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INTRODUCTION

F i n i t e  f i e l d s  and  s t r u c t u r e s  o v e r  f i n i t e  f i e l d s  have  a  r i c h  and w e l l-  

d e v e lo p e d  th e o r y .  T here  has been  c o n s id e r a b le  i n t e r e s t  in  g e n e r a l i z in g  

th e s e  r e s u l t s  t o  f i n i t e  r in g s  and p r e l im in a r y  t o  t h i s ,  t o  f i n i t e  l o c a l  

r in g s  s in c e  f i n i t e  r i n g s  decompose i n t o  s t r u c t u r e s  in v o lv in g  l o c a l  r i n g s  

(S ee  C h a p te r  I ) .

McDonald and Ganske [ 2 1 ] ,  [ 9 ]  have  d e v e lo p e d  e x te n s iv e ly  th e  th e o ry  

o f  com m utative f i n i t e  l o c a l  r i n g s  and  in  p a r t i c u l a r  a  G a lo is  th e o r y .

C la rk  and Drake [2 ]  have  c h a r a c te r iz e d  com m utative f i n i t e  l o c a l  p r i n c i p a l  

i d e a l  r i n g s .  W hile R aghavendran [ 2 3 ] ,  W ilson  [ 2 7 ] ,  [ 2 8 ] ,  and o th e r s  have  

p ro v en  s e v e r a l  s t r u c t u r e  th eo rem s f o r  p a r t i c u l a r  f i n i t e  l o c a l  r i n g s .  B ut 

a  w o rk ab le  s t r u c t u r e  theo rem  f o r  th e  non -com m uta tive  c a se  h a s  n o t  b een  

o b ta in e d .  Thus th e  th e o r y  o f  non -com m uta tive  f i n i t e  r in g s  rem a in s  

u n d e v e lo p e d .

In  t h i s  p a p e r  we show t h a t  non -com m uta tive  l o c a l  r in g s  a r e  homo

m orph ic  im ages o f  skew p o ly n o m ia l r i n g s  o v e r  a  s u i t a b l e  " c o e f f i c i e n t "  

s u b r in g . T h is  c o rre sp o n d s  t o  th e  Cohen S t r u c tu r e  Theorem f o r  com m utative  

co m p le te  l o c a l  r i n g s  so  t h a t  much o f  t h e  th e o r y  i n  th e  non -com m uta tive  

c a s e  i s  a  p a r a l l e l  t o  th e  com m utative th e o r y .

The te c h n iq u e  o f te n  u sed  in  th e  s tu d y  o f  l o c a l  r i n g s  i s  t o  r e d u c e  

m odulo th e  m axim al i d e a l  and th e n  " l i f t "  r e s u l t s  back  t o  th e  r i n g .  T h is  

same te c h n iq u e  i s  u sed  in  th e  c a se  o f  p o ly n o m ia l r i n g s  o v e r  a  l o c a l  r i n g .
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The n eed ed  background  and m o tiv a t io n  f o r  s tu d y in g  f i n i t e  non-

com m utative l o c a l  r in g s  i s  g iv e n  in  C h ap te r I  w i th o u t  p r o o f .  In  C h ap te r

I I  we p ro v e  th e  e x is te n c e  o f  a  " c o e f f i c i e n t "  s u b r in g  S o f  a  f i n i t e  l o c a l

r i n g  R. C la rk  [ 3 ]  and W ilson [2 7 ]  in d e p e n d e n tly  have shown

R = S © Sb- ® • • •  © Sb a s  a  tw o -s id e d  S-m odule w here b .  a r e  in  th e  Rad(R). I n  1

We w i l l  e x te n d  t h i s  by show ing th e r e  e x i s t  au tom orphism s o f  S such

t h a t

sbj, = b ^ a ^ ( s )  f o r  s  i n  S and 1 < i  < n .

T h is  i s  th e  n eeded  s u b s t i t u t e  f o r  th e  la c k  o f  c o m m u ta tiv ity  in  R. U sing  

t h i s  d e c o m p o s itio n  o f  R we th e n  show t h a t  R i s  th e  homomorphic image o f  

th e  skew p o ly n o m ia l r i n g  S[ X^ , * • • • • , o^]  w here X^ a r e  non-com m uting

in d e te rm in a n ts  and sX. = X. o . ( s )  f o r  s  i n  S and 1 < i  < n.I l l  -

In  C h a p te r  I I I  we s tu d y  in  d e t a i l  t h e  skew p o ly n o m ia l r i n g  R [X ,o] f o r  

R a  f i n i t e  l o c a l  r i n g .  We a r e  i n t e r e s t e d  i n  R b e in g  f i n i t e  due t o  th e  

above s t r u c t u r e  th eo rem , b u t  we n o te  t h a t  m ost o f  th e  r e s u l t s  o f  C h ap te r 

I I I  a r e  a l s o  v a l i d  f o r  l o c a l  o r  A r t in ia n  l o c a l  r i n g s  w ith  o n ly  s l i g h t  

m o d if ic a t io n  o f  s e v e r a l  p r o o f s .  Ore [2 2 ]  in  1933 f i r s t  c o n s id e re d  skew 

p o ly n o m ia l r i n g s  o v e r f i e l d s  and d iv i s io n  r i n g s .  S in c e  O r e 's  w ork , l i t t l e  

h a s  b een  done t o  d ev e lo p  th e  p r o p e r t i e s  o f  p o ly n o m ia ls  and id e a l s  in  skew 

p o ly n o m ia l r i n g s  o v e r  a  more g e n e ra l  c o e f f i c i e n t  r i n g .  We fo llo w  th e  

ap p ro ach  o f  S napper [2 5 ]  f o r  p o ly n o m ia l r i n g s  o v e r  com m utative l o c a l  r in g s  

and d e v e lo p  an  e x te n s iv e  th e o r y  f o r  p o ly n o m ia ls , i d e a l s ,  and f a c t o r i z a t i o n  

i n  skew p o ly n o m ia l r i n g s  o v e r f i n i t e  l o c a l  ( A r t in ia n  l o c a l )  r i n g s .

C h a p te r  IV i s  an  a p p l i c a t i o n  o f  o u r skew p o ly n o m ia l th e o r y  and th e  

s t r u c t u r e  th eo rem . We f i r s t  c o n s id e r  r i n g  e x te n s io n s  o f  a  non-com m utative  

f i n i t e  l o c a l  r i n g .  In  p a r t i c u l a r  o u r i n t e r e s t  i s  in  a  skew s im p le
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a lg e b r a ic  e x te n s io n  R [6 ,o ]  w here o i s  an  autom orphism  o f  R such  t h a t  

r 0  = 0 a ( r )  f o r  r  in  R. A lso  we c o n p le te  th e  c h a r a c t e r i z a t i o n  o f  C la rk

[2 ]  o f  a l l  f i n i t e  c h a in  r i n g s  R by  u s in g  a  skew E i s e n s t e in  e x te n s io n  o f  

th e  c o e f f i c i e n t  s u b r in g  S o f  R. F u r th e r  we c h a r a c t e r i z e  t h e  f i n i t e  o n e - 

s te p  r i n g  o f  R edei [2 4 ]  in  te rm s  o f  a  p a r t i c u l a r  skew p o ly n o m ia l r i n g .



CHAPTER I  

SURVEY OF FINITE RINGS

T h is  c h a p te r  in t r o d u c e s  some o f  t h e  d e f i n i t i o n s  and n o t a t io n  u s e d  in  

s tu d y in g  f i n i t e  r i n g s  w ith  i d e n t i t y  and g iv e s  s e v e r a l  d e c o m p o s itio n  

th eo rem s o f  f i n i t e  r i n g s  i n t o  r i n g s  in v o lv in g  l o c a l  r i n g s .  Thus t h e  s tu d y  

o f  f i n i t e  r i n g s  in v o lv e s  t h a t  o f  l o c a l  r i n g s .

T hroughout t h i s  p a p e r  " r in g "  w i l l  mean a  f i n i t e  r i n g  w ith  i d e n t i t y  

w hich  i s  n o t  n e c e s s a r i l y  com m utative . The one e x c e p tio n  i s  th e  p o ly n o m ia l 

r i n g  w hich w i l l  n o t  b e  f i n i t e  b u t  w i l l  h av e  c o e f f i c i e n t s  from  a  f i n i t e  

r i n g .

A r in g  R i s  c a l l e d  l o c a l  o r  c o m p le te ly  p r im a ry  i f  R /Rad(R) i s  a  

f i n i t e  f i e l d , w here th e  r a d i c a l  o f  R i s

Rad(R) = r\{M 1 M i s  a  m axim al r i g h t  i d e a l  o f  R}.

We have th e  fo l lo w in g  w ell-know n r e s u l t s  c o n c e rn in g  th e  r a d i c a l  o f  R 

and l o c a l  r i n g s ,  w hich  are  g iv e n  w ith o u t  p r o o f .  The f i r s t  p r o p o s i t io n  

shows t h a t  f o r  f i n i t e  r i n g s  t h e  v a r io u s  w e ll-k n o w n  ty p e s  o f  r a d i c a l s  a r e  

e q u iv a le n t .  See McDonald [2 1 ]  f o r  p r o o f .

1 .1  PROPOSITION. L e t R b e  a  f i n i t e  r i n g  w ith  i d e n t i t y .

(1 )  Rad (R) = { r  in  R I 1  -  r s  i s  i n v e r t i b l e  f o r  a l l  s  in  R}

= { r  in  R I 1  -  s r  i s  i n v e r t i b l e  f o r  a l l  s  in  R}.

(2 )  Rad (R) i s  an  i d e a l  and i s  th e  l a r g e s t  i d e a l  k  su c h  t h a t



f o r  a l l  r  i n  k ,  1 -  r  i s  a  u n i t .

( 3 )  Rad (R) = A{M| M i s  a  m axim al l e f t  i d e a l  o f  R}.

(4 )  Rad (R) = n { P |  P i s  a  p rim e i d e a l  o f  R},

(5 )  Rad (R) = U { b | B i s  a  n i l p o t e n t  i d e a l  o f  R}.

(6 )  Rad CR) = { r in  R I r  i s  s t r o n g ly  n i lp o t e n t } .

Our co n c ern  i s  m o s tly  w ith  l o c a l  r i n g s ;

1 .2  PROPOSITION. The fo l lo w in g  a r e  e q u iv a le n t .

(1 )  R i s  a  l o c a l  r i n g .

(2 )  R h as  e x a c t ly  one m axim al r i g h t  ( o r  l e f t )  i d e a l ,

(3 )  The n o n - u n i t s  o f  R fo rm  a  r i g h t  ( o r  l e f t )  p ro p e r  i d e a l .

(4 )  F o r  e v e ry  r  in  R , e i t h e r  r  o r  1 + r  i s  a  u n i t .

( 5 )  R h a s  o n ly  0 and 1 a s  i t s  id e m p o te n ts .

( 6 )  E v ery  e lem en t o f  R i s  e i t h e r  a  u n i t  o r  a  n i l p o t e n t  e le m e n t,

1 .3  PROPOSITION. I f  R i s  a  f i n i t e  l o c a l  r i n g  w ith  m axim al i d e a l  M, th e n

( 1 )  Rad (R) = M = { r i n  R I r  i s  n i l p o t e n t } ;  h en ce  M i s  n i l p o t e n t .

( 2 )  The u n i t s  o f  R = { r  | r  i s  n o t  in  M}.

( 3 )  E very  n o n - u n i t  i s  a  tw o -s id e d  z e ro  d i v i s o r  in  R.

The fo l lo w in g  p r o p o s i t io n  from  R aghavendran [ 2 0 ,  Thm. 2 ,p .  199] 

g iv e s  th e  r e l a t i o n s h i p  o f  th e  o r d e r s  o f  R , M, and  R/M f o r  R a  f i n i t e  

l o c a l  r i n g .

1 .4  THEOREM. L e t R b e  a  f i n i t e  l o c a l  r i n g  w ith  u n iq u e  m axim al i d e a l  M.

Then t h e r e  a r e  a s s o c i a te d  w i th  R in te g e r s  p  ( p r im e ) ,  n ,  and r  su c h  t h a t

1r | = |M| = |R/M| = pT

w here

(1 )  The c h a r a c t e r i s t i c  o f  R i s  p w here 1 < k < n r ,

( 2 ) m" = ( 0 ).



Exam ples o f  l o c a l  r i n g s  a r e :

(1 )  Any f i n i t e  f i e l d  GF(p’̂ ) ,  whose r a d i c a l  i s  (0 )  and  %(R)

(2 )  The r i n g  Z/Zp" (p  p r im e ) ,  whose r a d i c a l  i s  Zp/Zp^ and 

X(R) = p ^ .

(3 )  The r i n g  o f  m a tr ic e s

= p .

a  b  

0 a
I a,b are in Z/Zp]

whose r a d i c a l  i s

I  ̂  ̂ I a i s  in Z/Zp^

and x(R) = P*

(4 )  (W ilson  [ 2 8 ] )  The r i n g  o f  m a tr ic e s

a  b 

2c 2d

w hose r a d i c a l  i s

2a b 

2c 2d

a , b , c , d  a r e  i n  Z/4Z |

a , b , c , d  a r e  i n  Z /4 z j

and  x(R) =

The f i r s t  t h r e e  exam ples a r e  com m utative  w h ile  th e  l a s t  i s  noncom m utative .

To r e q u i r e  t h a t  R h as  a  u n iq u e  m axim al r i g h t  i d e a l  i s  s t r o n g e r  th a n  

r e q u i r in g  t h a t  R have a  u n iq u e  m axim al tw o -s id e d  i d e a l  a s  t h e  fo llo w in g  

i l l u s t r a t e s ,

L e t S = Z /Zp^ (p  p rim e ) and  R = M^(S) b e  th e  n  x  n  m a tr ix  r in g  

o v e r  S (n  > 2 ) .  Then R h a s  a  u n iq u e  m axim al tw o -s id e d  i d e a l

b u t

M = M^(ZpZZp^),

R/M = M (Z /Z p*)/M  (Z p /Z p ") = M„CZ/Zp) n n  n
w hich i s  n o t  a  f i e l d .
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We n e x t  g iv e  v a r io u s  s t r u c t u r e  th eo rem s f o r  f i n i t e  r i n g s  e a ch  o f  

w hich in v o lv e s  f i n i t e  l o c a l  r i n g s .  Thus th e  s t r u c t u r e  o f  f i n i t e  r in g s  

may b e  ap p ro ach ed  from  th e  c o n te x t  o f  t h e  s t r u c t u r e  o f  f i n i t e  l o c a l  r i n g s .

1 .5  PROPOSITION. ( S t r u c tu r e  theo rem  f o r  s e m i- lo c a l  r i n g s )

L e t R b e  a  s e m i- lo c a l  r i n g .  Then R i s  iso m o rp h ic  t o  an  n  x  n  m a tr ix  

r i n g  o v e r  a  l o c a l  r i n g  S . The in t e g e r  n  i s  u n iq u e  and S i s  u n iq u e  up to  

a  r i n g  isom orph ism .

By l i f t i n g  o r th o g o n a l  id e m p o te n ts  from  R/Rad(R) we o b ta in  t h e  fo l lo w 

in g  w ell-know n r e s u l t  f o r  f i n i t e  r i n g s .  The p ro o f  may b e  fo u n d  i n  

McDonald I 213.

1 .6  PROPOSITION. (S ta n d a rd  d e c o n p o s i t io n )

L e t R b e  a  f i n i t e  r i n g .  Then

R = S + N

w here ( a )  S H N = 0 .

(b )  S = e  l i - i  i s  a  d i r e c t  sum a s  an  a d d i t iv e  A b e lia n

group, o f  n ^  X  n ^  m a t r ix  r i n g s  o v e r  l o c a l  r i n g s  S ^ .

( c )  N i s  a  su b g ro u p  o f  Rad (R ) .

I f  i n  th e  above s ta n d a r d  d e c o m p o s itio n  th e  c h a r a c t e r i s t i c  o f  i s  

p^ ( p r im e ) ,  th e n  S^ c o n ta in s  a  s u b f i e ld  k^ iso m o rp h ic  t o  th e  r e s id u e  f i e l d  

S ./R a d (S ^ ) . Thus we may c o n s id e r  Sj  ̂ a s  a  f i n i t e  d im e n s io n a l a lg e b r a  o v e r 

k ^ . A pp ly ing  th e  W edderbum -M alcev Theorem we have

S . = k .  d  R a d (S .)  a s  A b e lia n  g ro u p s  f o r  1 < i  < n .
1 1  1 -  -

So t h a t  t h e  s ta n d a rd  d e c o m p o s itio n  s p l i t s  i n to

R = @ M n.(k^) + Rad (R)

w here



^ i= l  n  Rad (R) = 0.

In  C h ap te r I I  we g e n e r a l i z e  t h i s  r e s u l t  t o  a l l  f i n i t e  r i n g s .

In  ( 1 .6 )  th e  l o c a l  r i n g s  S , a r e  c a l l e d  th e  a s s o c ia te d  l o c a l  r in g s  

o f  R. T hese l o c a l  r in g s  t o g e th e r  w i th  th e  subgroup N and  th e  m anner in  

w hich t h e i r  e le m en ts  com bine d e te rm in e  th e  s t r u c tu r e  o f  R.

I f  N = 0 ,  th e n  R = © i s  a  d i r e c t  sum o f  m a tr ix  r in g s

o v e r th e  a s s o c i a te d  l o c a l  r i n g s ;  i . e . ,  i s  a  d i r e c t  sum o f  s e m i - lo c a l  r i n g s .  

I t  i s  e a sy  t o  show t h a t  N = 0 i f  th e  r a d i c a l  o f  R i s  c o n ta in e d  in  th e  

c e n te r  o f  R o r  i f  th e  com m utative o r th o g o n a l  id em p o te n ts  o f  R/Rad (R) 

l i f t  t o  com m utative id em p o te n ts  i n  R. O th er n e c e s s a ry  and  s u f f i c i e n t  

c o n d i t io n s  f o r  N = 0 w ere g iv e n  r e c e n t l y  by  Court e r  [ 5 ] ,
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As shown i n  t h e  f i r s t  c h a p te r  e v e ry  f i n i t e  r i n g  h a s  a  s ta n d a rd  

d e c o m p o s itio n  i n t o  t h e  d i r e c t  sum (as  A b e lia n  g ro u p s)  o f  m a tr ix  r in g s  o v e r  

f i n i t e  l o c a l  r i n g s  p lu s  a  f a c t o r  w hich  i s  a  su b g ro u p  o f  t h e  r a d i c a l  R.

Thus knowing th e  s t r u c t u r e  o f  f i n i t e  l o c a l  r i n g s  o n e  hopes t o  u s e  t h e  

p r o p e r t i e s  o f  m a t r ix  r i n g s  t o  s tu d y  th e  s t r u c t u r e  o f  f i n i t e  r i n g s .

In  t h i s  c h a p te r  we g iv e  s e v e r a l  s t r u c t u r e  th eo re m s f o r  non-com m utative  

f i n i t e  l o c a l  r i n g s .  Each o f  th e  s t r u c t u r e  th e o re m s  em ploys th e  u se  o f  a  

com m utative l o c a l  p r i n c i p a l  id e a l  s u b r in g  S o f  R. The r in g  S i s  a  G a lo is  

r in g  o f  th e  form  (Z/Zp’̂ lX] ) / ( f ) .  (Z d e n o te s  t h e  r a t i o n a l  i n t e g e r s ,  p  i s  

a  p rim e  and f  i s  i r r e d u c i b l e  modulo p ) . F o llo w in g  K r u l l  and Ja n u sz  [16] 

who have shown s i m i l a r  r e s u l t s  f o r  com m utative  r i n g s  we w i l l  c a l l  S a  

" c o e f f i c i e n t "  s u b r in g  o f  R.

As a  s u b s t i t u t e  f o r  c o m m u ta tiv ity  i n  R we show t h a t  R h a s  a  

" d is t in g u is h e d "  in d e p e n d e n t g e n e ra tin g  s e t  { l / b ^ , • • • w here f o r  each  

i f  1 5 i  3 m, t h e r e  i s  an  autom orphism  o f  S su c h  t h a t  sb^  = b ^ a ^ (s )  

f o r  each  s  in  S . U sing  t h i s  r e s u l t  we have o u r  m ain  s t r u c t u r e  th eo rem . 

THEOREM. L e t  R b e  a  f i n i t e  l o c a l  r i n g  w ith  c o e f f i c i e n t  r in g  S« 9hen R 

i s  th e  homomorphic im age o f  a  skew p o ly n o m ia l r i n g  S[Xj^,♦ • • ,X^; 

w here a ^ 's  a r e  au tom orph ism s o f  S, X^'s noncom m uting in d e te z m in a n ts , and 

sXf = X^cfj^(s) f o r  s  i n  S .
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1 . GALOIS RINGS.

L e t GR(p” , r )  d e n o te  th e  e x te n s io n  (Z /Z p*^[X ])/(f) o f  th e  r i n g  Z /Z p"

(p a  p rim e) w here  f  i s  m onic o f  d e g re e  r  and  i r r e d u c i b l e  modulo Z p/Z p". 

Such a  r in g  i s  c a l l e d  a  G a lo is  r i n g  o f  c h a r a c t e r i s t i c  p*'. We n o te  t h a t  

a  G a lo is  r i n g  i s  a  g e n e r a l i z a t i o n  o f  a  G a lo is  f i e l d  GF(p^) and  th e  r i n g  

Z/Zp*^. F o r n  = 1 ,  G R (p ,r) = GF(p^) and  f o r  r  = 1 ,  G R (p*',l) = Z /Z p^.

F o r a n o th e r  c h a r a c t e r i z a t i o n  o f  GR(p**,r) we u s e  th e  f a c t  t h a t  Z/Zp”  

and (Z/Zp^)[xi/(f) a r e  com m utative  r in g s  t o  c o n c lu d e  from  G anske and 

McDonald [9 ,  Theorem s 5 .6 ,  5 .1 1 ]  t h a t  GR(p’̂ , r )  i s  a  G a lo is  e x te n s io n  o f  

Z/Zp^.  We in c lu d e  f o r  c o m p le te n e ss  and r e f e r e n c e  t h e i r  th eo rem  w hich  

su m n a riz e s  t h e  p r o p e r t i e s  o f  com m utative  G a lo is  e x te n s io n s .

2 .1  PROPOSITION. L e t  S = GR(p” , r )  = (Z /Z p ^ [X ]) /( f )  b e  a  G a lo is  e x te n s io n  

o f  Z/Zp” . Then

( i )  S i s  u n ra m if ie d  o v e r  Z /Z p^ , w ith  u n iq u e  m axim al i d e a l  Sp , and 

e v e ry  i d e a l  i s  o f  th e  form  Sp^.

