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5.2.1 Total Hamiltonian Ĥ . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88
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Abstract

The study of a quantum system coupled to an environment plays an indispensable role in

expanding our understanding of quantum mechanics. It has a broad impact, encompassing

fundamental inquiries in quantum physics as well as applications in quantum technologies.

The primary focus of our work is on a “big” quantum system that consists of two distinct

subsystems, one characterized by spin degrees of freedom and the other by bosonic degrees

of freedom. Our research falls in the realm of quantum optics, where the bosonic degrees of

freedom which constitute the “environment” are realized by photons in cavities. The spin

degrees of freedom are realized by two-level quantum emitters that represent the “system”

under study.

The collective radiative behaviors of the emitters coupled to a single mode cavity are

described frequently by the Dicke model, which treats a subset of the full Hilbert space.

Motivated by recent experimental developments in quantum optics and circuit quantum

electrodynamics (QED) platforms, we replaced the single-mode cavity by a one-dimensional

array of coupled cavities with Kerr-like non-linearity. The presence of the Kerr-like non-

linearity gives rise to a nontrivial mode structure of the bath that supports two-photon bound

states. Working in the weak emitter-photon coupling regime, we investigated collective

behaviors exhibited by a group of quantum emitters in the two-excitation manifold.

We developed a theoretical atom-optical framework that treats the emitter-photon cou-

pled system fully quantum mechanically. We covered a wide range of theoretical approaches

in our study, starting from the Schrödinger equation and extending to the Markov approxima-

tion, which is critical also for quantum master equation treatment. By using the theoretical

atom-optical framework, we sought to identify the radiative pathways and effective interac-

tions of the emitters coupled to the structured photonic environment.

For two excited emitters with transition energy in resonance with the two-photon bound

state band, the radiative properties were studied. It was found that when the emitters are in
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resonance with the band edge and are well-separated, undamped Rabi oscillations occur;

Rabi oscillations do not exist without the Kerr-like nonlinearity. A photonic polaron-like

state that forms as a result of all-to-all interaction in the center-of-mass momentum space of

the two-photon bound states was identified.

For an emitter array with a large number of emitters, operating within the band gap

regime, an effective spin Hamiltonian was derived. Interestingly, a reversal in the hierarchy

of interaction energy scales was observed. This led to the discovery of a series of novel

correlated bound states that exhibit droplet-like characteristics.

The findings of our atom-optical theory provide a guide for future experimental and

theoretical studies of spin-boson coupled systems. The parameter regimes considered in this

thesis can be applied to several circuit QED experimental platforms and the predictions can

be tested with state-of-the-art technology.
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the Markov approximation results (solid line) capture the decay constant

extracted from the full decay dynamics quite well. Note that the Markov

approximation breaks down when δ/J approaches zero (left portion of the

panel) and when δ/J approaches the two-photon scattering continuum (right

portion of the panel). . . . . . . . . . . . . . . . . . . . . . . . . . . 67

xvii



4.6 Energy of the two lowest eigen states as a function of δ/J for U/J =−1 and

g/J = 1/50. (a) The black solid and red dashed lines show the energy for
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energy for Ĥspin, Ĥsingle, and ˆ̃Hsingle, respectively. Inset: Blow-up of the

lower part of the energy spectrum. . . . . . . . . . . . . . . . . . . . . 99

5.7 Energy of droplet-like states, measured with respect to E0,b, for Ne = 60,

g/J = 1/50, U/J = −1, and x/a = 1 as a function of (a) the excitation

number n for δ/J =−1/50 and (b) the detuning δ/J for n = 1. The black

filled circles, green open triangles, red open squares, and blue open circles

show the energies for Ĥspin, Ĥsingle, the variational wavefunction given

in Eqs. (5.18)-(5.20), and for the perturbative calculation (Ĥpair is treated
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Chapter 1

Introduction

In quantum mechanics, physical systems are categorized into two types: closed and

open quantum systems [1, 2]. A closed quantum system is isolated and does not interact

or exchange energy, particles, and information with its surrounding environment [3, 4].

On the other hand, an open quantum system does interact with its environment. When

an open quantum system is considered together with its entire surrounding environment,

it falls into the category of a closed quantum system. A closed quantum system can be

Different
“labeling”
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Subsystem A

Photons: Subsystem B

Emitters: System
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Figure 1.1: Illustration of a closed quantum system, which includes two parts: subsystem A,

represented by a red filled square, and subsystem B, represented by a blue filled square. We

employ a different “labeling” scheme, where subsystem A is labeled as the “system,” while

subsystem B is labelled as the “environment.” It implies that we can treat the “system” as

an open quantum system. In our study, a group of emitters takes on the role of the system,

while the photonic degrees of freedom constitute the environment.

divided into subsystems based on the nature (boson, spin, etc.) and the number of degrees

of freedom each subsystem possesses [5]. Therefore, we can select one of the subsystems
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as the “system” under study, while considering the rest as its surrounding “environment”.

Typically, an environment possesses an abundance of degrees of freedom, resulting in a

multitude of available states. The availability of large number of states within the bath

provides numerous pathways for the system to dissipate various entities such as information,

energy, and particles. Figure 1.1 illustrates the system-environment labeling schematically.

Under the new scheme, the “system” under study can be treated as an open quantum system.

A truly perfect closed quantum system does not exist in reality because there will always

be a larger environment that can be taken into account, with which the system is interacting.

Therefore, it is absolutely necessary to study the system-environment coupling in order to

gain insight into the characteristics of the system. The study of the interaction between a

system and its environment plays a crucial role in our understanding of quantum physics [6,

7, 8, 9]. This interaction is essential for addressing fundamental questions in various

fields, including quantum thermodynamics [10, 11, 12, 13], quantum optics [14, 15, 16],

condensed matter physics [17, 18, 19, 20], and quantum information science [21, 22, 23].

The phenomena like decoherence [24, 25, 26] and thermalization [27, 28, 29], depends on

how the system under investigation interacts with its surrounding environment. It is also

important to consider system-environment coupling when assessing the advantages and

limitations of quantum technologies. For example, the schemes for quantum error correction

can be described within the framework of an open quantum system in quantum computing

platforms [30, 31, 32, 33]. This framework incorporates noise models that account for the

interactions between the qubits and the environment [34, 35]. The performance of platforms

studying quantum metrology is also influenced by the system-bath interaction [36, 37, 38,

39, 40, 41]. In order to enhance measurement precision, for instance, in the context of

opto-mechanical systems, it is crucial to carefully consider and study how the mechanical

degrees of freedom couple to the optical field [42, 43].

In our research, we focus on a “big” quantum system that contains spin and bosonic
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Figure 1.2: Illustration of effective interactions among a group of emitters (red filled

squares) mediated by a photonic bath (blue filled rectangle). In the absence of emitter-

photon coupling (illustrated on the left), the emitters do not interact with one another.

However, upon introducing the emitter-photon coupling (illustrated on the right), effective

interactions arise among the emitters mediated by the shared photonic environment.

degrees of freedom. The spin degrees of freedom represent the system being investigated,

while the bosonic degrees of freedom represent the environment. Our work falls in the

realm of quantum optics, where the bosonic degrees of freedom correspond to photons

in cavities and the spin degrees of freedom correspond to a group of non-interacting two-

level quantum emitters. While the quantum emitters do not possess inherent interactions

among themselves, their interaction with the shared photonic bath leads to the emergence

of an effective interaction between them. Figure 1.2 provides a schematic representation

of how a collection of emitters can exhibit effective interactions mediated by the photonic

environment. By modifying the mode structure of the photonic bath, it is possible to tune the

strength of the effective interaction between the emitters. In essence, the collective behaviors

of the emitters relies heavily on the specific band structure of the photonic bath. An example

of collective radiative behavior is the burst of photon emission from a group of emitters
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coupled to a common bath. In this case, the collective photon emission is significantly

more intense than the independent emission from individual emitters. This phenomenon of

non-equilibrium collective radiation is known as superradiance, which has been a prominent

topic of research in the field of quantum optics for the past few decades [45, 46, 47, 48].

Conversely, subradiance is the opposite phenomenon, where the emission of photons from a

group of emitters is suppressed compared to the case of independent emitters [49, 50, 51].

Typically, the collective behavior of the emitters in terms of radiation is described

using models such as the Dicke model, which involves a group of two-level emitters

coupled to a single-mode cavity [44]. Recent experimental advancements in quantum

optics and circuit QED platforms have made it possible to engineer intriguing photonic

environments [52, 53, 54, 55, 56, 57, 58]. For instance, experimental realizations of the

Bose-Hubbard model for photons have been achieved using superconducting circuits [59].

These engineered environments offer exciting opportunities to manipulate the interaction

between light and matter, laying the groundwork for studying the collective behavior of

emitters coupled to a photonic bath. In our work, we extend the concept of a photonic

bath to a one-dimensional photonic waveguide, where strong confinement in the transverse

directions restricts the propagation of photons to one dimension. The low-dimension and

directionality of the photonic waveguide results in intricate effective interactions among

the collection of emitters that leads to interesting correlated dynamics [14, 15, 50, 114, 115,

116, 117, 118, 119, 120, 121].

More specifically, we consider a one-dimensional array of coupled cavities that exhibits

Kerr-like non-linearity as the photonic bath. The photonic bath is described by the one-

dimensional Bose-Hubbard Hamiltonian for photons. The Kerr-like nonlinearity in the

cavity array gives rise to a nontrivial mode structure in the bath, supporting two-photon

bound states. The emitters are either coupled to the same cavity or distributed among

different cavities. By considering the weak coupling between the emitters and the photons,
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we investigate the emitter-photon system within the two-excitation manifold.

The Hilbert space associated with the “big” emitter-photon system is exceedingly large

in size. Consequently, employing a full quantum mechanical treatment to study the emitter-

photon coupled system poses a formidable challenge. To address this, various theoretical and

numerical methods, such as perturbative treatments, have been utilized to investigate systems

with a large number of degrees of freedom [97, 105, 145, 146, 147, 148, 149, 150, 151, 152].

In this thesis, we present a comprehensive atom-optical theoretical framework that treats

both the emitter system and the photonic bath fully quantum mechanically. As the group of

emitters and the coupled cavity array constitute a closed quantum system, we analyze their

time-dependent and time-independent properties by employing the Schrödinger equation.

To mitigate the computational cost, we simplify the problem by truncating the Hilbert

space that involves neglecting the two-photon scattering states. In the regime of weak

emitter-photon coupling, the influence of the two-photon scattering states on the dynamics

is negligible. Consequently, calculations performed within the reduced Hilbert space are

essentially equivalent to those conducted in the full Hilbert space. Additionally, we employ

an effective non-hermitian Hamiltonian framework, a suitable method commonly used to

investigate open quantum systems. This approach is well-suited for our study due to the

large number of photonic degrees of freedom involved and the weak coupling between

the emitter and cavity array. By utilizing this framework, we gain deeper insights into

the effective interactions among the emitter degrees of freedom, while taking into account

the simplifications introduced by the Born-Markov approximation. This also builds the

foundation to employ a quantum master equation formalism [3, 4].

The core of this thesis revolves around the role played by the number of emitters and

two frequency regimes relative to the band of two-photon bound states: the “inside band”

and the “band gap” physics. In the inside band regime, we explore the radiative behavior of

two emitters [60, 61]. The physics behind remarkable undamped Rabi oscillation observed
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in this scenario bears close resemblance to impurity models discussed in the context of

condensed matter physics [62]. On the other hand, in the band gap regime, we uncover

an effective spin Hamiltonian governing the effective interactions between emitters in an

emitter array [63]. The band gap regime provides a foundation for studying the quantum

simulation of spin-1/2 systems in the context of cavity QED and circuit QED platforms. It

is worth mentioning that quantum simulation of spin systems is important for expanding our

understanding of correlated matter [64, 65, 66, 67, 68]. The theoretical findings presented

in this thesis serve as a valuable guide for future experimental and theoretical investigations

of emitter-photon coupled systems.

The remainder of this thesis is organized as follows. The focus of this dissertation is to

examine the physics of a collection of qubits or emitters coupled to a structured photonic

environment that has Kerr-like nonlinearity. In Chapter 2, the interactions between emitters

and photons are reviewed to gain insight into the static and dynamic properties of the system.

In order to establish a basis for the two-excitation manifold physics, the emitter-photon

coupled system is discussed in the one-excitation manifold. In order to explore the potential

ways of implementing our system in an experimental setting, we provide a brief summary of

the dissipative processes in the emitter-photon coupled system.

Chapter 3 contains the manuscript that has been published in Physical Review A [J.

Talukdar and D. Blume, “Undamped Rabi oscillations due to polaron-emitter hybrid states

in non-linear photonic wave guide coupled to emitters,” Physical Review A, 106(1), 013722,

2022]. In this work, we identified a set of physical parameters which leads to undamped

Rabi oscillations that are facilitated by the coupled cavity system. The oscillatory nature of

dynamics deviates from the typical exponential decay and fractional population behavior. I

proposed the idea of this work and developed, in discussion with D. Blume, the project. I

performed all the calculations and made all the figures. D. Blume wrote the first draft of the

manuscript.
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Chapter 4 contains the manuscript that has been published in Physical Review A [J.

Talukdar and D. Blume, “Two emitters coupled to a bath with Kerr-like non-linearity:

Exponential decay, fractional populations, and Rabi oscillations,” Physical Review A, 105(6),

063501, (2022)]. The role of Kerr-like non linearity in the static and dynamic characteristics

of two emitters coupled to the cavity array is thoroughly examined and discussed in this

study. In this work, I developed all the numerical and analytical tools, performed all the

calculations and made all the figures. I created a comprehensive report that included key

results and details of the calculations, while D. Blume wrote the first draft of the manuscript.

Chapter 5 contains the manuscript that has been under review in Physical Review A [J.

Talukdar and D. Blume, “Photon-induced droplet-like bound states in one-dimensional qubit

array”]. The focus of this research is on the effective spin Hamiltonian derived in terms of

the degrees of freedom of the qubit array and explores novel correlated bound states that

are supported by the array. Inspired by my undergraduate research, I collaborated with D.

Blume to develop this project. I performed all the calculations, made all the figures, and

wrote the first draft of the manuscript.

Chapter 7 concludes and provides an outlook of this thesis. We summarize and connect

the results discussed in Chapters 3–5 and give an overview of the possibility of further

extension to our work.

Lastly, this thesis includes five supplementary chapters in the form of appendices, which

specifically address the technical aspects of our research. Appendices A to C consist of the

appendices related to the manuscripts discussed in Chapters 3 to 5. Appendix D focuses

on the technical aspects of the numerical calculations performed, providing an overview

of the matrix diagonalization of the emitter-photon coupled Hamiltonian and the memory

requirements. Appendix E delves into the details of the analytical calculations, presenting

step-by-step calculations for certain integrals and discussing the calculation of the energy

and wave function of a two-photon bound states using the Lippmann-Schwinger equation.
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Chapter 2

Background on quantized light-emitter interaction

This chapter provides an analysis of the interaction between light and matter, specifically

in the context of cavity QED [69, 70, 71, 72]. The theoretical framework that has been

developed for the interaction between light and matter in atomic-optical systems can also be

applied to circuit QED systems such as superconducting qubits, josephson junctions, and

coupled resonator waveguide [53, 55, 57, 58, 73].

The primary focus of our work is on a two-level system that serves as a quantum emitter.

The Hamiltonian that describes this system is given by:

HTLS =
h̄ωe

2
(
σ̂

z + Î
)
, (2.1)

where ωe represents the frequency at which the emitter transitions between its ground state

|g⟩ and excited state |e⟩. The operators σ̂ z and Î are the Pauli matrix and identity operator,

respectively. In terms of the states of the emitter, σ̂ z can be written as |e⟩⟨e|− |g⟩⟨g| and

Î as |e⟩⟨e|+ |g⟩⟨g|. In our work we consider single mode cavities. The Hamiltonian for a

single mode cavity is given by

Ĥcav = h̄ωcâ†â, (2.2)

where ωc is the mode frequency of the cavity, and â and â† are the photonic annihilation and

creation operator, respectively. Prior to discussing the time-independent and time-dependent

characteristics of a collection of emitters interacting with a structured photonic environment,

we introduce the interaction of light with matter in the context of an emitter coupled to a

single-mode cavity.
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2.1 Emitter-photon interaction: From quantum Rabi to Jaynes-Cummings

Hamiltonian

The light-matter interaction for an emitter coupled a single-mode cavity involves the

interaction between the dipole moment of the two-level system and the quantized cavity

field [69, 70, 71, 72]. The emitter-photon interaction in the Schrödinger picture is given by

Ĥint =− ˆ⃗d. ˆ⃗E (⃗r), (2.3)

where ˆ⃗d and ˆ⃗E (⃗r) correspond to the dipole moment operator of the two-level system and the

electric field operator, respectively. Equation (2.3) describes the interaction between light

and matter under the dipole approximation, which assumes that the spatial variation of the

electromagnetic field over the emitter is negligible. Thus, the cavity field that appears in

Eq. (2.3) has a position dependence evaluated at the position r⃗ of the emitter. The dipole

operator for the emitter is defined as

ˆ⃗d = d⃗eg(σ̂
++ σ̂

−), (2.4)

where d⃗eg = ⟨e| d⃗ |g⟩ is the dipole moment element, and σ̂+ = |e⟩⟨g|, and σ̂− = |g⟩⟨e| are

the emitter raising and lowering operator, respectively. The cavity field can be written as [72]

ˆ⃗E (⃗r) =

√
h̄ωc

2ε0

(
β⃗ (⃗r)â+ β⃗

∗(⃗r)â†
)
, (2.5)

where β⃗ (⃗r) is the spatial profile of the cavity field. The normalization condition

∫
d3⃗r|β⃗ (⃗r)|2 = 1 (2.6)

implies that we can define a cavity volume V , and using the approximation where the spatial

mode is uniform across the cavity, we get

β⃗ (⃗r) =
1√
V

ε⃗, (2.7)
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where ε⃗ is the polarization of the field mode at the position of the emitter in the cavity.

Plugging Eq. (2.7) into Eq. (2.5), we get

ˆ⃗E =

√
h̄ωc

2ε0V

(
â+ â†

)
ε⃗. (2.8)

On substituting the expressions for ˆ⃗d and ˆ⃗E from Eqs. (2.4) and (2.8), into Eq. (2.3), we

obtain the emitter-photon interaction Hamiltonian that reads

Ĥint = g
(

â†
σ̂
−+ âσ̂

++ â†
σ̂
++ âσ̂

−
)
, (2.9)

where g is the coupling constant that is defined as

g =−

√
h̄ωc

2ε0V
d⃗eg .⃗ε. (2.10)

Equation (2.9) is the quantum Rabi Hamiltonian [74, 75, 76], which describes the emitter-

field interaction.

In order to understand the conserved quantities related to the interaction between an

emitter and a single-mode cavity, as described by the emitter-photon interaction Hamiltonian

Ĥint, we need to introduce two operators. The first is the total excitation number operator

N̂(1)
ex , which can be expressed as [76]:

N̂(1)
ex = σ̂

+
σ̂
−+ â†â. (2.11)

The second operator is the parity operator P̂, which is given by [76]:

P̂ =−σz(−1)â†â. (2.12)

Our analysis reveals that when considering the Hamiltonian described in Eq. (2.9), the

commutator of Ĥint and N̂(1)
ex is non-zero, i.e., [Ĥint, N̂

(1)
ex ] ̸= 0. It implies that Ĥint does

not conserve the total number of excitations. However, the parity of the system remains

conserved due to the fact that the commutator of Ĥint and P̂ is zero, i.e., [Ĥint, P̂] = 0, and

Ĥint does not have an explicit time dependence [76].
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In our work, we focus on a specific scenario characterized by significantly higher energies

associated with both the single-mode cavity and the emitter compared to the strength of

the emitter-photon coupling. In other words, we consider the case where the values of

g are much smaller than h̄ωe and h̄ωc, i.e., g ≪ h̄ωe, h̄ωc. This particular condition is

commonly referred to as the weak coupling regime [71, 72]. This regime enables us to

make the rotating wave approximation to Eq. (2.9). In order to understand the details of the

rotating wave approximation [71, 72], we move to the interaction picture. In this picture,

the emitter-field coupling term in the quantum Rabi Hamiltonian can be obtained from the

following transformation

Ĥint, I(t) = Û†(t)ĤintÛ(t), (2.13)

where

Û(t) = exp
[

ı
ĤTLS + Ĥcav

h̄
t
]
. (2.14)

In the interaction picture, the emitter and the photonic operators can be written as

Û†(t)âÛ(t) = exp(−ıωct)â, (2.15)

Û†(t)â†Û(t) = exp(ıωct)â†, (2.16)

Û†(t)σ̂−Û(t) = exp(−ıωet)σ̂−, (2.17)

and

Û†(t)σ̂+Û(t) = exp(ıωet)σ̂+. (2.18)

On inserting Eq. (2.9) into Eq. (2.13) and then using the results from Eqs. (2.15)-(2.18), we

obtain

Ĥint, I(t) = g
[
exp(ı(ωc −ωe)t) â†

σ̂
−+ exp(−ı(ωc −ωe)t) âσ̂

+
]
+

g
[
exp(ı(ωc +ωe)t) â†

σ̂
++ exp(−ı(ωc +ωe)t) âσ̂

−
]
. (2.19)

We make the assumption that the emitter is almost in resonance with the cavity mode, which

means that ωe ≈ ωc. When studying the time evolution of the system in the interaction
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picture, we encounter the integral exp
[
− ı

h̄
∫

Ĥint, I(t ′)dt ′
]
. Upon examining the expres-

sion for Ĥint, I(t), we observe that contributions from the term g[exp(ı(ωc +ωe)t) â†σ̂++

exp(−ı(ωc +ωe)t) âσ̂−] cancel out over time due to its rapid oscillations at the frequency

(ωc +ωe) with a very small amplitude. However, the term g[exp(ı(ωc −ωe)t) â†σ̂− +

exp(−ı(ωc −ωe)t) âσ̂+] exhibits much slower oscillations, thereby making it the dominant

contribution to the time-dependent wavefunction in the interaction picture. Consequently,

in the weak coupling regime, we can neglect the term with dependence on (ωc +ωe) in

Eq. (2.19). This leads to

Ĥint, I(t)≈ g
[
exp(ı(ωc −ωe)t) â†

σ̂
−+ exp(−ı(ωc −ωe)t) âσ̂

+
]
. (2.20)

On switching back to the Schrödinger picture, under the rotating wave approximation, the

quantum Rabi Hamiltonian reduces to the Jaynes-Cummings Hamiltonian [72, 76]:

Ĥint = g(â†
σ̂
−+ âσ̂

+). (2.21)

We can generalize the formalism we have developed to study an emitter coupled to a cavity

to Ne emitters in the presence of an array of N single-mode cavities [60, 61, 63, 105, 106].

The Hamiltonian describing the array of N single-mode cavities, denoted by Ĥcavity-array, can

be expressed as:

Ĥcavity-array = h̄ωc

N

∑
n=1

â†
nân, (2.22)

where â†
n represents the creation operator for photons at the nth cavity, while ân denotes

the annihilation operator for photons at the nth cavity. The emitter-photon interaction

Hamiltonian Ĥint given in Eq. (2.21) is also extended to include Ne emitters in the presence

of an array of N cavities. The Hamiltonian in this case is denoted by Ĥemitter-photon and can

be expressed as:

Ĥemitter-photon = g
Ne

∑
i=1

(â†
ni

σ̂
−
ni
+ âniσ̂

+
ni
), (2.23)

where ni denotes the position of the ith emitter in the cavity array. In the same spirit, we
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generalize the bare emitter Hamiltonian ĤTLS given in Eq. (2.1) to the case with Ne emitters

Hemitter =
h̄ωe

2

Ne

∑
j=1

(
σ̂

z
j + Î j

)
. (2.24)

This thesis will focus on three scenarios, namely, when the number of emitters is one

(Ne = 1), when it is two (Ne = 2), and when it is much greater than one (Ne ≫ 1), all within

the one- and two-excitation manifolds.

For Ne emitters and N cavities, we can define a generalized operator for the total number

of excitations N̂ex as [60, 61, 63]

N̂ex =
Ne

∑
i=1

σ̂
+
i σ̂

−
i +

N

∑
n=1

â†
nân. (2.25)

Similar to the case where a two-level system is coupled to a cavity, we find that the total

number of excitations is conserved for the case of multiple emitters coupled to an array

of cavities in the weak coupling limit since [Ĥemitter-photon, N̂ex] = 0 [60, 61, 63]. Thus, we

can work in different excitation number manifold separately as they are decoupled. The

upcoming section provides an overview of the structured photonic environment.

2.2 Structured photonic environment

The study of bath engineering is a highly fascinating topic when it comes to investigating

light-matter interaction [77, 78]. It allows for the manipulation of important properties like

band structure of a given environment, thus providing control over the entities coupled to

the bath. Specifically, in the realm of photonic bath, it is possible to modify the dispersion

relation so that it deviates from a linear or quadratic form and instead takes on a cosine

form [105, 106]. In this thesis, a structured or non-trivial photonic environment refers to

a scenario where the dispersion relation does not follow a linear or quadratic form. An

array of coupled cavities belongs to the classification of structured photonic environments.

Our research involves the presence of a Kerr-like non-linearity in the structured photonic
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environment, which results in a more complex mode structure for the photonic environment.

The structured photonic environment in our research can be represented using the Bose-

Hubbard Hamiltonian for photons [59, 60, 61, 63, 106]. This Hamiltonian can be written

as:

Ĥphoton = h̄ωc

N

∑
n=1

â†
nân − J

N

∑
n=1

(
â†

nân+1 + â†
n+1ân

)
+

U
2

N

∑
n=1

â†
nâ†

nânân, (2.26)

where U is the onsite interaction between two photons, J is the photon hopping amplitude

between two nearest neighboring cavities, N is the number of cavities, and n corresponds

to the position index of the cavities in the array. The first term in Eq. (2.26) represents the

energy related to the single-mode characteristic of the cavities (as shown in Eq. (2.22)).

The second term corresponds to the phenomenon of photon hopping between adjacent sites

within the cavity array, where a photon is created at site n and annihilated at site n+1, and

vice versa. This hopping process, as described by the second term, results in the coupling

between neighboring cavities in the array, hence the term “coupled” cavity array. The third

term accounts for the interaction between two photons that occur at the same site.

In our study, we adopt periodic boundary conditions. Figure 2.1 illustrates a ring of N

cavities, which is equivalent to an array of cavities subject to periodic boundary conditions.

The periodic boundary condition plays a crucial role when considering the second term in

Eq. (2.26), as it accounts for the hopping between the last cavity and the first cavity, which

are positioned adjacent to each other due to the periodic boundary conditions. In terms of

the photonic operators, â†
N+1 and âN+1 can be regarded as being equivalent to â†

1 and â1,

respectively, in a ring of cavities.

The key feature of our work is the presence of Kerr-like non-linearity in the structured

photonic environment that appears in the form of the on-site interaction U in the Bose-

Hubbard Hamiltonian [60, 61, 63, 106]. Without this on-site interaction, the remaining

components of Eq. (2.26) represent the tight-binding Hamiltonian [105]. The tight-binding

Hamiltonian solely accounts for the hopping of photons within the cavity array and does
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Figure 2.1: Illustration of the system being investigated: A collection of quantum emitters

coupled to a structured photonic environment. The structured photonic environment consists

of an array of N cavities arranged in a circular ring, where each cavity is represented by

a blue box. The ring configuration enforces periodic boundary conditions, meaning that

the first cavity (n = 1) is positioned adjacent to the last cavity (n = N). The green lines

labeled with J depict the photon hopping strength between neighboring cavities, which are

separated by a distance denoted by a. Within each cavity, there exists an on-site interaction

denoted by U , which characterizes the effective interaction between photons in the same

cavity. The quantum emitters are shown as two two-level systems with energy levels |g⟩

and |e⟩, possessing an energy separation of h̄ωe. These emitters are coupled to the cavities

labeled as ni and n j such that |ni −n j|= x/a, with a coupling strength denoted by g.

not consider any interaction between photons. On the other hand, the Bose-Hubbard

Hamiltonian considers both the hopping of photons in the cavity array and the interaction

between two photons when they occupy the same site. The sign of U determines the

type of photon-photon interaction, with positive U leading to repulsive interactions and
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negative U to attractive ones [125]. In our work, we consider attractive onsite photon-photon

interaction, i.e., U < 0 [60, 61, 63]. The impact of the Kerr-like non-linearity is apparent

when considering two or more than two photons in the emitter-photon system. We can

express the U-dependent term as U
2 ∑

N
n=1 η̂n (η̂n −1), where η̂n = â†

nân is the photon number

operator at site n in the cavity array. Although we focus on the two-excitation manifold,

the single-photon excitation manifold is also essential in determining the properties of the

system. Hence, we begin with a discussion of the one-excitation manifold.

2.3 One-excitation manifold

In the one-excitation manifold, as the name suggests, the total number of emitter and

photonic excitations is one, i.e., ⟨N̂ex⟩ = 1. In this manifold, U (onsite interaction term)

plays no role in the Hamiltonian that describes the structured photonic environment. In

the reduced Hilbert space of one-excitation, the photonic bath Hamiltonian Ĥ(1)
photon can be

written in the single-photon momentum basis |k⟩ as

Ĥ(1)
photon = ∑

k
Ek,1â†

k âk, (2.27)

where â†
k is related to |k⟩ as â†

k |vac⟩= |k⟩. The photonic operators âk and â†
k in the momen-

tum space are related to the operators ân and â†
n, respectively, in the position space through

a discrete Fourier transformation [105, 106]:

âk =
1√
N

N

∑
n=1

exp(ıkna)ân. (2.28)

and

â†
k =

1√
N

N

∑
n=1

exp(−ıkna)â†
n, (2.29)

where a denotes the cavity array spacing and N denotes the number of cavities in the array.

The energy of a single-photon Ek,1 with momentum k appears in Eq. (2.27) and it is given

by [105]

Ek,1 = h̄ωc −2J cos(ka). (2.30)
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Figure 2.2 shows the single photon energy as a function of the momentum k. We see that

the energy is shifted in such a way that the zero of the energy is at k = 0. The single photon

band has a width of 4J. Since we are working in a discretized space, the single-photon

momentum k also takes discretized values k j that read

k j =−π/a+
2π

Na
( j−1), (2.31)

where j = 1, 2, 3, · · · , N. In our discussion, we drop the subscript j in describing the single-

photon momentum. An important point worth mentioning is that ∑k refers to ∑
π/a
k=−π/a, i.e.,

a sum over the first Brillouin zone.

Figure 2.2: Single-photon energy spectrum as a function of the scaled momentum ka/π .

The energy shown here is shifted in such a way that the k = 0 single-photon state has zero

energy.

Using the momentum space representation of the photonic modes from Eqs. (2.28)-

(2.29), the emitter-photon Hamiltonian given in Eq. (2.23) can expressed as

Ĥemitter-photon =
g√
N

Ne

∑
j=1

∑
k

[
exp
(
ıkn ja

)
â†

kσ̂
−
n j
+ exp

(
−ıkn ja

)
âkσ̂

+
n j

]
. (2.32)
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Thus, in the one-excitation manifold, the total Hamiltonian denoted by Ĥ1 is defined as

Ĥ1 = Ĥemitter + Ĥ(1)
photon + Ĥemitter-photon. (2.33)

Plugging the expressions for Ĥemitter, Ĥ(1)
photon, and Ĥemitter-photon from Eqs. (2.24), (2.27),

and (2.32), respectively, into Eq. (2.33), we obtain

Ĥ1 =
h̄ωe

2

Ne

∑
j=1

(
σ̂

z
j + I j

)
+∑

k
Ek,1â†

k âk +

g√
N

Ne

∑
j=1

∑
k

[
exp
(
ıkn ja

)
â†

kσ̂
−
n j
+ exp

(
−ıkn ja

)
âkσ̂

+
n j

]
. (2.34)

We solve the time-dependent Schrödinger equation

ıh̄
d
dt

|ψ1(t)⟩= Ĥ1 |ψ1(t)⟩ , (2.35)

using the following wavefunction ansatz

|ψ1(t)⟩= exp(−ıωet)

[
Ne

∑
j=1

d j(t)σ+
j |g, · · · ,g,vac⟩+∑

k
ck(t)â

†
k |g, · · · ,g,vac⟩

]
. (2.36)

The ansatz in Eq. (2.36) is expressed in the single excitation basis elements: σ
+
j |g, · · · ,g,vac⟩,

i.e, an emitter at site j is excited and no photons are present, and â†
k |g, · · · ,g,vac⟩, i.e., all

the emitters are in the ground state and there is one photon with momentum k. We solve

for the coefficients d j(t) and ck(t) that govern the dynamics of the system. On substituting

Eq. (2.36) into Eq. (2.35) and using the expression in Eq. (2.34), we get the following set of

coupled differential equations

ıh̄ḋ j(t) =
g√
N ∑

k
exp
(
ıkn ja

)
ck(t) (2.37)

and

ıh̄ċk(t) = [2J−δ1 −2J cos(ka)]ck(t)+
g√
N

Ne

∑
j=1

exp
(
−ıkn ja

)
d j(t). (2.38)

The energy parameter δ1 is defined as

δ1 = h̄ωe − (h̄ωc −2J), (2.39)
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which is the energy detuning of the emitter from the bottom of the single-photon energy

band. The following two sections discuss the physics of the single-excitation manifold, with

a focus on the number of emitters Ne and the energy detuning δ1.

