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Abstract

The current dissertation works within the setting of noncompact homogeneous spaces𝐺/𝐻

in which 𝐺 is semi-simple. In particular, we frequently work with a decomposition of the

Lie algebra 𝔤, 𝔤 = 𝔥 ⊕ 𝔭′′ ⊕ 𝔭′, where 𝔥 ⊕ 𝔭′′ is the maximal compact in 𝔤 and 𝔭′ is the

negative one eigenspace from the Cartan decomposition. In such a setting we primarily set

out to understand 𝐺 invariant metrics and Ricci curvature, and the relationship these are in

with Lie theoretic conditions. There are three basic components to this work with the second

holding most of our attention. The first component is an investigation into spaces, 𝐺/𝐻, in

which we can always obtain some decomposition with (𝔭′′, 𝔭′) = 0 (what we call a Cartan

orthogonal pair), building out results indicating that there are many examples of such spaces.

The second component is an investigation into simply connected 𝐺/𝐻 with two isotropy

irreducible summands. Here, we classify such spaces and solve the so-called Prescribed

Ricci Curvature problem for all such 𝐺/𝐻. The third component is an investigation into a

particularly nice setting of 𝐺/𝐻 with 𝐺 simple and having three irreducible summands in

which [𝔭𝑖, 𝔭𝑖] ⊂ 𝔥 for each irreducible isotropy representation, 𝔭𝑖. Here, we provide Lie

theoretic conditions for obtaining diagonal 𝑟𝑖𝑐, begin an investigation into the signature of

such spaces, and work through an example, 𝑆𝑂 (𝑛, 2)/𝑆𝑂 (𝑛). A final consequence of these

three components is a description of the signature of all spaces 𝐺/𝐻 in which 𝐺 is simple

and 𝐺/𝐻 has negative scalar curvature for all metrics.

x



Introduction

A classic question in the field of Riemannian geometry is what is the relationship between

Ricci curvature and geometric or topological objects? In other words, given a set of condi-

tions on the Ricci curvature, what can be said about the possible spaces with said curvature,

and, vice-versa, given a space or a collection of spaces, what can be said about the possible

Ricci curvature values? This old and important question comes up in examples such as

Myer’s theorem which says that if a complete Riemannian manifold has Ricci curvature

bounded below by a positive constant then the space is compact (see [dC92]). Moreover,

restricting ourselves to the homogeneous setting (the setting addressed in the present work),

we have several similar results and questions both new and old.

Going back to the late 1970’s we have a result of B. Bergery found in Theorem 2 of

[BB78] which shows the logical equivalence between a homogeneous space 𝐺/𝐻 having

a universal cover diffeomorphic to Euclidean space and admitting only negative scalar cur-

vature (the trace of Ricci curvature). Further, through the investigation of Einstein metrics

(i.e metrics 𝑔 such that 𝑟𝑖𝑐𝑔 (., .) = _𝑔(., .)) on homogeneous spaces, more results can be

seen such as Bochner’s result in [Boc46] (confer with [Bes87, 7.4]) which indicates that if

the scalar curvature is negative then 𝐺/𝐻 is necessarily noncompact.

In the noncompact homogeneous setting (the primary emphasis for us), there has recently
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been a resolution given to a decades old question known as Alekseevskii’s Conjecture.

Alekseevskii’s Conjecture: A connected homogeneous Einstein space with negative scalar

curvature is diffeomorphic to a Euclidean space.

With a proof put forth in [BL23], we now have yet another relationship between the Ricci

curvature and geometric spaces. Furthermore, In 7.5 of [Bes87] the formulation of the

conjecture informs us that 𝐻 must be a maximal compact subgroup of 𝐺, providing us with

Lie theoretic implications, and in Theorem A of [BL22] another Lie theoretic implication

is provided that𝐺/𝐻must also be a solvmanifold (i.e diffeomorphic to a solvable Lie group).

Most of these results then, many stemming from the Einstein problem, provide us with

one direction of the relationship of interest, namely, provided a condition on the Ricci cur-

vature, we get certain kinds of spaces. The other direction of interest is what we turn to now.

The Einstein problem, can from one perspective, be thought of as a special case of a

problem that has received considerable attention lately known as the Prescribe Ricci Cur-

vature Problem (PRP). This problem has two questions wrapped into one as it seeks to get

a full description of the Ricci curvature for a given manifold or a given collection of mani-

folds. The first question of interest is what conditions on 𝑇 (., .) are necessary and sufficient

to there existing a metric 𝑔 with 𝑟𝑖𝑐𝑔 (., .) = 𝑇 (., .)? This question can, geometrically, be

thought of as seeking to understand the image of 𝑟𝑖𝑐𝑔 (., .) for our space 𝐺/𝐻. The second

question is similar, and it seeks to understand the image of 𝑟𝑖𝑐𝑔 (., .) up to scaling as it asks

what conditions on 𝑇 (., .) are necessary and sufficient to there existing a 𝑐 > 0 such that

𝑟𝑖𝑐𝑔 (., .) = 𝑐𝑇 (., .) for some metric 𝑔?
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Staying within the homogeneous setting, there are some natural choices of spaces to choose

from to make things simple. If 𝐺/𝐻 is isotropy irreducible, the answer is immediate since

by Schur’s Lemma 𝑟𝑖𝑐𝑔 (., .) = _𝑔(., .) and with _ being positive, negative, or zero based

upon 𝐺/𝐻 being compact, noncompact, or admitting only flat metrics, respectively. Relax-

ing the condition on𝐺/𝐻 some, we can ask about when 𝐻 is maximal in𝐺. In the compact

setting, recently in Theorem 1.1 of [Pul16], a sufficient condition on 𝑇 (., .) was provided to

the question for 𝑟𝑖𝑐(., .) = 𝑐𝑇 (., .) when 𝐻 is connected, showing that if 𝑇 (., .) is positive-

semidefinite, but not identically 0 then there is a solution. If 𝐺 is noncompact, then we

consider 𝐺/𝐻 where 𝐻 is a maximal compact subgroup of 𝐺, and if 𝐺 is semi-simple then

𝐺/𝐻 is a noncompact symmetric space (see [Hel01]) and is necessarily the Riemannian

product of irreducible symmetric spaces. Thus, 𝑟𝑖𝑐𝑔 = 𝑟𝑖𝑐𝑔1 + ...+𝑟𝑖𝑐𝑔𝑛 with each 𝑔𝑖 unique

up to scaling by Schur’s Lemma, and with 𝑟𝑖𝑐𝑔𝑖 = _𝑖𝑔𝑖 (., .) by virtue of being defined on

an isotropy irreducible space.

Restricting ourselves now to the setting 𝐺/𝐻 in which 𝐺 is semi-simple and 𝐻 is con-

nected (where we will stay for most of the paper), we have other natural settings to consider.

In both the compact and noncompact settings, the PRP for simple Lie groups 𝐺 with the

so-called naturally reductive metrics are addressed in [APZ21] and [AGP20]. Moreover, in

the compact setting, spaces 𝐺/𝐻 with two inequivalent isotropy summands are addressed

with a complete solution to 𝑟𝑖𝑐(., .) = 𝑐𝑇 (., .) provided in [GP17] and [BP20]. However, in

noncompact setting, much is left unaddressed, and it is to this case and others that we turn

our attention.

In the survey of the PRP, [BP20], more results can be found, and, as is noted there,

little work has been done in the noncompact setting we are interested in. It is for this reason

that we consider our work to be worthy of attention. In the current work, beyond addressing
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the PRP in the two isotropy irreducible summand setting, we also provide work in the di-

rection of the PRP indicating possible diagonal values for the Ricci tensor (i.e, studying the

signature of 𝑟𝑖𝑐(., .)) in the setting of three isotropy irreducible summands where 𝔤 is simple

and each irreducible subrepresentation, 𝔭𝑖, has the property that [𝔭𝑖, 𝔭𝑖] ⊂ 𝔥. This setting

serves as a kind of “dual” to the generalized Wallach spaces classified by authors such as

Nikonorov in [Nik21] and other works cited therein. Our work in this three irreducible

summand setting is assisted by Nikornorov’s work [Nik00] which provides a formula for

the diagonal values of the Ricci tensor (viewed as a (1,1) tensor) for metrics (., .) where

the compact and noncompact pieces of the isotropy represention for 𝐺/𝐻 are orthogonal.

The conclusions of Nikonorov’s paper sparks some other interesting questions that we find

worthy of attention.

In [Nik00], Nikonorov provides us with an expression for the diagonal of the Ricci tensor

that is far less formidable than we otherwise have (see Corollary 7.38 of [Bes87]). This, in

combination with the desire to understand the relationship between geometric objects and

Ricci curvature, also sparks an interest in a better understanding of which spaces𝐺/𝐻 admit

only metrics (., .) where the compact and noncompact pieces of the isotropy representation

are orthogonal (a property for (𝔤, 𝔥) we call being a Cartan orthogonal pair). Knowing

which spaces admit such metrics would then allow us to have a nice correspondence between

Ricci tensor possibilities and geometric possibilities. Not all spaces admit this condition

(as we will show), but there are also many spaces which do (as we will show).

Taking now this backdrop of results and questions in the field, we ask the following questions.

Question 1: What is the solution to the PRP for 𝐺/𝐻 where 𝐺 is noncompact semi-

simple, 𝐻 is connected, and 𝐺/𝐻 has two isotropy irreducible summands?
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Question 2: What is the signature of the Ricci curvature tensor for the noncompact setting

that is “dual” to generalized Wallach spaces? (See Chapter 4 for more precision.)

Regarding Question 1, we provide a complete solution with three different filtrations

of solutions based upon the compact part of the isotropy representation, 𝔭′′, being trivial,

having [𝔭′′, 𝔭′′] ⊂ 𝔥, or having [𝔭′′, 𝔭′′] ⊂ 𝔥 ⊕ 𝔭′′ . We remark here that our approach

to this problem is unlike previous works done for the PRP such as [Pul16] and [AGP20]

which use variation techniques to solve when 𝑟𝑖𝑐 = 𝑐𝑇 , and is also unlike the two isotropy

summand setting addressed in [GP17] and [BP20] in that we do not restrict ourselves to

inequivalent summands.

Regarding Question 2, we begin an investigation, but a complete solution was out of

reach. We do, however, provide some motivating examples for clarity and completeness.

It is with these questions in mind that we turn our attention to the setting of 𝐺/𝐻 in

which 𝐺 is noncompact semi-simple. The subsequent material is according to the follow-

ing program, and most results pertain to those noncompact𝐺/𝐻 in which𝐺 is semi-simple

(we are clear when we are working more broadly). In Chapter 1 we have our preliminaries

in which we introduce the necessary objects and tools for our study (also containing our

precise definition of Cartan orthogonal pairs). In Chapter 2 we present both new and old

results regarding the consequences of being a Cartan orthogonal pair along with new suffi-

cient conditions to be an orthogonal pair. These results will prove to be helpful in Chapter

4. Moreover, in Chapter 2 we also devote our attention here to new examples of Cartan

orthogonal pairs. There we also discuss one𝐺/𝐻 that is not a Cartan orthogonal pair (found

in Example 3 of Section 2.2) which serves as a correction to Example 4 in [Nik00] and

5



indicates a gap in Theorem B of [AL17] (but we hasten to note that the proposed results in

[BL23] resolve the gap). In Chapter 3 we turn our attention to Question 1, providing a clas-

sification of the homogeneous spaces with two isotropy irreducible summands. In Chapter

4 we address Question 2, providing a step in the direction of a complete result, and, in part,

extending the methods employed by Nikonorov in [Nik00] to find a nice expression for the

Ricci curvature tensor in the given three irreducible summand setting. A nice consequence

of our results found at the end of Chapter 4 is a description of the signature of 𝐺/𝐻 in

which 𝐺 is simple and 𝐺/𝐻 admits only metrics with negative scalar curvature.

Remark 0.1. As was stated, there is much more to be said about the PRP, but we specifically

wish to mention two other works that served to be inspiring for the current work. The first

is the work of Lauret and Will in [LW22] which investigates a property called Ricci local

invertibility (see Definition 1.2 therein). This work is in the direction of the PRP in both the

compact and noncompact setting. The second work that has not been mentioned but served

as inspiration for its work in the direction of the PRP is that of Arroyo and Lafuente [AL22]

which investigates the signature of the Ricci curvature tensor in the nilpotent setting.
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Chapter 1

Preliminaries

1.1. The Ricci Tensors and Homogeneous Spaces

The following basic content regarding homogeneous spaces and curvature can be found in

[dC92], [Pet16], [Bes87], and [NRS06].

Any given Riemannian manifold (𝑀, 𝑔) that is a homogeneous space has a presentation

in terms of Lie groups as a coset space, 𝐺/𝐻, in which 𝐺 acts transitively and by isom-

etry on 𝑀 and 𝐻 is compact and acts as isotropy. Transitively meaning that, for a point

𝑝 ∈ 𝑀 and a point 𝑞 ∈ 𝑀 there is a 𝑘 ∈ 𝐺 such that 𝑘.𝑝 = 𝑞, isometry meaning that

(by an abuse of notation for the action) if 𝑋𝑝, 𝑌𝑝 ∈ 𝑇𝑝𝑀 , 𝑔(𝑘.𝑋𝑝, 𝑘 .𝑌𝑝)𝑘.𝑝 = 𝑔(𝑋𝑝, 𝑌𝑝)𝑝

(i.e 𝑔 is a left 𝐺-invariant metric), and isotropy meaning that for some 𝑝 ∈ 𝑀 we have

𝐻 = {𝑔 ∈ 𝐺 : 𝑔.𝑝 = 𝑝}. This allows for an identification𝑀 � 𝐺/𝐻, and we will henceforth

consider homogeneous spaces with this presentation.

Remark 1.1. We will, by a common abuse of notation, drop the point 𝑝 ∈ 𝑀 in the

description of vectors and metrics unless needed for clarity.
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In Riemannian Geometry, a question of interest pertains to the curvature of a given space

(homogeneous or not), 𝑀 . To study curvature, we use the language of tensors as in [Pet16],

which allows us to easily think about changing tensor type as follows:

𝑅(𝑋,𝑌 )𝑍 = ∇𝑋∇𝑌𝑍 − ∇𝑌∇𝑋𝑍 − ∇[𝑋,𝑌 ]𝑍 is the curvature tensor of type (1,3)

𝑅(𝑋,𝑌, 𝑍,𝑊) = 𝑔(𝑅(𝑋,𝑌 )𝑍,𝑊) is the curvature tensor of type (0,4)

From this curvature tensor, we may consider other measurements of curvature such as

Sectional, Ricci, and Scalar. In this paper we will primarily be concerned with Ricci

curvature with the occasional Scalar curvature tensor appearing. Ricci curvature is defined

as follows, where {𝑒𝑖} is an orthonormal basis for our metric 𝑔(., .) in𝑇𝑝𝑀 and 𝑋,𝑌 ∈ 𝑇𝑝𝑀 .

𝑟𝑖𝑐(𝑋,𝑌 ) =
𝑛∑︁
𝑖=1

𝑔(𝑅(𝑋, 𝑒𝑖)𝑒𝑖, 𝑌 ) is the curvature tensor of type (0,2)

𝑅𝑖𝑐(𝑋) =
𝑛∑︁
𝑖=1

𝑅(𝑋, 𝑒𝑖)𝑒𝑖 is the curvature tensor of type (1,1)

𝑟𝑖𝑐(𝑋,𝑌 ) = 𝑔(𝑅𝑖𝑐(𝑋), 𝑌 )

The scalar curvature 𝑆 is defined at a point 𝑝 ∈ 𝑀 as the trace of 𝑅𝑖𝑐 at that point, or

equivalently:

𝑆(𝑝) =
𝑛∑︁
𝑖=1

𝑔(𝑅𝑖𝑐𝑝 (𝑒𝑖), 𝑒𝑖)𝑝 .

On a given homogeneous space 𝐺/𝐻, there is a convenient way to describe the 𝐺-invariant

metrics on the space using Lie algebra data. First, we observe that if we wish to think about

the metric on the space globally, since 𝐺 is a Lie group that acts by isometry on 𝐺/𝐻, it

8



suffices to study the metric and the curvature at a single point.

Indeed, on a general manifold𝑀 , if 𝜙 : 𝑀 → 𝑀 is a diffeomorphism, then 𝑔(𝑑𝜙𝑝𝑋𝑝, 𝑑𝜙𝑝𝑌𝑝)𝜙(𝑝) =

𝜙∗𝑔(𝑋𝑝, 𝑌𝑝)𝑝 where 𝜙∗ is the pull-back of 𝜙 and 𝑑𝜙𝑝 is the derivative of 𝜙 at 𝑝 ∈ 𝑀 . From

this, we get that 𝑟𝑖𝑐𝑔 (𝑑𝜙𝑝 (𝑋𝑝), 𝑑𝜙𝑝 (𝑌𝑝))𝜙(𝑝) = 𝑟𝑖𝑐𝜙∗𝑔 (𝑋𝑝, 𝑌𝑝)𝑝 as well. If we furthermore

assume 𝜙 to be an isometry of 𝑀 , then these equalities become 𝑔(𝑑𝜙𝑝𝑋𝑝, 𝑑𝜙𝑝𝑌𝑝)𝜙(𝑝) =

𝑔(𝑋𝑝, 𝑌𝑝)𝑝 and 𝑟𝑖𝑐𝑔 (𝑑𝜙𝑝 (𝑋𝑝), 𝑑𝜙𝑝 (𝑌𝑝))𝜙(𝑝) = 𝑟𝑖𝑐𝑔 (𝑋𝑝, 𝑌𝑝)𝑝.

Therefore, in our homogeneous setting, since 𝐺 acts by isometry on 𝐺/𝐻, if 𝑋𝑒𝐻 , 𝑌𝑒𝐻 ∈

𝑇𝑒𝐻 (𝐺/𝐻) and 𝑘 ∈ 𝐺, then 𝑔(𝑘.𝑋𝑒𝐻 , 𝑘 .𝑌𝑒𝐻)𝑘𝐻 = 𝑔(𝑋𝑒𝐻 , 𝑌𝑒𝐻)𝑒𝐻 . Thus, 𝑟𝑖𝑐𝑔 (𝑋𝑘𝐻 , 𝑌𝑘𝐻)𝑘𝐻 =

𝑟𝑖𝑐𝑔 (𝑋𝑒𝐻 , 𝑌𝑒𝐻)𝑒𝐻 as well. In the homogeneous setting then, we can allow ourselves to re-

strict our study of Ricci curvature to studying the curvature at a single point. This is where

the Lie algebra data comes in. For greater understanding of this dynamic, we turn our

attention to some of the needed basics of Lie theory and Representation theory.
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1.2. Lie Theory, Representation Theory, and Ricci Curvature

The following information can be found in [Kna02], [Hel01], [Hal15], and [FH91].

Recall that for a Lie group 𝐺, its Lie algebra 𝔤 is naturally identified as the tangent space

to 𝐺 at 𝑒 ∈ 𝐺, and is also often identified as the vector fields invariant under the left group

action on𝐺. We denote a representation (using the notation of Chapter 4 in [Hal15]) (Π, 𝑉)

on 𝐺 by Π : 𝐺 → 𝐺𝐿𝑛 (𝑉) and a representation (𝜋,𝑉) on 𝔤 by 𝜋 : 𝔤 → 𝔤𝔩𝑛 (𝑉), which by

use of the exponential map 𝑒𝑥𝑝 : 𝔤 → 𝐺, we have the following relation:

𝜋(𝑥) = 𝑑

𝑑𝑡
|0Π(𝑒𝑥𝑝(𝑡𝑋)) (1.1)

We call 𝑔(., .) on 𝑉 a Π invariant metric of 𝐺 if for 𝑣, 𝑤 ∈ 𝑉 , 𝑔(Π(𝑘)𝑣,Π(𝑘)𝑤) = 𝑔(𝑣, 𝑤)

for all 𝑘 ∈ 𝐺. Moreover, we call 𝑔(., .) on 𝑉 a 𝜋 invariant metric of 𝔤 if for 𝑣, 𝑤 ∈ 𝑉 ,

𝑔(𝜋(𝑥)𝑣, 𝑤) = −𝑔(𝑣, 𝜋(𝑥)𝑤) for all 𝑥 ∈ 𝔤. It follows from use of (1.1) that if 𝑔(., .) is Π

invariant then 𝑔(., .) is also 𝜋 invariant.

A representation of 𝐺 or 𝔤 on 𝑉 is irreducible if there is no invariant subspace of 𝑉

aside from {0} and𝑉 . That is, in the case of Lie groups (Lie algebras are defined similarly),

if Π : 𝐺 → 𝐺𝐿𝑛 (𝑉), if 𝑊 ⊂ 𝑉 such that Π(𝑘)𝑤 ∈ 𝑊 for all 𝑘 ∈ 𝐺 and 𝑤 ∈ 𝑊 , then

𝑊 = {0} or 𝑉 . We call a representation 𝑉 of 𝐺 (and so also 𝔤) completely reducible if 𝑉

can be decomposed into a sum of irreducible representations like so: 𝑉 =
⊕𝑛

𝑖=1𝑉𝑖. The

following is well-known and can be found in the resources listed above:

Proposition 1.2. If 𝐺 is a compact Lie group with Lie algebra 𝔤, then any representation

(Π, 𝑉) or (𝜋,𝑉) is completely reducible.
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A common representation of interest in Lie theory which will be the primary representation

of interest in the current work is the adjoint representation denoted by 𝐴𝑑 : 𝐺 → 𝐺𝐿 (𝔤)

and 𝑎𝑑 : 𝔤 → 𝔤𝔩(𝔤). 𝐴𝑑 is properly thought of as the derivative of conjugation, and 𝑎𝑑 the

derivative of 𝐴𝑑. However, 𝑎𝑑 is equivalently defined as 𝑎𝑑 (𝑥)𝑦 = [𝑥, 𝑦] where [., .] is the

Lie bracket, and it is through this lens that we will primarily consider 𝑎𝑑. In the current

work, we will primarily consider the representation 𝑎𝑑 : 𝔤 → 𝔤𝔩(𝔤) and restrictions of that

representation as we study homogeneous spaces.

With the above Lie theoretic and Representation theoretic tools at hand, we can now turn

our attention back to the question of metrics and curvature on a homogeneous space, 𝐺/𝐻,

where 𝐻 is a compact subgroup of𝐺 acting as isotropy. If we consider the representation of

𝔥, 𝑎𝑑 |𝔥: 𝔤 → 𝔤, we know by complete reducibility, that we can get a decomposition 𝔤 = 𝔥⊕𝔭

in which 𝔭 is an invariant complement of 𝔥 in 𝔤. Here, 𝔤 = 𝔥 ⊕ 𝔭 is called a reductive

decomposition. There are two helpful examples of how to derive this decomposition.

Example 1.3. 𝔤 = 𝔥 ⊕ 𝔭 where 𝔭 = {𝑥 ∈ 𝔤 : (𝑥, 𝑦) = 0 for all 𝑦 ∈ 𝔥} and (., .) is an 𝐴𝑑𝐻

invariant definite bilinear form on 𝔤.

Example 1.4. 𝔤 = 𝔥 ⊕ 𝔭 where 𝔭 = {𝑥 ∈ 𝔤 : 𝐵(𝑥, 𝑦) = 0 for all 𝑦 ∈ 𝔥} and 𝐵(., .) is the

Killing form for 𝔤 where 𝐺/𝐻 is a homogeneous space in which 𝐺 acts almost effectively

and is semi-simple.

In general, 𝔭 is not necessarily irreducible but is a sum of irreducible representations, but

when 𝔭 is irreducible, we call𝐺/𝐻 an isotropy irreducible homogeneous space. Regardless,

from this decomposition, 𝔤 = 𝔥 ⊕ 𝔭, and the identification of 𝔤 with 𝑇𝑒𝐺, there is a natural
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identification of 𝔭 with 𝑇𝑒𝐻𝐺/𝐻. The identification is defined as follows:

𝑥 ↦→ 𝑋𝑥 =
𝑑

𝑑𝑡
|0𝑒𝑥𝑝(𝑡𝑥).𝑒𝐻

The above map takes 𝑥 ∈ 𝔤 to 𝑋𝑥 ∈ 𝑇𝑒𝐻𝐺/𝐻, and one can observe that if 𝑥 ∈ 𝔥, since

𝐻.𝑒𝐻 = 𝑒𝐻, 𝑋𝑥 = 0.

From this identification, we can get a one-to-one correspondence between the 𝐺-invariant

metrics on 𝐺/𝐻 and the 𝐴𝑑𝐻 invariant metrics on 𝔭. The identification of metrics is done

as follows:

𝑔(𝑋𝑥 , 𝑌𝑦)𝑒𝐻 := (𝑥, 𝑦)𝑒

Here, the identification of 𝐺-invariant metrics on the left with 𝐴𝑑𝐻 invariant metrics on the

right is achievable because the representation formed by the 𝐺 action is equivalent to the

𝐴𝑑𝐻 representation. Therefore, since we can study curvature on 𝐺/𝐻 at a point, and since

we can identify 𝔭 with 𝑇𝑒𝐻𝐺/𝐻, we can study the Ricci tensor in terms of 𝐴𝑑𝐻 invariant

metrics on 𝔭 in 𝔤 = 𝔥 ⊕ 𝔭. Consequently, we can study 𝑎𝑑𝔥 invariant metrics on 𝔭 to

understand the Ricci curvature of𝐺-invariant metrics on𝐺/𝐻. Having this all put together,

a remark on nation is warranted.

Remark 1.5. On a homogeneous space 𝐺/𝐻, 𝑎𝑑𝔥 will be used to denote 𝑎𝑑 |𝔥: 𝔥 → 𝔤𝔩(𝔭)

where 𝔤 = 𝔥 ⊕ 𝔭 is a reductive decomposition. That is, 𝑎𝑑𝔥 will denote the representation

defined by 𝑎𝑑𝔥 (𝑥) (𝑦) = [𝑥, 𝑦] where 𝑥 ∈ 𝔥 and 𝑦 ∈ 𝔭.

When 𝔥 is clear from the context, we will instead use the notation 𝑎𝑑𝑥 (𝑦) = [𝑥, 𝑦] for

specific elements of the Lie algebra.

Restricting ourselves to the case when 𝐺 is unimodular (i.e 𝑡𝑟𝑎𝑐𝑒(𝑎𝑑𝑥) = 0 for 𝑥 ∈ 𝔤),
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we have the following formula for the Ricci curvature (chapter 7 of [Bes87]) where {𝑒𝑖} is

an orthonormal basis for an 𝑎𝑑𝔥 invariant metric (., .) on 𝔭 in 𝔤 = 𝔥 ⊕ 𝔭 and 𝐵(., .) is the

Killing form on 𝔤 defined by 𝐵(𝑥, 𝑦) := 𝑡𝑟 (𝑎𝑑𝑥 ◦ 𝑎𝑑𝑦).

𝑟𝑖𝑐(𝑥, 𝑦) = −1
2

∑︁
𝑖

( [𝑥, 𝑒𝑖]𝔭, [𝑦, 𝑒𝑖]𝔭) −
1
2
𝐵(𝑥, 𝑦) + 1

4

∑︁
𝑖, 𝑗

( [𝑒𝑖, 𝑒 𝑗 ]𝔭, 𝑥) ( [𝑒𝑖, 𝑒 𝑗 ]𝔭, 𝑦) (1.2)
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1.3. Schur’s Lemma and Some Consequences

When working with metrics, inner products, or bilinear forms invariant under some Lie

algebra representation, Schur’s Lemma is an essential tool to many proofs and examples.

Given that this is the case, we have this section dedicated to Schur’s Lemma and many of

the immediate consequences of Schur’s Lemma that get used in Lie theory and Reimannian

geometry. Many of the following results and statements can be found in resources such

as [Hal15], [FH91], [Oni04], and [BtD85]. Some proofs are included for completeness,

especially for results hard to come by in the references just mentioned.

Definition 1.6. Given two representation 𝜌 : 𝔤 → 𝔤𝔩(𝑉) and 𝜏 : 𝔤 → 𝔤𝔩(𝑊), we say that

𝜙 : 𝑉 → 𝑊 is an intertwining map if 𝜙 ◦ 𝜌(𝑥) = 𝜏(𝑥) ◦ 𝜙 for all 𝑥 ∈ 𝔤. If 𝑉 = 𝑊 , then we

use the term equivariant map.

Definition 1.7. We say that 𝜌 : 𝔤 → 𝔤𝔩(𝑉) and 𝜏 : 𝔤 → 𝔤𝔩(𝑊) are isomorphic repre-

sentations of 𝔤 if there is an intertwining map, 𝜙 : 𝑉 → 𝑊 , for 𝜌 and 𝜏 such that 𝜙 is an

isomorphism of vector spaces.

Schur’s Lemma Let 𝜌 : 𝔤 → 𝔤𝔩(𝑉) and 𝜏 : 𝔤 → 𝔤𝔩(𝑊) be representations of 𝔤 such that

𝑉 and 𝑊 are both either real or complex. If 𝑉 is irreducible then any intertwining map

𝜙 : 𝑉 → 𝑊 is either an isomorphism or 0. Moreover, if 𝜓 : 𝑉 → 𝑉 is an equivariant map

and 𝑉 is complex then 𝜙 = _𝐼𝑑𝑉 or is 0 (_ ∈ C), and if 𝑉 is real and 𝜓 is self-adjoint then

𝜓 = _𝐼𝑑𝑉 (_ ∈ R).

An immediate consequence of Schur’s Lemma as stated above on irreducible represen-

tations is that if 𝑉 and 𝑊 are any completely reducible representations (see Section 1.2),

then the existence of a non-trivial intetwining map 𝜙 : 𝑉 → 𝑊 implies that there is some

𝑉0 ⊂ 𝑉 and𝑊0 ⊂ 𝑊 such that 𝑉0 ' 𝑊0 as representations.
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The following two lemmas are well-known, and a proof for each is included for com-

pleteness.

Lemma 1.8. If 〈., .〉 and (., .) are two inner products invariant under the representation

𝜌 : 𝔤 → 𝔤𝔩(𝑉) (where 𝔤 is the Lie algebra of a compact Lie group), then there is a symmetric

(with respect to 〈., .〉) positive definite 𝐿 : 𝑉 → 𝑉 such that 𝐿 is an intertwinining map for

𝜌 and (𝑣, 𝑤) = 〈𝐿𝑣, 𝑤〉 for all 𝑣, 𝑤 ∈ 𝑉 .

Proof: By properties of inner products on vector spaces, we have that (𝑣, 𝑤) = 〈𝐿𝑣, 𝑤〉

for all 𝑣, 𝑤 ∈ 𝑉 where 𝐿 is symmetric with respect to 〈., .〉 and 𝐿 is positive definite. What

must be shown is that 𝐿 is an equivariant map for 𝜌.

(𝜌(𝑥) (𝑣), 𝑤) = 〈𝐿 (𝜌(𝑥) (𝑣)), 𝑤〉

= 〈𝜌(𝑥) (𝑣), 𝐿(𝑤)〉

= −〈𝑣, 𝜌(𝑥) (𝐿 (𝑤))〉

= −(𝐿−1(𝜌(𝑥) (𝐿 (𝑤))), 𝑣)

Therefore, by 𝜌 invariance of (., .) used on the left hand side above,

−(𝑣, 𝜌(𝑥) (𝑤)) = −(𝐿−1(𝜌(𝑥) (𝐿 (𝑤))), 𝑣).

Thus, we have that 𝜌(𝑥) (𝑤) = 𝐿−1(𝜌(𝑥) (𝐿 (𝑤))), so 𝐿 (𝜌(𝑥) (𝑤)) = 𝜌(𝑥) (𝐿 (𝑤)), making

𝐿 a 𝜌 equivariant map. �

Lemma 1.9. If 𝜌 : 𝔤 → 𝔤𝔩(𝔭⊕𝔮) is a representation for 𝔤 where𝐺 is a compact Lie group,

then if there is no irreducible representation in 𝔭 isomorphic to an irreducible representation

in 𝔮 then all 𝜌- invariant inner products on 𝔭 ⊕ 𝔮 are such that 𝔭 and 𝔮 are orthogonal.
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Proof: Assume to the contrary and there is such a inner product (., .) where (𝑥, 𝑦) ≠ 0 for

some 𝑥 ∈ 𝔭 and 𝑦 ∈ 𝔮. Well, since 𝔭, 𝔮 are invariant representations, there is a 𝜌-invariant

inner product 〈., .〉 on 𝔭 ⊕ 𝔮 such that 〈𝑣, 𝑤〉 = 0 for all 𝑣 ∈ 𝔭 and 𝑤 ∈ 𝔮. Moreover, there

is a 𝜌 equivariant positive definite 𝐿 : 𝔭 ⊕ 𝔮 → 𝔭 ⊕ 𝔮 such that (𝑥, 𝑦) = 〈𝐿𝑥, 𝑦〉. Let 𝑥 ∈ 𝔭

and 𝑦 ∈ 𝔮. If 〈𝐿𝑥, 𝑦〉 ≠ 0 then 𝐿𝑥 projects onto 𝔮 from 𝔭 ⊕ 𝔮 non-trivially. However,

proj : 𝔭 ⊕ 𝔮 → 𝔮 is a 𝜌 intertwining map. Indeed, for all 𝑣 ∈ 𝔭 and 𝑤 ∈ 𝔮,

proj(𝜌(𝑥) (𝑣 + 𝑤)) = proj((𝜌(𝑥) (𝑣 + 𝑤))𝔭 + (𝜌(𝑥) (𝑣 + 𝑤))𝔮)

= (𝜌(𝑥) (𝑣 + 𝑤))𝔮

= (𝜌(𝑥)𝑤)𝔮

= 𝜌(𝑥)𝑤

= 𝜌(𝑥) (proj(𝑣 + 𝑤)).

Thus, we have a non-trivial intertwining map 𝜙 = proj ◦𝐿 |𝔭 : 𝔭 → 𝔮, a contradiction to the

assumption that 𝔭 and 𝔮 share no equivalent irreducible subrepresentations. �

An important consequence of Schur’s Lemma as found in resources such as [Bes87] and

[Hel01] is that if 𝐺/𝐻 is an isotropy irreducible space (or more specificially, an irre-

ducible symmetric space), then 𝑟𝑖𝑐(𝑥, 𝑦) = _(𝑥, 𝑦) for any 𝑎𝑑𝔥 inner product, (., .), on 𝔭 in

𝔤 = 𝔥 ⊕ 𝔭. This follows from our statement regarding inner products being described by

(𝑣, 𝑤) = 〈𝐿𝑣, 𝑤〉 having an analagous statement being true for arbitrary 𝜌 invariant bilinear

forms (allowing for 𝐿 to not necessarily be positive definite or invertible in general).
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1.4. Semi-Simple Lie Groups and Lie Algebras

The theory of semi-simple Lie groups and Lie algebras is well known, well-studied, and

the semi-simple Lie algebras are all classified. Moreover, semi-simple Lie groups are well-

known to be unimodular (Corollary 8.31 of Section 3 of Chapter VIII in [Kna02]). Since

we will be focused on spaces 𝐺/𝐻 where 𝔤 is semi-simple, we spend some time reminding

the reader of some important results for semi-simple Lie algebras and Lie groups. The

following information can be found in [Hel01], [Kna02], and some in [Oni04].

If 𝔤 is a semi-simple Lie algebra then 𝔤 = 𝔤1 ⊕ ... ⊕ 𝔤𝑛 where each 𝔤𝑖 is a simple Lie

algebra that is an ideal of 𝔤. A simple Lie algebra is a non-abelian Lie algebra in which

there are no non-trivial ideals (this definition provides an important consequence of being

semi-simple, namely, [𝔤, 𝔤] = 𝔤). Recalling that 𝔤 is a vector space with a Lie bracket, we

are reminded that the vector space for 𝔤 can be R or C, called a real or complex Lie algebra,

respectively. For each real semi-simple Lie algebra, 𝔤, there is a complex semi-simple Lie

algebra 𝔤C = 𝔤 ⊗ C = 𝔤 ⊕ 𝑖𝔤.

For each complex semi-simple Lie algebra, there are two different ways to obtain an

associated real Lie algebra: finding a real form or by realification. It is well known that

every complex semi-simple Lie algebra has a real semi-simple Lie algebra associated to it

called the real form, meaning, if 𝔤 is a complex semi-simple Lie algebra, the real form 𝔤0 is

one such that 𝔤 = 𝔤0 ⊕ 𝑖𝔤0. On the other hand, a if 𝔤 is a complex semi-simple Lie algebra

the realification of 𝔤 is done by by restricting the scalars of 𝔤. Using that any complex

semi-simple Lie algebra 𝔤 is such that 𝔤 = 𝔤0 ⊕ 𝑖𝔤0 for a real form 𝔤0, we may consider the

realification of 𝔤, 𝔤R = 𝔤0 ⊕ 𝑖𝔤0 with restricted scalars.
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Types of Real Simple Lie Algebras

Using the relationship between complex simple Lie algebras and real simple Lie algebras,

there are two disctinct types of real simple Lie algebras 𝔤:

Type 1 𝔤C is simple (i.e 𝔤 is a real form of a complex simple Lie algebra)

Type 2 𝔤C is semi-simple (i.e 𝔤 is a realification of a complex simple Lie algebra)

These two different types of real simple Lie algebras will prove to be helpful as we turn

to understanding decompositions of semi-simple Lie algebras and (in the coming sections)

symmetric spaces.

Cartan Decompositions The context this work is most dedicated to is that of homoge-

neous spaces 𝐺/𝐻 in which 𝐺 is a noncompact real semi-simple Lie group. Noncompact

semi-simple Lie groups and algebras have a nice structure theory that is well-studied. A

principle structure of interest in this paper is the Cartan decomposition which we describe

in detail below.

If 𝐺 is a noncompact semi-simple Lie group (𝐺 is noncompact and 𝔤 is semi-simple)

then there is an involution \ : 𝔤 → 𝔤 such that 𝐵\ (𝑥, 𝑦) = −𝐵(𝑥, \ (𝑦)) is positive-definite.

Such an involution is called a Cartan involution. Corresponding to the Cartan involution is

the Cartan decomposition 𝔤 = 𝔨 ⊕ 𝔭 which \ (𝑥) = 𝑥 for 𝑥 ∈ 𝔨, \ (𝑥) = −𝑥 for 𝑥 ∈ 𝔭. This

decomposition has the following properties:

𝐵(𝑥, 𝑥) < 0 for all 𝑥 ∈ 𝔨

𝐵(𝑥, 𝑥) > 0 for all 𝑥 ∈ 𝔭

𝐵(𝔨, 𝔭) = 0 (1.3)

[𝔨, 𝔭] ⊂ 𝔭
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[𝔭, 𝔭] ⊂ 𝔨.

For a given Cartan decomposition 𝔤 = 𝔨 ⊕ 𝔭, 𝐾 is the maximal compact of 𝐺 (unique up to

conjugation) and𝐺/𝐾 is a noncompact symmetric space. In the case in which 𝔤 is simple, 𝔭

is an irreducible 𝑎𝑑𝔨 representation,𝐺/𝐾 is (up to isometry) an irreducible symmetric space,

and [𝔭, 𝔭] = 𝔨. Irreducible symmetric spaces are classified, a list of which can be found in

Chapter X of [Hel01] and Chapter 7 of [Bes87]. Any symmetric space that is not irreducible

can be decomposed into a Riemannian product (i.e (𝑀, 𝑔) = (𝑀1 × ... × 𝑀𝑛, 𝑔1 + ... + 𝑔𝑛))

of irreducible symmetric spaces called a DeRham irreducible decomposition.

Compact Real Forms

Among the simple real forms, there are compact real forms and noncompact real forms.

There are three important and well known facts regarding compact real forms that we will

need later.

1. There is a one to one relationship between compact simple Lie algebras and complex

simple Lie algebras

2. 𝐵(𝑥, 𝑥) < 0 for 𝑥 ∈ 𝔤0 where 𝔤0 is a compact real form and 𝐵(., .) is the Killing form

on 𝔤0. In general, 𝐵(𝑥, 𝑥) < 0 is equivalent to being compact semi-simple.

3. If 𝔤 is complex simple and 𝔤R = 𝔤0 ⊕ 𝑖𝔤0 where 𝔤0 is the compact real form, then

𝔤R = 𝔤0 ⊕ 𝑖𝔤0 is the Cartan decomposition of 𝔤R with Cartan involution given by

complex conjugation with restricted scalars.

The Killing Form

The following Lemma is useful, and can be found in Lemma 6.1 of Chapter III in [Hel01].
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Lemma 1.10. Let 𝐵0(𝑥, 𝑦) be the Killing form for 𝔤0, a simple Lie algebra of Type 1

above, and let 𝐵(𝑥, 𝑦) be the Killing form of 𝔤, the complexification of 𝔤0, and let 𝐵R(𝑥, 𝑦)

be the Killing form of 𝔤R, the realification of 𝔤.

1. 𝐵0(𝑥, 𝑦) = 𝐵(𝑥, 𝑦) for all 𝑥, 𝑦 ∈ 𝔤0

2. 𝐵R(𝑥, 𝑦) = 2𝑅𝑒(𝐵(𝑥, 𝑦)) for all 𝑥, 𝑦 ∈ 𝔤R
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1.5. Dual Symmetric Spaces

Coming from the relationship between complex semi-simple Lie algebras and real semi-

simple Lie algebras, we get a relationship between compact and noncompact irreducible

symmetric spaces. The content here can be found in Chapter V Section 2 and Chapter VIII

Section 5 of [Hel01], with a list of noncompact symmetric spaces with their duals listed in

Chapter X. For a more detailed explanation, we recommend this resource. Here, we start

with a description of the two dual types of irreducible symmetric spaces, then we provide

two examples, and then become more precise.

Proposition 1.11. If 𝐺/𝐾 is a noncompact irreducible symmetric space then 𝔤 = 𝔨 ⊕ 𝔭

is the Cartan decomposition of a simple Lie algebra 𝔤. If 𝔤C is simple then 𝔨 in 𝔤 can be

simple, semi-simple, or reductive with dimension 1 center, and all such cases do arise. If 𝔤

is the realification of a complex simple then we have Cartan decomposition 𝔤 = 𝔨 ⊕ 𝑖𝔨 where

𝔨 is a compact simple. Conversely, all such 𝔤 = 𝔨 ⊕ 𝔭 are noncompact irreducible spaces.

Proposition 1.12. If 𝐺/𝐾 is a compact irreducible symmetric space then 𝔤 is either

simple or 𝔤 = 𝔨 ⊕ 𝔨 where 𝔨 is compact simple. If 𝔤 = 𝔨 ⊕ 𝔭 is simple then 𝔨 can be

simple, semi-simple, or reductive with dimension 1 center, and all such cases do arise. If

𝔤 = 𝔨 ⊕ 𝔨 then the reductive decomposition is 𝔤 = Δ(𝔨) ⊕ 𝔭 where Δ(𝔨) = {𝑥 + 𝑥 : 𝑥 ∈ 𝔨} and

𝔭 = {𝑥−𝑥 : 𝑥 ∈ 𝔨}. Conversely, all such 𝔤 = 𝔨⊕𝔭 are compact irreducible symmetric spaces.

Remark 1.13. For 𝐺/𝐾 , a symmetric space of noncompact or compact type, our de-

composition 𝔤 = 𝔨 ⊕ 𝔭 where 𝐵(𝔨, 𝔭) = 0 has [𝔭, 𝔭] ⊂ 𝔨 (See Section 1 of Chapter V in

[Hel01]).
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Example 1.14. 𝑆𝐿 (𝑛,R)/𝑆𝑂 (𝑛) is a noncompact symmetric space. The Cartan decompo-

sition 𝔤 = 𝔰𝔩(𝑛,R) = 𝔰𝔬(𝑛) ⊕𝔭 where 𝔭 is the real vector spaces formed by 𝑛×𝑛 symmetric

traceless matrices (which we will later denote by 𝑠𝑦𝑚𝑚(𝑛)). 𝔰𝔩(𝑛,R)C = 𝔰𝔩(𝑛,C) =

𝔰𝔩(𝑛,R) ⊕ 𝑖𝔰𝔩(𝑛,R), and by the Cartan decomposition 𝔰𝔩(𝑛,C) = 𝔰𝔬(𝑛) ⊕ 𝔭 ⊕ 𝑖𝔰𝔬(𝑛) ⊕ 𝑖𝔭.

Since by the Cartan properties (1.3) [𝔭, 𝔭] ⊂ 𝔨, implying [𝑖𝔭, 𝑖𝔭] ⊂ 𝔨 as well. Thus,

𝔰𝔬(𝑛) ⊕ 𝑖𝔭 is a subset of 𝔰𝔩(𝑛,C) closed under the bracket. Moreover, letting 𝔤∗ = 𝔰𝔬(𝑛) ⊕ 𝑖𝔭

with restricted scalars, one can see that 𝔰𝔩(𝑛,C) = 𝔤∗ ⊕ 𝑖𝔤∗, and by Lemma 1.3 𝐵(𝑥, 𝑥) < 0

for 𝑥 ∈ 𝔤∗. Therefore, 𝔤∗ is a compact real form of 𝔰𝔩(𝑛,C), and one can check that

𝔤∗ = 𝔰𝔲(𝑛). From this, then, we get a compact symmetric space 𝑆𝑈 (𝑛)/𝑆𝑂 (𝑛) that is dual

to 𝑆𝐿 (𝑛,R)/𝑆𝑂 (𝑛).

Example 1.15. 𝑆𝐿 (𝑛,C)R/𝑆𝑈 (𝑛) is a noncompact irreducible symmetric space. The

Cartan decomposition is 𝔤 = 𝔰𝔩(𝑛,C)R = 𝔰𝔲(𝑛) ⊕ 𝑖𝔰𝔲(𝑛). Note that in this case we have

𝔤C = 𝔰𝔲(𝑛)⊕𝑖𝔰𝔲(𝑛)⊕𝑖𝔰𝔲(𝑛)⊕𝔰𝔲(𝑛) which is semi-simple and we can let 𝔤∗ = 𝔰𝔲(𝑛)⊕𝔰𝔲(𝑛)

which corresponds to the compact irreducible symmetric space 𝑆𝑈 (𝑛)𝑆𝑈 (𝑛)/Δ(𝑆𝑈 (𝑛))

which is the compact dual to 𝑆𝐿 (𝑛,C)R/𝑆𝑈 (𝑛). At the Lie algebra level, we have 𝔰𝔲(𝑛) ⊕

𝔰𝔲(𝑛) = Δ(𝔰𝔲(𝑛)) ⊕ {𝑥 − 𝑥 : 𝑥 ∈ 𝔰𝔲(𝑛)}, and we can observe that 𝔰𝔲(𝑛) ' Δ(𝔰𝔲(𝑛)).

Now let us be more precise. If 𝔤 = 𝔨 ⊕ 𝔭 is a reductive decomposition (not necessar-

ily noncompact) for an irreducible symmetric space then we consider 𝔤∗ = 𝔨 ⊕ 𝑖𝔭 in

𝔤C = 𝔨 ⊕ 𝔭 ⊕ 𝑖𝔨 ⊕ 𝑖𝔭 with restricted scalars, and we have 𝐺∗/𝐾 as the dual symmetric space

to 𝐺/𝐾 . Using Lemma 1.3, we can see that if 𝐵𝔤 (𝑥, 𝑥) < 0 for all 𝑥 ∈ 𝔤 then 𝐵𝔤∗ (𝑥, 𝑥) > 0

for 𝑥 ∈ 𝑖𝔭. The converse is true since 𝐵(𝑥, 𝑥) < 0 for 𝑥 ∈ 𝔨 (see(1.3)). Therefore, if 𝔤

is compact simple then 𝔤∗ is noncompact simple. Conversely, if 𝔤 is noncompact simple

then 𝔤∗ is compact simple. In the present work, we will be interested obtaining a dual

of an irreducible symmetric space. We here describe how to find the dual, considering

the two different types of real simple Lie algebras and the different situations arising from

22



each. In the second setting below, there is an identification that occurs allowing this simpler

presentation. For more on this, we direct the reader’s attention to Proposition 2.3 in Chapter

V of [Hel01].

In the following 𝔤 is noncompact and 𝔤∗ is compact and we give the reductive decom-

positions for the symmetric spaces.

1. 𝔤C is simple:

𝔤 = 𝔨 ⊕ 𝔭 ↔ 𝔤∗ = 𝔨 ⊕ 𝑖𝔭 and both are simple

2. 𝔤C is semi-simple:

𝔤 = 𝔨 ⊕ 𝑖𝔨 ↔ 𝔤∗ = Δ(𝔨) ⊕ {𝑥 − 𝑥 : 𝑥 ∈ 𝔨}

and 𝔤 is simple while 𝔤∗ = 𝔨 ⊕ 𝔨 is not since 𝔨 is simple

The process of finding the dual at the level of irreducible symmetric spaces can be extended

to the broader symmetric space setting simply by dualizing each factor like so:

If 𝔤 = 𝔤1 ⊕ ... ⊕ 𝔤𝑛 with 𝔨 = 𝔨1 ⊕ ... ⊕ 𝔨𝑛 as the maximal compact, then the dual 𝔤∗ will be

formed by the direct sum of the duals (𝔤∗
𝑖
, 𝔨𝑖) coming from (𝔤𝑖, 𝔨𝑖).
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1.6. Representations of Real, Complex, and Quaternionic Types

The following information is well-known by many and can be found in [FH91], [BtD85], or

[Oni04], unless stated otherwise. Since we will be frequently interested in knowing about

all the types of intertwining or equivariant maps to say things about the Ricci curvature or

the types of metrics that appear, this section will prove to be essential for us.

Following the terminology in [BtD85], if 𝑉 is a complex irreducible representation of

a compact Lie group 𝐻 (or the representation of the associated Lie algebra, 𝔥), then 𝑉 is

precisely one of the following types:

1. real type if there is a conjugate linear equivariant map 𝐽 : 𝑉 → 𝑉 such that 𝐽2 = 𝐼𝑑

2. quaternionic type if there is a conjugate linear equivariant map 𝐽 : 𝑉 → 𝑉 such that

𝐽2 = −𝐼𝑑

3. complex type if 𝑉 ; 𝑉 .

Taking a real irreducible representation𝑉 , we say that𝑉 is of real, complex, or quaternionic

type by considering the complexification 𝑉C and if it is real, complex, or quaternionic

type. Moreover, (see Thoerem 6.7 of [BtD85]) the space of equivariant maps for the rep-

resentation of 𝔥, 𝐻𝑜𝑚𝔥 (𝑉,𝑉), is isomorphic to R, C, or H depending on if 𝑉 is of real,

complex, or quaternionic type respectively. Consequently, an irreducible real reprsentation

𝑉 of 𝔥 where 𝐻 is compact must have even dimension if 𝑉 is complex type and must have

dimension equal to a multiple of 4 if quaternionic type. The significance of these types for

our purposes manifests in our study of 𝔭, an 𝑎𝑑𝔥 representation coming from the reductive

decomposition 𝔤 = 𝔥 ⊕ 𝔭. In this setting 𝔭 is a real irreducible representation of 𝔥, where

𝐻 is a compact Lie group.
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It turns out (see Chapter 2 of [Wol84]) that for an irreducible symmetric space 𝐺/𝐾 ,

there are different types depending on the isotropy action of 𝑎𝑑𝔨 on 𝔭 in 𝔤 = 𝔨 ⊕ 𝔭.

1. 𝐺/𝐾 is a Hermitian irreducible symmetric space if 𝔭 is of complex type (see Chapter

X of [Hel01] and the Appendices of [Kna02] for a list of such spaces)

2. 𝐺/𝐾 is a quaternionic irrecucible symmetric space if 𝔭 is of quaternionic type (see

Table 1 in [Wol65] and the Appendices of [Kna02] for a list of such spaces)

Remark 1.16. The importance of these types of representations becomes apparent in

Chapter 2 when we consider intertwining maps in Condition i. and ii. in 2.1 for being our

so-called Cartan orthogonal pairs, as well as examples where these conditions are used such

as in Section 2.2. However, there is another important implication regarding these types of

representations in the effect they have upon the metrics (or, in the Lie algebra seeting, inner

products) than occur on a space 𝐺/𝐻 in which 𝔭 in 𝔤 = 𝔥 ⊕ 𝔭 has equivalent irreducible

representations occuring within. That is, when our 𝔭 with decomposition into irreducibles

given by 𝔭 = 𝔭1 ⊕ ...𝔭𝑛 some 𝔭𝑖 and 𝔭 𝑗 are equivalent. When an equivalence occurs, if one

wants to understand all inner products (., .) in terms of a fixed metric 〈., .〉, then one must

take the type of representation into consideration. Indeed, given (., .) and 〈., .〉, we can

understand (𝑥, 𝑦) = 〈Φ𝑥, 𝑦〉 where Φ : 𝔭 → 𝔭 is a positive definite equivariant map. Any

suchΦ has a square root 𝜙 (i.e., 𝜙2 = Φ), so (𝑥, 𝑦) = 〈𝜙𝑥, 𝜙𝑦〉 is an equivalent understanding

of (., .). Moreover, 𝜙 is equivariant. Now, 𝜙 : 𝔭 → 𝔭 may be restricted to 𝔭𝑖, call it 𝜙𝑖,

and by Schur’s Lemma 𝜙𝑖 : 𝔭𝑖 → 𝔭 will have 0 image one any irreducible component of 𝔭

that is not equivalent ot 𝔭 𝑗 . However, for a 𝔭 𝑗 ' 𝔭𝑖, an arbitrary proj𝔭 𝑗
◦𝜙𝑖 : 𝔭𝑖 → 𝔭 𝑗 , will

belong to either 𝐺𝐿 (𝑛,R), 𝐺𝐿 (𝑛,C), or 𝐺𝐿 (𝑛,H), depending on if 𝔭𝑖 is of real, complex,

or quaternionic type, respectively. Therefore, the type of irreducible representations directly

impacts the number of parameters the inner product is dependent upon. This fact will soon

prove to be quite important.
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1.7. Orthogonal Irreducible Decompositions

Let 𝔤 = 𝔨 ⊕ 𝔭′ be a Cartan decomposition of a noncompact semi-simple Lie algebra. We

may consider 𝔥 ⊂ 𝔨, a compact subalgebra and the noncompact homogeneous space 𝐺/𝐻

with reductive decomposition 𝔤 = 𝔥 ⊕ 𝔭 = 𝔥 ⊕ 𝔭′′ ⊕ 𝔭′ where 𝔥 ⊕ 𝔭′′ = 𝔨. Fixing an

𝑎𝑑𝔥 invariant inner product (., .), we may consider an orthogonal decomposition which is

unique up to isomorphism. We have the following as a consequence of the Spectral theorem

for real linear maps. We include a proof here for completion as we were unable to find a

reference with this worked out.

Definition 1.17. We say that two bilinear forms 𝑇 (., .) and 𝐿 (., .) are simultaneously

diagonalized on a vector space V if for some basis {𝑒𝑖} of 𝑉 , 𝑇 (𝑒𝑖, 𝑒 𝑗 ) = 𝐿 (𝑒𝑖, 𝑒 𝑗 ) = 0.

Lemma 1.18. For 𝔤 = 𝔥 ⊕ 𝔭 and (., .) as described above, (., .) may be simultaneously

diagonalized with the Killing form 𝐵(., .) on 𝔭.

Proof: By the 𝑎𝑑𝔥 invariance of 𝐵(., .) and by 𝐵(., .) being definite (since 𝔤 is semi-simple),

we know that there is an isomorphism Φ : 𝔭 → 𝔭 such that (𝑥, 𝑦) = 𝐵(Φ𝑥, 𝑦) where

Φ is 𝑎𝑑𝔥 invariant and self-adjoint with respect to 𝐵(., .). Using the self-adjointness

of Φ and the Spectral theorem for real linear maps, let {𝑒𝑘 } be a 𝐵(., .) orthonor-

mal basis of Φ eigenvectors on 𝔭. This provides us with an irreducible decomposition

𝔭 = 𝔭1 ⊕ ...𝔭𝑛 since if 𝔭𝑖 = 𝑆𝑝𝑎𝑛{𝑒𝑖 : Φ(𝑒𝑖) = _𝑖𝑒𝑖}, then by Φ being an equivariant

map we have that 𝔭𝑖 is an invariant subspace of 𝔭. Now, let {𝑒𝛼
𝑖
} being an orthonor-

mal basis for 𝔭𝑖 of eigenvectors associated with the eigenvalue _𝑖. We can then see that

(𝑒𝛼
𝑖
, 𝑒
𝛽

𝑗
) = 𝐵(Φ(𝑒𝛼

𝑖
), 𝑒𝛽

𝑗
) = 𝐵(_𝑖𝑒𝛼𝑖 , 𝑒

𝛽

𝑗
) = 0. Thus, (𝔭𝑖, 𝔭 𝑗 ) = 𝐵(𝔭𝑖, 𝔭 𝑗 ) = 0. Schur’s

Lemma gives us that on an irreducible representation 𝔭𝑖, (., .) = _𝑖𝐵(., .), which proves the

result. �
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Note that if there are no equivalent representations, our decomposition of 𝔭 = 𝔭1 ⊕ ... ⊕ 𝔭𝑛

into 𝑎𝑑𝔥 irreducible representations is unique up to scaling as a consequence of Schur’s

Lemma. However, if there are equivalent representations, then the given decomposition is

dependent upon the choice of the inner product (but still isomorphic) as our choice of basis

was depended upon Φ.

In the current work, we will be interested in studying those 𝑎𝑑𝔥 invariant inner products for

which (𝔭′′, 𝔭′) = 0. This is automatically the case if there are no 𝔭𝑖 ⊂ 𝔭′′ isomorphic to any

𝔭 𝑗 ⊂ 𝔭′ by Schur’s Lemma as we showed in a more general setting in Lemma 1.9. However,

it may be the case that there is a 𝔭𝑖 ⊂ 𝔭′′ isomorphic to some 𝔭 𝑗 ⊂ 𝔭′. In this case, we will

not necessarily have (𝔭′′, 𝔭′) = 0 for the same decomposition 𝔤 = 𝔥 ⊕ 𝔭′′ ⊕ 𝔭′, but we are

not without hope of a similar orthogonality. Indeed, since the maximal compact 𝐾 in 𝐺

is unique up to conjugacy, there still may exist a decomposition 𝔤 = 𝔥 ⊕ 𝔮′′ ⊕ 𝔮′ in which

(𝔮′′, 𝔮′) = 0, providing us still with an irreducible decomposition in which the compact

and noncompact piece of the isotropy are orthogonal. To sum this up succinctly, it may be

the case that even if 𝔭′′ and 𝔭′ have isomorphic irreducible representations, there is some

other (isomorphic) Cartan decomposition 𝔤 = 𝔨 ⊕ 𝔮′ in which (𝔮′′, 𝔮′) = 0. In [Nik00],

this situation was investigated and a nice formula for 𝑟𝑖𝑐(., .) was determined for a metric

in which the compact and noncompact piece of the isotropy are orthogonal. See (1.4) below.

Consider 𝔤 = 𝔥 ⊕ 𝔭′′ ⊕ 𝔭′ to be decomposed into irreducible 𝑎𝑑𝔥 representations 𝔭′ =

𝔭1 ⊕ ... ⊕ 𝔭𝑢 and 𝔭′′ = 𝔭𝑢+1 ⊕ ... ⊕ 𝔭𝑣 where (., .) and 〈., .〉 = 𝐵(., .)𝔭′ − 𝐵(., .)𝔭′′ are

simultaneously diagonalized on 𝔭 = 𝔭′ ⊕ 𝔭′′. Let the ordering 𝔭1, ..., 𝔭𝑛 be given by

𝑥1 ≤ ... ≤ 𝑥𝑢 where (., .)𝔭𝑖 = 𝑥𝑖 〈., .〉𝔭𝑖 . Similarly, order the 𝔭𝑛+1, ..., 𝔭𝑣 and define 𝑟𝑖 to be

𝑟𝑖𝑐(., .)𝔭𝑖 = 𝑟𝑖 (., .)𝔭𝑖 . Let 𝑏𝑖 be 1 when 𝔭𝑖 ⊂ 𝔭′′ and -1 when 𝔭𝑖 ⊂ 𝔭′, let 𝑑𝑖 be the dimension

of 𝔭𝑖, and let {𝑒𝛼
𝑖
} be an orthonormal basis of 𝔭𝑖 with respect to 〈., .〉. By Lemma 2 in
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[Nik00] we have the following:

𝑟𝑖 =
𝑏𝑖

2𝑥𝑖
+ 1

4𝑑𝑖

∑︁
1≤ 𝑗 ,𝑘≤𝑣

(
∑︁
𝛼,𝛽,𝛾

〈[𝑒𝛼𝑖 , 𝑒
𝛽

𝑗
], 𝑒𝛾

𝑘
〉2) ( 𝑥𝑖

𝑥 𝑗𝑥𝑘
− 𝑥𝑘

𝑥𝑖𝑥 𝑗
−

𝑥 𝑗

𝑥𝑖𝑥𝑘
). (1.4)

It is important to observe that the 𝑟𝑖 describe the values of the (1, 1) tensor. Indeed, the

(0, 2) tensor is scale invariant, meaning 𝑟𝑖𝑐_𝑔 (𝑥, 𝑦) = 𝑟𝑖𝑐𝑔 (𝑥, 𝑦), while the (1, 1) tensor is

not with 𝑅𝑖𝑐_𝑔 (𝑥) = 1
_
𝑅𝑖𝑐𝑔 (𝑥). The above formula is not scale invariant as can be shown

by observing that 𝑟𝑖 for the inner product described by (_𝑥1, ..., _𝑥𝑛) is 1
_
𝑟′
𝑖

where 𝑟′
𝑖

is

corresponds to the inner product given by (𝑥1, ..., 𝑥𝑛).

The provision of such a formula for the diagonal entries of 𝑟𝑖𝑐(., .) becomes immensely

helpful as we begin to investigate the Ricci curvature of various spaces 𝐺/𝐻 in which 𝔤 is

noncompact semi-simple. We could, of course, utilize this formula to describe the Ricci

curvature under the constraint that there are no isomorphic isotropy irreducible summands,

since then 𝑟𝑖𝑐(𝔭𝑖, 𝔭 𝑗 ) = 0 by Schur’s Lemma and we have (𝔭′′, 𝔭′) = 0. Or, we could de-

scribe the diagonal of the Ricci curvature tensor in all𝐺/𝐻 with 𝔤 noncompact semi-simple

spaces, but restrict our metrics to those for which (𝔭′′, 𝔭′) = 0. Another option, though, is

to investigate the question of which spaces can we always apply this formula regardless of

the metric chosen? It is in the pursuit of this question that we build the following definition

which will be used in Chapter 2.

Recall that for 𝔤, a noncompact semi-simple Lie algebra, and 𝔥 corresponding to a compact

subgroup 𝐻 ⊂ 𝐺, we have 𝔥 ⊂ 𝔨 where 𝔨 is our maximal compact in 𝔤. Moreover, with

a choice (unique up to conjugation) of 𝔨, we have an associated Cartan decomposition

𝔤 = 𝔨 ⊕ 𝔭′. Now, recall that for some 𝑎𝑑𝔥 invariant 𝔭 in 𝔤, we have a decomposition

𝔤 = 𝔥⊕ 𝔭 that we call a reductive decomposition. Due to the frequency of use of the follow-
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ing decomposition in the current work and the relation between the Cartan and reductive

decompositions therein, we supply the following definition to simplify matters.

Definition 1.19. With the above setup, we refer to 𝔤 = 𝔥 ⊕ 𝔭′′ ⊕ 𝔭′ as a reductive Cartan

Decomposition for the pair (𝔤, 𝔥) when 𝔨 = 𝔥 ⊕ 𝔭′′ with 𝐵(𝔥, 𝔭′′) = 𝐵(𝔭′′, 𝔭′) = 0 and

𝔭 = 𝔭′′ ⊕ 𝔭′.

As for the existence of such a decomposition, we can be assured that there exists such a

decomposition for any 𝔥 ⊂ 𝔨 where 𝔨 is the (unique up to conjugation) maximal compact of a

noncompact semi-simple 𝔤. Indeed, if 𝔤 is semi-simple then we may choose a Cartan decom-

position 𝔤 = 𝔨⊕𝔭′ which provides that 𝐵(𝔨, 𝔭′) = 0 (See the Cartan decomposition properties

in 1.3). Moreover, since 𝔥 ⊂ 𝔨, we can get a 𝔭′′ = {𝑥 ∈ 𝔨 : 𝐵(𝑥, 𝑦) = 0 for all 𝑦 ∈ 𝔥} using

that 𝐵(., .) is non-dgenerate by 𝔤 being semi-simple. Thus, we have a reductive Cartan

decomposition for (𝔤, 𝔥). It is worth noting that our reductive Cartan decomposition is

dependent upon a choice of Cartan decomposition.

A principle reason of interest for such a decomposition is because it plays an integral

role in our development and understanding of the following kinds of pairs (𝔤, 𝔥) in which 𝔤

is noncompact semi-simple and 𝔥 ⊂ 𝔨 where 𝔨 is the maximal compact in 𝔤. The following

pairs are precisely the pairs that the question asked above seeks to investigate.

Definition 1.20. We say (𝔤, 𝔥) is a Cartan orthogonal pair if the following condition is

satisfied:

Given a𝐺-invariant metric on𝐺/𝐻, 𝑔, there exists a Cartan decomposition, 𝔤 = 𝔨 ⊕ 𝔭′ such

that our reductive Cartan decomposition 𝔤 = 𝔥 ⊕ 𝔭′′ ⊕ 𝔭′ has (𝔭′′, 𝔭′) = 0 for (., .), the 𝑎𝑑𝔥

invariant inner product on 𝔭 = 𝔭′′ ⊕ 𝔭′ associated with 𝑔 (See Section 1.2).

Remark 1.21. Unless stated otherwise, going forward, 𝔭′′ will be used for an 𝑎𝑑𝔥 invariant
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complement to 𝔥 in 𝔨, the maximal compact of a noncompact semi-simple 𝔤, and 𝔭′ will

refer to the -1 eigenspace from the Cartan decomposition.

Remark 1.22. One abuse of notation to be used will be (., .)𝔭𝑖 for (., .)𝔭𝑖×𝔭𝑖 in which the

𝔭𝑖 component is taken for any 𝑥, 𝑦 in (., .). Similarly, we will frequently be writing (., .)𝑖

for (., .)𝔭𝑖×𝔭𝑖 .

Remark 1.23. Unless stated otherwise, henceforth for 𝔤 = 𝔥 ⊕ 𝔭′′ ⊕ 𝔭′, 〈., .〉 = 𝐵(., .)𝔭′ −

𝐵(., .)𝔭′′ where 𝐵(., .) is the Killing form.

The following lemma will prove to be useful for us later on. A short explanation is given,

but for a more detailed look, we recommend [Kna02] and [Hel01].

Lemma 1.24. Let 𝔤 = 𝔥 ⊕ 𝔭′′ ⊕ 𝔭′ with 𝔭 = 𝔭′′ ⊕ 𝔭′. The map proj𝔭 ◦ ad𝑥 : 𝔭 → 𝔭 is

symmetric for 𝑥 ∈ 𝔭′ and skew symmetric for 𝑥 ∈ 𝔭′′, both relative to the metric 〈., .〉.

Proof: This proof follows from the definition of 〈., .〉 = 𝐵𝔭′ −𝐵𝔭′′ and the 𝑎𝑑𝔤 invariance

of 𝐵(., .). �

Remark 1.25. Unless unclear from the context, by an abuse of notation, we will say that

𝑎𝑑𝑥 is (skew) symmetric with respect to 〈., .〉 for 𝑥 in (𝔭′′) 𝔭′.
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Chapter 2

Cartan Orthogonal Pairs

Let 𝔤 = 𝔥 ⊕ 𝔭′′ ⊕ 𝔭′ be noncompact semi-simple with reductive Cartan decomposition for

(𝔤, 𝔥) (see Definition 1.19). In this chapter, we wish to discuss Cartan orthogonal pairs, but

first, we motivate the definition (Definition 1.20) and provide some more information.

This definition is in-part motivated by [Nik00] and Theorem 2 found within. There,

Nikonorov showed that for a reductive Cartan decomposition 𝔤 = 𝔥 ⊕ 𝔭′′ ⊕ 𝔭′, (𝔤, 𝔥) is a

Cartan orthogonal pair if and only if the following two conditions are met for any given

intertwining map 𝜙 : 𝔭′′ → 𝔭′:

Condtion i. [𝜙(𝑥), 𝜙(𝑦)] ⊂ 𝔥 ⊕ 𝑘𝑒𝑟𝜙 for all 𝑥, 𝑦 ∈ 𝔭′′ (2.1)

Condition ii. 𝜙( [𝑥, 𝑦]𝔭′′) = [𝑥, 𝜙(𝑦)] + [𝜙(𝑥), 𝑦] for all 𝑥, 𝑦 ∈ 𝔭′′

This provides a representation theoretic approach to determining if (𝔤, 𝔥) is a Cartan

orthogonal pair in the presence of isomorphic representations 𝔭𝑖 ⊂ 𝔭′′ and 𝔭 𝑗 ⊂ 𝔭′. If

there are no such isomorphisms, then by the use of Lemma 1.9 we have in our case that

(𝔭′′, 𝔭′) = 0 for any 𝑎𝑑𝔥 invariant inner product (., .) (which shows that this condition is
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much stronger than being a Cartan orthogonal pair since any 𝑎𝑑𝔥 invariant inner product

works for the one decomposition). Another use of Schur’s Lemma to see that (𝔤, 𝔥) is

a Cartan orthogonal pair in such a case is the proof of Nikonorov’s in the Corollary of

[Nik00]. There it is shown that the above two conditions are met since, by Schur’s Lemma

(see Section 1.3), the only intertwining maps are the trivial maps which immediately satisfy

both conditions. We summarize this in the following Lemma.

Lemma 2.1. If 𝔤 = 𝔥 ⊕ 𝔭′′ ⊕ 𝔭′ is a reductive Cartan decomposition for (𝔤, 𝔥) in which

there is no 𝔭𝑖 ⊂ 𝔭′′ and 𝔭 𝑗 ⊂ 𝔭′ such that 𝔭𝑖 ' 𝔭 𝑗 , then (𝔤, 𝔥) is a Cartan orthogonal pair in

which (𝔭′′, 𝔭′) = 0 for all 𝑎𝑑𝔥 invariant inner products on 𝔭′′ ⊕ 𝔭′.

Example 2.2. Consider 𝔤 = 𝔰𝔬(𝑛,C) with 𝔥 = 𝔰𝔬(𝑛 − 1). In this case, (𝔤, 𝔥) is not a

Cartan orthogonal pair. Here, 𝔰𝔬(𝑛,C) = 𝔰𝔬(𝑛) ⊕ 𝑖𝔰𝔬(𝑛), and taking 𝔰𝔬(𝑛) = 𝔰𝔬(𝑛−1) ⊕ 𝔭

from the irreducible symmetric space Cartan decomposition (1.3), we have 𝔰𝔬(𝑛,C) =

𝔰𝔬(𝑛 − 1) ⊕ 𝔭 ⊕ 𝑖𝔰𝔬(𝑛 − 1) ⊕ 𝑖𝔭. One can observe that 𝔭 and 𝑖𝔭 are isomorphic as

𝔰𝔬(𝑛 − 1) representations, and one can see that condition ii above fails. Indeed, since

[𝔭, 𝔭] ⊂ 𝔥 by 𝔰𝔬(𝑛) = 𝔰𝔬(𝑛 − 1) ⊕ 𝔭 being a Cartan decomposition, condition ii requires

[𝜙(𝑥), 𝑦] + [𝑥, 𝜙(𝑦)] = [𝑖𝑥, 𝑦] + [𝑥, 𝑖𝑦] = 2𝑖[𝑥, 𝑦] = 0 which is not the case as [𝑥, 𝑦] = 0

only if 𝑦 is parallel to 𝑥.

Example 2.3. Consider 𝔤 = 𝔰𝔩(𝑛,R) and 𝔥 = 𝔰𝔬(𝑛 − 1) with 𝑛 > 3. Looking to Example

4 of [Nik00], we can see that (𝔤, 𝔥) is in fact a Cartan orthogonal pair.

Spaces described by Cartan orthogonal pairs are of geometric interest because of what can

be said when you have an 𝑎𝑑𝔥 invariant inner product with (𝔭′′, 𝔭′) = 0. In Theorem 1 of

[Nik00], it was shown by using 1.4 that if 𝑟1 ≥ 𝑟𝑢 then 𝑟𝑢 > 0 which implies that such

metrics are not Einstein (see Theorem 7.4 in [Bes87]). Furthermore, this result shows how

certain metrics cannot produce non-positive Ricci curvature (which we will see more of in
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Chapter 2). Therefore, if we have a space 𝐺/𝐻 such that (𝔤, 𝔥) is a Cartan orthogonal pair,

we know that 𝐺/𝐻 has no metrics that are Einstein, we have a nice formula for the diagonal

entries of the (1, 1) Ricci tensor (See Section 1.1), 𝑅𝑖𝑐, and we have a relationship between

what happens to 𝑅𝑖𝑐 on 𝔭′′ and 𝔭′.

In the current chapter, we explore more properties of Cartan orthogonal pairs, determining

another geometric consequence of being a Cartan orthogonal pair, as well as a variety of

Lie theoretic conditions to be one. We finish with some new examples of Cartan orthogonal

pairs along with a non-trivial non-example that serves as a correction to Example 4 in

[Nik00], as mentioned in the Introduction.

2.1. Properties of Cartan Orthogonal Pairs

We begin with a simple, but nice geometric consequence to being a Cartan orthogonal

pair that has not yet been demonstrated (to the author’s knowledge). From there, we move

to some propositions and lemmas that are aimed at determining what kinds of spaces are

Cartan orthogonal pairs and how we might be able to build new ones.

Proposition 2.4. For 𝔤 noncompact semi-simple, choose a Cartan decomposition 𝔤 = 𝔨⊕𝔭′

and reductive Cartan decomposotion 𝔤 = 𝔥 ⊕ 𝔭′′ ⊕ 𝔭′ for (𝔤, 𝔥) (see Definition 1.19).

Furthermore, we choose an 𝑎𝑑𝔥 invariant inner product (., .) such that 𝔭 = 𝔭′′ ⊕ 𝔭′ is

orthogonal. Under these conditions, 𝑟𝑖𝑐(𝔭′′, 𝔭′) = 0.

Proof: Much of this proof follows from the Cartan decomposition properties (see 1.3).

Let 𝑥 ∈ 𝔭′′ and 𝑦 ∈ 𝔭′. Also let {𝑥𝑖} be an orthonormal basis for (., .) such that each 𝑥𝑖 ∈ 𝔭′′
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or 𝔭′. From 1.2 we have:

𝑟𝑖𝑐(𝑥, 𝑦) = −1
2

∑︁
𝑖

( [𝑥, 𝑥𝑖]𝔭, [𝑦, 𝑥𝑖]𝔭) −
1
2
𝐵(𝑥, 𝑦) + 1

4

∑︁
𝑖, 𝑗

( [𝑥𝑖, 𝑥 𝑗 ]𝔭, 𝑥) ( [𝑥𝑖, 𝑥 𝑗 ]𝔭, 𝑦)

Observe that 𝐵(𝑥, 𝑦) = 0 by properties of the Cartan decomposition, so the second term

goes away. For the first and third terms, we first recall the following property of a Cartan

decomposition:

[𝔨, 𝔭′] ⊂ 𝔭′,

[𝔭′, 𝔭′] ⊂ 𝔨.

Since 𝑥 ∈ 𝔭′′ ⊂ 𝔨 and 𝑦 ∈ 𝔭′, ( [𝑥, 𝑥𝑖]𝔭, [𝑦, 𝑥𝑖]𝔭) = 0 because 𝑥𝑖 is either in 𝔭′ or 𝔭′′. Thus,

the first term is 0.

Similarly with the third term, since 𝑥𝑖 ∈ 𝔭′ or 𝔭′′ ⊂ 𝔨,

[𝑥𝑖, 𝑥 𝑗 ] ∈ 𝔭′ or 𝔨

which implies that either ( [𝑥𝑖, 𝑥 𝑗 ], 𝑥) = 0 or ( [𝑥𝑖, 𝑥 𝑗 ], 𝑦) = 0 for each 𝑥𝑖, 𝑥 𝑗 pair. Therefore,

the third term is also 0. �

Lemma 2.5. If 𝔤 is noncompact simple and 𝔨 is not simple, then 𝔨 = 𝔨1 ⊕ 𝔨2 ⊕ 𝔨3 ⊕ 𝔨4

where 𝔨𝑖 is an ideal of 𝔨 which is either 0, central, or simple. Further, 𝔨 has the following

possibilities:

• 𝔨 = 𝔰𝔬(4) ⊕ 𝔰𝔬(4) ' 𝔰𝔲(2) ⊕ 𝔰𝔲(2) ⊕ 𝔰𝔲(2) ⊕ 𝔰𝔲(2) (only when 𝔤 = 𝔰𝔬(4, 4))

• 𝔨 = 𝔨1 ⊕ 𝔨2 ⊕ R with 𝔨1, 𝔨2 simple

• 𝔨 = 𝔨1 ⊕ 𝔨2 with 𝔨1, 𝔨2 simple
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• 𝔨 = 𝔨1 ⊕ R with 𝔨1 simple.

Proof: The proof of this can be determined by looking at the list of irreducible symmetric

spaces in Chapter 7, Section H of [Bes87] and Chapter X, Section 6 of [Hel01] with the

incidental isomorphisms found therein. �

Lemma 2.6. Let 𝔤 be noncompact simple with 𝔨 not simple and 𝑁𝔤 (𝔨𝑖) = {𝑧 ∈ 𝔤 : [𝑧, 𝑥] ∈

𝔨𝑖 for all 𝑥 ∈ 𝔨𝑖} where 𝔨 = 𝔨1 ⊕ 𝔨2 ⊕ 𝔨3 ⊕ 𝔨4 as in Lemma 2.4. 𝑁𝔤 (𝔨𝑖) = 𝔨 for all 𝑖.

Proof: First, observe that 𝔨 ⊂ 𝑁𝔤 (𝔨𝑖) since each 𝔨 𝑗 is an ideal in 𝔨. Now, we want

to show that 𝑁𝔤 (𝔨𝑖) ⊂ 𝔨 and we will do that by showing that 𝑁𝔤 (𝔨𝑖) ∩ 𝔭′ = {0}. Since

𝔨 is a subalgebra of 𝑁𝔤 (𝔨𝑖) and [𝔨, 𝔭′] ⊂ 𝔭′ by the Cartan properties (1.3), we have that

[𝔨, 𝑁𝔤 (𝔨𝑖)∩𝔭′] ⊂ 𝑁𝔤 (𝔨𝑖)∩𝔭′. By the irreducibility of𝔭′ under the 𝑎𝑑𝔨 action (see Proposition

1.11 in the preliminaries), we know that 𝑁𝔤 (𝔨𝑖) ∩ 𝔭′ = {0} or 𝔭′. If {0}, then we are done.

If 𝑁𝔤 (𝔨𝑖) ∩ 𝔭′ = 𝔭′ then 𝑁𝔤 (𝔨𝑖) = 𝔨 ⊕ 𝔭′ = 𝔤, but this implies 𝔨𝑖 is an ideal of 𝔤 contradicting

𝔤 being simple. �

Proposition 2.7. Suppose 𝔤 = 𝔥 ⊕ 𝔭′′ ⊕ 𝔭′ is a reductive Cartan decomposition for (𝔤, 𝔥)

with 𝔤 noncompact simple. Further, suppose that 𝔨 is not simple. If 𝔥 contains an ideal of 𝔨

then (𝔤, 𝔥) is a Cartan orthogonal pair.

Proof: Let 𝔥 = 𝔨′⊕𝔥0 where 𝔨′ is the ideal of 𝔨 assumed to be in 𝔥. In what follows, using

Lemma 2.6 and Lemma 2.1, we will show that for any reductive Cartan decomposition,

(𝔭′′, 𝔭′) = 0 for all 𝑎𝑑𝔥 invariant inner products on 𝔭 = 𝔭′′ ⊕ 𝔭′. We will do this in two

steps. First, we will show that 𝔭′′ ⊂ ker 𝑎𝑑𝔨′ =
⋂
𝑥∈𝔨′ ker 𝑎𝑑𝑥 , but ker 𝑎𝑑𝔨′

⋂
𝔭′ = {0}. Then

we will show how this implies that we are in the setting of Lemma 2.1, giving us the desired

result.

Let 𝔤 = 𝔥 ⊕ 𝔭′′ ⊕ 𝔭′ be a reductive Cartan decomposition with 𝔥 = 𝔨′ ⊕ 𝔥0, as before. Since
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𝔨 = 𝔨′ ⊕ 𝔨′′ where 𝔨′′ is a complementary ideal to 𝔨′ in 𝔨, we know that 𝔭′′ ⊂ 𝔨′′, implying

that 𝔭′′ ⊂ ker 𝑎𝑑𝔨′ . Now, by Lemma 2.6, we know that ker 𝑎𝑑𝔨′ ⊂ 𝔨, so ker 𝑎𝑑𝔨′ ∩ 𝔭′ = {0},

which completes our first step.

Now, if there is a non-trivial 𝑎𝑑𝔥 intertwining map 𝜙 : 𝔭′′ → 𝔭′, then for 𝑥 ∈ 𝔨′ ⊂ 𝔥,

𝑎𝑑𝑥 (𝜙(𝑣)) = 𝜙(𝑎𝑑𝑥 (𝑣)) = 𝜙(0) = 0 for 𝑣 ∈ 𝔭′′ ⊂ ker 𝑎𝑑𝔨′ . Since 𝑥 and 𝑣 were arbitrary,

𝑎𝑑𝔨′ must have kernel in 𝔭′, {𝜙(𝑣)}, a contradiction. Therefore, there can be no non-trivial

𝑎𝑑𝔥 intertwining maps 𝜙 : 𝔭′′ → 𝔭′ which implies by Schur’s Lemma that there is no

𝔭𝑖 ⊂ 𝔭′′ and 𝔭 𝑗 ⊂ 𝔭′ in which 𝔭𝑖 ' 𝔭 𝑗 as 𝑎𝑑𝔥 representations. This places us in the setting

of Lemma 2.1 which implies that (𝔭′′, 𝔭′) = 0 for every 𝑎𝑑𝔥 invariant inner product on

𝔭 = 𝔭′′ ⊕ 𝔭′. �

The preceding proposition, in light of Lemma 2.5, provides us with ample examples of

Cartan orthogonal pairs in the setting of 𝔤 being noncompact simple. However, what

about the case of semi-simple? Can we construct semi-simple Cartan orthogonal pairs

from simple Cartan orthogonal pairs? More generally, can we take two semi-simple Cartan

orthogonal pairs, and construct a new semi-simple Cartan orthogonal pair by direct product?

One approach is to use Proposition 3.4 from [AL17] to say that if (𝔤1, 𝔥1) and (𝔤2, 𝔥2)

are Cartan orthogonal pairs in which 𝑎𝑑𝔥1 does not act trivially on any subspace of 𝔭1 in

𝔤1 = 𝔥1 ⊕ 𝔭1, then 𝐺1𝐺2/𝐻1𝐻2 = 𝐺1/𝐻1 × 𝐺2/𝐻2 is a Riemannian product. That is,

any 𝑎𝑑𝔥1⊕𝔥2 invariant inner products on 𝔭1 ⊕ 𝔭2, (., .), can be written as as sum of 𝑎𝑑𝔥𝑖

inner products like so: (., .) = (., .)1 + (., .)2 where (., .)𝑖 is an 𝑎𝑑𝔥𝑖 invariant metric on 𝔭𝑖

for 𝑖 = 1, 2. From this we clearly get that (𝔤1 ⊕ 𝔤2, 𝔥1 ⊕ 𝔥2) is a Cartan orthogonal pair.

However, there are examples of Cartan orthogonal pairs that do not match this criterion as

seen above in Lemma 2.7 (e.g. (𝔰𝔬(𝑛, 𝑚), 𝔰𝔬(𝑛))). Moreover, it is not the case in such
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instances that the only inner products come from product metrics as above. Thus, we wish

to find a less restrictive condition to build Cartan orthogonal pairs from Cartan orthogonal

pairs.

Allow us to simplify matters and restate what we want. Let 𝔤 = 𝔤1 ⊕ 𝔤2 and 𝔥 = 𝔥1 ⊕ 𝔥2 ⊂ 𝔤

in which 𝔤𝑖 = 𝔥𝑖 ⊕ 𝔭′′
𝑖
⊕ 𝔭′

𝑖
is a reductive Cartan decomposition, 𝔤𝑖 is noncompact semi-

simple, and (𝔤𝑖, 𝔥𝑖) is a Cartan orthogonal pair for 𝑖 = 1, 2. We want to find a condition

for (𝔤, 𝔥) to be a Cartan orthogonal pair even in the presence of trivial representations in

𝔭𝑖 = 𝔭′′
𝑖
⊕ 𝔭′

𝑖
for 𝑖 = 1 or 𝑖 = 2. To do this, we recognize that the strength of the assumption

(from [AL17, Prop. 3.4]) that 𝔭1 contains no trivial representations is that it forces there to

be no nontrivial 𝑎𝑑𝔥 intertwining maps 𝔭1 → 𝔭2, causing (𝔭1, 𝔭2) = 0 for any 𝑎𝑑𝔥 invariant

inner product (., .) on 𝔭 = 𝔭1 ⊕ 𝔭2. What we want to do is to find a condition that allows

for a trivial representation in 𝔭1 or 𝔭2 but forces (𝔭′′, 𝔭′) = 0 for some reductive Cartan

decomposition 𝔤 = 𝔥 ⊕ 𝔭′′ ⊕ 𝔭′. Let us consider what is required more precisely.

Recall (See Definition 1.20) that to show something is a Cartan orthogonal pair in gen-

eral, we begin with an arbitrary 𝐺 invariant metric, 𝑔, for our 𝐺/𝐻. In this case,

𝐺/𝐻 = (𝐺1𝐺2)/(𝐻1𝐻2), so 𝑔 is both 𝐺1 and 𝐺2 invariant. Thus, by restriction, we

may consider 𝑔 a 𝐺𝑖 invariant metric on 𝐺𝑖/𝐻𝑖, denoting the restriction of 𝑔 by 𝑔𝑖 for both

𝑖 = 1, 2. Now, (𝔤1, 𝔥1) and (𝔤2, 𝔥2) are Cartan orthogonal pairs, so taking (𝔤1, 𝔥1), we can

find a reductive Cartan decomposition 𝔤1 = 𝔥1 ⊕ 𝔭′′1 ⊕ 𝔭′1 such that (𝔭′′1 , 𝔭
′
1)1 = 0 where

(., .)1 is our unique 𝑎𝑑𝔥1 invariant inner product coming from 𝑔1 on 𝐺1/𝐻1 (See Section

1.2 or 7.24 in [Bes87] for this uniquely associated inner product). Similarly, since (𝔤2, 𝔥2)

is a Cartan orthogonal pair we can find a reductive Cartan decomposition 𝔤2 = 𝔥2 ⊕ 𝔭′′2 ⊕ 𝔭′2

such that (𝔭′′2 , 𝔭
′
2)2 = 0 where (., .)2 is our unique 𝑎𝑑𝔥2 invariant inner product coming from

𝑔2 on 𝐺2/𝐻2. This provides us with a reductive Cartan decomposition for 𝐺/𝐻 given by
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𝔤 = 𝔥1 ⊕ 𝔥2 ⊕ 𝔭′′1 ⊕ 𝔭′′2 ⊕ 𝔭′1 ⊕ 𝔭′2 where 𝔭′′ = 𝔭′′1 ⊕ 𝔭′′2 and 𝔭′ = 𝔭′1 ⊕ 𝔭′2. Moreover, since

𝐺 invariant metrics for 𝐺/𝐻 are uniquely associated with 𝑎𝑑𝔥 invariant inner products on

𝔭 = 𝔭′′1 ⊕ 𝔭′′2 ⊕ 𝔭′1 ⊕ 𝔭′2, we know our unique 𝑎𝑑𝔥 invariant (., .) on 𝔭 associated with 𝑔

restricts to (., .)1 on 𝔭′′1 ⊕ 𝔭′1 and (., .)2 on 𝔭′′2 ⊕ 𝔭′2. Thus, we have (𝔭′′1 , 𝔭
′
1) = (𝔭′′2 , 𝔭

′
2) = 0.

If we want (𝔤, 𝔥) to be a Cartan orthogonal pair, it is now sufficient to find a condition

guaranteeing (𝔭′′1 , 𝔭
′
2) = (𝔭′′2 , 𝔭

′
1) = 0. Thus, we seek a condition to ensure that any 𝑎𝑑𝔥

intertwining maps 𝔭′′1 → 𝔭′2 and 𝔭′′2 → 𝔭′1 are trivial, implying that (𝔭′′1 , 𝔭
′
2) = (𝔭′′2 , 𝔭

′
1) = 0

for any 𝑎𝑑𝔥 invariant (., .) on 𝔭. With this desired condition in mind, in the following lemma

we utilize a similar (but different) technique to the one from [AL17, Prop. 3.4] regarding

the nonexistence of trivial representations. In doing so, we provide a sufficient condition to

take two Cartan orthogonal pairs and construct a new one through direct sum.

Lemma 2.8. Let 𝔤1 and 𝔤2 be semi-simple and (𝔤1, 𝔥1), (𝔤2, 𝔥2) be Cartan orthogonal

pairs. If each 𝑎𝑑𝔥𝑖 does not act trivially on any invariant subspace of 𝔭′
𝑖

for any reductive

Cartan decomposition, 𝔤𝑖 = 𝔥𝑖 ⊕ 𝔭′′
𝑖
⊕ 𝔭′

𝑖
, then (𝔤1 ⊕ 𝔤2, 𝔥1 ⊕ 𝔥2) is a Cartan orthogonal pair.

Proof: Let 𝔤 = 𝔤1 ⊕ 𝔤2 and 𝔥 = 𝔥1 ⊕ 𝔥2. Following the above commentary, we have

already established that given a𝐺 invariant metric on𝐺/𝐻, 𝑔, we can get a reductive Cartan

decomposition 𝔤 = 𝔥⊕𝔭′′⊕𝔭′ with 𝔭 = 𝔭′′1 ⊕𝔭′′2 ⊕𝔭′1 ⊕𝔭′2 such that (𝔭′′1 , 𝔭
′
1) = (𝔭′′2 , 𝔭

′
2) = 0

for the 𝑎𝑑𝔥 invariant inner product (., .) on 𝔭 associated with 𝑔. Having established this,

we finish our proof by showing that (𝔭′′1 , 𝔭
′
2) = (𝔭′′2 , 𝔭

′
1) = 0, and we do this by proving the

stronger statement that (𝔭′′1 , 𝔭
′
2) = (𝔭′′2 , 𝔭

′
1) = 0 for an 𝑎𝑑𝔥 invariant metric on 𝔭.

We will show that (𝔭′′1 , 𝔭
′
2) = 0 and the other case is exactly the same with subscripts

changed. For this proof, we will use a similar argument as in Proposition 2.7, using kernels
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of 𝑎𝑑𝔥𝑖 to show the nonexistence of any nontrivial 𝑎𝑑𝔥 intertwining map 𝜙 : 𝔭′′1 → 𝔭′2. This

will imply, by Lemma 1.9, that (𝔭′′1 , 𝔭
′
2) = 0, providing us with the desired result.

