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Abstract

There is a categorical equivalence between the Temperley-Lieb category 7TL(2)
and the full subcategory of SU(2)-mod with objects given by V& where V is the
tautological SU(2)-module and k is a non-negative integer. The first results in this
dissertation develop new diagrammatic categories which are shown to be equivalent
to similarly defined full subcategories of G-mod for certain finite subgroups G of
SU(2). The diagrams which generate the Temperley—Lieb category are shown to be
linear combinations of the generating diagrams for these newly defined diagrammatic
categories. The main result of this paper utilizes the representation graph of a
group G, R(V,G), and gives a general construction of a diagrammatic category
Dgramsg y ). The proof of the main theorem shows that, given explicit criteria,
there is an equivalence of categories between a quotient category of Dgramsg y )
and a full subcategory of G —mod with objects being the tensor products of finitely

many irreducible G-modules.



Chapter 1

Introduction

The main subject of this dissertation is to develop a class of diagrammatic categories
which arises from the study of the representation theory of certain groups. Our
motivating examples are the finite subgroups of SU(2). The main theorem, however,
goes beyond these motivating examples.

In order to give context, we must first pay homage to the giants whose shoulders
these results rest upon. Felix Klein classified the finite subgroups of the special
unitary group, SU(2). There are two infinite families of finite subgroups along
with 3 exceptional subgroups: the cyclic groups of order n, C,; the binary dihedral
groups, D, of order 4n; the binary tetrahedral group T} the binary octahedral group
O; and the binary icosahedral group I. Around 1980, McKay made the observation
that certain affine Dynkin diagrams and the representation graphs associated with
these finite subgroups are identical [[I]]. See Section[2.2]for details.

In a different direction, for k € Z5¢, 6 € C, the diagrammatic Temperley—Lieb
algebras, TL;(6), were developed by the authors of the same name in [2]. For

k € Zsq, there are isomorphisms between the endomorphism algebra

Z,(SU(2)) := Endgy(a) (V®F)



of the natural module V for SU(2) and the Temperley—Lieb algebra 7Ly (2). In [3],
Barnes, Benkart, and Halverson combined the work of McKay and Temperley—Lieb
by describing the endomorphism algebras of the finite subgroups of SU(2) and
presenting diagrammatics for the C,, and D,, cases.

The study of endomorphism algebras like Z; (SU(2)) can be generalized to more
general homomorphism spaces. For example, we can study Homgg (o) (V®k , V®€)
for all £, ¢. This gives us new tools, new perspective, and a richer understanding
of the representation theory. With this generalization in mind, the diagrammatic
Temperley—Lieb category was developed, see [4] and [S]]. This category admits a
fully faithful monoidal functor to the category whose objects are tensor products of
V and the morphisms are all SU(2)-linear maps. In particular, the Temperley-Lieb
algebras appear as endomorphism algebras in the Temperley—Lieb category.

Surprisingly, entire categories can be easier to derive than individual endomor-
phism algebras. In particular, the Temperley—Lieb category has generating diagrams
known as the cup, cap, and identity strand, and there is a diagrammatic basis for
each space of homomorphisms, Homgy () (V®k, V®"), which can be described as all
non-crossing diagrams with k& nodes on the bottom of the diagram and ¢ nodes on
the top.

This introduction provides a small roadmap for the dissertation at large. In
Chapter [2] the reader will find some pertinent background and motivation for the
development of diagrammatic categories. We also discuss representation graphs as
they will be a key tool in this thesis. In Chapter [3|comes the definition of a diagram-
matic category C; and of the fully faithful and essentially surjective functor onto the

category of C,-modules of the form V®* for some k > 0. As the groups C, and D,



are closely related, so too are the representation theories. Thus in Chapter[d] we may
realize a new diagrammatic category, D) in terms of the diagrams used to define
Cr. We also prove an equivalence of categories between the diagrammatic category
D* and the category of D,,-modules of the form V®* for some k > 0. In Chapter
we expand the set of objects we are considering. We define a diagrammatic category
with multiple generating objects which correspond to all of the simple C,-modules
and provide explicit relations giving a diagrammatic description of the monoidal
full subcategory generated by the irreducible C,-modules, C,-mod;;;. In Chapter
[l we utilize the representation graph of a group G, R(V,G), and give a general
construction of a diagrammatic category Dgramsgy, ;). The proof of the main
theorem shows that, given explicit criteria, there is an equivalence of categories
between a quotient category of Dgramsgy ) and G-mod;;. In the final chapter,
we give a few final remarks regarding generalization to directed graphs and give a
few examples which show that these results apply outside of the context of SU(2)
and its finite subgroups.

We shall close out the introduction with a discussion of certain directions in
which this work might extend. For the constructions in this dissertation, the functor
to the category of G-modules can be thought of as a functor to the category of
C-vector spaces once we forget the G-action. In other words, we have a represen-
tation of each of these diagrammatic categories. Just as one group can have many
representations, one category can have many interesting representations. This is an
active area of research.

For example, Sam and Snowden explore the representation theory of the Brauer

category in [[6]. They specifically mention that much of the theory they develop



could be transferable to other categories, like the Temperley—Lieb categories and
its variants. In particular, we expect it applies to the categories introduced in this
thesis.

Similarly, Brundan and Vargas give a concrete diagrammatic definition of the
affine partition category, and use it to study the representation theory of the partition
category [7|]. It is with these two papers in mind that we may ask the following

questions.

Question 1.1. Can we classify and study the representations of the diagrammatic
categories associated to the finite subgroups of SU(2)? In particular, what is the
categorical representation theory of these diagrammatic categories, and can we
extend some notions such as highest weight module, semi-simplicity, irreducible

modules, etc. to these categories?

In addition to the above questions, there are other directions one might consider
exploring. The hands-on combinatorial nature of this area makes it easy to compute
interesting examples and special cases. Another direction could be to explore how
these categories react to changes in certain parameters. For example, the Temperley—
Lieb category, when not considering the connection to SU(2), can be defined with
a parameter § € C where 6 = 2 is the Temperley-Lieb category for SU(2). What
would introducing such a parameter to these diagrammatic categories change about
the combinatorics or representation theory? For example, one might explore how
these categories decategorify. Still another: we consider these categories over the

complex numbers; what happens if we consider them over other fields?



Chapter 2

Preliminaries

This dissertation will assume general knowledge in the areas of group theory, repre-
sentation theory, and category theory. However, beyond basic definitions and some
fundamental theorems, this dissertation should be self-contained. To that end, this

chapter discusses some of the background material this dissertation utilizes.

2.1. A Discussion centered around SU(2)

Throughout this dissertation, the special unitary group SU (2) and its finite subgroups
are used as a source of study, motivation, and examples. In an effort to settle on a

starting point, we can define SU(2) in the following way:

SU(2) = {A € GL(2,C)| A* = A 'and detA = 1}

a B ) (2.1)
= . |la,BeC,aa+pBB=1

B a
where @ is the complex conjugate of .

Let us explore some of the general facts about the finite-dimensional representa-

tion theory of SU(2). We will refer to the category of all finite-dimensional SU(2)-
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modules and all SU(2)-module homomorphisms as SU(2)-mod. First, all the
finite-dimensional SU(2)-modules are semisimple; that is, any finite-dimensional
SU(2)-module is isomorphic to a direct sum of simple modules. Second, the simple
modules can be categorized, up to isomorphism, by their dimension. Let N the
set of all non-negative integers (i.e., 0 € N). For r € N, we will let V(r) be the
(r + 1)st dimensional simple SU(2)-module. We can fix a particular representative
for V(1), namely the natural or tautological module for SU(2), C?, the space of
column vectors of height 2 with entries in C. The action of SU(2) is given by matrix
multiplication.

In general, let G be a group, and let V be a G-module. The k-fold tensor product
of V, V® = V@V ® --- ® V can be realized as a G-module using the diagonal

action; i.e.,forg e Gandv; e Vforall 0 <i < k,

g (Vi®v® - Q) =(gvi®gV® - ®g.Vy).

Furthermore, if V and W are G-modules, the diagonal action works in a similar way
forVeWw.
Using the so-called diagonal action for tensor products we have the following

consequence of the Clebsch-Gordon formula:

Vi)eVr)=Vir-1)eV(r+l) (2.2)

forr > 1and V(1)®V(0) = V(1). From this formula we see that for all » € N, there
is a k € N such that V(r) is a submodule of V&K In particular, there is a minimal k&

which admits V(r) as a direct summand precisely once, namely, k = r. Thus, there



are, up to scaling, canonical projections from V®" onto V(r) for all r € N. More
generally, given any finite-dimensional SU(2)-module M, there exists a k € N such
that M is a direct summand of V&,

We can now define a category of representations using this idea.

Definition 2.1. We denote by SU(2)-mody the full monoidal subcategory of SU(2)-

mod with generating object V.

In this category, objects are V®* for k € N, and morphisms are elements of the
vector spaces Homgy () (V®k , V®") where k, ¢ € N. This category is monoidal and
C-linear. We define these and other categorical notions in Section when we
discuss diagrammatic categories.

This realization of a portion of the representation theory of SU(2) leads to the

notion of a representation graph which we explore in the next section.

2.2. Representation Graphs and the McKay Correspon-
dence

This section is a summary of the work in [3]], which covers this material more com-
prehensively. Their work provided important motivating ideas for the constructions
in this dissertation.

Let us set some notation. Let {G(“)}aE 4 be a set of isomorphism class repre-
sentatives for the simple G-modules. Let V be some G-module, not necessarily

simple.

Definition 2.2. The representation graph R(V, G) is a directed graph with nodes
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m
labeled by a € A, and if V® G@ = . (G(b)) ’ where my, is the multiplicity of
b
GY inV @G, R(V,G) has my, directed edges from node a to node b. In the
event that there is a pair of directed edges, one from a to b and one from b to a, we

will represent this by a single undirected edge between a to b.
To illustrate the definition, let us construct an example explicitly.

Example 2.3. Let G = SU(2) and let V = C%. Let G = V(a) fora € A := N.
Notice that V = V(1) = G is simple, and in fact for each a € N, there is one
irreducible G-module of dimension a + 1. From the Clebsch—Gordon formula
Ve G =G @G forall a € N. Thus, the representation graph is the

undirected graph

© O @ ®

where the node a corresponds to G'9 =V (a).

