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CHAPTER 1
INTRODUCTION
1.1 General

Linear small displacement analysis is not sufficiently
accurate for the prediction of displacements of thin plate
and shell structures, when the loads acting on the structure
produce displacements that are of the order of the thickness
of the structure. When the displacements are of the order
of the thickness of the structure, the strain-displacement
and the equilibrium equations become nonlinear_while the
stress-strain relations remain linear. This is referred to
as geometric nonlinearity or large displacement conditions.

There have been numerous investigations on the geome-
trically nonlinear analysis of plates and the behavior of
plates under large displacements is well known. The geome-
trically nonlinear analysis of shells has also been investi-
gated, but to a lesser extent than plate structures. Closed
form solutions for the geometrically nonlinear analysis of
shells are few. Most of the previous work has been done,
using the finite difference or finite element discretization
and by solving the resulting algebraic equations by incre-

mental, iterative or initial value procedures. In these



procedures, the loads are increased in small steps and large
numbers of simultaneous equations are solved for each load
step, to trace the load displacement path.

An alternative finite difference technique called
Dynamic Relaxation was developed in 1960. Using this method
the nonlinear equations can be solved in a single load
increment and solution of simultaneous equations can be
avoided. In the dynamic relaxation technigue, the solution
to the nonlinear problem is obtained by considering the
equivalent dynamic problem with viscous damping introduced
to damp the oscillations. The equivalent dynamic problem is
solved by an explicit finite difference integration scheme.
If the damping, which is artificial, is sufficient, the
oscillations will die out and the static solution will be
obtained.

The merits of the dynamic relaxation method are:

1. Once the governing equations are set up the whole
procedure is simple and easy for programming on a digital
~ computer.

2. Compared to the conventional finite difference and
the finite element formulation, in the present dynamic
relaxation method, there is no need to store large coeffi-
cient(stiffness) matrices. The finite difference coeffi-
cients at a node are generated when the governing equations
are applied at that node and they are not stored. Conse-
quently the computer storage requirements for the dynamic
relaxation procedure are far less than the other procedures.

3. Dynamic relaxation is particularly suited for non-



linear problems. Linear and nonlinear problems can bé
solved by the same basic procedure with only slight modifi-
cations. In the usual finite difference and the finite ele-
ment procedures, the nonlinear load displacement equations
are solved in small load increments. In the dynamic relaxa-
tion technique the nonlinear displacements are obtained in a
single load increment. Solution of simultaneous equations
can be avoided.

4, Various types of boﬁndary conditions, loadings,
variation in geometry, thickness and material properties of

the structure can all be incorporated without difficulty.
1.2 Purpose and Scope

" The objective of this study is to determine the geome-
trically nonlinear static displacements and stress resul-
tants in shells of revolution, using the dynamic relaxation
method, thereby establishing the suitability of the method
for such problems.

The geometrically nonlinear static analysis of shells
of revolution involves the solution of a highly complex sys-
“tem of partial differential equations satisfying equilib-
rium, compatibility and boundary conditions., An additional
objective of this thesis is to show the ease with which such
a complex system of equations can be solved by the dynamic
relaxation method. The ease of the solution procedure and
the related programming will be evident by this study. A
further objective is to derive the nonlinear equilibrium

equations for shells of revolution from the general strain



displacement relations, using the principle of minimum total
potential energy. These equations will be more general than
those presented in previous work.

The nonlinear displacéments and stress resultants in
axysymmetric spherical shells with different end opening
angles are determined. Nonlinear displacements and stress
resultants for general shells of revolution, namely an
elliptic and a parabolic shell of revolution, are also
obtained. Two computer programs are developed.

(a) A program for the geometrically nonlinear static
analysis of an axysymmetric spherical shell of revolution.

(b) A program for the geometrically nonlinear static

analysis of an axysymmetric general shell of revolution.



CHAPTER II
LITERATURE REVIEW

In this chapter a brief discussion on the solution
methods for geometrically nonlinear static structural analy-
sis and the review papers on this topic are given. This is
followed by the references to the literature on the geome-
trically nonlinear static analysis of shells of revolution.
Finally the application of dynamic relaxation technique to

static structural problems is reviewed.

2,1 Geometrically Nonlinear

Structural Analysis

Most of the previous work on the formulation of the
govefning equations for geometrically nonlinear structural
analysis.problems has been done using the finite difference
or the finite element approach. The resulting equations
have been solved using a number of procedures which can be
classified as (a) Incremental procedures, (b) Iterative pro-
cedures, or (c) Initial value procedures. In the incremen-
tal procedure the load is applied in small increments so
that the structure can be assumed to respond linearly during
each increment of load. For each increment of load, incre-
ments of displacements and corresponding increments of

stress are computed. These incremental quantities are used



to compute various corrective stiffness matrices which serve
to take into account the deformed geometry of the structure.
A subsequent increment of load is applied and the process
continued until the desired number of load increments have
been applied. The net effect is to solve a sequence of lin-
ear problems wherein the stiffness properties are recomputed
based on the current geometry prior to each load increment.
Since equilibrium is not satisfied at any load level this
procedure exhibits a shift of the solution from the true
solution. Self correcting forms of the incremental proce-
dure have been developed, by which, equilibrium correction
is done after a certain number of load steps. For struc-
tures requiring many degrees of freedom the updating of the
incremental stiffness matrix plus the solution of the new
coefficient matrix at each load step, becomes excessively
time consuming.

The perturbation method is another incremental type of
procedure. In this method the incremental displacements are
expanded in a Taylor's series with respect to some load
parameters and about some known or assumed equilibrium

state. Equations are obtained in the form,

fak,, = {ql; + {AQLAP + 0.5{Aq}AP + . . .

1+1
where the dot denotes the derivative with respect to the
the load parameter, B. {Aq}, {Aq} etc are path derivatives

and i denotes the load increment index. The terms in the



Taylor's series are obtained through the solution of several
sets of linear equations equal in number to the number of
terms retained in the expansion. Once the displacements are
obtained at a particular load value, the whole process is
repeated to obtain the displacements at the next load value.
This procedure may deviate from the true solution since
errors will tend to accumulate and the amount of deviation
is dependent upon the load step size and the number of terms
retained in the expansion. This procedure may become time
consuming because of the numerous evaluations of the path
derivatives.

The iterational approach to solve the governing nonli-
near eqguations has been used by many investigators. Start-
ing with an initial estimate to the displacement solution
the nonlinear effects are estimated and a set of linearized
equations are solved to obtain an improved solution. This
solution is back-substituted into the equations and the
iterations continued until convergence of successive itera-
tions is obtained. The success of the method depends to a
large extent upon the accuracy of the initial estimate of
the displacements. The Newton Raphson iteration procedure
has been most popular. This procedure is extremely accurate
and usually converges very rapidly for realistic initial
estimate of the solution. Its chief drawback is the exces-
sive computational effort required to form the coefficient
matrix and invert it at each iterational cycle. In the mod-
ified Newton Raphson procedure the coefficient matrix is

held constant for a number of iterations and then updated



after the convergence rate has begun to deteriorate.

The initial value approach treats the loads and
displacements as a function of some load parameter P such
that {Q} = P{Q}. By differentiating the eguilibrium
equations, [K]lig} = {Q} with respect to P, a set of

differential equations is obtained in the form

[K1{dq/dP} = {Q}

wvhere [K] is a nonlinear stiffness matrix dependent upon
displacements, {g}, and {Q} is a vector of scaled or
normalized generalizéd forces. Values of {g} at any load P
can be obtained by numerical integration from a known ini-
tial displacément state. If the simple Euler method is used
for the integration then the incremental approach is
obtained. More accurate integration schemes such as Runge
Kutta method or the predictor corrector method may be used
to reduce the deviation which is prominent with the Euler
integration. The newest development in solution procedures
is the self correcting initial value formulation in which
equilibrium correction is included.

A survey of the solution methods for geometrically non-
linear structural analysis mentioned above and an evaluation
of the relative merits of these methods are presented in (1,
2, 3, 4). These papers give an extensive list of references
on procedures and solution methods for geometrically nonli-

near structural analysis.



2.2 Geometrically Nonlinear Static

Analysis of Shells

The earlier attempts to solve the geometrically nonli-
near static analysis of shells were by the power series and
finite difference methods. The power series method was used
by Simons (5), Reiss (6), and Weinitschke (7). The finite
difference method has been used to investigate the large
deflections of spherical shells by Archer (8), Famili and
Archer (9), Mescall (10), Wilson and Spier (11), Ball (12),
and Perrone and Kao (13). Large deflection of orthotropic
stiffened shells of revolution has been studied by Bushnell
(14) using the finite difference method.

Leicester (15) has used a truncated Fourier series in
displacements to solve the governing nonlinear equations of
finite deformation of doubly curved shells. Thurston (16)
has used a numerical inteération procedure for the solution
of the nonlinear axysymmetrical bending of shallow spherical
shells.. Kalinins and Lestingi (17) have used a multisegment
method to solve the nonlinear analysis of symmetric shells
of revolution. Mason et al. (18) have used the method of
influence coefficients to solve the geometricaliy nonlinear
arbitrary shell of revolution problem.

The finite element formulation of the governing equa-
tions for the geometrically nonlinear analysis of shells has
been popular. Stricklin, Haisler, MacDougall and Stebbins
(19) have used the matrix displacement method for the nonli-

near analysis of shells of revolution. Popov and Yaghmai
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(20) have used the finite element method to solve the
nonlinear static analysis of axysymmetrically loaded thin
shells of revolution. The large deflection of shallow
shells has been investigated by Batoz et al. (21), Bregan_
and Clough (22). The large deflection of shallow cylindri-
cal shells has been studied by Gass and Taborok (23), and

Brebbia and Connor (24).
2.3 Dynamic Relaxation Technique

Dynamic relaxation technique was conceived in 1960 by
Day (25). Day has given an outline of the method and illus-
trated its use by the analysis of a portal frame, a flat
plate under lateral load, a skew slab under lateral load,
and a thick cylinder under internal pressure. Otter (26)
used this method for the calculation of the stresses in a
prestressed concrete reactor pressure vessel, Otter,
Casell, and Hobbs (27) applied this method for the calcula-
tion of stresses in an arch dam subjected to hydrostatic,
temperature, and gravity loading.

Extensive application of dynamic relaxation to the
small deflection (28) and large deflection (29, 30) analysis
of plates has been done by Rushton. Post buckling of rec-
tangular plates (31) has also been studied by Rushton.

Alwar and Rao (32, 33) have analyzed the large deflection of
skew plates. Circular plates have been analyzed by Murthy
and Sherbourne (34). Tapered annular circular plates have
been studied by Turvey (35). Frieze, Hobbs, and Dowling

(36) have applied dynamic relaxation to the large deflection
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elasto-plastic analysis of plates. Post buckling of lami-
nated plates has been investigated by Turvey and Wittrick
(37).

The first application of dynamic relaxation to the
analysis of shells has been done by Casell, Kinsey, and Sef-
ton (38). They have analyzed a cylindrical arch dam using
small deflection theory of shells. Casell (39) has analyzed
a doubly curved shell under small deflection. Apart from
these two papers, there is no work reported especially on
the large deflection analysis of shells using dynamic relax-
~ation. The motivation for the present study has been partly
due to this fact. Brew (40), Wood (41), Brunce (42), Alwar
(43), Casell (44), Papadrakakis (45), and Underwood (46)

have attempted to improve the dynamic relaxation method.



CHAPTER III
METHOD OF ANALYSIS

3.1 Governing Equations for the
Geometrically Nonlinear Static

Analysis of Shells of Revolution

The governing equations required in this analysis are
the nonlinear equations of motion, the stress-strain equa-
tions and the nonlinear strain-displacement relations for a
shell of revolution. The general nonlinear equations of
equilibrium for a shell of revolution for large displace-
ments but small strains are presented in Appendix A and they
are based on the previous work (47, 48). The nonlinear
equations of equilibrium'have been developed by the princi-
ple of minimum potential energy and they have been derived
from more general strain-displacement relations without the
simplifying assumptions made by other investigators. The
general stress-strain relations, the nonlinear strain dis-
placement equations, and the assumptions of the shell theory

used in this analysis are also presented in Appendix A.

3.1,1 Axysymmetric Shell of Revolution

As this study is concerned with axysymmetric shells of

revolution, the pertinent equations for this type of shell

12
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are presented in this subsection. Figure 1(a) represents an
element of a shell of revolution. Figures 1(b) and 1(c)
represent the positive directions for the stress resultants
acting on an element of the shell. For a shell with axysym-
metric geometry material properties and loads, the general
equations presented in Appendix A can be reduced to the fol-
lowing equations by noting that the shear stress resultants
N¢e and Nog » twisting moments M¢9and M9¢, the circumferen-
tial displacement u

e
twist T including its componentsl<¢e and Kgg, and all deriva-

, the in plane shear strain éb' the

tives with respect to 'e@' are zero. The equilibrium equa-
tion in the 'e' direction vanishes. The following equations
of motion are then obtained by including the inertia and
damping terms.

Nonlinear equations of motion

'@' direction:
dN 1
¢ . COSQ(N¢ _ N@) + Q¢(__ +K¢ ) - N¢§¢
q¢a¢ r Iy T
ﬁ¢ 30 é_gé S (3.1a)
+ ~Q¢ ——Q— + g : ——Q
) cosp + r¢8¢B¢ Ay = m¢at2_ + k¢at

'z' direction:

a’M¢ 2cos@ 8M¢ cosg aMe sing

(My - Mg)
réa¢z r r¢a¢ r r¢a¢ r r¢ ¢ e
1 9 M 1 N
- g OMy _ Nygl— +K) - =2 - N¢’B<’§°sqj (3.1b)
t3 00 1400 n 715 g

_%Po_ ONp, LI, O

= m,— + k,—
ty 100 "tz Ot



AXIS OF
REVOLUTION

14

(b) IN PLANE AND SHEAR (c) BENDING AND TWISTING
STRESS RESULTANTS (FORCES) STRESS RESULTANTS (MOMENTS)

Figure 1. Element of Shell of Revolution
and Stress Resultants
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where
o (Mos - )cos¢ N aMQ
¢ @~ Yo r :¢a¢
1 9 Yg) ow
= - (—= - ~)
K¢ T Y, I %@@
Kor cosg ( ug _ dw )
r Ip qﬁa¢
u qw
= (— - )
B¢ r¢ I'$C3¢

Stress resultant-strain eguations

The linear stress resultant=strain equations are:

0 ¢ €2)
Ny = o 4y, €2
@ (1 _V¢9%é¢) @ Yo 6
S (€2 +)) E2)
N = 6 Tep%g
(1 -, V..
ve o0 (3.2)
Bt (Kt Kea)
M = + K
? " 120 “YpoYog RO
Zeh” (Kot Ve Kep)
Mg = +Y K
e 12(1 _V¢6Ve¢) RCI A
Strain-displacement equations
Jdu W Ju w 2 u dw 2
e = (=2 v —) v o050(—L+ —) + (2 - )}
? 3o J J
r¢ r¢ I‘¢ ) Ly t¢ L’¢ ¢
uscos@+ wsin u,CoSs wsing 3
Eg=(¢ ? %) + 0.5 229, %
r r r
) ) (3.3)
u w
eiyut
Iy )] Ty Ty @
cosg u aw
Ké= ———? (_Q - )
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3.1.2 Non Dimensional Equations of Motion

Using the non dimensional relations (A-8) given in
Appendix A, the equations of motion (3.1) are converted to
non dimensional form and shown below.

l1..'¢' direction:

6Nq', cosg cosg 3%
+ (Ny - NA) + {(My - M) + }
r¢j6¢ 7 e r' 7 © r' réc%
l h° 2 ] h 2 ] l 1 h ]
(. (278 e O 1 0% bo O

r¢ a r¢‘3¢ a r¢}’8¢’ ré’ 3¢ a rddg)
oy Sy, (3 Teoss DMy conp 3k
a 1 r} 00" r' 1os  r' rjo¢

-y - 08 O My PE g
r'rp t3* Op réa¢ ry a' g
hg ow' ‘ a’ué au(b

—) + g% = m) + k! —=
a r¢33¢ ¢ ¢atvz kdatv
(3.4a)
2. 'z' direction:

aqu') . 2cos¢aM§¢ ) cosg aM'e . sing

- (Mp - ML)
rvza¢z r' réa¢ r' réa¢ r'ré ¢ 6
1 rOM! 1 he * 1 Qul
- ' 2 aar¢ ava¢ - Nb {_l * ( ) [ 'Sw
Iy ) 5 @ 5 a I3 rQ), &
ho 2 \] l a 1 ho a L] ho 2 t
_ Q3w . 5 W ( ) u¢]

3 13385 Ty P a r¢a¢- a Iy
N5 1 (Mbcos¢ _ M4cosg . a%) . aNé . Npcosg

- - { }
rd I r r' 1308 1300 r'
hé L h v zw' aW'

(22 P Oy w T
a? r¢' a r¢8¢ ot': at'
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where
ho m ho az k
ny = (—) 2 kp = — 4
a my, a Dom,,
a® k
m! =1 : k! = W

3.1.3 Non Dimensional Stress—Resultant

Displacement Equations

From Equations (3.2), (3.3) and (A-8) the non dimen-

sional stress resultant-displacement equations are obtained

as,
E a Jdu’ a?w a h, Ju] w'?
Ny =120 =2—) =L (—)— 4 0.5 —(— L 4+ —
Eg ho £dp ho Iy ho a 1508 1y
a ow' hg up 2 a u
+ 0.5 { .22 b+ pel— —Qcos¢
ho r¢'(3¢ a ré he r'
a * w'sin a ho ujcosg w'sing ?
s (—) D sy (2 0%, ) 1]
he r' ho a r' r'
a uiscos a ? w'sin a
Ny = l2n[(—) 2222, (2] 2 1 05—
ho r' he r' ho
ho ukcos w'sing ? a du’ a * w'
(— 2%, 2, D (—)—L= + (—)
a r' r' ho réa¢ _ho ré
a he du! w' 32 a ow' h uy 2
05— (— =L v —) 4 05— (— - (—)—D) 1]

hy a r¢a¢ I'g ho r¢'5¢ a1y
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E h, 1 du} ozw'
S O i Wl A (3.5)
A
ard le Jw' hy  ug
+ ( -( ) ) +Y
39 rp 08 a1 pe®°s?

h uj 1 aw'’
O) @

M3

{(
a r'ﬁi r'rd a¢

{—2
© a r'rgy r'rp L) S0 4 réréa@
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S 27 a;“’(aw L
qiﬂk# 5 ° @ §56¢5 a g

3.2 Dynamic Relaxation Procedure for the

Axysymmetric Shell of Revolution

The dynamic relaxation procedure for the axysymmetric
shell of revolution is outlined in this section. The nonli-
near equations of motion (3.4) and the stress resultant-dis-
placement equations (3.5) are converted to finite difference
equations using central diﬁference approximations for the
spatial and time derivatives. Figure 2 shows the typical
finite difference grid used for the spatial and time vari-
ables. Suffix 'i' refers to nodal point and 'j' refers to
time node.

The finite difference equations of motion are given by,
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2
where the dot indicates derivative with respect to time,
At' = increment in time, A¢@= increment in meridional angle;

j refers to time node; i refers to spatial node; i can take
values from 1, 2, . . . m; j can take values from 0, 1, 2, .
n. The displacements and stress resultants are defined at
times 0, At', 2At', . . . jAt', while the velocities are
defined at times At'/2, (3/2)At', . . . (§+1/2)At’'.

The accelerations (azué /3t'2) and (3*w'/dt'?) in Equa-
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tions (3.4) have been replaced by the following central

difference expressions:

i A TN T i T )

dt': At
A : . . (3.7)
Qv L ) (w';_,j,,_,/z— w'L’j_lL,__)
atvz At'

For the velocities (3ub /dt') and (Jw'/dt') the average

values are used as follows:

aub' j l . .
3:' ) ;(ubi’j+7: uéi»j'vl)
(3.8)
awj,j 1, . .
S TS hirht L)

For convenience, the left hand sides of Equations (3.6) are
t . ] : .
denoted by A¢L,J and Awarjrespectlvely. By rearranging
Equations (3.6), the velocities at time (j+1/2)At', in the
'g' and 'z' directions are obtained in terms of the veloci-
ties, displacements, and stress resultants at the previous

time interval as follows.

