ASYMMETRIC STABILITY ROBUSTNESS BOUNDS
FOR UNCERTAIN LINEAR SYSTEMS WITH

FIRST-ORDER LY APUNOV METHOD

By
JAECHEON LEE

Bachelor of Science
Seoul National University
Seoul, Korea
1980

Master of Science
Korea Advanced Institute of
Science & Technology
Seoul, Korea
1985

Submitted to the Faculty of the
Graduate College of the
Oklahoma State University
in partial fulfillment of
the requirements for
the Degree of
DOCTOR OF PHILOSOPHY
December, 1996






ASYMMETRIC STABILITY ROBUSTNESS BOUNDS
FOR UNCERTAIN LINEAR SYSTEMS WITH

FIRST-ORDER LYAPUNOV METHOD

Thesis Approved:

iSO

“Thedis Adviser

’7—%044/:&& 6 ﬂféﬂs

Dean of the Graduate College



ACKNOWLEDGMENTS

This research could never have been completed without the help, resources, and
encouragements of my wonderful advisory committee. I would like to give thanks to Dr.
Lawrence Hoberlock, Head of the School of Mechanical and Aerospace Engineering, who
continuously encouraged me to pursue a Ph.D. degree in the field of hydraulic power
engineering. Also I would like to thank Dr. Gary Y oung and Dr. Martin Hagan for their
comments and suggestions as the research progressed. Another well deserved thank you
goes to Dr. Karl Reid, Dean of the College of Engineering, Architecture and Technology.
He provided the motive and financial support for this research. I'm also truly thankful to
Dr. Eduardo Misawa, the chair of the advisory counsel. I could not have completed this
research without his abundant help.

Next, I would like to give a big round of applause to my Brothers and Sisters at the
Korean Baptist Church of Stillwater. How thankful I am for their prayers. I know the
years | have spent in Stillwater have been far better because of their care and friendship. 1
wish to give my appreciation to the pastors who have provided spiritual resources: Rev.
John Chun-Woo Yi, Rev. Thomas Underwood and Rev. Paul Kitae Kim.

I would also like to ackno;zvledge two very wonderful and important women in my
life: my wife, Dong-Sook Cha Lee, and my mother, Keun-Young Lee. Thank you, D.-S.,
thank you for your long patience and self-sacrifices. It's wonderful to know you are proud
of me no matter what. To my mother, your boundless encouragement and confidence
during my undertaking this task was a reassuring tonic. Finally a word to my father,
Bo-Hyung Lee who now shares eternity with our heavenly Father: the achievement of a

1il



Ph.D. degree for your son. You can be glad, as it's the word you have waited for, for so

long.

v



LIST OF CONTENTS

Chapter Page

I INTRODUCGTION. ...ttt e eeea e 1

O ) S A TC) PSPPI 1

Contributions of This Research..........ccooooiiiiiiiiiiiiiiiniiiiineenn.. 9

Organization Of CoOMENTS......iiiiiiiiiiiiiiiiiiirireeieerreereeenraeaanas 10

II A REVIEW OF ROBUST STABILITY ANALYSIS.....ccccciiiiiiiiininnnne 12

INtrodUCtioN. . .ot e 12

Application of Lyapunov Method to the Stability Robustness................ 15

Analytical MethodS......uoiuiiiiiiiiiiiiiii e 15

Polytope of MatriCes......coiiiiiuiiniiiiiiiiiiiiieiccc e 23

Recursive Numerical Methods..........ccoocoiiiiiiiiiiininn.. 25

III GAO'S THEOREM AND BASIC FIRST-ORDER LYAPUNOV............. 31
METHOD

Gao's Theorem for Asymmetric Stability Robustness Bounds................ 31

Review of Gao's Theorem........coocoiiiiiiiiniiiiiiiiiiiiiiinennaene. 31

The Shortcoming of Gao's Method.........cccoeiviiiiiiiiiiiiiiin.. 33

First-Order Lyapunov Robustness Method................c....o. 35

The Goal of Stability Robustness Bounds with Lyapunov Method.... 35
Fundamental Zero-Order Stability Condition.......c..ccceucieeinnnnas 36

Overview of Basic First-Order Lyapunov Method....................... 37



Chapter Page

A First-Order Method Using a Taylor Series Expansion................ 39

IV EXPANSION OF GAO'S ASYMMETRIC STABILITY BOUNDS.......... 41
General Properties of Convexity.......oooooviiiiiiiiiiiiiiiiiniinniinnnn. 41
Lemmas and Theorem for EXpansion........c..cccccoovvvviiiiiiiiiiiinii. 43
Graphical Illustration for a Three-Dimensional Example...................... 48

A Discussion of Expansion Theorem...........coceiiiiiiiiniiiiinnnn. 49

V  ASYMMETRIC FIRST-ORDER STABILITY ROBUSTNESS BOUNDS... 50

Theorem for an Asymmetric First-Order Lyapunov Method.................. 50
Optimal Property of Asymmetric First-Order Lyapunov Method............. 53
Application Procedure for the Asymmetric First-Order Lyapunov............ 57

Method to Estimate the Stability Robustness Bounds
Discussions of the Asymmetric First-Order Lyapunov Method............... 57
VI EX AMPLES. e 59
Example I: A Second-Order System........ccccoooiiiviiiniiiiiinniiininnn, 59
Example II: A Third-Order SyStem........cccoeverrrueereeereeesrerneeneneneenn. 61
A Discussion of Examples............cooeiiiiiiiniii 62
VI CASE  STUDIES. ..o 64
Case 1: Two-Stage Electrohydraulic Servovalve Design..............coc.c... 64
Problem Statement..........cccoviiviiniiiiiniiiiiiii 64
Modeling of Servovalve DynamicCs.......ceeeeeurernieeunecenieiennrenennes 65
Stability Consideration.......c..ccceovieiieiuiiiniiiiiiiiiieiineencannee. 71
A Typical Numerical Example.........cccoeevimiiniiiniiiiiiiinnnnnn... 72
Analysis and DiSCUSSION......c.ueruimiiuniniiiiii i eaieeaeenes 73

Case 2: Sensor Degrading Accommodation with Incomplete Information... 74

Problem Statement. .. oottt e e erree s 74

vi



Chapter Page

Modeling of Aircraft Control Motion..........cccueeevivinneiieennnnnnnn. 75
A Typical Numerical Example..........ccccooeeiiriiniiiiiiiiiiniennnnnn... 76
A Discussion of Case Studi€S.........ccviiimiiiiiiiiiiiieniiiiiciineeieeennne. 78
VIII ASYMMETRIC ROBUSTNESS MEASURE OF EIGENVALUE ........... 79
DISTRIBUTION
INErOdUCTION. ..ttt e e 79
Preliminary Results.......c.coooiiiiiiiiiii e 80
Asymmetric Robust Eigenvalue-Assignment Criteria...........c.coeevuveeeen.. 82
Zero-Order Asymmetric Robustness Measure.............ccccceeeen..... 82
First-Order Asymmetric Robustness Measure............ccccceeennn.. 84
Application Procedure for the Asymmetric First-Order Lyapunow............ 87
Method to the Robustness Measure of Figenvalue-Location
Assignment
EXAMPLES. . ettt e 88
Example L. 88
Example 2...... S 90
A Discussion of Asymmetric Measure for Robust.............................. 91

Eigenvalue-Assignment

IX CONCLUSIONS AND SUGGESTIONS FOR FUTURE RESEARCH.... 92

0103 1T RIS Ue) 1 L TR 92

Future ResearCh ATeaS......coieiiiiiiiiiiiiiiie e o4

RE FE R E N CE S ..o et 96

Appendix Page
A PRELIMIN A R E S e ittt ettt ereaaaas 115

L8 8 TeT=) R0 1 | A UL T 115

vil



Appendix Page

Sources of Uncertainties........c.coeeeueeeeinieniiniieeniiniiiiaeeennnens 116
Types of Uncertainties.........ceeeuvevniiniiiniinieniinieeneinnennnes 116
Models of Uncertainties........ccoeeeueeerernreennennnenneeneennnennn. 117
MatriX NOTMS...c.iuniiiiiii e 119
Singular Values.....coooouieiiiiii 119
Ho NOIM .o e 119
Hy NOMM..oo e 120
MatriXx MeEaSUTE....c.ouuiieiiiin it 121
B A REVIEW OF LYAPUNOV STABILITY ANALYSIS.......cceu.ee. 123
INtrodUucCtion. .....oue i 123
Stability in the Sense of Lyapunov...........ccoeceeveeiivrviiiiiiieiiians 124
Basic Definitions.........c.coviviiiiniiiiiiiiiiii i 125
Lyapunov Stability Theorems........ccc.uuvvevvureciininirnnnnnens 126
Lyapunov Method for Linear Autonomous Systems..................... 128
Basic Theorems........coooveiiiiiiiiiiiciiiiii i 128
- The Solution of Lyapunov Equation...........c.cceeeeevereeeennnn. 129
Lyapunov Function Generation.............cceceevveeiinnirineeneenennnnn. 130
C GAO'S LEMMAS AND THEOREM..........ooiiiiiiiiiiieeeeeiiieeee, 131
D ON THE DESIGN OF AN ELECTROHYDRAULIC SERVO-.......... 137
VALVE WITH A VARIANT DRAIN ORIFICE DAMPING
INtroduCtiON. ..uint i 137
Steady-State Characteristics of the Flapper-Nozzle Valve................ 138
Linearized Transfer Function of the Flapper-Nozzle Connected to..... 143
a Spool Valve
Dynamics of Torque Motor/Flapper-Nozzle First-Stage Assembly..... 149
The Interaction Between Torque Motor and Hydraulic Stage............ 152

viil



Appendix

Findings and a Discussion

Cited Literatures on Appendix D......ccooooiiiiiiiiiiiniiiiiiiiiniiinnan.

1X



Table
7.1

8.1
8.11
8.I11
D.1

LIST OF TABLES

Page
Numerical Values for the Parameters of a Two-Stage Electrohydraulic......... 156
Servovalve
Various Values Depending on the Specificationsof @ and a..................... 157
Various Values for Example 1.........ccooooiiiiiiiiiiiiiiiiiiieiieeeeenn 157
Various Values for Example 2........cccooiiiiiiiiiiiiiiiiiiiiiiieeiie e 158
Comparison of Effects of Drain Dampers.........ccccoeeiiiiriiieiirrniniennenen. 159



Figure
3.1
4.1
6.1
6.2
7.1
7.2
8.1
8.2
8.3
8.4
8.5
8.6
8.7
8.8
8.8
D.1
D.2

D.3

D.4

LIST OF FIGURES

Page
Stability bounds for a 2-dimensional perturbation system.............c.cccce.c.. 160
Part view of stability bounds for a 3-dimensional perturbation system............ 161
Comparison between the stability bound estimates for example 1.................. 162
Comparison between the stability bound estimates for example 2.................. 163
Stability bound estimates for a two-stage electrohydraulic servovalve example.. 164

Stability bound for a fighter aircraft example..........ccooeeiiiiiiiiiiiiiiennenn.n. 165
Two open half-planes separated by a line L.........ccoooveiniiiiiriciniiinienn.n. 166
Various stability and robustness bound estimates............cccceeveerveineeeennns 166
Region H; for eigenvalue assignment................ccoooviiiiiiiiiiiininnnnnnne. 167
Comparison of robustness bound estimates for example 1..........cccc.cee..... 167
Transient responses at the vertices for example 1., 168
Eigenvalue assignment for example 2..........ccccooiiiiiiiiiiiiniiiiiiiieneeinninnn. 169
Comparison of robustness bound estimates for example 2 (I)..........ccuueeeeee. 169
Comparison of robustness bound estimates for exarﬁple 2D 170
Transient responses at the vertices for example 2.............ccocooeiiin 171
Flapper-nozzle with a fixed drain OFIfiCe.........ovveveereerrrrrerrereresresnen. 172
Flapper-nozzle with a variant drain orifice.......c.......oooeriimiiiieiniiiinnn 173
Steady-state characteriStics, P1—Pg.........uvvvueiieiieiie e, 174
Steady-state CharacteriStics, Pei—Pea. .. ..vuvvreerrniireieieeieiieeieeeeeeeeeeneen 175



Figure

D.5
D.6
D.7
D.8
D.9
D.10
D.11
D.12

D.13

Steady-state characteristics, We OF Qe....vevvunerrvnnriineerinerinerineeeieeenens 176
Pressure characteristics at null..........c..ooooiiiiiiii 177
Variation of null damping constant ratio............cccceevvmueveeiiniieeeieninnnnnn. 178
Variation of null gain ratio...........ccoovviiiiii 178
Variation of gain function.............cocociiiiiiiiiiiiiiini i 179
Variation of damping function.............cccccooiiiiiiiiiiiiiiiiininn 180
Block diagram for the dynamics of first-stage assembly.....................c.... 181
Equivalent block diagram for the dynamics of a two-stage......................... 182

electrohydraulic servovalve

Comparison of stable operation ranges of various servovalves.................... 183

xii



NOMENCLATURE

Ay discharging area of the nozzle

An: nominal system matrix

Ay cross sectional area of the spool valve

Ba: viscous damping constant of torque motor and flapper

Bi: viscous damping constant of spool valve

Cdo»Car, Cq: discharge coefficient of upstream, nozzles, and drain orifices
do,dy,dg: diameter of upstream, nozzles, and drain orifices

E: perturbation matrix |

I, ip: electrical current differential and maximum electrical current differental respectively
[: identity matrix

J,: inertia of armature and attached load

K, Kg: spring constants of torque motor and spool valve respectively
Ki; internal leakage coefficient

K{: torque constant of the torque motor

k;: uncertain perturbation parameters

k., k;": lower and upper bounds of uncertain parameter k;

k®: j-th vertex of perturbation parameter space's hypercube
M;: mass of moving spool
m: number of uncertain perturbation parameters

n: dimension of a nominal matrix

xiii



P, P,: Lyapunov matrix and nominal Lyapunov matrix respectively

AP: perturbation of Lyapunov matrix

P1,P,,P: hydraulic pressures

P10, P20, Peo: dimensionless pressure values at null

AP, o, AP, ,, AP, small variations of dimensionless null pressures
P;: supplying hydraulic pressure

Q: arbitrary positive definite matrix

Qo15Q02,Qn 1, Qn2, Qe, Qsv, Qi flow rates

QF: a quadratic function for optimal Lyapunov function
r: equivalent length of flapper

t,to: time and initial time respectively

u: control input vector

V: Lyapunov function

Vi, Ve: internal oil volumes

X,Xo: State vector and initial state vector respectively
Xfo: equilibrium flapper position

Xg,Xp: displacements of flapper and spool respectively

Xpm: Maximum displacement of spool

a: angle of attack for an aircraft movement

B: effective bulk modulus

o(.): maximum singular value of matrix (.)
e: small constant value

u(.): matrix measure of matrix (.)

Up, UPU, Wys: Tobustness measures

X1v



A: performance measure of a LLyapunov function candidate
A(.): eigen values of the matrix (.)

Amax(-)>Amin(.): largest and smallest eigenvalues of matrix (.) respectively

p: oil mass density

Q2, ®: symbol of a convex hull (polytope)

T': a set of vertex matrices

II: a hypercube of perturbation parameter space

A: performance measure of a Lyapunov function candidate

Y': perturbation matrix set
| - | modulus matrix of (.)

|||k Euclidean norm of a vector (.)

XV



CHAPTER 1

INTRODUCTION

Overview

The design and analysis of a control system is based on the mathematical model of
the physical plant. One of the fundamental challenges facing a control engineer is to
account for and accommodate the inaccuracies in the mathematical models of physical
systems used for controller design. The presence of inaccuracies in the mathematical model
results from simplifications such as lumped parameter approximations, simplified relations,
ignored high-order dynamics, linearizations about operating points, neglected
instrumentation uncertainties, and changes in the system component properties due to time
and environmental effects.

The nominal model of a physical plant often has the form of an autonomous linear
system with uncertain parameters. Uncertain perturbation parameters can exist in the form
of structured or unstructured perturbations. A structured uncertainty represents those
uncertainties whose sources can be explicitly identified in a parameter model. Meanwhile
an unstructured uncertainty is a lumped uncertainty that may represent several uncertainties
that cannot be explicitly expressed in a parameter model. In unstructured uncertainty, only

the bound on the norm of the perturbation matrix is given. This approach leads to overly



conservative results in many instances, since the robustness criteria do not identify the
perturbation structure of uncertain parameters. This research addresses structured
uncertainties.

In controller design, these uncertain perturbations can be accommodated by the use
of either adaptive or robust controllers. If the bounds of the perturbations are known,
robust controllers are often utilized, and this has motivated the design of robust controllers
for multi-variable linear systems ([Dorato 87], [Dorato 93]). The fundamental requirement
for the design of robust control is the ability to analyze system stability and robustness.
Stability analysis is concerned with the state trajectories for perturbations of an initial
condition from its equilibrium point or reference trajectory. In the analysis and design of
robust control systems, it is essential to determine to what extent a nominal system remains
stable when subject to a certain class of perturbation. These bounds for perturbation
parameters in which the system remains stable are referred to as stability robustness
bounds.

The approaches to estimating the stability robustness bounds of linear time-invariant
systems can be viewed from two perspectives: one is the time domain approach based
upon state space equations, and the other is the frequency domain approach primarily based
upon system transfer function. The frequency domain approach has been extensively
studied in the past ([Safonov 77], [Barrett 80], [Doyle 81], [Lehtomaki 81], [IEEE 81]).
The main approach in frequency domain analysis is to extend the classical single-input,
single-output stability margin to multi-input, multi-output systems by use of the singular-
value decomposition method. The nonsingularity of a matrix is the criterion used to
determine stability robustness bounds. Barett [Barett 80] presented a useful summary and
a comparison of different robustness tests available with respect to their conservatism. One
of the most important developments in robust stability analysis and control, in the

frequency-domain, has been achieved in H, and H,, theories (see [Francis 87] for



H; and H_, theories).

Kharitonov's theorem [Kharitonov 78] is the most celebrated work on the stability
of a family of characteristic polynomials in the frequency domain. Kharitonov proved that
the stability of dynamic systems whose parameter uncertainty is restricted to a
hyperrectangular domain is guaranteed by the stability of four extreme polynomials whose
parameters take values at the vertices of the hyperrectangle. Kharitonov's result for the
interval polynomials dramatically alleviates the excessive computational demands of a
stability test which would simply invoke repeated root or eigenvalue computations over a
"sufficiently fine" grid of points within the family. However, there are several restrictions
in the application of Kharitonov's theorem: first, if a polynomial family has mutually
dependent coefficients, which is almost always the case in control applications,
Kharitonov's result can not be applied directly but should be modified to provide sufficient
conditions [Bartlett 88]; second, since there are no specific guides for choosing the vertex
polynomials, one may try the epsilon-iteration algorithm [Barmish 87] to enlarge the
polytope if the size of the initial polytope is not satisfactory; third, Kharitonov's theorem is
only applicable to the interval polynbmials and only considers the strict Hurwitz property of
polynomials. Hence many researchers have made efforts to generalize Kharitonov's
theorem ([Bartlett 88],[ Barmish 89], [Chapellat 89], [Peterson 90}, [Foo 91], [Cavallo
91}, [Xu 93]). The well-known Edge Theorem ([Lin 87], [Bartlett 88]) extends
Kharitonov's result to polytopes of polynomials. The stability of the exposed edges of a
polytope of polynomials is both necessary and sufficient for the stability of the entire
polytope. For a survey and further insight into Kharitonov's type of results, see [Barmish
87], [Chapellat 88], [Jury 90] .

The natural conjecture for Kharitonov's type of results would be that the family of
interval system matrices (matrices whose elements vary independently in given intervals) in

the time domain is stable if and only if all the vertex matrices are stable. Bialas [Bialas 83]
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claimed that it is true; however, it turned out to be false as shown by Barmish and Hollot
[Barmish 84] who constructed counterexamples. Barmish et al. [Barmish 88] also
provided counterexamples for three plausible conjectures which are directly motivated by
the results in the polynomial cases: the first conjecture is checking edges of a polytope of
matrices (i.e., convex combinations of a number of matrices) in view of the Edge Theorem
for polynomials; the second conjecture is checking edges of a hyperrectangle rather than a
polytope; the third conjecture is mapping interval matrices onto the set of characteristic
polynomials. All three conjectures failed. Similarly, Jiang [Jiang 88] attempted to prove
the above conjectures for the discrete time case, which is also false as pointed out by Soh
[Soh 89]. Various sufficient conditions for stability of a polytope of matrices ([Barmish
86], [Shi 86], [Cobb 89], [Kokame 90], [Qian 92], [Fang 94b]) have been proposed,
while some necessary and sufficient conditions ([Kokame 91], [Wang 91b], [Qian 92])
were obtained for special vertices in the parameter domain. Barmish and Kang [Barmish
93] provided an extensive literatures survey of extreme point results for robust stability of
systems with structured parametric uncertainty. For a polytope of matrices in the time
domain, the stability problem is far from completely resolved. The stability problem of a
polytope of matrices is treated in this research by using the convexity property of matrix
measure ([Desoer 75], [Wang 91a], [Fang 94]).

Although many of the stability robustness criteria developed in the frequency
domain are significant, it is also useful to analyze stability robustness in the time domain,
especially when a broader class of parameter perturbations have to be considered. The time
domain approach is more amenable to the consideration of structured perturbations in the
form of parameter variations and nonlinearities [Siljak 89]; and the time domain approach
generally involves checking only a finite number of inequalities, often just one, while the
frequency domain methodology requires all criteria over the whole range of frequencies to

be satisfied [Petkovski 89].