( i i )  S = (Z/Zp*^) [ a ] , w here  a  i s  a  r o o t  o f  f .

( i i i )  S i s  a  s p l i t t i n g  r i n g  o f  f .

( iv )  The au tom orph ism s o f  S p e rm u te  th e  r o o t s  o f  f .

(v) I A uto  (S) I = d im g y g ^ (S )  = deg  f .

(v i)  A uto  (S) i s  a  c y c l i c  g ro u p  and iso m o rp h ic  t o  Auto (S /S p ) .

( v i i )  S i s  th e  u n iq u e  G a lo is  e x te n s io n  o f  Z/Zp”  o f  d e g re e  r .

F u r th e r  n o te  t h a t  s in c e  e a c h  i d e a l  o f  GR(p” , r )  i s  o f  th e  form  (p ^ ) , 

f o r  g  i n  GR(p” , r ) ,  g  = u p ^ , w here  u  i s  a  u n i t  and t  a  u n iq u e  i n t e g e r .

N ext we show t h a t  i f  R i s  a  f i n i t e  l o c a l  r i n g  w ith  c h a r a c t e r i s t i c  

p*̂  and  R/Rad (R) = GF(p*^) ,  th e n  R c o n ta in s  t h e  G a lo is  r i n g  S = G R (p * ',r ) . 

Thus we may c o n s id e r  R a s  a  tw o -s id e d  S-m odule (d en o te d  ( S - S ) m o d u le ) .
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In  f a c t ,  S i s  a  (S -S )-m odu le  d i r e c t  summand o f  R and i s  c a l l e d  th e  

c o e f f i c i e n t  s u b r in g  o f  R,

2 .2  THEOREM. ( C o e f f i c i e n t  S u b rin g )

L e t  R b e  a  f i n i t e  l o c a l  r in g  w i th  u n iq u e  m axim al i d e a l  M, th e  

c h a r a c t e r i s t i c  o f  R b e  and r e s i d u e  f i e l d  R/M = GF (p ^ ) .

Then t h e r e  e x i s t s  a  com m utative  l o c a l  s u b r in g  S o f  R su ch  t h a t

(1) S = GR(p” , r ) ;  i . e . ,  S i s  a  G a lo is  r i n g .

(2) S /R ad (S) = S /S p  = R/Rad (R) = R/M.

(3) S i s  u n iq u e  up t o  an  i im e r  au tom orph ism .

(4) S i s  an  (S -S )-m odu le  d i r e c t  summand o f  R, i . e . ,  

gRg = gSg ® gNg w here N C  Rad(R) .

P r o o f . We c o n s t r u c t  S i n  R a s  f o l l o w s .  S in c e  t h e  f i n i t e  f i e l d

R/Rad (R) = GF(p^) c o n ta in s  t h e  s u b f i e l d  Z /Z p, we have  from  th e  th e o r y  o f

f i n i t e  f i e l d s  t h a t

GP(p^) = (Z /Z p IX 3 )/( f )  = (Z/Zp) 18]

f o r  some m onic i r r e d u c i b l e  f  o f  d e g re e  r  i n  (Z/Zp) IX] and ?  i n  GF(p^) a  

z e ro  o f  f . L e t  f  in  (Z/Zp") IX] b e  a  m onic p re im age  o f  f  o f  d e g re e  r .

Then f  i s  i r r e d u c i b l e  and h en ce  by  (2 .1 )  (Z /Z p " ) IX ] /( f )  i s  t h e  G a lo is  

r in g  G R (p " ,r ) . F u r th e r  0 h a s  a  p re im a g e  0 in  G R (p" ,r) su ch  t h a t  0 

s a t i s f i e s  f  and G R (p",r) = (Z /Z p " )1 0 ] . We l e t  (Z /Z p " ) IX ] /( f )  = G R (p " ,r)  

be d e n o te d  by  S , and n o te  t h a t  S i s  com m utative s in c e  i t  i s  a  s im p le  

e x te n s io n  o f  Z /Z p" .

By R aghavendran  120, Thm. 8 ,  p .  212] we have t h a t  up  t o  an  in n e r  

autom orphism  o f  R, S i s  a  u n iq u e  s u b r in g  o f  R. N o te , i f  R i s  com m utative  

th e n  S i s  a b s o lu t e ly  u n iq u e  by  ( 2 .1 ) .
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F u r th e r  Rad (S) = Rad(R) A S, and from  th e  c o n s t r u c t io n  o f  S u n d er 

th e  n a tu r a l  homomorphism

y : R -»■ R/Rad (R)

S i s  mapped s u r j e c t i v e l y  o n to  R /R ad(R ). Thus

S/Rad (S) = S/(Rad(R) A S) = S /k e r  y = R/Rad (R).

I t  rem a in s  t o  p ro v e  C iv ) . S in c e  R and  S a r e  n a t u r a l  (S -S )-m odu les

and S i s  com m utative^ R and S may b e  c o n s id e re d  a s  l e f t  m odules o v e r  t h e i r  

en v e lo p in g  a lg d a r a  S<g^ S .

We f i r s t  show t h a t  S S = I i= i®  as r i n g s .  Now S = (Z /Zp") [X ] /( f )  

w here f  i s  m onic o f  d e g re e  r  and i r r e d u c i b l e  m odulo Z /Z p . We have  a 

n a tu r a l  r i n g  isom orph ism

: S 8 ^  S = (Z/Zp") IX ] /( f )  S S IX ] /( f )

d e f in e d  by

ij) : X a  s  sX w here X = X + ( f )  and s  i s  i n  S .

B ut by (2 .1 ) ,  Six] i s  a  s p l i t t i n g  r in g  f o r  f ,  so  t h a t  

f(X ) = (X -  a^) • • •  (X -  a ^ ) .  Thus

s  S = S i x ] / ( f )  = SIX] /(X -  a^) • • •  (X -  a^)

= ® i L l  S[X]/(X -  a .)

= ® 2^=1 S a s  r i n g s .

T h e re fo re  we c o n s id e r  R and  S a s  l e f t  (® S )-m o d u le s .

S in c e  S i s  a  l o c a l  p r i n c i p a l  i d e a l  r in g ,  by  H u n g e rfo rd  (13] S i s  th e  

homomorphic im age o f  a  p r i n c i p a l  i d e a l  dom ain emd h en ce  i s  a  g u a s i -  

P ro b e n iu s  r i n g .  Now S 8 ^  S b e in g  th e  d i r e c t  sum o f  q u a s i- F r o b e n iu s  r in g s  

i s  a l s o  q u a s i- F r o b e n iu s .  The r in g  S b e in g  a  d i r e c t  summand o f  S S i s



13
S ® 2  S - p r o je c t iv e  and  hence  i n j e c t i v e .  A m odule i s  p r o j e c t i v e  i f  and 

o n ly  i f  i n j e c t i v e  o v e r  q u a s i-F ro b e n iu s  r i n g s .  Thus S i s  an  i n j e c t i v e  

(S -S )-m o d u le . T h a t isy S i s  a  (S -S )-m odu le  d i r e c t  summand o f  R. So t h a t

t h e r e  e x i s t s  a  (S -S )-m odule  N su c h  t h a t

s®s ° s=s • s®s-

By W ilson 124, P ro p . 2 .2 ]  gN^ i s  c o n ta in e d  i n  R ad(R ).

2 . MODULES OVER GALOIS RINGS

We show t h a t  f o r  a  G a lo is  r in g  S = GR(p” , r ) , an  (S -S )-m odule  M 

decom poses i n t o  (S -S )-su Im o d u le s  , w here f o r  each  i  t h e r e  i s  an  a u to -  

m orphism  o f  S su c h  t h a t  sm = m o^(s) = ms f o r  m i n  and s  in  S . T h is  

w i l l  b e  r e f e r r e d  t o  a s  "skew com m uting". T hus, ^ e n  c o n s id e r in g  th e  

s t r u c tu r e  o f  H a s  a  (S -S )-m odule  we need  o n ly  c o n s id e r  th e  l e f t  S-m odule 

s t r u c t u r e .

2 .3  THEOREM. L e t  S = G R (p",r) be  a  G a lo is  r i n g ,  M a  (S -S )-m odu le , amd

A uto(S) = { i jO ^ , • • • ,cr^} b e  th e  r in g  au tom orphism s o f  S . Then

M = M^@ a s  (S -S )-m o d u les

w here f o r  each  i ,  1 < i  S r ,  t h e r e  i s  an  au tom orphism  o f  S su ch  t h a t

sm = ( s )

f o r  each  m in  and  s  in  S .

P r o o f . S in c e  S = (Z/Zp” ) I X ] / ( f )  i s  a  G a lo is  e x te n s io n  o f  Z/Zp” , b y  (2 .1 )  

th e r e  e x i s t s  a  p r im i t i v e  e lem en t a^ in  S such  t h a t  S = (Z/Zp” ) [ a ^ ] . The 

e le m en t s a t i s f i e s  th e  monic p o ly n o m ia l f  w h ic h  i s  i r r e d u c i b l e  modulo 

Z /Z p. In  SIX] f  s p l i t s  i n to  f(X ) = (X -  a^ ) • • •  (X -  a ^ ) . S in c e  f  h a s  

d i s t i n c t  r o o t s  i n  S /S p  = (Z /Z p lX ] ) / ( f ) we have  f o r  i  ^  j .  Thus
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a .  -  a .  i s  n o t  i n  Sp and  i s  a  u n i t .  D e f in e

r
f . (x) = T t (x -  a . ) . 

j + i  ^
3=1

Then f^ (a ^ )  = Ca^ -  a^ ) • • •  ( a ^ - a ^ _ ^ ) ( a ^ -  ( a ^ -  a^) i s  a  u n i t

in  S , and we have t h e  fo llo w in g  i d e n t i t y

r
(*) I [ f . (a , ) ]" ^f , (x )  = 1.

i = l  1  1  ^

O bserve t h a t  r i g h t  m u l t i p l i c a t i o n  o f  e le m e n ts  i n  M by  a^  i s  a  l e f t  

S - l i n e a r  m orphism . D enote  i t  by

0  : M + M w here  o(m) = ma^^.

L e t  f(X ) = + t^X ^ ^ + • • •  + w here  t h e  t ^  a r e  in  Z/Zp*', Then

f (a )m  = (0*^+t^a*^ ^ + • • •  + t^ )m  

= ma^ + t  j^ma^ ^ + • • • + t^m

= mf (a^)

= 0 ,

s in c e  f ( a ^ )  = 0 and  t^m  = m t^ f o r  t ^  i n  Z/Zp**. From th e  i d e n t i t y  (*) we

have th e  i d e n t i t y  m apping

r
i »  = I  [ f . ( a . ) l ” ^ f . (a) ; M M, 

i » l

so  t h a t

w here f o r  1 S i  < r

M = + Mg + • • •  +

We show t h a t  t h i s  sum i s  d i r e c t .  S u p p o se / w i th o u t  l o s s  o f  g e n e r a l i t y ,  

t h a t  m i s  i n  H (M^ + • • • + M ^). Now, m i n  im p lie s
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.-1.m ■ f o r  some I n  and th u s  s in c e  S[X] i s  commuta

t i v e .

(a -  a^)m = (a-a^)If^(a^)]"^f^(c)m^

= lo)m^

« 0 .

On t h e  o th e r  han d , s in c e  m i s  i n  Mg + • • • + ,

m = I fg lS g ) ]  ^fgCoymg + • • •  + I f ^ ( a ^ ) ] " ^ f^ (o )m ^  

f o r  some m ^ ," * ,» !^  i n  M. Thus

T t  ( a - a . )
i= 2

= 0 .

Thus t h e  sum i s  d i r e c t .

Mow - 1,f o r  e a ch  m i n  M^, m = I f ^ ( a ^ ) ]  f^(c)m u f o r  some m^ i n  M, amd

(a  -  a j m  = (a -  a^)If^(a^)] ^f^(a)m^

= [ f ^ ( a ^ ) ]  ^ f(a )m ^

= 0 .

Thus c(m) = a^m , b u t  a l s o  by  d e f i n i t i o n  o f  a, c(m) = m a^. C o n seq u en tly  

f o r  m i n

ma^ *  ®i®*

S in c e  a ^  and  a^ a r e  r o o t s  o f  f ( x )  in  S[X] t h e r e  i s  by  (2 .1 )  an  

au tom orphism  c^^^^ i n  A uto(S) su ch  t h a t

'k ( i)  <*i> ■

T h a t i s ,  f o r  e a c h  m i n  M^, ma^ = (a^ )m .
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S in c e  S = Z/Zp” [a^] e a c h  s  in  S h a s  th e  form  

s  = Cq + c^a^  + • • •  c^_^a^  ^ w here c^ i s  i n  Z/Zp” . Thus f o r  m i n  and  

s  in  S ,

ms = m(% c .a ^ )  = ^ c.m a^
i l l  i  1

'  " fc ii)  ‘I  v i > ”  ■ ° k ( i )  <=>"•

We a r e  done.

L e t S = GR(p” , r )  be  a  G a lo is  r i n g .  I f  • fb^} i s  a  g e n e r a t in g

s e t  f o r  a  (S -S )-m odu le  M, i t  is  an independen t g e n e ra t in g  s e t  i f  w henever

s -b  + S-b_ + ••• + s  b  = 0  
1 1  z z  n n

w ith  in  S,- th e n  s^b^ = 0 f o r  a l l  i ,  1 < i  < n . E q u iv a le n t ly ,

{ b ^ , '" ' , b ^ }  i s  an in d e p e n d e n t g e n e r a t in g  s e t  f o r  M i f

M = Sb, ® • • • © Sb .1 n

The s e t  i s  a  d i s t i n g u i s h e d  g e n e ra t in g  s e t  f o r  th e  (S-S)-module

M i f  f o r  e a ch  i ,  1 < i  3 n ,  t h e r e  i s  an  autom orphism  o f  S such  t h a t

sb^ = b ^ o ^ (s )  f o r  each  s in  S .

We p ro v e  t h a t  e v e ry  (S -S )-m odu le  M o v e r  a  G a lo is  r i n g  S p o s s e s s e s  a

d i s t i n g u is h e d  in d e p e n d e n t g e n e r a t in g  s e t  o v e r  S .

2 .4  THEOREM. L e t S b e  th e  G a lo is  r i n g  GR(p” ,r )  and M b e  a  (S -S )m odu le . 

L e t { i f O^ , • • • b e  th e  r i n g  au tom orphism s o f  S . Then M i s  th e  d i r e c t

sum o f  c y c l i c  m odules

M = *  % I  Sb 
1=1 j = l

where
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'^ k (i)  e a ch  s  i n  S

and 1 g j  < n ( i ) .

, . r , n ( i )
Hence { b . . , o . , . . } .  . i s  a  d i s t in g u is h e d  in d e p e n d e n t g e n e r a t in g  s e t

1 ] K iif  1=1,3=1

f o r  M.

P ro o f ; T h is  fo llo w s  im m ed ia te ly  from  theorem  2 .3  and th e  f a c t  t h a t  S i s

a  p r i n c i p a l  i d e a l  r in g  so  t h a t  by  Jaco b so n  115, Theorem 43, p .  78] th e

in  (2.3) decom pose i n to  th e  d i r e c t  sum o f  c y c l i c  S m o d u le s . T h a t i s ,

( i)

j - 1

w here s b . , = b . .a  , (s) f o r  e a ch  {b. and s  i n  S .1 ] i ]  k ( i )  1 ] j = l

3 . STRUCTURE THEOREMS.

L e t  R b e  a  f i n i t e  l o c a l  r i n g  w ith  c o e f f i c i e n t  s u b r in g  S = GR(p” , r ) . 

C o n s id e r  R a s  a  (S -S )-m o d u le . By theorem  2 .2

gRg = gSg e  gNg a s  (S-S) m o d u le s ,

w here N c  R ad(R ).

L e t

fH n iZ fn ( i )
i j '  k ( i ) ' i = l , j = l

b e  a  d i s t i n g u i s h e d  in d e p e n d e n t g e n e ra t in g  s e t  o f  N w here  o .. i s  anS S K(i /

au tom orphism  o f  S . We u se  t h i s  s e t  i n  a r r i v in g  a t  th e  fo llo w in g  m ain 

s t r u c t u r e  theo rem  f o r  R.

2 .5  THEOREM. (Main S t r u c tu r e  Theorem)

L e t  R b e  a  f i n i t e  l o c a l  r i n g  o f  c h a r a c t e r i s t i c  p ^  amd c o e f f i c i e n t  

s u b r in g  S = GR(p” , r ) . L e t  { I fC jf  * * * b e  th e  r i n g  au tom orph ism s o f  S . 

Then R i s  t h e  homomorphic im age o f  t h e  skew p o ly n o m ia l r i n g
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th e  r in g  homomorphism

$ : X \ j  and * ; s  •* a ,  w here  th e  a r e  noncommuting in d e te rm in a n ts

such  t h a t  sXj, j  = X^^ ‘̂ k ( i)  s  i n  S ,

P r o o f ; S in c e  S = GR(p ,r}  we h av e  a s  n o te d  th e  d i s t i n g u is h e d  

in d e p e n d e n t g e n e ra t in g  s e t  f o r  R a s  a  (S -S )-m odu le .

The map

* : S l X i j ' ‘̂ k ( i ) ] i = l ! j l l  ^

d e f in e d  by  $(X^j)  = b^^ and  $ ( s )  = s i s  c l e a r l y  w e l l - d e f in e d  s in c e  each  

po ly n o m ia l i n  h a s  a  u n iq u e  r e p r e s e n t a t i o n  in  th e  X^^,

F u r th e r ,  i t  i s  s u r j e c t i v e  s in c e  i t  t a k e s  g e n e ra to r s  t o  g e n e r a to r s .  Thus 

i t  o n ly  re m a in s  to  show t h a t  $ i s  a  r in g  m orphism . $ i s  c l e a r l y  l i n e a r  

and  p r e s e r v e s  p ro d u c ts  s in c e

'  s 'X h l '

'  “ k ( w ‘= '> ‘>kj'’h i  

“  =‘ k j® '‘’h i

= ♦ < = * « > * < " 'V -

An i d e a l  s t r u c t u r e  f o r  R w ould r e s u l t  i f  N Ç Rad(R) had  a  d i s t i n 

g u ish e d  in d e p e n d e n t g e n e ra t in g  s e t  o f  th e  form  { b ,b ^ , • • • ,b ”* ^ ,a }  w here 

m i s  th e  d e g re e  o f  n i lp o te n c y  o f  Rad(R) and a  an  autom orphism  o f  S . Then 

R = S #  Sb @ * * ■ O Sb™ ^ as  (S-S) -m odules and a l s o  R w ould  b e  th e  

homomorphic im age o f  S lX ,o ] . i n  C h a p te r IV we w i l l  show t h a t  a  c h a in  

r i n g  h a s  su c h  a  s t r u c t u r e .

A n a t u r a l  g e n e r a l i z a t i o n  o f  t h i s  i s  t o  r e p la c e  th e  c y c l i c  

S-subm odules ( b ) , • • • ,  (b*^^) by  f i n i t e l y  g e n e ra te d  S -subm odules
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T , • • • , ' / *  W ith a d d i t io n a l  r e q u ire m e n ts  on th e  (S -S )-subm odu le  N we 

show t h a t  R i s  th e  homomorphic im age o f  t h e  f i n i t e  r in g

S «  T ® ® . . .  e

2
We r e q u i r e  t h a t  N b e  a  s u b r in g  o f  R su ch  t h a t  N can  b e  com plem ented in  

2
N; t h a t  i s ,  N = N ® T. N ote t h a t  t o  r e q u i r e  t h a t  N b e  a  s u b r in g  o f  R

i s  e q u iv a le n t  t o  r e q u i r in g  t h a t  N b e  an  i d e a l  o f  R, s in c e  R = S ® N

im p lie s  r n  = (s  + n ' ) n  = sn  + n ' n  i s  i n  N.

2 . 6  THEOREM. ( Q u a s i- c y c l ic  S t r u c t u r e  Theorem)

L e t R b e  a  f i n i t e  l o c a l  r i n g  w i th  “X(R) = p” , th e  d e g re e  o f  n i lp o te n c y

o f  Rad(R) b e m a i d S =  GR(p” , r )  th e  c o e f f i c i e n t  s u b r in g  o f  R.

I f  gNg o f  th e  d e c o m p o s itio n  ^Rg = ^Sg ® ^Ng i s  an  i d e a l  o f  R and 
2

N = N ® T a s  (S -S )-m o d u le s , th e n  R i s  t h e  r i n g  homomorphic im age o f

S ® (N/N^) © . . .  ® (N/N^)®"^.

2
P r o o f ; We h a v e  N = N ® T  a s  (S -S )-m o d u le s . L e t 

(k)
T = T a  . . .  ® T (k f a c t o r s )  f o r  1 < k < m -  1 .

(k)Then T i s  a  n a t u r a l  (S -S )-m o d u le . F o r  1 < k  < m - 1  we h ave  th e  

fo llo w in g  (S -S )-m o d u le  m orphism

9j^;T N by  a  • • • a  t ^ )  = t ^  • • • t ^ .

I t  i s  s t r a ig h t - f o r w a r d  t o  show by  in d u c t io n  t h a t  6^ i s  w e l l - d e f in e d  by 

showing th e  c o rre s p o n d in g  m orphism

ëj^;T X • • • X T +  N b y  8 ^ / < t ^ , «  • • ,t^ > )  = t ^  • • • t ^

i s  S -b a la n c e d  and a p p e a l in g  t o  u n i v e r s a l  m apping p r o p e r ty  o f  t e n s o r  

p ro d u c t .

C o n s id e r  t h e  (S -S )-m odu le
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H = ® . . .  ®

The m orphism s 6^ e x te n d  l i n e a r l y  t o  a  u n iq u e  (S-S) -m odule  m orphism

0:H  +  N.

S in c e  N = ® T and N* = 0 ,a n  e le m e n t n  i n  N c an  b e  w r i t t e n  a s

n = t  + t j  « t i  + • • •  + t4  • • • t j
^1 ^2 “ l  ]m -l

so  t h a t

oC t + t .  ® t i  + + t z  9 * « * ® t - :  ) = n
^1 2 J i  Jm -l

and a  i s  a  s u r j e c t i o n .

We g iv e  H = • • •  ® ^  a  r i n g  s t r u c t u r e  ( w ith o u t  i d e n t i t y )  by

d e f in in g  a  m u l t i p l i c a t i o n  on th e  g e n e r a to r s  a s  f o l lo w s :

F o r  Hi. i n  T^^^^ euid Hi. i n  T^*^* , d e f in e
^1 *2

(k i+kg)
®  (w hich  i s  i n  T ) f o r  k^+  k^ < m - 1

= 0 o th e r w is e .

