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CHAPTER ONE
INTRODUCTION AND BACKGROUND MATERIAL

1.1. Background and Calculations to Be Described

It is well accepted that algebraic geometry is a difficult subject. “Algebraic geometry
is among the oldest and most highly developed subjects in mathematics. ... Moreover,
in recent years algebraic geometry has undergone vast changes in style and language. For
these reasons there has arisen about the subject a reputation of inaccessibility [GH p. v].”
However, there are people in other fields, such as computer aided geometric design (CAGD),
who need some of the results from algebraic geometry. The inaccessibility of the algebraic
geometry literature makes it difficult for outsiders to use. “It is no secret that Algebraic
Geometry has a vast literature, largely indigestible. ... The papers found in modern research
journals are so written that the reader will not be able to make headway unless his mind
is already well supplied with the notions being employed. ... At most the situation can be
occasionally alleviated by expository articles [Sei p. vii].” The purpose of this paper is to
make a small part of algebraic geometry accessible to a larger audience.

There are no new ideas in this paper, but this is the first time these ideas have been
presented in this context. This paper brings together specifically the topics necessary for
understanding the calculations of degree and genus and takes these topics out of the context
of general results. It is hoped that this paper will allow those interested, especially the
CAGD community, to gain access to this material without having to wade through the

“vast literature” of algebraic geometry.



In [KS], published in 1988, there are formulas for calculating the genus of a curve of
intersection of two rational surfaces which would in turn allow someone to determine if theb
curve of intersection could be represented by a rational curve. In the CAGD community,
robust surface intersection algorithms are a lively topic of investigation and the underlying
theory of degree and genus is crucial to that investigation [S1]. In [KS], the formulas for
the implicit degree is given only for surfaces with simple base points and the formulas for
genus was given only for the general intersection of two surfaces with simple base points.
There is also a small discussion about the genus of surfaces which are tangent.

This paper is an attempt to expand and clarify the information presented in [KS].
Formulas for implicit degree are developed for general triangular and tensor product surfaces
with any number and type of base points. This includes the complete development of
intersection numbers for divisors on blow-ups of P2 and P! x P! which is done using few
outside results. The formulas for genus presented here are only for general intersection
curves as in [KS)]. I hope that these formulas are developed fully enough so that the reader
could extend these formulas for more general situations. Instead of developing the formula
for genus from the definition, this paper begins with the adjunction formula which gives the
genus of a nonsingular curve using intersection numbers. Also, the nature of singularities
on a surface is used but not developed here. The formula for the genus of the general
intersection of two tensor product surfaces with simple base points presented in this paper
is a correction of the one given in [KS].

The proofs in this paper often follow closely the proofs from other sources. In particular,
the proof of Bertini’s Theorem comes from [GH], the proof of Proposition 1.1 was taken
from [W], and the definition of intersection numbers was taken from [Har|. The section on
intersection multiplicity follows [Full] except that in this paper the intersection multiplicity

is defined as the dimension of a quotient vector space instead of the dimension of a quotient



ring.

The audience of this paper is assumed to have some background in algebra, topology,
and complex analysis. Although the topological terms used in this paper are defined here,
the reader is assumed to be familiar with these topics. The implicit function theorem,
the open mapping theorem, and holomorphic and meromorphic functions are used from
multivariable complex analysis without explanation. Vector spaces, quotient vector spaces,
and dimension of vector spaces are used throughout the paper. A thorough knowledge of
algebra is not necessary to read this paper, but an understanding of groups would be helpful

to read the section on divisors and line bundles.

There are basically two formulas presented in this paper: implicit degree of a rational
surface and the genus of the curve of intgrsection of two rational surfaces. The purpose
of calculating the genus of the curve of intesection is to determine if the curve can be
represented as a rational curve. A rational surface in C® is defined as the closure of the set

of points (1,2, z3) € C? defined by parametric equations

fi(a:, y)

= fﬂ(may)

for i = 1, 2, 3 where each f; is a polynomial and (z,y) € C?. An implicit surfacein C® is the
set of points in C® satisfying a polynomial equation of the form F(z1,z3,23) = 0. Implicit
surfaces are also called algebraic surfaces. All rational surfaces are algebraic surfaces and
can be expressed by an implicit equation [SAG]. Determining the implicit equation of a
rational surface is called implicitization. This paper contains an outline of a method of
calculating the degree of a rational surface, i.e., the degree of the implicit equation of the

surface. This calculation is described in Chapter 5.

A rational curve in C® is defined as the closure of the set of points (z;,x2,23) € C3



defined by parametric equations

)
Y fols)

for i = 1, 2, 3 where each f; is a polynomial and s € C. The nondegenerate intersection
of two rational surfaces results in a curve. The question of whether or not such a curve
is rational can be answered by computing its genus. It is well known among algebraic
geometers that only curves of genus zero are rational[Sa p. 30, W p. 67]. The techniques
for calculating the algebraic degree of a surface can be extended to calculate the genus of
the curve of intersection of two rational surfaces. The calculation of the genus of some

specific curves of intersection is contained in Chapter 6.

The calculation of the degree of a rational surface is complicated by the existence of
base points, which are parameter pairs (s;,;) for which f;(s;,t;) = 0 for all z. The first
step in calculating the degree will be to create a new parameter space in which there are
no base points. This is accomplished by a process called blowing up which is described
in Chapter 3. In a similar way, the calculation of the genus of a curve is complicated by
the existence of singular points, which are points where the curve does not have a unique
tangent direction. The method of blowing up will produce a curve whose genus is the same
as the original curve but with no singular points and allows us to calculate the genus of the

original curve.

Both calculations involve counting the number of points in the intersection of certain
curves. When there are no base points or singularities, these curves are in P? and Chapter
2 is devoted to counting the number of points in the intersection of curves in P2. With the
existence of base points or singularities and after blowing up, the curves used will reside in
2-dimensional complex manifolds other than P2, We will use the power of divisors on these

manifolds to calculate the number of points in the intersection of certain curves. Divisors



and their properties are described in Chapter 4.

The curves and surfaces used in this paper will be subsets of complex projective space
and other complex manifolds. - The remainder of this chapter is devoted to background
material on topological spaces, manifolds, curves, functions, and a more complete discussion

of rational surfaces.

1.2. Topological Spaces

The calculations of the degree of a surface and genus of a curve can be approached
from either a topological or algebraic point of view. This paper is written from a mostly
topological viewpoint. An important tool for the calculations in algebraic geometry is
that certain numbers, such as genus, are topological invariants. That is, if two curves are
topologically equivalent, then their genus will be the same. In this section, we give a brief
introduction to the terminology used in topology.

A topology on a set X is a collection T of subsets of X such that

1. 0 and X are in T}

2. the union of arbitrarily many elements of T' is in T'; and

3. the intersection of finitely many elements of T is in T'.
The elements of T' are called the open sets of the topology on X. The complements of the
elements of T are called the closed sets. This rather formal definition is a generalization of
the idea of open and closed set in C*.

Of course, it is not always possible to list all elements of a topology. Instead, we
can describe a topology by defining a small collection of subsets of X and a method of
determining all other elements of the topology. A collection B of subsets of X is called a
basts for a topology on X if

1. for every ¢ € X there exists a B € B such that z € B and



6
2. if ¢ € By N By and B; € B, then there is another element B € B such that

z € BC B; N B;.
The topology generated by B is defined to be T'= {U C X} such that for all z € U there is
an element B € B such that £ € B C U. It is easy to check that all such sets indeed form
a topology. It is also easy to check that T' could-also be described as the collection of all

arbitrary unions of elements of B.
Example 1.1: Let B consist of all the subsets of C of the form
Alz,r)={y€C:ly—=z|<r}
for each r € R such that r > 0. Let B’ consist of all subsets of C* of the form
A(x,r)={y € C* : |y; — z;] < r; for each i}

where r € R™ with r; > 0 for each i. Clearly, each of these is a basis for a topology. In fact,
these define the usual open neighborhoods in C and C* and the topologies generated are
called the standard topologies on C and C*. Throughout this paper we will use the standard
topology on C*. It is useful to note that a set of points in C? defined by a strict inequality

is open, such as

M = {(z,y) € C? : 23 — 2y # 3}.

A topological space is a set X with a topology T'. The set T will be assumed when we refer
to its elements as open sets on X. Let X and Y be two topological spa,cés and f: X —Y
a map. The map f is said to be continuous if the inverse image of all open sets in Y are
open sets in X. This is exactly the 6-¢ definition of continuity for functions f:C — C.

Two topological spaces X and Y are equivalent if there is a bijective, bicontinuous map
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f:X — Y. If such an f exists, the spaces are said to be homeomorphic and f is called a
homeomorphism.

Of course, there are other topologies on C*. For example, the collection of all one point
subsets of C" forms a basis for a topology call the discrete topology. It is easy to show the
discrete topology and the standard topology are not the same. Of more interest to algebraic
geometers is a topology on C* called the Zariski topology. The closed sets of this topology
are the sets {x € C* : f(z1,---,2,) = 0} where f is a polynomial. The open sets are the
complements of all closed sets. At first glance it might appear the Zariski topology is not
much different from the standard topology. In fact, the closed sets of the Zariski topology
are also closed sets in the standard topology. But these topologies are very different as we
shall see.

A topology on X is said to be Hausdorff if for each pair of distinct points @ and b € X
there are open disjoint nonempty sets U and V such that ¢« € U and b € V. In other
words, we can always separate points with open sets in a Hausdorff topology. Obviously, if
f:X — Y is a homeomorphism and X is Hausdorff, then Y is Hausdorff. It is also clear
that C* with the standard topology is Hausdorfi. We will show the Zariski topology is not
Hausdorff, and therefore, is not homeomorphic to the standard topology.

Let U and V be any two nonempty open sets in the Zariski topology. The sets C* — U
and C* — V are closed in the Zariski topology and are the zero loci of two polynomials f
and g. Let x € C* such that f(x) # 0 and g(x) # 0. Thus x € U N V. Therefore, every
two open sets in the Zariski topology have nonempty intersection, and the Zariski topology
cannot be Hausdorff.

Another way to create a topology is to impose the topological structure of a set X
onto any subset of X. Let Y be a subset of X and define the open sets of Y under the

subspace topology to be all sets U such that U =Y NV for some open set V in X. For all
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sets X and Y and injective maps f : X — Y, the set X can be considered as a subspace
of Y by identifying it with the subspace f(X) C Y. Let X and Y be topological spaces. If
f:X — f(X) CY is a homeomorphism, then X can be considered a subset of ¥ with
the subspace topology. The map f is then called an embedding of X into Y.

A few more definitions will be useful. A collection of sets {U,} with a € A4 is said to

cover a set X if

XcC U U,.
a€A

If each set U, is open, the collection is called an open cover. The closure of a set A is
the intersection of all closed sets C containing A. Clearly, the closure of a closed set is
the set itself. A set A is dense in X if the closure of A is equal to X. For example, if
A = C? — {p} in the standard topology, then the closure of A is all of C? and so A is dense
in C?. Similarly, the closure of the set M under the standard topology in Example 1.1 is
all of C2. A set A in X is connected if there do not exist 2 open nonempty disjoint subsets
B and C of X such that AC BUC, ANB # 0, and ANC # 0. Finally, a set A C X is

compact if for every cover {Uy} of A there is a finite subcover {Uy,}7_; of A.
1.3. Complex Manifolds

1.3.1. General Complex Manifolds.

We will begin working in complex projective space, but later it will be necessaryr to
use other topological spaces called n-dimensional complex manifolds. An n-dimensional
compler manifold X is a Hausdorff topological space which looks locally like C*, i.e., X is

covered by open sets U; C X for which there are homeomorphic maps
¢$::U; = V;
onto open sets V; C C*. The U; are called coordinate neighborhoods, and the ¢; are called

coordinate charts. The coordinates (z1,...,2,) = ¢:i(p) for p € U; are called the local
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coordinates of p on U;. In addition, the maps ¢;; = ¢; o¢j'1 are required to be holomorphic
on ¢;(U;NU;). The maps ¢;; are called coordinate transformations or gluing maps and give
the relationship of different local coordinates of the same point. Note that ¢;; = ¢j_il. Also,
if we know X is compact, then {U;} can be assumed to be a finite cover. If the manifold
has a coordinate system itself, those coordinates are called the global coordinates of the

manifold. Not all manifolds have a global coordinate system.

Example 1.2: Let us illustrate this definition with an example of a 2-dimensional real
manifold which looks locally like R2. Consider the surface 22 + y% + 22 = 1 in R3. We will
cover this sphere with open sets which are homeomorphic to subsets of R2. Let U be the
subset of the sphere where z > 0 and V; be the unit disk D in R2. The map ¢4 : Uy — V}
defined by projection onto the first two coordinates is a homeomorphism. Similarly, the
subsets of the surface Uy = {z < 0}, Uz = {z > 0}, Us = {x < 0}, Uy = {y > 0}, and
Us = {y < 0} are homeomorphic to V; = D and have coordinate charts ¢; fori =1, 2, 3,
4 and 5 defined as projections onto the appropriate coordinates. The open sets U; cover
the unit sphere and any point on the sphere can now be identified by the set U; to which it

belongs and the 2 real coordinates of the point’s image in V; under ¢,.



10

(xy.z)

o

¢ 0 (x’y’z)

x24 y24 2= ] T

Figure 1.1

Coordinate Map of Uy onto Vj

Consider the point p = (\/lﬁ, %, %) € UyNU; on the sphere. The local coordinates
of this point in each of Uy and U, are defined by ¢o(p) = (—\/11=4, %) € Vp and ¢;(p) =
(_\/:%’ %) € Va. The gluing map ¢y is defined by ¢p2(a,b) = (V1 — @ — b2,a) and allows

us to convert from the local coordinates of U5 to the local coordinates of Uy. Note that

— 1

ﬁ’%) = (ﬁ’%)' For this real

manifold, the gluing maps ¢p1, ¢23, and ¢45 have empty domains.

¢g2 is differentiable on Uy N U;. We can check ¢gpo (

Unless otherwise stated, every manifold in this paper is a compact complex manifold and

will simply be referred to as a manifold.

1.3.2. Projective Space as a Complex Manifold.
The sets C* for all n are trivially n-dimensional manifolds. We will work with n-
dimensional complex projective space P™ which is also an n-dimensional manifold. Define

n-dimensional complez projective space as the quotient space P* = C**! — {0}/ ~ where ~
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is the equivalence relation such that (yg,-+,¥s) ~ (29, -, 25) if and only if (yo,-*,yn) =
(Azg,- -+, Az,) for some complex A # 0. (See Section 2.3 for quotient spaces.) Denote the
equivalence class of (zg,--+,Z,) by (z¢:---:z,) and call the (n + 1)-tuple (z¢:---:z,) of
complex numbers the homogeneous coordinates of the point (zg,- - -, Tn)-

To show that P™ is a complex n-dimensional manifold we will cover P™ with the

n + 1 open sets U; = {(z¢:---:2,) € P™:z; # 0}. The coordinate chart ¢;(zo:---:2,) =

To Ti-1 Ti41 Tn . . oo e .
— = ,-’—t—, eer,— |} from U; to V; = C* is continuous and bijective, and its in-
z; T; T T;

verse ¢>i'1(:c1, ceesZq) = (Z1,..+,Ti=1,1,Tit1,-..,Zx) is also continuous. It is easy to check

that the gluing maps ¢;; are holomorphic for each i, j. Therefore, P” is a manifold. The
homogeneous coordinates (zg:...:x,) are called the global coordinates of P™. Throughout
this paper, the sets U; will either denote the general open sets in the open cover of a mani-
fold or the specific open sets in the open cover of P™. The specific use of U; will be made
clear from the context.

The definition of manifold first requires the set P* to be a Hausdorff topological space.
What, then, is the topology on P®? The most convenient would be the Zariski topology
defined in the same way as it was for C*. We, however, will use a topology on P™ which is
consistent with the standard topology on each coordinate neighborhood. The basis for this

topology is
| {#7"A(¢i(x),r) : x € Ui and r € R™ with each r; > 0}.
=0

We will refer to the manifold structure on P? frequently and the following notation will
be convenient. Let (z:y: z) be the homogeneous coordinates of P2. To distinguish the local
coordinates in each U;, we will give these coordinates unique names: (yo,20) in Up, (1, 21)
in Uy, and (22,y2) in Us. The coordinate charts ¢; : U; — V; are defined as above. For

example, if (z:y:z) € Uy, then ¢o(z:y:2) = (y/z,z/z) = (yo, z0). The gluing maps ¢;; for
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P? are given in Table 1.1 using this notation.

TABLE 1.1

GLUING MAPS ON P?

7 1 Local coordinates on U; Local coordinates on U;

0 1 (Yo, 20) $10(y0,20) = (1/y0,20/%0) = (=1,21)
1 0 (z1,21) $o1(z1,21) = (1/1,21/1) = (¥, 20)
0 2 (Yo, 20) $20(y0,20) = (1/20,y0/20) = (z2,Y2)
2 0 (z2,92) - do2(22,y2) = (y2/2,1/22) = (0, 20)
1 2 (z1,21) $21(21,21) = (z1/21,1/21) = (22, %2)
2 1 (z2,92) $12(z2,y2) = (z2/y2, 1/y2) = (21, 21)

1.3.3. Another Complex Manifold: P! x P!.
Another 2-dimensional manifold which we will frequently use is P! x P!. Let the

coordinates of P! x P! be (po: p1;00: 01), where (pg: p1) and (0¢:01) are the homogeneous

coordinates of each P1. Cover P! x P! with the 4 open sets
Wi; = {(po: p1;00: 01) : pi # 0 and o; # 0}

for i =0, 1 and j = 0, 1. The coordinate chart ¢;;) : Wi; — C? is defined by taking the

cartesian product of the coordinate charts for each P!. For example, the coordinate chart

. g
B(00) : Woo — € is defined by ¢oo(po: p1; 00: 01) = (Z_(l), ?3,) .

For the gluing maps below, name the local coordinates (r;,s;) on W;;. Some of the

gluing maps ¢rii; : Wij — Wiy are in the Table 1.2 and it is easy to see they are

holomorphic on ¢;;y(Wi; 0 Wi).
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TABLE 1.2

SOME GLUING MAPS ON P! x P!

(k,)  (i,j)  Local coordinates on Wi Local coordinates on W;;

(0,0) (0,1) (ro, 1) ¢00,01(r0, 51) = (r0,1/51) = (70, 50)
(0,0) (1,0) (r1,50) $00,11(r1,80) = (1/71,81) = (ro, 81)
(0,1) (1,0) (ro, 1) ¢10,01(r0,51) = (1/70,1/51) = (71, 50)
(0,0) 0,1) (ro, 50) $01,00(70,0) = (70,1/50) = (ro,51)

1.4. Depicting Curves in P?

We do not have a physical model of (? (it would require four real dimensions), so to

depict curves in C? we usually sketch the real part of those curves in R2. Unfortunately,

much important information may be left undiscovered from the real part of the curve.

For example, we usually expect to be able to determine the singularities of a curve from

its graph. If the graph is smooth and does not intersect itself, we assume there are no

singularities. However, the graph of the real part of ¢ — z2y® — 4® = 0 looks very nice, yet

it has a multiple point at the origin with one triple tangent line and two simple tangent

lines there (see Figure 1.2). Keeping this in mind, the graphs of various curves in R? are

still quite useful in understanding their geometric properties.
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Figure 1.2

28 — 223 — 45 =0

There is no physical model of P2, but we would also like to depict curves on P2. Even
if we restrict our sketch to the real part of the curve, i.e., the part in two dimensional
real projective space P?R, we cannot sketch it because there is no physical model of P?R
either. At first it might seem we could think of P?R as a surface in R3 since we used three
coordinates to define points in P?R. But, in fact, there is no embedding of P?R into R3[MS
p. 120]. However, there are several good, if somewhat imperfect, ways to represent P?R in
R3. One is by using barycentric coordinates.

Let pg, p1 and p2 be the vertices of an equilateral triangle with height 1 in R2. Let
Ly be the line through p; and p2, L; the line through py and p;, and Ly the line through
po and p;. Let p € R2. There is a unique set of numbers (a, b, c) such that the coordinates

of the points p, pg, p1 and p2 satisfy the equation

P = apo + bp1 + cps

a+b+c=1.
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Call (a,b,c) the barycentric coordinates of p with respect to py, p1, and p2. The unique
point p represented by barycentric coordinates (a,b,c) lies a distance from Ly, b distance
from L, and ¢ distance from L, (see Figure 1.3). A point with all positive barycentric coor-
dinates lies inside the equilateral triangle; a point lies outside if any barycentric coordinate
is negative. In this way, the points pg, p1, and ps have barycentric coordinates (1,0,0),

(0,1,0), and (0,0, 1), respectively.

Let p = (z:y:z) be any point in P?R. It would be nice if we could say we find

barycentric coordinates for this point and plot it. Unfortunately, we can only do this when

z y z o

z+y+2z#0. Fz+y+2z #0,thenp = (z':¢':2)) = : : ) eP
y+z # y+z #0,thenp = (z":y: ') Tty i ityiz zrute ;
' +y' + 2 = 1, and we can plot (z’,4,2') in R? as barycentric coordinates. Using this
scheme, we can plot almost all points in P?R. We can also plot curves in P?R, e.g., the line
z = y is the perpendicular bisector of the line segment joining pg and p; (see Figure 1.4).

Keep in mind not all the points of the real part of the curve are plotted. In the example

z =y, the point (1:1: —2) is not plotted.

The manifold structure on P? gives us other ways to sketch the real part of curves in P2
Again, not all points in P2R will be plotted, but by omitting a “nice” set of points we get a
picture which is more familiar to us. An algebraic curve in P? is defined by a homogeneous
polynomial equation F(z:y:z) = 0. For the equation F = 0 to be well defined on P2, F
must be a homogeneous polynomial. A homogeneous polynomial of degree n is called a
form of degree n. Let f; = F o ¢1~_1 where the ¢; are the coordinate charts for P?, i.e.,
fo(yo,20) = F(1l:yo:20), fi1(z1,21) = F(zlzizzl), and fa(z2,y2) = F(x2:y9:1). This is
the process of dehomogenizing each polynomial with respect to the variables z, ¥, and =z,
respectively. Each f; = 0 is defined on U; = C?, and we can sketch the real part of each

f,-=0in Rz.
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%=(1,0, 0)

p2=(0, 0! 1) pl =(Or 1, 0)
Figure 1.3
Barycentric Coordinates
)
x=y

Figure 1.4

Projective Line z = y in Barycentric Coordinates
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Example 1.3: The curve 2z = 3 can be depicted by the real part of each of zy = 3§,
2

22z = 1, 22 = y3, or with barycentric coordinates. Figure 1.5 shows the four views of this

curve mentioned in this section.

1.5. Curves and Functions on 2-Dimensional Manifolds
Curves, polynomial functions and rational functions are easily defined on P? because
there is a set of global coordinates. Unfortunately, on a general vcomplex manifold there
is not necessarily a set of global coordinates and just as we had to piece together local
coordinates to define the manifold, we have to piece together curves and functions on the

coordinate neighborhoods to get a definition which works for the entire manifold.

1.5.1. Curves.

Let U; be the coordinate neighborhoods of X. The data

{(Ui, fz) E:l

defines an curve C on X if
1. f; is a holomorphic function on U;, and
2. fi = hfjo¢;; where h is a holomorphic, nowhere vanishing function on U; NU; for
all 7, j.
While f; may be zero somewhere on U;, condition (2) implies f; and f; o ¢;; are zefo on

exactly the same set of points in U; N U;. Thus, the curve defined by the data {(U;, f;)} is

C= U{p € U;: filp) =0}

Each f; = 0 defines a curve in U; and condition (2) insures these curves fit together when we
take their union. The f; = 0 are called the local equations of the curve C. Notice the data

{(Ui, f:)} is not unique for a given curve. For example, let g be holomorphic and nowhere
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Figure 1.5
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Four Representations of the Curve z“z = y
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vanishing on U;. Then
{(Ui, £i) Yiza
and

{(U1, 19)} U{(Us, fi)}iea

define the same curve C because the set ;

{p €U : fi(p) =0}

is the same as the set
{p el : frg(p) =0}.

If, in addition to the definition above for curves, each f; is also a polynomial, then the curve
C is called an algebraic cﬁr’ue. All curves referred to in this paper are algebraic curves.

In most written mathematics there is a certain amount of notational abuse and this
paper is no different. For instancé, the only real effect of ¢;; is to change the names of the
coordinates. Thus, to simplify the notation, condition (2) will be rewritten

2. fi = hf; where h is a holomorphic, nowhere vanishing function on U; N U; for all

i, 7.
In other words, composition with the gluing maps will be assumed whenever it is needed.
Technically, the functions f; in the notation {(U;, f:)} are functions from U; C X to C. To
be able to write the data for a particular curve, however, we will use a function f; which
has V; C C? as the domain, that is, we will define f; in terms of its local coordinates on U;.

Thus throughout this paper the data for curves and functions will actually be written as

{(Us, fio ¢:)}

but to simplify the discussion we will always refer to the local equations as f; instead of

fi o ¢;. (See Example 1.4.) Even though f; may be written in the local coordinates of
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U;, for convenience we will continue to say f; is holomorphic on U;. This same convention
will apply to the data for holomorphic function, meromorphic functions, and other objects
defined using local data. (See definition for Cartier divisors in Section 4.2.)

Is the definition for algebraic curves on a general complex manifold X consistent with
the definition for algebraic curves on P?? It can be shown that any algebraic curve defined
by data {(Uy, fo(yo,20)), (U1, f1(z1,21)), (U2, fa(z2,32))} can also be defined by an implicit
equation F(:l::y:é) = 0. To calculate F, first homogenize each of fy(y,z2), f1(=,z), and
f2(z,y) to get Fy, Fi, and F>, respectively. If this results in polynomials of different degree,
let n be the maximum degree of fy, f1, and fo. Now multiply Fy, Fi, and F> by powers of z,
y, and z, respectively, such that all are polynomials of degree n. Condition (2) insures the

three polynomials obtained from this process will be scalar multiples of the same polynomial

F.

Example 1.4: The curve 2z = y3 in Example 1.3 could have been defined by data

F = {(Ui, )} = {(V0, 4§ — z0); (U1,2321 — 1), (U2, 73 — 43)}

instead. Clearly, there is no advantage here to use this more cumbersome notation. Con-
dition (1) above is easily satisfied since each f; is a polynomial. One can easily verify
condition (2): for instance, % = ?ylgz:—i"l is holomorphic on Uy N U; by noticing the zero
locus of fy(yo, 20) in Up NU; is exactly the zero locus of fi 0 ¢o1(y0,20) in Uy NU;. (See the
comment on notation above.)

A curve in P! x P! is the zero set of a polynomial in indeterminates pg, p1, 09, and oy
which is homogeneous in the p; and the o; separately. The curve pip;02 + p30? = 0 can

also be defined by the data

{Wij, £i5)} = {(Woo,m1 + r382), (Wo1, 7185 + r3), (Wio, 72 + 83), Wi, 2% +1)}
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using the local coordinates in Section 1.3.3. Again, it is easy to see —ff—;‘f is nonvanishing and

homomorphic on W;; N Wy;.

In P2 and P! x P! it is possible to define a curve globally with one polynomial because there
is a global set of coordinates. In chapter 3 we will use manifolds which do not have a set of
global coordinates and to define a curve there is it necessary for us to define it locally for

each element of the cover.

1.5.2. Holomorphic Functions.

Holomorphic functions on C? are those functions locally defined by a power series. The
same is true for holomorphic functions on a manifold X. A holomorphic function F on X

is defined by data

{(U‘i7 fi)}:=1

where

1. f; is a holomorphic function on U; and

2. fi(p) = fi(p) for all p € U; N U;.
In other words, data {(U;, f;)} defines a holomorphic function F' as long as it is well defined
on all of X, and thus, F(p) = f;(p) for any p € U;. Again, the f; are called the local
equations of the function F. |

In the following example we find there are no interesting holomorphic functions on P2,

Example 1.5: Homogeneous polynomials of degree n > 1 do not define holomorphic
functions on P2. Let F(z:y:z) be a nonconstant homogeneous polynomial and fo(yg,zo)
and fi1(z1,21) the dehomogenizations of f with respect to z and y respectively. Let p =

(a:b:¢) € Uy NU;. Then the local coordinates for p in Uy are (9, %) and in U; are (%, %)

a
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Now

Since a and b are arbitrary, fo (%, %) # f1 (%, %) Therefore F' does not define a function
on P? because fo(%, £) must be equal to f1(§,$) for all values of a, b, and c.

If F(z:y:2) is a constant function, then f (%, %) =fi (%, %), and in fact, the only
holomorphic functions on P? are the constant functions. Similarly, the only holomorphic

functions on P! x P! are the constant functions.

In fact, the only holomorphic functions on a compact complex manif_'old are constant on
connected components of the manifold. Let F' be a nonconstant holomorphic function on
a connected compact complex manifold X with connected coordinate neighborhoods {U;}.
The set F(X) must be closed since X is compact and F is continuous. On the other hand,
the open mapping theorem [N p. 6] says the image of a nonconstant holomorphic function
on an open subset of C* is open. So F(U;) is open for each i. Now UF(U;) = F(X) is open
and closed but cannot be all of C or the empty set. Therefore, F' must be constant on each

U; and, hence, constant on all of X because it is a holomorphic function.

1.5.3. Meromorphic Functions.

Meromorphic functions are those functions which can locally be written as the quotient
of two holomorphic functions. A meromorphic function F' on X is also defined by data
{(Ui, fi/g:)} such that

1. f; and g; are holomorphic functions on U; with g;(p) # 0 for some p € U,, and
filp) _ fi(p)

2. ——= = = for all p € U; N U, for which g;(p) # 0 and ¢;(p) # 0.
9:(p)  g;(p)
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Meromorphic functions are only defined for part of X: F(p) = fi(p)/gi(p) for all p € U;
whenever g;(p) # 0. If all f; and g; are polynomials, the data {(U;, f;/g:)} defines a rational
Sfunction on X.

