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CHAPTER I 

INTRODUCTION 

The use of aquifers as a source of freshwater to supply 

public need has increased. Requirements of the Environmen

tal Impact Analysis and Statement have focused public atten

tion on the quality of water for domestic use. Factors 

which affect the groundwater quality include: (a) leakage 

from ponds and lagoons, (b) sanitary landfills, (c) deep 

injection wells, (d) road salt, pesticides and fertilizers, 

(e) sanitary landfills, (f) sea water intrusion, (g) mine 

drainage and oil-field brines, (h) cesspools and septic 

tanks, (i) leakage from oil pipeline oil storage tanks and 

sewage pipelines, (j) animal feed lots, and (k) industrial 

waste water. Numerical modeling seems to be the best tool 

for understanding, preventing, and predicting the ground

water problems. 

Research Problem 

In this study, Galerkin's finite element method is used 

to analyze the transport of a pollutant in a three-dimen

sional aquifer system. The collection of water quality data 

is expensive and gathering information on migration of con

taminant plumes under field conditions is a lengthy process; 

therefore, a properly calibrated and validated numerical 
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model used with field data is an excellent tool with which 

to predict the future migration of a plume in saturated 

aquifers. 

Objectives 

(1) To develop Galerkin's finite element method for 

solving the three-dimensional solute transport in a 

saturated aquifer; 

2 

(2) To validate the model using the existing analytical 

solutions of the dispersion equation in two and three dimen

sions; 

(3) To validate the model with available numerical 

models in two dimensions. 

Procedures 

Galerkin's finite element method is modeled with the 

solute transport equation. The model requires that the con

tinuous variables be replaced with discrete variables as 

elements. Each discrete subregion is modeled by the same 

transport equation. The concentration will be assembled at 

all nodes and solved on an IBM 3081K system. After the 

model is developed, it is validated against existing analy

tical solutions. 



CHAPTER II 

LITERATURE REVIEW 

Ground water represents more than 95 percent of all 

available freshwater in the world. Total groundwater with

drawal of 89 bgpd provides 20 percent of the water used in 

the United States. Approximately 34 percent of the public 

water supply and 79 percent of the water for rural domestic 

use are derived from potable groundwater sources. Ground

water is an important natural resource that can become 

increasingly valuable throughout the country. The increased 

use of groundwater as a source of potable water will depend 

on controlling its contamination. Mathematical modeling can 

be used as an effective tool in the development of methods 

for abating groundwater pollution. 

The development of advanced computer techniques have 

enabled engineers to use a discrete process for approximat

ing complex problems. The partial differential equations 

are divided into a set of discrete equations, which in turn 

are reduced to a system of algebraic equations. Two major 

techniques have been used in the groundwater field. One is 

the finite difference method and the other one is the finite 

element method. In recent years, several textbooks have 

been published that are excellent for studying these two 
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methods. They are: Remson, Hornberger, and Molz (1971), 

Segerlind (1976), Pinder and Gray (1977), Rao (1982), and 

Zienkiewicz and Morgan (1983). In this chapter, a detailed 

discussion of these two methods will be given. 

Finite Difference Method (FDM) 

4 

The finite difference method (FDM) is a discrete tech

nique in which the domain of interest is represented by a 

set of points or nodes, and information between these points 

is commonly obtained using Taylor's series expansions. 

Richardson (1910) introduced the finite difference method to 

calculate the approximate solution of partial differential 

equations. 

Solving the solute transport problem, one calculates 

the groundwater flow velocities. Prickett (1975) summarized 

the numerical and analog models in his reports. Douglas, 

Peaceman, and Rachford (1959) used an Alternating Direction 

Implicit (ADI) technique to solve a two dimensional, two 

phase, incompressible flow model. Peaceman and Rachford 

(1962) used a similar method to solve the problem of misci

ble displacement in porous media. Bresler (1973) and Marino 

(1974) used the Crank-Nicholson technique to obtain 

solutions solving the mass transport problems. The finite 

difference method of solving the mass transport equations 

may introduce numerical dispersion. Numerical smearing and 

artificial dispersion of a sharp concentration front were 

shown to be at least of the same order of magnitude as the 



actual dispersion. This artificial dispersion limits the 

applicability of the solutions. Lantz (1971) and Chaudhari 

(1971) provide guidelines for a high order finite difference 

scheme that eliminates most of the numerical dispersion. 

5 

Garder, Peaceman, and Pozzi (1964) used the method of 

characteristics (MOC) to solve a one dimensional dispersion 

equation. Reddell and Sunada (1970) used the method to 

solve the problem of saltwater intrusion. Pinder and Cooper 

(1970) used the ADI procedure to solve the flow equation and 

the MOC to solve the solute transport equation. Konikow and 

Bredehoeft (1978) developed a MOC model to study changes in 

dissolved solid concentration in a stream-aquifer system. 

Numerical solutions of the dispersion equation for different 

adsorption equilibrium were provided by Lai and Jurinak 

(1972) using the explicit finite-difference scheme. Douglas 

and Jones (1963) developed a technique called the Predictor

Corrector Finite Difference Method. The method uses two 

finite approximate differences, each advancing the solution 

by one-half increment in the time domain. The predictor 

equation is a modification of the implicit finite-difference 

approximation, and the corrector equation is a modification 

of the Crank-Nicholson approximation (Remson et al. 1971). 

Tagamets and Sternberg (1974) used the method for solving 

the one dimensional convection-dispersion equation for 

adsorption in porous media. Trescott, Pinder, and Larson 

(1975) solved the two-dimensional flow problem by the Line 



Successive Over Relaxation (LSOR) method and compared it 

with the ADI method. 

6 

The explicit approximation is sometimes referred to as 

a "Forward Difference," and the implicit approximation is 

referred to as a "Backward Difference." Pinder and Gray 

(1976) described the explicit method as requiring a minimum 

of computational effort, but usually conditionally stable. 

The implicit method is usually unconditionally stable yet it 

requires an additional computational effort when a variable 

time step is used. The Crank-Nicholson method is second 

order accurate and usually stable. 

Finite Element Method (FEM) 

The finite element method is numerical method that can 

be used to solve complex engineering problems. 

Clough (1960) appears to be the first to use the term 

"finite element." Today, the finite element method is a 

powerful tool for the approximate solution of differential 

equations governing diverse physical phenomena. The method 

can be seen as a discretization procedure of continuum prob

lems presented by mathematically defined statements. High 

speed electronic digital computers have enabled engineers to 

employ various numerical discretization techniques for 

approximating solutions of complex problems. The finite 

element method was originally developed as a tool for struc

tural analysis, but the theory and formulation have been 

progressively refined and generalized so that the method can 
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be applied successfully to other fields such as heat flow, 

seepage, etc. 

The two major approaches are (a) the Variational 

Approach and (b) the Weighted Residual Approach. 

Variational Approach (Raleigh-Ritz Method) 

The variational approach applies the calculus of varia-

tions. Variational calculus states that the minimization of 

the functional requires that the differential equation, with 

the boundary conditions, be satisfied. The variational 

approach can be used with most physical and engineering 

problems. 

Weighted Residual Approach 

In the weighted residual approach, the finite element 

matrices are derived directly from the governing differen-

tial equation. These equations satisfy both the homogeneous 

and certain specific boundary conditions. In several inves-

tigations, the method has been used to solve the groundwater 

flow and quality problems. 

In the method of weighted residuals, the function C is 

replaced by trial function C. C is a set of approximation 

close to C, 

C·W· ]. ]. i = 0, 1, 2, ... n 

where c is a linear independent function, wi is the 

weighting function defined over both the time and space 

(2.1) 



domain. Ci indicates undetermined coefficients. The 

approximate function C is substituted into the governing 

equation, resulting in an error called the residual. 

8 

L(C) = L(C) = R (2.2) 

This method chooses the undetermined coefficients such that 

the error can be minimized to zero, thus making the trial 

solution equal to the exact solution. 

The function L(R) is chosen so that L(R) = 0 when 

R = 0, Wj is the weighting function, j = 1,2, ... nand the 

integration is over the domain of the problem. The equation 

can be shown as: 

( 2. 3) 

Three different weighted residual methods are described 

as follows (Figure 1). 

(a) Galerkin's Method: 

The Galerkin's method chooses the basis function to be 

the same as the weighting function yielding 

I R WJ· dV = 0 j = 1, 2, ... n 
v 

( 2. 4) 

The requirement of this method is that the continuous 

function must be zero if it is orthogonal to every member of 

the complete set. 
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BASIS AND 
WEIGHTING FUNCTIONS 

(a) GALERKIN METHOD 

WEIGHTING FUNCTION 

I 

\\ /BASIS FUNCTION 

e e+1 

(b) SUBDOMAIN METHOD 

/ 

/ 
/ 

/ 

WEIGHTING FUNCTION 

'~BASIS FUNCTION 

' ' ' 
(c) COLLOCATION METHOD 

Figure 1. The Three Weighted Residual Methods 
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(b) Subdomain Method: 

In the subdomain method, the domain V is first divided 

into finite subdomains. Unity is chosen as the weighting 

function in the subregion Vi and zero is used elsewhere so 

that 

10 

I R W· dV = 0 
v J 

(2.5) 

where wj = 1 if (x,y,z) in domain vi otherwise wj = 0. 

(c) Collocation Method: 

In the collocation method, Dirac delta is chosen as the 

weighting function wj. 

(2.6) 

The method approaches the exact solution by setting the 

residue equal to zero at n points in domain V, 

i = 1,2, ... n (2.7) 

FEM-Solute Transport 

The application of the finite element models to ground

water began in the .1960·s (Zienkiewicz, Mayer, and Cheung, 

1966). Witherspoon and Javendel (1968) applied the finite 

element method to transient flow in porous media by employ

ing the variational principle. Price, Carendish, and Varga 

(1968) introduced a numerical method of high order accuracy 

for the one-dimensional diffusion-convection equation based 
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on Ga1erkin's approach. Guymon (1970) and Guymon, Scott, 

and Harrmann (1970) presented a variational approach to the 

dispersion equation in which the convective terms do not 

appear explicitly. Nalluswami, Logenbaugh, and Sunda (1972) 

expanded Guymon's work by improving the numerical 

techniques, taking into account the tensor properties of the 

dispersive coefficient. Tyagi (1971, 1973, 1975a, 1975b, 

1975c) used the finite element method to predict the transi

tion zone between fresh and salt water in coastal aquifers, 

the flow in saturated and unsaturated zones of aquifers, and 

the water quality in unsaturated flows. Bruch and Zyvoloski 

(1973) used a finite element weight residual solution in a 

one-dimensional diffusion-convection field problem. The 

results are compared with a finite-difference solution as 

well as the analytical solution. Pinder (1973) used 

Galerkin's finite element approach to simulate the areal 

movement of a saturated aquifer. Cheung and Harrison (1973) 

applied the finite element methods to two-dimensional field 

problems in isotropic media. Smith, Farraday, and O'Connor 

(1973) used Raleigh-Ritz and Galerkin's finite element 

methods to solve the two-dimensional diffusion-convection 

problem, taking into consideration the miscible displace

ment. Sykes (1975) developed a two-dimensional model for 

variably saturated porous media that was used to predict the 

transient movement of the trace redionuclide and to analyze 

the transport of ammonium undergoing nitrification and deni-. 

trification. He applied Galerkin's technique to the mass 
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conservation equation. Gupta and Tanji (1975) developed a 

three-dimensional flow and mass transport model. The model 

was applied to a complex groundwater region in Sutter Basin, 

California, to simulate the rising connate water through a 

vertical fault. In the various situations where high-speed 

computers can simulate complex water systems at a minimum 

cost, models have been developed. Wang and Cheng (1975) 

studied the two-dimensional convection-dispersion equation 

to solve the pollutant dispersion in a semi-infinite 

aquifer. 

A two-dimensional transient model for the flow of a 

dissolved constituent throughout porous media was developed 

by Duguid and Reeves (1976). The mechanism of adjective 

transport, hydrodynamic dispersion, chemical adsorption, and 

radioactive decay are included in the mathematical formula

tion. The model also simulates a pond seepage problem, 

Grove (1977) used Galerkin's finite element method to solve 

mass-transport equations. The technique was applied to a 

field problem involving an aquifer polluted with chloride, 

tritium, and strontium-90. The results, compared with the 

finite difference method and the analytical solution, showed 

a high degree of accuracy. Van Genuchten (1978) developed a 

model for predicting potential groundwater pollution by the 

disposal of liquid or solid waste. A hypothetical landfill 

located adjacent to a river provided considerable insight 

into the subsurface movement of landfill leachates. 

Gureghian, Ward, and Cleary (1980, 1981) developed a two-
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dimensional model for the migration of the groundwater 

pollutant. A field application of the model was made to the 

leachate migration from the Babylon sanitary landfill in 

Long Island, New York. The results were compared with those 

of a two-dimensional analytical solution. The results were 

in agreement during the calibration and verification period. 

The numerical model used to simulate the groundwater 

contamination from Price's landfill in New Jersey was pre

sented by Gray and Hoffman (1983), and was a two-dimensional 

transient model using linear triangular elements. The model 

assumed that the species being considered was convective and 

nonabsorbing. 

Gupta, Kincaid, Meyer, Newbill, and Cole (1982) 

developed a multi-dimensional finite element code for the 

analysis of coupled fluid, energy and solute transport. A 

major thrust of this program has been the study of natural 

aquifers as host for thermal energy storage and retrieval. 

Voss (1984) developed a computer program that simulates 

fluid movement and the transport of either energy or 

dissolute substances in a subsurface environment. 

Cole, Gupta, and Pinder (1984) developed a three-dimen

sional groundwater model for a multiaquifer system in which 

isoparametric element is used. The model was applied to a 

groundwater reservoir beneath Long Island, New York. Babu 

and Pinder (1984) developed a model based on an operator 

splitting algorithm which treats the horizontal plane using 



finite elements in the first step, and the vertical dimen

sion using finite difference in the second step. The model 

provides considerable saving in both computer memory 

requirements and computational efforts. 

Comparison of FEM and FDM 

(a) In fi~ite difference approximations of a differen

tial equation, the discrete representation of the equation 

is applied at a point. In the finite element method the 

discrete equations are applicable over a region. 
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(b) The numerical solution of the dispersion equation 

may cause numerical dispersion. The algebraic equations 

generated by the finite difference method are particularly 

susceptible to numerical errors, while finite element method 

solutions, in general, are more reliable (Anderson 1979). 

Benefits of Using the Finite 

Element Method 

(a) With the finite element method, the domain of 

interest can be divided into irregular subdivisions, as 

described by the physical geometry of the problem. 

(b) The properties of each element can be evaluated 

individually. Each element can be linked to different 

material properties. 

(c) The boundary conditions can be adjusted easily. 
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(d) The method is flexible and can be used to handle 

thermal energy, chemical loads, time dependence, and nonlin

earities. 



CHAPTER III 

MATHEMATICAL FORMULATION 

This chapter presents a basic equation of groundwater 

flow and solute transport in porous media. The mathematical 

derivation of both equations has been documented by Jacob 

(1940), Cooper (1966), Remson et al. (1971), Bear (1972, 

1977), Ogata (1974), Grove (1978), and Mercer and Faust 

(1980). In this study, our interest is in the flow and 

solute transport in saturated zones of aquifers. 

Flow Equation 

An equation that describes a three-dimensional unsteady 

groundwater flow can be written as: 

a ah a ah a ah ah 
(kxx --) + (kyy --) + -- (kzz --) + Q = Ss 

ax ax ay ay az az at 
( 3 . 1) 

where h = hydraulic head, ( L) ' 

k·. 
~~ = hydraulic conductivity, i = X, y, z, ( L/T), 

Q = source of sink term, ( L/T) , such as irrigation, 

wells, and evapotranspiration, 

Ss; = specific storage, (L-1), 

t = time, ( T) • 

16 
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For the homogeneous fluid with a saturated aquifer with 

thickness b (L), the transmissivity of the aquifer may be 

defined as Tii = kiib, where Tii is the transmissivity 

(L2T-1). The storage coefficient of the aquifer can be 

defined as S = Ssb, where S is the storage coefficient 

(dimensionless). 

Assuming that the Cartesian coordinates axes x and y 

are aligned with the principal components of the transmis-

sivity tensor, the three-dimensional saturated flow can be 

represented as: 

a ah a ah a ah ah 
(Txx --) + (Tyy --) + -- (Tzz --) + Qb = Ss 

ax ax ay ay az az at 
( 3 • 2 ) 

where Qb is the volume flux per unit area (LT-1). 

For a two-dimensional groundwater flow, the equation 

may be written as: 

a ah a ah ah 
(Txx --) + (Tyy --) = Ss - Qb 

ax ax ay ay at 
( 3 • 3 ) 

The Groundwater Flow Equation 

The problem of nonsteady flow in an artesian aquifer 

was first analyzed by Theis (1935). Jacob (1940) applied 

the Theis equation with hydrologic concepts and derived a 

differential equation for nonsteady flow in a uniformly 

thick, horizontal, compressible sand. The equation stated 

in two dimensions is: 



s ah 
+-----

ax2 ay2 T at 

s = pgb(Op + e~P), 

T = transmissivity of the medium, t2T-l, 

b = thickness of aquifer, L, 

S =storage coefficient (dimensionless), 

ap = compressibility of medium LT, 

~p =compressibility of liquid, LT2M-l, 

e = porosity of the medium. 
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(3.4). 

The equation can be extended to a three-dimensional 

saturated flow and expressed as: 

-- + + -- - -
ax2 ay2 az2 k at ( 3. 5) 

The basic governing equation for saturated flow is 

a ah a ah a ah ah 
(kx -) + (ky -) + - (kz -) - Q = s 

ax ax ay ay az az at 
( 3. 6) 

where Q = strength of sink or source, LT-1; 

Q = Qw(xi, Yi, Zi, t)o(x-xi)(y-yi)o(z-zi) 

where Qw = well discharge or recharge, L3T-l; 

6 = Dirac delta function. 

There are several books that give a detailed derivation 

of the groundwater flow equation in saturated porous media, 

three of which are Bear (1972, 1979) and Remson et al. 

(1971). 



To apply the principle of conservation of mass to a 

control volume (representative element volume), we first 

consider the y-z plane. The rate of solute into the plane 
... 

at x is CVi,xdydz and the rate of solute flow out y-z face 

at x+dx is cvi+dxdydz. Similar expression is used for the 

other two planes (Figure 2). 

The mass balance is 

19 

INPUT - OUTPUT = ACCUMULATION ( 3. 7) 
.J. .. .. 

so, (CV~,x - CV~,x+dx) dydz 
J. .J. 

(CVy,y - CVy,y+dy) dydz 
(3.8) J. .1. 

(CVi,z - CVi,z+dz) dydz 

ac 
dxdydz-- = -(acvdxdydz) + (-acvdydxdz) + (-acvd2 dxdy) (3.9) 

at 

Divide by dxdydz: 

ac 
J. 

aCV" 
J. 

aCV" 
... 

acv" 
= +-+--- (3.10) 

at ax ay az 

The rate of solute accumulation within the volume 

element is ac/atdxdydz. Bear (1972, 1977) gave the equation 

for calculating the velocities: 

cv~: = cv . + cvo 
1. 1. (3.11) 

.J. 

where Vi = V" - Vi, 
.J. 

Vi = mass of average velocity 



y 

z 

CV* x,x 
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cv*x,x·+ dx 
dz • 

X 

Figure 2. Control Volume (the Solute Flow Through) 
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Vi = seepage velocity 

v0 = the derivation of the particles instantaneous 

velocity from the average one 

cvi = transport by convection 

CV0 = the diffusive flux 

Dij = dispersion coefficient 

Where we rearrange equation (3.10), the general form of 

solute transport equation is obtained: 

ac a 
= 

ac 
(Dij - - vic) 

axj 

Dispersivity 

(3.12) 

Scheidegger (1961) and Bear (1972, 1979) stated that 

the influence of the void space is represented by aijkm' the 

dispersivity of the porous medium, which in saturated flow 

is a property of the geometry of the solid matrix. It is a 

fourth rank tensor which has certain properties of symmetry. 

For an isotropic porous medium with two constants: 

aL = longitudinal dispersivity 
(3.13) 

aT = transverse dispersivity 

For a three dimensional case: i, j = 1, 2, 3 

a· ... 
l.l.l.l. = aL 

a· ... 
l.l.JJ = aT 

a· ... 
l.l.l.J = a· ... 

l.l.Jl. = a· ... 
l.Jl.l. = a· ... 

l.JJJ = 0 (3.14) 

a· ... = a· ... = O.S(aL - aT) l.Jl.J l.JJl. 
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Several approaches are used to receive the dispersiv-

ity. One method is a trial and error adjustment of the 

value of the chosen longitudinal and transverse dispersivity 

in a solute transport model of a field situation until the 

simulated movement pattern closely resembles the pattern 

observed in the field. Grove and Boetem (1971) described a 

two-well injection method in which the mathematical egua-

tions used to calculate dispersivity from the test are based 

on the assumption of homogeneity of the geologic materials 

in the test area. The regional flow can be neglected during 

the test. 