, 1 0.5k At' .
%L i+ ta - Jug )=
AR N INS mg Li-h
(1+
mg
At'}
+ Al —
giu.} mé
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1 0.5k At' . (3.9)
A et A A S R
0.5k\'NAt') m',,

w';')J'+l/2=
(1+

where i =1, 2, . . .mand j=0,1, 2, . . . n. The dis-

placements at time (j+1)At' are obtained from,

UbL)j+1 uéi’,j +At'UbL,j+l/2

. . (3.10)
w'l-_"H_1 = w';_’j +At'w":,j +

where i =1, 2, . . . mand j=0,1, 2, . . . n. The
stress resultants at time (j+1)At' are obtained from the

finite difference form of Equations (3.5) which are given

below
a (ulk. - ul . ) a? wh
él ,+1 = 12h' %[( ) @.i’i ¢L 17)+1 + ) L, J+1

) B ho 2r¢iA¢i, ho Iy,
v 0.5 (B (Biay” Wioahi | VL, Ges

ho a 2r¢'i/_\.¢{ | réi

a (wi ,-whi_4) ho ul: | 2
+ 0.5 ( L+1 L-17J+1 ( o) ¢L,J+1)

ho zréLA¢i_ a réL

a uk. .. ,cosd: a W, %,.,sings
+y@e{( ) @L,J-I-i L+ ( ) Ly, J+ L

ho r' ho r't"

a hy ujy: :.q.cos@; wh ;,.ising * .
+ 0.5 (=2 Br, j+1 L, YL+ ¢¢,) '

L Te
h, a r', r'y



24

a uy. ' ,cosy a *w' ‘',qsing;
Nl . = th'[( ) ¢L’J+1 L+ ( ) L)J+ L

6L,J+1 h, r' h, r';

a h, uly. :,,cosg.: w'' 1,,8ing ?
b OS2 100,J2209%0; U1, iv2 8104
he a r'y r'

+Ve¢{ a (ug. .- upg;_,) . a )’ LA
h, ZI"LA@_ h, Ty

+ 0.5 a ( ho (UGi,1~ Ug:_)i+s . wisJ'+1)
h, a ZréLA¢L Ty,

a (w" - w' )3 1 h. u%. - 2
+ 0.5 (it L A; 1’J+1 0 ¢L,J+1) 1
h L . "
o 2r¢i L a r¢L

(3.11)
. E¢[ ho 1 (Ubi+1‘ ubi—l)‘j-*-l
Bg a 15. 2r¢'LA¢L

' -—
M¢i_,j+1_ h

(W'ipa= 20"y + W' _y) sy L il Ti-a

(rg, Og) Zréiﬁﬁi_

(W'L+1— w'L_i)J“"i_ h, ubl..,j*i\ .

) +Y, cosg:
2y, DAL sy

{ ho ugi jra 1 (Wi yq - w'i.-l)J.H}]

a rlty. | rig, 2 \F;
ho ubl'.,j-i-l_- 1o(whyy = W g) jay

a ri:ﬁa rirg: 2 AZ{

oy

! . = ' .
M9i,J+1 h =[COS¢L{

ho 1 (Ub[‘"_l" ubl'.-l)-’."'i _ (w'l-'+1-2w'(" +wvi-1) J'-)-i

+ye¢[
a g L RA (z3.00;)*

+ TP st rbi-l((w'i+1' vi-1)jr1 By EQL,.'HI)}]
2552 NP 2r¢'L.A¢[ - a £

where i =1, 2, . . . mand j=0,1, 2, . . . n.

Equations (3.9), (3.10), and (3.11) are used to propa-
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gate the solution with respect to time. The details of the
solution procedure are explained in the next chapter. The
finite difference equations (3.9) to (3.11) are applicable
only for a uniform spatial mesh. In this study a non uni-
form spatial finite difference mesh has been used because of
accuracy requirements near the edges of the shell where the
displacements and stress resultants may'vary very rapidly.
A finer mesh is used near the edge of the shell and a coar-
ser mesh in fhe interior of the shell for computational
economy. Hence the equations derived in this section have
to be modified using the following non uniform spatial

finite difference approximations (50) for the derivatives.

OFf Fi,,~ Pi(1-x?) -oCFi_,
Js L (1+=)As;
(3.12)
d3F; 2 F;, - (1+F; +XFj.4
0s?  X(1+X) As?
where F =

{ug s w's Ny i Ng i My 5 My}
As: ,/As))

non uniform mesh size

o
Ns

L+2



CHAPTER IV
SOLUTION OF EQUATIONS

The solution procedure for the dynamic relaxation equa-
tions (3.9) to (3.11) is explained in this chapter. The
integration of these equations is started with the initial
conditions for the velocities and displacements at the nodal
points and the velocities and displacements at the next time
interval are obtained. The calculation of velocities and
displacements at subsequent time intervals is continued
until a steady value is reached which is the static solution
to the problem. Boundary conditions prescribed at the edges
of the shell are then explained. Finally the parameters
which aid the convergence to the static solution, namely,
the time increment, damping factors and the mass densities

are discussed.,
4,1 1Initial Conditions

The initial conditions, are. the displacements and
velocities at all nodes are zero at time equal to zero.

(t' = 0)

w'. =0 (4.1a)

[+
S Y
o
o

U¢L 0; w'. =0 (4.1b)

26
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Since the displacements are zero, the stress resultants are

: | . ' ' .
all zero at time t' = 0. Hence, A¢L‘Oand A Wi,o0 are also
equal to zero at t' = 0. From conditions (4.1b) and Equa-
tion (3.8)

(4.2)
;"L,'VZ = _;,'L, '/2

Initial conditions (4.1a) and (4.2) are used to start
the solution procedure and thereby obtain the velocities at
time t' =/\t'/2 from Equation (3.9), from which the dis-
placements at time t' =At' are obtained from Equation
(3.10), and the stress resultants at time t' =At' are

obtained from Equation (3.11).

4.2 Cyclic Solution of the Dynamic

Relaxation Equations

The stress resultants obtained at time At' are substi-
tuted into Equation (3.9) to obtain the velocities at time
(3/2)\t'. These velocities are used to obtain the displace-
ments and stress resultants at time 2At' from Equations
(3.10) and (3.11), respectively. These repetitive substitu-
tions are continued until the displacements and stress
resultants reach a constant value which is the static solu-
tion to the problem.

The following Table illustrates the cyclic solution

procedure of the dynamic relaxation method.
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TABLE 1I

SEQUENCE OF CALCULATIONS IN THE
DYNAMIC RELAXATION PROCEDURE

O

Set displacements and stress resultants equal to zero at
time t' = 0.

From initial velocities equal to zero at t'=0, velocities at
-(1/2)At' = velocities at +(1/2)At’

Calculate velocities at all nodes at t' =/\t'/2

Calculate displacements and stress resultants at t'=/t'

Calculate velocities at t' = (3/2)At’

Calculate displacements and stress resultants at t'=2/\t’

Calculate velocities at t'=(j+1/2)At’

Calculate displacement and stress resultants at t'=(j+1)At'

Calculations are stopped when the variation in displacements

‘and stress resultants with respect to time are small

4.3 Boundary Conditions

The following type of boundary conditions have been
considered in the analysis of the shell of revolution. The

shell may have an opening in the center and could be simply
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supported or clamped at the edges as shown in Figure 3.

4,3.1 Symmetry Boundary Conditions

If the shell has no opening in the center, symmetry
boundary conditons have to be applied at the apex point of
the shell., The apex point is a singular point because the
radial distance from the axis of the shell is zero. The
dynamic relaxation equations cannot be applied at the apex
because of this singularity. To avoid this difficulty a
grid point is chosen as close to the apex as possible and

’

symmetry boundary conditions are applied at this point. At

this point the boundary conditions are,

(a) vy, , = -uy.
W'ii-1 = W'j
(4.3)
(b) N¢IL-1= N'i.
éi-i = Ng L

=
Q-
{
Y

1

=
O-

where i refers to the point near the apex.

4,.3.2 Clamped Boundary Conditions

At the clamped boundary node i,

(a) ubi =0
(b) wh =0
u, dw'
(©) By, =0 i.e. (—2 - )= 0
D rg', réa¢ t

(4.4)
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Shell of Revolution
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From which, w'i ., = w'{ -1

(d)QbL+i=-u¢L_1.
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).= 0
L

This is a linear approximation for the value Ofllb

at the fictitious point i+l. This is

required for

evaluating Né ’ Né , Mb , and Mé at the clamped boundary

node, 1i.

4.3.3 Hinged Boundary Conditions

At the hinged boundary node i,

(a) uéi =0
(b) v = 0
(¢) Mbi =0, i.e.

ho) 1 aué_ Jw' dry

a w h, ub )

( +
a ré réaﬂ rb’aﬁz §513¢
ho  ug 1 gw'

+y¢ecos¢{ N r'% - e 37 } =

This equation can be written in
and rearranged to give w', . in terms
ug., ,is known from condition (4).

i+1
) - - ' . .

(d) u¢i,+1 U¢ L-1

As for the clamped edge,this is
for ub at the fictitious point i+l,
culation of Mg , Né , and Ny at the

point, 1i.

Q58¢ a ré
0 at node i (4.5)

finite difference form

1
of wii_,, ué, & u, .
L+1 ¢L-1

a linear approximation
necessary for the cal-

hinged edge nodal

The dynamic relaxation Equations (3.9) and (3.10) need
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not be applied at the clamped or hinged‘edge node point
since the displacements up and w' and the velocities ﬁb and
w' are known to be zero at these nodes. To evaluate

Np » Ng » My , and My at the clamped or hinged edge the
derivative aub /réa¢ is required, which is found either by
using the fictitious value uy;,, = ~uy . _,obtained by linear
interpolation or by using higher order backward/forward dif-
ference formulae involving known values of functions at
interior points. The following third order backward/forward
difference formulae are used for aub /réa¢.

Backward difference:

au;p , 11 ) 1

: = u@t - 3ubi_1+ l.SUéi_z- 0.33ubi_3 :
r¢a¢ 6 r@fﬁﬂ
Forward difference:

duy -11 1
o 3 (= gy * 3, 1eSup T 0.38Y, ) %K@

L
These higher order backward/forward difference formulae
will give a better accuracy than the linear approximation

formula.
4.4 Convergence to Static Solution

The convergence of the dynamic relaxation solution to
the static solution of the problem is governed by three
parameters which are,

(a) The time increment At'

(b) The damping factors ké and k;«
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(c) The masses/area mb and m},

4.,4,1 Time Increment

For rapid convergence to the static solution of the
finite difference equations, the largest possible time
increment At' should be used. The size of the time incre-
ment is governed by the numerical stability criterion of the
dynamic relaxation procedure. If an increment larger than
the critical time increment is used, the successive itera-
tions lead to results which diverge. The optimal time
increment (38) is related to the highest eigenvalue of the
coefficient stiﬁfness matrix and is given by the following

equation

< — (4.6)

where m' is the mass/unit area and b' is the highest eigen-
value of the finite difference coefficient stiffness matrix.
To determine b' accurately, existing methods for the extrac-
tion of the eignenvalues of a coefficient stiffness matrix
can be used. Several methods exist but they all require
storage of the coefficient métrix which has been avoided in
the present dynamic relaxation formulation. For nonlinear
problems the eigenvalues will vary with the load.
Approximate values of b' are found (38) by using the
Gershgorin's theorem which states that: For a symmetric
matrix an upper bound of b' may be found from the largest

absolute sum of the coefficients of the rows of the stiff-
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ness matrix.

n

were §;, are the coefficients of the finite difference stiff-
ness matrix., In this study the upper bound on b' is deter-
mined as follows. The absolute numerical values of the coef-
ficients of Ny , N§ , Mb and My for every node are
determined from the absolute sum of the coefficients of the
terms on the right hand sides of Equation (3.11). These
numerical values are then used in Equation (3.6), without
the mass, damping and load terms, to determine the absolute
sum of the coefficients of a row of the stiffness matrix of
the nodal displacements. Similar sums of the coefficients
are determined for all rows of the stiffness matrix of dis-
placements. The largest of these sums of the coefficients
of the rows of the stiffness matrix, gives the bounding
value of b' to be used in Equation (4.6) to determine an
estimate of the largest time increment.

In this study the preliminary value of the time incre-
ment has been calculated by neglecting the nonlinear terms
in the governing equations. This initial estimate of the
time increment was sufficient to ensure numerical stability
of the solution procedure for the load range considered.
This initial estimate of the time increment may have to be
adjusted suitably as the load is increased further as other-
wise it could lead to either slow convergence or numerical

instability. The calculation of the time increment has been
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shown in Appendix E, neglecting the effect of nonlinear

terms in the governing equations.

4,4.2 Damping Factors

A further requirement for an economical solution is
that the damping factors kb and [(Q should have a nearly
critical damping value, so that the number of iterations for
convergence to the static solution is a minimum. It is not
necessary to do a rigorous analysis to find the exact criti-
cal damping values. A good approximation to the critical

damping is given by

k!, = 2m'W' - (4.7)

where()' 1s the angular frequency of the lowest or most sig-
nificant mode of vibration of the system. Though Equation
(4.7) is valid only for the free damped vibration of a sin-
gle degree of freedom system, it has been found by Rushton
(28) that the same relation can be used to give the approxi-
mate critical damping values for the vibration of continuous
systems such as beams and plates. Critical damping of the
most significant mode is sufficient to damp out the vibra-
tions of all the other modes also.

Two procedures can be used to find the critical damping
value. In the first procedure, the dynamic relaxation cal-
culations are performed with damping factors ké and l<&
set equal to zero. The variation of the displacements of a

node or the sum of the squares of the velocities of all
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nodes (which is a measure of the total kinetic energy), with
respect to time could be obtained. This represents the free
oscillations of the system and the angular frequency ()’ can

be obtained as

27T 1 1
W' = 277f' = (as f' = — = ) (4.8)
nAt’ T' nAt'

where f' is the cyclic frequency and n denotes the number of
iterations for one complete cycle of the most significant

mode.

The critical damping factor is then obtained by substi-

tuting (4.8) into (4.7) to give

41mTm'

kl = (4.9)
cr nAt'

For the axysymmetric shell problem, the critical damping

factors,/(.écr and k! ‘are given by

Wer
47Tma
k; =
¢CY’ H¢At'
(4.10)
K, =4ﬂmh
cr nwAt'

where ny and n,, are the number of time steps or iterations
for one complete cycle of the most significant mode of
vibration in the ¢y and z directions respectively. The cal-
culations are restarted with these values of kb and k;
and continued until convergence to static solution.

In the second procedure, the frequencies of free vibra-
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tions of shells of revolution available in the literature,
can be used to determine the critical damping factors.

There are two types of oscillatigns namely the inplane or
membrane and bending or transverse oscillations for a shell
vibration problem. Usually the lowest membrane frequency is
higher than the lowest bending frequency. The values of the
lowest few membrane and bending frequencies for spherical
shells with different end conditions are available (49, 51,
52). From these references the most significant frequencies
of vibration in the in-plane and transverse directions have
been calculated and used to estimate the approximate criti-
cal damping factors, from Equation (4.7).

The damping factors calculated for spherical shells
could be adapted as trial values for other general shells of
revolutions. They may not be near critical values for these
type of shells and hence convergence to the static solution
may be slower. Neverthless these estimated critical damping
factors were found to be sufficient to damp the ocillations
and obtain the static solution quite efficiently.

In lieu of these procedures, one has to perform an
eigenvalue analysis of the coefficient stiffness matrix to
obtain the minimum eigenvalue which is related to the lowest
frequency. The eigenvalue determination for the present
dynamic relaxation procedure is not possible, because coef-
ficient matrices are not stored. In this study, the second
procedure outlined, has been adapted to find the approximate

critical damping factors.
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4,4,3 Fictitious Mass Densities

The actual masses/unit area of the shell in the coordi-
nate directions are not required for the analysis, as the
actual vibration response of the shell is not of interest.
The masses can be suitably chosen and so they are ficti-
tious. Rushton (54) has suggested that the mass densities
in the in-plane and transverse directions could be chosen
such that the fundamental or significant freguencies in the
two directions become nearly equal. This would enable the
oscillations in both directions to be damped out and reach
the static values at the same time. Cassell (38) has
adjusted the mass at each nodal point and in each coordinate
direction such that the time increment At' calculated from
Equation (4.6) is a constant for every nodal point. At' is
typically tgken to have a unit value. This has the effect
of optimizing the time increment and hence reducing the time
of convergence. In the present study, mass densities at all
nodes are taken to be unity and no adjustment of mass densi-

ties has been done.
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4,5 Checks for Convergence

To ensure that the static solution has been reached the

following convergence checks are made.

4,5,1 Check for Residuals of the Static

Equilibrium Equations

If the value of the displacements and stress resultants
are the exact static values, then they must satisfy the
static equations of equilibrium. Hence an effective check
for convergence is to substitute the values of the stresses
and displacements at the end of each iteration into the
finite difference form of the static equilibrium equations
(left hand side of Equation (3.6)) and find the residuals.
If the residuals are smaller than a prescribed limit, it can
be concluded that convergence has been achieved and the
iterations can be stopped. This is the most important con-

dition for ensuring convergence.

4,5,2 Check for Convergence of Stress

Resultants and Displacements

The change in displacements and stress resultants after
every iteration can be checked. If the change is smaller
than a prescribed value then the dispiacements and stress
resultants have converged. The stress resultants converge
much later than the displacements. If, only the accuracy of
displacements is required it would be sufficient to check

convergence of displacements alone.



CHAPTER V
COMPUTER PROGRAMS

The dynamic relaxation procedure for the nonlinear
static analysis of shells of revolution explained in Chap-
ters III and IV has been programmed in FORTRAN IV and run on
the Oklahoma State University IBM 3081K computer system.

Two programs have been written. The program NSDRSHELL is
applicable to the analysis of spherical shells. A listing
of this progfam and selected output of results are presented
in Appendix B. Program NSDRGSHELL is applicable to the
analysis of a general shell of revolution. A listing and
selected output for this program is given in Appendix D. 1In
this chapter, a flow chart for the programs and a brief

description of the programs are given.
5.1 Program Capability

Program NSDRSHELL can analyze the linear or nonlinear
displacements and stress resultants in a spherical shell
with axysymmetric loading. The shell could have a central
opening and either hinged or clamped boundary conditions
could be prescribed at the edges of the shell., Symmetric
boundary conditions can be specified at the apex of the
shell for a shell without a central opening. The material

of the shell can be orthotropic with isotropy as a special

40
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case. Uniformly distributed external or internal pressure
loads can be prescribed. Program NSDRGSHELL has similar
capabilities as the previous program except that it is
applicable to a shell of revolution with general meridional
shape. In this study elliptic and parabolic meridional

shapes have been considered.
5.2 Description of Programs

The flow chart for the programs is shown in Figure 4.
A guide to input data and description of the important vari-

ables in the programs are given in Appendix D.

5.2.1 1Input Data

The program commences with the prescription of the
input variables required for execution of the program. The
main input variables are the material properties, mass den-
sities, damping factors, time increment, iteration control
parameters, the non uniform finite difference mesh sizes,
the intensity of the uniformly distributed loads, and the

type of boundary conditions at the edges of the shell,.

5.2.2 Finite Difference Parameters

The typical finite difference mesh used in the program
is shown in Figures 5 and 6. A non uniform mesh, with finer
spacing near the inner and outer edge of the shell is used.
The reference node points and mesh spacing variables are
also shown in the figures. A description of the variables

shown in the figures is given in Appendix D.
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at all Nodes ITER = ITER + ITIN
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Figure 4. (continued)
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5.2.3 Geometry of Shell of Revolution

The geometry of the shell of revolution is generated by
the program. The axial distance r', the radii of curvature
of the shell qé and rj and the meridional angleg at any
node point are determined from the given equations for the
particular type of shell. By prescribing the egquations for
the axial distance r', radii of curvature ry and r; and the
meridional anéle @ in program NSDRGSHELL, shells of general

meridional shapes can be analyzed.

5.2.4 Loads on the Shell

Uniform load can be prescribed at all the node points.

5.2.5 Calculation of Velocities

and Displacements

Starting from the node at the inner edge of the shell
the velocities and displacements at each node in the g and z
directions are calculated using Equations (3.9) and (3.10).
The uniform central difference expressions in these equa-
tions have to be replaced by corresponding non uniform
finite difference approximations as given by Eguation
(3.12). These equations are not applied at nodes where the
displacements are prescribed or known, for example at a
clamped or hinged edge node. Immediately after calculating
the displacements at any node a check on the displacements
is performed. 1If the displacements exceed the maximum pre-

scribed limits, numerical instability is indicated and the



46

time increment has to be reduced by a suitable factor., If
the time increment is smaller than a prescribed minimum
value the computations are stopped. If not, the integration
is restarted from the initial values with the reduced time
increment. After calculating the displacements at all the
required nodes, the displacement boundary conditions are

applied.

5.2.6 Displacement Boundary Conditions

The displacement boundary conditions are discussed in
section 4.3. The following type of boundary conditions can
be applied at the edge of the shell (a) clamped (b) hinged

(c) symmetry boundary conditions.

5.2.,7 Stress Resultants

The stress resultants Né ’ Né , Mb , and Mé are calcu-
lated using Equations (3.11). Non uniform finite difference
approximations given by Eqﬁation (3.12) are used, in place
of the uniform finite difference expressions shown in Equa-
tion (3.11). After calculating the stress resultants at all
the nodes the stress resultant boundary conditions if any,

are applied.