The only meromorphic functions on P? are of the form

- F(z:y:2)
G(z:y: 2)

where F' and G are homogeneous polynomials of like degree. Similarly, the only meromor-

phic functions on P! x P! are quotients of polynomials

F(po: p1;00: 1)
G(po: p1;00:01)

of like bidegree. In Section 3.4 there are examples of meromorphic functions on a different

manifold, the blow up of P2.

1.5.4. Terminology, Notation, and Conventions.

Every meromorphic function defines 2 curves. If {(U;, f;/g:)} defines a meromorphic
function F on X, then we may assume each pair (f;,g;) is relatively prime in the sense
that if k is a nonconstant holomorphic function which divides both f; and g;, then h has no
zeros on U;. Under this assumption, the data {(U;, f;)} and {(U;, g;)} each define a curve
on X because the points where f; = 0 and g; = 0 vanish are well defined on all of X from
condition (2) for meromorphic functions. The curve Fy = {(U;, f;)} is called the zeros of
F and the curve F, = {(U;,g;)} is called the poles of F. The converse is not true. If
{(Us, f:)} and {(U;,g9:)} each define a curve on X , the quotients f;/g; may not be the local
equations for a meromorphic function on X because they may not satisfy condition (2) for
meromorphic functions. (See Section 3.4).

It is important to note the different uses of the qualifiers holomorphic and meromorphic.

Let {(U;, fi)} define a curve on the manifold X. Each f; is holomorphic on U; and we say
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each f; is a locally holomorphic. On the other hand, the data does not necessarily define a
holomorphic function on X and we cannot say it is globally holomorphic. The data {(U;, f;)}
must satisfy the requirements for a holomorphic function on X to be globally holomorphic.
Similarly, the meaning of local meromorphic and global meromorphic functions are very

different.

Now, here is some more notational abuse. We will identify the polynomial or data
defining a curve .with the set of points itself. Say C is the curve defined by the polynomial
equation f = 0. For convenience we will write P € f to mean a point p is in the zero
locus of f. We say a polynomial f factors if there are nonconstant polynomials, g and
h,withgh=f. f f=f1-----f, and each f; is irreducible, then the f; are called the
components of the curve f. A polynomial f is said to be irreducible if any time f can be
written as f = gh, then either g or h is a constant polynomial. An algebraic curve f =0 in
P? is srreducible if f is irreducible. A curve C defined by data {(U;, f;)} on a 2-dimensional
manifold X is irreducible if there is no data {(U;, ¢g;)} which defines a curve C’ which is a
nonempty strict subset of C. If Ci,...,C, are each irreducible curves on X and UC; = C,
then the C; are called the components of C. Every curve on a 2-dimensional manifold can
be written as the unique union of irreducible components. However, it may be true that all
the local equations for a curve C defined on a manifold are irreducible, but the curve C is

not irreducible.

1.6. Multiplicity of a Point on a Curve

The whole point of this paper depends on being able to count: counting points of
intersection, counting curves, etc. We will begin by counting the singularities of a curve at
a point. Let X be a 2-dimensional manifold with coordinate neighborhoods {U;}. Fix i and

let the local coordinates for U; be (z,y). Since each coordinate neighborhood is topologically
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equivalent to a subset of C?, if we want to understand how a curve behaves at a point in
X we need only understand how the curve behaves at the point’s local coordinates in U;.
Properties which only depend on the behavior of the curve in U; are called local properties.
In this paper we will define two local properties of curves: here we introduce the multiplicity
of a point on a curve, and Chapter 2 contains the definition of the intersection multiplicity

of a point in the intersection of two curves.

1.6.1. Multiplicity of a Point on a Plane Curve.
Let us begin by looking at a curve in C? defined by the polynomial equation f(z,y) =0,
and let p € f. Write the Taylor expansion of f about p. If p = (¢, o) and since f(p) =0,

(2,8) =5 @)z = 20) + 22 (P)(y - )

62 f 62 f 62

+ 5 B)(e — a0 + L () (e — a0)(y — w0) + 55 (P)u — wo)?

Fon

If one of 8f /0z(p) or 8f/dy(p) is not zero, then the curve f has one tangent at p defined
by %f(p)(a: —z9) + %i(p)(y —y) =0.If a.ll partial derivatives of f up to and including
order r — 1 vanish at p but at least one partial derivative of order » does not vanish at p,

then the terms of degree r in the Taylor expansion are

orf
oz"

a”'f r—1 a"‘f
m(?)(iv—-’co) (y—yo) + +6yT

(p)(z — z0)" +

(P)(y — vo)"-

This polynomial can be factored into = linear terms [a; (z —20) +b1(y —y0)] -+ - [ar(z —20) +
b,(y — yo)], and f has r, not necessarily distinct, tangent directions at the point p defined
by the lines a;(z — z¢) + b;(y — y9) = 0.

Define the multiplicity of p on the curve f, my(f), to be the number of tangent direc-
tions of f, counting multiplicities, at the point p. This can be calculated as seen above.

Notice mg(f) is just the degree of the lowest order term of the polynomial f. A point of
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multiplicity greater than 1 is called singular. If there are no points on the curve of multi-
plicity greater than one then the curve is called nonsingular. If all tangent directions at a
singular point are distinct, the singularity is called ordinary. A double point is a point of

multiplicity 2, a triple point is a point of multiplicity 3, and so on.

1.6.2. Multiplicity in P2.

Before we investigate multiplicity of a point of a curve on general 2-dimensional mani-
folds, let us first look at curves on P2. A major difference between P2 and a general manifold
is that on P2 every algebraic curve has a global definition. To show that multiplicity is well

defined on P2, we need only show that the multiplicity of the global homogeneous polynomial

is well defined.

Proposition 1.1. Let F(z:y:z) = 0 be a curve on P2. Then my(F) = r if and only if
all (r — 1)-th order partial derivatives of F vanish at p but at least one r-th order partial

derivative of F' does not vanish at p.

Proof: We may assume, without loss of generality, p = (a:5:1). Let f(z,y) = F(z:y:1)

be the dehomogenization of F with respect to z. First, note that f(a,b) = 0 if and only

F(p) =0. Also
oF 0
—a—(m y)=3 (z,y)
and
OF _of
55(1- y:1) = ay(w,y)-
Thus
oF oF
5;(1’) 0 and E}"(P) =0

if and only if
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However, it is not at first clear that when —f and —I vanish at (a,b), &£ W111 also vanish
at p. For each t # 0, F(tz:ty:tz) = t" F(z:y: z) where n is the homogeneous degree of F.

By differentiating both sides of this equation with respect to ¢ we obtain

oF + or + L Ap———y
e yay 8z )

Let t =1, and we see

3_F'+ B_F+ _aﬁ— F
e yay o, T

Now,

if and only if

= (P)= () = 5 (p) =0,

The same argument can be applied to the higher order partial derivatives of f to yield

o%*f

0
Loty = 2oty = TL )= =

_ ar—lf
5:_1:-(0"1)) =

f(aab)= 3 —1

+—5(a,0)=0
if and only if the (r — 1)-th partials of F' vanish at p. This proves the proposition.

1.6.3. Multiplicity of Points on General Manifolds.

Let {(U;, fi)} define a curve C on the 2-dimensional manifold X. We will show
mp(fi) = mp(f;) for all points p € U; N U;. There is a holomorphic, nowhere vanish-
ing function h on U; N U; such that f; = h - f; from condition (1) for curves. Let (z,y) be
the local coordinates of U; and (s,t) the local coordinates of U;. For all 7 and j and for

1,k >0,

3l+ka N\ 81tTh al+k—-q—rfi
8516tk ; Z ( ) (q) Ds18t™ st—e0tk—"

Suppose mp(f;) = n + 1. Then all partials of f; up to and including order n vanish at p.

Let | + k = n. From the equation above we see that all partials of f; of order up to and
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including n vanish at p also. In fact, my(fi;) = mp(f;) and multiplicity is well defined for

curves on 2-dimensional manifolds.

1.7. Linear Systems

1.7.1. Definition.

The base points of a rational surface

— fi(z,y)
fU ((l!, y)
is the set of all points satisfying f;(z,y) = 0 for all i. Note that this is also the set of all
3
points satisfying the equation Z a;fi(z,y) = 0 for all values a; € C. The set of curves
=0

3
{Z a; fi(e,y) = 0} (1.1)
=0

is called a linear system and is an essential idea in the remaining chapters. Any set L of
curves which can be linearly parameterized by P* is called a linear system and k is called
the dimension of the linear system. If k = 1 the linear system is called a pencil. Let L be a
linear system and B = {p € P2: p € F for all F € L}. This is the set of all points common
to the zero loci of all elements in L and is called the base locus of L. The elements of B are
called base points.

Let Ly be the set of all homogeneous polynomials of degree d in P? in indeterminates
T1, T2, and z3. We will show L, can be par;ameterized by P¥ for some N. Let A C Ly be the
subset which contains the monomials ziz’zk with i +j + k = d. There are (d+ 2)(d+1)/2
such elements. Put N = (d+ 2)(d+1)/2 —1 = d(d + 3)/2 and name these elements

Fy,...,Fy. Every element F of Ly can be written uniquely as F = agFy + ---ay Fy. Let

the same when A # 0 and L, is parameterized by P¥.
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Another way to see how the degree N is calculated is to notice the set of homogeneous

polynomials of degree d is a vector space over C of dimension n = (d + 2)(d + 1)/2, and

any time there is a vector space V over C of dimension N + 1, we can impose a condition

such that V — {0} modulo this condition is isomorphic to P¥.

1.7.2. Ezamples.

There are many ways to define linear systems. First, we will consider subspaces of L.
For example, when d = 1, L; is equal to the set of all lines in the projective plane and L,
is isomorphic to P2. Fix some point p = (po:p1:p2) in the projective plane. Let L? be the
set of all elements of L; which have p in their zero locus. The set LY is isomorphic to P!

as follows. If (ag, a1,a2) € LY then

agpo + a1p1 + azpz = 0.

Assume, without loss of generality, pp = 1. Now ag = —a1p1 — azp2 and the elements of LY
can be identified by (a1, az). One of a; or a; must be nonzero; otherwise, ap would be zero
also.

Linear systems can be described in many ways. One way is to impose conditions on
the elements of L4. For example, the subset of all elements of L, ‘whose zero loci all contain
the points pi,...,ps defines a linear system. We call it a linear system with s assigned
base points. Each additional assigned base point adds conditions to a linear system and one
would expect the dimension of a linear system to drop for each base point added, but this is
not always the case[W]. Let us form a linear system in another way. Let Gy,...,G, € Lq.
Then the space of all elements of the form a1G1 + - - - .G, with a; € C is a linear system.

The set {G1,...,G} is a basis for the linear system. If the G; are linearly independent,
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the dimension of this linear system is 7 and the set {G1,...,G,} is a basis for the linear

system. In Section 4.12 there are further examples of linear systems.

Example 1.6: Let f(z,y) = 2% + 4y% — 4 and g(z,y) = 422 + y2 — 4 and consider the set
L of polynomials o.f + $g where a, # € R not both zero. An element of L is a polynomial
h = (a+48)z% + (4a+ B)y? — 4(a+B). The zero locus of h is either an ellipse, a hyperbola,
or two lines depending on fhe values of @ and 3 (see Figure 1.7). The zero loci of f and
g intersect at the 4 points (+2/ V5, +2/ V5), and consequently, the zéro locus of each h

contains these 4 points also. The linear systerh L is parameterized by P! and the base locus

is {(£2/v/5,%2/v5)}.

1.7.3. General Elements of Linear Systems.

A word which shows up often in algebraic geometry is the word general If there
is a family of objects parameterized by a complex ma.nifol.d (such as a linear system) or
parameterized by a surface (in the case of line bundles later), the statement “a general
member of the family has a certain property” means “the set of objects in the family
which do not have the property is contained in a space of strictly smaller dimension.” For
example, a general line in R? intefsects a fixed line I C R? since the set of lines which do
not intersect L are parameterized by R — {0}. Another term Which is used almost in the
same way in generic, although there are some specific uses of gengric as an adjective which
mean something different.

The following theorem will be useful in Chapter 5.

Proposition 1.2. (Bertini’s Theorem) The general element of a linear system is nonsin-

gular away from the base locus of the system.

Proof: Consider first a pencil L with basis {f, g} defined on a compact complex manifold



a+B=0 oa+4B=0

a+p>0 2—-a>0

Figure 1.7

Elements of the Linear System in Example 1.6
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X. Let B={p € X : (af + Bg)(p) = 0 for all (c: ) € P'} be the base locus of L. Define

another set V to be all the points p € X such that af + (g is singular at p for some
(c:p) € PL.

Let p € V- — B and U; an element of the cover of X which contains p. If the local

coordinates of U; are (z,y), then
(af + Bg)(p) =0,
of 8¢ _
(aé—; + ﬂé;) (p) =0, and
of dg _
(#5074 #3) 910
for some (c:3) € P1. One of a or 3 is not zero, so assume o # 0. Both f and g cannot

vanish at p since p € B and, in particular, g(p) # 0 since o # 0. Thus,

flo) _ B
9p) «a
Now
o (f 3L (p) + 85 (p)
oz (_) ®) == "
Similarly,

5()o-e

To show that a general element of L is nonsingular away from the base locus, we need
to show that the set of elements of L which are singular away from B has dimension less
than 1, i.e., there are only finitely many such elements. Consider the set V — B. The set V
could be all of X, curves in X, points in X, or just empty. In each case, the set V — B has
finitely many connected components V; since X is compact. On each V;, the function f/g
must be constant from the calculations of the partial derivatives above. The element of L
which is singular on V; is exactly f — (f(p:)/9(p:))g for any p; € V;. Therefore, there are

only finitely many elements of L which are singular off of B.



34

Not only have we shown that the theorem is true for a pencil, but we have also shown
that it is true for all pencils of any linear system. We proceed by contradiction. Assume
that the general element of a linear system L is singular away from the base locus. That
is, the set of elements which are singular away from the base locus is a set of the same
dimension as L. Let f be an element of L which is singular at p with p not in the base
locus of L. Let P be a general pencil in L which contains f and does not have p in its
base locus. By the argument above, f cannot be singular away from the base locus of P.
However, f is singular at p which is not in the base locus of P. This is a contradiction and

the proposition is true-for all linear systems.
1.8. Rational Surfaces

1.8.1. Surfaces Parameterized in C2.
In the introduction to this chapter a definition of rational surfaces in C* with parameter
space C? was given. Actually, there are two different ways such parameterizations are used

in practice. A tensor product parametric surface is defined by

7 = gi(z,y) — E?:o 2 k=0 Cg—l)mjy" (1.2)
golz,y) T SR iy

The surface is called bilinear, biquadratic, or bicubicif m =n = 1, 2 or 3 respectively. On

the other hand, a triangular parametric surface can be defined as

_ filzy) _ Ljth<n Cﬁ-’k)m"y’“
Y fol=,y) 3 () iyt

i+k<n Cjk

(1.3)

In the tensor product surface the polynomials g; have maximum degree m in z and maximum
degree n in y. For the triangular surface the polynomials have maximum degree n in z and
Y.

To use these definitions as is, special cases must be considered. The points where

go(z,y) = 0or fo(z,y) = 0 are the points on the surface at infinity and have to be considered



35
separately. Also, we could consider the point at infinity in C? as a parameter value, but
this has to be done as a special case. We can and will avoid these special cases by using

projective space for both the parameter space and the image space.

1.8.2. Surfaces Parameterized in Projective Space.
Using projective space, the parameter space for tensor product surfaces is P! x P! with
coordinates (zg:Z1;y0:71) and the image space is P3 with coordinates (Xp: X;: X2: X3).

The parameterization is written
X; = Gi(zo:T1;Y0: Y1) (1.4)

fori=0,1, 2, and 3 where G; is homogeneous in zy and x; with degree n and homogeneous
in yo and y; in degree m. Each G; is said to be of bidegree (n,m). To convert a nonprojective
parameterization to one defined in projective space, homogenize the polynomials g;(x,y)
from (1.2) to get the polynomials G;(zo:Z1;%0:y1) of (1.4) where = becomes z¢ and y
becomes yy and then multiply the G; by the least powers of z; and y; to insure they are all
of the same bidegree. Since fhere are no quotients in (1.4) the points where gg = 0 are not
treated differently than other points. Also, the points at infinity in C? are now represented

by the points (a:0;5:0) € P! x P! and do not constitute a special case.

Example 1.7: Define a tensor product surface in P? by
(Xo: X1: X2: X3) = (Go: G1: G2: G3) = (zoYo: Toy1: T1%0: T1Y1)-

The bidegree of each G; is (1,1). This surface has no base points because there are no
solutions in P! x P! to the simultaneous equations G; = 0. In P3 this surface is the zero
locus of the equation X X3 — X2X; = 0. In fact, any quadric surface in P2 is isomorphic

to this surface [GH p. 478] and for this reason it is called the quadric surface in P3.



36
The parameter space for triangular surfaces using projective space is P2 with coordinates
(z:y:2) and the image space is P? again with coordinates (Xp: X1: X5: X3). The parame-
terization is written

X; = Fi(z:y: 2) » (1.5)

fori =0, 1, 2 and 3 where each F; is a homogeneous polynomial of degree n. Again it is easy
to convert the parameterization of (1.3) to one defined on projective space by homogenizing
the polynomials f; of (1.3) to get the polynomials F; of (1.4) having multiplied by the least
power of z to insure all the F; are of the same homogeneous degree. The point at infinity

in C? is now represented by the points (a:b:0) and is not considered separately.

Example 1.8: Let pi,...,ps be six points in P? such that no 3 lie on the same line and
not all 6 line on the same conic. Let L be the linear system of all cubic curves in P? and
L’ the subspace of L of cubics containing the 6 points p;. The six points impose at most
6 linear conditions on L' and L has projective dimension 9, thus the projective dimension
of L' is at least 3. Choose any 4 linearly independent cubics in L’ and call them Fy, Fy, Fy

and Fj. Define a triangular surface in P? by
(X(): X1: X2ZX3) = (Fg: F1: Fz: F3)

This surface has six base points p; and in Chapter 5 it will be shown that this is a cubic
surface in P2. In fact, all smooth cubic surfaces in P? can be defined in this way [GH p.

489).

For the most part the discussions in this paper will be restricted to triangular surfaces but
will apply to both surface definitions. Sections 3.5 and 3.7 contain examples of triangular
surfaces. Appendix C contains an example of a surface defined both with a triangular

parameterization and with a tensor product parameterization.
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1.8.3. Rational Maps and One-to-One Parameterization.
Not all definitions of the form (1.4) and (1.5) actually give a surface. For example, we
must assume the F;’s do not have a common factor. If they did have a common factor, say

F, then we could multiply (Fy: Fy: F: F3) through by 1/F. Even then, the set of points

instead of a surface. For example, {(z:y: z:y)} defines the line of intersection of the planes
Xo = X5 and X; = X3 in P3. We will assume all parameterizations used in this paper are
nondegenerate.

We would like for there to be a function from the parameter space to the image space

so we could easily move from one space to the other. Unfortunately, the relation
Y(z:iy:2) = (Fo(z:y:2): Fi(z:y: 2): Fo(z:y: 2): Fa(z:y: 2))

may not define a map from the parameter space to the image space because there may be
points in P? for which it is not defined. Curves of the form F = agFy + -+ azF; = 0
form a linear system L of dimension 4 or less. If this linear system has any base points, %
is not a map. Since F; € L for each ¢, any base point p must be in zero locus of F; and
(Fy(p): Fi(p): Fo(p): F3(p)) = (0:0:0:0) does not define a point in P3. The base points
are simply the points in the intersection (),{p € P2 : F;(p) = 0}. It is assumed the F;
do not share a common factor, so this §et is finite. If F is a general element of L, then
mp (F) = min ;{mp(F;)}. Define the multiplicity of the base point p to be my(F) where F
is a general element of L. If there are base points, the relation 9 is said to be a rational
map, which, for our purposes, is a relation which defines a function when restricted to a

dense open subset of P? and is written
¥: P2 — — - P3,

The closure of the image of this rational map is the rational surface and is denoted Im (%).
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We need to make another assumption about our surfaces before we can begin doing the
calculations. We will assume all parameterizations are one-to-one parameterizations. This
does not mean there is a one-to-one correspondence between the elements of the parameter
space and the surface. In general, the inverse image of a point in the image space could
be empty, finite, or infinite. The set ¢y~!(q) is empty for any poinf q which is not on the

surface. The set ¥~1(q) is infinite if some curve in P2 maps to q. For example, if we let
(Fy: Fy: Fy: F3) = (zy: z2: yz: °)

and p = (d:y:z) be any point on the line z = 0 in P2, then (p) = (0:0:yz:0) € P3 which
is a single point. Thus ¥~1(0:0:1:0) contains infinitely many points. There can be only
finitely many point points q € P? with 4~1(q) infinite. Thus, for all but finitely many
points on the surface Im (1)), the inverse image under 4 is finite. We will assume the inverse
image of these points is not only finite but contains exactly one point. This is called a

one-to-one parameterization.

1.8.4. Surfaces Parameterized on Other Manifolds.
To calculate the degree of a surface we will sometimes replace the parameter space P2
with some other 2-dimensional manifold. Let X be a 2-dimensional manifold with coordinate

neighborhoods U;. A rational parametric surface using X as the parameter space would be

defined by data
{(Ui, (Fio: Fir: Fio: Fi3)) }
for polynomials F;; where each
{(U:, Fi;)}
for each j defines a meromorphic section of the same holomorphic line bundle (see Section

4.8 for the definitions of line bundles and sections.) The rational map

Pp: X ~——P3
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is defined by ¥(p) = (Fio(p): Fi1(p): Fi2(p): Fi3(p)) for p € U;. For o; € C
{(Ui,a0Fyp + @1 Fyy + 2 Fig + 03 Fi3)}

is a linear system of curves and the base points of this system are the points where 1 is not

defined.

1.9. Summary of Conventions

While most of the material in this paper is stated generally for objects defined locally
with holomorphic and meromorphic functions, there are a couple of places where the argu-
ments will only work with objects defined locally with polynomial and rational functions
and this is indicated in the proof. These staterhents may also be true in the general case,
simply not proven for the general case here.

The name of a polynomial will also be used for the zero locus of the polynomial, e.g.,
p € f means f(p) = 0.

All manifolds here are compact complex manifolds. This is essential for many of the
proofs. The standard topology will be used on C* and the topology for P™ is given in
Section 1.3.2.

All surfaces are parameterized with polynomial coordinates and all parameterizations

are assumed to be one-to-one as described in Section 1.8.3.



CHAPTER TWO
INTERSECTION MULTIPLICITY

2.1. Introduction

In Section 1.6 we counted the multiplicity Qf a point on a single curve. Bezout’s
Theorem for C? states that the number of points in the intersection of 2 curves of degree
n and m with no common component is no more than nm counting multiplicities. In this
chapter we present an algorithm for counting the multiplicity of the point of intersection of
2 curves. This number is called the intersection multiplicity.

The intersection multiplicity of a point on the intersection of 2 curves f and g is denoted
i(p, fNg) and is the number of times p is counted in the intersection of f = 0 and g = 0. We
might think of the intersection multiplicity as a way of measuring “how much” two curves
intersect at a particular point. There are certain properties the intersection multiplicity
should have. For instance, the “smallest” way for 2 curves to intersect at a point p is for
them not to meet at p at all. Thus, if p € f N g, we would expect i(p, f N g) to be 0. Two
curves f and g meet transveréally at pif p€ fNg, pis a simple point of each curve and
f and g have distinct tangent directions at p. This would be the “smallest” way to have
a nonempty intersection, so we expect 7(p, f N g) to be 1, the smallest counting number.
The curves f and g are said to. meet properly a,tvp if p€ fNgand f and g do not have
a common component containing p. The curves meet tmproperly at p is f and g have a
common component containing p. When f and g meet properly but not transversally at
p, i(p, f N g) should be an integer greater than or equal to 2. The “largest” way for f and

40
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g to intersect is for the two curves to meet improperly at p. In this case, i(p, f N g) should
be larger than any integer, that is, i(p, f N g) should be co.
Some intersection multiplicities are illustrated in Figure 2.1. Notice that if the 2 curves
share tangent directions, the intersection multiplicity is greater than if they have distinct

tangent directions (e.g. i(0,23 — y* Nz) > i(0,2% — y% Ny)).

y y
X
X
i((—l,l),.’lﬁz—yﬂy):O) i(O,y3—-.’l:2F|y)=2
(0,22 —yNz—y)=1) i(0,y* —22Nz)=3
(0,22 —yNy) =2) (0,4 — 22Ny’ —22) = 00
Figure 2.1

Intersection Multiplicities

Intersection multiplicity will be defined in several steps. First, it will be defined for
nonsingular intersecting curves in C? before it is defined for all curves in C?. After defining
i(p, f Ng) for all curves in C?, we will show that intersection multiplicity is well defined for

curves on any 2-dimensional manifold.

2.2. Defining Intersection Multiplicity for a Special Case
Let us first look at another way of calculating the multiplicity of a curve at a point
mp(g). Bezout’s Theorem tells us the zero locus of a line I(z,y) = 0 and the zero locus of

a polynomial g(z,y) = 0 of degree n not containing the line ! intersect in at most n points
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counting multiplicities. Let p = (a,b) € I N g where [ is parameterized by z(t) =t + a and
y(t) = t+b. If we define g*(t) to be g(z(t),y(t)),then g* is a polynomial in ¢t with ¢*(0) = 0.
The multiplicity of the zero of g* at 0 can now be calculated and is exactly my(g).

Now, do the same thing for a polynomial f instead of a line I. The polynomial g*
was found by first parameterizing I(z,y) = 0. This cannot be done globally for every
polynomial f(z,y) = 0, but by using the implicit function theorem it can be done locally
at any nonsingular point of f. Assume for now f and g are polynomials, f(p) = 0 and
fy(p) # 0. Using the implicit function theorem, f can be parameterized near p. This
parameterization can be used to obtain a power series in a parameter ¢ which contains
information from both f and g. This power series will be used to define i(p, f N g) for this
special case.

By the implicit function theorem, there is a neighborhood U of a and a unique holo-
morphic function, y(z) on U such that y(a) = b, f(z,y(z)) = 0 for all z € U, and there
is a neighborhood V' of p such that for all q = (¢1,92) € V N f, y(g1) = ¢2. Thus the
y-coordinates of the set f can be written as an holomorphic function of the z-coordinates,
and hence, can be written as a power series, say

oo
y(@) = ale - a)'.
=0
Note that this power series is only defined sufficiently near a.

Now, parameterize ¢ by z(t) =t + a. Then

y(z(t)) = Z ot
=0

and (z(t),y(z(t))) is a parameterization of the portion of the set f defined in a sufficiently
small neighborhood of ¢ = 0. Consider the function in ¢, g*(t) = g(z(t),y(z(t))). Since

g(z,y) is a polynomial, z(t) is a polynomial and y(z(t)) is a power series, g*(t) is a power



43

series defined in a neighborhood of ¢-= 0, say

g (1) =) Bit'.
=0

Put i(p, f N g) = k where k is the least integer with 8y # 0, i.e., 1(p, f N g) is the degree
of the lowest order term of ¢g*. If ¢* = 0, put i(p,f N g) = oo. Since y(z) is uniquely

determined by f and p, i(p, f N g) is uniquely determined by f, ¢ and p.

Example 2.1: Consider the polynomials f(z,y) = 22 — 2y +y and f(z,y) = y. (See
Figure 2.2.) By Bezout’s Theorem we know f and g intersect in at most two points counting
multiplicities. The only point of intersection of the sets f and g, however, is the origin.
Therefore, it is reasonable to suspect that ¢(0, f N g) = 2. Since f(0) = 0 and f,(0) # 0,

oo
apply the implicit function theorem to yield y(z) = Zz" for all |z| < 1. Now, g*(t) =

n=2

Zt" for all |t| < 1, and i(0, f N g) = 2 as expected.

n=2

Figure 2.2

fy)=a?—azy+y

This definition for i(p, f N g) is unacceptable as a general method of calculation because
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it is too specialized. It does not allow both of f and g to be singular at p and requires

f(p) = 0. To define intersection multiplicity in general we need some definitions.

2.3. Quotient Vector Spaces
The general definition for intersection multiplicity given below is defined as the dimension
of vector spaces over the complex numbers. Let us first recall some facts from linear algebra

about quotient vector spaces.

2.3.1. The Definition.
If V is a vector space over the field C and ~ is an equivalence relation on V', define the
quotient set of V over ~, denoted V/ ~, to be the set of equivalence classes {[v]:v € V}

defined by ~. In certain cases, such as in the theorem below, V/ ~ is a vector space over

C.

Proposition 2.1. Let V be a vector space over the field C, and let W be a subspace of
V. Then the relation ~ on the set V, defined by v ~ v’ if and only if v—v' € W, is an

equivalence relation. Addition and scalar multiplication can be defined on the set V/ ~ by
[v] + '] =[v+'] forallv,v' €V

and

afv] = [av] for alv €V and a € C.

Under these operations the quotient set V// ~ is a vector space over C.

Proof: To show ~ is an equivalence relation we must show ~ is reflexive, symmetric and
transitive. For all v € V, v ~ v since v — v = 0 and W is a subspace of V. If v ~ v', then

v—v' € W. Again, since W is a subspace of V,v' —v=—(v—v') e Wsov' ~v. f v ~ 2/
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and v’ ~ v” thenv —v' € W and v' ~v” € W. Thusv—v" = (v =)+ (' = ") e W
since W is closed under addition. Therefore ~ is an equivalence relation.

To show V/ ~ is a vector space we must first show the definition of addition and scalar
multiplication are well defined. Suppose [v] = [v1] and [v'] = [v]]. Now we have v —v; € W
and v'—v; € W, and hence (v+v') — (v1+v]) = (v—v1)+(v' —v]) € W because W is closed
under a.ddition; Therefore [v+v'] = [v1 +v]]. Also, av—av’ = a(v—v') € W because W is
closed undér scalar multiplication, hence [av] = [ew']. Therefore the definitions of addition
and scalar multiplication are well defined. It is easily shown, with these definitions, the

vector space axioms hold for V/ ~. Therefore V/ ~ is a vector space over C.

