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ABSTRACT. This paper studies the Smith Conjecture in terms of H. Schubert’s
theory of companionship of knots. Suppose J is a counterexample to the Smith
Conjecture, i.e. is the fixed point set of an action of Z, on S3. Tusorem. Every
essential torus in an invariant knot space C(J) of J is either invariant or disjoint from
its translates. Since the companions of J correspond to the essential tori in C(J),
this often allows one to split the action among the companions and satellites of J.
In particular: THEOREM. If J is composite, then each prime factor of J is a
counterexample, and conversely. THEOREM. The Smith Conjecture is true for all
cabled knots. THEOREM. The Smith Conjecture is true for all doubled knots. THEO-
REM. The Smith Conjecture is true for all cable braids. THEOREM. The Smith
Conjecture is true for all nonsimple knots with bridge number less than five. In
addition we show: THEOREM. If the Smith Conjecture is true for all simple fibered
knots, then it is true for all fibered knots. THEOREM. The Smith Conjecture is true for
all nonfibered knots having a unique isotopy type of incompressible spanning surface.

1. Introduction. The Smith Conjecture states that no nontrivial knot is the fixed
point set of a periodic PL homeomorphism of S3. The theory of companionship of
knots studies ways in which a given knot can be constructed from “smaller” knots
in a manner generalizing the familiar process of composition of knots. This paper
investigates the Smith Conjecture via this companionship structure. The main
results relate the problem of whether a given knot can be a counterexample to the
Smith Conjecture to the same problem for the “smaller” knots of which it is
constructed. Using these results the Smith Conjecture is proven for several well-
known classes of knots.

In the interval since the completion of this paper, a completely general proof of
the Smith Conjecture has been discovered. The reader is referred to the announce-
ment by Gordon and Litherland (Notices Amer. Math. Soc. 26 (1978), A-252). This
proof follows from two recent results: an equivariant version of the loop theorem
and Dehn’s lemma, proven by Meeks and Yau using minimal surface theory, and
work of Thurston, Bass and Shalen on the existence of non-boundary parallel,
closed incompressible surfaces in certain knot spaces. The latter work depends on
Thurston’s existence theorem for hyperbolic structures on 3-manifolds.

The present paper is published in the hope that some of its techniques and
theorems will be of independent interest. The reader should note that Conjecture
9.7 on “symmetric trivial links” is an immediate consequence of the equivariant
Dehn’s lemma.
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In 1939, P. A. Smith [33] proved that the fixed point set K of a periodic
homeomorphism 4 of S is homeomorphic to a sphere of some dimension 7,
-1 <r < 2. Thusif r = 1, K is a simple closed curve and one can ask whether K is
knotted. Examples given by Montgomery and Zippin [26] and Bing [1] of cyclic
actions for which X is a wild knot indicated that one should restrict the problem to
the PL category. In this setting Moise [24] showed that K is unknotted if and only
if A is conjugate to a rotation. (See also Smith [34].) It follows from the work of
Smith that one need only consider prime periods. One approach to the Smith
Conjecture is to show that for various classes of knots K and periods p there is no
action of period p having fixed point set K. This was accomplished for K a 2-strand
cable and p = 2 by Montgomery and Samelson [25], for K a torus knot and p
arbitrary by Giffen [12] (see also Fox [11]), for K arbitrary and p even by
Waldhausen [38], and for K a 2-bridge knot and p arbitrary by Cappell and
Shaneson [5]. In addition Kinoshita [20] and Fox [8], [10] found conditions on the
Alexander polynomial of K which allowed them to rule out several combinations of
K and p. These conditions are difficult to apply to large classes of knots; they fail,
for example, to prove the results for torus and 2-bridge knots, and they say nothing
about knots with trivial Alexander polynomials (e.g. untwisted doubled knots).
However, our results show that the applicability of these conditions can often be
considerably extended.

In a sequence of papers [28], [29], [30], [31] in the 1950s H. Schubert developed a
theory of “companionship” of knots which generalized the classical notion of
composition of knots. This theory included the classical constructions of composite
knots (Produktknoten), cabled knots (Schlauchknoten), and doubled knots
(Schlingknoten), as well as a generalization of cabled knots called cable braids
(Schlauchzopfe). The general construction is roughly as follows: Let L be a simple
closed curve lying in a nontrivial fashion in an unknotted solid torus V in S3. Tie V'
into a knotted solid torus W with core K and let J be the image of L in W. Then K
is a companion and L a satellite of J. A knot with no companions is called simple.
Companionship induces a partial ordering on the set of nontrivial knot types with
the simple knot types as minimal elements. A given knot type has only finitely
many companions, each appearing with a finite “multiplicity”.

Our general program is to reduce the Smith Conjecture as far as is possible to the
study of simple knots. We obtain two principal results in this direction. Theorem
5.1 reduces the problem to the study or prime knots: If the Smith Conjecture is true
for prime knots then it is true for all knots. For fibered knots the program succeeds
completely in Theorem 9.12: If the Smith Conjecture is true for simple fibered
knots, then it is true for all fibered knots. A weaker reduction theorem for
nonfibered knots is given in Theorem 9.2. We also state two conjectures (9.6 and
9.7) which, if true, would complete the program in the general case.

Given an alleged counterexample J to the period p Smith Conjecture with
companion K and satellite L we attempt to split the supposed cyclic action into two
actions having fixed point sets K and L. Since the companions of J correspond to
the essential tori in the exterior C(J) of J (see Proposition 3.10), the torus theorem
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of Waldhausen [37], [7], [18], [19] can be brought to bear on the problem. It is a
consequence of this theorem that C(J) contains an essential torus which is either
invariant or disjoint from its translates under the action. Our main theorem,
Theorem 7.5, establishes the stronger result that every essential torus in C(J) is
isotopic to such a torus. This enables us in many cases to split the action in the
manner desired. Moreover, we obtain not only actions with K and L as fixed point
sets, but also an infinite sequence of actions whose fixed point sets are congruent to
L (in the sense of Fox [9]). Sufficient conditions for a splitting to occur are given in
Theorem 8.2. This theorem is then applied to prove the Smith Conjecture for
cabled knots (Theorem 8.6), doubled knots (Theorem 8.9), cable braids (Theorem
8.10), and the nonsimple knots with bridge number less than five (Theorem 8.11).

Corresponding to the two possibilities given by the main theorem we introduce
two types of equivariant surgery which produce new cyclic actions on S°>. In the
first type we split the given action as above to obtain an action with K as fixed
point set. In the second type we construct an action whose fixed point set is a
certain p-fold iterated satellite of J. We continue performing these surgeries as long
as we have nonsimple knots as fixed point sets. Thus if every sequence of such
surgeries terminates with a nontrivial knot as fixed point set, one has reduced the
Smith Conjecture to the case of simple knots. For the class of fibered knots this is
indeed the case. We show in Proposition 9.11 that every companion and satellite of
a fibered knot is fibered and has smaller genus; this implies that the sequence of
surgeries yields fibered fixed point sets and is finite. In general, the question of
whether the final fixed point set is knotted can be expressed (see Lemma 9.5) as a
question about certain “symmetric trivial links” in S which is related to Problem
1.21 posed by Gordon in [21]. Using a deep group theoretic result of Dyer and
Scott [6] we give in Theorem 9.9 a partial answer to this question which suffices to
complete the reduction theorem for fibered knots.

§§2 and 3 of the paper contain definitions, notational conventions, and pre-
liminary lemmas. In §4 we give some results about cyclic actions on solid tori
which are used in the sequel. Two of these may be of independent interest: Lemma
4.5 asserts that every cyclic action on a solid torus having fixed point set a simple
closed curve in the interior leaves some meridian of the solid torus invariant.
Proposition 4.6 states that if the fixed point set of such an action is a closed braid,
then it is equivalent to a standard rotation. In §5 we prove the reduction theorem
for composite knots. §§6 and 7 develop the proof of the main theorem. §8 gives the
applications to cabled knots, doubled knots, cable braids, and nonsimple knots of
bridge number less than five. In addition, Theorem 8.7 establishes the Smith
Conjecture for the class of knots, discovered by Lyon [22], which are nonfibered
but have a unique isotopy type of incompressible spanning surface. §9 develops the
equivariant surgery and reduction theorems described above.

The results in this paper first appeared in the author’s Ph.D. Thesis, Rice
University, May 1977, written under the direction of William Jaco.

2. Preliminaries. We shall work throughout in the PL category. All manifolds and
submanifolds are polyhedral. All maps are piecewise-linear. A manifold may or
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may not have boundary. All manifolds are orientable unless otherwise stated. The
boundary and interior of a manifold M are denoted by dM and Int(M). The
closure of a subspace X of a space Y is denoted by CI(X). A surface is a compact,
connected 2-manifold.

S”, D", T" and I denote, respectively, the n-sphere, n-cell, n-torus and the unit
interval [0, 1]. We shall sometimes regard S' and D? as the unit circle and disk in
the complex plane.

A codimension one submanifold F of a manifold M is properly embedded if
F N oM =9F. If N is a regular neighborhood of F in M, then we require that
N N M be a regular neighborhood of oF in dM. If F is a surface and M a
3-manifold, then F is a surface in M if F is properly embedded in M; F is a surface
in OM if F is a submanifold of oM. If F and G are surfaces either in M or in dM,
then F is parallel to G in M if either

(1) there is an embedding of F X I in M such that F X {0} = F and 3(F X I)
— Int(F X {0}) = G, or

(2) there is an embedding of F X I in M such that F X {0} = F, F X {1} = G
and 0F X I C M.

A surface in M is boundary parallel if it is parallel in M to a surface in dM.
Similar terminology is applied to curves embedded in surfaces.

We refer to [16] or [36] for the definitions of incompressible surface, irreducible
3-manifold and sufficiently large 3-manifolds, as well as for the notion of splitting a
3-manifold M along a surface F to obtain a 3-manifold M’. A 3-manifold V is a
homotopy solid torus if there is a disk D in V such that the manifold ¥’ obtained by
splitting V along D is a homotopy 3-cell. If V" is a 3-cell, then V is a solid torus. In
either case D is a meridional disk of V. A simple closed curve K in a solid torus V is
a core of V if there is a product structure S' X D? on V such that K = S' X {0}.

Our notation for presentations of groups is that of [23]. If G is a group and S a
subset of G, then gp(S; G) and nm(S; G) denote, respectively, the subgroup and
normal subgroup of G generated by S. Let X C Y be path connected spaces, i,:
m(X) = m,(Y) the inclusion induced homomorphism. X is injective (resp. surjec-
tive) in Y if i, is monic (resp. epic).

Suppose h is a periodic self-homeomorphism of a manifold M. We denote by
{h) the group of self-homeomorphisms of M generated by . Two cyclic actions
<h) and <{h’) on M are equivalent if they are conjugate in the group of all
self-homeomorphisms of M.

Our terminology on knots and links generally follows that of [27]. We do,
however, make the following conventions: We work only with oriented knot types
in the oriented 3-sphere S3. A knot is never trivial, i.e. never bounds a disk. A
simple closed curve in $* which bounds a disk is called an unknot. Let V be a solid
torus in S3. A meridian-longitude pair for V is a pair (g, A) of noncontractible
simple closed curves in 9V such that u bounds a disk in ¥, A bounds a surface in
S3 — Int(¥V), and p N A is a single transverse intersection point. If an oriented core
K of V is specified, we orient u and A so that A is homologous to K in ¥ and pu has
linking number +1 with K in S>. A homeomorphism between solid tori in S
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having oriented cores is faithful if it preserves oriented meridian-longitude pairs. If
K is knotted, then C(K) = S* — Int(V) is called a K-knot space. All knot spaces in
this paper will have definite embeddings in S>, so that they have meridian-longi-
tude pairs well defined as those of their complementary solid tori. A 3-manifold
which is either a solid torus or a knot space is called a roral solid. We shall
sometimes consider homotopy solid tori in homotopy 3-spheres. Although there
may be no well-defined core in this case we shall still use language similar to that
above.