2.3.1 Single-emitter properties: Ne = 1

We investigate the behavior of the single-emitter system in the weak coupling regime,

considering various values of energy detuning δ1, by analyzing its time-independent as well

as time-dependent characteristics. We diagonalize the Hamiltonian Ĥ1 given in Eq. (2.34)

Figure 2.3: Eigenenergy of the Hamiltonian Ĥ1 for Ne = 1, g/J = 0.02, δ1/J = 0, and

N = 1001 as a function of the eigenstate index. The energy is measured with respect to the

bottom of the single-photon band, i.e., E0,1. Inset: Blow-up of the lower part of the energy

spectrum.

for Ne = 1 in the basis |e,vac⟩ and â†
k |g,vac⟩, and obtain the eigenenergy and eigenstates.

Due to the presence of the Ĥemitter-photon piece in the total Hamiltonian Ĥ1 given in Eq. (2.34),

hybridization occurs between the emitter and photonic degrees of freedom and this leads
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to the formation of intricate emitter-photon dressed states [105]. Figure 2.3 shows the

eigenenergy of Ĥ1 as a function of eigenstate index for g/J = 0.02 and δ1/J = 0. Amongst

these dressed states, there is an emitter-photon bound state that lies isolated below the

continuum of eigenstates. A blow up of the energy spectrum is shown in the inset of Fig. 2.3,

where one can see the state that lies below the bottom of a continuum of eigenstates.

We can express the wavefunction of the emitter-photon bound state as

|ψbound⟩= be|e,vac⟩+∑
k

bkâ†
k |g,vac⟩ (2.40)

where be is the coefficient of the emitter component |e,vac⟩ and the bk are the coefficients of

the photonic components â†
k |g,vac⟩. We find that be and the bk are real numbers. Figure 2.4

illustrates the dependence of be and bk on the detuning δ1/J for g/J = 0.02. In Fig. 2.4(a),

be is shown as a function of δ1/J. We see that as be is negative and that the magnitude of be

increases with decreasing δ1/J. It implies that the contribution of the emitter components

|be|2 in the emitter-photon bound state increases as δ1/J becomes increasingly negative.

In Fig. 2.4(b), the photonic component bk is plotted as a function of the scaled single-

photon momentum ka/π for δ1/J = 0.01 (solid black line), δ1/J = 0.005 (dotted blue line),

δ1/J = 0 (dashed red line), δ1/J = −0.005 (dash dotted green line), and δ1/J = −0.01

(solid magenta line). We see that the distribution of bk exhibits a peak at k = 0 with a

decaying tail as the magnitude of k increases for all cases. Furthermore, as the value of δ1/J

becomes more negative, the peak value of bk at k = 0 decreases, and the overall distribution

becomes much broader in k. Specifically, the distribution of bk exhibits the highest peak

with a rapidly decaying tail for δ1/J = 0.01 (solid black line) and the smallest peak with

a broader tail for δ1/J = −0.01 (solid magenta line). Overall, the distribution of bk with

respect to k closely resembles a Lorentzian distribution.

It is important to note that the emitter-photon bound state does not exist for all values

of δ1/J. It emerges only when the emitter energy lies around the band edge of the single-

photon band. Figure 2.5 shows the energy of the bound state as a function of δ1/J. As the
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Figure 2.4: The emitter and photonic components in the emitter-photon bound states for

g/J = 0.02. (a) Emitter component be is shown as a function of δ1/J. (b) The photonic

component bk as a function of the scaled single-photon momentum ka/π for various δ1/J.

The solid black, dotted blue, dashed red, dash dotted green, and solid magenta lines are

obtained for δ1/J = 0.01, 0.005, 0, −0.005, and −0.01, respectively.

δ1/J decreases, the energy of the emitter-photon bound state decreases, i.e., it becomes

energetically more separated from the continuum of emitter-photon eigenstates [105]. The

continuum of emitter-photon eigenstates is primarily composed of photonic degrees of

freedom. The energy and state properties of these states are similar to those of single-photon

states of the non-interacting system, which leads to their radiative nature [105]. However,
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Figure 2.5: Energy of the emitter-photon bound state as a function of δ1/J = 0 for g/J = 0.02.

Here, the energy is measured with respect to the lowest energy E0,1 of the single-photon

band.

the emitter-photon bound state exhibits a significant presence of the emitter component,

rendering it non-radiative in nature [105].

To probe the emitter-photon bound states, it is crucial to examine the time-independent

properties of the emitter-photon coupled system. For Ne = 1, the time-dependent wavefunc-

tion ansatz given in Eq. (2.36) takes the form

|ψ1(t)⟩= exp(−ıωet)

[
de(t) |e,vac⟩+∑

k
ck(t)â

†
k |g,vac⟩

]
. (2.41)

The system is initialized in the state |e,vac⟩, in which the emitter is in the excited state and

there are no photons present. Figure 2.6 shows the population |de(t)|2 of the state |e,vac⟩

as a function of time for δ1/J = 0.2 (dotted black line), δ1/J = 0.005 (dash-dotted green

line), δ1/J = 0 (solid red line), and δ1/J = −0.02 (dashed blue line). It is obtained by

propagating the initial state |ψ1(0)⟩= |e,vac⟩ under the Hamiltonian Ĥ1 for Ne = 1. The

dotted black line corresponds to the case where the emitter transition energy is in resonance

with the energy of a single-photon state with momentum k away from the bottom of the

single-photon band. Exponential decay of the population can be seen in this case [168].
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Figure 2.6: Radiation dynamics for the initial state |ψ1(0)⟩= |e,vac⟩ for g/J = 0.02. The

dotted black, dash-dotted green, solid red, and dashed blue shows the population |de(t)|2 for

δ1/J = 0.2, 0.005, 0, and −0.02 respectively.

Conversely, the cases where the emitter transition energies are in proximity to the band

edge of the single-photon band, are shown by the dash-dotted green, solid red, and dashed

blue lines. We see that the population of the |e,vac⟩ does not show exponential decay

and instead attains a constant value in the long time limit for δ1/J = 0.005, 0, and −0.02.

More precisely, the behavior of |de(t)|2 is characterized by a rapid initial decline, followed

by damped oscillations, ultimately reaching a steady non-zero value. This pattern, where

|de(t)|2 maintains a constant non-zero value in the long-time limit, can be attributed to the

hybridization of the emitter and photonic degrees of freedom [105, 107, 167].

We know that the initial state that we have considered, i.e, |e,vac⟩ is not an eigenstate

of the total Hamiltonian in Eq. (2.34). The initial state |e,vac⟩ can be written as a linear

combination of the non-radiative emitter-photon bound and radiative continuum of eigen-

states. Figure 2.7 shows the decomposition of the initial state into the energy eigenstates

|φE⟩ of the total Hamiltonian Ĥ1 for g/J = 0.02. In Fig. 2.7(a), square of the absolute
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Figure 2.7: Square of the absolute value of the projection of the initial state |ψ1(0)⟩ onto the

energy eigenstates |φE⟩ of the Hamiltonian Ĥ1 as a function of the eigenenergy E, measured

relative to the bottom E0,1 of the single-photon band, for Ne = 1 and g/J = 0.02. The energy

detuning δ1/J is set to (a) δ1/J = 0.2, (b) δ1/J = 0.005, (c) δ1/J = 0, and (d) δ1/J =−0.02.

The red square corresponds to the largest value of |⟨φE |ψ1(0)⟩|2.

value of the projection of |ψ1(0)⟩ onto the energy eigenstates |φE⟩ of the Hamiltonian Ĥ1

is shown as a function of the shifted eigenenergy E −E0,1 for δ1/J = 0.2. We can see

that the emitter-photon eigenstates that lie inside the continuum of the interacting system

dominate the contribution to the initial state. The dominating eigenstates are radiative in

nature as they have negligible emitter component. This leads to complete decay of the

population in |e,vac⟩ to the photonic bath. Figure 2.7(b)-(d), show | ⟨φE |ψ1(0)⟩ |2 as a

function of eigenenergy E of the Hamiltonian Ĥ1, measured relative to the bottom E0,1 of

the single-photon band, for δ1/J = 0.005, δ1/J = 0, and δ1/J =−0.02, respectively. We
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see that the emitter-photon bound states (solid red square) dominates over the radiative

emitter-photon eigenstates (solid black circle). Thus, radiative continuum of eigenstates

can not dictate the dynamics for these cases and this leads to the population dynamics

with non-exponential behavior [107, 167]. Furthermore, we see that the maximum value

of | ⟨φE |ψ1(0)⟩ |2, which represents the contribution of the emitter-photon bound state, is

larger in Fig. 2.7(d) compared to Fig. 2.7(c), and it is even greater than in Fig. 2.7(b). Thus,

the contribution of the emitter-photon bound state towards the initial state |e,vac⟩ increases

as the value of the detuning δ1/J decreases. It implies that the amount of population that

will decay into the bath will decrease with decreasing δ1/J.

During the time evolution of the system, intricate interference of the dressed states

results in oscillatory behavior in the emitter population, with the oscillation frequency

determined roughly by the energy difference between the two dominant emitter-photon

dressed states. The amplitude of the oscillations in Fig. 2.6 decreases over time because the

energy in the radiative dressed state component is lost into the photonic environment. Thus,

the population in |e,vac⟩ attains a constant value in the long time limit. This characteristics

of the population dynamics is referred to as finite population trapping [107, 167]. Since the

energy in the emitter-photon hybridized bound state that lies below the interacting radiative

continuum does not decay into the photonic environment, finite population trapping is

observed. This is also called fractional population behavior that is commonly observed near

the band edge of the single-photon band [107, 167].

When the detuning parameter δ1/J is negative, i.e., when the energy of the emitter is in

the band gap region below the single-photon energy band, we observe that the population of

the state |e,vac⟩ does not exhibit any signs of decay or a significant fractional population.

For example, in Fig. 2.6, the population |de(t)|2 for δ1/J =−0.02 (blue dashed line) mostly

stays in the state |e,vac⟩. Only 10% of the population decays into the photonic bath. This

can be explained by the fact that as δ1/J becomes increasingly negative, the overlap between
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the state |e,vac⟩ and the emitter-photon bound state approaches 100%, causing minimal

changes in the population over time. For example, in Fig. 2.7(d), we see that the emitter-

photon bound state contributes approximately 97% to the initial state |e,vac⟩ for g/J = 0.02

and δ1/J =−0.02. Moreover, the emitter-photon bound state contains negligible photonic

fraction, i.e., it has dominant emitter component for g/J = 0.02 and δ1/J =−0.02.

In the next section, we increase the number of emitters to a value much greater than one

(Ne ≫ 1) and derive an effective spin Hamiltonian in the band gap regime (δ1/J < 0) by

operating within the single excitation manifold.

2.3.2 Multi-emitter properties: Ne ≫ 1

When working in the bandgap regime where δ1/J < 0, we observe that the influence of

the single-photon modes is small: the photon mode occupations remain relatively unchanged

over time, particularly when the emitter-photon coupling strength g/J is weak (g/J ≪ 1).

In this regime, we can adiabatically eliminate the single-photon states [174]. The necessary

conditions for the applicability of this approximation can be summarized as follows: g/J ≪

1, δ1/J < 0, and |δ1|> g [106, 174]. The adiabatic elimination of the single-photon modes

starts by setting the right-hand side of Eq. (2.38) to zero. As a result, we obtain

ck(t) =− g√
N

Ne

∑
l=1

exp(ıkanl)

2J−δ1 −2J cos(ka)
dl(t) (2.42)

Plugging the expression of ck(t) into Eq. (2.37), we obtain

ıh̄ḋ j(t) =
Ne

∑
l=1

Wjldl(t), (2.43)

where Wjl =−g2

N ∑k
exp(ıka(n j−nl))

2J−δ1−2J cos(ka) . The evaluation of the sum is discussed in Appendix E.

To write Eq. (2.43) in matrix form, we introduce the vector d⃗ through d⃗ = (d1,d2, · · · ,dNe)
T .

The W -terms are then collected in the matrixW with elements W jl =Wjl . Consequently,

Eq. (2.43) can be written as:

ih̄ ˙⃗d =Wd⃗. (2.44)
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Considering the basis of single excitations, denoted by
∣∣g, · · · ,e j, · · · ,g

〉
, we compare

Eq. (2.44) with the time-dependent Schrödinger equation for the effective Hamiltonian

Ĥ(1)
eff , where the matrix form of the operator Ĥ(1)

eff is equivalent toW. In operator form, the

effective Hamiltonian Ĥ(1)
eff can be expressed as:

Ĥ(1)
eff =

Ne

∑
i=1

Ne

∑
j=1

Wi jσ̂
+
i σ̂

−
j . (2.45)

The effective spin Hamiltonian Ĥ(1)
eff lives in the Hilbert space that is spanned by the emitter

degrees of freedom (the photonic degrees of freedom have been removed) [174]. As

we transition into the two-excitation manifold, the effective Hamiltonian Ĥ(1)
eff undergoes

modifications which is explained in Chapter 5. Furthermore, the presence of the Kerr-like

non-linearity introduces a new kind of pair-pair interaction in the two-excitation manifold.

2.4 Two-excitation manifold

When considering a system with two excitations, the combined number of emitter and

photonic excitations is two, i.e., ⟨N̂ex⟩ = 2. There are three possible combinations of the

emitter and photonic degrees of freedom in this scenario. Firstly, two of the emitters can be

in excited states with no photons present in the environment. Secondly, one of the emitters

can be excited while there is a photon in the environment. Lastly, there can be two photons

in the environment with all emitters in their ground state. The energy associated with the

second scenario can be calculated by adding the energy of an excited emitter to the energy

of a single photon Ek,1 (given in Eq. (2.30)). Figure 2.8(a) depicts the total energy of an

excited emitter and a single photon as a function of the scaled momentum ka/π for the

single-photon state for h̄ωc/J = 20 and h̄ωe/J = 17.6. The black line in Fig. 2.8(a) is

essentially equivalent to Fig. 2.2 if we account for the overall energy shifts.

When we move to the two-excitation manifold, the energy spectrum of the structured

photonic environment becomes more intricate. The eigenstates of Ĥphoton in this manifold
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Figure 2.8: The band structures of our system in the two-excitation manifold for h̄ωc/J = 20

and h̄ωe/J = 17.6. (a) The solid black line shows the total energy of an excited emitter and

a single photon as a function of the scaled single-photon momentum ka/π . This energy

is obtained by adding h̄ωe to the single-photon energy given in Eq. (2.30). (b) The eigen

spectrum of the two-photon system is shown as a function of the scaled center-of-mass

momentum Ka/π . The solid blue line shows the energy of the two-photon bound state, EK,b,

which is given by Eq. (2.46), considering U/J =−4. The gray shaded area represents the

two-photon scattering continuum. Both in (a) and (b), the dashed red line corresponds to the

energy 2h̄ωe associated with two excited emitters.

can be divided into two categories: photon-photon scattering states and two-photon bound

states. A photon-photon scattering state is not bound and can occupy any available space

in the cavity array. It differs from two non-interacting photons because its wavefunction

experiences a phaseshift due to the interaction U (see Appendix E). The scattering states form

a continuum, with the highest and lowest points determined by the minimum and maximum

energy of two non-interacting photons, while keeping the center-of-mass momentum K

constant. The gray shaded region in Fig. 2.8(b) corresponds to the scattering continuum of

two photons for h̄ωc/J = 20. The width of the continuum is due to the possibility of multiple

relative momenta k between two photons for a fixed value of center-of-mass momentum K.

The energy of the two-photon bound state with center-of-mass momentum K lie below

28



Figure 2.9: The dependence of the binding energy Ebinding/J of a two-photon bound state on

the scaled center-of-mass momentum Ka/π for different values of U/J. The solid black, the

dashed red, and the dotted blue lines are obtained for U/J =−0.6, −1, and −2, respectively.

the two-photon scattering continuum for U/J < 0 and it is given by

EK,b = 2h̄ωc −
√

U2 +16J2 cos2 (Ka/2). (2.46)

The solid blue line in Fig. 2.8(b) shows the energy of a two-photon bound state as a function

of the scaled center-of-mass momentum Ka/π for h̄ωc/J = 20 and U/J = −4. A two-

photon bound state has a wavefunction that decays exponentially as the separation between

the two photons increases in the cavity array.

The binding energy, denoted by Ebinding, for a two-photon bound state with a fixed center-

of-mass momentum K, is defined as the absolute difference between the energy of the bound

state and the minimum energy of two non-interacting photons with the same center-of-mass

momentum K. Mathematically, it can be expressed as (for details see Appendix E):

Ebinding = |4J cos(Ka/2)−
√

U2 +16J2 cos2 (Ka/2)|. (2.47)

Figure 2.9 illustrates how the binding energy Ebinding varies with the center-of-mass momen-

tum K for different values of U/J. The dotted blue line corresponds to U/J = −0.6, the

29



dashed red line represents U/J =−1, and the solid black line corresponds to U/J =−2. A

consistent trend is observed in all cases. The two-photon bound state exhibits the lowest

binding energy when the center-of-mass momentum is zero, while the state with a center-

of-mass momentum of ±π/a displays the largest binding energy. For a fixed value of

U , as the magnitude of center-of-mass momentum K increases, the binding energy also

increases. Consequently, the wavefunction of the two-photon bound state becomes more

localized, being broadest at K = 0 and narrowest at Ka = π . Additionally, we observe that

as the U becomes more negative, for a given K, the binding energy increases, resulting in a

two-photon bound state that occupies fewer cavity sites.

In our work, we capitalize on the non-trivial mode structure of the photonic bath by

strategically choosing the energy of the two excited quantum emitters [60, 61, 63]. We

ensure that the energy is either in resonance or off-resonance (in the bandgap below) with the

two-photon bound states. Figure 2.8 provides an illustration of such parameter combinations.

Specifically, we consider the values U/J = −4, h̄ωc/J = 20, and h̄ωe/J = 17.6, which

satisfy the resonance condition mentioned earlier. In Fig. 2.8(b), we observe that the energy

of two excited emitters (dashed red line), is in resonance with the band corresponding to

the two-photon bound state (solid blue line). However, it is off-resonant with respect to

the two-photon scattering continuum depicted by the gray shaded region. Additionally,

Figure 2.8(a) demonstrates that in the two-excitation manifold, the single-photon modes

are off-resonant as the energy associated with two excited emitters (dashed red line) lies

below the total energy of the excited emitter and single-photon band (solid black line).

In Chapters 3–5, we provide a comprehensive analysis of both time-dependent and time-

independent characteristics of a collection of quantum emitters coupled to a structured

photonic environment featuring onsite photon-photon interaction U in the two-excitation

manifold.
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2.5 Dissipative processes in a cavity array

In order to understand how our system could be realized experimentally, it is necessary to

examine the dissipative processes that arise from both the emitter and the structured photonic

environment. The emitters plus cavity array system contains two types of dissipative

processes [105, 106]. The first is associated with the inherent lifetime T0 of the excited

state, of each emitter. The second relates to the cavity dissipation, which involves the loss

of a photon from a cavity at a rate h̄−1
κ . In other words, h̄κ−1 is the lifetime of a photon

in a cavity. In our work, the energy of an excited emitter is set such that the energy of

two excited emitters is in resonance with the two-photon bound state band [60, 61] or lies

in the band gap region below the two-photon bound state band [63]. In both cases, the

energy of an excited emitter is off-resonant with respect to the single-photon band where

δ1/J is always negative. Thus, single-photon radiative pathways are essentially suppressed.

However, the emitter-photon coupled system supports an emitter-photon bound state in the

one-excitation manifold with non-zero single-photon components. In the single-excitation

manifold, the photonic component of the emitter-photon bound state combines with the life

time of a single-photon to yield the timescale Tc [105, 106]. We assume that κ is smaller

than the energy scales of the emitter-photon coupled system, i.e, κ ≪ |δ1|, g, J. Under this

approximation, the time scale Tc is given by T−1
c = κ ∑k |bk|2 [105, 106], where bk is the

coefficient of the photonic components in the emitter-photon bound state (see Eq. (2.40)).

The total rate of dissipation for an excited emitter is given by Γd ≈ T−1
0 + T−1

c , which

sets a limit on the characteristic time scale to observe crucial physical properties of the

emitter-photon coupled system. Figure 2.10 shows the dependence of the photonic fraction

∑k |bk|2 on δ1/J for g/J = 0.02. We see that as the detuning δ1/J becomes increasingly

negative, the population of the photonic components in the emitter-photon bound state

decreases. For the cases considered in Chapters 3–5, the photonic fraction ∑k |bk|2 is less

than 1.5% for g/J = 0.02 and δ1/J ranging from −0.04 to −0.1365 [60, 61, 63]. Thus, the
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Figure 2.10: The photonic fraction ∑k |bk|2 of the emitter-photon bound state as a function

of δ1/J for g/J = 0.02 and Ne = 1.

rate of single-photon loss is significantly reduced as we work in the two-excitation manifold.

This implies that the time scale Tc that is associated with the cavity dissipation process

increases compared to the case, where the transition energy of an emitter is in resonance

with the single-photon band. This is crucial for the experimental implementation of the

emitter-photon coupled system.

2.6 Experimental realization: Circuit QED platforms

The atom-optical framework investigated theoretically in this study can be implemented

in the most up-to-date experimental setups [52, 53, 54, 55, 56, 57, 58]. However, there are

limitations to the time scale of experiments due to dissipative processes. In our research,

we were able to observe both radiative and non-radiative phenomena over a time scale of

approximately 104J/h̄ [60, 61, 63]. To achieve this time scale in experiments, the photon

decay rate κ must be taken into account. For instance, in order to achieve a time scale of
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104J/h̄, κ/J should be on the order of 10−2 or less.

From the experimental perspectives, we will briefly discuss recent advancements in

light-matter interaction experiments utilizing the circuit QED platform. Circuit QED offers

various benefits over cavity QED experimental setups, including much higher cooperativity

and the ability to produce different Hamiltonian geometries due to advances in fabrication

techniques, resulting in significant advancements in bath engineering [73].

To implement our system experimentally, we require quantum emitters, cavities, emitter-

cavity coupling, and non-linearities within the cavity. These essential elements can be

provided by superconducting circuits [79]. In the field of circuit QED, the quantization of

oscillations in superconducting circuits effectively represents the role of photons. Super-

conducting circuits operate in the microwave frequency range, hence terminologies such

as microwave cavities and microwave photons are commonly used. In the circuit QED

setup, a superconducting qubit serves as a two-level system, and the microwave cavities

are realized through transmission line resonators [73, 79]. The presence of Kerr-like non-

linearity originates from the nonlinear behavior associated with Josephson junctions within

the superconducting circuits [59].

The coupling between superconducting qubits and the array of resonators, in the absence

of onsite photon-photon interaction, has been investigated experimentally, leading to the

exploration of qubit-photon bound states [55, 57, 58]. Furthermore, experimental work

has also been conducted on a relatively shorter array of microwave cavities (with N = 3)

to study the effects of onsite photon-photon interaction [56]. Recent advancements have

demonstrated the realization of the Bose-Hubbard model for photons in the regime where

|U |/J ≫ 1 [59]. However, our work focuses on the regime, where |U |/J ≈ 1. It is anticipated

that further experimental progress will be made regarding the exploration of the case, where

the strength of the photon hopping amplitude J and the photon-photon onsite interaction U

are comparable, i.e., |U | ≈ J.
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Chapter 3

Undamped Rabi oscillations due to polaron-emitter hybrid
states in non-linear photonic wave guide coupled to emitters
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The collective dynamics of two non-interacting two-level emitters, which are coupled

to a structured wave guide that supports two-photon bound states, is investigated. Tuning

the energy of the two emitters such that they are in resonance with the two-photon bound

state energy band, we identify parameter regimes where the system displays fractional

populations and essentially undamped Rabi oscillations. The Rabi oscillations, which

have no analog in the single-emitter dynamics, are attributed to the existence of a collective

polaron-like photonic state that is induced by the emitter-photon coupling. The full dynamics

is reproduced by a two-state model, in which the photonic polaron interacts with the state

|e,e,vac⟩ (two emitters in their excited state and empty wave guide) through a Rabi coupling

frequency that depends on the emitter separation. Our work demonstrates that emitter-photon

coupling can lead to an all-to-all momentum space interaction between two-photon bound

states and tunable non-Markovian dynamics, opening up a new direction for emitter arrays

coupled to a waveguide.
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3.1 Undamped Rabi oscillations due to polaron-emitter hybrid states

in non-linear photonic wave guide coupled to emitters

Multi-level emitters coupled to a radiation field in a periodic structure are essential for

delivering on the promises surrounding the second quantum revolution. Ongoing research

is exploring a variety of platforms, including nano-photonic lattices [80, 81, 82, 83, 84],

plasmonic wave guides [85], and superconducting resonator arrays [86, 87] coupled to

atoms [88, 89, 90], quantum dots [182], quantum solid-state defects [92, 93], or supercon-

ducting qubits [47, 94, 95, 96, 57]. Applications range from quantum information processing

to quantum networking to quantum simulations [97, 98, 99, 100, 101, 102, 175]. Recent

experimental milestones include the heralded creation of a single collective excitation in

a chain of atoms coupled to a waveguide [103] and the demonstration of photon (anti-)

bunching for weak atom-photon coupling by taking advantage of dissipation [104]. Emitters

coupled to a wave guide also constitute a promising platform with which to study fun-

damental questions associated with open quantum systems, with the emitters playing the

role of the system and the wave guide or electromagnetic modes playing the role of the

bath [105, 106, 107, 108, 109, 110].

Building on the tremendous successes of cavity quantum electrodynamics (QED), wave

guide QED plays a key role in a plethora of quantum technologies [59, 111]. The coupling

of one or more excited multi-level emitters to a continuum of electromagnetic modes leads,

in most cases, to irreversible correlated radiation dynamics [44, 112]. Quite generally, the

strong transverse confinement in a waveguide speeds up the radiation dynamics compared to

the free case [113]. Moreover, the directionality of a one-dimensional waveguide facilitates

the build-up of correlations (or anti-correlations) between emitters that are separated by

distances larger than the natural wave length of the wave guide leading to superradiance,

subradiance, and entanglement generation [114, 14, 115, 116, 117, 118, 119, 15, 120, 50,

121]. The emergence of these characteristics can be explained in terms of constructive
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and destructive interferences. This work predicts long-lived oscillatory radiation dynamics

for a generic waveguide QED set-up that can be realized experimentally with existing

state-of-the-art technology. The oscillatory radiation dynamics is distinct from the typically

observed irreversible correlated radiation dynamics.

We consider a structured or non-trivial bath, namely a wave guide with non-linearity

that supports a band of two-photon bound states (or more generally, a band of bound bath

quantum pairs) [106]. Working in the quantum regime, where the system contains just

two excitations, the influence of the non-trivial mode structure of the bath on the radiation

dynamics is investigated within a full quantum mechanical framework. Non-Markovian

dynamics is observed. Rather counterintuitively, a regime is identified where the radiation

dynamics is described nearly perfectly by a two-state Rabi model. An analytical framework

that elucidates the underlying physical mechanism is developed. It is shown that two emitters

separated by multiple lattice sites are, in certain parameter regimes, glued together and

coupled to a wave guide with all-to-all momentum space interactions. It is as if the band of

two-photon bound states was feeling a localized (in real space) impurity that leads to the

formation of a photonic polaron-like state with which the two-emitter unit interacts, creating

hybridized symmetric and anti-symmetric states that exchange population, undergoing

essentially undamped Rabi oscillations.

Figure 3.1(a) illustrates the set-up. The total Hamiltonian Ĥ consists of the system,

tight-binding bath or wave guide, and system-bath Hamiltonians Ĥs, Ĥb, and Ĥsb [106],

Ĥs =
h̄ωe

2

Ne

∑
j=1

(σ̂ z
j + Î j), (3.1)

Ĥb = h̄ωc

N

∑
n=1

â†
nân − J

N

∑
n=1

(
â†

nân+1 + â†
n+1ân

)
+

U
2

N

∑
n=1

â†
nâ†

nânân, (3.2)

and

Ĥsb = g
Ne

∑
j=1

(
ân j σ̂

+
j + â†

n j
σ̂
−
j

)
, (3.3)
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where h̄ωe, h̄ωc, J, and U denote the energy difference of the excited and ground state of the

emitter, the photon energy in the middle of the single-photon band, the hopping energy, and

the engineered or intrinsic onsite energy, respectively. Since the coupling energy g is small

compared to |U | and J, counterrotating terms are not included in Ĥsb; throughout, positive

g and J and negative U are considered (positive U yield the same results). The emitter

operators σ̂
z
j = |e⟩ j⟨e|− |g⟩ j⟨g|, Î j = |e⟩ j⟨e|+ |g⟩ j⟨g|, σ̂

+
j = |e⟩ j⟨g|, and σ̂

−
j = |g⟩ j⟨e| act

on the jth emitter located at lattice site n j with ground and excited states |g⟩ j and |e⟩ j. The

bath operators â†
n j

and ân j create and destroy a photon at lattice site n j ( j = 1, · · · ,Ne and

n j ∈ 1, · · · ,N). Throughout, we consider Ne = 2 emitters with separation x, x = n1 − n2,

and large number of lattice sites N. The bath Hamiltonian Ĥb supports, due to the Kerr-like

nonlinearity U , a band of two-photon bound states, one bound state with energy EK,b for

each two-photon center-of-mass wave vector K [123, 124, 125, 126]. Throughout, the

emitter energy is tuned such that 2h̄ωe is equal to EK(0),b at the uncoupled resonance wave

vector K(0). Since we are interested in the two-excitation subspace with K(0)a close to

zero, the detuning δ is measured from the bottom of the two-photon bound state band,

δ = 2h̄ωe −2h̄ωc +
√

U2 +16J2.

To describe the time evolution of the initial state |e,e,vac⟩, we expand the time-dependent

wave packet |Ψ(t)⟩ as [106]

|Ψ(t)⟩= exp(−2ıωet)
[

cee|e,e,vac⟩+∑
K

cK,b|g,g,K⟩

+∑
k

c1k|e,g,k⟩+∑
k

c2k|g,e,k⟩
]
, (3.4)

where cee(t), cK,b(t), c1k(t), and c2k(t) denote expansion coefficients, and |k⟩ = â†
k |vac⟩

and |K⟩ = P̂†
K,b|vac⟩ single-photon states with wave vector k and photon-pair states with

center-of-mass wave vector K, respectively. The operators â†
k and â†

n are related via a Fourier

transform. Our ansatz does not account for the two-photon scattering continuum since it

plays a negligible role for the parameter combinations considered in this paper [122].
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Figure 3.1: (a) Schematic of the Hamiltonian Ĥ. The cavity array and two-level emitters

(2LE) are shown; the role of the different energy terms is illustrated. (b) Illustration of the

Hilbert space structure of Ĥ (left), Ĥadia (middle), and Ĥ2-st. (right). The matrix element

Mb(k,n,K) is defined in Ref. [127].

The solid lines in the left column of Fig. 3.2 show the population |cee(t)|2 of the state

|e,e,vac⟩ as a function of time for U/J =−1, g/J = 1/50, δ/J = 0.0431, and x/a = 0, 5,

and 10, obtained by propagating the ansatz given in Eq. (3.4) using Ĥ. For this detuning,

|cee(t)|2 decreases approximately exponentially. This is the Markovian regime, discussed in

Ref. [106], where propagation with the adiabatic Hamiltonian Ĥadia yields quite accurate

results (dotted, dashed, and dash-dash-dotted lines show results for three different variants of

Ĥadia). The adiabatic Hamiltonian Ĥadia, which lives in a reduced Hilbert space that excludes
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the single-photon states |e,g,k⟩ and |g,e,k⟩, is introduced below [middle of Fig. 3.1(b)].

The inset of Fig. 3.2(c) for x/a = 10 shows that the short-time behavior of |cee(t)|2 deviates

from a pure exponential decay. This is due to the fact that the dynamics is, for x/a ≫ 1,

seeded by the creation of two uncorrelated photons. For larger times, the fall-off is, as for

smaller separations, again governed by correlated two-photon dynamics.
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Figure 3.2: |cee(t)|2 as a function of Jt/h̄ for the initial state |e,e,vac⟩, U/J =−1, g/J =

1/50, and δ/J = 0.0431 (left) and δ/J = 0.0011 (right). Top, middle, and bottom rows

are for x/a = 0, 5, and 10, respectively. Black solid, red dotted, blue dashed, and green

dash-dash-dotted lines are obtained using Ĥ, Ĥadia, Ĥadia with GK,K′ = 0, and Ĥadia with

GK,K′ = ∆e = 0, respectively.

When the emitter energy is set such that δ is very small (K(0)a ≈ 0), the radiation dynam-

ics changes drastically. The right column of Fig. 3.2 shows an example for δ/J = 0.0011.

For x = 0 [Fig. 3.2(d)], the propagation under Ĥ (solid line) yields damped oscillatory be-
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havior. In the long-time limit, the system is characterized by fractional populations. This is

analogous to the single-emitter case [107, 108], where the emitter frequency is in resonance

with the single-photon scattering band. As the separation increases [Figs. 3.2(e)-3.2(f) show

results for x/a = 5 and 10, respectively], the dynamics for the Hamiltonian Ĥ (solid lines)

are characterized by slower oscillations and weaker damping. For x/a = 10, the oscillations

resemble nearly perfect two-state Rabi oscillations. Even though the emitters are coupled

to a bath, dephasing is essentially absent for large separations. These undamped Rabi

oscillations have no analog in the single-emitter system [107, 108].