The time domain approach has been primarily based on Lyapunov theory, while
root locus-based techniques [Qiu 86, Juang 87, Yedavalli 88] were sometimes utilized.
The advantage of the Lyapunov-based approach is the capability to deal with nonlinear
time-varying perturbations. The drawback in the application of the Lyapunov method is
that estimates of the stability bounds are often too conservative to be used in high
performance controller designs [Juang 87] and dependent upon the particular Lyapunov
function used. Therefore, it is highly desirable to develop a better method for estimation of
stability bounds. Research on the Lyapunov-based stability robustness is conducted in this
study.

There is an extensive amount of literature on the use of the Lyapunov direct method
in robust stability and control problems. Early efforts include [Bellman 69], [Barnett 70],
[Gutman 75}, [Davison 76], [Desoer 77], [Ackermann 80], and [Eslami 80]. Despite the
considerable results of the time-domain stability conditions in these references, explicit
stability bounds on the uncertain parameter perturbation of a linear system were first
proposed by Siljak [Siljak 78] and Patel and Toda [Patel 80]. Since then, stability
robustness conditions based on the Lyapunov direct method have been widely investigated
([Yedavalli 85b], [Barmish 86], [Zhou 87], [Siljak 89], [Latchman 91}, [Olas 92], [Chen
93], [Olas 94a], [Olas 94b]).

Patel and Toda [Patel 80] studied the stability of linear systems with unstructured
perturbation and obtained the upper Euclidean bound of the perturbation. Yedavalli
[Yedavalli 85b], Yedavalli and Liang [Yedavalli 86], and Zhou and Khargonekar [Zhou 87]
further improved the stability robustness bounds of the perturbation parameters. Yedavalli
[Yedavalli 85b] obtained an upper bound for the interval perturbation for robust control.
Yedavalli and Liang [Yedavalli 86] used a state space transformation before applying
Yedavalli's results [Yedavalli 85b] to reduce the conservatism in stability bounds

estimation. Barmish and DeMarco [Barmish 86] proposed a technique for the



parameterization of the Lyapunov matrix to obtain less conservative stability bounds. Zhou
and Khargonekar [Zhou 87] studied the robust stability of systems with perturbations that
are linear combinations of a finite number of matrices and improved Yedavalli's results
[Yedavalli 85b]. Siljak [Siljak 89] demonstrated that the estimation of the stability bounds
of perturbation is strongly dependent upon the selection of the system state space.

Latchman and Letra [Latchman 91] proposed an optimization procedure to
systematically choose the best Lyapunov matrix so that the conservatism of stability bounds
is reduced. Chen and Han [Chen 93] proposed a modified Lyapunov-based method where
iterative interpolations of quadratic Lyapunov functions are considered. Olas [Olas 92]
proposed another approach to the problem of stability robustness based on the construction
of optimal Lyapunov functions. In a series of works, Olas ([Olas 92], [Olas 94a], [Olas
94b]) proposed a recursive algorithm for the design of optimal Lyapunov functions which
resulted in better estimates of stability bounds, approaching the maximum volume of the
hypercube. Some of these methods ([Latchman 91], [Olas 92], [Chen 93]) provided less
conservative stability estimates with recursive algorithms. However, these methods
demand much computational efforts, and sometimes the procedure is empirical and
subjective. For example, Olas [Olas 94b] showed that the stability bounds resulting from
the recursive procedure are highly dependent on the way the estimated hypercube is
enlarged; and no explicit method for the enlargement was proposed in Olas' works.
Therefore the development of a better (i.e. less conservative) and easily applicable method
for estimation of stability bounds is still highly desirable.

Analysis of robust stability based upon the Lyapunov theorems consists of two
principal steps: first, the generation of a Lyapunov function ([Schultz 65} and [Mohler
89]); second, the determination of the robustness bounds based upon the generated
Lyapunov function.

It should be noted that stability estimates were conservative because the preceding



methods fail to consider the structured features of the uncertainties when generating a
Lyapunov function, and because the directional property of the parameter variation was
neglected. Most past works have used the zero-order Lyapunov robustness method. In the
zero-order method, the nominal matrix Lyapunov equation is used to generate a nominal
"P" matrix, which is then used to compute stability bounds for the perturbed system. This
conventional method is referred to as the zero-order method in the sense of Taylor series
expansion applying the perturbed dynamic model into the Lyapunov equation. Many early
works on stability robustness bounds were restricted to bounds on the absolute values of
the uncertain parameters, 1.e., symmetric parameter variation with respect to the origin.
These restrictions sometimes result in very conservative estimates of stability bounds.

Significant progress ([Bernstein 89], [Leal 90], [Gao 93]) has been made recently
in obtaining less conservative stability bounds by removing the restrictions already listed.
In [Leal 90], the Lyapunov function varies with perturbation in the system matrix so that
the method is called a first-order Lyapunov robustness method. In the first-order method,
the perturbed dynamic model is used to generate a perturbed P matrix. This perturbed P
matrix is then used to obtain modified stability bounds. In the sense of Taylor series
expansion, this method is referred to as the first-order method. Meanwhile, the bounds in
[Bernstein 89, Gao 93] are not necessarily symmetric. In particular, the estimate bounds
obtained in [Gao 93] are expressed in terms of the uncertain parameters, rather than a
convex hull over intervals as in [Bernstein 89].

However the bounds developed in [Leal 90] were symmetric bounds and the
zero-order Lyapunov method was utilized in [Gao 93]. And the asymmetric stability bound
estimates obtained in [Gao 93] is needed to expand to the entire region of the hypercube
with maximum and minimum values of uncertain parameters. Hence, in this research, the
first-order Lyapunov robustness method is applied to the method proposed in [Gao 93] to

estimate asymmetric stability bounds and to further reduce the conservatism of the stability



bounds.

For the current investigation, the structure of system equations with uncertain
parameters, the convexity property of matrix measure, the asymmetric structure of
perturbations, and the first-order terms for the parameter perturbation with Taylor series
expansion are used to prove the new lemmas and theorems which have enabled the
development of a procedure for better estimation of stability robustness bounds. The
stability robustness bounds obtained by the development of these theorems are revealed to
be less conservative than results of the early works of ([Zhou 87], [Gao 93]). It is also
proved that the new proposed method can inherit the property of the optimal Lyapunov
function in Olas' works ([Olas 92], [Olas 94a], [Olas 94b]). In other words, the new
method can be completed by using the Olas' results. Theorems are derived to prove that
the stability bounds estimated by the asymmetric first-order method are always less
conservative than those of the zero-order method under certain conditions.

The method proposed in this research provides three distinct advantages: first, ease
of the application to system matrices with structured uncertain parameters; second,
improved means to estimate less conservative stability bounds; third, the ability to extend
to the properties of the optimal Lyapunov function for the systematic enlargement of
hypercube of perturbation parameter space; fourth, the extensibility to better estimate
measure of robustness bounds for eigenvalue distribution of uncertain linear systems.

Several simple examples and practical design problems are considered to
demonstrate the practicality and the advantages of the proposed method for the estimation
of stability bounds with respect to the previously reported methods. Examples demonstrate
superiority of the stability bounds estimated by the proposed method over those obtained
by éther methods [Zhou 87, Gao 93]. Two practical design problems for an
electrohydraulic servovalve and a fighter aircraft control show that the new method

significantly improves the "conventional” bound estimates providing less conservative



estimates, so that the new method can be effectively applied to practical design problems

for control systems.

Contributions of This Research

This research demonstrates a new approach to the stability robustness problem of a
linear time-invariant system with structured uncertain parameters. There are six principal
contributions made by this research.

First, a theorem referred to as the Expansion Theorem is derived. It is to verify
whether the basic asymmetric robustness bounds estimated by the Gao's method can be
expanded in the full hypercube whose vertices are a linear combination of maximum and
minimum values of uncertain perturbation parameters. The Expansion Theorem enables the
stability test to be simply applied at a vertex to find if the stability boundaries can be
expanded to the full region of the hyper-quadrant to which each vertex belongs.

Second, a new method for the analysis of stability robustness, referred to as the
asymmetric first-order Lyapunov method, is developed by combining Gao's asymmetric
stability bounds with the first-order Lyapunov method. The new method considers the
structured features of uncertainties, when generating a quadratic Lyapunov function, and
the directional property of perturbation parameters, so that it resolves the problem of
conservative stability bound estimates that past methods often gave rise to.

Third, using the properties of the optimal Lyapunov function and convexity of
polytope of matrices, it is mathematically proved that, under certain condition, the
asymmetric first-order Lyapunov method always provides better (less conservative)
estimates of stability bounds than those of Gao's asymmetric stability bounds.

Fourth, a theorem is developed to determine the optimal vertex for the application of



the asymmetric first-order method. It is proved that applying the asymmetric first-order
method to the vertex with better performance measure of the Lyapunov function can
provide better estimates of stability bounds.

Fifth, new measures for robust eigenvalue-assignment of uncertain linear systems
are presented. These robustness measures for eigenvalue-assignment are generalization of
the results for the estimate of stability robustness bounds.

Sixth, a new design for a two-stage electrohydraulic servovalve with a variant drain
orifice is proposed. The effect of a variant drain orifice on a first-stage flapper-nozzle is
analyzed to show that the variant drain orifice can enhance the valve performance across the
null position and the overall stability of the servovalve simultaneously. It is also proved
that the new asymmetric first-order method is easily applicable and provides a substantially
large estimation of stability bounds for the design of a two-stage electrohydraulic

servovalve.

Organization of Contents

Chapter II presents a discussion of the issues of stability of Lyapunov method, and
Chapter III describes principal stability robustness methods proposed so far by other
authors. Theorems for Gao's asymmetric stability bound estimation and the first-order
method in the Lyapunov theorem and its physical meaning in the sense of Taylor series
expansion are described in Chapter IV. Based on the results of the Chapter IV, the lemmas
and theorems for the expansion of Gao's result to the full hypercube and the new
asymmetric stability robustness bounds with the first-order method are established in
Chapter V. Two numerical examples to validate the new method are demonstrated in

Chapter VI. The examples compare the results of new method with those of the early
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methods to establish the effectiveness of new method. Application of the new method to
electrohydraulic servovalve design and to the sensor degradation problem of a fighter
aircraft is also included in Chapter VII. Chapter VIII deals with robustness measures for
uncertain linear systems where the eigenvalues of the perturbed systems are guaranteed to
stay in a prescribed region. Similar to the results for the estimate of stability robustness |
bounds in Chapter V, new techniques to estimate allowable perturbation parameter bounds
for the robust eigenvalue distribution are derived. Chapter IX describes the conclusion of
this research and suggests the areas for future researches. Appendix A summarizes the
preliminaries of uncertainties, matrix norms and matrix measure. A review of Lyapunov
stability analysis is described in Appendix B. It includes the fundamental Lyapunov
stability theorems, the Lyapunov equation for linear systems and the generation of the
Lyapunov function. Appendix C summarizes the lemmas and theorems proposed by Gao
[Gao 93]. Appendix D illustrates the design of a new two-stage electrohydraulic
servovalve with a variant drain orifice to enhance both the servovalve performance and the

stability of the servovalve.
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CHAPTER 11

A REVIEW OF ROBUST STABILITY ANALYSIS

Introduction

In the analysis and synthesis of control systems, a fundamental problem is that the
mathematical description of a physical plant is always characterized by uncertainty or
modeling error. In addition, parameter variations are often present in the system dynamics.
The figures and characteristics of the uncertainties are described in Appendix A. In recent
years, the robustness of control systems, i.e., the ability to maintain performance in face of
uncertainties has received much attention, and much research effort has been devoted to the
analysis and synthesis of such systems.

More attention has been given to the robustness analysis of multivariable feedback
systems, however stability robustness evaluation is still a fundamental problem in control
theory that has yet to be completely resolved. These problems have been investigated in
both the frequency domain and the time domain. In the case of linear time-invariant
systems, there are two basic common models: the state space representation and the transfer
function or transfer matrix representation. For continuous systems, the former is a time
domain description of the system using first-order linear differential equations, while the

latter is a frequency domain description that maps the system from the time domain to the
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frequency domain using the Laplace transformation technique.
The most productive developments, in robust control in the frequency domain

description for the system model, may be the H; and H_, theories, developed from the

"small gain principle" introduced by Zames [Zames 63]. Levine and Reichert [Levin 90]

provided an introduction to the H_, system control design, and Francis [Francis 87] also
contributed an excellent introduction to H,, theory. Most of the investigations of this

subject have been based on transfer function representation. When system uncertainties
can be translated into the uncertainties of the parameters in the characteristic polynomial,
Kharitonov-type approaches ([Barlett 88], [Barmish 87], [Barmish 88], [Barmish 89],
[Chapellat 89]) give a good stability test that considers all possible values of the uncertain
parameters. In general, it is not a trivial task to determine the characteristic polynomial
from the state space model when some of the parameters are given at intervals, especially
when the system order is high, so alternative approaches are desirable.

From the discussions above, it seems appropriate to focus on time domain
approaches. This is because the uncertainties of a system are defined as the uncertainties of
parameters in the state space model, which have specific physical meanings. For the time
domain, the Lyapunov direct method has been widely used for the investigation of system
robustness; this is because this method provides ready accommodation for both nonlinear
and time-variant systems. It should be noted that the small gain theorem is concerned only
with nominally linear systems. This is an important factor since the solution of nonlinear
differential equations can be difficult or impossible.

For robustness, the application of the Lyapunov direct method consists of two
principal steps: first, the generation of the Lyapunov function; second, the determination
of the robustness bounds based upon the generated Lyapunov function. Patel and Toda

[Patel 80] considered linear autonomous systems with nonlinear, time-varying unstructured
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vector perturbations and unstructured perturbations, and formulated estimates for the
robustness bounds. Yedavalli [Yedavalli 85] improved the accuracy of these estimates
when considering structured perturbations. The bounds obtained by the application of
these methods were not directly dependent on the structure of the nominal matrix.
Yedavalli and Liang [Yedavalli 86] improved estimation of the bounds by the
transformation of states. For the case of structured perturbations, Zhou and Khargonekar
[Zhou 87] improved the robustness bounds by separating independent perturbation
elements within the perturbation matrix. Siljak [Siljak 89] suggested the use of a vector
Lyapunov function introduced by Matrosov [Matrosov 82] and Bellman [Bellman 78], to
reduce the conservatism of the estimates. Juang [Juang 91] considered robustness for
linear time—invarianf systems, including linear autonomous systems with time-varying
perturbations as a special case.

In the case of structured perturbations, the conservatism of the estimates was
principally caused by two factors: first, the failure to consider the structured features of the
perturbations when generating a Lyapunov function; second, neglecting the directional
sign of the uncertain parameters. The problem studied in the research of ([ Yeda 86], [Zhou
871, [Martine 87], [Mansour 89]) was quite general. It applies to all linear time-invariant
systems which have parameter variations with the additive perturbations residing at
intervals symmetric to zero. It is, therefore, not surprising that the stability bounds
obtained were very conservative. They are usually given as small, symmetric intervals
around the origin in the parameter space. However, in many cases it is reasonable to
assume that the signs of the uncertain parameters are known. For example, when an
elevator on an aircraft is stuck, one can usually tell whether it is stuck upward or
downward by the movement of the plane and this information can be translated into the
signs of certain parameters of the system. Gao [Gao 93] first found that better (less

conservative) robustness bounds can be obtained if the signs of the uncertain parameters
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are known. However, Gao's method was not sufficient to estimate the full stability
robustness bounds allowable for the given parameters. Although this research is based on

the Gao's results, it overcomes the drawback of Gao's method.

Application of the Lyapunov Method to the Stability Robustness

As mentioned in Appendix B, the Lyapunov stability theorems have been
established for the perturbations of initial conditions near an equilibrium point. These
theorems were subsequently extended for application to perturbations of the system
parameters [Leipholz 87]. The conclusions derived from the Lyapunov direct method are:
if for a system, there exists a single Lyapunov function for all choices of the perturbation
parameters within a compact bounded set, the system stability of equilibrium for the
nonlinear and time-variant perturbations is insured.

The uncertainties, the matrix norm and matrix measure are described in Appendix
A. The remainder of this chapter reviews selected research on the robust stability analysis
of nominally autonomous linear systems. Three perspectives for the approach to the
problem of stability robustness are considered: first, the analytical method with matrix
norm, eigenvalues and singular values; second, the stability of a convex hull (polytope) of
matrices with their vertex matrices; third, numerical recursive algorithms to obtain less

conservative stability bounds.

Analvtical Methods

Patel and Toda [Patel 80], in an extension of their paper on robustness analysis for

15



linear state feedback design [Patel 77], considered nonlinear unstructured vector
perturbation and unstructured perturbations for nominally autonomous linear systems.

Consider the following system

X = AN X + f(x,1) (2.1)

where Ay is a time-invariant asymptotically stable matrix and f(x,t) is a time-varying
nonlinear vector function of x(t), representing the nonlinear unstructured vector
perturbations within the system and f(0,t) = O for all times. The fundamental stability
robustness problem is to determine the magnitude of perturbation f(x,t) such that the
system (2.8) remains stable. The answer to this problem is obtained in the form of the
following theorem.
Theorem 2.1 [Patel 80]

The system on Equation (2.1) is stable if

lfee0ll . minMQ) 2.2)
[Ixl} max A(P)

where|l.|| is a Euclidean norm of a vector (.), M.) is an eigenvalue of matrix (.) and P is the

unique positive definite solution of the Lyapunov equation

AT P +P Ay =-2Q (2.3)
where Q is a positive definite matrix. O
Further, it was proved that for unstructured perturbations, the robustness bound pp
on the condition (2.2) is maximal for Q = I, where I is an identity matrix. In a particularly
important case of linear perturbations where
f(x,t) = E(t) x(t) (2.4)
it was proposed that the system

X(t) = (Ax +E() x(1 2.5)
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1s stable if

=1 (2.6)

ex(t) < =1
leg ()] < Hpy o o(P) o ()

where e;; is the (i,j )t® element of perturbation matrix E, n is the dimension of the nominal

matrix Ay and 6(.) represents a maximal singular value of matrix (.).

The results of [Patel 80] did not consider the structure of perturbation. This was
- accomplished in the work of Yedavalli [Yedavalli 85a], where the stability robustness
bound estimate obtained on (2.6) is improved in the following theorem.
Theorem 2.2 [Yedavalli 85a]

The time invariant version of the system (2.5) is stable if

£ :=maxlej| < flys := 1 2.7

o | P| Ugl;
where | . | is the modulus matrix which means that all elements of matrix (.) are replaced by

their absolute values, [.]s == [() +(. )TP/Z is the symmetric part of the corresponding matrix,

and Ug is a nXn matrix with all elements equal to 1. O

It has been also shown in [ Yedavalli 85a] that

o/ | P| Ugls<no(P) (2.8)
which analytically proves that the bound on (2.7) is better than the one on (2.6).
The follow-up paper [Yedavalli 85b] has shown that the matrix Ug can be chosen

such that
Ug, =2 (2.9)

Stability robustness results obtained in ([ Yedavalli 85a], [Yedavalli 85b]) were applied to

the design of linear regulators [Yedavalli 85¢] and to the stability analysis of interval
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matrices [ Yedavalli 86a]. In [Yedavalli 86b] it was indicated that the stability robustness
bounds can be improved even more by using state transformation and solving the
corresponding algebraic Lyapunov equation in the new coordinates.

Based upon the fact that the stability of a system is invariant with respect to

nonsingular linear transformation, Yedavalli and Liang [Yedavalli 86b] transformed the

state vector through M, x =M X for the new system

X = A X0 (2.10)
where A(t) = M A()) M.

By changing the system matrix A in the Lyapunov equation while maintaining Q =

I, o(P) is reduced which results an improvement of robustness bounds (see conditions on
(2.6) and (2.7)). Examples were presented to demonstrate improvement of the bounds,
with respect to those dchieved by Patel and Toda [Patel 80], for the structured as well as
unstructured perturbations. However, with the exception of a special case limited to the
diagonal transformation matrix, the question of generating the matrix M remained
unsolved.

Estimates for the upper bounds of perturbation elements presented by Patel and
Toda [Patel 80], Yedavalli ([Yedavalli 85a], [Yedavalli 85b]) and Yedavalli and Liang
[Yedavalli 86b] were not directly related to the structure of the nominal system matrix,
rather they were indirectly influenced through the matrix P. Generalization of the results of
([Yedavalli 85a], [Yedavalli 85b]) to a class of structured perturbations appearing in the

feedback control systems is given by Zhou and Khargonekar [Zhou 87].
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Zhou and Khargonekar [Zhou 87] considered structured perturbations. In their

work it is assumed that the perturbation matrix has the form

m
E=) kE (2.11)
i=1

where k; € [—ki‘, kﬂ; —k; and k{" are negative lower and positive upper bounds of
uncertain parameters respectively varying in the symmetric interval around zero. The main
result of [Zhou 87] is given in the following theorem.
Theorem 2.3

The time invariant version of the system (2.5) is stable under structured

perturbation defined on (2.11) if one of the following conditions is satisfied:

m
P R
i=1 4P,

mn

D kioP)<1 (2.12)

i=1

kj<——1—, j=l..m
5(2 lPil)
) i=1
where P; = 1/2(E"ir P+P Ei), i=1,2,.,m, and P :=[Pq,....Pm]. O

These bounds were less conservative than those derived prior to this formulation.
Yedavalli [Yedavalli 85a] proved that the bound obtained on Theorem 2.2 is a special case

of the third condition of (2.12).

Siljak [Siljak 89] performed an extensive review of the parameter space methods for
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analysis and design of robust control systems, and demonstrated that estimation of the
stability bounds of perturbation is strongly dependent upon the selection of the system state
space.