In the 19th century, Felix Klien classified all the finite subgroups of SU(2).
There are two families indexed by n € N: the cyclic groups C, and the binary
dihedral groups D,; along with three exceptional groups: the binary tetrahedral
group, T; binary octahedral group, O; and binary icosahedral group, I. In 1980,
McKay made his rather beautiful observation that the representation graphs R(G, V)
of these groups using the natural module V for SU(2) as the defining module are in
one-to-one correspondence with the affine Dynkin diagrams of certain types. The
following example makes explicit the correspondence when considering the binary

tetrahedral group.



Example 2.4. The binary tetrahedral group T is generated by X, Y, and A where

i 0 0 1 1 1+i 1+
X = Y = A=-—

0 —i -1 0 2\ J14i 1-i

and i = V-1. Furthermore, the simple T-modules can be characterized as follows:
there are three 1-dimensional simple T-modules which we will call TO, T®, and
T, three 2-dimensional simple T-modules which we will call TW 73 and TG,
and one 3-dimensional simple T-modules which we will call T®. To make this
construction explicit, we fix an isomorphism class representative for each simple

T-module.

T is the trivial module.
TW = C-span{w_1, w1} where
Xw_1=iw_1, Xw; =—-iw, Yw_1 =-w, Yw; =w_4,
Aw_ = %(1 +i)w_ + %(l - Dwy, Aw; = %(1 +i)w_| — %(l - Dwy.
T = C-span{w_j, wy, wy } where
Xw_oo=—w_y, Xwy =—-wy, Xwy = —wy,
Yw_ o, =wy Ywr =w_y, Ywy = —wy,
Aw_y = %iw_z—%iwz—%wo/, Awy = %iw_z—%iwﬁ%wo/, and Awgy = iw_r+iw,.
T3 = C-span{w_3, w3} where
Xw_3=iw_3, Xwz =—-iws3, Yw_3 = —w3, Ywz =w_3,
Aw_3=I(V3-1-i(1+V3)w_3 + L(V3+ 1 +i(=1+V3))ws,
Awy=1(V3-1-i(1+V3))w3 — $(V3+1+i(—1 +V3))ws.

T(3/) — C_Span{w_3/, W3/} where



Xw_y =iw_3, Xwzy = —iwy, Yw_3 = —w3, Ywz = w_g3,
Aw_y = 2(—V3 - 1+i(-1+V3))w_3 + 2(-V3+ 1 -i(1 + V3))wz,
Awy = 1(-V3 = 1+i(=1+ V3)w_3 — L(-V3+ 1 —i(1 + V3))w3.
T® = C-span{w,} where
Xwy =wyg, YWa = wy, Awy = %(—i\@ - Dwy.
TW) = C-span{ws} where

Xwy = war, YWa = war, AWy = %(i\/g— Dwy.

Notice that T'V = V where V is the natural module for SU(2). Now, we are
ready to build the representation graph R(V,T). Firstly, the ith node of R(V,T)
corresponds to the simple T-module T\, Using the definition of the simples above,

we can compute explicitly the direct sum decompositions of certain modules. In

particular,
TW 7O =7, TOTW =270 ¢ 7 7D @ 7*) = 7G)
(2.3)
TW @T® = T70G), TW TR = 7@ o T7®, TW @TC) = 7@ g T7®)
2.4)
and TV @ T? = 7MW TG @ 7" (2.5)
Thus,

10



@ (2.6)

is the realization of the representation graph R(V,T). Observe that this is the affine

Dynkin diagram Eg.

In a similar manner, the representation graphs for the other finite subgroups of
SU(2), C,, Dy, O, and I, respectively correspond to the Dynkin diagram A,,_l,
D12, E7, and Es.

It is advantageous for this thesis to establish some notation. Given a representa-
tion graph R(V, G), we let P(a, b) be the set of all paths from a to b. We let P(a, b);,
be the subset of P(a, b) consisting of all paths of length k. A pathp € P(a, b); can
be identified with a k-tuple p = (a, by, by, ..., bx_1, b) which traverses the nodes

by elgforie{1,2,....k—1}.

Example 2.5. Considering the representation graph of T, R (T(l), T) from .
There are 5 paths of length 4 from the node labeled by 1 to the node labeled by
3. Thus, P(1,3)4 has 5 elements, namely (1,2,3,4,3), (1,2,3,2,3), (1,2,1,2,3),
(1,2,3,2,3), and (1,0, 1,2, 3).

Using , we know that T is a direct summand of (T(l))®5 and has multi-
plicity 5. Consider the path p = (1,2,3,4,3). Each path corresponds to a unique

®5
isomorphic copy of T® as a submodule of (T(l)) in a canonical way. This

11



construction is given in general for a group G inl6.1]

2.3. Diagrammatic Categories

As the main goal of this dissertation is to develop diagrammatic categories which
describe certain categories of representations, let us begin with a few categorical
notions. In order to define a category, one must give a collection of objects and a
collection of morphisms which contains the identity morphism for each object, are
closed under composition, and satisfy associativity. The diagrammatic categories
in this dissertation will all be strict, monoidal, and C-linear. The following are the

necessary definitions from [8]] with some of the technical details suppressed.

Definition 2.6. A monoidal category is a quintuple (C,®, a,1,t), where C is a
category, ® : C ® C — C is a bifunctor called the tensor product bifunctor,
a: (X®Y)®Z — X® (Y ® Z) is the associator and a natural isomorphism for all
objects X, Y, and Z in C, 1 is an object of C, and 1 : 1 ® 1 = 1 is the unitor and

an isomorphism, all subject to the pentagon axiom and the unit axiom.

Essentially, a monoidal category allows for tensor products of objects and mor-
phisms in which there is an associator and a unit object. A C-linear category asserts
that the class of morphisms are in fact vector spaces over the field C and with
composition acting linearly.

In a similar way to group or monoid presentation, we can define a C-linear
monoidal category using generators and relations. For a technical discussion of

this, see [8,9]. Let C be a monoidal category. A collection S of objects in C

12



generates the objects of C if every object can be realized as the tensor product
of elements of S. Furthermore, a collection M of morphisms in C generates the
morphisms of C if every morphism can be realized using linear combinations,
compositions, and tensor products of elements of M. On the other hand, given a set
of objects S and a set of morphisms M, we can construct the free monoidal category
on these sets. One can also impose relations on morphisms between objects. Let
R be a collection of relations for morphisms in C, and let 7 be the tensor ideal
generated by R. If C is generated by S and M, then the quotient category C /Iy is

said to be generated by S and M subject to the relations R.

Definition 2.7. A strict monoidal category is a monoidal category in which the

associator and the unitor are identity morphisms.

There is a subtle issue with the functors in this dissertation. All of our dia-
grammatic categories are strict, yet the target categories are from representation
theory, and the unitor of the category of G-modules for a group G is not the identity
morphism. However, this is not really an issue since we have Mac Lane’s Strictness

Theorem from [&},9].

Theorem 2.8. Any monoidal category is monoidally equivalent to a strict monoidal

category.

In order to give an example of the above definitions, let us first discuss some
motivation. Much of our discussion will be centered around defining diagrammatic
algebras and categories which are specifically designed to mirror the workings of a

category coming from representation theory.

13



For example, consider the well-known Temperley-Lieb algebra 7L () which

can be defined by generators ey, ..., ex—; and subject to the relations
ei2 =de;, e;ejz1e; = e;,and e;e; = eje; for |i — j| > 1.

The algebra T Ly (6) can be viewed diagrammatically as well where
1 i i+l k
R
=
Then the Temperley—Lieb algebra TL3(6) has a basis given by the following dia-

e; .=

grams:

/ / / /
) ) > , and .
N\ N\ N\ N\

The composition product is given by vertically stacking diagrams as shown in
the next example. Furthermore, whenever there is a closed connected component,

we delete it and multiply the resulting diagram by a factor of 9.

Example 2.9. Let

o/ o/ N AN AN
dy = W and dy =
N N N N N
We connect the diagrams in the obvious way:
Ny
a AN

14



and we use isotopies to straighten out connected components, as well as delete any

connected components contained completely in the middle of the diagram to get

N
diody:=6
~ AN

By setting 6 = 2, we get the following theorem.

Theorem 2.10. [/0] For all k > 0, there is an isomorphism of algebras

TLi(2) > Endsyo (V®k) .

Thus, we have a diagrammatic presentation for the endomorphism algebra
Endsy () (V).

We are now ready to give an example of a monoidal C-linear category given by
generators and relations. In particular, we can generalize this description and obtain
the Temperley-Lieb category TL(6) by allowing the number of vertices on top and
bottom to vary. Thus, TL(6) can be defined as the monoidal C-linear category

generated by one object * and the morphisms

, /\, andU.

Composition is given by vertical concatenation, when this is possible. The monoidal
product is given by horizontal concatenation. These operations are subject to the

same relations as above, namely isotopy equivalence and a factor of ¢ gets multiplied

15



for each closed connected component deleted. There is then a fully faithful functor
TL(2) = SU(2)-mod

given on objects by .ok > V®_ This functor defines an equivalence into
SU(2)-mody. From this equivalence, we have a diagrammatic basis for the spaces
of SU(2)-invariant homomorphisms, Homgy2) (V®*, V®) for all k, ¢ € Z. In par-
ticular, the non-crossing diagrams with k& nodes on bottom and ¢ nodes on top and

where each node has valence precisely 1 form this basis.

16



Chapter 3

Categorical Equivalence of C*

We are now ready to introduce some diagrammatic categories. We begin by
developing a diagrammatic category with the cyclic group, C,,, in mind. Of all the
groups that we will consider, these are by far the nicest behaved. The representation

theory is well-known and established in many contexts.

3.1. The Category Cr

First, we establish some notation: Let I; = {€ := (€1, €,...,€r)|€ € {+,—}}. Fix
an € € I;. Let |e;| be the number of + components in € and |e_| be the number of —
components in €, and let |€| := ||e;| — |e-|| be the absolute value of the difference
of |e;| and |e_|. Given a fixed x, we use the convention that [k] = % --- %
is the concatenation of k£ %’s, and [0] corresponds to the empty concatenation;
furthermore, we will follow the convention that the empty diagram is the identity

morphism from [0] to [0].