5.2.8 Checks for Convergence to

Static Solution

The values of the residuals of the static equilibrium
portion of the Equation (3.6) (left hand sides of Equation

(3.6)) are checked to be less than 0.1% of the maximum
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applied load. The change in displacements and stress resul-
tants are also checked to be less than 0.1% of the values at

the previous time step.

5.2.9 Output Information

The input variables are printed first. The calculated
static displacements ub , W', the stress resultants Nk;,
Nb ' Mb » Mg at a selected node are then printed at certain
specified iteration intervals. If the displacements
diverge, the time increment is reduced by a factor of 0.5
and the iterations are restarted. If convergence is reached
all the displacements and stress resultants are printed.
The values of the residuals are also printed. If conver-
gence is not reached within a specified numbers of itera-
tions or if the time step becomes smaller than a prescribed
limit the iterations are stopped after printing the values
of the displacements and stress resultants at the last iter-

ation,



CHAPTER VI

EXAMPLE PROBLEMS AND RESULTS

The programs developed in this study have been applied
to some example problems and the validity of the procedure
and the programs is first established in sections 6.1 and
6.2. The results for the nonlinear static analysis of
spherical shells with various outer opening angles are pre-

sented in section 6.3.

6.1 Program NSDRSHELL

6.1.1 Hemispherical Shell under Uniform

External Pressure

Figure 7 shows the non uniform finite difference grid
used for analyzing the hemispherical shell under uniform
external pressure q' = 1., Due to symmetry only one half of
the section of the shell need be analyzed. Symmetry bound-
ary conditions are applied at the apex. The apex point,
being a point of singularity, is not included in the finite
difference grid. Clamped boundary conditions are applied at
the outer edge. a/h, is chosen to be equal to 100. The
spacing near the clamped edge is made finer to account for
the edge effects which are significant. The mass densities,

damping factors, time increment and the material constants

48
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CLAMPED ED
’ GE 4 GRID SPACINGS

kg=175;k’, =300
m'¢=1 ym’
At'=0.2x10"3
a’/hy =100 ; a=1
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V¢=Ve=0.25

w=1

G=1.0x10%
q9’=1.0

Figure 7. Non Uniform Finite Difference Grid
for a Clamped Hemispherical Shell
under External Pressure
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chosen are also indicated in Figure 7.

The circumferential moments, meridional moments and the
circumferential stress resultants in the shell have been
plotted as a function of the meridional angle g, in Figures
8, 9, and 10. The comparison between the analytical results
given in (49) and the dynamic relaxation results are good.
The fine mesh chosen near the clamped edge is sufficient to
account for the edge effects quite accurately. A printout
of the results of this problem is given in Appendix B, after

the listing of the program NSDRSHELL.

6.1.2. A Shallow Shell under Uniform

External Pressure

To verify the nonlinear solution, a shallow spherical
shell with a semiopening angle of 19.38° as shown in Figure
11 has been analyzed. The shell is subjected to a uniform
external pressure of q' = 0.86x10° which is near the buck-
ling load for the shell. The finite difference grid adapted
and the iteration parameters used are shown in Figure 11.

In Figure 12 the normal displacements have been plotted as a
function of the radial distance from the axis of revolution
of the shell. The comparison with the results given in (13)
is shown in Figure 12 and it is found to be satisfactory.

The comparison of the dynamic relaxation solution using the
nonlinear equilibrium equations derived in this study and

the results obtained by the same technique using the nonli-
near equations given in reference (47) is also shown in Fig-

ure 12, There is very little difference between the two
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results, showing that for thin shells the equations of ref-
erence (47) are sufficiently accurate. This comparison ver-
ifies the nonlinear solution obtained by the dynamic relaxa-
tion procedure used in this study. A printout of the

results for this problem is given in Appendix B.
6.2 Program NSDRGSHELL

This program has been applied to the analysis of (a)
parabolic shell of revolution (b) elliptic shell of revolu-

tion

6.2.1 Parabolic Shell of Revolution

A clamped parabolic shell of revolution subjected to
uniform external pressure, shown in Figure 13, has been ana-
lyzed. The finite difference grid and the iteration parame-
ters chosen are indicated in Figure 13. The equation of the
meridian of the shell is given by y' = y_ (1-x'%). The
stress resultants Né and Ny have been plotted in Figure
14, The values of Né and Ny at the apex compare very well
with the analytical value at the apex which is -0.625, cal-
culated from membrane shell theory. No comparisons were
available for the values at the clamped edge and at other
points on the shell. A printout of the results for the par-
abolic shell is given in Appendix C, after the listing of

the program NSDRGSHELL.

6.2.2 Elliptic Shell of Revolution

Figure 15 shows a clamped elliptic shell of revolution



56

EQUATION OF MERIDIAN : y'=y_(1 - x'2)

k7¢=-75 H k;' =300
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Figure 13. Finite Difference Grid for a Clamped

Parabolic Shell of Revolution
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Fi.gure 14. In Plane Stress Resultants in a Clamped
Parabolic Shell of Revolution under
Uniform External Pressure
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Figure 15. Finite Difference Grid for a Clamped
Elliptic Shell of Revolution under
Uniform External Pressure
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under external pressure. The finite difference grid and
iteration parameters are also indicated in the figure. The
equation of the meridian of the shell is given by

y' = beQE:;TTS . The stress resultants Nb and N, have
been plotted in Figure 16. The analytical values of Nk; and
Ny at the apex of the shell obtained from membrane theory
of shells which is -1.25, compare  very well with the
dynamic relaxation values. Again no comparisons were avail-
able for the values at other points on the shell. A print-
out of the results for the elliptic shell is given in Appen-

dix C.

6.3 Nonlinear Static Analysis of

Spherical Shells of Revolution

The main purpose of this study was to investigate the
behavior of the shell of revolution when the loads are large
and the displacements are of the order of the thickness of
the shell. The nonlinear effects have been studied by ana-
lyzing clamped spherical shells with various half outer
opening angles, subjected to uniform external or internal
pfeSSure.

Results for a deep shell (90°), semi deep shell (45°),
and a shallow shell (15°) are shown in Figures 17 to 22.
Figure 17 shows the variation of the transverse and meri-
dional displacements near the apex of the 90° shell sub-
jected to uniform external pressure. The linear solution
obtained by the same procedure is also shown in the figure.

In Figure 18 the displacements near the apex of the 90°



N N'g

0.4}

0.6p=

0.8

1.0

1.2

Figure 16.

'In Plane Stress Resultants in a Clamped
Elliptic Shell of Revolution under
Uniform External Pressure

60



-0.5
-0.4}-
-0.3}=
W':W/ho
-0.2}= — LINEAR
—O—NONLINEAR
0.1}
[ | L N |
0.2 0.4 0.6 0.8 1.0 1.2 1.4 x10%
9'=qa4/Dh,
0.04%F=
0.03}-
* =aug/hg2
ug=aug/ho® 4 9ol

—— LINEAR
—O— NONLINEAR

0.01

| | 1 | |
0.2 0.4 0.6 0.8 1.0 1.2

a'=qa%/Dohg

Figure 17. Normal and Meridional Displacements

Near the Apex of a Deep Spherical"

Shell (#=90°) under External
Pressure

1.4 x10%

61



62

1.6

1.4 }=

1.2

W'=W/hy, 0.8

0.6 p— —— LINEAR
—QO— NONLINEAR

0.4}~
0.2 =
! ] L ]
-1 -2 -3 -4x10°
q':qa‘/boho
-0.4
~0.3p= —— LINEAR

—O— NONLINEAR
u'¢=au¢/h°2 =0.2f=

-1 -2 -3 -4x105

q'zqa4/Dyh o

Figure 18. Normal and Meridional Displacements
Near the Apex of a Deep Spherical
Shell (§=90°) under Internal
Pressure



W'=W/h,

—— LINEAR
—O— NONLINEAR

1 1 | | 1 ] |

0.2 04 06 0.8 1.0 1.2 x10°

'=qad
a’=qa¥/D h,

0.05
0.04
0.03

u;:au,s/hg

0.02

0.01

—— LINEAR
—0O— NONLINEAR

1 1 | | ] | 1

Figure 189.

0.2 04 06 0.8 1.0 1.2 x105

q'= qa‘/Do ho

Normal and Meridional Displacements
Near the Apex of a Semideep
Spherical Shell (#=45°)
under External Pressure

63



wi

2.5

64

2.0

—— LINEAR

O NONLINEAR

] 1 1 |

=-0.7

-1 -2 -3 -4

q'=qa4/Dyh,

-5x10°

=0.6f

-0.5}=

-0.2

—— LINEAR
—O— NONLINEAR

Figure 20.

-1 -2 -3 -4

'~ qad
qa’=qa4/D h,

Normal and Meridional Displacements
Near the Apex of a Semideep
Spherical Shell (@=45°)
under Internal Pressure

-5x105



-0.6
o LINEAR
-0.5|—

—O— NONLINEAR
-0.4}—

W'=W/ho -90.3 L.

-0.2—
~0.1p—
| ] | ] L | | l
0.2 0.4 0.8 0.8x10%
a'=qa?/Dghg
0.5
LINEAR
0.4~

—O— NONLINEAR

0.3
. 2
u¢ =au¢/h°

0.2

| I .
0.2 0.4 0.6 0.8x10°

q'=qa?/Dghe

Figure 21. Normal and Meridional Displacements
Near the Apex of a Shallow
Spherical Shell (@=15°)
under External Pressure

65



g

LINEAR
1.4 [

—O— NONLINEAR

1.2

1.0{=

0.81.

0.6

0.4

0.2

' aad
a'=qa® /D h

-0.5

LINEAR
—O— NONLINEAR

q'=qa? /Dgh,

Figure 22. Normal and Meridional Displacements
Near the Apex of a Shallow
Spherical Shell (#=15°)
under Internal Pressure

66



67

shell, for internal presssure, are shown. The difference in
the variation of the normal and meridional displacement with
load, for external and internal pressure can be observed
from Figures 17 and 18. The transverse displacements are
almost linear throughout the load range for the deep shell.

Similar results are shown for a semi deep (45°) shell
in Figures 19 and 20. The meridional displacements exhibit
greater non linearity than the transverse displacements for
both the 90° and 45° shell.

Figures 21 and 22 give the results for a 15° shallow
shell, The meridional and transverse displacements of the
shallow shell exhibit greater nonlinearity than the corre-
sponding displacements of the deep and semi deep shells. 1In
a shallow shell the decrease in stiffness with increase in
external pressure and increase in stiffness with increase in
internal pressure can be observed. This effect has been

brought out by the nonlinear analysis.



CHAPTER VII
SUMMARY AND CONCLUSIONS
7.1 Summary

The dynamic relaxation method has been applied to the
geometrically nonlinear static analysis of some shells of
revolution. The governing nonlinear equations for the geo-
metrically nonlinear static analysis of shells of revolution
have been formulated first. The nonlinear equilibrium equa-
tions for the shell of revolution have been derived using
more general strain displacement relations than those used
by previous authors. Tbg principle of minimum potential
energy has been used to develop the nonlinear equilibrium
equations. The equations presented in this study are new
and not given-in any other previous work. These equations
have been written in nondimensional form and then converted
to finite difference equations using nonuniform finite dif-
ference expressions for the spatial variation and a uniform
finite difference grid for the variation in time. By a
stepwise integration procedure the displacements and stress
resultants in the shell of revolution, have been calculated.

Computer programs for the nonlinear static analysis of
spherical as well as shells of general meridional shape have

been developed. The programs have been verified by
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application and comparison with shell problems whose solu-
tions are available in literature. Spherical shells with
half opening angles of 90°, 45°, and 15° subjected to axy-
symmetric internal and external pressure have been analyzed.
The nonlinear displacements and stress resultants have been

evaluated for a wide range of loading.
7.2 Conclusions

Dynamic Relaxation is a suitable alternative procedure
for the nonlinear static analysis of shells. The displace-
ments can be obtained in a single load step, without the
need to solve large sets of simultaneous equations af each
load step, as in some of the other well known procedures.

By this procedure a complex system of equations has been
solved with ease and the related programming has been sim-
ple. The solution obtained by this procedure compares well
with other nonlinear solutions. The nonlinear solution
obtained by the equations presented in this study do not
differ significantly from the solution obtained by the non-
linear equations of reference (47), as only thin shells have
been considered in this study.

Shallow spherical shells exhibit a greater degree of
non linearity of displacements and stress resultants in com-
parison with deep spherical shells.

The behavior of a shallow spherical shell of revolution
under inward and outward uniform load is different as the
load becomes large. For a shallow spherical shell there is

a decrease in stiffness with increase in external pressure
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and an increase in stiffness with increase in internal pres-
sure. This is valid for the load range considered in this

study.
7.3 Suggestions for Further Work

In this study, the finite difference discretization of
the shell has been employed. Lynch, Kelsey, and Saxe (53)
have used the finite element discretization of the spatial
variables, instead of finite differences, for the dynamic
relaxation procedure and have demonstrated this approach by
application to plane stress problems of plates having dis-
continuities in the form of circular and elliptic holes. It
would be worthwhiie to use finite element discretization
with dynamic relaxation integration procedure for the nonli-
near static analysis of shells. Though this would necessi-
tate matrix operations and storage of large coefficient
matrices, the advantage of this procedure is that the maxi-
mum and minimum eigenvalues of the stiffness matrix can be
calculated more accurately by an eigenvalue analysis and
thereby a better estimate of the time increment and critical
damping factors can be obtained. This in turn would reduce
the number of iterations required for the convergence to the
static solution.

The dynamic relaxation solution for the shell problems,
does not converge beyond the load range considered in this
study. Beyond these loads, the solutions diverge due to
numerical instability or exhibit indefinite ocillations.

Adjustment of the time increment and damping factors did not
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help in attaining convergence. The reasons for this have to
be investigated and suitable methods have to be found to
overcome this problem if the load-displacement behavior
beyond the load range considered in this study is of inter-
est. It is possible that the maximum loads may be in the
vicinity of the critical buckling load of the shell where
bifurcation or snap-through is taking place. The conver-
gence to the equilibrium path beyond the bifurcation or
snap-through point has to be investigated.

The programs developed in this study can be modified
for general type of loads. A more general program which can
anaiyze any shell of revolution with general loading and
various boundary conditions, has to be developed. Automatic
estimation of the iteration parameters namely the time
increment and damping factors has to be incorporated in the
program.

Dynamic relaxation could be applied to the combined
material and geometric nonlinear analysis of shells of revo-

lution.
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In this Appendix the assumptions of the shell theory
used and the governing equations for the geometrically non-
linear structural analysis of shells of revolution are pre-

sented.
Assumptions of Shell Theory

Love's first order approximation shell theory is used
with the following assumptions.

1. The shell thickness is negligibly small in compari-
son to the radius of curvature of the middle surface.

2. Linear elements normal to the unstrained middle sur-
face remain straight during deformation and suffer no exten-
sions.

3. Normals. to the undeformed middle surface remain nor-
mal to the deformed middle surface.

4, The components of stress normal to the middle sur-
face are small compared to other components of stress and
may be neglected in the stress-strain relationships.

5. Strains are small but displacements and rotations
are large.

6. Higher order terms in curvature-displacement rela-

tion are neglected.

Nonlinear Equations of Equilibrium

The nonlinear equilibrium equations have been derived
using principle of minimum potential energy and a Lagrangian

coordinate system based on (47, 48).
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'?' direction:
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Moment about 6 axis:

3Mé¢ d My cosy
—= + —= + (Mg - Mg) - Qx =0 (a.5)
rde %@ﬁ 7" Y r 2
where ﬁ¢= (E? - o )
5 1p9p
ug Qw
Pom (" 13
e r oo
1 3 Uy Jw
Kg= — (=~ - )

T= Kpg Reg
Substituting in Equations (A.l), (A.2), and (A.3) for

Qg and Q¢ obtained from (A.4) and (A.5), the above equations
can be reduced to three equilibrium equations in the g, o9,

and z directions respectively.

Stress Resultant Strain Equations

The linear stress resultant-strain equations are (pres-

ent study is concerned only with geometrical nonlinearity)

E h
- L o -]
Ny = (Ey +V, £23)
Z (1 -)be)b¢)6¢ go~e



81

Eoh
No = ; (g +15p €)
(1 -V¢6Ve¢)
Ngo = Ngys = Gh Y
pe d 7o (A.6)
Egh?
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12(1 -Ygo Vop)
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Strain'—Disglacement Relations

The nonlinear strain-displacement relations are,

Q w 2 2 u aw 2
0 = ( _) + ( 2] ) + (_Q _ ) }
E¢ ¢8¢ ) ¢a¢ ry r¢a¢ 4 r¢8¢
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r ae r re rae
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r ae r r r¢a¢ Iy r¢a¢ g T 0o
(A.7) -
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1 ) (u¢_ Jw 18 ug gdw

. ) o+ ( )
r do Iy r¢a¢ rﬂag rg rae

T =

cos¢( Ug dw )
r rg r Je

Equations (A.6) and (A.7) can be combined to obtain the

nonlinear stress resultant-displacement eguations.

Non Dimensional Relations

The nonlinear equilibrium equations and the nonlinear
stress resultant displacement equations can be converted to
non dimensional form using the following relations. The non

dimensional variables are denoted by primes.

h = hgh'; Ty = aQé P g = aqé ; r = ar'
hgué h3ul
wo=how'; uy = Py =
a a
N¢ _ DohoN@; Ne ) DohoNé; Ng N Dohong
al a:l e a:i
DohoM, Doho M2 DohoM
Mg = ¢; Mg = —?-—e; M¢9= i 71 (ar.8)
a? a? a?
Dohoq, Doho% DohoQq'
q¢ = ———Q; qe = H g = e—
a*t a* a*
t = tot'
m Eehg
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PROGRAM FOR THE NON LINEAR STAYIC ANALYSIS OF SHELLS OF
REVOLUTION BY DYNAMIC RELAXATION - SPHERICAL SHELL
PROGRAM ‘NSDRSHELL‘

AXYSYMMETRIC LDADING

NON LINEAR/LINEAR STRAIN-DISPLACEMENT RELATIONS

NON LINEAR/LINEAR EQUILIBRIUM EQUATIONS

WITH/WITHOUT CENTRAL OPENING

LINEAR ISOYROPIC/ORTHOTROPIC STRESS-STRAIN RELATIONS

P R

FETE

o000 ONONN

IMPLICIT REAL *8 (A-H,0-2)

REAL *4 CHAR (17)

DIMENSION ENTH(50),ENPH(S0).EMTH(50),EMPH(50),
APH(50),AW(50),UPH(50) .%W(50), VPH(50) . VW(50).
RTH(50),RPH(50) ,R(50),

VPHS(50) , VWS(50) , PUPH(50) .PW(50), ENG(SO),
QPH(50),QW(50),

H(50) ,APHI(50), APHD(S50),

STPH(50) ,STTH(50),

PEMPH(S0), PEMTH(50).PENPH(50),PENTH(50)

PR RP®

SIN (PHI) = DSIN(PHI)
€0S (PHI) = DCOS(PHI)

c* INPUT DATA CARDS
c

READ, EPH, ETH, PRPH, PRTH, G
READ, ISHELL,IOSHEL

READ, ICASE, ISTCHK,NDFCHK
READ, DPH, DW

READ, DFPH, DFW, DELT

READ, IMAX, ITIN, DELTM, DMAX
READ, NDPHI,NDPHM, NDPHO,NPMI,IP
READ, PHII, PHIA, PHIB,PHI10.HAD
READ, 1BCI, IBCO

READ,FLDW, FLOPH

READ (5,500) (CHAR(I),1=1,16)

Ce INPUT DATA FORMAT

500 FORMAT (16 A4)

c
c* WRITE PROBLEM TITLE AND INPUT DATA
c

WRITE (6,600)
WRITE (6.605) (CHAR(I), I=1,16)
WRITE (6,610) EPH, ETH, PRPH, PRTH, G
WRITE (6.620) DPH, DW
WRITE (6,630) DFPH,DFW,DELT
WRITE (6,640) DELTM, DMAX, IMAX, ITVIN
WRITE (6,650) NDPHI ,NDPHM, NDP}O ,NPHI
WRITE (6,660) ISHELL,JOSHEL , ICASE, IBCI, IBCO,ISTCHK,NDFCHK
WRITE (6.645) PHI1,PHIA, PHIB, PHIO, HAO
WRITE (6,655) FLDW, FLDPH

c

ce DUTPUT FORMAT

c

600 FORMAT (’1’, 60X, *RESULTS‘//25X, ‘NON LINEAR STATIC’,
&‘ ANALYSIS OF SHELLS OF REVOLUTION BY DYNAMIC RELAXATION'//)
605 FORMAT (5X, ‘SHELL TYPE:*, SX. 4A4//16X, A4, 1X, ’‘LINEAR’,
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610
620
630
640
650

