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Abstract

After developing the relevant background and proving some general results in the early
chapters, the main novel content of this thesis is the computation of the i-th homology
groups of the second configuration spaces of metric graphs Star, and ﬁm,n, with two restraint
parameters. These configuration spaces are filtered by the poset (IR, S)op x (R, <). We study
the persistence modules PH;((Starc)? ;) and PHi((”;‘-Almm)Q_’_;]F) where ¢ = 0,1, since
higher homology vanishes for these spaces. Next, we construct a new representation over
the poset given by the hyperplane arrangement of the configuration spaces of the finite
graph. There is no loss of information when we restrict to the poset of chambers because
the functor PH;(—) factors through the poset of chambers. Using this machinery and the
homology groups we calculated, we find the direct sum decomposition of the 2-parameter
persistence modules PH;((Stary)% _;IF) and PH;((Hmn)? _;F), where each summand is

indecomposable. In particular, we show that PHO((’}-A[mm)Q_’_;]F) and PHy((Hmn)? _;TF)

—,—)

can be written as a direct sum of polytope modules.
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Chapter 1

Introduction

Topological data analysis (TDA) applies Topology to study data clouds’ geometry and
topological features. It was first inspired by the work of Marston Morse, followed by a
sequence of pioneered papers, see for instance [41][27][21]. The pipeline of TDA can be

(roughly) described by three main steps:
o Obtaining the point cloud with a metric;

» Constructing the geometric object (specifically, a filtered complex) from the point cloud

with discrete or continuous parameters;

o (alculating the homology groups of the filtered complex and the persistence diagram
/barcode. Interpreting the topological and geometric features of the data via persistence

diagram /barcode.

Persistence

diagram/

Filtered
complex

Figure 1.1: The pipeline of TDA

Barcode



Let IF be a field and (P, <) be the set P with a partial order. A persistence module over
(P,<) is a family of F-vector spaces {M; | t € P} and a doubly-indexed family of linear
maps {pst : Ms — My | s < t} where ppypst = psu for any s <t < win P and pss = idyy,
for all s € P. The poset (P, <) can be regarded as a category, and persistence modules are
functors from the category (P, <) to the category of vector spaces Vectg. We use Vectl(FP’S)
to denote the category of persistence modules over the poset (P, <). For instance, when
(P, <) = (R", <) with the product order where (ay,...,a,) < (b1,...,b,) € (R, <) if and

(R™,<)

only if a; < b; for all ¢ = 1,...,n, the objects of Vecty™ "=’ is called n-parameter persistence

modules.

One of the primary tasks in TDA is finding the proper representations (called "barcodes”)
of data clouds. The notion of barcodes is introduced in [27], and algorithms for computing
barcodes of persistence modules are discovered by many researchers. Carlsson-Zomorodian
(2015) studied the 1-parameter persistence modules of finite type [47], that is, (P,<) =
(N, <) and each M : (N, <) — Vectp has the property that M; is a finitely dimensional
vector space for every i € IN and there exists N € IN such that morphism M (i < i+ 1) :
M; — M;44 is an isomorphism for all © > N. They proved that the category of persistence
modules of finite type is equivalent to the category of finitely generated non-negatively graded
IF[x]-modules. Using the equivalence of the categories, one can obtain an algebraic description
of the barcode. Since F[z] is a principal ideal domain (PID), for each persistence module

M : (Z,<) — vectg, there exists m,n € IN such that

M = (é x“ilF[:v]) = (;é xbﬂF[flf]/(xdj))

i=1
Therefore, the barcode of M consists of the intervals [a;, 00) for i = 1,...,n and [bj,d;) for
j =1,...,m. The ungraded version is the structure theorem for finitely generated modules



over a PID, which is a standard result in commutative algebra.

Although the theory of 1-parameter TDA provides a powerful tool for helping people
understand data, the data cloud itself may naturally come with more than one parameter.
Analyzing one parameter at a time is time-consuming and can be information-losing: it only
contains a slice of the feature by fixing all but one parameter. For example, every RGB image
has three parameters representing the three color channels. When we apply TDA theory to
analyze this image, we first need to convert the RGB image into a grayscale image. In this
process, we may lose information because two distinct RGB points may have the same value
in grayscale. Multi-parameter topological data analysis has promising application potential
in dealing with higher-dimensional data clouds. Applying a multi-parameter TDA theory,
we will be able to train computers to learn RGB images without converting the images into

grayscale images.

On the other hand, the data cloud may contain noise. Multi-parameter topological
data analysis also has promising application potential handling data clouds with noise. By
considering the density of the data as a parameter along with the radius parameter, one can

remove noise from the data and analyze the shape of the data at various density levels.

One difficulty in the multi-parameter persistence theory is that there is no canonical way
to define the higher-dimensional barcodes (which represent indecomposable representations)
analogous to the 1-dimensional barcodes because there is no structure theorem available
in vect]%P’S) when the poset P is not a totally ordered set. For example, it is impossible to
classify the indecomposable representations of 2-parameter persistence modules. Every point-

wise finite-dimensional 2-parameter persistence module corresponds to a finitely generated

Z?-graded module over F[z,y], up to isomorphism, but there is no classification theorem



of finitely generated Z2-graded modules over F[x,y]. Consequently, the indecomposable
submodules of a multiparameter persistence module can be very complicated. Buchet-
Escolar shows that any n-parameter persistence module can be embedded as a slice of an
indecomposable (n + 1)-parameter persistence module[13][12], that is, for every n-parameter
persistence module M, there exists an indecomposable (n + 1)-parameter persistence module
N such that M = N o, where ¢ : (Z", <) — (Z"*!,<) is a functor that is injective on

objects.

In this thesis, we want to apply the multi-parameter TDA theory to analyze complicated
geometric objects. In particular, we want to understand how the configuration spaces change
along with the changes in the proximity conditions. In 2013, Dover-Ozaydin studied the
restricted configuration space of metric graphs and gave an upper bound for the number
of homeomorphism types of its n-th configuration space over proximity conditions.[26] As
a continuation of their pioneering work, we study the multi-parameter persistence modules
given by the filtrations of the n-th configuration spaces (with two restraint parameters)
of finite metric graphs. In addition to the parameters representing the minimum distance
allowed between each pair of robots, we also consider the parameters representing the length

of edges (denoted by L = (L¢)ccp, where E is the set of edges of the underlying graph).

Let I = (V, E) be a graph and X be a geometric realization of I'. Given an edge length
vector L = (L¢)eep € ]R|>EO|, the metric graph X7y, is the space X endowed with the metric

satisfying
1. each edge e is isometric to the interval [0, L, |;

2. Xy, has the path metric (denoted by §): for any x,y € Xy, d(x,y) is the length of a

shortest path from x to y.



1.1 - FIRST EXAMPLE
The n-th configuration space of X with restraint parameter r € 1R(>20) and edge length vector
L is

rL = (x1,...,2p) € (X1)" | 0(wi,zj) > 145,4,5 =1,...,n}

The object that we are investigating is a filtration of the spaces {X;L,L}- This filtration
naturally comes with () + |E| parameters [26]. In particular, when all robots have the same
size and all edges have fixed lengths, the problem reduces to a single-parameter problem, and
one can apply the (single-parameter) TDA theory to analyze the filtration of configuration
spaces.

In Section 1.1, we discuss an example which motivates this thesis.

1.1 First Example

Let Y7, be a metric graph with the shape of Y with the following metric: two edges of

VL., have length 1, and the length of the other edge (labeled by e;) varies. Let ez and e3

denote the other two edges of Y7, . In this example, we interpret the metric graph Y7, as a
Y-shaped rail and consider two distinct thick robots (denoted by red robot and green robot)

moving on Yz, , see figure 1.2. Let 7 denote the minimum distance required between the two

robots and let L., denote the length of the edge e;. We denote its configuration space by

2
T, Ley

Figure 1.2



1.1 - FirsT EXAMPLE

One cell of }/;"2,1/51 is given by (1.1).

0<z<1=L,, 0<os<1=1Le
0<y<1= Le (1.1) 0<y<1=Le, (1.2)
rt+y=>r r+y>r

The system of inequalities (1.1) corresponds to the case when the red robot is on edge ey
and the green robot is on edge e3, while the system of inequalities (1.2) corresponds to the

case when the red robot is on edge e3 and the green robot is on edge es.

Similarly, the system of inequalities (1.3) (1.4) (1.5) gives 2-dimensional cells of YTZ’ Le,’

for i = 2,3,
0<x1§L61
0<z <L 0< 71 <1= L
0<as<L (1.5)
0<aa<1=0L, (13) 0<ay<Le (1.4) “
1 +x9>T
r1t+ax 2w r1t+w2 2T

There is another type of 2-dimensional cells in Yr2 Le, and those cells correspond to the

case when the red robot and green robot are on the same edge of Y: for : = 1,2, 3,

0§[ES1:L€1 OSZL‘Sl:Lei
0<y<1=L (1.6) 0<y<1=L, (1.7)
r—y=>r y—x>r

The system of inequalities (1.6) corresponds to the case when the distance between the
red robot and the center of Y7, is greater than the distance between the green robot and the

center of Y., while the system of inequalities (1.7) corresponds to the opposite scenario.



1.1 - FirsT EXAMPLE

Note that the critical hyperplanes are

r=1
r=2
(1.8)
7 = Le,
r=Le¢ +1

We then obtain the hyperplane arrangement in the parameter space where each point
(r, Le,) in the hyperplane corresponds to a restricted configuration space Y7~2 Loy 88 shown
1,0

in figure 1.3. Note that Y2 and 3/}22’12 are homotopy equivalent (or even stronger, isotopy

equivalent) when the points (r1,11) and (r2,l2) are contained in the same chamber.

1 O 6 points
O 1 circle
O 2 points
@ 4 points

1 2 r

1 2 T
Figure 1.3: The hyperplane arrangement

Figure 1.4: Homotopy type of Y72
in R? associated to YT% Le & py typ 7 Ley

We want to understand how much the space will change if we perturb the parameters.

For example, when L., = 1, the space Y,?l changes as r goes from 0.2 to 2:

& XX x:i

Figure 1.5: Y02~271 Figure 1.6: Y02.471 Figure 1.7: Y12,1 Figure 1.8: Y12_3’1 Figure 1.9: Y22,1

Note that the space Y02.471 is a subspace of Y0?271, and Yfl is a subspace of Y0?471. In



1.1 - FirsT EXAMPLE

general, for a < b € Ry,

2 2
Yb,l C Ya,l

We hence obtain a filtration with one parameter r with a given edge length L., = 1.
Apply the 0-th homology functor Hy(—;IF) to each step of the filtration then we obtain a
persistence module PHo(Y21;TF) over the poset (Rso, <)*. The barcode of Ho(Y2;F) is

shown in figure 1.10.

0 1 2 3

Figure 1.10: The barcode of PHo(Y2 |;TF)

Now we consider YTQQ with r varies. In other words, we consider the restricted configuration
spaces of Y when the length of edge e is 2. Figure 1.11- 1.15 illustrate the changes of YT2’1

as 1 goes from 0.2 to 2:

X IXI L

Figure 1.11: Y&QQ Figure 1.12: Y02_472 Figure 1.13: Y1272 Figure 1.14: Y12.372 Figure 1.15: Y2272

Note that for a < b € Ry,

2 2
Yo C Yoo

We hence obtain a filtration with one parameter r with a given edge length L., = 2.
Note that Y;?Q is homotopy equivalent to S' when 0 < » < 1. When 1 < r < 3, YT%Q is
homotopy equivalent to the space of 4 points. Applying the 0-th homology functor Hy(—;F)

to each step of the filtration then we obtain a persistence module PH| (Y_Q’Q;IF) over the

8



1.1 - FirsT EXAMPLE

poset (Rsg, <)". The barcode of Hy(Y?2,;F) is shown in figure 1.16.

o—o
o—e
o—@
A
0 1 2 3

Figure 1.16: The barcode of PHo(Y2 5;TF)

The homotopy type of YT%L81 for each r and L., is given in Figure 1.4. We want to

understand the 2-parameter persistence module PHi(Y_Q’_;lF). In particular, we want to

answer the following questions:
« Is PH;(Y2 _;F) interval indecomposable?

« What are the indecomposable direct summands of PH;(Y2 _;TF)?



Chapter 2

Preliminaries

In this chapter, we revisit some basic notions and results which serve as background. We

will also introduce the notations that we are going to use in this thesis.

2.1 Some Category Theory

2.1.1 Basic Notions

Definition 2.1. A category C consists of the following data:
e a collection of objects, denoted by ob C;
e a collection of morphisms between objects, denoted by Home (%, *), such that

— for each object ¢ of C, id. € Homc(c,¢);

— f € Home(c,d) and g € Home(d, ") implies go f € Home(c, ).
satisfying the following axioms:

— for any f € Hom¢(c, ), foid. = f =idyof;

10



2.1 - SOME CATEGORY THEORY

— for any f € Homc¢(c,), g € Home (', "), and h € Home(c”, "),
ho(gof)=(hog)of

When the collection of morphisms of C is a set, C is called a small category. C is called

a locally small category when Home(c, ) is a set for all ¢,¢’ € obC.

Definition 2.2. A category C is thin if Homc(c, ') contains at most one element for all

c,d € obC.

Definition 2.3. A category C is connected if C is not empty and for all ¢, € obC, ¢ and

c is connected by a finite zigzag of morphisms.
Here are some categories that we are going to use in this thesis:

Example 1 (Poset as a category). Let (P, <) be a partially ordered set (poset, in short).
We can view (P, <) as a category where its objects are elements of P and in which ¢ — ¢ €

mor (P, <) if and only if ¢ < (. A

Example 2 (Path category of a graph). Let T = (V, E) be a graph. The path category of
I', denoted by Path(T), is a category where its objects are vertices of I' and morphisms are

paths in I'. A

Example 3 (Category of groups). The category of groups, denoted by Group, has groups
as its objects and group homomorphisms as its morphisms. The category of abelian groups,
denoted by Ab, has abelian groups as its objects and group homomorphisms as its morphisms.

Ab is a full subcategory of Group. A

Example 4 (Category of R-modules). Let R be a commutative ring with 1. The category
of R-modules, denoted by Modpg, has R-modules as its objects and R-homomorphisms as its
morphisms. A full subcategory of Modp consists of finitely generated R-modules is denoted

f.g.
by Mod®E. A

11



2.1 - SOME CATEGORY THEORY

Example 5 (Category of vector spaces). The category of vector spaces over the field [F,
denoted by Vectp, has vector spaces as its objects and linear transformations as its morphisms.

A full subcategory of Vect consists of finite dimensional vector spaces is denoted by vectp.

A

Example 6 (Category of topological spaces). The category of topological spaces, denoted

by Top, has topological spaces as its objects and continuous maps as its morphisms. A

Definition 2.4. A category D is a subcategory of C if obD is a subcollection of obC
and Homp(d,d') is a subcollection of Homc(d,d") for all d,d € obD. Moreover, when

Homp(d,d") = Home(d,d'), D is called a full subcategory of C.