There could be several subspaces of V for which the quotient space is of interest. To
eliminate confusion, denote V/ ~ by V/W for the subspace W and call this vector space

the quotient space of V over W.

2.3.2. Calculating the Dimension of Quotient Vector Spaces.

There are many tools which can be used to calculate the dimensions of vector spaces. For

example, if W C V then

dimW < dim V. (2.1)

If dim (V/W) = 0 then the only element of V/W is the zero element. In other words,
if [r] € V/W then [r] = [0]. Thus, for all? € V,r» =r—0 € W. Therefore V = W.

Conversely, if V=W and [r] € V/W, thenr — 0 =r € W and [r] = [0]. Therefore
dimV/W =0 if and only if V = W.

The dimension of vector spaces can easily be calculated when there are linear maps

involving vector spaces of known dimensions. Let T:V — W be a linear map. Then the
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following are true:

dimV = dim Ker (T') + dimIm (T) (2.2)

and if T is'bijective, then

dimV = dim W. (2.3)

The first statement is a familiar result from linear algebra and the second statement is an
easy consequence of the first.

It often happens there is a natural way to assign a linear map which in turn can be
used to calculate the dimensions of the vector spaces involved. For example, let V be a
vector space over C and let U and W be subspaces of V such that W C U C V. Define the
map

T:-V/W — V/U

by T'([a]) = [a]. Note the two different meanings of [a] in this assignment. Is this a well-
defined map? Suppose [a] = [b] € V/W. Thena~b€ W C U so [a] = [b] € V/U, and the
map is well-defined. It is clear from the definitions of addition and scalar multiplication
this is a linear map. It is also true this map is surjective. For each [a] € V/U there is
a corresponding [a] € V/W which is its preimage. That means ImT = V/U so we have

dimV/W = dimKerT + dim V/U and ivn particula;r
dimV/W > dimV/U.
With the same sets we can define another natural map
S:U/W - VW

by S([a]) = [a]. If[a] = [b] € U/W thena,b € U CV anda—b € W. So [a] = [b] € V/W and

the map is well defined. Again it is clear this map is linear. What does this map imply about
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the dimensions of U/W and V/W? In this case, the map is injective: if S([a]) = [0] € V/W
then a € W so [a] = [0] € U/W. Now Ker S = {[0]} and dim U/W = dimIm S. We can go
on to say

dimU/W < dim V/W.

since ImS C V/W.

2.4. Defining Intersection Multiplicity on C?
We are now prepared to define intersection multiplicity in general and state useful

properties of it. This is done in the statement and proof of the following theorem.

Theorem 2.2. Given 2 curves f and g on C? and a point p € C? there exists a unique
intersection multiplicity i(p, f N g) which has the following properties for all curves f, f;,

g, and g; on C2:

i(p, fNg) =i(p, 9N f); (24)

(0,1 11 6162) = 8B £ 151) + (5, £ 1) (2.5)
i(p, f N g1+ fg2) = i(p, f N g1); (2.6)
i(p,fNg)=0if and only ifp & fNg; (2.7.1)

i(p, f N g) is a positive integer if and only if f and g intersect properly at p;  (2.7.2)

i(p, f N g) = oo if and only if f and g intersect improperly at p; (2.7.3)
i(p,z —aNy—>b)=1;and (2.8)
i(p,fNg)=i(T Y p),foT NgoT)) where T:C* — C? is a translation. (2.9)

The proof of this theorem comes in several parts. The existence is proven by defining
i(p, f N g) and showing that the definition has the properties specified. The definition is

given below and the properties are verified in Appendix A. Proof of existence will allow us
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to talk about the intersection multiplicity but does not help in calculating those numbers.
The uniqueness is proven by showing that any numbers satisfying the properties specified in
Theorem 2.2 have to be intersection multiplicities as defined. The uniqueness of i(p, f N g)
will allow us to calculate intersection multiplicities from the properties in Theorem 2.2
without resorting to the definition each time. Uniqueness is proven in Section 2.5.

Intersection multiplicity is defined by creating a vector space over C which depends on

f, g and p and defining i(p, f N g) to be the dimension of that vector space over C . Let

Op be the set of all rational functions in 2 variables which are defined at p. Note O is
)

a vector space over C with the usual addition and scalar multiplication. Let f and g be

algebraic curves on C2. Define (f,g) = {af + bg: a, b € Op}. We want to show (f,g) is a

subspace of Op. For all af + bg, a'f +b'g € (f,9) and all @ € C,
(af +bg) + (@'f +Vg) = (a+a)f + (b+¥)g

and
aaf +bg) = (aa)f + (ab)g.

Thus (f, g) is a subspace of Oy,.
Now O, /(f,9) is a vector space and we can define i(p, f N g) = dim Oy /(f,g). Note
there are no restrictions on the polynomials f and g in this new definition, so it applies to

all polynomials f and g and all points p.

Example 2.2: Let us look at an example where dim Oy /(f, g) is calculated. According to

Theorem 2.2, i(0,z Ny) = 1. This is proven here. First, we will find a bijective linear map
T:0o/(z,y) = C

from which we know i(0,z Ny) = dim Op/(z,y) =dimC =1 (2.3).
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This proof depends on being able to describe the elements of (z,y). Suppose f/g € Op.
Then ¢(0) # 0 because f/g must be defined at 0. On the other hand, f/g = az + by for
some a,b € Oy, so (f/g)(O) = 0. Conversely, f/g € (z,y) if (f/9)(0) = 0 and g(0) # 0.
Thus (z,y) = {f/g: (f/9)(0) = 0 and g(0) # 0}

Define T by putting T([a]) = a(0) for all [a] € Op/(z,y) . Is T well defined? Suppose
T([a]) = T([b]). Then (a —b)(0) = a(0) — b(0) = 0s0 a — b € (z,y). Therefore T is well
defined.

We must also show that T is a bijective map. For each a € C, [a] € Op/(z,y) and
a(0) = o. Hence, T is surjective. If T([f/g]) = 0, then (f/g)(0) = 0 and f/g € (z,y).
Thus, the kernel of T' is {{0]} and T is bijective.

Therefore, i(0,z Ny) = 1. Note the same proof works for i(p,z — a Ny — b). Simply
write f and g as polynomialsr in ¢ —a and y — b and replace , y and 0 by 2 — a, y — b and

p = (a,b), respectively, and the proof is the same. We have verified (2.8).

Example 2.1: (continued) To show (0,22 —zy+yNy) = 2 using this definition we need to
show that dim Op /(z? — zy+y,y) = 2. First, note that a general element of (2 —zy+y,y)
can be written a(z? — 2y +y) +by = az?+ (b+a—az)y where a and b are in Og. Therefore,
(22 - zy + y,y) C (22,y). The inequality can also be shown in the other direction. Thus,

it suffices to show that dim Qg /(z?,y) = 2. Note that the statement
dim Qg /(2 — zy + y,y) = dim Op / (2, y)
is equivalent to the statement
(0,22 — zy + yNy) = i(0,2% Ny).

The claim is that V = Og/(22,y) has a basis B = {[1],[z]}. If this claim is true, then

dimV = 2. Clearly, [1] and [z] are linearly independent as elements of V. To show that
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B spans V we need to show that for every [r/s] € V, [r/s] = a[l] + b[z] = [a + bz] for
some a,b € C. Equivalently, (r — as — bzs)/s € (z2,y). An element of (z2,y) is a rational
function f/g defined at 0 where f has no constant term and no first degree term in z. Let
r/s be any element of Op and choose a = 7(0)/s(0) and b = [gg(O) - a%(O)] /s(0). To
show that (r — as — bzs)/s € (z?,y) it suffices to show that (r — as — bzs)(0) = 0 and
6%(7' — as — bzs)(0) = 0. The choices of a and b above insure that this is true.

Again we have shown i(0,z? — zy + yNy) = 2.

2.5. An Algorithm for Calculating Intersection Multiplicity
To show the properties Theorem 2.2 uniquely define i(p, fNg) it suffices to give an algorithm
for calculating i(p, f N g) only using these properties. First we will give a procedure for
calculating i(p, f N g) then, in Section 2.5.2, we will show this procedure is indeed an

algorithm.

2.5.1. The Algorithm.

Algorithm 2.1.
1. Replace f and g with polynomials also called f and g obtained by translating p to the
origin.
2. Determine if f and g have a common factor containing p. If so, put i(p,f N g) = oo
and stop. Otherwise, put i(p, f N g) = 0 and continue.
3. If £(0,0) # 0 or g(0,0) # 0 stop. Otherwise, continue.
4. Calculate the polynomials f(z,0) and g(z,0). Put ds equal to the degree of f(z,0) .
and dgy equal to the degree of g(z,0).
a. If g(=,0) =0 or dy > d,, switch f and g and go to 4.
b. Otherwise, if f(z,0) = 0, increase i(p, f N g) by the largest degree of z which

divides g(z,0), replace f by f/y and go to 3.
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c. Otherwise, replace f by f/a and g by g/b where a and b are scalars such that the
new f(z,0) and g(z,0) will be monic polynomials. Replace g again by g—z%~% f

and go to 3.
If it can be shown this procedure correctly calculates i(p, f N g) and terminates for all
polynomials f and g assuming the properties above, we will have shown these properties
uniquely determine i(p, f N g). Note step 2 is quite involved and requires an algorithm for

finding common factors for polynomials in 2 variables.

Example 2.1: (continued) By following the algorithm above we obtain the data in Table

2.1. Again i(0, fNg) = 2. The algorithm terminates at step 3 because f no longer contains

0.
TABLE 2.1
ALGORITHMIC CALCULATION OF 4(0,2? — zy +y Ny)
f g f(=,0)  g(,0) i(p,fNg)
Before step 4(a) 22 —zy+y y z? 0 0
After step 4(b) : y 2 —zy+y 0 z? 2
After step 3 1 2 —zy+y 2

2.5.2. Why the Algorithm Works.

Here we will justify each of the steps in the algorithm and verify that the algorithm does

terminate for all polynomials.

We may assume p is the origin. If p were not the origin, by (2.9) a translation can

be applied to f and g to obtain new polynomials, also called f and g, whose intersection
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multiplicity at the origin is the same as the original i(p, f N g).

Exactly one of the following is true: 0 € fNg, f and g intersect properly at 0 or f and
g intersect improperly at 0. If f and g intersect improperly, then (0, f N g) = co and we
are done by (2.7'.3). If0 ¢ fNg, then (0, f N g) = 0 and we are done by (2.7.1). Thus we
may assume f and g intersect properly at 0. Note we now know f and g have no constant
terms.

The rest of the proof follows by induction. The case of 2(0, f N g) = 0 is taken care of
above, so assume (0, f N g) = n > 0. Further assume i(0,aNbd) = j ce.n be calculated for
all curves.a and b € C? and all j < n.

Consider the two polynomials, f(z,0) and g(z,0), and let df and d; be the degrees of
these polynomials, respectively. By (2.4), we may assume either f(z,0) =0o0r1< ds < d,.

Case 1: If f(z,0) = 0, then f has no terms strictly in z, hence is divisible by y.
Let f = yfi. On the other hand, y cannot divide g since f and ¢ have no common
factors. By (2.5), ¢(0,fNg) = i(0,f1Ng)+4(0,yN g). Let m be the highest power of
z dividing g(z,0). Since g has no constant term and y does not divide g, m > 0. Now,
9(z,0) = z™(ap+ a1z +...+ ajz?) = 2™g; and g(z,y) = 2™g; + yg2 with g» a polynomial

in = and y. Since
i(0,yNg) =14(0,yNz™g)

=mi(0,yNz)+i(0,yNg1)
=m+i(0)yngl)

=m>0,

then (0, f Ng) = (0, f1 N g) + m. Now (0, f; N g) < n and this case is finished by the

induction hypothesis.
Case 2: What happens when f(z,0) # 0? Put M = ds+d,. If « € C and a, b are curves,

then i(p,aNab) = i(p,aNb) by properties 2.5 and 2.7.1. Thus, we may assume f(z,0) and
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g(z,0) are monic. Put h = g— 2%~ f and by (2.6) we have (0, fﬂ—g) =1(0, fNh). Also,
h(z,0) = g(z,0) — 2%~ f(z,0) and either h(z,0) = 0 or the degree of h(z,0) < dy. Put
dp equal to the degree of h(z,0).

If h(z,0) = 0, switch g and h and the calculation of (0, f N g) = (0, f N k) falls under
case 1 above. Otherwise, 1 < dj < dy. Replace g by h and then interchange f and g,
if necessary, such that dy < d;. Now the calculation of (0, f N g) falls under the case of
f(z,0) # 0. Since the new d §+dy < M, a finite number of repetitions of this process will
finally result in h(z,0) = 0 which can be handled by case 1 above. Therefore the proof is
done.

It is easily seen (2.9) of Theorem 2.2 was not needed in this proof. Instead of assuming
p = 0, write f and g as polynomials in # — @ and y — b. Then, using ¢ — a, y — b, and
p = (a,b) in place of z, y and 0 above, the proof is the same using polynomial expansions

about p.

2.6. Intersection Multiplicity on Complex Manifolds
If {(U;, fi)} and {(Ui, i)} are 2 algebraic curves on a 2-dimensional manifold z and
P € U;, the intersection multiplicity (P, fi N g;) can be calculated as above. To show that
intersection multiplicity is well defined for curves on complex manifolds, we need to show

that

i(p, fi N g:) = i(¢;i(P), f; N g;)
whenever p € U; N U;. By definition, we need to show

dim (’)p/(fi, g,—) = dim (’)q,j..(p)/(fj, gj)- (210)

First note Oy and Oy, ;(p) are actually the same set. Since intersection multiplicity is a local

property, we need only consider what happens on a neighborhood of p. The vector spaces
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Op, O4,:(p)s (fir i), and (f;,g;) are all defined on U; N U; and this is the neighborhood of
p we will consider. The elements of O are rational functions defined at p. If we knew the
coordinates of ¢;; were also rational functions, then for each r € Op, r 0 ¢;; is a rational
function defined at ¢;;(p). Thus every element of (9; gives an element of Ogy,.. Similarly,
every element of Oy, (p) gives an element of Op. Thus, to establish (2.10) we need only
show (f;,9;) is fhe same subspace as (f;,g;). But again, thése can be considered the same
set. For each af; +bg; € (fi,9:) , (afi+bgi) o ¢ij € (fj,9;) and vice versa. Therefore, (2.10)
is true and intersection multiplicity is well defined on X if the gluing maps have rational
coordinates. All gluing maps used in this paper have rational coordinates.

It should be noted that the proof of property 2.9 is a special case of this argument.

2.7. Conclusion
Note that using the notation of this chapter, Bezout’s Theorem for C? can be restated

with the inequality

> ip,fng) <mn

pPE€fng

for curves f and g which meet properly. Although there is no Bezout’s theorem for general
2-dimensional manifolds X, the number of points in the intersection of 2 curves C and D
which meet properly can be counted and is
> i(p,CND). (2.11)
peECND

The manifolds in this paper are all compact, hence, every open cover {U;} of X can be

considered a finite cover. On each U;, Z i(p,C N D) is finite by Bezout’s Theorem.
peCNDNU;

Therefore, (2.11) is finite.

Intersection multiplicity will be used in several ways in Chapters 4 and 5. For instance,

if F'is a meromorphic function and C is a curve on a complex manifold X, intersection
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multiplicities can be used to count the zeros and poles of F on C. The zeros Fy and poles
F of F define curves on X. Then the zeros of F on C is the set Fy NC and the multiplicity
of each zero p € Fy N C is i(p, Fy N C). Similarly, the multiplicity of each pole p on C is

i(p, Fo N C).



CHAPTER THREE
REMOVING BASE POINTS

3.1. Introduction

Consider the triangular surface defined by the image of the rational map
P P?l— - P

where

Y(p) = (fo(p): f1(p): f2(P): f3(P)) (3.1)

(see Section 1.8). In this chapter we will find a new parameter space X and map
P X — P?

such that 1)’ has no base points and FIm (¥) € Im (¢’). This will be accomplished by blowing
up P? at all the base points of 4. The effect of blowing up a point will be to “pull apart” a
disk around the point according to the different directions through the point. Another way
to think of it is to replace the point p with a line F such that all the lines which once passed
through p now intersect the line £ and do not intersect each other (see Figure 3.2). This
process will remove base points by “pulling apart” the curves f; = 0. If there is a base point
p, all f;(p) = 0 and the curves f; may look like Figure 3.1 if the curves meet transversally
at p. After blowing up P? at p, these curves will no longer intersect but instead will meet
E at four different points corresponding to the four tangent directions through p. Thus,
there is no longer a base point.

56
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Blowup of U

Figure 3.1

Blow-up of the Curves f;

Of course, this is a simplistic view, but accurate all the same. We will begin by looking
at what happens to curves locally by blowing up points in C?. Later, we will blow up points
in P? and investigate the complications involved when trying to remove all the base points

of a surface.

3.2. Blow ups on the Complex Plane
The blow up of C? at the origin will be a 2-dimensional manifold which is a subset of
the 3-dimensional manifold C? x P! with coordinates (r,s;t:u). The complex coordinates
(r,s) allow us to assign one point (r,s;r:s) in the blow up for every point in C? away
from 0. The homogeneous coordinates (¢: «) allow us to assign one point (0, 0;t:u) for each
direction through 0. The surface in C? x P! which contains these points is defined by the
equation

ru = st

and is denoted C2. This surface is a 2-dimensional manifold with the following coordinate
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neighborhoods:

By = {(r,s;t:u) : ru = st and t # 0}

and

By = {(r,s;t:u) : ru = st and u # 0}.

The local coordinates on By are defined by (r,u/t) = g (r,s;t:u) and on B; by (s,t/u) =

11(r, s;t:u). The gluing maps are 119 : By — B defined by

Pro(r,u) = (ru,1/u)

and vy : By — By defined by

Po1(s,?) = (st,1/1)

which are holomorphic on 9(By N By) and 1)1 (B N B1), respectively.

There is also a projection map

x:C? — C?

defined by m(r,s;t:u) = (r,s). The set C? together with the projection map = is called the
blow up of C?> at 0. The following proposition describes the relationship of C? and C? and

how C? has been “pulled apart.” (See Figure 3.2)

Proposition 3.1. If 7 and C? are defined as above the the following are true:
1. #~1(0) is the curve E = {(r,s;t:u) : r =0 and s = 0}.
2. The topological spaces (C2 — 0 and C? — E are homeomorphic.
3. If 2 different lines in C2, l; and ly, intersect at the origin, then #~1(I;) Un~1(l3)

contains the line E and two other lines, [; and l~2, with l~1 Ni=0.



Figure 3.2 ‘

Blowing Up the Origin in C?
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1. If p = 0, every point (0,0;¢:u) is mapped to p by m. The local equations of this

curve are 7 = 0 on By and s = 0 on B;. Thus 7~1(0) is the line {(r,s;t:u) : 7 =

0 and s =0} in C2. We will call this line the ezceptional curve and denote it E.

. Ifp € C? -0, p = (r,s) where one of r or s is nonzero. Any element of 771(p) is a

point (7, s;t: u) for some ¢t and u. If r is nonzero and ¢ is chosen arbitrarily, u = st/r
is uniquely determined. In the same manner, the homogeneous coordinates are
uniquely determined if s is nonzero instead. Thus 7~!(p) consists of the single
point (r, s;7:5). On the other hand, if p = (r,s;t:u) € (2 — B, n(p) = (r,s) # 0.
Therefore, there is a one-to-one correspondence between the points of C> — 0 and
C? — E under 7. Also, the maps 7 and 7~ are continuous on C? — E and C? — 0,

respectively. Therefore, these topological spaces are homeomorphic.

. Let I; be a line in C? containing 0 parameterized by » = ap and s = bp. Since

0 € I;, we know E C 7~1(l;) from part 1 of the proof. In fact, #~1(l;) =
{(ap,bp;a:b)} U E. Denote the line {(ap,bp;a:b)} by i1. If I5 is a different line
parameterized by r = a’c and s = b'o then Iz = {(a’c,b'o;a’:b')}. Since l; and

I, are different lines, (a:b) # (a’:¥') as homogeneous coordinates. Thus {; N 3 is

empty.

We will call [; the strict transform of /;. In general, the strict transform of a curve D in C?

will be the closure of the set #~1(D) — E and will be denoted D. The set #~1(D) is called

the total transform of D.

The projection map = is said to be a birational equavalence because of part 2 of this

proposition [Har: p. 493]. This will be useful later in calculating the genus of curves which

are blown up. QOur first purpose is to use blowing up to separate the curves f; = 0, but it

is important also to see what happens to each individual curve f; = 0. In this example we
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investigate what happens to a singular curve blown up at its singularity.

Example 3.1: The plane curve C C C? defined by the zeros of the polynomial
v =z (z +1) (3.2)

has a double point at the origin (see Figure 3.3). Also, there are two distinct tangents to

C at the origin:
L ={(z,y): 2=y}
and
lo ={(z,y) : ¢ = —y}.
Let (z,y;t:u) be the coordinates of C? x P1. The exceptional curve is defined by the

local equations ¢ = 0 in By and y = 0 in B;. From Proposition 3.1(3) we know the strict

transforms of the tangent lines are the curves

I = {(z,z;1:1)}
and
b = {(e,~a31:~1))

but how do we represent 7~1(C) and C? The relationship between the local coordinates
of By and the coordinates of C? is defined by 7 o 95 (z,u) = 7(z,zu; 1:u) = (z,zu) € C2.
Thus, we can calculate the local equations for 771(C) by making the substitutions  for

and zu for y in equation (3.2) to obtain
(zu)? = 2% (z + 1)

or, equivalently,

{2=0}u{u? =241}
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The strict transform of C can now be calculated by removing F which has local equation
z = 0. There are, in fact, two copies of F defined by 2 = 0. After removing F and taking

the closure of what is left, we obtain the local equation of Cin By, the parabola
uw=z+1.

In the same way we calculate the local equations of #=1(C) and C in B;. The substi-

tutions this time are y for y and yt for . The local equation of 7= 1(C) is
¥’ =y’ (yt +1)

or, equivalently,
{¥* =0} U{l =t*(yt + 1)}.
Again there are two copies of E defined by y? = 0. The closure of 771(C) — E is

1=1(yt+1)

and is the local equation for € in Bj.

Therefore, 71 (C) is defined by data
{(Bo,z*(v? —2 — 1)), (B1,y*(*(yt + 1) - 1))},
and C is defined by data
{(Bi,9:)} = {(Bo,u® —z — 1), (B, t*(yt + 1) ~ 1)}

The exceptional curve E occurs with multiplicity 2 in 772(C). It is no coincidence this is
the same as mg(C) as will be shown in Proposition 3.2.
The original curve C is nonsingular except at 0. We can easily check to see the curve

C is nonsingular everywhere. The partial of go with respect to z is —1 so go has no singular
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points on By. The first partials of g; are only zero if ¢t = 0, but (y,t) = (y,0) is not in
the zero set of g;. Therefore, g; also has no singular points on B;. In effect, the blow up
removed the singularity of the curve C. How did this work? The blow up pulled (? apart
according to the difections of lines through 0. Since C had two distinct tangents at 0, the
curve C was also pulled apart there. Instead of the curve meeting itself, C now meets E at

two distinct points, p; = (0,0;1:1) and p2 = (0,0;1: ~1) (see Figure 3.3).

b

Figure 3.3

C=y?-z%*z+1) and 771(0)

It should be clear from this example that an important application of blowing up is to resolve
singularities. To calculate implicit degree we will use blow ups to remove base points. Later

we will use blow ups to produce nonsingular curves in order to calculate the genus of curves.

3.3. Blow ups on the Projective Plane
To blow up points in P? we will simply blow up a point in one of Uy, Uy, or U, and glue
the result back together with the other two sets. Since U; is a subset of C2, the blow up

there is exactly as in Section 3.2. First, consider the blow up of p = (1:0:0) € P? and note
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p € Uy and p € U; U U;. The local coordinates of Uy are (yp,2q), so the blow up of Uy at
p is the set Uy = {(yo, 20;%:u) : you = 2ot} together with the projection map =: Uy — U.

The set Uy can be covered by the coordinate neighborhoods

(Uo)o = {(¥0, 205 :u) : You = 2ot and t # 0}

and

(Uo)1 = {(v0, 205 t: u) : You = 2ot and u # 0}.

In (Ug)o the local coordinates are 4o (yo, zo;t: 4) = (yo,%/t) and in (Up); the local coordi-
nates are 11 (yg, zo;t: ) = (20,t/u). The local coordinates of U; and U remain unchanged.
The sets ([]'0)0 and ([]'0)1 will be used repeatedly, so rename these sets Uyg and Up;, re-
spectively. This notation will be used throughout this chapter, i.e., when a set A is blown
up at a point it will be denoted A and its coordinate neighborhoods will be Ag and A;.
For convenience of notation, the subscripts 00 and 01 will be treated as a single index (see
gluing maps below).

The manifold IW, the blow up of P?, is the first manifold introduced in this paper
without a global set of coordinates. This makes moving from one set of local coordinates to
another rather clumsy. Figure 3.4, illustrates the relationship between the local neighbor-
hoods Uyg, Up1, U1, Uz and the various coordinate charts, gluing maps, and the projection
map 7. It should be noted that in Figure 3.4 that gluing maps such as 319 are not defined on
all of ¥(Up1) but only on ¥(Ups NUpg). We will not write down what each of the coordinate
charts are for a general element of P2, but we do need to use the gluing maps to convert
from the local coordinates of one cover element to another.

The gluing maps for Uy and Up; come from the manifold structure of (70:

$o01,00 = P10 and

$00,01 = Yo1-



65

$o(Uo) 25 () 25 $a(a)
T ¢a T ¢1 T ¢2
Y(Uo1) L% $(Ugo) Uo U Uy U U, = P2
T T %o /S
Un1 U Upw = U
Figure 3.4

Some Maps Used to Define P2

The gluing maps ¢12 and ¢o2; for U; and U; are unchanged. The remaining gluing maps

are found by tracing through Figure 3.4:

-1 -1

$00,1 =Yoo 0y °dp1
-1 -1

$o02 =Yoo oy o o2
1 -1

$01,1 =P107T" 0 gy © o1

po12 =107 0 ¢3! o o2

-1
$1,00 = P10 0 o © T 0 Y
-1
$2,00 = P20 © g 0 T 0 Y
-1
$1,01 = $10© $o © T 0 Y7

-1
$2.01 = 20 © g 0 T O Y]

The maps 1;, 1;;, and ¢;; are homeomorphisms on their domains and 7 is a homeomorphism
off of E. Thus, the maps above are well deﬁned‘ gluing maps. To calculate one of these, say
$1,00, simply compose the maps:

$1,00 (30, u) = d10 © (Yo, You; 1: u)

= ¢10(Y0, You)

= (1/y01u)

The other gluing maps can be found in the same way.
Define a new projection map,

m:P? — P2
by defining it on the open cover {Upg,Up1, U1, U2} in the following way. For points in Uy

W(y07u) = (1a yanOU)a
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for points in Uy,
m(z9,t) = (1, 20t 20),

for points in Uy

m(z1,21) = (z1,1,21), and
for points in Us
m(z2,y2) = (x2,92,1).
This map simply projects the local coordinates in each element of the cover of P2 onto its

corresponding point in P2. The exceptional curve of P2 is E = 7~!(p) and is defined by

data

{(Uo0,¥0) (Uo1, 20), (U1, 1), (U2, 1)} (3.3)

In the same way as in Proposition 3.1, the map # is homeomorphic away from p and F,
and 7! pulls P? apart at p according to the directions of lines through p.

Let us quickly look at a curve blown up at its singularity in P2.

Example 3.2: The curve C in P? defined by zy? = 2° has a double point at p = (1:0:0)

and is defined by local data
{0, 95 — ), (U1, 21 — 21), (U2, 2295 ~ 1)}
Blow up P? at p and the total transform 7~(C) is defined by data
{(Uo0, 45 (1 ~ w0v®)), (Uon, 25 (£ — 20)), (w0, 21 — 23), (Uz, 2293 — 1)}.

These local equations were found in the same way as in Example 3.1. Since U; and U, are
left unchanged by the blow up, the local equations for these sets are the same for P? and

P2. The local equations for Ugg and Up; were found by making the substitutions you for
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zp and 2yt for yp, respectively. The local equations for E are yy in Uy and zp in Upy. By

removing E we get the strict transform C which is defined by data

{(Uo0,1 — youd), (Uo1, 12 — 20), (U1, 21 — 23), (U2, 2293 — 1)}.

Notice that the curve C is defined the same as C on U; and Us. There were two copies of E
in 771(C) as expected. The curve Cis nonsingular since each local equation is nonsingular

locally.

Here we found the blow up of P? at p = (1:0:0). If p had been any other point in P2 there

is an linear change of coordinates T: P2 — P2 such that T(1:0:0) = p. The map
T o m: P2 — P?

gives the blow up at p. In this way, P? can be blown up at any point. See Appendix C for ’
an example which uses a linear change of coordinates to move a base point to a convenient

location before blowing up.

3.4. Meromorphic Functions on P2
The manifold P2 is the first manifold introduced in this paper with no global coordi-
nates. Thus, it is also the first manifold for which meromorphic functions cannot be defined

globally by one expression. The following example illustrates some meromorphic functions

on P2.
Example 3.3: Consider the curves f = z? —4? and g = zy on P2. Blow up P? at the point
(1:0:0) to get m: P2 — P2. The total transform of these curves are defined by

F= {(U007 1- y[2)), (U()la 1- tzzg)a (Ul,IB% - 1)7 (U2a$§ - yg)}

and

G = {(Uoo,%0), (Uo1,t20), (U1, 21), (U2, 2232) }-
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To construct a meromorphic function M on P? we will take the quotients of the local

equations for F and G on each element of the cover to get "

1—192 1—1222 z2 -1 z2 — y?
M={(U001 yo),(U[)l?'—"_g‘)’(Uh ! )7(U2’ 2 y2>}
-~ Yo 124 z T2Y2

We need to check this is, in fact, a meromorphic function. The only part which needs to be

checked is that it well defined for all points in P2. This is easily done with the gluing maps
and here it is done for the points p € Uy N Uy. If p = (21, 21) in the local coordinates of

Ui, P = (y0,t) = (1/21,2) in the local coordinates of Upg. Since z1 # 0 on Ug N Uy,

1
1-g3 1= 23-1
1
Yo o T1

and M is well defined on Uyg NU;. Similarly, this can be done for all points in P2. The zero
locus My of the meromorphic function M is a well-defined curve on P2; in fact, it is exactly
the curve F. The poles My, of M define the curve G.