The oscillation frequencies in Figs. 3.2(d)-3.2(f) correspond to the energy difference

between the two energy eigen states of Ĥ that have the largest overlap with |e,e,vac⟩ [solid

lines in Fig. 3.3(a)]; we label these states Ψ+ and Ψ−. For x/a ≳ 5, Ψ± have an energy

that is smaller than EK=0,b, i.e., both states are bound with respect to the g = 0 two-photon

bound state band [solid line in Fig. 3.3(b)]. For x/a ≲ 5, the energy of Ψ+ remains below

the bottom of the two-photon band while that of Ψ− lies in the continuum. The quantity

|⟨e,e,vac|Ψ+⟩|2 increases from about 0.66 to 0.99 as x/a increases from 0 to 20 [upper

solid line in Fig. 3.4(a)]; |⟨e,e,vac|Ψ−⟩|2, in contrast, is comparatively small for x/a ≲ 4,

increases for x/a = 5 to 7, and then slowly decreases as x/a increases further [lower solid

line in Fig. 3.4(a)].

To understand the emergence of the bound states and their dependence on x, we adi-

abatically eliminate the states |e,g,k⟩ and |g,e,k⟩, i.e., we assume that the change of the

expansion coefficients c1k(t) and c2k(t) in Eq. (3.4) with time can be neglected [106]. This

introduces a Stark shift 2∆e as well as effective all-to-all momentum space interactions,

proportional to N−1g2GK,K′(x)/J, between two-photon bound states with wave vectors

K and K′. The structures of Ĥ and the Hamiltonian Ĥadia after adiabatic elimination are

sketched, respectively, in the left and middle diagrams of Fig. 3.1(b). For the larger δ

considered in Fig. 3.2 (left column), the 2∆e and GK,K′(x) terms have negligible effects on
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Figure 3.3: Static results (U/J =−1, g/J = 1/50, and δ/J = 0.0011). (a) Black solid, red

dotted, and magenta dash-dotted lines show the eigen energies corresponding to hybridized

states of Ĥ, Ĥadia, and Ĥ2-st., respectively, as a function of x/a. The gray dashed line shows

(E −E0,b)/J = 0. (b) The black solid line shows EK,b as functions of Ka/π (main panel)

and the state index (inset). The red circles show the eigen energies supported by Ĥadia
b

(index 1 corresponds to the polaron state). (c) The squares, circles, and triangles show

the dimensionless quantities Re(GK(0),K(0)(x))/10, Re(FK(0),b(x)), and Im(FK(0),b(x)) as a

function of x/a for K(0)a/π = 0.0152.

the radiation dynamics [the dotted, dashed, and dash-dash-dotted lines in Figs. 3.2(a)-3.2(c)

agree well]; as a consequence, Ref. [106] set them to zero in their reduced Hilbert space

description. For the smaller δ (right column of Fig. 3.2), in contrast, both terms have a

non-negligible effect on the dynamics as evidenced by the fact that the dotted, dashed, and

dash-dash-dotted lines in Figs. 3.2(d)-3.2(f) disagree.
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The adiabatic Hamiltonian Ĥadia contains the system, bath, and system-bath Hamiltoni-

ans Ĥadia
s , Ĥadia

b , and Ĥadia
sb ,

Ĥadia
s = 2∆e|e,e,vac⟩⟨e,e,vac|, (3.5)

Ĥadia
b = ∑

K
EK,b|g,g,K⟩⟨g,g,K|

+ ∑
K,K′

g2

JN
GK,K′(x)|g,g,K⟩⟨g,g,K′|, (3.6)

and

Ĥadia
sb = ∑

K

g2

J
√

N
FK,b(x)|g,g,K⟩⟨e,e,vac|+h.c. (3.7)

The analytical expressions for the effective interactions g2N−1/2FK,b(x)/J and g2N−1GK,K′(x)/J

are lengthy and not reproduced here [106, 61]. The dotted lines in Figs. 3.2, 3.3(a), and

3.4(a) show the results obtained by propagating the initial state |e,e,vac⟩ with Ĥadia. The

dotted lines agree quite well with the full calculation (solid lines) for all detunings and

separations considered, suggesting that the reduced Hilbert space model captures the key

physics. Thus, we use it to develop physical intuition.

To start with, we analyze the K ≈ K′ ≈ K(0) ≈ 0 portion of Ĥadia
b , which should govern

the radiation dynamics when |δ/J| approaches zero. In this regime, the imaginary part of

GK,K′(x) is vanishingly small and the real part, shown for δ/J = 0.0011 by the squares in

Fig. 3.3(c), is negative and nearly independent of x. If we replace EK,b by E0,b (i.e., use a

flat band) and GK,K′(x) by GK(0),K(0)(x), then the eigen energies of the bath Hamiltonian are

E0,b − (N −1)g2N−1GK(0),K(0)(x)/J (one-fold degenerate) and E0,b +g2N−1GK(0),K(0)(x)/J

[(N − 1)-fold degenerate]. The eigen state of the one-fold degenerate bound state reads

N−1/2
∑K |K⟩, i.e., it has polaron character. While the flat band model overestimates the

binding energy of the polaron by a fair bit, it shows that the attractive all-to-all interactions

g2N−1GK,K′(x)/J are responsible for the fact that the band of bound photon pairs splits into
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Figure 3.4: State composition of hybridized polaron-emitter states (U/J =−1, g/J = 1/50,

and δ/J = 0.0011). (a) Projection of |e,e,vac⟩ onto Ψ+ (upper three lines) and Ψ− (lower

three lines) as a function of x/a. Black solid, red dotted, and magenta dash-dotted lines

are obtained using Ĥ, Ĥadia, and Ĥ2-st., respectively. (b)/(c) Projection of Ψ+ and Ψ− onto

|g,g,K⟩ as a function of Ka/π for x/a = 10. The line styles are the same as in (a); black

solid and red dotted lines are nearly indistinguishable on the scale shown.

a collective polaron-like bound state and a band that is slightly shifted upward compared to

the GK,K′(x) = 0 case. This interpretation continues to hold when a more accurate treatment

is employed. The band curvature can be thought of as introducing a wave vector cutoff

(Leff)
−1. Taylor-expanding EK,b up to order (Ka)2, making the ansatz |pol⟩=∑K dK|K⟩ with

dK = 2N−1/2(L−1
eff a/2)3/2/[(Ka)2+(L−1

eff a/2)2], and treating Leff as a variational parameter,

the energy Epol of the polaron |pol⟩ can be found analytically. For the parameters considered

in Fig. 3.3(b), the analytical result is in excellent agreement with the lowest eigen energy of

Ĥadia
b , which is shown in Fig. 3.3(b) by the circle for state index 1.
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Since GK(0),K(0)(x) is, for fixed δ/J and U/J, approximately independent of x, the separa-

tion dependence displayed in Figs. 3.2(d)-3.2(f) must enter through FK(0),b(x). Figure 3.3(c)

shows that Re(FK(0),b(x)) (circles) has a strong x dependence and is much larger, in magni-

tude, than Im(FK(0),b(x)) (triangles). Rewriting Ĥadia in the basis in which Ĥadia
b is diagonal,

we find that the state |e,e,vac⟩ couples comparatively strongly to the state |g,g,pol⟩ and

comparatively weakly to all other bath states. The dynamics in the |δ/J| → 0 limit is thus

approximately described by the two-state Hamiltonian Ĥ2-st.,

Ĥ2-st. = Ĥadia
s +Epol|g,g,pol⟩⟨g,g,pol|+

(Geff|g,g,pol⟩⟨e,e,vac|+h.c.). (3.8)

Using our variational expression for |g,g,pol⟩, we find

Geff =
g3(U2 +16J2)1/4

2J5/2 FK(0),b(x)|GK(0),K(0)(x)|1/2. (3.9)

The eigen energies of the hybridized polaron-emitter states Ψ+ and Ψ− supported by

Eq. (4.45) for U/J =−1, g/J = 1/50, and δ/J = 0.0011 [dash-dotted lines in Figs. 3.3(a)]

agree reasonably well with those of Ĥ when x/a is large. State Ψ+ is symmetric (the

coefficients of |e,e,vac⟩ and |g,g,pol⟩ are both positive) while Ψ− is anti-symmetric (the

coefficients have opposite signs). The two-state description deteriorates with decreasing

separation; the state composition of the more weakly bound state Ψ−, which has a smaller

overlap with the emitter state |e,e,vac⟩ [lower three lines in Fig. 3.4(a); Fig. 3.4(c)] than the

more deeply bound state Ψ+ [upper three lines in Fig. 3.4(a); Fig. 3.4(b)], deviates notably

from that obtained by diagonalizing Ĥ. In fact, for x/a ≲ 5, the first excited state of Ĥ is

no longer a simple superposition of |e,e,vac⟩ and |g,g,pol⟩ but instead contains multiple

nearly degenerate energy eigen states with energy close to EK=0,b. In the dynamics, this

results in dephasing, thereby explaining the damping observed in Figs. 3.2(d)-3.2(e).

In summary, our analysis shows that the essentially undamped Rabi oscillations are

associated with population exchange between two hybridized polaron-emitter states. These

44



states are distinct from previously predicted hybridized states [105, 128, 129, 130, 131, 132].

For the parameters considered in this paper, the more weakly-bound hybridized state merges

into the continuum for x/a ≲ 5, making the emergence of long-lived Rabi oscillations

an intriguing emitter separation-dependent long-range phenomenon. When the emitters

are close together, the radiation dynamics, starting with |e,e,vac⟩ at t = 0, leads to quasi-

stationary fractional populations. When the emitters are spaced further apart, regular revivals

are observed. We emphasize the crucial role of the Stark shift 2∆e and the attractive all-to-

all momentum space interactions. Neglecting these terms yields the dash-dotted lines in

Figs. 3.2(d)-3.2(f). Setting 2∆e to the correct value but using GK,K′(x) = 0 yields the dashed

lines.

Our work illustrates that the structure of the bath Hamiltonian with Kerr-like non-

linearity can be modified non-trivially—introducing attractive all-to-all momentum space

interactions—through the coupling to two two-level emitters, resulting in qualitatively

new radiation dynamics. Continuing to work in the two-excitation manifold, extension

to arrays of regularly spaced emitters where neighboring emitters have a fixed separation

(simple emitter lattice) or alternating separations (emitter superlattice) offers the prospect of

establishing non-trivial bath-induced correlations between separated emitter pairs. Taking an

alternative viewpoint, this work points toward utilizing emitters to create bath Hamiltonian

with unique characteristics, including challenging-to-generate all-to-all interactions. Our

analysis assumes that losses from the wave guide can be neglected. Over the time scales

considered, this should be justified for several state-of-the-art experiments.
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We consider two non-interacting two-level emitters that are coupled weakly to a one-

dimensional non-linear wave guide. Due to the Kerr-like non-linearity, the wave guide

considered supports—in addition to the scattering continuum—a two-body bound state.

As such, the wave guide models a bath with non-trivial mode structure. Solving the

time-dependent Schrödinger equation, the radiation dynamics of the two emitters, initially

prepared in their excited states, is presented. Changing the emitter frequency such that

the two-emitter energy is in resonance with one of the two-body bound states, radiation

dynamics ranging from exponential decay to fractional populations to Rabi oscillations is

observed. Along with the detuning, the dependence on the separation of the two emitters

is investigated. Approximate reduced Hilbert space formulations, which result in effective

emitter-separation and momentum dependent interactions, elucidate the underlying physical

mechanisms and provide an avenue to showcase the features that would be absent if the

one-dimensional wave guide did not contain a non-linearity. Our theoretical findings apply

to a number of experimental platforms and the predictions can be tested with state-of-the-art

technology. In addition, the weak-coupling Schrödinger equation based results provide
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critical guidance for the development of master equation approaches.

4.1 Introduction

Since it is hard to fully isolate quantum systems in realistic experimental settings, the

quantum mechanical treatment of a system coupled to a bath is important from a practical

point of view [7]. Taking a somewhat philosophical viewpoint, one may furthermore argue

that truly isolated quantum systems never exist since any quantum system is part of a larger

universe, i.e., embedded into an environment [3]. In addition, any measurement on the

system involves, according to measurement theory, interactions between the system and the

environment or bath [133, 134, 135].

The fact that systems are interacting with or can be made to interact with the environment

that they are embedded into provides a wealth of opportunities. For example, bath engi-

neering can be used to control the dynamics of the system, thereby providing an alternative

approach to the preparation of pre-specified target states [136, 137, 138, 139, 140, 141, 142,

143, 144]. The idea is quite simple. As an example, imagine two non-interacting few-level

emitters that are both coupled to a bath. Even though the emitters are not interacting, the

action of the bath on the emitters can be interpreted as an effective interaction between the

emitters. The effective emitter-emitter interaction can be adjusted, by modifying the mode

structure of the bath, such that the emitters are driven into a quasi-stationary state.

In most cases, the full quantum mechanical treatment of the dynamics of the en-

tire system, i.e., the system and the environment, is extremely challenging due to the

tremendously large Hilbert space. To make progress, a range of approaches has been

pursued [145]. In the weak-coupling limit, perturbative and master equation approaches

have been developed [105, 97]. The strong-coupling limit can in some cases also be

tackled perturbatively [146, 147, 148, 149, 150, 151, 152]. The present work does not

make any of these approximations and instead analyzes the dynamics of the emitter-
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waveguide system using the time-dependent Schrödinger equation, working—as, e.g.,

Refs. [153, 154, 155, 156, 157, 158, 106]—with the essentially full Hilbert space; the

Hilbert space truncation made (i.e., dropping of two-photon scattering states) leaves the

dynamics essentially unchanged for the parameter combinations investigated. To make the

calculations feasible, we restrict ourselves to a one-dimensional bath with a non-trivial but

still relatively simple mode structure. Losses to the “outside world” are neglected entirely,

i.e., the emitter-bath system is treated as a closed system (the wave guide is assumed to be

lossless).

For concreteness, our work focuses on a photonic lattice with lattice spacing a, nearest

neighbor tunneling J, and on-site interaction U [106, 60]. The two two-level emitters are

assumed to be located at or coupled to specific lattice sites [see Fig. 4.1(a)]. When both

emitters are coupled to the same lattice site, the spacing x vanishes; when both emitters

are coupled to adjacent lattice sites, x is equal to a; and so on. This model Hamiltonian

was introduced in Ref. [106]. While our work builds on the theory framework introduced

in Ref. [106], the emphasis of our study is distinct. Specifically, our work complements

Ref. [106] in that we focus on the physics near the bottom or the top of the band as opposed

to on the physics in the middle of the band, i.e., we consider a different range of detuning

δ/J, where δ/J is defined with respect to the bottom of the two-photon bound state band

for negative U and with respect to the top of the two-photon bound state band for positive

U [159],

δ = 2h̄ωe −2h̄ωc − sign(U)
√

U2 +16J2. (4.1)

Here, h̄ωe is the transition energy of the emitter and 2h̄ωc+ sign(U)
√

U2 +16J2 the bottom

of the band for negative U and the top of the band for positive U (h̄ωc is the energy

in the middle of the single-photon energy band; see Fig. 4.2 for an illustration). We

initialize the emitters in their excited state |e⟩1|e⟩2 and the waveguide in the vacuum state

|vac⟩ at time t = 0. Working in the subspace of two excitations, we study the radiation
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dynamics. Throughout, we refer to the bath as photon bath. We emphasize, however,

that the formalism applies also to a phonon bath and baths consisting of other quasi-

particles. The Hamiltonian considered conserves the total number of excitations (see, e.g.,

Refs. [153, 154, 106, 160, 105]), which is defined as the sum of the number of emitter

excitations and the number of photons. Key objectives of our work are to unravel the

dependence of the radiation dynamics on the emitter separation x and the detuning δ .

Our main results can be summarized as follows: (i) The radiation dynamics depends

strongly on the emitter separation, detuning, and strength of the non-linearity. (ii) Focus-

ing on parameter combinations where the single-photon contributions can be eliminated

adiabatically (this implies moderate x/a, not too large |U |/J, and detuning δ such that

the system is on resonance with the two-photon band or just slightly off-resonance), we

observe radiation dynamics ranging from exponential decay to fractional population to

Rabi oscillations. (iii) As discussed in Ref. [106], the Markov approximation provides a

faithful description of the exponential decay of the initial state; our semi-analytic expression

for the decay constant is compared with that for a single emitter case where the emitter

energy is in resonance with the single-photon energy band, excluding the region near the

band edge. (iv) When the onsite interaction is negative and the detuning is chosen such

that the energy of the two emitters is in the band but close to the bottom of the band (the

actual value of δ/J depends on the separation x and the coupling strength g/J), the emitters

do not decay to the ground state but instead approach a steady state that is characterized

by fractional populations. Some of the time-dependent characteristics can be explained

in terms of effective photon-pair–photon-pair interactions. (v) Detuning extremely close

to the bottom of the band [as in (iv), the actual value of δ/J depends on the separation

x and the coupling strength g/J] leads to weakly-damped or essentially undamped Rabi

oscillations, which display a notable separation dependence and can be explained in terms

of two bound hybridized photonic polaron–excited emitter states. An analytical two-state
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model that provides a semi-quantitative description of the Rabi oscillations is derived. We

note in passing that our results in support of the conclusions summarized under (iii) form

the basis for developing master equation formulations.

The remainder of this article is organized as follows. Section 4.2 introduces the model

Hamiltonian and the approaches used to solving the time-dependent and time-independent

Schrödinger equation. Sections 4.3 and 4.4 present our time-independent and time-dependent

results. Last, Sec. 4.5 provides a summary and outlook. Appendix A reviews single-emitter

results from the literature while Appendix B contains technical details related to the adiabatic

elimination.

4.2 System Hamiltonian and theoretical techniques

Sections 4.2.1 and 4.2.2 introduce the full system Hamiltonian and the bath Hamiltonian,

respectively. Our approach for solving the full Schrödinger equation is summarized in

Sec. 4.2.3. The adiabatic elimination of the single-photon states is discussed in Sec. 4.2.4.

Building on the reduced Hilbert space Hamiltonian that results after the adiabatic elimination,

Sec. 4.2.5 discusses the Markov approximation.

4.2.1 System Hamiltonian

The total Hamiltonian Ĥ is given by [106, 60]

Ĥ = Ĥs + Ĥb + Ĥsb, (4.2)

where Ĥs denotes the system Hamiltonian, Ĥb the bath Hamiltonian, and Ĥsb the system-bath

coupling [see Fig. 4.1(a) for a schematic]. We consider a system consisting of Ne two-level

emitters with energy separation h̄ωe between the ground state |g⟩ j and the excited state |e⟩ j

of the jth emitter. Specifically, Ĥs is given by

Ĥs =
h̄ωe

2

Ne

∑
j=1

(σ̂ z
j + Î j), (4.3)
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where σ̂
z
j = |e⟩ j⟨e|− |g⟩ j⟨g| and Î j = |g⟩ j⟨g|+ |e⟩ j⟨e|. The inclusion of the identity ∑

Ne
j=1 Î j

in Eq. (4.3) introduces an energy shift such that the energy of the state with Ne emitters in

their excited state and the bath in the vacuum state is equal to Neh̄ωe. The energy shift due

to the identity introduces an overall phase in the time-dependent wave packet but does not

impact the population dynamics. The jth emitter is coupled to the n jth lattice site of the

wave guide, i.e., the emitters do not move during the dynamics.

Triggered by the system-bath Hamiltonain Ĥsb with coupling strength g, the emitters

can change their state from |e⟩ j to |g⟩ j and from |g⟩ j to |e⟩ j,

Ĥsb = g
Ne

∑
j=1

(
ân j σ̂

+
j + â†

n j
σ̂
−
j

)
. (4.4)

Here, σ̂
+
j and σ̂

−
j denote raising and lowering operators of the jth emitter, σ̂

+
j = |e⟩ j⟨g| and

σ̂
−
j = |g⟩ j⟨e|. The operators â†

n j
and ân j , respectively, create and destroy a photon at lattice

site n j, where the label n j takes values from 1 to N with N denoting the number of lattice

sites or cavities of the wave guide. We are interested in the regime where the dynamics is

independent of N (large N limit). Since the system-bath Hamiltonian does not include any

counterrotating terms, the treatment is restricted to the weak-coupling regime where |g| is

small compared to the other energy scales of the system [72].

The Hamiltonian Ĥb is taken to be a one-dimensional array of tunnel coupled cavities

in the tight-binding limit. It is characterized by the “photon energy” h̄ωc (the middle of

the single-photon energy band has energy h̄ωc), the tunneling energy J, and the onsite

interaction energy U :

Ĥb = h̄ωc

N

∑
n=1

â†
nân − J

N

∑
n=1

(
â†

nân+1 + â†
n+1ân

)
+

U
2

N

∑
n=1

â†
nâ†

nânân. (4.5)

In Eq. (4.5), the photons are assumed to interact, due to the presence of a Kerr-like medium,

either effectively repulsively (U > 0) or effectively attractively (U < 0). A positive U gives
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Figure 4.1: Illustration of system under study. (a) Schematic of system Hamiltonian. Each

blue box represents a cavity. The tunnel-coupling between neighboring cavities, which are

separated by a, is shown by the lines labeled by J. The onsite interaction U characterizes the

effective photon-photon interaction; the U-term of the Hamiltonian Ĥ, Eq. (4.2), only plays

a role for Nexc ≥ 2. Two two-level emitters with energy levels |g⟩ j and |e⟩ j ( j = 1 or 2) are

coupled to cavities n1 and n2 (n1 and n2 are fixed, n1 −n2 = x/a) with strength g. The black

line illustrates a two-photon bound state that is supported by the cavity array. The physics

explored in this paper occurs in the regime where the size of the two-photon bound state is

comparable to the emitter separation x. (b) Illustration of the system-bath Hamiltonian Ĥsb,

Eq. (4.4), in the emitter Hilbert space. Going from |e⟩1|e⟩2|vac⟩ to |g⟩1|g⟩2|K⟩ requires two

single-photon processes of strength g. (c) Illustration of the effective Hamiltonian Ĥadia,

Eq. (4.28), in the emitter Hilbert space. The adiabatic elimination introduces an effective

two-photon coupling between states |e⟩1|e⟩2|vac⟩ and |g⟩1|g⟩2|K⟩. This work monitors the

change of the population of the state |e⟩1|e⟩2|vac⟩ with time.

rise to a two-photon bound state with center-of-mass wave vector K that lies above the

two-photon continuum while a negative U gives rise to a two-photon bound state with

center-of-mass wave vector K that lies below the two-photon scattering continuum [123,

124, 125, 126].
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The bath Hamiltonian considered here has been chosen for several reasons: (i) The

eigen energies and eigen states of Ĥb are known analytically (see below) [125]. (ii) De-

spite its simplicity, the Hamiltonian Ĥb supports a non-trivial mode structure, namely the

above-mentioned two-photon bound state [123, 124, 125, 126]. (iii) It was predicted in

Ref. [106] that the emission dynamics of Ĥ displays, for certain parameter combinations,

sub-radiance and super-correlations. These intriguing findings motivate our quest to map

out constructive and destructive interferences, with the goal of identifying the dominant

emission pathways. Throughout, we are interested in situations where the initial t = 0 state

contains two excitations in the emitter Hilbert space (i.e., |Ψ(0)⟩= |e⟩1|e⟩2|vac⟩) and where

the dynamics is driven, at least in part, by the non-trivial mode structure of the bath, i.e., by

the existence of the two-photon bound states supported by Ĥb. For brevity, we adopt the

notation |e⟩1|e⟩2|vac⟩= |e,e,vac⟩, etc. The next section discusses selected properties of Ĥb.

The Hamiltonian Ĥ has four independent energy scales: δ , g, J, and U . Throughout, J,

h̄/J, and a are used as energy unit, time unit, and length unit, respectively. To reduce the

parameter space, we analyze the system properties for fixed g/J as functions of δ/J and

x/a. The dependence on U/J is explored a bit; most calculations presented, however, are

for U/J =−1. Throughout, we work in the weak coupling regime, i.e., we use g/J = 1/50.

Section 4.5 comments briefly on the dependence of the system properties on g/J. As

illustrated in Fig. 4.2, the detuning δ is set such that the energy 2h̄ωe of the initial state is,

for g = 0, (A) in resonance with a two-photon bound state with Ka/π not too close to 0

and not too close to ±1 [see the horizontal dashed line in Fig. 4.2(b) as an example]; (B) in

resonance with a two-photon bound state with Ka/π a bit larger than 0 [see the horizontal

solid line in Fig. 4.2(b) as an example]; and (C) in resonance with the two-photon bound

state extremely close to the bottom of the band [K(0)a/π ≈ 4.5×10−3; see the horizontal

dotted line in Fig. 4.2(b) as an example].

We note that single-photon losses are not included in our treatment. This is justified
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Figure 4.2: Two-photon eigen spectrum as a function of the scaled center-of-mass wave

number Ka/π . Note that the energy is shifted such that the bottom of the two-photon bound

state band sits at zero. (a) The gray-shaded energy band corresponds to the two-photon

scattering continuum, Eq. (4.9). The thick blue solid line shows the energy EK,b of the two-

photon bound state for U/J =−1. While the gray band and thick blue solid line appear to

coincide for K = 0 on the scale shown, we note that the bottom of the two-photon scattering

continuum at K = 0 lies (−4+
√

17)J ≈ 0.123J above the K = 0 two-photon bound state

energy. This separation is sufficiently large for the two-photon scattering continuum to play

a negligible role in the system dynamics considered in this paper. The thin dashed line

shows the energy of the state |e,e,vac⟩ for δ/J = 0.0431. (b) Blow-up of (a), focusing on

the region around the bottom of the band. The blue solid and blue dashed lines are the same

as in (a). The horizontal green solid and magenta dotted lines show the energy of the state

|e,e,vac⟩ for δ/J = 0.0011 and 0.0001, respectively. The labels “(A)”, “(B)”, and “(C)”

refer to the three scenarios introduced in the second to last paragraph of Sec. 4.2.1.

if the dynamics governed by Ĥ is notably faster than the dynamics associated with the

single-photon losses. Using the parameters of Fig. 4.11 as an example, this implies that the

single-photon loss rate is assumed to be smaller than ≈ 10−4J/h̄.
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4.2.2 Mode structure of the bath Hamiltonian

Since the Hamiltonian Ĥb commutes with the photon number operator N̂ [123, 124, 125],

N̂ =
N

∑
n=1

â†
nân, (4.6)

Ĥb is block-diagonal in the number of photons. In what follows, we discuss the eigen

spectrum of Ĥb in the one- and two-photon subspaces.

We start with the single-photon subspace. The single-photon energy Ek reads [161]

Ek = h̄ωc −2J cos(ka) , (4.7)

where the single-photon wave number k (ka/π ∈ [−1,1]) is a good quantum number. The

single-photon eigen states with energy Ek are denoted by |ψk⟩. Equation (4.7) shows that

Ek is equal to h̄ωc for ka/π =±1/2 (this is the middle of the band), equal to h̄ωc −2J for

ka/π = 0 (this is the bottom of the band), and equal to h̄ωc +2J for ka/π =±1. For later

reference, we note that the single-photon group velocity vk is given by

vk =
2Ja
h̄

sin(ka). (4.8)

This shows that a single photon travels, “on average,” two lattice sites per characteristic time

h̄/J for ka/π =±1/2 and not at all for ka = 0 and ka/π =±1. According to this classical

average-speed-picture, two individually launched photons may not interfere with each other

if the photon’s wave number is close to zero or ±π/a, or if the emitters are separated by

many lattice sites.

We now turn to the two-photon subspace, which is spanned by scattering states |ψK,q⟩

with energy EK,q and bound states |ψK,b⟩ with energy EK,b [123, 124, 125, 126]. The center-

of-mass wave number K is a good quantum number. The gray band in Fig. 4.2(a) shows the

two-photon scattering energy EK,q [123, 124, 125],

EK,q = 2h̄ωc −4J cos
(

Ka
2

)
cos(qa), (4.9)
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as a function of K (Ka/π ∈ [−1,1]). The energy continuum arises from the fact that the

relative wave number q can take a range of values that depends on K (e.g., qa/π ∈ [−1,1]

for K = 0 and qa/π = 0 for Ka/π = ±1). The middle of the scattering continuum lies

at 2h̄ωc, and the scattering continuum has a width of 8J for Ka/π = 0 and a width of 0

for Ka/π =±1. While the two-photon scattering energies EK,q are independent of U , the

associated scattering states depend on U .

In addition, the Hamiltonian Ĥb supports one two-photon bound state with energy EK,b

for each K [123, 124, 125, 126],

EK,b = 2h̄ωc + sign(U)

[
U2 +16J2 cos2

(
Ka
2

)]1/2

. (4.10)

For negative U/J, the bound state lies below the scattering continuum (see the thick blue

solid line in Fig. 4.2 for U/J =−1). In this case, the binding energy for a given K is defined

as the energy difference between the lower edge of the scattering continuum (EK,q with

q = 0) and the bound state energy EK,b. The situation for positive U/J is similar, except

that the bound state lies above the scattering continuum. The binding energy increases with

increasing |U |/J; correspondingly, the two-photon bound state wave function becomes more

localized. We note that two-photon bound states [162] and repulsively bound atom pairs in

optical lattices [163] have been observed experimentally.

The horizontal lines in Fig. 4.2(b) show the energy of the state |e⟩1|e⟩2|vac⟩ for three

different values of δ/J: δ/J = 0.0431 (dashed line) corresponds to scenario (A), δ/J =

0.0011 (solid line) corresponds to scenario (B), and δ/J = 0.0001 (dotted line) corresponds

to scenario (C). The crossings between the energy of the initial state and the energy EK,b

of the two-photon bound state define the uncoupled (i.e., g = 0) resonance wave numbers

±K(0) [106], where K(0) is defined to be positive. For finite coupling strength g, the value

of the resonance wave vector shifts from K(0) to K(∗) (see Appendix B for details).

In scenario (A), radiation is emitted predominantly, via intermediate single-photon

states, into two-photon bound states with wave numbers ≈±K(∗), leading to exponential
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decay [106]. Since the group velocity vK,b [125],

vK,b =
1
h̄

∂EK,b

∂K
, (4.11)

of the two-photon bound state depends on K (vK,b is zero for Ka/π = 0 and ±1 and finite

for all other Ka), the decay constant shows a distinct dependence on the resonance wave

number or, equivalently, on the detuning δ/J [106]. In scenario (B), the near-flatness of the

band implies that the initial energy is nearly equal to that of several two-photon bound states

with |Ka/π| ≪ 1. This leads, as shown in Sec. 4.4, to fractional populations. In scenario

(C), the two-photon bound state band splits into a band and an emitter-photon coupling

induced polaron-like bound state that hybridizes with the state |e,e,vac⟩ upon inclusion

of the coupling between the polaron-like bound state and the state |e,e,vac⟩, leading to

essentially undamped Rabi oscillations that are reproduced very well by a two-state model.

Selected results for scenarios (B) and (C) are discussed in Ref. [60].

