - o r d e r  v e l o c i t y  

v a n i s h e s  on t h e  c o n t a i n e r  as  s e e n  from Eq. ( 3 . 4 ) .  Hence, t h e  z e r o t h -  

o r d e r  f lo w  i n  the  c r o s s  p l a n e  i s  d e s c r i b e d  by the  Neumann problem w i th  

a v a n i s h i n g  bounda ry  c o n d i t i o n .  G r e e n ' s  theorem i n  t h e  p l a n e  shows t h a t  

the s o l u t i o n  to  t h i s  p rob lem  i s  t h a t  t h e  c r o s s - f l o w  v a n i s h e s .  T he re ­

f o r e ,  we conc lude  t h a t  the  i n v i s c i d  i n t e r i o r  i s  m o t i o n l e s s  to  z e r o t h  

o r d e r  !

S i n c e  the  f i r s t - o r d e r  v e l o c i t y  ha s  a nonzero  v e r t i c a l  component ,

Eq. ( 3 . 3 4 )  f o r  the  f i r s t - o r d e r  c r o s s  f low becomes

ÔW

' ^1 = -  a ; -  ' (3 35)

We may i n t e g r a t e  t h i s  e x p r e s s i o n  o v e r  t h e  c r o s s - p l a n e  a r e a .  A, and use

the e n e r g y  e q u a t i o n ,  Eq. ( 3 . 2 5 ) ,  t o  show t h a t ,  l i k e  T^, depends o n l y

on the  v e r t i c a l  s p a t i a l  c o o r d i n a t e .  The r e s u l t  o f  t h i s  i n t e g r a t i o n  i s

ÔW
V j  • dA = -  A g j -  . ( 3 . 3 6 )

A

G r e e n ' s  theorem i n  t h e  p l a n e  may be used to  c o n v e r t  t h e  a r e a  i n t e g r a l  

i n t o  a l i n e  i n t e g r a l  t o  y i e l d  

ÔW 1

* s : —  1  "  37)

'The e x p r e s s i o n  r e l a t i n g  n and n* ,  Eq. ( 3 . 1 8 ) ,  can  be s u b s t i t u t e d

i n t o  the  above e x p r e s s i o n  g i v i n g

dW- n ■ ( ^ ' ê  )ê

z

r> v^ • n
- ds= - 6 — -—  

In X



4 4

■» (V̂  -  NLe ) • n 
= -  0 —-------—--------- ds  . ( 3 .3 8 )

V% In X e^l

This  may be r e a r r a n g e d  a s

r  i'* -n  • eI* -11 • c -] ^ V_ ' n
6    ds  W, = -  — ----------  ds , ( 3 .3 9 )

i s=<5 j   ̂ t i s - y

L e i b n i t z ' s  r u l e  f o r  d i f f e r e n t i a t i n g  a n  i n t e g r a l  can be used  to  show 

t h a t  t h e  l i n e  i n t e g r a l  on  the l e f t  s i d e  o f  t h i s  e q u a t i o n  i s  n o t h i n g  more 

th a n  th e  d e r i v a t i v e  o f  t h e  c r o s s - p l a n e  a r e a .  Th is  c a l c u l a t i o n  i s  done 

in  t h e  a ppe nd ix .  The argument  o f  the  l i n e  i n t e g r a l  on the  r i g h t  i s  d i ­

r e c t l y  r e l a t e d  t o  t h e  b o u n d a r y - l a y e r  s u c t i o n  th ro u g h  th e  boundary  c o n d i ­

t i o n  g iv e n  by Eq. ( 3 . 2 6 ) ,  which can be r e w r i t t e n  as

V^-n = -  V^-n on S . ( 3 . 4 0 )

These two r e s u l t s  a l low  us  to w r i t e  Eq. ( 3 . 3 9 )  i n  t e rm s  o f  t h e  boundary -  

l a y e r  s u c t i o n  as

b  < '«i>  = I  ^ i ' " , r 4 r |  • (3 .4 1 )
6  n X e I^  z

Th is  e q u a t i o n  s im p ly  r e f l e c t s  t h e  f a c t  t h a t  t h e  v e r t i c a l  f l o w - r a t e  mus t  

d e c r e a s e  as f l u i d  i s  t a k e n  from t h e  i n t e r i o r  by b o u n d a r y - l a y e r  s u c t i o n  

(V j -n  n e g a t i v e )  and v i c e  v e r s a  i f  f l u i d  i s  added by the  bounda ry  l a y e r .

We may m a n i p u la t e  t h e  l i n e  i n t e g r a l  i n  Eq. ( 3 . 4 1 )  i n t o  a s u r f a c e  

i n t e g r a l  by w r i t i n g

d , a r  r  - ds  1  .dz
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ô
ôz

-ip
j  V^-n  (E ( 3 .4 2 )

where i s  t h a t  p o r t i o n  o f  the  c o n t a i n e r  s u r f a c e ,  S ,  t h a t  l i e s  above % 

as shown i n  F i g u r e  ( 3 . 2 ) .

Now we may w r i t e  f rom Eq. ( 3 .4 2 )

+ J '  V ^ - n d s j " = 0 ( 3 .4 3 )

We e l i m i n a t e  Ŵ  i n  f a v o r  o f  Tq by u s i n g  Eq. ( 3 .25 )  and s u b s t i t u t e  t h e  e x ­

p r e s s i o n  f o r  the  b o u n d a r y - l a y e r  s u c t i o n  g iv e n  by Eq. ( 3 . 2 2 )  i n t o  Eq. (3 .43 )  

to  o b t a i n

Ô z

s t o k e ' s  theorem may be a p p l i e d  t o  t h e  s u r f a c e  i n t e g r a l  i n  t h i s  e x p r e s s i o n  

to  y i e l d  a l i n e  i n t e g r a l .  Then we have

Ô z L r  ÔT n X e
( 3 .4 5 )

We now make use  o f  t h e  f a c t  t h a t  the  t e m p e r a t u r e  i s  s p e c i f i e d  on 

the  c o n t a i n e r  as  g i v e n  by Eq. ( 3 . 9 ) ,  to  w r i t e

Tg( rg ;T )  = 1^ -  Tq on Z . ( 3 .4 6 )

Then the  e q u a t i o n  g o v e rn in g  the  z e r o t h - o r d e r  i n t e r i o r  t e m p e r a t u r e  b e ­

comes

- fAz I Al’ ds

n X e
(3 .4 7 )

This  e q u a t i o n  can  be i n t e g r a t e d  to  y i e l d



s i n  0

dS = ds dz ds dz
s i n  8 I.

n X e .
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APr  OT
ds ds

/ 2  ^  Inxe ' ^
+  f ( T )  ( 3 . 4 8 )

/ 2  Xü; In xê^ l ‘ /  z

where f (T ) i s  the  f u n c t i o n  o f  i n t e g r a t i o n .  S ince  depends  on s p a t i a l  

l o c a t i o n  and f  (?)  does n o t ,  i t  i s  o b v i o u s  t h a t  f  (T ) i s  independent  of  

1^. That  i s ,  f (T )  i s  the  same no m a t t e r  what  t e m p e r a t u r e  boundary c o n d i ­

t i o n  i s  imposed.  F u r th e r m o r e ,  i f  Tg r e m a in s  z e r o  f o r  a l l  t im e ,  then 

must  rem ain  ze ro  f o r  a l l  t i m e ,  wh ich l e a d s  to  the  c o n c l u s i o n  that  f (t ) 

i s  i d e n t i c a l l y  z e r o .  Hence,  t h e  s o l u t i o n  to  Eq.  ( 3 . 4 8 )  can  be obtained  

by u s e  o f  t h e  i n t e g r a t i n g  f a c t o r  as

exp
/ 2  P

n  p

ds
A A I %

(- in X e j
ds

1

r  1  1exp --------- 7  0

d s  ' ’r  i

Inxe
/ 2  P

ds

3 .4 9 )

&

+ g ( z )

where g (z )  i s  the f u n c t i o n  o f  i n t e g r a t i o n .

L et us d e f in e  th e  "av era g e"  v a lu e  o f  any v a r i a b l e  Q around Ci to  

be  ds

4 '  IS :X e
<Q> = ( 3 .5 0 )

ds

Ce n X e

I h u s  t h e  e - f o l d i n g  t i m e ,  t  ,  c a n  b e  d e f i n e d  t o  b e

so t h a t  Eq, ( 3 . 4 9 )  can be r e w r i t t e n  a s  

Tq = < + g ( z )  exp ( -T /T^)

( 3 .5 1 )

( 3 .5 2 )

We may now a p p ly  t h e  c o n d i t i o n  t h a t  Tq i s  i n i t i a l l y  z e ro ,  g i v e n  

by Eq. ( 3 . 2 7 ) ,  to o b t a i n
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g ( z )  = -  < > . (3 .5 3 )

T h e r e f o r e ,  we can  w r i t e  the  s o l u t i o n  f o r  t h e  z e r o t h - o r d e r  i n t e r i o r  tem­

p e r a t u r e  to  be

T q  = <  3̂  >  [1  -  e x p ( - T / T ^ ) ]  . ( 3 . 54 )

The s o l u t i o n  f o r  t h e  f i r s t - o r d e r  v e r t i c a l  v e l o c i t y  component  i n  the  i n ­

t e r i o r  i s  g i v e n  i n  te rm s  o f  t h e  t ime d e r i v a t i v e  o f  t h i s  t e m p e r a t u r e  by 

t h e  e n e rg y  e q u a t i o n  which i s  Eq. ( 3 . 2 5 ) .  This  v e l o c i t y  component  can be 

w r i t t e n  a s
P

=  -  ; p <  >  e x p ( - T / T j ^ )  ( 3 . 55 )

a f t e r  p e r f o r m i n g  t h e  t ime d i f f e r e n t i a t i o n .

The n o n d i m e n s io n a l  e - f o l d i n g  t im e ,  o r  " h e a t - u p "  t ime t  , can be

w r i t t e n  i n  t e rm s  o f  p h y s i c a l  t ime as
}, 1,

‘ h ~ I  /  < r° -  s j  ^ > ( 3 .5 6 )

where t  = d i m e n s i o n a l  h e a t - u p  t ime

A = h o r i z o n t a l  c r o s s - s e c t i o n a l  a r e a  o f  t h e  c o n t a i n e r  nondimen-

2
s i o n a l i z e d  by L

= c i r c u m f e r e n c e  o f  A n o n d im e n s io n a l i z e d  by  L

L = h e i g h t  o f  t h e  c o n t a i n e r

N = B u n t - V a is a la  freq u e n c y

P = P r a n d t l  number
r

= R a y le ig h  number.

To c o m p le te  the s o l u t i o n  to  the g e n e r a l  h e a t - u p  p rob lem  we must  

f i n d  the  f i r s t - o r d e r  i n t e r i o r  f low in  the  c r o s s  p l a n e .  As we have a l ­

r e a d y  se e n ,  t h e  c r o s s - p l a n e  v e l o c i t y  i s  i r r o t a t i o n a l  i n  t h e  c r o s s  p l a n e ,  

i . e .
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? 2  X = 0 " (3 .5 7 )

Thus,  we may d e r i v e  t h e  c r o s s - p l a n e  v e l o c i t y  f rom a s c a l a r  p o t e n t i a l  by 

w r i t i n g

Vi = V 2  q>i . (3 .58 )

But  Eq. ( 3 .35 )  g iv e s

- - ÏT ■ (3 -59)

T h e r e f o r e  the  g o v e rn i n g  e q u a t i o n  f o r  t h e  c r o s s - p l a n e  v e l o c i t y  p o t e n t i a l  

i s  P o i s s o n ' s e q u a t i o n

2 ^ ” 1
^ 2  %T = -  SST ' (3 .6 0 )

The boundary  c o n d i t i o n  g i v e n  by Eq. ( 3 . 4 0 )  i s

V^* n = -  V̂ * n  on S ( 3 .61 )

which may be r e w r i t t e n  by means of  Eq. ( 3 . 1 8 )  and Eq. ( 3 . 2 8 )  as

(v + w e ) • ( [nxe | h * + ( n - e  ) e  ) = - V • n on S . (3 .62 )i. i. z z Z Z 1
In  te rm s  o f  t h e  v e l o c i t y  p o t e n t i a l ,  t h i s  may be  e x p r e s s e d  as

dcpi Z\n X e^l + (n • e^)W^ = -  V^' n  on . ( 3 .63 )

Hence, s u b s t i t u t i n g  f o r  the  b o u n d a r y - l a y e r  s u c t i o n  from Eq. ( 3 .22 )

g i v e s  t h e  f o l l o w i n g  problem f o r  c a l c u l a t i n g  t h e  c r o s s - p l a n e  f low:

2 ^ ” 1

nxe y 2 nxe |nxez z' ' z
-4

where we have used Eq. (3 .9 )  to  e x p re s s  T g ( r^ ;T )  i n  terms o f  1^ and T^. 