Siljak ( [Siljak 89], [Siljak 90]) also used the property of the vector Lyapunov
function to develop a method, so-called "connectivity stability" ([Siljak 72], [Siljak 78]), to
determine the stability of a large scale system which is composed of several decoupled
subsystems. The concept of the vector Lyapunov function was introduced by Matrosov
[Matrosov 82] and Bellman [Bellman 78]. This concept associates several scalar functions
with a given dynamic system in such a way that each function determines a desirable
stability property in a part of the state where others do not. These scalar functions are
considered as components of a vector Lyapunov function. The results of "connective
stability" [Siljak 90] are described as follows:

Considered the system

N
SE : Xi =Ax;+ z kij Aij Xj, i=1,.,N (2.13)
j=1

to be an interconnection of N subsystem
Sitxj=A;%x, i=1,..,N (2.14)
where A; are negative definite matrices and |k;j < k}Lj are perturbation elements. The system
Sg can be rewritten in a compact form
Sg:Xx=Apx+Acx (2.15)
where Ap = {A1,...,An} and Ac = (kj; Aj;) are matrices of appropriate dimensions.

Equation (2.14) implies that the couplings between the subsystems consist only of the

perturbation elements, and the perturbation within each subsystem is unstructured.
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Let 74(x) represent the Lyapunov function for the i subsystem S; such that

Yxi) = (T Py i)' (2.16)

where P; is the symmetric positive definite solution for the Lyapunov equation.

AT Pi+P A =-Q (2.17)

The Lyapunov function for the overall system Sg is selected as
V(x) =dT 1Ux) (2.18)
where ¥/ RN is a vector Lyapunov function with components defined on Equation (2.16)

andde RNisa positive vector. It was then demonstrated that the overall system, Sg, is

connectively stable if the following matrix is an M matrix [Siljak 78], i.e.

Wip o s W
e : >0, j=1,...,.N (2.19)
Wil e Wi

where

Wij = \ ! (2.20)

and &j = Amax AT Ay
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As shown on Equation (2.20), Q; can be set as the solution to the following

problem to maximize chances of proving stability

find: max{?\'m—m(gﬁ} (2.21)
Qi xmax(Pi)

subject to the Lyapunov equation (2.17). Based upon the assumption that A; has all

distinctive eigenvalues, the maximum value of the ratio is found to be

max{m}ﬁmi) =[Re Aamax(Ap) (222)
Qi xmax(Pi)

For the special case, Sg is reduced to a single subsystem

S:x=Anx+Ex (2.23)
the system is stable if
o(E) < Amin(Q) (2.24)
Anax(P)

This result is identical to that achieved by Patel and Toda [Patel 80] for the case of
unstructured perturbations.

A general case for Zhou and Khargonekar [Zhou 87] is also considered by Juang
[Juang 91] as follows:

Consider the system

X = i ki(t) A; x (2.25)

i=1

m
where k; € [—ki_, kﬂ, 2 lk;(t)] # O as a special case for the robustness analysis of

i=1
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autonomous linear systems with structured perturbations. Note that for k;(t) = 1, the
system is identical to that represented by Zhou and Khargonekar [Zhou 87].

First, for structured perturbations. Defining

m
V= 2 ki Al =kt orks § = L™ (2.26)

i=1
it was demonstrated that the system is stable if an invertible matrix P existed such that

Hz(P \% P‘l) <Oforallj = 1,...,2™, where L,(.) denotes the matrix measure corresponding

to a 2-norm (see Appendix A). As before, this approach left the issue of the generation of a
Lyapunov function an open question, where the Lyapunov function is V(x) = xT P* P x

and P* is the complex conjugate of P.

Polytope of Matrices

The application of Kharitonov's theorem to the robust stability of characteristic
polynomials has motivated many studies for the polytope of matrices using a similar
approach for the polynomial cases. Even though the plausible conjectures were proved to
be false and the stability problem of a polytope of matrices is unresolved, there were some
considerable achievements.

Barmish and DeMarco [Barmish 86} first considered the linear perturbation problem
on Equation (2.5) with the perturbation matrices (2.11) as equivalent to the problem of
determining the stability of the convex hull (polytope) of a finite set of stable matrices.
Given the system and perturbation matrices of equations (2.5) and (2.11) one can generate
a finite set of "extreme" matrices {A1, ..., Ax} having the following property: the system on
(2.5) with perturbation matrices (2.11) is stable for all uncertain parameters k; if and only if
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all matrices in the convex hull (polytope)

Q:=conv{Aq, ..., Ag) (2.27)

are stable.

Denote the unit simplex in R* by

k
F::{OL:(OLI, ey OLk]OLiZOVi,ZOCi——-l} (228)

i=1

The main result in [Barmish 86] is given in the following theorem:

Theorem 2.4
The set of matrices () is stable if

M; = A]'P; + PjA; <0, Vi, ] (2.29)

where P; is the unique positive definite symmetric matrix satisfying the Lyapunov equation

AP + PiA; = -1 (2.30)
[l

Barmish and DeMarco [Barmish 86] also found that the stability robustness bounds
in [Yedavalli 85b] are a special case of their works.

Theorem 2.4 verifies that a polytope of matrices is stable if there exists a positive
definite quadratic function that is a Lyapunov function common to all vertex members. For
normal vertex matrices, Wang [Wang 91b] derived a necessary and sufficient condition.
Theorem 2.5 [Wang 91b]

A polytope of matrices with (2.27) and (2.28) given by

k k
Q::{A:Z o A ociZOVi,Zocizl} (2.31)
i=1

i=1

is Hurwitz stable if and only if all the vertex matrices, Aj, are Hurwitz stable and normal,
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that is, Ai*Ai = AiAi*, where Ai* is the conjugate transpose of A,;. O
Fang and et al. provided a general sufficient condition for the stability of a family

using matrix measure such that stability of the vertices guarantees stability of the convex

hull of the matrix family.

Theorem 2.6 [Fang 94b]

The polytope of matrices (2.31) is stable if there exists a norm W(A) such that

WA) <0, Vi=1,.k (2.32)
O

Theorem 2.7 [Fang 94b]
Let V be the set of vertex matrices for a polytope Q, and V be *-closed which

means V" € Q. Then Q is stable if and only if there exists a matrix measure W such that

WA) <O forany Ae V. O
Fang et. al also proved that theorem 2.5 [Wang 91b] is another representation of

their preceding theorems.

Recursive Numerical Method

Petkovski [Petkovski 89] used a time-domain stability robustness methodology in
[Yedavalli 85c] to develop an iterative algorithm to determine the largest positive number e ,
such that the perturbed system

x=(An+¢E)x (2.33)
where Ay is a time-invariant asymptotically stable matrix, E is given, and e > 0 is

unknown, remains asymptotically stable. The criterion for the stability Petkovski used is in
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the following theorem:
Theorem 2.8

The system of Equation (2.33) is stable if

e <—1 (2.34)
o{IPlE]);

where P is the solution of the Lyapunov matrix equation (2.3) when Q = 1. O
Latchman and Letra [Latchman 91} proposed an optimization algorithm to

systematically choose the Lyapunov matrix Q so that the conservatism of stability bounds is

reduced. The criterion for the stability that Latchman and Letra used is in the following

theorem:

Theorem 2.9

The structurally perturbed system of equations (2.5) and (2.11) is stable if

Sk L (2:35)
i1 [o(Mo)f

where

Q—1/2 FI Q—1/2
Mg = : (2.36)
Q—1/2 Fm Q~1/2

F; =(ETP+PE), i=1,..m (2.37)

O

The optimal choice of Q is the one which minimizes the norm of Mg, thus providing a less
conservative assessment of the upper-bound on the uncertain parameters.

Analysis and synthesis of control systems using linear matrix inequalities (LMI)
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have received much attention recently ([Boyd 94a], [Boyd 94b], [Boyd 95]) motivated by
the advent of useful algorithms for convex optimization (interior-point methods by
Nesterov and Nemirovsky [Nesterov 93] for example). As Horisberger and Belanger
remarked in [Horisberger 76], stability robustness problem can be considered as a convex
problem involving linear matrix inequalities.

A linear matrix inequality is a matrix inequality of the form

m
F(x) := Fo+ 9 xF; >0 (2.38)

i=1
where x € R™ is a variable vector, and F; = FiT e R™", i =0, ..., m are given matrices.
Thus, a linear matrix inequality is a constraint on the variable x whose set {x | F(x) > 0} is
convex.

For a system X = A x where matrix A is a polytope of matrices on (2.31), the

sufficient condition for stability is the existence of a positive definite matrix P such that

ATP+PA;<0, i=1,.,k (2.39)
Boyd [Boyd 94a] showed that the inequality (2.39) can be transformed to the form (2.38)
in P.

Olas [Olas 92] proposed an approach to the problem of stability robustness based
on the construction of the optimal Lyapunov function. The concept of the optimal
Lyapunov function [Olas 94a] is summarized.

Determine the derivative of the Lyapunov function candidate V, along solutions of
Equation (2.5) and introduce a function

_V(tx)
VR

A(tx) : x| = 0 (2.40)
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Define the performance measure A of the function of the function V as an upper
bound of the function A(t,x)

A= sup sup A(tx) (2.41)

xeR",x20 te[o,00)

It is said that a function V is better than V if the performance measure A of the

function V is smaller than the performance measure A of V. Denote the distance d between

two functions V{ = xTSx and V, = xTS,x by a norm of a difference between matrices S;
and Sy, i.e., d =]|S1 — Syl|. The function V is called optimal if all the neighboring
functions at less than some distance d from V are not better than V. When searching for the
solution of the robust stability problem of Equation (2.5) with a Lyapunov matrix equation

such that
Po AN+ AT Po=—21 (2.42)
in a form of a hypercube Ile R™, one has 2™ quadratic forms

QF; =xTR;x, j=1,.. 2™ (2.43)
] jXs ]

where
R;:=|AJ P, +P, Ay + ETP, + P, E} (2.44)
The subscript "j" denotes j-th vertex of 2% vertices, k1), k@, .., k(2"), on the hypercube
IL
Consider the arbitrary form of perturbed Lyapunov function AV = xT AP x, and let

AQF; denote 2™ forms resulting from entering the vertices k¥ into the derivative of AV

along the solutions of Equation (1). Then, the theorem addressed in [Olas 94a] follows.
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Theorem 2.10 (Olas' Theorem)

If there is a matrix AP such that the corresponding forms AQF;, j =1, .., q

satisfy

AQFj(Cj) = CjT AR; §;<0, j=1,..q (2.45)

where
AR; := AT AP + AP Ay + ET AP + AP B (2.46)

then for sufficiently small € the function V + € AV is better than the function V where { is
a root of the form QF;. [
A recursive algorithm for the problem of the stability robustness was proposed by

Olas ([Olas 92], [Olas 94a], [Olas 94b]). However, no systematic method to enlarge the
parallelepiped 1T was proposed. It was found that the stability robustness bounds resulting

from the procedure of the algorithm are highly dependent on the way the parallelepiped I1 is
enlarged [Olas 94b].

As reviewed so far, most methods for stability robustness have used the zero-order
Lyapunov method and assumed symmetric parameter variation with respect to the origin.
These restrictions often result in extremely conservative estimates of stability bounds. Leal
and Gibson [Leal 90] proposed a first-order Lyapunov robustness method where the
Lyapunov function varies with perturbation in the system matrix. Gao and Antsaklis [Gao
93] derived an unique stability criterion for an asymmetric stability bounds. However, the
stability bounds in [Leal 90] were still symmetric bounds and the zero-order Lyapunov
method was utilized in [Gao 90]. Hence, as a natural next step, this research establishes an

asymmetric first-order Lyapunov method using the results in [Leal 90] and [Gao 93].
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Chapter III first reviews the works in [Gao 93] and [Leal 90], and then describes the

drawbacks of their results.
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CHAPTER III

GAO'S THEOREM AND BASIC FIRST-ORDER LYAPUNOV METHOD

Gao's Theorem for Asymmetric Stability Robustness Bounds

As reviewed in the preceding chapters, parameter variations with structured
perturbations were often assumed to be intervals symmetric to zero. Therefore, the stability
bounds could be very conservative. They are usually given as small, symmetric intervals
around the origin in the parameter space. Gao [Gao 93] first considered the direcéional
property of parameter variations and derived a theorem for an asymmetric stability bounds

of perturbation parameters in the following manner:

Review of Gao's Theorem

Consider the linear time—invariant system represented by the state space model with

perturbation E as shown below:

% =(An +E) x @3.1)

where Ay is a nXn real Hurwitz matrix.
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Assume that the parameter perturbation matrix takes the form
m
E=) ki (3.2)
i=1

where E; are real, constant matrices and k; are real, uncertain parameters. This form of the
parameter perturbation matrix of Equation (3.2) has many useful features. First, notice that
each uncertain parameter k; can have multiple entries in the E; matrices, each with its own
scale factor. This allows an uncertain parameter that is one term of a product to be used in
the E matrix. Also there is nothing to prevent a parameter from having multiple entries at
the same row column address of the E; matrix. Lastly, note that the total E matrix is linear

in the parameter k;. Because there are m parameters k; and each term can be positive or

negative, there are 2™ perturbations on E or 2™~! perturbations on +E. The parameters k;
form a hypercube in the m-dimensional parameter space with a vertex of the hypercube
being one of the perturbations with all maximum and minimum values of k;.

The analysis of robustness for the system Equation (3.1) is concerned with the
determination of the bounds for the perturbation elements E in which the system stays
stable. Gao [Gao 93] developed following theorem for the stability robustness of the
system described by equations (3.1) and (3.2). See Appendix C for the proof and related
lemmas.

Theorem 3.1 (Gao's Theorem)

The system on Equation (3.1) is asymptotically stable if

Y ki< 1 (3.3)
i=1

32



where

AmaxPi) fork; =0
A= ma(P) ' i=1,.,m (3.4)
Amin(Pi) fork;<O

in which

Pi = 1/2(E1TP + PEI), 1 = 1, 2,--', m (35)

O

The significance of this theorem is that it takes into consideration the directional
information which is often available in practice. Consequently, it can be shown that the
stability bound obtained here is always less conservative than that or equal to the bound

proposed by Zhou et al. [Zhou 87] which is described
m —
2. Ik ofPy) < 1 (3.6)
i=1

where o(.) denotes the largest singular value of a matrix (.).

The Shortcoming of Gao's Method

In order to show the shortcoming of the Gao's method, consider a two-dimensional

perturbation problem on Equation (3.1).
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In general, the stability robustness bounds for two-dimensional perturbed

parameters are obtained by using Theorem 3.1 as follows:

max(Pl) + ko Apax(P2) < 1, forky>0andk; >0
Amax(P1) + k2 Amin(P2) < 1, fork;>0and k, <0 3.7)
Amin(P1) + ko Amax(P2) < 1, fork; <Oandk, >0

mm(Pl) + ko Amin(P2)< 1, fork; <Oandk; <O

The condition (3.7) basically determines four boundary lines defining the stability
bounds in four quadrant respectively. Graphically, the region of the stability bounds on the
condition (3.7) is shown on Figure 3.1.

Figure 3.1 clearly illustrates that Gao's method cannot estimate the maximum

robustness bounds allowable for the range of given perturbed parameters,

kpe[kf’,kj:{ 11 }andkze{k{,ka{ 1 J
xmax(Pl) xmin(Pl) xmax(PZ) xmin(PZ)

This is the shortcoming of the Gao's method. The conventional methods reviewed

in Chapter II provide robustness bounds expressed by the full range of k; [kf’, kj

Also, notice the hypercube obtained by the Gao's method in m-dimensional perturbed
parameter space has 2m vertices, while the number of vertices for a hypercube using the
conventional methods is generally 2™.

In Chapter IV, several lemmas and a theorem called the "Expansion Theorem" is
developed to improve the shortcoming of Gao's method. The theorem allows one to verify
whether the basic asymmetric stability bounds estimated by Gao's method can be expanded

in the full hypercube in the perturbation parameter space.

34



First-Order Lyapunov Robustness Method

As reviewed in Chapter I and Chapter II, most previous works on stability
robustness on time domain, based upon the Lyapunov stability theory, have used the
zero-order method for applying the perturbed dynamic model in the Lyapunov equation.
This often resulted in conservative stability bounds. Leal [Leal 90] first introduced a basic
first-order method which uses a Lyapunov function varying linearly with perturbations in
the system matrix. However, much of Leal's work was to optimize the Q matrix in the
Lyapunov equation with the assumption of symmetric bound of stability region. This
chapter shows the development of the first-order method, compares it with the zero-order

method, and shows its advantage in estimating less conservative robustness bounds.

The Goal of Stability Robustness with I.yapunov Method

The fundamental Lyapunov stability theorems are described in Appendix B. Any
function possessing Lyapunov stability properties is termed a Lyapunov function, and the
associated system is then known to be asymptotically stable (see detail on theorems in
Appendix B). There are no general rules for finding such functions; however, for a
time-invariant linear system on Equation (3.1) the following function V(x(t)), is a

Lyapunov function candidate:

V() = xT(t) Po X(t) (3.8)

where P, is a positive definite, symmetric (Hermitian) matrix which satisfies following
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Lyapunov equation

ATP,+P,A=-Q 3.9)
where the system matrix is given by A = Ax+E, and Q is a positive definite, symmetric

matrix. Then one has

Vx(®) =-xT(t) Qx(t) (3.10)
The Lyapunov stability relationship is now used on the perturbed system defined on
(3.1). Assume that the nominal system is stable but that it is unknown whether or not the
perturbed system is stable. Certainly, if the perturbation "E" is sufficiently small, then the
perturbed system should also be stable. The goal here is to determine the range of
perturbations of matrix E for which the function on Equation (3.8) remains a Lyapunov

function.

Fundamental Zero-Order Stability Condition

The zero-order method uses nominal system dynamics to compute a P, matrix for
the Lyapunov function, V(x(t)). For a given positive definite, symmetric matrix Q, P,
satisfies Equation (3.9) and V(x(t)) is given by Equation (3.8). For the perturbed system

on Equation (3.1), one has

—dvgi(t)) =~ xT(t) (Q—ET P, — P, E) x() (3.11)

Then V(x(t)) remains a Lyapunov function if:

xT(t) W x(t) < xT(t) Q x(t), V¥ x(t) (3.12)
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where

W :=ETP,+P,E (3.13)
Condition (3.12) is the fundamental condition upon which various sufficient

conditions have been developed, as reviewed in Chapter II.

Overview of the Basic First-Order Lyapunov Method

In the zero-order method, the nominal matrix Lyapunov equation is used to generate
a nominal P matrix, which is then used to compute a stability bound for the perturbed
system. The distinctive feature of the first-order method lies in the use of the perturbed
dynamic model to generate a perturbed P matrix. This perturbed P matrix is then used to
obtain a modified stability bound. In a majority of problems, the first-order method is a
large improvement for estimating stability robustness bounds [Leal 90]. However, Leal
and Gibson [Leal 90] did not investigate the condition under which the first-order method
provides less conservative estimates of stability bounds than the zero-order method.

The procedure for computing first-order stability bounds is similar to the one for
estimating zero-order stability bounds. The perturbed system matrix, A, is given by

A=AN+E (3.14)

Now define the perturbed P matrix with

P:=P, +AP (3.15)

As before P, satisfies the nominal Lyapunov equation

Ad P+ Py AN =—Q, (3.16)

The perturbed Lyapunov equation still satisfies
ATP+PA=-Q (3.17)
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When this equation is expanded with Equation (3.14) and Equation (3.15) the result is
(An+E)T (P, + AP) + (P, + AP) (AN +E)=—Q (3.18)
If one chooses AP so that

AJ AP + AP Ay =—(ET P, + P, E) (3.19)

then

Q=Q,~(ET AP + AP E) (3.20)

Now, in order for the perturbed system Equation (3.1) to be stable, V(x(t)) should

be a Lyapunov function with

—————dvgi(t)) negative definite; i.e., both the matrix P on Equation

(3.15) and the matrix Q on Equation (3.20) should be positive definite.

Hence,

%Q)—=XTPX+XTPX (3.21)

= %" (An+EJT (P, + AP)x + xT (P, + AP) (AN +E) %
= X (AT P+AT AP+ET Po+ET AP+P, An+P, E+AP An+AP E) x

= xT (~Q, + ET AP + AP E) x
Therefore, the stability conditions for the perturbed system on Equation (3.1) are

xTAPx <xTP,x, Vx
(3.22)

xT(ET AP + APE)x <xT Qo %, V x
The first and second conditions on Equation (3.22) are for the matrix P and matrix Q be
positive definite, respectively.
In Chapter V, a new method for the asymmetric robustness bounds will be

developed using the results of first order method. Chapter V also establishes a sufficient
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condition upon which the new asymmetric first-order method provides better (less
conservative) estimates of stability bounds than those of Gao's zero-order method. The
examples in Chapter VI show that this new method generates better stability bounds than

the methods reviewed in Chapter I1.

A First-Order Method Using a Taylor Series Expansion

The motivation for the first-order nomenclature will be made clear in the following
development, in which a Taylor series expansion is used for the matrix P of the perturbed
dynamic system.

Consider a dynamic system represented by

x=Ax=(AN+eE)x (3.23)
with the perturbation matrix E is scaled by a constant €. The Lyapunov equation associated

with matrix A is given by

ATP(e) +P(e) A=—Q (3.24)
The solution P(€) exists and is unique if the perturbed dynamic system is stable.
Now assume that the solution P(€) is represented by a Taylor series expansion with center

of the nominal point, i.e. € =0:

P(e) = P(0) + sdi—(;){ " +..+HO.T. (3.25)

When € = 0 the matrix A(e) = A, from Equation (3.23) and P(0) is given by

ATP0)+P(0)A=-Q (3.26)
If P, := P(0), then Equation (3.26) is identical to Equation (3.9).