Let W be a solid torus in S with oriented core K. If J C Int(W) is an oriented
simple closed curve, then each meridional disk D of W in general position with
respect to J meets J in at most a finite number of points. The minimum such
number, taken over all such disks, is the order of W with respect to J, denoted
ouAJ). Suppose now that J and K are knots in S> and that J is homologous in W to
a nonnegative multiple of K. If 0,(J) # 0 and J is not a core of W, then K is a
companion of J with order oy/(J). A knot with no companions is simple.

Let J be a knot and W,, ..., W,,_, a set of solid tori in S with oriented cores
K, ..., K, _,. This set is subordinate to J with order a if for eachj, 0 < j < m —
1, K; is a companion of J with order a and S3 — Int(W,) C Int( W) for alli #j. A
companion K of J of order a has multiplicity m if there is a set of m solid tori
subordinate to J with order a« whose cores have the knot type of K, but there is no
such set of m + 1 solid tori.

Note that every knot J with companion K can be obtained by the following
construction: Let W be a solid torus in S with core K. Let ¥ be an unknotted
solid torus in > with oriented core. Let L be an oriented simple closed curve in
Int(¥V) such that o, (L) # 0 and L is not a core of V. Choose a faithful homeomor-
phism f: V' — W and set J = f(L). We denote this construction by J = J(K, V, L).
L is called a satellite of J.

We now discuss some examples of this construction. Let ¥V be as above with
oriented meridian-longitude pair (g, A).

FIGURE 1 FIGURE 2

(1) Let L be a knot in S* contained in Int(¥) so that o, (L) = 1. (See Figure 1.)
Then J = J(K, V, L) is the composite of K and L.

(2) Let V' be a solid torus in Int(¥V) having the same oriented core as V. Let
(', \') be a meridian-longitude pair for V’. Let (m, n) be a relatively prime pair of
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integers and T, , an oriented simple closed curve in 3V’ which is homologous to
my’ + nX'. (See Figure 2.) T,, , is an (m, n)-curve. If |m| > 1 and |n| > 2, then T, ,
is an (m, n)-cable. If |m| > 2 and |n| > 2, then T, , is an (m, n)-torus knot. If T, ,
is an (m, n)-cable, thenJ = J(K, V, T,, ) is an (m, n)-cable knot with carrier K.

FIGURE 3a

Tlp-2)

f’SO

FIGURE 3b

(3) Let p and n be integers, where n = + 2. Let T(p, n) be one of the four
oriented simple closed curves in Figure 3. (|p| is the number of full twists in the
lower part of T(p, n), so that these twists account for 2|p| of the total of 2|p| + 2
crossings.) T(p, n) is a (p, n)-twist curve in V. If p # 0, then T(p, ) is a (p, n)-twist
knot. If T(p, n) is a (p, n)-twist curve, then J = J(K, V, T(p, n)) is a (p, n)-doubled
knot with diagonal K.

™

(Y

FIGURE 4
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(4) Let B C Int(¥) be an oriented simple closed curve homologous to a positive
multiple of the core of ¥ such that for some product structure S' X D2 on V,
meets each {e®} X D? transversely in precxsely n points. (See Figure 4.) ,B is a
closed braid in V. If n > 2, thenJ = J(K, V, B) is a cable braid with carrier K. B is
determined by the conjugacy class of some element 8 in the Artin braid group. (See
[3].) Every cable knot is a cable braid. Note that ¥ — § is a surface bundle over S

with fiber a disk with n punctures.
A homeomorphism 7: V — V is a simple twist if () is homologous to p and 7(A)

is homologous to u + A in oV. If L, and L, are oriented simple closed curves in
Int(V'), then they are congruent along V if L, = 79(L,) for some integer ¢ and
simple twist 7. (Compare [9].) Note that for any integer g the cable T, is
congruent along V to the cable T,,, ,, and the twist curve T(p, n) is congruent
along V to the twist curve T(p + ¢, 1).

3. Some technical lemmas. In this section we collect some results on surfaces in
3-manifolds which will be used in the sequel. A proof of the first lemma can be
found in [35], that of the next two in [36].

3.1 LEMMA. Let F be an incompressible surface in the 3-manifold M and M’ the
result of splitting M along F.

(1) M’ is irreducible if and only if M is irreducible.

(2) A surface G in M disjoint from F is incompressible in M if and only if it is
incompressible in M'.

3.2 LEMMA. Let M = F X I where F is a surface. Every incompressible surface G
in M with 0G in F X {0} is parallel to a surface G’ in F X {0}.

3.3 LEMMA. Let M = F X I where F is a surface. Let G,, ..., G, be disjoint
incompressible annuli in M each of which has one boundary component in F X {0}
and the other in F X {1}. Then there is an isotopy f, of M rel (F X {0}) U (OF X I)
such that f\(G;,) = (G, n (F X {0})) X I.

The proof of the next lemma is straightforward and is omitted.

3.4. LEMMA. Let V be a solid torus and A an annulus in 3V. Then A is parallel to
oV — Int(A) in V if and only if A is surjective in V.

3.5 LEMMA. Let V be a solid torus and A an annulus in V whose boundary
components are injective in 0V. Then A separates V into two components with closures
V, and V, such that 3V, = A U B,, 3V, = A U B,, B,, B, the closures of the
components of AV — 0A, such that:

(1) If A is injective in V, then V| and V, are solid tori and A is parallel to B, in V.
If A is also surjective in V, then A is also parallel to B, in V,.

(2) If A is not injective in V, then V| is a solid torus, V, is a toral solid, and the
components of dA are meridians of V. If V, is also a solid torus, then A is parallel to
B, inV,.

ProOF. (1) follows from Satz 1 on p. 207 of [29] and Lemma 3.4. The first part of
(2) follows from Satz 2 on p. 211 of [29]. Suppose V, is a solid torus and 4 is not
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parallel to B, in V,. Then by Lemma 3.4, either A4 is not injective in V, or 4 is

injective but not surjective in V,. The first possibility implies that 7, (V) = Z = Z,

the second that 7, (V) = Z = Z,, for some m > 1, both contradicting =,(V) = Z.
The next lemma is Lemma 1 of [2].

3.6 LEMMA. Let V be a solid torus, Q C Int(V') a knot space. Then Q C Int(B) for
some 3-cell B C Int(V).

Let M be a 3-manifold. Let 4 be an annulus. A map f: (4, 44) » (M, IM) is
essential if f,: m,(A) —> = (M) and f,: 7 (A, 04) — 7,(M, dM) are monic. Let T be
a torus. A map f: T — M is essential if f,: m(T)— =,(M) is monic and f is not
homotopic to a map with image in 0M. An annulus A4 or torus T in M is essential in
M if it is incompressible and non-boundary parallel in M. It follows from Lemma
5.3 of [36] that if M is irreducible and dM is incompressible, then 4 or T is
essential in M if and only if its inclusion map into M is essential. The annulus
theorem [37], [4], [18], [19] states that for M as above, the existence of an essential
map of an annulus into M implies the existence of an essential annulus in M. With
the additional hypothesis that M # I, the torus theorem [37], [7], [18], [19] states
that the existence of an essential map of a torus into M implies the existence of
either an essential torus or essential annulus in M.

3.7 LeMMA. Let M, N be irreducible 3-manifolds with nonempty incompressible
boundaries and f: M — N a covering space map. If M has an essential annulus, then
so does N. If M has an essential torus, then N has either an essential torus or annulus.

3.8 LEMMA. Let M, N be irreducible 3-manifolds with incompressible boundaries
and f: M — N a covering space map. If A is an essential annulus in N, then each
component of f'(A) is an essential annulus in M. If T is an essential torus in N, then
each component of f~\(T) is an essential torus in M.

The proofs of Lemmas 3.7 and 3.8 are left to the reader.
The next lemma follows from Lemmas 2.1 and 2.2 of [32].

3.9 LEMMA. Let K be a knot in S>, Q its knot space, W = S> — Int(Q). Suppose A
is an essential annulus in Q. Then A divides Q into Q, and Q, such that, letting
W, = 8*—Int(Q),i = 1, 2, either

(1) Q, and Q, are knot spaces, 0A consists of meridians of the solid tori W, W, and
W,, and K is the composite of the cores K, and K, of W, and W,, or

(2) Q, and Q, are solid tori, dA does not consist of meridians of the solid tori W,
W,, W,, Q, and K is a torus knot, or

(3) Q, is a knot space, Q, is a solid torus, A does not consist of meridians of the
solid tori W, Wy, or Q,, and K is a cabled knot with carrier the common core K, of
W, and Q,.

Conversely, if K is a composite, torus, or cabled knot, then Q contains an essential
annulus A with these respective properties.

3.10 PropPoOsSITION. (1) Let K be a companion of the knot J, W the solid torus
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containing J and having core K, and C(J) a knot space of J with OW C Int C(J).
Then OW is essential in C(J).

(2) Let J be a knot, C(J) a knot space of J, T an essential torus in C(J), and W the
closure of the component of S® — T containing J. Then W is a solid torus and a core
K of W is a companion of J.

The proof is straightforward and is therefore omitted.

4. Cyclic actions on solid tori. Let V" be a solid torus, (&) a cyclic action of order
p on V with Fix(h) = K C Int(V) a simple closed curve. {h is standard if there is
a product structure S' X D? on V for which h(e®, re™®) = (e®, re’®*27/P)) where
(r,9)=1

4.1 LeMMA Let <h) be a cyclic action on a compact 3-manifold M such that
Fix(h) = K C Int(M) is a simple closed curve. Then there is a regular neighborhood
N of K in Int(M) such that h(N) = N and {h|N ) is standard.

A proof can be found on pp. 344-345 of [34].

Throughout the rest of this section (k) is a cyclic action of order p on a solid
torus ¥ with Fix¢h) = K C Int(V) a simple closed curve. V* = V/(h), q:
V — V* is the quotient map, and K* = ¢(K). The proofs of the next two lemmas
are straightforward.

4.2 LeMMA. <h) is standard if and only if K is a core of V.

4.3 LEMMA. If there is a meridian p of V such that h(p) = ., then there is a
standard action {h") on V such that h|oV = K'|3V.

4.4 LEMMA. V* is a homotopy solid torus.

PROOF. Let N be the invariant regular neighborhood of K given by Lemma 4.1.
Set N* = g(N), G = m(V — Int(N)), G* = «,(V* — Int(N*)). We have an exact
sequence

l—)G——)G*—)Zp—>1.

Let m, m* be elements of G, G* represented by meridians of N, N* respectively.
Identifying G with its image in G* and choosing orientations properly we have
(m*Y =m. {1, m*, ..., (m*¥"'} is a set of coset representatives for G in G*.
Now G/nm(m; G) = m,(V) = Z. Let ¢t € G represent a generator of Z modulo
nm(m; G). Then G = gp(¢; G) - nm(m; G), while G* = G- gp(m*; G*). So if g*
€ G*, then g* = g(m*)* for some g € G, hence g* = t'x(m*)* for some x €
nm(m; G). Since nm(m; G) C nm(m*; G*) we see that g* = ty fory = x(m*)* €
nm(m*; G*). Hence =, (V*) = G*/nm(m*; G*) is cyclic. Since aV* is a torus,
H\(V*) is infinite, so o ;(V*) = Z. It follows that V* is a homotopy solid torus.