T h is  i s  c l e a r l y  a  w e l l - d e f in e d  o p e r a t io n .  The a s s o c i a t i v e  and d i s t r i b u 

t i v e  p r o p e r t i e s  o f  * fo llo w  s in c e  t e n s o r  p ro d u c t  i s  a s s o c i a t i v e  and 

b i l i n e a r .  S in c e

o l i t i  0  • • • a  t j  ) * (t-s 8  • • • 8 1-: ) ) = a ( t :  8  • • • 8  t J  8  t-: 8  * • '  8  t^1̂ k̂i -̂ 1 Jkg 1̂ 1̂ J

= S  • • •  • • •  ‘ 3k2

= G ( t i  8  "  ' 8 1 i , ) * a ( t4  8  " "  8  t4  )
1 J l

we have  t h a t  o:H  +  N i s  a  r in g  m orphism .

L e t  C = S 8  H a s  (S -S )-m o d u le s . We g iv e  C a  r i n g  s t r u c t u r e  

(w ith o u t i d e n t i t y )  by  d e f in in g

( s ^ , h ^ ) ( s 2 , h 2 )  -  ( S i S g ^ s ^ h g  + h ^ S g  +  h ^ . h g ) .
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U sing  th e  d i s t r i b u t i v e  p r o p e r ty  o f  H a s  a  (S-S) -m odule and  a l s o  H a s  a  

r i n g  th e  d i s t r i b u t i v e  p r o p e r ty  i s  e a s i l y  v e r i f i e d .  The k ey  i n  showing 

t h a t  H i s  a s s o c i a t i v e  i s  t h a t  t e n s o r  p ro d u c t  i s  S -b a la n c e d  and  H i s  a  

(S -S )-m o d u le , th u s  we have

h^* (sh g l = h^ ® shg  = h ^ s  ® h^  = (h^s) * h^

and  sCh^* h^) = s(h^^ «  h^) = sh ^  ® h^  * (sh^) * h j .  I t  i s  th e n  r o u t i n e  to

show t h a t

I(Sj^,hj^) (S2 »h2 ) ]  (S gfh^) = (Sj^,h^^) [ (S 2 fh2 ) ( s ^ ^ h ^ ) ] ,

so  t h a t  C i s  a  r i n g  (w ith o u t i d e n t i t y ) .

We a r e  now i n  th e  p o s i t i o n  t o  show t h a t  R i s  th e  hom omorphic im age 

o f  C = S e  H. C o n s id e r  th e  map

Y:C = S @ H +  R d e f in e d  by  Y (s ,h )  = s  + a ( h ) ,

vdiere 0 :H +  N i s  th e  r i n g  s u r j e c t i o n  d e f in e d  by

0  ( t  + t j  ® t i  + • • • + t j  ®  • • • 8  t4  ) = t  + t j  ^ t j  + • t . + t j  • • • t4  -
H  ^ 2  ^ 1  Jm- 1  ^ 2  ^1  " m - 1

S in c e  a  i s  a  r i n g  m orphism  y i s  c l e a r l y  l i n e a r .  F u r th e r ,  o i s  a  

(S -S )-m o d u le  m orphism  so  t h a t

( ( s ^ ,h ^ ) ( S 2 ,h 2 ) )  = 5 ^ 8 2  + G (s^^h2 + h^S2  +

= 8 ^ 8 2  + Sj^<r(h2 ) + o ( h ^ ) s 2  + o ( h ^ ) c ( h 2 )

= Y (s ^ ,h ^ )Y (s 2 ,h 2 ) •

F i n a l l y  y i s  s u r j e c t i v e  s in c e  R = S 8  N amd a:H  +  N i s  a  s u r j e c t i o n .

Thus R i s  th e  homomorphic im age o f  t h e  r i n g

s  = s  e  T*^) e  . . .  @ ,

B u t
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2 2 2 

T = (N + T )/N  = N/N

(If \ If
T = T ® * » « ® T = T *  • • •  * T =  (T) i n  C•

Thus R i s  th e  homomorphic im age o f

S ® (N/N^i © • . .  © (N/N^)™ w here m

i s  th e  d e g re e  o f  n i lp o te n c y  o f  t h e  i d e a l  N.

The a d v a n ta g e  o f  t h i s  th eo rem  o v e r (2 .5 )  i s  t h a t  th e  r in g

S 0  (N/N^) ® • • •  ® (N/N^)™ ^ i s  f i n i t e ,  w h ile  S I X , , a , , • • * ,0  ] i s
J. n i  n

n o t .

The n a t u r a l  q u e s t io n  t h a t  a r i s e s  when c o n s id e r in g  t h i s  p r o p o s i t io n  

i s ,  w i l l  N be  an  i d e a l  o f  R? We g iv e  th e  fo llo w in g  exam ples t o  show 

t h i s  may o r  may n o t  b e  th e  c a s e .

L e t R b e  a  f i n i t e  l o c a l  r i n g  w ith  c h a r a c t e r i s t i c  p .

Then S = G R (p ,r) = Z/Zp i s  a  f i e l d .  Thus R i s  an  a lg e b r a  o v e r  th e  f i e l d  

S and by th e  W edderburn-M alcev th eo rem  we have  R = S + Rad(R) w here 

S A Rad R = 0 . Hence N = Rad(R) i s  a  tw o -s id e d  i d e a l  in  R.

On th e  o t h e r  hand  c o n s id e r  exam ple 4 on page  3 . In  t h i s  r in g  S has

th e  form

\[o a ]  I * i s  in  Z /Z 4 ].

Now N Ç R ad (R ), so  e v e ry  e le m e n t o f  N i s  o f  th e  form

Ç r2a b
1 [2c 2d a , b , c  a r e  in  Z /Z 4^.

S in c e  1̂2 i s  i n  R and R = S ® N, th e  e le m en t 2 a | ^  i n

Z/Z4 m ust b e  in  N. B u t th e n

[2a 1 _  [2 0
I 2 2aj “ [o 2 e S

and S N = 0, so  t h a t  N c a n n o t b e  a  s u b r in g  o f  R.



CHAPTER III

THEORY OF SKEW POLYNOMIAL RINGS 

OVER FINITE LOCAL RINGS

U n t i l  r e c e n t l y  skew p o ly n o m ia l r i n g s  have  l a r g e ly  b e e n  a  so u rc e  o f  

coun ter-oexam ples (See Ja te g a o n k a r  119] ) .  Ore 122] i n  1933 c o n s id e re d  

skew p o ly n o m ia l r in g s  o v e r  f i e l d s  and  d i v i s i o n  r in g s  d e v e lo p in g  r e s u l t s  

d i r e c t l y  from  th e  p r o p e r t i e s  o f  t h e  p o ly n o m ia ls  th e m s e lv e s . Jaco b so n  in  

12, 1943] c o n s id e re d  skew p o ly n o m ia l r i n g s  o v e r  d i v i s i o n  r i n g s  a s  n o n - 

com m utative p r i n c i p a l  i d e a l  dom ains. The s t r u c t u r e  o f  skew p o ly n o m ia l 

r in g s  o v e r  a  m ore g e n e ra l  r in g  was n o t  f u r th e r e d  u n t i l  r e c e n t l y ;  f o r  

exam ple, s e e  J a te g a o n k a r  117] f o r  s t r u c t u r e  theo rem s f o r  skew p o ly n o m ia l 

r in g s  o v e r  s e m i-s im p le  r i n g s .

We d e v e lo p  th e  th e o ry  o f  skew p o ly n o m ia l r in g s  o v e r  f i n i t e  l o c a l  non- 

c o m n u ta tiv e  r i n g s  fo llo w in g  th e  a p p ro a c h  o f  S napper [25] f o r  p o ly n o m ia l 

r in g s  o v e r  l o c a l  com m utative r i n g s .  A lthough  th e  r e s u l t s  o f  t h i s  c h a p te r  

a r e  d e v e lo p e d  i n  th e  c o n te x t  o f  f i n i t e  l o c a l  r i n g s ,  s l i g h t  m o d if ic a t io n  

w i l l  y i e l d  a n a lo g o u s  r e s u l t s  f o r  l o c a l  o r  A r t in ia n  l o c a l  r i n g s .

1 . BACKGROUND

L e t R b e  a  f i n i t e  l o c a l  r in g  w i th  u n iq u e  m axim al i d e a l  M = Rad (R ).

L e t R[X ,o] d e n o te  th e  skew p o ly n o m ia l r i n g  w here X i s  an  in d e te rm in a n t  

amd a am autom orphism  o f  R su c h  t h a t

23
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rX ■ X a(r)  f o r  r  i n  R.

The m u l t i p l i c a t i o n  i n  R[X ,c] i s  d e f in e d  by th e  d i s t r i b u t i v e  p r o p e r ty  and

CaX*)(bx") -  ao*(b)X *+

We n o te  t h a t  s in c e  H i s  n i l p o t e n t ,  c(H} S  H and a maps u n i t s  t o  u n i t s .

Our te c h n iq u e  in  s tu d y in g  p o ly n o m ia ls  w i l l  be  t o  " l i f t "  r e s u l t s  from  

(R/M) 1X^5] u n d e r  th e  n a tu r a l  map

d e f in e d  by

y :R lX ,a ]  +  (R/M) IX ,o]

y ( r )  a  r  + M = r

P(X) = X

11(0 ) a  5  w here 5 ( r )  a  o ( r )  + M.

We n o te  t h a t  5 i s  a  w e ll-^ d e fin ed  autom orphism  o f  R/M. Suppose 

r  + M a  s  + M, th e n  r  -  s  i s  i n  M. So t h a t  o ( r  -  s )  a  a ( r )  -  o ( s )  i s  in  

M and h e n ce  o ( r )  + M a  a ( s )  + M. F u r th e r ,  a ( r )  = a ( r )  + M = Ü i f  eind 

o n ly  i f  o ( r )  i s  i n  H. E q u iv a le n t ly ,  r  i s  i n  M. Thus r  a  0  and  we have 

t h a t  5 i s  i n j e c t i v e .  The r i n g  R/M i s  f i n i t e  so  5 i s  a l s o  s u r j e c t i v e  

and hence  an  au torm ophism  o f  R/M.

L e t f(X ) a  a^X^ and g (x ) a  b^X^ b e  p o ly n o m ia ls  i n  R[X,o] 

where n < m. I t  i s  c l e a r  t h a t  y i s  l i n e a r .  We show t h a t  y p r e s e r v e s  

p ro d u c ts  and i s  th u s  a  r in g  m orphism .

rn+m , r  T \

= y ( f ) y t g ) ,

td ie re  i s  t h e  i d e n t i t y  map o f  R.
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S in c e  much o f  t h e  th e o r y  o f  R[X,o] depends upon t h a t  o f  th e  skew 

p o ly n o m ia l r i n g  CK/M) IX ,S] w here  R/M i s  a  f i n i t e  f i e l d  we sum m arize i t s  

p r o p e r t i e s .

C o n s id e r  th e  p o ly n o m ia ls  f  and  g ab o v e , th e  d e g re e  o f  f ,  D ( f ) ,  i s  n .  We 

d e f in e  th e  d e g re e  o f  0 t o  b e  -  Then in  (R/M) IX ,5] we have

(1) D i f .g ]  = D (f) + D(g)

(2) D if  + g] = m axlD (f) ,D(g) ] .

S in c e  e q u a l i t y  h o ld s  i n  ( 1 ) ,  (R /M )IX,5] h as  no d i v i s o r s  o f  z e ro  and  i s  

th u s  an i n t e g r a l  dom ain . The u n i t s  o f  (R/M) IX ,5] a r e  th e  n o n -z e ro  

e le m en ts  o f  R/M; t h a t  i s ,  t h e  u n i t s  o f  R. F u r th e r  (R/M) Ix ,5 ]  i s  a 

E u c lid e a n  dom ain.

L e t A b e  a  n o n ^ zero  r i g h t  i d e a l  i n  (R /M )IX ,Ô ], th e n  a  n o n -z e ro  

polynomiêü. i n  A o f  l e a s t  d e g re e  g e n e r a te s  A, So t h a t  (R/M )IX,5] i s  a  

non-com m utative  r i g h t  (o r  l e f t )  p r i n c i p a l  i d e a l  dom ain .

C o ncern ing  tw o -s id e d  i d e a l s  i n  (R/M) IX ,5] we have t h a t  any tw o -s id e d  

i d e a l  w h ich  i s  g e n e ra te d  on t h e  l e f t  by  a  p o ly n o m ia l f  i s  a l s o  g e n e ra te d  

on th e  r i g h t  by  f .  T h is  fo llo w s  s in c e  i f  A = f(R /M )[X ,5 ] = (R /M )IX ,5]g  

th e n  f  -  ug and g = f v  f o r  some u  and v  i n  (R/M) I x , ô ] . B u t s in c e  u f  i s  

in  A = f(R /M )IX ,a] t h e r e  i s  a  u '  such  t h a t  u f  = f u * .  Now 

f  = ug = u fv  = f u 'v ,  s o  t h a t  v  i s  a  u n i t  s in c e  (R/M )IX ,5] i s  an  i n t e g r a l  

dom ain. S im i la r ly  u  i s  a  u n i t  and th u s  g  = u  ^ f .  Hence f(R /M )IX ,5] =

(R /M )[X ,5 ]f .

2 . NILPOTENTS, UNITS , AND ZERO DIVISORS IN RlX ,q l  .

We have  t h e  fo llo w in g  r e s u l t  c o n c e rn in g  th e  n i l p o t e n t  p o ly n o m ia ls  i n  

R lX ,c ] .

3 .1  PROPOSITION. L e t  f  b e  a  p o ly n o m ia l i n  R lX ,c] . Then
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f  = a_ + a .X  + • • •  + a  X*' i s  n i l p o t e n t  i f  and o n ly  i f  a - , a . , * ' * , a  a r e  V X n  0  1  n

n i l p o t e n t ;  i . e . ,  a Q, ***, a ^  a r e  i n  M.

P r o o f . Suppose la^  + â ^X + • • •  + a^x” )^  = 0 f o r  some $ > 0 . Then

0 = V CO) = y I  ( a .  + • • • + a  X*̂ )u n

= IwCag + • • • + a^x") ] ®

= [â  + • • • + 5  X**] ^ .
0  n

Thus a^  + • • •  + i s  a  z e ro  d i v i s o r  i n  (R /M )IX,5] and  i s  th e  z e ro

p o ly n o m ia l;  t h a t  i s ,  a r e  z e ro .  Hence a . , * ' * , a  a r e  in  M.o n  o n

C o n v e rse ly  suppose  a Q ,a ^ , " '« , a ^  a r e  n i l p o t e n t  and  th u s  in  M. Then
O

i f  M = 0 we have

(a  + a  X + • • •  + a x " ) ®  ^ a i  a j  ^ • a j  ^ ^
0 1 n  h  ^2 H

w here  th e  sum ra n g e s  o v e r  a l l  t h e  6 - tu p le s  < i^ ,* * * ,ig >  w i th  0 < i j  < n ,
g

B u t e a ch  te rm  o f  t h i s  sum h a s  i t s  c o e f f i c i e n t  i n  M so  t h a t  th e  sum i s  

z e ro  and f  i s  n i l p o t e n t .

In  g e n e r a l ,  t h i s  theo rem  i s  n o t  t r u e  f o r  a  skew p o ly n o m ia l r i n g .  

E xam ple; L e t  R = k  e  k  w here k  i s  a  f i e l d ,  th e n  R i s  n o t  l o c a l .  L e t 

o :R  -+ R b e  d e f in e d  by  o < i , j>  = < j , i> «  Then i n  R lX ,o] we have

(<1,0>X )^ = <1,0>X<1,G>X = <1,0><0,1>X ?

— ^0,0^X  ® 0 ,

w h ile  (< 1 ,0 > )"  «  <1,0> f o r  e v e ry  i n t e g e r  n .

C o n ce rn in g  u n i t s  i n  R lX ,a] we h ave  th e  fo llo w in g  r e s u l t .

3 .2  PROPOSITION. The p o ly n o m ia l f  = a^ + â ^X + • • •  + a ^ x "  in  R lX ,o] i s  

a  u n i t  i f  an d  o n ly  i f  a^  i s  a  u n i t  o f  R and a ^ , " ' ' , a ^  a r e  i n  H.
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P ro o f . Suppose a r e  i n  M and  a^  i s  a  u n i t  o f  R. Then

-1 -1
a^ a ^ , '" ' , a Q  a ^  ace in  M and th u s  b y  (3 .1 )

i s  n i l p o t e n t  s o  t h a t

1 + a " \ x ^  + + a ô \ x "

i s  a  u n i t  o f  R[X,(T] . Hence

a  ( l  + a ^ a  X^ + • • •  + a  ^ a  x ") = a  + a .X ^ + • • •  + a  x "  u u i  O n  0 1  n

i s  a  u n i t  o f  R lX ,o ] .

C o n v e rse ly  su p p o se  f  = a^ + a^^X  ̂ + • • • + a^X*' i s  a  u n i t  o f  R [X ,a ] .

Then p ( f )  = 1q + a^X^ + • • •  + a^X^ i s  a  u n i t  i n  (R /M )Ix ,5 ] s o  t h a t

3q ^  0 amd a r e  z e r o .  Thus a ^  i s  n o t  in  M so  a  u n i t  o f  R, w h ile

* 1 ' '  " '* n  ^

We h av e  t h e  fo llo w in g  r e s u l t  due  t o  C a s t i l l i o n  I I ,  Thm. 1] w hich  i s  

w ell-know n f o r  com m utative r i n g s  and  g e n e r a l i z e s  t o  skew p o ly n o m ia l r i n g s .

3 .3  PROPOSITION. ( H i lb e r t  b a s i s  theorem )

I f  R i s  N o e th e r ia n ,  th e n  R[X ,o] i s  N o e th e r ia n .

I t  i s  w ell-know n  t h a t  i n  N o e th e r ia n  r in g s  n i l  i d e a l s  a r e  n i l p o t e n t .  

(For exam ple, s e e  Lambek, p .  7 0 ) .  L e t  MIX,a] d e n o te  th e  i d e a l  o f  R lX ,a] 

c o n s i s t in g  o f  p o ly n o m ia ls  whose c o e f f i c i e n t s  a r e  c o n ta in e d  i n  th e  m axim al 

i d e a l  M = R ad (R ). Then, s in c e  M IX,a] i s  a  n i l  i d e a l  in  t h e  N o e th e r ia n  

r in g  R lX ,o ] , M IX,a] i s  n i l p o t e n t .

As i s  i n  th e  c a s e  o f  R, th e  v a r io u s  w ell-know n r a d i c a l s  o f  R lX ,a] 

a r e  e q u iv a le n t .

3 .4  PROPOSITION. L e t R lX ,o] b e  a  skew p o ly n o m ia l r i n g  o v e r  a  f i n i t e  

l o c a l  r i n g  R. Then th e  fo llo w in g  s e t s  eure e q u a l.
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(1) U{b | b i s  a  tw o -s id e d  n i l p o t e n t  i d e a l  o f  R lX /O ]}.

(2) { f  i n  R lX ,a] | f ”  = 0 f o r  some in te g e r  n} .

(3) { f  i n  R lX ,a] | 1 + fg  i s  a  u n i t  o f  R lX ,o] f o r  each  g in  R [X ,o ]} .

(41 (Rad(R) 1 IX ,a] = MlX,oJ .

We d e n o te  by Rad(RlX ,a]> any o f  th e  above i d e a l s .

P ro o f . From (3 .1 )  and th e  p re c e d in g  remaurks we have t h a t  th e  s e t s  (1) ,

(2) and (3) a r e  e q u iv a le n t .  I f  f  i s  n i l p o t e n t  i n  R lX ,o] th e n  by  (3 .2 )

1 + f  i s  a  u n i t  o f  R lX ,a] and fcius f  i s  i n  s e t  ( 3 ) .  I f

f  = a  + auX^ + • • • + a  x "  i s  in  s e t  (3) th e n0 1 n

1 + ( a .  + a.X ^ + • • •  4- a  x " )x  = 1 + a„X + • • •  + a  x""^^V 1  n  u n

i s  a  u n i t  o f  R lX ,aJ and th u s  by (3 .2 )  a p , ’ * * ,a^  a r e  i n  M. Hence f  i s  in

s e t  ( 4 ) ,  and a l l  a r e  e q u iv a le n t .

We w i l l  h av e  o c c a s io n  to  c o n s id e r  th e  r in g  R lX ,o ]/A  and i t s  r a d i c a l

w here A i s  an  i d e a l  o f  R lX ,o ] , S in c e  by  (3 .3 )  RlX ,o] i s  N o e th e ria n , A i s

f i n i t e l y  g e n e ra te d  by say  f ^ , - * - , f ^ .  Two c a s e s  sh o u ld  b e  n o te d . I f  one

o f  th e  f ^  i s  n o t  i n  M [X ,o], th e n  R lX ,a ]/A  i s  a  f i n i t e  r i n g  and i t s

r a d i c a l  i s  g iv e n  by  ( 1 .1 ) .  On th e  o t h e r  h an d , i f  each  f ^  i s  in  M[X,a]

th e n  A i s  i n  M {X ,a]. In  t h i s  c a s e , r(A ) = { f in  R[X,o] | f o r  some

i n te g e r  n, f*  ̂ i s  i n  a 1 i s  p r e c i s e l y  t h e  i d e a l  M[X,o] and

R ad(R [X ,o)/A ) = M [X ,o].

We show t h a t  in  th e  c a s e  t h a t  R [X ,a]/A  i s  f i n i t e  th e

R ad(R [X ,a]/A ) = { f  i n  R [X ,a]/A  | f "  i s

i n  A f o r  f  in  R[X ,o] w i th  « ( f )  = ( f )}

S in c e  R[X ,al./A  i s  f i n i t e ,  b y  McDonald [21]
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S "  (RIX ,0 ] / a )  /R a d (R lX ,a J /A ) 

?t

w here H- ( k . ] i s  an  n . x  n . m a tr ix  r i n g  o v e r  a  f i n i t e  f i e l d .  B u t on  th e  1 i l

o th e r  hëuid S i s  th e  homomorphic im age o f  th e  non^-commutative p r i n c i p a l  

i d e a l  dom ain (R /M )IX ,ô ]. T h is  f o l lo w s  by  c o n s id e r in g  th e  fo llo w in g  

c o m p o s itio n  o f  n a t u r a l  homomorphisms

6;R lX ,oJ -»■ R lx ,a J /A  ->• S .

Now 6(RadCRlX ,oJ}) ç  Rad(S) = 0 ,  and  th u s  by th e  " in d u c e d  homomorphism 

theorem " t h e r e  e x i s t s  a  homomorphism ta k in g  (R/M) IX ,5] t o  S .

