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Abstract

Since humans began using mirrors to reflect light, its control has been a subject

of research for thousands of years. With the use of Maxwell’s equations, we came

to realize that controlling light is primarily achieved through the manipulation of

the refractive index of the material.

Both the real and imaginary parts of the refractive index represent the important

optical properties of a semiconductor material. In semiconductors, especially

narrow bandgap materials such as InAs, their refractive indices can be significantly

modified through manipulation of the material’s electron concentration. This

has been explored in the development of mid-infrared semiconductor lasers such

as quantum and interband cascade lasers (ICLs), which are gaining more and

more attention for many applications. Hence, it is important to appropriately

evaluate the electron concentration-dependent refractive index in semiconductor

materials, which depends on the band structure of the material, for the various

semiconductors utilized in such structures.

Previously, many researchers used a simplified two-band K · P method to

calculate the refractive index of semiconductor materials. However, the results

obtained from this two-band model were not systematically compared with other

competing models. In this thesis, both a three-band model that includes the spin-

orbit split-off band, and the two-band model are used to evaluate the refractive

index and compared with experimental results to assess their suitability for three

scenarios including plasmon waveguide for ICL, high contrast distributed Bragg

reflector(DBR) and reflection measurement.

The results provide a guideline for selecting the appropriate model over different

wavelength and carrier concentration ranges for various applications. For a carrier

x



concentration ranging from 1018cm−3 to 3 × 1019cm−3, the three-band model is

more accurate. For carrier concentration larger than 3 × 1019cm−3, the two-band

model is more accurate. The experimental data also shows some limitations for

K · P method. The attained results may contribute to the optimization of ICL

performance and help other applications like meta-material, resulting in improved

device performance and more accurate measurements.
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Chapter 1

Introduction

Today, many aspects of our life are based on optical communication, industrial

and gas sensors. Because many important gases have their fundamental absorption

lines in mid-infrared (3 ∼ 20 µm) region, semiconductor lasers emitting in the

mid-infrared have important applications in gas sensors. However, because of a

relatively long wavelength compared to near-infrared (NIR) lasers, making mid-

infrared (MIR) semiconductor lasers encounter many technical difficulties. Among

various light sources, the interband cascade laser stands out as a superior source

for MIR ranges, as will be discussed in the following section.

1.1 The Interband Cascade Laser

1.1.1 History of the ICL

The Interband Cascade Laser (ICL), which was first proposed in 1994 by Rui

Yang [1], is desirable for its low power consumption compared to the Quantum

Cascade Laser (QCL)[2], [3]. Today, it is a widely used mid-IR semiconductor

laser capable of covering a broad range of mid-infrared wavelengths[4], [5]. It is

composed of two essential parts: the active cascade region and overall waveguide

structure. The cascade active region is composed of three substructures; the

hole and electron injectors, and a W-quantum well (QW)[6] active region which

takes advantage of the type-II broken-gap. In the W-QW active region, electrons,

which are mainly confined within the InAs QWs, recombine with holes that are

confined within the GaxIn(1−x)Sb layers, resulting in the emission of photons from
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this spatially indirect transition. Although wide QWs are typically used for long

wavelength or low energy photons, each QW is still only a few nanometers in

width. Even with a typical 10 cascade stages, the total thickness of the active

cascade region is only a few hundred nanometers (0.1 µm), which is significantly

smaller than the emission wavelength (basically from 3 ∼ 6 µm[3], [7], [8], the

longest wavelength observed is 13.23 µm based on InAs ICLs[9]). In order to have

a large optical confinement with the cascade active region, which serves as the gain

medium in the ICL, the various waveguide components are placed on either side

of this structure. The SCLs are designed to store optical wave, while the cladding

layer is used to confine light.

1.1.2 Optical Waveguides

The thickness of the SCL and cladding layer in an ICL are proportional to

the emission wavelength[10], which is usually much larger than the active region.

Typically, the SCL in an ICL is formed from undoped or lightly n-doped layers

of either GaSb or InAs, depending on the substrate used in the growth (GaSb-

based or InAs-based ICL). The traditional cladding layers for the ICL are formed

from InAs/AlSb short period (≈ 50Å) superlattices. However, the active region

is the only region that provides optical gain, while the SCL and cladding layer

can even absorb light. To achieve high-efficiency laser operation with a small

threshold current, a low loss, and high optical gain waveguide is necessary. Several

improvements are used to achieved through the design of an optimized waveguide

structure that confine the light as much as possible within the active region[11]–[13].

A parameter called the confinement factor Γ is used to describe the ability of a

waveguide to confine the light to active region.

Γ is determined by the whole waveguide structure, but cladding layer which
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are used to confine the light plays a crucial role. Since light prefers to stay in

high refractive index materials, a small refractive index in the cladding layer is

the key to achieve large values of Γ. The materials used to construct the cladding

layer must be lattice-matched to the substrate, which limits the available material

choices. Currently, researchers use superlattices, various ternary or quaternary

materials, and highly doped semiconductor plasma-enhanced layers to achieve small

index cladding layers with a large index contrast with the cascade active region.

The acceptable thickness of the cladding layer is determined by the penetration

depth of the optical wave, which describes the length that light can penetrate into

the cladding layer, and is proportional to the wavelength. Longer wavelengths

require thicker cladding layers to prevent light from leaking into the substrate.

However, increasing the thickness of the cladding layer also results in more heat

accumulation, which can be detrimental to device performance. The reason for

this is because the standard InAs/AlSb SL used for the cladding has a low thermal

conductivity[14]. For superlattice materials, each layer is only a few nanometers

thick, and longer wavelengths require significantly more layers to be grown which

also leads to extended growth times an increased number of shutter movements

during the MBE growth process, complicating the overall growth.

1.1.3 Plasmon Waveguides

A plasmon-enhanced cladding layer, also called plasmon layer, is a viable

solution for ICLs. In earlier reports, ICLs with an InAs plasmon waveguide have

demonstrated performance over wavelengths ranging from 4.6 µm to 13.24 µm [9],

[11]–[13], [15]–[17]. A plasma layer is a semiconductor layer with high doping

level and the refractive index of the layer is controllable with carrier concentration

[18]–[20]. According to Drude theory[21], the refractive index of such a material
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is highly dependent on carrier concentration and material properties and can

approach zero when the emission wavelength is close to the plasma wavelength.

This allows us to engineer the index of the material at a specific wavelength. The

plasma-enhanced layer has a relatively high thermal conductivity, index contrast,

and good confinement. However, the abundance of free electrons in the layer leads

to free electron absorption and is a significant optical loss, so optimizing the doping

that controls the real and imaginary parts of the index is necessary. The effective

mass is an important material parameter in the Drude model and can be derived

from the band structure. For many materials, the effective mass can be treated

as a constant near the band edge, but for III-V narrow direct bandgap materials,

the highly non-parabolic band structure results in wavevector-dependent effective

mass.