Thus , we f in d  t h a t  the  flow in  the  c r o s s  p l a n e  i s  e q u i v a l e n t  to the f low 

o f  a tw o -d im e n s io n a l ,  c o n s t a n t  d e n s i t y ,  i r r o t a t i o n a l  f l u i d  w i t h  a



50

un i fo rm  source  d i s t r i b u t i o n  p r o v id e d  by the  v e r t i c a l  v e l o c i t y .  The 

boundary  c o n d i t i o n  r e f l e c t s  the  f a c t  t h a t  f low p e n e t r a t e s  t h e  c r o s s ­

p l a n e  c i r c u m f e re n c e  due to  c h a ng ing  c r o s s - p l a n e  a r e a  and due to  bounda ry -  

l a y e r  s u c t i o n .

This  c om p le te s  the  l o w e s t - o r d e r  s o l u t i o n  to the g e n e r a l  h e a t - u p  

p rob lem .  The t e m p e r a t u r e  and v e r t i c a l  v e l o c i t y  a r e  c o m p le te ly  s p e c i f i e d  

in  te rm s  o f  the  " a v e r a g e "  v a lue  a round  (St o f  the  c o n t a i n e r  t e m p e r a t u r e .

The c r o s s - f l o w  s o l u t i o n  fo l lo w s  from the  above P o i s s o n  e q u a t i o n  and 

a s s o c i a t e d  boundary c o n d i t i o n  w h ic h ,  o f  c o u r s e ,  w i l l  depend upon the  

p a r t i c u l a r  c o n t a i n e r  geometry and t e m p e r a t u r e  boundary  c o n d i t i o n  b e in g  

c o n s i d e r e d .

Remarks

I t  i s  i n t e r e s t i n g  to no t e  t h a t ,  u n l i k e  t h e  u s u a l  e x t e r n a l  f o r c e d -  

c o n v e c t i o n  b o u n d a r y - l a y e r  t h e o r y ,  t h e  t h e o r y  o f  b u o y a n c y -d r iv e n  c o n t a i n e d  

f l u i d s  has  an i n h e r e n t  c o u p l i n g  be tw een  t h e  i n v i s c i d  r e g i o n  and t h e  a s ­

s o c i a t e d  i n t e r n a l  boundary  l a y e r s .  In  o t h e r  words ,  we c a n n o t  c a l c u l a t e  

the  l o w e s t - o r d e r  i n t e r i o r  m o t i o n ,  make a boundary l a y e r  c o r r e c t i o n ,  and 

th en  p roceed  to c a l c u l a t e  the  f i r s t - o r d e r  i n t e r i o r ,  e t c .  I n s t e a d ,  e ach  

" i n t e r i o r - b o u n d a r y  l a y e r "  p a i r  must  be c a l c u l a t e d  s i m u l t a n e o u s l y .  For  

example ,  the  e q u a t i o n  f o r  the  z e r o t h - o r d e r  i n t e r i o r  t e m p e r a t u r e ,  Eq. 

( 3 . 4 5 ) ,  c o n t a i n s  imbedded i n  i t  t he  z e r o t h - o r d e r  b o u n d a r y - l a y e r  t e m p e r a ­

t u r e ,  which in  t u r n  i s  known o n l y  i n  terms o f  t h e  i n t e r i o r  t e m p e r a t u r e .  

Th is  r e f l e c t s  the  f a c t  t h a t  the  l o w e s t - o r d e r  i n v i s c i d  f low i s  d r i v e n  

by the l o w e s t - o r d e r  boundary  l a y e r ;  a s i t u a t i o n  f a r  d i f f e r e n t  f rom the  

more f a m i l i a r  e x t e r n a l  f o rc e d  c o n v e c t i o n  problem.
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We can a l s o  w r i t e  t h e  e ne rgy  e q u a t i o n  f o r  t h e  n e x t  h i g h e r  o r d e r  

i n t e r i o r  f low.  I t  i s  g i v e n  by

2
f r  + " 2  -  -  ?

We see  t h a t  f o r  t h e  f i n a l  s t e a d y  s t a t e  t h i s  e q u a t i o n  becomes 

d% < ï _ >
Wg = --------------^  ( 3 . 6 7 )

dz

From t h i s  e q u a t i o n  we can  n o t e  t h e  d i f f e r e n c e  be tw een  a f low t h a t  i s  

d r i v e n  by a boundary  t e m p e r a t u r e  t h a t  i s  l i n e a r  i n  z and one t h a t  i s  d r i v e n  

by a n o n l i n e a r  boundary  t e m p e r a t u r e .  In t h e  f i r s t  c a s e ,  t h e  v e r t i c a l  

m otion  c e a s e s  when thermodynamic e q u i l i b r i u m  i s  a c h i e v e d  and the  boundary  

l a y e r s  d i e  o u t  i n  t h e  h e a t - u p  t ime.  I n  t h e  second c a s e ,  t h e  f i n a l  s t e a d y  

t e m p e r a t u r e  p r o f i l e  i s  i n c o m p a t i b l e  w i t h  a s t a t e  o f  s t a t i c  e q u i l i b r i u m  

and a l t h o u g h  th e  l o w e s t - o r d e r  v e r t i c a l  m o t io n  c e a s e s  i n  t h e  h e a t - u p  t ime 

the  n e x t  h i g h e r  o r d e r  v e r t i c a l  v e l o c i t y  component ,  Wg, o b v i o u s l y  does 

n o t .



CHAPTER IV

APPLICATION OF THE THEORY

P r e l i m i n a r y  Remarks

The s o l u t i o n  to t h e  g e n e r a l  p rob le m  o f  h e a t - u p  from a s t a t e  of

r e s t  o f  a B o u s s in e s q  f l u i d  i n  an a r b i t r a r i l y  shaped  c l o s e d  c o n ta i n e r  i s

comple te  as  f a r  as  the l o w e s t - o r d e r  t e m p e r a t u r e  and v e r t i c a l  v e l o c i t y

a r e  c o n c e r n e d .  Given a p a r t i c u l a r  c o n t a i n e r  geometry  and t em pera tu re

boundary  c o n d i t i o n ,  one may im m e d ia te ly  w r i t e  down t h e  s o l u t i o n s  for

t e m p e ra t u re  and v e r t i c a l  v e l o c i t y  i n  te rms  o f  t h e  h e a t - u p  t i m e ,  t , andn

t h e  " a v e r a g e "  v a lu e  o f  t h e  bounda ry  t e m p e r a t u r e ,  < > .

Thi s  " a v e r a g e "  v a l u e  i s  t a k e n  around the  p e r i m e t e r ,  Q ,  o f  the 

c r o s s - p l a n e  a r e a .  A, where t h e  c r o s s  p l a n e  i s  d e f i n e d  to  be t h a t  c ro s s -  

s e c t i o n a l  a r e a  o f  the  c o n t a i n e r  t h a t  i s  formed by i n t e r s e c t i n g  the con ­

t a i n e r  w i th  a p l a n e  o f  c o n s t a n t  g r a v i t a t i o n a l  p o t e n t i a l .  T h i s  average  

i s  somewhat p e c u l i a r  i n  t h a t  i t  i s  t a k e n  w i t h  r e s p e c t  t o  t h e  w e i g h t i n g  

f a c t o r  |n x e J  where n i s  d e f i n e d  as  the  ou tward  p o i n t i n g  u n i t  v e c to r

normal  to t h e  c o n t a i n e r  and ê i s  t h e  u n i t  v e c t o r  i n  t h e  d i r e c t i o n  ofz

i n c r e a s i n g  g r a v i t a t i o n a l  p o t e n t i a l  a s  shown i n  F i g u r e  ( 4 . 1 ) .

M a th e m a t i c a l l y ,  t h i s  " a v e r a g e "  v a l u e  f o r  any q u a n t i t y ,  Q, may be

w r i t t e n  as ds

I" x e j  ^
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The s o l u t i o n  f o r  t h e  l o w e s t - o r d e r  t e m p e r a t u r e ,  Tq, and th e  l o w e s t - o r d e r  

v e r t i c a l  v e l o c i t y  component ,  W^, a r e ,  f o r  any c o n t a i n e r  geomet ry  and 

t e m p e r a t u r e  boundary  c o n d i t i o n ,  s im p ly

Tq = <  > [ l  - e x p ( -  T / T ^ ]  ( 4 . 2 )

P
W = - L  > e x p ( -  t / t  ) ( 4 . 3 )

i  Th ^  H

where -  / T  P ^  < 1  n x ê | ^ >  ( 4 .4 )H r  ' z

and P i s  the P r a n d t l  number, 
r

Eq. ( 4 .2 )  shows t h a t  the  i n v i s c i d  i n t e r i o r  t e m p e r a t u r e  v a r i e s  

on ly  w i t h  v e r t i c a l  p o s i t i o n  w i t h i n  t h e  c o n t a i n e r  and t h a t  t h i s  i n t e r i o r  

t e m p e r a t u r e  ap p ro a c h e s  the  a v e r a g e  v a l u e  o f  the  c o n t a i n e r  t e m p e r a t u r e  

a s y m p t o t i c a l l y  i n  t im e .  F u r th e r m o r e ,  we see  from Eq. ( 4 . 3 )  t h a t  the  

v e r t i c a l  component  o f  v e l o c i t y  i n  t h e  i n t e r i o r  app roaches  z e ro  a s ym pto ­

t i c a l l y  i n  t ime.  Thus,  i f  t h e r e  i s  any m otion  a t  a l l  i n  t h e  f i n a l  

s t e a d y  s t a t e ,  t h a t  m o t io n  must  be p u r e l y  h o r i z o n t a l .  Th is  t e n d e n c y  t o ­

ward h o r i z o n t a l  f low i s  a c h a r a c t e r i s t i c  o f  a l l  s t r a t i f i e d  f l u i d s  and 

i s  o f t e n  r e f e r r e d  to  as  " p lu g g i n g "  o r  "p lugged"  f low.  This  phenomenon 

may be p r e d i c t e d  by s im p ly  i n s p e c t i n g  the  l i n e a r i z e d  ene rgy  e q u a t i o n  

g iv en  by Eq. ( 2 . 6 9 ) .  Th is  e q u a t i o n  shows t h a t  W i s  i d e n t i c a l l y  z e r o  i n  

the i n v i s c i d  i n t e r i o r  when th e  f l u i d  i s  a t  s t e a d y  s t a t e .