I t  i s  now c l e a r  t h a t  nu = 1 f o r  1 < i  < t ,  and th u s  S =* ® \

a  d i r e c t  sum o f  f i e l d s  k ^ . Hence S c o n ta in s  no n i l p o t e n t  e le m e n ts , so  

t h a t  i f  f  i n  R lX ,o ]/A  i s  n i l p o t e n t  i t  i s  c o n ta in e d  i n  R a d (R lX ,a ] /A ) .

C o n v e rs e ly , by  (1 .1 )  i f  f  i s  i n  R ad(R lX ,oI/A ) th e n  f  i s  n i l p o t e n t .  

Hence R ad(R lX ,a]/A ) = { f  i n  R lX ,o ]/A  | f ”  i s  in  A f o r  f  i n  R lx ,a ]  

w i th  y ( f )  = f } .

A r i n g  R i s  r i g h t  p r im a ry  p ro v id e d  ab  = 0 and a  M 0 im p l ie s  b  i s  i n

R ad(R ). We d e f in e  l e f t  p r im a ry  a n a lo g o u s ly . The r in g  R i s  p r im a ry  i f

i t  i s  b o th  l e f t  and r i g h t  p r im a ry .

3 .5  PROPOSITION. L e t  R be  a  f i n i t e  l o c a l  r in g  w ith  Rad(R) = M. Then

(1) R i s  p r im a ry .

(2) R lX ,c] i s  p r im a ry .

P r o o f . (1) Suppose ab = 0 and a  ^  0 . Then b  i s  in  M. F o r i f  n o t ,  b

i s  a  u n i t .  In  w hich  c a se  abb ^ = a  = 0 .

(2) L e t  n  b e  th e  d e g re e  o f  n i lp o te n c y  o f  M. The p ro o f  i s  by  

in d u c t io n  on t h e  s m a l le s t  i n t e g e r  n su c h  t h a t  M  ̂ = 0 .
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I f  n  "  1 , th e n  R[X ,o] i s  r i g h t  p r im a ry . F o r suppose  fg  » 0 and 

f  ^  0 , th e n  g  = 0 i s  i n  MlX,o] ■ R ad(R lX ,o]) s in c e  R[X ,a] i s  an  

i n t e g r a l  dom ain.

Assume t h a t  a l l  f i n i t e  l o c a l  r i n g s  R w ith M  o f n i lp o te n c y  k ; i . e . ,  su c h

t h a t  M = 0, have  R lX ,c] a  r i g h t  p r im a ry  r i n g .

C o n s id e r  a  f i n i t e  l o c a l  r i n g  R w i th  = 0 and ^  0 . We show 

t h a t  R lX ,c] i s  r i g h t  p r im a ry . The r i n g  R/M^ i s  l o c a l  and h as  r a d i c a l

The d e g re e  o f  n i lp o te n c y  o f  M/N^ i s  k ,  s o  by  th e  in d u c t io n

h y p o th e s is  (R/M ) lX ,o ]  i s  r i g h t  p r im a ry .

Now su p p o se  f  and g  a r e  in  R lX ,a] w i th  fg  = 0 , f  /  0 and g i s  n o t

in  R ad (R lX ,aJ} . T hen, s in c e  (R /M )[X ,a] i s  em i n t e g r a l  domain and f g  = Ô

w ith  g ü ,w e c o n c lu d e  f  i s  i n  M lX ,o j. I f  we c a n  show f  i s  n o t  i n

M ^lX,aJ we a r e  d o n e . F o r  i f  f g  = 5 i n  (R/M^) lX ,o] and f  /  0 , th e n

because (R/M*') IX,a] i s  primary by above, we conclude th at g i s  in
k  -  k -

Rad ((R/M )IX ,Ô J) = (M/M ) I X ,0 ] . Hence g i s  i n  M IX,a] w hich i s  a  c o n t r a 

d i c t i o n .  Thus R (X ,a] w i l l  b e  r i g h t  p r im a ry .

k  y
We now show f  i s  n o t  i n  M I X ,a ] . Suppose f  = b^X + • • • + b ^  i s  i n

V
M IX,o] w here  b^  ^  0 . S in c e  g  i s  n o t  i n  M IX ,a ], l e t  a ^  b e  th e  c o e f f i c i e n t

k+1o f  th e  h ig h e s t  pow er o f  X i n  g  w hich i s  n o t  i n  M. S in c e  M = 0 and

fg  = 0 we h av e  th e  te rm  a^cf®(b^)X® = 0 i n  th e  p r o d u c t  o f  f  and g .  B u t

b^  ^  0 s o  th e  au tom orph ism  d o es  n o t  t a k e  b ^  t o  z e r o .  Thus s in c e  R i s

p r im a ry  by  (1) and  c® (b^) ^  0 we c o n c lu d e  a^  i s  i n  Rad(R) = M. B u t t h i s

c o n t r a d ic t s  th e  c h o ic e  o f  a  .s

Hence R lX ,a] i s  r i g h t  p r im a ry . In  a  s i m i l a r  f a s h io n  R lX ,o] i s  l e f t  

p r im a ry , th u s  p r im a ry .

We have  th e  fo l lo w in g  im p o r ta n t  c o r o l l a r y .
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3 .6  COROLLARY. L e t f  b e  i n  R [X ,o] . Then £ i s  a  z e ro  d i v i s o r  i f  and o n ly  

i f  f  i s  i n  M lX ,oJ.

P r o o f . I f  f  i s  i n  MIX,a] , th e n  b y  (3 .1 )  f  i s  n i l p o t e n t  o f  s a y  d e g re e  n .

Then f f ”  ^ = 0 w ith  ^  0 s o  t h a t  f  i s  a  z e ro  d i v i s o r .

On th e  o th e r  hand  i f  f g  = 0 an d  g  ^  0 ,  s in c e  R lX ,c] i s  p r im a ry  f  i s  

i n  R ad (R lX ,aJ l = M lX,o] .

Many o f  th e  r e s u l t s  c o n c e rn in g  p o ly n o m ia ls  i n  R[X ,o] w i l l  r e s u l t  

from  th e  f a c t  t h a t  th e  d i v i s o r s  o f  z e ro  c&re c o n ta in e d  in  th e  R ad(R lX ,c] ) =

M IX ,a]. The fo llo w in g  i l l u s t r a t e s  t h i s .

3 .7  PROPOSITION. I f  f  i n  R lX ,c] i s  a  r i g h t  (o r  l e f t )  u n i t ,  th e n  f  i s  a  

u n i t  o f  R lX ,o ] .

F u r th e :)  i f  f g  i s  a  u n i t ,  b o th  f  and  g a r e  u n i t s .

P r o o f .  Suppose fg  = 1 ,  th e n  g fg  = g so  t h a t  (1 g f ) g  = 0 . Thus s in c e

R lX ,o] i s  p r im a ry  and g ^  0 we c o n c lu d e  by  (3 .6 )  t h a t  1 -  g f  i s  i n

R a d (R lX ,a j) . L e t h  = 1 r* g f ,  th e n  g f  = 1 h  i s  a  u n i t  o f  R lX ,a ] , so

t h a t  (g f)  ^ g f  = 1 . Hence f  i s  a  l e f t  u n i t  and th u s  a  u n i t  o f  R lX ,o ] .

I f  fg  i s  a  u n i t ,  th e n  ( f g ) h  = f (g h )  = 1 and k ( fg )  = ( k f ) g  = 1 f o r

some h  and  k i n  R lX ,o ] . Thus f  i s  a  r i g h t  u n i t  and g i s  a  l e f t  u n i t  and

h en ce  a  u n i t  o f  R lX ,a ] .

3 .8  PROPOSITION. L e t f  cuid g b e  n o n -z e ro  p o ly n o m ia ls  i n  R lX ,a ] .

i f  f g  = f  o r  g f  = f ,  th e n  g i s  a  u n i t .  Hence 1 i s  th e  o n ly  n o n -z e ro  

id e m p o te n t i n  R [X ,o ] .

P r o o f . Suppose f  and g a r e  n o n -z e ro  p o ly n o m ia ls  such  t h a t  fg  = f ,  th e n

f  (g - 1 )  *  0 so  t h a t  g -  1 i s  i n  R a d (R lX ,o ]) . Thus g = 1 + z  f o r  some

i n  R a d (R lX ,c J ) . Hence g  i s  a  u n i t  o f  R lX ,o ] , S im i la r ly  i f  g f  = f  we 

c o n c lu d e  g i s  a  u n i t .
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F u r th e r  suppose  f  i s  a  n o n -z e ro  id em p o te n t o f  R lX ,o J . Then f f  = f  

so  t h a t  f  i s  a  u n i t .  H ence,

f  = ( f " ^ f ) f  = = 1 .

2 . RELATIONSHIPS BETWEEN PROPERTIES OF JVMD THOSE IN R [X ,o ],

We h av e  t h e  fo llo w in g  o b v io u s  r e l a t i o n s h i p  b e tw een  th e  u n i t s  o f  R lX ,a] 

and  th e  u n i t s  o f  (R/M) IX ,9] . L e t  y:R[X,cr] +  (R/M) I X ,5 ] .

3 .9  PROPOSITION. A p o ly n o m ia l f  i n  R lX ,oJ i s  a  u n i t  i f  an d  o n ly  i f  

f  = v ( f )  i s  a  u n i t  o f  (R /M )IX ,o ].

P r o o f . By (3 .2 )  i f  f  i s  a  u n i t  th e n  f  i s  n o n -z e ro  and h e n c e  a  u n i t  o f  

(R/M) IX ,9 ] .

C o n v e rse ly  suppose  fg + M [X ,a ]  = l  + MDC,cr] th e n  1 -  f g  i s  i n  

MlX,cJ = R ad(R lX ,o] ) .  L e t 1 -  f g  = z .  Then fg  = 1 -  z i s  a  u n i t  o f  

R lX ,o] , s o  t h a t  by  (3 .7 ) f  i s  a  u n i t  o f  R lX ,c] .

Two r i g h t  i d e a l s  and o f  R lX ,a] a r e  r e l a t i v e l y  p rim e  i f

+ Qg = R lX ,c ] . We say  two p o ly n o m ia ls  f_ and £  o f  R lX ,o] a r e  r e l a t i v e l y  

p rim e  i f  a s  r i g h t  i d e a l s  fR lX ,a ] + gR [X ,c] = R [X ,a J .

By a p p ly in g  th e  p re c e d in g  p r o p o s i t io n  (3 .9 )  on u n i t s  we h ave  th e  

fo llo w in g  im m ed ia te  r e s u l t .

3 .1 0  PROPOSITION. The r i g h t  i d e a l s  and a r e  r e l a t i v e l y  p rim e  in  

R [X ,a] i f  and  o n ly  i f  and a r e  r e l a t i v e l y  p rim e  r i g h t  i d e a l s  i n

(R/M) [ X ,0 ] .

The n o n -z e ro  p o ly n o m ia ls  f  and  g  o f  R[X,o] a r e  c a l l e d  r i g h t  a s s o c i a te s  

i f  fR [X ,o ] "  g R lX ,o ] , l e f t  a s s o c i a t e s  i f  R l x ,a ] f  = R [X ,o ]g , and  a s s o c i a te s  

i f  b o th  l e f t  and  r i g h t  a s s o c i a t e s .

S in c e  R jX ,a] i s  a  p r im a ry  r i n g  we have th e  fo l lo w in g  c h a r a c t e r i z a t i o n  

o f  th e  a s s o c i a t e s  o f  R lX ,a ] .
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3 .1 1  PROPOSITION. The p o ly n o m ia ls  f  and g i n  R[X ,o] a r e  r i g h t  a s s o c ia te s

i f  and o n ly  i f  f  = gu w here  u i s  a  u n i t  o f  R lX ,o ] .

P ro o f . I f  fR lX ,a ]  = gR [X ,o ] , th e n  f  = gu and g = f v  f o r  u  and v  i n  R [X ,o ] . 

Thus f  = fv u  and  by  (3 .8 )  and  (3 .7 ) u  and v  a r e  u n i t s  o f  R [X ,o ].

W ith t h i s  c h a r a c t e r i z a t i o n  th e  fo llo w in g  i s  c l e a r .

3 .1 2  PROPOSITION. I f  f  and g a r e  r i g h t  ( l e f t )  a s s o c i a t e s  i n  R [X ,o ] , th e n

f  and g a r e  r i g h t  ( l e f t )  a s s o c i a te s  i n  (R/M )[ X ,ô ] .

I f  f  and g a r e  n o n -z e ro  p o ly n o m ia ls  i n  R lX ,d ] , f  i s  c a l l e d  a  l e f t  

f a c t o r  o r  r i g h t  d i v i s o r  o f  g  i f  gR lX ,a] c  f R l x ,o J , t h a t  i s  g = fh  f o r  

some h  i n  RlX,cjJ . We may s i m i l a r l y  d e f in e  r i g h t  f a c t o r s  o r  l e f t  d i v i s o r s  

and p ro p e r  d i v i s o r s .

A gain  t h e  fo llo w in g  i s  im m edia te .

3 .1 3  PROPOSITION. I f  f  i s  a  r i g h t  d i v i s o r  i n  RlX^o] , th e n  f  i s  a  r i g h t

d iv i s o r  i n  (R /M )IX ,5 ] .

A p o ly n o m ia l f  o f  R[X,oJ i s  c a l l e d  I r r e d u c i b l e  i f  f  = gh f o r  some g 

and h  i n  RlX,crJ im p l ie s  t h a t  e i t h e r  g  o r  h  i s  a  u n i t  o f  R [X ,d ] . The

p o ly n o m ia l f  i s  c a l l e d  a  fu n d am en ta l i r r e d u c i b l e  i f  i t s  c o s e t  f  = f  + M[X,o]

i s  i r r e d u c i b l e  i n  (R /M )IX ,5 ] .

3 .1 4  PROPOSITION. L e t f  b e  a  p o ly n o m ia l i n  R [X ,o ] .

(1) I f  f  i s  a  u n i t ,  th e n  f  i s  i r r e d u c i b l e .

(2) I f  f  i s  i r r e d u c i b l e  in  (R /M )IX ,5 ] ,  th e n  f  i s  i r r e d u c i b l e  in

R [X ,a ] .

P ro o f . P a r t  (1) i s  im m ed ia te  from  (3 .7 )  .

F o r peurt (2) su p p o se  f  = gh i s  i n  R [X ,o ] . Then f  = gE i n  (R/M) IX ,8] 

and h e n c e  b y  h y p o th e s is  g  o r  E  i s  a  u n i t .  Thus by  (3 .9 )  g o r  h  i s  a 

u n i t  o f  R lX ,o ] .
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A p o ly n o m ia l f  i n  R[X,cr] i s  c a l l e d  r e g u l a r  I f  f  I s  n o t  a  z e ro  d i v i s o r .

By (3 .6 )  f  I s  r e g u l a r  I f  f  I s  n o t  in  M lX,a] . An I d e a l  I  In  R[X ,a] I s

r e g u l a r  I f  I  ^  M lX,c] ; I . e . ,  I  I s  n o t  n i l p o t e n t .  We show t h a t  th e  fo rm

o f  re g u le ir  p o ly n o m ia ls  c lo s e ly  re se m b le  u n i t s  I n  R lX ,a J ,

3 .1 5  PROPOSITION. L e t f  » a^  + a^X^ + • + a ^ x "  be  In  R lX ,o ] . The

fo llo w in g  a r e  e q u iv a le n t .

CD f  Is  regular.

(2) I s  a  u n i t  f o r  some 1 , 1 < 1 < n .

(3) f  /  0 .

(4) f  I s  r e g u l a r .

P r o o f . T h is  fo llo w s  Im m ed ia te ly  from  th e  f a c t  t h a t  th e  n o n - u n its  o f  R a r e  

M, R/M I s  a  f i e l d ,  and  (R/M) IX ,a] I s  an  I n t e g r a l  dom ain.

An I d e a l  P o f  R£X,aJ I s  p rim e  I f  f o r  f  a n d  g  I n  R[X,o] w ith

fR lX ,o Jg  c  P ,  th e n  f  o r  g I s  I n  P . We a l s o  h a v e  th e  more r e s t r i c t e d

d e f i n i t i o n ,  t h a t  I s ,  an  I d e a l  P o f  R [X ,a] I s  c o m p le te ly  p rim e I f  f o r  f

and g I n  R lX ,o] w ith  fg  In  P , th e n  f  o r  g  I s  I n  P . E q u iv a le n t ly ,  P I s

c o m p le te ly  p rim e  I f  R lx ,a ] /p  I s  an  I n t e g r a l  dom ain . An I d e a l  P o f  R [X ,o]

I s  m axim al r i g h t  I f  R [X ,a ] /p  I s  a  f i n i t e  f i e l d .  Thus maximal r i g h t  Im p lie s  

c o m p le te ly  p r im e .

3 .1 6  PROPOSITION. An I d e a l  P I n  R lX ,c] I s  c o m p le te ly  p rim e (meoclmal 

r i g h t )  I f  and  o n ly  I f

(1) M lX,o] g  P

(2) P I s  a  conqp le te ly  p rim e  (maximal r i g h t )  I d e a l  o f  (R/M) (X ,S ] . 

P r o o f . S uppose  P I s  a  c o m p le te ly  p rim e  I d e a l  o f  R lX ,g ] . Then I f  f  I s  I n  

M ix ,a ) ,  f  I s  n i l p o t e n t  emd th u s  s in c e  f"^ = 0 I s  I n  P f o r  some n ;  we 

c o n c lu d e  t h a t  f  I s  I n  P . Now I f  P I s  a  m axim al r i g h t  th e n  I t  I s  c o m p le te ly
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prime s o  th a t  H [X,a] c  p .

I f  M ix ,a ] c  P , th e n  we have

( R / M ) I X , 5 l / ( P / ( M l X , 0 ] n  = ( R lX ,0j / M l X , a ] ) / ( P / ( M l X ,0]))

= R lX ,o ] /P ,

s o  t h a t  (R /M )IX ,5 ] / p  i s  an  i n t e g r a l  dom ain ( f i n i t e  f i e l d )  i f  and o n ly  i f  

R lX ,o J /P  i s  a n  i n t e g r a l  dom ain ( f i n i t e  f i e l d ) .

By (3 .1 )  we have  th e  fo llo w in g  c o r o l l a r y .

3 .1 7  COROLLARY. I f  t h e  i d e a l  M[X,o] i s  c o m p le te ly  p rim e  th e n  H lX ,o] i s  

t h e  o n ly  n i l p o t e n t  c o m p le te ly  p rim e  i d e a l  R lX ,o] c o n ta in s .

3 .  PRIMARY IDEALS

L e t  A b e  a n  i d e a l  i n  R lX ,c ] . Then we d e f in e  th e  r a d i c a l  o f  A d e n o te d  

a s  r(A ) t o  b e

r(A ) = { f  i n  R [X ,c] I f*' i s  i n  A f o r  some n ) .

I n  g e n e ra l  r(A ) n eed  n o t  b e  an  i d e a l .  (See McCoy [2 0 , p .  3 1 ] ) .  We w i l l

b e  i n t e r e s t e d  o n ly  i n  r(Q ) w here Q i s  a  p r im a ry  i d e a l .  In  t h i s  c a s e  r(Q ) 

i s  an  i d e a l  o f  R [X ,c ] .

An i d e a l  Q o f  R [X ,c] i s  r i g h t  p r im a ry  i f  fg  i s  i n  Q and f  n o t  i n  Q

in q p lies  g^  i s  i n  Q f o r  some i n t e g e r  n .  Q i s  l e f t  p r im a ry  i f  f g  i s  i n  Q

and g  n o t  i n  Q i n p l i e s  f ^  i s  i n  Q f o r  some i n t e g e r  n . F u r th e r ,  an  i d e a l  Q 

i s  p r im a ry  i f  i t  i s  b o th  l e f t  and  r i g h t  p r im a ry .

3 .1 8  THEOREM. L e t  Q b e  a  p r im a ry  i d e a l  i n  R fX ,o ] . Then r(Q ) i s  an  i d e a l  

o f  R [X ,o ] .

P r o o f . R e c a l l  from  comments fo llo w in g  (3 .4 )  t h a t  f o r  Q am i d e a l  o f  R [X ,a]

R ad(R lX ,oJ/Q ) »  { !  i n  R lX ,oJ/Q  | f *  e Q 

f o r  f  i n  R lx ,a ]  w i th  p ( f )  = f } .
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Thus th e  n a t u r a l  m orphism

y;R [X ,o] -+ R lX ,o ]/Q

maps rCQ) = { f  i n  R lX ,oJ | i s  in  Q f o r  some n} o n to  R ad (R [X ,o J /Q ).

L e t f  and  g b e  i n  r(Q ) . Then yCf) and  yCgl a r e  in  th e  i d e a l

R a d (R [X ,a ] /Q ) . Thus y ( f )  + y Cg) = y Cf + g) i s  i n  RadCRIX ,o]/g) , so

th e r e  i s  an  h  i n  r(Q ) and t  i n  Q such  t h a t

f  + g = h  + t .

L e t m b e  su c h  t h a t  h™ i s  i n  Q. Then s in c e  Q i s  an  i d e a l  ( f  + g )”* = Ch + t)"*

i s  i n  Q. Hence f  + g i s  i n  r ( Q ) .

F u r th e r  r(Q ) i s  c lo s e d  u n d e r r i g h t  and  l e f t  m u l t i p l i c a t i o n  by 

e le m e n ts  o f  R lX ,c 3 , f o r  suppose  f  i s  i n  r(Q ) and  n i s  th e  l e a s t  i n t e g e r

su ch  t h a t  f "  i s  i n  Q. S in c e  Q i s  an  i d e a l ,  h f ”  i s  i n  Q f o r  h  i n  R [X ,o ] .

I f  n  > 1 , th e n  C h f)f”  ^ i s  in  Q and f ”  ^ n o t  i n  Q im p lie s  ( h f ) ”* i s  i n  Q 

f o r  some i n t e g e r  m. Thus h f  i s  in  r(Q ) . I f  n  = 1 , th e n  h f  i s  i n  Q ç  rCQ) 

In  a  s im ilcu r f a s h io n  r(Q ) i s  a  r i g h t  i d e a l .

S in c e  r(Q ) i s  an  i d e a l  when Q i s  p r im a ry  we have

R ad(R [X ,a]/Q ) = r (Q ) /Q .

The r a d i c a l  o f  a  p r im a ry  i d e a l  has th e  f o l lo w in g  p r o p e r t i e s .  The p r o o f  

o f  w hich  fo llo w s  th e  com m utative c a se  and th e  f a c t

rCQ) = r(Q  + M IX,a]) = r(Q ) + M [X ,r] = r(Q)

s in c e  MIX,a] i s  n i l p o t e n t .

3 .1 9  PROPOS ITION. I f  P and Q a r e  p r im a ry  i d e a l s  i n  R lX ,o], th e n

(1) rCQ) = r(Q ) .

(2) r (P )  Ç r ( § )  i f  and o n ly  i f  rCPl Ç rC Q l.