1.2 Objective of this thesis

Kane’s model, which utilizes K ·P perturbation theory, provides a way to obtain

wavevector-dependent effective mass[22]. However, the original function is a cubic

equation, making it difficult to use. To overcome this limitation, an approximation

has been introduced for specific cases. Although this approximation is not very

suitable for InAs, an important material in long wavelength ICLs, researchers still

used this approximate model and have achieved results in good agreement with

experimental data [23]. The primary focus of this thesis is to assess the accuracy

of two models at high doping levels. Specifically, the question is: how accurate

are these models? To answer this question, this thesis aims to compare the two

models against experimental data. By doing so, a better understanding of the

4



design of the plasmon cladding layer can be achieved.

This thesis will quantitatively describe the differences that arise from using

two different band structure approximations for calculating the refractive index.

Chapter 2 will provide a background on the semiconductor parameters related

to optical and electrical properties. Two mathematical methods for solving the

band structure will also be presented, as they can impact the forementioned

properties. Based on these methods, in Chapter 3, numerical results on the carrier

concentration and wavelength-dependent refractive index will be presented. Finally,

Chapter 4 will summarize the findings obtained throughout the thesis.
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Chapter 2

Fundamental Theory

To understand the role that the electron concentration has on the various

optical properties of a semiconductor material such as the refractive index, several

fundamental theories will be discussed. In section 2.1, the Drude model will be

introduced, which connects the electrical and optical properties of the semiconduc-

tor. Section 2.2 will discuss the mobility of InAs based on several experimental

results. Section 2.3 will present a description of the electron effective mass and its

role in band structure theory based on the K · P perturbation method. Finally, in

Section 2.4 the band structure and effective mass calculations from two different

models will be presented.

2.1 Drude Model

The Drude model, proposed by Paul Drude in a series of papers in 1900[21],

assumes the electrons travel freely in crystal with some stationary, heavier crystal

ions. This model gives a classic picture elucidates the relationship about the

permittivity of a material and its response to an external electric field through

the interaction of free electrons. Consequently, the model establishes a connection

between electrical properties, such as carrier concentration, and optical properties,

including refractive index.
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2.1.1 Equation of Motion for electron

When a monochromatic electromagnetic wave, or light, is directed onto a metal,

the sinusoidal electric field EEE(t) = E0e
−iωt drives the electrons to move back and

forth in an oscillatory motion, where E0 is the (complex) amplitude of the plane

wave, ω is the angular frequency and t is the time; The driving force is the Lorentz

force with the frequency of the light ω:

FFFd(t) = −eEEE(t) (2.1)

where e = 1.602 × 10−19[C] is the elementary charge. The damping force can be

represented by a frictional force FFFr = m∗γ vvv(t) due to different types of collision.

Here vvv(t) is the velocity of a carrier as a function of time, m∗ is the carrier’s

effective mass, and γ represents the possibility of collisions for carriers with a unit

of s−1. The typically range of γ is on the order of 1012 ∼ 1014[s−1] [24]. Assume

there is no restoring force, the equation of motion for a single carriers is given by:

m∗v̇̇v̇v(t) +m∗γ vvv(t) = −eEEE(t) (2.2)

Since the driving force, which is the electric field EEE, is sinusoidal, the corre-

sponding electron velocity can be written as:

vvv(t) = v0e
−iωt (2.3)

Where v0 is the amplitude of the electron velocity. By substituting the expression

for EEE(t) and vvv(t) into Newton’s second law equation from Eq.(2.2) allows one to

represent the equation of motion in frequency domain. The amplitude of electron

velocity v0 can be derived:

7



v0 = eE0

m∗(γ + iω) (2.4)

The current density JJJ(t) is given by JJJ(t) = −Nevvv(t), where N is the free electron

density with a unit of [cm−3]. By using the above expressions for vvv(t) and v0, one

may obtain:

JJJ(t) = Ne2

m∗(γ + iω)EEE(t) (2.5)

The current density JJJ(t) and electric field EEE(t) are related through the material’s

complex conductivity σ(ω) according to:

JJJ(t) = σ(ω)EEE(t) (2.6)

Compare with Eq.(2.5) and Eq.(2.6), the formula for complex conductivity

σ(ω) is given by:

σ(ω) = Ne2

m∗(γ + iω) (2.7)

The complex permittivity ε(ω) is related to the complex conductivity σ(ω)

through Ampere’s law:

∇ × HHH =JJJ + ε0ε∞
∂EEE
∂t

=σ(ω)EEE + ε0ε∞
∂EEE
∂t

= − iωε0

[
ε∞ + i

σ(ω)
ωε0

]
EEE

= − iωε0ε(ω)EEE

(2.8)

Where the complex conductivity is defined as:
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ε(ω) ≡ ε∞ + i
σ(ω)
ωε0

(2.9)

Here, ε0 is the vacuum permittivity ε0 = 8.854 × 10−12[F m−1], and ε∞ is the

high-frequency limit of the permittivity. The high-frequency permittivity limit,

ε∞, represents the relative permittivity of a material at very high frequencies,

where the material’s response to the electric field becomes negligible compared to

its response at lower frequencies. At these high frequencies, the displacement of

charges within the material can no longer follow the applied electric field. At this

range, the permittivity is related to the background ions. The specific value of ε∞

depends on the materials (taken as 12.25[10] for InAs).

One may combine the results of Eq.(2.7) into Eq.(2.9) to get expression for

complex permittivity ε(ω) :

ε(ω) = ε∞ −
(
Ne2

m∗ε0

)(
1

ω2 + iωγ

)
(2.10)

Simplify the expression for ε(ω):

ε(ω) = ε∞

(
1 −

ω2
p

ω2 + iωγ

)
(2.11)

Where ωp is the plasma frequency which is defined as:

ω2
p = Ne2

m∗ε0ε∞
(2.12)

Eq.(2.11) is the final expression for the complex permittivity ε(ω) in the Drude

model, which describes the frequency-dependent behavior of conductive materials.

Here we can see the plasma frequency is linked with carrier concentration. With

controlling the doping, the permittivity of semiconductor can be changed. Because

the refractive index is closely related to the permittivity, the materials optical
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properties can be manipulated through decent doping.

2.1.2 Refractive index

The complex refractive index ñ is given by the square root of the complex

permittivity:

ñ = n+ iκ =
√
ε(ω) =

√
ε1 + iε2 (2.13)

Here, n and κ are the real and imaginary parts of the complex refractive index

respectively and ε1 and ε2 are the real and imaginary parts of the complex

permittivity respectively. From separating the real and imaginary part of Eq.(2.13),

n and κ can be given by

n(ω) =

√√√√√ε1(ω)2 + ε2(ω)2 + ε1(ω)
2

κ(ω) =

√√√√√ε1(ω)2 + ε2(ω)2 − ε1(ω)
2

(2.14)

For an ideal metal which has a damping of γ = 0 and conductivity σ = ∞, the

Eq.(2.11) reduces to:

ε(ω → ∞) = 1 −
ω2

p

ω2 (2.15)

Because the imaginary part of the permittivity ε2(ω) = 0, the complex part

of the index κ vanished and the total index is real. When the optical frequency

equals the plasma frequency, the permittivity and the real part of the refractive

index is equal to zero. For a non-zero damping, the imaginary part of permittivity

is non-zero. Therefore, from Eq.(2.14), the real and imaginary part of the index

can close but not equal to zero near the plasma frequency.