The s o l u t i o n  fo r  the i r r o t a t i o n a l  f lo w  i n  th e  c r o s s  p la n e  i s  n o t  

as s t r a ig h t f o r w a r d  s i n c e  i t  i n v o l v e s  s o l v i n g  th e  a p p r o p r ia t e  P o i s s o n  

e q u a t io n  fo r  each p a r t i c u l a r  c o n t a i n e r  geom etry and tem p eratu re  boundary  

c o n d i t i o n  th a t  i s  c o n s id e r e d .  T his  P o i s s o n  e q u a t io n  i s  g iv e n  by  

2
" 2  ' f l  ■ - Â T  W . 5 )
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w ith  boundary c o n d i t i o n

( 4 . 6 )

ôn*  Inxê |  ̂ /l Inxe | jnxe ! ^z z ' z

The s o l u t i o n  to  t h i s  problem i s  th e  c r o s s - f l o w  v e l o c i t y  p o t e n t i a l  which

i s  d e f in e d  such t h a t  th e  lo w e s t - o r d e r  t o t a l  v e l o c i t y  v e c t o r  may be

w r i t t e n  as

V j  =  Vg c p^  +  . ( 4 . 7 )

For t h i s  c r o s s - f l o w  problem, we have d e f in e d  th e  g r a d ie n t  and L a p la c ia n  

o p e r a t o r s  to be th e  a p p r o p r ia te  tw o -d im e n s io n a l  o p e r a t o r s  i n  th e  c r o s s  

p la n e .  In o t h e r  w o rd s ,

( h [  + h ;  a x ; )  (4 8)

^ ( s x :  h :  E x :  + 1 % : h :  I x : )
^ 2  a 5

1  1̂ ^̂ 1 ^̂ 2 2̂ " “ 2'

where X and X a r e  c r o s s - p l a n e  c o o r d i n a t e s  w i t h  u n i t  v e c t o r s  ê and ê.

and s c a l e  f a c t o r s  h^  and h^ a s  shown in F i g u r e  ( 4 . 2 ) .  As a l s o  shown in 

the f i g u r e ,  n* i s  t h e  outward p o i n t i n g  u n i t  v e c t o r  normal  t o  i n  the 

c r o s s  p l a n e .

The c r o s s - f l o w  prob lem, a s  d e f i n e d  by the  e l l i p t i c  e q u a t i o n  g iv en  

by Eq. ( 4 . 5 )  w i th  t h e  boundary  c o n d i t i o n  g iv e n  by Eq. ( 4 . 6 ) ,  i s  a w e l l -  

posed p rob lem whose s o l u t i o n  f o r  any c o n t a i n e r  geometry and t e m p e ra tu re  

p e r t u r b a t i o n  i s  s t r a i g h t f o r w a r d .  Fu r the rm ore ,  t h e r e  a r e  s p e c i a l  s i t u ­

a t i o n s  f o r  which c l o s e d - f o r m  a n a l y t i c  s o l u t i o n s  can  be found .  We w i l l  

now a t t e m p t  t o  r e v e a l  t h e  i m p o r ta n t  p h y s i c a l  n o t i o n s  a s s o c i a t e d  w i th  

v a r i o u s  c o n t a i n e r  g e o m e t r i e s  and boundary t e m p e r a t u r e s  by t r e a t i n g  s e v e r ­

a l  o f  t h e s e  a n a l y t i c a l  examples .
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F i g u r e  4 . 2  C r o s s - P l a n e  Geometry

56



57

R i g h t  C y l i n d e r s

L e t  us  c o n s i d e r  t h e  s p e c i a l  c l a s s  o f  c o n t a i n e r s  c o n s i s t i n g  o f  

r i g h t  v e r t i c a l  c y l i n d e r s  of  a r b i t r a r y  c r o s s  s e c t i o n .  That  i s ,  l e t  the 

c o n t a i n e r  have  v e r t i c a l  s i d e w a l l s  w i t h  h o r i z o n t a l  e n d s ,  and l e t  t h e  h o r ­

i z o n t a l  c r o s s  s e c t i o n  o f  t h i s  c o n t a i n e r  have any a r b i t r a r y  s h a p e ,  as  long 

a s  t h i s  sha pe  i s  i n v a r i a n t  f rom top  to bottom as  shown i n  F i g u r e  ( 4 . 3 ) .  

Fo r  t h i s  c l a s s  o f  c o n t a i n e r s  we have  t h e  two c o n d i t i o n s  g iv e n  by

n • ê = 0  ( 4 .1 0 )
z

]n X e^l = 1 . ( 4 .1 1 )

I n  t h i s  c a s e ,  Eq. ( 4 . 1 )  y i e l d s  the  r e s u l t

which we r e c o g n i z e  a s  t h e  c o n v e n t i o n a l  average  va lu e  o f  T^ around Q. . 

F u r th e r m o r e  the h e a t - u p  t im e  i s  a c o n s t a n t  g i v e n  by Eq. ( 4 . 4 )  t o  be

( 4 .1 3 )

Thus ,  the t e m p e r a t u r e  and v e r t i c a l  v e l o c i t y  s o l u t i o n s  f o r  a l l

r i g h t  v e r t i c a l  c y l i n d e r s  a r e  g iv en  by Eq. ( 4 . 2 )  and Eq.  ( 4 . 3 )  a s

Tq = < > [ l  - e x p ( - T / T ^ ) ]  ( 4 . 1 4 )

I  < e x p ( - T / T ^ )  ( 4 .1 5 )

where < 'J^ is  the c o n v e n t i o n a l  a v e r a g e  v a lu e  o f  the  boundary t e m p e ra ­

t u r e  a round  the c o n t a i n e r  p e r i m e t e r , Q ,  and t i s  a c o n s t a n t  t h a t  dependsrl

on P r a n d t l  number and t h e  r a t i o  o f  t h e  c o n t a i n e r ' s  c r o s s - s e c t i o n a l  a r e a  

t o  i t s  p e r i m e t e r .

The c r o s s - f l o w  p rob lem  f o r  a l l  r i g h t  v e r t i c a l  c y l i n d e r s  s i m p l i ­

f i e s  somewhat to
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''2^'f’l  % &T < Tf'» « P ( -  T/Tg) (4 .16)

^  = - —  n - V x C C T L -  < 1L >  + <TL> exp(-T/T  ) ) e j  on <p. .
I  , /2  ^  ^  ^  H ^  (4 .1 7 )

From t h i s  p rob lem  f o r  f low i n  the c r o s s  p l a n e  we deduce th e  im p o r t a n t

r e s u l t  t h a t  the  f i n a l  s t e a d y  s t a t e  m o t io n  i n  the  c r o s s  p l a n e  i s  a lways

z e ro  to l o w e s t  o r d e r  u n l e s s  the  t e m p e r a t u r e  boundary  c o n d i t i o n  v a r i e s

around the  c r o s s - p l a n e  p e r i m e t e r ,  (jg. In  o t h e r  words,  as  t  -* ® we have

2I
d cp

^  0 ( 4 .1 8 )

and {  ~  n - V X [ ( I^  _ on Ci . ( 4 .1 9 )
L 2

Th is  e q u a t i o n  d e s c r i b e s  a nonzero m o t i o n  on ly  when 1^ d i f f e r s  from i t s  

a v e ra g e  v a l u e s  a round Cg . Thus, a s t e a d y  no n z e ro  c r o s s  f low r e s u l t s  o n l y  

i f  the  p r e s c r i b e d  c o n t a i n e r  t em p e ra tu re  p e r t u r b a t i o n  v a r i e s  a round  the  

p e r i m e t e r  o f  the  c o n t a i n e r .

C i r c u l a r  C r o s s  S e c t i o n  

I f  we s p e c i a l i z e  the  cross  s e c t i o n  o f  t h e  r i g h t  v e r t i c a l  c y l i n ­

d e r  o f  h e i g h t  L to  be a c i r c l e  of r a d i u s ,  R, t h e n  t h e  obv ious  c h o ic e  f o r  

the  c r o s s - p l a n e  c o o r d i n a t e  system i s  t h e  p o l a r  c o o r d i n a t e  sys tem shown 

in  F i g u re  ( 4 . 4 ) .  Of c o u r s e ,  the n c n d i m e n s i o n a l  c r o s s - p l a n e  a r e a ,  A, and 

i t s  c i r c u m f e r e n c e , C e , a r e

A = tt(R/L)^ (4 ,2 0 )

Cù = 2n (R/L) . ( 4 .2 1 )

Hence, the  h e a t - u p  t im e ,  as  given by Eq. ( 4 . 1 3 ) ,  i s
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%-DependenC Boundary C o n d i t i o n

Now assume t h a t  t h e  g iv en  boundary  t e m p e r a t u r e ,  1^, depends  on ly  

on the v e r t i c a l  s p a t i a l  c o o r d i n a t e  z ,  i . e .

= T^ (z )  . (4 .2 3 )

We r e f e r  t o  t h i s  as  a z - d e p e n d e n t  boundary c o n d i t i o n  i n  c o n t r a s t  to one 

which depends upon b o t h  z and some a z im u th a l  c o o r d i n a t e .  S in c e  1^ does 

n o t  va ry  a round  Çq i t  i s  o b v ious  t h a t  t h e  a v e ra g e  v a l u e  o f  1^ around Q  

i s  equa l  t o  i t s e l f .  Of c o u r s e ,  t h i s  can  be s e e n  d i r e c t l y  from Eq. 

( 4 .1 2 )  and t h i s  can  be e x p r e s s e d  as

< 1^ > = . ( 4 .24 )

This  r e s u l t  h o l d s  f o r  any z -d e p e n d e n t  boundary  c o n d i t i o n  r e g a r d l e s s  o f  

c o n t a i n e r  geometry .

Thus, the  t e m p e r a t u r e  and v e r t i c a l  v e l o c i t y  s o l u t i o n s  may be 

w r i t t e n  down d i r e c t l y  f rom Eq. ( 4 . 1 4 )  and Eq. ( 4 .1 5 )  as

Tg = T̂  [ l  - exp ( -  T/T^)] (4.25)

Wi = - I  e x p ( -  T /T^)  (4 .26 )

where i s  g i v e n  by Eq.  ( 4 . 2 2 ) .  The P o i s s o n  p rob lem becomes s im ply

/1th f  1 ^ ^  R
- —  e x p ( -  T /t ) on r  = — (4 .27b )
tiz H L

where we h.ive rea soned  t h a t  cp̂  ?tcpj^(9) by symmetry a rguments  and r educed  

Eqs. ( 4 .1 6 )  and ( 4 .1 7 )  to  t h i s  form.
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The s o l u t i o n  to  t h i s  problem i s  found by a s t r a i g h t f o r w a r d  i n t e ­

g r a t i o n  and a p p l i c a t i o n  o f  the boundary  c o n d i t i o n  to  be

*^1 1 T
37- ' ; =  R r dl- exP(- T/Tn) • (4-28)

Then, i f  we w r i t e ,

= u^e^  +  v^êg + ( 4 .2 9 )

we o b t a i n  t h e  f o l l o w i n g  e x p r e s s i o n s  f o r  t h e  v e l o c i t y  components 

1 Lu = —  -  r  —  e xp ( -  t / t  ) ( 4 . 3 0 )
i K dz H

= 0 ( 4 .3 1 )

Wi = -  / 2  ^  Tg e x p ( -  T/T^)  ( 4 . 3 2 )

p
where = “  r  ' ( 4 . 3 3 )

”  / 2  ^

S inc e  t h e r e  i s  no f low i n  t h e  a z i m u t h a l  d i r e c t i o n ,  i t  f o l l o w s  t h a t  

the  s t r e a m l i n e s  a r e  a l o n g  l i n e s  o f  c o n s t a n t  9 .  Hence ,  we see  t h a t  the

f low in  the  c r o s s  p l a n e  i s  p u r e l y  i n  t h e  r a d i a l  d i r e c t i o n  and t h a t  t h e

speed  o f  t h i s  c r o s s - p l a n e  f low i n c r e a s e s  w i t h  i n c r e a s i n g  d i s t a n c e  from 

the  c e n t e r  l i n e  o f  symmetry of  the  c i r c u l a r  c y l i n d e r .

For  t h e  p u r p o s e  o f  i l l u s t r a t i o n ,  l e t  us c o n s i d e r  a boundary  t em per ­

a t u r e  t h a t  v a r i e s  l i n e a r l y  i n  z w i t h  some a r b i t r a r y  s l o p e  as  shown in 

F igu re  ( 4 . 5 ) .  In terms o f  our  n o r m a l i z a t i o n  t h i s  t r a n s l a t e s  i n t o  a 

boundary c o n d i t i o n  t h a t  i s  g iven  by

m (=  -  ( 4 . 3 4 )

where m i s  a p a r a m e t e r  which may be v a r i e d  to  d e s c r i b e  l i n e a r  p r o f i l e s  

w i t h  v a r i o u s  s l o p e s .
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Then, f o r  example,  when m = 0 we have the  t e m p e ra t u re  p r o f i l e  and 

q u a n t i t a t i v e  f low p a t t e r n  shown i n  F ig u re  ( 4 . 6 ) ,  N o t i c e  t h a t  dT^ /dz  i s  

ze ro  in '  t h i s  c a s e  so t h a t  Eqs, (4 .3 0 )  and (4 ,3 1 )  show t h a t  u^ = v^ = 0. 