Now differentiate each side of Equation (3.24) with respect to the parameter € to
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obtain

d (AT —_do-=
mJA P(e) + P(e) A) = dqQ=0 (3.27)

Taking the derivative of the left hand side of Equation (3.27) gives

dP(e) , dP(e)

dAT T
e Pe)+ A % &

A+H@%%=O (3.28)

Using %‘% = E from Equation (3.23), Equation (3.28) gives

§§2+@%2A=0 (3.29)

TP AT
E'P(e)+P(&)E + i )

Since P(0) = P, and A(0) = A, when € = 0, Equation (3.29) yields

dP(e)| N dP(e)|

ﬂm+mE+M‘@lo G by
€= £=

Apy=0 (3.30)

The perturbation matrix AP of Equation (3.15), resulting from the parameter variation, can

be considered as a first -order term of Taylor series expansion on Equation (3.25) such that

._ dP(g)|.
M5<mgo (3.31)

Then, substituting Equation (3.31) into Equation (3.30) yields

AT AP + AP Ay = —(ET P, + P, E) (3.31)
Note that Equation (3.31) is identical to Equation (3.19) and this completes the
development of the Taylor series expansion of P(¢). This result reveals that the
nomenclatures zero-order or first-order methods imply, in the sense of the Taylor series
expansion, the number of higher-order terms used to represent the parameter perturbation
property.
The basic first-order Lyapunov method is combined with Gao's method to obtain

the asymmetric first-order stability robustness method as described in Chapter V.
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CHAPTER 1V
EXPANSION OF GAO'S ASYMMETRIC STABILITY BOUNDS
General Properties of Convexity

Convexity is an important property in the estimation of stability bounds because its
use can greatly reduce the amount of searching in the parameter space. Hence, the
definition and the lemmas for convexity are introduced for future use before the lemmas
and a theorem for the expansion of Gao's basic asymmetric stability bounds is developed.
Definition 4.1

A real valued function { defined on a convex subset of a linear space is convex if
f{(1-0) uy + 0 uy) < (1-6) f{uy) + O f{uy) (4.1)

holds for all © such that 0<8 < 1. O
Lemma 4.1
Let f be a convex function on a convex subset S of a linear space, and let

(L1, L2se-er Um) e a finite collection of points in S. If

m
0;>0Viand ), ;=1 (4.2)

i=1
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then

m m
o, ui) <3 6, fw)
i=1 i=1

Proof

(4.3)

Assume that Lemma 4.1 is true for some positive integer n. By the definition of

convexity, it is true for m = 2. Now suppose

m+1

Y Bi=1,Bi20 Vi,0< P <1
i=1

and write

m+1

2 Bi Ui = B+t Ums1 + (1- Bm+1)z 0 I

where

Bi
9-::———-—for0<1<m andze =1
1 (1—Bm+1) i=1

Since the function f is convex,

m+1

Z Bi Ui) s Bm+1 f(llm+l (1 Bm+1) Z 9; Fh)
i=1

< B+t f{lme1) + (I—Bm+l)z 0; flu;)
i=1
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= > Bi flw)
i=1

(4.4)

(4.5)

(4.6)
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Lemma 4.2

Let {lL1, U2,..., W} be a finite collection of points in R™, let S be the convex hull

of {1, Was-er Um), and let f be a convex function defined in S. Then

max, . f(1) = f(l) for some k

Proof

Eachpin S can be written as

K 6;

=
]
N Ngt

where

0;=1, 6,20 Vi

e

,..
]
—

It follows from Lemma 4.1 that

f(i 0; Hi) Si 0; f{;)
i=1 i=1

< (i 91) max; f{li;) = max; f{u;)
i=1

(4.8)

(4.9)

(4.10)

(4.11)

a

Lemma 4.2 is.a generalization of the fact that a convex function of a single variable

defined over a closed interval will achieve its maximum at one end of the interval.

Lemmas and Theorem for Expansion

Several lemmas and a theorem are derived in this chapter for the expansion of
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Gao's asymmetric stability bounds. They allow one to verify whether the basic asymmetric

robustness bounds estimated by Gao's method can be expanded in the full hypercube I in
the perturbation parameter space.

Let 1(A) denote the matrix measure of matrix A. Matrix measure have different

values corresponding to the different induced matrix norms (see Appendix A). In 2-norm

case, i.e., for the induced matrix norm ||A]}, =V Amad A* A) given the vector norm

n 12
x|, = (Z |xi|2) , the induced matrix measure is obtained [Desoer 75] by
i=1

Ua(A) = Amad A + A%)2 (4.12)

where A" is a conjugate matrix of A. For the sake of simplicity p(.) is used for py(.) from

now on.

Define the admissible perturbation matrix set
¥ = {E|MAx+E) e C) (4.13)

where Ay is a stable nominal matrix and C~ is the set of all complex numbers with negative
real parts.
Lemma 4.3

Ee ¥ if WP, E)<1 (4.14)
where P, is symmetric, positive definite, and satisfies the Lyapunov equation

Py AN+ Ap Po=-21 (4.15)

Proof

Asymptotic stability is guaranteed if

(AN+E)T Py + Py (AN+E)=21+ETP, + P, E<0 (4.16)
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Then

T
u(Po E) = xmax(ﬁgﬂ <1 4.17)
O
Define
W, =(E|uP, B)<1} (4.18)

so that ¥ is a subset of V.

Lemma 4.4

Y is convex.

Proof
For any E,; and E, € Wy, let E;=(1 -0) E, + 6 E, where 0 < 0 < 1, then
WP, E) < (1-0) WPy Ea) +0 WP Ep)<(1-0)+0=1 (4.19)

Hence E; € ¥ which means ¥ is convex. O

Lemma 4.5
Assume ® is a polytope in a parameter space. Then ® € W1 if all of its vertices are

in¥i.

Proof

Let v; denote the vertices of @, i = 1,....k. Then a point in @, y, is represented by

a convex combination of these vertices such that

k k
y= 6;v;, for V6>0and 3, 6;=1 (4.20)
i=1 i=1
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The triangle inequality, W(A+B) < W(A) + W(B), and the property W(0tA) = o W(A), V=0

of matrix measure yield
k k k
WY 6:vi|<Y, 6;Wv), forV620 and D, 6;=1 (4.21)
i=1 i=1 i=1

The condition (4.21) is generally known as a convexity property of matrix measure.

Hence one has

k k
wPy)= u(P 2 6; v,-) < Z 6; WP v;) < max [P v;)] < 1 (4.22)
i=1 i=1

O

It is shown that the Gao's method is a corollary of three lemmas as follows:

m
For a parameter perturbation, E = 2 ki E;, one has

i=1

N T
> ki (ETP,+P, E;)
ETP +P, E) Y i=1
2 max

U«(POE)=7"max( =}"max(i kipi) <1 (4.23)

2

where P; are defined in Equation (3.5).
Condition (4.23) leads to Gao's results (see lemmas C.1 to C3 in Appendix C for

proofs) such that

kmax(i kipi) < i kmax(kipi) < i kixi <1 (4.24)
i=1

i=1 i=1
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Now, define

(4.25)

Lemma 4.6

I1, and I1; are convex.

Proof
Similar to the proof of Lemma 4.4, T1, and IT; can be easily proved to possess the
convexity property. |
The fully expanded stability robustness bounds in IT; would be denoted by
m
M= {ke R™ (Z ki < 1)u(k—5ks k+)} (4.26)
i=1
Lemma 4.7
IT is convex.
Proof

The vertices of Iy, if they exist, are always on the hyper-axes in the parameter

space. The vertices of IT are linear unit combination of those of I1; which is convex.

H

Hence IT is convex.

Lemma 4.8 (Fang, Loparo and Feng [Fang 94])

If there exists a positive definite matrix P, such that AT P, + P, A is stable for any
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A € T, then the polytope of matrix A is stable where T is the set of vertex matrices.

O

Theorem 4.1 (Expansion Theorem)
Gao's stability robustness bounds, 111, are fully expanded in the hypercube I1 if

AN+ E(k(j)), Vj = 1,...,2™ are negative definite, where kO is the j-th vertex of I1.

Proof
It is known that the Lyapunov equation AT P, + P, A = —I yields a positive definite

solution if A(A) € C~ (see Theorem B.6 in Appendix B). Since I is convex, the set of

m
matrices A = AN+ 2 k; E; is a polytope (convex hull). Hence using Lemma 4.8, if A =

i=1

AN + E(k(j)) is negative definite at all vertices j = 1,...,2™, then the polytope of matrix A is

stable in the hypercube I1. O
Remark 4.1

If AN+ E(k(j)), j = 1,...,2™ is negative definite, Gao's stability robustness bounds

in j-th hyper-quadrant are fully expanded respectively, where kU is the j-th vertex of TL
O

Graphical Illustration for a Three-Dimensional Example

The preceding lemmas and theorem imply that the expanded zero-order stability

robustness bounds can be tested only on 2™ vertices points of the hypercube parameter

space for k;'s to expand Gao's stability robustness bounds to the full parallelepiped
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I1= {k e Rk <k< k‘“}. Figure 4.1 illustrates the comparison of the stability bounds

estimated by Gao's method and the expanded stability bound estimate by Theorem 4.1 for a
three-dimensional perturbation parameter system. As shown in Figure 4.1, Gao's method
yields stability bounds whose vertices, if they exist, are always located on the hyperspace

axes. Each vertex of Gao's stability bounds is a maximum or a minimum value of each

perturbation parameter, k1+, | S ks, Kq, and the number of all vertices would be 2m.

Vertices of the expanded volume of the hypercube with these maximum and minimum

perturbation parameters are linear combination of these extreme parameter values, and the

number of vertices is 2. For example, in Figure 4.1, k™M = (k;', k5", k{") and
k@ = (k{", k5, k3). The stability test using Theorem 4.1 and Corollary 4.1 at vertices k(!

and k® respectively proves whether the stability boundaries can be expanded the full

region of the hyper-quadrant to which each vertex belongs.

A Discussion of Expansion Theorem

As mentioned in Chapter I and Chapter II, the natural conjectures of Kharitonov's
type of results to the family of interval system matrices have failed and the stability
robustness problem for a polytope of matrices is not yet resolved. The significance of the
Expansion Theorem is that it enables a Kharitonov's like stability test at the vertices of the
hypercube to expand Gao's stability bound estimates to the full hypercube of perturbation
parameter space. The versatility of the Expansion Theorem is that it can be applied at each
vertex independently. In other words, the stability boundaries at each hyper-quadrant can
be expanded by satisfying the sufficient condition independently regardless of the results of

stability tests at the other vertices.
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CHAPTER V

ASYMMETRIC FIRST-ORDER STABILITY ROBUSTNESS BOUNDS

Theorem for an Asymmetric First-Order Lyapunov Method

In most earlier work on stability robustness as well as Gao's method, the zero-
order method has been used to generate the Lyapunov function. This often resulted in
conservative robustness bounds. In this research, the first-order method is combined with
the Gao's method so that the perturbed dynamic model is used to generate a perturbed P
matrix. This perturbed P matrix is then used to obtain modified better stability bounds.

Define the perturbed P matrix with

P =P, + AP (5.1)

in which matrix P, satisfies the nominal Lyapunov equation

AL Py + P, Ay =-21 (5.2)
Define
T .
AP, :=Ei AP;AP B oioiom (5.3)
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and

AmaxlAP;)  fork; >0

AN = (5.4)
AmiodAP;)  fork; <0
The perturbed Lyapunov equation still satisfies
ATP+PA=-Q (5.5)

Theorem 5.1 (Asymmetric First-Order Lyapunov Method)

The linear system described by Equations (3.1) and (3.2) is asymptotically stable if

Y kiAdi <1 (5.6)

i=1

and if P is a positive definite matrix where AP satisfies

Ax AP + AP Ay = —(ET P, + P, E) (5.7)
Proof

Let the candidate Lyapunov function V(x,t) = x(t)T P x(t), then

dV(x,t)

=x'Px+xTPx
dt

(5.8)
=[(An+E)x[T (P, + AP)x + xT (P, + AP)(Ay+E) x

=xT (AT P, + AT AP + ET P, + ET AP + P, Ay + Po B + AP Ay + AP E) x

=xT(ET AP + AP E - 21) x + xT (AT AP+ AP Ay + ETP, + Po E ) x

m m
=XT(2 ki ETAP + Y k; AP Ei—ZI)x

i=1 i=1
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=xT [i ki (ETAP + AP E;) - 21} x
i=1

m
=2xT(Z k; APi~I)x

i=1

For the system on Equation (3.1) to be asymptotically stable

X(i ki APi) <1 (59)

i=1
It was proved by Olas (see lemmas C.1 to C.3 in Appendix C for proofs) that
m m m
x(z ki APi) <Y Amadki AP <Y ki Ad < 1 (5.10)
i=1

i=1 i i=1

Note that the positive definite matrix Q for the first-order method is obtained using the

equations (5.2), (5.5) and (5.7).

Q=2T1-(ET AP + AP E) (5.11)

The matrices P and Q should be positive definite so that a system equation satisfies

the Lyapunov matrix equation to be asymptotically stable. Equation (5.7) provides AP
which results in positive definite matrix Q on Equation (5.11). One approach for the
problem of stability robustness is to search for a matrix Q that maximizes the size of the
hypercube of stability estimates. Nonlinear optimization techniques ([Leal 90], [Latchman
91]) were used to directly find optimal matrix Q. It can be said that the Olas' works ([Olas
92], [Olas 94a], [Olas 94b]) to find the optimal Lyapunov function is also a second

approach to find the optimal matrix Q.

52



Optimal Property of Asymmetric First-Order Lyapunov Method

The asymmetric first-order method proposed in Theorem 5.1 overcomes the

shortcoming of Olas' algorithm. It is shown, in Theorem 5.1, that the perturbed Lyapunov

matrix AP is obtained using Equation (5.7), and the increment of parallelepiped I1, of
uncertain parameters, is not arbitrary but explicitly enlarged by the inequality condition
(5.6). Following theorems show how the optimal Lyapunov function property in Olas'
Theorem completes the first-order method in Theorem 5.1.
Theorem 5.2

The stability bounds estimated by the asymmetric first-order method are always
better (less conservative) than those of zero-order method if the Asymmetric First-Order

Method proposed in Theorem 5.1 satisfies the condition for an optimal Lyapunov function

in Theorem 2.10, i.e., AQF; < O(Ry is negative definite) on the vertex k where the first-
order method is applied. |

Proof

Define P =P, + AP, V =V, + AV = xT (P, + AP) x, then the variation AQFj is

determined by

AQF;=xTRyx=xT ATAP + AP Ay +ETAP+APEjx  (5.12)

Substituting Equation (5.7) into Equation (5.12) yields

AQF; = xT|[ET (AP - P,) + (AP — P,) El; x < 0, ¥x, x#0 (5.13)
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Using Equation (3.5) and Equation (5.3) one has

[ET (AP-P,) + (AP-P,) E}k = [i kiEiT(AP—PO)+i ki(AP—PO)EiJk

i=1 i=1

(5.14)
_y ki (E;TAP+APE; ) -{ETP,+P.E )l
i=1
m
=2 k{AP-Pj}
i=1
Hence, Equation (5.13) yields
AQF; =2 xT [i ki(APi—Pi):|k x<0, Vx, x#0 (5.15)
i=1

Equation (5.15) implies that

l[i ki(APi—Pi):|k < i Mnax Ki{ AP=P; |, < i [k{Aan—n)l <0 (5.16)

Hence

AR <A (5.17)

Consider that the vertex on i-th axis of the stability bound's hypercube in the

perturbation parameter space is given by 7 ) for the zero-order method and 7 Ay for the
1

first-order method as shown in Figure 1. Therefore one can conclude, using condition

(5.17), that the estimate of stability bounds by the first-order method is better than those of

the zero-order method. ]
There may be more than one vertex of the zero-order stability bounds which satisfy

the conditions described in Theorem 5.1 and Theorem 5.2. In such a case, using the
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performance measure of the Lyapunov function defined in Equation (2.39), one can

determine the vertex where the first-order method is applied as follows:
Let V:=xTP,x, AV :=xT AP x and P := P, + AP := P, + £ AP. Determine matrix
perturbation, AP, by Equation (5.7) at each vertex, k(V,....k{2"). Consider two

performance measures A, and Ay, of the functions A, and Ay respectively, where subscript

a" or "b" denotes a vertex among the vertices of the zero-order stability bound estimates

which satisfies the conditions in Theorem 5.1 and Theorem 5.2. Assume the Lyapunov

function V, is better than Vy, i.e., A, is smaller than A, then one has the following
Theorem.
Theorem 5.3

"1

Stability bound estimates by the first-order method applied on the vertex "a" are

better than those applied on the vertex "b" if the matrix A,AP, — Ay APy, is positive definite.
Proof

Using the results in Equation (5.8), one has

Aaorb=XTPx+XTPX =V+8AV (518)
xT'Px aorb V+E€AV L orp
For small &, applying the Taylor series expansion to Equation (5.18) yields
- Lg(ﬂ_y'_uﬂ 5.19
A~aorb {V vV V V ot ( )
Meanwhile as Olas [Olas 94a] suggested
Vi xTP,x yTy '
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where y := P{ x and R; is defined in Equation (2.42). The maximum value of V/v‘j is
equal to the largest eigenvalue of the matrix PO"O'5 R; PO"O'5 . Let XJ denote the largest

eigenvalue of the matrix P % R; P, . Then one has A, < Ay, since A < Ap.

e = supA.—supAr=max V. (ﬂ vAvﬂ_ Vi (ﬂ VAVH o1
Aa—Ap = supA,—supAy g}saRTS vV VvV, QRVFS vV VYV b<O(. )

Then condition (5.21) yields

AV| 5 |AV||_[AV| _y |AV
({ VL 7”“{ VL) ({VL xb{VL <0 (522)
which leads to
(av],-[aV]) - (rdav], navi) <0 (5.23)
Similar to the proof for Theorem 5.2, condition (5.23) derives
(AQF, — AQF,)  xT (AeAP, — AoAPy) x < 0 (5.24)

Hence, if A,AP, — A, APy, is positive definite, then

ki(AM)AAM ] <0 (5.25)

INGE

[kfAn—2s)), -

=

1
—

=

._.
1l
—

k{Ar-A)ly = .

1

1
—_

1
which means

(A <far:y (5.26)
Thus the stability bound estimates at vertex "a" are better (less conservative) than

that at the vertex "b". d
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Application Procedure for the Asymmetric First-Order Lyapunov Method

to Estimate the Stability Robustness Bounds

The whole procedure to estimate the stability robustness bounds using the
asymmetric first-order Lyapunov method is proposed in the following manner:

First, estimate the stability bounds using the Gao's zero-order method described in
Theorem 3.1.

Second, apply the Expansion Theorem to the vertices of stability boundaries
estimated by Gao's method to verify whether Gao's stability bounds can be expanded in
the full hypercube.

Third, using Theorem 5.3, find the optimal vertex to apply the first-order method
among the vertices of the stability bound hypercube obtained in second stage.

Fourth, estimate the stability bounds by applying the asymmetric first-order method
of Theorem 5.1 to the optimal vertex identified in third stage, then expand the stability

bounds using the Expansion Theorem.

Discussions of the Asymmetric First-Order Lyapunov Method

First, the significance of the asymmetric first-order Lyapunov method is that it
resolves the conservatism problem of stability bound estimates that conventional methods
often produce. Two major causes of conservative stability bound estimate are the failure to
consider structured features of the uncertainties when generating a Lyapunov function and
the neglecting directional property of the perturbation parameters. These causes are
resolved by considering a perturbed dynamic model of the Lyapunov matrix equation to
generate a Lyapunov function and the directional property of the perturbation parameters.
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Without mathematical proof, Olas and Ahmadkhanlou [Olas 94b] asserted that the
optimal Lyapunov function ensures larger stability bound estimation than the other
quadratic functions in its neighborhood could provide. Theorem 5.3 shows a condition
under which Olas and Ahmadkhanlou's assertion can be proved. The significance of the
asymmetric first-order Lyapunov method from a standpoint of Olas' optimal Lyapunov
function is that the enlargement of the stability bounds for uncertain parameters can be
obtained systematically as shown in Equation (5.7). Even though the stability bounds with
Olas' algorithm [Olas 92] are highly dependent on the way the estimated stability bounds
are enlarged [Olas 94b], no explicit method for the enlargement was proposed in Olas'
works.

Theorem 5.2 shows that the condition for an optimal Lyapunov function in Olas'

Theorem 2.10 can be used to complete the asymmetric first-order Lyapunov method.

Theorem 5.2 proves that if the perturbed matrix P = P, £ AP is positive definite, then the

asymmetric first-order method always provides larger stability bounds than those of Gao's

method. In other words, Theorem 5.2 determines the absolute amount of perturbation |AP|
of nominal Lyapunov matrix P, to obtain better estimates of stability bounds by applying

the asymmetric first-order method.
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CHAPTER VI

EXAMPLES

Example 1: A Second-Order System

Consider the two-dimensional, second-order the system in [Zhou 87].

