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PREFACE 

In this research, the one-dimensional radiative transfer problem including 

polarization effects was investigated. Beginning with the fundamental transport equation 

for polarized light in a one-dimensional plane-parallel medium, the derivation of the- exact 

solution, diffusion approximation with numerical results, and the numerical results for the 

derived exact solution are presented in Chapters I, II, and III, respectively. Chapters I to 

III are in the format of three papers to be published. Chapter I has already been published 

in the Journal of Quantitative Spectroscopy and Radiative Transfer. Chapter II will be 

presented at the National Heat Transfer Conference in August of l 999~ and plans are to 

submit Chapter III for journal publication in the future. 

The problem which we need to focus on is the one-dimensional radiative transfer 

problem for polarized light without reflective boundaries. One of the major reasons for 

examining the present one-dimensional case when solutions for some cases exist is that 

most of the previous studies cannot handle elliptically polarized light as the incident 

source, while the present work does not have this restriction. This work is the first step in 

solving realistic problems with polarization. Thus, we have concentrated on the 

polarization, but simplified the geometry and interfaces by choosing a one-dimensional 

case with non-reflective boundaries. Future plans are to generalize this solution after 

demonstrating the ability to handle polarization effects. In this study, we assume that 

collimated polarized incident radiation at an angle 0o exists only at the top boundary and is 
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a sheet of laser-like beams which simplifies our study to a one-dimensional problem. 

Moreover, no radiation is incident at the lower boundary, and there are no refractive index 

effects at either boundary. Furthermore, absorption and scattering without emission are 

assumed in the medium (which applies only to a low temperature medium). Note that the 

polarized phase matrix applied to the medium is general, requiring only that the scattering 

particles be randomly oriented and have one plane of symmetry. 

In Chapter I, starting with the fundamental transport equation for polarized light of 

Eq. (1-1), the exact expressions are derived for the general source matrix of Eq. (1-24), 

fundamental source matrix of Eq. (1-23), reflection and transmission matrices of Eqs. (1-

44) and (1-43), reflected and transmitted intensity matrices of Eqs. (1-56) and (1-57), and 

reflected and transmitted flux matrices of Eqs. (1-59) and (1-60). The procedure used is 

similar to that which Ambarzumian applied to the scalar problem. The principle of 

superposition as well as Ambarzumian's method are used in the solution process. 

In addition, a procedure that modifies the classical P 1 approximation which has 

been applied to the scalar problem is introduced in Chapter II. Beginning with the 

fundamental diffuse transport equation for polarized light of Eq. (2-1), the expression for 

intensity is derived by using the classical P1 approximation with both Mark's and 

Marshak's boundary conditions as well as the modified P1 method with Marshak's 

boundary conditions for one-dimensional radiative transfer problem including polarization 

effects. The plane-parallel medium of interest scatters, absorbs, and is exposed to 

collimated incident polarized radiation. Numerical results are presented for five optical 

thicknesses (5, 10, ·15, 20, and 30), five albedoes (0.5, 0.9, 0.95, 0.99, and 1), and three 

selected sets of the scattering coefficients. These solutions are compared with the classical 
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Pi approximation and with the exact scalar results. Qualitatively good agreement for 

intensity is shown between the modified Pi and the exact scalar solutions, while the 

classical Pi approximation predictions are poor. 

In Chapter III, numerical results are presented for radiative transfer in one­

dimensional finite media without reflective boundaries but which scatters, absorbs, and is 

exposed to a incident polarized radiation. For these solutions, only information at the 

boundaries is obtained. The polarized phase matrix of the medium is general, requiring 

only that the scattering particles be randomly oriented and have one plane of symmetry. 

Numerical solutions are presented for various optical thicknesses (up to 10), two albedoes 

(0.5 and 0.99), two selected sets of the scattering coefficients, and four different incident 

polarized light boundary conditions which can be utilized to superpose and represent any 

incident polarized radiation. 

In addition, these results are compared with the solution of the diffusion 

approximation for polarized light as well as with the exact results for the scalar problem. 

The comparison shows that the diffusion · approximation can predict the state of the 

polarization qualitatively well; while the intensity for the scalar problem is equal to the 

intensity including polarization effects when the number of Legendre polynomials in the 

polarization phase matrix is one. Furthermore, the scalar results estimate the intensity 

very well for three of the chosen incident polarized light boundary conditions, but do 

poorly for one chosen incident polarized light boundary condition when the number of 

Legendre polynomials is greater than one. 

Finally, a summary of conclusions and recommendations are provided in Chapter 

IV. 
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CHAPTER I 

DEVELOP:MENT OF RADIATIVE TRANSFER EQUATIONS 

FOR THE SCATTERING OF POLARIZED LIGHT 

IN A PLANE-PARALLEL :MEDIUM 

Abstract 

The objective of the present work is to demonstrate that the exact solutions of 

one-dimensional radiative transfer source function, intensity, and flux for polarized 

radiation can be obtained by using a procedure similar to that which Ambarzumian applied 

to the scalar problem. In this paper, the exact expressions are derived for the source 

matrices, reflection and transmission matrices, reflected and transmitted intensity matrices, 

and reflected and transmitted flux matrices at the boundaries of a plane-parallel medium 

which scatters, absorbs, and is exposed to incident polarized radiation. The polarized 

phase matrix of the medium is general, requiring only that the scattering particles be 

randomly oriented and have one plane of symmetry. In the future, the equations 

formulated herein will be solved numerically for various polarized boundary conditions, 

albedoes, and optical thicknesses. 
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Introduction 

Extensive studies for radiative transfer exist in the literature. However, although 

some solutions are available, the exact numerical solutions for the scattering of polarized 

light in a one-dimensional finite medium exposed to elliptically polarized incident light 

without reflective boundaries are not available. Many researchers have simplified the 

effect of polarization due to its mathematical complexity, while others have formulated 

equations that become very difficult to solve numerically. Some interesting and related 

studies, mainly focused on polarization, will be reviewed in the following. 

Some typical studies focused on the effect of polarization in plane-parallel media 

were conducted by Chandrasekhar [1-1], Reguigui [1-2, 1-3], Hovenier [1-4], Siewert [1-

5], Hovenier and van der Mee [1-6], Benassi et al. [1-7, 1-8], Zege and Chaikovskaya [1-

9], and Mishchenko [1-10, 1-11]. Several studies concentrate on the derivation of 

radiative transfer equations without numerical results while others present numerical 

solutions with the incident radiation being unpolarized, circularly polarized, or linearly 

polarized in order to simplify the numerical process. 

The fundamental radiative transfer equation including polarization effects was 

derived by Chandrasekhar [1-1] for a plane-parallel atmosphere with Rayleigh scattering. 

The exact solutions for the parallel and perpendicular components (I, and Ir) of polarized 

radiation were also presented by Chandrasekhar for a plane-parallel axisymmetric 

atmosphere with Rayleigh's law and unpolarized incident radiation. Most of the work 

after Chandrasekhar has tried to extend his work in order to handle a general scattering 

matrix. 



3 

The derivation of the correlation transfer equation for dynamic light scattering 

(very similar to that of radiative transfer) was presented by Reguigui [1-2, 1-3]. By using 

various radiative transfer solution approaches, the numerical results for correlation ( which 

is comparable to radiative intensity) were obtained for both finite and semi-infinite media 

with the incident radiation being unpolarized. The effects of polarization and other 

important parameters on the correlation function were considered and discussed. It was 

found that polarization effects cannot be ignored for low optical thickness ( r O ~ 5 ), but 

are less important for high optical thickness ( r0 2 20 ). 

An extension of the doubling method [per Hovenier (van de Hulst, 1963)] was 

presented by Hovenier [1-4] to solve the radiative transfer problem in plane-parallel 

atmospheres including polarization effects. He presented numerical intensity results for 

four different phase matrices: (a) Rayleigh scattering, (b) two simple test matrices with 

unit albedo, of which one of these two models was designed to simulate the scattering of 

water vapor at a wavelength of O. 7 µm, and ( c) for comparison purposes, a scalar phase 

function (i.e., no polarization). The numerical results for the two simple test matrices 

suggested that ignoring polarization is not very important for intensity but obviously loses 

the degree of polarization. His simple test matrices predicted the state of polarization with 

relative accuracy. Unpolarized unidirectional incident light, modeling that coming from 

the sun, was used for this research. 

The radiative transfer problem for a finite plane-parallel medium exposed to 

incident elliptically polarized radiation was considered by Siewert [1-5]. The problem was 

reduced to a group of radiative transfer equations, formulated in terms of the four classical 
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Stokes parameters, by usmg a Fourier decomposition m the azimuthal angle. No 

numerical solutions were presented. 

Hovenier and van der Mee [1-6] have found the relationships between the Stokes 

parameters and several complex polarization parameters. The polarized transport 

equation and phase matrix for a plane-parallel atmosphere were discussed and formulated 

by using both Stokes parameters and complex polarization parameters. By using the 

addition theorem of generalized spherical functions, the phase matrix and all its Fourier 

components were expressed analytically. No numerical results were provided. 

A dispersion matrix, which was used to get the elementary solutions for the 

polarized radiative transfer equation, was given in various representations by Benassi et al. 

[ 1-7]. They discussed how to compute the zeros of the determinant of the dispersion 

matrix in order to get the analytical solutions. Furthermore, numerical results were given 

for three different scattering models with the incident radiation being unpolarized or 

circularly polarized. 

Starting with an analytical representation of the phase matrix, Benassi et al. [1-8] 

presented the solution for scattering of polarized light in a plane-parallel medium with the 

assumption that the intensity is independent of the azimuthal angle (i.e. azimuthally 

symmetric). Numerical results were given for the incident radiation being either 

unpolarized or circularly polarized in order to satisfy the azimuthally symmetric 

assumption. 

Zege and Chaikovskaya [ 1-9] presented an approximate method to solve the 

radiative transfer problem including polarization effects. Instead of the originally 

complicated vector radiative transfer equations (VRTEs), which were sets of four 
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simultaneous equations based on the Stokes parameters, a simplified new set of VR TEs, 

based on an approximate Green's function matrix, were derived with the major assumption 

that the scattering matrix of the medium was isotropic. The advantages for this isotropic 

medium approximation were: (a) the set of four simultaneous equations for the original 

VR TEs can be simplified to either sets of two simultaneous equations or the scalar 

equations, (b) the new VRTEs have simpler kernels than the kernels of the original 

VRTEs, (c) some complicated functions can be eliminated from the original VRTEs, and 

(d) the new VRTEs give quick convergence as well as high accuracy. No numerical 

solutions were provided. 

Mishchenko [1-10, 1-11] formulated exact reflected radiation equations by using 

an extension of the invariant imbedding method for a finite plane-parallel atmosphere 

including polarization effects. However, the formulated equations were numerically 

complex, requiring double integration, thus the author numerically solved two simplified 

problems, for unpolarized incident radiation and for linearly polarized incident radiation. 

For the diffuse scattering of polarized light, Herman et al. [1-12] presented 

numerical results for both spherical and plane-parallel atmospheres by using the Gauss­

Seidel calculation method. Comparisons between the polarized spherical Gauss-Seidel 

method and Monte Carlo calculations of other published studies for both spherical and 

plane-parallel media were also made. When all scattering terms were considered, the four 

Stokes parameters (I, Q, U, and V) were in good agreement between the polarized 

spherical Gauss-Seidel method and the Monte Carlo method. The solar radiation incident 

at the top of the atmosphere was assumed to be a completely unpolarized parallel beam. 
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Special work, mainly on the phase matrix, for the scattering of polarized light was 

performed by Siewert [1-13], Vestrucci and Siewert [1-14], de Rooij and van der Stap [1-

15], and Hovenier [ 1-16]. 

An analytical phase matrix corresponding to a Stokes representation of the 

polarized scattering matrix, which allowed the components of phase matrix to be 

expressed by a Fourier decomposition, was reported by Siewert [1-13]. The fundamental 

constants and matrices of this phase matrix were deduced by using a set of orthogonality 

and recursive relations. Three symmetry relationships of this phase matrix were also 

provided at the end. No numerical solutions were given. 

An analytical phase matrix (components in a Fourier decomposition) for scattering 

of polarized light was presented by Vestrucci and Siewert [1-14]. Some values of the 

fundamental constants required for this phase matrix were provided for different scattering 

matrices. No numerical results for intensity were presented. 

The polarized scattering matrix, which can be expanded in generalized spherical 

functions, was considered by de Rooij and van der Stap . [1-15]. The expansion 

coefficients of this scattering matrix, which represented scattering by homogeneous 

spherical particles, were calculated in two ways: (1) Domke's [per de Rooij and van der 

Stap (Domke, 1975)] explicit expressions, and (2) numerical angular integration. 

Furthermore, four sets of expansion coefficients were given according to four specific 

scattering matrices. No numerical results for intensity were provided. 

Hovenier [1-16] discussed the symmetry relationships based on two different 

polarized scattering matrices for which particles were randomly oriented and: (1) had a 

plane of symmetry, or (2) did not have a plane of symmetry. He presented the symmetry 
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relations for the phase matrix and for the reflection and transmission matrices, based on a 

scattering matrix which represented particles having a plane of symmetry. For the 

scattering matrix representing particles not having a plane of symmetry, birefringence and 

dichroism might occur, and the symmetry relations for only the phase matrix were 

considered: No numerical results were provided. 

Assuming a semi-infinite scattering medium that was homogeneous with randomly 

oriented polydisperse scattering spheres having a plane of symmetry, Mishchenko [1-17] 

has presented the Stokes reflection matrix which can be used to find radar reflectivity, 

polarization ratios, and enhancement factors. Some graphical results for the effects of 

particle size parameters, as well as the real and imaginary parts of the index of refraction, 

on the photometric and polarization characteristics of the radar return were also provided. 

No numerical results for intensity were given. 

Mueller and Crosbie [1-18] presented a polarized phase matrix for the three­

dimensional radiative transfer problem based on a scattering matrix which represented 

randomly oriented scattering particles having a plane of symmetry. In that paper, the 

geometry was finite in the z-direction and infinite in the x- and y-directions, with 

elliptically polarized radiation incident only on the top boundary. Great effort was 

expended to reduce this three-dimensional problem to a one-dimensional problem which 

depended on two parameters. A general four by four source matrix was derived by using 

the method of superposition. Some symmetry relationships were developed. Moreover, 

an extensive review of a wide variety of radiative transfer literature was also provided. No 

numerical results were presented. 



8 

The purpose of this chapter of the current study is to obtain the exact expressions 

for the· source matrices, reflection • and transmission matrices, reflected and . transmitted 

intensity matrices, and reflected and transmitted flux matrices only at the boundaries of a 

one-dimensional plane-parallel medium which scatters and absorbs, with polarization fully 

included. The polarized phase matrix of the medium requires only that the scattering 

particles be randomly oriented and have one plane of symmetry [1-16]. Moreover, these 

exact expressions are relatively straightforward and should be numerically simpler to solve 

than those of previous researchers. Therefore, the present work extends previous research 

because the numerical solutions will allow the incident radiation to be elliptically polarized, 

which implies that the solutions depend on the azimuthal angle. Future research will be 

directed toward the inclusion of refractive index effects and multi-dimensionality, after 

numerical solutions of the current work are obtained. 

Development of General Equations for Polarized Light 

In this section, beginning with the fundamental transport equation for polarized 

light in a one-dimensional plane-parallel medium, the diffuse transport equation, general 

source matrix, the sub-source matrices, and the fundamental source matrix will be derived. 

Absorption and scattering without emission are assumed in the medium, and refractive 

index effects at the boundaries are neglected. 
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Problem Description 

As mentioned earlier, the problem which we are interested in and which needs to 

be solved first is the one-dimensional radiative transfer problem for polarized light without 

reflective boundaries. One of the major reasons to do the present one-dimensional case 

when solutions for some cases exist is that the previous studies either cannot handle 

elliptically polarized light as the incident source or they are extremely difficult to solve 

numerically, while the present work does not have these restrictions. The geometry for 

this problem is shown in Fig. 1-1. 

In this research, we assume that collimated polarized incident radiation at an angle 

00 exists only at the top boundary and is a sheet of laser-like beams which simplifies our 

study to a one-dimensional problem. Moreover, no radiation is incident at the lower 

boundary and there are no refractive index effects at either boundary. Furthermore, 

absorption and scattering without emission are assumed in the medium ( which applies only 

as a good approximation to a low temperature medium). Note that the probability of 

scattering in the various directions depends on the phase matrix function, which will be 

discussed later. 

Fundamental Equations 

The transport equation, modified slightly from Chandrasekhar [1-1], for polarized 

light in a plane-parallel atmosphere (Fig. 1-1) can be written in the form 

µ d K(r~;, ¢) + 1r(r, µ, ¢) =; f6;,r J~1 P(µ, µ', ¢,¢') ][(r, µ', ¢') dµ' d¢', (1-1) 
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Figure 1-1. Geometry of a One-Dimensional Medium without 
Reflective Boundaries 
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where -c is the normal optical thickness, µ is the direction cosine of the propagation angle 

of the radiation, OJ is the single scattering albedo, and the intensity vector i( -c, µ, <I>) 

consists of the four Stokes parameters, that is, 1(-c, µ, <!>) = [1(-c, µ, <!>) Q(-c, µ, <I>) U(-c, µ, 

<!>) V(-c, µ, <!>)f. Furthermore, P(µ, µ', ¢, ¢') is the phase matrix [1-16], given by 

P(µ, µ', ¢, ¢') = L(n- - i2 )R(cos0)L(-i 1), (1-2) 

where L(- ii) and L(n - h) are the linear transformation matrices [1-16], which are 

required to rotate meridian planes before and after scattering onto a local scattering plane 

(Fig. 1-2), given by 

1 0 0 0 

O cos 2a - sin 2a 0 
L(n- - a) = L(- a) = 0 0 sin 2a cos 2a 

(1-3) 

0 0 0 1 

Moreover, i1 represents the angle between the meridian plane OP1Z and the scattering 

plane OP1P2, while h represents the angle between the planes OP1P2 and OP2Z, as shown 

in Fig. 1-2. Here, 0 is the angle between the light rays before and after scattering. 

In addition, R(cos 0) is the scattering matrix [1-16], and can be expressed in 

general as 

a1 (µs) b1 (µs) 

b1 (µs) a2 (µs) 

0 0 

0 0 

0 0 

0 0 

a3(µs) b2 (µs) ' 
(1-4) 

- b2 (µs) a4 (µs) 
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where J..1.s = cos 0. Notice that the scattering matrix of Eq. (1-4) assumes that the 

scattering particles are randomly oriented, and have at least one plane of symmetry [ 1-16]. 

Normalization [1-13] requires that 

(1-5) 

real valued for µs e [-1, 1] and must be known inputs. 

Before developing the transport equation further, it will be useful to express the 

phase matrix in a general form. Following the same procedure as Siewert [1-13], the 

phase matrix ofEq. (1-2) can be expanded in a Fourier series [1-8] as 

P(µ, µ', <p, <p') = I: 1 { cm(µ, µ') cos[m(¢ - ¢')] 
m=O 1 + Oom 

+ sm(µ, µ') sin[m(¢ - ¢/)]}, (1-6) 

where Oom is the Kronecker delta function, and other functions in Eq. (1-6) are defined as 

(l-7a) 

(l-7b) 

L (. )1 
Am(µ, µ') = _ L / ~ m )·, IIf(µ) Bi IIf (µ'), 

i=m I m. 
(l-7c) 

D2 = diag { 1, 1, -1, -1 } , (l-7d) 



14 

P{11(µ) 0 0 0 

TIF(µ)= 
0 RF(µ) -T{11(µ) 0 

0 -T{11(µ) RF(µ) 0 
(1-7e) 

0 0 0 P{11(µ) 

and the matrix of scattering coefficients is given by 

/Ji Yi 0 0 

Yi a· 0 0 
lBi 

1 
(1-7f) = 

0 0 (i - Ei 

0 0 E· 1 
5. 

1 

The matrix lBi is specified in detail in the Appendix I. In addition, in Eq. ( 1-7 e ), P{11 (µ) 

denotes associated Legendre functions while RF(µ) and Tim(µ) are combinations of 

generalized spherical functions. These functions are also defined in the Appendix I. 

Boundary Conditions 

We will consider a finite layer with optical location -c E [O, -co]. The non-reflecting 

surface -c = 0 is illuminated by a parallel beam incident at 0o to the normal surface, and is 

bounded at -c0 by another non-reflecting interface upon which no radiation is incident. We 

will find the solution ofEq. (1-1) subject to the boundary conditions, forµ E [O, 1] and <I> 

E [0, 21t], 

(1-8a) 

and n(i-0 , - µ, </J) = 0, (1-8b) 
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where Sis the Dirac delta function and the vector JF = [Fr FQ Fu Fvr, presumed given, 

specifies the state of polarization of the incident intensity at the upper boundary. 

Diffuse Intensity Vector 

We can now separate the intensity vector into unscattered ( with lF ) and diffuse 

(][d) components [1-8] by writing 

I(T, µ, <p) = 1ro(µ - µ 0 ) O(<p - <p0 ) exp(-T / µ) F + id(T, µ, <p) (1-9a) 

and 

I(T, - µ, <p) = Xd (T, - µ, <p). (1-9b) 

After we substitute Eqs. (1-9) into Eqs. (1-1) and (1-8), we see that the diffuse 

field is defined by 

d Kd ( T, µ, </J) OJ 2 1 
µ dr + l[d(7 , µ, ¢) = 41r fo1r L1 P(µ, µ', ¢, ¢') xd(r, µ', ¢') dµ' d</J' 

+ H(T, µ, <p), (1-10) 

where H(T, µ, ¢) (1-11) 

and the boundary conditions, forµ e [O, 1] and <I> E [O, 2n], are 

][d(O, µ, </J) = 0 (l-12a) 
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(1-12b) 

There are at least three possible exact techniques which could be used to solve for 

the diffuse intensity vector of Eq. ( 1-10). One is the approach similar to Ambarzumian [ 1-

19] (used by Liu [1-20]), another is that of invariant imbedding used by Mishchenko [1-

10, 1-11], while the third is a direct solution method similar to Benassi et al [1-8]. 

Because an Ambarzumian [1-19] like procedure has certain advantages, such as obtaining 

a relatively simple solution only at the boundaries without it being necessary to solve for 

intensity inside the boundaries, an approach similar to that of Refs. [1-19] and [1-20] will 

be utilized. 

Source Matrix 

Equation (1-10) can be written in another form as 

(1-13) 

where 

s(,' µ, </J) = ~ Jff,. J~1 P(µ, µ', <p, </J') Xd (,, µ', </J') dµ' d</J' + H(,, µ, </J), (1-14) 
4Jr 

is the general source matrix. Equations (1-12) are modified to convenient forms as 

x! (O, µ, </J) = o (1-15a) 

and ( 1 (,0 , µ, </J) = 0, (1-lSb) 
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where the superscripts + and - on Eqs. (1-15) denote that the intensity is generally 

propagating in the positive and negative 't directions (see Fig. 1-1), respectively. 

Solving Eq. (1-13) for n; and ( 1, using an integrating factor, yields 

+ + dt 
lld (r, µ, </J) = lid (0, µ, ¢) exp(-r / µ) + fo s(t, µ, ¢) exp[-(r - t) / µ] - (1-16a) 

µ 

and 

(1(r, µ, </J) = ( 1(r0 , µ, </J) exp[-(r0 - r)/ µ] 

dt + r;o s(t, -µ, ¢) exp[-(t - r)/ µ] -. 
µ 

(l-16b) 

Our next goal is to find a more explicit form for the general source matrix in Eq. 

(1-14). First, substituting Eqs. (1-6), (1-7a), (1-7b), (l-7c), (1-11), (1-16), and (1-15) 

into Eq. (1-14) with the assumption that the incident azimuthal angle, <l>o, is equal to zero, 

we have 

L 1 L (" )1 
,I.. ) OJ ( / ) " _1 - m . { [II m1· (µ) B1· s(r, µ, µ 0 , 'f'; To = - exp -T µ 0 1: ,t.., 

4 m = o 1 + Oom i = m (1 + m)! 

x IIf (µ0 ) + D2 IJf (µ) lB\ IJf (µ 0 ) D2] cos(m</J) + [IJf(µ) 

x JBi IIf (µ 0 ) D 2 - D 2 IIf(µ) JBi IIf (µ 0 )] sin(m</J)} f 

L 1 L (" )1 
+ !!!_ 1: --- 1: .1 - m . J6n £ £°0 ( { IIf (µ) JBi 

4JT m = o 1 + 80m i = m (1 + m)! 

x IIf[sign(r - t)µ'] + D 2 IIf(µ) Bi IIf[sign(r - t)µ'] D2 } 

x [cos(m</J) cos(m</J') + sin(m</J) sin(m</J')] + { IIf (µ) JBi 

x IIf[sign(r - t)µ'] D 2 - D 2 IIf(µ) JBi IIf[sign(r - t)µ']} 

x [sin(m</J) cos(m</J') - cos(m</J) sin(m</J')] ) 
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d I 

x s[t, sign(T-t)µ', µ 0 , ¢'; T 0 ] exp[-IT-tl/µ'] dt _l!___ d</J', (1-17) 
µ' 

where sign( 1 - t) is 1 if T 2 t, and is -1 if 1 < t. 

Examination of Eq. ( 1-17) suggests that a reasonable expansion of the general 

source matrix is 

s( T, µ, µ 0 , <p; To) = m I 1 I ~i - m)! { cos(m</J) [ITF(µ) 
4JZ" m = o 1 + born i = m (1 + m) ! 

.x lBi Pim1(T, µ 0 ; To)+ D2 ITF(µ)Bi 1Pim2(T, µ 0 ; To)] 

+ sin(m</J) [ITF(µ) lBi Pim2(T, µ 0 ; To) - D2 ITF(µ) 

X ]Bi piml ( T, µo ; TO)]} , 

where Pun1 and Pim2 are matrices yet to be determined. 

(1-18) 

The use of Eq. ( 1-18) in Eq. ( 1-1 7) results in two independent sets of matrix 

equations for Pun1 and Pim2 

L G )1 + m "' . - m · rr0o ( ) ( ) d L... Jo Klijm T - t Pjml t, µ 0 ; To t 
2 j =m G + m)! 

(l-19a) 

and 

m L G -m)! •o +-" ___ ro K11·;m(T-t)PJ·m2(t,µ0 ;T0)dt, 
2 -~ G + )I J1 " J-m m. 

(1-19b) 

where 
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Klijm ('r - t)= f6 nr [sign( r - t)µ'] IIf [sign( r - t)µ'] ]Bj exp[- Ir - t I/µ']~· . (1-20) 

Now, by inspecting Eqs. (1-19), it can be seen that 

(1-21) 

(1-22) 

where Pim1(1:, µo; 1:0) and Pim2(1:, µo; 1:o) are four by one matrices while PPim1(1:, ~; ,:0) is a 

four by four matrix. Substituting Eqs. (1-21) and (1-22) into Eqs. (1-19a) and (1-19b), 

respectively, Eqs. (1-19) can be reduced to a single equation 

CO L (j - m)! . . 
+ - L . to K1ijm (r - t) PPjml (t, µ 0 , ro) dt. (1-23) 

2 j =m (j + m)! 

At this point in the derivation, we have reduced the problem to solve for only the 

fundamental source matrix PPim1(1:, µo; 1:0). One of the major advantages in this 

simplification is that we can apply different boundary conditions (F's) after we get the 

solution for PPun1(1:, ~; 1:0), even though PPim1 is a four by four matrix as opposed to the 

two simpler four by one matrices of Pim1 and Pim2. 

Now, by substituting Eqs. (1-21) and (1-22) into Eq. (1-18), the general source 

matrix can be written in terms of the fundamental source matrix PPim1(1:, µo; 1:0) as 
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m L 1 L (i - m)I 
= L --- L . · { cos(m¢)[IIF(µ) lBi 

4n- m=O 1 + 8am i=m (1 + m)! 

x PPim1(r-,µo;r-o) + D2 IIF(µ)lB\ PPim1(r,µo;r-o) D2] 

+ sin(m¢) [IIF (µ) ]8,i ppiml (r,µo; To) D2 - D2 rrr (µ) ]Bi 

X ppiml ( T' µo; TO)] } lF. (1-24) 

Thus far, we have derived an equation for the fundamental source matrix PPimi( -c, 

µo; 'to). The assumptions made to this point are: no incident radiation entering from the 

lower boundary, no index of refraction effects at both boundaries, the particles are 

randomly oriented and have at least one plane of symmetry, and <1>0 is equal to zero. The 

fundamental source matrix will be manipulated in the next section in order to get the 

solution of general source matrix sin Eq. (1-24). 

Solution of the Plane-Parallel Polarized Light Problem 

Starting with the fundamental source matrix, the reflection and transmission 

matrices, reflected and transmitted intensity matrices, and reflected and transmitted flux 

matrices will be determined by using Ambarzumian's approach [1-19, 1-20] and 

superposition. 

Derivative of the Fundamental Source Matrix with Respect to Optical Location 

Ambarzumian's approach [1-19, 1-20] will be used to solve for the fundamental 

source matrix PPim1(-c, µo; -co). During this process, the derivative of PPim1 with respect to 

-c is needed. Therefore, this derivative will be obtained first. 



Equation (1-23) can be first written in expanded form as 

m aJ L G - m)! 
= n-exp(-r I µo) rri (µo) + - L . Jo Klijm(r - t) 

2 j =m G + m)! 

w L G - m)! o 
x PPJ·m1(t, µ 0 ; r 0 ) dt + - L --'---'- rr K11-1·m(r - t) 

2 . - G + )' Jr J-ID m. 

d ' 
where Kiijm(r - t) = f6 Ilf(µ') Ilf(µ') lBj exp[-(r - t) / µ'] ~' 

µ 

for the first integral in Eq. (1-25) where t < -c, and 

Klijm(r - t) = f6 Ilf(-µ') Ilf(-µ') 1Bj exp[-(t - r)/ µ'] d~', 
µ 
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(1-25) 

(l-26a) 

(l-26b) 

for the second integral in Eq. (1-25) where t > -c. Thus, mathematical manipulations will 

be straightforward in Eq. (1-25). 

- -Using the substitution t = -c - t in the first integral and t = t - -c in the second 

integral of Eq. (1-25), and using Leibnitz rule to take the derivative of this equation with 

respect to -c yields 

dPPim1(r, µ 0 ; ro) ( I ) ( I )ITm( ) OJ L G - m)! () = - n- µo exp -r µo i µo + -2 . L_ G + ) 1 K lijm r 
dr 1 -m m. 

. w L G - m)! 
x PPjml (0, µo, ro) - - L . Klijm(r - ro) 

2 j =m G + m)! 

OJ L G - m)! -
x PPjml (ro, µo; ro) + - L . Jo Klijm(t) 

2 j=mG + m)! 
-

dPPjml(r- t,µ 0 ; ro) - w i G_· - m)! 
X -------- dt + .:..., 

dr 2 j=mG +m)! 



22 

-
cr-r - dPPjm1(T+t,µo;To) -

x Joo Klijm(- t) -------- dt. 
dT 

(1-27) 

Using the substitution t = -c - t in the first integral and t = t + -c in the second integral, 

Eq. (1-27) may be written as 

d PPjml (t, µo; To) 
X ------dt. 

dt 
(1-28) 

The solution of Eq. (1-28) can be found by the method of superposition. 

Replacing µo with µ' and j with k in Eq. (1-23); then post-multiplying the resulting 

equation by !'!.._ ~ - m)! IIf (µ') 1Bj PPjml (0, µ 0 ; T 0 ) Iµ', integrating from zero to 
2rc (j + m)! 

one with respect to µ' , and summing from j = m to L as well as making use of Eq. ( 1-20 ), 

we obtain 

L (j )' d ' OJ " - m . rl ( '- ) II m ( ') µ (0 . ) 
- L. . Jo PPiml T, µ, To j µ -, lBj PPjml , µo, To 
2rc j = m (j + m) ! µ 

= m i (j - m)! K1·· (T) PP· 1(0 µ . To) + OJ ½ (k - m)! 
2 . ~ (j + )' lJID ]ID , 0, 2 - (k + )' 1-m m. k-m m. 

L (j )l d ' f' ) { OJ - m . rl ( ' ) IJm ( ') µ x Joo K 1ikm(T- t - L . Jo PPkml t, µ; To j µ -, 
2rc j = m (j + m) ! µ 

(1-29) 
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Equation (1-29) can be used to superpose for part of the solution ofEq. (1-28). In 

order to complete the use of superposition, we need to define a new matrix function ( sub­

fundamental source matrix) which is 

L G )1 + co " . - m . ft'oo ( ) ( ) d L.. Jo K 3ijm r - t PPjm3 t, µo ; r O t, 
2 j=mG +m)! 

(1-30) 

where 

Pt(µ) 0 0 0 

n 'f (µ) = 
0 Rf(µ) Tim(µ) 0 

(1-3 la) 
0 Tim(µ) Rf(µ) 0 

0 0 0 pim(µ) 

and 

K 3ijm (r - t) = f6 TI 'f [sign(r -t)µ'] TI 'f [sign( r- t)µ'] lBj exp(- Ir -t I/µ') d:' . (1-3 lb) 

By comparing Eq. (1-3 la) and Eq. (1-7e) with the help of Siewert [1-13], we have 

the following relation, for i ~ m, 

nf (-µ) = (-ll-m n 'f (µ). (1-32a) 

Equation (1-32a) also implies that 

(1-32b) 
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Replacing µo by µ', j by k, 't by 'to - -r, and t by 'to - t in Eq. (1-30); then post-

multiplying the resulting equation by - !1!_ (-l)i+j G - m)! IJ'1:11(µ')1B· 
21r G + m)! 1 1 

x PPjm 1 ( r O , µ 0 ; r O) / µ', integrating from zero to one with respect to µ', and summing 

fromj = m to Las well as making use ofEq. (1-20), gives 

OJ ~ ( l)j+i G - m)! rl ( ,. ) II ,m ( ') dµ'. ( . ) - - ~ - . Jo lP'lP'im3 ro -r, µ, ro j µ -, lBj lP'Pjml ro, µo, ro 
2,r j = m G + m)! µ 

= OJ L G - m)! . OJ L (k - m)! 
L . 1K lijm ( r - r o) PPjml ( r o, µo, r o) + - L 

2 j = m G + m)! 2 k = m (k + m)! 

x t° K1ikm(r - t) { - OJ L (-l)j+k ~ - m)! J6 PPkm3(r0 - t, µ'; r 0 ) 
2,r j = m G + m) ! 

(1-33) 

Finally, replacing k by j and j by k in the second term of the right hand side for both Eqs. 

(1-29) and (1-33), multiplying Eq. (1-23) by -1/µo, and adding all three of these equations 

together; then comparing the resulting equation with Eq. (1-28), the solution ofEq. (1-28) 

by superposition is found to be 

d PPim1 (r, µo; ro) ( / ) ( ) OJ ~ G - m)! = - 1 µo PlP'iml r' µo; r o + - ~ -'.'--------'-
d r 2,r j = m G + m)! 

dµ' OJ 
x J6 PPiml (r, µ'; r 0) IIf(µ') µ' lBj lP'lP'jml (0, µ 0 ; ro) - 2,r 

x ½ (-l)i+m G - m)! rl PlP'· (r -r µ'- r ) IJ1:11(-µ') dµ' . G + )I .I() rm3 0 , , O J , 
J =m m. µ 

(1-34) 

A similar procedure for PPimlto - 't, µo; to) yields 
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d PPrm· ' 1 ( To - T, µo ; To) lV L 1· +m (j - m) I 
= (1/µo)PPim1(To-T,µo; To)+ - L (-1) · 

dT 2ff j =m (j + m)! 

X £ PlPim3(T, µ'; To) nf(-µ') ~· ]Bj PPjml (To, µo; To) 

m L (j - m) ! 1 dµ' 
- - L . f0 JPPiml (T0 - T, µ'; T0 ) nf (µ') -, 

2ff j = m (j + m)! µ 

(1-35) 

From Eqs. (1-34) and (1-35), we see that PPun3 must be known before the 

equations can be solved. Applying the same procedure to PPun3 that was applied to PPun1 

gives 

d ( ) L (j )I ppim3 T, µo; To ( I ) ( ) m ~ (-l)m-j . - m . 
dT = - 1 µo lPPim3 T, µo; To + 2= .:.... 

,. j = m (j + m)! 

dµ' m 
X J6 PPim3(T, µ'; To) nf(-µ') µ' ]Bj PPjm3(O, µo; To) - 2ff 

X t (-l)j+i (j - m)! rl pp. (T - T µ'· T ) nm(µ') dµ' 
. (j + )I Jo rml o , , o J , 
J =m m. µ 

(1-36) 

and 

d PPim3 (TO - T, µo ; TO) 

dT 

m L 
= (1/ µo) PPim3(To - T, µo; To) + - L (-l)i+j 

2ff j = m 

(j - m)! rl ( ,. ) nm( ') dµ' 
X . Jo ppiml T, µ' To j µ - ]Bj 

(j + m)! µ' 

L (j )1 ( . ) m "' ( l)m-j - m . 
X ppjm3 To, µo, To - - .:..., - · 

2ff j = m (j + m)! 

rI ( ,. ) nm( ') dµ' 
X JO ppim3 TO - T' µ ' TO j -µ -, ]B j 

µ 

(1-37) 
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Equations (1-34), (1-35), (1-36), and (1-37) are four dependent integro-differential 

matrix equations. In order to make use of these four integro:..differential matrix equations, 

we need to first rewrite the matrix equations for PPjmi(0, µo; to), PPjmi(to, µ0 ; to), PlP'jm3(0, 

µo; to), and PPjm3( to, µo; to) in appropriate forms. Thus, we will focus our attention next 

on these four matrix equations. 

Fundamental and Sub-Fundamental Source Matrix Equations at the Boundaries 

Replacing 't by 'to - 't and t by to - tin Eqs. (1-23) and (1-30), Eqs. (1-23) and (1-

30) can be rewritten as 

{jJ ~ a_· - m)! = 7l"exp[(r - i-o)I µ 0 ] IIf1(µo) + ~ 
2 j =m G + m)! 

(1-38) 

and 

{jJ i a_· - m)! = 7l"exp[(r - i-o)I µ 0]II'f1(µ0) + ~ 
2 j =mG + m)! 

(1-39) 

By setting t = 0, and replacing i by j and j by kin Eqs. (1-23), (1-38), (1-30), and 

(1-39), respectively, we have the following expressions in order 



and 

OJ L (k - m)! rr 
+ - L --- Joo K1jkm (- t) JP'Pkml (t, µ 0 ; To) dt, 

2 k=m(k + m)! 

+ OJ i (k- m)! r•o (t) ( ) d 
L. Jo K13·km Plf\m1 To-t,µa;To t, 

2 k=m (k+m)! 

+ OJ i (k-m)! r0•o ( ) ( )d 
L.... J, K3jkm -t Plf\m3 t,µo;To t, 

2 k=rn (k+m)! 

+ OJ i (k - m)! r•o (t) ( t ) dt 
L. Jo K3jkm Plf\m3 To - , µo; To • 

2 k=rn (k + m)! 
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(l-40a) 

(l-40b) 

(l-40c) 

(l-40d) 

Substituting Eq. (1-20) into Eqs. (l-40a) and (l-40b), and Eq. (l-3lb) into Eqs. 

(l-40c) and (1-40d), then interchanging the order of integration, Eqs. (1-40) may be 

written as 

(0 ) n m( ) + OJ ~ (k - m)! rl TI1:ll(- ') Tim(- .') 
PPjml , µo; To = Jr j µo 2 ~ (k + )! JO J µ k µ 

k-m m. 

' . dµ' 
X JP/,k ppkml (µ' µo, To) -, 

µ' 
(1-4la) 

( I ) TI m ( ) OJ ~ (k - m) ! rl TI 1:11 (µ') = Jr exp - To µ 0 j µo + L. Jo 
2 k = m (k + m)! J 



and 

II m ( , ) ( , ) dµ' x k µ ]Bk PPJ[kml µ, µo; To -, 
µ' 

= Tr II 'j (µ0 ) + OJ ½ (k - m)! J6 II 'j (-µ') II 1k (-µ') 
2 k=m(k + m)! 

-------dµ' 
X ]Bk PlPkm3 (µ' , µo; TO) - , 

µ' 

II ,m ( , ) ( , ) dµ' 
X k µ lBk PPKkm3 µ, µ 0 ; To -, 

µ' 

where the transform functions of Eqs. (1-41) are defined as 
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(1-41 b) 

(1-41c) 

(1-41d) 

(1-42a) 

(1-42b) 

(1-42c) 

(1-42d) 

lPPkml and PPnkm1 are the transforms of fundamental source matrices, while IPIPkm3 and 

PPlrkm3 are the transforms of sub-fundamental source matrices. The matrices PPkml and 

PPl[kml are also the so-called reflection and transmission matrices, respectively. 
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Therefore, we have found IPIP'jrnl(O, µo; to), PPjrn1(to, µo; to), PPjrn3(0, µo; to), and 

PPjm3(to, µo; to) in terms of the transforms PP1an1, PPX1an1, PP1an3 , and PPlr1an3 , 

respectively. If these transforms were available, we could now determine the fundamental 

and sub-fundamental source matrices at the boundaries, then get the intensities and fluxes 

at the boundaries. Thus, our next objective will be to find the expressions for these 

transforms all of which involve PPjrn1(0, µo; to), PPjrn1( to, µo; to), PPjm3(0, µo; to), and 

Solving for the Transforms of the Fundamental and Sub-Fundamental Source Matrices 

To transform Eq. (1-35), multiply it by exp(-t/µ) and integrate overt from zero to 

to, which yields 

PIP'llimi(µ, µ 0 ; To)= [1/(1/ µ - II µ 0 )] { PPun1(To, µ 0 ; To) - exp(- To Iµ) 

OJ L i+m G - m)! 
x PPun1(0, µ 0 ; To) + - L (-1) -.--

2tr j = m G + m) ! 

d ' 
x £ PPim3 (µ, µ'; T0)IIT(-µ') 1 IBj PPjm1(To, µ0 ; To) 

- !!!_ 1: ~ -m)! £ PPMim1(µ, µ'; T0 )IIT(µ') 
2tr j = m G + m) ! 

(1-43) 

where PPMim1(µ, µ 0 ; To) and PPimiµ, µ'; To) are defined as in Eqs. (1-42b) and (1-

42c), respectively. 

Then, following the similar procedure for the other transforms, we get 



lPJPiml (µ, µ 0 ; ro) = [1/(1/ µ + ll µ 0 )] { PlPiml (0, µ 0 ; r 0 )- exp(- r 0 / µ) 

w L (j-m)! 1 , 
x PPim1 (ro, µo; ro) +- L . fo lPPim1 (µ, µ; ro) 

2,r j=m (j + m)! 

rrm(,dµ' OJ L i+m(i-m)! 
x j µ )-, lBj PPjml (0, µ 0 ; ro)- - L (-1) -.--

µ 2,r j=m (j + m)! 

xJ6 PPllim3(µ,µ';r 0 )IIf(-µ') ~
1 

lBj PPjm1(r0,µ 0 ;r0 )}, 

lPPllim3(µ, µ 0 ; r 0 ) = [1/(1/ µ - II µ 0 )] { lPJPim3(r0 , µ 0 ; r 0 ) - exp(- r 0 Iµ) 

x PP (0 µ · r ) + ~ ½ (-l)i+j (j - m)! 
llll3 , 0 , 0 2 . (j + ) l 

7rJ=m m. 

X £ ppiml (µ, µ'; To) IIj (µ') ~• ]8,j ppjm3(ro, µo; To) 

L . (j )1 
OJ " ( l)m-J - m . rl ( ' ) 

- - £... - • JO PPliim3 µ, µ ; r o 
2,r j=m (j + m)! 

x IIf(-µ') ~• lBj PPjm3(0, µo; ro)}, 

and 

PPim3(µ, µ 0 ; r 0 ) = [1/(1/ µ + ll µ 0 )] { PPim3(0, µ 0 ; r 0 ) - exp(- r 0 Iµ) 

OJ L m- • (j - m)! 
x PlPim3(r0 , µ 0 ; r 0 ) + - Z: (-1) J -.--

2,r j = m (j + m)! 

x £ PPim3(µ, µ'; r 0 ) IIf(-µ') 7 18,j PPjm3(0, µ 0 ; ro) 

-~ ½ (-l)j+i (j - m)! 11 PP][· (µ µ'- r ) 
Z,r j = m (j + m)! o lllll , , o 

X ilj (µ') ~• ]Bj ppjm3(ro, µo; To)}· 
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(1-44) 

(1-45) 

(1-46) 

Equations (1-41), and (1-43) to (1-46) could be solved now for all functions. 