Definition 3.1. We let C) be the C-linear monoidal category generated by the

unique object % with the tensor product being defined as horizontal concatenation

17



and eight morphisms:

A S
+ + + + - - - -

+ + ..+t - T ... T~

l—1

U:l—ﬂn], andwzl—ﬂn]

where the composition of diagrams is vertical stacking from bottom to top. By

convention, if a — and a + are matched anywhere as a result of stacking, the result is

the O morphism. The tensor product of diagrams is horizontal concatenation. The

generators are subject to the following relations:

+ - + -+ - 4+ - -+
N _ —/, \_/ _ \/, 3.
i ! !
+ + - -
) ‘ - ‘ | /| O
+ + + + +

18



+

—+
+
—+
—+
+

19

+ o+ + o+
-+ -+
_ Y
a
-+ -+

(3.3)

(3.4)

(3.5)

(3.6)

3.7



AN AN f\ wd G

n l’l

AN TN f\ "

- - - + +

Objects from this category are [k] = x--- % for all k € N, and the morphisms
of this category are elements of Homex ([£], [/]) and are C-linear combinations of
diagrams with an element from /; on bottom and an element from /; on top.

It is convenient to introduce the following crossing diagrams:

\VR Y] NS J
Xr\ Xr\ 310
+ + + +
++ o+ + - - - -

(3.11)

+ 4+ 4+ 4 -~ - -

+ -+
Example 3.2. Letd; = ><

- +

+
+
|
|
|
|
|

+
+
|
+
|
+
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N
-+ 4+ + -

+ -+ + 4+ - - = - -

andd1®d2:>< ><U
N

-+ 4+ 4+ -+ =+
Lemma 3.3. Lete€ € I} and 6 € 1. If there is a diagram with labeling € on bottom

and 6 on top, then we must have |e| = |6] mod n.

Proof. Considering how the generating diagrams tensor together, any of the dia-

+ - - +
grams U , U , /\ , or /\ will have a net 0 addition to either
- 4 + -

o+ Lk - = -
the |e| or |6]. Any of the diagrams \LJ/ , \LJ/ ,
m , or m will either add or subtract n to either
FA BT Y Lo N

+ -

the |e| or 6], and the diagrams | or | will add or subtract 1 from both the |e€| and
+ -

|6| simultaneously. Thus |e| = [6] mod n. O

Lemma 3.4. Any diagram generated by the above diagrams can be reflected across
its horizontal axis to create a new diagram which is also generated by the above

diagrams.

Proof. The claim is true for the generating diagrams by inspection. Considering
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any generating diagram, there exists a diagram which is the exact vertical reflection.
For the identity strands, they are the vertical reflection of themselves. The cup
and cap diagrams are vertical reflections of each other. Likewise, the grouping
and ungrouping diagrams are vertical reflections of each other. Therefore, for each
diagram constructed by the above generators the vertical reflection can also be

generated. O

Theorem 3.5. Any two diagrams with the same labelings are equal as morphisms

in Cy.

Proof. Using [3.11} it is easy to see that any crossings in a diagram can be un-
crossed, and thus, any crossing diagram is equivalent to some non-crossing dia-
gram. Hence, we need only show that all non-crossing diagrams are equivalent. Let

=(+...,+,—...,—) with |[i| > 0and j = (+,...,+) where O < |j| < n and

| =~.

lil = |j| mod n. If |i| < 0, the argument is completely analogous to the following
with the + and — components exchanged. We show that any non-crossing diagram
from i to j is equivalent to the following diagram which we will call d:

++ +

+

, and the number of /\ is less than n.
+

where there are precisely ||

+
Given any diagram d, we may use the relation (3.4)) to move all of the n-pairings

of minuses to the right. As j = (+,...,+), there are no minus identity strands,
which means every minus is either paired with n — 1 other minuses or with a +.

Now we may use the relation (3.5) to move any n-pairing of pluses to the left of any
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plus paired with a minus. Now we may reduce the number of plus-minus pairings

modulo n by using the relation

++ ++-- - - +4+ + - - -

Finally, by using relation (3.5]) again, we can move any plus identity strands to
the far left, and we are left with the desired diagram. Thus all diagrams from i to j
are equivalent.

Without loss of generality, we may assume that i consists of s + components
and + — components. We construct a diagram d; in the following way: for any
configuration x of s + components and ¢t — components with s > ¢, we may find
the first + in x, reading the tuple from left to right. We may send i to x by sending
this first + to the first + in i, and then iterating this process for the remaining +
components in x. Now we may repeat this process for the — components in x.
The resulting diagram is a permutation of the components, and thus invertible by

reversing this process. We may now stack diagrams in the following way:

which is a diagram from i to j. Now we observe two things. The first is that any
diagram from x to i is invertible or the O map, and the second is that, since all
diagrams from i to j are equivalent, all diagrams from x to j are also equivalent.

Therefore, as we have the vertical symmetry of diagrams, this shows that any two
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diagrams with the same labelings are equivalent. O

Given € € I and § € I; such that || = |§| mod n, by [3.3]and [3.5] there exists a

diagram d¢ in Homg+ ([£], [1]), and any such diagrams are all equal as morphisms.

Corollary 3.6. Homgx([k], [1]) is spanned by {d° € Homex([k], [I])]€ € Ix, 6 €

).

3.2. The Functor 7,

& 0
Let C,, be the subgroup of SU(2) generated by g = " where &, is a fixed

0 &'
primitive nth root of unity. We let C,-mod be the category of finite-dimensional

C,-modules. Recall, V = C? is the natural module for SU(2).

Definition 3.7. Let C,-mody be the C-linear monoidal full-subcategory generated
by the object V and the class of morphisms is the collection of sets Homc, (V®*, V&)

where we let k, | € N.

1
Letv_; = and v| = be the standard basis for V.

0 1

Definition 3.8. For n > 1, define a functor F, : C; — C,-mody sending object
to object by the rule x — V, so [k] — V®. On the generating morphisms, F, is

given by the rules given in figure[3.1]
Theorem 3.9. The functors F, are well defined.

Proof. Recall from definition [3.] the relations imposed on the diagrams. We check
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Definition of the Functor ¥, for morphisms

Diagram D Domain and Codomain of F,,(D) \ Definition of %, (D)
+
V1 0
V—V
V1 — V1
+
V1 Vv
V-V {
1% Blad 0
/\ ye2 ., ye0 v-1@vie 1
! + otherwise — 0

V®2 N V®O

vi®v_ -1
otherwise — 0

+ _
+ _
U yeo _, ye2 l—vi®v_
- +
U V®O—>V®2 l>v_; ®v
+ ...+

Y0, yen Il ®---®v
v

ye0 _, yen Il v 1 ® - --Q®v_
v
T

yen ., ye0 VI® - Qv 1
Lo
T

yen ., ye0 Va®--®v_ 1

Figure 3.1: Defining the functor ¥, on morphisms
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that these relations are satisfied after the application of #,,. We will abbreviate our
calculations somewhat by defining the left hand side of an equation d; and the right
hand side of the equation d;. Also, we will consider one equation from each line in
definition|3.1|as any other equations in the same line are analogous by switching —1
and 1.

In (3.1), we consider the first equality, and apply 7, to each side:

Fald)(v_1) =0 =Fp(do)(v_1),
Fald)(vi) =vi®v_1®Vy,

and F,(dy)(v1) =vi®v_1 ® V.
Considering (3.2) and applying 7,:

Fald))(vi®V_1®Vv)) =1®Vv =V

and F,(d))(vi®v_1®v)) =vi®1 =vy,

and %, (d) and 75,(d>) applied to any other basis element of V®3 is 0.

Considering (3.3)) and applying ;:
Fa(d1)(1) = Fu /\ (viev_y) =1
+ —

Considering (3.4) and applying 7,:

Fud))(v1®v_o1® - @v_1 ®v_1®v_)=1®v_| =v_4
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and F,(d2)(v_1 ®@v_1 @V 1 ®---®Vv_ 1 ®Vv_g)=v 1 ®1l=v_y,
where in both cases, the basis element
V1 ®V_1® - Q®Vv_1Qv_1Q®Vv_1=V_1QV_1QV_1®---®Vv_1 QV_q

is the tensor of v_; n + 1-many times. Also, ¥,(d;) and F,(d>) applied to any other
basis element of V&1 is 0.
Note that for (3.5)), the calculation is analogous to the case of (3.4) but applied

to the tensor product of v; n + 1-many times.

Considering (3.6) and applying 7,:

Fa(d1))(vi®v_y) =vi®v_y

and F,(d,))(vi®v_1) =vi ®v_1.

and %, (d) and 7, (d>) applied to any other basis element of V%2 is 0.

Considering (3.7) and applying F;:

Fald)(1) = F, m (V®VI® - ®vi®vy) =1.

+ o+ + o+

Considering (3.7) and applying 7,:
Fuld))(vi®VI® - @V ®VI®V_1®V_1®:--QV_1®V_1) =1,

where the basis element is the tensor product of v; n-many times followed by
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v_1 n-many times, and %,(d;) and ¥,(d>) applied to any other basis element of
V2 is 0.

Note that for (3.8)), the calculation is analogous to the case of but applied
to the tensor product of v_; n-many times followed by v; n-many times.

These calculations show that the functors ¥, are well-defined.

Theorem 3.10. The functors F, are faithful.

Proof. Fix n € N. Suppose that 7, > Agds | = 0, where d is a diagram
sely,
EGGII;
le|=|6] mod n

in Homex ([£], [€]) and A§ € C.

Letv; :=v; ® --- ® v;, € V. By linearity, we have

Fal > Asds|vi= > ASF(d5)vi=0
0,6 9,6
le|=]6] mod n le|=]6] mod n

for each v; € yek,
ve fori=9¢
By definition, %, (d§) v; = , and thus we must have
0 otherwise

D, AF(dvi= Y, Ave=o0.

0,6 L€
le|=|6] mod n le|=[Z] mod n

As the v, are basis elements, we must have that A; = 0 for all e. Asi was arbitrarily

chosen, we must have that A5 = O for all 6 and €. Therefore, F, is faithful. O
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Corollary 3.11. The spanning set for Homex([k], [1]), {d° € Homex([k], [1])},

is linearly independent, and thus a basis.
Theorem 3.12. The functor 7, is full.