660

645

[:3 * EQUILIBRIUM AND STRAIN-DISPLACEMENT'//16X, SA4,1X,
8 *STRESS-STRAIN'//16X, 'INNER EDGE’,3X.3A4//16X, ‘OUTER EDGE’,
8  ax.3a4//)

FORMAT (5X, ‘MATERIAL CONSTANTS'//10X,’EPH=’ ,E15.5//10X ,
8°ETH=’ E15.5 //10X,’PRPH=’ ,F10.5//10X, ‘PRTH=" F10.5// 1OX,'G=",
& E15.5//)

FORMAT (5X, ‘DENSITIES’//10X, ‘DPHe* ,F10.5//10X, ‘DW=* ,F10.5//)

FORMAT(5X, *ITERATION FACTORS’//10X, '‘DFPH=" .E15.5//10X,

& ‘OFW=', E15.5//10X, ‘DELT=" E15.5//)

FORMAT (5X, * ITERATION CONTROL PARAMETERS®//10X, ‘DELTMAX=",

8 E15.5,10X, ‘DMAX=",E15.5//10X., ’ IMAX=" 16, 10X, " ITIN=",15//)

FORMAT(5X, ‘FINITE DIFFERENCE MESH GENERATION AND LOCATION',
&’ PARAMETERS * //1OX, 'NDPHI=‘, 13, 10X, ‘NOPHM=* 13//10X, ‘NDPHO=",
813, 10X, 'NPHI=’ ,13//)

FORMAT(5X, ‘OTHER CONTROL PARAMETERS’//10X,‘ISHELL=',13
& 10X, 'IOSHEL =‘,13//10X,’1CASE=’,13//10X,'1BCI=',13, 10X,

& ‘1BCO=’,13// tOX,’1STCHK=',13//10X, 'NDFCHK="* 13//)

FORMAT(SX, ‘SHELL GEOMETRY’//10X.’PHII=’ F10.5//10X,

& ‘PHIA=',F10.5//10X,'PHIB=’,F10.5//10X, ‘PHIO="' ,F10.5//10x,
&’HAD=',F10.5//)

655 FORMAT(SX, ‘LOAD DATA’//10X,‘FLDW=*,E15.5//10X, 'FLOPH=",
& E15.5//)
c
C*  FINITE DIFFERENCE MESH PARAMETERS
c
PHI1=PHILI+22./(7.9180.)
PHIA=PHIA*22./(7.%180.)
PHIB=PHIB*22./(7.*180.)
PH10=PHID*22./(7.+%180.)
XPHI=(PHIA-PHII )/NDPHI
XPHM=(PHIB-PHIA }/NDPHM
XPHO=(PHIO-PHIB)/NDPHO
NPHA sNPHI +NDPHI
NPHB=NPHA +NDPHM
NPHO=NPHB +NOPHO
NPHI1 = NPHI - 1
NPHIJ = NPHI + 1
NPHOt = NPHO - 1
NPHO3 = NPHD + 1
1IF (1BCI .GT. 2) NA = NPHI
IF (IBCI .LE. 2) NA = NPHI + 1
IF (IBCO .GY. 2) NB = NPHD
IF (IBCO .LE. 2) NB = NPHO - 1
c
ce GENERATE R, RTH, RPH, APHI: SHELL GEOMETRY
c
HOA = 1,/HAD
DO 400 1 = NPHI{1, NPHO3
RTH(I) = 1.
RPH(I) = 1.
H(I) = 1.
400 CONT INUE
DO 410 I = NPHI1, NPHO
IF (I.LT.NPHI) GO TO 1030
IF (1.EQ.NPHI) GO 7D 1040
IF (1.LE.NPHA) GO TO 1050
IF (1. LE NPHB) GO ro 1060
IF (I1.GT.NPHB) GO 1070
1030 IF (10SHEL.EQ.1) cu T0 1035
APHI(I) = O.
GO TO 1080
1035 APHI(1)=(PHII-XPHI)
GO TO 1080
1040 APHI{1)=PHI1
GO TO 1080
1050 APHI (1) =APHI{1-1)+XPHI
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1060

1070
1080
410

GO 1O 1080
APHI(1)=APHI(1-1)+XPHM

GO 1O 1080
APHI(1)=APHI(1-1)+XPHO
R(I)=RTH(I)*DSIN{APHI(1))

CONT INUE

DO 415 I = NPHI, NPHO

APHD(T) =APHI(I) ¢ 180.+7./22.
CONT INUE

PRESCRIBE LOADING

DO 420 T = NPHI, NPHO
QPH(T) = FLDPH

QW(1) = FLDW
CONTINUE

PRESCRIBE ACCURACY FOR RESIDUAL CHECK
FACT = 1000.
ACCW = DABS(FLDW)/FACT
ACCPH = ACCW
CALCULATE CONSTANTS
B1 =DELT/OPH

= 1. +(.5 *DFPH* Bt)
B3 = {.-(.5 * DFPH* B1)

C1 = DELT/DW
€2 = 1.4(.5 * DFW * C1)
€3 = 1.-(.5 * DFW * C1)

STORE INITIAL VALUES

DO 430 1
ENTH(I)
ENPH(T)
EMTH(1)
EMPH(I)
UPH(1)

NPHI1, NPHO3

3

=

s

[
oﬂﬂﬂlll
“oooo0

<

2

I

«n

-

-
LRI ]
00000

CONT INUE

SET ITERATION COUNYER EQUAL TO ZERD
ITER = O

CALCUILATE VELOCITIES AND DISPLACEMENTS

DO 800 J = 1, IMAX
EW = O.

DO 440 I = NA, NB
PHI = APHI(T)
IF =141
IB =1-1
DELS=RPH(I)*(APHI(1)-APHI(I-1))
IF(I.EQ.NPHD) GO TO 75
DELS1=RPH(1)*(APHI(1+1)-APHI(I))

IF ((I.EQ.NPHI) AND.(IOSHEL.NE.1))DELS=DELS*2.

IF{(1.EQ.NPHI) .AND. (IOSHEL.EQ.{1))DELS=DELS!
G0 T0 110
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75 1F(IBCO.EQ.4) GO TO 80
DELS1=DELS
GO T0 110

80 DELS1=RPH(I)*{11./7.-PHIO)*2.

Cce CALCULATION OF VELOCITIES AND DISPLACEMENTS IN THE TRANSVERSE
(24 DIRECTIDN

110 ALPHA = DELS1/ DELS
ALPHA1 = 1, - ALPHA* ALPHA
ALPHA2 = 1. + ALPHA
ALPHAQ » 2./(ALPHA® ALPHA2)
ALPHA4 =ALPHA® ALPHA2
Z1 = (EMPH(IF)- ALPHA2* EMPH(I) + ALPHA* EMPH(IB))/(DELS
& v DELS) * ALPHA3
22 = (EMPH(I) - EMTH(1)) *DSIN(PHI)/( R(I)* RPH(I))
23 = 2. * DCOS(PHI)/R(1)*(EMPH(IF)- ALPHA1*EMPH(I)- ALPHA®
ALPHA *+ EMPH(18))/(ALPHA4* DELS)
24 = DCOS(PHI}/R(Y) * (EMTH(IF)-ALPHA1* EMTH(I)- ALPHA*
ALPHA* EMTH(1B))/(ALPHA4* DELS)
24t =1./RPH(1)*(RPH(IF)-ALPHA1$RPH(])-ALPHA*ALPHA *RPH(IB))/
(ALPHA4*DELS)* (EMPH(IF }~ALPHA{ *EMPH(1)-ALPHA *ALPHAYEMPH( [8)
)/ (ALPHA4*DELS)
Y41 = 1./RPH(I)
Y42 = HOA* HOA* 1./RPH(1)* (UPH(IF)- UPH(1)*ALPHA1- ALPHA
* ALPHA® UPH(IB))/(ALPHA4¢* DELS)
Y43 = HOA* (W(IF)-ALPHA2* /w(1)}+ ALPHA*W(IB))/(DELS*DELS)
* ALPHA2
¥44 = 1./RPH(I) * (RPH(IF)- ALPHA1*RPH(I)-ALPHA*ALPHA*
RPH(IB))/(ALPHA4*DELS ) * {(HDA*(W(IF)-ALPHA1*W(])-ALPHA*
ALPHA*W(IB))/(ALPHAA*DELS) -HOA*HOA* UPH(1)/RPH(1))
Y4 = Y41 + Y42 - Y43 +va4
IF (ICASE .EQ. 1) V4 = vat
25 = ENPH(1)*va
26 = ENTH(I)/RTH(I)
Y1 = (ENPH(IF)-ENPH(I)*ALPHA1- ALPHA*ALPHAYENPH(IB))
8 /(ALPHA4*DELS)
¥2 = (ENPH(1)- ENTH(I))* DCOS(PHI)/R(I)
Y34 = EMPH(I)* DCOS(PHI)/R(1)
Y32 = (EMPH(IF)-EMPH(1)*ALPHA 1-ALPHA*ALPHA*EMPH(IB))/
8 (ALPHA4* DELS)
¥33 = EMTH(I)* DCOS{PHI)/R(I)
Y3 = v31 ¢ ¥32 -va3
27=Y3/RPH{1)+Y 1+ENPH( 1) *DCOS(PHI )/R(1)
BETA =HOA*HOA*UPH(T)/RPH(1) -HOA*(W(IF)-W(1)*ALPHA1
[} -~ALPHA*ALPHA*W(IB)})/(ALPHA4*DELS)
¥Y6=(21-22+23-24-241-ENPH( 1) /RPH(1))
IF (ICASE .EQ. 1) BETA= O.
AW(I) =21-22 +Z3- 24-241- 25 - Z6 -Z7*BETA -QW(1)
PW(I) = wW(I)
VW(I) = 1./C2 * (C3 * vW(1) + C1* AW(I))
IF(J.EQ.1) VW(I)=DELT/(2.+DW)*AW(I)
W(I) = W(I) + vW(I)} * DELT
IF (NDFCHK .NE. 1) GO TO 115
vws(1)= vM(1) « vw(l)
115 IF(DABS(W(1))-DMAX) 120, 130, 130

me @ @

eo® *® >

Cc* CALCULATION OF VELOCITIES AND DISPLACEMENTS IN THE MERIDIONAL
c* DIRECTION

120 APH(T) =Y1+ Y2 +Y3 ¢ Y4 +Y6'BETA+ QPH(I)
PUPH(1} = UPH(I)
VPH(I) = 1./82 * (B3 * VPH(I) + B1 * APH(I})
1F(J.€Q.1) VPH(1)=DELT/(2.*DPH)*APH(1)
UPH(I) = UPH(I) + VPH(1) * DELT
IF (NDFCHK .NE. 1)GO TO 125
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440

[z Nz}

665

670
680

c*
135

c*
140

VPHS(I) = VPH(I)} * VPH(1)

ENG(T) = vWS(I) + VPHS(I)

EW = EW + ENG(I)

IF (DABS (UPH(1))- DMAX) 440, 130, 130

CHECK IF DISPLACEMENTS DIVERGE .IF SO0,PRINT THE DISPLACEMENTS,
REDUCE THE TIME INCREMENY AND RESTART THE D.R. INTEGERATION.

WRITE (6, 665) J, DELT

WRITE (6, 670) I, UPH(I), W(I), VPH(I), VW(I), APH(I), AW(I}

WRITE (6.735)

WRITE (6, 6B0) (K, UPH(K), W(K), ENPH(K), ENTH(K), EMPH(K).
EMTH(K) ,APHD(K), K= NPHI, NPHO)

DELT = DELT* .5

IF (DELT.LE. DELTM) GO TD 1000

GO TO 900

CONT INUE

FORMAT (5X, ’‘NUMERICAL INSTABILITY AT ITERATION NO. =',
15, SX, ‘WITH DELT=, E15.5//)
FORMAT (5X, I3, SX, 6E15.5 //)
FORMAT ((5X, I3, SX, 7€15.5)/)

DISPLACEMENT BOUNDARY CONDITIONS

&

BOUNDARY CONDITIONS ON INNER EDGE

GO TD (135, 140,145 ,160). IBCI

FIXED .BOUNDARY CONDITIONS

W(NPHI -1) = W(NPHI + 1)
UPH(NPHI -1) = -UPH(NPHI + 1)
G0 TO 175

HINGED BOUNDARY CONDITIONS

UPH(NPHI-1) = -UPH(NPHI+1)

DELPH = XPHI

PO = (RPH(NPHI+1)-RPH(NPHI-1))/(d4. *RPH(NPHI)*RPH(NPHI)

* RPH(NPHI)* DELPH * DELPH) - PRPH*DCOS(APHI(NPHI))*1./(2.
* R(NPHI)*RPH(NPHI) * DELPH)

Py = PO -~ 1./(RPH(NPHI) * RPH(NPHI) ¢ DELPH * DELPH)

P2 = HOA * 1./(2. * RPH(NPHI) * RPH(NPHI) * DELPH)

P3 = PO + 1./(RPH(NPHI) * RPH(NPHI) ¢ DELPH * DELPH)
W(NPHI -1) = P2/P3 * (UPH(NPHI +1) - UPH(NPHI -1)) + P1/P3
* W(NPHI +1)

GO TO 175

FREE BOUNDARY CONDITIONS

GO TO 175

SYMMETRY BOUNDARY CONDITIONS

W(NPHI~1) = W(NPHI)
UPH{NPHI-1) = -UPH(NPHI)
GO TO 175

BOUNDARY CONDITIONS ON OUTER EDGE

GO Ta (180, 190, 19S5, 196), 1BCO

FIXED BOUNDARY CONDITIONS

W(NPHO+1) = W(NPHO -1)
UPH(NPHD +1) = -UPH(NPHO-1)
GO TO 200

HINGED BOUNDARY CONDITIONS

UPH(NPHO+1) = -UPH(NPHO-1)

DELPH = XPHO

PO = (RPH(NPHO+1} - RPH{NPHO-1))/(4.* RPH(NPHO)*RPH(NPHD)

* RPH(NPHO) * DELPH* DELPH)- PRPHYDCOS(APHI(NPHD))*1./(2.+
R(NPHD ) *RPH(NPHD) * DELPH)

P1 = PO - 1./(RPH(NPHO)*RPH(NPHD)* DELPH* DELPH)

P2 = HOA * 1./(RPH(NPHO) ¢ RPH(NPHO)} * DELPH)

P3 = PO + 1./(RPH(NPHO) * RPH(NPHO) * DELPH * DELPH)
W(NPHO+1) = P3/P1 * W(NPHD-1)-P2/P1 * (UPH(NPHO+1)-UPH(NPHO
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& -1))
GO TO 200
(3] FREE BOUNDARY CONDITIONS
195 GO TO 200
[ SYMMETRY BOUNOARY CONDITIONS
196 W(NPHO+1) = W(NPHO)
UPH(NPHO+1) = -UPH(NPHO)

C
C* CALCULATION OF STRESS RESULTANTS
c

200 00 450 I = NPHI, NPHO
PHI = APHI(I)
IF = 149
IB = -1t
DELS=RPH(I)*(APHI(1)-APHI(I-1))
IF(1.EQ.NPHO) GD TO 210
DELS1=RPH{1 )¢ (APHI(1+1)-APHI(1))
I1F((1.EQ.NPHI).AND. (IOSHEL .NE . ) )DELS=DELS*2,
IF((I.EQ.NPHI).AND. (10SHEL .EQ. 1) )DELS=DELS1

GO 70 250
210 IF(IBCO.EQ.4)G0 TO 220
DELS1~DELS
GO TO 250
220 DELS1=RPH(1)*(11./7.-PHIO) *2.
250 ALPHA = DELS1/DELS

ALPHA1 =1.- ALPHA® ALPHA
ALPHA2 = 1. + ALPHA
ALPHAQ = 2./(ALPHA* ALPHA2)
ALPHA4 = ALPHA * ALPHA2
F1 = (UPH(IF)-ALPHA1® UPH(I)-ALPHA*ALPHA® UPH(IB)}/
8 (ALPHA4*DELS )
F2 = W({I1)/RPH(I)
F22 = UPH(1)/RPH(1)
F3 = (W(IF)- ALPHA1*W{I1)- ALPHA'ALPHA'H(lB))/(ALPHAd'DELS)
F4 = W(1)*DSIN(PHI)/R(1)
F5 = UPH(I)*DCOS{PHI)/R(1)
F6 = (W(IF)-ALPHA2* W(I)+ALPHA* W(1B8))/(DELS*DELS)*ALPHAI
F7 = 1./RPH(I)* (RPH(IF)-ALPHA1* RPH(1)-ALPHA*ALPHA*RPH(IB)

[} )/ (ALPHA4*DELS)

IF ((IBCI .LE. 2) .AND.(I .EQ. NPHI))Fi=(-11./6.°UPH(NPHI)
[ 43 . *UPH{NPHI+1)-1.5*UPH(NPHI+2)+ .33 UPH(NPHI +3) ) /DELS

IF ((IBCO .LE.2) .AND.(I .EQ. NPHO)) F1=(11./6.YUPH(NPHG)
8 -3, *UPH(NPHO- 1)+ 1. 5*UPH(NPHO-2)~ . 33*UPH(NPHD-3) ) /DELS

F2t = HOA * Fi+ F2
F31 = F3- HOA* F22
F4t = HOA * FS + F4
IF (ICASE .NE. 1) GD TO 260
F29 = 0.
FaY = 0.
£41 = O.

260 STPH(1) = HAD* F1 + HAD*HAO*F2+.5°HAO*F214F21+.5%

& HAD*F31+F3 1

STTH(I) = HAO*FS + HAD*HAOYFA + . S*HAG'F41°*Fa1
PENPH(1) = ENPH(1)
PENTH(I) = ENTH(1)
ENPH(I) = 12.%H(1)* EPH/ETH* (STPH(I)+ PRPH*STTH(I1) )
ENTH(I) = 12, * H(I) * (STTH(I) + PRTH* STPH(1))
CPH = HOA* FI/RPH(I) -F6 + F7°* (F3 -HDA'*F22)
CTH =DCOS(PHI)* (HDA* F22/R(1) -F3/R(1) )
PEMPH(1) = EMPH(I1)
PEMTH(I) = EMTH(I)
EMPH(I) = EPH/ETH * (H(I)**3)* (CPH + PRPH* CTH)
EMTH(I) = (H(1)* ¢ 3) * (CTH + PRTH'CPH)

450 CONTINUE

[
c* STRESS BOUNDARY CONDITIONS
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ce
275

280

460
ce

470
c*

475
a1o

330

340

345
800

350
ass

BOUNDARY CONDITIONS ON INNER EDGE
GO T0 (290,290,275,280), IBCI
FREE BOUNDARY CONDITIONS
GO TO 290
SYMMETRY BOUNDARY CONDITIONS
ENPH(NPHI~1) = ENPH(NPHI)
ENTH(NPHI-1) = ENTH{NPHI)
EMPH(NPHI-1) = EMPH(NPHI)
EMTH(NPHI-1) = EMTH{NPHI1)
BOUNDARY CONDITION ON QUTER EDGE
G0 TO (300,300,295,296), IBCO
FREE BOUNDARY CONDITIONS
GO TO 300
SYMMETRY BOUNDARY CONDITIONS
ENPH(NPHO+1) = ENPH(NPHOD)
ENTH(NPHO+1) = ENTH(NPHD)
EMPH(NPHO+1) = EMPH(NPHO)
EMTH(NPHO+1) = EMTH(NPHO)

CHECK FOR CONVERGENCE
CHECK RESIOUAL OF EQUILIBRIUM EQUATIONS
DO 460 1 = NA ,NB
IF (DABS(APH(I)).GE. ACCPH) GO 7O 310
IF (DABS(AW(1)) .GE. ACCW) GO TO 310
CONTI
CHECK CONVERGENCE OF DISPLACEMENTS
00 470 I = NA ,NB
DIFUPH = (UPH(I) - PUPH(I))/PUPH(I)
DIFW = (W(I) - PW(1))/PW(I)
1IF (DABS(DIFUPH) .GT. .001) GO TO 310
IF (DABS(DIFW) .GT. .001) GO TO 310
CONTINUE
CHECK CONVERGENCE OF STRESS RESULTANTS
IF (ISTCHK .NE. 1) GO TO 350
DD 475 1 = NPHI, NPHD
DIENPH = (ENPH(1)-PENPH(I))/PENPH(1)
DIENTH = (ENTH(1)-PENTH(I))/PENTH(1)
DIEMPH = (EMPH(1)-PEMPH{1))/PEMPH(1)
DIEMTH = (EMTH(I)- PEMTH(1))/PEMTH(I)
IF(DABS(DIENPH) .GF. .001) GO TO 310
IF (DABS(DIENTH) .GT. .001) GO TO 310
IF (DABS(DIEMPH) .GT. .001) GD TO 310
IF (DABS(DIEMTH) .GT. .00f) GO TO 310
CONT INUE

GO TO 350
IF (J- ITER) 800, 330. 330
IF (NDFCHK .NE. 1) GO TQ 340
IF (J .EQ. 1) WRITE (6,705)
WRITE (6,700) J
WRITE (6, 710) IP,UPH(IP) W(IP), VPHS{IP),VWS(IP) ENG(IP), EW
GO 7O 345
IF (J .EQ. 1) WRITE (6,715)
WRITE (6,700) o
WRITE (6,720) IP,UPH(IP) W(IP) ENPH(IP), ENTH(IP) EMPH(IP),
EMTH(IP), APH(IP), AwW(IP)
ITER = ITER + ITIN
CONT INUE
WRITE (€,725) J, DELT
GO TO 355
WRITE (6.730) J. DELT
WRITE (6,735)
WRITE (6,740) (IY,UPH(IY) W(IY) ,ENPH(IY) ENTH(IY) EMPH(1Y)},
EMTH(1Y) ,APHD(IV),Iv= NPHI, NPHO)
WRITE (6,750)
WRITE (6,745) (IV,APH(IY) AW(IY), IV=NPHI NPHO1)

06



700
708

710
715

720
728

WRITE (6,755)

FORMAT ( //5X,’ITERATION NO.
FORMAT (7X.’I°,12X,°UPH’, 14X,
*ENGI*, 11X, ‘EW'//)

FORMAT (SX,13, 5X, 6E15.5//)
FORMAT (4X,°1°,10X, "UPH’ 14X, ‘W’ , 12X, ‘ENPH’ 11X, “ENTH’ , 11X,
YEMPH’ , 11X, ‘EMTH’ , 11X, ‘APH’ , 13X, ‘AW’ //)

FORMAT {(2X,13,2X,BE15.5/)

FORMAT (//5X, 'CONVERGENCE NOT REACHED AT ITERATION NO.=°,
15,5X, ‘DELT=* ,E15.5//)

FORMAT (//5X,‘CONVERGENCE REACHED AT ITERATION NO.=‘,
15,5X, ‘DELT=* ,E15.5//) °*

FORMAT (7X,*1’,92X, “UPH’, 14X, ‘W’ 12X, ‘ENPH’ , 11X, ‘ENTH*

11X, 'EMPH’ , 11X, ‘EMTH’ , 11X, ‘APHD ' //)

FORMAT ((5X,13,8X, 7E15.5)/)

FORMAT ((5X,13,5X,2E15.5)/)

FORMAT (//SX, ’RESIDUALS’//20X, ‘APH’ 13X, AW’ //)

FORMAT ( 1H1)

STOP

END

15/)
‘12X, 'VPHS 11X, 'VWS’, 11X,

16



RESULTS
NON LINEAR STATIC ANALYSIS OF SHELLS OF REVOLUTION BY DYNAMIC RELAXATION

SHELL TYPE: HEMISPHERICAL
NON LINEAR EQUILIBRIUM AND STRAIN-DISPLACEMENT
LINEAR ISOTROPIC  STRESS-STRAIN
INNER EDGE  SYMMETRICAL
OUTER EDGE  FIXED

MATERIAL CONSTANTS
EPH» 0.25000D0 07
ETH= 0.250000 07 -
PRPH= 0.25000
PRTH= 0.25000
G= 0. 100000 07 .