4.2.3 Solving the Schrödinger equation

Since Ĥ commutes with the excitation operator N̂exc [153, 154, 106, 160, 105],

N̂exc = N̂ +
Ne

∑
j=1

σ̂
+
j σ̂

−
j , (4.12)

the number of excitations Nexc (eigenvalue of N̂exc) is conserved. Correspondingly, the

time evolution of an initial state with Nexc = 2 under the Hamiltonian Ĥ, Eq. (4.2), can

be expanded in terms of the states |e,e,vac⟩, â†
n|e,g,vac⟩, â†

n|g,e,vac⟩, and â†
nâ†

n′|g,g,vac⟩,

where n and n′ take the values 1, · · · ,N. Alternatively, the time-dependent state |Ψ(t)⟩ can
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be expanded using the zero-, one-, and two-photon eigen states of Ĥb [106],

|Ψ(t)⟩= exp(−2ıωet)[cee(t)|e,e,vac⟩+

∑
k

c1k(t)â
†
k |e,g,vac⟩+

∑
k

c2k(t)â
†
k |g,e,vac⟩+

∑
K

cK,b(t)P̂
†
K,b|g,g,vac⟩+

∑
K,q

cK,q(t)P̂
†
K,q|g,g,vac⟩], (4.13)

where |ψk⟩= â†
k |vac⟩, |ψK,b⟩= P̂†

K,b|vac⟩, and |ψK,q⟩= P̂†
K,q|vac⟩. The operators â†

n and â†
k

are related via a Fourier transform in the standard way,

â†
k =

1√
N

N

∑
n=1

exp(ıkan)â†
n. (4.14)

Inserting Eq. (4.13) into the time-dependent Schrödinger equation

ıh̄
∂Ψ(t)

∂ t
= ĤΨ(t) (4.15)

and projecting onto the basis states, we obtain a set of first-order differential equations for

the time-dependent expansion coefficients [106],

ıh̄ċee(t) =
g√
N ∑

α=1,2
∑
k

exp
(
ıkanβ

)
cαk(t), (4.16)

ıh̄ċαk(t) = ∆kcαk(t)+
g√
N

exp
(
−ıkanβ

)
cee(t)+

g
N ∑

K
Mb(k,nα ,K)cK,b(t)+

g
N ∑

K,q
Mq(k,nα ,K)cK,q(t), (4.17)

ıh̄ċK,b(t) = ∆K,bcK,b(t)+
g
N ∑

α=1,2
∑
k
[Mb(k,nα ,K)]∗cαk(t), (4.18)

and

ıh̄ċK,q(t) = ∆K,qcK,q(t)+
g
N ∑

α=1,2
∑
k
[Mq(k,nα ,K)]∗cαk(t). (4.19)
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For Nexc = 2 (recall, this is the focus of our work), Eqs. (4.16)-(4.19) are equivalent to

the time-dependent Schrödinger equation. The quantities ∆k, ∆K,b, and ∆K,q denote energy

detunings:

∆k = Ek − h̄ωe, (4.20)

∆K,b = EK,b −2h̄ωe, (4.21)

and

∆K,q = EK,q −2h̄ωe. (4.22)

In Eq. (4.17), α takes the values 1 or 2. The value of β depends on α: β = 2 for α = 1

and β = 1 for α = 2 in Eqs. (4.16)-(4.17). The matrix elements Mb(k,n,K) and Mq(k,n,K)

measure the contribution of a photon with wave number k to the two-photon bound state and

to the two-photon scattering state, respectively, after acting with ân on the two-photon state,

Mb(k,n,K) = N⟨ψk|ân|ψK,b⟩ (4.23)

and

Mq(k,n,K) = N⟨ψk|ân|ψK,q⟩. (4.24)

The matrix element Mb(k,n,K) reads [106]

Mb(k,n,K) =
√

2∑
m

exp
[

ım
(

k− K
2

)
a+ ın(K − k)a

]
ψK,b(m)], (4.25)

where ψK,b(m) = ⟨r = ma|ψK,b⟩ with |r⟩ denoting the relative distance between the two

photons; Mq(k,n,K) is obtained by replacing the subscript b in Eq. (4.25) by q. The matrix

elements Mb(k,n,K) and Mq(k,n,K) are defined such that their values for a given k, n, and

K [and q for Mq(k,n,K)] are independent of N; they differ by a factor N from those defined

in Ref. [106].
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We solve the coupled differential equations by discretizing the wave numbers k, K,

and q. For N lattice sites and Nexc = 2 excitations, we have N2 +(Ne +1)N +1 expansion

coefficients. If the scattering continuum can be neglected, the computational complexity

reduces dramatically since the number of coupled equations reduces from order N2 to order

N. For the parameters considered in this work, we found—by performing calculations for

N ≤ 300—that the scattering continuum plays a negligible role. This is consistent with

the findings of Ref. [106]. Thus, the results presented are calculated using N up to 9001,

excluding the scattering continuum from the Hilbert space.

Two numerical approaches are used. First, we use the Runge-Kutta algorithm [164]

with adjustable time step to propagate the coefficients for a given initial state at t = 0 to

time t. Second, we express the Hamiltonian Ĥ in terms of the uncoupled g = 0 basis states

using the matrix elements defined above. Determining the finite g eigen states through

diagonalization, we project the initial state onto the eigen states of Ĥ. Since the exact

diagonalization approach is numerically more stable, the results presented in this paper are

obtained using that approach.

The eigen spectrum of Ĥ provides complementary clues for understanding the emitter

dynamics. For finite g, eigen states with hybridized character that contain photon and emitter

contributions can exist [60]; for certain parameter combinations, these strongly-mixed states

have energies that lie “outside” the two-photon bound state band. These states are discussed

in more detail in Sec. 4.3. Hybridized light-matter states play a critical role in many other

related contexts [165, 108, 167, 166].

4.2.4 Adiabatic elimination of single-photon states

This section discusses the construction of a reduced dimensionality Hamiltonian that

“lives” in the Hilbert space spanned by the states |g,g,vac⟩, P̂†
K,b|g,g,vac⟩, and P̂†

K,q|g,g,vac⟩.

The basis states â†
k |e,g,vac⟩ and â†

k |g,e,vac⟩ are removed and accounted for approximately
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through effective interactions in the reduced dimensionality Hilbert space [see Figs. 4.1(b)

and 4.1(c)]. The construction of the reduced dimensionality Hamiltonian is based on the

adiabatic elimination of c1k(t) and c2k(t) from the coupled equations [106, 169]. The

approximation requires that the change of c1k(t) and c2k(t) with time in Eqs. (4.16)-(4.19)

can be neglected.

Even though the adiabatic elimination approach removes c1k(t) and c2k(t) from the

coupled equations, we emphasize that the single-photon states play an important role even

in the regime where the differential equations after adiabatic elimination provide a faithful

description of the dynamics. This can be seen by inspecting Eqs. (4.16)-(4.19). If we start,

e.g., with cee(0) = 1, then the evolution of the initial state for t = 0+ is driven by the change

of ċαk(t); this follows since the cee(t)-coefficient appears on the right hand side of Eq. (4.17)

but not on the right hand side of Eqs. (4.18) and (4.19). The key point of the adiabatic

elimination is that the single-photon states serve as intermediate states—population goes

into and out of these states at roughly equal rates such that the majority of the population is

in the basis states with two emitter excitations and zero emitter excitations. The adiabatic

elimination breaks down when g becomes too large (the actual value of g/J depends on the

values of δ/J, U/J, and x/a).

Carrying out the adiabatic elimination and neglecting the effective coupling matrix ele-

ments HK,K′,q(n1,n2) and JK,K′,q,q′(n1,n2) that involve the two-photon scattering continuum

(see Appendix B), Eqs. (4.16)-(4.19) reduce to a set of differential equations that can be

written in terms of the effective adiabatic Hamiltonian Ĥadia. In matrix form, we find [106]

ıh̄
∂

∂ t

 cee(t)

c⃗K,b(t)

= Hadia

 cee(t)

c⃗K,b(t)

 , (4.26)

where

c⃗K,b(t) = (cK1,b(t), · · · ,cKN ,b(t))
T , (4.27)
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Hadia =

 2∆e 0

0 ∆K,b

+
g2

J

 0 N−1/2(F⃗K,b(n1,n2))
T

N−1/2[F⃗K,b(n1,n2)]
∗ N−1GK,K′(n1,n2)

 ,

(4.28)

and

F⃗K,b(n1,n2) = (FK1,b(n1,n2), · · · ,FKN ,b(n1,n2))
T . (4.29)

The definition of the vector F⃗K,b(n1,n2) is given in Eq. (B.4). The matrices ∆K,b and

GK,K′(n1,n2) have dimension N ×N: ∆K,b is diagonal with ∆K1,b, · · · ,∆KN ,b on the diagonal

and the elements of GK,K′(n1,n2) are given by GKl ,Kl′ (n1,n2) [Eq. (B.6)], with l and l′ taking

the values 1, · · · ,N. The second term on the right hand side of Eq. (4.28) represents effective

interactions that arise due to the elimination of the single-photon states. The element

FKl ,b(n1,n2) represents an effective interaction between the state |e,e,vac⟩ and the two-

photon bound state with center-of-mass wave number Kl while the element GKl ,Kl′ (n1,n2)

represents an effective interaction between the two-photon bound state with wave number

Kl and the two-photon bound state with wave number Kl′ . We note that FKl(n1,n2) and

GKl ,K′
l′
(n1,n2) are independent of g and, in general, complex.

Figure 4.3 shows F⃗K,b(n1,n2) as functions of Ka/π and x/a for δ/J = 0.0011 and two

different U/J, namely U/J =−1 (top row) and U/J =−5/2 (bottom row). The real and

imaginary parts of F⃗K,b(n1,n2) are shown in the left and right columns, respectively. We note

that the system properties only depend on the emitter separation x/a and not independently

on the actual emitter positions n1 and n2; to make Fig. 4.3, the separation is—to aid with the

visualization—treated as a continuous as opposed to a discrete variable. The magnitude of

the real part of the effective interactions is larger for U/J =−1 (weakly-bound state) than for

U/J =−5/2 (more strongly-bound state). The characteristics common to both U/J values

considered in Fig. 4.3 are: First, the real part of the effective interactions is most negative

near Ka/π = x/a = 0, even though the resonance wave vector K(0) differs in the two cases
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Figure 4.3: Contour plots of the effective dimensionless interactions F⃗K,b(n1,n2) between

the states |e,e,vac⟩ and P̂†
K,b|g,g,vac⟩ as functions of Ka/π and x/a for δ/J = 0.0011; to

obtain the actual interaction strength, F⃗K,b(n1,n2) needs to be multiplied by g2/(N1/2J). (a)

Re[F⃗K,b(n1,n2)] for U/J =−1. (b) Im[F⃗K,b(n1,n2)] for U/J =−1. (c) Re[F⃗K,b(n1,n2)] for

U/J =−5/2. (d) Im[F⃗K,b(n1,n2)] for U/J =−5/2. The color scheme for each of the four

panels is different.

[K(0)a/π = 0.0152 for Figs. 4.3(a)/(b) and K(0)a/π = 0.0162 for Figs. 4.3(c)/(d)]. Second,

the real part of the effective interactions displays a larger K dependence for x/a = 0 than for

x/a > 0. Third, for fixed Ka/π , the real part of the effective interactions is characterized by

an overall fall-off that sits on top of small amplitude oscillations. Fourth, the magnitude of

the imaginary part of the effective interactions is very small for Ka/π ≈ 0. The separation

and wave vector dependencies of F⃗K,b(n1,n2) have, as shown in the later sections, a strong

impact on the system dynamics.

Section 4.4 shows that the effective interactions GK,K′(n1,n2) play a non-negligible role

for scenarios (B) and (C), corresponding to the horizontal solid and dotted lines in Fig. 4.2(b).

The effective interactions GK,K′(n1,n2) between two two-photon bound states, one with K

and the other with K′, depend—for fixed U/J and δ/J—on Ka, K′a, and x/a. Figure 4.4
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shows the real part of GK,K′(n1,n2) for δ/J = 0.0011 for two different separations, namely,

x = 0 (top row) and x/a = 10 (bottom row). The left and right columns are for U/J =−1

and U/J = −5/2, respectively. The key characteristics are: (i) The oscillatory structure

of the real part of GK,K′(n1,n2) increases with increasing separation. (ii) For the onsite

interaction and detuning considered, the real part of GK,K′(n1,n2) is negative; the most

negative values are found for K = K′ = 0 for x/a = 0 and x/a = 10. We note that the

imaginary part of GK,K′(n1,n2) (not shown) is zero for K = K′.

Figure 4.4: Contour plots of the real part of the effective dimensionless interactions

GK,K′(n1,n2) between the states |g,g,K⟩ and |g,g,K′⟩ as functions of Ka/π and K′a/π

for δ/J = 0.0011; to obtain the actual interaction strength, GK,K′(n1,n2) needs to be multi-

plied by g2/(NJ). (a) Re[GK,K′(n1,n2)] for U/J =−1 and x/a = 0. (b) Re[GK,K′(n1,n2)]

for U/J = −5/2 and x/a = 0. (c) Re[GK,K′(n1,n2)] for U/J = −1 and x/a = 10. (d)

Re[GK,K′(n1,n2)] for U/J =−5/2 and x/a = 10. The color schemes for U/J =−1 [(a) and

(c)] are the same; similarly, the color schemes for U/J =−5/2 [(b) and (d)] are the same.

Since Ĥadia is hermitian [this can be seen readily by inspecting GK,K′(n1,n2)], the

population is normalized at all times, i.e., |cee(t)|2+∑K |cK,b(t)|2 = 1, and the eigen energies

of Ĥadia are real. The validity of the approximations (adiabatic elimination and dropping of

scattering states) can thus be assessed in two complementary ways, namely by comparing
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the time evolution of, e.g., the initial state |e,e,vac⟩ under Ĥ and Ĥadia and by comparing the

eigen spectra of Ĥ and Ĥadia. Reference [106] constructed a master equation, using Eq. (4.28)

with GKl ,Kl′ (n1,n2) = 0 as a starting point. We denote Ĥadia with GKl ,Kl′ (n1,n2) = 0 and

̸= 0 by Ĥadia,0 and Ĥadia,1, respectively. Section 4.4 shows that Ĥadia,1 significantly expands

the applicability regime of the reduced dimensionality Hamiltonian compared to Ĥadia,0 in

certain parameter regimes.

4.2.5 Markov approximation for Ĥadia,0

For scenario (A), the population of the initial state |e,e,vac⟩ decays approximately

exponentially for x/a not too large. As shown in Ref. [106], the decay constant can be

determined analytically in this regime using the Markov approximation. Appendix B shows

that c̃ee(t), where c̃ee(t) denotes the expansion coefficient for the state that rotates with 2∆e,

falls off exponentially according to

c̃ee(t) = exp(−Γbatht) , (4.30)

where Γbath is given by

Γbath =
g4a
J3h̄

|FK(∗),b(n1,n2)|2ρ(K(∗)). (4.31)

Here, K(∗) is defined through

EK(∗),b = 2h̄ωe +2∆e, (4.32)

with the “Stark shift” 2∆e [106],

2∆e =− 2
N ∑

k

g2

∆k
, (4.33)

quantifying the shift of the state |e,e,vac⟩ due to the “renormalization” by the single-photon

states. Correspondingly, the decoupled (g = 0) resonance wave number K(0) gets shifted

to K(∗) for finite g/J; the use of K(∗) in place of K(0), as done in Ref. [106], provides an
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improved description. The density of states ρ(K(∗)) at the resonance wave vector can be

written as

ρ(K(∗)) = J
(

h̄vK(∗),b

)−1
. (4.34)

When |g/J| is not much smaller than 1, the adiabatic elimination and, correspondingly, the

concept of a resonant wave number looses its meaning. The importance of the Stark shift

2∆e increases as K(0)a and, correspondingly, the detuning δ/J approach zero.

Figures 4.5(a) and 4.5(b) show the decay constant Γbathh̄J3/g4 as a function of the onsite

interaction U/J and the detuning δ/J, respectively, for various separations (x/a = 0 to 6).

It can be seen that the radiation dynamics is characterized by a larger dimensionless decay

constant (faster decay) for x/a = 0 (solid line) than for x/a = 6 (dash-dotted line). This

makes sense intuitively since a larger separation is associated with a smaller, in magnitude,

effective interaction FK(∗),b(n1,n2). The dependence on U/J [see Fig. 4.5(a)] can also be

understood readily intuitively. As |U/J| increases, the two-photon bound state becomes

more localized and the coupling to the state |e,e,vac⟩ decreases. The Markov approximation

results shown in Fig. 4.5(a) agree quite well with the decay constants extracted from full

numerical calculations (not shown).

The dependence of the dimensionless decay constant, calculated within the Markov ap-

proximation, on the detuning is non-monotonic [see Fig. 4.5(b)]. The increase of Γbathh̄J3/g4

as the dimensionless detuning δ/J, for fixed x/a, approaches zero [left part of Fig. 4.5(b)]

is unphysical. This increase is due to the break-down of the Markov approximation in the

vicinity of the bottom of the band, where the density of states of two-photon bound states

is large and diverges as δ/J → 0. The open circles in Fig. 4.5(b) show the decay constant

for x/a = 0, extracted from calculations for the full Hamiltonian Ĥ. While the agreement

with the Markov approximation results is quite good, we note that the full dynamics dis-

plays non-exponential characteristics for small δ/J that get “averaged” when fitting to an

exponential. The Markov approximation also breaks down when δ/J becomes too large
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[right part of Fig. 4.5(b)]. The reason for this break-down is that the adiabatic elimination is

not valid when 2h̄ωe is close to the two-photon scattering continuum.
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Figure 4.5: Lines show the dimensionless decay constant Γbathh̄J3/g4, obtained within

the Markov approximation [Eq. (4.31)]. (a) The black solid, red dashed, blue dotted, and

magenta dash-dotted lines show Γbathh̄J3/g4 as a function of U/J for δ/J = 0.0431 and

x/a = 0, 2, 4, and 6, respectively. (b) The black solid, blue dotted, and magenta dash-dotted

lines show Γbathh̄J3/g4 as a function of δ/J for U/J =−1 and x/a= 0, 4, and 6, respectively.

For comparison, the open black circles show the decay constant extracted from the dynamics

for the full Hamiltonian Ĥ for x/a = 0 and g/J = 1/50; the Markov approximation results

(solid line) capture the decay constant extracted from the full decay dynamics quite well.

Note that the Markov approximation breaks down when δ/J approaches zero (left portion

of the panel) and when δ/J approaches the two-photon scattering continuum (right portion

of the panel).

To recapitulate, we arrived at Eq. (4.30) by making four distinct approximations: adi-

abatically eliminating c1k(t) and c2k(t), neglecting the two-photon scattering continuum,

neglecting GK,K′(n1,n2), and making the Markov approximation. It is useful to compare

the results obtained for the two-emitter case with non-linear bath to those for a single

emitter [Ĥ in Eq. (4.2) with Ne = 1 and U = 0 with initial state |e,vac⟩]. Appendix A shows

that the decay constant Γsingle for the single-emitter system evaluates within the Markov
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approximation to

Γsingle =
g2a
h̄J

ρsingle(k(0)), (4.35)

where

ρsingle(k(0)) = J
(
h̄vk(0)

)−1
, (4.36)

with k(0) denoting the single-photon resonance wave vector.

Comparison of Eqs. (4.31) and (4.35) indicates that the two-emitter dynamics, in the

regime where |cee(t)|2—starting in the state |e,e,vac⟩—falls off exponentially, is the same

as that for the single emitter system, provided (i) the dimensionless densities of states

aρ(K(∗)) and aρsingle(k(0)) take the same value and (ii) the coupling constant gsingle of the

single emitter system is set to

gsingle =
g2

J
|FK(∗),b(n1,n2)|; (4.37)

the quantities on the right hand side are understood to be those characterizing the two-

emitter system. To match the densities of states, we consider K(∗)a and k(0)a values that are

sufficiently large for the Markov approximation to hold but sufficiently small for ∆K,b and Ek

to be well approximated by their Taylor-expanded expressions up to order (Ka)2 and (ka)2,

respectively. Comparing the slopes of the quadratic terms, we find that the dimensionless

densities of states match if the tunneling coupling strength Jsingle of the single emitter system

is set to

Jsingle = 2J

[(
U
J

)2

+16cos2

(
K(∗)a

2

)]−1/2

; (4.38)

the quantities on the right hand side are, again, understood to be those characterizing the

two-emitter system.

The meaning of Eqs. (4.37) and (4.38) is as follows. Say we have a coupled two-emitter–

cavity system in the Markovian regime. For a given U/J, g/J, δ/J, and x/a, this implies
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that the exponential decay of the population is characterized by Γbath. Imagine now that we

want to design a coupled single-emitter–cavity system such that the exponential decay of

|de(t)|2, see Eq. (B.1), is characterized by Γsingle = Γbath. This goal is accomplished if the

tunneling coupling strength Jsingle and coupling strength gsingle of the single-emitter–cavity

system are chosen according to Eqs. (4.37) and (4.38).

Using that |FK(∗),b(n1,n2)| is—for the parameters considered in this paper (see Fig. 4.3

for two examples)—of the order of 1 to 10, Eq. (4.37) shows that the two-emitter dynamics

considered is slower than the single-emitter dynamics would be if the single emitter was in

resonance with the single-photon band. Importantly, if the two-emitter energy is in resonance

with the two-photon bound state band, then the single-emitter energy is not in resonance

with the single-photon band (at least not for the parameters considered in this work). We

note that appreciable single-emitter dynamics is observed for large x/a for certain parameter

combinations (see Sec. 4.4 for details).

4.3 Stationary solution

This section discusses the stationary solutions of the coupled emitter-cavity system under

study. Section 4.3.1 provides an overview for different detunings while Sec. 4.3.2 focuses

on the physics near the bottom of the band.

4.3.1 Overview

To assess the reliability of the different approximations, we compare the energy spectrum

obtained by diagonalizing Ĥadia,0, Ĥadia,1, and Ĥ (using a basis that excludes the two-photon

scattering states) for U/J =−1 for various δ/J. Figure 4.6(a) shows the lowest two eigen

energies for x/a = 0. The zero of the energy axis corresponds to the bottom of the g = 0

two-photon energy band. The eigen energies of the full Hamiltonian (open circles) are

reproduced much better by Ĥadia,1 (black solid lines) than by Ĥadia,0 (red dashed lines).
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Specifically, neglecting the effective interactions GK,K′(n1,n2) leads to a weakening of the

binding of the lowest energy state, especially for positive δ/J. The lowest energy state is a

hybridized bound state that contains contributions from the state |e,e,vac⟩ and two-photon

bound states. The hybridized state is clearly separated from the energy continuum. The

character of the lowest energy eigen state is elucidated in the next section.
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Figure 4.6: Energy of the two lowest eigen states as a function of δ/J for U/J =−1 and

g/J = 1/50. (a) The black solid and red dashed lines show the energy for Ĥadia,1 and Ĥadia,0,

respectively, for x = 0. For comparison, the open circles show the eigen energies for Ĥ

(using a basis that excludes the two-photon scattering states). The energies for Ĥ and Ĥadia,1

agree very well. (b) The black solid and black dotted lines show the energies of Ĥadia,1 for

x/a = 0 and x/a = 5, respectively. A clear separation dependence can be seen. In both

panels, the lower state corresponds to a hybridized bound state with appreciable |e,e,vac⟩

and |g,g,pol⟩ contributions (see Sec. 4.3.2 for details).

The density of states ρE(E) (number of states per unit energy interval) of the energy

continuum, which reduces to the two-photon bound state band for g = 0, is shown by the

color map in Fig. 4.7 for the same parameters as those used in Fig. 4.6(a). The density of
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states is large near the bottom of the energy band and decreases as one moves away from

the bottom of the band. While the coupling constant g has a profound effect on the two

lowest eigen states (black solid and dashed lines in Fig. 4.7), the density of states depends

comparatively weakly on g.

Figure 4.7: Visualization of eigen spectrum of Ĥadia,1 as a function of the detuning δ/J for

U/J =−1, g/J = 1/50, and x = 0. The density of states ρE(E) of the continuum portion of

the energy spectrum, which is dominated by states that have no or extremely small emitter

admixtures, is shown in color (the legend is shown on the right; arbitrary units are used). The

lowest hybridized bound state (black solid line) is well separated from the energy continuum.

The second lowest state (black dashed line) is separated by a small gap from the continuum

for negative δ/J and part of the continuum for positive δ/J.

To elucidate the dependence on the separation for U/J = −1, we work with Ĥadia,1.

Figure 4.6(b) shows the two lowest eigen energies as a function of δ/J for x/a = 0 (solid

line) and x/a = 5 (dotted line). The binding energy of the lowest hybridized bound state

decreases with increasing x/a. This might be expected naively since a larger emitter

separation is associated with reduced interactions. Interestingly, the second lowest energy

state has a somewhat lower energy for x/a = 5 than for x/a = 0; this can be seen most

clearly in Fig. 4.6(b) for negative detuning but also holds true for positive δ/J. An analysis

of the corresponding eigen state reveals that the second lowest state for x/a = 5 has bound
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state character not only for negative but also for positive detuning. For x/a = 0, in contrast,

the second lowest state merges into the continuum when the detuning is positive. The

emergence of a second bound state with increasing separation is somewhat counterintuitive.

We checked that the full Hamiltonian Ĥ also supports a second bound state, i.e., we checked

that its appearance is not an artefact of the adiabatic approximation. To gain additional

insights, the next section discusses a two-state model that captures key aspects of the two

hybridized bound states that exist for U/J =−1, small detuning, and sufficiently large x/a.

4.3.2 Near the bottom of the band: Two-state model

An important conclusion of the previous section is that the adiabatic Hamiltonian Ĥadia,1

captures the key features of the bound states supported by the full Hamiltonian Ĥ. Using

Ĥadia,1, we now review the physical picture that was introduced in Ref. [60]. Since the

effective interactions GK,K′(n1,n2) cannot be neglected near the bottom of the band (see the

previous section), the bath Hamiltonian contains off-diagonals in the {|g,g,K⟩, |e,e,vac⟩}

basis. To proceed, we change the basis. We continue to use |g,g⟩ and |e,e⟩ with energy

0 and 2∆e, respectively, for the two emitters. For the two-photon bath Hamiltonian, in

contrast, we change from the basis states |K⟩, in which the bath is characterized by effective

interactions between two-photon bound states with center-of-mass wave numbers K and K′,

Hadia,1
b = ∆K,b +

g2

JN
GK,K′(n1,n2), (4.39)

to a basis in which the bath Hamiltonian Ĥadia,1
b is diagonal. Performing the diagonalization,

we find that the energy spectrum of the adiabatic bath Hamiltonian Ĥadia,1
b consists of a

continuum, similar to the two-photon bound state band, and an “isolated state” whose energy

is energetically separated from the bottom of the two-excitation continuum; this state lives

in the band gap and corresponds to a bound state.

The isolated state |pol⟩ is well reproduced by an ansatz with Lorentzian distributed

72



expansion coefficients dK [60],

|pol⟩= ∑
K

dK|K⟩ (4.40)

and

dK =
(2L−1

eff a)3/2
√

N
1

(2Ka)2 +(L−1
eff a)2

, (4.41)

where the normalization is chosen such that

a
∫

∞

−∞

|dK|2dK = 1. (4.42)

In writing this ansatz, it is assumed that L−1
eff a is much smaller than π so that the integration

limits can be safely extended from ±π to ±∞. We refer to the isolated state as a polaron-like

state as it represents a quasi-particle that is a superposition of states with different center-

of-mass momenta. The wave number width of the expansion coefficients dK is given by

(Leff)
−1. We determine Leff by minimizing the ground state energy of Ĥadia,1

b . To make the

calculations tractable analytically, we approximate the effective interactions GK,K′(n1,n2)

by a constant, namely their value at K = K′ = K(0). We find

Leff

a
=

2J3

g2|GK(0),K(0)(n1,n2)|
√

U2 +16J2
(4.43)

and

Epol =−δ − g4

8J4 |GK(0),K(0)(n1,n2)|2
√

U2 +16J2. (4.44)

This variational result reproduces the numerically determined ground state energy of Ĥadia,1
b

very well. In the condensed matter context, the Hamiltonian that supports the polaron-like

state shows up when an impurity or defect in a one-dimensional lattice is associated with

attractive all-to-all momentum space interactions. All-to-all interactions are currently being

investigated by a number of groups due to their relevance in quantum gravity and spin glass

physics [170, 171, 172].
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As already alluded to in Sec. 4.2.4, the effective interactions GK,K′(n1,n2) are essentially

purely real for K = K′. Figures 4.8(c) and 4.8(d) show Re[GK(0),K(0)(n1,n2)] as functions of

δ/J and U/J for x/a = 0 and x/a = 10, respectively. It can be seen that GK(0),K(0)(n1,n2)

depends extremely weakly on the separation x/a. Consequently, the energy Epol of the

photonic polaron is to a very good approximation independent of the emitter separation x/a.

Figure 4.8: Contour plots of the effective dimensionless interaction FK(0),b(n1,n2) be-

tween the states |e,e,vac⟩ and P̂†
K(0),b

|g,g,vac⟩ and the effective dimensionless interac-

tion GK(0),K(0)(n1,n2) between the states |g,g,K(0)⟩ and |g,g,K(0)⟩ as functions of δ/J

and U/J; to obtain the actual interaction strengths, FK(0),b(n1,n2) and GK(0),K(0)(n1,n2)

need to be multiplied by g2/(N1/2J) and g2/(NJ), respectively. (a) Re[FK(0),b(n1,n2)] for

x/a = 0. (b) Re[FK(0),b(n1,n2)] for x/a = 10. (c) Re[GK(0),K(0)(n1,n2)] for x/a = 0. (d)

Re[GK(0),K(0)(n1,n2)] for x/a = 10. The color schemes for Re[FK(0),b(n1,n2)] are different

for the two separations. The color schemes for Re[GK(0),K(0)(n1,n2)], in contrast, are the

same for the two separations.

Next, we rewrite Ĥadia,1 in the product basis in which the emitter and bath Hamiltonians

are diagonal. Transforming the system-bath coupling g2N−1/2F⃗K,b(n1,n2)/J to the new

basis and restricting the Hilbert space to the states |e,e,vac⟩ and |g,g,pol⟩, we arrive at the
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following matrix representation of the two-state Hamiltonian Ĥ2-st.:

H2-st. =

 2∆e Geff(n1,n2)

[Geff(n1,n2)]
∗ Epol

 . (4.45)

Using our variational expression for |g,g,pol⟩, the effective coupling Geff(n1,n2) between

states |e,e,vac⟩ and |g,g,pol⟩ can be written as

Geff(n1,n2) =
g3(U2 +16J2)1/4

2J5/2

×FK(0),b(n1,n2)|GK(0),K(0)(n1,n2)|1/2. (4.46)

Figures 4.8(a) and 4.8(b) show Re[FK(0),b(n1,n2)] as functions of δ/J and U/J for x/a = 0

and x/a = 10, respectively. It can be seen that Re[FK(0),b(n1,n2)] [Figs. 4.8(a)-4.8(b)]

varies much more strongly with x/a than Re[GK(0),K(0)(n1,n2)] [Figs. 4.8(c)-4.8(d)]. We

conclude that, in the regime where the two-state model Ĥ2-st. provides a faithful description,

the separation dependence of the hybridized energy eigen states of Ĥ (see the discussion

surrounding Figs. 4.6 and 4.7) is due to the dependence of Geff(n1,n2) on FK(0),b(n1,n2).

The eigen states Ψ± and eigen energies E± of Ĥ2-st. read

Ψ± = d(±)
vac |e,e,vac⟩+d(±)

pol |g,g,pol⟩ (4.47)

and

E± =
(

∆e +
Epol

2

)
±
√(

∆e −
Epol

2

)2
+ |Geff|2, (4.48)

where the expansion coefficients d(±)
vac and d(±)

pol are given by

d(±)
vac = N±Geff (4.49)

and

d(±)
pol =

N±

−∆e +
Epol

2
±

√(
∆e −

Epol

2

)2

+ |Geff|2

 , (4.50)
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respectively; in Eqs. (4.49)-(4.50), N+ and N− denote normalization constants. We refer to

Ψ+ and Ψ− as symmetric hybridized state and anti-symmetric hybridized state, respectively.

Figure 4.9 compares the two eigen energies supported by Ĥ2-st. (red solid lines) for

δ/J = 0.0011 and x/a = 10 with the two eigen energies of Ĥ, whose eigen states have the

largest overlap with the initial state |e,e,vac⟩ (black circles), as a function of U/J. The

two-state model reproduces the energy of the hybridized energy eigen states of the full

Hamiltonian well. The state Ψ− is bound for |U/J| values smaller than 1.4 and unbound

for |U/J| values larger than 1.4. Since a strong onsite interaction (large |U/J|) corresponds

to more localized two-photon bound states (in real space), the “reach” of the two-photon

bound state for large |U/J| is too small to induce a new bound state. As discussed in the

next section, the two-state Hamiltonian Ĥ2-st. describes several key characteristics of the

dynamics predicted by the full Hamiltonian in the |δ/J| → 0 limit.
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Figure 4.9: Energy of the hybridized states as a function of U/J for g/J = 1/50, δ/J =

0.0011, and x/a= 10. The black circles and red lines are obtained using the full Hamiltonian

Ĥ and the two-state Hamiltonian Ĥ2-st., respectively. The agreement is very good for the

parameter regime considered.
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4.4 Dynamics

This section discusses the radiation dynamics for U/J =−1 for various detunings δ/J

and separations x/a. Throughout, the initial state is taken to be the excited emitter state

|e,e,vac⟩. Figure 4.10 shows the decomposition of the state |e,e,vac⟩ into the energy eigen

states φE of Ĥ for U/J =−1 and two different separations, namely, x/a = 0 (top row) and

x/a = 10 (bottom row). Two different detunings are considered: δ/J = 0.0431 (left column)

and δ/J = 0.0011 (right column). As discussed in Sec. 4.2.5, the Markov approximation

provides a good description of the radiation dynamics for δ/J = 0.0431 but breaks down

for δ/J = 0.0011. For the larger detuning, the initial state is dominated by a few eigen

states whose energy is close to those corresponding to K(∗). The applicability of the Markov

approximation relies on the fact that the overlap coefficients peak around one energy value

and fall off quickly away from this energy. We emphasize that the overall behavior of the

overlap coefficients for x/a = 0 [Fig. 4.10(a)] and x/a = 10 [Fig. 4.10(b)] is similar. Note,

however, that the scale of the energy axis and the number of eigen states that contribute are

significantly smaller for x/a = 10 than for x/a = 0.

As the detuning decreases to small positive values, where the two-emitter energy is very

close to the bottom of the energy band, the decomposition of the initial state into the energy

eigen states changes significantly. For x/a = 0, the initial state is dominated by a single state

[red square in Fig. 4.10(c)] whose energy is separated from the energy continuum (round

circles). Altogether, the states corresponding to the energy continuum contribute 34.5 %.

For x/a = 10, in contrast, there are two energy eigen states that contribute appreciably

[84.6 % and 12.0 %; see red squares in Fig. 4.10(d)]. The eigen states corresponding to

the red squares in Figs. 4.10(c) and 4.10(d) are quite well described by the two-state model

Hamiltonian Ĥ2-st., Eq. (4.45).