Proof. As the maps F, are faithful, we will abuse notation and identify a diagram
in C* with that of the corresponding morphism in Homc,.moda, (VE¥, V®'). As the
vertical reflection of each generator is another generator, it suffices to show that
the image under ¥, of the generating diagrams generate Homc, (V®k Ve where

0 < r < n. We consider the basis of Homc, (V®k Ve which sends a basis element

v of V® where Vi = Vi ® - ® Vi, i1...ix € {1,-1}, to some basis element, Vi,
k

of V¥ . Furthermore, as ), i; = |i| mod n determines the irreducible C,-module
J=1

which contains Vi, by Schur’s Lemma we must have |i| = |i’| mod n.
Thus, let |i| =" mod n where 0 < i’ < n, then we give an algorithm for finding
diagrams which take v to vy where VP =vi®:- - ®vy.
y -
First, by considering the composition of a sequence of >< tensored with

- +
" _
and

the required diagrams, we may send v; tovi ® - - @ Vi ®V_| ® - ®V_|

¥ _
where there are t v tensor factors and k — ¢ v_; tensor factors.

Now we may use /\ on the rth and (7 + 1)st positions tensored with the
-
+ _

image of the required | and | to get
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VIR VIV 1 ® - QV_q

=VI®- VBV @@V =V

with # — 1 vy tensor factors and k — r — 1 v_; tensor factors.
Iterating this process finitely many times will eventually leave us with either
Vg =v_1®---®v_j0orvy =v; ®---®vi. Furthermore, |a| =7 = [b] mod n.

If we are left with vg, then |a| = (-a’)n +i’. Now we may apply the tensor

product of a’ — 1 m andi’ —n

. The resulting vector is

Vg =v_1®---®v_g

where |s| =i" — n.

We may now use the following combination of

/\ to form the morphism which sends vg to v;:
— + -

If, however, we are left with vy, then |b| = b'n +i’. Now by applying the tensor
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+

product of b’ m and i’ | . The resulting vector is precisely v;r.

+ o+ + o+ +

Therefore, the functor F, is full. m]
Corollary 3.13. The categories C and C,-mody are equivalent as monoidal C-

linear categories.

Recall that, in general, given a subgroup H of a group G and G-modules
M and N, Homg (M, N) is a subset of Homy (M, N). With this in mind, one
can ask whether the diagrams developed in this chapter combine to become the
Temperley—Lieb diagrams in TL(2). The objects of each category are indeed the

same. Furthermore, observe the following relationship:

RS

andU = U - U

After checking that the relations are satisfied, this gives us a presentation for

TL(2) in terms of the diagrams from C.
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Chapter 4

The D,, case

Continuing on with the motivation of constructing these McKay diagrammatic
categories, we will move on to the next family of finite subgroups of SU(2). The def-
initions below benefit from viewing the morphism spaces of D,,-mody as subspaces
of categories that we studied in the previous chapter.

We define two families of categories. One family of categories will be defined

as subcategories of C; , and the other will be defined as subcategories of Cy,-mody .

Definition 4.1. We let D) be the C-linear monoidal subcategory of Cy, gener-

ated by the unique object % with the tensor product being defined as horizontal

concatenation and k] := % --- x is the concatenation of k *’s and the following
morphisms:
dw= (N =) -
® O + - -+
® O + - -

N

deup = U

+
didl:‘ = ‘+
+
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e O + + - -
didpair: = +
e O + + - -
® O + - -+
didale = = +
® O
I grouped = /TT\ m+< T TN
oo - -
oo + - -

dnungrouped = \\LJ/ W+< 1>"U

Consider the family of subgroups D, of SU, generated by g and 7 where

o 0 i
g= 2n , h= 4.1)
0 & i 0
where &, is a fixed primitive 2nth root of unity and i> = —1. We can compute the

following relations on the generators g and h: g?* =1, g" = h?, and h™'gh = g7!
Given that V is the SU;-module described in section 2 and C,,, C D,,, we have that
Homp, (V®*,V®) c Homc,, (V®, V®). From this we will define the subcategory

of Cy,,-mody, D,,-mody .

Definition 4.2. Let D,-mody be the full C-linear monoidal subcategory of D,-mod
generated by the object V. The morphism spaces are precisely HomDn(V®k ,veh

for k,€ € N.
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Lemma 4.3. The category D,-mody is equal to a monoidal subcategory of Cy,-

mody.

Proof. Let an the subcategory of C;,-mod with the same defining module, V, and
the morphisms d € Homg,, (V®, V®) such that dh = hd. By definition, an and
D,-mody have the same defining object.

Furthermore, as C,, is a subgroup of D,, morphisms of D,-mody belong to
the sets Homc,, (V®*,V®). By definition, the morphisms of D,-mody commute
with the elements of D,. By D, is generated by g, which is an element of
Cy,, and h. Thus, the morphisms of D,-mody are precisely the morphisms in

Homc,, (V®*, V&) which commute with i € D,,. Therefore, an =D,-mody. O

As these two categories are equal, we will no longer distinguish between the
two, instead denoting them both as D,-mody .

Now, define the functor G, to be the restriction of %5, to D,-mody, and thus
Gn : D — Cy,-mody is a faithful functor. We will prove in theorem that the
functor G, is full onto D,,-mody. First, we will need to prove a lemma. To that end,
it will be advantageous to describe the irreducible D,-modules and how we may
view these irreducible modules as they appear as submodules of V®*.

We will do this by following the construction in [3]]. By the McKay correspon-
dence, the irreducible D, modules can be enumerated by the nodes in the affine

Dynkin diagram of type D,i=1,....,.n-1,0,0/,n,n.

0 @
O )
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There are four 1-dimensional irreducible modules, which we will denote by
Df,o), D,SOI), Df,”), and D,g”'), and n — 1 2-dimensional irreducible modules, which we
will denote by D,Sj ) where j=1,...,n—1,and V := Dfll). From Proposition 3.4

in [3], we have the following:

DY ov=DV VoDV forl <j<n-1;

D’ V=D oD &D?;

D" Vov=D" oD D",

D;O) ®V = Df,l) =V, D,(lo/) RV = Dfll) =V,

D" eV =D!"" D" oVv=D/".

Lemma 4.4. If Homp, (V®*,V®) is nontrivial, then 2 | (k —1).

Proof. We will consider 0 and 0" as even and we consider n’ as even if n is even and
odd if n is odd, then it suffices to show that the irreducible D,,-modules which show
up in the direct sum decomposition of V& are indexed by even numbers if & is even
and indexed by odd numbers if k is even.

Thus, let k = 2k’ for some k' € Z. If k¥’ = 0 then k = 0 and V& = C = D\,
andif &’ = 1 thenk =2 and V® = DV @ v = DV o DY) o D?.

Let n be even. Now suppose that only even indexed irreducible D,,-modules

show up in the decomposition of V&2, That is,

n-2
2

’ k ’ ko . k[ kn , kn’
v = (00)" o (b) & B (D) & (b2) " & (D)

i=1

35



Thus we can compute

n-2
, Kk 2 -\ ko
veers « | (D,S’)) "@@(D}f‘)) levev
7€{0,0’,n,n"} i=1
n-2
kj k: 7z ) kos . ko
(@ 0r)" e @ () e ) o o) o
J€{0,0"} je{nn’} i=1

[l

n-2

, ko; N\ 2(ko;)
@ @ ((Dglzz—z)) 2 ® (Dﬁ,zl)) 2 o (D

i=2

k A ko7 k n\ k
(D)7 (i) e (0)7) "o (b))

kn ks kn N
@(D,ﬂ”‘z)) @(D,ﬁ”‘z)) @(D,S”)) @(Dﬁ,")) .

A similar computation can be done for the case where n is odd.

Furthermore, an analogous induction shows that if & is odd, then the irreducible
D,,-modules that show up in the direct sum decomposition of V®* are indexed by
odd numbers. Therefore, by Schur’s Lemma, if 2 ¥ (k — /), then Homp, (V®k, ye! )

is trivial.

Now we are ready for the following theorem.
Theorem 4.5. The functor G, is full onto D,-mody.

Proof. As %, is faithful, G, is faithful as well, and thus we will identify diagrams
with their images. Notice that Homp, (V®*,V®) c Homc,, (V®, V®). Consider

an element d € Homp, (V®*, V®') then d is an element of Homc,, (V®*, V&) which

36



0 i
given i = V—1. That is to say, we can let
i 0

d= ), A%d% where d% is a simple diagram with the labeling s on bottom and ¢ on

satisfies hd = dh where h =

St
top with coeflicient Ag. Now we apply each side of hd = dh to a basis vector, vy to

get
hd(vr) =| > AShdvr |=| Y aphve | =i Y Afvy].
st =] modn Iri=lf] modn
On the other hand,
dh(vy) =| D ASdS vy =| 3 ASdS |ifvp = Y ALy
st st tl=l-r| modn

[-r|=lf] mod n

=ik ( > Aérvz). By reindexing

. t
Thus, we have i > Apv_g
[7|=lf] modn

we get that A% = ik‘lA:f, for all |r| = || mod n, and so

d= > Af(d5+idTY).

|sI=lf] mod n

By lemma we have that 2 | k — [, and so ¥~/ = (—1)%, giving us

t, .t kL f
d= Z As(dg + (-1) T d7g).

|sI=lf] mod n
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Therefore, it is enough to show that the list of diagrams generate

+f A R §
dyy =ds +i*ld"g

for any labelings s and ¢ such that |s| = |[¢| mod n.
First, we will show that the diagrams generate the set By = {di? = d% + d:%}

for all k > 1. As all diagrams in Homc,, (V®, V®/) with the same labeling are
+

equivalent, we can view df; and d:f as the diagram which consists only of | or

+

in which a’% sends vy to vg and d:? sends v_g to v_g. In particular, it will be

shown that By is generated by diq, did pair, and diq ai-

To prove this, we induct on k. Indeed, if kK = 1, then B} = {diq}, and if k = 2,
we have By = {d;d pair, dia a1} Thus the base case is satisfied.

Now we assume that By and By are generated by diq, did pair, and diq ai. We
notice that sis a k-tuple of +’s and —’s, and let s” be the k — 1-tuple which is identical

to s in the first k — 1 entries.