However, a very important point to note is that Eqs. (1-43) and (1-45) cannot be easily 
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solved numerically due to the· term 1/(1/µ - 1/µ0 ), which will approach infinity when µ = 

µo. Therefore, a different method will be used to solve for PPirn1(0, µo; -co), PPimi( 'to, µ 0 ; 

-co), PPirn3(0, µo; -co), and PlP'irn3( 'to, µo; -co) as shown in the following section. Then Eqs. (1-

43) to (1-46) will be used to solve for the reflection and transmission matrices, PPkml and 

lP'Pl[kml, which will in tum be used to solve for the reflected and transmitted intensity, and 

flux matrices later. 

Alternate Approach to Solve for the Fundamental and Sub-Fundamental Source Matrix 
Equations at the Boundaries 

This approach requires the derivatives of the fundamental and sub-fundamental 

source matrices with respect to optical thickness -co [1-19, 1-20]. Using Leibnitz rule to 

take the derivative ofEq. (1-25) with respect to 'to yields 

d PPiml (r, µo; ro) = 
dr0 

(1-47) 

where index j has been replaced by k in the second summation. 

The solution of Eq. (1-47) is found by the method of superposition. Multiplying 

Eq. (1-33) by -1, and comparing the resulting equation with Eq. (1-47), we find that 

d PPim1 (r, µo; ro) 
dr0 

OJ L ( )i+m G - m)! rl ( I ) rrm( ') = - L -1 --- JO PPim3 r o - r, µ ; r o j -µ 
2Jr j = m G + m) ! 
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(1-48) 

Following a similar procedure for the other fundamental and sub-fundamental 

source matrices, we have 

d lPlP'iml (ro - r, µo; ro) 

dr0 

co L G - m)! 
= -(1 I µo) lP'lP'iml (ro - r, µo; ro) + - L -.---

2;r i = m G + m) ! 

d 1P1Pim3 ( r, µo; r o) = 
dr0 

and 

rl ( ,. ) nm( ') dµ' x JO JPJPim1 ro - r, µ, ro j µ -, lB\j 
µ 

(1-49) 

!!}_ ~ (-l)j+i G - m)! rl ( ) nm( ') 
L. JO lPJPiml r o - r, µ'; r o j µ 

2;r j = m G + m) ! 

G - m)! 1 
x --- Jo JP1Pim3 ( r o -

(i + m)! 

(1-50) 

!!}_ ~ (-1 )m-j 
2;r j = m 

,. ) nm( ') dµ' lB\ r, µ, r 0 j -µ -, j 
µ 

(1-51) 

Finally, letting 't = 0, Eqs. (1-48), (1-49), (1-50), and (1-51) become 

dJPJPim1(0, µo; ro) 

dr0 

-cu ~ (-l)i+m (i - m)! rl ( I ) nm( ') = L. ---'---- JO ]PlPnn3 To,µ; To j -µ 
2;r j = m (i + m)! 



d ppim3 ( 0, µo ; TO) = 
dT0 

and 

!!!__ ~ (-l)j+i G - m)! rl ( I ) rrm( ') 
£.- .Kl ppiml To, µ; To j µ 

21r j = m G + m)! 

r 1 ( , . ) rrm ( , ) dµ' (0 . ) XJQ PPim3To,µ,To j -µ µ'BjPPjm3 ,µo,To · 
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(1-52) 

(1-53) 

(1-54) 

(1-55) 

Equations (1-52), (1-53), (1-54), and (1-55) are four dependent integro-differential 

matrix equations for PPun1(0, ~; to), PPun1(to, µo; to), PPun3(0, ~; to), and PPun3(to, µo; 

to). These four matrix equations can be solved simultaneously by any reliable scheme, 

such as the Runge-Kutta numerical calculation method. Moreover, Eqs. (1-43), (1-46) 

and (1-44), (1-45) are two pairs of dependent integral equations. These equations can be 

solved by the successive approximation method, once PPun1(0, µo; to), PPun1(to, µ0 ; to), 

PPinJ3(0, µ0 ; to), and PPim3( to, µo; to) are available. Thus, all equations have been derived 

to allow the calculation of all fundamental and sub-fundamental source matrices at the 



34 

boundaries, and the transforms of these matrices. In the next section, the reflected and 

transmitted intensity matrices will be derived in terms of the reflection matrix PP1an1 and 

transmission matrix PPK1an1 , respectively. 

Reflected and Transmitted Intensity Matrices 

Substituting Eqs. (1-15b), (1-18), (1-21), (1-22), and (1-42a) into Eq. (1-16b) as 

well as setting -r = 0 yields the following reflected intensity matrix 

= m ½ l ½ ~i - m)! { cos(m¢) [ rrr (-µ) 
4n rn=O 1 + born i=rn (1 + m)! 

X ]Bi PPim1(µ, µo; To) + Dz Ilf1(-µ) 18,i PPim1(µ, µo; ro) 

x Dz] + sin(m¢) [ Ilf1(-µ) lBi PPim1(µ, µ 0 ; To) Dz 

- D2 Ilf1(-µ) IBi PPiml (µ, µo; To)]} £, 
µ 

(1-56) 

where PPiml is defined by Eq. (1-42a). 

Then, substituting Eqs. (1-15a), (1-18), (1-21), (1-22), and (1-42b) into Eq. (1-

16a) as well as setting -r = -r0 yields the following transmitted intensity matrix 

= !!:!___ ½ l ½ ~i - m)! { cos(m¢) [ rrr (µ) ]Bi 
4n rn=O 1 + born i=rn (1 + m)! 

X PPKim1(µ, µo; To) + Dz Ilf1(µ) ]Bi PP][im1(µ, µo; To) 

X Dz]+ sin(m¢)[Ilf1(µ)1Bi PP][im1(µ, µo; To)Dz 

where PPKiml is defined by Eq. (1-42b). 

(1-57) 
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Equations (1-56) and (1-57) can be solved directly to obtain the reflected and 

transmitted intensity matrices, after PPiinl and PPllunl have been determined. In the next 

section, the reflected and transmitted flux matrices will be derived in terms of the 

reflection matrix PP1an1 and transmission matrix PlPl[kml, respectively. 

Reflected and Transmitted Flux Matrices 

The general flux equation is [ 1-1] 

q = J ll µ dQ, (1-58) 

where Q denotes the solid angle. Then, by using Eqs. (1-56) and (1-57) with the general 

flux definition of Eq. (1-58), the reflected and transmitted flux matrices are 

(1-59) 

and 

(1-60) 

respectively. Equations (1-59) and (1-60) can be solved to obtain the reflected and 

transmitted flux matrices, after PPunl and PPllunl have been determined. Note that Eqs. 

(1-59) and (1-60) without the JF vector would yield generic four by four flux matrices 
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independent of boundary conditions. These generic equations are related to the reduced 

one-dimensional flux equations from Muller [1-21]. 

Conclusions 

The exact expressions were derived for the general source matrix, fundamental 

source matrix, reflection and transmission matrices, reflected and transmitted intensity 

matrices, and reflected and transmitted flux matrices for polarized light in a plane-parallel 

medium without reflective boundaries. The work was done by using a procedure similar 

to that of Ambarzumian [1-19] and Liu [1-20] with the assumptions being: collimated 

polarized incident radiation at angle 0o exists at the top boundary and is a sheet of laser­

like beams; no incident radiation enters from the lower boundary; scattering and 

absorption but no emission occur in the medium; no index of refraction effects exist at the 

boundaries; the particles are randomly oriented and have at least one plane of symmetry; 

and the azimuthal angle of the incident radiation is equal to zero. 

As discussed earlier, we need to solve Eqs. (1-52)-(1-55) simultaneously first, and 

then solve Eqs. (1-43) and (1-46) simultaneously and Eqs. (1-44) and (1-45) 

simultaneously, and finally solve Eqs. (1-56) and (1-57) and Eqs. (1-59) and (1-60), 

respectively, in order to get the numerical results for the reflected and transmitted 

intensities and fluxes 

Near term future work will be focused on numerical solution for a wide range of 

phase matrices, albedoes, optical thicknesses, incident angles, and incident polarizations. 
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Moreover, in order to compare more easily with experimental data, it is planned that long 

term future research will include refractive index effects. 

Addendum to Conclusions 

This paper was published in 1999 in the Journal of Quantitative Spectroscopy and 

Radiative Transfer, Vol. 61, No. 1, pp. 1-18, before completing any numerical results. 

Some of the near term future work mentioned in the conclusions has been done in 

Chapters II and III. In the next chapter, the derivation and numerical results for the 

diffusion approximation will be discussed. 
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Appendix I 

The purpose of this appendix is to define the coefficients of the lBi matrix which 

must be known in order to solve the present one-dimensional problem numerically. 

The matrix lBi is given in Eq. (1:7f) as 

Pi Yi 0 0 

Yi a· 0 0 1 (1-7f) JB· = 1 0 0 (i - ei 

0 0 6· 1 8-1 
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Furthermore, the coefficients of lBli are given as [1-13] 

and 

a·= [(2i + 1)/2][(i - 2)!]112 f1 [ ( )R2 ( ) + ( )T2 ( )]d (1-a6) 
1 (i + 2)! -1 a2 µs i µs a3 µs i µs A, 

where Pi (µ 8 ) is used to denote the Legendre polynomials, defined as [1-22] 

(1-a7) 

Pt(µ8 ) are associated Legendre functions, defined as [1-22] 

(1-a8) 
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µs = cos 0, and Rf (µ 8 ) and Tt(A) are combinations of generalized spherical functions 

which are defined as [ 1-13] 

Rf(µ)= -(1/2) (i)m [~i ~ :iJ112 { P~,2 (µ) + P~,-2 (µ)} (1-a9) 

and 

Tim(µ)= - (1/2) (i)m [~~ ~ :;/JI/2 { P~,2 (µ)- P~,-2 (µ)}' (1-alO) 

where for i ~ sup(!m!, jnl), the generalized spherical functions are 

(I-all) 

with A~ n = (-l)i-m (it-m [(~ -m)! (i_+ n)!]I/2 /[2i (i-m)!]. 
' · (1 + m)! (1 - n)! 

(1-a12) 

Notice that sup(!ml,lnl) 1s the larger of the two numbers 1ml and !nl, and 

P:n, n (µ) = 0 if i < sup(!ml, In!). 



CHAPTER II 

DIFFUSION APPROXIMATION OF RADIATIVE TRANSFER 

FOR THE SCATTERING OF POLARIZED LIGHT 

IN A PLANE-PARALLEL MEDIUM 

Abstract 

A procedure that modifies the classical P 1 approximation is introduced here. The 

objective of the present work is to illustrate that the solutions of the one-dimensional 

radiative transfer problem for polarized radiation can be obtained by using this modified P1 

method which has been applied to the scalar problem. In this paper, the expression for 

intensity is derived by using the classical P1 approximation with both Mark's and 

Marshak's boundary conditions as well as the modified P1 method with Marshak's 

boundary conditions. The plane-parallel medium of interest scatters, absorbs, and is 

exposed to collimated incident polarized radiation. Numerical results are presented for 

five optical thicknesses (5, 10, 15, 20, and 30), five albedoes (0.5, 0.9, 0.95, 0.99, and 1), 

and three selected sets of the scattering coefficients. These solutions are compared with 

the classical P 1 approximation and with the exact scalar results. Qualitatively good 

agreement for intensity is shown between the modified P1 and the exact scalar solutions, 

while the classical P 1 approximation predictions are poor. 
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Introduction 

Various computational techniques for solving the radiative transfer problem in a 

plane-parallel medium including polarization effects are available. Nevertheless, there are 

no results for the diffusion approximation for the scattering of polarized light in a one­

dimensional finite medium exposed to polarized incident light without reflective 

boundaries. Many researchers have simplified the effect of polarization due to its 

mathematical complexity, while others have formulated equations that become very 

difficult to solve numerically. Some interesting and related studies, mainly focused on 

polarization, will be reviewed in the following. 

Some typical studies examining the effect of polarization in plane-parallel media 

were conducted by Chandrasekhar [2-1], Reguigui [2-2, 2-3], Hovenier [2-4], Wauben 

and Hovenier [2-5], Wauben et al. [2-6], Siewert [2-7], Garcia and Siewert [2-8, 2-9], 

Hovenier and van der Mee [2-10], Benassi et al. [2-11, 2-12], Zege and Chaikovskaya [2-

13], Mishchenko [2-14, 2-15], and Arnbirajan and Look [2-16, 2-17]. Several studies 

concentrate on the derivation of radiative transfer equations without numerical results 

while others present numerical solutions with the incident radiation being unpolarized, 

circularly polarized, or linearly polarized in order to simplify the numerical process. 

The fundamental radiative transfer equation including polarization effects was 

derived by Chandrasekhar [2-1] for a plane-parallel atmosphere with Rayleigh scattering. 

The exact solutions for the parallel and perpendicular components (I1 and Ir) of polarized 

radiation were also presented by Chandrasekhar for a plane-parallel axisyrnrnetric 

atmosphere with Rayleigh's law of scattering and unpolarized incident radiation. Most of 
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the work after Chandrasekhar has tried to extend his work in order to handle a general 

scattering matrix. 

The derivation of the correlation transfer equation for dynamic light scattering 

(very similar to that ofradiative transfer) was presented by Reguigui [2-2, 2-3]. By using 

various radiative transfer solution approaches, the numerical results for correlation ( which 

is comparable to radiative intensity) were obtained for both finite and semi-infinite media 

with the incident radiation being unpolarized. The effects of polarization and other 

important parameters on the correlation function were considered and discussed. It was 

found that polarization effects cannot be ignored for low optical thickness (, 0 ~ 5 ), but 

are less important for high optical thickness (, 0 2 20 ). 

An extension of the doubling method [per Hovenier (van de Hulst, 1963)] was 

presented by Hovenier [2-4] to solve the radiative transfer problem in plane-parallel 

atmospheres including polarization effects. He presented numerical intensity results for 

four different phase matrices: (a) Rayleigh scattering, (b) two simple test matrices with 

unit albedo, of which one of these two models was designed to simulate the scattering of 

water vapor at a wavelength of 0.7 µm, and (c) for comparison purposes, a scalar phase 

function (i.e., no polarization). The numerical results for the two simple test matrices 

suggested that ignoring polarization is not very important for intensity but obviously loses 

the degree of polarization. Unpolarized unidirectional incident light, modeling that 

coming from the sun, was used for this research. 

Wauben and Hovenier [2-5] utilized the adding/doubling method as well as the FN 

method to solve the radiative transfer problem in a plane-parallel homogeneous 

atmosphere including polarization effects. The medium was illuminated by unpolarized 
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incident light and bounded by a black lower surface. Numerical results for all four Stokes 

parameters were presented for three different kind of randomly-oriented spheroids. 

The adding principle was employed by Wauben et al. [2-6] to calculate the 

radiative transfer in a plane-parallel inhomogeneous atmosphere including polarization 

effects. The medium was illuminated by unpolarized incident light on the upper boundary, 

by isotropically radiating internal sources, and by an isotropically radiating lower surface. 

Numerical results of all Stokes parameters were presented for all three kinds of 

illumination. 

The radiative transfer problem for a finite plane-parallel medium exposed to 

incident elliptically polarized radiation was considered by Siewert [2-7]. The problem was 

reduced to a group of radiative transfer equations, formulated in terms of the four classical 

Stokes parameters, by using a Fourier decomposition in the azimuthal angle. No 

numerical solutions were presented. 

Two different methods were applied to solve the radiative transfer problem 

including polarization effects by Garcia and Siewert [2-8, 2-9]. The medium was plane­

parallel with unpolarized incident light on the top and a reflective lower boundary. 

Numerical results of all Stokes parameters were tabulated by using the generalized 

spherical harmonics method [2-8) and the FN m~thod [2-9]. 

Hovenier and van der Mee [2-1 OJ have found the relationships between the Stokes 

parameters and several complex polarization parameters. The polarized transport 

equation and phase matrix for a plane-parallel atmosphere were discussed and formulated 

by using both Stokes parameters and complex polarization parameters. By using the 
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addition theorem of generalized spherical functions, the phase matrix and all of its Fourier 

components were expressed analytically. No numerical results were provided. 

A dispersion matrix, which was used to get the elementary solutions for the 

polarized radiative transfer equation, was·given in various representations by Benassi et al. 

[2-11]. They discussed how to compute the zeros of the determinant of the dispersion 

matrix in order to get the analytical solutions. Furthermore, numerical results were given 

for three different scattering models with the incident radiation being unpolarized or 

circularly polarized. 

Starting with an analytical representation of the phase matrix, Benassi et al. [2-12] 

presented the solution for scattering of polarized light in a plane-parallel medium with the 

assumption that the intensity is independent of the azimuthal angle (i.e. azimuthally 

symmetric). Numerical results were given for the incident radiation being either 

unpolarized or circularly polarized in order to satisfy the azimuthally symmetric 

assumption. 

Zege and Chaikovskaya [2-13] presented an approximate method to solve the 

radiative transfer problem including polarization effects. Instead of the originally 

complicated vector radiative transfer equations (VR TEs ), which were sets of four 

simultaneous equations based on the Stokes parameters, a simplified new set of VRTEs, 

based on an approximate Green's function matrix, were derived with the major assumption 

that the scattering matrix of the medium was isotropic. The advantages for this isotropic 

medium approximation were: (a) the set of four simultaneous equations for the original 

VRTEs could be simplified to either sets of two simultaneous equations or the scalar 

equations, (b) the new VRTEs had simpler kernels than the kernels of the original VRTEs, 
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( c) some complicated functions could be eliminated from the original VR TEs, and ( d) the 

new VRTEs gave quick convergence as well as high accuracy. No numerical solutions 

were provided. 

Mishchenko [2-14, 2-15] formulated exact reflected radiation equations by using 

an extension of the invariant imbedding method for a finite plane-parallel atmosphere 

including polarization effects. However, the formulated equations were numerically 

complex, requiring double integration. Thus the author numerically solved two simplified 

problems, for unpolarized incident radiation and for linearly polarized incident radiation. 

For a plane-parallel medium with incident light being circularly polarized, 

Ambirajan and Look [2-16, 2-17] studied the radiative transfer problem both theoretically 

[2-16] and experimentally [2-17]. A backward Monte Carlo method was introduced by 

Ambirajan and Look [2-16] to numerically solve for the backscattered intensity, while 

experimental data was presented by Ambirajan and Look [2-17] for transmitted intensity 

as well as the degree oflinear and circular polarization versus optical radius. 

For the diffuse scattering of polarized light, Herman et al. [2-18] presented 

numerical results for both spherical and plane-parallel atmospheres by using the Gauss­

Seidel calculation method. Comparisons between the polarized spherical Gauss-Seidel 

method and Monte Carlo calculations of other published studies for both spherical and 

plane-parallel media were also made. When all scattering terms were considered, the four 

Stokes parameters (I, Q, U, and V) were in good agreement, comparing the polarized 

spherical Gauss-Seidel method and the Monte Carlo method. The solar radiation incident 

at the top of the atmosphere was assumed to be a completely unpolarized parallel beam. 
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Special work, mainly-on the phase matrix, for the scattering of polarized light has 

been performed by Siewert [2-19], Vestrucci and Siewert [2-20], de Rooij and van der 

Stap [2-21], Hovenier [2-22], Kuik et al. [2-23], and Mishchenko and Travis [2-24]. 

None of that work provided numerical results for intensity. 

An analytical phase matrix corresponding to a Stokes representation of the 

polarized scattering matrix, which allowed the components of phase matrix to be 

expressed by a Fourier decomposition, was reported by Siewert [2-19]. The fundamental 

constants and matrices of this phase matrix were deduced by using a set of orthogonality 

and recursive relations. Three symmetry relationships of this phase matrix were also 

provided at the end. No numerical solutions were given. 

An analytical phase matrix ( components in a Fourier decomposition) for scattering 

of polarized light was presented by Vestrucci and Siewert [2-20]. Some values of the 

fundamental constants required for this phase matrix were provided for three different 

scattering models. 

The polarized scattering matrix, which can be expanded in generalized spherical 

functions, was considered by de Rooij and van der Stap [2-21]. The expansion 

coefficients of this scattering matrix, which represented scattering by homogeneous 

spherical particles, were calculated in two ways: (1) Dornke's [per de Rooij and van der 

Stap (Domke, 1975)] explicit expressions, and (2) numerical angular integration. 

Furthermore, four sets of expansion coefficients were given according to four specific 

scattering matrices. 

Hovenier [2-22] discussed the symmetry relationships based on two different 

polarized scattering matrices for which particles were randomly oriented and: ( 1) had a 
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plane of symmetry, or (2) did not have a plane of symmetry. He presented the symmetry 

relations for the phase matrix and for the reflection and transmission matrices, based on a 

scattering matrix which represented particles· having a plane of symmetry. For the 

scattering matrix representing particles not having a plane of symmetry, birefringence and 

dichroism might occur, and the symmetry relations for only the phase matrix were 

considered.· No numerical results were provided. 

A T-matrix method, based on numerically solving Maxwell's equations, was 

applied by Kuik et al. [2-23] to calculate the expansion coefficients for the scattering 

matrix. Numerical results of the expansion coefficients were given for three different 

cases. 

Two FORTRAN codes to get mainly the scattering coefficients of the scattering 

matrix were described in detail by Mishchenko and Travis [2-24]. The T-matrix method 

was used by both codes with the assumption that scattering particles have a plane of 

symmetry perpendicular to the rotational axis. These two codes are available on the Web 

at http://www.giss.nasa.gov/~crmin. 

Assuming a semi-infinite scattering medium that was homogeneous with randomly 

oriented polydisperse scattering spheres having a plane of symmetry, Mishchenko [2-25] 

has presented the Stokes reflection matrix which can be used to find radar reflectivity, 

polarization ratios, and enhancement factors. Some graphical results for the effects of 

particle size parameters, as well as the real and imaginary parts of the index of refraction, 

on the photometric and polarization characteristics of the radar return were also provided. 

No numerical results for intensity were given. 
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Haferman et al. [2-26] solved a multi-dimensional radiative transfer problem 

including polarization effects by using the discrete-ordinates method. · Numerical results 

for backscattered Stokes parameters were provided only for a one-dimensional plane­

parallel medium illuminated by an unpolarized intensity from the top boundary. 

Mueller and Crosbie [2-27] presented a polarized phase matrix for the three­

dimensional radiative transfer problem based on a scattering matrix which represented 

randomly oriented scattering particles having a plane of symmetry. In that paper, the 

geometry was finite in the z-direction and infinite in the x- and y-directions, with 

elliptically polarized radiation incident only on the top boundary. Great effort was 

expended to reduce this three-dimensional problem to a one-dimensional problem which 

depended on two parameters. A general four by four source matrix was derived by using 

the method of superposition. Some symmetry relationships were developed. Moreover, 

an extensive review of a wide variety of radiative transfer literature was also provided. No 

numerical results were presented. 

The purpose of this chapter of the current study is to numerically solve the 

intensity matrix for diffusion approximation by using the classical P 1 approximation as well 

as the modified P1 method, for a one-dimensional plane-parallel medium which scatters 

and absorbs, with polarization fully included. The present work will allow the incident 

radiation to be elliptically polarized, which implies that the solutions depend on the 

azimuthal angle. Moreover, these expressions for intensity are straightforward and 

numerically simpler to solve than those of previous researchers. Future research will be 

directed toward the exact numerical solutions, defined in Chapter Ill, of the current work. 
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Diffusion Approximation of Diffuse Transport Equation for Polarized Light 

In this section, beginning with the diffuse transport equation for polarized light in a 

one-dimensional plane-parallel medium, the expression for the intensity of the diffusion 

approximation will be derived by using the classical P1 approximation as well as the 

modified P1 method. Absorption and scattering without emission are assumed in the 

medium, and refractive index effects at the boundaries are neglected. 

Problem Description 

As mentioned earlier, the problem in which we are interested is the diffusion 

approximation of one-dimensional radiative transfer for polarized light without reflective 

boundaries. This work is the first step in solving realistic problems with polarization. 

Thus, we have concentrated on the polarization, but simplified the geometry and interfaces 

by choosing a one-dimensional case with non-reflective boundaries. Future plans are to 

generalize this solution after demonstrating the ability to handle polarization effects. 

Another reason for working on the one-dimensional case is to get approximate results 

which can be later compared with the exact solutions, which will be presented in a future 

paper. The geometry for this problem is shown in Fig. 2-1. 

In this research, we assume that collimated polarized incident radiation at an angle 

00 exists only at the top boundary and is a sheet of laser-like beams which simplifies our 

study to a one-dimensional problem. Moreover, no radiation is incident at the lower 

boundary and there are no refractive index effects at either boundary. Furthermore, 

absorption and scattering without emission are assumed in the medium (which applies only 
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ll/0, µ, <p) + 
Incident Polarized Intensity ll0 
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µ = cos0 

µin= cos0in 
00 = sin 

Figure 2-1. Geometry of a One-Dimensional Medium without 
Reflective Boundaries 
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as a good approximation to a low temperature medium). Note that the probability of 

scattering in the various directions depends on the phase matrix function, which will be 

discussed later. 

Fundamental Equations 

In a recent work [2-28], we have derived the diffuse transport equation for 

polarized light in a plane-parallel atmosphere (Fig. 2-1) as follows 

µ dKa(~~µ,¢) +Jla(r,µ,¢)= 4: J67r J~1 lP(µ,µ',¢,¢')1la(r,µ',¢')dµ'd¢' 

OJ 
+ - P(µ, µ 0 , ¢, ¢0 ) exp(-r/ µ 0 ) lF, 

4 

with the boundary conditions, forµ E [0, 1] and <I> E [0, 2n], to be 

][d (0, µ, q>) = 0 

and lla(-r0, -µ, <I>) = 0, 

(2-1) 

(2-2a) 

(2-2b) 

where 't is the normal optical thickness, µ is the direction cosine of the propagation angle 

of the radiation, co is the single scattering albedo, the vector lF = [Fi FQ Fu Fvr which is 

presumed given specifies the state of polarization of the incident intensity at the upper 

boundary, and the diffuse intensity vector lld{ 't, µ, <I>) consists of the four Stokes 

parameters, that is, ud(-r, µ, <I>) = [Li(-r, µ, <I>) Qd(-r, µ, <I>) Ud(-r, µ, <I>) V d(-r, µ, <I>) f 

Furthermore, P (µ, µ', <I>, <I>') is the phase matrix that can be expanded in general in a 

Fourier series [2-12] as 
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L 1 
P(µ,µ',¢,¢')= L · {cm(µ,µ')cos[m(¢-¢')] 

m=O l+o'om 

+Sm(µ,µ') sin[m(¢-¢' )] } , (2-3) 

where Dom is the Kronecker delta function, and other functions in Eq. (2-3) are defined as 

cm(µ, µ') = Am(µ, µ') + Dz Am(µ, µ')Dz, 

L (i - m)I 
Am(µ, µ') = . L C + )·, nf (µ) ll\ nf (µ') ' 

i=m I m. 

D2 = diag { 1, 1, -1, -1 } , 

pim(µ) 0 0 0 

Ilf(µ) = 
0 Rf(µ) -TF(µ) 0 

0 -TF(µ) Rf(µ) 0 

0 0 0 PF(µ) 

and the matrix of scattering coefficients is given by 

Yi 0 
cx,i 0 
0 ~i 

0 Ei 

(2-4a) 

(2-4b) 

(2-4c) 

(2-4d) 

(2-4e) 

(2-4t) 

The matrix lBi will ~e specified in detail later. In addition, in Eq. (2-4e), Pt(µ) denotes 

associated Legendre functions while Rf(µ) and Tim(µ) are combinations of generalized 
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spherical functions [2-19]. Notice that the phase matrix of Eq. (2-3) assumes that the 

scattering particles are randomly oriented, and have at least one plane of symmetry [2-22]. 

Diffusion Approximation 

Substituting Eqs. (2-4) into Eq. (2-3) with the assumption that Lis equal to one, 

the phase matrix for diffusion approximation can be simplified as 

P(µ, µ', </J, </J') = diag { /Jo + /31 µ µ' + /31 (1- µ 2 ) 112 (1- µ' 2 ) 112 cos(</J - </J' ), 0, 0, 

Then, substituting Eq. (2-5) into Eq. (2-1) with the help of the definitions of vector 

JF and nd( -r, µ, cl>) which we defined earlier, the diffuse transport equation for the diffusion 

approximation can be written as 

Id ( T, µ, </J) 

d Qd (r, µ,</J) 
µ- + 

d T u d ( T' µ, </J) 

Id ( r, µ, </J) 

Qd (r, µ, </J) 

Ud(r, µ,</J) 

Vd(r, µ,</J) Vd(r, µ, </J) 

=~ r2tr fl 

{ /Jo + /31 µ µ' + /31 (l-µ2 )112 (l-µ'2 )112 cos(</J -</J') } Id ( r, µ', </J') 

0 
4Jr JO -1 0 

{ 80 + 81 µ µ' + 81 (1-µ 2 ) 112 (1-µ' 2 )112 cos(</J -</J') } Vd ( r, µ', </J') 

OJ 
+-exp(-r/µ 0 ) 

4 

{/Jo+ /31 µ µo + /31 (l-µ2)112 (l-µ/)1/2 cos(</J-</Jo) }Fr 
0 

0 

{ 80 +81 µ µ 0 +81 (l-µ 2/ 2 (l-µ;) 112 cos(<jJ-¢0 ) }Fv 

dµ' d</J' 

(2-6) 
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Equation (2-6) allows us to simplify the problem to consider only two independent 

equations, Id and V d, instead of solving the whole matrix equation due to the reason that 

the vector components of Eq. (2-6) are decoupled and the Qd and Ud are always zero by 

applying the boundary conditions of Eqs. (2-2) to Eq. (2-6). This also implies that the 

reflected and transmitted intensities will be either circularly polarized or unpolarized light, 

independent of the kind of polarized incident radiation that we apply at the top boundary. 

By observing Eq. (2-6), we also realize that we need to solve for only the diffuse intensity 

Id, since the equations for Id and V d have very similar form. Therefore, once we get the 

expression for the diffuse intensity Id, we can get the expression for V d by changing Id, J3o, 

'31, and F1, to Vd, 80, 81, and Fv, respectively. Note that omitting the cosine terms in Id 

equation ofEq. (2-6) gives us the classical P1 approximation equation for scalar problem. 

In this research, three techniques will be used to solve for the diffuse intensity Id of 

Eq. (2-6). The first two approaches are the classical P1 approximation by applying Mark's 

and Marshak's Boundary conditions, while the third approach is the so-called modified P1 

method. 

Classical ~1 Approximation 

The diffuse intensity Id ofEq. (2-6) can be rewritten as 

did(r,µ,¢) I ( ,1,) µ----+ d r,µ,'f' 
dr =: J5;,r f~1 { Po Po(µ')+ P1 µ P1 (µ') + P1 (1- µ 2/ 2 Pl(µ') cos(¢-¢') } 

xid(r,µ',¢')dµ'd¢'+ m exp(-r/µ 0 ){ Po Po(µ)+,81 µ 0 P1(µ)+,B1 (l-µ/)112 
4 
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(2-7) 

where P0 (µ) = 1, (2-8a) 

(2-8b) 

(2-8c) 

First, let 

Id(,,µ, </J) = Id0 (,) P0 (µ) + Id1 (,) P1 (µ) + Ic12 (,)Pl(µ) cos<p. (2-9) 

Then, substituting Eq. (2-9) into Eq. (2-7), we get 

P0 (µ){ (1/3) dldi(r) +(1-m P 0 )Id0 (,)- m exp(-r/µ0 )Po Fr } 
d, 4 

+ P1 (µ) { d Ido (') + (1- m Pi) ldl (,) - m exp(-r/ µo) P1 µo F1 } 
d, 3 4 

+Pl(µ){ (1- m P1)Ic12(-r)cos<p- OJ exp(-,/µ0 )P1 (1-µ;)1 12 cos(</J-</J0 )F1 } 
3 4 . 

+ P2 (µ) { (2/3) d I:~(,) }+ P](µ) { (1/3) d 1:,(,) cos</J }= 0. (2-10) 

By observing Eq. (2-10) with the assumption <l>o is zero, we find that 

(2-11) 

(2-12) 



58 

and 

(2-13) 

Now, substituting Eqs. (2-12) and (2-13) into Eq. (2-9), the diffuse intensity Id can 

be expressed in terms of only Ido( 1) as 

OJ _1 dia0 (r) OJ OJ -1 
Ia(r,µ,¢)=Ia0(r)-µ(l--/31) -- +-(1--/Ji) exp(-r/µ0 )/31 F1 

3 dr 4 3 

x { µ µo + (1- µ2)112 (1- µ;)112 cos¢ }. (2-14) 

So far, we have simplified the expression of the diffuse intensity Id in terms of 

Ido(1) only. Thus, the solution of the diffuse intensity Id can be obtained once the solution 

of Ido(1) is found by solving Eqs. (2-11) and (2-12) simultaneously with desired boundary 

conditions. Notice that the term containing Ido(1) will be canceled out in Eq. (2-11) when 

ro is unity, due to the fact that ~0 is always equal to 1 [2-20]. Therefore, we need to 

consider two different cases for the solution of Ido( 1) before applying the boundary 

conditions. One is the case for ro less than one, and the other is the special case for ro 

equal to one. 

For m ~ l. In order to get the general expression of Ido( 1) for ro less than one, we 

need to first take the derivative ofEq. (2-12) with respect to 1, which with the help ofEq. 

(2-11) yields 



59 

d2 Ia0 (r) · w · 
2 -(3-w P1)(l-w Po) Iao(r) = - exp(-r/µ0 ) F1 (-3P0 + w Po P1 - P1). (2-15) 

dr 4 

Then, the solution ofEq. (2-15) can be obtained by adding its homogeneous and particular 

solutions together as 

w 
Ia0 (r) = C1 exp(A r) + C2 exp(-A r) +- exp(-r/µ 0 ) F1 

4 

x (-3Po + w Po /31 - P1) I [(IIµ;)- A 2], (2-16) 

where 

(2-17) 

Finally, substituting Eq. (2-16) into Eq. (2-14), the general expression for the diffuse 

intensity Id for both Mark's and Marshak's boundary conditions when ro less than one is 

Id(r,µ,</J)=C1 exp(Ar)[l-µA(l-; /31r 1]+C2 exp(-Ar)[l+µA(l-; .B1r1] 

+ w exp(-r/µ 0 )F1 ( { (-3P0 +w Po /31 -P1)/[(1/µ;)-A2] }[1+(µ/µ 0 ) 

4 

W -1 W -1 2 1/2 2 1/2 ,1. ) ( ) x(l--P1) ]+/J1(1--/J1) [µµ0 +(l-µ ) (l-µ 0 ) COS,r] . 2-18 
3 3 

Form= .1. By solving Eq. (2-11) with ro equal to one, we have 

(2-19) 
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Then, substituting Eq. (2'." 19) into Eq. (2-12), the general expression of Ido(t) for co equal 

to one is 

(2-20) 

Finally, substituting Eq. (2-20) into Eq. (2-14), the general expression of the diffuse 

intensity Id for both Mark's and Marshak's boundary conditions when co is equal to one is 

1 
Id ( T, µ, rjJ) = C3 { [ (/31 /3) - 1] T + µ }+ C 4 + - exp(-,/ µ 0 ) F1 { - 3 µ 0 (µ 0 + µ) 

4 

+ /31 (1- ~1 rl (1- µ2)1/2 (1- µ;)1/2 COS<p }. (2-21) 

Equations (2-18) and (2-21) are the general expressions of the diffuse intensity Id 

for co less than one and co equal to one, respectively. The unknown coefficients C1 to C4 in 

these two equations will be determined later by applying the desired boundary conditions. 

Mark's Boundary Conditions 

Let PJ(µ)=3µ(1-µ 2 )112 =0 [2-28], which is the highest order in Eq. (2-10); 

then the solution isµ equal to 0, -1, and 1. In this paper,µ equal to one is chosen to apply 

Mark's boundary conditions. 

Now, substituting Eq. (2-14) with µ equal to one into Eqs. (2-2), we have the 

following Mark's boundary conditions for any co 
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(2-22a) 

and 

(2-22b) 

The Mark's boundary conditions of Eqs. (2-22) will be used to solve for the 

unknown coefficients of Lio('t) in Eq. (2-16) for ro less than one and in Eq. (2-20) for ro 

equal to one, respectively. 

Applying Mark's Boundary Conditions with fil::; L By substituting Eq. (2-16) into 

Eqs. (2-22) and solving for the coefficients Ci-Mark and C2-Mark, these undetermined 

coefficients can be expressed as 

aJ aJ ({{i) Ci-Mark= B2 /[B2(A-1 + 3 Pi) +Bl (A+ 1-3 P1)] 4 Fi (-3P0 +m Po P1 -P1) 

and 

/[(1/µ;)-A2 ] }{ [2exp(-i-o/µ0)/Bl](l- m /h)(A-1+ w P1)+l- w P1 
3 3 3 

+(1/µo) }+m P1F1µ0 )-(w/2Bl){(-JPo+wPoP1-P1)/[(1/µ;)-A2]} 
4 

(2-23a) 
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c2-Mark=(-1)/{[B2(A-l+OJ P1)/Bl]+A+l-OJ P1 }( { OJFr(-3/Jo+OJPo/31-/31) 
3 3 4 

/[(1/µ;)-A2] }{ [2(1- OJ /31)exp(-i-0/µ0 )/Bl](A-l+ OJ P1)+l- OJ P1 
3 3 3 

(2-23b) 

where 

OJ OJ 
Bl= [(1-A-- P1) exp(-i-01µ0 ) + (1 + A-- P1) exp(A i-0)], 

3 3 
(2-24a) 

OJ OJ 
B2 = [ ( 1 + A - - P1) exp(--r 0f µ 0 ) + ( 1 - A - - P1 ) exp(-A i-0 )] , 

3 3 
(2-24b) 

and A is defined in Eq. (2-17). 

Applying Mark's Boundary Conditions with m = .L Similarly, by substituting Eq. 

(2-20) into Eqs. (2-22), the unknown coefficients C3-Mark and C4-Mark in Eq. (2-20) can be 

obtained as 

and 

C4_Mark =[exp(-i-0fµ 0 )+1]-1 ( (3f2)µ; Fr exp(-i-0fµ 0 )-
3:° Fr { [exp(-i-0fµ0 )] 

x ( 1 - µ 0 ) + µ 0 + l }[ (/31 To) f 3 - To + exp(--r of µ 0 ) - 1] 

f[(-P1 i-o)f3+i-o +2]). 

(2-25a) 

(2-25b) 
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Marshak's Boundary Conditions 

Marshak's boundary conditions are defined as 

J5" Jb Ia(0,µ,<jJ)µdµd<jJ =0 (2-26a) 

and 

J5" J5 Ia(ro,-µ,</J)µdµd</J =0. (2-26b) 

The unknown coefficients ofldo('t) in Eq. (2-16) for ro less than one and in Eq. (2-

20) for ro equal to one will now be determined by applying Marshak's boundary conditions 

of Eqs. (2-26). 

Applying Marshak's Boundary Conditions with m .:S l. By substituting Eqs. (2-14) 

and (2-16) into Eqs. (2-26) and solving for the unknown coefficients Ci-Marshak and C2-

Marshak, these coefficients can be written as 

cl-Marshak =(-1/D1)( (-D1/D2){ : Fi (-3Po +m Po P1 -P1H-2E2(1-; P1) 

m 2 2 2 <u } xexp(-r0/µ0 )/Dl+(I--Pi +-)]/[(1/µ0 )-A ]+-P1 Fi µo 
3 3µ0 6 

x [E2 exp(-A r 0)+ El exp(-ro/µ0 )] + (m / 2) { (-3Po + m Po P1 - Pi) 

(2-27a) 

and 
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m 2 2 2 m } /D1+(1--/Ji +-)]/[(1/µo)-A ]+-Pi Fr µo , 
3 3µ0 6 

(2-27b) 

where 

Dl = El exp(A i-0 ) + E2 exp(-i-0/µ 0 ), (2-28a) 

D2 = (El)2 exp(A , 0)-(E2)2 exp(-A i-0), (2-28b) 

El= [1-(m P1)/3 + (2 A)/3], (2-28c) 

E2 = [1-(m P1)!3- (2 A)/3], (2-28d) 

and A is defined in Eq. (2-17). 

Applying Marshak's Boundary Conditions with m = .L In a like manner, by 

substituting Eqs. (2-14) and (2-20) into Eqs. (2-26), the unknown coefficients C3_Marshak 

and C4-Marshak in Eq. (2-20) can be obtained as 

x (1/2- P1!6) I (1- Pi/3) + 1/2 } (2-29a) 

and 
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X (1/2-P/6) I (l-P/3) + 1/2 }+ µ 0 Fi [1/2 + (3/4) µ 0 ]. (2-29b) 

Thus far, the unknown coefficients C1 and C2 in Eq. (2-16) for ro less than one and 

C3 and C4 in Eq. (2-20) for ro equal to one have been derived explicitly for both Mark's 

and Marshak's boundary conditions. In the next section, a modified P1 method, modified 

from classical P1 approximation, will be introduced and applied with the Marshak's 

boundary conditions only. 

The Modified f 1 Method 

Equation (2-6) can be rewritten in another form as 

where 

S1(1:, µ, ¢>) 

- SQ (,, µ, ¢>) 
S( 7:, µ, fJ) - S ( ,I.) u 7:, µ,.,, 

= OJ r2n fl 
4n- JQ -1 

Sv(,, µ,¢>) 

{ Po +/31 µµ'+P1 (1-µ 2 )112 (l-µ' 2 )112 cos(¢>-¢>') }Ia(,,µ',¢>') 

0 

0 

{ o0 +o1 µµ'+o1 (1-µ 2 ) 112 (1-µ' 2 )1 12 cos(¢>-¢>') }Va(,,µ',¢>') 

(2-30) 

dµ' d¢>' 



m + - exp(-'d µ 0 ) 

4 

{Po+ P1 µ µo + P1 (l-µ2 )112 (1-µ/) 112 cos(¢-¢0 ) }F1 

0 

0 

{ 80 +81 µ µ 0 +81 (l-µ2 )112 (l-µ;) 112 cos(¢-¢0 ) }Fv 

is the source matrix. Equations (2-2) are modified to convenient forms as 

1[t(o, µ, <I>) = o 

and l[<l ( -c O , µ, <I>) = o , 
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(2-31) 

(2-32a) 

(2-32b) 

where the superscripts + and - on Eqs. (2-32) denote that the intensity is generally 

propagating in the positive and negative 't directions (see Fig. 2-1), respectively. 

Solving Eq. (2-30) for n; and nd, using an integrating factor with the help ofEqs. 