Matthess (1982) stated that the coefficient of hydrody-

namic dispersion increases with increasing porosity, growing 

grain sizes, and growing inconformity. Finally, the hydro-

dynamic coefficient D depends on groundwater flow velocity. 

(a)+b 
D = aVw 

where D = coefficient of hydrodynamic dispersion 

Vw = average groundwater velocity 

a = dispersivity coefficient 

(3.15) 

Matthess and Pekdeger (1981) found that in a laboratory 

study the value a was on the order of 0.1 em to 1 m; in 

field experiments the values were between 0.1 to 100 m; and 

the values for fractured and karstic rocks were between 

10 to 10000 m. The exponent (a) in the equation is close 

to one. 
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Dispersion Coefficient 

The dispersion phenomenon includes two processes: 

mechanical dispersion and molecular diffusion. Mechanical 

dispersion, or spreading the solute with respect to the 

average flow produced by velocity variation in the pore 

space, is sometimes called convective diffusion. Molecular 

diffusion depends on time. Its effects on the overall dis

persion are more significant at low flow velocities. In 

pollutant movement in groundwater, the contribution of 

molecular diffusion to the hydrodynamic dispersion term is 

usually negligible in comparison to mechanical dispersion. 

Scheidegger (1961) and Bear (1972, 1979) pointed out that 

the dispersion coefficient as a tensor should have 81 compo

nents for the three-dimensional case, but they were able, 

through the use of symmetry, to reduce this number to 32 

individual components. For an isotropic medium, they 

reduced the number of components of the tensor to nine. For 

the three-dimensional case, 

(3.16) 
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Bruch and Street (1967) used the following equations to 

measure the longitudinal and transverse dispersion coeffi-

cient. 

and 

where ~ 

dso = 

v = 

Re < 

n1 = ~<1.8)(Vdso/~)1.2 

DT = ~(0.11)(Vdso/~)0.7 

kinematic viscosity 

mean grain size 

velocity 

1o-3 

(3.17) 

The most popular method of calculating the dispersion 

coefficient has been described by Scheidegger (1961). Sev

eral other investigations give more information about the 

equation (Bear, 1972; Grove and Boetem, 1971; and Konikow 

and Bredehoeft, 1978) They show the relationship between 

the dispersion coefficient and flow velocity as. 

(3.18) 

where Vm, Vn = a component of the flow velocity of fluid in 

m and n directions (LT-1) 

V = the magnitude of the velocity vector (LT-1) 

For the three-dimensional dispersion coefficient that 

equals 
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vl vl v2 v2 v3 v3 
D22 = a2211 + a2222 + a2233 

lVI lVI lVI 

vl vl v2 v2 v3 v3 
D33 = a3311 + a3322 + a3333 

lVI lVI lVI 
(3.19) 

vl v2 v2 vl 
D12 = D21 = a1212 + a1221 

lVI lVI 

vl v3 v3 vl 
D13 = D31 = a1313 + a1331 

lVI lVI 

v2 v3 v3 v2 
D23 = D32 = a2323 + a2332 

lVI lVI 

If we substitute the equation by using isotropic media, 

it becomes 

vl vl v2 v2 v3 v3 
D11 = aL + aT + aT 

lVI lVI lVI 

vl vl v2 v2 v3 v3 
D22 = aT + aL + aT 

lVI lVI lVI 

vl vl v2 v2 v 3 v3. 
D33 = aT + aT + aL 

lVI lVI lVI 
and 

vl v2 
D12 D21 = (aL - aT) 

lVI 
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D12 D31 (aL - aT) 
v1 v3 

lVI 

v2 v3 (3.20) 
D23 = D32 (aL - aT) 

lVI 

Scheidegger (1961) and Bachmat and Bear (1964) also 

show that for a Cartesian coordinate system xi in which one 

of the axes, say x1, coincides with the direction of the 

average velocity, then V1 = -lVI and V2 = 0. Substituting 

these relations into equations, we obtain 

D11 = aLV = DL 

D22 = D33 = aTV DT (3.21) 

D12 D13 = D13 D31 = D23 = D32 = 0 

Solving quotients equations for aL and aT results in 

and 

Introducing quotients produces: 

(V1)2 <V2)2 (V3)2 
D11 = DL 

IVI 2 
+ DT 

IVI 2 
+ DT 

IVI 2 

(V1)2 <V2)2 (V3)2 
D22 DT 

IVI 2 
+ DL 

IVI 2 
+ DT 

IVI 2 



--- + Dt 
<v2)2 

IVI2 

(V3)2 
---- + DL ----

IVI2 
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(3.23) 

If x=l, y=2, and z=3, then the dispersion coefficients 

for isotropic porous media are: 

Dxx Dxy Dxz 

D .. = Dyx Dyy Dyz (3.24) l.J 

Dzx Dzy Dzz 

Kinetic Coefficients 

The changes due to the reaction of the solute with its 

surroundings include adsorption, desorption, biodegradation, 

volatilization, precipitation, and chemical transformation. 

K is the rate of production of the solute in different 

reactions. 

K (3.25) 
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Ka is the reaction constant for the solute's change in 

adsorption concentration. Kb is the biodegradation con

stant; organic compounds are decomposed by microorganisms 

that obtain carbon and hydrogen from these processes for 

cell synthesis. The energy necessary for this metabolism is 

supplied by the digestion of substances rich in energy into 

simpler compounds and finally into COz and HzO. Zoetman, 

Harman, Linders, Morra, and Sloof (1981) calculated the con

stant for tolune to be 0.3, ethylene 0.6, benzene 1, and 

dichlomethane 10. Kv is the volatilization constant. 

Highly volatile materials such as gasoline and chlorinated 

hydrocarbons may escape by diffusion from the soil into the 

atmosphere. Volatilization provides a measure of the ten

dency of a substance to vaporize. Tinsley (1979) and Khan 

(1980) give more details of factors that influence 

volatilization of organic chemicals in soil. Kt is the 

chemical transformation constant. Chemical reaction leads 

to an "elimination" or "disappearance" of a given chemical 

in the groundwater environment. Kp is the precipitation 

constant. This is another chemical interaction. Several 

other reactions are involved in the general K term such as 

desorption, etc. 

as 

at 
= KC (3.26) 
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In this study, one species and first order kinetic 

linear-equilibrium adsorption isotherm is assumed. Several 

other adsorption isotherms are summarized by Pinder (1977). 

If a radioactive material effects a change in its 

environment, then the adsorption term becomes 

as 
= AC (3.27) 

at 

where A is the radioactive constant and 

A = 
ln 2 

T 1/2 
(3.28) 

If the sources or sinks for the solute are different, 

then the reactant's concentration can be represented by Q 

where Q = fluid sources or sinks term 

Qw = strength of fluid source or sink (L3T-1) 

5 = Dirac Delta function on (L-1) 

(3.29) 

c* = solution concentration of the fluid source or sink 

The equation can now be written as: 

ac a ac a 
= 

at 
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ac a ac ac ac 
= (Dxx - + Dxy- + Dxz -) 

at ax ax az ay 

a ac ac ac 
+- (Dyx - + Dyy- + Dyz -) 

ay ax ay az 

a ac ac ac 
+- (Dzx - + Dyz- + Dzz -) 

az ax ay az 
(3.30) 

+ QC* - >..C + KC 
ax ay az 

or 

ac -+ 
V(DVC) - V•(VC) - >..C + KC + QC* = 

at 



CHAPTER IV 

SOLUTE TRANSPORT BY FINITE ELEMENTS 

The finite element method is a powerful numerical tech-

nique for solving differential equations in different disci-

plines, including groundwater hydrology. The general steps 

for the method include: 

1. The domain of interest is divided into a number of 

elements and described by nodal points. 

2. The basic function is chosen. 

3. The weighted integral of the residue is set to zero 

in order to obtain a set of simultaneous equations. 

4. The resulting set of equations is solved to obtain 

the values of dependent variables at all nodes. 

Galerkin's Approach 

The dispersion equation is represented by 

ac a ac ac ac 
= (Dxx - + Dxy - + Dxz -) 

at ax ax ay az 

a ac ac ac 
+- (Dyx - + Dyy- + Dyz -) 

ay ax ay az 
( 4 . 1 ) 

a ac ac ac 
+- (Dzx - + Dzy - + Dzz -) 

az ax ay az 
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a(V2 C) .,_ 
+ QC" - ;x.c - KC 

ax az · 

This equation can be shown by L(C)=O. To solve the 

differential equation by Galerkin's technique, the equation 

can be written as.~ 

ac a ac ac ac 
- KC - <Dxx + Dxy -- + Dxz --) 

ax ax az ay 
(L(C) = 

at 

a ac ac ac 
+ <Dyx + Dyy -- Dyz --) 

ay ax ay az (4.2) 

a ac ac ac 
+ <Dzx + Dyz -- + Dzz --:-) 

az ax ay az 

QC* + AC 
ax az 

The function C can be approximated by the piecewise 
-

linear function C. 

n 
C(x,y,z,t) = C (x,y,z,t) = ~ Ci(t)Wi (~,y,z) 

i=l 
(4.3) 

where Wi(x,y,z) is a basic function. It is a set of 

linearly independent functions and satisfies the required 

boundary conditions. The unknown coefficient Ci(t) is the 

disc·rete nodal value of the concentration as a function of 

time. The summation index is 'i'. The number of nodes 

within the solution domain is 'n'. 

32 
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In order to get an exact solution, the residual error R 

is minimized. 

-
L(C) - L(C) = R ( 4 . 4 ) 

So that L{C(x,y,z)} must be orthogonal to the shape func-

tion. According to the theory of inner product (Churchill, 

1941), 

( 4. 5) 

where Wi is the weighting function in Galerkin's method. 

The weighting function is equal to shape function 

n 
L { E Ci(t)Wi(x,y,z)}Wk(x,y,z)dV = 0, k = 1, 2, .•• n 

i=1 (4.6) 

in which there are n undetermined coefficients Ci. If the 

set of trial functions Wk are orthogonal in the given 

domain, 

-
L(C) will approach the exact solution of L(C): 

-
L(C) - L(C) = 0 ( 4. 7) 

In the vector form: 

J ac 
V

L{KC + 
at 

-
ll(D•C) 



+ ~·(VC) - AC + QC}Wk(x,y,z)dV (4.8) 

Equation (4.8) depends on the actual case. Some solute 

will not react and adsorption will not occur. 

If first order linear equilibrium adsorption isotherm 
-

occurs, S = KC = KC, or if radioactive decay happens, C will 

remain in the equation, otherwise the term is "zero." For 

simplicity, C = C, from the above derivation. 

I ac ·~ KC -
v at 

and 

a ac _ 
(Dij -) + NVC) + AC)WkdV -

axj 

a ac 
~(D·~C) = (Dij -) 

Mxi Mxj 

Lqc*wkdv = o 
( 4. 9) 

(4.10) 

The third term in equation (4.9) can be evaluated using 

Green's theory as 

L 
a ac t ac -L awiac 

(Dij) - -)dV = WkD· · -)dV D·. dV 
a xi ax· 

l.J 
ax· 

l.J 
ax· ax· J J l. J 

(4.11) 

The last term in equation (4.11) becomes 

L (4.12) 

where ~i are the direction cosines of A, and A is the bound

ary of the aquifer. Thus, equation (4.9) can be written as: 

34 
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r ac r a ac 

J {-- KC + )..C + ll(VC)}WkdV- J (WkDij -)dV 
v at v axi axj 

+ JAWkDij 
ac 

+L 
awk ac 

LQc* wkdv 1·dA D·. --dV = 0 1 1) 
a xi a xi axj . 

(4.13) 

J ac r aw 
ctv + Lwkwi 

avi 
(- - KC + )..C)·WiWkdV + Jv wkvi dV v at a xi a xi 

t WkDij 
ac r awk awic 

+ l·dA 
+ Jv D·. ---dV (4.14) 1 1) 

ax· a xi ax· J J 

t WkDij 
acwi -J V QC * WkdV = 0 1·dA 1 
ax· J 

Equation (4.14) can be represented by the following 

matrix equation: 

where: 

ac 
[GN]{C} + [GM] {-} + {GF} = 0 

at 

[GN] hDij 
awk awi awi 

= :E ---- + viwk -- + 
e ax· ax· a xi 1 J 

avi 
+ wiwk + (-K + )..)WiWk}dV 

a xi 

[GM] = :E L wiwkdv 
e 

(4.15) 

avi 
wiwk --

a xi 
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[GF] 

Shape Functions 

Selecting the adequate shape function usually leads to 

improving the accuracy and efficiency of solving the prob-

lem. Applying linear, quadratic, and cubic hexahedral ele-

ments, one can easily transform the isoparametric concept 

from quadrilaterals to deformed hexahedra. Isoparametric 

elements were first introduced by Ergatoudis et al. (1968). 

Since then, many papers have been published giving extensive 

details on how to choose the appropriate shape function for 

various forms of elements (Segerlind, 1976; Zienkiewicz, 

1977; Rae, 1982; and Lapidus and Pinder, 1984). The major 

difference between the isoparametric element and nondeformed 

elements is in the transformation of global coordinates to 

local coordinates using the Jacobian matrix. Figure 3 shows 

an isoparametric element in local and global coordinates. 

The Jacobian matrix is given as: 

ax ay az 

a a a a a a 

ax ay az 
[ J] = (4.16) 

al3 al3 al3 

ax ay az 

ar ar ar 



z 

(a) GLOBAL COORDINATE 

s:~~~~--------~ 

1 

1 
I 

I 
14 r-------

(b) LOCAL COORDINATE 

3 

X 

Figure 3. Isoparametric Element in Global 
and Local Coordinates 
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The relationship between global and local derivatives 

is given as 

3W· l. 

ax 

awi 

a a 
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aw. 
l. awi 

--;;: 

a f) ( Ll7) 

= [J]-1 
awi 

ar 

Shape functions are given below for linear, quadratic, 

cubic, and mixed elements. The node numbers correspond to 

the nodes shown in Figure 4. 

1. Linear quadrilateral element (8 nodes): 

2. Qu~dratic quadrilateral element (20 nodes): 

where i = 1, 2, 3, 4, 5, 6, 7, 8 

(iii) wi 

3. Cubic quadrilateral elements (32 nodes): 



6 

1 

(a) LINEAR ELEMENT 

~-...;;;3.,;.1__;;;.__..,.7 
15 
1 1 

~-~3 

(c) CUBIC ELEMENT 

19 ,,__ _____ ~7 

20 11 

;::--~~--~--~3 
9 / 2 18 

..,~3 
/ 

1 17 

(b) QUADRATIC ELEMENT 

10 

1 1 

18 

(d) MIXED ELEMENT 

Figure 4. Prism Elements for Three-Dimensional Model 
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where i = 1, 2' 3 ' 4' 5, 6 ' 7 ' 8 

(ii) W· = 9(1-a2)(1+9aai)(l+~~i)(l+rri)/64 1 

where i = 17, 18, 19, 20, 21, 22, 23, 24 

(iii) wi = 9(1-~2)(1+9~~i)(l+~~i)(l+aai)/64 

where i = 25, 26, 27, 28, 29, 30, 31, 32 

( iv) wi 9(1-r2)(1+9rri)(l+aai)(l+~~i)/64 

where i = 9, 10, 11, 12, 13, 14, 15, 16 

4. Mixed quadrilateral elements (18 nodes): 

(i) Linear side: W· for i = 1 = 1, 2, 3 , 4, 5, 6, 7, 8 1 

(ii) Quadratic side: (a) W· for i = 10, 14 1 

(b) W· 1 for i = 9 

(c) W· 1 for i = 18 

(iii) Cubic side: (a) W· for i = 16, 17 1 

(b) Wi for i = 11, 12 

(c) W· 1 for i 13, 15 

Seger lind (1976) defined ao = aa1, ~0 = ~~i· and 

ro rri. For the corner of the linear element: 

ao = aai - a, since a· - 1 and ~0 = - ~. ro =- r 1 



Then, Wi becomes 

W· = ~ 

1 

8 
(1- a)(1 - ~)(1 - r) 

For the quadratic element: 

1. Corner node: 

1 
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W· = ~ 
(1 + a 0 )(1 + ~0 )(1 + r 0 ){9(a2 + ~2 + r2) - 19} 

64 

2. Midside node: 

a= 0; ~i = + 1; r = + 1 

W· = 
~ 

1 

64 

For the cubic element: 

1. Corner node: 

1 
Wi =-- (1 + a0 )(1 + ~0 )(1 + r 0 ){9(a2 + ~2 + r2)-19} 

64 

2. Midside node: 

1 
a = + -; ~i = + 1; r = + 1 

3 



Numerical Integration 

Gaussian quadrature integration is used in this study. 

The range of the integral is defined between -1 and 1. 

Lapidus and Pinder (1982) gave the appropriate Gaussian 

quadrature expression as 

where Wi = weighting factor 

ai = Coordinate of the ith integration point (Gauss 

point) 

n = total number of integration points 

d2nf 
= 2**(2n+1)(n!)**4(2n+1)**(-1){(2n!)}**(-3)---

da2n 
-1 < e < 1 

A polynominal of degree (2n-1) can be integrated 

a=e 

exactly by using n integration points. The weighting coef-

ficients and integration points are computed using Legendre 

polynominals. The technique is often called the Gauss-

Legendre quadrature method. Zienkiewicz (1971) tabulated 
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the integration points and weights up to 10 points, as shown 

in Table I. For the three-dimension~l case, the formula 

becomes 

n I 

f(a,~,r)dad~dr = E 
k=1 

n 
E 

j=1 

n 
E 

i=1 



n 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

TABLE I 

ABSCISSAE AND WEIGHT COEFFICIENTS OF 
THE GAUSSIAN QUADRATURE FORMULA 

Jl f(x)dx = ~ Wkf(ai~ 
-1 i=l 

Weighting Coefficient Abscissae 
(Wk) {+a) 

2.00000 00000 0.00000 00000 

1.00000 00000 0.57735 02691 

0.55555 55555 0.77459 66692 
0.88888 88888 0.00000 00000 

0.34785 48451 0.86113 63115 
0.65214 51548 0.33998 10435 

0.23692 68850 0.90617 98459 
0.47862 86704 0.53846 93101 
0.56888 88888 0.00000 00000 

0.17132 44923 0.93246 95142 
0.36076 15730 0.66120 94864 
0.46791 39345 0.23861 91860 

0.12948 49661 0.94910 79123 
0.27970 53914 0.74153 11855 
0.38183 00505 0.40584 51513 
0.41795 91836 0.00000 00000 

0.10122 85362 0.96028 98564 
0.22238 10344 0.79666 64774 
0.31370 66458 0.52553 24099 
0.36268 37833 0.18343 46424 

0.08127 43883 0.96816 02395 
0.18064 81606 0.83603 11073 
0.26061 06964 0.61337 14327 
0.31234• 70770 0.32425 34234 
0.33023 93550 0.00000 00000 

0.06667 13443 0.97390 65285 
0.14945 13491 0.86506 33666 
0.21908 63625 0.67940 95682 
0.26926 67193 0.43339 53941 
0.29552 42247 0148870 43389 
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Node Numbering and Assembly of Elements 

Assigning a number to a node is a very important step 

in the finite element method. Labeling the node in a right 

manner saves computer storage and increases computational 

efficiency in obtaining a solution. Proper numbering of the 

nodes gives a banded matrix instead of a full matrix. A 

matrix is banded because zeros beyond the bandwidth need not 

be stored on the computer. The method of calculating the 

bandwidth has been defined by Segerlind (1976), Zienkiewicz 

(1971), and Rao (1982). They have given the equation as 

NBAND = (D + 1) -!: NDOF ( 4 .18) 

where NBAND = bandwidth 

D = maximum largest difference in the node number 

occurring for all elements 

NDOF = number of degrees of freedom at each node 

The equation shows that D has to be minimized in order 

to minimize the bandwidth. Cook (1981) points out that a 

shorter bandwidth can be obtained simply by numbering the 

nodes across the shortest dimension of the matrix. 

After the matrices have been calculated for each ele

ment, they are assembled to form a global system. Figure 

5(a) shows the domain to be divided into five elements, and 

Figures 5(b) and 5(c) show how they are assembled together. 



,f ,- \7 

'---------.. 