. |32 -1-1 11
x—{ 1 0}x+k1[0 0}x+k2{0 O}X
in which the stability bound obtained by Zhou and Khargonekar [Zhou 87] is
ki +[ko| < 1, for any kq, ko
The exact stability bound for the system on Equation (6.1) is

Ky +ky <2

The eigenvalues of P; defined in Equation (3.5) are

MPp) = {-1,0} and A(P2) = {1, 0}

(6.1)

(6.2)

(6.3)

(6.4)

Hence, the zero-order stability bounds given by Theorem 3.1 are determined by

ko<1 fork; 20,k;20
Vkl,kz fork; 20,ky <0

k1+k2<1 fork1<0,k220
k;>-1 fork; <0,ky <0
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From the results of the fundamental zero-order robustness bounds on condition

(6.5), one has the vertices of the 2-dimensional k -k, perturbed parameters plane: (-1, 0),

(0, 1), (=1, —eo), and (o, 1). The expansion Theorem 4.1 is satisfied at the vertex (-1, 1)

on the ky-k, domain. Hence the expanded Gao's stability bounds are determined as

follows:

ki>-landky <1 (6.6)
The eigenvalues of AP; on the vertex (-1, 1) are

AM(AP)) = {-0.5, 0} and A(AP,) = {0.5, 0} (6.7)

Hence the vertices of the 2-dimensional k{-k; perturbed parameters plane are: (-2,

0), (0, 2), (-2, —=), and (oo, 2). Using Theorem 5.1, the asymmetric first-order stability

robustness bounds are determined by following four divisions:
0.5k2<1 fork; =20,kp =20

Y ki1, ko fork; 20,ky <0
(6.8)
05ki+05ky<1 fork; <0,k 20

05ky>-1 fork; <0,ky <0
The expansion Theorem 4.1 is not satisfied at the vertex (-2, 2). Therefore the
robustness bounds cannot be expanded further. The comparison between various
robustness bounds for this example is shown on Figure 6.1. As shown on Figure 6.1, the
stability region using the new first-order asymmetric method is less conservative, and

approaches the exact stability region.
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Example 2: A Third-Order System

Consider the two-dimensional, third-order system in [Zhou 87] given by

[20-1 101 000
X=|0-30|x+kil0 00 |x+k 01 0]x (6.9)

-1-1-4 101 010

Zhou and Khargonekar [Zhou 87] proved that the system is stable within the
following robustness bounds:
0.6052 [kq| + 0.3512 [ko| < 1, for any ky, ky (6.10)
The exact stability bound for the system on Equation (6.9) is
ki <1.75 and ky <3 (6.11)

The eigenvalues of Py and P, are

AP1) = {0.6052, 0, -0.0338} and A(Py) = {0.3512, 0, -0.0487} (6.12)

and the stability bounds derived using Theorem 3.1 are

0.6052 k1 +0.3512 k<1  fork; 20,k 20

0.0338 k; + 03512k, <1 fork; <0,k, =0
(6.13)

0.6052 k; + 0.0487 k, <1 fork; =0,ky <0

0.0338 k; + 0.0487 ky <1 fork; <0,k <0
From the conditions of zero-order robustness bounds on (6.13), one has the
vertices of the 2-dimensional k;-k, perturbed parameters plane: (—-29.586, 0), (0, 2.847),
(1.652, 0), and (0, —20.534). The Expansion Theorem 4.1 is satisfied at the four vertices
of the k1-k, domain: (-29.586, —20.534), (1.652, —20.534), (-29.586, 2.847), and
(1.652, 2.847). Hence the robustness bounds are fully expanded on the ranges of the
ki and k, parameters. At the vertices (—29.586, —20.534), (1.652, -20.534), (-29.586,
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2.847), the perturbed matrices P = P, + AP, where AP is obtained by Equation (5.7), are

not positive definite. On the other hand, the matrix P at the vertex (1.652, 2.847) is

positive definite since their eigenvalues are all positive. The eigenvalues of AP; at the

vertex (1.652, 2.847) are

AMAP)) = {0.5714, 0, -0.0318}
MAP,) = {0.3705, 0, -0.0131}

(6.14)

Using Theorem 5.1, the asymmetric first-order stability robustness bounds are

determined by the four divisions:

0.5714 k; + 03705k, <1  fork; 20,k 20

0.0318 k; + 03705k, <1 fork; <0,ky >0
(6.15)
0.5714 k; + 0.0131 kp <1 fork; >0,k; <0

0.0318 k; +0.0131 ko <1  fork;<0,k; <0
The vertices of the bounds defined on the condition (7.14) are: (1.7501, 0), (O,
2.6991), (-31.4465, 0), and (0, —76.3358). At these vertices, the expansion Theorem 4.1
is satisfied. The comparison between the various robustness bounds for this example is

shown on Figure 6.2.

A Discussion of Examples

As the numerical examples demonstrated, the proposed asymmetric first-order
method estimated less conservative stability bounds for perturbation parameters than those

obtained by conventional methods. In particular, Example 1 shows that new method can
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easily estimate the infinite bound of the stability region while the recursive iteration method
demands much computational effort to identify the infinite boundaries of stability estimates

[Olas 94b].
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CHAPTER VII

CASE STUDIES

Case 1: A Two-Stage Electrohydraulic Servovalve Design

Problem Statement

A two-stage electrohydraulic servovalve with a drain orifice is considered as a
practical plant for the application of stability robustness. The stability of a two-stage
electrohydraulic servovalve has received much attention for many years and is not
completely resolved (see [Merritt 67], [Martin 76], [Watton 87], [Akers 90]). A new
design for a two-stage electrohydraulic servovalve is introduced in Appendix D. A feature
of the new servovalve is a variant drain orifice damping on the first-stage flapper-nozzle in
order to increase the system performance as well as the system stability.

The dynamics of an electrohydraulic servovalve are complex and highly nonlinear;
many physical properties and characteristics of the electrohydraulic servovalve are hard to
measure or affected by conditions such as temperature, wear, and oil contamination.
Empirical or experimental data have been used in the design stage to determine the stability

robustness of an electrohydraulic servovalve, however a few analytical methods for
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determining the stability robustness of an electrohydraulic servovalve have been published
(see for example [Merritt 67], [Nikiforuk 69], [de Pennington 74], [Watton 87], [Akers
90]).

Recently, Watton [Watton 87] addressed a stability criterion for the design of an
electrohydraulic servovalve using the linearization method and some assumptions for
simplification. However, Watton's stability criterion is too conservative to be used for the
practical design of a two-stage electrohydraulic servovalve. Watton also neglected the
effect of the viscous damping constant of the second-stage spool which is not negligible in
practice. Watton's criterion provides narrow tolerance limits of the uncertain parameters
resulting in high manufacturing cost. Therefore, a new stability robustness method for the

design of the two-stage electrohydraulic servovalve is desirable.

Modeling of Servovalve Dynamics

The new method for the stability robustness bounds in preceding chapters could be
applied to the design of a servovalve. Here, in order to illustrate effectiveness of the new
stability robustness method when applied to practical design problems, a conventional
two-stage electrohydraulic servovalve wjth a fixed drain orifice is considered [see Watton
87 for details]. The results of the stability analysis using the new method are compared to

Watton's stability criterion.
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The simplified configuration of the flapper-nozzle valve with a fixed drain orifice is

shown on Figure D.2, Appendix D. From the continuity of flow it is seen that

‘Vt—dg%l_=Qol_in_st_QL

B

V0% - Q- Qua+ Qu+ QL 7.1
B

’\é%),f:in +Qn2‘Qe

where

2
Qo1 = Cao "5 4 [2 (s~ )

d2
Qoz = Cao ™2 4/%(1%—1’2)

Qui =Cyrm dy (Xfo - Xf) (Plr" Pe)
(7.2)

173

Qn2 = Car T dn (X50 + Xg) (P2 — Pe)

5,

Qs = Ap dt

QL=Kr(P; - P;)

ndf
Qe=Cua- 4'd" % P.
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The dynamics of the torque motor with a flapper are given by

’;f+B 9% | Ky xe+ A 12(P1 —Py)

R
thl~J dt

dt

And the dynamics of the second-stage spool valve are given by

d? d
* B, 2 K, Xp

A, (P —Py)=M;

Define following variables for the non-dimensionalization such that

: 2
ko=Cd0nd0 &, ko = Car T dp Xgo 2By
and

Cad df

Cdodo
5. P1 5 _P v _Pe —_x - _ %X =

Pi=—-< P =—_=, P, == = =— =
! P’ 2 P, © P, f Xfo P Xpm '
C=P5Vt, Ce=PsVe
B B
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(7.3)

(7.4)

(7.5)

(7.6)

(7.7)

(7.8)



Then, Equation (7.1) and Equation (7.2) yield

(7.9)
X o
Ap Xpm -~ KL P (P -Py)
c%=ko«/1—§2 —kn(1 +X)VPs — Py +
(7.10)

dx = =
Ap Xpm — 2+ K1 P, (P - P2)

Co Pe — i, (1 =X V/P1 = Po + kn (1 +X) VP — Po —

dt

(7.11)
Ak, VP,
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Using the Taylor series expansion at the null position of flapper, one has

N1-Pi=-1__L1 AP,
2 Vl_ﬁlo
N1-Py=-L L1 AP,
231-p,,
(1 =Xg) VP —=Pe = =4/ Py — P Axg+ L —L__ AP -
2 VPlo_Peo
% N ——\ -
Plo_Peo

(7.12)

(7.13)

(7.14)

(7.15)

(7.16)

Substituting the equations (7.12) to (7.16) into the equations (7.9) to (7.11) and

defining the state variables such that

xT=[xy, ..., X7] =|AXp, A%y, AX,, AX,, APy, APy, AP.|, u=i (7.17)

one has the following state-space form of servovalve dynamics:

Xx=Ax+Bu
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where (1) - k0 _ kn _ KLPs
2C9; 2C.  ©
Giy:——Ko__Kn _KiPs
2C9, 20 ©
o k(01e-02e)
(ii1) —T
(lV) : __Q%CCH_ L.*._L)_ ?"ko
e ¢le ¢26 2Ce¢e
0 1 0 0 0 0 0
_Ka —Ba 0 0 _Anr2PS Anr2Ps 0
Ja Ja JaXfo  JaXfo
0 0 0 1 0 0 0
A= 0 0 -K; -B, APy —ApPs 0
MS MS Msxpm MsXpm
kné:& 0 | 0 _AI();(pm (1) KIéPS kn
2C01e
_k1(1:¢2e 0 0 Apépm KIéPs i) k,
2Choe
Gi)y 0 0 0o Xk oy
L 2Ceq)le 2Ce¢2e
BT=| o Kim o 0 0
JaXfo
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in which the variables defined for simplification are

¢p:=v1 ~Pio, 02 :=V1 =Py, O1¢ :=V P — Pey, 02 1=V P20 — Peo, Oc =V Peo.

Stability Consideration

Since the servovalve system equation (7.18) is not a regulator form for Equation
(3.1), one needs to consider the relationship between BIBO (Bounded Input-Bounded

Output) stability and Lyapunov stability. It is said that a dynamic system described by a

vector differential equation x = f(x,u,t) is BIBO stable (any bounded input u produces a

bounded output x) if for all x, and t,, and for all bounded inputs u(t), t, <t < oo, which

satisfy the inequality |{u|| <M forall t>t, where M < oo is a constant. The output
motion x(t,Xq,t,) is bounded.

It may be concluded that the Lyapunov stability concept is concerned with the
internal dynamics of the system, whereas the BIBO stability reflects their external behavior.
In general, Lyapunov stability does not guarantee BIBO stability, and vice versa.

However, if a linear, time-invariant, differential system is asymptotically stable (in the
large) in the Lyapunov sense, it is also BIBO stable; that is, any bounded input will
produce a bounded output [Zadeh 63]. The converse is also true, provided the system is
completely observable and controllable. Hence the new method for stability robustness

bounds can be applied to the stability of the servovalve system on Equation (7.18).
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A Typical Numerical Example

Table 7.1 shows typical servovalve parameters. From the data on Table 7.1 and by
[Watton 87], the values of some parameters on Equation (7.18) at the null position are

estimated such that

2 2 2
p=Caads _ 4o z=(k—n) - 16(———Cdf dy XfO) =101 (7.19)
Cao d02 ko Cao do
and
Peo = 47 ~=0.1023 (7.20)
4Z+(1+Z) A\
5 _% 4742
Py, =Py, = Z+ - =0.5489 (7.21)
47Z+(1+Z)A
Hence

01 = Oy = 0.9475, o1 = bz = 0.6683, e = 0.3198 (7.22)

Substituting the values of the parameters on Table 7.1 into the matrix A on Equation

(7.18), and finding the eigenvalues of matrix A yields

10° X [—1.5601 + 1.1152i, -0.0116, —0.1939, —-0.0005, —-5.6693, —0.1326}

Since all eigenvalues have negative real values, the system on Equation (7.18) is
asymptotically stable.

Suppose that the uncertain parameters are the viscous damping constants of the
flapper-nozzle and that of the second-stage spool: i.e., k; = By, ko = B;. Applying Gao's
zero-order stability bounds to the system matrix, one obtains the following robustness

bounds condition.
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5.1302 X 10° k; + 1.8505 X 10%ky <1, k;>0, ky>0 (7.23)
The Expansion Theorem 4.1 is satisfied at the vertices of the stability region defined

on condition (7.23). Then applying the first-order method in Chapter V at the vertex

(1 .9492 x 1076, 5.4039 x 10‘5), one also obtains the following stability robustness bounds
9.1408 k1 + 0.04644 ky <1, k1 >0, ko>0 (7.24)
Since the Expansion Theorem 4.1 is satisfied at the vertices obtained on condition
(7.24), the stability robustness bounds are fully expanded. Figure 7.1 graphically shows
the results of the stability robustness bounds resulting from the conditions of (7.23) and
(7.24). This figure reveals that the first-order method estimates significantly less

conservative stability bounds than the zero-order method.

Analysis and Discussion

Watton [Watton 87] proposed a sufficient condition for a two-stage electrohydraulic
servovalve with a drain orifice as follows:

Ba2 Xfo

>f (7.25)
J,P A2 ¢

where f; is a gain function defined in [Watton 87]. The gain function f; is mainly

determined by the parameters of the servovalve configuration and flow characteristics.
In the stability criterion of the condition (7.25), Watton neglected the effect of the
viscous damping of the second-stage spool valve. Even neglecting the effect of the viscous

damping of the spool on the Watton's criterion, the maximum value of the damping

constant of the flapper-nozzle in this example would be estimated less than 3.9775 x 10~

Ibsin s /rad. This value is too small to be compared with a practical one. The supply
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pressure should be also decreased for stability if the viscous damping constant of the
flapper decreases. Hence precise estimation of the viscous damping is important for the
economic operation and the design of the electrohydraulic servovalve.

The purpose of Watton's study was to assess the effect of the drain orifice damping
on the performance and the stability of an electrohydraulic servovalve. Since a drain orifice
is attached to the flapper-nozzle, a small back pressure increases the stability of the
servovalve, but decreases performance characteristics such as the null pressure sensitivity.
However one cannot easily use the sufficient condition (7.25) to determine the size of the
drain orifice for stability, because parameters of the drain orifice such as dg and V are not
explicitly included in the condition (7.25). This drawback is resolved if the proposed
method for the stability robustness is utilized.

Hence, one can find that the proposed method for stability robustness provides
superior stability bound estimates compared to those of conventional methods, and that the
new method can be complementary to the Watton's criterion and applicable to the practical

design of a two-stage electrohydraulic servovalve with a drain orifice.

Case 2: Sensor Degrading Accommodation with Incomplete Information

Problem Statement

This is the type of control system failure where some of the sensors lose accuracy,
and it is called a "sensor degrading" failure. When failure information is incomplete, the
major concern is system stability. If the system can be stabilized quickly, immediate
catastrophic consequences can be avoided and time is available to obtain more accurate

information on the failure. The stability analysis, to check if the nominal system still
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remains stable for any sensor degradation, should occur before the stabilization action. If
result of the stability analysis is negative, then one can take the linear quadratic (LQ)
approach to desensitize the system with respect to the uncertain sensor degradation. By
utilizing the results of the preceding chapters one is able to analyze, in an aircraft flight
control system for example, how much sensor failure the system can tolerate. See ([Etkin

72], [Etkin 82]) for the sensors utilized in an aircraft.

Modeling of Aircraft Control Motion

A typical formulation of the longitudinal motion in a fighter aircraft is given by

[Sparks 93]

Bpv

MR

Opy

where
o, q: angle of attack and pitch rate

Zy, My: longitudinal dimensional stability derivatives

dpy: pitch vectoring nozzle deflection
The gyroscope sensor produces measurement of pitch rate in the body axis, and angle of
attack signal is constructed by augmenting the vane measurement from the air data unit with
inertial data.

Assume that the pitch rate sensor and the angle of attack sensing apparatus are
degrading. Define the sensor degradation

oi=ri o, g:=rq (1.27)

where r; and r; are the degrading constants for the angle of attack sensing apparatus and
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the pitch rate sensor, respectively.
Assuming the LQ controller where a constant state feedback, u = K x, is used to

minimize the quadratic cost function

J=f (xTQx+uTRu)dt (7.28)

where Q and R are positive definite symmetric weighting matrices for the states and inputs,
respectively. The control gain K is obtained by solving the Riccati equation.

Substituting Equation (7.27) into Equation (7.26) and using the constant state
feedback control yields the perturbation matrix

0 Zs, kiz (7.29)
0 Ms, ki

where kj; is ij_th component of the gain matrix K.

A Typical Numerical Example

Typical data for a fighter aircraft in [Sparks 93] are used for the numerical

calculation.

o | 10,0264 0.99057[ o {-—o.oszo}
= + 8 7.30
L} {—0.8810—0.2079”q} 43434 °PV (7.30)

Using this model, the stability robustness bounds analysis for the perturbed
parameters r; and ry is performed, i.e., k; =11, ko =rp. When Q=101and R =1 where I

is an identity matrix, the feedback gain K = [3.0923, 3.2918] is obtained in Equation
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(7.28). Then one has

[ -0.1608 0 [0 01712
BEloasio o } EZ_[ 0 -142077| P

The eigenvalues of P and P, estimated by Gao's Theorem are

AP1) = {69.0815, -90.3626), A(P;)={0.7593, —168.9734)  (7.32)

and the stability bounds derived are

69.0815 k1 +0.7593ky <1 fork; 20,k, 20

90.3626 k; +0.7593 ky < 1 fork; <0, ky >0
(7.33)

69.0815 ki + 168.9734 ky <1 fork; 20,ky, <0

90.3626 k1 + 168.9734 kg <1 fork; <0,k; <0
The Expansion Theorem is satisfied at the four vertices of the ki-ky domain: (0.0145,
1.3170), (-0.0111, 1.3170), (-0.0111, —0.0059), and (0.0145, —0.0059). Hence the
stability bounds are expanded into the full ranges of Gao's zero-order estimates. The
perturbed matrices P obtained by Equation (5.7) at the vertices (0.0145, 1.3170) and
(-0.0111, 1.3170) are not positive definite, while the matrices P obtained at the vertices
(-0.0111, —0.0059) and (0.0145, —0.0059) are positive definite. Denote v and v, for the
vertices (—0.0111, —0.0059) and (0.0145, —0.0059) respectively. Then, using Theorem

5.3, one can find that the vertex vy is better than the vertex v; to apply the first-order
method. The eigenvalues of AP; at the vertex v are

MAP;) = (-47.6941, 41.8053), AAP,)={0.1032, -95.1714)  (7.34)
And, the eigenvalues of AP; at the vertex v, are

MAP;) = {27.1281, -25.6049), A{AP,)={0.0117, -56.1240}  (7.35)

77



which yield following first-order stability robustness bounds

27.1281 k1 +0.0117ky <1 fork; 20,k 20

25.6049 k; +0.0117ky <1 fork; <0,k >0
(7.36)

27.1281 k1 +56.1240ky <1 fork; 20,kp <0

25.6049 k1 + 56.1240ky <1 fork; <0,k <0
Since the Expansion Theorem is satisfied at the vertices (0.0369, 85.4701) and (-0.03906,
85.4701), the stability bounds can be expanded in the quadrants where these vertices
belong to. Figure 7.2 illustrates several stability bound estimates for the perturbed
parameters kj and ky. This figure shows that the degradation of pitch rate sensor is more
tolerable than the failure of angle of attack sensing apparatus for the aircraft to maintain

stability.

A Discussion of Case Studies

Many earlier works for stability robustness often used simple numerical examples
as shown in Chapter VI to verify their results. However, as demonstrated in the preceding
two practical examples, the stability bounds estimated by conventional stability robustness
methods are often too conservative to be used for the analysis of practical systems. Case 1,
for the design of a two-stage electrohydraulic servovalve, shows that conventional
methods have estimated extremely conservative stability bounds for uncertain parameters.
Even Gao's method for asymmetric stability bounds failed to provide practical, useful
estimates. On the other hand, the proposed asymmetric first-order method, which was
easily applicable, provided a substantially large estimation of stability bounds for practical

usage.

78



CHAPTER VIII

APPLICATION TO ASYMMETRIC ROBUSTNESS MEASURE
OF EIGENVALUE DISTRIBUTION

Introduction

For a linear time-invariant control system, it is known that the performance
specifications for the system can be satisfied by suitably assigning the poles of the system.
However, due to the presence of uncertainty or variation of parameters for a system with
an approximated model, the poles of the designed system shift away from their prescribed
locations so that the performance of the system may be seriously degraded. Therefore, it is
desirable to estimate the allowable bounds of uncertain perturbation parameters under
which the eigenvalues of the perturbed system stay in the prescribed region.

Recently, robust eigenvalue-assignment problems, to maintain the stability and
meet additional performance requirements of a perturbed system, received much attention
([Juang 89], [Juang 90], [Shieh 90], [Chou 91], [Juang 93], [Horng 93], [Alt 93],
[Chouaib 94]). However, similar to the stability robustness problem, most estimation
techniques developed assume symmetric bounds of perturbation parameters around the
origin to provide conservative estimates of robustness bounds. This chapter deals with
asymmetric robustness measures for linear systems with structured uncertainties where the

eigenvalues of the perturbed systems are guaranteed to stay in a prescribed region. Based
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upon the Lyapunov approach as shown in preceding chapters, new techniques to estimate
allowable perturbation parameter bounds are derived. Examples are given to illustrate

proposed methods.

Preliminary Results

Consider a line L which separates the complex plane into two open half-planes, H

and H, as shown in Figure 8.1. The line L intersects the real axis at (¢, 0), the imaginary
axis at (O, jB), and makes an angle 8 with respect to the imaginary axis, where 0 is

assumed positive in a counterclockwise sense and —t < 6 < 7.