(2-31) and (2-32), yields 

r; ( i-, µ, ¢) 

Q~(i-,µ,¢) =rr 
+ ,I, 0 U d ( T, µ, y,) 

v; ( T, µ, f)) 

and 

Id(i-, µ, ¢) 

Q~ (i-, µ, ¢) = go 
Ud (i-, µ, f)) 

Vd ( T, µ, f)) 

S1 (t, µ, ¢) 

s0 ( t, µ, ¢) [ ( t)/ ] dt exp-i-- µ -
Su(t, µ,¢) µ 

Sv(t, µ,¢) 

S1(t,-µ, ¢) 

S0 (t, -µ, ¢) [ (t )/ ] dt exp - -i- µ - . 
Su(t,-µ, ¢) µ 

Sv(t,-µ,¢) 

(2-33a) 

(2-33b) 
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At this point in the derivation, the general equations of diffuse intensity have been 

derived in Eqs. (2-33) for the modified P1 method. Our next goal is to apply the solution 

of the classical P1 approximation with Marshak's Boundary conditions to Eqs. (2-33) in 

order to get the solution for diffuse intensity Id, 

The Modified f 1 Method with m :::: .L By substituting Eqs. (2-18) and (2-31) into 

Eqs. (2-33) with the previous assumption of cl>o equal to zero and solving for the diffuse 

intensities I! and Id, we have 

. I!(r,µ,¢)=C 1_Marshak [mexp(-ifµ)/(µHl)]Gl(P 0 -G7 P1 µA) 

+ C2_Marshak [m exp(-if µ)/(µ H2)] G2 (Po +G7 P1 µ A) 

a? 
+-F1 [exp(-if µ)/(µ H4)](-3P0 +m Po P1 - P1) G3 (Po +G7 P1 µ/µ0 ) 

4 

and 

/[(l/µ;)-A 2 ] + m [exp(-if µ)/(µ H4)]G3 [Po+ P1 µ µo + G7 aJ Pf 
4 

x µ µ 0 + P1 (I-µ 2 )112 (1- µ;)112 cos¢+ G7 aJ Pf (I-µ 2 ) 112 

x (1- µ;)112 cos¢] F1 

Id ( r, µ, ¢) = - Ci-Marshak [m exp( r/ µ)/(µ H2)] G4 (Po + G7 P1 µ A) 

-C2_Marshak [m exp(if µ)/(µ HI)] GS (Po -G7 P1 µ A) 

(i)2 
--Fi [exp(if µ)/(µ H3)](-3Po +m Po P1 -P1)G6(Po -G7 P1 µ/µo) 

4 

/[(1!µ;)-A2 ]- m [exp(if µ)/(µ H3)] G6[Po - P1 µ µo -G7 m Pf 
4 

x µ µ 0 + P1 (1- µ 2 )112 (1- µ;)112 cos¢+ G7 aJ Pf (1- µ 2 )1 12 

x (1- µ;)112 cos¢] F1 , 

(2-34a) 

(2-34b) 



where 

Gl= exp(Hl r)-1, 

G2 = exp(H2 r) - 1 , 

G3=exp(H4r)-1, 

G4 = exp(-H2 r 0 )-exp(-H2 r), 

GS= exp(-Hl r 0)-exp(-Hl r), 

G6 = exp(-H3 r 0 )-exp{-H3 r), 

G1 = (l/3) (1- 01 p1 r1, 
3 

HI =11µ+ A, 

H2=11µ-A, 

H3 = 11 µ + 11 µ 0 , 

H4 = 1/ µ -11 µ 0 , 

and Ci-Marshak, C2-Marshak, and A are defined in Eqs. (2-27a), (2-27b ), and (2-17). 
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(2-35a) 

(2-35b) 

(2-35c) 

(2-35d) 

(2-35e) 

(2-35f) 

(2-35g) 

(2-35h) 

(2-35i) 

(2-35j) 

(2-35k) 
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The Modified ;e1 Method with fil = L By substituting Eqs. (2-21) and (2-31) into 

Eqs. (2-33) with the assumption of q,0 equal to zero and solving for the diffuse intensity I! 

and Id, we get 

I!(-r,µ,¢)=C3_Marshak { [(Pi/3)-1]-r+Tlµ }+c4-Marshak Tl+T5F1 (T2/H4) 

x [(-3 + P1) µ0 + (P1lµ)(l - µ 2 ) 112 (1- µ; )1 12 cos¢] + [1/(4 µ)] 

X (T2/H4) [l + fitµ µ0 - 3 µJ + P1 (1- µ 2 )112 (1- µ; )112 COS¢] F1 

and 

Id (-r, µ, ¢) = C3_ Marshak { [ (-Pi /3 + 1) To + µ] T3 + ( /11 /3 - 1) T - µ } 

where 

+ C4-Marshak (-T3 + 1) + (T5/H3) F1 [-T4 + exp(--r I µ 0 )] 

x[(3-P1)µ 0 +(P1/µ)(l-µ 2 )112 (I-µ;) 112 cos¢]+(1/4) 

x{ [-T4+exp(--r/ µ 0 )]/(µH3) }[1-/11 µµ0 -3µ; 

+P1 (l-µ 2 )112 (l-µ;)1 12 cos¢]F1, 

Tl= 1- exp(--r/µ), 

T2 = exp(--r/ µ 0 ) - exp(-d µ) , 

T3 = exp[(-i-0 + i-)1µ], 

T4 = exp(-i-0/ µ - i-01µ0 +Tlµ), 

T5 = (Pi/12) I (1- P113), 

(2-36a) 

(2-36b) 

(2-37a) 

(2-37b) 

(2-37c) 

(2-37d) 

(2-37e) 
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and c3-Marshak, c4-Marshak, H3, and H4 are defined in Eqs. (2-29a), (2-29b), (2-35j) and (2-

35k). 

Summary of Equations for the Diffuse Intensity I4 

So far, all required equations that allow the numerical calculation of the diffuse 

intensity Id have been derived. The assumptions made are: no incident radiation entering 

from the lower boundary, no index of refraction effects at either boundary, the particles 

are randomly oriented and have at least one plane of symmetry [2-22], diffusion 

approximation, and <1>0 is equal to zero. As mentioned earlier, these equations for diffuse 

intensity Id can also be used to get the numerical solution for V d by simply changing Id, 130, 

131, and F1, to Vd, Oo, 81, and Fv in these equations, respectively. These equations for 

diffuse intensity lJ are now summarized as follows. 

For the classical P 1 approximation, the general equation of the diffuse intensity Id is 

in Eq. (2-18) for ro less than one with the coefficients in Eqs. (2-23) for Mark's and Eqs. 

(2-27) for Marshak's boundary conditions; and in Eq. (2-21) for ro equal to one with the 

coefficients in Eqs. (2-25) for Mark's and Eqs. (2-29) for Marshak's boundary conditions. 

For the modified P1 method, the diffuse intensity Id in the backward and forward 

directions for ro less than one are in Eqs. (2-34b) and (2-34a), respectively; and for ro 

equal to one are in Eqs. (2-36b) and (2-36a), respectively. 
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Numerical Results 

Some selected figures are presented in this section for the comparison between the 

analytical results derived herein for the P1 (classical and modified) approximations and for 

the scalar reduction of the polarized diffusion problem - both results presented herein 

being exact numerical solutions after talcing account of their respective analytical 

assumptions and approximations. The examination of Eq. (2-6) suggests that the exact 

scalar results [2-29] are also the exact solution for the polarized light diffusion problem 

due to the reason that Id and V d are two independent equations which simplify the 

polarized light diffusion problem to a scalar problem. For these figures, the reflected and 

transmitted diffuse intensities are calculated only at the boundaries. The reflected diffuse 

intensity represents only the intensity reflected from the medium due to scattering within 

the medium; while the transmitted diffuse intensity excludes any part of the incident 

intensity that directly reaches the lower interface undisturbed. For normalization reasons, 

both diffuse intensities are divided by the incident polarized radiation, 7t Fr for Id and 7t Fv 

for Vd. In addition, the numerical data for all of these figures is tabulated in Appendix II. 

Due to this work being applied to the diffusion case, only optical thicknesses of 5 

and above will be addressed. It is felt that the diffusion approximation along with the 

modified P1 approximation would not be as accurate for smaller optical thickness. Future 

plans are to solve this problem exactly and present results for all optical thicknesses. 

For the examples presented herein, three different sets of the scattering 

coefficients, in Eq. (2-4f), are used. The first set of the scattering coefficients, denoted as 

P and suggested by Vestrucci and Siewert [2-20], is suitable for the polarized light 
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problem for scattering albedo equal to one. With the wave number multiplied by the 

radius of the small, absorbing spherical particles equal to 0.5 and the index of refraction of 

the particles with respect to the surrounding medium being 1.33, we have a f30 of 1, a f3 1 of 

0.1400343465, a 80 of 0.06399215408, a 31 of 1.5, and Yi, ai, ~i, and E; are all zero. 

Although the scattering coefficients P were calculated for ro equal to one, to avoid 

recalculating these coefficients from the Mie theory, we use these coefficients with other ro 

values for demonstration purposes. The second and third sets of the scattering 

coefficients, denoted as F and B, are proper for the scalar radiation problem. F represents 

a strong forward scattering phase function with f3o equal to one, f3 1 equal to one, and all of 

the rest of the scattering coefficients are zero; while B represents a strong backward 

scattering phase function with f3o equal to one, f3 1 equal to negative one, and all of the rest 

of the scattering coefficients are zero. The phase functions F and B are appropriate only 

for the scalar problem and used for testing the critical conditions for our classical and 

modified P 1 approximations as well as making the comparison with the first Stokes 

parameter of the polarized light problem. 

On the figure legends, SC refers to the scattering coefficients, MPl refers to the 

modified P1 solution, and EX refers to the exact scalar results. 

Figures 2-2 to 2-16 on the following pages are based on the incident polarized 

radiation normal to the upper boundary with lF = [l O O l]T, which is a circularly 

polarized incident light. 

Figures 2-2 to 2-7 give the comparison between the classical P1 approximation 

with Mark's boundary conditions, the classical P1 approximation with Marshak's boundary 

conditions, the modified P1 method with Marshak's boundary conditions, and the exact 
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solution with a scattering albedo ( ro) of one and an optical thickness ( -r0) of 5. Figures 2-

2, 2-4, and 2-6 represent the reflected diffuse intensity with the scattering coefficients 

being B, F, and P, respectively; while Figs. 2-3, 2-5, and 2-7 represent the transmitted 

diffuse intensity with the scattering coefficients being B, F, and P, respectively. 

Figures 2-2, 2-4, and 2-6 show that the. classical P1 approximation with both 

boundary conditions predicts the solution for the reflected diffuse intensity poorly, while 

the modified P1 method predicts the results for the reflected diffuse intensity qualitatively 

well. However, Figs 2-3, 2-5, and 2-7 show that the classical P1 approximation with 

Mark's boundary conditions cannot estimate the solution for the transmitted diffuse 

intensity well, while both the classical P1 approximation with Marshak's boundary 

conditions and the modified P1 method provide good estimates of the results for the 

transmitted diffuse intensity. Therefore, from this point in the paper, we will only consider 

the comparison between the results of the modified P1 method and the exact solution. 

The scattering coefficients of B, F, and P provide similar trends when comparing 

the modified P1 results and the exact solution, as shown in Fig. 2-8 for the reflected diffuse 

intensity and in Fig. 2-9 for the transmitted diffuse intensity with ro equal to one and -r0 

equal to 5. Thus, the specific set of scattering coefficients appears less important for the 

predictions by the modified P 1 method. 

Furthermore, as expected, the reflected diffuse intensity for B (strong backward) is 

larger than that for F (strong forward) in Fig. 2-8, while the transmitted diffuse intensity 

for B is smaller than that for F in Fig. 2-9. This is due to the fact that the backward 

scattering phase function tends to scatter toward the upper boundary and scatter away 

from the lower boundary, while the forward scattering phase function has an opposite 
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tendency. We can also see that the results for P (for polarized light) are right between 

those of B and F in both Figs. 2-8 and 2-9, due to the fact that P represents a slightly 

forward scattering phase matrix. 

Figures 2-10 to 2-15 not only give the comparison between the modified P 1 

method with Marshak's boundary conditions and the exact solution with the exit angle(µ) 

equal to 0. 9 but also demonstrate the effects of scattering albedo ( ro) and optical thickness 

(to). Figures 2-10, 2-12, and 2-14 present the reflected diffuse intensity with the 

scattering coefficients being B, F, and P, respectively; while Figs. 2-11, 2-13, and 2-15 

present the transmitted diffuse intensity with the scattering coefficients being B, F, and P, 

respectively. 

As expected, the predictions of the modified P 1 method for the reflected diffuse 

intensity, in Figs. 2-10, 2-12, and 2-14, agree qualitatively with those of the exact solution; 

while the predictions of the modified P1 method for the transmitted diffuse intensity, in 

Figs. 2-11, 2-13, and 2-15, yield very good comparisons. For these three figures, note 

that the close proximity of the logarithmic curves of the modified P1 to the exact solution 

curves demonstrates the high accuracy of the modified P1 solution for transmission. 

Moreover, the reflected and transmitted diffuse intensities increase as the single 

scattering albedo increases in Figs. 2-10 to 2-15. The reason is that a larger percentage of 

radiation will be scattered in the medium when the single scattering albedo becomes 

greater. This effect will contribute to the diffuse intensities at both boundaries. 

In addition, the reflected diffuse intensity increases as optical thickness increases, 

as revealed by Figs. 2-10, 2-12, and 2-14. The reason is due to the reduced chances of 

scattering outside through the lower boundary when optical thickness becomes larger, 
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with improved chances of scattering to the outside of the medium through the upper 

boundary. On other hand, the transmitted diffuse intensity decreases as optical thickness 

increases, as revealed by Figs. 2-11, 2-13, and 2-15. This is due to the fact that the 

increased number of scattering events causes more intensity to scatter out of the medium 

through the upper boundary than through the lower boundary. 

Finally, Fig. 2-16 provides the state of polarization for both the reflected and 

transmitted diffuse intensity vectors by using the modified P1 method with scattering 

coefficients = P, ro equal to one and 'to equal to 5. Figure 2-16 shows that both the 

reflected and transmitted diffuse intensity vectors are circularly polarized light, while the 

incident radiation is also circularly polarized light. 
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Figure 2-11. Comparison of the Non-Dimensional Transmitted Diffuse 
Intensity between the Modified P 1 Method and the Exact 
Solution for Scattering Coefficients B (µo = 1, µ = 0.9) 
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Figure 2-12. Comparison of the Non-Dimensional Reflected Diffuse 
Intensity between the Modified P1 Method and the Exact 
Solution for Scattering Coefficients F (µ 0 = 1, µ = 0.9) 
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Figure 2-13. Comparison of the Non-Dimensional Transmitted Diffuse 
Intensity between the Modified P1 Method and the Exact 
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Conclusions 

The expression for the diffi.tse intensity Id for the diffi.tsion approximation was 

derived by using the classical P1 approximation with both Mark's and Marshak's boundary 

conditions as well as the modified P1 method for polarized light in a plane-parallel medium 

without reflective boundaries. The work was done with the assumptions being: collimated 

polarized incident radiation at angle 0o exists at the top boundary and is a sheet of laser­

like beams; no incident radiation enters from the lower boundary; scattering and 

absorption but no emission occur in the medium; no index of refraction effects exist at the 

boundaries; the particles are randomly oriented and have at least one plane of symmetry; 

diffi.tsion approximation; and the azimuthal angle of the incident radiation is equal to zero. 

As discussed earlier, the expression for Vd (the fourth Stokes parameter) can be easily 

obtained by changing Id, 130, 13 1, and F1 from the expression of the diffi.tse intensity Id, to 

Vd, oo, 01, and Fv, respectively. 

Some selected numerical results are included in order to not only make the 

comparison between the various P 1 approximations and the exact scalar results, but also to 

observe the effects of the albedo (0.5, 0.9, 0.95, 0.99, and 1), and optical thickness (5, 10, 

15, 20, and 30). A qualitatively good agreement is found between the results from the 

modified P1 method and the exact scalar solutions. However, as might be expected, the 

predictions from the classical P1 approximation are poor. 

Near term future work will be directed toward getting the exact numerical solution 

for the current polarized light problem. Moreover, it is planned that long term research 
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will include refractive index effects in order to compare with experimental data in the 

future. 

Addendum to Conclusions 

This paper was submitted to the National Heat Transfer Conference in August of 

1999 before completing the exact numerical solution with the polarization fully included. 

The exact numerical results (near term future work of the Conclusions section) for 

polarization will be presented in the next chapter. 
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Appendix II 

Tables 2-a2 through 2-al6 on the following pages give the numerical results used 

to plot Figs. 2-2 to 2-16. 

µ 

1 
0.9 
0.8 
0.7 
0.6 
0.5 
0.4 
0.3 
0.2 
0.1 

Exact 

Id-(0, µ, cj,)/(1t Fr) 

0.253349505 
0 .254488841 
0.255162706 
0.255246009 
0.254578502 
0.252945917 
0.250043347 
0.245399974 
0.238202391 
0.226728281 

TABLE2-a2 

DATA FOR FIG. 2-2 

Mark's BC's Marshak's BC's 

Id-(0, µ, cl>)/( 7t Fr) ld-(0, µ, cj, )/( 7t Fr) 

0.367280628 0.315105855 
0.348916596 0.296199504 
0.330552565 0.277293153 
0.312188534 0.258386801 
0.293824502 0.23948045 
0 .2 7 54604 71 0.220574099 
0.257096439 0.201667747 
0.238732408 0.182761396 
0.220368377 0.163855045 
0.202004345 0.144948693 

Modified P1 

ld-(0, µ, cj,)/(1t Fr) 

0.235639942 
0.236351901 
0.236633123 
0.236387355 
0.235500813 
0.233836643 
0.231225045 
0.227447205 
0.222211856 
0.215121553 



µ 

1 
0.9 
0.8 
0.7 
0.6 
0.5 
0.4 
0.3 
0.2 
0.1 

Exact 

I/ ( 'Co, µ, cl>)/( 7t Fr) 

0.077549888 
0.074223646 
0.070428306 
0.066209278 
0.061636531 
0.056793229 
0.051752294 
0.046547659 
0.041151199 
0.035423618 

TABLE2-a3 

DATA FOR FIG. 2-3 

Mark'sBC's Marshak's BC's 

I/(1:0, µ, cl>)/(1t Fr) I/(1:0, µ, cl>)/(1t Fr) 

0.106967056 0.080100547 
0.101618703 0.075294515 
0.09627035 0.070488482 
0 .090921997 0.065682449 
0.085573645 0.060876416 
0.080225292 0.056070383 
0.074876939 0.05126435 
0.069528586 0.046458317 
0.064180233 0.041652285 
0.058831881 0.036846252 
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Modified P 1 

I/(1:0, µ, cl>)/(1t Fr) 

0.07516056 
0.072196814 
0.068777332 
0.064945953 
0.060769974 

· 0.056335241 
0.051728602 
0.047017477 
0.042242092 
0.037424144 



µ 

1 
0.9 
0.8 
0.7 
0.6 
0.5 
0.4 
0.3 
0.2 
0.1 

Exact 

ld-(0, µ, q,)/(1t Fi) 

0.195099944 
0.199756168 
0.203982175 
0.207646652 
0.210587066 
0.212592784 
0.213370387 
0.212471536 
0.209126766 
0.201722438 

TABLE2-a4 

DATA FOR FIG. 2-4 

Mark'sBC's Marshak's BC's 

ld-(0, µ, q,)/(n Fi) Id-(0, µ, <l>)l(n Fi) 

0.29841551 0.255976219 
0.283494734 0.240617646 
0.268573959 0.225259073 
0.253653183 0.209900499 
0.238732408 0.194541926 
0.223811632 0.179183353 
0.208890857 0.16382478 
0.193970081 0 .148466207 
0.179049306 0.133107634 
0.16412853 0.117749061 

98 

Modified P1 

Id-(0, µ, <l>)/(1t Fi) 

0.176589987 
0.180802045 
0.184608175 
0.187901988 
0.190561721 
0.192445629 
0.193382042 
0.193152015 
0.191464445 
0.18792192 



µ 

1 
0.9 
0.8 
0.7 
0.6 
0.5 
0.4 
0.3 
0.2 
0.1 

Exact 

I/ (-co, µ, <I>)/( n: Fr) 

0.13579945 
0.128956318 
0.121608837 
0.113808636 
0.105627968 
0.097146362 
0.088425253 
0.079476096 
0.070226824 
0.060429461 

· TABLE 2-a5 

DATA FOR FIG. 2-5 

Mark's BC's Marshak's BC's 

I/ ('c0, µ, <I>)/ ( n: Fr) I/ ( 'Co, µ, <I> )/(n: Fr) 

0.175832173 0.139230184 
0.167040565 0.130876373 
0.158248956 0.122522562 
0.149457347 0.114168751 
0.140665739 0.10581494 
0.13187413 0.097461129 
0.123082521 0.089107318 
0.114290913 0.080753507 
0.105499304 0. 0723 99696 
0.096707695 0.064045885 

99 

Modified P1 

I/ (-co, µ, <I>)/( n: Fr) 

0.13420703 
0.127746669 
0.120802281 
0.11343132 
0.105709067 
0.097726255 
0.089571605 
0.081312667 
0.072989503 
0.064623777 



µ 

1 

0.9 

0.8 

0.7 

0.6 

0.5 

0.4 

0.3 

0.2 

0.1 

Exact 

lct-(0, µ, <l>)/(11: Fi) 

0.227837543 
0.230517194 
0.232746816 
0.23439859 
0.235311269 
0.235272177 
0.233981438 
0.230978079 
0.225467939 
0.215776299 

TABLE2-a6 

DATA FOR FIG. 2-6 

Mark's BC's Marshak's BC's 

Id-(0, µ, <I>)/( 1t Fi) lct-(0, µ, <j>)/(11: F1) 

0.336341016 0.289320438 

0.319523966 0.271961211 

0.302706915 0.254601985 

0.285889864 0.237242759 

0.269072813 0.219883533 

0.252255762 0.202524306 

0.235438711 0.18516508 

0.218621661 0.167805854 

0.20180461 0.150446628 

0.184987559 0.133087401 

100 

Modified P 1 

lct-(0, µ, <j>)/(11: Fi) 

0.209889272 

0.212127564 

0.213945938 

0.21524372 

0.215903648 

0.215786733 

0.214722362 

0.212491662 

0.208803438 

0.203260261 



µ 

1 

0.9 

0.8 

0.7 

0.6 

0.5 

0.4 

0.3 

0.2 

0.1 

Exact 

I/ ( 'to, µ, <I>)/ ( 1t F 1) 

0.103061851 
0.098195292 
0. 092844196 
0.087056697 
0.080903764 
0. 07 4466969 
0.067814203 
0.060969554 
0.053885651 

0.0463756 

TABLE 2-a7 

DATA FOR FIG. 2-7 

Mark'sBC's Marshak's BC's 

I/('t0, µ, <l>)/(1t F1) I/(1:0, µ, <l>)/(1t F1) 

0.137906667 0.105885965 

0.131011334 0.099532807 

0.124116 0.093179649 

0.117220667 0.086826491 

0.110325334 0.080473333 

0.10343 0.074120176 

0.096534667 0.067767018 

0.089639334 0.06141386 

0.082744 0.055060702 

0.075848667 0.048707544 

101 

Modified P1 

I/(1:0, µ, q>)/(1t F1) 

0.10090971 

0.09642115 

0.091464518 

0.086089588 

0.08036714 

0.07438515 

0.068231285 

0.06197302 

0.055650509 

0.049285436 



µ 

1 

0.9 

0.8 

0.7 

0.6 

0.5 

0.4 

0.3 

0.2 

0.1 

Exact 

F(Forward) 

Id-(0, µ, <l>)/(7t Fi) 

0.195099944 
0.199756168 
0.203982175 
0.207646652 
0.210587066 
0.212592784 
0.213370387 
0.212471536 
0.209126766 
0.201722438 

TABLE 2-a8 

DATA FOR FIG. 2-8 

Modified P1 Exact 

B(Backward) B(Backward) 

Id-(0, µ, <j>)/(1t Fi) Id-(0, µ, <l>)/(1t Fr) 

0.235639942 0.253349505 

0.236351901 0.254488841 

0.236633123 0.255162706 

0.236387355 0.255246009 

0.235500813 0.254578502 

0.233836643 0.252945917 

0.231225045 0.250043347 

0.227447205 0.245399974 

0.222211856 0.238202391 

0.215121553 0.226728281 

Modified P1 Exact 

P(Polarized) P(Polarized) 

Id-(0, µ, <l>)/(7t Fi) Id-(0, µ, <j>)/(1t Fr) 

0.209889272 0.227837543 
0.212127564 0.230517194 
0.213945938 0.232746816 
0.21524372 0.23439859 
0.215903648 0.235311269 
0.215786733 0.235272177 
0.214722362 0.233981438 
0.212491662 0.230978079 
0.208803438 0.225467939 
0.203260261 0.215776299 

102 

Modified P1 

F(Forward) 

Id-(0, µ, <I>)/( 7t Fr) 

0.176589987 

0.180802045 

0.184608175 

0.187901988 

0.190561721 

0.192445629 

0.193382042 

0.193152015 

0.191464445 

0.18792192 



µ 

1 

0.9 

0.8 

0.7 

0.6 

0.5 

0.4 

0.3 

0.2 

0.1 

Exact 

F(Forward) 

I/(1:0, µ, (j>)/(1t Fi 

0.13579945 
0.128956318 
0.121608837 
0.113808636 
0.105627968 
0.097146362 
0.088425253 
0.079476096 
0.070226824 
0.060429461 

TABLE 2-a9 

DATA FOR FIG. 2-9 

Modified P1 Exact 

B(Backward) B(Backward) 

I/(1:0, µ, (j>)/(1t Fi I/(1:0, µ, (j>)/(1t Fi) 

0.07516056 0.077549888 

0.072196814 0.074223646 

0.068777332 0.070428306 

0.064945953 0.066209278 

0.060769974 0.061636531 

0.056335241 0.056793229 

0.051728602 0.051752294 

0.047017477 0.046547659 

0.042242092 0. 041151199 

0.037424144 0.035423618 

Modified P1 Exact 

P(Polarized) P(Polarized) 

I/(t0, µ, (j>)/(1t F1 I/(1:0, µ, (j>)/(1t Fi) 

0.10090971 0.103061851 
0.09642115 0 .098195292 

0.091464518 0. 092844196 
0.086089588 0.087056697 
0.08036714 0.080903764 
0.07438515 0. 07 4466969 
0.068231285 0.067814203 
0.06197302 0.060969554 

0.055650509 0.053885651 
0.049285436 0.0463756 

103 

Modified P1 

F(Forward) 

I/(1:0, µ, q>)/(rc Fi) 

0.13420703 

0.127746669 

0.120802281 

0.11343132 

0.105709067 

0.097726255 

0.089571605 

0.081312667 

0.072989503 

0. 064623 777 



'Co 

5 

10 

15 

20 

30 

Exact 

ro = 0.99 

Id-(0, µ, <l>)/(7t Fi) 

0.234173161 
0.250906971 
0.253001686 
0.253284761 
0.253328698 

Exact 

ro = 0.9 

Id-(0, µ, <I>)/( 1t Fi) 

0.147608299 
0.148115487 
0.148116801 
0.148116804 
0.148116804 

TABLE 2-al0 

DATA FOR FIG. 2-10 

Modified P1 Exact Modified P1 

(J) = 1 (J) = 1 ro = 0.99 

Id-(0, µ, <I>)/( 1t Fi) Id-(0, µ, q>)/(1t Fi) Id-(0, µ, q>)/(1t Fi) 

0.236351901 0.254488841 0.218367302 

0.271620467 0.289726693 0.23547506 

0.284901739 0.303054595 0.23760447 

0.291858845 0.310055747 0.237889917 

0.299040376 0.317297066 0.237933825 

Modified P1 Exact Modified P1 

ro = 0.95 ro = 0.95 ro = 0.9 

Id-(0, µ, <l>)/(7t Fi) ld\0, µ, <l>)/(1t Fi) Id-(0, µ, <l>)/(7t Fi) 

0.172525911 0.183102541 0.140277302 
0.175061193 0.185505322 0.140811307 
0.17509172 0.185536428 0.14081244 
0.17509208 0.185536829 0.140812442 
0.175092084 0.185536834 0.140812442 

Modified P1 Exact 

ro = 0.5 ro = 0.5 

Id-(0, µ, <l>)/(7t Fi) Id-(0, µ, <l>)/(7t F1) 

0. 048623801 0.049419759 
0.048626975 0.049422993 
0.048626975 0.049422994 
0.048626975 0.049422994 
0.048626975 0.049422994 

104 



'to 

5 

10 

15 

20 

30 

Exact 

ro = 0.99 

I/('to, µ, cj>)/(1t Fi 
0.060408594 
0.021925902 
0.008033143 
0.002966615 
0.000405645 

Exact 

ro = 0.9 

I/('to, µ, cl>)/(1t F1 

0.017096965 
0.001054013 
S.42284E-05 
2.73006E-06 
6.87926E-09 

TABLE 2-al 1 

DATA FOR FIG. 2-11 

Modified P1 · Exact Modified P 1 

0) = 1 0) = 1 ro = 0.99 

I/('t0, µ, cj>)/(1t F1 I/('to, µ, cj>)/(1t F1) I/('to, µ, cj>)/(1t F1) 

0.072196814 · 0.074223646 0.059452576 

0.042450319 0.042797759 0.022112174 

0.029219456 0.029496618 0.008076833 

0.022262742 0.02249564 0. 002970869 

0.015081214 0.015254322 0. 000402981 

Modified P1 Exact Modified P1 

ro = 0.95 ro = 0.95 ro = 0.9 

I/('to, µ, cj>)/(1t F1 I/('to, µ, cj>)/(1t F1) I/('to, µ, cj>)/(1t F1) 

0.031773444 0.031370361 0.017600284 
0.004103399 0.003986492 0.001077934 
0.000450773 0.000455204 5.01481E-05 
4.89043E-05 5.16502E-05 2.22927E-06 
5.74552E-07 6.6448E-07 4.33257E-09 

Modified P1 Exact 

ro = 0.5 0) = 0.5 

I/('to, µ, cj>)/(1t F1 I/('t0, µ, cj>)/(1t Fi) 

0.001126452 0.001104364 

1.47445E-05 1.47298E-05 
1.30433E-07 1.4021E-07 
1.00362E-09 1.17692E-09 
5.07528E-14 7, 06948E-14 
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to 

5 

10 

15 

20 

30 

Exact 

ro = 0.99 

ld"(0, µ, <I> )/(n F1) 

0.180373995 
0.21358354 
0.220674288 
0.222349176 
0.222852714 

Exact 

ro = 0.9 

rd·co, µ, <l>)/(n Fi) 

0.090331898 
0.092302641 
0.092327136 
0.092327437 
0.092327441 

TABLE2-al2 

DATA FOR FIG. 2-12 

Modified P1 Exact Modified P1 

ro = 1 ro = 1 ro = 0.99 

ld"(0, µ, (j>)/(n F1) ld"(0, µ, (j>)/(n F1) ld"(0, µ, (j>)/(n F1) 

0.180802045 0.199756168 0.163721854 

0.236202865 . 0.25442581 0.198016974 

0.259119519 0.277227547 0.205289739 

0.271619987 0.289726528 0.20699651 

0.284901737 0.303054594 0.207506083 

Modified P1 Exact Modified P1 
ro = 0.95 ro = 0.95 ro = 0.9 

rd·co, µ, <l>)/(n F1) ld"(0, µ, (j>)/(n F1) rd·co, µ, <l>)/(n F1) 

0.116498384 0.12776406 0.082337698 
0.12449799 0.135283025 0.084419155 
0.12482548 0.135607871 0.084441275 
0.124838809 0.135621958 0.084441502 
0.124839374 0.135622596 0.084441505 

Modified P1 Exact 

ro = 0.5 ro = 0.5 

ld"(0, µ, (j>)/(n F1) rd·co, µ, (j> )/(n F1) 

0.010820309 0.011997806 
0.010824037 0.012002812 
0.010824037 0.012002813 
0.010824037 0.012002813 
0.010824037 0.012002813 
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'to 

5 

10 

15 

20 

30 

Exact 

co= 0.99 

I/ ( to, µ, <I>)/( 1t F1 

0.112856697 
0.05166076 
0.024883137 
0.012208858 
0. 002969144 

Exact 

co= 0.9 

I/(t0, µ, <l>)/(1t F1 

0.045659003 
0.005509706 
0.000613429 
6.79708E-05 
8.34048E-07 

TABLE2-a13 

DATA FOR FIG. 2-13 

Modified P1 Exact Modified P1 

co= I (0 = 1 co= 0.99 

I/(t0, µ, <l>)/(1t F1 I/(t0, µ, (j>)/(1t F1) I/(t0, µ, <l>)/(1t F1) 

0.127746669 .0.128956318 0.112859253 

0.077867921 0.078098642 0.052159046 

0.055001677 0.055323666 0,025045619 

0.0425016 0.042824859 0.012252223 

0.029219852 0.029496794 0.002962768 

Modified P1 Exact Modified P1 

co= 0.95 co= 0.95 co= 0.9 

I/(t0, µ, (j>)/(1t F1 I/(t0, µ, (j>)/(1t F1) I/(t0, µ, <l>)/(1t F1) 

0. 073495194 0. 071720788 0.047432819 
0.015956729 0.015619663 0.005514697 
0.003229209 0.003257529 0.000564089 
0.000651534 0.00067849 5. 70984E-05 
2. 65 l 66E-05 2.94322E-05 5.8407E-07 

Modified P1 Exact 

co= 0.5 co= 0.5 

I/ ( t 0, µ, <I>)/( 1t F1, I/(t0, µ, (j>)/(1t Fi) 

0.00514687 0.005091369 
7.89033E-05 9.40803E-05 
7.9329E-07 l.2944E-06 

6.69527E-09 l.60988E-08 
3.77443E-13 2.23558E-12 
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0) 

1 

0.99 

0.95 

0.9 

0.5 

Exact 

'to= 10 

lct-(0, µ, <j>)/(1t Fr) 

0.274870285 
0.234682543 
0.162297387 
0.121733345 
0.029909454 

Exact 

'to= 20 

lct-(0, µ, <I>)/( 7t Fr) 

0.301710491 
0.239427764 
0.16240965 
0.121739734 
0.029909454 

TABLE 2-a14 

DATA FOR FIG. 2-14 

Modified P1 Exact Modified P1 

'to= 5 'to= 5 'to= 10 

lct-(0, µ, <l>)/(1t Fr) Id-(0, µ, <l>)/(7t F1) lct-(0, µ, <l>)/(1t Fr) 

0.212127564 0.230517194 0.256757507 

0.194407149 0.210474628 0.219249066 

0.147086366 0.15782419 0.151809635 

0.113199529 0.120664856 0.114318328 

0.029012701 0.029904921 0.029016511 

Modified P1 Exact Modified P1 

'to= 15 'to= 15 'to= 20 

lct-(0, µ, <l>)/(1t Fr) lct-(0, µ, <l>)/(1t Fr) lct-(0, µ, <I>)/( 1t Fr) 

0.274247582 0.292359361 0.283564539 
0.223344711 0.23869787 0.224083935 
0.151918261 0.162406967 0.151920727 
0.114323883 0.121739696 0.114323909 
0.029016511 0.029909454 0.029016511 

Modified P1 Exact 

'to= 30 'to= 30 

lct-(0, µ, <l>)/(1t Fr) lct-(0, µ, <!>)/(1t Fr) 

0.293296512 0.311504217 
0.224244592 0.239587647 
0.151920784 0.162409717 
0.114323909 0.121739734 
0.029016511 0.029909454 

108 



(0 

1 

0.99 

0.95 

0.9 

0.5 

Exact 

-c0 = 10 

I/ ( 'to, µ, <I>)/ ( 7C Fi 

0.057654167 
0.03408973 
0.008177192 
0.002530741 
4.55305E-05 

Exact 

-c0 = 20 

I/(-c0, µ, <!>)l(n Fi 

0.030840896 
0.006201538 
0.000200842 
l .49465E-05 
5.15834E-09 

TABLE 2-al5 

DATA FOR FIG. 2-15 

Modified P1 Exact Modified P1 

'to= 5 'to= 5 -c0 = 10 

I/ (-c0, µ, <I>)/( 1t Fi I/(-c0, µ, <l>)/(n Fi) I/ (-co, µ, <I>)/( 1t Fi) 

0.09642115 0.098195292 0.057313279 

0.08272016 0.083351639 0.034375443 

0.049590997 0.048645903 0.008365137 

0.030111002 0.029090121 0.002546171 

0.002996526 0.002938929 4.14622E-05 

Modified P1 Exact Modified P1 

-c0 = 15 -c0 = 15 -c0 = 20 

I/(-c0, µ, <l>)/(n Fi I/(-c0, µ, <l>)/(n Fi) I/ (-c0, µ, <I> )/(n Fi) 

0.039873614 0.040191852 0.030557048 
0.014521705 0.014444497 0.006213438 
0.001268165 0.001283484 0.000191062 
0.000178748 0.000195455 1.22823E-05 
3.84121E-07 5.14068E-07 3. 04614E-09 

Modified P1 Exact 

-c0 = 30 -c0 = 30 

I/(-c0, µ, <l>)/(n Fi I/(-c0, µ, <l>)/(n F1) 

0.020825078 0.021047171 
0.001143925 0.0011495 
4.33393E-06 4.91667E-06 
5.77013E-08 8.72521E-08 
1.58684E-13 4.48734E-13 
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µ 

1 

0.9 

0.8 

0.7 

0.6 

0.5 

0.4 

0.3 

0.2 

0.1 

V / ('c0,µ,q> )/( 1t F v) 

0.165013884 
0.156729203 
0.147945732 
0.138728034 
0.129155549 
0.119321566 
0.10931578 
0.09920581 

0.089031631 
0.07881489 

TABLE 2-a16 

DATA FOR FIG. 2-16 

lct-(0, µ, <I>)/( 1t Fi) I/('c0, µ, <!>)/(re Fi) 

0.209889272 0.10090971 

0.212127564 0.09642115 

0.213945938 0.091464518 

0.21524372 0.086089588 

0.215903648 0.08036714 

0.215786733 0.07438515 

0.214722362 0.068231285 

0.212491662 0.06197302 

0.208803438 0.055650509 

0.203260261 0.049285436 

110 

Vct-(0, µ, q>)/(re Fv) 

0.145781316 

0.151819511 

0.157464724 

0.162605275 

0.167115238 

0.170850317 

0.173637867 

0.175258872 

0.175422317 

0.173730807 



CHAPTERIII 

NUMERICAL CALCULATION OF RADIATIVE TRANSFER 

FOR THE SCATTERING OF POLARIZED LIGHT 

IN A PLANE-PARALLEL MEDIUM 

Abstract 

The objective of the present work is to obtain exact numerical solutions for 

radiative transfer in one-dimensional finite media without reflective boundaries. In this 

paper, the exact expressions are presented for the fundamental source matrix, reflection 

and transmission matrices, reflected and transmitted intensity matrices, and reflected and 

transmitted flux matrices at the boundaries of a plane-parallel medium which scatters, 

absorbs, and is exposed to a incident polarized radiation. The problem is simplified by 

solving for the desired matrix functions only at boundaries. The principle of superposition 

as well as Ambarzumian's method are used in the solution process. The polarized phase 

matrix of the medium is general, requiring only that the scattering particles be randomly 

oriented and have one plane of symmetry. Numerical results are presented for various 

optical thicknesses (up to 10), two albedoes (0.5 and 0.99), two selected sets of the 

scattering coefficients (i.e., phase matrices), and four different incident polarized light 

boundary conditions which can be utilized to superpose and represent any incident 

polarized radiation. In addition, these results are compared with the solution of the 
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diffusion approximation for polarized light as well as with the exact results for the scalar 

problem .. · The comparison shows that the diffusion approximation can predict the state of 

the polarization well qualitatively; while the intensity for the scalar problem is equal to the 

intensity including polarization effects when the number of Legendre polynomials in the 

polarization phase matrix is one. Furthermore, the scalar results estimate the intensity 

very well for three of the chosen incident polarized light boundary conditions, but do 

poorly for one chosen incident polarized light boundary condition when the number of 

Legendre polynomials is greater than one. 

Introduction 

The rapid improvement of the personal computer in recent years has allowed 

radiation researchers to numerically solve mathematically complicated problems, such as 

those including polarization effects, on their desktop. However, although some solutions 

are available, exact numerical solutions with assumptions made for the scattering of 

polarized light in a one-dimensional finite medium exposed to elliptically polarized incident 

light without reflective boundaries are insufficient. Most researchers have simplified the 

effects of polarization due to its mathematical complexity, while others have formulated 

equations that become very difficult to solve numerically. Some related studies, mainly 

focused on polarization, will be reviewed in the following paragraphs. 

Some typical studies focussing on the effect of polarization in plane-parallel media 

were conducted by Chandrasekhar [3-1], Reguigui [3-2, 3-3], Hovenier [3-4], Wauben 

and Hovenier [3-5], Wauben et al. [3-6], Siewert [3-7], Garcia and Siewert [3-8, 3-9], 
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Hovenier and van der Mee [3-10], Benassi et al. [3-11, 3-12], Zege and Chaikovskaya [3-

13], Mishchenko [3-14, 3-15], and Ambirajan and Look [3-16, 3-17]. Several studies 

concentrate on the derivation of radiative transfer equations without numerical results 

while others present numerical solutions with the incident radiation being unpolarized, 

circularly polarized, or linearly polarized in order to simplify the numerical process. Some 

of the relevant papers will be discussed herein while others were discussed in Chapter II. 

Wauben and Hovenier [3-5] utilized the adding/doubling method as well as the FN 

method to solve the radiative transfer problem in a plane-parallel homogeneous 

atmosphere including polarization effects. The medium was illuminated by unpolarized 

incident light and bounded by a black lower surface. Numerical results of all Stokes 

parameters were presented for three different kinds of randomly-oriented spheroids. 

The adding principle was employed by Wauben et al. [3-6] to calculate the 

radiative transfer in a plane-parallel inhomogeneous atmosphere including polarization 

effects. The medium was illuminated by an unpolarized incident light on the upper 

boundary, by isotropically radiating internal sources, and by an isotropically radiating 

lower surface. Numerical results. of all Stokes parameters were presented for all three 

kinds of illumination. 

Two different methods were applied to solve the radiative transfer problem 

including polarization effects by Garcia and Siewert [3-8, 3-9]. The medium was plane­

parallel with unpolarized incident light on the top and a reflective lower boundary. 

Numerical results of all Stokes parameters were tabulated by using the generalized 

spherical harmonics method [3-8] and the FN method [3-9], respectively. 
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Mishchenko [3-14, 3-15] formulated exact reflected radiation equations by using 

an extension of the invariant imbedding method for a finite plane-parallel atmosphere 

including polarization effects. However, the formulated equations were numerically 

complex, requiring double integration. Thus, the author numerically solved two simplified 

problems, one for unpolarized incident radiation and the other for linearly polarized 

incident radiation. 

For a plane-,parallel medium with incident light being circularly polarized, 

Ambirajan and Look [3-16, 3-17] studied the radiative transfer problem both theoretically 

[3-16] and experimentally [3-17]. A backward Monte Carlo method was introduced by 

Ambirajan and Look [3-16] to numerically solve for the backscattered intensity, while 

experimental data was presented by Ambirajan and Look [3-17] for transmitted intensity 

as well as the degree oflinear and circular polarization versus optical radius. 

For the diffuse scattering of polarized light, Herman et al. [3-18] presented 

numerical results for both spherical and plane-parallel atmospheres by using the Gauss­

Seidel calculation method. Comparisons between the polarized spherical Gauss-Seidel 

method and Monte Carlo calculations of other published studies for both spherical and 

plane-parallel media were also made. When all scattering terms were considered, the four 

Stokes parameters (I, Q, U, and V) were in good agreement between the polarized 

spherical Gauss-Seidel method and the Monte Carlo method. The solar radiation incident 

at the top of the atmosphere was assumed to be a completely unpolarized parallel beam. 

Special work, mainly on the phase matrix, for the scattering of polarized light was 

petformed by Siewert [3-19], Vestrucci and Siewert [3-20], de Rooij and van der Stap [3-
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21], Hovenier [3-22], Kuik et al. [3-23], and Mishchenko and Travis [3-24]. None of 

these publications provided numerical results for intensity. 

Two FORTRAN codes to get mainly the scattering coefficients of the scattering 

matrix were described in detail by Mishchenko and Travis [3-24]. The T-matrix method 

was used by both codes with the assumption.· that scattering particles have a plane of 

symmetry perpendicular to the rotational axis. These two codes are available on the Web 

at http://www.giss.nasa.gov/~crmin. 

Assuming a semi-infinite scattering medium that was homogeneous with randomly 

oriented polydisperse scattering spheres having a plane of symmetry, Mishchenko [3-25] 

has presented the Stokes reflection matrix which can be used to find radar reflectivity, 

polarization ratios, and enhancement factors. Some graphical results for the effects of 

particle size parameter, as well as the real and imaginary parts of the index of refraction, 

on the photometric and polarization characteristics of the radar return were also provided. 

No numerical results for intensity were given. 

Haferman et al. [3-26] solved a multi-dimensional radiative transfer problem 

including polarization effects by using the discrete-ordinates method. Numerical results 

for backscattered Stokes parameters were provided only for a one-dimensional plane­

parallel atmosphere (having a diffusely reflecting lower surface) illuminated by an 

unpolarized intensity from the top boundary with single scattering albedo and optical 

thickness being 0.99 and 1, respectively. 

Mueller and Crosbie [3-27] presented a polarized phase matrix for the three­

dimensional radiative transfer problem based on a scattering matrix which represented 

randomly oriented scattering particles having a plane of symmetry. In that paper, the 
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geometry was finite in the z-direction and infinite in the x- and y-directions, with 

elliptically polarized radiation incident only on the top boundary. Great effort was 

expended to reduce this three-dimensional problem to a one-dimensional problem which 

depended upon two parameters. A general four-by-four source matrix was derived by 

using the method of superposition. Some symmetry relationships were developed. 

Moreover, an extensive review of a wide variety of radiative transfer literature was also 

provided. No numerical results were presented. 

By using a procedure similar to that which Ambarzumian applied to the scalar 

problem, Liu and Dougherty [3-28] derived exact expressions for the source matrices, 

reflection and transmission matrices, reflected and transmitted intensity matrices, and 

reflected and transmitted flux matrices at the boundaries of a one-dimensional plane­

parallel medium . which scattered, absorbed, and was exposed to incident polarized 

radiation. The polarized phase matrix of the medium was general, requiring only that the 

scattering particles be randomly oriented and have one plane of symmetry. No numerical 

results were given. 

A procedure that modified the classical P1 approximation, which had been applied 

to the scalar problem, was introduced by Liu and Dougherty [3-29] to solve a one­

dimensional radiative transfer problem including polarization effects. In this paper, the 

expression for intensity was derived by using the classical PI approximation with both 

Mark's and Marshak's boundary conditions as well as the modified P1 method with 

Marshak's boundary conditions. The plane-parallel medium of interest scattered, 

absorbed, and was exposed to collimated incident polarized radiation. Numerical results 

were presented for five optical thicknesses (5, 10, 15, 20, and 30), five albedoes (0.5, 0.9, 
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0. 95, 0. 99, and I), and three selected sets of the scattering coefficients. These solutions 

were compared with the classical P1 approximation and with the exact scalar results. 