Figure 4.11 shows the time evolution of the population Pee(t) of state |e,e,vac⟩ for

U/J = −1. For δ/J = 0.0431 (left column), Pee(t) falls off roughly exponentially. The
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Figure 4.10: Projection of the initial state |e,e,vac⟩ onto the energy eigen states φE of

Ĥ for U/J = −1 and g/J = 1/50. The square of the absolute value of the overlap onto

scattering states and bound states is shown by black circles and red squares, respectively,

for (a) δ/J = 0.0431 and x/a = 0, (b) δ/J = 0.0431 and x/a = 10, (c) δ/J = 0.0011 and

x/a = 0, and (d) δ/J = 0.0011 and x/a = 10.

decay is faster for x/a = 0 [Fig. 4.11(a)] than for x/a = 5 and x/a = 10 [Figs. 4.11(b) and

4.11(c)]. For this large δ/J, the Markov approximation works well and the agreement

between the results for Ĥ (solid lines), Ĥadia,1 (dotted lines), and Ĥadia,0 (dashed lines) is

quite good. For x/a = 0, 5, and 10, the population of the single-photon states (i.e., the

sum of ∑ j=1,2 ∑k |c jk|2) is approximately equal to 1.8 %, 2.0 %, and 4.0 %, respectively.

The comparatively large population of the single-photon states for x/a = 10 signals that

the adiabatic elimination deteriorates for large x/a. The inset of Fig. 4.11(c) shows that

the radiation emitted by the first and second emitters are uncorrelated initially. We find

that the oscillations displayed by the black solid line are well reproduced by the single-

emitter dynamics, i.e., by treating the two emitters as independent quantities (effectively,

this corresponds to setting U = 0).
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For small δ/J, the dynamics changes significantly. The middle and right most columns

of Fig. 4.11 correspond to δ/J = 0.0011 and δ/J = 0.0001, respectively. For these two

detunings, the population Pee(t) does not change exponentially but instead exhibits damped

or essentially undamped oscillatory behaviors for x/a = 0, 5, and 10. For all six parameter

combinations [Figs. 4.11(d)-4.11(i)], the adiabatic elimination Hamiltonian Ĥadia,1 (red

dotted lines), which accounts for the effective interactions GK,K′(n1,n2), reproduces the key

features of the dynamics of the full Hamiltonian Ĥ (black solid line)—such as the amplitude,

frequency, and degree of damping—faithfully. The adiabatic elimination Hamiltonian Ĥadia,0

(blue dashed lines), in contrast, provides a comparatively poor description of the oscillatory

dynamics [Figs. 4.11(d)-4.11(i)]. The comparison shows that appearance of essentially

undamped oscillations depends critically on the effective interactions GK,K′(n1,n2); recall,

these are not included in Ĥadia,0. The inset of Fig. 4.11(i) illustrates, as for the larger

detuning, that the elimination of the single-photon states from the Hilbert space does remove

fast oscillations and fails to capture the initial decay of Pee(t) that is due to uncorrelated

decay of single photons.

Figure 4.12 shows the populations |cK,b(t)|2 of the two-photon states |g,g,K⟩ as func-

tions of Jt/h̄ and Ka/π for δ/J = 0.0431 (top row) and δ/J = 0.0011 (bottom row). The

behavior for large and small detunings is distinct. For δ/J = 0.0431, a few Ka/π values—

centered around K(∗)a/π—get populated as time increases for x/a = 0 [Fig. 4.12(a)] and

x/a = 10 [Fig. 4.12(c)]. The excitations, which exist initially in the form of matter, get

transferred to the photons. Since the decay involves multiple states, the radiation emitted is

incoherent. For δ/J = 0.0011, the populations |cK,b(t)|2 with K ≈ 0 oscillate in time for

x/a = 0 [Fig. 4.12(b)] and x/a = 10 [Fig. 4.12(d)]. As expected, the oscillation frequencies

are the same as those displayed in Figs. 4.11(d) and 4.11(f).

The undamped Rabi oscillations displayed in Fig. 4.11 are readily explained by the fact

that the Hamiltonian Ĥ supports two bound states for sufficiently large x/a. The initial
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Figure 4.11: Radiation dynamics for the initial state |e,e,vac⟩, U/J =−1, and g/J = 1/50.

The lines show the population Pee(t) for various x/a and δ/J. The value of x/a increases

from the top row to the bottom row (x/a = 0, 5, and 10 for the first, second, and third

row, respectively). The value of δ/J decreases from the left most to the right most column

(δ/J = 0.0431, 0.0011, and 0.0001 for the first, second, and third column, respectively). In

all panels, the solid, dotted, and dashed lines show Pee(t) obtained by propagating the initial

state |e,e,vac⟩ under the Hamiltonian Ĥ, Ĥadia,1, and Ĥadia,0, respectively. The data shown

in panels (a)-(f) are also shown in Ref. [60].

state can, to a good approximation be written as a superposition of the symmetric and anti-

symmetric hybridized energy eigen states Ψ+ and Ψ−. As a function of time, population is

transferred between the two bound energy eigen states, with the angular oscillation frequency

being equal to (E−−E+)/h̄.

To explain the damping, we decompose the initial state |e,e,vac⟩ into the energy eigen

states φE of Ĥ. For this calculation, we divide the energy eigen states into two groups.

The state φ0 with energy E0 (lowest energy eigen state) and the states {φ j} with energy E j
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Figure 4.12: Contour plot of the populations |cK,b(t)|2 of the two-photon bound states

|g,g,K⟩ as functions of the dimensionless center-of-mass wave number Ka/π and the

dimensionless time Jt/h̄ for U/J = −1 and g/J = 1/50. (a) δ/J = 0.0431 and x/a = 0.

(b) δ/J = 0.0011 and x/a = 0. (c) δ/J = 0.0431 and x/a = 10. (d) δ/J = 0.0011 and

x/a = 10. The color scheme and range of the vertical axis are adjusted in each panel for

ease of viewing.

( j = 1,2, · · · ; all other states). The latter group of states includes the scattering states and

the hybridized state Ψ−, whose energy is either just below or immersed into the scattering

continuum. Using this grouping, we find

|cee(t)|2 ≈ (P0)
2 +2P0 ∑

j>0
Pj cos

[
(E0 −E j)t

h̄

]
, (4.51)

where the time-independent probabilities Pj are given by

Pj = |⟨e,e,vac|φ j⟩|2 (4.52)

(the Pj are positive). In writing Eq. (4.51), we dropped the term C(t),

C(t) = ∑
j>0, j′>0

PjPj′ cos
[
(E j −E j′)t

h̄

]
, (4.53)
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on the right hand side; we find numerically that the term C(t) contributes neglegibly to

|cee(t)|2. The damping of the Rabi oscillations is thus due to the energy spread of the energy

states φ j ( j > 0) with non-vanishing Pj. We refer to this as dephasing.

If we replace the energies E j with j > 0 in Eq. (4.51) by E−, we find

|cee(t)|2 ≈ (P0)
2 +2P0(1−P0)cos

[
(E0 −E−)t

h̄

]
. (4.54)

The fractional population [107], i.e., the large t limit of |cee(t)|2, is to a very good ap-

proximation given by (P0)
2. Equation (4.54) describes undamped Rabi oscillations, which

reproduce the short-time amplitude and oscillation frequency very well (see Fig. 4.13). The

damping, which is due—as already pointed out above—to the energy spread of the E j with

j > 1, is not captured by Eq. (4.54). Alternatively, the damping can be explained by using

that the hybridized state Ψ−, supported by Ĥ and Ĥadia,1, is for small x/a immersed in the

scattering continuum. As such, its energy acquires an imaginary part, which provides a

finite lifetime or damping coefficient.
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Figure 4.13: Population Pee(t) = |cee(t)|2 as a function of time for U/J =−1, g/J = 1/50,

δ/J = 0.0011, and x/a = 5. The black solid line shows Pee(t) obtained by propagating the

initial state |e,e,vac⟩ under the Hamiltonian Ĥ. The red dashed and blue dash-dotted lines

show Pee(t) obtained using Eqs. (4.51) and (4.54), respectively.
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4.5 Conclusion

This paper discussed the dynamics of two emitters coupled to a wave guide with Kerr-like

non-linearity. Our interest was in the regime where the two emitters are in resonance with

the two-photon bound state supported by the one-dimensional wave guide. Even though the

emitters are not interacting with each other, correlated dynamics is introduced through the

coupling of the emitters to the wave guide. The induced correlations occur on length scales

that are comparable to the size of the two-photon bound state. Somewhat surprisingly, a

regime where the excitations are transferred back and forth between the emitter and photonic

degrees of freedom is observed. The essentially undamped Rabi oscillations are due to the

emergence two hybridized bound states whose energies lie in the band gap. This behavior is

unique to the two-emitter system: the single-emitter system does not display an analogous

behavior.

Throughout, we worked in the weak coupling regime; specifically, the figures all use a

coupling strength of g/J = 1/50. In the Markovian regime [scenario (A); see Fig. 4.2(b)], the

coupling constant enters as a multiplicative factor, i.e., the decay constant Γbath is directly

proportional to (g/J)4 [see Eq. (4.31)]. This regime had previously been investigated

in Ref. [106]. For resonance wave vectors K(∗) near the bottom of the band [scenarios

(B) and (C); see Fig. 4.2(b)], the g-dependence is more intricate. Within the two-state

Hamiltonian Ĥ2-st., the coupling constant enters through ∆e, Epol, and Geff(n1,n2): ∆e is

directly proportional to −(g/J)2, Epol contains a term that is proportional to −(g/J)4, and

Geff(n1,n2) is directly proportional to (g/J)3. Because of this non-trivial g-dependence, the

energies of the hybridized eigen states and, correspondingly, the Rabi oscillation frequency

vary notably with g/J. In addition, the regime where the two-state Hamiltonian Ĥ2-st.

provides a reliable description depends on g/J. For g/J values that are smaller than the

value considered in this paper, the observation of Rabi oscillations requires smaller detuning

δ/J. Conversely, a larger g/J allows for the observation of Rabi oscillations for larger
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δ/J. It is an open question how large g/J can be before counter-rotating terms, which

are not included in Ĥ, play a non-negligible role. We are not aware of any previous work

on cavity arrays with Kerr-like non-linearity coupled to two-level emitters that looked at

parameter combinations corresponding to scenarios (B) and (C). As shown in this paper,

these scenarios give rise to qualitatively new behaviors that are inaccessible in the absence

of the non-linearity and in cavity array–single-emitter systems.

Our treatment neglects, as already pointed out in the last paragraph of Sec. 4.2.1,

single-photon losses. If the single-photon loss rate is denoted by κ , the exponential decay

for the initial state |e,vac⟩ is characterized by Γ1, where Γ1 = κg2/[4J1/2(h̄ωc − 2J −

h̄ωe)
3/2] [105]. For the dynamics to be dominated by correlated two-photon processes,

we must thus require Γ1 ≪ Γbath or, dropping all factors that are (roughly) of order 1,

h̄κ/J ≪ (g/J)2. Reference [106] argues that this regime can be reached with non-linear

photonic lattices or superconducting qubits coupled to an array of microwave resonators.

Recent experimental work on two transmon qubits coupled to a superconducting microwave

photonic crystal, e.g., demonstrated tunable onsite and interbound state interactions [57].

The results presented open the door for several follow-up investigations. Continuing to

work in the two-excitation sub-space, it would be interesting to consider an emitter array

coupled to the non-linear wave guide. Intriguing hopping dynamics of the radiation might

be observed when the radiation is initially localized in two of the emitters. In addition, it

might be interesting to investigate the dependence of the dynamics on the initial state. For

example, it might be interesting to compare the dynamics for initial states that can be written

as a product states to that for entangled superposition states.
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We consider an array of Ne non-interacting qubits or emitters that are coupled to a

one-dimensional cavity array with tunneling energy J and non-linearity of strength U . The

number of cavities is assumed to be larger than the number of qubits. Working in the two-

excitation manifold, we focus on the bandgap regime where the energy of two excited qubits

is off-resonant with the two-photon bound state band. A two-step adiabatic elimination

of the photonic degrees of freedom gives rise to a one-dimensional spin Hamiltonian with

effective interactions; specifically, the Hamiltonian features constrained single-qubit hopping

and pair hopping interactions not only between nearest neighbors but also between next-to-

nearest and next-to-next-to-nearest spins. For a regularly arranged qubit array, we identify

parameter combinations for which the system supports novel droplet-like bound states

whose characteristics depend critically on the pair hopping. The droplet-like states can be

probed dynamically. The bound states identified in our work for off-resonance conditions

are distinct from localized hybridized states that emerge for on-resonance conditions.

85



5.1 Introduction

Qubits or, more generally, few-level emitters coupled to a cavity array provide a platform

with which to investigate fundamental aspects of matter-light interactions. Topics of interest

include the generation of photon-mediated entanglement between non-interacting separated

qubits [114, 14, 115, 116], of ultrastrong matter-light interactions [146, 147, 148, 149, 150,

151, 152], of broad matter-light hybrid bound states [153, 154, 160, 105, 97, 174, 175], and

of effective photon-photon interactions [176, 177, 178, 179]. Photonic baths have been

realized using nanophotonic wave guides [80, 81, 82, 84, 83, 88, 89, 90], superconducting

resonators [86, 87, 111, 59], and plasmonic waveguides [85]. Qubit realizations include

Rydberg atoms [180, 181], quantum dots [182], and transmon qubits [94, 95, 47, 96, 57].

It was recently shown that the addition of a Kerr-like non-linearity to the tight-binding

Hamiltonian, which accounts for the tunnel-coupling of the single-mode cavities, leads to

intriguing and qualitatively novel phenomena if the energy of two excited qubits is tuned to

be in resonance with the two-photon bound state band that exists due to the Kerr-like non-

linearity [106, 60, 61]. For two qubits initialized in their excited state, e.g., the non-trivial

mode structure of the bath, i.e., the cavity array with non-linearity, was shown to support

emission dynamics that ranges from exponential decay to fractional populations to Rabi

oscillations [60, 61]. For many qubits, supercorrelated radiance was predicted [106]. This

work instead investigates the off-resonant or band-gap regime [167] within the framework

of Schrödinger quantum mechanics. To reduce the high-dimensional Hilbert space to a

physically intuitive and numerically more tractable model, effective constrained single-qubit

and pair hopping interactions are derived through a two-step procedure that adiabatically

eliminates single- and two-photon processes. The resulting effective one-dimensional spin

Hamiltonian, which lives in the two-excitation manifold (i.e., two flipped spins), is shown to

capture the key features of the full Hamiltonian.

The effective constrained single- and two-qubit hopping interactions, which are derived
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under the assumption that the coupling strength g between an emitter and a cavity is small

compared to the tunneling energy J, are directly proportional to g2 and g4, respectively. Even

though the scaling of the effective interactions with g suggests that the single-qubit hopping

dominates over the two-qubit hopping, we identify a parameter regime where the latter,

which depends on the non-linearity U , impacts the eigenstate characteristics appreciably.

Specifically, the pair hopping interaction favors localization of excited qubits in or near the

middle of the qubit array, giving rise to a new class of droplet-like bound states. These bound

states are distinct from two-string bound states that exist, e.g., in the XXX spin Hamiltonian

that is solvable via the Bethe ansatz [184, 185]. Unlike Hamiltonian that are tractable via

the Bethe ansatz, our emergent one-dimensional spin model features non-negligible nearest-

neighbor, next-to-nearest-neighbor, and next-to-next-to-nearest-neighbor interactions. It is

shown that the radiation dynamics, if initiated from an initial state that contains two qubit

excitations but no photons, depends strongly on how the two qubit excitations are distributed

among all possible two-qubit excitation eigenkets. A fully symmetric initial state is shown

to induce oscillatory dynamics between the droplet-like ground state and a scattering state.

Dependence of the dynamics on the initial state is, of course, a well known phenomenon

that has, e.g., been exploited in the study of phase transitions and critical points as well as in

sensing applications.

The remainder of this article is organized as follows. Section 5.2 introduces the system

Hamiltonian and the reduction of the Hilbert space to the qubit degrees of freedom. Sec-

tion 5.3 shows that the effective qubit Hamiltonian supports a new class of liquid-like or

droplet-like bound states. Section 5.4 illustrates that these droplet-like states can be probed

dynamically. Last, a summary and outlook are provided in Sec. 5.5.
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5.2 Derivation of Effective Qubit Hamiltonian

Section 5.2.1 introduces the total Hamiltonian Ĥ of the matter-light hybrid system.

Focusing on the band gap regime of the photonic lattice, Sec. 5.2.2 derives the effective spin

Hamiltonian Ĥspin.

5.2.1 Total Hamiltonian Ĥ

The total Hamiltonian Ĥ reads

Ĥ = Ĥqubit + Ĥbath + Ĥqubit-bath, (5.1)

where Ĥqubit is the Hamiltonian of the uncoupled qubits, Ĥbath the bath Hamiltonian, and

Ĥqubit-bath the qubit-bath coupling Hamiltonian. The qubit system consists of Ne qubits with

a transition energy of h̄ωe between the ground state |g⟩ j and the excited state |e⟩ j of the jth

qubit (see purple ovals and rectangular box in top-left corner in Fig. 5.1). We are interested

in the regime where the qubits form a regularly arranged finite lattice (Ne finite and much

greater than 1). The qubit Hamiltonian Ĥqubit is given by

Ĥqubit =
h̄ωe

2

Ne

∑
j=1

(σ̂ z
j + Î j), (5.2)

where σ̂
z
j = |e⟩ j ⟨e|− |g⟩ j ⟨g| and Îz

j = |e⟩ j ⟨e|+ |g⟩ j ⟨g|.

The bath Hamiltonian Ĥbath is a one-dimensional tight-binding Hamiltonian with non-

linearity U ,

Ĥbath = h̄ωc

N

∑
n=1

â†
nân − J

N

∑
n=1

(
â†

nân+1 + â†
n+1ân

)
+

U
2

N

∑
n=1

â†
nâ†

nânân, (5.3)

where â†
n and ân, respectively, create and destroy a photon at the nth cavity (blue box in

Fig. 5.1). In our calculations, the number of cavities N is chosen such that the results

are independent of N; we find that N = 501 is sufficiently large for the Ne considered. In

Eq. (5.3), h̄ωc is the single-mode photon energy, J (J > 0) denotes the tunneling energy
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Figure 5.1: Schematic of the set up. The jth qubit is coupled with strength g to the n jth

cavity of a one-dimensional cavity array (blue boxes) with lattice spacing a. The cavities

are tunnel-coupled to nearest neighbors with strength J (blue lines between two neighboring

blue boxes). For more than one photonic excitation, there exists an onsite interaction U

between photons. As a result of the onsite interaction, the cavity array (bath) supports

two-photon bound states. One of these is shown by the black line above the cavity array.

The distance between two neighboring qubits is denoted by x. In the schematic, x is equal

to a; values of x/a = 0 and 2 are also discussed in this work. The top-left rectangular box

illustrates a qubit, i.e., a two-level system with a transition energy h̄ωe between the ground

state |g⟩ and the excited state |e⟩.

of the tunnel coupled cavities, and U is the non-linear onsite interaction. The Kerr-like

non-linearity in Eq. (5.3) corresponds to effectively repulsively interacting photon pairs

(U > 0) or effectively attractively interacting photon pairs (U < 0). In our work, we consider

a negative U , which gives rise to two-photon bound states ψK,b with center-of-mass wave

vector K and energy EK,b, in addition to the two-photon scattering continuum (blue and

dark green regions in Fig. 5.2) [123, 124, 125, 126]. The black line in Fig. 5.1 shows a

sketch of a two-photon bound state wave function ψK,b that extends over several lattice sites.

Accounting for all allowed center-of-mass wave vectors K, the two-photon bound states

give rise to an energy band (green and dark green regions in Fig. 5.2). For large values of

the onsite interaction strength |U | (|U |/J > 4), the two-photon bound state band does not
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overlap with the two-photon scattering continuum. For |U |/J = 1, as considered in this

paper, the upper part of the two-photon bound state band overlaps with the lower part of the

two-photon scattering continuum (the overlap region is shown in dark green in Fig. 5.2). The

difference between the energy 2h̄ωe of the two-qubit excited state and the K = 0 two-photon

bound state energy E0,b, which coincides with the bottom of the two-photon bound state

band, defines the detuning δ ,

δ = 2h̄ωe −E0,b. (5.4)

The band gap regime, which is the focus of the present work, is characterized by negative

detunings δ .

The qubits are coupled to the photons through the system-bath or qubit-bath Hamiltonian

Ĥqubit-bath,

Ĥqubit-bath = g
Ne

∑
j=1

(
ân j σ̂

+
j + â†

n j
σ̂
−
j

)
, (5.5)

where σ̂
+
j is the raising operator (σ̂+

j = |e⟩ j ⟨g|) and σ̂
−
j the lowering operator (σ̂−

j = |g⟩ j ⟨e|)

of the jth qubit. The label n j can take any value between 1 and N. In this work, the qubits are

assumed to be arranged in a regular pattern with spacing x, where x/a = n j −n j−1. Related

works considered regularly placed impurity qubits coupled to an atomic array [186, 187].

Our figures concentrate on x/a = 1. For reference, a larger qubit spacing x/a = 2 as well as

the case where the qubits are all coupled to the same cavity (x/a = 0) are discussed in the

text. Since the counter rotating terms are excluded in Eq. (5.5), our treatment is restricted

to the weak coupling regime, i.e., g ≪ J. The requirement that single- and two-photon

processes are off-resonant [|(h̄ωc − 2J)− h̄ωe| > g and |δ | > g] can, for negative δ as

considered in this work, be combined into one equation, namely

|U |> 4J

√(
1+

g
4J

)2
−1. (5.6)

For fixed U/J, Eq. (5.6) puts an upper limit on g/J. Conversely, for fixed g/J, Eq. (5.6)

puts a lower limit on |U |/J.
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Figure 5.2: Schematic of the energy bands for the one- and two-excitation manifolds for

fixed ωc, ωe, and U . This work focuses on the band gap regime, i.e., negative detunings

δ . Adiabatic elimination of the gray single-photon and green two-photon bound state

bands introduces the effective interactions W and Y (see Fig. 5.3 for an illustration of these

interactions), respectively, between qubit groups. The two-photon scattering continuum is

far off-resonant and does not play a role. Explicit expressions for the energy bands can be

found, e.g., in Ref. [125].

The total Hamiltonian conserves the number of total excitations (sum of qubit and

photonic excitations) [153, 154, 106, 160, 105]. As a consequence, the Hilbert spaces

with 0, 1, 2, . . . total excitations are decoupled. This work focuses on the two-excitation

manifold.

5.2.2 Effective spin Hamiltonian Ĥspin

As mentioned above, we focus on negative detunings such that the energy of two

excited qubits is in resonance with the band gap. We find that the band gap physics in the

two-excitation manifold is well described by the spin Hamiltonian Ĥspin, which is derived

by adiabatically eliminating the photon degrees of freedom in a two-step process (see
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Appendix C for details). We emphasize that the approach taken here is distinct from the

master equation approach pursued in Ref. [106]. The first step is, in spirit, identical to

prior work [106, 60, 61]. Neglecting the two-photon scattering continuum and adiabatically

eliminating the single-photon states, effective constrained single-qubit hopping interactions

of strength Wjl (see Ĥsingle below), effective interactions between states with two and no

qubit excitations [FK,b in Eq. (C.12)], and effective interactions between two two-photon

bound states with wave vector K and K′ [GK,K′ in Eq. (C.13)] arise. While the latter two

interactions were discussed in Refs. [106, 60, 61], the effective qubit hopping interaction

was not. The reason is that Refs. [106, 60, 61] focused on Ne = 2 (Ĥsingle vanishes for

Ne = 2). The hopping Hamiltonian Ĥsingle reads

Ĥsingle =
1
2

Ne

∑
i, j,l=1

(
Wjlσ̂

+
i σ̂

+
j σ̂

−
i σ̂

−
l +Wilσ̂

+
i σ̂

+
j σ̂

−
l σ̂

−
j

)
. (5.7)

Since the triple sum includes terms where two or three of the indices are equal, the order of

the operators in Eq. (5.7) is important. As discussed in more detail below, Ĥsingle describes

constrained single-qubit hopping or constrained flip-flop interactions. We find that the

effective interactions GK,K′ contribute negligibly to the band gap physics considered in this

work; thus, they are set to zero.

Calculations that treat the full Hamiltonian Ĥ show that the photonic contribution to

the eigenstates is smaller than 10% for the parameter combinations considered in this

work. This motivates our second approximation, namely, the adiabatic elimination of the

states B̂†
K |g, · · · ,g,vac⟩, i.e., basis kets that describe a photon pair with wave vector K, with

the qubits in the ground state. Step two yields the effective spin Hamiltonian Ĥspin (see

Appendix C for details),

Ĥspin = Ĥsingle + Ĥpair, (5.8)

where

Ĥpair =
Ne−1

∑
i=1

Ne

∑
j=i+1

Ne−1

∑
l=1

Ne

∑
h=l+1

Yi j,lhσ̂
+
i σ̂

+
j σ̂

−
l σ̂

−
h . (5.9)
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Figure 5.3: Schematic of constrained single-qubit hopping interaction W and pair hopping

interaction Y entering into Ĥspin. (a) The term Wjlσ̂
+
i σ̂

+
j σ̂

−
i σ̂

−
l (here illustrated assuming

i ̸= j ̸= l) describes the annihilation of an excitation at the lth qubit and the creation of an

excitation at the jth qubit (solid blue arrow). This corresponds to the hopping of an excitation

with strength Wjl , with the excitation at the ith qubit acting as a “spectator”, i.e., the single-

qubit hopping is only allowed if qubit i is excited. (b) The term Yi j,lhσ̂
+
i σ̂

+
j σ̂

−
l σ̂

−
h (here

illustrated assuming i ̸= j ̸= l ̸= h) describes the annihilation of excitations at qubits l and h,

and the creation of excitations at qubits i and j (solid purple arrows). This corresponds to the

hopping of a pair of excitations with strength Yi j,lh. The open blue and open purple arrows

show selected additional constrained hopping and pair hopping interactions, respectively.

The effective four-qubit (or two-qubit hopping) interactions Yi j,lh emerge from the interac-

tions FK,b (see below). As might be expected naively, Wjl and Yi j,lh are directly proportional

to g2 and g4, respectively, since they emerge as a consequence of the first and second adia-

batic elimination steps, respectively. The effective spin Hamiltonian Ĥspin is independent of

the photonic degrees of freedom. The characteristics of the cavity array and the geometric

arrangement of the qubits (i.e., the value of x) enter through the interaction strengths Wjl

and Yi j,lh.

We now highlight selected properties of the single- and two-qubit hopping interactions.
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Figure 5.3(a) illustrates the constrained single-qubit hopping interaction Wjlσ̂
+
i σ̂

+
j σ̂

−
i σ̂

−
l .

The term “constrained” is used since the hopping of the excitation from qubit l to qubit j

(σ̂+
j σ̂

−
l piece) depends on the number of excitations at qubit i (σ̂+

i σ̂
−
i piece; in this example,

we assume i ̸= j and i ̸= l). If qubit i is excited, hopping from qubit l to qubit j occurs

with strength Wjl . If, in contrast, qubit i is not excited, hopping from qubit l to qubit j

does not take place. We refer to the excited qubit i as a spectator. We emphasize that

our treatment does not assume that the system is in the Markovian regime. After the first

adiabatic elimination, basis kets with two excited qubits are coupled to each other via Ĥsingle

if they contain a common excited qubit. The second adiabatic elimination leaves Ĥsingle

unchanged. Thus, in the Hilbert space spanned by the Ne(Ne −1)/2 two-excitation qubit

states, Ĥsingle couples each basis ket that contains two excited qubits to 2(Ne−2) other basis

kets as well as to itself. While we refer to W (0) as onsite hopping interaction, it is also

known as “self interaction” or “self energy” (see, e.g., Ref. [106]).

The strength Wjl ,

Wjl =W (0)exp
(
−|n j −nl|a/L0

)
, (5.10)

of the constrained single-qubit hopping interaction falls off exponentially as a function

of |n j −nl|a, i.e., the difference between the cavities n j and nl that the qubits j and l are

coupled to. The onsite hopping energy W (0) and length L0 read

W (0) =−
2J
( g

2J

)2√(
∆

2J

)2 −1
(5.11)

and

L0 =− a

ln
(

∆

2J −
√(

∆

2J

)2 −1
) , (5.12)

respectively, where

∆ = h̄(ωc −ωe) =
1
2

−δ +4J

√
1+
(

U
16J

)2
 . (5.13)
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Figure 5.4: The red solid and blue dashed lines show the dimensionless on-site hopping

energy W (0)/J (left axis) and length L0/a (right axis) as a function of the detuning δ/J for

g/J = 1/50 and U/J =−1.

Figure 5.4 shows the onsite hopping energy W (0) and length L0 for fixed g/J and U/J as a

function of the dimensionless detuning δ/J. It can be seen that W (0)/J is negative and that

the magnitude of W (0) increases with decreasing |δ/J|. Larger |W (0)| (note, Fig. 5.4 shows

W (0) as opposed to |W (0)|) are accompanied by larger L0. For the detuning considered

in this work (|δ/J| ≪ 1), Wjl is—for x/a = 1—appreciable not only for nearest neighbor

hopping but also for next-to-nearest and next-to-next-to-nearest neighbor hopping.

Next, we discuss the effective pair hopping interaction Yi j,lh. Figure 5.3(b) illustrates

Yi j,lhσ̂
+
i σ̂

+
j σ̂

−
l σ̂

−
h , which annihilates excitations at the lth and hth qubit and creates ex-

citations at the jth and ith qubit. The effective pair hopping interaction Yi j,lh is given

by

Yi j,lh =− g4

NJ2 ∑
K

FK,b(ni,n j)F∗
K,b(nl,nh)

∆K,b
, (5.14)

where FK,b is given in Eq. (C.12). As Wjl , Yi j,lh is negative. The pair hopping interaction

Ĥpair couples each excited qubit pair to all other excited qubit pairs. Figure 5.5 shows the

interaction Yi j,lh for x/a = 1 as functions of the pairs (i, j) and (l,h) for Ne = 60. Specifically,

the indices that specify the states σ̂
+
i σ̂

+
j |g, · · · ,g⟩ are organized based on the separation
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between the excited qubits, i.e., | j− i|. In a qubit array with Ne qubits, there are Ne−1 basis

states with a separation of | j− i| = 1, Ne − 2 basis states with a separation of | j− i| = 2,

and so on. The “lower left block” corresponds to | j− i| = |h− l| = 1 [the pairs (i, j) and

(l,h) both take the values (1,2), (2,3),· · · , (59,60)]. The “upper right block” corresponds to

| j− i|= |h− l|= 9 [the pairs (i, j) and (l,h) both take the values (1,10), (2,11),· · · , (51,60)].

Note that Fig. 5.5 only considers a subset of pairs, i.e., | j− i| ≤ 9 and |h− l| ≤ 9. Within

each block, the interaction is most negative along the diagonal and falls off approximately

Lorentzian as one moves away from the diagonal. Moreover, starting with the block in the

lower left corner, the interactions on the diagonal are less negative as one moves to blocks

characterized by larger separations.

A key characteristic of the interaction Yi j,lh is that it is—within each block—constant

along the diagonal, along the off-diagonal, and so on. The fall-off of the interactions as

one moves away from the diagonal within each block indicates that the Yi j,lh interaction

depends on the actual locations of the involved qubits in the spin chain. This implies that it

is energetically more favorable for two excitations to be located in the middle of the chain

than at the edge of the chain since the pair can hop to the left and to the right when located

at the center and only to one side when located at the edge. This location dependence is

critical for the formation of the droplet-like states discussed in the next section.

5.3 Stationary Solutions

Since we are working in the regime where g/J ≪ 1, it might be expected naively that

the constrained single-qubit hopping term Ĥsingle, which is directly proportional to g2,

dominates over the pair hopping term Ĥpair, which is directly proportional to g4. While this

is, indeed, the case in an appreciable portion of the parameter space, we show that there

exists a parameter window in which the pair hopping interaction qualitatively changes the

system characteristics. It is noted that a fourth-order two-photon virtual process, which is
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Figure 5.5: Contour plot of the effective dimensionless interaction Yi j,lhJ3/g4 for U/J =−1,

δ/J =−1/50, Ne = 60, and x/a = 1. The x- and y-axis are labeled by the index pairs (i, j)

and (l,h); the plot includes all (i, j) and (l,h) pairs with | j− i| ≤ 9 and |h− l| ≤ 9. In each

block, the separation (i.e., j− i and h− l) between the two qubit excitations is fixed while

the “center-of-mass coordinates” [i.e., (i+ j)/2 and (l+h)/2] are changing. As an example,

the blue rectangle corresponds to a block with | j− i|= 2 and |h− l|= 3. Values of (x, y) =

(100, 150), e.g., correspond to (i, j) = (41,43) and (l,h) = (33,36).

proportional to g4, was observed experimentally in transmon qubits coupled to a photonic

crystal [57]. Specifically, this section shows that the Y -term has a “pinning effect” that

leads to the emergence of liquid- or droplet-like bound states. Droplet states are self-

bound and incompressible, and their excitation spectrum can be divided into compressional

and surface modes [183]. We will show that the states referred to as droplet-like in this

work are incompressible (their size is not solely set by the extent of the emitter array but

by the entirety of system parameters). Moreover, the ground state is accompanied by a
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sequence of excitations that resemble compressional modes. While our analysis is based

on the approximate spin Hamiltonian Ĥspin, we checked that this Hamiltonian captures

the key features of the full system Hamiltonian Ĥ qualitatively and in many cases even

quantitatively correctly. The main advantage of using Ĥspin comes from the fact that it allows

for a transparent interpretation of the results, in addition to being an interesting model in its

own right.

