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Abstract

A group G is totally reflected if it has a generating set & such that each
edge in the Cayley graph T' = I'(G,S) is inverted by some color-preserving
graph reflection on I'. For example, we will show that Coxeter groups and
right-angled Artin groups are totally reflected and that a finitely generated
abelian group is totally reflected if and only if its first invariant factor is even.
We show that direct and free products of totally reflected groups are totally
reflected. More generally, we develop a group construction called a right-
angled product which generalizes free and direct products, and we show that
a right-angled product of totally reflected groups is itself totally reflected.
A group G is strongly totally reflected if there exists a color-preserving
reflection group G acting on I'(G,S) such that each edge in the graph is
inverted by some reflection in G. We state and prove sufficient conditions
for a totally reflected group to be strongly totally reflected and use these
results to prove from a graphical perspective that any right-angled Artin
group is commensurable with a right-angled Coxeter group. In particular,
we show that both the right-angled Artin group Aa = (S) and its associated
right-angled Coxeter group A, are finite-index subgroups of the group of

color-preserving graph automorphisms of I'(Aa,S).



Chapter 1

Introduction

Let’s begin our journey in the familiar territory of 2-dimensional Euclidean
space, R2. Consider the lines [, Iy and I3 given by the equations y = 0,
y =3 -z, and y = —/3 - x, respectively. The smallest angle between any
two of these lines is exactly 7/3. Each line serves as the axis for a reflection
in R2. Let ry, ry, and r3 denote the automorphisms of R? corresponding
to the reflections in the lines [y, ls, and [3, respectively. The reflections are
isometries of the real plane, and the composition of two isometries is again
an isometry. Therefore, r1, ro, and 73 generate a group, say G, with binary
operation given by composition.

It is well known that the composition of two distinct reflections in R?2
whose axes intersect at a single point P is equivalent to a rotation about
P. In our specific example, the compositions 7971 (meaning, reflection across
l; followed by reflection across ly), rsre, and rirs are each equivalent to
counterclockwise rotation about the origin through an angle with measure
27/3, while 1719, ror3, and rsry are each equivalent to clockwise rotation

about the origin through an angle with measure 27/3. Figure 1.1 illustrates



the situation where ry is then followed by rs.

I3 ly
ro(ry(Original)) Original

\ /

Lo

\

r1(Original)

Figure 1.1: Rotational effect of composing reflections in R?

We can observe that reflection in the line [3 can be achieved as a com-
position of reflections in the lines [y and ly. Specifically, r3 = ri7rory = rorirs.
Therefore, the group G can be generated by r; and 79 alone. One can check
that G has exactly six elements, namely 1 (identity), ry, ro, 717971, 7971, and
riry. Of course, there may be other ways to write these elements in terms of
r1 and ro.

If we carefully arrange an equilateral triangle, T, in R? so that its centroid
is at the origin, in the manner depicted in Figure 1.2, we can see that the
lines I, I3, and [3 are precisely the three lines of reflectional symmetry for the
triangle. Therefore, the reflections r1, 79, and r3 leave T invariant. In addi-
tion to the three reflectional symmetries, there are also three distinct (coun-
terclockwise) rotational symmetries on the triangle. We will denote these as
Ry, Ri29, and Ra49, where the subscript corresponds to the degree measure of
counterclockwise rotation about the origin. The set {71, 72,73, Ry, R120, Ro40}

is the complete set of symmetries on 7', and it forms a group with the bi-



nary operation of composition. This group is commonly referred to as the
dihedral group with six elements and denoted by the symbol Ds. It is well
known that D3 can be generated by the elements r; and 75 alone. Therefore,
D3 =(ry,m2) = G. The element Ry corresponds to the identity element 15 of
the group. The rotations Risp and Roy can be written in terms of 7y and 7.

Specifically, Ri99 = rory and Ry = 179 = (1271)2.

I3 ly

/

\

Figure 1.2: Lines of symmetry for the equilateral triangle, T’

Observe that the subset R2 — (I3 Uly Ul3) of R? consists of six disjoint,
open, convex regions, called chambers. We will label the chambers with the
symbols C; for each i € {1,2,3,4,5,6}, as depicted in Figure 1.3. There are six
pairs of chambers which we can think of as being adjacent. For example, C
and (s are adjacent, but C; and C3 are not. In other words, two chambers
are adjacent if their closures in R? with respect to the standard topology
intersect in a ray based at the origin.

We can observe that the group G = D3 = (r1,73) acts on R?. Moreover,
this action is simply transitive on the set of chambers {C}, Cy, C3, Cy, Cs, Cs}.

Choose a point P; in the chamber C; which is equidistant from lines /; and



I3 I

Cly C

L

Figure 1.3: Chambers of R? — (l; ulyUls)

l5. Suppose that we draw a simple closed curve C in R? as described here:
Place a single point at each element of the orbit of P, under the action of
G and connect two points by a line segment if the chambers which contain
them are adjacent. The curve C is depicted in Figure 1.4. We will informally
call it the chamber adjacency graph for the action of G on the plane. Notice
that because of the way the curve C is situated in R?, the reflections 7y, ro,

and r3 of R? act as reflections on C as well.

P =1a(P)

L

r ( )

Figure 1.4: Chamber adjacency graph for the action of G on R?

Some readers may recognize C as the Cayley graph T' = T'(Ds, {r1,72}).
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In general, the vertices in a Cayley graph I'(G,S) correspond to, and are
labeled by, the elements of the group G. The edges in the graph I'(G,S) are
directed and colored line segments or curves. An edge’s color is an element
of S. All of the edges in I'(G, S) which are colored by the same element s € S
are drawn using the same style (solid or dashed, for instance) or the same
color. Vertices labeled by the group elements g and h are connected by an
s-colored edge with direction arrow pointing from ¢ to h whenever g—'h = s.
Said differently, if we begin at a vertex g and travel across an s-colored edge
in the direction of the arrow and arrive at a vertex h, then h = gs.

The colored and directed Cayley graph I' = I'(Ds, {ry,r2}) is shown in
Figure 1.5. The solid edges are those colored by the generator r; and the
dashed edges are those colored by the generator ro. As we have done in
Figure 1.5, it is conventional to leave off the direction arrow when the color
of the edge corresponds to a generator of order 2 in the group. This makes

sense because if s has order 2, then h = gs and g = hs.

T1TT]
17T

Figure 1.5: Cayley graph T'(Ds, {ry,r2})

We will show that each element g of D3 corresponds to a graph automor-

phism L, on I', where L, corresponds to left translation (or left multiplica-



tion). For example, L, sends a vertex labeled by an element g € D3 to the
vertex labeled by r1g € Ds. Since r; has order 2 in the group, the graph
automorphism L,, has order 2 also. In other words, (L,,)? fixes the entire
graph I'. One can easily check that L, interchanges the vertices 1p, and rq,
ro and 719, and rory and rirory. This action also preserves vertex adjacen-
cies. That is, if vertices labeled by group elements g and h are connected
by an edge in I', then the vertices labeled by the elements r1g and r1h are
connected by an edge in I'. The action of L,, on I' inverts the edges between
1p, and r; and between ry7my and 717971. These inverted edges separate the
graph I'. Therefore, we will say that L, is a graph reflection on I'. The
graph automorphisms L,, and L,, are also graph reflections on I'

Suppose that we now consider the Cayley graph for the group D3 with
respect to the generating set 7 = {a, b}, where a = r; and b = ror;. Figure 1.6
shows the graph I = T'(Ds, {a,b}). The dotted edges without arrows corre-
spond to those edges colored by the generator a = r; of order 2. The solid
edges with arrows correspond to those edges colored by the generator b = ror;

of order 3.

Figure 1.6: Cayley graph I'( D3, {a,b})



The left-translation automorphism L, is not a graph reflection on 1. It
does have the property that a? = idp, but the only edge which is inverted by
L, is the edge between 1p, and a. The removal of this single edge does not
separate I'V. However, if we define a (group) automorphism ¢ : D3 — D3 by
stating that ¢(a) = a and ¢(b) = b~! = b2, then L,¢ is a graph reflection on
I'". Specifically, it interchanges the vertices 1p, and a, ab?® and b, and ab and
b2. The edges between the pairs of vertices just listed are exactly those edges
in [V which are inverted by L,¢. These correspond to the dotted edges in
Figure 1.6. The removal of these edges clearly separates the graph I, Notice
that the action of L,¢ on I reverses the direction of the arrows on the edges
colored by b. For example, the arrow on the edge between 1p, and b? in the
graph IV points toward 1p,, but the arrow on the edge between L,¢(1p,) = a
and L,¢(b?) = ab points away from L,¢(1p,).

The reflection L,, on the graph T = I'(Ds, {r1,72}) sent solid edges to solid
edges and dashed edges to dashed edges. Furthermore, it did not change the
direction of the arrows on the edges. (This is a rather trivial observation
in this case, since the edges in ' did not have arrows.) We will say that
L., is color fizing. The graph reflection L,¢ on IV = T'(D3,{a,b}) sent dotted
edges to dotted edges and solid edges to solid edges. However, it reversed the
direction arrows on the solid edges. We will say that L,¢ is color preserving.
In general, every color-fixing graph automorphism is also a color-preserving
graph automorphism.

In the case of the dihedral group Dj with the generating set T = {a, b},
L,¢ as just defined in the only color-preserving graph reflection on IV =

['(D3,T). In fact, it is the only graph reflection of any kind acting on I".



The a-colored edges are all inverted by L,¢, but the b-colored edges are never
inverted by any color-preserving graph reflection acting on I'". For example, if
¢ was a color-preserving graph automorphism on I which inverted the edge
between 1p, and b, then ¢ could not invert any of the other edges incident to
the 1p, or b vertices. It might be possible for ¢ to invert one of the edges in
the inner triangle, but then it could not invert the other edges in the inner
triangle. Removing just one edge from each of the inner and outer triangles
will not separate the graph. Therefore, ¢ could not be a graph reflection.

Generalizing from the specific argument just given, we can see that there
is no color-preserving graph reflection acting on I'” which inverts a b-colored
edge. Therefore, we will say that the pair, or group system, (Ds,7T ) is not
totally reflected. However, the group system (D3, S), where S = {ry,rs}, is
totally reflected. Every edge in the graph I' = T'(D3,S) is inverted by one
of the color-fixing, and therefore color-preserving, reflections L, L,,, or L,,
acting on I.

Ds is just one example of a finite dihedral group. For any positive integer
n > 3, we know that the dihedral group D,, can be generated by two elements
r1 and ry corresponding to reflections in R? across lines [ and I, respectively,
where the lines [; and l; meet at the origin and have a pair of vertical angles
with measure 7/n. As in the case of D3, the group system (D,,,S), where § =
{ry,m2}, is totally reflected. L,, and L,, are color-preserving graph reflections
on I'(D,,S), and together they generate all possible color-preserving graph
reflections on I' = T'(D,,,S). For any edge e in the graph I', one of the
aforementioned color-preserving reflections will invert the edge e.

The dihedral group D,, can also be defined in terms of the following group



presentation:
Dn = (T177"2 ‘ (7"1)2 = (7‘2)2 = (7’17”2)” = 1Dn>

Some readers will recognize this as a Coxeter presentation. Therefore, each
dihedral group D,, for n > 3 is a Coxeter group. The pair (D,,S), where
S ={r1,72}, is an example, then, of a Coxeter system.

The finite dihedral groups make up just one family of finite Coxeter
groups. The renowned geometer H.S.M. Coxeter himself classified the fi-
nite Coxeter groups in 1935 [2]. There are also infinite Coxeter groups. One
might wonder: Are general Coxeter systems totally reflected? The answer is
a resounding “yes.” In fact, Coxeter systems serve as our prototype of totally
reflected systems. In 1934, H.S.M. Coxeter showed that there was a strong
connection between Euclidean reflection groups and Coxeter groups [1]. For
this reason, the elements of the generating set S in a Coxeter system (W, S)
are sometimes referred to as fundamental reflections. The use of the word
reflection here is in the Euclidean sense, but it is true that the elements of
S also act by left translation as color-fixing reflections on the Cayley graph
['(W,S) as well [9]. For any s € S, one can easily observe that the edge be-
tween the elements 1y and s in I'(W,S) is inverted by L,. In Chapter 5, we
will show that a group system is totally reflected as long as for each edge e
with initial vertex 14 there is a color-preserving graph reflection inverting e.
Therefore, based on our preceding observations, (W, S) is a totally reflected
system.

In the case of the Coxeter system (W, S), every color-preserving graph re-

flection on T'(W,S) is color fixing. However, our definition of totally reflected



is based on the slightly weaker color preserving graph reflections. There are
interesting group systems (G, S) such that the Cayley graph I'(G,S) has no
color-fixing reflections but has many color-preserving reflections.

For example, consider the group system (G,S) where G =Z = (a) and S =
{a}. The Cayley graph I'(G,S) is shown in Figure 4.1. For any g € Z, g # 1z,
the left translation L, translates the entire Cayley graph I'(G,S) n “edge
lengths” to the right or left for some nonzero integer n. The automorphism L,
on I'(G,S) does not invert any edges in the graph and thus cannot possibly
be a reflection. However, there are many color-preserving graph reflections
acting on I'(G,S). In fact, for any edge e in the graph, there is some color-
preserving reflection on I'(G,S) which inverts e. Therefore, (G,S) = (Z,{a})

is totally reflected.

[+
[

a” a a” 1z a a a

Figure 1.7: Cayley graph I'(Z,{a})

By defining the condition of totally reflected in terms of color-preserving,
and not color-fixing, graph reflections, we have opened ourselves up to a
much deeper and more interesting exploration. Indeed, our primary goal in
this exposition is to examine the property of totally reflected, to develop some
basic theory that will expand our understanding of this property, and to try
to find larger and larger classes of groups which have this property. In many
instances, simple examples will chart a course toward general principles and
more complex examples. We will discover ways to combine totally reflected

groups to form larger and more interesting totally reflected groups. Finally,
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we will examine a property, which we will call strongly totally reflected (or
s.t.r.), which intuitively seems to be much stronger than the totally reflected
(or t.r.) property. We will give examples of groups which are s.t.r., and
we will explore the relationship between t.r. groups and s.t.r. groups. In
particular, we will try to understand sufficient conditions for a t.r. group to
be s.t.r.

In Chapter 2, we will give careful definitions of the terms graph and
Cayley graph, and we will introduce important terminology related to graphs
that we will use throughout this and later chapters. We will give examples
of Cayley graphs for specific groups and will discuss the general conventions
that we will use when drawing Cayley graphs.

In Chapter 3, we will define the concepts of graph automorphisms and
groups acting on graphs. We will then study special types of automorphisms
on Cayley graphs, namely, color fixzing and color preserving. We will prove
that both color-fixing and color-preserving automorphisms on a Cayley graph
['(G,S) have nice characterizations in terms of simpler types of graph auto-
morphisms.

In Chapter 4, we will delve into the theory concerning graph reflections.
We will briefly discuss the reflection groups and their connection to Coxeter
groups.

In Chapter 5, we begin our investigation of totally reflected groups. First,
we will define what it means for a group system to be totally reflected. Later,
we will define what it means for a group to be totally reflected. Along the
way we will give several fundamental examples of totally reflected group sys-

tems. We will then begin our investigation into methods of combining totally
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reflected groups to form larger classes of totally reflected groups. Specifically,
we will show that any finite direct or free product of t.r. groups is again t.r.
We will also generalize from some of our basic examples involving finite and
infinite cyclic groups to describe exactly what conditions must be satisfied in
order for a finitely generated abelian group to be t.r.

In Chapter 6, we will generalize the direct and free product construc-
tions to form what we will call a right-angled product. We will define a uni-
versal mapping property for right-angled products. This universal mapping
property will make it easier to define right-angled products and to recog-
nize certain groups as right-angled products. We will then state and prove
our paramount result, which shows that the right-angled product of totally
reflected groups is totally reflected.

In Chapter 7, we will define the concept of strongly totally reflected (or
s.t.r.). First, we will define what it means for a group system to be s.t.r., and
then we will define what it means for a group to be s.t.r. We will give several
examples of s.t.r. groups. We will prove a proposition which will make it
easier to show that a reflection group acting on a Cayley graph I'(G,S) has
the necessary property which allows us to say that (G,S) is s.t.r. We then
turn our attention to the problem of finding sufficient conditions for a t.r.
group to be s.t.r. We will use some of these results to show that right-angled
Artin groups are s.t.r. This will allow us to define a color-preserving reflection
group A, acting on the Cayley graph of a right-angled Artin group system
(Aa,S) such that the chambers of the action of A, on I' =T'(Aa,S) are the
vertices of I'. We will observe that A, is isomorphic to a right-angled Coxeter

group and will give a complete description in terms of a group presentation for
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this Coxeter group. We will finish our discussion of right-angled Artin groups
by showing that the groups Aa and A, are commensurable. In particular,
we will prove that both Ax and A, are finite-index subgroups of the group
of color-preserving graph automorphisms of I'(Aa,S). We close the chapter
with an example illustrating how the right-angled product graph A’ for A,
can be derived from the right-angled product graph A for Aa.

Before we begin, let us quickly make some remarks regarding notation.
For any integer n, we will use the symbol I,, to denote the set of the first n
positive integers. That is, I,, := {i € Z | 1 <i<n}. Occasionally we will want
to include 0 as a possible index. In this case, we will use the symbol I, to
denote the set of the first n + 1 nonnegative integers, starting with 0. That
is, I, = I, u{0}. When working with a group G, we will typically use the
symbol 15 to denote the (unique) identity element for the group. For any
element ¢ in the group G, we will use the symbol g=! to denote the (unique)
inverse element for ¢g. In any group, the identity element 1 is its own inverse.
For the sake of convenience, we will often write the product ¢g-h of group
elements simply as gh. Throughout this exposition, we will make use of
standard notation and terminology from group theory. Any conventions we

use which may not be standard to the field will be elucidated.
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Chapter 2

Graphs

2.1 Definitions

A graph, T'| is a quadruple I' = (V, E, -, 1), where V = V(T') and E = E(I")
are sets; — : ' —» FE is an involution such that for any e € |, € # e; and
t: E -V is a function. V is called the vertex set of I' and consists of
elements called vertices of I'. FE is called the edge set of I' and consists
of elements called edges of I". For any edge e in I', we say that the edge €
is the reverse of e, and we will call the function — : £ - F the reversing
function. The function ¢« : £ — V is called the initial-vertex function.
From this definition of graph, we may derive another function, namely the
terminal-vertex function, 7: F — V defined by 7(e) = ¢(¢). A loop (or
loop edge) is an edge e with c(e) = 7(e).

A subgraph I of a graph I' = (V, E,¢,-) is a graph IV = (V' E",//, "),
where V/ ¢V and E’ ¢ E, with «(e), 7(e) € V' and € € E’ for all e € E', and
where ¢/ = 1| and —' = —|g/. In this situation, we write IV T

We will say that a graph is simplicial if no two distinct edges share both

14



initial and terminal points. In more formal terms, a graph is simplicial if
whenever c(e) = c(e') and 7(e) = 7(e’) for e,e’ € E, then e = ¢’. By virtue
of the definition, a simplicial graph contains no loop edges. Graph theorists
may use the term simple in place of simplicial in this context. However, we
choose to use the more strongly topological term simplicial here to reflect
the connection between a simplicial graph and a simplicial complex. Indeed,
any simplicial graph gives rise to a 1-dimensional CW-complex.

We may define a graph in an equivalent way, by saying that a graph
consists of a set of vertices V' = V(I') and a multiset of edges F = E(I)
whose elements are ordered pairs of distinct vertices such that (u,v) is in
E if and only if (v,u) is in £. This definition can be seen to be consistent
with our previous definition if for any edge (u,v) in the graph I' (as given
by the current definition), we define (u,v) = (v,u) and t((u,v)) = u. From
this perspective, we can say that a graph is simplicial if the edge multiset is
specifically a set.

A (nonempty) path, say v, in a graph I' is a sequence of one or more
edges (ey, es,...,e,), such that whenever n > 1 we have 7(e;_1) = ¢(e;) for all
i€ I,—{1}. The nonnegative integer n is called the length (or edge length)
of path 7. For any (nonempty) path 7, the vertex ¢(e;) is the initial vertex
of the path, which we will denote by ¢(7y). The vertex 7(e,,) is the terminal
vertex of the path, which we will denote as 7(). We say that the path
passes through the vertices t(e1),c(ez),...,t(e,), 7(e,). In some instances,
it will be convenient for us to consider a single vertex vy in I' to be a path of
length n = 0. Such a path will be called the empty path based at v,. The

vertex vy will be the both the initial and terminal points of this empty path.
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Given a path v = (e1,...,e,), a subpath of v is any path formed by
removing the first ¢ and the last j edges of v, for some nonnegative integers
7 and j with 0<i+j <n. If i+ j =n, then the subpath formed is the empty
path based at one of the vertices through which v passes. If i + 7 = 0, then
the subpath formed is just v itself.

While the functions ¢ and 7 have only formally been defined on the edge
set of I', it should now be clear how we may extend these functions to paths
in I". Similarly, we may extend the function — to paths, by defining the

reverse of path « to be the path 7 such that

|7y in=0
5 =
(€n Ets....e1)  ifn>0

Note that 7 is in fact a path. When n = 0, this is clear from the definition
of 7. When n =1, % = ey which is a path. When n > 1, 7 is a path since
7(€) = t(e;) =7(e;-1) = L(€iq), for all ¢ € I,, - {1}. The initial vertex of 7 is
1(7) =vo if n =0 and is «(¥) = t(€,) if n > 0. More generally, we can see that
whether n =0 or n >0, we have «(¥) = 7(v) and 7(7) = ¢(7).

Whenever v and 0 are paths in a graph I" with 7(v) = ¢(¢), there is a
natural way to combine v and § into one path from ¢(7) to 7(0). To make
this more precise, let v = (eq,...,e,) and § = (€7, ...,&,) be nonempty paths
in I' with 7() = ¢(d). We then define the concatenation of ~ and J to
be the path v-6 = (ey,...,€,,€1,...,6y,), which is a well-defined path since
T(en) =7(7y) =1(d) = 1(€1). If v is an empty path based at ¢(J), then v-§ = .
If 0 is an empty path based at 7(y), then -0 = .

A path v is said to be closed whenever () = 7(7y). A cycle (of length
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n) is a closed path v = (e, es, ..., €,) satisfying the additional condition that
whenever n > 2 and i # j, t(e;) # t(e;). According to this definition, a loop
edge can be thought of as a cycle of length 1, though this type of cycle is not
very interesting. It should be noted that a cycle in a simplicial graph must
have at least three edges. A cycle of length 3 will be called a triangle.

For vertices v and w in I', we say that v and w are adjacent if there exists
a non-loop edge e € E(I") with ¢(e) = v and 7(e) = w. In this instance, we
say that v and w are connected by the edge e. More generally, we could
talk about vertices which are connected via a path, where that path may or
may not be a single edge. For vertices v and w in I', a path from v to w
is any path v with ¢(y) =v and 7(v) = w. In this instance, we say that w is
reachable from v, or that v and w are connected by the path ~. Any
vertex v is reachable from itself by way of the empty path based at v. If w
is reachable from v by way of a path v, then v is reachable from w by way of
the path 7. If vy is reachable from v; and if vs is reachable from vy, then by
concatenating paths we can see that vs is reachable from v;. Together, these
observations show that reachability is, in fact, an equivalence relation. The
equivalence classes under this equivalence relation are called the connected
components of I'. Said another way, the connected components of I' are
subgraphs 'y, I'y, T'3,..., such that each I'; is connected and such that no
path exists in I between v and w for any v e V(I';), w e V(I';) for i # j.

We say that I' is connected if it has only one connected component. If
I' has more than one connected component, we say that it is disconnected.
Said more simply, I" is connected if and only if for any vertices v and w in

I, there exists a path + in I from v to w. In subsequent chapters, we will
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consider the effect that removing certain edges will have on the connectedness
of . If I' = (V, E,—,1) is connected, a subset £’ € F is said to separate I if

the new graph IV = (V, E'— E’, -, 1) is disconnected.

2.2 Cayley Graphs

Groups often are studied as algebraic objects. However, groups can be ex-
amined from a more geometric point of view. We will begin by describing
a way to represent groups graphically. Consider a group G and a subset
ScG. Let §*:=SuS! where §7! = {s*l ‘ s € S}. We define the Cayley
graph of G (with respect to S) to be a graph I' = I'(G, S) with vertex
set V(I') = G, edge set E(I") = {e(g, s) | geG, se S*}, initial-vertex function
defined by L(e(g, 3)) = g for any e(g,s) € E, and reversing function defined
by e(g,s) = e(gs, s1) for any e(g,s) € G.

In order for I'(G,S) to be a graph, according to our definition, we must
insist that the identity element of the group not be in the set S. If 15 was
in S, then e(g,1g) € E(I") for all g € G, and for any such edge we have
e(g,.1¢) = e(g - 1¢, 1') = e(g,1¢). However, in our definition of graph, we
specified that for every e € E(I') we must have € # e. Therefore, we will
assume that 15 ¢ S whenever we are working with a Cayley graph I'(G,S).
If the group G is itself the trivial group, meaning that GG consists of just one
element and which we typically denote as G = {1¢}, then the assumption we
just made that 15 ¢ S could leave us in a strange situation of having the set
S =@. While § = @ presents no problem for the definition of Cayley graph, it
does lead to an uninteresting scenario. Indeed, the Cayley graph I'({1¢}, @)

is the graph consisting of one vertex and no edges. Mostly, the case where G
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is the trivial group is not a case in which we are interested. Therefore, unless
otherwise noted, we will assume that G is a nontrivial group when working

with Cayley graphs.
Lemma 2.1. I'(G, S) is a simplicial graph.

Proof. Let e(g,s) and e(g¢’,s") be two edges in I'(G,S). Then g,¢' € G and
s,s' € S*. Suppose that L(e(g,s)) = L(e(g’,s’)) and T(e(g,s)) = T(e(g’,s’)).
This implies that g = ¢’ and gs = ¢’s’ Combining these equalities, we can
conclude that s = s’. Thus, e(g,s) = e(g’,s’). Therefore, in I'(G, S), any two
edges which share both initial and terminal points are in fact the same edge,
meaning that ['(G,S) is a simplicial graph.

O

Whenever S is a nonempty subset of a group G, we use the notation (.S)
to denote the smallest subgroup of G which contains every element of S. We
say that (S) is the subgroup generated by S. This subgroup must contain
all finite products of elements of S*. We will call any such finite product a
word in S*. To be more exact, a word in S* is any product of the form

$182...5S,, where n is a positive integer and s; € S* for i € [,,.
Lemma 2.2. The Cayley graph T'(G,S) is connected if and only if G = (S).

Proof. (=) Assume that I'(G,S) is a connected graph. We must show
that G = (S). Since we already know that (S) ¢ G, we must show that
G < (S). We have previously established that S must be a subset of G which
is nonempty and which does not contain the identity element. Therefore,

-1 _

there exists a non-identity element s € S. The product s-s 1g must then

be in the subgroup (S). Suppose now that ¢ is any non-identity element of
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G. Since I'(G,S) is a connected graph, there must be a path, v, between
the vertex 15 and the vertex g in the graph. Since g # 1, 77 is a nonempty
path. Therefore, there exists a positive integer n, elements ¢1,gs,...,9, € G
(where specifically g; = 1g), and elements si, Ss,...,s, € S* such that v =
(e(9g1,51),e(g2,82),--.€(gn,Sn)). Since 7 is a path terminating at the vertex
g, we must have that g = 7(7) = ¢15152... 8, = $1...5,. Therefore, g can be
written as a finite product of elements of S* meaning that g € (S). Thus,
we’'ve now shown that g € (S) for any g € G, meaning that G = (5).