Qualitatively good agreement for intensity was shown between the modified P1 and the 

exact scalar solutions, while the classical P1 approximation predictions were poor. 

The purpose of this chapter of the current study is to numerically solve the 

intensity matrices, for a one-dimensional plane-parallel medium which scatters and 

absorbs, with polarization fully included [3-28]. The polarized phase matrix of the 

medium requires only that the scattering particles be randomly oriented and have one 

plane of symmetry [3-22]. Moreover, these exact expressions for intensity are relatively 

straightforward and should be numerically simpler to solve than those of previous 

researchers. Therefore, the present work extends previous research because the numerical 

solutions will allow the incident radiation to be elliptically polarized, which implies that the 

solutions depend upon the azimuthal angle. Future research will be directed toward the 

inclusion of refractive index effects and multi-dimensionality. 

Solution of the Plane-Parallel Polarized Light Problem 

Starting with the diffuse transport equation for polarized light in a one-dimensional 

plane-parallel medium, exact expressions for the intensity and flux matrices will be 

presented in terms of the reflection or transmission matrix in this section ( derived in Ref 

[3-28]), by using Ambarzumian's approach [3-30] as well as the principle of 

superposition. Absorption and scattering without emission are assumed in the medium, 

and refractive index effects at the boundaries are neglected. 
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Problem Description 

As mentioned earlier, the problem which we need to focus on first is the one­

dimensional radiative transfer problem for polarized light without reflective boundaries. 

One of the major reasons to do the present one-dimensional case when solutions for some 

cases exist is that most of the previous studies cannot handle elliptically polarized light as 

the incident source while the present work does not have this restriction. In addition, the 

present one-dimensional work can help to determine how accurate the previous diffusion 

approximation results [3-29] for polarized light will be for future applications. The 

geometry for this problem is shown in Fig. 3-1. 

In this research, we assume that collimated polarized incident radiation at an angle 

0o exists only at the top boundary and is a sheet of laser-like beams which simplifies our 

study to a one-dimensional problem. Moreover, no radiation is incident at the lower 

boundary and there are no refractive index effects at either boundary. Furthermore, 

absorption and scattering without emission are assumed in the medium (which applies only 

as a good approximation to a low temperature medium). Note that the probability of 

scattering in the various directions depends upon the phase matrix function, which will be 

discussed in detail in the next section. 

Fundamental Equations 

In a recent work (see Ref. [3-28] and also Chapter I), we have derived the diffuse 

transport equation for polarized light in a plane-parallel atmosphere (Fig. 3-1) as follows 
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ll~(O, µ, q)) + 
Incident Polarized Intensity llO 

n 

n 

n 

µo = cos00 

µ = cos0 

µin= cos0in 
00 = ein 

---------~---------1=1 
n 

Figure 3-1. Geometry of a One-Dimensional Medium without 
Reflective Boundaries 

0 



{O 
+ - P(µ, µ 0 , <p, <p0 ) exp(-r/ µ 0 ) lF, 

4 

with the boundary conditions, forµ E [0, 1] and cl> E [0, 2n], to be 

lla (0, µ, <p) = 0 

and Jla(r0 , -µ, <p) = 0, 

120 

(3-1) 

(3-2a) 

(3-2b) 

where 't is the optical thickness, µ is the direction cosine of the propagation angle of the 

radiation, OJ is the single scattering albedo, the vector lF = [Fi FQ Fu Fv ]1 which is 

presumed given specifies the state of polarization of the incident intensity at the upper 

boundary, and the diffuse intensity vector xd( 't, µ, cl>) consists of the four Stokes 

parameters, that is, lld('t, µ,cl>)= [ld('t, µ, cl>) Qd(1, µ, cl>) Ud(1, µ, <!>) Vd(1, µ, <!>)f Note 

that in this diffuse formulation, the original boundary condition, f, appears as a source 

term. Furthermore, P(µ, µ', <p, ¢') is the phase matrix that can be expanded in general in 

a Fourier series [3-12] as 

L 1 
JP(µ, µ', <p, ¢') = L -- {cm(µ, µ' ) cos[ m(<p - ¢')] 

m=O 1 +Eom 

+ Sm(µ, µ') sin[ m( </> - </J' ) ] } , (3-3) 

where Dom is the Kronecker delta function, and other functions in Eq. (3-3) are defined as 

(3-4a) 
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(3-4b) 

L (i-m)I 
Am(µ,µ')= L . · Ilf(µ) 18,i Ilf(µ'), 

i=m (1 + m)! 
(3-4c) 

lDi = diag{l, 1, -1, -1}, (3-4d) 

Pt(µ) 0 0 0 

Ilf (µ) = 
0 Rf(µ) -Tt(µ) 0 

0 -Tt(µ) Rf(µ) 0 
(3-4e) 

0 0 0 Pt(µ) 

and the matrix of scattering coefficients is given by 

Pi Yi 0 0 

Yi a- 0 0 
]Bi = l (3-4f) 

0 0 'i - b\ 
0 0 S· l 8-l 

The matrix lBi will be specified later. In addition, in Eq. (3-4e), Pim(µ) denotes associated 

Legendre functions while Rf(µ) and Tim(µ) are combinations of generalized spherical 

functions. 19 Notice that the phase matrix ofEq. (3-3) assumes that the scattering particles 

are randomly oriented, and have at least one plane of symmetry [3-22]. 

Reflected and Transmitted Intensity Matrices 

By applying Ambarzumian's approach [3-30] and superposition to Eq. (3-1), the 

reflected and transmitted intensity matrices for the current one-dimensional plane-parallel 

problem with polarization included are [3-28] 



and 

= w ½ l ½ ~i - m)! { cos(m¢) [ rrr (-µ) 
4n- rn = o 1 + born i = rn (1 + m)! 

x lB\ PPim1(µ, µ 0 ; To) + D2 IIf1(-µ) lB\ PPim1(µ, µ 0 ; To) 

X D2] + sin(m¢)[IIf1(-µ)1Bi PPim1(µ, µo; To)D2 
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- D2 IIf(-µ) lBi PlPiml (µ, µ 0 ; To)]} _!_ 
µ 

(3-5a) 

ll!(To, µ, µ 0 , ¢; To) = w ½ 1 ½ ~i - m)! { cos(m¢) [ IIf1(µ) lBi 
4n- rn = o 1 + born i = rn (1 + m)! 

x PPXim1(µ, µo; To) + D2 IIf1(µ) ]Bi PPXim1(µ, µo; To) 

x D2 ] + sin(m¢) [IIf1(µ)1Bi PPllim1(µ, µ 0 ; T0)n2 

- D2 IIf(µ) 18,i PPKiml (µ, µ 0 ; To)]} £, 
µ 

(3-5b) 

where the superscripts - and + in Eqs. (3-5) denote that the intensity is generally 

propagating in the negative and positive -c directions (see Fig. 3-1), respectively. In 

addition, PPiml and PPlliml in Eqs. (3-5) are the reflection and transmission matrices, 

respectively, and defined as [3-28] 

(3-6a) 

and 

PPlliml (µ, µ 0 ; To)= Ji0 PPiml ( To - t, µ 0 ; To) exp(- tiµ) dt. (3-6b) 

Furthermore, PPimi(c, µ0 ; -c0) in Eqs. (3-6) is the fundamental source matrix and defined as 

[3-28] 
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OJ L G - m)! o 
+- L. £" Klijm(r-t)PPjml(t,µ 0 ;ro)dt, (3-7) 

2 j =m G + m)! 

where 

K1ijm (r - t)= I6 nr [sign( r - t)µ'] nr [sign( r - t)µ'] IB\j exp[- Ir - t j / µ'] ~·' (3-8) 

with sign( -c - t) being 1 if -c ~ t, and -1 if -c < t. 

So far, the intensity matrices are represented in terms of the fundamental source 

matrix PPun1(-c, µo; -co). Therefore, Eqs. (3-5) can be numerically solved to obtain the 

reflected and transmitted intensity matrices directly, after PPun1(-c, µ 0 ; -c0), PPiml, and 

PPlliml have been determined. The assumptions made to this point are: no incident 

radiation entering from the lower boundary, no index of refraction effects at both 

boundaries, the particles are randomly oriented and have at least one plane of symmetry, 

and <jl0 is equal to zero. In next section, the reflected and transmitted flux matrices will be 

expressed in terms of the reflection matrix PP1an1 and transmission matrix PlPK1an1 , 

respectively. 

Reflected and Transmitted Flux Matrices 

The general flux equation is [3-1] 

q = J n µ dQ, (3-9) 
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where .Q denotes the solid ·angle. By using Eqs. (3-5) with the above general flux 

definition, the reflected and transmitted flux matrices are [3-28] 

(3-l0a) 

and 

(3-l0b) 

respectively. Equations (3-10) can be solved to obtain the reflected and transmitted flux 

matrices, after lP'lP'iml and lP'PXimI have been determined. 

Thus far, all equations that are required to numerically solve the present one­

dimensional plane-parallel problem including polarization effects have been expressed 

explicitly. Note that Eqs. (3-5) and (3-10) without the JF vector would yield generic four 

by four intensity and flux matrices, respectively, independent of boundary conditions. 

Therefore, we can apply any boundary conditions, once we get these generic intensity and 

flux matrices. 

Numerical Results 

Some selected figures are presented in this section to show the comparison among 

the exact numerical results with assumptions made for polarized light (labeled Pol in the 
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figure legend), the diffusion approximation results [3-29] for polarized light (labeled DA in 

the figure legend), and the exact scalar results (labeled Sc in the figure legend) [3-30]. 

The Runge-Kutta numerical calculation method as well as the successive approximation 

method are used to solve the current polarized problem numerically. For these solutions, 

the reflected and transmitted intensity vectors are calculated only at the boundaries. The 

reflected intensity vector represents only the intensity vector reflected from the medium 

due to scattering within the medium; while the transmitted intensity vector excludes any 

part of the incident intensity vector that directly reaches the lower interface undisturbed. 

For normalization reasons, both intensity vectors are divided by the incident radiation, re 

Moreover, for these examples, two sets of the scattering coefficients, in Eq. (3-4£), 

suitable for polarized light problems and suggested by Vestrucci and Siewert [3-20], are 

chosen to use. With the wave number multiplied by the radius of the small absorbing 

spherical particles equal to O. 5, the index of refraction of the particles with respect to the 

surrounding medium being 1.33, and the single scattering albedo being one, the matrices 

of scattering coefficients for phase matrix I are given as [3-20] 

lSo = 

1. 0000000000 

0 

0 

0 

0.1400343465 

0 

0 

0 

0 

0.00000000 

0 

0 

0 

0. 0000000000 

0 

0 

0 0 

0 

0 

0 

0.00000000 

0 0. 063 99215408 

0 

0 

0. 0000000000 

0 

0 

0 

0 

1.50000000 

(3-1 la) 

(3-1 lb) 



0.5 1.224744871 0 0 

1.224744871 3 0 0 
lB2 = 

0 0 0.2409165905 0 

and B3 = 

0 0 0 

0.02936407694 -0.05361122441 

-0.05361122441 0.09788025648 

0 

0 

0 

0 

0.1054062694 

0 0 

0 0 

0.00000 0 

0 0.00000 
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(3-1 lc) 

(3-1 ld) 

By considering the Mie scattering of light at a wavelength of 0.951 µm, and by using a 

gamma distribution of spherical particles with an effective radius of 0 .2 µm, an effective 

variance of 0. 07, and an index of refraction of 1. 44, the matrices of scattering coefficients 

for phase matrix II (for scattering albedo equal to one) are given as [3-20] 

1. 000000000 0 0 0 

0 0. 0000000000 0 0 
Bo= 

0 0 0. 0000000000 0 
(3-12a) 

0 0 0 0.7120634246 

1.4552931819 0 0 0 

0 0. 0000000000 0 0 
B1 = 

0 0 0. 0000000000 0 
(3-12b) 

0 0 0 1.760141193 

1.0540263128 -0.7552491518 0 0 

-0.7552491518 3 .3091220464 0 0 
lB2 = 

0 0 2.5773207443 - 0.0420726875 ' 
(3-12c) 

0 0 0.0420726875 1. 0668243107 
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0.3975899378 -0.3619934319 0 0 

-0.3619934319 0.9633758276 0 0 
B3 = 

0 0 0.7574437604 -0.0850671555 
(3,.12d) 

0 0 0.0850671555 0.3965110389 

0.1165930161 -0.1155748816 0 0 

-0.1155748816 0.2474124256 0 0 
1B4 = 

0 0 0.1638177665 -0.0154318420 
(3-12e) 

0 0 0.0154318420 0.0957641237 

0.0238747702 -0.0249815879 0 

0 

0 

0 
and s5 = 

-0.0249815879 

0 

0 

0.0452636955 

0 

0 

0.0278314781 -0.0031534874 . (3-l2t) 

0.0031534874 0.0176508810 

Note that phase matrix II is a modification of that from Vestrucci and Siewert [3-20], 

formed by using only the first 6 of their original 14 matrices. In addition, although the 

scattering coefficients for phase matrices I and II were originally calculated for ro equal to 

one [3-8], to avoid recalculating these coefficients from the Mie theory, we use these 

coefficients with other ro values for demonstration purposes. 

All of the results presented in Figs. 3-2 to 3-19 on the following pages are based 

on the calculation of any iterative fractional error to be less than or equal to 10-6, a total 

number of Gauss-Legendre integration quadrature points equal to 74, the exit azimuthal 

angle (<I>) being equal to zero, optical thickness step size equal to 0. 0005, and the use of 

phase matrix I ( except for Figs. 3-18 and 3-19). The iterative error 1 o·6 was utilized to 

get good accuracy for future application. Wherein, to get two- or three-dimensional 

solutions which will be accurate, the current one-dimensional solution must be numerically 

summed or integrated, resulting in a degraded final accuracy for the two- or three-

dimensional solutions. 
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The Gauss-Legendre quadrature was used to integrate, for example, overµ' in Eq. 

(3-8). This number of Gauss-Legendre quadrature was determined to be sufficient by 

· running a case (L = 2, ro = 0. 99, and 'Co = 0.01) with 160 quadrature, and finding that the 

worst error between the 7 4 point quadrature and the 160 point quadrature was a 1 o·6 

fractional error. In addition, the optical thickness step size was determined to be 

sufficiently accurate by running a case (L = 2, ro = 0.99, and 'Co = 0.1), and finding that 

there was no difference (to 10-6) in the results from using either 0.0005 or 0.00005 as the 

step size. Furthermore, four different incident polarized light boundary conditions (lF's), 

which can be used to superpose any incident polarized radiation [3-8], were used to obtain 

numerical results. These incident intensity vectors (JF's) are designated as B.C. 1 = [l O 0 

of, B.C. 2 = [l 1 0 O]r, B.C. 3 = [1 0 1 O]\ and B.C. 4 = [1 0 0 1]\ where B.C. 1 

represents unpolarized light, B.C. 's 2 and 3 represent linearly polarized light with different 

polarization angles (horizontal and 45°), and B.C. 4 represents circularly polarized light. 

Figures 3-2 to 3-5 provide a comparison between the exact scalar solution [3-30], 

the diffusion approximation [3-29], and the exact polarization solution with the number of 

Legendre polynomials (L) equal to 1, a scattering albedo ( ro) of O. 99, an optical thickness 

('to) of 0.5, and incident intensity vectors (JF) ofB.C. 4. Figures 3-2 and 3-4 represent the 

reflected Stokes parameters with the incident radiation angle (µo) being 1 and O. 9, 

respectively; while Figs. 3-3 and 3-5 represent the transmitted Stokes parameters with the 

incident radiation angle (µ 0 ) being 1 and 0.9, respectively. 

As expected, Figs. 3-2 to 3-5 show that the solution of scalar intensity is equal to 

that of the intensity from full polarization; while the solution from the diffusion 
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approximation predicts the state of the polarization qualitatively well. The reason that the 

scalar results can -predict the fully polarized solution so well for intensity is that the 

transport equation of Eq. (3-1) will decouple to become two independent equations for I 

(intensity) and V when the number of Legendre polynomials (L) is one [3-29]. However, 

the use of the scalar results will obviously lose the state of polarization. By comparing 

Figs. 3-2 and 3-4 or Figs. 3-3 and 3-5, we can also deduce that the diffusion 

approximation estimates the fourth Stokes parameters (V) relatively poorly when µo is not 

equal to 1. Furthermore, the I (intensity) changes only a little, however, V changes 

dramatically between µo equal to one and µo equal to 0.9 by comparing Figs. 3-2 and 3-4 

or Figs. 3-3 and 3-5. The major reason for this is that the JB 1 ofEq. (3-1 lb) will be more 

important when µ 0 equal to 0.9 [3-29]; therefore, V will change more than I (intensity) 

does due to 31 being much larger than f3 1 in Eq. (3-llb). In addition, the peak in the 

intensity at µ approximately equal to 0.1 in Figs 3-3 and 3-5 gives the preferred direction 

of the phase matrix I. Moreover, the sign of V is negative between µ values of 0.1 and 

one in Fig. 3-2 due to that we view the reflected Stokes parameters in an opposite 

direction from that of the incident radiation. Besides, the fact that V changes from 

positive to negative between µ values of zero and one in Fig. 3-4 implies that the direction 

of circularly polarized light changes. 

By using all four incident polarized light boundary conditions, Figs. 3-6 and 3-7 

provide the exact reflected and transmitted Stokes parameters, respectively, with number 

of Legendre polynomials (L) equal to 2, a scattering albedo (ro) of 0.99, an optical 

thickness ('to) of 0.5, and the exit angle(µ) equal to 0.6. 
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Important information revealed from Figs. 3-6 and 3-7 is that the I and Q for 

boundary conditions 1, 3, and 4 are equal to each other. Therefore, the results from 

boundary condition 2 will be the dominant component for intensity if the incident 

polarized radiation needs to be superposed by combining the results from boundary 

conditions 1 to 4. Furthermore, Fig. 3-7 shows the effects of different boundary 

conditions for intensity by observing that the peak of intensity for B.C. 2 is at a different 

incident angle than for B.C. 's 1, 3, and 4. Moreover, U changing from positive to 

negative between µ0 equal to zero and µ0 equal to one in Fig. 3-6 reveals that the 

polarization angle of linearly polarized light varies from one ( 45°) to the other (- 45°). In 

addition, Figs. 3-6 and 3-7 illustrate the relationship between the state of polarization and 

the incident radiation angle (µo)-

Stokes parameters are provided for four different incident boundary conditions in 

Figs. 3-8 to 3-11. With the number of Legendre polynomials (L) equal to 3, a scattering 

albedo (ro) of 0.5, and an optical thickness (to) of 0.5, Figs. 3-8 and 3-10 present the 

reflected Stokes parameters with the cosine of the incident radiation angle (µo) being 1 and 

0.6, respectively; while Figs. 3-9 and 3-11 present the transmitted Stokes parameters with 

the cosine of the incident radiation angle (µo) being 1 and 0.6, respectively. 

By observing Figs. 3-8 to 3-11, we find out that not only the I and Q for B.C.'s 1, 

3, and 4 are the same, but also all Stokes parameters for B.C.'s 1, 3, and 4 are more 

sensitive than the ones for B.C. 2 to variation in the incident radiation angle (µo)- Note 

that the curves ofl and Q for B.C. 2 are close to each other for all four figures; and this is 

due to the combination effects from the chosen phase matrix and the boundary conditions. 

Moreover, Q for B.C. 2 is equal to U for B.C. 3 when bothµ and µo are equal to one in 
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Fig. 3-9, while Q for B.C. 2 is equal to the opposite of U for B.C. 3 when bothµ and µ 0 

are equal to one in Fig. 3-8. This is due to the physical symmetry for B.C. 2 and B. C. 3 

when bothµ and µo are equal to one, since, physically, for those two B.C.s at thoseµ and 

µo values, it should be impossible to distinguish between the two cases. The opposite sign 

of Q for B.C. 2 and U for B.C. 3 in Fig. 3-8 is due to the fact that we look at the reflected 

Stokes parameters in an opposite direction from that of the incident radiation, and due to 

the difficulty of distinguishing between "positive" and "negative" linear polarization 

directions. 

Three-dimensional Figs. 3-12 and 3-13 tell us how the intensity (I) for B.C. 's 1, 3, 

and 4 changes with respect to the incident radiation angle (µo) under the same conditions 

as for Figs. 3-8 to 3-11. By viewing from the direction of the µ axis, we can see that the 

reflected intensity will curve up (up to a µ 0 of0.2) and then curve down in Fig. 3-12; while 

the transmitted intensity will curve up (up to a µo of 0. 7) and then curve down in Fig. 3-

13. 

Figures 3-14 to 3-17 not only give the comparison between the exact scalar 

intensity and the intensity including polarization effects with incident radiation angle (µo) 

equal to 1 but also demonstrate the effects of optical thickness ( 'to) and number of 

Legendre polynomials (L). Figures 3-14 and 3-15 present the reflected and transmitted 

intensities with a scattering albedo (ro) of 0.99 as well as an exit angle (µ) of 0.6, 

respectively; while Figs. 3-16 and 3-17 present the reflected and transmitted intensities 

with a scattering albedo (ro) of 0.5 as well as an exit angle(µ) of 0.9, respectively. 
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Similar to the previous cases, the intensities (I) for incident B.C. 's 1, 3, and 4 are 

equal to one another with a fixed number of Legendre polynomials (L) in Figs. 3-14 to 3-

1 7. In addition, the number of Legendre polynomials (L) is shown to have a small effect 

on the intensity results for both scalar and polarization solutions in Figs. 3-14 to 3-17 

when L varies from 2 to 3. This can be explained by observing JB3 of Eq. (3-1 ld), where 

all of the nonzero terms of 1813 are relatively smaller than those of JB2 in Eq. (3-llc). 

Figures 3-14 to 3-17 also reveal that the intensity for B.C. 2 always has the highest values. 

The reason for this is due to the zero terms in positions (1, 3) and (1, 4) in Eqs. (3-11) 

which will not contribute to intensity for B.C. 's 3 and 4; while the nonzero terms in 

position (1, 2) in Eqs. (3-11) will make a significant contribution to the intensity for B.C. 

2. 

Moreover, for both the reflected and transmitted intensities of Figs 3-14 to 3-17, 

the intensities with and without polarization effects show similar trends. Clearly, the 

largest difference is always between the intensity for B. C. 2 and the scalar intensity; while 

the difference between the intensity for B. C. 's 1, 3, and 4 and the scalar intensity is 

relatively small. Thus, the scalar results may approximate the intensity for B.C.'s 1, 3, and 

4 reasonably well, but will definitely lose the state of the polarization. 

Furthermore, the reflected intensity increases and plateaus as optical thickness 

increases, which is revealed by Figs. 3-14 and 3-16. The reason for this is due to the 

reduced chances of scattering outside through the lower boundary when optical thickness 

becomes larger, thus resulting in improved chances of scattering outside through the upper 

boundary. On other hand, Figs. 3-15 and 3-17 show an interesting but expected fact. 

Initially, the transmitted intensity increases as optical thickness increases. The explanation 
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for this is that the intensity has a greater chance of scattering as optical thickness 

increases. However, after a certain optical thickness, the transmitted intensity decreases. 

This is due to the fact that the increased number of scattering events causes more intensity 

to scatter out from the upper boundary than from the lower boundary. Note that the 

transmitted intensity herein excludes any part of the incident intensity that directly reaches 

the lower interface undisturbed. Also note that the reflected intensity for larger optical 

thickness ('to> 5) in Fig. 3-16 is flatter than that in Fig. 3-14. This is due to the fact that 

the scattering albedo in Fig. 3-16 is smaller than the one in Fig. 3-14, and thus the Fig. 3-

16 case will require a smaller optical thickness in order to become optically thick. For 

further information on phase matrix I, more figures are included in Appendix III. 

Finally, Figs. 3-18 for reflected intensity and 3-19 for transmitted intensity provide 

a comparison between the exact scalar intensity and the intensity including polarization 

effects with scattering albedo (ro) equal to 0.5, an optical thickness ('to) of 0.1, incident 

radiation angle (µ 0 ) equal to 1, and phase matrix II. Figures 3-18 and 3-19 also show that 

the intensities for B.C.'s 1, 3, and 4 with a fixed number of Legendre polynomials (L) are 

the same. In addition, the scalar results yield a good estimate of the intensity for B. C. 's 1, 

3, and 4, but predict the intensity for B.C. 2 poorly. Moreover, Figs. 3-18 and 3-19 reveal 

that the intensity for B. C. 2 always has the lowest value. The reason is the same as in 

Figs. 3-14 to 3-17; however, the nonzero terms in position (1, 2) in Eqs. (3-12) will make 

a negative contribution to the intensity for B.C. 2. Furthermore, there is a greater 

difference for intensity when changing from an L of 3 to 4 as compared to the difference 

for intensity when changing from an L of 4 to 5 for the both scalar and polarized 
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intensities in Figs. 3-18 and 3-19. This information tells us that the intensity results for 

phase matrix II can be relatively accurately estimated using an L of 4. 

Very important information, which simplified the numerical process, was found 

during development of the exact polarization computer program. It was found that, Dz 

PPirn1('t, µo; 'to) D2 = 1P1Pirn3('t, ~; 'to), PPiiml (µ, µ 0 ; T0) = D 2 PPiim3(µ, µ 0 ; To) D 2 , and 

PPi.m3(µ,µ 0 ;T0)=D2 PPi.m1(µ,µ 0 ;T0)D2 (see Ref [3-28]). After applying the above 

simplification, the computational run time is about 60 hours (on a Pentium 350 MHz 

computer) for the case in which L is equal to 2, ro is equal to 0. 9 ,and 'to is equal to 10 for 

phase matrix I. 

In addition, a numerical difficulty, which resulted in computer program 

convergence problems for either large scattering albedo or large number of Legendre 

polynomials, was found during this research. A great effort to improve this convergence 

problem was expended but the problem still existed for scattering albedo ( ro) larger than 

0.5 or number of Legendre polynomials (L) greater than two. The improvement 

techniques included: (a) the integration interval from zero to one over µ' in Eq. (3-8) was 

divided into 11 regions, (b) a different number of Gauss-Legendre quadrature points was 

used in each of the 11 regions, ( c) the results of the previous optical thickness were used 

as a first guess to start the iteration process for the next optical thickness. This numerical 

problem can also be solved by using an iterative error of 10-2 instead of 10-6 . However, 

the results will definitely lose accuracy. Therefore, this convergence problem needs to be 

considered and solved to expand the current results in the future. 
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Conclusions 

Exact · expressions were numerically solved for the fundamental source matrix, 

reflection and transmission matrices, and reflected and transmitted intensity matrices for 

polarized light in a plane-parallel medium without reflective boundaries. The Runge-Kutta 

method and the successive approximation method were applied to obtain numerical 

solutions, with the assumptions being: collimated polarized incident radiation at angle 00 

·exists at the top boundary as a sheet of laser-like beams; no incident radiation enters from 

the lower boundary; scattering and absorption but no emission occur in the medium; no 

index of refraction effects exist at the boundaries; the particles are randomly oriented and 

have at least one plane of symmetry; and the azimuthal angle of the incident radiation ( <l>o) 

and the exit azimuthal angle (cl>) are both equal to zero. 

With the phase matrices that were used, the numerical results show that the 

diffusion approximation can predict the state of the polarization qualitatively well; while 

the scalar intensity is equal to the intensity including polarization effects for number of 

Legendre polynomials (L) equal to one. Moreover, with the phase matrices studied, the 

scalar results estimate the intensity for B. C. 's I ( unpolarized); 3 (linearly polarized with 

polarization angle being 45°), and 4 ( circularly polarized) very well, but predict the 

intensity for B.C. 2 (linearly polarized with polarization angle being 0°) poorly for the 

number of Legendre polynomials (L) greater than one. However, the use of the scalar 

results will obviously lose the state of polarization. 
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Long term future work will be focused on including refractive index effects in 

order to compare more easily with experimental data. Multi-dimensional geometry will 

also be considered once the convergence problem is solved. 
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Appendix III 

Figures 3-al to 3-a8 are included herein and presented on the following pages. 

Figures 3-al to 3-a6 cover other combination of -c0 's, ro's, and µ'sin addition to those of 

Figs. (3-6) and (3-7), while Figs. 3-a7 to 3-a8 give the other Stokes parameters of Figs. 

(3-16) and (3-17) with L equal to two. 
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CHAPTERIV 

SUMMARY OF CONCLUSIONS 

The expression for the diffuse intensity Id for the diffusion approximation was 

derived by using the classical P1 approximation with both Mark's and Marshak's 

boundary conditions, as well as using the modified P1 method, for polarized light in a 

plane-parallel medium without reflective boundaries. The work was done with the 

assumptions being: collimated polarized incident radiation at angle 80 exists at the top 

boundary and is a sheet of laser-like beams; no incident radiation enters from the lower 

boundary; scattering and absorption but no emission occur in the medium; no index of 

refraction effects exist at the boundaries; the particles are randomly oriented and have at 

least one plane of symmetry; diffusion approximation; and the azimuthal angle of the 

incident radiation is equal to zero. 

Some selected numerical results are included in order to not only make the 

comparison between the various P1 approximations and the exact scalar results, but also 

to observe the effects of the albedo (0.5, 0.9, 0.95, 0.99, and 1), and optical thickness (5, 

10, 15, 20, and 30). A qualitatively good agreement is found between the results from the 

modified P1 method and the exact scalar solutions. However, as might be expected, the 

predictions from the classical P1 approximation are poor. 

In addition, the exact expressions were derived for the general source matrix, 

fundamental source matrix, reflection and transmission matrices, reflected and 
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transmitted intensity matrices, and reflected and transmitted flux matrices for polarized 

light in a plane-parallel medium .without reflective boundaries. The work was done by 

using a procedure similar to that of Ambarzumian [1-19] with the assumptions being: 

collimated polarized incident radiation at angle 00 exists at the top boundary and is a 

sheet oflaser-like beams; no incident radiation enters from the lower boundary; scattering 

and absorption but no emission occur in the medium; no index of refraction effects exist 

at the boundaries; the particles are randomly oriented and have at least one plane of 

symmetry; and the azimuthal angle of the incident radiation is equal to zero. 

Exact expressions were numerically solved for the fundamental source matrix, 

reflection and transmission matrices, and reflected and transmitted intensity matrices for 

polarized light in a plane-parallel medium without reflective boundaries. The Runge­

Kutta method and the successive approximation method were applied to obtain these 

exact numerical solutions. With the phase matrices that were used, the numerical results 

show that the diffusion approximation can predict the state of the polarization 

qualitatively well; while the scalar intensity is equal to the intensity including 

polarization effects for number of Legendre polynomials (L) equal to one. Moreover, 

with the phase matrices studied, the scalar results estimate the intensity for B.C. 's 1 

(unpolarized), 3 (linearly polarized with polarization angle being 45°), and 4 ( circularly 

polarized) very well, but predict the intensity for B. C. 2 (linearly polarized with 

polarization angle being 0°) poorly for the number of Legendre polynomials (L) greater 

than one. However, the use of the scalar results will obviously lose the state of 

polarization. 
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Note that, under the assumptions made in this thesis, the numerical solutions are 

exact to 4 or 5 decimal places. This exactness of numerical solution does not imply that 

the solutions "exactly" represent physical reality; but implies only that the numerical 

solution for the problem as posed is precise with no approximations used in the numerical 

process. 

Future work will be focused first on the convergence problem, and then on 

including refractive index effects in order to compare more easily with experimental data. 

In addition, multi-dimensional geometry will also be considered. 
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APPENDIX A 

COMPUTER PROGRAM FOR DIFFUSION 

APPROXIMATION 

The computer program of the diffusion approximation for a one-dimensional 

plane-parallel medium without reflective boundaries is included in this appendix. 

C-----PROGRAM FOR DIFFUSION APPROXIMATION AND IMPROVING P 1 
C-----APPROXIMATION WITH BOUNDARY CONDITIONS BEING MARSHAK'S 
C-----BC'S. 

IMPLICIT REAL *8 (A-H,O-Z) 
REAL*8 MUO, MU, MUA, MUB, MUC, MUD 
DIMENSION MUO(l0), MU(l0), BETA(2), Rll(l0,10), Tll(l0,10), 

* RI2(10,10), TI2(10,10), TAU0(30) 
OPEN(UNIT=4,FILE='DIF APXN.DAT') 
OPEN(UNIT=9,FILE='DIF APXN. OUT') 

C-----READ IN AND PRINT OUT THE VALUE OF L(MAXIMUM VALUE OF L=l). 
READ(4,*) L 
WRITE(9,1) L 

1 FORMAT(lX,'NUMBER OF LEGENDRE POLYNOMIALS (L)=',13) 
C-----READ IN AND PRINT OUT THE VALUE OF W. 

READ(4,*) W 
WRITE(9,2) W 

2 FORMAT(lX,'SCATTERING ALBEDO (W)=',F19.17) 
C-----READ IN AND PRINT OUT THE VALUES OF EXP ANSI ON COEFFICIENTS 
C-----BETA'S. 

READ(4,*) (BETA(I),I=l,L+l) 
WRITE(*, *)(BET A(I),I= 1,L + 1) 
WRITE(9,*) 'EXPANSION COEFFICIENTS:' 
DO 50 I=l, L+ 1 
WRITE(9,3) I-1, BETA(I) 

3 FORMAT( 6X,'BETA(',I2,')=',Fl2. l 0) 
50 CONTINUE 

C-----READ IN AND PRINT OUT THE VALUE OF PHI. 
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READ(4,*) PHI 
WRITE(9,4) PHI 

4 FORMAT(lX,'AZIMUTHAL ANGLE (PHI)=',F8.3) 
PAI=3.141592654 
PHI=PHI*P AI/180.D0 

C-----READ IN THE VALUE OF NMUOS. 
READ(4, *) NMUOS 
WRITE(*,*) NMUOS 

C-----READ IN THE VALUES OF MUO'S. 
READ(4,*) (MUO(J),J=l, NMUOS) 
WRITE(*, *)(MUO(J),J= 1, NMUOS) 

C-----LET MUO=MU. 
DO 60 I=l, NMUOS 
MU(I)=MUO(I) 

60 CONTINUE 
C-----READ IN THE VALUE OF NTAU0S. 

READ(4,*) NTAU0S 
WRITE(*,*) NT AU0S 

C-----READ INTHE VALUES OF TAU0'S. 
READ( 4,5) (TAU0(I),I=l,NT AU0S) 

5 FORMAT(5F5.2) 
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C-----CALCULATING THE REFLECTED AND TRANSMITTED INTENSITES FOR 
C-----DIFFUSION(Rll & Tll) AND IMPROVING Pl(RI2 & TI2) 
C-----APPROXIMATIONS WITH MARSHAK'S BC'S. 

IF(W .EQ. 1.0) THEN 
Al =BETA(2)/3 .D0-1.D0 
DO 100 I=l,NTAU0S 
TAUA=TAU0(I) 
WRITE(9,*) 
WRITE(9, *) '-------------·-----­
WRITE(9,6) TAUA 

6 FORMAT(lX,'OPTICAL THICKNESS =',F12.8) 
WRITE(9,*) 
DO 200 J=l,NMUOS 
MUA=MUO(J) 
DO 300 K=l,NMUOS 
MUB=MU(K) 
B 1 =DEXP(-TAUA/MUA) 
C 1 =DEXP(-TAUA/MUB) 
Dl=l.D0-Bl 
El=l.D0-Cl 
Fl =(1.D0-MUA **2)**0.5 
Gl=(l.D0-MUB**2)**0.5 
Hl =1.D0/MUB+ 1.D0/MUA 
Ol=DEXP(-Hl *TAUA) 
Pl=l.D0/MU(K)-1.D0/MUO(J) 



Rll(K,J)=(-MUO(J)/(Al *TAUA-4.D0/3.D0)*(3.D0/4.DO*MUO(J)*Dl-Bl/Al 
* *(1.D0/2.DO-BETA(2)/6.DO)+ l.D0/2.DO)*(-MU(K)-2.D0/3.D0)-1.D0/4.DO/ Al 
* *(3 .DO*MU(K)*MUO(J)-BET A(2)*MU(K)*MUO(J)+BETA(2)*G 1 *Fl 
* *DCOS(Pill))+MUO(J)/2.DO)/P AI 

Tll (K,J)=(-MUO(J)/(Al *TAU A-4.D0/3 .D0)*(3.D0/4.DO*MUO(J)*D 1-B 1/ Al 
* *(1.D0/2.DO-BETA(2)/6.DO)+ 1.D0/2.DO)*(Al *TAUA+MU(K)-2.D0/3 .DO) 
* -1.D0/4.DO/Al *Bl *(-3.DO*MU(K)*MUO(J)+BETA(2)*MU(K)*MUO(J) 
* . +BETA(2)*Gl *Fl *DCOS(Pill))+MUO(J)*(l.D0/2.D0+3.D0/4.DO*MUO(J) 
* *Dl))/PAI 
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RI2(K,J)=(-MUO(J)/(Al *TAUA-4.D0/3 .D0)*(3.D0/4.DO*MUO(J)*Dl +B 1/2.DO 
* + l.D0/2.DO)*((-Al *TAUA+MU(K))*Cl-MU(K))+(2.D0/3.DO*MUO(J)/(Al * 
* TAUA-4.D0/3.D0)*(3.D0/4.DO*MUO(J)*Dl+Bl/2.DO+l.D0/2.DO)+MUO(J) 
* *(1.D0/2.D0+3.D0/4.DO*MUO(J)))*El-BETA(2)/12.DO/Al *((-01 + I.DO) 
* /HI )*(3 .DO*MUO(J)-BETA(2)*MUO(J)+BETA(2)/MU(K)*F 1 *G 1 * 
* DCOS(Pill) )+ 1.D0/4.DO/MU(K)*((-O 1 + 1.DO)/Hl )*(I .DO-BET A(2)* 
* MU(K)*MUO(J)-3.DO*(MUO(J)**2)+BETA(2)*Gl *Fl *DCOS(Pill)))/PAI 

IF(Pl .EQ. 0.0) THEN 
TI2(K,J)=999999. DO 
ELSE 
TI2(K,J)=(-MUO(J)/(Al *TAUA-4.D0/3.D0)*(3.D0/4.DO*MUO(J)*Dl+Bl/2.DO 

* + 1.D0/2.DO)*(Al *TAUA+E 1 *MU(K) )+(2.D0/3 .DO*MUO(J)/(Al *TAUA-4 .DO/ 
* 3 .D0)*(3 .D0/4.DO*MUO(J)*D 1 +B 1/2.DO+ 1.D0/2.DO)+MUO(J)*(l .D0/2.DO 
* +3.D0/4.DO*MUO(J)))*El-BETA(2)/12.DO/Al *((Bl-Cl)/Pl)*(-3.DO* 
* MUO(J)+BETA(2)*MUO(J)+BETA(2)/MU(K)*Fl *G 1 *DCOS(Pill))+ I .DO 
* /4.DO/MU(K)*((B 1-C 1 )IP 1 )*(1.DO+BETA(2)*MU(K)*MUO(J)-3 .DO* 
* (MUO(J)**2)+BETA(2)*Gl *Fl *DCOS(Pill)))/PAI 

ENDIF 
300 CONTINUE 
200 CONTINUE 

WRITE(9,*) 'FOR DIFFUSION APPROXIMATION:' 
DO 500 JJ=l, NMUOS, 2 
WRITE(9,*) 
WRITE(9,30) MUO(JJ), MUO(JJ+ 1) 

30 FORMAT(34X,'MUO=',Fl5.12,25X,'MUO=',F15.12) 
WRITE(9,3 l) 

31 FORMAT(9X,'MU',20X,'RI',20X,'TI',20X,'RI',20X,'TI') 
WRITE(9 ,3 2) (MU (II),RI 1 (II,JJ), Tll (II,JJ),RI 1 (II,JJ+ 1 ), 

* Tll(II,JJ+ 1),II=l,NMUOS) 
32 FORMAT(5(1PE20.12,2X)) 

500 CONTINUE 
WRITE(9,*) 
WRITE(9,*) 'FOR IMPROVING Pl APPROXIMATION:' 
DO 600 KK=l, NMUOS, 2 
WRITE(9,*) 
WRITE(9,33) MUO(KK), MUO(KK+l) 

33 FORMAT(34X,'MUO=',Fl5.12,25X,'MUO=',Fl5.12) 



WRITE(9,34) 
34 FORMAT(9X,'MU',20X,'RI',20X,'TI',20X,'RI',20X,'TI') 

WRITE(9,3 5) (MU(II),RI2(II,KK), TI2(II,KK),RI2(II,KK + 1 ), 
* TI2(II,KK+l),II=l,NMUOS) 

35 FORMAT(5(1PE20.12,2X)) 
600 CONTINUE 

WRITE(9,*) 
100 CONTINUE 

ELSE 
A2=(3.D0-W*BETA(2)-3.D0*W*BETA(l)+W**2*BETA(l)*BETA(2))**0.5 
B2= 1.D0-W /3 .D0*BETA(2) 
C2=-3*BETA(l)+W*BETA(l)*BETA(2)-BETA(2) 
El=B2+2.D0/3.D0*A2 
E2=B2-2.D0/3.D0* A2 
DO 1000 I=l,NTAU0S 
TAUB=T AU0(I) 
WRITE(9,*) 
WRITE(9, *) '--------------------------­
WRITE(9,10) TAUB 

10 FORMAT(lX,'OPTICAL THICKNESS =',F12.8) 
WRITE(9,*) 
DO 1100 J=l,NMUOS 
MUC=MUO(J) 
DO 1200 K=l,NMUOS 
MUD=MU(K) 
D2=DEXP(-TAUB/MUC) 
D2A=DEXP(-TAUB/MUD) 
G2=DEXP(A2*TAUB) 
H2=DEXP(-A2*TAUB) 
O2=1.D0/MUD+A2 
P2=1.D0/MUD-A2 
Q2=1.D0/MUD-l .D0/MUC 
R2=1.D0/MUD+ 1.D0/MUC 
S2=DEXP(O2*TAUB) 
S2A=DEXP(-O2*TAUB) 
T2=DEXP(P2*TAUB) 
T2A=DEXP(-P2*TAUB) 
U2=DEXP(Q2*TAUB) 
V2=DEXP(-R2*TAUB) 
W2=(1.D0-MUD**2)**0. 5 
X2=(1.D0-MUC**2)**0. 5 
Y2=El*G2+E2*D2 
Z2=El *El *G2-E2*E2*H2 
F2=E2*H2+El *D2 
Rll (K,J)=(-Y2/Z2 *(W /4 .D0*C2/(1.D0/(MUO(J)* *2)-A2 **2)*(-2.D0*E2* 
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* +MU(K)* A2/B2)/Y2+(1.D0-MU(K)* A2/B2))+W/4.D0*(C2/(1.D0/(MUO(J) 
* * *2)-A2 * *2)*(1.D0-MU(K)/MUO(J)/B2-2.D0*(B2+MU(K)* A2)*D2/Y2)+ 
* BETA(2)/B2*(-MU(K)*MUO(J)+W2*X2*DCOS(PHI))))/PAI 

TI1(K,J)=(-Y2/Z2*(W/4.D0*C2/(l .D0/(MUO(J)**2)-A2**2)*(-2.D0*E2* 
* B2*D2/Y2+B2+2.D0/3.D0/MUO(J))+W/6.D0*BETA(2)*MUO(J))*(-F2*G2* 
* (l .D0-MU(K)* A2/B2)/Y2+H2*(1.D0+MU(K)* A2/B2))+W/4.D0*(C2*D2/ 
* ( 1.D0/(MUO(J)* *2)-A2 * *2)*( 1.D0+MU(K)/MUO(J)/B2-2.D0*(B2-MU (K) 
* * A2)*G2N2)+BETA(2)*D2/B2 *(MU(K)*MUO(J)+W2 *X2*DCOS(PHI)) ))IP AI 

RI2(K,J)=(W/MU(K)/Y2*(-Y2/Z2*(W/4.D0*C2/(1.D0/(MUO(J)**2)-A2**2)* 
* (-2.D0*E2*B2*D2/Y2+B2+2.D0/3.D0/MUO(J))+W/6.D0*BETA(2)*MUO(J))* 
* F2+W/2.D0*C2*D2*B2/(1.D0/(MUO(J)**2)-A2**2))*(T2A-1.D0)/P2* 
* (BETA(l )+ 1.D0/3 .D0*BETA(2)*MU(K)* A2/B2)+ Y2/Z2*(W/4.D0*C2/ . 
* (l.D0/(MUO(J)**2)-A2**2)*(-2.D0*E2*B2*D2N2+B2+2.D0/3.D0/MUO(J)) 
* +W/6.D0*BETA(2)*MUO(J))*W/MU(K)*(S2A-1.D0)/O2*(BETA(l)-1.D0/3.D0 
* *BETA(2)*MU(K)* A2/B2)-W**2/4.D0/MU(K)*C2/(1.D0/(MUO(J)**2)-A2 
* **2)*(V2-1.D0)/R2*(BETA(l)-1.D0/3.D0*BETA(2)*MU(K)/B2/MUO(J)) 
* -W/4.D0/MU(K)*(V2-1.D0)/R2*(BETA(l)-BETA(2)*MU(K)*MUO(J)-W/3.D0 
* *(BETA(2)**2)*MU(K)*MUO(J)/B2+BETA(2)*W2*X2*DCOS(PHI)+W/3.D0* 
* (BETA(2)**2)*W2*X2*DCOS(PHI)/B2))/PAI 

IF(Q2 .EQ. 0.0) THEN 
TI2(K,J)=999999 .DO 
ELSE 
TI2(K,J)=(-W/MU(K)/Y2*(-Y2/Z2*(W/4.D0*C2/(1.D0/(MUO(J)**2)-A2**2)* 

* (-2.D0*E2*B2*D2N2+B2+2.D0/3.D0/MUO(J))+W/6.D0*BETA(2)*MUO(J))* 
* F2+W/2.D0*C2*D2*B2/(l.D0/(MUO(J)**2)-A2**2))*D2A*(S2-1.D0)/O2* 
* (BETA(l)-1.D0/3.D0*BETA(2)*MU(K)*A2/B2)-Y2/Z2*(W/4.D0*C2/ 
* (1.D0/(MUO(J)**2)-A2**2)*(-2.D0*E2*B2*D2/Y2+B2+2.D0/3.D0/MUO(J)) 
* +W/6.D0*BETA(2)*MUO(J))*W/MU(K)*D2A*(T2-1.D0)/P2*(BETA(l)+l.D0/ 
* 3.D0*BETA(2)*MU(K)*A2/B2)+W**2/4.D0/MU(K)*D2A*C2/Q2/ 
* (1.D0/(MUO(J)**2)-A2**2)*(U2-1.D0)*(BETA(l)+l.D0/3.D0*BETA(2)* 
* MU(K)/B2/MUO(J))+W/4.D0/MU(K)*D2A *(U2-1.D0)/Q2*(BETA(l )+BETA(2) 
* *MU(K)*MUO(J)+W/3 .D0*(BETA(2)**2)*MU(K)*MUO(J)/B2+BETA(2)*W2 
* *X2*DCOS(PHI)+W/3.D0*(BETA(2)**2)*W2*X2*DCOS(PHI)/B2))/PAI 

ENDIF 
1200 CONTINUE 
1100 CONTINUE 

WRITE(9, *) 'FOR DIFFUSION APPROXIMATION :' 
DO 1300 JJ=l, NMUOS, 2 
WRITE(9,*) 
WRITE(9,36) MUO(JJ), MUO(JJ+l) 

36 FORMAT(34X,'MUO=',F15.12,25X,'MUO=',Fl5.12) 
WRITE(9,37) 

37 FORMAT(9X,'MU',20X,'RI',20X,'TI',20X,'RI',20X,'TI') 
WRITE(9,38) (MU(II),Ril(II,JJ),Til(Il,JJ),Ril(II,JJ+ 1 ), 

* Tll(II,JJ+ 1),Il=l,NMUOS) 
38 FORMAT(5(1PE20.12,2X)) 



1300 CONTINUE 
WRITE(9,*) 
WRITE(9, *) 'FOR IMPROVING Pl APPROXIMATION:' 
DO 1400 KK=l, NMUOS, 2 
WRITE(9,*) 
WRITE(9,39) MUO(KK), MUO(KK+l) 

39 FORMAT(34X,'MUO=',Fl5.12,25X,'MUO=',Fl5.12) 
WRITE(9,40) 

40 FORMAT(9X,'MU',20X,'Rl',20X,'TI',20X,'RI',20X,'TI') 
WRITE(9,4 l) (MU(II),RI2(II,KK), TI2(II,KK),RI2(II,KK +I), 

* TI2(II,KK+ l),II=l,NMUOS) 
41 FORMAT(5(1PE20.12,2X)) 

1400 CONTINUE 
WRITE(9,*) 

I 000 CONTINUE 
ENDIF 
STOP 
END 
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APPENDIX B 

SAMPLE OF OUTPUT DATA FOR DIFFUSION 

APPROXIMATION COMPUTER PROGRAM 

An example of output data from the diffusion approximation computer program is 

as follows, where RI= reflected intensity and TI= transmitted intensity. 