The absorption coefficient α(ω) depends on the imaginary part of index κ
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according to:

α(ω) = 4π
λ
κ(ω) (2.16)

where λ is the wavelength of light in vacuum.

The normal-incidence reflectivity R from air to complex index material can be

given by:

R = (n− 1)2 + κ2

(n+ 1)2 + κ2 (2.17)

2.2 Electron Mobility

The damping constant in the Drude model characterizes the impeded motion

of electrons within the crystal lattice. which comes from several sources:

1. Electron-electron interactions;

2. Electron-lattice interactions;

3. Acoustic phonon interactions;

4. Polar optical phonon interactions.

Those scattering effects that impede the motion of free electrons ultimately

convert electric field energy into heat. The damping constant that describes the

motion of an electron in a micro-view cannot be measured directly. However, it is

related to the mobility, which can be directly measured by the Hall effect, which

is a macro-view by the following expression:
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µ = e

m∗γ
(2.18)

2.2.1 Caughey-Thomas Mobility Model

The scattering rate of electron due to interactions with other particles is closely

related to carrier concentration N . At high carrier concentrations, the scattering

rate surges and the electron-electron interaction becomes the dominant factor in

scattering. This is particularly relevant for plasma cladding layers, which require

a relatively high carrier concentration with an order of 1018 − 1019cm−3. However,

accurately calculating carrier concentration-dependent mobility from multiple

scattering rates can be challenging. Instead, many researchers have adopted an

empirical mobility model developed by Caughey and Thomas in 1967[25], which has

become widely used in the field for calculating the carrier concentration-dependent

mobility.

µ(N) = µmax − µmin

1 + (N/Nref )β
+ µmin (2.19)

Where µmax and µmin are the maximum mobility and minimum mobility at 300 K,

respectively, Nref is the carrier concentration when the mobility is reduced to half

of µmax, β is a fitting parameters which determines the mobility drop rate. A large

value of β leads to a rapid drop, while a small β results in a more gradual decrease.

In high carrier concentration when N ≫ Nref , the the mobility eventually reaches

a relatively stable value, where the first term in right hand side of Eq.(2.19) is

almost zero and the total mobility is closed to the minimum mobility.
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Mobility parameters at
300K

Baranov’s parameter

µmax[cm2 V−1 s−1] 30000
µmin[cm2 V−1 s−1] 0
Nref [cm−3] 8 × 1017

β 0.75

Table 2.1: The mobility parameters for InAs from Baranov[26].

2.2.2 Mobility for InAs

For InAs, there is a set of parameters for the Caughey model given by A. N.

Baranov[26] listed in Table 2.1 and plotted in Figure 2.1

Figure 2.1: The Caughey-Thomas model with Baranov’s parameters from 1018 −
1019cm−3. Also shown are experimentally measured values reported from several
groups. [10], [23], [27], [28] All these samples were grown by MBE and measured
at 300K.

The carrier concentration in Figure 2.1 varies from 1018 − 1020cm−3. At this
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range, the corresponding plasma wavelength covers from 4 − 15µm, which is

sufficient for most mid-IR applications. In Figure 2.1 it is observed that the

experimental mobility from Li is slightly higher than the mobility model, while

that from Wasserman and Hinkey is slightly lower than experiment data. But the

Caughey model using Baranov’s parameters still shows a good fit to experiment

data.

It worth noting that, at lower temperatures, the mobility is much larger[29]

because most scattering rates, for example the phonon scattering, increase strongly

with temperature. The change in mobility can have an influence on the refractive

index and plasma wavelength. However, for the purposes of this thesis, focus will be

solely on the mobility at 300K, and therefore this feature will be ignored. The layer

thickness is another important factor that is relevant to the mobility calculated

by the Caughey model[30]. However, the details presented here will focus on the

calculation of bulk InAs. Because the layer thickness in our applications are thicker

enough to be treated as a bulk material.

2.3 Effective Mass and Band Structure Theory

The effective mass is required for calculating the index through the Drude

model. The effective mass is closely related to the band structure for non-parabolic

materials. Therefore, one must accurately calculate the band structure for the

materials of interest, in this case InAs.
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2.3.1 Optical Mass

Dirac-like non-parabolic dispersion has been known for narrow bandgap III-V

group semiconductors since the mid-1950s. InAs, in particular, is well known for

its non-parabolic band structures near band edge, which leads to a small effective

mass m∗ = 0.023m0 [31] near the band edge. Consequently, the three-dimensional

density of states, which is proportional to (m∗)3/2 ×E1/2, is also small. Here, E is

the electron energy. In a highly n+ doped InAs, free electrons generated by the

dopant (Si) can easily fill the bottom of the conduction band and raise the energy.

This causes the electron energy and corresponding wavevector dependence on the

carrier concentration. The Fermi wave energy Ef and the so-called Fermi vector

kf can be expressed as a function of carrier concentration N :

Ef − Ei = kBT ln
N

Ni

(2.20)

where Ei is the intrinsic energy, Ni is the intrinsic electron concentration, kB is

the Boltzmann constant and T is temperature. For highly doped InAs (N ∼

1019cm−3 ≫ Ni), the Fermi energy is anticipated to be 100-400 meV above the

bottom of the conduction band[10].

Since electrons can only move if there are unoccupied states available, only

electrons near the Fermi energy can move freely and participate in transport and

optical interactions. Consequently, most optical and electronic properties are

associated with electrons at the Fermi energy in high carrier concentrations, or at

high temperatures. Eigen states far from the band and the effective mass have to

incorporate with non-parabolic effects. The effective mass, which is related to the

curvature of the energy bands, becomes Fermi wavevector dependent, leading to

the concept of an optical mass [32]:
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1
m∗ = 1

ℏk
dE

dk

∣∣∣∣∣
k=kf

(2.21)

2.3.2 K · P Perturbation Theory

In order to determine the optical mass, the non-parabolic band structure for

narrow bandgap III-V materials must be formalized. One of the first and most

successful treatments is given by Evan O. Kane who applied K · P theory to

InSb[22].

K ·P theory is a perturbation theory that describes the energy and wavefunction

change for a small perturbation in k-space. According to the Bloch theorem, the

electron wave function can be written as ψnk(r) = eikrunk(r), where unk(r) is

periodic with the same periodicity as the direct lattice potential V(r), n represents

the electron energy level and k is wavevector. By inserting the Bloch wave function

into the Schrodinger wave equation, one may observe:

[
− ℏ2

2m0
∇2 + V (r)

]
ψnk(r) = En(k)ψnk(r) (2.22)

[
− ℏ2

2m0
(∇2 + 2ik∇ − k2) + V (r)

]
unk(r) = En(k)unk(r) (2.23)

[
− ℏ2

2m0
∇2 − ℏ2

2m0
ik∇ + ℏ2k2

2m0
+ V (r)

]
unk(r) = En(k)unk(r) (2.24)

[
p2

2m0
+H ′ + V (r)

]
unk(r) = En(k)unk(r) (2.25)
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where

p = −iℏk (2.26)

H ′ = − ℏ
m0

k · p+ ℏ2k2

2m0
(2.27)

Where ℏ = 1.0546 × 10−34J s is reduced Planck’s constant, m0 = 9.1094 × 10−31kg

is the rest electron mass. Eq.(2.25) represents the general form of K · P theory

as it applies to a periodic crystal potential. In this equation, H’ is treated as a

perturbation, with k driving the perturbation. The name of K · P perturbation

comes from the first term on the right hand side of Eq.(2.27). Due to the nature

of perturbation theory, K · P theory is only valid for small value of k.