Definition 2.5. Given categories C and D, a (covariant) functor F : C — D consists of

the following data:

e forallceobC, Fc € obD;

e for all f € Home(e,d), Fe € Homp(Fe, Fd)
satisfying the following axioms:

e Fid. =idx. for all c € obC;

e for any f € Homc(c, ) and g € Home (', ¢
f Yy f C( 5 g C ) s

F(gof)=FgoFf

Here are some functors that we are going to use in this thesis:

Example 7 (Forgetful functors). Forgetful functors (denoted by U) are functors that forget

some structures in the source category. Here are some forgetful functors:

1. U : Group — Set, forgetting the group structure;

12



2.1 - SOME CATEGORY THEORY

2. U : Group — Set,, forgetting the group structure but keeping the information of

identity element for each group;
3. U : Top — Set, forgetting the topological structure;
4. U : Ring — Ab, forgetting the multiplicative operation;

5. U : Modp — Ab, forgetting the scalar multiplication.

A

Example 8 (Homology). Let ¢ be a natural number. The i-th homology group defines a
functor H;(—) : Top — Ab where H; sends each X to H;(X) and each continuous map
f:X =Y toa group homomorphism H;(f) : H;(X) — H;(Y). A

Example 9 (Persistence module). Consider the poset (R, <) as a category. A persistence
module is a functor M : (R, <) — Vectg where M sends each a € R to a vector space M,
and each arrow a < b to a linear transformation M (a < b) : M, — M,. Since (R, <) is thin,

the functoriality of M implies M (a < a) =idy;, and M(a <c¢) = M((b<c)oM(a <b). A

Example 10 (Quiver representation). Let Path(T') be the path category of a direct graph T
A quiver representation over I' is a functor F : Path(I') — Vectg where F sends each vertex v

to a vector space Fv and each path f : v — w to a linear transformation F f : Fv — Fw. A

Definition 2.6. Given two functors F,G : C — D, a natural transformation a: F = G

consists of the following data:

e forallceobC, a.: Fc— Gc e morD;

e forall f:c— ¢ € Home(c,d),the following diagram commutes in D:



2.1 - SOME CATEGORY THEORY

Here are some functor categories that we are going to use in this thesis:

Example 11 (Category of persistence modules). Let (IR, <) be a poset (as a category). We

use Vect](F]R’S) to denote the category of persistence modules, where its objects are functors
from (R, <) to Vectg and morphisms are natural transformations. A

Example 12 (Category of quiver representations). Let Path(I') be the path category on a

ath(T)

direct graph I'. We use Vect; to denote the category of quiver representations over I,

where its objects are functors Path(I') — Vecty and morphisms are natural transformations.

A

The category of persistence modules and the category of quiver representations are

examples of the category of functors.

Example 13 (Category of functors). Let C and D be two categories. Then the category
of functors from C to D has functors C — D as its objects and natural transforms as its

morphisms. We use D€ to denote this category. A

The category of functors may not be locally small. In particular, when C and D are

locally small, D€ is not guaranteed to be locally small. The next proposition is useful.

Proposition 2.7. Let C be a locally small category and D be a small category, then D€ is

locally small.

Definition 2.8. Let F,G : C — D be functors. We say F is naturally isomorphic to G
(denoted by F = G) if there exists a natural transformation X\ : F = G such that \. is an

isomorphism in D for all ¢ € ob C.

Definition 2.9. A functor F : C — D is said to be full if the map Home(c,d) —
Homp (Fe, Fc') is surjective, and is said to be faithful if the map Homg (¢, ) — Homp(Fe, Fd)
is injective. F is said to be essentially surjective if for all d € ob D there exists ¢ € obC

such that Fec = d.

14



2.1 - SOME CATEGORY THEORY

Definition 2.10. Let C and D be two categories. We say C is equivalent to D if there
erists F : C— D and G : D — C such that F oG = idp and Go F = idc.

Theorem 2.11. C and D are equivalent if there exists a functor F : C — D which is

fully-faithful and essentially surjective.

2.1.2 Limits and Colimits

In this section, a diagram in C (over a category J, called a shape) is a functor F : J — C,

where J is the path category of a directed graph.

Example 14 (Trivial diagram). Let ¢ € obC. A trivial diagram in C over a given shape J

is a functor ¢ : J — C where ¢ sends each vertex of J to ¢ and each arrow of J to id.. A

Definition 2.12. Let F : J — C be a functor. A cone over F with summit c is a natural

transformation A : ¢ = F and a cone under F with nadir ¢ is a natural transformation

AN F=c.

Definition 2.13. Let F : J — C be a functor. The limit of F, denoted by limyF, is an
object of C along with a universal cone X\ : limyF = F satisfying the following condition:
for all p : ¢ = F, there exists a unique natural transformation o : ¢ = limyF such that

Wi = Ajoay for alli € obJ.

Equivalently, we can define limyF to be the representative of the functor Cone(—,F) :
C — Set, in other words,

Hom¢(—, limyF) = Cone(—, F)
Dually, we can define colimits.

Definition 2.14. Let F : J — C be a functor. The colimit of F, denoted by colimyF, is

an object of C along with a universal cone A : F = limyF satisfying the following condition:

15



2.1 - SOME CATEGORY THEORY

for all u: F = ¢, there exists a unique natural transformation o : colimyF = ¢ such that

i = a;oN; for alli € obJ.

Example 15 (Product and Coproduct). Let J be a discrete category and F : J — C.

Assume C has limits and colimits over J. The product of F;, denoted by [] Fj, is the limit
J

Jj€
of F. In other words, [[ F; = limyF. Dually, the coproduct of F}, denoted by [[ Fj, is the
jeld jeld
colimit of F. In other words, [ F; = colimyF. A
jed

2.1.3 Direct limit and its Properties

A set 7 is called a directed set if it has a preorder with an additional property that every
pair of elements of Z has an upper bound. A directed system in C over the directed set
7 (denoted by {X;}ie7) is a functor X : Z — C. Since Z is a preorder, X has the following

properties:
1. for all i,j € Z, [Home(X;, X;)| < 1;
2. X(i <1i) =idy, for all i € Z;
3. X(j<k)oX(i<j)=X(i<k), forallij ke wherei<j<k.

Definition 2.15. Let {X;}icr be a directed system. The direct limit of {X;}icr is the
colimit of X, in other words,

li Xi = coIimIX

—

Notation: We denote the (unique) map X (i < j) : X; — X; (¢ < j) by fij; we use p;
represents the map X; — lim X;, which is a leg map of the colimit cone.

Note that, by the universal property of the direct sum, there exists a unique morphism
@I Xi — limX;. In particular, the following proposition provides an explicit construction of
inXi. Let \; : X; — @ X; be the canonical morphism for all 7 € 7.

i

16
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Proposition 2.16. Let C = Mody. Then h_r)nXZ- = colimz X = P X,;/S, where S is the

submodule of M generated by \jo X (i <j)— ) foralli <jeZ.
Proof. See [42] Proposition 5.23. O

Lemma 2.1. Let {X;};c7 be a directed system where X; € Modp, for all ¢ € Z. Then L is

the direct limit of { X, };c7 iff the following conditions hold:

1. Given x € L, there exists i € Z and x; € X; such that p;(x;) = x.

2. If there exists z; € X; for some i € Z such that p;(x;) = 0, there exists j € Z with

j Z ¢ such that f”(l’z) =0.

Proof of lemma. (=) is given in [46] Lemma 2.6.14.

(<) We want to show for any cocone under { X; };e; with nadir M with leg maps (m;)qer,
there exists a unique map

¢:L— M

such that m; = ¢op; for all i € I. By the condition (1), we are forced to define ¢(z) =
m;(x;) where p;(x;) = x for some ¢ € I. Suppose there is another z; in X; such that
pj(xj) = x, without loss of generality, we assume ¢ < j. Notice that p;(fij(z;)) = pi(xi)
hence p;(zj — fij(z;)) = pj(zj) — pi(xi) = © —2x = 0. Therefore, by condition (2), there
exists k € I with k > j such that fji(z; — fij(x;)) = 0. Hence my, fx(x; — fij(2:)) =0, i.e.,

mj(x;j) —m;(x;) = 0, which implies ¢ is well-defined.

Theorem 2.17. Let {X;}iez be a directed system where X; are open subset of an ambient

topological space and X; — X is an inclusion map if i < j. Then

I

li Wn(Xz)

==

Wn(li Xz)

=

17
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Proof. Given [o] € m,(limX;), then o is a map from S” to limX; = UX;. Since S™ is
compact, there exists X such that Imo C Xj. That means [o] € m,(X}).

On the other hand, if there exists [0] € 7,(X;) such that o ~ 0 in 7, (limX;). Let
H:S5"x1— @Xi be the homotopy. Note that S™ x I is compact, there must exist X}
such that Im H C Xj. Hence 0 ~ 0 in m,(X}).

By the Lemma 2.1, we conclude that limm, (X;) = m, (limX;).

Theorem 2.18. lim— s ezxact.
=

Proof. Let {X;}ict,{Yi}iez, {Zi}iez be directed systems where for each i € Z, X; EN v; &
Z; is exact at Y;. Denote oy; : Y; — Yj and 85 : Z; — Z;. Denote p; : X; — @Xi,
q Y, — @Yi and r; 1 Z; — h_n;Zi We want to show the following sequence is exact:

imX; O limy; & limz,

First, the existence of F' and G is clear by the universal property of direct limits.

Second, notice that g; o f; = 0 for all ¢« € Z (which means the map g;o f; : X; — Z;
factors through 0), hence we have G o F' = 0.

On the other hand, given y € kerG, we have G(y) = 0. By the previous lemma, there
exists y; € Y; for some i € Z such that ¢;(y;) = y. Hence we have (Go¢;)(y;) = G(y) = 0.
Note that G o g; = r;g; we have r;jg;(y;) = 0. By the previous lemma, there exists Z; such that
Bij(g9i(yi)) = 0. Note that f;;g; = gjou; hence gjaj(y;) = 0. Note that X f—J> Y; 9, Zj is

exact, there exists z; € X such that fj(z;) = aj;(v;). Hence we have
Fopj(ey) = ¢ifi(zj) = ajeuj(yi) = aiyi) =y

Hence kerG C Im F'. O

18
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2.1.4 Generators of Categories and Projective Objects

Definition 2.19. Let C be a category. A collection of objects {U;}icr is called a collection
of generators of C if for any pair of distinct morphisms f,g € Homc (A, B), there exists

u € Home (U;, A) for some i € I such that fu # gu.

Note that if P € C is projective and h : P — U; is an epimorphism where U; is a
generator of C, then P is a generator of C because: for distinct functions f,g: A — B such

that fu # gu, where u : U; — A, h is an epimorphism implies (fu)h # (gu)h
Proposition 2.20. Assume C has coproduct. Then an object U generates C if and only if

there exists a epimorphism ~ : colim;U — A for every A € C.

Proof. Assume U generates C. Then for any pair of distinct morphisms f, g € Home (A, B),
there exists u : U — A in C such that fu # gu. Let colim;U denote that coproduct of U
over the shape J = Hom¢ (U, A). Note that v : colimjyU — A is an epimorphism: let h # k
where h, k € Homc (A, B) and u : U — A in C such that hu # ku. Let o, : U — colim ;U be

the u-th leg map of the colimit cone. Then u = yo,. Since

hvyo, = hu # ku = kyoy

we conclude that hy # k~. Therefore, v is an epimorphism.

Conversely, let f,g € Homc(A, B) to be a pair of distinct morphisms. Because there
exists a epimorphism v : colim;U — A for every A € obC, fv # gv. Then there exists

oy : U — colim ;U (which is the u-th leg map of the colimit cone) such that

fyou # gyou
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2.1 - SOME CATEGORY THEORY

where yo, : U — A. ]

Definition 2.21. Assume C has coproduct and {U;}icr be a collection of generators of C.
n

We call an object A € C is finitely generated if there exists an epimorphism @ U;, — A
k=1

where 11, ...,in € I for some natural number n. A is free if there exists J C I such that

A= P U;.

e
Definition 2.22. Let A be a small abelian category. Let € be a collection of epimorphisms
of A. An object A of A is E-projective if Hom (A, «) is an epimorphism for all o« € £. The
collection of E-projectives is denoted by p&. Let P be a collection of objects of A and ¢P

denote the collection
¢P = {a € MorA | a is an epimorphism and Hom(A, «) is an epimorphism for all A € P. }

Note that £ C & implies p€ D p&’ and P C P’ implies ¢P D ¢P’. Moreover, epE D &
and peP O P. We can view ¢ as a functor from the power sets of A to the power sets of
the collection of the epimorphisms of A and view p as a functor from the power sets of the
collection of the epimorphisms of A to the power sets of A. Then ¢ 4 p and we obtain the

Galois connection between those two categories:
epeP =¢P  and pep€ = p&

Definition 2.23. Let A be an abelian category and £ be a collection of epimorphisms of A.
& s called closed if there exists a collection of objects of A, denoted by P, such that £ = ¢P.
Moreover, if for every A € ObjA there exists a: P — A where P € p&, then £ is called a

projective class of A.

Lemma 2.2. Let A be an abelian category and £ be a projective class of A. If there is a

morphism « : A — B in A such that Homa (P, «) is an epimorphism for all P € p&, then
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a€ €.

Proof of lemma. Since £ be a projective class of A, & = ¢P for some P C MorA and
there exists 3 € £ where 5 : P — B and P € p€. Note that Homp (P, «) is an epimorphism,
there exists v : P — A in A such that aoy = . Since  is an epimorphism, so is a. Since
Homa (P, «) is an epimorphism for all P € p&, we obtain « € ep€. Note that & = ¢P, we
have

epl =epeP =eP =€

Therefore, o € €. L

Lemma 2.3. Let T : A — B be a faithful functor and o : A — A’ be a morphism in A. If

T« is an epimorphism, so is a.

Proof of lemma. Assume there exists f,g € MorA such that foa = goa. Applying
the functor T to this equation, by the functoriality of T, we get T'f o Taw = T'g o T'a. Note

that T« is an epimorphism, therefore, T'f = T'g. Hence f = g because T is faithful. ]

Theorem 2.24. Consider S : B — A and T : A — B such that S 4 T. Assume T is faithful.
Let € be a projective class of B. Then T~'E is a projective class of A and p(T~1E) consists

of objects of the form SP or retractions of SP, where P € p&.

Proof. Given a € T~'€, Ta € €. Hence for all P € p&, Homg(P,Ta) is an epimorphism.
Since S H T, Homg(P,T«) is an epimorphism implies Homa (SP, «) is an epimorphism.

Therefore, SP € p(T~1E).

Given a € ep(T~1&), Homa(SP, ) is an epimorphism for all P € p€ because SP €

p(T~1&). Since S 4 T, this implies Homg (P, T'«) is an epimorphism for all P € p&€. Hence

21



2.1 - SOME CATEGORY THEORY

Ta € ep€. Since £ is a projective class, hence is closed, there exists P C ObjB such that

E = ¢P. Hence ep€ = € and Ta € £. Thus o € T71E, in other words, 77L& is closed.

Given A € ObjA, note that TA € ObjB and & is a projective class, there exists « :
P — TA in & for some P € pE. Since S 4T, o’ := e40Sa € Homa(SP, A). Note that

eqo0Sa €T 1, thatis, Ta’ € £ : for all Q € p&, the map
Homg(Q, T”) : Homg(Q, T'SP) — Homg(Q,TA)

is an epimorphism because Homg(Q,«) is an epimorphism, and we have the following

commutative diagram.

Homg(Q, P)

HomB(CV %B(Q,a)

Homg(Q,TSP) Homg(Q,TA)

Homp (Q,Tab)

Note that SP € p(T~1€), we conclude that T~1£ is a projective class.

Given A € p(T~1€), note that TA € ObjB and & is a projective class, there exists
a: P — TAin & for some P € pE. Note that o’ € T-1€ and A € p(T~'E), Homa (4, a”)
is an epimorphism, in particular, there exists v : A — SP such that oo v =id4. Hence A

is a retract of SP for some P € p&. ]

Proposition 2.25. Consider S : B — A and T : A — B such that S 4 T. Assume T is
faithful. Let £ be a projective class of B. If there exists a functor R : A — B such that

1. there exists p : RS = idg;

2. for all @ : SP — A where P € p€ and A € p(T~1£), R() is an isomorphism implies
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« is an isomorphism.

Then A € p(T—1&) implies A = SP for some P € p€.

Proof. Let A € p(T~1&). T71€ is a projective class of A, there exists P € p€ and o : SP —

A in T7€ such that A is a retract of SP, i.e.,

A—-SP— A

Apply R to the above diagram, we obtain

RA —- RSP — RA

Note that p: RS = id is an equivalence, in particular, RSP = P, we get

RA—- P — RA

Hence RA is a retract of P. Since P € p&, so is RA. Note that SRA is a retract of SP
because

SRA —- SP — SRA

We claim that SRA = A.