NUMBER OF LEGENDRE POLYNOMIALS (L)= 1 
SCATTERING ALBEDO (W)= . 99000000000000000 
EXP ANSI ON COEFFICIENTS : 
BETA( 0)=1.0000000000 
BETA( 1 )= .1400343465 
AZIMUTHAL ANGLE (PIIl)= .000 

-----------------------
OPTICAL TIIlCKNESS = .10000000 

FOR DIFFUSION APPROXIMATION : 

MU 
1. 000000000000E+00 
9. 980000000000E-0 1 
9.OOOOOOOOOOOOE-01 
8.OOOOOOOOOOOOE-01 
7.OOOOOOOOOOOOE-01 
6.OOOOOOOOOOOOE-01 
5.OOOOOOOOOOOOE-01 
4.OOOOOOOOOOOOE-01 
3.OOOOOOOOOOOOE-01 
2.000000000000E-01 
1.OOOOOOOOOOOOE-01 

MUO= 1. 000000000000 
RI 

1. 751965800288E-02 
1. 749863441327E-02 
l .646847852270E-02 
l.541729904253E-02 
l.436611956236E-02 
l.331494008219E-02 
1.2263 7 606020 lE-02 
1.121258112184E-02 
1.016140164 l 67E-02 
9.110222161496E-03 
8.059042681323E-03 
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TI 
, l.992730590439E-02 
1.99033931373 lE-02 
l.873166755013E-02 
1.753602919586E-02 
1. 63403 9084 l 60E-02 
l .514475248734E-02 
1.394911413307E-02 
1.27534757788 lE-02 
1.155783742455E-02 
1. 03 62 l 9907028E-02 
9.166560716020E-03 
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1. 000000000000E-03 7.018374995952£-03 7. 9828787 45299£-03 

MUO= . 700000000000 
MU RI TI 

1. O0000O000000E +00 1. 752418099609£-02 1. 9144 7794443 5E-02 
9. 980000000000E-0 1 1.802531433357£-02 1.957445671437£-02 
9.OOOOOOOOOOOOE-01 2.007328654150E-02 2.111733545215£-02 
8.OOOOOOOOOOOOE-01 2.037742501678£-02 2.114377912117E-02 
7.OOOOOOOOOOOOE-01 2.026882176433£-02 2. 081242610813E-02 
6.OOOOOOOOOOOOE-01 1. 992657187733£-02 2.027852999123£-02 
5.OOOOOOOOOOOOE-01 1. 942050689042£-02 1. 9602626184 5 8E-02 
4.OOOOOOOOOOOOE-01 1.878611350743E-02 1.881547732747£-02 
3.OOOOOOOOOOOOE-01 1.804379449362£-02 1. 793477012618£-02 
2.OOOOOOOOOOOOE-01 1. 72059262209 lE-02 1. 697123 3 3 8400£-02 
1.OOOOOOOOOOOOE-01 1.627996117152E-02 1.593132749309£-02 
1. 000000000000E-03 1.528042567728£-02 l .483001708200E-02 

MUO= .300000000000 
MU RI TI 

1. 000000000000E +00 1.646563759094£-02 1.699827861067E-02 
9. 980000000000E-0 1 1.714337393429£-02 1. 747765776052£-02 
9.OOOOOOOOOOOOE-01 2. 028725800597£-02 1.942458127148£-02 
8.OOOOOOOOOOOOE-01 2. l l 1009167193E-02 1.970215933284£-02 
7.OOOOOOOOOOOOE-01 2.138159234046£-02 1.958469003899£-02 
6.OOOOOOOOOOOOE-01 2.134099202498£-02 1. 9243 59061804£-02 
5.OOOOOOOOOOOOE-01 2.108157043706E-02 1.874569890396£-02 
4.OOOOOOOOOOOOE-01 2.06507300792 lE-02 1.812498027401E-02 
3.OOOOOOOOOOOOE-01 2. 007572459934£-02 1. 7 40096282024£-02 
2.OOOOOOOOOOOOE-01 1.937308613309£-02 1.658549233546£-02 
1.OOOOOOOOOOOOE-01 1.855276957256£-02 1.568570181157K-02 
1. O00O0000000OE-03 1. 763001322182£-02 1. 4 71563 005078£-02 

MUO= .100000000000 
MU RI TI 

1. 0O0000000O00E +00 1.249205374309£-02 1.238222436345£-02 
9. 980000000000E-0 1 1.320457177109E-02 1.2635001 l 1188E-02 
9.OOOOOOOOOOOOE-01 1.675904566753£-02 1.348476369130£-02 
8.OOOOOOOOOOOOE-01 1. 789821232025£-02 1.343664040609£-02 
7.OOOOOOOOOOOOE-01 1. 84623 2198265£-02 1.31769654 7666£-02 
6.OOOOOOOOOOOOE-01 1.870090087985E-02 1.279753447123£-02 
5.OOOOOOOOOOOOE-01 l .871124257206£-02 1.233413969038£-02 
4.OOOOOOOOOOOOE-01 1. 8542789303 02E-02 l.180496991910E-02 
3.OOOOOOOOOOOOE-01 l.822396745172£-02 1.122048263 78 lE-02 
2.OOOOOOOOOOOOE-01 1.777202053561£-02 1.058702138207E-02 
1.OOOOOOOOOOOOE-01 1. 71973 3180822£-02 9.908405937394£-03 
1. 000O000O000OE-03 l .651298601902E-02 9.194121906861E-03 



178 

FOR IMPROVING Pl APPROXIMATION : 

MUO= 1. 000000000000 
MU RI TI 

1. OOOOOOOOOOOOE +00 6.859749353592E-03 9. 999990000000E +05 
9. 980000000000E-O 1 6.874839499603E-03 8.870347003539E-03 
9.OOOOOOOOOOOOE-01 7.691939096736E-03 9.674400859806E-03 
8.OOOOOOOOOOOOE-01 8.719463644014E-03 1.0685 l 1331397E-02 
7.OOOOOOOOOOOOE-01 1.002010313588E-02 1. 1963 80869104E-02 
6.OOOOOOOOOOOOE-01 l .171912912645E-02 1.363302202969E-02 
5.OOOOOOOOOOOOE-01 1.403190917756E-02 1. 590305429202E-02 
4.OOOOOOOOOOOOE-01 1. 73 620 l 994692E-02 1. 9166993 68959E-02 
3.OOOOOOOOOOOOE-01 2.256117103924E-02 2.425101633833E-02 
2.OOOOOOOOOOOOE-01 3. l 76617060695E-02 3.321136756403E-02 
1.OOOOOOOOOOOOE-01 5.186618587259E-02 5.252033621018E-02 
1. OOOOOOOOOOOOE-03 8.56508438908 IE-02 7.925892476269E-02 

MUO= . 700000000000 
MU RI TI 

1. OOOOOOOOOOOOE +00 7.014072195117E-03 8 .3 7 4666083 725E-03 
9. 980000000000E-O 1 7.075278215506E-03 8.435564794722E-03 
9.OOOOOOOOOOOOE-01 8.181293495304E-03 9.529906498097E-03 
8.OOOOOOOOOOOOE-01 9.376528767878E-03 1.071024725103E-02 
7.OOOOOOOOOOOOE-01 l.083839310522E-02 9. 999990000000E +05 
6.OOOOOOOOOOOOE-01 1.271488469524E-02 1.400124060850E-02 
5.OOOOOOOOOOOOE-01 1.52421 l 797448E-02 1.648763 588707E-02 
4.OOOOOOOOOOOOE-01 1.885574184675E-02 2.003536394069E-02 
3.000000000000E-01 2. 447201420497E-02 2.553056613262E-02 
2.OOOOOOOOOOOOE-01 3. 4 3 907060714 7E-02 3.517203012933E-02 
1.OOOOOOOOOOOOE-01 5.606080387081E-02 5.584102991467E-02 
1. OOOOOOOOOOOOE-03 9.386744440639E-02 8.315524911880E-02 

MUO= .300000000000 
MU RI TI 

1. OOOOOOOOOOOOE +00 6.768351311772E-03 7.275304901498E-03 
9. 980000000000E-O 1 6.838535960585E-03 7.34498491081 lE-03 
9.OOOOOOOOOOOOE-01 7.942996157156E-03 8.436369984254E-03 
8.OOOOOOOOOOOOE-01 9. 093464187059E-03 9.570193387434E-03 
7.OOOOOOOOOOOOE-01 1. 048800608785E-02 1.094167119970E-02 
6.OOOOOOOOOOOOE-01 1.227029129882E-02 1.269008928230E-02 
5.OOOOOOOOOOOOE-01 1.466527452485E-02 1.503175361888E-02 
4.OOOOOOOOOOOOE-01 1. 808709010082E-02 1.836127608891E-02 
3.OOOOOOOOOOOOE-01 2.340897844245E-02 9. 999990000000E +05 
2.OOOOOOOOOOOOE-01 3 .283 80050314 7E-02 3 .246496540795E-02 
1.OOOOOOOOOOOOE-01 5.367557312589E-02 5.142415287637E-02 



1. 000000000000E-03 

MU 
1. 000000000000E+00 
9.980000000000E-0l 
9.OOOOOOOOOOOOE-01 
8.OOOOOOOOOOOOE-01 
7.OOOOOOOOOOOOE-01 
6.OOOOOOOOOOOOE-01 
5.OOOOOOOOOOOOE-01 
4.OOOOOOOOOOOOE-01 
3.000000000000E-01 
2.OOOOOOOOOOOOE-01 
1.OOOOOOOOOOOOE-01 
1. 000000000000E-03 

9.604709436824E-02 

MUO= .100000000000 
RI 

5.186618587259E-03 
5.240929166633E-03 
6.08075641698 lE-03 
6.95212161214 lE-03 
8. 008686267259E-03 
9.361042985745E-03 
1.11830459183 lE-02 
1.379717328434E-02 
1. 789 l 85770863E-02 
2.524830504034E-02 
4.21550.2386046E-02 
9.43 5043440696E-02 

7. l 3 l 218262620E-02 

TI 
5.252033621 0l 8E-03 
5.305305538785£-03 
6.12159718643 lE-03 
6.963016856030E-03 
7.97728998781 lE-03 
9.266155525191E-03 
1. 0985 7984 7789E-02 
1.3418267033 77E-02 
1. 714138429212E-02 
2.353586426940£-02 
9. 999990000000E+05 
3. 8462 l 2004 l 66E-02 
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APPENDIX C 

COMPUTERPROGRAMFORTHEEXACT 

POLARIZATION SOLUTION 

The computer program of the exact polarization solution for a one-dimensional 

plane-parallel medium without reflective boundaries is included herein. 

C--------PROGRAM FOR RADIATIVE TRANSFER IN A FINITE MEDIUM WITH 
C--------POLARIZATION (FOR L=S AND NQTOT=328*2). 

C----------------------------------------------------------------------------------------------------
C NQ: NUMBER OF QUADRATURE POINTS. 
C PAI: PAI MATRIX WITH MU VALUES (THE FIRST HALF IS FOR 
C POSITIVE MU V AIUES AND THE REST IS FOR NEGATIVE MU 
C VALUES). 
C P AIQ: PAI MATRIX WITH QUADRATURE POINTS (THE FIRST HALF IS 
C FOR POSITIVE QUADRATURE POINTS AND THE REST IS FOR 
C NEGATIVE QUADRATURE POINTS). 
C PPlT: PPiml AT0FORMUVALUES. 
C PPlB: PPiml AT TAU0 FOR MU VALUES. 
C PP3T:PPim3 AT0FORMUVALUES. 
C PP3B: PPim3 AT TAU0FORMUVALUES. 
C PPl TQ: PPiml AT 0 FOR QUADRATURE POINTS. 
C PPlBQ: PPiml AT TAU0 FOR QUADRATURE POINTS .. 
C PP3TQ: PPim3 AT 0 FOR QUADRATURE POINTS. 
C PP3BQ: PPim3 AT TAU0 FOR QUADRATURE POINTS. 
C PPilBAR: PPiiml BAR FOR MU VALUES. 
C PPlBAR: PPiml BAR FOR MU VALUES. 
C PPl3BAR: PPlim3 BAR FOR MU VALUES. 
C PP3BAR: PPim3 BAR FOR MU VALUES. 
C PPilBARQ: PPiiml BAR FOR QUADRATURE POINTS. 
C PPlBARQ: PPiml BAR FOR QUADRATURE POINTS. 
C PPl3BARQ: PPlim3 BAR FOR QUADRATURE POINTS. 
C PP3BARQ: PPim3 BAR FOR QUADRATURE POINTS. 
C RI: RFFLECTED INTENSITY, DIVIDED BY P AIG FOR NORMALIZATION 
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C 
C 
C 
C 
C 
C 

BUT WITHOUT MULTIPLYING BY THE INCIDENT POLARIZED 
LIGHT (F). 

TI: TRANSMITTED INTENSITY, DIVIDED BY P AIG FOR 
NORMALIZATION BUT WITHOUT MULTIPLYING BY THE 
INCIDENT POLARIZED LIGHT (F). 

RIF: NORMALIZED REFLECTED INTENSITY. 
TIF: NORMALIZED TRANSMITTED INTENSITY. 
F: INCIDENT POLARIZED LIGHT. 
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C---- ---------------------------------------------------------
IMPLICIT REAL*8 (A-H,O-Z) 
REAL *8 MU, MUX 
DIMENSION INDX(4),IPRINT(20),HSTEP(20),X(6,6,4,4),XX(4,4), 

* XINV( 6,6,4,4),XXINV( 4,4), Y( 6,6,4,4),Z( 6,6,4,4), 
* DUM1(26),DUM2(6,6,4,4,26),DUM3(6,6,4,4,26),DUM4(26), 
* DUM5(6,6,4,4,26),DUM6(6,6,4,4,26),DUM7(6,6,4,4,26),DUM8(26), 
* DUM9(6,6,4,4,26),DUM10(6,6,4,4,26),DUM11(6,6,4,4,26),AQ(328), 
* XD(l6),AD(l6),DUM12(656),DUM13(6,6,4,4,656),DUM14(6,6,4,4,656), 
* DUM15(656),DUM16(6,6,4,4,656),DUM17(6,6,4,4,656), 
* DUMl 8( 6,6,4,4,656),DUMl 9(656),DUM20( 6,6,4,4,656), 
* DUM21(6,6,4,4,656),DUM22( 6,6,4,4,656), YY(l 68,4,4,328), MUX(l3), 
* FLAG(4,4,13), FLAGR(4,4), FLAG1(4,4,13), FLAGR1(4,4) 

COMMON/BLK1/MU(26),XQ(656) 
COMMON/BLK2/LF(6,6,8) 
COMMON/BLK3/PP1 T(6,6,4,4, 13),PPlB( 6,6,4,4, 13) 
COMMON/BLK4/PP3T( 6,6,4,4, 13),PP3B( 6,6,4,4, 13) 
COMMON/BLK5/PP1TQ(6,6,4,4,328),PP1BQ(6,6,4,4,328) 
COMMON/BLK6/PP3TQ(6,6,4,4,328),PP3BQ(6,6,4,4,328) 
CO:MMON/BLK7 IP AIQ( 6,6,4,4,656),B( 6,4,4),A(328) 
COMMON/BLK8/W,P AIG 
COMMON/BLK9/N,L,NMUS,NQTOT 
COMMON/BLK15/ERROR 
COMMON/BLKl 6/RELAX 
COMMON/BLKl 7/P AI(6,6,4,4,26) 
COMMON/BLKl 8/PHI 
COMMON/BLKl 9/RI(l 3, 13,4,4),TI(l3, 13,4,4) 
COMMON/BLK20/Fl(4),F2(4),F3(4),F4(4) 
COMMON/BLK2 l/LIU 
OPEN(UNIT=4,FILE='pfinitnd.d') 
OPEN(UNIT=5,FILE='pfnd2f o') 
OPEN(UNIT=6,FILE='pfnd3f o') 
OPEN(UNIT=7,FILE='pfnd4f o') 
OPEN(UNIT=8,FILE='pfndi.o') 
OPEN(UNIT=9,FILE='pfndlfo') 

C--READ IN AND PRINT OUT THE VALUE OF NUMBER OF LEGENDRE 
C--POL YNOMIALS L. 

READ(4,*) L 



WRITE(9,1) L 
1 FORMAT(lX,'NUMBER OF LEGENDRE POLYNOMIALS (L)=',I3) 

C-----'---READ IN AND PRINT OUT THE VALUE OF SCATTERING ALBEDO W. 
READ(4,*) W 
WRITE(9 ,2) W 

2 FORMAT(lX,'SCATTERING ALBEDO (W)=',F14.12) 
C--------READ IN AND PRINT OUT THE VALUE OF AZIMUTHAL ANGLE PHI. 

READ(4,*) PHI 
WRITE(9,3) PHI 

3 FORMAT(lX,'AZIMUTHAL ANGLE (PHI)=',Fl4.12) 
PAIG=3.141592654D0 
PHI=PHI*P AIG/180.D0 

C--------READ IN AND PRINT OUT THE VALUE OF ERROR. 
READ(4,*) ERROR 
WRITE(9,4) ERROR 

4 FORMAT(1X,'ERROR=',F14.12) 
C--------READ IN THE VALUE OF NMUS. 

READ(4,*) NMUS 
WRITE(*,*) NMUS 

C--------READ IN THE VALUES OF MU'S. 
READ(4,*) (MU(J),J=l, NMUS) 
WRITE(*,*) (MU(J),J=l, NMUS) 

C--------READ IN AND PRINT OUT THE NUMBER OF QUADRATURE POINTS 
C--------FOR NQl, NQ2, NQ3, NQ4, NQ5, NQ6, NQ7, NQ8, NQ9, NQl0, NQI 1, 
C--------NQ12, NQ13, NQ14, NQ15, NQ16, NQI 7, NQ18, NQ19, AND NQ20. 

READ(4,*) NQI 
READ(4, *) NQ2 
READ( 4, *) NQ3 
READ(4, *) NQ4 
READ(4,*) NQ5 
READ(4,*) NQ6 
READ( 4, *) NQ7 
READ(4,*) NQ8 
READ(4,*) NQ9 
READ(4,*) NQIO 
READ(4,*) NQll 
READ(4,*) NQ12 
READ(4,*) NQ13 
READ(4, *) NQ14 
READ(4, *) NQ15 
READ(4,*) NQ16 
READ(4, *) NQI 7 
READ(4,*) NQ18 
READ(4,*) NQ19 
READ(4,*) NQ20 
WRITE(9,5) NQI,NQ2,NQ3,NQ4,NQ5,NQ6,NQ7,NQ8,NQ9,NQ10 
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5 FORMAT(lX,'NQl=',12,2X,'NQ2=',12,2X,'NQ3=',12,2X,'NQ4=',l2,2X, 
* 'NQ5=',l2,2X, 'NQ6=',l2,2X, 'NQ7=',l2,2X, 'NQ8=',l2,2X, 
* 'NQ9=',12,2X, 'NQ 10=',12) 

WRITE(9,6) NQ11,NQ12,NQ13,NQ14,NQ15,NQ16,NQ17,NQ18,NQ19,NQ20 
6 FORMAT(lX,'NQl l=',12,lX,'NQl2=',12,1X,'NQ13=',12,lX,'NQ14=',I2,lX, 
* 'NQ 15=',l2, 1 X, 'NQ 16=',l2, 1 X, 'NQ 17=',12, IX, 'NQ 18=',l2, 1 X, 
* 'NQ19=',l2,1X,'NQ20=',l2) 

C--------READ IN AND PRINT OUT THE BOUNDARY VALUES FOR TWENTY 
C--------INTERVALS AA, BB, CC, DD, EE, FF, GG, HH, 00, PP, QQ, RR, SSl, SS2, 
C--------SS3, SS4, SS5, SS6, SS7, SS8, AND SS9. 

READ(4,*) AA 
READ(4,*) BB 
READ(4,*) CC 
READ(4,*) DD 
READ( 4, *) EE 
READ(4,*) FF 
READ(4,*) GG 
READ( 4, *) HH 
READ( 4, *) 00 
READ(4,*) PP 
READ(4,*) QQ 
READ( 4, *) RR 
READ(4, *) SSI 
READ(4,*) SS2 
READ(4,*) SS3 
READ( 4, *) SS4 
READ(4,*) SS5 
READ(4,*) SS6 
READ(4,*) SS7 
READ(4,*) SS8 
READ(4,*) SS9 
WRITE(9,*) 'INTERVALS ARE:' 
WRITE(9, *) AA,BB,CC,DD,EE,FF,GG,HH,OO,PP,QQ,RR, 

* SS 1,SS2,SS3,SS4,SS5,SS6,SS7,SS8,SS9 
C--------READ IN THE VALUE OF NUMBER OF PRINTING NPRINT. 

READ(4,*) NPRINT 
WRITE(*,*) NPRINT 

C--------READ IN THE VALUES OF PRINTING STEPS IPRINT'S. 
READ( 4, 7) (IPRINT(I),I= l ,NPRINT) 

7 FORMAT(5l10) 
C--------READ IN THE VALUES OF H STEPS HSTEP'S. 

READ( 4,8) (HSTEP(I),I=l ,NPRINT) 
8 FORMAT(5Fl7.12) 

WRITE(9, *)' IPRINT HS TEP' 
DO 190 I=l, NPRINT 
WRITE(9,9) IPRINT(I), HSTEP(I) 



9 FORMAT(l10,13X,F20.12) 
190 CONTINUE 

C--------READ IN AND PRINT OUT THE VALUE OF THE RELAXATION. 
READ( 4, *) RELAX 
WRITE(9,*) 
WRITE(9,10) RELAX 

10 FORMAT(IX,'RELAXATION=',F14.12) 
WRITE(9,*) 

C--------SET UP SOME NECESSARY PARAMETERS TO USE FOR CALLING 
C--------SUBROUTINE. 

LP=L+l 
LMAX=6 
N=4 
NP=4 
NMUSMAX=26 
NQTOTMAX=656 
SIGNP=l.D0 
SIGNM=-1.D0 

C--------READ IN AND PRINT OUT THE VALVES OF INCIDENT POLARIZED 
C--------LIGHT (F). 

READ(4,*) (Fl(I),I=l,N) 
READ(4,*) (F2(1),1=1,N) 
READ(4, *) (F3(1),I=l,N) 
READ(4, *) (F4(1),I=l,N) 
WRITE(9, *) ' Fl F2 F3 F4' 
WRITE(9, *) '--------- ------------' 
DO 200 I=l, N 
WRITE(9,11) Fl(I), F2(1), F3(1), F4(1) 

11 FORMAT(IX,F5.2,3X,F5.2,3X,F5.2,3X,F5.2) 
200 CONTINUE 

WRITE(9,*) 
C--------CALL SUBROUTINE BMATRIX TO READ IN AND PRINT OUT THE 
C--SCATTERING COEFFICIENTS OF B MATRIX. 

CALL BMATRIX(LP,LMAX,N,NP,B) 
C--------CALL SUBROUTINE DXA. 

CALL DXA(NQI,AA,BB,XQ,AQ) 
CALL DXA(NQ2,BB,CC,XD,AD) 
DO 210 I=l, NQ2 
XQ(NQI+I)=XD(I) 
AQ(NQI+I)=AD(I) 

21 0 CONTINUE 
CALL DXA(NQ3,CC,DD,XD,AD) 
DO 220 I=l, NQ3 
XQ(NQI +NQ2+I)=XD(I) 
AQ(NQI +NQ2+I)=AD(I) 

220 CONTINUE 
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CALL DXA(NQ4,DD,EE,XD,AD) 
DO 230 I=l, NQ4 
XQ(NQl +NQ2+NQ3+I)=XD(I) 
AQ(NQ 1 +NQ2+NQ3+I)=AD(I) 

230 CONTINUE 
CALL DXA(NQ5,EE,FF,XD,AD) 
DO 240 I=l, NQ5 
XQ(NQ 1 +NQ2+NQ3+NQ4+1)= XD(I) 
AQ(NQl +NQ2+NQ3+NQ4+I)=AD(I) 

240 CONTINUE 
CALL DXA(NQ6,FF,GG,XD,AD) 
DO 250 I=l, NQ6 
XQ(NQl +NQ2+NQ3+NQ4+NQ5+I)=XD(I) 
AQ(NQl +NQ2+NQ3+NQ4+NQ5+I)=AD(I) 

250 CONTINUE 
CALL DXA(NQ7,GG,HH,XD,AD) 
DO 260 I=l, NQ7 
XQ(NQ 1 +NQ2+NQ3+NQ4+NQ5+NQ6+1)= XD(I) 
AQ(NQ 1 +NQ2+NQ3+NQ4+NQ5+NQ6+1)= AD(I) 

260 CONTINUE 
CALL DXA(NQ8,HH,OO,XD,AD) 
DO 270 I=l, NQ8 
XQ(NQ 1 +NQ2+NQ3+NQ4+NQ5+NQ6+NQ7+1)= XD(I) 
AQ(NQ1+NQ2+NQ3+NQ4+NQ5+NQ6+NQ7+1)=AD(I) 

270 CONTINUE 
CALL DXA(NQ9,OO,PP,XD,AD) 
DO 280 I=l, NQ9 
XQ(NQ 1 +NQ2+NQ3+NQ4+NQ5+NQ6+NQ7+NQ8+1)= XD(I) 
AQ(NQl +NQ2+NQ3+NQ4+NQ5+NQ6+NQ7+NQ8+I)=AD(I) 

280 CONTINUE 
CALL DXA(NQl0,PP,QQ,XD,AD) 
DO 290 I=l, NQl0 
XQ(NQ 1 +NQ2+NQ3+NQ4+NQ5+NQ6+NQ7+NQ8+NQ9+1)= XD(I) 
AQ(NQl +NQ2+NQ3+NQ4+NQ5+NQ6+NQ7+NQ8+NQ9+I)=AD(I) 

290 CONTINUE 
CALL DXA(NQ 11,QQ,RR,XD,AD) 
DO 300 I=l, NQll 
XQ(NQ 1 +NQ2+NQ3+NQ4+NQ5+NQ6+NQ7+NQ8+NQ9+NQ 1 0+I)= XD(I) 
AQ(NQ1+NQ2+NQ3+NQ4+NQ5+NQ6+NQ7+NQ8+NQ9+NQ10+I)=AD(I) 

300 CONTINUE 
CALL DXA(NQ12,RR,SS1,XD,AD) 
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DO 310 I=l, NQ12 
XQ(NQl+NQ2+NQ3+NQ4+NQ5+NQ6+NQ7+NQ8+NQ9+NQl0+NQ1 l+I)= 

* XD(I) . 
AQ(NQ 1 +NQ2+NQ3+NQ4+NQ5+NQ6+NQ7+NQ8+NQ9+NQ 1 0+NQ 11 +I)= 

* AD(I) 



31 0 CONTINUE 
CALL DXA(NQ13,SS1,SS2,XD,AD) 
DO 320 1=1, NQ13 
XQ(NQ 1 +NQ2+NQ3+NQ4+NQ5+NQ6+NQ7+NQ8+NQ9+NQ 1 0+NQ 11 + 

* NQ12+1)=XD(I) 
AQ(NQ 1 +NQ2+NQ3+NQ4+NQ5+NQ6+NQ7+NQ8+NQ9+NQ 1 0+NQ 11 + 

* NQ12+1)=AD(I) 
320 CONTINUE 

CALL DXA(NQ14,SS2,SS3,XD,AD) 
DO 3301=1, NQ14 
XQ(NQ1+NQ2+NQ3+NQ4+NQ5+NQ6+NQ7+NQ8+NQ9+NQ10+NQ11+ 

* NQ12+NQ13+1)=XD(I) 
AQ(NQ 1 +NQ2+NQ3+NQ4+ NQ5+NQ6+NQ7+NQ8+NQ9+NQ 1 0+NQ 11 + 

* NQ12+NQ13+1)=AD(I) 
330 CONTINUE 

CALL DXA(NQ15,SS3,SS4,XD,AD) 
DO 3401=1, NQ15 
XQ(NQ 1 +NQ2+NQ3+NQ4+NQ5+NQ6+NQ7+NQ8+NQ9+NQ 1 0+NQ 11 + 

* NQ12+NQ13+NQ14+1)=XD(I) 
AQ(NQ 1 +NQ2+NQ3+NQ4+NQ5+NQ6+NQ7+NQ8+NQ9+NQ 1 0+NQ 11 + 

* NQ12+NQ13+NQ14+1)=AD(I) 
340 CONTINUE 

CALL DXA(NQ16,SS4,SS5,XD,AD) 
DO 350 1=1, NQ16 
XQ(NQ 1 +NQ2+NQ3+NQ4+NQ5+NQ6+NQ7+NQ8+NQ9+NQ 1 0+NQ 11 + 

* NQ12+NQ13+NQ14+NQ15+1)=XD(I) 
AQ(NQl+NQ2+NQ3+NQ4+NQ5+NQ6+NQ7+NQ8+NQ9+NQl0+NQ11+ 

* NQ12+NQ13+NQ14+NQ15+1)=AD(I) 
350 CONTINUE 

CALL DXA(NQl 7,SS5,SS6,XD,AD) 
DO 360 1=1, NQl 7 
XQ(NQ 1 +NQ2+NQ3+NQ4+NQ5+NQ6+NQ7+NQ8+NQ9+NQ 1 0+NQ 11 + 

* NQ 12+NQ 13+NQ l 4+NQ l 5+NQ 16+1)= XD(I) 
AQ(NQ1+NQ2+NQ3+NQ4+NQ5+NQ6+NQ7+NQ8+NQ9+NQ10+NQ11+ 

* NQ12+NQ13+NQ14+NQ15+NQ16+1)=AD(I) 
360 CONTINUE 

CALL DXA(NQ18,SS6,SS7,XD,AD) 
DO 3701=1, NQ18 
XQ(NQl +NQ2+NQ3+NQ4+NQ5+NQ6+NQ7+NQ8+NQ9+NQ 1 0+NQ 11 + 

* NQ12+NQ13+NQ14+NQ15+NQ16+NQ17+1)=XD(I) 
AQ(NQ 1 +NQ2+NQ3+NQ4+NQ5+NQ6+NQ7+NQ8+NQ9+NQ1 0+NQ 11 + 

* NQ12+NQ13+NQ14+NQ15+NQ16+NQ17+1)=AD(I) 
370 CONTINUE 

CALL DXA(NQ19,SS7,SS8,XD,AD) 
DO 3801=1, NQ19 
XQ(NQ 1 +NQ2+NQ3+NQ4+NQ5+NQ6+NQ7+NQ8+NQ9+NQ1 0+NQl 1 + 
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* NQ12+NQ13+NQ14+NQ15+NQ16+NQ17+NQ18+I)=XD(I) 
AQ(NQl+NQ2+NQ3+NQ4+NQ5+NQ6+NQ7+NQ8+NQ9+NQl0+NQl l+ 

* NQ12+NQ13+NQ14+NQ15+NQ16+NQ17+NQ18+I)=AD(I) 
3 80 CONTINUE 

CALL DXA(NQ20,SS8,SS9,XD,AD) 
DO 390 I=l, NQ20 
XQ(NQ 1 +NQ2+NQ3+NQ4+ NQ5+NQ6+NQ7+NQ8+NQ9+NQ 1 0+NQ 11 + 

* NQ12+NQ13+NQ14+NQ15+NQ16+NQ17+NQ18+NQ19+I)=XD(I) 
AQ(NQl+NQ2+NQ3+NQ4+NQ5+NQ6+NQ7+NQ8+NQ9+NQl0+NQl l+ 

* NQ12+NQ13+NQ14+NQ15+NQ16+NQ17+NQ18+NQ19+I)=AD(I) 
390 CONTINUE 

C--------CALCULATE AND PRINT OUT THE TOT AL NUMBER OF 
C--------QUADRATURE POINTS NQTOT. 
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NQTOT=NQ 1 +NQ2+NQ3+NQ4+NQ5+NQ6+NQ7+NQ8+NQ9+NQ 1 0+NQ 11 
* +NQ12+NQ13+NQ14+NQ15+NQ16+NQ17+NQ18+NQ19+NQ20 

WRITE(9, 12) NQTOT 
12 FORMAT(lX,'NUMBER OF QUADRATURE POINTS (N)=',13) 

C--------PRINT OUT THE QUADRATURE POINTS XQ. 
WRITE(9, *) 'QUADRATURE POINTS ARE:' 
WRITE(9,13) (XQ(I),I=l, NQTOT) 

13 FORMAT(4(1PE18.1 l,2X)) 
C--------CALCULATE THE NEGATIVE QUADRATURE POINTS AND MU 
C--------V ALVES (DOUBLE THE NMUS AND NQTOT). 

DO 400 I=l, NQTOT 
XQ(NQTOT+I)=XQ(I)*(-1.D0) 

400 CONTINUE 
DO 450 I=l, NMUS 
MU(NMUS+I)==MU(I)*(-1.D0) 

450 CONTINUE 
NQTOT=NQTOT*2 
NMUS=NMUS*2 

C--------CALL SUBROUTINE XP AI TO GET THE VALVES OF X COEFFICIENTS 
C--------FOR PAI MATRIX. 

CALL XP AI(LP ,LMAX,N,NP ,X) 
C--------SET UP AN IDENTITY MATRIX. 

DO 550 I=l, N 
DO 600 J=l, N 
XXINV(I,J)=0.D0 

600 CONTINUE 
XXINV(I,1)=1.D0 

550 CONTINUE 
C--------CALCULATE THE INVERSE OF X COEFFICIENTS FOR PAI MATRIX. 

DO 650 M=l, L+ 1 
IF(M .LE. 3) THEN 
MI=3 
ELSE 



MI=M 
ENDIF 
DO 700 I=MI, L+ 1 
DO 750 J=l,N 
DO 800K=l,N 
XX(J,K)= X(M,I,J,K) 

800 CONTINUE 
750 CONTINUE 

CALL LUDCMP(XX,N,NP,INDX,D) 
DO 850 II=l,N 
CALL LUBKSB(XX,N,NP,INDX,XXINV(l,II)) 

850 CONTINUE 
DO 900 JJ=l, N 
DO 950 KK=l, N 
XINV(M,I,JJ ,KK)= XXINV(JJ,KK) 

C--------SET UP AN IDENTITY MATRIX AGAIN. 
XXINV(JJ,KK)=0.D0 

950 CONTINUE 
XXINV(JJ,JJ)=l.D0 

900 CONTINUE 
700 CONTINUE 
650 CONTINUE 
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C--------CALL SUBROUTINE YP AI TO GET THE VALUES OF Y COEFFICIENTS 
C--------FOR PAI MATRIX. 

CALL YPAI(LP,LMAX,N,NP,Y) 
C--------CALL SUBROUTINE ZP AI TO GET THE VALUES OF Z COEFFICIENTS 
C--------FOR PAI MATRIX. 

CALL ZP AI(LP,LMAX,N,NP,Z) 
C--------CALCULATE THE PAI MATRIX WITH MU VALUES. 
C--------FOR L .LE. 2. 

CALL P AI2(MU,LP,LMAX,N,NP,NMUS,NMUSMAX,P AI) 
IF(L+l .LT. 4) GO TO 2100 

C--------FOR L .GT. 2. 
C--------FOR M=0 AND I .GT. 2. 

DO 1050 1=3, L 
DO 1100 KK=l, NMUS 
DUMl (KK)=(2.D0*I-1.D0)*MU(KK) 

1100 CONTINUE 
CALL MMULTl(DUMl,PAI,1,I,LMAX,N,NP,NMUS,NMUSMAX,DUM2) 
CALL MMUL T2(Y,P AI, 1,I,LMAX,N,NP ,NMUS,NMUSMAX,DUM3) 
CALL MAOS1(DUM2,DUM3,1,I,LMAX,N,NP,NMUS,NMUSMAX,SIGNM, 

* DUM2) 
CALLMMULT3(XINV,DUM2,1,I,LMAX,N,NP,NMUS,NMUSMAX,DUM2) 
DO 1150MM=l, NMUS 
DO 1200 J=l, N 
DO 1250 K=l, N 



P AI(l ,I+ l ,J,K,MM)=DUM2( 1,1,J,K,MM) 
1250 CONTINUE 
1200 CONTINUE 
1150 CONTINUE 
1050 CONTINUE 

C----,----FOR M=l AND I .GT. 2. 
DO 13001=3, L 
DO 1350 KK=l, NMUS 
DUM4(KK)=(2.D0*l-1.D0)*MU(KK) 

1350 CONTINUE 
CALL MMULTl(DUM4,PAI,2,I,LMAX,N,NP,NMUS,NMUSMAX,DUM5) 
CALL MMUL T2(Y;P AI,2,I,LMAX,N,NP ,NMUS,NMUSMAX,DUM6) 
CALL MMUL T3(Z,P AI,2,I,LMAX,N,NP ,NMUS,NMUSMAX,DUM7) 
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CALL MAOS 1 (DUM5,DUM6,2,I,LMAX,N,NP,NMUS,NMUSMAX,SIGNM, 
* DUM5) 

CALL MAOS1(DUM5,DUM7,2,I,LMAX,N,NP,NMUS,NMUSMAX,SIGNP, 
* DUM5) 

CALL MMULT3(XINV,DUM5,2,I,LMAX,N,NP,NMUS,NMUSMAX,DUM5) 
DO 1400 MM=l, NMUS 
DO 1450 J=l, N 
DO 1500 K=l, N 
P AI(2,I+ 1,J,K,MM)=DUM5(2,I,J,K,MM) 

1500 CONTINUE 
1450 CONTINUE 
1400 CONTINUE 
1300 CONTINUE 

C--------FOR M .GE. 2 AND M=I. 
DO 1550 M=3, L+l 
CALL F ACTOR(M-3, l,F ACTA) 
CALL FACTOR(M+l,l,FACTB) 
MDUMMY=2*M-2 
CALL F ACTOR(MDUMMY, l,F ACTC) 
CALL FACTOR(MDUMMY,2,FACTD) 
DK=FACTC/(2.D0**(M-1.D0))*(FACTA*FACTB)**(-0.5) 
DO 1600 KK =l,NMUS 
DO 1650 I=l, N 
DO 1700 J=l, N 
P AI(M,M,I,J,KK)=0 .DO 

1700 CONTINUE 
1650 CONTINUE 

P AI(M,M, 1, 1,KK)=F ACTD*(l .D0-MU(KK)**2)* 
* (l .D0-MU(KK)**2)* *((M-l .D0)/2.D0-l .D0) 

P AI(M,M,2,2,KK)=DK*(l .D0+MU(KK)* *2)*(1.D0-MU(KK)**2) 
* **((M-l.D0)/2.D0-1.D0) 

P AI(M,M,2,3,KK)=-DK*(2.D0*MU(KK))*(l .D0-MU(KK)**2)** 
* ((M-l.D0)/2.D0-1.D0) 



P AI(M,M,3 ,2,KK)=-DK*(2.D0*MU(KK) )*( l .D0-MU(KK)* *2)* * 
* ((M-l.D0)/2.D0-l.D0) 

P AI(M,M,3,3,KK)=DK*(l .D0+MU(KK)**2)*(1.D0-MU(KK)**2) 
* **((M-l.D0)/2.D0-l.D0) 

P AI(M,M,4,4,KK)=F ACTD*(l .D0-MU(KK)**2)* 
* (1.D0-MU(KK)**2)**((M-l.D0)/2.D0-l.D0) 

1600 CONTINUE 
1550 CONTINUE 

C--------FOR M .GE. 2 AND I .GT. M. 
DO 1750 M=3, L+ 1 
DO 1800 I=M, L 
DO 1850 KK=l, NMUS 
DUM8(KK)=(2.D0*I- l .D0)*MU(KK) 

1850 CONTINUE 
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CALL MMULTl(DUM8,PAI,M,I,LMAX,N,NP,NMUS,NMUSMAX,DUM9) 
CALL MMUL T2(Y,P AI,M,I,LMAX,N,NP,NMUS,NMUSMAX,DUMl 0) 
CALL MMUL T3(Z,P AI,M,I,LMAX,N,NP,NMUS,NMUSMAX,DUMl 1) 
CALL MAOS l(DUM9,DUM1 0,M,I,LMAX,N,NP,NMUS,NMUSMAX, 

* SIGNM,DUM9) . 
CALL MAOS l(DUM9,DUM1 l,M,I,LMAX,N,NP,NMUS,NMUSMAX, 

* SIGNP,DUM9) 
CALL MMUL T3(XINV,DUM9,M,I,LMAX,N,NP,NMUS,NMUSMAX,DUM9) 
DO 1900 MM=l, NMUS 
DO 1950 J=l, N 
DO 2000 K=l, N 
P AI(M,I+ l ,J,K,MM)=DUM9(M,I,J,K,MM) 

2000 CONTINUE 
1950 CONTINUE 
1900 CONTINUE 
i 800 CONTINUE 
1750 CONTINUE 

GOTO2100 
C--------CALCULATE THE PAI MATRIX WITH QUADRATURE POINTS. 
C--------FOR L .LE. 2. 