InAs has a zinc-blende structure, in which the bottom of conduction band is

s-orbital-like and the tops of the valence bands are p-orbital-like. The atomic bonds

of InAs form sp3 hybrid orbitals. When other interactions are not considered,

the wave function of the valence bands are threefold degenerated. Where the

s-orbital function at k=0 are called: us; and p-orbital functions at k=0 are called:

ux = xf(r), uy = yf(r), uz = zf(r), where f(r) is a spherical function. The

perturbed electron wavefunctions of hybrid orbital can be expressed by linear

superposition of orbital functions, which form an orthonormal basis.

unk(r) = Aus +Bux + Cuy +Duz (2.28)

Where A, B, C and D are coefficients. Substituting equation (2.28) into equation

(2.27), since the valence bands are degenerate at k=0, one may find two Eigen

energy values, Ec and Ev for the conduction band and valence band respectively.

Then multiply u∗
i , i = s, x, y, z on the right hand side; and integrating the function

over the space results in four equations. Only when the determinant is zero, is

there a meaningful solution for the coefficients.
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∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

Ec − λ Pkx Pky Pkz

P ∗kx Ev − λ 0 0

P ∗ky 0 Ev − λ 0

P ∗kz 0 0 Ev − λ

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
= 0 (2.29)

Where P = −(iℏ2)/m0 ⟨Us|Ui⟩ is the momentum matrix element between conduc-

tion band and valence bands. Because the valence bands have exactly the same

energy, the valence bands is threefold degenerated with three different the wave-

functions. Sometimes, they are simply written as two orthonormal wavefunctions

ψc and ψv for the conduction and valence bands respectively [33].

2.3.3 Spin-orbit Interaction

When the spin-orbit interaction is added, the degenerate valence bands in the

four-band model will split into three bands – a light hole band, heavy hole band,

and spin-orbit split-off bands. If we consider the electron position as the origin,

the ion rotates around the electron. According to Biot-Savart’s law, a magnetic

field BBB will be generated by the ion motion. The interaction energy Hso comes

from the interaction between BBB and the spin magnetic moment µsµsµs = −e/(m0)σσσ,

and σσσ is the Pauli spin matrices. With Dirac’s relativity theory, the interaction

energy can be expressed as

Hso = −µsµsµs ·BBB = µ0

4π
Ze2

m2
0

1
r3

ℏ
2l
ll · σσσ (2.30)

σx =
0 1

1 0

 , σy =
0 −i
i 0

 , σz =
1 0

0 −1

 (2.31)
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Where Z is the atomic number of the ions, µ0 is the vacuum permeability and lll is

the orbit angular momentum defined by

lll = rrr × ppp = mrrr × vvv (2.32)

With the spin-orbital perturbation Eq.(2.30), the equation of K · P theory

accounting for spin-orbital energy becomes

[
P 2

2m0
+H ′ +Hso + V (r)

]
unk(r) = En(k)unk(r) (2.33)

2.4 Two Band Structure Models

The energy En(k) is the eigenvalue of the Schrodinger equation. So, the next

step is to solve the equations with and without spin-orbital perturbation.

2.4.1 Three-band Model

The Three-band model includes the spin-orbital perturbation. To solve Eq.(2.33),

a spherical polar coordinate basis for wave function are presented by:

Us = us

U+ = −(ux + iuy)/
√

2

U− = (ux − iuy)/
√

2

Uz = uz

(2.34)

When the spin up ↑ and spin down ↓ are considered, there are a total of eight

wave functions. Because of the symmetry in the 8 × 8 matrix, the eight wave
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functions can be divide into two groups.


Group A : Us ↑, U+ ↓, U− ↑, Uz ↓

Group B : Us ↓, U+ ↑, U− ↓, Uz ↑
(2.35)

Because of the symmetry, one only need to solve the eigenvalue and eigenfunc-

tion for one group. The 4 × 4 matrix is

H4×4 =



Ec 0 kP 0

0 Ev − ∆/3
√

2∆/3 0

kP
√

2∆/3 Ev 0

0 0 0 Ev + ∆/3


(2.36)

Where ∆ is the spin-off energy of the valance band. From equation (2.36), one

energy state is decoupled from the other three. This energy band is the heavy

hole band. Therefore, this model is subsequently called a three-band model in

following. The corresponding eigenvalue can be calculated from

E ′(E ′ − Eg)(E ′ + ∆) − k2P 2(E ′ + 2∆
3 ) = 0 (2.37)

Where E ′(k) = E(k) − ℏ2k2/2m0.

Eq.(2.37) is a cubic equation and is hard to solve. Around the band edge, where

k2P 2 ∼ 0, thus, the solution can be simplified by the first order approximation:
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Ec = Eg + ℏ2k2

2m0
+ ℏ2k2

6m0
Ep

(
2
Eg

+ 1
Eg + ∆

)

Ehh = ℏ2k2

2m0

Elh = ℏ2k2

2m0
− ℏ2k2

3Egm0
Ep

Eso = −∆ + ℏ2k2

2m0
− ℏ2k2

6m0(Eg + ∆)Ep

(2.38)

Where Ep = 2P 2m0/ℏ2 has a typically value around 20 eV.

2.4.2 Two-band Model

Under a special case, the cubic equation can be simplified and the three-band

model may be reduced to the two-band model [22], [23], [33]. When ∆ ≫ k2P 2, Eg,

the influence from the spin-orbital interaction is negligible, Eq.(2.37) can be

simplified and the electron energy in the conduction band can be expressed as:

E = ℏ2k2

2m0
+ Eg

2

(1 +
4E2

pℏ2k2

3m0E2
g

)1/2

− 1
 (2.39)

Because this model is calculated by neglecting spin-orbital split-off valence band ,

this approximation method is called the two-band model.

2.4.3 Ep for Two Models

Ep can be calculated by expanding the conduction band Ec at band edge where

k ∼ 0:

Ec = Eg + ℏ2k2

2m∗(0) + ϑ(k) (2.40)

Where ϑ(k) are higher order corrections. The band structure near the band edge

is parabolic and the higher order corrections are ignored. The Ep for three-band
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model and two-band model is given by

Ep−3band = Eg

(
1

m∗(0) − 1
)

Eg + ∆
Eg + 2∆/3

Ep−2band = 3Eg

2

(
1

m∗(0) − 1
) (2.41)

Where m∗(0) is the effective mass at the band edge.
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2.5 Numerical calculation for InAs

Li[23] and other researchers used this simplified two-band model for InAs

calculations and obtained good results. However, the assumption that ∆ ≫

k2P 2, Eg is not satisfied for InAs with Eg = 0.354eV and ∆ = 0.39eV .

The main difference between the three-band model and two-band model is

whether the spin-orbit split-off band is included or not. In this section, I am

going to quantitatively evaluate and compare how the two models could result in

different consequences of predicted band structure and effective mass over a wide

range of carrier concentrations.