In general, this construction does not give a meromorphic function for all curves f and

g. For instance, if f = 2 — 32 and g = z define curves on P2, then

2 _ 2 _ .2
M'_’{(Uoo,l—yg)a(Um,l—tzzS),(Ul,ml 1>,(U2,“’2 yz)}

T T2

is not a meromorphic function on P2 since it is not well defined at the point p with local
coofdinates (2,3) on U; and local coordinates (2/3,1/3) on Us. At this point the value of
M(p) is 3/2 on Uy and 1/2 on U,. This construction will work if f/g is meromorphic on
P? and this is shown in Section 4.5.1.

The data F itself does not define a meromorphic function. In particular, there is a
point p € P2 — E which has local coordinates (yo,t) = (3/2,4/3) in Upy and F(yo,t) =
1 — y2 = —5/4. The local coordinates of this point are (z1,2;) = (2/3,4/3) in U; and

F(z1,27) =2% — 1 =—5/9. So F is not a meromorphic function on Uy N U;.
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A meromorphic function can also be constructed by extending local data on any element of

the cover. For example, given (Upg, foo) a meromorphic function is defined by

{(Uoo, fo0), (Uo1, foo © ¢00,01), (U1, foo © ¢00,1), (U2, foo © $oo,2) }-

Local data (Ugp,1/yo) extends to the meromorphic function

{(Uo0,1/90), (Uo1,1/(t20)), (U1, 1), (U2,y2) }

on P2. The data for the other elements of the cover were found by using the gluing maps,

e.g., ¢1 = 1/yp on Upy N U; since ¢go1(z1,21) = (1/21,21)-
3.5. Removing Base Points

3.5.1. One Base Point.

We have looked at the local equations of one curve blown up on P2, but it was claimed
at the beginning of this chapter that ba.se‘points could be removed with blow ups. How
does this happen? The rational map v from Section 3.1 has a base point if the curves f; =0
share a common point in P2, If the tangent directions of the f; at p are all distinct, when
we blow up P? at p the curves f; = 0 will be pulled apart and will no longer intersect.

Therefore, there are no base points. This is illustrated in the following example.

Example 3.4: Define a triangular surface by
Blory:2) = (for fui fo: fo) = (222: 2%y 2%).

There is a base point of 1) at p = (1:0:0) since f;(p) = 0 for all ¢, and this is the only base
point of . The curves f; = 0 intersect at p and might look something like the four curves

in Figure 3.1 since each f; is nonsingular and f; has a distinct tangent at p.
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Let 7 : P2 — P2 be the blow up of P2 at p. A rational map ¢’ : P2 — — — P3 using

P2 as the parameter space would be defined by data
{(Uoo, (f00,0, fo0,15 foo,25 fo0,3))>

(Uo1, (fo1,0, fo1,1, for,2, f01,3)),
(U1, (f1,0, f1,15 f1,2, f1,3))s
(U2, (f2,0, f2,1, f2.2, f2.3)),

That leaves the question of what polynomials f; ; to use. If we simply use the total transform

of each f; =0 to gét
{(Uoo, (you:yo: 95: y54*)), (Uon, (20: 20t: 251°: 23)),

(Ul’ (2%21:2%: 1: zf))a (U2’ (Zg: mgy2:yg: 1))} (34)

we see that the points on the exceptional curve E given by (3.3) are base points. So
this definition is unsatisfactory. On Upp note that points (you:yo:yd:y3ud) € P? and
(u:1:y3: y2u3) € P3 are the same when yo # 0. Similarly, (29 20t: 282%: 23) = (1:t: 22#%: 22) €
P3 when 2y # 0. Thus, by factoring out one copy of the exceptional curve on Uyy and Up;

we can get data

{(Uoo, (w: 1: 93: y2u3)), (Uoa, (1:1: 2283: 27)),

(U1, (2z1:27:1: 27)), (U, (23: 2390 93: 1))} (3.5)
which defines the same points as (3.4) off of E and is well defined on E. We say the base
point p has multiplicity 1 because one copy of the exceptional divisor was factored out to
remove the base points.

Define 9’ : P2 — P® using (3.5). In Section 4.9 we will check that 9’ satisfies the
conditions for defining a surface on P? as required in Section 1.8.

Does Im (¢') define the same surface as Im (1/)? This is easily checked. Let q € P?2—p,

i.e., let q be a point in P? for which 1 is defined. Now, 7~1(q) € P2 — E and ¢/ (x~1(q)) =
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¥(q). For example, if ¢ € Uy —p and 7~ 1(q) € Upy — E, then ¥(q) = ¥(l:yo:20) =

(z0:90:y3: 23) while

¥'(a) = ¥’ (¥0, 20/%0)
= (yo20/Yo: Yo: U+ %520 /%)
= (Zoiyoiygizg)
also. This can be done for all points in P2 — E. Therefore, Im (1) C Im (¥').

Exactly how are Im (/) and Im (3') different? The set Im (3') contains more points
than Im (+/) and these points lie on a certain curve. If (Xo: X1: X2: X3) are the coordinates
of P3, then Im (¢/) does not contain any points where X, = X3 = 0. This is seen from the
parametric equations for 9. If Xo = X3 = 0, then y = z = 0, so Xy and X; must also
be zero, but (0:0:0:0) is not a point in P3. In fact, Im (1) is missing the points where
Im (¢') meets the line {(Xp: X3:0:0)}. In a way, the base point p “maps” to the points

Im (¢") N {(Xo: X1:0:0)}.

3.5.2. More than One Base Point.

The rational map ¢ may have more than one base point. If so, the method used to
remove the base point in Example 3.3 is not convenient. Blowing up a point p in P? is a
local phenomenom, i.e., it only affects points arbitrarily close to p. To remove several base
points, it will be convenient to blow up subsets of P2 smaller than. Up.

Let’s go back to C?. In Section 3.2, thé blow up of C? at 0 “tore” C? apart near the
origin but did not change the structure of C?> away from the origin. This is more clearly

seen here. First, cover C? by 2 sets:

W =C? - {0}

A = A(0,6)
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where 6 is any positive real number. Now, blow up A at the origin. Again consider a subset

of C? x P!, but this time let

A= {(r,s;t:u) :ru= st and (r,s) € A}
and cover A by the sets
Ao = AN{(r,s;t:u) : ru = st and t # 0}

and

Ay =AN{(r,s;t:u) : ru = st and u # 0}.

The sets Ag and A; have the same coordinate charts here which By and B; had in Section
3.2

Create the manifold C2 by gluing the sets W, Ay and A; together. The gluing maps
Po1 : D1 — Ag and ¥y : Ag — A still work. The second part of the proof of Proposition
3.1 describes the gluing maps for A and W. In fact, the set obtained by gluing W and A
together here is homeomorphic to the set ‘B in Section 3.3. We could blow up the curve
in Example 3.1 using the sets W, Ag, and A;. There would be three local equations for
the strict transform, one for each of W, Ag and A; : y? = 2?(z + 1), > = £+ 1 and
1 = t2(ty + 1), respectively.

Let’s remove the base point from v in Example 3.4 by blowing up Uy at p in this way.

First, cover P2 with {(Up, U1, Uz2)}, and then replace Uy with the sets

W={peUy:p#(1:0:0)}

and
A = {p € Up: p = (y0,z0) € B(0,6)}.

Blow up A as above and glue Uy, Uz, W, Ay and A; together.
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Figure 3.5

Blow-up of 4 Points in Uy

Using this scheme, we can remove several base points at the same time. Suppose
had base points {p1,-+-,Pm}- Using a linear change of coordinates, we may assume all p;
are in Uy, that is, the points p; do not lie on the line £ = 0. Choose positive real numbers

8; such that the sets A(p;,6;) C Uy are pairwise disjoint (See Figure 3.5.). Cover U, with

the sets
W = UO - {Ply'“,Pm}
and
A;={p € Uo : P = (y0,20) € AP, i)}
foralli=1,---,m. Since the p: may be in U; and U; also we create new open sets

Vi= Ui_{pl,"'apm}

for i = 1 and 2. Now, blow up each A; at p; using a linear change of coordinates as in

Section 3.3 to get the sets A;. Glue the sets W, A;, V; together and we have the blow up
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of P? at {p1,- -+, Pm}. Whenever we refer to the blow up of a manifold X we will mean the
blow up of X at finitely many points. See Appendix C for a surface requiring the blow up
of 2 base points simultaneously.

Notice for each point p; we will have an exceptional curve E; and F; C A;. But, since
A; N A; = 0 whenever ¢ # j, A;NA; = 0 also. Therefore, E; N E; = 0 whenever i # j.

This will be useful later when calculating intersections of curves on blow ups of P2.

3.5.3. Removing All Base Points.

Besides the problem of more than one base point it is also possible to remove a base
point only to discover another one. This will occur if the curves f; = 0 have a common
tangent direction at the base point, because, given a common tangent direction, the strict
transforms of these curves will share a point on the exceptional curve. This happens twice

in the following example. -

Example 3.5: Define a surface by
$e:y:2) = (fo: fu: for o) = (@22 P25 25)

which has a base point at p; = (1:0:0). Let 7 : P2 — P2 be the blow up of P? at p;.
Removing the base point p; will only affect the points in Up. As in Example 3.4 we can
define ¢’ : P2— — — P3 by removing two copies of F from the total transforms of the f; =0

to yield
{(Uoo, (u?: you: yo: you?)),

(Uo1, (1: zot*: 20t%: 20)),
(Us, (zf: 21t 1:zf)),

(U2, (22: 95:93: 1))}
The base point p; has multiplicity 2. But ¢’ is not defined for p2 = (yo,ug) = (0,0) € Upo

and thus not a map. We say p; is also a base point of ¥ and p2 s infinitely near p; since



75
m(p2) = p1. Our goal is to create a map whose image is the closure of Im (3) and to do
this we must continue to remove base points until there are none.

We will remove the base point p2 by blowing up P2 at p,. The point p; € Upy but
is not in Up; N Uy N Uz, so to blow up P? we will blow‘up Ugo at p2 and glue the result

together with Up;,U1, and Us. Denote the blow up of Uyg at p1 by (700, and let
T X — P2

be the blow up of P2 at P2. Let the coordinates of Uoo be (yo,u;7:s) and cover Ugo with
Upoo and Uggy with local coordinate (yg,s) and (u,r), respectively (see Section 3.3). The
relationship of these coordinates is ygs = ur and the local equations of the exceptional
curve, named Ej, are yg = 0 in Uygp and u = 0 in Upg1. The data will not be changed on
Up1, Uz and U,. Substitute ygs for u on Upgg and ur for yg on Uygy. Then 9" : X —— — P3

is defined by
{(Ugoo, (yos2: yos: 1:y3s%)),

(Ugo1, (w: rusr: ru?)),

(U1, (1: zgt2: zpt3: z9)),

(Uy, (23:21:1: 23)),

(U2, (z2:93:93: 1))}
by removing one copy of E; from the data on Upgg and Upg;. The multiplicity of the base
point po is also 1. Again, ¥” is not a map because there is a base point at p3 = (u,r) =
(0,0) € Upoy. This base point must also be removed.

The process above will be repeated to blow up X at ps by blowing up Uyp; to be

Ugo1. The points in Uggo,Uo1,U; and U, will remain unchanged. Let the coordinates of Upg;
be (u,r;v:w); cover (7001 with the sets Upg1p and Uypyx with coordinates (u,w) and (r,v),

respectively. The relationship of the variables is uw = rv and the local equations of the
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exceptional curve, F3, are u = 0 in Upg1p and r = 0 in Uyg1;. Then 73 : X — X be the
blow up of X at p3. Again, find the strict transforms of the curves defining 4"’ by making

the appropriate substitutions and factoring out E; to get ¢ : X — P3 defined by

{(Uo00, (y05°: yos: 1:y3s*)),
(U010, (1: wu: w: wu?)),
(Ugo11, (v:rv: 1:7%0%)),
(Uoa, (1: 20t%: 20t°: 20)),
(U1, (22: 21:1: 23)),

(Ua, (z2:y3:93:1))}.

This time 9" is a map. It can be checked that Im (+/'") is the closure of Im (%) as in Section

3.5.1.

What does the set X look like? If we think of blowing-in up P? as replacing a point
with a line, then we have done that three times here. Figure 3.6 gives an idea of what X
looks like. Actually, there is some checking to be done to see if the picture of the last blow
up is accurate. If ps had not fallen on the intersection of E; and E, the blow up of X would

not have separated £ and Ej, as in Figure 3.7.

How do we determine whether Figure 3.6 or Figure 3.7 correctly displays the blow up
of p3? We need to find the local coordinates of E; N E in Uyg; and see if the point is p3. In
Ugo, the local equation for E is yg = 0 and the local equation for 77 1(E) in Uyo; is ur = 0.
Thus E has local equation 7 = 0 in Uygy. Recall the local equation of E; in Uyg; is u = 0.
Thus, ENE; = (r,u) = (0,0) = p3 as shown in Figure 3.6 and the blow up of X at p3 does
separate E and E,. The situation in Figure 3.7 can occur but we will find out eventually

that we need not make a distinction between these two cases.



Figure 3.4

BIow—up,Ma,ps for Example 3.5
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3.6. How Do Blow ups Affect Curves?
The curves in Examples 3.1 and 3.2 were singular but their strict transforms were not.
This will not always be the case. It is true, however, that blow ups do not increase the
multiplicity of ' any point on the curve. This is proven in Proposition 3.3 below. First, we

will prove an assertion made in Section 3.2.

Proposition 3.2. Let 7 : X — X be the blow up of X at the points py,...,ps with
exceptional curves 7~ 1(p;) = E;. If C is a curve on X and mp,(C) = r;, then there are r;

copies of E; in m1(C).

Proof: Fix ¢ and let U be a coordinate neighborhood of p;. Choose a ball A C U such
that A does not contain p; for j # 7. Let f = O‘be the local equation for C in U and (z,y)
the local coordinates of U. By a linear chaﬁge of coordinates we may assume p; = (0,0)
in the local coordinates of U. Now, f = f(™ 4 f(m+1) 4 ... 4 f(m+k) where each f(*) is a
form of degree n, f(™ #£0, and m = Mp; -

Blow up A at p; and let (z,y;t:u) be the coordinates of A. The local equations of
7~1(C) in A are

f(z,zu) = f™(z,zu) + ™D (z,zu) + - - - + F0) (2, zu)

=2™(f™ (1L, u) + 2 f (L) + - 4 2* I (1, )
on Ay and

flut,y) = F™(yt, ) + f D (yt,y) + -+ FP (yt,y)

=y™(f™ @, 1) +yfm(E, 1) + -+ F I (R,1))
on A;. The local equations of E; in A are z = 0 and y = 0 on Ay and Aj, respectively.
Therefore, there are m = r; copies of E; in 7~1(C) defined by ™ = 0 on Ay and by y™ = 0

on Aj.

Now we will prove blow ups never make singularities worse.
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Proposition 3.3. Let X be a finite blow up of P? and C a curve on X and p a point on
C. Let m : X — X be the blow up of X at p and E = n~1(p) the exceptional curve. If

qE€ CNE , 1.e., q is a point on the exceptional curve and the strict transform of a curve

C C X, then mq(C) < my(C).

Proof: Let U be a coordinate neighborhood of p with local coordinates (z,y). By a linear
change of coordinates we may assume p = (0,0) and C is not tangent to either z = 0
or y = 0. Let the coordinates of I/ be (z,y;t:u). In Proposition 3.2 we found the local
equations of 7=1(C), and by factoring out ™ and y™ we obtain the local equations of
which are

fﬂ(may) = f(m)(l’u) + mf(m+1)(11u) +-e+ mkf(m+k)(1’u)

and

fl (yat) = f(m) (ta 1) + yf(m+1)(t1 1) +-oo+ ykf(m+k) (ta 1)

To show mq(é’) < m we will show the mth order partials of fo and f; are not all zero

at q. In particular,

m m £(m) (m+1)
oo _ omi™ | of

mamf(m+k)
Ou™ ou™ ou™ toote ou™

The coordinates of q must be (0,0;¢:u) for it to be on F, so locally q = (z,u) = (0,u).

Thus
amfo l _ amf(m)
um g Ou™ low
gm f(m)
Now )7& 0; if it were, C would be tangent to ¢ = 0 at p. Therefore, f("‘)(l,u)

Su™ (o

has a u™ term, say au™, and

" fo =am! # 0.
du™ lq
Similarly, aatil # 0 since y = 0 is not tangent to C. This completes the proof.
P
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The multiplicity of the points on a curve away from the points blown up has not
changed because the curve does not change except arbitrarily near the point blown up.
The multiplicity of points on the exceptional curve is not increased by Proposition 3.3.
Therefore, a blow up does not make singularities worse. It is true all singularities of a curve
can be removed by applying enough blow ups to the curve[Har p. 390]. We have not proven

that here.

3.7. Conclusion

In this paper we will only blow up a point on a surface but it is possible to blow up
curves on a surface, surfaces in a 3-dimensional manifold, etc. The process of blowing up
also goes by other names in other contexts: monoidal transformation, o-process, dilatation,
locally quadratic transformation, Hopf map, and others. Here, a blow up is always the blow
up of a surface at a finite number of points.

In Chapter 5 we will use the information obtained from removing base points to calcu-
late the implicit degree of Im (1)). Surprisingly, the only information needed in the calcula-
tion of implicit degree is the parametric degree (or parametric bidegree) and the multiplicity
of each base point. The focus of this ‘chapter has been on triangular surfaces. Removing
base points works the same way on tensor product surfaces and Appendix C contains an
example of removing base points on a tensor product surface. Resolution of the singularities
of a curve is essential in the calculation of the genus of a curve. An example of the resolution

of singularities is in the proof of Proposition 6.1.



CHAPTER FOUR
DIVISORS

4.1. Motivation
The calculations of implicit degree and genus depend on the intersections of curves
on two-dimensional manifolds such as the blow ups of P2 and P! x P!. Why this is true
for implicit degree calculations is explained below. Just as Bezout’s Theorem classifies the
intersection of curves on P?, there is a way to classify the intersection of curves on finite
blow ups of P? and P* x P!. To do this we will look at a larger class of objects called divisors
which includes curves. The remainder of the chapter is dedicated to defining divisors on

the two-dimensional manifolds which result from blowing up P? and P! x P

4.1.1. Degree of a Triangular Surface With No Base Points.
First, let’s see how the degree of a surface can be calculated by intersecting the right

curves. Consider the triangular surface which is the image of
P:P?— — > P3

where Y(z:y:2) = (fo: f1: f2: f3) and the homogeneous degree of each f; is n. Let S be the
closure of Im (¢). Every rational surface is algebraic so there is a polynomial, F : P® — C,
whose zero locus is the closure of the rational surface Im (¢). Define the degree of the
rational surface Im (v)) to be the degree of the polynomial F and call it d. Assume 7 has a
one-to-one parameterization.

81
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The degree of F' can be determined by counting the number of times it is intersected

by a general line in the following way (see Figure 4.1). Let L be any line in P3 which
is not contained in F. We shall see the set FF N L is a finite set of d elements. Let the
coordinates of P3 be (Xo:X): X2: X3) and let the homogeneous parametric equations for
L be X;(s:t) = o35 + f;t for ¢ = 0,1,2,3. Since F is a homogeneous polynomial we can
substitute the equations for the line L into F to get another homogeneous polynomial Fo L
of degree d in indeterminates s and ¢t. Counting multiplicities, there are d zeros of F o L,
say (s1:t1),-..,(sa:ta). The d points (Xo(s;:t:), X1(si:t:), Xa(s::t;), Xa(ss:t;)) € P3 are
exactly the points in FN L. Therefore, the number of poihts in FNL, counting multiplicities,

is equal to the degree of F.

Figure 4.1

Intersection of a Surface and a Line
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It can be seen that the degree of F' is equal to the number of points in the intersection

of F with a general line, but we have not shown a method of calculating this number. We
can actually count the number of points in F N L easily if we to represent L in a different

way. For now suppose 3 has no base points. Let

H = apXo+ a1 X1+ ag Xz +a3X3 -
and

K =boXo +b1.X1 + b2 X2 + b3 X3

be the equations of two distinct planes in P whose intersection is the line L. These planes
are not subsets of F since L € F and the intersection of each plane with F' can be represented
in P? by the curves

A(z:y:z) = aofotarfi+azfa+a3fs =0 (4.1)
and

B(z:y:z) =bofo+bifi+bafa+b3fs =0 (4.2)
by substituting the definitions X; = f; for 1 into the equations for H and K. Thus A and
B are each homogeneous of degree n. These curves A and B are called plane sections of the
surface F. On the one hand, the curves A and B meet in n? points by applying Bezout’s
theorem. On the other hand, the two curves A and B meet in exactly the same points as
L and F. Thus the degree of the surface, and of its implicit equation F = 0, is d = n? and
we have calculated the implicit degree of a surface F C P? by calculating the number of

points in the intersection of two curves in P2. Note that the set of all plane sections is a

linear system.

4.1.2. Degree of a Triangular Surface With Base Points.
We can do the same thing for surfaces with base points, the only difference is the curves

to intersect lie on a blow up of P2. Suppose % has finitely many base points py = (z3: ys: 25).
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Since f;(zp:yp: 25) = O for each 7, these base points necessarily lie on the plane sections A
and B. Unfortunately, there is no point in F N L which corresponds to these base points
because there is no such point as (fo(ps): f1(Ps): f2(Ps): f3(Ps)) = (0:0:0:0) in P3. So, even
though there are n? points in A N B C P2, there are fewer than n? points in FN L C P3.
In some way, the presence of base points diminishes the degree of the surface. By removing

all the base points we can define a map
P X — P3

where X is a finite blow up of P2 and S = Im (¢') is the closure of Im (3). Let the image
of ¥ be defined by data {(Vi, (fi, fi1, fi2, fi3))}. The set X can now be considered the
parameter space and the intersection of the planes H and K with the surface S can be

written as curves on X defined by data

{(Vi, (a0 fio + a1fa + a2 fio + a3 fiz))} (4.3)

and

{(Vi, (bofio + b1 fir + b2 fia + b3 fiz)) }, (4.4)

respectively. Counting multiplicities, the number of points in the intersection of these two
curves is the number of points in S N L and is exactly the degree of the surface Im (¢').
There are no points in the curves (4.3) and (4.4) which do not correspond to points in SN L
because we have removed all base points. The problem now is that curves do not intersect
on finite blow ups of P2 as they do in P2. In particular, Bezout’s Theorem no longer applies.
However, the intersection of curves on finite blow ups of P? can be calculated with the use

of divisors, as we shall see.
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4.2. The Group Div (X) of Divisors on the Manifold X

Let X be an n-dimensional complex manifold. A Wezl divisor on X is a finite sum

r
D=> ni(Ds)
i=1
where each D; is an irreducible hypersurface in X and n; € Z. On a 2-dimensional manifold,
each D; is a curve and on a l-dimensional manifold each D; is a point. Here we will
concentrate on 2-dimensional manifolds X .
If Cisacurve on X and Cy,...,C, are the ifredlicible components of C' with multi-

plicities n1,...,n, > 0, define the divisor of the curve C to be

In general, a divisor D = }._, n;(C;) with each C; an irreducible curve and n; > 0 for all ¢
is called an effective divisor. Note that the divisor of a curve is always an effective divisor.
If C is an irreducible curve, (C) is called a prime divisor. Let the curve defined by the zeros
of a meromorphic function F on X be named Fy and the curve of poles F.,. Define the

dwisor of a meromorphic function F to be

(F) = (Fo) ~ (foo)

aﬁd call it a principal divisor.
An additive group G is a set which is closed under addition and has these properties:
1. addition is associative
2. there exists an additive identity 0 € G; and
3. for all g € G there is an additive inverse —g.
The set of all divisors on X, denoted Div (X), is an additive group. For every divisor
D € Div (X), its inverse —D is also a divisor and D + (—D) = 0 is the identity on Div (X)

given by an empty sum.
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We can also define divisors in a different way. A Cartier divisor on X is defined by
data {(U;, f;)} where

1. f; is a meromorphic function and not identically 0 on U; and

2. fi = hf; where h is a nonvanishing holomorphic function on U; N U;; and

3. 2 sets of data {(U;, f:)} and {(U;, f!)} define the same divisor if f;/f; is holomor-

phic and nonzero on U;.

The only difference between this definition and the definition for curves on X is that for
curves each f; was holomorphic on U;. If D = E:=1 n;(D;) is a Weil divisor on X and
the data for each irreducible curve D; is {(Ui, fi)}, then {(U;,nI_; /**)} is the data for the
corresponding Cartier divisor. Conversely, if D = {(U;, f;)} is the data for any Cartier
divisor and Dy and D, are the zeros and poles of this data, then D = (D) — (Do) as a
Weil divisor. Thus, the 2 definitions are the same on a complex manifold. Note thaﬁ this
also shows that any divisor can be written as the difference of 2 effective divisors.

If a Weil divisor D is principal, the associated Cartier divisor can be defined by a
meromorphic function. Similarly, if a Weil divisor is effective, the associated Cartier divisor
is defined by a curve. |

The group Div (X) can be partitioned into equivalence classes in the following way:
Put D ~ D' if D — D' is a principal divisor. It is easiest to show that ~ is an equivalence
relation using Cartier divisors. Let D, D’ and D" be given by data {(U;, f:)}, {(U/, f!)}, and
{(U?, fI")}, respectively. Then D— D is given by {(U;, f;/f:)}. Since each f; is meromorphic
and not identically 0 on U;, the data for D — D defines a meromorphic function which is
1 everywhere f; is not 0. If D ~ D’ then {(U;, fi/f!)} defines a meromorphic function.
Clearly, {(U;, f!/f:)} also defines a meromorphic function so D' ~ D. Finally, assume
D ~ D' and D' ~ D" from which we know {(U;, f;/f!)} and {(U;, f!/f!')} are meromorphic

functions. Now, D — D" = (D — D') — (D" — D'), so D — D" can be written with data
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{Us, £:£11 F171)}. K the fi/ f] and f]/f! satisfy the requirements for a global meromorphic

function, their product must also, and D ~ D”. Therefore, ~ is reflexive, symmetric, and

transitive and, hence, an equivalence relation. Denote the equivalence class containing D
by [D]. |

We have already seen many divisors. For example, in Section 3.3, the projective plane

was blown up at the point p = (1:0:0) and the exceptional curve E was found to be defined

by data

{(Uo0,%0), (Uo1, 20), (U1, 1), (U2,1)}.

This data also defines the Cartier divisor (F) which will appropriately be called the ezcep-
tional divisor. The equivalence classes of divisors on a manifold will be of more use to us
than specific divisors. In the next 3 sections we investigate the nature of these equivalence

classes on the manifolds we will use most.

4.3. Equiva.leﬁce Classes of Div (P?%)

All curves on P2 can be classified by the homogeneous degree of the polynomial equation
of the curve. The classification of divisors on P2 is an extension of this idea. Let D €
Div (P?) and write D = D; — Dy where each D; is an effective divisor. Each of D; is
a divisor of a curve so let f; be a homogeneous polynomial with D; = (f;). Note that
Dy - D2 = (f1/ f2)-

We want to find another divisor linearly equivalent to D. To do this we will find
a divisor D' = (f) where f is a homogeneous polynomial to subtract from D such that
D-D' = (f_l) -(f)= (f—l) is principal, i.e., —fl— is a meromorphic function on P2. Let

f2 fof f2

the degree of f; be n;. The only meromorphic functions on P? are quotients of homogeneous

polynomials of like degree, so let f = h® where h is any line in P and n = n; — ny. Now

(k™) = n(h) is a divisor on P? and the divisor D —n(h) = ( ffl:;n) is principal. Therefore,
2
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D ~ n(h) and each equivalence class of divisors on P? can be represented by n(h) where
n € Z. The class of divisors linearly equivalent to 0(h) is exactly the class of principal

divisors on P2.

These equivalence classes can be used to find the number of points in the intersection
of general curves on IP’Z. Suppose f and g are two homogeneous polynomials of degree n and
m, respectively, and f and g have no common factors. Now (f) ~ n(h) and (g) ~ m(h).
The number of points in f N g is equal to mm. Thus all information needed to calculate
the intersection of any two curves f and g on P? which intersect properly is contained in
the linear equivalence classes of their divisors. Note that all lines belong to the equivalence

class [(h)] where h is any line; all conics belong to [(¢)] where ¢ is any conic; and so on.

4.4. Equivalence Classes of Div (P! x P?)

The divisors in Div (P! x P!) can also be classified but this works a little differently
than on P? because is intersections on P! x P! do not work the same as in P?; Bezout’s
Theorem does not apply here. For instance, using the coordinates introduced in Section
1.3, the curves pg = 0 and p; = 0 never intersect in P! x P?! since there is no such point
with coordinates (0:0;09:07). In fact, there are two distinct classes of curves on P! x P!
with these intersection properties: two curves within the same class do not intersect and
two curves from different classes intersect at one point. One class contains all the curves
of the form agpy + @1p1 = 0 with a; € C and the other contains the curves of the form
Booo + B1o1 = 0 with B; € C. Two curves from the same class are either the same curve
or have no intersection since the only solution to a nonsingular homogeneous system of
2 equations is (0,0) and (pg: p1;0:0) and (0 0; 09: 01) are not points in P! x P1. On the
other hand, the only point in the intersection of agpg + agp1 = 0 and Byog + P11 = 0 is

—ay:ap;—B1:Bo) so curves of different classes meet in exactly one point. The curves from
3 p
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these 2 classes are called lines on P! x P! because they are parameterized by the projective
line P1. These classes of lines are distinguished by their bidegree: lines from the first class
have bidegree (1,0) and lines from the second class have bidegree (0,1).