Juang et. al [Juang 90] proposed the following lemmas:
Lemma 8.1

All the eigenvalues of the constant matrix A lie in the region H if and only if matrix

e 3% A — ol) or matrix e e(A - jBI) is stable. [
Lemma 8.2

All the eigenvalues of a constant matrix A lie in the region H if and only if

[e39(A —od)] P+ Pled®(A —ol) =21 (8.1)

or

[e-i%(A —iBL)|" P + P[e9(A - jpI)] =21 (8.2)
has a unique positive definite Hermitian solution P, where * denotes the conjugate

transpose. ]

Based upon the Lyapunov approach, Juang et. al [Juang 90] addressed a technique
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for calculating the robustness bounds for eigenvalue-assignment in any prescribed region
taking account not only stability robustness but also certain types of performance
robustness.
Consider the perturbed system described by
x=(AN+E)x , (8.3)
where Ay is a nominally stable matrix and E represents a perturbation matrix which has a

form

E=Y kE (8.4)

M=

where k; are uncertain perturbation parameters and E; are constant matrices which denote
the structure of the perturbations.

Then the criterion for the analysis of eigenvalue-assignment robustness in [Juang
90] is shown in the following theorem:
Theorem 8.1

If all the eigenvalues of a matrix Ay lie in the region H, then the eigenvalues of the

perturbed matrix Ax + E will remain in the same region if

m
D k<= t— (8.5)
=1 > M|

i=1

where

_el®E P+PE;ei®

M.
! 2

(8.6)

||.|| denotes the spectral norm and P is the unique Hermitian matrix obtained by Equation

(8.1) or Equation (8.2). ]
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Asymmetric Robust Eigenvalue-Assignment Criteria

Zero-Order Asymmetric Robustness Measure

As shown in Theorem 8.1, the criterion for eigenvalue-assignment robustness by
Juang [Juang 90] provides symmetric intervals around the origin for the uncertain
parameter perturbations which resulting in conservative estimates of robustness bounds.
Hence, an asymmetric robustness measure to resolve the conservatism is proposed.
Lemma 8.3

All eigenvalues of matrix M; defined on Equation (8.6) are real values.

Proof

The Lyapunov equation on Equation (8.1) has a unique Hermitian positive definite

matrix, P. Alt and Jabbari [Alt 93] addressed that matrix P is represented by

P=Pgre+jPim Pre=Pre, Pim=-Pp (8.7)
where Pre is a real term and Py, is an imaginary term of a complex matrix P respectively.

Hence Equation (8.6) yields
ei%E,TP + P Eje 30 = (cosG+j sinG) E" (Pre+iPim) + (Pre+iPim) Ei (cosG—j sinG)

= cosO EiTPRe — sinf EiTPIm + j sin@ EiTPRe +j cos® ETPy, +

(8.8)
cos0 Pge E; + sinf Py, E; — j sin® Pge E; + j cosO Py E;
Since the real terms of the right-hand side of Equation (8.8) are
c0s0 (E;TPre+PreE;) + sin@ (B Pyt PimE;) = (8.9)

c050 [(PgeE;)T+ PreE;] + sin 0 [(Piy i)™+ PimEs]
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and the imaginary terms are
5in@ (B Pre—PRreE;) + cos8 (ETPym+PimE;) = (8.10)

3in6 [(PreE;)"™— PreE;] + c0s® [«(Pim Ei)T+ PimE;]
Equation (8.9) and Equation (8.10) show that the matrix M; on Equation (8.6) is a complex
matrix whose real terms are symmetric, imaginary terms are skew-symmetric, and diagonal
terms are real values. Hence all eigenvalues of matrix M; are real. ]
Theorem 8.2
If all the eigenvalues of a matrix Ay lie in the region H, then the eigenvalues of the

perturbed matrix An + E will remain in the same region if
m
Y kidi< 1 (8.11)
i=1

where

Aoon(Mi) for k; > 0
g = maM) forki=0 oo (8.12)
domin(M;) for ks < 0

in which Amax(.) and Ayin(.) are largest and smallest real eigenvalues of matrix (.)
respectively.
Proof

Since all the eigenvalues of Ay lie in the region H, according to Lemma 8.2 there

must exist a Hermitian solution P on Equation (8.1) or Equation (8.2), so for the system

% =|e%(An + E - o)) x (8.13)

or

% =[e9(Ax + E - jBI)] x (8.14)
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the Lyapunov function candidate is chosen as

V=x"Px (8.15)
Differentiating Equation (8.15), and using equations (8.1), (8.2), (8.13) and (8.14)

yields

V=x*(e®EP+PEed®-21)x (8.16)

Substituting Equation (8.4) and Equation (8.6) into Equation (8.16), one has

V:u*(i k; Mi—I)x (8.17)

i=1

Hence following condition is necessary to satisfy V <0

k(i ki Mi) <1 (8.18)

i=1

Since Lemma 3 proves that all eigenvalues of matrix M; are real, one can apply Gao's [Gao

93] result

l(i k; Mi) < i }Vmax(ki Mi) < i kiAmi<1 (8.19)
i=1

i=1 i=1

Gao's method is a special case when 6 = 0 and o = 0 in Theorem 2.

First-Order Asymmetric Robustness Measure

In order to improve the conservatism of robustness bounds estimates, the first-
order Lyapunov method [Leal 90] can be combined with the zero-order asymmetric

robustness method proposed in Theorem 8.2.
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Define the perturbed P matrix

P :=P, + AP

(8.20)

in which matrix P, satisfies the nominal Lyapunov equation on Equation (8.1) or Equation

(8.2), ie.,

[e=8(An—al)] Po + Py [e38(An—al)) =21
or

[e39(An—BL)]" Py + P, [e39(An—jBL) = 21
And define

A, = B AP - APEie® iy .. m
and

Mg Amax(AM;) for k; = 0 L om

lmin(AMi) for ki <0

The first-order asymmetric robustness measure is obtained in the following

theorem.

Theorem 8.3

(8.21)

(8.22)

(8.23)

(8.24)

For a linear system on Equation (8.3) where all the eigenvalues of a nominal matrix

AN lie in the region H on Figure 8.1, the eigenvalues of the perturbed matrix Ax + E remain

in the region H if

m
Z k; A?\,Mi <1

i=1
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and if perturbed matrix P is a positive definite matrix in which AP satisfies

At AP + AP Ay = —{ei® ET P, + P, E e9) (8.26)

where

Ay =38 (Ay — o) (8.27)

Proof

As proof for theorem 8.2, for the system described on Equation (8.13) or Equation

(8.14), the Lyapunov function candidate is chosen as

V=x*Px=x* (PO +AP)X (8.28)

Differentiating Equation (8.28) yields

V=x*(e® ETAP + APE &0 — 2I)x +

(8.29)
x* (Af AP + AP Ay + & ET P, + P, E e9) x
Using Equation (8.23) and Equation (8.26), Equation (8.29) yields
. m
V=2x*(2 kiAMi—l)x<0 (8.30)
i=1

Similarly as for M; in Lemma 8.3, one can prove that all eigenvalues of matrix AM; are

real values. Hence, using the results addressed in [Gao 93], it is shown that

)\(i ki AMi) <3 Aol AMI) < Y ks Adyri < 1 (8.31)

1=1 1=1 1:1
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Application Procedure for the Asymmetric First-Order Lyapunov Method to

the Robustness Measure of Eigenvalue-Location Assignment

A procedure is proposed as follows, to measure the robustness bounds of uncertain
perturbation parameters for the eigenvalue-location assignment using the asymmetric
first-order Lyapunov method.

First, estimate the robustness bounds for uncertain perturbation parameters using
the asymmetric zero-order method described in Theorem 8.2.

Second, find the vertices to apply the first-order Lyapunov method among the
vertices of the robustness bounds hypercube obtained at the first stage. The first-order
method can be applied at the vertices where the estimated Lyapunov matrices "P" are
positive definite.

Third, estimate the robustness bounds by applying the asymmetric first-order
Lyapunov method of Theorem 8.3 to the vertices identified at the second stage. The
common boundaries of the robustness bounds are final measure when the first-order

method is applied at more than one vertex.
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Examples

Example 1

Consider a two-dimensional, third-order system in [Zhou 87, Gao 93] given by

[-20-1 101 000
X={0-30|x+ki|]0 00 |x+k 01 0]x (8.32)

~1-1-4 101 010

Assume 0 = 7‘/6, o, = 1 for the location of eigenvalues as shown in Figure 8.1 for
the system on Equation (8.20). Juang's criterion described in Theorem 8.1 yields the

following robustness bounds:

k1| + ko < 1.3946 (8.33)
For the asymmetric zero-order robustness measure described in Theorem 8.2, the

eigenvalues of M; and M; are

MM;) ={0.4442, —0.0156, 0}, M(M,) = {0.2729, 0, —-0.0480}  (8.34)

Hence, the robustness bounds obtained in Theorem 8.2 are as follows:

04442 k1 +0.2729 ko <1  fork; 20,k 20

0.0156 k1 + 02729k, <1 fork; <0,k 20
(8.35)

0.4442 k1 +0.0480 k, <1  fork; 20,k <0

0.0156 k; +0.0480k, <1 fork; <0,ky <0

The comparison between various stability and robustness bounds is shown on Figure 8.2.

In this example, the bounds for the specification 0 = “/6, o, = 1, obtained by Theorem 8.2
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are wider than the stability bounds estimated by Gao's method, since the specification

0= "/6, o = 1 includes certain unstable region.

Consider the same system described by Equation (8.32), as far as the performance
specifications are considered, all eigenvalues of the system even under parameter
perturbations are required to lie within the shaded region H; as shown on Figure 8.3; The
eigenvalues Ay + E should stay inside the specified region and the allowable bounds for the

uncertain perturbation parameters k; and k; are of interest.

Assume, for eigenvalue locations, that the specifications of 6 = ”/6, oy =~1 and

oy = —10 on Figure 8.3 are required. Then the desired region H; is bounded by four lines

L1 to L4. The specifications of 6 and o for each line L to L4, corresponding to the

eigenvalues of M; and M3 are respectively listed on Table 8.I. The bound values for

= —

M|

i=1

in Theorem 8.1 for Juang's criterion are also included on Table 8.1.

Figure 8.4 illustrates the robustness bounds of uncertain perturbation parameters in
order that the eigenvalues of the system matrix stay in the prescribed region. The bounds

obtained by Juang's criterion are:
k1| +[ko| < p = min{p1, Ho, K3, B4} = 0.5758 (8.36)

The shaded common region, Ag = Ay, N Ay, N Ay, N AL, where Ay, 1=1,..., 4. are
asymmetric robustness bounds corresponding to the boundary lines L; to L4 respectively,
shows the robustness bounds obtained by the proposed zero-order asymmetric robustness
measure in Theorem 8.2. This figure reveals that the asymmetric robustness bounds for

uncertain perturbation parameters are less conservative than symmetric bounds obtained by
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Juang's method. Given the values of uncertain parameters k; and k; at four vertices of the
figure that defines the asymmetric robustness bounds illustrated on Figure 8.4, transient
responses on time-domain are obtained as shown on Figure 8.5. The initial values for state
variables were (X1, X, X3) = (=10, 10, -20). This figure shows that the system responses

are overdamped and satisfy the specifications of eigenvalue locations.

Example 2
Consider a system
x=[ 0 1 Jx4k[0-1 x+k2[0 l]x (8.37)
-10 -5 0 -1 00

Suppose that the eigenvalues of the system on Equation (8.37) are required to be

located as shown on Figure 8.6. From Figure 8.6, the damping constant L and the natural

frequency w,, are specified by
1=C=sin(w/6)=0.5 20=2w,=1 (8.38)
Using Equation (8.37) and Equation (8.38), one can obtain the exact bounds of

uncertain parameters k; and kp such that
09=2k;-ky;=-39, 35=2k;=-4 (8.39)

Similar to example 1, the bounds of uncertain perturbation parameters k; and k, to
satisfy the eigenvalues-assignment are estimated by criterion on Theorem 8.2 as well as
Juang's criterion on Theorem 8.1. Table 8.1I shows the results of the numerical
estimation, and Figure 8.7 shows the results graphically. These results show that the

bounds estimated by the zero-order asymmetric robustness method in Theorem 8.2 are less
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conservative than those obtained by Juang's method.

The system on Equation (8.37) is also taken to validate the first-order asymmetric
robustness measure in Theorem 8.3. Using the results on Table 8.11, one can apply the
first-order asymmetric robustness method at each vertex of the robustness bounds
estimated by the zero-order asymmetric robustness method. The results are summarized on
Table 8.III. Figure 8.8 shows that the robustness bounds estimated first-order asymmetric
method is considerably less conservative than those obtained by Juang's method. Figure
8.9 demonstrates the transient responses of the system at the extreme vertices of
perturbation parameter bound estimates to show that the performance requirements are

satisfied in the estimated bounds.

A Discussion of Asymmetric Measure for Robust Eigenvalue-Assignment

New measures for robust eigenvalue-assignment of uncertain systems are
generalization of the asymmetric zero-order and first-order method for stability robustness
bounds described in preceding chapters. The proposed methods for estimating asymmetric
robustness bounds are less conservative than those obtained conventional Juang's method.
In numerical example, the first-order asymmetric robustness measure provided better (less

conservative) estimates of perturbation bounds than those of the zero-order method.
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CHAPTER IX

CONCLUSIONS AND SUGGESTIONS FOR FUTURE RESEARCH

Conclusions

The subject of the current investigation has been the stability robustness of
nominally linear time-invariant system with structured uncertainties. Gao's asymmetric
stability bounds and the first-order Lyapunov method were combined to develop a new
method for the estimation of stability bounds.

Lemmas with the properties of matrix measure and convexity have formulated the
Expansion Theorem in Chapter IV. The Expansion Theorem provides a sufficient
condition under which a simple test at a vertex guarantees the expansion of the stability
boundaries to the full region of the hyper-quadrant to which each vertex belongs.

The Theorem 5.1 establishes a new method to estimate asymmetric first-order
stability bounds. The new approach, with the asymmetric first-order robustness method
and the Expansion Theorem, provides three distinct advantages: first, ease of the
application given by system matrices with structured perturbation parameters; second,
improved means to estimate less conservative stability bounds; third, using the properties
of the optimal Lyapunov function for systematically enlarging the perturbation parameter

space hypercube. As proved in Chapter V, the new method has the properties of the
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optimal Lyapunov function in Olas' work. Theorem 5.2 with the properties of the optimal
Lyapunov function proves that stability bounds estimated by the asymmetric first-order
method are always less conservative than those of Gao's zero-order method under certain
condition. Also, Theorem 5.3 shows that application of the asymmetric first-order method
to the vertex which possesses a better performance measure of the Lyapunov function
results in less conservative estimates of stability bounds.

It was demonstrated in Chapter VI that the results obtained through application of
the proposed approach are superior to those obtained from the application of conventional
methods. In practical cases, the proposed technique effectively estimated the practical
bounds of uncertain parameters for the design of a two-stage electrohydraulic servovalve
and the sensor degradation problem for a fighter aircraft stability. Especially for the design
of a two-stage electrohydraulic servovalve, the practicality of the proposed method was
evident, demonstrating that the new method is easily applicable and provides a substantially
large estimation of stability bounds for practical usage. It was further demonstrated that the
conventional stability criterion for a two-stage electrohydraulic servovalve and past
methods for stability robustness provide extremely conservative estimations of stability
bounds for uncertain parameters. It was shown in Chapter VIII that the proposed approach
for the estimates of stability robustness bounds can be generalized to estimate asymmetric
measure for robust eigenvalue distribution.

As described in Appendix D, a variant drain orifice on the first-stage flapper-nozzle
enhances valve performance across the null position and overall stability of the servovalve
simultaneously. The size and the features of a drain orifice with the uncertain parameters of
an electrohydraulic servovalve could be determined by using the proposed technique of

asymmetric first-order stability robustness.
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Future Research Areas

There can be many possible avenues for future research. Prime candidates for such
research efforts are addressed in the following paragraphs.

1. Transformation of the theorems for discrete-time systems. The results in this
research are derived for continuous-time linear systems. A similar approach can be used to
derive the first-order Lyapunov method for discrete-time linear systems as Gao derived
corresponding results for the zero-order method in [Gao 93]. Thus, the use of the first-
order Lyapunov method for the stability robustness in discrete-time domain with time
delays can be a challenging research area.

2. Generalization of the results of stability robustness bounds for the robust eigenvalue-

location assignment. As shown in Chapter VIII, the stability robustness problem is a
special case of general robust eigenvalue-location assignment. In Chapter VIII, by using
the asymmetric first-order Lyapunov method, theorems for the robust eigenvalue-location
are derived to estimate the bounds of uncertain parameters similarly to the theorems for the
stability robustness bound estimates. However, there remains a large research area
concerning how the results obtained for the stability robustness bounds, such as the
Expansion Theorem, the optimal condition of the first-order Lyapunov method, and
optimal vertex condition, can be applied to the general robust eigenvalue-distribution
problem.

3. Development of a recursive numerical algorithm. Since the stability bounds
estimated by the proposed methods depend on the Q matrix of the Lyapunov equation, it is
necessary to find a trend to obtain the optimum Q matrix. The proposed asymmetric
first-order Lyapunov method in this research is obtained under the initial condition, Q = 2I,

and could be recursively iterated. As mentioned in earlier Chapters, the proposed approach
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can inherit the results of Olas' optimal Lyapunov function. The development of a recursive

numerical algorithm with the asymmetric first-order Lyapunov method, in conjunction with

Olas' optimal Lyapunov function, might also prove to be a fruitful avenue of research.
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APPENDIX A

PRELIMINARIES

Uncertainties

The system uncertainties may come from different sources. Due to the limitations
in measurements, some parameters in either the time domain or frequency domain model
may not be exactly known. Instead, there is a range of possible values these parameters
can assume. For example, the resistance of a resistor is normally given by a nominal value
and a percentage that represents the possible variation. This type of uncertainty in a system
is called a parameter uncertainty because it can be expressed as variations of certain
parameters in the system model. In contrast to parameter uncertainty, the unmodeled
dynamics in a system constitute the non-parametric uncertainty because they cannot be
directly described by variations of the system parameters. The unmodeled dynamics are the
system dynamics that are not, or cannot be, incorporated in the mathematical model of the
system and they are usually associated with the system behavior in response to relatively
high-frequency inputs. In general, modeling techniques always leave ambiguities in the
system model, either parametric or non-parametric, or both. Therefore, this is a problem

all control engineers may face.
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Sources of Uncertainties

The designing stage of a dynamic system is preceded by the modeling stage. In
general, this model is not a true representation of the real system, i.e., there are
uncertainties in the plant model. These uncertainties can be attributed to two major sources:
the one source is external disturbance; the other source is model uncertainty.

External disturbances are often modeled statistically because they are not known, a
priori. Disturbance signals can not be controlled and they are not dependent on the plant
model.

Model uncertainties are caused by the following two reasons:

First, imprecise knowledge of the plant. Although the structure of the system
equations can be obtained from basic laws of physics and engineering, or by experimental
means, the numerical values of the parameters are only known within certain tolerances;

Second, simplifications and linearizations. Although the dynamics of the physical
system may be known accurately, the designer may choose to simplify the model, e.g., one
may reduce the order of the model or linearize the nonlinear components in order to

simplify the calculations.

Types of Uncertainties

In most practical design cases, uncertainties can be categorized into two groups: one
group is called unstructured uncertainty ; the other group is called structured uncertainty.
Their existence is dependent upon the physics of the physical plant under consideration.

Structured uncertainty represents those uncertainties whose sources can be
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explicitly identified in a parametric model. The source of this type of uncertainty is an
imprecise knowledge of the model parameters. Consider a state matrix for the plant
perturbation represented by the summation of a nominal fixed matrix and perturbation
matrix, that is,

A(t)=An+E(t) (A.1)

Most engineering plants such as an aircraft or a robot can be described with known
dynamical equations. The existing design uncertainties are with regard to the values of
specific physical system parameters. Examples of structured perturbations in aircraft
models include the parameter values for the spring constant, mass, inertia, acrodynamic
coefficients, and changes in air pressure. These values cannot be considered as constant
values, but they affect only specific system parameters [Bhattachargga 87].

An unstructured uncertainty is a lumped uncertainty that may represent several
uncertainties that cannot explicitly be accomplished in a parametric model. This includes
those that occur due to modeling approximation, e.g., linearization and unmodeled
dynamics by neglecting high frequency components. Modeling continuous systems as
finite lumped masses is one of the examples of unmodeled dynamics. In the unstructured
perturbations, only the norm of the perturbation matrix E is specified. When possible,
perturbations elements should be modeled as structured perturbations, since less
conservative stability robustness bounds may then be obtained. These are the basic facts
which have motivated growing interest in the robust control of systems with structured

perturbation.

Models of Uncertainties

There are three prominent ways to model unstructured uncertainties. For a nominal
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transfer function matrix Go(s), which represents the best model of the true plant behavior,

the true plant transfer function G(s) can be represented as one of following three forms:
G(s) = Go(s) + Aals)
G(S) = Go(®) [T + Aim(5)] (A2)
G(S) =1+ Agm(s)] Go(s)
where A, is an additive unstructured uncertainty, A;, is an input multiplicative unstructured

uncertainty, and Ao, is an output multiplicative unstructured uncertainty. Since matrix

multiplication does not commute in general, the location of a multiplicative uncertainty is

critical in MIMO systems. There is no struictural limitation imposed on A,, Ajm and Ao,
The only limitation imposed on these uncertainties are the "size" of the matrix measured in
an appropriate matrix norm. On the other hand, these uncertainty matrices will inherit a
certain structural form that is determined by the knowledge of parameter uncertainties when
they represent structured uncertainties.