(<=) Assume that G = (S). We must show that the graph I'(G,S) is
connected. Let g, h € G be vertices in I'(G, S). If g = h, then the empty path
based at g is a path from g to h, trivially. So suppose that g # h. Since
S generates (G, there exists a positive integer n and elements sq, sg, ... s, of
S#* such that s1ss...s, = g 'h, which implies that gs;ss...s, =h. Then v =
(e(g,51),e(gs1,52),€(gs152,83), ..., e(gs18a. .. Su1,5,)) is a path in (G, )
with ¢(y) =g and 7(v) = ¢gs182...8, = h. Thus, we’ve now shown that there
exists a path in ['(G,S) between any two vertices g and h, meaning that
I'(G,S) is a connected graph.

O

The preceding lemma gives one example of the kinds of correspondences
which exist between the algebraic and geometric properties of a group. The
proof of the lemma highlights the correspondence between paths in the Cayley
graph I'(G, S) and words in the set S*. Indeed, given a non-identity element
g € G, each path in I'(G, S) between the vertex 14 and the vertex g will give
us a way of writing g as a word in S*. More generally, given any elements

g,h € G and any path v in I'(G, S) between the vertices g and h, traversing
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the edges of v from g to h will give us a way of writing g~'h as a word in S*,
say w = w(y). In this scenario, we will say that w(~) is the word (in S*)
written by path ~, or in other words, is the word (in 8*) corresponding
to path ~.

As a result of our definition for Cayley graph, we notice that for a group
G and a subset S ¢ G, we have that ['(G,S) =I'(G,8%). In fact, if s,s71eS
and if s7! # s, then removing s~! from the set S does not change the Cayley
graph. That is, ['(G,S) = I'(G,S - {s7'}). Similarly, without changing the
Cayley graph, we can choose our set § such that SNS™1 ={seS | s=s1}.
For simplicity, we will say that a subset § of a group G is nice if 15 ¢ S and
fSnS1t={seS | s = s}, Given any nonempty subset S of a group G,
we can create a nice subset &’ by removing from S, if necessary, the identity
element and one element of each pair {s, s '}, if both s and s~! are in S and
s # s71. One can verify that (S) = (S’). Therefore, without loss of generality
we may (and will) assume that a generating set S for a group G is a nice

generating set.

2.3 Drawing Graphs

When working with graphs, it is often convenient to visualize a graph pic-
torially rather than to work abstractly with the graph’s set and function
descriptions. Consider a graph I' = (V) E, -, ). When we draw I, we will use
dots to represent the vertices of I' (with the dots and vertices corresponding
bijectively) and we will use curves to represent the edges of I' (with the edges
and curves corresponding bijectively). We will usually label each vertex (dot)

with its corresponding element of V(I'). Similarly, we can label each edge
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(curve) with its corresponding element of E(T"), though in practice we often
skip labeling the edges in this way. For any edge e, we place an arrow on its
corresponding curve which points from ¢(e) to 7(e), thereby endowing that
edge with a direction.

Most of the graphs we draw will correspond to Cayley graphs of the form
' =T(G,S), where G is a nontrivial group and S is a nice generating set.
For the sake of simplicity and utility, there are certain conventions we will
use when drawing Cayley graphs. Since V(I') = G, the graph will consist of
|G| vertices, which we will label with the group elements.

One of the conventions we will use when drawing a Cayley graph depends
on what we will call a coloring of the edges. Let us first define the color of an
edge in I'(G,S). Recall that every edge in I'(G,S) is of the form e =e(g, s),
where g € G and s € §*. In this setting, we say that s is the color of the
edge e = e(g,s). A coloring for I'(G,S) is a subset £’ of E = E(I") which
contains exactly one element of each edge pair {e,e}. The coloring that we
most often will choose is E’ = {e(g, s) | s € S}. This is a well-defined coloring
since we are assuming that S is a nice generating set. We will call this the
standard coloring for I'(G,S).

When drawing a Cayley graph I'(G,S), we will only include the directed
curves corresponding to the edges in the standard coloring E’ as described
above. We will label each of these edges with its corresponding color. Some-
times such a label will come in the form of a symbol placed above or near
the corresponding curve in I'(G,S). More often, though, such a label will
be encoded in the graph visually according to some prescribed legend. For

example, we may choose to use unbroken curves to represent all edges col-
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ored by the generator s and instead use dotted curves to represent all edges
colored by a different generator t.

The convention of drawing and labeling edges as just described allows
us to convey important group information in a clear and concise way. For
example, in the drawing of I'(G,S), suppose that we start at some vertex g
and move along an s-colored edge, in the direction indicated by the arrow,
until we reach another vertex h. Then in terms of the group elements and
operation, we can say that gs = h. But suppose instead that in moving along
the s-colored edge from ¢ to h we had to travel in the opposite direction as
that indicated with the arrow. Then we can say that gs—! = h.

The fact that moving along an edge results in a right multiplication by a
generator (or the inverse of a generator, depending on the direction we move
with respect to the arrow on the edge) is consistent with our previous defi-
nitions involving Cayley graphs and with our notion of path concatenation.
The paths in the pictorial representation of I'(G,S) correspond to words in
S* just as described immediately following Lemma 2.2.

One more convention we will use when drawing Cayley graphs relates
to our treatment of edges which are colored by generators of order 2. For
simplicity, we typically leave off the arrow from an edge when its color is given
by a generator s of order 2 in the group, since moving in either direction along
the arrow would result in a right multiplication by s, since s? = 15 implies
that s =s71.

An example will help to illustrate the conventions we use when draw-
ing Cayley graphs. Consider the dihedral group G = D, with presentation

(a,b|a*=b%=1p,,bab=a"") and generating set S = {a,b}. Figure 2.1 shows
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the Cayley graph I' =T'(G,S).

a® a’
(S ‘ »
. ’
. ,
ba  ba® Color legend :
L 4 -~ d
b ba® brmmms
// \\
[ 2 > »
1D1 a

Figure 2.1: Cayley graph I'(Dy,{a,b})

Paths in the Cayley graph with the same initial and terminal points cor-
respond to words in §* which are the same as group elements. For example,
in Figure 2.1, consider two possible paths between the vertex labeled 1p, and
the vertex labeled a3. The first path, v;, begins at the 1p, vertex, then goes
to the b vertex, then to the ba vertex, and finally ends at the a3 vertex. The
word in §* written by path 7 is w(y) = bab, since from left to right these
are the colors of the edges we traversed in going from 1p, to a3 and since
we traversed each edge in the direction indicated by the arrow. The second
path, v, begins at the 1p, vertex and then goes immediately to the a® ver-
tex. The word in §* written by path 7, is w(v2) = a~!, since we traversed
just a single a-colored edge, but we went in the opposite direction as the
arrow drawn. Since these two paths share initial and terminal vertices, we
know that their corresponding words must be the same. Therefore, bab = a™!,
which is, in fact, one of the defining relations for the D, group with the given
presentation.

A Cayley graph concisely encodes a large quantity of information about
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the group in question. It helps us to understand the structure of the group
in a way that may be difficult to access in a more abstract setting. If S and
T are different generating sets for a group G, the definition of Cayley graph
implies that I'(G,S) and I'(G,T) are different. They have the same vertex
set, of course, but have different edge sets.

Consider again the group G = D, with the same presentation as be-
fore: Dy = {a,b ‘ a* = b® = 1p,,bab = a7'). This time, however, take
the generating set to be T = {b,ab}. Figure 2.2 shows the Cayley graph
I'(G,T)=T(Dy,{b,ab}). For the sake of consistency, the vertices are labeled
using the same 8 symbols (in terms of a and b) as used in Figure 2.1. Note
that Figure 2.2 also depicts the Cayley graph T'(Dy, {c,d}), where D, is pre-
sented as Dy = (c,d | ¢ = d? = (cd)* = 1p,). One can check that these two
presentations do, in fact, give isomorphic groups (which we simply call Dy)

by considering the group isomorphism which sends ¢ to ab and which sends

d to b.
cde = ba® a’? = dede = eded
r—G
s N
’ .
’ N
’ N
cd =a ba = ded
3 _
c=ba® '~ s = de
N y
N ’
N y
L S —

Color legend :
! b=d:

ab=¢: ===

Figure 2.2: Cayley graphs I'(Dy, {b,ab}) and I'(Dy,{c, d})
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Chapter 3

Graph Morphisms

3.1 Definitions

Suppose now that I' and A are graphs. A graph morphism ¢ : [' - A

consists of two functions

¢v V(L) = V(A)

¢p: E(I') >~ E(A)

which respect the reversing and initial-vertex functions. More precisely, for

all e € E(T),

ov(i(e)) = (or(e))
or(e) = or(e)

To simplify the notation, when working with a graph morphism ¢ : I' > A

we will just write ¢ in place of ¢y and ¢ when the context is clear. In other
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words, for e € E(T") and v € V(T'), we'll write ¢y (v) = ¢(v) and ¢pg(e) = ¢(e).
Suppose now that we have another graph morphism, ¢ : A - A. We define
the composition ) o ¢ : ' > A to be the graph morphism consisting of the

two functions

(Yo)y=vyogdy: V(') > V(A)
(¢ °¢)E =Ypodp: E(F) - E(A)

Usually we will omit the composition symbol and write ¢ instead of ¢ o ¢,
unless the omission would lead to confusion.

In some settings, we may want to use a slightly weaker type of morphism
between graphs, one which allows the “collapsing” of edges to vertices. A

non-rigid graph morphism ¢ :I' > A consists of two functions

ov V() > V(A)

op:E() > E(A)uV(A)

which respect the reversing and initial-vertex functions. More precisely, for

all e € B(),
bo(1(6)) = (¢5(e))
op(e) if pp(e) e V(A)
|dsle) if gule) e B(A)
¢E(e) =
op(e) if pp(e) e V(A)

As before, we will often just write ¢ in place of both ¢y and ¢g, when the
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context is clear. Any graph morphism is also a non-rigid graph morphism in
which the image of ¢ has empty intersection V(A). For the sake of clarity,
we will use the term graph morphism to mean a non-rigid graph morphism
¢ : ' > A such that ¢(e) € E(T") for all e e E(T).

An embedding of one graph, I', into another graph, A, is a graph mor-
phism ¢ : I > A such that the associated functions ¢y and ¢g are injective.
A graph isomorphism between I' and A is a graph morphism ¢ : ' - A
such that the associated functions ¢y and ¢p are both bijective. Given any
two graphs I' and A, we say that they are isomorphic (graphs) if there
exists a graph isomorphism between I' and A. A graph automorphism of
I’ is a graph isomorphism ¢ : I' - I'. In this context, we will sometimes say
that ¢ is an automorphism acting on (or just on) I'. The set of all graph

automorphisms on I' is denoted Aut(I").

Lemma 3.1. Aut(I") is a group under the operation of composition, called

the automorphism group of T.

The proof of this lemma is a standard result in graph theory. The iden-
tity element of the group Aut(I") is the identity automorphism, which fixes
all vertices and edges. We will use the symbol idr to denote the identity
automorphism on the graph I'.

Perhaps a more natural way to define graph automorphism involves per-
mutations. A graph automorphism on I' can be thought of as a permutation
o on V(I') which preserves the structure of the graph. This means that if
there is an edge in I' with initial point v and terminal point w, then there is

an edge in " with initial point o(v) and terminal point o(w). This character-
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ization of graph automorphism is more intuitive and useful than the formal

definition given previously.

3.2 Automorphisms of Cayley Graphs

In the preceding section, we defined the concept of graph automorphism.
In this section we will examine graph automorphisms specifically on Cayley
graphs. Assume that G is a group with a generating set S. Recall that we
are assuming that G is nontrivial and § is a nice generating set. Consider
the Cayley graph I' =T'(G, S).

Recall that any edge in I' must be of the form e(g,s), where g € G and
s € §*. Any graph automorphism ¢ on I" must send e(g, s) to another edge
in I, say e(h,t), where h € G and t € §*. Since e(g, s) has initial point g
and terminal point gs, the edge ng(e(g, 5)) must have initial point ¢(g) and
terminal point ¢(gs). Therefore, we must have h = ¢(g) and ht = ¢(g)t =
¢(gs), and so t = ¢(9)71p(gs). Thus, ¢(e(g,s)) = e(6(9), 6(9)'6(gs)). In
order for <Z>(e(g, s)) to be a well-defined edge, we must have that ¢(g)~'¢(gs)
is an element of S*. More broadly, any graph automorphism ¢ on I' must

satisfy the following condition:
#(g) " p(gs) e S*, forany ge G, seS*

This formula is not particularly nice, but if we knew that ¢y : G - G

was a group automorphism of G, then we would have more simply that

o(e(g,s)) = e(d(g), 8(s)).

In general, we must be careful to remember that not every graph auto-
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morphism ¢ on I'(G,S) satisfies the condition that ¢y : G —» G is a group
automorphism of G. With that said, we will soon see that there is some
relationship between graph automorphisms on I' and group automorphisms
of G. We will let Aut(G) denote the set of all automorphisms of the group

G. Like Aut(I"), Aut(G) takes on its own group structure.

Lemma 3.2. Aut(G) is a group under the operation of composition, called

the automorphism group of G.

The proof of this lemma is a standard result in group theory. The iden-
tity element of the group Aut(G) is the identity automorphism, which fixes
every group element. We will use the symbol ids to denote the identity
automorphism of the group G.

If G is generated by S, then G is also generated by ¢(S) = {¢(s) | seS},
where ¢ € Aut(G). Some, but not all, group automorphisms will fix the set
S*. The set of all such group automorphisms, ¢, such that ¢(S*) = S* is a
subgroup of Aut(G), which we will denote by Aut(G,S*) and which we will
call the generating-set-preserving automorphism group.

Another way to think of the subgroup Aut(G,S*) is in terms of permu-
tations. Any group automorphism ¢ of G is a permutation of the group ele-
ments which also preserves the structure of the group, meaning that ¢(gh) =
#(g)p(h) for any group elements g and h. Any member of the subgroup
Aut(G, S*) is a permutation of §* which extends to an automorphism of the
entire group G. In our work, the generating set S will typically be small. As
such, one can efficiently identify the elements of Aut(G,S*) by examining
the permutations on §* and testing whether or not they extend to group

automorphisms.
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Some, but not all, of the elements of Aut(G) extend to automorphisms of
the Cayley graph I' =T'(G,S). Elements of Aut(G) preserve the structure of
the group G, but we may not be able to extend them in a way that preserves
the structure of the graph I'(G,S). A graph automorphism is a function that
acts on both vertices and edges. Any group automorphism ¢ of G naturally
defines a bijective function on the vertices of I'(G, S), since V(I') = G. We
hope to extend ¢ so that it acts also on the edges of I' in such a way as to
ensure that ¢ is a graph automorphism of I'.

To understand this extension process, suppose that e = e(g,s) is an ar-
bitrary edge in I', where g € G and s € §*. The initial and terminal points
of e, respectively, are g and gs. Since g and gs are connected by an edge
in I, we need ¢(g) and ¢(gs) to be connected by an edge in I". Since ¢ is
a group automorphism, ¢(gs) = #(g)¢(s). In order for there to be an edge
in I" between ¢(g) and ¢(g)o(s), we simply need that ¢(s) € S*. Since the
edge e was chosen arbitrarily, we must have more broadly that ¢(S*) = S*.
In other words, we need for ¢ to be an element of the subgroup Aut(G,S*)

of Aut(G). Lemma 3.3 formalizes these observations.
Lemma 3.3. Aut(G,S%) is a subgroup of Aut(I'), where I' =T'(G,S).

Proof. First, we will show that Aut(G,S8*) € Autl’ Let ¢ € Aut(G,S*). Since
¢ is an automorphism on G and since V(I') = G, we can define ¢y : V(') —
V(T) by ¢y := ¢. We must now use ¢ to define a function ¢p : E(I") -» E(T).
Suppose e € E(I") is arbitrary. Then there exists g € G and s € S* such that
e = e(g,s). Define ¢ by stating that ¢r(e) = ¢u(e(g,s)) = e (d(g), (s)).
Since ¢ (S*) =S8*, e(¢(9), ¢(s)) is a well-defined edge in T'.

We must show that ¢ respects the reversing and initial-vertex functions
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inherent to I'. Suppose e(g, s) € E(T") is arbitrary. Observe the following:

ov (1(€)) = dv(9) = 6(9) = (e (6(9), 6(5)) ) = 1 05(e(9.5)) )

Thus, ¢ respects the initial-vertex function of I'.

06(e(9.)) = 61(e(gs.5™)) = e(6(g5), 6(s™))
=e(p(9)0(s), p(s)™)

Thus, ¢ respects the reversing function as well as the initial-vertex function
of I', and so ¢ does extend to a graph morphism from I' to itself.

Now, we must show that ¢y and ¢g are bijective functions. The function
¢y is clearly bijective since ¢ : G - G is bijective. Suppose e(g,s),e(h,t) €
E(T") with ng(e(g,s)) = ng(e(h,t)). This implies that e(o(g),o(s)) =
e(o(h),o(t)). Consequently, ¢p(g) = ¢(h) and ¢(s) = ¢(t). Since ¢: G - G
is an automorphism, and thus is bijective, we can conclude that g = h and
s =t. Therefore, e(g,s) = e(h,t), and so ¢ is injective. Let e(g,s) € E(I).

Then e (¢71(g),¢7(s)) € E(T") and we can observe the following:

dp(e(67(9),97(5))) = e (967 (9), 097" () = (g, 5)

This shows that ¢g is surjective. Therefore, ¢ is a bijection.
In summary, we can extend ¢ € Aut(G,S*) to a graph automorphism
on I' =I'(G,S), implying that Aut(G,S*) ¢ Aut(I'). But is Aut(G,S5*) a

subgroup of Aut(I")? In order for this to be true, we must have that for any
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o, € Aut(G,8%), ¢! € Aut(G,S*). This is clearly true since Aut(G,S*)

is a group in its own right. Thus, Aut(G,S*) is a subgroup of Aut(T").

3.3 Groups Acting on Graphs

Suppose G is a group and I' is a graph. A group action of G on I is a

group homomorphism ¢ : G - Aut(I") satisfying the following properties:

(i) ¢(1g)(v) =v, Yve V()

(i) for any g,h e G, ¢(g) (¢(h)(v)) = ¢(gh)(v), Vv e V(T)

We often will write ¢,(v) in place of ¢(g)(v). Using this alternate notation,

properties (i) and (i) can be rewritten as shown here:

(i) ¢1p(v) =v, VoeV(T)

(ii) for any g,h € G, ¢y0n(v) = Pgn(v), ¥V v e V(L)

If such a group action of GG on I' exists, we say that G acts on I'.

Suppose G acts on I'. The group action is said to be vertex free if for
any v e V(I') and g € G, ¢,(v) =v <= g =1,. Likewise, the group action is
said to be edge free if for any e € E(I') and g € G, ¢4(e) = e <= g =1g.
If for any pair of distinct vertices v; and v, in I" there exists g € G such that
¢4(v1) = vo, we say that the group action is vertex transitive. Moreover,
if the g in the preceding definition is unique, we say that the group action is
simply vertex transitive. If for any pair of distinct edges e; and ey in T’

there exists g € G such that ¢,(e;) = ea, we say that the group action is edge
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transitive. Moreover, if the ¢ in the preceding definition is unique, we say
that the group action is simply edge transitive.

Suppose that G is a group and S is a nice generating set for G. Let I' =
I'(G,S). Fix g € G. Define a function L, : " - I" by stating that L,(v) = gv
for any v e V(T') and Ly(e(g’,s)) = e(gg', s) for any e(g’,s) € E(T'). One can
easily check that L, is a graph automorphism on I'. Now define a function
L: G - Aut(I") by stating that L(g) = L, for any g € G. Notice that for
any g,h € G, L(gh) = Ly, = LyLy, = L(g)L(h). Therefore, L is a group

homomorphism.

Lemma 3.4. The group homomorphism L is a group action of G on I' =
['(G,S). Moreover, this group action is simply vertex transitive and simply

edge transitive.

Proof. For any v € V(I') = G, notice that L,,(v) = 1gv = v. Therefore, L
satisfies condition (i) of a group action. Suppose g, h € G. Then notice that
LyLy(v) = ghv = Ly for any v e V(I') = G. Therefore, L satisfies condition
(i1) of a group action.

Given any two distinct vertices v and v in I'; there exists a unique element
g € G, namely g = vu~!, such that L,(u) = v. Thus, the group action is simply
vertex transitive.

Suppose that e(h,s) and e(h/,s") are distinct edges in I and that g € G.
Observe that Ly(e(h,s)) = e(h', ') if and only if e(gh, s) = e(h’, ). But in
order for this to happen, we must have gh = b’ and s = ’. Therefore, given
any two distinct edges e(h, s) and e(h/, s") in T', there exists a unique element
g € G, namely g = h’h™!, such that Lg(e(h,s)) =e(h',s"). Thus, the group

action is simply edge transitive. O
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When a group action of G on I'(G,S) is defined using the group homo-
morphism L, we say that G acts on I'(G, S) by left translation. For con-
venience, we will often use the symbol G to denote the set L(G) = {L, ‘ geG}
of left translations of G on I'. The context will make clear whenever G is

being used to denote L(G).

3.4 Color-Fixing Graph Automorphisms on
I'G,S)

In Section 2.3, we defined the concept of an edge’s color. Let us now introduce
some notation to go along with this concept. Recall that for an edge e(g, s) in
the Cayley graph ' = T'(G,S), we say that s is the color of that edge. Define
a function ¢ : E(I') -» S* by stating that c(e(g,s)) = 5. Said differently,
the function ¢ maps each edge to its color. We will call this function the

edge-color function. Note that for any edge e(g, s) we have the following:

() = o5, 5) =57 =[elet )]

A graph automorphism ¢ € Aut(T") will be called a color-fixing graph
automorphism on I' if for any edge e € E(I') we have that c(e) = ¢(¢(e)).
We will denote the set of all color-fixing graph automorphisms on I' as
Autc¢ (T"). Notice that for each g € G, the left-translation L, is a color-
fixing graph automorphism. But do all color-fixing graph automorphisms
arise as left-translations by an element g € G? Lemma 3.5 says that the

answer to this question is “yes.”
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Lemma 3.5. G = Aut.; (I")

Proof. As we've already seen, G = {L, | g € G} is a subgroup of Aut(T')
acting on I'(G,S) by left-translation. Let g be an arbitrary element of G,
and suppose e(h,s) € E(I"). As previously noted, Lg(e(h, s)) =e(gh,s), and
so L, is a color-fixing graph automorphism. Therefore, G = {L, | g € G} €
Aute; (I'). To show the reverse inclusion, let ¢ € Aut.¢ (I"). Suppose e(g, s)

is an arbitrary edge in I', and suppose qb(e(g, s)) =e(h,s). Now,

Lgh_lgb(e(g, s)) = Lgh_l[e(h, s)] =e(gh™'h,s) =e(g,s).

This shows that Lg,-1¢ fixes all of the edges of I', which implies that it fixes
the entire graph. Thus, Ly,1¢ = idp, and so ¢ = (Lghq)_l = Ly € G.
Therefore, Aut.; (I') € G, and thus G = Aut.; (T').

Corollary 3.6. Aut.; (I") is a subgroup of Aut(T).

Proof. Recall the group homomorphism L : G - Aut(I") which defines the
group action of G on I' by left translation. Then L(G) is a subgroup of
Aut(T"), and so G can be viewed as a subgroup of Aut(I') by identifying G
with L(G). Thus, by the preceding lemma we can conclude that Aut.¢ (")

is a subgroup of Aut(T").
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3.5 Color-Preserving Graph Automorphisms
on ['(G,S)

A color-preserving graph automorphism is an element ¢ € Aut(I") which
satisfies the property that for any two edges e1,es € E(I'), ¢(er) = c(ep) if
and only if c((b(el)) = c(¢(62)). We will denote the set of all color-preserving
graph automorphisms by Aut.,, (I").

By definition, if ¢ € Aut., (I') sends one s-colored edge to a t-colored
edge, then ¢ sends all (and only) the s-colored edges to t-colored edges. This
is the reason we call ¢ color preserving. If ¢ € Aut., (I') sends s-colored
edges to t-colored edges, then ¢ also sends all (and only) s~!-colored edges

to t~1-colored edges. To see this, suppose that e is an edge with ¢(e) = s and

c(gb(e)) = ¢ for s,t € S*. Then ¢(€) = [c(e)] ' = s7! and

(6(0)) = ¢(9(0)) = [e(0(e))] =t

It is clear by definition that Aut., (I') € Aut(I'). The next lemma estab-

lishes a stronger relationship.
Lemma 3.7. Aut., (') is a subgroup of Aut(I').

Proof. As mentioned, we know that Aut., (I') € Aut(I'). Let ¢ € Aut., (I").
First, we must show that ¢! € Aut., (I'). Suppose that ej,e; € E(I).
Since ¢ is a graph automorphism, ¢ must act bijectively on the edges of I'.
Thus, there exist edges é€71,é € E(I") such that ¢(é1) = e; and ¢(é3) = eq, or

equivalently, €1 = ¢71(e;) and &3 = ¢~!(ez). By making use of the fact that ¢
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is color preserving, we can observe the following:

c(¢7H(er)) = (¢! (e2)) = (@) = (&)
8
c(er) = c(e2) <= c((é1)) = c(¢(e2))

This shows that c(e;) = c(e») if and only if ¢(¢(e1)) = ¢(¢7'(e2)), which
implies that ¢t € Aut., (T').
Now, suppose that ¢, 1 € Aut., (I'). We must show that ¢ € Aut, (I').

To this end, suppose that e, e5 € E(I"). Then

cler) =cle2) = C(@/J(el)) = C(@/J(@)) g C(?W(@l)) = C(éb%b(@z))

where the first implication is a result of i being color-preserving and the
second implication is a result of ¢ being color-preserving. This shows that
o) € Aute, (T).

We have now shown that Aut., (I') is a subset of Aut(I") which is closed
under the group operation and closed under taking inverses. Therefore,
Aut., (T') is a subgroup of Aut(I").

O

Lemma 3.5 gives us a nice characterization of the elements of the group
Aute; (). In particular, any element of Aut.¢ (') is equal to a left-translation
of the form Ly, for some g € G. Likewise, it would be convenient to have
an alternate, perhaps simpler, characterization of the elements of the group

Aut., (I'). Indeed, as Theorem 3.8 will show, any element of Aut., (I') can
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be expressed in the form L,a, where g € G and a € Aut(G, S*).
Theorem 3.8. Aut., (I') 2 G x Aut(G, §*)

Proof.
Step 1: To show that G = Aut.¢ (I") is a normal subgroup of Aut., (I").

First, it is clear from definitions that Aut.¢ (') € Autc, (I'). Then by
Lemma 3.5 and Corollary 3.6, G = Aut.¢ (I') is a subgroup of Aut., (I'). We
must show that Aut.¢ (I') is a normal subgroup of Aut.,, (I'). To this end, let
a € Aut.¢ (I') and ¢ € Aut., (I'). We need to show that ¢~tag € Autc s (I').
Suppose e(g,s) € E(T"). Since ¢ is color-preserving, we know that for some
t € §*, ¢ sends s-colored edges to t-colored edges and ¢~! sends t-colored
edges to s-colored edges. Then for some ¢’ € G, qb(e(g, s)) =e(g',t). Since ais
color-fixing, there exists some ¢ € G with a(e(g’, t)) =e(¢”,t). Finally, there
exists some ¢ € G with gb‘l(e(g”,t)) =e(g",s). Thus, ¢‘1a¢(e(g,s)) =
e(g", s), implying that ¢~ta¢ € Aut.g (T').

Therefore, G = Aut.¢ (I') is a normal subgroup of Aut., (I').
Step 2: To show that Aut(G,S*) is a subgroup of Aut., (I').