1 

2 

3 

4 

5 

6 

7 

8 

DISCRITIZED DOMAIN 

+ 

12345678 

+ + 

ELEMENT 1 ELEMENT 2 ELEMENT 3 

+ - V/:a.''/A' 1'/.J > 1 I I I 

ELEMENT 4 ELEMENT 5 GLOBAL MATRIX 

Figure 5. Illustration of Assemblage 

""' U1 
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Initial and Boundary Conditions 

Before any of the partial differential equations previously 

derived can be solved, initial and boundary conditions must 

be specified. The initial condition is the value of the 

dependant variable at time zero over the whole domain. This 

could be 

C = C0 (x,y,z,t) 

For groundwater applications, two types of boundary are 

generally used: (1) specified value, and (2) specified flux. 

Whether the value is head, concentration, or temperature 

depends on the equation. The value in this study is concen

tration. 

With the specified value type, values of concentration 

are specified along the boundary, which also is known as the 

Dirichlet Condition. 

Concentration is specified along the boundary and 

equated to the normal derivative, also known as the Newman 

condition, where the flux is specified. 



CHAPTER V 

SOLUTION OF FINITE ELEMENT EQUATIONS 

This chapter will describe how the solute transport 

equation developed in Chapter III can be solved. 

Discretization in Time Domain 

The finite element technique has been applied to the 

special derivative, while the time derivative has usually 

been approximated by using the finite difference method. 

The element equation developed in Chapter IV can be written 

as 

ac 
[GN]{C} + [GM]{--} + {GF} = 0 

at 

Remson et al. (1971), Pinder and Gray (1977), and 

Huykorn et al. (1983) replaced the time derivative by a 

(5.1) 

weighted finite difference approximation. Therefore, the 

above equation becomes 

1 
[GN](9{C}t+~t+(l-9){C}t)+ --[GM]({C}t+~t-{C}t) 

~t 

9{GF}t+~t+(l-9){GF}t (0<9<1) 
(5.2) 

where 9 dictates the reference point in the time of differ-

ence formula. For e 0, the scheme is known as the forward 
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finite difference method; with e = 1, it becomes the back-

ward finite difference scheme and with e = 0.5, it is called 

the central finite difference scheme. 

In this study, the backward finite difference scheme 

has been chosen for discretization of the time. When 9 = 1, 

it is substituted into equation (5.2) and gives 

1 1 
[GN]{C}t+~t + (--){C}t+~t-(--)[GM]{C}t = {GF}t+~t (5.3) 

~t ~t 

Stability and Convergence 

of Implicit Scheme 

For any approximation method to be valid, it must pre-

sent a solution that is close to the exact solution. If one 

considers a fixed point and inquires about the difference 

between two meshes that become finer and finer, the error 

goes to zero. We will say that a finite difference method 

is convergent. The second aspect is fixing ~x and ~t and 

then examining when t->~. In doing so, one hopes that 

errors are not amplified. If the amplification of errors is 

restricted, the method is said to be stable. 

Gray and Pinder (1977), Chung (1978), and Huyakorn and 

Pinder (1983)' described the stability and convergence 

requirement and found that the solution to the approximating 

finite difference equation can be written as ci,k. where its 

the pivotal node and k is the time interval. Due to the 

round-off errors during algebraic manipulations, a solution 



Ci,k is obtained which will differ from the time solution by 

a numerical error Ei,k such that 

(5.4) 

A numerical scheme will be considered stable if, with 

increased time, Ei k tends to zero for all the values of i. 
' 

Substitution of a finite difference approximation into the 

homogeneous set of equations, obtained from equation (5.1), 

by getting {GF} equal to zero, gives an expression 

{C}k+1 = [GN*){C}k (5.5) 

and 

{C} 0 = {W} (5.6) 

where {C} 0 is the matrix of initial conditions and [GN*], a 

matrix called the amplification matrix. Two stability cri

teria are considered. The first criterion, defined by 

Saulyev (1964), defines the following norms, which are con-

sistent inasmuch as they satisfy the Schwarz inequality 

(Westlake, 1968). 

= 

and 

= MAX 
1~i~n 

n 
l: 

j=1 
IGN· ·I ~.J 

( 5. 7) 

(5.8) 

Let us consider a matrix {W} composed of the initial 

conditions and slightly modified, due to rounding off of 
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its components using the overbar notation. The equation 

(5.5) becomes 

( 5. 9) 

and 

(5.10) 

in which p is the total number of time steps considered. If 

the error vector is defined by 

then 

{E}k+1 = [GN*J{E}k 

where {E} 0 = {W} -{W} 

or 

for the Schwarz inequality and above equation becomes 

(5.12) 

(5.13) 

(5.14) 

(5.15) 

It is apparent from equation (5.15) that the error {E} 

in the initial data will not grow with an increase in k, and 

that the solution will remain stable only if 

I I [ GNi: ] I I $ 1 (5.16) 
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This same relationship holds true when the error is 

assumed at any arbitrary time level, because this level can 

always be considered as a new set of initial conditions. 

The second criterion is the Neumann necessary condition 

for stability. Chung (1978) and Huyakorn and Pinder (1983) 

developed the same equation as (5.1), and stated that the 

stability of the numerical solution can be assumed if the 

norm of the amplification is made smaller than unity. For a 

symmetric [GN*], the appropriate norm to use is the special 

norm I I[GN*JI l2· Thus, the inequality becomes 

I I [ GN* ] I I 2 ~ 1 

since II [ GN*] 112 is defined as 

I I[GN*JI l2 =MAX IAII 
I 

(5.17) 

(5.18) 

where AI denotes the eigenvalue of [GN], the stability cri-

terion becomes 

(5.19) 

For the explicit scheme 9 = 0, substitute to equation (5.3) 

using k+l step instead of t+~t time step. As the [GF} is 

set equal to zero, the equation becomes 

([GM]/~t){C}k+l = ([GM]/At- [GN]){C}k (5.20) 

and from equation (5.5) 

[GN*] = [GM]-1 ([GM] -~t[GN] =[I] -~t[GM]-l[GN] (5.21) 



where [I] is a unit matrix and 

[I] = [GN*] + ~t[GM]-l[GN] 

Taking matrix norm on both sides 

1 s I I [ GN * ] I I 2 + ~ t I I [ GM] -l I 12 I I [ GN] I I 2 

or 

II [GN*] 112 ~ II [I] 112 - ~tl j[GMJ-1 11 I j[GN] 112 

For stability II [GN*] II S 1 but 

1 - ~ t I I [ GM] -ll I I I [ GN ] I I 2 s 1 
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(5.22) 

(5.23) 

(5.24) 

(5.25) 

It can be seen that a bound for ~t outside of the 

inequality is not valid, so the explicit scheme is condi

tionally stable. For implicit scheme, e = 1 

[GN*J = ([GN]2 + [GM]/~t)-1 ([GM]/~t) (5.26) 

It can be shown that for all values of ~t we have 

II [ GN* ] 112 s II I I 12 = 1 (5.27) 

Thus, we say the implicit is unconditionally stable. 

The main point of this section is to prove that the implicit 

scheme is stable and convergent. 

Initial and Boundary Conditions 

The specification of initial and boundary conditions is 

necessary in order to obtain a solution of the solute trans-



port equation. The initial concentration can be calculated 

from field data or from previous simulation. From the 

Dirichlet condition, the concentration at certain nodes is 

specified, the Neumann Condition, the solute flux entering 

or leaving the aquifer is specified. 
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The Neumann condition can be used to represent an 

aquifer with well withdrawal or injection, and a constant 

concentration boundary in the model can represent parts of 

the aquifer where the concentration will not change with 

time. If the constant concentration represents a fluid 

source, the solute concentration in the source fluid must 

also be specified. If the boundary represents a fluid sink, 

then the concentration of the product will be the same as 

the concentration in the aquifer at the location of the 

sink. 

The boundary condition is put into the program before 

the formation of the global equation, enabling one to solve 

the matrix in the model. The subprogram BOUND will handle 

this portion. 

Segerlind (1976) described two methods for specifying 

the boundary condition: one is the deletion row and column, 

and the other is the multiplication of the diagonal terms by 

a very large number. The first method was chosen for this 

study. The equation for backward expression also can take 

the following form: 

1 
[GN]{C}t + [GM]([C]t - {C}t-~t) + {GF}t = 0 (5.28) 

~t 
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Rearranging equation (5.28). 

1 1 
( [GN] + [GM] ){ C}t = [GM]{C}t-~t - {GF} (5.29) 

~t ~t 

The equation shows the value of concentration. On the right 

hand side are the knowns and on the other side are the 

unknowns. The first value of· C(t) is the known value from 

the equation and it becomes 

[GL]{C}t = {GF} 

where [GL] = ([GN] + [GM]/~t), and 

GF = ([GM]/~t){C} - {GF} 

Equation (5.30) can be expressed as 

GL· · 1,J 

GLL · ,J 

GLn,j 

GL· L 
1' 

GLr,L 

where i, j = 1, 2, ... n 

GLn,n 

C· 1 

-c n 

GF· 1 

(5.30) 

(5.31) 

The value of CL is specified according to the deletion 

row and column method. All the coefficients in the row 1 

are set to zero except the diagonal term, which is left 

unchanged GLL,j = 0, but L f j and the Lth term of GFL 

will be replaced by GLLCL. 
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GL· · l.,J GL· L 1., . . . GLi,n C· 1. GFi 

GLL · . . . GLL,L GLL,n CL = GFL 5.32) ,J 

GLn,j . . . GLn,L . . . GLn,n Cn· GFn 
... 

where i, j = 1,2, ••. n 

All of the remaining equations are modified by subtracting 

the product GLi,LCL from GFi and then setting GLL,L = 0, i = 
1, n and i ~ L. 

GLi, L . • . 

0 . • . . GLL,L . • . 0 

GLn,j· GLn,L • GLn,n 

C· 1. 

= 

GF·-GL· L CL 1. 1., 

( 5. 33) 

The above process continues the completion, and is applied 

to the solution of the matrix equation. 

Matrix Solution 

Each numerical approximation tends to an algebraic 

equation for each node point. These are combined to form a 

matrix equation; that is, a set of N equations with N 

unknowns, where N is the number of nodes. The general form 

of equations, written in matrix form, is as equation (5.30) 

[GL]{C}t = {GF} (5.34) 

Where GL is a matrix containing coefficients related to 

grids spacing and to aquifer properties such as dispersion 
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coefficient. C is a vector containing the dependent vari-

able to be dete.rmined in our case, is concentration and GF 

is a vector containing all known information, such as bound-

ary condition information. 

In general, a matrix equation may be solved numerically 

by the direct or iterative method. In the direct method, a 

sequence of operations is performed once, providing a solu

tion that is exact except for machine round-off error. The 

iterative method is a process of successive approximations. 

An initial guess at the matrix solution is made, then this 

guess is imposed by some iterative process until an error 

criterion is attained. 

In this study, the direct method has been used for 

solving the matrix, and the Gauss elimination and back sub-

stitution has been adapted to solve the matrix. The basic 

objective of this method is to transform the given system 

into an equivalent triangular system, then the triangular 

system can be solved by back substitution. The method is 

shown below. 

GLJ.l cl + GLJ.2 c2 + + GLJ.n Cn = GF 0 1 

GLzl cl + GLz2 c2 + + GLzn Cn = GFz 
= (5.35) 

= 

GL~1 cl + GL~2 c 2 + + G~n Cn GF 0 n 

where the superscript 0 means the original values. By 

solving the first equation for cl, we obtain 



GFf GLI2 GLJ3 
c1 = - --c2 - --c3-

GFt1 GLJ1 GL!1 

GLJn 
---en 

GLJ1 
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Substitution of this c into the remaining equation 

(5.35) leads to 

1 1 1 
GL22C2 + GL23C3 + . . + GL2nCn 

1 1 1 
GL32C2 + GL33C3 + . . . + GL3nCn 

. . . . . . . . 

1 1 1 
GLn2C2 + GLn3C3 + . . . + GLnnCn 

In general 

where 

k 
GL· · lJ 

k-1 k-1 
GFk n GLkj 

ck = - r: c 
k-1 j=k+1 k-1 

GFkk GLkk 

k-1 k-1 k-1 k-1 
= GLij - {(GLik GLkj)/GLkk} 

k-1 k-1 k-1 
= GFi - {(GLik GFk- 1 )/GLkk} 

i, j = k+1, ... n 

1 
= GF2 

1 
= GF3 

= (5.36) 

= 

1 
= GFn 

(5.37) 

After applying the same procedure n-1 times, the origi-

nal system of equations reduces to the following single 

equation: 

n-1 n-1 
GLnn Cn = GFn 



then 

n-1 
GFn 

k-1 
GLnn 

The Cn-1' Cn-z, ... Cn- value can be found in reverse 

order. If at any stage in the elimination process one of 

the pivot elements vanishes, we attempt to rearrange the 
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remaining rows so as to obtain a nonvanishing pivot. Other-

wise, the matrix GL is singular and the system has no solu-

tion. This is done in subprogram SOLVER. 



CHAPTER VI 

COMPUTER PROGRAM 

The computer program has been written for the three

dimensional pollutant in a groundwater system. This program 

was written in standard FORTRAN language and run on the 

Oklahoma State University IBM/3081K - WATFIV system. 

Main Program 

The main program coordinates other subroutines; it 

controls input and prints output of data, dimensions the 

program at prescribed time increments, calls for shape func

tion, assembles the element matrices into the global matrix, 

calculates the bandwidth, and solves the matrix. When maxi

mum time has been reached, computations are determined. A 

flow chart for the main program and general type of finite 

element analysis are shown in Figures 6 and 7. 

Subroutine INPUT 

The subprogram reads and prints all the input data, 

including the specified nodes of boundary condition. 
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I stzt I 
D1mension the Problem 

\lf 
Call Subrout1ne INPUT 

Call Subroutine SHAPE 

}. 
Call Subrout1ne BOUND 

Call Subrout1ne WIDTH 

Wr1te Max1mum Bandw1th 

Call Subrout1ne ADJUST 

' Wr1te Ouf-p-u~t~T~lt~l~e~ 

I In1t1al1ze T1me 

--------~~~-D-0---L-T~=--l_, __ I_T~ 
\11 

~T~I~ME~-=-=TIM~E:-+~D~E~L~T~ 

Solve Matnx Equat1on 
RIGHTV and SOLVER 

,L 
Wrlte Solut1on at 

Each Time Step 

~ 
NO 

~ YES 

[Stop. I 

Figure 6. Flow Chart for Main Program 



NE=N E+l I 

·I st;rt I 
~------~I-nput ----~ 

General Parameters 

Evaluate Element 
Matrix Integer 

" 
J. 

Assemble 
Global Matrix 

I 

t. YES 
~M~o-)d~l~f~y~Ma~trlx Equatlon 

to Boundary Condition 

Output 

-Figure 7. GeneraL Typ_e Flow. Chart for Fin_i-te ,Element 
_ Analysis 
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Subroutine SHAPE 

This subprogram provides the local coordinates for each 

element and Gaussian Quadrature information. It does the 

numerical integration of the shape function for all ele

ments. From the SHAPE subprogram, the Jacobian matrix and 

its determinant are obtained. Then the program calls the 

subprogram GLOBAL. 

Subroutine GLOBAL 

This subprogram assembles the element matrices into 

global matrix. The global matrices represent RMX (right 

hand side vector), STOMX, and GLOBMX. 

Subroutine BOUND 

This subprogram modifies the global matrix with given 

boundary conditions. The given known boundary conditions 

are ND(I). The method of deletion of rows and columns is 

used. The flow chart for subroutine bound is shown in 

Figure 8. 

Subroutine WIDTH 

This subprogram calculates the bandwidth. In order to 

minimize computer storage requirements, it is important to 

keep the maximum difference between any two numbers of any 

given element as small as possible. 
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~=-~~~~5-t;~rt~~~~~ 
DO I, J = 1, MXNOD 

NO~~~~~~~~~~~~~~ 
) ~ STOMX(I,J)=STOMXti,J)/DELT 

GLOBMX(I,J)=GLOBMX(I,J) _ 

I YES 

STOMX I ,J =STgMX(I,J)/DELT 
GLOBMX(I,J)=GLOBMX(I,J)+FACT*STOMX(I,J) 

NO 

YES 

1 

Figure 8. Elow Chart of Subrout.,in_:e _BOUt-ID 
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1 

----;> 1~..-o_o_r _=..,..~-1 ,_No_s_c-.~ 
y 

NO 

---? ..... 1 _RMX __ c _r _> =_RMX __ <_r _> +_s_c_o_c_r_> _ 

t YES 

---~ ~o=o~J=--= 1, MXNOD 

YES 

..--::::G::-L~OB:::MX~(":":ND ( I) , J ) = 0 I 

RMX~J)=CINT~I~* 
GLOBMX(ND(I),ND(I)) 

~ .--::RMX=':""f'(-:J'T'} '""":= RMX=;-,("'"'=J~}~+GL=-o~B::-.::MX-:="'l("'"'=J:-,~N=-D.,..( =-r ~) *~C=-=I~N:::T:"l"( ':":'ND~( r=-)~ 

:c 
~G::-L~OB:::MX~.~(~J,N~D~(~I~}T)=~O~ 

N.O 

YES 

NO 

1 YES 

p:tu=] 
Figure 8. (Continued) 



Subroutine ADJUST 

This subprogram decomposes the matrix into an upper 

triangular matrix using the Gaussian elimination procedure. 

'Subroutine RIGHTV 

This subprogram updates the righthand side vector, and 

will be called after each time step. 

Subroutine SOLVER 

This subprogram accepts the upper band of the matrix 

from subroutine ADJUST and solves the unknown in the system 

of equations. Using backward substitution, vector C is 

solved. 
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CHAPTER VII 

ONE-DIMENSIONAL VALIDATION 

Example Problem 

A two-dimensional analytical solution developed by 

Cleary, Miller, and Pinder (1978) was used to validate the 

three-dimensional model. In the testing problem, the dimen

sions of the model are 70 by 100 feet and the thickness of 

the aquifer is 100 feet. Figure 9 shows the strip source 

with a finite width aquifer. 

ac ac a2c a2c 
+ V-- = Dx-- + D-- - KC 

at ax ax2 Y ay2 
( 7.1) 

subject to 

c = c -rt oe X = 0; Y1 ~ y ~ Y2 

c = 0 X = 0; all other y 

ac 
= 0 y = 0 

ay 

ac 
= 0 y = w 

ay 

ac 
= 0 X-) oo 

ax 

c = 0 t = 0 
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0 

Figure 9. Strip Source with Finite Width Aquifer 
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In the test, the 'r' and 'K' values are set to zero. r 

is the first-order rate on the boundary condition and K is 

the first order decay constant in the system. In the y 

direction, velocity is 2ft/day, limits of the strip source 

is located between 20 to 50 feet. 

Analytical Solution 

The analytical solution provided by Cleary et al. 

(1978) is as follows: 

C(x,y,t) -rt 

xVx rx.ft x 
- exp(-) Erfc( + --)} 

Dx 2../fS;. 2../Dx t 

Vxx 
exp(-- - rt) 

2Dx 

-xvx xVx 2 Vx FE x 
{exp(---- + exp[--- - (rnDy+k-r)t]Erfc(--- --- + ___ ) 

2Dx 2Dx 2 Dx 2../tDx 



69 

2 
-x Vn 2 x 

- exp(-- (--+rnDy+k-r)Erfc{ _ 
. ) Dx 4Dx 2./Dx t 

where 

if n=O 
L 

if n>O if n>O 

rn = nTI/W; n = 0, 1, 2, 3, 

Numerical Model 

The developed model can be modified to a two-dimen-

sional problem by making the top and bottom nodes equal. 

The aquifer had been discretized into 20, 50, 70, and 100 

elements. The total nodes are 60, 132, 176, and 242 for 

different discretizations. The same input data are neces-

sary in the numerical model. Figure 10 shows the model dis-

cretized into 70 elements. 

Validation 

The testing result will be compared to the center of 

the x direction and also compared at 20 and 50 day time 

periods. Figures 11 and 12 show the dimensionless result at 

different times. We can see that the result of 100 elements 

will move closer to the analytical solution. Figures 13 and 

14 and Tables II and III show the error percentage between 

the analytical solution and model solution. The error 



LENGTH OF AQUIFER L = 100 FT. 

THICKNESS OF AQUIFER H = 100 FT. 

WIDTH OF AQUIFER 

STRIP SOURCE 

NUMBER OF NODES 
NUMBER OF ELEMENT 

y w 

C=C 
0 

w= 70 FT. 

Y 1 = 20 FT. 
Y 2 =50 FT. 

N = 176 
E = 70 

Figure 10. Model for One-Dimensional Testing 
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0. 1 

0 

ANALYTICAL SOLUTION 

100 ELEMENTS 

70 ELEMENTS 

50 ELEMENTS 

TIME= 20 DAYS 

y = 35 FT. 

X' IX 

20 ELEMENTS 

Figure 11. Comparison with Analytical Solution 
at Time = 20 Days 
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0. 1 

0 

ANALYTICAL SOLUTION 

100 ELEMENTS 

70 ELEMENTS 

TIME= 50 DAYS 
y = 35 FT. 