Parameters Value
Eg(eV) 0.354
∆(eV) 0.39
m∗(0)(kg) 0.023m0
ε∞ 12.25
Ep−3band(eV) 18.65
Ep−2band(eV) 23.06

Table 2.2: Band structure parameters for InAs[34], [35]

In order to calculate the band structure, several basic band structure parameters

for InAs at 300K are chosen from Adachi [34] and Levinshtein [35] and listed in

Table 2.2. The two Ep values listed in the table are calculated through Eq.(2.41)

using parameters from the table.
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Figure 2.2: The electron energy versus carrier concentration for InAs. The black
curve is the band structure calculated from the two-band model and red curve
is calculated from the three-band model. The blue curve represents the relative
energy difference between the two model.

Figure 2.2 shows a carrier concentration dependent conduction band energy

based on three-band model(red) and the two-band model(black). The results

demonstrate that the two-band model exhibits lower energy than the three-band

model for carrier concentration N greater than 1018cm−3. This discrepancy origi-

nates from the spilt-off energy band incorporated in the three-band model, which

elevates the light hole band and destroys the threefold degeneracy of the valence

bands. The two-band model ignored the split-off band, and has only twofold

degeneracy(light-hole and heavy-hole at k=0.). The second term on the right

hand side of Eq.(2.39) represents a perturbation term with parameter k. When

expanding at k = 0, the perturbation term is proportional to k2 . However, at
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high carrier concentration, indicated by a large k value, the perturbation can be

simplified to Epℏk/3m0, which contributes less to the rate of energy increase. As

a result, the difference between the two band structure models increases more

rapidly at high carrier concentrations. Below 1018cm−3, the two models almost

overlap. At 1018cm−3, the energy predicted by the two-band model is 0.7% less

than three-band model, while the difference increases to 4.7% at 1020cm−3, which

is seven times larger.

Figure 2.3: The electron effective mass as a function of carrier concentration for
InAs. Also shown are experimentally measured values from several groups.[23], [28],
[36]–[38] The blue curse represents the relative effective mass difference between
the two models.

The variation in band structures directly influences the effective mass because

the optical mass from Eq.(2.21) contains the first derivative of the band structure.

As a result, the two-band model, which has a modest energy increase rate, presents
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a larger effective mass than the three-band model as shown in Figure 2.3. At

1018cm−3, the effective mass calculated by the two-band model is 4% larger than

that of the three-band model, while at 1020cm−3, it is 7% larger. This observation

aligns with the previous discussion that the perturbation term in the two-band

model contributes less to the increase rate, which is the first differential of the

band at high carrier concentrations.

Experimental results for effective mass derived from optical measurement are

also included in Figure 2.3. For N below 1019cm−3, the experimental data fall

between the two models with a variation S ∼ 10−5. However, when N exceeds

3 × 1019cm−3, the experimental data indicates a much faster increase trend in

effective mass than the two models, and the variation increases by a factor of

10. The disparity between the experiment data and the theoretical models shows

the limitations of the K · P method in dealing with large k-values and high

carrier concentrations. The remote band suppression from higher bands is also a

contributing factor to this inconsistency. It is worth noting that the remote band

contribution becomes more significant at high carrier concentrations, resulting in

the breakdown of the K · P method. The suppression of remote bands causes a

decrease in the energy increase rate, which leads to a heavier effective mass. For low

carrier concentrations, denoted by the yellow color in Figure 2.3, the three-band

model exhibits a 53.3% smaller variance than the two-band model. However, for

high carrier concentrations, denoted by the green color, the three-band model

shows a 90.2% larger variance. As discussed earlier, this result indicates that

the three-band model provides a better accuracy in low carrier concentrations,

while the two-band model performs better beyond 3 × 1019cm−3. Below 1017cm−3,

the two models are almost in agreement, but the experiment data shows a larger

effective mass than the calculated result.

It is important to note that the experimental data presented in Figure 2.3 are

26



based on optical measurement and rely on the assumption that the wavelengths at

minimum reflection are equal to the plasma wavelengths. However, this assumption

is not entirely accurate, as the imaginary part of the index of refraction also

contributes to the reflectance R in Eq.(2.17). For a zero-damping system, the

minimum reflection is equal to zero when the real index is equal to unity and the

frequency ω = ωp/
√

1 − 1/ε∞ . The reflection equals one, which indicates the light

is completely reflected, when the frequency ω is close to the plasma frequency

as the real index is equal to unity. However, when the damping is non-zero, an

increase in the imaginary part causes a shift in the minimum reflection, which

increases the disparity between minimum reflection frequency and plasma frequency.

The frequency shift is related to the high frequency permittivity. For InAs with

ε∞ = 12.25, the measured minimum reflection frequency is typically 3 − 4% higher

than the plasma frequency[39], implying that the calculated effective mass in

Figure 2.3 may be 7.1% smaller than the actual effective mass. Consequently, the

discrepancy between the experimental data and simulation increases in such cases.

The reflection changes from one to zero when the frequency only changes 4%. The

steep reflection change is called the plasma edge.

In summary, both models are reasonably good when the carrier concentration

is below 3 × 1019cm−3, and the three-band model demonstrates a better accuracy

between 1018 ∼ 3 × 1019cm−3. However, when the carrier concentration exceeds

3×1019cm−3, a discrepancy arises between the experimental data and the predicted

results based on both models. In this range, the two-band model is closer to the

experimental data. Nevertheless, it should be noted that the assumption made

during the experimental data analysis may lead to a slightly smaller calculated

effective mass and a larger discrepancy than that shown in Figure 2.3.

In prior discussions, we established the functional relationship between mobility

and carrier concentration via the Caughey model was established; and found the
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Figure 2.4: Damping versus carrier concentration for the two models.

carrier concentration-dependent effective mass from two band structure models

was determined. This lays the foundation for finding the carrier concentration

dependent damping, which is a function of mobility and effective mass, by Eq.(2.18).

According to this equation, the damping is inversely proportional to both the

mobility and the effective mass. As carrier concentration is increased, the increased

effective mass will reduce damping; But, at same time, the decreased mobility due

to stronger electron-electron interactions will increase damping. As exhibited in

Figure 2.4, the overall damping continues to increase with the carrier concentration

at high carrier concentrations, despite the interplay between effective mass and

mobility. Mathematically, the decrease in mobility due to increasing in carrier

concentration is an order of magnitude larger than the increase in effective mass,

which finally causes the increasing damping observed in Figure 2.4.
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The high damping can be attributed to the higher probability of electron-

electron collisions occurring at higher carrier concentrations. As previously dis-

cussed, for low carrier concentrations, many collision mechanics play a role in the

total collision, but at high carrier concentrations, the carrier-carrier interactions

dominate. As shown in Figure 2.4, damping rate increases with the number of

carriers. However, Figure 2.3 reveals that both simulation results show an effective

mass lower than the experimental data, indicating that the actual damping behav-

ior may not be linear with carrier concentration when the carrier concentration

exceeds 3 × 1019cm−3 and may display lower values than those shown in Figure

2.4.