We will first show that Aut(G,S*) ¢ Aut., (I'). Let a € Aut(G,S*).
Recall that if e(g,s) € E(I"), then a(e(g, s)) = e(a(g),a(s)). Since e(g, s) €
E(T") was arbitrary, we can conclude that for any edge e € E(I') we have

c(a(e)) = a(c(e)). Suppose ey, es € E(I'). Then observe the following:

c(er) =c(eg) — a(c(el)) = oz(c(eg)) — c(a(el)) = C(Oé(@g))

This shows that a is color-preserving. Thus, Aut(G,S*) ¢ Aut.,, (I"). This

inclusion, together with Lemmas 3.3 and 3.7, gives us that Aut(G,S*) is a
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subgroup of Aut., (I").
Step 3: To show that G n Aut(G,S*) = {idr}.

Lemma 3.3 and Corollary 3.6 tell us that G and Aut(G,S*) are subgroups
of Aut(T"). From this point of view, the identity element idp of Aut(T") is
an element of both G and Aut(G,S*). In G, Ly, = idpr. Suppose that for
some g € G we have L, € Aut(G,S*). Of course Ly(lg) = g, but since
L, € Aut(G,S8*) we must have that L,(1¢) = 1¢. Thus, g = 1, and so
L, =Ly, =idr.

Therefore, G n Aut(G,S*) = {idr}.

Step 4: To show that Aut., (I') = G- Aut(G,S5*) = {L,a ‘ geGanda e
Aut(G,8%)}.

Since G = {L, | g € G} and Aut(G,S*) are both subgroups of Aut., (I'),
as previously shown, clearly G - Aut(G,S8*) ¢ Aut.,, (I'). We must show the
reverse inclusion. To this end, let ¢ € Autc, (I'). Define o = Lya,)-10.
Consider an arbitrary s € S* and an arbitrary s-colored edge, say e(g,s).
Since ¢ is color-preserving, there exists some ¢ € S* such that ¢ sends all
s-colored edges to t-colored edges. So gb(e(g, s)) =e(g',t) for some ¢’ € G.
Then since Lg(i,)-1 is color-fixing, Ly -1 (e(g’, t)) =e(g",t) for some g" € G.
Thus, Lgag)-16(e(g,8)) = e(g”,t). Therefore, Ly ,)-1¢ sends all s-colored
edges to t-colored edges. Since s was chosen arbitrarily, we now know that
0 = Ly(14)-1¢ 1s color-preserving.

We claim that o € Aut(G,S*). First, we will show that ¢(S*) = S§*. To
see this, begin by letting s € S*. Then o(s) = Ly,)1¢(s) = ¢(1a) ' o(s).
Now, e(lg,s) € E(T") and ¢(e(1g,s)) = e(é(1e),p(1g)'¢(s)). Since ¢ is

color preserving, ¢(1g) 1p(s) = &', for some s’ € §*, or equivalently, ¢(s) =
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o(1g)s’. So, a(s) = ¢(1g)1o(s) = ¢(1g)1P(lg)s’ = s' € S*. Since s was
chosen arbitrarily, we have shown that o(S*) = S*.

We must now show that o € Aut(G). Since o € Aut., (I'), we know
that o is a bijection on V(I') = G. We also need to show that o pre-
serves the group operation. To this end, let g € G. Then e(g,s) € E(I)
and c(e(g,s)) = c(e(1g, s)), so we must have c(gb(e(g,s))) = c(qﬁ(e(lg,s)))
since ¢ is color-preserving. From this we can deduce that ¢(g) '¢(gs) =
d(1g)1o(s). But ¢(1g)to(s) =o(s) = s for some s’ € S* since o(S*) = §*,
and so ¢(g)'¢(gs) = ', implying that ¢(gs) = ¢(g)s’. Then we can observe

the following:

0(95) = Loao)10(95) = 6(1a) ' d(gs) = ¢(1c) "' ¢(9)s" = a(g)s" = o(g)a(s).

Thus, 0(gs) = o(g)o(s) for any s € S* and for any g € G. We must now show
that o(gh) = o(g)o(h) for any g,h € G. The element h € G can be written as
a word in §*, since S generates GG. Suppose h = s1---S,, where each s; € §=.
Let’s induct on n.

Suppose h = s;. Then o(gh) = 0(gs1) = 0(g)o(s1), by the preceding
special case. So now assume that the result is true for some k and let’s show

it is true for £+ 1. Suppose h = s1---SpSk+1. Then observe the following:

o(g)a(h) =0c(g)o(sisksk1)
=0(9)o(g'skr1)  (where g' = s1-+-5,)
=0(9)o(g")o(sgs1)  (by the initial step)

= 0(g9)o(s15k)0 (k1)
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=0(gs1-sk)o(sks1)  (by inductive hypothesis)
=0(gs1--SgSk+1)  (by the initial step)

=o(gh).

Thus, the result is proved by induction, that is, for all g,h € G, o(gh) =
d(g)o(h). Therefore, o € Aut(G) and o(S*) = S*. So, 0 € Aut(G,S*).

We now can see that ¢ € G- Aut(G,S8*), since ¢ = L1,7 = Ly15)s(16)1 @ =
Liioy Loioy-16 = Lieyo, where Loy € G and o € Aut(G, S*).

Therefore, Aut., (I') € G-Aut(G, S*), and so Aut.,, (I') = G-Aut(G, §*).
Step 5: Summary

In conclusion, we've shown that G and Aut(G,S*) are subgroups of
Aut., (I'), with G a normal subgroup, Aut., (I') = G - Aut(G,S*), and
G nAut(G,S8*) = {idr}. Therefore, Aut., (I') =2 G x Aut(G,S*).
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Chapter 4

Reflections

4.1 Definitions, Basic Properties, and Exam-
ples

Throughout this chapter, we will assume that the graphs we work with are all
connected. In the preceding chapter, we defined general graph morphisms.
Here, we will focus on one special type of graph automorphism, called re-
flection. At the root of this type of automorphism is the concept of inverted
edges. Given a graph automorphism r: ' - I and an edge e € E(T"), we say
that the edge e is inverted if r(e) = €. A reflection on a graph I is a graph

automorphism r : I' - I" satisfying the following properties:
(1) 7‘2 = ldr
(i) the set of inverted edges T', = {e € E(T") | r(e) =€} separates T’

When 7 is a reflection on I', the set I',. will be called the wall of  and the

edges in I', will be referred to as r-reflectors. Note that ifeeI',., thenee I,
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also, since r must respect the reversing function. Therefore, 7(€) = r(e) = €.

Example 4.1. Let I' =T(Z,S), where Z = (a) and § = {a}. The graph I is

depicted in Figure 4.1. Consider the function ¢ : Z — Z defined by stating

[+
[

a” a a” lz a a a
Figure 4.1: Cayley graph I'(Z,{a})

that ¢(a) = at. Clearly ¢ € Aut(G,S*), and by Theorem 3.8 we know that
L,¢ is a color-preserving graph automorphism on I'. Let e € E(I"). Then e
must have the form e = e(g, a), where g € Z. Since Z is generated by a, there
exists an integer n such that g = a™. So e = e(a”,a). Suppose e is inverted by
L,¢. Then L,¢p(am) = a™a and L,¢(a™a) = a™, and from this we can observe

the following:

a" =a"a = Lyp(a") = a(¢(a))" =a (a‘l)n =a'™

a® = La¢ (CLnCL) — La¢ (an+1) _ a(¢(a))n+1 a(a_l)n+1 =gl =g

Therefore, a™*' = '™ and a™ = a™, both of which imply that a?” = 1. But
this happens only when n = 0. So in order for e = e(a”,a) = a(g,a) to be
inverted by L,$, we must have n = 0 and e = e(1z,a). Then e = e(1z,a),
together with € = e(a,a™!), are the only edges in I' inverted by L,¢. The
only edges in I' between the vertices 17 and a are e and e, and so the set of
inverted edges I'z,, = {e,e} € E(I") separates the graph. Therefore, L,¢ is a

reflection on TI'.
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Lemma 4.2. Suppose r is a reflection on the graph I' and v is any nonempty
path in T'. If v does not contain any r-reflectors, then () and 7() are in

the same connected component of I' = T',..

Proof. Assume + is any nonempty path in I' that does not contain any r-
reflectors. By inducting on the length of the path v, we will show that ¢(7)
and 7(7) are in the same connected component of I' - T',..

Since 7 is a nonempty path, ¢(v) and 7(7y) are distinct vertices, and so =y
must have length at least one. If v has length 1, then v consists of a single
edge from () to 7(v). This single edge is not an r-reflector, since we are
assuming that v does not contain any r-reflectors. Therefore, this edge must
be contained in a single connected component of I' = I',.; implying that ¢()
and 7(7y) are in the same connected component of I' - T',..

Now assume that if 4’ is any path in I" which does not contain any r-
reflectors and if 4’ has length &, then «(y’) and 7(4’) are in the same con-
nected component of I' — I',. Suppose v is a path of length £+ 1 which
does not contain any r-reflectors. Then there exist edges ey, ..., ex1 in E(T)
such that v = (e1,...,ex1). Consider the path +' = (e1,...,ex). Since 7y
does not contain any r-reflectors and since 4’ is a subpath of v, 7" also does
not contain any r-reflectors. Then by the inductive hypothesis, ¢(7’) and
7(+") must be in the same connected component of I' =T, since 7/ has length
k. But t(egs1) and 7(exy1) must also be in the same connected component
of I' = T',, by the initial step of the induction. Observe that ¢(7") = ¢(7),
7(v") = 7(ex) = t(exs1), and 7(egs1) = 7(7). Since being in the same con-
nected component of a graph is an equivalence relation, we can conclude

by transitivity that ¢(y) and 7(7) are in the same connected component of
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I' - T',, completing the inductive proof.
O

Lemma 4.3. Let r be a reflection on the graph I' and let u and v be vertices
i . Suppose v is a path in I' from u to v. Then u and v are in the same
connected component of I' = ', if and only if v contains an even number of

r-reflectors.

Proof. (<=) Assume that 7 contains an even number of r-reflectors. If u
and v are the same vertex, then they obviously are in the same connected
component of I' = I'.. So assume that u # v. If 7 does not contain any r-
reflectors, then Lemma 4.2 tells us that v and v are in the same connected
component of I' = T',..

Suppose now that + contains 2n r-reflectors, where n € N, and let e and ey
be two of these r-reflectors. Then there exist subpaths 7, v2, and 73 of v such
that v = y1€172€973. Since ey and ey are r-reflectors, ¢(r(72)) = 7 (¢(12)) =
r(7(e1)) = ler) = 7(m) and 7(r(72)) = 7 (7(72)) = 7 (ee2)) = 7(€2) = ¢(73)-
Therefore, y17(72)73 is a well-defined path in I" from u to v which does not

contain edges e; or ey. Figure 4.2 illustrates the scenario just described.

€1 €2

—~

1 03

U v

Figure 4.2: Eliminating pairs of r-reflectors to shorten a path
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The path ;7 (72)73 contains 2n—2 r-reflectors. By eliminating r-reflectors
pairwise in this fashion, we will eventually have a path +" in I' from u to v
which does not contain any r-reflectors. Lemma 4.2 then tells us that v and
v are in the same connected component of I' — I',., as desired.

(=) We will prove this implication by proving the contrapositive of the
implication. To this end, assume = contains an odd number of r-reflectors.
We will show that v and v must be in different connected components of
I'-T,. Since I' - T', is disconnected, there exists a path 4/ in I' containing
exactly one r-reflector with initial vertex v and terminal vertex, say w, which
lies in a different connected component of I' — I', than v. Consider the path
~v+" which has initial vertex u and terminal vertex w. This path has exactly
one more r-reflector than path -, meaning v’ contains an even number of
r-reflectors. Our previous work then tells us that v and w must be in the
same connected component of I' = I',., implying that « and v are in different

connected components of I' — I',.. This completes the proof.

[]

Corollary 4.4. If r is a reflection on I', then any cycle in I' must contain

an even number of r-reflectors.

Proof. Suppose that « is a cycle in T based at a vertex vg. Clearly ¢(7)
and 7() are in the same connected component of I' - T, since ¢(7y) = 7(7).
Then Lemma 4.3 tells us that the cycle v must contain an even number of
r-reflectors.

]

Corollary 4.5. The endpoints of any r-reflector are in different connected

components of I' = T',..
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Proof. 1f e is an r-reflector, then e itself is a path between t(e) and 7(e).
This path obviously contains one r-reflector, and Lemma 4.3 tells us that
t(e) and 7(e) are in different connected components of I" - T,..

]

Corollary 4.6. Let r be a reflection on I'. If v is a triangle in I", then none

of the edges in v are r-reflectors.

Proof. Assume v = (eq,ez,e3) is a triangle in I'.  Suppose v contains an
r-reflector. Then it must contain two r-reflectors since, according to Corol-
lary 4.4, any cycle in I' must contain an even number of r-reflectors. Without
loss of generality, assume e; and ey are the r-reflectors in . Since r is a reflec-
tion, we must have r(7(e1)) = t(e1) and r(t(ez)) = 7(e2) = t(e3). However,
T(e1) = t(ez2), and so we must have t(e1) = r(7(e1)) = r(t(e2)) = t(e3). But
t(e1) and t(e3) cannot be equal, since v is a cycle. Thus, we have a contra-
diction! Therefore, the triangle v cannot contain any r-reflectors.

]

The preceding proof hinges on the idea that two r-reflectors cannot share
an endpoint. This is true in a general sense-not just for edges in a triangle.
This small fact will sometimes be useful when proving later results involving
reflections. Lemma 4.3 and Corollaries 4.4, 4.5, and 4.6 lay out some of
the other basic principles that we will use when working with reflections.
For instance, if r is a reflection on I', we now know that any path between
the endpoints of an r-reflector must contain at least one r-reflector. This
property gives us a basic way of showing that a graph automorphism is not a

reflection. If ¢ is a graph automorphism on I which inverts an edge e € E(I")
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and if there exists a path v in T from «(e) to 7(e) such that ¢ does not invert
any edges of 7, then ¢ cannot be a reflection.

The word reflection brings to mind thoughts of symmetry. The next
lemma will show that a reflection on a graph I' does possess strong symmet-

rical behavior.

Lemma 4.7. Suppose r is a reflection on a graph I'.  The subgraph T —
I', has exactly two connected components. Moreover, these two connected

components are interchanged by r.

Proof. By definition of reflection, I' = I',. is disconnected. Therefore, I' - T,
contains at least two connected components. Choose two vertices u and v
in I' which lie in distinct connected components of I' — I',.. Since we are
assuming that I' is connected, there exists a path + in I' between u and v.
By Lemma 4.3, v must contain an odd number of r-reflectors. Let w be any
other point in I' distinct from w and v and let 7' be any path in ' from
v to w. Consider the path y9" from u to w in I". If 4’ contains an even
number of r-reflectors, then by Lemma 4.3 we can conclude that v and w are
in the same connected component of I' - I',.. If 4/ contains an odd number of
r-reflectors, then the path vy’ contains an even number of r-reflectors and
Lemma 4.3 tells us that © and w are in the same connected component of
I' - T',. Therefore, there must be only two connected components of I' = I',.,
say ['; and I's.

Suppose u is a vertex in I'. Without loss of generality we may assume
that u € T';. Let e € E(I') be an arbitrary r-reflector and let v be the
endpoint of e which lies in I'y. Then there exists a path v in I" between u

and v which lies completely in I'y. Consequently, 7 does not contain any
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r-reflectors. Since r is a graph automorphism which sends each edge of I,
to its reverse, r sends non-r-reflectors to other non-r-reflectors. Moreover,
as a graph automorphism, r preserves paths. Since v is a path in ' from
u to v, r(7) is a path in I' from r(u) to r(v). Since v does not contain
any r-reflectors, r(7) does not contain any r-reflectors. Therefore, r(u) and
r(v) must be in the same connected component of I' - T',. But since e is an
r-reflector and v is an endpoint of e which lies in T';, 7(v) must lie in I's.
Thus, r(u) must lie in I'y also. Since r is a graph automorphism, we now can
conclude that r(I';) =Ty and r(I'y) =T
Therefore, the reflection r interchanges the connected components of I" -
r,.
O

Corollary 4.8. If r is a reflection on I', then r is vertex free on T,

meaning that for any v e V(I') we have r(v) # v.

In general, it can be difficult to show that a graph automorphism ¢ on
I' is a reflection. First, one must identify the set I'y, of edges in I' which
are inverted by ¢. Second, one must show that the set I'y separates the
graph. The next lemma gives us a way of showing that ¢ is a reflection by
first identifying a set £ of edges which separates I' and then proving that all

edges in £ are inverted by ¢.

Lemma 4.9. Let ¢ be an automorphism on a graph T' such that ¢? = idr.
Suppose € ¢ E(I') is a collection of edges which separates T'. If ¢ inverts

every edge in &, then ¢ is a reflection on I" and I'y = €.

Proof. Assume ¢ inverts every edge in €. Then £ must be contained in I',

the set of all edges in I' which are inverted by ¢. By assumption, I' - £ is
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disconnected. But £ ¢ T'y implies that I' - T'y = (I'-&) - (I'y = €). In other
words, if £ = T'y, then I' =T’y = T' = €, and if £ # I'y, then I' - T';, can be
obtained from I' — £ by removing additional edges. In either event, we can
see that I'-I'y, must be disconnected, since I' - £ is disconnected. Therefore,
¢ is an automorphism on I' with ¢? = idr such that I'y, the set of all edges
in I' which are inverted by ¢, separates I'. Thus, ¢ is a reflection on T'.

Lemma 4.7 tells us that I' - I', has exactly two connected components.
Call these components I'y and I'y. We now will show that I'y, = £. We
already know that & ¢ I';. Suppose e € I'y and consider the set of edges
[y :=Ty - {e,e}. The graph I' - I'y consists of disjoint subgraph I'y and I'y,
along with the edge pair {e,e}. We know that I' - T, is disconnected, but
I' - T’y must be connected, since the edge e serves as a bridge between the
subgraphs I'y and I';. We then can observe that if T is any proper subset
of I'y, then I' - T will be connected. Consequently, since £ separates T, €
cannot be a proper subset of I'y. In conclusion, £ =T'.

[]

The following lemma prescribes a way of creating new reflections from

already known reflections.

Lemma 4.10. If r is a reflection on a graph I and ¢ is any automorphism

on I', then ¢r¢=t is a reflection on I'. Moreover, I y5-1 = ¢ (I'}.).

Proof. First we will show that if £ ¢ F(T') is a collection of edges which
separates I', then ¢ (&) also separates I'. To see this, let e € ¢ (). Then
there exists e/ € £ such that ¢(e’) = e. Let v be any path in I from ¢(e)
and 7(e). Then ¢~1(v) is a path in I from QS‘l(L(e)) to (b‘l(T(e)). Because
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¢~!is an automorphism on I', it must respect the initial-vertex and reversing

functions inherent to I', which allows us to observe the following:

¢ (u(e))=c(o7(e)) =1 (o7 (d(€))) =€)
¢ (@) = u(67(@) = (d7(e)) =7 (¢7'(e)) = T (87 (¢(€)))) = T(€)

Therefore, ¢=1(y) is a path in I' from ¢(e’) to 7(e’). Since ¢’ € £ and &
separates I', ¢~1(y) must contain at least one edge from &, say €. But then
we can see that ¢(€) € ¢(€) and ¢(€) is an edge in ¢ (¢71(y)) =~. Since the
path v from ¢(e) to 7(e) was arbitrary, we can now conclude that any path
in I" from «(e) to 7(e) must contain an edge from ¢ (€). Since e € ¢ (£) was
arbitrary, we can now conclude that ¢ (€) separates I', as desired.

Now, suppose & := ¢ (I';.). Since I', separates I" and ¢ is an automorphism
on I', our preceding work allows us to conclude that £ separates I'. Since
2 = idp, we can easily observe that (¢r¢=1)* = idp. If we can show that
or¢~! inverts every edge in £, then Lemma 4.9 will tell us that ¢r¢=! is a
reflection on I' and, moreover, that I'y.4-1 = € = ¢ (I';). Let e € £. Then there
exists e’ € ', such that e = ¢(e’). Since e’ is an r-reflector, we must have

r(c(e’)) =7(e’) and r (7(e’)) = t(e’). Then observe the following:

oro~t ((e)) = or (1(¢7 () = or (u(e) = o (1(e") = 7 (6(e")) = 7(e)
gro~t (1(e)) = ¢r(m(¢7(e))) = ¢r (7(")) = & (1(e") = L (8(€")) = (e)

Therefore, ¢r¢=' inverts the edge e. Since e € £ was arbitrary, we now know

that ¢r¢=! inverts every edge in &, thereby completing the proof.
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Example 4.11. Consider again the graph I' = I'(G,S), where G = Z = (a)
and S = {a}. We showed in Example 4.1 that L,¢ is a reflection on I', where
¢ : 7 — Z is defined by stating that ¢(a) = a~!. Additionally, we showed that
the wall of L,¢ is I'y,4 = {e,€}, where e = e(1z,a).
Lemma 3.6 of Chapter 3 tells us that L, is a graph automorphism on
I’ for every g € Z. Then Lemma 4.10 that we just proved tells us that
L,L.¢ (Lg)_1 = LyLo¢L 1 alsois areflection on I" and FLngLg,l =L,(Tr,.0)-
We can easily see that L,(e) = L, (e(1z,a)) = e(g,a). Therefore, UryLoor, . =
{e(g,a),e(g,0)}.
<&

4.2 Reflection Groups

If G is a subgroup of Aut(I"), then the inclusion function from G to Aut(I")
induces a group action of G on I'. A subgroup G of Aut(I') is called a
reflection group on I' if G is generated by reflections on I' and if the action
of G on I is edge free. Let R denote the set of all reflections contained in
the reflection group GG. From Lemma 4.10 we know that R is closed under
conjugation. We can also observe that if » and r’ are distinct elements of ‘R,
then their walls I, and I',» are disjoint. If I, nT',» # @, then there would be
an edge e in I' which is both an r-reflector and r’-reflector. Then 77’ is in
G and rr'(e) = e, implying that 7’ = idr since the action of G on I' is edge
free. But this implies that r =/, contradicting our assumption that r and 7’
are distinct.

If G is a reflection group on I' with reflection set R, then the subgraph
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I'- ( U FT) of I' is disconnected since I' — I',. is disconnected for each r € fR.
reR

The connected components of I' — ( U Fr) are called the chambers of the
reflection group G. If C' is a chamg(i“ of G and if r € R, we say that I,
is a wall of C' if there exists an r-reflector e with «(e) in C. Fix a vertex
vo € V(I") which will serve as a base vertex. The unique chamber of G which
contains vy is called the fundamental chamber, denoted C,,. If r € R and
it I', is a wall of €, then r will be referred to as a fundamental reflection.

Suppose S is a set of fundamental reflections. Then the pair (G,S) is called

a reflection system on I'.

Example 4.12. Let H = (a,b | b3 =1py,ab=ba) 2 7Z x Z3 and let T = {a,b}.

Consider the Cayley graph I' = T'(H,T") which is depicted in Figure 4.3.

Figure 4.3: Cayley graph I'(Z x Z3,{a,b})

Define a homomorphism ¢ : H — H by stating that ¢(a) = a™! and ¢(b) =
b. It is clear that ¢ respects the relations of H and thus is an automorphism
of H. Moreover, ¢ (T*) = T*. Therefore, ¢ € Aut(H,T*). Then we know by
Theorem 3.8 that L,¢ and L,-1¢ are color-preserving graph automorphisms
on I. One can check that (Le$)” = idp and (Le-1¢)” = idp. The set of

edges in I" which are inverted by L,¢ is I'z, 4 = {e1 = e(1m,a),es = e(b,a),e3 =
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e(b?,a),e1, ez, €3}, which separates I'. Therefore, L,¢ is a reflection on T'. We
can also see that L,1¢ is a reflection on I' with 'y, 4 ={es=e(a,a),e;5 =
e(ba™t,a),eq = e(b?a™t,a),eq,e5,66}.

Let G := (ry,re), where ry = L,¢ and rg = L,-1¢. Since r; and ry are both
reflections on I'; we will be able to conclude that G is a reflection group on I' if
we can show that the action of G on I' is edge free. In order to determine this,
we need to better understand the nature of the elements of G. Observe that
rire = Lo Lg-1¢ = L2 and r9ry = Ly-1¢ Ly = L. Therefore, r1 and 75 have
order 2 and do not commute, and so each element of G can be written as an
alternating word in 1 and 3. One can check that the following observations

are true for any nonnegative integer n:

(7’17“2)" = La2n
(7“27"1)” = La—2n
(7”17"2)”?"1 = La2n+1¢

(7’27"1)”7“2 = La—(2n+l)¢

Therefore, G = {Lyor | k € Z} U{Ly2rn ¢ | k € Z}.

When k£ # 0, the elements of the form L, act on I' by translation.
Moreover, these elements neither fix nor invert any edges in I'. For any k,
the elements of the form L,2x+1¢ are reflections on I'. For a fixed k, the wall

of L,2k+1¢ is as shown here:
FLa2k+1¢ = {61 = e(ak’ Cl,), €2 = e(bak, a)’ €3 = e(bzaka CL)76_17€_2, 6_3}

We can see also that the elements of the form L, 2x+1¢ do not fix any edges
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in I". We can now conclude that idr is the only element of G which fixes any
edges in I'. Therefore, G is a reflection group on I'.

The set of all reflections in G is given by R = {Lgor+1¢ | ke Z}. Also,
UL, ={e(h,a),e(h,a*) | he H}. The subgraph I' - ( U FT) of T is shown

reR reR
here:

Figure 4.4: Chamber subgraph I' — ( U FT) of I'(Z x Z3,{a,b})
reR

We can see clearly that the chambers of GG correspond to the triangles
shown above. Fix the vertex 1y in I' to be the base vertex. Then the fun-
damental chamber is Cy,, = {e; = e(1g,b),e2 = e(b,b),e3 = e(b?,),e1,¢3,€3}.
The set of fundamental reflections is given by § = {ry,72}. Therefore, (G,S)

is a reflection system on I'.

4.3 Coxeter Groups

Recall that a Coxeter group, often denoted by the symbol W, is a group

with a presentation of the form shown here:

W= (ry,re, ...,y | (rir;)™ = 1w)
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where for i, j € I,,, m; j e Nu{oo}; m; ; =m;;; m;; = ly; and m; ; > 2 for ¢ # j.
When m; ; = oo, we interpret this to mean that (r;r;)™ # 1y for any m € N.
The condition that m;; = 1y implies that (r;)? = 1y for all ¢ € I,. The
generating set S = {ry,...,r,} often is called the fundamental generating
set for W. The pair (W,S) is referred to as a Coxeter system. Though it
is not immediately clear from the group presentation, it can be shown that
m; ; is, in fact, the order of r;r; in W [8].

Coxeter groups have a rich history and a strong relationship with reflec-
tion groups. The theory is developed thoroughly in [4], [8], and [9]. We will
mention a few results here which will be of use in later chapters or which will

serve as important examples.

Lemma 4.13. Suppose W is a Coxeter group with fundamental generating
set S. Ifr e S, thenr is a reflection acting on T’ = T'(W,S) by left translation.

Furthermore, the pair (W,S) is a reflection system on T.

Example 4.14. Suppose P, is a regular polygon with n sides. Recall that
for any positive integer n, the dihedral group D,, is defined in terms of sym-
metries on P,. The 2n elements of D,, are as described here:

e the rotation symmetries on P,, of which there are n

e the reflection symmetries on P,, of which there are n
The group operation is taken to be composition. If ¢ represents counterclock-

wise rotation by an angle of 27” on P, and r represents one of the reflections

on P,, then we know that D,, can be given by the presentation shown here:

Dn = (t,?”,

t"=r%=(rt)*=1p,)
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However, it is well known that D,, can be given another presentation with

generators r; and ry, where ry =1 and ry = tr, as shown here:
_ 2 _ .2 _ n _
Dn—('r‘l,m‘rl—r2—(7’1r2) =1p,)

This second presentation makes it clear that the dihedral group D, is, in
fact, a Coxeter group. If § = {ry,r5}, then Lemma 4.13 tells us that (D,,S)
is a reflection system on I'(D,,,S). Interestingly, the Cayley graph I'(D,,,S)

is a 2n-sided polygon where the sides alternate colors between r; and 7s.