4.5 LEMMA. Let p* be a meridian of V*; then u = q~'(u*) is a connected meridian
of V.
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PROOF. Choose basepoints x3 € p* and x, € ¢'(x). Let p, be the component
of ¢~!( u*) containing x,. Consider the commutative diagram

™3V, xp) b‘ m(V, Xo)
gl la,

7, (3V*, x§) J—‘) a (V*, x3)

Since (g|dV) is a covering map (g|d¥’),, is monic. By Lemma 4.4, V* is a homotopy
solid torus and so im(j,) # {1}. Since im(q|d¥), has index p in =, (3V*, x§),
im(q,i,) = im(;,(¢|9V),) # {1}. Thus im ¢, # {1}, so g, is monic. Now g(p,) =
u* implies ¢,i,([ o) = jo(q10V)4[ oD = 1, 50 i, ([ o)) = 1. So by Dehn’s lemma,
po bounds a disk in V and is thus a meridian. It follows that each component of
q7'(u*) is a meridian.

Suppose ¢~'(p*) is not connected. Let f: ¥ — V be the universal cover of ¥ with
t a generator of the group of covering translations. Choose %, € f~'(x,) and let i,
be the component containing X,. Then (¢|dV): 9V — aV* is a p-fold cyclic covering
whose group of covering translations is (h|0V ). Then g = (g|aV) o ( f|al7): v -
aV* is an infinite cyclic covering whose group of covering translations has a
generator s such that s? = (t|817). We may assume (by choosing a new generator
for <h), if necessary) that A lifts to a homeomorphism A: ¥ — ¥ with (I;|al7) = 5.
Thus #? = ¢.

Now choose y € Fix(h) and § € f~\(y). Then A(y) = t™(5) for some m. But
1) = k?(5) = ™ (y), which implies mp = 1, contradicting p > 1. Thus p =
q7'(u*) is connected.

4.6 PROPOSITION. If K is a closed braid B in V, then K is a core of V and {h) is
standard.

PROOF. Let N be the invariant regular neighborhood of K given by Lemma 4.1.
Set U=V — Int(N), N* = g(N) and U* = q(U).

Let D* be a meridional disk in the solid torus ¥* which is in general position
with respect to K* and is chosen so that the number of components of D* N K* is
minimal. We may assume that D* N N* consists of meridional disks of N*. Let
F* = D* n U*. We claim that F* is incompressible in U*. If not, then let D be a
compressing disk. There is a disk D’ in D* such that 3D = dD’. Since 9D is not
contractible in F*, D’ must contain » > 0 points of D* N K*. Let (D*) = (D* —
Int(D’)) U D. Then (D*) is a meridional disk of V* in general position with
respect to K* which meets K* in n fewer points than did D*, contradicting our
choice of D*. This proves the claim.

Now choose x¢ € dD*, x, € g~'(x2). Since g'(9D*) is connected and (g|U) is a
finite covering, D = ¢~'(D*) and F = q~'(F*) are connected and compact. Since K
is a closed braid in V, there is a product structure S' X D2 on V such that X is
transverse to each {e”} X D? and ({e”} X D% N N consists of meridional disks
of N. Let E= {1} X D? and G = E — Int(E N N). Then U is a surface bundle
over S'! with fiber G.
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Now let f: ¥ — V be the universal covering space of ¥ and choose %, € f~'(x).
Set U = f'(U) and f, = (f]U). Then (¥, U) is homeomorphic to (E, G) X R.
Thus f,: U - U is the infinite cyclic covering of U corresponding to (G, xy).
Since 9D is connected, D does not separate V, so m (D, xo) > 7(V, x¢) is trivial.
Therefore D lifts to a surface D in ¥ containing X, Hence F C D lifts to FinV
such that X, € F c D.The following diagram shows that F and F are incompress-
ible in U and 17, respectively.

"l(ﬁ’ xo) - 7’1(0’ io)

(HlF) 3 Lo,
m(F,x) - m(U, xp)
(9ol F ).1 1(qo).

m(F* x§) —  m(U* x3)

Since F is compact, there is a number s such that F C G X (=s, +5). Since the
components of 3G X [-s, +s] are annuli, there is an isotopy r, of G X [-s, + 5]
such that ar,(i‘) C Int(G X {-s}). Note that the components of ar,(f') are each
parallel to a component of G X {-s}. Since F is incompressible in G X R, it is
also incompressible in G X [-s, +s] by Lemma 3.1. By Lemma 3.2, r,(f’) is
parallel to a surface H C G X {-s}. It follows that H is homeomorphic to G.
Hence F is homeomorphic to G and is thus a planar surface.

The number m of points in D* N K* equals the number of components of
9F* N ON*; hence dF* has m + 1 components. Since (h|N) is standard, each
component of 0F* N dN* has connected inverse image a disk under g. Hence 0F
has m + 1 components, so that 3G has m + 1 components and E N K has m
points. Now 1 — m = x(F) = px(F*) = p(1 — m), which implies m = 1. It follows
that K is a core of ¥ and by Lemma 4.2, {h) is standard.

5. Composite knots.

5.1 THEOREM. Let K be the composite of the knots K, and K,. Then K is a
counterexample to the period p Smith Conjecture if and only if K, and K, are
counterexamples to the period p Smith Conjecture.

PrOOF. Suppose K, and K, are counterexamples. Then there are cyclic actions
(k> of order p on S* with Fix(h) = K, i = 1, 2. Let N, be the invariant regular
neighborhood of K; given by Lemma 4.1; let C(K)) = S 3 — Int(N). Let p; be an
oriented invariant meridian of N; and 4; an invariant regular neighborhood of .
Let f: A, > A, be a homeomorphism preserving orientation on the y; and reversing
orientation on transverse arcs; we choose f so that f o (h,|A4,) = (hf|4,) ° f for
some ¢, 1 < g < p — 1. We get an induced action <) on C = C(K;) U; C(K))
such that the components of 94 are invariant, A being the image of 4, and 4, in C.
Attach a solid torus N to C so that 34 consists of meridians of N and extend
{h|dN > to a standard action on N. The resulting manifold is homeomorphic to S*
and the fixed point set K of {h) is the composite of K, and K,.

Suppose K is a counterexample. By the first part of the proof, it suffices to show
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that the prime factors J,, . .., J, of K are counterexamples, since K, and K, are
composites of these factors [28]. We induct on n. For n = 1 there is nothing to
prove so we assume that n > 1 and that the assertion holds for knots having fewer
than n prime factors.

Let N be an invariant neighborhood of K and (u, A) a meridian-longitude pair
on 3N, where p is invariant and A is disjoint from its translates; let C = §3 —
Int(N) and x, = p N A. Set =2 = S3/<(h), q: $*> > =3 the quotient map. For X in
S3 let X* = q(X). Let m=[p}, I =[] in 7,(C, x5), m* =[p*], I* =[A*] in
,(C*, x§). Setting g, = (q|C), we have (g),(m) = (m*)? and (gy),(/) = I*.

Since K is composite, C contains an essential annulus by Lemma 3.9. By Lemma
3.7, C* has an essential annulus 4*; let c¢* be an oriented component of d4*. We
may assume x§ € c*. Then [c*] = (m*)°(I*)® for (a, b) = 1. Let A4 be the compo-
nent of ¢7'(4*) containing X,,. 4 is essential by Lemma 3.8 and a component ¢ of
94 contains x,. Orienting c, [c] = m'l* in 7,(C, xy) and (q),(c]) = [c*]? for some
nonzero divisor ¢ of p. Thus (m*)*(I*)* = (m*)P(I*). If b = 0, then s 0, and by
Lemma 3.9, K is cabled, contradicting the fact that cabled knots are prime [29]. So
b =0and 4 = g7'(A) is invariant with 34 a pair of meridians. So the closures C’
and C” of the components of C — A are invariant knot spaces by Lemma 3.9. The
complementary solid tori W’, W” of C’, C” in S have knotted cores K’, K” such
that K is the composite of K’ and K”. Extend <h|C’)» and <h|C”) to actions (')
and (k") on §* with Fix(h’) = K’ and Fix(h”) = K”. Since K’ and K” have
fewer prime factors than K [28] the result follows by induction.

6. Haken systems of tori. Let C be a knot space in a homotopy 3-sphere. A
Haken system of tori in C is a maximal collection of incompressible, pairwise
disjoint, mutually nonparallel tori in C, one of which is dC. By Theorem 4 of [14]
every knot space contains a Haken system of tori and every such system is finite.
In this section we examine the relation of an arbitrary essential torus in C to a
given Haken system. We first examine certain possible complementary submani-
folds of a Haken system.

If T,,, is a torus knot in S°, then the torus knot space C(T,,,,) is the union of two
solid tori along an annulus injective in both but surjective in neither, conversely,

6.1 LEMMA. If the submanifold X of the homotopy 3-sphere Z* is such that
X=V,UV, where V|, V, are solid tori with A=V, NV,=0V, NV, an
annulus injective in both V| and V, but surjective in neither, then X is homeomorphic
to C(T,,,) for some torus knot T,,, in S If 2> — Int(X) is a solid torus, then this
homeomorphism extends to a homeomorphism from =2 to S3. In this case the annuli
oV, — Int(4) and 3V, — Int(A) are parallel in =3 — Int(X).

PrOOF. For the first statement see pp. 152—-153 of [16]. For the second statement
see [15]. The third statement follows from the second since it holds for C(7,,,) in
S3.

If 7,, is an (m, n)-cable in a solid torus W, then the closure X of the
complement of a regular neighborhood of T, , in W is a cable space. If T, and T,
are the components of 39X with T, = dW, then X is the union of § = T2 X I with
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To = T? x {0} and a solid torus V along the annulus 4 = S N V = (T? X {1})
N dV which is injective but not surjective in S and V. Conversely,

62 LEMMA. If X = S U V, where S = T? X I, V is a solid torus, and S N V =
(T? X {1}) N 3V = A, an annulus injective but not surjective in S and V, then X is a
cable space.

PROOF. Orient the core of ¥ and let (., A) be an oriented meridian-longitude pair
on dV. The centerline of 9 — Int(A4) is homologous in 9V to mu + nA for some
[m| > 1, |n| > 2. Let W be a solid torus and T,,, an (m, n)-cable on W', W’ a
concentric solid torus in Int(W). Let N be a regular neighborhood of T, , in W
meeting W’ in an annulus. Then there is a homeomorphism f: V— W' —
Int(N N W’) such that f(4) = W’ — Int(N N 0W’) and f(0V — Int(4)) = ON —
Int(W’). Extend f to a homeomorphism

LV U(T*X{1}))> (W —Int(N n W)U (N n (W - Int(W’)))
and then use the product structure to extend f to a homeomorphism f: X — W —
Int(W").

If F is a planar surface with three boundary components Jy, J,, J,, then X = F
X S'is a composing space. Note that X = S, U S,, where S; = T? X I, i = 1,2,
and S, N S, = 3S; N 35, = 4, an annulus injective in S, and S,. Conversely,

63LEMMA. If X = S, U S,, where S;=T?* X I,i=1,2,and S, N S, =38, N
9S8, = A, an annulus injective in S, and S,, then X is a composing space.

The proof is straightforward.

6.4 LEMMA. Let X = F X S be an injectively embedded composing space in a knot
space C(K) in S* with boundary components T, = J, X S',0 < i < 2. Then each S
fiber of T, is a meridian of the solid torus W, in S* bounded by T,.

PROOF. S* — Int(X) consists of three toral solids Cy, C,, C, with 3C; = T,. We
may assume C, = W,. The incompressibility of X in C(K) implies that X U C, U
C, is in C(K) and that C, and C, are knot spaces. Let a be an arc in F with da in
J, separating J, and J,. Let A = a X S! and let Cj, C; be the closures of the
components of (X U C, U C,) — 4 containing C,, C,. Then Cj, C; are homeo-
morphic to C,, C,. The annulus 4 is injective in C; and C;, so by Lemma 3.9 the
components of d4 are meridians of W,. The result follows.

The next lemma can be obtained by modifying the proof of Satz 2.8 of [35].

6.5 LEMMA. Let X = F X S' be a composing space, A,, . . . , A, disjoint essential
annuli in X. Then there exist arcs a,, . . ., a, in F and an isotopy f, of X such that
fi(4) = a; X S', 1 < i < n. Moreover, if some of the components of 90X meet the A,
in S'-fibers, then we can choose f, fixed on those components.