F u r th e r m o r e ,  Eq, (4 ,3 2 )  shows t h a t  i s  the  same everywhere  i n  t h e  con­

t a i n e r  a t  any g i v e n  t im e .  This i s  a p a t h o l o g i c a l  case  f o r  which  t h e r e  

i s  no b o u n d a r y - l a y e r  s u c t i o n  and hence  no c r o s s  f low. The f l u i d  s im p ly  

r i s e s  n e a r  t h e  h o t  c o n t a i n e r  w a l l ,  p r o d u c i n g  a c o n s t a n t  t h i c k n e s s  v e r t i ­

c a l  boundary  l a y e r ,  and s e t t l e s  i n  t h e  i n v i s c i d  i n t e r i o r  u n t i l  e a c h  f l u i d  

p a r t i c l e  r e a c h e s  a l e v e l  a t  which i t s  i n i t i a l  t e m p e ra tu re  e q u a l s  t h e  

boundary t e m p e r a t u r e  a t  t h a t  l e v e l .  At t h i s  t ime the m o t io n  c e a s e s ,  the  

boundary l a y e r  d e c a y s ,  and the f l u i d  i s  h e a t e d .

There i s  no b o u n d a r y - l a y e r  e n t r a i n m e n t  f o r  the s p e c i a l  c a s e  of  

f low i n  a v e r t i c a l  c y l i n d e r  w i th  a c o n s t a n t  t e m p e ra tu re  p e r t u r b a t i o n ,

T^, T h i s  i s  be c a u s e  the  r a t e - o f - c h a n g e  o f  v o r t i c i t y  i n  t h e  boundary  

l a y e r  t a k e n  w i t h  r e s p e c t  to  d i s t a n c e  i n  t h e  d i r e c t i o n  o f  b o u n d a r y - l a y e r  

f low i s  p r o p o r t i o n a l  t o  d l ^ / d z  f o r  f low i n  a v e r t i c a l  c y l i n d e r  w i t h  a 

z -d e p e n d e n t  boundary  c o n d i t i o n .  Hence,  f o r  a c o n s t a n t  t e m p e r a t u r e  p e r ­

t u r b a t i o n ,  t h i s  r a t e - o f - c h a n g e  o f  v o r t i c i t y  i s  z e ro .  Thus,  no v o r t i c i t y  

i s  d i f f u s e d  o u t  f rom the  w a l l  and a c o n s t a n t  v a lu e  o f  v o r t i c i t y  i s  con-  

ve c te d  a l o n g  th e  v e r t i c a l  wa l l  i n  a c o n s t a n t  t h i c k n e s s  boundary  l a y e r .

A l th o u g h ,  i n  g e n e r a l ,  t h e r e  w i l l  be b o u n d a r y - l a y e r  s u c t i o n ,  and 

thus a c r o s s  f lo w ,  t h i s  example does s e r v e  t o  i l l u s t r a t e  the b a s i c  h e a t -  

up mechanism t h a t  t y p i f i e s  a l l  o f  t h e s e  c o n t a i n e d  f low s .  That  mechanism 

is  the  b o u n d a r y - l a y e r  d r i v e n  c o n v e c t i o n  i n  t h e  i n v i s c i d  i n t e r i o r  t h a t  

moves a c o n s t a n t  t e m p e ra tu re  i n t e r i o r  f l u i d  p a r t i c l e  f rom i t s  i n i t i a l  

l e v e l  to i t s  f i n a l  l e v e l  where i t s  t e m p e r a t u r e  matches t h e  boundary  tem­

p e r a t u r e .
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As a f i n a l  example o f  a l i n e a r  z - d e p e n d e n t  boundary c o n d i t i o n ,  con­

s i d e r  the case  where m = 2 a s  shown in  F ig u re  ( 4 . 7 ) .  Here the  f l u i d  

r i s e s  n e a r  the  h o t  w a l l  ( t h e  upper  h a l f  o f  the  c o n t a i n e r )  and f a l l s  n e a r  

t h e  c o l d  w a l l  ( t h e  lower h a l f  o f  the  c o n t a i n e r ) .  Hence, the  f l u i d  i s  

a lw ays  be ing  e n t r a i n e d  by the  v e r t i c a l  boundary  l a y e r s  and th e y  grow as 

shown.  The i n t e r i o r  c o n v e c t i o n  i s  n e c e s s a r i l y  upward i n  t h e  bo t tom  h a l f  

o f  t h e  c o n t a i n e r  and downward in  t h e  top  h a l f  o f  the c o n t a i n e r  i n  o r d e r  

t o  p r e s e r v e  c o n s e r v a t i o n  o f  mass .  Hence,  a " f o u r - c e l l "  p a t t e r n  o f  flow 

d e v e l o p s  as  shown. This  p a r t i c u l a r  geometry  and boundary  c o n d i t i o n  was

s t u d i e d  by S a k u ra i  and Matsuda [10 ]  by a d i f f e r e n t  method and o u r  s o l u ­

t i o n  a g r e e s  e x a c t l y  w i th  t h e i r s  i n  t h i s  c a s e .

A z i m u t h a l l y  Vary ing  Boundary C o n d i t i o n

L e t  us assume t h a t  the  c o n t a i n e r  t e m p e r a t u r e  i s  known to be

= f ( z )  cos  aQ ( 4 . 3 5 )

where m must be an i n t e g e r  so t h a t  1^ i s  s i n g l e - v a l u e d .  Then i t s  a v e r ­

age  v a l u e ,  as g i v e n  by Eq. ( 4 . 1 2 ) ,  i s

< IL > = ^  0 f ( z )  cos  QfO ds

c / \ p 2tt
= ^  ^  cos  o;9d9 = 0 . ( 4 . 3 4 )

0

This  l e a d s  to the  c o n c l u s i o n  t h a t

Tq = 0 (4 .3 7 )

= 0 ( 4 .3 8 )

a s  seen  from Eqs.  (4 .1 4 )  and ( 4 . 1 5 ) .  Th is  r e s u l t  d r a m a t i z e s  what  i s  

a p p a r e n t  from i n s p e c t i n g  Eqs.  ( 4 . 1 4 )  and ( 4 . 1 5 ) ;  namely,  t h a t  t h e  i n t e r ­

i o r  h e a t - u p  p r o c e s s  i s  a r e s p o n s e  to the  " a v e r a g e "  va lue  o f  the  boundary
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t e m p e r a t u r e ,  and when t h a t  a v e r a g e  i s  ze ro  the  f l u i d  does not  h e a t - u p .  

However ,  t h i s  does  n o t  mean t h e r e  i s  no c r o s s  f lo w .  We can see  t h i s  by 

i n s p e c t i n g  the  a p p r o p r i a t e  P o i s s o n  e q u a t i o n  f o r  t h i s  example,  which r e ­

d u c e s  to

ôcp
r  — 2— ^ 5----- 1-----T~ = 0 ( 4 . 3 9 )

d r  s e

f  ^^1 f  (z) R
w i t h  \ z—  = — —̂  c os  aS on r  = — . ( 4 . 4 0 )

r " :  / 2

The s o l u t i o n  to  t h i s  p rob lem  can  be e a s i l y  o b t a i n e d  by the method 

o f  s e p a r a t i o n  o f  v a r i a b l e s  as  

r, , X O'
cp = — "■ --- cos  aQ . ( 4 . 4 1 )

^ /2 a (R/L)“ "^

T h is  p o t e n t i a l  y i e l d s  the  f o l l o w i n g  e x p r e s s i o n s  f o r  t h e  v e l o c i t y  com­

p o n e n t s  :

c ° s  *9 ( 4 . 4 2 )

^ ( r ^ )  s i n  aQ \ a - 1 , 2 , 3 . . .  ( 4 . 4 3 )/2
The e q u a t i o n  f o r  t h e  s t r e a m l i n e s  o f  t h i s  c r o s s  f low i s  given by

^  ^  ( 4 . 4 4 a )

which  may be i n t e g r a t e d  to  g i v e  the  f o l l o w i n g  e q u a t i o n  f o r  the  s t r e a m ­

l i n e s .

r  = —  . (4 .4 4 b )
( s i n  a 8 )

Then, f o r  example,  when Of = 1 and f '  (z)  i s  p o s i t i v e  we have the  

t e m p e r a t u r e  p r o f i l e  and f low  p a t t e r n  shown in F i g u re  ( 4 . 8 ) .  We see  t h a t
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in  t h i s  case  a f l u i d  p a r t i c l e  r i s e s  i n  the  boundary  l a y e r  n e a r  the  hot  

w a l l ,  c r o s s e s  the  t o p  o f  the  c o n t a i n e r  i n  a h o r i z o n t a l  boundary  l a y e r ,  

de sce nds  i n  the  boundary  l a y e r  n e a r  t h e  c o ld  w a l l  u n t i l  i t  r e a c h e s  i t s  

o r i g i n a l  l e v e l ,  and th e n  c r o s s e s  t h e  i n t e r i o r  o f  t h e  c o n t a i n e r  from the  

c o ld  w a l l  to  the  h o t  w a l l  i n  a s t r a i g h t l i n e  m o t io n  t h a t  i s  o f t e n  r e f e r ­

red  to  as  " p l u g g i n g " .  This  p r e f e r e n c e  f o r  p u r e l y  h o r i z o n t a l  m otion  in  

the  i n t e r i o r  ( p lu g g i n g )  i s  o f t e n  o b se rve d  i n  s t e a d y  n a t u r a l  c o n v e c t i o n  

p r o b l e m s .

The c r o s s - f l o w  p a t t e r n  i s  shown i n  F i g u re  ( 4 . 9 )  f o r  t h e  ca se  when 

O' = 2 and f  (z)  i s  p o s i t i v e .  Th is  i s  an  example o f  a d i f f e r e n t  kind o f  

f o u r - c e l l  m otion  t h a n  was d e p i c t e d  i n  F i g u r e  ( 4 . 7 )  f o r  the  z -d e p e n d e n t  

boundary  c o n d i t i o n .

As the  p a r a m e t e r  O! i n c r e a s e s  th rough  th e  i n t e g e r s ,  t h e  f low w i l l  

c o n t i n u e  to  d i v i d e  i n t o  2o! c e l l s  i n  o r d e r  f o r  f l u i d  to e n t e r  the  i n t e r ­

i o r  a t  a co ld  w a l l  and l e a v e  th e  i n t e r i o r  a t  a h o t  w a l l .  N o t i c e  t h a t  

i f  f ' ( z )  i s  ze ro  ( t h a t  i s ,  t h e  bounda ry  t e m p e r a t u r e  v a r i e s  o n l y  az im u th ­

a l l y  and n o t  w i th  z)  t h e n  no t  o n l y  i s  t h e r e  no v e r t i c a l  m o t ion  bu t  the 

c r o s s  flow i s  a l s o  z e ro  as  s e en  from Eqs .  ( 4 . 4 2 )  and ( 4 .4 3 ) .

Although the  form o f  the  a z i m u t h a l l y  v a r y i n g  boundary c o n d i t i o n  

used i n  t h i s  example (T^ = f ( z )  cos  OfS ) a p p e a r s  a t  f i r s t  g l a n c e  t o  be 

r a t h e r  r e s t r i c t i v e ,  i t  i s  a c t u a l l y  q u i t e  g e n e r a l  i n  t h a t  any a r b i t r a r y  

boundary c o n d i t i o n  can be F o u r i e r  s y n t h e s i z e d  by an i n f i n i t e  s e r i e s  t h a t  

i s  composed o f  terms o f  t h i s  k i n d .