X' IX 

50 ELEMENTS 

20 ELEMENTS 

Figure 12. Comparison with Analytical Solution 
at Time = 50 Days 
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Location 
Analytical From JC 

Coordinate Solution 

(Feet) Rei. Conc.l 

10 0.867 

20 o. 731 

40 0.491 

60 0.311 

80 0.186 

100 0.104 

1 Relative Concentration 
2 Finite Element Method 
3 Not Applicable 

TABLE II 

COMPARISON OF ANALYTICAL SOLUTION WITH 
THE MODEL IN 20 DAYS 

Y = 35 FEET 

100 70 50 
Elements Percent Elements Percent Elements Percent 
FEH 2 Error FEM2 Error FEH 2 Error 

0.805 7.2 o. 796 8.2 0.754 13.0 

0.690 5.6 0.679 7.1 0.643 12.1 

0.450 3.3 0.465 5.3 0.446 9.2 

0.305 1.9 0.300 3.5 0.284 8.7 

0.187 0.0 0.183 1.7 0.173 7.5 

0.105 0.0 0.103 0.9 0; 102 1.9 

20 
Elements 
FEM2 

NA 3 

0.595 

0.421 

0.276 

0.171 

0.101 

Percent 
Error 

NA 3 

18.6 

14. J 

11.2 

8.5 

2.8 

-....1 
w 



Location 
Analytical From X 

Coordinate 
Solution 

(Feet) 
Re 1. Cone .1 

10 0.902 

20 0.800 

40 0.616 

60 0.477 

80 o. 372 

100 0.289 

1 "Relative Concentration 
2 Finite Element Method 
3 Not Applicable 

TABLE III 

COrTIARISON OF ANALYTICAL SOLUTION WI'rH 
THE MODEL IN 50 DAYS 

Y = 35 FEET 

100 70 50 
Elements Percent Elements Percent Elements Percent 
FEN 2 Error FEM2 Error FEM 2 Error 

0.873 3.2 0.856 5.0 0.845 6.3 

0. 776 3.0 o. 763 4.6 0.758 5.2 

0.602 2.3 0.590 3.5 0.581 4.0 

0.468 1.9 0.465 2.5 0.462 3.2 

0.373 0.0 0.364 2. 1 0.362 2.6 

0.294 o.o 0.292 e.o 0.290 0.0 

20 
Elements 
FEM2 

NA 

0.693 

0.554 

0.446 

0.359 

0.290 

Percent 
Error 

NA 

12.4 

10.0 

6.5 

3.4 

0.0 

-..) 

"'" 



30 

fft 20 
0:: 
0 
0:: 
0:: 
w 
(,) 

10 

TIME= 20 DAYS 

y =35 FT. 

20 ELEMENTS 

50 ELEMENTS 

70 ELEMENTS 

100 ELEMENTS 

Figure 13. Error Percentage Versus x Distance 
at Time = 20 days 
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"#. 
a: 
0 
a: 
a: 
w 
w 

30 

20 

10 

0 

TIME= 50 DAYS 
y= 35 FT. 

20 ELEMENTS 
50 ELEMENTS 

70 ELEMENTS 
1 00 ELEMENTS 

X' IX 

Figure 14. Error Percentage Versus x Distance 
at Time = 50 Days 
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varied from 0 to 7.2 percentage for 100 elements and 0 to 

18.6 percentage for 20 elements. 
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Tables II and III show that with more elements and a 

longer period of time, the error will decrease. We also 

plot the figures to show the error versus the number of 

elements used (Figures 15 and 16). In this particular case, 

if we use more elements at a shorter distance from the strip 

source, we can get better results. 

Thus, the developed model is compared against a two

dimensional analytical solution. By taking a slice in one 

direction, one-dimensional testing is accomplished using 

error analysis for different elements and times. 
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CHAPTER VIII 

TWO-DIMENSIONAL VALIDATION 

Example Problem 

The analytical solution was presented by Cleary and Ung 

(1978) and the numerical model was that of Gureghian et al. 

(1980). The developed model also was compared with an 

analytical solution and a numerical model. The following 

equation re;presents the water quality model: 

ac a2c a2c ac ac 
= Dx -+ Dy- Vx- - v - - KC ( 8.1) 

at ax2 . ay2 ax Y ay 

The solute decay in accordance with first order kinetic 

K is zero in this case. The model will be subject to the 

following initial and boundary conditions. 

-(y - Yol 2 
c = c 1exp(-rt)exp{ }; x = 0 

2s2 

ac 
-> 0; y -> + 00 

ay 

ac 
-> 0; X -> + 00 ( 8. 2) 

ax 

c = 0; t = 0 
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where Yo = centered location of the Gaussian Source (L) 

C1 = peak concentration at source (ML-3) 

81 

s = standard deviation of Gaussian distribution source 

Analytical Solution 

Gureghian et al. (1980) and Cleary and Ung (1978) gave 

the analytical solution as follows: 

c1xs VxX (Y-Yo> 2 . s2 
C(x,y,t) = exp{-- - + 

2.j2'1fDx 2Dxx 2s2 2 

t v2 v2 
X y 

exp{ ( - --)t} 
4Dxx 4Dyy 

s2 
t3/2 (Dyyt + -)1/2 

0 2 (8.3) 

exp{---

where y direction is infinite, -~ < y < ~, and 

x direction is semi-infinite, 0 ~ x < ~ 

The peak concentration at source c1 = 1.0, the centered 

location is 400 feet, and the standard deviation is 300. 

Numerical Model 

In this study, the size of the aquifer is 1800 by 900 

feet and the thickness of the aquifer is 10 feet. The grids 
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used to compare the analytical solution include 81 elements, 

each of which measure 200 by 100 feet. Figure 17 shows the 

model with Gaussian distribution source. 

In this test, Peclet numbers 10 and 500 are selected to 

do the comparison. In Pe = V L/D, V is the velocity, L is 

the characteristic length (element size), and Dis the 

dispersion coefficient. In this study the simulation time 

is 175 days and the time increment is 25 days. The velocity 

in x direction is 4ft/day and in y direction is 1ft/day for 

both cases. For a Peclet number equal to 10, the dispersion 

coefficient is 80ft2 in x direction and 10ft2 in y 

direction. Thus, Pe = 4x200/80 or Pe = lxl00/10. For a 

Peclet equal to 500, dispersion coefficients in x and y 

directions are 1.6ft2/day and 0.2ft2/day respectively, Pe = 
4x200/1.6 or lxl00/0.2. 

Validation 

Figures 18 and 19 show the computed concentrations 0.2, 

0.5, and 0.8 given by the analytical solution and the finite 

element method. In both cases, Pe = 10 and Pe = 500. At 

higher concentrations, the Gureghian (1981) and the 

developed model are close to the analytical solution, and at 

lower concentrations, both show an overshoot. For Pe = 10, 

when the model's solution versus the analytical solution, 

the error varied from 0% to 24%. When Gureghian's (1981) 

solution versus analytical solution, the error varied from 

0% to 38%. The two numerical model solution's errors varied 
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from 0% to 12.55%. For Pe = 500, the error increased. When 

the analytical solution versus Gureghian's model's solution, 

error varied from 0% to 57.50%. When the developed model 

solution was compared with the analytical solution, the 

error varied from 0% to 56%. The two numerical model 

solution's errors varied only 1%. The error anlaysis is 

presented for the two-dimensional case. The error varies 

between 0% to 38% and 0% to 57.5% for the two solutions for 

only one node. For other nodes, the error for the two 

solutions varies between 0% to 20% and 0% to 22%. Thus, the 

developed model is tested against a two-dimensional solution 

and the numerical solution. 

The numerical experiments in this study show that 

errors are larger for higher concentrations. For relatively 

low concentrations, errors become significant from 24% for 

low Peclet numbers (10) to 56% for high Peclet numbers 

(500). This perhaps caused the overshoot. Thus, the Peclet 

numbers should be kept relatively low where the concentra

tions are relatively small because the Peclet number is pro

portional to element size or length characteritics. The 

overshoot could be minimized by keeping the element size 

small in areas of low concentration. 



CHAPTER IX 

THREE-DIMENSIONAL VALIDATION 

Example Problem 

Not very many numerical solutions for three-dimensional 

testing have been developed. The AT123D Program developed 

by Yeh (1981) has been used to compare with the model devel

oped in this study. He computed the spatia-temporal distri-

bution of waste in the aquifer system. In his search for a 

closed-form solution, the application of Green's function is 

utilized to the optimum advantage. The following equation 

is established by Duguid and Reeves (1976) and Yeh (1981) • 

. 
= V•(neDVC) - V•CV + M- KneRdC - AneRdC ( 9.1) 

(9.2) 

. 
where M = rate of source (ML-3T-1) 

K = distribution coefficient 

p =bulk density of the media (ML-3) 

retardation factor 

The other terms are the same as equation (4.1), thus 

allowing for comparison with the developed model. All the 

parameters should divide by the retardation factor. In this 
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testing, velocity is 0.48xlO-Sm2/hr; dispersion coefficients 

are 7.439xl0-5m2/hr, 1.24xl0-4m2/hr, and 1.240xl0-4m2/hr in 

x, y, z directions respectively. The retardation decay 

constant is .00000283 curie/hr. The two cases studied are 

the point source in x, y, z directions (0, 10,1) and the 

line source in x, y, z directions. Both cases are finite 

width and finite depth (Figure 20). 

Analytical Solution 

Various mathematical techniques can be applied to 

finding the analytical solutions. In the AT123D program, 

Green's function (Yeh, 1981) is used. 

The initial condition is described as: 

C = Cocx,y,z,O), at t = 0 and in R (9.3) 

where Co is a given function of spatial coordinates x, y, 

and z; R is a region bounded by the curve, and B(x,y,z) = 0 

as shown in Figure 21. This Co may also be obtained by 

simulating the steady-state version of equation (9.1) with 

steady boundary conditions and groundwater flow field. 

Three types of boundary conditions may be specified 

depending on the physical constraints. The first type of 

boundary condition is the Dirichlet, and the concentration 

prescribed is 

c - c - l(x,y,z,t) on Bl ( 9 . 4 ) 



60 m 

z 

CASE 1 POINT SOURCE (0, 10, 1) 

60 m 

z 

CASE 2 LINE SOURCE (x 5 , y 5 , z 5 ) = (0, 0, 1) 

(x 5 , Y 5 , z5 ) = (0, 25, 1) 

Figure 20. Schematization of Source Dimensions 
and the Medium 
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Figure 21. Spatial Boundary of Region R 
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where B1 is a portion of B and C1 is a given function of 

time and the location on B1. The second type of boundary 

condition and the normal gradient of the concentration is 

described as 

~ 

-neD·~ C•n = q2(x,y,z,t) on B2 ( 9. 5) 

~ 

where n is the directional cosine of the outward unit vector 

normal to the B2 portion of the curve B. 

The third type is the Cauchy boundary condition. It is 

applied to the flow-through boundaries with inflows into the 

region and is written as 

~ 

-(neD·~C - VC)n = q3(x,y,z,t) on B3 ( 9. 6) 

where q3 is a given function of time and the points (x,y,z) 

are on the B3 portion of B. 

The solution of equation (9.1), subject to initial and 

boundary conditions, is 

. 
C(x,y,z,t) = Jt J ~ GdR0d~ + JR(GC0 )~ = 0 dR 

0 R neRd 

If G(x,y,z; a, ~, r) satisfy the following conditions: 

( 9. 7) 



lim G 
t-j>-c 

6(x-a)6(y-~)6(z-r) 

G = 0 for t < -c 

G = 0 on B1 

-j> -j> 

(neD·VoG + VG)•n o on Bz 

-j> 

neD•VoG·n = 0 on B3 
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(9.8) 

(9.9) 

(9.10) 

(9.11) 

(9.12) 

- (K/Rd + A)G for t > -c (9.13) 

where v0 : Del operator with respect to a.~~r. The subscript 

'0' in equations (9.7) through (9.13) refers to the 

operation with respect to a,~,r rather than x,y,z. G is 

Green's function. If G is known,the problem is solved. It 

can be shown with simple geometry such as a separable 

coordinate system. Green's function may be expressed as 

G(x,y,z,t;a,~,-c)=G1(x,t;a,-c)Gz(y,t;~,-c)G3 (z,t;r,-c) (9.14) 

The derivation of G1, Gz, G3 can be found elsewhere (Fried, 

1975) and Yeh and Tsai, 1976). If we further assume that no 

waste can flow across the impervious boundaries and the 

flows through open boundaries are located at infinity, then 

we obtain C = 0, qz = 0, and q 3 = 0. For a continuous 

source, equation (9.7) reduces to 



C(x,y,z,t) 

and 

C(x,y,z,t) 

. 
M 

--- Fijk(x,y,z,t;~)d~; t < T 
neRd 

. 
M 

Fijk(x,y,z,t;~)d~; t > T 
neRd 
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(9.15) 

(9.16) 

for Fijk is the integral of Green's function (G) over the 

source space and T is the duration of waste release. 

is given by 

F· "k lJ 

(9.17) 

where i = 1 or 2, j = 1 or 2, and k = 1 or 2, functions Xi 

Yj, and Zk are given as follows. 

For a point source: 

In X direction: 

1 -{(x-xs)-V(t-~)}2 K 
-----exp[ - (-+:.\) (t-~)} (9 .18) 
~4TIDxx<t-~) 4Dxx<t-~) Rd 

In Y direction: 

1 2 a: iTiy iTIYs iTI2 
+ E cos(-) •cos(--) •exp{-(-)D (t-~)} 

B i=1 B B B yy B 

In Z direction: 

0:: 

E ~i(z)~i<Zs)•exp{-ki 2 K22 (t-~)} 
i=1 

For finite width and line source: 

(9.19) 

(9.20) 
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In X direction: 

x-Ll-V(t--c) 
X2 = O.S[erf{ } 

x-L2 -V(t--c) 
erf { } ] 

./4Dxx<t--c) ./4D22 (t--c) 

D 
• exp{- (- + >..) ( t--c)} (9.21) 

Rd 

In Y direction: 

B2-B1 2 a: 

y2 = + E 
i~y B i~B2 i~B1 

cos(--)•-{sin(--)sin(--)} 
B B i=l 

i~2 
exp{-(-) Dyy<t--c)} 

3 

In Z direction: 

B if B B 

(9.22) 

(9.23) 

where B and H are the width and depth ofthe aquifer, L1 , B1 , 

H1, and L2, B2, and H2 are the beginning x, y, z and ending 

x, y, z coordinates of the source; x 8 , Ys• and Zs are the x, 

y, z coordinates of the point sources. 

(9.24) 

and 

a = 2/H (9.25) 
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Numerical Model 

The developed model uses the same parameters as those 

used in the example problem. The thickness of the aquifer 

is 4m, the width is 25m, and the length is 60m. The aquifer 

shown in Figure 22 is discretized into 90 elements and con

sists of 168 nodes. 

In Case 1, the point source study, the concentration 

distribution of the continuous release of radioactive waste 

has a rate of 1.0 Ci/hr and lasts for 240 hours. A point 

source configuration is assumed for the radioactive waste, 

which is discharged into a three-dimensional porous medium 

of size 60 x 25 x 4 meters. Initially, no radioactivity is 

present in the porous medium 0. Case 2 has the same input, 

parameters as Case 1, but uses a line source instead of a 

point source at a depth of 1 meter in the yz plane (Figure 

23). 

Validation 

The error analyses of different nodes and times for 

both cases are listed in Tables IV to XXXIV (Appendix G). 

Figure 23 shows the diagram of the error analysis at plane 

1, plane 2, and plane 3, located at Sm, 10m, and 20m, with 

depth at lm, 2m, and 4m. Figures 24 through 41 show the 

error with distance in x direction for vertical planes 
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according to y and z directions. The error, in percent, was 

derived from a comparison of the analytical solution with 

the developed model for the two cases. For Case 1, the 

maximum percentage of error is 12.50 and the minimum is 

1.08. For Case 2, the percentage of error varied from 0.9 

to 12.4. In both cases the error decreases as the distance 

from the point or line source increases; also, the error 

decreases with a longer time of application. The maximum 

percentage of errors is 12.5 and 12.4 for Case 1 and Case 2, 

respectively. This developed model, thus, gives close 

results with three-dimensional analytical solutions for a 

point source and a line source. 



CHAPTER X 

MODEL APPLICATION 

Field Problem 

This chapter describes the application of the model to 

a field problem. The Babylon landfill in Suffolk county, 

Long Island, New York. Kimmel and Braids (1974) provided 

the geographic map (Figure 42). The landfill for the city 

of Babylon is the main refuse disposal facility for a 

population of about 287,000. The landfill covers 35 acres, 

contains 1.7x108 ft3 of refuse, and is 40 years old. The 

landfill has an incinerator and receives scavenger waste. 

There is leachate movement in the saturated groundwater 

zone. The spread of contamination in the aquifer is a major 

concern because this aquifer yields nearly all of the 

county's public water supply. 

The landfill is on an outwash plain that is underlain 

mainly by coarse sand, a few streaks of gravel, and fine 

sand. This is known as the upper glacial aquifer on Long 

Island. At the Babylon landfill, the bottom of the upper 

glacial aquifer is 70 feet (21m) below the water table, the 

top is 18 feet (4.6m) below the land surface, and the 

aquifer is underlain by a single 10 feet (3.3m) thick layer 

of Gardiner's clay (Figure 43, Cleary et al., 1981). At the 
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Babylon site, the regional flow in the upper glacial aquifer 

is primarily parallel to the water table, and along the 

hydraulic gradient of 0.002ft/ft (Kimmel and Braids, 1974) 

is uniform and fairly constant throughout the year. Water 

levels recorded for 18 months on a monthly basis at 

observation wells near the landfill have shown the water 

table fluctuation of the groundwater movement to be 

acceptable. 

The parameter of Gureghian et al. (1981) will be used 

in this study and the model's result compared with theirs. 

The chloride ion (cl-) is chosen as the dispersion tracer 

because it is free of chemical reactions such as ion 

exchange, sorption, and precipitation. 

Prediction 

It was necessary to get the initial concentration at 

well numbers 1, 2, 8, 113, 125, 126, 200, 201, 202, and 203 

(Figure 44), all located along Edison Avenue. These values 

were acquired from the November 1975 b-level well data 

(Figure 43). See Figure 45(a) for the first nine months of 

data for the initial nodal chloride ion concentration . 

Because we do not have exact information from these wells, 

we move the inclined line to the vertical line along the y-

axis (Figure 45(b). Gureghian et al. calibrated the model 

parameter to match the June 1976 isolength. The final model 
0 

parameters are 3.1ft/day in x direction and 0.2ft/day in y 

direction. Dispersivity is 140 feet and 250 feet in 
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longitudinal and transverse directions. The molecular 

diffusion coefficient is 1.0x1o-7 ft2/day. This is too 

small compared to the other dispersivity, so in this case we 

assume the molecular diffusion coefficient to be zero. For 

the time parameters, an initial time step is two days with a 

cyclic multiplying factor of 1.2 and a maximum time step of 

15 days. Smaller initial and maximum time steps provide 

additional accuracy. Lengths of sides of elements range 

from 200 to 1500 feet (Figure 46). 

Comparison 

The model results were compared with the predicted 

values of Gureghian et al. (1981) and with actual 

observation values at June 1976 (216 days) and December 1976 

(396 days). At time equal to 216 days, the model's value is 

close to the observation values because the parameters used 

in the model are the final parameters, not the calibration 

value. At time equal to 396 days, the model value was in 

agreement with the value predicted by Gureghian et al. 

(1981) and with the observation value. 

Moving the initial condition does not seem to seriously 

influence the final result (Figures 47 and 48). The 

difference between the developed model and Gureghian's model 

may be due to small difference of the data. The error range 

between 0% and 14.7%. The model, however, is appliciable to 

the field problem. 
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close to the observation values because the parameters used 

in the model are the final parameters, not the calibration 

value. At time equal to 396 days, the model value was in 

agreement with the value predicted by Gureghian et al. 

(1981) and with the observation value. 

Moving the initial condition does not seriously influ

ence the final result (Figures 47 and 48). The difference 

between the developed model and Gureghian's model may be due 

to small differences of the data. The error in the devel

oped model and observed data ranges between 0% and 14.7%. 

The error between the developed model and Gureghians's model 

ranges between 0% and 12.2%. The model, however, is appli

ciable to the field problem. 
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CHAPTER XI 

CONCLUSIONS 

The following conclusions can be drawn based on this 

study: 

1. A three-dimensional transient model is developed 

using the Galerkin's finite element method to predict the 

migration of contaminants in saturated zones of aquifers. 

2. The developed model has been validated against 

the existing analytical and numerical solutions in one, 

two and three dimensions. 