F u r th e r ,  we have  th e  fo llo w in g  isom orph ism s w hich  fo llo w  from  th e
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i n c l u s io n s  :

Q S r ( Q )  an d  H[X,oJ ÇrCQl*.

(R lX ,o ]/Q } /R ad (R lX ,oJ/Q ) = C R lX ,o]/Q l/C r(Q l/Q )

« R lX ,o J /r(Q )

= (R lX ,crJ/M lX ,aJl/C rC Q i/M lX ,aJ)

« ((R/M) l X , â l ) / r ( Q ) .

Thus we have  im m ed ia te ly  t h a t  i f  Q i s  a  n i l p o t e n t  p r im a ry  id e a l  in  

R lX ,o j , th e n

(R lX ,a ]/Q )/R a d (R lX ,aJ /Q l = R/M IX ,5 ] .

The c h a r a c t e r i z a t i o n  o f  th e  p r im a ry  i d e a l s  o f  RlX^c] w i l l  depend 

l a r g e l y  upon th e  f o llo w in g  th eo rem .

3 .2 0  THEOREM. L e t  P b e  a  n o n » - tr iv ia l  i d e a l  i n  (R/M) IX ,o] . Then P i s  

c o m p le te ly  p rim e i f  and  o n ly  i f  P i s  m axim al r i g h t .

P r o o f . I f  P i s  m axim al r i g h t  th e n  (R/M) lX ,ô J /P  i s  a  f i n i t e  f i e l d  and 

h e n c e  an  i n t e g r a l  dom ain.

To show th e  c o n v e rse  we a g a in  n o te  t h a t  i n  (R/M) IX ,3 ]  a  l e f t  

g e n e r a to r  o f  a  tw o -s id e d  i d e a l  i s  a l s o  a  r i g h t  g e n e r a to r .  Thus assum e 

t h a t  P = f(IV 'M )lX ,ô] = (R/M) IX ,c ]  f  i s  a  n o n - t r i v i a l  c o m p le te ly  p rim e 

i d e a l  and  l e t  I  = g  (R/M) IX ,5] b e  a  r i g h t  i d e a l  such  t h a t  P <= I  c  (R/M) IX ,5 ) , 

T h « i f  B gh  f o r  some h  i n  (R/M )IX ,5 ] .  B u t P i s  c o m p le te ly  p rim e  so  

e i t h e r  g  o r  h  i s  i n  P . I f  g  i s  i n  P th e n  I  = P ; on  t h e  o th e r  hemd i f  h  i s  

i n  P ■> (R/M) l x , a ] f ,  th e n  h  -  k f  f o r  some k  i n  (R/M) IX ,B ] . Thus 

f  "  gh  -  g k f . By (3 .8 )  gk  ■ 1 and  h e n c e  I  "  (R/M) IX ,or], i n  e i t h e r  c a s e  

we h a v e  a  c o n t r a d ic t io n  s o  t h a t  P i s  a  m axim al r i g h t  i d e a l .

3 .2 1  PROPOSITION. L e t  Q b e  an  i d e a l  i n  R lX ,a J . i f  r (Q )  i s  an  id e a l  and
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i s  m axim al r i g h t ,  th e n  Q i s  p r im a ry .

P r o o f . We have  (R lX ,o ] /Q )/R a d (R IX ,a ]/q )  = (R lX ,c rJ /Q )/(r(Q )/Q ) = 

R lX ,a]/rC Q l i s  a  f i n i t e  f i e l d  s in c e  r(Q ) i s  m axim al r i g h t .  Thus R lX ,o]/Q  

i s  a  l o c a l  r i n g ,  so  t h a t  th e  d i v i s o r s  o f  z e ro  a r e  n i l p o t e n t .  Suppose fg  

i s  i n  Q and f  n o t  i n  Q, th e n  f  ^  0 i n  R lX ,a J /Q . B ut fg  = 0 and  g i s  

n i l p o t e n t .  Thus g*̂  i s  i n  Q f o r  some i n t e g e r  n ,  and Q i s  r i g h t  p r im a ry . 

S im i la r ly  Q i s  l e f t  p r im a ry , h en ce  p r im a ry .

C oncern ing  th e  n i l p o t e n t  prim eiry i d e a l s  i n  R jX ,a] we hav e  a  p r im a ry  

i d e a l  Q i s  n i l p o t e n t  i f  and o n ly  i f  Q ç  M lX ,a ] . F u r th e r , r(Q ) = M lX ,a ] . 

Suppose f  i s  i n  r(Q ) , th e n  f "  i s  i n  Q CM lX,o] f o r  some i n t e g e r  n .

C o n v e rse ly , i f  f  i s  i n  M IX ,a], th e n  f™ = 0 i s  in  Q f o r  some i n t e g e r  m,

so  t h a t  f  i s  i n  r ( Q ) .

Thus i f  MlX,o] i s  maximal r i g h t ,  by  th e  above p r o p o s i t io n  e v e ry  

n i l p o t e n t  i d e a l  i s  p r im a ry .

The fo llo w in g  p r o p o s i t io n  c h a r a c t e r i z e s  th e  n o n - t r i v i a l  p r im a ry  

i d e a l s  w hich  a r e  n o t  n i l p o t e n t .

3 .2 2  PROPOSITION. L e t  Q be a  n o n - t r i v i a l  n o n - n i lp o te n t  i d e a l  i n  R lX ,o ] ,

(1) Q i s  c o m p le te ly  p rim e i f  and o n ly  i f  Q i s  mcocimal r i g h t .

(2) Q i s  p r im a ry  i f  and o n ly  i f  r(Q ) i s  c o m p le te ly  p r im e .

P r o o f . (1) I f  Q i s  c o m p le te ly  p rim e  by  (3 .1 6 )  MIX,a] <= Q and  Q i s  non

t r i v i a l  and c o m p le te ly  prim e i n  (R/M) lX ,ô ] . Thus by (3 .2 0 ) Q i s  m axim al

r i g h t ,  cind by (3 .1 6 )  Q i s  maximal r i g h t .

The c o n v e rse  i s  c l e a r  s in c e  (R ) lX ,o ] /Q  i s  a  f i n i t e  f i e l d .

(2) Suppose t h a t  Q i s  a  p r im a ry  i d e a l  i n  RlX,Qj. Then r  Cg) i s

c o m p le te ly  p rim e . F o r  assum e f g  i s  i n  r tQ l f  i . e . ,  Cfg)’̂  i s  i n  Q f o r  some

i n t e g e r  n. T hen  c o n s id e r  th e  p ro d u c t  f g f g , . , f g  (2n f a c t o r s ) .  L e t
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b e  th e  s m a l le s t  s u b c o l l e c t io n  o f  th e  f  and g ' s  su c h  t h a t

a£ • • • a i  i s  i n  Q. Then s in c e  Q i s  p r im a ry  amd k  m in im al a i  • • •  a ,
1 k  1 k -1

i s  n o t  i n  Q and  th u s  S i^  i s  i n  Q Ç r ( Q ) . B u t a i ^  i s  e i t h e r  f  o r  g ,  so  

t h a t  f  o r  g  i s  i n  r(Q ) w henever f g  i s  i n  r ( Q ) , Hence r(Q ) i s  c o m p le te ly  

p rim e .

C o n v e rse ly ,su p p o se  Q i s  su c h  t h a t  r(Q ) i s  c o m p le te ly  p r im e . We 

may su p p o se  r(Q ) c  R lX ,o] f o r  o th e rw is e  i t  i s  cleacr t h a t  r(Q ) = R lX ,o] 

im p l ie s  Q i s  p r im a ry . Now s in c e  r(Q ) i s  p rim ary , MlX,o] c  r(Q ) C. R lX ,aJ, 

and  h en ce  r(Q ) i s  a  n o n - t r i v i a l  c o m p le te ly  p rim e  i d e a l  i n  (R/M) I x , d ] .

Thus by  (3 .2 0 )  r(Q ) i s  m axim al r i g h t  and by  (3 .1 6 )  r(Q ) i s  maueimal r i g h t ,  

so  t h a t  by (3 .2 1 )  Q i s  p r im a ry .

We a r e  now i n  a  p o s i t i o n  t o  g iv e  t h e  r e l a t i o n s h i p  b e tw e e n  p rim a ry  

i d e a l s  i n  R lX ,a ] and  t h e i r  im ages i n  (R/M) I X ,o ] .

3 .2 3  PROPOSITION.

(1) I f  Q i s  a  p rim a ry  i d e a l  i n  R lX ,o ] , th e n  Q i s  p rim ëiry  i n  

(R/M) IX ,0 ] .

(2) The i d e a l  Q i s  n o n - n i lp o te n t  and p r im a ry  i n  R [X ,a] i f  

and  o n ly  i f  Q i s  a  n o n -z e ro  p r im a ry  i d e a l  i n  (R/M) IX ,9 ] .

P r o o f . I f  Q i s  primaury and Q C M [X,c] ; i . e . ,  Q i s  n i l p o t e n t ,  th e n  ^  = 0 

and i s  p r im a ry  s in c e  (R/M) IX,3 ]  i s  an  i n t e g r a l  dom ain . Thus we o n ly  need  

t o  p ro v e  p a r t  ( 2 ) .

Suppose Q i s  a  n o n - n i lp o te n t  p r im a ry  i d e a l ,  th e n  Q M lX ,o] and  r(Q ) 

i s  c o m p le te ly  p rim e  by (3 .2 2 , p a r t  ( 2 ) ) .  Thus r ( g )  = r(Q ) /  0 i s  a  

c o m p le te ly  p r im e  n o n - n i lp o te n t  i d e a l  in  (R/M) IX,93 so  t h a t  b y  (3 .2 2 )  Q 

i s  p r im a ry .

C o n v e rs e ly , suppose  Q f  0 i s  p r im a ry . Then Q i s  n o t  n i l p o t e n t  i n



40
R [X ,a ] . Thus r(Q ) i s  e i t h e r  R [X ,a] o r  i s  m axim al r i g h t .  I n  b o th  c a s e s  

by (3 .2 2 ) Q i s  p r im a ry .

As p r e v io u s ly  n o te d ,  i f  f  i s  a  l e f t  g e n e r a to r  o f  an  i d e a l  i n  

(R /M )lX ,dJ, th e n  f  i s  a  r i g h t  g e n e r a to r .  I n  (R/M) I X w e  w i l l  d e n o te

th e  i d e a l  f  (R/M) IX ,Ô] = (R /M )lX ,d ]f b y  ( f ) .

We now c h a r a c t e r i z e  a  g e n e r a to r  o f  a  p r im a ry  i d e a l  i n  (R/M) I X ,5 J ,

3 .2 4  PROPOSITION. I f  Q = ( f)  i s  a  p r im a ry  i d e a l  i n  (R/M) IX ,5] w i th

r  (Q) = ( g ) , th e n  g i s  i r r e d u c i b l e  and  f  = vg*' = g %  f o r  some in t e g e r  n

and u ,v  u n i t s  o f  (R/M) [X ,a ] .

P r o o f . The p o ly n o m ia l g i s  i r r e d u c i b l e ,  f o r  suppose  g = r s .  Then 

r(Q ) = Cg) i s  c o m p le te ly  p rim e  by  (3 .2 2 ); so  t h a t  r  o r  s  i s  i n  ( g ) . I f  r

Is  in  (g) th e n  r  = g t  f o r  some t  i n  (R/M )IX, û ] . Thus g = g t s  and by  (3 ,8 )

s  i s  a  u n i t .  S im i la r ly  i f  s  i s  i n  (g) th e n  t  i s  a  u n i t .  T h e re fo re  g i s  

i r r e d u c i b l e .

F u r th e r ,  s in c e  Q S  r(Q ) we h av e  ( f )  £  (g) w here g  i s  i r r e d u c i b l e .

L e t f  = gh  f o r  some h  i n  (R/M) IX ,0 ] ,  S in c e  ( f )  = Q i s  p r im a ry , i f  g  i s

n o t  i n  ( f ) , th e n  h ^  i s  i n  ( f)  f o r  some i n t e g e r  n . Thus h  i s  i n

2
r ( ( f ) )  = ( g ) , so  t h a t  h  = gk and f  = g k  f o r  k  i n  (R/M)IX,9 ] ,  S in c e  

(R/M) IX,9 ] i s  a  non-com m utative  p r i n c i p a l  i d e a l  dom ain by  Ja co b so n  

[15 , p .  3 4 , Thm. 5] t h i s  p ro c e s s  f i n a l l y  g iv e s  an i n t e g e r  n such  t h a t  

f  = g %  w here g*' i s  i n  ( f ) . B u t g^  ^ i s  n o t  i n  ( f ) . (O th erw ise  f  w ould 

n o t  f a c t o r  i n t o  a  u n iq u e  number o f  i r r e d u c i b l e  f a c t o r s ) . Now g ^  = f d

f o r  some d i n  (R /M )lX ,o] so  t h a t  f  = fu d  and  th u s  u  i s  a  u n i t  o f

(R/M) IX,9 ] .  I n  a  s i m i l a r  f a s h io n  f  = vg ^  w here  v  i s  a  u n i t .

T h is  r e p r e s e n t a t i o n  o f  th e  p r im a ry  i d e a l  Q = ( f )  in  (R/M) IX ,ô ] may 

b e  " l i f t e d "  t o  R lX ,o J .
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3 .2 5  LEMMA. I f  Q i s  an  i d e a l  in  R [X ,o ] , th e n  th e r e  i s  a n f  in  Q such  t h a t

Q = REX ,a]f + N = fR lX ,a ]  + N

w here N = M[X,o] 0  Q.

P r o o f . I f  Q i s  an id e a l  in  R lX ,aJ , th en  Q = Cîl in  (R /M )IX ,a], L et f  be

a preim age in  Q o f  f .  C le a r ly  fR lX ,a] + MIX,a] A Q Ç Q . On th e  o th er

hand suppose g i s  in  Q, Then g = fh  fo r  some h in  (R/M) IX,9 ] .  I f  h i s

a preim age o f  h , th en  g = fh  + m where h i s  in  R lX ,a] and m in  M[X,ct] .

S in c e  m = g -  f h ,  m i s  a l s o  in  Q and th u s in  MlX,o] A Q. Hence we have

Q = fR lX ,cJ + M ix,a] AQ and in  a s im ila r  fa sh io n  Q = R lX ,a ]f  + M ix,a] n  Q,

3 .2 6  THEOREM. L e t Q b e  a  n o n - t r i v i a l ,  n o n - n i l p o te n t  p r im a ry  i d e a l  i n  

R lX ,a ] . Then

Q = (ug* + m)RlX,ffJ + M ix ,a ] A Q

= R lX ,a] (ug* + m) + M ix ,a ] A Q

w here u i s  a  u n i t ,  g i s  a  fu n d am en ta l i r r e d u c i b l e ,  and  m i s  i n  MIX,a] i n  

th e  r i n g  R lX ,o] .

F u r th e r  r(Q ) = gR lX ,a] + M lX,c] and R lX ,a ] / ( r ( Q ) ) i s  a  f i n i t e  f i e l d .  

P r o o f . L e t  Q b e  a  n o n - t r i v i a l ,  n o n - n i lp o te n t  primaury i d e a l  Then by  

Lemma 3 .2 5  t h e r e  i s  a  f  i n  Q such  t h a t

Q = fR lX ,G] + MIX,a] A Q = R lX ,a ] f  + M IX,a] A Q.

Then 5  = ( Î )  i s  p r im a ry  i n  (R/M) IX, 9 ] , and  by  (3 .2 4 )  r(Q ) = (g) and

f  = ug* = g*v w here u ,v  a r e  u n i t s  amd g i r r e d u c i b l e  i n  (R/M) I X ,? ] . Hence

f  = g*v + m = ug* + m w here g i s  a  fu n d am e n ta l i r r e d u c i b l e ,  u ,v  u n i t s ,  and

m i n  M IX,a] i n  R lX ,o ] .

Now Q = ( f )  = g * v (R /M )lX ,a ] , B u t (R /M )IX ,o] i s  a  r i g h t  p r i n c i p a l  

i d e a l  dom ain and  g i r r e d u c i b l e  so g (R/M) IX ,a ] i s  m axim al r i g h t  in
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(R/M) 1X^9]. Hence r ( ^ )  c  g(R/M) [X ,ô] ; b u t  a l s o  i t  i s  c l e a r  t h a t  

g (R /M )lX ,ô] €  Q f i r ( Q ) .  Thus rTfi) ■ rCQ) “  g (R/M) IX ,5] and r(Q ) ■ 

gRlX ,o] + MIX,0] .

S in c e  Q i s  a  n o n T » triv ia l n o n - n i lp o te n t  p r im a ry  i d e a l ,b y  (3 ,2 2 ) r(Q ) 

i s  c o m p le te ly  p rim e  and  h en ce  m axim al r i g h t .  Thus R lX ,c ] /r (Q )  i s  a  

f i n i t e  f i e l d . .

3 .2 7  PROPOSITION. L e t  Q b e  a  n o n - t r i v i a l ,  n o n - n i lp o te n t  p r im a ry  i d e a l  

o f  R lX ,c ] . Then RIx , ct] /Q  i s  a  l o c a l  r i n g .

P ro o f . From (3 .2 6 ) R lX ,a J /r (Q )  = (R lX ,or]/Q )/ (r(Q )/Q ) = 

(R lX ,cr]/Q )/R adC R lx ,a]/Q ) i s  a  f i n i t e  f i e l d .  Hence R lX ,o] i s  a  l o c a l  r i n g ,

4 PRIME, PRIMARY, and  IRREDUCIBLE POLYNOMIALS

A polyn om ia l f  in  R lX ,o] i s  s a id  t o  be prime i f  R lX ,u jf  = fR lx ,crj, 

and fRIX,cJ i s  a c o m p le te ly  prim e i d e a l .  A polynom ia l f  in  R lX ,oj i s  

prim ary i f  R lX ,o ]f  = fR lX ,c ], and fR lX ,o] i s  a prim ary i d e a l .

3 .2 8  PROPOSITION. I f  f  i s  an  i r r e d u c i b l e  p o ly n o m ia l i n  (R/M) IX,9 ] such  

t h a t  f(H /M )IX ,Ô] = (R/M)lX ,ü ] f  th e n  f  i s  p r im e  h ence  p r im a ry .

P r o o f . L e t  f  b e  i r r e d u c i b l e  and  (H /M )[X ,9 ]f = f ( R /M ) Ix ,9 ] . i f  gh  i s  in  

f  (R/M) IX ,3] th e n  gh  = f r  f o r  some p o ly n o m ia l r  i n  (R/M) [X ,9 ] . s in c e  f  i s  

i r r e d u c i b l e ,  f  m ust a p p e a r  i n  e i t h e r  th e  f a c t o r i z a t i o n  o f  g  o r  h .

Suppose w ith o u t  l o s s  t h a t  g = g _ " '" g . f g .  « '« f  . Now g . f  = f k . ,  w here
X  J  j  # 6  XI IL  X

1 < i  < j  and k^ i s  i n  (R/M) [X ,ô] , so  t h a t  g  = ' *^ j9 j+ 2*  **ow

k ^ , ' " ' , k j  m ust b e  i r r e d u c i b l e  s in c e  th e  number o f  i r r e d u c i b l e  f a c t o r s  i n

a  f a c t o r i z a t i o n  i s  u n iq u e  b y  Ja co b so n  115, p .  3 4 , Thm. 5 ] .  Thus g i s  in

f  (R/M) IX ,5] and we co n c lu d e  f  (R/M) IX ,9] i s  c o m p le te ly  p rim e  hence  p r im a ry ,

so  t h a t  f  i s  a  p rim e  and  th u s  p r in a r y  p o ly n o m ia l.

I n  (R/M) IX ,o] i r r e d u c i b l e  p o ly n o m ia ls  g e n e ra te  m axim al r i g h t  (o r  l e f t )

id e a l s .
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3 .2 9  PROPOSITION. A p o ly n o m ia l f  i n  (R/M) IX ,ô] i s  i r r e d u c i b l e  i f  and 

o n ly  i f  f  (R/M) [X ,0] i s  a  maximal r i g h t  i d e a l .

P r o o f . L e t g(iyM ) IX,9 ]  b e  a  r i g h t  i d e a l  su c h  t h a t

f(R /M )lX ,dJ c  g  (R/M) IX ,3] C (R/M) IX ,3] w here  f  i s  i r r e d u c i b l e .  Then

f  = gh f o r  some h i n  g  (R/M) IX ,5] emd th u s  g o r  h  i s  a  u n i t .  I f  g  i s  a  u n i t

th e n  c l e a r l y  g(I^M ) IX ,o ] = (R/M) IX, 0 ] ,  w h i le  i f  h  i s  a u n i t  g  = f h " ^  th e n

f  (R/M) IX ,3] = g  (R/M) IX ,5 ] .  Hence f  (R/M) IX , Ô] i s  meocimal r i g h t .

C o n v e rs e ly , l e t  f  (R/M) IX ,3] b e  a  m axim al r i g h t  i d e a l  and  su p p o se  f  i s  

n o t  i r r e d u c i b l e .  Then f  = g h \d ie re  n e i t h e r  g o r  h  i s  a  u n i t .  We may

suppose  g i s  n o t  i n  f(R /M ) IX,3 ] f o r  i f  i t  i s , g  = f k  and f  = fk h  f o r  some

k in  (R/M) IX ,5 ] .  Thus by  (3 .7 ) and (3 .8 ) h  i s  a  u n i t .  Now

f  (R/M) IX ,3] c g (R /M ) Ix ,3 ]  c  (R/M) IX ,3] s in c e  g  i s  n o t  a  u n i t .  Hence

f (V M )lX ,3 j i s  n o t  m axim al.

N o te ; I f  f  (R/M) IX ,3] = (R/M) IX,3 ] f  w here f  i s  i r r e d u c i b l e  th e n  f  (R/M) IX ,3] 

i s  m axim al r i g h t ;  i . e . ,  ( (R/M) IX,3] ) / ( f  (R/M) IX,3 ]  ) i s  a  f i n i t e  f i e l d .

We u s e  (3 .2 9 ) t o  o b ta in  th e  fo llo w in g  r e p r e s e n t a t i o n  o f  n o n - t r i v i a l  

n o n - n i lp o te n t  c o s p l e t e l y  p rim e and m axim al r i g h t  i d e a l s  in  R [ x ,o ] .

3 .3 0  PROPOS ITION. I n  R lX ,o] a  n o n ^ - t r iv ia l  n o n - n i lp o te n t  i d e a l  P i s  

c o m p le te ly  p r im e  i f  and  o n ly  i f  P = gRlX,CT] + MlX,o] = RlX,cr]g + MlX,o] 

w here g i s  a  n o n - t r i v i a l  r e g u la r  fu n d am en ta l i r r e d u c i b l e  in  R (X ,0 ] .