We start by setting Ĥpair = 0. We find it useful to compare Ĥsingle to the unconstrained

one-qubit hopping Hamiltonian ˆ̃Hsingle, where ˆ̃Hsingle = 2∑
Ne
i, j=1Wi jσ̂

+
i σ̂

−
j . This Hamilto-

nian emerges (without the factor of 2) when one works in the single-excitation manifold

and adiabatically eliminates the single-photon states [97, 174, 175]. Ĥsingle differs from

ˆ̃Hsingle because of the presence of the “spectator”, i.e., the constraint makes the Hamil-

tonian Ĥsingle considered in our work unique. To highlight the differences, red and blue

circles in Fig. 5.6 show the eigenenergies of Ĥsingle and ˆ̃Hsingle, respectively, for Ne = 60,

g/J = 1/50, U/J =−1, δ/J =−1/50, and x/a = 1. The constraint introduces an upshift

of the eigenenergies for all eigenstates. The upshift is larger for the more negative eigenen-

ergies (measured relative to the bottom E0,b of the two-photon bound state band) than the

less negative eigenenergies. Interestingly, both Ĥsingle and ˆ̃Hsingle support step like pattern,

with each plateau containing close to Ne eigenstates for the energetically lowest lying states.

For the higher excited states, the steps are less pronounced. Reference [105] referred to

the energy band formed by the qubit dominated states as a metaband. While we observe,

similarly to Ref. [105], that the width of the band decreases with increasing x, it is important

to point out that that work considered qubit-array physics in the single-excitation manifold

on resonance (and not off-resonance as in our case) and for significantly stronger coupling

strengths (g/J of order 1).

For comparison, the black circles in Fig. 5.6 show the eigenenergies for Ĥspin. It can

be seen that Ĥpair appreciably impacts the 10 or so energetically lowest lying states and
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less so the higher-lying states. Importantly, the energies of the lowest few eigenstates

of Ĥspin are pushed down due to the presence of the Ĥpair term. The downshift of the

energies is associated with significant changes of the character of the eigenstates, i.e., a

change from delocalized scattering states to localized bound states. We refer to this as

“pinning” (see below for details). The energy spectrum shown in Fig. 5.6 is unique to

a qubit spacing of x/a = 1. For larger spacings, but otherwise identical parameters, the

hopping energies are smaller and the step-like pattern is washed out. Moreover, the most

strongly bound states are less separated from the other states than for x/a = 1 (i.e., Ĥpair

introduces a smaller downshift for the ground state for x/a = 2 than for x/a = 1). For

x = 0, there exist three degenerate energy levels: for the same Ne, g/J, U/J, and δ/J as

considered in Fig. 5.6, the x/a = 0 spectrum for Ĥspin contains a single state with energy

E −E0,b = −0.2256J, Ne −1 states with energy E −E0,b = −0.0629J, and Ne(Ne −3)/2

states with energy E −E0,b = δ =−0.02J.

Figure 5.6: Eigenenergy, measured with respect to E0,b, for Ne = 60, g/J = 1/50, U/J =−1,

δ/J =−1/50, and x/a = 1 as a function of the state index. The black filled circles, red open

squares, and blue open circles show the energy for Ĥspin, Ĥsingle, and ˆ̃Hsingle, respectively.

Inset: Blow-up of the lower part of the energy spectrum.
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To understand the influence of Ĥpair on the eigenspectrum, we use first-order non-

degenerate perturbation theory. Treating Ĥpair as a perturbation, the first-order correction

E(1)
n to the eigenenergy E(0)

n of the nth droplet-like eigenket
∣∣∣φ (0)

n

〉
of Ĥsingle is given by

E(1)
n =

〈
φ
(0)
n

∣∣∣ Ĥpair

∣∣∣φ (0)
n

〉
. (5.15)

Figure 5.7(a) considers the six energetically lowest-lying droplet-like states (n = 1− 6).

These droplet-like states correspond to state numbers 1, 2, 3, 4, 7, and 10. Figure 5.7(a)

shows that the perturbation energies (the open blue circles show E(0)
n +E(1)

n ) lie below

the zeroth-order energies E(0)
n (green open triangles), i.e., the stronger binding of Ĥspin

compared to Ĥsingle due to Ĥpair is captured qualitatively in first-order perturbation theory.

Higher-order corrections, which account for the mixing of the unperturbed states
∣∣∣φ (0)

n

〉
play

a larger role for the ground state (n = 1) than for the excited droplet-like states (n = 2−6).

Figure 5.7(b) focuses on the energy of the lowest-lying droplet-like state and shows that

energy as a function of the detuning. The detuning marked by an arrow is identical to

the detuning used in Fig. 5.7(a). For large to moderate detunings, the results from the

perturbation calculation (blue open circles) agree well with the exact diagonalization of

Ĥspin (black solid circles). For relatively small detunings, however, deviations are visible.

While the first-order perturbative energy improves upon the unperturbed energy, higher-order

corrections play an increasingly more important role.

To characterize the eigenstates |φE⟩ of Ĥspin, we expand them in terms of the basis kets

σ
+
i σ

+
j |g, · · · ,g⟩,

|φE⟩=
Ne−1

∑
i=1

Ne

∑
j=i+1

c(E)i, j σ
+
i σ

+
j |g, · · · ,g⟩ , (5.16)

and analyze the expansion coefficients c(E)i, j as well as the pair correlation function Ppair(α),

which measures the likelihood that the two excitations are located at qubits that are separated

by α . The corresponding operator is given by

P̂pair(α) =
Ne−α

∑
i=1

σ̂
+
i σ̂

+
i+α

|g, · · · ,g⟩⟨g, · · · ,g| σ̂−
i σ̂

−
i+α

, (5.17)
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Figure 5.7: Energy of droplet-like states, measured with respect to E0,b, for Ne = 60,

g/J = 1/50, U/J = −1, and x/a = 1 as a function of (a) the excitation number n for

δ/J = −1/50 and (b) the detuning δ/J for n = 1. The black filled circles, green open

triangles, red open squares, and blue open circles show the energies for Ĥspin, Ĥsingle, the

variational wavefunction given in Eqs. (5.18)-(5.20), and for the perturbative calculation

(Ĥpair is treated in first-order perturbation theory), respectively. In (a), the red and black

symbols are nearly indistinguishable. In (b), all four calculations yield, on the scale shown,

nearly indistinguishable energies except when |δ/J| is extremely small. The arrow in (b)

marks the detuning used in (a).

where α takes the values 1, 2, · · · , Ne −1. For example, if α = 1, the excitations are located

at neighboring spins. In terms of the expansion coefficients, the pair correlation function for
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the eigenstate |φE⟩ is given by Ppair(α) = ∑
Ne−α

i=1 |c(E)i,i+α
|2.

Figure 5.8: Pair correlation function Ppair(α) for the ground state as a function of the

separation α between two excited qubits for Ne = 60, g/J = 1/50, U/J =−1, x/a = 1, and

(a) δ/J =−1/50 and (b) δ/J =−3/20. The black solid, blue dotted, and red dashed lines

are for Ĥfull, Ĥspin, and Ĥsingle, respectively. The inset in (a) replots the blue dotted line and

additionally shows the variational results by green open circles.

Figures 5.8(a) and 5.8(b) show Ppair(α) for the ground state for Ne = 60, g/J = 1/50,

U/J =−1, and x/a = 1 for two different detunings, namely δ/J =−1/50 and −3/20. The

blue dotted lines are obtained using Ĥspin. The full Hamiltonian Ĥfull (black solid lines)

yields results that are quite similar to those for Ĥspin, thus providing evidence that Ĥspin

yields faithful results. For small |δ/J| [Fig. 5.8(a)], the pair correlation function peaks at

α = 1 and is essentially zero for α ≫ 1. This indicates that the two excited qubits want to

stay together. The fall-off of Ppair(α) suggests that the ground state corresponds to a bound
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state. This interpretation is confirmed by calculations for larger arrays (larger Ne) with

otherwise identical parameters. We find that Ppair(α) for the ground state remains essentially

unchanged when Ne is increased, i.e., the size of the ground state is independent of Ne,

thereby justifying the classification as a self-bound state. For larger |δ/J| [Fig. 5.8(b)], in

contrast, the pair correlation function peaks at α ≈ 10 for Ĥfull and Ĥspin. This indicates that

the two excited qubits have a tendency to spread out over the entire array. This interpretation

is supported by the fact that the fall-off of the pair correlation function moves to larger α for

larger Ne but otherwise identical parameters. Correspondingly, we classify the ground state

considered in Fig. 5.8(b) as unbound. The inclusion of Ĥpair in the effective spin Hamiltonian

Ĥspin (blue dotted line) is crucial. A comparison of the blue dotted line [Ppair(α) for Ĥspin]

and red dashed line [Ppair(α) for Ĥsingle] reveals that Ĥpair has a pinning effect: it enhances,

as already alluded to in Sec. 5.2.2, the probability to find excitations located at qubits that

are close to each other. The effect is very prominent in Fig. 5.8(a), where the red line is

much broader than the blue line. If Ĥpair is neglected and Ne is increased, the red line in

Fig. 5.8 does not maintain its size, as is the case for Ĥspin, but increases. This unequivocally

shows that Ĥpair is responsible for the emergence of self-bound states.

Figure 5.9 shows the real part of the coefficients c(n)i, j for the four energetically lowest

lying droplet-like bound states (n = 1− 4) for Ne = 60, g/J = 1/50, U/J = −1, δ/J =

−1/50, and x/a = 1; the imaginary part is equal to zero. The droplet-like states shown in

Fig. 5.9 correspond to the state numbers 1, 2, 3, and 4. Figure 5.9 employs relative and

center-of-mass coordinates r and R, respectively, of the two excited qubits, r = | j− i| and

R = (i+ j)/2. The white area characterized by r ≥ 2R for R < Ne/2 and r ≥ 2(Ne −R)

for R ≥ Ne/2 is unphysical as there is a constraint of i < j on the eigencoefficients due

to the bosonic character or, equivalently, the exchange symmetry of the excitations. The

small white dots, which exist in the physical i < j portions in Fig. 5.9, result from the

transformation from the (i, j) spin indices to the (R,r) coordinates. In Figs. 5.9(a)-5.9(d),
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the magnitude of the coefficients c(n)i, j decreases with increasing r for fixed R. Along the

R coordinate, the number of nodes increases from zero for the ground state [n = 1 in

Fig. 5.9(a)] to three for the third excited droplet-like state [n = 4 in Fig. 5.9(d)]. The nodes

are to a very good approximation parametrized by Rnode ≈ constant, i.e., they are, on the

scale of Fig. 5.9, independent of r.

Figure 5.9: Contour plots of the expansion coefficients c(n)i j as functions of R and r for

Ne = 60, g/J = 1/50, U/J =−1, δ/J =−1/50, and x/a = 1. The coefficients are obtained

by diagonalizing the effective Hamiltonian Ĥspin. (a), (b), (c), and (d) are for n=1 (droplet-

like ground state), 2 (droplet-like first excited state), 3 (droplet-like second excited state),

and 4 (droplet-like third excited state), respectively.

In what follows, we use a variational ansatz to understand the length scale that governs

the droplet-like states and the number of droplet-like states that are supported by a qubit

array of size Ne. Since Fig. 5.9 suggests that the expansion coefficients of the nth droplet-

like eigenstate decouple when plotted as functions of the relative coordinate r and the

center-of-mass coordinate R, we introduce the product ansatz

c(n)r,R = Q(n)(R)q(r). (5.18)
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Here, the function Q(n)(R),

Q(n)(R) =

√
2

Ne
sin
(

nπ

Ne
R
)
, (5.19)

corresponds to the nth particle in the box wave function and the function q(r),

q(r) = 2

√
L3

r
πa3

[
1

(r−1)2 +(Lr
a )

2

]
, (5.20)

to an n-independent Lorentzian with characteristic length Lr. The length Lr is treated as a

variational parameter. By construction, the variational states with different n are orthogonal.

Figure 5.7(a) compares the variational energies (red open squares) of the six droplet-

like states that are supported by the qubit array for Ne = 60, g/J = 1/50, U/J = −1,

δ/J =−1/50, and x/a = 1 with those obtained by diagonalizing Ĥspin (black solid circles).

We see that the variational energies agree extremely well with the exact eigenenergies of

Ĥspin. In Fig. 5.7(b), the energy of the ground droplet-like state is shown as a function

of δ/J for the same Ne, g/J, U/J, and x/a as used in Fig. 5.7(a). For large to moderate,

in magnitude, detunings, the energies from the variational calculation (red open squares)

agree well with the exact eigenenergies of Ĥspin (black solid circles). For small detunings,

small deviations are visible. The variational calculation not only predicts the eigenenergy

accurately but also the corresponding eigenstates. As an example, the green open circles

in the inset of Fig. 5.8(a) show the pair correlation function obtained by the variational

treatment; it agrees well with the results obtained for Ĥspin (blue dotted line). The number of

droplet-like states supported by the qubit array is approximately equal to aNe/Lr. Intuitively,

this can be understood as follows. The system develops additional nodes along the R

direction till the spacing between the nodes is comparable to the size of the droplet-like

state along the r direction. For g/J = 1/50, U/J = −1, δ/J = −1/50, and x/a = 1, the

variational ground state energy is minimized for Lr ≈ 10a. The qubit array with Ne = 60

supports six droplet-like states, in agreement with the estimate aNe/Lr ≈ 6. As the qubit

array spacing x is changed from a to 2a, the number of droplet-like bound states decreases
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from six to four. For x = 3a, droplet-like bound states are no longer supported. Similar

results are found for other parameter combinations. We note that Ĥspin also supports more

highly excited modes, which have nodes along the r-coordinate. The variational treatment

of these energetically higher-lying droplet-like states is beyond the scope of this work.

5.4 Dynamics

This section discusses the dynamics for negative δ (band-gap regime) for two different

initial states in the two-excitation manifold, namely the partially symmetric state |PS⟩,

|PS⟩= 1√
Ne −1

Ne−1

∑
i=1

σ
+
i σ

+
i+1 |g, · · · ,g⟩ , (5.21)

and the fully symmetric state |FS⟩,

|FS⟩=
√

2√
Ne(Ne −1)

Ne−1

∑
i=1

Ne

∑
j=i+1

σ
+
i σ

+
j |g, · · · ,g⟩ . (5.22)

The fully symmetric state is a superposition of all basis kets (all basis kets contribute with an

expansion coefficient
√

2√
Ne(Ne−1)

). The partially symmetric state, in contrast, only considers

basis kets for which the excited qubits are nearest neighbors.

Figures 5.10(a) and 5.10(b) show the decomposition of the states |PS⟩ and |FS⟩, re-

spectively, into the energy eigenstates |φE⟩ of Ĥspin for Ne = 60, g/J = 1/50, U/J = −1,

δ/J =−1/50, and x/a = 1. The state |PS⟩ has finite overlap with a large number of eigen-

states from all over the eigenspectrum. The ground state contributes about 10% and the

other states 3% or less. For the state |FS⟩ [Fig. 5.10(b)], in contrast, there are two energy

eigenstates that dominate and together contribute 89% [52.6%, red square in Fig. 5.10(b),

and 36.4%, blue triangle in Fig. 5.10(b)]. The lowest eigenstate, which contributes 52.6%,

has droplet-like character while the excited eigenstate, which contributes 36.4%, has scatter-

ing characteristics. Since the fully symmetric initial state is dominated by two eigenstates,

the dynamics is expected to feature Rabi-like two-state oscillation dynamics. The dynamics
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Figure 5.10: Square of the absolute value of the projection of the initial state |ψ(0)⟩ onto

the energy eigenstates |φE⟩ of Ĥspin as a function of the eigenenergy E, measured relative to

the bottom E0,b of the two-photon bound state band, for Ne = 60, g/J = 1/50, U/J =−1,

δ/J = −1/50, and x/a = 1. (a) The initial state is |ψ(0)⟩ = |PS⟩. (b) The initial state is

|ψ(0)⟩ = |FS⟩. The red square and blue triangle correspond to the two largest values of

|⟨φE |FS⟩|2.

for the partially symmetric state, in contrast, is expected to display features of dephasing, at

least over certain time scales, due to the superposition of many energy eigenstates.

Figure 5.11 shows the time dependence of the probability that two excitations belong

to nearest neighbor qubits, i.e., qubits that are separated by α = 1 (black solid line), to

qubits that are separated by α = 6 (red dashed line), and to qubits that are separated by

α = 21 (blue dotted line). These observables are for the same parameters as those used in

Fig. 5.10. The time evolution of Ppair(α, t) for the initial states |PS⟩ [Fig. 5.11(a)] and |FS⟩
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Figure 5.11: Pair correlation function Ppair(α, t) for Ĥspin as a function of time for three

different separations α for Ne = 60, g/J = 1/50, U/J = −1, δ/J = −1/50, and x/a = 1.

The solid black, red dashed, and blue dotted lines show Ppair(α, t) for α = 1, 6, and 21,

respectively. The initial state |ψ(0)⟩ is equal to (a) |PS⟩ and (b) |FS⟩.

[Fig. 5.11(b)] is—as already anticipated based on the initial state decomposition—distinct.

In Fig. 5.11(a), Ppair(α, t) for α = 1 decays with damped oscillations. The damping or decay

are attributed to the fact that a large number of eigenstates contribute to the initial state

with comparable weight, giving rise to dephasing. In Fig. 5.11(b), Ppair(α, t) oscillates with

nearly undamped amplitude for all α considered. The slight “distortions” of the oscillations

are caused by dephasing effects of the eigenstates that contribute to the fully symmetric

initial state with a small weight, i.e., less than 5%. The oscillation period of t ≈ 2000h̄/J

corresponds to an energy of 0.0031J. This energy agrees with the difference in energies of

the two eigenstates that have the largest overlap with the initial state |FS⟩ [red square and
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Figure 5.12: Snapshots of Pcorr(i, j, t) for Ĥspin for Ne = 60, g/J = 1/50, U/J =−1, δ/J =

−1/50, and x/a = 1 as functions of i and j for the initial state |ψ(0)⟩ = |FS⟩. (a)-(h)

correspond to Jt/h̄ = 0, 960, 2220, 3080, 4440, 5220, 6540, and 7500, respectively. As

discussed in the main text in the context of Fig. 5.9, the coefficients c(n)i, j are only defined

for i < j; to plot Pcorr(i, j, t), we artificially set c(n)i, j = c(n)j,i for i > j and c(n)i, j = 0 for i = j for

ease of readibility.

blue triangle in Fig. 5.10(b)].

Figure 5.12 shows the spin-spin correlation function Pcorr(i, j, t),

Pcorr(i, j, t) = ⟨ψ(t)| σ̂+
i σ̂

+
j |g, · · · ,g⟩×

⟨g, · · · ,g| σ̂−
i σ̂

−
j |ψ(t)⟩ (5.23)

at eight different times ranging from zero in Fig. 5.12(a) to Jt/h̄ = 7500 in Fig. 5.12(h)

for Ne = 60, g/J = 1/50, U/J =−1, δ/J =−1/50, and x/a = 1. The initial state is |FS⟩.
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The plots in the left column are for Jt/h̄ = 0, 2220, 4440, and 6540. Comparison with

Fig. 5.11(b) shows that Ppair(α = 1, t) takes on a local minimum at these times. The plots

in the right column of Fig. 5.12, in contrast, are such that Ppair(α = 1, t) takes on a local

maximum. We can see that Pcorr(i, j, t) is mostly concentrated around the middle of the

diagonal in the right column while it is much more spread out in the left column. The

observation that the spin-spin correlations alternate between being more localized and being

more spread out can be readily explained by the fact that the initial state |FS⟩ is dominated

by contributions from the ground droplet-like state and a delocalized scattering state [red

square and blue triangle Fig. 5.10(b)]. This suggests that the droplet-like ground state can

be probed by initializing the qubit array in the fully symmetric state |FS⟩.

The calculations presented consider the ideal case scenario, where the excited state qubit

has an infinite lifetime, the photon loss from the cavities is ignored, and imperfections—such

as, e.g., a finite spread ∆J of the tunneling energies J and a finite spread ∆ωc of the cavity

frequencies ωc that exist to a varying degree in experiment—are neglected. To observe the

oscillations displayed in Fig. 5.11(b), the time scales associated with spontaneous qubit

decay, photon losses, and “dephasing” due to the spread of system parameters must be larger

than about 104h̄/J. In the following discussion, we assume that the excited state lifetime of

the qubit is longer than the time scale for photon losses.

A finite “bare” photon lifetime of h̄κ−1 leads to a characteristic decay time (Γc)
−1 that

scales, for |δ0| ≪ 2J, as Γc = pphκ/h̄, where pph ≈ g2J−1/2δ
−3/2
0 /4 and δ0 denotes the

detuning in the single-excitation manifold, δ0 = (h̄ωc −2J)− h̄ωe [106, 105]. Physically,

the multiplicative factor pph can be understood as arising from the admixture of the photonic

degrees of freedom to the hybridized bound state in the single-excitation manifold. Rewriting

δ0 in terms of the detuning δ in the two-excitation manifold, we find

pph =
g2

4
√

J

[
1
2

(
−δ +

√
U2 +16J2

)
−2J

]−3/2

. (5.24)

For δ/J =−1/50 and −3/20, as used in this paper, pph is equal to 5×10−3 and 2×10−3,
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respectively. To observe multiple oscillations, (Γc)
−1 must be much larger than 104h̄/J; the

equal sign holds for κ/J = 2×10−2 and 5×10−2, respectively. Superconducting circuit

experiments have realized an eight cavity system with U/h=−255 MHz, J/h= 5−20 MHz,

and κ/h = 5 kHz [59]. This translates to κ/J = 2.5×10−4 to 10−3, i.e., experiments are

already operating in a regime where the photon lifetime is sufficiently long to observe the

predicted phenomena. For fixed spreads ∆J and ∆ωc, one may attempt to increase δ such

that the spreads become, if measured as a multiple of the detuning, smaller. Since a larger

δ corresponds to a smaller photon contribution pph and hence a longer time scale for the

photon losses, there is some room to optimize the parameters for a specific experimental

set-up. While challenging, we conclude that the theory predictions put forward in this paper

can be tested in state-of-the-art experiments.

5.5 Conclusion

This paper discussed the time-independent and time-dependent behaviors of a qubit

array coupled to a non-linear photonic waveguide. Our interest was in the regime where

the two-qubit transition energy lies in the band gap below the two-photon bound state

band that is supported by the one-dimensional waveguide. We focused our attention on

the two-excitation manifold. Even though the qubits are not interacting with each other,

effective interactions—mediated by the waveguide—are introduced between qubits as a

result of a two-step adiabatic elimination process. The resulting effective spin Hamiltonian,

which was shown to accurately reproduce the key characteristics of the full Hamiltonian,

features constrained single-qubit hopping and pair hopping interactions. The emergence of

the latter critically depends on the presence of the Kerr-like non-linearity U . The effective

spin Hamiltonian was shown to support a new class of droplet-like bound states that arise

due to the pair hopping interaction. These droplet-like states extend over many qubit lattice

sites and can be probed dynamically. For the fully symmetric initial state, the populations
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were found to oscillate back and forth between a droplet-like bound state and a delocalized

scattering state. While most of our discussion focused on Ne = 60, g/J = 1/50, U/J =−1,

and δ/J = −1/50, we emphasize that the characteristics discussed in this paper are also

observed for other parameter combinations.

For fixed g/J, δ/J, Ne, and x/a, we find that the number of droplet-like states supported

by the qubit array decreases as U/J becomes more negative. As |U |/J increases, the

two-photon bound state becomes more localized and hence the overall strength of the pair

hopping interaction becomes less negative. Whether or not droplet-like bound states exist

also depends on the qubit array spacing x. If the separation between two neighboring qubits

is increased, the number of droplet-like states supported by the array decreases.

The giant droplet-like bound states discovered in this work provide an intriguing ex-

ample of utilizing structured baths to engineer effective spin-spin interactions that support

quantum states with non-trivial correlations. The droplet-like states considered in this

paper, which emerge in the two-excitation sub-space, are distinct from the two-excitation

scattering states considered in Ref. [174] in the absence of the non-linearity U . They are also

distinct from hydrid qubit-photon states that emerge in the single-excitation manifold [106].

Possible extensions may focus on topological wave guides [15, 188], higher-dimensional

baths, superlattice-type arrangements of the qubits, qubits with multiple transition fre-

quencies [189], multi-level emitters, qubits with multiple point contacts [190], and higher-

excitation manifolds [191]. In all these scenarios, it will be interesting to explore the

interplay between constrained single-qubit and pair hopping interactions.
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Chapter 6

Conclusions and outlook

This thesis studied the physics of a collection of emitters coupled to a structured photonic

environment with Kerr-like non-linearity that features center-of-mass momentum dependent

two-photon bound states. We analyzed the dynamic and static properties of the emitter-

photon coupled system in the two-excitation manifold. One of the main objectives of the

thesis was to develop both analytical and numerical tools to study the impact of a non-linear

structured bath in the two-excitation manifold.

We began our theoretical investigation with two quantum emitters and employed a

complete quantum mechanical framework to study the radiative behaviors in the two-

excitation manifold. Our focus was on understanding the role of the two-photon bound

state band, a non-trivial feature of the photonic environment made possible by the Kerr-like

non-linearity [60, 61]. We identified a regime where the radiation dynamics display almost

perfect oscillatory behavior. We developed an analytical two-state model to explain the

emergence of this non-Markovian dynamics. Although our primary focus was on the emitter

properties influenced by the environment characteristics, we also studied the properties

of the photonic bath in the presence of the emitters. This detour led to the discovery

that the emitters enable all-to-all momentum space interactions, facilitating the formation

of a photonic polaron-like state in the structured bath. This results in the creation of

emitter-photon hybridized symmetric and anti-symmetric states that lie energetically below

the radiative interacting continuum when the two emitters are separated by several cavity

sites, indicating the emergence of long-range interactions in the system. The exchange of

population between the symmetric and anti-symmetric emitter-photon hybridized states

leads to the unique phenomenon of undamped Rabi oscillations, which is not observed in an

emitter-photon coupled system [105, 192, 193] where the photonic environment lacks onsite
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photon-photon interaction. Therefore, our system offers a platform that enables the creation

of correlated states in the structured photonic bath via coupling to quantum emitters.

We generalized our study to the case with multiple emitters or qubits that form a regularly

arranged one-dimensional array. We worked in the band gap regime where the two-emitter

energy lies below the two-photon bound state band. Single-photon as well as two-photon

bound states are adiabatically eliminated. The effective spin Hamiltonian that arises from

the adiabatic eliminations has two types of interactions. One is the constrained single qubit

hopping interaction, which is proportional to g2. The other is the interaction between pairs of

excited qubits, which is proportional to g4. One notable aspect of our system is its behavior

in the regime of weak emitter-photon coupling, where g/J ≪ 1. Surprisingly, we discovered

a parameter regime where the interaction term proportional to g4 prevails over the term

proportional to g2. This unexpected phenomenon contradicts our intuitive expectation that

the effects of the g2 term would dominate over g4 in the weak coupling limit. This reversal

in the hierarchy of scales leads to the emergence of a series of bound states in the array of

emitters in the two-excitation manifold. The novel droplet-like bound states that emerge are

distinct from the emitter-photon hybridized states that are generally discussed in the context

of emitters coupled to a structured photonic bath [167, 105, 57, 60, 61]. The droplet-like

states span several sites in the emitter array and exhibit collective behavior. Although these

unique bound states have numerous states in their spectrum, they exhibit similar size. These

states can be distinguished in terms of the number of nodes present in the wave function

along the center-of-mass coordinate in the abstract excitation space. The abstract excitation

space is determined by the positions of the excited emitters in the emitter array. Therefore,

each pair of positions corresponds to a distinct configuration of the emitter array in the

two-excitation manifold. Furthermore, we demonstrate that the droplet-like states can be

probed by initializing the emitter array in a state where all basis states with two excited

emitters contribute equally. Our findings highlight the potential of utilizing emitter-photon
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coupled systems to generate effective spin-spin interactions and explore correlated quantum

many-body systems.

The research results presented in this thesis lay the foundation for future studies on how

the system evolves with variables such as an in-resonance emitter array, different types of

emitters, different excitation manifolds, and variations in the strength of the emitter-photon

coupling. This thesis considered the off-resonant case of an emitter array coupled to the

structured photonic bath with Kerr-like non-linearity in the two-excitation manifold. An

emitter array where the two-emitter transition energy is in resonance with the two-photon

bound state band has not been explored previously. We have some interesting preliminary

results, which show the impact of the Kerr-like non-linearity on the radiative dynamics of

an emitter array. We analyze the time evolution of three distinct initial states |Ψ(0)⟩ in our

study. These states are given by

|Ψ(0)⟩= |eeg · · ·g,vac⟩, (6.1)

|Ψ(0)⟩= 1√
Ne −1

Ne−1

∑
j=1

σ̂
+
j σ̂

+
j+1|g · · ·g,vac⟩, (6.2)

and

|Ψ(0)⟩= 1√
Ne(Ne −1)/2

Ne−1

∑
i=1

Ne

∑
j=i+1

σ̂
+
i σ̂

+
j |g · · ·g,vac⟩. (6.3)

The states given in Eqs. (6.1)-(6.3) correspond to a collection of emitters in a ground state

with two excited emitters located on one end of the one-dimensional array, the superposition

of two adjacent excited emitters in the array, and the symmetric superposition of basis

states with two excited emitters separated by a variable number of ground-state emitters

in the array, respectively. It is crucial to mention that in contrast to the research work

explained in Chapter 5, we can not eliminate the two-photon bound states adiabatically in

this situation. This is due to the resonance condition, which causes a significant variation in

the contribution of two-photon bound states over time. To simplify the analysis, we utilize
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the Born-Markov approximation and derive a set of coupled differential equations based on

the emitter degrees of freedom. However, we must exercise caution when applying the Born-

Markov approximation to the emitter array, as the number of emitters plays a significant

role in determining the effective coupling strength geff between the emitters and photons.

Although we operate in the weak coupling regime (g/J ≪ 1), the number Ne of emitters

introduces an approximate scaling factor of
√

Ne to the emitter-photon coupling strength, i.e.,

geff ≈
√

Neg. As a result, as the number of emitters increases, the effective emitter-photon

coupling strength also increases by a factor of
√

Ne. Therefore, we need to carefully select

a combination of g and Ne to ensure that the effective emitter-photon coupling remains

within the weak coupling regime (geff/J ≪ 1), thereby validating the applicability of the

Born-Markov approximation. We solve the set of differential equations obtained as a result

of the Born-Markov approximation to investigate the behavior of the system over time. The

effective Hamiltonian that arises from these equations is non-Hermitian in nature. Using the

non-Hermitian Hamiltonian in the emitter degrees of freedom, we can generate a quantum

master equation.

Another intriguing extension of the emitter array in the resonance case could involve

examining the radiative characteristics when all the emitters are in the excited state. Because

of the complexity of the Hilbert space, utilizing a quantum master equation framework might

be the most efficient approach for analyzing such a system. Working within the weak emitter-

photon coupling regime, the system could be initialized in a Greenberger-Horne-Zeilinger

(GHZ) state with multiple emitters (Ne ≫ 1), i.e., |Ψ(0)⟩= 1√
Ne
[|ee · · ·e⟩+ |gg · · ·g⟩] [194].

The GHZ state is characterized by a high degree of entanglement, making the investi-

gation of the time dependence of system-bath entanglement in this scenario particularly

interesting [195].

Exploring a group of three- or four-level emitters coupled to the structured photonic

environment could be a compelling avenue for future research. This would enlarge the size
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of the Hilbert space associated with the emitter degrees of freedom. Additionally, multiple

transition energies would be present due to the emitters having multiple levels. Consequently,

incorporating an internal detuning, such as the disparity between two transition energies in

the case of a three-level emitter, into the system Hamiltonian would enhance the tunability

of the problem. Within the bandgap regime, this system could serve as a quantum simulation

platform of systems with a spin larger than S = 1/2.

Moreover, it would be compelling to investigate the emitter-photon coupled system in

the three-excitation manifold, which is a logical extension of this study. The focus would

primarily be on the three-photon bound states that are supported by the structured photonic

environment. This scenario involves two types of three-photon bound states [200], one of

which is deeply bound, while the other two are weakly bound, particularly in the presence

of stronger photon-photon onsite interaction. This problem would be intriguing from the

viewpoint of the validity of the adiabatic elimination since we would need to consider the

contribution from the scattering continuum of two-photon bound states and single photons.

Another potential area of study is the investigation of the system in the regime of strong

coupling between emitters and photons, where the counter-rotating terms in the emitter-

photon interaction Hamiltonian cannot be disregarded. This research would pose its own set

of challenges since many excitation manifolds would be coupled. It would be intriguing to

investigate the relationship between the emitter-photon coupling strength and the minimum

total number of excitations needed to accurately describe the coupled system of emitters

and photons.
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Appendix A

Single-emitter dynamics

Section 4.4 uses the dynamics of a single emitter coupled to cavity n as a reference. This

appendix summarizes the single-emitter results. Note that the results are independent of n

since the emitter position does not matter.