Lemma 2.4. The co-unit morphism e4 : STA — A is an element of T~1&.

Proof of lemma. Apply T to €4 : STA — A, we obtain Tey : TSTA — T A. Note that
for every P € p€&,
Tepys : Hom(P,TSTA) — Hom(P,TA)
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is an epimorphism: for every f € Hom(P,TA), note that npa o f € Hom(P,TSTA) and

Teac(nraof)=Tesonraof=idpaof = f

By Lemma 2.2, Tey € €. Therefore, e4 € TLE. |

Since A is T~1&-projective, there exists v : A — ST A such that e4 0oy = id4. Consider
SRA 20 SRSTA SHT4y ST A 4, A
By applying R to the above diagram, we obtain

RSRA B5%Y popsT A 5074, pop g Beay py

Note that the diagram
RSRSTA ™4 RsTA

MRSTAJ JNTA

RSTA ——— TA
HTA

is a commutative because p is a natural transformation. In other words, pu7a o ursTa =
pura o RSura. Because pur g is an isomorphism, we obtain urpsra = RSpra. Consider the

following diagram
RSRy
RSRA —— RSRSTA
/J'RAJ lRSuTA

RA ——— RSTA
Ry

This diagram is commutative because p is a natural transformation and RSura = pursra.
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Therefore,
Repo RSpurso RSRy = Rego Ryo uga
= R(ea07) 0 ira
(2.1)
= R(idA) O lLRA
= HRA
Therefore, Re4 o RSura o RSR7 is an isomorphism because pip4 is an isomorphism. O

Theorem 2.26. Let | be a poset and £ be a projective class of vect. Then the projective class
of vect]'F, denoted by 8('), consist of morphisms in vect]'F which are pointwise &-projective

and pEW consist of objects of the form @ Si(P;) where Py € p€ for all i € 1.
i€l

2.2 Graphs and Posets

A directed graph (also called digraph or quiver) @Q = (V, E, s,t) consists of two sets
V' (called the set of vertices) and E (called the set of arrows), and two maps s,t : £ — V
where s sends each edge to its source, and ¢ sends each edge to its target. Q = (V, E, s,t)
is said to be finite if V' and F are finite sets. We can view a quiver Q = (V, F,s,t) as a
category where V' is the set of objects and the set of morphisms consists of all finite (directed)

paths in (). We say the quiver () is connected if () is a connected as a category.

A graph T' = (V, E, %) is a digraph equipped with an involution * on the set of arrows
A such that ** = a, sa* = ta and sa = ta* for all a € A. The edge E of T are pairs {a, a*}
forall a € A, i.e., E is a set of unoriented arrow of I'. When V and E are finite sets, we call
' a finite graph. We can view I' = (V| E, ) as a category where V is the set of objects
and the set of morphisms consists of all finite paths in I'. We say the graph I' is connected

if I' is a connected as a category.
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A tree is a connected graph with no loops or cycles. A star graph with k leaves is a
tree with k 4+ 1 vertices and k edges such that there is exactly one vertex has degree k and

the degree of the other vertices is 1.

Figure 2.1: Stary,

A partially ordered set (or poset) is a set P with a partial order <:
1. a <aforall a € P;

2. a <band b < aimplies a = b, for all a,b € P;

3. a<band b < cimpliesa <c, a,b,c € P.

We use (P, <) to denote the set P with the partial order <.

A subposet | of (P, <) is connected if | is connected as a subcategory of (P, <). | is

convex if for every z < 2 <y € P, x,y € | implies z € I.

Definition 2.27 (Interval of a poset). | C (P, <). | is called an interval if it is conver and

connected.

(P, <) is locally finite if every interval of P is finite.

A poset (P, <) is bounded if P contains an initial element and a terminal element as a

category. A subset U of (P, <) is called an upset if for any x € U, = < y implies y € U for
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any y € (P, <). Dually, a subset D of (P, <) is called an downset if for any z € D, w < x
implies w € D for any w € (P,<). Given an upset U (as a subposet of (P, <)), we call U
a principal upset if there exists a € P such that a < x implies x € U for any x € (P, <).
Dually, given an upset D (as a subposet of (P, <)), we call D a principal downset if there

exists b € P such that y < b implies y € D for any y € (P, <).

Let a,b € P. a is said to cover b if b < a and there is no element ¢ € P such that

b < ¢ < z. We write b < a when a covers b.

When (P, <) is finite, we can construct a graph on the plane as follows:
1. each element of (P, <) gives a vertex of the digraph;

2. For all a,b € P, place the vertex a above! the vertex b if b < a;

3. For all a,b € P, place a line segment between a and b if b < a.

This digraph is called the Hasse diagram of (P, <)

2.3 Category of Graded Modules

Let J be a monoid. A J-graded ring R is a ring such that R = @J R; where R; is a
subgroup of R for all ¢ € J, such that R; - R; C R; ;. In addition, Whenlj% is an algebra over
a field IF and R; is a vector space over [F for all 7 € J, R is called a graded [F-algebra. Let
R and R be two J-graded rings. f : R — R is a graded ring homomorphism if f is a
ring homomorphism and f(R;) C R; for all i € J. The category of J-graded rings, denoted

by Gr'Ring, has graded rings as objects and graded ring homomorphisms as its morphisms.

La is above b means that the y-coordinate of a is greater than the y-coordinate of b on the zy-plane.
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Example 16. F[z] is a N-graded ring via F[z]; := Fa® for all i € N. A

Recall that a partially ordered set is a pair (S, <) consisting of a set S and a partial
order < on S. A group G is called a partially ordered group if its underlying set UG is
a partially ordered set, where U is the forgetful functor & : Group — Set, satisfying the
following condition

if a <be GG, then ag < bg, forall g e G

A ring can have multiple gradings.

Example 17. R := F[z1,..., 24| is a N-graded ring via F[z1,...,24]; = R;, where R; is

the abelian group generated by the monomials of degree 1. A
Example 18. R := F[z1,...,14] is a N%graded ring via F[z1, ..., 24]n,,...n, = Faft - 2.
A

Proposition 2.28. Let J be a monoid and R be a J-graded ring. Then

1. Ry is a subring of a J-graded ring R, where 0 € .J is the identity element;
2. 1p € Ry;

3. R; € Modp, for all ¢ € J.

Let J be a monoid and R be an J-graded ring. An R-module M is called an (J-graded)
R-module if there exists a collection of subgroups of M (denoted by {M;}) such that
M = @JMZ and R; - M; C M;y;. Let M,N be (J-graded) R-modules. f: M — N is a
gradelci R-module homomorphism if f is an R-module homomorphism and f(M;) C N;
for all i € J. The category of (J-)graded R-modules, denoted by Gr'Modp, has graded

R-modules as objects and graded R-module homomorphisms as its morphisms.

When J = Z x Z, we call M a bigraded module. Given two bigraded modules M and
N, a morphism f : M — N has degree (a,b) if f = (fij)ijes where fi; : M;j — Nitq jtp-
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2.4 Mayer-Vietoris Spectral Sequences

In this section, we give an introduction to the Mayer-Vietoris spectral sequences. The set
up for the general spectral sequences can be found in any standard textbooks on homological

algebra, for example, [46] and [42]. We are going to use A to denote an abelian category.

A (homology) spectral sequence in A is a collection of objects {E] } of A, for all
p,q € Z and r > a (for a fixed a), together with morphisms dpg * Epg = Ep_y g4r—1 such

that dj, ody,_, .+, = 0, satistying

o o kerdy,

i Im dzq;Jrr,q—rJrl

For each r, the collection of Ej, is called the r-th page of the spectral sequence. {E;q} is
said to be bounded if for each n := p + ¢ (called the total degree of E;q), there exists only

finitely many non-zero term Ep,.

When Ej, = 0 unless p > 0 and ¢ > 0, {qu} is called a first quadrant spectral
sequence. When r is sufficiently large, d;,, : E,, — Ep_, .1, s the zero map since £ =0
or by

rgtr—1 = 0. Hence £, = E;; I for large r. Note that every first quadrant spectral

sequence is bounded.

Definition 2.29. Let {E} } be a bounded spectral sequence. Then {E,,} converges to H

(denoted by B, = H ) if there exists a collection of objects H,, € obA and a filtration

O:Fang"'ng—lHnngHng"'gFtHn:Hn
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for each n and
Joss FyHy _ FyHpiq
e Fp1Hy Fp1Hppq

I

for each p,q € Z where p+ q = n.
We will heavily use the next proposition in chapter 4.

Proposition 2.30. Let {qu} be a bounded spectral sequence where EZQ)Q =0 unless p =0

orp=1.1If B} = H, then there exists a short exact sequence
0— Eg, = Hy— Ef,, 1 =0
for each n.

Proof. Note that E, = H, there exists a filtration of H such that for each n,

O:Fsﬂng"'ng—lHnngHng"'gFtHn:Hn

IpHpiq
Fp1Hpig
because qu = 0 unless p = 0 or p = 1. Therefore, the E? page has no no-trivial arrows.

o0 ~v 2 . 2 r : :
such that Ejy = For each p,q, d;, : Ep, — Ej_ 5,11 1s a zero morphism

Hence E? = E*, and
FpHpiq

B2 & P Pd
Pq
Fp1Hp1q

Note that n = p 4+ ¢, hence

F,H,
Fp—lHn
p # 1, and the filtration becomes to

e when p# 0and p # 1, qu =0= . Hence F,H,, = F,_1H, for all p # 0 and

0=FHy,=--=FoH,=F 1H, C FoH, C 1 H, = I°2H,, =--- = I'tH, = Hy,

FoH,
F_.H,

e when p =0, qu = qu = . Since F_1H, = 0, we obtain qu = FoHotg:
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F1Hy, o Hy
Fi_1H, FyH,

e when p =1, E]%q:E’%q =

Note that there is a short exact sequence
0— FyH, — H, — H,/FyH,, — 0

Therefore,

0—E§, — Hy— Ef, | —0
[

Definition 2.31. A double complex is an ordered triple (M,d',d"), where M is a bigraded
module and d',d" are differential maps of bidegree (—1,0) and (0,—1) such that d' o d” +

d"od =0.

In other words, for all p,q € Z,
dpg + Mpq — Mp_14

and

/.
dpg * Mp,g = Mp g1

Definition 2.32. A total complex of a double complex (M,d',d") is a complex where its

n-th term is @ Mp,. We use Tot(M),, to denote the term @ Mp,.
p+q=n ptg=n

Lemma 2.5. {Tot(M),} is a chain complex, where d = Y d,, +d,.
pta=n

Let X be a CW-complex. Consider a cover U := {X;};cr of X where I is a totally
ordered set and X; is a subcomplex of X for all ¢ € I. Note that for i1 < i < --- < 1,, there

is an inclusion map

C(Xin® - ®X;,) 2 C(Xy 00X, 8 9 X,,)
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where X;, means we remove the k-th direct summand from the given expression. Therefore,

it induces a unique map

@ O(‘XilEB"'@XVM)_> @ C(Xj1®"'@Xjn—1)

11 <-<in J1<<Jn-1

Therefore, we obtain a sequence

= P cXye--eXy,) > P CXje--dXj, )
11 < <in j1<"'<jn—1 (22)
- PC(X;) = C(X)—0

i

Lemma 2.6. The sequence given in (2.2) is exact, and Epq = Hp4q(X) where

qu - HP(E;q) =H( D HyXo))

oeNerve(U)

Proof. See [10] pp 166-167. O

2.5 Quiver Representations

Let @ be a quiver (viewed as a category). A quiver representation over the quiver Q)

is a functor M : Path(Q) — Vectg. M is thin if dim Mv <1 for all v € ob Path(Q).

Let A,, denote the quivers whose underlying graph is

where the graph has n vertices.
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Theorem 2.33. Any representation of a type A, quiver is a direct sum of thin indecomposable

representations.

The converse of Theorem 2.33 is true as well.
Theorem 2.34. Let (Q be a finite connected quiver. If every indecomposable representation
of the quiver Q) is thin, then @) is a type A, quiver.

Let I' = (V, E, s,t) be a finite quiver and kI" be the path algebra of I'. The arrow ideal
Rr of kT is the two-sided ideal generated by the arrows (i.e., path of length 1) of I'. Rr has

a natural IN-grading;:

12

Rr

oo
P kT
1=1

where I'; is the set of paths of I' which have length 7. We use R to denote the subalgebra

of Rr generated by all paths of length greater or equal to m:

00
R 22 (P KT,
i=m

ItisclearthathQR%QR%QR%Q-~2R}”D~~

Definition 2.35. A two-sided ideal I of kI" is an admissible ideal if there exists an integer
m > 1 such that

R O 1D R}

Example 19. Let T' = (V| E, s,t) be a finite quiver and a,b,c,d € E. Let I; be the ideal
of kI generated by ab — cd and I3 be the ideal of kI' generated by ab — c¢. Then [ is an

admissible ideal while I5 is not. AN

Theorem 2.36 (Fitting’s lemma). Let R be a ring and M € Modpg with finite length. Then

for any ¢ € End(M), there exists a positive integer n such that

M = ker¢g" & Im ¢"
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2.6 Configuration Spaces

Configuration space is one of the key notions used in robot motion planning. Given a
motion planning problem, each point of the configuration space corresponds to a possible
position where robots can appear without colliding with other robots. For a topological

space X, the n-th configuration space of X is
X% ={(z1,...,2n) € X" |xj # 2 if i # j} = {x:n — X | xis injective, n:= {1,...,n}}

We interpret the n-th configuration space of a topological space X as n distinguished robots
(treated as points) moving on X. When X is path-connected, the n-th configuration space

X" is path-connected if any pairs of robots can interchange positions on X.

Example 20. Let X = [0,1] and n = 2. The second configuration space of X is:

[07 1]2 = {(11}1,1’2) < [07 1] X [07 1] ‘ r1 # xQ}

It is clear that [0, 1]2 is not path-connected and not compact. A

Figure 2.2: [0, 1]2.

Example 21 (Y2). Let Y denote the topological space of shape Y = [0,1] [0, 1] L[0,1]/0 ~
0 ~ 0 (as a subspace of IR?). The second configuration space of Y is:
We interpret Y2 as the configuration space of two robots moving on the shape Y and

different regions of Y2 correspond to different positions of the robots on Y. For any i €
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Figure 2.3: Y'2: Second configuration space of Y (all edges have length 1)[1]

{A, B}, let z; denote the position of robot i on edge 1 where the distance between the robot
i and the center of Y is x;. Similarly, for any i € {A, B}, let y; denote the position of robot i
on edge 2 where the distance between the robot ¢ and the center of Y is y;, and let z; denote
the position of robot ¢ on edge 3 where the distance between the robot ¢ and the center of YV
is z;. With these notation, every point of Y2 can be written uniquely in terms of z;,y; and
z; (where i € {A, B}):

(IAa TB,YA,YB, <A, ZB)

Some symmetries exist on Y2. For example, in figure 2.4, any point in the yellow rectangle
has a mirror image in the green rectangle about the common edge of the two rectangles.
For simplicity, we assume edge 2 is the common edge of the yellow rectangle and the green
rectangle, and robot B is moving on edge 2. Then any point in the yellow rectangle represents
the case in which robot A is on edge 1 at position x4 and robot B is on edge 2, and the
distance between robot B and the center of Y is yp. In other words, every point in the yellow
rectangle can be represented by (z4,0,0,yp,0,0) and its mirror image is (0,0,0,yp,z4,0).
Note that one obtains (0,0,0,yg,x4,0) from (z4,0,0,y3,0,0) by moving the robot A from

edge 1 to the same position on edge 3 while the position of the robot B stays the same.