P r o o f . I f  P i s  c o m p le te ly  p rim e i t  i s  p r im a ry  and th u s  by (3 .2 6 )

P = (ug*^ + m )R lX ,o] + MIX,a] n P ® R lX ,f] (ug” +m ) + MIX,0] A P w here  u  i s  

i s  a  u n i t ,  g  a  n o n - t r i v i a l  fundam en ta l i r r e d u c i b l e  and m in  M lX ,o ].

F u r th e r  r (P )  = gR lX ,o] + MlX,o] = R lX ,o ]g  + M lX ,o ]. B ut i f  P i s

c o m p le te ly  p r im e  P = r  ( P ) ,

C o n v e rs e ly , su p p o se  P = gRlX ,a] + M IX,a] = R lX ,o ]g  + M lx ,a ] , w here
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g i s  a  r e g u la r  fundam en ta l i r r e d u c i b l e  i n  R [X ,a] . Then ?  = g(R/H) IX,â ]  = 

(R/M) l x ,â ] §  w here g i s  a  n o n - t r i v i a l  i r r e d u c i b l e  i n  (R/M) IX ,B ]. By (3 ,2 9 )

P i s  m axim al r i g h t ,  and h en ce  by  (3 ,2 2 )  P i s  c o m p le te ly  p r im e . Now s in c e  

M IX,a] c  p we co n c lu d e  by  (3 .1 6 ) t h a t  P i s  c o m p le te ly  p r im e .

We a r e  i n t e r e s t e d  i n  th e  p rim e  e le m e n ts  in  R lX ,o ] , The fo llo w in g  i s  

im m ed ia te  from  ( 3 .3 0 ) .

3 .3 1  COROLLARY. A p o ly n o m ia l f  i n  R lX ,c] i s  a  n o n - t r i v i a l  r e g u la r  p rim e  

p o ly n o m ia l i f  and o n ly  i f

(1) f  i s  a  n o n - t r i v i a l  r e g u l a r  fu n d am e n ta l i r r e d u c i b l e .

(2) fR lX ,aJ = R lx ,o ] f .

(3) MlX,o] c  f R l x , a ] .

3 .3 2  PROPOSITICaJ. ( C h a r a c te r iz a t io n  o f  F i n i t e  F ie ld s )

L e t  R b e  a f i n i t e  l o c a l  r i n g .  Then R lX ,o] c o n te iin s  a  p rim e  r e g u l a r  

p o ly n o m ia l i f  and o n ly  i f  R i s  a  f i n i t e  f i e l d .

P r o o f . L e t  M be  th e  m axim al i d e a l  o f  R and suppose  M f  0 . I f  f  = r  + uX

i s  a  p r im e , r e g u la r  p o ly n o m ia l w here  u  i s  a  u n i t  o f  R, th e n  f o r  any

g = X a .X ^  i n  R lX ,a ] , fg  = lo w e r te rm s  + ua*  ̂ B u t u  i s  n o t  a  z e ro
i = l  ^ *

d i v i s o r  i n  R and o (a^ ) /  0 so  u a (a ^ )  ^ 0 .  Thus M ^ f R lX ,o ]  w hich 

c o n t r a d i c t s  (3 .3 1  p a r t  3 ) ;  i . e . ,  M ix ,a ] c f R l X ,o ] .  T h e re fo re  M = 0 and  R 

i s  a  f i n i t e  f i e l d .

The co n v e rse  i s  c l e a r .

5 FACTORIZATION IN R lX .o]

The f a c t o r i z a t i o n  o f  p o ly n o m ia ls  i n  R lX ,o] i s  a c h ie v e d  from  f a c t o r i z a 

t i o n  i n  (VM) IX ,o j g iv e n  by  th e  fo l lo w in g  w ell-know n theo rem  f o r  f a c t o r i z a 

t i o n  i n  non-ccm m utative p r i n c i p a l  i d e a l  dom ains. See Jaco b so n  115,

Thm. 5 , p .  34] .
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3 .3 3  THEOREM L e t  f  be a  p o ly n o m ia l w hich i s  a  n o n - u n i t  and n o n - t r i v i a l  

i n  th e  n on -co im nu ta tive  p r i n c i p a l  i d e a l  dom ain (R /M )IX ,9 ]. Then f  f a c t o r s  

a s  fo llo w s  ;

(1) f  = 9 i ' " 9 n  w here th e  g ^ 's  a r e  n o n - t r i v i a l  i r r e d u c i b l e s  i n  

(R /M )IX ,5] .

C2) I f  f  = h , • • -h i s  a n o th e r  f a c t o r i z a t i o n  i n t o  n o n - t r i v i a l  1 m

i r r e d u c i b l e s  th e n  n = m, and  th e r e  i s  a  p e rm u ta t io n  tt o f  

{ 1 , 2 , ' '« , n }  su ch  t h a t  i s  s im i la r  t o  h ^ .

Two p o ly n o m ia ls  g  and  h  i n  R lX ,c] eure s a id  t o  b e  r i g h t  s i m i l a r  i f  

R lX ,oJ/hR lX ,aJ  = R lX ,c ] /g R lX ,c ]  a s  r i g h t  RlX,oJ ^m odu les. The n o t io n  o f  

l e f t  s i m i l a r  may b e  d e f in e d  a n a lo g o u s ly .  S in c e  (R/M) IX ,5] i s  an  i n t e g r a l  

dom ain we h av e  from  Ja co b so n  115] t h e  fo llo w in g  r e s u l t .

3 .3 4  PROPOSITION. L e t g  and h  b e  n o n - t r i v i a l  p o ly n o m ia ls  i n  (R/M) IX,9 ] .  

Then g zmd h  a r e  r i g h t  s im i la r  i f  and  o n ly  i f  th e y  a r e  l e f t  s im i l a r .

F u r th e r  t h e  p re im ag e s  i n  R lX ,a] o f  r e g u l a r  s im i l a r  p o ly n o m ia ls  a r e  

s im i l a r .

3 .3 5  PROPOSITION. L e t g  and  E b e  n o n - t r i v i a l  r e g u la r  p o ly n o m ia ls  i n  

(R/M) [X ,ô] w h ich  a r e  s im i l a r .  T hen g  and  h a r e  s i m i l a r  i n  R [X ,o ] .

P r o o f . S in c e  (R/M) lX ,5 ]/g (V M ) IX ,3] = (R/M) IX ,9]/E(R /M ) Ix ,3 ]  a s  

(R/M) (X ,ô ]-m odu les  and

(R/M) [X ,5 ] /g(R/M ) IX ,Ô] = R [X ,< j]/gR lX ,al

a s  R lX ,o ]-m o d u le s , we have  a  n a t u r a l  isom orph ism

R lX ,c ]/g R lX ,a ]  = R lX ,c ]/h R [X ,c ]

a s  RlX,d]"^m odules w here  g and h  a r e  p re im ag es  i n  R lX ,c] o f  g and R i n  

(P/M) l X ,c ] .
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3 .3 6  PROPOSITION. L e t  g and  h  i n  (IV'M) [X,5] b e  s im i la r  and

9 (R/M) [X ,ô] and h(R/M) [X ,ô] b e  i d e a l s .  Then g and h  a r e  a s s o c i a t e s .

P r o o f . I f  g(R/M) [X ,a] and h (V M ) [X /d] a r e  id e a l s ,  th e n  

(R/M) lX ,3]/g(R /'M ) [X ,ô] = (R/M) lX ,d ]/h (R /M ) Ix ,d ]  a s  r i n g s .  Thus 

h  + g (R/M) [X ,ô] maps t o  0 i n  t h e  isom orph ism  and  hence  h i s  i n  g (R/M) [X,o] 

s o  t h a t  h  and g a r e  l e f t  a s s o c i a t e s .  I n  an  cuialogous m anner u s in g  (3 ,3 4 )

we have h  and g a r e  r i g h t  a s s o c i a t e s ,  h en ce  a s s o c i a t e s .

U n le ss  we p u t  m ore r e s t r i c t i o n s  on  R[X,o] we o n ly  h ave  t h e  f o l lo w in g  

f a c t o r i z a t i o n  tiieo rem  f o r  p o ly n o m ia ls  i n  R [X ,o ].

3 .3 7  THEOREM. L e t  f  b e  a  r e g u l a r  n o n - u n i t  i n  R lX ,a] . Then

(1) f  = f ,  • • • f  vAiere f .  eure n o n - t r i v i a l  i r r e d u c i b l e s .i n  1

(2) I f  f  = g ^ '" * g ^  th e n  n  < m.

P r o o f . I t  i s  c l e a r  t h a t  f  f a c t o r s  a s  a  p ro d u c t  o f  i r r e d u c i b l e s

f  = f _ ' " " f  . Now f  = f . ' . ' f  = g , • • * 9  w here  g . a r e  i r r e d u c i b l e  an d  F.i n  i n i m i  i

may o r  may n o t  b e  i r r e d u c i b l e .  Thus by  (3 .33 ) we co n c lu d e  n < m.

N o te ; I f  f  = f ,  • • • f  w here f .  a r e  fu n d am e n ta l i r r e d u c i b le s .  th e n  n = m.i n  1 '

6 FACTORIZATION IN S [X ,0 ] f o r  S a  GALOIS RING

We h ave  shown in  (2 .5 )  t h a t  a  f i n i t e  l o c a l  r in g  R w i th  c h a r a c t e r i s t i c

p ^  i s  t h e  homomorphic im age o f  t h e  skew p o ly n o m ia l r in g

w here S i s  t h e  G a lo is  r i n g  GR(p*^,r). Thus we now 

c o n s id e r  th e  f a c t o r i z a t i o n  o f  p o ly n o m ia ls  i n  S [X ,o] w hich  i s  l i f t e d  from  

(S /Sp) IX,3 ]  = (R/M) [X ,5 ] .

3 .3 8  THEOREM (H e n s e l 's  Lemma)

L e t  S "  GR(p*^,r) b e  a  G a l6 is  r i n g  w ith  m axim al i d e a l  S p . L e t  f  b e  

i n  S[X ,o] and suppose

11(f) = 9 'E
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w here g  and  E a r e  p o ly n o m ia ls  in  (S /S p )IX ,5] su c h  t h a t

g ( s / s p )  [X ,ô] + (S /S p ) IX,9 ] E = ( S /S p ) [ x ,3 ] .

Then t h e r e  e x i s t s  g and  h  i n  S IX ,a] su ch  t h a t

(1) p (g )  = g ; p (h )  = E ,

(2) f  = g h .

P r o o f . As shown e a r l i e r  S i s  a  com m uta tive  l o c a l  p r i n c i p a l  i d e a l  r in g  

and th u s  th e  m axim al i d e a l  Sp i s  n i l p o t e n t  o f  d e g re e  o f  n i lp o te n c y  n 

w here ,S  = G R (p*^,r).

The a p p ro a c h  fo l lo w s  th e  c l a s s i c a l  p ro o f  i n  t h a t  we c o n s t r u c t  two 

seq u en c e s  {g^} and {h^} in  S [X ,o] su ch  t h a t

(1) deg  hj^ = r ;  deg  g^ = m -  r

k-4-1
(2) h^_^^ = h^ m od(sp) ; g^^^ = ĝ  ̂ mod(Sp)

k + l
(3) f  = g^h^ m od(Sp)'"

Then s in c e  (S p )^  = 0 we u se  h  = h^ euid g  = g^  f o r  th e  d e s i r e d  p o ly n o m ia ls  

s in c e  h^g^  = h = f .

We c o n s t r u c t  th e  seq u en c e s  {g^} , {h^} in d u c t iv e l y .  F o r k  = 0 , s in c e  

y :S [X ,o ]  -*■ (S /Sp) IX ,5] i s  s u r j e c t i v e  we have g^ and h^  i n  S [X ,a] w i th  

y(gQ) = g  and  y (hg)  = h .

Suppose t h a t  9 Q f " ' ' f 9 j  and h Q , ' " ' , h j  s a t i s ^  p r o p e r t i e s  1 -3 .

L e t

9 j+ l * 9 j  +

'*J+1 “ " j *

w here s  and t  a r e  in  S IX ,a ]  w i th  deg  s  < r  êuid deg  t  < m - r .  Then (1) 

and (2) a r e  c l e a r .  F u r th e r ,
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h o ld s  i f  and  o n ly  i f

{*) f  -  9 j + ih j + i  = f  -  (9j + (hj + p i* ^ t)

=  f - 9 j h j  - ( 9 j p i * ^ t  +  p i ^ ^ s h j  +  p i * ^ s p i * ^ t )

= 0 m od(Sp)^^^.

We n o te  t h a t  th e  autom orphism  a t a k e s  p  t o  p  s in c e  p  = p * l .

F u r th e r  S i s  c o in m ita tiv e  so  t h a t  p ^ ^ ^ sp ^ ^ ^ t i s  i n  (Sp)^^^ and  th u s  e q u a ls  

z e ro  m odulo (Sp) . A lso  by th e  in d u c t io n  s t e p  f  «- gyby = P^^^q f o r  

some q i n  S lX ,c ]  o f  d e g re e  l e s s  th a n  m. Under th e s e  s im p l i f i c a t i o n s  we 

have

f  -  9 j t  + s h j ) .

Thus o u r  c h o ic e  o f  s  and  t  m ust be  such  t h a t

J + 2

B ut

SO t h a t

q  = g ^ t  + s h j  mod(Sp)

g j  "  ^0 and h j  = h^  m od(Sp),

q  = 9 g t  + shg  m od(S p).

By o u r  h y p o th e s is

(S /S p )[X ,5] = g ( s / s p ) r x , a ]  + ( s / s p ) i x ,â ] h .

Thus t h e r e  e x i s t s  a , t  i n  (S /S p )IX ,â] su ch  t h a t

q  * g s  + îR  = g ^ s  + tR ^ ,

w here deg  I  g deg  h ^  an d  deg t  < deg  g ^ . L e t  s  zmd t  b e  p re im a g e s  o f  

emd t .  % e n

q  = g^s  + t h j  m od(S p ),

and th u s
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q  = g ^ s  + t h j  m od(Sp)^*^.

Hence we have shown t h e r e  e x i s t  s  and  t  such  t h a t

f  = 9 j + ih j + i  mod(Sp)^"^^,

so  by in d u c t io n  th e  seq u en ces  {g^} and  {h^} e x i s t s  f o r  a l l  k .

Thus f o r  h = h_ g = g we h av e  f  = g h  = g*h .  
n n n  n

3 .3 9  COROLLARY. L e t f  b e  a  p o ly n o m ia l i n  S l X , a ] . Suppose

p ( f )  = g ^ ' - ' g ^

w here 9 i ' " ' ' ' 9 n  a r e  p o ly n o m ia ls  i n  ( S /S p ) [X ,â] su ch  t h a t

g ^ (S /S p )[X ,5 ]  = (S /S p ) IX ,ô ]g^

cuid th e  g . eure p a ir w is e  r e l a t i v e l y  p r im e . Then t h e r e  e x i s t  h , , * * * , h  i n  1 I n

S[X,o] su ch  t h a t

(1) v ( h ^ ) = g ^ .

(2) f  = h u - . ' h  .X n

(3) h ^ , ' " " , h ^  a r e  p a ir w is e  r e l a t i v e l y  p r im e .

P ro o f . The p ro o f  i s  by  in d u c t io n  on n ,  u s in g  H e n s e l 's  Lemma (3 .3 8 )  and 

th e  f a c t  t h a t  i f  g ^ (S /S p ) Ix ,â ]  = (S /S p )[X ,5 ]g ^  w here t h e  g ^ ' s  a r e  p a i r 

w ise  r e l a t i v e l y  p rim e  th e n  g^ and  g g - ' - g ^  a r e  r e l a t i v e l y  p r im e . The 

p o ly n o m ia ls  h ^ , ' " ' , h ^  a r e  p a ir w is e  r e l a t i v e l y  p rim e  by  ( 3 .1 0 ) .

A r in g  R i s  s a id  t o  b e  duo i f  e v e ry  r i g h t  i d e a l  i s  a l s o  a  l e f t  

i d e a l  and  e v e ry  l e f t  i d e a l  i s  a l s o  a  r i g h t  i d e a l .  We n o te  t h a t  S[X ,o] i s  

duo i f  o i s  th e  i d e n t i t y  autom orphism  o f  S . F o r  duo skew p o ly n o m ia l r in g s  

o v e r  G a lo is  r i n g s  S » G R (p^,r) we h av e  th e  fo llo w in g  c l a s s i c a l  primaury 

f a c t o r i z a t i o n .

3 .4 0  THEOREM. L e t  S = GR(p’’̂ ,r )  be  a  G a lo is  r i n g ,  and  S [X ,a] a  duo skew



50
p o ly n o m ia l r i n g .  T hen ,

(1) E very  r e g u l a r  p o ly n o m ia l f  in  S[X,a ]  ca n  b e  f a c to r e d  a s

f  = u f ^ " ' " f ^  w here u i s  a  u n i t  cind f ^ , ' " ' , f ^  a r e  p a ir w is e  

r e l a t i v e l y  p r im e , p r im a ry , n o n - u n i t s  i n  S [ X ,o ] .

(2) I f  f  = u f ^ * * * f ^  = v g ^ ' " ' , g g ^  w here u , v , f ^ , g ^  a r e  a s  i n  ( 1 ) ,  

th e n  n  = m emd t h e r e  i s  a  p e rm u ta t io n  tt o f  { l , * * * , n }  w here f ^  

and a r e  a s s o c i a t e s .

P ro o f . (2) The p r o o f  o f  t h i s  i s  s te m d a rd  i n  th e  c a s e  o f  duo r i n g s .

See F e l l e r  [7 , p .  8 7 ] .

To p ro v e  (1) l e t  f  b e  a  r e g u la r  p o ly n o m ia l i n  S [ X , o ] .  Then f  i s  a  

n o n -z e ro  p o ly n o m ia l i n  (S /Sp) [X,o] and hence  by  (3 .3 3 )  cam b e  f a c to r e d  a s

f  = S f^ ^  . . .  A
1  n

w here û  i s  a  u n i t  and  f . , . * . , f  «ure i r r e d u c i b l e  n o n - a s s o c ia te d  n o n - u n i tsX n
k i k

i n  (S/Sp) IX ,5] w h ich  E ire r e l a t i v e l y  p r i m e  i n  p a i r s .  Then f ,  , . . . , f  ^  a r e
1 n

r e g u la r  p rim a ry  p o ly n o m ia ls  w hich  a r e  a l s o  p a i r w is e  r e l a t i v e l y  p rim e  in  

(S /S p ) [X ,ô ] . By (3 .3 9 )  t h e r e  a r e  p a i r w is e  r e l a t i v e l y  p rim e  p o ly n o m ia ls

^ l ' ” ’ ' ^ n  S i x , a ]  su ch  t h a t

and
_ k i

y ( f ^ )  -  f ^ i .

By (3 .9 ) u  i s  a  u n i t  i n  S [X ,o ] and by  (3 .2 3 )  f ^ , . * . , f ^  a r e  p r im a ry , 

n o n -u n its  i n  S [ X , o ] .

7 S-AÜTOMORPHISMS OF S IX ,0 ] FOR S A GALOIS RING

L e t S = 6 R (p " ,r )  b e  a  G a lo is  r i n g  w i th  m axim al i d e a l  S p , We 

c o n s id e r  i n  t h i s  s e c t i o n  th e  au tom orphism s o f  S IX ,a ] w h ich  le a v e  S f ix e d .
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L e t f  b e  an  S -autom orphlsm  o f  S [ X , o ] ,  th e n  s in c e  f  f i x e s  S we have t h a t  

f  i s  c o m p le te ly  d e te rm in e d  by  i t s  a c t io n  on th e  in d e te rm in a n t  X. I f  f  

t a k e s  X t o  th e  p o ly n o m ia l t  = s ^  + s^X + • • •  + s^X*^ we d e n o te  f  by f ^ .

Thus

f ^ ; S [ X , o ]  -*• S [X ,o]

i s  d e f in e d  by

f ^ ( g ( X ) )  = g ( t )  

f ^ ( s )  = s .

I n  show ing t h a t  f ^  i s  an  endom orphism  o f  S lX,o]  we f i n d  t h a t  t  m ust 

b e  r e s t r i c t e d  t o  t  = sX a s  t h e  fo llo w in g  i l l u s t r a t e s .  Suppose t  = .

Then

f^((ax’-)(bx^)) .  £ .̂(ab'’V * ^ ) -  ab°^(sx“)^(sx”)^

= a ( s x " )  V * ' " N s i r ) ^

A 0 x*~xnx ^
= a ( t )  b  ( t ) ]

= f^CaX^)f^(bX^)

i f  and o n ly  i f  m = 1 and c °  i s  i d e n t i t y  map. We a l s o  n o te  t h a t  th e  above 

r e q u i r e d  t h a t  S b e  com m utative  o r  S t o  b e  i n  th e  c e n t e r  o f  t h e  r i n g .  

R e s t r i c t i n g  t  t o  t  = sX i t  i s  th e n  c l e a r  t h a t  f ^  i s  an  S-endom orphism  o f  

SIXfO] .  We assum e th ro u g h o u t t h a t  a i s  n o t  th e  i d e n t i t y .

3 .4 1  LEMMA L e t t  = sX b e  i n  S [X ,o] and u  b e  a  u n i t  o f  S . Then

(1) f ^  i s  o n to  i f  and o n ly  i f  f ^ ^  i s  o n to .

(2) f ^  i s  1 -1  i f  and  o n ly  i f  f ^ ^  i s  1 - 1 .  (1 -1  d e n o te s  i n je c t i v e )

P r o o f . We n o te  t h a t  th e  u n i t s  o f  S form  a  g ro u p  u n d e r  m u l t i p l i c a t i o n  and 

0  b e in g  a n  au tom orphism  o f  S maps u n i t s  to  u n i t s .  We h a v e  t h a t  

f ^ (S E X ,o J l  = S [ t , o ] .  Thus p a r t  (1) fo llo w s  b y  show ing S l t , o ]  = S [ u t , o ] .
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Suppose g ( t )  = 2 s . t ^  i s  a  p o ly n o m ia l i n  S [ t , a ] .  Then we h av e

i  ^

n i  P i
L S j t  = I  s , ( u u  • • • u  ) (uu • • • u  ) t
i  ^ i  ^

„ g g i - 1  -1  i
= l  3 . (uu • • *U ) (u t)

i  ^

i s  a  p o ly n o m ia l i n  S [ u t , o ] .  W hile  c o n v e rs e ly  i f  2 s . ( u t ) ^  i s  i n  S [ u t , o ]
i  ^

th e n
r  , , i  r  OI  s ^ ( u t )  = I  s^ u u  • • • u  t
1 1 

i s  i n  S [ t , o ] .