2100 CALL PAI2(XQ,LP,LMAX,N,NP,NQTOT,NQTOTMAX,PAIQ) 
IF(L+l .LT. 4) GO TO 3200 

C--------FOR L .GT. 2. 
C--------FOR M=0 AND I .GT. 2. 

DO 21501=3, L 
DO 2200 KK=l, NQTOT 
DUM12(KK)=(2.D0*I-l .D0)*XQ(KK) 

2200 CONTINUE 
CALL MMULTl(DUM12,PAIQ,l,I,LMAX,N,NP,NQTOT,NQTOTMAX, 

* DUMB) 
CALL MMULT2(Y,PAIQ,l,l,LMAX,N,NP,NQTOT,NQTOTMAX,DUM14) 
CALL MAOS l(DUM13,DUM14,l,I,LMAX,N,NP,NQTOT,NQTOTMAX, 



* SIGNM,DUM13) 
CALL MMULT3(XINV,DUM13,1,l,LMAX,N,NP,NQTOT,NQTOTMAX, 

* DUM13) 
DO 2250 MM=l, NQTOT 
DO 2300 J=l, N 
DO 2350 K=l, N 
PAIQ(l,I+l,J,K,MM)=DUM13(1,l,J,K,MM) 

2350 CONTINUE 
2300 CONTINUE 
2250 CONTINUE 
2150 CONTINUE 

C--------FOR M=l AND I .GT. 2. 
DO 2400 1=3, L 
DO 2450 KK=l, NQTOT 
DUMl 5(KK)=(2.D0*I-1.D0)*XQ(KK) 

2450 CONTINUE 
CALL MMUL Tl (DUMl 5,P AIQ,2,1,LMAX,N,NP,NQTOT,NQTOTMAX, 

* DUM16) 
CALL MMUL T2(Y,P AIQ,2,1,LMAX,N,NP,NQTOT,NQTOTMAX,DUMl 7) 
CALL MMUL T3(Z,P AIQ,2,1,LMAX,N,NP,NQTOT,NQTOTMAX,DUMl 8) 
CALL MAOS 1 (DUMl 6,DUMl 7,2,1,LMAX,N,NP,NQTOT,NQTOTMAX, 

* SIGNM,DUMl 6) 
CALL MAOS 1 (DUMl 6,DUMl 8,2,1,LMAX,N,NP,NQTOT ,NQTOTMAX, 

* SIGNP,DUM16) 
CALL MMULT3(XINV,DUM16,2,I,LMAX,N,NP,NQTOT,NQTOTMAX, 

* DUM16) 
DO 2500 MM=l, NQTOT 
DO 2550 J=l, N 
DO 2600 K=l, N 
P AIQ(2,I+ l,J,K,MM)=DUM16(2,I,J,K,MM) 

2600 CONTINUE 
2550 CONTINUE 
2500 CONTINUE 
2400 CONTINUE 

C--------FOR M .GE. 2 AND M=I. 
DO 2650 M=3, L+l 
CALL F ACTOR(M-3, 1,F ACTA) 
CALL FACTOR(M+l,1,FACTB) 
MDUMMY=2*M-2 
CALL F ACTOR(MDUMMY, l,F ACTC) 
CALL F ACTOR(MDUMMY ,2,F ACTD) 
DK=FACTC/(2.D0**(M-1.D0))*(FACTA*FACTB)**(-0.5) 
DO 2700 KK=l,NQTOT 
DO 2750 I=l, N 
DO 2800 J=l, N 
P AIQ(M,M,1,J,KK)=0.D0 
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2800 CONTINUE 
2750 CONTINUE 

P AIQ(M,M, 1, l,KK)=FACTD*(l.D0-XQ(KK)**2)* 
* (1.D0-XQ(KK)**2)**((M-l.D0)/2.D0-l.D0) 

P AIQ(M,M,2,2,KK)=DK*(l .D0+ XQ(KK)**2)*(1.D0-XQ(KK)**2) 
* **((M-l.D0)/2.D0-l.D0) 

P AIQ(M,M,2,3,KK)=-DK*(2.D0*XQ(KK))*(l .D0-XQ(KK)**2) 
* **((M-l.D0)/2.D0-l.D0) 

P AIQ(M,M,3,2,KK)=-DK*(2.D0*XQ(KK))*(l .D0-XQ(KK)**2) 
* **((M-l.D0)/2.D0-l.D0) 

P AIQ(M,M,3,3,KK)=DK*(l .D0+ XQ(KK)**2)*(1.D0-XQ(KK)**2) 
* **((M-l.D0)/2.D0-l.D0) 

P AIQ(M,M,4,4,KK)=F ACTD*(l .D0-XQ(KK)**2)* 
* (1.D0-XQ(KK)**2)**((M-l.D0)/2.D0-l.D0) 

2700 CONTINUE 
2650 CONTINUE 

C--------FOR M .GE. 2 AND I .GT. M. 
DO 2850 M=3, L+ 1 
DO 2900 I=M, L 
DO 2950 KK=l, NQTOT 
DUMl 9(KK)=(2.D0*I-l .D0)*XQ(KK) 

2950 CONTINUE 
CALL MMULTl(DUM19,PAIQ,M,I,LMAX,N,NP,NQTOT,NQTOTMAX, 

* DUM20) 
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CALL MMUL T2(Y,P AIQ,M,I,LMAX,N,NP,NQTOT,NQTOTMAX,DUM2 l) 
CALL MMUL T3(Z,P AIQ,M,I,LMAX,N,NP ,NQTOT,NQTOTMAX,DUM22) 
CALL MAOSl(DUM20,DUM21,M,I,LMAX,N,NP,NQTOT,NQTOTMAX, 

* SIGNM,DUM20) 
CALL MAOS 1 (DUM20,DUM22,M,I,LMAX,N,NP,NQTOT,NQTOTMAX, 

* SIGNP,DUM20) 
CALL MMULT3(XINV,DUM20,M,I,LMAX,N,NP,NQTOT,NQTOTMAX, 

* DUM20) 
DO 3000 MM=l, NQTOT 
DO 3050 J=l, N 
DO 3100 K=l, N 
P AIQ(M,I+ 1,J,K,MM)=DUM20(M,I,J,K,MM) 

3100 CONTINUE 
3050 CONTINUE 
3000 CONTINUE 
2900 CONTINUE 
2850 CONTINUE 

GO TO 3200 
C--------CALCULATING NUMBER OF FUNCTIONS WHICH NEED TO BE 
C--------COMPUTED BY RK5. 

3200 NFUN=0 
DO 3250 I=l, L+ 1 



NFUN=NFUN+I 
3250 CONTINUE 

NFUN=4*NFUN 
NFUNP 1 =NFUN+ 1 
INFUN=2*NFUN 

C--------TRANSFER FROM FIVE DIMENSIONS TO FOUR DIMENSIONS IN 
C--------ORDER TO USE RK5. 

LL=0 
DO 3300 M=l, L+l 
DO 3350 I=M, L+ 1 
LL=LL+l 
LF(I,M, 1 )=LL 
LF(I,M,2)=LL+ 1 
LF(I,M,3)=LL+2 
LF(I,M,4)=LL+3 
LF(I,M,5)=NFUN+LL 
LF(I,M,6)=NFUN+LL + 1 
LF(I,M, 7)=NFUN+LL+2 
LF(I,M,8)=NFUN+LL+ 3 
LL=LL+3 

3350 CONTINUE 
3300 CONTINUE 

C--------INITIAL VALUES FOR PPl T, PPlB, PP3T, PP3B, PPl TQ, PPlBQ, 
C--------PP3TQ, AND PP3BQ WHICH TRANSFER FROM FIVE DIMENSIONS TO 
C--------FOUR DIMENSIONS IN ORDER TO USE RK5. 

DO 3400 M=l, L+l 
DO 3450 I=M, L+l 
DO 3500 J=l, 2 
DO 3550 MM=l, NMUS/2 
DO 3600 JRl=l, N 
DO 3650 JCl=l, N 
YY(LF(I,M,J),JRl ,JC l ,MM)=P AI G*P AI(M,I,JRl ,JC I ,MM) 

3650 CONTINUE 
3600 CONTINUE 
3550 CONTINUE 
3500 CONTINUE 

DO 3700 JJ=5, 6 
DO 3750 MMM=l, NQTOT/2 
DO 3800 JR2=1, N 
DO 3850 JC2=1, N 
YY(LF(I,M,JJ),JR2,JC2,MMM)=P AIG*P AIQ(M,I,JR2,JC2,MMM) 

3850 CONTINUE 
3800 CONTINUE 
~750 CONTINUE 
3700 CONTINUE 
3450 CONTINUE 
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NFUN=NFUN+I 
3250 CONTINUE 

NFUN=4*NFUN 
NFUNP 1 =NFUN+ 1 
INFUN=2*NFUN 

C--------TRANSFER FROM FIVE DIMENSIONS TO FOUR DIMENSIONS IN 
C--------ORDER TO USE RK5. 

LL=0 
DO 3300 M=l, L+l 
DO 3350 I=M, L+ 1 
LL=LL+l 
LF(I,M, 1 )=LL 
LF(I,M,2)=LL+ 1 
LF(I,M,3)=LL+2 
LF(I,M,4)=LL+3 
LF(I,M,5)=NFUN+LL 
LF(I,M,6)=NFUN+LL + 1 
LF(I,M, 7)=NFUN+LL+2 
LF(I,M,8)=NFUN+LL+ 3 
LL=LL+3 

3350 CONTINUE 
3300 CONTINUE 

C--------INITIAL VALUES FOR PPl T, PPlB, PP3T, PP3B, PPl TQ, PPlBQ, 
C--------PP3TQ, AND PP3BQ WHICH TRANSFER FROM FIVE DIMENSIONS TO 
C--------FOUR DIMENSIONS IN ORDER TO USE RK5. 

DO 3400 M=l, L+l 
DO 3450 I=M, L+l 
DO 3500 J=l, 2 
DO 3550 MM=l, NMUS/2 
DO 3600 JRl=l, N 
DO 3650 JCl=l, N 
YY(LF(I,M,J),JRl ,JC l ,MM)=P AI G*P AI(M,I,JRl ,JC I ,MM) 

3650 CONTINUE 
3600 CONTINUE 
3550 CONTINUE 
3500 CONTINUE 

DO 3700 JJ=5, 6 
DO 3750 MMM=l, NQTOT/2 
DO 3800 JR2=1, N 
DO 3850 JC2=1, N 
YY(LF(I,M,JJ),JR2,JC2,MMM)=P AIG*P AIQ(M,I,JR2,JC2,MMM) 

3850 CONTINUE 
3800 CONTINUE 
~750 CONTINUE 
3700 CONTINUE 
3450 CONTINUE 
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PP3BQ(I,M,JR2,JC2,MMM)=YY(LF(I,M,8),JR2,JC2,MMM) 
4750 CONTINUE 
4700 CONTINUE 
4650 CONTINUE 
4450 CONTINUE 
4400 CONTINUE 

CC CALL OUTPUTl(XN,LP,N,NMUS/2,NQTOT/2) 
C--------CALCULATE THE COMMON FACTOR FOR DERIVATIVES OF PPl T, 
C--------PPlB, PP3T, PP3B, PPl TQ, PPlBQ, PP3TQ, AND PP3BQ. 

DO 4800 I=l, NQTOT/2 
A(I)=W /2.D0/P AIG* AQ(I)/XQ(I) 

4800 CONTINUE 
C--------DO LOOP FOR RK.5. 

LIU=l 
DO 5000 J=l, NPRINT 
NIPRINT=IPRINT(J) 
H=HSTEP(J) 
DO 5100 I=l, NIPRINT 
CALL RK5(NMUS/2,NQTOT /2,N,NFUN,NFUNPl ,INFUN,H,XN, YY) 

5100 CONTINUE 
C--------TRANSFER FROM FOUR DIMENSIONS TO FIVE DIMENSIONS. 

DO 5200 M=l, L+l 
DO 5250 I=M, L+ 1 
DO 5300 MM=l, NMUS/2 
DO 5350 JRl=l, N 
DO 5400 JCl=l, N 
PPlT(I,M,JRl,JCl,MM)=YY(LF(I,M,1),JRl,JCl,MM) 
PPlB(I,M,JRl,JCl,MM)=YY(LF(I,M,2),JRl,JCl,MM) 
PP3T(l,M,JR1,JC1,MM)=YY(LF(I,M,3),JR1,JC1,MM) 
PP3B(I,M,JR1,JC1,MM)=YY(LF(I,M,4),JR1,JC1,MM) 

5400 CONTINUE 
5350 CONTINUE 
5300 CONTINUE 

DO 5450 MMM=l, NQTOT/2 
DO 5500 JR2=1, N 
DO 5550 JC2=1, N 
PPl TQ(I,M,JR2,JC2,MMM)=YY(LF(I,M,5),JR2,JC2,MMM) 
PP1BQ(I,M,JR2,JC2,MMM)=YY(LF(I,M,6),JR2,JC2,MMM) 
PP3 TQ(I,M,JR2,JC2,MMM)= YY(LF(I,M, 7),JR2,JC2,MMM) 
PP3BQ(I,M,JR2,JC2,MMM)=YY(LF(I,M,8),JR2,JC2,MMM) 

5550 CONTINUE 
5500 CONTINUE 
5450 CONTINUE 
5250 CONTINUE 
5200 CONTINUE 

C--------PRINT OUT THE PPl T, PPlB, PP3T, PP3B, PPl TQ, PPlBQ, PP3TQ, 
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C--------AND PP3BQ FOR THE DESIRED OPTICAL THICKNESSES. 
CC IF(LIU .EQ. 1 .OR. J .EQ. NPRINT) THEN 
CC CALL OUTPUTl(XN,LP,N,NMUS/2,NQTOT/2) 
CC ELSE 
CC ENDIF 
C--------CALL SUBROUTINE PPBARFUN TO CALCULATE PPilBAR, PPlBAR, 
C--------PPilBARQ, PPlBARQ, PPBBARQ, AND PP3BARQ. 

CALL PPBARFUN(XN) 
C--------CALL SUBROUTINE INTEN TO CALCULATE THE REFLECTED AND 
C--------TRANSMITTED INTENSITIES (RI AND TI). 

CALLINTEN 
C--------INTERPOLATE THE VALUES FOR RI AND TI AT MU=l.0 BY USING 
C--------LAGRANGE'S POLYNOMIAL APPROXIATION METHOD WHEN L=0 
C--------AND 1. 

IF (L .LE. 1) THEN 
DO 6000 I=l, NMUS/2 
MUX(I)=MU(I) 

6000 CONTINUE 
DO 6100 JA=l, NMUS/2 
DO 6150 JB=l, NMUS/2 
DO 6200 JRl =l, N 
DO 6250 JCl=l, N 
FLAG(JRl,JCl,JB)=RI(JB,JA,JRl,JCl) 
FLAGl(JRl,JCl,JB)=TI(JB,JA,JRl,JCl) 

6250 CONTINUE 
6200 CONTINUE 
6150 CONTINUE 

CALL LAGR(MUX,FLAG, 1.D0,6,2,N,NMUS/2,FLAGR) 
CALL LAGR(MUX,FLAG 1, 1.D0,6,2,N,NMUS/2,FLAGRl) 
DO 6350 JR2=1, N 
DO 6400 JC2=1, N 
RI(l,JA,JR2,JC2)=FLAGR(JR2,JC2) 
TI(l,JA,JR2,JC2)=FLAGR1(JR2,JC2) 

6400 CONTINUE 
6350 CONTINUE 
6100 CONTINUE 

ELSE 
ENDIF 

C--------CALL SUBROUTINE INTENF TO CALCULATE THE NORMALIZED 
C--------REFLECTED AND TRANSMITTED INTENSITIES (RIF AND TIF). 

CALLINTENF 
LIU=LIU+l 
WRITE(*,*) LIU-1 
WRITE(*,*) 
IF(LIU .LE. 5) THEN 
WRITE(9,*) 
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WRITE(9,*) 
ELSE IF(LIU .GT. 5 .AND. LIU .LE. 10) THEN 
WRITE(5,*) 
WRITE(5,*) 
ELSE IF(LIU .GT. 10 .AND. LIU .LE. 15) THEN 
WRITE(6,*) 
WRITE(6,*) 
ELSE IF(LIU . GT. 15) THEN 
WRITE(?,*) 
WRITE(?,*) 
ENDIF 
WRITE(8,*) 
WRITE(8,*) 

5000 CONTINUE 
STOP 
END 

C--------SUBROUTINE TO READ IN AND PRINT OUT THE SCATTERING 
C-------COEFFICIENTS OF B MATRIX (INPUT L=L+l). 

SUBROUTINE BMATRIX(L,LP,N,NP,B) 
IMPLICIT REAL *8 (A-H,O-Z) 
DIMENSION B(LP,NP,NP) 
DO 100 I=l, L 
WRITE(9,l) 1-1 

1 FORMAT('B(',11,')=') 
DO 150 J=l, N 
READ(4,*) (B(I,J,K), K=l,N) 

150 CONTINUE 
DO 200 JJ=l,N 
WRITE(9,2) (B(I,JJ,KK),KK=l,N) 

2 FORMAT(4(1PE18. l l,2X)) 
200 CONTINUE 
100 CONTINUE 

WRITE(9,*) 
RETURN 
END 
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C--------SUBROUTINE TO DECOMPOSE A MATRIX TO A LOWER AND UPPER 
C--------TRIANGULAR MATRICES. 

SUBROUTINE LUDCMP(A,N,NP,INDX,D) 
IMPLICIT REAL *8 (A-H,O-Z) 
PARAMETER (NMAX=l00,TINY=l.0E-20) 
DIMENSION A(NP ,NP),INDX(N), VV(NMAX) 
D=l. 



DO 12 I=l,N 
AAMAX=0. 
DO 11 J=l,N 
IF (ABS(A(I,J)).GT.AAMAX) AAMAX=ABS(A(I,J)) 

11 CONTINUE 
IF (AAMAX.EQ.0.) PAUSE 'Singular matrix.' 
VV(I)=l ./ AAMAX 

12 CONTINUE 
DO 19 J=l,N 
IF (J.GT. l) THEN 
DO 14 I=l,J-1 
SUM=A(I,J) 
IF (I. GT. I )THEN 
DO 13 K=l,1-1 
SUM=SUM-A(I,K)* A(K,J) 

13 CONTINUE 
A(I,J)=SUM 
ENDIF 

14 CONTINUE 
ENDIF 
AAMAX=0. 
DO 16 I=J,N 
SUM=A(I,J) 
IF (J.GT. l)THEN 
DO 15 K=l,J-1 
SUM=SUM-A(I,K)* A(K,J) 

15 CONTINUE 
A(l,J)=SUM 
ENDIF 
DUM=VV(I)* ABS(SUM) 
IF (DUM.GE.AAMAX) THEN 
IMAX=I 
AAMAX=DUM 
ENDIF 

16 CONTINUE 
IF (J.NE.IMAX)THEN 
DO 17K=l,N 
DUM=A(IMAX,K) 
A(IMAX,K)= A(J,K) 
A(J,K)=DUM 

17 CONTINUE 
D=-D 
VV(IMAX)=VV(J) 
ENDIF 
INDX(J)=IMAX 
IF(J.NE.N)THEN 
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IF(A(J,J).EQ.0.)A(J,J)=TINY 
DUM=l./A(J,J) 
DO 18 I=J+l,N 
A(I,J)= A(I,J)*DUM 

18 CONTINUE 
ENDIF 

19 CONTINUE 
IF(A(N,N).EQ. 0. )A(N,N)=TINY 
RETURN 
END 

C--------SUBROUTINE TO CALCULATE THE MATRIX INVERSION AFTER LU 
C--------DECOMPOSITION (LUDCMP). 

SUBROUTINE LUBKSB(A,N,NP,INDX,B) 
IMPLICIT REAL *8 (A-H,O-Z) 
DIMENSION A(NP ,NP),INDX(N),B(N) 
11=0 
DO 12 I=l,N 
LL=INDX(I) 
SUM=B(LL) 
B(LL)=B(I) 
IF (II.NE. 0)THEN 
DO 11 J=II,1-1 
SUM=SUM-A(I,J)*B(J) 

11 CONTINUE 
ELSE IF (SUM.NE.0.) THEN 
11=1 
ENDIF 
B(I)=SUM 

12 CONTINUE 
DO 14 I=N,1,-1 
SUM=B(I) 
IF(I.LT.N)THEN 
DO 13 J=I+ 1,N 
SUM=SUM-A(l,J)*B(J) 

13 CONTINUE 
ENDIF 
B(I)=SUM/ A(I,I) 

14 CONTINUE 
RETURN 
END 
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C--------SUBROUTINE TO CALCULATE THE VALVES OF X COEFFICIENTS FOR 
C--------PAI MATRIX (INPUT L=L+l). 



SUBROUTINE XPAI(L,LP,N,NP,X) 
IMPLICIT REAL *8 (A-H,O-Z) 
DIMENSION X(LP,LP,NP,NP) 
DO 100 M=l, L 
DO 150 l=M, L 
DO 200 J=l, N 
DO 250 K=l, N 
X(M,I,J,K)=0 .DO 

250 CONTINUE 
200 CONTINUE 

IF(I-1 .GE. 2) THEN 
X(M,I, 1, 1 )=I-M+ I .DO 
X(M,I,2,2)=(I-M+ 1.D0)/I*((I+2.D0)*(I-2.D0))**0.5 
X(M,I,3,3)=(I-M+ 1.D0)/I*((I+2.D0)*(I-2.D0))**0.5 
X(M,I,4,4)=I-M+ I .DO 
ELSE 
ENDIF 

150 CONTINUE 
100 CONTINUE 

RETURN 
END 

200 

C--------SUBROUTINE TO CALCULATE THE VALVES OF Y COEFFICIENTS FOR 
C--------PAI MATRIX (INPUT L=L+l). 

SUBROUTINE YPAI(L,LP,N,NP,Y) 
IMPLICIT REAL *8 (A-H,O-Z) 
DIMENSION Y(LP,LP,NP,NP) 
DO 100 M=l, L 
DO 150I=M,L 
DELTA=l.D0 
IF(M .EQ. I) DELTA=0.D0 
DO 200 J=l, N 
DO 250 K=l, N 
Y(M,I,J,K)=0.D0 

250 CONTINUE 
200 CONTINUE 

IF(I-1 .GE. 2) THEN 
Y(M,I, 1, 1 )=DELTA *(I+M-2.D0) 
Y(M,I,2,2)=DELTA *((I+M-2.D0)/(I-l .D0)*((I-l .D0)**2-4.D0)**0.5) 
Y(M,I,3,3)=DELTA *((I+M-2.D0)/(I-l .D0)*((I-l .D0)**2-4.D0)**0.5) 
Y(M,I,4,4)=DELTA *(I+M-2.D0) 
ELSE 
ENDIF 

. 150 CONTINUE 
100 CONTINUE 



RETURN 
END 
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C--------SUBROUTINE TO CALCULATE THE VALUES OF Z COEFFICIENTS FOR 
C--------P AI MATRIX (INPUT L=L + 1 ). 

SUBROUTINE ZPAI(L,LP,N,NP,Z) 
IMPLICIT REAL *8 (A-H,O-Z) 
DIMENSION Z(LP,LP,NP,NP) 
DO 100 M=l, L 
DO 150 I=M, L 
DO 200 J=l, N 
DO 250 K=l, N 
Z(M,I,J ,K)=0 .DO 

250 CONTINUE 
200 CONTINUE 

IF(I-1 .GE. 2) THEN 
Z(M,I,3,2)=2.D0*(M-1.D0)*(2.D0*(I-1.D0)+ 1.D0)/(I-1.D0)/I 
Z(M,I,2,3)=2.D0*(M-1.D0)*(2.D0*(I-1.D0)+ 1.D0)/(I-1.D0)/I 
ELSE 
ENDIF 

150 CONTINUE 
100 CONTINUE 

RETURN 
END 

C--------SUBROUTINE FOR ADDING OR SUBTRACTING TWO MATRICES(5) 
C--------(INPUT L=L+ 1). 
C--------(ONE MAND ONE I FOR EACH CALL). 

SUBROUTINE MAOSl(A,B,M,I,LP,N,NP,NMUS,NMUSP,SIGN,C) 
IMPLICIT REAL *8 (A-H,O-Z) 
DIMENSION A(LP,LP,NP,NP,NMUSP), B(LP,LP,NP,NP,NMUSP), 

* C(LP,LP,NP,NP,NMUSP) 
DO 50 MM=l, NMUS 
DO 100 J=l, N 
DO 150 K=l, N 
C(M,I,J,K,MM)=A(M,I,J,K,MM)+B(M,I,J,K,MM)*SIGN 

150 CONTINUE 
100 CONTINUE 
50 CONTINUE 

RETURN 
END 

C--------SUBROUTINE FOR MULTIPLICATION OF SCALAR NUMBERS WITH A 



C--------MATRIX( 5) (INPUT L=L + 1). 
C--------(ONE MAND ONE I FOR EACH CALL). 

SUBROUTINE MMULTl(A,B,M,l,LP,N,NP,NMUS,NMUSP,C) 
IMPLICIT REAL *8 (A-H,O-Z) 
DIMENSION A(NMUSP), B(LP,LP,NP,NP,NMUSP), 

* C(LP,LP,NP,NP,NMUSP) 
DO 50 MM=l, NMUS 
DO 100 J=l, N 
DO 150 K=l, N 
C(M,1,J,K,MM)= A(MM)*B(M,I,J,K,MM) 

150 CONTINUE 
100 CONTINUE 

50 CONTINUE 
RETURN 
END 

C--------SUBROUTINE FOR MULTIPLICATION OF TWO MATRICES WITH 
C--------DIFFERENT DIMENSIONS(4*5) (INPUT L=L+ 1). 
C--------(ONE MAND ONE I FOR EACH CALL). 
C--------(1 * (1-1)). 

SUBROUTINE MMULT2(A,B,M,I,LP,N,NP,NMUS,NMUSP,C) 
IMPLICIT REAL *8 (A-H,O-Z) 
DIMENSION A(LP ,LP ,NP ,NP),B(LP ,LP ,NP ,NP,NMUSP), 

* C(LP,LP,NP,NP,NMUSP) 
DO 50 MM=l, NMUS 
DO 100 J=l, N 
DO 150 K=l, N 
SUM=0.D0 
DO 200 KK=l, N 
SUM=A(M,I,J,KK)*B(M,1-1,KK,K,MM)+SUM 

200 CONTINUE 
C(M,I,J,K,MM)=SUM 

150 CONTINUE 
100 CONTINUE 
50 CONTINUE 

RETURN 
END 

C--------SUBROUTINE FOR MULTIPLICATION OF TWO MATRICES WITH 
C--------DIFFERENT DIMENSIONS(4*5) (INPUT L=L+l). 
C--------(ONE MAND ONE I FOR EACH CALL). 

SUBROUTINE MMULT3(A,B,M,l,LP,N,NP,NMUS,NMUSP,C) 
IMPLICIT REAL *8 (A-H,O-Z) 
DIMENSION A(LP,LP,NP,NP),B(LP,LP,NP,NP,NMUSP), 
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* C(LP,LP,NP,NP,NMUSP) 
DO 50 MM=l, NMUS 
DO 100 J=l, N 
DO 150 K=l, N 
SUM=0.D0 
DO 200 KK=l, N 
SUM= A(M,I,J,KK)*B(M,I,KK,K,MM)+SUM 

200 CONTINUE 
C(M,I,J,K,MM)=SUM 

150 CONTINUE 
100 CONTINUE 
50 CONTINUE 

RETURN 
END 

C--------SUBROUTINE TO CALCULATE FACTORIAL 
C--------(IOP .NE. 1 WILL CALCULATE 1 *3*5 .... (2M-l)). 

SUBROUTINE F ACTOR(M,IOP,F ACT) 
IMPLICIT REAL *8 (A-H,O-Z) 
IF (IOP .NE. 1) THEN 
FACTl=l.D0 
DO 50 I=l, M-1, 2 
FACTl =I*FACTl 

50 CONTINUE 
ELSE 
FACTl=l.D0 
DO 100 I=l, M 
FACTl =I*FACTl 

100 CONTINUE 
ENDIF 
FACT=FACTl 
RETURN 
END 

C--------SUBROUTINE TO CALCULATE THE PAI MATRIX FOR L .LE. 2 
C--------(INPUT L=L+ 1). 

SUBROUTINE PAI2(A,L,LP,N,NP,NMUS,NMUSP,PAI) 
IMPLICIT REAL *8 (A-H,O-Z) 
DIMENSION A(NMUSP), PAI(LP,LP,NP,NP,NMUSP) 
DO 100 K=l,NMUS 
DO 150 I=l, N 
DO 200 J=l, N 
PAI(l, l,I,J,K)=0.D0 

200 CONTINUE 
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150 CONTINUE 
P AI(I,1, 1,1,K)=l.D0 
P AI(l, 1,4,4,K)=l .D0 

I 00 CONTINUE 
IF(L .LT. 2) GO TO I 000 
DO 250 K=l,NMUS 
DO 300 I=l, N 
DO 350 J=l, N 
P AI(l,2,I,J,K)=0.D0 
P AI(2,2,I,J,K)=0.D0 

350 CONTINUE 
300 CONTINUE 

P AI(l,2, 1, 1,K)=A(K) 
P AI(l,2,4,4,K)=A(K) 
P AI(2,2, 1, 1,K)=(l .D0-A(K)**2)**0.5 
P AI(2,2,4,4,K)=(l .D0-A(K)**2)**0.5 

250 CONTINUE 
IF(L .LT. 3) GO TO 1000 
DO 400 K=l,NMUS 
DO 450 I=l, N 
DO 500 J=l, N 
P AI(l,3,I,J,K)=0.D0 
P AI(2,3,I,J,K)=0.D0 
P AI(3 ,3 ,I,J ,K)=0 .DO 

500 CONTINUE 
450 CONTINUE 

P AI(l,3, 1, 1,K)=0.5D0*(3.D0* A(K)**2-1.D0) 
PAI(l,3,2,2,K)=(6.D0)**0.5/4.D0*(l.D0-A(K)**2) 
P AI(l ,3,3,3,K)=( 6.D0)**0.5/4.D0*(l .D0-A(K)**2) 
P AI(l,3,4,4,K)=0.5D0*(3.D0* A(K)**2-l .D0) 
P AI(2,3, 1, 1,K)=3.D0* A(K)*(l .D0-A(K)**2)**0.5 
P AI(2,3,2,2,K)=-( 6.D0)**0.5/2.D0* A(K)*(l .D0-A(K)**2)* *0.5 
PAI(2,3,2,3,K)=(6.D0)**0.5/2.D0*(l.D0-A(K)**2)**0.5 
PAI(2,3,3,2,K)=(6.D0)**0.5/2.D0*(l.D0-A(K)**2)**0.5 
P AI(2,3,3,3,K)=-( 6.D0)**0.5/2.D0* A(K)*(l .D0-A(K)**2)**0.5 
P AI(2,3,4,4,K)=3 .DO* A(K)*(l .D0-A(K)**2)**0.5 
P AI(3,3, 1, 1,K)=3 .D0*(l .D0-A(K)**2) 
PAI(3,3,2,2,K)=6.D0*(24.D0)**(-0.5)*(1.D0+A(K)**2) 
P AI(3,3,2,3,K)=-12.D0*(24.D0)**(-0.5)* A(K) 
PAI(3,3,3,2,K)=-12.D0*(24.D0)**(-0.5)* A(K) 
PAI(3,3,3,3,K)=6.D0*(24.D0)**(-0.5)*(1.D0+A(K)**2) 
P AI(3,3,4,4,K)=3.D0*(l .D0-A(K)**2) 

400 CONTINUE 
1000 RETURN 

END 
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C--------SUBROUTINE TO PRINTOUT THE PPIT, PPIB, PP3T, PP3B, PPl TQ, 
C--------PPIBQ, PP3TQ, AND PP3BQ (INPUT L=L+ 1 ). 

SUBROUTINE OUTPUTI(XN,L,N,NMUS,NQTOT) 
IMPLICIT REAL *8 (A-H,O-Z) 
REAL*8MU 
COMMON/ELK 1/MU(26),XQ( 656) 
COMMON/BLK3/PPI T(6,6,4,4, 13),PPIB(6,6,4,4, 13) 
COMMON/BLK4/PP3T(6,6,4,4, 13),PP3B(6,6,4,4, 13) 
COMMON/BLK5/PP1 TQ(6,6,4,4,328),PPIBQ(6,6,4,4,328) 
COMMON/BLK6/PP3TQ(6,6,4,4,328),PP3BQ(6,6,4,4,328) 
WRITE(9,*) 
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WRITE(9,*) '=================== 
WRITE(9, I) XN 

I FORMAT(IX,'OPTICAL THICKNESS=',Fl2.8) 
WRITE(9,*) 
WRITE( 9, * )'------------------------------------------------------1 

DO 100 MM=l, NMUS 
WRITE(9,2) MU(MM) 

2 FORMAT('MUO=',IPE18.11) 
WRITE(9,*)'------------------------------------------------------' 
DO 200 M=l, L 
WRITE(9,3) M-1 

3 FORMAT('M=',I2) 
DO 300 I=M, L 
WRITE(9,4) I-1 

4 FORMAT('I=',I2) 
WRITE(9, *) 'PPI T=' 
DO 400 JRI=l, N 
WRITE(9,5) (PPl T(I,M,JRl,JCl,MM),JCl =l,N) 

5 FORMAT(4(1PE18.11,2X)) 
400 CONTINUE 

WRITE(9, *) 'PPIB=' 
DO 500 JR2=1, N 
WRITE(9,5) (PP 1B(I,M,JR2,JC2,MM),JC2= 1,N) 

500 CONTINUE 
WRITE(9, *) 'PP3T=' 
DO 600 JR3=1, N 
WRITE(9,5) (PP3T(I,M,JR3,JC3,MM),JC3=1,N) 

600 CONTINUE 
WRITE(9, *) 'PP3B=' 
DO 700 JR4=1, N 
WRITE(9,5) (PP3B(I,M,JR4,JC4,MM),JC4= 1,N) 

700 CONTINUE 
300 CONTINUE 
200 CONTINUE 
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WRITE( 9, *) '--------------------------------· ---------------------' 
WRITE(9,*) 

100 CONTINUE 
WRITE(9,*)'=================== 
WRITE(9,*) 
DO 800 MM=l, NQTOT 
WRITE(9,6) XQ(MM) 

6 FORMAT('XQ=', 1PE18.11) 
WRITE( 9, *) '------------------------------------------------------' 
DO 825 M=l, L 
WRITE(9,3) M-1 
DO 850 I=M, L 
WRITE(9,4) I-1 
WRITE(9,*) 'PPlTQ=' 
DO 875 JRl=l, N 
WRITE(9,5) (PP 1 TQ(I,M,JRl ,JC 1,MM),JC 1 = 1,N) 

875 CONTINUE 
WRITE(9, *) 'PPIBQ=' 
DO 900 JR2=1, N 
WRITE(9,5) (PP 1BQ(I,M,JR2,JC2,MM),JC2= 1,N) 

900 CONTINUE 
WRITE(9, *) 'PP3TQ=' 
DO 925 JR3=1, N 
WRITE(9,5) (PP3TQ(I,M,JR3,JC3,MM),JC3=1,N) 

925 CONTINUE 
WRITE(9, *) 'PP3BQ=' 
DO 950 JR4=1, N 
WRITE(9,5) (PP3BQ(I,M,JR4 ,JC4,MM),JC4= l ,N) 

950 CONTINUE 
850 CONTINUE 
825 CONTINUE 

WRITE(9,*)'------------------------------------------------------' 
WRITE(9,*) 

800 CONTINUE 
WRITE(9,*)'=================== 
RETURN 
END 

C--------SUBROUTINE TO PRINTOUT THE PPilBARQ AND PP3BARQ. 
SUBROUTINE OUTPUT2(I,M,JJJ) 
IMPLICIT REAL *8 (A-H,O-Z) 
REAL*8MU 
COMMON/BLK1/MU(26),XQ( 656) 
COMMON/BLK9/N,L,NMUS,NQTOT 
COMMON/BLK13/PPI1BARQ(6,6,13,4,4,328),PP1BARQ(6,6,13,4,4,328) 



COMMON/BLK14/PPI3BARQ(6,6,13,4,4,328),PP3BARQ(6,6,13,4,4,328) 
DO 100 JJ=l, NQTOT/2 
WRITE(8, I) XQ(JJ) 

I FORMAT('XQ=',1PE18.11) 
WRITE(8, *) 'PPilBARQ=' 
DO 200 JRl=I, N 
WRITE(8,2) (PPilBARQ(I,M,JJJ,JRl,JCl,JJ),JCl=l,N) 

2 FORMAT(4(1PE18~ 1 l,2X)) 
200 CONTINUE 

WRITE(8, *) 'PP3BARQ=' 
DO 300 JR2=1, N 
WRITE(8,2) (PP3BARQ(I,M,JJJ,JR2,JC2,JJ),JC2= 1,N) 

300 CONTINUE 
. WRITE(8, *)'-------------------' 

100 CONTINUE 
RETURN 
END 

C--SUBROUTINE TO PRINTOUT THE PPIBARQ AND PPI3BARQ. 
SUBROUTINE OUTPUT3(I,M,JJJ) 
IMPLICIT REAL *8 (A-H,O-Z) 
REAL*8MU 
COMMON/BLKI/MU(26),XQ(656) 
COMMON/BLK9/N,L,NMUS,NQTOT 
COMMON/BLK13/PPI1BARQ(6,6,13,4,4,328),PPIBARQ(6,6,13,4,4,328) 
COMMON/BLK14/PPI3BARQ(6,6,13,4,4,328),PP3BARQ(6,6,13,4,4,328) 
DO 100 JJ=I, NQTOT/2 
WRITE(8,1) XQ(JJ) 

1 FORMAT('XQ=',IPEl8.11) 
WRITE(8, *) 'PPIBARQ=' 
DO 200 JRl=I, N 
WRITE(8,2) (PPlBARQ(I,M,JJJ,JRl,JCl,JJ),JCl=l,N) 

2 FORMAT(4(1PE18.1 l,2X)) 
200 CONTINUE 

WRITE(8, *) 'PPI3BARQ=' 
DO 300 JR2=1, N 
WRITE(8,2) (PPI3BARQ(I,M,JJJ,JR2,JC2,JJ),JC2= 1,N) 

300 CONTINUE 
WRITE(8, *)'-------------------' 

100 CONTINUE 
RETURN 
END 

C--------SUBROUTINE TO PRINTOUT THE PPilBAR. 