We will now classify all divisors in P! x P! in the same way we did for P2, Let D = (%)
be any divisor in P! x P! where the bidegre¢ of fi is (n;,m;). To find anothgr divisor linearly

equivalent to D we will find a divisor D’ such that D — D’ = (f) where f is a meromorphic

function. Let k be a line of bidegree (1,0) and [ a line of bidegree (0,1). Put n = n; — ng,

f1
fokmim

divisor. Thus, D ~ n(k) +m(l) where n,m € Z and k and [ are any lines of bidegree (1,0)

m = m; — my, and D’ = (k"I"™) = n(k) + m(l). Now, D — D’ = ( ) is a principal
and (0,1), respectively. Keep in mind that m and n may be any integer.

Note a significant difference between the equivalence classes in Div (P! x P!) and those
of Div (P2). In P! x P!, not all lines are in the same equivalence class; in fact, there are
2 linear equivalence classes of lines as described above. Later it will be shown that the
number of points in the intersection of any two curves in P! x P! which intersect properly

can be calculated from their divisor classes just as in P2.

4.5. Equivalence Classes of Div (X) for Other Manifolds X
In this section we will classify all divisors in Div (X) where X is a finite blow up of
either P2 or P! x P1. We will begin by looking at the relationship between divisors on a
2-dimensional manifold X and the blow up of X at finitely many points. From this it will
be easy to see exacﬂy what divisors there are on one blow up of P2 and then several blow

ups of P2, Finally, the same will be done for P! x P1.

4.5.1. Projection Maps and Pullback Maps.
Let 7 : X — X be the blow up of the 2-dimensional manifold X at the points

P1,---,Ps With exceptional curves E; = 7~1(p;). There is a natural map called the pullback
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map

7* : Div (X) — Div (X)

which arises from the projection map and associates the divisor of an irreducible curve in
X to the divisor of its total transform in X. This map 7* can be defined in the following
way. Consider an irreducible curve C = {(U;, f;)} on X and its as;‘ocia.ted divisor (C). The
set {U;} covers X and, because of the definition of =, the set {x~1(U;)} covers X. Let =
be defined on X by {(#~1(U;),7;)}. On each 7=1(U;) define 7*f; : =1 (U;) — C to be

fi o m;. Finally, define
(7*C) = {(=~1(U:), =" f3)}-

Does this definition do what is was suppos.ed to do, i.e., is (7*C) the divisor of the total
inverse image of C? On each 7~1(U;) the zero locus of n*f; is #~*({p € U; : fi(p) = 0})
which is the total transform of the curve C in 7~1(U;).

This definition of (7*C) is given in terms of local equations but it will be more conve-
nient to define it in terms of divisors of curves. From Proposition 3.2, which calculates the

total transform of a curve on X, we can write

(7*C) = (C) + Y _ mi(E:) (4.5)

where C is the strict transform of C and m; = myp,(C).

We still need to define (n* D) for a general divisor D € Div (X). If D = 5" n;(C;) is any
divisor on X where each (C;) is prime, define (7*D) = ) n;(#*C) and call it the pullback
divisor of D. Clearly, (7*(D+ D')) = (x*D) + (z*D’) for all D, D' € Div (X). Hence ©* is
a linear map.

It will be important later that ©#* also preserve linear equivalence which is a stronger

property than linearity. Let C,D € Div (X) with C ~ D. Then C — D is the divisor of a
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meromorphic function, say F = {(U;, f;)}. Since 7* is linear,
(7*C) — (n*D) = (z*(C — D)).

Our goal is to show that (*C) — (x*D) is the divisor of a meromorphic function on X so
that (7*C) ~ (7*D). Thus, we need only show that (7*F) is the divisor of a meromorphic

function. The da.t'a. for (7*F) on X is

{(=z=1 (), fi o mi)}.

To show that (7*F) is the divisor of a méromorphic function, this data must satisfy the
requirements in Section 1.5.3. Both 7; and f; are holomorphic on #~!(U;) and U;, respec-
tively. Also, fi(p) = fj(p) for all p € U; N U;. Thus, (fiom)(x~1(p)) = (fj o mj) (=~ 1(p))
for all points 7~ 1(p) € #~}(U;) N #~1(U;). However, each point of 7=1(U;) N n#~1(U;) is
equal to 7~!(p) for some p € U;NU;. Therefore, (7*F) does define a meromorphic function
on X and 7* preserves linear equivalence class.

Now we will use (4.5) to write divisors of X in terms of divisors in X and the pullback

map.

Proposition 4.1. If r : X — X is the blow up of the 2-dimensional manifold X at the
points p1,...,Ps With exceptional curves E; = m~1(p;), then the divisor of an irreducible

curve C in X is either equal to (E;) for some 1 or
(7*(x(C))) = > _ mi(E:)
=1

where n,m; € Z with n,m; > 0.

Proof: Let C be an irreducible curve in X and assume (C) # (E;) for any i. The projection

of C, n(C), is a curve on X and so defines a divisor there. If the curve 7(C) contains any
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of the points p;, then in general, C' may or may not contain any of the exceptional curves.
Under the assumptions that C is irreducible and C # FE;, however, E; € C for any :.

Therefore, C must be the strict transform of 7(C). Let m; = mp,(C) and we can write

™ (7(C)) = (C) + Y_ mi(E)

from (4.5). Now
(©) = *(x(C)) = Y mi(B).

Since each divisor in X is the formal sum of divisors of irreducible curves in X,

D=7 n;(C;)

J

= an [ﬂ'*(ﬂ'(Cj)) - Zmij (Ez)

J

= nm*(x(C}) = Y Z njmi; (E:)

J 3

= 7 (an(ﬂ(cj))) - Zanmij(Ei)

so every divisor in X can be written as the sum of the pullback of a divisor in X and

multiples of the exceptional curves.

We will make this more precise by looking at blow ups of P? and P! x P!

4.5.2. Equivalence Classes of Div (P?).

Proposition 4.1 can be rewritten to apply specifically to blow ups of P2.
Corollary 4.1.1. If = : P2 — P2 is the blow up of P? at the points pi,...,ps With -
exceptional curves E; = n~1(p;), then the divisor of an irreducible curve C in P? is either
equal to (E;) for some i or is linearly equivalent to

n(w*h) — Z m;(E;)

=1
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where h is any line in P? and n,m; € Z with n,m; > 0.

The major difference here is that instead of finding exactly what the divisor is in P2
this proposition gives the linear equivalence class of the divisor which is all that will be
needed later. The proof follows from Proposition 4.1. Let C be an irreducible curve in P2,

Then

(C) =n*(x(C)) = Y _ mi(E))

=1

where m; = mp, (C). Since 7(C) is a curve in P2, (7(C)) ~ n(h) for some integer n and

any line h € P2. This, and the fact that #* is linear yields

(C) ~n(m*h) = mi(E)).

i=1

IfD= Z;_:l k;(C;) is any divisor in P2 where each (C;) is a prime divisor, then
D= k(C;)
=1
~ Y kj | ni(th) = Y mii(E:)
1=1 i=1

= Z kinj(m*h) — Z Z kimi; (E;)
=1

i=1i=1
s
= K(z*h) = > Mi(E:)
=1
with. K, M; € Z. Note that K and M; need not be nonnegative here.
All divisors in P? can be classified in this way, but we have already seen that several
blow ups are necessary to remove all base points in some cases. When this happens, simply

apply Proposition 4.1 for each blow up.

Example 4.1: Blow up P2 at p; and p to get X and blow up X at p3 to get X. Let Ej,

E,, and E3 be the exceptional curves and

X = x 2, pe
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the projection maps. There are 2 pullback maps
Div (P?) =L Div (X) ‘i Div (X).
All elements of Div (X) are linearly equivalent to
nymy (h) — my(E,) — mz(Ez) (4.6)

from Corollary 4.1.1 where m; € Z. Now begin with a divisor D € Div(X) with D =

Z;=1 k;(D;) where each (Dj) is prime. From Proposition 4.1, with mz € Z,

D= kj(r3(m2(D;)) — m3(Es)

= 7r’2" (Z k,-'zrg(D,')) - m3(E3)
i=1

since 73 is linear. The divisor ) 77_, k;jm2(D;) on X is linearly equivalent to (4.6) for some
n and 73 preserves linear equivalence class, so
D ~ w3[n(mih) — mi1(Ey) — ma(E2)] — m3(E3)
= nny (71h) — ma (73 By) — ma(73 E2) — m3(E3).

Classifying divisors in this way can be done for any finite succession of blow ups on P2.

4.5.3. Equivalence Classes on Blow Ups of P! x P1.

Again there is a corollary to Proposition 4.1 but this time it applies to blow ups of
P! x P2,
Corollary 4.1.2. If 7 : X — P! x P! is the blow up of P! x P! at the points py,...,P,

with exceptional curves E; = m~1(p;), then the divisor of an irreducible curve C in P! x P!

is either equal to (E;) for some 1 or is linearly equivalent to

ny (k) + na(7*l) — Z m;(E;)
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where k and [ are lines in P! x P! with bidegree (1,0) and (0,1), respectively, and n;,m; € Z

with n;,m; > 0.

The proof works exactly like that of Corollary 41.1 except it uses the information

developed in Section 4.4.

4.6. Classifying Plane Sections of a Triangular Surface

We can now get back to the main purpose of this chapter: classifying plane sections of
surfaces. After we have done this, all that is left in the process of calculating implicit degree

is to see how intersections can be found from divisor classes and this is done in Chapter 5.

In this section we Will cla.ssify plane sections of triangular surfaces. Let ¢: P2 — — — P3
define a surface as in Section 4.1. After removing all base points we obtain a map ¢': X — P3
and Im (¢’) is the closure of Im (). The plane sections of S are given by (4.3) and (4.4),
but these are simply the strict transforms of the curves (4.1) and (4.2) in P? which are of
degree n. So to classify (4.3) and (4.4) we need to classify strict transforms of curves of

degree n. We will do this for the surfaces in Examples 3.4 and 3.5.

Example 4.2: In Example 3.4 all base points were removed with the blow up =: p? - p2.
Here we will work with only one plane section, (4.3). The divisor class for the other plane

section is the same. The curve (4.1) for this example is
A= a2’z + a12%y + agy® + a32® = 0.

The degree of A is 3 and is equal to the degree of f;. Thus, (A) ~ 3(h) € Div (P?) where h
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is any line in P2. The curve (4.3) is defined by
{(Uso, aou + a1 + a23§ + asygu’®),
(Uo1, a0 + a1t + azz¢t® + azz23),
(Ur,a02321 + 0123 + ag + a323),
(Uz, 0023 + ayziys + a2yl + a3)}

and is the strict transform of A. From Corollary 4.1.1 the divisor of this curve is linearly

equivalent to

(37*h) — E

of Div (P?). The only information needed to find this divisor class was the parametric degree

of the surface and the multiplicity of the base points.
In Example 3.5, 3 successive blow ups were required to remove all base points:
X ox L 2T, 2
So there are three pullback maps
Div (P?) =5 Div (%) 25 Div (X) 2 Div (X).

If m; = mp,(A), then m; = 2, my = 1, and m3 = 1. Again the degree of 4 is equal to
the degree of f; and is 3. On P2) A ~ 3(h) as above. Following Example 4.1, the divisor

associated to a general plane section of S would be
ma{n1[8(x*h) — 2(E)] — (E1)} — (E2)

in Div (X).
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4.7. Classifying Plane Sections of a Tensor Product Surface

Consider the tensor product surface which is the image of
PP xPl— - > P3

where ¥(pg: p1;00: 01) = (fo: f1: f2: f3) and the bidegree of each f; is (n1,n3). After remov-
ing all the base points we obtain a map 1,[;.: X — P2 and Im (¢') is the closure of Im (%).
Just as in the case of triangular surfaces, the number of points in the intersection of two
general plane sections is represented in X by (4.3) and (4.4). Also these plane sections are
the strict transforms of (4.1) and (4.2) which, in the case of a tensor product surface, are
curves in P! x P! of bidegree (n1,n2). If ¥ reciuires a single blow up to remove the base

points p1,...,Ps, then (4.3) and (4.4) are linearly equivalent to
ni (W*k) + no (7!'*1) - ZmiEi
where &k and [ are as in Section 4.4 and m; is the multiplicity of the base point p;.

4.8. Holomorphic Line Bundles.

So far we have seen divisors which arise naturally from curves and plane sections
of surfaces. Divisors also arise naturally from another place: meromorphic sections of
holomorphic line bundles. Line bundles actually serve two purposes in this paper. One
is to develop a canonical divisor class which is essential for finding the genus of a curve
in Chapter 6. The other is to allow an easy method for finding other divisors in a given
divisors class. This will allow us to calculate self intersections in Chapter 5.

In a way, line bundles are not much different than manifolds. A manifold is a topological
space which looks locally like U where U C C®; a line bundle is a topological space which

looks locally like U x C where U is a subset of C*.
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Let T be any topological space, {U;} an open cover of T, and
¥ : U;nU; — C - {0}
holomorphic maps such that for each point p € U; N U;

(¥ij - ¥5:)(p) =1 (4.7)

and for each point p € U; NU; N Uy

(ij - ¥ix - ¥ri)(P) = 1 (4.8)
Then L = U(U; x €) is a holomorphic line bundle over T where the points (p,z) € U; x C
and (p, z - ¥;;(p)) € U; % (C. are identified whenever p € U; N U;. The maps 1;; are called
transition maps and change the coordinates of points as you move from one U; x C to the
next. Two line bundles (L,{¢;;}) and (L',{¢};}) are said to be equivalent if there are

functions f; holomorphic on U; such that

¢ = %¢if
for all 4, j.

In this paper the top;)logical space 7" will be a 1 or 2-dimensional manifold. So L will
look like a curve or a surface Qith a complex line through each point.

Let (L, {¢:;}) and (L',{4};}) be two line bundles on X. Define L ® L’ and L' to be
the line bundles with transition functions ¢,~j¢2j and 1/¢;;, respectively. Then the set of
all holomorphic line bundles over X is a group with the operation ®. This is called the
Picard Group of X and written Pic (X). The identity element of this group is called the

trivial bundle and is any line bundle Lig with transition functions ¢;; such that there are

holomorphic functions f; on V; with

. _fiy
1= 795

In the next section we will see how line bundles arise from divisor classes.
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4.9. The Relationship of Line Bundles and Divisors

One purpose of introducing line bundles is to have other machinery which we can use
along with divisoré. We will see here that in a way holomorphic line bundles are exactly
the same as divisors, but the way in which line bundles are defined give us more versatility.
We will first show for each divisor we can associate a line bundle. Then we will show this
line bundle is unique. We will also show that to each line bundle we can associate a linear
equivalence class of divisors.

Let D € Div (X) where D is associated to the data {(U, f;)} and f; is meromorphic

on U;. The functions
¥i; = fil f

are holomorphic and nonzero on U;NU; because f; and f; define the same meromorphic
function on U; N Uj, hence, have the same zeros and poles. It is clear the 1;; satisfy
conditions (4.7) and (4.8). The line bundle U{U; x C} with transition functions %;; is called
the associated line bundle of D and written [D].

It is necessary to check that [D] is well defined regardless of the data chosen to represent
D. Suppose D could also be represente>d‘ by the data {(Ui, fH}. I hy = fi/fl, then h; is
holomorphic and never vanishes on U; because the zeros and poles of f; and f! coincide

there. Now
, _fi

ij'—'ﬁ
J

h.
P =¢ijh_':

for each i,j. Therefore, 3;; and Q,bﬁ_,,- are transition functions for the same line bundle, [D].
Now, let’s start with a line bundle L € Pic(X) with transition functions ¥;; and

determine a divisor associated to L. Define a holomorphic section of the line bundle L to

be data {(U;, s;)} where s; is holomorphic on U; and satisfying

5; = Pijs; . (4.9)
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on U; N U;. A meromorphic section is defined in the same way except that each s; is
meromorphic on U;. Call the section given by {(U;,s;)} simply s.

What sort of object does {(U;, s;)} represent when s is a meromorphic section? The s;
can have poles, so s does not necessarily represent a curve. There is also no guarantee that

s; is a well defined meromorphic function. It is known that on U; N U I
si/sj = i

and 1;; is holomorphic and nonvanishing. Thus, s; and s; have the same poles and zeros
on U;NU;. This is enough to say that s is the data for a Cartier divisor on X. This divisor
is called the divisor of the meromorphic sectioﬁ s and is denoted (s). Note that if s is a
holomorphic section, then (s) is an effective divisor.

Is (s) unique to L? The answer here.is no. Another meromorphic section s’ can give a
different divisor (s'). It is a simple matter, however, to show that (s) ~ (s'). For s and '

to be sections they must satisfy (4.8). Thus, on U; NU;

Therefore, {(U;,s;/s;)} defines a global meromorphic function on X and (s) — (s') is a
principal divisor.

There are 2 other facts that are easily checked. Given a meromorphic section s of
a holomorphic line bundle L, the line bundle associated to (s) is exactly the line bundle
L. Also, given 2 linearly equivalent D ~ D’, they are associated to the same line bundle,
i.e., [D] = [D’]. Using all this, there is a one-to-one correspondence between the linear
equivalence classes of Div (X) and the elements of Pic (X). Thus, it is reasonable to use [D]
for both a divisor class and its associated line bundle. We can see in the following example

partly how this would be useful to us.
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Example 4.4: Consider the exceptional divisor (F) given by (3.3). The line bundle asso-

ciated to this divisor, [(E£)], has transition functions

01,00 = 20/Y0, ¥1,00 = 1/¥0, P2,00 = 1/y0

Y101 = 1/20, Y201 = 1/2, and 921 = 1.

To find a meromorphic section s of [(E)] we can simply choose one of the s; to be some
rational function on U; and determine the others from it using (4.8). Let sg9 = 1 and then

s is defined by data
{(Uo0,1), (Uo1,1/%), (Ur,21), (U2, 22/y2)}

after making the appropriate coordinate changes. The divisor (s) is linearly equivalent to

(E).
Example 4.5: In Section 1.8 a rational parametric surface was defined as data
{(Ui, (Fio: Fix: Fip: Fi3))}

where
{(Us, Fi5)}

for each j defines a meromorphic sectioh of the same holomorphic line bundle L. In Example
3.4 it was claimed that (3.5) defined a rational parametric surface. Here we will partially
show that (3.5) satisfies this condition.

Fix j = 0 and consider the functions ¥y = Fyo/Fi for k,l = 00,01,1,2 with k # I.
By construction the vy satisfy (4.7) and (4.8). Thus, the tx; are the transition functions

for a line bundle L on P2. In particular,

YPo1,00(20,t) =1,
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¥1,00(21,21) = z3, and

¥2,00(T2,Y2) = T3Y2

which are found by taking quotients Fjg/Fj. These functions are holomorphic and nonva-
nishing on their domains.
Let sgo = 1 and use the transition functions to extend this to a meromorphic section

of L to get

{(Uoo,1), (U1, 1), (U1, 23), (U2, z3y2) }-

Thus,

{(Uoo, Fo0,0), (Uo1, Fo1,0), (U1, F10), (U2, F2 )}

of (3.5) is a meromorphic section of L. It can also be shown that

{(U;, Fi5)}

is a meromorphic section of L for each j.

In this section we have seen that there is a one-to-one correspondence between the holo-
morphic line bundles on X and the linear equivalence classes of divisors on X. It was also
noted that if s is a holomorphic section of a line bundle L, then the divisor (s) is an effective
divisor. In fact, L is the line bundle of an effective divisor D if and only if L has a nontriv-
ial holomorphic section s with (s) = D. If D is effective then the data for D as a Cartier
divisor also defines a holomorphic section of [D]. Conversely, if L has a holomorphic section
s, then it is associated to the effective divisor (s). In other words, there is a one-to-one
correspondence between holomorphic line bundles on X with holomorphic sections and the
linear equivalence classes of effective divisors on X. This correspondence will be useful

later.
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4.10. Canonical Divisors
All spec&ﬁc divisors found so far have arisen from the plane sections of surfaces. There
is another natural divisor class on each manifold which will be needed in the calculation of
genus in Chapter 6. This divisor class is found by creating a line bundle using the Jacobians

of the gluing maps and is called the canonical divisor class.

4.10.1. Canonical Divisors on P2,

The meromorphic sections of a holomorphic line bundle on P? are associated to divisors
on P2, Here we will show that a line bundle can be found using the gluing maps for P2. Put
Yij = J¢ji for i,5 = 1,2,3 , the Jacobian of each gluing map. These 1;; define transition
functions for a holomorphic line bundle which is easily checked by seeing that the v;; satisfy
(4.7) and (4.8). The transition functions are |

Po1 = T b10(v0, 20) = —1/93,

1/110 = Jéo(e1,21) = —1/23,

o2 = T boa (yo, 20) = 1/23,

Yoo = T dao(z2,32) = 1/z3,

Y12 = Tda1(x1,21) = —1/23, and

¥o1 = T ¢12(22,92) = —1/v3.
To find a meromorphic section of this line bundle put s; = 1. Using (4.8) we can find

the data for the section

{(UO’ _l/yg), (Ul, 1)’ (U2’ _l/yg)}

Globally this is the divisor of —1/y3. Thus, this line bundle defines the set of divisors
linearly equivalent to —3(h) where h is any line in P2.
In general, the line bundle whose transition functions are the Jacobians of the gluing

maps on a manifold X is called the canonical line bundle. The class of divisors given by
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meromorphic sections of this line bundle is called the canonical divisor class. Elements of
the canonical divisor class are usually denoted Kx and in this case [Kp] = [-3(h)]. It
should be noted that using the construction of the canonical line bundle presented here, it
would be difficult to show that the line bundle does not depend on the coordinate structure
of the manifold. Using a different construction, this is shown in [Har: p. 146]. The canonical

line bundle for P? found there is the same as the one presented here.

4.10.2. Canonical Divisors on P2.
Let P2 be the blow up of P? at p = (1:0:0) as in Section 3.3. Using the gluing maps
1,00 (Yo, u) =(1/y0,u),
- ¢$1,01(20,2) =(1/(20t),1/t), and
$1.2(72,y2) =(22/y2,1/y2)
the transition functions can easily be calculated by taking the Jacobian of each gluing map:
Yo00.1 (o, u) = — 1/43,
01,1 (20,t) =1/(2213), and
P2,1(22,92) = — 1/43.
The other transition maps can be calculated for the canonical bundle on P2.

Put s; = 1/23 and extend this data to a meromorphic section s of [K3] to get

{(Uso, —¥0), (Uo1, 20), (U1,1/23), (U2, —1/23)}.

The divisor associated to this data can be fouhd by determining its zeros and poles. On
Ugo and Uy, this section has zeros on yg = 0 and z; = 0, but this is simply the exceptional
curve E. On U; and U,, this section has a pole of order 3 along ;3 = 0 and z, = 0,
respectively. The curve given by z; = 0 and 2, = 0 is the pullback of the curve £ = 0 in

P2, so the divisor of the poles is linearly equivalent to —3(7*h) where h is any line in P2.
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Note that the pullback of = 0 does not intersect Uyg or Up;. Now, the canonical divisor
class for P2 is [Ks] = [-3(x*h) + E]. If any other point of P2 had been blown up the result

would have been the same.

4.10.3. Canonical Divisors on X and X.

In general, do the Jacobians of the gluing maps for a 2-dimensional complex manifold
X satisfy the conditions for transitions functions on a line bundle as claimed in 4.10.17 Let
{¢i;} be the gluing maps for X. Recall that ¢;; = ¢;1 Also note that ¢;; = ¢;r © di;j.
Since J¢~! = (J¢) ! and J(¢; 0 ¢2) = J(¢1)T(¢2), the Jacobians of the gluing maps do
satisfy (4.7) and (4.8). Therefore, the definition of the canonical line bundle on X makes
sense.

Although [Kpe ] and [Kj | were calculated independently, there is a relationship between
these 2 divisor classes. In fact, [K3] = [(7*Kx) + E] whenever X is X blown up at one
point. This can be shown by looking at the relationship of the gluing maps for X and X.

' Let {Ui}=, be a cover for X such that p € Uy and p € U; for 7 # 0 (see Section 3.5.2).
Blow up X at p to get\f(. The cover for X will be {Uo0, Uo1,U;}*,. Since the sets U;
for 1 # 0 are the same for X and X, these manifolds also share the same gluing maps ¢;;
where 7 # 0 and 7 # 0. Let (z;,y;) be the local coordinates for each U;. If (zg,yo;t:u) are
the coordinates for (70, the local coordinates for Uyy and Up; can be assumed to be (zq,u)
and (yo,1), respectively. Using Figure 3.4 as a guide we can calculate the following gluing

maps for X where i # 0.
bon,i(zir9) = (87, 852 /65));
do1i(zi,ys) = (857, 850 /653),
i,00(z0,u) = dio(z0, Tou), and

¢:,01 (Yo, 1) = dio (Yol Yo)
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where the coordinates of ¢;; are given by (¢£Jl~), ¢£J2))
The transition functions for the canonical bundle on X are J¢;;. The transition
functions for the canonical bundle on X agree with those for X when i # 0 and j # 0

because the gluing maps agree. The remaining transition functions for the canonical bundle

on X are .
T boo,i = — T doi,
Zo
1
J bo1,i = —T boi,
Yo
J bi0 = zoJ dip, and
Téio = v dio
for i # 0.

Let {(U;,s:)} be data for any meromorphic section of [Kx]. Fix i # 0 and use §'; = s;
on U; to calculate a meromorphic section s’ of [K 3]. For j # 0,
s’j = Jd)j,'s'i = 8j5.

On Uyy and Upi, respectively,

7 )
s00 = Jbip08 i = 20T dinsi = ZoSo

and

7 )
s01=Ji015: = YoJ diosi = YoSo-

Thus, a meromorphic section of [K ] is {(Uoo,Z050), (Uo1,%050), (Ui, si)iz0}. The divisor
associated to this section is the pullback of (s) plus the extra zeros on the exceptional curve

E. Therefore, [K 3] = [(7*Kx) + E] as claimed.

4.11. Divisors and Linear Systems
Linear systems were defined in Section 1.7. A set of divisors which can be linearly

parameterized by P¥ for some N is also a linear system since effective divisors are divisors
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of curves. Define a complete linear system, denoted |D|, to be the space of all effective
divisors linearly equivalent to D. It is not immediately apparent that this set of divisors
is a,\linea,r system. Let [D] be the line bundle associated to the divisor D. Every effective
divisor linearly equivalent to D is the zero set of a holomorphic section of [D]. If a specific
D' € |D| is the zero set of two holomorphic sections s and s’ of [D], then the zeros of s
and s' are the same. It was show in Section 4.9 that (s) — (&) is a principal divisor so s/s’
defines a meromorphic function. However, s and s’ have the same poles, so s/s’ is actually
a holomorphic function and must be constant. Therefore, s = as’ for some complex number
a. Therefore, there is a one-to-one correspondence between the elements of |D| and the
holomorphic sections of [D] up to nonzero scalar multiples. The set of holomorphic sections
of a holomorphic line bundle on a compact complex manifold is a finite dimensional vector
space [Har p. 100]. Say the holomorphic sections of [D] are isomorphic to C¥. As described
in Section 1.7.1, throw out the zero section and equate 2 sections if they are nonzero scalar
multiples of each other, and on fhe one hand, we have PY~! while on the other hand we
have |D|. Therefore, |D| is a linear syster.

The construction above allows us to prove the following.

Proposition 4.2. Let C1,...,C, be curves on X and |D| a complete linear system in
Div (X) with no base points. Then the general element of | D| meets each C,...,C, prop-

erly.

Proof: If any C; is not irreducible, C; can be replaced in the list of curves by all of its
irreducible components. Thus, we may assume each C; is irreducible. Let p; € C; for each
i. If a curve D' does not contain any p;, then D’ must meet each C; properly because C;
is irreducible. Therefore, it suffices to show that a general element of |D| does not contain

any of the p;.
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The complete linear system | D] is isomorphic to P¥ for some K. Fix p € X. Consider

the set of effective divisors in |D{ which contain p and call this set Hp. Let {sp,...,sx}
be a basis for the vector space of holomorphic sections of [D]. Let D’ € Hy,. Then there is

a holomorphic section s of [D] associated to D’ and

s =qapsg+ -+ s

for some o; € C. Since p € D', p is a zero of s and

s(p) = apso(p) + - -- + arsi(p) = 0.

Since p is not a base point of |D|, at least one s;(p) # 0, so the set of {(ap:---: )} C PX
satisfying this equation is a hyperplane in PX, i.e., Hy, is a subspace of dimension K — 1.
Therefore, the elements of |D| containing a fixed point is a hyperplane in |D|.

Now H = Uj_, Hp, is the set of all elements of | D| containing any of the points p; and
is the union of a finite number of hyperplanes in |D|. Therefore, H has dimension strictly

less than |D| and the proof is done.

Note that the results of Bertini’s Theorem and this one can be combined to get this Corol-

lary.

Corollary 4.2.1. Let Ci,...,C, be curves on X and |D| a complete linear system in
Div (X) with no base points. Then the general element of |D| is nonsingular and meets

each C1,...,C, properly.

Since the set of singular curves in |D| and the set of curves meeting a C; improperly
both have dimension strictly less than |D|, so does their union. This corollary will be used

in Section 5.2.
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4.12. More Divisors: Divisors on Curves
Divisors were defined for general complex manifolds but up until now we have only
considered divisors on a 2-dimensional manifold. A nonsingular curve on a 2-dimensional
complex manifold inherits the manifold structure and is itself a 1-dimensional manifold. In
Chapter 5, divisors on a nonsingular curve play an important role in defining intersection

numbers.

4.12.1. Nonsingular Curves as Complex Manifolds.
The particular 1-dimensional manifolds in this paper are nonsingular curves. The

following proposition illustrates how the manifold structure of a surface is inherited by a

curve on that surface.

Proposition 4.3. Suppose X is a 2-dimensional complex manifold. Then any nonsingular

curve on X is a 1-dimensional complex manifold.