In figure 2.5, any point in the yellow rectangle has a symmetrical point in the green

rectangle from the center of Y. Any point (24, 0,0,yp,0,0) in the yellow rectangle represents
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the case in which robot A is on edge 1 at position x4 and robot B is on edge 2 at position
yp. Note that (0,yp,x4,0,0,0) is the symmetrical point of (x4,0,0,yp5,0,0) and one get

(0,yB,74,0,0,0) from (x4,0,0,yp,0,0) by exchanging the positions of robot A and robot B.

In figure 2.6, any point in the yellow triangle on the left has a symmetrical point in the
yellow rectangle on the right from the center of Y. Because any point in the yellow triangle
on the left represents the case in which robot A is on edge 2 at position y4 and robot B is
on edge 2 at position yg. Hence one obtains (0,0, yp,y4,0,0) from (0,0,y4,yp,0,0) in the

configuration space Y2 by exchanging the positions of robot A and robot B.

It is clear that Y2 is path-connected, hence [0,1]2 is not homotopy equivalent to YZ2:
if [0,1]2 is homotopy equivalent to Y2, then m,([0,1]2) = 7,(Y2) for any n € N. In
particular, mo ([0, 1]2) = mo(Y2), which is a contradiction because mo([0,1]2) & Z & Z while
mo(Y2) & Z. Therefore, homotopy equivalent spaces do not always have homotopy equivalent

configuration spaces. A
Here are some well-known facts about the n-th configuration spaces.
Proposition 2.37. If X is connected, Hausdorff and compact topological space, X2 (when

n > 2) is not compact.

Proof. Since X is compact, Tychonoff’s theorem implies X" is compact. Note that X is

Hausdorff, hence the diagonal of X is closed, i.e., Ajcj := {(z1,...,2,) € X" x; = x;} is
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closed. Hence the finite union U  Aj<; is closed. Because X = X" — A, X™ is open.
1<i<j<n

Assume X2 is compact. Since X is Hausdorff, so is X”. Therefore, X% is closed in X"

because X is a compact subspace of a Hausdorff space. Hence X™ is both open and closed.

Note that X is connected, so is X". Therefore, X® = X". Contradiction. [

Proposition 2.38. If X is Hausdorff and not discrete, X (when n > 2) is not compact.

Proposition 2.39. Let X be a connected compact simplicial complex, X2 is connected

unless
e X=Dlandn>2;
e X =2 Standn>3.

For a topological space X, there is a free group action on the n-th configuration spaces

of X:
Sp x X% — X%

(0,x) —»xo00

Since x is injective, S, acts freely on X2 Denote ();) = X2/S, to the quotient space

of X under the group action 5.
Definition 2.40. ()n() = X/S, is called the n-th unlabeled configuration space of X.

Similar to the labeled configuration space X%, we can interpret the n-th unlabeled
configuration space of X as n robots (treat as points) moving on X as follows: given
2 < k <n, let Sy denote the subgroup of S,, generated by {(1,2), (1,...,k)}. Then X2/Sy
is the configuration space of n robots where the first k robots are indistinguishable. If X is
Hausdorff, the canonical projection map X% — X%/§S, is a covering space, and S, is the

group of deck transformations of this covering space.
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In the real-world scenario, however, there is a minimal distance allowed between each
pair of robots because the robots are thick objects, and we cannot treat them as points.
To measure the size of the robots, we need to define a metric on the graph. Deeley [25]
introduced the notion of configuration spaces of thick particles on a graph X in which the
graph is simple, and each edge of the graph gives the shortest distance between its endpoints.
Given a graph X with a metric 9, the n-th thick particle configuration space with parameter
r is

X7 = {(@r, . s2a) € X7 | 8(aiay) > 1}

He studied the second thick particle configuration space X2 and gave an estimate on the

homotopy types of X?2:

Theorem 2.41 (Deeley, 2011[25]). {X?2} has finitely many homotopy types, the number of

which is bounded above by an exponential function in the number of edges.

Dover and Ozaydin[26] introduced the notion of configuration spaces with restraint para-
meters of finite metric graphs as a generalization of the configuration spaces of thick particles

on a metric graph:

Definition 2.42. Let T = (V, E) be a finite connected graph and X = |T| be the geometric
realization of I'. X is a metric graph if for each edge e, there is a positive number L.
such that each geometric edge is isometric to [0, Le]. X has the path metric 8, i.e., for any
r,y € X,

§(xz,y) = the length of a shortest path from x to y.

Note that in this definition, I' is allowed to have multiple edges. Moreover, for the sake of
simplicity, we subdivide each loop of I' into two edges if I' has loops. We are slightly abusing
the notation by denoting the new graph by I' and denoting the realization of such I' by X.

As a consequence, X becomes a regular CW complex.
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Definition 2.43. Let (X,0) be a metric space and let v = (rij)i<j € ]Rg). The n-th

configuration space with restraint parameter r = (Tij)i<j 18:
XP={(z1,...,2n) € X" | 0(24,2j) > 145}
Proposition 2.44. Let X be a regular CW-complex, then X" is a regular CW-complex.

Proof. Since the finite product of CW-complexes is a CW-complex ([29], Theorem A6) and

X is a CW-complex, X" is a CW-complex. [

Let (X, 0) be a metric graph. Maximal cells of a regular cell structure for X are obtained
by intersecting X' with the maximal cells of X™. In other words, X' is a regular CW-

complex.

2.6.1 Parametric Polytopes and their Parameter Spaces

A parametric polytope cp, in R” is determined by Ax < b where A is an m X n matrix and
b is a m x 1 column vector representing the constraints. Each feasible solution of Az < b

corresponds to a point of ¢p.

cp is a CW-complex, and the cell structure is also encoded in Ax < b. Let B8 =
{A,...,An}. Then Ag is the submatrix of A with rows A € 8 and bg = (by)rep. A
potential O-dimensional cell of ¢, is given by Alglbg for some B (where Agl exists) and such
potential O-dimensional cell is indeed an 0-dimensional cell of ¢y, if Aglbﬁ is a solution of
Az < b. We label each 0-cell by Sy, := {3 | As is a solution of Az < b}.

We assign a label vy, to each vertex of the parametric polytope where v, = {\ | A\A~'b =

br}. Let Ty, denote the type of cp: Tp = {vp(83) | B € Sp} Dover and Ozaydimm [26] showed
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b1
Tl o
LA | < by
I :
A bm

Figure 2.7: The A-th constraint of the parametric polytope

the following lemmas:
Lemma 2.7. The family of polytopes {cp}per has only finitely many combinatorial types.
Lemma 2.8. Let b’ € R"™. If T}, # (), then the set of all b € R™ with T}, = T}, is convex.

Using parametric polytopes, we characterize the cellular structure of X;'. Each maximal

cell of X' can be characterized by a system of inequalities:

For1 <i<mn:

0<a' <L, (2.3)

For1<i<j<n:

T+ x;+ 5(ai,aj) > Tij;

Le, — i + 2+ 8(bi, aj) > rij;

(2.4)
Ti+ Le; — x5+ 6(ai, b) > rij;
Le; — i+ Le; — x5+ 0bj, bj > 1ij
If there exists 1 <4, j < n such that e; = e;, with further assumption that z; < z;,
x; — x5 < 0;
Tp— x5 < —Tij; (2.5)

Le, —xi+xj 4 0(ai, by) > 14

40



2.6 - CONFIGURATION SPACES

For a metric graph (X,0) and given n,r, there is a natural correspondence between the

dimensions of the cells of X' and the positions of the robots on the graph X:

0-cell of X' «» all n robots are on different vertices
1-cell of X}' <» n — 1 robots are on different vertices

and 1 robot on the interior of an edge of X
2-cell of X' <> n — 2 robots are on different vertices

and 2 robots on the interior of edges of X

n-cell of X' <+ all n robots are on the interior of edges of X

As a consequence, X' is compact.

Dover and Ozaydin studied the homotopy, homeomorphism, and isotopy types of X over
the space of parameters r. They showed [26] that if X[ and X have the same combinatorial
type (same face poset of cells), then X7 is isotopic to X?. In addition, Dover and Ozaydin
provided a polynomial upper bound (which depends on the number of the edges of X) for

the number of isotopy types:

Theorem 2.45 (Dover-Ozaydin, 2013[26]). For a metric graph X with E edges, the number

of homotopy types for the family of spaces {X?},>q is bounded above by

9 5
iy Ry o) R |
2 2 +

The number of isotopy types is bounded above by

9E? —5E
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Theorem 2.46 (Dover-Ozaydin, 2013[26]). Let n be a fived positive integer and Q) be a
d-dimensional affine subspace of RG). The number of isotopy types of { X }req is bounded

above by a polynomial of degree nd in the number of edges of X.

On the other hand, when the norm of parameter r is sufficiently small, X is homotopy

equivalent to the n-th configuration space X™:

Proposition 2.47. Let X = (V, E) be a connected regular metric graph and let L, denote
the edge length of e € E. Define a := mig Le. If ||r]|o < ﬁ’ then the inclusion X' < X is
ec n

a homotopy equivalence.

Proof. If r < s and [|r]|oc < [[8]|loc < %, then r and s belong to the same chamber in
the parameter space. Note that each chamber is convex, the maps X! — XI' — X[
and XI' — X — X[ are isotopic to the identity maps. Thus m;(X) — mp(X}) is an
isomorphism for all k£ € IN. Note that hﬂX;1 = X2, we update the colimit cone with the leg

maps iy : X, — X2 for all r. Note that, by Theorem 2.18, %ﬂ is exact, therefore,
limyry (X0) 2 mp (lm X7) = mp(X)

By Lemma 2.1, there exists r such that the induced map mpiy : m(XP) — 7 (X2) is an
isomorphism. By Whitehead’s theorem, we conclude that the inclusion X' — X% is a

homotopy equivalence. O
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Chapter 3

Multiparameter Persistence Modules

In Section 3.1, we introduce the notions of P-indexed objects and persistent homology
functors. In Section 3.2, we state the stability of persistence modules. In Section 3.3,
we briefly discuss the Zigzag persistence modules. In Section 3.4, we show that Vect]% is
equivalent to a full subcategory of Modgc when C be a small category and F be a field. Next,
in Section 3.5, we discuss some important properties of thin polytope modules. Finally, we
give a reduction algorithm for computing limits and colimits of diagrams in IR? with connected

boundaries in Section 3.6.

3.1 Persistence Modules

Let FF be a field and (P, <) be a poset.

Let C be a category. M : (P,<) — C is called a (P-indexed) persistence object. M
is called a (P-indexed) filtration when C = Top. M is called a (P-indexed) persistence
module when C = Vectg. In other words, the (P-indexed) persistence module M consists
of a family of F-vector spaces {M; | t € P} and a doubly-indexed family of linear maps

{pst : Mg — My | s < t} where puypst = psy for any s < t < w in P and pgs = idyy,
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for all s € P. We use VectI(FP’S) to denote the category of persistence modules over the

poset (P, <). In this case, M can be viewed as a poset representation over the poset (P, <).
When (P, <) = (R", <) with the product order, where (a1, ...,a,) < (b1,...,b,) € (R", <)
if and only if a; < b; for all © = 1,...,n, the objects of Vect](FRn’S) is called n-parameter
persistence modules. When M (4) is a finite dimensional vector space for all i € (R", <),

M is an object of vect](l:]R <),

We can define a functor PH;(—) : Top"=) — Ab"=) as follows:

o At the object level, PH;(—) sends each P-indexed filtration M to a P-indexed persistence
abelian group H;(M), where H;(M) : (P, <) — Vecty sends each p € P to H;(M))
and each arrow p < ¢ to the group homomorphism H; (M) — H;(M,) induced by the

inclusion map M, < M, in Top;

« An the morphism level, PH;(—) sends each natural transformation o : M = N to
H;(a) : Hi(M) = H;(N). The naturality of H;(«) is clear because H;(—) is a functor

hence it preserves commutative diagrams.

In other words, for each M € ob Top(P’S), PH;(M) can be obtained by post-composing
H;(—) with M. The functoriality of PH;(—) is clear.

Definition 3.1. PH;(—) : Top™=) — Ab"S) s called the i-th persistent homology

functor.

Definition 3.2. Let (P, <) be a poset and | C (P, <) is an interval. Define the interval

module Fl as

F, iftel; {idg}, ift<sel;
Fl; = and  Hom(Fl, Fly) =

0, ifté¢l 0, else
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When (P, <) = (R™, <) and n > 2, we call Fl the polytope module over .

Definition 3.3. Let M € Vectl(FP’S). M is decomposable if there exists non-trivial

subrepresentation N and N' such that My = Ny @& N] for all t € P. We say M is

indecomposable if it is not decomposable.

Lemma 3.1. Interval modules are thin and indecomposable.

Proof. Let M be an interval module. The support of M is an interval of (P, <). Consider
the endomorphism ring of M. We want to show End (M) = F. Let f € End(M). Note
that for every p € (P, <), f, : F — F is a linear transformation, hence f,(z) = csx for
some ¢y € F. Let p’ be a point in the support of M. Note that there exists a zigzag path
from p to p’ because the support of M is an interval. Since f is a morphism between two
representations and M is a polytope module, we are forced to have f,(z) = cyr. Define
® : End(M) — F by ®(f) = ¢s for each f € End(M). It is clear that ® is bijective, so we
only need to show & is a ring homomorphism. Note that ®(f +g) = ¢+ ¢4 = ®(f) + P(9)
and ®(fog) =cs-g=P(f)P(g), hence ® is a ring homomorphism. H

3.2 Stability Theorems of Persistence Modules

In Section 3.2.1 and Section 3.2.2, we review the definition and properties of the interleaving
distances and Bottleneck distance between functors from a (locally finite) poset (P, <) to
a category C with nice properties (for example, C is a Krull-Remak-Schmidt category.)
Note that the notions of interleaving distances and Bottleneck distance can be automatically
applied on the category vectp(FS) because vectp is an abelian Krull-Remak-Schmidt category.

In Section 3.2.3, we state the stability theorems of the 1-parameter persistence modules.
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3.2.1 Interleaving distance

Let (P, <) be a poset. A translation functor is an endofunctor

T:(P,<)— (P,<)

consists of the following data:
o for each object i € (P, <), i — T(i);
o for each morphism i < j € (P, <), T(i) < T(j).

Example 22 (Translation functor on (Z,<)). The n-translation functor on (Z,<) is an
endofunctor

[n]:(Z,<) = (Z,<)
consists of the following data:
o for each object i € (Z,<), [n](i) =i+ n;
o for each morphism ¢ < j € (Z,<), [n](i) =i+n < j+n = [n](j).
It is straightforward to verify [n] is a functor. A

Remark. The collection of translation functors on a given poset (P,<) has a monoidal

structure with respect to compositions.

Let (P,<,d) be a poset with a metric d and T : (P,<) — (P, <) is an n-translation

functor. The height of T' is
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Definition 3.4 (T-Interleaved persistence modules). Let M, N € C%) where C and (P, <)
are defined as above. Define n :id = T?. M, N are T-Interleaved if there exists natural
transformations o : M = NoT and § : N = MoT such that Sy o oa; = M (n;) and

apgy o Bi = M(n;). The interleaving distance between M and N is
di(M,N) = inf{e | M and N are T-interleaved and h(T) = €.}

A real-valued function d : X x X — R>¢ is a pseudometric if it satisfies the following
conditions:

1. d(z,xz) >0 for all z € X;

2. d(z,y) = d(y,z) for all x,y € X;

3. d(z,y) +d(y,2) > d(x,2) z,y,z € X.
In addition, if for all z,y € X, d(x,y) = 0 implies = y, then d is a metric.