We expand the time-dependent wave packet as [173, 107]

|ψ(t)⟩ = exp(−ıωet)×[
de(t)|e,vac⟩+∑

k
dk(t)â

†
k |g,vac⟩

]
, (A.1)

where de(t) and dk(t) are expansion coefficients. Starting at time t = 0 in the state |e,vac⟩

[i.e., setting de(0) = 1 and dk(0) = 0] and following the steps of Ref. [107], one finds

ḋe(t) =−
∫ t

0
de(t − t ′)M (t ′)dt ′, (A.2)

where

M (t ′) =
g2

h̄2N ∑
k

exp
(
− ı∆kt ′

h̄

)
. (A.3)

The integral in Eq. (A.2) can be evaluated analytically [173].

In what follows, we review results obtained within the Markov approximation [107, 173].

The presence of the bath memory function M (t ′) in Eq. (A.2) indicates that the dynamics

is, in general, non-Markovian: the evolution of the coefficient de(t) depends on the past, i.e.,

the system’s state at earlier times. If the bath memory time τbath is short, i.e., if∣∣∣∣ ḋe(t)
de(t)

τbath

∣∣∣∣≪ 1, (A.4)

the Markov approximation

∫ t

0
M (t ′)de(t − t ′)dt ′ ≈ de(t)

∫ t

0
M (t ′)dt ′ (A.5)
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should be reliable. Using

Re
[

lim
t→∞

∫ t

0
exp
(
− ı∆kt ′

h̄

)
dt ′
]
= π h̄δ (∆k) (A.6)

and dropping the imaginary part, which introduces a negligible energy shift ∆single, Eq. (A.2)

can be rewritten as

ḋe(t) =−Γsinglede(t) (A.7)

or

de(t) = exp
(
−Γsinglet

)
, (A.8)

where

Γsingle =
πg2

h̄N ∑
k

δ (∆k). (A.9)

Equation (A.7) describes the effect of the bath on the expansion coefficient of the state

|e,vac⟩. The emitter-bath coupling induces an exponential decay of the population, with a

decay rate 2Γsingle, and an energy shift ∆single in the energy of the state |e,vac⟩.

To find an explicit expression for Γsingle, we replace the sum over k by an integral,

∑
k
(· · ·) = Na

2π

∫
π/a

−π/a
(· · ·)dk, (A.10)

and perform a change of variable,

dk =
∂k

∂Ek
dEk =

(
∂Ek

∂k

)−1

dEk. (A.11)

Defining the density of states ρsingle(k) through

ρsingle(k) = J
(

∂Ek

∂k

)−1

(A.12)

and using Eqs. (A.10)-(A.12) in Eq. (A.9), we find

Γsingle =
g2a
h̄J

∫ h̄ωc+2J

h̄ωc−2J
δ (Ek − h̄ωe)ρsingle(k)dEk. (A.13)

Evaluating the integral yields Eq. (4.35) from the main text.
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Appendix B

Details on adiabatic elimination

Equations (4.16)-(4.19) of the main text are equivalent to the time-dependent Schrödinger

equation within the two-excitation subspace. After adiabatic elimination, the equations

reduce to

ıh̄ċee(t) = 2∆ecee(t)+
g2

J
√

N ∑
K

FK,b(n1,n2)cK,b(t)+
g2

J
√

N ∑
K

∑
q

FK,q(n1,n2)cK,q(t),

(B.1)

ıh̄ċK,b(t) = ∆K,bcK,b(t)+
g2

J
√

N
F∗

K,b(n1,n2)cee(t)+
g2

JN ∑
K′,K

GK,K′(n1,n2)cK′,b(t)+

g2

JN ∑
K′

∑
q

HK,K′,q(n1,n2)cK′,q(t), (B.2)

and

ıh̄ċK,q(t) = ∆K,qcK,q(t)+
g2

J
√

N
F∗

K,q(n1,n2)cee(t)+
g2

JN ∑
K′,K

∑
q′,q

[HK′,K,q′(n1,n2)]
∗cK′,b(t)+

g2

JN ∑
K′,K

∑
q′,q

JK,K′,q,q′(n1,n2)cK′,q′(t),

(B.3)

where

FK,b(n1,n2) =−∑
k

∑
α=1,2

J
N∆k

exp
(
−ıkanβ (α)

)
[Mb(k,nα ,K)]∗, (B.4)

FK,q(n1,n2) =−∑
k

∑
α=1,2

J
N∆k

exp
(
−ıkanβ (α)

)
[Mq(k,nα ,K)]∗, (B.5)

GK,K′(n1,n2) =−∑
k

∑
α=1,2

J
N∆k

[Mb(k,nα ,K)]∗Mb(k,nα ,K′), (B.6)
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HK,K′,q(n1,n2) =−∑
k

∑
α=1,2

J
N∆k

[Mb(k,nα ,K)]∗Mq(k,nα ,K′), (B.7)

JK,K′,q,q′(n1,n2) =−∑
k

∑
α=1,2

J
N∆k

[Mq(k,nα ,K)]∗Mq′(k,nα ,K′), (B.8)

and ∆e is given in Eq. (4.33) of the main text. The quantity 2∆e can be interpreted as an

effective Stark shift [106] that is introduced by the single-photon states. Before the adiabatic

elimination, energies are measured relative to the energy 2h̄ωe of the initial state. After

the adiabatic elimination, the state with two emitter excitations is “detuned with respect to

itself”. The Stark shift was set to zero in Ref. [106]. This approximation is justified when

the resonance wave vector lies in the middle of the band. Near the bottom of the band,

however, the quantity 2∆e introduces a non-perturbative correction [60].

The quantity GK,K′(n1,n2) describes effective off-diagonal couplings between two-

photon bound states with center-of-mass wave numbers K and K′. Before the adiabatic

elimination, the right hand side of the equation for ċK,b(t) does not depend on cK′,b(t) for

K′ ̸= K. After the adiabatic elimination, the right hand side of the equation for ċK,b(t)

depends on cK′,b(t) for K′ ̸= K.

The equations above simplify significantly if the contributions from the scattering states

are dropped. The result is given in Eqs. (4.26)-(4.29) of the main text. The next step is to go

to a rotating frame. Rewriting the coupled equations in terms of c̃ee(t) and c̃K,b(t), where

c̃ee(t) = exp(2ı∆et/h̄)cee(t) (B.9)

and

c̃K,b(t) = exp
(
ı∆K,bt/h̄

)
cK,b(t), (B.10)

the diagonal terms vanish:

ıh̄ ˙̃cee(t) =

g2

J
√

N ∑
K

FK,b(n1,n2)exp
(
−

ı∆̃K,bt
h̄

)
c̃K,b(t) (B.11)
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and

ıh̄ ˙̃cK,b(t) =

g2

J
√

N
[FK,b(n1,n2)]

∗ exp
(

ı∆̃K,bt
h̄

)
c̃ee(t) (B.12)

with

∆̃K,b = ∆K,b −2∆e. (B.13)

We now specialize to the initial state |e,e,vac⟩. Integrating Eq. (B.12) and using the

result in Eq. (B.11), we obtain an equation for the coefficient c̃ee(t) that is independent of

c̃K,b(t):

˙̃cee(t) =−
∫ t

0
M (t ′,n1,n2)c̃ee(t − t ′)dt ′, (B.14)

where the bath memory function M (t ′,n1,n2) reads

M (t ′,n1,n2) =

g4

h̄2J2N ∑
K
|FK,b(n1,n2)|2 exp

(
−

ı∆̃K,bt ′

h̄

)
. (B.15)

Following the same steps as in Appendix A and defining the density of states ρ(K)

through

ρ(K) = J
(

∂∆K,b

∂K

)−1

, (B.16)

we find Eq. (4.31) of the main text.
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Appendix C

Derivation of Ĥspin

Starting with the full Hamiltonian Ĥ, this appendix derives the effective spin Hamiltonian

Ĥspin. The adiabatic elimination procedure discussed in this appendix is illustrated in

Fig. C.1.

Time-dependent wave packet: Throughout, we assume that the two-photon scattering

states can be neglected. This is justified since we are working in a regime where the two-

qubit transition energy is far detuned from the two-photon scattering continuum. Under

this approximation, the wavepacket |ψ(t)⟩ in the two-excitation manifold can be written

as [106, 60, 61]

|ψ(t)⟩= exp(−2ıωet)
[Ne−1

∑
i=1

Ne

∑
j=i+1

di j(t)σ+
i σ

+
j |g, · · · ,g,vac⟩+

Ne

∑
i=1

∑
k

cik(t)σ+
i â†

k |g, · · · ,g,vac⟩+∑
K

cK,b(t)B̂
†
K|g, · · · ,g,vac⟩

]
, (C.1)

where di j(t), cik(t), and cK,b(t) denote expansion coefficients. B̂†
K is the creation operator

for a two-photon bound state with momentum K. Inserting Eq. (C.1) into the time-dependent

Schrödinger equation, we obtain a set of coupled differential equations

ıh̄ḋi j(t) =
g√
N ∑

k

[
exp(ıkani)c jk(t)+ exp

(
ıkan j

)
cik(t)

]
, (C.2)

ıh̄ċik(t) = ∆kcik(t)+
g√
N

Ne

∑
j=1, j ̸=i

exp
(
−ıkan j

)
dĩ j̃(t)+

g
N ∑

K
Mb(k,ni,K)cK,b(t), (C.3)

and

ıh̄ċK,b(t) = ∆K,bcK,b(t)+
g
N

Ne

∑
i=1

∑
k
[Mb(k,ni,K)]∗cik(t), (C.4)

where ĩ = min(i, j) and j̃ = max(i, j). The energy detunings ∆k and ∆K,b are given by

∆k = Ek − h̄ωe (C.5)
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and

∆K,b = EK,b −2h̄ωe, (C.6)

where Ek denotes the energy of a single photon with wave vector k. The matrix elements

Mb(k,n,K) are defined as [60, 61]

Mb(k,n,K) =
√

2×

∑
m

exp
[

ım
(

k− K
2

)
a+ ın(K − k)a

]
ψK,b(m), (C.7)

where ψK,b(m) = ⟨ma|ψK,b⟩ is the two-photon bound state wave function (ma denotes the

relative distance between the two photons). Stationary and time-dependent solutions to the

Schrödinger equation for Ĥfull are obtained through exact diagonalization, excluding the

basis kets that span the two-photon scattering continuum. To characterize the distribution of

the excited qubits, we monitor the pair correlation function Ppair(α, t),

Ppair(α, t) = ⟨ψ(t)|
Ne−α

∑
i=1

σ̂
+
i σ̂

+
i+α

|g, · · · ,g,vac⟩×

⟨g, · · · ,g,vac| σ̂−
i σ̂

−
i+α

|ψ(t)⟩ , (C.8)

as well as the spin-spin correlation function Pcorr(i, j, t),

Pcorr(i, j, t) = ⟨ψ(t)| σ̂+
i σ̂

+
j |g, · · · ,g,vac⟩×

⟨g, · · · ,g,vac| σ̂−
i σ̂

−
j |ψ(t)⟩ . (C.9)

In what follows, we introduce several approximations that eliminate the photonic degrees of

freedom from the problem and, in turn, introduce effective interactions between groups of

qubits.

Adiabatic elimination of the single-photon states: Assuming that the changes of cik(t)

with time can be neglected, i.e., ċik(t)= 0 in Eq. (C.3), the single-photon states σ̂
+
j |g, · · · ,g,k⟩

can be adiabatically eliminated. This approximation breaks down when g is too large or
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the single-qubit transition energy is too close to the single-photon band. The resulting

differential equations read

ıh̄ḋi j(t) =
Ne

∑
l=1,l ̸= j

Wildl̃ j̃(t)+
Ne

∑
l=1,l ̸=i

Wl jdĩl̃′(t)+
g2

√
NJ ∑

K
FK,b(ni,n j)cK,b(t) (C.10)

and

ıh̄ċK,b(t) = ∆K,bcK,b(t)+
g2

√
NJ

Ne

∑
i=1

Ne

∑
j=i+1

F∗
K,b(ni,n j)di j(t)+

g2

NJ ∑
K′

GKK′ (⃗n)cK′,b(t),

(C.11)

where l̃ = min(l, j), j̃ = max(l, j), ĩ = min(l, i), l̃′ = max(l, i), and n⃗ = (n1,n2, · · · ,nNe).

It can be seen that the adiabatic elimination of the single-photon states introduces three

effective interactions, namely FK,b, GKK′ , and Wjl . The effective interaction FK,b(ni,n j)

between the states σ̂
+
i σ̂

+
j |g, · · · ,g,vac⟩ and B̂†

K |g, · · · ,g,vac⟩ is given by [106, 60, 61]

FK,b(ni,n j) =

−∑
k

J
N∆k

(
exp(−ıkani)[Mb(k,n j,K)]∗+

exp
(
−ıkan j

)
[Mb(k,ni,K)]∗

)
. (C.12)

The effective interaction GKK′ (⃗n) between the states B̂†
K |g, · · · ,g,vac⟩ and B̂†

K′ |g, · · · ,g,vac⟩

is given by [106, 60, 61]

GKK′ (⃗n) =−
Ne

∑
j=1

∑
k

J
N∆k

[Mb(k,n j,K)]∗×

Mb(k,n j,K′). (C.13)

The interactions FK,b and GKK′ have been discussed extensively in the context of the two-

qubit system (Ĥ with Ne = 2) [106, 60, 61]. The effective interaction Wjl , in contrast, does

not exist for Ne = 2; it critically depends on having more than two qubits coupled to the

cavity array. The functional form of Wjl is given in Eq. (5.10) of the main text.
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Equations (C.10)–(C.11) correspond to the effective Hamiltonian Ĥadia,0,

Ĥadia,0 = Ĥsingle +
g2

J
√

N

Ne

∑
i=1

Ne

∑
j=i+1

∑
K

[
FK,b(ni,n j)σ̂

+
i σ̂

+
j B̂K +F∗

K,b(ni,n j)σ̂
−
i σ̂

−
j B̂†

K

]
+

∑
K

∆KB̂†
KB̂K +

g2

NJ ∑
K

∑
K′

GKK′ (⃗n)B̂†
KB̂K′,

(C.14)

where Ĥsingle is given in Eq. (5.7) of the main text. For Ne = 2, Refs. [60, 61] found that the

effective interaction GKK′ plays a non-negligible role only when the transition energy 2h̄ωe

of two qubits is in or nearly in resonance with the bottom of the two-photon bound state

band. Since GKK′ plays, in general, a negligible role away from the bottom of the band, it

is useful to define the effective Hamiltonian Ĥadia,1 by setting GKK′ in Ĥadia,0 to zero. The

effective Hamiltonians Ĥadia,0 and Ĥadia,1 live in the
(

Ne(Ne−1)
2 +N

)
–dimensional Hilbert

space that is spanned by the states σ̂
+
i σ̂

+
j |g, · · · ,g,vac⟩ and B̂†

K |g, · · · ,g,vac⟩ with wave

vector K.

Adiabatic elimination of the two-photon bound states: For the band gap physics con-

sidered in this paper, the energy 2h̄ωe of two excited qubits is not in resonance with the

two-photon bound state band. Consequently, we adiabatically eliminate the two-photon

bound states, i.e., we set the left hand side of Eq. (C.11) to zero. Using this to eliminate

cK,b(t) from Eq. (C.10), the resulting set of coupled equations reads

ıh̄ḋi j(t) =
Ne

∑
l=1,l ̸= j

Wildl̃ j̃(t)+
Ne

∑
l=1,l ̸=i

Wl jdĩl̃′(t)+

Ne−1

∑
l=1

Ne

∑
h=l+1

Yi j,lhdlh(t). (C.15)

Equation (C.15) corresponds to the effective spin Hamiltonian Ĥspin given in Eq. (5.8) of the

main text, which lives in the Ne(Ne −1)/2–dimensional Hilbert spanned by the qubit states

σ̂
+
i σ̂

+
j |g, · · · ,g⟩.
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𝑮 = 𝟎 and  adiabatic 

Figure C.1: Approximations made to obtain the effective spin Hamiltonian Ĥspin (right

column) from the total Hamiltonian Ĥ (left column). The schematic considers Ne = 4 as an

example and shows only a subset of the basis kets. The red and black horizontal lines show

a subset of basis kets. The blue, pink, purple, green, and dark red lines represent interactions.

As a result of the adiabatic elimination of the single-photon states |eggg,k⟩, the interactions 1

and 2 give rise to the interaction W between the states |eegg,vac⟩ and |egeg,vac⟩ (solid pink

line), the interactions 1 and 3 give rise to the interaction F between the states |eegg,vac⟩

and |gggg,K1⟩ (solid purple line), the interactions 2 and 3 give rise to the interaction F

between the states |egeg,vac⟩ and |gggg,K1⟩ (dotted purple line), the interactions 1 and 4

give rise to the interaction F between the states |eegg,vac⟩ and |gggg,K2⟩ (dashed purple

line), the interactions 2 and 4 give rise to the interaction F between the states |egeg,vac⟩ and

|gggg,K2⟩ (dash-dotted purple line), and the interactions 3 and 4 give rise to the interaction

G between the states |gggg,K1⟩ and |gggg,K2⟩ (green line). As a result of setting G to

zero and adiabatically eliminating the two-photon bound states |gggg,K⟩, the interactions F

(e.g., solid and dotted lines, and dashed and dash-dotted lines) give rise to the interaction Y

between the states |eegg⟩ and |egeg⟩ (solid dark red line). The down shifts of the red basis

states in the middle and right columns represent the Stark shifts that are due to the adiabatic

eliminations.
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Appendix D

Technical details: Numerical calculations

This chapter focuses on the technical details of the numerical calculations of our work.

The context of our work is in a structured photonic environment where the position and

momentum are discrete. The dynamical behavior of our system is explained by the time-

dependent Schrödinger equation. In our study, this equation is represented as a linear

differential equation with time as the variable. Various techniques, such as direct integration

and spectral methods, can be used to solve it [164, 173]. We utilize a numerical diagonaliza-

tion method to investigate the time-dependent as well as the time-independent characteristics

of the coupled emitter-photon system. The GNU Scientific Library (GSL) subroutine for

complex hermitian matrices is essential in carrying out the diagonalization [164, 196].

Specifically, we used the subroutine “gsl eigen hermv()” since the Hamiltonian matrices we

disgonalized are complex hermitian matrices. Although calling the subroutine is relatively

straightforward, it is crucial to elaborate on how we derive the Hamiltonian and the size of

the associated Hilbert space.

D.1 Size of the Hilbert space

Our study focuses on analyzing a system that consists of an array of N cavities coupled

to Ne emitters in the two-excitation manifold. To achieve this, we span the Hilbert space

using emitter states and eigenstates of the bath Hamiltonian, i.e., we use the momentum

space eigenstates of the Bose-Hubbard model for photons. There are Ne(Ne −1)/2 emitter

basis states in this manifold. There are N momentum values available to each photon

in the first Brillouin zone because of the N cavities present in the structured photonic

environment. Due to the Kerr-like non-linearity, there are N two-photon bound states with

distinct center-of-mass momenta in the two-excitation manifold.
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A two-photon scattering state can be characterized by the center-of-mass momentum K

and the relative momentum k; |K,k⟩, where K = k1 + k2 and k = 1
2(k1 − k2). Alternatively,

we could use |k1,k2⟩. As an example, we consider a photon-photon scattering state with

a center-of-mass momentum of K = 0. Since the photon-photon scattering states are not

bound, each of the two photons can have a momentum between −π/a and π/a, as long

as the center-of-mass momentum K is zero. Therefore, each of the photons can have

positive (negative) and negative (positive) values of equal magnitude. To illustrate this, the

following states |k1 = 0,k2 = 0⟩,
∣∣k1 =

−1
2a ,k2 =

1
2a

〉
,
∣∣k1 =

1
2a ,k2 =

−1
2a

〉
,
∣∣k1 =

1
a ,k2 =

−1
a

〉
,

and
∣∣k1 =

−1
a ,k2 =

1
a

〉
, correspond to

∣∣K = 0,k = −1
2a

〉
,
∣∣K = 0,k = 1

2a

〉
,
∣∣K = 0,k = 1

a

〉
, and∣∣K = 0,k = −1

a

〉
, respectively. Therefore, it is evident that for a center-of-mass momentum

K = 0, there exist, in general, various values for the relative momentum k. Consequently,

the fixed K scattering continuum has a “width”. It is worth mentioning that the “width”, and

hence the density of states for two photons varies with the center-of-mass momentum K.

Since each of center-of-mass momentum K and relative momentum k can take N values,

there are N2 states in the photon-photon scattering continuum.

We also need to include single-photon processes that involve one of the emitters in an

excited state and a single-photon that takes one of the N possible single-particle momenta.

Thus, we have NeN states that describe the single-photon processes for Ne emitters. Thus,

the number of basis states that span the full Hilbert space of the emitter-photon coupled

system is
[
Ne(Ne −1)/2+N +N2 +NeN

]
. The Hamiltonian expressed in that basis has

a size of
[
Ne(Ne −1)/2+N +N2 +NeN

]2. Figure D.1 illustrates the memory required to

store the Hamiltonian matrix as a function of N. In Fig. D.1(a), we see that at least 30 GB

memory is required to study a two-emitter system coupled to an array with N = 201 cavities.

Due to the memory limitations of our local computer, which is restricted to 64 GB, we were

unable to store the full Hamiltonian matrix of the emitter-photon coupled system when N

exceeds 201 for the simplest case with two emitters, i.e., Ne = 2. The memory demand is
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driven by the N4 scaling with the number of cavities.

Figure D.1: Memory required to store a Hamiltonian with matrix elements treated as

complex double precision variables as a function of the size of the cavity array N for two

emitters, i.e., Ne = 2. The unit used for the memory is Giga Bytes (GB). (a) The Hamiltonian

is the full Hamiltonian. (b) The Hamiltonian is obtained excluding the two-photon scattering

states.

To make the problem computationally tractable, it is essential to decrease the mem-

ory required. This can be achieved by thoroughly analyzing the parameter space of the

emitter-photon system and reducing the size of the Hilbert space. This requires several ap-

proximations, such as neglecting two-photon scattering states, which reduces the dimension

of the Hilbert space to (Ne(Ne −1)/2+NeN +N). The reduction of the Hilbert space has

implications because the basis states of the reduced space do not cover the entire Hilbert

space where the full Hamiltonian of the emitter-photon coupled system lives in. Neverthe-
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less, we operate in parameter regimes where the influence of the two-photon scattering states

is negligible when compared to the contributions of other basis states in the full Hilbert

space. The reduced Hilbert space allows for a numerical calculation with less memory;

thus, a much larger cavity array can be considered. According to Fig. D.1(b), when the

two-photon scattering states are excluded from the Hilbert space, less than 10 GB memory

can describe a two-emitter system with N = 8001 cavities.

Figure D.2: Memory required to store a Hamiltonian with matrix elements treated as

complex double precision variables for an emitter array with Ne = 80 emitters as a function

of the size of the cavity array N. The Hamiltonian considered is obtained by excluding the

two-photon scattering states. The unit used for the memory is Giga Bytes (GB).

When dealing with a large number of emitters (Ne ≫ 1), the Hilbert space where two-

photon scattering states are omitted is used as a benchmark for other calculations. Figure D.2

demonstrates the memory requirement in that Hilbert space for Ne = 80 as a function of

the number of cavities N. We found that at least 35 GB of memory is needed to store the

Hamiltonian for Ne = 80 emitters and N = 501 cavities. Thus, the presence of multiple

emitters in the system makes the problem more expensive computationally even when a

reduced Hilbert space is considered.
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Figure D.3: Pair correlation function Ppair(α) for the ground state of Ĥspin (given in Eq. (5.8))

as a function of the separation α between two excited qubits for g/J = 0.02, U/J = −1,

x/a = 1, and δ/J =−0.02. The blue dash-dotted, green dashed, red dotted, and black solid

lines are for Ne = 10, Ne = 20, Ne = 40, and Ne = 60, respectively. The inset replots the

black solid line and additionally shows the results for Ne = 80 by magenta solid circles.

Our calculations are performed with careful consideration of the parameters involved,

so that the reduced Hilbert space still captures the physics. To accurately characterize the

emitter-photon coupled system, it is essential to analyze observables such as population,

energy, emission rate, etc. for various number of emitters or cavities. For example, the

behavior of the emitter array in the band gap regime described in Chapter 5 is heavily

influenced by the number of emitters. Even though the droplet-like bound states in this

regime are localized, they span multiple sites in the emitter array. Figure D.3 shows the

pair correlation function Ppair(α) for the ground state of Ĥspin for g/J = 0.02, U/J =−1,

δ/J =−0.02, and x/a = 1 for four different lengths Ne of the emitter array, namely Ne = 10,

Ne = 20, Ne = 40, and Ne = 60. The pair correlation function shows that the maximum

values and tails for Ne = 10 and Ne = 20 differ from each other significantly, even though the
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maximum occurs at α = 1 for both cases. For Ne = 10, the tail of the function does not go

to zero, indicating that the ground state occupies all the available space in the emitter array.

When the number of emitters is increased to Ne = 20, the pair correlation function exhibits

a noticeable difference compared to the case with Ne = 10 emitters. The tail of the function

goes to zero at the edge of the emitter array, indicating that the ground state barely fits inside

the emitter array. This deviation is very small for larger emitter arrays with Ne = 40 and

Ne = 60. The inset in Fig. D.3 shows that Ppair(α) for the ground state remains essentially

unchanged when Ne is increased from 60 (black solid line) to 80 (magenta solid circle).

Therefore, to differentiate the self-bound states from other eigenstates of the emitter-photon

system, the number of emitters in the array must be greater than 40, i.e., Ne > 40. If the

number of emitters is less than 40, these states will occupy all the available space in the

array, making it difficult to distinguish them from other eigenstates. Therefore, in order

to fully understand the physics of the coupled emitter array and cavity array system, it is

crucial to use a large enough emitter array. This requires close attention to the memory

demands (shown in Fig. D.2) of the calculations.

Drawing from our understanding of the coupling strength between emitters and photons,

as well as the energy detuning, we simplified the problem by neglecting states involving

photon-photon scattering and performing an adiabatic elimination of single-photon states.

Our focus was primarily in the regime of weak emitter-photon coupling (g/J ≪ 1) and

negative single emitter-photon detuning (δ1/J < 0) such that |δ1/|> g. These conditions

ensured the validity of the aforementioned approximations. The adiabatic elimination of

single-photon states enabled us to uncover new effective interactions and streamline the

computational aspect by reducing the size of the Hilbert space. However, these approx-

imations impose constraints on the range of acceptable parameters. To explore beyond

these limitations, it becomes necessary to drop some of these approximations, leading to a

substantial increase in the size of the Hilbert space. For instance, if we wish to consider a
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relatively stronger emitter-photon coupling strength (g/J ≈ 1), the adiabatic elimination ap-

proach becomes invalid. Additionally, two-photon scattering states will have non-negligible

contribution in such scenarios. Furthermore, the implementation of rotating wave approxima-

tions during the derivation of the emitter-photon coupling Hamiltonian becomes infeasible,

thereby preventing us from strictly working within the two-excitation manifold, as other

excitation manifolds will also contribute.

D.2 Exact diagonalization to evaluate time-dependence

Now that we understand the size of the Hilbert space, let us discuss how we use exact

diagonalization to study both time-dependent and time-independent properties of our system.

When examining the time evolution of a system prepared in an initial state |ψ(t = t0)⟩ under

a Hamiltonian Ĥ(t), three possibilities arise. Firstly, if the Hamiltonian is time-independent,

denoted by Ĥ(t) = Ĥ, the state of the system at a later time t can be obtained using

|ψ(t)⟩= exp
(
− ı

h̄
Ĥ(t − t0)

)
|ψ(t0)⟩ . (D.1)

Secondly, if the Hamiltonian is time dependent, but satisfies the condition [Ĥ(t), Ĥ(t ′)] = 0,

meaning that the Hamiltonians at different times commute, the evolved state |ψ(t)⟩ can be

determined from

|ψ(t)⟩= exp
[
− ı

h̄

∫ t

t0
Ĥ(t ′)dt ′

]
. (D.2)

Lastly, if the Hamiltonian is time dependent, but does not satisfy the condition [Ĥ(t), Ĥ(t ′)]=

0, indicating that the Hamiltonians at different times do not commute, the state of the system

at time t can be obtained using the Dyson series [161]:

|ψ(t)⟩=

[
1+

∞

∑
n=1

{(
−ı
h̄

)n ∫ t

t0
dt1
∫ t1

t0
dt2 · · ·

∫ tn−1

t0
dtnĤ(t1)Ĥ(t2) · · · Ĥ(tn)

}]
|ψ(t0)⟩ ,

(D.3)

where t ≥ t1 ≥ t2 · · · ≥ tn ≥ t0 that highlights the associated time-ordering.
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In our work, the Hamiltonian of the emitter-photon coupled system is time-independent.

Thus, given an initial state, we can determine the state at a later time using Eq. (D.1). We

use eigenvalues and eigenvectors of the Hamiltonian to calculate the time-dependent state of

the system. We use exact diagonalization for that purpose. Exact diagonalization involves

diagonalizing the full Hamiltonian, denoted by Ĥ, which provides the eigenvalues and

eigenvectors that span the entire Hilbert space that Ĥ lives in. The eigenstate
∣∣η j
〉

with

eigenenergy E j is obtained by acting the Hamiltonian on it, as in

Ĥ
∣∣η j
〉
= E j

∣∣η j
〉
, (D.4)

where eigen index j goes from 1 to size of the Hilbert space. To investigate the time-

dependent properties, we consider an initial state with two excited emitters or a superposition

of such states, without any photonic components. If |ψ(0)⟩ is the initial state at time t = 0,

then we calculate the time-dependent state of the system by rewriting Eq. (D.1) as

|ψ(t)⟩= exp
(
−ıĤt/h̄

)
|ψ(0)⟩ . (D.5)

Since the initial state is not an eigenstate of the Hamiltonian, we calculate the overlap

between the initial state |ψ(0)⟩ and the eigenstates
∣∣η j
〉

of the Hamiltonian, i.e.,
〈
η j
∣∣ψ(0)

〉
.

Since the kets
∣∣η j
〉

form a complete set, using the completeness relation ∑ j
∣∣η j
〉〈

η j
∣∣= 1,

we can rewrite Eq. (D.5) as

|ψ(t)⟩= ∑
j

〈
η j
∣∣ψ(0)

〉
exp
(
−ıE jt/h̄

)∣∣η j
〉
. (D.6)

Thus, finding the overlap
〈
η j
∣∣ψ(0)

〉
is crucial when studying time-dependent proper-

ties [161].

As discussed in Sec. D.1, storing the Hamiltonian matrix in the full Hilbert space is

computationally expensive. To overcome this limitation, we employ a reduced Hilbert space

description, which decreases the memory requirements. Since this approach is build upon

approximations, it introduces errors compared to the exact diagonalization. For instance,
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when neglecting the two-photon scattering states, the eigenstates
∣∣∣η ′

j

〉
of the Hamiltonian

that live in the reduced Hilbert space do not form a complete set. However, since the

contribution of the two-photon scattering states is negligible, we find that ∑ j

∣∣∣η ′
j

〉〈
η ′

j

∣∣∣≈ 1,

where j ranges from 1 to the size of the full Hilbert space minus the number of two-photon

scattering states. Based on this observation, we renormalize the set of states
∣∣∣η ′

j

〉
so that

∑ j

∣∣∣η ′
j

〉〈
η ′

j

∣∣∣= 1. Physically, this assumption implies that during the time evolution of the

emitter-photon coupled system, no population flows into or out of the two-photon scattering

states. As a result, this renormalization assumption leads to shifts in the energy eigenvalues

of the Hamiltonian in the reduced Hilbert space. In the reduced Hilbert space, Eq. (D.5)

takes the form:

|ψ(t)⟩ ≈ ∑
j

[〈
η
′
j
∣∣ψ(0)

〉
exp
(
−ıE ′

jt/h̄
)]∣∣η ′

j
〉
, (D.7)

where the E ′
j represent the shifted energy eigenvalues. Consequently, we observe slight

discrepancies between the energy eigenvalues of the full Hamiltonian (obtained using exact

diagonalization) and those obtained by matrix diagonalization of the Hamiltonian in the

Hilbert space where the two-photon scattering states are excluded. This discrepancy also

impacts the system dynamics due to the superposition of states described by Eq. (D.7).

The matrix diagonalization method has a significant advantage over approaches like

fourth-order Runge-Kutta [164, 197] in that it does not produce numerical errors. Runge-

Kutta and other differential equation solvers tend to accumulate numerical errors over

time [164, 197], which depend on the time step used in the evolution process. There are

limitations to using the matrix diagonalization method for numerical analysis of physical

systems. If the Hamiltonian includes time-dependent elements, the process becomes com-

putationally expensive because the Hamiltonian matrix must be diagonalized at each time

step. In our scenario, all Hamiltonians are independent of time, so we are not limited by this

constraint.

The number of cavities N determines the convergence of several interaction terms,
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Figure D.4: Coupling matrix element Mb(k,n,K) between a single-photon state with mo-

mentum k and a two-photon bound state with center-of-mass momentum K as a function of

the size of the cavity array N. (a) Re[Mb(k,n,K)] for n = 2, U/J = −0.7, ka = 0.01, and

Ka = 0.001. (a) Im[Mb(k,n,K)] for n = 2, U/J =−0.7, ka = 0.01, and Ka = 0.001.

including FK,b(ni,n j) between an excited pair of emitters and a two-photon bound state with

center-of-mass momentum K, GK,K′ between two two-photon bound states with momentum

K and K′, respectively, and Mb(k,ni,K) between a single photon with momentum k and a

two-photon bound state with center-of-mass momentum K. The convergence of interaction

terms is analyzed by checking their behavior with respect to the number of cavities N.