Proof: Let {(U;, $;)} be the coordinate charts for X with ¢; : U; — V; C C? homeomor-
phic and the local coordinates (z;,y;) for each U;. Let C be a nonsingular curve on X given
by data {(U;, fi)}

Fix 7 and let p € U;. Create a coordinate chart for a neighborhood of p on C in
the following way. Assume for now that Q-“;L;'_ﬁ(p) # 0. If the local coordinates of p are
&i:(p) = (p1,p2) then by the Implicit Function Theorem there is a neighborhood V of p; € C,
a unique holomorphic function y(z) on V such that y(p;) = p2 and f; o ¢;(z,y(z)) = 0 for
all ¢ € V, and there is a neighborhood W of ¢;(p) € C? such that y(z) = y for all
(z,y) € W N ¢:(C) C C. Define a function 9;p = (z,y(z)). The inverse of this function
is simply the projection onto the first coordinate: 4;, ; (z,y) = 2. Both ; and ¥ ; are

holomorphic on their domains.
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Now, on U; p = ¢ (WN¢;(C)) define the coordinate map ¢p; : Ui p — V;p =Vi CC

to be

-1
Pp,i = Yp.i © Pi-

This is a homeomorphism. Do this for each point p in each U;. IF, for a particular point
pevU;, Q%’?‘-(p) = 0, use the implicit function theorem to find a neighborhood of p; and a
holomorphic function z(y) instead. Then %;,(y) = (z(y),y) and ¥, ; would be projection
onto the second coordinate.

Cover C with the open sets U; p. The gluing maps ¢(¢,p)(7,q) = ;; o ¢ij © Pjq are

holomorphic on ¢~1(U; p N U, q) being the composition of holomorphic functions.

The definitions of holomorphic functions, meromorphic functions and even curves given
in Section 1.5 all wqu when the underlying manifold is 1-dimensional. In fact, if C =
{(Us, f:)} is a nonsingular curve on X , then curves, holomorphic and meromorphic functions
on C are all restrictions of curves, holomorphic functions and meromorphic functions on
X. For example, data {(U;,g:)} which defines a holomorphic function on X restricts to

{(U: nC,g:ilc)} and defines a holomorphic function on C.

4.12.2. Divisors on a Nonsingular Curve.

All definitions given in Section 4.2 for Weil divisors, Cartier divisors, prime divisors,
etc., also work on an irreducible curve C. A Cartier divisor now is a finite formal sum of
point on C. If D = {(U; N C,g;|c)} defines a Weil divisor, then the associated Cartier
divisor is the sum of the zeros of D on C minus the sum of the poles of D on C.

Line bundles and their relationship to divisors is still the same, also. As with functions
and curves, a line bundle L on X can be restricted to a line bundle L|¢ on C. Consider

this example.
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Example 4.6: Let X be P2 blown up at (1:0:0) and consider the exceptional curve E

given by (3.3) and the nonsingular curve C from Example 3.2 given by

{(Uo0,1 = youd), (Uo1, — 20), (U1, 21 — 23), (U2, 2295 — 1)}.

The transition functions v;; for the line bundle [E] on X were calculated in Example 4.4.
The data for E defines a Cartier divisor when restricted to the curve C. The associated

Weil divisor can be calculated By finding the zeros and poles Qf EonC.On Upp VWU U U3,

ENC = 0. On Uy, E has a second order zero at p = (2o,t) = (0,0) on C. Thus (E)|s = 2p.
Restricting the line bundle [E] to C by restricting each of the transition functions to

C yields a line bundle [E]|5. The data

s ={(Uo0,1), (Uo1,1/%), (U1, 21), (U2, %2/y2)}

defines a meromorphic section of [E]|5 as well as [E] (see Example 4.4). Now, s has no
zeros or poles on C on Ugy U Us. Howeyer, s does have a pole along the curve t = 0 in Uy,
and t = 0 meets C at p. Since i(p,t N2 — zg) = 1 the order of this pole is.l. Similarly,
q = (1,21) = (0,0) is a zero of order 3 on C in U; since i(q,z; N 2; — 3) = 3. Thus, the
Cartier divisor on C associated to s is 3q — P

Both s and E are meromorphic sections of [E]|s, so (s) ~ (E). Therefore, 3q—p ~ 2p

as divisors on C.

4.12.3. The Degree of a Divisor on a Nonsingular Curve.

Let D =3"!_, n;p; be a Weil divisor on the nonsingular curve C. Define the degree of
D to be the sum deg (D) = },._; n; Although this could be defined for divisors in general,
it is only well defined for divisors on 1-dimensional manifolds. If D ~ D’ as divisors on C,
then the claim is deg (D) = deg(D’). Clearly, degree is additive so deg (D) — deg (D’) =

deg (D — D'). Thus, the claim is true if we can show that deg(D) = 0 if D is a principal
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divisor. The degree of a divisor D counts the number of zeros of D on C and subtracts the
number of poles of D on C. Therefore, deg (D) will be zero for a principal divisor if we can

show that the number of poles equals the number of zeros for a meromorphic function on

C.

Proposition 4.4. Suppose C is a nonsingular irreducible curve on a 2-dimensional complex
manifold X. Every meromorphic function F on C has the same number of zeros and poles

on C, counting multiplicities.

Proof: Let F: C — C? bea meromorphic function defined by {(U;, fi/g:)} on a nonsingu-
lar, irreducible curve C on a 2-dimensional cofnplex manifold. Further assume each of f; and
gi is holomorphic on U;. Create a new function G : C — P? defined by {(U;, (fi/g::1))}
where f;/g; is defined and {(U;, (1:0))} where g; is zero. The advantage of writing G in
this way is that the zeros of F are now those points where G(p) = (0:1) and the poles of
F are those points where G(p) = (1:0). This is a holomorphic mapping on C since it can
be written {(U;, (fi:9:))}-

Let z9 € U;. The coordinates of U; and P can be chosen so that there is a neighborhood
A, of zg where G(z) = (2*:1) for z € A, and (0:1) is not in G(A ,,). Now, G1(0:1)NA,,
is 0 with multiplicity ¥ and G™*(8:1) N A,, = {¢!¥B : ¢ =e*™/* for i = 0,...,k — 1} for
all other points (8:1) in G(A,,)

Define a new function H : P! — Z by assigning to each (c:f) in P! the number
of points in G~ 1(a:B). Fix (a:B). For each point z; € G~!(a:3) choose a neighborhood
A; = A, as above with k; the number of points in the image of 2; under G. There are
H(c: ) = Y, ki points in G™1(a: ).

For any open neighborhood A of (a:8), G"}(A) N A; is an open neighborhood of z;

and there are k; elements in G~}(z:y) N A; for all (z:y) € A. Therefore, H(z:y) =Y, ki
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for all (z:y) € A. Since H is constant on an open neighborhood of each point in P! and P!
is connected, H is a constant on P1.
Now, the number of zeros of F is H(0:1) and the number of poles of F is H(1:0). But
H is constant so these numbers are the same and F has the same number of poles and

Z€ros.

4.12.4. Cartier and Weil Divisors.

Let C C X be an irreducible, nonsingular curve. A divisor on C can be found by
restricting certain divisors of X to C. Let D = ) n;D; be a divisor on X with each D,
prime. If D; meets C properly for each D; then we can define the divisor D|¢ to be

Dlc= ) i(p,CND)p. (4.10)
peCND

The divisor D can also be represented on X as a Cartier divisor by data {(U;, fi)}. Earlier

it was stated that

Dic ={(UinC, filc)} (4.11)

was a divisor on C. Are these 2 definitions consistent? The relationship of line bundles and
divisors is the same for 1-dimensional manifolds as they are for 2-dimensional manifolds.
As a formal sum of points on C, D|¢ in (4.10) is a divisor on C and is the sum of zeros and
poles of some meromorphic section of the line bundle L associated to that divisor. On the
other hand, the data given in (4.11) is’ also the data of some meromorphic section of [D]¢].
But the zeros and poles of (4.11) are exactly the points listed in the sum (4.10) with the

same multiplicities. Thus, the 2 definitions are consistent.

4.13. Conclusion
Throughout this chapter there has been a great deal of notational abuse. But there was

good reason for all of it. On a complex manifold X there is a one-to-one correspondence
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between the set of Cartier divisors and Weil divisors. For this reason we will simply call
the elements of each set divisors. Also, there is a one-to-one correspondence between the
equivalence classes on Div (X) and the holomorphic line bundles on X. Thus [D] is used
denote elements of each of these sets. Finally, curves, eﬂ'ec‘pive divisors, and holomorphic
sections of line bundles are all given by the same data {(U;, fi/g:)}. By assuming f; and g;
have no nonconstant common factor, the data for curves, effective divisors and holomorphic
sections of holomorphic line bundles can be used interchangeably. For example, the complete
linear system |D| can be represented by the set {s} of nonzero holomorphic sections of the
line bundle [D].

In Chapter § we investigate complete linear systems in more detail and use the ma-

chinery developed in this chapter to define intersection numbers.



CHAPTER FIVE
CALCULATING THE DEGREE OF A RATIONAL SURFACE

5.1. Introduction
We want to calculate the number of points in the intersection of the general plane
sections (4.3) and (4.4). To do this we will define an integer for every pair of divisors C' and
D in Div (X) which will only depend on the linear equivalence classes of C and D. Although
not all divisors are the divisors of curves, if C and D are the divisors of curves with no
common component, the intersection number‘will be the number of points of intersection

of those curves.

5.2. More on Complete Linear Systems
Bertini’s Theorem says that almost all divisors are nonsingular away from the base
locus of the system. If a complete linear system has no base points, by Proposition 4.2
there are curves in the linear system meeting a fixed set of curves properly. In this section
we will investigate linear systems which have no base points so that we can apply Bertini’s
Theorem and Proposition 4.2. The first concern is whether a complete linear system exists

which has no base points.

Proposition 5.1. Let X be a 2-dimensional manifold which can be embedded into PF.

Then there exists an effective divisor H € Div (X) such that |H| has no base points.

Proof: Name the embedding ¥ : X —s P*. Let H = a9 Xy+. ..+ ax Xk by any hyperplane
in P*. If S = ¥(X) C P*, then SN H is a hyperplane section of S and is a curve in P* (the
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intersection of any two hypersurfaces is a curve). Hence ¥~(S N H) is a curve on X and
is an effective divisor there. Call this divisor H also.

The claim is |H| E’ Div (X) has no base points. We will show this by showing that for
every point p € X there is a divisor in |H| which does not contain p. Let q = ¥(p) € P*
and choose a hyperplane H’' in P* so that q € H’'. Consider the divisor on X which is
defined by ¥~!(H') and call it H'. Let F = 0 and F’ = 0 be the equations of H and
H', respectively. On P*, F/F’ is a meromorphic fuhction hence, ¥ o F/¥ o F' must be a
meromorphic function on X. Therefore, in Div(X), H ~ H'. But p € H’ so |H| has no

base points.

There is at least one complete linear system on X which has no base points. The following

proposition and corollary allow us to create other linear systems with no base points.

Proposition 5.2. If the complete linear systems |C| and |D| have no base points, then

|C + D| has no base points.

Proof: We proceed by contradiction. Suppose |C + D| has a base point p and |D| has no
base points. Let s = {(U;,s;)} bé a holomorphic section of [D] which does not have p as
a zero and s’ = {(U;,s;’)} be any holomorphic section of [C]. If transition functions for
[D] and [C] are 7;; and 1;;’, respectively, then 4;;1;;' are transition functions for [C + D].
Therefore, ss’ = {(U;, ss;’)} is a holomorphic section of [C + Dj]. If U; is a cover element
containing p, then s;s;'(p) = 0 but s;(p) # 0. Therefore, s;'(p) = 0 and every holomorphic

section of [C] has p as a zero. Thus, |C| has a base point.

Corollary 5.2.1. If |C| has no base points, then |nC| has no base points for any positive

integer n.

Thus we know |nH| has no base points for any positive integer n. Finally, given any
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complete linear system we can create another from it which has no base points.

Proposition 5.3. Let X be a 2-dimensional complex manifold which can be embedded in
P* and C a divisor on X. There is a positive integer n large enough so that |C + nH| has

no base points where H is as in Proposition 5.2.

Proof: Name the embedding ¥ : X — P*. We will begin with £ = 3. Let X be a
2-dimensional complex manifold which can be embedded into P? as a surface and call the
embedding ¥. Since X and S = ¥(X) are homeomorphic, the sets Div (X) and Div (S) are
isomorphic. Thus, to prove this proposition for X we need only prove it for surfaces in P3.

Let C be a curve on S in P? and I(C) = {f : f(p) = 0 for all p € C}, the ideal of
C. Choose G € I(C) such that the zero locus of G is not a subset of S and let m be
the homogeneous degree of G. On the one hand, the divisor of the curve GN S is linearly
equivalent to the divisor mH where H is any plane in P3. On the other hand, the curve
C is a subset of the curve GN S, so GNS = CU D for some curve D on S. Therefore,

C + D ~mH as divisors. For any nonnegative integer n, the linear system
|C +nH|

is equal to

|(n+m)H — D|

since C+nH ~ (n+m)H — D. Thus, it suffices to show that there is an n large enough so
that |(n+ m)H — D| has no base points. The advantage is that we can find a subset of the
latter complete linear system which can be shown to have no base points. If a subset of a
linear system has no base points, then the linear system has no base points.

Write D = ) r;D; where each D; is a prime divisor and let n be any nonnegative

integer. Consider a homogeneous polynomial F of degree n + m on P? and let Dy be the
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divisor on S defined by the curve F NS. Now, consider only those polynomials F' of degree
n + m where Dp = D + EFr for some effective divisor Er on S. Let L, be the set of all
divisors E'r found in this way. Since D + Er ~ (n+ m)H and each EF is effective, L,, is a
subset of the complete linear system |(n +m)H — D|. We will show that there is a n large
enough so that L, has no base points.

Let I be the set of all polynomials f such that Dy = D + Ey for some effective divisor
Ef where Dy is the divisor defined by the curve f N S. This set is an ideal. The zero set
Z(J) of an ideal J is the intersection of the zero loci of all elements of J. In this case, Z(I)
is exactly D.

The Hilbert Basis Theorem can be used to show that I is generated by a finite set of
polynomials, that is I = {3_;_; a:ifi : i € C[Xg,X1,X2,X3]}. Let M be the maximum
degree of a fixed generating set { fi}- The claim is that L, has no base points when
n+m>M.

Suppose p € D. Choose f € I with f(p) # 0 and deg(f) < M. This is possible
because Z(I) is exactly D so there must be some f in I which is not zero at p; otherwise,
p would be in the zero set of I. If p = (pg:p1:p2:p3), then one of the p; is not zero, say
p; #0. Put g = X:f where s =n+m —deg(f) > 0. Now g(p) # 0 and deg(g) = n +m.
Since p is not in the zero set of the divisor (g), p cannot be in the zero set of the divisor
(g) — D because subtracting off an effective divisor doesn’t add a.ny points to the zero set
of the divisor. Therefore, (g) — D is in L,, and points off D are not base points of L,.

Suppose p € D and let Dq,...,D, be the components of D which contain p. Assume
P = (po:p1:p2:p3) and p; # 0 and let U be the open subset of P? where X; # 0. Consider
the irreducible curves ¢; in U defined by D; N U for i = 1,...,s. For each i, there must
be a polynomial g; defined on U where the intersection of S N U and the zero locus of g;

is exactly the curve ¢;. Homogenize the polynomial [] g* with respect to X; to obtain a
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homogeneous polynomial f; on P3. Let f be a homogeneous polynomial on P? which does
not contain p in its zero set and the divisor obtained by intersecting the zero set of fo with
Sis Dy, = Z; s41 TiDi+ Ey, for some effective divisor Ey,. Let f = f1f2. The polynomial
fisinnowin I. If Ef = D — Dy as defined above, then E; does not contain p because
D and Dy contain the components D; for = 1,...,s with exactly the same multiplicities.
If deg (f) < M, put g = X;f where X7 is not zero at p and so that de.g (g9) = M. Now,
(9) =D+ (X;)+ Ey and (9) — D = (X;) + Ey. Neither (X;) nor Ey contain p. Theréfore,
points on D are not base points of L,. |

Thus, L, has no base points and neither do |(n + m)H — D} and |C + mH].
The proof follows in the same way for & > 3. The only difference is that the polynomials
will be homogeneous on P* instead of P? and S would be called a hypersurface instead of

a surface.

Suppose we had divisors Cy,...,C,. For each i choose n; so that |C; 4+ n;H| has no base
points. Put n = max{n;}. Now |C; + nH| = |C; + n;H + (n — n;)H| has no base points for
all ¢ by Proposition 5.2. This idea is used in the proof of Theorem 5.4.

All results in this section require fhat the manifold X be embedded in P* for some k.
Clearly, this is true for P2, but is is also true for P! x P! and all blow ups of P? and P! x P!

[Har: pp. 161-163]. Therefore, these results apply to all manifolds used in this paper.

5.3. Definition of Intersection Number
We are now ready to define intersection numbers by assigning an integer to each pair
of divisors C and D on X. Denote this integer by C - D and call it the intersection number
of C and D. The intersection number of a divisor paired with itself is denoted C? and
is called the self intersection of C. A typical divisor for a plane section of a triangular

surface looks like nw*h — ) m;F;. To find the self intersection of this divisor we first
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need to expand the product (nw*h — 3 m;E;)2. Thus it will be helpful if intersection
product were linear and commutative. Also, intersection numbers should be independent
of divisor class representative. Finally, if 2 divisors C and D are effective and intersect
properly, the intersection number should simply give the numbers of points in CND counting
multiplicities. Not only are these properties necessary but the following proposition shows

they are enough to uniquely determine the intersection number.

Theorem 5.4. For each pair of divisors C and D in Div (X)) there 1'5 a unique integer called
the intersection number of C and D denoted by C - D which has the following properties:
if C, D, C;, D; are elements of Div (X) then

1.C-D=D-C;

2. C,-D = C;5 - D whenever C; ~ Cs;

3.C-(D1+ D3)=C-D;y+C - Dy; and

4. whenever C and D are effective divisors which meet properly then

C-D= > ip,CND).

peECND

Proof: Uniqueness: Let C and D be any 2 divisors on X. Using Propositions 5.1 and 5.3
choose n > 0 large enough and H € Div(X) so that |C + nH|, |D + nH]|, and |H| have no
base points. By Corollary 4.2.1 we can find nonsingular effective divisors

C' €|C+nH|,

D’ € |D + nH| meeting C' properly,

E' € |nH| meeting D' properly, and

F’ € |nH| meeting C’ and E' properly.
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NowC ~C'—E' and D~ D' — F' so0

c-D=(C'-E)-(D'-F) by (2)
=C'-(D'-F)-FE-(D'-F') by (3)
=(D'-F).C'—(D'-F')-E by (1)
=D'.C'-F-C'-D -E'+F -E by (3)

= Y ipD'nC)- Y i, F'nC)-

pED'nC' peFInCI
> i, D'nEY+ Y ip,F'NE) by (4).
peED'NE’ peEF'NE’

Therefore C - D is uniquely determined by the 4 properties of this proposition. Once it is
proven that C - D exists, these properties can be used to calculate C - D for any divisors in

X.

Existence: First we will define C - D for a subset of Div (X) then show the definition
can be extended to all of Div(X) by the same process as above. Let B(X) be the set of
divisors C € Div(X) such that |C| has no base points. By Proposition 5.1 we know that

B(X) is nonempty. For every C,D € B(X), C + D € B(X) from Proposition 5.2.

Define C - D for C,D € B(X) as follows. Choose C' € |C| nonsingular and D' € |D)|

nonsingular and meeting C' properly and put
g

c-D= )Y ip,C'nD)

peC'nD’

= > ip,D'nC).

peD'NC’

It needs to be shown that this definition does not depend on the choices of C' and D’ and

that it satisfies the 4 properties in the theorem.

Fix C' and choose an alternate D" € |D| also nonsingular and meeting C' properly.



122
Now

Y i(p,C'ND’') = deg([D']|c)
peC'nD’!

= deg ([D"]l¢r)

= Y i(p,C'ND"
‘pec’'nD”

since [D’]|cr = [D"]|c». Thus the value of C - D does not depend on the choice of D'. On

the other hand, choose C” € |C| also nonsingular. Since the choice of D’ does not matter,

choose D' € |D| such that D’ is nonsingular and meets both C’ and C” properly. Then

> i(p,D'NC’) = deg(IC']|p1)

peD'NC’
= deg ([C"]|p")

= Y  i(p,D'nC").

peD'NC”
Therefore, the definition is well defined for C, D € B(X).
It is immediately clear that conditions (1) and (2) hold for this definition. Al;o, (4)
is true by construction. Finally, to show (3) is true, choose C! € |C;| so that C] meets D
properly for i = 1,2. Now, using (2),

(C1+C2)-D=(C1+C3)-D

= ) (p,CiC;N D)

PEC]C}
=Y (p,CiND)+ Y _ (p,C3N D)
PEC] p€EC; :
=C;-D+Cj-D
=Cy-D+Cy-D

by Theorem 2.2(2.1).
To define C - D on Div (X) in general choose C’, D', E' and F' as in the proof for

uniqueness and put

c-D=C'-D'-C'-F'—F-D'+F-F.
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Is this definition well defined? Each of C', D', E', F' € B(X) so
¢.-D=C-D'~C'-F -E-D'+E.F
=D'.-C'-D'-E'-F .-C'+F -F
=D-C.
This yields 2 results. First, if this definition is well defined, we have shown it satisfies
condition (1). Also, to show this definition is well defined it suffices to show that it does not
depend on the choices of D’ and F’. Fix C; and let D', D" € |D+nH| both nonsingular and
meeting C' properly. Choose E' as before and F’, F" € |nH| both nonsingular and meeting

C' and E' properly. All the divisors C', D', D", E', F',F" € B(X) and D' + F" ~ D" + F'

SO .
c'-(D'+F")=C"-(D"+F'),
C'-D+C-F'=C"-D"+C'-F', and
C"DI—CI'F’=C"D”—C"F”.
Similarly,
—EI‘DI+E"FI=—E"D”"‘E"F”.
Thus

c-D=C'-D'-C'-F -E-D +E-F

=Cl’D”—C"F”—EI‘D”"‘EI’F”
and the definition is well defined.

Clearly, this definition depends only on divisor class. By a tedious calculation and
using the properties for divisors in B(X), linearity can also be shown. Again, condition (4)

is true by construction. -

5.4. Calculating Intersection Number in Div (P?)
At this point we are prepared to calculate C - D for any C and D in Div (P?). Let’s

start by calculating h? where h is the divisor of any line in P2. Let h’ be the divisor of any
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other line in P2. By property 1, 2 = h - h'. But h and A’ are divisors of distinct lines in
P? and those lines meet at exactly one point. Thus, by property 4, h? = 1. Now, let C
and D be any divisors in Div (P2). In section 4.3 we classified all divisors of P? as nh for
some n € Z and for any line A in P2. Thus C - D = nh - mh = nm(h?) by the linearity of
intersection numbers. Since h2 ‘= 1,C-D=nm.

What have we done here? As was said‘before, if C and D are divisor of curves of
degrees n and m in P? with no common divisor, then C - D = nm is the number of points
in the intersection of those curves counting multiplicifies. If C and D are divisors of curves
with a common factor, then C - D is still nm. So C - D does not calculate the number of
points in the intersection of two specific curves, but ‘instea,d calculates the number of points
in the intersection of two general curves with the same degree as the curves C and D.

What about divisors which are not effective? The divisors C and D do not have to be
effective divisors for us to calculate C - D: consider C = (21—3) and D = (y2). Then C ~ —3h
and D ~ 2h and C - D = —6. There is no interpretation here which relates to curves since
C is not a curve and is not linearly equivalent to any curve. There is an interpretation
in terms of poles and zeros. Consider C as ‘a, divisor on the curve 3?2 = 0. The number
C - D = —6 indicates C has 6 more poles than zeros on y?> = 0 counting multiplicities.
The .conclusion here is C is ﬁot the divisor of a meromorphic function on y? = 0, because
meromorphic functions on curves have the same number of poles and zeroes, i.e., if a divisor

C arises from a meromorphic function on a curve D, then C - D = 0.

5.5. Calculating Intersection Numbers on Div (X)

Our goal is to be able to calculate the number of points in the intersection of two
general plane sections (4.3) and (4.4). In this section we will develop further properties of

the intersection number which will allow to perform this calculation. Let us first look at an
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example to see what other properties we need.

5.5.1. One Base Point.

In this section we consider curves on P? where P? is blown up at 1 point.

Example 5.1: If ¢ has one base point with multiplicity m, then the plane sections (4.3)

and (4.4) are linearly equivalent to
nt*h — mkE.

Using the linearity and commutativity of intersection numbers we can expand this product
to get

‘n2(7r*h)2 — 2nm(n*h) - E + m*E*.

Hence, for triangular surfaces, we need to know how to calculate intersection numbers

(v*h)?, E2, and (7*h) - E.

Proposition 5.5. If X is P? blown up at p, E is the exceptional curve, and m: X — P2
is the projection map, then

1. (x*h)2 =1 for any line h in P?,

2. (x*h) - E = 0 for any line h in P?, and

3. E?=-1.

A formal proof of Proposition 5.5 is in Appendix B. Property 1 follows because we
can choose two lines h’,h” in P? which don’t at meet p and each is linearly equivalent to
h. Then (n*h’) - (r*h") = 1 because the strict transforms of h’ and h” meet at one point
in X. Then (7*h)? = (x*h') - (m*h") because the pullback preserves equivalence class and
intersection numbers only depend on equivalence class. Using the line h’, property 5.5(2)

is clear because the pullback of h’ does not meet E. Thus (7*h) - E = (x*h') - E = 0.
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The final property reflects the fact that blowing up a point in P? pulls apart curves
g

according to distinct tangent directions. Consider the following example.

Example 5.2£ Let C and D be two curves of degree two in P2 such that C N D consists
of four distinct points,vone of which is p. The curves must meet at p with distinct tangent
directions (see Figure 5.1). Let m: X — P? be the blow up of P at p and E = 7~ !(p).
Away from FE, the strict transforms of C and D will meet in three distinct points exactly
as C and D do away from p. Both C and D meet E but at distinct points corresponding

to the distinct tangent directions of C' and D at p.

P E
Tc .
c C
D D
Figure 5.1

Blowup of Two Quadrics in P?

Looking at this calculation from another direction, the divisors C and D in Div (P?)
have intersection number 4 while the strict transforms C and D in Div (X) have intersection
number 3 because both pairs satisfy the hypotheses for Theorem 5.4(4). On the other hand,

we can calculate C - D and C - D using Proposition 5.5. On P2, C- D = (2h)2 = 4. On X,
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both C and D are each linearly equivalent to 27*h — E since my(C) = mp(D) = 1. Thus
C-D =(2r*h — E)?
=4(n*h)? — 4(7*h) - E + E?
=4 + E?

using properties 1 and 2 from Proposition 5.5. But, 4 + E? has to be 3 so E? must be —1.

Example 5.1 can now be completed using Proposition 5.5:
n2(7*h)? = 2nm(7*h) - E + m?*E? = n2(1) — 2mn(0) + m?(=1) = n? —m?

and A - B = n? — m?. Thus, the degree of a triangular surface with one base point of

multiplicity m is n? — m?2.

5.5.2. Any Number of Base Points.
We need to extend this idea for when there are any number of base points. The

following proposition provides us with the other tools we need.

Proposition 5.6. Let X be a 2-dimensional manifold, X a blow up of X at the points
Pi;---.Pr, 1, -+, FE, the excéptiona] curves, and m: X — X be the projection map. Then
for all C and D € Div (X)

1. (=*C) - (=*D)=C- D,

2. (=*C)-E; =0,

3. E? = -1, and

4. E;-B; =0 ifi #j.

A formal proof is in Appendix B in which we first assume C and D are divisors of
irreducible curves. This is possible because both #* and the intersection number are linear.

Property 1 follows from choosing C' ~ C and D’ ~ D such that they contain none of the
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points blown up. Then the number of points in the intersection of the pullbacks of C and
D is the same as the number of points in the intersection of the original curves. Also the
proper transform of C’' does not meet any F; so property 2 also follows. Property 3 again
reflects the fact that the blow up pulls X apart at each p;. We saw in Section 3.5.2 that

E;N E; = 0 whenever i # j. This makes property 4 true.

5.6. Triangular Surfaces
So far, intersection numbers have been calculated when one blow up was necessary.
The following proposition shows that successive blow ups do not complicate matters. Also,
a general formula is given for the degree of a triangular surface based on the parametric

degree of the surface and the multiplicity of the base points.

Proposition 5.7. Suppose ¥ : P2 — — — P3 defines a triangular parametric surface with

parametric degree n. If i has s base points each of multiplicity m;, then the degree of the

surface Im (¢) is n® — Z m?.

i=1

Proof: We will proceed by induction on the numbers of blow ups necessary to remove all
the base points. If ¥ only requires one blow up then the plane sections of the surface are

linearly equivalent to nw*h — E:=1 m; F; and the self intersection of these divisors is

r 2 T
(mr*h - Z m,—E,-) =n? - me
} i=1 i=1
by applying the propositions above.
Suppose this proposition is true whenever there are k blow ups and suppose 1 requires
k + 1 blow ups. Let mq,---,m,.1 be the multiplicities of the base points removed by the
first k blow ups and ms,---,m, be the multiplicities of the base points removed by the

k + 1st blow up. Let 7; be the projection map for the ith blow up. The degree of Im (v) is

r 2

i=s
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where C is the strict transform of a plane section of Im () after the first & blow ups (by

Proposition 5.5). Now

T T 2
d= (7!‘;_’_10)2 - 2Zm,~(7rz+10) . E,' + (Zm,Ez)

i=s

i=s

, 2
after applying Proposition 5.5. But (7r;+1C’)2 =C?, (7341C) - E; =0, and (Z m,-E,) =

i=s

- Z m?2. Therefore,

i=s
T
d=C?% - E mf‘
=3

The induction hypothesis yields C2 = n? — 37 11 m? and the proof is done.