In the case of structured perturbations, the system matrix is usually written in the

following form:
m
X = (AN +) kiEi) X (A.3)
i=1
where kj is a perturbation element, also called parameter perturbation and E; is a constant

matrix, called ith perturbation matrix. The advantage of this form is that it separates each of

the independent perturbation parameters from the others.

118



Matrix Norms

The robustness of a system is measured by the "size" of a certain transfer function
in many current design methods. For MIMO systems, this transfer function is a matrix
itself. The "size" of a matrix is measured by its norm. Following three matrix norms have

been most commonly found in the current robust control literature.

Singular Values

The singular values of an mXn matrix A, denoted G;(A), are defined to be non-

negative square-roots of the eigenvalues of AHA ie., 6i(A) =Y li(AHA) where AH denotes
the conjugate transpose of A. By convention, the singular values of A are ordered as

follows:
0=012022..26;=0, Opy] =... = Op (A4)

where r is the rank of matrix A, G is the largest singular value and ¢ the smallest non-zero

singular value. The largest singular value is defined to be the Hilbert or spectral norm of

A, ie.,

lAlls=0 (A.5)

H, Norm

Let G(s) be a matrix whose entries are analytic functions of the complex variables in
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the open right-half s-plane. The Hy norm of G(s) is denoted by || G(s) ||, and is defined to

be
|]G(S){[2=%t—/\/ ] tracel GH(j) G(jw)] de (A.6)
-i/\/ ) P
=5 ; o; G(jo)]? dw
H._Norm

Let G(s) be defined as stated above. The H_, norm of G(s) is denoted by || G(s) | |..
and is defined to be
|| G(5) .. = sup, 6(G(jo)), ® € R (A7)
where sup(.) denotes the least upper bound operator. Therefore, the H.., norm is the largest
singular value evaluated along jm axis. For SISO systems, the H., norm is the largest

distance from the origin to the Nyquist plot.
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Matrix Measure

Matrix measure has been used in stability analysis probably since the 1950's (see
[Coppel 65], [Desoer 75]). It is not a norm, however it is induced from matrix norms and

has some interesting relationships with norms.

The matrix measure of matrix A € C™® is defined as follows:

W(A) = Tim ILH R A= 1 (A.8)

hoest D
where | |.|| is any matrix norm induced by a vector norm (see for example [Coppel 65],
[Desoer 75], [Vidyasagar 78]). It can be explained as the directional derivative on I, in the
direction of A. The matrix measure has different values corresponding to the different

induced matrix norms. For example:

Li(A) = mgx{Re(ajj) + 2 la; }, when | |Al|; = mg:lx(z |a1j|) (A.9)
J

J i=1,i%] i=1

Ha(A) = m?x{ MAA) when||all = max(a'A) a0

U (A) := mgx{Re(aii) + z |aij|}, when ||Al|.. = m@x(i |aijl) (A.11)
1 I \j=1

i=1,i%j

From the definitions of matrix measure it is clear that p;(A) <||Al|; and

I..(A) £||Al]... These equalities hold when matrix A is real and has nonnegative diagonal

entries, whereas Ho(A) <||Al|; and the equality holds when A is symmetric and positive
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definite. The main properties of matrix measure are as follows:

(@ plln) = 1, p(-Tn) =1

(i) o A) = o W(A), Vo0

(i) H]A]| < -p(-A) < p(A) < [|A]]

(iv) ||Ax]| = - |Ax|| = —(A)| A |, for all vector x with proper dimension
(v) W(A) = Re(A;) and —p(-A) < Re(A;), Vi

(vi) W(A+B) < p(A) + u(B)

(vii) p(A+B) = max{W(A}-u(-B), -(AH1(B))

(viil) Ju(A}-(B) < max({ju(A-B), [u(B-A))
Remarks:

(a) From property (i) one can see that a matrix measure is different from a norm, a
matrix measure could be a negative real value.

(b) Matrix measure can also be zero, however [W(A) = 0 doesn't mean A = 0. This is
another difference between a norm and a matrix measure.

(c) Properties (iii) and (iv) show the relationships between a norm and a matrix
measure.

(d) Property (iii) tells the relation with eigenvalues. In 2-norm case,

(A) = max A;(A) and —1(—A) = min Ai(A) where A is symmetric.
1 1
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APPENDIX B

A REVIEW OF LYAPUNOV STABILITY ANALYSIS

Introduction

Stability of the dynamic system is the fundamental requirement in design of control
systems. In general, issues of stability are concerned with the state trajectory. This occurs
when the system is perturbed from the equilibrium point or a reference trajectory. There
are a number of different definitions of stability, and the underlying concept which is
common to each is described as follows: Employ some measure called the norm, which
characterizes the state at any desired time; let the state whose stability is under investigation
be perturbed, then define measures for perturbation as well as for the norm. From this
concept, it follows that stability is defined as follows: If the perturbation does not exceed
the defined measure, then the perturbed state is stable when the change in the norm caused
by the perturbation does not exceed its established measure. From the engineering point of
view, these analyses are important because of the state perturbations caused by the
existence of such external disturbances as noise and environmental changes around the
equilibrium points [Leipholz 87]. The specific definition of Lyapunov stability for an

equilibrium point is given in the following manner.
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Stability in the Sense of Lyapunov

If the solutions for the state equations are available, it is easy to determine stability
for a particular case. However, solving the nonlinear differential equations is frequently a
difficult or impossible task. The objective of Lyapunov stability theorems is to analyze
system stability in the absence of knowledge of solutions to the system differential
equations. In theory, an isolated (i.e., zero-input) system remains in the equilibrium state
if that is where it initially started. In this sense, Lyapunov stability is concerned with the
behavior of the system trajectories when the initial state is near the equilibrium point. As
mentioned earlier, the results of this analysis are important because of the existence of
external disturbances such as noise and environmental influences. Initially, Lyapunov
stability theorems have been established for perturbations of initial condition near an
equilibrium point. However, as explained in Chapter II on issues of robustness, these
theorems can be extended and thus applied to the case of system parameter perturbations.

The underlying concept for the Lyapunov theorems is as follows: consider a system
with no external forces acting upon it. If "0" denotes one of the system equilibrium points,
it can be assumed that it is possible to define a function which represents the total energy of
the system, such that it is equal to zero at the point of origin and positive elsewhere. And if
the system dynamics are such that the energy of the system is nonincreasing over time,
dependent upon the nature of the energy function, the stability of equilibrium point "0" is
implied. The virtue of the Lyapunov theorem has been to employ this concept in a

mathematical form.
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Basic Definitions (Refer to [Hahn 63], [Barnett 70], [Vidyasagar 78] in detail)

Consider the vector differential equation
x = f{x,t) (B.1)
Then, assume that "0" denotes an equilibrium point of the system equation (B.1),
which is done since the equilibrium point can always be transferred by a simple
transformation of the states. As described by many authors, the basic definitions of
stability for the equilibrium points are as follows:
Definition B.1

The equilibrium point O at time t,, is said to be stable if, for € > 0, there exists a
8(to,€) > 0, such that [x(to) < 8(to,€) = [x(t) <&, ¥ t = to. Itis said to be uniformly stable

over [to,oo) if, for each € > 0, there exists &(to,€) > 0 such that

X(t1) < &e), t; 2 to = X(t) <, V1. O
Definition B.2

The equilibrium point O at time t, is unstable if it is not stable at t,,. O
Definition B.3

The equilibrium point O at time t,, is said to be asymptotically stable at t, if first, it
is stable at time t,, and second, there exists a number 81(t,) > O such that
X(to) < 1(to) = [x(t) = 0, as t —>oo.

It is uniformly asymptotically stable over {to,oo) if first, it is uniformly stable over
[to,oo), and second, there exists a number 8; > 0 such that [x(t,) < 81, t1 = to = [x(t] = O,

as t —oo, |
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Definition B.4

The equilibrium point O at time t, is said to be globally asymptotically stable if it is

asymptotically stable for all initial states (i.e., x(t) —0 as t —oo, regardless of x(t,)); thus,
if 0 is a globally asymptotically stable equilibrium point at time t,, for a given system, then it

should be the only equilibrium point at time t,,. |

Lyapunov Stability Theorems (Refer to [La Salle 61], [Hahn 63], [Zubov 64], [Lehnigk

66], [Lyapunov 66] in detail proofs)

In order to investigate the stability of a system of differential equations without
having to solve them, Lyapunov proposed some methods in his doctoral dissertation in
1892 [Lyapunov 66]. Although Lyapunov's theory was introduced at the end of the
nineteenth century, it was not recognized for its vast applications ﬁntil the 1960s. Since
then it has become a major part in controls, system theory, and other fields. According to
the sense of Lyapunov, the stability of dynamic systems can be determined in terms of
certain scalar functions known as Lyapunov functions [Halanay 93]. The basic stability

theorems for the Lyapunov direct method are as follows:

Let x = f(x,t), where f(0,t) =0 V t, describe a given system equation. It follows:
Theorem B.1

The equilibrium point 0 at time 1, is stable if there exists a continuously
differentiable local positive definite function (l.p.d.f.) V(x,t) such that
V(x,t)£0,V t>t, V x € B, for some ball B,.

If V(x,t) is a decrescent locally positive definite function in Theorem B.1, the
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equilibrium point 0 at time t, is said to be uniformly stable over [to,oo). 1

Theorem B.2

The equilibrium point O at time t, for the system is asymptotically stable over the
interval [to,oo) if there exists a continuously differentiable Lp.d.f. V(x,t) such that

dV(x,0)

is a Lp.d.f.
T isalp.d.f. 1

Theorem B.3

The equilibrium point 0 at time t, is globally asymptotically stable if there exists a

continuously differentiable decrescent p.d.f. V(x,t) such that V(x,t) <-G() V t > t,,

V x € R",where G is a function belonging to class K. O

Theorem B.4

The equilibrium point O at time t, is unstable if there exists a continuously

differentiable decrescent function V(x,t) such that first, dVéi(,t) is a lLp.df., and second,
V(0,t) = 0, and there exists points x arbitrary close to 0 such that V(X.t, > 0). ||

Clearly, the advantage of the Lyapunov stability theorems is that they do not require
a solution of the state equations; in contrast, they are disadvantaged in that only sufficient
conditions are provided. If a particular function fails to satisfy all of the conditions, then
no conclusions can be drawn and another function candidate should be attempted. For this
reason, a function is referred to as a Lyapunov candidate when subject to the testing under
the conditions described above. If all the conditions for one of the theorems can be
satisfied, then it can be termed a Lyapunov function. However, it is difficult to find a
Lyapunov function for a given system. The choice of a Lyapunov function is relatively

easy for the case of linear or weakly nonlinear systems.
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Lyapunov Method for Linear Autonomous Systems

Basic Theorems

Consider the following linear autonomous system
X=AX (B.2)
Theorem B.5 ([Hahn 63] or [Willems 70])
For the system on Equation (B.2) the origin is asymptotically stable if and only if
all the characteristic roots of matrix A have negative real parts. O
The second method of Lyapunov takes a particularly simple form when Lyapunov

function is selected in the quadratic form
V) =xTPx (B.3)
where P is a positive definite symmetric (Hermitian) matrix. The derivative of V(x,t) along

the solution of the system Equation (B.2) is obtained by

AVt _

- Px+xTPx=(Ax)"Px+xTPAx=xT(ATP+PA)x (B.4)

Consider the equation which is referred to as the Lyapunov matrix equation:

ATP+PA=-Q (B.5)
Theﬁ the following theorems are fundamental in the study of linear autonomous
systems:
Theorem B.6 ([Hahn 63], [Barnett 70])
The system (B.2) is asymptotically stable if and only if there exists a symmetric

positive definite matrix P which is the unique solution of the Lyapunov matrix equation
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(B.5) for any given symmetric positive definite matrix Q. O
Theorem B.7 ([Hahn 63], [Barnett 70])

The null solution of (B.2) is unstable if at least one of the characteristic roots of
matrix A has positive real part. O]
Theorem B.8 [Khalil 92]

An equilibrium point of a time invariant dynamical system is stable if there exists a
continuously differentiable scalar function V(X) such that along the system trajectories V(X)
>0, V(0) = 0, and V(x) < 0 of Equation (B.4) are satisfied. And if V(x) < 0 is satisfied

then the system is asymptotically stable. O]

The Solution of I.yapunov Equation

Due to broad applications, the solution of Lyapunov matrix equation has been
subject of very active research for the past thirty years (see [MacFarlane 63], [Barnett 66a],
[Barnett 66b], [Bingulac 70], [Chen 84], [Lancaster 85], [Mori 86a], [Mori 86b], [Mori
87]). Especially, in the 1970s growing use of digital computers, which resulted in
celebrated algorithms for a numerical solution of the continuous-time algebraic Lyapunov
equation (see [Davison 68], [Bartels 72], [Golub 79], [Hammarling 82], [Subrahmanyam
86] for examples).

For a time invariant linear system, the condition for existence of an unique solution
of a Lyapunov matrix equation (B.5) is given by following theorem.

Theorem B.9 ([Chen 71], [Lancaster 85])
Equation (B.5) provides a unique solution for P corresponding to every

Qe R™ ifand only if Ai + Aj# 0,V i, j, where Ai,..., Ay are the eigenvalues of A. []
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Lyapunov Function Generation

Of the different techniques for the generation of a Lyapunov function, the most
important factor is to determine a function which provides the least conservative results. In
the case of stability analysis, conservatism of results is referred to as the estimated size of
regions of stability for state perturbations around equilibrium points or reference
trajectories. However, for the analysis of robust stability, the conservatism refers to the
estimated size of the robustness bounds. To determine less conservative estimates, the
nominal part of the system as well as the structure of the perturbation elements must be
considered when generating the Lyapunov functions.

Apart from these two cases, there are a quadratic Lyapunov function for linear
systems quoted precedingly and the so-called "Lure problem" (see details in [Lefschetz 65]
and [Aizerman 64]). There is no certain method of finding a Lyapunov function for a
general nonlinear problem. A number of suggestions have been made for such
construction in the general case: refer to [Krasovskii 57], [Ingwerson 61], [Zubov 62],
[Schultz 62] for a variety of techniques for the generation of a Lyapunov function. For
comprehensive study of the generation of a Lyapunov function, refer to Mohler [Mohler

89] and Schultz[Schultz 65].

130



APPENDIX C
GAO'S LEMMAS AND THEOREM

Since a new method of stability robustness is developed in this research by using
the Gao's lemmas and a theorem [Gao 93], the results of Gao's work are briefly
summarized as follows:

Consider the linear time—invariant system represented by the state space model with

perturbation E as shown below:

% =(An+E) x (C.1)

where Ay is nXn real Hurwitz matrix. Assume that the parameter perturbation matrix, E,

takes the form
m
E=) kE; (C.2)
i=1

where E; are real constant matrices and k; are real uncertain parameters.

Lemma C.1

Let 0100 ..S0,,PB1<B2< ... By, andy; S92 £ ... < Vo, be eigenvalues

of the Hermitian matrices A, B and C = A + B, then

oi+B £vi<oy+PBn i=1,...n (C.3)
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Lemma C.2

For any Hermitian matrices Py, i = 1,...m ,

m

x(i kiP) Y Amax(kiP;) (C.4)
i=1

i=1

where A; are defined by

xi={ mar(Py) - fork; i=1,..m (C.5)

in which A(.) denote all possible eigenvalues of the matrix (.), and Amax(.), Amin(.) are
the largest and smallest eigenvalues, respectively.
Proof

This lemma can be proved by using Lemma C.l and mathematical induction. For m
=2, Equation (C.4) reduces Equation (C.3) where A = k{P1, B = koP7. Assume that

Equation (C.4) is valid for m =k, that is

k

k
x(z kiP) Y Amax(kiP;) (C.6)
i=1

i=1

then one only needs to prove that it is also valid for m =k+1. Note that

k+1
(2 k; Pl) = (Z k;P; + kk+1Pk+1) (C.7)

i=1 i=1
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k k+1
Let A=Y, kiP;, B = ks 1Pk, 1, then x(z kiPi) =MA + B). By Lemma C.1 and

i=1 i=1

Equation (C.6), one has

k+1
x(z kiPi) =MA +B)

i=1

< Amax(A) + Amax(B)

k
= Z }bmax(kiPi) + }“max(kk+1Pk+1)

k+1
= }bmax(kipi)
i=1
O
Lemma C.3
kidmas(Pi) fork;=0
Amax(kiPi)={ marlPi) ‘ i=1,.,m (C.8)
kixmin(Pi) for ki <0
Proof

If A(P;) = {7»11, A2y, }bin}, then l(kiPi) = {kixil, kidia,..., kixin}, and
Amax(kiP;) = max{kilil, k;iAiz,..., kikin}. Here one only proves the case where n = 2. For
n > 2, it can be proved in the same way. Since for any k, A1, A2 € R, clearly

kmax{?tl, M} fork=0

max{k?Ll, k?\Q} =
kmin{Ai, Ay} fork <O

(C.9)
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This is illustrated as follows: for A1, A, with the same sign on Equation (C.9) is obvious;
otherwise one will have max{M, 7»2} >0and min{?»l, 7»2} < 0, therefore, for k > 0,

max{kkl, kkz} =k max{?»l, 7»2} and for k <0, max{kkl, k?\,z} =k min{M, 7»2}.

L]
Theorem C.1
The system on Equation (C.1) is asymptotically stable if
m
Y kidi<1 (C.10)
i=1

where A; are defined on Equation (C.5).
Proof

Since it is assumed that the matrix Ay on Equation (C.1) is Hurwitz, there exists a
symmetric positive definite matrix P which is the unique solution of the Lyapunov equation

( see Theorem B.6 in Appendix B for explanation) represented by

PAN+An P+21=0 (C.11)

Let the candidate Lyapunov function V(x) = xTPx. And define

T .
P; =%, i=1,2,...,m (C.12)

where E; are real constant matrices using on Equation (C.4). Note that P; are real and

symmetric, and therefore they are Hermitian matrices.
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Then

dV _ xTPx + xTPx
dt

=[(AN+E)x[TPx + xT P[(AN + E) x]
=xT(ATP+P AN+ETP+PE)x

=xT(ETP+PE-21)x

NgE

m
= XT( KEP+ ) kPE; -2 I) X
i=1

i= i=1

m
= xT (2 k; (ETP + PE;) - 2 1) x

m
=2 XT‘(:E: kin~—I)ZX

i=1

Define the matrix M such that

m
M=) kpP;-I

i=1

Note that M is an nXn Hermitian matrix. For the system on Equation (C.1) to be

dv

asymptotically stable, one needs ¥ < 0, or equivalently, one needs matrix M to be

dt

negative definite. Since a Hermitian matrix is negative definite if and only if all its

eigenvalues are negative, the following condition is necessary:

l(j?:quﬁ)'< 1
i=1
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From Lemma C.1 to Lemma C.3 it is shown that

m m m
x(z kiPi) <D AmaxkiP) < Y ki (C.15)
i=1

i=1 i=1

Hence the system on Equation (C.1) is asymptotically stable if the condition (C.10)

is satisfied. O
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APPENDIX D

ON THE DESIGN OF AN ELECTROHYDRAULIC SERVOVALVE
WITH A VARIANT DRAIN ORIFICE DAMPING

Introduction

Since Moog [Moog 53] developed the first two-stage electrohydraulic servovalve
with a flapper-nozzle valve in 1950, many researches have identified the important factors
affecting steady-state behavior and dynamic response ([Zaborszky 58], [Feng 59], [Merritt
67], [Nikiforuk 69], [Pennington 74], [Martin 76], [Arafa 87a], [Arafa 87b], [Liaw 90]).
The flapper-nozzle valve [Maskrey 78] has been extensively used as a first-stage valve,
because it is comparatively simple to construct and relatively reliable to operate. As a
first-stage, the flapper-nozzle valve appreciably reduces the valve threshold and provides a
high dynamic response because of its lower mass. Most recently, the effects of a damper
attached to the outlet of the flapper-nozzle valve have been studied ([Watton 87], [Lin 89],
[Akers 90]). Watton [Watton 87] placed a drain orifice in the flapper-nozzle return line (see
Figure D.1), thus creating a small back pressure which, in turn, improved servovalve
performance. He showed that the drain orifice damper reduces the power loss and may
eliminate the high frequency valve whistle associated with servovalve instability. By

directly attaching a squeeze film damper to the flapper, Lin [Lin 89], and Akers [Akers 90]
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caused the damping force to increase exponentially as the flapper distance increased so that
the first stage was a stable-alone dynamic system. However, as Watton [Watton 87] noted,
the system gain of the servovalve at null condition of the flapper-nozzle is reduced as the
drain orifice is attached. Also, the drain orifice deteriorates the uniform linearity of the gain
function over the flapper displacement range. Even though the squeeze film damper
provides the flapper-nozzle valve-alone stability, it destabilizes the servovalve when the
feedback flow force increases, causing the high frequency valve whistle [Watton 87].

A new damper design is proposed to overcome the shortcomings of Watton's
design for a fixed drain orifice. Basically, the damper on Figure D.2 has the similar
configuration to the drain orifice on Figure D.1. However, contrary to the drain orifice on
Figure D.1, the flapper divides the drain chamber into two parts so that the return pressures
in each side of the drain chamber depend on flapper movement. As the flapper moves
away from the null position, the returning pressure difference on the flapper increases and,
in turn, the damping force increases. It is expected that the newly designed damper on
Figure D.2 will improVe both performance and stability, i.e., increase null pressure

sensitivity and enhance servovalve stability.