Recall that in 𝔤 = 𝔤1 ⊕ 𝔤2, 𝔤1 and 𝔤2 are ideals which means that [𝔤1, 𝔤2] = 0. Therefore,

𝔭′′1 ⊂ 𝔤1 is necessarily in the kernel of 𝑎𝑑𝔤2 and therefore in the kernel of 𝑎𝑑𝔥2 . So, if there

was a non-trivial 𝑎𝑑𝔥 intertwining map 𝜙 : 𝔭′′1 → 𝔭′2, then for 𝑥 ∈ 𝔥2 ⊂ 𝔥 and 𝑣 ∈ 𝔭′′1 ,

𝑎𝑑𝑥 (𝜙(𝑣)) = 𝜙(𝑎𝑑𝑥 (𝑣)) = 𝜙(0) = 0. This, however, is a contradiction to the assumption

regarding 𝑎𝑑𝔥2 having no trivial representations in 𝔭′2. Therefore, there are no non-trivial

𝑎𝑑𝔥 intertwining maps 𝜙 : 𝔭′′1 → 𝔭′2, implying by Schur’s Lemma (see 1.3) that there are no

irreducible subrepresentations of 𝔭′′1 isomorphic to any irreducible subrepresenation of 𝔭′2.

Moreover, by Lemma 1.9, we have that (𝔭′′1 , 𝔭
′
2) = 0 for every 𝑎𝑑𝔥 invariant inner product

on 𝔭. �

Remark 2.9. An example showing that (𝔤1 ⊕ 𝔤2, 𝔥1 ⊕ 𝔥2) is not a Cartan orthogonal pair

when (𝔤1, 𝔥1) and (𝔤2, 𝔥2) are Cartan orthogonal pairs is saved until after the next couple

of results for simplicity (See Example 2.16 in the next section).

Remark 2.10. Lemma 2.8 addresses the combining of Cartan orthogonal pairs to get

another Cartan orthogonal pair. It is natural to ask about going the opposite direction:

starting with a Cartan orthogonal pair for semi-simple 𝔤 and decomposing into separate

Cartan orthogonal pairs. The ability to do this successfully is clear immediately. If

(𝔤1 ⊕ 𝔤2, 𝔥1 ⊕ 𝔥2) is a Cartan orthogonal pair then by restricting 𝑎𝑑𝔥1⊕𝔥2 inner products, we

get that (𝔤1, 𝔥1) and (𝔤2, 𝔥2) are Cartan orthogonal pairs.

Proposition 2.11. Let 𝔤 = 𝔤1 ⊕ ... ⊕ 𝔤𝑛 be a noncompact semi-simple Lie algbebra with

each 𝔤𝑖 a simple ideal in 𝔤. Moreover, assume that the maximal compact 𝔨𝑖 of 𝔤𝑖 is not

simple for each 𝑖. If 𝔥 = 𝔥1 ⊕ ... ⊕ 𝔥𝑛 is such that 𝔥𝑖 ⊂ 𝔨𝑖 for all 𝑖 and 𝔥𝑖 contains an ideal of
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𝔨𝑖 for all 𝑖 then (𝔤, 𝔥) is a Cartan orthogonal pair.

Proof: As before, let 𝔤𝑖 = 𝔥𝑖 ⊕ 𝔭′′
𝑖
⊕ 𝔭′

𝑖
be a reductive Cartan decomposition for (𝔤𝑖, 𝔥𝑖),

and note by Proposition 2.7 that all (𝔤𝑖, 𝔥𝑖) are Cartan orthogonal pairs. Moreover, by

Lemma 2.6, one can see that 𝑎𝑑𝔥𝑖 does not act trivially on any invariant subspace of 𝔭′
𝑖
, so

by applying Lemma 2.8, we have that (𝔤, 𝔥) is a Cartan orthogonal pair. �.

Thus far, we have provided results that indicate that we could, if called for, produce

numerous examples of Cartan orthogonal pairs, and we have a method for constructing

more Cartan orthogonal pairs. In all of the above results, though, we were consistently

proving that these spaces satisfy a stronger condition than what is required for a Cartan or-

thogonal pair (recall the equivalent conditions in 2.1) as we were proving that no non-trivial

intertwining maps from 𝔭′′ → 𝔭′ existed. What we would now like to do is determine

a sufficient (Lie theoretic) condition for (𝔤, 𝔥) to be a Cartan orthogonal pair even in the

presence of nontrivial 𝑎𝑑𝔥 intertwining maps 𝔭′′ → 𝔭′. In the following proposition, we not

only find a sufficient condition, but we are able to say what the intertwining map is in such

cases. To see the usefulness of the following proposition, consider the Example 2.13 and

Example 2.14 in Section 2.2, and also compare our result in Example 2.15 with Example 1

in [Nik00].

Proposition 2.12. Let 𝔤 = 𝔥 ⊕ 𝔭′′ ⊕ 𝔭′ be a reductive Cartan decomposition for (𝔤, 𝔥)

where 𝔤 is noncompact simple. Assume there is a nonzero 𝑥 ∈ 𝔭′ be such that [𝔥, 𝑥] = 0.

Fix an 𝑥 ∈ 𝔭′ such that [𝔥, 𝑥] = 0.

1. There is a nonzero 𝑎𝑑𝔥 intertwining map 𝜙 : 𝔭′′ → 𝔭′, namely, 𝑎𝑑𝑥 |𝔭′′ : 𝔭′′ → 𝔭′.

2. If 𝔭′′ is irreducible and of real type (see Section 1.6), then for some irreducible

𝔭𝑖 ⊂ 𝔭′, we have 𝑎𝑑𝑥 (𝔭′′) = 𝔭𝑖, 𝑎𝑑𝑥 : 𝔭′′ → 𝔭𝑖 as an isomorphism, and 𝑎𝑑2
𝑥 = _𝐼𝑑.
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3. If 𝔭′′ is irreducible of real type and [𝔭′′, 𝔭′′] ⊂ 𝔥 then by 2 there is some 𝔭𝑖 ⊂ 𝔭′

isomorphic to 𝔭′′. Assume that no other 𝔭 𝑗 ⊂ 𝔭′ is isomorphic to 𝔭′′. In this case,

(𝔤, 𝔥) is a Cartan orthogonal pair.

Proof: Since 𝑥 is such that [𝔥, 𝑥] = 0, we have that 𝑎𝑑𝔥 ◦𝑎𝑑𝑥 = 𝑎𝑑𝑥 ◦𝑎𝑑𝔥 by the Jacobian

identity. By the Cartan decomposition properties (1.3), if 𝑥 ∈ 𝔭′, we know that 𝑎𝑑𝑥 (𝑦) ∈ 𝔭′

for any 𝑦 ∈ 𝔨. Since 𝑎𝑑𝑥 (𝑦) = 0 for 𝑦 ∈ 𝔥, there must exist a 𝑦 ∈ 𝔭′′ such that 𝑎𝑑𝑥 (𝑦) ≠ 0

else R{𝑥} be a trivial representation of 𝑎𝑑𝔨, a contradiction to 𝔭′ being an irreducible 𝑎𝑑𝔨

representation. Thus, 𝑎𝑑𝑥 |𝔭′′ : 𝔭′′ → 𝔭′ is a non-trivial 𝑎𝑑𝔥 intertwining map. This proves 1.

To prove 2, we first remark that by 1 we already have a non-zero 𝑎𝑑𝔥 intertwining map,

𝑎𝑑𝑥 |𝔭′′ : 𝔭′′ → 𝔭′. Since 𝔭′′ is irreducible, we can say by Schur’s Lemma that there is an

irreducible 𝔭𝑖 ⊂ 𝔭′ such that 𝑎𝑑𝑥 (𝔭′′) = 𝔭𝑖 with 𝑎𝑑𝑥 : 𝔭′′ → 𝔭𝑖 being an isomorphism.

This provides us with the first two parts of our desired result. To see that 𝑎𝑑2
𝑥 = _𝐼𝑑, we

will first show that 𝑎𝑑𝑥 (𝔭𝑖) = 𝔭′′ and then utilize our assumptions on 𝔭′′.

We know from the Cartan decomposition properties that 𝑎𝑑𝑥 (𝔭𝑖) ⊂ 𝔥 ⊕ 𝔭′′. More than

that, though, we have 𝑎𝑑𝑥 (𝔭𝑖) ⊂ 𝔭′′. Indeed, if 𝑣 ∈ 𝔭𝑖 and 𝑤 ∈ 𝔥 then 𝐵(𝑎𝑑𝑥 (𝑣), 𝑤) =

−𝐵(𝑣, 𝑎𝑑𝑥 (𝑤)) = 0 with the final equality being true by the assumption that 𝑎𝑑𝑥 (𝔥) = 0.

Having that 𝑎𝑑𝑥 (𝔭𝑖) ⊂ 𝔭′′, we consider the map 𝑎𝑑𝑥 : 𝔭𝑖 → 𝔭′′ which is also an 𝑎𝑑𝔥 inter-

twining map by 𝑎𝑑𝑥 (𝔥) = 0. By being an intertwining map, we know that either 𝑎𝑑𝑥 (𝔭𝑖) =

{0} or 𝑎𝑑𝑥 (𝔭𝑖) = 𝔭′′ by Schur’s Lemma. To see that 𝑎𝑑𝑥 (𝔭𝑖) ≠ {0}, let 𝑤 ∈ 𝔭′′ and observe

that 𝐵(𝑎𝑑𝑥 (𝑎𝑑𝑥 (𝑤)), 𝑤) = −𝐵(𝑎𝑑𝑥 (𝑤), 𝑎𝑑𝑥 (𝑤)). Since 𝑎𝑑𝑥 (𝑤) ∈ 𝔭𝑖 ⊂ 𝔭′ and 𝐵(., .) < 0

on 𝔭′ by the Cartan decomposition properties, we have that 𝐵(𝑎𝑑𝑥 (𝑤), 𝑎𝑑𝑥 (𝑤)) ≠ 0. There-

fore, we have 𝑎𝑑𝑥 (𝑎𝑑𝑥 (𝑤)) ≠ 0 for non-zero 𝑤 ∈ 𝔭′′, implying that 𝑎𝑑𝑥 (𝔭𝑖) ≠ {0}. Thus,

𝑎𝑑𝑥 (𝔭𝑖) = 𝔭′′.
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Since we now have 𝑎𝑑𝑥 (𝔭𝑖) = 𝔭′′ and 𝑎𝑑𝑥 (𝔭′′) = 𝔭𝑖, we know 𝑎𝑑𝑥 ◦ 𝑎𝑑𝑥 : 𝔭′′ → 𝔭′′

is an non-trivial 𝑎𝑑𝔥 equivariant map on 𝔭′′ . Utilizing the assumption that 𝔭′′ is irreducible

of real type now, we have that 𝑎𝑑2
𝑥 = _𝐼𝑑 for _ ∈ R as desired.

Now we prove 3. Recall that to prove (𝔤, 𝔥) is a Cartan orthogonal pair, we must sat-

isfy the two conditions found in 2.1. Looking to those two conditions, and provided our

assumptions regarding 𝔭′′ being irreducible with [𝔭′′, 𝔭′′] ⊂ 𝔥, we must prove the following

for any 𝑎𝑑𝔥 intertwining map, 𝜙 : 𝔭′′ → 𝔭′:

[𝜙(𝑥), 𝜙(𝑦)] ⊂ 𝔥

0 = [𝑥, 𝜙(𝑦)] + [𝜙(𝑥), 𝑦]for all 𝑥, 𝑦 ∈ 𝔭′′.

Since 𝔭′′ is irreducible of real type and there is only one 𝔭𝑖 ⊂ 𝔭′ isomorphic to 𝔭′′ by

assumption, we can conclude by 2 that all such 𝜙 are obtained by _𝑎𝑑𝑥 |𝔭′′ : 𝔭′′ → 𝔭𝑖

for _ ∈ R. Thus, it suffices to prove that [𝑎𝑑𝑥 (𝑦), 𝑎𝑑𝑥 (𝑧)] = [[𝑥, 𝑦], [𝑥, 𝑧]] ⊂ 𝔥 and

0 = [𝑦, 𝑎𝑑𝑥 (𝑧)] + [𝑎𝑑𝑥 (𝑦), 𝑧] for 𝑦, 𝑧 ∈ 𝔭′′. The second condition is obvious by the

Jacobi identity implying [𝑦, 𝑎𝑑𝑥 (𝑧)] + [𝑎𝑑𝑥 (𝑦), 𝑧] = 𝑎𝑑𝑥 ( [𝑦, 𝑧]) = 0. (We note here that

[𝔭′′, 𝔭′′] ⊂ 𝔥 is not needed for the second condition of a Carton orthogonal pair to be

satisfied.) We now check that for 𝑦, 𝑧 ∈ 𝔭′′, [[𝑥, 𝑦], [𝑥, 𝑧]] ⊂ 𝔥 by using the Jacobi identity,

skew-symmetry of brackets, and result 2.

[[𝑥, 𝑦], [𝑥, 𝑧]] = [[[𝑥, 𝑦], 𝑥], 𝑧] + [𝑥, [[𝑥, 𝑦], 𝑧]]

= [[[𝑥, 𝑦], 𝑥], 𝑧] + [𝑥,−[[𝑧, 𝑥], 𝑦] − [𝑥, [𝑧, 𝑦]]]

= [−𝑎𝑑2
𝑥 (𝑦), 𝑧] + [𝑥, [[𝑥, 𝑧], 𝑦]] + [𝑥, [𝑥, [𝑦, 𝑧]]]
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= [−𝑎𝑑2
𝑥 (𝑦), 𝑧] + [[𝑥, [𝑥, 𝑧]], 𝑦] + [[𝑥, 𝑧], [𝑥, 𝑦]] + 𝑎𝑑2

𝑥 ( [𝑦, 𝑧])

2[[𝑥, 𝑦], [𝑥, 𝑧]] = [−𝑎𝑑2
𝑥 (𝑦), 𝑧] + [[𝑥, [𝑥, 𝑧]], 𝑦] + 𝑎𝑑2

𝑥 ( [𝑦, 𝑧])

= [−𝑎𝑑2
𝑥 (𝑦), 𝑧] + [𝑎𝑑2

𝑥 (𝑧), 𝑦] + 𝑎𝑑2
𝑥 ( [𝑦, 𝑧])

= −_[𝑦, 𝑧] + _[𝑧, 𝑦] + 0

= −2_[𝑦, 𝑧] ∈ 𝔥

Thus, [[𝑥, 𝑦], [𝑥, 𝑧]] = −_[𝑦, 𝑧] ⊂ 𝔥. �
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2.2. Examples of Cartan Orthogonal Pairs

We now turn our attention to some examples of Cartan orthogonal pairs and some examples

of (𝔤, 𝔥) that are not Cartan orthogonal pairs. The goal in many of these examples is to

demonstrate the usefulness of Proposition 2.12 for showing that particular pairs are in fact

Cartan orthogonal pairs. In all examples below, 𝔤 = 𝔥 ⊕ 𝔭′′ ⊕ 𝔭′ is our reductive Cartan

decomposition for (𝔤, 𝔥). In many of the examples below, we also spend a good deal of

time justifying the usage of particular dimensions of spaces and not others. Much of this is

reduced to the issue of wanting 𝔭′′ to be irreducible of real type with [𝔭′′, 𝔭′′] ⊂ 𝔥 which

we are able to conclude by our 𝐾/𝐻 being irreducible symmetric spaces of real type (See

Remark 1.13).

Example 2.13. Let 𝔤 = 𝔰𝔬(𝑛, 𝑛) and 𝔥 = Δ(𝔰𝔬(𝑛)) = {𝑥 + 𝑥 : 𝑥 ∈ 𝔰𝔬(𝑛)} ⊂ 𝔰𝔬(𝑛) ⊕

𝔰𝔬(𝑛) = 𝔨. For 𝑛 ≥ 3 and 𝑛 ≠ 4, (𝔤, 𝔥) is a Cartan orthogonal pair.

Using Section 2 of Chapter X in [Hel01], we get the following subspaces of 𝔤 that are

helpful for understanding our decomposition 𝔤 = 𝔥 ⊕ 𝔭′′ ⊕ 𝔭′ where 𝔨 = 𝔥 ⊕ 𝔭′′:

𝔤 =



𝑀 𝑁

𝑁 𝑡 𝑄

 : 𝑀,𝑄 ∈ 𝔰𝔬(𝑛) , 𝑁 ∈ 𝑀 (𝑛,R)

.

𝔨 =



𝑀 0

0 𝑄

 : 𝑀,𝑄 ∈ 𝔰𝔬(𝑛)

.

𝔭′ =




0 𝑁

𝑁 𝑡 0

 : 𝑁 ∈ 𝑀 (𝑛,R)
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𝔥 =



𝑀 0

0 𝑀

 : 𝑀 ∈ 𝔰𝔬(𝑛)

.

𝔭′′ =



𝑄 0

0 −𝑄

 : 𝑄 ∈ 𝔰𝔬(𝑛)


Our goal is to utilize Proposition 2.12 to show that (𝔤, 𝔥) is a Cartan orthogonal pair,

so we need that 𝔤 is simple and 𝔭′′ is irreducible, of real type, and [𝔭′′, 𝔭′′] ⊂ 𝔥. Thus, we

consider when 𝑛 ≥ 3 but not 4. We ignore 𝑛 = 2 and 𝑛 = 4 for separate reasons, so allow

us to explain.

If 𝑛 = 4 then 𝐾/𝐻 = 𝑆𝑂 (𝑛)𝑆𝑂 (𝑛)/Δ(𝑆𝑂 (𝑛)) is not an irreducible symmetric space

as 𝔰𝔬(4) ' 𝔰𝔲(2) ⊕ 𝔰𝔲(2) (see the incidental isomorphisms following Table V in Section

6 of Chapter X in [Hel01]) is not simple. Thus, we don’t have 𝔭′′ irreducible (see 1.5 or

Section 6 of Chapter X in [Hel01]).

If 𝑛 = 2, then by the incidental isomorphisms just referenced from [Hel01, Ch. X, Sec. 6],

𝔰𝔬(2, 2) ' 𝔰𝔩(𝑛,R) ⊕ 𝔰𝔩(𝑛,R), so 𝔰𝔬(2, 2) is not simple.

To justify our using 𝑛 ≥ 3 but not 𝑛 = 4, consider Type BDI in Section 2 of Chapter

X in [Hel01] and Table IV of chapter X in [Hel01]. In Type BDI, we find that for all such 𝑛,

𝑆𝑂 (𝑛, 𝑛)/𝑆𝑂 (𝑛)𝑆𝑂 (𝑛) is an irreducible symmetric space, so all such 𝔰𝔬(𝑛, 𝑛) are simple.

Thus, we have 𝔤 is simple.

In Table IV all such 𝑛 except for 𝑛 = 3 and 𝑛 = 6 are provided as irreducible symmet-

ric spaces for 𝑆𝑂 (𝑛)𝑆𝑂 (𝑛)/Δ(𝑆𝑂 (𝑛)). However, when 𝑛 = 3 and 𝑛 = 6, by consider-
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ing the incidental isomorphisms 𝔰𝔬(3) ' 𝔰𝔲(2) and 𝔰𝔬(6) ' 𝔰𝔲(4) in [Hel01, Ch. X,

Sec. 6] along side Table IV in Chapter X of [Hel01] again, we see that these cases of

𝑆𝑂 (𝑛)𝑆𝑂 (𝑛)/Δ(𝑆𝑂 (𝑛)) are in fact irreducible symmetric spaces. Thus, for all 𝑛 ≥ 3 and

𝑛 ≠ 4, we have that 𝔭′′ is irreducible and [𝔭′′, 𝔭′′] ⊂ 𝔥 (See Remark 1.13).

Lastly, for all such 𝑛, 𝑆𝑂 (𝑛)𝑆𝑂 (𝑛)/Δ(𝑆𝑂 (𝑛)) is not a Hermitian or Quaternionic sym-

metric space (see Section 6 of Chapter X in [Hel01] and Table 1 of [Wol65]), so 𝔭′′ is

irreducible of real type (see 1.6).

To summarize, we now have that 𝔤 is simple and 𝔭′′ is irreducible of real type with

[𝔭′′, 𝔭′′] ⊂ 𝔥. Our focus not turns to getting a decomposition of 𝔭′ into irreducibles to

establish that all the assumptions of Proposition 2.12 are met and then we conclude our

result.

Let 𝐻 =


𝑀 0

0 𝑀

 ∈ 𝔥 and 𝑃 =


0 𝑁

𝑁 𝑡 0

 ∈ 𝔭′ and observe that

𝑎𝑑𝐻 (𝑃) =


0 𝑀𝑁 − 𝑁𝑀

𝑀𝑁 𝑡 − 𝑁 𝑡𝑀 0


=


0 𝑀𝑁 − 𝑁𝑀

(𝑀𝑁 − 𝑁𝑀)𝑡 0

 .
From this, we can observe that the 𝑎𝑑𝔥 representation on 𝔭′ is isomorphic to the 𝑎𝑑𝔰𝔬(𝑛)

representation on 𝑀 (𝑛,R).
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The Lie algebra, 𝑀 (𝑛,R), has the decomposition 𝑀 (𝑛,R) = 𝔰𝔩(𝑛,R) ⊕ {_𝐼} where {_𝐼}

are matrices that are multiples of the identity, a trivial irreducible representation of 𝑎𝑑𝔰𝔬(𝑛) .

Moreover, 𝔰𝔩(𝑛,R) has the following decomposition into irreducibles under 𝑎𝑑𝔰𝔬(𝑛) follow-

ing from the irreducible symmetric space 𝑆𝐿 (𝑛,R)/𝑆𝑂 (𝑛) (see Section 2, Chapter X of

[Hel01]) and from the fact that 𝔰𝔬(𝑛) is simple for 𝑛 ≥ 3 and 𝑛 ≠ 4:

𝔰𝔩(𝑛,R) = 𝔰𝔬(𝑛) ⊕ symm(𝑛) where symm(𝑛) = {𝐵 ∈ 𝔰𝔩(𝑛,R) : 𝐵𝑡 = 𝐵}

Thus, we have the following decomposition of 𝔭′ into irreducibles:

𝔭′ =




0 _𝐼

_𝐼 0

 : _ ∈ R

⊕



0 𝑁

−𝑁 0

 : 𝑁 ∈ 𝔰𝔬(𝑛)

⊕



0 𝐵

𝐵 0

 :
𝑡𝑟𝐵 = 0,

𝐵 = 𝐵𝑡

,

and we will denote the irreducible representations in the decomposition by 𝔭1, 𝔭2, and

𝔭3, respectively.

dim𝔭1 = 1, dim𝔭3 = 𝑛(𝑛 + 1)/2 − 1, and dim𝔭′′ = 𝑛(𝑛 − 1)/2. Thus, 𝔭1 is not isomorphic

to 𝔭′′ unless (possibly) when 𝑛 = 2 (a case ignored here), and 𝔭3 is never isomorphic to 𝔭′′

since the dimensions are inequivalent.

By Proposition 2.12, we know there is an isomorphism 𝔭′′ ' 𝔭𝑖 for some 𝑖, and by di-

mensionality, it must be with 𝔭2. Moreover, there is no other isomorphism with 𝔭′′ in 𝔭′.

Thus, Proposition 2.12 gives us that (𝔤, 𝔥) is a Cartan orthogonal pair.

Example 2.14. Let 𝔤 = 𝔰𝔭(𝑛, 𝑛) with 𝔥 = {𝑥 + 𝑥 : 𝑥 ∈ 𝔰𝔭(𝑛)} ⊂ 𝔰𝔭(𝑛) ⊕ 𝔰𝔭(𝑛) = 𝔨. For
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𝑛 ≥ 1, (𝔤, 𝔥) is a Cartan orthogonal pair.

Using Section 2 of Chapter X in [Hel01] again we get the following subspaces of 𝔤 that

are helpful for understanding our decomposition 𝔤 = 𝔥 ⊕ 𝔭′′ ⊕ 𝔭′ where 𝔨 = 𝔥 ⊕ 𝔭′′:

𝔤 =





𝑧11 𝑧12 𝑧13 𝑧14

𝑧𝑡12 𝑧22 𝑧𝑡14 𝑧24

−𝑧13 𝑧14 𝑧11 −𝑧12

𝑧𝑡14 −𝑧24 −𝑧𝑡12 𝑧22


: 𝑧𝑖 𝑗 ∈ 𝑀 (𝑝,C) ,

𝑧11, 𝑧22 skew-Hermitian and

𝑧13, 𝑧24 symmetric


𝔭′ =





0 𝑧12 0 𝑧14

𝑧𝑡12 0 𝑧𝑡14 0

0 𝑧14 0 −𝑧12

𝑧𝑡14 0 −𝑧𝑡12 0


: 𝑧𝑖 𝑗 ∈ 𝑀 (𝑝,C)



𝔨 =





𝑧11 0 𝑧13 0

0 𝑧22 0 𝑧24

−𝑧13 0 𝑧11 0

0 −𝑧24 0 𝑧22


: 𝑧𝑖 𝑗 ∈ 𝑀 (𝑝,C) ,

𝑧11, 𝑧22 skew-Hermitian and

𝑧13, 𝑧24 symmetric


𝔭′′ =





𝑧11 0 𝑧13 0

0 −𝑧11 0 −𝑧13

−𝑧13 0 𝑧11 0

0 𝑧13 0 −𝑧11


: 𝑧𝑖 𝑗 ∈ 𝑀 (𝑝,C) ,

𝑧11 skew-Hermitian and

𝑧13 symmetric


48



𝔥 =





𝑧11 0 𝑧13 0

0 𝑧11 0 𝑧13

−𝑧13 0 𝑧11 0

0 −𝑧13 0 𝑧11


: 𝑧𝑖 𝑗 ∈ 𝑀 (𝑝,C) ,

𝑧11 skew-Hermitian and

𝑧13 symmetric


.

Again, our goal is to utilize Proposition 2.12 to show that (𝔤, 𝔥) is a Cartan orthogonal

pair, so we need that 𝔤 is simple and 𝔭′′ is irreducible, of real type, and [𝔭′′, 𝔭′′] ⊂ 𝔥 along

with a trivial 𝑎𝑑𝔥 representation. In this case, we can use 𝑛 ≥ 1, as we will now demonstrate.

𝐾/𝐻 = 𝑆𝑝(𝑛)𝑆𝑝(𝑛)/Δ𝑆𝑝(𝑛) is an irreducible symmetric space of real type, not Her-

mitian or Quaternionic (see Chapter X of [Hel01] and Table 1 of [Wol65]). Since Table IV

of Chapter X in [Hel01] only lists 𝑛 ≥ 3, to see that 𝑛 = 1 and 𝑛 = 2 are still irreducible sym-

metric spaces, consider the incidental isomorphisms 𝔰𝔭(1) ' 𝔰𝔲(2) and 𝔰𝔭(2) ' 𝔰𝔬(5),

and Table IV will again confirm that these are irreducible symmetric spaces. Thus, 𝔭′′

is irreducible of real type and [𝔭′′, 𝔭′′] ⊂ 𝔥 (See Remark 1.13). Lastly, Type C II in

Section 2 of Chapter X in [Hel01] will confirm that 𝔰𝔭(𝑛, 𝑛) is simple for all such 𝑛 as

𝑆𝑝(𝑛, 𝑛)/𝑆𝑝(𝑛)𝑆𝑝(𝑛) is an irreducible symmetric space.

To utilize Proposition 2.12, we now seek to understand the 𝑎𝑑𝔥 representation on 𝔭′ and

a decomposition of 𝔭′ into irreducible factors. To do this, we will first find an equivalent

representation of 𝑎𝑑𝔰𝔭(𝑛) on 2 × 2 block matrices which we will call 𝔮′ and then find a

decomposition of 𝔮′ into irreducibles, 𝔮′ = 𝔮1 ⊕ 𝔮2 ⊕ 𝔮3. In our decomposition of 𝔮′, we

will find that 𝔮1 is isomorphic to the isotropy representation for the irreducible symmetic

space 𝑆𝑝(𝑛,C)R/𝑆𝑝(𝑛), 𝔮2 is isomorphic to the isotropy representation from the irreducible

symmetric space 𝑆𝑈 (2𝑛)/𝑆𝑝(𝑛), and 𝔮3 is a one-dimensional trivial representation.
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Consider the following definition of 𝔰𝔭(𝑛) from Section 2 of Chapter X in [Hel01]

𝔰𝔭(𝑛) =



𝑧11 𝑧13

−𝑧13 𝑧11

 : 𝑧11, 𝑧13 ∈ 𝑀 (𝑛,C) , 𝑧11skew-Hermitian , and 𝑧13 symmetric

 ,
and let 𝔮′ be defined by

𝔮′ =



𝑧12 𝑧14

𝑧14 −𝑧12

 : 𝑧𝑖 𝑗 ∈ 𝑀 (𝑛,C)

 .

Claim: The 𝑎𝑑𝔥 representation on 𝔭′ is isomorphic to the 𝑎𝑑𝔰𝔭(𝑛) representation on 𝔮′.

Proof of Claim:

Let 𝑋 =



𝑥11 0 𝑥13 0

0 𝑥11 0 𝑥13

−𝑥13 0 𝑥11 0

0 −𝑥13 0 𝑥11


∈ 𝔥 and 𝑉 =



0 𝑧12 0 𝑧14

𝑧𝑡12 0 𝑧𝑡14 0

0 𝑧14 0 −𝑧12

𝑧𝑡14 0 −𝑧𝑡12 0


∈ 𝔭′.

Let 𝑥 =


𝑥11 𝑥13

−𝑥13 𝑥11

 ∈ 𝔰𝔭(𝑛) and 𝑣 =


𝑧12 𝑧14

𝑧14 −𝑧12

 ∈ 𝔮′.

To see how 𝑋 is mapped to 𝑥 in the isomorphism 𝔥 → 𝔰𝔭(𝑛), we have provided a red and blue

box in our matrix to help one see the diagonal copies of 𝔰𝔭(𝑛) in 𝔰𝔭(𝑛, 𝑛) above. In adddtion,
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one can see the isomorphism by looking at the embedding of 𝔰𝔭(𝑛) ⊕ 𝔰𝔭(𝑛) → 𝔰𝔭(𝑛, 𝑛)

found in Type CII in Section 2 of Chapter X in [Hel01]. We will show that there is an

intertwining map (intertwining 𝑎𝑑𝔥 with 𝑎𝑑𝔰𝔭(𝑛)) 𝜙 : 𝔭′ → 𝔮′ determined by 𝑧12 in the 𝑉1,2

position being mapped to 𝑧12 in the 𝑣1,1 position, and 𝑧14 in the 𝑉1,4 position being mapped

to 𝑧14 in the 𝑣1,2 position.

To show this, since 𝔭′ is already known to be invariant under 𝑎𝑑𝔥, it suffices to show that

[𝑥, 𝑣] ∈ 𝔮′ (to verify invariance of 𝔮′ under 𝑎𝑑𝔰𝔭(𝑛)) and that 𝜙( [𝑋,𝑉]) = [𝑥, 𝑣] which is

done by checking that [𝑋,𝑉]1,2 = [𝑥, 𝑣]1,1 and [𝑋,𝑉]1,4 = [𝑥, 𝑣]1,2.

First, we show that 𝔮′ is invariant. Observe,

[𝑥, 𝑣] =


𝑥11𝑧12 + 𝑥13𝑧14 − (𝑧12𝑥11 + 𝑧14(−𝑥13)) 𝑥11𝑧14 + 𝑥13(−𝑧12) − (𝑧12𝑥13 + 𝑧14𝑥11)

−𝑥13𝑧12 + 𝑥11𝑧14 − (𝑧14𝑥11 + 𝑧12𝑥13) −𝑥13𝑧14 + 𝑥11(−𝑧12) − (𝑧14𝑥13 − 𝑧12𝑥11)

 .
To see that [𝑥, 𝑣]2,2 = −[𝑥, 𝑣]1,1 and [𝑥, 𝑣]2,1 = [𝑥, 𝑣]1,2, we rearrange the terms in [𝑥, 𝑣]2,1

and [𝑥, 𝑣]2,2 from above and check for equivalence. Observe,

[𝑥, 𝑣] =


𝑥11𝑧12 + 𝑥13𝑧14 − (𝑧12𝑥11 + 𝑧14(−𝑥13)) 𝑥11𝑧14 + 𝑥13(−𝑧12) − (𝑧12𝑥13 + 𝑧14𝑥11)

𝑥11𝑧14 − 𝑥13𝑧12 − (𝑧12𝑥13 + 𝑧14𝑥11) −𝑥11𝑧12 − 𝑥13𝑧14 − (−𝑧12𝑥11 + 𝑧14𝑥13)

 .
Now that we have that 𝔮′ is invariant under 𝑎𝑑𝔰𝔭(𝑛) , we check that under 𝜙 as described

above, [𝑋,𝑉]1,2 is mapped to [𝑥, 𝑣]1,1 and [𝑋,𝑉]1,4 is mapped to [𝑥, 𝑣]1,2 by checking that

[𝑋,𝑉]1,2 = [𝑥, 𝑣]1,1 and [𝑋,𝑉]1,4 = [𝑥, 𝑣]1,2.

[𝑋,𝑉]1,2 = 𝑥11𝑧12 + 𝑥13𝑧14 − (𝑧12𝑥11 + 𝑧14(𝑥13))

= [𝑥, 𝑣]1,1
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[𝑋,𝑉]1,4 = 𝑥11𝑧14 + 𝑥13(−𝑧12) − (𝑧12𝑥13 + 𝑧14𝑥11)

= [𝑥, 𝑣]1,2

Thus, we have proven our claim and we can understand our 𝑎𝑑𝔥 representation on 𝔭′ by

understanding the simpler, isomorphic representation of 𝑎𝑑𝔰𝔭(𝑛) on 𝔮′.

Observe that we have the following vector space decomposition for our

𝔮′ =



𝑧12 𝑧14

𝑧14 −𝑧12

 : 𝑧𝑖 𝑗 ∈ 𝑀 (𝑛,C)

 :

𝔮′ = 𝔮1 ⊕ 𝔮2 ⊕ 𝔮3 where

𝔮1 =



𝑧12 𝑧14

𝑧14 −𝑧12

 : 𝑧𝑖 𝑗 ∈ 𝑀 (𝑛,C) , 𝑧12 Hermitian, 𝑧14 symmetric


𝔮2 =



𝑧12 𝑧14

𝑧14 −𝑧12

 : 𝑧𝑖 𝑗 ∈ 𝑀 (𝑛,C) , 𝑧12 ∈ 𝔰𝔲(𝑛) , 𝑧14 ∈ 𝔰𝔬(𝑛,C)


𝔮3 =



𝑧12 0

0 −𝑧12

 : 𝑧𝑖 𝑗 ∈ 𝑀 (𝑛,C) , 𝑧12 = _𝐼 , _̄ = −_

.

We can see that 𝔮3 is a trivial representation of dimension 1. We will now show, as

mentioned before, that 𝔮1 is isomorphic to the isotoropy representation for the irreducible

symmetic space 𝑆𝑝(𝑛,C)R/𝑆𝑝(𝑛) and 𝔮2 is isomorphic to the isotropy representation from

52



the irreducible symmetric space 𝑆𝑈 (2𝑛)/𝑆𝑝(𝑛).

First, we show that 𝔮1 = 𝑖𝔰𝔭(𝑛), recalling that 𝔰𝔭(𝑛,C)R = 𝔰𝔭(𝑛) ⊕ 𝑖𝔰𝔭(𝑛) is the Car-

tan decomposition of 𝔰𝔭(𝑛,C)R (see Section 1.5).

Consider 𝔰𝔭(𝑛) =



𝑥 𝑦

−�̄� −𝑥𝑡

 : 𝑥, 𝑦 ∈ 𝑀 (𝑛,C) , 𝑥 skew-Hermitian, and 𝑦 symmetric

,

which implies that we have

𝑖𝔰𝔭(𝑛) =



𝑖𝑥 𝑖𝑦

𝑖𝑦 −𝑖𝑥𝑡

 : 𝑥, 𝑦 ∈ 𝑀 (𝑛,C) , 𝑥 skew-Hermitian, and 𝑦 symmetric

. Thus,

if we let 𝑧12 = 𝑖𝑥 and 𝑧14 = 𝑖𝑦, then we get 𝔮1, so 𝔮1 = 𝑖𝔰𝔭(𝑛) as a vector space, with

isomorphism at the representation level following from both representations being defined

by the matrix multiplication bracket.

To see that 𝔮2 is the irreducible isotropy representation from 𝑆𝑈 (2𝑛)/𝑆𝑝(𝑛), one sim-

ply has to compare Type AII in Section 2 of Chapter X in [Hel01] with 𝔮2 and note that in

both cases, the 𝑎𝑑𝔰𝔭(𝑛) action is the matrix multiplication defined bracket.

Therefore, we have 𝔮′ = 𝔮1 ⊕ 𝔮2 ⊕ 𝔮3 as a decomposition into irreducibles. Now, ob-

serve that dim𝔭′′ = 𝑛(2𝑛+1), dim𝔮1 = 𝑛(2𝑛+1), and dim𝔮2 = (𝑛−1) (2𝑛+1), and one can

check by comparing dimensions that 𝔮2 cannot be isomorphic to 𝔭′′. Moreover, we have 𝔮3

as a trivial representation with dimension 1. Therefore, we have all the assumptions met

for Proposition 2.12, and we can conclude that 𝔭′′ ' 𝔮1 and (𝔤, 𝔥) is a Cartan orthogonal pair.

Example 2.15. Let 𝔤 = 𝔰𝔩(𝑛 + 1,R) with 𝔥 = 𝔰𝔬(𝑛) ⊂ 𝔰𝔬(𝑛 + 1) = 𝔨. For 𝑛 ≥ 3, (𝔤, 𝔥) is

a Cartan orthogonal pair, but for 𝑛 = 2, (𝔤, 𝔥) is not a Cartan orthogonal pair.
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Using Section 2 in Chapter X of [Hel01] again, we have 𝔤 = 𝔥 ⊕ 𝔭′′ ⊕ 𝔭′ where 𝔥, 𝔭′′, and

𝔭′ are defined as follows:

𝔥 =



𝐴 0

0 0

 : 𝐴 ∈ 𝔰𝔬(𝑛)


𝔭′′ =




0 𝑥𝑡

−𝑥𝑡 0

 : 𝑥 ∈ R𝑛


𝔭′ =




𝐶 𝑥

𝑥 −𝑡𝑟 (𝐶)

 : 𝑥 ∈ R𝑛 and 𝐶𝑡 = 𝐶

 .
Here, we have that 𝔤 is simple for all 𝑛 > 1, and 𝐾/𝐻 = 𝑆𝑂 (𝑛 + 1)/𝑆𝑂 (𝑛) is an irre-

ducible symmetric space of real type (see Chapter X of [Hel01] and Table 1 of [Wol65])

except when 𝑛 = 2. When 𝑛 = 2 we have 𝑆𝑂 (3)/𝑆𝑂 (2) which is of Hermitian type, so in

this case, the irreducible representation 𝔭′′ is of complex type.

Nikonorov, in Example 4 of [Nik00], shows that (𝔤, 𝔥) is a Cartan orthogonal pair with the

irreducible decomposition of 𝔭′ given by 𝔭′ = 𝔭1 ⊕ 𝔭2 ⊕ 𝔭3 with 𝔭1, 𝔭2, and 𝔭3 as follows:

𝔭1 =



𝐵 0

0 0

 : 𝐵𝑡 = 𝐵 and 𝑡𝑟𝐵 = 0


𝔭2 =




0 𝑥

𝑥𝑡 0

 : 𝑥 ∈ R𝑛


𝔭3 =



_𝐼 0

0 −𝑛_

 : _ ∈ R

.

In that example, Nikonorov constructs the intertwining map; however, by utilizing our
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Proposition 2.12, we can see that since 𝔭3 is trivial, 𝔭1 ; 𝔭′′ by dimensionality, and

[𝔭′′, 𝔭′′] ⊂ 𝔥 by 𝑆𝑂 (𝑛 + 1)/𝑆𝑂 (𝑛) being an irreducible symmetric space (see Remark

1.13), so long as 𝔭′′ is irreducible of real type, (𝔤, 𝔥) is a Cartan orthogonal pair. Thus, for

𝑛 > 2 (𝔤, 𝔥) is a Cartan orthogonal pair.

When 𝑛 = 2, 𝔭′′ is of complex type, a fact overlooked in [Nik00] and [AL17] as well.

Their conclusion that 𝑆𝐿 (3,R)/𝑆𝑂 (2) is not Einstein, it turns out, has a gap in it. The

solution to that gap is resolved in [BL23] in which the Alekseevski conjecture is given in

the positive. For our purposes though, we simply wish to show that (𝔰𝔩(3,R), 𝔰𝔬(2)) is

not a Cartan orthogonal pair. This will give us a non-trivial example that is not a Cartan

orthogonal pair, and will also show the necessity of having a real representation for part 3

of Proposition 2.12 to be true.

Claim: The pair (𝔰𝔩(3,R), 𝔰𝔬(2)) is not a Cartan orthogonal pair.

Proof of Claim: Consider then 𝔰𝔩(3,R) = 𝔥 ⊕ 𝔭′′ ⊕ 𝔭1 ⊕ 𝔭2 ⊕ 𝔭3. Let 𝜙 : 𝔭′′ → 𝔭2

be defined by 
0 0 𝑥1

0 0 𝑥2

−𝑥1 −𝑥2 0


↦→


0 0 𝑥2

0 0 −𝑥1

𝑥2 −𝑥1 0


.

Let 𝑍 =


0 𝑧 0

−𝑧 0 0

0 0 0


∈ 𝔥, 𝑋 =


0 0 𝑥1

0 0 𝑥2

−𝑥1 −𝑥2 0


∈ 𝔭′′, and 𝑌 =


0 0 𝑦1

0 0 𝑦2

−𝑦1 −𝑦2 0


∈ 𝔭′′.

We will show that 𝜙 is an intertwining map and then prove that condition ii for (𝔰𝔩(3,R), 𝔰𝔬(2))

to be a Cartan orthogonal pair (see 2.1) is not satisfied (observe that condition i is automat-
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ically satisfied since the bracket structure of 𝔭2 is not changing).

Observe, [𝑍, 𝑋] =


0 0 𝑧𝑥2

0 0 −𝑧𝑥1

−𝑧𝑥2 𝑧𝑥1 0


and 𝜙( [𝑍, 𝑋]) =


0 0 −𝑧𝑥1

0 0 −𝑧𝑥2

−𝑧𝑥1 −𝑧𝑥2 0


.

Moreover, we have that 𝜙(𝑋) =


0 0 𝑥2

0 0 −𝑥1

𝑥2 −𝑥1 0


and [𝑍, 𝜙(𝑋)] =


0 0 −𝑧𝑥1

0 0 −𝑧𝑥2

−𝑧𝑥1 −𝑧𝑥2 0


.

Thus, we have, 𝜙( [𝑍, 𝑋]) = [𝑍, 𝜙(𝑋)], meaning that 𝜙 is an intertwining map.

To show condition ii is not satisfied, first recall that condition ii states that for any 𝑎𝑑𝔥

intertwining map 𝜙 : 𝔭′′ → 𝔭′,

𝜙( [𝑋,𝑌 ]𝔭′′) = [𝑋, 𝜙(𝑌 )] + [𝜙(𝑋), 𝑌 ] for all 𝑋,𝑌 ∈ 𝔭′′.

Since [𝔭′′, 𝔭′′] ⊂ 𝔥, we have that the left hand side is 0. Therefore, to conclude our claim,

we need to show that there is an 𝑋,𝑌 ∈ 𝔭′′ such that [𝜙(𝑋), 𝑌 ] + [𝑋, 𝜙(𝑌 )] ≠ 0.

[𝜙(𝑋), 𝑌 ] =


−2𝑥2𝑦1 𝑥1𝑦1 − 𝑥2𝑦2 0

𝑥1𝑦1 − 𝑥2𝑦2 2𝑥1𝑦2 0

0 0 2𝑥2𝑦1 − 2𝑥1𝑦2


[𝑋, 𝜙(𝑌 )] =


2𝑥1𝑦2 −𝑥1𝑦1 + 𝑥2𝑦2 0

−𝑥1𝑦1 + 𝑥2𝑦2 −2𝑥2𝑦1 0

0 0 2𝑥2𝑦1 − 2𝑥1𝑦2


Observing that −2𝑥2𝑦1 + 2𝑥1𝑦2 ≠ 0 for arbitrary 𝑥1, 𝑥2, 𝑦1, 𝑦2, we have proven our claim
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that (𝔰𝔩(3,R), 𝔰𝔬(2)) is not a Cartan orthogonal pair.

Example 2.16. For such a 𝔤 and 𝔥 as described below, (𝔤, 𝔥) is not a Cartan orthogonal

pair.

Let 𝔤 = 𝔤1 ⊕ 𝔤2 with 𝔥 = 𝔥1 ⊕ 𝔥2 where 𝔤1, 𝔤2, 𝔥1, 𝔥2 are defined as follows:

𝔤1 = 𝔰𝔬(3, 3) with 𝔥1 = 𝔰𝔬(3) ⊂ 𝔰𝔬(3) ⊕ 𝔰𝔬(3) = 𝔨1 where 𝔥1 = 𝔰𝔬(3) is one of the ideals

in 𝔨1;

𝔤2 = 𝔰𝔬(3, 3) with 𝔥2 = Δ(𝔰𝔬(3)) ⊂ 𝔰𝔬(3) ⊕ 𝔰𝔬(3) = 𝔨2.

In this setting, by Proposition 2.7 we know that (𝔤1, 𝔥1) is a Cartan orthogonal pair. More-

over, by Example 2.13, we know that (𝔤2, 𝔥2) is a Cartan orthogonal pair as well. Consider

𝔤 = 𝔤1⊕𝔤2 = 𝔥1⊕𝔥2⊕𝔭′′1⊕𝔭
′′
2⊕𝔭

′
1⊕𝔭

′
2 a reductive Cartan decomposition for (𝔤1⊕𝔤2, 𝔥1⊕𝔥2)

where 𝔭′′1 = 𝔰𝔬(3), the complementary ideal to 𝔥1 in 𝔨1.

Claim: 𝔭′′1 = 𝔰𝔬(3) is a three dimensional trivial 𝑎𝑑𝔥1⊕𝔥2 representation.

Proof of Claim: We will show that 𝑎𝑑𝔥1 acts trivially on 𝔭′′1 and then show that 𝑎𝑑𝔥2 acts

trivially on 𝔭′′1 . First, 𝑎𝑑𝔥1 acts trivially on 𝔭′′1 because 𝔭′′1 is an ideal of 𝔥1 in 𝔨1 = 𝔥1 ⊕ 𝔭′′1 .

Next, to see that 𝑎𝑑𝔥2 acts trivially on 𝔭′′1 , we observe that this is true by 𝔤1 and 𝔤2 being

ideals in 𝔤 = 𝔤1 ⊕ 𝔤2 with 𝔥2 ⊂ 𝔤2 and 𝔭′′1 ⊂ 𝔤1. Thus, we have proven our claim.

Claim: There is a trivial one-dimensional 𝑎𝑑𝔥1⊕𝔥2 representation in 𝔭′2 ⊂ 𝔤2.

Proof of Claim: Looking to Example 2.13, we can see that, inside 𝔭′2 is a one dimen-
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sional trivial 𝑎𝑑𝔥2 representation. Moreover, by 𝔤1 and 𝔤2 being ideals in 𝔤, 𝑎𝑑𝔥1 acts

trivially on all of 𝔭′2. Thus, we have a one dimensional trivial representation of 𝑎𝑑𝔥1⊕𝔥2

in 𝔭′2. This proves our claim, and for simplicity, we denote this one dimensional trivial

representation by 𝔮0.

Using the above two claims, we now show that (𝔤, 𝔥) is indeed not a Cartan orthogo-

nal pair. First, let 𝜙 : 𝔭′′1 → 𝔮0 ⊂ 𝔭′2 be a non-zero linear map. Since our representations

are trivial under 𝑎𝑑𝔥1⊕𝔥2 , 𝜙 is an 𝑎𝑑𝔥1⊕𝔥2 intertwining map. We will check that condition ii

in 2.1 fails, causing (𝔤1 ⊕ 𝔤2, 𝔥1 ⊕ 𝔥2) to not be a Cartan orthogonal pair.

If 𝑥, 𝑦 ∈ 𝔭′′1 ⊂ 𝔤1 then 𝜙(𝑥), 𝜙(𝑦) ∈ 𝔤2. Moreover, by 𝔤1, 𝔤2 being ideals in 𝔤 = 𝔤1 ⊕ 𝔤2,

we have [𝑥, 𝜙(𝑦)] + [𝜙(𝑥), 𝑦] = 0. Since [𝔭′′1 , 𝔭
′′
1 ] = 𝔭′′1 by 𝔭′′1 being simple (see Section

1.4), we know there are 𝑥, 𝑦 ∈ 𝔭′′1 such that 𝜙( [𝑥, 𝑦]𝔭′′) ≠ 0; thus, condition ii of being

a Cartan orthogonal pair is not satisfied and (𝔤1⊕𝔤2, 𝔥1⊕𝔥2) is not a Cartan orthogonal pair.

Remark 2.17. It is worth noting that the argument above relies upon the fact that in 𝔭′′1

there is at least a two dimensional trivial representation and that there is a [𝑥, 𝑦]𝔭′′ not in the

kernel of 𝜙. This indicates that some improvement upon Lemma 2.8 is not far out of reach.
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Chapter 3

Two Irreducible Summands

In [DK08] (with corrections in Theorem A.1 of [He12] and Remark 6.1 of [LL22]), there

is an investigation into the classification and Ricci curvature for the connected, simply

connect, compact,𝐺/𝐻 in which𝐺 is simple, 𝐻 is connected, and𝐺/𝐻 has two irreducible

summands. That is (see Section 1.1), 𝐺/𝐻 in which the reductive decomposition 𝔤 = 𝔥 ⊕ 𝔭

has an irreducible decomposition 𝔤 = 𝔥 ⊕ 𝔭1 ⊕ 𝔭2. In [DK08] (and aforementioned correc-

tions), a classification was given, and information regarding the Ricci tensor and Einstein

metrics was provided. In the present work, we are in the noncompact setting, and we wish

to ask a similar set of questions about the classification and the Ricci tensor.

In the first section (3.1), we investigate the classification of connected, noncompact 𝐺/𝐻

with two isotropy irreducible summands in which 𝔤 is semi-simple (not just simple).

In the second section (3.2), we investigate the Ricci tensor and solve the so-called pre-

scribed Ricci curvature problem (PRP) in the setting of two isotropy irreducible summands

in which 𝔤 is noncompact semi-simple with the exception of one space, 𝑆𝑂0(1, 7)/𝐺2. For

this exceptional case, our results in this section only provide a partial solution since our
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solution only addresses those inner products in which (𝔭2, 𝔭1) = 0.

Produced in Mathematica ([Inc]), the above picture provides an example graph of the so-

lutions to 𝑟𝑖𝑐 = 𝑇 in solving the PRP for inner products in which (𝔭2, 𝔭1) = 0. The

above example is 𝑆𝑂0(1, 7)/𝐺2 when we restrict our inner products to those that satisfy

(𝔭2, 𝔭1) = 0

In the third section (3.3), we investigate our exceptional case, 𝑆𝑂0(1, 7)/𝐺2, which is

unique in that it is the one case in which the two irreducible isotropy summands are iso-

morphic (see the remark at the end of section 2 of [DK08] and then one can check the

dimensions of the corrected spaces from [He12] and [LL22] to see that no isomorphism can

exist). Here, we completely solve the prescribed Ricci curvature problem for 𝑆𝑂0(1, 7)/𝐺2,

and with the results in Section 3.2 we have a complete solution to the prescribed Ricci cur-

vature problem for simply connected, noncompact 𝐺/𝐻 with 𝐺 semi-simple, 𝐻 connected,

and 𝐺/𝐻 having two isotropy irreducible summands.
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Produced in Mathematica ([Inc]), the above picture provides a graph of the solutions to

𝑟𝑖𝑐 = 𝑇 in solving the PRP for 𝑆𝑂0(1, 7)/𝐺2.

Regarding the compact case with two irreducible summands, we direct the reader’s at-

tention to [GP17] and [BP20]. There, the complete solution to the PRP is not found as

they address all but those spaces in which the two irreducible isotropy representations

are isomorphic. They do, however, solve the PRP (specifically for solutions to 𝑟𝑖𝑐 = 𝑐𝑇

which implies the case where 𝑐 = 1) for those spaces in which the two irreducible isotropy

representations are not isomorphic and without the restriction of 𝐺 being semi-simple.
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3.1. Classification

The following lemma is included for completion as it is used in Theorem 3.2 regarding the

classification of two isotropy irreducible summand spaces.

Lemma 3.1. If 𝔤 = 𝔨 ⊕ 𝔭′ is a Cartan decomposition of a noncompact simple Lie algebra

and 𝔤∗ = 𝔨 ⊕ 𝑖𝔭′ is the dual to 𝔤 (see Section 1.5), then 𝔭 and 𝑖𝔭 are isomorphic irreducible

𝑎𝑑𝔨 representations.

Proof: Consider 𝔤C = 𝔨 ⊕ 𝔭′ ⊕ 𝑖𝔨 ⊕ 𝑖𝔭′ (see Section 1.4) and restrict the scalars. We may

consider the real linear map 𝑖 : 𝔭′ → 𝑖𝔭′ and by definition of 𝔤C, [𝑥, 𝑖𝑣] = 𝑖[𝑥, 𝑣], so we are

done. �

Using the classification from [DK08] in the compact setting with two isotropy summands,

we will classify spaces with two isotropy summands in the noncompact setting with the

restriction that 𝐺 in 𝐺/𝐻 is semi-simple. In the following, we work with simply connected

𝐺/𝐻 with 𝐺 simple and 𝐻 connected.

Theorem 3.2. Let 𝐺/𝐻 be simply connected with 𝐺 a connected semi-simple Lie group

with no compact factors and 𝐻 ⊂ 𝐺, a compact, connected subgroup. If 𝐺/𝐻 has exactly

two irreducible representations then 𝐺/𝐻 is described by one of the following:

1. 𝐺 and 𝐻 have Lie algebras 𝔤 = 𝔤1 ⊕ 𝔤2 and 𝔥 = 𝔨1 ⊕ 𝔨2 where 𝔤𝑖 is noncompact simple

and 𝔨𝑖 is the maximal compact in 𝔤𝑖. In this case, 𝐺/𝐻 is a symmetric space.

2. 𝐺 has a simple Lie algebra 𝔤, and 𝐻 has Lie algebra 𝔥 ( 𝔨 where 𝔨 is the maximal

compact in 𝔤. A classification of such 𝐺/𝐻 is determined by the (𝔤, 𝔨, 𝔥) triple

belonging to Tables 3.1 through 3.4. In this case, 𝐺/𝐻 is not a symmetric space.
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Proof: Let 𝔤 be noncompact semi-simple and 𝔨 the maximal compact subalgebra of 𝔤.

If 𝔤 is simple, then, as discussed in Proposition 1.11, 𝐺/𝐾 is an irreducible symmetric

space, and the reductive decomposition of 𝔤 is 𝔤 = 𝔨 ⊕ 𝔭′ with 𝔭′ being an irreducible

𝑎𝑑𝔨 invariant complement to 𝔨 in 𝔤. Therefore, if 𝔤 is simple, we will have to consider an

𝔥 ( 𝔨, a case we will turn to after resolving the case in which 𝔤 is semi-simple and not simple.

If 𝔤 is not simple, then 𝐺/𝐾 has a decomposition into irreducible factors coming from

the DeRham decomposition discussed in Section 1.2. Thus, the reductive decomposition

of 𝔤 is 𝔤 = 𝔨 ⊕ 𝔭 = 𝔨1 ⊕ ... ⊕ 𝔨𝑛 ⊕ 𝔭1 ⊕ ... ⊕ 𝔭𝑛 in which 𝔭𝑖 is the irreducible 𝑎𝑑𝔨𝑖 invariant

complement of 𝔨𝑖 in 𝔤𝑖 and [𝔤𝑖, 𝔤 𝑗 ] = 0. Therefore, if 𝔤 is semi-simple and not simple

and if we consider the spaces 𝐺/𝐻 in which the isotropy representation has exactly two

irreducible summands, we must restrict to 𝔤 = 𝔤1 ⊕ 𝔤2 where 𝔤1 and 𝔤2 are simple ideals

in 𝔤. Moreover, we must have 𝔥 = 𝔨1 ⊕ 𝔨2 where 𝔨1, 𝔨2 are the maximal compacts in 𝔤1 and

𝔤2, respectively. Indeed, if 𝔥 ( 𝔨 = 𝔨1 ⊕ 𝔨2, the maximal compact in 𝔤, then the isotropy

representation would have a (not necessarily irreducible) decomposition, 𝔭 = 𝔮 ⊕ 𝔭1 ⊕ 𝔭2 in

which 𝔮 is an 𝑎𝑑𝔥 invariant complement of 𝔥 inside 𝔨, giving us more than two irreducible

summands. Thus, a complete description of spaces 𝐺/𝐻 in which 𝐺 is semi-simple but

not simple is given by 𝐺1/𝐾1 × 𝐺2/𝐾2 in which 𝔤𝑖 are noncompact simple and 𝔨𝑖 is the

maximal compact inside 𝔤𝑖. Such spaces are symmetric spaces.

Now, let 𝔤 be noncompact simple and consider the spaces 𝐺/𝐻 in which there are ex-

actly two irreducible summands in the isotropy representation. As shown above, we must

choose 𝔥 ( 𝔨 to obtain more than one irreducible summand. Since our reductive decompo-

sition 𝔤 = 𝔥⊕𝔭 has a decomposition of 𝔭 into irreducibles that is unique up to isomorphism,

we may choose a decomposition of 𝔭 that is covenient for us. Therefore, for 𝔥 ( 𝔨, we

choose a reductive Cartan decomposition for (𝔤, 𝔥) given by 𝔤 = 𝔥⊕𝔭′′⊕𝔭′ where 𝔥⊕𝔭′′ = 𝔨
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and 𝔭′ is the irreducible 𝑎𝑑𝔨 representation from the Cartan decomposition 𝔤 = 𝔨 ⊕ 𝔭′ (See

Definition 1.19). In this case, 𝔭 = 𝔭′′⊕𝔭′, so to have exactly two irreducible summands, the

𝑎𝑑𝔥 representations 𝔭′ and 𝔭′′ must be irreducible. This then allows us to restrict ourselves

to the case when 𝔤 is not the realification of a complex simple Lie algebra (see Section

1.4) because otherwise, 𝔤 = 𝔨 ⊕ 𝑖𝔨 (see Section 1.5) and we get at least three irreducible

summands for the isotropy action, as seen from the decomposition 𝔤 = 𝔥 ⊕ 𝔭′′ ⊕ 𝑖𝔥 ⊕ 𝑖𝔭′′.

We now use the duality of symmetric spaces as discussed in Section 1.5. We know

that if we have a Cartan decomposition 𝔤 = 𝔨 ⊕ 𝔭′ then 𝔤 has a dual, 𝔤∗ = 𝔨 ⊕ 𝑖𝔭′ and 𝔤∗

is compact with 𝐺∗/𝐾 a compact irreducible symmetric space. Moreover, we know that

𝔭′ and 𝑖𝔭′ are isomorphic 𝑎𝑑𝔨 representations by Proposition 3.1. Using this isomorphism

of representations, we can pass from 𝔤 = 𝔥 ⊕ 𝔭′′ ⊕ 𝔭′ to 𝔤∗ = 𝔥 ⊕ 𝔭′′ ⊕ 𝑖𝔭′ and vice versa.

Therefore, for 𝔤 simple, if 𝐺/𝐻 is noncompact with two irreducible summands, we have

𝔤 = 𝔥 ⊕ 𝔭′′ ⊕ 𝔭′ and we will find a corresponding compact 𝐺∗/𝐻 with two irreducible sum-

mands 𝔤∗ = 𝔥⊕ 𝔭′′ ⊕ 𝑖𝔭′ with 𝔤∗ compact simple. Using the complete list of compact𝐺∗/𝐻

with two irreducible summands in which 𝐺∗ is connected and simple given by Dickenson

and Kerr in [DK08] (with corrections in Appendix A of [He12] and Remark 6.1 of [LL22]),

we can then get a complete list of noncompact 𝐺/𝐻 with two irreducible summands. We

now turn to how we can get that list.

By observing the work in [DK08], we note that the list in the noncompact setting will

be smaller since in the compact setting one can have 𝐺∗/𝐻 with 𝐻 maximal in 𝐺∗ but

still have two irreducible summands. In this case, 𝐻 will not be inside a 𝐾 ⊂ 𝐺∗ such

that 𝐺∗/𝐾 is a compact irreducible symmetric space, so we could not obtain 𝐺∗/𝐻 from

any noncompact 𝐺/𝐻 with two irreducible summands using the duality. Instead, we must

restrict ourselves in the compact setting to the case in which there is an intermediate sub-
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group 𝐻 ⊂ 𝐾 ⊂ 𝐺∗. Furthermore, since there are 𝐻 ⊂ 𝐾 ⊂ 𝐺 such that 𝐾 is maximal

in 𝐺∗ but 𝐺∗/𝐾 is isotropy irreducible and not symmetric (see tables 5 and 6 in Chapter

7 of [Bes87] for these), we must further restrict ourselves to those 𝐻 ⊂ 𝐾 ⊂ 𝐺∗ in which

𝐺∗/𝐾 are irreducible symmetric spaces (which can be checked by the help of Chapter X

of [Hel01]). We can then achieve our own list in the noncompact setting by the following

procedure similar to the procedure used in Section 3 of [AL17]:

a. In the compact setting, select 𝔥 ⊂ 𝔨 ⊂ 𝔤∗ in which (𝔤∗, 𝔨) is a pair associated with a

compact irreducible symmetric space and 𝐺∗/𝐻 has two irreducible summands.

b. Use the duality to achieve 𝔥 ⊂ 𝔨 ⊂ 𝔤 such that 𝐺/𝐻 has exactly two irreducible

summands in the noncompact setting.

A check of the lists in [DK08] (and corrections in [He12] and [LL22]) shows that there are

compact𝐺∗/𝐻 in which 𝐻 ⊂ 𝐾 ⊂ 𝐺∗ and𝐺∗/𝐾 is a compact irreducible symmetric space,

but there are also some spaces in which 𝐺∗/𝐾 is isotropy irreducible, but not symmetric.

We wish to keep the former to use our duality, and ignore the latter. Thus, we can get our

complete list in the noncompact setting by dualizing (in the sense of b above) each 𝐺∗/𝐻

in the lists given in [DK08], [He12], and [LL22] while ignoring the following items in the

list: I.20, I.21, I.22, I.23, I.29, III.9, III.10, III.11, IV.3, IV.6, IV.13, IV.18, IV.30, IV.31,

IV.32, IV.33, IV. 41, IV.42, IV.43, IV.44. �
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Table 3.1

(𝔤, 𝔨, 𝔥) Constraint Label in [DK08]

(𝔰𝔲( 𝑛(𝑛−1)
2 , 𝑚), 𝔰𝔲( 𝑛(𝑛−1)

2 ) ⊕ 𝔰𝔲(𝑚) ⊕ R, 𝔰𝔲(𝑛) ⊕ 𝔰𝔲(𝑚) ⊕ R) 𝑛 ≥ 5 II.1
(𝔰𝔲( 𝑛(𝑛+1)

2 , 𝑚), 𝔰𝔲( 𝑛(𝑛+1)
2 ) ⊕ 𝔰𝔲(𝑚) ⊕ R, 𝔰𝔲(𝑛) ⊕ 𝔰𝔲(𝑚) ⊕ R) 𝑛 ≥ 2 II.2

(𝔰𝔲(27, 𝑚), 𝔰𝔲(27) ⊕ 𝔰𝔲(𝑚) ⊕ R, 𝔢6 ⊕ 𝔰𝔲(𝑚) ⊕ R) NA II.3
(𝔰𝔲(16, 𝑚), 𝔰𝔲(16) ⊕ 𝔰𝔲(𝑚) ⊕ R, 𝔰𝔬(10) ⊕ 𝔰𝔲(𝑚) ⊕ R) NA II.4
(𝔰𝔲(𝑝𝑞, 𝑚), 𝔰𝔲(𝑝𝑞) ⊕ 𝔰𝔲(𝑚) ⊕ R, 𝔰𝔲(𝑝) ⊕ 𝔰𝔲(𝑞) ⊕ 𝔲(1) ⊕ 𝔰𝔲(𝑚)) 𝑝, 𝑞 ≥ 2 II.5
(𝔰𝔲(𝑛, 𝑚), 𝔰𝔲(𝑛) ⊕ 𝔰𝔲(𝑚) ⊕ R, 𝔰𝔬(𝑛) ⊕ 𝔲(1) ⊕ 𝔰𝔲(𝑚)) 𝑛 ≥ 3 II.6
(𝔰𝔲(𝑛, 𝑚), 𝔰𝔲(𝑛) ⊕ 𝔰𝔲(𝑚) ⊕ R, 𝔰𝔲(𝑛) ⊕ 𝔰𝔲(𝑚)) 𝑚, 𝑛 ≥ 2 II.7
(𝔰𝔲(2𝑛, 𝑚), 𝔰𝔲(2𝑛) ⊕ 𝔰𝔲(𝑚) ⊕ R, 𝔰𝔭(𝑛) ⊕ 𝔰𝔲(𝑚) ⊕ R) 𝑛 ≥ 2 II.8

(𝔰𝔲∗(14), 𝔰𝔭(7), 𝔰𝔭(3)) NA II.9
(𝔰𝔲∗(32), 𝔰𝔭(16), 𝔰𝔬(12)) NA II.10
(𝔰𝔲∗(56), 𝔰𝔭(28), 𝔢7) NA II.11
(𝔰𝔲∗(4), 𝔰𝔭(2), 𝔰𝔲(2)) 𝑛 ≥ 5 II.1

(𝔰𝔲∗(14), 𝔰𝔭(7), 𝔰𝔭(3)) NA II.9
(𝔰𝔲∗(32), 𝔰𝔭(16), 𝔰𝔬(12)) NA II.10
(𝔰𝔲∗(56), 𝔰𝔭(28), 𝔢7) NA II.11
(𝔰𝔲∗(4), 𝔰𝔭(2), 𝔰𝔲(2))) NA II.12
(𝔰𝔲∗(20), 𝔰𝔭(10), 𝔰𝔲(6)) NA [He12] II.15

(𝔰𝔭(𝑚, 2), 𝔰𝔭(𝑚) ⊕ 𝔰𝔭(2), 𝔰𝔭(𝑚) ⊕ 𝔰𝔲(2)) NA III.1
(𝔰𝔭(𝑚, 7), 𝔰𝔭(𝑚) ⊕ 𝔰𝔭(7), 𝔰𝔭(𝑚) ⊕ 𝔰𝔭(3)) NA III.2
(𝔰𝔭(𝑚, 10), 𝔰𝔭(𝑚) ⊕ 𝔰𝔭(10), 𝔰𝔭(𝑚) ⊕ 𝔰𝔲(6)) NA III.3
(𝔰𝔭(𝑚, 16), 𝔰𝔭(𝑚) ⊕ 𝔰𝔭(16), 𝔰𝔭(𝑚) ⊕ 𝔰𝔬(12)) NA III.4
(𝔰𝔭(𝑚, 28), 𝔰𝔭(𝑚) ⊕ 𝔰𝔭(28), 𝔰𝔭(𝑚) ⊕ 𝔢7) NA III.5
(𝔰𝔭(𝑚, 𝑛), 𝔰𝔭(𝑚) ⊕ 𝔰𝔭(𝑛), 𝔰𝔭(𝑚) ⊕ 𝔰𝔲(𝑛) ⊕ R) NA III.6
(𝔰𝔭(𝑚, 𝑛), 𝔰𝔭(𝑚) ⊕ 𝔰𝔭(𝑛), 𝔰𝔭(𝑚) ⊕ 𝔰𝔬(𝑛)𝔰𝔭(1)) 𝑛 ≥ 3 III.7

66



Table 3.2

(𝔤, 𝔨, 𝔥) Constraint Label in [DK08]

(𝔰𝔭(𝑛,R), 𝔰𝔲(𝑛) ⊕ R, 𝔰𝔲(𝑛)) 𝑘 ≥ 3 III.8
(𝔰𝔭(2𝑚,R), 𝔰𝔲(2𝑚) ⊕ R, 𝔰𝔭(𝑚) ⊕ 𝔲(1)) 𝑚 ≥ 2 [He12] III.12

(𝔤2(2), 𝔰𝔬(4), 𝔲(2)) 𝑈 (2)3 ⊄ 𝑆𝑈 (3) IV.1
(𝔣(4)4 , 𝔰𝔭(3) ⊕ 𝔰𝔭(1), 𝔰𝔭(3) ⊕ 𝔲(1)) NA IV.2
(𝔣(−20)

4 , 𝔰𝔬(9), 𝔰𝔬(7) ⊕ 𝔰𝔬(2)) NA IV.4
(𝔣(−20)

4 , 𝔰𝔬(9), 𝔰𝔬(6) ⊕ 𝔰𝔬(3)) NA IV.5

(𝔢(−14)
6 , 𝔰𝔬(10) ⊕ 𝔰𝔬(2), 𝔰𝔬(10)) NA IV.7

(𝔢(−14)
6 , 𝔰𝔬(10) ⊕ 𝔰𝔬(2), 𝔰𝔬(9) ⊕ 𝔰𝔬(2)) NA IV.8

(𝔢(−14)
6 , 𝔰𝔬(10) ⊕ 𝔰𝔬(2), 𝔰𝔬(7) ⊕ 𝔰𝔬(3) ⊕ 𝔰𝔬(2)) NA IV.9

(𝔢(−14)
6 , 𝔰𝔬(10) ⊕ 𝔰𝔬(2), 𝔰𝔬(5) ⊕ 𝔰𝔬(5) ⊕ 𝔰𝔬(2)) NA IV.11

(𝔢(−14)
6 , 𝔰𝔬(10) ⊕ 𝔰𝔬(2), 𝔰𝔭(2) ⊕ 𝔰𝔬(2)) NA IV.12

(𝔢(2)6 , 𝔰𝔲(6) ⊕ 𝔰𝔲(2), 𝔰𝔲(6) ⊕ 𝔲(1)) NA IV.14
(𝔢(2)6 , 𝔰𝔲(6) ⊕ 𝔰𝔲(2), 𝔰𝔲(5) ⊕ R ⊕ 𝔰𝔲(2)) NA IV.15
(𝔢(2)6 , 𝔰𝔲(6) ⊕ 𝔰𝔲(2), 𝔰𝔬(6) ⊕ 𝔰𝔲(2)) NA IV.16
(𝔢(2)6 , 𝔰𝔲(6) ⊕ 𝔰𝔲(2), 𝔰𝔲(3) ⊕ 𝔰𝔲(2)) NA IV.17

(𝔢(−25)
7 , 𝔢6 ⊕ 𝔰𝔬(2), 𝔢6) NA IV.19

(𝔢(−25)
7 , 𝔢6 ⊕ 𝔰𝔬(2), 𝔰𝔭(4) ⊕ 𝔰𝔬(2)) NA IV.20

(𝔢(−25)
7 , 𝔢6 ⊕ 𝔰𝔬(2), 𝔤2 ⊕ 𝔰𝔬(2)) NA IV.21

(𝔢(−25)
7 , 𝔢6 ⊕ 𝔰𝔬(2), 𝑠𝑢(3) ⊕ 𝔰𝔬(2)) NA IV.22

(𝔢(7)7 , 𝔰𝔲(8), 𝔰𝔲(7) ⊕ R) NA IV.23
(𝔢(−5)

7 , 𝔰𝔬(12) ⊕ 𝔰𝔭(1), 𝔰𝔬(12) ⊕ 𝔲(1)) NA IV.24
(𝔢(−5)

7 , 𝔰𝔬(12) ⊕ 𝔰𝔭(1), 𝔰𝔬(11) ⊕ 𝔰𝔭(1)) NA IV.25
(𝔢(−5)

7 , 𝔰𝔬(12) ⊕ 𝔰𝔭(1), 𝔰𝔬(10) ⊕ 𝔰𝔬(2) ⊕ 𝔰𝔭(1)) NA IV.26
(𝔢(−5)

7 , 𝔰𝔬(12) ⊕ 𝔰𝔭(1), 𝔰𝔬(9) ⊕ 𝔰𝔬(3) ⊕ 𝔰𝔭(1)) NA IV.27
(𝔢(−5)

7 , 𝔰𝔬(12) ⊕ 𝔰𝔭(1), 𝔰𝔭(7) ⊕ 𝔰𝔭(5) ⊕ 𝔰𝔭(1)) NA IV. 28
(𝔢(−5)

7 , 𝔰𝔬(12) ⊕ 𝔰𝔭(1), 𝔰𝔬(6) ⊕ 𝔰𝔬(6) ⊕ 𝔰𝔭(1)) NA IV.29
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Table 3.3

(𝔤, 𝔨, 𝔥) Constraint Label in [DK08]

(𝔢(8)8 , 𝔰𝔬(16), 𝔰𝔬(15)) NA IV.34
(𝔢(8)8 , 𝔰𝔬(16), 𝔰𝔬(15) ⊕ 𝔰𝔬(2)) NA IV.35
(𝔢(8)8 , 𝔰𝔬(16), 𝔰𝔬(13) ⊕ 𝔰𝔬(3)) NA IV.36
(𝔢(8)8 , 𝔰𝔬(16), 𝔰𝔬(11) ⊕ 𝔰𝔬(5)) NA IV.38
(𝔢(8)8 , 𝔰𝔬(16), 𝔰𝔬(10) ⊕ 𝔰𝔬(6)) NA IV.39
(𝔢(8)8 , 𝔰𝔬(16), 𝔰𝔬(9) ⊕ 𝔰𝔬(7)) NA IV.40
(𝔢(8)8 , 𝔰𝔬(16), 𝔰𝔬(9)) NA [LL22]

(𝔢(−24)
8 , 𝔰𝔭(1) ⊕ 𝔢7, 𝔲(1) ⊕ 𝔢7) NA IV.45

(𝔢(−24)
8 , 𝔰𝔭(1) ⊕ 𝔢7, 𝔰𝔭(1) ⊕ 𝔰𝔲(8)) NA IV.46

(𝔢(−24)
8 , 𝔰𝔭(1) ⊕ 𝔢7, 𝔰𝔭(1) ⊕ 𝔰𝔲(3)) NA IV.47
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Remark 3.3. As remarked at the end of section 2 of [DK08] (and can be easily be checked

with the corrections in [He12] and [LL22]), the only 𝐺∗/𝐻 with 𝔤∗ = 𝔥 ⊕ 𝔭′′ ⊕ 𝑖𝔭′ in

which 𝑖𝔭′ ' 𝔭′′ is 𝑆𝑂 (8)/𝐺2. Thus, in the noncompact setting, we similarly have that

the only (𝔤, 𝔨, 𝔥) triple in which 𝔭′′ ' 𝔭′ is (𝔰𝔬(1, 7), 𝔰𝔬(7), 𝔤2). Thus, if we want to

restrict ourselves to the spaces in which 𝐺/𝐻 has two irreducible summands and (𝔤, 𝔥) is a

Cartan orthogonal pair (See Defintion 1.20), the only space potentially giving us problems

is 𝑆𝑂0(1, 7)/𝐺2 where 𝑆𝑂0(1, 7) is the connected component containing the identity in

𝑆𝑂 (1, 7). Inequivalence of representations is not necessary for (𝔰𝔬(1, 7), 𝔤2) to be a Cartan

orthogonal pair. However, if an equivalence is present, then since𝔭′′ is irreducible, condition

ii for being a Cartan orthogonal pair (See 2.1) requires any intertwining map 𝜙 : 𝔭′′ → 𝔭′

to have [𝜙(𝑥), 𝜙(𝑦)] ⊂ 𝔥. This condition cannot be met since [𝔭′, 𝔭′] = 𝔨 in this case by the

Cartan decomposition properties when 𝔤 is simple (See 1.3). Therefore, if we wish to only

consider inner prodcuts in which (𝔭′, 𝔭′′) = 0 for some Cartan decomposition, we must

necessarily restrict the space of inner products in the case of 𝑆𝑂0(1, 7)/𝐺2, but not for any

other 𝐺/𝐻 coming from the triple (𝔤, 𝔨, 𝔥) in Tables 3.1 through 3.4. In Section 3.3 of this

chapter, we consider the case of 𝑆𝑂0(1, 7)/𝐺2 more thoroughly without this assumption,

but the results in Section 3.2 below apply to all the other spaces in Table 3.1 through 3.4.

However, we may include 𝑆𝑂0(1, 7)/𝐺2 in the results in Section 3.2 if we restrict our inner

products to those in which (𝔭′′, 𝔭′) = 0 for some Cartan decomposition.
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3.2. Prescribed Ricci Curvature

The prescribed Ricci curvature problem (PRP) on a homogeneous space 𝐺/𝐻 is an inves-

tigation into a complete description of the (0, 2) Ricci curvature tensor (See Section 1.1

for comments on the tensor type of Ricci curvature) 𝑟𝑖𝑐𝑔 (., .) for a 𝐺-invariant metric 𝑔

on 𝑇𝑒𝐺/𝐻. There are two components to this: one in which we ask about the image of

𝑟𝑖𝑐𝑔 (., .) and the other in which we ask about the image of 𝑟𝑖𝑐𝑔 (., .) up to scaling. As we

have consistently done (See Section 1.2), the PRP investigation is done at the Lie algebra

level where we consider the (0, 2) Ricci tensor on 𝔭 which comes from a reductive de-

composition 𝔤 = 𝔥 ⊕ 𝔭 for 𝐺/𝐻. At the Lie algebra level then, the PRP is asking the two

following questions:

1. For what (0, 2) 𝑎𝑑𝔥 invariant tensors 𝑇 (., .) on 𝔭 is there a an 𝑎𝑑𝔥 invariant inner

product (., .) such that 𝑟𝑖𝑐(.,.) (., .) = 𝑇 (., .)?

2. For what (0, 2) tensors 𝑇 (., .) on 𝔭 is there a 𝑐 > 0 such that we have an 𝑎𝑑𝔥 invariant

inner product (., .) satisfying 𝑟𝑖𝑐(.,.) (., .) = 𝑐𝑇?

In particular, the main goal is to find sufficient and necessary conditions on 𝑇 (., .) such

that 𝑟𝑖𝑐(.,.) (., .) = 𝑇 (., ) for some 𝑎𝑑𝔥 invariant (., .) for the first question, and sufficient and

necessary conditions on 𝑇 (., .) such that 𝑟𝑖𝑐(.,.) (., .) = 𝑐𝑇 for some 𝑐 > 0 and some 𝑎𝑑𝔥

invariant (., .) for the second question. In this section, we turn our attention to this problem

in our context of interest: noncompact 𝐺/𝐻 in which 𝔤 is semi-simple and there are two

irreducible summands.

Remark 3.4. We restrict ourselves to 𝑐 > 0 since if 𝑐 < 0, all we must do is consider the

solutions to 𝑟𝑖𝑐(., .) = 𝑐𝑇 (., .) for 𝑐 > 0 and negate 𝑇 (., .).

Remark 3.5. For this problem, it will simplify matters if we change notation for 𝔭′′ and
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𝔭′. Thus, we let 𝔭1 = 𝔭′ and 𝔭2 = 𝔭′′. Moreover, when we use 〈., .〉, we are using the fixed

inner product 〈., .〉 = 𝐵𝔭′ − 𝐵𝔭′′ as mentioned in Remark 1.23.

Remark 3.6. Unless greater specificity is required, we will drop the (., .) subscript on the

Ricci tensor and just write 𝑟𝑖𝑐(., .) or 𝑟𝑖𝑐 to refer to the general (0, 2) Ricci tensor. Similarly,

we will frequently write just 𝑇 instead of 𝑇 (., .).

Lemma 3.7. For 𝐺/𝐻 with 𝐺 semi-simple noncompact and 𝐺/𝐻 having two irreducible

summands, every (0, 2) 𝑎𝑑𝔥 invariant tensor 𝑇 on the isotropy representation 𝔭 = 𝔭2 ⊕ 𝔭1

is of the form 𝑇 = 𝑡1〈., .〉1 + 𝑡2〈., .〉2 with the exception of 𝑆𝑂0(1, 7)/𝐺2.

Proof: Since 𝑇 (., .) is 𝑎𝑑𝔥 invariant, and since 〈., .〉 is 𝑎𝑑𝔥 invariant, we know that in

general, 𝑇 (𝑥, 𝑦) = 〈Φ𝑥, 𝑦〉 where Φ is symmetric and an 𝑎𝑑𝔥 equivariant map on 𝔭. To

prove the desired result, all we need to show is that Φ is necessarily diagonal. That is, we

need to show that any 𝑎𝑑𝔥 intertwining map 𝜙 : 𝔭1 → 𝔭2 is 0.

If 𝔤 = 𝔥 ⊕ 𝔭2 ⊕ 𝔭1 is simple, then, as noted in Remark 3.3, since 𝔭2 ; 𝔭1 we have, by

Schur’s Lemma (see Section 1.3), that all 𝑎𝑑𝔥 intertwining maps 𝔭1 → 𝔭2 are 0, providing

the desired result. Similarly, when we have 𝔤 semi-simple, by Theorem 3.2, we know

𝔤 = 𝔤1 ⊕ 𝔤2 with 𝔥 = 𝔨1 ⊕ 𝔨2 and 𝐺/𝐻 = 𝐺1/𝐾1 ×𝐺2/𝐾2. In this case, 𝑎𝑑𝔨𝑖 acts irreducibly

on 𝔭𝑖 and trivially on 𝔭 𝑗 ( 𝑗 ≠ 𝑖) as seen in Section 1.4. This implies that no non-trivial,

𝑎𝑑𝔨1⊕𝔨2 intertwining maps 𝔭2 → 𝔭1 exists, giving us the desired result. �

Remark 3.8. In the following theorems and corollaries regarding solutions to 𝑟𝑖𝑐 = 𝑇

and 𝑟𝑖𝑐 = 𝑐𝑇 , we assume that 𝔤 is noncompact semi-simple and 𝐺/𝐻 has two irreducible

summands. By Lemma 3.7 we have 𝑇 = 𝑡1〈., .〉1 + 𝑡2〈., .〉2 and an arbitrary 𝑎𝑑𝔥 invariant

inner product is of the form (., .) = 𝑥1〈., .〉1 + 𝑥2〈., .〉2 with 𝑥1, 𝑥2 > 0. If 𝔤 is not simple,

then recall by Theorem 3.2 that 𝐺/𝐻 = 𝐺1/𝐾1 × 𝐺2/𝐾2, a product of two irreducible

symmetric spaces. If 𝔤 is simple, then we work with 𝔤 = 𝔥 ⊕ 𝔭2 ⊕ 𝔭1 where the provided
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decomposition is a reductive Cartan decomposition.

Theorem 3.9. If 𝔤 is not simple then the only 𝑇 such that 𝑟𝑖𝑐 = 𝑇 is 𝑇 = 𝑟𝑖𝑐〈.,.〉 where

〈., .〉 is our fixed inner product. Moreover, our 𝑇 < 0 in this case.

Proof: Here, by the deRahm decomposition for symmetric spaces (See Section 1.4)

we have 𝑟𝑖𝑐 = 𝑟𝑖𝑐1 + 𝑟𝑖𝑐2 where 𝑟𝑖𝑐1 , 𝑟𝑖𝑐2 are the Ricci tensors for 𝐺1/𝐾1 , 𝐺2/𝐾2,

respectively. Now, by𝐺𝑖/𝐾𝑖 being a noncompact irreducible symmetric space, we have that

𝑟𝑖𝑐〈.,.〉𝑖 = _𝑖 〈., .〉𝑖 for some _𝑖 < 0 for 𝑖 = 1, 2 (See Section 1.3). Moreover, 𝑟𝑖𝑐𝑐〈.,.〉𝑖 = 𝑟𝑖𝑐〈.,.〉𝑖

(See Section 1.1), and by Schur’s Lemma (See Section 1.3), 𝛼〈., .〉𝑖 exhausts all 𝑎𝑑𝔨𝑖 inner

products on 𝔭𝑖 where 𝛼 > 0. Thus, for an arbitrary 𝑎𝑑𝔥 invariant inner product (., .),

𝑟𝑖𝑐(.,.) = _1〈., .〉1 + _2〈., .〉2 = 𝑟𝑖𝑐〈.,.〉. Therefore, 𝑟𝑖𝑐 = 𝑇 if and only if 𝑇 = 𝑟𝑖𝑐〈.,.〉, and so

𝑇 < 0 by _1, _2 < 0. �

Theorem 3.10. If 𝔤 is not simple then 𝑟𝑖𝑐 = 𝑐𝑇 for 𝑐 > 0 if and only if𝑇 is a scalar multiple

of 𝑟𝑖𝑐〈.,.〉 where 〈., .〉 is our fixed inner product, and 𝑐 = 𝑇 (𝑥,𝑥)
𝑟𝑖𝑐〈.,.〉 (𝑥,𝑥) for some 𝑥 ∈ 𝔭 = 𝔭1 ⊕𝔭2.

Moreover, our 𝑇 < 0 in this case.

Proof: The proof of Theorem 3.9 allows us to easily see the solutions to 𝑟𝑖𝑐 = 𝑐𝑇 . Since

𝑟𝑖𝑐 is given by 𝑟𝑖𝑐(.,.) = 𝑟𝑖𝑐〈.,.〉 < 0 for all 𝑎𝑑𝔥 invariant inner products, (., .), we have a

solution to 𝑟𝑖𝑐 = 𝑐𝑇 for 𝑐 > 0 if and only if 𝑇 has 𝑇 < 0 and is a scalar multiple of 𝑟𝑖𝑐〈.,.〉

with 𝑐 = 𝑇 (𝑥,𝑥)
𝑟𝑖𝑐〈.,.〉 (𝑥,𝑥) for some 𝑥 ∈ 𝔭 = 𝔭1 ⊕ 𝔭2. �

Considering the PRP in the case where 𝔤 is simple, the situation becomes more complex.

One complexity is (as has been mentioned) that 𝔤 = 𝔰𝔬(1, 7) must be handled differently

in order to solve the PRP in its entirety (and will be handled in Section 3.3). Another

complexity is how our formula for 𝑟𝑖𝑐 can vary rather drastically with the bracket relation
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on 𝔭2 = 𝔭′′. Due to these variations, we consider the solutions to 𝑟𝑖𝑐 = 𝑇 and 𝑟𝑖𝑐 = 𝑐𝑇

in three different settings: first with 𝔭2 such that [𝔭2, 𝔭2] ⊄ 𝔥, second with 𝔭2 such that

[𝔭2, 𝔭2] ⊂ 𝔥, and then third with 𝔭2 being a trivial 𝑎𝑑𝔥 representation. It turns out that the

solutions in the second and third situations follow easily from the first and can be thought of

as specialized situations of the first one. Thus, we provide results for 𝑟𝑖𝑐 = 𝑇 and 𝑟𝑖𝑐 = 𝑐𝑇

in the setting of [𝔭2, 𝔭2] ⊄ 𝔥, in Theorem 3.13 and Theorem 3.14, respectively, and then

we provide corollaries describing the [𝔭2, 𝔭2] ⊂ 𝔥 and trivial representation settings.

Before providing solutions, though, we first provide formulas describing an arbitrary (0, 2)

Ricci tensor in terms of an arbitrary 𝑎𝑑𝔥 inner product and Lie algebra data.

Lemma 3.11. Let 𝐺/𝐻 being a noncompact space with two irreducible summands in

which 𝔤 is simple with reductive decomposition 𝔤 = 𝔥 ⊕ 𝔭2 ⊕ 𝔭1, as mentioned in Remark

3.8. In such a setting we have the following formulas for 𝑅1, 𝑅2 defining 𝑟𝑖𝑐(., .) =

𝑅1〈., .〉1 + 𝑅2〈., .〉2:

𝑅1 =
−1
2

− 𝑝1
2𝑑1

𝑥2
𝑥1
< 0

𝑅2 =
2𝑑2 − 𝑝2 − 2𝑝1

4𝑑2
+ 𝑝1

4𝑑2

(
𝑥2
𝑥1

)2
> 0.

Here, 𝑑1 = 𝑑𝑖𝑚(𝔭1), 𝑑2 = 𝑑𝑖𝑚(𝔭2), 𝑝1 =
∑
𝛼,𝛽,𝛾 〈[𝑒𝛼1 , 𝑒

𝛽

2 ], 𝑒
𝛾

1〉
2, and 𝑝2 =

∑
𝛼,𝛽,𝛾 〈[𝑒𝛼2 , 𝑒

𝛽

2 ], 𝑒
𝛾

2〉
2

where {𝑒𝛼
𝑖
} is the notation coming from Eqn.1.4 for an orthonormal basis with respect to

〈., .〉, our fixed metric on 𝔭 = 𝔭2 ⊕ 𝔭1. Recall that {𝑒𝛼1 } and {𝑒𝛼2 } are understood to be

orthonormal bases on 𝔭1 and 𝔭2 respectively.

Proof: Following the set up by Nikonorov in [Nik00] as discussed in Section 1.7, we

have an arbitrary 𝑎𝑑𝔥 invariant inner product (., .) = 𝑥1〈., .〉1 + 𝑥2〈., .〉2 for 𝑥𝑖 > 0 and the

Ricci tensor for that inner product, 𝑟𝑖𝑐 = 𝑟1(., .)1 + 𝑟2(., .)2 where 𝑟1, 𝑟2 ∈ R. From Eqn.1.4
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we have:

𝑟1 =
−1
2𝑥1

+ 1
4𝑑1

∑︁
1≤ 𝑗 ,𝑘≤2

(
∑︁
𝛼,𝛽,𝛾

〈[𝑒𝛼1 , 𝑒
𝛽

𝑗
], 𝑒𝛾

𝑘
〉2) ( 𝑥1

𝑥 𝑗𝑥𝑘
− 𝑥𝑘

𝑥1𝑥 𝑗
−

𝑥 𝑗

𝑥1𝑥𝑘
)

𝑟2 =
1

2𝑥2
+ 1

4𝑑2

∑︁
1≤ 𝑗 ,𝑘≤2

(
∑︁
𝛼,𝛽,𝛾

〈[𝑒𝛼2 , 𝑒
𝛽

𝑗
], 𝑒𝛾

𝑘
〉2) ( 𝑥2

𝑥 𝑗𝑥𝑘
− 𝑥𝑘

𝑥2𝑥 𝑗
−

𝑥 𝑗

𝑥2𝑥𝑘
).

The first step will be to generate simplified formulas for 𝑟1 and 𝑟2 in our setting dependent

upon 𝑥1 and 𝑥2 (along with terms 𝑝1 and 𝑝2 dependent upon the bracket of 𝔤 on 𝔭). From

there, we will determine our 𝑅1 and 𝑅2.