Example 5.3: Let’s calculate the degree of the surface in Example 3.5. In Section 4.5.2

we found the plane sections of the surface were linearly equivalent to
w3 w1 (37*h — 2E) — E1] — Es.
Simply using Propositions 5.5 and 5.6,
{z}[x}(37"h — 2E) — E] — E}? = [n](37"h — 2E) — E1]? + E
= (3n*h—2E)* + E? + E2
= 9% + 4E? + E? + B2

=9—-4-1-1=3.
This is exactly what is found by applying Proposition 5.7 instead with n = 3, m; = 2,

mo =1 and m3 = 1.

5.7. Tensor Product Surfaces
This chapter has focused on triangular surfaces but little needs to be added to give a
general formula for the degree of a tensor product surface. Theorem 5.4 and Proposition
5.6 are applicable to P! x P! and blow ups of P! x P!, Proposition 5.5 however, is specific

to P2. The following is the analogous statement for P! x P,
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Proposition 5.8. Let X is P! x P! blown up at p, E is the exceptional curve, and m: X —
P? is the projection map. If k is any curve of bidegree (1,0) and [ is any curve of bidegree
(0,1) on P! x P!, then
L (k) = (x*1)2 = 0;
2. (z*k) - (z*l) = 1;
3. (7*k)-E=(x*l) - E=0; and

4. B2 = —1.

Again, the formal proof of this proposition is in Appendix B. Property 3 actually
follows from the more‘ general result in Proposition 5.6(2). Blowing up a point is a local
phenomenon, so E? = —1 here as on any manifold. The first 2 properties are proven
similarly to Proposition 5.5.

Under the hypotheses of Proposition 5.8, any divisor in Div (X)) is linearly equivalent
to

D = n*(n1k + nal) — mE.

The self intersection of D is ‘
D? = (n*(nik + nol) — mE)?

= (n1k + nyl)? + m2E?

= 2n1ng — m2.

This illustrates the difference between Proposition 5.7 and the following proposition.

Proposition 5.9. Suppose 3 : P! x P! — — — P3 defines a tensor product parametric
surface with parametric bidegree (ni,n2). If ¢ has s base points each of multiplicity m;,

then the degree of the surface Im (¢) is 2njng — me

=1

Thus, we have a general formula for the degree of a tensor product surface based only
on the parametric bidegree and the multiplicity of the base points. The proof of Proposition

5.9 is similar to the proof of Proposition 5.7 and will be omitted.
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5.8. Conclusion

The formula for the implicit degree of a triangular surface is

3
n? — E mf
=1

where n is the parametric degree of the surface and m; is the multiplicity of each base
point. The formula for the implicit degree of a tensor product surface where the parametric

bidegree is (ng,ng2) is
' s
2 2
ning — m;

again where m; is the multiplicity of each base point. In particular, if a triangular surface
has no base points the degree of the surface and n? and the degree of a tensor product

surface is 2n;ng if it has no base points.



CHAPTER SIX
SOME GENUS FORMULAS

6.1. Introduction and Definition

It was stated in Chapter 1 that all rational curves are algebraic. It is not true, however,
that all algebraic curves are rational, and, iﬁ-;')a;rti-c‘:lila,r, the curve of intersection of two
rational surfaces in P2 is not always rational. The purpose of this chapter is to present a
method for determining when the curve of intersectiqn is rational.

All compact 2-dimensional orientable real manifolds can be classified with a nonnegative
integer called the topological genus which is a topological invariant. Only manifolds with
topological genus 0 are rational curves, that is, only manifolds of genus 0 have a rational
parameterization as described in Section 1.1. An irreducible nonsingular complex curve is a
2-dimensional real manifold and can also Be classified by its topological genus. Irreducible
singular complex curves are not manifolds, but are birationally equivalent to a nonsingular
curve.

In this chapter we will give formulas for f:alcula.ting’thé topological genus of the curve of
intersection of two rational surfaces when that curve is nonsingular and the topological genus
of a birationally equivalent curve when the curve of intersection is singular. If that formula
yields 0 for two surfaces, the intersection curve is rational. Throughout this chapter, a curve
will mean an irreducible complex curve. The relationship between genus and intersection
numbers given by the adjunction formula below will not be proven in this paper. The
relationship between genus and rationality will also not be proven here. Instead, we will

132
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concentrate on the process of going from these results to the formula for the genus of the
curve of intersection of two surfaces.

The topological genus is only defined for nonsingular curves and the curve of intersection
of two surfaces may be singular. Here we define the geometric genus. For nonsingular curves
the topological genus and the geometric genus are the same. The advantage of using the
geometric genus is that it can be defined for singular curves because it is a birational
invariant. The geometric genus of a nonsingular curve C on a 2-dimensional complex
manifold X is given by the adjunction formula

. K
C-(C+ X)+

Py (€)= 5

1 (6.1)

where Kx is any canonical divisor of X [Har p. 361]. If C is a singular curve, there is a
seires of blow ups of X, 7 : Y — X, such that C, the strict transform of C, is nonsingular

on Y. The geometric genus of a singular curve C is given by

Bk
C-(C+ Y)+

1.
2

Py(c) =

The number p,(C) is a birational invariant [Har p. 181]. Thus, if there exist another series
of blow ups 7’ : Y/ — X, such that (o , the strict transform of C under this transformation,

is nonsingular on Y’, then

2! - (C' + Ky C-(C+K
¢ (C'+Ky) _C-(C+Ky)

1.
2 2

Therefore, the geometric genus of a singular curve is well-defined. The geometric genus will
simply be referred to as the genus.
The number

_C°(C+Kx)+1

pa(C) = ) (6'2)

can be calculated for any divisor C but is not a birational invariant. This number is called

the arithmetic genus of C if C is an effective divisor and is called the wvirtual genus of ‘C’
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for other divisors. In the case that C is nonsingular on X, the arithmetic genus and the

geometric genus on X are the same.

6.2. Plane Curves

6.2.1. Plane Curve Genus Formulas.
The genus of a nonsingular curve C in P? is completely determined by its degree. If d
is the degree of C,then C is linearly equivalent to d(h) where A is any line in P2, Therefore,

the genus of C is

pe(C) = ——-—*————dh'(i— L
_(d-1)(d-2)
R

since Kpe is linearly equivalent to —3(h).

For any plane curve, the arithmetic genus is

(d—1)(d-2)

pa(C) = 5

(6.3)

The singularities of a plane curve cause the geometric genus to be less than the arithmetic

genus, i.e., the genus of a singular curve C is

Pg(C) =pa(C) — & (6.4)

for some correction term x > 0 which is a function of the singularities of C. This correction

term is given for all singular plan curves in the following proposition.

Proposition 6.1. Let C be any irreducible curve in P2. Resolve the singularities of C with
a series of blowups

Ty —
X, X,y o T x L2

Then

Py(C) = Pa(0) = 5 3 mp(mp, — 1)
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where the sum extends over all the singularities of C in P? and over all singularities of strict

transforms of C in each X; and my, is the multiplicity of the singularity p;.

Here we will only look at the proof of a special case of this proposition. If the curve C
has ordinary singularities, resolution of the singularities requires only one blowup 7 : X —
P2, Lét the singularities of C be pi,...,p, and the exceptional curves be Ey,..., E,. Now
C, the strict transform of C, meets the exceptional curve E; transversally at mp, = mp, (C)

distinct points, there are no singularities of C, and

Pg(C) = C~'_(Cj'2+_Kx) + 1.

The curve C is linearly equivalent to d(h) where d is the dvegree of C and h is any line in

P2, s0 C ~ d(7*h) — S mp,E;. On X, Kx ~ —3(7*h) + 3 E;. Therefore, the genus of C is

po(C) =1+ 3 (da°h) = T mp, Bs) - (€ = 3)(aB) = Yl ~ D).

Simplifying and using (6.3) the geometric genus becomes

Pg(C) =pa(C) — %Zmpe(mpi -1)

Thus, in the case of ordinary singularities, the correction term is

1
k= §Zmpi(mpi -1)

A curve with singularities which are not ordinary will require several blowups to resolve
all singularities. Proposition 6.1 is actually a corollary of Proposition 6.3.

In another special case, the correction term k for a plane curve with only ordinary
double points is simply the number of double points. If C has only § ordinary double
points, then Proposition 6.1 can be used to calculate

py(C) = a(C) - %26:2(2 -1)

= pa(C) —é.
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The problem of calculating the genus of the curve of intersection of two rational surfaces in
Sections 6.7 and 6.8 will be reduced to finding the genus of a plane curve with only ordinary

double points. The genus will be

Pg(C) =pa(C) — &
where the correction term « is the number of double points.

6.2.2. Further Porperties of the Genus of a Plane Curve.
There is a clear relationship between the singularities of a plane curve and the genus.

In fact, the genus can be used to find an upper bound on the numbers of singularities of a

curve in P2. Using (6.4), Proposition 6.1, and the fact that p,(C) > 0, we find that

S mp, (mp, —1) < (d—1)(d - 2)

and a plane curve has genus 0 if and only if this is an equality. For example, an irreducible
plane conic cannot have any singularities and an irreducible plane cubic can have at most

one double point. Table 6.1 gives the genus of some irreducible plane curves.

TABLE 6.1

GENUS OF SOME PLANE CURVES

Curve Singularities Genus
Line None 0
Conic None 0
Cubic None 1
Cubic One double point 0
Quartic None 3
Quartic Three double points 0
Quartic One triple point 0
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It is reasonable to ask if curves of any degree can be found. Since the genus of a
nonsingular plane curve is po(C) = gi—_l)%i—_ﬁ and the degree d is a positive intgger, there
are no nonsingular plane curves of genus 2, 4, 5, 7, 8, 9, 11, 12, 13, 14, 16, .... On the
other hand, if we allow the curve to be singular there are plane curves of any genus as the

following proposition shows.

Proposition 6.2. Let p be a positive integer. There exists a curve in P? with p,(C) = p.

Proof: Consider horhogeneous polynomials
F(z:y:2) = 2°Py* — h(z, 2)

where

h(z,z) = z?Pt? a1m2_p+lz + -+ a2p+1mz2p+1 + a2p+2z2p+2,

h(1,0) # 0, and the zeros of h are all of multiplicity 1, i.e., h has 2p + 2 distinct zeros.
The only singularity of F' is (0:1:0) and has multiplicity 2p. Proposition 6.1 can be used
to calculate the genus of F. To do so the singularities of F must be resolved and the
multiplicity of the singularities of F' and of all the strict transforms of F must be recorded.
For this purpose the multiplicities will be labeled m; with m; = 2p.

Find the local equation on U; for F by dehomogenizing F' with respect to y to get
f(z,z) = 2?? — h(z, z). Blowup U; at the origin by letting the global coordinates of Up; be
(z, z;u:v). There are 2p copies of the exceptional curve to factor out and the local equations

of f are

{(Uro, fo = v*? — 2®h(1,v)), (U1, f1 = 1 — 2°R(u,1))}.

By construction the partial derivative h,(u,1) cannot be zero where h(u,1) is zero, and for

that reason, fi has no singularities on Uy;. Since p > 0 and h(1,0) # 0, fo has a singularity
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of order 2 at (z,v) = (0,0). Assume p > 0, set my = 2, and blowup Uy at the origin to
resolve this singularity.

Let the global coordinates of U = (z,v;s:t). There are 2 copies of the exceptional

curve to factor out and the local equations of fo are
{(U100, foo = °7%1? — h(1,21)), (U101, for = v*?~% — s*h(1,v))}.

Again, by construction fyo has no singularities on Ujgo. If p = 1, the curve fo; is nonsingular
and we have found all the m;. However, if p > 1, fo1 has a singularity of order 2 at
(v,8) = (0,0).

This pattern continues with each blowﬁp. On part of the blowup, the strict transform
is nonsingular because of the choice of zeros of h, and on the other part of the blowup the
strict transform is of the form a*?~%) — b2h(1, a) where (a,b) are the local coordinates and
k +1 is the total number of blowups. All singularities are resolved at the (p + 1)st blowup

and my = --- = mp41 = 2. Therefore, by Proposition 6.1,

p+1

pg(F) = pa(F) — Zmz m; —1)

= %(2;, + 1)(2p) - % (2;0(2;0 —D+) 22— 1))

i
=p.
6.3. Genus Formulas for Curves on P! x P!
The genus of a nonsingular curve C in P! x P! is completely determined by its bidegree
in much the same way the genus of a plane curve is determined by its degree. If (ny,n5) is
the bidegree of C, then C is linearly equivalent to n(k) + na(l) where k and ! are lines of

bidegree (1,0) and (0,1), respectively. Therefore, the genus of C is

(n1k + n2l) - ((ny — 2)k + (ny — 2)1)

1
5 +

Dy (€)=

= (n = 1(n2 - 1)
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because K ym ~ —2(k) —2(I). The arithmetic genus is calculated for any curve in P! x P?

in the same way and is
Pa(C) = (n1 — 1)(n2 — 1). (6.5)
The singularities of a curve in P! x P! cause the genus to be less than the arithmetic

genus just as for plane curves and the genus of a singular curve C is

2g(C) =pa(C) — &

for some correction term & > 0 which is a function of the singularities of C. This correction

term is calculated in the same way as for plane curves which is proven in Proposition 6.3.
The existence of curves on P! x P! with a certain genus is not as restrictive as in P2,

In fact, there is a nonsingular curve on P! x P! of genus p for any nonnegative integer p.

Let C be a nonsingular curve with bidegree (p +1,2) or (2,p +1) and the genus of C is p.

6.4. Genus Formulas for curves on other 2-Dimensional Manifolds
The correction term & in pg(C) = pa(C) — k is defined here for curves on any 2-

dimensional complex manifold.

Proposition 6.3. Let C be any irreducible curve on a 2-dimensional complex manifold X .
Resolve the singularities of C with a series of blowups

T Tn—1 L3
X, == n—1"—>°“—2>X1£>X-

Then
1
24(C) = pa(C) = 5 3 mp, (myp, ~ 1)
where the sum extends over all the singularities of C in X and over all singularities of strict

transforms of C in each X; and my, is the multiplicity of the singularity p;.

The proof is an induction on the number of blowups. The basis step of the induction

proof is similar to the discussion after Proposition 6.1.
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6.5. Genus Formulas for Plane Curves in P3

Although the curves mentioned in later sections will lie in 3-dimensional manifolds, the
genus will always be calculated for each of these by finding a representation of those curves
in a 2-dimensional manifold. Here we will develop a formula for the genus of plane curves in
P3 by using the projection of the plane onto P2. First, however, we will introduce a couple
of necessary definitions and a generalization of Bezout’s Theorem for P3.

The degree of a curve in P3 is defined to be the number of points in the intersection of
that curve and a general plane in P3. Also, a curve and a surface are said to meet properly

in P3 if no component of the curve is a subset of any component of the surface.

Bezout’s Theorem for P3. If a curve C of degree n and a surface S of degree m meet
properly in P3, then the number of points in the intersection C N S, counting multiplicities,

is nm [Sh p. 198].

Consider a curve C of degree k which is a subset of the plane H in P3. There is a
homeomorphic map 7 from the plane H in P3 to P2. Under this map the image of the
intersection of H and a general plane K oﬁto P? is a general line [ in P2. Since C is of
degree k in P there are k points, counting multiplicities, in CN K in P3, and so there are k
points, counting multiplicities, in 7(C) NI in P2. Therefore, 7(C) is a curve of degree k in

P2. The genus of C and its homeomorphic image 7(C) are the same. If C is nonsingular,

py(0) = E= k=D
If C is singular,
p(0)= EZUEZD

and we need only calculate the correction term . Of more use later,

(k= 1)(k=2)

pa(C) = 5

(6.6)
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regardless of the singularities of C.
Consider a general curve C of degree k in P3 and a homeomorphic map from some
subset of P containing C to P2. In this case, if the image of C is a curve in P2, the degree

of this curve need not be k. In other words, degree is not a topological invariant.

Example 6.1: Bezout’s Theorem can be used to find the degree of the curve of intersection
of 2 surfaces R and S. Suppose the implicit degrees of R and S are a and b, respectively.
The degree of the curve RN S in P23 is the number of points, counting multiplicities, in the
intersection of RN S and a general plane H. Now, H N R is a plane curve in P2 and the
degree of H N R is equal to the number of points in (H N R)N K where K is a general plane
in P3. However, (HNR)NK = (HNK)NR and H N K is a general line. By Bezout’s
Theorem there are a, not necessarily distinct, points in (H N K) N R, so H N R is of degree
a. Now, (RNS)NH =(HNR)NS. Since HN R is a curve of degree a and S is a surface of
degree b, there are ab, not necessarily distinct, points in (H N R) N S. Therefore, the degree

of the curve of intersection of R and S is ab.

6.6. Double Curves

A general surface in P? has singularities which will complicate the calculation of the
genus of the curve of intersection of that surface and a second surface. There are at most
two types of singularities of a general rational surface in P3: double points along a curve of
self-intersection called the double curve of the surface, and isolated triple points. There are
no higher order singularities and the singularities that do exist are ordinary in the sense
that the intersection of the surface with a general plane results in a curve with ordinary
singularities| GH: pp. 611-618]. Later, we will only be interested in the general intersection
of two rational surfaces, so we may assume the intersection curve does not contain the triple

points of either surface. However, one surface necessarily meets the double curve of a second
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surface. The points on the curve of intersection which contain points on the double curve
of one of the surfaces are double points on the curve of intersection and will decrease the
genus of the curve of intersection.

The purpose of this séction is to dérive a formula for the degree of a double curve.
From this degree and using Bezout’s Theorem we will be able to count the number of
double points on the curve of intersection of fwo surfaces which arise from the double curve

of one of the surfaces.

6.6.1. Degree of the Double Curve on a Triangular Surface.

The degree of the double curve D of a triangular surface R is the number of points,
counting multiplicities, in the intersection of that curve and a general plane H. But, this
is also the number of points in the intersection of the plane section R N H and the double
curve D. A plane section RN H will have singularities at all points where H meets the
double curve of R, where H contains a triple point of R, and where H is tangent to R.
However, a general plane does not contain aﬁy of the triple points of R and is not tangent
to R and the singularities which come from the intersection of the RN H with D will all be
ordinary double points. Thus, to count the number of points in D N H, we need only count
the number of double points in RN H. The genus of RN H gives us a convenient way of
doing this.

The plan is to calculate the geometric genus and arithmetic genus of the plane section

and then solve the equation
pg(RNH)=p,(RNH)—6

for 6, the number of ordinary double points. If the parametric degree of a surface R is m

and the p base points of R have multiplicities k;,...,k,, then a plane section of R can be
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represented by the divisor

m(r*h) = ) kiE;

p

on a blowup of P? (see Section 4.6). Therefore,

po(RNH) = 5(m—1)(m~2) — = 3" kilki = 1)

by using Proposition 6.1 and the fact that geometric genus is a birational invariant. Notice

that if the base points are simple, this formula reduces to
1
po(RNH) = 2(m —1)(m - 2).

From Section 6.5 we know that to calculate the arithmetic genus of the plane curve
RN H it suffices to know the degree of the plane section. The implicit degree of the surface
RinP¥ism? -3 0 k? from Proposition 5.7. The discussion of Section 4.1 showed that the
number of points in the intersection of a general plane section of a rational surface and a
general plane is equal to the implicit degree of the surface. This argument also show that
the degree of the general plane section of a rational surface is the same as the implicit degree
of the surface. Therefore, the degree of the plane section as a curve in P3 is m2 — 3 o k2

and the arithmetic genus from (6.6) is

Pa(RﬂH)=';‘(m2—“Zk?'—1) (mz—Zkf—z).

Again, if the base points are simple, this formula reduces to

po(RNH) =

DO | bt

(mz—p—l) (mz—p—2).

Now, the number of double points on RN H, and hence, the degree of the double curve

of R, is

6=%—(m2—1—zp:kf) (m2—2——zp:k?) ~%(m—1)(m—2)+%2ki(k,~—1)

p
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for any set of base points or

5=%(m2-—1—p)(m2—2—p)——%(m—1)(m—2) (6.7)

if the base points are simple.
Note, that certain curves necessarily do not have a double curve. For instance, 6 = 0

if R is of parametric degree m = 2 and has 2 simple base points.

6.6.2. Degree of the Double Curve on a Tensor Product Surface.
Again, the number of double points on a plane section is equal to the degree of the

double curve. The number of double points is
6 = pa(RN H) —py(RN H).

If the parametric bidegree of R is (mj, m2) and the p base points of R have multiplicities

ki,...,k,, then a plane section of R can be represented by the divisor
mq(7*k) + ma(7*]) Zk E;

on some blowup of P! x P! (see Section 4.7). Thus,

po(ROH) = (m1 —1)(ms — 1) — %Zki(k

for any base points and

pg(RNH) = (my — 1)(ma — 1)

if the base points are simple.

The degree of the plane curve RN H in P? is the same as the implicit degree of the
surface R which is 2mimy — 3 » k? from Proposition 5.8. The arithmetic genus of R N H
in P3 is

pa(Rr]H) = —;— (2m1m2—2k?—1) (2m1m2—2k?-—2)
P P
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from (6.6).
Therefore, the degree of the double curve is

6= % (2m1m2 —Zp:k? — 1) (2m1m2 - Zp:kf —2) —(m -—1)(m2—1)+%2k,~(k,~—1)

p

for any type of base points and
5= %(2m1m2 = o= 1)@myma — p— 2) — (m1 —1)(ma — 1) (6.8)
for simple base points.
6.7. Genus of the Intersection of Triangular Surfaces

6.7.1. General Intersection.
Consider two general triangular surfaces R and S with only simple base points in P3

and the curve of intersection C = RN S. Let R be given by the parametric equations

(fo: f1: f2: f3)

on P? each of homogeneous degree m and with p simple base points p,..., pPp- The implicit
equation of R in P2 is a polynomial equation F(Xp: X;:X>:X3) = 0 with homogeneous
degree m? — p using the formulas in Chapter 5. Similarly, if S is given by the parametric

equations
(90: 91:92:93)

on P? each of homogeneous degree n and with ¢ simple base points q,...,qe, then the im-
plicit equation of S in P3 is a polynomial equation G(Xp: X1: X2: X3) = 0 with homogeneous
degree n? — 0.

To calculate the genus of the curve of intersection RN .S we will first calculate the

arithmetic genus and then the correction term x from the singular points of the curve. The
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only singular points for the general curve of intersection are double points along the double
curve of one of the surfaces. Other multiple points could occur if the surfaces were not
general. For instance, the surfaces could be tangent to each other or there could be a triple
point on one surface which lies on the curve of intersection. In general, these two events
will not occur. Also, if the base points were not simple the singularities which arise from
those base points would not necessarily be ordinary.

First, we will find a representation of RNS in the parameter space of one of the surfaces
in order to calculate the arithmetic genus of RNS. Substitute the parametric equations for
S into the implicit equation for R to yield the homogenem;s polynomia,I F(go:91:92:93) =0
of degree n(m? — p) in P2. The divisor of this curve in P? is n(m? — p)h where h is any
line in P2, However, S has base points and P? does not serve as an appropriate parameter
space for S and the polynomial F(go: g:: g2: g3) = 0 has multiple points at each base point
qi,...,qs of S. The multiplicity of these singularities depends only on the multiplicity of
the base points and in general these singularities are ordinary. Let 7 : X — P? be the
blow up of P? which removes all base points of S. Since mgq,(g;) = 1 for all i and and at
least one j and the homogeneous degree of F' is m? — p, mq,(F(go: 91: g2: 93)) = m? — p for

general R. Thus, the divisor of the intersection curve C in X is

C =n(m? — p)h — Z(m2 — p)E;.

a

The arithmetic genus of the curve of intersection in the parameter space of S is

=%[n(m2 — p) = 1][n(m? ~ p) — 2] — %a(mz —p)(m? = p—1)

where Kx ~ —3n*(h)+3_, Ei.

The geometric genus of the curve of intersection is

Dg (é) = pu(é) - kK
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where k is the correction due to the singularities of C. These singularities come only from

the double curve of R. From (6.7), the double curve of R has degree

6= (m2—-1—p) (m2—2—p)—%(m—-1)(m—2).

[

Using Bezout’s Theorem, we know there are (n?

— 0)6 points in the intersection of the
surface S and the double curve of R. Each of these points is a double point on the curve of

intersection. Thus, the correction term attributed to the double curve of R is
k = (n? — 0)6.

Now, the geometric genus of the curve of intersection is

Pg(é) = Pu(é’) — kK

= 2ln(m® — ) ~ Lin(m® — p) ~ 2]

- 5o(m® = p)(m? ~ p~1)

—(n? =0) B(mz—l—p) (m2—2—p)—%(m—1)(m—2):|

which simplifies to
= 1
Py(C) = 5[3(m2 - p)(n? - 0) — 3m(n? — 0) — 3n(m® — p) + m®n? — po +2].

Although this calculation was done by finding a representation for the curve of intersection
in the parameter space of one of the surfaces, it is clear from this symmetric form that the

same result would be found by using the parameter space of the other surface.

6.7.2. Assumptions.
Let’s review the assumptions made in this calculation. First of all, the curve of inter-
section was assumed to be irreducible which allows us to use the formulas presented in this

chapter.
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The correction term due to singularities depends on finding all singularities of the curve
of intersection. Singularities occur at where the surfaces are tangent and where the curve of
intersection meets singularities on a surface. It was assumed the surfaces were not tangent
and the curve of intersection does not meet triple points of either curve. This narrowed the
sources of singularities to one place: points on the double curve. Finally, all singularities

were assume to be ordinary.

6.7.3. Other Genus Formulas for Intersections.

Suppose the surfaces above were tangent at some point. As long as this point does
not coincide with any other singularities on the intersection curve it is an ordinary double
point on the curve of intersection. Thus, for each such tangency, the genus of the curve of

intersection is one less than in the general case.

Example 6.2: Let R and S be 2 general surfaces with parametric degree m = n = 2 and
with 2 simple base points each. Each surface is a quadric in P3 and the intersection curve
RN S has degree 4 in P3. In Section 6.6.1 it was shown that neither R nor S has a double
curve since the degree of the double curve is 6 = 0. The genus of the curve of intersection
is p,(C) = 1.

If R and S have one general point of tangency then py(C) = 0. Since p4(C) > 0 there
cannot be 2 points where R and S are tangent, at least not with an irreducible intersection
curve. Actually, R and S can have 2 points of tangency but the intersection curve reduces

to two curves of degree 2.

6.8. Genus of the Intersection of Tensor Product Surfaces
The formula for the intersection of two general tensor product surfaces is found in much

the same way as for triangular surfaces with the same assumptions. Let R be a surface given
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by the parametric equations

(fo: f1: f2: f3)

on P! x P! each of bidegree (m;,my) and with p simple base points py,...,p,. The implicit
equation of R in P? is a polynomial equation F(Xg:X1:X2:X3) = 0 with homogeneous
degree 2myms — p using the formulas in Chapter 5. Similarly, if S is given by the parametric

equations

(go: 91: 92: 93)

on P? each of bidegree (n;,n2) and with o simple base points qs,...,q,, then the implicit
equation of S in P3 is a polynomial equation G(Xg: X1: X2: X3) = 0 with homogeneous
degree 2n1ng — 0.

First, we will find a representation of C = RN S in the parameter space of S by
substituting the parametric equations for S into the implicit equation for R to yield the
polynomial F(go:g1:g2:93) = 0 of bidegree (n1(2mima — p),n2(2myms — p)) in P x P
The divisor of this curve in P? is n; (2myma — p)k + na(2myms — p)l where k and [ are lines
of bidegree (1,0) and (0, 1), respectively. Again, P! x P! does not serve as an appropriate
parameter space because of the base points. Let 7 : X — P! x P! be the blow up which
removes all the base points of §. The polynomial F(go: g1: g2: g3) = 0 has multiple points
at each base point qi,...,9, of S. The multiplicity of these singularities depends only on
the multiplicity of the base points and in general these singularities are ordinary. Since
mq;(g;) = 1 for all 7 and at least one j and the homogeneous degree of F is 2m1m2 - p

mq, (F(go: g1: g2: g3)) = 2mam, — p for general R. The divisor of C is

C =ny1(2myma — p)k + n2(2mimg — p) L — Z(2m1m2 - p)E;.
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The arithmetic genus of the curve of intersection in the parameter space of S is
.. _C-(C-Kx)

pa(C) ==X 11

=[ny(2mymy — p) — 1][nz(2mymg — p) — 1]

1
- 50(2m1m2 - p)(2mimy —p—1)

where Kx ~ =2(n*k) — 2(n*l) + 3, E;.

The geometric genus of the curve of intersection is

ps(C) =pa(C) — &
where & is the correction due to ordinary singularities on C.

The polynomial F(go: g1:g2:g3) = 0 has bmultiple points at each base point qy,...,q4
of S and the multiplicity of these singularities depends only on the multiplicity of the base
points. Also, in general these singularities are ordinary. Since mgq,(g;) = 1 for all 7 and
at least one j and the homogeneous degree of F is 2mime — p, mq,(F(go: 91: 92: 93)) =
2mimsy — p for general R.

From (6.8), the double curve of R has degree

§==-(2mims — p—1)(2myms — p - 2) — (my — 1)(mg —1).

[N

Using Bezout’s Theorem, we know there are (2nyn2 — 0)é points in the intersection of the
surface S and the double curve of R. Each of these points is a double point on the curve of
intersection. Thus, the correction term attributed to the double curve of R is

k= (2n1ny — 0)é.

Now, the geometric genus of the curve of intersection is

Py(c) =pa(C) — K
= [nl (2m1m2 - p) - 1][712 (2mimg — p) — 1]
— %0(2m1m2 - p(2mmo —p—1)

— (2nyng — 0) [%(2m1m2 —-p-=1)2mimg — p—2) — (my — 1)(mg — 1)]
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which simplifies to
pg(é') = 2mymaning

— (n1 +n2)(2mymg — p) — (M1 + m2)(2n1ng — o)

3 1
+ 5(217,117,2 — 0)(2m1m2 - p) — é'pU + 1.