+ -
di§®d1d2< ds | + | d >®< - >
+ -
+ + - -
M - M -S
= dg + d_g + dg + d_g
+ + - -
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x5 s’ -5’
d _,®didpair = d- + d=; ® +
x5’ s -5’
++ - -
+ + + 4+ - - -
7’ 7’ ’ ’
s -5 S -
= | d7; + |d 5 + | d7 + |d >,
S -5 S -5
+ + + + - - -

’

The claim now is (dig ® did) ) (di::—, ® diq pair) generates all elements of By.
There are two possibilities: either the ;th component of s is + or it is —. If the
kth component of s is a +, then obviously the kth component of —s is a —. Thus,
in this situation (dig ® did) o (d:“:—: ® diq pair) accounts for all diagrams in By, in
which the kth and (k + 1)st labels:natch. On the other hand, if the kth component
of s is a —, then obviously the kth component of —s is a +. Thus, in this situation
(dig ® did) o (dij—: ® diq pair) accounts for all diagrams in By, in which the k-th
and k + 1-st labels;re opposite. The set of these two situations give us the complete
list of elements in Bj.,1.

As we can generate By and B;, we can always precompose and post compose
with elements from Bj; and B; respectively. This controls the input and output
labelings respectively of our diagrams in the desired way.

In order to show that the morphisms in definition[d.1| generate all of the C-vector
spaces Homp, (V®*, V®'), we give explicitly an algorithm for constructing each dig
where |s| = |t| mod 2n.

Given such an element dig we consider the first diagram in the sum. This
element is in Homc,, (V®*, V®) and sends vy to vt, call it dé. Thus this diagram

is some element of Homc,, (V®,V®'). We now consider the generators used to

build d%. As every generator for HomCZn(V@’k, V@) appears as a term in one of
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the diagrams we are claiming to generate Homp, (V®, V®!), we can construct an
element d’ of Homp, (V®*, V®!) where dé is one of the terms. Furthermore, we
know that each term in d’ is unique as the labeling of each term will be unique. That
is to say, each term of d’ will have a coefficient of 1 or —1.

Next, we observe that since each contributive diagram in the tensor product for
dé has a partner which has exactly the opposite labeling, thus d:é has a nonzero
coefficient in d’, and that coefficient is eithera 1 or a —1.

oy S .
We may now precompose with a’:g, an element of By, and post-compose with

d

K

t
£ an element of B;. Thus we have

+ +S5 t t
d:i od o dlg = +dg + d_i'

The last thing to check is that the coefficients are consistent with d;‘é .

Recall that dig = dé +(-1) %d:é, and we consider 2 different cases, when n is
odd and when n is even.

When 7 is odd we have the diagrams which would contribute to having an
opposite sign are deap, deups dn groupeds aNd djy ungrouped- AS We can scale by —1, we
need only consider dé + d:é . If we have dé + d:é , then then the number of generators
with a —1 as a coefficient on the second term must be even, i.e. the number of d,p,
dcups dn grouped> and dy; ungrouped Used is even. This must mean that 2 | T_ Thus,
we must have that dié = dé + d:é .

If we have dé - d:é , then the number of dcap, deup, dy grouped, and dy, ungrouped

k-1 _
used is odd. This means 2 ¢ — thus d;‘% = d% - d_i. Thus we have that the
coeflicients are consistent if #n is odd.

If n is even, the only contributors to a positive or negative second term are dcyp
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and dyp, which an analgous arguement can be applied. Therefore, we have that our

list of 8 diagrams generate Homp, (V®*, V®). O

It would be interesting to develop similar diagrammatic categories for G-mody
when G is one of these exceptional subgroups. However, preliminary calculations
suggest that the diagrammatics will be rather intricate. We leave this for future
work.

Instead, we choose to develop more refined diagrammatics which works equally

well for all of the finite subgroups of SU(2).
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Chapter 5

Categories with Irreducible C,-modules

as Objects

Let us explore some new families of categories. We will again use the con-
vention that the empty diagram is the morphism from (0) to (0) which represents

multiplication by 1 where (0) = 0 is the identity object.

Definition 5.1. Let CI'" be the C-linear monoidal category with objects generated
by a € Z / nZ With the tensor product being defined by concatenation. Denote the
concatenation of the integers ay, as, . . .,ay as [ay,as, ..., ax]|. The morphisms are

generated by the following diagrams:

a a+b a b

a a b c=a+b

where a, b, and ¢ € Z / nZ- We will sometimes refer to these as the identity

diagram, the merge diagram, and the split diagram respectively.
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We impose the following relations:

a b a b a b a p
a’ b’ a b a’ b’ a b

a a
a b a b 0
B , 3 , =1 (5.2)
0
a p a p
a a
a+b+c a+b+c a b c a p c
3 , and (5.3)
a b c a p c a+b+c a+b+c

where a, b, ¢, a’, and b’ € 4 /nZ’ anda+b =ad +b mod n.

Remark 5.2. [t is worth noting that the when using the split map on an integer mod
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ab alb
n, we must specify which two integers are the target. For example, V J V
an

c c
are equal if and only if a’ = a mod nand b’ = b mod n.
Given a diagram d, we will denote s, as the number of split diagrams used in

the construction of d and m, as the number of merge diagrams used in d.

Lemma 5.3. The difference s; —my is precisely the difference between the number
of tensor factors in the target and the number of tensor factors in the source.

k 4
Proof. Fix a diagram d € Homgir (® a;, ® b j) with k,¢ € N. Notice, there are
¢ tensor factors corresponding to ¢ sé;i]ngs (J)Illthe bottom of d. Reading the d from
bottom to top, observe that a merge diagram will subtract one from the number of
tensor factors of the top of d, and a split diagram will add one to the number of

tensor factors of the top of the d. Furthermore, an identity strand will not change

the number of tensor factors. Thus, s; —myg = k — £. O

Lemma 5.4. Any diagram in Homgir (a, a) is equal to | as morphisms in C'".

a

|
Proof. Let be a diagram in Homgir (@, a). From Lemma |[5.3| the number
|

a
of merge diagrams in d is equal to the number of split diagrams in d. So, we induct

on the number of split diagrams in d, s4. If s4 = 0, then m; = 0 as well, and d must
be the identity strand on a.

Now, assume we have that any diagram d’ is equal to the identity strand on a for
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sq» < k for some k. Suppose s, = k. Then, we can isolate a highest split diagram

in d’. Thus we have

a
a d3
| L
d = d2 d]
a do

a

where d3; only contains identity strands and merge diagrams. In particular, since
dz has at least two tensor factors in the domain and only one tensor factor in the
codomain, by Lemma [5.3] d3 must contain at least one merge diagram. Using the
associativity relation for merge diagrams in iteratively, we can position a merge

diagram directly above the split diagram. Hence,

a
“ |
d/
a d3 :
\ “ ok
d = & 4 = d> dy
|
a do do
a
a
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ds
a
_ dy dy _ p”
a

where d” has k — 1 splits, i.e. sg» < k. Therefore, using the induction hypothesis

a

| a
d _

a a

O

The above lemmas will be helpful in proving Theorem Now let us explore
a particular category from representation theory.

We denote C,-mod;;; as the full C-linear monoidal subcategory of C,-mod
where the generating objects are the irreducible C,-modules C) wherea € £ /7.

As all irreducible C,,-modules are 1-dimensional, and
dim(M ® N) = dim(M) - dim(N),

then by Schur’s Lemma, Homc, (M, N) is either O-dimensional or 1-dimensional.

If it is 1-dimensional, then M = Cff‘) = N for some a € £ / nz - We pick bases for
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these irreducible C,,-modules and let v, denote our chosen basis vector of Cf,a).

We can choose C,,-module homomorphisms,
mS,: Cy e Cy — CY

Vg ®Vy v,

wherec = a+b mod n,
se? i CyY) — C e Cy

Ve P Vv, vy

where c = a+ b mod n, and
id, : C\Y — c\@

is the identity map. Notice that mg,b o s?’b =id.foralla,b,c € VA /nZ-

Theorem 5.5. There exists a well-defined functor of monoidal C-linear categories

7:nirr . Crilrr —> C,-mod;,, determined by the following rules:

am— Cﬁ,a)
a+b a a b
. a,b
= ma,b; = lda, = SC
a p a c
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foreacha,b,c € Y4 /nZ-

Proof. We check that the above relations are preserved by the functor 7™,

a b
T (var ® Vi) = (ml,  ®idy 0 idy ® s77) (var ® V)

a b
= (mZ,’C Qidp) (Ve @ Ve ®Vp) = vy @ Vp;

a b
: b ‘ ,
Fu' (var ® vpr) = 57 0 mz/,br(va’ ® vp) = se b(Vc) = Vg ® Vp;
a b’
a b
¥ (Vo ® viy) = (ida @ m¢ ,, 0 53 @ idp)(Var ® Vi)
a b
= (id, @m, ) (Vg ® Ve ® Vi) = Vg ® Vp.
a b a b
a b
Thus, ﬁrr — ﬁrr — 7:;[1rr
a b a b’ a b
a b
: b ,
T (va ®vp) = sE” om , (va ®vp) = 560 (ve) = va ® i
a b
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a b

F.r (va®vp) =id, Qidp(vy ®Vvp) = Ve @ Vp.
a b
a b a b
Thus, 7, = Fi
abp a b
a+b+c
i — +b+ ] b+
F.r (Ve ®Vvp ® V) = mz’bﬂc oid, ® mb’cc(va @ Vp ® V)
a p c
_ b _ .
= mZ:Z:CC(Va ® Viic) = Varbics
a+b+c
i — +b+ +b o+
Fr (Va ®vp ®ve) =mg) " omy)’ @ide(va ® vi ® ve)
a p c
b
= mZIh}C(Vmb ® V) = Vatbec-
a+b+c a+b+c
Thus, 7™ = Fir
a p c a p c
a p c
i . b,c a,b+c
Fu' (Vatbee) =1dg ® Spie © Sa+b+C(Va+b+c)
a+b+c

=id, ® Sch(Va ® Vpic) = Vg @ Vp ® Ve
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a p c

i a,b , a+b,c
Fu' (Varbe) = Saap ® idc o Sa+b+C(Va+b+c)
a+b+c
a,b . _
=5, ®id:(Varp ®Ve) =va ® Vv ® V.
a p c a p c
ThUS, 7:nirr — .7:”1'rr
a+b+c a+b+c
a
i b,c _ _
Fa (va) = mZ,c 055" (va) = mz’c(vb ®Ve) = Vg
a
a

7—711“ (va) =idy(va) = vq.

Thus, 7, = Fir

a a

Therefore, the functor 7—7}“ is well defined.
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Theorem 5.6. The functors F,"" : CI'" — C,-mod;,, are full.