%

Lemma 4.15. Let (W,S) be a reflection system on a graph T.

(a) The action of W on T is simply transitive on the set of chambers.

(b) Every reflection in W is conjugate to a fundamental reflection.

(c) The set of fundamental reflections S generates the group W.
Theorem 4.16. Let (W,S) be a reflection system on a graph T'. Then (W,S)

forms a Cozeter system, where for any r;,r; €S, m; ; is taken to be the order

of the element ryr; in W.
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Chapter 5

Totally Reflected Group

Systems

5.1 Definitions, Basic Properties, and Exam-
ples

The theory that we developed in Chapter 4 concerning reflections applied
to generic graphs. However, the examples that we used all involved Cayley
graphs. It will soon become clear that the attention we paid to groups and
their Cayley graphs in earlier chapters was intended to set the stage for this
chapter.

One group may have many different generating sets. If S and 7 are two
different generating sets for GG, then the Cayley graphs I'(G,S) and T'(G,T)
can vary remarkably. We gave an explicit example of this phenomenon in
Chapter 2 involving the dihedral group Dy. Figures 2.1 and 2.2 depict Cayley

graphs for D, with respect to two different generating sets. If we were to
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define a property that a given graph might (or might not) satisfy, we would
not be surprised to find that there exist generating sets S and T for G such
that I'(G,S) satisfies the property but ['(G, T) does not. We will now define
such a property.

If G is a (nontrivial) group with (nice) generating set S, then we will
refer to the pair (G,S) as a group system. We will say that the group
system (G, S) is totally reflected (or is a totally reflected system) if for
each edge e in I' = I'(G,S) there exists a color-preserving graph reflection
on I' which inverts e. Additionally, we will say that the group G is totally
reflected with respect to S if the system (G,S) is totally reflected.

In previous chapters we explored the notions of graph reflections and
color-preserving graph automorphisms. These concepts come together in
the definition of totally reflected systems. If G is a group with generating
set §, then Theorem 3.8 tells us that any color-preserving automorphism on
['=T(G,S) has the form Lya, where k € G and o € Aut(G, S*). If we assume
also that Ly is a reflection on T, then we must have that (Lya)® = idp.

Therefore, for any x € GG, the following must be true:

z = (Lpe)? (2) = Lya (Lya(z)) = ka(k)o?(x)

In particular, 1g = ka(k)a?(1g) = ka(k), implying that «(k) = k'. Then
we can conclude that = = ka(k)a?(x) = kk'a?(x) = o?(x) for all z € G.
Consequently, o? = idg.

If Ly inverts an edge e(g, s) in I', where g € G and s € §*, then we can
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make additional observations concerning Lj«, as shown here:

g9s = Lra(g) = ka(g)

g9 = Lia(gs) = ka(g)a(s) = gsa(s)

If we multiply on the left by ¢! in the right-hand equation, we can see that

1

lg = sa(s) and so a(s) = s7'. Let us summarize these observations in the

next lemma.

Lemma 5.1. Let Lya be a color-preserving automorphism on a Cayley graph
' =T(G,S), where k € G and o € Aut(G,S8*). If Ly is a reflection on
[, then o must satisfy the extra conditions that a(k) = k™' and o? = idg.
Moreover, if Lia is a reflection on I' which inverts an edge of the form

e(g,s), then we must also have that ka(g) = gs and a(s) = s71.

Corollary 5.2. For any s € §*, a color-preserving reflection on ' =T'(G,S)
which inverts the edge e(1q, s) must be of the form Lo, where a € Aut(G,S*)

satisfies a(s) = s7! and o? = idg.

The characterizations of color-preserving reflections on a Cayley graph
which Lemma 5.1 and Corollary 5.2 provide will be very useful in our proofs
involving totally reflected systems. If a group G has other nice properties,
then it may be possible to give a more detailed characterization of the color-

preserving reflections on a Cayley graph for G.

Lemma 5.3. Let G be a group with generating set S. Suppose Ly is a color-
preserving reflection on I' = I'(G,S) which inverts the edge e(g,s), where
geG and seS*. Ifte S* - {s,s71} and if t commutes with s, then we must

have a(t) =t.
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Proof. Let t be an arbitrary element of S* — {s,s7'} such that st = ts. Then
notice that st = ts7! as well. Let e, ez, e3, and e4 be edges in ' with
er = e(g,s), ea = e(gs,t), e3 = e(gst,s™!), and ey = e(gsts™t,t7!). Define
a path v in T" by v = (e1,ea,€e3,e4). We can easily see that v is a well-
defined path. Observe that the word in §* corresponding to v is w(7y) =
sts71t! = ss7Ht~! = 1. Therefore, 7(ey) = gsts't™! = g = 1(e1), and so 7
is a closed path. Furthermore, since s # t and s # t~!, we must have that
t(er),t(e2),t(esz), and t(ey) are all distinct, implying that « is a cycle in T
Since Lia inverts the edge e, it must also invert the edge e3. Using this fact
along with the properties of L« established by Lemma 5.1, we can observe

the following;:

gt = gtss™t = gsts™' = Lya(gst) = ka(g)a(s)a(t) = gssta(t) = ga(t)

Then gt = ga(t) implies that t = a(t), which completes the proof.
]

The definition of totally reflected system leads to a natural question. For a
group G, can there exist different generating sets S and 7 such that (G, S) is
totally reflected but (G,7T) is not? In general, the answer is “yes”. However,
we will show that there is at least one group which is not totally reflected
with respect to any generating set. Likewise, we will show that there is
exactly one nontrivial group which is totally reflected with respect to every

generating set.

Example 5.4. (Z,S) is a totally reflected system, where Z = (a) and S = {a}.

To see this, suppose e(g,s) is an edge in I' = I'(Z,{a}). Then g = a™ for
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some integer n and s € S* = {a,a"'}. First, suppose s = a. Example 4.11
tells us that r = LynLepL,—n is a reflection on I' which inverts the edge
e(g,s) = e(a™,a), where ¢ : Z — 7Z is the group automorphism defined by
stating that ¢(a) = a7!. We can easily see that ¢ (S*) = S*. Therefore,

¢ € Aut(Z,8%). Let x € Z be arbitrary. Observe the following:

LanLa¢ Lo (x) = a"ad(a™z) = a™ ' ¢(a™)d(z) = a™'a"¢(x) = Loznn ¢()

Then r = Lyn Ly Ly = Ly2n+1¢, and Theorem 3.8 allows us to conclude that
r is a color-preserving graph automorphism, in addition to being a reflection.
Since g was arbitrary, we have shown that for any edge of the form e(g,a) in
I" there exists a color-preserving graph reflection  on I which inverts e(g,a).

Now suppose s = at. Then e(g,s) = e(a”,a™!) is inverted by the color-
preserving graph reflection r = Lyn-1 Lo Lgi-n = Ly2n-1¢, since our preceding
work shows that r inverts the edge e(a”,a"1) = e(a®,a) in T

Therefore, for any edge e in I' = T'(Z, {a}), there exists a color-preserving
graph reflection 7 on I which inverts e. Thus, (Z,{a}) is a totally reflected

system.

%

The following proposition will simplify the matter of determining whether

or not a pair (G,S) is a totally reflected system.

Proposition 5.5. (G,S) is a totally reflected system if and only if for any
s €S there exists a color-preserving graph reflection r on I' which inverts the
edge e(1g, s).

Proof. (==) This direction is proved by the definition of totally reflected
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system.

(«<=) For any t € S, assume that there exists a color-preserving graph
reflection, say r;, on I' which inverts the edge e(1g,t). For arbitrary g € G
and s € S, consider the edge e(g,s) in I'. Let 7 := LyryL,1. Clearly r is a
graph automorphism on I, since it is a composition of elements of Aut(T").
Moreover, r is color-preserving, since Lg, L,-1 € Autcs (I') € Aute,, (I') and
since Aut.p, (T') < Aut(T") as shown by Lemma 3.7. Also, Lemma 4.10 tells
us that r is a reflection on I'. Since rg inverts the edge e(1g,s), we must

have r4(1g) = s and rs(s) = 1g. Observe the following:

r(9) = LyrsLy1(g) = grs(97'g) = grs(1g) = gs

7(gs) = LyrsLg-1(gs) = grs(97"gs) = grs(s) = gla =g

Therefore, r inverts the edge e(g, s).

Now consider the edge e(g,s7!) in I, where g € G and s € S are arbitrary.
Let r := LpryL,-1, where h = gs~!. From our preceding work, we know
that r is a color-preserving graph reflection on I' which inverts the edge
e(h,s). However, if e(h,s) is an r-reflector, then so is e(h, s) = e(hs,s™!) =
e(gsts,s7') =e(g,s71). Therefore, r inverts the edge e(g, s™1).

Any edge e in I' is either of the form e(g,s) or e(g,s™!) for some g € G
and s € §. We have shown, then, that for any edge e in I' there exists a
color-preserving graph reflection which inverts the edge e. Therefore, (G,S)

is a totally reflected system. O

Example 5.6. Lemma 4.13 tells us that a Coxeter system (W, S) is a reflec-

tion system on I' = I'(W, S), where the action of W on I is taken to be left
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translation. Therefore, if S = {ry,...,7,}, then r; is a reflection on T" for any
i € I,. One can easily check that r; inverts the edge e(1y,r;) in I'. Also, r; is
color fixing and thus color preserving. Applying Proposition 5.5 then allows

us to conclude that (W,S) is a totally reflected system.

\

Example 5.7. For any n € N, let Zy, = (a ‘ a’ =1z, ) be the finite cyclic
group of order 2n. Suppose S = {a}. Consider the color-preserving auto-
morphism on I' = ['(Zs,,S) given by L,¢, where ¢ € Aut(Zs,,S*) is defined
by stating that ¢(a) = a='. One can easily check that L,¢ is a reflection on
I' with wall I', 4 = {e1 = e(1z,,,a),e2 = e(a",a),e1,e3}. Then by Proposi-
tion 5.5 we can conclude that (Zs,,S) is a totally reflected system for any

n € N.

%

For a moment, consider the group Z,. This group has only one nice
generating set, namely the one consisting of the single non-identity element
of Zy. The preceding example shows that Z, is totally reflected with respect
to this generating set. Consequently, Z, is totally reflected with respect to
every one of its nice generating sets. We will see soon that Z, is the only

nontrivial group having this property.

Lemma 5.8. Let G be a group generated by S. If S contains an element

which has odd order in the group, then (G,S) is not a totally reflected system.

Proof. Assume s € S has odd order, n, in G. Since 1g ¢ S, n must be
greater than or equal to 3. We want to show that no color-preserving graph

reflection on I' = T'(G,S) can invert the edge e(lg,s). Suppose, to the
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contrary, that L,¢ € Aut., (I') is a reflection on I" which inverts the edge
e(lg,s). We showed in Chapter 4 that we must have a = s, ¢(s) = s7!, and
¢? = idg. Consider the path v = (ey,...,e,) in I', where ¢; = e(s*"!,s) for
each 7 € I,,. Since s has order n in G, s% s!,s2, ..., s" ! are all distinct. If
for some integers 7 and j satisfying 0 <i < j <n—1 we had s’ = s/, then we
would also have 15 = s7~. However, the condition on i and j implies that
0<j—-1i<n-1-1<n, contradicting our assumption that n is the order of s.
Notice also that 7(e,) = 7 (e(s"71,5)) = s 1s = 5" = 15 = 1 (e(s°,5)) = t(e1).
Therefore, v = (e1,...,e,) is, in fact, a cycle in I

Suppose ex1 = e(s*, s) is an arbitrary edge in v, where 0 <k <n-1. In
order for L to invert ey, 1, we must have that s = L p(sF*1) = ss7F1 = 57,
implying that s? = 1. But this occurs if and only if n divides 2k. The only
value k can take between 0 and n—1 so that this is true is k£ = 0, meaning that
e1 is the only edge in v which is inverted by L,¢. But this is a contradiction!
Lemma 4.4 tells us that any cycle in I' must contain an even number of
L,¢-reflectors. Thus, there can be no color-preserving reflection on I" which
inverts the edge e(1g, s), and by Proposition 5.5 we can conclude that (G,S)
is not a totally reflected system.

O

Lemma 5.9. Suppose G is a group with generating set S. If T' = ['(G,S)

contains a triangle, then (G,S) is not a totally reflected system.

Proof. Suppose 7 is a triangle in I' and let e be any edge in . Then Corol-
lary 4.6 tells us that there does not exist any color-preserving reflection (or
any reflection, for that matter) that inverts the edge e. Therefore, (G,S) is

not a totally reflected system. O
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Corollary 5.10. Let G be any group with 3 or more elements. Then there
exists at least one (nice) generating set S for G such that (G,S) is not a

totally reflected system.

Proof. Let S be the generating set for G consisting of every element of G.

That is, S = G. Let g1, g2, and g3 be any three distinct elements of G. Then

81 = 91_192,82 = g5'93,53 = 9§191 €S, and so e; = e(g1,51), €2 = e(g2, 52), €3 =

e(gs, s3) are edges in I'. Observe the following:

t(e1) = g1 and 7(e1) = 9151 = 9197 92 = 2

t(e3) = g3 and T(e3) = 383 = 9393791 =

Therefore, v = (e, ea, €3) is a triangle in I', and by Lemma 5.9 we can conclude
that (G,S) is not a totally reflected system.
O

Lemmas 5.8 and 5.9 suggest that cycles of odd length in a Cayley graph
['(G,S) make it unlikely that (G,S) will be a totally reflected system. How-
ever, a Cayley graph I'(G, S) can contain no odd-length cycles and yet (G,S)
can fail to be a totally reflected system. The next example will illustrate this

point.

Example 5.11. Consider the quaternion group (g given by the presentation
here:

Qs=(-1,0,5,k| (-1)* =1=1¢,,i* = j2 = k* = ijk = -1)
We can see from the presentation that —1 has order 2 in the group, while i,
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7, and k each have order 4. This group consists of eight elements, namely
1,-1,i,-1,75,-j,k, and —k.

Suppose S is an arbitrary generating set for (Jg. Clearly S cannot consist
of —1 alone, or even —1 together with a single element of order 4, since the
square of any order-four element is —1. Therefore, S must contain two distinct
elements of order 4, say a and b. The Cayley graph I' = I'(Qs, §) must contain

a subgraph IV whose pictorial representation is depicted in Figure 5.1.

—1

Figure 5.1: Subgraph of I'(Qs, S)

Let e; = e(1,a), es = e(a,a), ez = e(-1,a), e, = e(-a,a), es = e(1,b), and
e = €(b,b). Consider the cycles v; = (e1,€2,€e3,e4) and o = (es, eq, €3, €4).
Suppose r is a color-preserving graph reflection on I' which inverts e;. Then
r must invert another edge in =1, since any cycle in I' must contain an even
number of r-reflectors. However, r-reflectors cannot share an endpoint There-
fore, the other r-reflector in vy, must be e3. By applying similar reasoning
to the cycle 75, we can conclude that r must invert e5 as well. But this is
a contradiction! Since e; and e5 share an endpoint, they cannot both be
r-reflectors. Consequently, no color-preserving reflection on I' can invert the

edge e;. Therefore, (Qs,S) is not a totally reflected system. Since S was
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taken to be an arbitrary generating set for (g, we can now conclude that the

group (s is not totally reflected with respect to any generating set.

\

The preceding example suggests that there is something about the innate
structure of the group (Js which makes it difficult (or impossible) to find
reflections on its Cayley graphs. This example is the motivation for defining
a new term. We will say that a group G is totally reflected (or is a
totally reflected group) if it has a generating set S for which (G,S) is
a totally reflected system. Using this new terminology, we can reinterpret

Example 5.11 as saying that (Jg is not a totally reflected group.

Example 5.12. For any n € N, let Zg,1 = (a ‘ a?*l =1y ) be the finite
cyclic group of order 2n+1. Let S be any generating set for Zy, 1. Then from
basic group theory we know that S must contain at least one element of odd
order k£ with k> 3. By Lemma 5.8, we can conclude that for any generating
set S of Zopi1, (Zons1,S) is not a totally reflected system. Consequently, for

any n € N, the group Zo,,1 is not totally reflected.

5.2 Direct Products of Totally Reflected
Groups

After defining the concept of totally reflected, we gave many examples of
specific groups which are totally reflected. Our goal now is to discover and

understand larger, more general classes of totally reflected groups. The first
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such class will consist of finite direct products of totally reflected groups.
Let us first establish some conventions that we will use when working
with finite direct products. Assume that G and H are groups with identity
elements 15 and 1p, respectively. Consider the direct product G'x H. Tradi-
tionally, elements of this direct product are denoted as ordered pairs of the

form (g,h), with g € G and h € H. The group operation is shown here:

(91, h1) : (92, h2) = (9192,h1h2)7 for g1,92€ G, hi,ho € H

As established previously, the binary operators of G and H are dropped
and multiplication within each group is denoted by juxtaposition of elements.
For convenience, we will use juxtaposition notation when working with direct
products as well. We will write gh in place of (g,h), g in place of (g,1g), h
in place of (1g,h), and 1 in place of (1¢,1y). The group operation of G x H

can then be summarized as shown here:

gih1 - g2ho = g1higahe = g1gahiho, for g1,92€ G, hi,ho € H

The equivalence between internal and external direct products, which is a
standard result of abstract algebra, justifies the use of juxtaposition notation
when working with direct products.

In a more general finite direct product of the form G; x G x --- x G,
group elements often will be written in the form g = g192---g,,, where g; € G;
for ¢ € I,,. If for some 7 € I, we have that g; = 1,, we simply will leave out
that ¢g; from the juxtaposed expression of the element g. If g; = 1¢, for all

i€{l,...,n}, then g =1, where 1 is the identity element in the direct product.
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One nice consequence of using juxtaposition notation is the ease of work-
ing with subsets. If K is a subset of one of the factor groups G;, then we can
also think of K as being a subset of the direct product G; x Gy x-+- x G,,. For
example, in a direct product of the form G x H, suppose that K is a subset
of H. Then in the standard notation, the set {(1g, k) | ke K} is a subset of
G x H. But in our juxtaposed notation, this set would instead be thought of
just as {k |k € K}, or in essence, K itself.

As previously mentioned, the choice of generating set for a group matters
when we discuss Cayley graphs and totally reflected systems. If G1,Go, ...,G,
are groups with generating sets S1,5o, ..., S, respectively, then one standard
generating set for the direct product G; x G5 x --- x GG, is formed by taking

the union of the generating sets for the individual factors, as seen here:
Sl USQU'“USn = USZ

Though there are potentially many other generating sets for the finite direct
product G1 x G x---x (G, this standard generating set is the one we typically
will use. We will now show that if (G1,81),(Ge,S82), ..., (G, S,) are each
totally reflected systems, for n > 2, then (G} x Gy x -+ x G,,,S;US U--US,)
is a totally reflected system. We will first prove this result in the case when
n = 2. The result for a general finite direct product will then follow easily by

induction.

Theorem 5.13. If G and H are totally reflected groups, then the direct

product G x H is a totally reflected group.

Proof. Let § and T be nice generating sets for G and H, respectively, such

71



that (G,S) and (H,T) are totally reflected systems. We will show that the
direct product G x H is totally reflected by showing that (G x H, SuT)
is a totally reflected system. For convenience, we will abbreviate I'(G,S),
I'(H,T),and I'(Gx H,SuT) as I'(G), I'(H), and I'(G x H), respectively.
Let’s begin by defining a non-rigid graph morphism pg : I'(G x H) —
['(G). We first will define pg on the vertex set of I'(G' x H). For any element
v in the vertex set of I'(G x H), v can be expressed in the form gh for
some g € G and some h € H. Then let pg(v) = pa(gh) = g. We now will
define pg on the edge set of I'(G x H). For any element e in the edge set
of I'(G x H), e can be expressed either in the form e(gh,s) or in the form
e(gh,t), for some g e G, he H, se §*, and t € T*. Then let ps(e) =e(g,s) if
e =e(gh,s) and pg(e) = g if e = e(gh,t). We must check that pg respects the
reversing and initial-vertex functions. To this end, suppose that e is an edge
in I'(G x H). If e = e(gh,s), where g € G, h € H, and s € §*, then pg(e) =
e(g,s). Then pg(c(e)) = pa(gh) = g = (pa(e)) and pa(€) = pa(e(ghs,s™1)) =
pg(e(gsh, s*l)) =e(gs,s7') = e(g,s) = pa(e). If e = e(gh,t), where g € G,
he H, and t € T*, then pg(e) = g. Then pg(e(e)) = pe(gh) = g = pe(e) and

pa(e) = pg(e(ght,t‘l)) =g = pg(e). Therefore, pg does, indeed, respect the
reversing and initial-vertex functions, and so pg is a well-defined non-rigid
graph morphism.

Similarly, let’s define a non-rigid graph morphism py : I'(Gx H) - T'(H).
We first will define py on the vertex set of I'(G' x H). Again, for any element
v in the vertex set of I'(G x H), v can be expressed in the form gh for some
g € G and some h € H. Then let py(v) = pa(gh) = h. We now will define

pr on the edge set of I'(G x H). Again, for any element e in the edge set
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of I'(G x H), e can be expressed either in the form e(gh,s) or in the form
e(gh,t), for some g € G, h € H, s € §*, and t € T*. Then let py(e) = h
if e = e(gh,s) and py(e) = e(h,t) if e = e(gh,t). An argument similar to
the one above would give us that py respects the reversing and initial-vertex
functions. Therefore, py is a well-defined non-rigid graph morphism.

Let s € § be arbitrary. Consider the edge e(1,s) =e(lgly,s) in '(GxH).
Then pg(e(l,s)) = e(lg,s) is an edge in I'(G). Since (G,S) is a totally
reflected system, there is a color-preserving graph reflection of the form L,a,
with o € Aut(G,S*) satisfying a(s) = s7! and o? = idg, which inverts the
edge e(1g,s) in I'(G).

Now, « is a bijective function on GG, but we can extend it to a function
a* on all of G x H by defining a*(1) = 1 and a*(gh) = a(g)h for all g € G
and h € H. Suppose gh € G x H is arbitrary, where g € G and h € H.
Since « is bijective, a~1(g) is well defined. Then observe that a* (a='(g)h) =
a(a 1(g)) h = gh. Therefore, a* is surjective. Also, a(gh) = a(g)h =1 if and
only if a(g) = 1g and h = 1g. Since « is injective, a(g) = 1¢ occurs if and
only if g = 1g, and so gh = 1gly = 1. Therefore, a*(gh) = 1 occurs if and
only if gh = 1, and so «* is injective. Suppose that ¢,¢9’ € G and h,h' € H.

Observe the following:

a*(ghg'h’) = a*(gg'hh’) = a(gg")hh' = a(g)a(g") R

= a(g)ha(g)h' = a*(gh)a*(g'h")

Therefore, we can now conclude that o* is an automorphism on G x H.
Furthermore, a* fixes the set S* U T=* since « fixes the set S* and since the

extension «* is defined so as to fix the set T*. Therefore, a* € Aut(G x
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H,8*uT*), and by Theorem 3.8 we know that Lsa* is a color-preserving
graph automorphism acting on I'(G x H).

We can see that Lga* inverts the edge e(1,s) in I'(Gx H), since Lya*(1) =
s and Lsa*(s) = sa(s) = ss7t = 1. Our next goal is to show that L,a* is a
reflection on I'(G' x H).

First, we must show that Lsa* has order 2. For any vertex gh e I'(Gx H),

notice the following:

(Lsa*)* (gh) = Lya* Lya*(gh)
= sa*(sa*(gh))
= sa*(sa(g)h)
= sa(sa(g))h  (since sa(g) € G)
= (L.a) (g)h

=gh (since (Ly)® = idr(q))

Thus, (Lsoz*)2 = idp(gxm) and so Lya* has order 2.

Second, we need to identify those edges in I'(G x H) which are inverted
by Lsa*. To this end, let £ = {edges in I'(G) which are inverted by Lsa} =
I'(G) .. Let € = {edges, e, in I'(G x H) such that pe(e) € £}. Since e(1g, s)
is inverted by Lsa acting on I'(G), e(lg,s) € €. Also, e(1,s) € & since
pale(l,s)) =e(lg,s) €.

Note that in order for an edge e € & to satisfy pg(e) € £, we must have
that c(e) € S*. We will now show that each edge in € is inverted by L,a*.
Consider an arbitrary element of &, say e(gh,s’), where g € G, h € H, and

s’ € §*. Then pg(e(gh,s’)) =e(g,s') € €. Since e(g,s’) is inverted by L,a,
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we must have that sa(g) = gs’ and a(s’) = (s")7'. Then, notice the following:

Lsa*(e(gh, s')) = e(sa*(gh),a*(s"))

(sa
e(sa(g)h a(s’))
(

=e(gs'h,(s")” )
= e(ghs’, (s’)_l)
=e(gh,s’)

Since the edge e(gh,s’) was chosen arbitrarily from &, we have now shown
that each edge in & is inverted by L,a*.

Finally, we must show that the edges of g , if removed, separate the graph
['(G x H). Suppose that v; and v, are vertices in I'(G' x H). Then vy = g1hy
and vy = gohy for some gy, go € G and some hy, hy € H. Any path in I'(G x H)
from vy to vy projects down, by way of pg, to a path (perhaps of length 0)
in I'(G) from g; to go. We showed previously that e(1,s) € £. Let v be any
path from 1 to s in I'(G x H). We claim that v must contain at least one
edge which is in E.

To prove the claim, suppose to the contrary that v does not contain an
edge in €. Then pa(7) is a path in I'(G) from 1g to s which contains no
edges from €. Note that pg() is not an empty path, since 1 # s. Therefore,
pe(7) is a (nonempty) path in I'(G) from 1g to s which contains no edges
which are inverted by L, implying that 15 and s are in the same connected
component of I'(G) — £. But this is a contradiction! The vertices 15 and s
must be in different connected components of I'(G) - £ since e(1g,s) € &.

Thus, any path in I'(G' x H) from 1 to s must contain an edge which is in €.
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Consequently, € separates ['(Gx H).

Therefore, £ is a set of edges in I'(G x H), each of which is inverted
by Lsa*, and T'(G x H) - & is disconnected. So Lpa* is indeed a color-
preserving reflection on I'(G x H) and it inverts the specified edge e(1,s).
Since s € S was arbitrary, this implies that for any s € S, there exists a color-
preserving reflection on I'(G x H) inverting the edge e(1,s). A symmetric
argument would show that there exists a color-preserving reflection on I'(G x
H) inverting any edge of the form e(1,t), where ¢t € 7. Therefore, for any
u € 8* U T*, there exists a color-preserving reflection on I'(G x H) which
inverts the edge e(1,u). By Proposition 5.5, we can now conclude that (G x
H,5*uT*) is a totally reflected system, implying that G x H is a totally
reflected group.

O

Corollary 5.14. If G1,Gs,...,G,, are totally reflected groups for n > 2, then

the direct product G x Gy x --- x G, is a totally reflected group.