By the Cartan decomposition properties (1.3) and the (skew) symmetry of 𝑎𝑑𝑒𝑖 (Lemma

1.24), we get that in 𝑟1, our term 〈[𝑒𝛼1 , 𝑒
𝛽

𝑗
], 𝑒𝛾

𝑘
〉2 has:

〈[𝑒𝛼1 , 𝑒
𝛽

2 ], 𝑒
𝛾

1〉
2 = 〈[𝑒𝛼1 , 𝑒

𝛽

1 ], 𝑒
𝛾

2〉
2

〈[𝑒𝛼1 , 𝑒
𝛽

1 ], 𝑒
𝛾

1〉
2 = 〈[𝑒𝛼1 , 𝑒

𝛽

2 ], 𝑒
𝛾

2〉
2 = 0

Similarly, in 𝑟2 our 〈[𝑒𝛼2 , 𝑒
𝛽

𝑗
], 𝑒𝛾

𝑘
〉2 term has:

〈[𝑒𝛼2 , 𝑒
𝛽

2 ], 𝑒
𝛾

1〉
2 = 〈[𝑒𝛼2 , 𝑒

𝛽

1 ], 𝑒
𝛾

2〉
2 = 0

Letting 𝑝1 =
∑
𝛼,𝛽,𝛾 〈[𝑒𝛼1 , 𝑒

𝛽

1 ], 𝑒
𝛾

2〉
2 =

∑
𝛼,𝛽,𝛾 〈[𝑒𝛼1 , 𝑒

𝛽

2 ], 𝑒
𝛾

1〉
2 =

∑
𝛼,𝛽,𝛾 〈[𝑒𝛼2 , 𝑒

𝛽

1 ], 𝑒
𝛾

1〉
2 and
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𝑝2 =
∑
𝛼,𝛽,𝛾 〈[𝑒𝛼2 , 𝑒

𝛽

2 ], 𝑒
𝛾

2〉
2, we get the following formulas for 𝑟1 and 𝑟2:

𝑟1 =
−1
2𝑥1

+ 𝑝1
4𝑑1

[(
𝑥1
𝑥1𝑥2

− 𝑥2
𝑥1𝑥1

− 𝑥1
𝑥1𝑥2

)
+

(
𝑥1
𝑥2𝑥1

− 𝑥1
𝑥1𝑥2

− 𝑥2
𝑥1𝑥1

)]

𝑟2 =
1

2𝑥2
+ 1

4𝑑2

[
𝑝1

(
𝑥2
𝑥1𝑥1

− 𝑥1
𝑥2𝑥1

− 𝑥1
𝑥2𝑥1

)
+ 𝑝2

(
𝑥2
𝑥1𝑥2

− 𝑥2
𝑥2𝑥2

− 𝑥2
𝑥2𝑥2

)]
.

Simplifying both terms and getting a common denominator we get the following:

𝑟1 =
−𝑑1𝑥1 − 𝑝1𝑥2

2𝑑1𝑥
2
1

𝑟2 =
𝑝1(𝑥2

2 − 2𝑥1) + (2𝑑2 − 𝑝2)𝑥2
1

4𝑑2𝑥
2
1𝑥2

=
(2𝑑2 − 𝑝2 − 2𝑝1)𝑥2

1 + 𝑝1𝑥
2
2

4𝑑2𝑥
2
1𝑥2

.

By Lemma 1 in [Nik00], we have 2𝑝1 ≤ 𝑑1 and 𝑝1 + 𝑝2 ≤ 𝑑2, with equality only

when 𝔭1 and 𝔭2, respectively, are trivial representations for 𝑎𝑑𝔥. Moreover, since 𝑝1 =∑
𝛼,𝛽,𝛾 〈[𝑒𝛼1 , 𝑒

𝛽

1 ], 𝑒
𝛾

2〉
2, we know that 𝑝1 > 0 since by the Cartan decomposition properties

[𝔭1, 𝔭1] = 𝔨 ⊃ 𝔭2. We can thus observe that 𝑟1 < 0 and 𝑟2 > 0.

We now relate 𝑟𝑖𝑐 to the background inner product, placing ourselves in the (0, 2) ten-

sor setting. Since (., .) = 𝑥1〈., .〉1 + 𝑥2〈., .〉2 and 𝑟𝑖𝑐(., .) = 𝑟1(., .)1 + (., .)2, we can write

𝑟𝑖𝑐(., .) = 𝑥1𝑟1〈., .〉1+𝑥2𝑟2〈., .〉. Define 𝑅1 = 𝑥1𝑟1 and 𝑅2 = 𝑥2𝑟2 and we have the following:

𝑅1 = 𝑥1
−𝑑1𝑥1 − 𝑝1𝑥2

2𝑑1𝑥
2
1
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=
−1
2

− 𝑝1
2𝑑1

𝑥2
𝑥1

(3.1)

𝑅2 = 𝑥2
(2𝑑2 − 𝑝2 − 2𝑝1)𝑥2

1 + 𝑝1𝑥
2
2

4𝑑2𝑥
2
1𝑥2

=
2𝑑2 − 𝑝2 − 2𝑝1

4𝑑2
+ 𝑝1

4𝑑2

(
𝑥2
𝑥1

)2

Note that 𝑅1 = 𝑥1𝑟1 < 0 since 𝑥1 > 0 and 𝑟1 < 0; likewise, 𝑅2 = 𝑥2𝑟2 > 0 since 𝑥2 > 0 and

𝑟2 > 0. Thus, we have our desired result. �

Lemma 3.12. Let 𝑝1, 𝑝2, 𝑑1, 𝑑2, and 𝔤 = 𝔥 ⊕ 𝔭2 ⊕ 𝔭1 be defined as in Lemma 3.11. In

general, we have
2𝑑2 − 𝑝2 − 2𝑝1

4𝑑2
≥ 0.

If we assume that [𝔭2, 𝔭2] ⊄ 𝔥, then we have

2𝑑2 − 𝑝2 − 2𝑝1
4𝑑2

> 0.

If we assume that [𝔭2, 𝔭2] ⊂ 𝔥, then we have

2𝑑2 − 𝑝2 − 2𝑝1
4𝑑2

=
𝑑2 − 𝑝1

2𝑑2
≥ 0

with equality if and only if 𝔭2 is a trivial 𝑎𝑑𝔥 representation.

Proof: As was mentioned in the proof of Lemma 3.11, by Lemma 1 in [Nik00],

𝑝1 + 𝑝2 ≤ 𝑑2 with equality if and only if 𝔭1 and 𝔭2, respectively, are trivial represen-

tations. By 𝑝1 + 𝑝2 ≤ 𝑑2 we are able to conclude that
2𝑑2 − 𝑝2 − 2𝑝1

4𝑑2
≥ 0 for general 𝔭2,

proving the first claim.
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If [𝔭2, 𝔭2] ⊄ 𝔥 then we know that 𝑝2 =
∑
𝛼,𝛽,𝛾 〈[𝑒𝛼2 , 𝑒

𝛽

2 ], 𝑒
𝛾

2〉
2 > 0. Thus, we have that

2𝑑2 − 𝑝2 − 2𝑝1 > 2𝑑2 − 2𝑝2 − 2𝑝1 ≥ 0

and we are able to conclude that
2𝑑2 − 𝑝2 − 2𝑝1

4𝑑2
> 0, proving the second claim.

If [𝔭2, 𝔭2] ⊂ 𝔥 then we know that 𝑝2 = 0 and we get
2𝑑2 − 𝑝2 − 2𝑝1

4𝑑2
=
𝑑2 − 𝑝1

2𝑑2
≥ 0

with 𝑝1 = 𝑑2 if and only if 𝔭2 is trivial, as mentioned above. �

Theorem 3.13. Let 𝔤 = 𝔥 ⊕ 𝔭2 ⊕ 𝔭1 be noncompact simple with [𝔭2, 𝔭2] ⊄ 𝔥. For 𝐺/𝐻

in this case, 𝑟𝑖𝑐 = 𝑇 has a solution 𝑇 if and only if

𝑡2 =
𝑑2

1
𝑑2𝑝1

𝑡21 +
𝑑2

1
𝑑2𝑝1

𝑡1 +
𝑝1(2𝑑2 − 𝑝2 − 2𝑝1) + 𝑑2

1
4𝑑2𝑝1

with 𝑡1 ∈ (−∞, −1
2
).

Proof: The goal of this proof is to determine sufficient and necessary conditions on

𝑇 (., .) = 𝑡1〈., .〉1 + 𝑡2〈., .〉2 such that 𝑟𝑖𝑐 = 𝑇 for some 𝑎𝑑𝔥 invariant inner product. Since

Lemma 3.11 provides us with 𝑟𝑖𝑐(., .) in terms 𝑅1 and 𝑅2 which are dependent only upon

the pair (𝑥1, 𝑥2) defining our inner product and 𝑝1, 𝑝2, 𝑑1, 𝑑2 which are determined by the

Lie data, what we seek are the solutions to the following system of equations:


𝑅1 = 𝑡1

𝑅2 = 𝑡2.

Note that by 𝑅1 < 0 and 𝑅2 > 0, we know that 𝑡1 < 0 and 𝑡2 > 0. Now, plugging into 𝑅1

77



and 𝑅2 we have the following:

−1
2

− 𝑝1
2𝑑1

𝑥2
𝑥1

= 𝑡1

2𝑑2 − 𝑝2 − 2𝑝1
4𝑑2

+ 𝑝1
4𝑑2

(
𝑥2
𝑥1

)2
= 𝑡2.

Let _ =
𝑥1
𝑥2

and observe that _ can take on any positive value, implying that 𝑡1 can take

on any value in (−∞, −1
2 ). Our approach is as follows. We use the equation with 𝑡1 to

solve for _ and then we substitute _ into the equation with 𝑡2, providing an equation of 𝑡2

in terms of 𝑡1. Once we have that, we will know that for any 𝑡1 ∈ (−∞, −1
2 ), we can get

a 𝑡2 such that 𝑟𝑖𝑐 = 𝑇 has a solution, providing sufficient and necessary conditions as desired.

−1
2

− 𝑝1
2𝑑1

_ = 𝑡1

_ =
−2𝑑1
𝑝1

(𝑡1 +
1
2
)

2𝑑2 − 𝑝2 − 2𝑝1
4𝑑2

+ 𝑝1
4𝑑2

(_)2 = 𝑡2

2𝑑2 − 𝑝2 − 2𝑝1
4𝑑2

+ 𝑝1
4𝑑2

(
−2𝑑1
𝑝1

(𝑡1 +
1
2
)
)2

= 𝑡2

2𝑑2 − 𝑝2 − 2𝑝1
4𝑑2

+ 𝑝1
4𝑑2

(
4𝑑2

1

𝑝2
1
(𝑡21 + 𝑡1 +

1
4
)
)
= 𝑡2

2𝑑2 − 𝑝2 − 2𝑝1
4𝑑2

+
𝑑2

1
𝑑2𝑝1

(
𝑡21 + 𝑡1 +

1
4

)
= 𝑡2

𝑑2
1

𝑑2𝑝1
𝑡21 +

𝑑2
1

𝑑2𝑝1
𝑡1 +

𝑝1(2𝑑2 − 𝑝2 − 2𝑝1) + 𝑑2
1

4𝑑2𝑝1
= 𝑡2
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Thus, the solutions to 𝑟𝑖𝑐 = 𝑇 are given by

𝑡2 =
𝑑2

1
𝑑2𝑝1

𝑡21 +
𝑑2

1
𝑑2𝑝1

𝑡1 +
𝑝1(2𝑑2 − 𝑝2 − 2𝑝1) + 𝑑2

1
4𝑑2𝑝1

for any 𝑡1 ∈ (−∞, −1
2
).

�

Theorem 3.14. Let 𝔤 = 𝔥 ⊕ 𝔭2 ⊕ 𝔭1 be noncompact simple with [𝔭2, 𝔭2] ⊄ 𝔥. Recall our

setting and the definition of some notation from Remark 3.8. For 𝐺/𝐻 in this case, the

equation 𝑟𝑖𝑐 = 𝑐𝑇 for 𝑐 > 0 has a solution if and only if (𝑡1, 𝑡2) is a pair satisfying

𝑡2
𝑡1

≤
𝑑2

1
𝑑2𝑝1

− 𝑑1
𝑑2

√√
𝑑2

1

𝑝2
1
+ 2𝑑2 − 𝑝2 − 2𝑝1

𝑝1
≤ 0

where 𝑡1 > 0, 𝑡2 < 0, and equality on the right only occurs when 𝔭2 is trivial (See Corollary

3.19 for that setting).

When the above inequality is satisfied, there is always one solution, namely 𝑐+ (where

𝑐+ takes the + in 3.2 below) and (𝑥1, 𝑥2), the pair unique up to scaling given by 𝑥2
𝑥1

=

−2𝑑1
𝑝1

(𝑐+𝑡1 + 1
2 ).

In addition to this one solution, there is a second solution if and only if our pair (𝑡1, 𝑡2) with

𝑡1 > 0 and 𝑡2 < 0 satisfies

−2𝑑2 − 𝑝2 − 2𝑝1
2𝑑2

<
𝑡2
𝑡1
<

𝑑2
1

𝑑2𝑝1
− 𝑑1
𝑑2

√√
𝑑2

1

𝑝2
1
+ 2𝑑2 − 𝑝2 − 2𝑝1

𝑝1
.

The second solution is 𝑐− (where 𝑐− takes the − in 3.2 below) and (𝑥1, 𝑥2), the pair unique
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up to scaling given by 𝑥2
𝑥1

=
−2𝑑1
𝑝1

(𝑐−𝑡1 + 1
2 ).

𝑐 =

−
(
𝑑2

1
𝑑2𝑝1

𝑡1 − 𝑡2
)
±

√︄(
𝑑2

1
𝑑2𝑝1

𝑡1 − 𝑡2
)2

− 4
(
𝑑2

1
𝑑2𝑝1

𝑡21

) (
𝑑2

1
4𝑝1𝑑2

+ 2𝑑2 − 𝑝2 − 2𝑝1
4𝑑2

)
2 𝑑2

1
𝑑2𝑝1

𝑡21

(3.2)

Moreover, 𝑐+ = 𝑐− when the discriminant in 𝑐 is zero, and this happens precisely when

𝑡2
𝑡1

=
𝑑2

1
𝑑2𝑝1

− 𝑑1
𝑑2

√√
𝑑2

1

𝑝2
1
+ 2𝑑2 − 𝑝2 − 2𝑝1

𝑝1
.

The above image was produced in Mathematica ([Inc]) for the image of 𝑟𝑖𝑐 (in red)

with 𝐺/𝐻 = 𝑆𝑂0(1, 7)/𝐺2 when we restrict our 𝑎𝑑𝔤2 inner products to those in which

(𝔭2, 𝔭1) = 0. In this case 𝑑1 = 𝑑2 = 7 and 𝑝1 = 𝑝2 = 7
6 (See Remark 3.23). Since 𝑟𝑖𝑐 = 𝑐𝑇

is looking for 𝑇 produced by taking the image of 𝑟𝑖𝑐 and multiplying by some constant, all

such 𝑇 can be understood by what is called the cone of the image of 𝑟𝑖𝑐 (See Exercise 16
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in Chapter 8 of Section 2 in [CLO15]). The cone of the image of 𝑟𝑖𝑐 is the collection of

lines through the origin that intersect the image of 𝑟𝑖𝑐. Since we concern ourselves with

𝑐 > 0 specifically, we ignore one half of the line through the origin depending on the point

on the image of 𝑟𝑖𝑐 under consideration. In our case 𝑡1 < 0 and 𝑡2 > 0, so we would always

ignore the half of the line at the origin and in the fourth quadrant if we orient our plane with

𝑡1 being the horizontal axis and 𝑡2 the vertical. The line provided above helps to illustrate

a subset of points describing 𝑇 in 𝑟𝑖𝑐 = 𝑐𝑇 . Additionally, the line illustrates the need for

more than one 𝑐 value depending on how the line intersects 𝑇 in certain cases (here we are

in the case of [𝔭2, 𝔭2] ⊄ 𝔥).

Remark 3.15. A remark is warranted before we begin our proof. In the following, we

will be using Lemma 3.12 to come to conclusions regarding the existence of solutions to

𝑟𝑖𝑐 = 𝑐𝑇 . For the purposes of proving the corollaries to follow in a simpler fashion, we

use the general 𝔭2 setting of the lemma unless forced to assume [𝔭2, 𝔭2] ⊄ 𝔥. We will see

that the only setting that really changes the solutions in a significant way (i.e. it is more

than just a formula change for the 𝑐 and the (𝑡1, 𝑡2)) is the setting in which 𝔭2 is a trivial

representation, as this is the only setting in which
2𝑑2 − 𝑝2 − 2𝑝1

𝑝1
= 0. When the need for

strict inequality occurs, we are sure to make note of it and point the reader to Corollary

3.19.

Proof: The goal of this proof is to find necessary and sufficient conditions on 𝑇 =

𝑡1〈., .〉1 + 𝑡2〈., .〉2 such there there are solutions to 𝑟𝑖𝑐 = 𝑐𝑇 and then provide what 𝑐 > 0 and

𝑎𝑑𝔥 inner product (determined by the pair (𝑥1, 𝑥2)) to expect for a given (𝑡1, 𝑡2) for which

there is a solution. As before, since Lemma 3.11 provides 𝑟𝑖𝑐 in terms of 𝑅1 and 𝑅2 which

are dependent upon the pair (𝑥1, 𝑥2) and 𝑝1, 𝑝2, 𝑑1, 𝑑2 which come from the Lie data, we
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seek to find solutions to the following system:


𝑅1 = 𝑐𝑡1

𝑅2 = 𝑐𝑡2.

Plugging in for 𝑅1, 𝑅2, we get the following equations:

−1
2

− 𝑝1
2𝑑1

𝑥2
𝑥1

= 𝑐𝑡1

2𝑑2 − 𝑝2 − 2𝑝1
4𝑑2

+ 𝑝1
4𝑑2

(
𝑥2
𝑥1

)2
= 𝑐𝑡2.

Note that once again, by 𝑅1 < 0 and 𝑅2, 𝑐 > 0 we have 𝑡1 < 0 and 𝑡2 > 0. Our approach

is similar to that of Theorem 3.13, but since we need more information than just what 𝑡1, 𝑡2

satisfy the equation, there are some differences.

In this case we are looking for conditions on the pair (𝑡1, 𝑡2) that are sufficient and necessary

to the existence of a 𝑐 > 0 and (𝑥1, 𝑥2) such that we have a solution to the given system of

equations. To do so, we again set _ =
𝑥2
𝑥1

, and solve for _ in terms of 𝑐 and 𝑡1. We then get an

equation for 𝑐 in terms of 𝑡1 and 𝑡2, and using the condition that 𝑐 > 0, we obtain sufficient

and necessary conditions on (𝑡1, 𝑡2) such that we get a 𝑐 > 0. Then, we investigate what

subset of those (𝑡1, 𝑡2) giving us 𝑐 > 0 satisfy _ > 0. This will provide us with solutions to

the given system of equations, providing us with the desired result.

−1
2

− 𝑝1
2𝑑1

𝑥2
𝑥1

= 𝑐𝑡1

−1
2

− 𝑝1
2𝑑1

_ = 𝑐𝑡1

_ =
−2𝑑1
𝑝1

(
𝑐𝑡1 +

1
2

)
(★)
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2𝑑2 − 𝑝2 − 2𝑝1
4𝑑2

+ 𝑝1
4𝑑2

(
𝑥2
𝑥1

)2
= 𝑐𝑡2

2𝑑2 − 𝑝2 − 2𝑝1
4𝑑2

+ 𝑝1
4𝑑2

_2 = 𝑐𝑡2

2𝑑2 − 𝑝2 − 2𝑝1
4𝑑2

+ 𝑝1
4𝑑2

(
−2𝑑1
𝑝1

(
𝑐𝑡1 +

1
2

))2
= 𝑐𝑡2

2𝑑2 − 𝑝2 − 2𝑝1
4𝑑2

+ 𝑝1
4𝑑2

(
4𝑑2

1

𝑝2
1

(
𝑐2𝑡21 + 𝑐𝑡1 +

1
4

))
= 𝑐𝑡2(

𝑑2
1

𝑑2𝑝1
𝑡21

)
𝑐2 +

(
𝑑2

1
𝑑2𝑝1

𝑡1 − 𝑡2

)
𝑐 +

𝑑2
1

4𝑝1𝑑2
+ 2𝑑2 − 𝑝2 − 2𝑝1

4𝑑2
= 0 (★★)

Observing that the above equation is quadratic in 𝑐, so we solve for 𝑐 using the quadratic

formula.

𝑐 =

−
(
𝑑2

1
𝑑2𝑝1

𝑡1 − 𝑡2
)
±

√︄(
𝑑2

1
𝑑2𝑝1

𝑡1 − 𝑡2
)2

− 4
(
𝑑2

1
𝑑2𝑝1

𝑡21

) (
𝑑2

1
4𝑝1𝑑2

+ 2𝑑2 − 𝑝2 − 2𝑝1
4𝑑2

)
2 𝑑2

1
𝑑2𝑝1

𝑡21

(3.3)

So long as 𝑐 > 0 and the resulting _ > 0, any 𝑡1, 𝑡2, 𝑐 satisfying (★★) above provides a

solution to 𝑟𝑖𝑐 = 𝑐𝑇 . Thus, we use 𝑐 above to find what conditions on 𝑡1 and 𝑡2 are necessary

and sufficient for 𝑐 > 0 and then we use (★) to determine what conditions are necessary

and sufficient for _ > 0. Once we have those, we will have all the solutions to (★★) and

thus all the solutions to 𝑟𝑖𝑐 = 𝑐𝑇 . There are multiple steps here with (in the end) more than

one possible solution in certain settings. For this reason, we finish the proof with a set of

claims:

Claim 1: 𝑐 > 0 if and only if 𝑐 is real
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Claim 2: 𝑐 is real if and only if (𝑡1, 𝑡2) satisfies 3.4

𝑡2
𝑡1

≤
𝑑2

1
𝑑2𝑝1

− 𝑑1
𝑑2

√√
𝑑2

1

𝑝2
1
+ 2𝑑2 − 𝑝2 − 2𝑝1

𝑝1
(3.4)

Claim 3: For any (𝑡1, 𝑡2) satisfying 3.4, there is one solution given by 𝑐+ and_ =
−2𝑑1
𝑝1

(
𝑐+𝑡1 + 1

2

)
where 𝑐+ takes the + in 3.3

Claim 4: For any (𝑡1, 𝑡2) satisfying 3.5, there is a second solution given by 𝑐− and _ =

−2𝑑1
𝑝1

(
𝑐−𝑡1 + 1

2

)
where 𝑐− takes the − in 3.3.

−2𝑑2 − 𝑝2 − 2𝑝1
2𝑑2

<
𝑡2
𝑡1
<

𝑑2
1

𝑑2𝑝1
− 𝑑1
𝑑2

√√
𝑑2

1

𝑝2
1
+ 2𝑑2 − 𝑝2 − 2𝑝1

𝑝1

(3.5)

Claim 1: 𝑐 > 0 if and only if 𝑐 is real

Proof of Claim 1: First recall that 𝑡1 < 0, 𝑡2 > 0, and
2𝑑2 − 𝑝2 − 2𝑝1

4𝑑2
≥ 0 by the gen-

eral setting in Lemma 3.12. These inequalities allows us to also conclude that

4

(
𝑑2

1
𝑑2𝑝1

𝑡21

) (
𝑑2

1
4𝑝1𝑑2

+ 2𝑑2 − 𝑝2 − 2𝑝1
4𝑑2

)
> 0.

These inequalities allow us to see that 𝑐 > 0 if and only if 𝑐 is real as the numerator

and denominator in 𝑐 will always be positive. Indeed, the denominator is always positive

since every term is positive, and the numerator being positive requires some more detailed
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checking. First, recall the numerator of 𝑐:

−
(
𝑑2

1
𝑑2𝑝1

𝑡1 − 𝑡2

)
±

√√√(
𝑑2

1
𝑑2𝑝1

𝑡1 − 𝑡2

)2

− 4

(
𝑑2

1
𝑑2𝑝1

𝑡21

) (
𝑑2

1
4𝑝1𝑑2

+ 2𝑑2 − 𝑝2 − 2𝑝1
4𝑑2

)
which is always positive if we take the plus sign and 𝑐 is real since 𝑡1 < 0 and 𝑡2 > 0. If we

take the minus sign, then we need the term on the right to have smaller magnitude than the

term on the left, which is true by 4
(
𝑑2

1
𝑑2𝑝1

𝑡21

) (
𝑑2

1
4𝑝1𝑑2

+ 2𝑑2 − 𝑝2 − 2𝑝1
4𝑑2

)
> 0 implying that

√√√(
𝑑2

1
𝑑2𝑝1

𝑡1 − 𝑡2

)2

− 4

(
𝑑2

1
𝑑2𝑝1

𝑡21

) (
𝑑2

1
4𝑝1𝑑2

+ 2𝑑2 − 𝑝2 − 2𝑝1
4𝑑2

)
<

�����
(
𝑑2

1
𝑑2𝑝1

𝑡1 − 𝑡2

)����� .
Therefore, we have a 𝑐 > 0 just by finding when 𝑐 is real. This concludes the proof of

Claim 1.

By Claim 1, we can get sufficient and necessary conditions on (𝑡1, 𝑡2) for solutions to

𝑟𝑖𝑐 = 𝑐𝑇 by finding the conditions for which 𝑐 is real and _ =
−2𝑑1
𝑝1

(
𝑐𝑡1 + 1

2

)
> 0. We

hasten to remark that since 𝑐 has the possibility of a + or a −, there is a possibility of more

than one set of solutions to 𝑟𝑖𝑐 = 𝑐𝑇 , one solution with 𝑐+ and _ =
−2𝑑1
𝑝1

(
𝑐+𝑡1 + 1

2

)
and

another with 𝑐− and _ =
−2𝑑1
𝑝1

(
𝑐−𝑡1 + 1

2

)
. Here, 𝑐+ and 𝑐− are the 𝑐 in 3.3 taking the + and

the −, respectively.

We now focus on finding conditions on (𝑡1, 𝑡2) when 𝑐 is real.

Claim 2: 𝑐 is real if and only if (𝑡1, 𝑡2) satisfies 3.4

Proof of Claim 2: To prove this claim, we look for 𝑡1, 𝑡2 such that the discriminant in 𝑐
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is non-negative:

(
𝑑2

1
𝑑2𝑝1

𝑡1 − 𝑡2

)2

− 4

(
𝑑2

1
𝑑2𝑝1

𝑡21

) (
𝑑2

1
4𝑝1𝑑2

+ 2𝑑2 − 𝑝2 − 2𝑝1
4𝑑2

)
≥ 0.

If we divide by 𝑡21 and distribute the 4 we have

(
𝑑2

1
𝑑2𝑝1

− 𝑡2
𝑡1

)2

−
𝑑2

1
𝑑2𝑝1

(
𝑑2

1
𝑝1𝑑2

+ 2𝑑2 − 𝑝2 − 2𝑝1
𝑑2

)
≥ 0.

We now let 𝑡 = 𝑡2
𝑡1

and we determine when

𝑓 (𝑡) =
(
𝑑2

1
𝑑2𝑝1

− 𝑡
)2

−
𝑑2

1
𝑑2𝑝1

(
𝑑2

1
𝑝1𝑑2

+ 2𝑑2 − 𝑝2 − 2𝑝1
𝑑2

)
≥ 0

since this will provide us with equivalent conditions to 𝑐 being real.

Our 𝑓 (𝑡) is a parabola in 𝑡 that is concave up with vertex(
𝑑2

1
𝑑2𝑝1

, −
𝑑2

1
𝑑2𝑝1

(
𝑑2

1
𝑝1𝑑2

+ 2𝑑2 − 𝑝2 − 2𝑝1
𝑑2

))
.

Thus, the minimum of 𝑓 (𝑡) is negative with one zero of 𝑓 (𝑡) being positive and the other

unknown. We thus solve 𝑓 (𝑡) = 0 to determine the conditions for 𝑓 (𝑡) ≥ 0, recalling that

we really only care about 𝑡 < 0 since 𝑡1 < 0 and 𝑡2 > 0.

𝑓 (𝑡) = 0
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(
𝑑2

1
𝑑2𝑝1

− 𝑡
)2

−
𝑑2

1
𝑑2𝑝1

(
𝑑2

1
𝑝1𝑑2

+ 2𝑑2 − 𝑝2 − 2𝑝1
𝑑2

)
= 0(

𝑑2
1

𝑑2𝑝1
− 𝑡

)2

=
𝑑2

1
𝑑2𝑝1

(
𝑑2

1
𝑝1𝑑2

+ 2𝑑2 − 𝑝2 − 2𝑝1
𝑑2

)
𝑑2

1
𝑑2𝑝1

− 𝑡 = ±

√√√
𝑑2

1
𝑑2𝑝1

(
𝑑2

1
𝑝1𝑑2

+ 2𝑑2 − 𝑝2 − 2𝑝1
𝑑2

)

𝑡 =
𝑑2

1
𝑑2𝑝1

±

√√√
𝑑2

1
𝑑2𝑝1

(
𝑑2

1
𝑝1𝑑2

+ 2𝑑2 − 𝑝2 − 2𝑝1
𝑑2

)

This provides us with 𝑡 such that 𝑓 (𝑡) = 0, but we drop the case with + since we only want

𝑡 < 0 and we observe when we have 𝑡 < 0.

𝑡 =
𝑑2

1
𝑑2𝑝1

−

√√√
𝑑2

1
𝑑2𝑝1

(
𝑑2

1
𝑝1𝑑2

+ 2𝑑2 − 𝑝2 − 2𝑝1
𝑑2

)
𝑡 =

𝑑2
1

𝑑2𝑝1
− 𝑑1
𝑑2

√√
𝑑2

1

𝑝2
1
+ 2𝑑2 − 𝑝2 − 2𝑝1

𝑝1
≤ 0

where the final inequality is true by
2𝑑2 − 𝑝2 − 2𝑝1

𝑝1
≥ 0. Observe that 𝑡 = 0 only when

2𝑑2 − 𝑝2 − 2𝑝1
𝑝1

= 0, and by Lemma 3.12 we know this only happens when 𝔭2 is a triv-

ial representation. For that setting, please see Corollary 3.19. In the current setting of

[𝔭2, 𝔭2] ⊄ 𝔥, though, we may conclude that our 𝑡 for 𝑓 (𝑡) = 0 is negative.

Since the 𝑡 found above where 𝑓 (𝑡) = 0 is negative and 𝑓 (𝑡) is a parabola concave up,

we can conclude that for 𝑡 ≤ 𝑑2
1

𝑑2𝑝1
− 𝑑1

𝑑2

√︂
𝑑2

1
𝑝2

1
+ 2𝑑2 − 𝑝2 − 2𝑝1

𝑝1
we have 𝑓 (𝑡) ≥ 0. Thus,
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having (𝑡1, 𝑡2) such that

𝑡2
𝑡1

≤
𝑑2

1
𝑑2𝑝1

− 𝑑1
𝑑2

√√
𝑑2

1

𝑝2
1
+ 2𝑑2 − 𝑝2 − 2𝑝1

𝑝1
(3.6)

is equivalent to having 𝑐 real and therefore 𝑐 > 0 as well. This concludes our proof of

Claim 2.

It will be helpful when we reach the end of the proof of Claim 4 to go ahead and note

that 𝑡2
𝑡1
= 𝑡 =

𝑑2
1

𝑑2𝑝1
− 𝑑1

𝑑2

√︂
𝑑2

1
𝑝2

1
+ 2𝑑2 − 𝑝2 − 2𝑝1

𝑝1
happens when 𝑓 (𝑡) = 0 which is when the

discriminant of 𝑐 is 0 and 𝑐+ = 𝑐−.

Now, we want to verify conditions for which not only 𝑐 > 0, but _ =
−2𝑑1
𝑝1

(
𝑐𝑡1 + 1

2

)
> 0.

Claim 3: For any (𝑡1, 𝑡2) satisfying 3.4, there is one solution given by 𝑐+ and _ =

−2𝑑1
𝑝1

(
𝑐+𝑡1 + 1

2

)
where 𝑐+ takes the + in 3.3

Proof of Claim 3: Observe that _ > 0 occurs if and only if 𝑐𝑡1 < −1
2 . Let us examine

that inequality more closely:

𝑐𝑡1 =

−
(
𝑑2

1
𝑑2𝑝1

𝑡1 − 𝑡2
)
±

√︄(
𝑑2

1
𝑑2𝑝1

𝑡1 − 𝑡2
)2

− 4
(
𝑑2

1
𝑑2𝑝1

𝑡21

) (
𝑑2

1
4𝑝1𝑑2

+ 2𝑑2 − 𝑝2 − 2𝑝1
4𝑑2

)
2 𝑑2

1
𝑑2𝑝1

𝑡1

<
−1
2

−
(
𝑑2

1
𝑑2𝑝1

𝑡1 − 𝑡2

)
±

√√√(
𝑑2

1
𝑑2𝑝1

𝑡1 − 𝑡2

)2

− 4

(
𝑑2

1
𝑑2𝑝1

𝑡21

) (
𝑑2

1
4𝑝1𝑑2

+ 2𝑑2 − 𝑝2 − 2𝑝1
4𝑑2

)
>

−𝑑2
1𝑡1

𝑑2𝑝1

𝑡2 ±

√√√(
𝑑2

1
𝑑2𝑝1

𝑡1 − 𝑡2

)2

− 4

(
𝑑2

1
𝑑2𝑝1

𝑡21

) (
𝑑2

1
4𝑝1𝑑2

+ 2𝑑2 − 𝑝2 − 2𝑝1
4𝑑2

)
> 0 (∗)
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This creates two cases for determining what conditions on (𝑡1, 𝑡2) provide 𝑐𝑡1 < −1
2 , one in

which we have the + above in (∗) and another in which we have the − above. Considering

the case with the +, we recall that 𝑡2 > 0, so as long as 𝑐 is real (and therefore positive), we

have at least one solution. This completes the proof of Claim 3.

We now turn our attention to the possibility of a second set of solutions determined by

taking the − in (∗).

Claim 4: For any (𝑡1, 𝑡2) satisfying 3.5, there is a second solution given by 𝑐− and

_ =
−2𝑑1
𝑝1

(
𝑐−𝑡1 + 1

2

)
where 𝑐− takes the − in 3.3

Proof of Claim 4: In this case, we are looking for when the discriminant above in (∗)

is less than 𝑡22. Allow us to investigate:

(
𝑑2

1
𝑑2𝑝1

𝑡1 − 𝑡2

)2

− 4

(
𝑑2

1
𝑑2𝑝1

𝑡21

) (
𝑑2

1
4𝑝1𝑑2

+ 2𝑑2 − 𝑝2 − 2𝑝1
4𝑑2

)
< 𝑡22

𝑑4
1

𝑑2
2𝑝

2
1
𝑡21 + 𝑡

2
2 − 2

𝑑2
1

𝑑2𝑝1
𝑡1𝑡2 −

𝑑4
1

𝑑2
2𝑝

2
1
𝑡21 −

𝑑2
1𝑡

2
1 (2𝑑2 − 𝑝2 − 2𝑝1)

𝑑2
2𝑝1

< 𝑡22

−2
𝑑2

1
𝑑2𝑝1

𝑡1𝑡2 −
𝑑2

1𝑡
2
1 (2𝑑2 − 𝑝2 − 2𝑝1)

𝑑2
2𝑝1

< 0

now divide by − 𝑡1
𝑑2

1
𝑑2𝑝1

2𝑡2 + 𝑡1
2𝑑2 − 𝑝2 − 2𝑝1

𝑑2
< 0

𝑡2
𝑡1
> −2𝑑2 − 𝑝2 − 2𝑝1

2𝑑2

Also note that having a (𝑡1, 𝑡2) satisfy (∗) is equivalent to 𝑐𝑡1 < −1
2 < 0, so we do not have
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to worry about if such a (𝑡1, 𝑡2) will not produce a 𝑐 > 0 since we have 𝑡1 < 0. Thus, for

−2𝑑2 − 𝑝2 − 2𝑝1
2𝑑2

<
𝑡2
𝑡1
<

𝑑2
1

𝑑2𝑝1
− 𝑑1
𝑑2

√√
𝑑2

1

𝑝2
1
+ 2𝑑2 − 𝑝2 − 2𝑝1

𝑝1
(3.7)

we have a second solution. Again, we remark that by Lemma 3.12, when 𝔭2 is a trivial

representation (the setting considered in Corollary 3.19), we have the lower and upper bound

being 0, and this is the only setting in which this can happen. We also exclude equality on

the right as this happens if an only if the discriminant in c is 0 and in this case 𝑐+ = 𝑐−, so

there is only one solution. This completes our proof of Claim 4.

With the completion of Claim 4, we have our desired result providing necessary and

sufficient conditions on (𝑡1, 𝑡2) for solutions to 𝑟𝑖𝑐 = 𝑐𝑇 , providing the 𝑐 values and the

(𝑥1, 𝑥2) that determine our metric for the given (𝑡1, 𝑡2) as well. �

Corollary 3.16. Let 𝔤 = 𝔥 ⊕ 𝔭2 ⊕ 𝔭1 be noncompact simple with [𝔭2, 𝔭2] ⊂ 𝔥 and 𝔭2 not

a trivial representation. For 𝐺/𝐻 in this case, 𝑟𝑖𝑐 = 𝑇 has a solution 𝑇 if and only if

𝑡2 =
𝑑2

1
𝑑2𝑝1

𝑡21 +
𝑑2

1
𝑑2𝑝1

𝑡1 +
𝑝1(2𝑑2 − 2𝑝1) + 𝑑2

1
4𝑑2𝑝1

with 𝑡1 ∈ (−∞, −1
2
).

Proof: If [𝔭2, 𝔭2] ⊂ 𝔥, then we have 𝑝2 = 0 in our 𝑅1 and 𝑅2 defined in Eqn.3.1. Thus,

the solutions to 𝑟𝑖𝑐 = 𝑇 can be determined from Theorem 3.13 to be any (𝑡1, 𝑡2) such that

𝑡2 =
𝑑2

1
𝑑2𝑝1

𝑡21 +
𝑑2

1
𝑑2𝑝1

𝑡1 +
𝑝1(2𝑑2 − 2𝑝1) + 𝑑2

1
4𝑑2𝑝1

with 𝑡1 ∈ (−∞, −1
2 ). �
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Corollary 3.17. Let 𝔤 = 𝔥 ⊕ 𝔭2 ⊕ 𝔭1 be noncompact simple with [𝔭2, 𝔭2] ⊂ 𝔥 and 𝔭2 not

a trivial representation. Recall our setting and the definition of some notation from Remark

3.8. For 𝐺/𝐻 in this case, the equation 𝑟𝑖𝑐 = 𝑐𝑇 has a solution if and only if (𝑡1, 𝑡2) is a

pair satisfying
𝑡2
𝑡1

≤
𝑑2

1
𝑑2𝑝1

− 𝑑1
𝑑2

√√
𝑑2

1

𝑝2
1
+ 2𝑑2 − 2𝑝1

𝑝1

where 𝑡1 > 0 and 𝑡2 < 0.

When the above inequality is satisfied, there is always one solution, namely 𝑐+ (where

𝑐+ takes the + in 3.8 below) and (𝑥1, 𝑥2), the pair unique up to scaling given by 𝑥2
𝑥1

=

−2𝑑1
𝑝1

(𝑐+𝑡1 + 1
2 ).

In addition to this one solution, there is a second solution if and only if our pair (𝑡1, 𝑡2) with

𝑡1 > 0 and 𝑡2 < 0 satisfies

−𝑑2 − 𝑝1
𝑑2

<
𝑡2
𝑡1
<

𝑑2
1

𝑑2𝑝1
− 𝑑1
𝑑2

√√
𝑑2

1

𝑝2
1
+ 2𝑑2 − 2𝑝1

𝑝1
.

The second solution is 𝑐− (where 𝑐− takes the − in 3.8 below) and (𝑥1, 𝑥2) the pair unique

up to scaling given by 𝑥2
𝑥1

=
−2𝑑1
𝑝1

(𝑐−𝑡1 + 1
2 ).

𝑐 =

−
(
𝑑2

1
𝑑2𝑝1

𝑡1 − 𝑡2
)
±

√︄(
𝑑2

1
𝑑2𝑝1

𝑡1 − 𝑡2
)2

− 4
(
𝑑2

1
𝑑2𝑝1

𝑡21

) (
𝑑2

1
4𝑝1𝑑2

+ 2𝑑2 − 2𝑝1
4𝑑2

)
2 𝑑2

1
𝑑2𝑝1

𝑡21

(3.8)

Moreover, 𝑐+ = 𝑐− when the discriminant in 𝑐 is zero, and this happens precisely when

𝑡2
𝑡1

=
𝑑2

1
𝑑2𝑝1

− 𝑑1
𝑑2

√√
𝑑2

1

𝑝2
1
+ 2𝑑2 − 2𝑝1

𝑝1
.
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Proof: If [𝔭2, 𝔭2] ⊂ 𝔥 and 𝔭2 is not a trivial representation, then we have 𝑝2 = 0 in

our 𝑅1 and 𝑅2 defined in Eqn.3.1. Moreover, by Lemma 3.12 we have
2𝑑2 − 𝑝2 − 2𝑝1

4𝑑2
=

𝑑2 − 𝑝1
2𝑑2

> 0. Using Theorem 3.14 then we can say that (𝑡1, 𝑡2) satisfying

𝑡2
𝑡1

≤
𝑑2

1
𝑑2𝑝1

− 𝑑1
𝑑2

√√
𝑑2

1

𝑝2
1
+ 2𝑑2 − 2𝑝1

𝑝1
(3.9)

is a sufficient and necessary condition to having a solution to 𝑟𝑖𝑐 = 𝑐𝑇 , namely 𝑐+ from

3.10 below and (𝑥1, 𝑥2) satisfying 𝑥2
𝑥1

=
−2𝑑1
𝑝1

(
𝑐+𝑡1 + 1

2

)
.

Moreover, having (𝑡1, 𝑡2) satisfy

−𝑑2 − 𝑝1
𝑑2

<
𝑡2
𝑡1
<

𝑑2
1

𝑑2𝑝1
− 𝑑1
𝑑2

√√
𝑑2

1

𝑝2
1
+ 2𝑑2 − 2𝑝1

𝑝1
(∗∗)

is a sufficient and necessary condition to have a second solution to, namely 𝑐− from 3.10

below and (𝑥1, 𝑥2) satisfying 𝑥2
𝑥1

=
−2𝑑1
𝑝1

(𝑐−𝑡1 + 1
2 ).

𝑐 =

−
(
𝑑2

1
𝑑2𝑝1

𝑡1 − 𝑡2
)
±

√︄(
𝑑2

1
𝑑2𝑝1

𝑡1 − 𝑡2
)2

− 4
(
𝑑2

1
𝑑2𝑝1

𝑡21

) (
𝑑2

1
4𝑝1𝑑2

+ 2𝑑2 − 2𝑝1
4𝑑2

)
2 𝑑2

1
𝑑2𝑝1

𝑡21

(3.10)

Again, we do not have a second solution for

𝑡2
𝑡1

=
𝑑2

1
𝑑2𝑝1

− 𝑑1
𝑑2

√√
𝑑2

1

𝑝2
1
+ 2𝑑2 − 2𝑝1

𝑝1

as this is precisely when 𝑐+ = 𝑐− since the discriminant of 𝑐 is 0. �
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Corollary 3.18. Let 𝔤 = 𝔥 ⊕ 𝔭2 ⊕ 𝔭1 be noncompact simple with 𝔭2 trivial. For 𝐺/𝐻 in

this case, 𝑟𝑖𝑐 = 𝑇 has a solution 𝑇 if and only if 𝑡2 = 𝑑2
1𝑡

2
1 + 𝑑

2
1𝑡1 +

𝑑2
1

4 for 𝑡1 ∈ (−∞, −1
2 ).

Proof: If 𝔭2 is a trivial representation then 𝑝2 = 0 and 𝑝1 = 𝑑2 = 1 (See Lemma 3.12)

in our 𝑅1 and 𝑅2 defined in Eqn.3.1. Therefore, just as before we use the result in Theorem

3.13 to determine the solutions to 𝑟𝑖𝑐 = 𝑇 . In this case, we have solutions of the form

𝑡2 = 𝑑2
1𝑡

2
1 + 𝑑

2
1𝑡1 +

𝑑2
1

4 with 𝑡1 ∈ (−∞, −1
2 ). �

Corollary 3.19. Let 𝔤 = 𝔥 ⊕ 𝔭2 ⊕ 𝔭1 be noncompact simple with 𝔭2 trivial. Recall our

setting and the definition of some notation from Remark 3.8. For 𝐺/𝐻 in this case, the

equation 𝑟𝑖𝑐 = 𝑐𝑇 has a solution for any given (𝑡1, 𝑡2) with 𝑡1 > 0 and 𝑡2 < 0. In this case, 𝑐

is defined by 3.11 below and our inner product is defined by the (𝑥1, 𝑥2) pair unique up to

scaling satisfying 𝑥2
𝑥1

= −2𝑑1(𝑐𝑡1 + 1
2 ).

𝑐 =
−(𝑑2

1𝑡1 − 𝑡2) +
√︃
𝑡22 − 2𝑑2

1𝑡1𝑡2

2𝑑2
1𝑡

2
1

(3.11)

Proof: Once again we have 𝑝2 = 0 and 𝑝1 = 𝑑2 = 1 (See Lemma 3.12) in our 𝑅1 and 𝑅2

defined in Eqn.3.1. Moreover, by Lemma 3.12 we know that
2𝑑2 − 𝑝2 − 2𝑝1

4𝑑2
= 0, which

we discussed beforehand in Remark 3.15 as being a situation which would present some

changes in the types of solutions that arise in the proof of Theorem 3.14. We discuss those

changes now.

Note that if we simply plug into the first solution to 𝑟𝑖𝑐 = 𝑐𝑇 from Theorem 3.14, then we
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have any (𝑡1, 𝑡2) such that 𝑡2
𝑡1
≤ 0 as solutions with the 𝑐 value being 𝑐+ from

𝑐 =
−(𝑑2

1𝑡1 − 𝑡2) ±
√︃
𝑡22 − 2𝑑2

1𝑡1𝑡2

2𝑑2
1𝑡

2
1

. (3.12)

Recalling the proof of Claim 2 in Theorem 3.14, we saw that the term
2𝑑2 − 𝑝2 − 2𝑝1

𝑝1
= 0

causes us to have 𝑐 values that are real if and only if such that 𝑡2
𝑡1

≤ 0, and we saw in the

proof of Claim 3 that as long as 𝑐 was real, we had a solution with 𝑐+ as the 𝑐 value.

However, as was mentioned in the proof of Claim 2, we are interested only in 𝑡2 < 0

and 𝑡1 > 0 by necessity of 𝑐, 𝑅1 > 0 and 𝑅2 < 0. Thus, we must exclude the 𝑡2
𝑡1

= 0

from our solution set, implying that the sufficient and necessary condition to having a so-

lution is 𝑡2
𝑡1
< 0. Therefore, for any (𝑡1, 𝑡2) with 𝑡1 < 0 and 𝑡2 > 0 gives a solution to 𝑟𝑖𝑐 = 𝑐𝑇 .

Moreover, as the proof of Claim 4 in Theorem 3.14 shows, due to
2𝑑2 − 𝑝2 − 2𝑝1

𝑝1
= 0 in

this case, more than one solution does not exist because it would require 0 < 𝑡2
𝑡1
< 0, which

cannot happen. Thus, we do not have 𝑐− in this case. This gives us the desired result. �
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3.3. 𝑆𝑂0(1, 7)/𝐺2

In this section we consider 𝔰𝔬(1, 7) = 𝔤2⊕𝔭′′⊕𝔭′ in which 𝔭′′ ' 𝔭′ with dim𝔭′′ = dim𝔭′ = 7.

The goal of this section will be to determine the 𝑎𝑑𝔤2 invariant 𝑇 (., .) for which we have

solutions to 𝑟𝑖𝑐 = 𝑇 and 𝑟𝑖𝑐 = 𝑐𝑇 , also supplying a way to find 𝑐 > 0 in the second equation.

In the subsequent material, we will work with an orthonormal basis with respect to 〈., .〉

on 𝔭 = 𝔭′′ ⊕ 𝔭′, {𝑥1, ..., 𝑥14}, with {𝑥1, ..., 𝑥7} a basis for 𝔭′′ and {𝑥8, ..., 𝑥14} a basis for

𝔭′. Consequently, our indexing here is opposite from the previous section. As will be

discussed in Lemma 3.28 and Corollary 3.30, we are interested in working with a particular

nice choice of an 〈., .〉 orthonormal basis that will make our 𝑎𝑑𝔤2 equivariant maps have

matrices where the blocks are diagonal. Corollary 3.30, in particular, show us that our 𝑇

is determined by (𝑡1, 𝑡2, 𝑡3) such that 𝑡1 = 𝑇 (𝑥1, 𝑥1), 𝑡2 = 𝑇 (𝑥8, 𝑥8), and 𝑡3 = 𝑇 (𝑥1, 𝑥8) for

our choice of basis. Therefore, we also have that 𝑟𝑖𝑐 is determined by (𝑟1, 𝑟2, 𝑟3) such that

𝑟1 = 𝑟𝑖𝑐(𝑥1, 𝑥1), 𝑟2 = 𝑟𝑖𝑐(𝑥8, 𝑥8), and 𝑟3 = 𝑟𝑖𝑐(𝑥1, 𝑥8).

Remark 3.20. Our basis of choice is determined later in Appendix A.1 where we used

Sympy in Python ([MSP+17]) to determine our basis and compute 𝑟𝑖𝑐. To get the diagonal

blocks we wanted for our equivariant maps once we had an orthonormal basis with respect

to 〈., .〉, to our elated surprise, all that was required of us was to re-order it.

Theorem 3.21. For 𝑆𝑂0(1, 7)/𝐺2 with (𝑡1, 𝑡2, 𝑡3) being defined as above, there is a 𝑇 such

that 𝑟𝑖𝑐 = 𝑇 if and only if (𝑡1, 𝑡2, 𝑡3) is such that:

Case 1 If 𝑡3 = 0 then (𝑡1, 𝑡2, 0) is such that 𝑡1 = 6𝑡22 + 6𝑡2 + 15
8 with 𝑡2 < −1

2 .
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Case 2 If 𝑡3 ≠ 0 then (𝑡1, 𝑡2, 𝑡3) is such that

𝑡1 =



𝑓1(𝑡2, 𝑡3) , 𝑡2 ≤ −3
4 and |𝑡3 | > 0

𝑓1(𝑡2, 𝑡3) , −3
4 < 𝑡2 ≤ −1

2 and |𝑡3 | > 0 and |𝑡3 | ≠ 1
2

√︃
3
2
√

4𝑡2 + 3

𝑓1(𝑡2, 𝑡3) , 𝑡2 >
−1
2 and |𝑡3 | >

√
3

4
√

2𝑡2 + 1 and |𝑡3 | ≠ 1
2

√︃
3
2
√

4𝑡2 + 3

3
4 , 𝑡2 >

−3
4 and |𝑡3 | = 1

2

√︃
3
2
√

4𝑡2 + 3

where 𝑓1 is described by Eqns.3.13 below.

Theorem 3.22. For 𝑆𝑂0(1, 7)/𝐺2 with (𝑡1, 𝑡2, 𝑡3) being defined as above, there is a 𝑇 such

that 𝑟𝑖𝑐 = 𝑐𝑇 for some 𝑐 > 0 if and only if 𝑇 is determined by (𝑡1, 𝑡2, 𝑡3) such that:

Case 1 If 𝑡3 = 0 then (𝑡1, 𝑡2, 𝑡3) is such that 1
3

(
−
√

5 − 2
)
≤ 𝑡2

𝑡1
< 0. In this case for

a given solution (𝑡1, 𝑡2, 𝑡3), 𝑐 =
𝑐0
𝑡1

where 𝑐0 is the solution(s) to the implicit equation

𝑐0 = 6(𝑐0
𝑡2
𝑡1
)2 +6𝑐0

𝑡2
𝑡1
+ 15

8 . When 𝑡2
𝑡1

has the conditions above, we always have real solutions

for 𝑐0.

Case 2 If 𝑡3 ≠ 0 then (𝑡1, 𝑡2, 𝑡3) is such that 𝑡2
𝑡1

= 𝑙, and |𝑡3 |
𝑡1

= 𝑚 in the 14 regions de-

fined in Step 6 (3.3) below. For a given solution (𝑡1, 𝑡2, 𝑡3), we have 𝑐 =
𝑐0
𝑡1

where 𝑐0 is

the solution(s) to the implicit equation 𝑐0 = 𝑓1(𝑐0
𝑡2
𝑡1
, 𝑐0

𝑡3
𝑡1
) and 𝑓1 is as defined in Theorem

3.21, unless (𝑡1, 𝑡2, 𝑡3) is a multiple of ( 3
4 , 𝑟2, 𝑟3) with 𝑟2 >

−3
4 and |𝑟3 | = 1

2

√︃
3
2
√

4𝑟2 + 3. In

this case, 𝑐 =
𝑐1
𝑡1

where 𝑐1 = 3
4 . For 𝑡2

𝑡1
and 𝑡3

𝑡1
in the regions above, we always have real

solutions for 𝑐0.

Remark 3.23. Comparing our solution in Case 1 of Theorem 3.21 with our solution from

Theorem 3.13, and knowing that 𝑑1 = 𝑑2 = 7 in this case, we can see that 𝑝1 = 𝑝2 = 7
6 .
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Remark 3.24. When we get to the end of Step 5 (3.3) with the Appendix references

provided, we have a proof for Theorem 3.21 above. When we get to the end of Step 6 (3.3)

with the Appendix references provided, we have a proof of Theorem 3.22 above.
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Let 𝑓1(𝑡2, 𝑡3) be the first root in the set of roots (in increasing order) to the following polynomial in 𝑡1

128𝑡31 + 𝑡
2
1

(
−768𝑡22 − 768𝑡2 − 432

)
+ 𝑡1

(
1152𝑡22 + 1536𝑡2𝑡23 + 1152𝑡2 + 1536𝑡23 + 432

)
− 432𝑡22 − 432𝑡2 − 768𝑡43 − 288𝑡23 − 135

(3.13)

This root has the following radical form, but we caution that radical forms involving parameters and not just constant values can

lose solutions.

1
8

(
16𝑡22 + 16𝑡2 + 9

)
+ 1

8
©«

3

√︄(
16𝑡22 + 16𝑡2 + 3

)3
− 192(4𝑡2 + 3) (2𝑡2(4𝑡2 + 5) + 5)𝑡23 + 8

√
2
√︂
−

(
(4𝑡2 + 1)3 − 72𝑡23

) (
3(4𝑡2 + 3)2𝑡3 + 16𝑡33

)2
+ 1536𝑡43

ª®¬
+ 1

8

©«
(4𝑡2 + 1)2(4𝑡2 + 3)2

3

√︄(
16𝑡22 + 16𝑡2 + 3

)3
− 192(4𝑡2 + 3) (2𝑡2(4𝑡2 + 5) + 5)𝑡23 + 8

√
2
√︂
−

(
(4𝑡2 + 1)3 − 72𝑡23

) (
3(4𝑡2 + 3)2𝑡3 + 16𝑡33

)2
+ 1536𝑡43

ª®®®®®®¬
− 1

8

©«
256(𝑡2 + 1)𝑡23

3

√︄(
16𝑡22 + 16𝑡2 + 3

)3
− 192(4𝑡2 + 3) (2𝑡2(4𝑡2 + 5) + 5)𝑡23 + 8

√
2
√︂
−

(
(4𝑡2 + 1)3 − 72𝑡23

) (
3(4𝑡2 + 3)2𝑡3 + 16𝑡33

)2
+ 1536𝑡43

ª®®®®®®¬
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The above image was produced in Mathematica for the image of 𝑟𝑖𝑐 in Theorem 3.21.

The gold sheet curving up has a pink strip that can be faintly seen in the middle. The

gold is the 𝑧, 𝑡3 ≠ 0 with 𝑡2 ≤ −3
4 solution but only graphed out to −100 ≤ 𝑡2, and the pink

strip is 𝑧, 𝑡3 = 0 which has 𝑡2 ≤ −1
2 , also only graphed out to −100 ≤ 𝑡2. The gold and the

pink were graphed with 0 < |𝑡3 | ≤ 400.

The green is the image where 𝑧 ≠ 0, 𝑡2 > −1
2 , and |𝑡3 | > 1

2

√︃
3
2
√

3 + 4𝑡2. Here, we

only graphed out to 𝑡2 ≤ 100 with |𝑡3 | ≤ 400.

There are other colors that can be seen in the image above describing the other parts
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of our solution to 𝑟𝑖𝑐 = 𝑇 . To help show them somewhat more clearly, we have the fol-

lowing image which has more restrictive bounds on the parameters (𝑡2 ≤ 50 and |𝑡3 | < 50

instead of the values used above of 100 and 400, respectively). Still, in this image, there

are some strips that are hard to see (such as the solutions where 𝑡1 = 3
4 ). The piece going

upward is the image where −3
4 < 𝑡2 ≤ −1

2 and the the rest is a combination of the image

where −1
2 < 𝑡2 and

√
3

4
√

2𝑡2 + 1 < |𝑡3 | < 1
2

√︃
3
2
√

4𝑡2 + 3 and the image where 𝑡1 = 3
4 .

100



An Overview of our Approach:

In the case of 𝑆𝑂0(1, 7)/𝐺2, we know from I.16 in [DK08] and our dual process in Theorem

3.2 that 𝔰𝔬(1, 7) = 𝔤2 ⊕ 𝔭′′ ⊕ 𝔭′ is such that 𝔭′′ ' 𝔭′ of dimension 7. Since 𝑟𝑖𝑐𝑔 (., .) is

dependent upon the metric 𝑔 (see Section 1.1), if we want to solve 𝑟𝑖𝑐𝑔 = 𝑇 and 𝑟𝑖𝑐𝑔 = 𝑐𝑇 ,

then we will need to understand 𝑟𝑖𝑐𝑔 for any possible metric. Any 𝑆𝑂0(1, 7)-invariant metric

on 𝑆𝑂0(1, 7)/𝐺2 can be understood as an 𝑎𝑑𝔤2 invariant inner product on 𝔭 = 𝔭′′ ⊕ 𝔭′ (see

Section 1.2), so we use all such inner products and our equation for 𝑟𝑖𝑐(., .) in Eqn.1.2 to

determine the possible values of 𝑟𝑖𝑐(., .). Working out the solutions to 𝑟𝑖𝑐 = 𝑇 and 𝑟𝑖𝑐 = 𝑐𝑇

turns out to be an involved problem even in this simple example, so we first provide a step-

by-step overview of the process involved in reaching our solution before getting into the

details.

Step 1 Determine a description of an arbitrary 𝑎𝑑𝔤2 invariant inner product (., .) = 〈Φ., .〉 =

〈𝜙., 𝜙.〉 where Φ : 𝔭 → 𝔭 is a positive definite 𝑎𝑑𝔤2 equivariant map and 𝜙 : 𝔭 → 𝔭 is

such that 𝜙2 = Φ and is also an 𝑎𝑑𝔤2 equivariant map. In this step, we determine that

𝜙 is dependent upon three variables (𝑎, 𝑏, 𝑐). We also determine that Φ is determined

by three variables which we label (𝑥, 𝑦, 𝑧) and we note the polynomial relationship

between (𝑎, 𝑏, 𝑐) and (𝑥, 𝑦, 𝑧).

Step 2 Using the arbitrary inner product description of (., .) = 〈𝜙., 𝜙.〉 (since defining an

orthonormal basis on 𝔭 for (., .) is easiest with this description), we find a formula

for 𝑟𝑖𝑐(., .) for an arbitrary 𝑎𝑑𝔤2 inner prodcut. The formula obtained depends only

upon 𝜙, 〈., .〉, and {𝑥𝑖} where {𝑥𝑖} is a 〈., .〉-orthonormal basis on 𝔭.

Step 3 Compute 𝑟𝑖𝑐(., .) to obtain a function dependent only upon our (𝑎, 𝑏, 𝑐) defining 𝜙

using the description found in Step 2. For this, we use SymPy in Python ([MSP+17])

and acquire three terms 𝑟1, 𝑟2, and 𝑟3 which are scale-invariant rational functions.
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Step 4 Using polynomial relationships between (𝑎, 𝑏, 𝑐) for 𝜙 and (𝑥, 𝑦, 𝑧) for Φ, we use

an algebraic geometry tool known as elimination ideal to get our 𝑟𝑖 in terms of

(𝑥, 𝑦, 𝑧). This step was made possible by the built-in elimination ideal function in

Mathmematica ([Inc]), and cuts the degree of the polynomials (in both the numerator

and denominator of our 𝑟𝑖) in half.

Step 5 Using Mathematica ([Inc]), we use built-in functions and utilize the scale-invariance

of our 𝑟𝑖 to find all (𝑡1, 𝑡2, 𝑡3) such that (𝑟1, 𝑟2, 𝑟3) = (𝑡1, 𝑡2, 𝑡3) for some (𝑥, 𝑦, 𝑧)

defining our 𝑎𝑑𝔤2 invariant inner product, thus solving the problem of 𝑟𝑖𝑐 = 𝑇 .

Step 6 Using built-in functions from Mathematica ([Inc]), and by projecting (𝑟1, 𝑟2, 𝑟3) onto

a plane, we find all (𝑡1, 𝑡2, 𝑡3) such that there is a 𝑐 and an (𝑥, 𝑦, 𝑧) with (𝑟1, 𝑟2, 𝑟3) =

𝑐(𝑡1, 𝑡2, 𝑡3). We also provide a description of the 𝑐 values needed for a given (𝑡1, 𝑡2, 𝑡3).

As we work through these six steps, we provide the mathematics here, and we explain some

of the methods used in our code. However, we save the code from Python and Mathematica

for Appendix A.

Remark 3.25. Step 4 turned out to be a necessary step for us. The following two steps

were attempted using the 𝑟𝑖 in terms of (𝑎, 𝑏, 𝑐), but the Mathematica functions utilized did

not finish processing, even after more than 24 hours of run-time.

Remark 3.26. In Step 5, using the scale invariance also turned out to be necessary as

the functions in Mathematica spent hours running with no output without using the scale

invariance.

Remark 3.27. In Mathematica, we used AbsoluteTiming to find the run times for obtaining

solutions to 𝑟𝑖𝑐 = 𝑇 and 𝑟𝑖𝑐 = 𝑐𝑇 using the methodology discussed in Step 5 and Step 6,

respectively. The run time for solving 𝑟𝑖𝑐 = 𝑇 was 126.031 seconds (so just over 2 minutes),

and the run time for solving 𝑟𝑖𝑐 = 𝑐𝑇 was 346.735 seconds (so just under 6 minutes).
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Step 1

Any 𝑎𝑑𝔤2 invariant inner product (., .) on 𝔭 can be determined by (𝑣, 𝑤) = 〈Φ𝑣, 𝑤〉 =

〈𝜙𝑣, 𝜙𝑤〉 where Φ = 𝜙2 is a positive definite 𝑎𝑑𝔤2 equivariant map and 𝜙 is an invertible

symmetric map. More than that, 𝜙 is also an 𝑎𝑑𝔤2 equivariant map since Φ has a ma-

trix representation that is diagonal for a basis of eigenvectors of 𝔭 which implies that 𝜙

also has a matrix representation that is diagonal for the same basis of eigenvectors. Thus,

Φ ◦ 𝑎𝑑𝔤2 = 𝑎𝑑𝔤2 ◦Φ will imply 𝜙 ◦ 𝑎𝑑𝔤2 = 𝑎𝑑𝔤2 ◦ 𝜙. In this first step, we seek to understand

the form of Φ and 𝜙 so that we can ultimately understand any 𝑎𝑑𝔤2 invariant inner product

in terms of Φ or 𝜙, and so that we can understand the algebraic relationship between Φ and

𝜙.

Lemma 3.28. For 𝔰𝔬(1, 7) = 𝔤2 ⊕ 𝔭′′ ⊕ 𝔭′, let 𝔭 = 𝔭′′ ⊕ 𝔭′. If 𝑀 : 𝔭 → 𝔭 is a symmetric

(with respect to 〈., .〉) 𝑎𝑑𝔤2 equivariant map then for a nice choice of basis, 𝑀 has a matrix

of the form:

𝑀 =



𝑎𝐼𝑑𝔭′′ 𝑐𝐼𝑑

𝑐𝐼𝑑 𝑏𝐼𝑑𝔭′


where 𝑎, 𝑏, 𝑐 ∈ R. Here, unless 𝑐 = 0, the nice basis of choice is {𝑥1, ..., 𝑥7, 𝐿𝑥1, ...𝐿𝑥7}

where {𝑥𝑖} is an orthonormal basis with respect to 〈., .〉 on 𝔭′′ and 𝐿 : 𝔭′′ → 𝔭′ is an 𝑎𝑑𝔤2

intertwining map defined by 𝐿 = proj𝔭′ ◦𝑀 |𝔭′′ . If 𝑐 = 0 then the basis on 𝔭 can be any basis

orthonormal with respect to 〈., .〉.
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Proof: First, if 𝑀 is a symmetric (with respect to 〈., .〉) 𝑎𝑑𝔤2 equivariant map then we

know that in general,

𝑀 =



𝐴 𝐿𝑡

𝐿 𝐵


where 𝐴 : 𝔭′′ → 𝔭′′ is symmetric, 𝐵 : 𝔭′ → 𝔭′ is symmetric, 𝐿 is defined as in the the

statement of our Lemma, and 𝐿𝑡 is transposed with respect to 〈., .〉 (along with the symmetry

of 𝐴 and 𝐵). Since 𝔭′′ and 𝔭′ are irreducible, and since 𝐴 and 𝐵 are symmetric, we know by

Schur’s Lemma (See Section 1.3) that 𝐴 = 𝑎𝐼𝑑𝔭′′ and 𝐵 = 𝑏𝐼𝑑𝔭′ . Moreover, since dim𝔭′′ =

dim𝔭′ = 7, we know that 𝔭′′ and 𝔭′ are irreducible representations of real type (See Section

1.6), meaning that 𝑎, 𝑏 ∈ R.

Now, 𝐿 : 𝔭′′ → 𝔭′ is (by Schur’s Lemma) an isomorphism or 0. If 0, then we are done and

𝑐 = 0 in the statement of the Lemma. If 𝐿 is an isomorphism then we know again by Schur’s

Lemma that 𝐿𝐿𝑡 = _𝐼𝑑𝔭′′ with _ ∈ R. Moreover, by choosing {𝑥1, ..., 𝑥7, 𝐿𝑥1, ..., 𝐿𝑥7} as

a basis for 𝔭 where {𝑥1, ..., 𝑥7} is an orthonormal basis for 𝔭′′, we know that 𝐿 becomes a

diagonal matrix. Thus, we know that 𝐿 = 𝑐𝐼𝑑 with 𝑐 ∈ R by 𝔭′′ and 𝔭′ being irreducible of

real type. �

Remark 3.29. It is worth noting that in the case that 𝐿 : 𝔭′′ → 𝔭′ is not the 0 map we have

that any other 𝑎𝑑𝔤2 intertwining map 𝔭′′ → 𝔭′ is a multiple of 𝐿. Indeed, if 𝑁 : 𝔭′′ → 𝔭′

was another 𝑎𝑑𝔤2 intertwining map, then 𝑁−1𝐿 = _𝐼𝑑𝔭′′ with _ ∈ R by 𝔭′′ being irreducible

of real type. Thus, 𝑁 = _𝐿. This is worth noting since our basis was dependent upon 𝐿,
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but there is really only one choice for 𝐿 up to scaling.

Corollary 3.30. For 𝔰𝔬(1, 7) = 𝔤2 ⊕ 𝔭′′ ⊕ 𝔭′, let 𝔭 = 𝔭′′ ⊕ 𝔭′. If 𝑇 (., .) is an 𝑎𝑑𝔤2 invariant

bilinear form then

𝑇 (𝑣, 𝑤) =



𝑡1〈𝑣, 𝑤〉 , 𝑣, 𝑤 ∈ 𝔭′′

𝑡2〈𝑣, 𝑤〉 , 𝑣, 𝑤 ∈ 𝔭′

𝑡3〈𝑣, 𝑤〉 , 𝑣 ∈ 𝔭′′ , 𝑤 ∈ 𝔭′

where (𝑡1, 𝑡2, 𝑡3) ∈ R3.

Proof: If 𝑇 (., .) is an 𝑎𝑑𝔤2 bilinear form then, as discussed in Section 1.3, 𝑇 (𝑣, 𝑤) =

〈𝑀𝑣, 𝑤〉 where 𝑣, 𝑤 ∈ 𝔭 and 𝑀 is symmetric with respect to 〈., .〉 and an 𝑎𝑑𝔤2 equivariant

map. By Lemma 3.28 we know that for a nice choice of basis, 𝑀 can be described by:

𝑀 =



𝑡1𝐼𝑑𝔭′′ 𝑡3𝐼𝑑

𝑡3𝐼𝑑 𝑡2𝐼𝑑𝔭′


for 𝑡1, 𝑡2, 𝑡3 ∈ R. Thus, we have that

𝑇 (𝑣, 𝑤) = 〈𝑀𝑣, 𝑤〉 =



𝑡1〈𝑣, 𝑤〉 , 𝑣, 𝑤 ∈ 𝔭′′

𝑡2〈𝑣, 𝑤〉 , 𝑣, 𝑤 ∈ 𝔭′

𝑡3〈𝑣, 𝑤〉 , 𝑣 ∈ 𝔭′′ , 𝑤 ∈ 𝔭′,

as desired. �
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Lemma 3.31. For 𝔰𝔬(1, 7) = 𝔤2 ⊕ 𝔭′′ ⊕ 𝔭′, let 𝔭 = 𝔭′′ ⊕ 𝔭′. Any 𝑎𝑑𝔤2 invariant inner

product (., .) can be written as (., .) = 〈Φ., .〉 = 〈𝜙., 𝜙.〉 where Φ is positive definite, 𝜙 is

symmetric and invertible, and both Φ and 𝜙 are 𝑎𝑑𝔤2 equivariant maps. Moreover, for a

nice choice of basis (See Lemma 3.28) we have the following descriptions of Φ and 𝜙:

Φ =



𝑥𝐼𝑑𝔭′′ 𝑧𝐼𝑑

𝑧𝐼𝑑 𝑦𝐼𝑑𝔭′



with 𝑥, 𝑦 > 0 and 𝑥𝑦 − 𝑧2 > 0

𝜙 =



𝑎𝐼𝑑𝔭′′ 𝑐𝐼𝑑

𝑐𝐼𝑑 𝑏𝐼𝑑𝔭′



with 𝑎𝑏 − 𝑐2 ≠ 0.

Proof: In the following proof, we first prove the statement regarding Φ. Then, using

the positive definiteness of Φ and properties of square roots, we then prove the statement

regarding 𝜙. When proving the statement regarding 𝜙, we prove the statement in the 2 × 2

matrice setting and then show that the statement holds in the 14 × 14 setting we are in.

As discussed in Section 1.3, we know that any 𝑎𝑑𝔤2 invariant metric on 𝔭 = 𝔭′′ ⊕ 𝔭′ is
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of the form (., .) = 〈Φ., .〉 where Φ : 𝔭 → 𝔭 is a symmetric (with respect to 〈., .〉) positive

definite 𝑎𝑑𝔤2 equivariant map. Moreover, since Φ is symmetric with respect to 〈., .〉, we

know by by Lemma 3.28 that for a nice choice of basis we have Φ of the form

Φ =



𝑥𝐼𝑑𝔭′′ 𝑧𝐼𝑑

𝑧𝐼𝑑 𝑦𝐼𝑑𝔭′



.

Since Φ is positive definite, 𝑡𝑟Φ = 7(𝑥 + 𝑦) > 0, and 𝑑𝑒𝑡Φ = (𝑥𝑦 − 𝑧2)7 > 0, we can

conclude that 𝑥, 𝑦 > 0 and 𝑥𝑦 − 𝑧2 > 0. Thus,

𝑃 =





𝑥𝐼𝑑𝔭′′ 𝑧𝐼𝑑

𝑧𝐼𝑑 𝑦𝐼𝑑𝔭′



: 𝑥, 𝑦 > 0 and 𝑥𝑦 − 𝑧2 > 0


is the set describing all positive definite matrices on 𝔭. This concludes the proof for the first

statement regarding Φ.

By being positive definite, Φ has a square root matrix 𝜙 such that 𝜙2 = Φ. To com-

plete the proof, we consider the 2 × 2 matrix setting, determining what the collection of 𝜙

is, and then we show that understanding the 2× 2 matrix setting is enough to determine the
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14 × 14 matrix setting our problem is placed within.

In the 2 × 2 setting, we consider positive definite Φ =


𝑥 𝑧

𝑧 𝑦

 . By being positive defi-

nite, there is a 𝐶 such that 𝐿 =


_1 0

0 _2

 = 𝐶Φ𝐶−1 where _1, _2 are the eigenvalues of

Φ. Since 𝑡𝑟𝐿 = 𝑡𝑟Φ and 𝑑𝑒𝑡𝐿 = 𝑑𝑒𝑡Φ, we know that Φ is positive definite if and only

if 𝑡𝑟Φ > 0 and 𝑑𝑒𝑡Φ > 0. Therefore, Φ is positive definite if and only if 𝑥, 𝑦 > 0 and

𝑥𝑦 − 𝑧2 > 0.

Now 𝐿 has square root matrices described by, 𝑙 =


±
√
_1 0

0 ±
√
_2

 , and one can observe

that all symmetric 𝜙 such that 𝜙2 = Φ are such that 𝑙 = 𝐶𝜙𝐶−1 for some 𝑙. Since 𝑙 can be

any diagonal matrix with nonzero determinant (because the _𝑖 can be anything positive), it

is then the case that 𝜙 can be any symmetric matrix with nonzero determinant.

Now we show that the collection of invertible, symmetric 2 × 2 matrices generates all

positive definite 2× 2 matrices by squaring, and then show how the 14× 14 matrice setting

has the same multiplication structure, completing our proof.

Let 𝜙 =


𝑎 𝑐

𝑐 𝑏

 with 𝑎𝑏 − 𝑐2 ≠ 0. In this case, 𝜙2 =


𝑎2 + 𝑐2 𝑐(𝑎 + 𝑏)

𝑐(𝑎 + 𝑏) 𝑏2 + 𝑐2

 , which is

positive definite if and only if 𝑡𝑟𝜙2 > 0 and 𝑑𝑒𝑡𝜙2 > 0, and this is the case if and only if

(𝑎2 + 𝑐2) (𝑏2 + 𝑐2) − 𝑐2(𝑎 + 𝑏)2 > 0.

Now, (𝑎2 + 𝑐2) (𝑏2 + 𝑐2) − 𝑐2(𝑎 + 𝑏)2 = 𝑎2𝑏2 + 𝑐4 − 𝑐2(2𝑎𝑏)

108



= (𝑎𝑏 − 𝑐2)2,

and (𝑎𝑏 − 𝑐2)2 > 0 if and only if 𝑎𝑏 − 𝑐2 ≠ 0. Thus, 𝜙2 is clearly positive definite. Lastly,

observe that 𝑎2 + 𝑐2 and 𝑏2 + 𝑐2 can be any positive number while 𝑐(𝑎 + 𝑏) can be any

nonzero number. Thus, in the 2 × 2 setting, the invertible, symmetric {𝜙} generates the

positive definite {Φ} by squaring each 𝜙.

To extend this to the 14 × 14 matrix case is now a trivial observation that if, in the 2 × 2

setting, {𝜙} generates all possible positive definite matrices {Φ} by squaring each 𝜙, then

by having the same multiplication structure:



𝑎𝐼𝑑𝔭′′ 𝑐𝐼𝑑

𝑐𝐼𝑑 𝑏𝐼𝑑𝔭′





𝑎𝐼𝑑𝔭′′ 𝑐𝐼𝑑

𝑐𝐼𝑑 𝑏𝐼𝑑𝔭′



=



(𝑎2 + 𝑐2)𝐼𝑑𝔭′′ 𝑐(𝑎 + 𝑏)𝐼𝑑

𝑐(𝑎 + 𝑏)𝐼𝑑 (𝑏2 + 𝑐2)𝐼𝑑𝔭′


we can see that the analogous statement is true in the 14 × 14 case. That is, 𝑃 as defined
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above, is generated by





𝑎𝐼𝑑𝔭′′ 𝑐𝐼𝑑

𝑐𝐼𝑑 𝑏𝐼𝑑𝔭′



: 𝑎𝑏 − 𝑐2 ≠ 0


by squaring the matrices. Thus, any inner product (., .) = 〈Φ., .〉 = 〈𝜙2., .〉 = 〈𝜙., 𝜙.〉, with

Φ and 𝜙 having the form desired. Moreover, since 𝜙 has the same block form as Φ, it is

clear that Φ being 𝑎𝑑𝔤2 equivariant implies that 𝜙 is 𝑎𝑑𝔤2 equivariant. �

Observe from how our {𝜙} generates our {Φ} in the proof above, that we also have a

polynomial relationship between the (𝑎, 𝑏, 𝑐) defining 𝜙 and the (𝑥, 𝑦, 𝑧) defining Φ:

𝑎2 + 𝑐2 = 𝑥 (3.14)

𝑏2 + 𝑐2 = 𝑦

𝑐(𝑎 + 𝑏) = 𝑧.
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Step 2

In the present step, we will be finding a formula for 𝑟𝑖𝑐(., .) that is dependent only upon 𝜙,

our fixed inner product 〈., .〉, and a 〈., .〉 orthonormal basis, {𝑥𝑖}. In the end, we provide a

formula for 𝑟𝑖𝑐(𝑥, 𝑦) in which one can determine how to work with matrix representations

of 𝜙 and 𝑎𝑑𝔭 with respect to the basis {𝑥𝑖} (except for the Killing form term which we

intentionally leave as is).

Lemma 3.32. Consider 𝐺/𝐻 to be any homogeneous space for which 𝐺 is unimodular

with reductive decomposition 𝔤 = 𝔥 ⊕ 𝔭. For an arbitrary 𝑎𝑑𝔥 invariant inner product

(., .) = 〈𝜙., 𝜙.〉, we have the following formula for 𝑟𝑖𝑐(., .) in terms of the base inner

product 〈., .〉, a 〈., .〉 orthonormal basis {𝑥𝑖}, and 𝜙.

𝑟𝑖𝑐(𝑥, 𝑦) = −1
2

∑︁
𝑥𝑖

〈𝜙(
∑︁
𝑘

(𝜙−1)𝑘𝑖𝑎𝑑𝔭 ((𝑥𝑘 )) (𝑥)), 𝜙(
∑︁
𝑘

(𝜙−1)𝑘𝑖𝑎𝑑𝔭 ((𝑥𝑘 )) (𝑦))〉 −
1
2
𝐵(𝑥, 𝑦)

+1
4

∑︁
𝑥𝑖 ,𝑥 𝑗

〈𝜙(
∑︁
𝑘

(𝜙−1)𝑘𝑖𝑎𝑑𝔭 ((𝑥𝑘 )) (𝜙−1(𝑥 𝑗 ))), 𝜙(𝑥)〉〈𝜙(
∑︁
𝑘

(𝜙−1)𝑘𝑖𝑎𝑑𝔭 ((𝑥𝑘 )) (𝜙−1(𝑥 𝑗 ))), 𝜙(𝑦)〉

Proof: Using Eqn.1.2, we have the following in which, by an abuse of notation, we

consider 𝑎𝑑𝔭 (𝑥) to be defined by [𝑥, .]𝔭 where 𝑥 ∈ 𝔭:

𝑟𝑖𝑐(𝑥, 𝑦) = −1
2

∑︁
𝑥𝑖

( [𝜙−1(𝑥𝑖), 𝑥]𝔭, [𝜙−1(𝑥𝑖), 𝑦]𝔭) −
1
2
𝐵(𝑥, 𝑦)

+ 1
4

∑︁
𝑥𝑖 ,𝑥 𝑗

( [𝜙−1(𝑥𝑖), 𝜙−1(𝑥 𝑗 )], 𝑥) ( [𝜙−1(𝑥𝑖), 𝜙−1(𝑥 𝑗 )], 𝑦)

=
−1
2

∑︁
𝑥𝑖

(𝑎𝑑𝔭 (𝜙−1(𝑥𝑖) (𝑥)), 𝑎𝑑𝔭 (𝜙−1(𝑥𝑖) (𝑦))) −
1
2
𝐵(𝑥, 𝑦)

+ 1
4

∑︁
𝑥𝑖 ,𝑥 𝑗

(𝑎𝑑𝔭 (𝜙−1(𝑥𝑖)) (𝜙−1(𝑥 𝑗 )), 𝑥) (𝑎𝑑𝔭 (𝜙−1(𝑥𝑖)) (𝜙−1(𝑥 𝑗 )), 𝑦)

=
−1
2

∑︁
𝑥𝑖

〈𝜙 ◦ 𝑎𝑑𝔭 (𝜙−1(𝑥𝑖) (𝑥)), 𝜙 ◦ 𝑎𝑑𝔭 (𝜙−1(𝑥𝑖) (𝑦))〉 −
1
2
𝐵(𝑥, 𝑦)
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+ 1
4

∑︁
𝑥𝑖 ,𝑥 𝑗

〈𝜙 ◦ 𝑎𝑑𝔭 (𝜙−1(𝑥𝑖)) (𝜙−1(𝑥 𝑗 )), 𝜙(𝑥)〉〈𝜙 ◦ 𝑎𝑑𝔭 (𝜙−1(𝑥𝑖)) (𝜙−1(𝑥 𝑗 )), 𝜙(𝑦)〉.

Using the linearity of 𝑎𝑑 and the fact that 𝜙−1(𝑥𝑖) = (𝜙−1)1𝑖𝑥1 + ... + (𝜙−1)𝑛𝑖𝑥𝑛 where

(𝜙−1)𝑖 𝑗 = 〈𝜙−1𝑥 𝑗 , 𝑥𝑖〉 are the matrix entries given by a matrix representation of 𝜙−1 with

respect to the basis {𝑥𝑖}, have our result:

𝑟𝑖𝑐(𝑥, 𝑦) = −1
2

∑︁
𝑥𝑖

〈𝜙(
∑︁
𝑘

(𝜙−1)𝑘𝑖𝑎𝑑𝔭 ((𝑥𝑘 )) (𝑥)), 𝜙(
∑︁
𝑘

(𝜙−1)𝑘𝑖𝑎𝑑𝔭 ((𝑥𝑘 )) (𝑦))〉 −
1
2
𝐵(𝑥, 𝑦)+

1
4

∑︁
𝑥𝑖 ,𝑥 𝑗

〈𝜙(
∑︁
𝑘

(𝜙−1)𝑘𝑖𝑎𝑑𝔭 ((𝑥𝑘 )) (𝜙−1(𝑥 𝑗 ))), 𝜙(𝑥)〉〈𝜙(
∑︁
𝑘

(𝜙−1)𝑘𝑖𝑎𝑑𝔭 ((𝑥𝑘 )) (𝜙−1(𝑥 𝑗 ))), 𝜙(𝑦)〉

(3.15)

�
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Step 3

Having our description of 𝑟𝑖𝑐(., .) for an arbitrary inner product, we can see that it is

described totally in terms of the Killing form 𝐵(., .), the background inner product 〈., .〉, a

basis {𝑥𝑖} on 𝔭 for which 〈., .〉 is orthonormal, the 𝑎𝑑𝔭 (𝑥𝑘 ) maps, and an equivariant map 𝜙.

We now turn our attention to finding 𝑟𝑖𝑐(𝑥, 𝑦) for an arbitrary inner product on 𝔭 = 𝔭′′ ⊕ 𝔭′

in 𝔰𝔬(1, 7) = 𝔤2 ⊕ 𝔭′′ ⊕ 𝔭′. Using Eqn.3.15, our process is as follows:

i. Fix a background inner product and get an orthonormal basis for 𝔭 = 𝔭′′ ⊕ 𝔭′.

ii. Find the equivariant maps 𝜙 described in Lemma 3.31 by finding an appropriately

ordered basis.

iii. Find the matrices 𝑎𝑑𝔭 (𝑥𝑘 ) for each 𝑥𝑘 coming from the basis in i.

iv. Determine 𝑟𝑖𝑐(., .) in terms of the 𝑎, 𝑏, 𝑐 defining 𝜙 (which describes an arbitrary

𝑎𝑑𝔤2 invariant inner product).

To do this, we use Python ([MSP+17]) and Maple ([Map]) with the code found in Appendix

A.1.

First, we discuss part i which is seeking to fix a background inner product and get an

orthonormal basis for 𝔭 = 𝔭′′ ⊕ 𝔭′. In this step we used Maple to produce a collection of

matrices representing a basis of 𝔤2 as a subalgebra of 𝔰𝔬(7) as well as matrices representing

a basis for 𝔰𝔬(7), the maximal compact in 𝔰𝔬(1, 7). From there, we were able to copy and

paste the matrices into Python, and in Python we built out the rest of 𝔰𝔬(1, 7) using Type BD

I in Section 2 of Chapter X in [Hel01] to ensure that we appropriately constructed 𝔰𝔬(1, 7).

This process involved finding a basis appropriate for 𝔭′′ in 𝔰𝔬(7) so that 𝔤2 ⊕ 𝔭′′ = 𝔰𝔬(7).

We describe this process below with the code provided in Appendix A.1.
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Using the matrices for bases of 𝔤2 and 𝔰𝔬(7), we constructed a 7 dimensional comple-

ment to 𝔤2 in 𝔰𝔬(7) which we call 𝔮. We wish for this to not be just any complement 𝔮0

where 𝔤2 ⊕ 𝔮0 = 𝔰𝔬(7), rather, we want a 𝔭′′ such that 𝔤2 ⊕ 𝔭′′ = 𝔰𝔬(7) and 𝔭′′ is an 𝑎𝑑𝔥

invariant complement to 𝔤2 with 〈𝔤2, 𝔭
′′〉 = 0. Thus, we begin to construct our 〈., .〉 by

defining it to be 〈𝑢, 𝑣〉 = −6𝑡𝑟 (𝑢𝑣) for 𝑢, 𝑣 ∈ 𝔰𝔬(7) which is −𝐵(𝑢, 𝑣) for 𝔰𝔬(1, 7) restricted

to 𝔰𝔬(7) (See Section 8 in Chapter III of [Hel01] and Lemma 1.10). Using this 𝑎𝑑𝔤2 invariant

inner product on 𝔰𝔬(7), our matrices describing bases for 𝔤2 and 𝔮, and the Gram-Schmidt

process, we are able to get an orthonormal basis for 𝔭′′ with the desired trait that 〈𝔤2, 𝔭
′′〉 = 0.

Having matrices defining a basis for 𝔤2 ⊕ 𝔭′′ = 𝔰𝔬(7), we then embed those matrices

into 𝔰𝔬(1, 7) by adding a row of 0’s above and a column of 0’s to the left. Lastly, we get a

basis of matrices for 𝔭′, using Type BD I from [Hel01] to define them. We then rescale them

so that they will be orthonormal with respect to our inner product on 𝔭′ which is defined

by 〈𝑢, 𝑣〉 = 6𝑡𝑟 (𝑢𝑣) = 𝐵(𝑢, 𝑣) for 𝑢, 𝑣 ∈ 𝔭′. (So we are working with the same fixed inner

product on 𝔭 = 𝔭′′ ⊕ 𝔭′ that we have used throughout this document, 〈., .〉 = 𝐵𝔭′ − 𝐵𝔭′′ , as

mentioned in Remark 1.23.)

One last thing is done at this stage, and that is to reorder the basis of 𝔭′′ which will

ensure that our 𝜙 we will soon define has the correct form as decribed by Lemma 3.31.

After we constructed our basis of 𝔰𝔬(1, 7) = 𝔤2 ⊕ 𝔭′′ ⊕ 𝔭′ as described above, we ran

a series of checks to ensure that 〈𝔤2, 𝔭
′′〉 = 〈𝔭′′, 𝔭′〉 = 0 and that our basis on 𝔭 = 𝔭′′ ⊕ 𝔭′

is is orthonormal with respect to 〈., .〉. These checks have their code provided in Appendix

A.1.
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We now turn to part ii which was concerned with finding the equivariant maps 𝜙 de-

scribed in Lemma 3.31 by finding an appropriately ordered basis. The code for this and the

checks is provided in Appendix A.1. The list of matrices describing our basis is provided

in Appendix A.1.

In this process, we constructed matrices representing 𝑎𝑑𝔭 (𝑒𝑘 ) : 𝔭 → 𝔭 where 𝑒𝑘 is a

basis element in 𝔤2 from part i. We do this by using (𝑎𝑑𝔭 (𝑒𝑘 ))𝑖, 𝑗 = 〈𝑎𝑑𝔭 (𝑒𝑘 ) (𝑥 𝑗 ), 𝑥𝑖〉 where

𝑥𝑖, 𝑥 𝑗 ∈ 𝔭 come from the orthonormal basis given in part i. Once we have that, we construct

a matrix representing our intertwining map, 𝜙, as described previously in Lemma 3.31. We

then check that 𝑎𝑑𝑒𝑘𝜙 − 𝜙𝑎𝑑𝑒𝑘 = 0 for all 𝑒𝑘 . This concludes part ii.

Part iii was concerned with finding the matrices 𝑎𝑑𝔭 (𝑥𝑘 ) for each 𝑥𝑘 coming from the

basis of 𝔭 in part i. In this part, we construct matrices representing 𝑎𝑑𝔭 (𝑥𝑘 ) : 𝔭 → 𝔭 using

the Cartan decomposition properties discussed in 1.3 and (𝑎𝑑𝔭 (𝑥𝑘 ))𝑖, 𝑗 = 〈𝑎𝑑𝔭 (𝑥𝑘 )𝑥 𝑗 , 𝑥𝑖〉.

The code for both part iii and iv is provided in Apppendix A.1, and it is to part iv that we

turn our attention to now.

Part iv is quite involved as it is concerned with determining 𝑟𝑖𝑐(., .) in terms of 𝑎, 𝑏, 𝑐

in 𝜙. In the code, we construct three different functions, one for each term appearing in our

formula found in Lemma 3.15. Since we have constructed 14 × 14 matrices for 𝜙 and our

collection {𝑎𝑑𝔭 (𝑥𝑖)}, our basis elements {𝑥𝑖} in 𝔭 are represented as the standard R14 basis

elements with our innerproduct being the dot product.

The idea for the two terms that are not the Killing form is, for each 𝑥𝑖, to create a sin-

gle matrix representing
∑
𝑘 (𝜙−1)𝑘𝑖𝑎𝑑𝔭 ((𝑥𝑘 )), and to apply that matrix to 𝑥, 𝑦, or 𝜙−1(𝑥 𝑗 )

(which are just vectors in R14) depending on the term. Then we take that result and multiply
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by 𝜙, and then apply the dot product. Once that has happened, you simply loop through the

correct index summing such terms. We provide our process with the first term below.

As a reminder, we provide the first term here:

−1
2

∑︁
𝑥𝑖

〈𝜙(
∑︁
𝑘

(𝜙−1)𝑘𝑖𝑎𝑑𝔭 ((𝑥𝑘 )) (𝑥)), 𝜙(
∑︁
𝑘

(𝜙−1)𝑘𝑖𝑎𝑑𝔭 ((𝑥𝑘 )) (𝑦))〉.