I t  i s  a l s o  w o r th  m e n t io n in g  a t  t h i s  p o i n t  t h a t  the  g e n e r a l  s o l u ­

t i o n  t o  the c r o s s - f l o w  problem can  be w r i t t e n  i n  terms o f  a Neumann f u n c ­

t i o n  which depends o n l y  on the  geom et ry  o f  the  boundary  cu rve  (g .
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This  s o l u t i o n  i s

r
= - j )  5^*  N ds  (4 .4 5 a )

where N i s  the  Neumann f u n c t i o n .  The Neumann f u n c t i o n  must  be de te rm ined  

from the  f o l l o w i n g  prob lem:

2 ^ " lV N -  - ^  K (4 .4 5b)
o z

= 0 on ( L  (4 .45c)
w i t h  I

N -— t o g  Ir  - cl a s  r  -* C - (4 .45d)

— r

Here r  i s  the  p o s i t i o n  v e c t o r  as  u s u a l  and Q i s  t h e  p o s i t i o n  v e c t o r  a t  

a f i e l d  p o i n t .

Thus, i n  p r i n c i p l e ,  t h e  s o l u t i o n  f o r  any geom et ry  and any tem­

p e r a t u r e  p e r t u r b a t i o n  i s  g i v e n  by Eq. ( 4 .4 5 a )  s i n c e  ôcp^/ôn* on Cc i s  

known from Eq. ( 4 . 6 )  and the  Neumann f u n c t i o n  can be found f o r  a p a r t i ­

c u l a r  c o n t a i n e r  geomet ry from t h e  above p rob lem.  Of c o u r s e ,  t h e  Neumann 

f u n c t i o n  can be found a n a l y t i c a l l y  i n  v e r y  few c a s e s  and o u r  d i s c u s s i o n  

o f  s i m p l i f i e d  g e o m e t r i e s  and bounda ry  c o n d i t i o n s  w i l l  c o n t i n u e .  However, 

t h i s  g e n e r a l  s o l u t i o n  to  t h e  c r o s s - f l o w  problem may be u s e f u l  i n  d e t e r ­

m in ing  n u m e r i c a l  s o l u t i o n s  t o  more c o m p l ic a t e d  p r o b le m s  and c e r t a i n l y  

emphas izes  the e l l i p t i c  b e h a v i o r  of  the  c r o s s  f lo w .

E l l i p t i c a l  C ross  S e c t i o n

L e t  the  c r o s s  s e c t i o n  o f  the r i g h t  v e r t i c a l  c y l i n d e r  o f  h e i g h t  L 

now be an e l l i p s e  w i th  s e m i -m a jo r  a x i s  a and s e m i -m in o r  a x i s  b as  shown 

i n  F ig u re  ( 4 . 1 0 ) .  Now the  o b v io u s  c h o i c e  f o r  t h e  c r o s s - p l a n e  c o o r d i n a t e  

sys te m  i s  the e l l i p t i c  c o o r d i n a t e  sys tem a l s o  shown i n  the  f i g u r e .  The



E l l i p t i c a l  C y l i n d e r

b/L

TJh

Top View

X = O' cosh U cos V 

y = Œ s in h  U s i n  V

tt/ 3

3tt/ 4 tt/ 4

tt/65 t i /

M r - » "
V==TT

U=

3 / 2U=

U=

E l l i p t i c  C o o r d i n a t e  System

F ig u re  4 .1 0  R ig h t  E l l i p t i c a l  C y l in d e r
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n o n d im e ns iona l  c r o s s - p l a n e  a r e a ,  A, and i t s  c i r c u m f e r e n c e , va , a r e

A = TT ^  (4 ,4(i)
L L

p T T / 2
(ji = 4 -  I I  ^  cl6 (4 .4 7 a )

0 V 1 - [ l - ( b / a )  ] s i n  0

" " à +ml. ■

The e r r o r  i n  t h e  a p p r o x i m a t io n  f o r  t h e  e l l i p t i c  i n t e g r a l  grows as  

the  e c c e n t r i c i t y  o f  the  e l l i p s e  i n c r e a s e s .  For i n s t a n c e ,  t h e  e x p r e s s i o n  

f o r  the  c i r c u m f e r e n c e  i s  e x a c t  f o r  the  l i m i t i n g  c a se  o f  a c i r c l e  ( b /a  = 

1 ) .  The e r r o r  i n  t h e  a p p r o x i m a t i o n  f o r  t h e  e l l i p t i c  i n t e g r a l  i s  l e s s  

than  t h r e e  p e r c e n t  f o r  b / a  = 1 /2  and grows to  a maximum va lue  o f  j u s t  

over  e l e v e n  p e r c e n t  as  b / a  ap p ro a c h e s  z e r o .  Thus, the  a p p r o x i m a t io n  i s  

a c c e p t a b l e  f o r  most  e n g i n e e r i n g  work ( e s p e c i a l l y  f o r  b / a  g r e a t e r  th a n  

one h a l f )  and the  c o n v e n ie n c e  g a ine d  by avo id ing  e l l i p t i c  i n t e g r a l  t a b l e s  

j u s t i f i e s  i n t r o d u c i n g  th e  a p p r o x i m a t io n .

The h e a t - u p  t ime ( u s i n g  the  app rox im ate  p e r i m e t e r )  i s

= P , ■ ( 4 .4 8 )
' 2 ,L \2  '

With t h i s  e x p r e s s i o n ,  the  l o w e s t - o r d e r  t em pe ra tu re  and v e r t i c a l  v e l o c i t y  

can be found from Eqs. ( 4 . 1 4 )  and ( 4 . 1 5 ) .

I t  c an  be shown t h a t  t h e  p a r t i c u l a r  value o f  t h e  e l l i p t i c a l  c o ­

o r d i n a t e  U t h a t  d e s c r i b e s  the  c o n t a i n e r  i s  given by

[]̂  = tanh  ^ ( b / a )  . (4 .4 9 )
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Then,  i f  we l i m i t  our  a t t e n t i o n  to  z -d e p e n d e n t  boundary c o n d i t i o n s ,  the 

problem f o r  t h e  c r o s s  f low reduces  to  

P
2 - r  ‘‘’t:

n

w ith
f  1

The s o l u t i o n  to  t h i s  e q u a t i o n  i s

( 4 . 5 0 )

( 4 . 5 1 )

'(>1 -
a, ‘I’i

dz ^ LG?.V."' 2hV " ' 4n coshU^sinhU^

where the  c o n d i t i o n  t h a t  t h e  c r o s s - p l a n e  f low must  be everywhere  i r r o t a t i o n -  

a l  has  been invoked  i n  o r d e r  to make the s o l u t i o n  u n ique .

This  e x p r e s s i o n  f o r  the  v e l o c i t y  p o t e n t i a l  c o r r e s p o n d s  to  the 

f o l l o w i n g  c r o s s - p l a n e  v e l o c i t y  components

LG ?.
u  +

A (cosh^U-s in^V) ~̂
( 4 . 5 2 )

&
-T /t

s i n h H
‘V

CL\ A coshU s i n h U
"2rr7 2n cosHJ^sinh

Vsinh^U + s in^V

( 4 . 5 3 )

V .  =
- T / t .

A s i n  V cos V
2rr cosh s inh

sinh^U + sin^V ( 4 . 5 4 )

The g o v e rn in g  d i f f e r e n t i a l  e q u a t i o n  f o r  the c r o s s - f l o w  s t r e a m ­

l i n e s  i s

(4 .5 5 )

111 i s  may be i n t e g r a t e d  to  g iv e  the f o l l o w i n g  s t r e a m l i n e  e q u a t i o n
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+ 2Â - / aÂ  ̂ + 1

+  2Â +  +  1

[ M ‘ + 1

cons L 
tan  V ( 4 .5 6 )

where

A ^ cosh  s i n h

N o t i c e  t h a t  we have  the f o l l o w i n g  t h r e e  p o s s i b i l i t i e s ;

Â > 0 f o r  < 2n

Â = 0 f o r  (?.e.= 2n

Â < 0 f o r  > 2rr

(4 .57)

(4 .58)

(4 .59)

(4 .60)

Figu re  ( 4 .1 1 )  shows the c r o s s - f l o w  s t r e a m l i n e  p a t t e r n s  f o r  each

o f  t h e s e  t h r e e  c a s e s .  When (5. i s  l e s s  than  2rr the s t r e a m l i n e s  tend to

ru n  p a r a l l e l  to the  m ino r  a x i s .  When & e q u a l s  2n the  s t r e a m l i n e s  a r e

s t r a i g h t  l i n e s  e m a n a t in g  outward  from the c y l i n d e r ' s  c e n t e r l i n e .  When

Cv i s  l e s s  t h a n  2n th e  s t r e a m l i n e s  tend  t o  r u n  p a r a l l e l  to  the m ajo r

a x i s  o f  the e l l i p s e .  I n s p e c t i o n  o f  Eq. ( 4 . 4 7 b )  shows t h a t  the  a p p r o x i -

2 2 2mate v a l u e  o f  tb. e q u a l s  2n when (a +b ) /2  = L . Thus, the  t h r e e  s e p a ­

r a t e  c a s e s  a r i s e  due to  a geometry  e f f e c t  t h a t  compares  the  s i z e  o f  the  

e l l i p t i c a l  c r o s s  s e c t i o n  w i th  t h e  h e i g h t  o f  the  c y l i n d e r .

E l l i p s o i d  o f  R e v o l u t i o n  

L e t  us now c o n s i d e r  the c o n t a i n e r  t o  be an e l l i p s o i d  o f  r e v o l u t i o n  

o f  h e i g h t  L and r a d i u s  a as shown in  F i g u r e  ( 4 . 1 2 ) .  We w i l l  i n t r o d u c e  

the  p o l a r  c o o r d i n a t e  sys tem  shown i n  the f i g u r e  and t a k e  the  r a d i a l  c o ­

o r d i n a t e  r  to  be r^  on t h e  c o n t a i n e r .  The nond im ens iona l  c r o s s - p l a n e  

a r e a  and c i r c u m f e re n c e  a r e  g i v e n  by



Q  < 2n

G = 2tt

G  > 2n

F i g u r e  4 ,11  C ro s s -F lo w  S t r e a m l i n e s  f o r  a R igh t  

E l l i p t i c a l  C y l i n d e r
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a /L

2 2 2X z

(a /L) ( a /L ) ( 1 / 2 )

Top View a t  A r b i t r a r y  z

F igure  4 .1 2  E l l l p B o i d  o f  R e v o lu t io n
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A = n r ^ ^  ( 4 . 6 1 )

Ci = 2rr (4 .62 )

where r^, = ^  ^ 1  - 4z . (4 .63 )

The u n i t  v e c t o r  normal  to  the  c o n t a i n e r  i s  found to be

n .  I ;  '  ( S '  '  ^  . (4.64)

4  + “ ( l )

T h e r e f o r e  < n x e > i s  c a l c u l a t e d  as' z'

4

< | n x e  ! =--I--------------------------    . (4 .65 )

/  l - 4 ( l - 4 ( | )  )  z^

Thus,  t h e  h e a t - u p  t im e ,  as  g iv e n  by Eq. ( 4 . 4 ) ,  i s

3 /4  
!____

[ l - 4 ( l - 4 ( g
t T  .ni/4

And we s e e  t h a t ,  u n l i k e  the  c y l i n d r i c a l  c a s e ,  t h e  e l l i p s o i d a l  h e a t - u p  

t ime i s  n o t  c o n s t a n t  b u t  v a r i e s  w i t h  z .