DENSITIES
DPH= 1.00000

DW= 1.00000

ITERATION FACTORS
DFPH= 0.75000D0 02
OFW= 0.30000D 03
DELT~= 0.200000-03

ITERATION CONTROL PARAMETERS
DELTMAX= 0.20000D-03 DMAX= 0, 10000D 04
IMAX= 1500 ITIN= 50

FINITE DIFFERENCE MESH GENERATION AND LOCATION PARAMETERS
NOPHI= 7 NOPHM= 12
NDPHO= 4 NPHI= 2

OTHER CONTROL PARAMETERS

Z6



ISHELL= 1
ICASE= 2
8cI- 4
ISTCHK= ©
NOFCHK= O

SHELL GEOMETRY
PHII= 1.00000
PHIA= 30.00000
PHIB= 84.00000
PHIO= 90.00000
HAD= 100.00000

LOAD DATA

10SHEL =

1BCO= 1

FLDW= 0. 100000 Of

FLDPH= 0.00000D 00

UPH

ITERATION NO.= 1

0.00000D 00

ITERATION NO. = 50
0.21539D-12

ITERATION NO.= 100
0.529000- 12

ITERATION NO.= 150
0.408770-09

-0.200000-07

-0.31177D-05

-0.344810-05

~0.33713D-08

ENPH

-0.300000-02

-0.46766D OO

-0.517220 00

-0.80566D 00

ENTH

-0.300000-02

-0.46766D 00

-0.517220 00

-0,50566D 00

EMPH

0. 14927D-20

0.54256D- 10

0.147020- 10

0.127230-07

EMTH

-0.282500-20

0.842320-10

0.146620-10

0. 127130-07

APH

0.00000D0 00

0.420010-08

0.34745D-06

0.74086D-04

AW

-0. 100000 O1

-0.42141D-01

0.39474D-01

0.11401D-01

£6



2

2

ITERATION ‘NO.= 200
0.922060-08

ITERATION NO.= 250
0.86441D-07

ITERATION NO.= 300
0.17671D-06

ITERATION NO.= 350
0.34154D-06

ITERATION NO.= 400
0.45397D0-06

ITERATION NO.= 450

0.469040~06

ITERATION NO.= 500
0.44794D-06

ITERATION NO.= 650

0.45061D-06

lTéRATlUN NO.= 600
0.46864D-06

1TERATION NO.= €50
0.47473D-06

-0.33402D-08

-0.33585D-08

-0.34240D-05

-0.352030-05

-0.35916D-05

~0.360390-08

-0.359030-0%8

-0.358010-05

~0.36013D-05

~0.36051D-05

~0,.80021D

-0.48888D

-0.49840D

~0.49868D

~-0.49975D

-0.600280

-0.50006D

-0.49979D

~0.48993D

-0.40998D

00

-0.

-0.

-0.

-0.

-0.

-0.

-0.

-0.

-0.

-0.

800230

498920

498410

49870D

499740

500290

50006D

499800

499930

499990

00

0. 18516D-06

0.74534D-06

0.121830-03

0.77273D-06

-0.29354D-06

-0.420720-08

0.412020-07

0.36253D-06

-0.55757D-08

0. 18080D-07

0.185040-06

0.745070-06

0.12181D-05

0.77256D-06

-0.29347D-06

-0.42063D-06

0.411800-07

0.36247D-06

-0.557440-08

0. 1B077D-07

0.51616D-03

0. 138070-02

0.16963D-02

©0.63345D-03

-0.63224D-03

-0.47371D0-03

0. 18609D0-03

0.31536D-03

-0.73768BD-04

0.12169D-0%

0.311730~-03

-0.20406D-02

-0.30765D-02

-0.260380-02

-0.58136D-03

0.52086D-03

0. 18155D-03

-0.43141D-03

*-0.142400-03

~0.273150-04
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2

ITERATION ND.= 700

0.47761D-06 -0.36067D-0%

CONVERGENCE REACHED AT ITERATION NO.=

@ ® N O a s Ww N

NN NN N RN @ = o a ow = o oa oa o= o=
U & W@ N =+~ O e N T S W N = O

upH

0.478010-06
0.245860-05
0.44214D-0%8
0.638930-09
0.82656D-05
0.102080-04
0.11818D0-04
0. 138320-04
0.15413D-04
0. 174970-04
0.18676D0-04
0.207650-04
0.214520-04
0.23545D-04
0.236310-04
0.257340-04
0.253420-04
0.28248D-04
0.284180-04
0.294280-04
0.25441D-04
0.184130-04
0. 105550~04

0.00000D 0O

-0.489870 00 -0.49988D 00 0.765000-07 0.76787D-07 0.276430-04
706 DELT» 0.200000-03
) ENPH ENTH EMPH EMTH APHD
~0.36069D-03 -0.49997D Q0 ~0,49998D 00 0.72074D-07 0.72062D-07 0. 100000
~0.3606 1D-08 -0.500010 00 -0.4989970 00 0.506560-0; 0.58684D-07 0.51429D
-0.36040D-0% -0.49988D0 00 -0.500020 00 -0.73330D-07 -0. 10325D-08 0.92857D
-0.360010-05 -0.850011D 00 -0.49995D0 00 0.825470-07 ©0.33596D0-07 0. 134280
~0.359530-08 -0.49978D 00 -0.50006D 00 -0.16780D0-06 -0.428480-07 0.175710
-0.35881D-05 ~0.50023D 00 =0.49990D0 00 0.20850D-06 0.56549D-07 0.21714D
-0.35808D0-05 -0.499670 00 -0.50010D CO -0.22568D-06 -0.56158D-07 0.25857D0
-0.35708D0-05 -0.50036D0 00 -0.49988D 00 0.354870-06 0.98958D-~07 0.300000
-0,35609D0-05 -0.49943D 00 -0.50024D0 0O -0.49607D-06 ~0. 12658D-06 0.345000
-0.35464D-0% -0.80056D 00 -0.49981D 00 0.59301D-06 0. 134520-06 0.380000
-0.35343D-08 -0.499280 00 -0.500300 00 ~0.,66464D-06 -0.16811D-06 0.43500D
-0.351670-05 -0.80071D 00 ~0.49879D 00 0.64835D-06 0.164155-06 0.48000D
-0.350210-05 -0.48915D OO ~0.50027D 00 -0.98485D-06 -0.25842D0-06 0.52500D
-0.34804D-0% -0.50083D 00 -0.49956D 00 0.98013D-C6 ©0.23989D-06 0.570000
-0.34638D-0% -0.48801D 00 -0.500010 OO 0.53110D-06 0. 15347D-06 0.61500D
~0.34496D-05 -0.50095D0 00 -0.50044D 00 0.611870-05 0. 16596D-05 0.66000D
~0.34723D-03 -0.49896D 00 -0.50530D 00 0.32873D-05 0.10416D-05 0.70500D
~0.351400-05 -0.50134D 00 -0.51216D GO -0.25044D-04 -0.63087D-05 0. 750000
-0.33999D0-05 -0.489400 00 -0.50143D 00 -0.13410D-03 -0.34638D-04 0.79500D
-0.24593D-08 -0.801120 00 -0.39848D 00 -0.24498D-03 -0.633280-04 0.84000D
-0.18120D-05 -0.50064D 00 -0.32677D 00 ~-0.145280-03 -0.38248D-04 ©0.855000
-0.106é60-05 -0.50073D 0O ~0.24405D0 CO 0.72079D-04 0. 16695D-04 0.87000D
~0.37298D-06 -0.600600 00 -0.16680D 00 0.463770-03 0, 11546D-03 0.88500D
0.000000 00 -0.50131D 00 -0.12533D 00 0.10832D0-02 0.27081D-03 0.980000D

-0.65533D-04

02
02
02
02
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RESIDUALS

© O <N 0O A b W N

-
Q

11

-0.

[=]

© o ©c 0o o

(=21

~0.

-0.

-0

~0.
-0.
-0.

APH

.20955D-04

10118D-03
112470-03
28579D-04

. 19665D-04
.32295D-04
.84695D-05

69826D-04

.88152D0-04
.45284D0-05

12788D-03

. 144060-04
.784440-04

.121500-03
.16087D-03

.60829D-04

503850-~03

687910-03

.331530-03
.45800D-03

33471D-03
98678D-03

48397D-03

AW

-0.62321D-04
-0.853813D-04
-0.36753D-04
-0.2360D-04
-0.218310-04
-0.273700-04
-0.279410-04
-0.206260-04
-0.10905D-04
-0.92538D-05
-0.10491D-0S
0.17868D-04
0. 12354D-04
0.88126D-05
Q.22897D0-04
0.382470~04
0.284190-08
0.38811D-04
0.195110~-03
-0.13034D-03
~0.13049D-03
-0.90874D-04
~0.37t489-04
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RESULTS
NON LINEAR STATIC ANALYSIS OF SHELLS OF REVOLUTION BY DYNAMIC RELAXATION

SHELL TYPE: HEMISPHERICAL

NON LINEAR EQUILIBRIUM AND STRAIN-DISPLACEMENT
LINEAR ISOTROPIC STRESS-STRAIN *
INNER EDGE SYMMETRICAL

OUTER EDGE FIXED

MATERIAL CONSTANTS '
EPH= ©0.100000 0B
ETH= 0. 100000 08
PRPH= 0.33000
PRTH= 0.33000

G~ 0.38500D 07

DENSITIES
DPH= ' 1.00000

Dw= 1.00000

ITERATION FACTORS
DFPH=  0.400000 03
DFW= 0.750000 03

DELT= ©0.80000D-04

ITERATION CONTROL PARAMETERS
DELTMAX= 0.80000D0-04 DMAX= 0.10000D0 04
IMAX= 1500 ITIN= s0

FINITE DIFFERENCE MESH GENERATION AND LOCATION PARAMETERS
NDPHI= S NDPHM= B8
NOPHO= & NPHI= 2

OTHER CONTROL PARAMETERS

L6



2

2

2

ISHELL~ ¢ 10SHEL =
ICASE= 2

iBCcI= 4 iBco= |
ISTCHK= ©

NDFCHK* O

SHELL GEOMETRY
PHII= 1.00000
PHIA= 6.00000
PHIB= 14.00000
PHIO= 19.38000
HAO= 100.00000

LOAD DATA
FLDW= 0.86000D 08
FLDPH= 0.000000 00

UPH w

ITERATION NO.= 1
©0.00Q000D 00 -0.275200-03

ITERATION NO.= 50

-0.25812D0-02 -0.228040 00

ITERATION NO.= 100
-0.59283D-01 -0.24077D 00

ITERATION NO.= 150

0.26556D-01 ~0.22910D 00O

ENPH

-0.439220 02

-0.364560 05

-0.434710 05

~0.33818D 05

ENTH

~0.439220 02

-0.365450 05

-0.43682D 05

-0.34007D 05

EMPH

0.21731D-18

-0. 121080 02

©0.92378D Of

0.35791D0 02

EMTH

0.78313D- 16

~0.12108D0 02

©0.923570 01

0.35788D 02

APH

0.00000D 00

0.37103D 0S5

0. 150980 0S

~0.287020 OS5

AW

-0.B6000D 05

0.58244D 04

0.25018D0 05

-0. 119560 0%
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2

2

2

2

ITERATION NO.«

0.54665D-

ITERATION NO.=

0.85639D-

ITERATION NO.=
0. 10629D

ITERATION NO.=
0.12274D

ITERATION NO. =

0. 134830

ITERATION NO.=
0.14339D

ITERATION NO.»

0.149620

ITERATION NO.=»
0.154280
ITERATION NO. =

0.15773D

ITERATION NO. =
0. 160230

200
()]

250
01

300

00

as50

400

450

§00

8§50

600

650

-0.27720D

-0.304120

-0.322020

-0.335460

-0.345250

-0.35223D

-0.357380

-0.36115D

~0.36392D

~0.36595D

[+,+]

oo

00

-0.38805D

-0.40227D

-0.41173D

-0.41834D

-0.42329D

~0.42685D

-0.42813D

-0.43098D

-0.43228D

-0.433270

[+2]

05

05

oS

05

[+:3

05

-0.38067D

~0.40516D

-0.41478D

-0.42123D

-0.42604D

-0.420220

-0.431750

-0.43353D

-0.43481D

~0.43578D

o5

08

o5

05

0S5

[+

05

05

0S

05

0.35374D

0.33828D0

0.32755D

©0.31478D

0.304720

0.29726D

0.291430

0.28702D0

0.283720

0.28127D

02

02

02

02

02

02

02

02

02

02

0.353710

0.33824D

0.327520

0.31475D

0.30463D

0.297230

0.29138D

0.28698D

0.28369D

0.28124D

02

02

02

02

02

02

Q2

02

02

02

~0.740820

-0.219930

0. 19268D

0. 185030

0.92665D

0.51258D

0.67009D

0.51843D

0.24936D

0.18115D

04

04

04

04

03

03

o3

03

03

03

-0.488460 04

-0.

-0.

-0.

~0.

-0.

-0.

-0.

-0.

-0.

335000

274930

195020

136310

103680

757650

553550

403010

294280

04

04

04

04

04

o3

03

03

03

66



2

2

2

ITERATION NO.= 700

0.16207D 00

ITERATION NO.= 750

0.16344D 00

ITERATION NO.= 800

0.16445D 00

ITERATION ND.= 850

0.165180 00

ITERATION NO.=» 800

0.16572D0 00

ITERATION ND.= 950

0.166120 00

ITERATION NO.= 1000

2

0.16643D 00

CONVERGENCE REACHED

- a v bW N

UPH

0.16657D
©0.33940D
0.532990
0.74845D
©0.99770D
0.12768D

-0.36746D

-0.36855D

-0.36937D

-0.36997D

-0.37041D

-0.37074D

~0.37098D

-0.

-0.

-0.

-0.

-0.

-0.

-0.

AT ITERATION NO.=

00
ot

-0,

-0

-0.
~0.

-0

-0.

37110D

.38051D

3051a8D
413430

.433040

451210

88882838

434000 03

434530 08

434920 08

435220 0S5

43544D 0S5

435600 05

43571D 05

1033 DEL
ENPH

-0.43578D
-0.43942D
~-0.443850
-0.4?9970
-0.45654D
~0.46367D

-0.436490

-0.437010 05

.

-0.43738D 0S

-0.43768D

-0.43788D

-0.43805D

-0.438160

T=

oS
o8
[+3:]
05
05
05

05

[s2:}

(o3

0.27846D 02

©0.278120 02

0.277120 02

0.27638D 02

0.27585D 02

0.27544D 02

©0.27518D 02

0.80000D-04

-0.
-0.
-0.
-0.
-0.
-0.

ENTH

438220
44758D
45987D
47566D
4912%D
$0S507D

0%
05
08
05
08
oS

EMPH

0.274938D
0.23879D
0.17847D
0.96564D
~0.27322D0
-0.11263D

0.27943D 02

0.27803D 02

0.27708D 02

0.27636D 02

0.275820 02

0.27541D 02

0.27512D 02

EMTH

02 27496D

o2 255520
02 220000
o1 170830

00 110280

e 09 0900

02 416340

02
02
02
02
02
o1

. 177800 03

.88967D 02

-30358D 02

.37849D 02

.85770D0 02

.351770 02

. 101880 02

APHD

10000D
20000D
300000
. 400000
500000

© 00000

600000

-0.

-0.

-0.

-0.

-0.

-0.