6.6 LEMMA. If X is a torus knot space, cable space or composing space, then X has
no essential tori.

Proor. For torus knot spaces the result follows from Proposition 3.10 and the
fact that torus knots are simple (Satz 2 on p. 250 of [29]). For composing spaces it
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follows from Satz 2.8 of [35]. So suppose X is a cable space. Then X is the closed
complement of a regular neighborhood N of an (m, n)-cable T, ,in a solid torus V.
Let K be any knot and setJ = J(K, V, T,, ). Let f: V' — W be as in the definition
of J. If T is an essential torus in X, then T’ = f(T) is essential in W — Int f(N)
and bounds a solid torus W’ in $* with core K’. The injectivity of T’ in C(J)
implies that W’ contains f(N) and is knotted. Hence K" is a knot with C(K’) = S3
— Int(W’) and so aW’ is essential in C(J). Thus by Proposition 3.10, K’ is a
companion of J. By Hilfsatz 2 on p. 263 of [29] dW lies in C(K’) and so W is
essential in C(K’). By Proposition 3.10, K is a companion of K’. This contradicts
the fact that K is the unique maximal companion of J (Satz 3 on p. 250 of [29]).

6.7 PrROPOSITION. Let & = (T, ..., T,} be a Haken system of tori in the
irreducible knot space C in the homotopy 3-sphere =°. Let X,, . . ., X,, be the closed
complementary domains of Ty U - - - UT,. Then

(1) no X, has an essential torus, and

(2) if X; has an essential annulus A, then either

() X; is a torus knot space with X; = V, U V,, V, N V, = A as in Lemma 6.1, or

(ii) X; is a cable space with X;= S U V, S NV = A" as in Lemma 6.2, with
either A = A" or A = a X Iin S = T? X I with a a centerline of (T* X {1}) — 4’,
or

(iii) X; is a composing space with X; = F X S'and A = a X S' foranarc a in F
as in Lemma 6.3.

PRrOOF. (1) Renumber so that 0X; = Ty U - - - UT, forsome k,0 < k <n. If T
is an essential torus in X;, then T is parallel to some 7. If j < k, then T is boundary
parallel in X;, a contradiction. So j > k. There is an embedded 72 X I in C with
T? x {0} = T and T? X {1} = T,. Since T, is not in X,, there is a T}, / <k, in
T? X Int(). By Lemma 3.2, T, is parallel to T in T2 X I, again contradicting
essentiality.

(2) Set X = X, and let ¢, and ¢, be the components of 4. By Lemma 3.1, X is
irreducible.

Case 1. ¢, and ¢, are in the same component of 0X, say T, Then A divides X
into X' and X”. Set 7" =0X', T”" =03X", A’ =TyNn X' and 4" = Ty N X". Let
N be a regular neighborhood of T, U 4 in X. Set U’ = 0N N Int(X’), U” = dN N
Int(X”), YV=Cl(X'—-(Nn X)) and Y"=Cl(X" — (NN X"). NN X’ and
N N X" are homeomorphic to T2 X I and intersect in the injective annulus 4, so
by Lemma 6.3 N is a composing space.

Subcase (a). U’ is compressible in X. We claim that X" is a solid torus in which 4
is injective but not surjective. Let D be a compressing disk for U’. Suppose D is in
Y” U N. Put D in general position with respect to 4 such that D N A4 is minimal.
If D N A # (, then there is a subdisk E of Dwith EN A4 =0E.If E = 0F, Fa
subdisk of 4, then E U F bounds a 3-cell in X so that D can be isotoped to remove
0E from D N A, contradicting minimality. Thus D N 4 = &. But then D is in
N N X’ and so compresses U’ in N N X', contradicting the incompressibility of
U’ in this product space. Since X’ is irreducible, either Y’ is a solid torus or
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Y” U N is a toral solid. The latter is impossible since Y” U N has at least two
boundary components. So Y’, and hence X', is a solid torus. 4 is injective in X’. If
it were surjective, then by Lemma 3.4 it would be parallel to A’ in X', contradicting
essentiality.

If U” is compressible in X, then similar arguments show that X ” is a solid torus
in which A4 is injective but not surjective. By Lemma 6.1, X is a torus knot space
with the desired structure.

If U” is incompressible in X, then by (1) U” is boundary parallel in X. If it were
parallel to Ty, then N N Y’ = T2 X I with Ty = T? X {0} and U” = T2 X {1}.
By Lemma 3.2, 4 would be parallel to an annulus in T, a contradiction. So U” is
parallel to a component 7, of X in Y”. Thus Y” and so X ” are homeomorphic to
T? X I. A is injective but not surjective in X’ andX” so by Lemma 6.2, X is a cable
space with the desired structure.

Subcase (b). U’ is incompressible in X. By the previous subcase we may assume
that U” is incompressible in X. By (1), U’ and U” are boundary parallel in X.
Moreover, as above, neither is parallel to T,,. If U’ were parallel to a component T,
of 3X in Y”, then N U Y” would be homeomorphic to T2 X I, but this is
impossible since N U Y” has at least three boundary components. So U’ is parallel
to a component T, of dX in Y’. Thus X is homeomorphic to N and so is a
composing space with the desired structure.

Case 2. ¢, and ¢, are in different components T, and T, of 0X. Let N,
N, be regular neighborhoods of T, T, in X, N, a regular neighborhood of
Cl(4 N (X — (Ny U N)))) in CI(X — (Ny U N))) such that N= N,uU N, U N, is
a regular neighborhood of Ty U 4 U T, in X. N, and (N, U N,) are each homeo-
morphic to T2 X I and intersect in the injective annulus Ny N N,. So by Lemma
6.3, N is a composing space. Let U = 0N N Int(X) and Y = CI(X — N).

Subcase (a). U is compressible in X. Let D be a compressing disk. If D were in N,
then it would compress U in the product N = T2 X I, which is impossible. Thus D
is in Y and so either Y is a solid torus or N is a toral solid. The latter is impossible
since N has three boundary components. So Y is a solid torus. N, is homeomorphic
to T? X I with Ty = T? X {0} and ON, — T, = T? X {1}. Let d,, and d, be the
components of I(Ng N N,), Fo=dy X I, F=d, X I, Q =(NyN N, X I, and
R=CI(Ny— Q). Then ¥ =Y U R is a solid torus and S= N, U N, U Q is
homeomorphic to T2 X I. S N V is the annulus 4’ = F, U F, U N, — (N, N
(No U Ny))) U CI@N, — (N, N Ny).

If A’ were compressible in V or in S with compressing disk G, then there would
be a subannulus H of A’ with dH = G U (d, X {0}). Let E = G U H. Since
dy X {0} is parallel to ¢, in Ty, it is noncontractible in T,. Thus E compresses T, a
contradiction. Thus A4’ is injective in ¥ and S. If it were surjective in V, then it
would be parallel to R N T, in V. But this implies that ¥ U S is homeomorphic to
S, so that T, and T, are parallel, a contradiction. Thus A4’ is not surjective in ¥ and
by Lemma 6.2, X is a cable space with the desired structure. It is easily seen that 4
has the required form.

Subcase (b). U is incompressible in X. By (1), U is boundary parallel in X. U
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cannot be parallel to T, or T, because N has three boundary components. So U is
parallel to a component T, of 3X in Y. Thus X is homeomorphic to N and so is a
composing space with the desired structure.

6.8 LEMMA. Let C be a knot space in S°, T an incompressible torus in C dividing
S?3 into the solid torus W’ and the knot space W”. Let U be a torus in C such that
F = U N W'is an annulus dividing W' into W{ and W, where W7 is a solid torus in
C in which F is injective but not surjective. Set F' = 0W; — Int(F), G’ = 0W| —
Int(F) and G = U N W”. Let W{ and W, be the closures of the components of
W" — G, where dW{ = G U G’ and 0W; = G U F'. Then either G is parallel to
G’ in W\ or G is parallel to F' in W .

ProoF. W|, W and W, lie in C. Lemma 3.4 implies that F is not parallel to G’
in W/|. This fact, together with part (2) of Lemma 3.5 and the injectivity of 0F in
dW’, implies that F is injective in W’ and that W] is a solid torus. By part (1) of
Lemma 3.5, F is injective in W,. Since F is not surjective in W] it must be
surjective in W; and so by Lemma 3.4 is parallel to F’ in W;. We conclude that G’
and F’ are injective but not surjective in W’'. Now set W, = WjuU W/ and
W,=W,u W,.

Suppose W, is a solid torus. Then W}’ is a solid torus and F"’ is injective in W'
If F’ is surjective in W, then, by Lemma 3.4, F’ is parallel to G in W, and we are
done. If F’ is not surjective in W, then by Lemma 6.1, W’ U W is a torus knot
space and G’ is parallel to G in W} = S* — Int(W’ U W;) and we are done.

Suppose W, is a knot space. Then W, is a solid torus and G’ an annulus in W,
with G’ injective in dW,. G’ is injective in W] since F is. By part (2) of Lemma
3.5, W is a solid torus, and since F, and hence G’, is not surjective in W, F is not
parallel to G’ in W{. Thus G’ is injective in W,. By part (1) of Lemma 3.5, G’ is
injective in W}’ and is thus parallel to G in W'

6.9 PROPOSITION. Let C be a knot space in S, F = (T,, ..., T,} a Haken system
of tori in C, and & = {X,,...,X,} the closures of the components of C — (T,
U - -+ UT). If T is an arbitrary essential torus in C, then there is an isotopy of C
rel 8C taking T to a torus T’ such that either

(1) T’ is a member of F, or

(2) there is a collection of composing spaces X,, ..., X, in & such that T' is
contained in X, U - - - X, and T' N X; consists of essential annuli in X;.

PRrROOF. By an isotopy fixed on dC move T to a torus 7’ in general position with
respect to Ty U - - - UT, with 7" N (T, U - - - UT,) minimal. If the intersection
is empty then 7" is parallel to a member 7; of J. T, # 9C, so there is a further
isotopy rel 3C taking T’ to T, and we are done. We therefore assume that the
intersection is nonempty. If the intersection contains a simple closed curve con-
tractible in 77, then an innermost such curve in 7’ bounds a disk D’ in 7". If D" is
in T}, then D’ = 9D, D a disk in T;. Then D U D’ bounds a 3-cell in C and we
can remove dD from the intersection by an isotopy across this 3-cell, contradicting
minimality. Thus every intersection curve is noncontractible in 7’ and by a similar
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argument is also noncontractiblein T, U - - - U T,

Let X = X; be a member of & meeting T’. Then X N T’ consists of annuli.
They must be essential, for otherwise one of them would be boundary parallel in X,
so that we could reduce the intersection by an isotopy. By Proposition 6.7, X is
either a torus knot space, cable space or composing space. Thus we only need to
eliminate the first two cases.

Case 1. X is a torus knot space. Then X = V, U V,, V,, V, solid tori with
A =V, N V, a component of X N T’ which is injective but not surjective is V,
and V,. Let 4, be a component of T" N (S* — Int(X)) adjacent to 4 on T". By
Lemma 6.1, 3V, — Int(A4) is parallel to 3V, — Int(4) in S — Int(X). Thus 4, is
injective and surjective in S* — Int(X). By Lemma 3.5, 4, divides S — Int(X)
into solid tori W, and W, in which it is parallel to dW, — Int(4,) and W, —
Int(A,), respectively. One of them, say W,, lies in C. We isotop T’ to move A4,
across W, to the other side of dW, — Int(4,), thus removing 94, (and possibly
other curves) from the intersection, contradicting minimality. So X cannot be a
torus knot space.