I f  we c o n s i d e r  the s p e c i a l  c a s e  o f  t h e  z -dependen t  boundary  con­

d i t i o n ,  t h e n  the  P o i s s o n  e q u a t i o n  f o r  f low i n  t h e  c ross  p lane  r educ e s  to

= T - ^ d ?  '  "

w i th

f): ' r
[ d ï  2 ^  ^  r -  ( 4 - 6 8 )



80

where we have  assumed t h a t  cp̂  ^ ^ ^ ( 8 )  by r e a s o n  o f  symmetry. The s o l u ­

t i o n  to t h i s  p rob lem ,  i n  t erms o f  t h e  v e l o c i t y  components ,  i s

“l ' F d ï C  7T~) ' (4-69)n

v^ = 0 . ( 4 . 7 0 )

R e c a l l  t h a t  f o r  a r i g h t  c i r c u l a r  c y l i n d e r  o f  h e i g h t  L and r a d i u s  

R we found th e  h e a t - u p  to  be g i v e n  by Eq.  (4 .2 2 )  as

^ r  R
T ( c y l i n d e r )  = —  — • ( 4 . 7 1 )

H n  ^

Thus,  i f  we take  Eq. ( 4 . 6 6 )  t o  g iv e  t h e  h e a t - u p  t ime f o r  an e l l i p s o i d  

o f  r e v o l u t i o n  o f  h e i g h t  L and r a d i u s  a ,  we can form th e  f o l l o w i n g  c o m p a r i ­

son:

/RN ' ^ H ( e l l i p s o i d )  _ ( l - 4 z % ) 3 /4

^H (c.U „der, '  '

A p l o t  o f  t h i s  e q u a t i o n  i s  shown i n  F i g u r e  ( 4 . 1 3 ) .  I f  the  two c o n t a i n ­

e r s  a r e  to  have  th e  same volume,  t h e n  R/a must  be t ake n  to  be the  s q u a r e  

r o o t  o f  t w o - t h i r d s .  I f  i n s t e a d ,  t h e  two c o n t a i n e r s  a r e  to  have  the  same 

r a d i u s ,  t h e n ,  o f  c o u r s e ,  R/a  i s  u n i t y  by  d e f i n i t i o n .  N o t i ce  t h a t  i n  bo th  

c a s e s  t h e  h e i g h t  o f  t h e  c o n t a i n e r  i s  t h e  same, namely L. As a /L  i n ­

c r e a s e s ,  t h e  c y l i n d e r ' s  h e a t - u p  " a d v a n t a g e "  d e c r e a s e s .  That i s ,  t h e  

" f a t t e r "  t h e  e l l i p s o i d ,  the  f a s t e r  t h e  f l u i d  in  t h e  e l l i p s o i d  h e a t s - u p  i n  

com par i son  w i t h  a c i r c u l a r  c y l i n d e r  o f  the  same volume. Observe t h a t  an 

e l l i p s o i d  w i t h  a /L  = 1 /2  c o r r e s p o n d s  to  a s p h e r i c a l  c o n t a i n e r  o f  d i a m e t e r  

L.



Note :

(1 )  R/a = 1 f o r  equa l  h e i g h t ,  e q u a l  w id th  c o n t a i n e r s .

(2)  R/a = / 2 / 3  f o r  e q u a l  h e i g h t ,  equa l  volume c o n t a i n e r s ,

(3)  a /L  = 1/2 i s  a s p h e r e  o f  r a d i u s  L /2 .

'D•H u0 Q)(0 'U& C•H •Hf-4r*H >>Q) OX- %
(-

1 . 0

0. 8

0 . 6

0 .4

i n c r e a s i n g  a /L

0 . 2

0

0 .40 0 . 50 . 2 0.30 . 1

F ig u re  4 .13  H ea t -up  Comparison Between a 

C y l i n d e r  and an E l l i p s o i d
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The g e n e r a l  h e a t - u p  s o l u t i o n  w i l l  combine a l l  o f  the f e a t u r e s  

i l l u s t r a t e d  i n  t h e  p r e c e e d i n g  exam ples ,  When an a r b i t r a r i l y  shaped 

c l o s e d  c o n t a i n e r  i s  p e r t u r b e d  by a g e n e r a l  im p u l s iv e  boundary  t e m p e ra ­

t u r e ,  a boundary  l a y e r  w i l l  be formed a lm o s t  i n s t a n t a n e o u s l y .  Thi s  bound­

a r y  l a y e r  w i l l  e n t r a i n  f l u i d  from th e  i n v i s c i d  i n t e r i o r  e s t a b l i s h i n g  

b o u n d a r y - l a y e r  s u c t i o n  and c o n s e q u e n t l y  ( b e c a u s e  of  mass c o n s e r v a t i o n )  

v e r t i c a l  m o t ion  i n  t h e  i n t e r i o r .  F u r th e r m o r e ,  the  boundary  l a y e r  w i l l  

a v e r a g e  a z im u th a l  v a r i a t i o n s  i n  t h e  c o n t a i n e r  t e m p e ra t u re  such t h a t  i t  

p r e s e n t s  an e f f e c t i v e  i s o t h e r m a l  boundary  t o  each  h o r i z o n t a l  l a y e r  o f  

i n t e r i o r  f l u i d .  However , e a ch  h o r i z o n t a l  l a y e r  o f  f l u i d  i n  t h e  i n t e r i o r  

i s  i n i t i a l l y  i s o t h e r m a l  s i n c e  t h e  f l u i d  o r i g i n a l l y  i s  i n  a s t r a t i f i e d  

s t a t e  o f  s t a t i c  e q u i l i b r i u m .  There  i s  no mechanism f o r  h e a t  t r a n s f e r  i n  

t h e  i n t e r i o r  o t h e r  t h a n  c o n v e c t i o n .  Thus, e a c h  h o r i z o n t a l  l a y e r  o f  i s o ­

t h e r m a l  f l u i d  w i l l  r em ain  i s o t h e r m a l  as  i t  i s  convec ted  to  i t s  new e q u i ­

l i b r i u m  p o s i t i o n  a t  a v e l o c i t y  whose v e r t i c a l  component i s  c o n s t a n t  a -  

c r o s s  each  h o r i z o n t a l  l a y e r .  The f i n a l  h e a t e d  s t a t e  i s  approached  asymp­

t o t i c a l l y  i n  t ime  and the e - f o l d i n g  t ime f o r  t h i s  h e a t - u p  p r o c e s s  w i l l  

v a r y  w i t h  v e r t i c a l  l o c a t i o n  w i t h i n  t h e  c o n t a i n e r .  F i n a l l y ,  the  i n t e r i o r  

f l u i d  l a y e r  w i l l  ( a s y m p t o t i c a l l y )  r e a c h  a l e v e l  where the  t e m p e r a t u r e  o f  

t h i s  l a y e r  e q u a l s  t h e  a v e ra g e  c o n t a i n e r  t e m p e r a t u r e  and the  f l u i d  w i l l  

have r e t u r n e d  to the rm a l  e q u i l i b r i u m  w i t h  t h e  c o n t a i n e r .  "Ne t"  boundary -  

l a y e r  e n t r a i n m e n t  w i l l  c e a s e ,  a s  w i l l  v e r t i c a l  m o tion  i n  t h e  i n t e r i o r ,  and 

the  f l u i d  w i l l  be " h e a t e d " . H o r i z o n t a l  m o t io n  ( p lu g g in g )  w i l l  p e r s i s t ,  

w i t h  f l u i d  e n t e r i n g  th e  i n t e r i o r  a t  a " c o l d "  w a l l  and l e a v i n g  th e  i n t e r ­

i o r  a t  a " h o t "  w a l l  i n  such a way t h a t  t h e  n e t  mass f l u x  i n t o  t h e  i n t e r ­

i o r  i s  z e r o .



CHAPTER V 

CONCLUSIONS AND RECOMMENDATIONS 

C o n c lu s io n s

The s o l u t i o n  to  t h e  g e n e r a l  l i n e a r i z e d  h e a t - u p  problem has been  

found.  Tha t  i s ,  g i v e n  t h a t  a N ew to n ian ,  w e a k l y - s t r a t i f i e d  f l u i d  w i t h  con­

s t a n t  f l u i d  p r o p e r t i e s  i s  i n i t i a l l y  a t  r e s t  i n  a c o m p le te ly  f i l l e d  c l o s e d  

c o n t a i n e r  o f  a r b i t r a r y  sha pe ,  and g iv e n  t h a t  the  t e m p e r a t u r e  o f  t h i s  con­

t a i n e r  i s  i m p u l s i v e l y  changed by a " v e r y  s m a l l "  amount ,  t h e n  the  r e s p o n s e  

o f  t h e  f l u i d  t o  t h i s  t e m p e r a t u r e  p e r t u r b a t i o n  i s  now known. The i n t e r i o r  

t e m p e r a t u r e  and v e r t i c a l  v e l o c i t y  s o l u t i o n s  a r e  s im p ly  w r i t t e n  i n  terms 

o f  the  c i r c u m f e r e n t i a l  " a v e r a g e "  v a lu e  o f  t h e  t e m p e ra tu re  p e r t u r b a t i o n .

The f low i n  t h e  c r o s s  p l a n e  m us t  be d e te r m in e d  by s o l v i n g  th e  a p p r o p r i a t e  

P o i s s o n  e q u a t i o n  f o r  t h e  p a r t i c u l a r  t e m p e r a t u r e  p e r t u r b a t i o n  and c o n t a i n e r  

geomet ry b e i n g  c o n s i d e r e d .  However ,  t h i s  P o i s s o n  e q u a t i o n  i s  w e l l - p o s e d  

and a n u m e r i c a l  s o l u t i o n  i s  s t r a i g h t f o r w a r d .

I t  was found from the a n a l y s i s  t h a t  t h e  i n v i s c i d  i n t e r i o r  r e g i o n  

responds  to  a s p e c i a l  " a v e r a g e "  v a l u e  o f  t h e  t em p e ra tu re  p e r t u r b a t i o n  on 

th e  c o n t a i n e r  and t h a t  the  e f f e c t  o f  the  boundary  l a y e r  i s  t o  smear  o u t ,  

o r  a v e r a g e ,  any  c i r c u m f e r e n t i a l  v a r i a t i o n  i n  t h i s  p e r t u r b a t i o n  so t h a t  

the  i n t e r i o r  r e g i o n ,  i n  e f f e c t ,  r e s p o n d s  t o  an i s o t h e r m a l  c r o s s - p l a n e  

boundary .

The h e a t - u p  mechanism i s  c o n v e c t i v e  i n  n a t u r e .  Conduct ion  and v i s ­

c o s i t y  a r e  i m p o r t a n t  o n l y  in  t h i n  boundary  l a y e r s  o f  t h i c k n e s s  o f  t h e  o r d e r
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of  t h a t  l i e  n e a r  t h e  c o n t a i n e r  w a l l s .  These boundary l a y e r s  become 

f u l l y  de v e lo p e d  w i t h i n  a few p e r i o d s  o f  t h e  Brunt - Vai s a l a  f r e q u e n c y  and 

th en  change v e r y  s l o w l y  d u r i n g  h e a t - u p .  The v i s c o u s  bounda ry  l a y e r  r e ­

q u i r e s  t h a t  a sm a l l  mass f l u x  be e s t a b l i s h e d  in  the  i n t e r i o r  r e g i o n  n o r ­

mal to the  c o n t a i n e r  s i d e w a l l s  which i n  t u r n  r e q u i r e s  a s m a l l  v e r t i c a l  

mass f low i n  the  i n t e r i o r  i n  o r d e r  t o  p r e s e r v e  c o n t i n u i t y .  This  bound­

a r y - l a y e r  " s u c t i o n "  p r o v id e s  the  b a s i c  h e a t - u p  mechanism.  By t h i s  p r o ­

c e s s ,  each  i n t e r i o r  f l u i d  p a r t i c l e  c o n v e c t s  i t s  " t e m p e r a t u r e "  (more p r e ­

c i s e l y ,  i t s  s t a t i c  e n t h a l p y )  f rom i t s  o r i g i n a l  e q u i l i b r i u m  l o c a t i o n  to  

some new e q u i l i b r i u m  l o c a t i o n  w i t h i n  t h e  c o n t a i n e r  where t h i s  t em pe ra ­

t u r e  must  n e c e s s a r i l y  e q u a l  t h e  c o r r e s p o n d i n g  boundary t e m p e r a t u r e  as  

shown i n  F i g u r e  ( 5 . 1 ) .  Thus, the  f l u i d  i s  h e a t e d - u p ,  i . e .  t h e  i n t e r i o r  

t e m p e ra tu re  e q u a l s  t h e  "boundary" t e m p e r a t u r e  (which i s  a b o u n d a r y - l a y e r -  

averaged  c o n t a i n e r  t e m p e r a t u r e )  and t h e  v e r t i c a l  m o tion  c e a s e s .  H o r i ­

z o n t a l  m o t io n  w i l l  p e r s i s t  i f  the  c o n t a i n e r  t em p e ra tu re  has  a z im u th a l  

v a r i a t i o n s .  This  i s  t h e  " p lu g g i n g "  e f f e c t  t h a t  i s  common i n  s t r a t i f i e d  

f low s .