3. Validation of the model for a one-dimensional 

case indicates that increasing the number of elements 

near a pollutant source improves the accuracy of the 

model. Away from the source, element size can be 

increased without sacrificing the accuracy. 

4. The error analysis for the one-dimensional case 

indicates that the error varies from 0% to 13% using 20 

to 100 elements in the problem. 

5. The model is compared with a two-dimensional 

numerical model of Gureghian et al. (1980) and the 

analytical solution of Cleary and Ung (1978). The model 

results are in close agreement with the solutions of 

these two models for the same set of parameters. 
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6. The error analysis is presented for the two

dimensional case. The error varies between 0% to 38% and 

0% to 57.5% for the two solutions for only one node. For 

other nodes, the error for the two solutions varies 

between 0 to 20% and 0 to 22%. 

7. The Peclet number should be kept relatively low 

where the concentrations are relatively small, because 

the Peclet number is proportional to element size or 

length characteristics. The overshoot could be minimized 

by keeping the element size small in areas of low concen

tration. 

8. The model is validated against two cases of 

three-dimensional analytical solutions, a point source 

and a line source (Yeh, 1981). Results of the model agree 

with those of the point and line source solutions. 

9. The error analysis for the point source 

indicates that error between the developed model and the 

analytical solution varies from 1.08% to 12.50%. For the 

line source, the error ranges between 0.9% and 12.4%. 

10. The developed model is applied to the Babylon 

landfill in Suffolk County, Long Island, New York. 

Chloride concentrations predicted by the model are in 

close agreement with the observed concentrations from a 

field of monitoring wells. The error ranges between 0% 

and 14.7%. 
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..........•..•...•...............•....•................. 
• THIS PROGRAM SOLVES FOR TilE CONCENTRATION 

• DISTRIBUTION IN AN AQUifER SYSTEM. THE PROGRAM 

THIS PROGRAM SOLVES FOR TilE CONCENTRATION 
• 

DISTRIBUTION IN AN AIJUIFER SYSTEM. THE PROGRAM 

SOLVES A THREEE DIMENSIONAL GROUNDWATER 

DISPERSION EQUATION lHAT DESCRIBES T~~ RESPONSE 

• OF AN AQUIFER DUE TO CONTAIMINATION. T~~ MODEL USE• 
• 

GALERI<IN PRINCIPLE OF THE FINITE ELEMENT METHOD • 

• 
• 

• 
• 
• 

• 
• 
.. .. 
• 

• 

THE PROGRAM WA<; OEVELOPED ANO WRITTEN 

BY 

YUAN PAC-CHIANG 

SCHOOL OF CIVIL ENGINEERING 

OKLAHOMA STATE UNIVERSITY 

STILLWATER 

OKLAHOMA 

1986 

• 
• 
• 
• 

·······························~························ 

•--------------SELECTFO MOOFL VARTI\RLES----------------• 

• AI\ 
• ADJUST 
• AREA(I) 
• BANDW 
• ElANOWI 
• BCD( I) 
• BOUND 
• c r r J 
• C!NT(I) 
• COEFF 
• COF ( I ) 
• COl 0( I) 
• CONCS 
• CI'R(I) 
• DELT 
• OIJ 
• DSFXN 

• DSFYN 

• DSFZN 

• Dll 
• au 

TEMPORARY MA!RIX IN SUCI'ROGRAM GAUSS 
SUBPROGRAM THAT DECOMPOSE SOLUTION MATRIX • 
SURFACE AREA OF SIDE I OF ELEMENT 
BANDWIDTH OF GLOBAL MATRIX 
SURPROGRAM TI~T CALCULATE RANOWIOTH 
SPECIFIED CONDITION AT NODE I 
SUBPROGRAM fiiAT HANDLES BOUNDARY CONOITION• 
SOLUTION VECTOR FOR ROW I 
INITIAL CONC AT NODE I 
COEFFICIENT OF REACTION CONSTANT & PORO. 
COFACTOR I OF JACOBIAN MATRIX 
PREVIOUS CON~ AT NOOE I 
CONCENTRATIONS 
SOURCE OR 5INK'S CONC. 
TIME INTERVAL 
ENTRIES OF TilE JACOBIAN MATRIX 
DERIVATIVE OF SIIAPE FUNCTION WITH RCSPECT • 
TO X AT NODAL POINT 
DERIVATIVE or SIIM'E FUNCTION W!TII RESPECT • 
TO Y AT NODAL POINT 
DERIVATIVE OF SIIAPE FUNCTION WITH RESrECT • 
TO Z AT NODAL PU!Nf 
DETERMIN~NT OF JACOBIAN MATRIX 
INVERSE OF DEfERMINANT 
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C • ( T A 
C • FA 
c • r ACT 
C • TR 
c • rc 
C • GAUSS 
C • GQPO 
C • GIJW r 
C • GLOBMX 
C • GLOBAL 
C • IO 
c 
C • IN 
C • IT 
c 
C • MATNO 
C • MAX 
C • MIIX£l0 
C • NEI.MS 
c • MNurc 
C • MK 
C • MUOCL 
C • Ml\NOO 
C • NCUNFN 
c • Nc:uae 
C • NO 
C • NOBC 
C • NE 
C • NilE 
C • tiN 
C • NODE 
C • NORDER 
C • NUMAT 
C • NPPED 
C • NPT 
C • NQW 
C • N';TF.OV 
C • NWELS 
c 
C • I"IIY 
C • POI~S 
C • PT 
C • IJW 
C • Rll . ..J) 
C • RECT 
c • s 
C • SI..J 
c 
C • SIKJO 
C • S I L..JC 
C • S I S..J 
C • SK..J 
c 
C • SL..J 
c 
C • SrJIDU 
C • SOLVLU 
C • SR 
C • SSI I I 
C • STOMX 
C • SUM 
C • TOL 
c • Jur.\L 
C • Vl. X 
C • VL '{ 
C • VLZ 

LOCAL COORDINATE OF ELEMENT 
ONl/OX • DETERMINANT OF ,J 
FACT ~o roR STF.AUY STATE: 1 FOR TRANSIENT • 
ONI/OY • DETERMINANT OF J 
ONI/OZ • O(lf~MINIINT or ..J 
SUUROUI INE 1111\r PE~rORMS INI EG~AIIUN 
GAUSS INTEGRATION POINT 
GAUSS INrFr.lll\1 ION WE !GHT 
GlOBAL SIORAIIVIlY MATRlX 
SUlli'IWGRAM 1111\r ASSEMRLES GLOCAL MATRIX 
IOENTIFICAIION FOR CONSTANT CONC OR FLUX 
10"0 CON51ANI FLUX; 1 CONSTANT CONC. 
CARD REIIUER PARAMETER 
TOTAL NUMBER OF SIMULATION PERIOD 
SOLUTION I<; TO BE CARRIED OUT 
MATERIAL NUMBER IF MORE THAN ONE 
TEMPORARY VARIARLE FOR BANDWIDTH 
81\NOWIDrH OF GLOUAL MATRIX + 1 
TOTAL NUMBER OF ELEMENTS 
MAXIMUM NUMnf:R llF NOllE'S FOR FACII ELEMFNT 
llMPORARY VAIHAIIlF FOI~ BANUW!UIII 
TYPE OF MODEL BEING DESIGNED, 1, 2, 3 
TOTAL NUMOER or NOIJES IN THE SYSTEM 
~ I FOR CONFINED; 0 OTHERWISE 
NUMBER or NODES PER ELEMENT 
NOOE FOI~ WHICH 1"10\JNUARY CCJNDITION IS GIVfN• 
NUMGEit OF ril\1!0 GOUNIJARV CONDITIONS 
ELEMENT NUMBER 
NUMBER 01' NOUES FOR HEAD ESTIMATION 
NUMBER OF NOJJES IN A GIVEN ELEMENT 
NODE NUMBERS FOR AN ELEMENT • 
ORDER OF GAUSS INTEGRATION 
TOTAL NUMilER OF MATERIALS IF MORE THAN ONE" 
NUMBER OF PUMPING PE~IOOS 
TOTAL NUMBER OF POTINTS 
NUMBER OF SOURCE OR SINK PER E'I.EMENT 
OPTION FOR SIEAOV STATE OR TRANSIENT CASE • 

NUMBER OF PUMPING WELLS 
NSTEDY•I FOR TRANSIENT,O FOR STEADY STATE • 
LOCAL COORDINATE OF ELEMENT 
VALUE OF POROSITY 
P~INI PARAMEIER 
SOURCE OR SINKl-VE FOR SINK,+VE SOURCE 
ELEMENT STORATIVITV MATRIX 
INTERMEO!AIE RlrniTHAND SIDE VECTOR 
SrOUAGE corFriE'Nf/STORAriVITV or AQUIFER 
SUMMAriON ur UCRIV. or SI~PE rUNCrlONS 
WITH RESPECT 10 X COORDINATE 
SUMMATION or NI•N,J 
SUMMATION OF NI AT NODE I 
SNJ • SNIOU 
SUMMATION OF DFRIV. OF SIIAPE FUNCTION 
WI JH RESI'EGf 10 V COORDINATE 
SUMMATiON or UF.IHV. UF SHAPE F'UNCTION 
WITH RESPECT TO Z COORDINATE 
srH • ou • 
SUBROUTINE ltii\T SOLVES SYSTEM'S EQUATIONS • 
REACTION CONSTANT 
rEMPORARY ARRAY FOR GAUSS POINTS 
GLOBAL CONOUCITVITY MATRIX 
TEMPORARY VARIABLE FOR RHS VECTOR 
TDI ERANCE lIMIT FOR COMPUTATION 
FLI\PSEO rtME (IN USER'S CHOICE OF UNITS) 
VELOCITY R[§I'[Cl TO X OIRF.CilON 
VELOCITY RESP(CT 10 Y DIRECTION 
VELOCITY R(SPFCT TO Z DIRECTION 
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c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
r. 
c 
c 
c 
c 
c 
c 

c 

c 

c 

c 

c 

5 

10 

15 

20 
25 

30 
;15 c. 

• VIJL UME 
• WK( I .u I 
• WIAV 
• X 
• y 
• z 
• ZfiA 

VOLUME OF ELEMENT 
r.LEMENT CONUUCflVITY MATIX 

AVERAGE WE I GilT FOR C'lAUSS INTF.GRA riON 
X CUOROINAIE IN GLOBAL SYSTF.M 
Y COORD tNA TE IN GI.OI3AL SYSTEM 
Z COOROlNAIE IN GLOBAL 5YSIEM 
LOCAL COUUUINAIF OF ELEMENT 

• ••••++++++++++++++++++•++++++++++•+++++++!+++++++++++• 

MAIN PROGRAM 
PIJRI'OSES: 
TilE MAIN PROGRAM PRINTS TIIF.: 1 ITLE OF THE I='ROBI.EM, OlEMNSION 
!liE SI7E or PRUilLEM, CUNIUOL SE!JUENCE OF CUMPUIATIONS 
AND FINALLY PRINtS HIE CUN<;ENIRATION RESULtS FROM 
THE SUBROUtiNE SOLVER 

IMPLICIT REAV8 (A-11,0-ZI 
COMMON /SUBA/SI u( 400). SKu( 400). Slu( 400), SM.J( 400 I. SW.J( 400), 

1 SO.JC 400), SII<.JO( 200), S I LJCC 200 I. ON lOX ( 2000), ONIOY( 2000), 
20NlUZ( 2000 I, WKX ( 400 I, WKY ( •100 I, WICZ( 400 I. OXX ( 400), DYV ( 400 I, 
31Uli·IOO) ,Vl.XI 400I,VLY( •100), VLZ(oiOO) ,XQ(81, VQ(8) ,7Q(8I,AA( 31 

CUMMUN /SUBB/AA 1( 8), AA2( U I. AA3( 81, OSFXN( 64 I, OSFVN( 64), 
1USFZN(64),0SFX(641,0SFV(G4J,OSFZ(64J.ETA(3G),PHV(36), 
2ZETA(64),SA(6),SFV(8),FX(8).rY(8),FZ(8},F(24},G(24),H(24), 
3GQP0(5),GQWT(5),S5(6I,OO(G),N000(8),MAIN0(8J,MN0(8) 

COMMON /SUUC/STOMX( 400,400 ),PI 400, •100) ,R( 400. 400) 
CUMMUN /SUSU/GLUBMX(400,4~)),RMX(400),RECT(400) 
COMMON /SUBE/ TKX ( 400), TKY( 400), TI<Z( 400), X ( 400), Y ( 400), Z( 400) 
COMMON /SUBF/C( 400) ,CINT( •100), COLO( 400) JJW( 400) ,BCD( 8) 
COMMON /SlJBG/I0(400).ND(•I00). 
COMMON / SUBH/NOUE ( 400, 400) 

DATA IN,LP/10,6/ 

WRlTE(PT ,5) 
rOI:MA r( !HI) 
Will lriF'T. 10) 
FOrlPIIAr(///////,44X,'1NI'UI UArA FOI~ ltii~EE-U1M£NS10NAL'/•14X,· 

I'--------------------------------'/40X, 
2'GROUNOWATER OISP BY FlNilE ELEMENr METiiOO'/IIOX, 

3'-----------------------------------------·) 
DIMENSION liiE SIZE OF Plmi3LEPII 

READ(IN,ISINELMS,MXNUO,MNUPE,NSTEDY,NDBC.DELT 
FORMAT(5I4.F10.5) 
00 25 J•1. NELMS 
REAil( IN,20) (VLX( I). VLV( 1). VLZ( 1). I•!,MXrJOO) 
RCAil(lN,201 (DXX(I),OYY(l),DZZ(I),l•1,MXNOO) 
F'ORMA T ( 90 1 I . 3) 
CUNIINUE 
CALL INPUT( NWEL S, NPERS, NOMA r. rJCE, IT, FACT, NELMS, MXNOO, 

IMNOPE,NE,DELT,NSTEOY.LP,IN,NOBC) 

CALL SHAPE I NCLMS, MXNOil. MUilrl .• NX, NN, I NOEX, PIINOPE) 

CAI.L BOUNO(MXNOD.OELT.NlJBC.NSTEOY) 
CALL WIOrH(BANUW,IROW,MXNUO) 
WRIIEIPT,351BANOW,IROW 
FOIU-1111 (/ ,5(t;X,loi,•IX,OI I .:111 
rURMAI(//3GX,'PIIAXIMUM liANilWILJIII" ',13,' UN IWW NU.',l:JI 

CALL AOJUST(MXNOO.BANOWI 
WRITEIPT.<IOI 

40 FOIU·IAT(llil) 
WRITE l PT. ·l5) 

45 FORMAr(///////,44X,'OUTPUT roR n~EE-niMENSIONAL'/IIdX, 
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c 

c 

c 
c 

c 
c 
c 
c 

c 

1'·---------------------·-----'/JSX, 
2'GilOUNOWAfFR DISI' BY rtNliE F.LEMENTS METIIUO'/:JSX, 

3'-----------------------------------------·) 
TIME~O.O 

WR11E(PT,50)TtME 
50 ro~MAT(/40X,'INITIAL CONC O!STRIBUTION AT TIME •',r8.3) 

w~ 1 r c 1 P r. 55 1 
55 roRMATI 1 .stsx. 'NODES·. ~x. ·coNes·)) 

WRITE(I'T,30)(I,C1NT(I).I~t.MXNOD) 

CHK " 0 

60 

65 

70 

75 
80 

85 

90 

95 

DO <f'.J L T - t • 1 T 
I l ME = T I ME •U E L f 
CfiK = CHK+I 

CALL RIGilTV(MXNOO,BANUW) 

CALL SOLVER(MXNOO,BANOW.NDBCI 
1F(CHK.LT.6)GO TO 75 
wR I r e 1 P r. ~o l 
TORMAT( IHI) 
WRITF.(PT,65)TIME 
I"UilMAI(/////,·I•IX, 'CONC UISIIHllUTIONS 1\T liME ,. ',F'Il.:J,' DAYS') 
DO 70 I • I,MXNOD 
C( I I =C ( I ) 
WRITE(PT ,55) 
WRITE(PT,30)(I,C(I),Ist,MXNOD) 
CHK '" 0 
00 80 I • I,MXNOO 
COLD ( I ) •C ( I ) 
WRITE(PT,85) 
FURMAT( IHI) 
WRITE(PT,30)(l,COLD(IJ.I~t.M~NOU) 

lF(CHK.LT.SJGO TO 90 
CONTINUE 
WRITE( PT, 95) 
FORMAf( IHI) 
STOP 
FNO ......•.••......•..•....•...........•...••.........•.......... 
SUBROUTINE INPUT(NWELS.NI'EI~~ .NOMAT ,NCE, IT, FACT ,NELMS,MXNOO, 

IMNOPE, NE ,OELT .NSTEDY, LP, IN, NUBC) 

PURPOSE:TIIlS SURPI'lOUTINE INI'UT liND PRINT ALL THE DATA USCD IN 
THIS I'ROGRAM ......•.•..........•.•..........••.•...•.••....•.............. 

IMI'LICIT REAL•R (A-H,O-ZJ 
COMMON /SUI3E/TI<X(d00). TKY( ·100), IKZ( 400), X(•IOO), Y(400), Zl 4001 
COMMON /SU13F/C(400) ,CINl (400) ,COLD(400) ,QW(400) ,BCD( B) 
COMMON /SUBG/10(400),N0(400) 
CUMMUN /~UBII/NOOE(400,•100) 

REAO(IN,20)NWELS.NPERS,NUMI\T,NCE,IT,FACT,FACT3 
20 roRMAf(SI4,FtO.S,FIO.G) 

WR!II lPI,30INrtM';,MXNIIO,MNill'l ,NUMAT,NWELS,NCE 
30 rOfUIIAT(//25X,'10TAL NO. OF ELEMENfS s',l4/25X, 

!'TOTAL NO. OF NODES •',l4,/25X, 
2'MAXIMUM NO OF NODES PER CLEMENT •'.I4/25A, 
3'rtJTAL NO. OF MATERIALS •',!4/:lSX, 
o~·NIJMI'lER OF PUMPING WELLS =',14/?SX, 
S'NUMl<Eil OF CONCS TO 13E ESI IMI\ICU ,.. ,!4///) 
WR!TE(PT,35)NPE~S.IT,FACT 

35 rORMAT(////'-5X,'NUMBER or r\JMP!NG PERIODS ~·.Hf:;:>:,.(, 

1' ro fi\L SIMULAr ION PERIOLJ<; =' .l•I/2SX. 
2'rACIOI1 MULTIPLYING COMI'UirO CONCS "',FIO.S///) 

WR!TE(PT,40IDELT,NSTEOY,NUI3C 
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c 
c 

c 
c 
c 
c 

c 

40 FORMAT(/////25X,'STEP SIZE •',F10.5/25X, 
I ':; r A rio llF I'RODL EM •' , 1·1 /:15X, 
2'NO. OF SPECIFICD CONOITIONS •'.ldl 

WIH TE ( PT, -15 I 
45 FORMAl(IHI,////////,39X,'COOROINATES ANO INITIAL CONCS OF NODES (L 

1 I' I 
WIU TC ( PT, 50) 

50 FORMAT(//25X,'NOOES V(I) X(I) Z(l) 
I CINT(f)'/1 
00 65 I • I,MXNCD 
Rr.AO(IN,55)V(l),X(l),Z(l),OW(I),CJNT(l) 

55 FORMAT(5010.2) 
WRITE(PT,GO)I,X(I),V(I),Z(I),CINf(I) 

60 FORMAT(25X,[4,4(4X,010.211 
65 CONTINUE 

DO 70 ~ • I,MXNOO 
QW(u) • QW(~)•FACT3 

70 CONTINUE 
WRITE(PT,75) 

75 FORMAT(IHI,////////56X,'NODE·ELEMENT RELATIONSHIP') 
WR I T E ( PT, 80 J 

80 FORMAT(//25X, 'ELEMS Nl N2 N:J N4 

90 
95 

100 

105 

110 

115 

125 

I N5 N6 N7 N8 ' /1 ) 
OU 100 ~K • !,NELMS 
READ(IN,901NE,(NCDE(uK,J),[•I,MNOPEl 
WRITF.(PT,95)NE,(NDOE(~K.II,I•I,MNOPE) 
FORMAT(914) 
FORMAT(26X,l4,8(GX,I4)) 
CONTINUE 
WIHTE(PT, 105) 
FORMAT( Ill I,/// /I/ //4•1X, 'r IXED 13CUNOARV CONDITIONS '///5X, 

t5('NOOE ID',9X)) 
READ( IN, I IO)(ND(uK) .~K=t ,NDBC) 
FCRMAT(8I4) 
READ(IN,I,S)(IO(ND(~K)),uK•I,NOBC) 
FORMAr(6I2) 
WRITE( PT, IJO)(NO(~K), IO(NO( uK)) ,uK•I,NDBC) 
FORMAT(//,r>(SX,I4,7X.t2,4~1) 
RCTUNN 
END 
······································~······················· 