Using a loop through the index 𝑘 in Python and our already achieved 𝜙 and {𝑎𝑑𝑝 (𝑥𝑘 )}, we

construct 𝑀𝑖 =
∑
𝑘 (𝜙−1)𝑘𝑖𝑎𝑑𝔭 ((𝑥𝑘 )) which turns the term above into:

−1
2

∑︁
𝑥𝑖

〈𝜙(𝑀𝑖𝑥), 𝜙(𝑀𝑖𝑦)〉.

Now, 𝜙 and 𝑀𝑖 are 14 × 14 matrices with 𝑥, 𝑦 ∈ R14. Thus, we loop through the index 𝑖 in

Python applying the dot product of 𝜙𝑀𝑖𝑥 with 𝜙𝑀𝑖𝑦 for each 𝑖, summing over the index of

𝑖. This will provide us with all but the −1
2 factor which we apply at the end.

For the Killing form, we take in 𝑥 and 𝑦 as vectors in R14 and construct the appropri-

ate 14 × 14 matrix for 𝑥 and 𝑦 using the basis elements found in part i. That is, if 𝑥 ∈ R14

and represents an element of 𝔭, and if {𝑒𝑖} is our basis of 14 × 14 matrices for 𝔭 con-

structed in part i, then 𝑥 = (𝑥1, ..., 𝑥14) has a 14 × 14 matrix representation given by

𝑥1𝑒1 + .... + 𝑥14𝑒14. Once we have the correct matrix for 𝑥 and the correct matrix for 𝑦, we

use that 𝐵(𝑥, 𝑦) = 6𝑡𝑟 (𝑥𝑦) for 𝔰𝔬(1, 7) to calculate 𝐵(𝑥, 𝑦).

Once we run our code to produce 𝑟𝑖𝑐(𝑥, 𝑦) (by using 𝜙−1 instead of 𝜙 as our equivariant map

to make terms simpler), we ran checks to ensure that we have what we expected. From Re-

mark 3.30, we expect for 𝑟𝑖𝑐(𝑥𝑖, 𝑥𝑖) ≠ 0 for 𝑥 ≤ 14 and for 𝑟𝑖𝑐(𝑥𝑥𝑖 , 𝑥𝑖+7) = 𝑟𝑖𝑐(𝑥𝑥𝑖+7 , 𝑥𝑥𝑖 ) ≠ 0
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for 𝑖 ≤ 7. We further expect for all other terms to be zero. From more general properties of

𝑟𝑖𝑐, we expect for 𝑟𝑖𝑐(𝑥𝑖, 𝑥 𝑗 ) = 𝑟𝑖𝑐(𝑥 𝑗 , 𝑥𝑖), and for the expressions defining 𝑟𝑖𝑐(𝑥𝑖, 𝑥 𝑗 ) to be

scale invariant with respect to a multiple of 𝜙 as this describes our metric. Lastly, again from

Remark 3.30, we expect for 𝑟𝑖𝑐(𝑥1, 𝑥1) = ... = 𝑟𝑖𝑐(𝑥7, 𝑥7), 𝑟𝑖𝑐(𝑥8, 𝑥8) = ... = 𝑟𝑖𝑐(𝑥14, 𝑥14),

and 𝑟𝑖𝑐(𝑥1, 𝑥8) = ... = 𝑟𝑖𝑐(𝑥8, 𝑥14). In the end, we label 𝑟1 = 𝑟𝑖𝑐(𝑥1, 𝑥1), 𝑟2 = 𝑟𝑖𝑐(𝑥8, 𝑥8)

and 𝑟3 = 𝑟𝑖𝑐(𝑥1, 𝑥8). The code for these checks is provided in Appendix A.1. We provide

the 𝑟1, 𝑟2, and 𝑟3 in terms of (𝑎, 𝑏, 𝑐) below.
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𝑟1 =
9𝑎4(𝑏4+𝑐4)−36𝑎3𝑏𝑐2(𝑏2−𝑐2)+6𝑎2𝑐2(𝑏4+20𝑏2𝑐2+𝑐4)+12𝑎𝑏𝑐2(𝑏4+5𝑏2𝑐2−2𝑐4)+𝑏8+10𝑏6𝑐2+27𝑏4𝑐4+10𝑏2𝑐6+10𝑐8

24(𝑐2−𝑎𝑏)4

𝑟2 =
−2

(
(𝑎2+𝑐2)2+2𝑐2 (𝑎+𝑏)2+(𝑏2+𝑐2)2

)
(𝑐2−𝑎𝑏)2+𝑐2(2𝑎2𝑏+𝑎(𝑏2+𝑐2)+𝑏3+3𝑏𝑐2)2+𝑐2 (3𝑎+𝑏)2(𝑎2+𝑐2)2+2(𝑎3𝑏+2𝑎2𝑐2+3𝑎𝑏𝑐2+𝑏2𝑐2+𝑐4)2−12(𝑐2−𝑎𝑏)4

24(𝑐2−𝑎𝑏)4

𝑟3 = − 𝑐(𝑎+𝑏)(𝑏2+𝑐2) (3𝑎2+𝑏2+4𝑐2)2

24(𝑐2−𝑎𝑏)4
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Step 4

As we observed after the proof of Lemma 3.31 with Eqns.3.14, the relationship between 𝜙

and Φ provides us with polynomial relationships between the (𝑎, 𝑏, 𝑐) defining 𝜙 and the

(𝑥, 𝑦, 𝑧) defining Φ:

𝑎2 + 𝑐2 = 𝑥

𝑏2 + 𝑐2 = 𝑦

𝑐(𝑎 + 𝑏) = 𝑧.

Moreover, we have that 𝑑𝑒𝑡Φ = (𝑑𝑒𝑡𝜙)2. Using the polynomial relationships and recogniz-

ing that the denominator of each 𝑟𝑖 is a constant multiple of (𝑑𝑒𝑡𝜙)4, we are able to use a

function in Mathematica, Eliminate, that finds elimination ideals (see the first three chapters

of [CLO15] for more information on elimination ideals) to determine what the numerator

of each 𝑟𝑖 is in terms of (𝑥, 𝑦, 𝑧). Checking that our newfound 𝑟𝑖 terms are correct is done

by substituting back in for 𝑥, 𝑦, and 𝑧. The Mathematica code for the 𝑟1, 𝑟2, and 𝑟3 in terms

of (𝑎, 𝑏, 𝑐), the process of finding the 𝑟1, 𝑟2, and 𝑟3 in terms of (𝑥, 𝑦, 𝑧), and the checks to

ensure that our new 𝑟𝑖 terms are correct can be found in Appendix A.2.

Below we provide our rational functions describing 𝑟1, 𝑟2, and 𝑟3 in terms of (𝑥, 𝑦, 𝑧).

𝑟1 =
9𝑥2𝑦2 − 18𝑥𝑦𝑧2 + 𝑦4 + 6𝑦2𝑧2 + 18𝑧4

24
(
𝑧2 − 𝑥𝑦

)2

𝑟2 =
−3𝑥2 (

4𝑦2 − 3𝑧2
)
− 2𝑥

(
𝑦3 − 12𝑦𝑧2

)
+ 3𝑦2𝑧2 − 6𝑧4

24
(
𝑧2 − 𝑥𝑦

)2

𝑟3 = − 𝑦𝑧(3𝑥 + 𝑦)2

24
(
𝑧2 − 𝑥𝑦

)2
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Step 5

The goal now is to find the solutions to 𝑟𝑖𝑐 = 𝑇 which we do by finding equations de-

scribing the (𝑡1, 𝑡2, 𝑡3) such that there exists an (𝑥, 𝑦, 𝑧) with 𝑥, 𝑦 > 0 and 𝑥𝑦 − 𝑧2 > 0 with

(𝑟1, 𝑟2, 𝑟3) = (𝑡1, 𝑡2, 𝑡3). As can be seen in the 𝑟𝑖 provided in Step 4, if (𝑥, 𝑦, 𝑧) ↦→ (𝑟1, 𝑟2, 𝑟3),

then (𝑥, 𝑦,−𝑧) ↦→ (𝑟1, 𝑟2,−𝑟3). Moreover, 𝑟3 = 0 if and only if 𝑧 = 0. This means that if

we find solutions in the case of 𝑧 > 0 then we have solutions to case when 𝑧 < 0 given by

(𝑡1, 𝑡2,−𝑡3) where (𝑡1, 𝑡2, 𝑡3) is a solution to the 𝑧 > 0 case. Therefore, we may consider

solutions for when 𝑡3 > 0 and obtain solutions for when 𝑡3 ≠ 0 by taking using |𝑡3 | in our

conditions on 𝑡3.

Moreover, if 𝑧 = 0 then we already have our solution since this is the case provided by

Theorem 3.13 (but with 𝑡1 and 𝑡2 swapped!). However, to show how our methods of using

Mathematica cohere with that solution, we also provide in Appendix A.2 the solution pro-

duced by Mathematica in the z = 0 setting. We also (in the same subsection of the Appendix)

provide the solution to 𝑟𝑖𝑐 = 𝑐𝑇 in the setting with 𝑧 = 0 to show how the Mathematica

code coheres with Theorem 3.14 as well. We save the 𝑧 = 0 setting for last in the Appendix

since we are applying the methods from the 𝑧 ≠ 0 setting.

Now we focus our attention to looking for (𝑟1, 𝑟2, 𝑟3) = 𝑐(𝑡1, 𝑡2, 𝑡3), but with 𝑡3, 𝑟3, 𝑧 > 0.

Finding the solutions to 𝑟𝑖𝑐 = 𝑇 in this case requires us to use a combination of functions in

Mathematica, Resolve and Exists. We sought to utilize these functions with 𝑟1, 𝑟2, and 𝑟3

as is without using scale invariance; however, after hours of running, there was no output.

Thus, we utilized the scale invariance and set 𝑑𝑒𝑡Φ = 𝑥𝑦− 𝑧2 = 1. With 𝑑𝑒𝑡Φ = 1, 𝑟1 and 𝑟2

became polynomials in terms of (𝑥, 𝑦) with rational coefficients, but we could not eliminate

the 𝑧 in 𝑟3, so 𝑟3 became a polynomial in terms of (𝑥, 𝑦, 𝑧) with rational coefficients. Since
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𝑧 was not eliminated completely, when using the combination of Resolve and Exists in

Mathematica, we had to ensure that the polynomial relationship 𝑥𝑦 − 𝑧2 = 1 was provided

as a constraint. The code for this is provided in Appendix A.2. We provide the new 𝑟1, 𝑟2,

and 𝑟3 below:

𝑟1 =
1
24

(
9𝑥2𝑦2 + 6𝑥

(
𝑦2 − 3

)
𝑦 + 𝑦4 − 6𝑦2 + 18

)
𝑟2 =

1
24

(9𝑥3𝑦 + 𝑥𝑦(−12 + 𝑦2) − 3(2 + 𝑦2) + 𝑥2(−9 + 6𝑦2))

𝑟3 = − 1
24
𝑦(3𝑥 + 𝑦)2𝑧 and 𝑥𝑦 − 𝑧2 = 1

Remark 3.33. One might think that eliminating 𝑧 could be done using elimination theory

from Algebraic Geometry (See Chapters 1-3 of [CLO15] for this) as we did to get 𝑟1, 𝑟2,

and 𝑟3 in terms of (𝑥, 𝑦, 𝑧). However, the Eliminate function, through its use of Grobner

bases, only guarantees (without additional assumptions and algorithms being taken into

consideration) an algebraic closure of the image of the function in consideration. Thus,

when seeking to eliminate 𝑧 in 𝑟3 by using 𝑥𝑦 − 𝑧2 = 1, the resulting equation for 𝑟3 in

terms of (𝑥, 𝑦) need not have the same graph as 𝑟3 in terms of (𝑥, 𝑦, 𝑧). Instead, we expect

the algebraic closure of the graph of 𝑟3. To find the image itself is called (in [CLO15])

the implicitization problem for functions that are rational or polynomial, and is much more

involved than just elimination. Thus, in some sense, it appears that we may have just been

lucky that we were able to get 𝑟1, 𝑟2, and 𝑟3 completely in terms of (𝑥, 𝑦, 𝑧) using this

elimination trick.

The output that Mathematica provides from Resolve and Exists describes the region that

is the image of 𝑟𝑖𝑐 strictly in terms of (𝑡1, 𝑡2, 𝑡3) (but in Mathematica, we use (𝑘, 𝑙, 𝑚) for

simplicity in the code). The output was given by multiple regions with roots to polynomials

being used to describe the region. However, we were able to simplify the regions and
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we were able to use the ToRadicals function to get the roots of polynomials as functions

written explicitly in terms of two variables. To simplify the regions, one observation we

made was that the roots of the polynomials given turned out to be described by the same

function in each region. Once we realized that, we were able to simplify the presentation

of the regions, and the simplified form is given below, describing our (𝑡1, 𝑡2, 𝑡3) such that

(𝑟1, 𝑟2, 𝑟3) = (𝑡1, 𝑡2, 𝑡3) for some (𝑥, 𝑦, 𝑧) with 𝑧 > 0:

𝑡1 =



𝑓1(𝑡2, 𝑡3) , 𝑡2 ≤ −3
4 and 𝑡3 > 0

𝑓1(𝑡2, 𝑡3) , −3
4 < 𝑡2 ≤ −1

2 and 𝑡3 > 0 and 𝑡3 ≠ 1
2

√︃
3
2
√

4𝑡2 + 3

𝑓1(𝑡2, 𝑡3) , 𝑡2 >
−1
2 and 𝑡3 >

√
3

4
√

2𝑡2 + 1 and 𝑡3 ≠ 1
2

√︃
3
2
√

4𝑡2 + 3

3
4 , 𝑡2 >

−3
4 and 𝑡3 = 1

2

√︃
3
2
√

4𝑡2 + 3

where 𝑓1(𝑡2, 𝑡3) is described Eqns.3.13. The Mathematica for this step is provided in Ap-

pendix A.2.

This provides us with the solution desired for 𝑧, 𝑡3 > 0. To finish Case 2 of Theorem

3.21 regarding 𝑡3 ≠ 0, one must only make our conditions on 𝑡3 become conditions on |𝑡3 |.

As mentioned before, we provide the Mathematica code for Case 1 of Theorem 3.21

in Appendix A.2. The solution in this case follows the same program as Case 2, but with

𝑧 = 𝑟3 = 0. With those conditions, we use Resolve and Exists to find the following solution:

𝑡1 =
3
8
(5 + 16𝑡2 + 16𝑡22) for 𝑡2 < −1

2

Remark 3.34. Our 𝑓1 comes from 𝑓 𝑢𝑛𝑐1 in our code from Mathematica, and we remark

again that in the code provided, (𝑡1, 𝑡2, 𝑡3) = (𝑘, 𝑙, 𝑚).

122



Proof of Theorem 3.21: Steps 1 through 5 above along with the work provided in

Appendix A.1 and Appendix A.2 complete the proof. �
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Step 6

We want to find the solutions to 𝑟𝑖𝑐 = 𝑐𝑇 , and we have shown that this amounts to a

description of (𝑡1, 𝑡2, 𝑡3) such that there exists a 𝑐 where (𝑟1, 𝑟2, 𝑟3) = 𝑐(𝑡1, 𝑡2, 𝑡3) for some

(𝑥, 𝑦, 𝑧) with 𝑥, 𝑦 > 0 an 𝑥𝑦 − 𝑧2 > 0. In the end, it is nicest to not just have a description of

the (𝑡1, 𝑡2, 𝑡3) without reference to the metric described by (𝑥, 𝑦, 𝑧), but also a description

of the 𝑐 without reference to the (𝑥, 𝑦, 𝑧).

As a reminder, we provide our 𝑟1, 𝑟2, 𝑟3 without using any scale invariance below:

𝑟1 =
9𝑥2𝑦2 − 18𝑥𝑦𝑧2 + 𝑦4 + 6𝑦2𝑧2 + 18𝑧4

24
(
𝑧2 − 𝑥𝑦

)2

𝑟2 =
−3𝑥2 (

4𝑦2 − 3𝑧2
)
− 2𝑥

(
𝑦3 − 12𝑦𝑧2

)
+ 3𝑦2𝑧2 − 6𝑧4

24
(
𝑧2 − 𝑥𝑦

)2

𝑟3 = − 𝑦𝑧(3𝑥 + 𝑦)2

24
(
𝑧2 − 𝑥𝑦

)2 .

Our approach to solving this is as follows. First, using the function FunctionRange in

Mathematica we determined that 𝑟1 > 3
8 > 0. Using this, (𝑟1, 𝑟2, 𝑟3) = 𝑐(𝑡1, 𝑡2, 𝑡3) is

true if and only if (1, 𝑟2
𝑟1
,
𝑟3
𝑟1
) = (1, 𝑡2

𝑡1
,
𝑡3
𝑡1
). Thus, we get a description of the (𝑡1, 𝑡2, 𝑡3)

desired if we can describe 𝑅 = {(1, 𝑙, 𝑚) : (1, 𝑙, 𝑚) = (1, 𝑟2
𝑟1
,
𝑟3
𝑟1
)}. That is, we know that

(𝑡1, 𝑡2, 𝑡3) is a solution to (𝑟1, 𝑟2, 𝑟3) = 𝑐(𝑡1, 𝑡2, 𝑡3) if and only if (𝑡1, 𝑡2, 𝑡3) is such that

(1, 𝑡2
𝑡1
,
𝑡3
𝑡1
) ∈ 𝑅. In addition to finding a description of 𝑅, we would like to find the 𝑐 such

that (𝑟1, 𝑟2, 𝑟3) = 𝑐(𝑡1, 𝑡2, 𝑡3).

Claim: For (𝑟1, 𝑟2, 𝑟3) = 𝑐(𝑡1, 𝑡2, 𝑡3), 𝑐 =
𝑐0
𝑡1

where 𝑐0 is given by the implicit equa-

tion 𝑐0 = 𝑓1(𝑐0
𝑡2
𝑡1
, 𝑐0

𝑡3
𝑡1
) where 𝑓1 is defined by Eqn.3.13, unless (𝑡1, 𝑡2, 𝑡3) is a multiple

of ( 3
4 , 𝑟2, 𝑟3) with 𝑟2 >

−3
4 and |𝑟3 | = 1

2

√︃
3
2
√

4𝑟2 + 3. In this case, 𝑐 =
𝑐1
𝑡1

where 𝑐1 = 3
4 .
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Moreover, our 𝑐 values so described are real so long as (𝑡1, 𝑡2, 𝑡3) are solutions to 𝑟𝑖𝑐 = 𝑐𝑇 .

Proof of Claim: For a solution (𝑡1, 𝑡2, 𝑡3), (1, 𝑡2𝑡1 ,
𝑡3
𝑡1
) = (1, 𝑙, 𝑚) from 𝑅, so 1

𝑡1
(𝑡1, 𝑡2, 𝑡3) =

(1, 𝑙, 𝑚). Letting 𝑐 = 1
𝑡1

then gets us to a corresponding element of 𝑅, but not the

(𝑟1, 𝑟2, 𝑟3) in the image of 𝑟𝑖𝑐. The corresponding (𝑟1, 𝑟2, 𝑟3) is one that satisfies the

equation (1, 𝑟2
𝑟1
,
𝑟3
𝑟1
) = (1, 𝑙, 𝑚) = 1

𝑡1
(𝑡1, 𝑡2, 𝑡3). Observe that we then could have (𝑟1, 𝑟2, 𝑟3) =

𝑟1
𝑡1
(𝑡1, 𝑡2, 𝑡3), but that would cause our 𝑐 = 𝑟1

𝑡1
which makes our 𝑐 dependent upon our (𝑥, 𝑦, 𝑧)

which we wish to avoid. Allow us to analyze this equality more:

(𝑟1, 𝑟2, 𝑟3) =
𝑟1
𝑡1
(𝑡1, 𝑡2, 𝑡3)

= (𝑟1,
𝑟1𝑡2
𝑡1
,
𝑟1𝑡3
𝑡1

)

which implies that

𝑟2 =
𝑟1𝑡2
𝑡1

𝑟3 =
𝑟1𝑡3
𝑡1
.

Now, from Step 5, we know that if (𝑟1, 𝑟2, 𝑟3) is a point on the image of 𝑟𝑖𝑐, then if we have

𝑟2, 𝑟3, then we can determine 𝑟1 by 𝑟1 = 𝑓1(𝑟2, 𝑟3) = 𝑓1( 𝑟1𝑡2𝑡1 ,
𝑟1𝑡3
𝑡1
) unless 𝑟1 = 3

4 , 𝑟2 >
−3
4 ,

and |𝑟3 | = 1
2

√︃
3
2
√

4𝑟2 + 3. We save this exception for after the rest of the solutions.

Since (𝑡1, 𝑡2, 𝑡3) is provided as a solution, we can thus understand 𝑟1 = 𝑓1( 𝑟1𝑡2𝑡1 ,
𝑟1𝑡3
𝑡1
) as

an implicit equation describing 𝑟1 in terms of a solution (𝑡1, 𝑡2, 𝑡3). Thus, we have our

𝑐 value in terms of (𝑡1, 𝑡2, 𝑡3), namely, 𝑐0
𝑡1

where 𝑐0 is a solution in terms of (𝑡1, 𝑡2, 𝑡3)

determined by solving for 𝑐0 in the implicit equation 𝑐0 = 𝑓1( 𝑐0𝑡2
𝑡1
,
𝑐0𝑡3
𝑡1
).

Now for the exceptional situation. In this case, following the above procedure, we could
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consider 𝑟1 = 𝑔1(𝑟2, 𝑟3) = 3
4 with 𝑐 values given by 𝑐 =

𝑐1
𝑡1

where 𝑐1 is a solution to

𝑐1 = 𝑔1( 𝑐1𝑡2
𝑡1
,
𝑐1𝑡3
𝑡1
) = 3

4 .

To see that the 𝑐 values are real, consider that we were working with (𝑡1, 𝑡2, 𝑡3) were

solutions to 𝑟𝑖𝑐 = 𝑐𝑇 , implying that for a (𝑡1, 𝑡2, 𝑡3) that is a solution, there is a real 𝑐 with

the description provided. This ends the proof our Claim.

Following the above procedure, we can see that in Case 1 of Theorem 3.22, when

𝑧 = 𝑟3 = 𝑡3 = 0, we can obtain our 𝑐 value in a similar way. First, recall that the im-

age of 𝑟𝑖𝑐 in this case is described by 𝑟1 = 3
8 (5 + 16𝑟2 + 16𝑟2

2). Now, if (𝑟1, 𝑟2) = 𝑐(𝑡1, 𝑡2)

then, for a solution (𝑡1, 𝑡2) we can get 𝑐 =
𝑐0
𝑡1

where 𝑐0 is a solution in terms of (𝑡1, 𝑡2)

determined by solving for 𝑐0 in the implicit equation 𝑐0 = 3
8 (5 + 16( 𝑐0𝑡2

𝑡1
) + 16( 𝑐0𝑡2

𝑡1
)2).

Now, we discuss how we determine the region 𝑅 which describes the (𝑡1, 𝑡2, 𝑡3) with a

solution to 𝑟𝑖𝑐 = 𝑐𝑇 .

As in Step 5, we can restrict ourselves to the setting in which 𝑧 > 0 since we are looking for

𝑐 > 0, so we need only consider when 𝑟3 > 0. As was previously mentioned, we provide in

Appendix A.2 our solution to the case in which 𝑧 = 𝑟3 = 0 as well.

Just as before in Step 5, we us the Resolve and Exists functions in Mathematica to de-

termine the image of the map described by (1, 𝑟2
𝑟1
,
𝑟3
𝑟1
) = (1, 𝑙, 𝑚). The code for this is

provided in Appendix A.2.

The output that Mathematica provided was, as in Step 5, capable of being described

more simply and is described as a collection of regions described in a piece-wise fashion.
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However, the description of the region 𝑅 is still quite messy, being described by the union of

14 different regions involving 14 different functions. These functions are, again, described

implicitly as the roots of polynomials, but this time only a couple were capable of being

expressed explicitly. We provide the regions below and then the polynomials needed, with

the correct root being specified (note that the nth root, or Root n, is the nth root in the set of

roots placed in increasing order).
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The region 𝑅 are those (1, 𝑙, 𝑚) described by the following regions:

Region 1:
{
𝑚 > 0 1

2
(
𝑚2 − 2

)
≤ 𝑙 < 𝑚2

Region 2:
{
0 < 𝑚 < 1√

3
𝑓275𝑚1 ≤ 𝑙 < 1

3
(
3𝑚2 − 4

)
Region 3:


0 < 𝑚 ≤

√︃
2
3 𝑓2213𝑚1 ≤ 𝑙 ≤ 1

2
(
𝑚2 − 2

)
𝑚 >

√︃
2
3 𝑓2213𝑚1 ≤ 𝑙 < 1

3
(
3𝑚2 − 4

)
Region 4:


0 < 𝑚 ≤ .625... 𝑙 = 𝑓4507𝑚1

1√
3
< 𝑚 < .625... 𝑙 = 𝑓4507𝑚2

Region 5:
{
𝑚 > 1√

3
𝑓275𝑚1 ≤ 𝑙 < 𝑚2

Region 6:



1√
3
< 𝑚 ≤ .986... 𝑓1168𝑚1 < 𝑙 <

1
3
(
3𝑚2 − 4

)
1√
3
< 𝑚 ≤ 1.11... 𝑓1168𝑚2 < 𝑙 < 𝑓25𝑚1

1.11... < 𝑚 < 1.40... 𝑓2213𝑚1 ≤ 𝑙 < 𝑓25𝑚1

𝑚 ≥ 2.22... 𝑓25𝑚1 < 𝑙 <
1
3
(
3𝑚2 − 4

)
Region 7:


1√
3
< 𝑚 ≤ 1.11... 𝑓1168𝑚2 < 𝑙 ≤ 𝑓275𝑚1

1.11... < 𝑚 ≤ 1.56... 𝑓2213𝑚1 ≤ 𝑙 ≤ 𝑓275𝑚1

Region 8:


1√
3
< 𝑚 ≤ 2.22... 𝑓25𝑚1 < 𝑙 ≤ 𝑓275𝑚1

𝑚 > 2.22... 𝑓2213𝑚1 ≤ 𝑙 ≤ 𝑓275𝑚1
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Region 9:



.281... < 𝑚 ≤ 1√
3

𝑓166360𝑚2 < 𝑙 < 𝑚
2

1√
3
< 𝑚 ≤

√︃
2
3 𝑓166360𝑚1 < 𝑙 <

1
3
(
3𝑚2 − 4

)
1√
3
< 𝑚 ≤

√︃
2
3 𝑓166360𝑚2 < 𝑙 < 𝑓25𝑚1√︃

2
3 < 𝑚 ≤ .875... 𝑓166360𝑚1 < 𝑙 < 𝑓25𝑚1

Region 10:



0 < 𝑚 ≤ .372... 𝑓4507𝑚1 < 𝑙 < 𝑚
2

.372... < 𝑚 ≤ .556... 𝑓4507𝑚1 < 𝑙 < 𝑓150𝑚2

.556... < 𝑚 < 1.52... 𝑓2213𝑚1 ≤ 𝑙 < 𝑓150𝑚2

1.52... ≤ 𝑚 < 1.52... 𝑓150𝑚1 < 𝑙 < 𝑓150𝑚2

Region 11:



.372... < 𝑚 ≤ 1√
3

𝑓150𝑚2 < 𝑙 < 𝑚
2

1√
3
< 𝑚 ≤ 1.17... 𝑓150𝑚2 < 𝑙 < 𝑓25𝑚1

1.17... < 𝑚 < 1.40... 𝑓150𝑚1 < 𝑙 < 𝑓25𝑚1

1.40... ≤ 𝑚 ≤ 1.52... 𝑓150𝑚1 < 𝑙 <
1
3
(
3𝑚2 − 4

)
Region 12:


3
√

3
5 < 𝑚 ≤ 1.17... 𝑓150𝑚2 < 𝑙 ≤ 𝑓275𝑚1

1.17... < 𝑚 ≤ 1.52... 𝑓150𝑚1 < 𝑙 ≤ 𝑓275𝑚1

Region 13:


3
√

3
5 < 𝑚 ≤ 1.13... 𝑓1168𝑚2 < 𝑙 < 𝑓150𝑚2

1.09... < 𝑚 ≤ 1.13... 𝑓2213𝑚1 ≤ 𝑙 < 𝑓150𝑚1
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Region 14:



0 < 𝑚 < .423... 𝑓2213𝑚1 ≤ 𝑙 < 𝑓4507𝑚1

.423... ≤ 𝑚 < .556... 𝑓2213𝑚1 ≤ 𝑙 ≤ 𝑓275𝑚1

.556... ≤ 𝑚 < 1√
3

𝑓4507𝑚1 < 𝑙 ≤ 𝑓275𝑚1

1√
3
≤ 𝑚 < .625... 𝑓4507𝑚1 < 𝑙 < 𝑓4507𝑚2

In the above regions, the numerical values bounding 𝑚 are approximations provided by

Mathematica. For the exact expression, we reference our Mathematica code in Appendix

A.2. Note that the exact expressions are given as a roots of polynomials. The bounds for 𝑙

above can be found below and are the indicated roots to the given polynomials in 𝑙 where

𝑚 is treated as a constant.

𝑓27𝑚1 = Root 1 of the following polynomial in 𝑙 (3.16)

− 2 − 75𝑚2 + (6 − 180𝑚2)𝑙 + (180 − 378𝑚2)𝑙2 + (756 − 324𝑚2)𝑙3

+ (1134 − 243𝑚2)𝑙4 + 486𝑙5

𝑓2213𝑚1 = Root 1 of the following polynomial in 𝑙

486𝑙5 + 𝑙4
(
1134 − 243𝑚2

)
+ 𝑙3

(
972𝑚2 + 756

)
+ 𝑙2

(
−648𝑚4 − 1242𝑚2 + 180

)
+ 𝑙

(
5616𝑚4 − 3780𝑚2 + 6

)
− 2160𝑚6 + 5112𝑚4 + 213𝑚2 − 2

𝑓4507𝑚1 = Root 1 of the following polynomial in 𝑙

4 − 507𝑚2 + (51 − 1404𝑚2)𝑙 + (252 − 1674𝑚2)𝑙2 + (594 − 972𝑚2)𝑙3

+ (648 − 243𝑚2)𝑙4 + 243𝑙5

𝑓4507𝑚2 = Root 2 of the following polynomial in 𝑙
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4 − 507𝑚2 + (51 − 1404𝑚2)𝑙 + (252 − 1674𝑚2)𝑙2 + (594 − 972𝑚2)𝑙3

+ (648 − 243𝑚2)𝑙4 + 243𝑙5

𝑓25𝑚1 = Root 1 of the following polynomial in 𝑙

− 25𝑚2 + (1 + 60𝑚2)𝑙 + (12 − 126𝑚2)𝑙2 + (54 + 108𝑚2)𝑙3 + (108 − 81𝑚2)𝑙4 + 81𝑙5

𝑓1168𝑚1 = Root 1 of the following polynomial in 𝑙

1 − 168𝑚2 + 144𝑚4 + (12 + 144𝑚2)𝑙 + (54 + 216𝑚2)𝑙2 + 108𝑙3 + 81𝑙4

𝑓1168𝑚2 = Root 2 of the following polynomial in 𝑙

1 − 168𝑚2 + 144𝑚4 + (12 + 144𝑚2)𝑙 + (54 + 216𝑚2)𝑙2 + 108𝑙3 + 81𝑙4

𝑓1166360𝑚1 = Root 1 of the following polynomial in 𝑙

16 − 6360𝑚2 + 47961𝑚4 + (216 + 8478𝑚2 + 149796𝑚4)𝑙

+ (1161 + 54432𝑚2 + 176094𝑚4)𝑙2 + (3132 + 64476𝑚2 + 92340𝑚4)𝑙3

+ (4374 + 29160𝑚2 + 18225𝑚4)𝑙4 + (2916 + 4374𝑚2)𝑙5 + 729𝑙6

𝑓166360𝑚2 = Root 2of the following polynomial in 𝑙

16 − 6360𝑚2 + 47961𝑚4 + (216 + 8478𝑚2 + 149796𝑚4)𝑙

+ (1161 + 54432𝑚2 + 176094𝑚4)𝑙2 + (3132 + 64476𝑚2 + 92340𝑚4)𝑙3

+ (4374 + 29160𝑚2 + 18225𝑚4)𝑙4 + (2916 + 4374𝑚2)𝑙5 + 729𝑙6

𝑓150𝑚1 = Root 1 of the following polynomial in 𝑙
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− 150𝑚2 + 75𝑚4 + (2 − 231𝑚2 + 540𝑚4)𝑙 + (42 + 4806𝑚2 + 3402𝑚4)𝑙2

+ (378 + 14742𝑚2 + 8748𝑚4)𝑙3 + (1890 − 6966𝑚2 + 19683𝑚4)𝑙4

+ (5670 − 45927𝑚2)𝑙5 + (10206 − 13122𝑚2)𝑙6 + 10206𝑙7 + 4374𝑙8

𝑓150𝑚2 = Root 2 of the following polynomial in 𝑙

− 150𝑚2 + 75𝑚4 + (2 − 231𝑚2 + 540𝑚4)𝑙 + (42 + 4806𝑚2 + 3402𝑚4)𝑙2

+ (378 + 14742𝑚2 + 8748𝑚4)𝑙3 + (1890 − 6966𝑚2 + 19683𝑚4)𝑙4

+ (5670 − 45927𝑚2)𝑙5 + (10206 − 13122𝑚2)𝑙6 + 10206𝑙7 + 4374𝑙8

Of the above roots, there are only two for which Mathematica could produce a radical

description:

𝑓1168𝑚1 =
1
3

(
−2

√︃
−3𝑚2 − 2

√
3𝑚 − 1

)
𝑓1168𝑚2 =

1
3

(
2
√︃
−3𝑚2 − 2

√
3𝑚 − 1

)
.

Having the above regions and functions, we have the solution to 𝑟𝑖𝑐 = 𝑐𝑇 for 𝑧, 𝑡3 > 0. To

find solutions for 𝑡3 ≠ 0, as before, one must exchange conditions on 𝑡3 to be conditions on

|𝑡3 |, meaning that for 𝑡3 ≠ 0, we want (𝑡1, 𝑡2, 𝑡3) to be such that 𝑡2
𝑡1
= 𝑙 and |𝑡3 |

𝑡1
= 𝑚 in the 14

regions above. Thus, we have solution to Case 2 of Theorem 3.22.

As mentioned before, we provide the Mathematica code for Case 1 of Theorem 3.22

in Appendix A.2. The proof for this case follows the same program as Case 2, but with

𝑧 = 𝑟3 = 0 which greatly simplifies things. Indeed, if one looks to our Mathematica work in

the 𝑧 = 0 setting, one can notice that finding the description of 𝑅 = {(1, 𝑙) : (1, 𝑙) = (1, 𝑟2
𝑟1
)}
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using Exists and Resolve amounts to one simple region described by:

1
3

(
−
√

5 − 2
)
≤ 𝑙 < 0.

Therefore, (𝑡1, 𝑡2) providing solutions in the case of 𝑧 = 0 are those which satisfy

1
3

(
−
√

5 − 2
)
≤ 𝑡2
𝑡1
< 0.

This provides us with the desired solution of Case 1 in Theorem 3.22.

Having solutions provided above and the proof of our Claim above, we have a descrip-

tion of our (𝑡1, 𝑡2, 𝑡3) and 𝑐 > 0 such that (𝑟1, 𝑟2, 𝑟3) = 𝑐(𝑡1, 𝑡2, 𝑡3) for some 𝑎𝑑𝔥 (𝑥, 𝑦, 𝑧)

with 𝑥𝑦 − 𝑧2 > 0 and 𝑥, 𝑦 > 0.

Proof of Theorem 3.22: Steps 1 through 6 above along with the work provided in Mathe-

matica in Appendix A.1 and Appendix A.2 complete the proof. �

Remark 3.35. In the following pages, we provide images depicting 𝑅. The images

indicate that there is still some simplification that could happen. We remind the reader that

𝑅 describes the solutions for 𝑧 > 0 which in turn gives us solutions for 𝑧 ≠ 0. The 𝑧 < 0

solutions would just be reflections of the graphs seen about the horizontal axes.
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In the following images, we depict the region 𝑅 with the vertical axis being the 𝑚 axis and

the horizontal axis the 𝑙 axis. The first image is all of the regions shown at the same time.

We remove various regions to show how there appears to be great overlap between regions,

indicating that further simplification of the description of 𝑅 could be made.

Below we have 𝑅 with all of the regions except for the second part of Region 3 and Region

5. The larger portion that is orange is Region 1.

Below we have 𝑅 with all of the regions except for Region 1 and Region 5. The larger

portion in blue is the second part of Region 3.
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Below we have 𝑅 with all of the regions except for Region 1 and the second part of Region

3. The larger grey part is Region 5.

Below we have 𝑅 with all of the regions except for Region 1, the second part of Region 3,

and Region 5. The thin part going up with greater 𝑚 values is the second part of Region 8,

and the thin part going up with lesser 𝑚 values is the last region in Region 6.

Below we have 𝑅with all of the regions except for Region 1, the second part of Region 3, Re-

gion 5, and the second part of Region 8. The thin part going up is the last region in Region 6.
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Below we have 𝑅 with all of the regions except for Region 1, the second part of Region 3,

Region 5, the last part of Region 6, and the second part of Region 8. Notice by observing

the bounds that the amount of 𝑅 seen has decreased significantly, but there is still much

overlap between regions.
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Chapter 4

Three Irreducible Summands

In the pursuit of understanding the image of 𝑟𝑖𝑐 as before in Chapter 3, a partial under-

standing of the image can be found by determing the signature of 𝑟𝑖𝑐, that is, the number of

positive, negative, or zero values along the diagonal of 𝑅𝑖𝑐(.), the (1, 1) Ricci tensor (See

Section 1.1). In papers such as [AL22] and the papers cited therein, the signature of 𝑟𝑖𝑐

is precisely the geometric property of interest. In [AL22], the objects of interest are nil-

manifolds with left invariant metrics. In the present chapter, we concern ourselves with the

setting of 𝐺/𝐻 with 𝐺 noncompact simple and with reductive Cartan decomposition (See

Definition 1.19) 𝔤 = 𝔥⊕𝔭′′⊕𝔭′ such that 𝔭′ = 𝔭1 ⊕𝔭2, [𝔭′′, 𝔭′′], [𝔭𝑖, 𝔭𝑖] ⊂ 𝔥, and 𝔭′′, 𝔭1, 𝔭2

are irreducible. In this setting, we investigate the signature of 𝑟𝑖𝑐, particularly for metrics

whose associated inner product is diagonalized over such a decomposition (See Section 4.2).

The 𝐺/𝐻 we restrict ourselves to serve as a kind of noncompact “dual” to the generalized

Wallach spaces classified in [Nik21] (See Definition 4.1 below), and in Section 4.3 we ad-

dress a specific example, 𝑆𝑂 (𝑛, 2)/𝑆𝑂 (2), which also gets attention in [BB78] and [Nik00].

In understanding the signature of 𝑟𝑖𝑐 or the image of 𝑟𝑖𝑐, something that can be help-

ful is having a presentation of 𝑟𝑖𝑐 that is itself diagonal. Since 𝑟𝑖𝑐 is symmetric, there
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always exists a basis in which 𝑟𝑖𝑐 is diagonal; however, one may want to know is if there

are nice Lie-theoretic conditions that cause 𝑟𝑖𝑐 to be diagonal in such a way that the bracket

conditions on the isotropy representation and the inner product play nicely together. In

fact, a question of interest in papers such as [LW13] and [Kri21] is what kind of bracket

conditions can be placed on a basis for which 𝑟𝑖𝑐 is diagonal for that basis? We also

concern ourselves with a question like this (specifically in Section 4.1) where we find suf-

ficient conditions placed on the bracket relations in our isotropy representation for our 𝑟𝑖𝑐

to be diagonal. In addition to finding a sufficient condition to diagonalize 𝑟𝑖𝑐, our results

in Section 4.1 are later used in Section 4.2 to indicate what conditions on our isotropy

representation sufficiently place us within the setting of interest for our results regarding the

signature of 𝑟𝑖𝑐 (See Section 4.2 for more precision on the setting and how the conditions

get used).

Since our objects of interest (the ones with [𝔭′′, 𝔭′′], [𝔭𝑖, 𝔭𝑖] ⊂ 𝔥 with noncompact simple

𝔤) are highly motivated by generalized Wallach spaces in the compact setting, allow us

to explain what generalized Wallach spaces are, why we say “dual”, and how to obtain

noncompact examples of the desired spaces from generalized Wallach spaces.

Definition 4.1. A generalized Wallach space is a compact homogeneous space 𝐺/𝐻 in

which the reductive decomposition 𝔤 = 𝔥 ⊕ 𝔭 has 𝔭 = 𝔭1 ⊕ 𝔭2 ⊕ 𝔭3 as a decomposition into

irreducibles that are pairwise orthogonal with respect to −𝐵(., .) such that [𝔭𝑖, 𝔭𝑖] ⊂ 𝔥 for

all 𝑖.

Remark 4.2. The above definition and classifiction of generalized Wallach spaces comes

from Nikonorov’s [Nik21] which is a correction to Nikonorov’s [Nik16]. When needed, we

will cite the corrected version which has the citations for the former version within.
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Remark 4.3. We say “dual” generalized Wallach space for multiple reasons, and the next

two examples show why. One reason is because you can take a generalized Wallach space,

𝐺/𝐻 and use the dual process used in Theorem 3.2 to find noncompact examples of spaces

with three irreducible isotropy representations, 𝔭1, 𝔭2, 𝔭3 in which [𝔭𝑖, 𝔭𝑖] ⊂ 𝔥. In fact, as

we will show, one generalized Wallach space, by use of this dual process, can produce more

than one corresponding noncompact spaces with the desired qualities. The second reason

is because you cannot necessarily take a noncompact space with the desired properties and

use the dual process to get a generalized Wallach space. Thus, these spaces are “dual” in

the sense that you can get some of them through this process using dual symmetric spaces,

but you can’t get all of them. Moreover, unlike dual symmetric spaces (See Section 1.5),

there is not a single noncompact space corresponding to a given generalized Wallach space

through the dual process.

Before we show these two examples that help clarify our remark above, we first remind

the reader of the dual process used in Theorem 3.2 (with a couple of modifications) to see

how this process can be used in the setting we are in. The following dual process goes

from the compact setting to the noncompact setting; however, as is noted in the proof of

the Theorem 3.2, this dual process can be used to go from noncompact to compact as well,

as we are using the duality of symmetric spaces (See Section 1.5) which allows one to go

from the compact setting to the noncompact setting and vice versa. Also, we remind the

reader that this process is used in Section 3 of [AL17] to go from the compact setting to the

noncompact setting.

a. In the compact setting, select 𝔥 ⊂ 𝔨 ⊂ 𝔤∗ in which (𝔤∗, 𝔨) is a pair associated with a

compact irreducible symmetric space and 𝐺∗/𝐻 is a compact homogeneous space.

b. Use the duality of symmetric spaces to achieve 𝔥 ⊂ 𝔨 ⊂ 𝔤 such that 𝐺/𝐻 is a

noncompact homogeneous space.
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Note: To go from noncompact to compact, use this same process but exchange compact

with noncompact and vice versa in the description.

Example 4.4. Let 𝐺/𝐻 = 𝑆𝑂 (𝑛,C)R/𝑆𝑂 (𝑛 − 1) where 𝑆𝑂 (𝑛,C)R is the realifiction (See

Section 1.4) of 𝑆𝑂 (𝑛,C). This space has the desired property of three irreducible summands

𝔭1, 𝔭2, 𝔭3 such that [𝔭𝑖, 𝔭𝑖] ⊂ 𝔥 = 𝔰𝔬(𝑛 − 1) for all 𝑖, but there is no generalized Wallach

space obtained by using dual symmetric spaces to pass from the noncompact setting to the

compact setting.

Here, 𝔰𝔬(𝑛,C)R = 𝔰𝔬(𝑛 − 1) ⊕ 𝔭 ⊕ 𝑖𝔰𝔬(𝑛 − 1) ⊕ 𝑖𝔭 where 𝔰𝔬(𝑛) = 𝔰𝔬(𝑛 − 1) ⊕ 𝔭 is the

reductive decomposition for the compact irreducible symmetric space 𝑆𝑂 (𝑛)/𝑆𝑂 (𝑛 − 1).

With this decomposition, we can see that [𝔭, 𝔭], [𝑖𝔰𝔬(𝑛−1), 𝑖𝔰𝔬(𝑛−1)], [𝑖𝔭, 𝑖𝔭] ⊂ 𝔥. How-

ever, the corresponding compact space using the duality process mentioned above would

be 𝑆𝑂 (𝑛) × 𝑆𝑂 (𝑛)/Δ(𝑆𝑂 (𝑛 − 1)) which is not a generalized Wallach space according to

the description of such spaces given in Theorem 1 of [Nik21].

Example 4.5. Let 𝐺/𝐻 = 𝑆𝑂 (𝑛 + 1 + 1)/𝑆𝑂 (𝑛) which is a generalized Wallach space

from Theorem 1 in [Nik21] (citing Table 1 in [Nik16]). By using the daul process, we have

have two spaces, 𝑆𝑂 (𝑛 + 1, 1)/𝑆𝑂 (𝑛) and 𝑆𝑂 (𝑛, 2)/𝑆𝑂 (𝑛), which are noncompact spaces

with three irreducible summands 𝔮1, 𝔮2, 𝔮3 such that [𝔮𝑖, 𝔮𝑖] ⊂ 𝔰𝔬(𝑛).

Here we have 𝔤 = 𝔰𝔬(𝑛 + 1 + 1) and 𝔥 = 𝔰𝔬(𝑛) ⊕ 𝔰𝔬(1) ⊕ 𝔰𝔬(1) ' 𝔰𝔬(𝑛). Since

𝔤 = 𝔥 ⊕ 𝔭1 ⊕ 𝔭2 ⊕ 𝔭3 and (𝔥 ⊕ 𝔭𝑖, 𝔥) is a symmetric pair (see Lemma 6 in [Nik21]), we get

𝔨1 = 𝔥 ⊕ 𝔭1 = 𝔰𝔬(𝑛+ 1), 𝔨2 = 𝔥 ⊕ 𝔭2 = 𝔰𝔬(𝑛+ 1) and 𝔨3 = 𝔥 ⊕ 𝔭3 = 𝔰𝔬(𝑛) ⊕ 𝔰𝔬(2). Thus, by

taking (𝔤, 𝔨1, 𝔥) and (𝔤, 𝔨2, 𝔥) and using our dual process, we will in this case produce the

same noncompact space described at the Lie algebra level by the pair: (𝔰𝔬(𝑛+1, 1), 𝔰𝔬(𝑛)).
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In this case, we have 𝔰𝔬(𝑛+1, 1) = 𝔥⊕𝔭1⊕𝑖𝔭2⊕𝑖𝔭3 and 𝔰𝔬(𝑛+1, 1) = 𝔥⊕𝔭2⊕𝑖𝔭1⊕𝑖𝔭3 where

𝔰𝔬(𝑛+1) = 𝔥⊕𝔭1 = 𝔥⊕𝔭2. The corresponding homogeneous space is 𝑆𝑂 (𝑛+1, 1)/𝑆𝑂 (𝑛)

and since [𝑖𝔭𝑖, 𝑖𝔭𝑖] ⊂ 𝔰𝔬(𝑛) for 𝑖 = 1, 2, 3, we have a noncompact space with the desired

qualities.

Taking the triple (𝔤, 𝔨3, 𝔥) = (𝔰𝔬(𝑛 + 1 + 1), 𝔰𝔬(𝑛) ⊕ 𝔰𝔬(2), 𝔰𝔬(𝑛)) and using the dual

process, we obtain the homogeneous space described by the pair (𝔰𝔬(𝑛, 2), 𝔰𝔬(𝑛)) where

𝔰𝔬(𝑛, 2) = 𝔰𝔬(𝑛) ⊕ 𝔭3 ⊕ 𝑖𝔭1 ⊕ 𝑖𝔭2 with 𝔰𝔬(𝑛) ⊕ 𝔰𝔬(2) = 𝔰𝔬(𝑛) ⊕ 𝔭3. The corresponding

noncompact homogeneous spaces is 𝑆𝑂 (𝑛, 2)/𝑆𝑂 (𝑛) which also has the desired qualities.

With the above questions, properties, and objects of interest, we have the following program

for the present chapter. In Section 4.1 we find a sufficient condition placed on the irreducible

representations so that 𝑟𝑖𝑐(., .) is diagonal, and more than that, simultaneously diagonalized

with 𝐵(., .) (See Section 1.7). In Section 4.2 we turn to finding expressions for the diagonal

of 𝑅𝑖𝑐(.) and, using the results from Section 4.1, we investigate the signature of our spaces

of interest in which [𝔭′′, 𝔭′′], [𝔭𝑖, 𝔭𝑖] ⊂ 𝔥. Finally, in Section 4.3 we provide an example of

interest involving the results from the previous two sections.
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4.1. Diagonalizing 𝑟𝑖𝑐

The two following lemmas and then the theorem are notably similar to Nikonorov’s Theo-

rem 2 and the lemmas used therein (see [Nik00]). The following results serve as a kind of

extension of Nikonorov’s methods. These results are ultimately interested in understanding

what happens to inner products and 𝑟𝑖𝑐 in the presence of isomorphic 𝑎𝑑𝔥 representations

inside 𝔭′ in a reductive Cartan decomposition 𝔤 = 𝔥 ⊕ 𝔭′′ ⊕ 𝔭′ (See Definition 1.19). More

specifically, we aim at discovering how one can obtain bracket conditions such that 𝑟𝑖𝑐 is

diagonal even in the presence of isomorphisms in the isotropy representation.

Remark 4.6. It is worth noting that we do not use that 𝔤 is semi-simple in the following

two lemmas, and it is for that reason that we do not assume that 𝔤 is semi-simple.

Lemma 4.7. Let 𝔤 = 𝔥 ⊕ 𝔭 be a reductive decomposition such that there exist 𝔭1 and

𝔭2 irreducible in 𝔭 with 𝔭1 ' 𝔭2. If 𝔮 is an irreducible representation in 𝔭1 ⊕ 𝔭2 then

𝔮 = {𝑎𝑣 + 𝑏𝜙(𝑣) : 𝑣 ∈ 𝔭1 and 𝜙 : 𝔭1 → 𝔭2 is an 𝑎𝑑𝔥 intertwining map}.

Proof: First observe in 𝔮 defined above that if 𝑏 = 0 then 𝔮 = 𝔭1 and if 𝑎 = 0 then 𝔮 = 𝔭2.

For this reason, we assume that 𝔮 ≠ 𝔭1, 𝔭2 and we fix 𝔮 as some irreducible 𝑎𝑑𝔥 represen-

tation. We will show that for some intertwining 𝜙 : 𝔭1 → 𝔭2, 𝔮 = {𝑣 + 𝜙(𝑣) : 𝑣 ∈ 𝔭1},

proving our claim.

Let 𝑣 = 𝑣1 + 𝑣2 and 𝑤 = 𝑣1 + 𝑤2 both be in 𝔮 with 𝑣1 being the 𝔭1 component for 𝑣 and 𝑤

and with 𝑣2, 𝑤2 the 𝔭2 components for 𝑣 and 𝑤, respectively. Note that 𝑣−𝑤 = 𝑣2−𝑤2 ∈ 𝔮,

and since 𝔮 ≠ 𝔭2, by 𝔮 and 𝔭2 being irreducible we know that 𝔮 ∩ 𝔭2 = {0}. Therefore, we

can conclude that 𝑣2 − 𝑤2 = 0, implying that 𝑣2 = 𝑤2. This implies that for each 𝑣 ∈ 𝔮,

the 𝔭1 component of 𝑣 uniquely determines the 𝔭2 component. Therefore, we may consider
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the linear map 𝜙 : 𝔭1 → 𝔭2 given by 𝜙 = proj𝔭2
◦ proj−1

𝔭1
and check that 𝜙 is in fact an

intertwining map. This is seen by checking that proj𝔭1
and proj𝔭2

are both 𝑎𝑑𝔥 intertwining

maps and are therefore (by Schur’s Lemma in 1.3) vector space isomorphisms as well. We

check proj𝔭1
: 𝔮 → 𝔭1 since proj𝔭2

is the same argument with different subscripts. Let

𝑥 ∈ 𝔥 and 𝑣 = 𝑣1 + 𝑣2 ∈ 𝔮.

proj𝔭1
(𝑎𝑑𝑥 (𝑣)) = proj𝔭1

( [𝑥, 𝑣1 + 𝑣2])

= proj𝔭1
( [𝑥, 𝑣1] + [𝑥, 𝑣2])

= [𝑥, 𝑣1] since 𝔭1 is 𝑎𝑑𝔥 invariant

= 𝑎𝑑𝑥 (proj𝔭1
(𝑣))

Thus, we have proj𝔭1
as an 𝑎𝑑𝔥 intertwining map, as desired, and in this case, 𝔮 = {𝑣+𝜙(𝑣) :

𝑣 ∈ 𝔭1}. �

Remark 4.8. It is worth noting that in the above proof, we fixed 𝔮 and built 𝜙 from that

fixed 𝔮. However, one could also go in the reverse order in which we choose a fixed 𝑎𝑑𝔥

intertwining 𝜓 : 𝔭1 → 𝔭2 and build an associated 𝔮 = {𝑎𝑣 + 𝑏𝜓(𝑣)} which is an 𝑎𝑑𝔥

irreducible representation. This is noteworthy since the proof in the above Lemma helps

one in finding an intertwining map 𝜙 : 𝔭1 → 𝔭2 given an irreducible representation 𝔮, but

only the statement of the lemma is helpful in constructing an irreducible representation 𝔮

given an intertwining map. Moreover, one can check that such a 𝔮 is in fact and irreducible

representation by using that proj𝔭1
: 𝔮 → 𝔭1 is an 𝑎𝑑𝔥 intertwining map. Indeed, if 𝑉 ⊂ 𝔮

was an invariant subspace, proj𝔭1
(𝑉) ⊂ 𝔭1 would be invariant in 𝔭1, but 𝔭1 is irreducible and

the same dimension as 𝔮. Thus, proj𝔭1
(𝑉) = {0} which implies 𝑉 = {0}, or proj𝔭1

(𝑉) = 𝔭1

which implies 𝑉 = 𝔮.
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Lemma 4.9. Let 𝔤 = 𝔥 ⊕ 𝔭 be a reductive decomposition such that there exist 𝔭1 and 𝔭2

irreducible in 𝔭 with 𝔭1 ' 𝔭2. Assume that [𝔭𝑖, 𝔭𝑖] ⊂ 𝔥 for 𝑖 = 1, 2.

If for all 𝑎𝑑𝔥 intertwining maps 𝜙 : 𝔭1 → 𝔭2, [𝑣, 𝜙(𝑤)]𝔭 + [𝜙(𝑣), 𝑤]𝔭 = 0 for all 𝑣, 𝑤 ∈ 𝔭1,

then [𝔮, 𝔮] ⊂ 𝔥 for all 𝑎𝑑𝔥 irreducible representations 𝔮 in 𝔭1 ⊕ 𝔭2. The converse is true

when 𝔮 ≠ 𝔭1 or 𝔭2.

Proof: We first prove the forward direction. Let 𝔮 be an 𝑎𝑑𝔥 irreducible representation

in 𝔭1 ⊕ 𝔭2. If 𝔭1 ; 𝔭2 then 𝔮 is 𝔭1 or 𝔭2 and we are done by assumption. If 𝔭1 ' 𝔭2 then

𝔮 = {𝑎𝑣 + 𝑏𝜙(𝑣) : 𝑣 ∈ 𝔭1 and 𝜙 is an intertwining map} by Lemma 4.7. Now,

[𝑎𝑣 + 𝑏𝜙(𝑣), 𝑎𝑤 + 𝑏𝜙(𝑤)]𝔭 = 𝑎2 [𝑣, 𝑤]𝔭 + 𝑏2 [𝜙(𝑣), 𝜙(𝑤)]𝔭 + 𝑎𝑏[𝑣, 𝜙(𝑤)]𝔭 + 𝑎𝑏[𝜙(𝑣), 𝑤]𝔭

and by assumption, each term is 0, so [𝔮, 𝔮] ⊂ 𝔥.

To see that the converse is true, observe by Lemma 4.7 and our assumption, that 0 =

[𝑣 + 𝜙(𝑣), 𝑤 + 𝜙(𝑤)]𝔭 = [𝑣, 𝜙(𝑤)]𝔭 + [𝜙(𝑣), 𝑤]𝔭 for any 𝑎𝑑𝔥 intertwining 𝜙 : 𝔭1 → 𝔭2. �

In the following theorem, we are extending the results of Nikonorov in [Nik00] and our

definition of Cartan orthogonal pairs in Definition 1.20. In addition to extending these

results and definition, we address the consequences these conditions have on 𝑟𝑖𝑐.

Remark 4.10. Observe that in the following theorem, we do not assume that [𝔭′′, 𝔭′′] ⊂ 𝔥

except for in claim 2 as it is not needed for the other results. This particular result will be

used later in Section 4.2.

Theorem 4.11. Consider the homogeneous space 𝐺/𝐻 such that 𝔤 is noncompact semi-
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simple and 𝔤 = 𝔥 ⊕ 𝔭′′ ⊕ 𝔭′ is a reductive Cartan decomposition. Assume 𝔭′′ is irreducible

and that 𝔭′ = 𝔭1 ⊕ 𝔭2 is a decomposition into irreducibles in which 𝐵(𝔭1, 𝔭2) = 0. Set

𝔭 = 𝔭′′ ⊕ 𝔭1 ⊕ 𝔭2. The following is true:

[𝔭𝑖, 𝔭𝑖] ⊂ 𝔥 for 𝑖 = 1, 2 ⇐⇒ [𝔭′′, 𝔭𝑖] ⊂ 𝔭 𝑗 with 𝑖 ≠ 𝑗 . (4.1)

Moreover, we have the following claims for 𝔤.

1. Provided [𝔭𝑖, 𝔭𝑖] ⊂ 𝔥 for 𝑖 = 1, 2, if (., .) is an 𝑎𝑑𝔥 invariant inner product on

𝔭′′ ⊕ 𝔭1 ⊕ 𝔭2 for which this decomposition is orthogonal, 𝑟𝑖𝑐(., .) is diagonal.

2. Provided [𝔭𝑖, 𝔭𝑖] ⊂ 𝔥 for 𝑖 = 1, 2, further suppose that at most two irreducible repre-

sentations are equivalent in 𝔭′′ ⊕ 𝔭1 ⊕ 𝔭2 and [𝔭′′, 𝔭′′] ⊂ 𝔥. We have the following:

For any 𝐺 invariant metric, there is a reductive Cartan decomposition 𝔤 = 𝔥 ⊕ 𝔮′′ ⊕ 𝔮′

(with 𝔮′ = 𝔮1 ⊕ 𝔮2) such that the unique corresponding 𝑎𝑑𝔥 invariant inner prod-

uct, (., .), on 𝔮 = 𝔮′′ ⊕ 𝔮1 ⊕ 𝔮2 is simultaneously diagonalized with 𝐵(., .) and

[𝔮′′, 𝔮′′], [𝔮𝑖, 𝔮𝑖] ⊂ 𝔥 if and only if the following condition is satisfied:

If 𝔪 and 𝔫 are the two equivalent irreducible representations among 𝔭′′, 𝔭1, 𝔭2, then

for any isomorphism 𝜙 : 𝔪 → 𝔫, 0 = [𝑥, 𝜙(𝑦)]𝔭 + [𝜙(𝑥), 𝑦]𝔭 for all 𝑥, 𝑦 ∈ 𝔪.

Consequently, 𝑟𝑖𝑐 is diagonal with respect to the given decomposition, 𝔮 = 𝔮′′⊕𝔮1⊕𝔮2.

Proof: First we prove the equivalence.

Let 𝑥, 𝑦 ∈ 𝔭𝑖 and 𝑧 ∈ 𝔭′′. Given the 𝑎𝑑𝔤 invariance of the Killing form 𝐵, we have

𝐵( [𝑦, 𝑧], 𝑥) = −𝐵(𝑧, [𝑦, 𝑥]).
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If [𝔭𝑖, 𝔭𝑖] ⊂ 𝔥, the right hand side is 0 as 𝐵(𝔥, 𝔭′′) = 0 for a reductive Cartan decom-

position, and since by the Cartan properties (See 1.3) [𝑦, 𝑧] ∈ 𝔭′, we have [𝑦, 𝑧] ∈ 𝔭 𝑗 for

𝑗 ≠ 𝑖. This proves the forwards direction.

If [𝔭′′, 𝔭𝑖] ⊂ 𝔭 𝑗 for 𝑖 ≠ 𝑗 then the left hand side is 0, and since (again by the Cartan

properties) [𝑦, 𝑥] ∈ 𝔨 = 𝔥 ⊕ 𝔭′′ but 𝑧 ∈ 𝔭′′, we know [𝑦, 𝑥] ∈ 𝔥. This proves the equivalence

(4.1).

Now we prove 1.

By Proposition 2.4 we are able to reduce the problem to showing that 𝑟𝑖𝑐(𝔭1, 𝔭2) = 0.

Now let 𝑥 ∈ 𝔭1 and 𝑦 ∈ 𝔭2. We know that 𝐵(𝑥, 𝑦) = 0, so by Eqn.1.2 we have that

𝑟𝑖𝑐(𝑥, 𝑦) = −1
2

∑︁
𝑖

( [𝑥, 𝑥𝑖]𝔭, [𝑦, 𝑥𝑖]𝔭) +
1
4

∑︁
𝑖, 𝑗

( [𝑥𝑖, 𝑥 𝑗 ]𝔭, 𝑥) ( [𝑥𝑖, 𝑥 𝑗 ]𝔭, 𝑦).

Now, we can see that if 𝑥𝑖 ∈ 𝔭1 or 𝑥𝑖 ∈ 𝔭2 then by [𝔭𝑖, 𝔭𝑖] ⊂ 𝔥, ( [𝑥, 𝑥𝑖]𝔭, [𝑦, 𝑥𝑖]𝔭) = 0.

Furthermore, if 𝑥𝑖 ∈ 𝔭′′ then [𝑥, 𝑥𝑖] ∈ 𝔭2 and [𝑦, 𝑥𝑖] ∈ 𝔭1 by equivalence 4.1. Since

(𝔭1, 𝔭2) = 0 by assumption, this gives us that the first term is 0.

To prove the last term is zero, we look at the three different cases based on where 𝑥𝑖, 𝑥 𝑗 live

in 𝔭 = 𝔭′′ ⊕ 𝔭′. Now, if 𝑥𝑖, 𝑥 𝑗 ∈ 𝔭′ then [𝑥𝑖, 𝑥 𝑗 ] ∈ 𝔨 by Cartan decomposition properties.

Thus, by (𝔭′′, 𝔭′) = 0 we know that ( [𝑥𝑖, 𝑥 𝑗 ]𝔭, 𝑥) = 0. If 𝑥𝑖, 𝑥 𝑗 ∈ 𝔭′′ then again [𝑥𝑖, 𝑥 𝑗 ] ∈ 𝔨,

so ( [𝑥𝑖, 𝑥 𝑗 ]𝔭, 𝑥) = 0. Lastly, if 𝑥𝑖 ∈ 𝔭′′ and 𝑥 𝑗 ∈ 𝔭′ then by [𝔭′′, 𝔭𝑖] ⊂ 𝔭 𝑗 (due to equivalence

4.1), ( [𝑥𝑖, 𝑥 𝑗 ]𝔭, 𝑥) ( [𝑥𝑖, 𝑥 𝑗 ]𝔭, 𝑦) = 0. Thus, we have that 𝑟𝑖𝑐(𝑥, 𝑦) = 0.

Now we prove 2.
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If there are no isomorphisms, then we are done by Schur’s Lemma (See Section 1.3).

As for the presence of isomorphisms, we prove this in two cases, first where 𝔭1 ' 𝔭2, and

second where 𝔭′′ ' 𝔭1. In either case, by Lemma 4.9 and our assumptions, we know that

0 = [𝜙(𝑥), 𝑦]𝔭 + [𝑥, 𝜙(𝑦)]𝔭 for any intertwining may 𝜙 : 𝔪 → 𝔫 and all 𝑥, 𝑦 ∈ 𝔪 and if and

only if any decomposition into irreducibles has [𝔮′′, 𝔮′′], [𝔮1, 𝔮1], [𝔮2, 𝔮2] ⊂ 𝔥 (depending

on the case, 𝔮′′ = 𝔭′′ or 𝔮𝑖 = 𝔭𝑖 for some 𝑖 since there is one representation not isomorphic

to any other and therefore unique up to scaling). What remains to be checked is the claim

regarding our decomposition being simultaneously diagonalized with 𝐵(., .).

If 𝔭1 ' 𝔭2, then since we can always choose a (., .) orthogonal decomposition into ir-

reducibles simultaneously diagonalized with 𝐵(., .) on 𝔭′ (See Lemma 1.18 for how this is

always possible), we have a desired decomposition. (Note that this part did not require the

condition on the intertwining maps.)

If 𝔭′′ ' 𝔭1 (the case with 𝔭2 is the same with subscripts changed), then by the two conditions

of being a Cartan orthogonal pair (See 2.1), we know that for any metric, we have a reduc-

tive Cartan decomposition 𝔤 = 𝔥 ⊕ 𝔮′′ ⊕ 𝔮′ with 𝔮′ = 𝔮1 ⊕ 𝔮2 such that (𝔮′′, 𝔮′) = 0 if and

only if [𝔭1, 𝔭1] ⊂ 𝔥 and 𝜙( [𝑥, 𝑦]𝔭′′) = [𝜙(𝑥), 𝑦] + [𝑥, 𝜙(𝑦)] for any 𝑎𝑑𝔥 intertwining map

𝜙 : 𝔭′′ → 𝔭′ and any 𝑥, 𝑦, ∈ 𝔭′′. Moreover, we know that 0 = 𝜙( [𝑥, 𝑦]𝔭′′) by assumption,

and by the Cartan decomposition properties, [𝜙(𝑥), 𝑦]𝔭+ [𝑥, 𝜙(𝑦)]𝔭 = [𝜙(𝑥), 𝑦] + [𝑥, 𝜙(𝑦)].

Also, we know that 𝔮2 = 𝔭2 since 𝔭2 is unique up to scaling.

Therefore, given our assumptions, 0 = [𝜙(𝑥), 𝑦]𝔭 + [𝑥, 𝜙(𝑦)]𝔭 if and only if there is a

reductive Cartan decomposition such that (𝔮′′, 𝔮′) = 0 for every metric. Moreover, for

any reductive Cartan decompositon, we have 𝐵(𝔮′′, 𝔮′) = 0 by the Cartan decomposition
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properties, and we always have 𝐵(𝔮1, 𝔮2) = 0 by 𝔭′′, 𝔭1 ; 𝔭2.

To prove our final statement regarding 𝑟𝑖𝑐 being diagonal on our decomposition, one must

only apply our claim 1 to our reductive Cartan decomposition in which (., .) and 𝐵(., .) are

simultaneously diagonalized with [𝔮𝑖, 𝔮𝑖] ⊂ 𝔥 for 𝑖 = 1, 2. �
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4.2. The Signature

In this section, we begin to investigate the signature of our spaces and metrics, 𝐺/𝐻 and

𝑔, for which 𝔤 is noncompact simple and there is some reductive Cartan decomposition

𝔤 = 𝔥 ⊕ 𝔭′′ ⊕ 𝔭′ such that 𝔭′ = 𝔭1 ⊕ 𝔭2, [𝔭𝑖, 𝔭𝑖], [𝔭′′, 𝔭′′] ⊂ 𝔥, 𝔭′′, 𝔭1, 𝔭2 are irreducible, and

our decomposition is orthogonal with respect to, (., .), the inner product associated with 𝑔

(See 1.2). Our results are incomplete regarding a complete solution to the signature of such

spaces; however, some first steps of approaching a complete solution are made.

Remark 4.12. As our following example indicates, just because there exist metrics for

which we have 𝔭′′ ⊕ 𝔭1 ⊕ 𝔭2 orthogonal with respect to (., .) and [𝔭′′𝔭′′], [𝔭𝑖, 𝔭𝑖] ⊂ 𝔥, that

does not necessarily mean that all metrics will have such a condition.

Example 4.13. We showed in Example 2.2 that (𝔰𝔬(𝑛,C)R, 𝔰𝔬(𝑛 − 1)) is not a Car-

tan orthogonal pair where 𝔭 ' 𝑖𝔭 in 𝔰𝔬(𝑛,C)R = 𝔰𝔬(𝑛 − 1) ⊕ 𝔭 ⊕ 𝑖𝔰𝔬(𝑛 − 1) ⊕ 𝑖𝔭.

Moreover, we have [𝔭, 𝔭], [𝑖𝔰𝔬(𝑛 − 1), 𝑖𝔰𝔬(𝑛 − 1)], [𝑖𝔭, 𝑖𝔭] ⊂ 𝔰𝔬(𝑛 − 1) by choosing 𝔭

such that 𝔰𝔬(𝑛) = 𝔰𝔬(𝑛 − 1) ⊕ 𝔭 is our reductive decomposition for the symmetric space

𝑆𝑂 (𝑛)/𝑆𝑂 (𝑛 − 1).

Since (𝔰𝔬(𝑛,C)R, 𝔰𝔬(𝑛 − 1)) is not a Cartan orthogonal pair, we know that there is a

metric such that there is no reductive Cartan decomposition 𝔰𝔬(𝑛,C)R = 𝔰𝔬(𝑛−1) ⊕𝔭′′⊕𝔭′

with (𝔭′′, 𝔭′) = 0 where (., .) is the associated inner product. Now, by Lemma 4.7, for such

a metric, any (., .) orthogonal decomposition, 𝔰𝔬(𝑛,C)R = 𝔰𝔬(𝑛−1) ⊕ 𝑖𝔰𝔬(𝑛−1) ⊕ 𝔮1 ⊕ 𝔮2,

would have 𝔮1 = {𝑎𝑥 + 𝑖𝑏𝑥 : 𝑥 ∈ 𝔭} with 𝑎, 𝑏 ≠ 0. Thus, for 𝑥, 𝑦 ∈ 𝔭 such that [𝑥, 𝑦] ≠ 0

(i.e 𝑥 and 𝑦 are not parallel, in this case),

[𝑎𝑥 + 𝑖𝑏𝑥, 𝑎𝑦 + 𝑖𝑏𝑦] = 𝑎2 [𝑥, 𝑦] + 𝑏2 [𝑖𝑥, 𝑖𝑦] + 𝑎𝑏( [𝑖𝑥, 𝑦] + [𝑥, 𝑖𝑦])
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= 𝑎2 [𝑥, 𝑦] − 𝑏2 [𝑥, 𝑦] + 2𝑎𝑏𝑖[𝑥, 𝑦] ∉ 𝔥.

Therefore, [𝔮1𝔮1] ⊄ 𝔥.

With the above remark and example in mind, we provide the following definition.

Definition 4.14. For 𝐺/𝐻 with 𝔤 noncompact simple, define M𝑎𝑑𝑚
𝐺/𝐻 to be the set of

admissible 𝐺 invariant metrics on 𝐺/𝐻. That is, the set of 𝐺 invariant metrics such that

there is a reductive Cartan decomposition 𝔤 = 𝔥 ⊕ 𝔭′′ ⊕ 𝔭′ with 𝔭′ = 𝔭1 ⊕ 𝔭2 such that

our unique 𝑎𝑑𝔥 inner product (., .) is diagonal on 𝔭′′ ⊕ 𝔭1 ⊕ 𝔭2 (a decomposition into

irreducibles) and [𝔭′′, 𝔭′′], [𝔭𝑖, 𝔭𝑖] ⊂ 𝔥 for all 𝑖.

Remark 4.15. As was mentioned in the proof of 2 in Theorem 4.11, we may assume

that for any inner product (., .) coming from a metric in M𝑎𝑑𝑚
𝐺/𝐻 , (., .) is simultaneously

diagonalized with 𝐵(., .). This follows from 𝐵(𝔭′′, 𝔭′) = 0 and the ability to simultaneously

diagonalize 𝐵(., .) with (., .) on 𝔭′ by Lemma 1.18. Moreover, by working with metrics in

M𝑎𝑑𝑚
𝐺/𝐻 , we are working with inner products that have (𝔭′′, 𝔭′) = 0 for some reductive Cartan

decomposition. Being simultaneously diagonalized with 𝐵(., .) and having (𝔭′′, 𝔭′) = 0,

we are therefore able to use Eqn.1.4 to determine the diagonal values on the (1, 1) Ricci

tensor.

Proposition 4.16. Suppose 𝐺/𝐻 is noncompact with simple 𝔤. For every metric in

M𝑎𝑑𝑚
𝐺/𝐻 , 𝑟𝑖𝑐 is diagonal on the given decomposition 𝔭′′⊕𝔭1 ⊕𝔭2 with the following formulas

describing the diagonal of the (1, 1) tensor 𝑅𝑖𝑐(.) (here we set 𝔭3 = 𝔭′′):

𝑟1 =
−𝑑1𝑥2𝑥3 + 𝑝(𝑥2

1 − 𝑥
2
2 − 𝑥

2
3)

2𝑑1𝑥2𝑥2𝑥3
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𝑟2 =
−𝑑2𝑥1𝑥3 + 𝑝(𝑥2

2 − 𝑥
2
1 − 𝑥

2
3)

2𝑑2𝑥1𝑥2𝑥3

𝑟3 =
𝑑3𝑥1𝑥2 + 𝑝(𝑥2

3 − 𝑥
2
1 − 𝑥

2
2)

2𝑑3𝑥1𝑥2𝑥3
.

Here, 𝑥1, 𝑥2, 𝑥3 > 0, 𝑝 =
∑
𝛼,𝛽,𝛾 〈[𝑒𝛼1 , 𝑒

𝛽

2 ], 𝑒
𝛾

3〉
2, {𝑒𝛼

𝑖
} is an orthonormal basis for 𝔭𝑖 with

respect to 〈., .〉, and 𝑑𝑖 = dim𝔭𝑖.

Moreover, our scalar curvature formula 𝑆 is as follows:

𝑆 =
−𝑑1𝑥2𝑥3 − 𝑑2𝑥1𝑥3 + 𝑑3𝑥1𝑥2 − 𝑝(𝑥2

1 + 𝑥
2
2 + 𝑥

2
3)

2𝑥1𝑥2𝑥3

Proof: For a metric inM𝑎𝑑𝑚
𝐺/𝐻 , we know there is some decomposition 𝔤 = 𝔥⊕𝔭3⊕𝔭1⊕𝔭2

such that [𝔭𝑖, 𝔭𝑖] ⊂ 𝔥 for all 𝑖 with the corresponding inner product (., .) simultaneously

diagonalized with 𝐵(., .). By Theorem 4.11, we know 𝑟𝑖𝑐 is diagonal, and we want to

describe the diagonal values. To do this, we use Eqn.1.4 which is greatly simplified due to

the bracket conditions we have assumed.

Since [𝔭𝑖, 𝔭𝑖] ⊂ 𝔥 for 𝑖 = 1, 2, we know by Theorem 4.11 that [𝔭3, 𝔭𝑖] ⊂ 𝔭 𝑗 for 𝑖 ≠ 𝑗

and 𝑖, 𝑗 ≠ 3. By 𝔨 = 𝔥 ⊕ 𝔭3 being maximal in 𝔤, [𝔭1, 𝔭1], [𝔭2, 𝔭2] ⊂ 𝔥, and [𝔭′, 𝔭′] = 𝔨

(from the Cartan decomposition properties), we have [𝔭1, 𝔭2]𝔭 ⊂ 𝔭3. Moreover, by (skew)

symmetry of 𝑎𝑑𝑒𝑙 : 𝔭 → 𝔭 with respect to 〈., .〉 = 𝐵𝔭′ − 𝐵𝔭′′ (See Lemma 1.24), we have

〈[𝑒𝛼𝑖 , 𝑒
𝛽

𝑗
], 𝑒𝛾

𝑘
〉2 = 〈[𝑒𝛼𝑗 , 𝑒

𝛽

𝑖
], 𝑒𝛾

𝑘
〉2 = 〈[𝑒𝛼𝑖 , 𝑒

𝛽

𝑘
], 𝑒𝛾

𝑖
〉2.

Therefore, by [𝔭𝑖, 𝔭𝑖] ⊂ 𝔥 for all 𝑖, we can conclude that, unless 𝑖, 𝑗 , 𝑘 are pairwise distinct,
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we have ∑︁
𝛼,𝛽,𝛾

〈[𝑒𝛼𝑖 , 𝑒
𝛽

𝑗
], 𝑒𝛾

𝑘
〉2 = 0.

Now, let 𝑝 =
∑
𝛼,𝛽,𝛾 〈[𝑒𝛼1 , 𝑒

𝛽

2 ], 𝑒
𝛾

3〉
2, and from our formula in Eqn.1.4 for the (1, 1) Ricci

tensor, we get the following 𝑟𝑖 (where each 𝑥𝑖 > 0) along the diagonal:

𝑟1 =
−1
2𝑥1

+ 𝑝

4𝑑1

[(
𝑥1
𝑥2𝑥3

− 𝑥3
𝑥1𝑥2

− 𝑥2
𝑥1𝑥3

)
+

(
𝑥1
𝑥3𝑥2

− 𝑥2
𝑥1𝑥3

− 𝑥3
𝑥1𝑥2

)]
𝑟2 =

−1
2𝑥2

+ 𝑝

4𝑑2

[(
𝑥2
𝑥1𝑥3

− 𝑥3
𝑥1𝑥2

− 𝑥1
𝑥2𝑥3

)
+

(
𝑥2
𝑥3𝑥1

− 𝑥1
𝑥2𝑥3

− 𝑥3
𝑥1𝑥2

)]
𝑟3 =

1
2𝑥3

+ 𝑝

4𝑑3

[(
𝑥3
𝑥2𝑥1

− 𝑥2
𝑥1𝑥3

− 𝑥1
𝑥2𝑥3

)
+

(
𝑥3
𝑥1𝑥2

− 𝑥1
𝑥2𝑥3

− 𝑥2
𝑥3𝑥1

)]
.

Simplifying each and combining our terms we get:

𝑟1 =
−𝑑1𝑥2𝑥3 + 𝑝(𝑥2

1 − 𝑥
2
2 − 𝑥

2
3)

2𝑑1𝑥1𝑥2𝑥3

𝑟2 =
−𝑑2𝑥1𝑥3 + 𝑝(𝑥2

2 − 𝑥
2
1 − 𝑥

2
3)

2𝑑2𝑥1𝑥2𝑥3

𝑟3 =
𝑑3𝑥1𝑥2 + 𝑝(𝑥2

3 − 𝑥
2
1 − 𝑥

2
2)

2𝑑3𝑥1𝑥2𝑥3
.

This provides us with the desired result for the diagonal values of 𝑅𝑖𝑐(.). Now, for the

scalar curvature, since each 𝑟𝑖 is the multiple of the identity for the 𝑖𝑡ℎ block of the (1, 1)

Ricci tensor, we get that 𝑆 = 𝑑1𝑟1 + 𝑑2𝑟2 + 𝑑3𝑟3. Thus, we have

𝑆 =
−𝑑1𝑥2𝑥3 − 𝑑2𝑥1𝑥3 + 𝑑3𝑥1𝑥2 − 𝑝(𝑥2

1 + 𝑥
2
2 + 𝑥

2
3)

2𝑥1𝑥2𝑥3
,

as desired. �
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Remark 4.17. We observe that each 𝑟𝑖 has all of R as a possible value (when considered

one at a time) since 𝑥1, 𝑥2, 𝑥3 > 0 can be chosen to get arbitrarily large independently of

one another. We also observe that 𝑆 can get infinitely negative; however, from Sections 9

and 10 of [BB78], we know that 𝑆 is only always negative in the case when 𝔤 = 𝔰𝔬(𝑛, 2)

and 𝔥 = 𝔰𝔬(𝑛) (here 𝑑3 = 1).

Remark 4.18. Looking to the definition of M𝑎𝑑𝑚
𝐺/𝐻 , we can see from Theorem 4.11 that

M𝑎𝑑𝑚
𝐺/𝐻 is the set of all 𝐺 invariant metrics if the two following conditions are met.

a. There exists one such decomposition 𝔤 = 𝔥 ⊕ 𝔭3 ⊕ 𝔭1 ⊕ 𝔭2 with [𝔭𝑖, 𝔭𝑖] ⊂ 𝔥 for all 𝑖.

b. There is at most one pair, 𝔭𝑖, 𝔭 𝑗 isomorphic with 0 = [𝜙(𝑥), 𝑦]𝔭 + [𝑥, 𝜙(𝑦)]𝔭 for any

isomorphism 𝜙 : 𝔭𝑖 → 𝔭 𝑗 and for any 𝑥, 𝑦 ∈ 𝔭𝑖.

The case when 𝔭1 ' 𝔭2 ' 𝔭3 is one yet to be investigated.

Proposition 4.19. Under the conditions of Proposition 4.16, 𝑟1 + 𝑟2 < 0. That is, there can

be at most one non-negative 𝑟𝑖 in 𝔭′ = 𝔭1 ⊕ 𝔭2 from our reductive Cartan decomposition

𝔤 = 𝔥 ⊕ 𝔭′′ ⊕ 𝔭′.

Proof: From Proposition 4.16, we have the following equations for the 𝑟𝑖.

𝑟1 =
−𝑑1𝑥2𝑥3 + 𝑝(𝑥2

1 − 𝑥
2
2 − 𝑥

2
3)

2𝑑1𝑥1𝑥2𝑥3

𝑟2 =
−𝑑2𝑥1𝑥3 + 𝑝(𝑥2

2 − 𝑥
2
1 − 𝑥

2
3)

2𝑑2𝑥1𝑥2𝑥3

𝑟3 =
𝑑3𝑥1𝑥2 + 𝑝(𝑥2

3 − 𝑥
2
1 − 𝑥

2
2)

2𝑑3𝑥1𝑥2𝑥3
.

Since the denominators are all positive, it suffices to show that the numerators of 𝑟1 and 𝑟2
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cannot be simultaneously non positive. To show this, we take the sum of the numerators:

− 𝑑1𝑥2𝑥3 + 𝑝(𝑥2
1 − 𝑥

2
2 − 𝑥

2
3) + −𝑑2𝑥1𝑥3 + 𝑝(𝑥2

2 − 𝑥
2
1 − 𝑥

2
3)

= −𝑑1𝑥2𝑥3 − 𝑑2𝑥1𝑥3 − 2𝑝𝑥2
3 < 0.

Since the sum of the numerators is negative, the numerators cannot be simultaneously non-

negative implying that if 𝑟1 ≥ 0 then 𝑟2 < 0 and vice versa. �

Example 4.20. Suppose we are under the conditions of Proposition 4.16 except that 𝔥

is trivial. In this case, 𝐺/𝐻 = 𝐺, so all irreducible isotropy representations are trivial.

Thus, we are working with the case in which 𝐺 is a noncompact semi-simple Lie group

of dimension 3 which must be 𝑆𝐿2(R). Milnor, in Corollary 4.7 of [Mil76], showed

that the signature of 𝑆𝐿 (2,R) is (using Milnor’s notation), (+,−,−) or (0, 0,−). That is,

if one 𝑟𝑖 is positive, the other two are negative, or if two 𝑟𝑖 are zero, then the third is negative.

From the above result and example, we know that mixed signature is possible. Great effort

was put into determining conditions for there to exist metrics in with 𝑟𝑖 < 0 for all 𝑖; however,

for now, this is left as an open area to continue exploration. We leave the following section,

exploring primarly 𝑆𝑂 (𝑛, 2)/𝑆𝑂 (𝑛), as motivation for future endeavors to determine the

set of signatures for spaces with metrics in M𝑎𝑑𝑚
𝐺/𝐻 .
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4.3. 𝑆𝑂 (𝑛, 2)/𝑆𝑂 (𝑛)

In this section, we consider a specific example of interest for applying our results from the

previous two sections, particularly, Theorem 4.11. One reason for highlighting this example

is because it is previously discussed in [Nik00], but also because the scalar curvature is

negative for all metrics, as noted in [BB78]. The fruit of these results, joined with Milnor’s

work regarding 𝑆𝐿 (2,R) in [Mil76] and our results from Chapter 3, is a complete description

of the signature of spaces 𝐺/𝐻 in which we have strictly negative scalar curvature for all

metrics and 𝔤 simple (excluding the irreducible symmetric spaces as these are well-known).

Proposition 4.21. Consider 𝑆𝑂 (𝑛, 2)/𝑆𝑂 (𝑛) with decomposition 𝔰𝔬(𝑛, 2) = 𝔰𝔬(𝑛) ⊕

𝔰𝔬(2) ⊕ 𝔭1 ⊕ 𝔭2 where 𝔭1 ' 𝔭2 and 𝑛 ≥ 3. Let 𝔤 = 𝔰𝔬(𝑛, 2), 𝔥 = 𝔰𝔬(𝑛), and 𝔭3 = 𝔰𝔬(2).

Given any 𝐺 invariant metric on 𝐺/𝐻, there is a decomposition 𝔤 = 𝔥 ⊕ 𝔭3 ⊕ 𝔮1 ⊕ 𝔮2

such that [𝔮𝑖, 𝔮𝑖] ⊂ 𝔥 for all 𝑖 and the 𝑎𝑑𝔥 invariant inner product, (., .), is simultaneously

diagonalized with 𝐵(., .) and 𝑟𝑖𝑐 is diagonal.

Consequently, all 𝐺 invariant metrics are in M𝑎𝑑𝑚
𝐺/𝐻 .

Proof: Using Chapter X of [Hel01] and that 𝔤 = 𝔰𝔬(𝑛, 2), 𝔨 = 𝔰𝔬(𝑛) ⊕ 𝔰𝔬(2), and

𝔥 = 𝔰𝔬(𝑛), we can get the following decomposition in which 𝐴 ∈ 𝔰𝔬(𝑛), 𝑧 ∈ R, and

𝑥, 𝑦 ∈ R𝑛.

𝔤 =



𝐴 𝑥 𝑦

𝑥𝑡 0 0

𝑦𝑡 0 0



𝔨 =



𝐴 0 0

0 0 𝑧

0 −𝑧 0
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𝔥 =



𝐴 0 0

0 0 0

0 0 0



𝔭′′ =



0 0 0

0 0 𝑧

0 −𝑧 0



𝔭′ =



0 𝑥 𝑦

𝑥𝑡 0 0

𝑦𝑡 0 0


First, we seek to simultaneously diagonalize (., .) on 𝔭 with 𝐵(., .). Nikonorov in [Nik00]

showed that (𝔭′′, 𝔭′) = 0 for all 𝑎𝑑𝔥 invariant innerproducts, observing that 𝔭′′ is irreducible

and dimension 1 where as 𝔭′ decomposes into two irreducible respresentations of dimension

𝑛:

𝔭1 =



0 𝑥 0

𝑥𝑡 0 0

0 0 0



and 𝔭2 =



0 0 𝑦

0 0 0

𝑦𝑡 0 0



.
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Notice that 𝔭1 ' 𝔭2 as 𝑎𝑑𝔥 representations by the intertwining map 𝜓 defined below:

𝜓

©«



0 𝑥 0

𝑥𝑡 0 0

0 0 0



ª®®®®®®®®®®®®®®®¬

=



0 0 𝑥

0 0 0

𝑥𝑡 0 0



.

Moreover, observe that [𝔭𝑖, 𝔭𝑖] ⊂ 𝔥 for 𝑖 = 1, 2, and since 𝔭′′ is one dimensional,

[𝔭′′, 𝔭′′] = {0} ⊂ 𝔥 as well.

We now wish to use the results in Theorem 4.11, so we need to understand the 𝑎𝑑𝔥

representation on 𝔭1 given below:





𝐴 0 0

0 0 0

0 0 0



,



0 𝑥 0

𝑥𝑡 0 0

0 0 0





=
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0 𝐴𝑥 0

−𝑥𝑡𝐴 0 0

0 0 0



.

Using Type BD I in Section 2 of Chapter X in [Hel01], one can observe that this rep-

resentation is the same as the 𝑎𝑑𝔰𝔬(𝑛) representation in 𝑆𝑂 (𝑛, 1)/𝑆𝑂 (𝑛), an irreducible

representation of real type (see Section 1.6 and the references therein). Therefore, any

𝑎𝑑𝔥 intertwining 𝜙 : 𝔭1 → 𝔭2 is of the form _𝜓 for _ ∈ R. This allows us now to see

that [𝑣, 𝜙(𝑤)] + [𝜙(𝑣), 𝑤] = _( [𝑣, 𝜓(𝑤)] + [𝜓(𝑣), 𝑤]). Moreover, it is easy to check that

[𝑣, 𝜓(𝑤)] + [𝜓(𝑣), 𝑤] = 0. Therefore, by an application of claim 2 in Theorem 4.11, we

get that for any 𝐺 invariant metric on 𝐺/𝐻, there is a decomposition 𝔤 = 𝔥 ⊕ 𝔭′′ ⊕ 𝔮1 ⊕ 𝔮2

such that [𝔮𝑖, 𝔮𝑖] ⊂ 𝔥 for all 𝑖 and our inner product, (., .), is simultaneously diagonalized

with 𝐵(., .) on 𝔭′′ ⊕ 𝔮1 ⊕ 𝔮2. Furthermore, we know that 𝑟𝑖𝑐(., .) is diagonal, as desired. �

Remark 4.22. Nikonorov showed in Example 1 of [Nik00] that there are metrics for which

every 𝑟𝑖 is negative for 𝑆𝑂 (𝑛, 2)/𝑆𝑂 (𝑛). Our next result goes further to say that there are also

metrics in which (𝑟1, 𝑟2, 𝑟3) has exactly one non-negative term and that there can be no more.

Proposition 4.23. For 𝑆𝑂 (𝑛, 2)/𝑆𝑂 (𝑛) with 𝑛 ≥ 3 there can be at most one 𝑟𝑖 such that 𝑟𝑖

is non-negative where 𝑟𝑖 is as in Proposition 4.16.

Proof: By Proposition 4.21, we know that every left invariant metric for 𝑆𝑂 (𝑛, 2)/𝑆𝑂 (𝑛)
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is inM𝑎𝑑𝑚
𝐺/𝐻 . Thus, we know that every metric has 𝑟𝑖𝑐 described by the 𝑟𝑖 in Proposition 4.16.

Since 𝑑3 = 1, by Lemma 1 in [Nik00], 2𝑝 = 1. Since we have 𝑑1 = 𝑑2 = 𝑛, we have

the following formulas for the 𝑟𝑖 coming from Proposition 4.16 (we multiplied the top and

bottom by 2):

𝑟1 =
−2𝑛𝑥2𝑥3 + 𝑥2

1 − 𝑥
2
2 − 𝑥

2
3

4𝑛𝑥1𝑥2𝑥3

𝑟2 =
−2𝑛𝑥1𝑥3 + 𝑥2

2 − 𝑥
2
1 − 𝑥

2
3

4𝑛𝑥1𝑥2𝑥3

𝑟3 =
2𝑥1𝑥2 + 𝑥2

3 − 𝑥
2
2 − 𝑥

2
1

4𝑥1𝑥2𝑥3

From Proposition 4.19, we know that 𝑟1 + 𝑟2 < 0.