S e v e r a l  a n a l y t i c a l  s o l u t i o n s  t o  t h e  P o i s so n  e q u a t i o n  f o r  f low in  

the c r o s s  p l a n e  were found in  o r d e r  t o  i l l u s t r a t e  t h e  b a s i c  h e a t - u p  

p r o c e s s  and t h e  a l t e r a t i o n s  t o  t h i s  p r o c e s s  t h a t  v a r i o u s  co m b in a t io n s  o f  

the t e m p e r a t u r e  p e r t u r b a t i o n  and c o n t a i n e r  geometry cause .  This  f i r s t  

c a l c u l a t i o n  f o r  the  c i r c u l a r  c y l i n d e r  w i t h  a z -de pe nde n t  boundary c o n d i ­

t i o n  d i s p l a y s  a l l  o f  t h e  p h y s i c a l  i d e a s  a s s o c i a t e d  w i t h  the  g e n e r a l  h e a t -  

up problem and a t  t h e  same t ime a f f o r d s  g r e a t  m a the m a t ic a l  s i m p l i f i c a t i o n .

The c i r c u l a r  c y l i n d e r  w i t h  an a z i m u t h a l l y  v a r y i n g  boundary  c o n d i ­

t i o n  d e m o n s t r a t e s  e x p l i c i t l y  t h e  c o n c ep t  t h a t  the  f l u i d  responds  to  t h e
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" a v e r a g e "  t e m p e r a t u r e  by showing t h a t  t h e  i n t e r i o r  t e m p e r a t u r e  does no t  

change fo r  a s i n u s o i d a l  a z i m u t h a l  p e r t u r b a t i o n ,  s i n c e  the  a v e ra g e  v a lu e  o f  

t h i s  p e r t u r b a t i o n  i s  z e r o .  F u r th e r m o r e ,  we see  t h a t  the c r o s s  f low i s  

no t  ze ro  f o r  t h i s  c a s e ;  i n s t e a d  i t  i s  the  f a m i l i a r  " p lu g g e d "  f low found 

i n  many s t r a t i f i e d  f l u i d  p ro b le m s .

The e l l i p t i c a l  c y l i n d e r  e x h i b i t s  an  odd " c h a n g e - o f - p r e f e r e n c e - f o r -  

f l o w - d i r e c t i o n "  t h a t  i s  d i c t a t e d  by a p a r a m e t e r  t h a t  compares  the  (no rm a l ­

i z e d )  c r o s s - s e c t i o n a l  a r e a  o f  t h e  c y l i n d e r  w i t h  i t s  ( n o rm a l i z e d )  p e r i ­

m e te r .  This  r e s u l t  warns t h a t  t h e  e f f e c t s  a s s o c i a t e d  w i t h  n o n - c i r c u l a r  

geometry a r e  n o t  s a f e l y  d e a l t  w i t h  by i n t u i t i o n .  The c a l c u l a t i o n  f o r  

the  e l l i p s o i d  p r i m a r i l y  d e m o n s t r a t e s  t h e  f a c t  t h a t  the  h e a t - u p  t ime v a r i e s  

w i t h  v e r t i c a l  p o s i t i o n  f o r  n o n - c y l i n d r i c a l  c o n t a i n e r s .

The a r b i t r a r i l y - s h a p e d  c o n t a i n e r  was found to  app roa c h  i t s  f i n a l  

s t e a d y  s t a t e  a s y m p t o t i c a l l y  i n  t im e  and thus  the  " h e a t - u p "  t ime  was d e ­

f i n e d  t o  be the  e - f o l d i n g  t ime whose v a l u e  was e s t a b l i s h e d  to  be p r o p o r -  
i

t i o n a l  to  . T h e r e f o r e ,  r e f e r r i n g  to  Eq.  ( 3 . 5 1 ) ,  t h e  i n s u l a t i n g  a i r

gap in  a pane o f  th e r m a l  g l a s s  h e a t s - u p  i n  a p p r o x i m a t e l y  two s e c o n d s ,  a

two f o o t  r a d i u s  LOX f u e l  t a n k  i n  a s p a c e c r a f t  on the  pad h e a t s - u p  i n  an

hour  and a h a l f ,  a hundred f o o t  d i a m e t e r  LNG s t o r a g e  t a n k  h e a t s - u p  in

9
two days and the  co re  o f  the  E a r t h  h e a t s - u p  i n  ab o u t  10 y e a r s .  The c a l ­

c u l a t i o n  f o r  t h e  E a r t h ' s  core  i s  based  on d a t a  t h a t  i s  s k e t c h y  a t  b e s t .  

Fu r the rm ore ,  the  P r a n d t l  number i n  the  c o re  i s  v e ry  l a r g e  and c o n s e q u e n t ly  

the  v i sc o u s  d i s s i p a t i o n  term s h o u ld  n o t  be n e g l e c t e d  a s  was done i n  ou r  

th e o r y .  N o n e t h e l e s s ,  o u r  c a l c u l a t i o n  shows the  da n g e r  o f  a s sum ing  t h a t

the  co re  o f  the  E a r th  i s  a t  s t e a d y  s t a t e  i n  c o n t i n e n t a l  d r i f t  c a l c u l a t i o n s .

I n  o u r  work we have assumed t h a t  t h e  t e m p e r a t u r e  on t h e  c o n t a i n e r

changes i m p u l s i v e l y  i n  t ime from a f u n c t i o n  t h a t  v a r i e s  w i t h  l o c a t i o n  on
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t h e  c o n t a i n e r  o n l y  ( t h e  b a s i c  s t r a t i f i c a t i o n )  to some new f u n c t i o n  t h a t  

a l s o  o n ly  de pe nds  on p o s i t i o n  a s  s e e n  from Eq. ( 2 . 7 1 ) .  I n  o t h e r  words,  

the  boundary t e m p e r a t u r e  i s  assumed t o  be i n d e p e n d e n t  o f  t ime e x c e p t  

d u r i n g  t h a t  i n i t i a l  i n s t a n t  i n  which i t  i s  i m p u l s i v e l y  p e r t u r b e d .  Never ­

t h e l e s s ,  i f  t h e  boundary  t e m p e r a t u r e  v a r i e s  s l o w l y  i n  t im e  (on the  h e a t -

kup t ime s c a l e  o f  o r d e r  ) t h e n  th e  s o l u t i o n  to  t h i s  more g e n e r a l  p r o ­

blem may be found from o u r  t h e o r y  by t r e a t i n g  t h i s  t i m e - v a r y i n g  boundary  

c o n d i t i o n  a s  a n  i n f i n i t e  number o f  i m p u l s i v e  jumps.  This  l e a d s  t o  the  

s o l u t i o n  o f  t h e  more g e n e r a l  prob lem i n  te rm s  o f  the  s o - c a l l e d  " s u p e r ­

p o s i t i o n  i n t e g r a l "  as d i s c u s s e d  in  H i l d e b r a n d  [ 2 1 ] .  Observe t h a t  t h i s  

more g e n e r a l  s o l u t i o n  i s  p o s s i b l e  s i n c e  t h e  g o v e r n i n g  e q u a t i o n s  a r e  

l i n e a r  (hence s u p e r p o s i t i o n  i s  v a l i d )  and s i n c e  a bounda ry  c o n d i t i o n  t h a t  

v a r i e s  on ly  on t h e  s low h e a t - u p  t ime s c a l e  w i l l  d r i v e  a f low  t h a t  i s  a d e ­

q u a t e l y  d e s c r i b e d  in  t e rm s  o f  t h i s  s low t im e  v a r i a t i o n .  Of c o u r s e ,  bound­

a r y  c o n d i t i o n s  t h a t  v a r y  on a s h o r t e r  t ime s c a l e  (on the o r d e r  o f  the 

B r u n t - V a i s a l a  f r e q u e n c y )  c a n n o t  be t r e a t e d  by t h i s  method and f u r t h e r  i n ­

v e s t i g a t i o n  i s  n e c e s s a r y  in  t h i s  c a s e .  However ,  many t i m e - v a r y i n g  bound­

a r y  c o n d i t i o n s  do v a ry  on  th e  h e a t - u p  t ime s c a l e ,  as s e e n i n  the p r e -  

c e e d i n g  p a r a g r a p h .  In  p a r t i c u l a r ,  t h e  d i u r n a l  v a r i a t i o n  ( t w e n t y - f o u r  

h o u r  p e r i o d )  i s  a d e q u a t e l y  d e s c r i b e d  by t h i s  s u p e r p o s i t i o n  s o l u t i o n  f o r  

a l l  examples  m en t io n e d  above e x c e p t  t h e  E a r t h ' s  c o r e .

Recommendations f o r  F u t u r e  R e s e a rc h  

By a n a lo g y  w i t h  t h e  i n i t i a l  v a lu e  p rob le m ,  o r  s p i n - u p  problem, 

t r e a t e d  by G re e nspa n  [  19] in r o t a t i n g  f low t h e o r y  i t  i s  a n t i c i p a t e d  t h a t  

t h e  assumed form o f  the  i n t e r i o r  s o l u t i o n s  g i v e n  by Eqs.  ( 2 . 7 4 )  th rough  

( 2 .7 7 )  w i l l  n o t  be a d e q u a te  t o  s y n t h e s i z e  a c o m p l e t e l y  a r b i t r a r y  b a s i c
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s t a t e .  In  o t h e r  words ,  i f  the  b a s i c  s t a t e  i s  n o t  a s t a t e  o f  r e s t  the 

a n a l o g y  s u g g e s t s  t h a t ,  i n  a d d i t i o n  to  t h e  mode s t u d i e d  i n  t h e  p r e s e n t  

work which  v a r i e s  o n l y  on  th e  h e a t - u p  t im e  s c a l e ,  t h e r e  a r e  an i n f i n i t e  

number o f  modes t h a t  v a r y  on the  s h o r t e r  t ime s c a l e  a s s o c i a t e d  w i th  t h e  

B r u n t - V a i s a i a  f r e q u e n c y .  Greenspan  c a l l s  t h e s e  t h e  i n e r t i a l  modes.  Thus,  

a n  i n v e s t i g a t i o n  i s  needed  to  d e t e r m i n e  what  the  ana logous  s i t u a t i o n  i s  

f o r  t h e  h e a t - u p  problem when the  b a s i c  s t a t e  i s  n o t  one o f  s t a t i c  e q u i l i ­

b r iu m .  Connec ted  to  t h i s  i n v e s t i g a t i o n  w i l l  be t h e  problem o f  how to 

s y n t h e s i z e  boun d a ry  c o n d i t i o n s  t h a t  v a r y  on th e  s h o r t e r  t ime s c a l e  a s s o c i ­

a t e d  w i t h  t h e s e  " i n e r t i a l "  modes.