Although both models show an increased damping with carrier concentration,

the two-band model exhibits lower damping values. This is because the two-band

model has a heavier effective mass than the three-band model, as discussed earlier,

resulting in longer electron relaxation times. Consequently, the two-band model

demonstrates a lower probability of collisions, leading to lower damping values

than the three-band model. Since the effective mass calculated from the two-band

model is closer to the experimental data for N exceeding 3×1019cm−3, the damping

calculated from the two-band model is expected to be more accurate under these

conditions, while the three-band model is anticipated to be more accurate when N

is below 3 × 1019cm−3.
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Chapter 3

Optical Properties Calculated from Two
Models

Chapter 2 established the carrier concentration-dependent electrical properties

of semiconductor materials including relevant parameters such as the electron

mobility, electron energy, and the electron effective mass. We are now ready to

explore the effects of these properties on the optical characteristics, such as the

refractive index and reflectance. Since the optical properties are also wavelength

dependent one should examine the optical properties predicted by the two different

models across various wavelengths and carrier concentrations.

3.1 Overview

In this section, a comprehensive overview picture of refractive index, absorption

and reflectance for a semiconductor as a function of carrier concentration and

wavelength will be provided. The fundamental characteristics discussed here will

be further explored under specific applications in the next section.

3.1.1 Refractive index and Absorption

Using the calculated results for the band structure and effective mass from

Chapter 2, the refractive index can be calculated as a function of the carrier

concentration and optical wavelength.
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(a) Real part of refractive index (b) Free carrier absorption

Figure 3.1: Real part of refractive index and free carrier absorption as a function
of carrier concentration and wavelength based on the three-band model. The
red curve represents the calculated plasma wavelength as a function of carrier
concentration.

Figure 3.1 shows the calculated real part of the refractive index (a) based on

Eq.(2.14) and the free-carrier absorption (b) based on Eq.(2.16) over a large carrier

concentration range (1018 ∼ 1020cm−3) for InAs using results obtained from the

three-band model. In this figure, the red line represents the plasma wavelength in

air calculated from Eq.(2.12). Both the index and absorption coefficient have a

substantially change when across the plasma wavelength.

As illustrated in Figure 3.1a, in the region above and to the right of the red

curve constitutes a regime where the index is low, which results in a corresponding

region in Figure 3.1b where the absorption coefficient is high. Similarly, in regions

below the red curve in Figure 3.1a, the real part of the refractive index is high

and the corresponding free-carrier loss is low (Figure 3.1b). This indicates that

the real part of the refractive index, the so called index below, and the absorption

coefficient exhibit significant changes around plasma wavelength. This lead to

a trade-off between the optical confinement and free carrier loss which must be

accounted for when designing appropriate optical applications, such as the ICL

waveguide.
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3.1.2 Reflection

The changes in the real and imaginary part of the refractive index around

the plasma frequency consequently lead to a significant variations in reflection,

demonstrated in Figure 3.2. The orange region represents high reflectance ap-

proaching 100% for highly doped structure at longer wavelengths. The blue curve

indicates the location of reflectance minimum just below the plasma wavelength.

As mentioned in Chapter 2, the reflection undergoes a rapid change from zero(or a

minimum with nonzero damping) to nearly 100% when the optical frequency from

a high end crosses the plasma frequency. This phenomenon is known as the plasma

edge[10], which plays an important role in material properties measurement.

Figure 3.2: Reflectance for InAs as a function of carrier concentration and wave-
length based on three-band model.

If the doping concentration and plasma frequency are known, the effective mass

32



can be extracted from the plasma frequency using Eq.(2.12). Experimentally, the

plasma frequency can be obtained by finding the plasma edge. The plasma edge

and minimum reflection wavelength can be used as a guide to calculate the plasma

frequency and effective mass of carriers in a semiconductor. This is an essential

non-destructive method in semiconductor research.

The frequency corresponding to minimum reflection does not equate exactly to

the plasma frequency. Suppose we want to determine the effective mass through the

plasma wavelength, with a carrier concentration determined by Hall measurement.

In Figure 3.2, for an identical doping level, the wavelength corresponding to the

minimum reflection λmin (Blue curve) always exhibits a smaller value than the

wavelength corresponding to the plasma wavelength λp. If assuming the plasma

frequency is λmin, the smaller wavelength eventually leads to a higher carrier

concentration and heavier effective mass. Thus, the effective mass determined

by the minimum reflection wavelengths is larger than that determined by the

actual plasma frequency [40]. The deviation is associated to high frequency limit

permittivity ε∞ and damping γ. When the value of γ is large, the ratio between

the plasma frequency and the minimum reflection frequency ωp/ωmin = 1.05% for

InAs with ε∞ = 12.25 [41]. It can be observed in Figure 3.2 that for λ = 8µm,

the carrier concentrations calculated from the minimum reflection frequency are

approximately 13% smaller than those derived from the plasma frequency.
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3.2 Two models in different applications

When incorporating the concept of carrier-concentration controlled refractive

index into various optical applications, several distinct conditions must be consid-

ered. For instance, ICL have a designated emission wavelength and necessitate

determining an appropriate doping level to optimize threshold gain. Different

applications will require specific performance evaluations based on their unique

conditions. In this section, the optical properties will be viewed from different

perspectives for three applications and discuss how to selecting the appropriate

model based on their own conditions.

3.2.1 ICL Waveguide Design

For an ICL plasmon waveguide design with a specific target wavelength, the

goal is to determine the optimized carrier concentration to minimize the threshold

gain. An accurate real index and absorption model are required to reduce the free

carrier loss and enhance the confinement. The carrier concentration dependent

index and absorption for InAs at 300K are plotted in Figure 3.3 for three different

wavelengths(3.3µm, 6µm and 10µm) using both the two-band model(dashed) and

the three-band model(solid). Also shown are the calculated absorption coefficients

for each wavelength, based on the two models.
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Figure 3.3: InAs refractive index and absorption coefficient as a function of carrier
concentration for different wavelengths.

As shown in the figure, the three-band model consistently exhibits a slightly

smaller index and larger free carrier absorption for specific carrier concentrations,

which makes sense as the imaginary part of the refractive index is larger according

the three-band model. The real index directly influences on the confinement factor.

Assuming the same real index yields the same confinement, for an index that is

equal to 3 (black horizon line in Figure 3.3), higher carrier concentrations are

required to achieve the same confinement at shorter wavelengths. At the same time,

the free carrier absorption increases with the carrier concentration. Consequently,

designing cladding layers for short-wavelength ICLs may be more challenging due

to higher absorption. The highest doping that can achieve is around 1020cm−3,

which becomes the limitation for InAs plasma cladding layer for short emitting

wavelength below 3µm.
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For the same wavelength, in order to achieve an index of n=3, the predicted

carrier concentration required based on the the two-band model is larger. This

is due to the larger effective mass calculated from the two-band model than that

from the three-band model, resulting in a higher plasma frequency and larger

carrier concentrations. When N = 1.05×1018cm−3, the absorption coefficient from

the two-band model α2 = 141cm−1 and from the three-band model α3 = 134cm−1

for λ = 10µm with a refractive index =3. The relative absorption coefficient

difference is 5.2%. When N = 5 × 1018cm−3, α2 = 212cm−1 and α3 = 199cm−1

for λ = 6µm with index =3. The relative absorption coefficient difference is 6.5%.