Proof. 1Tt suffices to show that given [k, ko, ..., k] € (Z /nZ)l and a morphism

[ k1+k2+~~~+kl
f € Cp-mod;;; where f : (X) Cﬁ,k") — & Cf,l), there exists a morphism
i=1 j=1

d € CI' such that 7" (d) = f. As (é C,gki) and k1+k(28?“+kl C,gl) are one dimensional
C,-modules, they are irreducible ei; lC,,-modules, zfrjcll thus, up to scaling, there is
only one non-zero morphism. Said another way, we need only show there exists a
d € CI™ such that 7 (d) : (é) Cflk‘) — kl+k(§)“+kl Cfll).

We construct a diagramlzfiom [k1, ko, . .flkl] to [1,1,...,1] where there are
ki+ky+---+k;=1+1+---+1. Consider the following diagram:

ki—1 1 k-1 1 e k=101
ki k- k;

fork; #1 mod n. If k; =1 mod n, we replace the split diagram with the identity
strand. We continue to stack the split diagram until k; — j = 1 mod n and tensor
with the identity strand where needed. This process is finite, and thus, we get the

resulting diagram:
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ki ko ki

It is clear that the image of this diagram under the functor %™ is a non-zero
homomorphism which sends the vector vy, ® vi, ® - - - ® vy, to the vector vi ® vi ®

.-~ ® vy, and therefore, ™" is full. o
Theorem 5.7. The functor F'" : C' — C,-mod,, is faithful.

z " yA "

Proof. Let [ay,az,...,am,] € ( /nZ) and [by,ba,...,by,] € ( /nZ) )
o @) Gy b)) e non 1S g =

We have that Homc, | Q) C,", X) C,,’" | has dimension 1iff }, a; = Y, b; mod n
i=1 j=1 i=1 j=1

and O otherwise. Thus, it suffices to show that there is one morphism up to scaling

. mi my
by Cin C;" between [ay,as,...,an,] and [b1,b2,...,b,,] when 3 a; = 3 b;
i=1 j=1
mod n.

m ny mi my
Consider a diagram d € Homir (® ai, X bj) where ), a; = Y, b; mod n:

=1 j=1 i=1 j=1
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b1 by b,

d
ayp ap Am,
a p a p [ ]
Using the relation from|5.2, we can rewrite d as
a p a p
by by
c
| -
d
’ Am,
c
al ap

Now, consider using the relation iteratively to get the following equality:
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b
by by bm,
d = d
Cl] a2 am1

a

aaz Am,
nmi nyp . nmi my

where a = >, a; mod nand b = }, b; mod n, and since }, a; = ) b; mod n,

i=1 j=1 i=1 j=1

then @ = b mod n. Thus by Lemma [5.4{the diagram on the right hand side of the
equation is equal to

b] bZ bmz

.

a
ap ap aml
mp my
where a = 3 a; = 3 b; mod n. Thus, there is one diagram up to scaling in

i=1 j=1
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mi

mo )
Homir (® ai, Qb j). Therefore, the functor ™ is faithful.
=1 j=1

Now that we are familiar with a specific example of the type of diagrammatic cat-
egory we would like to construct, the next chapter develops diagrammatic categories

which utilize the representation graphs given a group G and a module V.
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Chapter 6

The Categories G-mod;;,

and Dgramsg v )

As advertised, this section develops the construction of a diagrammatic category
based on a given representation graph. However, we can be even more general.
Let I' be a directed graph with no multiple parallel edges, that is, no two nodes
have two or more directed edges with the same direction between them, and with
the set of vertices indexed by the set Ir. The constructions in this chapter can be
used to define a diagrammatic category associated to the graph I'. Furthermore,
as we have done in this dissertation, one can start with a semisimple symmetric
monoidal k-linear category over some field k and consider the full subcategory C
where the objects are monoidally generated by the simple objects. Regardless of
whether or not this category comes from representation theory, we may construct a
representation graph. That is, we may fix a simple object x and construct the graph
with nodes corresponding to the simple objects and a directed edge from vertex v
to vertex u if the simple object corresponding to u is a direct summand of x ® v. If

this directed graph has no multiple edges, then using the ideas in this chapter, one
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can diagrammatically define a category which is categorically equivalent to C.

6.1. The Category G-mod;;,

We first consider when I' is the representation graph for a group G. Let G be
a group, not necessarily finite, and let V be a G-module such that the resulting
representation graph R(V, G) is a connected graph with no multiple parallel edges.
Furthermore, we will assume that V corresponds to a node in R(V, G). That is, we
will assume V is a simple G-module. It is worth mentioning here that SU(2) and
the finite subgroups of SU(2) are examples of such G, but there are others as well.
See [11-14]].

First, let us set some notation. Let {G(“)}a clo be a set of fixed isomorphism
class representatives of simple G-modules with I/ being an indexing set for the
finite-dimensional simple G-modules. Furthermore, as V is a simple G-module
and I is an indexing set for the simple, G-modules, one of the elements of I
corresponds to V. For notational convenience, we let this index be the symbol 1. In
particular, we will use V and G interchangeably. Furthermore, for a,b € Ig, we
will also use b — a to denote that b is adjacent to a in R(V, G). Note that in an

undirected graph b — a implies a — b.

Definition 6.1. We let G-mod,,, be the full monoidal subcategory of G-mod with

objects generated by G'9 where a € I.
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Notice, the morphisms of this category are elements of the C-vector spaces

n m

Homg ® G(ai)’ ® G )

i=1 j=1

where a;,b; € I and n,m € N.
We define certain G-module homomorphisms concretely. Since R(V, G) has no
multiple edges by assumption, the space Homg (V ®GW, G(b)) is 1-dimensional

for each b adjacent to a in R(V, G) and O-dimensional otherwise. We can fix such

b

maps for each b adjacent to a and name them m,’,.

Furthermore, with the mlba
fixed, for each b which is adjacent to @ in R(V, G) there are unique non-zero G-
module homomorphisms, which we name slb“, which span Homg (G(b )V ® G(“))

such that the following is satisfied:

1 bo_
Z sptom) =idgmgg - 6.1)

b—a

Let us consider an example: let T be the binary tetrahedral group. We will use

notation consistent with Example[2.4]

Example 6.2. We let T-mod,,, be the full monoidal subcategory of T-mod with

objects generated by T'“) with a € It = {1,2,3,4,3',4'}. Notice, the morphisms of
n m

this category are in Hom | Q) T, QT |.

k=1 =1
We will consider the following T-module homomorphisms:

mllo T @1 5 7() m121 TO T 5 72
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v ®1 v Vo1 ®Voi > Vo)
Vi®1l P v Vi®V — vy

Vo1 ®Vi+ Vi ®Vv_o B vy

m101 7O o7M 5 70 mllz TW 7@ 5 7D
1
Vo1 ®Vi—vi®v_ =1 —Ev_1®v0/+v1®v_2|—>v_1
1
EVI ®Vvy —v_1 ®Vvy > vy

m123 7D @17 5 7@
Vi®V3 > vy — i\/gv_z
Vo1 ®Vz> vy — i‘/§V2

VI ®V3+Vv Qv 3> —2vy

m’, TV eT® — 17O
—V_1Q®Vvy — VI QV_y+ i\/§v1 QVy > V_3

VI®Vy +Vv_| ®Vy — i\/§V_1 QV_y > V3
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miy,  TW T — 7
VI®Vy > v+ i‘/§V2
VoI ®V_z > vy + i\/gv_z

Vo1 Q@ V3 + V] ®V_y > =2V

m13’2 7 @72 ., 73)
V1 Q®Vvy —VvVIQ®V_)— i\/§v1 ® Vo > v_3

VIQvy +v_1 Qvy + i\/§v_1 ®V_p > vy

m143 T @1 5 7& m14/3, T TG 5 74
Vo1 ®V3—V]®V_3> vy Vo1 ®Vvy — Vv Q@ V_3 I Vy
m134 T TW — 76 mf;, TW @ TW) 5 7(3)
Vo1 ®Vvg b v_3 Vo1 ®@Vy = v_3
V1 ®Vvy > V3 VI ® vy b vy

We will then define slba :TW — T @ T 10 be the map satisfying the

b

relation Y, slb“ om,’, = 1drmgre

b—a
Recall from Section[2.2]that P(a, b); is the set paths from a to b of length k and

is subset of P(a, b). Letp = {bo, b1,...,br} € P(a,b); where by =1 and by = b.
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ok
We fix mp to be the map from (G(l)) onto the irreducible submodule G*) using

b

the previously fixed maps, m;,

,and slb“, in the following way:

- (mlbbk_l)o(idV ®m1bz’§:2)°' . '0((idg<1>)®(k‘3) % mlbil)o((id")@(k_z) ® mlbi)

Since the identity maps and the mlba are canonical (up to scaling), so then is .
Similarly, we let ¢, be the map from G into (G(l))®k such that 7y 0 ¢p =
idgw) . For each irreducible G-module G, there is a minimal kp such that
G c (G(l))®kb, and since the representation graph has no multiple edges, this
corresponds to a single path q € P(a, b)y,. Thus, G®) shows up exactly once in
(G(l))®kb, and thus we let 7y and (g be the corresponding projection and inclusion

maps.

6.2. The Category Dgl‘amSR(v,G)

Now we turn to a diagrammatic category which needs only the data of the represen-

tation graphs R(V, G) presented in the previous section to construct.

Definition 6.3. We let Dgramsyy ) be the C-linear monoidal category with

objects generated by k € I and morphisms generated by the following diagrams:

a c 1 b

A

where a,b, and c € Ig such that c is adjacent to b in the representation graph,
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R(V,G).

The generators are subject to the following relations:

a | a
a 1 a
1l 1p= and X Tp= (6.2)
b—a
‘ a | a 1 a
a

Let us set some notation for some morphisms in the category Dgramsgy -
Recall the notation we introduced in Section 2.2} for p = (1,by,...,bx-1,b) €
P(1,b), we let

b 1 - 111
\J
bk—l bl
by
lzlp = , and dp =
by
b b1
N A
11 -+ 111 b

Lemma 6.4. As morphisms in Dgrams R(V.G)
Z Z dp o up = id e«
belg peP(1,b)y

for all k € Nx>».

Proof. We proceed by induction on k. For k = 2, the statement is precisely the

second relation in Definition [6.3] Now let us suppose that

DL dpoup=ide
belg peP(1,b)x
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for some k > 2. Using this hypothesis, we have

idjeu+ = Z Z id; ®(dp o up)

belg pEP(l,b)k
1 b

=> > | D idiedyo % o id; ®up

belg pEP(l,b)k c—b
1 b

S

c€lg PEP(1,0)k+1

which was to be shown. O

The following gives an example of the construction of a diagrammatic category

in this way.