SUBROUTINE SHAPE(NELMS,MXNOO,MODEL,NX,NN,INOEX,MNOPEI 

PlJRI'SE: THIS SUBROUTINE O!IF.S TilE INTERGRATtON 01' TilE BASIS 
FUNCTION FOR ALL ELEMENT') USINr. r.AUSSIAN QUADRATURE 
·······················••t+•••································ 
JMI'LICIT REAL-S (A-ff,O-Z I 
COMMON /SUBA/S 1 u ( 400 I , SKu ( ·100 I , SL.J ( •100) , SMu ( •100) , SWu ( ·100) , 
ISO~( 400), SlK.JO( 200), SI I..JC( ~00 I, ONIDX ( 2000), DNIDV( 2000 I, 
20NIDZ( 2000 I, WKX ( 400), WKY ( 100 I. WKZI400) ,DXX I ·100), DYV ( -100), 
3D7l( 4001, VI. X( 400), VlV(4001, VLZ(400) ,XQ( B), VQ(8), ZQ(S I ,AA( 3) 

COMMON /SIJDD/ AA I( 8) ,AA2 ( 8), AA:l( B J ,OSF XN( 64), DSFVN( G·l). 
1DSFZN(64),0SFX(64),0SFV(64),0SFZ(G4),ETA(36),PHV(36), 
:!ll'T A ( G4) , SA (G) , SFV( 8 I , F X In I , r V ( 8). F2'( 8 I , F I 24) , C:( :04 l ,II( 24) , 
JGc~I'O ( 5 ) , GQW I ( 5 ) , S S ( 6 ) , Oil ( G ) , NOll() ( S ) , MAl NU ( 8 ) , MN(] ( B ) 

COMMON /SIIDC/5 TOMX ( 400. 400) . P ( 400, 400) , R ( 400. 400) 
COr~MON /SUBO/GLOBMX ( 400,400 I, RMX ( 400 I, RECT ( 400 I 
COMMON /SUI3E/TKX(400), TKV! 400), TKZ(400) ,X(400), V(400), Z(400) 
COMMON /SUBF /C( 400), CINTC •100). COLO( 400). OW( 400 I. BCO( Bl ' 
COMMON I SUB I I/ NODE ( 400. 400 I 

C INrORMATION OF LOCAL COORO!NAIE FOR EACH ELEMENT 
c 

OATA (ETA(l),J=I,3GI/ 
I - I 00, I 00, I . DO , - I DO . - I . DO , I . DO , 1 . DO. - I . 00 , 
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20.DO,O.DO,O.OO,O.DO, 
3- 1 . DO, 1 . DO , - 1 . DO, 1 . DO, - 1 . DO, 1 . DO, 1 . DO, - 1 . DO , 
4-1.DO. -1.DO, 1.DO, 1.DO, -1.DO. -1.DO, 1.DO. 1.DO, 
5-1 . DO, - 1 . DO, 1 . DO, 1 . DO. 1 . DO, 1 DO, - 1 . DO, - 1 . DO/ 

c --------------------------------------------------------------

c 
DATA (ZETA(I),I=1,36)/ 

1 - 1 . DO , - 1 . DO , 1. DO. 1 . DO, - 1 . DO , - 1 . DO. 1 . DO, 1 . DO, - 1 . DO, 1 . DO, - 1 . DO, 1 DO. 
20.DO,O.DO,O.DO,O.DO, 
3- 1 . DO, - 1 . DO, 1 . DO, 1 . DO, - 1 . DO, - 1 . DO, 1 . DO, 1 . DO, 
4- 1 DO, - 1 . DO, 1 . DO, 1 . DO, - 1 DO. - 1 . DO. - 1 . DO. - 1 . DO, 1 . DO. 1 . DO, 1 . DO, 1 . DO/ 

c --------------------------------------------------------------

c 
DATA (PHY(I).I=1,36)/ 

1 1 . DO, 1 . DO, 1 . DO, 1 . DO , - 1 . DO , - 1 . DO, - 1 . DO , - 1 DO , 1 . DO, 1 . DO, - 1 . DO, - 1 . DO, 
21.D0,1.D0,-1.D0,-1.DO.O.DO,O.DO.O.DO,O.DO. 
3 1 . DO, 1 . DO, 1 . DO, 1 . DO, 
4- 1 . DO, - 1 . DO, - 1 . DO. - 1 . DO, 1 . DO , 1 . DO, 1 . DO, 1 . DO , 
5-1.D0,-1.D0,-1.D0,-1.DO/ 

c --------------------------------------------------------------

c 

DATA IN,LP/10,6/ 
INDEX=O 

C INITIALIZING THE GLOBAL MATRICES AND VECTOR 
c 

c 

DO 10 I = 1,MXNOD 
DO 10 J = 1,MXNOO 
GLOBMX(I,u)=O.O 
STOMX(I,u)=O.O 

10 RMX ( I ) = 0 0 

C START THE INTEGRATION ELEMENT BY ELEMENT 
c 

c 

DO 80 IL = 1,NELMS 
15 MODEL = 3 

NN = MNOPE 
XX = 0.0 
YY=O.O 
ZZ=O.O 
NORDER=2 

C GAUSS INTEGRATION POINTS AND WEIGHTS 
c 

c 

IF(NORDER-2)16, 16,17 
16 GQP0(1) -0.577350269189626DO 

GQP0(2) = 0.577350269189626DO 
GQWT(1) = 1 .OOOOOOOOOOOOOOODO 
GQWT(2) = 1 OOOOOOOOOOOOOOODO 
GO TO 19 

17 IF(NORDER.GT.3)GO TO 18 
GQP0(1) -0.774596669241483DO 
GQP0(2) 0.00000000000000000 
GQP0(3) 0.77459666924148300 
GQWT(1) 0.555555555555556DO 
GQWT(2) 0.888888888888889DO 
GQWT(3) 0.555555555555556DO 
GO TO 19 

18 GQPO( 1) -0 861136311594053DO 
GQP0(2) -0.339981043584856DO 
GQP0(3) 0.33998104358483600 
GQP0(4) 0.861136311594053DO 
GQWT( 1) 0.347854845137454DO 
GQWT(2) 0.65214515486254600 
GQWT(3) 0.652145154862546DO 
GQWT(4) 0.347854845137454DO 
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011"0. 
012 .. 0. 
013•0. 
021=0. 
0'2"0. 
IJ23 .. 0. 
031=0. 
032=0. 
033=0. 
SS( I) = (1 
SS(2) " lf 
SS(3) " YP 
DO 67 I = I,NN 
!F(NOOE(ll,I).EQ.OJGO ro 67 

40 Oll ( I ) "E I A ( I ) 
00(2) ,zETA(l) 
00(3) .,PHY(l) 
DO oil KP"1,MOOEL 

41 AA(KP)=I.OO+OO(KP)•SS(KP) 
C IF(I.GT.SJGO TO GO 

ALP-0.1,~00•(4-MUOCL) 
ALPI-IA•ALI .. AA( 1)•AA(2)•AA(3) 
SFVII)•ALPHA 

c 

c 
c 
c 
c 
c 
c 

ONET•ALP•OO( I)•AA(2)•AA(3) 
DNZT•ALP•00(2)•AA( 1 )•AA(J) 
ONPHsALP•00(3)•AA(1)•AA(2) 
GO TO 66 

66 AA 1( I ) =ONET 
AA2(l)"ONZT 
AAJ(I)•ONPH 
YQI) "'YQ( 1) 
XQQ •XQ( I) 
ZQQ :oZQ(Il 

GENERATING THE 
01 1 sOX/OET 
IJ2 I sOX/OZ r 
031 •OX/OYP 

,JACOBIAN MATRIX 
012 =OY/OET 013 
0'2 .-uv;ozr 023 
032 •OY/OYP 033 

011 =DNET•XQQ+O 11 
012 •ONET•YQQ•OI2 
013 •ONET•ZIJQ •O 13 
U2 I sllN/. T • XUQ •02 I 
022 sONZr•vou~D22 

023 •ONZT•zou~o23 
OJ1 =UNPH•XUU+U31 
032 •ONPII•YQU•032 
033 •ONPH•ZQQ+033 

67 CONTINUE 
INUEX,.Il 

:oOZ/OET 
'"Ol/0/.T 
•OZ/OYP 

c 
C COMPUTING THE DETERMINANT OU OF THE ..JACOBIAN MATRIX 
c 

UU•011"022"03J•OI2•023•DJI+OI3"021"032 
I-O!J•022•0JI-021"012•033-0!I•032"02J 
tr!OU.E~.O.O)GO TO 68 
OU:I./OU 
GO TO 69 

68 IF(lNOF'<.NE. t)GO ro "!5 
WRITE I PT, 79 )NE, ET. ZT, YP, (NODE (I L, I ) , XCJ( I l, 

1YQ ( I l . ZQ ( I ) , I" I , NN I 
GO TO 75 

c 
C ESTIMATING THE OERIVAl IVES OF THF SIIAPE F"UNCT!ON'NI' 
C WITH ~ESPECT TO THE X,Y,Z COOROlN"'·l.S. 
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C F(I) • ONI/DX FY(I) ~ ONI/OY rZ(I) = ONI/OZ 
c 
C COMPUrlNG THE COFACtOR OF THE JACOBIAN MAlRIX 
c 

c 

c 

c 

c 

c 

c 

G9 COFI•(022•0~3-023'0~21 
COF2~-(U21"033-02J"U~I) 
COFJ•I02t•OJ2-U,~·o~tl 
COf4a-(UI2"U33-U13"U32) 
COF5a(OII•033-DI3•0J1l 
corG=-IDit'OJ2-0t2'U3tl 
COF7•(0t2•023-013'U'21 
C0t8•-1011"023-013'U21) 
COF9=(011"022-012"U21) 

DO 70 I ,. I,NN 
IF(NUUE(IL,l).EQ.O)GO TO 70 
F(l) •OU•(AAt(I)•COFI+AA2(I)•COF4+AAJ(I)•COF7) 
FV(I) •OU•(AAI(l)'COF2+AA2(I)•COF5+AA3(I)•COF8) 
FZII) -OU•(AAt(l)•COF3+AA2(li"COF6+AA3(1)•COF9) 

70 CONTINUE 

XoJCOB " I ./DU 
OU • X.JCUIJ"W 
II•O 

71 UO 74 1 • I,NN 
IF(NODE(IL,l).EQ.O)GO TO 74 
II•Il+ I 
FA•F(l)'OU 
FB,.FY(l)•OU 
FC•FZ( I) •OU 
SNl•SFV(ll 
SNIOU•SNl•DU 
SNI '"SNl•W 
.J2•0 

00 73 .J • t , NN 
IF(NOOE(IL,.J).EO.O)GU 10 73 
.J2•.J2•t 
FK•F(.J) 
FVI<•FY(.J) 
FZK=r Z( .J I 
SN.J .. SFV(J) 
X I XJ•SN~oJ"SNIOU 
1IJJ3(II-t)•NCUBE•J2 
SIKJO( IIJu) •SIKJO( ll.JJ l •X I Xu 
S IJ( I hJJ l =Shl( llJoJ )II A' rK 
SKJ( I [J,Jl •SKJ( 1 IJ,Jl +fB' FVK 
SL.J(Il~.JI•SL.J(IlJJJ•rc•rZK 
WKX( I IJ.JI•WKX( I IJJI •SNIOU•FK 
WKV(IIJJ)•WKY(IIJJ)+SNIOU•FVK 
WKZ(ll.J.JI•WKZ(liJJl•SNlUU•FZK 
KK=O 

DO 72 LO • I, NN 
lF(NOOEIIL.LO).EO.OIGU TO 72 
KK=I<K+t 
KIJ=(IIJJ-t)•NCUBE+KK 
ONIOX(Kl.JI•ONlOX(Kl~J•XIXJ•r(LOl 
ONIOV(Kl~I•ONIOY(KIJI•XIXJ•FV(LO) 
UNIOZIKIJ)=UNlOZIKivi•~IXJ•FZ(LOI 

72 CONTINUE 
73 CONTINUE 

SlLJC{Il)zSILuCIIIl+SNIOU 
tF(KX.NE.t)GO TO '14 
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c 

c 

19 KK = 0 
llO 20 J = I , NN 
MAfNO(Jl=1 
K "NODE(IL.J) 
IF(K.EQ.OJGD TO 20 
1(1(:1(1(+1 
XQ(J),.X(K) 
Y(J(J)=Y(K) 
ZQ(J)=Z(K) 
NOOO(KK)=K 
MNO(KK)" MATNO(J) 

20 CONTINUE 
NCUBE=KK 

C CHECKING AREA AND VOLUME OF EACH ELEMENT 
c 

AREA( I)• (XQ(2)-XQ( I))•(VQ(4)-VQ(1)) 
AREA(2)• (XQ(2)-XQ(1))•(ZQ(2)-ZQ(6)) 
AREA(3)• (VQ(7)-YQ(6))•(ZQ(2)-ZQ(6)) 
AREA(4)• (VQ(8)-YQ(S))•(XQ(6)-XQ(5)) 
AREA(S)• (ZQ(4)-ZQ(8))•(XQ(7)-XQ(8)) 
AREA(6)• (ZQ(1)-ZQ(5))•(VQ(8)-YQ(5)) 
AREA1•AREA(t)+AREA(2)+AREA(3) 
AREA2•AREA(4)+AREA(5)+AREA(6) 

27 IF((AREAt-AREA2).NE.O.O)GO TO 28 
VOLUME • (XQ(2)-XQ(t))*(VQ(3)-VQ(2))*(ZQ(1)-ZQ(5)) 
GO TO 30 

28 WRITE(PT,29)IL 
30 DO 32 I•t,NCUBE 
29 FORMAT(/12X,'ELEMENT NO. ',13,' HAS NEGATIVE AREA') 
32 SILJC(I) = 0.0 

NX2 • NCUBE*NCUBE 
DO 33 I • 1,NX2 
SIJ(l)• 0.0 
SKJ( I) • 0 0 
SLJ(I)• 0.0 
WKX(l)• 0.0 
WKY(I)• 0.0 
WKZ(I)• 0.0 
SIKJO(t)• 0.0 
OSFX(I) ,. 0.0 
OSFV(t) = 0.0 
OSFZ( f) ., 0.0 

33 CONTINUE 
NXJ=NX2*NCUBE 
00 34 I• t ,NXJ 
ONIOX(I)=O.O 
ONIOY(I)=O.O 
ONIOZ(I)=O.O 

34 CONTINUE 
DO 35 I= 1, 3 

35 AA ( I ) •1 . DO 
THIRO•t.D0/3.00 
THIR02"2.00/3.00 
~964 =9.00/64.00 
R1972=19.D0/72.DO 
DO 75 KX =1,NOROER 
YP=GQPO(KX) 
WZ,.GQWT(KX) 
DO 75 KT =!.NORDER 
ET=GOPO(KTJ 
WS=GQWT(KT)*WZ 
DO 75 KN =!,NORDER 
ZT=GQPO(KNJ 
\oi=WS*GQWT(KN) 
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c 

I r ( K l . NF . 1 l GO I 0 7<1 
I r ( KN . I If . 1 HiD I 0 "7 4 
SNI·SFVI I) 
xx ..... x ·~NI •xut 1 1 
V'i,V'f+VIJ( I )•SN,I 
Zl•ll•ltJI I )•SNI 
WIAV-SI V( I) 
I r I NIJRIJEil. EQ. 2 HiD TO 74 
lJSf ,,Nt II )sF( I l 
w;r trJIII J -rvt 1 1 
ll'ol .'N( I I I •I I. ( I I 

I 4 <;ON I II Jill. 
75 CONr INUE 

ET sQ. 

7T -o. 
VI' "0 
l I " I 

CALL GLORAL(NCUBE.Ill 
79 FORMAII////,l3,5X,3F11.4/(40X,I2,3F11.4)) 
80 CON ri NlJF 

IUIUNN 
ENO 

c ············••t•••············································ 
SUBROUriNE GLOBAL(NCUBE.IIl 

c 
C PURPOSE: fHlS SUBROUTINE ASSEMBLE ELEMENT MATIHCES INTO THE 
C GLOBAL SYSIEM c •••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 
c 

c 

IMI>I.It:I I llEAL•B (A-If,O-Z) 
COMMON /SUBA/SI~(400),SK~(400),SLu(400),SM~(400I,SW~(400), 

tSUuf400l.SlKu0(200l,SILuC(200),0NIOX(2000),0NIOV(2000), 
20Nl0Z(2000),WKX(400),WKV(400),WKZ(400),0XX(400),0VV(400), 
30ZZf400),VLX(400),VLV(400),VLZ(400),XQ(8),VQ(8),ZQ(8),AA(3) 

COMMON /SUBB/AA1(8),AA2(8),AA3(8),0SFXN(64),0SFVN(64), 
10SFZN(64l,USFX(64),0SFV(64),05FZ(64),ETA(36),PHV(36), 
2 ZETA ( G·l I . 'iA ( 6) , SfV( 8), FX ( 8 I , fY I A) , F Z( 8) , F ( 2•1), r.( '") , II( 24 I . 
3ti1JI'U( ~~ l, GIJWl I 5 I, 55( 6 I ,UU( G), NUUU( 8) ,MATNU( B) ,MNU( 8) 

COMMON /SUBC/S IOMX( 400,400 I, P( oiOO, 400), R( 400, 400) 
COMMON /SUOO/GLORMX(400,400),RMX(400),RECT(400) 
COMMON /SUBF/C(400),CINT(400l,COLD(400),QW(400),BC0(8) 

DO 5 I "' 1 , NCIJIJE 
005u"1,NCUBF. 
TA•WKX(II)•VLX(NUOUiu))~WKV(fll•VLV(NOOD(v))•WKZ(ll)•(NOOO(ul) 
Tn·!JNJI):q II )•VLX(NOOO(u) )4UNIUVI II )•VLY(NOOD(v) )+DNIOZ( I I )•VLZ( 

1NODIJI ,r I I 
lC-Sl~(l!l•UXX(NUUO(u))+SLu(lli'DVV(NODO(u))+SKu(II)•UZZI~UOU(u)l 
P(l.ui .. TA+TB+TC 
coErF .. 1 
R(I,ul "COEFF•SIKuO(II) 
II =II•t 
GLOOM X I NODO( I). NOIJO( u)) =GUJfiMX I NCIOO( I I, NODO ( u I) • P (I, u) 
STOMXINOIJO(l),NOUD(u))=STOMX(NUIJO(l),NOOO(u))+R(I.u) 
RMX(NODU(Il) = RMX(NOOO(I))+SiluC(I)•QW(NOOO(I)) 

5 CONI INUE 
RFIURN 
ENU c ••••••••.••••••••••••••••••••••••••••••••••••••••••••••••••••• 
SUBI~OU TINE BOUND ( MXNOO, DEl T, NOilC, NS TEDY) 

c 
C I'URI'£1'5 r Ill[ 5 SUFmnu ri NE MUU I r T E '; TilE GLOIJAL MA I R I X W l Til KNOWIJ 
C BOUNDARY CUNOiriONS 
c ••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••.• 
c 
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IMPI.ICIT REAL'!! IA-H,O·l) 
COMr.IOtl /SUI3C/S I OMX ( 400. •IOU), r ( •100, 400), R ( 400. •100) 
COMMON /SUBO/GLOI3MX ( 400, •100 l, ~MX I 400), RECT ( 400) 
COMMON /SUBF /C( 400) ,CIN r I •lOr;), COLO( 400), QW( 400), BCD( 6) 
COMMON /SUBG/IIJ( 400), Nil ( •100 l 

c --------------------------------------------------------·-----c 

c 

c 

UO 5 I = 1,MliNOO 
Oil 5 J " I ,M.I(NOO 
SIOM:..Il.J) "SIOMX(l,J)/IJU.I 
GLO!ll-l;>o.( l,v) = GUIBMX(l,J)+fACI'STOMX(l.J) 

5 CONI INUE 
00 25 I ~ 1 , NllBC 
l r( I D I NO I I I ) NF.: I J GO TO 20 
DO 15 v " I,MXNOO 
IFIJ EU.NO(IJ)~O TO 10 
GLOBMX(NO(I),vl • 0.0 

RMX(,JJ = RMX(.J)>GLOBMX(J,NO(I)J•CINr(ND(l)) 
GLOBMX(v,ND(III • 0.0 
GU 10 15 

10 RMX(vl "GLOSMX(NU(I),NU(I))•C!NI"(NO(I)) 
15 CONI INUE 

GO ro 728 
20 IFI IDIND(I}).NE.O)GO TO 25 

RMX ( NP ( 1 I I " RMX I NU ( I ) ) • GCU ( NU ( I ) ) 
25 CONT !NUE 

00 30 I<S • I, MXNOD 
30 COLil(KS) • ClNTIKS) 