When N = 2 × 1019cm−3, α2 = 407cm−1 and α3 = 379cm−1 for λ = 3.3µm with

index =3. The relative absorption coefficient difference is 7.3%. Therefore, the

absorption coefficient calculated by the two-band model is larger than that of

the three-band model for same index; and the disparity increases with higher

carrier concentrations due to the growing effective mass disparity between the

two models. At a low carrier concentration, both band models are good enough.

However, the two-band model provides a more accurate effective mass at high

carrier concentrations, thus, the index and absorption coefficient from the two-band

model are also more appropriate for N > 3 × 1019cm−3.

On the other hand, at the same carrier concentration, the absorption coefficient

obtained from the three-band model with a smaller electron effective mass is higher

than that from the two-band model, while the refractive index is lower. This may

result in an overestimated threshold gain from the three-band model especially when

the carrier concentration is high. This is because, in Figure 2.3, both band models

show a relatively large disparity from experimental data for N > 3 × 1019cm−3.

The experimental data indicates a larger effective mass, implying a lower plasma

frequency according to Eq.(2.12), a higher index and a lower absorption coefficient

than the simulation result for a high carrier concentration. Therefore, in order
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to achieve the same confinement in the active region of a laser operating at a

short wavelength, a higher doping is required, which may increase the free-carrier

absorption.

Figure 3.4: The calculated optical modal profile and refractive index for an InAs
plasmon cladding ICL with an emission wavelength of λ = 4.6µm. All calculations
are based on the two-band model. The blue and orange curve represent the wave
profile of ICL for a cladding layer with carrier concentration N = 5 × 1018cm−3

and 1 × 1019cm−3 respectively. The cavity length is assumed to be 1.5mm.

Figure 3.4 presents a calculated optical modal profile and refractive index

based on the two-band model for a simplified InAs-based plasmon waveguide

ICL with a designed emission wavelength of λ = 4.6µm. The core region lies at

the center of the ICL, sandwiched by two InAs SCLs, each with a thickness of

0.35µm. Outside of the SCLs are placed intermediate cladding layers composed of

InAs/AlSb short period SLs, each with a thickness of 1µm; and n+ doped InAs

plasmon cladding layers located at the outermost sections of the waveguide, with
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a thickness of 3µm at both sides. The blue and orange curves represents the

different carrier concentrations for the InAs plasmon layers. At N = 1019cm−3,

represented by the orange curve, the real index of the InAs plasmon cladding layer

is substantially lower than that at 5 × 1018cm−3. Consequently, the cascade active

region confinement Γ is larger and the optical light intensity Γoc in the outside

cladding layer is lower. Although the free carrier absorption increases rapidly, the

required threshold gain for the ICL slightly decreases. This can be attributed to the

competition between the increasing confinement factor and absorption coefficient.

Changing the carrier concentration of both n+ doped InAs cladding layers at top

and bottom while keeping the rest of the ICL structures the same leads to changes

in the threshold gain. The complex index that changes in the plasmon cladding

layer will affect the active region confinement and the absorption coefficient in

the plasmon layer. Table 3.1 presents the threshold gain calculated using the two

models at three specific carrier concentrations, and the threshold gain results are

plotted in Figure 3.5

N
[cm−3]

α3band

[cm−1]
Gth−3band

[cm−1] Γ3band
α2band

[cm−1]
Gth−2band

[cm−1] Γ2band

5.0 × 1018 105.1 43.66 35.10% 93.4 43.70 34.83%
8.0 × 1018 183.1 42.22 36.40% 160.8 42.09 36.20%
1.0 × 1019 240.5 41.88 36.87% 209.8 41.67 36.70%
1.5 × 1019 402.3 41.53 37.58% 346.7 41.27 37.44%
1.8 × 1019 512.5 41.49 37.86% 438.8 41.18 37.73%
2.0 × 1019 591.9 41.47 38.00% 504.7 41.17 37.88%
2.2 × 1019 676.4 41.48 38.13% 574.3 41.15 38.01%
2.5 × 1019 813.6 41.5 38.30% 686.3 41.16 38.18%
3.0 × 1019 1074 41.57 38.51% 895.4 41.21 38.40%
5.0 × 1019 2841 41.93 39.04% 2180 41.50 38.95%

Table 3.1: The simulation results for InAs plasmon waveguide ICL. The emission
wavelength is 4.6µm and cavity length is 1.5mm

From the discussion for Figure 3.3, at the same carrier concentration, the

three-band model exhibits a relatively higher free carrier loss and confinement
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Figure 3.5: The calculated threshold gain as a function of carrier concentration
for InAs cladding layer with a emission wavelength λ = 4.6µm. The blue curve
represents the the difference between calculated threshold gain Gth3/Gth2.

compared to the two-band model. However, at N = 1019cm−3, the confinement

factor of the three-band model is only 0.46% higher, but the absorption coefficient

is 14.6% larger than that of the two-band model in Table 3.1. Therefore, when

N > 1018cm−3, the threshold gain obtained from the three-band model exhibits a

larger value compared to the two-band model in Figure 3.5. Although the threshold

gain does not exhibit a linear increase, the relative difference between the two

models increases almost linearly from −0.01% at N = 5 × 1018cm−3 to 1.01% at

N = 5 × 1019cm−3.

When N = 1018cm−3, the two-band model displays a relatively higher threshold

gain because the confinement factor needs to be obtained through solving the

wavefunction, making the trend of threshold gain difficult to predict. Furthermore,
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when N < 2 × 1019cm−3, the threshold gain calculated shows a net decrease.

However, after crossing this point, the threshold gain surges as the carrier con-

centration increases. The ICL waveguide is optimized at N = 2.2 × 1019cm−3 for

the two-band model with a threshold gain of 41.15cm−1 and at N = 2 × 1019cm−3

for the three-band model with a threshold gain of 41.47cm−1, as seen in Table

3.1. The carrier concentration for minimum threshold gain calculated from the

two models has a deviation of 10%. The existence of a minimum threshold gain

indicates that, at this point, the increase in the confinement factor compensates

for the increase of loss from the increasing free carrier absorption.

This simplified model assumes a long cladding layer, preventing light from

leaking into the substrate. As a result, the threshold gain exhibits a well-optimized

point. However, thick layers also cause poor thermal dissipation and long growth

time. The thickness of the layer will likely be reduced to 1µm for real cases,

meaning that the light profile needs to consider the effect from the substrate and

Ti/Au contact layer, causing the minimum threshold gain to shift. This delicate

balance between numerous factors highlights the complex nature of designing and

optimizing ICL waveguide structures and highlights the importance of selecting

the appropriate model at different carrier concentration ranges.

3.2.2 High contrast Distributed Bragg Reflector

Other than the ICL design, which has a specific target wavelength, there are

other applications, such as the Distributed Bragg Reflectors (DBRs)[19], [27] used

for LED, that rely on the refractive index and absorption across a wider wavelength

range. In these cases, having accurate index and absorption coefficient values

to ensure optimal optical performance and efficiency across a broad spectrum is

essential. The wavelength dependent index and absorption are illustrated in Figure
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3.6, covering a wide wavelength range from 3 ∼ 24µm with N = 1 × 1019cm−3,

5 × 1018cm−3, and 1 × 1018cm−3.