Example 6.5. Recall the representation graph R (T(l) , T) from . Then we can
construct the C-linear monoidal category Dgrams R(TD).T) be with objects generated

by k € It and morphisms generated and related in the same manner as in Definition

6.3]

6.3. The Functor Hg(v )

The following definitions and theorems show that there is a full functor from
Dgramsy ) onto G-mod;;;. Recall the maps m b and slb“ given before ll

la

Definition 6.6. We let Hry ) : Dgramsgy ) — G-mod;,, be the monoidal
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C-linear functor determined by the following rules:

Hrv,c)(a) = G fora € Ig,

b
7’{R(V,G) m = mlba,
1 a
1 a
\J | _ s
b

and ?{R(V,G)

=5, .

Note that by the way mlba and s',> were chosen, the relations in 1' are
automatically satisfied.

As there will be no confusion as to which representation graph, for the rest of
this chapter we will suppress the R(V, G) in the notation of Definitions and|[6.6]

and say that Dgrams := Dgramsy ) and H = Hrv )

®k
Lemma 6.7. The functor H is full onto Homg ((G(l)) , G(b)) and

®k
Homg (G(b), (G(l)) )for any k € Nand any b € Ig.

®k
Proof. To prove that H is full onto Homg ((G(l)) .G )), it suffices to show that

Homg ((G(l))®k, G(b)) is spanned by

BY = {‘H (up) =2 7mp |P € P(l,b)k},

which we will show by inducting on k.
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Since the representation graph of G does not contain any multiple edges, then
up to scaling m ©, : G @ G® — G is canonical for all G c GV @ G,

Thus each Homg (G(l) ® G, G(C)) is either O or spanned by mlcb. Furthermore,

a

since G is simple, and H = id; ), the base case is trivial.

a

Now suppose that Homg ((G(l))®k, G(b)) is spanned by DZ for some k and for
all b. Then we consider Homg ((G(l))®(k+1), G(")).

Since G®**) = GV @ (GV)®k, we can construct mp = m ¢, o (idgn) ®mg),
where p € P(1,c)x+1 and q € P(1, D). So up to scaling, we have morphisms

idG(l) ®mq

(GyelksD c e G® My GO

which are canonically based on the path in the representation graph. Thus for each
G ¢ (G(l))@’(k“), there is a canonical projection mrp. Therefore, H is full on
Homg ((G(l))®k, G(b)) forallk e Nand b € I.

It is analogously shown using dp, tp, and s!.2 where p € P(1, D) that H is full

®k
onto Homg (G(b), (G(l)) )

Lemma 6.8. The functor H is full onto

N 2@ ()
®G .G

i=1

Gb, ® G (@)

i=1

Homg and Homg

fora;,b €l

Proof. By the previous lemma and the fact that H is a monoidal, C-linear func-
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n

tor, it suffices to show that any morphism in Homg (® G, G(b)) can be re-
i=1

alized through C-linearity, composition, and tensor products of morphisms in

®k ok
HOITIG ((G(l)) , G(b)) and HomG (G(b), (G(l)) )

n
Let f € Homg (® G, G(b)). For each a;, there exists a minimal k; such that
i=1

G@) < (GM)®*i and thus there are morphisms, nZ"{

®kq,
€Homg ((G(l)) ,G(“i))

®kq, ' o
and LI;;” €eHomg (G(b), (G(l)) ) such that nZl_ o Lz?' =idg . Thus,

1

— a; aj — a;i aj
f=ro|@mi, e Qut'| = | £ o Qi | o Qe
i=1 i= I j

—_

and since

o,

i=1

®kg ) ®kq;
€ Homg ((G(l)) , G(b)) and L];?l € Homg (G(“"), (G(l)) ) ,

then G is full onto Homg (® G, G(b)) fora;,b € 1.
i=1

n
An analogous argument shows H is full onto Homg (Gb, X G4 )). O
i=1

®k ®C
Lemma 6.9. The functor H is full onto Homg ((G(l)) , (G(l)) )for any k,l €
N.

®k ®C
Proof. Given a morphism, f € Homg ((G(l)) , (G(l)) ) and a path p €
P(1,b);, we have in the image of H canonical projections, mp, and inclusions,
tp, onto and from G such that mp o tp = idgw and Y, o mp = id(G®k).

peP(1,b)x
Thus, we have
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f= Z Lp O TTp ofo Z Lq © TTq

peP(1,b)¢ qeP(1,b)y

= Z Z tpo (mp o fougomy)

peP(1.b)¢ qeP(1.b)k

where the sums are taken over all paths of length k£ and ¢ from 1 to b. Since

®k ®r
mtp o f oiq 0 mq € Homg ((G(l)) ,G(b)) and ¢, € Homg (G(b), (G(l)) ) H is

®k ®f
full onto Homg ((G<1>) , (G<1>) ) for any k, £ € N, 0

Theorem 6.10. The functor H is full.

n

R G, QG0|.

i=1 j=1

Proof. Consider a morphism f € Homg Using notation

from the proofs above, we have

m n
f= ® ﬂ'bj o Lgbj ofo ® (nai o Lk”i)
- fbj bj ka; ai
j=1 i=1
n

m m n
-Gt o[ Qoo @t | Rt
= e, L) T, lg;
j=1 i=1

J=1

i=1
m
> é’bj, we have that
=1

n
and by setting k = }} k,, and £ =
i=1 Jj=

LS o ok ®t
K)o ro @i, | <toma (o) (0)7).
j=1

i=1
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nb"_ € Homg ((G(l))whj , G(bj)) )

fb./
and
®kq,
L];f" € Homg (G(“"), (G(])) ) .
Therefore the functor H is full. O

6.4. The Induced Functor %R(v,g)

We now explore the kernel of H. Assume 7 is a tensor ideal of Dgrams such that
for all objects X, Y in Dgrams, H(f) = 0 for every morphism f € I (X,Y). Let

Dgrams := Dgrams / 7 - Then there is an induced functor

H : Dgrams — G-mod.

Let us assume that

C-id, a=b
Homm (a, b) = .
0 a#b
That is, in Dgrams we have for all a € I

b

\ a

d |= dapa (6.3)

a

Q;
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where ¢, is the Kronecker delta and o, € C.

Lemma 6.11. Suppose the equality in|6.3|is satisfied. The functor H is faithful on

Ho (1®%,b) and Ho (b, 1%%) forall b € I and k € N.

ngrams ngrams

Proof. Recall that H is full, the set {m p2|1 pZ e! Pi} forms a basis for

Homg ((G(l))®k ’ (G(l))@){f) ’

and H (ulph) = ». Thus, the u,
k k

» are linearly independent.

p p

It then suffices to show that any diagram in Ho (1®k , b) can be written as

ngrams

a linear combination of the diagrams u, where p € P(1, b);. It will be convenient

to instead show the following equality:

b
|
P = X opup
[T ] per@bn
11 1la
where D is a diagram in Homp_— (1** ® a, b).

We induct on k. For k = 0, an immediate consequence of the relation (6.3)) is
that any diagram is either the identity on a, or it is 0. For k = 1, the second relation

in (6.2) results in the following:
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| D i

D = Z = Z 6C,baD,C H\ l

c—a
1

A

_ ]
_ ]
o

p—
Q

which was to be shown.

Now, suppose that any diagram in Ho (1®% ® a, b) can be written as a

ngrams

linear combination of the diagrams u, where p € P(a,b), and let the following

diagram be a diagram in Ho (1®(k+1) ®a, b) for some b € Iz. Using the

ngrams

second relation in (6.2), we get that

b
) |
\ D
p | = Z
[T .
11 1la
11 1a
Now we set
b b
| |
D, = D
[T
11 1c
11 1c

resulting in
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b

’ |
D = Z DC
c—a
] e
Hla 11 1la
and thus, by the induction hypothesis,
b
D = > 2. QpUpo ¢
c—apeP(c,b)x
] 11 11la
11 1a

which shows the desired result. Therefore, the H is faithful on Ho (1®k, b)

ngrams
forall b € I.
By considering the vertical reflection of each diagram, the analogous argument

shows that H is faithful from Homg_—— (b, 1%F).

O

Lemma 6.12. The functor H is faithful on Ho (195,18 for all k, € € N.

ngrams

Proof. Let D' be the set of all diagrams in Hom (1®%,1%¢). Now suppose

Dgrams

that

7_‘1201) D =0

DeD; ]




where only finitely many of the ap are non-zero.

Letq € P(1,b);. Then

ﬂZaDuqo D

DeD; ]
1 1
Now notice that for any b € I,
1 1
Uq © D € Hongrams (l®k, b) ,
1 1

and thus by the previous lemma, we have the following equalities:

1 1 1
OZZQ’D Uq © D :ZaD dgougo
DeD; T T DeDj -
1 1 1
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-3 S S a|heme| b ||

belg peP(1.b)¢ DeD!, ‘ ‘

1 1
and since  »,  dpoup =idjer, we have
peP(1,b),
1 1
0= Z ap D
DéDi ‘ ‘
1 1
Therefore, H is faithful from Homgp - (195, 1%¢) for all k, £ € N. O

Theorem 6.13. The functor H is faithful on Dgrams.

n
Proof. Let Dzﬁ be the set of all diagrams in Hongl_ams (® a;,
i=1

X bj) where
=1

J
ai b € Obj (Dgrams) foralll <i<nandl<j<n.

Suppose H ( D add) = 0. Then we also have

deDbm

b bm as n
(L£:1®"'®L€bm)07'{ Z agd O(NZL1®---®ﬂZun):O,
deDbm

an

and using the fact that H is a monoidal C-linear functor along side the lemmas

above, we have the following string of equalities:
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| 5 (ol 0w od it 0 -4 )| -0

deDZ?