Example 5.15. Consider the group Z xZ = (a,b | ab = ba). Figure 5.2 shows
the Cayley graph I' =T'(Z x Z, {a, b}).

e
1

LN

AN

3

Figure 5.2: A portion of the Cayley graph I'(Z x Z,{a,b, })
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The preceding theorem tells us that (Z x Z, {a,b}) must be totally re-
flected, since (Z,{a}) and (Z,{b}) are totally reflected, as we showed in
Example 5.4. Define a group homomorphism ¢, on Z x Z by stating that
¢a(a) = a ' and ¢,(b) = b. Likewise, define a group homomorphism ¢, on
Z x 7 by stating that ¢p(a) = a and ¢p(b) = b='. The color-preserving re-
flections on I' given by L,¢4, La-1¢a, Lydy, and Ly-1¢, invert the edges from
17x7 to a, a™!, b, and b~!, respectively. Therefore, for each edge e incident to
the identity vertex in I', there exists a color-preserving reflection on I' which
inverts e. Then by Proposition 5.5 we can confirm that (Z x Z, {a,b}) is, in

fact, totally reflected.

5.3 Finitely Generated Abelian Groups

From the preceding section, we know that any finite direct product of to-
tally reflected groups is totally reflected. Indeed, Theorem 5.13 proved the

following implication:
G1,Go, ..., G, totally reflected = G x G5 x --- x G, totally reflected

However, the reverse implication is generally not true. To see this, recall
that by Example 5.7 we know that Z, x Zs3 is totally reflected since it is
isomorphic to Zg. But Example 5.12 shows us that Zs itself is not totally
reflected. Therefore, a finite direct product of groups being totally reflected
does not necessarily imply that the individual factor groups are themselves

totally reflected.
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Finitely-generated abelian groups will provide us with a setting in which
the reverse implication of Theorem 5.13 is sometimes true. Let us begin by

recalling an important result from algebra.

Theorem 5.16 (Fundamental Theorem of Finitely Generated Abelian
Groups). Let G be a finitely generated abelian group. Then G can be expressed

as a finite direct product of cyclic groups as shown here:

G 2Ly X Ly X -+ X Lo, X L7

where k and r are nonnegative integers, n; > 2 for each i € Iy, and n;|n;,1 for
each i € I,_1 in the event that k > 2.

Furthermore, if G 2 Ly, X Ly X ++Ly, x 29, where mq,...,my,l, and q
satisfy the same conditions which were satisfied by ny,...,nk, k, and r, then

k=1,n;=m; for alliel, andr =q.

The direct-product decomposition of a finitely generated abelian group
such as that given in the above theorem is sometimes referred to as the
inwvariant-factor decomposition for GG. The values nq,ns, ..., ng are called the
mwvariant factors of G, with ny being the first invariant factor of G. The
value r is called the rank of G. When r = 0, we interpret this to mean that
G 2 Zy, %+ X Ly,. When k = 0 in this decomposition, we interpret this to
mean that G 2 Z". In this case, we will say that the first invariant factor of
G is 0. Throughout this section, we will assume that G is a nontrivial group.
Consequently, £ and r cannot both be zero.

We will soon prove that a finitely generated abelian group is totally re-

flected if and only if each factor group in its invariant-factor decomposition
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is totally reflected. First we must prove the following lemma. For the re-
mainder of this section, we will assume that we are in the setting established
in Theorem 5.16. Specifically, if G is a finitely generated abelian group, then
we will assume that it has an invariant-factor decomposition such as that in

Theorem 5.16.

Lemma 5.17. Let G be a finitely generated abelian group. Fvery generating
set for G must have at least k+r elements, where k is the number of invariant

factors of G and r is the rank of G.

Proof. Suppose that S = {s1,...,s;} # & is any nice generating set for G.
We want to show that it must be the case that 7 > k+r. Let ¢ : G -
Ly X -+ X L, x Z" be an isomorphism. For each i € [}, let ¢t; = ¢(s;). Then
the set T = {t1,...,t;} is a generating set for Z,, x---x Z,, xZ", since ¢ is an
isomorphism.

Suppose for a moment that k£ > 0. Let p be a prime number which divides
ny. In the event that k > 2, p divides not only n; but also n; for each i € I,
since n;|n;q for each i € I 1. Let d; = n;/p € Z for each i € I. The group Z,,
must contain subgroups which are isomorphic to Z, and Z,, (and which we
denote, without loss of clarity, as Z, and Zj,, respectively). Furthermore, the
subgroup Zg, is normal in Z,,, since Z,, is abelian. So the quotient Z,, /Zg,
is a group, and this quotient group is isomorphic to Z,. Therefore, for each
i € Iy, there exists a surjective homomorphism from Z,, onto Z,, which can
be achieved by applying the standard quotient homomorphism, followed by
an isomorphism.

There also exists a surjective homomorphism from Z onto Z,, say ¢,

defined by stating that ¢(a) = a(mod p) for any integer a. Here, p can be
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any prime number greater than or equal to 2. We will use the same p as
above if k£ > 0, but if £ =0 we can simply choose p to be any prime number
greater than or equal to 2.

We have shown that there exists a prime number p > 2 such that each
factor group in the invariant factor decomposition for G' can be mapped via
a surjective homomorphism to Z,. Therefore, there also exists a surjective
homomorphism 7 : Zy, X ... x Zp, X 2" — (Zp)k”. Since p is a prime, Z, is a
field, meaning (Zp)k” can be viewed as a vector space of dimension k+1r over
the field Z,. Since T = {t1,...,t;} is a generating set for Z,, x .-+ x Z,, x Z",
the set {y(t1),...,7(¢;)} is a generating set for (Zp)k”. In other words,
{~7(t1),....,7(t;)} is a spanning set for the (k + r)-dimensional vector space
(Zp)k”. Therefore, the spanning set {y(¢1),...,7(¢;)} must contain at least
k + r distinct elements, implying that j > k£ +r and completing the proof.

]

Theorem 5.18. Let G be a finitely generated abelian group. Then G is

totally reflected if and only if its first invariant factor is even.

Proof. (<) Assume that the first invariant factor of G is even. Therefore,
ny > 2 must be even in the event that k£ > 0, implying that n; > 2 is even for
each 7 € I;. We have shown previously that each finite cyclic group of even
order and the infinite cyclic group are totally reflected. Therefore, we can
conclude by Corollary 5.14 that G = Z,,, x --- x Z,, x Z" is totally reflected.
(=) Assume G is totally reflected, and suppose that S = {s,...,s;} is
a nice generating set for G such that (G, S) is a totally reflected system. By
Lemma 5.17, we know that j > k+r. If £ =0, then G 2 Z" has first invariant

factor of 0, which is even. Therefore, assume for the remainder of the proof
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that £ > 0. We will show that n; must be even. To the contrary, suppose
that n; is odd.

First, suppose that S contains only one element. Since we are assuming
that £ > 0, G is not an infinite cyclic group. Therefore, the single element
of § must be a torsion element, which implies that G is a finite cyclic group
and that r equals 0. If k£ > 2, then n; divides n; for each i € I,. Then for any
i,j € Iy, ged(ng,nj) > ng > 1. Therefore, Z,, x -+ x Zy, is cyclic only when
k =1, which now gives us that G must be isomorphic to Z,,. But since n;
is odd, Z,,, and thus G, cannot be totally reflected, which contradicts our
fundamental assumption. Therefore, n; must, in fact, be even, which proves
the lemma in the case where § contains only one element.

For the remainder of the proof, we will assume that S contains more than
one element, meaning that j > 2. By Lemma 5.8, we know that S cannot
contain any elements of odd order in GG. Therefore, for each ¢ € I; we must
have that s; has either infinite order or even order of 2 or greater in the
group. For each i € I;, let H, := (S - {s;}). Since S is a nice generating set
with more than 1 element, the set H,, must be a nontrivial subgroup of G.

We claim that there exists at least one ¢ € I; such that (s;) n H, # {1¢}.
To prove the claim, suppose that instead (s;) N Hs, = {15} for all ¢ € I;. For
any 4,1’ € I;, i # 7', we have that s; € Hy,, which implies that (s;) n (s;) C
(si) n Hs, = {1g}. Therefore, G can be expressed as an (internal) direct

product:
G2 (1) x - x (s,)

Now, suppose that s; € S is a generator with finite order. Then, as es-

tablished before, s; must have even order of 2 or greater. Therefore, (s;)

81



contains a subgroup, say D, which is isomorphic to Z,4,, where d; = % Fur-
thermore, D is normal in (s;), since this group is abelian. Then there exists a
surjective homomorphism from (s;) onto the quotient group (s;)/D, namely
the standard quotient homomorphism. But (s;)/D = Z,, and so there exists
a surjective homomorphism from (s;) onto Z,. Such a homomorphism exists
for any s; € S which has finite order. Let us now consider a generator s; € S
which has infinite order. Then (s;) = Z, and there exists a surjective homo-
morphism from this infinite cyclic group onto Zs, namely the map defined
by sending (s;)" to n(mod 2). Such a homomorphism exists for any s; € S
which has infinite order. Therefore, we have shown that for any s; € S, there
exists a surjective homomorphism from (s;) onto Z,. Consequently, there
exists a surjective homomorphism 6 : G — (Zy)7, since G 2 (s1) x -+ x (s;).
However, recall that we also have that G £ Z,,, x -+ x Z,, x Z" and that n, is
odd. Since no surjective homomorphism exists from Z,, onto Zs, we must
have that j < k—1+r, since § maps G surjectively onto (Z,)?. But we’ve
now shown that j > k+r and j < k—1+r, which is impossible. Therefore, our
claim is true: there must exist at least one i € I; such that (s;) n Hy, # {1¢}.

Suppose s € S is one such generator satisfying (s)nH, # {15}. Then there
exists a smallest positive integer power of s which is a non-identity element
of Hy, say s™ # 1g, where m > 1. That is, if [ is an integer with 0 <[ < m,
then s' ¢ H,. In particular, s' # 15 for any integer [ with 0 <[ < m. We
will show that the index of the subgroup H inside of G is m. Because G
is abelian and because of the way Hj is defined, any element of G can be

written in the form s'g where g € H, and where 0 < i < |s|. Therefore, the

cosets of Hy in G are all of the form st H, where 0 < <|s].
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If m =1, then by definition of m we have that s € H; and s # 1. Therefore,
H, is the only coset of H, in G. If m =2, we have that s € H, and s% # 1.
Then H, and sH, are the only cosets of H in G, which are of course distinct
since s ¢ H,. Suppose now that m > 3. Then s'H, are the cosets of H,
in G for i € I,,_1, and all m of these cosets are distinct. To see that they
are distinct, suppose that 4,7 € I,,_1, i < j. If sitH, = s1H,, we would have
that s7is? = si7t e H,. But 0 < j—i<m-1<m, since ¢ and j are both
integers between 0 and m — 1, with ¢z < 7. But then this contradicts m being
the smallest nontrivial power of s which is an element of H,. Therefore, no
matter what m is, there will be precisely m distinct cosets of H, in G which
are of the form siH, for i € I,,_;.

By definition of H, s™ can be written as a word t,ty---t,, where each t; €
S*—{s,s7'}. We may assume that for any 7, j € I, with i < j, t;s1tip0-t;1t; #
1¢, since if this did occur for some i, j € I, with 7 < j, we could write s™ as
t1--titjs1--t, instead. Since s™ # 1 and since none of the ¢; equals s or s71,
we know that p > 2. Let us now define edges ¢; in ['(G,S) for i € I, 1.
For i € I,,_y, define ¢; := e(s’,s). For i € {m,m+1,...,p+m -1} (which
must contain at least two elements, since p > 2 and m > 1), define ¢; :=
e(t1tpem—is (tpsm-i)~1). Note the following relationships. For i € {m,m +
L,p+m=2}, 7(e;) = ti-tpim—i - (Lpem=i) ™ = ti--lprm-(ir1) = t(€i41). If
i=m-1 7(e) = T(emo1) = ™ ts = 5™ = tity--t, = tlem) = lepr). I
m > 2 and i € Iy, 7(e;) = 571 = 1(ejr1). Thus, €pe1 -€prm-1 15 a well-
defined path in I'(G, S). Furthermore, t(e1) = s =1 and 7(epm-1) = 1, since
p+m—(p+m-1) =1. Note that s° = 1g,s,..., 8™ t1, tite,... tita L,

are all distinct elements of G. If s¢ = s/ for some i, j € I,,_; with i < j, then
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we would have 0 < j—i <m -1 < m and /7% = 1g, which we previously
showed could not happen. If ¢;ty---t; = tito--t; for some 7,5 € I, with i < j,
then we would have t;,1t;,9--t;_1t; = 1¢, which we previously showed could
not happen. Lastly, for any i € I,,_; and for any j € I,,, we cannot have
s' = tyty--t;, since the cosets s'Hy and H, are distinct, as previously shown.
Therefore, for any 4,j € Im_1, i # j, we have i(e;) # ¢(e;). Therefore, we
can now conclude that epe;---€pym-1 is a cycle in I'(G, S).

Since (G, S) is totally reflected, there exists a color-preserving reflection
of the form Lo acting on I'(G,S), with a € Aut(G, S*) satistying a(s) = s7!
and o? = idg, which inverts the edge eq = e(1g, s) in I'(G,S). Furthermore,
since the group G is abelian, Lemma 5.3 tells us that o must fix all the
elements of the set §* - {s,s71}. Consequently, for any element g € Hi,
a(g) = g. Consider an arbitrary edge of the form e(g,t) in I'(G,S), with
ge Hy and t € §* — {s,s7'}. Then

Lsar(e(g,1)) = e(sa(g), a(t)) = e(sg, )

In order for the edge e(g,t) to be inverted by the reflection Lsa, we would
need gt = sg, which would imply (since G is abelian) that ¢ = s. But we
were assuming that ¢ # s and ¢t # s™!. Therefore, the edge e(g,t) cannot
be inverted by Lso. In particular, the edges e, €m+1, ..., €prm-1 as defined
previously cannot be inverted by L.

Now consider an edge e; = e(s?,s) in I'(G,S), with i € I,,,_;. Then

Lsa (e(si, s)) =e (sa(si), a(s)) =e(ss™, 5_1) =e (SH, 3_1)
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In order for the edge e(s?, s) to be inverted by the reflection Lga, we would
need s' = t(e(s?,s)) = 7(e(s'7%,s71)) = 57, or in other words s% = 15. This
certainly occurs when ¢ = 0, though we already are assuming that the edge
e(1lg, s) is inverted by Lsa. If m > 2, the set {eg, ..., €;,-1} contains more than
one edge, but we claim that ej is the only edge in the set which is inverted
by Lga.

To verify this claim, first recall that we are assuming that m is the smallest
positive integer power of s which is an element of Hy;. Now, suppose m > 2.
We want to show that none of the edges ey, ..., e,,_1 is inverted by Lsa. For
e; to be inverted when i € I,,,_1, recall that we need s% = 14. If i < m/2, then
2i < m, and we know that s? # 15. So, e; is not inverted if i < m/2. If i = m/2
(which only happens if m is even), then 2i = m, but specifically s™ # 1, by
definition of m. So e; is not inverted if i = m/2. Now suppose that i > m/2.
Then we have that m/2 < <m -1, which implies that m < 2i < 2m -2, and
s0 0<2i-m<m-—2. Then s% = s?-mgm ¢ s2-m [ and s*™H, + H,, since
0<2i—-m<m-—2. Thus, s% # 1g, since 1g ¢ s* ™ H,. So, e; is not inverted
if i > m/2. Therefore, if m > 1, none of ey, ..., e,,_1 is inverted.

We have now shown that e is the only edge in the cycle epeq--€pim-1
which is inverted by L,a, meaning that L;a does not separate the graph
['(G,S). But this contradicts our assumption that Lsa is a reflection on
['(G,S). Therefore, tracing our argument backwards, we see that n; cannot,
in fact, be odd. Therefore, n; must be even, which completes this direction
of our overall proof.

Therefore, GG is totally reflected if and only if its first invariant factor is

even. O
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5.4 Free Products of Totally Reflected
Groups

The third general class of totally reflected groups which we will explore con-
sists of finite free products of totally reflected groups. We will assume that
the reader is somewhat familiar with the free product construction. However,
when working with finite free products of groups, we will make use of some
of the conventions and terminology set forth by Magnus, Karrass, and Soli-
tar [6]. Though there are different ways of defining a free product of groups,
we will use the group-presentation definition.

Assume that G and H are groups with identity elements 15 and 1y, re-
spectively. Also, assume G and H have presentations (S | R¢) and (T | Ry),
respectively, where S and 7 are nice generating sets. Define the free product
of G and H to be the group denoted by G * H with presentation (SUT ‘ Rau
Ry). The identity element of G * H, usually called the empty word, will
be denoted by 1. In the free product G H, the elements 15 and 1y are
identified with the empty word. For example, if s € S, then we will write
ss~1 =1 instead of ss71 = 1.

Let W be a word in §* uT*, as shown here:
W = x1x9---x,, where z; e S*uT* forall i€ I,.

An S-syllable of W is any subword of the form x;x;1:%;4y,, Where 7 € I,,,
ni € I_i, the letters x;, i1, ..., Tin, are all elements of $*, z,;_; is an element
of T* in the event that i > 2, and x;,,,.1 is an element of 7* in the event

that i + n; < n—1. Similarly, a T-syllable of W is any subword of the
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form x;x;41-Tisn,, where v € I,,, n; € I,_:, the letters z;, Ti1. ceey Tisp, are all
elements of T*, x;_1 is an element of S* in the event that 7 > 2, and 21,41
is an element of S* in the event that i + n; <n - 1.

As we move from left to right in the expression xxs:--x,, we can derive
a unique sequence of alternating S-syllables and T-syllables (wq,ws, ..., w,).
This sequence will be called the syllable decomposition of the word W.
The positive integer r will be called the syllable length of W and will be
denoted as [(W).

An example will help us to illustrate these concepts. Suppose that S =

{s1,82} and T = {t1,1s,t3}. Consider the following word in §* U T*:
W = 81(82)_151t1t1t1(81)_1(51)_1t3t2 = 81(52)_151(t1)3(81)_2t3t2

The syllable decomposition for W is (w1, ws, w3, wy), where wy = s1(s2) " tsy,
wy = (t1)3, ws = (s1)7? and wy = t3ty. Therefore, (W) = 4.

We can generalize the construction and terminology involved in the free
product of two groups to the case of the free product of any finite number
of groups. Assume Gj,...,G, are groups. Assume that for each i € I, we
have G; = (S; ‘ R;), where S; is a nice generating set. Define the free prod-
uct of G1,...,G, to be the group denoted by Gy *---x (,, with presentation
< LnJ S; ‘ Lnj Ri ) The concepts of the empty word, syllables, syllable decom-
p(;;tion, Z;Ld syllable length can be generalized to this arbitrary finite free
product of groups setting.

We will now show that if (G1,81),(Ge,82), ..., (G, S,) are each totally
reflected systems, for n > 2, then (G * Go * - G,,, S{US,U-+-US,,) is a totally

reflected system. We will first prove this result in the case when n = 2. The
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result for a general finite free product will then follow easily by induction.

Theorem 5.19. If G and H are totally reflected groups, then the free product

G x H 1is a totally reflected group.

Proof. Let § and T be nice generating sets for G and H, respectively, such
that (G,S) and (H,T) are totally reflected systems. We will show that
the free product G« H is totally reflected by showing that (GxH,SuT)
is a totally reflected system. For convenience, we will abbreviate I'(G,S),
ID'(H, T),and I'(GxH,SuT) as I'(G), I'(H), and I'(G * H) respectively.
Let’s begin by observing that I'(G) and I'( H) embed naturally in I'(G x H)
via the standard inclusion functions i : ['(G) - I'(Gx H) and iy : T'(H) -
['(G* H). Formally speaking, this means that for any g € G, he H, s € S*,

and t € T*, we have the following:

ic(g) =g, iu(h)=nh, ig(e(g, S)) =e(g,s), iH(e(h,t)) =e(h,t)

Note that i¢(I'(G)) and iy (I(H)) are subgraphs of I'(G* H). For conve-
nience, denote these subgraphs as I'¢ and 'y, respectively. The inclusion
functions ig and iy are graph automorphisms from I'(G) to I'¢ and from
['(H) to 'y, respectively.

Let s € S be arbitrary. Consider the edge e(1,s) in I'(G« H). Then e(1, s)
is an edge in the subgroup I'g, and so if'(e(1,s)) = e(1lg, s) is an edge in
['(G). Since (G,S) is a totally reflected system, there is a color-preserving
graph reflection on I'(G) of the form Lo, with o € Aut(G,S*) satisfying
a(s) = st and o? =idg, which inverts the edge e(1g, s).

Now, « is a bijective function on GG, but we can extend it to a function
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a* on all of G« H by defining a*(s) = a(s) for all s € S, by defining a*(¢) = ¢
for all t € T, and by extending this definition linearly so that it applies to
all elements of Gx H. If r € Rg, then a*(r) = a(r) = 1g, since r = 15 and
« is an automorphism on G. If r € Ry, then o*(r) = r = 1. Therefore, a*
respects every relation in Rg U Rpy.

We can easily observe that (a*)? =idg.m, since a? =idg. So (a*)?(s) =
a?(s) = s for any s € S and («a*)?(t) =t for any t € 7. Therefore, for
any r € GxH, (a*)?(x) = x, since x can be written as a word in S* U T*.
From this we can conclude that a* is bijective and thus is an automorphism.
Moreover, (a*)~! = a*. We can easily see that a*(S*) = a(S*) = S* and
a*(T*)=T* Thus, a* € Aut(G* H,S*uT*), and by Theorem 3.8 we know
that Lsa* is a color-preserving graph automorphism on I'(G % H). Observe
that L,a*(1) = sa*(1) = s and Lsa*(s) = sa(s) = ss7t = 1, implying that
Lsa* inverts the edge e(1,s) in I'(G* H). Our next goal is to show that
Lsa* is a reflection on I'(G x H).

First, we must show that Lia* has order 2. To do this, we need only show
that (L,a*)” fixes all vertices of ['(GxH). Since I'(G* H) is a simplicial
graph, fixing all vertices fixes the entire graph.

Notice that for any s € S, (L,a*)? (s) = sa*(sa*(s)) = sa*(s)(a*)2(s) =
sa(s)l = ss! = 1. Additionally, observe that for any t € T, (Lya*)*(t) =
sar(sa*(t)) = sa*(s)(a*)2(t) = sa(s)t = ss~1t = 1t = t. Therefore, (Lya*)?
fixes every generator of G« H and thus must fix all elements of G H. Con-
sequently, (Lsa*)2 = idpr(g«m)-

Second, we need to identify edges in I'(G * H) which are inverted by Lsa*.
To this end, let € = {edges in I'(G) which are inverted by Lsa} = I'(G)p.a
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and let £ =ig(&). Suppose €€ €. Then there exists e € £ such that ig(e) = €.
Since e is an edge in I'(G), there exists g € G and s € S* with e = e(g,s). So
€=1ig(e(g,s)) = e(g,s) also, but as an edge in ['(G * H). Using the fact that

e(g, s) is inverted by Lga, we can observe the following:

Lea” (1(2)) = sa”(9) = sa(g) = Lsa(g) = gs = 7(2)

L,a* (1(?)) = Lya™ (L (1(2))) = (Lsa*)” ((2)) = 1(?)

Therefore, Lyo* inverts the edge €€ €. Since € was arbitrary, we now know
that L,a* inverts every edge in &.

Finally, we must show that the edges of &, if removed, separate the graph
['(GxH). We observed previously that Lsa* inverts the edge e(1,s) in
I'(G*H). Therefore, in order to show that the set & separates I'(G x H),
we must show that any path in I'(G* H) from 1 to s contains at least one
edge from E. Suppose, to the contrary, that this is not true. Then the

following set must be nonempty:
P = {paths in T'(G'* H) from 1 to s containing no edges from set £} # @

Let v be an element of P such that w(y), the word in §* U T* associated
with v, has shortest syllable length, meaning that l(w(y)) < l(w(é)) where
0 is any path in set P.

We can express w = w(7y) in terms of its syllable decomposition as follows:

W =wWLWy Wy
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where each wj is an element of G or H; n = l(w(v)); and consecutive syllables
w; and w;,1 are not both elements of the same factor group (G or H) in the

event that n > 2. Also, each w; can be expressed as follows:

51598, SpeS*forall kel,  whenw;,eG
w; =

t1t2"'tni7 tk € Ti for all k € Inl when w; € H

where n; is some positive integer. Since 7 is a path from 1 to s, we must
have that w = s. Clearly, s has syllable length of 1 in G * H, and therefore so
must w. Then we must have that either n = 1 or that n > 2 and w; = 1¢ or
1 for some i’ € I,,.

First consider the case where n = 1. Then the syllable decomposition
of w consists of a single syllable, w;. Since 7 is a path from 1 to s, where
s € §, wy must be an S-syllable. Then w; can be expressed as a word in
S*, 51598y, Where s, € §* for all k € I,,, and n; is some positive integer.
The path v is then completely contained in the I'g subgraph of I'(G x H),
implying that iZ'(y) = 7 is a path in I'(G). Moreover, since 7 is a path
from 1 to s in (G H), 7 is a path from 15 to s in T'(G). Since Lo is a
reflection on I'(G) which inverts the edge e(lg, s), any path in I'(G) from
1g to s must contain at least one edge from the set £. In particular, the
path 7 in T'(G) must contain at least one edge, say €/, from the set £. Then
ic(e’) is an element of £. But ig(e’) is an edge in the path ~, which gives us
a contradiction. We were assuming that v contained no edges from €. Thus,
this case cannot occur.

Now consider the case where n > 2. Then for some i’ € I,, we must have

that wy = 1g or 1. Suppose that we remove the syllable w; from the word
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w. Call this newly formed word @, and let 7 be the subpath of v in I'(G * H)
with w (7) = @. As group elements of G H, w = @. Therefore, w = s implies
that @ = s. So 7 is also a path in I'(Gx H) from 1 to s. Since « contains
no edges from set €, we also must have that 5 contains no edges from set
. Therefore, 7 is a path in set P. If ¢/ = 1 or ¢/ = n, then one can easily
observe that [(@W) =n-1. If n >3 and ' ¢ {1,n}, then w;_; and wy,; are
are both S-syllables or both 7T-syllables. Then the product wy_jw;,; forms
a single syllable. Therefore, [(@W) = n - 2. In any event, we have shown that
[(W) < n, where n = l(w). But this is a contradiction! We assumed that
was an element of P such that l(w(’y)) =l(w) < l(w(&)) for any path ¢ from
set P. Thus, this case cannot occur either.

We have now shown that we cannot have n =1 or n > 2. Thus, such a
path v cannot exist, meaning that set P must, in fact, be empty. Therefore,
any path in I'(G* H) from 1 to s must contain at least one edge from the
set &. Consequently, & separates I'(Gx*H).

Therefore, & is a set of edges in I'(G  H), each of which is inverted by
Loo*, and T(G x H) - € is disconnected. So Lya* is indeed a color-preserving
reflection on I'(G * H) which inverts the specified edge e(1,s). A symmet-
ric argument would show that there exists a color-preserving reflection on
['(G'x H) inverting any edge of the form e(1,t), where ¢t € 7. Therefore, we
have shown that for any u € Su T, there exists a color-preserving reflection
on I'(G * H) inverting the edge e(1,u). Then by Proposition 5.5 we can con-
clude that (G* H,S*uUT?) is a totally reflected system, implying that G x H

is a totally reflected group.
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Corollary 5.20. If G1,Go,...,G, are totally reflected groups for n > 2, then

the free product G1 * Gy *--- xG,, is a totally reflected group.
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Chapter 6

Right-Angled Products

6.1 Defining a Right-Angled Product

Suppose that G = {G; ‘ i € I} is a collection of groups and that A is a
simplicial graph on n vertices {v; ‘ iel,}. Foreachiel,, let 15, denote the
identity element of group G;.

We define a word in G to be a sequence, w, of nonnegative-integer length
m, where each term in the sequence is an element of GG; for some i € I,,. The
length of a word w, which we will denote by |w|, is defined to be the length
of the sequence defining w. The empty word, which we will denote by 1, is
the unique word of length 0 corresponding to the empty sequence.