Case 2. X is a cable space. Then X = S U V, where S = T2 X I, V is a solid
torus,and S N ¥ = (T2 X {1}) N 9V = A’, an annulus injective but not surjective
in S and V. S — Int(X) has two components Y and Z, where 3Y = T2 X {0} and
9Z = dX — 3Y. One is a knot space and the other a solid torus. Let B, = oV —
Int(4') and B, = 3Z — Int(B,). We consider the two possibilities for 4 given by
Proposition 6.8.

Subcase (a). A = A’. Let ¢, and ¢, be the components of d4. Let 4, be the
component of Z N T’ meeting A in c,.

Suppose Y is a knot space and Z a solid torus. Then ¥V U Z is a solid torus. 4 is
not parallel to B, in V, so by Lemma 3.5, B, is parallel to B, in Z. As in Case 1 we
can remove ¢, from the intersection by an isotopy, contradicting minimality.

Suppose Y is a solid torus and Z a knot space. Let d = 04, — c,. We consider
three possibilities.

(i) d is in 94. Then T = 4 U A,. We now apply Lemma 6.8 with T = 9Z,
W"=2Z,U=A4uU A, and W[ = V to conclude that either A4, is parallel to B, in
Z, or A, is parallel to B, in Z. In either case we can isotop 7" to remove 34, from
the intersection, contradicting minimality.

(ii) d is in Int(B,). Let H be the annulus joining 4 and c,. Let G be the annulus
obtained by pushing 4, U H slightly into the interior of Z so that G N 0Z = 3G
= dA. We apply Lemma 68 with T =03Z, W' =Z, U=A U Gand W, =V to
conclude that G is either parallel to B, or to B, in Z. In the first case it follows that
A, is parallel to B, — Int(H) in Z, so that we can remove 04, from the intersection
by an isotopy of T". In the second case let 4, be the component of Z N T’ meeting
¢,. If e = 34, — ¢, lies in B,, then by Lemma 3.2, 4, is parallel in Z to an annulus
in B,, so that 94, can be removed by an isotopy. If e lies in H, then by Lemmas 3.3
and 3.2, A4, is parallel in Z to an annulus in H and so 34, can be removed by an
isotopy.

(iii) 4 is in Int(B,). Let H be the annulus in B, joining 4 and c,. Let G be the
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annulus obtained by pushing 4, U H slightly into the interior of Z so that
G N3Z = 0G = 04. We apply Lemma 6.8 with T=0Z, W"=Z, V=AU G
and W] = V to conclude that G is either parallel to B, or to B, in Z. In the first
case let A, be the component of Z N T’ meeting 4 in ¢,. If e = 94, — ¢, liesin B,
then by Lemma 3.2, 4, is parallel in Z to an annulus in B, so that 94, can be
removed by an isotopy. If e lies in H, then by Lemmas 3.3 and 3.2, A4, is parallel in
Z to an annulus in H and so d4, can be removed by an isotopy. In the second case
it follows that A4, is parallel to B, — Int(H) in Z, so that 34, can be removed by an
isotopy.

Subcase (b). A = a X I in S, where a is a centerline of B,. Suppose Y is a knot
space and Z a solid torus. Let 4, be the component of Z N T’ meeting 4 in a.
V U Z is a solid torus. Since B, is not parallel to 4’ in ¥, Lemma 3.5 implies that
B, is parallel to B, in Z. Thus A, is both injective and surjective in Z and so
divides Z into solid tori W, and W, with 4, parallel to W, — Int(4,) in W, and to
dW, — Int(4,) in W,. One of these solid tori is contained in C. Therefore we can
isotop T’ to remove 94, from the intersection.

Suppose Y is a solid torus and Z a knot space. Let 4” be the annulus obtained
by pushing (34 X I) U B, slightly into Int(X) so that 4” N dX = 34" = 04 X
{0}. Then A” divides X into a solid torus V" and a space S” homeomorphic to
T? x I with T? X {0} = 9Z such that A" is injective but not surjective in S” and
V”. Using this new structure on X we can apply the argument of the preceding
paragraph to contradict minimality.

Thus X is not a cable space.

7. The main theorem. Throughout this section (k) is a cyclic action of prime
order p on S* having fixed point set a knot J. N is an invariant regular neighbor-
hood of J and C = C(J) the corresponding invariant knot space. 2> = §3/{h)
with ¢: §3— =3 the quotient map. J* = g(J), N* = ¢(N) and C* = ¢(C). It is
proven in [11] that =2 is a homotopy 3-sphere.

7.1 LeMMA. If X* is an injective torus knot space in C* then each component of
g ' (X™*) is an injective torus knot space in C.

PROOF. X* is the union of two solid tori ¥} and V¥ along an annulus 4* in their
boundaries which is injective in both V¥ and V3 but surjective in neither. Let
X=q'(X*%, V,=q'(V}¥), V,=q(V}) and 4 = q7'(4*). By Lemma 3.8 each
component of 4 is essential in X. The injectivity of the components of X in C is
clear. We may assume that X is connected since otherwise each component is
homeomorphic to X*.

Case 1. A is connected. Then ¥V, and V, are solid tori meeting along their
boundaries in 4. A is injective in ¥, and V, and by Lemma 3.4 is surjective in
neither, so the result follows from Lemma 6.1.

Case 2. A is not connected. Let Ay, . . ., 4,_, be its components. At least one of
V, or V, is connected, say V.

Suppose V, is connected. Let R = S* — Int(V,). Let B, ..., B,_, be the
components of 3V, — Int(4,U - - - UA4,_,) and Bg, ..., B,_, the components
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of R — Int(4yU - - - U4,_,). We claim that, suitably numbered, dB; = 9B;".
Each B/ is an annulus in R which divides R into two toral solids. So there must be
an innermost such annulus By, ie., 0By = dF, F an annulus in dR such that
FN(BjuU:---UB, )= Thus F is either an 4, or a Bg. If F= A, then
A; U By = 9V, since A4; lies in dV,. But this means that p = 1, which is false.
Therefore F = Bg. Renumber so that F = By. Now let B; = h'(Bgy) and B/ =
hi(Bg). It follows that dB; = 3B/, as claimed. Now note that B/ U B; divides S°
into two toral solids, one of which, call it W,, lies in R. These W, are pairwise
disjoint and, since A(R) = R, are cyclically permuted by A. But this is impossible
since one of them must contain the knot J and thus has fixed points.

Therefore V, is not connected. Let U, ..., U,_, be its components, where
U N V, = A, Since A4, is essential in X it is injective in ¥, and U, but not
surjective in U,. Thus, since h cyclically permutes the U;, 7,(X) has the presenta-
tion {t, 4y, ..., 4,_y: t" = ug" = - - - =y, where ¢ generates 7,(V)), 4; gener-
ates m,(U;), n > 1 and m > 2. Thus there is an epimorphism from #,(X) to the
direct sum of p copies of Z,,. But this is impossible since X is a toral solid with
H(X)=1Z.

7.2 LEMMA. If X* is an injective cable space in C*, then each component of
g~ '(X*) is an injective cable space in C.

PROOF. X* is the union of a space S* homeomorphic to T2 X I and a solid torus
V* along an annulus 4* = (T2 X {1}) N d¥* which is injective in S and V* but
not surjective in ¥*. 33 — Int(X*) has two components Y* and Z*, with 9Y* = T2
X {0} and 9Z* = 9X* — 9Y*. One is a knot space and the other a homotopy solid
torus, but as in Case 2, Subcase (b) of the proof of Proposition 6.9, there is no loss
of generality in assuming that Y* is the knot space and Z* the homotopy solid
torus. Let R* = V* U Z*, Q* = S* U Y* and U* = dR*. For any subset E* of
C*, let E = ¢~ '(E*). By Lemma 3.8 each component of 4 is essential in X. The
injectivity of the components of X in C is trivial. Moreover we may assume that X
is connected, since otherwise each component is homeomorphic to X*.

Case 1. A is connected. Then S is homeomorphic to 72 X I and meets the solid
torus ¥ along the annulus A4 injective in both. Essentiality implies by Lemma 3.4
that 4 is not surjective in V, so by Lemma 6.2, X is a cable space.

Case 2. A is not connected. Let 4, . . ., 4, be its components. At least one of
S or V is connected.

Suppose S and ¥V are both connected. Then we repeat the argument in the first
part of Case 2 of the proof of Lemma 7.1 with V in the place of V, to get a
contradiction.

Suppose S is connected and V is not connected. Let V,, ..., ¥V,_, be its
components with V; N S = A;, which, by essentiality, is injective in S and V; but
not surjective in V;. Let B; = 9V, — Int(4,). B, is an annulus in the solid torus R
with 0B, injective in dR. Since B, is not parallel to 4, in ¥, Lemma 3.5 implies
that R — Int(¥,) is a solid torus in which B, is parallel to R — Int(4,). But
By, ..., B,_, are incompressible annuli in R — Int(¥,) with their boundaries in



20 ROBERT MYERS

dR — Int(4y). Thus by Lemma 3.2, B, is parallel to 4, in V; for i > 0, contradicting
the fact that 4, is essential.

Suppose S is not connected and ¥V is connected. Let S, ..., S‘,_l be the
components of S, with §; N V' = A4,. Let Y, ..., Y,_, be the components of Y,
with ¥; N X = Y; N S;. Note that Z and dZ are connected. The manifold M = (X
U Y) — Int(S, U Y) is a toral solid in C. We claim that M is a knot space. If M
were a solid torus, then by Lemma 3.6 each Y, is contained in a 3-cell B; in M. But
this contradicts the fact that 9Y; is injective in C.

The knot spaces (S, U Y,) and M meet along the annulus 4, which is injective
in both. Then by Lemma 3.9 the components of 94, are meridians of the solid
torus Z, and hence the components of d4* are meridians of the homotopy solid
torus Z*. Thus we see that if u* is a meridian of Z*, u has p components. But Z* is
the quotient of Z by the cyclic action {h|z) so that by Lemma 4.5, u must be
connected. This contradiction completes the proof.

7.3 LEMMA. If X* is an injective composing space in C*, then each component of
g~ '(X*) is an injective composing space in C. Moreover if qg~\(X*) is connected it
admits a product structure F X S' such that h(x, e®) = (x, e"®*2™/P) for some q,
1<g<p-1

PROOF. X* = F* X S!, F* a disk with two holes. Let J§, JI, J3 be the
components of dF*, T* = J* X S', i =0, 1, 2, the components of dX*. Let Y§,
Y#*, Y? be the components of =* — Int(X*), with 3Y* = T*. If E* is any subset of
C*, we let E = ¢~ '(E*). We may assume that X is connected since otherwise each
component is homeomorphic to X*.

Suppose F is not connected. Then X is homeomorphic to F, X S, where F is a
component of F and (g|X): Fy X S' — F* X S' is a homeomorphism on the first
factor and a p-fold cyclic covering on the second factor. Thus X is a composing
space with the required product structure.

Suppose F is connected. Then X is homeomorphic to F X S' and (¢|X):
F x S' > F* x S is a p-fold cyclic converging on the first factor and a homeo-
morphism on the second factor. We claim that F is a planar surface. Let g and b
be, respectively, the genus and the number of boundary components of F. Then 3X
has b components and so S* — Int(X) has b components, each of which is a toral
solid. Thus H,(S* — X) is free abelian of rank b. By Alexander Duality and
the exact sequence of (S3, S°— X) we have H'(X)=H,S3 S*-X)=
H,(S? — X). By the Kiinneth formula H'(X) = Z ® H'(F) and so is free abelian
of rank 2 — x(F) = 2g + b. Thus g = 0 and F is planar.