Figure 3.6: Refractive index and absorption coefficient as a function of wavelength
for different carrier concentrations.

In Figure 3.6, the two-band model exhibits a slightly smaller index and larger

free carrier absorption for specific wavelengths. If the imaginary part of the index is

zero, the reflectance is zero when the index is equal to unity. The plasma wavelength

is nearby the wavelength corresponding to a unity index. For n=1 (Black line

in Figure 3.6), a longer wavelength is required for lower carrier concentrations.

Simultaneously, the absorption coefficient decreases with the lower doping and

longer wavelength. The index and absorption coefficient change rapidly for high

carrier concentration but slowly for low carrier concentration and longer wavelength.

Eventually, the absorption coefficient will saturate at a level of 104cm−1 for long

wavelengths. High contrast DBRs are designed to achieve a high reflectance for
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specific wavelengths, which are also desirable to have minimum free carrier loss.

At short wavelengths, the free carrier absorption is strong, and the maximum

reflectance is limited by the absorption. As a result, the consideration of the free

carrier absorption limits the application for a high contrast DBR, such as the

vertical surface emitting light-emitting diodes (LED) and photodetectors at shorter

wavelengths.

For a specific carrier concentration, the two-band model exhibits a longer

wavelength for n=1, this is because the two-band model has a larger effective

mass, smaller plasma frequency and longer plasma wavelength than those of

the three-band model. For N = 1 × 1019cm−3, the associated wavelengths are

λ2 = 9.18µm and λ3 = 8.85µm with a wavelength difference ratio of 3.7%. For

N = 5×1018cm−3, the associated wavelengths are λ2 = 11.83µm and λ3 = 11.43µm

with the wavelength difference ratio of 3.4%. For N = 1×1018cm−3, the associated

wavelengths are λ2 = 21.85µm and λ3 = 21.42µm with the wavelength difference

ratio of 2.0%. Although the index and absorption coefficient from the two models

converge at shorter or longer wavelengths, they vary significantly around the

plasma frequency. The absorption near the plasma frequency for the two models

with n=1 is almost same. Thus, the primary challenge lies in the wavelength shift

towards the target wavelength at short wavelengths. At shorter wavelengths, the

wavelength difference ratio between two models is large. This is because of the

difference in effective mass for the two bands in high carrier concentrations.

For short wavelength DBR design, high doping is required to have a small index

around the designed wavelength. In this range, the effective mass from both models

deviates from the experiment data. The measured value exhibits a large effective

mass, which results in a small plasma frequency and longer plasma wavelength.

Therefore, researchers need to consider about the effect of the wavelength red shift

and may require an even higher doping level for better performance.
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3.2.3 Reflectance Measurement

The reflectance measurement is an important method for determining the

plasma frequency, and subsequently, the effective mass. By considering into

account the carrier dependent effective mass and mobility, this technique can

also be used to calculate the carrier concentration inside a the semiconductor.

This approach enables researchers determine the carrier concentration without the

possibility of damaging the sample, unlike Hall measurements. However, in order

to find accurate carrier concentrations, an accurate index model for the plasma

frequency is critical.

Figure 3.7: Refractive index and absorption coefficient as a function of wavelength
for different carrier concentrations.
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Figure 3.7, depicts the calculated reflectance as a function of wavelength

based on Eq.(2.17) using input parameters calculated based on both the two-band

(dashed) and the three-band (solid) models for three different carrier concentrations

(blue, green, and red). In this figure, it is observed that the absolute value of the

difference in the wavelength between the plasma frequency ωp and the frequency of

minimum reflectance ωmin increases as the carrier concentration decreases at longer

wavelength. Nevertheless, the ωp/ωmin ratio is small for low carrier concentrations,

primarily due to the reduced damping in Figure 2.4. The typical value for ωp/ωmin

is approximately 0.96 for strong γ in high carrier concentrations[40], [41].

The three-band model demonstrates a smaller plasma wavelength than those

from the two-band model for identical carrier concentrations. For a carrier con-

centration of N = 1 × 1019cm−3, the plasma wavelengths are estimated to be

λ2 = 9.52µm and λ3 = 9.23µm, with a relative wavelength difference of 3.1%. For

N = 5 × 1018cm−3, the plasma wavelengths are λ2 = 12.27µm and λ3 = 11.92µm,

with a relative wavelength difference of 2.9%. For N = 1 × 1018cm−3, the plasma

wavelengths are λ2 = 22.66µm and λ3 = 21.24µm, with a relative wavelength

difference of 1.8%. Consequently, the relative plasma wavelength differences are

small at low carrier concentration but large at high carrier concentrations. The

plasma frequency shift ratio ωp/ωmin for the two models are nearly identical and

the difference is negligible.
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Figure 3.8: The relationship between wavelength and carrier concentration is
connected through the plasma wavelength calculated by the two models. The
black curve is from the two-band model and red curve is based on the three-band
model. Also shown as experimentally measured values from several groups. [7],
[10], [23], [36], [37]

Figure 3.8 provides a more intuitive picture of carrier concentration calculated

from plasma wavelength and also considers experimentally measured values from

several groups. The two-band model exhibits a higher carrier concentration for

specific wavelengths. The difference in carrier concentration calculated from the two

models is depicted with a blue curve. The carrier concentration calculated from the

two-band model is 2% larger at N = 1018cm−3, and 3.8% in N = 1020cm−3. The

experimental data show a good trend with simulation. However, when λ < 7µm,

the measured plasma frequency exhibited a higher carrier concentration, when the

corresponding N > 3 × 1019cm−3, which is the range that the measured effective

mass deviates from the simulation results. It is worth noting that the measured
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plasma wavelength is shorter than the actual plasma wavelength. Thus, when

λ > 13µm, the deviation from ωp/ωmin makes the three-band model closer to the

measured data. Fitting the measured reflectance spectrum with the simulation

results can get a more accurate plasma frequency.
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Chapter 4

Summary

This work provides a comprehensive assessment of the optical properties of

bulk InAs based on two band structure models across a wide range of carrier

concentrations and wavelengths. This study may help in the optimization of

designed doped semiconductors for various optical applications. Both the two-band

and three-band models yield satisfactory results at low carrier concentrations.

However, at high carrier concentrations, the discrepancy between the two models

leads to differences in refractive index and free carrier absorption calculations.

The influences of the two models are quantitatively discussed in the context

of three applications: plasmon cladding layers for ICLs, DBRs, and plasma

frequency measurements. The difference between the two models could affect the

determination of device design parameters and the accuracy of measurements.

The limitations of the K · P method arise at high carrier concentration, where

remote bands may have substantial impact on the band structure, resulting in a

higher increase in effective mass than the simulations based on the two simplified

band models. Typically, it occurs when λ < 3µm or at high carrier concentrations

when N > 3 × 1019cm−3. In this region, one should be more cautions about

selecting models, and consider the designing such structures based on measured

results. Overall, the choice of model should be based on the wavelength, carrier

concentration range, and other factors associated with specific applications in

mind.
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