We will use juxtaposition notation, rather than comma-separated nota-
tion, when working with words. Therefore, any word w of positive length m
can be expressed in the form w = g; - - - g, Where each g, € G; for some j € I,.
The terms ¢y, ..., g, in the word w are called the syllables of w. With this
new terminology, we can see that |w| equals the number of syllables in w.

Consequently, the empty word is said to have zero syllables. Suppose that
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W =g gm is a nonempty word in G. Then m > 1. A subword of w is any
word formed by removing the first ¢ and the last j syllables of w, for some
nonnegative integers ¢ and 5 with 0 <i+ 75 <m.

Let W denote the set of all words in G. We can define a binary opera-
tion on W in terms of concatenation of words. Formally speaking, for any
nonempty words wy,w; € W with wy = g1 - -+ g, and wy = g7 - -+ g7, we define

the binary operation, «, as follows:

- / /
wluwZ,_gl...gmlgl...ng

Additionally, the concatenation of a word w € W and the empty word is

defined as follows:
lew:==w and wel:=w

We often will omit the operation symbol when concatenating words and will
write wyws in place of wy « we. We can easily see that the binary operation
of concatenation is associative.

For the sake of clarity, here and throughout this chapter, we will use the
symbol % {0 indicate that two elements 9,9 € G; represent the same group
element of G;. Also, we will use the symbol % to indicate that two words
w and w’ are identical as elements of YWW. That is, if w=g¢; - - - g, € W and

w' =hy -+ h; €W, then

w . Gj .
w = w' <=1 =m and for each i € I,,, we have h; = g; for some j € I,,,
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Juxtaposition will be understood to mean concatenation of words when used
with the symbol Y and will be understood to mean product of group

elements under the binary operation of group GG; when used with the symbol

G;

In addition to the binary operation on W, we can define some transfor-
mations, or moves, that can be performed on individual elements of W. We
will summarize these moves in the following table. The first four moves are

mentioned in [10].

Move | Definition

G; .
D, remove a syllable g; such that ¢g; = lg, for some j € I,
Uy insert a syllable of the form 1¢, for some j € I,
Dy consolidate adjacent syllables g;, g;11 which come from

the same factor group G; into a single syllable h € G

G.
such that A = ;g1

Us split up a syllable g; coming from G into two adja-
cent syllables h,h' (in that order) with h,h’ € G; and
g 2 hi

T transpose adjacent syllables g, g’ such that g € G, ¢’ €

Gy, i # j, and v;,v; are adjacent in A

Whenever a word w’ can be obtained from a word w using a single move
of type M, where M € { Dy, Uy, Dy, Us, T}, we will symbolize this relationship

as shown here:
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The following relationships can be easily deduced from the definitions of

moves Dy, Uy, Dy, Uy, and T

w — w <> w — w
Do / ; Uz
w — w p— w — w
T / ; T
w — w p— w — w

We can define a relation ~ on W in terms of the moves just discussed.
For any w,w’ e W, we'll state that w ~ w’ if and only if condition (1) or (2)

below is satisfied:

w
(2) w # w', but there exists m € N, m > 2, and a collection of words

{w; ‘ i €I,,} such that

(i) wm

(iii) for each i € I, ;1 there exists M; € {D1,Uy, Do, Uy, T'} such that

M;
W; —> Wit

Condition (2) can be summarized by saying that w can be transformed

into w’ using a finite sequence of moves from the set { Dy, Uy, Dy, Uy, T'}.
Lemma 6.1. The relation ~ 1is an equivalence relation on V.

Proof. Suppose that w € W is arbitrary. It is clear, by the definition of ~ ,

that w ~ w. Therefore, ~ is reflexive.

97



Now suppose w, w’ € W are arbitrary. Assume w ~ w’. If w w w’, then of
course w’' ~ w. Now assume w Ztv w’. Then w ~ w’ implies that there exists
m € N, m > 2, and a collection of words {w; ‘ i € I,,} such that w, w w;
w, % w'; and for each i € I,,_; there exists M; € {Dy,Uy, Dy, Uy, T} such
that w; M w;y1. Symbolically, we can summarize the scenario as shown
here:

w My Mo M1 w /
W =W —> Wy —> W3+ " Wpy-1 —> Wy, = W

For each i € I,,,, let v; := w,,_;4+1. For each i € I,,,_q, define L; as follows:

Dy, if My =Us

Ur, if My = Dy

L= Dy, if My, =U,

Uz, if My = Dy

T, if M, ;=T

w Li

w w w .
Then v; = w,, = w'; v,, = w; w; and for each i € 1,1, v; — V1.

Symbolically, we can summarize this scenario as shown here:

/ w Ly Lo L2 L1
=V —> VU2 — U3+ Unp-2 Um-1 Um,

=

w

We’ve now shown that w’ ~ w. Therefore, ~ is symmetric.
Finally, suppose w, w’, w"” € W are arbitrary. Assume w ~ w’ and w’ ~ w".
w 174 1 w 174 w !
If w = w”, then of course w ~ w”. So assume w # w". If w = w’, then
! 73 1 7 / w 144 I 3 - 144
w’ ~ w' implies that w ~ w”. If w' = w”, then w ~ w’ implies that w ~ w".

w w
So assume now that w # w’ and w’ = w”. Then w ~ w’ implies that there
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exists m € N, m > 2, and a collection of words {w; ‘ i € I,,,} such that w; w w;
Wy, w w'; and for each i € I,,_; there exists M; € {Dy,Uy, Dy, Uy, T'} such
that w; — w;y1. Also, w’' ~ w” implies that there exists [ € N, [ > 2, and
a collection of words {v; ‘ i € I;} such that vy w w'; vy w w'"; and for each
. . L;

i € I;_y there exists L; € {Dy,Uy, Dy, Uy, T} such that v; — v;,1. Note that

wo,W
Wy, = w' = vy.

For each i € I},,,, let u; be defined as follows:

Wy, leE]m
U; =

Vi1, 0 € Dy — Iy
Since w,, = v1, U,, is well-defined. For each i € I},,,_o, define K; as follows:

Mi ifie Imfl
Ki =

Li—m+17 if i e [l+m—2 - [m—l

w w w w ‘ K;
Then u; = w; = w; Uym1 = v, = w”; and for each @ € Ijpm_o, U; —

u;y1. Symbolically, we can summarize the scenario using the diagrams shown
below. The first two diagrams show the idea behind the construction of the

third diagram.

w Ml Mm—l
W= W —> Wy Wy ——> Wy,
L1 Ll—l 174
V1 —> U9y Vi-1 —> U =W
w K1 Kin-1 Km Kiim-2 W oy
W= U —> U2 " Up-1 — Un — Um+1 " Uym-2 — > Ul4m-1 = W
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We’ve now shown that w ~ w”. Therefore, ~ is transitive.

]

For any w € W, let [w] denote the equivalence class of w with respect to
the relation ~ . That is, [w] = {w’ € W|w ~ w'}. Let W/~ denote the set
of all the equivalence classes under the relation ~ . We can define a binary

operation, s, on W/~ by stating that [w]s[v] = [w « v] = [wv].
Lemma 6.2. The binary operation = on W/~ is well-defined.

Proof. Suppose that w,w’,v,v" € W. Assume w ~ w’ and v ~ v'.

We will begin by showing that wv ~ w'v. If w v w’, then wv W,
Then by the reflexive property of ~ , wv ~ w'v. So now assume w ZZ w'.
Then w ~ w’ implies that there exists m € N, m > 2, and a collection of words
{w; ‘ i €I,,} such that w; w W; Wy w w’; and for each 7 € I,,,_1, there exists
M, € {Dy,Uy, Do, Us, T} such that w; —5 w;,,.

Consider the collection of words {w;v | i € I,}. Note that wiv w wv,
since w; Yow. Also, w,,v Y w'v, since wy, W w'. We can also see that
w; 2 w;,1 implies that w;v 2 wW;41v. Since w; and w;,; are subwords of
w;v and w;1v, respectively, the move that transformed w; into w;,; can be
applied in the same way to the w; subword of w;v to obtain w;, v. Therefore,
wu ~ w'v.

A symmetric argument to the one just performed would allow us to show
that w'v ~w'v’. Then by the transitive property of ~ , we can conclude
that wv ~ w'v’. Consequently, if [w] = [w'] and [v] = [v'], then [w]s[v] =
[w']s[v']. Therefore, the binary operation = is well-defined and independent

of equivalence-class representative. O
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Since = is well-defined, we can now prove properties of = without having

to address the issue of equivalence-class-representative independence.
Theorem 6.3. W/~ is a group with the binary operation =.

Proof. For any w,v e W, wv € W. As such, [w]s[v] = [wv] is an element of
W/~. Therefore, W/~ is closed under the operation s.

The equivalence class of the empty word satisfies the conditions of an
identity element. This follows naturally from the way we defined the con-
catenation of a word with the empty word. Suppose w € W is arbitrary.

Then observe the following:

[1]=[w] = [Tw] = [w] and [w]=[1] = [w1] = [w]

Therefore, [1] will serve as the identity element of W/~ under the binary
operation .

The associativity of = follows easily from the associativity of the operation
of word concatenation. To see this, suppose that w,v,u € W. Then observe

the following:

(Lwle[o])a[u] = [wole[u] = [(wo)u] = [w(vw)] = [w]s[ou] = [w]=([v]a[u])

Therefore, the binary operation = on W/~ is associative.

Finally, we will show that for any [w] € W/~, there exists [v] € W/~
such that [w]s[v] = [1] and [v]s[w] = [1]. To this end, suppose w € W is
arbitrary. If w 2 1, then [w] can serve as its own inverse element, since
[w]s[w] =[1]s[1] = [11] = [1] So assume w 21 Suppose w = gy + * * G- For

each i € I, let G(;y denote the factor group containing g;. Let v = g;!--- g7*,
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where g;! is understood to be the inverse element of g; in G (i) for each i € I,.

We claim that wv ~ 1. The following diagram illustrates the proof of this

claim.

91 Gm1GmGm Gt 91 > G gm—lle(m)g7_rL1—l 0
— gl e gm_lg’;ll_l e g{l

-1
— g1 gm—zlef(m_l)gm—2 )|

— gl P gm72g;n172 P gil

One can see then that wv can be transformed into the empty word by re-
peated applications of a Dy move followed by a D; move. Therefore, wv ~ 1.
A symmetric argument would show that vw ~ 1 also. So, [w]s[v] = [wv] = [1]
and [v]s[w] = [vw] = [1]. Then for any [w] € W/~, we can define [w]™! as

follows:

1=

W
gk git], fw = Lw=g1- - gn

Thus we have proven the existence of inverses in YW/~ with respect to the
operation =.

Therefore, W/~ is a group with binary operation .
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Henceforth, we often will omit the operation symbol = and write [w][v]
in place of [w]s[v].

We will call the group W/~ the right-angled product determined by
A and G. To emphasize the dependence on the graph A and the collection
of groups G, we will henceforth denote this group using the symbol G(A,G).
Throughout this chapter, the symbols A and G will be understood in the
sense established at the beginning of this section. Any exceptions to this

convention will be explicitly noted.

6.2 Universal Mapping Property Determined
by G and A

Definition 6.4. Let G and A be as in the preceding section. Suppose G is
some fized group and that {¢; : G; - G | i€ 1,} is a collection of homo-
morphisms satisfying the condition below, which we henceforth will call the

A-condition:

v;,v; adjacent in A (4,5 € 1,1 # j)

!

di(x)p;(y) = ¢;(y)pi(x), Vo e Gy, Vy € G

We say that G satisfies the universal mapping property (or U.M.P.)
determined by G and A with respect to the homomorphisms ¢, ..., ¢, if

and only if the following condition holds:
For any group H and any collection of homomorphisms {6; : G; > H ‘

103



i € I,} satisfying the A-condition, there exists a unique homomor-
phism ¥ : G - H such that for any i € I,, 0; = ¥¢;, that is, the

following diagram commutes:

G
>
e’ ¢
\

H

Figure 6.1: Commutative diagram from definition of U.M.P.

We will now show that if a group satisfying the universal mapping prop-
erty determined by G and A does exist, then that group is unique up to

isomorphism.

Proposition 6.5. Let G and G’ be two groups satisfying the universal map-
ping property determined by G and A, G with respect to {¢; | iel,} and
G’ with respect to {¢} | i € I,}. Then there exists a unique isomorphism

1 : G = G such that the following diagram commutes for any i € I,:

G, ¥

i
GI

Figure 6.2: Commutative diagram from U.M.P. isomorphism result
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Proof. Built in to the fundamental assumptions is the additional supposi-
tion coming from Definition 6.4 that both collections of homomorphisms
{o: ‘ iel,} and {¢] ‘ i € I, } satisfy the A-condition. Furthermore, by Defini-
tion 6.4 there exist unique homomorphisms v and v’ such that the diagrams

in Figures 6.3 and 6.4 commute for any ¢ € I,,.

G

Figure 6.3: Commutative diagram result-
ing from G satisfying U.M.P. with H = G’

Gn’

(3

/ N

G

Figure 6.4: Commutative diagram result-
ing from G’ satistying U.M.P. with H = G

Consequently, the compositions ¥'9 : G - G and ¥y’ : G' - G’ are
homomorphisms. Also, since the diagrams in Figures 6.3 and 6.4 commute,
we know that ¢; = ¢¥'¢, and ¢ = 1¢;. These equalities, together with the

associativity of function composition, imply the following:

¢ = V' = ' (Pgi) = (V')
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¢; = voi = p(P'¢r) = (V)i

Equivalently, ¥’ : G - G and ¢’ : G’ - G’ are homomorphisms which,

respectively, make the diagrams in Figures 6.5 and 6.6 commute.

G

3

/N

G

Figure 6.5: Commutative diagram result-
ing from G satisfying U.M.P. with H =G

G."

G.’

Figure 6.6: Commutative diagram result-
ing from G’ satisfying U.M.P. with H = G’

Definition 6.4 tells us that ¢ and 1" must be the unique homomor-
phisms which, respectively, make the diagrams in Figures 6.5 and 6.6 com-
mute. However, if we replace ¢'¢ and ¥’ by idg and idgr, respectively, the
diagrams still commute.

Then by the uniqueness guaranteed by Definition 6.4, we must have that
Y'Y =idg and Y1)’ = idg. Therefore, by basic group theory we can conclude

that ¢ and v’ are, in fact, inverse isomorphisms. So, ¢ : G - G' is the unique
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isomorphism which makes the diagram in Figure 6.2 commute.

]

We must now prove the existence of a group satisfying the universal map-
ping property determined by G and A. Specifically, we will show that the

right-angled product G(A, G) is such a group.

Proposition 6.6. The right-angled product G(A,G) satisfies the universal

mapping property determined by G and A.

Proof. For each i € I, define a function ¢; : G; - G(A,G) by stating that
¢i(g) = [g] for any g € G;. This function is well-defined since any element of
G, is itself a word in G. The function ¢; is, in fact, a homomorphism. To
prove this, we must show that ¢; respects the group operations of G; and
G(A,G). For the sake of clarity, we will use the binary-operation symbols
defined in the preceding section. Additionally, for any group G other than
G(A,G), we will use the symbol < to denote the binary operation of group
G.

Let g,h € GG;. In order to show that ¢; respects the group operations of
G; and G(A,G), we must show that [gciih] = [g]=[h]. As words in G, g, h,
and gGAih are all single-syllable words. By performing a single move of type
Us,, gcilh can be transformed into the two-syllable word gh. Symbolically,

gGAih LN gh. Therefore, gGAlh ~ gh. Consequently,
G; Gi
¢i(gah) =[gah]=[gh] = [gl=[h] = ¢i(9)=p:(h)

Therefore, for each i € I,,, ¢; : G; » G(A,G), defined as above, is a

well-defined homomorphism.
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The collection of homomorphisms {¢; | i€ I,} satisfies the A-condition.
To see this, suppose v;, v; are adjacent in A for some 4,j € I,, i # j. Let
x € G;, y € G; be arbitrary. The definition of move 7" then allows us to

observe that zy Ya, yx. Therefore, xy ~ yx and so the following is true:

¢i(x)md;(y) = [z]a[y] = [zy] = [yx] = [y]=[z] = ¢;(y)=i(z)

This shows that the collection of homomorphisms {¢; ‘ i€ I,} does, indeed,
satisfy the A-condition.

Suppose H is any group and {6; | i€ I,} is any collection of homomor-
phisms satisfying the A-condition. Define a function ¢ : G(A,G) - H as

shown here:

[P

lg, if w
Y([w]) =

w
ef(l)(gl) T ef(m)(gm)v ifw=1and w= g1 Gm

where f(i) indicates the index on the factor group containing g;, that is,
gi € Gy for each i € I,.

We need to show that 1 is well-defined and independent of equivalence-
class representative. That is, if [w] = [w'], we must show that ¥ ([w]) =
Y([w']). First, we will show that for any M € {D1,Uy, Do, Us, T}, w Mow
implies that ¥ ([w]) = ¥ ([w']).

If w' is obtained from w by performing just a single move, then w and w’
differ only by a subword consisting of just one or two syllables. The remaining
syllables are unaffected. Since 1) is defined in terms of the action of elements

of {0; | i € I,} on individual syllables, we need only prove that the effected
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syllables behave nicely under the influence of 1.

Case i: 1g, Ny (equivalently, 1 RN lg,)
V([1e,]) = 05y (1a,) = Lu = ¥([1])
.. D1 . Ui
Case 4: gi-11G,9i1 —> Gi-1Gi+1 (equivalently, gi1Giv1 — gic1lG,Giv1)

H H
w([gifllGing]) = ef(i—l)(gi—l) 4 ef(i)(lGi) 4 9f(i+1)(gi+1)
H H
=0rai-1)(gi-1) A 1 4 05(i+1)(giv1)
H
= 9f(i—1)(9¢—1) A 9f(i+1)(9z’+1)

= U([g9i-19i11])

G G
Case 111: §;Giv1 D, h, where g;, gi+1, h € G for some j € I,, and g; £gi = h

(equivalently, h LN GiGi+1)
H Gj
1/’([%‘9141]) = @j(gz’) 4 ej(gm) = ej(gi A gi+1) = ej(h) = 1/1([}1])
Case 1w: gh EN hg, where j € G;, he G;, 1 # j, and v;,v; adjacent in A

Y([gh]) = 0:(9)0;(h) = 0;(h)0:(g) = ¥([hg])

As a result of Cases i-iv, we can conclude that for any move M, w M ow
implies that ¥ ([w]) = ¥ ([w']).

If, more generally speaking, w ~ w’" and w ZtV w’, then there exists m € N,
m > 2, and a collection of moves {M; ‘ i € I, } such that w, w W; Wy, W w';

4 M;
and for each 7 € I,,,_1, w; — w;y1. Then the above argument allows us to

109



observe the following:

(fur]) = o([we]) = - - - = ¥([wm])

Since w; 2 w and w,, 2 w, we can conclude that 1 ([w]) = ¥([w']). There-
fore, if [w] = [w'], then ¢ ([w]) = ¥ ([w']).

Let i € I, be arbitrary and let g € GG;. Then g is a single-syllable word
in G. Therefore, ¥¢;(g) = ¥([g]) = 0:(g), which proves that the diagram in

Figure 6.7 commutes.

Figure 6.7: Commutative diagram used to

show G(A,G) satisfies U.M.P.

Suppose ¢’ : G(A,G) - H is another homomorphism which makes the
diagram in Figure 6.7 commute for any ¢ € I,,. Then for any ¢ € I,,, 6; = ¢'¢;.
Let [w] € G(A,G) - {[1]} be arbitrary. Then w = g; - - - g,,. In order for ¢’

to be a homomorphism, v’ must satisfy the following:

V(g1 gm]) =0 ([gr]= - - <[gm])
= ([ ]) % -+ 29 ([gm])
= (b (@) * -+ 2 (byem) (9m))

H H
=0ray(g1) 4 - 2 07m)(gm)
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= Dby (1) % - N0 () (Gn)
= ([ )4 - Ko([ga])
=([gi] - *[gm])

=([g91- - gm])

Therefore, for any [w] € G(A,G) [w] 44 1, ¥'([w]) =¥ ([w]). And obviously
»'([1]) = 15 = ¥([1]), since ¢ and ¢’ are homomorphisms. Therefore, 1) = 9.
So v is the unique homomorphism which makes the diagram in Figure 6.7
commute.

Therefore, we have shown that G(A,G) satisfies the universal mapping

property determined by G and A.

6.3 Group Presentation for the Right-Angled

Product

The goal of this section is to give an alternate characterization of the right-
angled product. Let G and A be as defined earlier in this chapter. If there
exists an edge in A between two vertices v; and v;, we will denote this edge
as {v;, v;}.

For each i € I,,, suppose the group G; is defined in terms of a presentation

(S; ‘ R;). For any 4,5 € I,,, i # j, define a set R;; of words in | J S as follows:

i€l

Rij={[s,t]|seS;,teS;}
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where [s,t] denotes the commutator sts~t~!. Define a group G(A,G) as

shown here:

G(A,G) :z( U81| URr, U Rij)

ielp, ielp 3,j€ln
{i,j}eE(A)

Proposition 6.7. The group G(A,G) is isomorphic to the right-angled prod-
uct G(A,G).

Proof. We will show that G(A,G) satisfies the universal mapping property

determined by G and A. Then Proposition 6.5 will give us the result we seek.

For convenience, we will denote G(A,G) simply as G throughout this proof.

Let i € I,, be arbitrary. Let p; : S — G be the inclusion function, whereby

pi(s) = s for all s € S*. Suppose that r € R;. Then r is a word in S¥, say
Gi

T =51 Sy. Since r is a relation for the group Gy, s1 -+ s, = 1lg,. Observe

the following:

e

pi(s1) - pi(Sm) =51 8m = 1

Then from basic theory concerning group presentations, we know that p; can
be extended uniquely to a homomorphism ¢; : G; - G. Since ¢; o p; is the
inclusion function on & and since §; generates G;, ¢; must be t}ile inclusion
homomorphism on all of G;. Since i € [, was arbitrary, ¢; : G; - G is the
inclusion homomorphism for each i € [,,.

Suppose i,j € I,, i # j. Let g € G;, h € G; be arbitrary. Assume {7,j} €
E(A). The collection of relators R;; then tells us that each of the elements of

SF commutes with each of the elements of SJ‘.—‘. Then we also must have that

each of the elements of G; commutes with each of the elements of G}, since

Nl

S; and §; generate G; and G, respectively. Therefore, gh = hg. Observe the
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following;:

¢i(9)¢;(h) = gh = hg = ¢;(h)di(g)

Thus, the collection of homomorphisms {¢; : G; — G ‘ i € I,} satisfies the
A-condition.

Suppose H is some fixed group and {6, : G; > H ‘ i€I,} is any collection
of homomorphisms satisfying the A-condition. Let us define a function o :

US> H. Ifse | S, thense & for some j € [,,. Then define o by stating

i€l, i€l,

that o(s) = 6;(s). Suppose r € ( U Rz) U( U Rij) is arbitrary. Then r

i€y ijely
{i.7}eE(A)
isaword in | J &, say 7 = 51+ 8. If we can show that o(sy) -0 (s,,) T,

iely,

then we can conclude that o extends to a homomorphism ¢ : G - H.
Case 1: Suppose r € R; for some j € I,,. Then s; € §F for all i € I,. Since

r is a relation on Gj, 81 - - - 5, % lg,. Therefore,
o(s1) - 0(sm) =0;(s1) -+ 0;(sm) =0;(s1 -+ 5m) =0;(1c;) = 1m

Case ii: Suppose r € R;; for some i,j € I, with {i,5} € E(A). Then

r=sts7't7! with s € S; and t € S;. Therefore,

a(s)a(t)o(s™)a(t™) = 0:(s)0;(£)0:(s™")0;(t ™)

=0;(5)0;(s71)0;(t)0;(t™) (by the A-condition)
=0,(s) (6:()) ™" 0;(t) (6;(1)) ™"

=1lyly =1y

Cases i and ii show that no matter what type of relation r is, o(sy) - - -
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o(sm) 1. Therefore, o can be extended to a homomorphism v : G — H.
Let i € I,, be arbitrary. Suppose g € G;. Since S; generates G;, g can be

written as a word in S, say g = s1 - - - 5,,. Then observe the following:

V(0i(9)) =¢(g) =¢(s1 -+ sm) =9(s1) -+ - ¥(sm) =0(s1) - 7 ()
=0i(s1) -+ 0i(sm) = 0i(51 - - 51n) = 0:(9)

Therefore, 6; = 1¢; for each i € I,. Equivalently, 1) makes the diagram in

Figure 6.8 commute for each ¢ € I,,.

Figure 6.8: Commutative diagram used to
show G(A, G) satisfies U.M.P.

Suppose that 1’ : G - H is another homomorphism which makes the
diagram in Figure 6.8 commute for each i € I,,. Let g € G. Then g can be

written as a word in | J 8F, say g = s1 - -+ $,. For each i€ I,,, let f(i) denote
i€l
the index on the factor group containing s;. That is, s; € G(;), or more

specifically, s; € S]i;(i). Then observe the following:

V'(g)=vY'(51- - 5m)
=Y'(s1) - Y (5m)
=0 (6ray(s1)) -~ 0 (Ss(m) (5m))
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=05y (s1) -+ Opm) ($m)

=0 (d51)(51)) ¥ (O ()
=9(s1) -+ Y(sm)

= ¢(31 e Sm)

=¥(9)

We have shown then that ¢/(g) = 1(g) for all g € G. Therefore, ¢/ = 1,
implying that 1 is, in fact, the unique homomorphism which makes the
diagram in Figure 6.8 commute for each 7 € I,,.

Therefore, G = G(A,G) satisfies the universal mapping property deter-
mined by G and A, and by Proposition 6.5 we must have that G(A,G) =
G(A,G).

O

Our original definition of the right-angled product given in Section 6.1
required a great deal of preliminary setup. In the end, however, we were
left with a very thorough description of the group G(A,G). The group-
presentation approach that we used to create G(A,G) provided us with a
more compact, minimalistic, easy-to-state definition, but it does have its
drawbacks. Any one group may admit several different presentations. There
is also the well-known difficulty in determining whether or not groups given
by different presentations are isomorphic. These problems aside, the presen-
tation form of the right-angled product, G(A,G), gives us a convenient way

of stating examples of this newly defined group construction.
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6.4 Notable Examples of Right-Angled Prod-
ucts

The right-angled product construction provides a nice generalization of some
other well-known group constructions, such as the direct product and free
product. Indeed, we will show that the direct product Gy x - - - x G,, and the
free product G * - - - %G, are examples of right-angled products, where the
graph A is chosen in a very particular way in each case. We will also show
that right-angled Artin groups can be viewed more generally as right-angled

products.

6.4.1 Finite Direct Products

Let G = {G; | i €l,} and let A be the complete graph on n vertices {v; | iel,}.
That is, for any i,j € I, i # j, {v;,v;} € E(A). Consider the direct product
G1x -+ xG,. This is the group {(g1,---,9n) ‘ g; € G; Vi € I,,} with binary

operation as shown here:

(gla ce 7gn)(h17 . 7hn) = (glhlu o 7gnhn)

The identity element of Gy x - - - x Gy, is (1g,,...,1g, ). We will show that
Gy x - - - x G, satisfies the universal mapping property determined by G and
A.

For any i € I,, let ¢; : G; - G1 x - - - x (G, be the standard inclusion
function for the direct product. That is, for any g € Gy, ¢;(g) is the element

of Gy x---x@G, created by replacing the ith coordinate of the identity element
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by g, as shown here:

¢Z(g) = (]-Gp .. '7]-Gi_17g> 1Gi+17 ) ]-Gn)

One can easily observe that this function is a homomorphism. Also, the
collection of homomorphisms {¢; : G; > Gy x - - - x G, ‘ i€ I,} satisfies the
A-condition. To see this, suppose that 4,j € I,,, i # j. Then {v;,v,;} € E(A).
Suppose g € G;, h € G; are arbitrary. Then the products ¢;(g)¢;(h) and
¢j(h)¢i(g) both give us the element of Gy x - - - x G,, created by replacing
the 7" and j*" coordinates of the identity element by ¢ and h, respectively.
Therefore, ¢;(g)¢;(h) = ¢;(h)$i(g), showing that the A-condition is satisfied.