To show p a r t  (2)^ suppose  i s  n o t  1 -1 .  Then f o r  some n o n -z e ro

p i  g(X) = I  s . X ,  we have
i  ^

f . ( g ( x ) )  = I  s . t ^  = 0.
^  i  1

Hence

r  CT g l " l  "1  I t* i
I s . ( u u  • • • u  ) (u t)  = 2 S t  = 0 .
i  i

T h a t i s  f ^ ^ ( h ( X ) )  = 0 ,  b u t

n O g l ^ l  —1 i
h(X) = I  s . ( u u  • • • u  ) X /  0 .

i  ^
a g i " !  -1

S in c e  (uu *■*u ) i s  n o t  a  z e ro  d i v i s o r  and a r e  n o t  a l l  z e ro .  Thus 

f ^ ^  i s  n o t  1 - 1 .

The c o n v e rs e  fo llo w s  s i m i l a r l y .

3 . 4 2  PROPOSITION. L e t t  = sX b e  i n  S l X , o ] . T hen,

(1) f ^  i s  o n to  i f  and o n ly  i f  s  i s  a  u n i t  o f  S .

(2) f ^  i s  1 -1  i f  and  o n ly  i f  s  i s  a  u n i t  o f  S .

(3) f ^  i s  an  S -au tom orph ism  i f  and o n ly  i f  s  i s  a  u n i t  o f  S .

P r o o f . We u s e  t h e  f a c t  t h a t  f ^  in d u c e s  a  n a tu r a l  S /Sp'-endom orphism  o f
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(S /S p ) [X ,a ] ;  i . e .  f^(g{X))  = f ^ < g ( X ) )  = g ( t )  .

n
Suppose f  i s  o n to  and t  = sX. Then f o r  g(X) = \  s .X^  i n  S[X,o]

i = l  1

w here s ^  i s  a  u n i t ,  t h e r e  i s  some p o ly n o m ia l h(X) = ?  r^X ^ such  t h a t

f ^ (h (X ) )  = g ( X ) .  Thus f^ (h (X ) )  = g(X) ^ 0 ; t h a t  i s ,

r i - 1  i S
I  r .  (sX )^ = I  r , s s ° * * * s °  X^ = ^ s,X ^  ^  0 .

i = l  i = l  i = l

So t h a t  f o r  some j ,  1 < j  < n .

“5-------&j - 1V V -  ,  _r ^ s s  '  s  ft 0

and th u s  s  /  0 ; i . e . ,  s  i s  a  u n i t  i n  S /S p  auid h en ce  a  u n i t  in  S by  (3 .9 )  .

The c o n v e rse  fo llo w s  im m ed ia te ly  from  Lemma (3 .4 1 )  u s in g  th e  f a c t

t h a t  f o r  t  = X in  S [ X , o ] ,  f ^  i s  o n to .  Then i f  s  i s  a  u n i t  f ^ ^  i s  o n to .

F o r p a r t  (2) suppose  t  = sX w here  s  i s  n o t  a  u n i t  o f  S . Then S i s  a

z e ro  d i v i s o r  s o  t h a t  f o r  some n o n -z e ro  c  i n  S, c * s  = 0 . Now ta k e  

g(X) = cX ^  0 .  Then

f^ (g (X ) )  = CSX = 0

so  t h a t  f ^  i s  n o t  1 -1 .

The c o n v e rs e  fo llo w s  a s  i n  p a r t  ( 1 ) .

P a r t  (3) i s  im m edia te  s in c e  f ^  f i x e s  S .

We n e x t  c h a r a c t e r i z e  th e  au tom orphism s o f  S[X,a]  w hich a r e  e x te n s io n s  

o f  au tom orph ism s o f  S t o  an  autom orphism  o f  S [ X , a ] .  Suppose * i s  an  

autom orphism  o f  S . L e t

(^^:S[X ,a] +  S lX ,o l  

b e  d e f in e d  f o r  g (X) “  Sq + s^X + • • • + by

<j>^(g(X)) = <|»(Sq) + $ ( s ^ ) t ^  + • • •  + * ( s ^ ) t ^
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w here t  = sX.

S in c e  by  (2 .1  v i )  th e  autom orphism s o f  S fo rm  a  com m utative g ro u p ,

(|i » U sin g  t h i s  we have t h a t  i s  an  endom orphism  o f  S [ X , o ] .

C le a r ly  i s  a d d i t i v e ,  and th e  fo llo w in g  e x te n d s  l i n e a r l y  t o  show t h a t  

i s  m u l t i p l i c a t i v e .

( |.^((ax^) (bX^)) = * ( a b ° ^ t i+ i )  = * (a )* (b ^ ^ ) t '' '* '^

= * ( a ) ( * ( b ) ) ^  t V  = * ( a ) t ^ * ( b ) t i  

= (fr^(aX^)^^(bX^).

I t  i s  c l e a r  t h a t  <|>̂  e x te n d s  (p t o  S [ X , a ] .  The fo l lo w in g  theo rem  g iv e s  

n e c e s s a ry  and  s u f f i c i e n t  c o n d i t io n s  f o r  cuid f ^  t o  b e  au tom orphism s o f  

S [ X , a ] .

3 .4 3  THEOREM. L e t  f ^  emd <fr^:S[X,a] -► S[X,G] b e  a s  d e s c r ib e d .  T hen,

(1) i s  1 -1  i f  and o n ly  i f  f ^  i s  1 -1  i f  emd o n ly  i f  t  = sX

f o r  s  a  u n i t  o f  S .

(2) i s  o n to  i f  and  o n ly  i f  f ^  i s  o n to  i f  an d  o n ly  i f  t  = sX

f o r  s  a  u n i t  o f  S .

P r o o f . P a r t  (1) fo llo w s  from  (3.42)  by  show ing i s  1 -1  i f  and o n ly  i f

f ^  i s  1 -1 . Suppose g(X) = ^ s^X^ i s  such  t h a t

f L ( g ( x ) )  = I  s . t ^  = 0 ,
^ i  ^

emd ()>̂  i s  1 -1 . Now

I  s . t ^  -  *.(% r  (3,)X ^). = 0 ,
i l  ^ i  ^

so  t h a t  ^ * ^ ( s ^ ) X ^  = 0 s in c e  i s  1 -1 . Hence ^ ^ ( s ^ )  = 0 and  s^  = 0 

s in c e  * ^ i s  1 -1 . Thus g(X) « 0 and f ^  i s  1 -1 .
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r»

C o n v e rs e ly , i f  g(X) = 2 s .X  i s  su c h  t h a t
i  1

*t(9(X)) = I <|)(s )̂t  ̂ = f^tl ♦(s.)X^) = 0

and i s  1 - 1 ,  th e n

I  * ( s . ) x i  = 0

o r  * ( s^ )  = 0 and th u s  s^  = 0 s in c e  <j> i s  1 -1 . Hence (j>̂  i s  1 -1 .

P a r t  (2) fo llo w s  im m e d ia te ly  s in c e  ^ i s  cui au tom orph ism  o f  S and 

th u s  th e  reuige o f  i s  S l t , o ]  w h ich  i s  p r e c i s e l y  th e  r a n g e  o f  f ^ .



CHAPTER IV

APPLICATIONS OP SKEW POLYNOMIAL THEORY

In  t h i s  c h a p te r  we u s e  th e  p o ly n o m ia l th e o r y  o f  C h a p te r  3 in  th e  

developm en t o f  s im p le  and  u n ra m if ie d  e x te n s io n s  o f  a  f i n i t e  l o c a l  r in g .  

F u r th e r  we c h a r a c t e r i z e  f i n i t e  c h a in  r in g s  and  f i n i t e  one<-step r in g s .

1 EXTENSIONS

L e t R b e  a  f i n i t e  l o c a l  r i n g .  A r in g  T i s  s a id  t o  b e  an  e x te n s io n  

o f  R i f  R e  T . We w i l l  b e  i n t e r e s t e d  i n  r i n g s  T w h ich  a r e  f i n i t e  l o c a l  

e x te n s io n s  o f  R, b u t  on  o c c a s io n  we ta k e  T t o  b e  R l X , c ] . In  e i t h e r  c a se  

th e  o n ly  n o n -z e ro  id e m p o te n t i s  1 , th u s  R and  T s h a r e  th e  same i d e n t i t y .

S in ce  R S  T we may c o n s id e r  T to  b e  an  R -m odule . I f  T i s  f i n i t e l y  

g e n e ra te d  o v e r  R we ta k e  th e  d e g re e  o f  T o v e r  R, d e n o te d  by [T:R], to  be  

th e  ra n k  o f  T o v e r  R; i . e .  th e  c a r d i n a l i t y  o f  a  m in im al g e n e r a t in g  s e t  o f  

T o v e r  R. O bserve  t h i s  i s  w e l l - d e f in e d .

F u r th e r  n o te  t h a t  T / ( T  Rad(R)) i s  a  n a t u r a l  R/Rad (R) - v e c t o r  space  

s in c e  Rad(R) a n n i h i l a t e s  T / ( T  Rad(R) ) .  We u s e  t h i s  t o  " l i f t "  th e  

R/Rad (R) - b a s i s  o f  T /  (T Rad (R) ) t o  R-m inim al g e n e r a t i n g  s e t s  o f  S .

We b e g in  a  somewhat m ore g e n e ra l  s e t t i n g  w i th  t h e  f o l lo w in g  lemmas.

4 .1  LEMMA. (N akayam a's Lemma)

L e t R b e  a  r i n g ,  J  an  i d e a l  o f  R c o n ta in e d  in  R a d ( R ) , M an  R-m odule, 

N an  a r b i t r a r y  subm odule o f  M, and F a  f i n i t e l y  g e n e ra te d  subm odule o f  M.

56
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Then M « N + JF im p l ie s  M = N.

4 .2  LEMMA. L e t R b e  a  r i n g ,  J  an  i d e a l  o f  R c o n ta in e d  in  R a d (R ) , M an

R-m odule, N and a r b i t r a r y  subm odules o f  M, emd F a  subm odule o f  M such  

t h a t  M/F i s  a  f i n i t e l y  g e n e ra te d  R -m odule .

Then M = N + F + JN* im p l ie s  M = N + F .

P r o o f .  L e t  X, + F , * * » , x  + F g e n e r a te  M/F. Then M = Rx. + • • • + Rx + F .i n  I n

S in c e  F i s  a  subm odule o f  M we have

M = N + F + J N *  = N + F + J M

=.N + F + J (R x ,  + • • •  + Rx + F)1 n

= N + F + J ( R x ,  + • • •  + Rx )1 n

and  th u s ,  by  ( 4 . 1 ) ,  M = N + F.

L e t  R b e  a  f i n i t e  l o c a l  r i n g  w i th  m axim al i d e a l  M and T a  r i n g  

e x te n s io n  o f  R. L e t Q be  a n  i d e a l  o f  T such  t h a t  T/Q i s  a  f i n i t e l y  

g e n e ra te d  R -m odule. We sa y  t h a t  a  s u b s e t  B o f  T i s  a  R -g e n e ra tin g  s e t  

m odulo ^ o f T i f T  = Q + RB.

L e t  " — " d e n o te  th e  im age u n d e r  th e  n a tu r a l  homomorphi sms

y ;T  -*• T/MT ëUld y :R  +  R/M.

S in c e  M a n n ih i l a t e s  T/MT = T , t h e  R-m odule s t r u c t u r e  o f  T in d u c e s  a  

n a t u r a l  IV̂ M = R s t r u c t u r e  on Î ;  i . e . ,

( r  + M ) ( t  + MT) = r ( t  + MT) = r t  + MT.

4 . 3  THEOREM. ( L i f t in g  o f  g e n e r a t in g  s e t s )

C o n s id e r  th e  above s e t t i n g .  T hen

(1) I f  B i s  a  s u b s e t  o f  T ,

T =» Q + RB i f  an d  o n ly  i f  T = Q + RB.

(2) r a n k  (T/Q) = ra n k  (T /Q ).
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(3) I f  7  i s  a  f i n i t e  e x te n s io n  and Q = 0,

[T:R] » IÎ;R1

w here T i s  a  R -v e c to r  s p a c e .

P r o o f . I f  B i s  a  s u b s e t  o f  T and T = Q + RB th e n  c l e a r l y  T = Q + SB a s  

R-m odules and th u s  from  above rem ark , T = Q + RB a s  R -m odules. C o n v e rs e ly , 

i f  Ç = Q + RB a s  R -m odules th e n  T = Q + RB a s  R -m odules and th u s  

T = Q + RB + MT. S in c e  T/Q i s  f i n i t e l y  g e n e ra te d  by  h y p o th e s is  we c o n c lu d e  

fr<xn (4.2)  t h a t  T = Q + RB.

From (1) we h av e  T/Q = RB i f  and o n ly  i f  T/Q -  RB so  t h a t  th e  ra n k  

(T/Q) e q u a ls  t h e  ra n k  (T /Q ) . Thus i f  Q = 0 we c o n c lu d e  [T;Rl = [ Î ; R ] .

I f  R and T être r i n g s  w ith  R S  T , th e n  th e  c o n t r a c t io n  I^  o f  an  i d e a l  

I  in  T i s  I*  = I  n  R; w h ile  th e  e x te n s io n  I*  o f  an  i d e a l  I  in  R i s  

I* = T IT , t h a t  i s ,  t h e  s m a l le s t  tw o -s id e d  i d e a l  o f  T c o n ta in in g  I .  We 

have shown t h a t  f o r  T l o c a l  o r  T = R[X,o] t h a t  Rad(T) i s  a  tw o -s id e d  

i d e a l .  We a r e  i n t e r e s t e d  i n  e x te n s io n s  T o f  R su c h  t h a t  Rad(T) =

T(Rad(R) ) = (Rad (R) ) * . Such a  r in g  T i s  c a l l e d  an  u n ra m if ie d  e x te n s io n  o f  

R.

4 .4  PROPOSITION. L e t  T b e  a  l o c a l  e x te n s io n  o f  R. Then R = T i f  and 

o n ly  i f  IT;R] = 1 .

P ro o f . C leeurly R = T im p lie s  [T:R] = 1 . C o n v e rs e ly , i f  [T:R] = 1 and

{b} i s  a  g e n e r a t in g  s e t  o f  T , th e n  s in c e  1 i s  i n  T, r b  = 1 f o r  some r  in  R.

2 1 Thus b  i s  a  u n i t  o f  T and th u s  b  ^ 0 .  Now t h e r e  e x i s t s  an  r  i n  R w ith

r i b  -  ^2    1 . _  .  -1b  , so  t h a t  ( r  - b ) b  = 0 and hence r  »  b  i s  i n  R. T h a t i s ,  T = R.

4 .5  COROLLARY. L e t  T b e  an  u n ra m if ie d  l o c a l  e x te n s io n  o f  R. I f  T = R 

th e n  T = R.

P ro o f . I f  T = R th e n  s in c e  f  i s  am R r-vector sp a c e  CT = T/MT = T/Rad (T)
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i s  a  f i n i t e  f i e l d )  we have 1 = [T;R] = [T:R] by  ( 4 . 3 ) .  Thus by  (4 .4)

T = R.

In  g e n e r a l  i f  R = T . €  T, «  • • •  S T  w here T. i s  a  f i n i t e  e x te n s io nu 1  n  1

o f  T. - o f  d e g re e  I T . ;T .  , ]  = r .  th e n  1-1  1 1 -1  1

IT :R] < r ,  • • *r . n  I n

We now show i n  t h e  c a s e  o f  u n ra m if ie d  e x te n s io n s  e q u a l i ty  h o ld s .

4 .6  PROPOSITION. L e t R = T„ ç  • • •  S T  w here T. i s  an  u n ra m if ie d  f i n i t e  — — — —— —  0  n  1

l o c a l  e x te n s io n  o f  T. , o f  d e g re e  IT . :T ,  , ]  = r . .1 -1  1 1 -1  1 Then

IT :R] = r  • • *r . n  I n

P r o o f . S in c e  Rad(T^) = I \Rad(T^_^)  i s  a  tw o -s id e d  i d e a l ,  we have

Rad(T ) = T , * • *T Rad(R) = T Rad(R) so  t h a t  T i s  u n ra m if ie d  o v e r  R. Thus n i n  n n

by  (4.5)  IT ;R] = IT :R] and IT . :T .  . ]  = I T . :T .  , ]  = r . .  Bu t  R , * * * , f  , n  n  1  1 - 1  1  1 - 1  1  n -1

a r e  f i n i t e  su b sp a c e s  o f  f ^ ,  so  t h a t

IT ;R] = IT :R] = IT ;T - ] * * * I T , «5] = r  « r  . n  n  n  n - 1  1 i n

2 DEGREE OF IDEALS IN R l X , a ] .

We have  from  ( 3 .4 )  t h a t  Rad(R lX ,o ] ) = (Rad(R)) l x , a ]  so  t h a t  RlX,a]  i s  

an  u n ra m if ie d  e x te n s io n  o f  R. We sa y  t h a t  an  i d e a l  £  o f  RlX,P] h a s  

f i n i t e  d e g re e  i f  th e  ra n k  o f  th e  R-m odule RlX,o] /Q  i s  f i n i t e ,  i n  w hich  

c a s e ,  we d e f in e

deg(Q ) = r a n k ( R lX ,o ] /Q )  = lR lX ,a ]/Q ;R /Q * ].

By (4 .3 ) i f  Q h a s  f i n i t e  d e g re e  th e n

deg(Q) = d e g ( Q ) .

4 . 7  THEOREM. L e t  Q b e  an  i d e a l  o f  R l X ,a ] .  Then th e  fo llo w in g  a r e  

e q u iv a le n t .
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(1) Q h a s  f i n i t e  d q g re e

(2) Q c o n ta in s  a  m onic p o ly n o m ia l.

(3) Q i s  r e g u l a r .

(4) Q h a s  f i n i t e  d e g re e  i n  (R/M) I X , 5 ] .

P ro o f . We f i r s t  show (1) and (2) a r e  e q u iv a l e n t .  Suppose Q h as  f i n i t e  

d e g re e ,  th e n  R [X ,a ]/Q  h a s  a  R -g e n e ra tin g  s e t  s a y  {f^^, • • • , f ^ }  . L e t  m b e  

th e  m axim al d e g re e  o f  th e  p o ly n o m ia ls  f ^ , ' " ' , f ^ .  Then f o r  n  > m t h e r e  

e x i s t s  r ^ , " ' " , r ^  i n  R and g i n  Q such  t h a t  X*' = r ^ f ^  + • • •  + r ^ f ^  + g .

Now x”  -  r ^ f ^  -  -  r ^ f ^  = g i s  a  m onic p o ly n o m ia l i n  Q.

C o n v e rs e ly , l e t  f  b e  a  m onic p o ly n o m ia l o f  d e g re e  n i n  Q. Then 

s in c e  th e  d i v i s i o n  a lg o r i th m  h o ld s  i n  R[X,o] f o r  m onic p o ly n o m ia ls  a s  

d i v i s o r s  (p ro o f  sam e a s  f o r  R[X] w ith  a p p r o p r i a t e  c o n s id e r a t io n  f o r  

sk e w in g ), f o r  g i n  R[X,a] t h e r e  e x i s t s  h  and k  i n  R[X,o] su c h  t h a t  

g = h f  + k w here  k  = 0 o r  th e  d e g re e  o f  f  i s  l e s s  th a n  n .  Thus 

{ l , X , * * * , x ”  i s  a n  R -g e n e ra tin g  s e t  o f  R IX ,o ] /Q ,  and Q h a s  f i n i t e  

d e g re e  l e s s  t h a n  o r  e q u a l  t o  n .

I t  i s  im m ed ia te  t h a t  (2) im p lie s  ( 3 ) .  F u r th e r  we have n o te d  (1) 

im p lie s  ( 4 ) .  We show (4) im p lie s  ( 1 ) .

Suppose Q h a s  f i n i t e  d e g re e  in  (R /M )[X ,o ] . Then s in c e  (R/M)[X,a]  i s  

a  skew p o ly n o m ia l r i n g  o v e r  a  f i n i t e  l o c a l  r i n g  R/M, by  (2) Q c o n ta in s  a  

m onic p o ly n o m ia l F  = X*̂  + r^_^x '^ ^ + • • • + r ^  w here r ^  i s  i n  R/M. Thus 

Q c o n ta in s  f  = x”  + r^ _ ^ x "  ^ + • • • + r ^  + m(X) w here m(X) i s  a  p o ly n o m ia l 

in  M[X,ff]. S in c e  M[X,a] i s  n i l p o t e n t ,  M[X,o] ç  r (Q )  and h e n c e  f  i s  i n  

r ( Q ) .  Thus f  -  m(X) = x "  + r^_^X^^ ^ + • • •  + r ^  i s  i n  r(Q) so  t h a t  

(x" + r^ _ ^ x "  ^ + • • •  + Tq)^  i s  i n  Q f o r  some i n t e g e r  k . Hence Q h a s  

d e g re e  l e s s  th a n  o r  e q u a l  t o  nk .
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I f  Q i s  re g u lc ir , th e n  Q 0 and th u s  s in c e  R/M i s  a  f i n i t e  f i e l d  

(R/M) [X ,5 ] /5  i s  f i n i t e l y  g e n e ra te d  a s  a  (R /M )-m odule; i . e . ,  Q h a s  f i n i t e  

d e g re e .  Hence (3) im p l ie s  (4) .

We d e n o te  th e  d e g re e  o f  a  p o ly n o m ia l f  by D ( f ) . S in c e  R[X,cr]

c o n ta in s  z e ro  d i v i s o r s  f o r  p o ly n o m ia ls  f  emd g i n  R [ X , o ] ,

D ( f -g )  < D(f)  + D(g)

w h ile  i n  th e  i n t e g r a l  dom ain (R/M) IX ,5]

D(f»g)  = D(î )  + D ( g ) .

Thus we d e f in e  th e  o r d e r  o f  a  r e g u l a r  p o ly n o m ia l f  i n  R[X,o] t o  b e  th e  

m in im al d e g re e  o f  th e  n o n -z e ro  p o ly n o m ia ls  o f  t h e  r i g h t  i d e a l  f R [ X ,a ] .

N ote t h a t  i n  (R/M) [X,5] i f  Q = E(R/M) [X,5] = (R/M) IX,Ô]£ th e n  from  above

we have

deg(Q ) = D(E) = o r d e r ( f ) .

4 . 8  LEMMA. L e t  f  b e  a  r e g u l a r  p o ly n o m ia l i n  R I X , a ] , T hen th e  o r d e r ( f )  

e q u a ls  t h e  maximum e x p o n e n t o f  X i n  th e  p o ly n o m ia l f  w hose c o e f f i c i e n t  i s  

a  u n i t  o f  R.