Note that x(F) = px(F) = —p, which implies that b = p + 2. It follows that
exactly two of the components of =* — Int(X*), say Y and Y?, have connected
inverse images. Let Z, ..., Z,_, be the components of Y, Since they are
permuted by A, J must be eitherin Y, or Y,, say Y,. Then X U Yy U Y, liesin C
and has boundary dY, incompressible in C. Thus it is a knot space and so Y, is a
solid torus. By Lemma 6.4, any S'-fiber, p, in 3Y, is a meridian of Y, and so
p* = q( o) is a meridian of the homotopy solid torus Y}, and p has p components.
But Y} is the quotient of Y, by the cyclic action (h|Y,) with fixed point set J, so
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by Lemma 4.5, u must be connected. This contradiction completes the proof.

7.4 PROPOSITION. If I* is a Haken system of tori in C*, then the set § of the
components of the inverse images of the elements of 5* under q is a Haken system of
tori in C.

ProoF. Clearly the elements of & are pairwise disjoint, incompressible, and
include dC. Suppose 7; and 7; are elements of 9 which are parallel in C. Then
there is a submanifold M = T2 X I of C with T2 X {0} = T,and T? X {1} = T,
M is a covering space of the closure M* of one of the complementary domains of
J* in C*. By Theorem 1 of [17]), M* is an I-bundle over some surface F. F must
either be a torus or a Klein bottle. In the first case M* is homeomorphic to T2 X 1,
contradicting the fact that §* is a Haken system. In the second case, M* is a
twisted I-bundle over the Klein bottle and so H,(M*) = Z ® Z,, but this is
impossible since M* has connected boundary and so must be a toral solid with
H(M*) = Z.

So the only way 9 can fail to be a Haken system is for C to contain an
incompressible torus 7 which neither intersects nor is parallel to any of the
members of J. If T exists, then there is a complementary domain of ¥* with
closure X* such that T is contained in the interior of some component X of
g~ '(X*). Since 0X lies in J, T is essential in X. By Lemma 3.7, X* contains either
an essential annulus or an essential torus. By Proposition 6.7, the latter is impossi-
ble and X* must be either a torus knot space, cable space or composing space. By
Lemmas 7.1, 7.2 and 7.3, X must have the same form, but by Lemma 6.6, X then
contains no essential tori, a contradiction.

7.5 THEOREM. Let T be an arbitrary essential torus in C, Q the knot space in C
bounded by T. Then there is an isotopy of C rel 3C taking T and Q to T’ and Q' such
that either h(T') = T’ and h(Q’) = Q' or h'(T)N W(T)=D and h'(Q") N
K(Q") =D for i ~j.

PROOF. Let J* be a Haken system of tori in C*. By Proposition 7.4, the set J of
inverse images of the components of §* under g is a Haken system of tori in C.
Thus by Proposition 6.9, T is isotopic rel dC to a torus T” which is either a
member of I or is contained in X = X, U - - - UX,, where each X; is a compos-
ing space which is the closure of a complementary domain of ¥ in C and meets T”
in essential annuli. In the first case we are done since the members of § have the
required property. Therefore we assume the second case.

Each X; is a component of ¢~ '(X*) for the closure X* of some complementary
domain of §* in C*. By Lemma 3.7, X* has an essential annulus, so by Proposition
6.7, Lemmas 7.1 and 7.2, X* is a composing space. It follows that a given X; is
either invariant or disjoint from its translates under A. If X; is invariant, then by
Lemma 7.3 so is each of its boundary components. Thus either all the X, are
invariant or all the X; are disjoint from their translates. We claim that the same is
true for their union X. This is clearly the case if each X, is invariant, so suppose
each X, is disjoint from its translates. Let Y = X U A(X) U - - - URP~}(X). We
associate to Y a graph G having one vertex for each #/(X,) in Y and one edge for
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each boundary component shared by two such submanifolds. # induces a periodic
simplicial map 4’ on G. Since each torus in S> separates, the components of G are
trees. If G is connected, then A’ has a fixed point, i.e. there is some X; invariant
under A, a contradiction. Thus G has p components which are cyclically permuted
by h’. These components correspond to the translates of X, so that X is disjoint
from its translates, as claimed.

If X is disjoint from its translates, then 7" is disjoint from its translates, so we let
T’ = T”.1If X is invariant, give X, the structure F X S' of Lemma 7.3. By Lemma
6.5, there is an isotopy of X, taking the components of X; N T” to product annuli
and remaining fixed on the components of dX, not meeting T”. We extend this
isotopy to one of C rel dC by an isotopy constant outside a regular neighborhood
of X,. Suppose X, shares a boundary component U with X,. Give X, the product
structure of Lemma 7.3. Since U is invariant, these structures agree on U. By
Lemma 6.5, there is an isotopy of X, taking the components of X, N T” to product
annuli and remaining constant on U and on the components of X, not meeting
T”. We extend this isotopy to C as before, keeping it constant on X,. We continue
this process until X; N T” has been moved to a collection of product annuli for all
the X;. Note that since each torus separates, we need never perform an isotopy
twice on an X;. Let T’ be the image of T” under the composition of these
successive isotopies. Since the product annuli X; N 7’ are invariant under A so is
T

Now if T’ is invariant, then either #(Q") = Q' or h(Q’) = S* — Int(Q). The
latter is impossible since S — Int(Q) contains the fixed point set J. If T” is disjoint
from its translates and Q’ is not, then either Q' is a proper subset of h(Q’) or the
converse. We may assume the former. Then by successive applications of 4 we have
that Q' is a proper subset of A?(Q’) = Q’, which is absurd. Thus Q’ is disjoint
from its translates.

8. Applications. In this section we use Theorem 7.5 to prove the Smith Conjecture
for several classes of knots. Let ¥ be an unknotted solid torus in 3, L a simple
closed curve in Int(¥) which neither lies in a 3-cell in ¥ nor is a core of V. Let K
be a knot in S>. (V, L) is K-independent if V — L does not contain an injective
K-knot space. Let L, —00 < g < + oo, be the simple closed curves congruent to L
along V, ie, L, = 7%(L) for a simple twist 7 of V. Recall the construction
J =J(K, V, L) where J = f(L), f: V — W a faithful homeomorphism, W a regular
neighborhood of K.

8.1 LEMMA. Let J = J(K, V, L). Suppose {h) is a cyclic action of prime order p on
S3 with Fix(h) = J. If 9W is isotopic rel J to a torus T’ such that h(T") = T’, then
there exist cyclic actions h', h, of order p on S 3 with Fix{h’y = K and Fix{h,) =
L

-
PROOF. Clearly we may assume that oW = T, so that /(W) = W. By Lemma
4.5, W has an invariant meridian. By Lemma 4.3, we can extend A|0W to a
standard action on W with fixed point set a core of W, which we may assume to be
K. We let 4’ be this standard action on W and h on S> — Int(W).
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The homeomorphism f~' o (h|W) o f generates a cyclic action ho on V with
Fix{(hy> = L. The homeomorphlsms h = 790 hy o 777 generate cyclic actions of
order p on ¥V with F1x<h > =L, Each h leaves invariant some meridian of V. It
follows that every simple closed curve on 3V meeting this meridian at a single
transverse intersection point is isotopic to a curve disjoint from its translates under
h In particular this is true for a meridian of $3 — Int(¥). It follows that we can
extend h, .10V to a standard free cyclic action on § 3 — Iny(V). We let h, be this
action on §3 — Int(¥) and h on V. This completes the proof.

8.2 THEOREM. Let J = J(K, V, L). Let p be a prime. Suppose that either (i) the
multiplicity m of K is less than p, or (ii) (V, L) is K-independent, or (iii) V — Int(N)
has no essential tori, where N is a regular neighborhood of L in V. If J is a
counterexample to the period p Smith Conjecture, then K is a counterexample to the
period p Smith Conjecture and each knot congruent to L along V is a counterexample
to the period p Smith Conjecture.

ProOF. We first show that (iii) = (ii) = (i), so that it suffices to assume (i).
Suppose ¥V — Int(N) has no essential tori. If ¥ — L contains an injective K-knot
space Q, then we may assume Q lies in Int(¥ — N). Since 90 is injective but not
essential in ¥ — Int(N) it must be boundary parallel. But this is impossible since
o(V — Int(N)) has two components. This proves the first implication. Suppose
V — L is K-independent. If K has multiplicity m, then there is a set of solid tori
W, ..., W,,_, in S* which are subordinate to J with order a # 0 and whose cores
Ky, ..., K, _, are equivalent to K. Since there is no such system of m + 1 solid
tori, we may assume that W, = W. If m > p, then m > 2, so that Q, = §° —
Int(W)) lies in Int(W,). 8Q, is incompressible in W — J since Q, is a knot space
and a # 0. Thus Q is an injective K-knot space in W — J and thus f~'(Q) is an
injective K-knot space in ¥V — L, contradicting the fact that (¥, L) is K-indepen-
dent. This proves the second implication.

We now assume that m < p and that (h) is a cyclic action of order p with
Fix(h) = J. By Lemma 2.1, there is an invariant regular neighborhood N of J in
W. We let C be the corresponding invariant knot space. By Proposition 3.10, 9% is
essential in C. So by Theorem 7.5, there is an isotopy fixed on dC taking W to a
torus T’ which is either invariant or disjoint from its translates under 4. In the first
case the theorem follows from Lemma 8.1. We show that the second case is
impossible. Let W’ and Q' be, respectively, the solid torus and knot space bounded
by 7’ in S3. Then W', (W’), ..., h?~ (W’) is a set of solid tori whose cores are
equivalent to K and are companions of J with order a. Since h‘(Q’) lies in
Int(A/(W")) for i #j, we see that this set of solid tori is subordinate to J with order
a. Hence K has multiplicity at least p, a contradiction. This completes the proof of
the theorem.

We now apply this theorem to prove the Smith Conjecture for several classes of
knots. We shall need the following known results.

8.3 PROPOSITION (GIFFEN). The Smith Conjecture is true for torus knots.
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8.4 PROPOSITION (CAPPELL AND SHANESON). The Smith Conjecture is true for
2-bridge knots.

8.5 PrOPOSITION (KINOSHITA, FOX). Suppose K is a counterexample to the period p
Smith Conjecture. Let K* be the image of K in the quotient manifold =>. Let A (x)
and Ag.(x) be the Alexander polynomials of K and K*, respectively.

(1) Ag(xP) = TI2Z5 Ags(w'x), where w is a primitive pth root of unity .

Q) If Ag(x)=(x" —Ix = 1D/(x™ — I)(x" — 1), where (m,n) =1 and
|m|, |n| > 2, then (p, mn) = 1.

The proof of the first proposition can be found in [12] or Fox [11], that of the
second in [5], and that of the third in [8] or [10].

In order to illustrate the techniques made available by Theorem 8.2 we shall
prove the conjecture for cabled knots and doubled knots in two different ways. The
first method uses the fact that the conjecture is true for torus knots and twist knots.
The conjecture for twist knots follows either from Proposition 8.4 or from our
Theorem 8.7. The second method uses the Alexander polynomial conditions of
Proposition 8.5.

8.6 THEOREM. The Smith Conjecture is true for cabled knots.

PROOF. Suppose J = J(K, V, T, ) is a counterexample. By Lemma 6.6, V —
Int(N) has no essential tori, where N is a regular neighborhood of 7,,, in V. By
Theorem 8.2, each knot congruent to 7, , along V is also a counterexample. We
give two proofs that this is not so.

PROOF 1. If |m|, |n| > 2, then T, , is a torus knot and so by Proposition 8.3
cannot be a counterexample. If |m| =1 and |n| > 2, then T,,, is unknotted.
Choose an integer ¢ > (2 + |m|)/|n|. Then |m + ng| > 2, and T, ,,, is a torus
knot congruent to T, , along V and is a counterexample, again contradicting
Proposition 8.3.

PROOF 2. As in Proof 1, we may assume that |m|, |n| > 2. If p divides mn, then
by Proposition 8.5, T, , cannot be a counterexample since it has Alexander
polynomial equal to the expression in part (2) of the proposition. If p does not
divide mn, then n is a unit modulo p and so the congruence mn + n?q = 0 mod p
can be solved for g. It follows that p divides (m + nq)n. T,,,,,, is congruent to
T, , along V and so is a counterexample, again contradicting Proposition 8.5.