Since H is faithful on Ho

ngrams (1®k’ 1®€)’ then

Z (cxar(d?b‘l(XJ-~~<§Z>a’f,’b”:n)oa’o(uz('ll ®-~~®uzzn))20.

deDﬁn’"

This implies that

bl . e o bm .
(ué,bl ® ® ufbm)
E ag(d @ @dm)odo(u" ®---@u' |-
d\%,, . ka, Kay
deDbm

and thus

2 : by by bm bm
o oo o o
[0 7] (ufln dé,h1 ® ® uf’hm dfb )
deDZ’n”

do(u“1 ole ®---®uZZ odZZ)zo.
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a

Now notice, since u .
a

o d]‘ja = g4k, 1d, With a4k, not 0, we finally have

a Z agd =0

deDZ:l"

n m PR
where «a is the non-zero scalar @ = [ [] @y, 1, @b 0, - Therefore, H is faithful. 0O
i=1 j=1 ' !

Combining the fullness result given in Theorem[6.10]and the faithfulness results

in Theorem [6.13]yields the following result.

Theorem 6.14. Let R(V,G) be a representation graph which is connected and
contains no multiple parallel edges. Let I be a tensor ideal of Dgrams which

satisfies (6.3). Then there is an equivalence of categories
H : Dgrams /17 — G —mod,,.

Of course, it remains to determine 7, for example, by giving a set of relations.
This will presumably depend on the specifics of the representation theory of G and

would need to be determined on a case-by-case basis.
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Chapter 7

Final Remarks

It is worth noting that we can be even more general in our set up with much the
same result. Suppose instead that we begin with a semi-simple, monoidal, C-linear
category M and restrict to the full subcategory monoidally generated by the simple
objects, which we can denote as M, the objects of which can be indexed by 1.
By fixing an object V of M, we may construct a directed graph I"y( y in an analogous
way to a representation graph. Assume I' := I'y(y is a directed, connected graph
which does not contain any multiple parallel edges between vertices, we may form
the following definition. For convenience, we will identify the unit object of M, 1,

with the vertex of I" corresponding to 1.

Definition 7.1. Let Dgramsr- , be defined as the monoidal C-linear category with

objects generated by x and a € Iy and morphisms generated by
*
c

forall a,b € Ipg and c € Iz adjacent to 1 in the directed graph I'. The generating

b * a a *

A

* a b a *

* —b— o

diagrams are subjected to the following relations:
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* d
a * a * *
= s Z = y a =
o b b—a b a-0 $
\ a *x a *x %
a * d

Denote by M@ the simple object of M corresponding to the index a € (. Let
74 be a map in Hom g (V @ M@, M(b)). As I has no multiple edges and M
is simple, 7, is unique, up to scaling. Let ¢, be in Hom (M(b), Ve M(”)),
such that 7, j, 0 14 = id (). Furthermore, we can define a unique, up to scaling,
map, 7y, in Hom (V, M(C)) when M(©) is a direct summand of V, and let Lty in
Hom y (M(C), V) such that 7ty . 0ty = id p(0).

Now, we can define a monoidal, C-linear functor
H : Dgramsp , — M;;

which is given on the generating objects and morphisms as follows:

ar— M@ x>V

b * a
A\ = TTab &H = lab
* a b

a *

i ldM(a) = ldV
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*

C
‘% = LV,c % - 7TV,c
*

c
and extend monoidally and C-linearly. The proofs are analogous to show H is a full
functor from Dgrams-, to M.

Furthermore, we can define an induced faithful functor from Dgramsr , / T

where we let 7 be the tensor ideal generated by the following relations:

b
\ a
d |= dapaq| , Where d, is the Kronecker delta, and a4 € C,
\ a
a
* * a a
‘ ad% fora—1 ‘ ad% fora—-1
d = a and d = .
a 0 otherwise * 0 otherwise

The proofs are analogous to show this construction admits of a fully faithful
functor.

Let us now explore some limitations on these constructions. First, we need
connectedness in our representation graph as the following will illuminate. Consider
a finite group G with the set {G(i) }0 <i<n an exhaustive list of irreducible G-modules,
up to isomorphism, and let the defining module, V, for our representation graph be

the trivial module for G. Then we have that R(V, G) is

o & -
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which would result in a diagrammatic category which does not recover any homo-
morphisms in Homg (G(“) ®G®), G(C)) even when G© shows up in the direct
sum decomposition of G(* @ G®).

Another limitation of our construction is that we assumed the representation
graph has no multiple edges between two vertices. This corresponds to a multiplicity
free condition on the direct sum decomposition of the tensor product of the defining
module V and each simple module. Without this condition, there is not a canonical
way to decompose this tensor product into simples, and we must make non-trivial
choices.

On the other hand, please note that we make no assumption that these graphs
be finite. In particular, the representation graphs R(SU(2),V), R(Cw,V), and
R(Dw, V) where V is the natural module for SU(2), have infinitely many nodes.
In this situation, our approach still applies and we can construct a diagrammatic
category which encodes the corresponding representation theory.

Beyond the subgroups of SU(2), there are numerous representation graphs in
the literature. They often are aptly named McKay graphs. Here are just a few
places the reader can explore: [13], [14], [11], and [12]. In particular, the following
example uses Evans’ and Pugh’s explicit computation of a representation graph
R(PSL(2;8), Zgl)) to construct a diagrammatic category for a setting unlike any

other in this thesis.

Example 7.2. Let G = PSL(2;8) denote the projective special linear group of
degree 2 over the finite field of order 8. This is an irreducible primitive group of
order 504. There are nine irreducible G-modules. We will follow the notation from

Evans and Pugh and let the irreducible G-modules be indexed in the following way:
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let the trivial module of dimension 1 be denoted X,; there are four 7-dimensional
irreducible modules denoted Zgl), 2§1) ,, 2§1)N, and 2;2) ; there is one 8-dimensional
irreducible module denoted Xg; finally, there are three 9-dimensional irreducible
modules X, 2’9, and 2/9’ . For consistency with the notation in this dissertation, let
Zgl) = V. Thus, Evans and Pugh compute the representation graph R(V,G) to be

the following undirected graph:
7(1)//

71y

7(1)

Now we can construct the monoidal C-linear diagrammatic category Dgramsgy psy (2.8))-

Keeping consistent with the notation from Definition let
Ipsr2;8) = (1,70, 70" 70" 72 8 9 9’ 973

The set of objects are generated by a € Ipsy 2.8y and the morphisms are generated
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a c 70 p

H\

a 70 p c

where a,b, and ¢ € Ipgi(2.8). Then by Theorem there is an essentially
surjective and full functor from Dgramsgy pgy (2:8)) onto the full subcategory of
PSL(2;8)-mod with objects generated by the irreducible PSL(2;8)-modules. By
Theorem if relations are imposed to ensure (6.3), then the resulting category

Dgramsg y psy (2.8)) i equivalent to PSL(2;8)-mod,y.

We shall finish this thesis with another example. The following example shows
that the constructions in this dissertation apply to situations outside of representation
theory. In particular, the Fibonacci category has objects which have non-integer

dimensions. For a more comprehensive understanding of this setting, see [15].

Example 7.3. Let ¥ib be the semi-simple, monoidal, C-linear category in which
Obj (Fib) are generated by two objects, I and X, which follow the following tensor

product decomposition rules:

Il=], 1IeX=2XQI=X, and X@X=I[X.

Now, define Fib;, as the full subcategory monoidally generated by X and 1.

Thus, we can construct the following graph I := U, with generating object X :

irr

@ X
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From the graph T', we can construct Dgramsr and functor

‘H : Dgramsp — Fibj,

consistent with the other constructions in this thesis.

82



Bibliography

[1]

[2]

[3]

[4]

[5]

[6]

John McKay. Shorter notes: Cartan matrices, finite groups of quaternions, and
Kleinian singularities. Proceedings of the American Mathematical Society,

81(1):153-154, 1981.

H.N.V. Temperley and Elliot H Lieb. Relations between the ’percolation’
and ’colouring’ problem and other graph-theoretical problems associated
with regular planar lattices: some exact results for the ’percolation’ prob-
lem’percolation’ problem. Proceedings of the Royal Society of London. A.

Mathematical and Physical Sciences, 322(1549):251-280, 1971.

Jeffrey M. Barnes, Georgia Benkart, and Tom Halverson. McKay centralizer
algebras. Proceedings of the London Mathematical Society, 112(2):375-414,

2016.

Vladimir Turaev. Quantum invariants of knots and 3-manifolds. De Gruyter,

Berlin, 2nd edition, 1994.

Joshua Chen. The Temperley-Lieb categories and skein modules.

arXiv:1502.06845[math.QA], 2014.

Steven V. Sam and Andrew Snowden. The representation theory of Brauer

categories I: Triangular categories. arXiv:2006.04328[math.RT], 2020.

83



[7] Jonathan Brundan and Max Vargas. A new approach to the representation

theory of the partition category. arXiv:2107.05099[math.RT], 2021.

[8] P. Etingof, S. Gelaki, D. Nikshych, and V. Ostrik. Tensor Categories. Mathe-

matical Surveys and Monographs. American Mathematical Society, 2016.

[9] S.M. Lane, S.J. Axler, Springer-Verlag (Nowy Jork)., FW. Gehring, and P.R.
Halmos. Categories for the Working Mathematician. Graduate Texts in Math-

ematics. Springer, 1998.

[10] B. W. Westbury. The representation theory of the Temperley-Lieb algebras.
Mathematische Zeitschrift, 219(1):539-569, 1995.

[11] Avraham Aizenbud and Inna Entova-Aizenbud. Mckay trees, 2021.

[12] David E. Evans and Mathew Pugh. Spectral measures for g2, ii: Finite
subgroups. Reviews in Mathematical Physics, 32(08):2050026, 2020.

[13] Alexander Kirillov and Viktor Ostrik. On a g-analogue of the McKay cor-
respondence and the ADE classification of sl» conformal field theories. Ad-

vances in Mathematics, 171(2):183-227, 2002.

[14] Dane Frenette. McKay graphs. PhD thesis, Library and Archives Canada =

Bibliotheque et Archives Canada, Ottawa, 2010.

[15] Thomas Booker and Alexei Davydov. Commutative algebras in fibonacci

categories. Journal of Algebra, 355(1):176-204, 2012.

84



	Introduction
	Preliminaries
	A Discussion centered around SU(2)
	Representation Graphs and the McKay Correspondence
	Diagrammatic Categories

	Categorical Equivalence of Cn
	The Category Cn
	The Functor Fn

	The Dn case
	Categories with Irreducible Cn-modules as Objects
	The Categories G-modirr and DgramsR(V,G)
	The Category G-modirr
	The Category DgramsR(V,G)
	The Functor HR(V,G)
	The Induced Functor HR(V,G)

	Final Remarks
	Bibliography