Figure D.4 shows the impact of the cavity array size N on the coupling matrix Mb(k,n,K)
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for n = 2, U/J =−0.7, ka = 0.01, and Ka = 0.001. In Fig. D.4(a), we can see that the real

part of Mb(k,n,K), i.e., Re[Mb(k,n,K)], is essentially constant for N ≳ 200. This suggests

that the real part converges around N ≈ 200 for the specified parameters, with an accuracy of

approximately 10−15. Likewise, based on the findings in Fig. D.4(b), we determined that in

order to achieve an accuracy of approximately 10−15 for the imaginary part of Mb(k,n,K),

i.e., Im[Mb(k,n,K)], a minimum of N = 200 cavities is required. To guarantee accurate

results for the interaction terms in the emitter-photon coupled system, it is essential to

carefully monitor the convergence of Mb(k,n,K), which appears explicitly in all effective

interactions.

The length of the coupled cavity array, determined by the number of cavities, also

impacts boundary effects such as reflections and interferences that must be considered.

Absorbing boundary conditions can be used to eliminate these effects [198, 199]. However,

based on our current understanding, implementing absorbing boundary conditions requires

expressing the basis states associated with the photonic bath in real space representation.

In this representation, it becomes exceedingly difficult to distinguish between the two-

photon bound states and the two-photon scattering states, as we can easily do in momentum

space representation. Consequently, implementing absorbing boundary conditions using the

current numerical setup proves to be challenging.

To understand the boundary related issues, we calculate the time scale for the emergence

of boundary effects by computing the group velocity of single-photon and two-photon bound

states. Our objective is to determine the minimal size of the cavity array that captures the

physics of the system under study. For example, the phenomenon of population revival is a

dynamic non-Markovian effect caused by boundary effects [58, 187]. This effect occurs at

a certain time, which is determined by the size of the cavity array and the group velocity

of the resonant photonic modes. The group velocity vK,b of a two-photon bound state with
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Figure D.5: The population Pee(t) of the state |ee,vac⟩ as a function of time for g/J = 0.02,

U/J =−1.0, δ/J = 0.0431, x/a = 0, and N = 9001.

center-of-mass momentum K can be calculated using [61, 106]

vK,b =
1
h̄

4Jasin(Ka)√
(U/J)2 +16cos2 (Ka/2)

. (D.8)

The resonance center-of-mass momentum K0 which is given by

K0 =
2
a

arccos

[
1

16

{(√
(U/J)2 +16−δ/J

)2

−4(U/J)2

}]
, (D.9)

is the most relevant momentum for calculating the group velocity vK,b.

The time taken by the two-photon bound state to travel around the cavity array under

periodic boundary conditions is determined by tb = Na
vK0,b

, where N is the number of cavities

in the array. For U/J =−1 and δ/J = 0.0431, Eq. (D.9) yields K0a = 0.2984. This implies

that it takes approximately tb ≈ 30100h̄/J for the bound state to complete a revolution around

the array of N = 9001 cavities. Figure D.5 shows the time-dependent population Pee(t) of

the state |ee,vac⟩ for g/J = 0.02, U/J = −1, δ/J = 0.0431, x/a = 0, and N = 9001. We

observe that Pee(t) decays exponentially to zero at time t ≈ 27000h̄/J. We can see that
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Figure D.6: Schematic of two emitters coupled to the same site of an array of cavities under

periodic boundary condition. The blue boxes represent cavities in the array. In the left

figure, the emitters are in excited states denoted by solid red filled circles inside the purple

oval, and there are no two-photon bound states present in the cavity array. On the right, the

diagram shows the emission of the resonant two-photon bound state
∣∣ΨK0,b

〉
into the cavity

array, with the emitters in their ground states shown by the solid black filled circles inside

the purple oval. The resonant two-photon bound state travels with the group velocity vK0,b

from the site of emission (where both emitters are coupled to the same site) and returns to

the same site, as indicated by the circular solid magenta arrow.

after the entire population in the emitter degrees of freedom has decayed into the photonic

degrees of freedom, there is a reappearance at t ≈ 30000h̄/J of the population Pee(t). This

population revival is consistent with the time scale tb associated with the resonance two-

photon bound state group velocity, and can be attributed to the periodic boundary condition

of the cavity array. Figure D.6 illustrates this scenario schematically. Since the two-photon

bound state takes the time tb to complete one round around the cavity array and reach the

emitters, it is absorbed to some extent by the emitters again after that time interval. This

results in the revival of the population Pee(t).
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Appendix E

Technical details: Analytical calculations

This chapter is dedicated to discussing the technical aspects of our analytical calculations.

In the preceding chapter of this thesis, we focused on the numerical aspects of our work,

including the techniques we used and their limitations. This chapter complements the

previous one by delving into the analytical calculations we employed, establishing important

connections between pen-and-paper and computer-based calculations. Firstly, we discuss

the calculation of contour integrals associated with effective interactions that result from the

adiabatic elimination of single-photon and two-photon bound state processes. Our approach

involves turning certain lattice sums in momentum space to contour integrals [201]. After

that, we move on to the calculation of the energy of two-photon bound state using the

Lippmann-Schwinger equation [161, 200]. The expression obtained for the energy of the

two-photon bound state is critical as it is the main characteristic of the structured photonic

environment in our work. We explain these computations and discuss the challenges

associated with them.

E.1 Evaluation of lattice sums: Contour integral

The strength Wi j of the hopping of excitations in the emitter array, which emerges from

the adiabatic elimination of the single-photon states [97, 175, 63], has been previously

discussed in Chapter 1 and Chapter 5. The expression for Wi j, which represents the strength

of excitation hopping between the sites i and j in the emitter array, is provided as follows:

Wi j =−g2

N ∑
k

[
exp
(
ıka(ni −n j)

)
2J−δ1 −2J cos(ka)

]
. (E.1)

We know that in the cavity array, k-space is discretized. In the large N limit, the spacing

between two nearest k values, i.e., 2π

Na is infinitesimally small. Thus, we can turn the k-sum in
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the above equation into an integral over the first Brillouin zone using 1
N ∑k → 1

2π/a
∫ π/a
−π/a dk.

Therefore, Eq. (E.1) can be rewritten as

Wi j =− g2

2π/a

∫
π/a

−π/a
dk

[
exp
(
ıka(ni −n j)

)
2J−δ1 −2J cos(ka)

]
. (E.2)

If (ni − n j) ≥ 0, we can define a new variable z = exp(ıka) straightaway and using the

relation dk = dz
ıza , we rewrite Eq. (E.2) as

Wi j =− g2

2πı

∫
C1

dz
z

[
zni−n j

2J−δ1 − J(z+1/z)

]
, (E.3)

where C1 is a contour of unit radius in the complex plane with the origin at its center.

To deal with the case where (ni − n j) < 0, we need to perform some additional variable

transformations to convert Eq. (E.2) in to a contour integral. It begins by rewriting Eq. (E.2)

as follows:

Wi j =− g2

2π/a

∫
π/a

−π/a
dk

[
exp
(
−ıka(n j −ni)

)
2J−δ1 −2J cos(ka)

]
. (E.4)

Performing a variable transformation k →−k in Eq. (E.4), we can obtain a new equation

that reads

Wi j =− g2

2π/a

∫
π/a

−π/a
dk

[
exp
(
ıka(n j −ni)

)
2J−δ1 −2J cos(ka)

]
, (E.5)

which can be used for the case where (ni − n j) < 0. As explained previously for the

(ni − n j) ≥ 0 case, the expression given in Eq. (E.5) can similarly be transformed into a

contour integral using the variable z = exp(ıka) as follows:

Wi j =− g2

2πı

∫
C1

dz
z

[
zn j−ni

2J−δ1 − J(z+1/z)

]
. (E.6)

We combine Eqs. (E.3) and (E.6), and obtain the following general form, applicable to all

ni −n j:

Wi j =
g2

2πı

∫
C1

dz

[
z|ni−n j|

Jz2 +(δ1 −2J)z+ J

]
. (E.7)

To solve Eq. (E.7), we must determine the poles of the integrand, which can be found by

solving the quadratic equation

Jz2 +(δ1 −2J)z+ J = 0. (E.8)
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By solving Eq. (E.8) for z, we find that

z± =

(
1− δ1

2J

)
±

√(
1− δ1

2J

)2

−1. (E.9)

In terms of the roots z±, we can rewrite Eq. (E.7) as

Wi j =
g2

2πı

∫
C1

dz

[
z|ni−n j|

J(z− z+)(z− z−)

]
. (E.10)

As δ1/J is a real negative number, the pole z− is the only one that is inside the contour C1

and, therefore, it is the only pole that is relevant for the integral in Eq. (E.10). Thus, using

the residue theorem, we can write

Wi j =
g2

2πı

[
2πı lim

z→z−

{
(z− z−)

z|ni−n j|

J(z− z+)(z− z−)

}]
(E.11)

Further simplifications to the above equation leads to

Wi j =
g2

J
z|ni−n j|
−

z−− z+
. (E.12)

Substituting the expression for z± from Eq. (E.9) into Eq. (E.12), we obtain

Wi j =−g2

2J

[(
1− δ1

2J

)
−
√(

1− δ1
2J

)2
−1

]|ni−n j|

√(
1− δ1

2J

)2
−1

. (E.13)

In Chapter 5, we demonstrate that when we adiabatically eliminate the two-photon bound

states, it results in pair-pair interactions between two excited pairs of emitters, characterized

by the strength Yi j,lh. The expression for Yi j,lh is given as

Yi j,lh =− g4

NJ2 ∑
K

FK,b(ni,n j)F∗
K,b(nl,nh)

∆K,b
, (E.14)

where the expression for FK,b(ni,n j) can be found in Eq. (B.4) and ∆K,b is given by

∆K,b =−δ +
√

U2 +16J2 −
√

U2 +16J2 cos2 (Ka/2). (E.15)
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Figure E.1: The solid line shows the scaled dimensionless effective interaction Yi j,lhJ3

g4

between the emitter states σ̂
+
i σ̂

+
j |gg · · ·g⟩ and σ̂

+
l σ̂

+
h |gg · · ·g⟩ as a function of the size of

the cavity array N for Ne = 10, U/J = −0.7, δ/J = −0.02, x/a = 1, (i, j) = (1,4), and

(l,h) = (1,8).

We were unable to find an analytical expression for FK,b(ni,n j) due to the complexity

of the terms involved and the multiple sums over both position and momentum coordi-

nates. Furthermore, attempts to rewrite the sum in Eq. (E.14) as a complex integral were

unsuccessful because the associated poles, branch points, and branch cuts could not be

found. Thus, we calculated the sum in Eq. (E.14) numerically. As discussed in Chapter 5,

Yi j,lh is responsible for the emergence of droplet-like bound states in the emitter array. The

calculation of the summation in Eq. (E.14) depends on the number of cavities N in the cavity

array. Figure E.1 illustrates the dependence of the scaled effective interaction Yi j,lhJ3

g4 on

the cavity array size. For example, we found that in order to achieve an accuracy of 10−15

when computing Yi j,lhJ3

g4 for Ne = 10, U/J = −0.7, δ/J = −0.02, x/a = 1, (i, j) = (1,4),

and (l,h) = (1,8), a minimum of 201 cavities is required.
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E.2 Two-photon bound state energy and wavefunction

This section discusses the derivation of the two-photon bound state energies and wave

functions. An integral equation is solved to obtain the bound state energy spectrum and the

corresponding wave functions [200, 202, 203]. The Hamiltonian for the structured photonic

environment can be divided into two parts as

Ĥphoton = Ĥ0 +V̂ , (E.16)

where Ĥ0 is the non-interacting part and V̂ is the interaction part of the Hamiltonian. From

Eq. (2.26), the non-interacting and interacting parts of the Hamiltonian for the photonic

environment can be identified as [125]

Ĥ0 = h̄ωc

N

∑
n=1

â†
nân − J

N

∑
n=1

(
â†

nân+1 + â†
n+1ân

)
(E.17)

and

V̂ =
U
2

N

∑
n=1

â†
nâ†

nânân. (E.18)

The reason why Eq. (E.17) is referred to as non-interacting is that it contains terms involving

the motion of individual photons that can be expressed as a sum when there are multiple

photons. In contrast, Eq. (E.18) cannot be broken down into contributions from single

photons, and therefore, it is considered the interacting part.

The Bose-Hubbard Hamiltonian for a single photon, denoted by Ĥ(1)
0 , can be written in

the position space representation as [125]

Ĥ(1)
0 = h̄ωc

(N−1)a

∑
r=0

|r⟩⟨r|− J
(N−1)a

∑
r=0

(|r⟩⟨r+a|+ |r+a⟩⟨r|) . (E.19)

In the above equation, |r⟩ represents the state where a single photon is present at site r in the

cavity array, N is the number of cavities, and a is the array spacing in the cavity array. The

first term in the equation corresponds to the energy of a photon at site r (single-mode energy

contribution), and the second term represents the tunnelling of photons between sites r and
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r+a (nearest neighbour hopping contribution). The state |r⟩ can be expressed in terms of

the Fock space representation as |r⟩= â†
r |vac⟩, where â†

r represents the creation operator

of a photon at site r. In the case of two photons, we can express the non-interacting part

Ĥ0 in terms of the two-photon position-space representation by a direct generalization of

Eq. (E.19) [125]. This leads to

Ĥ0 = h̄ωc

(N−1)a

∑
r1=0

|r1⟩⟨r1|− J
(N−1)a

∑
r1=0

(|r1⟩⟨r1 +a|+ |r1 +a⟩⟨r1|)

+h̄ωc

(N−1)a

∑
r2=0

|r2⟩⟨r2|− J
(N−1)a

∑
r2=0

(|r2⟩⟨r2 +a|+ |r2 +a⟩⟨r2|) , (E.20)

where |r1⟩ and |r2⟩ denote the state of two photons individually in the position space

representation. The labels r1 and r2 are used to represent two separate photons because they

hop independently in the cavity array. The interacting part, denoted by V̂ , can be written in

the position space as

V̂ =U
(N−1)a

∑
r=0

|r,r⟩⟨r,r| . (E.21)

As the onsite interaction represented by V̂ requires the presence of at least two photons,

it is non-zero only when two photons are present at the same site in the cavity array. In

Eq. (E.21), the two-photon state |r,r⟩ corresponds to the presence of two photons at site r

in the cavity array. It is expressed in position space representation, which is equivalent to

the Fock space representation 1√
2
â†

r â†
r |vac⟩. The factor 1√

2
is introduced for normalization

purposes as â†â† |vac⟩=
√

2 |2⟩.

Before discussing the properties of two-photon bound states, we will discuss two non-

interacting photons as a starting point. For two non-interacting photons with momenta k1

and k2, the total energy E1+1 is

E1+1(k1,k2) = E1(k1)+E1(k2). (E.22)

Inserting the single-photon energy, Eq. (2.30), into Eq. (E.22), we find

E1+1(k1,k2) = 2h̄ωc −2J [cos(k1a)+ cos(k2a)] . (E.23)
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Rewriting k1 and k2 in terms of the center-of-mass momentum K and the relative momentum

k,

k1 =
K
2
+ k (E.24)

and

k2 =
K
2
− k, (E.25)

Eq. (E.23) can be rewritten as

E1+1(K,k) = 2h̄ωc −4J cos(Ka/2)cos(ka). (E.26)

Since the momenta are limited to the first Brillouin zone, k1, k2, k and K lie between −π/a

and π/a. This is why, for a given value of the total momentum K, the total energy of two non-

interacting photons is bounded from below and above by Emin
1+1 = 2h̄ωc −4J cos(Ka/2) and

Emax
1+1 = 2h̄ωc +4J cos(Ka/2), respectively. This also determines the two-photon scattering

thresholds when the onsite interaction U is present, i.e., the energy of two scattered photons

is bounded above and below by Emax
1+1 and Emin

1+1, respectively.

The structured photonic environment supports two-photon bound states that lie outside

the two-photon scattering continuum. To determine the energy and corresponding wave

function of a two-photon bound state with center-of-mass momentum K, we solve an integral

equation that is based on the Lippmann-Schwinger equation [161, 200, 202, 203]:

∣∣ΨK,b
〉
=

1
EK,b − Ĥ0

V̂
∣∣ΨK,b

〉
, (E.27)

where
∣∣ΨK,b

〉
describes the two-photon bound state and EK,b is its energy. Equation (E.27)

can be rewritten in terms of the two-photon wave function ΨK,b(r1,r2),

ΨK,b(r1,r2) = ⟨r1,r2|
1

EK,b − Ĥ0
V̂
∣∣ΨK,b

〉
. (E.28)

Since the center-of-mass momentum K of two photons is a good quantum number, the

“motions” in the center-of-mass coordinate R and the relative coordinate ρ separate,

ΨK,b(r1,r2) = exp(ıKR)ψK,b(ρ), (E.29)
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where

R =
r1 + r2

2
(E.30)

and

ρ = r1 − r2. (E.31)

The expression on the right hand side of Eq. (E.28) is determined with the help of Eqs. (E.20)

and (E.21), the completeness relations in real space and momentum space,

∑
r1

∑
r2

|r1,r2⟩⟨r1,r2|= ∑
k1

∑
k2

|k1,k2⟩⟨k1,k2|= 1, (E.32)

and Eq. (E.29). Using the closure relation ∑k1 ∑k2
|k1,k2⟩⟨k1,k2|= 1 in momentum space,

the right hand side of Eq. (E.28) can be expanded as

ΨK,b(r1,r2) = ∑
k1

∑
k2

⟨r1,r2|k1,k2⟩⟨k1,k2|
1

EK,b − Ĥ0
V̂
∣∣ΨK,b

〉
. (E.33)

As |k1,k2⟩ is an eigenstate of the non-interacting Hamiltonian Ĥ0, i.e.,

Ĥ0 |k1,k2⟩= E1+1(k1,k2) |k1,k2⟩ , (E.34)

Eq. (E.33) simplifies to

ΨK,b(r1,r2) = ∑
k1

∑
k2

⟨r1,r2|k1,k2⟩
1

EK,b −E1+1(k1,k2)
⟨k1,k2|V̂

∣∣ΨK,b
〉
. (E.35)

As ∑r′1 ∑r′2
|r′1,r′2⟩⟨r′1,r′2|= 1, Eq. (E.35) can be expanded as

ΨK,b(r1,r2) = ∑
r′1

∑
r′2

∑
k1

∑
k2

[
⟨r1,r2|k1,k2⟩

1
EK,b −E1+1(k1,k2)

⟨k1,k2|V̂
∣∣r′1,r′2〉×

〈
r′1,r

′
2
∣∣ΨK,b

〉]
. (E.36)

Further simplification of Eq. (E.36) leads to

ΨK,b(r1,r2) = ∑
r′1

∑
r′2

∑
k1

∑
k2

[
⟨r1,r2|k1,k2⟩

1
EK,b −E1+1(k1,k2)

〈
k1,k2

∣∣r′1,r′2〉×
V (r′1,r

′
2)ΨK,b(r′1,r

′
2)
]
. (E.37)
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Since ⟨r1,r2|k1,k2⟩= 1
N exp [ı(k1r1 + k2r2)] and ⟨k1,k2|r′1,r′2⟩=

1
N exp [−ı(k1r′1 + k2r′2)], we

get

ΨK,b(r1,r2) = ∑
r′1

∑
r′2

∑
k1

∑
k2

[{
1
N

exp [ı(k1r1 + k2r2)]

}
1

EK,b −E1+1(k1,k2){
1
N

exp
[
−ı
(
k1r′1 + k2r′2

)]}
V (r′1,r

′
2)ΨK,b(r′1,r

′
2)

]
. (E.38)

We now show that V (r′1,r
′
2)ΨK,b(r′1,r

′
2) can be transformed such that it is a function of the

center of mass and relative coordinates k, K, r, and R. From Eq. (E.21), we get

V ΨK,b =Uδr′1,r
′
2
ΨK,b(r′1,r

′
2). (E.39)

Using Eq. (E.29), we obtain

V ΨK,b =Uδρ ′,0ψK′,b(ρ
′)exp

(
ıK′R′) . (E.40)

Making the variable transformations (r1,r2)→ (R,ρ), (r′1,r
′
2)→ (R′,ρ ′), (k1,k2)→ (K,k),

and (k′1,k
′
2)→ (K′,k′), we find from Eq. (E.38)

ΨK,b(r1,r2) = ∑
R′

∑
ρ ′

∑
K

∑
k

[{
1
N

exp [ı(KR+ kρ)]

}
1

EK,b −E1+1(K,k)
×

{
1
N

exp
[
−ı
(
KR′+ kρ

′)]}{Uδρ ′,0ψK′,b(ρ
′)exp

(
ıK′R′)}]. (E.41)

As 1
N ∑R′ exp [ıR′ (K′−K)] = δK,K′ , we get

ΨK,b(r1,r2) = ∑
k

∑
ρ ′

[{
1
N

exp
[
ı
(
K′R+ kρ

)]} 1
EK,b −E1+1(K′,k)

×

{
exp
[
−ı
(
kρ

′)]}{Uδρ ′,0ψK′,b(ρ
′)
}]

. (E.42)

Rearranging the terms in Eq. (E.42) leads to

ΨK,b(r1,r2) = exp
(
ıK′R

) 1
N ∑

k

[
exp(ıkρ)

EK,b −E1+1(K′,k)
×

∑
ρ ′

{
exp
(
−ıkρ

′)(Uδρ ′,0ψK′,b(ρ
′)
)}]

. (E.43)
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Further simplification of Eq. (E.43) and the use of 1
N ∑k → 1

2π/a
∫ π/a
−π/a dk leads to

ΨK,b(r1,r2) = exp
(
ıK′R

)∫ π

a

− π

a

dk
2π/a

cos(kρ)+ ısin(kρ)

EK,b −E1+1(K′,k)

[
UψK′,b(0)

]
. (E.44)

From Eq. (E.26), it follows that E1+1(K′,k) = E1+1(K′,−k) =, i.e., E1+1(K′,k) is an even

function of k. Since sin(kρ) is an odd function of k, Eq. (E.44) simplifies to

ΨK,b(r1,r2) = exp
(
ıK′R

)
UψK′,b(0)

∫ π

a

− π

a

dk
2π/a

cos(kρ)

EK,b −E1+1(K′,k)
. (E.45)

Rearranging the terms in Eq. (E.45), we get

exp
(
−ıK′R

)
Ψb(r1,r2) =UψK′,b(0)

∫ π

a

− π

a

dk
2π/a

cos(kρ)

EK,b −E1+1(K′,k)
. (E.46)

Since K′ is just a parameter in Eq. (E.46), we replace K′ with K and using Eq.(E.29), we

obtain

ψK,b(ρ) =UψK,b(0)
∫ π

a

− π

a

dk
2π/a

cos(kρ)

EK,b −E1+1(K,k)
. (E.47)

Using Eq. (E.26), we get

ψK,b(ρ) =UψK,b(0)
∫ π

a

− π

a

dk
2π/a

cos(kρ)

EK,b −2h̄ωc +4J cos(Ka
2 )cos(ka)

. (E.48)

Evaluating Eq. (E.48) for ρ = 0, we get the equation

ψK,b(0) =UψK,b(0)
∫ π

a

− π

a

dk
2π/a

{
1

EK,b −2h̄ωc +4J cos(Ka
2 )cos(ka)

}
. (E.49)

We rewrite Eq. (E.49) as

ψK,b(0)

[
1−U

∫ π

a

− π

a

dk
2π/a

{
1

EK,b −2h̄ωc +4J cos(Ka
2 )cos(ka)

}]
= 0. (E.50)

Since ψK,b(0) ̸= 0, we make further simplification to Eq. (E.50) and obtain

1
U

=
∫ π

a

− π

a

dk
2π/a

{
1

EK,b −2h̄ωc +4J cos(Ka
2 )cos(ka)

}
. (E.51)

To determine the bound state energies, we solve the equation (E.51). The calculation involves

the sign of the onsite interaction parameter U , which is explicitly considered in the next
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steps. Using a method similar to the one discussed earlier, we evaluate the contour integral

on the right-hand side of Eq. (E.51). For negative values of U , the bound state energy EK,b

is found to be:

EK,b = 2h̄ωc −
√

U2 +16J2 cos2 (Ka/2). (E.52)

The binding energy Ebinding of a two-photon bound state with a center-of-mass momentum

K can be determined by calculating the absolute difference between the energy of the

two-photon bound state EK,b and the bottom energy of the two-photon scattering continuum,

given by E1+1(K,0). This can be expressed as:

Ebinding = |EK,b −E1+1(K,0)|. (E.53)

By using Eq. (E.52) and Eq. (E.26), we can simplify equation (E.53) as:

Ebinding = |4J cos(Ka/2)−−
√

U2 +16J2 cos2 (Ka/2)|. (E.54)

In order to obtain the wavefunction for the two-photon bound state, we can modify

Eq. (E.48) as follows:

ψK,b(ρ) =UψK,b(0)
∫ π

a

− π

a

dk
2π/a

[
{exp(ıka)}ρ/a

EK,b −2h̄ωc +4J cos(Ka
2 )cos(ka)

]
(E.55)

by exploiting the evenness of the denominator in Eq. (E.48) with respect to the variable

k. The integral in Eq. (E.55) can be evaluated using a method similar to the one used in

the previous section. The wavefunction is normalized using |C|2 ∑ρ |ψK,b(ρ)|2 = 1, where

C is the normalization constant. This summation is a geometric series and we find the

normalization constant to be C =

√
| U

4J cos(Ka/2) |((
U

4J cos(Ka/2)

)2
+1
)1/4 . Thus, the normalized two-photon

bound state wave function can be expressed as:

ψK,b(ρ) =

√
| U

4J cos(Ka/2) |((
U

4J cos(Ka/2)

)2
+1
)1/4

√( U
4J cos(Ka/2)

)2

+1−| U
4J cos(Ka/2)

|

|ρ|/a

.(E.56)
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It is crucial to point out the significance of Eq. (E.56) in this thesis. In order to compute

the term Mb(k,ni,K) as given in Eq. (4.25), it is necessary to first determine the expression

for the two-photon bound state wavefunction. This quantity, in turn, is required for all the

effective interactions of the system comprising the emitter and photon.

E.3 Two-photon scattering state wavefunction

In this section, we study the scattering state wavefunction for two photons. In order to do

so, we calculate the scattering phase-shift caused by the onsite interaction U in the structured

photonic environment. The expression for the scattering state wavefunction appears in the

interaction terms given in Eq. (4.24) [61]. Just like how we handled the wavefunction for

two-photon bound states, we also split the scattering state wavefunction into center-of-mass

and relative degrees of freedom. This allows us to express the scattering state wavefunction

as:

Ψ
sc
K,k(r1,r2) = exp(ıKR)ψK,k(ρ). (E.57)

where the additional degree of freedom k corresponds to the relative momentum k between

the two photons and it is given by k= 1
2(k1−k2). To determine an expression for ψK,k(ρ), we

consider the relative eigenstates φK,k(ρ) of two non-interacting photons, φK,k(ρ) = cos(kρ).

The interaction V̂ introduces a phase shift with respect to the relative wave function of two

non-interacting photons. Since the two photons interact via onsite interaction, an ansatz can

be made for the form of ψK,k(ρ), given by [125]

ψK,k(ρ) =C [cos(kρ)+θ(K,k)sin(k|ρ|)] , (E.58)

where θ(K,k) is the scattering phase shift and C is a normalization constant. To determine

the phase shift θ(K,k), using position space representation, we solve the time-independent

Schrödinger equation

(Ĥ0 +V̂ )ψsc
K,k(r1,r2) = E1+1(K,k)ψsc

K,k(r1,r2). (E.59)
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Substituting the expression for Ĥ0 and V̂ from Eq. (E.20) and Eq. (E.21), respectively, we

get

−2J cos(Ka/2)
[
ψK,k(ρ −a)+ψK,k(ρ +a)

]
+Uδρ,0ψK,k(ρ) =

[−4J cos(Ka/2)cos(ka)]ψK,k(ρ). (E.60)

Plugging ρ = 0 to Eq. (E.60), we get

−2J cos(Ka/2)
[
ψK,k(−a)+ψK,k(a)

]
+UψK,k(0) =−4J cos(Ka/2)cos(ka)ψK,k(0).(E.61)

From Eq. (E.58), we can find that

ψK,k(0) =C (E.62)

and

ψK,k(a) =C [cos(ka)+θ(K,k)sin(ka)] . (E.63)

Since ψK,k(a)=ψK,k(−a), substituting the expressions for ψK,k(0) and ψK,k(a) in Eq. (E.61),

we obtain

−4J cos(Ka/2) [cos(ka)+θ(K,k)sin(ka)]+U =−4J cos(Ka/2)cos(ka). (E.64)

Further simplification of Eq. (E.64) leads to

θ(K,k) =
U

4J cos(Ka/2)sin(ka)
. (E.65)

Plugging the expression for θ(K,k) into Eq. (E.58), we obtain the two-photon scattering

state wavefunction up to the normalization constant C:

ψK,k(ρ) =C cos(kρ)+C
[

U
4J cos(Ka/2)sin(ka)

]
sin(k|ρ|). (E.66)

Since our Hamiltonian only contains contact interaction and nearest neighbouring interac-

tions, the scattering state wavefunction given in Eq. (E.66) is valid for all ρ . To determine

the normalization constant C in Eq. (E.66), we use box normalization for a cavity array
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consisting of N sites. In the discretized real space of the cavity array, we can numerically

compute C by using the following equation:

C =
1√

∑ρ |ψK,k(ρ)|2
. (E.67)

Since the scattering states occupy the entire available space in a cavity array, the value of C

depends on N, the number of cavities present in the array. That is why we call this approach

a numerical box normalization calculation.
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[65] F. Schäfer, T. Fukuhara, S. Sugawa, Y. Takasu, and Y. Takahashi, Tools for quantum
simulation with ultracold atoms in optical lattices, Nature Reviews Physics, 2(8),
(2020).

[66] A. Browaeys, and T. Lahaye, Many-body physics with individually controlled Ryd-
berg atoms, Nature Physics, 16(2), 132-142 (2020).

[67] H. Bernien, S. Schwartz, A. Keesling, H. Levine, A. Omran, H. Pichler, S. Choi, M.
D. Lukin, Probing many-body dynamics on a 51-atom quantum simulator, Nature
551, 7682 (2017).

[68] R. Blatt and C. F. Roos, Quantum simulations with trapped ions. Nature Physics, 8(4),
277-284, (2012).

[69] C. Cohen-Tannoudji, J. Dupont-Roc, and G. Grynberg, Atom-photon interactions:
basic processes and applications, John Wiley and Sons (1998).

[70] S. Haroche and J.-M. Raimond, Exploring the quantum: atoms, cavities, and photons,
Oxford University Press (2006).

159



[71] E. T. Jaynes and F. W. Cummings, Comparison of Quantum and Semiclassical
Radiation Theories with Application to the Beam Maser, Proceedings of the IEEE 51,
89–109 (1963).

[72] P. Lambropoulos and D. Petrosyan, Fundamentals of Quantum Optics and Quantum
Information, Springer, New York (2007).

[73] A. Blais, A. L. Grimsmo, S. M. Girvin, and A. Wallraff, Circuit quantum electrody-
namics, Rev. Mod. Phys. 93, 025005 (2021).

[74] I. I. Rabi, On the Process of Space Quantization, Phys. Rev. 49, 324 (1936).

[75] I. I. Rabi, Space Quantization in a Gyrating Magnetic Field, Phys. Rev. 51, 652
(1937).

[76] Q. Xie, H. Zhong, M. T. Batchelor, and C. Lee, The quantum Rabi model: solution
and dynamics, Journal of Physics A: Mathematical and Theoretical, 50(11), 113001
(2017).

[77] A. Metelmann and A. A. Clerk, Nonreciprocal Photon Transmission and Amplifica-
tion via Reservoir Engineering, Phys. Rev. X 5, 021025 (2015).

[78] A. Tomadin, S. Diehl, M. D. Lukin, P. Rabl, and P. Zoller, Reservoir engineering
and dynamical phase transitions in optomechanical arrays, Phys. Rev. A 86, 033821
(2012).

[79] A. Blais, R.S. Huang, A. Wallraff, S. Girvin, and R. J. Schoelkopf, Cavity quantum
electrodynamics for superconducting electrical circuits: an architecture for quantum
computation, Phy. Rev. A 69, 062320 (2004).

[80] D. Roy, C. M. Wilson, and O. Firstenberg, Colloquium: Strongly interacting photons
in one-dimensional continuum, Rev. Mod. Phys. 89, 021001 (2017).
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Kantian, H. P. Büchler, and P. Zoller, Repulsively bound atom pairs in an optical
lattice, Nature 441, 853–856 (2006).

[164] W. H. Press, B. P. Flannery, S. A. Teukolsky, and W. T. Vetterling, Numerical Recipes
in C, 1986.

[165] P. Bykov, Sov. J. Quantum Electron. 4, 7 (1975).

[166] D. E. Chang, J. S. Douglas, A. González-Tudela, C.-L. Hung, and H. J. Kimble,
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