207 



SUBROUTINE OUTPUT4(I,M,JJJ) 
IMPLICIT REAL *8 (A-H,O-Z) 
REAL*8 MU 
COMMON/BLK1/MU(26),XQ( 656) 
COMMON/BLK9/N,L,NMUS,NQTOT 
COMMON/BLK11/PPI1BAR(6,6,13,4,4,13),PP1BAR(6,6,13,4,4,13) 
DO 100 JJ=l, NMUS/2 
WRITE(8, 1) MU(JJ) 

1 FORMAT('MUO=',1PE18.11) 
DO 200 JRl=l, N 
WRITE(8,2) (PPilBAR(I,M,JJJ,JRl,JCl,JJ),JCl=l,N) 

2 FORMAT(4(1PE18.11,2X)) 
200 CONTINUE 

WRITE( 8, *) '---------------------------' 
100 CONTINUE 

RETURN 
END 

C--------SUBROUTINE TO PRINTOUT THE PPlBAR. 
SUBROUTINE OUTPUT5(I,M,JJJ) 
IMPLICIT REAL *8 (A-H,O-Z) 
REAL*8 MU 
COMMON/BLK 1/MU(26),XQ( 656) 
COMMON/BLK9/N,L,NMUS,NQTOT 
COMMON/BLK11/PPI1BAR(6,6, 13,4,4, 13),PPIBAR(6,6, 13,4,4, 13) 
DO 100 JJ=l, NMUS/2 
WRITE(8,1) MU(JJ) 

1 FORMAT('MUO=',1PE18.11) 
DO 200 JRI =1, N 
WRITE(8,2) (PPlBAR(I,M,JJJ,JRl,JCl,JJ),JCl=l,N) 

2 FORMAT(4(1PE18.11,2X)) 
200 CONTINUE 

WRITE( 8, * )'---------------------------' 
100 CONTINUE 

RETURN 
END 

C--------SUBROUTINE FOR RUNGE-KUTTA METHOD. 
SUBROUTINE RK5(NPIC,NZMU,N,NFUN,NFUNP1,INFUN,H,XN, YN) 
IMPLICIT REAL *8 (A-H,O-Z) 
DIMENSION C(6), Z(6), A(6,5), YN(168,4,4,328), Y(168,4,4,328), 

* AK(168,6,4,4,328), SUM1(4,4), SUM2(4,4), Pill1(4,4), Pill2(4,4) 
COMMON/BLK10/DER(168,4,4,328) 
DATA C(2),C(3),C(4),C(5),C(6) /.25D0,.25D0,.5D0,. 75D0, I.ODO/ 
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DATA Z(l),Z(2),Z(3),Z(4),Z(5),Z(6) /7.0D0,0.0D0,32.0D0, 12.0D0, 
1 32.0D0,7.0D0/ 

DATA A(2, 1),A(3,1),A(3,2),A(4, 1),A(4,2),A(4,3) /.25D0,.125D0, 
1 .125D0,0.0D0,-.50D0, I.ODO/ 

DATA A(5, 1),A(5,2),A(5,3),A(5,4) /.1875D0,0.0D0,0.0D0,.5625D0/ 
DATA A(6, 1 ),A(6,2),A(6,3),A(6,4),A(6,5) /-.428571428571429D0, 

1 .285714285714285D0, 1. 71428571428571D0,-1. 71428571428571D0, 
2 1.14285714285714D0/ 

CALL DERV(XN,YN) 
DO 200 L=l,NFUN 
DO 300 I=l,NPIC 
DO 400 JRl=l, N 
DO 500 JCl=l, N 
AK(L,1,JRl,JCl,I)=DER(L,JRl,JCl,I)*H 

500 CONTINUE 
400 CONTINUE 
300 CONTINUE 
200 CONTINUE 

DO 600 L=NFUNPl,INFUN 
DO 700 I=l,NZMU 
DO 800 JRl=l, N 
DO 900 JCl=l, N 
AK(L,1,JRl,JCl,I)=DER(L,JRl,JCl,I)*H 

900 CONTINUE 
800 CONTINUE 
700 CONTINUE 
600 CONTINUE 

DO 1000 K=2,6 
DO 1100 L=l,NFUN 
DO 1200 I=l,NPIC 
Kl=K-1 
DO 1300 JRl =1, N 
DO 1400 JCl=l, N 
SUMI (JRl ,JC 1 )=0 .DO 

1400 CONTINUE 
1300 CONTINUE 

DO 1500 J=l,Kl 
DO 1600 JR2=1, N 
DO 1700 JC2=1, N 
SUMI (JR2,JC2)= A(K,J)* AK(L,J,JR2,JC2,l)+SUM1 (JR2,JC2) 

1700 CONTINUE 
1600 CONTINUE 
1500 CONTINUE 

DO 1800 JR3=1, N 
DO 1900 JC3=1, N 
Y(L,JR3,JC3,I)=YN(L,JR3,JC3,l)+SUM1(JR3,JC3) 
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1900 CONTINUE 
1800 CONTINUE 
1200 CONTINUE 
1100 CONTINUE 

DO 2000 L=NFUNPl,INFUN 
DO 2100 I=l,NZMU 
Kl=K-1 
DO 2200 JR4= 1, N 
DO 2300 JC4=1, N 
SUM2(JR4 ,JC4 )=0 .DO 

2300 CONTINUE 
2200 CONTINUE 

DO 2400 J=l,Kl 
DO 2425 JR5=1, N 
DO 2450 JC5=1, N 
SUM2(JR5,JC5)=A(K,J)* AK(L,J,JR5,JC5,I)+SUM2(JR5,JC5) 

2450 CONTINUE 
2425 CONTINUE 
2400 CONTINUE 

DO 2500 JR6=1, N 
DO 2600 JC6=1, N 
Y(L,JR6,JC6,I)=YN(L,JR6,JC6,I)+SUM2(JR6,JC6) 

2600 CONTINUE 
2500 CONTINUE 
2100 CONTINUE 
2000 CONTINUE 

X=XN+C(K)*H 
CALL DERV(X,Y) 
DO 2700 L=l,NFUN 
DO 2800 I=l,NPIC 
DO 2900 JR7=1, N 
DO 3000 JC7=1, N 
AK(L,K,JR7,JC7,I)=DER(L,JR7,JC7,I)*H 

3000 CONTINUE 
2900 CONTINUE 
2800 CONTINUE 
2700 CONTINUE 

DO 3100 L=NFUNPl,INFUN 
DO 3200 I=l,NZMU 
DO 3300 JR8=1, N 
DO 3400 JC8=1, N 
AK(L,K,JR8,JC8,I)=DER(L,JR8,JC8,I)*H 

3400 CONTINUE 
3_300 CONTINUE 
3200 CONTINUE 
3100 CONTINUE 
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1000 CONTINUE 
DO 3500 L=l,NFUN 
DO 36001=1,NPIC 
DO 3700 JRl=l, N 
DO 3800 JCl=l, N 
PI-Ill(JRl,JCl)=0.D0 

3800 CONTINUE 
3700 CONTINUE 

DO 3900 K7=1,6 
DO 4000 JR2= 1, N 
DO 4100 JC2=1, N 
PI-Ill (JR2,JC2)=PI-Ill (JR2,JC2)+Z(K7)* AK(L,K7 ,JR2,JC2,I) 

4100 CONTINUE 
4000 CONTINUE 
3900 CONTINUE 

DO 4200 JR3=1, N 
DO 4300 JC3=1, N 
YN(L,JR3,JC3,I)=YN(L,JR3,JC3,l)+PI-Ill(JR3,JC3)/90.D0 

4300 CONTINUE 
4200 CONTINUE 
3600 CONTINUE 
3500 CONTINUE 

DO 4400 L=NFUNPl,INFUN 
DO 4500 I=l,NZMU 
DO 4600 JRl=l, N 
DO 4700 JCl=l, N 
PI-Il2(JR1,JC1)=0.D0 

4700 CONTINUE 
4600 CONTINUE 

DO 4800 K7=1,6 
DO 4900 JR2=1, N 
DO 5000 JC2=1, N 
PI-Il2(JR2,JC2)=PI-Il2(JR2,JC2)+ Z(K7)* AK(L,K7 ,JR2,J C2,I) 

5000 CONTINUE 
4900 CONTINUE 
4800 CONTINUE 

DO 5100 JR3=1, N 
DO 5200 JC3=1, N 
YN (L,JR3 ,JC3 ,I)= YN(L,JR3 ,JC3 ,I)+PI-Il2(JR3 ,JC3 )/90 .DO 

5200 CONTINUE 
5100 CONTINUE 
4500 CONTINUE 
4400 CONTINUE 

XN=XN+H 
RETURN 
END 
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C--------SUBROUTINE FOR DERIVATIVES TO USE IN RK.5. 
· SUBROUTINE DERV(XN,Y) 

IMPLICIT REAL *8 (A-H,O-Z) 
REAL*8MU 
DIMENSION Y(168,4,4,328), SUMA(4,4), SUMA1(4,4), SUMA2(4,4), 

* SUMB(4,4), SUMB1(4,4), SUMB2(4,4), SUMC(4,4), SUMC1(4,4), 
* SUMC2(4,4), SUMC3(4,4), SUMD(4,4), SUMD1(4,4), SUMD2(4,4), 
* SUMD3(4,4), SUME(4,4), SUME1(4,4), SUME2(4,4), SUME3(4,4), 
* SUMF(4,4), SUMF1(4,4), SUMF2(4,4), SUMF3(4,4), SUMAN(4,4), 
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* SUMA1N(4,4), SUMA2N(4,4), SUMBN(4,4), SUMB1N(4,4), SUMB2N(4,4), 
* SUMCN(4,4), SUMC1N(4,4), SUMC2N(4,4), SUMC3N(4,4), SUMDN(4,4), 
* SUMD1N(4,4), SUMD2N(4,4), SUMD3N(4,4), SUMEN(4,4), SUME1N(4,4), 
* SUME2N(4,4), SUME3N(4,4), SUMFN(4,4), SUMF1N(4,4), SUMF2N(4,4), 
* SUMF3N(4,4) 

COMMON/BLK1/MU(26),XQ( 656) 
COMMON/BLK2/LF( 6,6,8) 
COMMON/BLK7/PAIQ(6,6,4,4,656),B(6,4,4),A(328) 
COMMON/BLK8/W,P AIG 
COMMON/BLK9/N,L,NMUS,NQTOT 
COMMON/BLK10/DER(168,4,4,328) 

C--------DERIVATIVES FOR QUADRATURE POINTS. 
DO 100 M=l, L+l 
DO 200 I=M, L+l 
DO 300 JJ=l, NQTOT/2 
DO 400 JRl=l, N 
DO 500 JCI=l, N 
SUMC(JRl,JCl)=0.D0 
SUMCI(JRI,JCI)=0.D0 
SUMC2(JR1,JC1)=0.D0 
SUMC3(JR1,JC1)=0.D0 
SUMD(JRI,JCI)=0.D0 
SUMDl(JRl,JCl)=0.D0 
SUMD2(JR1,JC1)=0.D0 
SUMD3(JR1,JC1)=0.D0 
SUME(JRI ,JC 1 )=0.D0 
SUME 1 (JRI ,JC 1 )=0 .DO 
SUME2(JR1 ,JC 1 )=0 .DO 
SUME3(JR1,JC1)=0.D0 
SUMF(JRI,JCI)=0.D0 
SUMFl(JRl,JCl)=0.D0 
SUMF2(JR1,JC1)=0.D0 
SUMF3(JR1,JC1)=0.D0 

500 CONTINUE 
400 CONTINUE 



DO 600 J=M, L+l 
DO 700 JR2=1, N 
DO 800 JC2=1, N 
SUMA(JR2,JC2)=0.D0 
SUMA1(JR2,JC2)=0.D0 
SUMA2(JR2,JC2)=0.D0 
SUMB(JR2,JC2)=0 .DO 
SUMB 1 (JR2,JC2)=0 .DO 
SUMB2(JR2,JC2)=0.D0 

800 CONTINUE 
700 CONTINUE 

DO 900 KK = 1, NQTOT /2 
DO 950 JR3=1, N 
DO 1000 JC3=1, N 
SUMl=0.D0 
SUM2=0.D0 
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DO 1050 Kl=l, N 
SUM1=Y(LF(I,M,8),JR3,Kl,KK)*PAIQ(M,J,Kl,JC3,NQTOT/2+KK)+SUM1 
SUM2=Y(LF(I,M,6),JR3,Kl,KK)*PAIQ(M,J,Kl,JC3,KK)+SUM2 

1050 CONTINUE 
SUMA1(JR3,JC3)=SUM1 
SUMB 1 (JR3 ,JC3 )=SUM2 

1000 CONTINUE 
950 CONTINUE 

DO 1100 JR4=1, N 
DO 1150 JC4=1, N 
SUMA2(JR4,JC4)=SUMA1(JR4,JC4)* A(KK) 
SUMB2(JR4,JC4)=SUMB 1 (JR4,JC4)* A(KK) 

1150 CONTINUE 
1100 CONTINUE 

DO 1200 JR5=1, N 
DO 1250 JC5=1, N 
SUMA(JR5,JC5)=SUMA2(JR5,JC5)+SUMA(JR5,JC5) 
SUMB(JR5,JC5)=SUMB2(JR5,JC5)+SUMB(JR5,JC5) 

1250 CONTINUE 
1200 CONTINUE 
900 CONTINUE 

CALL F ACTOR(J-M, 1,F ACTT) 
CALL FACTOR(J+M-2,1,FACTB) 
DO 1300 JR6=1, N 
DO 1350 JC6=1, N 
SUMC1(JR6,JC6)=(-1.D0)**(I+M)*FACTT/FACTB*SUMA(JR6,JC6) 
SUMDI(JR6,JC6)=F ACTT/F ACTB*SUMB(JR6,JC6) 
SUME1(JR6,JC6)=(-1.D0)**(J+I)*FACTT/FACTB*SUMB(JR6,JC6) 
SUMF 1 (JR6,JC6)=(-1.D0)* *(M-J)*F ACTT IF ACTB * SUMA(JR6,JC6) 

13 50 CONTINUE 



1300 CONTINUE 
DO 1400 JR7=1, N 
DO 1450 JC7=1, N 
SUM3=0.D0 
SUM4=0.D0 
SUM5=0.D0 

·.SUM6=0.D0 
DO 1500 K2=1, N 
SUM3=SUMC1(JR7,K2)*B(J,K2,JC7)+SUM3 
SUM4=SUMD 1 (JR 7,K2)*B(J,K2,JC7)+SUM4 
SUM5=SUME1(JR7,K2)*B(J,K2,JC7)+SUM5 
SUM6=SUMF 1 (JR 7,K2)*B(J,K2,JC7)+SUM6 

1500 CONTINUE 
SUMC2(JR 7,JC7)=SUM3 
SUMD2(JR 7,JC7)=SUM4 
SUME2(JR 7,JC7)=SUM5 
SUMF2(JR7,JC7)=SUM6 

1450 CONTINUE 
1400 CONTINUE 

DO 1550 JR8=1, N 
DO 1600 JC8=1, N 
SUM7=0.D0 
SUM8=0.D0 
SUM9=0.D0 
SUMIO=0.D0 
DO 1650 K3=1, N 
SUM7=SUMC2(JR8,K3)*Y(LF(J,M,6),K3,JC8,JJ)+SUM7 
SUM8=SUMD2(JR8,K3)*Y(LF(J,M,5),K3,JC8,JJ)+SUM8 
SUM9=SUME2(JR8,K3)*Y(LF(J,M,8),K3,JC8,JJ)+SUM9 
SUMI 0=SUMF2(JR8,K3 )*Y(LF(J,M, 7),K3,JC8,JJ)+SUM10 

1650 CONTINUE 
SUMC3(JR8,JC8)=SUM7 
SUMD3(JR8,JC8)=SUM8 
SUME3(JR8,JC8)=SUM9 
SUMF3(JR8,JC8)=SUM10 

1600 CONTINUE 
1550 CONTINUE 

DO 1700 JR9=1, N 
DO 1750 JC9=1, N 
SUMC(JR9,JC9)=SUMC3(JR9,JC9)+SUMC(JR9,JC9) 
SUMD(JR9,JC9)=SUMD3(JR9,JC9)+SUMD(JR9,JC9) 
SUME(JR9,JC9)=SUME3(JR9,JC9)+SUME(JR9,JC9) 
SUMF(JR9,JC9)=SUMF3(JR9,JC9)+SUMF(JR9,JC9) 

1750 CONTINUE 
1700 CONTINUE 
600 CONTINUE 
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DO 1800 JRl0=l, N 
DO 1850 JCl0=l, N 
DER(LF(I,M,5),JRl 0,JC 1 0,JJ)=SUMC(JRl 0,JC 10) 
DER(LF(I,M,6),JRl 0,JCl 0,JJ)=(-1.D0/XQ(JJ))* 

* Y(LF(I,M,6),JRl0,JCl0,JJ)+SUMD(JRl0,JCl0) 
DER(LF(I,M, 7),JRI 0,JC 1 0,JJ)=SUME(JRl 0,JC 10) 
DER(LF(I,M,8),JRl 0,JCl 0,JJ)=(-1.D0/XQ(JJ))* 

* Y(LF(I,M,8),JRl 0,JC 1 0,JJ)+SUMF(JRl 0,JC 10) 
1850 CONTINUE 
1800 CONTINUE 

300 CONTINUE 
200 CONTINUE 
100 CONTINUE 

C--------DERIVATIVES FOR MU VALUES. 
DO 2100 M=l, L+l 
DO 2200 I=M, L+l 
DO 2300 JJ=l, NMUS/2 
DO 2400 JRl=l, N 
DO 2500 JCl=l, N 
SUMCN(JRl,JCl)=0.D0 
SUMCIN(JRl,JCl)=0.D0 
SUMC2N(JR1,JC1)=0.D0 
SUMC3N(JR1,JC1 )=0.D0 
SUMDN(JRl,JCl)=0.D0 
SUMD 1 N(JRl ,JC 1 )=0.D0 
SUMD2N(JR1,JC 1 )=0.D0 
SUMD3N(JR1,JC1)=0.D0 
SUMEN(JRl,JCl)=0.D0 
SUMElN(JRl,JCl)=0.D0 
SUME2N(JR1,JC1)=0.D0 
SUME3N(JR1 ,JC 1 )=0.D0 
SUMFN(JRl,JCl)=0.D0 
SUMFlN(JRl,JCl)=0.D0 
SUMF2N(JR1,JC1)=0.D0 
SUMF3N(JR1,JC1)=0.D0 

2500 CONTINUE 
2400 CONTINUE 

DO 2600 J=M, L+l 
DO 2700 JR2=1, N 
DO 2800 JC2=1, N 
SUMAN(JR2,JC2)=0.D0 
SUMA1N(JR2,JC2)=0.D0 
SUMA2N(JR2,JC2)=0.D0 
SUMBN(JR2,JC2)=0.D0 
SUMB 1N(JR2,JC2)=0.D0 
SUMB2N(JR2,JC2)=0.D0 
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2800 CONTINUE 
2700 CONTINUE 

DO 2900 KK=l, NQTOT/2 
DO 2950 JR3=1, N 
DO 3000 JC3=1, N 
SUMll=0.D0 
SUM12=0.D0 
DO 3050 Kl=l, N 
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SUM1 l=Y(LF(I,M,8),JR3,Kl,KK)*PAIQ(M,J,Kl,JC3,NQTOT/2+KK)+SUM11 
SUM12=Y(LF(I,M,6),JR3,Kl,KK)*PAIQ(M,J,Kl,JC3,KK)+SUM12 

3050 CONTINUE 
SUMA1N(JR3,JC3)=SUM11 
SUMB1N(JR3,JC3)=SUM12 

3000 CONTINUE 
2950 CONTINUE 

DO 3100 JR4=1, N 
DO 3150 JC4=1, N 
SUMA2N(JR4,JC4)=SUMA1N(JR4,JC4)* A(KK) 
SUMB2N(JR4,JC4)=SUMB1N(JR4,JC4)* A(KK) 

3150 CONTINUE 
3100 CONTINUE 

DO 3200 JR5=1, N 
DO 3250 JC5=1, N 
SUMAN(JR5,JC5)=SUMA2N(JR5,JC5)+SUMAN(JR5,JC5) 
SUMBN(JR5,JC5)=SUMB2N(JR5,JC5)+SUMBN(JR5,JC5) 

3250 CONTINUE 
3200 CONTINUE 
2900 CONTINUE 

CALL FACTOR(J-M,1,FACTTl) 
CALL FACTOR(J+M-2,1,FACTBl) 
DO 3300 JR6=1, N 
DO 3350 JC6=1, N 
SUMC1N(JR6,JC6)=(-l.D0)**(I+M)*FACTT1/FACTB1 *SUMAN(JR6,JC6) 
SUMD1N(JR6,JC6)=FACTT1/FACTB1 *SUMBN(JR6,JC6) 
Sl..ThffilN(JR6,JC6)=(-1.D0)**(J+I)*FACTTl/FACTBl*SUMBN(JR6,JC6) 
SUMF1N(JR6,JC6)=(-1.D0)**(M-J)*FACTT1/FACTB1 *SUMAN(JR6,JC6) 

3350 CONTINUE 
3300 CONTINUE 

DO 3400 JR7=1, N 
DO 3450 JC7=1, N 
SUM13=0.D0 
SUM14=0.D0 
SUM15=0.D0 
SUM16=0.D0 
DO 3500 K2=1, N 
SUM13=SUMC1N(JR7,K2)*B(J,K2,JC7)+SUM13 



SUMI 4=SUMD IN(JR 7 ,K2)*B(J,K2,JC7)+SUM14 
SUM15=SUMEIN(JR7,K2)*B(J,K2,JC7)+SUM15 
SUM16=SUMF1N(JR7,K2)*B(J,K2,JC7)+SUM16 

3500 CONTINUE 
SUMC2N(JR7,JC7)=SUM13 
SUMD2N(JR 7,JC7)=SUM14 
SUME2N(JR7,JC7)=SUM15 
SUMF2N(JR 7,JC7)=SUM16 

3450 CONTINUE 
3400 CONTINUE 

DO 3550 JR8=1, N 
DO 3600 JC8=1, N 
SUM17=0.D0 
SUM18=0.D0 
SUM19=0.D0 
SUM20=0.D0 
DO 3650 K3=1, N 
SUMI 7=SUMC2N(JR8,K3)*Y(LF(J,M,2),K3,JC8,JJ)+SUM17 
SUM18=SUMD2N(JR8,K3)*Y(LF(J,M,l),K3,JC8,JJ)+SUM18 
SUM19=SUME2N(JR8,K3)*Y(LF(J,M,4),K3,JC8,JJ)+SUM19 
SUM20=SUMF2N(JR8,K3)*Y(LF(J,M,3),K3,JC8,JJ)+SUM20 

3650 CONTINUE 
SUMC3N(JR8,JC8)=SUM17 
SUMD3N(JR8,JC8)=SUM18 
SUME3N(JR8,JC8)=SUM19 
SUMF3N(JR8,JC8)=SUM20 

3600 CONTINUE 
3550 CONTINUE 

DO 3700 JR9=1, N 
DO 3750 JC9=1, N 
SUMCN(JR9,JC9)=SUMC3N(JR9,JC9)+SUMCN(JR9,JC9) 
SUMDN(JR9,JC9)=SUMD3N(JR9,JC9)+SUMDN(JR9,JC9) 
SUMEN(JR9,JC9)=SUME3N(JR9,JC9)+SUMEN(JR9,JC9) 
SUMFN(JR9,JC9)=SUMF3N(JR9,JC9)+SUMFN(JR9,JC9) 

3750 CONTINUE 
3 700 CONTINUE 
2600 CONTINUE 

DO 3800 JRlO=l, N 
DO 3850 JCl0=l, N 
DER(LF(I,M, 1 ),JRl 0,JCl 0,JJ)=SUMCN(JRl 0,JCl 0) 
DER(LF(I,M,2),JRl0,JCl0,JJ)=(-1.D0/MU(JJ))* 

* Y(LF(I,M,2),JRl 0,JC 1 0,JJ)+SUMDN(JRl 0,JC 10) 
DER(LF(I,M,3),JR10,JC10,JJ)=SUMEN(JR10,JC10) 
DER(LF(I,M,4),JRl0,JCl0,JJ)=(-1.D0/MU(JJ))* 

* Y(LF(I,M,4),JR10,JC10,JJ)+SUMFN(JR10,JC10) 
3850 CONTINUE 
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3800 CONTINUE 
2300 CONTINUE 
2200 CONTINUE 
2100 CONTINUE 

RETURN 
END 

C--------SUBROUTINE TO CALCULATE PPIIBAR, PPlBAR, PPIIBARQ, 
C--------PPlBARQ, PPBBARQ, AND PP3BARQ. 

SUBROUTINE PPBARFUN(XN) 
IMPLICIT REAL *8 (A-H,O-Z) 
REAL*8MU 
DIMENSION SUMA(4,4), SUMA1(4,4), SUMA2(4,4), SUMB(4,4), 

* SUMB1(4,4), SUMB2(4,4), SUME(4,4), SUME1(4,4), SUME2(4,4), 
* SUME3(4,4), SUMF(4,4), SUMF1(4,4), SUMF2(4,4), SUMF3(4,4), 
* SUMK(4,4), SUMK1(4,4), SUMK2(4,4), SUMK3(4,4), SUML(4,4), 
* SUML1(4,4), SUML2(4,4), SUML3(4,4), SUMC(4,4), SUMC1(4,4), 
* SUMC2(4,4), SUMD(4,4), SUMD1(4,4), SUMD2(4,4), SUMG(4,4), 
* SUMG1(4,4), SUMG2(4,4), SUMG3(4,4), SUMH(4,4), SUMH1(4,4), 
* SUMH2(4,4), SUMH3(4,4), PPIIBARQN(6,6,13,4,4,328), 
* PP3BARQN(6,6,13,4,4,328), FLAG(4,4,328), FLAGR(4,4), XX:(328), 
* MINUM(13) 

COMMON/BLK1/MU(26),XQ( 656) 
COMMON/BLK3/PP1 T(6,6,4,4, 13),PP1B(6,6,4,4, 13) 
COMMON/BLK4/PP3T(6,6,4,4,13),PP3B(6,6,4,4,13) 
COMMON/BLK5/PP1 TQ(6,6,4,4,328),PP1BQ(6,6,4,4,328) 
COMMON/BLK6/PP3TQ(6,6,4,4,328),PP3BQ(6,6,4,4,328) 
COMMON/BLK7 IP AIQ( 6,6,4,4,656),B( 6,4,4),A(328) 
COMMON/BLK9/N,L,NMUS,NQTOT 
COMMON/BLKl l/PPIIBAR(6,6, 13,4,4, 13),PP1BAR(6,6, 13,4,4, 13) 
COMMON/BLK13/PPIIBARQ(6,6,13,4,4,328),PP1BARQ(6,6,13,4,4,328) 
COMMON/BLK14/PPI3BARQ(6,6,13,4,4,328),PP3BARQ(6,6,13,4,4,328) 
COMMON/BLKl 5/ERROR 
COMMON/BLKl 6/RELAX 
COMMON/BLK2 l/LIU 
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WRITE(9,*) '=================== 
WRITE(8,*) '=================== 
WRITE(9, 1) XN 
WRITE(8,l) XN 

1 FORMAT(IX,'OPTICAL THICKNESS=',Fl2.8) 
WRITE(9,*) 
WRITE(8,*) 
WRITE(9,*)'------------------------------------------------------' 
WRITE( 8, *) '------------------------------------------------------' 
IF(LIU .GT. 5 .AND. LIU .LE. 10) THEN 
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WRITE(5,*) '=================== 
WRITE(5,1) XN 
WRITE(5,*) 
WRITE(5,*)'------------------------------------------------------' 
ELSE IF(LIU .GT. 10 .AND. LIU .LE. 15) THEN 
WRITE(6,*) '==================== 
WRITE( 6, 1) XN 
WRITE(6,*) 
WRITE(6,*)'------------------------------------------------------' 
ELSE IF(LIU .GT. 15) THEN 
WRITE(7,*) '=================== 
WRITE(7,l) XN 
WRITE(7,*) 
WRITE(7,*)'------------------------------------------------------' 
ENDIF 

C--------DO LOOP OF SUCCESSIVE APPROXIMATIONS FOR QUADRATURE 
C--------POINTS BEGINS. 

DO 50 M=l, L+l 
WRITE(9,2) M-1 
WRITE(8,2) M-1 

2 FORMAT('M=',I2) 
DO 100 I=M, L+l 
WRITE(9,3) I-1 
WRITE(8,3) I-1 

3 FORMAT('I=',I2) 
DO 150 JJJ=l, NMUS/2 
WRITE(9,4) MU(JJJ) 
WRITE(8,4) MU(JJJ) 

4 FORMAT('MU=',1PE18.11) 
WRITE(9, *) 1------------------------------------------------------

1 

WRITE( 8, *) 1------------------------------------------------------
1 

IF(LIU .GT. 1) GO TO 310 
C--------INITIAL GUESSING FOR PPilBARQ AND PP3BARQ. 

DO 200 MM=l, NQTOT/2 
DO 250 JJRl=l, N 
DO 300 JJCl=l, N 
PPilBARQ(I,M,JJJ,JJRl,JJCl,MM)=MU(JJJ)*XQ(MM)/(XQ(MM)-MU(JJJ))* 

* (PPlBQ(I,M,JJRl,JJCl,MM)-DEXP(-XN/MU(JJJ))* 
* PPlTQ(I,M,JJRl,JJCl,MM)) 

PP3BARQ(I,M,JJJ,JJR1,JJC1,MM)=MU(JJJ)*XQ(MM)/(XQ(MM)+MU(JJJ))* 
* (PP3TQ(I,M,JJR1,JJC1,MM)-DEXP(-XN/MU(JJJ))* 
* PP3BQ(I,M,JJR1,JJC1,MM)) 

300 CONTINUE 
250 CONTINUE 
200 CONTINUE 
310 WRITE(8, *) 
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C--------PRINT OUT THE VALUES OF INITIAL GUESSING FOR PPilBARQ AND 
C--------PP3 BARQ. 
CC WRITE(8, *) 'THE VALUES OF INITIAL GUESSING ARE:' 
CC CALL OUTPUT2(I,M,JJJ) 
C--------ITERATIONS BEGIN FOR PPilBARQ AND PP3BARQ. 

IF(JJJ .EQ. 1) GO TO 9999 
E 1=10000000000 .DO 
EMAX=l 00000.D0 
ITER=0 
DO 350 JJCONV=l, 1200 
E2=El 
El=EMAX 
ITER=ITER + 1 
EMAX=0.D0 
DO 375 JJ=l, NQTOT/2 
DO 400 JRl=l, N 
DO 500 JCl=l, N 
SUME(JRl,JCl)=0.D0 
SUMEl(JRl,JCl)=0.D0 
SUME2(JR 1,JC 1 )=0 .DO 
SUME3(JR1,JC1)=0.D0 
SUMF(JRl,JCl)=0.D0 
SUMF 1 (JR 1,JC 1 )=0 .DO 
SUMF2(JR1,JC1)=0.D0 
SUMF3(JR1,JC1)=0.D0 
SUMK(JRl,JCl)=0.D0 
SUMKl(JRl,JCl)=0.D0 
SUMK2(JR1,JC 1 )=0.D0 
SUMK3(JR1,JC1)=0.D0 
SUML(JRl,JCl)=0.D0 
SUMLl(JRl,JCl)=0.D0 
SUML2(JR1,JC1)=0.D0 
SUML3(JR1,JC1)=0.D0 

500 CONTINUE 
400 CONTINUE 

DO 600 J=M, L+l 
DO 700 JR2=1, N 
DO 800 JC2=1, N 
SUMA(JR2,JC2)=0.D0 
SUMAl (JR2,JC2)=0.D0 
SUMA2(JR2,JC2)=0.D0 
SUMB(JR2,JC2)=0.D0 
SUMB 1 (JR2,JC2)=0.D0 
SUMB2(JR2,JC2)=0.D0 

800 CONTINUE 
700 CONTINUE 



DO 900 KK=l, NQTOT/2 
DO 950 JR3=1, N 
DO 1000 JC3=1, N 
SUMl=0.D0 
SUM2=0.D0 
DO 1050 Kl=l, N 
SUM1=PP3BARQ(I,M,JJJ,JR3,Kl,KK)*PAIQ(M,J,Kl,JC3,NQTOT/2+KK) 

* +SUMI 
SUM2=PPIIBARQ(I,M,JJJ,JR3,Kl,KK)*PAIQ(M,J,Kl,JC3,KK)+SUM2 

1050 CONTINUE 
SUMAI(JR3,JC3)=SUM1 
SUMBI(JR3,JC3)=SUM2 

1000 CONTINUE 
950 CONTINUE 

DO 1100 JR4=1, N 
DO 1150 JC4=1, N 
SUMA2(JR4,JC4)=SUMA1(JR4,JC4)* A(KK) 
SUMB2(JR4,JC4)=SUMB 1 (JR4,JC4)* A(KK) 

1150 CONTINUE 
1100 CONTINUE 

DO 1200 JR5=1, N 
DO 1250 JC5=1, N 
SUMA(JR5,JC5)=SUMA2(JR5,JC5)+SUMA(JR5,JC5) 
SUMB(JR5,JC5)=SUMB2(JR5,JC5)+SUMB(JR5,JC5) 

1250 CONTINUE 
1200 CONTINUE 
900 CONTINUE 

CALL FACTOR(J-M,1,FACTT) 
CALL FACTOR(J+M-2,1,FACTB) 
DO 1300 JR6=1, N 
DO 1350 JC6=1, N 
SUME1(JR6,JC6)=(-1.D0)**(I+M)*FACTT/FACTB*SUMA(JR6,JC6) 
SUMF1(JR6,JC6)=FACTT/FACTB*SUMB(JR6,JC6) 
SUMK1(JR6,JC6)=(-1.D0)**(M-J)*FACTT/FACTB*SUMA(JR6,JC6) 
SUML1(JR6,JC6)=(-1.D0)**(J+I)*FACTT/FACTB*SUMB(JR6,JC6) 

13 50 CONTINUE 
1300 CONTINUE 

DO 1400 JR7=1, N 
DO 1450 JC7=1, N 
SUM5=0.D0 
SUM6=0.D0 
SUMll=0.D0 
SUM12=0.D0 
DO 1500 K2=1, N 
SUM5=SUME1(JR7,K2)*B(J,K2,JC7)+SUM5 
SUM6=SUMFI(JR7,K2)*B(J,K2,JC7)+SUM6 
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SUMI l=SUMK1(JR7,K2)*B(J,K2,JC7)+SUM11 
SUM12=SUML1(JR7,K2)*B(J,K2,JC7)+SUM12 

1500 CONTINUE 
SUME2(JR 7,JC7)=SUM5 
SUMF2(JR 7,JC7)=SUM6 
SUMK2(JR7,JC7)=SUM11 
SUML2(JR7,JC7)=SUM12 

1450 CONTINUE 
1400 CONTINUE 

DO 1550 JR8=1, N 
DO 1600 JC8=1, N 
SUM13=0.D0 
SUM14=0.D0 
SUM19=0.D0 
SUM20=0.D0 
DO 1650 K3=1, N 
SUMI 3=SUME2(JR8,K3 )*PP 1BQ(J,M,K3,JC8,JJ)+SUM13 
SUM14=SUMF2(JR8,K3)*PP1 TQ(J,M,K3,JC8,JJ)+SUM14 
SUMI 9=SUMK2(JR8,K3 )*PP3 TQ(J,M,K3 ,JC8,JJ)+SUM19 
SUM20=SUML2(JR8,K3)*PP3BQ(J,M,K3,JC8,JJ)+SUM20 

1650 CONTINUE 
SUME3(JR8,JC8)=SUM13 
SUMF3(JR8,JC8)=SUM14 
SUMK3(JR8,JC8)=SUM19 
SUML3(JR8,JC8)=SUM20 

1600 CONTINUE 
1550 CONTINUE 

DO 1700 JR9=1, N 
DO 1750 JC9=1, N 
SUME(JR9,JC9)=SUME3(JR9,JC9)+SUME(JR9,JC9) 
SUMF(JR9,JC9)=SUMF3(JR9,JC9)+SUMF(JR9,JC9) 
SUMK(JR9,JC9)=SUMK3(JR9,JC9)+SUMK(JR9,JC9) 
SUML(JR9,JC9)=SUML3(JR9,JC9)+SUML(JR9,JC9) 

1750 CONTINUE 
1700 CONTINUE 
600 CONTINUE 

DO 1800 JRI0=l, N 
DO 1850 JCIO=l, N 
PPilBARQN(l,M,JJJ,JRl 0,JC 1 0,JJ)=MU(JJJ)*XQ(JJ)/(XQ(JJ)-MU(JJJ) )* 

* (PPlBQ(I,M,JRl 0,JC 1 0,JJ)-DEXP(-XN/MU(JJJ) )* 
* PP1TQ(l,M,JR10,JC10,JJ)+SUME(JR10,JC10)-SUMF(JR10,JC10)) 

PP3BARQN(I,M,JJJ,JR1 0,JC 1 0,JJ)=MU(JJJ)*XQ(JJ)/(XQ(JJ)+MU(JJJ) )* 
* (PP3TQ(I,M,JR1 O,JC 1 0,JJ)-DEXP(-XN/MU(JJJ) )* 
* PP3BQ(l,M,JR10,JC10,JJ)+SUMK(JR10,JC10)-SUML(JR10,JC10)) 

1850 CONTINUE 
1800 CONTINUE 
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DO 1900 JRll=l, N 
DO 1950 JCl l=l, N 
ERRl=DABS(PPilBARQN(I,M,JJJ,JRl l,JCl l,JJ)-

* PPilBARQ(I,M,JJJ,JRl l,JCl l,JJ)) 
IF(ERRI .GT. EMAX) EMAX=ERRl 
ERR4=DABS(PP3BARQN(l,M,JJJ,JR11,JC11,JJ)­

* PP3BARQ(I,M,JJJ,JR11,JC11,JJ)) 
IF(ERR4 .GT. EMAX) EMAX=ERR4 

1950 CONTINUE 
1900 CONTINUE 
375 CONTINUE 

WRITE(8, *) EMAX 
IF(EMAX .LT. ERROR) GO TO 3000 
IF(EMAX .GT. 3000)THEN 
WRITE(*,*) 'DIVERGE ! DO NOT WASTE TIME ! ! ' 
WRITE(9, *) 'DIVERGE ! DO NOT WASTE TIME ! !' 
WRITE(8, *) 'DIVERGE ! DO NOT WASTE TIME ! !' 
WRITE(8,5) EMAX 

5 FORMAT(lX,'MAXIUM ERROR=',1PE18.11) 
GO TO 3500 
ELSE 
ENDIF 
IF(El .GT. EMAX) GO TO 2500 
IF(E2 .LT. El) THEN 
WRITE(*,*) 'DOES NOT CONVERGE !' 
WRITE(9, *) 'DOES NOT CONVERGE !' 
WRITE(8, *) 'DOES NOT CONVERGE !' 
WRITE(8,5) EMAX 
GOTO3500 
ELSE 
ENDIF 

2500 DO 2000 JN= 1, NQTOT /2 
DO 2050 JR12=1, N 
DO 2100 JC12=1, N 

C PPl1BARQ(I,M,JJJ,JR12,JC12,JN)=PPl1BARQN(l,M,JJJ,JR12,JCI2,JN) 
C PP3BARQ(I,M,JJJ,JR12,JC 12,JN)=PP3BARQN(I,M,JJJ,JR12,JC 12,JN) 

PPIIBARQ(I,M,JJJ,JR12,JC12,JN)=RELAX* 
* PPI1BARQ(I,M,JJJ,JR12,JC 12,JN)+(l .D0-RELAX)* 
* PPI1BARQN(I,M,JJJ,JR12,JC12,JN) 

PP3BARQ(I,M,JJJ,JR12,JC 12,JN)=RELAX* 
* PP3BARQ(I,M,JJJ,JR12,JC 12,JN)+(l .D0-RELAX)* 
* PP3BARQN(l,M,JJJ,JR12,JC12,JN) 

2100 CONTINUE 
2050 CONTINUE 
2000 CONTINUE 

350 CONTINUE 
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WRITE(*,*) 'NEED MORE ITERATIONS!' 
WRITE(9, *)'************************' 
WRITE(9, *) 'NEED MORE ITERATIONS !' 
WRITE(9, *)'* * * * * * * * * * ** * * * * * * * * * * * *' 
WRITE(8, *)'************************' 
WRITE(8, *) 'NEED MORE ITERATIONS !' 
WRITE(8, *)'************************' 
GO TO 3500 

3000 WRITE(*,*) '----------GOOD----------' 
C--------PRINT OUT THE FINAL VALUES FOR PPIIBARQ AND PP3BARQ. 

3500 DO 3800 JF=l, NQTOT/2 
DO 3900 JR13=1, N 
DO 4000 JC13=1, N 
PPIIBARQ(I,M,JJJ,JR13,JCI3,JF)=PPIIBARQN(I,M,JJJ,JRI3,JCI3,JF) 
PP3BARQ(I,M,JJJ,JR13,JC 13,JF)=PP3BARQN(I,M,JJJ,JRI 3,JC 13,JF) 

4000 CONTINUE 
3900 CONTINUE 
3800 CONTINUE 

CC WRITE(8, *) 'THE VALUES AFTER ITERATIONS ARE:' 
WRITE(9,6) ITER 
WRITE(8,6) ITER 

6 FORMAT(lX,'NUMBER OF ITERATIONS=',I6) 
WRITE( 9, *) '------------------------------------------------------1 

WRITE(8,*)'------------------------------------------------------' 
CC CALL OUTPUT2(I,M,JJJ) 
CC WRITE( 8, *) '------------------------------------------------------' 
C--------CALCULATING THE VALUES OF PPIBARQ AND PPBBARQ BY 
C--------KNOWING PPilBARQ = D2*PPI3BARQ*D2 AND PP3BARQ = 
C--------D2*PPIBARQ*D2. 

9999 DO 4375 JJ=l, NQTOT/2 
DO 4400 JRl=l, N 
DO 4500 JCI=l, N 
PPlBARQ(I,M,JJJ,JRl,JCl,JJ)=PP3BARQ(I,M,JJJ,JR1,JC1,JJ) 
PPI3BARQ(I,M,JJJ,JR1,JC1,JJ)=PPIIBARQ(I,M,JJJ,JR1,JC1,JJ) 

4500 CONTINUE 
4400 CONTINUE 

PPIBARQ(I,M,JJJ,1,3,JJ)=(-1.D0)*PP3BARQ(I,M,JJJ,1,3,JJ) 
PPIBARQ(I,M,JJJ,l,4,JJ)=(-1.D0)*PP3BARQ(I,M,JJJ,1,4,JJ) 
PPIBARQ(I,M,JJJ,2,3,JJ)=(-1.D0)*PP3BARQ(I,M,JJJ,2,3,JJ) 
PPIBARQ(I,M,JJJ,2,4,JJ)=(-1.D0)*PP3BARQ(I,M,JJJ,2,4,JJ) 
PPIBARQ(I,M,JJJ,3,1,JJ)=(-1.D0)*PP3BARQ(I,M,JJJ,3,1,JJ) 
PPIBARQ(I,M,JJJ,3,2,JJ)=(-1.D0)*PP3BARQ(I,M,JJJ,3,2,JJ) 
PPIBARQ(I,M,JJJ,4,1,JJ)=(-1.D0)*PP3BARQ(I,M,JJJ,4,1,JJ) 
PP IBARQ(I,M,JJJ,4,2,JJ)=(-1.D0)*PP3BARQ(I,M,JJJ,4,2,JJ) 
PPBBARQ(I,M,JJJ,l,3,JJ)=(-1.D0)*PPIIBARQ(I,M,JJJ,1,3,JJ) 
PPBBARQ(I,M,JJJ, l,4,JJ)=(-1.D0)*PPIIBARQ(I,M,JJJ, 1,4,JJ) 
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PPI3BARQ(I,M,JJJ,2,3,JJ)=(-1.D0)*PPI1BARQ(I,M,JJJ,2,3,JJ) 
PPBBARQ(I,M,JJJ,2,4,JJ)=(-1.D0)*PPI 1 BARQ(I,M,JJJ,2,4,JJ) 
PPBBARQ(I,M,JJJ,3, 1,JJ)=(-1.D0)*PPilBARQ(I,M,JJJ,3, 1,JJ) 
PPBBARQ(I,M,JJJ,3,2,JJ)=(-1.D0)*PPilBARQ(I,M,JJJ,3,2,JJ) 
PPBBARQ(I,M,JJJ,4,l,JJ)=(-1.D0)*PPilBARQ(I,M,JJJ,4,1,JJ) 
PPBBARQ(I,M,JJJ,4,2,JJ)=(-1.D0)*PPilBARQ(I,M,JJJ,4,2,JJ) 

4375 CONTINUE 
C--------PRINT OUT THE VALUES FOR PPlBARQ AND PPBBARQ. 
CC WRITE(8, *) 'THE VALUES ARE:' 
CC CALL OUTPUT3(I,M,JJJ) 
CC WRITE(8, *)'------------------------------------------------------' 

150 CONTINUE 
100 CONTINUE 
50 CONTINUE 

C--------CALCULATING THE STARTING POINT MINUM(J) TO INTERPOLATE 
C--------THE VALUES OF PPilBAR BY USING LAGRANGE'S POLYNOMIAL 
C--------APPROXIATION METHOD WHEN MU(JJJ)=MU(JJ). 