-0.

o1

o1

o1

[]]

ot
[o]]

217000

159800

1473s8D

867310

643580

474900

349200

03

03

03

02

02

02

02

00T



20

RESIDUALS

®© & N 0 g b w N

0.15870D
0.19114D
0.22328D
0.251860
0.27361D
0.28487D
0.28290D
0.266270
0.23208D
0.183610D
0. 125500
0.62895D
0.0000CD

APH

0. 184030
0.35024D
0.46196D
0.604300
0.78670D
0.858590
0.83273Pv
0.855730
0.85980D
0.739810
0.59099D
0.49385D

0.379630D

0.24174D
0. 144230
0.97171D
0.62131D0
0.32665D

o1
o1
o1
o1
o1
o1

o1
o1
ot
o

1]

02
02
02
02
o2
02

02
02
02
02
02
02
02
02
o1
o1
o1

-0.46503D
-0.471480
-0,46783D
-0.45%204D

00
00
00
00
-0.42298D 00
-0.38081D 00
-0.327020 00
-0.26456D 00
-0.18238D 00
-0, 121800 00
~0.60590D-01
-0.171570-01

Q.00000D 00

\

-0.28698D 02
~0.274600 02
-0.25448D 02
-0.22725D 02
~0.19350D0 02
-0.15479D 02
-0.11345D 02
-0.71864D0 O1
-0.32475D 01
0. 19990D 00
0.29046D O1
©.47074D 01
0.38782D0 Of

0.88660D0 01
0.472570 Of
0.33276D O1
©0.178540 O1
0.53788D 00

-0.47014D
-0.475800
-0.47974D
~0.48173D
-0.48086D
-0.47753D
-0.47102D
~0.462210
~0.44970D
-0.4356 1D
-0.419840D
=-0.40444D
~0.389660D

-0.81367D

-0.91524D
-0.507320
-0.48916D
-0.46011D
-0.421220
~0.37393D0
-0.321140
-0.261970
-0.20614D
-0.16008D
-0. 131490
-0. 12855D

-0.224290
-0.32670D0
-0.408060
-0.45684D
-0.463740
~0.42278D
-0.33245D
-0. 185530
~0.35868D
0.223130
0.470900
0.72507D

0.96885D

02
02
02

-0.307870
~0. 101520
-0.16471D
-0.21436D
-0.24525D
-0.253480
-0.23706D
~0.19593D
0. 12605D
~0.336780
0.75762D
0. 186020
0.31975D

o1
02
02
02
02
02
02
02
02
ot
o1
o2
02

0.70000D
0.80000D
0.80000D
0. 100000
0. 110000
0. 120000
0. 130000
0. 140000
0.15076D
0.16152D
0.172280
0.18304D

0. 193800

o1
o1
o1
o2
02
02

02
02
02
02
02
02

T0T



APPENDIX C

PROGRAM NSDRGSHELL - LISTING
AND SELECTED OUTPUT
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PROGRAM FOR THE NONLINEAR STATIC ANALYSIS OF SHELLS OF
REVOLUTION BY DYNAMIC RELAXATION -GENERAL SHELL
PROGRAM ‘NSDRGSHELL

AXYSYMMETRIC LOADING

NON LINEAR/LINEAR STRAIN-DISPLACEMENT RELATIONS

NON LINEAR/LINEAR EQUILIBRIUM EQUATIONS
WITH/WITHOUT CENTRAL OPENING

LINEAR ISOTROPIC/ORTHOTROPIC STRESS-STRAIN RELATIONS

tev s e e

0O0ADNOOAGOOO0O0O0

IMPLICIT REAL *8 (A-H,0-2)

REAL *4 CHAR (17)

DIMENSION ENTH(S0),ENPH(50),EMTH(SO0),EMPH(S0),
APH(50) ,AW(50) ,UPH(50) .W(50) ,VPH(50) ,VW(50) .
RTH(50) ,RPH(50) ,R(50),
VPHS(50), VWS(50) ,PUPH(S0) ,PW(50), ENG(50)
QPH(50),QwW(S0),
H(S0),APHN(50), APHD(S50), YY(SO),
STPH(50),STTH(50),
PEMPH(50), PEMTH(SO).PENPH(50),PENTH(50)

PEOPREEP>

c
ce INPUT DATA CARDS
c

READ, EPH, ETH, PRPH, PRTH, G
READ, ISHELL,IOSHEL

READ, ICASE , ISTCHK,NDFCHK
READ, DPH, DW

READ, DFPH, DFW, DELT

READ, IMAX, ITIN, DELTM, DMAX
READ, NDPHI, NDPHM, NDPHO, NPHI,IP
READ, XI,XA,XB,X0,YI,HAD
READ, 1BCI, 1BCO

READ, FLDW, FLDPH

READ (5,500) (CHAR(I),I=1,16)

c
c+ INPUT DATA FORMAT
c
500 FORMAT (16 A4)
c
c
Ce WRITE PROBLEM TITLE AND INPUT DATA
c
WRITE (6,600)
WRITE (6,605) (CHAR(I), I=1,16)
WRITE (6,610) EPH. ETH, PRPH, PRTH, G
WRITE (6.620) DPH, DW
WRITE (6,630) DFPH,.DFW,DELT
WRITE (6,640) DELTM, DMAX, IMAX. ITIN
WRITE (6.650) NDPHI, NDPHM, NOPHO,NPHI
WRITE (6,660) ISHELL,JOSHEL . ICASE, IBCI, IBCO,ISTCHK,NDFCHK
WRITE (6.645) XI.XA,XB,XD,YI, HAO :
WRITE (6.655) FLOW, FLOPH
[4
c* OUTPUT FORMAT
c
€00 FORMAT (’1‘, 60X, ’RESULTS‘//25X, ‘NON LINEAR STATIC’,
& ' ANALYSIS OF SHELLS OF REVOLUTION BY DYNAMIC RELAXATION’//)
605 FORMAT (5X, ‘SHELL TYPE:‘, 5X, 4A4//16X, A4, 1X, ‘LINEAR’,
& ‘ EQUILIBRIUM AND STRAIN-DISPLACEMENT’//16X, SA4,1X,
& 'STRESS-STRAIN’//16X, ‘INNER €DGE’,3X,3A4//16X, 'OUTER EDGE’,

€0T



610
620
630
640
650

660

648

655

o000

c
Cc*
c

400

1030

103s
1040
1050
1060

1070
1080

1075

& 3X,3A4//)
FORMAT (65X, ‘MATERTAL CONSTANTS‘//10X, ‘EPH=" E{16.5//10X ,
& ‘ETH=',E15.5 //10X, 'PRPH=' ,F10.5//10X, 'PRTH=" F10.5// 10X, ‘G=*
& E15.5//)
FORMAT (5X, ‘DENSITIES’//10X, 'DPH=‘ F10.5//10X, ‘'OW= ,F10.5//)
FORMAT (5X,  ITERATION FACTORS’ //|ox ‘DFPH=" ,E15.6//10X,
& ‘DFW=’, E15.5//10X, 'DELT=’,E15.5//)
FORMAT(5X. * ITERATION CONTROL PARAMETERS//10X.‘DELTMAX=",
& E15.5, 10X, ‘DMAX=",E15.5// 10X,  IMAX=" .16, 10X, *ITIN="15//)
FORMAT(5X, ‘FINITE DIFFERENCE MESH GENERATION AND LOCATION',
&' PARAMETERS ‘' //10X,‘NDPHI=',13,10X, 'NDPHM=",13//10X, ‘NDPHD=",
& 13,10X, ‘NPHI=*,13//
FORMAT(5X, ‘OTHER CONTROL PARAMETERS'//10X, ISHELL=',13,
8 10X, ‘10SHEL =°,13//10X, *ICASE=’,13//10X, '1BC1=",13,10X,
& ‘IBCO=’,19//10X, ' ISTCHK=',13//10X, ‘NDFCHK=",13//)
FORMAT(SX, 'SHELL GEOMETRY'‘//tOX,‘ X1 =’ F10.5//10X,
8 ‘ XA =‘,F10.5//10X,’ XB=‘,F10.5//10X,' X0=',F10.5//10X,
&' V1=’ ,F10.5//10X, 'HAQO="' ,F10.5//)
FORMAT (5X, 'LOAD DATA *//10X.’'FLDW=', E£15.5//10X,
& ‘FLDPH=’, E15.5//)

FINITE DIFFERENCE MESH PARAMETERS
XPHI =(XA-XI)}/NDPHI
XPHM =(XB-XA)/NDPHM .
XPHO =(X0-XB)/NDPHO
NPHA = NPHI+ NDPHI
NPHB = NPHA + NDPHM
NPHO = NPHB + NDPHO
NPHI1 = NPHI -
NPHI3 = NPHI +
NPHO1 = NPHO -
NPHD3 = NPHO +

1
1

1

1

2)

IF (IBCI .LE. 2)
2)

IF (IBCI .GT. NA = NPHI

NA = NPHI +
IF (18CO .GT. NB = NPHO
IF (1B8CO .LE. 2) NB = NPHO - 1

GENERATE R, RTH, RPH, APHI

HDA = t./HAO
DO 400 1 =NPHI, NPHO

H(I) =1.
CONTINUE
DO 415 1 = NPHI1, NPHO3
IF (1 .LT. NPHI) GO TO 1030
IF (1 .EQ. NPHI) GO TO 1040
IF (1 .LE. NPHA) GO TO 10S0
IF (I .LE. NPHB) GO TO 1060
IF (I .GT. NPHB) GO TO 1070
IF (I0SHEL .€Q. 1) GO TO 1035
R(1) = O.
GO TO 1080
R(1) = XI - XPHI
GO TO 1080
R(1) = x1
G0 TO 1080
R(1) = R(I-1) + XPHI
GO TD 1080
R(I) = R(I-1) + XPHM
GO TO 1080
R(I) = R(1-1) + XPHD
IF(ISHELL.EQ.2) GO TO 1075
IF((1.EQ.NPHO3).AND.(R(I).GT..999))G0 TO 417
IF (ISHELL.EQ.3) vv(I) =v1¢ DSQRT(1.-R(I)*R(1))
IF (ISHELL.EQ.2) YY(I) = ¥I -YE* R(I)*R(I)
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1085

1100
1110

415
417

416

418

419

IF (1 .GE. NPHI) GO YO 1085
IF (JOSHEL .NE.{) GO TO 415
IF (ISHELL.EQ.2) GO TO 1100
IF (R(X).LE. ,999) GO TO 1100
APHN(I) = 11, /7
GO TO 1110
IF(ISHELL .EQ.3) APHN(I)= DATAN(R(I)*YI/DSORT(1.-R(1)*R(I)))
IF(ISHELL.EQ.2) APHN(I) = DATAN(2.*YI*R(1))
PHIN = APHN(I)
RTH(1) = R(I)/DSIN(PHIN)
1F (ISHELL.EQ.3) Rpu(;) = ¥I* YI *(RTH(1)**3)
IF(ISHELL .EQ.2)RPH(1)7 = RTH(1)/(DCOS(PHIN) *DCOS(PHIN))
CONT INUE
IF (10SHEL .EQ. 1) GO 10 418
RPH(NPHI-1) = RPH(NPHI)
RTH(NPHI-1) = RTH(NPHI)
IF(ISHELL.€Q.2)G0 TO 419
IF(R(NPHOJ) .LE. .099)GO TO 419
1F(IBCO.EQ.4)GO TO 418
RPH( NPHO+{) = RPH(NPHO-1)}
RTH(NPHO +1) = RTH(NPHO-1)
GO0 TO 419
RPH(NPHO+1) = RPH(NPHO)
RTH(NPHO+ 1) = RTYH(NPHO)
CONTINUE

PRESCRIBE LOADING

D0 420 1 = NPHI, NPHO
QPH(I1) = FLDPH
QW(l1) = FLDW
CONTINUE

PRESCRIBE ACCURACY FOR RESIDUAL CHECK

FACT = 1000,
ACCW =DABS(FLDW)/FACT
ACCPH = ACCW

CALCULATE CONSTANT EXPRESSIONS

B1 =DELT/DPH

B2 = 1. +(.5 *DFPH* B1)

= 4.-{.5 * DFPH* B1)

= DELT/DW

C2 = {.+4(.5 * DFW * C1)
= 1.-(.5 * DFW * C1)

STORE INITIAL VALUES

DO 430 1 = NPHI{1, NPHD3
ENTH(I) = O.
ENPH(I) = O.
EMYH(I) = 0.
EMPH(I)} = O.

UPH(1) = O.
W(I) = 0.
VPH(I) = 0.
vi(l) = 0.
VPHS(1) = O.
VWS(1) = O.
ENG(1) = O.
CONT INUE

SET ITERATION COUNTER EQUAL TO ZERO

S0T



75

80

ce

110

ITER = O
CALCULATE VELOCITIES AND DISPLACEMENTS

DO 800 J = 1, IMAX

EW = O

DO 440 1 = NA, NB

PHIN = APHN(I)

IF =1+1

1B =1-1

DELX = R(I)-R(I-1)

DELY = YY(I-1)-YV(I)

DELS = DSQRT(DELX®DELX+DELY *DELY)

* IF (1 .EQ. NPHO) GD TO 75

DELX1 =R(I+1) - R(I)

DELY1 = vY(I) -YY(I+1)

DELS1 = DSQRT(DELX1¢DELX{ #DELY{*DELY{)

IF ((1 .EQ. NPHI) .AND. (IOSHEL .NE. 1)) DELS = DELS*2.
IF {(I .EQ. NPHI) .AND. (IOSHEL .EQ. 1)) DELS = DELS}
6o TO0 110

IF (IBCO .EQ. 4) GO TO 80

DELSY = DELS

GO TO 110

DELXt = 1.-X0

DELY?Y = YY(I)

DELS1 = DSQRT(DELX1°DELX1 ¢ DELY1°DELY1) * 2,

CALCULATION OF VELOCITIES AND DISPLACEMENTS IN THE TRANSVERSE

Pe = W

m® » @

OIRECTION

ALPHA = DELS1/ DELS

ALPHA1 = t. - ALPHA® ALPHA

ALPHA2 = 1. + ALPHA

ALPHAQ = 2,/(ALPHA®* ALPHA2)

ALPHA4 ©ALPHA* ALPHA2

Z1 = (EMPH(IF)- ALPHA2* EMPH(I) + ALPHA* EMPH{18))/(DELS

* DELS) * ALPHA3

22 = (EMPH(1) - EMTH(I)) * DSIN(PHIN)/( R(I)* RPH(1))

23 = 2. *DCOS(PHIN)/R(1)*(EMPH(IF)- ALPHA1EMPH(1)- ALPHA®
ALPHA * EMPH(IB))/(ALPHAA* DELS)

24 = DCOS(PHIN)/R(I) ¥ (EMTH(IF)-ALPHAY* EMTH(I)- ALPHA*
ALPHA® EMTH(18))/(ALPHA4* DELS)

Z41 = 1. /RPH(1)*(RPH(IF)-ALPHA1*RPH(I)-ALPHA*ALPHAYRPH(IB))
/(ALPHAG*DELS)* (EMPH( IF )-ALPHA 1*EMPH( I )-ALPHA*ALPHA *EMPH(1B)
)/ (ALPHA4*DELS)

Y41 = 1./RPH(I)

Y42 = HOA* HOA® 1./RPH(I)* (UPH{IF)- UPH(I)*ALPHA{- ALPHA
¢ ALPHA* UPH(18))/(ALPHA4* DELS)

Y43 = HOA* (W(IF)-ALPHA2* W(1)+ ALPHA*W(1B))/(DELS*DELS)
+ ALPHA3

v44 = 1,/RPH(I) * (RPH(IF)- ALPHA1*RPH(I)-ALPHA*ALPHA*
RPH(18))/(ALPHAS*DELS ) * (MOAS(W(IF)-ALPHA1*W(1)~ALPHA"
ALPHA*W(IB))/{ALPHA4*DELS) -HOA*HOA* UPH(I)/RPH(1))

Y4 = Y49 + Y42 - Y43 +va4

1F (ICASE .EQ. 1) Y4 = vay

25 = ENPH(I)*v4

26 = ENTH(I)/RTH(I)

Y1 = (ENPH(IF)-ENPH(I)*ALPHA1- ALPHA*ALPHA*ENPH(IB})
/(ALPHA4 *DELS)

v2 = (ENPH(I)- ENTH(I))* DCOS(PHIN)/R(I1}

Y31 = EMPH(I)* DCOS(PHIN}/R(I)

¥32 = (EMPH(IF)-EMPH(1)*ALPHA {-ALPHA*ALPHA*EMPH(18B))/
(ALPHA4* DELS)

¥33 = EMTH(I)* DCOS{PHIN)/R(I}

¥3 = ya1 + v32 -v33

27=Y3/RPH(1)+Y 1+ENPH(I)*DCOS(PHIN)/R(1)

90T



YE=Z1-22+23-24-244-ENPH(1)/RPH(T)

BETA=HOA*HOA*UPH( 1) /RPH{ 1) -HDA* (W(IF)-W(T)sALPHAY
[} -ALPHA*ALPHA*W(IB) )/ (ALPHAG*DELS)

IF (ICASE .EQ. 1) BETA = O.

AW(1) =Z1-22 +23- 24- 241-25 - Z6-Z7*BETA -QuWll)

PW(I) = W(I)

VW(I) = 1,/C2 * (C3 * VW(I) + Ci1* AW(I1))

IF(J.EQ. 1) VW(I)=DELT/(2.*DW)*AW(I)

W(I) = W(I) + VW(1)} * DELT

IF (NDFCHK .NE.1)GO TO 115

vws(I)= vw(1) * vw(I)

116 IF(DABS{W(I))-DMAX) 120, 130, 130
Cc
C* CALCULATION OF VELOCITIES AND DISPLACEMENTS IN THE MERIDIONAL
Ce DIRECTION
c
120 APH(I) 2Y1+ Y2 #Y3 * Y4+VG*BETA + QPH(I)

PUPH(I) = UPH(I)
VPH(1) = 1./B2 * (BI * VPH(I) + B1 * APH(1))
IF(J.EQ. 1) VPH(I)=DELT/(2.%DPH)*APH(T)
UPH(1) = UPH(I) + VPH(I) * DELT
IF (NDFCHK .NE.1) GO TO 12§
VPHS(1) = VPH(I) * VPH(I)
ENG(I) = VWS(1) + VPHS(1)
EW = EW + ENG(I)

125 IF (DABS (UPH(I))- DMAX) 440, 130, 130

130 WRITE (6, €65) J, DELT
WRITE (6, 670) I, UPH(I), W(I)}, VPH(1), VW(I), APH(I), AW(1)
WRITE (6,735)
WRITE (6, €80) (K. UPH(K), W(K), ENPH(K). ENTH(K), EMPH(K),

[} EMTH(K)}, K= NPHI, NPHO)

DELT = DELT* .5
IF (DELT.LE. DELTM) GO TO 1000

.

GO TO 900

440 CONT INUE

665 FORMAT (5X, ‘NUMERICAL INSTABILITY AT ITERATION NO. =*,
[ I5, SX, 'WITH DELT=’, E15.5//)

670 FORMAT (5X, [3, 5X, 6E15.5 //)

€80 FORMAT ((S5X, I3, 5X, 6E15.5)/)

[ DISPLACEMENT BOUNDARY CONDITIONS

c* BOUNDARY CONDITIONS ON INNER EDGE
GO TO (135, 140,145 ,160), IBCI

c* FIXED BOUNDARY CONDITIONS

1as W(NPHI -1) = W(NPHL + 1)
UPH(NPHI -1) = -UPH(NPHI + 1)
GO YO 175
c* HINGED BOUNDARY CONDITIONS
140 UPH(NPHI-1) = -UPH(NPHI+1)

DELX = R(NPHI+1)- R(NPHI)

DELY = YY(NPHI) - YY(NPHI+1)

DELS = DSQRT(DELX sDELX +DELY *DELY)

PO = (RPH(NPHI+1)-RPH(NPHI-1))/(4.* DELS® DELS)
] - PRPH*DCOS(APHN(NPHI))* 1./(2.% R(NPHI)}* DELS)

P1 = PO - 1./(DELS * DELS)

P2 = HOA * 1./(2. * RPH(NPHI) * DELS)

P3 = PO + t./(DELS * DELS)

W(NPHI -1) = P2/P3 * (UPH(NPHI +1) - UPH(NPHI -1))} + P1/P3
8 * W(NPHI +1)

GO TO 175
Ce FREE BOUNDARY CONDITIONS
145 GO TO 175

c* SYMMETRY BOUNDARY CONDITIONS
6 W(NPHI-1) = W(NPHI)
UPH(NPHI-1) = -UPH(NPHI)
GO TO 175

LOT



c*

c*
196

[+

ce*

[+

200

210
220

250

251

BOUNDARY CONDITIONS ON OUTER EDGE

GO TO (18O, 180,195,186 ), IBCO

FIXED BOUNDARY CONDITIONS

W(NPHO+1) = W(NPHO -1)
UPH(NPHO +1) = -UPH(NPHO-1)
G0 T0 200

HINGED BOUNDARY CONDITIONS

8

FREE
a5

UPH(NPHO+1) = -UPH(NPHO-1)

DELX = R(NPHO) -R(NPHD- 1)

DELY = VY(NPHO-1) - YY(NPHO)

DELS = DSQRT(DELX *DELX + DELY®DELY)

PO = (RPH(NPHO+1) - RPH(NPHO-1))/(4.°* DELS*DELS)
~PRPH* DCOS(APHN(NPHD))*1./(2. *R(NPHO)*DELS)

P1 = PO - 1,/(DELS * DELS)

P2 = HOA * 1./(RPH(NPHO) * DELS)

P2 = PO + 1./(DELS * DELS)

W(NPHO+1) = P3/P1 * W(NPHO-1)-P2/P1 * (UPH(NPHO*1)-UPH(NPHO
-1))

GO TO 200

BOUNDARY CONDITIONS

GO TO 200

SYMMETRY BOUNDARY CONDITIONS '

W(NPHO+1) = W(NPHO)
UPH{NPHO+1) =-UPH(NPHD)

CALCULATION OF STRESS RESULTANTS

DO 450 1 = NPHI, NPHO
PHIN = APHN(I)
IF © 1494
18 = 1-1
DELX = R(I) - R(I-1)
DELY = vv(I-1) - vv(1)
DELS = DSQRT(DELX*DELX + DELYYDELY)
IF (1 .EQ. NPHO) GO TO 210
DELX1 = R(I+1) - R(I)

. DELYY = ¥Y(I) - YY(I+1)

DELSY = DSQRT(DELX1*DELX1 # DELY{*DELYY)
IF (( 1 .EQ. NPHI) .AND. (IOSHEL .NE. 1)) DELS = 2.°DELS
IF (( I .EQ. NPHI) .AND. (IOSHEL .EQ. 1))DELS = DELSY:
GO TO 250
IF (IBCO .EQ. 4) GD TD 220
DELS1 = DELS
GO TO 250
DELX1 = 1.- XO
DELYY = YY(I)
DELS1 = DSQRT(DELX{*DELX% + DELY1°DELY1)* 2,
ALPHA = DELS{/DELS
ALPHA1 =1.- ALPHA® ALPHA
ALPHA2 = 1. + ALPHA
ALPHA3 = 2./(ALPHA® ALPHA2)
ALPHA4 = ALPHA * ALPHA2
F1 = (UPH(IF)-ALPHA1* UPH(I)-ALPHA*ALPHA® UPH(1B))/
(ALPHA4*DELS)
F2 = W(1)/RAPH(I)
F22 = UPH(I)/RPH(1)

F3 = (W(IF)- ALPHAt*W(I)-ALPHA*ALPHA*W({IB))/(ALPHA4*DELS)
F4 = W(1)*DSIN(PHIN)/R(1)

FS = UPH(I)* DCOS(PHIN)/R(I)

F6 = (W(IF)-ALPHA2* W(I)+ALPHA* W(IB))/(DELS*DELS)*ALPHA3

F7 = 1./RPH(1)* (RPH(IF)-ALPHA1* RPH(I)-ALPHA*ALPHA*RPH(IB)
}/ (ALPHA4*DELS)

F21 = HOA * Fi+ F2

F3t = F3- HOA* F22

F41 = HOA * F5 + F4

1IF (1CASE .NE. 1) GO TO 260
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F2t = 0.
F31 = 0.
F41 = 0.