Suppose H is some fixed group and {0;: G; - H ‘ i €1,} is any collection
of homomorphisms satisfying the A-condition. That is, for any 4,7 € I,,, ¢ # 7,
and for any g e G;, h € G;, 6,(¢9)0;(h) =0;(h)b;(g).

Define a function ¢ : Gy x - - - x GG, > H as shown here:

V(G- 9n) = 61(g1) - - On(gn)

Suppose (g1,---,9n), (h1,...,hy) € Gy x - - x G,, are arbitrary. Then observe

the following:

U (g1 gn) (M, ha)) = (giha, - gnln)
=01(g1h1) - - - On(gnin)
= 01(g1)01(h1) - - - 00 (gn)0n (1)
=01(g1) - -+ 0n(gn)01(h1) - - - On(n)

= w(gla' . ~>9n)¢(h17 .. 'ahn)
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Therefore, 1 is a homomorphism.

Fix i € I,, and let g € G; be arbitrary. Then ¢;(g) is the n-tuple created by
replacing the i*" coordinate of the identity element with g. Since 0;(1¢;) = 1x
for all j € I,,, we must then have that ¢ (¢;(g)) = 6;(g). Therefore, ) makes
the diagram in Figure 6.9 commute for each ¢ € I,,, and one can easily check
that 1 is the unique homomorphism with this property. So, Gy x - - - x G,
satisfies the universal mapping property determined by G and A, and by
Proposition 6.5, we must have that Gy x - - - x G,, 2 G(A,G), where A is the

complete graph on n vertices.

G]X“‘XG”

Figure 6.9: Commutative diagram used to
show G x -+ x G,, satisfies U.M.P.

If each group G; is given by a presentation (S; | R;), then it is well-known
that the direct product G x - - - x (7,, is isomorphic to the group given by the

following presentation:

< Us| URr, U Rz‘j)

iely iely, i,5€ln
1#]

where, recall, R;; is a set of relations specifying that all of the elements of
S; commute with all of the elements of §;. But one can easily see that this

is exactly the group G(A,G), where G = {G1,...,G,} and A is the complete
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graph on n vertices.

6.4.2 Finite Free Products

Let G = {G; ‘ i€l,} and let A be the edgeless graph on n vertices {v; | iel,}.
That is, E(A) = @. Defining the free product Gy *---*G,, is a bit trickier
than defining the direct product G x --- x GG,,. There are several recognized
approaches for defining the free product of groups.

Perhaps the simplest way to define the free product of groups is in terms
of group presentations. This is the approach we used in Chapter 5 when
we proved that the finite free product of totally reflected groups is totally
reflected. If each factor group is given by a presentation, say G; = (S; | R:),

then we can define the free product in terms of the presentation shown here:

GixxGr={ US| UR:)

iely, iely

We can easily observe that this group presentation is exactly the defining
presentation for the group G(A,G) in this scenario.

Another approach for defining the free product of groups involves a uni-
versal mapping property. With this approach, the free product of groups is
defined to be any group satisfying this particular universal mapping property.
This is how the free product of groups is defined by Massey in [7]. If G and
A are as defined above, the universal mapping property used by Massey to
define Gy *---x (G, corresponds to what we are referring to as the universal
mapping property determined by G and A. Then according to Proposition 6.5,

G %% (G, defined in this way must be isomorphic to the right-angled prod-
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uct determined by A and G.

There is (at least) one other approach for defining the free product of
groups, though this approach is not prevalent in the literature. We could
define the free product of the groups in set G = {Gy,...,G,} using the same
approach that we used at the beginning of this chapter to define the right-
angled product. That is, we could define the free product of the groups
G4, ...,G, in terms of equivalence classes of words. Again, A in this situation
would be the edgeless graph on the vertices {v; ‘ i € I,}. There would not,

however, be any moves of type T in this scenario.

6.4.3 Right-Angled Coxeter and Artin Groups

For any finite simplicial graph A with vertices vy,...,v,, we can define the

right-angled Artin group determined by A by the following presentation:
A(A) = (o1, v, | vvj = vjv; <= {v,0;} € E(A))

For each i € I,,, suppose we take GG; to be the infinite cyclic group generated
by v;, that is, G; = (S; ‘ R;) where S; = {v;} and R; = @. Let G = {G1,...,G,}.

Then the following relationship is easily observed:
A(A) 2 G(A,G)

Suppose that in the above presentation for A(A) we add the relation
that says v; = v;! for each i € I,,, meaning that each generator has order 2 in
the group. The resulting group is known as the right-angled Coxeter group
determined by A, which can be denoted as W(A). If for each i € I,, we let
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H; =(S; ‘ R:), where S; = {v;} and R; = {v?}, then we can easily observe that
W(A)=G(A,G) where G = {H,,...,H,}.

6.5 Right-Angled Products of Totally Refl-
ected Groups

In Corollaries 5.14 and 5.20 of the preceding chapter, we proved that any
finite direct or free product of totally reflected groups is totally reflected. The
principal theorem of this chapter, Theorem 6.9, will provide a generalization
of these theorems to the case of the right-angled product. First, we must
set the stage with the tools and terminology we will need in order to prove
Lemma 6.8 and subsequently Theorem 6.9.

Since G = G(A,G) is generated by Sg = | J Si, each element of G can

i€ln

be written as a word in Sg, though this representation as a word need not

be unique. Suppose w is a word in 8%, say w = x1To - - - X,,. Fix 7 € [,.
An S;-syllable of w is any subword in w of the form w;z;.1 - - Tjim,,
where j € I,,, m; € Ym_j, the letters z;, @1, ..., Tjuy, are all elements

of §F, w;1 ¢ §F in the event that j > 2, and ., 1 ¢ S in the event that
j+m; <m-1. As we move from left to right in the expression w = x; -+ z,,, we
can derive a unique sequence of consecutive, disjoint subwords (wy, ..., w,)
such that the following conditions are satisfied:

o for each k€ I, wy, is an Sy)—syllable for some f(k) € I,

e in the event that r > 2, f(k) # f(k+1) for all ke I,_;

.w:wl.‘.w’r
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The sequence (wy,...,w,) will be called the disjoint syllable decompo-
sition of the word w. The positive integer r will be called the disjoint

syllable length of w and will be denoted as I(w).

Suppose w =1+ Ty, and @ = yy - -+ Yy are words in §G with disjoint
syllable decompositions (w1, ..., w,) and (@1, ..., @), respectively. Consider
the concatenation wi =1 - - - T, Y1 * -+ Y. Observe the following:

l(ww) =l(w) + (W) <= w,,W; are not both S;-syllables for any j € I,

If w, and @, are both S;-syllables for some j € I,,, then l(w@) = l(w)+{(@)-1.
For any word w in S, define the support of w, denoted by supp(w), as

shown here:
supp(w) = {v; e V(A) | w contains an S;-syllable}

We can easily observe that for any words w and @ in 8%, supp(wi) =
supp(w) U supp(@). Also, if w’ is an S;-syllable of a word w in S, then
supp(w’) = {vi}.

For any 7 € I,,, define the link of a vertex v; as follows:
link(v;) = {v; e V(A) | j € I, - {i} and {v;,v;} € E(A)}

Observe that for 4,5 € I,,, i # j, v; € link(v;) if and only if v; € link(v;).
Suppose that w is a word in S5 and that supp(w) ¢ link(v;) for some i € I,,.
Then necessarily v; ¢ supp(w), since v; ¢ link(v;). Recall that if s € S; and

t € S; for some 4,5 € I, i # 7, with {v;,v,;} € E(A), then sts~'t~! is a relator
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in G. Therefore, st < ts. Consequently, if supp(w) ¢ link(v;) and if g € G,
then wg ¢ qu.
Suppose w is a word in S with disjoint syllable decomposition (wy,...,w,)

where r > 3. Consider a subword of w of the form wjwj,; - - - wp_1wy such

that the following conditions hold:
o k—j>2
e w; and wy, are both §;—syllables for some i € I,
o supp(wji - - - wy—1) € link(v;)

We will call such a subword a reducible segment of w. Since supp(w,.; -
- wy_1) € link(v;) and since w; and wy are both S;—syllables, then w;w;.; -

G
W1 W =

WjWEWj4q - - - Wi—1. We can also see that [(wjwj.q - - - wp_qwy,) =
k —j+1, whereas l[(w;wgwj.1 - - - wg—1) = k — j. This reduction of disjoint
syllable length is the reason for calling w;w;.1 - - wi- 1wy, a reducible segment.
We will say that a word w in §; is graphically reduced if it contains no
reducible segments.

The concepts of graphically reduced words, support, link, and disjoint
syllable length will be essential to the proof of Lemma 6.8 which follows.
This lemma does the bulk of the hard work necessary to prove that a right-

angled product of totally reflected groups is totally reflected.

Lemma 6.8. Fiz an arbitrary index i € I,. Any color-preserving graph re-
flection on I'(G;,S;) which inverts the edge e(1g,, k), where k € S;, can be
extended to a color-preserving graph reflection on T'(G(A,G),Sg) which in-

verts the edge e(1ga gy: k)-
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Proof. For convenience, we will abbreviate I'(G;,S;) and T'(G(A, G),Sg) as
I'(G;) and I'(G), respectively. Additionally, we will abbreviate G(A,G) as
G and lgag a8 1a

Any color-preserving reflection on I'(G;) which inverts the edge e(1g,, k)
can be expressed in the form Lya, where a € Aut(G;, S;) satisfies a(k) = k¢
and a? = idg,. We can extend a to a function a* on all of G by defining
a*(s) = a(s) for all s € §;; by defining a*(s) = s for all s € Sg - &;; and by
extending this definition linearly so that it applies to all elements of G.

We must now show that o* : G - G is a homomorphism. We will do
this by showing that a* respects the relators of G. First, suppose 7 € R;.
Since « : G; — G; is an automorphism, a(r) G lg,. However, as an element
of G, 1g, = 15, and so we can see that a*(r) = a(r) = 15. Next, suppose
r € R; for some j # i, meaning that r S lg, g lg. Then a*(r) =r S 1.
We have shown, then, that a* respects the relators coming from ( J R;. Let
us now consider what happens when r € Rj,, where j, k € I,,, J;I:& k, and
{v;,vp} € E(A). Then for some s € S;, t € Si, we have r = sts™1¢~1. If j =14,

then k # 4, and we can observe the following:
Oz*(r) = a*(sts‘lt—l) - @(S)ta(s_l)t_l _ oz(s)ta(s)_lt‘l _ 15

The last equality comes from the fact that a(s)ta(s) 1t € R, since a(s) €
S;. If k =1, then j # ¢, and a symmetric argument to the one just given
would show that a*(r) = 15. So suppose now that j # ¢ and k # ¢. Then
a*(r) = a*(sts~1t71) = sts71t~! = 15. Therefore, a* respects the relators of G
and must be a homomorphism.

We can easily observe that (a*)® = idg, since o? = idg,. So (*)?(s) =
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a%(s) = s if s € S; and (*)?(s) = s if s € S; with j # i. Therefore, for any
ge@, (a*)?(g) = g. From this we can conclude that a* is bijective and thus
is an automorphism. Moreover, (Oz*)71 = a*. We can easily see by definition
of a* that o* (Sg) =85. Thus, a* € Aut(G, S5).

By Theorem 3.8, we can see that Lpa* is a color-preserving graph auto-
morphism on I'(G). Note that Lya* inverts the edge e(1g, k) in T'(G), since
Lya* (1g) = ka* (1) = klg = k and Lya*(k) = ka(k) = kk™! = 15. Our goal
now is to show that Lpa* is a reflection on I'(G).

First, we must show that Lya* has order 2. Suppose that g € G. Then

(Lra*)? (g) = Lya* (Lya*(g)) = ka* (ka*(g))

= ka* (k) (") (9) = ka(k)g = kk™g = g

which illustrates that (Lya*)” fixes all of the vertices of I'(G) and thus must
be equal to idr(@).
Next, consider the set of edges defined below:

& :={e(xg,b) |g €G;, be St

1

e(g,b) is inverted by Lya in I'(G;),

T € a’ Supp(l’) c hnk(vl)}

If we take g = 1¢,, b=k, and x = 15 as in the definition of £, then we can see
that the edge e(1glg,, k) = e(15, k) in T(G) must be an edge in set &, since
the edge e(1g,, k) is inverted by Lya in I'(G;).

We claim that all of the edges in £ are inverted by Lia*. To see this,
assume that x, g, b are as in the definition of £. Observe the following

properties:
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a*(x) = x, since supp(x) < link(v;)

e zk = kx, since k € G; and supp(z) < link(v;)

a*(g) = a(g), since g € G,

ka(g) = gb, since the edge e(g,b) gets inverted by Lia in I'(G;)

ka(gb) = g, since the edge e(g,b) gets inverted by Lya in T'(G})

From these properties we may deduce the following:

Lya*(zg) = ka*(z)a”(g) = kza(g) = vka(g) = zgb

Liya*(xgb) = ka*(x)a*(gb) = kxa(gb) = kxa(gb) = vka(gb) = xg

Therefore, every edge in &€ is inverted by Lia*, as claimed.

Our next claim is that the set £ separates I'(G). In order to prove
this claim, we will suppose, instead, that £ does not separate I'(G). Then
there must exist at least one path in T'(G) from 15 to k which does not
contain an edge from &, since e(lg, k) is inverted by Lia*. Consequently,
the set P = {all paths in I'(G) from 15 to k which contain no edge from &}
must be nonempty. Choose a path in P, say ~y, that is of shortest disjoint
syllable length. Let w = w(~v) be the word in Sg which is associated with
path ~.

Suppose that w is graphically reduced. Then I(w) = 1, since w is a word
which is equivalent to k € SF. Therefore, w is, in fact, a word in S}, meaning
that 7 can also be thought of as a path in I'(G;) from 1g, to k. Since Lia
is a reflection on I'(G;) which inverts the edge e(1g,, k), we must have that

the path v in I'(G;) contains an edge which is inverted by Lic. Therefore,
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there exists an edge e(g,b) in 7, with g € G; and b € §F, such that e(g,b) is
inverted by Lo acting on I'(G;). But this edge is clearly in &, if we take
x = 1g. So 7y does contain an edge from &, which contradicts our choice of
v € P. Therefore, w cannot be graphically reduced.

Since w is not graphically reduced, it must contain at least one reducible
segment. Consider the earliest occurring reducible segment in w, say z1yzo,
where z; and z; are both words in S for some j € I, and supp(y) ¢ link(v;).
Then we can write w in terms of disjoint subwords as w = uy21y20us, where

in addition to the conditions just mentioned we have the following:
o |w]=|urz1yzaus| = [ur] + [z1| + |y| + [zo] + us]
e w21y is graphically reduced
Let v1, 72, 7v3, 74, and 5 be the consecutive subpaths of v corresponding to

the subwords mentioned above, that is,

w(y1) = wr, w(y2) = 21, w(yz) =y, w(vs) = 22, wW(y5) = Ug

Consider the new path 7 in ['(G) with @ = w(7) = ujz220yus. Let 71, 7,
33, 74, and 75 be the consecutive subpaths of 5 corresponding to the subwords

of W as shown here:

w(F1) = u1, w(Fa) = 21, wH3) = 22, w(Fs) =y, w(F5) = up

Figure 6.10 illustrates the relationship between ~ and 7.
It is clear that 7 has shorter length than v, since z; and 2z come from

the same factor group. Therefore, ¥ must contain an edge in e € £, since we
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Y2 = Yo Y3

(N
4 3 Y4
© k
— -
1§ T4 Y5 = b

Figure 6.10: Visualizing the effect of graphical reduction on paths

are assuming that 7 is the shortest path from 1z to £ in I'(G) which does
not contain an edge in £. As a member of £, the edge e must be of the form
e(xg,b), where e(g,b) is an edge in I'(G;) which is inverted by Lo, = € G,
and supp(z) ¢ link(v;). Clearly, the edge e in 7 cannot be on any of the
subpaths 47, 45 or 45 of 7, since this would imply that e is an edge in v as
well. Thus, the edge e is either on the 43 or 4; subpath of 7.

Case i: Assume that e is on the 4;—subpath of 7. Since e = e(xg,b), it
follows that we can write y as hbh/, where h, h' € G. Since supp(z) € link(v;),
we must have x = uyz129h1 and g = hs, where h; and hsy are consecutive,
disjoint subwords of h and where h; ¢ G; — {1} but hy € G;.

Consider the edge e(Zg,b), where T = uyz1h;. As we know from before,
e(g,b) is an edge in I'(G;) which is inverted by Lia. Also, ¥ € G with
supp(7) ¢ supp(z) ¢ link(v;). This shows that the edge e(Zg,b) is in the set
E. However, this edge e(Zg,b) is an edge in the y3—subpath of v, implying
that v does contain an edge from £. But this is a contradiction! We assumed
that v contained no edge from &£. Therefore, this case is not actually possible.

Case ii: Assume that e is on the 45—subpath of 7. Since e = e(zg,b), it
follows that we can write 2o as [bl’, where [,I'’ € G(A,G). Since b € SF, it

must be the case that G; = G;. Furthermore, since supp(x) ¢ link(v;) and
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since g € GG;, we must have x = u; and g = 2;(.

Consider the edge e(Zg,b), where T = ujy. Since z; and y commute,
we can see that Tg = u1yz1l = uiz1yl. Also, uiz1yl = w(~'), where 4/ is the
subpath of v consisting of the subpaths 71, 72, 73, and an initial segment of ;.
Therefore, the edge e(Tg,b) is on the path v. As we know from before, e(g,b)
is an edge in I'(G;) which is inverted by Lya. Notice that supp(Z) ¢ link(v;),
since supp(z) = supp(u;) ¢ link(v;) and supp(y) ¢ link(v;). We have now
shown that the edge e(Zg,b) is in the set £ and is on the path . But this
is a contradiction! We assumed that « contained no edge from £. Therefore,
this case is not actually possible.

We have shown then that our assumption that w is not graphically re-
duced leads only to impossibilities, and so w must be graphically reduced.
But we already showed this cannot happen! Therefore, our initial assump-
tion that implied that P # @ must be false. But P = @ implies that all paths
in ['(G) from 1z to k must contain an edge from &.

Therefore, the set £ separates the graph I'(G).

To summarize we started with a color-preserving graph reflection, Lza,
which inverts the edge e(1lg,,k) in I'(G;). We extended Lpo in a natural
way to create Lpa*, a color-preserving graph automorphism acting on I'(G).
Next, we showed that (Lya*)? = idp ). We then defined a set £ consisting of
edges in I'(G) which are all inverted by Lia* and which separate the graph
I'(G). We also showed that the edge e(1g,k) is in €. Therefore, we have
shown that Lya* is a color-preserving reflection on I'(G, Sg) that inverts the

edge e(1g, k), which is what we set out to prove.
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We now are ready to state and prove the paramount theorem of this

chapter.

Theorem 6.9. If (G;,S;) is a totally reflected system for each i € I,,, then
(5(A,Q),Sg) is a totally reflected system.

Proof. Assume that (G;,S;) is a totally reflected system for each j € I,,. Let
s € Sg be arbitrary. Consider the edge e(lg, s) in I'(G). Then s € S; for some
1 € I,,. We must show that there exists a color-preserving reflection acting on
I'(G) which inverts the edge e(1z, s).

Since the factor group G; is totally reflected with respect to the generating
set S;, there exists a color-preserving graph reflection acting on I'(G;) of
the form Lsa which inverts the edge e(lg,,s), where o € Aut(G;, ) and
a(s) = s7t. Then by Lemma 6.8, we may extend L, to a color-preserving
graph reflection acting on I'(G) which inverts the edge e(1g, s). Since s € Sg
was arbitrary, Proposition 5.5 allows us to conclude that the right-angled

product system (E(A, Q),Sg) is totally reflected.
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Chapter 7

Strongly Totally Reflected

Groups

7.1 Definitions, Examples, and Basic Proper-
ties

We will say that a group system (G,S) is strongly totally reflected (or
strongly t.r. ors.t.r.) if there is a reflection group G actingon I' =T'(G, S)
such that G ¢ Aut.,, (I') and such that for each edge e in I' there exists a
reflection in G which inverts e. Additionally, we will say that the group G
is s.t.r. with respect to S if the system (G,S) is s.t.r. As we did in the
case of totally reflected (t.r.) groups, we will say that a group G is s.t.r. (or
is an s.t.r. group) if it has a generating set S for which (G,S) is an s.t.r.

system.

Example 7.1. If W is a Coxeter group with fundamental generating set

S, then the system (W,S) is s.t.r. As we have discussed previously, the
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group W itself is a reflection group acting on I' = I'(W,S). We know that
W = Aute; (I"), by Lemma 3.5, and that Aut.¢ (I') € Aute, (I'). If e(g,s) is
any edge in I', where g e W and s € S, then L,L; (Lg)f1 = Lgs,-1 is an element
of W = Autcs (I') which inverts the edge e(g, s).

\

If (G,S) is a t.r. group system, then we know that for any edge e in T’
there exists a color-preserving graph reflection on I'; say 7., which inverts the
edge e. Consider the group R := (r, | ee E(T)). R is generated by reflections
and is a subset of Aut., (I'), since each 7. € Aut., (I'). For each e ¢ E(I'),
the reflection r, is vertex free, and thus edge free, on I'. However, there may
be non-generator elements of R which do not act edge freely on I'. The next

example will illustrate this.

Example 7.2. Suppose G = Zy*Z = {(a,b ‘ a? = 1g) and § = {a,b}. The
Cayley graph I' = T'(G, S) is a three-regular tree with an undirected a-colored
edge, an incoming b-colored edge, and an outgoing b-colored edge incident to
each vertex. I' is shown in Figure 7.1.

If we think of Z, as being generated by a and Z as being generated by b,
we know from previous examples that (Zy, {a}) and (Z, {b}) are t.r. systems.
Then Theorem 5.19 tells us that (Zy*Z,S) is a t.r. system also. Therefore,
for any e € F(I'), we know that we can find at least one color-preserving
reflection inverting e.

By definition of Cayley graph, ey = e(1g,a) and €y = e(a,a) are distinct
edges in I'. In Figure 7.1 we have drawn just one of the edges coming from
the pair {eg, g}, as is conventional when drawing Cayley graphs. Suppose ¢

is a group automorphism of G defined by stating that ¢(a) = a and ¢(b) = b~1.
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Figure 7.1: A portion of the Cayley graph I'(Zy % Z, {a,b})

Note that L, and L,¢ are distinct color-preserving graph reflections on I'.
Moreover, both of these reflections have the same wall consisting of ey and
€p. Using the notation preceding this example, let r., = L, and rg = Loo.
For any e € E(T") - {eg, €0}, let r. be any color-preserving reflection inverting
e.

Observe that r., and rg are both elements of {r. | e € E(T')}, and so
TeyTes € R = (re | e € B(T')). We can easily observe that the composition
TeoTes = LaLla® = ¢. Since ¢ fixes the elements 14 and @ in G, the composition
Te,Teg Must fix those points in I and therefore must fix the entire edge e(1¢, a)
in I". Note also that r.,rz(b) = ¢(b) = b=t # b, and so 7,z does not fix the
entire graph I'. So the action of R on I' is not edge free. Consequently, R is
not a reflection group acting on I'.

\

The preceding example shows us that if we hope to find a reflection group
Gr acting on I'(G, S) such that Gy is made up of elements of Aut., (I'), we

will have to be more intentional in our choice of reflections which we use to
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generate Gp.

Example 7.3. Consider once again the setting from Example 7.2. Let
R = (Lo, Ly@, Ly-19), where ¢ is the same as it was in the earlier exam-
ple, with ¢(a) = a and ¢(b) = b='. Note that L., Ly¢, and L,-1¢ are color-
preserving reflections on I" = I'(G, §) which invert the edges e(1g,a), e(1g,b),
and e(1g,b™1), respectively. We claim that R satisfies the following proper-
ties: the group R acts edge freely on I' and thus is a reflection group on
I; Rc Aut,, (I') since Lg, Ly, Ly-1¢ € Aut.,, (I'); and for any edge e in T,
there exists an element of R which inverts the edge e. (Theorem 7.5 and
Proposition 7.6 will show that these claims are true.) Therefore, the exis-
tence of a group R with the properties just outlined allows us to conclude

that (G,S) = (Zy*Z,{a,b}) is s.t.r.

&

Proposition 7.4. Let (G,S) be a totally reflected group system and Gg be
a reflection group acting on I' = I'(G,S) such that Gr € Aut,, (I"). If for
any s € 8* there exists a reflection in Gr which inverts the edge e(lg,s),
then for any edge e € E(T') there exists a reflection in G which inverts e.

Consequently, (G,S) is strongly totally reflected.

Proof. For each s € §*, let r; be a reflection in G which inverts the edge
e(1lg,s). Since Gg € Aut, (I') and since 74 € G is a reflection, we can write
rs = Lgps, where ¢, € Aut(G, S*) satisfies ¢4(s) = s7! and (¢,)? = idg. Since
G'r is a reflection group, r, must be the unique reflection in Gg which inverts
the edge e(1g,s). Consider an arbitrary edge e in I' which is not incident

to the 1g vertex in I'. Then there exists g € G - {1} and t € S* such that
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e = e(g,t). Let v be a path with edge length k in T' from 1g to g. Since
g # 1lg, we must have k > 1. As elements of G, g = w(7), the word in §*
which is written by the path v. We claim that there exists a reflection in Gg
which inverts the edge e = e(g,t). We will prove this claim by inducting on
k.

If k=1, then g = s; for some s; € S* and e = e(s1,t). Consider the element
of G which is given by r = r, ryrs, where ¢ = ¢, (t) € S*. Since ry is a
reflection, r is also a reflection since it is a conjugate of a reflection. Note that
the reflection 7y inverts the edge e(1g,t') in I' and e(1g,t") = e(1g, ¢s, (t)) =

leésl(e(sl,t)) = rsl(e(g,t)). Then we can observe the following:

TsiTt'Tsy (6(97 t)) =Ts (rsl (6(97 t))) =T Ts (6(9, t)) = 6(97 t)

Therefore, r inverts the edge e = e(g,t). Therefore, the claim is true when
k=1.

Now suppose the claim is true for some k. That is, suppose that when
the path in ' from 15 to h has length £, then the edge with initial vertex
h can be inverted by some reflection in Gg. If v has length &k + 1, then g =
w(7y) = $182°+-SkSky1 Where s; € §* for each i € Ii,1. Therefore, v = (e, ..., €x41),
where e; = e(lg,s1) and e = e(8189-+8;, S441) for each ¢ € I, Consider
the path 7 in T' given by (ry (€2),7s (€3),...,7s, (exs1)). Note that w(7) =
Gs,(82) s, (83) « - - G5, (S, ) = Psy(S283 -+ - Sg1). Since 1y, inverts the edge
e(lg,s1), we must have that ((7) = t(rs,(e2)) = 75, (t(e2)) = 1, (s1) = 1.
Therefore, 7 is a path in I" beginning at 15 which has edge length of k. So by

the inductive hypothesis, the edge € = e(¢s, (S253-*Sk+1), @5, (t)) is inverted
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by some reflection, say 7, in Gg. Note the following:

&= (s, (525381s1), Do, ()
= e(1ads, (5255 -5p1), s, ()
= e(75,(51) s, (5253 5111), Dsy (1))
= e( Ly, Bs, (515253 k1), Bsy (1))
= Ly, (e(65,(9), ¢, (1))
= Ly, ¢, (e(g, 1))
=r1(e(g,1))

Since 77 and 7, are reflections in Gg, 75,77, is also a reflection in Gg. Observe

the following:

r T (e(9.1)) = 7, (o (e(9.1))) = 1 T(@) = 14, (7)

=Ts (’ev) =Ts (rsl (e(gat))) = e(g7t)

Therefore, 75,77, is a reflection in Gx which inverts the edge e(g,t). This
completes the proof by induction. Therefore, we have now shown the follow-
ing: if for any s € §* there exists a reflection in G which inverts the edge
e(1g,s), then for any edge e € E(I") there exists a reflection in G which in-
verts e. Along with our fundamental assumptions, this allows us to conclude

that (G,S) is strongly totally reflected.
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7.2 A Sufficient Condition for a T.R. Group

to be S.T.R.