RFIURN 
ENU 

c •••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 
SUBROUTINE WIDlti(BANOW, IROW,MXNOO) 

c 
C PURPOSE:lHIS SUBROUTINE CALCULATES THE BANDWIDTH OF THE 
C GLOCAL MATRIX . c •••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 

IMPL1C1r REAL'8 (A-H,O-ZJ 
COMMON /SUI30/GLOBMX(400,400),RMX(400),RECT(400) 
COMMON /SUBC/STOMX(400,400I,PI400,400),R(400,400) 
MAX " 0 
00 10 1 " I ,MVNOO 
00 5 J ~ 1 , MXNOO 
IFIGLOBMX(I,J).EQ.O.OIGO TO 5 
BANUW ~ v-l 
lF(IlANil\11 I.E.MAXJGO TO 5 
MAX ~ 111\NOW 
IRUW = I 

5 CONtiNUE 
BMJOW ~ 0 

10 CONrlNUE 
BANOW MAX 
!JANOW " 13ANOW • I 
DO 20 I , 1,MXNUO 
00 15 J = I,BANUW 
IF( I•J-1.GT.MXNOO)GO TO 303 
GLOBM'< I I. v) " GLOI1MX (I, to J- 1) 
SlUM'>.( I .J) = SlOPIIX( I,I+J-1) 

15 CurH !MJE 
20 <;ON r I NUE 

RETURN 
E~;Q 

c ................................................................... .. 
SUfHWIJ J I NE ADdUS T ( MXNOO. rlMJIJW l 

c 
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C F'URF'O<:r·THIS ~llBROIHINE IJFCrJMrOSES TilE MIITI?IX INTO liN UF'rER 
C IIHIINt;ULIIR MIIIUIX USING IIIE r.IIUSS!IIN ELEIMINAI ION PROCEUUf~ES. c •••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 
c 

IMPLICIT REAL'8 IA-H,O-ZI 
C:OMIIION /SUBO/<il ORMX ( •100, ·IC10 I , llMX ( •100) , REC rl -100) 
I<A ~ M'N00-1 
OU IS , I • I , Kll 
I<IJ = I•UIINUW-1 
Irii<B GT .MXNOiliKB~MxNOD 
KC.: • I• I 
1<0 • 1.11\tiOW 
11'1 ( Ml<.NOD- I •t I LT. BIINDW IKD-M~NliD-1+1 
I<E • 0 
DO 10 ..J• KC,I<B 
1<0 ., 1<0- I 
I<E • I<E • 1 
I<F .. I<E • I 
EM•GLOBMX(I,I<FJ/GLOOMX(I, I) 
IF(EM.EQ.O.O)GD TO 10 
DO 5 K-I.KO 
Kt; • KC•K 

5 GLDBMXIu,K)•GLD6MX(u,K)-EM•GLOBMX(I,KF) 
10 COW INUE 
IS CONf INUE 

RFTURN 
END 

c ···························~························· 
SUBROUTINE RIQITV(MXNOD,BIINDW) 

c 
C PURPOSI::THlS SUBROUTINE GENERArE RECT VECTOR AT EACH 
C TIME STEPS. 

c ••••••••••••••••••••••••••••••••••••••••••••••••••••• c 
IMPLICIT REAVS (A-H,O-Z) 
COMMON /SUBC/STOMX(400,400),P(400,400),R(400,400) 
COMMON /SUBD/GLORMX(400, •100). RMX( 400), RECT ( 400) 
COMMON /SURr /C1400) ,CINT ( •100 I .C:ULO( 400) ,UW( 4001 .BCD( 8 I 
DO 15 I .. I , MXNUU 
SUM•O.O 
K=l-1 
00 10 u-2.BANUW 
M"..J•I-1 
IFIM.GT.MXNOD) GO TO 5 
SUM•SUM•STOMXII,u)•COLD(M) 

5 Irlk.LF..O) GO 10 10 
SUM,SUM•STOMX(K.~)•COLO(K) 
I< -K- I 

10 CONTINUE 
15 RECTII)-aSUM•STOMX(I,I)•COLUCII 

RfTURN 
END 

c ······~······················································· 
SUBROUrlNE SULVER(MXNOO,BANilW,NIJI!C) 

c 
C PURI'OSE: fillS SUBIWUTINF. SOLVES THE SYSTEM EQUATIONS 
C USING BACkWARD SUBSTITUTION. c •••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 
c 

lr.ti'LICtr REAL*8 IA-H,O-ZI 
COMMON /SUI3C/S T!lMX ( 400.400 l ,I"( ·11)0, 400 I, R( 400.,100) 
COMMON /SUI3D/GLUI3MX( 400,400 I. RMX ( ·100). RECT ( <'100) 
Cor.~r.10N /SIJBF /C ( 400), C INTI •100 I, COLD ( 400), QW( 400 J. BCD ( 8) 
COMMON /SUBG/10(400),N0(400) 
KA " MXNOO- t 
00 5 I= t ,KA 
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c 

KP. " I ~BMJIIW- I 
II IKU.Gf.MANOOIKB-MXNUO 

KC "' [+I 
I.- I 
no !3 .; = Nu,Mu 
l I. I I 
~L\; f( u I=RECf(u) -GLUI.lMXIl, L) •RECf( l )IGLUOMX( 1, 1) 

5 <:oN r I NlJE 
CIMXNOO) = RECT(MXNOOIIGLUI.lMX(MXN00,1) 
DO 15 K:l, KA 
I " MXNOO-K 
KB : BANUW 
lri(I+BANUW-I).GT.MXNOUIKB=MXN00-1+1 
SUM ,. 0.0 
DO 10 u•2.KB 
N=l+u-1 
If IN.GT .MXNUO)GO TO 1!3 

10 !iiiM-SUM•GUJBMX (I, ol I •c ( N I 
15 CIII • (RECT(I)-SUMIIGLORMX(I,I) 

DO 25 I" I , MXNOO 
UU 20 uK"I,NDBC 
IF (NOiuK) .EQ. I )C( I I~CINI ( 1) 

:!0 c;mH INlll: 
25 CONTINUE 

RrlURN 
ENU 

SENTRY 
SIBSYS 
II 
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APPENDIX B 

GUIDE FOR DATA INPUT 
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This group of cards, which are read by the main program 

and input subroutine, contains data required to dimension 

the model. The reader should refer to Appendix A for the 

definition of the variables. 

Card Column Format Variable 

1 1-4 !4 NELMS 

5-8 I4 MNOPE 

9-12 I4 NSTEDY 

13-16 I4 NDBC 

17-26 Fl0.2 DELT 

2 1-11 nD11.3 VL.X(I) 

12-23 nD11.3 VLY(I) 

24-34 nDll.3 VLZ(I) 

3 1-11 nD11.3 D.X.X (I) 

12-23 nD11.3 DYY(I) 

24-34 nD11.3 DZZ (I} 

4 1-4 I4 NWELLS 

5-8 I4 NPERS 

9-12 I4 NOMAT 

13-16 I4 NCE 

17-20 I4 IT 

21-30 F10.5 FACT 

31-40 F10.5 FACTA 

5 1-10 010.2 X( I) 

11-20 D10.2 y(I) 

21-30 D10.2 z(I) 

31-40 D10.2 QW( I) 

41-50 010.2 CMT(I) 



6 

7 

8 

1-4 

5-40 

1-40 

1-80 

I4 

8!4 

20!4 

40!2 

NE 

NODE(I,J) 

ND(I) 

ID{ I) 

155 

Note: Cards 2 and 3, with no specification, depend on 

how many nodes, one set for each node is needed for each 

card. For card 5, each element requires a card. For cards 

7 and 8, if nodes are more than specified in the above 

table, an additional card is required. 



APPENDIX C 

INPUT/OUTPUT OF ONE-DIMENSIONAL TESTING 

20, SO, 70, AND 100 ELEMENT TESTINGS 
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APPENDIX F 

INPUT/OUTPUT OF FIELD APPLICATION PROBLEM 
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INPUT DATA FDA THAli·DIMINSIONAl 

GAOUNOWATfA DISP BY FINITI fliMINT METHOD 

TOIAl NO OF lllMlNTS 
TOTAl NO OF NODES 
MAIIMUN NO OF NODES PEA ElEMINT 
TOTAl NO. OF IIIATEAIALS 
NUIIIIIR DF PUMPING WEllS 
NUMBfA Of CONCS TO BE ISTINATEO 

NUIIIIIA OF PUMPING PIAIDDS 
TOIAl SIMUlATION PlAIDDS 

• 154 
• 360 

I 
I 
0 

• 360 

0 
16 

FACTOR MUlTIPlYING COMPUTED CONCS • I ()()1)0() 

SUP Sill 
~UII or I'ROillfM 
NO or SI>ICIF UO CONOII IONS 

74 OOOC:J 
I 

• 100 

N 

*"' \0 
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NODES CONCS NODI$ 

I 0.0000 00 I 
I 0 1000 0:1 ' II 0 &530 02 12 
II 0 0000 00 " II 0 123D 03 u 
21 0 IUD 02 n 
31 0 0000 00 31 
31 0.141D 031 37 
41 0 I05D OJ 4:1 
41 0 0000 DO "' II 0 8150 02 S2 
!II 0 164D OJ " .. 0 0000 00 12 
61 0.1000 OJ ., 
71 0 1720 OJ u 
11 0.0000 DO " II 0 6880 02 82 
16 0 1200 OJ 11 
91 0 0000 DO n 
81 0 !16JD 02 n 

101 0 1430 02 102 
106 0 0000 00 101 
Ill 0 !1120 01 112 
Ill 0 !1411D 02 117 
121 0 0000 00 122 
126 0 700D 02 tn 
131 0.0000 DO 132 
136 0 0000 DO 131 
141 0 4360 02 142 
141 0 0000 00 141 
I !II 0 0000 00 112 
1511 0 0000 00 "' 161 0 0000 00 til 
166 0 0000 00 Ill 
Ill 0 0000 00 tU na 0 0000 00 "' Ill 0 OOOD 00 Ill 
186 0 1000 OJ 117 
191 0 5630 02 182 
196 0 OOIKJ 00 191 
201 0 1230 OJ 202 
206 0 8JJil 02 207 
2tt 0 0000 00 212 
216 0 IUD OJ 211 
221 0 10!>0 031 222 
22& 0 DODD 00 227 
231 0.98SO 02 232 
231 o ••~D 0:1 2:17 
241 0 0000 00 242 
241 0 1000 OJ 241 
251 0 1720 03 252 
251 0 0000 00 2!17 
211 0 GUO 02 252 
2&6 0 1200 03 261 

CONCENTIA110N DIS1111UTION IT tt•f • 391.000 DAYS 

CONCS NODES CDNCS NODES CONCS MIDIS 

0.0000 00 I o.oooo 00 • 0.1000 02 
0 liDO 0:1 I 0.1!100 0:1 • 0.114D 01 
0.313D 02 13 0.0000 00 14 o.oooo 00 
o.oooo 00 II 0.30ID 02 II 0.1000 02 
O.I!IDO 03 u 0 IUD 0:1 ,. 0.1!100 03 
0.!1000 02 21 0.0000 00 21 o.oooo 00 
o.oooo 00 n 0 0000 DO u 0.0000 00 
0.11&0 031 31 O.IUD OJ 31 o.ti3D 03 
0 1!110 01 43 0.2010 02 .... 0.0000 00 
o.oooo 00 41 0 0000 DO 41 0.4000 02 
0 I!IDO 03 13 O.I12D OJ •• 0.1140 03 
0.1000 03 Sl 0.113D 01 II. 0.0000 00 
0.0000 00 u 0.0000 DO ... 0.301D 02 
0 12DO 031 II 0 1400 0:1 .. o.noo OJ 
0 1270 OJ n o. 71130 02 "' o.oooo 00 
o.oooo 00 ll 0.0000 00 ll 0.0000 00 
0 1130 02 1:1 0 IJID 01 .. 0.1130 031 
0 ll!IO 02 .. 0.184D Dl II o.oooo 00 
0 0000 00 131 0 0000 00 14 0.0000 00 
0.1010 02 81 0 I:I:ID 02 II o.auo 01 
0.1120 02 1031 0 4000 02 104 0.0000 00 
0 0000 00 101 0.0000 00 101 0.201D 02 
0 1180 02 IIJ 0 1160 02 ... 0.1310 01 
0 2130 02 ttl 0.0000 00 Ill 0.0000 00 
0 0000 00 12:1 0.0000 DO 124 0.!1010 02 
0 1030 02 121 0.1020 02 121 o.sooo 02 
0 0000 00 13:1 0.0000 DO IU 0.0000 00 
0 0000 00 131 O.:toDO 02 131 0.1510 02 
0.2020 01 143 0.0000 00 144 0.0000 00 
0.0000 00 141 0.0000 00 141 0.0000 00 
0.0000 DO 11:11 0.1000 02 114 0 0000 00 0.0000 00 151 0.0000 00 lSI 0.0000 00 
0 0000 00 IIJ 0 0000 00 114 0.0000 00 
0 0000 00 Ill 0.0000 00 Ill 0.0000 00 
0 0000 00 IJ:t 0 DODO 00 114 0 DODO 00 
0 0000 00 Ill 0 0000 00 Ill O.DODO 00 
0 0000 00 IIJ 0.0000 00 114 0.5000 02 
0 1100 0:1 Ill 0 1!100 OJ ... 0.8&40 02 
0.:1830 02 11:1 0 0000 00 lt4 0 DODO 00 
0 0000 00 191 0 lOID 02 191 0.!1000 02 
0 1500 03 20J 0 IUD 03 204 0 1!100 OJ 
0 5000 02 20. 0 0000 00 2011 0.0000 00 
0 0000 00 21:1 0 0000 00 214 0.0000 00 
0 1560 0:1 211 0 1720 03 Ul o. 1130 0:1 
0 7!110 02 22:1 0 2010 02 224 0.0000 00 
0 0000 00 221 0 0000 00 221 0 4000 02 
0 t!IOD 0:1 23:1 0.1120 0:1 234 0 1140 0:1 
0 1000 0:1 Ul 0 IUD 02 I :II 0.0000 00 
0 0000 00 2431 o.oooo 00 244 O.:IOID 02 
0 1200 0:1 241 0 1400 0:1 241 o.noo OJ 
0 IUD 03 25:1 0 113D 02 2114 0.0000 00 
0 0000 00 2!11 0.0000 00 2111 0.0000 00 
0 ll:tD 02 213 0 IJBD 02 214 O.II:ID OJ 
0 17110 02 281 0.1140 02 Ul 0.0000 00 

CONCS 

I 
10 
IS 
10 
:as 
30 
3!1 
40 ... 
10 
IS 
10 
IS 
70 
ll 
10 
IS 
80 
85 

100 
10!1 
ItO" 
ItS 
120 
12S 
t:IO 
135 
140 
141 
ISO 
ISS 
110 
165 
no 
175 
110 
liS 
190 
195 
200 
205 
210 
215 
220 
:12!1 
2:10 
23!1 
240 
24!1 
2!10 
2511 
260 
21!1 
:no 

0 7500 02 
0 1!120 02 
0.0000 DO 
O.UIO 02 
D. 1100 0:1 
0 0000 DO 
0.7220 02 
0.1410 OJ 
0 0000 DO 
0 82'50 02 
0 1100 031 
0.0000 DO 
0 !1000 C2 
0.2010 OJ 
0 0000 DO 
0 5000 02 
O. 1!100 OJ 
0 0000 00 
0 5000 02 
0.7210 02 
0.0000 00 
0 5010 02 
0 6430 02 
0 0000 00 
0 6630 02 
0 0000 00 
o.oooo 00 
0.111!10 02 
0 0000 00 
0.0000 00 
0.0000 00 
0 0000 00 
0 0000 00 
o.oooo 00 
0.0000 00 
0 0000 00 
0 1500 02 
0.1!120 02 
0 0000 00 
0 HID 02 
0 1100 OJ 
0 0000 00 
0 1220 02 
0 UIO OJ 
0 0000 00 
0 1250 02 
0 1100 OJ 
0 0000 00 
0 !1000 02 
0 201D 0:1 
o.oooo 00 
0.11000 02 
0 I!IDO OJ 
0 0000 DO 

N 
0\ 
N 
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~ 0 

I (m 
v 

5 

Analytical 
O.l20xl04 Solution 

tlodel 
o._l05xi04 Solution 

l Error IZ.50 

10 

Analytical 
0.584xl06 Solution 

tlodel 
Solution 

l Error 12.)2 

20 

Analytical 
0.188xl01 Solution 

tlodel 
O.l10xl01 Solution 

"l Error 9.57 

TABLE IV 

ERROR ANALYSIS AT DIFFERENT NODES AND TIMES 
CASE 1. TIME: 240 HRS •• DEPTH: 1 M 

10 20 )0 40 50 

O.l26xlo1 O.l9lxl0° 0.64lxl0 ·5 0.477xlO•ll 0.80ld0- 19 

O.lllxl01 0.174x10° 0.58hl0 ·5 0.441xl0 
·II 0.71\aln·l'f 

11.9 9.84 1.424 '1. 547 ).481 

0.514xl04 O.SOlxlOI O.l41xl0 
·1 0.945xl0 

·10 
O.l6hl0 

·11 

0.469xto4 0.44lxl0 1 O.UlxlO 
·l 0.945xiO·IO O.l56xl0 ·l7 

12.17 11.97 •• )9 4.92 1.11 

O.l8Cxl0 
·I 

o.U9xlo 
·4 

0.2Z7xl0 -· O.l60xlO·llo 0.25lxl0 "22 

O.l47xl0 ·I o. 586xl0_, 0.259xl0 
·II O.l54xlO•llo 0. 242x 10 • 22 

8.611 6.81o 6.50 J.n 1."' 

r,o 

O.l05xl!1. 28 

0.1'1hlll ·211 

L62 

0.595xl0 
·21 

0.5BOxl0. 27 

2.52 

o.914xlo·ll 

O.I!QJxlO·lZ 

2.10 

N 

"' IJl 



0 

s 

Analyllc:a I 
Solullon 0. Rf>9KIIt) 

Hodel 
Solullnn 0. 7ROxtOl 

1 Error 10.24 

10 

Analpllc:al 
Solution 0. l78xl0& 

Hodel 
Solullnn 

1 Errur 

20 

Anahlll'lol 

o. l57xlo6 

11.8 

Sohollun O.lObxlOl 

......... 
Solulluu 0.095xl01 

1 Erruo 10. JR 

TABLE V 

ERROR ANALYSIS AT DIFFERENT NODES AND TIMES 
CASE 1. TIME: 240 HRS., DEPTH: 2M 

10 20 JO 40 

0.925xlo2 O.l44xlon 0.48lxl0·5 O.J&Oxlo·ll 

0.8)4xl02 O.IJixloO 0.452xto·5 O.J4&~lo·ll 

9.84 11.0) 6.42 ).90 

O.J80xl04 O.J72xlol O.l08xlO·l 0.75lxto·l0 

O.JJRxl04 O.ll5xl01 0.100x10·l 0.715xlo·l0 

11.05 9.95 7.41 4.79 

0.27f>xlO"l 0.472xlo·4 0.17lxl0-8 O.l21xl0·14 

0.249xlo·l 0.4llxi0·4 O.l6lxt0·8 O.ll6xl0"14 

9.78 8.&9 5.R5 4.11 

50 

0.608xlO·l9 

0. 5'10x 10 " 19 

::.90 

O.l22xlo·l7 

o. llBx 1o·l1 

l.2R 

O.l911xl0·22 

O.lR5xt0·22 

2.61 

60 

0.212xlo·2R 

0.22f>xto·28 

2.59 

0.452xl0"27 

0.4'>2><10·27 

2.RR 

O.f>9hiO·l2 

0. f> 74x to· 12 

2.74 

N 
0\ 
0\ 



0 

5 

Analytical 
Solution 0.224xl03 

Hodel 
Solution 

~ Error 

10 

0.203xl03 

9.38 

Aoalytlc:al 
Solution O.l32xl05 

Hodel 
Solution 

~ Errnr 

20 

O.ll9xl05 

9.85 

TABLE VI 

ERROR ANALYSIS AT DIFFERENT NODES AND TIHES 
CASE 1. TIME: 240 HRS., DEPTH: 4 H 

10 20 ]0 40 50 

0.256x1o2 0.430xlo-1 o.l49x1o- 5 O.lllx10-ll 0.194xlo-19 

0.232x1o2 0.392x1o-1 0.139x1o-5 0.109x1o-11 0.189xl0-l9 

9.38 8.84 6;71 3.54 2.58 

0.907xl03 0.108x101 0.330x1o-4 0.235x1o-l0 0.387xlo-18 

0.818xl03 0.098x1o1 0.308x1o-4 0.224xlo-10 0.376xlo-18 

9.81 9.26 6.67 4.68 2.84 

Analvclc:al 
Solutlnn 0.897xlo-1 0.738x1o-2 O.l44x1o-4 0.528xlo-9 0.379xlo-15 0.604xlo-23 

tlod~l 
Solutlnn 0.803xl0-1 0.666xlo-2 O.ll2xl0-4 0.49Rxlo-9 0.365xlo-15 0.588xl0-23 

~ Errnr 10.47 9.76 8.33 5.68 3.69 2.65 

flO 

o. 742xlo-29 

0.722xlo-29 

1.66 

0.145xlfl-27 

O.l41x10-27 

2.76 

0.222xlo-3:! 