260 STPH(I) = HAO* F1 + HAO'HAD*F2+.5'HADSF214F24+,5°¢

& HAD*F314F31

STTH(I) = HAD*F5 + HAO“HAD*F4 + .5*HAO*F41+F41
PENPH(1) = ENPH(I)
PENTH(1)} = ENTH(I)
ENPH(I) = 12.*H(I)% EPH/ETH* (STPH(1)+ PRPH*STTH(I) )
ENTH(1) = 12. * H(I) * (STVH(1) + PRTH* STPH(I))
CPH = HOA* F1/RPH(I) -F6 + F7¢ (F3 -HDA*F22)
CTH = DCOS(PHIN)* (HOA* F22/R(1) -F3/R(1) )
PEMPH(I) = EMPH(I)
PEMTH(I) = EMTH(I)
EMPH(I) = EPH/ETH * (H(1)**3)* (CPH + PRPH® CTH)
EMTH(1) = (H(I)* * 3) * (CTH + PRTH*CPH)

450 CONT INUE

cs STRESS BOUNDARY CONDITIONS

c* BOUNDARY CONDITIONS ON INNER EDGE
60 70 (290,290,275,280), IBCI

ct FREE BOUNDARY CONDITIONS

278 GO TO 290
c* SYMMETRY BOUNDARY CONDITIONS
280 ENPH(NPHI-1) = ENPH(NPHI)

ENTH(NPHI~1) =« ENTH(NPHI)
EMPH(NPHI-1) = EMPH(NPHI)
EMTH(NPHI-1) = EMTH(NPHI)
ce Bouunanv CONDITION ON OUTER EDGE
290 0 To ( 300,300,295,296), IBCO
(o4 FREE BUUNDARV CONDITIONS
295 Ga TO 300
ce SYMMETRY BOUNDARY CONDITIONS
296 ENPH(NPHO+1) =~ ENPH(NPHD)
ENTH(NPHO+1) = ENTH(NPHO)
EMPH(NPHD+1) e EMPH(NPHO)
EMTH(NPHO+1) = EMTH(NPHO)

ce CHECK FOR CONVERGENCE
ce CHECK FOR RESIDUALS OF EQUILIBRIUM EQUATIONS
300 DO 460 I = NA ,NB
IF (DABS(APH(I)).GE. ACCPH) GO TO 310
IF (DABS(AW(I)) .GE. ACCW) GO TO 310
460 CONT INUE
c* CHECK FOR CONVERGENCE OF DISPLACEMENTS
DO 470 1 = NA,NB
DIFUPH = (UPH(I) -~ PuPH(l))/PUPH(l)
DIFW = (W(I) - PW(I))/PW
IF (DABS(DIFUPH) .GV. 001) GO TO 310
IF (DABS(DIFW) .GT. .001} GO TO 310
a70 CONT INUE
IF (ISTCHK .NE. 1) GO TO 350
c* CHECK FOR CONVERGENCE OF STRESS RESULTANTS
DO 475 1 = NPHI, NPHO
DIENPH = (ENPH(I)}-PENPH(I))/PENPH(I)
DIENTH = (ENTH(1)-PENTH(1))}/PENTH(I)
DIEMPH = (EMPH(1)-PEMPH(1))/PEMPH(1)
DIEMTH = (EMTH(I)- PEMTH(I))/PEMTH(1)
1IF(DABS(DJENPH) .GT. .001) GO TO 310
IF (DABS(DIENTH) .GT. .001) GO TO 310
IF (DABS(DIEMPH) .GT. .001) GO TO 310
IF (DABS(DIEMTH) .GT. .001) GO TO 310

475 CONT INUE
c
GO TO 350
310 IF (J- ITER) BOO, 330, 330
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330

340

345
800

350
355

700
705

710
715

720
725

730
&

735

740
745
750
755
1000

IF (NDFCHK .NE. 1)} GO TO 340

IF (J .EQ. 1) WRITE (6,705)

WRITE (6, 700) o

WRITE (6. 710)1P,UPH(IP), W(IP)}, VPHS(IP) VWS{1P) ENG(IP) EW
GO TO 345

IF (J .EQ.1) WRITE (6,715)

WRITE (6.700) U

WRITE (6,720) IP.UPH(IP),W(IP) ENPH(IP) ENTH(IP) EMPH(IP),
EMTH(IP),APH(IP) ,AW(IP)

ITER = ITER + ITIN
CONTINUE

WRITE (6,725) J, DELT

GO TO 355

WRITE (6.730) J, DELT

WRITE (6.735)

WRITE (6,740) (IV,UPH(IY) . W(IV) ENPH(IY) ENTH(IYV) EMPH(1Y),
EMTH(IY),R(IY),¥YY(IV),Iv= NPHI, NPHO)

WRITE (6.750)

WRITE (6,745) (1V,APH(IY) AW(IY) 1Y=NPHI NPHD1)

WRITE (6,755)

FORMAT ( //SX,*1TERATION ND.=’, I5/)

FORMAT (7X,’1°’,12X,UPH’, 14X, ‘W’ , 12X, ‘VPHS', 11X, VWS’ 11X,
YEVPH’ , 11X, 'EW’//) ‘

FORMAT (SX,13, 5X, G6E15.5/)

FORMAT (4X,’1°, 10K, UPH’, 14X, 'W* 12X, 'ENPH’, 11X, 'ENTH' 11X,
YEMPH’ , 11X, "EMTH’ , 11X, ‘APH’ , 13X, *AW* //)

FORMAT (2X,13,2X,8E15.5/)

FORMAT (//SX,’CONVERGENCE NOT REACHED AT ITERATION NO.=",
15,5X, ‘DELT=*,E15.5//)

FORMAT (//SX,‘CONVERGENCE REACHED AT ITERATION NO.=‘.
15,5X, ‘DELT=’ E15.5//)

FORMAT (4X,“1‘,12X, UPH’, 14X, W', 12X, ‘ENPH’ 11X, ‘ENTH",
11X, "EMPH’ , 11X, ‘EMTH’ , 11X, R’ 10X, °YY’//)

FORMAT ((2X,I3,5X, BE15.5)/)

FORMAT ((5X,13,5X,2€15.5)/)

FORMAT (//5X, 'RESIDUALS’//20X, 'APH’, 13X, ‘AW’'//)

FORMAT (1H1)

STOP

END
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RESULTS
NON LINEAR STATIC ANALYSIS DF SHELLS OF REVOLUTION BY DYNAMIC RELAXATION

SHELL TYPE: PARABOLICAL
NON LINEAR EQUILIBRIUM AND STRAIN-DISPLACEMENT
LINEAR ISDTROPIC STRESS-STRAIN
INNER EDGE SYMMETRICAL
OUTER €DQGE FIXED

. MATERTAL CONSTANTS
EPH= 0.250000 07 .
ETH~ 0.250000 07
PRPH= 0.25000
PRTH= 0.25000
G~ 0. 100000 07

DENSITIES
OPH= 1.00000
Dw= 1.00000

ITERATION FACTORS
DFPH= 0.75000D0 02
DFW= 0.300000 03
DELY~ 0.500000-03

ITERATION CONTROL PARAMETERS
DELTMAX= 0.50000D~-03 DMAX = 0.100000 04
IMAX= 2000 ITIN= S0

FINITE DIFFERENCE MESH GENERATION AND LOCATION PARAMETERS
NDPHI= S NDPHM= 10
NOPHO= 3 NPHI= 2

OTHER CONTROL PARAME TERS

TTT



2

2

2

ISHELL= 2
ICASE= 2
isCr= 4
ISTCHK= O
NOFCHK= O

SHELL GEOMETRY
X1 = 0.01000
XA = 0. 30000
XB= 0.90000

X0= 1.00000

I0SHEL =

IBCO= 1

Yls= 0.40000 -

HAO= 100.00000

LDAD DATA

FL.DW= 0. 100000 Ot

FLODPH= 0.00000D 00

UPH

ITERATION NO. = 1
0.00000D 00

ITERATION NO.= §0
-0.29752D-07

ITERATION, NO.= 100
0.503100-06

ITERATION NO.= 150

0.211250-06

-0. 12500D-06

-0.525110-05

~-0.58446D-05

-0.54625D-05

2

ENPH

-0. 14998D-01

-0.63448D 00

-0.625830 00

~0.62370D0 00

ENTH

-0.14999D-01

-0.634S60 60

-0.62585SD 00

-0.62377D 0O

EMPH

©0.000000 00

0.21856D-04

0.16182D-04

0.26443D-04

EMTH

©0.00000D 00

0.21858D-04

0.16183D-04

0.26445D-04

APH

0.00000D 00

0.222690-02

-0.21193D-02

0.24230D-02

AW

~0.10000D Of

0. 18969D-01

0.65189D-02

-0.27927D-02

AN



2

2

ITERATION NO.= 200
0.25417D-06

ITERATION ND.= 250
0,.26250D-06

ITERATION NO.= 300
0.264280-06

CONVERGENCE REACHED

©® ® N 0 a > W N

UPH

0.26437D-06
0. 18043D-05
0.34364D-05
0.52801D-05
0.733530-05
0.98173D-05
0. 125950-04
0.16047D-04
0. 19500D-04
©0.23318D0-04
0.28066D-04
0.339680-04
0.396020-04
0.479770-04
0.53170D-04
0.53384D-04
0.43196D-04

-0.

-0.

-0.

AT

5524 1D-05 -0.

85373D-05 -0.

$5396D-05 -0.

ITERATION NO.=
L}

-0.55394D-08
-0.557820-05
-0.56756D-08
-0.58313D-05
-0.604520-08
-0.631490-08
-0.66518D-05
-0.70444D-08
-0.74871D-05
-0.80203D-05
-0.86461D-05
-0.940920-05
-0. 103010-04
-0. 11073D-04
-0.10948D-04
-0.84348D-05
-0.558570-08

624680 00

626010 00

625020 €O

306

-0.
-0.
-0.
-0.
-0.
-0.

-0

-0.
-0.
-0.
-0.
-0.
-0.
~0.
-0.
-0.
-0.

ENPH

624990
62611D
628290
632160
63665D
643310

.65018D

65996D
6688 10D
681470
69228D
708620
722430
743220
757S1D
770320
765360

-0.

=-0.

-0.

DELT=

8388388888888 888¢83

624730 00 0.21694D-04

626060 00 0.21558D0-04

625070 00 0.21741D-04

0.50000D~-03
ENTH EMPH
-0.62504D 00 0.21680D-04
-0.628020 00 0.217210-04
-0.63477D0 CO 0.210410-04
-0.64533D0 00 0. 19878D-04
-0.659830 00 0. 18099D-04
~0.67768D 00 0.16268D-04
-0.700000 00 0.13781D-04
-0.725220 00 0.13011D0-04
-0.75443D 0O 0. 135280-04
-0.78726D0 00 0.18711D-04
-0.82718D0 00 0.235370-04
~0.87480D0 00 0.18115D-04
-0.83032D0 00 -0.35206D-04
-0.97259D 00 ~0. 18349D0-03
-0.94813D 00 -0.43936D-03
~0.78450D0 00 -0.565160-03
~0.852440 00 -0.21698D-03

0.21696D-04

0.21561D-04

0.21743D-04

ENTH

0.21682D0-04
0.21744D-04
0.215130-04
0.21069D-04
0.20284D-04
0.194100-04
0. 18269D-04
0. 178960-04
0.17439D-04
0.189000-04
0.20787D-04
0.200580~04
0.50106D-05
~0.40825D-04
-0, 126 18D-03
~0. 18882D-03
-0. 11404p-03

-0.44318D-02

-0. 139380-04

0.53115D-04

0. 100000-01

0.680000~

0. 126000
0. t8400D
0.24200D
0.30000D
0.36000D
0.420000
©0.480000
0.54000D
0.60000D
0.66000D
0.72000D
0.78000D
0.840000
©.900000
©0.983333D

01

8 8888888888828 28Ss8

-0.55017D0-03

0.19512D-04

©0.10550D-04

Yy

0.39996D
0.398150
0.39365D
0.38646D
0.37657D
0.364000
0.34816D0
0.32944D
0.30784D
0.28336D
0.256000
0.22576D
0. 192640
0.15664D

8§ 8888888882883 83

0.117760
0.760000-01
0.61556D-01
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20

RESIDUALS

0V O N O !N b W N

-
[}

©

.260340-04

0.00000D 00

APH

-0.51858D-04
-0.34995D-03

o

.512320-03
-0.501220-03
-0.27521D-03
-0.11026D-03
-0.11203D-03

o

.41608D-05

=]

.22901D-03

o

.61384D-04
-0.49841D-03
-0.141730-03

0.55425D-03
-0.84267D-03
-0.567220-03

0.46215D0-03
-0.42398D-03
-0.85054D-03

-0.22327D-08 -0.785494D 00
0.00000D0 00 -0.736620 00

-0.279270-04
-0.75800D-0%
0.245120-04
0.43180D-04
0.452580-04
0.44425D-04
0.38324D-04
0.330910-0S5
-0.30979D-04
-0.28990D-04
0.42348D-0S
0. 10077D-04
-0.40551D-04
-0.225510-04l

[}

-72105D-04

[+]

.54936D-05
-0.29%070-04
-0.299330-04

~0.323870 00
-0.18415D CO

0.69659D-03
0.248020-02

0.123240-03
0.62005D-03

0.96667D 00
0.10000D Of

0.262220-01
0. 138780~ 156

AN



RESULTS
NON LINEAR STATIC ANALYSIS OF SHELLS OF REVOLUTION BY DYNAMIC RELAXATION

SHELL TYPE: PARABOLICAL
NON LINEAR EQUILIBRIUM AND STRAIN-OISPLACEMENT
LINEAR ISOTROPIC STRESS-STRAIN
INNER EDGE  SYMMETRICAL
OUTER EDGE  FIXED

MATERIAL CONSTANTS
EPH= 0.25000D0 07
ETHe 0.250000 07
PRPH= 0.25000
PRTH= 0.25000

G= 0. 100000 O7

DENSITIES
DPHw 1.00000 -

DW= 1.00000

ITERATION FACTORS
DFPH=  ©0.750000 02
DFW=  0.300000 03
DELY= 0.50000D-03 )

ITERATION CONTROL PARAMETERS
DELTMAX= 0.500000~-03 DMAX= 0. 10000D 04
IMAX= 1200 ITIN= 50

FINITE DIFFERENCE MESH QGENERATION AND LOCATION PARAMETERS
NOPHI= S NDPHM~ 10
NOPHO= 3 NPHI= 2

OTHER CONTROL PARAMETERS

STT



2

JSHELL= 2 JOSHEL =
ICASE= 2

1BCI= 4 1BCO= 1
ISTCHK= O

NDFCHK= O

SHELL GEOMETRY
Xl = 0.01000
XA = 0. 30000
XB= 0.80000
X0= 1.00000
Yie= 0.40000
HAO= 100.00000

LDAD DATA
FLDW= -0. 100000 06
FLDPH= 0.00000D 00

UPH L

ITERATION NO.= 1
0.000000 00 0. 125000-01

ITERATION NO.= 80
0.89170D-02 0.53623D0 00

ITERATION NO.= 100
~0.18719D QO 0.728740 00

ITERATION NO.= 150
-0.4%205D-01 0.88743D 00

ENPH

0. 150000 04

0.65616D 0%

0.641630 03

©0.63819D 05

ENTH

0. 150000 04

0.658240 0%

0.64133D 0%

0.6383868D 08

EMPH

0.15313D-14

~0.19474D O1

0.879740 OF

-0.81187D0 Of

EMTH

0.61295D- 14

-0.19475D Ot

0.37978D 01

-0.84161D 01

APH

0.000000 0O

-0.17234D 02

0.583830 04

-0.281700 04

AW

0. 100000 06

-0.42033D 04

-0.997260 04

0.44942D0 04
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2

ITERATION NO.= 200

-0.54818D-01

ITERATION NO.= 280

-0.604220-01¢

ITERATION NO.= 300

-0.59808D-01

ITERATION NO.= 23S0

-0.59040D-01

0.600950 00

0.60684D0 00

0.605860 00

0.604950 0O

CONVERGENCE REACHED AT ITERATION

D 6 N & a > @ N

uPH

-0.58958D-

-0.402000
-0.74819D
-0. 112840
-0. 148970
-0. 195360
~0.23306D
-0.29416D
-0.327270
~0.403180
-0.42015D
-0.50643D
~0.48088D
-0.566616D

01
00

0.60488D
0.60864D
0.61803D
0.63293D
0.653420
0.67897D
0.71086D
0.74706D
0.78750D
©0.82941D
0.8710tD
0.980524D
0.82411D
0.80733D

0.63988D 03 0.64007D 03 -0.245680 01
0.638490 03 0.638%4D 05 -0.18634D Of
0.63837D 03 0.638630 08 -0.206800 Of
0.63863D 0% 0.638700 0% -0.21623D OV
NO.= 395 DELY= 0.500000-03
ENPH ENTH EMPH
00 0.638680 08 0.638740 05 -0.21277D 01
00 0.640120 0% 0.641610 0% -0.212640 O1
00 0.64114D 03 0.64830D0 08 -0.202220 O1
00 0.64634D 03 0.65803D 05 -0. 185320 O1
00 0.64808D 0% 0.67254D OS -0.16746D OY
00 0.63802D0 0B 0.68868D 03 -0. 155380 01
00 0.659520 08 0.71100D0 03 ~0. 108080 Of
(4] ©.67508D 0% 0.73283D 05 -0.88508D 00
00 0.675410 0% 0.76044D 05 -0.743300-01
00 0.69620D 0% 0.78385D 08 0.447720 OO0
00 0.69402D0 0B 0.841000 08 0.20584D O1
00 0.718835D 08 0.82593D OS5 0.36524D Of
0o 0.71248D 05 0.83561D 05 0.74464D Of
00 0.74097D0 05 +<0.81171D 08 0.12404D 02

-0.

-0.

-0.

-0.