IDEG=6 
DO 8800 J=l, NMUS/2 
IF(MU(J) .GT. XQ(NQTOT/2)) THEN 
MINUM(J)=NQTOT/2-IDEG 

CC WRITE(9, *) J, MINUM(J) 
GO TO 8800 
ELSE 
ENDIF 
DO 8900 I=l, NQTOT/2 
IF(MU(J) .GT. XQ(I)) GO TO 8900 
MINUM(J)=I-IDEG/2-1 
IF(MINUM(J) .LT. 1) MINUM(J)=l 
IF(MINUM(J) .GT. NQTOT/2-IDEG) MINUM(J)=NQTOT/2-IDEG 

CC WRITE(9, *) J, MINUM(J) 
GO TO 8800 

8900 CONTINUE 
8800 CONTINUE 
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C--------BEGIN TO CALCULATE THE PPilBAR AND PPlBAR FOR MU VALUES. 
DO 9000 M=l, L+l 
WRITE(8,2) M-1 
DO 9050 I=M, L+ 1 
WRITE(8,3) I-1 
DO 9100 JJJ=l, NMUS/2 
WRITE(8,4) MU(JJJ) 
WRITE( 8, *)' ------------------------------------------------------' 

C--------BEGIN TO CALCULATE THE PPilBAR FOR MU VALUES. 
DO 9150 JJ=l, NMUS/2 
IF(MU(JJJ) .EQ. MU(JJ)) GO TO 11000 
DO 9200 JRl=l, N 



DO 9250 JCI=l, N 
SUME(JRl,JCl)=0.D0 
SUMEl(JRl,JCl)=0.D0 
SUME2(JR1,JC1)=0.D0 
SUME3(JR1,JC1)=0.D0 
SUMF(JRI ,JC 1 )=0 .DO 
SUMFl(JRl,JCl)=0.D0 
SUMF2(JRl,JCl)=0.D0 
SUMF3(JR1,JC1)=0.D0 

,9250 CONTINUE 
9200 CONTINUE 

DO 9300 J=M, L+l 
DO 9350 JR2=1, N 
DO 9400 JC2=1, N 
SUMA( JR2,JC2)=0 .DO 
SUMA I (JR2,JC2)=0.D0 
SUMA2(JR2,JC2)=0 .DO 
SUMB(JR2,JC2)=0.D0 
SUMBI(JR2,JC2)=0.D0 
SUMB2(JR2,JC2)=0.DO 

9400 CONTINUE 
9350 CONTINUE 

DO 9450 KK=l, NQTOT/2 
DO 9500 JR3=1, N 
DO 9550 JC3=1, N 
SUMI=0.D0 
SUM2=0.D0 
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DO 9600 Kl=l, N 
SUMI=PP3BARQ(l,M,JJJ,JR3,Kl,KK)*PAIQ(M,J,Kl,JC3,NQTOT/2+KK)+ 

* SUMI 
SUM2=PPIIBARQ(I,M,JJJ,JR3,Kl,KK)*P AIQ(M,J,Kl,JC3,KK)+SUM2 

9600 CONTINUE 
SUMAI(JR3,JC3)=SUM1 
SUMB 1 (JR3 ,JC3 )=SUM2 

9550 CONTINUE 
9500 CONTINUE 

DO 9650 JR4=1, N 
DO 9700 JC4=1, N 
SUMA2(JR4,JC4)=SUMAI(JR4,JC4)* A(KK) 
SUMB2(JR4,JC4)=SUMB 1 (JR4,JC4)* A(KK) 

9700 CONTINUE 
9650 CONTINUE 

DO 9750 JR5=1, N 
DO 9800 JC5= 1, N 
SUMA(JR5,JC5)=SUMA2(JR5,JC5)+SUMA(JR5,JC5) 
SUMB(JR5,JC5)=SUMB2(JR5,JC5)+SUMB(JR5,JC5) 



9800 CONTINUE 
9750 CONTINUE 
9450 CONTINUE 

CALL FACTOR(J-M,l,FACTT) 
CALL F ACTOR(J+M-2, 1,F ACTB) 
DO 9850 JR6=1, N 
DO 9900 JC6=1, N 
SUME1(JR6,JC6)=(-1.D0)**(I+M)*FACTT/FACTB*SUMA(JR6,JC6) 
SUMF1(JR6,JC6)=FACTT/FACTB*SUMB(JR6,JC6) 

9900 CONTINUE 
9850 CONTINUE 

DO 9950 JR7=1, N 
DO 10000 JC7=1, N 
SUM5=0.D0 
SUM6=0.D0 
DO 10050 K2=1, N 
SUM5=SUME 1 (JR 7 ,K2)*B(J,K2,JC7)+SUM5 
SUM6=SUMFl(JR7,K2)*B(J,K2,JC7)+SUM6 

10050 CONTINUE 
SUME2(JR 7,JC7)=SUM5 
SUMF2(JR 7 ,JC7)=SUM6 

10000 CONTINUE 
9950 CONTINUE 

DO 10100 JR8=1, N 
DO 10150 JC8=1, N 
SUM13=0.D0 
SUM14=0.D0 
DO 10200 K3=1, N 
SUM13=SUME2(JR8,K3)*PP1B(J,M,K3,JC8,JJ)+SUM13 
SUMI 4=SUMF2(JR8,K3 )*PP 1T(J,M,K3,JC8,JJ)+SUM14 

10200 CONTINUE 
SUME3(JR8,JC8)=SUM13 
SUMF3(JR8,JC8)=SUM14 

10150 CONTINUE 
10100 CONTINUE 

DO 10250 JR9=1, N 
DO 10300 JC9=1, N 
SUME(JR9,JC9)=SUME3(JR9,JC9)+SUME(JR9,JC9) 
SUMF(JR9 ,JC9)=SUMF3 (JR9 ,JC9)+SUMF(JR9 ,JC9) 

10300 CONTINUE 
10250 CONTINUE 
9300 CONTINUE 

DO 10350 JRI0=l, N 
DO 10400 JCl0=l, N 
PPIIBAR(I,M,JJJ,JRl 0,JC 1 0,JJ)=MU(JJJ)*MU(JJ)/(MU(JJ)-MU(JJJ) )* 

* (PPIB(I,M,JRl0,JCI0,JJ)-DEXP(-XN/MU(JJJ))* 
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* PP1T(I,M,JR10,JC10,JJ)+SUME(JR10,JC10)-SUMF(JR10,JC10)) 
10400 CONTINUE 
10350 CONTINUE 

·GOTO 9150 · 
11000 DO 11050 JN=l, NQTOT/2 

DO 11100 JRll=l, N 
DO 11150 JCl 1=1, N 
FLAG(JRl l,JCl l,JN)=PPilBARQ(I,M,JJJ,JRl l,JCl l,JN) 

11150 CONTINUE 
11100 CONTINUE 
11050 CONTINUE 

DO 1120011=1, NQTOT/2 
XX(Il)=XQ(Il) 

11200 CONTINUE 
CALL LAGR(XX,FLAG,MU(JJ),IDEG,MINUM(JJ),N,NQTOT/2,FLAGR) 
DO 11250 JR12=1, N 
DO 11300 JC12=1, N 
PPI1BAR(I,M,JJJ,JR12,JC12,JJ)=FLAGR(JR12,JC12) 

11300 CONTINUE 
11250 CONTINUE 
9150 CONTINUE 

C--------PRINT OUT THE VALUES FOR THE PPIIBAR. 
WRITE(8, *) '************' 
WRITE(8,*) 'PPilBAR ARE:' 
WRITE(8, *) '************' 
WRITE(8,*)'------------------------------------------------------' 
CALL OUTPUT4(1,M,JJJ) 
WRITE( 8, *)' ------------------------------------------------------1 

C--------BEGIN TO CALCULATE THE PPlBAR FOR MU VALUES. 
DO 14375 JJ=l, NMUS/2 
DO 14400 JRl=l, N 
DO 14500 JCl=l, N 
SUMG(JRl,JCl)=0.D0 
SUMGl(JRl,JCl)=0.D0 
SUMG2(JR1,JC1)=0.D0 
SUMG3(JR1,JC1)=0.D0 
SUMH(JRl,JCl)=0.D0 
SUMHl(JRl,JCl)=0.D0 
SUMH2(JR1,JC1)=0.D0 
SUMH3(JR1,JC1)=0.D0 

14500 CONTINUE 
14400 CONTINUE 

DO 14600 J=M, L+l 
DO 14700 JR2=1, N 
DO 14800 JC2=1, N 
SUMC(JR2,JC2)=0.D0 
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SUMCI(JR2,JC2)=0.D0 
SUMC2(JR2,JC2)=0.D0 
SUMD(JR2,JC2)=0.D0 
SUMDI(JR2,JC2)=0.D0 
SUMD2(JR2,JC2)=0.D0 

14800 CONTINUE 
14700 CONTINUE 

DO 14900 KK=l, NQTOT/2 
DO 14950 JR3=1, N 
DO 15000 JC3=1, N 
SUM3=0.D0 
SUM4=0.D0 
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DO 15050 Kl=l, N 
SUM3=PP1BARQ(I,M,JJJ,JR3,Kl,KK)*PAIQ(M,J,Kl,JC3,KK)+SUM3 
SUM4=PPl3BARQ(l,M,JJJ,JR3 ,K 1,KK)*P AIQ(M,J,K l ,JC3 ,NQTOT /2+KK)+ 

* SUM4 
15050 CONTINUE 

SUMC 1 (JR3 ,JC3 )=SUM3 
SUMDl(JR3,JC3)=SUM4 

15000 CONTINUE 
14950 CONTINUE 

DO 15100 JR4=1, N 
DO 15150 JC4=1, N 
SUMC2(JR4,JC4)=SUMCl(JR4,JC4)* A(KK) 
SUMD2(JR4,JC4 )=SUMD 1 (JR4 ,JC4 )* A(KK) 

15150 CONTINUE 
15100 CONTINUE 

DO 15200 JR5=1, N 
DO 15250 JC5=1, N 
SUMC(JR5,JC5)=SUMC2(JR5,JC5)+SUMC(JR5,JC5) 
SUMD(JR5,JC5)=SUMD2(JR5,JC5)+SUMD(JR5,JC5) 

15250 CONTINUE 
15200 CONTINUE 
14900 CONTINUE 

CALL F ACTOR(J-M, 1,F ACTT) 
CALL FACTOR(J+M-2,1,FACTB) 
DO 15300 JR6=1, N 
DO 15350 JC6=1, N 
SUMG 1 (JR6,JC6)=F ACTT IF ACTB * SUMC(JR6,JC6) 
SUMH1(JR6,JC6)=(-1.D0)**(I+M)*FACTT/FACTB*SUMD(JR6,JC6) 

15350 CONTINUE 
15300 CONTINUE 

DO 15400 JR7=1, N 
DO 15450 JC7=1, N 
SUM7=0.D0 
SUM8=0.D0 



DO 15500 K2=1, N 
SUM7=SUMGI(JR7,K2)*B(J,K2,JC7)+SUM7 
SUM8=SUMHI(JR7,K2)*B(J,K2,JC7)+SUM8 

15500 CONTINUE 
SUMG2(JR 7,JC7)=SUM7 
SUMH2(JR 7,JC7)=SUM8 

15450 CONTINUE 
15400 CONTINUE 

DO 15550 JR8=1, N 
DO 15600 JC8=1, N 
SUM15=0.D0 
SUM16=0.D0 
DO 15650 K3=1, N 
SUMI 5=SUMG2(JR8,K3 )*PP 1 T(J,M,K3 ,JC8,JJ)+SUM 15 
SUMI 6=SUMH2(JR8,K3)*PP 1B(J,M,K3,JC8,JJ)+SUM16 

15650 CONTINUE 
SUMG3(JR8,JC8)=SUM15 
SUMH3(JR8,JC8)=SUM16 

15600 CONTINUE 
15550 CONTINUE 

DO 15700 JR9=1, N 
DO 15750 JC9=1, N 
SUMG(JR9,JC9)=SUMG3(JR9,JC9)+SUMG(JR9,JC9) 
SUMH(JR9,JC9)=SUMH3(JR9,JC9)+SUMH(JR9,JC9) 

15750 CONTINUE 
15700 CONTINUE 
14600 CONTINUE 

DO 15800 JRl0=l, N 
DO 15850 JCl0=l, N 
PP lBAR(I,M,JJJ,JRl 0,JC 1 0,JJ)=MU(JJJ)*MU(JJ)/(MU(JJ)+MU(JJJ) )* 

* (PPI T(I,M,JRl0,JCl0,JJ)-DEXP(-XN/MU(JJJ))* 
* PP1B(I,M,JR10,JC10,JJ)+SUMG(JRI0,JC10)-SUMH(JR10,JC10)) 

15850 CONTINUE 
15800 CONTINUE 
14375 CONTINUE 

C--------PRINT OUT THE VALVES FOR THE PPlBAR. 
WRITE(8, *) '************' 
WRITE(8, *) 'PPIBAR ARE:' 
WRITE(8, *) '************' 
WRITE( 8, *) '------------------------------------------------------' 
CALL OUTPUT5(I,M,JJJ) 

. WRITE( 8, *)' ------------------------------------------------------' 
9100 CONTINUE 
9050 CONTINUE 
9000 CONTINUE 

RETURN 
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END 

C--------SUBROUNTINE TO INTERPOLATE THE VALVES OF PPilBAR BY 
C--------USING LAGRANGE'S POLYNOMIAL APPROXIATION METHOD WHEN 
C--------MU(JJJ)=MU(JJ) IN SUBROUNTINE PPBARFUN. (OR) INTERPOLATE 
C--------THE VALVES FOR RI AND TI AT MU=l.0 BY USING LAGRANGE'S 
C--------POL YNOMIAL APPROXIATION METHOD WHEN L=0 AND 1. 

SUBROUTINE LAGR(X, Y,XARG,IDEG,MIN,N,M,FLAGR) 
IMPLICIT REAL*8 (A-H,O-Z) 
DIMENSION X(M), Y(N,N,M), FLAGR(N,N), YEST(N,N), TERM(N,N) 
FACTOR=l.D0 
MAX=MIN+IDEG 
DO 2 J=MIN, MAX 
IF(XARG .NE. X(J)) GO TO 2 
DO 100 JRI=l, N 
DO 200 JCl=l, N 
FLAGR(JRl,JCl)=Y(JRl,JCl,J) 

200 CONTINUE 
100 CONTINUE 

RETURN 
2 FACTOR=FACTOR*(XARG-X(J)) 

DO 300 JR2=1, N 
DO 400 JC2=1, N 
YEST(JR2,JC2)=0.D0 

400 CONTINUE 
300 CONTINUE 

DO 5 I=MIN, MAX 
DO 500 JR3=1, N 
DO 600 JC3=1, N 
TERM(JR3,JC3)=Y(JR3,JC3,I)*FACTOR/(XARG-X(I)) 

600 CONTINUE 
500 CONTINUE 

DO 4 J=MIN, MAX 
IF(I .NE. J) THEN 
DO 700 JR4=1, N 
DO 800 JC4=1, N 
TERM(JR4,JC4)=TERM(JR4,JC4)/(X(I)-X(J)) 

800 CONTINUE 
700 CONTINUE 

ELSE 
ENDIF 

4 CONTINUE 
DO 900 JR5=1, N 
DO 1000 JC5=1, N 
YEST(JR5,JC5)=YEST(JR5,JC5)+TERM(JR5,JC5) 



1000 CONTINUE 
900 CONTINUE 

5 CONTINUE 
DO 1100 JR6=1, N 
DO 1200 JC6=1, N 
FLAGR(JR6,JC6)=YEST(JR6,JC6) 

1200 CONTINUE 
1100 CONTINUE 

RETURN 
END 
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C--------SUBROUTINE TO CALCULATE THE REFLECTED AND TRANSMITTED 
C--------INTENSITIES (RI AND TI). 

SUBROUTINE INTEN 
IMPLICIT REAL *8 (A-H,O-Z) . 
REAL*8 MU 
DIMENSION D2(4,4), SUMA(4,4), SUMA1(4,4), SUMB(4,4), SUMC(4,4), 

* SUMD(4,4), SUME(4,4), SUMF(4,4), SUMAN(4,4), SUMA1N(4,4), 
* SUMBN(4,4), SUMCN(4,4), SUMDN(4,4), SUMEN(4,4), SUMFN(4,4) 

COMMON/BLK1/MU(26),XQ( 656) 
COMMON/BLK7 /P AIQ( 6,6,4,4,656),B( 6,4,4),A(328) 
COMMON/BLK8/W,P AIG 
COMMON/BLK9/N,L,NMUS,NQTOT 
COMMON/BLK11/PPI1BAR(6,6, 13,4,4, 13),PP1BAR(6,6, 13,4,4, 13) 
COMMON/BLKI 7/P Al(6,6,4,4,26) 
COMMON/BLKl 8/PHI 
COMMON/BLKI 9/RI(13, 13,4,4),TI(l 3, 13,4,4) 

C--------SET UP THE CONSTANT MATRIX D2. 
DO 100 JRA=l, N 
DO 200 JCA=l, N 
D2(JRA,JCA)=0 .DO 

200 CONTINUE 
100 CONTINUE 

D2(1,1)=1.D0 
D2(2,2)=1.D0 
D2(3 ,3 )=-I.DO 
D2( 4,4)=-1.D0 

C--------BEGIN TO CALCULATE THE RI FOR MU VALUES. 
CC WRITE(8, *)'**************************' 
CC WRITE(8, *)'REFLECTED INTENSITIES ARE:' 
CC WRITE(8, *)'* * * * * * * * * * * * * * * * * * * * * * * * * *' 

DO 300 JJJ=l, NMUS/2 
CC WRITE(8, 1) MU(JJJ) 
CC 1 FORMAT('MU=',1PE18.11) 
cc WRITE( 8, * )'-------------------------------. ----------------------' 



DO 400 JJ=l, NMUS/2 
CC WRITE(8,2) MU(JJ) 
CC 2 FORMAT('MUO=',1PE18.11) 
CC WRITE(8, *)'------------------------- ----------------------------' 

DO 500 JRB=l, N 
DO 550 JCB=l, N 
SUMF(JRB,JCB)=0.D0 

550 CONTINUE 
500 CONTINUE 

DO 600 M=l, L+l 
DELTA=l.D0 
IF(M .EQ. 1) DELTA=0.5D0 
DO 700 JRC=l, N 
DO 800 JCC=l, N 
SUMA(JRC,JCC)=0.D0 
SUMAl (JRC,JCC)=0.D0 
SUMB(JRC,JCC)=0.D0 
SUMC(JRC,JCC)=0.D0 
SUMD(JRC,JCC)=0.D0 
SUME(JRC,JCC)=0.D0 

800 CONTINUE 
700 CONTINUE 

DO 900 I=M, L+l 
DO 1000 JRI=l, N 
DO 1100 JCI=l, N 
SUMI=0.D0 
DO 1200 Kl=l, N 
SUMl=PAI(M,I,JRl,Kl,NMUS/2+JJJ)*B(I,Kl,JCl)+SUM1 

1200 CONTINUE 
SUMAl (JRl ,JC 1 )=SUMI 

1100 CONTINUE 
1000 CONTINUE 

DO 1300 JR2=1, N 
DO 1400 JC2=1, N 
SUM2=0.D0 
DO 1500 K2=1, N 
SUM2=SUMAI(JR2,K2)*PPIBAR(I,M,JJJ,K2,JC2,JJ)+SUM2 

1500 CONTINUE 
SUMA(JR2,JC2)=SUM2 

1400 CONTINUE 
1300 CONTINUE 

DO 1600 JR3=1, N 
DO 1700 JC3=1, N 
SUM3=0.D0 
DO 1800 K3=1, N 
SUM3=SUMA(JR3,K3)*D2(K3,JC3)+SUM3 
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1800 CONTINUE 
SUMC(JR3 ,JC3 )=SUM3 

1700 CONTINUE 
1600 CONTINUE 

DO 1900 JR4=1, N 
D02000 JC4=1, N 
SUM4=0.D0 
DO 2100 K4=1, N 
SUM4=D2(JR4,K4)*SUMA(K4,JC4)+SUM4 

2100 CONTINUE 
SUMD(JR4,JC4)=SUM4 

2000 CONTINUE 
1900 CONTINUE 

DO 2200 JR5= 1, N 
DO 2300 JC5=1, N 
SUM5=0.D0 
DO 2400 K5=1, N 
SUM5=SUMD(JR5,K5)*D2(K5,JC5)+SUM5 

2400 CONTINUE 
SUMB(JR5,JC5)=SUM5 

2300 CONTINUE 
2200 CONTINUE 

CALL FACTOR(I-M,1,FACTT) 
CALL FACTOR(I+M-2,1,FACTB) 
DO 2500 JR6=1, N 
DO 2600 JC6=1, N 
SUME(JR6,JC6)=W/4.D0/PAIG/PAIG*FACTT/FACTB*(DCOS(M*PHI)* 

* (SUMA(JR6,JC6)+SUMB(JR6,JC6))+DSIN(M*PHl)*(SUMC(JR6,JC6) 
* -SUMD(JR6,JC6)))/MU(JJJ)+SUME(JR6,JC6) 

2600 CONTINUE 
2500 CONTINUE 

900 CONTINUE 
DO 2700 JR7=1, N 
DO 2800 JC7=1, N 
SUMF(JR 7,JC7)=DELT A* SUME(JR 7,JC7)+SUMF(JR 7,JC7) 

2800 CONTINUE 
2700 CONTINUE 

600 CONTINUE 
DO 2900 JR8= 1, N 
DO 3000 JC8=1, N 
RI(JJJ,JJ,JR8,JC8)=SUMF(JR8,JC8) 

3000 CONTINUE 
2900 CONTINUE 

CC DO 3100 JR9=1, N 
CC WRITE(8,3) (RI(JJJ,JJ,JR9,JC9),JC9=1,N) 
CC 3 FORMAT(4(1PE18.11,2X)) 
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C 3100 CONTINUE 
CC WRITE(8, *)'--------------------------------------

400 · CONTINUE 
CC WRITE(8, *)'------------------------------------------------' 

300 CONTINUE 
C--------BEGIN TO CALCULATE THE TI FOR MU VALUES. 
CC WRITE(8, *)'****************************' 
CC WRITE(8, *)'TRANSMITTED INTENSITIES ARE:' 
CC WRITE(8, *)'****************************' 

cc 
cc 

cc 
cc 

DO 3300 JJJ=l, NMUS/2 
WRITE(8,l) MU(JJJ) 
WRITE(8, *)'-------------------------------------' 
DO 3400 JJ=l, NMUS/2 
WRITE(8,2) MU(JJ) 
WRITE(8, *)'------------------ -----------------' 
DO 3500 JRB=l, N 
DO 3550 JCB=l, N 
SUMFN(JRB,JCB)=0.D0 

3550 CONTINUE 
3500 CONTINUE 

DO 3600 M=l, L+l 
DELTA=l.D0 
IF(M .EQ. 1) DELTA=0.5D0 
DO 3700 JRC=l, N 
DO 3800 JCC=l, N 
SUMAN(JRC,JCC)=0.D0 
SUMAIN(JRC,JCC)=0.D0 
SUMBN(JRC,JCC)=0.D0 
SUMCN(JRC,JCC)=0.D0 
SUMDN(JRC,JCC)=0.D0 
SUMEN(JRC,JCC)=0.D0 

3800 CONTINUE 
3700 CONTINUE 

DO 3900 I=M, L+ 1 
DO 4000 JRl=l, N 
DO 4100 JCl=l, N 
SUMl=0.D0 
DO 4200 Kl =I, N 
SUMI =P AI(M,I,JRl ,K 1,JJJ)*B(I,K I ,JC 1 )+SUMI 

4200 CONTINUE 
SUMAlN(JRl,JCl )=SUMI 

4100 CONTINUE 
4000 CONTINUE 

DO 4300 JR2=1, N 
DO 4400 JC2= 1, N 
SUM2=0.D0 
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DO 4500 K2=1, N 
SUM2=SUMA1N(JR2,K2)*PPIIBAR(I,M,JJJ,K2,JC2,JJ)+SUM2 

4500 CONTINUE 
SUMAN(JR2,JC2)=SUM2 

4400 CONTINUE 
4300 CONTINUE 

DO 4600 JR3=1, N 
DO 4700 JC3=1, N 
SUM3=0.D0 
DO 4800 K3=1, N 
SUM3=SUMAN(JR3 ,K3 )*D2(K3,JC3 )+SUM3 

4800 CONTINUE 
SUMCN(JR3,JC3)=SUM3 

4 700 CONTINUE 
4600 CONTINUE 

DO 4900 JR4=1, N 
DO 5000 JC4=1, N 
SUM4=0.D0 
DO 5100 K4=1, N 
SUM4=D2(JR4,K4)*SUMAN(K4,JC4)+SUM4 

5100 CONTINUE 
SUMDN(JR4,JC4)=SUM4 

5000 CONTINUE 
4900 CONTINUE 

DO 5200 JR5=1, N 
DO 5300 JC5=1, N 
SUM5=0.D0 
DO 5400 K5=1, N 
SUM5=SUMDN(JR5,K5)*D2(K5,JC5)+SUM5 

5400 CONTINUE 
SUMBN(JR5,JC5)=SUM5 

5300 CONTINUE 
5200 CONTINUE 

CALL FACTOR(I-M,1,FACTT) 
CALL FACTOR(l+M-2,1,FACTB) 
DO 5500 JR6=1, N 
DO 5600 JC6=1, N 
SUMEN(JR6,JC6)=W/4.D0/PAIG/PAIG*FACTT/FACTB*(DCOS(M*PHI)* 

* (SUMAN(JR6,JC6)+SUMBN(JR6,JC6))+DSIN(M*PHI)* 
* (SUMCN(JR6,JC6)-SUMDN(JR6,JC6)))/MU(JJJ)+SUMEN(JR6,JC6) 

5600 CONTINUE 
5500 CONTINUE 
3900 CONTINUE 

DO 5700 JR7=1, N 
DO 5800 JC7=1, N 
SUMFN(JR7,JC7)=DELTA*SUMEN(JR7,JC7)+SUMFN(JR7,JC7) 
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5800 CONTINUE 
5700 CONTINUE 
3600 CONTINUE 

DO 5900 JR8=1, N 
DO 6000 JC8=1, N 
TI(JJJ,JJ,JR8,JC8)=SUMFN(JR8,JC8) 

6000 CONTINUE 
5900 CONTINUE 

CC DO 6100 JR9=1, N 
CC WRITE(8,3) (TI(JJJ,JJ,JR9,JC9),JC9=1,N) 
C 6100 CONTINUE 
CC WRITE(8,*)'------------------------------------------------------' 

3400 CONTINUE 
CC WRITE( 8, *) 1------------------------------------------------------' 

3300 CONTINUE 
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CC WRITE(8,*)''=================== 
RETURN 
END 

C--------SUBROUTINE TO CALCULATE THE NORMALIZED REFLECTED AND 
C--------TRANSMITTED INTENSITIES (RIF AND TIF). 

SUBROUTINE INTENF 
IMPLICIT REAL *8 (A-H,O-Z) 
REAL*8MU 
DIMENSION RIF1(13,13,4), RIF2(13,13,4), RIF3(13,13,4), 

* RIF4(13, 13,4), TIF1(13, 13,4), TIF2(13, 13,4), TIF3(13, 13,4), 
* TIF4(13, 13,4) 

COMMON/BLK1/MU(26),XQ( 656) 
COMMON/BLK9/N,L,NMUS,NQTOT 
COMMON/BLKl 9/RI(13, 13,4,4),TI(13, 13,4,4) 
COMMON/BLK20/F1(4),F2(4),F3(4),F4(4) 
COMMON/BLK21/LIU 
IF(LIU .LE. 5) THEN 
WRITE(9,*)'=================== 
ELSE IF(LIU .GT. 5 .AND. LIU .LE. 10) THEN 
WRITE(5,*)'===================== 
ELSE IF(LIU .GT. 10 .AND. LIU .LE. 15) THEN 
WRITE(6,*)'=================== 
ELSE IF(LIU .GT. 15) THEN 
WRITE(7,*)'=================== 
ENDIF 
DO 100 JJJ=l, NMUS/2 
IF(LIU .LE. 5) THEN 
WRITE(9,1) MU(JJJ) 

1 FORMAT('MU=',1PE18.11) 
WRITE( 9, *) 1------------------------------------------------------' 



ELSE IF(LIU .GT. 5 .AND. LIU .LE. 10) THEN 
WRITE( 5, 1) MU(JJJ) 
WRITE( 5, * )' ------------------------------------------------------1 

ELSE IF(LIU .GT. 10 .AND. LIU .LE. 15) THEN 
WRITE(6,1) MU(JJJ) 
WRITE( 6, *)'-----------------------------------------' 
ELSE IF(LIU .GT. 15) THEN 
WRITE(?, 1) MU(JJJ) 
WRITE(?, *)1-------------­

ENDIF 
DO 200 JJ=l, NMUS/2 
IF(LIU .LE. 5) THEN 
WRITE(9,2) MU(JJ) 

2 FORMAT('MUO=',1PE18.11) 
WRITE(9, *)'---------------------------------------
WRITE(9, *)'*************************************' 
WRITE(9, *)'NORMALIZED REFLECTED INTENSITIES ARE:' 
WRITE(9, *)'*************************************' 
WRITE(9,*) 
ELSE IF(LIU .GT. 5 .AND. LIU .LE. 10) THEN 
WRITE(5,2) MU(JJ) 
WRITE(5, *)'---------------------------­
WRITE(5, *)'*************************************' 
WRITE(5, *)'NORMALIZED REFLECTED INTENSITIES ARE:' 
WRITE(5, *)'*************************************' 
WRITE(5,*) 
ELSE IF(LIU .GT. 10 .AND. LIU .LE. 15) THEN 
WRITE(6,2) MU(JJ) 
WRITE(6, *)'----------- -----------------
WRITE( 6, *)'*************************************' 
WRITE(6, *)'NORMALIZED REFLECTED INTENSITIES ARE:' 
WRITE(6, *)'*************************************' 
WRITE(6,*) 
ELSE IF(LIU .GT. 15) THEN 
WRITE(7,2) MU(JJ) 
WRITE(?,*)'------------------------------------------ ' 
WRITE(?,*)'*************************************' 
WRITE(7,*)'NORMALIZED REFLECTED INTENSITIES ARE:' 
WRITE(?,*)'*************************************' 
WRITE(?,*) 
ENDIF 

C--------BEGIN TO CALCULATE THE RIF FOR MU VALUES. 
DO 1000 JRl=l, N 
SUMl=0.D0 
DO 1100 Kl=l, N 
SUMl=RI(JJJ,JJ,JRl,Kl)*Fl(Kl)+SUMl 
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1100 CONTINUE 
RIFI(JJJ,JJ,JRI )=SUMI 

1000 CONTINUE 
DO 2000 JR2= 1, N 
SUM2=0.D0 
DO 2100 K2=1, N 
· SUM2=RI(JJJ,JJ,JR2,K2)*F2(K2)+SUM2 

2100 CONTINUE 
RIF2(JJJ,JJ,JR2)=SUM2 

2000 CONTINUE 
DO 3000 JR3=1, N 
SUM3=0.D0 
DO 3100 K3=1, N 
SUM3=RI(JJJ,JJ,JR3,K3)*F3(K3)+SUM3 

3100 CONTINUE 
RIF3(JJJ,JJ,JR3 )=SUM3 

3000 CONTINUE 
DO 4000 JR4=1, N 
SUM4=0.D0 
DO 4100 K4=1, N 
SUM4=RI(JJJ,JJ,JR4,K4)*F4(K4)+SUM4 

4100 CONTINUE 
RIF4(JJJ,JJ,JR4)=SUM4 

4000 CONTINUE 
IF(LIU .LE. 5) THEN 
WRITE(9,*)' RIFl RIF2 RIF3 

* RIF4' 
WRITE(9,*) 
DO 4200 14=1, N 
WRITE(9,3) RIFl(JJJ,JJ,14), RIF2(JJJ,JJ,I4), RIF3(JJJ,JJ,I4), 

* RIF4(JJJ,JJ,I4) 
4200 CONTINUE 

3 FORMAT(4(1PE18.11,2X)) 
WRITE(9,*) 
WRITE(9, *)'***************************************' 
WRITE(9, *)'NORMALIZED TRANSMITTED INTENSITIES ARE:' 
WRITE(9, *)'***************************************' 
WRITE(9,*) 
ELSE IF(LIU .GT. 5 .AND. LIU .LE. 10) THEN 
WRITE(5,*)' RIFl RIF2 RIF3 

* RIF4' 
WRITE(5,*) 
DO 420114=1, N 
WRITE(5,3) RIFI(JJJ,JJ,14), RIF2(JJJ,JJ,I4), RIF3(JJJ,JJ,I4), 

* RIF4(JJJ,JJ,I4) 
4201 CONTINUE 
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WRITE(5,*) 
WRITE(5, *)'***************************************' 
WRITE(5, *)'NORMALIZED TRANSMITTED INTENSITIES ARE:' 
WRITE( 5, *)'* * ** *** *** **** * ******** ****** ****** * * * *' 
WRITE(5,*) 
ELSE IF(LIU .GT. 10 .AND. LIU .LE. 15) THEN 
WRITE(6,*)' RIFl RIF2 RIF3 

* RIF4' 
WRITE(6,*) 
DO 420214=1, N 
WRITE(6,3) RIFl(JJJ,JJ,14), RIF2(JJJ,JJ,I4), RIF3(JJJ,JJ,I4), 

* RIF4(JJJ,JJ,I4) 
4202 CONTINUE 

WRITE(6,*) 
WRITE(6, *)'***************************************' 
WRITE( 6, *)'NORMALIZED TRANSMITTED INTENSITIES ARE:' 
WRITE( 6, *)'* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *' 
WRITE(6,*) 
ELSE IF(LIU . GT. 15) THEN 
WRITE(?,*)' RIFl RIF2 RIF3 

* RIF4' 
WRITE(?,*) 
DO 4203 14=1, N 
WRITE(7,3) RIFl(JJJ,JJ,14), RIF2(JJJ,JJ,I4), RIF3(JJJ,JJ,I4), 

* RIF4(JJJ,JJ,I4) 
4203 CONTINUE 

WRITE(?,*) 
WRITE(?,*)'***************************************' 
WRITE(?, *)'NORMALIZED TRANSMITTED INTENSITIES ARE:' 
WRITE(?,*)'***************************************' 
WRITE(?,*) 
ENDIF 

C--------BEGIN TO CALCULATE THE TIF FOR MU VALUES. 
DO 5000 JR5=1, N 
SUM5=0.D0 
DO 5100 K5=1, N 
SUM5=TI(JJJ,JJ,JR5,K5)*Fl(K5)+SUM5 

5100 CONTINUE 
TIFl(JJJ,JJ,JR5)=SUM5 

5000 CONTINUE 
DO 6000 JR6= 1, N 
SUM6=0.D0 
DO 6100 K6=1, N 
SUM6=TI(JJJ,JJ,JR6,K6)*F2(K6)+SUM6 

6100 CONTINUE 
TIF2(JJJ,JJ,JR6)=SUM6 
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6000 CONTINUE 
DO 7000 JR7=1, N 
SUM7=0.D0 
DO 7100 K7=1, N 
SUM7=TI(JJJ,JJ,JR 7,K7)*F3 (K7)+SUM7 

7100 CONTINUE 
TIF3(JJJ,JJ,JR 7)=SUM7 

7000 CONTINUE 
DO 8000 JR8= 1, N 
SUM8=0.D0 
DO 8100 K8=1, N 
SUM8=Tl(JJJ,JJ,JR8,K8)*F4(K8)+SUM8 

8100 CONTINUE 
TIF4(JJJ,JJ,JR8)=SUM8 

8000 CONTINUE 
IF(LIU .LE. 5) THEN 
WRITE(9, *) ' TIFl TIF2 TIF3 

* TIF4' 
WRITE(9,*) 
DO 820018=1, N 
WRITE(9,3) TIFl(JJJ,JJ,18), TIF2(JJJ,JJ,18), TIF3(JJJ,JJ,18), 

* TIF4(JJJ,JJ,18) 
8200 CONTINUE 

WRITE(9,*) 
WRITE(9,*)'------------------------------------------------------' 
ELSE IF(LIU .GT. 5 .AND. LIU .LE. 10) THEN 
WRITE(5,*)' TIFl TIF2 TIF3 

* TIF4' 
WRITE(5,*) 
DO 820118=1, N 
WRITE(5,3) TIFl(JJJ,JJ,18), TIF2(JJJ,JJ,l8), TIF3(JJJ,JJ,l8), 

* TIF4(JJJ,JJ,18) 
8201 CONTINUE 

WRITE(5,*) 
WRITE(5,*)'------------------------------------------------------' 
ELSE IF(LIU .GT. 10 .AND. LIU .LE. 15) THEN 
WRITE(6, *)' TIFl TIF2 TIF3 

* TIF4' 
WRITE(6,*) 
DO 820218=1, N 
WRITE( 6,3) TIFl (JJJ,JJ,18), TIF2(JJJ,JJ,18), TIF3(JJJ,JJ,18), 

* TIF4(JJJ,JJ,18) 
8202 CONTINUE 

WRITE(6,'*) 
WRITE(6,*)'------------------------------------------------------' 
ELSE IF(LIU . GT. 15) THEN 
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WRITE(7, *)' TIFl TIF2 TIF3 
* TIF4' 

WRITE(7,*) 
DO 8203 18=1, N 
WRITE(7,3) TIFl(JJJ,JJ,18), TIF2(JJJ,JJ,l8), TIF3(JJJ,JJ,18), 

* TIF4(JJJ,JJ,18) 
8203 CONTINUE 

WRITE(7,*) 
WRITE(7,*)'------------------------------------------------------' 
ENDIF 

200 CONTINUE 
IF(LIU .LE. 5) THEN 
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WRITE(9,*)'=================== 
ELSE IF(LIU .GT. 5 .AND. LIU .LE. 10) THEN 
WRITE(5,*)'=================== 
ELSE IF(LIU .GT. 10 .AND. LIU .LE. 15) THEN 
WRITE(6,*)'=================== 
ELSE IF(LIU .GT. 15) THEN 
WRITE(7,*)'==================== 
ENDIF 

100 CONTINUE 
RETURN 
END 

C--------SUBROUTINE DXA FOR NUMERICAL INTEGRATION. 
SUBROUTINE DXA(N,AA,BB,X,A) 



APPENDIX D 

SAMPLE OF OUTPUT DATA FOR THE EXACT 

POLARIZATION COMPUTER PROGRAM 

An example of the output data from the exact polarization computer program is as 

follows, where HS TEP is optical thickness step size; NQs are number of Gauss-Legendre 

quadrature; and Fl, F2, F3, and F4 appended to TI (transmitted intensity) and RI 

(reflected intensity) are for the boundary conditions discussed on p. 128 of this document. 

NUMBER OF LEGENDRE POLYNOMIALS (L)= 1 
SCATTERING ALBEDO (W)= .500000000000 
AZIMUTHAL ANGLE (Pill)= .000000000000 
ERROR= .000001000000 
NQl=lO NQ2= 6 NQ3= 6 NQ4= 6 NQ5= 6 NQ6= 6 NQ7= 6 NQ8= 6 
NQ9= 6 NQIO=l0 NQll= 6 NQ12= 0 NQ13= 0 NQ14= 0 NQ15= 0 NQ16= 0 
NQ17=0 NQ18=0 NQ19=0 NQ20=0 
INTERVALS ARE: 
0. 000000000000000E +000 
3.000000000000000E~00l 
6.000000000000000E-001 
9.000000000000000E-001 
1.000000000000000 
1.000000000000000 
1.000000000000000 
IPRINT HS TEP 

1.OOOOOOOOOOOOOOOE-001 
4.000000000000000E-001 
7.OOOOOOOOOOOOOOOE-001 
9.600000000000000E-001 
1.000000000000000 
1. 000000000000000 
1.000000000000000 

200 .000500000000 
200 .000500000000 
200 .000500000000 
200 .000500000000 
200 .000500000000 
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2. 000000000000000E-00 I 
5.000000000000000E-001 
8.000000000000000E-001 
1. 000000000000000 
1.000000000000000 
1.000000000000000 
1.000000000000000 
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200 . 000500000000 
200 .000500000000 
200 . 000500000000 
200 .000500000000 
200 . 000500000000 

2000 . 000500000000 
2000 . 000500000000 
2000 . 000500000000 
2000 . 000500000000 
2000 . 000500000000 
2000 . 000500000000 
2000 .000500000000 
2000 . 000500000000 
2000 . 000500000000 
2000 . 000500000000 

RELAXATION= .000000000000 

Fl F2 F3 F4 
--------
1.00 1.00 1.00 1.00 
0.00 1.00 0.00 0.00 
0.00 0.00 1.00 0.00 
0.00 0.00 0.00 1.00 

B(0)= 
1. 00000000000E+00 0. 00000000000E +00 0. 00000000000E +00 0. 00000000000E +00 
0. 00000000000E+00 0. 00000000000E +00 0. 00000000000E+00 0. 00000000000E +00 
0. 00000000000E +00 0. 00000000000E +00 0. 00000000000E+00 0. 00000000000E+00 
0. 00000000000E +00 0. 00000000000E +00 0. 00000000000E+00 6.3992 l 540800E-02 
B(l)= 
1.40034346500E-0 1 0. 00000000000E+00 0. 00000000000E+00 0. 00000000000E+00 
0. 00000000000E +00 0. 00000000000E+00 0. 00000000000E+00 0. 00000000000E +00 
0. 00000000000E +00 0. 00000000000E +00 0. 00000000000E+00 0. 00000000000E +00 
0. 00000000000E +00 0. 00000000000E+00 0. 00000000000E+00 1. 50000000000E+00 

NUMBER OF QUADRATURE POINTS (N)= 74 
QUADRATURE POINTS ARE: 
1.30467357414E-03 6. 74683166555E-03 1.60295215850E-02 2.83302302935E-02 
4.25562830509E-02 5.74437169491E-02 7.16697697065E-02 8.39704784150E-02 
9.32531683344E-02 9.86953264259E-02 1.03376524290E-01 1.16939530677E-0l 
1.38069040696E-01 1.61930959304E-01 1.83060469323E-01 1.96623475710E.-01 
2.03376524290E-01 2.16939530677E-01 2.38069040696E-01 2.61930959304E-01 
2.83060469323E-01 2.96623475710E-01 3.03376524290E-01 3.16939530677E-01 
3.38069040696E-01 3.61930959304E-01 3.83060469323E-0l 3.96623475710E-01 
4.03376524290E-01 4.16939530677E-01 4.38069040696E-01 4.61930959304E-01 
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4.83060469323E-0l 4.96623475710E-0l · 5.03376524290E-0l 5.16939530677E-0l 
5.38069040696E-0l 5.61930959304E-0l 5.83060469323E-0l 5.96623475710E-0l 
6.03376524290E-0l 6.16939530677E-0l 6.38069040696E-01 6.61930959304E-0l 
6.83060469323E-0l 6.96623475710E-0l 7.03376524290E-0l 7.16939530677E-0l 
7.38069040696E-0l 7.61930959304E-0l 7.83060469323E-0l 7.96623475710E-0l 
8.03376524290E-0l 8.16939530677E-0l 8.38069040696E-0l 8.61930959304E-0l 
8.83060469323E-0l 8.96623475710E-0l 9.00782804144E-0l 9.04048098999E-0l 
9.09617712951E-0l 9.16998138176E-0l 9.2553376983 lE-0l 9.34466230169E-0l 
9.43001861824E-0l 9.50382287049E-0l 9.55951901001E-0l 9.59217195856E-0l 
9.61350609716E-0l 9.66775812271E-0l 9.75227616278E-0l 9.84772383722E-0l 
9.93224187729E-0l 9.98649390284E-0l 

OPTICAL THICKNESS= .10000000 

MU= l .00000000000E+00 

MUO= 1. 00000000000E +00 

-----------------------------------------------
******************************************* 
NORMALIZED REFLECTED INTENSITIES ARE: 
******************************************* 

RIFl RIF2 RIF3 RIF4 
3. 42002683 225E-03 3. 42002683 225E.,03 3. 42002683225E-03 3. 4 2002683 225E-03 
0. 00000000000E+00 0. 00000000000E +00 0. 00000000000E +00 0. 00000000000E +00 
0. 00000000000E +00 0. 00000000000E +00 0. 00000000000E +00 0. 00000000000E+00 
0. 00000000000E+00 0. 00000000000E+00 0. 00000000000E+00 -5 .27 42465021 0E-03 

********************************************** 
NORMALIZED TRANSMITTED INTENSITIES ARE: 
********************************************** 

TIF 1 TIF2 TIF3 TIF4 
4.42542233768E-03 4.42542233768E-03 4.42542233768E::.03 4.42542233768E-03 
0. 00000000000E+00 0. 00000000000E +00 0. 00000000000E+00 0. 00000000000E +00 
0. 00000000000E+00 0. 00000000000E +00 0. 00000000000E +00 0. 00000000000E +00 
0.00000000000E+00 0.00000000000E+00 0.00000000000E+00 5.72928639014E-03 

------------·------------------------
MUO= 7.OOOOOOOOOOOE-01 

---------------
******************************************* 
NORMALIZED REFLECTED INTENSITIES ARE: 
******************************************* 
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RIFl RIF2 RIF3 RIF4 
3.51512056038E-03 3.51512056038E-03 3.51512056038E-03 3.51512056038E-03 
0. 00000000000E+00 0. 00000000000E+00 0. 00000000000E+00 0. 00000000000E +00 
0. 00000000000E +00 0. 00000000000E +00 0. 00000000000E+00 0. 00000000000E+00 
0. 00000000000E+00 0. 00000000000E +00 0. 00000000000E +00 -3. 3 6363796019E-03 

********************************************** 
NORMALIZED TRANSMITTED INTENSITIES ARE: 
********************************************** 

TIBl TIB2 TIB3 TIB4 
4.20013 004690E-03 4.20013 004690E-03 4.20013 004690E-03 4.20013 004690E-03 
0. 00000000000E +00 0. 00000000000E +00 0. 00000000000E +00 0. 00000000000E +00 
0. 00000000000E +00 0. 00000000000E+00 0. 00000000000E+00 0. 00000000000E +00 
0. 00000000000E +00 0. 00000000000E+00 0. 00000000000E +00 4.178287 4519 lE-03 

--- -------------------
MUO= 3.OOOOOOOOOOOE-01 

------------------------------------------------
******************************************* 
NORMALIZED REFLECTED INTENSITIES ARE: 
******************************************* 

RIFl RIF2 RIF3 RIF4 
3.39850421964E-03 3.39850421964E-03 3.39850421964E-03 3.39850421964E-03 
0. 00000000000E+00 0. 00000000000E +00 0. 00000000000E +00 0. 00000000000E+00 
0. 00000000000E +00 0. 00000000000E+00 0. 00000000000E+00 0. 00000000000E +00 
0. 00000000000E +00 0. 00000000000E +00 0. 00000000000E+00 -1. 04591290692E-03 

********************************************** 
NORMALIZED TRANSMITTED INTENSITIES ARE: 
********************************************** 

TIBl TIB2 TIB3 TIB4 
3.65235252536E-03 3.65235252536E-03 3.65235252536E-03 3.65235252536E-03 
0. 00000000000E +00 0. 00000000000E +00 0. 00000000000E +00 0. 00000000000E+00 
0. 00000000000E +00 0. 00000000000E +00 0. 00000000000E+00 0. 00000000000E +00 
0. 00000000000E +00 0. 00000000000E+00 0. 00000000000E +00 1. 90245806487E-03 

------------------------------------------
MUO= 1.00000000000E-01 

-------------------------·-----------
******************************************* 
NORMALIZED REFLECTED INTENSITIES ARE: 
******************************************* 
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RIFl RIF2 RIF3 RIF4 
2.60615427590E-03 2.60615427590E-03 2.60615427590E-03 2.60615427590E-03 
0. OOOOOOOOOOOE +00 0. OOOOOOOOOOOE +00 0. OOOOOOOOOOOE +00 0. OOOOOOOOOOOE +00 
0. OOOOOOOOOOOE +00 0. OOOOOOOOOOOE +00 0. OOOOOOOOOOOE +00 0. OOOOOOOOOOOE +00 

. O.OOOOOOOOOOOE+OO O.OOOOOOOOOOOE+OO O.OOOOOOOOOOOE+OO -3.80753903344E-05 

********************************************** 
NORMALIZED TRANSMITTED INTENSITIES ARE: 
********************************************** 

TIBl TIB2 TIB3 TIB4 
2.63544023907E-03 2.63544023907E-03 2.63544023907E-03 2.63544023907E-03 
0. OOOOOOOOOOOE +00 0. OOOOOOOOOOOE +00 0. OOOOOOOOOOOE +00 0. OOOOOOOOOOOE +00 
0. OOOOOOOOOOOE +00 0. OOOOOOOOOOOE +00 0. OOOOOOOOOOOE +00 0. OOOOOOOOOOOE +00 
0. OOOOOOOOOOOE+OO O. OOOOOOOOOOOE +00 0. OOOOOOOOOOOE +00 6. 89198623 080E-04 



VITA 

Cho-Chun Liu 

Candidate for the Degree of 

Doctor of Philosophy 

Thesis: A THEORETICAL STUDY ON THE TRANSFER EQUATION FOR THE 
SCATTERING OF POLARIZED LIGHT IN A PLANE-PARALLEL MEDIUM 

Major Field: Mechanical Engineering 

Biographical: 

Personal Data: Born in Taipei, Taiwan, R. 0. C., on May 7, 1963, the son of Ching­
Yung Liu and Chun-Ying Chu. 

Education: Graduated from National Taipei Institute of Technology, Taipei, 
Taiwan, R. 0. C., in June 1984; received Bachelor of Science degree in 
Mechanical Engineering from Oklahoma State University, Stillwater, 
Oklahoma in December 1990; received Master of Science degree in 
Mechanical Engineering from Oklahoma State University, Stillwater, 
Oklahoma in May 1993; completed requirements for the Doctor of philosophy 
degree at Oklahoma State University in May, 1999. 

Professional Experience: employed by Oklahoma State University, Department of 
Mechanical Engineering as either a graduate teaching assistant or a graduate 
research associate; Oklahoma State University, Department of Mechanical 
Engineering, January 1991 to present. 