Thus, if 𝑟1 ≥ 0, 𝑟2 < 0 and vice versa. To finish, we show that 𝑟3 ≥ 0 implies 𝑟1 < 0 and

𝑟2 < 0.

𝑟3 ≥ 0 if and only if 𝑥2
3 ≥ 𝑥2

2 + 𝑥
2
1 − 2𝑥1𝑥2 = (𝑥2 − 𝑥1)2, so 𝑥3 ≥ |𝑥2 − 𝑥1 |. If 𝑥1 = 𝑥2 then

𝑟1, 𝑟2 < 0 is easy to see from the 𝑟𝑖 found above, so assume that 𝑥2 > 𝑥1 and observe:

𝑟1 ≤
−2𝑛𝑥2(𝑥2 − 𝑥1) + 𝑥2

1 − 𝑥
2
2 − (𝑥2 − 𝑥1)2

4𝑛𝑥1𝑥2𝑥3

=
−2𝑛𝑥2 − 𝑥1 − 𝑥2 − (𝑥2 − 𝑥1)

4𝑛𝑥1𝑥2𝑥3
(𝑥2 − 𝑥1)

=
−𝑛𝑥2 − 2𝑥2
4𝑛𝑥1𝑥2𝑥3

(𝑥2 − 𝑥1)

< 0 since 𝑥1 < 𝑥2

𝑟2 ≤
−2𝑛𝑥1(𝑥2 − 𝑥1) + 𝑥2

2 − 𝑥
2
1 − (𝑥2 − 𝑥1)2

4𝑛𝑥1𝑥2𝑥3

=
−2𝑛𝑥2 + 𝑥2 + 𝑥1 − (𝑥2 − 𝑥1)

4𝑛𝑥1𝑥2𝑥3
(𝑥2 − 𝑥1)
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=
−2𝑛𝑥2 + 2𝑥1

4𝑛𝑥1𝑥2𝑥3
(𝑥2 − 𝑥1)

< 0 since 𝑥1 < 𝑥2 and 𝑛 > 1.

By the symmetry of 𝑟1 and 𝑟2 in relation to 𝑥1 and 𝑥2, it is easy to see the same is true if we

assume 𝑥2 < 𝑥1. �

In [AL22] while studying the signature of spaces in the nilpotent setting, Arroyo and

Lafuente determined 𝜎𝑅𝑖𝑐 (𝑁), the set of signatures of the Ricci curvature for left invariant

metrics on a connected nilpotent Lie group 𝑁 . Moreover, they described the set of signa-

tures completely in terms of Lie-theoretic data. In the following theorem, we summarize

our results above, adopting the same notation used by Arroyo and Lafuente in which

𝜎𝑅𝑖𝑐 (𝐺/𝐻) = {𝜎(𝑅𝑖𝑐(𝑔)) : 𝑔, a 𝐺invariant Riemannian metric on 𝐺/𝐻}

and 𝜎(𝑅𝑖𝑐(𝑔)) = (𝑠−, 𝑠0, 𝑠+) ∈ Z3
≥0. Here, 𝑠− indicates the number of negative values in

the signature, 𝑠0 the 0 values, and 𝑠+ the positive values.

Corollary 4.24. The set of signatures for 𝑅𝑖𝑐 on 𝑆𝑂 (𝑛, 2)/𝑆𝑂 (𝑛) with 𝑛 ≥ 3 is

{(2 + 2𝑛, 0, 0), (2 + 𝑛, 𝑛, 0), (2𝑛, 2, 0), (2 + 𝑛, 0, 𝑛) (2𝑛, 0, 2)}

where the elements in the set are describing (𝑠−, 𝑠0, 𝑠+).

Proof: By Proposition 4.21, we know that every metric is in M𝑎𝑑𝑚
𝐺/𝐻 . Moreover, by

Example 1 in [Nik00] we know there exist metrics in which 𝑟𝑖 < 0 for all 𝑖, and by

Proposition 4.23, we know there is at most one non-negative 𝑟𝑖. This allows us to see that

the signature of 𝑆𝑂 (𝑛, 2)/𝑆𝑂 (𝑛) is given by the following. (Recall dim𝔭′′ = 1, and dim𝔭1 =
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dim𝔭2 = 𝑛.)

{(1 + 2𝑛, 0, 0), (1 + 𝑛, 𝑛, 0), (1 + 𝑛, 𝑛, 0) (2𝑛, 1, 0), (1 + 𝑛, 0, 𝑛), (1 + 𝑛, 0, 𝑛), (2𝑛, 0, 1)}

By removing the duplicates, we have our desired result. �

We provide two graphs of the signature from 𝑛 = 3 to 𝑛 = 20 (two graphs so that dif-

ferent perspectives are provided). The red points are representative the first element in the

set from the corollary above, the blue points for the second element, the green points for

the third, the purple points for the fourth, and the black points for the fifth.
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With the above results for the signature of 𝑟𝑖𝑐 for 𝑆𝑂 (𝑛, 2)/𝑆𝑂 (𝑛) and Example 4.20 re-

garding 𝑆𝐿 (2,R) from [Mil76], we can now describe completely the signature of 𝐺/𝐻 in

which 𝔤 is simple and the scalar curvature is always negative. If 𝐺/𝐻 is an irreducible

symmetric space, then the signature for each space is described by {(𝑑, 0, 0)} where 𝑑 is the

dimension of the given irreducible symmetric space. We ignore this case in the following

as it is well-known.

From Sections 9 and 10 of [BB78] (Section 10 has the table we are referencing), we

know that if, for connected 𝐻 and simple 𝐺, 𝐺/𝐻 has strictly negative scalar curvature for

all 𝐺 invariant metrics (and is not an irreducible symmetric space), then (𝔤, 𝔥) is described

by:

(𝔰𝔩(2,R), {0})

(𝔰𝔬(𝑛, 2), 𝔰𝔬(𝑛)) with 𝑛 ≥ 3

(𝔰𝔲(𝑚, 𝑛), 𝔰𝔲(𝑚) ⊕ 𝔰𝔲(𝑛)) with 𝑚 ≥ 𝑛 ≥ 1 and (𝑛, 𝑚) ≠ (1, 1), (2, 2)

(𝔰𝔬∗(2𝑛), 𝔰𝔲(𝑛)) with 𝑛 ≥ 5

(𝔰𝔭(𝑛,R), 𝔰𝔲(𝑛)) with 𝑛 ≥ 3

(𝔢−14
6 , 𝔰𝔬(10))

(𝔢−25
7 , 𝔢6).

The third through seventh items on the list, can be found in Tables 3.1 through 3.4 from

Theorem 3.2 as spaces with two isotropy summands. Furthermore, for each of the spaces

with two irreducible summands, the reductive Cartan decomposition 𝔤 = 𝔥 ⊕ 𝔭′′ ⊕ 𝔭′ has

trivial 𝔭′′. Thus, by a simple application of Corollary 3.18 and looking at the dimensions

of 𝔭′ from the classification of symmetric spaces in Chapter X of [Hel01], we describe the
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set of signatures using the notation from [AL22].

Corollary 4.25. If 𝐺/𝐻 has negative scalar curvature for all metrics (and is not an irre-

ducible symmetric space), 𝐺 is simple, and 𝐻 is connected, then the set of signatures of

𝑟𝑖𝑐 is according to the following descriptions (with the appropriate conditions on the 𝑛, 𝑚

from above):

(𝔰𝔩(2,R), {0}) : {(2, 0, 1), (1, 2, 0)}

(𝔰𝔬(𝑛, 2), 𝔰𝔬(𝑛)) : {(2 + 2𝑛, 0, 0), (2 + 𝑛, 𝑛, 0), (2𝑛, 2, 0), (2 + 𝑛, 0, 𝑛), (2𝑛, 0, 2)}

(𝔰𝔲(𝑚, 𝑛), 𝔰𝔲(𝑚) ⊕ 𝔰𝔲(𝑛)) : {(2𝑚𝑛, 0, 1)}

(𝔰𝔬∗(2𝑛), 𝔰𝔲(𝑛)) :{(𝑛(𝑛 − 1), 0, 1)}

(𝔰𝔭(𝑛,R), 𝔰𝔲(𝑛)) : {(𝑛(𝑛 + 1), 0, 1)}

(𝔢−14
6 , 𝔰𝔬(10)) : {(32, 0, 1)}

(𝔢−25
7 , 𝔢6) : {(54, 0, 1)}

Proof: From Corollary 3.18 we know that 𝑟1 < 0 on 𝔭′ and 𝑟2 > 0 on 𝔭′′. Thus, for the spaces

with two irreducible summands, we have our result simply by checking the dimensions of

𝔭′ since 𝔭′′ has dimension 1. �
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Appendix A

Programming Usage

A.1. Python Usage

In this section, we provide the Python code that uses sympy ([MSP+17]) to determine an

orthonormal basis for 𝔭 = 𝔭′′ ⊕ 𝔭′ in 𝔰𝔬(1, 7) = 𝔤2 ⊕ 𝔭′′ ⊕ 𝔭′ with respect to the metric

〈., .〉 = 𝐵𝔭′ (., .) − 𝐵𝔭′′ (., .).
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Finding a Basis for 𝔰𝔬(1, 7)

1 from sympy import *

2 from sympy import Matrix

3 from sympy.abc import a, b,c,d

4

5 def bracket(a,b):

6 return (a*b - b*a)

7

8 def printbasistolatex(Basis):

9 i = 1

10 for x in Basis:

11 print(i)

12 print_latex(x)

13 print("\\" "\\")

14 i = i+1

15

16 #This is G2 as given by Maple a subalgebra of so(7). I was able to

tell Maple to copy to python code and then I pasted it here

17 G2 = [Matrix

([[0,1,0,0,0,0,0],[-1,0,0,0,0,0,0],[0,0,0,0,0,0,0],[0,0,0,0,0,0,0],

18 [0,0,0,0,0,1,0],[0,0,0,0,-1,0,0],[0,0,0,0,0,0,0]]),

19 Matrix

([[0,0,0,0,0,0,0],[0,0,0,0,0,0,0],[0,0,0,0,0,0,0],[0,0,0,0,0,0,1],

20 [0,0,0,0,0,1,0],[0,0,0,0,-1,0,0],[0,0,0,-1,0,0,0]]),

21 Matrix

([[0,0,1,0,0,0,0],[0,0,0,0,0,0,0],[-1,0,0,0,0,0,0],[0,0,0,0,0,0,0],

22 [0,0,0,0,0,0,1],[0,0,0,0,0,0,0],[0,0,0,0,-1,0,0]]),

23 Matrix

([[0,0,0,0,0,0,0],[0,0,1,0,0,0,0],[0,-1,0,0,0,0,0],[0,0,0,0,0,0,0],

24 [0,0,0,0,0,0,0],[0,0,0,0,0,0,1],[0,0,0,0,0,-1,0]]),
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25 Matrix([[0,0,0,0,0,0,1],[0,0,0,0,0,0,0],[0,0,0,0,1,0,0],

26 [0,0,0,0,0,0,0],[0,0,-1,0,0,0,0],[0,0,0,0,0,0,0],[-1,0,0,0,0,0,0]]),

27 Matrix

([[0,0,0,0,0,0,0],[0,0,0,0,0,0,1],[0,0,0,0,0,1,0],[0,0,0,0,0,0,0],

28 [0,0,0,0,0,0,0],[0,0,-1,0,0,0,0],[0,-1,0,0,0,0,0]]),

29 Matrix

([[0,0,0,1,0,0,0],[0,0,0,0,0,0,0],[0,0,0,0,0,-1,0],[-1,0,0,0,0,0,0],

30 [0,0,0,0,0,0,0],[0,0,1,0,0,0,0],[0,0,0,0,0,0,0]]),

31 Matrix([[0,0,0,0,0,0,0],[0,0,0,1,0,0,0],[0,0,0,0,1,0,0],

32 [0,-1,0,0,0,0,0],[0,0,-1,0,0,0,0],[0,0,0,0,0,0,0],[0,0,0,0,0,0,0]]),

33 Matrix

([[0,0,0,0,0,0,0],[0,0,0,0,0,0,0],[0,0,0,0,0,0,0],[0,0,0,0,1,0,0],

34 [0,0,0,-1,0,0,0],[0,0,0,0,0,0,1],[0,0,0,0,0,-1,0]]),

35 Matrix

([[0,0,0,0,0,0,0],[0,0,0,0,0,0,0],[0,0,0,0,0,0,0],[0,0,0,0,0,1,0],

36 [0,0,0,0,0,0,-1],[0,0,0,-1,0,0,0],[0,0,0,0,1,0,0]]),

37 Matrix([[0,0,0,0,1,0,0],[0,0,0,0,0,0,0],[0,0,0,0,0,0,-1],

38 [0,0,0,0,0,0,0],[-1,0,0,0,0,0,0],[0,0,0,0,0,0,0],[0,0,1,0,0,0,0]]),

39 Matrix

([[0,0,0,0,0,0,0],[0,0,0,0,1,0,0],[0,0,0,-1,0,0,0],[0,0,1,0,0,0,0],

40 [0,-1,0,0,0,0,0],[0,0,0,0,0,0,0],[0,0,0,0,0,0,0]]),

41 Matrix

([[0,0,0,0,0,1,0],[0,0,0,0,0,0,0],[0,0,0,1,0,0,0],[0,0,-1,0,0,0,0],

42 [0,0,0,0,0,0,0],[-1,0,0,0,0,0,0],[0,0,0,0,0,0,0]]),

43 Matrix([[0,0,0,0,0,0,0],[0,0,0,0,0,1,0],[0,0,0,0,0,0,-1],

44 [0,0,0,0,0,0,0],[0,0,0,0,0,0,0],[0,-1,0,0,0,0,0],[0,0,1,0,0,0,0]])]

45

46 #This is so(7) as given by Maple. I copied as python code again and

pasted here. I don’t like its presentation , and I want each element

’s negative
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47 so7 = [Matrix

([[0,-1,0,0,0,0,0],[1,0,0,0,0,0,0],[0,0,0,0,0,0,0],[0,0,0,0,0,0,0],

48 [0,0,0,0,0,0,0],[0,0,0,0,0,0,0],[0,0,0,0,0,0,0]]),

49 Matrix

([[0,0,-1,0,0,0,0],[0,0,0,0,0,0,0],[1,0,0,0,0,0,0],[0,0,0,0,0,0,0],

50 [0,0,0,0,0,0,0],[0,0,0,0,0,0,0],[0,0,0,0,0,0,0]]),

51 Matrix

([[0,0,0,-1,0,0,0],[0,0,0,0,0,0,0],[0,0,0,0,0,0,0],[1,0,0,0,0,0,0],

52 [0,0,0,0,0,0,0],[0,0,0,0,0,0,0],[0,0,0,0,0,0,0]]),

53 Matrix

([[0,0,0,0,-1,0,0],[0,0,0,0,0,0,0],[0,0,0,0,0,0,0],[0,0,0,0,0,0,0],

54 [1,0,0,0,0,0,0],[0,0,0,0,0,0,0],[0,0,0,0,0,0,0]]),

55 Matrix

([[0,0,0,0,0,-1,0],[0,0,0,0,0,0,0],[0,0,0,0,0,0,0],[0,0,0,0,0,0,0],

56 [0,0,0,0,0,0,0],[1,0,0,0,0,0,0],[0,0,0,0,0,0,0]]),

57 Matrix

([[0,0,0,0,0,0,-1],[0,0,0,0,0,0,0],[0,0,0,0,0,0,0],[0,0,0,0,0,0,0],

58 [0,0,0,0,0,0,0],[0,0,0,0,0,0,0],[1,0,0,0,0,0,0]]),

59 Matrix

([[0,0,0,0,0,0,0],[0,0,-1,0,0,0,0],[0,1,0,0,0,0,0],[0,0,0,0,0,0,0],

60 [0,0,0,0,0,0,0],[0,0,0,0,0,0,0],[0,0,0,0,0,0,0]]),

61 Matrix

([[0,0,0,0,0,0,0],[0,0,0,-1,0,0,0],[0,0,0,0,0,0,0],[0,1,0,0,0,0,0],

62 [0,0,0,0,0,0,0],[0,0,0,0,0,0,0],[0,0,0,0,0,0,0]]),

63 Matrix

([[0,0,0,0,0,0,0],[0,0,0,0,-1,0,0],[0,0,0,0,0,0,0],[0,0,0,0,0,0,0],

64 [0,1,0,0,0,0,0],[0,0,0,0,0,0,0],[0,0,0,0,0,0,0]]),

65 Matrix

([[0,0,0,0,0,0,0],[0,0,0,0,0,-1,0],[0,0,0,0,0,0,0],[0,0,0,0,0,0,0],

66 [0,0,0,0,0,0,0],[0,1,0,0,0,0,0],[0,0,0,0,0,0,0]]),
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67 Matrix

([[0,0,0,0,0,0,0],[0,0,0,0,0,0,-1],[0,0,0,0,0,0,0],[0,0,0,0,0,0,0],

68 [0,0,0,0,0,0,0],[0,0,0,0,0,0,0],[0,1,0,0,0,0,0]]),

69 Matrix

([[0,0,0,0,0,0,0],[0,0,0,0,0,0,0],[0,0,0,-1,0,0,0],[0,0,1,0,0,0,0],

70 [0,0,0,0,0,0,0],[0,0,0,0,0,0,0],[0,0,0,0,0,0,0]]),

71 Matrix

([[0,0,0,0,0,0,0],[0,0,0,0,0,0,0],[0,0,0,0,-1,0,0],[0,0,0,0,0,0,0],

72 [0,0,1,0,0,0,0],[0,0,0,0,0,0,0],[0,0,0,0,0,0,0]]),

73 Matrix

([[0,0,0,0,0,0,0],[0,0,0,0,0,0,0],[0,0,0,0,0,-1,0],[0,0,0,0,0,0,0],

74 [0,0,0,0,0,0,0],[0,0,1,0,0,0,0],[0,0,0,0,0,0,0]]),

75 Matrix

([[0,0,0,0,0,0,0],[0,0,0,0,0,0,0],[0,0,0,0,0,0,-1],[0,0,0,0,0,0,0],

76 [0,0,0,0,0,0,0],[0,0,0,0,0,0,0],[0,0,1,0,0,0,0]]),

77 Matrix

([[0,0,0,0,0,0,0],[0,0,0,0,0,0,0],[0,0,0,0,0,0,0],[0,0,0,0,-1,0,0],

78 [0,0,0,1,0,0,0],[0,0,0,0,0,0,0],[0,0,0,0,0,0,0]]),

79 Matrix

([[0,0,0,0,0,0,0],[0,0,0,0,0,0,0],[0,0,0,0,0,0,0],[0,0,0,0,0,-1,0],

80 [0,0,0,0,0,0,0],[0,0,0,1,0,0,0],[0,0,0,0,0,0,0]]),

81 Matrix

([[0,0,0,0,0,0,0],[0,0,0,0,0,0,0],[0,0,0,0,0,0,0],[0,0,0,0,0,0,-1],

82 [0,0,0,0,0,0,0],[0,0,0,0,0,0,0],[0,0,0,1,0,0,0]]),

83 Matrix

([[0,0,0,0,0,0,0],[0,0,0,0,0,0,0],[0,0,0,0,0,0,0],[0,0,0,0,0,0,0],

84 [0,0,0,0,0,-1,0],[0,0,0,0,1,0,0],[0,0,0,0,0,0,0]]),

85 Matrix

([[0,0,0,0,0,0,0],[0,0,0,0,0,0,0],[0,0,0,0,0,0,0],[0,0,0,0,0,0,0],

86 [0,0,0,0,0,0,-1],[0,0,0,0,0,0,0],[0,0,0,0,1,0,0]]),
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87 Matrix

([[0,0,0,0,0,0,0],[0,0,0,0,0,0,0],[0,0,0,0,0,0,0],[0,0,0,0,0,0,0],

88 [0,0,0,0,0,0,0],[0,0,0,0,0,0,-1],[0,0,0,0,0,1,0]])]

89 Newso7 = []

90 for x in so7:

91 Newso7 = Newso7 + [-x]

92

93

94

95 #The G2 basis we have is not orthogonal under trace pairing, and we

ultimately want it’s orthogonal complement

96 #The approach is to us gram-schmidt on G2 with the trace pairing

97 #We then get a linearly independent complement of G2 in so(7) and gram

-schmidt the orthogonal basis for G2 with the lin. ind. complement

98

99 #First we defined a metric of so(7), the scalar is chosen to make

things look nicer

100 def metric(u,v):

101 return(-S(6)*trace(u*v))

102

103 #This defines the projection of v onto u using the metric we defined.

This is needed for gram-schmidt

104 def proj(u,v):

105 return((S(metric(u,v))/metric(u,u))*u)

106

107 #This defines the gram-schmidt procedure function. It needs a basis,

the dimension of the basis, and the size the sqaure matrices

108 #This function returns an orthonormal basis

109 def gramschmidt(Basis, Dim, n):

110 NewBasis = [S(1)/(sqrt(metric(Basis[0], Basis[0])))*Basis[0]]

111 i = 1
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112 j = 0

113 Sub = zeros(n, n)

114 while i < Dim:

115 while j < i:

116 Sub = Sub + proj(NewBasis[j], Basis[i])

117 j = j + 1

118 E = Basis[i] - Sub

119 E = (S(1)/(sqrt(metric(E,E))))*E

120 i = i+1

121 NewBasis = NewBasis + [E]

122 j = 0

123 Sub = zeros(n,n)

124 return(NewBasis)

125

126

127

128

129 #This is to get my orthonormal G2

130 NewG2 = gramschmidt(G2, 14, 7)

131

132

133 #Below is a Linearly independent complement to G2 in so(7)

134 #The process to achieve this was to look at the original G2 write out

the elements as basis elements of so(7)

135 #There was an obvious choice once you write out the origial G2

elements

136 K1 = Newso7[0] + Newso7[17]

137 K2 = Newso7[2] - Newso7[10]

138 K3 = Newso7[4] - Newso7[8]

139 K4 = Newso7[1] - Newso7[16]

140 K5 = Newso7[3] + Newso7[9]
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141 K6 = Newso7[5] + Newso7[7]

142 K7 = Newso7[6] + Newso7[15]

143 LIC = [K1, K2, K3, K4, K5, K6, K7]

144

145 TheBasis = NewG2 + LIC

146

147 #This will provide a basis for the p’’ in so(7) and should keep the

basis for G2 the same

148 TheNewBasis = gramschmidt(TheBasis, 21, 7)

149

150

151 #We now have an orthonormal g2 and we have an orthonormal basis for an

invariant complement

152

153

154 #We now want to place our basis for so(7) inside so(1,7)

155 #This will only require adding a column and row of zeros to the left

and top

156

157

158 so17Basis1 = []

159 for x in TheNewBasis:

160 row = zeros(1, 7)

161 col = zeros(8, 1)

162 R = x.row_insert(0, row)

163 C = R.col_insert(0, col)

164 so17Basis1 = so17Basis1 + [C]

165

166

167 #I now want to create a basis that uses the original basis given for

g2 to avoid any concern about the new g2 basis not being g2
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168

169 #Placing the original g2 basis in so(1,7) which doesn’t change bracket

relations or dimension

170 G28 = []

171 for x in G2:

172 row = zeros(1, 7)

173 col = zeros(8, 1)

174 R = x.row_insert(0, row)

175 C = R.col_insert(0, col)

176 G28 = G28 + [C]

177

178

179 #Now we need our p’ and to complete our so17Basis that is orthonormal

180 #There is an obvious choice for a basis of p’ to make

181 #We will have to rescale our basis in p’ piece to ensure that this

basis is not just orthogonal but orthonormal for our metric

182

183 #These are matrices with ones along the first row except the diagonal

and 0’s elsewhere

184 e1 = Matrix([[0,1, 0,0,0,0,0,0], zeros(7,8)])

185 e2 = Matrix([[0,0, 1,0,0,0,0,0], zeros(7,8)])

186 e3 = Matrix([[0,0, 0,1,0,0,0,0], zeros(7,8)])

187 e4 = Matrix([[0,0, 0,0,1,0,0,0], zeros(7,8)])

188 e5 = Matrix([[0,0, 0,0,0, 1,0,0], zeros(7,8)])

189 e6 = Matrix([[0,0, 0,0,0, 0,1,0], zeros(7,8)])

190 e7 = Matrix([[0,0, 0,0,0, 0,0, 1], zeros(7,8)])

191

192

193 p1 = e1 + transpose(e1)

194 p2 = e2 + transpose(e2)

195 p3 = e3 + transpose(e3)
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196 p4 = e4 + transpose(e4)

197 p5 = e5 + transpose(e5)

198 p6 = e6 + transpose(e6)

199 p7 = e7 + transpose(e7)

200

201

202 P = [p1, p2, p3, p4, p5, p6, p7]

203

204

205

206

207

208

209

210 so17Basis = G28 + so17Basis1[14:21] + P

211 #printbasistolatex(so17Basis)

212

213 #I now want to reorder the basis in p’’ to get the intertwing map to

be diagonal in all four blocks, and in addition to this

214 #We will rescale the basis in p’ so that it is orthonormal

215

216 A = so17Basis[0:14]

217 B = [so17Basis[20], -so17Basis[17], so17Basis[14], -so17Basis[18],

so17Basis[15], so17Basis[19], -so17Basis[16]]

218 C = []

219 for x in so17Basis[21:28]:

220 y = S(1)/sqrt(12)*x

221 C = C + [y]

222 so17Basis = A + B + C

223

224
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225

226

227 #The following assignments are in some sense redundant , but it puts a

nice name on them

228

229 #G2 in so(1,7)

230 G28 = so17Basis[0:14]

231

232 #p’’

233 P2 = so17Basis[14:21]

234

235 #p’

236 P1 = so17Basis[21:28]

237

238

239 #Here is the metric to make so17Basis orthonormal. P1 is the only not

orthonormal piece left

240 #It is important to recognize that this metric works fine on P1 so

long as it is an elemnt of P1, the collection of basis elements

241 #However, if you try to use the metric on a linear combination of

basis elements in P1, it will not work

242 #The purpose of defining the metric this way is to make it simple for

checking orthonormality of the basis

243 def metric1(u,v):

244 if u in P1 and v in P1:

245 return(S(6)*trace(u*v))

246 else:

247 return(metric(u,v))

248

249

250
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Code Checks for 𝔰𝔬(1, 7) Basis

In the following, we provide the code we use to check that our basis is what we want. That

is, we check that our basis is orthonormal with respect to 〈., .〉, we check that we span 𝔭, and

we ensure that 𝔭′′ is an 𝑎𝑑𝔤2 invariant complement by checking that it is a 〈., .〉 orthogonal

complement to 𝔤2.

1 from sympy import *

2 from sympy import Matrix

3 from sympy.abc import a, b,c,d

4 from so17orthonormalbasis import *

5

6 #This file checks that I have a decomposition for so(1,7) = g2 + p’’ +

p’

7 #The one thing that is not checked is that when I take the g2 I get

from Maple and place it in so(1,7) that it is still g2.

8 #One can eye-ball it if needed, but all I am doing is placing a row of

0’s and a column of 0’s above and to the left of the matrices in g2

9 #This does not change bracket relations or dimension , so I am still in

g2.

10

11

12 #The ordering of the checks:

13 #First, we check that g2 + p’’ is in so(7) and an orthogonal

decomposition

14 #Second, we check that so(7) + p’ is an orthogonal decomposition and

that p’ matches Helgason’s definition in Ch. X

15 #Third, we check that p’’ has an orthonormal decomposition

16 #Fourth, we check that p’ has an orthonormal decomposition

17 #Last, we check that so(1,7) has the right dimension of 28
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18 #The only other thing one might want to check is that the so(7) is in

the bottom right block and the p’ consists of E_1i + E_i1, this is

an easy check by the eye or you can look at the source code

19

20

21 #This is the so(1,7) basis whose first 14 entries are the G2 above but

placed in so(1,7) instead of just so(7)

22 #The next 14 entries make up p’’ and p’ (7 dim each)

23 so17Basis

24

25 #G2 in so(1,7)

26 G28

27

28 #p’’

29 P2

30

31 #p’

32 P1

33

34

35

36

37

38 print("Check 1: G28 + P2, are they orthogonal commplements in so(7)

and are there enough elements to span?")

39 #Check that G28 and p’’ are orthogonal under trace(uv) and are in so

(7) inside so(1,7)

40 #If you get an "uh oh for G28 and p2" then you are not in so(7)

41 #If you get something besides [0,21], you don’t have orthogonality (

the 0) or enough to span (the 21)

42 sum = 0
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43 for x in G28:

44 for y in P2:

45 if transpose(x) == -x and transpose(y) == -y:

46 sum = sum + trace(x*y)

47 else:

48 print("uh oh for G28 and p2")

49 print([x,y])

50 print("no uh oh message? Success, your elements are skew symmetric!")

51 print("If there is an uh oh message, then the pair [x,y] that comes

with it are the elements in G28 and P2 respectively that are not in

so(7)")

52 print([sum, len(G28 + P2)])

53 print("If the pair above is [0, 21] then you have orthogonality

between elements in G28 and P2 and there are 21 elements in G28 + P2

")

54 print("If the first number is not 0, you don’t have an orthogonal

complement")

55 print("If the second number is not 21 then you don’t have enough

elements to span so(7)")

56

57

58

59 K = G28 + P2

60

61

62 print("Check 2: Is P1 orthogonal to the maximal compact so(7) = K and

are there enough elements to span so(1,7)?")

63 #Checking that P1 is orthogonal to the maximal compact so(7) = K

64 #Also checking that P1 is as defined in Helgason

65 #If you get an "uh oh for p1" then it is not defined as in Helgason
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66 #If you get a number other than [0, 7] then you don’t have

orthogonality (the 0) or enough to span (the 7)

67 sum = 0

68 for x in K:

69 for y in P1:

70 if transpose(y) == y:

71 sum = sum + trace(x*y)

72 else:

73 print("uh oh for P1")

74 print(y)

75 print("no uh oh message? Success! Your elements are symmetric!")

76 print("If there is an uh oh message then the element that comes with

it is not in p’")

77 print([sum, len(P1)])

78 print("If the above [x,y] is [0,7] then you have P1 as an orthogonal

complement to K and K + P1 has enough elements to span so(1,7)")

79 print("If not x in [x,y] is not 0 then you don’t have an orthogonal

complement and if y is not 28 then you don’t have enough elements to

span so(1,7)")

80

81

82 print("Check 3: Are P1 and P2 elements orthonormal for their

respective metrics?")

83 #Checking orthonormality of P2 using the metric defined in called file

84 #If the sum is anything other than 0 orthogonality is a problem

85 #If "uh oh P2 not orthonormal" appears then the element is not norm 1

86 sum = 0

87 for x in P2:

88 for y in P2:

89 if x == y:

90 if metric(x,y) == 1:
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91 pass

92 else:

93 print("uh oh P2 not orthonormal")

94 print(x)

95 else:

96 sum = sum + metric(x,y)

97 print("If no uh oh message for P2 then your norms are 1! Otherwise ,

the element given is not normalized for the metric")

98 print(sum)

99 print("If the number above is not 0 then you don’t have orthogonality

in P2!")

100

101

102

103 #Checking orthonormality of P1 using the metric defined in called file

104 #If the sum is anything other than 0 orthogonality is a problem

105 #If "uh oh P1 not orthonormal" appears then the element is not norm 1

106 sum = 0

107 for x in P1:

108 for y in P1:

109 if x == y:

110 if metric1(x,y) == 1:

111 pass

112 else:

113 print("uh oh P1 not orthonormal")

114 print(x)

115 else:

116 sum = sum + metric(x,y)

117 print("If no uh oh message for P1 then your norms are 1! Otherwise ,

the element given is not normalized for the metric")

118 print(sum)
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119 print("If the number above is not 0 then you don’t have orthogonality

in P1!")

120

121 #This checks how many elements are in so17, I expect 28

122 print(len(so17Basis))

123

Below is what we get when we run the above piece of code.

1 Check 1: G28 + P2, are they orthogonal commplements in so(7) and are

there enough elements to span?

2 no uh oh message? Success, your elements are skew symmetric!

3 If there is an uh oh message, then the pair [x,y] that comes with it

are the elements in G28 and P2 respectively that are not in so(7)

4 [0, 21]

5 If the pair above is [0, 21] then you have orthogonality between

elements in G28 and P2 and there are 21 elements in G28 + P2

6 If the first number is not 0, you don’t have an orthogonal complement

7 If the second number is not 21 then you don’t have enough elements to

span so(7)

8 Check 2: Is P1 orthogonal to the maximal compact so(7) = K and are

there enough elements to span so(1,7)?

9 no uh oh message? Success! Your elements are symmetric!

10 If there is an uh oh message then the element that comes with it is

not in p’

11 [0, 7]

12 If the above [x,y] is [0,7] then you have P1 as an orthogonal

complement to K and K + P1 has enough elements to span so(1,7)

13 If not x in [x,y] is not 0 then you don’t have an orthogonal

complement and if y is not 28 then you don’t have enough elements to

span so(1,7)

14 Check 3: Are P1 and P2 elements orthonormal for their respective
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metrics?

15 If no uh oh message for P2 then your norms are 1! Otherwise , the

element given is not normalized for the metric

16 0

17 If the number above is not 0 then you don’t have orthogonality in P2!

18 If no uh oh message for P1 then your norms are 1! Otherwise , the

element given is not normalized for the metric

19 0

20 If the number above is not 0 then you don’t have orthogonality in P1!

21 28

22
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Our Orthonormal basis on 𝔭′′ ⊕ 𝔭′

Here we provide the basis that we ultimately use to compute 𝑟𝑖𝑐. This basis is orthonormal

with respect to 〈., .〉.

Our basis for 𝔭′′:

1



0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 1
6 0 0 0 0

0 0 −1
6 0 0 0 0 0

0 0 0 0 0 1
6 0 0

0 0 0 0 −1
6 0 0 0

0 0 0 0 0 0 0 −1
6

0 0 0 0 0 0 1
6 0



2



0 0 0 0 0 0 0 0

0 0 0 −1
6 0 0 0 0

0 0 0 0 0 0 0 0

0 1
6 0 0 0 0 0 0

0 0 0 0 0 0 1
6 0

0 0 0 0 0 0 0 1
6

0 0 0 0 −1
6 0 0 0

0 0 0 0 0 −1
6 0 0



3



0 0 0 0 0 0 0 0

0 0 1
6 0 0 0 0 0

0 −1
6 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 1
6

0 0 0 0 0 0 −1
6 0

0 0 0 0 0 1
6 0 0

0 0 0 0 −1
6 0 0 0



4



0 0 0 0 0 0 0 0

0 0 0 0 0 −1
6 0 0

0 0 0 0 0 0 −1
6 0

0 0 0 0 0 0 0 −1
6

0 0 0 0 0 0 0 0

0 1
6 0 0 0 0 0 0

0 0 1
6 0 0 0 0 0

0 0 0 1
6 0 0 0 0
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5



0 0 0 0 0 0 0 0

0 0 0 0 1
6 0 0 0

0 0 0 0 0 0 0 −1
6

0 0 0 0 0 0 1
6 0

0 −1
6 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 −1
6 0 0 0 0

0 0 1
6 0 0 0 0 0



6



0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 1
6

0 0 0 0 1
6 0 0 0

0 0 0 0 0 −1
6 0 0

0 0 −1
6 0 0 0 0 0

0 0 0 1
6 0 0 0 0

0 0 0 0 0 0 0 0

0 −1
6 0 0 0 0 0 0



7



0 0 0 0 0 0 0 0

0 0 0 0 0 0 −1
6 0

0 0 0 0 0 1
6 0 0

0 0 0 0 1
6 0 0 0

0 0 0 −1
6 0 0 0 0

0 0 −1
6 0 0 0 0 0

0 1
6 0 0 0 0 0 0

0 0 0 0 0 0 0 0


Our basis for 𝔭′

8



0
√

3
6 0 0 0 0 0 0

√
3

6 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0



9



0 0
√

3
6 0 0 0 0 0

0 0 0 0 0 0 0 0
√

3
6 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0
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10



0 0 0
√

3
6 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0
√

3
6 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0



11



0 0 0 0
√

3
6 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0
√

3
6 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0



12



0 0 0 0 0
√

3
6 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0
√

3
6 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0



13



0 0 0 0 0 0
√

3
6 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0
√

3
6 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0



14



0 0 0 0 0 0 0
√

3
6

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0
√

3
6 0 0 0 0 0 0 0
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Finding the Equivariant maps 𝜙

We now provide the code that builds our equivariant maps, 𝜙, and our 𝑎𝑑𝔤2 matrices for a

given basis element of 𝔤2 acting on a basis element of 𝔭 as provided above. That is, if 𝑥𝑖 is

a basis element of 𝔭 from above and 𝑒 𝑗 is an element of 𝔤2 from above, we here build the

maps 𝑎𝑑𝑒 𝑗 (𝑥 𝑗 ) : 𝔭 → 𝔭.

1 from so17orthonormalbasis import *

2

3 #This is the so(1,7) basis whose first 14 entries are the G2 above but

placed in so(1,7) instead of just so(7)

4 #The next 14 entries make up p’’ and p’ (7 dim each)

5 so17Basis

6

7 #G2 in so(1,7)

8 G28

9

10 #p’’

11 P2

12

13 #p’

14 P1

15

16

17

18 #First we build our adg2 matrices and we do so in one big loop

19 #We build our matrix by using the inner product. That is M_ij = <Mej,

e_i> for a matrix M and an orthonormal basis with respect to <.,.>

20 #The result of this process is a list of matrices that are 14x14 with

the top left 7x7 going to p’’ and the bottom right going to p’

21 admat = []
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22 k = 0

23 while k < 14: #This loop is selecting basis elements from G28 to enter

ino the bracket

24 adg = zeros(14,14)

25 i = 14

26 while 13 < i < 21: #This loop is selecting basis elements from p’’ for

the bracket

27 BR = bracket(so17Basis[k], so17Basis[i]) #bracket is called from

so17orthonormalbasis.py

28 j = 14

29 while 13 < j < 21:

30 if metric(BR, so17Basis[j]) == 0: #metric(.,.) is called from

so17orthonormalbasis.py

31 pass

32 else:

33 adg[j-14, i-14] = metric(BR, so17Basis[j])

34 j = j+1

35 i = i + 1

36

37 i = 21 #This loop is selecting basis elements from p’ for the bracket

38 while 20 < i < 28:

39 BR = bracket(so17Basis[k], so17Basis[i])

40 j = 21

41 while 20 < j < 28:

42 if S(6) * trace(BR * so17Basis[j]) == 0: # Here we can’t call metric1

because BR will be a scalar multiple of a basis element. See comment

in the file so17orthonormalbasis.py where metric1(.,.) is defined.

This is at the end of the code.

43 pass

44 else:

45 adg[j - 14, i - 14] = S(6) * trace(BR * so17Basis[j])
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46 j = j +1

47 i = i +1

48 admat = admat + [adg]

49 k = k +1

50

51

52

53

54

55 Psi = zeros(14, 14)

56 Psi[7,0] = c

57 Psi[8, 1] = c

58 Psi[9, 2] = c

59 Psi[10, 3] = c

60 Psi[11, 4] = c

61 Psi[12, 5] = c

62 Psi[13, 6] = c

63

64 #We make it symmetric since we ultimately want that

65 Psi = Psi + transpose(Psi)

66

67 #Here we get our multiple of the identity for the top left and top

right

68 #We do this separately because sympy wants to treat my Psi above as

immutatable on the diagonal for some reason

69 #So it is not letting me go through and redefine the diagonal entries,

but it will let me add something to them

70 T = zeros(14,14)

71 i =0

72 while i < 7:

73 T[i,i] = a
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74 T[i+7, i+7] = b

75 i = i +1

76

77 Phi = Psi + T

78

79

Now, we provide the code used to check that 𝑎𝑑𝑒𝑖𝜙 − 𝜙𝑎𝑑𝑒𝑖 = 0 for each 𝑒𝑖 in the

provided basis of 𝔤2. We remind the reader that Phi in the code currently corresponds to 𝜙

from Lemma 3.31.

1 from so17orthonormalbasis import *

2 from IntertwiningMap import *

3

4 #This is the collection of 14x14 matrices for adg2 acting on p’’ + p’

5 #There are 14 entries as is checked here

6 admat

7 print("The number of adg2 maps is ", len(admat))

8 print("Was it 14? If so, success! If not... oops")

9

10

11 #This is the intertwining map on p’’ + p’

12 Phi

13

14

15 #This checks to make sure that the Phi intertwines.

16 #It fails if you get "uh oh" and it tells you which element it fails

for

17 i = 0

18 for x in admat:

19 if Phi*x - x*Phi == zeros(14,14):

20 pass
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21 else:

22 print("uh oh")

23 print(x)

24 print("if no uh oh, then success! Phi is an intertwining map!")

25

Here we provide the output when the code to check the intertwining maps is run.

1 The number of adg2 maps is 14

2 Was it 14? If so, success! If not... oops

3 if no uh oh, then success! Phi is an intertwining map!

4
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Finding the 𝑎𝑑𝔭 maps and 𝑟𝑖𝑐(., .)

In the following, we provide the code that demonstrates how we built our Ricci tensor values

using the basis, inner product, and equivariant maps achieved prior. We note that we here

also provide the way we construct our 𝑎𝑑𝔭 (𝑥𝑖) : 𝔭 → 𝔭 maps where 𝑥𝑖 comes from the

provided orthonormal basis for 𝔭.

1 from so17orthonormalbasis import *

2 from IntertwiningMap import *

3

4 #Now to create the ad maps for the p’’ and p’ parts

5 #Since ad will now have some g_2 in it, we will need to just take the

inner product value for the matrix values

6 #Other than that, it is the same process for the adp’’ as it was for

the adg2

7 #For adp’, by Cartan decomposition properties , it will be top right

and bottom left blocks with values, so the metric usages must change

8 adpmat = []

9 k = 14

10 while 13 < k < 21: #Selecting an element from p’’ to calculate ad for

that element

11 adp = zeros(14, 14)

12 i = 14

13 while 13 < i < 21:

14 BR = bracket(so17Basis[k], so17Basis[i]) #if x in p’’ then [x,y] has a

component in p’’ for y in p’’ so we use the metric on p’’ here

15 j = 14

16 while 13 < j < 21:

17 if trace(BR*so17Basis[j]) == 0:

18 pass

19 else:
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20 adp[j-14, i-14] = metric(BR, so17Basis[j])

21 j = j+1

22 i = i + 1

23

24

25 i = 21

26 while 20 < i < 28:

27 BR = bracket(so17Basis[k], so17Basis[i]) #if x in p’’ then [x,y] is in

p’ for y in p’ so we use the metric on p’ here

28 j = 21

29 while 20 < j < 28:

30 if trace(BR*so17Basis[j]) == 0:

31 pass

32 else:

33 adp[j - 14, i - 14] = S(6)*trace(BR*so17Basis[j])

34 j = j +1

35 i = i +1

36 adpmat = adpmat + [adp]

37 k = k +1

38

39 #For the second 7, by the Cartan properties , the ad maps will send p’’

to p’ and p’ to p’’.

40 k = 21

41 while 20 < k < 28:

42 adp = zeros(14, 14)

43 i = 14

44 while 13 < i < 21:

45 BR = bracket(so17Basis[k], so17Basis[i])

46 j = 21

47 while 20 < j < 28:

48 if trace(BR*so17Basis[j]) == 0:
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49 pass

50 else:

51 adp[j - 14, i - 14] = S(6)*trace(BR*so17Basis[j])

52 j = j + 1

53 i = i +1

54

55 i = 21

56 while 20 < i < 28:

57 BR = bracket(so17Basis[k], so17Basis[i])

58 j = 14

59 while 13 < j < 21:

60 if trace(BR*so17Basis[j]) == 0:

61 pass

62 else:

63 adp[j-14, i-14] = metric(BR, so17Basis[j])

64 j = j+1

65 i = i + 1

66 adpmat = adpmat + [adp]

67 k = k + 1

68

69

70 Phi_inv = Phi.inv()

71

72

73

74

75 #The next three functions are described in the LaTex file "SO17_G2"

76

77 #x and y are vectors of length 14

78 #phi is any 14 by 14 matrix but we want it to be an intertwining map

79 #admaps is all the ad_p maps
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80 def Term1(x,y, phi, admaps):

81 sum = 0

82 i = 0

83 phi_inv = phi.inv()

84 while i < 14:

85 ad = zeros(14,14)

86 k = 0

87 while k < 14:

88 ad = ad + phi_inv[k,i]*admaps[k]

89 k = k +1

90 first = phi*ad*x

91 second = phi*ad*y

92 sum = sum + first.dot(second)

93 i = i + 1

94 return(sum)

95

96 #x and y are vectors of lenght 14

97 #phi is any 14 by 14 matrix but we want it to be an intertwining map

98 #admaps is all the ad_p maps

99 #PBasis1 is the standard orthonormal basis in Rˆ14

100

101 def Term3(x, y, phi, admaps, PBasis1):

102 sum = 0

103 j = 0

104 phi_inv = phi.inv()

105 while j < 14:

106 i = 0

107 while i < 14:

108 ad = zeros(14,14)

109 k = 0

110 while k < 14:
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111 ad = ad + phi_inv[k, i]*admaps[k]

112 k = k +1

113 first = phi*ad*phi_inv*PBasis1[j] #The left part of the inner product

in both pieces

114 second = phi*x #The right part of the inner product in the first inner

product

115 third = phi*y #The right part of the inner product in the second inner

product

116 sum = sum + (first.dot(second))*(first.dot(third))

117 i = i +1

118 j = j +1

119 return(sum)

120

121 #Killing here will take x and y the same as the other terms, but will

first produce the matrices in so(1,7) corresponding to x and y

122 #Using the matrices, we utilize that B(.,.) = 6tr(..)

123 def Killing(x,y, PBasis2):

124 i = 0

125 mx = zeros(8,8)

126 my = zeros(8,8)

127 while i < 14:

128 mx = mx + x[i]*PBasis2[i]

129 my = my + y[i]*PBasis2[i]

130 i = i + 1

131 tr = trace(mx*my)

132 return(6*tr)

133

134 def ric(x,y, phi, admaps, PBasis1, PBasis2):

135 rxy = S(-1)/2*Term1(x,y, phi, admaps) + S(1)/4*Term3(x, y, phi, admaps

, PBasis1) - S(1)/2*Killing(x,y, PBasis2)

136 return(rxy)
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137

138 M = eye(14,14)

139 E_1 = M.col(0)

140 E_2 = M.col(1)

141 E_3 = M.col(2)

142 E_4 = M.col(3)

143 E_5 = M.col(4)

144 E_6 = M.col(5)

145 E_7 = M.col(6)

146 E_8 = M.col(7)

147 E_9 = M.col(8)

148 E_10 = M.col(9)

149 E_11 = M.col(10)

150 E_12 = M.col(11)

151 E_13 = M.col(12)

152 E_14 = M.col(13)

153

154 #This creates our standard basis with a 1 in the ith spot

155 PBasis1 = [E_1, E_2, E_3, E_4, E_5, E_6, E_7, E_8, E_9, E_10, E_11,

E_12, E_13, E_14]

156

157 #This selects our orthonormal basis for p = p’’ + p’

158 PBasis2 = so17Basis[14:28]

159
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Code for Checking 𝑟𝑖𝑐(., .)

Here, we provide the code for the various checks we ran to make sure that our code is

producing what we expected. Due to shape of our equivariant maps and the symmetric

form of 𝑟𝑖𝑐(., .), we expect a certain shape for our 𝑟𝑖𝑐(., .) corresponding to what is discussed

in Remark 3.30. The code makes sure that we get zeros where expected, equal terms where

expected, and that our 𝑟𝑖𝑐(., .) is scale invariant.

1 from so17orthonormalbasis import *

2 from IntertwiningMap import *

3 from so17Ricci import *

4

5 #ric(.,.) should have a shape that matches the Phi. I should get 0’s

everwhere except along "diagonal" terms in the "four blocks"

6 #In terms of a (0,2) tensor this means that ric(e_i e_i) is non zero

and ric(e_i e_i+7) = ric(e_i+7 e_i) is nonzero but zero elsewhere

7 #We also check bilinearity along the "off diagonal blocks"

8 #We also check scale invariance

9

10

11 #I ran the following code to check to make sure that it gave zeros

where it should

12 i = 0

13 while i < 14:

14 j = 0

15 while j < 14:

16 if i == j:

17 pass

18 else:

19 if ric(PBasis1[i],PBasis1[j], Phi_inv, adpmat, PBasis1, PBasis2) == 0:

20 pass
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21 else:

22 print([i+1,j+1])

23 j = j+1

24 i = i +1

25 print("This checks out if you see [1, 8] , ..., [7, 14] and the same

pairs swapped around since those correspond to the diagonal entries

of the top right and bottom left blocks")

26

27 #Checking if the "top left block" is a multiple of the identity

28 i = 0

29 while i < 6:

30 x = ric(PBasis1[i], PBasis1[i], Phi_inv, adpmat, PBasis1, PBasis2)

31 y = ric(PBasis1[i+1], PBasis1[i+1], Phi_inv, adpmat, PBasis1, PBasis2)

32 if x == y:

33 pass

34 else:

35 print("uh oh")

36 print([i, i+1])

37 i = i +1

38 print("No uh oh? Success! The values representing the top left block

entries are a multiple of the identity")

39 print("See an uh oh message? The pair [x,y] tells you which basis

elements are the problem.")

40

41

42 #Checking if the "bottom right block" is a multiple of the identity

43 i = 7

44 while 6 < i < 13:

45 x = ric(PBasis1[i], PBasis1[i], Phi_inv, adpmat, PBasis1, PBasis2)

46 y = ric(PBasis1[i+1], PBasis1[i+1], Phi_inv, adpmat, PBasis1, PBasis2)

47 if x == y:
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48 pass

49 else:

50 print("uh oh")

51 print([i, i+1])

52 i = i +1

53 print("No uh oh? Success! The values representing the bottom right

block entries are a multiple of the identity")

54 print("See an uh oh message? The pair [x,y] tells you which basis

elements are the problem.")

55

56 #Checking the "top right block" is a multiple of the idenity

57 i = 0

58 while i < 6:

59 x = ric(PBasis1[i], PBasis1[i+7], Phi_inv, adpmat, PBasis1, PBasis2)

60 y = ric(PBasis1[i+1], PBasis1[i+8], Phi_inv, adpmat, PBasis1, PBasis2)

61 if x == y:

62 pass

63 else:

64 print("uh oh")

65 print([i, i+7])

66 i = i +7

67 print("No uh oh? Success! The values representing the top right block

entries are a multiple of the identity")

68 print("See an uh oh message? The pair [x,y] tells you which basis

elements are the problem.")

69

70 #Check the "bottom left block" is a multiple of the identity

71 i = 0

72 while i < 6:

73 x = ric(PBasis1[i+7], PBasis1[i], Phi_inv, adpmat, PBasis1, PBasis2)

74 y = ric(PBasis1[i+8],PBasis1[i+1], Phi_inv, adpmat, PBasis1, PBasis2)
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75 if x == y:

76 pass

77 else:

78 print("uh oh")

79 print([i, i+7])

80 i = i +7

81 print("No uh oh? Success? The values representing the bottom left

block entries are a multiple of the identity")

82 print("See an uh oh message? The pair [x,y] tells you which basis

elements are the problem.")

83

84 #Checking symmetry of the "off diagonal blocks"

85 i = 0

86 while i < 6:

87 x = ric(PBasis1[i], PBasis1[i+7], Phi_inv, adpmat, PBasis1, PBasis2)

88 y = ric(PBasis1[i+7], PBasis1[i], Phi_inv, adpmat, PBasis1, PBasis2)

89 if x == y:

90 pass

91 else:

92 print("uh oh")

93 print([i, i+1])

94 i = i +1

95 print("No uh oh? Success! The top left block and bottom right block

have the same diagonal entries")

96 print("See an uh oh message? The pair [x,y] tells you which basis

elements are the problem.")

97

98

99 #Checking scale invariance

100 #Expect to get 3 zeros here
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101 r1 = ric(PBasis1[0],PBasis1[0], Phi_inv, adpmat, PBasis1, PBasis2) -

ric(PBasis1[0],PBasis1[0], d*Phi_inv, adpmat, PBasis1, PBasis2)

102 r2 = ric(PBasis1[8],PBasis1[8], Phi_inv, adpmat, PBasis1, PBasis2) -

ric(PBasis1[8],PBasis1[8], d*Phi_inv, adpmat, PBasis1, PBasis2)

103 r3 = ric(PBasis1[0],PBasis1[7], Phi_inv, adpmat, PBasis1, PBasis2) -

ric(PBasis1[0],PBasis1[7], d*Phi_inv, adpmat, PBasis1, PBasis2)

104

105 print("Do you see three zeros below? If so, success! ric is scale

invariant. Otherwise , the nonzero term corresponds to a not scale

invariant value")

106 r1 = simplify(r1)

107 print_latex(r1)

108 r2 = simplify(r2)

109 print_latex(r2)

110 r3 = simplify(r3)

111 print_latex(r3)

112

Below is what the above code prints when run.

1 [1, 8]

2 [2, 9]

3 [3, 10]

4 [4, 11]

5 [5, 12]

6 [6, 13]

7 [7, 14]

8 [8, 1]

9 [9, 2]

10 [10, 3]

11 [11, 4]

12 [12, 5]
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13 [13, 6]

14 [14, 7]

15 This checks out if you see [1, 8] , ..., [7, 14] and the same pairs

swapped around since those correspond to the diagonal entries of the

top right and bottom left blocks

16 No uh oh? Success! The values representing the top left block entries

are a multiple of the identity

17 See an uh oh message? The pair [x,y] tells you which basis elements

are the problem.

18 No uh oh? Success! The values representing the bottom right block

entries are a multiple of the identity

19 See an uh oh message? The pair [x,y] tells you which basis elements

are the problem.

20 No uh oh? Success! The values representing the top right block entries

are a multiple of the identity

21 See an uh oh message? The pair [x,y] tells you which basis elements

are the problem.

22 No uh oh? Success? The values representing the bottom left block

entries are a multiple of the identity

23 See an uh oh message? The pair [x,y] tells you which basis elements

are the problem.

24 No uh oh? Success! The top left block and bottom right block have the

same diagonal entries

25 See an uh oh message? The pair [x,y] tells you which basis elements

are the problem.

26 Do you see three zeros below? If so, success! ric is scale invariant.

Otherwise , the nonzero term corresponds to a not scale invariant

value

27 0

28 0

29 0
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30

The last code we provide from Python is the actual expression for 𝑟1, 𝑟2, and 𝑟3 in terms

of (𝑎, 𝑏, 𝑐). We provide the code with its Mathematica output as this is what we use in the

next section when we begin to work in Mathematica.

1 r1 = ric(PBasis1[0],PBasis1[0], Phi_inv, adpmat, PBasis1, PBasis2)

2 r2 = ric(PBasis1[8],PBasis1[8], Phi_inv, adpmat, PBasis1, PBasis2)

3 r3 = ric(PBasis1[0],PBasis1[7], Phi_inv, adpmat, PBasis1, PBasis2)

4

5 r1 = simplify(r1)

6 r1 = simplify(r1)

7 print(mathematica_code(r1))

8 r2 = simplify(r2)

9 r2 = simplify(r2)

10 print(mathematica_code(r2))

11 r3 = simplify(r3)

12 r3 = simplify(r3)

13 print(mathematica_code(r3))

14

15

16 (1/24)*(9*aˆ4*bˆ4 + 9*aˆ4*cˆ4 - 36*aˆ3*bˆ3*cˆ2 + 36*aˆ3*b*cˆ4 + 6*aˆ2*

bˆ4*cˆ2 + 120*aˆ2*bˆ2*cˆ4 + 6*aˆ2*cˆ6 + 12*a*bˆ5*cˆ2 + 60*a*bˆ3*cˆ4

- 24*a*b*cˆ6 + bˆ8 + 10*bˆ6*cˆ2 + 27*bˆ4*cˆ4 + 10*bˆ2*cˆ6 + 10*cˆ8)

/(aˆ4*bˆ4 - 4*aˆ3*bˆ3*cˆ2 + 6*aˆ2*bˆ2*cˆ4 - 4*a*b*cˆ6 + cˆ8)

17

18 (1/24)*(cˆ2*(3*aˆ3 + aˆ2*b + 3*a*cˆ2 + b*cˆ2)ˆ2 + cˆ2*(2*aˆ2*b + a*bˆ2

+ a*cˆ2 + bˆ3 + 3*b*cˆ2)ˆ2 - 12*(a*b - cˆ2)ˆ4 - 2*(a*b - cˆ2)ˆ2*(2*

cˆ2*(a + b)ˆ2 + (aˆ2 + cˆ2)ˆ2 + (bˆ2 + cˆ2)ˆ2) + 2*(aˆ3*b + 2*aˆ2*c

ˆ2 + 3*a*b*cˆ2 + bˆ2*cˆ2 + cˆ4)ˆ2)/(a*b - cˆ2)ˆ4

19

20 -c*(9*aˆ5*bˆ2 + 9*aˆ5*cˆ2 + 9*aˆ4*bˆ3 + 9*aˆ4*b*cˆ2 + 6*aˆ3*bˆ4 + 30*a
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ˆ3*bˆ2*cˆ2 + 24*aˆ3*cˆ4 + 6*aˆ2*bˆ5 + 30*aˆ2*bˆ3*cˆ2 + 24*aˆ2*b*cˆ4

+ a*bˆ6 + 9*a*bˆ4*cˆ2 + 24*a*bˆ2*cˆ4 + 16*a*cˆ6 + bˆ7 + 9*bˆ5*cˆ2 +

24*bˆ3*cˆ4 + 16*b*cˆ6)/(24*aˆ4*bˆ4 - 96*aˆ3*bˆ3*cˆ2 + 144*aˆ2*bˆ2*c

ˆ4 - 96*a*b*cˆ6 + 24*cˆ8)

21

22
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A.2. Mathematica Usage

First, we paste what we got from Python in the previous section into Mathematica so that

we can begin to do computations using built in functions Mathematica provides. At the end

of this piece of coding in Mathematica, we also provide where we checked the range of our

𝑟1 (called 𝑟31 here). This is important for Step 6 (3.3) when we utilize the fact that 𝑟1 > 0.

1 In[37]:= r31 =

2 Simplify[-c*(9*aˆ5*bˆ2 + 9*aˆ5*cˆ2 + 9*aˆ4*bˆ3 + 9*aˆ4*b*cˆ2 +

3 6*aˆ3*bˆ4 + 30*aˆ3*bˆ2*cˆ2 + 24*aˆ3*cˆ4 + 6*aˆ2*bˆ5 +

4 30*aˆ2*bˆ3*cˆ2 + 24*aˆ2*b*cˆ4 + a*bˆ6 + 9*a*bˆ4*cˆ2 +

5 24*a*bˆ2*cˆ4 + 16*a*cˆ6 + bˆ7 + 9*bˆ5*cˆ2 + 24*bˆ3*cˆ4 +

6 16*b*cˆ6)/(24*aˆ4*bˆ4 - 96*aˆ3*bˆ3*cˆ2 + 144*aˆ2*bˆ2*cˆ4 -

7 96*a*b*cˆ6 + 24*cˆ8)]

8

9 r21 = Simplify[(1/

10 24)*(cˆ2*(3*aˆ3 + aˆ2*b + 3*a*cˆ2 + b*cˆ2)ˆ2 +

11 cˆ2*(2*aˆ2*b + a*bˆ2 + a*cˆ2 + bˆ3 + 3*b*cˆ2)ˆ2 -

12 12*(a*b - cˆ2)ˆ4 -

13 2*(a*b - cˆ2)ˆ2*(2*

14 cˆ2*(a + b)ˆ2 + (aˆ2 + cˆ2)ˆ2 + (bˆ2 + cˆ2)ˆ2) +

15 2*(aˆ3*b + 2*aˆ2*cˆ2 + 3*a*b*cˆ2 + bˆ2*cˆ2 + cˆ4)ˆ2)/(a*b -

16 cˆ2)ˆ4]

17 r11 = Simplify[(1/

18 24)*(9*aˆ4*bˆ4 + 9*aˆ4*cˆ4 - 36*aˆ3*bˆ3*cˆ2 + 36*aˆ3*b*cˆ4 +

19 6*aˆ2*bˆ4*cˆ2 + 120*aˆ2*bˆ2*cˆ4 + 6*aˆ2*cˆ6 + 12*a*bˆ5*cˆ2 +

20 60*a*bˆ3*cˆ4 - 24*a*b*cˆ6 + bˆ8 + 10*bˆ6*cˆ2 + 27*bˆ4*cˆ4 +

21 10*bˆ2*cˆ6 + 10*cˆ8)/(aˆ4*bˆ4 - 4*aˆ3*bˆ3*cˆ2 + 6*aˆ2*bˆ2*cˆ4 -

22 4*a*b*cˆ6 + cˆ8)]

23

24
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25 Out[37]= -(((a + b) c (bˆ2 + cˆ2) (3 aˆ2 + bˆ2 + 4 cˆ2)ˆ2)/(

26 24 (-a b + cˆ2)ˆ4))

27

28 Out[38]= ((3 a + b)ˆ2 cˆ2 (aˆ2 + cˆ2)ˆ2 - 12 (-a b + cˆ2)ˆ4 +

29 2 (aˆ3 b + 2 aˆ2 cˆ2 + 3 a b cˆ2 + bˆ2 cˆ2 + cˆ4)ˆ2 +

30 cˆ2 (2 aˆ2 b + bˆ3 + 3 b cˆ2 + a (bˆ2 + cˆ2))ˆ2 -

31 2 (-a b +

32 cˆ2)ˆ2 (2 (a + b)ˆ2 cˆ2 + (aˆ2 + cˆ2)ˆ2 + (bˆ2 +

33 cˆ2)ˆ2))/(24 (-a b + cˆ2)ˆ4)

34

35 Out[39]= (bˆ8 + 10 bˆ6 cˆ2 + 27 bˆ4 cˆ4 + 10 bˆ2 cˆ6 + 10 cˆ8 -

36 36 aˆ3 b cˆ2 (bˆ2 - cˆ2) + 12 a b cˆ2 (bˆ4 + 5 bˆ2 cˆ2 - 2 cˆ4) +

37 9 aˆ4 (bˆ4 + cˆ4) +

38 6 aˆ2 cˆ2 (bˆ4 + 20 bˆ2 cˆ2 + cˆ4))/(24 (-a b + cˆ2)ˆ4)

39

40 In[40]:= FunctionRange[r11, {a, b, c}, t1]

41

42 Out[40]= t1 > 3/8

43

Now, we wish to use the relations between the (𝑎, 𝑏, 𝑐) defining 𝜙 and the (𝑥, 𝑦, 𝑧) defining

Φ in Lemma 3.31 to determine 𝑟1, 𝑟2, and 𝑟3 in terms of (𝑥, 𝑦, 𝑧). The relations are

𝑥 = 𝑎2 + 𝑐2, 𝑦 = 𝑏2 + 𝑐2, and 𝑧 = 𝑐(𝑎 + 𝑏). To accomplish this, we use the Eliminate

function in Mathematica on the numerators of each 𝑟𝑖 and observe that the denominator is

𝑑𝑒𝑡𝜙4 = 𝑑𝑒𝑡Φ2.

1 In[31]:= Eliminate[{

2 0 == (a + b) *c* (bˆ2 + cˆ2) *(3 *aˆ2 + bˆ2 + 4 *cˆ2)ˆ2,

3 x == aˆ2 + cˆ2 , y == bˆ2 + cˆ2 , z == c*(a + b)}, {a, b, c}]

4

5 Out[31]= 9 xˆ2 y z + 6 x yˆ2 z == -yˆ3 z
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6

7 In[3]:= num3 = Factor[9 xˆ2 y z + 6 x yˆ2 z + yˆ3 z]

8

9 Out[3]= y (3 x + y)ˆ2 z

10

11 In[6]:= Eliminate[{0 == (3 a + b)ˆ2 cˆ2 (aˆ2 + cˆ2)ˆ2 -

12 12 (-a b + cˆ2)ˆ4 +

13 2 (aˆ3 b + 2 aˆ2 cˆ2 + 3 a b cˆ2 + bˆ2 cˆ2 + cˆ4)ˆ2 +

14 cˆ2 (2 aˆ2 b + bˆ3 + 3 b cˆ2 + a (bˆ2 + cˆ2))ˆ2 -

15 2 (-a b +

16 cˆ2)ˆ2 (2 (a + b)ˆ2 cˆ2 + (aˆ2 + cˆ2)ˆ2 + (bˆ2 + cˆ2)ˆ2),

17 x == aˆ2 + cˆ2 , y == bˆ2 + cˆ2 , z == c*(a + b)}, {a, b, c}]

18

19 Out[6]= x y (2 yˆ2 - 24 zˆ2) + xˆ2 (12 yˆ2 - 9 zˆ2) ==

20 zˆ2 (3 yˆ2 - 6 zˆ2)

21

22 In[4]:= num2 =

23 Simplify[x y (2 yˆ2 - 24 zˆ2) + xˆ2 (12 yˆ2 - 9 zˆ2) -

24 zˆ2 (3 yˆ2 - 6 zˆ2)]

25

26 Out[4]= -3 yˆ2 zˆ2 + 6 zˆ4 + 3 xˆ2 (4 yˆ2 - 3 zˆ2) +

27 2 x (yˆ3 - 12 y zˆ2)

28

29 In[8]:= Eliminate[{0 ==

30 bˆ8 + 10 bˆ6 cˆ2 + 27 bˆ4 cˆ4 + 10 bˆ2 cˆ6 + 10 cˆ8 -

31 36 aˆ3 b cˆ2 (bˆ2 - cˆ2) + 12 a b cˆ2 (bˆ4 + 5 bˆ2 cˆ2 - 2 cˆ4) +

32 9 aˆ4 (bˆ4 + cˆ4) + 6 aˆ2 cˆ2 (bˆ4 + 20 bˆ2 cˆ2 + cˆ4),

33 x == aˆ2 + cˆ2 , y == bˆ2 + cˆ2 , z == c*(a + b)}, {a, b, c}]

34

35 Out[8]= -yˆ4 - 6 yˆ2 zˆ2 - 18 zˆ4 == 9 xˆ2 yˆ2 - 18 x y zˆ2

36
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37 In[5]:= num1 =

38 Simplify[-yˆ4 - 6 yˆ2 zˆ2 - 18 zˆ4 - 9 xˆ2 yˆ2 + 18 x y zˆ2]

39

40 Out[5]= -9 xˆ2 yˆ2 - yˆ4 + 18 x y zˆ2 - 6 yˆ2 zˆ2 - 18 zˆ4

41

42 In[6]:= den = 24*(-x*y + zˆ2)ˆ2

43

44 Out[6]= 24 (-x y + zˆ2)ˆ2

45

46 In[7]:= r1 = -num1/den

47 r2 = -num2/den

48 r3 = -num3/den

49

50 Out[7]= (9 xˆ2 yˆ2 + yˆ4 - 18 x y zˆ2 + 6 yˆ2 zˆ2 +

51 18 zˆ4)/(24 (-x y + zˆ2)ˆ2)

52

53 Out[8]= (3 yˆ2 zˆ2 - 6 zˆ4 - 3 xˆ2 (4 yˆ2 - 3 zˆ2) -

54 2 x (yˆ3 - 12 y zˆ2))/(24 (-x y + zˆ2)ˆ2)

55

56 Out[9]= -((y (3 x + y)ˆ2 z)/(24 (-x y + zˆ2)ˆ2))

57

We now check that the 𝑟𝑖 we have in terms of (𝑥, 𝑦, 𝑧) are correct by substituting back in for

𝑥, 𝑦, and 𝑧 in terms of (𝑎, 𝑏, 𝑐) and seeing if our result is equivalent to our original.

1 In[47]:= checkr1 =

2 Simplify[ReplaceAll[

3 ReplaceAll[ReplaceAll[r1, x -> aˆ2 + cˆ2], y -> bˆ2 + cˆ2],

4 z -> c*(a + b)]]

5 checkr2 =

6 Simplify[ReplaceAll[

7 ReplaceAll[ReplaceAll[r2, x -> aˆ2 + cˆ2], y -> bˆ2 + cˆ2],
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8 z -> c*(a + b)]]

9 checkr3 =

10 Simplify[ReplaceAll[

11 ReplaceAll[ReplaceAll[r3, x -> aˆ2 + cˆ2], y -> bˆ2 + cˆ2],

12 z -> c*(a + b)]]

13

14 Out[47]= (

15 18 (a + b)ˆ4 cˆ4 - 18 (a + b)ˆ2 cˆ2 (aˆ2 + cˆ2) (bˆ2 + cˆ2) +

16 6 (a + b)ˆ2 cˆ2 (bˆ2 + cˆ2)ˆ2 +

17 9 (aˆ2 + cˆ2)ˆ2 (bˆ2 + cˆ2)ˆ2 + (bˆ2 + cˆ2)ˆ4)/(24 (-a b + cˆ2)ˆ4)

18

19 Out[48]= -((

20 6 (a + b)ˆ4 cˆ4 - 3 (a + b)ˆ2 cˆ2 (bˆ2 + cˆ2)ˆ2 +

21 3 (aˆ2 + cˆ2)ˆ2 (-3 (a + b)ˆ2 cˆ2 + 4 (bˆ2 + cˆ2)ˆ2) +

22 2 (aˆ2 + cˆ2) (-12 (a + b)ˆ2 cˆ2 (bˆ2 + cˆ2) + (bˆ2 + cˆ2)ˆ3))/(

23 24 (-a b + cˆ2)ˆ4))

24

25 Out[49]= -(((a + b) c (bˆ2 + cˆ2) (3 aˆ2 + bˆ2 + 4 cˆ2)ˆ2)/(

26 24 (-a b + cˆ2)ˆ4))

27

28 In[50]:= Simplify[r11 - checkr1]

29 Simplify[r21 - checkr2]

30 Simplify[r31 - checkr3]

31

32 Out[50]= 0

33

34 Out[51]= 0

35

36 Out[52]= 0

37
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𝑟𝑖𝑐 = 𝑇 with 𝑧 > 0

As is noted in Step 5 (3.3), we can get solutions to 𝑟𝑖𝑐 = 𝑇 by looking at when 𝑧 > 0 and

then changing the sign on 𝑟3 in order to get the 𝑧 < 0 case solutions. Here, we provide the

solutions with 𝑧 > 0. To do this, we use a combination of the Mathematica functions Re-

solve and Exists and in the code we have the following identification: (𝑡1, 𝑡2, 𝑡3) = (𝑘, 𝑙, 𝑚).

This combination of Resolve and Exists seeks to find algebraic conditions in terms of the

variables 𝑘, 𝑙, 𝑚 based off the conditions provided in terms of 𝑥, 𝑦, 𝑧, 𝑘, 𝑙, 𝑚. That is, by

using Resolve and Exists as we do below, we are able to find the conditions on 𝑘 , 𝑙, and 𝑚

such that 𝑟1(𝑥, 𝑦, 𝑧) = 𝑘 , 𝑟2(𝑥, 𝑦, 𝑧) = 𝑙 and 𝑟3(𝑥, 𝑦, 𝑧) = 𝑚. When we do this, we specify

that we want real conditions, and we specify necessary constraints such as our usage of

scale invariance and 𝑥, 𝑦 > 0.

Our approach is as follows. First, we find 𝑟1 and 𝑟2 where 𝑑𝑒𝑡Φ = 1, but not 𝑟3 as an

explicit formulation could not be achieved (only an implicit equation), although it is clear

that the denominator becomes the constant 24 under this condition. We then use Resolve

and Exists in Mathematica, providing the polynomial condition that 𝑑𝑒𝑡Φ = 𝑥𝑦 − 𝑧2 = 1.

The output provided by Mathematica was a long list of equations (which we provide below).

However, we were able to determine that all these functions are the same with the exception

of the constant 3
4 that appears. We call said function func1.

The different expressions that Mathematica provides for 𝑘 in terms of 𝑙 and 𝑚 are Root

expressions which provide solutions in terms of roots of polynomials where the variable that

for the polynomial is the #1 term which Mathematica refers to as pure functions. To give an

example, 𝑅𝑜𝑜𝑡 [−1+#12&, 1] is -1 and 𝑅𝑜𝑜𝑡 [−1+#12&, 2] is 1 because the first one is saying

to take the first root of −1+𝑥2 and the second one is saying to take the second root of −1+𝑥2.
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Some roots of polynomials have a radical form while others do not. To get the radical

form (if it exists), one uses ToRadicals. We remark that in the code, && means and and | |

means or.

1 In[63]:= det1r1 =

2 Simplify[ReplaceAll[ReplaceAll[1/24*Numerator[r1], zˆ2 -> x*y - 1],

3 zˆ4 -> (x*y - 1)ˆ2]]

4

5 Out[63]= 1/24 (18 - 6 yˆ2 + 9 xˆ2 yˆ2 + yˆ4 + 6 x y (-3 + yˆ2))

6

7 In[64]:= det1r2 =

8 Simplify[ReplaceAll[ReplaceAll[1/24*Numerator[r2], zˆ2 -> x*y - 1],

9 zˆ4 -> (x*y - 1)ˆ2]]

10

11 Out[64]= 1/24 (9 xˆ3 y + x y (-12 + yˆ2) - 3 (2 + yˆ2) +

12 xˆ2 (-9 + 6 yˆ2))

13

14 Resolve[Exists[{x, y, z}, det1r1 - k == 0 && det1r2 - l == 0 && (1/24)

*Numerator[r3] - m == 0 && x*y - zˆ2 == 1 && x > 0 && y > 0 && m >

0], Reals]

15

16 (l <= -(3/4) && m > 0 &&

17 k == Root[-135 - 432 l - 432 lˆ2 - 288 mˆ2 -

18 768 mˆ4 + (432 + 1152 l + 1152 lˆ2 + 1536 mˆ2 +

19 1536 l mˆ2) #1 + (-432 - 768 l - 768 lˆ2) #1ˆ2 + 128 #1ˆ3 &,

20 1]) || (-(3/4) <

21 l <= -(1/

22 2) && ((0 < m < 1/2 Sqrt[3/2] Sqrt[3 + 4 l] &&

23 k == Root[-135 - 432 l - 432 lˆ2 - 288 mˆ2 -

24 768 mˆ4 + (432 + 1152 l + 1152 lˆ2 + 1536 mˆ2 +

211



25 1536 l mˆ2) #1 + (-432 - 768 l - 768 lˆ2) #1ˆ2 +

26 128 #1ˆ3 &, 1]) || (m == 1/2 Sqrt[3/2] Sqrt[3 + 4 l] &&

27 k == 3/4) || (m > 1/2 Sqrt[3/2] Sqrt[3 + 4 l] &&

28 k == Root[-135 - 432 l - 432 lˆ2 - 288 mˆ2 -

29 768 mˆ4 + (432 + 1152 l + 1152 lˆ2 + 1536 mˆ2 +

30 1536 l mˆ2) #1 + (-432 - 768 l - 768 lˆ2) #1ˆ2 +

31 128 #1ˆ3 &, 1]))) || (-(1/2) <

32 l < -(1/4) && ((1/4 Sqrt[3] Sqrt[1 + 2 l] < m <

33 1/2 Sqrt[3/2] Sqrt[3 + 4 l] &&

34 k == Root[-135 - 432 l - 432 lˆ2 - 288 mˆ2 -

35 768 mˆ4 + (432 + 1152 l + 1152 lˆ2 + 1536 mˆ2 +

36 1536 l mˆ2) #1 + (-432 - 768 l - 768 lˆ2) #1ˆ2 +

37 128 #1ˆ3 &, 1]) || (m == 1/2 Sqrt[3/2] Sqrt[3 + 4 l] &&

38 k == 3/4) || (m > 1/2 Sqrt[3/2] Sqrt[3 + 4 l] &&

39 k == Root[-135 - 432 l - 432 lˆ2 - 288 mˆ2 -

40 768 mˆ4 + (432 + 1152 l + 1152 lˆ2 + 1536 mˆ2 +

41 1536 l mˆ2) #1 + (-432 - 768 l - 768 lˆ2) #1ˆ2 +

42 128 #1ˆ3 &, 1]))) || (l == -(1/

43 4) && ((Sqrt[3/2]/4 < m < Sqrt[3]/2 &&

44 k == Root[-27 - 144 mˆ2 - 384 mˆ4 + (108 + 576 mˆ2) #1 -

45 144 #1ˆ2 + 64 #1ˆ3 &, 1]) || (m == Sqrt[3]/2 &&

46 k == 3/4) || (m > Sqrt[3]/2 &&

47 k == Root[-27 - 144 mˆ2 - 384 mˆ4 + (108 + 576 mˆ2) #1 -

48 144 #1ˆ2 + 64 #1ˆ3 &, 1]))) || (-(1/4) < l <

49 0 && ((1/4 Sqrt[3] Sqrt[1 + 2 l] < m <

50 1/2 Sqrt[3/2] Sqrt[3 + 4 l] &&

51 k == Root[-135 - 432 l - 432 lˆ2 - 288 mˆ2 -

52 768 mˆ4 + (432 + 1152 l + 1152 lˆ2 + 1536 mˆ2 +

53 1536 l mˆ2) #1 + (-432 - 768 l - 768 lˆ2) #1ˆ2 +

54 128 #1ˆ3 &, 1]) || (m == 1/2 Sqrt[3/2] Sqrt[3 + 4 l] &&

55 k == 3/4) || (m > 1/2 Sqrt[3/2] Sqrt[3 + 4 l] &&
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56 k == Root[-135 - 432 l - 432 lˆ2 - 288 mˆ2 -

57 768 mˆ4 + (432 + 1152 l + 1152 lˆ2 + 1536 mˆ2 +

58 1536 l mˆ2) #1 + (-432 - 768 l - 768 lˆ2) #1ˆ2 +

59 128 #1ˆ3 &, 1]))) || (l ==

60 0 && ((Sqrt[3]/4 < m < 3/(2 Sqrt[2]) &&

61 k == Root[-135 - 288 mˆ2 - 768 mˆ4 + (432 + 1536 mˆ2) #1 -

62 432 #1ˆ2 + 128 #1ˆ3 &, 1]) || (m == 3/(2 Sqrt[2]) &&

63 k == 3/4) || (m > 3/(2 Sqrt[2]) &&

64 k == Root[-135 - 288 mˆ2 - 768 mˆ4 + (432 + 1536 mˆ2) #1 -

65 432 #1ˆ2 + 128 #1ˆ3 &, 1]))) || (l >

66 0 && ((1/4 Sqrt[3] Sqrt[1 + 2 l] < m <

67 1/2 Sqrt[3/2] Sqrt[3 + 4 l] &&

68 k == Root[-135 - 432 l - 432 lˆ2 - 288 mˆ2 -

69 768 mˆ4 + (432 + 1152 l + 1152 lˆ2 + 1536 mˆ2 +

70 1536 l mˆ2) #1 + (-432 - 768 l - 768 lˆ2) #1ˆ2 +

71 128 #1ˆ3 &, 1]) || (m == 1/2 Sqrt[3/2] Sqrt[3 + 4 l] &&

72 k == 3/4) || (m > 1/2 Sqrt[3/2] Sqrt[3 + 4 l] &&

73 k == Root[-135 - 432 l - 432 lˆ2 - 288 mˆ2 -

74 768 mˆ4 + (432 + 1152 l + 1152 lˆ2 + 1536 mˆ2 +

75 1536 l mˆ2) #1 + (-432 - 768 l - 768 lˆ2) #1ˆ2 +

76 128 #1ˆ3 &, 1])))

77

78 fl1 = Root[-135 - 432 l - 432 lˆ2 - 288 mˆ2 -

79 768 mˆ4 + (432 + 1152 l + 1152 lˆ2 + 1536 mˆ2 +

80 1536 l mˆ2) #1 + (-432 - 768 l - 768 lˆ2) #1ˆ2 + 128 #1ˆ3 &, 1]

81

82 In[23]:= func1 = FullSimplify[ToRadicals[fl1]]

83

84 Out[23]= 1/8 (9 + 16 l +

85 16 lˆ2 + ((1 + 4 l)ˆ2 (3 + 4 l)ˆ2)/((3 + 16 l + 16 lˆ2)ˆ3 -

86 192 (3 + 4 l) (5 + 2 l (5 + 4 l)) mˆ2 + 1536 mˆ4 +
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87 8 Sqrt[2]

88 Sqrt[-((1 + 4 l)ˆ3 - 72 mˆ2) (3 (3 + 4 l)ˆ2 m + 16 mˆ3)ˆ2])ˆ(

89 1/3) - (256 (1 + l) mˆ2)/((3 + 16 l + 16 lˆ2)ˆ3 -

90 192 (3 + 4 l) (5 + 2 l (5 + 4 l)) mˆ2 + 1536 mˆ4 +

91 8 Sqrt[2]

92 Sqrt[-((1 + 4 l)ˆ3 - 72 mˆ2) (3 (3 + 4 l)ˆ2 m + 16 mˆ3)ˆ2])ˆ(

93 1/3) + ((3 + 16 l + 16 lˆ2)ˆ3 -

94 192 (3 + 4 l) (5 + 2 l (5 + 4 l)) mˆ2 + 1536 mˆ4 +

95 8 Sqrt[2]

96 Sqrt[-((1 + 4 l)ˆ3 - 72 mˆ2) (3 (3 + 4 l)ˆ2 m + 16 mˆ3)ˆ2])ˆ(

97 1/3))

98

99 fl1 = Root[-135 - 432 l - 432 lˆ2 - 288 mˆ2 -

100 768 mˆ4 + (432 + 1152 l + 1152 lˆ2 + 1536 mˆ2 +

101 1536 l mˆ2) #1 + (-432 - 768 l - 768 lˆ2) #1ˆ2 + 128 #1ˆ3 &, 1]

102

103 In[23]:= func1 = FullSimplify[ToRadicals[fl1]]

104

105 Out[23]= 1/8 (9 + 16 l +

106 16 lˆ2 + ((1 + 4 l)ˆ2 (3 + 4 l)ˆ2)/((3 + 16 l + 16 lˆ2)ˆ3 -

107 192 (3 + 4 l) (5 + 2 l (5 + 4 l)) mˆ2 + 1536 mˆ4 +

108 8 Sqrt[2]

109 Sqrt[-((1 + 4 l)ˆ3 - 72 mˆ2) (3 (3 + 4 l)ˆ2 m + 16 mˆ3)ˆ2])ˆ(

110 1/3) - (256 (1 + l) mˆ2)/((3 + 16 l + 16 lˆ2)ˆ3 -

111 192 (3 + 4 l) (5 + 2 l (5 + 4 l)) mˆ2 + 1536 mˆ4 +

112 8 Sqrt[2]

113 Sqrt[-((1 + 4 l)ˆ3 - 72 mˆ2) (3 (3 + 4 l)ˆ2 m + 16 mˆ3)ˆ2])ˆ(

114 1/3) + ((3 + 16 l + 16 lˆ2)ˆ3 -

115 192 (3 + 4 l) (5 + 2 l (5 + 4 l)) mˆ2 + 1536 mˆ4 +

116 8 Sqrt[2]

117 Sqrt[-((1 + 4 l)ˆ3 - 72 mˆ2) (3 (3 + 4 l)ˆ2 m + 16 mˆ3)ˆ2])ˆ(
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118 1/3))

119

As mentioned, the above values for 𝑘 are determined by 𝑙 and 𝑚, and over each region

described in terms of 𝑙 and 𝑚, it turns out that the provided Root functions describing 𝑘 all

come from the same function in terms of 𝑙 and 𝑚. To check this, we utilized the Simplify

function in mathematica, subtracting different Root functions describing 𝑘 from the first

output for 𝑘 provided which we call 𝑓 𝑙1. Whenever the subtraction was not 0, we were

able to determine that 𝑚 or 𝑙 was constant in those cases where as 𝑓 𝑙1 was in terms of both

𝑙 and 𝑚. What we then saw was that if we plugged in the specific 𝑙 or 𝑚 values into 𝑓 𝑙1

and used Simplify with subtraction again, we got 0 (except for when the function was the

constant 3
4 ). Thus, we were able to see that the output for 𝑘 was actually described by the

same function in almost every region described by the 𝑙 and 𝑚 parameters. This led to the

simplification provided in Step 5 (3.3). Below we provide an easier to see version of 𝑓 𝑙1 as

it is presented in Mathematica and then the function this root function is describing.
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fl1:

Root


128#13 + #12

(
−768𝑙2 − 768𝑙 − 432

)
+ #1

(
1152𝑙2 + 1536𝑙𝑚2 + 1152𝑙 + 1536𝑚2 + 432

)
−432𝑙2 − 432𝑙 − 768𝑚4 − 288𝑚2 − 135

&, 1


The root of this polynomial is given by:

1
8

(
16𝑙2 + 16𝑙 + 9

)
(A.1)

+ 1
8

(
3

√︂(
16𝑙2 + 16𝑙 + 3

)3 − 192(4𝑙 + 3) (2𝑙 (4𝑙 + 5) + 5)𝑚2 + 8
√

2
√︃
−

(
(4𝑙 + 1)3 − 72𝑚2) (

3(4𝑙 + 3)2𝑚 + 16𝑚3)2 + 1536𝑚4

)

+ 1
8

©«
(4𝑙 + 1)2(4𝑙 + 3)2

3

√︂(
16𝑙2 + 16𝑙 + 3

)3 − 192(4𝑙 + 3) (2𝑙 (4𝑙 + 5) + 5)𝑚2 + 8
√

2
√︃
−

(
(4𝑙 + 1)3 − 72𝑚2) (

3(4𝑙 + 3)2𝑚 + 16𝑚3)2 + 1536𝑚4

ª®®®®¬
− 1

8

©«
256(𝑙 + 1)𝑚2

3

√︂(
16𝑙2 + 16𝑙 + 3

)3 − 192(4𝑙 + 3) (2𝑙 (4𝑙 + 5) + 5)𝑚2 + 8
√

2
√︃
−

(
(4𝑙 + 1)3 − 72𝑚2) (

3(4𝑙 + 3)2𝑚 + 16𝑚3)2 + 1536𝑚4

ª®®®®¬
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ric= cT with 𝑧 > 0

Just as before, we are able to restrict ourselves to 𝑟3, 𝑧 > 0 to get solutions to the 𝑟3, 𝑧 ≠ 0

setting. The solution is found in a similar manner except we are now looking to use Resolve

and Exists on 𝑟2
𝑟1

and 𝑟3
𝑟1

. We make this choice because (𝑟1, 𝑟2, 𝑟3) = 𝑐(𝑡1, 𝑡2, 𝑡3) if and only if

(1, 𝑟2
𝑟1
,
𝑟3
𝑟1
) = (1, 𝑡2

𝑡1
,
𝑡3
𝑡1
) since 𝑟1 > 0. In the following, 𝑙 = 𝑡2

𝑡1
and 𝑚 =

𝑡3
𝑡1

, and we are seeking

to describe the region 𝑅 = {(1, 𝑙, 𝑚) : (1, 𝑙, 𝑚) = (1, 𝑟2
𝑟1
,
𝑟3
𝑟1
)}. Moreover, one can see that

the description of 𝑅 as an output in Mathematica is quite long. The output can be thought

of as 15 regions being described in a piece-wise fashion, and after we provide the initial

output in Mathematica, we break the output up into the 15 sections. We break the sections

up based on the𝑚 values that Mathematica is using to distinguish between varying solutions.

After we provide the 15 regions in different sections, we provide the several different

functions involved which are again described as roots of polynomials as before. When we

list these, we use a naming system for the functions based upon the first few numbers that

appear in the polynomial as well as an indication of what root is being taken. The number

indicating the root is the number that occurs after the 𝑚, so that if you were to see 𝑓 123𝑚1

and 𝑓 123𝑚2 you would know that these are using the same polynomial, but the first one is

using the first root and the second one is using the second root. After providing the regions

and the roots of the polynomials, we also indicate which of these roots of polynomials can

be determined using radicals.

We then show that the regions that occur in which 𝑚 is a constant number can be in-

cluded inside other regions. As in the 𝑟𝑖𝑐 = 𝑇 case, the Resolve and Exist combination

is not giving us simplified results, this time in the sense that some parts of the 15 regions

overlap with one another. This was checked by hand using the notation 𝑓𝑛𝑢𝑚𝑏𝑒𝑟 to refer to
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fnumber in the Mathematica code. We provide some of the steps in the simplification after

the code to see how we got from the 15 regions provided in Mathematica to the considerably

simpler solution provided.