8.7 THEOREM. Let K be a nonfibered knot all of whose incompressible spanning
surfaces are isotopic. Then the Smith Conjecture is true for K.

PROOF. Suppose K is a counterexample. Let ¢: S — =% = §3/¢(h) where (h) is
some cyclic action of order p on §* with Fix(h)> = K. Let C be an invariant knot
space of K and C* = ¢(C). Let F* be an incompressible spanning surface for
K* = g(K) and set G* = F* 0 C*. Then ¢~'(F*) has p components F, . .., F,_,
with G; = F; N C the components of g~'(G*). Since all the F; are incompressible,
they are isotopic. It follows from Lemma 5.3 of [36] that they are all parallel and

hence K is fibered, a contradiction.
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8.8 COROLLARY. The Smith Conjecture is true for twist knots.

PRrROOF 1. Twist knots are 2-bridge knots, so the result follows from Proposition
8.4.

PRrOOF 2. Let T(p, n) be a twist knot. If |p| > 1, then it is nonfibered and has a
unique isotopy type of incompressible spanning surface by Lyon [22]. If |o| = 1,
then it is fibered but must be either the trefoil or figure eight knot. The first is ruled
out since it is a torus knot. The second has Alexander polynomial 1 — 3x + x? so
the only possibilities for Ag(x) in Proposition 8.5 are 1 — 3x + x?and 1 — x +
x2, neither of which satisfy equation (1).

8.9 THEOREM. The Smith Conjecture is true for doubled knots.

ProOOF. Suppose J = J(K, V, T(p, n)) is a counterexample. By Lemma 2.5 of
Whitten [39], ¥ — Int(N) has no essential tori, where N is a regular neighborhood
of T(p, n) in V. Thus by Theorem 8.2, each knot congruent to T(p, n) along V is a
counterexample. We give two proofs that this is not so.

PrOOF 1. If p = 0, then T(p, n) is a twist knot and so by Corollary 8.8 is not a
counterexample. If p = 0, then T(p, 7) is unknotted. Choose an integer g # 0. Then
T(p + g, ) is a twist knot congruent to T(p, n) along V and so is a counterexam-
ple. This again contradicts Corollary 8.8.

PrOOF 2. T(p, ) is congruent to T(2, 2) or to 7(2, -2), which has polynomial
2 — 5x + 2x? or 2 — 3x + 2x?, respectively. But this contradicts Proposition 8.5
since equation (1) implies that the leading coefficient must be a pth power.

8.10 THEOREM. The Smith Conjecture is true for cable braids.

PRrROOF. Suppose J = J(K, V, B) is a counterexample. We claim that V — ,é is
K-independent. If not, then it contains an injective K-knot space Q which we may
assume to lie in ¥ — Int(N), N a regular neighborhood of B in V. Then Q' = f(Q)
is an injective K-knot space in W — Int f(N), where f: V' — W is the homeomor-
phism from V to a regular neighborhood of K such that J = f( B). Let W = §3 —
Int(Q’). Then W’ is a knotted solid torus in S containing J in its interior. Since Q’
is injective in W — J, 9W’ is incompressible in W — J and so oy (J) # 0. J is not
a core of W, for if it were then W’ would be parallel to 9f(N) in C(J). It follows
from Lemma 3.2 that dW is parallel to 9Q’ in W — Int(f(N)). But this is
impossible since W — Int(f(N) U Q’) has three boundary components. Since dW”’
lies in Int(W) it follows from Hilfsatz 2 on p. 263 of [29] that W’ lies in Int( W), so
that Q’ cannot be in Int(W). This contradiction establishes that V' — B is K-inde-
pendent.

From the proof of Theorem 8.2, we see that ¥ admits a cyclic action having B as
fixed point set. Thus by Proposition 4.6, § is a core of V. This contradicts the
definition of a cable braid.

8.11 THEOREM. The Smith Conjecture is true for nonsimple knots J with bridge
number b(J) < 4.

PROOF. Suppose J is a counterexample for period p. J has a companion K with
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order a and multiplicity m. If « = 1, then J is the composite of K and some knot
K! By Theorem 3.1, they are both counterexamples. But by Satz 7 of [30],
b(J) = b(K) + b(K’) — 1, so that either b(K) = 2 or b(K’) = 2. This contradicts
Proposition 8.4. Thus a > 2. By Satz 3 of [30], ab(K) < b(J), so b(K) = 2. By Satz
2 of [30], am(b(K) — 1) < b(J), so 4 > b(J) > am(b(K) — 1) > 2p, implying p =
2. This contradicts Waldhausen’s theorem [38] that the Smith Conjecture is true for
p even. Thus m < p. By Theorem 8.2, K is a counterexample, again contradicting
Proposition 8.4.

9. Reduction theorems. Suppose J = J(K, V, L) is the fixed point set of a cyclic
action (h) of prime order p on S3. Let W be the regular neighborhood of X in the
definition of J. If W is isotopic rel J to an invariant torus 7, then by Lemma 8.1,
there is a cyclic action (k') of order p on S3 with Fix(h’) = K. We say that {(#")
has been obtained by Type I surgery on <{h). If, instead, W is isotopic rel J to a
torus 7’ which is disjoint from its translates then we obtain a cyclic action {h’> of
prime order p on a certain manifold M via Type Il surgery as described in the next
paragraph.

Let Q be the knot space in S* bounded by T". Set T, = A(T’) and Q, = h‘(Q)
for 0 < i < p — 1. As in the proof of Theorem 7.5, we see that the Q, are pairwise
disjoint. Let (g, A) be a meridian-longitude pair for Q and set p, = A’(p) and
A = h'(A). Then (g, A,) is a meridian-longitude pair for Q. Let V = V¥,
U -+ UV,_, be a disjoint union of solid tori and hV->Va homeomorphism of
period p taking V; to V., (subscripts mod p). Choose a meridian-longitude pair
(a, B) for V, and set o; = h'(a), B, = h'(B). Let ¢, 3V, — T, be a homeomor-
phism taking « to A and 8 to p. Define ¢;: 3V, - T, by ¢, = h' o ¢, o h~". Define
@: OV —> 3R, where R =S —In((Q, U - - - UQ,_1), by o(x) = ¢(x) for x €
dV;. Let M be the identification space ¥ U, R. h and h induce a cyclic action <h")
on M with Fix{h’) = J’, the image of J in M.

9.1 LEMMA. M is homeomorphic to S°.

PrROOF. Let W, = S* — Int(Q,), 0 <i < p — 1. We first show that there are
disjoint meridional disks D, for the W, such that each D, is contained in R. Let D
be any meridional disk of W, in general position with respect to the boundaries of
Q1. -.,Q,-, and having minimal intersection with them. We claim that this
intersection is empty. If not, then there is a subdisk E of D with dE in the
intersection (with, say Q,) whose interior misses the intersection. If E is in Q,, then
there is a disk £’ in 8Q, with 0E’ = 0E, since Q, has incompressible boundary.
Replace E by E’ and push the result off Q, to get a disk D’ with fewer intersection
curves, a contradiction. If E is in R, then Q, U X, X a regular neighborhood of E
in R, is a 3-cell and so we can replace D by a disk D’ missing it and having no
more intersections with the other 9Q; than did D. This again contradicts minimal-
ity. Now let D, = D. Suppose inductively that Dy, . .., D, _, have been chosen as
desired. Exactly as in the case of Dy, we can find a meridional disk D, for W,
contained in R. Put D, in general position with respect to Dy U - - - UD,_, so
that the intersection is minimal. We claim the intersection is empty. If not, there is
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a disk E’ on some D; with 9E’ in the intersection and Int(£’) missing it. dE’ = JE,
E a disk in D,. Replace E by E’ and move to one side to get a new disk having
fewer intersection curves. This contradicts minimality. The desired set of D; is
obtained by induction.

Now consider the sequence of manifolds S3 = My My, ..., M, =M, where
M, =Vi_1Ug_ (M, — Int(Q,_))), 1 < k < p. We show that M, is homeomor-
phic to S* by induction on k. Assume M,_, is homeomorphic to S>. Then
Uiy = M,_, — Int(Q,_,) is a solid torus. Let D,_, be the meridional disk for
W, _, found above. Then D, _, lies in R and hence in U,_,. Thus D,_, is a
meridional disk of U,_,. It follows from the definition of ¢,_, that ¢,_, de-
termines a genus one Heegaard splitting of S°. Hence M, is homeomorphic to S°.
Induction completes the proof.

Using Type I surgery alone, via our previous results, we obtain the following
reduction theorem.

9.2 THEOREM. Let p be a prime. If the period p Smith Conjecture is true for all
simple knots K with bridge number b(K) < p — 1, then it is true for all nonsimple
prime knots J with b(J) < 2p — 1 and all composite knots J with b(J) < 2p — 2.

PRrROOF. Suppose J is a counterexample. We induct on b(J). If J is the composite
of K and K’ and b(J) < 2p — 2, then the equaton b(J) = B(K) + b(K") — 1 of
Satz 7 of [30] implies that either 5(K) < p — 1 or b(K’) < p — 1, say the former.
By Theorem 5.1, K is a counterexample. By hypothesis, then, K is nonsimple, so the
result follows by induction. If J is nonsimple and prime, then J has a companion K
with multiplicity m > 1 and order a > 2. If b(J) < 2p — 1, then the inequality
ab(K) < b(J) of Satz 3 of [30] implies that 5(K) <3b(J) < p — 3.So b(K) < p —
1. The inequality am(b(K) — 1) < b(J) of Satz 2 of [30] implies that m < p, so by
Theorem 8.2, K is a counterexample. By hypothesis K is nonsimple, so the result
follows by induction.

9.3 COROLLARY. The period 3 Smith Conjecture is true for nonsimple prime knots J
with b(J) < 5.

ProOF. This follows from Theorem 9.2 and Proposition 8.4.
Putting the two types of surgery together we have

9.4 LEMMA. Let p be a prime. Suppose {h is a cyclic action of order p on S* with
Fix{h) = J, a nonsimple knot. Then there is a sequence of cyclic actions {h> =
KoYy <hyD, {hyY, . .. of order p on S3, each of which is obtained from its predecessor
by either Type 1 or Type 11 surgery. If the sequence terminates with an action {h’) =
<h,>, then J' = Fix{h') is either a simple knot or is unknotted.

PROOF. J has a companion K, so by Proposition 3.10 the invariant knot space
C(J) has an essential torus T. By Theorem 7.5, T is isotopic to a torus T’ which is
either invariant or disjoint from its translates under 4. In the first case, Lemma 8.1
yields an action <h,> on S* with Fix{h,> = K obtained by Type I surgery on {A).
In the second case, Lemma 9.1 yields an action <h,) on S* with Fix{(h,) = J,
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obtained by Type II surgery on (h). We continue this process as long as the
closure C; of the complement of a regular neighborhood of Fix{h;)> contains an
essential torus. Thus if the sequence terminates with {(A,), there are two possibili-
ties. Either C, is a knot space having no essential tori or it is a solid torus. In the
first case, Proposition 3.10 implies that Fix{h,) is simple, and in the second case,
Fix{h,) is unknotted. This completes the proof.

We now examine what happens if the sequence terminates with an unknotted
simple closed curve. Let p be a prime and ¢ and a standard rotation of S of period
p about the unknotted simple closed curve 4. Let K, be an unknotted simple
closed curve in S* — A4 such that the simple closed curves K, = t(K), 0 < i < p
-1, are pairwise disjoint and the link L = K,u---uU Ke.—' is trivial. Then we
call L a symmetric trivial link of order p. L is standard if L U A is a trivial link.