Proposition 3.5. d; is a pseudometric.
Proof. 1t is clear dj is symmetric. For the triangle inequality, given L, M, N € c ’S), define
A ={e1 | L and M are T-interleaved and h(T) = €.}

B ={ey | M and N are T-interleaved and h(T) = €.}

Then

di(L,M)=inf A and d;(M,N)=infB

For all € > 0, d;(L, M) + g is not a lower bound of A. Hence there exists T} : (P, <

) — (P, <) such that L and M are Ti-interleaved and h(Ty) < d;(L, M) + % Similarly,
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di(M,N) +§ is not a lower bound of B implies there exists Th : (P, <) — (P, <) such
that M and N are Th-interleaved and h(T3) < dj(M,N) + % Note that L and N are

T5 o Ty-interleaved, therefore,
h(TyoTh) < h(Ty) + h(Th) < dr(L, M) + % +d;(M,N)+ g

Thus
dI(L7N) SdI(L7M)+d[(M7N)+€

Becase € is arbitrary, we conclude that
d[(L, N) < d](L, M) + d[(M, N)
O

Example 23 (Interleaving between objects of C(Rn’é)). Let (P, <) in the definition 3.4 be
(R",<) and C be a category. For 4@ = (u1,...,u,) € R", define @ : (R", <) — (R", <)
where @(z1,...,2,) = (1 +u1,..., oy + uy) for any (z1,...,2,) € R". Then M,N €
CR"=) are g-interleaved iff « : M = Nod@ and B: N = M o such that By o i = M(m;)
and ag;) o B = M(n;). For e > 0 and @ = (e, ...,¢€), in particular, we say M and N are

e-interleaved if they are t-interleaved. A

Let I € (R, <) be an interval. The interval module FI is called e-trivial if for any
(a1,...,an) €1, (a1 +¢€,...,an+€) is not in I. Given M € vect](FRn’S), let B(M) be the
multiset of barcodes corresponds to M. Define B(M), to be the multiset of barcodes that

are not e-trivial.

There is a natural partially order on the collection of translation functors:
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Definition 3.6. Let S, T be translation functors on (P,<). S < T if and only if S(i) < T(i)

for everyi € (P, <).

Remark. Assume M, N are T-interleaved. Then for any endofunctor S > T on (P, <),

M, N are also S-interleaved.

Here is a useful fact about interleaving distance:
Proposition 3.7 (Proposition 3.6,[11]). Let D and E be two categories. Let M, N € D(R=<)
and H :D — E. If M and N are e-interleaved, then so are HM and HN. Therefore,

dI(HM7HN) SdI(MaN)

More generally,
Proposition 3.8. Let D and E be two categories. Let M, N € D<) and H:D — E. If

M and N are T-interleaved, then so are HM and HN. Therefore,

dI(HMaHN) SdI(MaN)

Proof. Since M and N are T-interleaved, there exists ¢ : M = NoT, ¢ : N = MoT and
nr +id(p <)y = T' such that

Mongp = (4T)o¢ (3.1)

Nonr: = (¢T) o1 (3-2)

By the functoriality of H, Hp: HoM = HoNoT and HY : Ho N = Ho M oT are

natural transformations. Now we are going to show H preserves equation (3.1) and equation

49



3.2 - STABILITY THEOREMS OF PERSISTENCE MODULES

(3.2). Note that for each i € (P, <),

(HoMonga)i = HoM((nr2)i) = Ho ((¢T)io¢i) = (HYT) 0 ¢)i (3:3)

Therefore, HM and HN are T-interleaved. [

3.2.2 Bottleneck distance

For 1-parameter persistence modules, the bottleneck distance is a metric on the collection
of persistence diagrams. Alternatively, the bottleneck distance evaluates the difference
between the barcodes of two persistence modules. In this section we will recall the definition
of bottleneck distance in different categories.

Let A, B be two multisets. A matching between A and B is a bijection ¢ from a subset
A’ of A to a subset B’ of B. A’ is called the coimage of o and B’ is called the image of o.
We denote such matching by o : A = B.

Take (P, <) to be (R™, <), there is one special kind of matching that plays a significant

role in the isometry theorem (see section 3.2.3).

Definition 3.9 (e-matchings). An e-matching between mutilsets A and B is a matching o

such that:
e Ay C coimage(o);
i B26 - image(a);

e for any I € A and J € B such that J = o(I), the interval modules FI and FJ are

e-interleaved.

Definition 3.10 (Bottleneck distance[l1]). Let A, B be two multisets of barcodes. The
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bottleneck distance between A, B is defined by

dy(A, B) = inf sup  d;(IFI,FFo(1))

0:A=B Iccoimage(o)

This definition is equivalent to the classic definition of bottleneck distance. For details,

see proposition 4.12 and 4.13 of [11].

Let A, B be two multisets and o : A = B a matching. Let d be a metric on a multiset X
containing A and B. Let W : £ — [0, 00) (treat the output as the 'width’ of the input) such
that

(W) =W ()| <d(I,J)

The height of o is

h(o) = max{ max ){d([,a([))}, max {W(I)}, max {W(J)}}

Iecoimage(o I¢coimage(o) Jé¢image(o)
Definition 3.11 (Generalized bottleneck distance). For X and W defined as above, the

bottleneck distance dj, between two mutiset is

dy(A, B) = min{h(o) | o is a matching between A and B.}

3.2.3 Stability theorems

Cohen-Steiner-Edelsbrunner-Harer proved the Bottleneck stability theorem for persistence

diagrams [23]:

Theorem 3.12. Let X be a triangulable space with continuous tame functions f,g: X — RR.

Let D(f) (D(g), resp.) be the set of intervals where the endpoints of each interval are critical
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point of f (g, resp.). Then the persistence diagrams satisfy

1dy(D(f), D)l < IIf = gllo

Bubenik-Scott generalized the above theorem[11]:

Theorem 3.13. Let X be a topological space with two functions f,g : X — R. Let F' €
Top®S) be defined by F(a) = f~Y(o0,a] for a € R and F(a < b) is given by inclusion.

Define G similarly. Let H : Top — D. Then
dy(HF, HG) < |[f = glloo

There is some connection between the bottleneck distance of the given barcodes and the
interleaving distance between the corresponding persistence modules. Bauer-Lesnick showed

the following theorem:

Theorem 3.14 (Algebraic stability theorem). [7] Let M, N € vect](FN’S) with finite support,

then

Lesnick proved that d and dj are ’equal’[35] (Theorem 3.4):

Theorem 3.15 (Isometry theorem). For any € > 0, pointwise-finite-dimensional persistence
modules M and N are e-interleaved iff there exists an e-matching between the mutisets of

barcodes B(M) and B(N). In particular,
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3.3 - FIRST EXAMPLE OF MULTIPERSISTENCE MODULES: ZIGZAG PERSISTENCE
MODULES

3.3 First Example of Multipersistence Modules: Zigzag
Persistence Modules

A zigzag is quiver Q with alternated arrows
R e R SRR A IR )

where <> means — or <.

Definition 3.16. Let F be a field. Let M denote a sequence (with length n) of finite-

dimensional vector spaces over IF:

fnfl,n

M1<B>M2<—>'--HMH,1 M,

where
e fiit1: Vi< Vig1 means either V; — Vigr or Vi <= Vigy;
e fiit1Vi <> Viy1 is a linear map for alli =1,... ,n—1;

o if fic1i and f;;v1 is composable, then fi 1,11 = fiiv10 fi-1:
Such M s called a zigzag persistence module.

Zigzag modules are 2-parameter persistence modules' because we can embed a zigzag
a] & ag & -+ < a,, into Z2 where a; € (Zp x Z,<) and m € IN. Unlike the general
2-parameter persistence modules which don’t have a classification of indecomposables, the
indecomposable representations of a zigzag module are fairly simple to classify: Any Zigzag
persistence module can be decomposed into intervals because its underlying quiver £ is of

type A,,.

2
Lthey are objects of vect](FZ <),
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3.3 - FIRST EXAMPLE OF MULTIPERSISTENCE MODULES: ZIGZAG PERSISTENCE
MODULES

Theorem 3.17 (Gabriel). A connected quiver is of finite type if and only if its underlying

graph is one of the Dykin diagrams:

Figure 3.1: Simply laced Dynkin diagrams (Figure credit to https://en.wikipedia.org/
wiki/ADE_classification)

By Gabriel’s theorem, any A,, quiver is of finite type, i.e., there are only finitely many
indecomposable representations of £ up to isomorphism. Therefore, every finite-dimensional
zigzag module is a direct sum of interval modules. Botman shows that the statement is also

true for pointwise finite-dimensional zigzag modules over an infinite zigzag.
Theorem 3.18. /8] Let V' be a pointwise finite-dimensional zigzag module of type Ao. There

exists a multiset of intervals F such that V = @ FI.
leF

3.3.1 Zigzag Persistence Modules vs Persistence Modules

Definition 3.19. Let M be a zigzag module and let M‘[p d be the restriction of M to an

interval [p,q|. A feature of M over [p,q| is a direct summand of M which is isomorphic

[p.d]
to the interval module F[p, q].

Carlsson-de Silva pointed out [15] that the features of a zigzag persistence module M are
submodules of M, while for the 1-parameter persistence module, the features of M is also

equivalent to the direct summands of M.
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3.3 - FIRST EXAMPLE OF MULTIPERSISTENCE MODULES: ZIGZAG PERSISTENCE
MODULES

Proposition 3.20 ([15], proposition 2.8). Let M be a persistence module of length n, and

let 1 < p < q <n. The following are equivalent:
1. The linear map M, — M, is nonzero;
2. There exist nonzero elements x; € M; for p <i < g such that x;11 = M;<iy1(x;);
3. There exists a submodule of M ‘[p’q] which is isomorphic to F[p, ¢|;
4. There exists a direct summand of M ’[pﬂ] which is isomorphic to IF[p, .

Example 24. Consider a zigzag persistence module M:
F+—F* —T

z<i(z,y) =y

Note that M = N & N’ where N is
F«+«——F—0

r+ix—0

and N/ is

0+<—F—F
O—y—uy

Both N and N’ are interval modules hence they are indecomposable. However, there

exists another submodule of M which is isomorphic to an interval module:

F+«—A—F
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r i (x,2) >

where A is the diagonal of IF2. Note that this submodule is not a direct summand of M. A

3.4 Equivalences of Categories

It is known that the category of 1-parameter persistence modules Vect](F]R’S) is equivalent

to the category of modules over the monoid ring generated by %, where a € IR. In particular,
Vectl(FZ’S) is equivalent to the category of the modules over the polynomial ring IF|z].

This fact can be generalized as follows: Let C be a small category and R be a commutative

ring. Define
RC = {Z a;fi | a; € R,a; # 0 for finitely many ¢, f; € mor C}

In other words, RC, as a set, consists of all formal linear combinations of the form Y a; f;.
i

Equip RC the binary operation: for f, g € morC,

fog, if the range of g is the domain of f;
fr9=

0, else

Extend it linearly, we obtain

>_aifi- > bjgy = (abj)fi- g
i j

1,J

On the other hand, for any ¢ € R and ) a;f; € RC, define
1

c- Z aifi = Z(Cai)fi

1
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RC with the above binary operation and scalar multiplication is called the category algebra

of C.

Proposition 3.21. Let C be a small category and F be a field. Then there exists a fully
faithful functor

Vect]% — Modpgc

Proof. Define & : Vectfl; — Modgc as follows:

At the object level Given M € Vect$, define ®(M) = @ Mec. Note that ®(M) is
ceobC

well-defined as a vector space®. Define an FC-action on @ Me: it suffices to define
ccob C

the FC-action coordinate-wise, then extend it linearly.

Given ¢,d € obC and f € Homc(c,d), define f. = incjoM f o proj,, i.e., f. is the

composition of the morphisms in the diagram:

f
roj M(c—d ]
@D Me 2% pre M g, oy e
ccobC ccobC

Forany z € @ Mcand f € Homc(c,d), define
ccobC

[rx= fc(x)

This construction gives a ring action on ®(M): given f € Home(c, d), g € Home(d, e),

2Because Vecty is complete and cocomplete.
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3.4 - EQUIVALENCES OF CATEGORIES

and z € ®(M),

9(f(z)) = g(fe(@)) = ga(fe(z))
= inc, oM g o proj, oincg oM f o proj,.
= incc oM g o (projgoincg) o M f o proj,.
= inccoMgo M f o proj.
= incc oM (g o f) o proj

=(gof)-x

At the morphism level Let a: M = N be a morphism in Vect. Let ®(a) denote the
yet-to-be-defined morphism in Modpc corresponding to ce. As a morphism in Vect, we
are forced to define ®(«) = (¢)ceobc. Note that @(a) is an FC-morphism: it suffices

to show that for every f € morC, ®(a)(f-x) = f-®(a)(z) forallz € @ Mec. By
c€obC

the naturality of «, we have
Nfoa.=agoMFf, if the source of f is ¢ and the target of f is d

Hence
f-®(a)(z) = incgoN f o proj.o®(a)(z)

= incgoN f o ac o proj.(z)
= incgoag o M f o proj.(z) (3.5)
= ®(a)oincgoM f o proj.(z)

= ®(a)(f )
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Now we are going to show

¢ : Hom(M,N) — Hom( € Mc, € Nc)
ccobC ceobC

o — (I)(CY) = (O-/c)ceobc

is a bijection for every M, N & Vectﬂcz. The well-definedness and injectivity of ¢ is clear
by the universal property of the coproduct. Now we are going to show that ¢ is surjective.
Given (fe)ecobc : D Mc — @ N, define a: M = N by a. = f. for all ¢ € obC.

ccobC ccobC
Consider the following diagram:

Me "%, [y Mc# [y McLojd>Md

c€obC c€obC
lf ¢ j(faceobc j(faceobc lf d

N¢ —nce, [y NCL [an) NcLojd>Nd

ceob C ceob C

Note that each small square of the above diagram is commutative:
o the square on the left is commutative by the universal property of coproducts,
o the square on the right is commutative since the horizontal arrows are projection maps,
+ the square in the middle is commutative since (f.)ceobc is an FC-homomorphism.

Therefore, the outer square is commutative. Note that the composition of the morphisms

in the top row is M f because

projgof oinc.(y) = projgofe(ince(y))

= proj, oincg oM f o proj, oinc.(y) (3.6)

= Mf(y)
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Similarly, the composition of the morphisms in the bottom row is N f. Hence we obtain the
following commutative diagram for all g € G and s € S:

Me M v

| |4

Ne M Na

Therefore, « is a natural transformation. O

As a consequence, Vect]% is equivalent to a full subcategory of Modpc.

3.5 Thin Polycode Modules

Let (P, <) be a connected poset. Recall that a representation M € vect](FP’S) is called

a thin representation, if M; is either IF or 0 for each ¢ € (P,<). We have seen in Lemma
3.1 that Polytope modules are thin and indecomposable. The next theorem show that the

converse of Lemma 3.1 is also true (up to isomorphism) when (P, <) = (R?, <).

2
Lemma 3.2. Every indecomposable thin persistence module M & vect]gR =) has connected

support.

Proof. Let (P, <) be the support of M (in other words, M; # 0 for all i € P and M (i <
j) # 0 for i < j e P). We first claim that P is connected: If P is not connected, then there

exists 7, € P where there is no zigzag path between ¢ and j. Define

S={reP:x<iorz>i}
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and

T =25

Note that SNT = () we have M = N & N’ where

M;, ifies M@GE<j), ifi<jes
N; = NG <j)=
0, else 0, else
and
M;, itieT M@G<j), ifi<jeT
N] = N'(i<j) =
0, else 0, else
Contradiction. Therefore, (P, <) is connect. O

2
Lemma 3.3. Let M € Vect](F]R <) be a thin persistence module and let P be the support of

M. Then for any a,b € P such that a < b in R?, if there exists a zigzag path from a to b in
P then M(a < b): M, — M, is not 0.