1 In[10]:= Resolve[

2 Exists[{x, y, z},

3 r2/r1 - l == 0 && r3/r1 - m == 0 && x*y - zˆ2 > 0 && x > 0 &&

4 y > 0 && m > 0 ], Reals]

5

6 Out[10]= (m > 0 && 1/2 (-2 + mˆ2) <= l < mˆ2) || (0 < m < 1/Sqrt[3] &&

7 Root[-2 -

8 75 mˆ2 + (6 - 180 mˆ2) #1 + (180 - 378 mˆ2) #1ˆ2 + (756 -

9 324 mˆ2) #1ˆ3 + (1134 - 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &, 1] <=

10 l < 1/3 (-4 + 3 mˆ2)) || (0 < m <= Sqrt[2/3] &&

11 Root[-2 + 213 mˆ2 + 5112 mˆ4 -

12 2160 mˆ6 + (6 - 3780 mˆ2 + 5616 mˆ4) #1 + (180 - 1242 mˆ2 -

13 648 mˆ4) #1ˆ2 + (756 + 972 mˆ2) #1ˆ3 + (1134 -

14 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &, 1] <= l <=

15 1/2 (-2 + mˆ2)) || (m > Sqrt[2/3] &&

16 Root[-2 + 213 mˆ2 + 5112 mˆ4 -

17 2160 mˆ6 + (6 - 3780 mˆ2 + 5616 mˆ4) #1 + (180 - 1242 mˆ2 -

18 648 mˆ4) #1ˆ2 + (756 + 972 mˆ2) #1ˆ3 + (1134 -

19 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &, 1] <= l <

20 1/3 (-4 + 3 mˆ2)) || (0 < m <= 1/Sqrt[3] &&

21 l == Root[

22 4 - 507 mˆ2 + (51 - 1404 mˆ2) #1 + (252 -

23 1674 mˆ2) #1ˆ2 + (594 - 972 mˆ2) #1ˆ3 + (648 -

24 243 mˆ2) #1ˆ4 + 243 #1ˆ5 &, 1]) || (1/Sqrt[3] < m <

25 Root[-324 + 692 #ˆ2 + 336 #ˆ4 + 45 #ˆ6& , 2,

26 0] && (l ==

27 Root[4 -
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28 507 mˆ2 + (51 - 1404 mˆ2) #1 + (252 -

29 1674 mˆ2) #1ˆ2 + (594 - 972 mˆ2) #1ˆ3 + (648 -

30 243 mˆ2) #1ˆ4 + 243 #1ˆ5 &, 1] ||

31 l == Root[

32 4 - 507 mˆ2 + (51 - 1404 mˆ2) #1 + (252 -

33 1674 mˆ2) #1ˆ2 + (594 - 972 mˆ2) #1ˆ3 + (648 -

34 243 mˆ2) #1ˆ4 + 243 #1ˆ5 &, 2])) || (m ==

35 Root[-324 + 692 #ˆ2 + 336 #ˆ4 + 45 #ˆ6& , 2, 0] &&

36 l == Root[

37 4 - 507 mˆ2 + (51 - 1404 mˆ2) #1 + (252 -

38 1674 mˆ2) #1ˆ2 + (594 - 972 mˆ2) #1ˆ3 + (648 -

39 243 mˆ2) #1ˆ4 + 243 #1ˆ5 &, 1]) || (0 < m < 1/Sqrt[3] &&

40 Root[-2 -

41 75 mˆ2 + (6 - 180 mˆ2) #1 + (180 - 378 mˆ2) #1ˆ2 + (756 -

42 324 mˆ2) #1ˆ3 + (1134 - 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &, 1] <=

43 l < 1/3 (-4 + 3 mˆ2)) || (1/Sqrt[3] < m <

44 Root[-18 - 47 #ˆ2 + 147 #ˆ4 - 117 #ˆ6 + 27 #ˆ8& , 2, 0] &&

45 Root[-2 -

46 75 mˆ2 + (6 - 180 mˆ2) #1 + (180 - 378 mˆ2) #1ˆ2 + (756 -

47 324 mˆ2) #1ˆ3 + (1134 - 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &, 1] <=

48 l < mˆ2) || (m ==

49 Root[-18 - 47 #ˆ2 + 147 #ˆ4 - 117 #ˆ6 + 27 #ˆ8& , 2, 0] &&

50 1/3 (-4 + 3 mˆ2) <= l <

51 mˆ2) || (Root[-18 - 47 #ˆ2 + 147 #ˆ4 - 117 #ˆ6 + 27 #ˆ8& , 2, 0] <

52 m < Root[

53 32768 - 2020986 #ˆ2 - 10826991 #ˆ4 - 2570157 #ˆ6 - 220725 #\

54 ˆ8 + 151875 #ˆ10& , 4, 0] &&

55 Root[-2 -

56 75 mˆ2 + (6 - 180 mˆ2) #1 + (180 - 378 mˆ2) #1ˆ2 + (756 -

57 324 mˆ2) #1ˆ3 + (1134 - 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &, 1] <=

58 l < mˆ2) || (m == Root[
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59 32768 - 2020986 #ˆ2 - 10826991 #ˆ4 - 2570157 #ˆ6 - 220725 #\

60 ˆ8 + 151875 #ˆ10& , 4, 0] &&

61 Root[-25 mˆ2 + (1 + 60 mˆ2) #1 + (12 - 126 mˆ2) #1ˆ2 + (54 +

62 108 mˆ2) #1ˆ3 + (108 - 81 mˆ2) #1ˆ4 + 81 #1ˆ5 &, 1] <= l <

63 mˆ2) || (m > Root[

64 32768 - 2020986 #ˆ2 - 10826991 #ˆ4 - 2570157 #ˆ6 - 220725 #\

65 ˆ8 + 151875 #ˆ10& , 4, 0] &&

66 Root[-2 -

67 75 mˆ2 + (6 - 180 mˆ2) #1 + (180 - 378 mˆ2) #1ˆ2 + (756 -

68 324 mˆ2) #1ˆ3 + (1134 - 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &, 1] <=

69 l < mˆ2) || (1/Sqrt[3] < m <= Root[

70 1 - 36 #ˆ2 + 36 #ˆ4& , 4,

71 0] && (Root[

72 1 - 168 mˆ2 +

73 144 mˆ4 + (12 + 144 mˆ2) #1 + (54 + 216 mˆ2) #1ˆ2 +

74 108 #1ˆ3 + 81 #1ˆ4 &, 1] < l < 1/3 (-4 + 3 mˆ2) ||

75 Root[1 - 168 mˆ2 +

76 144 mˆ4 + (12 + 144 mˆ2) #1 + (54 + 216 mˆ2) #1ˆ2 +

77 108 #1ˆ3 + 81 #1ˆ4 &, 2] < l <

78 Root[-25 mˆ2 + (1 + 60 mˆ2) #1 + (12 - 126 mˆ2) #1ˆ2 + (54 +

79 108 mˆ2) #1ˆ3 + (108 - 81 mˆ2) #1ˆ4 + 81 #1ˆ5 &,

80 1])) || (Root[1 - 36 #ˆ2 + 36 #ˆ4& , 4, 0] < m <

81 Root[-27 + 19 #ˆ2 - 9 #ˆ4 + 9 #ˆ6& , 2,

82 0] && (Root[-2 + 213 mˆ2 + 5112 mˆ4 -

83 2160 mˆ6 + (6 - 3780 mˆ2 + 5616 mˆ4) #1 + (180 - 1242 mˆ2 -

84 648 mˆ4) #1ˆ2 + (756 + 972 mˆ2) #1ˆ3 + (1134 -

85 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &, 1] <= l < 1/3 (-4 + 3 mˆ2) ||

86 Root[1 - 168 mˆ2 +

87 144 mˆ4 + (12 + 144 mˆ2) #1 + (54 + 216 mˆ2) #1ˆ2 +

88 108 #1ˆ3 + 81 #1ˆ4 &, 2] < l <

89 Root[-25 mˆ2 + (1 + 60 mˆ2) #1 + (12 - 126 mˆ2) #1ˆ2 + (54 +
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90 108 mˆ2) #1ˆ3 + (108 - 81 mˆ2) #1ˆ4 + 81 #1ˆ5 &,

91 1])) || (m ==

92 Root[-27 + 19 #ˆ2 - 9 #ˆ4 + 9 #ˆ6& , 2,

93 0] && (Root[-2 + 213 mˆ2 + 5112 mˆ4 -

94 2160 mˆ6 + (6 - 3780 mˆ2 + 5616 mˆ4) #1 + (180 - 1242 mˆ2 -

95 648 mˆ4) #1ˆ2 + (756 + 972 mˆ2) #1ˆ3 + (1134 -

96 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &, 1] <= l < 1/3 (-4 + 3 mˆ2) ||

97 1/3 (-4 + 3 mˆ2) < l <

98 Root[-25 mˆ2 + (1 + 60 mˆ2) #1 + (12 - 126 mˆ2) #1ˆ2 + (54 +

99 108 mˆ2) #1ˆ3 + (108 - 81 mˆ2) #1ˆ4 + 81 #1ˆ5 &,

100 1])) || (Root[-27 + 19 #ˆ2 - 9 #ˆ4 + 9 #ˆ6& , 2, 0] < m <

101 Root[-27 - 82 #ˆ2 + 192 #ˆ4 - 126 #ˆ6 + 27 #ˆ8& , 2, 0] &&

102 Root[-2 + 213 mˆ2 + 5112 mˆ4 -

103 2160 mˆ6 + (6 - 3780 mˆ2 + 5616 mˆ4) #1 + (180 - 1242 mˆ2 -

104 648 mˆ4) #1ˆ2 + (756 + 972 mˆ2) #1ˆ3 + (1134 -

105 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &, 1] <= l <

106 Root[-25 mˆ2 + (1 + 60 mˆ2) #1 + (12 - 126 mˆ2) #1ˆ2 + (54 +

107 108 mˆ2) #1ˆ3 + (108 - 81 mˆ2) #1ˆ4 + 81 #1ˆ5 &,

108 1]) || (Root[-27 - 82 #ˆ2 + 192 #ˆ4 - 126 #ˆ6 + 27 #ˆ8& , 2,

109 0] <= m < Root[1 - 27 #ˆ2 - 657 #ˆ4 + 135 #ˆ6& , 4, 0] &&

110 Root[-2 + 213 mˆ2 + 5112 mˆ4 -

111 2160 mˆ6 + (6 - 3780 mˆ2 + 5616 mˆ4) #1 + (180 - 1242 mˆ2 -

112 648 mˆ4) #1ˆ2 + (756 + 972 mˆ2) #1ˆ3 + (1134 -

113 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &, 1] <= l <

114 1/3 (-4 + 3 mˆ2)) || (m >= Root[

115 1 - 27 #ˆ2 - 657 #ˆ4 + 135 #ˆ6& , 4, 0] &&

116 Root[-25 mˆ2 + (1 + 60 mˆ2) #1 + (12 - 126 mˆ2) #1ˆ2 + (54 +

117 108 mˆ2) #1ˆ3 + (108 - 81 mˆ2) #1ˆ4 + 81 #1ˆ5 &, 1] < l <

118 1/3 (-4 + 3 mˆ2)) || (1/Sqrt[3] < m <= Root[

119 1 - 36 #ˆ2 + 36 #ˆ4& , 4,

120 0] && (Root[
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121 1 - 168 mˆ2 +

122 144 mˆ4 + (12 + 144 mˆ2) #1 + (54 + 216 mˆ2) #1ˆ2 +

123 108 #1ˆ3 + 81 #1ˆ4 &, 1] < l < 1/3 (-4 + 3 mˆ2) ||

124 Root[1 - 168 mˆ2 +

125 144 mˆ4 + (12 + 144 mˆ2) #1 + (54 + 216 mˆ2) #1ˆ2 +

126 108 #1ˆ3 + 81 #1ˆ4 &, 2] < l <=

127 Root[-2 -

128 75 mˆ2 + (6 - 180 mˆ2) #1 + (180 - 378 mˆ2) #1ˆ2 + (756 -

129 324 mˆ2) #1ˆ3 + (1134 - 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &,

130 1])) || (Root[1 - 36 #ˆ2 + 36 #ˆ4& , 4, 0] < m <

131 Root[-27 + 19 #ˆ2 - 9 #ˆ4 + 9 #ˆ6& , 2,

132 0] && (Root[-2 + 213 mˆ2 + 5112 mˆ4 -

133 2160 mˆ6 + (6 - 3780 mˆ2 + 5616 mˆ4) #1 + (180 - 1242 mˆ2 -

134 648 mˆ4) #1ˆ2 + (756 + 972 mˆ2) #1ˆ3 + (1134 -

135 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &, 1] <= l < 1/3 (-4 + 3 mˆ2) ||

136 Root[1 - 168 mˆ2 +

137 144 mˆ4 + (12 + 144 mˆ2) #1 + (54 + 216 mˆ2) #1ˆ2 +

138 108 #1ˆ3 + 81 #1ˆ4 &, 2] < l <=

139 Root[-2 -

140 75 mˆ2 + (6 - 180 mˆ2) #1 + (180 - 378 mˆ2) #1ˆ2 + (756 -

141 324 mˆ2) #1ˆ3 + (1134 - 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &,

142 1])) || (m ==

143 Root[-27 + 19 #ˆ2 - 9 #ˆ4 + 9 #ˆ6& , 2,

144 0] && (Root[-2 + 213 mˆ2 + 5112 mˆ4 -

145 2160 mˆ6 + (6 - 3780 mˆ2 + 5616 mˆ4) #1 + (180 - 1242 mˆ2 -

146 648 mˆ4) #1ˆ2 + (756 + 972 mˆ2) #1ˆ3 + (1134 -

147 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &, 1] <= l < 1/3 (-4 + 3 mˆ2) ||

148 1/3 (-4 + 3 mˆ2) < l <=

149 Root[-2 -

150 75 mˆ2 + (6 - 180 mˆ2) #1 + (180 - 378 mˆ2) #1ˆ2 + (756 -

151 324 mˆ2) #1ˆ3 + (1134 - 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &,
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152 1])) || (Root[-27 + 19 #ˆ2 - 9 #ˆ4 + 9 #ˆ6& , 2, 0] < m <

153 Root[-18 - 47 #ˆ2 + 147 #ˆ4 - 117 #ˆ6 + 27 #ˆ8& , 2, 0] &&

154 Root[-2 + 213 mˆ2 + 5112 mˆ4 -

155 2160 mˆ6 + (6 - 3780 mˆ2 + 5616 mˆ4) #1 + (180 - 1242 mˆ2 -

156 648 mˆ4) #1ˆ2 + (756 + 972 mˆ2) #1ˆ3 + (1134 -

157 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &, 1] <= l <=

158 Root[-2 -

159 75 mˆ2 + (6 - 180 mˆ2) #1 + (180 - 378 mˆ2) #1ˆ2 + (756 -

160 324 mˆ2) #1ˆ3 + (1134 - 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &,

161 1]) || (m ==

162 Root[-18 - 47 #ˆ2 + 147 #ˆ4 - 117 #ˆ6 + 27 #ˆ8& , 2, 0] &&

163 Root[-2 + 213 mˆ2 + 5112 mˆ4 -

164 2160 mˆ6 + (6 - 3780 mˆ2 + 5616 mˆ4) #1 + (180 - 1242 mˆ2 -

165 648 mˆ4) #1ˆ2 + (756 + 972 mˆ2) #1ˆ3 + (1134 -

166 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &, 1] <= l <=

167 1/3 (-4 + 3 mˆ2)) || (m >

168 Root[-18 - 47 #ˆ2 + 147 #ˆ4 - 117 #ˆ6 + 27 #ˆ8& , 2, 0] &&

169 Root[-2 + 213 mˆ2 + 5112 mˆ4 -

170 2160 mˆ6 + (6 - 3780 mˆ2 + 5616 mˆ4) #1 + (180 - 1242 mˆ2 -

171 648 mˆ4) #1ˆ2 + (756 + 972 mˆ2) #1ˆ3 + (1134 -

172 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &, 1] <= l <

173 1/3 (-4 + 3 mˆ2)) || (1/Sqrt[3] < m <

174 Root[-27 - 82 #ˆ2 + 192 #ˆ4 - 126 #ˆ6 + 27 #ˆ8& , 2, 0] &&

175 Root[-25 mˆ2 + (1 + 60 mˆ2) #1 + (12 - 126 mˆ2) #1ˆ2 + (54 +

176 108 mˆ2) #1ˆ3 + (108 - 81 mˆ2) #1ˆ4 + 81 #1ˆ5 &, 1] < l <=

177 Root[-2 -

178 75 mˆ2 + (6 - 180 mˆ2) #1 + (180 - 378 mˆ2) #1ˆ2 + (756 -

179 324 mˆ2) #1ˆ3 + (1134 - 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &,

180 1]) || (m ==

181 Root[-27 - 82 #ˆ2 + 192 #ˆ4 - 126 #ˆ6 + 27 #ˆ8& , 2, 0] &&

182 1/3 (-4 + 3 mˆ2) < l <=
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183 Root[-2 -

184 75 mˆ2 + (6 - 180 mˆ2) #1 + (180 - 378 mˆ2) #1ˆ2 + (756 -

185 324 mˆ2) #1ˆ3 + (1134 - 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &,

186 1]) || (Root[-27 - 82 #ˆ2 + 192 #ˆ4 - 126 #ˆ6 + 27 #ˆ8& , 2, 0] <

187 m < Root[-18 - 47 #ˆ2 + 147 #ˆ4 - 117 #ˆ6 + 27 #ˆ8& , 2, 0] &&

188 Root[-25 mˆ2 + (1 + 60 mˆ2) #1 + (12 - 126 mˆ2) #1ˆ2 + (54 +

189 108 mˆ2) #1ˆ3 + (108 - 81 mˆ2) #1ˆ4 + 81 #1ˆ5 &, 1] < l <=

190 Root[-2 -

191 75 mˆ2 + (6 - 180 mˆ2) #1 + (180 - 378 mˆ2) #1ˆ2 + (756 -

192 324 mˆ2) #1ˆ3 + (1134 - 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &,

193 1]) || (m ==

194 Root[-18 - 47 #ˆ2 + 147 #ˆ4 - 117 #ˆ6 + 27 #ˆ8& , 2, 0] &&

195 Root[-25 mˆ2 + (1 + 60 mˆ2) #1 + (12 - 126 mˆ2) #1ˆ2 + (54 +

196 108 mˆ2) #1ˆ3 + (108 - 81 mˆ2) #1ˆ4 + 81 #1ˆ5 &, 1] < l <=

197 1/3 (-4 +

198 3 mˆ2)) || (Root[-18 - 47 #ˆ2 + 147 #ˆ4 - 117 #ˆ6 + 27 #ˆ8& ,

199 2, 0] < m <= Root[1 - 27 #ˆ2 - 657 #ˆ4 + 135 #ˆ6& , 4, 0] &&

200 Root[-25 mˆ2 + (1 + 60 mˆ2) #1 + (12 - 126 mˆ2) #1ˆ2 + (54 +

201 108 mˆ2) #1ˆ3 + (108 - 81 mˆ2) #1ˆ4 + 81 #1ˆ5 &, 1] < l <=

202 Root[-2 -

203 75 mˆ2 + (6 - 180 mˆ2) #1 + (180 - 378 mˆ2) #1ˆ2 + (756 -

204 324 mˆ2) #1ˆ3 + (1134 - 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &,

205 1]) || (Root[1 - 27 #ˆ2 - 657 #ˆ4 + 135 #ˆ6& , 4, 0] < m < Root[

206 32768 - 2020986 #ˆ2 - 10826991 #ˆ4 - 2570157 #ˆ6 - 220725 #\

207 ˆ8 + 151875 #ˆ10& , 4, 0] &&

208 Root[-2 + 213 mˆ2 + 5112 mˆ4 -

209 2160 mˆ6 + (6 - 3780 mˆ2 + 5616 mˆ4) #1 + (180 - 1242 mˆ2 -

210 648 mˆ4) #1ˆ2 + (756 + 972 mˆ2) #1ˆ3 + (1134 -

211 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &, 1] <= l <=

212 Root[-2 -

213 75 mˆ2 + (6 - 180 mˆ2) #1 + (180 - 378 mˆ2) #1ˆ2 + (756 -
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214 324 mˆ2) #1ˆ3 + (1134 - 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &,

215 1]) || (m == Root[

216 32768 - 2020986 #ˆ2 - 10826991 #ˆ4 - 2570157 #ˆ6 - 220725 #\

217 ˆ8 + 151875 #ˆ10& , 4, 0] &&

218 Root[-2 + 213 mˆ2 + 5112 mˆ4 -

219 2160 mˆ6 + (6 - 3780 mˆ2 + 5616 mˆ4) #1 + (180 - 1242 mˆ2 -

220 648 mˆ4) #1ˆ2 + (756 + 972 mˆ2) #1ˆ3 + (1134 -

221 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &, 1] <= l <=

222 Root[-25 mˆ2 + (1 + 60 mˆ2) #1 + (12 - 126 mˆ2) #1ˆ2 + (54 +

223 108 mˆ2) #1ˆ3 + (108 - 81 mˆ2) #1ˆ4 + 81 #1ˆ5 &, 1]) || (m >

224 Root[32768 - 2020986 #ˆ2 - 10826991 #ˆ4 - 2570157 #ˆ6 - 220725 #\

225 ˆ8 + 151875 #ˆ10& , 4, 0] &&

226 Root[-2 + 213 mˆ2 + 5112 mˆ4 -

227 2160 mˆ6 + (6 - 3780 mˆ2 + 5616 mˆ4) #1 + (180 - 1242 mˆ2 -

228 648 mˆ4) #1ˆ2 + (756 + 972 mˆ2) #1ˆ3 + (1134 -

229 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &, 1] <= l <

230 Root[-25 mˆ2 + (1 + 60 mˆ2) #1 + (12 - 126 mˆ2) #1ˆ2 + (54 +

231 108 mˆ2) #1ˆ3 + (108 - 81 mˆ2) #1ˆ4 + 81 #1ˆ5 &,

232 1]) || (Root[-1 + 12 #ˆ2 + 9 #ˆ4& , 2, 0] < m <= 1/Sqrt[3] &&

233 Root[16 - 6360 mˆ2 +

234 47961 mˆ4 + (216 + 8478 mˆ2 + 149796 mˆ4) #1 + (1161 +

235 54432 mˆ2 + 176094 mˆ4) #1ˆ2 + (3132 + 64476 mˆ2 +

236 92340 mˆ4) #1ˆ3 + (4374 + 29160 mˆ2 +

237 18225 mˆ4) #1ˆ4 + (2916 + 4374 mˆ2) #1ˆ5 + 729 #1ˆ6 &, 2] <

238 l < mˆ2) || (1/Sqrt[3] < m < Sqrt[2/

239 3] && (Root[

240 16 - 6360 mˆ2 +

241 47961 mˆ4 + (216 + 8478 mˆ2 + 149796 mˆ4) #1 + (1161 +

242 54432 mˆ2 + 176094 mˆ4) #1ˆ2 + (3132 + 64476 mˆ2 +

243 92340 mˆ4) #1ˆ3 + (4374 + 29160 mˆ2 +

244 18225 mˆ4) #1ˆ4 + (2916 + 4374 mˆ2) #1ˆ5 + 729 #1ˆ6 &,
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245 1] < l < 1/3 (-4 + 3 mˆ2) ||

246 Root[16 - 6360 mˆ2 +

247 47961 mˆ4 + (216 + 8478 mˆ2 + 149796 mˆ4) #1 + (1161 +

248 54432 mˆ2 + 176094 mˆ4) #1ˆ2 + (3132 + 64476 mˆ2 +

249 92340 mˆ4) #1ˆ3 + (4374 + 29160 mˆ2 +

250 18225 mˆ4) #1ˆ4 + (2916 + 4374 mˆ2) #1ˆ5 + 729 #1ˆ6 &,

251 2] < l <

252 Root[-25 mˆ2 + (1 + 60 mˆ2) #1 + (12 - 126 mˆ2) #1ˆ2 + (54 +

253 108 mˆ2) #1ˆ3 + (108 - 81 mˆ2) #1ˆ4 + 81 #1ˆ5 &,

254 1])) || (m == Sqrt[2/

255 3] && (Root[

256 16 - 6360 mˆ2 +

257 47961 mˆ4 + (216 + 8478 mˆ2 + 149796 mˆ4) #1 + (1161 +

258 54432 mˆ2 + 176094 mˆ4) #1ˆ2 + (3132 + 64476 mˆ2 +

259 92340 mˆ4) #1ˆ3 + (4374 + 29160 mˆ2 +

260 18225 mˆ4) #1ˆ4 + (2916 + 4374 mˆ2) #1ˆ5 + 729 #1ˆ6 &,

261 1] < l < 1/3 (-4 + 3 mˆ2) ||

262 1/3 (-4 + 3 mˆ2) < l <

263 Root[-25 mˆ2 + (1 + 60 mˆ2) #1 + (12 - 126 mˆ2) #1ˆ2 + (54 +

264 108 mˆ2) #1ˆ3 + (108 - 81 mˆ2) #1ˆ4 + 81 #1ˆ5 &,

265 1])) || (Sqrt[2/3] < m < Root[

266 18 - 965 #ˆ2 - 4029 #ˆ4 + 4293 #ˆ6 + 3375 #ˆ8& , 4, 0] &&

267 Root[16 - 6360 mˆ2 +

268 47961 mˆ4 + (216 + 8478 mˆ2 + 149796 mˆ4) #1 + (1161 +

269 54432 mˆ2 + 176094 mˆ4) #1ˆ2 + (3132 + 64476 mˆ2 +

270 92340 mˆ4) #1ˆ3 + (4374 + 29160 mˆ2 +

271 18225 mˆ4) #1ˆ4 + (2916 + 4374 mˆ2) #1ˆ5 + 729 #1ˆ6 &, 1] <

272 l < Root[-25 mˆ2 + (1 + 60 mˆ2) #1 + (12 - 126 mˆ2) #1ˆ2 + (54 +

273 108 mˆ2) #1ˆ3 + (108 - 81 mˆ2) #1ˆ4 + 81 #1ˆ5 &,

274 1]) || (m == Root[

275 18 - 965 #ˆ2 - 4029 #ˆ4 + 4293 #ˆ6 + 3375 #ˆ8& , 4, 0] &&
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276 Root[-2 + 213 mˆ2 + 5112 mˆ4 -

277 2160 mˆ6 + (6 - 3780 mˆ2 + 5616 mˆ4) #1 + (180 - 1242 mˆ2 -

278 648 mˆ4) #1ˆ2 + (756 + 972 mˆ2) #1ˆ3 + (1134 -

279 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &, 1] < l <

280 Root[-25 mˆ2 + (1 + 60 mˆ2) #1 + (12 - 126 mˆ2) #1ˆ2 + (54 +

281 108 mˆ2) #1ˆ3 + (108 - 81 mˆ2) #1ˆ4 + 81 #1ˆ5 &,

282 1]) || (Root[

283 18 - 965 #ˆ2 - 4029 #ˆ4 + 4293 #ˆ6 + 3375 #ˆ8& , 4, 0] < m <

284 Root[-27 - 82 #ˆ2 + 192 #ˆ4 - 126 #ˆ6 + 27 #ˆ8& , 2, 0] &&

285 Root[-2 + 213 mˆ2 + 5112 mˆ4 -

286 2160 mˆ6 + (6 - 3780 mˆ2 + 5616 mˆ4) #1 + (180 - 1242 mˆ2 -

287 648 mˆ4) #1ˆ2 + (756 + 972 mˆ2) #1ˆ3 + (1134 -

288 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &, 1] <= l <

289 Root[-25 mˆ2 + (1 + 60 mˆ2) #1 + (12 - 126 mˆ2) #1ˆ2 + (54 +

290 108 mˆ2) #1ˆ3 + (108 - 81 mˆ2) #1ˆ4 + 81 #1ˆ5 &,

291 1]) || (Root[-27 - 82 #ˆ2 + 192 #ˆ4 - 126 #ˆ6 + 27 #ˆ8& , 2,

292 0] <= m < Root[1 - 27 #ˆ2 - 657 #ˆ4 + 135 #ˆ6& , 4, 0] &&

293 Root[-2 + 213 mˆ2 + 5112 mˆ4 -

294 2160 mˆ6 + (6 - 3780 mˆ2 + 5616 mˆ4) #1 + (180 - 1242 mˆ2 -

295 648 mˆ4) #1ˆ2 + (756 + 972 mˆ2) #1ˆ3 + (1134 -

296 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &, 1] <= l <

297 1/3 (-4 + 3 mˆ2)) || (m >= Root[

298 1 - 27 #ˆ2 - 657 #ˆ4 + 135 #ˆ6& , 4, 0] &&

299 Root[-25 mˆ2 + (1 + 60 mˆ2) #1 + (12 - 126 mˆ2) #1ˆ2 + (54 +

300 108 mˆ2) #1ˆ3 + (108 - 81 mˆ2) #1ˆ4 + 81 #1ˆ5 &, 1] < l <

301 1/3 (-4 + 3 mˆ2)) || (0 < m <= Root[-1 + 6 #ˆ2 + 9 #ˆ4& , 2, 0] &&

302 Root[4 -

303 507 mˆ2 + (51 - 1404 mˆ2) #1 + (252 - 1674 mˆ2) #1ˆ2 + (594 -

304 972 mˆ2) #1ˆ3 + (648 - 243 mˆ2) #1ˆ4 + 243 #1ˆ5 &, 1] < l <

305 mˆ2) || (Root[-1 + 6 #ˆ2 + 9 #ˆ4& , 2, 0] < m < Root[

306 32768 - 1855650 #ˆ2 + 10014057 #ˆ4 - 3642597 #ˆ6 - 204525 #\
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307 ˆ8 + 151875 #ˆ10& , 4, 0] &&

308 Root[4 -

309 507 mˆ2 + (51 - 1404 mˆ2) #1 + (252 - 1674 mˆ2) #1ˆ2 + (594 -

310 972 mˆ2) #1ˆ3 + (648 - 243 mˆ2) #1ˆ4 + 243 #1ˆ5 &, 1] < l <

311 Root[-150 mˆ2 +

312 75 mˆ4 + (2 - 231 mˆ2 + 540 mˆ4) #1 + (42 + 4806 mˆ2 +

313 3402 mˆ4) #1ˆ2 + (378 + 14742 mˆ2 +

314 8748 mˆ4) #1ˆ3 + (1890 - 6966 mˆ2 +

315 19683 mˆ4) #1ˆ4 + (5670 - 45927 mˆ2) #1ˆ5 + (10206 -

316 13122 mˆ2) #1ˆ6 + 10206 #1ˆ7 + 4374 #1ˆ8 &, 2]) || (m ==

317 Root[32768 - 1855650 #ˆ2 + 10014057 #ˆ4 - 3642597 #ˆ6 - 204525 #\

318 ˆ8 + 151875 #ˆ10& , 4, 0] &&

319 Root[-2 -

320 75 mˆ2 + (6 - 180 mˆ2) #1 + (180 - 378 mˆ2) #1ˆ2 + (756 -

321 324 mˆ2) #1ˆ3 + (1134 - 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &, 1] < l <

322 Root[-150 mˆ2 +

323 75 mˆ4 + (2 - 231 mˆ2 + 540 mˆ4) #1 + (42 + 4806 mˆ2 +

324 3402 mˆ4) #1ˆ2 + (378 + 14742 mˆ2 +

325 8748 mˆ4) #1ˆ3 + (1890 - 6966 mˆ2 +

326 19683 mˆ4) #1ˆ4 + (5670 - 45927 mˆ2) #1ˆ5 + (10206 -

327 13122 mˆ2) #1ˆ6 + 10206 #1ˆ7 + 4374 #1ˆ8 &, 2]) || (Root[

328 32768 - 1855650 #ˆ2 + 10014057 #ˆ4 - 3642597 #ˆ6 - 204525 #\

329 ˆ8 + 151875 #ˆ10& , 4, 0] < m <= Root[

330 1 - 147 #ˆ2 + 423 #ˆ4 + 135 #ˆ6& , 4, 0] &&

331 Root[4 -

332 507 mˆ2 + (51 - 1404 mˆ2) #1 + (252 - 1674 mˆ2) #1ˆ2 + (594 -

333 972 mˆ2) #1ˆ3 + (648 - 243 mˆ2) #1ˆ4 + 243 #1ˆ5 &, 1] < l <

334 Root[-150 mˆ2 +

335 75 mˆ4 + (2 - 231 mˆ2 + 540 mˆ4) #1 + (42 + 4806 mˆ2 +

336 3402 mˆ4) #1ˆ2 + (378 + 14742 mˆ2 +

337 8748 mˆ4) #1ˆ3 + (1890 - 6966 mˆ2 +
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338 19683 mˆ4) #1ˆ4 + (5670 - 45927 mˆ2) #1ˆ5 + (10206 -

339 13122 mˆ2) #1ˆ6 + 10206 #1ˆ7 + 4374 #1ˆ8 &, 2]) || (Root[

340 1 - 147 #ˆ2 + 423 #ˆ4 + 135 #ˆ6& , 4, 0] < m <

341 Root[-486 - 9 #ˆ2 + 3053 #ˆ4 - 4914 #ˆ6 + 3096 #ˆ8 - 837 #\

342 ˆ10 + 81 #ˆ12& , 2, 0] &&

343 Root[-2 + 213 mˆ2 + 5112 mˆ4 -

344 2160 mˆ6 + (6 - 3780 mˆ2 + 5616 mˆ4) #1 + (180 - 1242 mˆ2 -

345 648 mˆ4) #1ˆ2 + (756 + 972 mˆ2) #1ˆ3 + (1134 -

346 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &, 1] <= l <

347 Root[-150 mˆ2 +

348 75 mˆ4 + (2 - 231 mˆ2 + 540 mˆ4) #1 + (42 + 4806 mˆ2 +

349 3402 mˆ4) #1ˆ2 + (378 + 14742 mˆ2 +

350 8748 mˆ4) #1ˆ3 + (1890 - 6966 mˆ2 +

351 19683 mˆ4) #1ˆ4 + (5670 - 45927 mˆ2) #1ˆ5 + (10206 -

352 13122 mˆ2) #1ˆ6 + 10206 #1ˆ7 + 4374 #1ˆ8 &, 2]) || (m ==

353 Root[-486 - 9 #ˆ2 + 3053 #ˆ4 - 4914 #ˆ6 + 3096 #ˆ8 - 837 #\

354 ˆ10 + 81 #ˆ12& , 2, 0] &&

355 Root[-2 + 213 mˆ2 + 5112 mˆ4 -

356 2160 mˆ6 + (6 - 3780 mˆ2 + 5616 mˆ4) #1 + (180 - 1242 mˆ2 -

357 648 mˆ4) #1ˆ2 + (756 + 972 mˆ2) #1ˆ3 + (1134 -

358 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &, 1] <= l <

359 1/3 (-4 +

360 3 mˆ2)) || \

361 (Root[-486 - 9 #ˆ2 + 3053 #ˆ4 - 4914 #ˆ6 + 3096 #ˆ8 - 837 #ˆ10 + 81 #\

362 ˆ12& , 2, 0] < m < Root[

363 686 - 49551 #ˆ2 - 203679 #ˆ4 - 60129 #ˆ6 + 68445 #ˆ8& , 4, 0] &&

364 Root[-2 + 213 mˆ2 + 5112 mˆ4 -

365 2160 mˆ6 + (6 - 3780 mˆ2 + 5616 mˆ4) #1 + (180 - 1242 mˆ2 -

366 648 mˆ4) #1ˆ2 + (756 + 972 mˆ2) #1ˆ3 + (1134 -

367 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &, 1] <= l <

368 Root[-150 mˆ2 +
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369 75 mˆ4 + (2 - 231 mˆ2 + 540 mˆ4) #1 + (42 + 4806 mˆ2 +

370 3402 mˆ4) #1ˆ2 + (378 + 14742 mˆ2 +

371 8748 mˆ4) #1ˆ3 + (1890 - 6966 mˆ2 +

372 19683 mˆ4) #1ˆ4 + (5670 - 45927 mˆ2) #1ˆ5 + (10206 -

373 13122 mˆ2) #1ˆ6 + 10206 #1ˆ7 + 4374 #1ˆ8 &, 2]) || (m ==

374 Root[686 - 49551 #ˆ2 - 203679 #ˆ4 - 60129 #ˆ6 + 68445 #ˆ8& , 4,

375 0] && Root[-2 + 213 mˆ2 + 5112 mˆ4 -

376 2160 mˆ6 + (6 - 3780 mˆ2 + 5616 mˆ4) #1 + (180 - 1242 mˆ2 -

377 648 mˆ4) #1ˆ2 + (756 + 972 mˆ2) #1ˆ3 + (1134 -

378 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &, 1] < l <

379 Root[-150 mˆ2 +

380 75 mˆ4 + (2 - 231 mˆ2 + 540 mˆ4) #1 + (42 + 4806 mˆ2 +

381 3402 mˆ4) #1ˆ2 + (378 + 14742 mˆ2 +

382 8748 mˆ4) #1ˆ3 + (1890 - 6966 mˆ2 +

383 19683 mˆ4) #1ˆ4 + (5670 - 45927 mˆ2) #1ˆ5 + (10206 -

384 13122 mˆ2) #1ˆ6 + 10206 #1ˆ7 + 4374 #1ˆ8 &, 2]) || (Root[

385 686 - 49551 #ˆ2 - 203679 #ˆ4 - 60129 #ˆ6 + 68445 #ˆ8& , 4, 0] <

386 m < Root[-2812500 - 11259427868 #ˆ2 - 6144055152 #ˆ4 + 1352551761 #\

387 ˆ6 + 692176752 #ˆ8 + 340122240 #ˆ10& , 2, 0] &&

388 Root[-150 mˆ2 +

389 75 mˆ4 + (2 - 231 mˆ2 + 540 mˆ4) #1 + (42 + 4806 mˆ2 +

390 3402 mˆ4) #1ˆ2 + (378 + 14742 mˆ2 +

391 8748 mˆ4) #1ˆ3 + (1890 - 6966 mˆ2 +

392 19683 mˆ4) #1ˆ4 + (5670 - 45927 mˆ2) #1ˆ5 + (10206 -

393 13122 mˆ2) #1ˆ6 + 10206 #1ˆ7 + 4374 #1ˆ8 &, 1] < l <

394 Root[-150 mˆ2 +

395 75 mˆ4 + (2 - 231 mˆ2 + 540 mˆ4) #1 + (42 + 4806 mˆ2 +

396 3402 mˆ4) #1ˆ2 + (378 + 14742 mˆ2 +

397 8748 mˆ4) #1ˆ3 + (1890 - 6966 mˆ2 +

398 19683 mˆ4) #1ˆ4 + (5670 - 45927 mˆ2) #1ˆ5 + (10206 -

399 13122 mˆ2) #1ˆ6 + 10206 #1ˆ7 + 4374 #1ˆ8 &,
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400 2]) || (Root[-1 + 6 #ˆ2 + 9 #ˆ4& , 2, 0] < m <= 1/Sqrt[3] &&

401 Root[-150 mˆ2 +

402 75 mˆ4 + (2 - 231 mˆ2 + 540 mˆ4) #1 + (42 + 4806 mˆ2 +

403 3402 mˆ4) #1ˆ2 + (378 + 14742 mˆ2 +

404 8748 mˆ4) #1ˆ3 + (1890 - 6966 mˆ2 +

405 19683 mˆ4) #1ˆ4 + (5670 - 45927 mˆ2) #1ˆ5 + (10206 -

406 13122 mˆ2) #1ˆ6 + 10206 #1ˆ7 + 4374 #1ˆ8 &, 2] < l <

407 mˆ2) || (1/Sqrt[3] < m <= Root[-2 - 9 #ˆ2 + 9 #ˆ4& , 2, 0] &&

408 Root[-150 mˆ2 +

409 75 mˆ4 + (2 - 231 mˆ2 + 540 mˆ4) #1 + (42 + 4806 mˆ2 +

410 3402 mˆ4) #1ˆ2 + (378 + 14742 mˆ2 +

411 8748 mˆ4) #1ˆ3 + (1890 - 6966 mˆ2 +

412 19683 mˆ4) #1ˆ4 + (5670 - 45927 mˆ2) #1ˆ5 + (10206 -

413 13122 mˆ2) #1ˆ6 + 10206 #1ˆ7 + 4374 #1ˆ8 &, 2] < l <

414 Root[-25 mˆ2 + (1 + 60 mˆ2) #1 + (12 - 126 mˆ2) #1ˆ2 + (54 +

415 108 mˆ2) #1ˆ3 + (108 - 81 mˆ2) #1ˆ4 + 81 #1ˆ5 &,

416 1]) || (Root[-2 - 9 #ˆ2 + 9 #ˆ4& , 2, 0] < m <

417 Root[-486 - 9 #ˆ2 + 3053 #ˆ4 - 4914 #ˆ6 + 3096 #ˆ8 - 837 #\

418 ˆ10 + 81 #ˆ12& , 2,

419 0] && (Root[-150 mˆ2 +

420 75 mˆ4 + (2 - 231 mˆ2 + 540 mˆ4) #1 + (42 + 4806 mˆ2 +

421 3402 mˆ4) #1ˆ2 + (378 + 14742 mˆ2 +

422 8748 mˆ4) #1ˆ3 + (1890 - 6966 mˆ2 +

423 19683 mˆ4) #1ˆ4 + (5670 - 45927 mˆ2) #1ˆ5 + (10206 -

424 13122 mˆ2) #1ˆ6 + 10206 #1ˆ7 + 4374 #1ˆ8 &, 1] < l <

425 1/3 (-4 + 3 mˆ2) ||

426 Root[-150 mˆ2 +

427 75 mˆ4 + (2 - 231 mˆ2 + 540 mˆ4) #1 + (42 + 4806 mˆ2 +

428 3402 mˆ4) #1ˆ2 + (378 + 14742 mˆ2 +

429 8748 mˆ4) #1ˆ3 + (1890 - 6966 mˆ2 +

430 19683 mˆ4) #1ˆ4 + (5670 - 45927 mˆ2) #1ˆ5 + (10206 -
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431 13122 mˆ2) #1ˆ6 + 10206 #1ˆ7 + 4374 #1ˆ8 &, 2] < l <

432 Root[-25 mˆ2 + (1 + 60 mˆ2) #1 + (12 - 126 mˆ2) #1ˆ2 + (54 +

433 108 mˆ2) #1ˆ3 + (108 - 81 mˆ2) #1ˆ4 + 81 #1ˆ5 &,

434 1])) || (m ==

435 Root[-486 - 9 #ˆ2 + 3053 #ˆ4 - 4914 #ˆ6 + 3096 #ˆ8 - 837 #\

436 ˆ10 + 81 #ˆ12& , 2,

437 0] && (Root[-150 mˆ2 +

438 75 mˆ4 + (2 - 231 mˆ2 + 540 mˆ4) #1 + (42 + 4806 mˆ2 +

439 3402 mˆ4) #1ˆ2 + (378 + 14742 mˆ2 +

440 8748 mˆ4) #1ˆ3 + (1890 - 6966 mˆ2 +

441 19683 mˆ4) #1ˆ4 + (5670 - 45927 mˆ2) #1ˆ5 + (10206 -

442 13122 mˆ2) #1ˆ6 + 10206 #1ˆ7 + 4374 #1ˆ8 &, 1] < l <

443 1/3 (-4 + 3 mˆ2) ||

444 1/3 (-4 + 3 mˆ2) < l <

445 Root[-25 mˆ2 + (1 + 60 mˆ2) #1 + (12 - 126 mˆ2) #1ˆ2 + (54 +

446 108 mˆ2) #1ˆ3 + (108 - 81 mˆ2) #1ˆ4 + 81 #1ˆ5 &,

447 1])) || (Root[-486 - 9 #ˆ2 + 3053 #ˆ4 - 4914 #ˆ6 + 3096 #\

448 ˆ8 - 837 #ˆ10 + 81 #ˆ12& , 2, 0] < m <

449 Root[-27 - 82 #ˆ2 + 192 #ˆ4 - 126 #ˆ6 + 27 #ˆ8& , 2, 0] &&

450 Root[-150 mˆ2 +

451 75 mˆ4 + (2 - 231 mˆ2 + 540 mˆ4) #1 + (42 + 4806 mˆ2 +

452 3402 mˆ4) #1ˆ2 + (378 + 14742 mˆ2 +

453 8748 mˆ4) #1ˆ3 + (1890 - 6966 mˆ2 +

454 19683 mˆ4) #1ˆ4 + (5670 - 45927 mˆ2) #1ˆ5 + (10206 -

455 13122 mˆ2) #1ˆ6 + 10206 #1ˆ7 + 4374 #1ˆ8 &, 1] < l <

456 Root[-25 mˆ2 + (1 + 60 mˆ2) #1 + (12 - 126 mˆ2) #1ˆ2 + (54 +

457 108 mˆ2) #1ˆ3 + (108 - 81 mˆ2) #1ˆ4 + 81 #1ˆ5 &,

458 1]) || (Root[-27 - 82 #ˆ2 + 192 #ˆ4 - 126 #ˆ6 + 27 #ˆ8& , 2,

459 0] <= m < Root[

460 686 - 49551 #ˆ2 - 203679 #ˆ4 - 60129 #ˆ6 + 68445 #ˆ8& , 4, 0] &&

461 Root[-150 mˆ2 +
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462 75 mˆ4 + (2 - 231 mˆ2 + 540 mˆ4) #1 + (42 + 4806 mˆ2 +

463 3402 mˆ4) #1ˆ2 + (378 + 14742 mˆ2 +

464 8748 mˆ4) #1ˆ3 + (1890 - 6966 mˆ2 +

465 19683 mˆ4) #1ˆ4 + (5670 - 45927 mˆ2) #1ˆ5 + (10206 -

466 13122 mˆ2) #1ˆ6 + 10206 #1ˆ7 + 4374 #1ˆ8 &, 1] < l <

467 1/3 (-4 + 3 mˆ2)) || (m == Root[

468 686 - 49551 #ˆ2 - 203679 #ˆ4 - 60129 #ˆ6 + 68445 #ˆ8& , 4, 0] &&

469 Root[-2 + 213 mˆ2 + 5112 mˆ4 -

470 2160 mˆ6 + (6 - 3780 mˆ2 + 5616 mˆ4) #1 + (180 - 1242 mˆ2 -

471 648 mˆ4) #1ˆ2 + (756 + 972 mˆ2) #1ˆ3 + (1134 -

472 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &, 1] < l <

473 1/3 (-4 + 3 mˆ2)) || (Root[

474 686 - 49551 #ˆ2 - 203679 #ˆ4 - 60129 #ˆ6 + 68445 #ˆ8& , 4, 0] <

475 m < Root[1 - 27 #ˆ2 - 657 #ˆ4 + 135 #ˆ6& , 4, 0] &&

476 Root[-2 + 213 mˆ2 + 5112 mˆ4 -

477 2160 mˆ6 + (6 - 3780 mˆ2 + 5616 mˆ4) #1 + (180 - 1242 mˆ2 -

478 648 mˆ4) #1ˆ2 + (756 + 972 mˆ2) #1ˆ3 + (1134 -

479 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &, 1] <= l <

480 1/3 (-4 + 3 mˆ2)) || (m >= Root[

481 1 - 27 #ˆ2 - 657 #ˆ4 + 135 #ˆ6& , 4, 0] &&

482 Root[-25 mˆ2 + (1 + 60 mˆ2) #1 + (12 - 126 mˆ2) #1ˆ2 + (54 +

483 108 mˆ2) #1ˆ3 + (108 - 81 mˆ2) #1ˆ4 + 81 #1ˆ5 &, 1] < l <

484 1/3 (-4 + 3 mˆ2)) || (1/Sqrt[3] < m <= (3 Sqrt[3])/5 &&

485 Root[1 - 168 mˆ2 +

486 144 mˆ4 + (12 + 144 mˆ2) #1 + (54 + 216 mˆ2) #1ˆ2 + 108 #1ˆ3 +

487 81 #1ˆ4 &, 2] < l <

488 Root[-25 mˆ2 + (1 + 60 mˆ2) #1 + (12 - 126 mˆ2) #1ˆ2 + (54 +

489 108 mˆ2) #1ˆ3 + (108 - 81 mˆ2) #1ˆ4 + 81 #1ˆ5 &, 1]) || ((

490 3 Sqrt[3])/5 < m <= Root[-2 - 9 #ˆ2 + 9 #ˆ4& , 2, 0] &&

491 Root[-150 mˆ2 +

492 75 mˆ4 + (2 - 231 mˆ2 + 540 mˆ4) #1 + (42 + 4806 mˆ2 +
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493 3402 mˆ4) #1ˆ2 + (378 + 14742 mˆ2 +

494 8748 mˆ4) #1ˆ3 + (1890 - 6966 mˆ2 +

495 19683 mˆ4) #1ˆ4 + (5670 - 45927 mˆ2) #1ˆ5 + (10206 -

496 13122 mˆ2) #1ˆ6 + 10206 #1ˆ7 + 4374 #1ˆ8 &, 2] < l <

497 Root[-25 mˆ2 + (1 + 60 mˆ2) #1 + (12 - 126 mˆ2) #1ˆ2 + (54 +

498 108 mˆ2) #1ˆ3 + (108 - 81 mˆ2) #1ˆ4 + 81 #1ˆ5 &,

499 1]) || (Root[-2 - 9 #ˆ2 + 9 #ˆ4& , 2, 0] < m < Root[

500 17179869184 - 758241767424 #ˆ2 + 738811183104 #ˆ4 - 1873773558144 #\

501 ˆ6 + 2178248345280 #ˆ8 + 730684767357 #ˆ10 - 1168450231581 #\

502 ˆ12 - 312846367473 #ˆ14 + 307409258025 #ˆ16& , 4,

503 0] && (Root[-150 mˆ2 +

504 75 mˆ4 + (2 - 231 mˆ2 + 540 mˆ4) #1 + (42 + 4806 mˆ2 +

505 3402 mˆ4) #1ˆ2 + (378 + 14742 mˆ2 +

506 8748 mˆ4) #1ˆ3 + (1890 - 6966 mˆ2 +

507 19683 mˆ4) #1ˆ4 + (5670 - 45927 mˆ2) #1ˆ5 + (10206 -

508 13122 mˆ2) #1ˆ6 + 10206 #1ˆ7 + 4374 #1ˆ8 &, 1] < l <

509 1/3 (-4 + 3 mˆ2) ||

510 Root[-150 mˆ2 +

511 75 mˆ4 + (2 - 231 mˆ2 + 540 mˆ4) #1 + (42 + 4806 mˆ2 +

512 3402 mˆ4) #1ˆ2 + (378 + 14742 mˆ2 +

513 8748 mˆ4) #1ˆ3 + (1890 - 6966 mˆ2 +

514 19683 mˆ4) #1ˆ4 + (5670 - 45927 mˆ2) #1ˆ5 + (10206 -

515 13122 mˆ2) #1ˆ6 + 10206 #1ˆ7 + 4374 #1ˆ8 &, 2] < l <

516 Root[-25 mˆ2 + (1 + 60 mˆ2) #1 + (12 - 126 mˆ2) #1ˆ2 + (54 +

517 108 mˆ2) #1ˆ3 + (108 - 81 mˆ2) #1ˆ4 + 81 #1ˆ5 &,

518 1])) || (m == Root[

519 17179869184 - 758241767424 #ˆ2 + 738811183104 #ˆ4 - 1873773558144 #\

520 ˆ6 + 2178248345280 #ˆ8 + 730684767357 #ˆ10 - 1168450231581 #\

521 ˆ12 - 312846367473 #ˆ14 + 307409258025 #ˆ16& , 4,

522 0] && (Root[

523 1 - 168 mˆ2 +
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524 144 mˆ4 + (12 + 144 mˆ2) #1 + (54 + 216 mˆ2) #1ˆ2 +

525 108 #1ˆ3 + 81 #1ˆ4 &, 2] < l < 1/3 (-4 + 3 mˆ2) ||

526 Root[-150 mˆ2 +

527 75 mˆ4 + (2 - 231 mˆ2 + 540 mˆ4) #1 + (42 + 4806 mˆ2 +

528 3402 mˆ4) #1ˆ2 + (378 + 14742 mˆ2 +

529 8748 mˆ4) #1ˆ3 + (1890 - 6966 mˆ2 +

530 19683 mˆ4) #1ˆ4 + (5670 - 45927 mˆ2) #1ˆ5 + (10206 -

531 13122 mˆ2) #1ˆ6 + 10206 #1ˆ7 + 4374 #1ˆ8 &, 2] < l <

532 Root[-25 mˆ2 + (1 + 60 mˆ2) #1 + (12 - 126 mˆ2) #1ˆ2 + (54 +

533 108 mˆ2) #1ˆ3 + (108 - 81 mˆ2) #1ˆ4 + 81 #1ˆ5 &,

534 1])) || (Root[

535 17179869184 - 758241767424 #ˆ2 + 738811183104 #ˆ4 - 1873773558144 #\

536 ˆ6 + 2178248345280 #ˆ8 + 730684767357 #ˆ10 - 1168450231581 #\

537 ˆ12 - 312846367473 #ˆ14 + 307409258025 #ˆ16& , 4, 0] < m <

538 Root[-486 - 9 #ˆ2 + 3053 #ˆ4 - 4914 #ˆ6 + 3096 #ˆ8 - 837 #\

539 ˆ10 + 81 #ˆ12& , 2,

540 0] && (Root[-150 mˆ2 +

541 75 mˆ4 + (2 - 231 mˆ2 + 540 mˆ4) #1 + (42 + 4806 mˆ2 +

542 3402 mˆ4) #1ˆ2 + (378 + 14742 mˆ2 +

543 8748 mˆ4) #1ˆ3 + (1890 - 6966 mˆ2 +

544 19683 mˆ4) #1ˆ4 + (5670 - 45927 mˆ2) #1ˆ5 + (10206 -

545 13122 mˆ2) #1ˆ6 + 10206 #1ˆ7 + 4374 #1ˆ8 &, 1] < l <

546 1/3 (-4 + 3 mˆ2) ||

547 Root[-150 mˆ2 +

548 75 mˆ4 + (2 - 231 mˆ2 + 540 mˆ4) #1 + (42 + 4806 mˆ2 +

549 3402 mˆ4) #1ˆ2 + (378 + 14742 mˆ2 +

550 8748 mˆ4) #1ˆ3 + (1890 - 6966 mˆ2 +

551 19683 mˆ4) #1ˆ4 + (5670 - 45927 mˆ2) #1ˆ5 + (10206 -

552 13122 mˆ2) #1ˆ6 + 10206 #1ˆ7 + 4374 #1ˆ8 &, 2] < l <

553 Root[-25 mˆ2 + (1 + 60 mˆ2) #1 + (12 - 126 mˆ2) #1ˆ2 + (54 +

554 108 mˆ2) #1ˆ3 + (108 - 81 mˆ2) #1ˆ4 + 81 #1ˆ5 &,
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555 1])) || (m ==

556 Root[-486 - 9 #ˆ2 + 3053 #ˆ4 - 4914 #ˆ6 + 3096 #ˆ8 - 837 #\

557 ˆ10 + 81 #ˆ12& , 2,

558 0] && (Root[-150 mˆ2 +

559 75 mˆ4 + (2 - 231 mˆ2 + 540 mˆ4) #1 + (42 + 4806 mˆ2 +

560 3402 mˆ4) #1ˆ2 + (378 + 14742 mˆ2 +

561 8748 mˆ4) #1ˆ3 + (1890 - 6966 mˆ2 +

562 19683 mˆ4) #1ˆ4 + (5670 - 45927 mˆ2) #1ˆ5 + (10206 -

563 13122 mˆ2) #1ˆ6 + 10206 #1ˆ7 + 4374 #1ˆ8 &, 1] < l <

564 1/3 (-4 + 3 mˆ2) ||

565 1/3 (-4 + 3 mˆ2) < l <

566 Root[-25 mˆ2 + (1 + 60 mˆ2) #1 + (12 - 126 mˆ2) #1ˆ2 + (54 +

567 108 mˆ2) #1ˆ3 + (108 - 81 mˆ2) #1ˆ4 + 81 #1ˆ5 &,

568 1])) || (Root[-486 - 9 #ˆ2 + 3053 #ˆ4 - 4914 #ˆ6 + 3096 #\

569 ˆ8 - 837 #ˆ10 + 81 #ˆ12& , 2, 0] < m <

570 Root[-27 - 82 #ˆ2 + 192 #ˆ4 - 126 #ˆ6 + 27 #ˆ8& , 2, 0] &&

571 Root[-150 mˆ2 +

572 75 mˆ4 + (2 - 231 mˆ2 + 540 mˆ4) #1 + (42 + 4806 mˆ2 +

573 3402 mˆ4) #1ˆ2 + (378 + 14742 mˆ2 +

574 8748 mˆ4) #1ˆ3 + (1890 - 6966 mˆ2 +

575 19683 mˆ4) #1ˆ4 + (5670 - 45927 mˆ2) #1ˆ5 + (10206 -

576 13122 mˆ2) #1ˆ6 + 10206 #1ˆ7 + 4374 #1ˆ8 &, 1] < l <

577 Root[-25 mˆ2 + (1 + 60 mˆ2) #1 + (12 - 126 mˆ2) #1ˆ2 + (54 +

578 108 mˆ2) #1ˆ3 + (108 - 81 mˆ2) #1ˆ4 + 81 #1ˆ5 &,

579 1]) || (Root[-27 - 82 #ˆ2 + 192 #ˆ4 - 126 #ˆ6 + 27 #ˆ8& , 2,

580 0] <= m < Root[

581 686 - 49551 #ˆ2 - 203679 #ˆ4 - 60129 #ˆ6 + 68445 #ˆ8& , 4, 0] &&

582 Root[-150 mˆ2 +

583 75 mˆ4 + (2 - 231 mˆ2 + 540 mˆ4) #1 + (42 + 4806 mˆ2 +

584 3402 mˆ4) #1ˆ2 + (378 + 14742 mˆ2 +

585 8748 mˆ4) #1ˆ3 + (1890 - 6966 mˆ2 +
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586 19683 mˆ4) #1ˆ4 + (5670 - 45927 mˆ2) #1ˆ5 + (10206 -

587 13122 mˆ2) #1ˆ6 + 10206 #1ˆ7 + 4374 #1ˆ8 &, 1] < l <

588 1/3 (-4 + 3 mˆ2)) || (m == Root[

589 686 - 49551 #ˆ2 - 203679 #ˆ4 - 60129 #ˆ6 + 68445 #ˆ8& , 4, 0] &&

590 Root[-2 + 213 mˆ2 + 5112 mˆ4 -

591 2160 mˆ6 + (6 - 3780 mˆ2 + 5616 mˆ4) #1 + (180 - 1242 mˆ2 -

592 648 mˆ4) #1ˆ2 + (756 + 972 mˆ2) #1ˆ3 + (1134 -

593 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &, 1] < l <

594 1/3 (-4 + 3 mˆ2)) || (Root[

595 686 - 49551 #ˆ2 - 203679 #ˆ4 - 60129 #ˆ6 + 68445 #ˆ8& , 4, 0] <

596 m < Root[1 - 27 #ˆ2 - 657 #ˆ4 + 135 #ˆ6& , 4, 0] &&

597 Root[-2 + 213 mˆ2 + 5112 mˆ4 -

598 2160 mˆ6 + (6 - 3780 mˆ2 + 5616 mˆ4) #1 + (180 - 1242 mˆ2 -

599 648 mˆ4) #1ˆ2 + (756 + 972 mˆ2) #1ˆ3 + (1134 -

600 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &, 1] <= l <

601 1/3 (-4 + 3 mˆ2)) || (m >= Root[

602 1 - 27 #ˆ2 - 657 #ˆ4 + 135 #ˆ6& , 4, 0] &&

603 Root[-25 mˆ2 + (1 + 60 mˆ2) #1 + (12 - 126 mˆ2) #1ˆ2 + (54 +

604 108 mˆ2) #1ˆ3 + (108 - 81 mˆ2) #1ˆ4 + 81 #1ˆ5 &, 1] < l <

605 1/3 (-4 + 3 mˆ2)) || (1/Sqrt[3] < m <= (3 Sqrt[3])/5 &&

606 Root[1 - 168 mˆ2 +

607 144 mˆ4 + (12 + 144 mˆ2) #1 + (54 + 216 mˆ2) #1ˆ2 + 108 #1ˆ3 +

608 81 #1ˆ4 &, 2] < l <=

609 Root[-2 -

610 75 mˆ2 + (6 - 180 mˆ2) #1 + (180 - 378 mˆ2) #1ˆ2 + (756 -

611 324 mˆ2) #1ˆ3 + (1134 - 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &,

612 1]) || ((3 Sqrt[3])/5 < m <= Root[-2 - 9 #ˆ2 + 9 #ˆ4& , 2, 0] &&

613 Root[-150 mˆ2 +

614 75 mˆ4 + (2 - 231 mˆ2 + 540 mˆ4) #1 + (42 + 4806 mˆ2 +

615 3402 mˆ4) #1ˆ2 + (378 + 14742 mˆ2 +

616 8748 mˆ4) #1ˆ3 + (1890 - 6966 mˆ2 +
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617 19683 mˆ4) #1ˆ4 + (5670 - 45927 mˆ2) #1ˆ5 + (10206 -

618 13122 mˆ2) #1ˆ6 + 10206 #1ˆ7 + 4374 #1ˆ8 &, 2] < l <=

619 Root[-2 -

620 75 mˆ2 + (6 - 180 mˆ2) #1 + (180 - 378 mˆ2) #1ˆ2 + (756 -

621 324 mˆ2) #1ˆ3 + (1134 - 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &,

622 1]) || (Root[-2 - 9 #ˆ2 + 9 #ˆ4& , 2, 0] < m < Root[

623 17179869184 - 758241767424 #ˆ2 + 738811183104 #ˆ4 - 1873773558144 #\

624 ˆ6 + 2178248345280 #ˆ8 + 730684767357 #ˆ10 - 1168450231581 #\

625 ˆ12 - 312846367473 #ˆ14 + 307409258025 #ˆ16& , 4,

626 0] && (Root[-150 mˆ2 +

627 75 mˆ4 + (2 - 231 mˆ2 + 540 mˆ4) #1 + (42 + 4806 mˆ2 +

628 3402 mˆ4) #1ˆ2 + (378 + 14742 mˆ2 +

629 8748 mˆ4) #1ˆ3 + (1890 - 6966 mˆ2 +

630 19683 mˆ4) #1ˆ4 + (5670 - 45927 mˆ2) #1ˆ5 + (10206 -

631 13122 mˆ2) #1ˆ6 + 10206 #1ˆ7 + 4374 #1ˆ8 &, 1] < l <

632 1/3 (-4 + 3 mˆ2) ||

633 Root[-150 mˆ2 +

634 75 mˆ4 + (2 - 231 mˆ2 + 540 mˆ4) #1 + (42 + 4806 mˆ2 +

635 3402 mˆ4) #1ˆ2 + (378 + 14742 mˆ2 +

636 8748 mˆ4) #1ˆ3 + (1890 - 6966 mˆ2 +

637 19683 mˆ4) #1ˆ4 + (5670 - 45927 mˆ2) #1ˆ5 + (10206 -

638 13122 mˆ2) #1ˆ6 + 10206 #1ˆ7 + 4374 #1ˆ8 &, 2] < l <=

639 Root[-2 -

640 75 mˆ2 + (6 - 180 mˆ2) #1 + (180 - 378 mˆ2) #1ˆ2 + (756 -

641 324 mˆ2) #1ˆ3 + (1134 - 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &,

642 1])) || (m == Root[

643 17179869184 - 758241767424 #ˆ2 + 738811183104 #ˆ4 - 1873773558144 #\

644 ˆ6 + 2178248345280 #ˆ8 + 730684767357 #ˆ10 - 1168450231581 #\

645 ˆ12 - 312846367473 #ˆ14 + 307409258025 #ˆ16& , 4,

646 0] && (Root[

647 1 - 168 mˆ2 +
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648 144 mˆ4 + (12 + 144 mˆ2) #1 + (54 + 216 mˆ2) #1ˆ2 +

649 108 #1ˆ3 + 81 #1ˆ4 &, 2] < l < 1/3 (-4 + 3 mˆ2) ||

650 Root[-150 mˆ2 +

651 75 mˆ4 + (2 - 231 mˆ2 + 540 mˆ4) #1 + (42 + 4806 mˆ2 +

652 3402 mˆ4) #1ˆ2 + (378 + 14742 mˆ2 +

653 8748 mˆ4) #1ˆ3 + (1890 - 6966 mˆ2 +

654 19683 mˆ4) #1ˆ4 + (5670 - 45927 mˆ2) #1ˆ5 + (10206 -

655 13122 mˆ2) #1ˆ6 + 10206 #1ˆ7 + 4374 #1ˆ8 &, 2] < l <=

656 Root[-2 -

657 75 mˆ2 + (6 - 180 mˆ2) #1 + (180 - 378 mˆ2) #1ˆ2 + (756 -

658 324 mˆ2) #1ˆ3 + (1134 - 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &,

659 1])) || (Root[

660 17179869184 - 758241767424 #ˆ2 + 738811183104 #ˆ4 - 1873773558144 #\

661 ˆ6 + 2178248345280 #ˆ8 + 730684767357 #ˆ10 - 1168450231581 #\

662 ˆ12 - 312846367473 #ˆ14 + 307409258025 #ˆ16& , 4, 0] < m <

663 Root[-486 - 9 #ˆ2 + 3053 #ˆ4 - 4914 #ˆ6 + 3096 #ˆ8 - 837 #\

664 ˆ10 + 81 #ˆ12& , 2,

665 0] && (Root[-150 mˆ2 +

666 75 mˆ4 + (2 - 231 mˆ2 + 540 mˆ4) #1 + (42 + 4806 mˆ2 +

667 3402 mˆ4) #1ˆ2 + (378 + 14742 mˆ2 +

668 8748 mˆ4) #1ˆ3 + (1890 - 6966 mˆ2 +

669 19683 mˆ4) #1ˆ4 + (5670 - 45927 mˆ2) #1ˆ5 + (10206 -

670 13122 mˆ2) #1ˆ6 + 10206 #1ˆ7 + 4374 #1ˆ8 &, 1] < l <

671 1/3 (-4 + 3 mˆ2) ||

672 Root[-150 mˆ2 +

673 75 mˆ4 + (2 - 231 mˆ2 + 540 mˆ4) #1 + (42 + 4806 mˆ2 +

674 3402 mˆ4) #1ˆ2 + (378 + 14742 mˆ2 +

675 8748 mˆ4) #1ˆ3 + (1890 - 6966 mˆ2 +

676 19683 mˆ4) #1ˆ4 + (5670 - 45927 mˆ2) #1ˆ5 + (10206 -

677 13122 mˆ2) #1ˆ6 + 10206 #1ˆ7 + 4374 #1ˆ8 &, 2] < l <=

678 Root[-2 -
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679 75 mˆ2 + (6 - 180 mˆ2) #1 + (180 - 378 mˆ2) #1ˆ2 + (756 -

680 324 mˆ2) #1ˆ3 + (1134 - 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &,

681 1])) || (m ==

682 Root[-486 - 9 #ˆ2 + 3053 #ˆ4 - 4914 #ˆ6 + 3096 #ˆ8 - 837 #\

683 ˆ10 + 81 #ˆ12& , 2,

684 0] && (Root[-150 mˆ2 +

685 75 mˆ4 + (2 - 231 mˆ2 + 540 mˆ4) #1 + (42 + 4806 mˆ2 +

686 3402 mˆ4) #1ˆ2 + (378 + 14742 mˆ2 +

687 8748 mˆ4) #1ˆ3 + (1890 - 6966 mˆ2 +

688 19683 mˆ4) #1ˆ4 + (5670 - 45927 mˆ2) #1ˆ5 + (10206 -

689 13122 mˆ2) #1ˆ6 + 10206 #1ˆ7 + 4374 #1ˆ8 &, 1] < l <

690 1/3 (-4 + 3 mˆ2) ||

691 1/3 (-4 + 3 mˆ2) < l <=

692 Root[-2 -

693 75 mˆ2 + (6 - 180 mˆ2) #1 + (180 - 378 mˆ2) #1ˆ2 + (756 -

694 324 mˆ2) #1ˆ3 + (1134 - 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &,

695 1])) || (Root[-486 - 9 #ˆ2 + 3053 #ˆ4 - 4914 #ˆ6 + 3096 #\

696 ˆ8 - 837 #ˆ10 + 81 #ˆ12& , 2, 0] < m < Root[

697 686 - 49551 #ˆ2 - 203679 #ˆ4 - 60129 #ˆ6 + 68445 #ˆ8& , 4, 0] &&

698 Root[-150 mˆ2 +

699 75 mˆ4 + (2 - 231 mˆ2 + 540 mˆ4) #1 + (42 + 4806 mˆ2 +

700 3402 mˆ4) #1ˆ2 + (378 + 14742 mˆ2 +

701 8748 mˆ4) #1ˆ3 + (1890 - 6966 mˆ2 +

702 19683 mˆ4) #1ˆ4 + (5670 - 45927 mˆ2) #1ˆ5 + (10206 -

703 13122 mˆ2) #1ˆ6 + 10206 #1ˆ7 + 4374 #1ˆ8 &, 1] < l <=

704 Root[-2 -

705 75 mˆ2 + (6 - 180 mˆ2) #1 + (180 - 378 mˆ2) #1ˆ2 + (756 -

706 324 mˆ2) #1ˆ3 + (1134 - 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &,

707 1]) || (m == Root[

708 686 - 49551 #ˆ2 - 203679 #ˆ4 - 60129 #ˆ6 + 68445 #ˆ8& , 4, 0] &&

709 Root[-2 + 213 mˆ2 + 5112 mˆ4 -
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710 2160 mˆ6 + (6 - 3780 mˆ2 + 5616 mˆ4) #1 + (180 - 1242 mˆ2 -

711 648 mˆ4) #1ˆ2 + (756 + 972 mˆ2) #1ˆ3 + (1134 -

712 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &, 1] < l <=

713 Root[-2 -

714 75 mˆ2 + (6 - 180 mˆ2) #1 + (180 - 378 mˆ2) #1ˆ2 + (756 -

715 324 mˆ2) #1ˆ3 + (1134 - 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &,

716 1]) || (Root[

717 686 - 49551 #ˆ2 - 203679 #ˆ4 - 60129 #ˆ6 + 68445 #ˆ8& , 4, 0] <

718 m < Root[-18 - 47 #ˆ2 + 147 #ˆ4 - 117 #ˆ6 + 27 #ˆ8& , 2, 0] &&

719 Root[-2 + 213 mˆ2 + 5112 mˆ4 -

720 2160 mˆ6 + (6 - 3780 mˆ2 + 5616 mˆ4) #1 + (180 - 1242 mˆ2 -

721 648 mˆ4) #1ˆ2 + (756 + 972 mˆ2) #1ˆ3 + (1134 -

722 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &, 1] <= l <=

723 Root[-2 -

724 75 mˆ2 + (6 - 180 mˆ2) #1 + (180 - 378 mˆ2) #1ˆ2 + (756 -

725 324 mˆ2) #1ˆ3 + (1134 - 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &,

726 1]) || (m ==

727 Root[-18 - 47 #ˆ2 + 147 #ˆ4 - 117 #ˆ6 + 27 #ˆ8& , 2, 0] &&

728 Root[-2 + 213 mˆ2 + 5112 mˆ4 -

729 2160 mˆ6 + (6 - 3780 mˆ2 + 5616 mˆ4) #1 + (180 - 1242 mˆ2 -

730 648 mˆ4) #1ˆ2 + (756 + 972 mˆ2) #1ˆ3 + (1134 -

731 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &, 1] <= l <=

732 1/3 (-4 + 3 mˆ2)) || (m >

733 Root[-18 - 47 #ˆ2 + 147 #ˆ4 - 117 #ˆ6 + 27 #ˆ8& , 2, 0] &&

734 Root[-2 + 213 mˆ2 + 5112 mˆ4 -

735 2160 mˆ6 + (6 - 3780 mˆ2 + 5616 mˆ4) #1 + (180 - 1242 mˆ2 -

736 648 mˆ4) #1ˆ2 + (756 + 972 mˆ2) #1ˆ3 + (1134 -

737 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &, 1] <= l <

738 1/3 (-4 + 3 mˆ2)) || (1/Sqrt[3] < m <= Root[

739 1 - 36 #ˆ2 + 36 #ˆ4& , 4, 0] &&

740 Root[1 - 168 mˆ2 +
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741 144 mˆ4 + (12 + 144 mˆ2) #1 + (54 + 216 mˆ2) #1ˆ2 + 108 #1ˆ3 +

742 81 #1ˆ4 &, 1] < l < 1/3 (-4 + 3 mˆ2)) || (Root[

743 1 - 36 #ˆ2 + 36 #ˆ4& , 4, 0] < m <= (3 Sqrt[3])/5 &&

744 Root[-2 + 213 mˆ2 + 5112 mˆ4 -

745 2160 mˆ6 + (6 - 3780 mˆ2 + 5616 mˆ4) #1 + (180 - 1242 mˆ2 -

746 648 mˆ4) #1ˆ2 + (756 + 972 mˆ2) #1ˆ3 + (1134 -

747 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &, 1] <= l <

748 1/3 (-4 + 3 mˆ2)) || ((3 Sqrt[3])/5 < m <=

749 Root[-2 - 9 #ˆ2 + 9 #ˆ4& , 2,

750 0] && (Root[-2 + 213 mˆ2 + 5112 mˆ4 -

751 2160 mˆ6 + (6 - 3780 mˆ2 + 5616 mˆ4) #1 + (180 - 1242 mˆ2 -

752 648 mˆ4) #1ˆ2 + (756 + 972 mˆ2) #1ˆ3 + (1134 -

753 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &, 1] <= l < 1/3 (-4 + 3 mˆ2) ||

754 Root[1 - 168 mˆ2 +

755 144 mˆ4 + (12 + 144 mˆ2) #1 + (54 + 216 mˆ2) #1ˆ2 +

756 108 #1ˆ3 + 81 #1ˆ4 &, 2] < l <

757 Root[-150 mˆ2 +

758 75 mˆ4 + (2 - 231 mˆ2 + 540 mˆ4) #1 + (42 + 4806 mˆ2 +

759 3402 mˆ4) #1ˆ2 + (378 + 14742 mˆ2 +

760 8748 mˆ4) #1ˆ3 + (1890 - 6966 mˆ2 +

761 19683 mˆ4) #1ˆ4 + (5670 - 45927 mˆ2) #1ˆ5 + (10206 -

762 13122 mˆ2) #1ˆ6 + 10206 #1ˆ7 + 4374 #1ˆ8 &,

763 2])) || (Root[-2 - 9 #ˆ2 + 9 #ˆ4& , 2, 0] < m <

764 Root[-27 + 19 #ˆ2 - 9 #ˆ4 + 9 #ˆ6& , 2,

765 0] && (Root[-2 + 213 mˆ2 + 5112 mˆ4 -

766 2160 mˆ6 + (6 - 3780 mˆ2 + 5616 mˆ4) #1 + (180 - 1242 mˆ2 -

767 648 mˆ4) #1ˆ2 + (756 + 972 mˆ2) #1ˆ3 + (1134 -

768 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &, 1] <= l <

769 Root[-150 mˆ2 +

770 75 mˆ4 + (2 - 231 mˆ2 + 540 mˆ4) #1 + (42 + 4806 mˆ2 +

771 3402 mˆ4) #1ˆ2 + (378 + 14742 mˆ2 +
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772 8748 mˆ4) #1ˆ3 + (1890 - 6966 mˆ2 +

773 19683 mˆ4) #1ˆ4 + (5670 - 45927 mˆ2) #1ˆ5 + (10206 -

774 13122 mˆ2) #1ˆ6 + 10206 #1ˆ7 + 4374 #1ˆ8 &, 1] ||

775 Root[1 - 168 mˆ2 +

776 144 mˆ4 + (12 + 144 mˆ2) #1 + (54 + 216 mˆ2) #1ˆ2 +

777 108 #1ˆ3 + 81 #1ˆ4 &, 2] < l <

778 Root[-150 mˆ2 +

779 75 mˆ4 + (2 - 231 mˆ2 + 540 mˆ4) #1 + (42 + 4806 mˆ2 +

780 3402 mˆ4) #1ˆ2 + (378 + 14742 mˆ2 +

781 8748 mˆ4) #1ˆ3 + (1890 - 6966 mˆ2 +

782 19683 mˆ4) #1ˆ4 + (5670 - 45927 mˆ2) #1ˆ5 + (10206 -

783 13122 mˆ2) #1ˆ6 + 10206 #1ˆ7 + 4374 #1ˆ8 &, 2])) || (m ==

784 Root[-27 + 19 #ˆ2 - 9 #ˆ4 + 9 #ˆ6& , 2,

785 0] && (Root[-2 + 213 mˆ2 + 5112 mˆ4 -

786 2160 mˆ6 + (6 - 3780 mˆ2 + 5616 mˆ4) #1 + (180 - 1242 mˆ2 -

787 648 mˆ4) #1ˆ2 + (756 + 972 mˆ2) #1ˆ3 + (1134 -

788 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &, 1] <= l <

789 Root[-150 mˆ2 +

790 75 mˆ4 + (2 - 231 mˆ2 + 540 mˆ4) #1 + (42 + 4806 mˆ2 +

791 3402 mˆ4) #1ˆ2 + (378 + 14742 mˆ2 +

792 8748 mˆ4) #1ˆ3 + (1890 - 6966 mˆ2 +

793 19683 mˆ4) #1ˆ4 + (5670 - 45927 mˆ2) #1ˆ5 + (10206 -

794 13122 mˆ2) #1ˆ6 + 10206 #1ˆ7 + 4374 #1ˆ8 &, 1] ||

795 1/3 (-4 + 3 mˆ2) < l <

796 Root[-150 mˆ2 +

797 75 mˆ4 + (2 - 231 mˆ2 + 540 mˆ4) #1 + (42 + 4806 mˆ2 +

798 3402 mˆ4) #1ˆ2 + (378 + 14742 mˆ2 +

799 8748 mˆ4) #1ˆ3 + (1890 - 6966 mˆ2 +

800 19683 mˆ4) #1ˆ4 + (5670 - 45927 mˆ2) #1ˆ5 + (10206 -

801 13122 mˆ2) #1ˆ6 + 10206 #1ˆ7 + 4374 #1ˆ8 &,

802 2])) || (Root[-27 + 19 #ˆ2 - 9 #ˆ4 + 9 #ˆ6& , 2, 0] < m < Root[
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803 17179869184 - 758241767424 #ˆ2 + 738811183104 #ˆ4 - 1873773558144 #\

804 ˆ6 + 2178248345280 #ˆ8 + 730684767357 #ˆ10 - 1168450231581 #\

805 ˆ12 - 312846367473 #ˆ14 + 307409258025 #ˆ16& , 4,

806 0] && (Root[-2 + 213 mˆ2 + 5112 mˆ4 -

807 2160 mˆ6 + (6 - 3780 mˆ2 + 5616 mˆ4) #1 + (180 - 1242 mˆ2 -

808 648 mˆ4) #1ˆ2 + (756 + 972 mˆ2) #1ˆ3 + (1134 -

809 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &, 1] <= l <

810 Root[-150 mˆ2 +

811 75 mˆ4 + (2 - 231 mˆ2 + 540 mˆ4) #1 + (42 + 4806 mˆ2 +

812 3402 mˆ4) #1ˆ2 + (378 + 14742 mˆ2 +

813 8748 mˆ4) #1ˆ3 + (1890 - 6966 mˆ2 +

814 19683 mˆ4) #1ˆ4 + (5670 - 45927 mˆ2) #1ˆ5 + (10206 -

815 13122 mˆ2) #1ˆ6 + 10206 #1ˆ7 + 4374 #1ˆ8 &, 1] ||

816 Root[1 - 168 mˆ2 +

817 144 mˆ4 + (12 + 144 mˆ2) #1 + (54 + 216 mˆ2) #1ˆ2 +

818 108 #1ˆ3 + 81 #1ˆ4 &, 2] < l <

819 Root[-150 mˆ2 +

820 75 mˆ4 + (2 - 231 mˆ2 + 540 mˆ4) #1 + (42 + 4806 mˆ2 +

821 3402 mˆ4) #1ˆ2 + (378 + 14742 mˆ2 +

822 8748 mˆ4) #1ˆ3 + (1890 - 6966 mˆ2 +

823 19683 mˆ4) #1ˆ4 + (5670 - 45927 mˆ2) #1ˆ5 + (10206 -

824 13122 mˆ2) #1ˆ6 + 10206 #1ˆ7 + 4374 #1ˆ8 &, 2])) || (m ==

825 Root[17179869184 - 758241767424 #ˆ2 + 738811183104 #\

826 ˆ4 - 1873773558144 #ˆ6 + 2178248345280 #ˆ8 + 730684767357 #\

827 ˆ10 - 1168450231581 #ˆ12 - 312846367473 #ˆ14 + 307409258025 #ˆ16& , 4,

828 0] && (Root[-2 + 213 mˆ2 + 5112 mˆ4 -

829 2160 mˆ6 + (6 - 3780 mˆ2 + 5616 mˆ4) #1 + (180 - 1242 mˆ2 -

830 648 mˆ4) #1ˆ2 + (756 + 972 mˆ2) #1ˆ3 + (1134 -

831 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &, 1] <= l <

832 Root[

833 1 - 168 mˆ2 +
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834 144 mˆ4 + (12 + 144 mˆ2) #1 + (54 + 216 mˆ2) #1ˆ2 +

835 108 #1ˆ3 + 81 #1ˆ4 &, 2] ||

836 Root[1 - 168 mˆ2 +

837 144 mˆ4 + (12 + 144 mˆ2) #1 + (54 + 216 mˆ2) #1ˆ2 +

838 108 #1ˆ3 + 81 #1ˆ4 &, 2] < l <

839 Root[-150 mˆ2 +

840 75 mˆ4 + (2 - 231 mˆ2 + 540 mˆ4) #1 + (42 + 4806 mˆ2 +

841 3402 mˆ4) #1ˆ2 + (378 + 14742 mˆ2 +

842 8748 mˆ4) #1ˆ3 + (1890 - 6966 mˆ2 +

843 19683 mˆ4) #1ˆ4 + (5670 - 45927 mˆ2) #1ˆ5 + (10206 -

844 13122 mˆ2) #1ˆ6 + 10206 #1ˆ7 + 4374 #1ˆ8 &, 2])) || (Root[

845 17179869184 - 758241767424 #ˆ2 + 738811183104 #ˆ4 - 1873773558144 #\

846 ˆ6 + 2178248345280 #ˆ8 + 730684767357 #ˆ10 - 1168450231581 #\

847 ˆ12 - 312846367473 #ˆ14 + 307409258025 #ˆ16& , 4, 0] < m <

848 Root[-486 - 9 #ˆ2 + 3053 #ˆ4 - 4914 #ˆ6 + 3096 #ˆ8 - 837 #\

849 ˆ10 + 81 #ˆ12& , 2, 0] &&

850 Root[-2 + 213 mˆ2 + 5112 mˆ4 -

851 2160 mˆ6 + (6 - 3780 mˆ2 + 5616 mˆ4) #1 + (180 - 1242 mˆ2 -

852 648 mˆ4) #1ˆ2 + (756 + 972 mˆ2) #1ˆ3 + (1134 -

853 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &, 1] <= l <

854 Root[-150 mˆ2 +

855 75 mˆ4 + (2 - 231 mˆ2 + 540 mˆ4) #1 + (42 + 4806 mˆ2 +

856 3402 mˆ4) #1ˆ2 + (378 + 14742 mˆ2 +

857 8748 mˆ4) #1ˆ3 + (1890 - 6966 mˆ2 +

858 19683 mˆ4) #1ˆ4 + (5670 - 45927 mˆ2) #1ˆ5 + (10206 -

859 13122 mˆ2) #1ˆ6 + 10206 #1ˆ7 + 4374 #1ˆ8 &, 2]) || (m ==

860 Root[-486 - 9 #ˆ2 + 3053 #ˆ4 - 4914 #ˆ6 + 3096 #ˆ8 - 837 #\

861 ˆ10 + 81 #ˆ12& , 2, 0] &&

862 Root[-2 + 213 mˆ2 + 5112 mˆ4 -

863 2160 mˆ6 + (6 - 3780 mˆ2 + 5616 mˆ4) #1 + (180 - 1242 mˆ2 -

864 648 mˆ4) #1ˆ2 + (756 + 972 mˆ2) #1ˆ3 + (1134 -
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865 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &, 1] <= l <

866 1/3 (-4 +

867 3 mˆ2)) || \

868 (Root[-486 - 9 #ˆ2 + 3053 #ˆ4 - 4914 #ˆ6 + 3096 #ˆ8 - 837 #ˆ10 + 81 #\

869 ˆ12& , 2, 0] < m < Root[

870 686 - 49551 #ˆ2 - 203679 #ˆ4 - 60129 #ˆ6 + 68445 #ˆ8& , 4, 0] &&

871 Root[-2 + 213 mˆ2 + 5112 mˆ4 -

872 2160 mˆ6 + (6 - 3780 mˆ2 + 5616 mˆ4) #1 + (180 - 1242 mˆ2 -

873 648 mˆ4) #1ˆ2 + (756 + 972 mˆ2) #1ˆ3 + (1134 -

874 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &, 1] <= l <

875 Root[-150 mˆ2 +

876 75 mˆ4 + (2 - 231 mˆ2 + 540 mˆ4) #1 + (42 + 4806 mˆ2 +

877 3402 mˆ4) #1ˆ2 + (378 + 14742 mˆ2 +

878 8748 mˆ4) #1ˆ3 + (1890 - 6966 mˆ2 +

879 19683 mˆ4) #1ˆ4 + (5670 - 45927 mˆ2) #1ˆ5 + (10206 -

880 13122 mˆ2) #1ˆ6 + 10206 #1ˆ7 + 4374 #1ˆ8 &, 2]) || (m ==

881 Root[686 - 49551 #ˆ2 - 203679 #ˆ4 - 60129 #ˆ6 + 68445 #ˆ8& , 4,

882 0] && Root[-2 + 213 mˆ2 + 5112 mˆ4 -

883 2160 mˆ6 + (6 - 3780 mˆ2 + 5616 mˆ4) #1 + (180 - 1242 mˆ2 -

884 648 mˆ4) #1ˆ2 + (756 + 972 mˆ2) #1ˆ3 + (1134 -

885 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &, 1] < l <

886 Root[-150 mˆ2 +

887 75 mˆ4 + (2 - 231 mˆ2 + 540 mˆ4) #1 + (42 + 4806 mˆ2 +

888 3402 mˆ4) #1ˆ2 + (378 + 14742 mˆ2 +

889 8748 mˆ4) #1ˆ3 + (1890 - 6966 mˆ2 +

890 19683 mˆ4) #1ˆ4 + (5670 - 45927 mˆ2) #1ˆ5 + (10206 -

891 13122 mˆ2) #1ˆ6 + 10206 #1ˆ7 + 4374 #1ˆ8 &, 2]) || (Root[

892 686 - 49551 #ˆ2 - 203679 #ˆ4 - 60129 #ˆ6 + 68445 #ˆ8& , 4, 0] <

893 m < Root[-2812500 - 11259427868 #ˆ2 - 6144055152 #ˆ4 + 1352551761 #\

894 ˆ6 + 692176752 #ˆ8 + 340122240 #ˆ10& , 2, 0] &&

895 Root[-150 mˆ2 +
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896 75 mˆ4 + (2 - 231 mˆ2 + 540 mˆ4) #1 + (42 + 4806 mˆ2 +

897 3402 mˆ4) #1ˆ2 + (378 + 14742 mˆ2 +

898 8748 mˆ4) #1ˆ3 + (1890 - 6966 mˆ2 +

899 19683 mˆ4) #1ˆ4 + (5670 - 45927 mˆ2) #1ˆ5 + (10206 -

900 13122 mˆ2) #1ˆ6 + 10206 #1ˆ7 + 4374 #1ˆ8 &, 1] < l <

901 Root[-150 mˆ2 +

902 75 mˆ4 + (2 - 231 mˆ2 + 540 mˆ4) #1 + (42 + 4806 mˆ2 +

903 3402 mˆ4) #1ˆ2 + (378 + 14742 mˆ2 +

904 8748 mˆ4) #1ˆ3 + (1890 - 6966 mˆ2 +

905 19683 mˆ4) #1ˆ4 + (5670 - 45927 mˆ2) #1ˆ5 + (10206 -

906 13122 mˆ2) #1ˆ6 + 10206 #1ˆ7 + 4374 #1ˆ8 &, 2]) || (0 < m <

907 Root[32768 - 1855650 #ˆ2 + 10014057 #ˆ4 - 3642597 #ˆ6 - 204525 #\

908 ˆ8 + 151875 #ˆ10& , 4, 0] &&

909 Root[-2 + 213 mˆ2 + 5112 mˆ4 -

910 2160 mˆ6 + (6 - 3780 mˆ2 + 5616 mˆ4) #1 + (180 - 1242 mˆ2 -

911 648 mˆ4) #1ˆ2 + (756 + 972 mˆ2) #1ˆ3 + (1134 -

912 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &, 1] <= l <

913 Root[4 -

914 507 mˆ2 + (51 - 1404 mˆ2) #1 + (252 - 1674 mˆ2) #1ˆ2 + (594 -

915 972 mˆ2) #1ˆ3 + (648 - 243 mˆ2) #1ˆ4 + 243 #1ˆ5 &,

916 1]) || (Root[

917 32768 - 1855650 #ˆ2 + 10014057 #ˆ4 - 3642597 #ˆ6 - 204525 #\

918 ˆ8 + 151875 #ˆ10& , 4, 0] <= m < Root[

919 1 - 147 #ˆ2 + 423 #ˆ4 + 135 #ˆ6& , 4, 0] &&

920 Root[-2 + 213 mˆ2 + 5112 mˆ4 -

921 2160 mˆ6 + (6 - 3780 mˆ2 + 5616 mˆ4) #1 + (180 - 1242 mˆ2 -

922 648 mˆ4) #1ˆ2 + (756 + 972 mˆ2) #1ˆ3 + (1134 -

923 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &, 1] <= l <=

924 Root[-2 -

925 75 mˆ2 + (6 - 180 mˆ2) #1 + (180 - 378 mˆ2) #1ˆ2 + (756 -

926 324 mˆ2) #1ˆ3 + (1134 - 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &,
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927 1]) || (Root[1 - 147 #ˆ2 + 423 #ˆ4 + 135 #ˆ6& , 4, 0] <= m < 1/

928 Sqrt[3] &&

929 Root[4 -

930 507 mˆ2 + (51 - 1404 mˆ2) #1 + (252 - 1674 mˆ2) #1ˆ2 + (594 -

931 972 mˆ2) #1ˆ3 + (648 - 243 mˆ2) #1ˆ4 + 243 #1ˆ5 &, 1] < l <=

932 Root[-2 -

933 75 mˆ2 + (6 - 180 mˆ2) #1 + (180 - 378 mˆ2) #1ˆ2 + (756 -

934 324 mˆ2) #1ˆ3 + (1134 - 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &,

935 1]) || (m == 1/Sqrt[3] &&

936 Root[4 -

937 507 mˆ2 + (51 - 1404 mˆ2) #1 + (252 - 1674 mˆ2) #1ˆ2 + (594 -

938 972 mˆ2) #1ˆ3 + (648 - 243 mˆ2) #1ˆ4 + 243 #1ˆ5 &, 1] < l <

939 1/3 (-4 + 3 mˆ2)) || (1/Sqrt[3] < m <

940 Root[-324 + 692 #ˆ2 + 336 #ˆ4 + 45 #ˆ6& , 2,

941 0] && (Root[

942 4 - 507 mˆ2 + (51 - 1404 mˆ2) #1 + (252 -

943 1674 mˆ2) #1ˆ2 + (594 - 972 mˆ2) #1ˆ3 + (648 -

944 243 mˆ2) #1ˆ4 + 243 #1ˆ5 &, 1] < l <

945 Root[4 -

946 507 mˆ2 + (51 - 1404 mˆ2) #1 + (252 -

947 1674 mˆ2) #1ˆ2 + (594 - 972 mˆ2) #1ˆ3 + (648 -

948 243 mˆ2) #1ˆ4 + 243 #1ˆ5 &, 2] ||

949 Root[-25 mˆ2 + (1 + 60 mˆ2) #1 + (12 - 126 mˆ2) #1ˆ2 + (54 +

950 108 mˆ2) #1ˆ3 + (108 - 81 mˆ2) #1ˆ4 + 81 #1ˆ5 &, 1] < l <=

951 Root[-2 -

952 75 mˆ2 + (6 - 180 mˆ2) #1 + (180 - 378 mˆ2) #1ˆ2 + (756 -

953 324 mˆ2) #1ˆ3 + (1134 - 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &,

954 1])) || (Root[-324 + 692 #ˆ2 + 336 #ˆ4 + 45 #ˆ6& , 2, 0] <= m <

955 Root[-27 - 82 #ˆ2 + 192 #ˆ4 - 126 #ˆ6 + 27 #ˆ8& , 2, 0] &&

956 Root[-25 mˆ2 + (1 + 60 mˆ2) #1 + (12 - 126 mˆ2) #1ˆ2 + (54 +

957 108 mˆ2) #1ˆ3 + (108 - 81 mˆ2) #1ˆ4 + 81 #1ˆ5 &, 1] < l <=
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958 Root[-2 -

959 75 mˆ2 + (6 - 180 mˆ2) #1 + (180 - 378 mˆ2) #1ˆ2 + (756 -

960 324 mˆ2) #1ˆ3 + (1134 - 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &,

961 1]) || (m ==

962 Root[-27 - 82 #ˆ2 + 192 #ˆ4 - 126 #ˆ6 + 27 #ˆ8& , 2, 0] &&

963 1/3 (-4 + 3 mˆ2) < l <=

964 Root[-2 -

965 75 mˆ2 + (6 - 180 mˆ2) #1 + (180 - 378 mˆ2) #1ˆ2 + (756 -

966 324 mˆ2) #1ˆ3 + (1134 - 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &,

967 1]) || (Root[-27 - 82 #ˆ2 + 192 #ˆ4 - 126 #ˆ6 + 27 #ˆ8& , 2, 0] <

968 m < Root[-18 - 47 #ˆ2 + 147 #ˆ4 - 117 #ˆ6 + 27 #ˆ8& , 2, 0] &&

969 Root[-25 mˆ2 + (1 + 60 mˆ2) #1 + (12 - 126 mˆ2) #1ˆ2 + (54 +

970 108 mˆ2) #1ˆ3 + (108 - 81 mˆ2) #1ˆ4 + 81 #1ˆ5 &, 1] < l <=

971 Root[-2 -

972 75 mˆ2 + (6 - 180 mˆ2) #1 + (180 - 378 mˆ2) #1ˆ2 + (756 -

973 324 mˆ2) #1ˆ3 + (1134 - 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &,

974 1]) || (m ==

975 Root[-18 - 47 #ˆ2 + 147 #ˆ4 - 117 #ˆ6 + 27 #ˆ8& , 2, 0] &&

976 Root[-25 mˆ2 + (1 + 60 mˆ2) #1 + (12 - 126 mˆ2) #1ˆ2 + (54 +

977 108 mˆ2) #1ˆ3 + (108 - 81 mˆ2) #1ˆ4 + 81 #1ˆ5 &, 1] < l <=

978 1/3 (-4 +

979 3 mˆ2)) || (Root[-18 - 47 #ˆ2 + 147 #ˆ4 - 117 #ˆ6 + 27 #ˆ8& ,

980 2, 0] < m <= Root[1 - 27 #ˆ2 - 657 #ˆ4 + 135 #ˆ6& , 4, 0] &&

981 Root[-25 mˆ2 + (1 + 60 mˆ2) #1 + (12 - 126 mˆ2) #1ˆ2 + (54 +

982 108 mˆ2) #1ˆ3 + (108 - 81 mˆ2) #1ˆ4 + 81 #1ˆ5 &, 1] < l <=

983 Root[-2 -

984 75 mˆ2 + (6 - 180 mˆ2) #1 + (180 - 378 mˆ2) #1ˆ2 + (756 -

985 324 mˆ2) #1ˆ3 + (1134 - 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &,

986 1]) || (Root[1 - 27 #ˆ2 - 657 #ˆ4 + 135 #ˆ6& , 4, 0] < m < Root[

987 32768 - 2020986 #ˆ2 - 10826991 #ˆ4 - 2570157 #ˆ6 - 220725 #\

988 ˆ8 + 151875 #ˆ10& , 4, 0] &&
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989 Root[-2 + 213 mˆ2 + 5112 mˆ4 -

990 2160 mˆ6 + (6 - 3780 mˆ2 + 5616 mˆ4) #1 + (180 - 1242 mˆ2 -

991 648 mˆ4) #1ˆ2 + (756 + 972 mˆ2) #1ˆ3 + (1134 -

992 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &, 1] <= l <=

993 Root[-2 -

994 75 mˆ2 + (6 - 180 mˆ2) #1 + (180 - 378 mˆ2) #1ˆ2 + (756 -

995 324 mˆ2) #1ˆ3 + (1134 - 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &,

996 1]) || (m == Root[

997 32768 - 2020986 #ˆ2 - 10826991 #ˆ4 - 2570157 #ˆ6 - 220725 #\

998 ˆ8 + 151875 #ˆ10& , 4, 0] &&

999 Root[-2 + 213 mˆ2 + 5112 mˆ4 -

1000 2160 mˆ6 + (6 - 3780 mˆ2 + 5616 mˆ4) #1 + (180 - 1242 mˆ2 -

1001 648 mˆ4) #1ˆ2 + (756 + 972 mˆ2) #1ˆ3 + (1134 -

1002 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &, 1] <= l <=

1003 Root[-25 mˆ2 + (1 + 60 mˆ2) #1 + (12 - 126 mˆ2) #1ˆ2 + (54 +

1004 108 mˆ2) #1ˆ3 + (108 - 81 mˆ2) #1ˆ4 + 81 #1ˆ5 &, 1]) || (m >

1005 Root[32768 - 2020986 #ˆ2 - 10826991 #ˆ4 - 2570157 #ˆ6 - 220725 #\

1006 ˆ8 + 151875 #ˆ10& , 4, 0] &&

1007 Root[-2 + 213 mˆ2 + 5112 mˆ4 -

1008 2160 mˆ6 + (6 - 3780 mˆ2 + 5616 mˆ4) #1 + (180 - 1242 mˆ2 -

1009 648 mˆ4) #1ˆ2 + (756 + 972 mˆ2) #1ˆ3 + (1134 -

1010 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &, 1] <= l <

1011 Root[-25 mˆ2 + (1 + 60 mˆ2) #1 + (12 - 126 mˆ2) #1ˆ2 + (54 +

1012 108 mˆ2) #1ˆ3 + (108 - 81 mˆ2) #1ˆ4 + 81 #1ˆ5 &, 1])

1013
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In the following, we are taking the output provided above that describes 𝑅 and we splitting

them up into 15 different regions. Each region is specified based on the bounds for the 𝑚

values provided since the entire region 𝑅 is a described in piece-wise fashion. We remark

that in the code, && means and and | | means or.