Again, this formula is symmetric in the parameters of the two surfaces.
6.9. Genus of Plane Sections
Using a development similar to that of the genus of general intersection curves, we
can find formulas for the genus of general plane sections of triangular and tensor prod-
uct surfaces. Actually, the formulas developed below are for the general intersection of a
parametric surface with any implicit surface with no singular curve.

Let R be a general triangular surface with parametric representation

(fo: f1: fa: fa),

para,metfic degree m, and p simple base points p;,...,p,. Let S be an implicit surface

with equation
G(X01X1:X22X3) =0
of degree n.

The intersection, C = RN S of these surfaces can be represented by

G(fo: f1: fo: f3) =0

which is a homogeneous polynomial in (zg: ;: T2:z3) of degree mn. This curve in P? has
singularities at each of the base points of R of multiplicity n. If 7 : X — P? is the blow
up that removes all these singularities (which are assumed to be ordinary), then the divisor

representing this curve in X is

p
C = mnn*(h) - ZnEz—.

i=1
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Therefore, the arithmetic genus of Cis
C-(C+ Kx)

1
5 +

pa(C) =

1 1
=§(mn - 1)(mn—-2) - Epn(n -1).

If we assume that S has no singular curve, the blow up removes all singularities of this

curve so

Pg(C) = pa(C).
In the same way we can show that the genus of the general curve of intersection of a tensor
product surface of parametric degree (mj, my) with p simple base points with a surface of
* implicit degree n is
~ 1
Pg(C) = (man —1)(mon — 1) — 5 pn(n — 1).
From these two genus formulas, the genus of a general plane section of a triangular
surface is
1
py = 5(m=1)(m~2)

and the genus of a general plane section of a tensor product surface is

Pg = (mq —1)(m2 —1).

6.10. Conclusion
The formulas for the genus of general curves of intersection for triangular and tensor
product surfaces with simple base points are

pg(C) = %[3(m2 ~ p)(n? — o) — 3m(n? — o) — 3n(m? — p) + m®n? — po + 2]

and _
Pg(C) = 2mymaning

— (n1 + n2)(2myms — p) — (mg + m2)(2n1ng — o)

3 1
+ 5(2n1n2 —0)(2mimg — p) — Tlad +1

respectively.
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TABLE 6.2
DEGREE AND GENUS OF THE INTERSECTION OF TWO TRIANGULAR

SURFACES WITH p AND ¢ BASE POINTS, RESPECTIVELY

Parametric Degree Curve of Intersection
of Each Surface Degree Genus
1 (1-p)(1-0) (0—p)(0—0)
2 (4—p)(4—-0) (3—p)(3-0)
3 (9—p)(9—0) (9—p)(9 —0)+1
4 (16 — p)(16 — o) (18— p)(18 —0) -3

TABLE 6.3
DEGREE AND GENUS OF THE INTERSECTION OF TWO TENSOR PRODUCT

SURFACES WITH p AND ¢ BASE POINTS, RESPECTIVELY

Parametric Bidegree Curve of Intersection
of Each Surface Degree Genus
(1,1) (2—-p)(2-0) (1—p)(1—~0)
(2,2) (8—p)(8—0) (8—p)(8—0)+1
(3,3) (18 — p)(18 — o) (21-p)(21 —0) -8
(4,4) (32-p)(32—10) (40 — p)(40 — o) — 63
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In Table 6.2 we can see that although the degree and the genus of curves of intersection
for triangular surfaces both grow quickly with the parametric degree, the genus increases
faster. For surfaces of parametric degree 1 a.nd no base points, the implicit degree of the
surface is 1 and the genus is 0. The implicit degree and genus are about the same when the
parametric degree is 3 and the surfaces have no base points: the degree is 81 and the genus
is 82. However, when the parametric degree is 4, the implicit degree is 256 and the genus
is 321 when there are no base points.

The rate of growth of the genus with respect to degree is higher for tensor product
surfaces. The degree and genus are about the same (64 and 65, respectively) when the
bidegree is (2,2) and there are no base points, but when the bidegree is (3,3) the degree
is 324 and the genus is 433 for surfaces with no base points. The genus of the curve of
intersection for general tensor product surfaces of bidegree (4,4) with no base points is
1537. The degree and genus can be controlled by the introduction of base points. These
formulas only indicate the effect of simple base points. Further reduction in degree and

genus will result from base points of higher multiplicities.
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APPENDIX A

PROOF OF EXISTENCE FOR THEOREM 2.2
In Section 2.6 a general definition was given for ¢(p, f N g) which was claimed to have
properties (2.5) through (2.9) of Theorem 2.2. Here we prove this assertion.

Proof of 2.2(2.5): Obviously, the sets (f,g) and (g, f) are the same so

dim OP/(fa g) = dimop/(ga f)

Proof of 2.2(2.6): There are three cases to consider: (i) p € f Ngh, (ii) f and gh
intersect improperly at p, and (iii) f and gh intersect properly at p.

(i). fp g fNghtheneitherpg forp & gh. f p & f theni(p,fNg) = i(p,fﬂh) =
z(p,f N gh) = 0 by (2.7.1). On the other hand, if p & gh, then p € g and p € h so again
i(p, fNg) = i(p, fNh) = i(p, fNgh) = 0. In either case i(p, fNg)+i(p, fNR) = i(p, fNgh).

(ii) If f and gh intersect improperly at P, they have some common factor, {, containing
p. Now [ divides at least one of g or h so f intersects one of ¢ or h improperly. Either way
both sides of i(p, f N g) +i(p, f N h) =i(p, f N gh) are equal to co by (2.7.3).

(iii) Suppose f and gh intersect properly at p. To establish

dim (Op/(f,gh)) = dim (Op /(f,9)) + dim (Op/ (£, h))

we will use the linear maps

T : Op/(f,h) = Op/(f,gh)

and

S:0p/(f,gh) = Op/(£,9)
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where the first map is defined by T'([r]) = [gr] and S is the natural map. We will show T is
injective, hence, dim (Op/(f, h)) = dim (Im (T")) (2.6). We already know S is surjective and
dim (Op/(f,9h)) = dim (Ker (S)) + dim (Op /(f, 9)) (2.5). Finally, we will show Im (T) =
Ker (9).

T is injective: Suppose T'([Z]) = [£] = [0] € Op/(f,gh). If we show L € (f,h) then
[2] = [0] € Op/(f,k) and T is injective. So we need to show I = a’f + b'h for some
a' b € Op. We know

£ = a(f) +bigh) (4.1)

for some a,b € Op. Thus £ = %( f)+b(h) and it suffices to show 2 € Op or, in other words,
% is defined at p.
Let’s clear equation (A.l) of fractions. Choose g such that ga, gb, and q (f) are

polynomials and g(p) # 0. Both sides of

q (%) = g(af +bgh)

are polynomials and
qafzg(%—bh).

Since f and gh have no common factors, each factor of f cannot divide g so f must divide
L — bh. Let df = L~ — bh and then gdf = qa fand &= % which is defined at p because
q(p) # 0.

Im (T) = Ker (S): Let [£] € Im(T). Then S([£]) = [£] € Op/(f,9). But & =
0(f) + Z(g) € (f,9) so S([£]) = [0]. Therefore, Im (T') C Ker (S).

Conversely, let S[Z] = [0]. So Z = af + bg for some a,b € Op. Since LT —bg =
af +Ogh € (f,gh), [Z] = [bg]- But [bg] = T[b] € Im (T). Therefore, Im (T) = Ker (S).

Proof of 2.2(2.6): To prove i(p, fNg1+fg2) = i(p, fNg1) we will prove (f,91+fg2) =
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(f191). Since g1 = (—g2)f + (g1 + fg2) € (f,91+ fg2) and f = ()f +0(g2 + fg2) €
(f,g1+ fg2) it is clear (f,g1) C (f, 91+ fg2). On the other hand, f = (1)f +0(¢1) € (f,91)
and g1 + fgo = (92)f + (1)g1 € (f,91) so (f, 91+ Fg2) € (f,91). Therefore, the two sets are
the same.

Proof of 2.2(2.7.1): If f(p) # 0 then p € f N g so suppose i(p,f Ng) = 0 and
f(p) = 0. Since dimOp/(f,g) = 0, Op = (f,9). In particular, 1 € Op so 1 € (f,g) and
there exist a,b € Op with af + bg = 1. Now (af + bg)(p) = b(p)g(p) = 1 so g(p) cannot
be 0. Therefore, if i(p,f Ng)=0,p¢g fNg.

Conversely, suppose p € f N g. Then one of f(p) # 0 or g(p) # 0. Assume, without
loss of generality, f(p) # 0. Thus, % € Op. Foreachr € Op, r = (r%) F+0(g) € (f,9)-
Thus, (f,g) = Op and dim O /(f,g) = 0.

Proof of 2.2(2.7.2): Since i(p, f N g) is either a nonnegative integer or co, to verify
(2.7.2) it suffices to verify (2.7.1) and (2.7.3). If (2.7.1) and (2.7.3) are true i(p,fNg) =0
or oo if and only if p € fNg or f and g intersect improperly, so it follows that i(p, f N g)
must be a positive integer otherwise.

Proof of 2.2(2.7.3): This is the trickiest property to prove. To do so we will create

a chain of inequalities
dim Op/(f,g) 2 dim Op/(h) > dim Cz, y]/(k)

where h is a common factor of f and g containing p. Finally, it will be shown that
dim Clz,y]/(h) = co. Therefore we will have shown i(p, f N g) = dim Op /(f,g) = cc.

Let f = fihand g = g1h withp € h. faf+bg € (f,9), then af +bg = (af; +bg1)h €
(h). Therefore, (f,g) C (h) and dim Op/(f, g) > dim Oy /(h) (2.5).

Define a map T : Clz,y]/(h) — Op/(h) by T([r]) = [r]. Note the different meanings

of not only [r] in the definition of T but also of (k). In Section 2.5.2 it was shown that
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T is a well-defined injective linear map since (k) C Clz,y] C Op. Thus dimOy/(h) >
dim Clz, y]/(h).

We will now show that dim C[z,y]/(h) = co by demonstrating a linearly independent
set with » elements for all » € N. Since h is a nonzero polynomial in 2 variables, h has
infinitely many zeros in C?>. Fix 7 € N and choose r distinct points p; € h. Choose 7
polynomials h; € Clz,y] such that h;(p;) = 1 and h;(p;) = O whenever ¢ # j. Note
that [h;] # [h;] € Op/(h) for i # j. For, if h; — h; € (h), there is some a € Op with
hi — hj = ah and 1 = (h; — h;)(p;) # (ah)(pi) = 0. Thus, the [h;] are = distinct elements
in Op/(h). Suppose Y A;[hi] = [3 Aihi] = [0] € Clz,y]/(h). Then Y A;h; € (k). But
Xi = Y Xihi(p;) = 0 for each i since Y \;h; = ah for some a € C[z,y]. Thus, the {h;}
are linearly independent in Clz,y]/(h) and dimClz,y]/(h) > r for all » € N. Therefore,
dim Clz, y]/(h) = co.

Proof of 2.2(2.8): This was proven in Example 2.2.

Proof of 2.2(2.9): This is a special case of the argument in Section 2.7.



APPENDIX B

PROOFS OF PROPOSITIONS IN CHAPTER FIVE
These are the proofs to Propositions 5.5, 5.6 and 5.8.
Proof of 5.5(1): Recall that the map 7* preserves equivalence classes. If A’ ~ h and
h" ~ h, then

(7r*h)2 — (W*h,) . (W*h”)

by 5.4(2). Let h be any line in P2. Choose A’ and A" such that h' # h” and neither
contains the point p. There is exactly one point in the intersection of A’ and A” in P? and
so there must also be exactly one point in the intersection of the curves 7*h’ and 7*h” in

X. Therefore, by 5.4(4),

(7*h)? = 1.

Proof of 5.5(2): For any 2 lines h and A’ in P2, h ~ A’ and 7*h ~ 7*h/. Choose h’ a
line in P2 such that A’ does not contain p. The curve m*h’ is simply the strict transform of

h’ and does not meet the exceptional curve E. Thus
(7*h)-E = (r*h') - E = 0.

Proof of 5.5(3): Follows from 5.6(3).
Proof of 5.6(1): Let C=3_._; n;C; and D =} ;_, m; D; where each C; and D; is a
prime divisor. Then

C-D= Znimj(C,- - D;)

.3
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and, since 7* is linear,
(x*C) - (x*D) =Y nim;[(x*Ci) - (x* D;)].
.7j

Thus, it suffices to verify this property for prime divisors C and D.

Let C and D be prime divisors. Choose n > 0 large enough and H € Div (X) so that
|C +nH|, |D+nH|, and [nH| have no base points. Let C’ € |C + nH| so that p; & C’ for
any 7. Choose D’ € |D+nH| meeting C’ properly and p; ¢ D’ for any i. Choose £’ € |nH|
meeting D’ properly and F' € [nH| meeting C’ and E’ properly and p; ¢ E' and p; ¢ F’
for any i. Now C ~C' — E' and D ~ D' — F" and

C-D=(C'-E)-(D'-F')
~-C.D'-C'.-F ~E D +E-F

= Y ipC'nD)- Y ip,C'NnF)-

peC'ND! peEC'NF!
Y i, EnD)+ > i(p,ENnF)
" pEE'nD’ pEENF!

by Theorem 5.4. But C’, D', E’, and F' contain none of the points which were blown up.
Since X — {p;} is homeomorphic to X — {E;}, C'N D', C'NF', BN D', and E' N F',
have the same number of points counting multiplicities as (#*C’) N (x*D’), (x*C’) N (x*F'),

(7*E') N (x*D’), and (x*E’) N (x*F"), respectively. Thus,

C-D= > i(p, (x*C") N (x*D")) — > i(p, (x*C") N (x*F"))—

pE(r*C)N(x*D’) pE(x*C")N(x*F')
> i E)N @D+ > i(p,(n*E) N (x*F'))
pE(x*E")N(x*D’) - PE(x*E")N(=x*F')

— (W*Cl) . (W*D,) _ (W*Cl) . (W*FI) _ (W*EI) . (W*DI) + (W*EI) . (W*FI)
= ((=*C") = (z*E")) - (=" D") — (x*F"))
= (n*(C' = E')) - («*(D' - F'))

= (7*C) - (* D)
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by Theorem 5.4 and the fact that the pullback map preserves linear equivalence class.

Therefore,

C-D = (x*C) - (z*D)

for all divisors C and D.

Proof of 5.6(2): This works very much like the 5.6(4). First of all
(7*C) - E; = Zm, m*C;)

where C = 3 ;m;C; with C; prime so we may assume C is prime. Choose n > 0 large
enough and H € Div (X) so that |[C+nH| and |nH| have no base points. Let C' € |C+nH]|
so that p; ¢ C' for any i. Choose D' € [nH| so that p; ¢ D’ for any i. Now C ~C' — D’

and

(z*C) - E; =n*(C' - D) - E;
= (n*C")- E; — (W*D’) - E;
= Z i(p,(m*C") N E;) — Z i(p, (*D') N E;)

pPE(r~C')NE; pE(x*D')NE;
=0

since 7*C’ and 7*D’ do not meet any F;.
Proof of 5.6(3): Let p; € U; C X and the local coordinates of U; be (z,y). We may
assume p; = (0,0) in the local coordinates. Further assume that U; does not contain p;

and no U; contains p; for j # . In X the exceptional divisor is defined by
{Ui0,90)s (Uir,20)} U{(U;,1) : j # i}

To find another divisor linearly equivalent to £ we will find another meromorphic section

of the line bundle F as in Example 4.5. By putting s;; = 1 we get the section

—{ 1071) zl’l/t)}u{ UJ)SJ) .7#7’}
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E? = E; - E' = deg[E']|5, On Ujp the function sgp = 1 has no poles or zeros; on Uj; the
function sg; = 1/t has a pole of order 1 at ¢t = 0 on E; which is the point q = (:c,vt) = (0,0);
the curve E; does not intersect U; for j # 1 therefore E’ does not have any poles or zeros
on E; in U;j4;U;. Therefore, EZ = deg[-1(q)] = —1.

Proof of 5.6(4): We can apply Proposition 5.4(4) here and recall that in Example
3.5 we showed that E; N E; = §. Therefore,

E;-E;= Y i(p,E:NE;)=0.
pEE;ﬂEi

Proof of 5.8(1): Choose k', k" € [k] such that neither contains p. Following the proof

of 5.5(1)

(7r*k)2 — (W*kl) . (W*k”) =0

since k' and k” do not meet in P! x P!. Similarly, (7*1)? = 0.
Proof of 5.8(2): Choose k' € [k] and I’ € [I] such that neither contains p. Now k’

and !’ meet at exactly one point so
(7*k) - (7*1) = (7*k") - (=*1') = 1.

Proof of 5.8(3) and 5.8(4): Follow from 5.6(2) and 5.6(3), respectively.



APPENDIX C

EXAMPLES OF TRIANGULAR AND
TENSOR PRODUCT SURFACES
In Techniques for Cubic Algebraic Surfaces|S| there is an example which begins with
an implicit equation of a surface in C3, finds a parameterization on C?, and finally shows
there are 2 base pointé on the surface. Here this example is explored in much more (gory)
detail. First, the surface is considered as a triangular surface ¥ : P2 — — — P3 and later
as a tensor product surface ¢ : P! x P! — — — P3. The first example involves a linear
change of coordinates to process a point before blowing up, and the second blows-up a
point other than the origin of C?>. Both examples require the blow up of more than one

point simultaneously.

C.1. The Parameterization

Consider the surface in C® with implicit equation
2+ +ey—22—z—y+2=0.
To find a parameterization , make the substitutions # = sz and y = tz. This yields
222+t +st—1)—2(s+t—1)=0

from which we get

_ s(s+t-1)
o242 4st—17
Hs+t—1)
“Eieta-1 2
_ s+t—1
TS24t 4st—1"
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Let the homogeneous coordinates of P? be (s:t:u) and of P3 be (X:Y:Z:W). Put W =
?+t24+st—1, X =zW,Y =yW, and Z = zW, and homogenize each of these to get
X =s(s+t—u),
Y =t(s+t—u),
Z=u(s+t—u), and
W = sz+t2;|-st—u2.

It is easy to check these equations satisfy
X 4Y? 4+ XY -Z2-W(X+Y-2)=0 (C.1)

which is the homogeneous implicit equation of the surface. Now the triangular surface is
the closure of the image of ¥(s:t:u) = (X:Y: Z: W).
For the tensor product parameterization, let the coordinates of P! x P! be (sq: s1;t0:1)-
Homogenize W, yW, zW and W above so they all have bidegree (2,2) to get
X' = sot1(sot1 + s1tg — s1t1),
Y' = s1to(sot1 + s1to — s1t1),
Z' = s1t1(sot1 + s1to — s1t1),
W' = s?t? + $3t5 + sotosits — s7t3.
Again these equations satisfy (C.1) and the closure of the image of ¢(so:s1;t0:t1) =

(X':Y': Z':W') is the tensor product surface.

C.2. The Triangular Surface
By setting each of X,Y, Z, and W to 0 we find 9 has base points at p; = (0:1:1) and
p2 = (1:0:1). This in inconvenient since p; € Uy N Uz and py € Uy N Uz. There are two
ways this problem can be solved. One is to simply use the cover {Uy, U1,U2 — {p1,p2}}

instead of {Uy, U1, Uz}. The other is to use a linear change of coordinates on P? such that
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the base points are more conveniently located. We will do the latter using T'(s:t:u) =
(t+u:s+u:s+t). Now

XoT=2u(t+u),

Y oT = 2u(s+u),

ZoT =2u(s+1), and

WoT=(t+u)?+ (s+u)?+ (t+u)(s+u)—(s+1)?
= 3u? + 3u(t + s) — ts.

The base points can either be recalculated directly from the new parametric equations or

by noting

T(q1) =T(1:0:0) = p;, and

T((]2) = T(O 10) = P2.

The local parameterization of the surface is
{(Uo,(2u(t + u), 2u(1 + u), 2u(l + 1), 3u® + 3u(t + 1) — 1)),
(U1,(2u(1 + u), 2u(s + u), 2u(s + 1), 3u® + 3u(s + 1) — 5)),
(Ua,(2(t +1),2(s +1),2(s +1),3 + 3(t + s) — ts)))}.

Use coordinates (¢, u;a: b) for Uy and (s, u; c: d) for U; and blowup at q; and qp. After the

blow up the local parameterization is
{(Ugo,(2tb(1 + b), 2b(1 + tb), 2b(1 + t), 3tb + 3tb% + 3b — 1)),
(Uo1,(2u(a+1),2(1 + u),2(1 + ua),3ua + 3u+ 3 — a)),
(U10,(2d(1 + 5d),2sd(1 + d),2d(s + 1), 3d + 3sd® + 3sd — 1)),
(U11,(2(1 + u),2u(c+1),2(uc+ 1),3 + 3u + 3uc — ¢)),

(Ua,(2(t +1),2(s +1),2(s +1),3s + 3t — st + 3)) }.
There are no more base points and the multiplicity of each of the base points is 1. Therefore

the implicit degree of this surface is n? — Y- m? = 22 —~ 12 — 12 = 2 as was already known.
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C.3. The Tensor Product Surface
Before we calculate the base points, let’s see how many there have to be. The bidegree

of the parameterization is (n3,n3) = (2,2) and the degree of the surface is 2 so

8 S
2=2n1n2—z m?=8-—§ m?.
i=1 =1

The only two ways Y.; ;m? can be 6 is for m; = 1 for ¢ = 1,...,6 or for m; = 1,
mg = 1, and mg = 2. (Ouch!) Thus there are either six simple base points or 2 simple
base points and a double base point. After some tedious arithmetic we find 3 base points
at p; = (0:1;1:1), p2 = (1:0;1:0), and ps = (1:1;0:1). Again, these are inconveniently

located but this time the problem will be solved by using the cover

{Woo, Wo1, Wio, W11 — {P1,P3}}-

There is still a slight inconvenience. In Wyg, p2 is locally the origin, but p; € Wig
and p3 € Wy, are represented locally by (0,1) and (1,0), respectively. This will change the

process of blowing up these points slightly. The local parameterization of ¢ is

{(Woo,(t1 (31 + 51 — s1t1):51(t1 + 51 — s1t1); s1ta (81 + 51 — s1t1): 85 + 83 + s1t1 — s72)),
(Wo1,(1 + s1to — s1:s120(1 + 8120 — 51);51(1 + s1t9 — 51): 1 + s?tﬁ + 51t — sf))
(W10,(30t1(30t1 + 1- tl): S()t1 + 1- tl;tl(S()tl + 1-— tl): s(z)t% + 1 + S()tl d t%))

(W11 — {P1, P2}, (s0(s0 + to — 1): to(s0 + to — 1); 50 + g — 1: 53 + 3 + sptg — 1))}

Let the global coordinates of Wyo be (s1,1;; a:b), global coordinates of Wy; be (s1,t0; ¢ d),
and global coordinates of Wio be (s0,t1;€: f). To blow up p; and p3, the surfaces ng C

Wo1 x C and Wiy € Wi x C will be defined by

(31 - 1)d = 1p¢

sof = (t1 — e,
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respectively, and the exceptional curves are

{((Wo1)o, 51 — 1), (Wo1)1,t0)} € Wos

and

{((W10)0, 50), (W10)1,t1 — 1)} € Wie.
After blowing up the 3 base points the local parameterization of the surface is
{(Wo0)0,(B(b+1 = 51b):b+1 — s1b;51b(b+1 — 51b): b% + 1 + b — s2b?)),

((Woo)1,(1 + a —aty:a(l + a — aty);at;(1+ a — aty): 1 + % + a — a?12)),
((Wo1)o,(s1d — 1:51d(s1 — 1)(s13d — 1); 51 (s7d — 1): s2d%(s; — 1) + s;d — 51 — 1)),
((Wo1)1,(cto — ¢+ 1:tg(toc + 1) (cto — c + 1);

(toc + 1) (cto — ¢+ 1): (toc + 1)%2g — toc® + toc — 2¢ + 1)),
((W10)o,(s0(s0f +1)(s0f +1— f):s0f +1~ f;

(sof + 1)(sof + 1= f):so(sof +1)> + s0f +1—s0f* - 2f)),
(W10)1,(t1e(ts — i)(he —1):t1e — 1;t1(t1e _ 1):e283(t; — 1) — t; + t1e — 1)),

(Wll—{pl,pg}, (80(80 + t() - 1): to(So + t() - 1); S0 + t() -1 Sg + t% + S()t() - 1))}
Fortunately, m; = 1, my = 2 and m3z = 1 and there are no more base points. Thus, the

implicit degree is 8 — 22 — 12 — 12 = 2 as expected.



APPENDIX D

THE 27 LINES ON A CUBIC SURFACE

Divisors are used for a great many other applications. One of those is presented here.
Given a cubic surface in P3 we want to show there are exactly 27 lines on the surface. To
do this we need to come up with a cubic surface and then find the 27 lines.

Let (fo: f1: fo: f3) be a triangular surface S on P? with parametric degree 3. Also let
S have 6 base points py,...,pPs each with multiplicity 1 such th;a.t no 3 of the base points
are colinear and the 6 base points do not all lie on a conic curve in P2. The implicit degree
of the surface § is 3% — E?=1 12 = 3 from Proposition 5.4. It was stated in Section 1.8 that
all nonsingular cubic surfaces in P2 can be defined this way. The claim here is that there
are at least 27 lines on such a surface.

Let 7 : X — P2 be the blow up of P2 at p1,...,Ps and Ey,..., Eg the exceptional
curves. Now define a map ¢’ : X — P® with Im (¢') = S.

By Bezout’s Theorem, the intersection of a line and a general plane in P3 has exactly
one point. Let C be any curve on a cubié surface S in P3. Then the number of points in
C N H, counting multiplicities, is the same as the number of points in C intersect the plane
section SN H. Thus C is a line if and only if C N (S N H) has exactly one point, counting
multiplicities. Let D¢ be the divisor in X which represents C and Dy the divisor in X

which represents the plane section of S. Then D¢ - Dy = 1 if and only if C is a line on S.

D.1. The 27 Lines
First, let us identify these lines by their divisors. Consider the following curves in P2.

171



172

(1) The sets 9'(E;) are curves in P3. Identify these three six curves by e;.

(2) Let p; and p; be two base points and L;; the line containing them in P2. There are 15
such lines. The strict transform L;; of each is a curve on X and 9'(L;;) is a curve on
P3. Identify these 15 curves in P3 by 1;.

(3) Any 5 points completely determine a conic curve in P2, Let C; be the conic in P? which
passes through all p; except p;. Again, the strict transform C; is a curve in X and
¥'(C;) is a curve in P2, There are six such curves and we will call them c¢;.

The inverse image of each of these curves under 9’ is
¥") 7 (es) = Ei,
(#")7' (i) = Lij, and
¥) 7 (e:) = C.
Thus each of these curves in P? on S can be represented by curves in X, hence have divisors
~in Div (X). The curve L;; is the line in P2 which contains p; and p;, so E,-J- ~m*h—E;—E;
where h is any line in P2. Similary C; ~ 2n*h — E#i E; since C; ~ 2h.

To show e;, l;;, and ¢; are all lines we also need the divisor in Div (X) for the plane
section S N H where H is a plane in P3. In chapter 4 we found this divisor to be linearly
equivalent to 37*h — 30 _, E.

Now test each curve to see if it is a line:

(1) Bi- (37°h— Thoy Ba) = —B2 =15

(2) (r*h— E;~ E;) - (37r*h -8, Ek) = 3(r*h)? + B + B2 = 1; and

(3) (27°h = Sy Bi) - (37h = Ly Br) = 6(r"h)2 + £, B2 = 1.

Therefore these 27 curves are lines.

D.2. No Other Lines on S

A line is a smooth irreducible curve so we will start with C, a smooth irreducible curve

on S. Further assume that C # FE; for any ¢ = 1,...,6. We will proceed by first finding
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an effective divisor D¢ on X which represents C. The genus of a line L in P? is 0 because
L is homeomorphic to P!. Thus, if C is a line, py,(C) = py(D¢) must be 0. Also, if C is
a line, then the intersection of C and a general plane must contain exactly one point by
Bezout’s Theorem. Thus the intersection number D¢ - H must be 1 for a line C. Using
these two conditions, we will show that C must be represented by f/ij ~ (7*h) — E; — Ej;
or C; ~ 2(m*h) — 2 izi Ei-

The curve ¢71(C) is represented in X by the divisor D¢ = nw*h — Y, m; E; for h any

line in P2, n > 0, and m; > 0 (see Section 4.5). The genus of the smooth curve C is

_ D¢ -(Dc+Kx) _

1
2

pg(C)

where
6
Kx ~—3h+> Ei.

=1

The divisor of a general plane section of S is

6
H~3h— ZE,-.
=1

Note Kx ~ —H. This is only true because the multiplicity of each base point is 1. For C

to be a line py(C) = 0 and D¢ - H = 1. Applying these equations to g above we get

DL —-D¢-H D% -1
e 0 F 1=26 1=
2 2
Therefore, ch = —1, i.e., only curves with self intersection —1 can be lines on S.
Look at the 2 intersection numbers
D% =n?— Zm? =-1 (D.1)

and

Dog-H=3n—-> m;=1 (D.2)
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Recall Schwarz’s inequality which says if z;,z2,...,z, are y1,¥2,-..,Yn and 2 sequences of

real numbers, then

|Zmiyi i < ‘mel

Letting z; =land y; = m; fort=1,...,6 we get

> vk

(S <o(5n)
By substituting the values of > m; and 5 m? from (D.1) and (D.2), this inequality becomes
(3n—1)2 < 6(n? +1)
or
3n® —6n —5<0.

The only positive integers which satisfy this inequality are n =1 and 2.

If n = 1 the only way to satisfy both D% = —1 and Dc-H=1isform; =m; =1
for some 7 # j and for mk =0 for k #7and k # 5. This is 13,-,-. If n =2, D = —1 and
D¢ -H =1 are only true when m; = 0 for some i and m; = 1 if j # <. This is C;. Therefore,

the 27 lines described in above are the only lines on a cubic surface.
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