Proof. Since (R?, <) is a thin category, we can assume such zigzag path in P consists of
horizontal and vertical arrows. We say an arrow on zigzag path is a good arrow if the
orientation of the arrow is coincide with the orientation of the zigzag path; otherwise we say
the arrow is a bad arrow. WLOG assuming such zigzag path is reduced: the zigzag path

doesn’t have two (or more) consecutive horizontal or vertical arrows, i.e., we either

 combine the two (or more) consecutive horizontal or vertical arrows if they are all good

arrows or all bad arrows;

» get a new (shorter) arrow from combining a good horizontal (vertical, resp) arrow with

a bad horizontal (vertical, resp) arrow.
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— The new arrow is good if the length of the original good arrow is strictly greater

than the length of the original bad arrow;

— The new arrow is bad if the length of the original good arrow is strictly less than

the length of the original bad arrow;
— The new arrow is a vertex if the length of the original good arrow is equal to the
length of the original bad arrow.
Induction on the length of the zigzag path.
e length= 1. There is nothing to show.

e length=N — N +1.

— If the zigzag path has at least one self-intersection (denote a self-intersection by

¢) then we can write the zigzag path as follows

a_xl—-..—xm—C—yl—...—yn—C—Zl—---ZN_m_n_z—b

where n > 1. (Note that if ¢ = a or ¢ = b, the induction hypothesis strikes.)

Therefore,

a—Ty— =Ty —C— 21— ZN-m-n-2—b
is a zigzag path from a to b with length at most N. By induction hypothesis,
M(a <b) #0.
— Now we assume the zigzag path has no self-intersection.

« If the zigzag path consists of good arrows, then M (a < b) # 0;
* If we have a bad (B) arrow on the zigzag path, then
there exists two consecutive good (G) arrows adjacent to the bad (B)

arrow, i.e., BGG or GGB;
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or

- there exists two consecutive bad (B) arrows adjacent to the good (G)

arrow, i.e., GBB or BBG
Otherwise,

- the zigzag path consists of bad arrows;

or
good arrow and bad arrow alternate on the zigzag path.
contradicting to the assumption that a < b.
Because (IR?, <) is thin, we can substitute BBG/GBB/GGB/BGG with two new

arrows (may be degenerate). Therefore, the length of the new zigzag path is at

most N. By the induction hypothesis, M (a < b) # 0.
In conclusion, if there exists a zigzag path from a < b in P then M (a < b) # 0. O

2
Definition 3.22 (weight of a zigzag path). Let p be a zigzag path in (R?) and M € Vect](FIR <)

be a thin persistence module. The weight of p is

weight(p) = 11 M(i <j)- II M(k <)~

i—j is a good arrow of p k—l is a bad arrow of p

2
Corollary 3.23. Let M € Vect](F]R <) be a thin persistence module and let P be the support

of M. Then for any a,b € P such that a < b in R?, if there exists a zigzag path from a to b

in P with weight weight w, then M(a < b) : My — My is the scalar multiplication by w.

Proof. Let p be a (reduced) zigzag path from a to b with weight w. Say a = (a1,a2) and
b = (b1,b2). Define
1 = {(2,y) e R? | ay <z < b1}
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Oy = {(z,y) € R* | az <y < by}
Q=0U0s
Refining p as follows:

o if an arrow across the boundary of (), we add a vertex at the intersection, subdividing
the arrow into two subarrows. If the original arrow is good (bad, resp), then the

subarrows are good (bad, resp).

Denote the refined zigzag path of p by p. Note that by the above construction, weight(p) =
weight(p).

Induction on the length of p.
o length=1,2. There is nothing to show.
e length= N — N+1

— If there exists an arrow ¢ — d on p which is in the convex hull of @ — b (i.e.,
01N Qs). Note that a < ¢ < d < b. By the induction hypothesis, w = Sg.- M(c <
d) - Sgp, where S is the weight of a staircase path from a to ¢ and Sy, is the weight

of a staircase path from d to b.

— Assume there is no arrow of p that is in the convex hull of a — . WLOG we
assume a — b is not vertical. Then there exists a good (G) horizontal arrow ¢ — d

(say ¢ = (c1,¢2) and d = (dy,dz2)) on p such that ¢; = a;.

* If cog = dy > by: note that the length of the zigzag path from a to ¢ (on p)
is at most N, by the induction hypothesis, the weight of such path equals to
the weight of Sy, (the staircase from a to ¢). Note that a < ¢ and a1 = ¢y,

therefore, S is the vertical arrow a — ¢. In addition, a — ¢ is a good (G)
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arrow. Note that there exists a unique square in R? such that ¢ — ¢ and
¢ — d are two sides of the square. Let e denote the vertex of this square along
with a,c,d. Because this square is commutative, the weight of a — ¢ — d
equals to the weight of @ — e — d. Note that ¢ < b and [e,d) —d ~ b
(where d ~ b is in p) is a zigzag path from e to b with length at most N. By
the induction hypothesis, the weight of such path equals to the weight of S,
(the staircase from e to b). Note that a — e is a good (G) arrow, therefore,
[a,e) — Sep is a staircase from a to b. Denote this staircase by Sg. Hence
w = weight(Sgp)-

If ¢; = dy < ag: note that the length of the zigzag path from a to ¢ (on p) is
at most IV, by the induction hypothesis, the weight of such path equals to the
inverse of the weight of S¢, (Seq denotes the staircase from ¢ to a). Note that
a < c and a; = ¢y, therefore, S, is the vertical arrow ¢ — a. Let e be the
intersection of the line £ = dy and the arrow a — b. Note that there exists a
unique square in R? such that ¢ — d and d — e are two sides of the square.
Let f denote the vertex of this square along with a, d, e. Because this square
is commutative, the weight of ¢ — d — e equals to the weight of ¢ — f — e.

In addition,

weight(a — f — e) = weight(c — a) 'weight(c — f — ¢) 57)

= weight(c — a) 'weight(c — d — ¢)

Note that e < b and [e,d) —d ~» b (where d ~ b is in p) is a zigzag path

from e to b with length at most N. By the induction hypothesis, the weight
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of such path equals to the weight of S, (the staircase from e to b). Hence

1

w = weight(c — a) ™! - weight(c — d — ¢) - weight((d — ¢) ™! ~ D)

(3.8)
= weight(a — f — €) - weight(Sep)

Note that S, := a — [ — e — 5S¢ is a staircase from a to b. Hence

w = weight(Sg) = M(a < b).

In conclusion, for any a,b € P such that a < b in R?, if there exists a zigzag path p from
a to b in P with weight weight w, then M (a < b) : M, — M, is the scalar multiplication by
w. 0

2
Theorem 3.24. Fuvery indecomposable thin persistence module M &€ vect](F]R <) is isomorphic

to a polytope module.

Proof. Let (P, <) be the support of M. Lemma 3.2 implies that (P, <) is connected. Now
we assume (P, <) is not convex. Hence there exists a < ¢ < b € Z? such that a,b € P and
¢ ¢ P. Therefore, M. = 0. Corollary 3.23 implies that M(a < b) = w # 0 for some w € R.

Since M is a persistence module, we have

M(a<b)=M(c<b)oM(a<c) (3.9)

The righthand side of Equation (3.9) inicates M (a < b) factor through M. = 0, therefore,

w = 0, contradiction. Hence (P, <) is convex.

Now we construct the morphism between M and FP. Fix ag € P, define o : M = [FP:
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forall b € P and x € Mb,

weight(b — a)z, ifbe P
ap(r) =

0, else

Corollary 3.23 ensures « is well-defined. It is clear that « is a natural transformation, and it
is a natural isomorphism because ay is invertible for all b € P, where o ! (x)weight(a — b)z.

The weight of the trivial path has to be 1 because M (¢ < ¢) = id for all ¢ € P. O

3.6 Reduction for Computing Rank Invariants

Let (P, <) be a poset. Recall that a subset U of (P, <) is called an upset if for any
x €U, x <y implies y € U for any y € (P, <). Dually, a subset D of (P, <) is called an
downset if for any x € D, w < x implies w € D for any w € (P,<). Given an upset U (as a
subposet of (P, <)), we call U a principal upset if there exists a € P such that a < x implies
xz € U for any x € (P, <). Dually, given an upset D (as a subposet of (P, <)), we call D a

principal downset if there exists b € P such that y < b implies y € D for any y € (P, <).

When (P, <) = (R?,<), a subposet Q of (R? <) is called bounded if there exists a

principal upset U and a principal downset D such that @ C U N D.

Proposition 3.25. Let C be a complete category and P C (IR?, <) be a bounded poset
and the boundary of the upset (denoted by dP1) is connected. Then for any M e C¥,

limM = limM| .

Proof. 1t is clear that there exists a unique morphism ¢ : limM — limM ap+ because the

restriction of the limit cone limM = M is a cone over OPT. Now we show there exists a
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unique morphism o : IimM’ap+ — limM. Let o : limM = M‘8P+ denote the limit

opPt
cone and o; denote the leg of o for each i € P*. Given p € P, there is i € mindP™
(min OP™ is a subset of APT consists of all minimal elements of dPT) such that i < p.

Define 0, = M (i < p)oo;. We are going to show o, is well-defined, i.e., if there exists

another j € min 9P such that j < p, then M (i < p)oo; = M(j <p)oo;j.

IfiVj € oP": it suffices to show M (i < p)oo; = M(iVj<p)ooy,; =M(j <p)oog;.

Note that
M(i<p)ooi=M(@GVj<p)oM(i<iVj)oa; = M(iVj<p)ooi;

and

M(j<p)ooj=MGEVi<p)oM(j<iVj)oo;=DM>EVj<p)ooy;

therefore, M (i < p)oo; = M(j < p)oo;.

Ifivj & oPT: WLOG we define oivj = M(i < iV j)oo; and we assume the x-value
of 7 is less than j. . It suffices to show o0y is well-defined. Induction on the number of the
minimum elements of intermediate steps between ¢ and j. n = 0 is clear by the previous
case. Assume the statement is true when n = N. When n = N + 1, note that there exists
a > a/Nb < b on the intermediate steps between ¢ and j such that a and b are maximal
elements of 9P" and a Ab € OPT. Note that for any cone o over P*, there is a unique
oavp such that... Define o, = M(aVb < aAb)oogny. 0Oavp is well-defined: for any

anNb<zx<aVb,

M(x <aAb)ooy,=M(x<aAb)oM(aNb<z)oouny=M(aVb<aAb)ooun
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Now we obtain a new poset (‘9/ﬁ from OP™ by deleting the vertex a A b and replacing the
arrows a Ab < aand aAD < bbya<aVband b < aVb Note that there is a unique
morphism from v : limM ’ opt limM ’ 557 and @ has one less intermediate steps than
OPT (after combining arrows with the same direction). By induction hypothesis, 7y; is

well-defined where 7 : IimM’a/P\+ = M‘G/P\+'

Let 3 be an element of OPT such that y <iV j and y # a A b. Note that
My<iVj)ooy=M(y<iVj)oryoy=M@i<iVj)oroy=M(@E<iVj)oo;
When y = a A b, note that

M(aNb<iVj)oognpy =M(aVb<iVj)oM(aANb<aVb)oou

(
(
(aVb<iVj)oTapory
(
(

Therefore, we conclude that o;y; is well-defined. O

A dual argument of proposition 3.25 shows that the colimit of a persistence module

M € CF is determined by the colimit of its boundary downset:

Proposition 3.26 (Dual of Proposition 3.25). Let C be a complete category and P C (R?, <
) be a bounded poset and the boundary of the downset (denoted by 9P~) is connected. Then

for any M € C¥, colimM = coIimM‘aP_.
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Chapter 4
Decomposing PH, (X%)_; IF)

Let (X,d) be a metric graph. Recall that Stary denotes the geometric realization of the
star graph with k leaves, where the length of each edge is 1. We use Starj, denote the metric
star graph with k leaves where the length of an edge (denoted by e;) is Le,, while the lengths
of the other edges are 1. Note that the vector (L¢,, 1,...,1) € ]R|>EO| is the edge length vertor

of Stari. By a slight abuse of notation, we use Le, to represent the vector (Le,,1,...,1).

AN

Figure 4.1: (Stars)3 5

In this chapter, we are going to compute the homology groups of the second configuration
spaces with restraint parameter r and edge length parameter L., of some special graphs. We
first introduce a new poset representation for PH; (X 37_; IF) in Section 4.1. In Section, 4.2, we

give the decomposition of PHZ-(Y_Zy_; IF). In Section 4.3, we compute the homology groups of
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the second configuration spaces of Star, and we give the decomposition of PHZ-((StAark)2_7_; F)

in Section 4.4.

Next, in section 4.5, we compute the homology groups of the second configuration spaces of
H-shaped graphs, and we give the decomposition of PHi(7-A[2_7_; IF) in Section 4.6. In section
4.7, we compute the homology groups of the second configuration spaces of the generalized
H-shaped graphs, and we give the decomposition of PHZ-((”;':lm7n)2_7_;1F) in Section 4.8. In
Section 4.9, we give a strategy for calculating PHZ‘(T% Lel) for any metric tree, where the

length of all but one edge (denoted by e1) of T is 1. Finally, in Section 4.10, we discuss some

properties of Hi(Tree% Loy IF), where Tree is a metric tree with arbitrary edge lengths.

4.1 Discretize the poset

Let (X, 0) be a finite metric graph and e; is an edge of X. When there are finitely many
hyperplanes in the parameter space of Xf Loy the number of chambers in the hyperplane
arrangement of Xﬁ Le, is also finite. We may associate the hyperplane arrangement with a

poset (denoted by (P, <)), and the Hasse diagram of (P, <) can be constructed as follows:

 each chamber of the hyperplane arrangement is an element of (P, <);

e each arrow corresponds to a wall between two chambers, and the orientation of the

arrow is given by the filtration of the spaces (X )? Ly satisfying the following condition:

the arrow is not a composition of two or more consecutive arrows

For example, the poset (P, <) associated to the hyperplane arrangement of Yr2,Lel is

shown in Figure 4.2.

71



4.1 - DISCRETIZE THE POSET

Figure 4.2: (P, <) associated to the hyperplane arrangement of PHo(Y,? L, IF)

Note that the construction of (P, <) from a hyperplane arrangement of a finite metric

graph is functorial, i.e., the construction above gives a functor (denoted by F)
F:(Rs0, <) x (Rsg, <) — (P, <)

At the object level, F sends (r,Le,) € Rsg x Rsg to p € P, where p represents the

chamber that contains (7, Le, ).

At the morphism level, F sends (r, Le;) — (+, L},) to the unique morphism p — p/,
where p represents the chamber that contains (r, L., ) and p’ represents the chamber that
contains (', Ly, ). Note that when p = p/, (7, Le,) and (+/, L],) are in the same chamber,

and F sends (7, Le,) — (1, L) to id,. Hence, in particular,
‘Fid(T,Lel) — Idp

Note that F is well-defined because there is no hyperplane with a negative slope. Since

(P, <) is thin, F is a functor.
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4.2 - DECOMPOSITION OF PH;(Y? ;TF)

s

When (r, Le, ) and (r/, L}, ) lie in the same chamber of the parameter space, X7 L., and
Xf,i,e1 have the same homotopy type (in fact, homeomorphism type). Therefore, each
persistence module PHZ-(XE,,;IF) has a well-defined poset representation M : (P, <) —
Vecty for a poset (P, <). Conversely, with the information of the hyperplane arrangement
of Xf 7, the poset (P, <) which is constructed as above, and a poset representation M :

eyl
(P,<) — Vecty, we can recover PH;(X2 _;TF) from M by defining PHi(XE,Lel :F) = M(p)
. (2 ) —
for all (r, Le,) that lies in the chamber represented by p, and PH’(X(T,Lel)S(r’,L’Gl)’]F) =
M(p < p') where (r,Le,) lies in the chamber represented by p and (+', L}, ) lies in the

chamber represented by p'.

In other words, when X is a finite metric graph, the functor P H; (X E’,; IF) factors through

the category (P, <).

PH;(X2 _;

4.2 Decomposition of PH;(Y?_;TF)

In this section, we decompose the poset representation PHi(Y_Q’_; F) (for i = 0,1) into a

direct sum of indecomposable representations.