0.216x10-3:! 

2.70 

N 
0\ .._, 



TABLE VII 

ERROR ANALYSIS AT DIFFERENT NODES AND TIMES 
CASE 1. TIME: 480 HRS., DEPTH: 1M 

r: X ··: I 
I '• v 

0 

5 

Analytical ~ 
Solution 0.7,5xlol 

Hodel 
Solution 

1. Error-

10 

0. 712xl0l 

10.44 

Analytical 
Solution 0.195x106 

tlode I 
Solution 

1. Err-nr-

20 

AnalYtical 
Solutlun 

tlndl'l 
Solul A•u• 

1. Er,.ur 

O.l7lxl06 

11.]1; 

0.896x1o0 

0.82:!xl00 

8.::6 

10 

O.ll6x10l 

0.288xlOl 

8.86 

0.484xl05 

0.429xl05 

11.28 

0.255x10° 

O.:!l6xLo0 

7.45 

20 ]0 40 50 flO 

o. L48xto2 0.8B8x10-1 0.7l8x10-4 0.87Sxl0-8 0. L50x1o-l2 

0.137xt02 0.830xLO-L O.iLBxLO-~ o.B5Jxlo-s O.lt.Bxl0-12 

7.43 6.53 2.71 2.51 L.Jl 

0.890xlol 0.308xLOL 0.:!02xl0-2 0.212xL0-6 O.l38xLO-ll 

0.790xLOJ 0.2R4xtol 0.194xlo-2 0.207x1o-6 O.lllx10-ll 

11.2 7.79 ].!6 2.36 1.48 

0.609xlo-2 0.274xlo-~ 0.2l6xlo-i O.lOOxlO-ll 0.526xlo-L6 

0.57lxl0-2 0.:!59xlo- 4 O.:!llxl0-7 0.2!~xlo-Ll 0.5lixl0-!6 

5.91 5.47 2.01 2.0 1.71 

N 
0\ 
00 



TABLE VIII 

ERROR ANALYSIS AT DIFFERENT NODES AND TIMES 
CASE 1. TIME: 480 HRS •• DEPTH: 2M 

ry X (111:1 
I (m 

" 

0 10 

5 

Analytical 
Solutlnn 0.576xl0l 0. :!JOxlol 

tlodel 
Solutlnn 

'7. Error 

10 

Analytical 

o.52lxlo-l 0.209x1ol 

9.5~ 9.ll 

Solution 0.795x105 o. 229x1o5 

tlodel 
Solutlnn 

'7. Errnr 

20 

Analvtlcal 
Solul 1un 

tlod•l 
Sulutlun 

'1 Er ru1 

o. 714xl05 o. 206r.to5 

10.19 10.04 

0.5Zhl00 0.1Sh100 

0.47:.xl00 O.l4lxl00 

9. 71 9.0) 

20 ]0 40 50 liD 

O.l08xl02 0.656xlo-l 0.55lxlo-4 O.b57xlO"R O.lllxlo-12 

0.099xl02 0.616xlO-I 0.534xl0-4 O.b44xl0-8 O.lllxlO"l:! 

8.3) 6.0S 3.09 1.98 1.77 

0.569x1ol 0.222x1ol 0.149x1o-2 0.159xlo-6 0.254xlo-ll 

0.51Rxlol 0.20ixl01 0.14lx1o-2 0.156xl0-6 0. 249xlo-ll 

8.96 6.76 4.0) 1.119 1.97 

0.41t.x10"2 o.zo=xlo-4 0.1i7xlo-' 0.225xlO"ll O.l96x10-!6 

O.l84x10-2 O.l92xlo-4 O.ll4xl0"7 0.221x10-11 O.liiRxl0-16 

7.69 4.95 ).56 1. 78 1.110 

N 
0'1 
1.0 



1
-1 (na) 

-> y 
I c .. 
" 

s 

Analytical 
Solution 

tlode I 
Solution 

1. Error 

10 

Analytical 
Solution 

H<orfrl 
Solul 1nn 

l. Err ur 

20 

Analvtlc31 
Solut 1nn 

llndrl 
Snlutlun 

1. Er1ur 

TABLE IX 

ERROR ANALYSIS AT DIFFERENT NODES AND TIMES 
CASE 1. TIME: 480 HRS •• DEPTH: 4 H 

0 10 20 JO 40 

0. 15C,_l:ll O.l\04xl02 0.291ixlol O.l89xlO"l 0.163x10"4 

0. 13cxl03 C.554xl0~ 0.275xlol 0.17&Y.10"1 0.156:<10"4 

9.33 8.88 7. 72 5.82 3.07 

0.814xl04 0.29hl04 0.114:<103 O.S73xt00 0.425xl0"3 

0.73~>:104 o.~&9do4 0.105:<10) 0.5~0xl00 0.409,10") 

9.!3 9.12 i.69 5.76 ).7& 

0.55~'10"1 O.Z07xl0"1 0.905xl0") 0.5i~xl0"5 0.5l4xl0"8 

o.so~~lO"l O.l89xlo·l 0.8l5xlO"l 0.548x1o·5 0.519xlo-8 

9. !9 11.70 7.71 4.70 2.81 

so f>l) 

O.l99xl0"8 o. J!. ix1o·ll 

0.!95xlc-5 0. JH>:l0-13 

2.01 1.73 

0.472xlo-7 0.776x10"l2 

O,!.b3x10"i 0. 763.dfl"l~ 

1. 91 1.1>8 

0.689xlO"lZ 0.1~2xlC"l& 

0.678xlo·l2 0.120xlo·l6 

1.60 1.64 

N 
....... 
0 



5 

Analytical 
Solution 

Hodel 
Solution 

1. Enor 

10 

Analytical 
Solution 

Hodel 
So>lutlnn 

1. Errnr 

20 

Analvtlcal 
So> lui 11111 

Ho>d•l 
So>lutlnn 

1. Er rur 

0 

0.6l5xlOl 

0.580x10l 

8.66 

O.l45xlo6 

O.l:!9xl06 

10.75 

0.679xl00 

TABLE X 

ERROR ANALYSIS AT DIFFERENT NODES AND TIMES 
CASE 1. TIME: 720 HRS •• DEPTH: 1M 

10 20 )0 40 50 

o.lnxlol 0.5l9xl02 O.l98xlOl O.l87xlO-l 0.47lxl0-~ 

O.l4lxlOl 0.50lx102 0.186x10l O.lB:!xlO-l 0.459xlo-:. 

7.80 6.68 6.06 2.6i 2.5; 

0. 717xl05 0.662xl04 O.l7lx10l 0.8llxl0ol O.l54xl0-:! 

0.642xto5 0.594x1o4 O.l60xlOl o. 78tx1oo 0.151xl0-:! 

10.46 10.27 7.51 ].94 1.95 

O.l5lx1oO O.J66xlO-l o.&94do-l 0.6l8xl0-5 o.147xao-7 

0.624x100 o.l27xlo0 0.]48xlO-l o.a~9xlo-l o.r.z:!:clo-5 O.l4lxlo-7 

8.10 6.7:! 4.92 5.0] 2.51 2.72 

60 

O.l18xlo-7 

O.Jl4dc-1 

t.:r. 

0.889xlo-6 

0.876xl0_, 

1.:06 

0.102:cl0·10 

0.100xlo·l0 

l.96 

N .... 
1-' 



0 

5 

Analytical 
Solution 0.46lxl03 

tlodel 
So>lutlon 

1. E.-.-or 

10 

Anelyllcal 

0.421>:103 

8.70 

Solutlnn 0.60lxl05 

Hodel 
Solullnn 

1. Er r<>r 

20 

Analvllc31 
Solutlun 

o. 544xto5 

9.78 

li.400xl00 

TABLE XI 

ERROR ANALYSIS AT DIFFERENT NODES AND TIMES 
CASE 1. TIME: 720 HRS., DEPTH: 2M 

10 20 ]0 40 50 

0.270xlol O.l94xl02 O.l45xlol O.l38xlO"l o. J49xto·4 

0.:!48xtol 0.367xl02 O.llixiOl 0.134xlO"l O.l4lxl0"4 

8.15 6.85 5.52 2.90 1. 72 

O.ll4xl05 O.lllxi04 0.82lxi02 0.558xl00 O.ll2x10"2 

0.285xto5 O.l06x104 0.709xl02 0.5l7xl00 O.ll0xl0"2 

9.24 8.11 6.56 ].76 1. 79 

0.290xl00 0.229xlO"l 0.599xlo·l 0.457xl0"5 O.l09xl0"7 

tlod•l 
Solutlun O.l&5xl00 O.l9lxlo0 0.2llxlO"l 0.570xlo·l 0.44lxl0"5 0. 107x Io-7 

t Errnr 8.75 8.10 11.99 4.84 ].50 1.111 

1\0 

0.237xl0"7 

0.23lx10"7 

1.69 

0.656xto·6 

0.645xto·6 

1.68 

0. 760xto·ll 

0. 748x to·ll 

l. 58 

N 

" N 



s 

Analytical 
Solution 

Hodel 
Solution 

'1 £~~or 

10 

Analytical 
Solution 

Hodel 
Solurlon 

t Errnr 

20 

Analvr leal 
Solu&lnn 

tlod•l 
Solutln11 

t £rr11r 

TABLE XII 

ERROR ANALYSIS AT DIFFERENT NODES AND TIMES 
CASE 1. TIME: 720 HRS., DEPTH: 4 M 

0 10 20 )0 40 

0.120x10l 0. 710xl02 O.l05x102 O.l98xl00 O.l90xlo-2 

0. l09xtol 0.654xto2 o.099xto2 O.l74xt00 o.li9xlo-:! 

8.80 7.89 6.67 6.03 2.8:! 

0.64lxl04 0.362xl04 o.478xtol O.l55xt02 O.l30xl0° 

0. 584d04 0.33lxl04 0.41.5x10l O.l46xl02 O.l25xl00 

8.69 8.10 6.90 5.81 3.85 

0.438xlO"l 0.25lxl0-l O.l46xlo-2 0.12lxl0-l O.ll8xt0•5 

O.l99xl0-l O.Ulxl0-1 O.l2lxl0-2 O.ll7xl0-l O.ll5xl0-5 

8.90 7.97 6 .r.s 4.88 2.54 

so 1>0 

0.101xl0"4 0.700xl0-8 

o.099~to·4 o.689do-8 

1.98 1.57 

0.:!95xto·l o. t85xto·6 

0.290xto·l O.l82xl0-6 

1.69 1.62 

O.ll5xl0"8 o. :!:!Rx to·ll 

0. 390xl0"8 0.:!:!5xlo· 11 

l.S9 l. 32 

N 
....... 
w 



I Cod 

~ 

Analytical 
Solution 

tlodel 
Solution 

1:. Error 

10 

Analytical 
Solution 

Hodel 
Solution 

1:. l!crnr 

20 

Anal vi 1<:.11 
Slllutlun 

tlool., I 
SL~Iut i••n 

l. Ertnl 

TABLE XIII 

ERROR ANALYSIS AT DIFFERENT NODES AND TIMES 
CASE 1. TIME: 960 HRS. • DEPTH: 1 M 

0 10 20 )0 40 

0.543xl03 0.382xl03 0.9~9x102 0.862xt01 0.280x10° 

' o;2;sx1o 1 0.502xl0' 0.350.:103 0.903xl0~ 0.81Qxl01 

7.55 6.80 5.80 ~. 75 2.48 

0. 120x106 o. 777xl05 0.153xl05 0.9~6xl01 
, 

0.206xl0-

o.108xl01) 0. 702xl0~ O.ll9x105 0.887x103 0.198x1o2 

1.00 9.65 8.80 7.22 ).88 

0.5b7xl0° 0. l75xl0° 
-1 _, -l 

0. 786xl0 0.542xl0 - 0.13:!x10 

_, -l 
0.513xl0° Q.35lxl00 o. 747xl0- 1 o.~19x10 - O.l::SxlO 

9.52 5.87 4.98 4.07 3.00 

~0 

0.3llx10 
-2 

-· 0.325xl0 -

2.!.0 

0.168x10° 

0.164><10° 

2.)8 

-< 
0.1:!4xl0 • 

0.1~1xl0 
-5 

2.42 

110 

0. 164x10 
-4 

-~ 

0. l!.LxlO 

1.37 

0.55Rxl0 
-l 

0.550xl0 
-3 

1.43 

O,!o76xl0 
·R 

O.!oiOxlO·S 

a.::c. 

N 
...... 
~ 



r~.:-:~ 
5 

Analrtlcal 
Solution 

tlodel 
S•> lul ton 

'1 EI"I"OI" 

10 

AnalyEical 
Solution 

Hodod 
Solullon 

'1 Eiri"OI" 

20 

Analvllcal 
Suluclnn 

tlod .. l 
s .. lutlnn 

1. t: ........ 

0 

O.l94x10l 

O.lblxl03 

8.40 

0.504xl05 

0.460xl05 

8. 7l 

O.ll5xl0° 

0.308x10° 

8.06 

TABLE XIV 

ERROR ANALYSIS AT DIFFERENT NODES AND TIMES 
CASE 1. TIME: 960 HRS., DEPTH: 2 H 

10 

0.278x101 

0.!58x103 

7.19 

O.ll4x105 

0.306xl05 

8.38 

0.:!2lxl0° 

0.:!07xl0° 

7.11 

:zo 

0.698x103 

, 
0.6S6xl0-

6.02 

0.706x104 

0.656xl01 

7.08 

-I 
0.478xl0 

30 

0.6lOxl01 

0.596xl0° 

5.40 

0.493xt01 

0.46lxl01 

6.49 

40 

0 
0.206xl0 

0.~00x10° 

2.91 

.. 
O.l21xl0-

.. 
O.ll6xl0-

4.ll 

_, -~ 
O.l4ZxlQ - 0.876xl0 

0.450xl0-l O.l26xl0-z 0.85:!xi0-4 

5.86 4.1:! 2.74 

50 

_, 
0.245xl0 -

0.:!4lxl0-~ 

1.63 

O.llOxl0° 

O.l08xl0° 

1.8:! 

-r. 
0.866xl0 

0.852xl0" 6 

1.62 

flO 

-4 
0.108xl0 

O.l06xl0--

1.85 

-l 
O.l92sl0 

-3 0. 386xl0 

1.53 

-!I 
0.346xl0 

O.J4lx10-!l 

1.45 

N 
-....! 
\JI 



~~:I 
5 

Analytical 
Solution 

llode I 
Sulut lon 

t t:rror 

10 

Analytical 
Solution 

Hodel 
Solution 

t t:rrnr 

20 

Analvtlcal 
Solutlun 

tlodr I 
Solut lun 

1 Er.-nr 

TABLE XV 

ERROR ANALYSIS AT DIFFERENT NODES AND TIMES 
CASE 1. TIME: 960 HRS •• DEPTH: 4 M 

0 

0. 101>:10 1 

0.09)xl01 

7. 77 

0. 544xl04 

O.S01xl04 

7.54 

10 

1 
0.729xl0-

1 
0.678><10-

7.00 

O.l7bxl04 

O.l49xl04 

7.18 

20 

O.l85xl0 2 

1 
O.l74xl0-

5.95 

0.895xl03 

0.84:!xl01 

5.92 

]0 

O.l70xl0 I 

O.lbOxlOl 

5.6!1 

40 

0.564xl0-l 

-I o.549xlO 

2.66 

0.744xl02 0.221x101 

0.70lxl02 0.211x101 

5.51 ].62 

O.l7lxl0-l 0.260xl0-l 0.6l2xl0-l 0.5~9xl0- 1 0.17Sxl0-4 

0.)45xl0-l 0.242xl0-l 0.595xl0" 2 0.524xl0-l O.l70xl0-4 

7.51 6.92 5.85 4.55 2.116 

50 

O.b86xl0 -l 

-l 
0.675xl0 

1.60 

-I 0.2l9xl0 

-I O.!lSxlO 

l.f>7 

-6 0.209xl0 

·6 0.206xl0 

1.44 

flO 

o. l08xlO -s 

-5 O.lOlxlO 

1.62 

0.96lxl0-4 

-4 
0.949xl0 

1.45 

0.94.:.xl0- 9 

-9 0.9llxl0 

1.18 

N 
....... 
0\ 
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Analytical 
Solution 

tlodo:l 
Solution 

l. Er-r-or 

10 

Analytical 
Solution 

Hodel 
Solution 

l. Error 

20 

AnalYtic., I 
Solnltun 

tlml~ I 
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ERROR ANALYSIS AT DIFFERENT NODES AND TIMES 
CASE 1. TIME: 1200 HRS., DEPTH: 1 H 
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TABLE XVII 

ERROR ANALYSIS AT DIFFERENT NODES AND TIMES 
CASE 1. TIME: 1200 HRS., DEPTH: 2M 
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TABLE XVIII 

ERROR ANALYSIS AT DIFFERENT NODES AND TIMES 
CASE 1. TIME: 1200 HRS., DEPTH: 4 H 
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0.25lx10-

., 
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0 .18lxl01 0.115xl02 
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TABLE XIX 

ERROR ANALYSIS AT DIPPERENT NODES AND TIMES 
CASE 2. TIME: 240 HRS •• DEPTH: 1 H 
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O.ll7xl04 O.U2xl03 0.168xl0° 0.625xl0- 5 o.465xlO-u 0. 78Jx10-l9 

O.l03xl04 O.l08x10l 0.110x10° 0.5i3.<10 
-5 0.449xl0-ll 0.75bxl0- 19 

ll.Q6 11.48 9.57 8.]2 ].45 ].44 
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-] 0.969x10·IO O.l57x10-l7 
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TABLE XX 

ERROR ANALYSIS AT DIFFERENT NODES AND TIMES 
CASE 2. TIME: 240 HRS •• DEPTH: 2 H 
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Oo825x1u- Oo5ooxl0 .o 
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TABLE XXI 

ERROR ANALYSIS AT DIFFERENT NODES AND TIMES 
CASE 2. TIME: 240 HRS., DEPTH: 4 M 
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0.25lxl02 0.421xl0 1 . -5 
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0.101x104 O.ll7xl01 O.l5lxl0 
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0.09lxl04 O.l07xl01 O.llOxlO 
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-10 O.!.OOxlO-l 8 
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0.805xlo- 2 O.l54xlo-4 0. 564xl0 
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TABLE XXII 

ERROR ANALYSIS AT DIFFERENT NODES AND TIMES 
CASE 2. TIME: 480 HRs •• DEPTH: 1 H 
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o. )07xl03 0.144xl02 -OBii~xlO 
-1 0. 719xl0 -4 0.8Hxl0 -8 

0.282xl03 0 .133x102 0.812xl0 -1 0.70Jxl0 -4 O.Sllix10 -8 
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0.26oxl0 
-4 

0.2l0xl0 -7 o. 2921<10 -ll 
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TABLE XXIII 

ERROR ANALYSIS AT DIFFERENT NODES AND TIMES 
CASE 2. TIME& 480 HRS., DEPTH: 2 H 
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-8 
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TABLE XXIV 

ERROR ANALYSIS AT DIFFERENT NODES AND TIMES 
CASE 2. TIME: 480 HRS., DEPTH: 4 H 
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4.67 2.88 

50 

-8 
0.2llxl0 

-!\ 
0.209xl0 

1.88 

-7 0.507x10 

-i 0.497x10 

1.97 

60 

O.l7lx10-l3 

0.365x10-: 3 

1.62 
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TABLE XXV 

ERROR ANALYSIS AT DIFFERENT NODES AND TIMES 
CASE 2. TIME: 720 HRS •• DEPTH: 1M 
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TABLE XXVI 

ERROR ANALYSIS AT DIFFERENT NODES AND TIMES 
CASE 2. TIME: 720 HRS., DEPTH: 2M 
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TABLE XXVII 

ERROR ANALYSIS AT DIFFERENT NODES AND TIMES 
CAS! 2. TIME: 720 HRS •• DEPTH: 4 H 

0 10 zo ]0 40 50 
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.. .. 
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TABLE XXVIII 

ERROR ANALYSI~ AT DIFFERENT NODES AND TIMES 
CASE 2. TIME: 960 HRS •• DEPTH: 1 H 
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TABLE XXIX 

ERROR ANALYSIS AT DIFFERENT NODES AND TIMES 
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