9.5 LEMMA. Suppose {h’) is obtained from {h) by Type Il surgery. Let K, be a
core of Vo If J' = Fix{h') is unknotted, then L = K, U h'(K,)
U - - - UMY~ YK, is a nonstandard symmetric trivial link.

PrOOF. We use the notation in the proof of Lemma 9.1. Since J’ is unknotted, A’
is equivalent to a standard rotation about J'. The curves K; = (h')’(K,) are cores of
V,, 0<i < p— 1, and are pairwise disjoint. As in the proof of Lemma 9.1, there
are pairwise disjoint meridional disks D, for S* — Int(Q,) which lie in R. Since
9 B) = w;, 0D; is a longitude of V;. Join 0D, to K; by an annulus in ¥, to get a disk
E, in M with 3E, = K,. Since the E, are pairwise disjoint, L is a trivial link. L is
clearly symmetric. If it were standard, then there would be a disk E in M with
0E = J’ which misses the union of the E;. We may then assume that E misses the
union of the V. But then E is in R, so that we can regard it as a disk in M, = S
with 3E = J, contradicting the fact that J is a knot. Therefore L is nonstandard.

In view of the previous two lemma we see that the Smith Conjecture reduces to
the case of simple knots provided that the following two conjectures are true.

9.6 CONJECTURE. Every sequence of Type 1 and Type 11 surgeries terminates.
9.7 CONJECTURE. Every symmetric trivial link is standard.

We note that if the second conjecture is false, then so is the Smith Conjecture.
This can be seen by reversing the steps in the proofs of Lemmas 9.1 and 9.5. This
observation has previously been made by Gordon [13]. We now give a partial result
on this conjecture which will be used in the sequel. First we need the following
result from [6].

9.8 PROPOSITION (DYER AND SCOTT). Let F be a free group and a an automorphism
of F of prime order p. Then F = F<® (*iel F)» (*AGA F,) where each factor is
a-invariant and

(i) for each i € I, F, has a basis x;,, . . ., x;, such that a(x;,) = x;,,, (subscripts
mod p),

(i) for each N € A, F, has a basis xy,,...,%\,_1» {¥jlji € J,} such that
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a(xy,) =X, r=1...,p0 =2, a(xp,_ ) = (%), " - xAp—l)—l’ a()’j) = x)\_,ll :
YixXanJ € I
(iii) F<* is the fixed point set of a.

9.9 THEOREM. Let L be a symmetric trivial link with axis A. Then A is contractible
inS>— L.

PrOOF. Choose a basepoint a, on A. It suffices to show that [A]=1 in
F=m(S®- L, a,). Note that [4] is a fixed point of the automorphism a of F
induced by #|(S® - L). We claim that F is a free group with basis be .- -5 b,y
such that a(b) = g;b,,, 8", subscripts mod p, for some g, . . ., g,—1in F. Let ¥,
be a regular neighborhood of K in S — 4 such that ¥, = t/(Vp), 0<i < p — 1,
are pairwise disjoint. Let y, be a meridian of ¥, based at a point y, in 3V, Let
Yy, = t'(y,) and y; = t'(y,). Since L is a trivial link there are arcs ¢ from g, to y,
such that F is the free group with basis elements b, = [¢;v,¢"]. Let §, = ¢, and
8 = 1'(8). Let g = [t(g)e ). Then

a(b) = [t(eiYisi—l)] = [1(e)e(y)e (e~ ])]
= [1(&) i1 2(&) "] = [1(e)e T\ Vin 183 641 1(6) ']
= [#(e)e 1l ei+|7i+lei:-ll ][ei+lt(£i)—l] = gbi..& "
By Proposition 9.8 there are two possibilities for the form of a:

(i) there is a basis xp, Xy, ...,x,_, for F such that a(x;) = x;,, subscripts
mod p, or
(i) there is a basis xq, X, . . ., X, for F such that a(xp) = xo, a(x;) = x;4y,

1<i<p-2anda(x,_)) = (xx- - x,_ )" "

If « has form (i), then clearly it has no nontrivial fixed points, so [4] = 1.
Therefore assume a has form (ii). Let G be the split extension of F by Z, given by
Z, = {a) - Aut(F). G has the presentation {fo, f, . .., f,_p, 5: $fis ™' = a(f), s*
= 1), where f, f}, . . - ,j;,_, is any basis for F.

Choosing the basis xo, xj, . .., X,_; given in (i) we get the presentation {x,,
Xpyooos Xyopy S0 X8 = xg, sx5T' = x4y, 1<i<p—2 sx,_s7! =
(X %y - xp_,)", sp = 1). Suppressing the commutator relations, the abeliani-
zation G/ G’ has the presentation (xg, Xj, . .., X,_1, §1 X} = Xy =+ + + =X, | =
(xyx3+ =+ x,_;)”", s” = 1) which is equivalent to (xo, X,, s: x{ = 1, s* = 1>. Thus
G/G'=1OZL, DL,

Choosing instead the basis by, b),...,b,_; we get the presentation (b,
by,...,b,_y,s:sbs™'=gb, 8 ",0<i<p—1(modp), s* = 1. Suppressing
the commutator relations we see that G/G’ has the presentation <by,
by...,b,_y,s: bg=>b,="--- =b,_,, s =1), which is equivalent to (b, s:
sf=1).ThusG/G'=ZODZ,.

This contradiction completes the proof.

9.10 LEMMA. Let M be a surface bundle over S' with typical fiber F having
X(F) < 0. Suppose T is an essential torus in Int(M). Then we can deform the fibering
so that if M’ = F X I is the manifold obtained by splitting M along F and g:
M’ — M is the gluing back map, then g~ (T) consists of incompressible annuli
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Gy, ..., G, such that G, = a; X I for some simple closed curves a ...,a, in
F x {0}.

PROOF. By an isotopy of M rel 9M we put F into general position with respect to
T such that the number of components of T N F is minimal. Let G = g~ (7).

CLamM 1. T N F # &. If not, then by Lemma 3.1, G is an incompressible torus in
M’ and so by Lemma 3.2 is parallel to F X {0}, contradicting the fact that F is not
a torus.

CLAIM 2. G consists of annuli. If not, then some component G, of G is a disk
with 3G, in, say, F X {0}. 9G, = 0D for some disk D in F X {0}. D U G, bounds
a 3-cell in M’, so g(D U G,) bounds a 3-cell in M. Isotop g(D) across this 3-cell to
the other side of g(G,) to reduce the number of intersection curves, thereby
contradicting minimality.

CLAM 3. G is incompressible in M. If not, let D be a compressing disk for some
component G, of G. 3D divides G, into annuli G| and G, . Since T is incompressi-
ble in M, dg(D) = OE for some disk E in T. One of g(G;) or g(G,) lies in E, so
that F N Int(E) # . Let J be an innermost component in E of this intersection.
Then J = 9E’ for a disk E’ in T with E'n F=0E’. Thus g~ (E’) is a disk
component of G, contradicting Claim 2.

CLAamM 4. Each G, has one boundary component in F X {0} and the other in
F X {1}. If not, then G,, say, has 3G, in, say, F X {0}. By Lemma 3.2 and Claim
3, G, is parallel to an annulus G| in F X {0}. Hence g(G,) is parallel to the annulus
g(G)) in F. Isotop g(G;) across the solid torus bounded by g(G, U Gj) to reduce
the number of intersection curves, contradicting minimality.

Now by Lemma 3.3, there is an isotopy f, of M’ fixed on (F X {0}) U (OF X I)
such that f,(G,) = da; X I, where @; = G; N (F X {0}). Replace g by g © f;"! to get
the desired fibration.

9.11 PROPOSITION. Let J = J(K, V, L) be a fibered knot. Then

(1) K is a fibered knot of smaller genus,

(ii) L is either unknotted or a fibered knot of smaller genus,

(iii) the linking number of K and the core of S* — Int(V) is nonzero.

PROOF. Let f: V' — W be the homeomorphism between solid tori defining J. Let
N be a regular neighborhood of J in W, C(J) = S — Int(N) and Q = S> —
Int(W). By 3.10, T = dW is essential in C(J). Since J is fibered, so is C(J). Let j:
F X I - C(J) be the map of Lemma 9.10. Let X, . .., X, be the components of
g7N(Q). If R,=X,n(FX{0)) then X, =R X I Let ¢=(g|F x {0)~' o
(g|F X {1}). Number so that ¢(R; X {1}) = R,,,, subscripts mod n. Let ¢, =
®|(R; X {1}). Let X be the identification space X, U, X; Uy, * - * Uy _ X, and
8: X = Q be map induced by g|g~(Q). g, gives Q the structure of a surface
bundle over S' with fiber a copy R of R;. From the exact sequence of this fibration
and H,(Q) = Z we see that 7,(R) is the commutator subgroup of #,(Q). Thus the
covering space of Q corresponding to 7,(R) is the universal abelian covering of Q;
hence 0R is connected and is a longitude of Q. Extending this fibering to W — K
we see that K is a fibered knot. Since T is essential, dR, is not parallel to 9F in
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F X {0}. Thus R has smaller genus than F and so K has smaller genus than J. This
proves (i).

Nowlet Y=F X I—-Intg(Q)and P=Y N(F X {0}).Pand Y=P X I
are connected. Construct a space Z by attaching » disjoint 3-cells B,, ..., B,to Y
so that E;N Y = 0R, X I. Let D/, D/ be the closures of the components of
0E; — (0R; X I) with 0D/ = 9R; X {0} and dD,” = 0R; X {1}. Z is homeomorphic
toS X IwhereS=P uUDjU--- UD, Letg, = (fl(V — Int(N)))~! o g. Since
g(dR,) is a longitude of Q, g,(0R;), 1 <i < n, is a set of parallel simple closed
curves in 3V, each of which bounds a disk E; in $* — Int(¥). We use these disks to
extend g, to a map g;: Z— S> — Int f(N). g, thus gives S> — Int f ~(N) the
structure of a surface bundle over S' with fiber S. Extending the fibering to N — L
we see that L is fibered. If S has genus zero, then L is unknotted. If S has nonzero
genus, then, since T is incompressible in C(J), R,, . .., R, are not disks, so that S
has smaller genus than F and so L has smaller genus than J. This proves (ii).

Choose oriented arcs d; in each E; joining D/ to D/ so that c =
g(d, U - - ud)is a core of S* — Int(¥). Then clearly ¢ has linking number
n 7 0 with L. This proves (iii).

9.12 THEOREM. Let p be a prime. If the period p Smith Conjecture is true for all
simple fibered knots, then it is true for all fibered knots.

ProOF. Using Lemmas 9.1 and 9.4, the theorem will follow from three claims.

CrLamM 1. If (k) is a cyclic action of order p on S* with Fix(h) a fibered knot
and if (h’) is obtained from (k) by Type I or Type II surgery, then Fix{A’) is
fibered. For Type I surgery this follows immediately from Proposition 9.11. For
Type II surgery note that there is a sequence of knots Fix(h) = Jo, Jy, ..., J, =
Fix{h’), where J;, = J(K;, V;, J;, 1), 0 <i < p — 1, each K, having the knot type of
K. It then follows from Proposition 9.11 that Fix{h") is fibered.

CLAM 2. Every sequence of Type I and Type II surgeries having fibered fixed
point sets terminates. This follows from Proposition 9.11, which say that the genus
of the fixed point sets are strictly decreasing.

CLam 3. If (h’) is obtained from <h) by Type II surgery and Fix<{A) is fibered,
then Fix{h’) is knotted. If J’ = Fix{h’) were unknotted, then by Lemma 9.5,
L= Koy U HW(Kp) U - - - UMR)Y K, is a nonstandard symmetric trivial link,
where K is a core of V,,. Let J = Jo, J}, ..., J, = J' be a seqence of knots as in
Claim 1. By p applications of part (iii) of Proposition 9.11 we have that the linking
number of K, and J’ is nonzero. But this contradicts Theorem 9.9, which says that
J' is contractible in S — L. This completes the proof.
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