Note that the hyperplane arrangement of Y;? L., can be interpreted as a functor

Y—27— : (]R>07 S)op X (R>07 S) — TOp
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4.2 - DECOMPOSITION OF PH;(Y? ;TF)

s

where Y_27_ sends (a,b) € Rsg X Rsg to Ya%b and sends the unique arrow (a,b) — (a,b)
to the inclusion map ¢ : Ya2,b — Yazl y, for all @ < aand b < V. Post-composing the i-th

homology functor H;(—) with Y2 | we obtain

PH;(Y2_): (Rs0,<)" % (Rs0,<) — Ab

In other words, at the object level, for each (a,b) € Rsg X R,

At the morphism level, PHZ-(Y_zy_) sends each morphism (a,b) — (d’,V’) to a group
homomorphism

et Hi(Y2) = Hi(Y )

where ¢4 is induced by the inclusion map ¢ : Yazb — Ya2, y in Top.

Note that PH;(Y?2 ;) is an interval module because the support of PH1(Y? ;) is

I

an interval, we immediately have
Theorem 4.1. PH,(Y?_;F) is interval decomposable.

Now we are going to decompose PHy(Y? _;FF). Note that there are finitely many
chambers in the hyperplane arrangement of YT% L., We may associate the hyperplane arrange-

ment with the Hasse diagram of a poset (denoted by (P, <)) as follows:
o each chamber of the hyperplane arrangement is an element of (P, <);

e each arrow corresponds to a wall between two chambers, and the orientation of the

arrow is given by the filtration of the spaces Y;? Le,
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4.2 - DECOMPOSITION OF PH;(Y? ;TF)

s

We associate PHo(Y? _;TF) with a representation over (P, <):

F F4 IF?
b
!
(4.1)
<ol > —2— <oeq,e3,04,06> —— < 01,04 >

d 7| I

o
<306 > & < (1,02,C3,04,C5,C6 > < < C1,€2,C4,C5 >
< c3,C6 >
where

e « maps every basis element of < ¢y, c3,cq,c6 > to c1;

e 7y maps ci,cs, cg to c¢; and maps co, c3, c4 to c2;

A maps c3, cg to cq;

£ maps c1,ca to ¢1, maps ¢4, ¢5 to ¢4, maps c3 to c3, and maps cg to cg;

e € maps c1,co to ¢; and maps ¢y, c5 to cy;

unlabeled maps are inclusion maps.

By an abuse of notation, we use PHO(Y_Q’_; F) to denote the P-indexed persistence module

given by (4.1).
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4.2 - DECOMPOSITION OF PH;(Y? ;TF)

s

Theorem 4.2. PHy(Y? ;F) = My ® My ® Ey ® Ey ® F where

i i i
My = i

i i i
E) = g

i i i
By = l
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4.2 - DECOMPOSITION OF PH;(Y? ;TF)

s

o — O
o — O

H—/h— =

Proof. We choose a basis for each vector space PH0(7:[$ Loy IF):
<c1 > — 2 < C1,C3 —Cg,C4 —C1,Cq > > < C1,C4 — C1 >

T W\E
A
01,02—C1+C5_

. cl,c2 — ¢ + ¢ —
<C3—C6,C6 > C4,C3 — C6,Cq — — (4.2)

C4,C4 —C1,C5 — C4
C1,C5 — C4,Cp

|

< c3 — Cg,Ce >

Define
[1] 1]
<> +—— <, > — <1 > F F F
o 391 fe T 9] ]
<cg>—— <c,6>+——<c1> | F IF? F
My = [1] = (4.3)

T

< cg > F
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4.2 - DECOMPOSITION OF PH;(Y? ;F)

D+——<cp—c1 >—— <cyg—c1 > 0

I o]

De—— <u—c>+——<c—c> o 0

T

0

H— M|

My = (4.4)

o — HFH — HF

] |

—— < cp—c1+tc5—c4 > —— < cpg—cCl+c5—cq >

o —s 0
H— o

o —HFH — O

E = I o~
0
(4.5)
0 0 0 0 0 0
| T [
E2:0<—<C5—C4><—)<C5—C4> g0 F F (4.6)
J |
0 0
0 ¢—<cg—c3>+—— 0 0 F 0
T J [
F— <C6—63><i;<06—63><—10g]l: F 0 (47)
o | '
< cg—c3 > FF

Note that My, Ey, E2, and F' are interval modules, hence by Lemma 3.1, they are

indecomposable. Now we are going to show that Mj is indecomposable. By the Fitting’s
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4.2 - DECOMPOSITION OF PH;(Y? ;F)

lemma (Theorem 2.36), it suffices to show that End(M;) does not contain any idempotents

except 0 and id.

Note that any linear transformation F — [ is a scalar multiplication. We use z : [F — [F
to denote the linear transformation that sends f to «f for all f € F. Let ¢ € End(M7). It

consists of the following data:

e z:F— I
e y:F—F;
e z:F—F;
a b
« A= be the morphism [F? — F? under the given basis,
c d
such that )
1 1
xo = Ao (4.8)
0 0
1
yo[l 1] = Ao (4.9)
0
0 0
zo =Ao (4.10)
1 1
Equation 4.8 implies
x a
= (4.11)
0 c
x b
Hence a = x and ¢ = 0. Update A =
0 d
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4.2 - DECOMPOSITION OF PH;(Y? _;T)

Equation 4.9 implies

[z b+d =[y (4.12)
x b
Hence z =y and b+ d = y. Update A =
0 z—0
Equation 4.10 implies i
b 0
= (4.13)
x—b z
xz 0
Hence b = 0 and = 2. Update A = . Therefore, End(M;) = F. Since F is a
0 =z

field, it does not contain any idempotents except 0 and id. Thus M; is indecomposable.

O

The indecomposables of PHO(Y_Zy_; IF) is given in Figure 4.3. The number on the colored

block indicates the multiplicity of IF in the representation.

1 2 T12 1 D) 712

Figure 4.3: The indecomposables of PHy (Y2 _;F)

,—
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4.3 Configuration Spaces of Star Graphs

4.3 - CONFIGURATION SPACES OF STAR GRAPHS

We begin this section with an observation.

Proposition 4.3. Let k > 4 and k € Z. Let Star; be the metric graph where every edge

but e; has length 1. Then (StAark)%Lel and Y7"2,Le1

hyperplanes.

= (S‘cAarg)%’Le1 have the same critical

Proof. The following inequalities give a description of the parametric polytopes of (StAark)% Lo,

Fori,j € {2,...,k} and i # j,

Forie {2,...

For j € {2,...

Jk}and j =1,

Jk}and i =1,

e} e}
IN - IA
< 8
IN - IA
— —
I I

&
+
<
Y,
=

(@n) o
N IA
N K
N IA
~ —
3 I
~
v

S
+
<
Vv
-
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4.3 - CONFIGURATION SPACES OF STAR (GRAPHS
Fori,je€{2,...,k},i=j,and y > x,
0<z<1

0<y<l1
(4.17)

(4.18)

Fori=j7=1and y > x,

o
IA
S

IA
3

o
IN
<
IA
&

(4.19)

<
|
8
v
-

Fori=j7=1,and y < x,

(4.20)

Compare the inequality systems (4.14), (4.15), (4.16), (4.17), (4.18), (4.19), and (4.20)
with inequality systems (1.1), (1.2), (1.3), (1.4), (1.5), (1.6), (1.7), and (1.8), we conclude that
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4.3 - CONFIGURATION SPACES OF STAR GRAPHS

(Sfark)% Le, and er Le, have the same type of parametric polytopes. Therefore, (Sfark)% Le,

and er Le, have the same critical hyperplanes. O
The hyperplane arrangement of (StAark)%’ Le, is given in Figure 1.3.

Proposition 4.4. Let r be a positive number and k£ > 3. Then

Z, ifo<r<i1

ZFEF 0 < <1
Ho((Star)?) = zF~k  if1<r<2 and Hi((Star)?) =

0, ifl<r
0, if2<r

Proof. We run induction on k.

When k =3 Consider the following cover of (Stars)?:

Un = (e1);
U2 = e1 x Stary — {(z,y) € eq x Stara | §(z,y) <r}
(4.21)
Ua1 = Starg x e1 — {(z,y) € Starg x e1 | §(z,y) <r}
Uy = (Starg)%
{*17*2}, fo<r S 1
Note that (ey)? ~ where {*1,%9} is a subspace of (e1)?

0, if1<r

consists of two points. On the other hand,

[}, ifo<r<1

e1 x Starg — {(z,y) € e1 x Stary | 6(2,y) <71} = fxy, %0}, fl<r<2

0, if 2 <r
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4.3 - CONFIGURATION SPACES OF STAR GRAPHS

Similarly,

{+}, ifo<r<1

Stary x e1 — {(z,y) € Starg x €1 | 6(2,y) <71} = {xy, %0}, fl<r<2

0, if2<r

In addition, note that

, Z2, if0<r<2
Ho((Starz);) =

0, if2<r

Now let’s consider the intersections of U;;. Note that

{x}, f0<r<1
U1 NUp9 ~

0, ifl<r

{x}, f0<r<1
Uit NUy ~

0, ifl<r

{*17*2}, 1f0<7”§1
Uss NU 9 ~ (4'22)

0, ifl<r

{¥1,%0}, ifO0O<r<1
Usa NUsg1 ~

0, ifl<r
UnNUyp =10
UpNU =0
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4.3 - CONFIGURATION SPACES OF STAR GRAPHS

Note that there are natural inclusions

UnnNUia — Uny
Ui NUig — Uso
Ui NUz — Uny
Ui NUzp — U
(4.23)
Uga N U1 — U
Uga NU12 — Usa

Uaa N U1 — Usa

Uaa NUg1 — Uy

When 0 < < 1: The E! page of the Mayer-Vietoris spectral sequence is

q
2 : 0 0
1 Hy((Starp)?) 0 0

dl
0| Z*® Ho((Starg)?)—2Z5 0

0 1 2 P

We want to understand the behavior of d', where d! is induced by inclusions (4.23).
Let a be the generator of Hy(Uy; NUi2) and a be the generator of Hy(U1; NUsp). Let
b1, ba be the generators of Hy(Uze NUj2) and b1, by be the generators of Ho(Uxe NUsy).
Note that Uy has two path components, while U1 N Ujo and Upp N Usyp lie in different
path components. Choose a generator (denoted by ¢;) from the path component of Uyy
containing Uy N Uje, and choose a generator (denoted by ¢2) from the path component

of Uy containing Uy N Us;. Let e be the generator of Hy(Ujz2) and é be the generator
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4.3 - CONFIGURATION SPACES OF STAR GRAPHS

of Hy(Usa1) such that

and

On the other hand, let fi, fo be the generators of Ho(Usg) = Z2, where f; and fs lie

in different path components of Usg, then

d'(b1) =e+f1, d'(b2) =e+ fo,

and

d'(b) =e+f1, d'(b)=¢e+f

Consider the following matrix
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4.3 - CONFIGURATION SPACES OF STAR GRAPHS

Run the row reduction, we obtain:

The rank of this matrix is 5, and the diagonal elements of the Smith Normal form of
the matrix above are all equal to 1. Therefore, Imd' = Z5 and kerd! = Z'. Hence we

obtain the E? page of the Mayer-Vietoris spectral sequence:

Since there is no non-trivial arrow on the E? page, E? = E>. Therefore,

Ho((Star3)?) = Z

and

Hl((Starg)f) = Hl((Starg)f) eZ =7

When 1 <7 <2: The E' page of the Mayer-Vietoris spectral sequence is
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Since there is no non-trivial arrow on the E' page, E' = E*. Therefore,

and

In conclusion,

and

4.3 - CONFIGURATION SPACES OF STAR GRAPHS

0 0
Hi((Star)?) 0 0
VA 0 0

0 T 2

Ho((Starg)f) ~ 76

Hl((Starg)g) =0

Z, if0<r<l1

Ho((Star3)?) = <76 if1 <r <2

0, if2<r

Z, ifo<r<1

Hy((Stary);) =

0, ifl<r
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4.3 - CONFIGURATION SPACES OF STAR GRAPHS

When k >4 Consider the following cover of (Stary)?2:

U = (e1);
Uig = ey x Starg_1 — {(z,y) € e1 x Starg_q | §(z,y) <r}
(4.26)
Uy = Starg_1 x e1 — {(z,y) € Stary_1 x e1 | 0(z,y) < r}
Uy = (Stark_l)%
{x1,%2}, f0<r<1
Note that (e1)? ~ where {x1,%2} is a subspace of (e1)?
0, ifl<r
consists of two points. On the other hand,
{*}, if0<r<1
elXStark—l_{(xvy) € e1 X Starg_y | 5($,y) <T}§ {*1,*2,...,*k,1}, ifl<r<2
0, if2<r
where {*1,%2,...,%,_1} is a subspace of (e1)? consists of (k — 1) points.
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4.3 - CONFIGURATION SPACES OF STAR GRAPHS

Now let’s consider the intersections of U;;. Note that

{x}, f0<r<1
U1 NUg ~
0, ifl<r
(), if0<r<1
Uji1NUy ~
0, ifl<r
{1, oxpq), f0<r<1
Uz NUp2 = (4.27)
0, ifl<r
{1, %1}, f0<r<1
Uasa MUz ~
0, ifl<r
UiNUx=10
UpaNUy =0
Note that there are natural inclusions
UnnNU — Uny
Ui NUig = U2
Ui NUz — Uny
Ui NUz — Un
(4.28)

Uga N U2 — Uao
Uga NU12 — Uiz
Uaa NUz1 — Uaa

Usa NUg1 — Uy
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4.3 - CONFIGURATION SPACES OF STAR GRAPHS

When 0 < r < 1: The E! page of the Mayer-Vietoris spectral sequence is

q
2 : 0 0
1 Hy((Starg_1)?) 0 0

dl
0| Z*® Ho((Starp_1)2)—2Z%* 0

0 1 2 4

We want to understand the behavior of d', where d' is induced by inclusions (4.28).
Let a be the generator of Hy(Uj; NUj2) and a be the generator of Hy(U1; NUsp). Let
bi,...,bp_1 be the generators of Ho(Usp NUis) and by, ..., b_1 be the generators of
Hy(Uz2 NUs1). Note that Uy has two path components, while U1 NUje and Uyy N U9y
lie in different path components. Choose a generator (denoted by c¢1) from the path
component of Uyp containing Uyp N Usz, and choose a generator (denoted by c2) from
the path component of Uy containing Uy N Usp. Let e be the generator of Hy(Uj2)

and é be the generator of Hy(Us1) such that

d'(a)=c1+e

and

Let f be the generator of Hy(Us2) = Z, then for all i =1,... k-1,

d(bi) = e+ f

and



4.3 - CONFIGURATION SPACES OF STAR GRAPHS

Consider the following matrix

_1 000 0_
0100 0
1 010 0
0101 -1
0011 -1

where the third and the fourth columns are repeated for (k — 1) times. Run the row

reduction, we obtain:

_1000 0_
0100 -0
0010 0
0001 1
0000 0

The rank of this matrix is 4, and the diagonal elements of the Smith Normal form of
the matrix above are all equal to 1. Therefore, Imd* = Z* and kerd* = Z2~4. Hence

we obtain the E? page of the Mayer-Vietoris spectral sequence:

1| Hi((Starp-1)7) 0 0

0 7, Z2k—4

[}
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4.3 - CONFIGURATION SPACES OF STAR GRAPHS

Since there is no non-trivial arrow on the E? page, E? = E>. Therefore,
Ho((Stary)?) = Z
and the following sequence is a short exact sequence:
0 — Hi((Stary_1)?) — Ho((Stary)?) — 2?4 50 (4.29)

Note that Z2—* is free, the short exact sequence (4.29) splits, hence

Ho((Stark)f) = Hl((Stark_l)%) ©® Z2k74
~ g g g2 g g 7201 g7 (4.30)

o gk(k=3)+1

When 1 <r <2: The E! page of the Mayer-Vietoris spectral sequence is

q
2 0 0
1 Hi((Star,_1)?) 0 0

dl
0| Z?*2@ Hy((Starp_1)?)<—0 0

Since there is no non-trivial arrow on the E' page, E! = E>. Therefore,

Ho((Stary)7) = Ho((Stary1);) @ 22
o~ Z2k72 D ZQ(k*l)*Q D--- 22(4)72 D Zﬁ (431)

~ Zk2—k
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4.3 - CONFIGURATION SPACES OF STAR GRAPHS

and

Hy((Stary)?) = Hy((Stary_1)?)