1 1

2

3 (m > 0 && 1/2 (-2 + mˆ2) <= l < mˆ2)

4

5

6 2

7

8 0 < m < 1/Sqrt[3] &&

9 Root[-2 -

10 75 mˆ2 + (6 - 180 mˆ2) #1 + (180 - 378 mˆ2) #1ˆ2 + (756 -

11 324 mˆ2) #1ˆ3 + (1134 - 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &, 1] <=

12 l < 1/3 (-4 + 3 mˆ2)) ||

13

14

15 3

16

17 (0 < m <= Sqrt[2/3] &&

18 Root[-2 + 213 mˆ2 + 5112 mˆ4 -

19 2160 mˆ6 + (6 - 3780 mˆ2 + 5616 mˆ4) #1 + (180 - 1242 mˆ2 -

20 648 mˆ4) #1ˆ2 + (756 + 972 mˆ2) #1ˆ3 + (1134 -

21 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &, 1] <= l <=

22 1/2 (-2 + mˆ2)) || (m > Sqrt[2/3] &&

23 Root[-2 + 213 mˆ2 + 5112 mˆ4 -

24 2160 mˆ6 + (6 - 3780 mˆ2 + 5616 mˆ4) #1 + (180 - 1242 mˆ2 -

25 648 mˆ4) #1ˆ2 + (756 + 972 mˆ2) #1ˆ3 + (1134 -

26 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &, 1] <= l < 1/3 (-4 + 3 mˆ2)
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27

28 4

29

30

31 (0 < m <= 1/Sqrt[3] &&

32 l == Root[

33 4 - 507 mˆ2 + (51 - 1404 mˆ2) #1 + (252 -

34 1674 mˆ2) #1ˆ2 + (594 - 972 mˆ2) #1ˆ3 + (648 -

35 243 mˆ2) #1ˆ4 + 243 #1ˆ5 &, 1]) || (1/Sqrt[3] < m <

36 Root[-324 + 692 #ˆ2 + 336 #ˆ4 + 45 #ˆ6& , 2,

37 0] && (l ==

38 Root[

39 4 - 507 mˆ2 + (51 - 1404 mˆ2) #1 + (252 -

40 1674 mˆ2) #1ˆ2 + (594 - 972 mˆ2) #1ˆ3 + (648 -

41 243 mˆ2) #1ˆ4 + 243 #1ˆ5 &, 1] ||

42 l == Root[

43 4 - 507 mˆ2 + (51 - 1404 mˆ2) #1 + (252 -

44 1674 mˆ2) #1ˆ2 + (594 - 972 mˆ2) #1ˆ3 + (648 -

45 243 mˆ2) #1ˆ4 + 243 #1ˆ5 &, 2])) || (m ==

46 Root[-324 + 692 #ˆ2 + 336 #ˆ4 + 45 #ˆ6& , 2, 0] &&

47 l == Root[

48 4 - 507 mˆ2 + (51 - 1404 mˆ2) #1 + (252 -

49 1674 mˆ2) #1ˆ2 + (594 - 972 mˆ2) #1ˆ3 + (648 -

50 243 mˆ2) #1ˆ4 + 243 #1ˆ5 &, 1])

51

52 5

53

54 (0 < m < 1/Sqrt[3] &&

55 Root[-2 -

56 75 mˆ2 + (6 - 180 mˆ2) #1 + (180 - 378 mˆ2) #1ˆ2 + (756 -

57 324 mˆ2) #1ˆ3 + (1134 - 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &, 1] <=
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58 l < 1/3 (-4 + 3 mˆ2)) || (1/Sqrt[3] < m <

59 Root[-18 - 47 #ˆ2 + 147 #ˆ4 - 117 #ˆ6 + 27 #ˆ8& , 2, 0] &&

60 Root[-2 -

61 75 mˆ2 + (6 - 180 mˆ2) #1 + (180 - 378 mˆ2) #1ˆ2 + (756 -

62 324 mˆ2) #1ˆ3 + (1134 - 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &, 1] <=

63 l < mˆ2) || (m ==

64 Root[-18 - 47 #ˆ2 + 147 #ˆ4 - 117 #ˆ6 + 27 #ˆ8& , 2, 0] &&

65 1/3 (-4 + 3 mˆ2) <= l <

66 mˆ2) || (Root[-18 - 47 #ˆ2 + 147 #ˆ4 - 117 #ˆ6 + 27 #ˆ8& , 2, 0] <

67 m < Root[

68 32768 - 2020986 #ˆ2 - 10826991 #ˆ4 - 2570157 #ˆ6 - 220725 #\

69 ˆ8 + 151875 #ˆ10& , 4, 0] &&

70 Root[-2 -

71 75 mˆ2 + (6 - 180 mˆ2) #1 + (180 - 378 mˆ2) #1ˆ2 + (756 -

72 324 mˆ2) #1ˆ3 + (1134 - 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &, 1] <=

73 l < mˆ2) || (m == Root[

74 32768 - 2020986 #ˆ2 - 10826991 #ˆ4 - 2570157 #ˆ6 - 220725 #\

75 ˆ8 + 151875 #ˆ10& , 4, 0] &&

76 Root[-25 mˆ2 + (1 + 60 mˆ2) #1 + (12 - 126 mˆ2) #1ˆ2 + (54 +

77 108 mˆ2) #1ˆ3 + (108 - 81 mˆ2) #1ˆ4 + 81 #1ˆ5 &, 1] <= l <

78 mˆ2) || (m > Root[

79 32768 - 2020986 #ˆ2 - 10826991 #ˆ4 - 2570157 #ˆ6 - 220725 #\

80 ˆ8 + 151875 #ˆ10& , 4, 0] &&

81 Root[-2 -

82 75 mˆ2 + (6 - 180 mˆ2) #1 + (180 - 378 mˆ2) #1ˆ2 + (756 -

83 324 mˆ2) #1ˆ3 + (1134 - 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &, 1] <=

84 l < mˆ2)

85

86 6

87

88 (1/Sqrt[3] < m <= Root[
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89 1 - 36 #ˆ2 + 36 #ˆ4& , 4,

90 0] && (Root[

91 1 - 168 mˆ2 +

92 144 mˆ4 + (12 + 144 mˆ2) #1 + (54 + 216 mˆ2) #1ˆ2 +

93 108 #1ˆ3 + 81 #1ˆ4 &, 1] < l < 1/3 (-4 + 3 mˆ2) ||

94 Root[1 - 168 mˆ2 +

95 144 mˆ4 + (12 + 144 mˆ2) #1 + (54 + 216 mˆ2) #1ˆ2 +

96 108 #1ˆ3 + 81 #1ˆ4 &, 2] < l <

97 Root[-25 mˆ2 + (1 + 60 mˆ2) #1 + (12 - 126 mˆ2) #1ˆ2 + (54 +

98 108 mˆ2) #1ˆ3 + (108 - 81 mˆ2) #1ˆ4 + 81 #1ˆ5 &,

99 1])) || (Root[1 - 36 #ˆ2 + 36 #ˆ4& , 4, 0] < m <

100 Root[-27 + 19 #ˆ2 - 9 #ˆ4 + 9 #ˆ6& , 2,

101 0] && (Root[-2 + 213 mˆ2 + 5112 mˆ4 -

102 2160 mˆ6 + (6 - 3780 mˆ2 + 5616 mˆ4) #1 + (180 - 1242 mˆ2 -

103 648 mˆ4) #1ˆ2 + (756 + 972 mˆ2) #1ˆ3 + (1134 -

104 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &, 1] <= l < 1/3 (-4 + 3 mˆ2) ||

105 Root[1 - 168 mˆ2 +

106 144 mˆ4 + (12 + 144 mˆ2) #1 + (54 + 216 mˆ2) #1ˆ2 +

107 108 #1ˆ3 + 81 #1ˆ4 &, 2] < l <

108 Root[-25 mˆ2 + (1 + 60 mˆ2) #1 + (12 - 126 mˆ2) #1ˆ2 + (54 +

109 108 mˆ2) #1ˆ3 + (108 - 81 mˆ2) #1ˆ4 + 81 #1ˆ5 &,

110 1])) || (m ==

111 Root[-27 + 19 #ˆ2 - 9 #ˆ4 + 9 #ˆ6& , 2,

112 0] && (Root[-2 + 213 mˆ2 + 5112 mˆ4 -

113 2160 mˆ6 + (6 - 3780 mˆ2 + 5616 mˆ4) #1 + (180 - 1242 mˆ2 -

114 648 mˆ4) #1ˆ2 + (756 + 972 mˆ2) #1ˆ3 + (1134 -

115 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &, 1] <= l < 1/3 (-4 + 3 mˆ2) ||

116 1/3 (-4 + 3 mˆ2) < l <

117 Root[-25 mˆ2 + (1 + 60 mˆ2) #1 + (12 - 126 mˆ2) #1ˆ2 + (54 +

118 108 mˆ2) #1ˆ3 + (108 - 81 mˆ2) #1ˆ4 + 81 #1ˆ5 &,

119 1])) || (Root[-27 + 19 #ˆ2 - 9 #ˆ4 + 9 #ˆ6& , 2, 0] < m <

254



120 Root[-27 - 82 #ˆ2 + 192 #ˆ4 - 126 #ˆ6 + 27 #ˆ8& , 2, 0] &&

121 Root[-2 + 213 mˆ2 + 5112 mˆ4 -

122 2160 mˆ6 + (6 - 3780 mˆ2 + 5616 mˆ4) #1 + (180 - 1242 mˆ2 -

123 648 mˆ4) #1ˆ2 + (756 + 972 mˆ2) #1ˆ3 + (1134 -

124 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &, 1] <= l <

125 Root[-25 mˆ2 + (1 + 60 mˆ2) #1 + (12 - 126 mˆ2) #1ˆ2 + (54 +

126 108 mˆ2) #1ˆ3 + (108 - 81 mˆ2) #1ˆ4 + 81 #1ˆ5 &,

127 1]) || (Root[-27 - 82 #ˆ2 + 192 #ˆ4 - 126 #ˆ6 + 27 #ˆ8& , 2,

128 0] <= m < Root[1 - 27 #ˆ2 - 657 #ˆ4 + 135 #ˆ6& , 4, 0] &&

129 Root[-2 + 213 mˆ2 + 5112 mˆ4 -

130 2160 mˆ6 + (6 - 3780 mˆ2 + 5616 mˆ4) #1 + (180 - 1242 mˆ2 -

131 648 mˆ4) #1ˆ2 + (756 + 972 mˆ2) #1ˆ3 + (1134 -

132 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &, 1] <= l <

133 1/3 (-4 + 3 mˆ2)) || (m >= Root[

134 1 - 27 #ˆ2 - 657 #ˆ4 + 135 #ˆ6& , 4, 0] &&

135 Root[-25 mˆ2 + (1 + 60 mˆ2) #1 + (12 - 126 mˆ2) #1ˆ2 + (54 +

136 108 mˆ2) #1ˆ3 + (108 - 81 mˆ2) #1ˆ4 + 81 #1ˆ5 &, 1] < l <

137 1/3 (-4 + 3 mˆ2))

138

139 7

140

141 (1/Sqrt[3] < m <= Root[

142 1 - 36 #ˆ2 + 36 #ˆ4& , 4,

143 0] && (Root[

144 1 - 168 mˆ2 +

145 144 mˆ4 + (12 + 144 mˆ2) #1 + (54 + 216 mˆ2) #1ˆ2 +

146 108 #1ˆ3 + 81 #1ˆ4 &, 1] < l < 1/3 (-4 + 3 mˆ2) ||

147 Root[1 - 168 mˆ2 +

148 144 mˆ4 + (12 + 144 mˆ2) #1 + (54 + 216 mˆ2) #1ˆ2 +

149 108 #1ˆ3 + 81 #1ˆ4 &, 2] < l <=

150 Root[-2 -
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151 75 mˆ2 + (6 - 180 mˆ2) #1 + (180 - 378 mˆ2) #1ˆ2 + (756 -

152 324 mˆ2) #1ˆ3 + (1134 - 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &,

153 1])) || (Root[1 - 36 #ˆ2 + 36 #ˆ4& , 4, 0] < m <

154 Root[-27 + 19 #ˆ2 - 9 #ˆ4 + 9 #ˆ6& , 2,

155 0] && (Root[-2 + 213 mˆ2 + 5112 mˆ4 -

156 2160 mˆ6 + (6 - 3780 mˆ2 + 5616 mˆ4) #1 + (180 - 1242 mˆ2 -

157 648 mˆ4) #1ˆ2 + (756 + 972 mˆ2) #1ˆ3 + (1134 -

158 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &, 1] <= l < 1/3 (-4 + 3 mˆ2) ||

159 Root[

160 1 - 168 mˆ2 +

161 144 mˆ4 + (12 + 144 mˆ2) #1 + (54 + 216 mˆ2) #1ˆ2 +

162 108 #1ˆ3 + 81 #1ˆ4 &, 2] < l <=

163 Root[-2 -

164 75 mˆ2 + (6 - 180 mˆ2) #1 + (180 - 378 mˆ2) #1ˆ2 + (756 -

165 324 mˆ2) #1ˆ3 + (1134 - 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &,

166 1])) || (m ==

167 Root[-27 + 19 #ˆ2 - 9 #ˆ4 + 9 #ˆ6& , 2,

168 0] && (Root[-2 + 213 mˆ2 + 5112 mˆ4 -

169 2160 mˆ6 + (6 - 3780 mˆ2 + 5616 mˆ4) #1 + (180 - 1242 mˆ2 -

170 648 mˆ4) #1ˆ2 + (756 + 972 mˆ2) #1ˆ3 + (1134 -

171 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &, 1] <= l < 1/3 (-4 + 3 mˆ2) ||

172 1/3 (-4 + 3 mˆ2) < l <=

173 Root[-2 -

174 75 mˆ2 + (6 - 180 mˆ2) #1 + (180 - 378 mˆ2) #1ˆ2 + (756 -

175 324 mˆ2) #1ˆ3 + (1134 - 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &,

176 1])) || (Root[-27 + 19 #ˆ2 - 9 #ˆ4 + 9 #ˆ6& , 2, 0] < m <

177 Root[-18 - 47 #ˆ2 + 147 #ˆ4 - 117 #ˆ6 + 27 #ˆ8& , 2, 0] &&

178 Root[-2 + 213 mˆ2 + 5112 mˆ4 -

179 2160 mˆ6 + (6 - 3780 mˆ2 + 5616 mˆ4) #1 + (180 - 1242 mˆ2 -

180 648 mˆ4) #1ˆ2 + (756 + 972 mˆ2) #1ˆ3 + (1134 -

181 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &, 1] <= l <=

256



182 Root[-2 -

183 75 mˆ2 + (6 - 180 mˆ2) #1 + (180 - 378 mˆ2) #1ˆ2 + (756 -

184 324 mˆ2) #1ˆ3 + (1134 - 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &,

185 1]) || (m ==

186 Root[-18 - 47 #ˆ2 + 147 #ˆ4 - 117 #ˆ6 + 27 #ˆ8& , 2, 0] &&

187 Root[-2 + 213 mˆ2 + 5112 mˆ4 -

188 2160 mˆ6 + (6 - 3780 mˆ2 + 5616 mˆ4) #1 + (180 - 1242 mˆ2 -

189 648 mˆ4) #1ˆ2 + (756 + 972 mˆ2) #1ˆ3 + (1134 -

190 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &, 1] <= l <=

191 1/3 (-4 + 3 mˆ2)) || (m >

192 Root[-18 - 47 #ˆ2 + 147 #ˆ4 - 117 #ˆ6 + 27 #ˆ8& , 2, 0] &&

193 Root[-2 + 213 mˆ2 + 5112 mˆ4 -

194 2160 mˆ6 + (6 - 3780 mˆ2 + 5616 mˆ4) #1 + (180 - 1242 mˆ2 -

195 648 mˆ4) #1ˆ2 + (756 + 972 mˆ2) #1ˆ3 + (1134 -

196 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &, 1] <= l < 1/3 (-4 + 3 mˆ2))

197

198 8

199

200 (1/Sqrt[3] < m <

201 Root[-27 - 82 #ˆ2 + 192 #ˆ4 - 126 #ˆ6 + 27 #ˆ8& , 2, 0] &&

202 Root[-25 mˆ2 + (1 + 60 mˆ2) #1 + (12 - 126 mˆ2) #1ˆ2 + (54 +

203 108 mˆ2) #1ˆ3 + (108 - 81 mˆ2) #1ˆ4 + 81 #1ˆ5 &, 1] < l <=

204 Root[-2 -

205 75 mˆ2 + (6 - 180 mˆ2) #1 + (180 - 378 mˆ2) #1ˆ2 + (756 -

206 324 mˆ2) #1ˆ3 + (1134 - 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &,

207 1]) || (m ==

208 Root[-27 - 82 #ˆ2 + 192 #ˆ4 - 126 #ˆ6 + 27 #ˆ8& , 2, 0] &&

209 1/3 (-4 + 3 mˆ2) < l <=

210 Root[-2 -

211 75 mˆ2 + (6 - 180 mˆ2) #1 + (180 - 378 mˆ2) #1ˆ2 + (756 -

212 324 mˆ2) #1ˆ3 + (1134 - 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &,
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213 1]) || (Root[-27 - 82 #ˆ2 + 192 #ˆ4 - 126 #ˆ6 + 27 #ˆ8& , 2, 0] <

214 m < Root[-18 - 47 #ˆ2 + 147 #ˆ4 - 117 #ˆ6 + 27 #ˆ8& , 2, 0] &&

215 Root[-25 mˆ2 + (1 + 60 mˆ2) #1 + (12 - 126 mˆ2) #1ˆ2 + (54 +

216 108 mˆ2) #1ˆ3 + (108 - 81 mˆ2) #1ˆ4 + 81 #1ˆ5 &, 1] < l <=

217 Root[-2 -

218 75 mˆ2 + (6 - 180 mˆ2) #1 + (180 - 378 mˆ2) #1ˆ2 + (756 -

219 324 mˆ2) #1ˆ3 + (1134 - 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &,

220 1]) || (m ==

221 Root[-18 - 47 #ˆ2 + 147 #ˆ4 - 117 #ˆ6 + 27 #ˆ8& , 2, 0] &&

222 Root[-25 mˆ2 + (1 + 60 mˆ2) #1 + (12 - 126 mˆ2) #1ˆ2 + (54 +

223 108 mˆ2) #1ˆ3 + (108 - 81 mˆ2) #1ˆ4 + 81 #1ˆ5 &, 1] < l <=

224 1/3 (-4 +

225 3 mˆ2)) || (Root[-18 - 47 #ˆ2 + 147 #ˆ4 - 117 #ˆ6 + 27 #ˆ8& ,

226 2, 0] < m <= Root[1 - 27 #ˆ2 - 657 #ˆ4 + 135 #ˆ6& , 4, 0] &&

227 Root[-25 mˆ2 + (1 + 60 mˆ2) #1 + (12 - 126 mˆ2) #1ˆ2 + (54 +

228 108 mˆ2) #1ˆ3 + (108 - 81 mˆ2) #1ˆ4 + 81 #1ˆ5 &, 1] < l <=

229 Root[-2 -

230 75 mˆ2 + (6 - 180 mˆ2) #1 + (180 - 378 mˆ2) #1ˆ2 + (756 -

231 324 mˆ2) #1ˆ3 + (1134 - 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &,

232 1]) || (Root[1 - 27 #ˆ2 - 657 #ˆ4 + 135 #ˆ6& , 4, 0] < m < Root[

233 32768 - 2020986 #ˆ2 - 10826991 #ˆ4 - 2570157 #ˆ6 - 220725 #\

234 ˆ8 + 151875 #ˆ10& , 4, 0] &&

235 Root[-2 + 213 mˆ2 + 5112 mˆ4 -

236 2160 mˆ6 + (6 - 3780 mˆ2 + 5616 mˆ4) #1 + (180 - 1242 mˆ2 -

237 648 mˆ4) #1ˆ2 + (756 + 972 mˆ2) #1ˆ3 + (1134 -

238 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &, 1] <= l <=

239 Root[-2 -

240 75 mˆ2 + (6 - 180 mˆ2) #1 + (180 - 378 mˆ2) #1ˆ2 + (756 -

241 324 mˆ2) #1ˆ3 + (1134 - 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &,

242 1]) || (m == Root[

243 32768 - 2020986 #ˆ2 - 10826991 #ˆ4 - 2570157 #ˆ6 - 220725 #\
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244 ˆ8 + 151875 #ˆ10& , 4, 0] &&

245 Root[-2 + 213 mˆ2 + 5112 mˆ4 -

246 2160 mˆ6 + (6 - 3780 mˆ2 + 5616 mˆ4) #1 + (180 - 1242 mˆ2 -

247 648 mˆ4) #1ˆ2 + (756 + 972 mˆ2) #1ˆ3 + (1134 -

248 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &, 1] <= l <=

249 Root[-25 mˆ2 + (1 + 60 mˆ2) #1 + (12 - 126 mˆ2) #1ˆ2 + (54 +

250 108 mˆ2) #1ˆ3 + (108 - 81 mˆ2) #1ˆ4 + 81 #1ˆ5 &, 1]) || (m >

251 Root[32768 - 2020986 #ˆ2 - 10826991 #ˆ4 - 2570157 #ˆ6 - 220725 #\

252 ˆ8 + 151875 #ˆ10& , 4, 0] &&

253 Root[-2 + 213 mˆ2 + 5112 mˆ4 -

254 2160 mˆ6 + (6 - 3780 mˆ2 + 5616 mˆ4) #1 + (180 - 1242 mˆ2 -

255 648 mˆ4) #1ˆ2 + (756 + 972 mˆ2) #1ˆ3 + (1134 -

256 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &, 1] <= l <

257 Root[-25 mˆ2 + (1 + 60 mˆ2) #1 + (12 - 126 mˆ2) #1ˆ2 + (54 +

258 108 mˆ2) #1ˆ3 + (108 - 81 mˆ2) #1ˆ4 + 81 #1ˆ5 &, 1])

259

260 9

261

262 (Root[-1 + 12 #ˆ2 + 9 #ˆ4& , 2, 0] < m <= 1/Sqrt[3] &&

263 Root[16 - 6360 mˆ2 +

264 47961 mˆ4 + (216 + 8478 mˆ2 + 149796 mˆ4) #1 + (1161 +

265 54432 mˆ2 + 176094 mˆ4) #1ˆ2 + (3132 + 64476 mˆ2 +

266 92340 mˆ4) #1ˆ3 + (4374 + 29160 mˆ2 +

267 18225 mˆ4) #1ˆ4 + (2916 + 4374 mˆ2) #1ˆ5 + 729 #1ˆ6 &, 2] <

268 l < mˆ2) || (1/Sqrt[3] < m < Sqrt[2/

269 3] && (Root[

270 16 - 6360 mˆ2 +

271 47961 mˆ4 + (216 + 8478 mˆ2 + 149796 mˆ4) #1 + (1161 +

272 54432 mˆ2 + 176094 mˆ4) #1ˆ2 + (3132 + 64476 mˆ2 +

273 92340 mˆ4) #1ˆ3 + (4374 + 29160 mˆ2 +

274 18225 mˆ4) #1ˆ4 + (2916 + 4374 mˆ2) #1ˆ5 + 729 #1ˆ6 &,
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275 1] < l < 1/3 (-4 + 3 mˆ2) ||

276 Root[16 - 6360 mˆ2 +

277 47961 mˆ4 + (216 + 8478 mˆ2 + 149796 mˆ4) #1 + (1161 +

278 54432 mˆ2 + 176094 mˆ4) #1ˆ2 + (3132 + 64476 mˆ2 +

279 92340 mˆ4) #1ˆ3 + (4374 + 29160 mˆ2 +

280 18225 mˆ4) #1ˆ4 + (2916 + 4374 mˆ2) #1ˆ5 + 729 #1ˆ6 &,

281 2] < l <

282 Root[-25 mˆ2 + (1 + 60 mˆ2) #1 + (12 - 126 mˆ2) #1ˆ2 + (54 +

283 108 mˆ2) #1ˆ3 + (108 - 81 mˆ2) #1ˆ4 + 81 #1ˆ5 &,

284 1])) || (m == Sqrt[2/

285 3] && (Root[

286 16 - 6360 mˆ2 +

287 47961 mˆ4 + (216 + 8478 mˆ2 + 149796 mˆ4) #1 + (1161 +

288 54432 mˆ2 + 176094 mˆ4) #1ˆ2 + (3132 + 64476 mˆ2 +

289 92340 mˆ4) #1ˆ3 + (4374 + 29160 mˆ2 +

290 18225 mˆ4) #1ˆ4 + (2916 + 4374 mˆ2) #1ˆ5 + 729 #1ˆ6 &,

291 1] < l < 1/3 (-4 + 3 mˆ2) ||

292 1/3 (-4 + 3 mˆ2) < l <

293 Root[-25 mˆ2 + (1 + 60 mˆ2) #1 + (12 - 126 mˆ2) #1ˆ2 + (54 +

294 108 mˆ2) #1ˆ3 + (108 - 81 mˆ2) #1ˆ4 + 81 #1ˆ5 &,

295 1])) || (Sqrt[2/3] < m < Root[

296 18 - 965 #ˆ2 - 4029 #ˆ4 + 4293 #ˆ6 + 3375 #ˆ8& , 4, 0] &&

297 Root[16 - 6360 mˆ2 +

298 47961 mˆ4 + (216 + 8478 mˆ2 + 149796 mˆ4) #1 + (1161 +

299 54432 mˆ2 + 176094 mˆ4) #1ˆ2 + (3132 + 64476 mˆ2 +

300 92340 mˆ4) #1ˆ3 + (4374 + 29160 mˆ2 +

301 18225 mˆ4) #1ˆ4 + (2916 + 4374 mˆ2) #1ˆ5 + 729 #1ˆ6 &, 1] <

302 l < Root[-25 mˆ2 + (1 + 60 mˆ2) #1 + (12 - 126 mˆ2) #1ˆ2 + (54 +

303 108 mˆ2) #1ˆ3 + (108 - 81 mˆ2) #1ˆ4 + 81 #1ˆ5 &,

304 1]) || (m == Root[

305 18 - 965 #ˆ2 - 4029 #ˆ4 + 4293 #ˆ6 + 3375 #ˆ8& , 4, 0] &&
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306 Root[-2 + 213 mˆ2 + 5112 mˆ4 -

307 2160 mˆ6 + (6 - 3780 mˆ2 + 5616 mˆ4) #1 + (180 - 1242 mˆ2 -

308 648 mˆ4) #1ˆ2 + (756 + 972 mˆ2) #1ˆ3 + (1134 -

309 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &, 1] < l <

310 Root[-25 mˆ2 + (1 + 60 mˆ2) #1 + (12 - 126 mˆ2) #1ˆ2 + (54 +

311 108 mˆ2) #1ˆ3 + (108 - 81 mˆ2) #1ˆ4 + 81 #1ˆ5 &,

312 1]) || (Root[

313 18 - 965 #ˆ2 - 4029 #ˆ4 + 4293 #ˆ6 + 3375 #ˆ8& , 4, 0] < m <

314 Root[-27 - 82 #ˆ2 + 192 #ˆ4 - 126 #ˆ6 + 27 #ˆ8& , 2, 0] &&

315 Root[-2 + 213 mˆ2 + 5112 mˆ4 -

316 2160 mˆ6 + (6 - 3780 mˆ2 + 5616 mˆ4) #1 + (180 - 1242 mˆ2 -

317 648 mˆ4) #1ˆ2 + (756 + 972 mˆ2) #1ˆ3 + (1134 -

318 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &, 1] <= l <

319 Root[-25 mˆ2 + (1 + 60 mˆ2) #1 + (12 - 126 mˆ2) #1ˆ2 + (54 +

320 108 mˆ2) #1ˆ3 + (108 - 81 mˆ2) #1ˆ4 + 81 #1ˆ5 &,

321 1]) || (Root[-27 - 82 #ˆ2 + 192 #ˆ4 - 126 #ˆ6 + 27 #ˆ8& , 2,

322 0] <= m < Root[1 - 27 #ˆ2 - 657 #ˆ4 + 135 #ˆ6& , 4, 0] &&

323 Root[-2 + 213 mˆ2 + 5112 mˆ4 -

324 2160 mˆ6 + (6 - 3780 mˆ2 + 5616 mˆ4) #1 + (180 - 1242 mˆ2 -

325 648 mˆ4) #1ˆ2 + (756 + 972 mˆ2) #1ˆ3 + (1134 -

326 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &, 1] <= l <

327 1/3 (-4 + 3 mˆ2)) || (m >= Root[

328 1 - 27 #ˆ2 - 657 #ˆ4 + 135 #ˆ6& , 4, 0] &&

329 Root[-25 mˆ2 + (1 + 60 mˆ2) #1 + (12 - 126 mˆ2) #1ˆ2 + (54 +

330 108 mˆ2) #1ˆ3 + (108 - 81 mˆ2) #1ˆ4 + 81 #1ˆ5 &, 1] < l <

331 1/3 (-4 + 3 mˆ2))

332

333 10

334

335 (0 < m <= Root[-1 + 6 #ˆ2 + 9 #ˆ4& , 2, 0] &&

336 Root[4 -
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337 507 mˆ2 + (51 - 1404 mˆ2) #1 + (252 - 1674 mˆ2) #1ˆ2 + (594 -

338 972 mˆ2) #1ˆ3 + (648 - 243 mˆ2) #1ˆ4 + 243 #1ˆ5 &, 1] < l <

339 mˆ2) || (Root[-1 + 6 #ˆ2 + 9 #ˆ4& , 2, 0] < m < Root[

340 32768 - 1855650 #ˆ2 + 10014057 #ˆ4 - 3642597 #ˆ6 - 204525 #\

341 ˆ8 + 151875 #ˆ10& , 4, 0] &&

342 Root[4 -

343 507 mˆ2 + (51 - 1404 mˆ2) #1 + (252 - 1674 mˆ2) #1ˆ2 + (594 -

344 972 mˆ2) #1ˆ3 + (648 - 243 mˆ2) #1ˆ4 + 243 #1ˆ5 &, 1] < l <

345 Root[-150 mˆ2 +

346 75 mˆ4 + (2 - 231 mˆ2 + 540 mˆ4) #1 + (42 + 4806 mˆ2 +

347 3402 mˆ4) #1ˆ2 + (378 + 14742 mˆ2 +

348 8748 mˆ4) #1ˆ3 + (1890 - 6966 mˆ2 +

349 19683 mˆ4) #1ˆ4 + (5670 - 45927 mˆ2) #1ˆ5 + (10206 -

350 13122 mˆ2) #1ˆ6 + 10206 #1ˆ7 + 4374 #1ˆ8 &, 2]) || (m ==

351 Root[32768 - 1855650 #ˆ2 + 10014057 #ˆ4 - 3642597 #ˆ6 - 204525 #\

352 ˆ8 + 151875 #ˆ10& , 4, 0] &&

353 Root[-2 -

354 75 mˆ2 + (6 - 180 mˆ2) #1 + (180 - 378 mˆ2) #1ˆ2 + (756 -

355 324 mˆ2) #1ˆ3 + (1134 - 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &, 1] < l <

356 Root[-150 mˆ2 +

357 75 mˆ4 + (2 - 231 mˆ2 + 540 mˆ4) #1 + (42 + 4806 mˆ2 +

358 3402 mˆ4) #1ˆ2 + (378 + 14742 mˆ2 +

359 8748 mˆ4) #1ˆ3 + (1890 - 6966 mˆ2 +

360 19683 mˆ4) #1ˆ4 + (5670 - 45927 mˆ2) #1ˆ5 + (10206 -

361 13122 mˆ2) #1ˆ6 + 10206 #1ˆ7 + 4374 #1ˆ8 &, 2]) || (Root[

362 32768 - 1855650 #ˆ2 + 10014057 #ˆ4 - 3642597 #ˆ6 - 204525 #\

363 ˆ8 + 151875 #ˆ10& , 4, 0] < m <= Root[

364 1 - 147 #ˆ2 + 423 #ˆ4 + 135 #ˆ6& , 4, 0] &&

365 Root[4 -

366 507 mˆ2 + (51 - 1404 mˆ2) #1 + (252 - 1674 mˆ2) #1ˆ2 + (594 -

367 972 mˆ2) #1ˆ3 + (648 - 243 mˆ2) #1ˆ4 + 243 #1ˆ5 &, 1] < l <

262



368 Root[-150 mˆ2 +

369 75 mˆ4 + (2 - 231 mˆ2 + 540 mˆ4) #1 + (42 + 4806 mˆ2 +

370 3402 mˆ4) #1ˆ2 + (378 + 14742 mˆ2 +

371 8748 mˆ4) #1ˆ3 + (1890 - 6966 mˆ2 +

372 19683 mˆ4) #1ˆ4 + (5670 - 45927 mˆ2) #1ˆ5 + (10206 -

373 13122 mˆ2) #1ˆ6 + 10206 #1ˆ7 + 4374 #1ˆ8 &, 2]) || (Root[

374 1 - 147 #ˆ2 + 423 #ˆ4 + 135 #ˆ6& , 4, 0] < m <

375 Root[-486 - 9 #ˆ2 + 3053 #ˆ4 - 4914 #ˆ6 + 3096 #ˆ8 - 837 #\

376 ˆ10 + 81 #ˆ12& , 2, 0] &&

377 Root[-2 + 213 mˆ2 + 5112 mˆ4 -

378 2160 mˆ6 + (6 - 3780 mˆ2 + 5616 mˆ4) #1 + (180 - 1242 mˆ2 -

379 648 mˆ4) #1ˆ2 + (756 + 972 mˆ2) #1ˆ3 + (1134 -

380 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &, 1] <= l <

381 Root[-150 mˆ2 +

382 75 mˆ4 + (2 - 231 mˆ2 + 540 mˆ4) #1 + (42 + 4806 mˆ2 +

383 3402 mˆ4) #1ˆ2 + (378 + 14742 mˆ2 +

384 8748 mˆ4) #1ˆ3 + (1890 - 6966 mˆ2 +

385 19683 mˆ4) #1ˆ4 + (5670 - 45927 mˆ2) #1ˆ5 + (10206 -

386 13122 mˆ2) #1ˆ6 + 10206 #1ˆ7 + 4374 #1ˆ8 &, 2]) || (m ==

387 Root[-486 - 9 #ˆ2 + 3053 #ˆ4 - 4914 #ˆ6 + 3096 #ˆ8 - 837 #\

388 ˆ10 + 81 #ˆ12& , 2, 0] &&

389 Root[-2 + 213 mˆ2 + 5112 mˆ4 -

390 2160 mˆ6 + (6 - 3780 mˆ2 + 5616 mˆ4) #1 + (180 - 1242 mˆ2 -

391 648 mˆ4) #1ˆ2 + (756 + 972 mˆ2) #1ˆ3 + (1134 -

392 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &, 1] <= l <

393 1/3 (-4 +

394 3 mˆ2)) || \

395 (Root[-486 - 9 #ˆ2 + 3053 #ˆ4 - 4914 #ˆ6 + 3096 #ˆ8 - 837 #ˆ10 + 81 #\

396 ˆ12& , 2, 0] < m < Root[

397 686 - 49551 #ˆ2 - 203679 #ˆ4 - 60129 #ˆ6 + 68445 #ˆ8& , 4, 0] &&

398 Root[-2 + 213 mˆ2 + 5112 mˆ4 -
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399 2160 mˆ6 + (6 - 3780 mˆ2 + 5616 mˆ4) #1 + (180 - 1242 mˆ2 -

400 648 mˆ4) #1ˆ2 + (756 + 972 mˆ2) #1ˆ3 + (1134 -

401 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &, 1] <= l <

402 Root[-150 mˆ2 +

403 75 mˆ4 + (2 - 231 mˆ2 + 540 mˆ4) #1 + (42 + 4806 mˆ2 +

404 3402 mˆ4) #1ˆ2 + (378 + 14742 mˆ2 +

405 8748 mˆ4) #1ˆ3 + (1890 - 6966 mˆ2 +

406 19683 mˆ4) #1ˆ4 + (5670 - 45927 mˆ2) #1ˆ5 + (10206 -

407 13122 mˆ2) #1ˆ6 + 10206 #1ˆ7 + 4374 #1ˆ8 &, 2]) || (m ==

408 Root[686 - 49551 #ˆ2 - 203679 #ˆ4 - 60129 #ˆ6 + 68445 #ˆ8& , 4,

409 0] && Root[-2 + 213 mˆ2 + 5112 mˆ4 -

410 2160 mˆ6 + (6 - 3780 mˆ2 + 5616 mˆ4) #1 + (180 - 1242 mˆ2 -

411 648 mˆ4) #1ˆ2 + (756 + 972 mˆ2) #1ˆ3 + (1134 -

412 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &, 1] < l <

413 Root[-150 mˆ2 +

414 75 mˆ4 + (2 - 231 mˆ2 + 540 mˆ4) #1 + (42 + 4806 mˆ2 +

415 3402 mˆ4) #1ˆ2 + (378 + 14742 mˆ2 +

416 8748 mˆ4) #1ˆ3 + (1890 - 6966 mˆ2 +

417 19683 mˆ4) #1ˆ4 + (5670 - 45927 mˆ2) #1ˆ5 + (10206 -

418 13122 mˆ2) #1ˆ6 + 10206 #1ˆ7 + 4374 #1ˆ8 &, 2]) || (Root[

419 686 - 49551 #ˆ2 - 203679 #ˆ4 - 60129 #ˆ6 + 68445 #ˆ8& , 4, 0] <

420 m < Root[-2812500 - 11259427868 #ˆ2 - 6144055152 #ˆ4 + 1352551761 #\

421 ˆ6 + 692176752 #ˆ8 + 340122240 #ˆ10& , 2, 0] &&

422 Root[-150 mˆ2 +

423 75 mˆ4 + (2 - 231 mˆ2 + 540 mˆ4) #1 + (42 + 4806 mˆ2 +

424 3402 mˆ4) #1ˆ2 + (378 + 14742 mˆ2 +

425 8748 mˆ4) #1ˆ3 + (1890 - 6966 mˆ2 +

426 19683 mˆ4) #1ˆ4 + (5670 - 45927 mˆ2) #1ˆ5 + (10206 -

427 13122 mˆ2) #1ˆ6 + 10206 #1ˆ7 + 4374 #1ˆ8 &, 1] < l <

428 Root[-150 mˆ2 +

429 75 mˆ4 + (2 - 231 mˆ2 + 540 mˆ4) #1 + (42 + 4806 mˆ2 +
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430 3402 mˆ4) #1ˆ2 + (378 + 14742 mˆ2 +

431 8748 mˆ4) #1ˆ3 + (1890 - 6966 mˆ2 +

432 19683 mˆ4) #1ˆ4 + (5670 - 45927 mˆ2) #1ˆ5 + (10206 -

433 13122 mˆ2) #1ˆ6 + 10206 #1ˆ7 + 4374 #1ˆ8 &, 2])

434

435 11

436

437 (Root[-1 + 6 #ˆ2 + 9 #ˆ4& , 2, 0] < m <= 1/Sqrt[3] &&

438 Root[-150 mˆ2 +

439 75 mˆ4 + (2 - 231 mˆ2 + 540 mˆ4) #1 + (42 + 4806 mˆ2 +

440 3402 mˆ4) #1ˆ2 + (378 + 14742 mˆ2 +

441 8748 mˆ4) #1ˆ3 + (1890 - 6966 mˆ2 +

442 19683 mˆ4) #1ˆ4 + (5670 - 45927 mˆ2) #1ˆ5 + (10206 -

443 13122 mˆ2) #1ˆ6 + 10206 #1ˆ7 + 4374 #1ˆ8 &, 2] < l <

444 mˆ2) || (1/Sqrt[3] < m <= Root[-2 - 9 #ˆ2 + 9 #ˆ4& , 2, 0] &&

445 Root[-150 mˆ2 +

446 75 mˆ4 + (2 - 231 mˆ2 + 540 mˆ4) #1 + (42 + 4806 mˆ2 +

447 3402 mˆ4) #1ˆ2 + (378 + 14742 mˆ2 +

448 8748 mˆ4) #1ˆ3 + (1890 - 6966 mˆ2 +

449 19683 mˆ4) #1ˆ4 + (5670 - 45927 mˆ2) #1ˆ5 + (10206 -

450 13122 mˆ2) #1ˆ6 + 10206 #1ˆ7 + 4374 #1ˆ8 &, 2] < l <

451 Root[-25 mˆ2 + (1 + 60 mˆ2) #1 + (12 - 126 mˆ2) #1ˆ2 + (54 +

452 108 mˆ2) #1ˆ3 + (108 - 81 mˆ2) #1ˆ4 + 81 #1ˆ5 &,

453 1]) || (Root[-2 - 9 #ˆ2 + 9 #ˆ4& , 2, 0] < m <

454 Root[-486 - 9 #ˆ2 + 3053 #ˆ4 - 4914 #ˆ6 + 3096 #ˆ8 - 837 #\

455 ˆ10 + 81 #ˆ12& , 2,

456 0] && (Root[-150 mˆ2 +

457 75 mˆ4 + (2 - 231 mˆ2 + 540 mˆ4) #1 + (42 + 4806 mˆ2 +

458 3402 mˆ4) #1ˆ2 + (378 + 14742 mˆ2 +

459 8748 mˆ4) #1ˆ3 + (1890 - 6966 mˆ2 +

460 19683 mˆ4) #1ˆ4 + (5670 - 45927 mˆ2) #1ˆ5 + (10206 -
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461 13122 mˆ2) #1ˆ6 + 10206 #1ˆ7 + 4374 #1ˆ8 &, 1] < l <

462 1/3 (-4 + 3 mˆ2) ||

463 Root[-150 mˆ2 +

464 75 mˆ4 + (2 - 231 mˆ2 + 540 mˆ4) #1 + (42 + 4806 mˆ2 +

465 3402 mˆ4) #1ˆ2 + (378 + 14742 mˆ2 +

466 8748 mˆ4) #1ˆ3 + (1890 - 6966 mˆ2 +

467 19683 mˆ4) #1ˆ4 + (5670 - 45927 mˆ2) #1ˆ5 + (10206 -

468 13122 mˆ2) #1ˆ6 + 10206 #1ˆ7 + 4374 #1ˆ8 &, 2] < l <

469 Root[-25 mˆ2 + (1 + 60 mˆ2) #1 + (12 - 126 mˆ2) #1ˆ2 + (54 +

470 108 mˆ2) #1ˆ3 + (108 - 81 mˆ2) #1ˆ4 + 81 #1ˆ5 &,

471 1])) || (m ==

472 Root[-486 - 9 #ˆ2 + 3053 #ˆ4 - 4914 #ˆ6 + 3096 #ˆ8 - 837 #\

473 ˆ10 + 81 #ˆ12& , 2,

474 0] && (Root[-150 mˆ2 +

475 75 mˆ4 + (2 - 231 mˆ2 + 540 mˆ4) #1 + (42 + 4806 mˆ2 +

476 3402 mˆ4) #1ˆ2 + (378 + 14742 mˆ2 +

477 8748 mˆ4) #1ˆ3 + (1890 - 6966 mˆ2 +

478 19683 mˆ4) #1ˆ4 + (5670 - 45927 mˆ2) #1ˆ5 + (10206 -

479 13122 mˆ2) #1ˆ6 + 10206 #1ˆ7 + 4374 #1ˆ8 &, 1] < l <

480 1/3 (-4 + 3 mˆ2) ||

481 1/3 (-4 + 3 mˆ2) < l <

482 Root[-25 mˆ2 + (1 + 60 mˆ2) #1 + (12 - 126 mˆ2) #1ˆ2 + (54 +

483 108 mˆ2) #1ˆ3 + (108 - 81 mˆ2) #1ˆ4 + 81 #1ˆ5 &,

484 1])) || (Root[-486 - 9 #ˆ2 + 3053 #ˆ4 - 4914 #ˆ6 + 3096 #\

485 ˆ8 - 837 #ˆ10 + 81 #ˆ12& , 2, 0] < m <

486 Root[-27 - 82 #ˆ2 + 192 #ˆ4 - 126 #ˆ6 + 27 #ˆ8& , 2, 0] &&

487 Root[-150 mˆ2 +

488 75 mˆ4 + (2 - 231 mˆ2 + 540 mˆ4) #1 + (42 + 4806 mˆ2 +

489 3402 mˆ4) #1ˆ2 + (378 + 14742 mˆ2 +

490 8748 mˆ4) #1ˆ3 + (1890 - 6966 mˆ2 +

491 19683 mˆ4) #1ˆ4 + (5670 - 45927 mˆ2) #1ˆ5 + (10206 -
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492 13122 mˆ2) #1ˆ6 + 10206 #1ˆ7 + 4374 #1ˆ8 &, 1] < l <

493 Root[-25 mˆ2 + (1 + 60 mˆ2) #1 + (12 - 126 mˆ2) #1ˆ2 + (54 +

494 108 mˆ2) #1ˆ3 + (108 - 81 mˆ2) #1ˆ4 + 81 #1ˆ5 &,

495 1]) || (Root[-27 - 82 #ˆ2 + 192 #ˆ4 - 126 #ˆ6 + 27 #ˆ8& , 2,

496 0] <= m < Root[

497 686 - 49551 #ˆ2 - 203679 #ˆ4 - 60129 #ˆ6 + 68445 #ˆ8& , 4, 0] &&

498 Root[-150 mˆ2 +

499 75 mˆ4 + (2 - 231 mˆ2 + 540 mˆ4) #1 + (42 + 4806 mˆ2 +

500 3402 mˆ4) #1ˆ2 + (378 + 14742 mˆ2 +

501 8748 mˆ4) #1ˆ3 + (1890 - 6966 mˆ2 +

502 19683 mˆ4) #1ˆ4 + (5670 - 45927 mˆ2) #1ˆ5 + (10206 -

503 13122 mˆ2) #1ˆ6 + 10206 #1ˆ7 + 4374 #1ˆ8 &, 1] < l <

504 1/3 (-4 + 3 mˆ2)) || (m == Root[

505 686 - 49551 #ˆ2 - 203679 #ˆ4 - 60129 #ˆ6 + 68445 #ˆ8& , 4, 0] &&

506 Root[-2 + 213 mˆ2 + 5112 mˆ4 -

507 2160 mˆ6 + (6 - 3780 mˆ2 + 5616 mˆ4) #1 + (180 - 1242 mˆ2 -

508 648 mˆ4) #1ˆ2 + (756 + 972 mˆ2) #1ˆ3 + (1134 -

509 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &, 1] < l <

510 1/3 (-4 + 3 mˆ2)) || (Root[

511 686 - 49551 #ˆ2 - 203679 #ˆ4 - 60129 #ˆ6 + 68445 #ˆ8& , 4, 0] <

512 m < Root[1 - 27 #ˆ2 - 657 #ˆ4 + 135 #ˆ6& , 4, 0] &&

513 Root[-2 + 213 mˆ2 + 5112 mˆ4 -

514 2160 mˆ6 + (6 - 3780 mˆ2 + 5616 mˆ4) #1 + (180 - 1242 mˆ2 -

515 648 mˆ4) #1ˆ2 + (756 + 972 mˆ2) #1ˆ3 + (1134 -

516 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &, 1] <= l <

517 1/3 (-4 + 3 mˆ2)) || (m >= Root[

518 1 - 27 #ˆ2 - 657 #ˆ4 + 135 #ˆ6& , 4, 0] &&

519 Root[-25 mˆ2 + (1 + 60 mˆ2) #1 + (12 - 126 mˆ2) #1ˆ2 + (54 +

520 108 mˆ2) #1ˆ3 + (108 - 81 mˆ2) #1ˆ4 + 81 #1ˆ5 &, 1] < l <

521 1/3 (-4 + 3 mˆ2))

522
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523 12

524

525 (1/Sqrt[3] < m <= (3 Sqrt[3])/5 &&

526 Root[1 - 168 mˆ2 +

527 144 mˆ4 + (12 + 144 mˆ2) #1 + (54 + 216 mˆ2) #1ˆ2 + 108 #1ˆ3 +

528 81 #1ˆ4 &, 2] < l <

529 Root[-25 mˆ2 + (1 + 60 mˆ2) #1 + (12 - 126 mˆ2) #1ˆ2 + (54 +

530 108 mˆ2) #1ˆ3 + (108 - 81 mˆ2) #1ˆ4 + 81 #1ˆ5 &, 1]) || ((

531 3 Sqrt[3])/5 < m <= Root[-2 - 9 #ˆ2 + 9 #ˆ4& , 2, 0] &&

532 Root[-150 mˆ2 +

533 75 mˆ4 + (2 - 231 mˆ2 + 540 mˆ4) #1 + (42 + 4806 mˆ2 +

534 3402 mˆ4) #1ˆ2 + (378 + 14742 mˆ2 +

535 8748 mˆ4) #1ˆ3 + (1890 - 6966 mˆ2 +

536 19683 mˆ4) #1ˆ4 + (5670 - 45927 mˆ2) #1ˆ5 + (10206 -

537 13122 mˆ2) #1ˆ6 + 10206 #1ˆ7 + 4374 #1ˆ8 &, 2] < l <

538 Root[-25 mˆ2 + (1 + 60 mˆ2) #1 + (12 - 126 mˆ2) #1ˆ2 + (54 +

539 108 mˆ2) #1ˆ3 + (108 - 81 mˆ2) #1ˆ4 + 81 #1ˆ5 &,

540 1]) || (Root[-2 - 9 #ˆ2 + 9 #ˆ4& , 2, 0] < m < Root[

541 17179869184 - 758241767424 #ˆ2 + 738811183104 #ˆ4 - 1873773558144 #\

542 ˆ6 + 2178248345280 #ˆ8 + 730684767357 #ˆ10 - 1168450231581 #\

543 ˆ12 - 312846367473 #ˆ14 + 307409258025 #ˆ16& , 4,

544 0] && (Root[-150 mˆ2 +

545 75 mˆ4 + (2 - 231 mˆ2 + 540 mˆ4) #1 + (42 + 4806 mˆ2 +

546 3402 mˆ4) #1ˆ2 + (378 + 14742 mˆ2 +

547 8748 mˆ4) #1ˆ3 + (1890 - 6966 mˆ2 +

548 19683 mˆ4) #1ˆ4 + (5670 - 45927 mˆ2) #1ˆ5 + (10206 -

549 13122 mˆ2) #1ˆ6 + 10206 #1ˆ7 + 4374 #1ˆ8 &, 1] < l <

550 1/3 (-4 + 3 mˆ2) ||

551 Root[-150 mˆ2 +

552 75 mˆ4 + (2 - 231 mˆ2 + 540 mˆ4) #1 + (42 + 4806 mˆ2 +

553 3402 mˆ4) #1ˆ2 + (378 + 14742 mˆ2 +
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554 8748 mˆ4) #1ˆ3 + (1890 - 6966 mˆ2 +

555 19683 mˆ4) #1ˆ4 + (5670 - 45927 mˆ2) #1ˆ5 + (10206 -

556 13122 mˆ2) #1ˆ6 + 10206 #1ˆ7 + 4374 #1ˆ8 &, 2] < l <

557 Root[-25 mˆ2 + (1 + 60 mˆ2) #1 + (12 - 126 mˆ2) #1ˆ2 + (54 +

558 108 mˆ2) #1ˆ3 + (108 - 81 mˆ2) #1ˆ4 + 81 #1ˆ5 &,

559 1])) || (m == Root[

560 17179869184 - 758241767424 #ˆ2 + 738811183104 #ˆ4 - 1873773558144 #\

561 ˆ6 + 2178248345280 #ˆ8 + 730684767357 #ˆ10 - 1168450231581 #\

562 ˆ12 - 312846367473 #ˆ14 + 307409258025 #ˆ16& , 4,

563 0] && (Root[

564 1 - 168 mˆ2 +

565 144 mˆ4 + (12 + 144 mˆ2) #1 + (54 + 216 mˆ2) #1ˆ2 +

566 108 #1ˆ3 + 81 #1ˆ4 &, 2] < l < 1/3 (-4 + 3 mˆ2) ||

567 Root[-150 mˆ2 +

568 75 mˆ4 + (2 - 231 mˆ2 + 540 mˆ4) #1 + (42 + 4806 mˆ2 +

569 3402 mˆ4) #1ˆ2 + (378 + 14742 mˆ2 +

570 8748 mˆ4) #1ˆ3 + (1890 - 6966 mˆ2 +

571 19683 mˆ4) #1ˆ4 + (5670 - 45927 mˆ2) #1ˆ5 + (10206 -

572 13122 mˆ2) #1ˆ6 + 10206 #1ˆ7 + 4374 #1ˆ8 &, 2] < l <

573 Root[-25 mˆ2 + (1 + 60 mˆ2) #1 + (12 - 126 mˆ2) #1ˆ2 + (54 +

574 108 mˆ2) #1ˆ3 + (108 - 81 mˆ2) #1ˆ4 + 81 #1ˆ5 &,

575 1])) || (Root[

576 17179869184 - 758241767424 #ˆ2 + 738811183104 #ˆ4 - 1873773558144 #\

577 ˆ6 + 2178248345280 #ˆ8 + 730684767357 #ˆ10 - 1168450231581 #\

578 ˆ12 - 312846367473 #ˆ14 + 307409258025 #ˆ16& , 4, 0] < m <

579 Root[-486 - 9 #ˆ2 + 3053 #ˆ4 - 4914 #ˆ6 + 3096 #ˆ8 - 837 #\

580 ˆ10 + 81 #ˆ12& , 2,

581 0] && (Root[-150 mˆ2 +

582 75 mˆ4 + (2 - 231 mˆ2 + 540 mˆ4) #1 + (42 + 4806 mˆ2 +

583 3402 mˆ4) #1ˆ2 + (378 + 14742 mˆ2 +

584 8748 mˆ4) #1ˆ3 + (1890 - 6966 mˆ2 +
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585 19683 mˆ4) #1ˆ4 + (5670 - 45927 mˆ2) #1ˆ5 + (10206 -

586 13122 mˆ2) #1ˆ6 + 10206 #1ˆ7 + 4374 #1ˆ8 &, 1] < l <

587 1/3 (-4 + 3 mˆ2) ||

588 Root[-150 mˆ2 +

589 75 mˆ4 + (2 - 231 mˆ2 + 540 mˆ4) #1 + (42 + 4806 mˆ2 +

590 3402 mˆ4) #1ˆ2 + (378 + 14742 mˆ2 +

591 8748 mˆ4) #1ˆ3 + (1890 - 6966 mˆ2 +

592 19683 mˆ4) #1ˆ4 + (5670 - 45927 mˆ2) #1ˆ5 + (10206 -

593 13122 mˆ2) #1ˆ6 + 10206 #1ˆ7 + 4374 #1ˆ8 &, 2] < l <

594 Root[-25 mˆ2 + (1 + 60 mˆ2) #1 + (12 - 126 mˆ2) #1ˆ2 + (54 +

595 108 mˆ2) #1ˆ3 + (108 - 81 mˆ2) #1ˆ4 + 81 #1ˆ5 &,

596 1])) || (m ==

597 Root[-486 - 9 #ˆ2 + 3053 #ˆ4 - 4914 #ˆ6 + 3096 #ˆ8 - 837 #\

598 ˆ10 + 81 #ˆ12& , 2,

599 0] && (Root[-150 mˆ2 +

600 75 mˆ4 + (2 - 231 mˆ2 + 540 mˆ4) #1 + (42 + 4806 mˆ2 +

601 3402 mˆ4) #1ˆ2 + (378 + 14742 mˆ2 +

602 8748 mˆ4) #1ˆ3 + (1890 - 6966 mˆ2 +

603 19683 mˆ4) #1ˆ4 + (5670 - 45927 mˆ2) #1ˆ5 + (10206 -

604 13122 mˆ2) #1ˆ6 + 10206 #1ˆ7 + 4374 #1ˆ8 &, 1] < l <

605 1/3 (-4 + 3 mˆ2) ||

606 1/3 (-4 + 3 mˆ2) < l <

607 Root[-25 mˆ2 + (1 + 60 mˆ2) #1 + (12 - 126 mˆ2) #1ˆ2 + (54 +

608 108 mˆ2) #1ˆ3 + (108 - 81 mˆ2) #1ˆ4 + 81 #1ˆ5 &,

609 1])) || (Root[-486 - 9 #ˆ2 + 3053 #ˆ4 - 4914 #ˆ6 + 3096 #\

610 ˆ8 - 837 #ˆ10 + 81 #ˆ12& , 2, 0] < m <

611 Root[-27 - 82 #ˆ2 + 192 #ˆ4 - 126 #ˆ6 + 27 #ˆ8& , 2, 0] &&

612 Root[-150 mˆ2 +

613 75 mˆ4 + (2 - 231 mˆ2 + 540 mˆ4) #1 + (42 + 4806 mˆ2 +

614 3402 mˆ4) #1ˆ2 + (378 + 14742 mˆ2 +

615 8748 mˆ4) #1ˆ3 + (1890 - 6966 mˆ2 +
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616 19683 mˆ4) #1ˆ4 + (5670 - 45927 mˆ2) #1ˆ5 + (10206 -

617 13122 mˆ2) #1ˆ6 + 10206 #1ˆ7 + 4374 #1ˆ8 &, 1] < l <

618 Root[-25 mˆ2 + (1 + 60 mˆ2) #1 + (12 - 126 mˆ2) #1ˆ2 + (54 +

619 108 mˆ2) #1ˆ3 + (108 - 81 mˆ2) #1ˆ4 + 81 #1ˆ5 &,

620 1]) || (Root[-27 - 82 #ˆ2 + 192 #ˆ4 - 126 #ˆ6 + 27 #ˆ8& , 2,

621 0] <= m < Root[

622 686 - 49551 #ˆ2 - 203679 #ˆ4 - 60129 #ˆ6 + 68445 #ˆ8& , 4, 0] &&

623 Root[-150 mˆ2 +

624 75 mˆ4 + (2 - 231 mˆ2 + 540 mˆ4) #1 + (42 + 4806 mˆ2 +

625 3402 mˆ4) #1ˆ2 + (378 + 14742 mˆ2 +

626 8748 mˆ4) #1ˆ3 + (1890 - 6966 mˆ2 +

627 19683 mˆ4) #1ˆ4 + (5670 - 45927 mˆ2) #1ˆ5 + (10206 -

628 13122 mˆ2) #1ˆ6 + 10206 #1ˆ7 + 4374 #1ˆ8 &, 1] < l <

629 1/3 (-4 + 3 mˆ2)) || (m == Root[

630 686 - 49551 #ˆ2 - 203679 #ˆ4 - 60129 #ˆ6 + 68445 #ˆ8& , 4, 0] &&

631 Root[-2 + 213 mˆ2 + 5112 mˆ4 -

632 2160 mˆ6 + (6 - 3780 mˆ2 + 5616 mˆ4) #1 + (180 - 1242 mˆ2 -

633 648 mˆ4) #1ˆ2 + (756 + 972 mˆ2) #1ˆ3 + (1134 -

634 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &, 1] < l <

635 1/3 (-4 + 3 mˆ2)) || (Root[

636 686 - 49551 #ˆ2 - 203679 #ˆ4 - 60129 #ˆ6 + 68445 #ˆ8& , 4, 0] <

637 m < Root[1 - 27 #ˆ2 - 657 #ˆ4 + 135 #ˆ6& , 4, 0] &&

638 Root[-2 + 213 mˆ2 + 5112 mˆ4 -

639 2160 mˆ6 + (6 - 3780 mˆ2 + 5616 mˆ4) #1 + (180 - 1242 mˆ2 -

640 648 mˆ4) #1ˆ2 + (756 + 972 mˆ2) #1ˆ3 + (1134 -

641 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &, 1] <= l <

642 1/3 (-4 + 3 mˆ2)) || (m >= Root[

643 1 - 27 #ˆ2 - 657 #ˆ4 + 135 #ˆ6& , 4, 0] &&

644 Root[-25 mˆ2 + (1 + 60 mˆ2) #1 + (12 - 126 mˆ2) #1ˆ2 + (54 +

645 108 mˆ2) #1ˆ3 + (108 - 81 mˆ2) #1ˆ4 + 81 #1ˆ5 &, 1] < l <

646 1/3 (-4 + 3 mˆ2))
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647

648 13

649

650 (1/Sqrt[3] < m <= (3 Sqrt[3])/5 &&

651 Root[1 - 168 mˆ2 +

652 144 mˆ4 + (12 + 144 mˆ2) #1 + (54 + 216 mˆ2) #1ˆ2 + 108 #1ˆ3 +

653 81 #1ˆ4 &, 2] < l <=

654 Root[-2 -

655 75 mˆ2 + (6 - 180 mˆ2) #1 + (180 - 378 mˆ2) #1ˆ2 + (756 -

656 324 mˆ2) #1ˆ3 + (1134 - 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &,

657 1]) || ((3 Sqrt[3])/5 < m <= Root[-2 - 9 #ˆ2 + 9 #ˆ4& , 2, 0] &&

658 Root[-150 mˆ2 +

659 75 mˆ4 + (2 - 231 mˆ2 + 540 mˆ4) #1 + (42 + 4806 mˆ2 +

660 3402 mˆ4) #1ˆ2 + (378 + 14742 mˆ2 +

661 8748 mˆ4) #1ˆ3 + (1890 - 6966 mˆ2 +

662 19683 mˆ4) #1ˆ4 + (5670 - 45927 mˆ2) #1ˆ5 + (10206 -

663 13122 mˆ2) #1ˆ6 + 10206 #1ˆ7 + 4374 #1ˆ8 &, 2] < l <=

664 Root[-2 -

665 75 mˆ2 + (6 - 180 mˆ2) #1 + (180 - 378 mˆ2) #1ˆ2 + (756 -

666 324 mˆ2) #1ˆ3 + (1134 - 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &,

667 1]) || (Root[-2 - 9 #ˆ2 + 9 #ˆ4& , 2, 0] < m < Root[

668 17179869184 - 758241767424 #ˆ2 + 738811183104 #ˆ4 - 1873773558144 #\

669 ˆ6 + 2178248345280 #ˆ8 + 730684767357 #ˆ10 - 1168450231581 #\

670 ˆ12 - 312846367473 #ˆ14 + 307409258025 #ˆ16& , 4,

671 0] && (Root[-150 mˆ2 +

672 75 mˆ4 + (2 - 231 mˆ2 + 540 mˆ4) #1 + (42 + 4806 mˆ2 +

673 3402 mˆ4) #1ˆ2 + (378 + 14742 mˆ2 +

674 8748 mˆ4) #1ˆ3 + (1890 - 6966 mˆ2 +

675 19683 mˆ4) #1ˆ4 + (5670 - 45927 mˆ2) #1ˆ5 + (10206 -

676 13122 mˆ2) #1ˆ6 + 10206 #1ˆ7 + 4374 #1ˆ8 &, 1] < l <

677 1/3 (-4 + 3 mˆ2) ||
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678 Root[-150 mˆ2 +

679 75 mˆ4 + (2 - 231 mˆ2 + 540 mˆ4) #1 + (42 + 4806 mˆ2 +

680 3402 mˆ4) #1ˆ2 + (378 + 14742 mˆ2 +

681 8748 mˆ4) #1ˆ3 + (1890 - 6966 mˆ2 +

682 19683 mˆ4) #1ˆ4 + (5670 - 45927 mˆ2) #1ˆ5 + (10206 -

683 13122 mˆ2) #1ˆ6 + 10206 #1ˆ7 + 4374 #1ˆ8 &, 2] < l <=

684 Root[-2 -

685 75 mˆ2 + (6 - 180 mˆ2) #1 + (180 - 378 mˆ2) #1ˆ2 + (756 -

686 324 mˆ2) #1ˆ3 + (1134 - 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &,

687 1])) || (m == Root[

688 17179869184 - 758241767424 #ˆ2 + 738811183104 #ˆ4 - 1873773558144 #\

689 ˆ6 + 2178248345280 #ˆ8 + 730684767357 #ˆ10 - 1168450231581 #\

690 ˆ12 - 312846367473 #ˆ14 + 307409258025 #ˆ16& , 4,

691 0] && (Root[

692 1 - 168 mˆ2 +

693 144 mˆ4 + (12 + 144 mˆ2) #1 + (54 + 216 mˆ2) #1ˆ2 +

694 108 #1ˆ3 + 81 #1ˆ4 &, 2] < l < 1/3 (-4 + 3 mˆ2) ||

695 Root[-150 mˆ2 +

696 75 mˆ4 + (2 - 231 mˆ2 + 540 mˆ4) #1 + (42 + 4806 mˆ2 +

697 3402 mˆ4) #1ˆ2 + (378 + 14742 mˆ2 +

698 8748 mˆ4) #1ˆ3 + (1890 - 6966 mˆ2 +

699 19683 mˆ4) #1ˆ4 + (5670 - 45927 mˆ2) #1ˆ5 + (10206 -

700 13122 mˆ2) #1ˆ6 + 10206 #1ˆ7 + 4374 #1ˆ8 &, 2] < l <=

701 Root[-2 -

702 75 mˆ2 + (6 - 180 mˆ2) #1 + (180 - 378 mˆ2) #1ˆ2 + (756 -

703 324 mˆ2) #1ˆ3 + (1134 - 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &,

704 1])) || (Root[

705 17179869184 - 758241767424 #ˆ2 + 738811183104 #ˆ4 - 1873773558144 #\

706 ˆ6 + 2178248345280 #ˆ8 + 730684767357 #ˆ10 - 1168450231581 #\

707 ˆ12 - 312846367473 #ˆ14 + 307409258025 #ˆ16& , 4, 0] < m <

708 Root[-486 - 9 #ˆ2 + 3053 #ˆ4 - 4914 #ˆ6 + 3096 #ˆ8 - 837 #\

273



709 ˆ10 + 81 #ˆ12& , 2,

710 0] && (Root[-150 mˆ2 +

711 75 mˆ4 + (2 - 231 mˆ2 + 540 mˆ4) #1 + (42 + 4806 mˆ2 +

712 3402 mˆ4) #1ˆ2 + (378 + 14742 mˆ2 +

713 8748 mˆ4) #1ˆ3 + (1890 - 6966 mˆ2 +

714 19683 mˆ4) #1ˆ4 + (5670 - 45927 mˆ2) #1ˆ5 + (10206 -

715 13122 mˆ2) #1ˆ6 + 10206 #1ˆ7 + 4374 #1ˆ8 &, 1] < l <

716 1/3 (-4 + 3 mˆ2) ||

717 Root[-150 mˆ2 +

718 75 mˆ4 + (2 - 231 mˆ2 + 540 mˆ4) #1 + (42 + 4806 mˆ2 +

719 3402 mˆ4) #1ˆ2 + (378 + 14742 mˆ2 +

720 8748 mˆ4) #1ˆ3 + (1890 - 6966 mˆ2 +

721 19683 mˆ4) #1ˆ4 + (5670 - 45927 mˆ2) #1ˆ5 + (10206 -

722 13122 mˆ2) #1ˆ6 + 10206 #1ˆ7 + 4374 #1ˆ8 &, 2] < l <=

723 Root[-2 -

724 75 mˆ2 + (6 - 180 mˆ2) #1 + (180 - 378 mˆ2) #1ˆ2 + (756 -

725 324 mˆ2) #1ˆ3 + (1134 - 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &,

726 1])) || (m ==

727 Root[-486 - 9 #ˆ2 + 3053 #ˆ4 - 4914 #ˆ6 + 3096 #ˆ8 - 837 #\

728 ˆ10 + 81 #ˆ12& , 2,

729 0] && (Root[-150 mˆ2 +

730 75 mˆ4 + (2 - 231 mˆ2 + 540 mˆ4) #1 + (42 + 4806 mˆ2 +

731 3402 mˆ4) #1ˆ2 + (378 + 14742 mˆ2 +

732 8748 mˆ4) #1ˆ3 + (1890 - 6966 mˆ2 +

733 19683 mˆ4) #1ˆ4 + (5670 - 45927 mˆ2) #1ˆ5 + (10206 -

734 13122 mˆ2) #1ˆ6 + 10206 #1ˆ7 + 4374 #1ˆ8 &, 1] < l <

735 1/3 (-4 + 3 mˆ2) ||

736 1/3 (-4 + 3 mˆ2) < l <=

737 Root[-2 -

738 75 mˆ2 + (6 - 180 mˆ2) #1 + (180 - 378 mˆ2) #1ˆ2 + (756 -

739 324 mˆ2) #1ˆ3 + (1134 - 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &,
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740 1])) || (Root[-486 - 9 #ˆ2 + 3053 #ˆ4 - 4914 #ˆ6 + 3096 #\

741 ˆ8 - 837 #ˆ10 + 81 #ˆ12& , 2, 0] < m < Root[

742 686 - 49551 #ˆ2 - 203679 #ˆ4 - 60129 #ˆ6 + 68445 #ˆ8& , 4, 0] &&

743 Root[-150 mˆ2 +

744 75 mˆ4 + (2 - 231 mˆ2 + 540 mˆ4) #1 + (42 + 4806 mˆ2 +

745 3402 mˆ4) #1ˆ2 + (378 + 14742 mˆ2 +

746 8748 mˆ4) #1ˆ3 + (1890 - 6966 mˆ2 +

747 19683 mˆ4) #1ˆ4 + (5670 - 45927 mˆ2) #1ˆ5 + (10206 -

748 13122 mˆ2) #1ˆ6 + 10206 #1ˆ7 + 4374 #1ˆ8 &, 1] < l <=

749 Root[-2 -

750 75 mˆ2 + (6 - 180 mˆ2) #1 + (180 - 378 mˆ2) #1ˆ2 + (756 -

751 324 mˆ2) #1ˆ3 + (1134 - 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &,

752 1]) || (m == Root[

753 686 - 49551 #ˆ2 - 203679 #ˆ4 - 60129 #ˆ6 + 68445 #ˆ8& , 4, 0] &&

754 Root[-2 + 213 mˆ2 + 5112 mˆ4 -

755 2160 mˆ6 + (6 - 3780 mˆ2 + 5616 mˆ4) #1 + (180 - 1242 mˆ2 -

756 648 mˆ4) #1ˆ2 + (756 + 972 mˆ2) #1ˆ3 + (1134 -

757 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &, 1] < l <=

758 Root[-2 -

759 75 mˆ2 + (6 - 180 mˆ2) #1 + (180 - 378 mˆ2) #1ˆ2 + (756 -

760 324 mˆ2) #1ˆ3 + (1134 - 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &,

761 1]) || (Root[

762 686 - 49551 #ˆ2 - 203679 #ˆ4 - 60129 #ˆ6 + 68445 #ˆ8& , 4, 0] <

763 m < Root[-18 - 47 #ˆ2 + 147 #ˆ4 - 117 #ˆ6 + 27 #ˆ8& , 2, 0] &&

764 Root[-2 + 213 mˆ2 + 5112 mˆ4 -

765 2160 mˆ6 + (6 - 3780 mˆ2 + 5616 mˆ4) #1 + (180 - 1242 mˆ2 -

766 648 mˆ4) #1ˆ2 + (756 + 972 mˆ2) #1ˆ3 + (1134 -

767 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &, 1] <= l <=

768 Root[-2 -

769 75 mˆ2 + (6 - 180 mˆ2) #1 + (180 - 378 mˆ2) #1ˆ2 + (756 -

770 324 mˆ2) #1ˆ3 + (1134 - 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &,
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771 1]) || (m ==

772 Root[-18 - 47 #ˆ2 + 147 #ˆ4 - 117 #ˆ6 + 27 #ˆ8& , 2, 0] &&

773 Root[-2 + 213 mˆ2 + 5112 mˆ4 -

774 2160 mˆ6 + (6 - 3780 mˆ2 + 5616 mˆ4) #1 + (180 - 1242 mˆ2 -

775 648 mˆ4) #1ˆ2 + (756 + 972 mˆ2) #1ˆ3 + (1134 -

776 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &, 1] <= l <=

777 1/3 (-4 + 3 mˆ2)) || (m >

778 Root[-18 - 47 #ˆ2 + 147 #ˆ4 - 117 #ˆ6 + 27 #ˆ8& , 2, 0] &&

779 Root[-2 + 213 mˆ2 + 5112 mˆ4 -

780 2160 mˆ6 + (6 - 3780 mˆ2 + 5616 mˆ4) #1 + (180 - 1242 mˆ2 -

781 648 mˆ4) #1ˆ2 + (756 + 972 mˆ2) #1ˆ3 + (1134 -

782 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &, 1] <= l < 1/3 (-4 + 3 mˆ2))

783

784 14

785

786 (1/Sqrt[3] < m <= Root[1 - 36 #ˆ2 + 36 #ˆ4& , 4, 0] &&

787 Root[1 - 168 mˆ2 +

788 144 mˆ4 + (12 + 144 mˆ2) #1 + (54 + 216 mˆ2) #1ˆ2 + 108 #1ˆ3 +

789 81 #1ˆ4 &, 1] < l < 1/3 (-4 + 3 mˆ2)) || (Root[

790 1 - 36 #ˆ2 + 36 #ˆ4& , 4, 0] < m <= (3 Sqrt[3])/5 &&

791 Root[-2 + 213 mˆ2 + 5112 mˆ4 -

792 2160 mˆ6 + (6 - 3780 mˆ2 + 5616 mˆ4) #1 + (180 - 1242 mˆ2 -

793 648 mˆ4) #1ˆ2 + (756 + 972 mˆ2) #1ˆ3 + (1134 -

794 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &, 1] <= l <

795 1/3 (-4 + 3 mˆ2)) || ((3 Sqrt[3])/5 < m <=

796 Root[-2 - 9 #ˆ2 + 9 #ˆ4& , 2,

797 0] && (Root[-2 + 213 mˆ2 + 5112 mˆ4 -

798 2160 mˆ6 + (6 - 3780 mˆ2 + 5616 mˆ4) #1 + (180 - 1242 mˆ2 -

799 648 mˆ4) #1ˆ2 + (756 + 972 mˆ2) #1ˆ3 + (1134 -

800 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &, 1] <= l < 1/3 (-4 + 3 mˆ2) ||

801 Root[1 - 168 mˆ2 +
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802 144 mˆ4 + (12 + 144 mˆ2) #1 + (54 + 216 mˆ2) #1ˆ2 +

803 108 #1ˆ3 + 81 #1ˆ4 &, 2] < l <

804 Root[-150 mˆ2 +

805 75 mˆ4 + (2 - 231 mˆ2 + 540 mˆ4) #1 + (42 + 4806 mˆ2 +

806 3402 mˆ4) #1ˆ2 + (378 + 14742 mˆ2 +

807 8748 mˆ4) #1ˆ3 + (1890 - 6966 mˆ2 +

808 19683 mˆ4) #1ˆ4 + (5670 - 45927 mˆ2) #1ˆ5 + (10206 -

809 13122 mˆ2) #1ˆ6 + 10206 #1ˆ7 + 4374 #1ˆ8 &,

810 2])) || (Root[-2 - 9 #ˆ2 + 9 #ˆ4& , 2, 0] < m <

811 Root[-27 + 19 #ˆ2 - 9 #ˆ4 + 9 #ˆ6& , 2,

812 0] && (Root[-2 + 213 mˆ2 + 5112 mˆ4 -

813 2160 mˆ6 + (6 - 3780 mˆ2 + 5616 mˆ4) #1 + (180 - 1242 mˆ2 -

814 648 mˆ4) #1ˆ2 + (756 + 972 mˆ2) #1ˆ3 + (1134 -

815 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &, 1] <= l <

816 Root[-150 mˆ2 +

817 75 mˆ4 + (2 - 231 mˆ2 + 540 mˆ4) #1 + (42 + 4806 mˆ2 +

818 3402 mˆ4) #1ˆ2 + (378 + 14742 mˆ2 +

819 8748 mˆ4) #1ˆ3 + (1890 - 6966 mˆ2 +

820 19683 mˆ4) #1ˆ4 + (5670 - 45927 mˆ2) #1ˆ5 + (10206 -

821 13122 mˆ2) #1ˆ6 + 10206 #1ˆ7 + 4374 #1ˆ8 &, 1] ||

822 Root[1 - 168 mˆ2 +

823 144 mˆ4 + (12 + 144 mˆ2) #1 + (54 + 216 mˆ2) #1ˆ2 +

824 108 #1ˆ3 + 81 #1ˆ4 &, 2] < l <

825 Root[-150 mˆ2 +

826 75 mˆ4 + (2 - 231 mˆ2 + 540 mˆ4) #1 + (42 + 4806 mˆ2 +

827 3402 mˆ4) #1ˆ2 + (378 + 14742 mˆ2 +

828 8748 mˆ4) #1ˆ3 + (1890 - 6966 mˆ2 +

829 19683 mˆ4) #1ˆ4 + (5670 - 45927 mˆ2) #1ˆ5 + (10206 -

830 13122 mˆ2) #1ˆ6 + 10206 #1ˆ7 + 4374 #1ˆ8 &, 2])) || (m ==

831 Root[-27 + 19 #ˆ2 - 9 #ˆ4 + 9 #ˆ6& , 2,

832 0] && (Root[-2 + 213 mˆ2 + 5112 mˆ4 -
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833 2160 mˆ6 + (6 - 3780 mˆ2 + 5616 mˆ4) #1 + (180 - 1242 mˆ2 -

834 648 mˆ4) #1ˆ2 + (756 + 972 mˆ2) #1ˆ3 + (1134 -

835 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &, 1] <= l <

836 Root[-150 mˆ2 +

837 75 mˆ4 + (2 - 231 mˆ2 + 540 mˆ4) #1 + (42 + 4806 mˆ2 +

838 3402 mˆ4) #1ˆ2 + (378 + 14742 mˆ2 +

839 8748 mˆ4) #1ˆ3 + (1890 - 6966 mˆ2 +

840 19683 mˆ4) #1ˆ4 + (5670 - 45927 mˆ2) #1ˆ5 + (10206 -

841 13122 mˆ2) #1ˆ6 + 10206 #1ˆ7 + 4374 #1ˆ8 &, 1] ||

842 1/3 (-4 + 3 mˆ2) < l <

843 Root[-150 mˆ2 +

844 75 mˆ4 + (2 - 231 mˆ2 + 540 mˆ4) #1 + (42 + 4806 mˆ2 +

845 3402 mˆ4) #1ˆ2 + (378 + 14742 mˆ2 +

846 8748 mˆ4) #1ˆ3 + (1890 - 6966 mˆ2 +

847 19683 mˆ4) #1ˆ4 + (5670 - 45927 mˆ2) #1ˆ5 + (10206 -

848 13122 mˆ2) #1ˆ6 + 10206 #1ˆ7 + 4374 #1ˆ8 &,

849 2])) || (Root[-27 + 19 #ˆ2 - 9 #ˆ4 + 9 #ˆ6& , 2, 0] < m < Root[

850 17179869184 - 758241767424 #ˆ2 + 738811183104 #ˆ4 - 1873773558144 #\

851 ˆ6 + 2178248345280 #ˆ8 + 730684767357 #ˆ10 - 1168450231581 #\

852 ˆ12 - 312846367473 #ˆ14 + 307409258025 #ˆ16& , 4,

853 0] && (Root[-2 + 213 mˆ2 + 5112 mˆ4 -

854 2160 mˆ6 + (6 - 3780 mˆ2 + 5616 mˆ4) #1 + (180 - 1242 mˆ2 -

855 648 mˆ4) #1ˆ2 + (756 + 972 mˆ2) #1ˆ3 + (1134 -

856 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &, 1] <= l <

857 Root[-150 mˆ2 +

858 75 mˆ4 + (2 - 231 mˆ2 + 540 mˆ4) #1 + (42 + 4806 mˆ2 +

859 3402 mˆ4) #1ˆ2 + (378 + 14742 mˆ2 +

860 8748 mˆ4) #1ˆ3 + (1890 - 6966 mˆ2 +

861 19683 mˆ4) #1ˆ4 + (5670 - 45927 mˆ2) #1ˆ5 + (10206 -

862 13122 mˆ2) #1ˆ6 + 10206 #1ˆ7 + 4374 #1ˆ8 &, 1] ||

863 Root[1 - 168 mˆ2 +
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864 144 mˆ4 + (12 + 144 mˆ2) #1 + (54 + 216 mˆ2) #1ˆ2 +

865 108 #1ˆ3 + 81 #1ˆ4 &, 2] < l <

866 Root[-150 mˆ2 +

867 75 mˆ4 + (2 - 231 mˆ2 + 540 mˆ4) #1 + (42 + 4806 mˆ2 +

868 3402 mˆ4) #1ˆ2 + (378 + 14742 mˆ2 +

869 8748 mˆ4) #1ˆ3 + (1890 - 6966 mˆ2 +

870 19683 mˆ4) #1ˆ4 + (5670 - 45927 mˆ2) #1ˆ5 + (10206 -

871 13122 mˆ2) #1ˆ6 + 10206 #1ˆ7 + 4374 #1ˆ8 &, 2])) || (m ==

872 Root[17179869184 - 758241767424 #ˆ2 + 738811183104 #\

873 ˆ4 - 1873773558144 #ˆ6 + 2178248345280 #ˆ8 + 730684767357 #\

874 ˆ10 - 1168450231581 #ˆ12 - 312846367473 #ˆ14 + 307409258025 #ˆ16& , 4,

875 0] && (Root[-2 + 213 mˆ2 + 5112 mˆ4 -

876 2160 mˆ6 + (6 - 3780 mˆ2 + 5616 mˆ4) #1 + (180 - 1242 mˆ2 -

877 648 mˆ4) #1ˆ2 + (756 + 972 mˆ2) #1ˆ3 + (1134 -

878 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &, 1] <= l <

879 Root[

880 1 - 168 mˆ2 +

881 144 mˆ4 + (12 + 144 mˆ2) #1 + (54 + 216 mˆ2) #1ˆ2 +

882 108 #1ˆ3 + 81 #1ˆ4 &, 2] ||

883 Root[1 - 168 mˆ2 +

884 144 mˆ4 + (12 + 144 mˆ2) #1 + (54 + 216 mˆ2) #1ˆ2 +

885 108 #1ˆ3 + 81 #1ˆ4 &, 2] < l <

886 Root[-150 mˆ2 +

887 75 mˆ4 + (2 - 231 mˆ2 + 540 mˆ4) #1 + (42 + 4806 mˆ2 +

888 3402 mˆ4) #1ˆ2 + (378 + 14742 mˆ2 +

889 8748 mˆ4) #1ˆ3 + (1890 - 6966 mˆ2 +

890 19683 mˆ4) #1ˆ4 + (5670 - 45927 mˆ2) #1ˆ5 + (10206 -

891 13122 mˆ2) #1ˆ6 + 10206 #1ˆ7 + 4374 #1ˆ8 &, 2])) || (Root[

892 17179869184 - 758241767424 #ˆ2 + 738811183104 #ˆ4 - 1873773558144 #\

893 ˆ6 + 2178248345280 #ˆ8 + 730684767357 #ˆ10 - 1168450231581 #\

894 ˆ12 - 312846367473 #ˆ14 + 307409258025 #ˆ16& , 4, 0] < m <
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895 Root[-486 - 9 #ˆ2 + 3053 #ˆ4 - 4914 #ˆ6 + 3096 #ˆ8 - 837 #\

896 ˆ10 + 81 #ˆ12& , 2, 0] &&

897 Root[-2 + 213 mˆ2 + 5112 mˆ4 -

898 2160 mˆ6 + (6 - 3780 mˆ2 + 5616 mˆ4) #1 + (180 - 1242 mˆ2 -

899 648 mˆ4) #1ˆ2 + (756 + 972 mˆ2) #1ˆ3 + (1134 -

900 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &, 1] <= l <

901 Root[-150 mˆ2 +

902 75 mˆ4 + (2 - 231 mˆ2 + 540 mˆ4) #1 + (42 + 4806 mˆ2 +

903 3402 mˆ4) #1ˆ2 + (378 + 14742 mˆ2 +

904 8748 mˆ4) #1ˆ3 + (1890 - 6966 mˆ2 +

905 19683 mˆ4) #1ˆ4 + (5670 - 45927 mˆ2) #1ˆ5 + (10206 -

906 13122 mˆ2) #1ˆ6 + 10206 #1ˆ7 + 4374 #1ˆ8 &, 2]) || (m ==

907 Root[-486 - 9 #ˆ2 + 3053 #ˆ4 - 4914 #ˆ6 + 3096 #ˆ8 - 837 #\

908 ˆ10 + 81 #ˆ12& , 2, 0] &&

909 Root[-2 + 213 mˆ2 + 5112 mˆ4 -

910 2160 mˆ6 + (6 - 3780 mˆ2 + 5616 mˆ4) #1 + (180 - 1242 mˆ2 -

911 648 mˆ4) #1ˆ2 + (756 + 972 mˆ2) #1ˆ3 + (1134 -

912 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &, 1] <= l <

913 1/3 (-4 +

914 3 mˆ2)) || \

915 (Root[-486 - 9 #ˆ2 + 3053 #ˆ4 - 4914 #ˆ6 + 3096 #ˆ8 - 837 #ˆ10 + 81 #\

916 ˆ12& , 2, 0] < m < Root[

917 686 - 49551 #ˆ2 - 203679 #ˆ4 - 60129 #ˆ6 + 68445 #ˆ8& , 4, 0] &&

918 Root[-2 + 213 mˆ2 + 5112 mˆ4 -

919 2160 mˆ6 + (6 - 3780 mˆ2 + 5616 mˆ4) #1 + (180 - 1242 mˆ2 -

920 648 mˆ4) #1ˆ2 + (756 + 972 mˆ2) #1ˆ3 + (1134 -

921 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &, 1] <= l <

922 Root[-150 mˆ2 +

923 75 mˆ4 + (2 - 231 mˆ2 + 540 mˆ4) #1 + (42 + 4806 mˆ2 +

924 3402 mˆ4) #1ˆ2 + (378 + 14742 mˆ2 +

925 8748 mˆ4) #1ˆ3 + (1890 - 6966 mˆ2 +
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926 19683 mˆ4) #1ˆ4 + (5670 - 45927 mˆ2) #1ˆ5 + (10206 -

927 13122 mˆ2) #1ˆ6 + 10206 #1ˆ7 + 4374 #1ˆ8 &, 2]) || (m ==

928 Root[686 - 49551 #ˆ2 - 203679 #ˆ4 - 60129 #ˆ6 + 68445 #ˆ8& , 4,

929 0] && Root[-2 + 213 mˆ2 + 5112 mˆ4 -

930 2160 mˆ6 + (6 - 3780 mˆ2 + 5616 mˆ4) #1 + (180 - 1242 mˆ2 -

931 648 mˆ4) #1ˆ2 + (756 + 972 mˆ2) #1ˆ3 + (1134 -

932 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &, 1] < l <

933 Root[-150 mˆ2 +

934 75 mˆ4 + (2 - 231 mˆ2 + 540 mˆ4) #1 + (42 + 4806 mˆ2 +

935 3402 mˆ4) #1ˆ2 + (378 + 14742 mˆ2 +

936 8748 mˆ4) #1ˆ3 + (1890 - 6966 mˆ2 +

937 19683 mˆ4) #1ˆ4 + (5670 - 45927 mˆ2) #1ˆ5 + (10206 -

938 13122 mˆ2) #1ˆ6 + 10206 #1ˆ7 + 4374 #1ˆ8 &, 2]) || (Root[

939 686 - 49551 #ˆ2 - 203679 #ˆ4 - 60129 #ˆ6 + 68445 #ˆ8& , 4, 0] <

940 m < Root[-2812500 - 11259427868 #ˆ2 - 6144055152 #ˆ4 + 1352551761 #\

941 ˆ6 + 692176752 #ˆ8 + 340122240 #ˆ10& , 2, 0] &&

942 Root[-150 mˆ2 +

943 75 mˆ4 + (2 - 231 mˆ2 + 540 mˆ4) #1 + (42 + 4806 mˆ2 +

944 3402 mˆ4) #1ˆ2 + (378 + 14742 mˆ2 +

945 8748 mˆ4) #1ˆ3 + (1890 - 6966 mˆ2 +

946 19683 mˆ4) #1ˆ4 + (5670 - 45927 mˆ2) #1ˆ5 + (10206 -

947 13122 mˆ2) #1ˆ6 + 10206 #1ˆ7 + 4374 #1ˆ8 &, 1] < l <

948 Root[-150 mˆ2 +

949 75 mˆ4 + (2 - 231 mˆ2 + 540 mˆ4) #1 + (42 + 4806 mˆ2 +

950 3402 mˆ4) #1ˆ2 + (378 + 14742 mˆ2 +

951 8748 mˆ4) #1ˆ3 + (1890 - 6966 mˆ2 +

952 19683 mˆ4) #1ˆ4 + (5670 - 45927 mˆ2) #1ˆ5 + (10206 -

953 13122 mˆ2) #1ˆ6 + 10206 #1ˆ7 + 4374 #1ˆ8 &, 2])

954

955 15

956
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957 (0 < m < Root[

958 32768 - 1855650 #ˆ2 + 10014057 #ˆ4 - 3642597 #ˆ6 - 204525 #\

959 ˆ8 + 151875 #ˆ10& , 4, 0] &&

960 Root[-2 + 213 mˆ2 + 5112 mˆ4 -

961 2160 mˆ6 + (6 - 3780 mˆ2 + 5616 mˆ4) #1 + (180 - 1242 mˆ2 -

962 648 mˆ4) #1ˆ2 + (756 + 972 mˆ2) #1ˆ3 + (1134 -

963 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &, 1] <= l <

964 Root[4 -

965 507 mˆ2 + (51 - 1404 mˆ2) #1 + (252 - 1674 mˆ2) #1ˆ2 + (594 -

966 972 mˆ2) #1ˆ3 + (648 - 243 mˆ2) #1ˆ4 + 243 #1ˆ5 &,

967 1]) || (Root[

968 32768 - 1855650 #ˆ2 + 10014057 #ˆ4 - 3642597 #ˆ6 - 204525 #\

969 ˆ8 + 151875 #ˆ10& , 4, 0] <= m < Root[

970 1 - 147 #ˆ2 + 423 #ˆ4 + 135 #ˆ6& , 4, 0] &&

971 Root[-2 + 213 mˆ2 + 5112 mˆ4 -

972 2160 mˆ6 + (6 - 3780 mˆ2 + 5616 mˆ4) #1 + (180 - 1242 mˆ2 -

973 648 mˆ4) #1ˆ2 + (756 + 972 mˆ2) #1ˆ3 + (1134 -

974 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &, 1] <= l <=

975 Root[-2 -

976 75 mˆ2 + (6 - 180 mˆ2) #1 + (180 - 378 mˆ2) #1ˆ2 + (756 -

977 324 mˆ2) #1ˆ3 + (1134 - 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &,

978 1]) || (Root[1 - 147 #ˆ2 + 423 #ˆ4 + 135 #ˆ6& , 4, 0] <= m < 1/

979 Sqrt[3] &&

980 Root[4 -

981 507 mˆ2 + (51 - 1404 mˆ2) #1 + (252 - 1674 mˆ2) #1ˆ2 + (594 -

982 972 mˆ2) #1ˆ3 + (648 - 243 mˆ2) #1ˆ4 + 243 #1ˆ5 &, 1] < l <=

983 Root[-2 -

984 75 mˆ2 + (6 - 180 mˆ2) #1 + (180 - 378 mˆ2) #1ˆ2 + (756 -

985 324 mˆ2) #1ˆ3 + (1134 - 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &,

986 1]) || (m == 1/Sqrt[3] &&

987 Root[4 -
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988 507 mˆ2 + (51 - 1404 mˆ2) #1 + (252 - 1674 mˆ2) #1ˆ2 + (594 -

989 972 mˆ2) #1ˆ3 + (648 - 243 mˆ2) #1ˆ4 + 243 #1ˆ5 &, 1] < l <

990 1/3 (-4 + 3 mˆ2)) || (1/Sqrt[3] < m <

991 Root[-324 + 692 #ˆ2 + 336 #ˆ4 + 45 #ˆ6& , 2,

992 0] && (Root[

993 4 - 507 mˆ2 + (51 - 1404 mˆ2) #1 + (252 -

994 1674 mˆ2) #1ˆ2 + (594 - 972 mˆ2) #1ˆ3 + (648 -

995 243 mˆ2) #1ˆ4 + 243 #1ˆ5 &, 1] < l <

996 Root[4 -

997 507 mˆ2 + (51 - 1404 mˆ2) #1 + (252 -

998 1674 mˆ2) #1ˆ2 + (594 - 972 mˆ2) #1ˆ3 + (648 -

999 243 mˆ2) #1ˆ4 + 243 #1ˆ5 &, 2] ||

1000 Root[-25 mˆ2 + (1 + 60 mˆ2) #1 + (12 - 126 mˆ2) #1ˆ2 + (54 +

1001 108 mˆ2) #1ˆ3 + (108 - 81 mˆ2) #1ˆ4 + 81 #1ˆ5 &, 1] < l <=

1002 Root[-2 -

1003 75 mˆ2 + (6 - 180 mˆ2) #1 + (180 - 378 mˆ2) #1ˆ2 + (756 -

1004 324 mˆ2) #1ˆ3 + (1134 - 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &,

1005 1])) || (Root[-324 + 692 #ˆ2 + 336 #ˆ4 + 45 #ˆ6& , 2, 0] <= m <

1006 Root[-27 - 82 #ˆ2 + 192 #ˆ4 - 126 #ˆ6 + 27 #ˆ8& , 2, 0] &&

1007 Root[-25 mˆ2 + (1 + 60 mˆ2) #1 + (12 - 126 mˆ2) #1ˆ2 + (54 +

1008 108 mˆ2) #1ˆ3 + (108 - 81 mˆ2) #1ˆ4 + 81 #1ˆ5 &, 1] < l <=

1009 Root[-2 -

1010 75 mˆ2 + (6 - 180 mˆ2) #1 + (180 - 378 mˆ2) #1ˆ2 + (756 -

1011 324 mˆ2) #1ˆ3 + (1134 - 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &,

1012 1]) || (m ==

1013 Root[-27 - 82 #ˆ2 + 192 #ˆ4 - 126 #ˆ6 + 27 #ˆ8& , 2, 0] &&

1014 1/3 (-4 + 3 mˆ2) < l <=

1015 Root[-2 -

1016 75 mˆ2 + (6 - 180 mˆ2) #1 + (180 - 378 mˆ2) #1ˆ2 + (756 -

1017 324 mˆ2) #1ˆ3 + (1134 - 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &,

1018 1]) || (Root[-27 - 82 #ˆ2 + 192 #ˆ4 - 126 #ˆ6 + 27 #ˆ8& , 2, 0] <
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1019 m < Root[-18 - 47 #ˆ2 + 147 #ˆ4 - 117 #ˆ6 + 27 #ˆ8& , 2, 0] &&

1020 Root[-25 mˆ2 + (1 + 60 mˆ2) #1 + (12 - 126 mˆ2) #1ˆ2 + (54 +

1021 108 mˆ2) #1ˆ3 + (108 - 81 mˆ2) #1ˆ4 + 81 #1ˆ5 &, 1] < l <=

1022 Root[-2 -

1023 75 mˆ2 + (6 - 180 mˆ2) #1 + (180 - 378 mˆ2) #1ˆ2 + (756 -

1024 324 mˆ2) #1ˆ3 + (1134 - 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &,

1025 1]) || (m ==

1026 Root[-18 - 47 #ˆ2 + 147 #ˆ4 - 117 #ˆ6 + 27 #ˆ8& , 2, 0] &&

1027 Root[-25 mˆ2 + (1 + 60 mˆ2) #1 + (12 - 126 mˆ2) #1ˆ2 + (54 +

1028 108 mˆ2) #1ˆ3 + (108 - 81 mˆ2) #1ˆ4 + 81 #1ˆ5 &, 1] < l <=

1029 1/3 (-4 +

1030 3 mˆ2)) || (Root[-18 - 47 #ˆ2 + 147 #ˆ4 - 117 #ˆ6 + 27 #ˆ8& ,

1031 2, 0] < m <= Root[1 - 27 #ˆ2 - 657 #ˆ4 + 135 #ˆ6& , 4, 0] &&

1032 Root[-25 mˆ2 + (1 + 60 mˆ2) #1 + (12 - 126 mˆ2) #1ˆ2 + (54 +

1033 108 mˆ2) #1ˆ3 + (108 - 81 mˆ2) #1ˆ4 + 81 #1ˆ5 &, 1] < l <=

1034 Root[-2 -

1035 75 mˆ2 + (6 - 180 mˆ2) #1 + (180 - 378 mˆ2) #1ˆ2 + (756 -

1036 324 mˆ2) #1ˆ3 + (1134 - 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &,

1037 1]) || (Root[1 - 27 #ˆ2 - 657 #ˆ4 + 135 #ˆ6& , 4, 0] < m < Root[

1038 32768 - 2020986 #ˆ2 - 10826991 #ˆ4 - 2570157 #ˆ6 - 220725 #\

1039 ˆ8 + 151875 #ˆ10& , 4, 0] &&

1040 Root[-2 + 213 mˆ2 + 5112 mˆ4 -

1041 2160 mˆ6 + (6 - 3780 mˆ2 + 5616 mˆ4) #1 + (180 - 1242 mˆ2 -

1042 648 mˆ4) #1ˆ2 + (756 + 972 mˆ2) #1ˆ3 + (1134 -

1043 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &, 1] <= l <=

1044 Root[-2 -

1045 75 mˆ2 + (6 - 180 mˆ2) #1 + (180 - 378 mˆ2) #1ˆ2 + (756 -

1046 324 mˆ2) #1ˆ3 + (1134 - 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &,

1047 1]) || (m == Root[

1048 32768 - 2020986 #ˆ2 - 10826991 #ˆ4 - 2570157 #ˆ6 - 220725 #\

1049 ˆ8 + 151875 #ˆ10& , 4, 0] &&
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1050 Root[-2 + 213 mˆ2 + 5112 mˆ4 -

1051 2160 mˆ6 + (6 - 3780 mˆ2 + 5616 mˆ4) #1 + (180 - 1242 mˆ2 -

1052 648 mˆ4) #1ˆ2 + (756 + 972 mˆ2) #1ˆ3 + (1134 -

1053 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &, 1] <= l <=

1054 Root[-25 mˆ2 + (1 + 60 mˆ2) #1 + (12 - 126 mˆ2) #1ˆ2 + (54 +

1055 108 mˆ2) #1ˆ3 + (108 - 81 mˆ2) #1ˆ4 + 81 #1ˆ5 &, 1]) || (m >

1056 Root[32768 - 2020986 #ˆ2 - 10826991 #ˆ4 - 2570157 #ˆ6 - 220725 #\

1057 ˆ8 + 151875 #ˆ10& , 4, 0] &&

1058 Root[-2 + 213 mˆ2 + 5112 mˆ4 -

1059 2160 mˆ6 + (6 - 3780 mˆ2 + 5616 mˆ4) #1 + (180 - 1242 mˆ2 -

1060 648 mˆ4) #1ˆ2 + (756 + 972 mˆ2) #1ˆ3 + (1134 -

1061 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &, 1] <= l <

1062 Root[-25 mˆ2 + (1 + 60 mˆ2) #1 + (12 - 126 mˆ2) #1ˆ2 + (54 +

1063 108 mˆ2) #1ˆ3 + (108 - 81 mˆ2) #1ˆ4 + 81 #1ˆ5 &, 1])

1064
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In the 15 regions provided above, we have the following functions appearing. These

functions are provided as roots of polynomials and only two of these functions had radical

forms.