Theorem 7.5. Let (G,S) be a totally reflected group system. For each s €
S*, let Lyos be a color-preserving reflection on I’ = T'(G,S) inverting the edge
e(lg,s). Assume that ¢s = ¢ for all s € S. If Condition (x*) holds for all
in 8§*, then (G,S) is strongly totally reflected.

(nonempty) words s, Si,+Si,

(**) : Siy [¢Si1(si2)] ) [¢5i1 ¢5i2(8i3)] e [¢511 ¢5ik,_1 (Slk)] =1l¢
J

¢si1"'¢sik = ZdF

Proof. Let G := (Lsos | s € §*). Note that Gr ¢ Aut.,, (I'), since Ly €
Aut,, (') for all s € S*. If we can show that the action of G is edge free on
', then Proposition 7.4 will allow us to conclude that (G,S) is s.t.r. Assume
that Condition (*x) holds for all (nonempty) words s;, 5;,---s;, in S*.

Suppose that L,¢ € Autc, (I'), where g € G and ¢ € Aut(G,S*). Also,
suppose that L,¢ fixes an edge in I' of the form e(lg,s) for some s € S*.
In particular, L,¢ must fix both endpoints of e(1lg, s) and so we must have
that g = 1¢ and ¢(s) = s. Therefore, Ly¢ = ¢, which shows us that the only
elements of Aut., (I') which can fix an edge incident to the identity vertex
in I" must come specifically from Aut(G,S*).

We will show now that GgrnAut(G,S*) = {idr}. To see this, suppose that
¢ € Aut(G,S*) and ¢ € Gr. Then ¢ can be written as ¢ = Ly ¢y, -+ Ly ¢y =

Ly ¢4, -+ Ly, bv,,,, where t; € S and ¢} = ¢; or t7! for each i € I,,,. The expression
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for ¢ can be rewritten as shown here:

¢= Lt’1 ¢t1 co Lt'Wthm

= Lt o, ()1, buy (1) 0y 0, () Pta *** Pt

But in order for ¢ to equal the last expression, the following must be true:

100 (85) 01, G, (13) - -+ Gty - -+ b,y () = 16

Condition (x*) then gives us that ¢ ¢y, ¢y, = idp. Therefore, we now
have that ¢ = L; ¢4, -¢,, = idp, which allows us to conclude that Gr n
Aut(G,S8*) = {idr}.

We must show now that an arbitrary edge e(g,t) in I, where g € G and
t € §*, cannot be fixed by any non-identity element of Gr. Suppose that
[ € Gg fixes the edge e(g,t). We claim that there exists ¢ € Aut(G,S*) such
that L,¢ € Gg. To see this, we will begin by writing ¢ as a word in §*, say

g =ui—uy. Let ¢ =1 and for integers 7 > 2 define ¢; as shown here:

1, if 3 an even number of indices j € I;_; such that u; = u; or u;l

€; =

-1, if 3 an odd number of indices j € I;_; such that u; = u; or u;!

For each i € I,,,, let w; := u;*. Then w; = uy, and for each i € I,,, with ¢ > 2 we
have ¢, Guwy*Ow, , (w;) = u;. Note that L, ¢, € Gg for each i € I,,,, Then

Loy, oy Ly Gy * + + Ly, @, € Gr. Let x € G be arbitrary and observe the
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following;:

Luy Guy Loy, oo, (2) = 10w, (w2) -+ Puy Gy Gy (Win) Py P, (%)
= Uy ttg iy, B ()
= 9%uw, " Gu,, (¥)
= Lypw, *Puw,, ()

Therefore, if we take ¢ = ¢y Py Pu,,, then ¢ € Aut(G,8*) and L,¢p =
Lydw, - Ow,, = Ly, @wy =+ Loy, @,y € GR, as desired. Since Ly, 5 € Gr, we
also have (L,¢)*BLy¢ € Gg.

Since [ fixes the edge e(g,t), we must have 8(g) = g and (gt) = gt. Since

L,¢p(1¢) = g, we must have (L,¢)71(g) = 1¢. Now observe the following:

(Ly) ™' BLy¢(1c) = (Ly$) " (B(9)) = (Ly¢) ' (9) = 1c

Therefore, (L,¢)~1SL,¢ fixes the identity vertex 14 in I'. Since L,¢p(¢71(¢)) =

gt, we must have (L,¢)"(gt) = ¢71(t). Now observe the following:

(Lg®) ™' BLgd (67 (1)) = (Lgd) ™ (B(gt)) = (Lye) "' (gt) = ¢7' (1)

Therefore, (Ly¢) 1 BLy¢ fixes the vertex ¢~1(¢) in I'. Since ¢ € Aut(G,S*),
¢71(t) € §*, and so e(1g, ¢~ (1)) is an edge in I". The preceding work shows
that (L,¢) 1BL,¢ fixes the edge e(1g, ¢71(t)). However, the only element of
Gr which fixes an edge incident to 1 in I' is idp, as we’ve already shown.
So (Ly¢p) tBLy¢ = idp, implying that SL,¢ = Ly¢, which further implies that

[ =idr. Therefore, if § € Gy is arbitrary and if § fixes any edge in I', then
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B =idr.

We can now conclude that the action of Gr on I' is edge free. So Gg
is a reflection group and Gpr € Autc, (I'). Moreover, for any s € §*, the
reflection Lg¢s € Gr inverts the edge e(lg,s), by assumption. By applying
Proposition 7.4, we can conclude that (G,S) is strongly totally reflected.

O

If (G,S) is totally reflected, then we know that for each e € E(I") we
can find a color-preserving reflection acting on I' = I'(G, S) which inverts the
edge e. In particular, for each s € S* there exists a color-preserving reflection
on I'" which inverts the edge e(1g,s). Fix t € S. We know that the color-
preserving reflection on I' which inverts the edge e(1lg,t) must specifically
have the form L;¢;, where ¢, € Aut(G,S*) satisfies ¢(¢) = t~! and (¢;)? =
idg. Likewise, the color-preserving reflection on I' which inverts the edge
e(lg,t™') must specifically have the form L;-1¢4-1, where ¢p-1 € Aut(G,S*)
satisfies ¢p1(t71) = t and (¢4-1)% = idg. If we conjugate L;¢; by the graph
automorphism L;-1, we obtain another color-preserving reflection on I' which
inverts the edge Lt—l(e(lg, t)) =e(t™1,t). Therefore, this conjugate reflection

also inverts e(t71,t) = e(1g,t7!). Observe the following:

(Ltfl)Ltﬁbt(Lt*l)_l(x) = LrlLtGﬁtLt(x) = Ctht(I) = ¢t(t96)

= ¢y (t) () =t = Ly ()

Therefore, L;-1¢; is a color-preserving reflection on I', possibly different than
Li-1¢4-1, which inverts the edge e(1g,t7!). It may be convenient, and even

necessary, at times to assume that ¢,-1 = ¢;. In fact, we will make such
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an assumption in our next proposition, and the proof that we give for the
proposition will depend on this added condition.

Another condition that must be satisfied in order to state and prove the
next proposition involves the ¢, component of the color-preserving reflection
Lips on I' = I'(G,S). More generally, if Ly¢ is any color-preserving auto-
morphism on a Cayley graph T'(G,S), where n := |S|, then we will say that ¢
satisfies the (Z2)™ Condition if for any s € S we have ¢(s) = s or ¢(s) = s71.
Note that to be a color-preserving automorphism, ¢ must already be an ele-
ment of Aut(G,S*). However, an arbitrary member of Aut(G,S*) may not
satisfy the (Z2)™ Condition. Let H be the set of those elements of Aut(G)
which satisfy the (Zy)" Condition. One can check that H is a group. If
S ={s1,..., 8.}, then for each i € I,, define an element «; of H by stating that
ai(s;) = s; if j # 1 and «;(s;) = s;'. Then the set {o; ‘ i€l,} generates H.
We can define a function ® : H - (Z3)™ by sending the generator a; of H to
the element of (Zy)™ which has a 1 in the " position and a 0 in every other
position. One can check that ® is an isomorphism. Therefore, an element
¢ € Aut(G,S*) satisfies the (Z2)™ Condition if and only if ¢ € H = (Zy)™.

The next proposition will prove to be a useful tool in showing that certain

group systems are strongly totally reflected.

Proposition 7.6. Let (G,S) be a totally reflected group system. Let n :=|S].
Label the n distinct elements of S as s1,...,8,. For each s € 8%, let Ly,
be a color-preserving reflection on I' = T'(G,S) inverting the edge e(1g,s).
Assume that ¢s = 1 for all s € S. If all relations for the system (G,S)
have even exponent sum for each s € S and if each ¢, satisfies the (Zs)"

Condition, then (x*) will hold, and (G,S) will be strongly totally reflected.
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Proof. Let s;,s;,--s;, be an arbitrary (nonempty) word in S* such that the

antecedent of condition (x*) holds, that is,

Siy [¢5i1 (Siz)] ’ [¢3i1 ¢5i2(5i3)] T [qbsil.“ ¢Sik71 (Slk)] =1g

Assume that for each s € S, ¢, satisfies the (Zy)" Condition. Then the

preceding equation can be rewritten as shown below, where each ¢; € {-1,1}:

(Si1)61(8i2)62 e (sik)ﬁk = 1G

Assume, also, that all relations for the system (G, S) have even exponent
sum for each s € S. Let ps be the integer obtained by summing those values
of €; for which s;, = s or 57!, where s € S. In other words, p; is the exponent
sum for the generator s in the relation given in the preceding equation. Then
by assumption, each p; is an even integer (possibly zero). For each s € S, let
qs be the integer obtained by summing those values of |¢;| for which s;; = s or
s71. In other words, ¢, counts how many times s or s~ occurs in the product
(8i,)(85,)2 - -+ (85,)%. Note that g; must be a (nonnegative) even integer,
since p; is even.

Since ¢, satisfies the (Zy)" Condition for each s € S, the elements of the
set {¢s | s € §} commute with one another. Therefore, we can observe the

following;:

¢si1"'¢sik = (¢51)qsl (¢32)q52 s (Qbsn)qS"

However, each ¢, must have order 2, since L, ¢, is a reflection. Therefore,

we can now conclude that (¢g, )% (¢s,)%2 - - - (¢s, )% = idg, since for each
i € Iy (fs,) % = (5,) %m0 2) = (95,)° = i
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Therefore, Condition (*x) is satisfied, implying that (G,S) is strongly
totally reflected.
0

Example 7.7. Suppose that G is a finitely generated abelian group with
invariant-factor decomposition given by Z,, x Z,, x -+ x Z,, x Z", where
ni,...,ng, k, and r are nonnegative integers with n; > 2 for all ¢ € I and
with n;|n;,q for i € I_1 in the event that k > 2. For simplicity, let us consider
the case where k,r > 0. If we have any hope of GG being s.t.r., then G must be
t.r. In Chapter 5 we showed that G is t.r. if and only if n; is even. Therefore,
assume n; is even.

For each ¢ € Iy, Z,, is a finite cyclic group and thus can be generated
by a single element of order n;. Let a; denote this element. Then Z,, =
(a; | (a;)" =1z, ). Now Zis an infinite cyclic group and thus can be generated
by a single torsion-free element. However, for each of the r factors of Z that
appears in the product Z", we must use a different generator. Therefore, we
will say that the jth factor of Z in Z" is generated by the element b;. That
is, Z" = (b1, ..., b, ‘ [bi,0;] = 1z for all 4,5 € I.,i # j). We can now write a

presentation for the finitely generated abelian group G as shown here:

G = <CL1, ...,(lk,bl, ...,br ‘ (Clz)nZ Z[(li,a]‘] = [bp,bq] = [ai,bp] = 1g,

for all i,j € I, i # jip,q € I,p # q)

Let S := {al, ...,ak,bl, ~-~>br}
Any relation in a group of the form [x,y] = zyz~'y~! = 1, where z and

y are generators for the group, has exponent sum of zero for x and for y.
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It also has exponent sum of zero for every other generator in the group,
trivially. For any element z of the group, the relation zz7! = 1 will have
exponent sum of zero for all of the group generators. Therefore, if a group
has a presentation in which all the defining relations are commutators, then
any relation in the group will have even (specifically, zero) exponent sum for
each group generator. More generally, if a group has a presentation in which
all the defining relations have even exponent sum for each generator, then an
arbitrary relation in the group will have even exponent sum for each group
generator.

In our group G with presentation given above, we have defining relations
which are commutators and defining relations of the form (a;)™ = 14 for each
i € Iy. Every n; is even since n; is even and since n;|n;,q for all i € I;,_; in the
event that k£ > 2. Therefore, all of our defining relations, and consequently
all relations in the group G, have even exponent sum for each s e S.

Fix i € Iy. We know from previous work that (Z,,, {a;}) is totally reflected
because n; is even. Let p,, be a group automorphism on Z,, defined by
stating that p(a;) = a;'. Then we know from previous work that L,,p,, and
L-1pa, are color-preserving reflections on I'(Zy,, {a;}) which invert the edges
e(1z, ,a;) and e(lz, ,a;'), respectively. Now define a group automorphism

¢a, o0 G as shown here:

s71if s = qy

for se€ S, ¢q,(s) =
s, if s+ a;

We know from our previous work involving direct products of t.r. groups

that L, ¢, and L,-1¢,, are color-preserving reflections on I' = I'(G, §) which
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invert the edges e(1g,a;) and e(lg,a;'), respectively.

Now fix p € I,. We know from previous work that (Z,{b,}) is totally
reflected. Let py, be a group automorphism on Z defined by stating the
p(by) = b,'. Then Ly,pp, and Lyipy, are color-preserving reflections on
['(Z,{by}) which invert the edges e(1z,b,) and e(1z,b,'), respectively. If
we extend pp, to a group automorphism ¢, on G analogously to the way
we extended p,, to @, then we know that Ly, ¢y, and Lb;1¢bp are color-
preserving reflections on I' = I'(G,S) which invert the edges e(1g,b,) and
e(1g,b,'), respectively.

We know that (G,S) is totally reflected. For any s € §*, L@, is a color-
preserving reflection on I' = I'(G, §) which inverts the edge e(1¢, s). Because
of the way we defined ps and then ¢, for each s € S, it is clear that ¢ satisfies
the (Zz)™ condition for each s € S. As we already noted, every relation in
the group G has even exponent for each s € §. Therefore, by Proposition 7.6,
we can conclude that (G,S) is strongly totally reflected.

Similar arguments can be used to show that (G,S) is s.t.r. even when
k =0 or r =0 in the invariant factor decomposition for GG, as long as ny > 2 is
even in the event that k > 0. Therefore, any finitely generated abelian group

with even first invariant factor is strongly totally reflected.

7.3 The Case of Right-Angled Artin Groups

Suppose A is a simplicial graph on n vertices {v; | iel,} =V(A)=3S8. Let

Ap denote the right-angled Artin group determined by A. A standard way
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of defining AA is in terms of a presentation such as the one shown here:
Ap = (v1,..., 0, ‘ [vi,v;] =1 < {v;,v;} € E(A))

where, recall, {v;,v;} represents the edge in A between v; and v;. Consider
the collection of groups G = {G; ‘ i € I}, where for each i € I, we have
G; = (S; | R;) with S; = {v;} and R; = @. In other words, G; = (v;) is the
infinite cyclic group. Then we can easily observe that Ax = G(A,G), where
G(A,G) is the presentation-form of the right-angled product as defined in
Chapter 6.

Fix an arbitrary i € I,,. By Example 5.4, we know that (G;,S;) is a totally
reflected system. Therefore, there exists a color-preserving graph reflection
on I'(G;, S;) which inverts the edge e(1,v;). By Example 4.11, we know that
this graph reflection must specifically be given by L,,p,,, where p,. : G; = G;
is the automorphism defined by stating that p,, (v;) = v;t.

Using the process from the proof of Lemma 6.8, we can extend p,, to a

function ¢,, : Ax = A as defined here:

vl if ve{u,ut}
Gu; (V) =

v, if veS*—{v,v!

Our work in the proof of Lemma 6.8 gives us that ¢,, : Ay - Aa is an
automorphism and ¢,, € Aut(Aa,S*). Moreover, (qﬁvi)2 =1id,, since Ly, p.,
being a reflection on T'(G;,S;) implies that (p,,)” = idg,. Lemma 6.8 also

tells us that L,, ¢, is a reflection on I'(Aa,S) which inverts the edge e(1,v;).

Using an analogous argument to the one just given, we also can conclude
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that L,-1,, is a reflection on I'(Aa,S) which inverts the edge e(1,v;7') in
['(Aa,S).

Since the defining relations of A are commutators, all relations for the
system (Aa,S) will have an even exponent sum for each s € S. Moreover,
it is clear from its definition that ¢,, satisfies the (Zy)" Condition for each
i € I,. Therefore, by Proposition 7.6, (Aa,S) is a strongly totally reflected
system.

Let R :={L,, ¢,

i€ L o{Ly, 16y, ‘ i €I, }. From the preceding discussion,
we can see that every element of R is a reflection on I' = T'(Aa,S). Let
A, denote the group generated by R, that is, A, := (R). Then A, is a
reflection group acting on I'; A, ¢ Aut., (I') since each generator of A, is
an element of Aut., (I'); for any v; € S the reflection L, ¢, inverts the
edge e(la,,v;); and for any v; € S the reflection L,1¢y, inverts the edge
e(la,,v;t). Proposition 7.4 allows us to conclude that for any edge e in T
there exists a reflection in A, which inverts the edge e. The next proposition
establishes a strong relationship between the group A, and the original right-

angled Artin group Aa.
Proposition 7.8. The groups Ax and A, are commensurable.

Proof. In order to show that Ax and A, are commensurable, we must show
that Ax N A, is a finite-index subgroup in both A and A,. We will actually
prove that there exists a group GG containing both Ax and A, as subgroups
such that [G: Aa] < oo and [G : A,] < co. Then basic group theory will allow

us to conclude the following:

[Apr: AanA ] <[G:A]<oo and [A,:AAnA]<[G:Ax] <0
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Consider the group generated by the set {¢,, | i € I,}, where each ¢,,
is as defined earlier in this section. We can easily observe that this group
is isomorphic to (Zy)". In this proof, we will think of (Zy)" as the group

({0

as established by Lemma 3.5 and Corollary 3.6, where each element a € Ax

i€1,}). Recall that Ax can be thought of as a subgroup of Aut(Aa),

is identified with L.

Let G := Aa % (Z3)". Elements of G are of the form L,a, where a € A
and « € (Zy)". Note that Ax and (Z3)" are both subgroups of G. Consider
a function 6 : Ap x (Z)" — (Z3)" defined by stating that for a € Ax and
a € (Zs)", 0(Lea) := . Suppose ay,as € Ax and oy, s € (Zy)" are arbitrary.

Then observe the following:

0 (Lag,0nLg,c0) =0 (Lalal(ag)ala2)
=00

=0 (Lalal) 0 (La2a2)

Therefore, 6 is a homomorphism. We can see that kerf = Ap and im@ =
(Z3)". Then basic group theory tells us that [G : kerd] = [im6|, which
implies that [G: Aa] =2" < oo.

Suppose L, € Ax % (Z3)" = G. Since a € A, a can be written as a word
in §*, say a = uy - - - U,,, where u; € §* for each i € I,,. Let ¢; =1 and for

integers ¢ > 2 define ¢; as shown here:

1, if 3 an even number of indices j € I;_; such that u; = u; or ui‘l
€; =

-1, if 3 an odd number of indices j € I;_; such that u; = u; or u;!
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For each e € I,,, let w; := u'. Therefore, for each i € I, with i > 2, ¢y, ¢u, -
O, (w;) = u;. Also, wy = uy, since €; = 1. Note that L, ¢, € A, for each
i€ Ly, Then Ly, ¢, Ly Guw, -+ + Lus,, Ow,, € Ay, and for any z € Ax we can see

the following:

Loy Guy +++ Ly G0, (1) = w10, (w2) -+ Gy Guy* Py (W) Py P, (2)
= Uttt U Py Do, (1)
= G, b, ()
= La®uw, " ¢w,, (7)

We can see then that L, = (Lo@w, - - Gw,, ) (Pu,, -+ Puy0), Where Ly, -
Dy, = Ly Gy +* * L, Py, € Ay as proven, and ¢y, « -+ G, € (Zo)". This
implies that L,a € A, for some 3 € (Zy)". Consequently, there are at most
|(Z3)"| = 2" cosets of A, in G, that is, [G: A,] < 2" < o0,
Since [G : A,] < oo and [G : Aa] < 00, we now can conclude that [An :
ArNnA;]<ooand [A, : Ax N A, ] < oo, for reasons explained previously.
Therefore, Ax and A, are commensurable.

]

The chambers of A, acting on I = T'(Aa,S) are the vertices of I' since
for any edge there exists a reflection in A, which inverts that edge. Fix the
vertex 14, to be the base vertex. Then the set of fundamental reflections is
what we are calling R. We know now, as a result of our discussion earlier
in this section, that (A,, R) is a reflection system on the graph I". Then by
Theorem 4.16 we can conclude that (A,, R) forms a Coxeter system where

for any r;,r; € R, m,, ., is taken to be the order of ryr; in A,.
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Recall that R = {L,,o,, ‘ iel,}u {nglqﬁw ‘ i € I,}. For convenience,
for each i € I,,, let r; = L, ¢,, and let ¢; = L,Ui—l ¢o;. Since the elements of R
are reflections, we know that m,, ,. = my,,, =1 for any 7 € [,,. Assume that
{vi,v;} € E(A). Then v; # v;. Moreover, [v;,v;] = vivjo; ;! = 14, , implying
that v; and v; commute. From this we can observe that v; and 'UjTl commute,
v;! and v; commute, and v; " and v;' commute, also. Suppose z € Ax = V(T")

is arbitrary. Then observe the following:

TiTs (v) = Lvi¢UiLUj ¢'Uj (v) = Ui¢vi(vj)¢vi¢vj (v) = Uivj¢vi¢vj ()
= Ujvi¢vj¢vi(x) = Uj¢Uj (Ui)¢vj¢vi(x) = LUj¢UjLUi¢Ui(x) = Tjri(x)

Therefore, from the above argument and from the fact that every element of
R has order 2, we can conclude that (r;r;)? =idp. Similar work would allow
us to show that (¢;;)? = idp and (7;¢;)* = idp as well. Therefore, for any
i,j €I, i # j, such that {v;,v;} € E(A), My, =My, q, = My, = 2.

Assume now that 4,5 € I, i # j, such that {v;,v;} ¢ E(A). Then in Ax,
no relation exists between v; and v;. In particular, [v;,v;] # 14,. We claim
that for any n € N and for x € Ax arbitrary, the following statements are

true:

(Tirj)Qn_l(x) = L[’U»L',Uj]n_l’ui’l)j ¢vi¢vj (x)

(rir;)*"(2) = Ly, 0,7 (2)
We will prove this claim by induction. First, observe the following:

Ty (fﬂ) = Lvi¢v¢ij ¢vj(x) = ’U’L'¢’Ui(vj)¢vi¢vj (.I')
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= Uingbvi vaj ({L‘) = L’Ui’Uj gbUz’ gb'Uj (l’)
Additionally,

(rirj)*(x) = rirj (rirj(2)) = Lyyo, 0o, b0, (Low; Gos o, (2))
= 000707 By o, Db () = Ly (00)% (60,)” ()

= L[”ivvj] (,CL')

This shows that the statements are true when n = 1. Suppose that the

statements are true for some k € N. Then observe the following:

(riry)? B0 (@) = (i) (riry)* (@) = (rir) 1 (L) (2))
= L[’Ui,vj]k_lvi’l}j vaigbvj (L[’Ui,’vj](x))
= [U,‘, Uj]k_lvingbw ¢Uj (Uivjvglvgl)qui gbvj (ZL‘)

k_lvivjvi_lvjflvivjqﬁviqﬁvj ()

= [vi, v5]
= Liv, 0, ]Fvs0; P Do, ()

(7’1'7’9')2(]““)(33) = (riry)* (riry)*(x) = (riry)** (L[vi,vj](l"))
= Lpo, ;1 L) (2)

= L[%v].]kﬂ(x)

This shows that by using the inductive hypothesis for n = k, along with
the initial step, we can show that the statements are true for n = k£ + 1.
Therefore, the statements are true for any n € N, where x € A is arbitrary.
In particular, the statements must be true for z = 14,. That is, for any

neN, (rir;)?1(1a,) = [vi,v;]" tvv;, since ¢y, (1a,) = ngUj(lAA) =14,, and
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(rirj)*"(Las) = [vi, 01"

Note that for no n € N can (r;r;)**1 = idp or (r;7;)?" = idp. If there
was an n € N such that (r;r;)?»1 or (r;r;)?" were equal to idp, then we
would have that [v;,v;]" lvv; = 14, or [v;,v;]* = 14,. However, neither of
these scenarios can happen since {v;,v;} ¢ E(A). Therefore, for any m € N,
(r;r;)™ # idp. Similar work would allow us to show that under the same
circumstances involving 7 and j, for any m € N we have (r;t;)™ # idr and
(t;t;)™ # idp. Therefore, for any 4,5 € I, i # j, such that {v;,v;} ¢ E(A),
My =Mt = Myt = .

We now can write the Coxeter presentation for A,.:

Ar:(rl,...,rn,tl,...,tn|ri2:t§:1AT:idp Viel,; for any i,5€1,,i # j,

(rir;)? = (rit;)? = (tit;)* = 14, =idp <= {v;,v;} € E(A))

We can see from this presentation that A, is not only a Coxeter group but
a right-angled Coxeter group. Proposition 7.8 can then be interpreted as
saying that any right-angled Artin group is commensurable with a right-
angled Coxeter group. Though this result is already known [3], our approach

to proving it using the theory of totally reflected groups is novel.

Example 7.9. Suppose that A is a right-angled Artin group determined

by the graph A shown in Figure 7.2.

U1 V9 V3

Figure 7.2: A graph A determining a right-angled Artin group Aa

We can view Aa as being the right-angled product determined by A
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and G, where G = {G1,G2,G3} and G; = (v;) is an infinite cyclic group
for each 7 € I3. The associated reflection group A,, defined in the manner
discussed prior to Proposition 7.8, is a right-angled Coxeter group. Since
any Coxeter group can be described as a right-angled product, there exists
a graph A’ and a collection of groups G’ such that A, is the right-angled
product determined by A’ and G’. For each ¢ € I3, let r; := Ly, ¢, t; = Lv{l D
H; == (r; ‘ (ri)%=1p,), and K, := (t; | (t;)? = 1k,). Take G’ to be the collection
of groups {Hy, Ho, H3, K1, K5, K3}. The graph A’ is depicted in Figure 7.3.

™ 2 r3

t1 to t3

Figure 7.3: The graph A’ determining the right-angled Coxeter group A,

The graph A that we used here to define the right-angled Artin group
Ap is quite basic. However, treating this example as a guide, we can easily

imagine how to obtain the graph A’ from the graph A in the general setting.

\
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