A no the r  i n t e r e s t i n g  a n a l o g  w i t h  t h e  r o t a t i n g  f low t h e o r y  s u g g e s t s  

t h a t  t h e r e  a r e  c e r t a i n  c o n t a i n e r  g e o m e t r i e s  f o r  wh ich  m o n a to n ic ,  non- 

o s c i l l a t o r y  h e a t - u p  s o l u t i o n s  a r e  n o t  p o s s i b l e .  I n  o t h e r  w o r d s ,  f o r  c e r ­

t a i n  c o n t a i n e r s  the  s p i n - u p  s o l u t i o n  does  n o t  t end  a s y m p t o t i c a l l y  to  a 

s t e a d y  s t a t e  b u t  r em a ins  u n s t e a d y  f o r  a l l  t im e .  I n  r o t a t i n g  f low  t h e o r y ,  

a c o n t a i n e r  t h a t  has  no c l o s e d  c u rv e s  o f  c o n s t a n t  h e i g h t  ( such  a s  a c y ­

l i n d e r  w i t h  n o n p a r a l l e l  p l a n a r  e n d s )  c o n t a i n s  f l u i d  t h a t  does n o t  tend 

a s y m p t o t i c a l l y  t o  a s t e a d y  s t a t e .  R o t a t i n g  f low s o l u t i o n s  o f  t h i s  type  

were  examined  by  Rossby [ 2 2 ]  i n  a g e o p h y s i c a l  c o n t e x t  and t h e  r e s u l t i n g  

" s h e d d i n g  v o r t e x "  wave s o l u t i o n  b e a r s  h i s  name. I t  i s  s u s p e c t e d  t h a t  

t h e  a n a lo g o u s  c o n t a i n e r  i n  s t r a t i f i e d  f low  t h e o r y  i s  one f o r  which  th e  

d e r i v a t i v e  o f  t h e  c r o s s - p l a n e  a r e a ,  dA/dz ,  i s  d i s c o n t i n u o u s .  The h e a t -  

up a n a l y s i s  c a r r i e d  o u t  h e r e  t a c i t l y  assumes t h a t  t h i s  d e r i v a t i v e  i s  

c o n t i n u o u s  i n  go ing  from Eq. ( 3 .3 9 )  to Eq. ( 3 . 4 1 ) .  F u r th e r m o r e ,  e x p e r i ­

m en t s  done by Bishop e t  a l .  [23]  s u p p o r t  t h i s  s u s p i c i o n .  Bishop  e n c lo s e d  

a i r  be tw een  two c o n c e n t r i c  s p h e r e s  t h a t  were m a i n t a i n e d  a t  d i f f e r e n t
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t e m p e r a t u r e s  and o b s e rv e d  the  r e s u l t i n g  f low p a t t e r n .  He found t h a t  f o r  

" m odera te "  t e m p e r a t u r e  d i f f e r e n c e s  the  f low is  u n s t e a d y  and c h a r a c t e r i z e d  

by th e  fo rm a t io n  and s h e d d in g  o f  s m a l l  v o r t e x  c e l l s .  The c r o s s - p l a n e  

d e r i v a t i v e ,  dA/dz,  i s  d i s c o n t i n u o u s  f o r  the  a rea  be tween  c o n c e n t r i c  s p h e re s  

and t h e r e f o r e  the  p o s s i b i l i t y  t h a t  Bishop observed  t h e  "Rossby waves" 

o f  s t r a t i f i e d  f low t h e o r y  i s  r i p e  f o r  i n v e s t i g a t i o n .

Krane [ 9  ] gave an  a n a l y t i c a l  t r e a t m e n t  to t h e  problem o f  non­

l i n e a r ,  s t e a d y ,  t w o - d im e n s io n a l  f low  i n  a r e c t a n g u l a r  c a v i t y  w i t h  d i f f e r ­

e n t  v e r t i c a l  w a l l  t e m p e r a t u r e s  and a d i a b a t i c ,  h o r i z o n t a l  w a l l s .  Due to  

t h e  f a c t  t h a t  the  v e r t i c a l  w a l l  bounda ry  l a y e r s  a r e  n o n s i m i l a r ,  Krane r e ­

s o r t e d  to  a Von Karman i n t e g r a l  s o l u t i o n  f o r  the  v e r t i c a l  w a l l  bounda ry -  

l a y e r  e q u a t i o n s .  Th is  i n  t u r n  r e q u i r e d  the  core  t e m p e r a t u r e  p r o f i l e  t o  

be chosen  from e x p e r i m e n t a l l y  o b s e r v e d  d a t a  r a t h e r  t h a n  by m a t c h in g  w i t h  

t h e  v e r t i c a l  w a l l  bounda ry  l a y e r s .  Thus,  an a n a l y t i c a l  s o l u t i o n  to  t h e  

a p p r o p r i a t e  l i n e a r i z e d  v e r s i o n  o f  K r a n e ' s  problem c o u ld  a s s i s t  i n  u n d e r ­

s t a n d i n g  the  more d i f f i c u l t  n o n l i n e a r  problem as  w e l l  as r e v e a l  t h e  ge n ­

e r a l  f e a t u r e s  o f  t h e  t r a n s i e n t  m o t i o n  t h a t  l ea ds  to  t h i s  s t e a d y  two- 

d i m e n s io n a l  f low.

Other  l o g i c a l  e x t e n s i o n s  o f  the  p r e s e n t  work i n c l u d e  t h e  f o l l o w i n g :

( i )  s p e c i f y  the  h e a t  t r a n s f e r  on th e  boundary i n s t e a d  of  t h e  t e m p e r a t u r e

( i i )  t r e a t  a b a s i c  s t a t e  t h a t  h a s  a d i s c o n t i n u o u s  s t r a t i f i c a t i o n  ( such  

as  found in  a p a r t i a l l y  f i l l e d  c o n t a i n e r  o r  in a c o n t a i n e r  s t o r i n g  s e v e r ­

a l  im m isc ib le  f l u i d s )

( i i i )  p e r t u r b  t h e  g r a v i t y  v e c t o r  i n s t e a d  o f  the boundary t e m p e r a t u r e  i n
<

o r d e r  t o  d r i v e  a l i n e a r i z e d  buo y a n t  m o t io n .

F i n a l l y ,  i t  s h ou ld  be n o t e d  t h a t  t h e r e  i s  much room f o r  e x p e r i ­

m e n t a l  work i n  the  f i e l d  o f  c o n t a i n e d  buoyant  f l u i d s .  This work can
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r a n g e  a l l  t h e  way from s im ple  f low v i s u a l i z a t i o n  e x p e r i m e n t s  and h e a t  

t r a n s f e r  measurem ents ,  up t o  the  more s o p h i s t i c a t e d  measurement  o f  modal 

de c ay  f a c t o r s  and n a t u r a l  f r e q u e n c i e s .
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L e t  R be some t h r e e - d i m e n s i o n a l  r e g i o n  which v a r i e s  w i t h  t ime,  t .  

Th is  r e g i o n  i s  bounded by the  c l o s e d  s u r f a c e ,  S. L e t  S have an outward 

u n i t  normal  v e c t o r ,  n ,  and v e l o c i t y ,  V. Then, f o r  any s c a l a r  q u a n t i t y ,  

Q, L e i b n i t z ' s  r u l e  f o r  d i f f e r e n t i a t i n g  an i n t e g r a l  w i t h  v a r i a b l e  l i m i t s

IS
—  r
d t  I Q ( r , t ) d x  = qv • nds (A . l )

R ( t )  R ( t )  S ( t )

where r  i s  t h e  p o s i t i o n  v e c t o r  and dx and dS a r e  the  d i f f e r e n t i a l  e l e ­

ments  o f  volume and s u r f a c e  a r e a  r e s p e c t i v e l y .

In  o r d e r  t o  s p e c i a l i z e  t h i s  r e s u l t  t o  ou r  ca se  o f  f low i n  the  

c r o s s  p l a n e ,  we t a k e  f o r  o u r  " r e g i o n "  t h e  c r o s s - p l a n e  a r e a .  A, which 

depends on th e  v e r t i c a l  s p a t i a l  c o o r d i n a t e ,  z ,  a s  shown in  F ig u re  ( A . l ) ,  

Here ,  t h e  a r e a .  A, i s  bounded b y Q w i t h  ou tward  u n i t  normal  v e c t o r  n* 

i n  the  p l a n e  o f  A. As the a r e a  changes from A(z^)  to  A^Zg), Q has  a 

" v e l o c i t y "  V* t h a t  i s  g iv en  by

V* = ê + ÿî- ê  (A. 2)dz X dz y

as a l s o  shown in t h e  f i g u r e .

As a " v i s u a l "  a i d ,  we may t h i n k  o f  o u r  r e g i o n  as  be ing  a r i g i d  

v e r t i c a l  c y l i n d e r  o f  h e i g h t  h  and base  A ( z ) , where  Q does n o t  vary 

o v e r  t h e  h e i g h t  o f  any  p a r t i c u l a r  c y l i n d e r .  Thi s  does n o t  say t h a t  Q 

i s  i n v a r i a n t  i n  z ,  b u t  r a t h e r  t h a t  Q v a r i e s  in  z as  the  base a r e a .  A, 

c h a n g es .  This  p ro d u ce s  a d i f f e r e n t  r i g i d  c y l i n d e r  ove r  whose h e i g h t  

Q does n o t  va ry .  T h i s  r i g i d  c y l i n d e r  c o n c e p t  i s  shown in  F i g u r e  (A .2).

The c o n v e n t i o n a l  form o f  Le ibn i t z 's  r u l e  may be a p p l i e d  d i r e c t l y  

to  t h i s  a r t i f i c i a l  r e g i o n  and th e  r e s u l t  i s



V*

A (z

dx

Top View

F ig u re  A . l  C ro s s -P la n e  Geometry
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F ig u re  A .2 R ig id  C y l in d e r  and U n i t  Normals
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& Ilî Q V* . n dS . (A .3)

R(z)  R(z )  S ( z )

The i n t e g r a t i o n  o v e r  the  r e g i o n  i s  e q u i v a l e n t  to  the  p r o d u c t  o f  the  

h e i g h t  o f  the  c y l i n d e r  w i t h  an i n t e g r a t i o n  o v e r  t h e  b a s e  a r e a .  The i n ­

t e g r a t i o n  ove r  t h e  s u r f a c e  may be broken  i n t o  the  sum o f  i n t e g r a t i o n s  

o v e r  the  s i d e ,  top and bot tom o f  t h e  c y l i n d e r .  The r e s u l t  o f  t h i s  i n t e ­

g r a t i o n  i s

Q dA = h ^  dA + h 0 Q lf*-n*ds

A(z)  A(z) (%(z)

Q V*-n^dA + Q V*-rig dA

A(z) A(z)

(A.4)

But  n = -  n and c o n s e q u e n t l y  t h e  l a s t  two i n t e g r a t i o n s  c a n c e l  l e a v i n g

.1.1 9 dA -  J J dA 0  Q v*-nds (A.5)

A(z)  A(z)  Qi(z)

L e t  the  c o n t a i n e r ,  S ,  be d e s c r i b e d  by a f u n c t i o n ,  F, such  t h a t

F ( x , y , z )  = z - f ( x , y )  = 0  on S (A.6)

This  e q u a t i o n  i m p l i e s  the r e l a t i o n s h i p

VF = e - V f  z

which may be c o u p le d  w i t h  the t o t a l  d e r i v a t i v e

dz nx dz oy  dz oz 

t o  y i e l d

-  V f  • "v* + 1 = 0 on %

(A.7)

(A. 8)

(A.9 )
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by making use  of  Eq. (A .2)  f o r  V* and n o t i c i n g  t h a t  d F / ô z  i s  u n i t y  from

Eq. (A.6 ) .  The ou tward  u n i t  normal  to t h e  c o n t a i n e r  i s  V F / | vf | , which can

be r e l a t e d  to  the  u n i t  normal  i n  the  c r o s s  p l a n e ,  a s  shown in F i g u r e

(A .2 ) ,  as  f o l l o w s

.  VF n = VF

= I n X ê n* + (n  • i  )e  . (A. 10)z z z

S o lv in g  t h i s  f o r  v f  we o b t a i n

I  n X i  I
V f = - -----------—  n* (A. 11)

(n . S , )

where we have  used th e  f a c t  t h a t

n - e  = 1 . (A .12)z
+ <yf)^

The l a t t e r  r e s u l t  can  be o b t a i n e d  by i n s p e c t i n g  Eq. ( A .1 0 ) ,  keep ing  in  

mind t h a t v f  h a s  no component  i n  the  z - d i r e c t i o n .

We may now s u b s t i t u t e  f o r  Vf from Eq. (A .11) i n t o  Eq. ( A .9) to

o b t a i n
n - e

V*-n* = - -------—  . (A. 13)
I  n x i  I z

With t h i s , L e i b n i t z ' s  r u l e ,  as  m o d i f i e d  f o r  t h e  c r o s s  p l a n e ,  may be w r i t t e n  

from Eq. (A .5) as

4 dA = I f d A  + l  Q ( - - ^ ) d s  . (A.14)
I nxe I

A(z)  A(z)  Cé(z) ^

I t  i s  o f  i n t e r e s t  to  s e t  Q to u n i t y  i n  t h i s  e x p r e s s i o n  and o b t a i n  

the  r e s u l t
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dz

A

= 1  ( - a  
&

ds ( A .15)
nxe

This  r e s u l t  i s  used  i n  t h e  h e a t - u p  a n a l y s i s  i n  g o i n g  from Eq.  (3 .39)  t o  

Eq. ( 3 . 4 1 ) .