Steady-State Characteristics of the Flapper-Nozzle Valve

Consider the flapper-nozzle stage as shown on Figure D.2. If we assume a

blocked-load so that Qs = 0 and no leakage,

Qo1 = Qn1 = Qe1, Qo2 = Qnz2 = Qe2 (D.1)
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where

Qol = Cdo Ao (Ps - Pl)

ij

Q02 = Cdo Ao (Ps -P;

Qn1 = Cgr T dy (X0 — Xg) (P1 — Pe1)

o
o

Qn2 = Cys T dp (Xfo + Xg)4 /= (P2 — Pe)

Qe1 = Caq Wy (Xfo — X£) 4/ % Pe1
Qe2 = Cyq Wy (Xfo + Xf) A/ % Peo

where Cgy, Cqo, Cyq = the unitless discharge coefficients for curtain, nozzle, and drain

j

orifice, and where

2
A, = orifice area (AO =T j" ), in?

d,, do = diameters of nozzle area and orifice area, in
wq = area gradient of drain orifice, in
Xfo, Xf = equilibrium flapper position and flapper displacement, in

Equation (D.1) is simplified by
koN1—-P; =k, (1 -Xf) 4P - Pg;
KoV 1=P =Ky (1+ %) VP, — Py

(D.2)
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and

kn(l—if)ﬁ=ykn(1’if) /P

(D.3)
kn(1 +if) VFZ'"FeZ =’Ykn(1 +if) VFe2
where
ko = Cqo Ao %P—S, ky = Cyr T dp X0 2Py
p p
5. P15 _Poy _Pg 5 _Pe
Pi==, Py=—= P, ==&, Per =
1 PS, 2 PS, el R ’ e2 PS
= - Xt o _ Caawg
Xt Xfo Cagrmtdy
Then, Equation (D.2) yields
B, = +Pey Z (1 — Xg)?
1+Z(1 =%
(D.4)
5, L+ P Z(1+X
1+Z (1 +%¢gf
where
7 = (k_n)2 =16 (Cdf dy Xfo)2
ko Cao d&
Equation (D.3) yields
§el = Py > §e2 P2 > (D-S)
1+7y2 1+7y
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Then, equations (D.4) and (D.5) can be combined to determine the steady-state

characteristics of the flapper-nozzle valve, i.e.,

Py = 1 —
14z (1-%p - 2%
1+v?
(D.6)
P, = 1 —
1+Z(1+§f)2_z_(ﬂ
1+v?

The nondimensional flow loss, Ge , and power loss, We, are written as follows:

0. = Qel + Qe2
e kn

=(1 =X VP = Pe; +(1 + X))V Py — P, D.7)

=X [1-%)VP; +(1 +%) VP,

V1 + 2

— \K]e

We = P, kn = Qe (D.3)

The nondimensional characteristics, P; — P5, Pe; — Pez, and Q. = W, are shown on

the figures D.3 through D.5 for values of the parameter Z = 1, 2, 3, 4. No drain orifice is

represented by the configuration as y — ee.
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At the null condition, i.e., X¢ = 0, equations (D.5) through (D.8) yield

2
P, =P,= L+ D.9)
(1+2){(1+9)-Z
Py = Poy = 1 (D.10)
o 2 (1+Z)(1+72)-Z
We=Q:= 27 (d.11)

—w/(1+Z)(1+72)—Z

For servovalve with force feedback, it is common to have a value of Z = 1 so that,
with no drain orifice, the null pressures on either side of the nozzle are at half supply
pressure. Servovalves with direct feedback tend to have higher values of Z, typically up to

4 [Watton 87]. Figure D.3 shows that the flapper-nozzle stage without a drain orifice has a

maximum null gain (i.e., a maximum null pressure sensitivity ) when Z = 1.

Consequently, the figures D.3 through D.5 reveal the following steady-state

characteristics of the flapper-nozzle valve with drain orifice. First, when 7 is finite and
Z > 2, the gain around null increases as Y decreases. Second, the pressure differential

versus the flapper displacement, i.e., (P; — P2) / X, generally becomes more linear as y
decreases. Third, a decrease iny or an increase in Z is accompanied by an increase in back

pressure differential, [Po; — Peo| , but with a decrease in flow and power loss. Figure D.6
illustrates the preferred null range of operation where the back pressure is selected to be

less than 10 percent of the supply pressure.
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Linearized Transfer Function of the Flapper-Nozzle Connected to a Spool Valve

The load flow into the spool valve is represented by

Qs = Qo1 =~ Qn1 = Qn2 ~ Qo2 (D.12)
Equation (D.12) is

Qs =ko Vl_ﬁl _kn(l_if“iil_ﬁel
Qs =ky (1 +XWPy —Pey — koW 1 - P,

Considering the small-signal dynamic response, then the steady-state flow characteristics of

(D.13)

Equation (D.13) may be linearized about an operating point Xso, P10, P26, Pe1o» Pe2o as in

equations (D.14) and (D.15)

S _ k _
AQg =kpVP1o—Pe1o AXf ———=2— AP

o 2/ 1-P,,
——k“(l“x_f") AP, + KillXr) Ap

24/ P—10—Pelo 2V ﬁ10_Pe10

(D.14)

AQ; = kV/BaoPeye AX; + — 0 AP,
2 1 ‘—P 2 0
kn( 1 +i-f0) Aﬁz _ kn( 1 +if0)

m T M-I/ _ AP,
2 on—PeZO 20 P20“P620
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Combining equations (D.5) and (D.14) yields

AQq = ky1 AXs + (Ka1 — ka2 — ka3) AP}
(D.15)

AQs = ky2 AXs + (ko2 — k1 + kp3) AP,

where
kxl = kn \ l_510 _Felo, ka = kn VFZO - FeZo

k
Ko =-—2—, kp1=- =

1-Py, V1_§20

— kb2= kn(l +Xfo)

VFlO —Felo VFZO_FGZO

Ka3 =Ko kp3 S
1+ 1+

It is frequently assumed that the dynamic flow contribution is dominated by the
spool valve velocity component and that the oil compressibility and leakage effects are

negligible. Thus, the flow equation of the spool‘ is simply represented by

dx
Qs =13, d—tP (D.16)

where a;, = cross sectional area of the spool valve, in?

Xp = spool displacement from null position, in.

Spool inertia is also assumed to dominate the dynamics of momentum equation and

is combined with a resisting spring force which exists for a servovalve with direct
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feedback. Thus, the dynamic equation for spool movement is

ap (AP| — AP,)=(m s2+ k) x, (D.17)
where m = spool mass, slug
k = restraining spring stiffness, Ib/in.

Combining equations (D.15) and (D.16) yields

k

— Xpm @
AP =—PBP g Ax, —— =%l AX
Ka1 —kaz — ka3 Pl —kap—Ka3
(D.18)
— Xom @ _ k _
AP, = P 7P s AX, — x2 AX
Kp2 — kp1 + kp3 P Ky — kot +kp3
where Xpp = maximum displacement of the spool, in
_ A
AXp = ﬁ, unitless.
Xpm
Hence, one has
AP — APy = — Xpm 8, B s AX, + A AXg (D.19)
where
k k
A= x2 - x1 D.20
kb2 — kp1 + kp3  Ka1 — Kap —Ka3 ( )
B 1 -~ 1 (D.21)

" kpo —kp1 + kb Kar — ka2 — ka3
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Combining equations (D.17) and (D.19) yields the transfer function relating

nondimensional spool movement to nondimensional flapper movement as follows:

a, P
_ AR-S
AX, _ Xpm
Axg msz+xpmap *Bs+k
(D.22)
- AC
M 24 2% Bs+1
o0 n
where
TTVm T oymkk,  KXpm
It is now appropriate to define the gain function, f,, and the damping function, fy,
such that
fo:= A (D.23)
fg:==k, B (D.24)

Consequently, it follows from equations (D.22) and (D.24) that the damping ratio of the

second order transfer function is given by

=o0fy (D.25)
Before pursuing the generalized transfer function of Equation (D.22) and its
variation with operating conditions, it is worthwhile considering its nature at the null

condition. At the null condition of a flapper-nozzle valve, i.e., x¢ = 0, equations (D.5) and
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(D.6) yield

— = 1+
P =P> =
1 2 Y
(D.26)
Py =Pe=1
N e e Y
where Y =1+(1+Z)v%
Hence, one has
v
kyi =k =k —
x1 X2 nW
Kap = kg = — ko — Y —
al bl OZVZ'Y
(D.27)

ka2 =kp2 =kn g

kn=ka=—k — ¥
a3 = k3 n2’Y(1+’YZ)

Then, using the equations (D.21), (D.24), and (D.27), the null damping function is

fd_4ZY(1 +7) (D.28)
Y3/2
And, for a servovalve with no drain orifice, i.e., as Y — «
(fo)o = —2E— (D.29)

T (1 +2)¥2
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Therefore the damping constant ratio at null can be written as

¢ with drain orifice (1 +v2) (1 +Z)*/2
¢ without drain orifice [1 +(1+2) 'YZP/ 2

(D.30)

,YZ

1+ Yz)(l “Bo P

Also using the equations (D.20), (D.23), and (D.27), null gain function is represented by

¢ =4Zy2(1+y2)

g v (D.31)
And, asy—>
(fo)oo = _47Z (D.32)
51+ 722
Therefore the gain ratio at null can be written as
in wi in orifi 211+ v2)(1+Z)
gain with drain orifice Y ( Y ) ( ) (D.33)

gain without drain orifice [1+(1+2) 9P

2

2
=(1 ki )(1 '"1561,2)2
¥

Figures D.7 and D.8 illustrate the nondimensional plots of the damping constant
ratio of Equation (D.30) and the gain ratio of Equation (D.33), respectively. These figures
reveal that both the damping constant and the gain at null always increase as Z increases for

any value of ¥ and that, in general, the damping constant and the gain at null reach peak
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values in the range of 0 (v ( 2. Consequently, figures D.7 and D.8 show the typical range
of parameters for practical implementation of the drain orifice. For all cases of Yy =2 and Z

> 2, both the damping constant ratio and the gain ratio at null increase as the area gradient
of the drain orifice decreases.

Figures D.9 and D.10 show that the damping function, fy, and the gain function,
fy, for a particular parameter, Z, may increase and reach the maximum at operating points
away from null. Highly resistive drain orifices will also tend to produce flatter
characteristics away from null and would certainly prevent the low gain and damping that

occur at extreme flapper movements. With a drain orifice, an increase in the gain function

occurs when Z > 2, and in all cases, an increase in the damping function always occurs.

Generally the damping function and the gain function become more linear over the range of

flapper displacement as the drain orifice is more resistive, that is y decreases. It would

appear that a high value of Z is required with y values less than 2.

Dynamics of Torque Motor/Flapper-Nozzle First-Stage Assembly

On the first stage of an electrohydraulic servovalve, the torque which is produced
by the electromotive force is proportional to the armature current. It is opposed by
retarding torques due to the flapper restraining spring force, the static and dynamic fluid
forces, the viscous friction force and the flapper acceleration force ([Merritt 67], [Nikiforuk

69]). This is expressed by

K Ai=(J, 52+ B, s + Ky) A® + AF; (D.34)
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where i = electrical current differential, amp

K = torque constant of the torque motor, in-lb/amp

I, = inertia of armature and any attached load, in-Ib-sec?
B, = viscous damping coefficient of mechanical armature mounting and
load, in-lb-sec
K, = total spring constant of torque motor and armature, K, = K, — K,
in-lb/rad
K, = mechanical torsion spring constant of armature pivot, in-lb/rad
K}, = magnetic spring constant of torque motor, in-lb/rad
Fr = static and dynamic fluid flow forces on the flapper, in-1b
r = equivalent length of flapper, in.
Nikiforuk, et. al [Nikiforuk 69] showed that the fluid force on the flapper with no
drain orifice is dominated by the static fluid force
Fr=a,(P; - Py) (D.35)
Hence, the fluid force on the flapper with a drain orifice is similarly given by |
Fe = a, (P1 — P2) + a4 (Pe1 — Pe2)

(D.36)
n

1+72

1+ (P1 — P2)

= an

where a4 =equivalent drain pressure sensing area of the flapper except nozzle

area, ag = Wq h - a,, in?

h = height of the drain chamber, in

n = ratio of 24
dn

For the blocked load condition, the dynamics of the first-stage, torque

motor/flapper-nozzle valve assembly can be represented using equations (D.19), (D.34)
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and (D.36). The block diagram on Figure D.11 shows the dynamics of the first-stage

assembly. The loop transfer function is

G(s)H(s) = K (D.37)
§3+2§S+1
of On

where O, = maximum angular displacement of flapper, rad

K=Dstal A(1+L2
Kat Om ¥

C0112 = Kat/ Ja

{=B./2VKy T2

The transfer function of the first stage assembly is

o K, im A
A(P1:P2)= enA _ (D.38)
Ai Jas?+Bys+ Ky + 2 tsfnfy 0
m L+9

where i, = maximum current differential, amp

=i
Im

The dynamics of the first-stage assembly are always stable since the contours of the
polar plots of the transfer function G(s)H(s) do not encircle the point —1 + jO. However, an
increase of the gain function K makes the contour closely approach to the point —1 + jO.

Hence, in terms of stability, the parameter Y must be large and the area ratio n must be
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small. A highly resistive drain orifice causes the first-stage system to have a low damping
constant and a high natural frequency. With a high null gain for the small value of v, the

practical value of y must be determined.

Interactions Between the Torque Motor and the Hydraulic Stage

By combining equations (D.19), (D.22), (D.34), and (D.36), the dynamics of a
two-stage electrohydraulic servovalve are represented as shown on Figure D.12. It is then
possible to show that the response of the servovalve will contain oscillatory components
using the Routh stability criterion. By adding a fixed drain orifice and deriving the
sufficient condition, Watton [Watton 87] showed that these oscillatory components will not
exist. By using Routh stability criterion, the sufficient condition for the stability of a

servovalve with a variant drain orifice is obtained by

B2 Xpm
J, P ap (1 + A

1+

) £y (D.39)

I

As previously mentioned, the parameter ¥ and the area ratio n must be balanced,

i.e., sufficiently large and small, respectively, to increase overall servovalve stability.

However, as shown on Figure D.10, the gain function, fg, is a function of v, and its peak
value on a stroke of the flapper increases as ¥ increases. Therefore the value of Y need to

be determined to design an actual variant drain orifice.
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For example, consider a commercially available servovalve having the following

data:
B, =0.241bin sec Xfo = 2.6 X 103 in
J.=6.84 X 10~ Ib in? P, = 1500 psi
ap =7.13 X 1072 in? r=0.5in

It is assumed that the servovalve is a direct feedback type of which typical value of
Zis 4, and thaty=1 and n =3 (i.e., ag =4 ay). When y = 1, the back pressure in the drain
chamber at null is 25% of the supply pressure. Then, using the condition (D.39), the two
sides of the inequality can be plotted using the information on Figure D.9. Figure D.13
shows several plots of inequalities of (D.39).

High frequency oscillations are identified when the horizontal straight lines on
Figure D.13 intersect the gain function fy. The undesirable range of operation increases
significantly when the variant drain orifice is attached to the flapper. For high supply

pressures, the developed theory predicts an increase in audible noise resulting from

instability over most of the operating range of the flapper displacement.

Findings and a Discussion

Table D.I summarizes the effects of a variant drain orifice compared to a fixed drain
orifice. The specific advantages acquired by using a variant drain orifice on the first-stage
flapper-nozzle of a two-stage electrohydraulic servovalve are as follows:

1. A reduction of the flow and the power loss through the flapper-nozzle

stage.
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2. An increase in the null pressure sensitivity of the flapper-nozzle valve.
3. Anincrease in the linearity of the gain function of the flapper-nozzle valve.
4. An increase in the null gain of the overall servovalve dynamics.

5. An increase in the uniformity of the gain function for each flapper stroke.

However, a highly resistive drain orifice may deteriorate the stability of servovalve
dynamics. Hence, the features and the size of the variant drain orifice must be determined

considering stability.
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TABLE 7.1

Numerical Values for The Parameters of A Two-Satge Electrohydraulic Servovalve

parameter value parameter value
Ja 1.75 X 10C1brin s2/ rad Xfo 0.0015 in
Ba 0.036 Ibsin s/ rad C40-Cqr | 0.68
K, 32 Ibrin/ rad Ca 0.63
dy 0.0145 in p 8.12 X 1075 Ibs s2 / in?
r 0.6882 in A, 0.0515 in?
K; 18.5 Ibgin / amp M 3.02 X 10-31Ibrs2/in
B 2.16 X 10° Ibs/ in? B; 5.151b¢s/in
Vi 0.003 in3 Ks 340 1b¢/ in
Ve 0.0005 in3 Xpm 0.05in
K 879 X 10~%in> / Ibs s Im 1 amp
P 2000 Ib¢ / in? do 0.0093 in
dg 0.0198 in
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TABLE 8.1

Various Values Depending on the Specifications of 8 and o

Line || 6 o MM;) MM,) Juang's Criterion
Ly | mi6] 1 0.4442 -0.0156 0 0.2729 0 -0.0480 u; = 1.3946
L, |0 |1 1.2089 -0.2089 0 0.5277 0 -0.0991 uy = 0.5758
Ig [|—m/6| 1 0.4442 -0.0156 0 0.2729 0 -0.0480 uz = 1.3946
Ly || = 10 || 0.0017 -03421 0 0.0426 0 -0.2007 ug = 1.8428
TABLE 8.1
Various Values for Example 1
Line | 6 o MM;) MM;) Juang's Criterion
Ly | 6] O 2.1659 -3.3659 2.8581 —2.0248 w; = 0.1607
I, |0 |-1 3.2158 —4.4380 3.8000 -3.0222 uy =0.1214
I3 |6 O 2.1659 -3.3659 2.8581 -2.0248 us = 0.1607
Ly | @ |-10} 0.3530 -0.0685 0.0628 -0.1683 ug = 1.9182
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TABLE &.III

Various Values for Example 2

Line vertex AAaMm,) AAM,) P: positive
k; ky definite?
L 0.4617 0 | 0.8099 |-0.1204 | 0.0072 |-0.4894 yes
1 -0.2971 0 | 0.0775 |-0.5211 0.3149 |-0.0046 yes
> 0 | 03499 | 0.1390 |-0.4305 | 0.3941 |-0.1997 yes
- 0 1-0.4939 | 0.6077 }-0.1961 0.2819 |-0.5563 yes
0.3110 0 1.5698 |-1.8634 1.7181 |-1.4071 yes
-0.2253 0 1.3503 |-1.1375 1.0196 |-1.2449 yes
ke 0 | 0.2632 1.7130 |-1.4108 1.2790 |-1.5616 yes
0 |-0.3309 1.7739 |-2.1538 1.9635 |-1.6081 yes
2.8329 0 | 0.3301 |-0.0581 0.0287 1-0.1672 yes
—14.5985 0 - - - - no
Ly
0 |15.9236 - - - - no
0 [-5.9418 | 0.2988 |-0.0633 0.0285 |-0.1666 yes
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TABLE D.I

Comparison of Effects of Drain Dampers

Characteristics Fixed Drain Orifice Variant Drain Orifice
Flow and power loss J I
Null pressure sensitivity ! 1

of flapper-nozzle valve
Linearity of gain function

of flapper-nozzle valve d f
Null gain of servovalve ! 1
Null damping constant i )
Uniformity of gain function < 0
Stability of first-stage 1 5
Overall Stability ? !

| : decrease 1 :increase <> :little effect [ :adjustable variance
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: Gao's method

|I| : Maximum bounds
allowable

-1 T =
k1+—- /Xmax(Pl)’ k1 - 1/7\'min(Pl)

k2+ = I/Xmax(PZ)a k2_ = 1/)"min(PZ)

Figure 3.1 Stability bounds for a 2-dimensional perturbation system
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k@

A Stability bound estimates by Gao's method

@ Expanded stability bounds by Expansion Theorem

Figure 4.1 Part view of stability bounds for a 3-dimensional perturbation system
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774 Zhou's method [1]

#  Gao's method [7]

Expansion of Gao's result

Asymmetric First-Order Method

Figure 6.1 Comparison between the stability bound estimates for example 1
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Figure 6.2 Comparison between the stability bound estimates for example 2
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é Gao's Method (1993)
Zero-Order Method

k (B), Ibrs / in [] First-Order Method
@® Typical Value(k;=0.036, kp=5.15)
®  Watton's Criterion (k; =3.98 X 107%, ko =0)
s
RO k2 (Bs)
R R
wea L
NS . ki (Ba)
) 0.1094  Ibrins/rad
TIAIF

Figure 7.1 Stability bound estimates for a two-stage electrohydraulic servovalve example
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Gao's Method
Expanded Zero-Order Method

Expanded First-Order Method
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............ '—0.00_6
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Figure 7.2 Stability bounds for a fighter aircraft example
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Figure 8.1 Two open half-planes seperated by a line L
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Figure 8.2 Various stability and robustness bound estimates
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Figure 8.4 Comparison of robustness bound estimates for example 1
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Figure 8.5 Transient responses at the vertices for example 1
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Figure 8.7 Comparison of robustness bound estimates for example 2 (I)
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Figure 8.8 Comparison of robustness bound estimates for example 2 (II)
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Figure 8.9 Transient responses at the vertices for example 2
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Figure D.1 Happer-nozzle with a fixed drain orifice
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Figure D.2 Flapper-nozzle with a variant drain orifice
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Figure D.3 Steady-state characteristics, PP,
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Figure D.4 Steady-state characteristics, P.1—Pes
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Figure D.5 Steady-state characteristics, W, or Qe
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Figure D.6 Pressure characteristics at null
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Figure D.8 Variation of null gain ratio
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Figure D.9 Variation of gain function
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Figure D.10 Variation of damping function
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Figure D.11 Block diagram for the dynamics of first-stage assembly
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Figure D.12 Equivalent block diagram for the dynamics of a two-stage electrohydraulic servovalve
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Figure D.13 Comparison of stable operation ranges of various servovalves
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