P ro o f . L e t  f  = r_X^ + * » * + r x ”* + « "  + r_  w here r  , * * * , r  cure in  M — —  s  m O s  nri-l

and  r  i s  a  u n i t  o f  R. Then c l e a r l y  o r d e r ( f )  < m s i n c e  r  , * * * , r  .  a r em s  m+i

z e ro  d i v i s o r s  in  RlX,cr]. F o r exam ple, i f  we choose  r ^  su c h  t h a t  

r^a® ( r^ )  = 0 th e n  ( r^ x f  + • • •  + r ^ ) r ^  i s  a  p o ly n o m ia l i n  fR lX,o]  o f  

d e g re e  l e s s  th a n  o r  ec[ual t o  s  -  1 .

L e t 8 d e n o te  th e  d e g re e  o f  n i lp o te n c y  o f  M = Rad(R) . We show by 

in d u c t io n  on  8 t h a t  o rd e r  ( f )  = m. The r e s u l t  i s  o b v io u s  i f  M  ̂ » 0 .

Assume in d u c t iv e ly  t h a t  t h e  th eo re m  i s  t r u e  f o r  a l l  l o c a l  r i n g s  w ith  

M  ̂ s  0 f o r  r  < 8 . We show t h e  r e s u l t  h o ld s  f o r  a l l  l o c a l  r in g s  R w ith
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0 and = 0 . Suppose f o r  g ■ + • • • + a^  w here a ^  f  0 t h a t

D(fg) < m, th e n  D(f*g)  < m. But  D(Z*g) »  D(5) + D(g) = m + D(g) im p l ie s

t h a t  g = 0 o r  g i s  i n  MlX^o]. Now s in c e  R i s  lo c a l  w i th  m axim al i d e a l

6 fi+1 ft
M ^ 0 and M = 0 ,  we have R/M i s  a  lo c ê d  r in g  w ith  m axim al i d e a l

g ft ft ft
M/M . B u t (M/M ) = 0 ,  th u s  i f  g  i s  n o t  i n  (M ) IX ,o] by  th e  in d u c t io n

g
h y p o th e s is  D(f*g)  a  m i n  R [ X , a ] . I f  on t h e  o th e r  hand , g i s  i n  (M ) IX,a]

and D(f*g) < m th e n  a  a”*(b ) = 0  \d iic h  i s  c o n t r a d ic to r y  s in c e  a  i s  a  u n i tm s  m

o f  R and th u s  n o t  a  z e ro  d i v i s o r .  I n  e i t h e r  c a s e  th e  a ssu m p tio n  t h a t

D(f*g) < m le a d s  t o  a  c o n t r a d ic t io n  s o  t h a t  o r d e r ( f )  = m.

4 .9  PROPOSITKXT. L e t  R b e  a  f i n i t e  l o c a l  r i n g  w ith  m axim al i d e a l  M.

L e t  f  b e  a  p o ly n o m ia l i n  RlX,o] w hich  g e n e r a te s  a  tw o -s id e d  i d e a l

fR[X,a]  = R [ X ,o ] f  = ( f ) . Then ( f )  i s  g e n e ra te d  by a  m onic p o ly n o m ia l o f

d e g re e  m i f  êmd o n ly  i f  f  = r .X ^  + • • •  + rX** + • • •  + r _  w heret  m 0

r \ , r  a r e  i n  M and r  i s  a  u n i t  o f  R. t  m+i m

P r o o f . Suppose f R lX ,a ]  = R [ x , o ] f  and  f  i s  a s  above. L e t

B = {1 ,X , • • • i n  R [ X ,a ] . Then s in c e  f  = r  x”* + f  ^ + • • • + f  _
m m -i 0

w here r ^  /  0 we h av e  b y  th e  d i v i s i o n  a lg o r i th m  t h a t

(R/M)IX,Ô] = (f)  + RB and h en ce  b y  (4 .3 )  RIX,a]  = ( f)  + r b .

Thus f o r  x”* i n  RlX,o] ,

= • • •  + + f o

w here a  , , * • • , a .  a r e  i n  R and f _  i n  ( f ) ,  so  t h a tm -i 0 0

-  a  -X® ^ -  • • • -  a_ = f_  i s  m onic and in  ( f ) .m - i  o 0

I t  rem a in s  t o  show (f^ )  = ( f ) . T h is  fo l lo w s  s in c e  f ^  /  0 and f ^  h a s

le a d in g  c o e f f i c i e n t  a  u n i t  so  by  th e  d i v i s i o n  a lg o r ith m  th e r e  e x i s t s  h

and k i n  R[X,a] su c h  t h a t
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f  = h fg  + k w here k = 0 o r  D(k) < m.

S in c e  o r d e r ( f )  *  m by (4.8)  D(k) t  m and  h en ce  k  = 0 ; i . e . ,  ( f )  = R [X ,o ] fg .

S im i la r ly  f^RlXjC] = (f)  so  t h a t  ( f )  = ( f ^ ) .

C o n v e rse ly  suppose  ( f )  = ( f^ )  w here i s  m onic o f  d e g re e  m. Then 

o r d e r (f)  = o r d e r ( f ^ ) , b u t  o r d e r (f^ )  = m by  ( 4 . 8 ) .  Thus o r d e r ( f )  = m 

and f  i s  o f  th e  form

f  = r . X^ + • • •  + r 3 ^ *  + • • •  + r „  t  m 0

w here r . ,  « , r  a r e  i n  M and r  i s  a  u n i t  o f  R. t  m m

We c o n c lu d e  t h i s  s e c t io n  w ith  t h e  fo llo w in g  summary.

4 .1 0  THEOREM. L e t  Q b e  a  r e g u l a r  i d e a l  i n  R[X,o] w i th  form  a s  i n  ( 3 . 2 6 ) ;

X • 6 • ̂

Q = (ug^ + m)RlX,o] + M[X,o] A Q

w here u  i s  a  u n i t ,  g  a  fu n d am en ta l i r r e d u c i b l e  emd m i n  H[X,o] i n  R [ X , o ] . 

F u r th e r ,  l e t  Q = f(R /M)[X,5]  = (R /M)IX,a ]? .  Then,

deg(Q ) = deg(Q) = o rd e r(E )  = D(f)  = k D ( g ) .

3 SIMPLE ALGEBRAIC EXTENSIONS.

L e t R and T b e  f i n i t e  r in g s  w ith  R G T . I f  6 i s  an  e le m en t i n  T such

t h a t  r6  = 8 o ( r )  f o r  some autom orphism  o o f  R emd a l l  r ' s  i n  R, th e n  we

d e n o te  by R[6 ,q ]  th e  s m a l le s t  s u b r in g  o f  T c o n ta in in g  R emd 6 . We d e n o te  

by  R(9 ,q ) th e  s m a l le s t  l o c a l  s u b r in g  o f  T c o n ta in in g  R emd 6 , and c a l l  

R(6 ,o )  a  s im p le  e x te n s io n  o f  R emd 6 .

Suppose t h a t  R i s  l o c a l .  The r i n g  R [ 9 , a ]  i s  th e  homomorphic im age

o f  R[X,a]  u n d e r  t h e  n a tu r a l  s u b s t i t u t i o n  map ta k in g  f(X) t o  f ( 9 ) .  L e t  Q

b e  th e  k e r n e l  o f  t h e  s u b s t i t u t i o n  map. Then



64
R [X ,a]/Q  = R i e , o ] .

S in c e  R l 0 , o l  i s  a  homomorphic im age o f  th e  p r im a ry  r i n g  R l X , o ] , R l9 ,a ]  

i s  a l s o  p r im a ry ; t h a t  i s ,  (0) i s  a  p r im a ry  i d e a l  i n  R [ 0 , a ] . We u se  t h i s  

in  show ing t h a t  Q i s  p r im a ry . Suppose f(X)g(X) i s  i n  Q, th e n  f ( 0 ) g ( 0 )  = 0 .

Thus f ( x )  i s  i n  Q o r  (g(X))” i s  i n  Q.

F u r th e r  s in c e  Q = { f  i n  R[X,o] | f  (0) = 0} i t  i s  c l e a r  t h a t  R A Q = 0

and th u s  R lX ,o ] /Q  i s  a  f i n i t e  r in g .

We now show t h a t  Q i s  a  r e g u l a r  n o n - t r i v i a l  i d e a l  so  t h a t  by (3.27)

RIX ,o] /Q  = R l0 ,o ]

i s  a  l o c a l  r i n g .  Hence R[0 ,a ]  = R(0 , o ) .

4 .1 1  PROPOSITION. L e t R C T be  f i n i t e  r i n g s .  I f  0 i n  T i s  such  t h a t

f o r  some au tom orphism  a o f  R , r0  = 0 o ( r )  f o r  a l l  r  i n  R,  th e n  th e r e  e x i s t s

a  m onic p o ly n o m ia l f  in  R[X,o] such  t h a t  f ( 9 )  = 0.

P r o o f . L e t 0 b e  in  T and such  t h a t  r0  = 0<r(r) f o r  r  i n  R. C o n sid e r

Rq = {Z r \ 0 ^  I r ^  i s  in  R}. Then R ç  R^ € : T .  F o r  e a ch  e lem en t in  R^

s e l e c t  a  r e p r e s e n t a t i v e  w ith  l e a s t  d e g re e  a s  a  p o ly n o m ia l i n  0 . L e t B 

d e n o te  th e  s e t  o f  th e s e  r e p r e s e n t a t i v e s .  Then B i s  f i n i t e  emd th u s  con

t a i n s  a  p o ly n o m ia l o f  g r e a t e s t  d e g re e ,  sa y  m. S in c e  0™^^ i s  in  R^,

0*^^ = p (0 )  f o r  some p(0)  i n  B. T h a t i s ,  0 s a t i s f i e s  th e  m onic 

p o ly n o m ia l X?°^^ -  p(X) i n  R [ X , o ] .

The k e r n e l  Q = { f  in  R lX ,o] | f ( 0 )  = 0} o f  t h e  s u b s t i t u t i o n  map i s  

c a l l e d  th e  d e f in in g  i d e a l  o f  0 . The e lem en t 0 i s  c a l l e d  skew a lg e b r a ic  

and R(0 ,o )  i s  c a l l e d  a  s im p le  skew a lg e b r a ic  e x te n s io n  o r  s im p ly  a  s im p le  

a lg e b r a i c  e x te n s io n  i f  0 i s  a lg e b r a i c .

4 .1 2  THEOREM. I f  T = R(0 ,o ) i s  a  s im p le  a lg e b r a i c  e x te n s io n  o f  R, th e n
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th e  d e f in in g  i d e a l  Q o f  9 i s  a  r e g u l a r  p r im a ry  i d e a l  and  h a s  th e  form

■ Q = (ug^ + m)RlX,a]  + M[X,o] n Q,

w here u i s  a  u n i t ,  g a  fundcim ental i r r e d u c i b l e  and  m i n  M[X,a] i n  R [ X , a ] . 

F u r th e r ,  T = R(0 ,o )  = R[8 ,o ]  and T i s  a  f i n i t e  l o c a l  e x te n s io n  o f  R

w ith

IT;R] = k D (g ) .

The f i n i t e  f i e l d  Ç = T/Rad(T) =  (R/M) l X , â ] / ( ^  =(R/M) (9,cr) i s  o b ta in e d  

from  (R/M) by  th e  a d ju n c t io n  o f  6 th e  z e ro  o f  g t o  (R/M) .

Hence IT:R] = k [ f  .

P r o o f . In  th e  p re c e d in g  d i s c u s s io n  we have a l r e a d y  n o te d  t h a t  Q i s  a 

n o n - t r i v i a l  r e g u l a r  p r im a ry  i d e a l .  Thus by (3.26)  Q h a s  th e  g iv e n  fo rm .

By d e f i n i t i o n  and (4 .1 0 ) th e  deg(Q ) = [R[X,o]/Q;R] = [T:R] = k D ( g ) . Now 

from ( 3 . 2 6 ) ,  (3 .1 9 )  and fo llo w in g  comments we have th e  isom orph ism s

T = T/Rad (T) = (R[X,a ] /Q) /Rad(R [X ,o]/Q)

= (R/M)[X,9]/r (Q)

= (R/M)[X,5 ] / ( g ) .

Thus ?  i s  a  f i n i t e  f i e l d  e x te n s io n  o f  R, emd h e n c e  by  McDonald 

121, Thm. I I . 1] T i s  th e  a d ju n c t io n  o f  R and "§ t h e  z e ro  o f  th e  i r r e d u c i b l e  

p o ly n o m ia l g  i n  (R/M) IX,5 ] .  Hence [T:R] = D ( g ) , so  t h a t  [T:R] = k l T :R ] .

4 FINITE CHAIN RINGS AND ONE-STEP NGN-COMMUTATIVE RINGS

I n  t h i s  s e c t i o n  we a p p ly  th e  m ain  s t r u c t u r e  theo rem  (2 .5 )  t o  th e  

r e s u l t s  o f  C la rk  and  D rake [2] t o  c h a r a c te r i z e  f i n i t e  n o n -com m uta tive  c h a in  

r i n g s .

A r in g  R i s  a  l e f t  ( r ig h t )  c h a in  r in g  i f  i t s  l a t t i c e  o f  l e f t  ( r ig h t )  

i d e a l s  fo rm s a  c h a in .
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The fo l lo w in g  lemma from  [2] sum m arizes th e  p r o p e r t i e s  o f  f i n i t e  c h a in  

r i n g s .

4 .1 3  LEMMA I f  R i s  a  f i n i t e  r i n g  w i th  Rad(R) = M ^  0 , .  th e n  t h e  f o l lo w 

in g  a r e  e q u iv a l e n t .

(1) R i s  a  l e f t  c h a in  r i n g .

(2) R i s  a  r i g h t  c h a in  r i n g .
2

(3) R i s  a  l o c a l  r in g  w i th  M = R0 f o r  any 0 i n  M -  M .

(4) The p r i n c i p a l  l e f t  i d e a l s  o f  R form  a  c h a in .

Thus t h e  i d e a l s  o f  R eire

R 3  R0 3  R 0 ^ 3  • • • o  R0^ = 0

w here 6 i s  t h e  in d e x  o f  n i lp o te n c y  o f  Rad(R) = M. F u r th e r ,  f o r  1 s  i  S 6

R0^ = 0^R.

S in c e  a  f i n i t e  c h a in  r i n g  R i s  l o c a l  by  (2 .2 )  R c o n ta in s  t h e

c o e f f i c i e n t  s u b r in g  S = G R (p^,r) w here th e  c h a r a c t e r i s t i c  o f  R i s  p ^  and

R/Rad(R) = G F ( p ^ ) . Now R = S @ N a s  (S -S )-m o d u les  w here N i s  a

(S -S )-su b m o d u le  o f  R c o n ta in e d  i n  Rad(R) = M. S in c e  N i s  an  (S -S )-m o d u le

by (2 .4 )  i t  h a s  a  d i s t i n g u is h e d  in d e p e n d e n t g e n e ra t in g  s e t

{ b , , • • •  ,b  ; o , , • • • , 0  } w here s b . = b . c . (s)  f o r  s  in  S .  Thus 1 m J. m 1 1 1
2

R B S O S b , e  • • • ® Sb . We now show t h a t  some b . i s  i n  M -  M . F o r  1 m 1
2 2 su p p o se  b ^ ,  '  '  '  ,b ^  a r e  i n  M . T hen s in c e  p  i s  a l s o  i n  M (o th e rw is e

%  = M an d  R w ould  b e  an  u n ra m if ie d  e x te n s io n  o f  Z /Z p" w hich c o n t r a d i c t s

( 2 .1 ) )  we c o n c lu d e  t h a t

Sp ® Sb, © • • •  e  Sb C M^.1 in

B u t S i s  an  u n ra m if ie d  « ( te n s io n  o f  Z /Zp^ so  t h a t  M m s  = Sp . Thus s in c e  

M c  R i t  i s  c l e a r  t h a t
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Sp © Sb, © • • • © Sb = M.JL n

B ut t h i s  c o n t r a d i c t s  th e  above in c lu s io n  so  t h a t  f o r  some i ,  1 < i  < m,

2
b^ i s  in  M -  M . D enote  bu by 6 ,  th e n  s6 = 0o^ (s )  and  0 g e n e ra te s  M.

U sing  t h i s  we h av e  an  im proved v e r s io n  o f  C la rk  and D r a k e ' s  

p r i n c i p a l  r e s u l t  i n  [ 2 ] .

4 ,1 4  THEOREM L e t  R b e  a  f i n i t e  c h a in  r i n g  w i th  c h a r a c t e r i s t i c  p” , 

m axim al i d e a l  M = R0 (0 a s  above) , and S = GR(p*^,r) th e  c o e f f i c i e n t  

s u b r in g  o f  R.

L e t  m d e n o te  t h e  d e g re e  o f  n i lp o te n c y  o f  M. Then t h e r e  e x i s t  

i n t e g e r s  k  and t  su c h  t h a t

(1) R = S © S0 © • • •  ® S0^ ^ a s  an  (S -S )-m o d u le  d i r e c t  sum, 

w here s0 ^  = 0 ^ 0 ^ (s)  f o r  some f ix e d  au tom orphism  o f  S and  each  

s  i n  S .

k  k -1(2) 0 = p ( s ^ _ ^ 0  + • • •  + s^0 + Sq) w here  i s  in  S and  s^  i s  a

u n i t  o f  S .

(3) T h ere  a r e  (S -S )-m odu le  isom orph ism s

S0^ = S f o r  i  = l , * * * , t -  1 

S0^ = Sp f o r  i  = t , • • • , k  -  1 .

(4) m = (n -  l ) k  + t ,  1 < t  < k ,  w here  k  i s  t h e  g r e a t e s t  i n t e g e r

i  < m su c h  t h a t  p  i s  in

L e t R b e  a  f i n i t e  c h a in  r in g  as  d e s c r ib e d  above in  (4 .1 4 ) w ith

c o e f f i c i e n t  s u b r in g  S = GR(p” , r ) , and in t e g e r  k  b e in g  th e  g r e a t e s t  i n te g e r

i  < m su ch  t h a t  p  i s  i n  = R0^.

A skew p o ly n o m ia l g(X) = + p (s^^^X ^"^  + • • •  + s^X + Sq) i n  S[X,o]

w here Sq i s  a  u n i t  i n  S i s  c a l l e d  a  skew E i s e n s t e in  p o ly n o m ia l o v e r
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The r in g  S [ X , a ] / ( g ( X ) ) i s  c a l l e d  an  E i s e n s te in  e x te n s io n  o f  £  o f  d e g re e  k .

By u s in g  a  skew E i s e n s t e in  e x te n s io n  we a r e  a b le  t o  e x te n d  K r u l l ' s  

c h a r a c t e r i z a t i o n  o f  com m utative  f i n i t e  c h a in  r i n g s  to  t h a t  o f  non - 

com m utative f i n i t e  c h a in  r i n g s .

4 .1 5  THEOREM ( C h a r a c te r iz a t io n  o f  c h a in  r in g s )

L e t R b e  a  f i n i t e  c h a in  r i n g  w i th  m axim al i d e a l  M o f  d e g re e  o f  

n i lp o te n c y  m, R/M = G F (p ^ ) , and  c o e f f i c i e n t  r ih g  S = GR(p” , r ) .

Then t h e r e  e x i s t s  i n t e g e r s  t  and k  su ch  t h a t

R = S [ X , a l / ( g ( X )

w here t  = m -  ( n - l ) k  > 0 and g(X) i s  a n  E i s e n s t e in  p o ly n o m ia l o f  d e g re e  

k  o v e r  S .

C onversely^ su ch  a  q u o t i e n t  i s  a  f i n i t e  c h a in  r i n g .

P r o o f . I t  i s  c l e a r  from  th e  p ro o f  o f  (4 .14)  t h a t  th e  above q u o t i e n t  r in g  

h a s  th e  p r o p e r t i e s  g iv e n  in  ( 4 . 1 4 ) .  Thus we map th e  g e n e r a to r  o f  

S [ X , o ] / ( g ( X ) , p ”  ^X^) t o  th e  g e n e r a to r  o f  R and a c h ie v e  th e  d e s i r e d  

isom orph ism .

A o n e - s te p  non -com m uta tive  r in g  i s  a  non-com m utative  r i n g  f o r  w hich 

e v e ry  p ro p e r  s u b r in g  i s  com m utative .

In  [24;  p .  753 ,  Thm. 447 R ing R^^] R edei h a s  c h a r a c te r i z e d  f i n i t e  

o n e - s te p  n on -com m uta tive  r i n g s .  From t h i s  theo rem  and o u r  th e o r y  o f  skew 

p o ly n o m ia l r i n g s  we h av e  th e  fo llo w in g  c h a r a c t e r i z a t i o n  o f  f i n i t e  non - 

n i l p o t e n t  o n e - s te p  r i n g s  w ith  i d e n t i t y .

L e t p  and q  b e  p rim e s  and m, e ,  n p o s i t i v e  i n te g e r s  w i th  n  < q .  L e t 

f  b e  a  fu n d am e n ta l i r r e d u c i b l e  i n  (Z/Zp**) [X] o f  d e g re e  q®. C o n s id e r  th e  

G a lo is  r i n g  S = (Z/Zp”*) [ X ] / ( f )  . S e l e c t  a  s e p a r a b le  g e n e r a to r  p o f  S o v e r  

Z/Zp® such  t h a t  Auto^^^^m (S) a r e  g iv e n  b y  power maps o f  t h i s  g e n e r a to r
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(See Ganske and McDonald [9 , Thm. 5 . 1 1 ] ) .  D e fin e  an  autom orphism

t :S ->■ S by T t p  -*•

nqG—1
w here t  = p ^  . F o r  t h i s  autom orphism  c o n s id e r  S [ X , x ] .

4 .1 6  THEOREM ( In  t h e  above s e t t i n g )  The r in g

S I X , T ] / ( X ^ )

i s  a  o n e - s te p  non-com m utative  r i n g  w ith  i d e n t i t y .  F u r th e r ,  e v e ry  n on -

n i l p o t e n t  o n e - s te p  non-com m utative  r in g  w ith  i d e n t i t y  h a s  th e  above fo rm .

2P r o o f . I t  i s  c l e a r  t h a t  S [ X ,x ] / ( X  ) i s  g e n e ra te d  by p and X w here p and

X h av e  th e  p r o p e r t i e s  o f  th e  r i n g  i n  [24,  p .  753 , Thm. 44 7 ] .  Hence 
2

S [ X ,x ] / ( X  ) i s  a  o n e - s te p  non-com m utative  r i n g .  F u r th e r ,  f o r  any non -

2
n i l p o t e n t  o n e - s te p  r i n g  w ith  i d e n t i t y  we may c o n s t r u c t  S [ X ,x ] / ( X  ) a s  

ab o v e . Then m apping g e n e r a to r s  t o  g e n e ra to r s  we have th e  d e s i r e d  

isom orph ism .
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