1 In[2]:= f275m1 =

2 Root[-2 -

3 75 mˆ2 + (6 - 180 mˆ2) #1 + (180 - 378 mˆ2) #1ˆ2 + (756 -

4 324 mˆ2) #1ˆ3 + (1134 - 243 mˆ2) #1ˆ4 + 486 #1ˆ5 &, 1]

5

6 In[3]:= f2213m1 =

7 Root[-2 + 213 mˆ2 + 5112 mˆ4 -

8 2160 mˆ6 + (6 - 3780 mˆ2 + 5616 mˆ4) #1 + (180 - 1242 mˆ2 -

9 648 mˆ4) #1ˆ2 + (756 + 972 mˆ2) #1ˆ3 + (1134 - 243 mˆ2) #1ˆ4 +

10 486 #1ˆ5 &, 1]

11

12 In[4]:= f4507m1 =

13 Root[4 - 507 mˆ2 + (51 - 1404 mˆ2) #1 + (252 -

14 1674 mˆ2) #1ˆ2 + (594 - 972 mˆ2) #1ˆ3 + (648 - 243 mˆ2) #1ˆ4 +

15 243 #1ˆ5 &, 1]

16

17 In[5]:= f4507m2 =

18 Root[4 - 507 mˆ2 + (51 - 1404 mˆ2) #1 + (252 -

19 1674 mˆ2) #1ˆ2 + (594 - 972 mˆ2) #1ˆ3 + (648 - 243 mˆ2) #1ˆ4 +

20 243 #1ˆ5 &, 2]

21

22 In[6]:= f25m1 =

23 Root[-25 mˆ2 + (1 + 60 mˆ2) #1 + (12 - 126 mˆ2) #1ˆ2 + (54 +

24 108 mˆ2) #1ˆ3 + (108 - 81 mˆ2) #1ˆ4 + 81 #1ˆ5 &, 1]

25

26 In[7]:= f1168m1 =

27 ToRadicals[

286



28 Root[1 - 168 mˆ2 +

29 144 mˆ4 + (12 + 144 mˆ2) #1 + (54 + 216 mˆ2) #1ˆ2 + 108 #1ˆ3 +

30 81 #1ˆ4 &, 1]]

31

32 Out[7]= 1/3 (-1 - 2 Sqrt[-2 Sqrt[3] m - 3 mˆ2])

33

34 In[8]:= f1168m2 =

35 ToRadicals[

36 Root[1 - 168 mˆ2 +

37 144 mˆ4 + (12 + 144 mˆ2) #1 + (54 + 216 mˆ2) #1ˆ2 + 108 #1ˆ3 +

38 81 #1ˆ4 &, 2]]

39

40 Out[8]= 1/3 (-1 + 2 Sqrt[-2 Sqrt[3] m - 3 mˆ2])

41

42 In[9]:= f166360m2 =

43 Root[16 - 6360 mˆ2 +

44 47961 mˆ4 + (216 + 8478 mˆ2 + 149796 mˆ4) #1 + (1161 +

45 54432 mˆ2 + 176094 mˆ4) #1ˆ2 + (3132 + 64476 mˆ2 +

46 92340 mˆ4) #1ˆ3 + (4374 + 29160 mˆ2 +

47 18225 mˆ4) #1ˆ4 + (2916 + 4374 mˆ2) #1ˆ5 + 729 #1ˆ6 &, 2]

48

49 In[10]:= f166360m1 =

50 Root[16 - 6360 mˆ2 +

51 47961 mˆ4 + (216 + 8478 mˆ2 + 149796 mˆ4) #1 + (1161 +

52 54432 mˆ2 + 176094 mˆ4) #1ˆ2 + (3132 + 64476 mˆ2 +

53 92340 mˆ4) #1ˆ3 + (4374 + 29160 mˆ2 +

54 18225 mˆ4) #1ˆ4 + (2916 + 4374 mˆ2) #1ˆ5 + 729 #1ˆ6 &, 1]

55

56 In[11]:= f150m2 =

57 Root[-150 mˆ2 +

58 75 mˆ4 + (2 - 231 mˆ2 + 540 mˆ4) #1 + (42 + 4806 mˆ2 +
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59 3402 mˆ4) #1ˆ2 + (378 + 14742 mˆ2 + 8748 mˆ4) #1ˆ3 + (1890 -

60 6966 mˆ2 + 19683 mˆ4) #1ˆ4 + (5670 -

61 45927 mˆ2) #1ˆ5 + (10206 - 13122 mˆ2) #1ˆ6 + 10206 #1ˆ7 +

62 4374 #1ˆ8 &, 2]

63

64 In[12]:= f150m1 =

65 Root[-150 mˆ2 +

66 75 mˆ4 + (2 - 231 mˆ2 + 540 mˆ4) #1 + (42 + 4806 mˆ2 +

67 3402 mˆ4) #1ˆ2 + (378 + 14742 mˆ2 + 8748 mˆ4) #1ˆ3 + (1890 -

68 6966 mˆ2 + 19683 mˆ4) #1ˆ4 + (5670 -

69 45927 mˆ2) #1ˆ5 + (10206 - 13122 mˆ2) #1ˆ6 + 10206 #1ˆ7 +

70 4374 #1ˆ8 &, 1]

71
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We now provide the 15 regions with our notation described above and show a few steps of

the simplifications that took place. When we describe the regions, we have some places

where the 𝑚 value is described as a constant instead of on an interval. In the code provided

above, one sees the Root function used to describe that constant, but the Mathematica

Notebook presents these as approximations. For simplifying the description of our regions,

we provide the approximations for these 𝑚 values instead of the Root descriptions.

There are two big steps in our simplification process. The first simplification is to look for

obvious overlaps between the regions. For instance, one will see that most of the twelfth

region ends up disappearing in this first simplification, and this is due to most of the region

overlapping with other regions, making majority of the twelfth region a collection of redun-

dancies.

The second simplification is to consolidate those regions described by constant values

of 𝑚 into the interval they belong. We will describe this process more precisely when we

get there. In this second step of simplifying, we were also able to further simplify our

regions and we ended up reducing the number of regions describing 𝑅 by finding more

overlaps between regions.

1 :
{
𝑚 > 0 1

2
(
𝑚2 − 2

)
≤ 𝑙 < 𝑚2

2 :
{
0 < 𝑚 < 1√

3
𝑓275𝑚1 ≤ 𝑙 < 1

3
(
3𝑚2 − 4

)
3 :


0 < 𝑚 ≤

√︃
2
3 𝑓2213𝑚1 ≤ 𝑙 ≤ 1

2
(
𝑚2 − 2

)
𝑚 >

√︃
2
3 𝑓2213𝑚1 ≤ 𝑙 < 1

3
(
3𝑚2 − 4

)
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4 :



0 < 𝑚 ≤ 1√
3

𝑙 = 𝑓4507𝑚1

1√
3
< 𝑚 < .625... 𝑙 = 𝑓4507𝑚1

1√
3
< 𝑚 < .625... 𝑙 = 𝑓4507𝑚2

𝑚 = .625... 𝑙 = 𝑓4507𝑚1

5 :



0 < 𝑚 < 1√
3

𝑓275𝑚1 ≤ 𝑙 < 1
3
(
3𝑚2 − 4

)
1√
3
< 𝑚 < 1.56... 𝑓275𝑚1 ≤ 𝑙 < 𝑚2

𝑚 = 1.56... 1
3
(
3𝑚2 − 4

)
≤ 𝑙 < 𝑚2

1.56... < 𝑚 < 2.48... 𝑓275𝑚1 ≤ 𝑙 < 𝑚2

𝑚 = 2.48... 𝑓25𝑚1 ≤ 𝑙 < 𝑚2

𝑚 > 2.48... 𝑓275𝑚1 ≤ 𝑙 < 𝑚2

6 :



1√
3
< 𝑚 ≤ .986... 𝑓1168𝑚1 < 𝑙 <

1
3
(
3𝑚2 − 4

)
1√
3
< 𝑚 ≤ .986... 𝑓1168𝑚2 < 𝑙 < 𝑓25𝑚1

.986... < 𝑚 < 1.11... 𝑓2213𝑚1 ≤ 𝑙 < 1
3
(
3𝑚2 − 4

)
.986... < 𝑚 < 1.11... 𝑓1168𝑚2 < 𝑙 < 𝑓25𝑚1

𝑚 = 1.11... 𝑓2213𝑚1 ≤ 𝑙 < 1
3
(
3𝑚2 − 4

)
𝑚 = 1.11... 1/3(−4 + 3𝑚2) < 𝑙 < 𝑓25𝑚1

1.11... < 𝑚 < 1.40... 𝑓2213𝑚1 ≤ 𝑙 < 𝑓25𝑚1

1.40... ≤ 𝑚 < 2.22... 𝑓2213𝑚1 ≤ 𝑙 < 1
3
(
3𝑚2 − 4

)
𝑚 ≥ 2.22... 𝑓25𝑚1 < 𝑙 <

1
3
(
3𝑚2 − 4

)
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7 :



1√
3
< 𝑚 ≤ .986... 𝑓1168𝑚1 < 𝑙 <

1
3
(
3𝑚2 − 4

)
1√
3
< 𝑚 ≤ .986... 𝑓1168𝑚2 < 𝑙 ≤ 𝑓275𝑚1

.986... < 𝑚 < 1.11... 𝑓2213𝑚1 ≤ 𝑙 < 1
3
(
3𝑚2 − 4

)
.986... < 𝑚 < 1.11... 𝑓1168𝑚2 < 𝑙 ≤ 𝑓275𝑚1

𝑚 = 1.11... 𝑓2213𝑚1 ≤ 𝑙 < 1
3
(
3𝑚2 − 4

)
𝑚 = 1.11... 1

3
(
3𝑚2 − 4

)
< 𝑙 ≤ 𝑓275𝑚1

1.11... < 𝑚 < 1.56... 𝑓2213𝑚1 ≤ 𝑙 ≤ 𝑓275𝑚1

𝑚 = 1.56... 𝑓2213𝑚1 ≤ 𝑙 ≤ 1
3
(
3𝑚2 − 4

)
𝑚 > 1.56... 𝑓2213𝑚1 ≤ 𝑙 < 1

3
(
3𝑚2 − 4

)

8 :



1√
3
< 𝑚 < 1.40... 𝑓25𝑚1 < 𝑙 ≤ 𝑓275𝑚1

𝑚 = 1.40... 1
3
(
3𝑚2 − 4

)
< 𝑙 ≤ 𝑓275𝑚1

1.40... < 𝑚 < 1.56... 𝑓25𝑚1 < 𝑙 ≤ 𝑓275𝑚1

𝑚 = 1.56... 𝑓25𝑚1 < 𝑙 ≤ 1
3
(
3𝑚2 − 4

)
1.56... < 𝑚 ≤ 2.22... 𝑓25𝑚1 < 𝑙 ≤ 𝑓275𝑚1

2.22... < 𝑚 < 2.48... 𝑓2213𝑚1 ≤ 𝑙 ≤ 𝑓275𝑚1

𝑚 = 2.48... 𝑓2213𝑚1 ≤ 𝑙 ≤ 𝑓25𝑚1

𝑚 > 2.48... 𝑓2213𝑚1 ≤ 𝑙 < 𝑓25𝑚1
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9 :



.281... < 𝑚 ≤ 1√
3

𝑓166360𝑚2 < 𝑙 < 𝑚
2

1√
3
< 𝑚 <

√︃
2
3 𝑓166360𝑚1 < 𝑙 <

1
3
(
3𝑚2 − 4

)
1√
3
< 𝑚 <

√︃
2
3 𝑓166360𝑚2 < 𝑙 < 𝑓25𝑚1

𝑚 =

√︃
2
3 𝑓166360𝑚1 < 𝑙 <

1
3
(
3𝑚2 − 4

)
𝑚 =

√︃
2
3

1
3
(
3𝑚2 − 4

)
< 𝑙 < 𝑓25𝑚1√︃

2
3 < 𝑚 < .875... 𝑓166360𝑚1 < 𝑙 < 𝑓25𝑚1

𝑚 = .875... 𝑓2213𝑚1 < 𝑙 < 𝑓25𝑚1

.875... < 𝑚 < 1.40... 𝑓2213𝑚1 ≤ 𝑙 < 𝑓25𝑚1

1.40 ≤ 𝑚 < 2.22... 𝑓2213𝑚1 ≤ 𝑙 < 1
3
(
3𝑚2 − 4

)
𝑚 ≥ 2.22... 𝑓25𝑚1 < 𝑙 <

1
3
(
3𝑚2 − 4

)

10 :



0 < 𝑚 ≤ .372... 𝑓4507𝑚1 < 𝑙 < 𝑚
2

.372... < 𝑚 < .423... 𝑓4507𝑚1 < 𝑙 < 𝑓150𝑚2

𝑚 = .423... 𝑓275𝑚1 < 𝑙 < 𝑓150𝑚2

.423... < 𝑚 ≤ .556... 𝑓4507𝑚1 < 𝑙 < 𝑓150𝑚2

.556... < 𝑚 < 1.17... 𝑓2213𝑚1 ≤ 𝑙 < 𝑓150𝑚2

𝑚 = 1.17... 𝑓2213𝑚1 ≤ 𝑙 < 1
3
(
3𝑚2 − 4

)
1.17... < 𝑚 < 1.52... 𝑓2213𝑚1 ≤ 𝑙 < 𝑓150𝑚2

𝑚 = 1.52... 𝑓2213𝑚1 < 𝑙 < 𝑓150𝑚2

1.52... < 𝑚 < 1.52... 𝑓150𝑚1 < 𝑙 < 𝑓150𝑚2
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11 :



.372... < 𝑚 ≤ 1√
3

𝑓150𝑚2 < 𝑙 < 𝑚
2

1√
3
< 𝑚 ≤ 1.09... 𝑓150𝑚2 < 𝑙 < 𝑓25𝑚1

1.09... < 𝑚 < 1.17... 𝑓150𝑚1 < 𝑙 <
1
3
(
3𝑚2 − 4

)
1.09... < 𝑚 < 1.17... 𝑓150𝑚2 < 𝑙 < 𝑓25𝑚1

𝑚 = 1.17... 𝑓150𝑚1 < 𝑙 <
1
3
(
3𝑚2 − 4

)
𝑚 = 1.17... 1

3
(
3𝑚2 − 4

)
< 𝑙 < 𝑓25𝑚1

1.17... < 𝑚 < 1.40... 𝑓150𝑚1 < 𝑙 < 𝑓25𝑚1

1.40... ≤ 𝑚 < 1.52... 𝑓150𝑚1 < 𝑙 <
1
3
(
3𝑚2 − 4

)
𝑚 = 1.52... 𝑓2213𝑚1 < 𝑙 <

1
3
(
3𝑚2 − 4

)
1.52... < 𝑚 < 2.22... 𝑓2213𝑚1 ≤ 𝑙 < 1

3
(
3𝑚2 − 4

)
𝑚 ≥ 2.22... 𝑓25𝑚1 < 𝑙 <

1
3
(
3𝑚2 − 4

)
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12 :



1√
3
< 𝑚 ≤ 3

√
3

5 𝑓1168𝑚2 < 𝑙 < 𝑓25𝑚1

3
√

3
5 < 𝑚 ≤ 1.09... 𝑓150𝑚2 < 𝑙 < 𝑓25𝑚1

1.09... < 𝑚 < 1.13... 𝑓150𝑚1 < 𝑙 <
1
3
(
3𝑚2 − 4

)
1.09... < 𝑚 < 1.13... 𝑓150𝑚2 < 𝑙 < 𝑓25𝑚1

𝑚 = 1.13... 𝑓1168𝑚2 < 𝑙 <
1
3
(
3𝑚2 − 4

)
𝑚 = 1.13... 𝑓150𝑚2 < 𝑙 < 𝑓25𝑚1

1.13... < 𝑚 < 1.17... 𝑓150𝑚1 < 𝑙 <
1
3
(
3𝑚2 − 4

)
1.13... < 𝑚 < 1.17... 𝑓150𝑚2 < 𝑙 < 𝑓25𝑚1

𝑚 = 1.17... 𝑓150𝑚1 < 𝑙 <
1
3
(
3𝑚2 − 4

)
𝑚 = 1.17... 1

3
(
3𝑚2 − 4

)
< 𝑙 < 𝑓25𝑚1

1.17... < 𝑚 < 1.40... 𝑓150𝑚1 < 𝑚 < 𝑓25𝑚1

1.40... ≤ 𝑚 < 1.52... 𝑓150𝑚1 < 𝑙 <
1
3
(
3𝑚2 − 4

)
𝑚 = 1.52... 𝑓2213𝑚1 < 𝑙 <

1
3
(
3𝑚2 − 4

)
1.52... < 𝑚 < 2.22... 𝑓2213𝑚1 ≤ 𝑙 < 1

3
(
3𝑚2 − 4

)
𝑚 ≥ 2.22... 𝑓25𝑚1 < 𝑙 <

1
3
(
3𝑚2 − 4

)
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13 :



1√
3
< 𝑚 ≤ 3

√
3

5 𝑓1168𝑚2 < 𝑙 ≤ 𝑓275𝑚1

3
√

3
5 < 𝑚 ≤ 1.09... 𝑓150𝑚2 < 𝑙 ≤ 𝑓275𝑚1

1.09... < 𝑚 < 1.13... 𝑓150𝑚1 < 𝑙 <
1
3
(
3𝑚2 − 4

)
1.09... < 𝑚 < 1.13... 𝑓150𝑚2 < 𝑙 ≤ 𝑓275𝑚1

𝑚 = 1.13... 𝑓1168𝑚2 < 𝑙 <
1
3
(
3𝑚2 − 4

)
𝑚 = 1.13... 𝑓150𝑚2 < 𝑙 ≤ 𝑓275𝑚1

1.13... < 𝑚 < 1.17... 𝑓150𝑚1 < 𝑙 <
1
3
(
3𝑚2 − 4

)
1.13... < 𝑚 < 1.17... 𝑓150𝑚2 < 𝑙 ≤ 𝑓275𝑚1

𝑚 = 1.17... 𝑓150𝑚1 < 𝑙 <
1
3
(
3𝑚2 − 4

)
𝑚 = 1.17... 1

3
(
3𝑚2 − 4

)
< 𝑙 ≤ 𝑓275𝑚1

1.17... < 𝑚 < 1.52... 𝑓150𝑚1 < 𝑙 ≤ 𝑓275𝑚1

𝑚 = 1.52... 𝑓2213𝑚1 < 𝑙 ≤ 𝑓275𝑚1

1.52 < 𝑚 < 1.56... 𝑓2213𝑚1 ≤ 𝑙 ≤ 𝑓275𝑚1

𝑚 = 1.56... 𝑓2213𝑚1 ≤ 𝑙 ≤ 1
3
(
3𝑚2 − 4

)
𝑚 > 1.56... 𝑓2213𝑚1 ≤ 𝑙 < 1

3
(
3𝑚2 − 4

)
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14 :



1√
3
< 𝑚 ≤ .986... 𝑓1168𝑚1 < 𝑙 <

1
3
(
3𝑚2 − 4

)
.986... < 𝑚 ≤ 3

√
3

5 𝑓2213𝑚1 ≤ 𝑙 < 1
3
(
3𝑚2 − 4

)
3
√

3
5 < 𝑚 ≤ 1.09... 𝑓2213𝑚1 ≤ 𝑙 < 1

3
(
3𝑚2 − 4

)
3
√

3
5 < 𝑚 ≤ 1.09... 𝑓1168𝑚2 < 𝑙 < 𝑓150𝑚2

1.09... < 𝑚 < 1.11... 𝑓2213𝑚1 ≤ 𝑙 < 𝑓150𝑚1

1.09... < 𝑚 < 1.11... 𝑓1168𝑚2 < 𝑙 < 𝑓150𝑚2

𝑚 = 1.11... 𝑓2213𝑚1 ≤ 𝑙 < 𝑓150𝑚1

𝑚 = 1.11... 1
3
(
3𝑚2 − 4

)
< 𝑙 < 𝑓150𝑚2

1.11... < 𝑚 < 1.13... 𝑓2213𝑚1 ≤ 𝑙 < 𝑓150𝑚1

1.11... < 𝑚 < 1.13... 𝑓1168𝑚2 < 𝑙 < 𝑓150𝑚2

𝑚 = 1.13... 𝑓2213𝑚1 ≤ 𝑙 < 𝑓1168𝑚2

𝑚 = 1.13... 𝑓1168𝑚2 < 𝑙 < 𝑓150𝑚2

1.13... < 𝑚 < 1.17... 𝑓2213𝑚1 ≤ 𝑙 < 𝑓150𝑚2

𝑚 = 1.17... 𝑓2213𝑚1 ≤ 𝑙 < 1
3
(
3𝑚2 − 4

)
1.17... < 𝑚 < 1.52... 𝑓2213𝑚1 ≤ 𝑙 < 𝑓150𝑚2

𝑚 = 1.52... 𝑓2213𝑚1 < 𝑙 < 𝑓150𝑚2

1.52... < 𝑚 < 1.52... 𝑓150𝑚1 < 𝑚 < 𝑓150𝑚2
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15 :



0 < 𝑚 < .423... 𝑓2213𝑚1 ≤ 𝑙 < 𝑓4507𝑚1

.423... ≤ 𝑚 < .556... 𝑓2213𝑚1 ≤ 𝑙 ≤ 𝑓275𝑚1

.556... ≤ 𝑚 < 1√
3

𝑓4507𝑚1 < 𝑙 ≤ 𝑓275𝑚1

𝑚 = 1√
3

𝑓4507𝑚1 < 𝑙 <
1
3
(
3𝑚2 − 4

)
1√
3
< 𝑚 < .625... 𝑓4507𝑚1 < 𝑙 < 𝑓4507𝑚2

1√
3
< 𝑚 < .625... 𝑓25𝑚1 < 𝑙 ≤ 𝑓275𝑚1

.625... ≤ 𝑚 < 1.40... 𝑓25𝑚1 < 𝑙 ≤ 𝑓275𝑚1

𝑚 = 1.40... 1
3
(
3𝑚2 − 4

)
< 𝑙 ≤ 𝑓275𝑚1

1.40... < 𝑚 < 1.56... 𝑓25𝑚1 < 𝑙 ≤ 𝑓275𝑚1

𝑚 = 1.56 𝑓25𝑚1 < 𝑙 ≤ 1
3
(
3𝑚2 − 4

)
1.56... < 𝑚 ≤ 2.22... 𝑓25𝑚1 < 𝑙 ≤ 𝑓275𝑚1

2.22 < 𝑚 < 248 𝑓2213𝑚1 ≤ 𝑙 ≤ 𝑓275𝑚1

𝑚 = 2.48... 𝑓2213𝑚1 ≤ 𝑙 ≤ 𝑓25𝑚1

𝑚 > 2.48... 𝑓2213𝑚1 ≤ 𝑙 < 𝑓25𝑚1
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By looking for overlaps between the 15 regions provided above, we are able simplify those

15 regions into the following:

1 :
{
𝑚 > 0 1

2
(
𝑚2 − 2

)
≤ 𝑙 < 𝑚2

2 :
{
0 < 𝑚 < 1√

3
𝑓275𝑚1 ≤ 𝑙 < 1

3
(
3𝑚2 − 4

)
3 :


0 < 𝑚 ≤

√︃
2
3 𝑓2213𝑚1 ≤ 𝑙 ≤ 1

2
(
𝑚2 − 2

)
𝑚 >

√︃
2
3 𝑓2213𝑚1 ≤ 𝑙 < 1

3
(
3𝑚2 − 4

)

4 :



0 < 𝑚 ≤ 1√
3

𝑙 = 𝑓4507𝑚1

1√
3
< 𝑚 < .625... 𝑙 = 𝑓4507𝑚1

1√
3
< 𝑚 < .625... 𝑙 = 𝑓4507𝑚2

𝑚 = .625... 𝑙 = 𝑓4507𝑚1

5 :



1√
3
< 𝑚 < 1.56... 𝑓275𝑚1 ≤ 𝑙 < 𝑚2

𝑚 = 1.56... 1
3
(
3𝑚2 − 4

)
≤ 𝑙 < 𝑚2

1.56... < 𝑚 < 2.48... 𝑓275𝑚1 ≤ 𝑙 < 𝑚2

𝑚 = 2.48... 𝑓25𝑚1 ≤ 𝑙 < 𝑚2

𝑚 > 2.48... 𝑓275𝑚1 ≤ 𝑙 < 𝑚2
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6 :



1√
3
< 𝑚 ≤ .986... 𝑓1168𝑚1 < 𝑙 <

1
3
(
3𝑚2 − 4

)
1√
3
< 𝑚 ≤ .986... 𝑓1168𝑚2 < 𝑙 < 𝑓25𝑚1

.986... < 𝑚 < 1.11... 𝑓1168𝑚2 < 𝑙 < 𝑓25𝑚1

𝑚 = 1.11... 1/3(−4 + 3𝑚2) < 𝑙 < 𝑓25𝑚1

1.11... < 𝑚 < 1.40... 𝑓2213𝑚1 ≤ 𝑙 < 𝑓25𝑚1

𝑚 ≥ 2.22... 𝑓25𝑚1 < 𝑙 <
1
3
(
3𝑚2 − 4

)

7 :



1√
3
< 𝑚 ≤ .986... 𝑓1168𝑚2 < 𝑙 ≤ 𝑓275𝑚1

.986... < 𝑚 < 1.11... 𝑓1168𝑚2 < 𝑙 ≤ 𝑓275𝑚1

𝑚 = 1.11... 1
3
(
3𝑚2 − 4

)
< 𝑙 ≤ 𝑓275𝑚1

1.11... < 𝑚 < 1.56... 𝑓2213𝑚1 ≤ 𝑙 ≤ 𝑓275𝑚1

𝑚 = 1.56... 𝑓2213𝑚1 ≤ 𝑙 ≤ 1
3
(
3𝑚2 − 4

)

8 :



1√
3
< 𝑚 < 1.40... 𝑓25𝑚1 < 𝑙 ≤ 𝑓275𝑚1

𝑚 = 1.40... 1
3
(
3𝑚2 − 4

)
< 𝑙 ≤ 𝑓275𝑚1

1.40... < 𝑚 < 1.56... 𝑓25𝑚1 < 𝑙 ≤ 𝑓275𝑚1

𝑚 = 1.56... 𝑓25𝑚1 < 𝑙 ≤ 1
3
(
3𝑚2 − 4

)
1.56... < 𝑚 ≤ 2.22... 𝑓25𝑚1 < 𝑙 ≤ 𝑓275𝑚1

2.22... < 𝑚 < 2.48... 𝑓2213𝑚1 ≤ 𝑙 ≤ 𝑓275𝑚1

𝑚 = 2.48... 𝑓2213𝑚1 ≤ 𝑙 ≤ 𝑓25𝑚1

𝑚 > 2.48... 𝑓2213𝑚1 ≤ 𝑙 < 𝑓25𝑚1
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9 :



.281... < 𝑚 ≤ 1√
3

𝑓166360𝑚2 < 𝑙 < 𝑚
2

1√
3
< 𝑚 <

√︃
2
3 𝑓166360𝑚1 < 𝑙 <

1
3
(
3𝑚2 − 4

)
1√
3
< 𝑚 <

√︃
2
3 𝑓166360𝑚2 < 𝑙 < 𝑓25𝑚1

𝑚 =

√︃
2
3 𝑓166360𝑚1 < 𝑙 <

1
3
(
3𝑚2 − 4

)
𝑚 =

√︃
2
3

1
3
(
3𝑚2 − 4

)
< 𝑙 < 𝑓25𝑚1√︃

2
3 < 𝑚 < .875... 𝑓166360𝑚1 < 𝑙 < 𝑓25𝑚1

𝑚 = .875... 𝑓2213𝑚1 < 𝑙 < 𝑓25𝑚1

10 :



0 < 𝑚 ≤ .372... 𝑓4507𝑚1 < 𝑙 < 𝑚
2

.372... < 𝑚 < .423... 𝑓4507𝑚1 < 𝑙 < 𝑓150𝑚2

𝑚 = .423... 𝑓275𝑚1 < 𝑙 < 𝑓150𝑚2

.423... < 𝑚 ≤ .556... 𝑓4507𝑚1 < 𝑙 < 𝑓150𝑚2

.556... < 𝑚 < 1.17... 𝑓2213𝑚1 ≤ 𝑙 < 𝑓150𝑚2

1.17... < 𝑚 < 1.52... 𝑓2213𝑚1 ≤ 𝑙 < 𝑓150𝑚2

𝑚 = 1.52... 𝑓2213𝑚1 < 𝑙 < 𝑓150𝑚2

1.52... < 𝑚 < 1.52... 𝑓150𝑚1 < 𝑙 < 𝑓150𝑚2
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11 :



.372... < 𝑚 ≤ 1√
3

𝑓150𝑚2 < 𝑙 < 𝑚
2

1√
3
< 𝑚 ≤ 1.09... 𝑓150𝑚2 < 𝑙 < 𝑓25𝑚1

1.09... < 𝑚 < 1.17... 𝑓150𝑚1 < 𝑙 <
1
3
(
3𝑚2 − 4

)
1.09... < 𝑚 < 1.17... 𝑓150𝑚2 < 𝑙 < 𝑓25𝑚1

𝑚 = 1.17... 𝑓150𝑚1 < 𝑙 <
1
3
(
3𝑚2 − 4

)
𝑚 = 1.17... 1

3
(
3𝑚2 − 4

)
< 𝑙 < 𝑓25𝑚1

1.17... < 𝑚 < 1.40... 𝑓150𝑚1 < 𝑙 < 𝑓25𝑚1

1.40... ≤ 𝑚 < 1.52... 𝑓150𝑚1 < 𝑙 <
1
3
(
3𝑚2 − 4

)
𝑚 = 1.52... 𝑓2213𝑚1 < 𝑙 <

1
3
(
3𝑚2 − 4

)
12 :

{
𝑚 = 1.13... 𝑓1168𝑚2 < 𝑙 <

1
3
(
3𝑚2 − 4

)

13 :



3
√

3
5 < 𝑚 ≤ 1.09... 𝑓150𝑚2 < 𝑙 ≤ 𝑓275𝑚1

1.09... < 𝑚 < 1.13... 𝑓150𝑚2 < 𝑙 ≤ 𝑓275𝑚1

𝑚 = 1.13... 𝑓150𝑚2 < 𝑙 ≤ 𝑓275𝑚1

1.13... < 𝑚 < 1.17... 𝑓150𝑚2 < 𝑙 ≤ 𝑓275𝑚1

𝑚 = 1.17... 1
3
(
3𝑚2 − 4

)
< 𝑙 ≤ 𝑓275𝑚1

1.17... < 𝑚 < 1.52... 𝑓150𝑚1 < 𝑙 ≤ 𝑓275𝑚1

𝑚 = 1.52... 𝑓2213𝑚1 < 𝑙 ≤ 𝑓275𝑚1
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14 :



3
√

3
5 < 𝑚 ≤ 1.09... 𝑓1168𝑚2 < 𝑙 < 𝑓150𝑚2

1.09... < 𝑚 < 1.11... 𝑓2213𝑚1 ≤ 𝑙 < 𝑓150𝑚1

1.09... < 𝑚 < 1.11... 𝑓1168𝑚2 < 𝑙 < 𝑓150𝑚2

𝑚 = 1.11... 𝑓2213𝑚1 ≤ 𝑙 < 𝑓150𝑚1

𝑚 = 1.11... 1
3
(
3𝑚2 − 4

)
< 𝑙 < 𝑓150𝑚2

1.11... < 𝑚 < 1.13... 𝑓2213𝑚1 ≤ 𝑙 < 𝑓150𝑚1

1.11... < 𝑚 < 1.13... 𝑓1168𝑚2 < 𝑙 < 𝑓150𝑚2

𝑚 = 1.13... 𝑓2213𝑚1 ≤ 𝑙 < 𝑓1168𝑚2

𝑚 = 1.13... 𝑓1168𝑚2 < 𝑙 < 𝑓150𝑚2

15 :



0 < 𝑚 < .423... 𝑓2213𝑚1 ≤ 𝑙 < 𝑓4507𝑚1

.423... ≤ 𝑚 < .556... 𝑓2213𝑚1 ≤ 𝑙 ≤ 𝑓275𝑚1

.556... ≤ 𝑚 < 1√
3

𝑓4507𝑚1 < 𝑙 ≤ 𝑓275𝑚1

𝑚 = 1√
3

𝑓4507𝑚1 < 𝑙 <
1
3
(
3𝑚2 − 4

)
1√
3
< 𝑚 < .625... 𝑓4507𝑚1 < 𝑙 < 𝑓4507𝑚2
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In the regions and functions provided above, there are times when 𝑚 is equal to a constant

value. Like in the fifth region, we have 𝑚 = 1.56.... Sometimes in instances like this,

there is no reason to have this region separated from the subregion just above and/or below

where the 𝑚 value provided is a strict upper or lower bound. For instance, in the fifth region

when 𝑚 = 1.56..., it appears in that subregion that we have different bounds on 𝑙 than for

the bounds on 𝑙 on in the subregion just before and just after. However, it turns out that

when 𝑚 = 1.56... that 𝑓275𝑚1 = 1
3 (3𝑚

2 − 4), so we can actually consolidate those three

subregions into one subregion in the fifth region. Simplifications like these happened many

times, and we provide the calculations done in Mathematica to check this below. To do this,

we used the function RootReducein Mathematica, subtracting the Root functions with the

appropriate 𝑚 values plugged in. Getting a 0 as an output confirmed that we could simplify

by consolidating regions in a manner just described.

1 In[7]:= RootReduce[

2 Root[4 - 507 Root[-324 + 692 #ˆ2 + 336 #ˆ4 + 45 #ˆ6& , 2,

3 0]ˆ2 + (51 -

4 1404 Root[-324 + 692 #ˆ2 + 336 #ˆ4 + 45 #ˆ6& , 2,

5 0]ˆ2) #1 + (252 -

6 1674 Root[-324 + 692 #ˆ2 + 336 #ˆ4 + 45 #ˆ6& , 2,

7 0]ˆ2) #1ˆ2 + (594 -

8 972 Root[-324 + 692 #ˆ2 + 336 #ˆ4 + 45 #ˆ6& , 2,

9 0]ˆ2) #1ˆ3 + (648 -

10 243 Root[-324 + 692 #ˆ2 + 336 #ˆ4 + 45 #ˆ6& , 2, 0]ˆ2) #1ˆ4 +

11 243 #1ˆ5 &, 2] -

12 Root[4 - 507 Root[-324 + 692 #ˆ2 + 336 #ˆ4 + 45 #ˆ6& , 2,

13 0]ˆ2 + (51 -

14 1404 Root[-324 + 692 #ˆ2 + 336 #ˆ4 + 45 #ˆ6& , 2,
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15 0]ˆ2) #1 + (252 -

16 1674 Root[-324 + 692 #ˆ2 + 336 #ˆ4 + 45 #ˆ6& , 2,

17 0]ˆ2) #1ˆ2 + (594 -

18 972 Root[-324 + 692 #ˆ2 + 336 #ˆ4 + 45 #ˆ6& , 2,

19 0]ˆ2) #1ˆ3 + (648 -

20 243 Root[-324 + 692 #ˆ2 + 336 #ˆ4 + 45 #ˆ6& , 2, 0]ˆ2) #1ˆ4 +

21 243 #1ˆ5 &, 1]]

22

23 Out[7]= 0

24

25 In[8]:=

26 RootReduce[

27 Root[-2 -

28 75 Root[-18 - 47 #ˆ2 + 147 #ˆ4 - 117 #ˆ6 + 27 #ˆ8& , 2,

29 0]ˆ2 + (6 -

30 180 Root[-18 - 47 #ˆ2 + 147 #ˆ4 - 117 #ˆ6 + 27 #ˆ8& , 2,

31 0]ˆ2) #1 + (180 -

32 378 Root[-18 - 47 #ˆ2 + 147 #ˆ4 - 117 #ˆ6 + 27 #ˆ8& , 2,

33 0]ˆ2) #1ˆ2 + (756 -

34 324 Root[-18 - 47 #ˆ2 + 147 #ˆ4 - 117 #ˆ6 + 27 #ˆ8& , 2,

35 0]ˆ2) #1ˆ3 + (1134 -

36 243 Root[-18 - 47 #ˆ2 + 147 #ˆ4 - 117 #ˆ6 + 27 #ˆ8& , 2,

37 0]ˆ2) #1ˆ4 + 486 #1ˆ5 &, 1] -

38 1/3 (-4 +

39 3 Root[-18 - 47 #ˆ2 + 147 #ˆ4 - 117 #ˆ6 + 27 #ˆ8& , 2, 0]ˆ2)]

40

41 Out[8]= 0

42

43 In[3]:= RootReduce[

44 Root[-25 Root[

45 32768 - 2020986 #ˆ2 - 10826991 #ˆ4 - 2570157 #ˆ6 - 220725 #\
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46 ˆ8 + 151875 #ˆ10& , 4,

47 0]ˆ2 + (1 +

48 60 Root[32768 - 2020986 #ˆ2 - 10826991 #ˆ4 - 2570157 #\

49 ˆ6 - 220725 #ˆ8 + 151875 #ˆ10& , 4, 0]ˆ2) #1 + (12 -

50 126 Root[

51 32768 - 2020986 #ˆ2 - 10826991 #ˆ4 - 2570157 #ˆ6 - 220725 #\

52 ˆ8 + 151875 #ˆ10& , 4, 0]ˆ2) #1ˆ2 + (54 +

53 108 Root[

54 32768 - 2020986 #ˆ2 - 10826991 #ˆ4 - 2570157 #ˆ6 - 220725 #\

55 ˆ8 + 151875 #ˆ10& , 4, 0]ˆ2) #1ˆ3 + (108 -

56 81 Root[32768 - 2020986 #ˆ2 - 10826991 #ˆ4 - 2570157 #\

57 ˆ6 - 220725 #ˆ8 + 151875 #ˆ10& , 4, 0]ˆ2) #1ˆ4 + 81 #1ˆ5 &, 1] -

58 Root[-2 -

59 75 Root[32768 - 2020986 #ˆ2 - 10826991 #ˆ4 - 2570157 #\

60 ˆ6 - 220725 #ˆ8 + 151875 #ˆ10& , 4,

61 0]ˆ2 + (6 -

62 180 Root[

63 32768 - 2020986 #ˆ2 - 10826991 #ˆ4 - 2570157 #ˆ6 - 220725 #\

64 ˆ8 + 151875 #ˆ10& , 4, 0]ˆ2) #1 + (180 -

65 378 Root[

66 32768 - 2020986 #ˆ2 - 10826991 #ˆ4 - 2570157 #ˆ6 - 220725 #\

67 ˆ8 + 151875 #ˆ10& , 4, 0]ˆ2) #1ˆ2 + (756 -

68 324 Root[

69 32768 - 2020986 #ˆ2 - 10826991 #ˆ4 - 2570157 #ˆ6 - 220725 #\

70 ˆ8 + 151875 #ˆ10& , 4, 0]ˆ2) #1ˆ3 + (1134 -

71 243 Root[

72 32768 - 2020986 #ˆ2 - 10826991 #ˆ4 - 2570157 #ˆ6 - 220725 #\

73 ˆ8 + 151875 #ˆ10& , 4, 0]ˆ2) #1ˆ4 + 486 #1ˆ5 &, 1]]

74

75 Out[3]= 0

76
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77

78

79 In[13]:= RootReduce[

80 Root[1 - 168 Root[-27 + 19 #ˆ2 - 9 #ˆ4 + 9 #ˆ6& , 2, 0]ˆ2 +

81 144 Root[-27 + 19 #ˆ2 - 9 #ˆ4 + 9 #ˆ6& , 2,

82 0]ˆ4 + (12 +

83 144 Root[-27 + 19 #ˆ2 - 9 #ˆ4 + 9 #ˆ6& , 2, 0]ˆ2) #1 + (54 +

84 216 Root[-27 + 19 #ˆ2 - 9 #ˆ4 + 9 #ˆ6& , 2, 0]ˆ2) #1ˆ2 +

85 108 #1ˆ3 + 81 #1ˆ4 &, 2] -

86 1/3 (-4 + 3 Root[-27 + 19 #ˆ2 - 9 #ˆ4 + 9 #ˆ6& , 2, 0]ˆ2)]

87

88 Out[13]= 0

89

90

91

92 In[14]:= RootReduce[

93 Root[-25 Root[-27 - 82 #ˆ2 + 192 #ˆ4 - 126 #ˆ6 + 27 #ˆ8& , 2,

94 0]ˆ2 + (1 +

95 60 Root[-27 - 82 #ˆ2 + 192 #ˆ4 - 126 #ˆ6 + 27 #ˆ8& , 2,

96 0]ˆ2) #1 + (12 -

97 126 Root[-27 - 82 #ˆ2 + 192 #ˆ4 - 126 #ˆ6 + 27 #ˆ8& , 2,

98 0]ˆ2) #1ˆ2 + (54 +

99 108 Root[-27 - 82 #ˆ2 + 192 #ˆ4 - 126 #ˆ6 + 27 #ˆ8& , 2,

100 0]ˆ2) #1ˆ3 + (108 -

101 81 Root[-27 - 82 #ˆ2 + 192 #ˆ4 - 126 #ˆ6 + 27 #ˆ8& , 2,

102 0]ˆ2) #1ˆ4 + 81 #1ˆ5 &, 1] -

103 1/3 (-4 +

104 3 Root[-27 - 82 #ˆ2 + 192 #ˆ4 - 126 #ˆ6 + 27 #ˆ8& , 2, 0]ˆ2)]

105

106 Out[14]= 0

107
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108

109

110 In[16]:= RootReduce[

111 Root[16 - 6360 Sqrt[2/3]ˆ2 +

112 47961 Sqrt[

113 2/3]ˆ4 + (216 + 8478 Sqrt[2/3]ˆ2 +

114 149796 Sqrt[2/3]ˆ4) #1 + (1161 + 54432 Sqrt[2/3]ˆ2 +

115 176094 Sqrt[2/3]ˆ4) #1ˆ2 + (3132 + 64476 Sqrt[2/3]ˆ2 +

116 92340 Sqrt[2/3]ˆ4) #1ˆ3 + (4374 + 29160 Sqrt[2/3]ˆ2 +

117 18225 Sqrt[2/3]ˆ4) #1ˆ4 + (2916 + 4374 Sqrt[2/3]ˆ2) #1ˆ5 +

118 729 #1ˆ6 &, 2] - 1/3 (-4 + 3 Sqrt[2/3]ˆ2)]

119

120 Out[16]= 0

121

122

123

124 In[18]:= RootReduce[

125 Root[16 -

126 6360 Root[

127 18 - 965 #ˆ2 - 4029 #ˆ4 + 4293 #ˆ6 + 3375 #ˆ8& , 4, 0]ˆ2 +

128 47961 Root[

129 18 - 965 #ˆ2 - 4029 #ˆ4 + 4293 #ˆ6 + 3375 #ˆ8& , 4,

130 0]ˆ4 + (216 +

131 8478 Root[

132 18 - 965 #ˆ2 - 4029 #ˆ4 + 4293 #ˆ6 + 3375 #ˆ8& , 4, 0]ˆ2 +

133 149796 Root[

134 18 - 965 #ˆ2 - 4029 #ˆ4 + 4293 #ˆ6 + 3375 #ˆ8& , 4,

135 0]ˆ4) #1 + (1161 +

136 54432 Root[

137 18 - 965 #ˆ2 - 4029 #ˆ4 + 4293 #ˆ6 + 3375 #ˆ8& , 4, 0]ˆ2 +

138 176094 Root[
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139 18 - 965 #ˆ2 - 4029 #ˆ4 + 4293 #ˆ6 + 3375 #ˆ8& , 4,

140 0]ˆ4) #1ˆ2 + (3132 +

141 64476 Root[

142 18 - 965 #ˆ2 - 4029 #ˆ4 + 4293 #ˆ6 + 3375 #ˆ8& , 4, 0]ˆ2 +

143 92340 Root[

144 18 - 965 #ˆ2 - 4029 #ˆ4 + 4293 #ˆ6 + 3375 #ˆ8& , 4,

145 0]ˆ4) #1ˆ3 + (4374 +

146 29160 Root[

147 18 - 965 #ˆ2 - 4029 #ˆ4 + 4293 #ˆ6 + 3375 #ˆ8& , 4, 0]ˆ2 +

148 18225 Root[

149 18 - 965 #ˆ2 - 4029 #ˆ4 + 4293 #ˆ6 + 3375 #ˆ8& , 4,

150 0]ˆ4) #1ˆ4 + (2916 +

151 4374 Root[

152 18 - 965 #ˆ2 - 4029 #ˆ4 + 4293 #ˆ6 + 3375 #ˆ8& , 4,

153 0]ˆ2) #1ˆ5 + 729 #1ˆ6 &, 1] -

154 Root[-2 +

155 213 Root[

156 18 - 965 #ˆ2 - 4029 #ˆ4 + 4293 #ˆ6 + 3375 #ˆ8& , 4, 0]ˆ2 +

157 5112 Root[

158 18 - 965 #ˆ2 - 4029 #ˆ4 + 4293 #ˆ6 + 3375 #ˆ8& , 4, 0]ˆ4 -

159 2160 Root[

160 18 - 965 #ˆ2 - 4029 #ˆ4 + 4293 #ˆ6 + 3375 #ˆ8& , 4,

161 0]ˆ6 + (6 -

162 3780 Root[

163 18 - 965 #ˆ2 - 4029 #ˆ4 + 4293 #ˆ6 + 3375 #ˆ8& , 4, 0]ˆ2 +

164 5616 Root[

165 18 - 965 #ˆ2 - 4029 #ˆ4 + 4293 #ˆ6 + 3375 #ˆ8& , 4,

166 0]ˆ4) #1 + (180 -

167 1242 Root[

168 18 - 965 #ˆ2 - 4029 #ˆ4 + 4293 #ˆ6 + 3375 #ˆ8& , 4, 0]ˆ2 -

169 648 Root[
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170 18 - 965 #ˆ2 - 4029 #ˆ4 + 4293 #ˆ6 + 3375 #ˆ8& , 4,

171 0]ˆ4) #1ˆ2 + (756 +

172 972 Root[

173 18 - 965 #ˆ2 - 4029 #ˆ4 + 4293 #ˆ6 + 3375 #ˆ8& , 4,

174 0]ˆ2) #1ˆ3 + (1134 -

175 243 Root[

176 18 - 965 #ˆ2 - 4029 #ˆ4 + 4293 #ˆ6 + 3375 #ˆ8& , 4,

177 0]ˆ2) #1ˆ4 + 486 #1ˆ5 &, 1]]

178

179 Out[18]= 0

180

181 In[19]:= RootReduce[

182 Root[4 - 507 Root[

183 32768 - 1855650 #ˆ2 + 10014057 #ˆ4 - 3642597 #ˆ6 - 204525 #\

184 ˆ8 + 151875 #ˆ10& , 4,

185 0]ˆ2 + (51 -

186 1404 Root[

187 32768 - 1855650 #ˆ2 + 10014057 #ˆ4 - 3642597 #ˆ6 - 204525 #\

188 ˆ8 + 151875 #ˆ10& , 4, 0]ˆ2) #1 + (252 -

189 1674 Root[

190 32768 - 1855650 #ˆ2 + 10014057 #ˆ4 - 3642597 #ˆ6 - 204525 #\

191 ˆ8 + 151875 #ˆ10& , 4, 0]ˆ2) #1ˆ2 + (594 -

192 972 Root[

193 32768 - 1855650 #ˆ2 + 10014057 #ˆ4 - 3642597 #ˆ6 - 204525 #\

194 ˆ8 + 151875 #ˆ10& , 4, 0]ˆ2) #1ˆ3 + (648 -

195 243 Root[

196 32768 - 1855650 #ˆ2 + 10014057 #ˆ4 - 3642597 #ˆ6 - 204525 #\

197 ˆ8 + 151875 #ˆ10& , 4, 0]ˆ2) #1ˆ4 + 243 #1ˆ5 &, 1] -

198 Root[-2 -

199 75 Root[32768 - 1855650 #ˆ2 + 10014057 #ˆ4 - 3642597 #\

200 ˆ6 - 204525 #ˆ8 + 151875 #ˆ10& , 4,
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201 0]ˆ2 + (6 -

202 180 Root[

203 32768 - 1855650 #ˆ2 + 10014057 #ˆ4 - 3642597 #ˆ6 - 204525 #\

204 ˆ8 + 151875 #ˆ10& , 4, 0]ˆ2) #1 + (180 -

205 378 Root[

206 32768 - 1855650 #ˆ2 + 10014057 #ˆ4 - 3642597 #ˆ6 - 204525 #\

207 ˆ8 + 151875 #ˆ10& , 4, 0]ˆ2) #1ˆ2 + (756 -

208 324 Root[

209 32768 - 1855650 #ˆ2 + 10014057 #ˆ4 - 3642597 #ˆ6 - 204525 #\

210 ˆ8 + 151875 #ˆ10& , 4, 0]ˆ2) #1ˆ3 + (1134 -

211 243 Root[

212 32768 - 1855650 #ˆ2 + 10014057 #ˆ4 - 3642597 #ˆ6 - 204525 #\

213 ˆ8 + 151875 #ˆ10& , 4, 0]ˆ2) #1ˆ4 + 486 #1ˆ5 &, 1]]

214

215 Out[19]= 0

216

217 In[21]:=

218 RootReduce[

219 Root[-150 \

220 Root[-486 - 9 #ˆ2 + 3053 #ˆ4 - 4914 #ˆ6 + 3096 #ˆ8 - 837 #ˆ10 + 81 #\

221 ˆ12& , 2, 0]ˆ2 +

222 75 Root[-486 - 9 #ˆ2 + 3053 #ˆ4 - 4914 #ˆ6 + 3096 #ˆ8 - 837 #\

223 ˆ10 + 81 #ˆ12& , 2,

224 0]ˆ4 + (2 -

225 231 Root[-486 - 9 #ˆ2 + 3053 #ˆ4 - 4914 #ˆ6 + 3096 #ˆ8 - 837 #\

226 ˆ10 + 81 #ˆ12& , 2, 0]ˆ2 +

227 540 Root[-486 - 9 #ˆ2 + 3053 #ˆ4 - 4914 #ˆ6 + 3096 #ˆ8 - 837 #\

228 ˆ10 + 81 #ˆ12& , 2, 0]ˆ4) #1 + (42 +

229 4806 Root[-486 - 9 #ˆ2 + 3053 #ˆ4 - 4914 #ˆ6 + 3096 #ˆ8 - 837 #\

230 ˆ10 + 81 #ˆ12& , 2, 0]ˆ2 +

231 3402 Root[-486 - 9 #ˆ2 + 3053 #ˆ4 - 4914 #ˆ6 + 3096 #ˆ8 - 837 #\
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232 ˆ10 + 81 #ˆ12& , 2, 0]ˆ4) #1ˆ2 + (378 +

233 14742 Root[-486 - 9 #ˆ2 + 3053 #ˆ4 - 4914 #ˆ6 + 3096 #\

234 ˆ8 - 837 #ˆ10 + 81 #ˆ12& , 2, 0]ˆ2 +

235 8748 Root[-486 - 9 #ˆ2 + 3053 #ˆ4 - 4914 #ˆ6 + 3096 #ˆ8 - 837 #\

236 ˆ10 + 81 #ˆ12& , 2, 0]ˆ4) #1ˆ3 + (1890 -

237 6966 Root[-486 - 9 #ˆ2 + 3053 #ˆ4 - 4914 #ˆ6 + 3096 #ˆ8 - 837 #\

238 ˆ10 + 81 #ˆ12& , 2, 0]ˆ2 +

239 19683 Root[-486 - 9 #ˆ2 + 3053 #ˆ4 - 4914 #ˆ6 + 3096 #\

240 ˆ8 - 837 #ˆ10 + 81 #ˆ12& , 2, 0]ˆ4) #1ˆ4 + (5670 -

241 45927 Root[-486 - 9 #ˆ2 + 3053 #ˆ4 - 4914 #ˆ6 + 3096 #\

242 ˆ8 - 837 #ˆ10 + 81 #ˆ12& , 2, 0]ˆ2) #1ˆ5 + (10206 -

243 13122 Root[-486 - 9 #ˆ2 + 3053 #ˆ4 - 4914 #ˆ6 + 3096 #\

244 ˆ8 - 837 #ˆ10 + 81 #ˆ12& , 2, 0]ˆ2) #1ˆ6 + 10206 #1ˆ7 + 4374 #1ˆ8 &,

245 2] - 1/3 (-4 +

246 3 Root[-486 - 9 #ˆ2 + 3053 #ˆ4 - 4914 #ˆ6 + 3096 #ˆ8 - 837 #\

247 ˆ10 + 81 #ˆ12& , 2, 0]ˆ2)]

248

249 Out[21]= 0

250

251 In[23]:= RootReduce[

252 Root[-2 +

253 213 Root[

254 686 - 49551 #ˆ2 - 203679 #ˆ4 - 60129 #ˆ6 + 68445 #ˆ8& , 4,

255 0]ˆ2 + 5112 Root[

256 686 - 49551 #ˆ2 - 203679 #ˆ4 - 60129 #ˆ6 + 68445 #ˆ8& , 4,

257 0]ˆ4 - 2160 Root[

258 686 - 49551 #ˆ2 - 203679 #ˆ4 - 60129 #ˆ6 + 68445 #ˆ8& , 4,

259 0]ˆ6 + (6 -

260 3780 Root[

261 686 - 49551 #ˆ2 - 203679 #ˆ4 - 60129 #ˆ6 + 68445 #ˆ8& , 4,

262 0]ˆ2 + 5616 Root[
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263 686 - 49551 #ˆ2 - 203679 #ˆ4 - 60129 #ˆ6 + 68445 #ˆ8& , 4,

264 0]ˆ4) #1 + (180 -

265 1242 Root[

266 686 - 49551 #ˆ2 - 203679 #ˆ4 - 60129 #ˆ6 + 68445 #ˆ8& , 4,

267 0]ˆ2 - 648 Root[

268 686 - 49551 #ˆ2 - 203679 #ˆ4 - 60129 #ˆ6 + 68445 #ˆ8& , 4,

269 0]ˆ4) #1ˆ2 + (756 +

270 972 Root[

271 686 - 49551 #ˆ2 - 203679 #ˆ4 - 60129 #ˆ6 + 68445 #ˆ8& , 4,

272 0]ˆ2) #1ˆ3 + (1134 -

273 243 Root[

274 686 - 49551 #ˆ2 - 203679 #ˆ4 - 60129 #ˆ6 + 68445 #ˆ8& , 4,

275 0]ˆ2) #1ˆ4 + 486 #1ˆ5 &, 1] -

276 Root[-150 Root[

277 686 - 49551 #ˆ2 - 203679 #ˆ4 - 60129 #ˆ6 + 68445 #ˆ8& , 4,

278 0]ˆ2 + 75 Root[

279 686 - 49551 #ˆ2 - 203679 #ˆ4 - 60129 #ˆ6 + 68445 #ˆ8& , 4,

280 0]ˆ4 + (2 -

281 231 Root[

282 686 - 49551 #ˆ2 - 203679 #ˆ4 - 60129 #ˆ6 + 68445 #ˆ8& , 4,

283 0]ˆ2 + 540 Root[

284 686 - 49551 #ˆ2 - 203679 #ˆ4 - 60129 #ˆ6 + 68445 #ˆ8& , 4,

285 0]ˆ4) #1 + (42 +

286 4806 Root[

287 686 - 49551 #ˆ2 - 203679 #ˆ4 - 60129 #ˆ6 + 68445 #ˆ8& , 4,

288 0]ˆ2 + 3402 Root[

289 686 - 49551 #ˆ2 - 203679 #ˆ4 - 60129 #ˆ6 + 68445 #ˆ8& , 4,

290 0]ˆ4) #1ˆ2 + (378 +

291 14742 Root[

292 686 - 49551 #ˆ2 - 203679 #ˆ4 - 60129 #ˆ6 + 68445 #ˆ8& , 4,

293 0]ˆ2 +
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294 8748 Root[

295 686 - 49551 #ˆ2 - 203679 #ˆ4 - 60129 #ˆ6 + 68445 #ˆ8& , 4,

296 0]ˆ4) #1ˆ3 + (1890 -

297 6966 Root[

298 686 - 49551 #ˆ2 - 203679 #ˆ4 - 60129 #ˆ6 + 68445 #ˆ8& , 4,

299 0]ˆ2 + 19683 Root[

300 686 - 49551 #ˆ2 - 203679 #ˆ4 - 60129 #ˆ6 + 68445 #ˆ8& , 4,

301 0]ˆ4) #1ˆ4 + (5670 -

302 45927 Root[

303 686 - 49551 #ˆ2 - 203679 #ˆ4 - 60129 #ˆ6 + 68445 #ˆ8& , 4,

304 0]ˆ2) #1ˆ5 + (10206 -

305 13122 Root[

306 686 - 49551 #ˆ2 - 203679 #ˆ4 - 60129 #ˆ6 + 68445 #ˆ8& , 4,

307 0]ˆ2) #1ˆ6 + 10206 #1ˆ7 + 4374 #1ˆ8 &, 1]]

308

309 Out[23]= 0

310

311

312

313 In[1]:= RootReduce[

314 Root[1 - 168 Root[

315 17179869184 - 758241767424 #ˆ2 + 738811183104 #\

316 ˆ4 - 1873773558144 #ˆ6 + 2178248345280 #ˆ8 + 730684767357 #\

317 ˆ10 - 1168450231581 #ˆ12 - 312846367473 #ˆ14 + 307409258025 #ˆ16& , 4,

318 0]ˆ2 + 144 Root[

319 17179869184 - 758241767424 #ˆ2 + 738811183104 #\

320 ˆ4 - 1873773558144 #ˆ6 + 2178248345280 #ˆ8 + 730684767357 #\

321 ˆ10 - 1168450231581 #ˆ12 - 312846367473 #ˆ14 + 307409258025 #ˆ16& , 4,

322 0]ˆ4 + (12 +

323 144 Root[

324 17179869184 - 758241767424 #ˆ2 + 738811183104 #\
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325 ˆ4 - 1873773558144 #ˆ6 + 2178248345280 #ˆ8 + 730684767357 #\

326 ˆ10 - 1168450231581 #ˆ12 - 312846367473 #ˆ14 + 307409258025 #ˆ16& , 4,

327 0]ˆ2) #1 + (54 +

328 216 Root[

329 17179869184 - 758241767424 #ˆ2 + 738811183104 #\

330 ˆ4 - 1873773558144 #ˆ6 + 2178248345280 #ˆ8 + 730684767357 #\

331 ˆ10 - 1168450231581 #ˆ12 - 312846367473 #ˆ14 + 307409258025 #ˆ16& , 4,

332 0]ˆ2) #1ˆ2 + 108 #1ˆ3 + 81 #1ˆ4 &, 2] -

333 Root[-150 Root[

334 17179869184 - 758241767424 #ˆ2 + 738811183104 #\

335 ˆ4 - 1873773558144 #ˆ6 + 2178248345280 #ˆ8 + 730684767357 #\

336 ˆ10 - 1168450231581 #ˆ12 - 312846367473 #ˆ14 + 307409258025 #ˆ16& , 4,

337 0]ˆ2 + 75 Root[

338 17179869184 - 758241767424 #ˆ2 + 738811183104 #\

339 ˆ4 - 1873773558144 #ˆ6 + 2178248345280 #ˆ8 + 730684767357 #\

340 ˆ10 - 1168450231581 #ˆ12 - 312846367473 #ˆ14 + 307409258025 #ˆ16& , 4,

341 0]ˆ4 + (2 -

342 231 Root[

343 17179869184 - 758241767424 #ˆ2 + 738811183104 #\

344 ˆ4 - 1873773558144 #ˆ6 + 2178248345280 #ˆ8 + 730684767357 #\

345 ˆ10 - 1168450231581 #ˆ12 - 312846367473 #ˆ14 + 307409258025 #ˆ16& , 4,

346 0]ˆ2 + 540 Root[

347 17179869184 - 758241767424 #ˆ2 + 738811183104 #\

348 ˆ4 - 1873773558144 #ˆ6 + 2178248345280 #ˆ8 + 730684767357 #\

349 ˆ10 - 1168450231581 #ˆ12 - 312846367473 #ˆ14 + 307409258025 #ˆ16& , 4,

350 0]ˆ4) #1 + (42 +

351 4806 Root[

352 17179869184 - 758241767424 #ˆ2 + 738811183104 #\

353 ˆ4 - 1873773558144 #ˆ6 + 2178248345280 #ˆ8 + 730684767357 #\

354 ˆ10 - 1168450231581 #ˆ12 - 312846367473 #ˆ14 + 307409258025 #ˆ16& , 4,

355 0]ˆ2 + 3402 Root[
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356 17179869184 - 758241767424 #ˆ2 + 738811183104 #\

357 ˆ4 - 1873773558144 #ˆ6 + 2178248345280 #ˆ8 + 730684767357 #\

358 ˆ10 - 1168450231581 #ˆ12 - 312846367473 #ˆ14 + 307409258025 #ˆ16& , 4,

359 0]ˆ4) #1ˆ2 + (378 +

360 14742 Root[

361 17179869184 - 758241767424 #ˆ2 + 738811183104 #\

362 ˆ4 - 1873773558144 #ˆ6 + 2178248345280 #ˆ8 + 730684767357 #\

363 ˆ10 - 1168450231581 #ˆ12 - 312846367473 #ˆ14 + 307409258025 #ˆ16& , 4,

364 0]ˆ2 +

365 8748 Root[

366 17179869184 - 758241767424 #ˆ2 + 738811183104 #\

367 ˆ4 - 1873773558144 #ˆ6 + 2178248345280 #ˆ8 + 730684767357 #\

368 ˆ10 - 1168450231581 #ˆ12 - 312846367473 #ˆ14 + 307409258025 #ˆ16& , 4,

369 0]ˆ4) #1ˆ3 + (1890 -

370 6966 Root[

371 17179869184 - 758241767424 #ˆ2 + 738811183104 #\

372 ˆ4 - 1873773558144 #ˆ6 + 2178248345280 #ˆ8 + 730684767357 #\

373 ˆ10 - 1168450231581 #ˆ12 - 312846367473 #ˆ14 + 307409258025 #ˆ16& , 4,

374 0]ˆ2 + 19683 Root[

375 17179869184 - 758241767424 #ˆ2 + 738811183104 #\

376 ˆ4 - 1873773558144 #ˆ6 + 2178248345280 #ˆ8 + 730684767357 #\

377 ˆ10 - 1168450231581 #ˆ12 - 312846367473 #ˆ14 + 307409258025 #ˆ16& , 4,

378 0]ˆ4) #1ˆ4 + (5670 -

379 45927 Root[

380 17179869184 - 758241767424 #ˆ2 + 738811183104 #\

381 ˆ4 - 1873773558144 #ˆ6 + 2178248345280 #ˆ8 + 730684767357 #\

382 ˆ10 - 1168450231581 #ˆ12 - 312846367473 #ˆ14 + 307409258025 #ˆ16& , 4,

383 0]ˆ2) #1ˆ5 + (10206 -

384 13122 Root[

385 17179869184 - 758241767424 #ˆ2 + 738811183104 #\

386 ˆ4 - 1873773558144 #ˆ6 + 2178248345280 #ˆ8 + 730684767357 #\
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387 ˆ10 - 1168450231581 #ˆ12 - 312846367473 #ˆ14 + 307409258025 #ˆ16& , 4,

388 0]ˆ2) #1ˆ6 + 10206 #1ˆ7 + 4374 #1ˆ8 &, 1]]

389

390 Out[1]= 0

391

392

393

394 In[24]:= RootReduce[

395 Root[4 - 507 Sqrt[

396 1/3]ˆ2 + (51 - 1404 Sqrt[1/3]ˆ2) #1 + (252 -

397 1674 Sqrt[1/3]ˆ2) #1ˆ2 + (594 -

398 972 Sqrt[1/3]ˆ2) #1ˆ3 + (648 - 243 Sqrt[1/3]ˆ2) #1ˆ4 +

399 243 #1ˆ5 &, 2] - 1/3 (-4 + 3 Sqrt[1/3]ˆ2)]

400

401 Out[24]= 0

402

Using the above checks and looking for more regions that overlap among the 15 regions

provided before, we have the following set of regions as our final simplification of the

description of 𝑅 provided in the initial output in Mathematica.

{
𝑚 > 0 1

2
(
𝑚2 − 2

)
≤ 𝑙 < 𝑚2{

0 < 𝑚 < 1√
3

𝑓275𝑚1 ≤ 𝑙 < 1
3
(
3𝑚2 − 4

)


0 < 𝑚 ≤
√︃

2
3 𝑓2213𝑚1 ≤ 𝑙 ≤ 1

2
(
𝑚2 − 2

)
𝑚 >

√︃
2
3 𝑓2213𝑚1 ≤ 𝑙 < 1

3
(
3𝑚2 − 4

)
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0 < 𝑚 ≤ .625... 𝑙 = 𝑓4507𝑚1

1√
3
< 𝑚 < .625... 𝑙 = 𝑓4507𝑚2{
𝑚 > 1√

3
𝑓275𝑚1 ≤ 𝑙 < 𝑚2



1√
3
< 𝑚 ≤ .986... 𝑓1168𝑚1 < 𝑙 <

1
3
(
3𝑚2 − 4

)
1√
3
< 𝑚 ≤ 1.11... 𝑓1168𝑚2 < 𝑙 < 𝑓25𝑚1

1.11... < 𝑚 < 1.40... 𝑓2213𝑚1 ≤ 𝑙 < 𝑓25𝑚1

𝑚 ≥ 2.22... 𝑓25𝑚1 < 𝑙 <
1
3
(
3𝑚2 − 4

)


1√
3
< 𝑚 ≤ 1.11... 𝑓1168𝑚2 < 𝑙 ≤ 𝑓275𝑚1

1.11... < 𝑚 ≤ 1.56... 𝑓2213𝑚1 ≤ 𝑙 ≤ 𝑓275𝑚1
1√
3
< 𝑚 ≤ 2.22... 𝑓25𝑚1 < 𝑙 ≤ 𝑓275𝑚1

𝑚 > 2.22... 𝑓2213𝑚1 ≤ 𝑙 ≤ 𝑓275𝑚1

.281... < 𝑚 ≤ 1√
3

𝑓166360𝑚2 < 𝑙 < 𝑚
2

1√
3
< 𝑚 ≤

√︃
2
3 𝑓166360𝑚1 < 𝑙 <

1
3
(
3𝑚2 − 4

)
1√
3
< 𝑚 ≤

√︃
2
3 𝑓166360𝑚2 < 𝑙 < 𝑓25𝑚1√︃

2
3 < 𝑚 ≤ .875... 𝑓166360𝑚1 < 𝑙 < 𝑓25𝑚1

0 < 𝑚 ≤ .372... 𝑓4507𝑚1 < 𝑙 < 𝑚
2

.372... < 𝑚 ≤ .556... 𝑓4507𝑚1 < 𝑙 < 𝑓150𝑚2

.556... < 𝑚 < 1.52... 𝑓2213𝑚1 ≤ 𝑙 < 𝑓150𝑚2

1.52... ≤ 𝑚 < 1.52... 𝑓150𝑚1 < 𝑙 < 𝑓150𝑚2
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.372... < 𝑚 ≤ 1√
3

𝑓150𝑚2 < 𝑙 < 𝑚
2

1√
3
< 𝑚 ≤ 1.17... 𝑓150𝑚2 < 𝑙 < 𝑓25𝑚1

1.17... < 𝑚 < 1.40... 𝑓150𝑚1 < 𝑙 < 𝑓25𝑚1

1.40... ≤ 𝑚 ≤ 1.52... 𝑓150𝑚1 < 𝑙 <
1
3
(
3𝑚2 − 4

)


3
√

3
5 < 𝑚 ≤ 1.17... 𝑓150𝑚2 < 𝑙 ≤ 𝑓275𝑚1

1.17... < 𝑚 ≤ 1.52... 𝑓150𝑚1 < 𝑙 ≤ 𝑓275𝑚1
3
√

3
5 < 𝑚 ≤ 1.13... 𝑓1168𝑚2 < 𝑙 < 𝑓150𝑚2

1.09... < 𝑚 ≤ 1.13... 𝑓2213𝑚1 ≤ 𝑙 < 𝑓150𝑚1

0 < 𝑚 < .423... 𝑓2213𝑚1 ≤ 𝑙 < 𝑓4507𝑚1

.423... ≤ 𝑚 < .556... 𝑓2213𝑚1 ≤ 𝑙 ≤ 𝑓275𝑚1

.556... ≤ 𝑚 < 1√
3

𝑓4507𝑚1 < 𝑙 ≤ 𝑓275𝑚1

1√
3
≤ 𝑚 < .625... 𝑓4507𝑚1 < 𝑙 < 𝑓4507𝑚2
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𝑟𝑖𝑐 = 𝑇 and 𝑟𝑖𝑐 = 𝑐𝑇 with 𝑧 = 0

In the following, we provide the solution to 𝑟𝑖𝑐 = 𝑇 and 𝑟𝑖𝑐 = 𝑐𝑇 provided that 𝑧 = 0 (Recall

that 𝑧 describes the off-block diagonals in our 𝑎𝑑𝔤2 equivariant map Φ that describes our

metrics). To do this, we use a combination of the Mathematica functions Resolve and Exists

again. This combination seeks to find algebraic conditions in terms of the variables 𝑘 and 𝑙

based off the conditions provided in terms of 𝑥, 𝑦, 𝑘, 𝑙. We specify real solutions only as well.

First, we provide the solution for 𝑟𝑖𝑐 = 𝑇 and then we provide the solution for 𝑟𝑖𝑐 = 𝑐𝑇

as discussed in Step 5 (3.3) and Step 6 (3.3), respectively. When we provide solutions to

𝑟𝑖𝑐 = 𝑐𝑇 , we provide two different solutions for completeness. The first solution we provide

is the solution with the 𝑧 ≠ 0 case in which we use the image of (1, 𝑟2
𝑟1
, 0) to find solutions

and 𝑐. We use this ratio because these solutions will be using the same ratio we used when

we solved 𝑟𝑖𝑐 = 𝑐𝑇 with 𝑧 > 0 (Recall that there we used (1, 𝑟2
𝑟1
,
𝑟3
𝑟1
)). After we find these

solutions, we provide the code to find the values of 𝑐.

After finding those solutions, we find a second solution which is done to cohere with

the result in Theorem 3.14, recognizing that our 𝑟1 and 𝑟2 here are in opposite order from

said result. We provide the solution from Mathematica here to help show that our approach

with Mathematica coheres with the approach we used by hand, noticing that the solution

we have has the same form.

1 In[14]:= t1 = Simplify[ReplaceAll[r1, z -> 0]]

2

3 Out[14]= 1/24 (9 + yˆ2/xˆ2)

4

5 In[16]:= t2 = Simplify[ReplaceAll[r2, z -> 0]]

6
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7

8 Out[16]= -((6 x + y)/(12 x))

9

10 In[17]:= Resolve[

11 Exists[{x, y}, t1 - k == 0 && t2 - l == 0 && x > 0 && y > 0], Reals]

12

13 Out[17]= 1/2 + l < 0 && -(15/8) + k - 6 l - 6 lˆ2 == 0

14

15 In[18]:= Solve[-(15/8) + k - 6 l - 6 lˆ2 == 0, k]

16

17 Out[18]= {{k -> 3/8 (5 + 16 l + 16 lˆ2)}}

18

19

20 In[55]:= Resolve[

21 Exists[{x, y}, t2/t1 - l == 0 && x > 0 && y > 0], Reals]

22

23 Out[55]= 1/3 (-2 - Sqrt[5]) <= l < 0

24

In the following, I am finding the c value for (𝑟1, 𝑟2, 0) = 𝑐(𝑡1, 𝑡2, 0) which we simplify into

thinking of as (𝑟1, 𝑟2) = 𝑐(𝑡1, 𝑡2). Recall from Step 6 (3.3) that the 𝑐 value is 𝑐0
1
𝑡1

where 𝑐0 is

a solution to the implicit equation 𝑟1 = 𝑓1( 𝑟1𝑡2𝑡1 ,
𝑟1𝑡3
𝑡1
) where 𝑓1 is the function that described

the image of 𝑟𝑖𝑐. Since our function describing the image of 𝑟𝑖𝑐 in the 𝑧 = 0 setting was

given above as 𝑘 = 3
8 (5+ 16𝑙 + 16𝑙2) for a point (𝑟1, 𝑟2) = (𝑘, 𝑙) on the image of 𝑟𝑖𝑐, we use

𝑘 instead of 𝑓1 here (although 𝑓1 turns out to be the same when we let 𝑡3 = 0). Thus, we are

interested in getting the 𝑐 values by solving for 𝑟1 in 𝑟1 = 3
8 (5 + 16 𝑟1𝑡2

𝑡1
+ 16( 𝑟1𝑡2

𝑡1
)2). Below

this is done with 𝑐2 being used for 𝑟1 and 𝑧2 being used for 𝑡2
𝑡1

. Thus, we have a description

of our 𝑐0.

1 In[56]:= Simplify[ReplaceAll[3/8 (5 + 16 l + 16 lˆ2), l -> c2*z2]]
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2

3 Out[56]= 15/8 + 6 c2 z2 + 6 c2ˆ2 z2ˆ2

4

5 In[58]:= Reduce[

6 c2 == 15/8 + 6 c2 z2 + 6 c2ˆ2 z2ˆ2 && 1/3 (-2 - Sqrt[5]) <= z2 &&

7 z2 < 0, c2, Reals]

8

9 Out[58]= (z2 == 1/3 (-2 - Sqrt[5]) &&

10 c2 == (3 (1 - 2 (-2 - Sqrt[5])))/(4 (-2 - Sqrt[5])ˆ2) - (

11 3 Sqrt[1 - 4 (-2 - Sqrt[5]) - (-2 - Sqrt[5])ˆ2])/(

12 4 (2 + Sqrt[5])ˆ2)) || (1/3 (-2 - Sqrt[5]) < z2 <

13 0 && (c2 == (1 - 6 z2)/(12 z2ˆ2) -

14 1/12 Sqrt[(1 - 12 z2 - 9 z2ˆ2)/z2ˆ4] ||

15 c2 == (1 - 6 z2)/(12 z2ˆ2) +

16 1/12 Sqrt[(1 - 12 z2 - 9 z2ˆ2)/z2ˆ4]))

17

Similarly, we get the solution utilizing the same ratio as Theorem 3.14, 𝑡1
𝑡2

, as opposed to 𝑡2
𝑡1

since the indexing got flipped. To see how to solve for 𝑐, we use the same approach as in

Step 6 (3.3) and we see that we end up with 𝑐 = 𝑐0
1
𝑡2

with 𝑐0 being described by 𝑟2
𝑡1
𝑡2

and

𝑟1 = 𝑟2
𝑡1
𝑡2

. Thus, if we want to get 𝑐 for a given solution (𝑡1, 𝑡2), then we want to solve for 𝑟2

using the description of 𝑟1 in terms of 𝑟2 as before. That is, by using 𝑘 = 3
8 (5 + 16𝑙 + 16𝑙2)

again, we solve for 𝑟2 in 𝑟2
𝑡1
𝑡2
= 3

8 (5 + 16𝑟2 + 16𝑟2
2). We do this below with 𝑐2 used for 𝑟2

and 𝑧1 used for 𝑡1
𝑡2

. This provides us with a description of 𝑐0.

1 In[59]:= Resolve[

2 Exists[{x, y}, t1/t2 - k == 0 && x > 0 && y > 0], Reals]

3

4 Out[59]= k <= 3 (2 - Sqrt[5])

5

6 In[60]:= Reduce[
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7 c2*z1 == 3/8 (5 + 16 c2 + 16 c2ˆ2) && z1 <= 3 (2 - Sqrt[5]) &&

8 c2 < -1/2, c2, Reals]

9

10 Out[60]= (z1 <= -(3/4) &&

11 c2 == 1/12 (-6 + z1) - 1/12 Sqrt[-9 - 12 z1 + z1ˆ2]) || (-(3/4) <

12 z1 < 6 -

13 3 Sqrt[5] && (c2 ==

14 1/12 (-6 + z1) - 1/12 Sqrt[-9 - 12 z1 + z1ˆ2] ||

15 c2 == 1/12 (-6 + z1) + 1/12 Sqrt[-9 - 12 z1 + z1ˆ2])) || (z1 ==

16 6 - 3 Sqrt[5] &&

17 c2 == -(Sqrt[5]/4) -

18 1/12 Sqrt[-9 - 12 (6 - 3 Sqrt[5]) + (6 - 3 Sqrt[5])ˆ2])

19

Taking the above description of 𝑐0 and that 𝑐 = 𝑐0
𝑡2

, one can take the 𝑐 from Theorem 3.14

and see that we have the same 𝑐. Indeed, this is done by swapping 𝑡1 for 𝑡2 from Theorem

3.14, letting 𝑧1 =
𝑡1
𝑡2

here, and setting 𝑑1 = 𝑑2 = 7 and 𝑝1 = 𝑝2 = 7
6 (See Remark 3.23).

From there, one can see that we have the same 𝑐 values.
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[BL23] Christoph Böhm and Ramiro Lafuente. Non-compact einstein manifolds with

symmetry. Journal of the American Mathematical Society, feb 2023.

[Boc46] S. Bochner. Vector fields and Ricci curvature. Bull. Amer. Math. Soc., 52:776–

797, 1946.

[BP20] Timothy Buttsworth and Artem Pulemotov. The Prescribed Ricci Curvature

Problem for Homogeneous Metrics, page 169–192. London Mathematical So-

ciety Lecture Note Series. Cambridge University Press, 2020.
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