245700 Of

186320 Ot

206820 O

216250 OV

EMTH

=0.212790
=0.21309D
-0.20885D
-0.203180
~0. 194200
~0.18657D
-0.16747D
-0.15461D
-0.12281D
-0.84601D
-0.32403D
0.38388D
0.18103D
0.377480

-0.482410 03

0.26524D 03

0.758110 02

-0.28569D 02

0. t0000D-
0.68000D-

0. 126000
0. 184000
0.242000
0.30000D
0.360000
0. 420000
0.48000D
0.54000D
0.600000
0.66000D
0.72000D
0.78000D

(]}
01

8

8388888¢88¢828S8

0.18113D0 02

~0.36561D 03

~0.318050 02

0.626480 02

Yy

0.39996D
0.39815D
0.39365D
0.38646D
0.37657D
0.364000
0.34816D
0.329440
0.307840
0.28336D
0.28600D
0.22576D
0.192640
0. 15664D

8888888888888 S8
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16 -0.43172D Of
17 -0.448840 01
18 -0.32118D0 Of
19 -0.24861D0 01
20 0.00000D 00
RESIDUALS
APH

2 ©0.28914D

3 0.180140

4 -0.30872D

5 -0.71686D

6 -0.972580

7 0.12834D

L] 0.526420

] 0.79990D

10 -0.47315D

" =0.740100

12 0.333240

13 0.79833D

14 -0.239300

13 -0.97489D

16 -0. 193290

17 0.59830D0

18 0.66024D

18 0.34106D

02
02

02
02

0.825400 00
0.61978D 00
0.427290 00
0. 180910 00
0.000000 00

AW

-0.14193D
-0.742280
0.342650
0.832120
0.33864D
-0.48478D0
-0,59060D
0.33173D
0.87776D
0.32068D
-0.39478D
-0.41087D
0.253320
0.38813D
0.16012D0
0. 16586D
0.18013D0
~0.106130

02
o1
o1
o1
ot
o1
ol
00
o1
o1
ot
ot
o1
o1
00
o1
o1
o

0.722470 08
0.746874D 08
0.73116D OS
0.730320 o8
0.70%548D0 03

0.78064D 08
0.59477D 08
0.460250 03
0.29567D 08
0.176370 03

0.217720 02
0.28535D 02
0.202420 02
-0.30626D 02
-0.212050 02

0.72497D O1
0.107410 02
0.81834D Of
'0.316‘!70 ot
-0.530130 02

0.840000 00
0.800000 00
0.983333D 00
0.96667D 00
0.10000D 01

0.11776D 00
0.760000-01
0.51556D-01
0.262220-01
0. 138780~ 19
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RESULTS
NON LINEAR STATIC ANALYSIS OF SHELLS OF REVOLUTION BY DVYNAMIC RELAXATION

SHELL TYPE: ELLIPTICAL
NON  LINEAR EQUILIBRIUM AND STRAIN-DISPLACEMENT
LINEAR ISOTROPIC STRESS-STRAIN
INNER EDGE SYMMETRICAL
OUTER EDGE FIXED

MATERIAL CONSTANTS
EPH= 0.25000D0 07
ETH= 0.25000D0 O7
PRPH= 0.25000
PRTH= 0.25000
G= 0.100000 07

DENSITIES
DPH= 1.00000
DW= 1.00000

.
ITERATION FACTORS
DFPH= 0.45000D0 02
DFw= ©0.20000D0 03

DELT= 0.200000-03

ITERATION CONTROL PARAMETERS
DELTMAX= 0.200000-03 DMAX = 0.10000D 04

IMAX= 2000 ITIN= S0

FINITE DIFFERENCE MESH GENERATION AND LOCATION PARAMETERS
NDPHI= 17 NDPHM= 3
NDPHa= 1 NPHI= 2

OTHER CONTROL PARAMETERS
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ISHELL= 3 10SHEL = 2
ICASE= 2

18CI= 4 1BCO=
ISTCHK= O

NDFCHK= O

SHELL GEOMETRY
X1 = 0.01000
XA = 0. 88000
XB= 0.99300
X0= 1.00000
Yl= 0.40000
HAD= 100.00000

LOAD DATA
FLDW= 0. 10000D Ot
FLDPH= 0.000000 00

1 UPH w ENPH ENTH EMPH EMTH APH AW

ITERATION NO.= 1
2 ©0.00000D 00  -0.200000-07 ~0.12001D-02 -0.12001D-02  0.37618D-20  0.94045D-21  0.00000D 00  -O.10000D Of

ITERATION NO.= S0

2 -0.33225D-06 -0.199010-04 -0.12442D Of -0.12441D Ot ~0.312610-04 -0.312560-04 -0.21204D-01 -0.248490-01

ITERATION NO.= 100
2 -0. 13367D-08 -0.21674D-04 -0.15008D 01 ~0.15010D Of -0.11135D-03 -0.11134b-03 ©0.800120-014 0.21172D0 00

ITERATION NO.= 150
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ITERATION NO.= 1200
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© 0000000000000
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ITERATION NO. =
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-0.43813D0-04
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-0.37805D-04
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-0.26853D-04
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-0.235100-03
-0.504590-03
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~0.24584D-03
-0.69851D-03
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0.29106D-03
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-0.44437D0 0O
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~0.11108D 0O
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RESULTS
NON LINEAR STATIC ANALYSIS OF SHELLS OF REVOLUTION BY DYNAMIC RELAXATION

SHELL TYPE: ELLIPTICAL
NON LINEAR EQUILIBRIUM AND STRAIN-DISPLACEMENT
LINEAR ISOTROPIC  STRESS-STRAIN
INNER EDGE  SYMMETRICAL
OUTER EDGE  FIXED

MATERIAL CONSTANTS ’
EPH= 0.250000 07
ETH= 0.250000 07
PRPH*  0.25000
PRTH=  0.25000
a= 0. 100000 07

DENSITIES
DPH= 1.00000
DW= 1.00000

ITERATION FACTORS
DFPH= ©.450000 02
DFWe 0.200000 03
DELT~ 0.200000-03

ITERATION CONTROL PARAMETERS
DELTMAX = 0.200000-03 DMAX = 0. {00000 O4

IMAX= 2000 ITIN= 50

FINITE DIFFERENCE MESH GENERATION AND LOCATION PARAMETERS
NDPHI= {7 NDPHM= 3

NOPHO= ¢ NPHI= 2

OTHER CONTROL PARAMETERS

SC1



ISHELL= 3 10SHEL =

ICASE= 2

IBCI~ 4 1BCcOo= ¢
1STCHK= O

NOFCHK= O

SHELL GEOMETRY

Xl = 0.01000
XA = 0.98000
X8= 0.99800
x0= 1.00000
Y= 0.40000
HAD= 100.00000

LOAD DATA
FLDW= -0. 100000 08
FLDPH= 0.00000D OO

UPH “

ITERATION NO.= 1
0.00000D0 00 0.200000-03

ITERATION NO.= 50
0.34278D-02 0. 199430 00

ITERATION NO.= 100

0.132910-014 0.21339D0 00

ITERATION NO.= 1850
-0.414400-01 0. 19888D 00

ENPH

0.12001D 02

Q. 124860 03

0. 148030 0%

0.572600 04

ENTH

0. 120010 02

0.12486D 0%

0. 148040 OB

0.857205D0 04

EMPH

-0. 18484D- 16

0.22156D 00

0.118070 O1

-0.116620 01

EMTH

0.18491D-16

0.22153D0 00

0.11805D0 O1

-0.116610 Of

APH

©0.000000 00

0.21519D 03

-0.83906D 03

0.251480 04

0. 100000 05

0.250450 03

-0.22865D 04

0.58287D 04

9ZT
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ITERATION NO.= 200
-0.31230D-01

ITERATION NO.= 250
-0.83060D-01

ITERATION NO.» 300

~0.76098D-01

ITERATION NO.~ 350
-0.80751D-01

ITERATION NO.= 400

-0.96965D-01

ITERATION NO.~ 450
-0.98053D-01

ITERATION NO.= S§00

-0.96345D-01

ITERATION NO.= S50
-0.83503D-0t

ITERATION ND.=» 600
-0.914990-01

ITERATION NO.= €S0
-0.69325D-01

0.30413D0

0.34964D

0.423350

0.44098D

0.446860
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0.43492D

0.428740

00

0. 13566D

0. 13018D

O. 118880

0.11794D

0. 118220
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0.12251D

0.123940
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0. 123340

0s

o8

o3

o35

o8

os

o3

os

0. 135680

0. 130180

©O.1888D

0.11794D

Q. 119200

0. 121100

0. 122480

0.123930

0.123770

0. 123330

[+.]

03

o3

os

0%

03

os

©.17178D

0.274590

0.48198D0

0.63654D

0.82503D

0. 100220

0. 10943D

0. 115380

0.124570

0.118310

o

o1

00

00

o1

o1

o1

0.171760

0.27454D

0.48191D

0.63644D

0.82491D

0. 100200

0.10941D

0. 118870

0. 12455D

0.11829D

o1

o1

(o]

o1

o1

o1

o1

o1

-0.4203%0D

-0.47628D

~0.151470

0.193120

0.44524D0

0.41548D

0. 175680

~0.41131D

-0.22157D

0.10133D

04

04

04

02
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03

03

02

-0.22239D

-0.35628D0

0.408320
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0.617690

0.33613D

Q. 123690
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-0.95288D
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03
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2
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2

ITERATION NO.= 700
-0.87727D-01

ITERATION ND.= 780
-0.86505D-0t

ITERATION NO.= 800
-0.85904D0-01

ITERATION ND.= 650
-0.85542D-01%

ITERATION NO.= S00
~0.85543D-01

ITERATION NO.s 950
~0.85641D-01

ITERATION NO.= 1000
-0.858520-01

ITERATION NO.= 1050
-0.86067D-01

ITERATION NO.= 1100
-0.86278D-01

ITERATION NO.= 1180
~0.86435D-01

0.424120

0.42066D

0.418940

0.417768D

0.41760D
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0.419320
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00
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o8
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o2}

08

(v

05

o8

05
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os
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0s
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0.11328D0
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0.113330

0. 114080

0.11401D

o1

o1

o1

o1

o1

o1

ot

of

0. 417130
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0.11651D
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0. 114640

0.11264D

0.11384D0
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0. 114080
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ot
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[+]]

[}
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-0.96029D

-0. 119940
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02

(1]

02

o1

[}]

01

ot

[¢.0]

00

-0.49924D

-0.19168D
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-0.70996D

-0.5008 1D

0. 178080

©0.103880

0. 134850

0.818370
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ol
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02

02
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ITERATION NO.= 1200

-0.86528D-01

ITERATION Ko .=

-0.86575D-01

1250

ITERATION NO.= 1300

-0.86578D0-01

ITERATION NO.= 1350

~0.86572D-01

0.42004D 00

0.42018D 00

0.420220 00

0.420220 00
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6570SD

(]
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ot
of
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ol
o4
o1
o1
o1
(1]
ol

0.420170
0.41808D
0.41291D
0.40464D
0.39322D0
0.378680
0.36076D
0.33951D
0.31453D
0.28B855D
0.28171D
0.21228D
0.16871D

0.1113sD

NO.

8388888888888 S¢E

0.12231D O3 0. 122300 0% 0.11418D 01
0.12233D 08 0.122320 08 0. 114350 Of
0.12234D 05 0.12233D 0% 0. 114300 O1
0.122350 08 0.12234D 08 0.11443D Of
= 1400 DELT» 0.200000-03
ENPH ENTH EMPH
0.12235D 08 0.12234D 03 0.114240
0.12207D0 o3 0.12470D 0% 0.118120
©0.121720 05 0.11897D 08 0.117280
0.12047D 05 0.11731D 05 ©.122480
0.11974D 05 0.113370 08 0.12773D
0.114743D 05 0. 10858D 08 0. 138650
0.11635D0 0S5 0.10221D 05 0. 148000
0.112870 05 0.9849830 04 0. 170400
0. 114400 05 0.B85666D 04 0. 192100
0. 1063580 03 ©0.75215D 04 0.23487D0
0. 104620 08 0.617000 04 0.27860D
0.98132D 04 0.461540 04 0.35395D0
0.954280 04 0.25596D 04 0.408070
0.86%97D 04 0.13488D0 03 0.46344D

ot
ot
o1
o4
o1
o1
o1
o1
o1
o1
o1
o1
o1
o1

0. 11416D O1 0. 192000 00 0.282290 o1
0Q.11433D O1 0.375020 00 0. 100960 O1
0.11428D Ot ~0.373650 00 ~0.4536tD 00
O.14441D O1 ©0.13697D 00 -0. 175480 01
EMTH R Yy
0.11423D Of 0. 10000D-01 0.399380
0.114370 Of 0.67059D-01 0.39910D0
0.114720 Ot 0.12412D 00 0.39691D
0.11597D Of 0.18118D0 00 0.39338D
0. 117160 01 0.23824D 00 0.38848D
0.11991D 01 0.295290 00 0.38216D
0.12256D Of 0.352350 00 0.37438D
0.12832D0 O1 0.409410 00 0.36494D
0. 13448D 0Of 0.466470 00 0.35381D
0.14676D O 0.52353D 00 0.34080D0
o. o1 0. (o] 0.
0.18216D Of 0.63765D 00 0.30813D
0. 198680 01 0.69471D 00 0.287720
0.21331D Of ©0.75176D 00 0.263770
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Input Data Cards

The following data cards are read using formatless READ
statements. The last data card which is a description of
the problem uses alphanumeric format.

l. EPH, ETH, PRPH, PRTH, G

1 80
EPH = Elastic modulus in the g direction
ETH = Elastic modulus in the ¢ direction
PRPH = Poisson's ratio in the ¢ direction
PRTH = Poisson's ratio in the 6 direction

G = Shear modulus

2. ISHELL, IOSHELL

ISHELL

1, Hemispherical shell of revolution

2, Parabolic shell of revolution

3, Elliptic shell of revolution
IOSHELL = 1, Shell with central opening

# 1, Shell without central opening

3. ICASE, ISTCHK, NDFCHK

ICASE = 1, Linear analysis

# 1, Nonlinear analysis
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ISTCHK = 1, Check for convergence of stress resultants
# 1, No check for convergence of stress resultants
NDFCHK = 1, Undamped analysis (Damping factors = 0)
# 1, Damped analysis
4, DPH, DW

DPH

Non dimensional mass/unit area

Dw

Non dimensional mass/unit area

5. DFPH, DFW, DELT

in

in

80
the ¢ direction

the 2z direction

DFPH = Non dimensional damping factor
DFW = Non dimensional damping factor
DELT = Non dimensional time increment

6. IMAX, ITIN, DELTM, DMAX

in

in

80
the g direction

the z direction

IMAX Maximum number of iterations

ITIN

Iteration interval for printing the displacements

and stress resultants at any selected node

DELTM = Minimum time increment

DMAX = Prescribed displacement limit for checking

numerical instability
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7. NDPHI, NDPHM, NDPHO, NPHI, IP

80

NDPHI = Number of mesh spacings near the inner edge of
shell

NDPHM = ﬁumber of mesh spacings at the interior of
shell

NDPHO = Number of mesh spacing near the outer edge of
shell

NPHI = Reference number of the node at the inner edge

of shell (Figure 5 or 6)
IP = Reference number of the node where displacements
and stress resultants are to be printed at

specified iteration intervals

8. PHII, PHIA, PHIB, PHIO, HAO; or

XI, XA, XB, X0, YI, HAO (See Figures 5 and 6)

PHII = Inner opening angle of the shell in degrees

PHIA, PHIB = Intermediate angles which are arbitary
(degrees)

PHIO = Outer opening angle of the shell in degrees

XI

Inner opening axial distances (non dimensional)
XA, XB = Arbitary distances (non dimensional)

X0

Outer opening axial distances (non dimensional) -

YI

Ordinate at the inner opening (non dimensional)



HAO = a/h,, ratio of representative length to

representative thickness of shell

9. IBCI, IBCO

135

80
IBCI = 1, Clamped boundary condition at inner edge
2, Hinged boundary condition at inner edge
4, Symmetry boundary condition at inner edge
IBCO = 1, Clamped boundary condition at outer edge
2, Hinged boundary condition at outer edge
4, Symmetry boundary condition at outer edge
10. FLDW, FLDPH
80
FLDW = Non dimensional load/unit area in the z
direction
FLDPH = Non dimensional load/unit area in the @
direction
11. CHAR(I)
4ad 1A4 5A4 3A4 kY ’ I
17 21 41 53 65 80

Columns 1-16: Type of Shell, e.g. 'HEMISPHERICAL'
17-20: 'NON '

21-40: 'LINEAR ISOTROPIC '

41-52: Type of boundary condition at inner edge
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e.g. 'SYMMETRIC'
53-64: Type of boundary condition at outer edge

e.g. 'FIXED '

Description of Other Variables

UPH(I) = Meridional displacements

W(I) = Normal displacements

ENPH(I) = In plane stress resultants in ¢ direction
ENTH(I) = In plane stress resultants in o direction
EMPH(I) = Moment stress resultants in ¢ direction
EMTH(I) = Moment stress resultants in g direction

APH(I), AW(I) = Residuals of static equilibrium
equations in the g and z directions
VPH(I), VW(I) = Velocities in the gand Z directions
R(I) = Distance from axis of revolution to the nodal
point
YY(I) = Ordinates of the meridian of the shell
RPH(I), RTH(I) = Principal radii of curvature 55 and rj
respectively at any nodal point on shell
APHI(I) or APHN(I) = Meridional angle at any point on
shell
H(I) = Thickness of shell at any nodal point
QPH(I), QW(I) = Non dimensional loads in the meridional
and normal directions, respectively
ACCW, ACCPH = Prescribed accuracies for residuals of
equilibrium equations in the z and &
directions respectively

NPHO = Reference number of the node at the outer edge
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This Appendix shows the procedure for calculating the
time increment At'. The time increment has been calculated
using only the linear terms in the governing equations.

This gives a good estimate of the time increment to start
with and for larger loads the time increment can be suitably
modified by a multiplying factor, according to the type of
nonlinearity. For stiffening structures, the time increment
has to be reduced. For softening type of structures, time

increment has to be increased.
Calculation of Time Increment

Governing Equations for Linear

Axysymmetric Shell of Revolution

From Equations (3.5) the linear stress resultant dis-

placement equations are,

12h'.q¢[ a au¢ ( a ) W

N¢' = + p
B h, rj0f P
+3é59{ a uy cosg . a *? w'sin¢}]
he r' ho r'
a ¥ cos 2 w'sin
Né - lon' uy c )] . a ) w'sing
hy r' ho r'
e O (2
— —_— —
2" 1 rj 34 he 1y
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heol {ho ug 1 aw'} {ho 1 aué

M! = '3 - +

© coso a r'ry r'y dg "od a 4 r¢'B¢
%5’a¢2 o5 og §53¢5' a rj

The linear equilibrium equations

Equations (3.4) (omitting inertia and

are obtained from

damping terms)

3N/ cosg cosg
:é_é@& + (N¢ - Ng ) o + (M¢ - MG )r'r¢'
+ —i— a Mb + qé = 0
" 6 o (E.2)
0 *My sing 2cosg aMb ]
- (Mg - Mz ) +
rg*df* r'ry r' o Jp
_ 1 J5 oMy _cosp My Ny Ny Do
r5* RV 4 op r' oy od I g d ‘

The coefficients of Né'

obtained from Equation

|Coeff. of Nﬁ'il =

, Né , Ma , and Mé at any node i are

(E.1) as,

E a 1l a *1
12n' 2 [— b (—) —

a COS¢. a
L + (

+yd
¢e ho I"L

|Coeff. of Nétl =

a 1
+ Vo o —
ho 1y, 08}

Esg ho rg'LAgj i ho ré‘__
2 sing,
) -}
ho r'y
a cosg; a ? sing;
12h'[ +
ho r' h r';
a ?*1

+ (—) —1]

ho réb
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Egh'* hy 1 1 4
|Coeff. of My. | = L +
t Eg @ réL rQ'Ii_A¢ L (rﬂ'LA¢"-) 2
L W, ) L B L o
2 2 A\g; rg';_A¢i a 1
h 1 1 1
+LQ%FOS¢Q{ 2 + }] (E.3)
a rl g or rgy, AP,
[ : he 1l 1 y
Coeff. of M, | = h'3*[cosg; +
| e”lv ' ““a r! ry, ot réiﬂﬁf_
(e 11 4
+ye¢ 1] 1 * L 2
a oty r¢té¢c (r¢L&¢L)
RN TV 7OV I SE.* 1
5. 2 ABi A

The sum of thé'coefficients of a row of the finite dif-
ference stiffness matrix obtained from Equation (E.2) is

given by,

'g' direction:

| ¥ 1 cosd;
b¢, = |coeff. of me +
L . ¢ 5&%3¢L r!
S cos ¢
+ |coeff. of Nj. |( =)
. L o
L
1 cosg;
+ |coeff. of My, K + )
Yy 2 «
r L[yéL r{ g,
cos @
+ )

|coeff. of MéL | (
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'2' direction:

1
by, = lcoeff. of th I(—;%) (E.4)
L
1
+ |coeff. of Nét | (—)
To;
4 sing. 2cos @:
+ |coeff. of My |{ + & + 2
NS NAY N ) (g D@
. 1 (g, — 5, ) 1 '
N 2 Ag; thiﬁi
sing, cosg:
+ |coeff. of My |{ + g0

R (rﬂ',-_A¢'L )

The largest values of qﬁiand bwLare used to determine the
critical time increments in the ¢ and z directions respec-

tively from,

th¢ <2 2
% max

(E.5)
m
JANR TS 2,_—w
Wmax

The smaller of[§t¢ or A\t is chosen as the time incre-

ment to be used in the dynamic relaxation procedure.



=7

VITA
Pattabiraman Selvarajan
Candidate for the Degree of

Doctor of Philosophy

Thesis: NONLINEAR STATIC ANALYSIS OF SHELLS OF REVOLUTION
BY DYNAMIC RELAXATION

Major Field: Civil Engineering
Biographical:

Personal Data: Born in Madras, India, February 4,
1948, the son of Mr. and Mrs. Selvarajan.

Education: Graduated from Christian High School,
Madras, India, in July, 1963; received the
Bachelor of Engineering degree with a major in
Civil Engineering from the Indian Institute of
Technology, Madras, India, in May 1969; received
the Master of Engineering degree with a major in

. Applied Mechanics from the Indian Institute of
Technology, Madras, India, in May 1971; completed
the requirements for Doctor of Philosophy degree
at Oklahoma State University, in May, 1986.

Professional Experience: Research Associate,
Department of Applied Mechanics, Indian Institute
of Technology, Madras, India, 1971-1972;
Structural Engineer, Indian Space Research
Organization, Trivandrum, India, 1972-1982;
Graduate Teaching Assistant, School of Civil
Engineering, Oklahoma State University, 1982-date.