In conclusion,

Z, ifo<r<1
Ho((Stary)7) =S zF kit 1 < <2 (4.32)
0, if2<r
and
ZFE=3)H i< r <1
Hy((Star,)?) = (4.33)
0, ifl<r
O

Now we are ready to compute H;((Stary)?). Consider the following cover of (Stary,)2:

Un = (e1);
Uig = ey x Starg_1 — {(z,y) € e1 x Starg_1 | §(z,y) < r}

(4.34)
Ua1 = Starg_1 x e1 — {(z,y) € Starg_1 x e1 | §(z,y) < r}

Uny = (Stary_1);
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Note that there are natural inclusions

Ui NUia = Uy
Ui NU2 = Uio
Ui NUz — Uny
Ui NUz — U
(4.35)
Uga N U2 — Usa
Uga NU12 — Uiz

Uz NUg1 — Usa

Uaa N U1 — U2y

Proposition 4.5. Let L., be a positive number. If » < L., and » <1 . Then

Ho((Stary)?) =2 Z and Hy((Stary,)?) = zFKk=3)+1

Proof. Consider the cover of (Stari)? given in Equation (4.34). Note that Uy = (e1)? =~

{*1,*2}. Moreover,
Ujg = e1 x Starg_1 — {(z,y) € e1 x Starg_1 | 0(x,y) <r} =~ {x}

and

Uy = Star_1 x e1 — {(z,y) € Starp_1 x e1 | 0(z,y) <r} ~{x}
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Now let’s consider the intersections of U;;. Note that

Uit NUjg >~ {*} ~ U1 NUy
UxpNUpg > {*1,..., %1} ~ U NUy (4.36)

Unn NUse = 0 = Upa N Usy

The E' page of the Mayer-Vietoris spectral sequence is

q
2 : 0 0
1 Hy((Starg_1)?) 0 0

dl
0| Z*® Ho((Starp_1)2)—2Z%* 0

0 1 2 4

We want to understand the behavior of d', where d' is induced by inclusions (4.35). Let a
be the generator of Hy(U;; NUj2) and a be the generator of Ho(Upp NUsap). Let by, ..., bg_1
be the generators of Hy(Uze N Ui2) and bi,...,b,_1 be the generators of Ho (U2 N Usy).
Note that Uy; has two path components, while Uy N Ui and Upp N Usy lie in different path
components. Choose a generator (denoted by ¢1) from the path component of U;; containing
U1 NUj2, and choose a generator (denoted by ¢3) from the path component of Uy containing

Up1 NUsz. Let e be the generator of Hy(Uy2) and é be the generator of Hy(Us1) such that

d'(a) =c; +e

and
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Let f be the generator of Hy(Usz) = Z, then for all i = 1,... k—1,

d'(bi) =e+f

and

Consider the following matrix

_1000- O_
0100 - 0
1010 - 0
0101 1
0011 1

where the third and the fourth columns are repeated for (k — 1) times. Run the row reduction,

we obtain: ) )
1000 -0
0100 ---0
0010 -0
0001 1
0000 -0

The rank of this matrix is 4, and the diagonal elements of the Smith Normal form of the

matrix above are all equal to 1. Therefore,

Imd! =~ z7*

and

kerd! = z2k—4
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4.3 - CONFIGURATION SPACES OF STAR GRAPHS

Hence we obtain the E? page of the Mayer-Vietoris spectral sequence:

q

2 0 0
1| Hyi((Starg_1)?) 0 0
0 Z 740

Since there is no non-trivial arrow on the E? page, E? = E*. Therefore,

Hy((Star)?) = Hy((Stary_1)?) @ Z2+4

(4.37)
~ gk(k=3)+1
and
Ho((Star,)?) = Z (4.38)
L]

Proposition 4.6. Let L., be a positive number. If » > L., and » < 1. Then

Ho((Stary)?) = Z and H,((Stary,)?) = z(F-Dk=4)+1

Proof. Consider the cover of (Star;)2 given in Equation (4.34). Note that Uy = (e1)? = 0.

On the other hand,
Upg = e1 x Starg_1 — {(z,y) € e1 x Starg_1 | 0(z,y) <r}~{*1,..., %1}

and

Uy = Stary_1 x e1 — {(x,y) € Starg_1 x ey | 0(x,y) <r}~{,...,%_1}
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Now let’s consider the intersections of U;;. Note that

UnNUiz=0=UnNUxy
UxpNUpg > {*1,..., %51} ~ U N Uy (4.39)

Unn NUse = 0 = Upa N Usy

The E' page of the Mayer-Vietoris spectral sequence is

q
2 : 0 0
1 Hy((Starg_1)2) 0 0

dL
0| Z*~2q@ Hy((Star,_1)2)—2%*2 0

0 1 2 P

We want to understand the behavior of d', where d' is induced by inclusions (4.35). Let
bi,...,be_1 be the generators of Hy(Usz NUyz) and by, . .., by_1 be the generators of Ho (U N
Us1). Let e,... ,ex_1 be the generators of Ho(Ui2) and éy,...,é,_1 be the generators of

Hy(Uz21). Let f be the generator of Ho(Uzz) = Z, then for alli =1,...,k—1,

d'(b) =ei+ f

and
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Consider the following matrix

_ 10 --- 00 _
01 - 00
00 . 00
00 -~ 10
00 --- 01
11 11

Run the row reduction, we obtain:

_ 10 0 0 _
01 0 0
00 00
00 10
0 0 0 1
00 0 0

The rank of this matrix is 2k — 2, and the diagonal elements of the Smith Normal form
of the matrix above are all equal to 1. Therefore, Imd! = Z2%=2 and kerd' = 0. Hence we

obtain the E? page of the Mayer-Vietoris spectral sequence:

1| Hy((Starg—1)?) 0 0
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Since there is no non-trivial arrow on the E? page, E? = E>. Therefore,

Hy((Stary)?) = Hy((Stary,_1)?) = zk-DE-4)+1 (4.40)

and
Ho((Star,)?) = Z (4.41)
O

Proposition 4.7. Let L., be a positive number. If r < L., and 1 <r <2 . Then

Ho((Stary,)?) = ZF -2 and Hi((Star,)?) =0

Proof. Consider the cover of (Stary)? given in Equation (4.34). Note that Uy = (e1)? =

T

{*1,*2}. On the other hand,
U2 = ey x Starg_1 — {(z,y) € e1 x Starg_1 | §(z,y) <r} ~ {x}

and

Uy = Starg,_1 x e1 — {(z,y) € Starg_1 x eq | d(z,y) <r} =~ {x}

Now let’s consider the intersections of U;;. Note that

U1 NUp9 >~ {*} ~ U1 NUy
U22 N U12 - @ = U22 N U21 (442)

U1 NUss =0 = U2 NU2

The E' page of the Mayer-Vietoris spectral sequence is
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4.3 - CONFIGURATION SPACES OF STAR GRAPHS

q
2 : 0 0
1 Hy((Starg1)7) 0 0

dl
0 Z4@H0((Stark,1)%)k/22 0

0 1 2 P

We want to understand the behavior of d!, where d! is induced by inclusions (4.35). Let
a be the generator of Hy(Uj; NUjz) and a be the generator of Hy(Up; NUsp). Let e be the
generator of Hy(Uy2) and € be the generator of Hy(Us1). On the other hand, let f1, ..., fr2_j

be the generators of Hy(Usg) =2 Zkz_k, then foralli =1,...,k—1,
d'(a) =c +e

and

Consider the following matrix
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4.3 - CONFIGURATION SPACES OF STAR GRAPHS

Run the row reduction, we obtain:

00

The rank of this matrix is 2, and the diagonal elements of the Smith Normal form of the
matrix above are all equal to 1. Therefore, Imd! = Z? and kerd! = 0. Hence we obtain the

E? page of the Mayer-Vietoris spectral sequence:

1| Hi((Starg_1)?) 0 0

0 ZkQ—k+2 0 0

Since there is no non-trivial arrow on the E? page, E? = E*>. Therefore,

Hi((Stary,)7) = Hi((Starg—1)7) =0 (4.43)

and
Ho((Sfary)2) = zV —k+2 (4.44)
O
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4.3 - CONFIGURATION SPACES OF STAR GRAPHS

Proposition 4.8. Let L., be a positive number. If L., <r < L., +1and 1 <r <2 . Then

Ho((StAark)%) = Zk2+k72 and Hl((StAark)%) =0

Proof. Consider the cover of (Stary)? given in Equation (4.34). Note that Uy = (e1)? =

0. On the other hand, Ujs = e; x Star,_; — {(z,y) € ey x Starg_1 | §(z,y) < r} =~

{*1,...,%,_1}and Usy = Stary_1 xe; —{(z,y) € Starg_1 xe1 | 0(x,y) <r} >~ {*1,... %1}

Now let’s consider the intersections of U;;. Note that

UnnNUa =0 =U;1NUgy
Uso MU = 0 = Uso N Usy (4.45)
Uit NUy =0 = UiaNUsy

The E' page of the Mayer-Vietoris spectral sequence is

q
2 0 0
1 Hy((Starg_1)?) 0 0

0| Z?*2@ Hy((Starp_1)?) 0 0

Since there is no non-trivial arrow on the E' page, E' = E*°. Therefore,

Hy((Stary,)?) = Hy((Star_1)2) =0 (4.46)

r
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4.3 - CONFIGURATION SPACES OF STAR GRAPHS

and

Ho((Sfary)2) = ZV +h-2 (4.47)

Proposition 4.9. Let L., be a positive number. If r > L, +1and 1 <r <2 . Then

Ho((Sfary)?) 2 Z¥ % and  Hy((Sfary)2) =0

Proof. Consider the cover of (Starg)? given in Equation (4.34). Note that Uy = (e1)? = 0.
On the other hand, Uja = e x Stary_1 — {(z,y) € e; x Starg_1 | é(z,y) < r} = 0 and

Ug = Starg_1 x e1 — {(z,y) € Starg_1 x e | 6(z,y) <r} =0.

Now let’s consider the intersections of U;;. Note that

UnnNU =0 = U NUsy
Uso MU = 0 = Uso N Usy (4.48)
UppNUx =0 =UaN Uy

The E' page of the Mayer-Vietoris spectral sequence is

1 Hl((Stark_l)%)

(@)
(@)

0| Ho((Star_1)?) 0 0
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4.3 - CONFIGURATION SPACES OF STAR GRAPHS

Since there is no non-trivial arrow on the E' page, E' = E*>. Therefore,

Hy((Starg)?) = Hy((Starj_1)?) =0 (4.49)

and
Ho((Stary,)?) = Z¥ -+ (4.50)
Il

Proposition 4.10. Let L., be a positive number. If r < L., and » > 2 . Then

Ho((Stary)?) = Z* and H;((Stary)?) =0

Proof. Consider the cover of (Stary)? given in Equation (4.34). Note that Upy = (e1)? ~

{*1,*2}. On the other hand,

U2 = ey x Starg_1 — {(z,y) € e1 x Starg_1 | §(z,y) <r} ~ {x}

and

Uy = Starg,_1 x e1 — {(z,y) € Starg_1 x eq | d(z,y) <r} =~ {x}

Now let’s consider the intersections of U;;. Note that

U1 NUp9 >~ {*} ~ U1 NUy
U22 N U12 = @ = U22 N U21 (451)

U1 NUss =0 = U2 NU2

The E' page of the Mayer-Vietoris spectral sequence is
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q
2 : 0 0
1 Hy((Starg1)7) 0 0

dl
0 Z4@H0((Stark,1)%)k/22 0

0 1 2 P

We want to understand the behavior of d!, where d! is induced by inclusions (4.35). Let
a be the generator of Hy(Uj; NUj2) and @ be the generator of Hy(Uj; NUs;). Let ¢1, ¢ be
the generators of Hy(Uj1), where ¢ and ¢g lie in different path components of Uy;. Let e be

the generator of Hy(Ui2) and é be the generator of Hy(Us1). Note that

d'(a) =c +e

Consider the following matrix

Run the row reduction, we obtain

The rank of this matrix is 2, and the diagonal elements of the Smith Normal form of the
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4.3 - CONFIGURATION SPACES OF STAR GRAPHS

matrix above are all equal to 1. Therefore, Imd! = Z? and kerd! = 0. Hence we obtain the

E? page of the Mayer-Vietoris spectral sequence:

q
2 0 0
1| Hi((Starp—1)7) 0 0
0 72 0 0
0 1 2 P

Since there is no non-trivial arrow on the E? page, E? = E>. Therefore,

Hi((Starg)?) = Hy((Star,_1)?) =0 (4.52)

and
Ho((Stary)7) = Z° (4.53)
[

Proposition 4.11. Let L., be a positive number. If L., <r < L., +1 and r > 2 . Then

Hy((Star,)?) = Z%%=2 and H;((Star;)?) =0

Proof. Consider the cover of (Stary)? given in Equation (4.34). Note that Uy = (e1)? =
0. On the other hand, Ujs = e; x Star,_; — {(z,y) € e1 x Starg_1 | §(z,y) < r} =~

{*1,...,%,_1} and Usy = Stary_1 xe; —{(z,y) € Starg_1 x ey | 0(x,y) <r} >~ {*1,... %1}
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Now let’s consider the intersections of U;;. Note that

UnnNU =0 = U NUsy
Uso NU1g = 0 = Uga N Usy (4.54)
Unn NUs = 0 = Upa N U9y

The E' page of the Mayer-Vietoris spectral sequence is

q
2 0 0
1 Hy((Starg_1)?) 0 0
0| Z?*2@ Hy((Starp_1)2) 0 0
0 1 2 P

Since there is no non-trivial arrow on the E' page, E' = E>°. Therefore,

Hy((Sfar)?) = Hy((Starj_1)?) =0 (4.55)

and
Ho((Stary,)?) = 7?2 (4.56)
[

In summary, when k > 4, the rank of Hy((Star;)?) for all r > 0 and L, > 0 is shown
in Figure 4.4. When &k > 4, the rank of Hy((Star)2) for all » > 0 and L., > 0 is shown in
Figure 4.5.
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Figure 4.4: The rank of Ho((Stary)2)

Figure 4.5: The rank of H((Stary,)?)
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4.4 - DECOMPOSITION OF PH;((Stary)? ;F)

4.4 Decomposition of PH,((Star,)> _;F)

In the previous section, we computed H;((Stary)?) for all r, Lo, € Rsq. Recall that Star,
is a metric star graph where the length of all but one edge (denoted by e;) is 1, and the

length of edge e is Le,. In this section, we define
(Star)? 1, = (Starg)}

to emphasize that (Stary)? is determined by two parameters r and L, .

Note that the hyperplane arrangement of (Stark)%’ L., can be interpreted as a functor
(Starg)2 _: (Rs0, <) x (Rso,<) — Top

where (Star)2 _ sends (a,b) € Rso x Rsg to (Stary)? , and sends the unique arrow (a,b) —
(a/,') to the inclusion map ¢ : (Starkj)gyb — (Starg)?,,, for all @’ < a and b < b'. Post-

composing the i-th homology functor H;(—) with (Stark)Q_’_, we obtain
PH;((Starg)% _) : (Rog, <7 x (Rsg, <) — Ab
In other words, at the object level, for each (a,b) € Rsg x Rxo,

PHi((Stark)Z,b) = Hi((Stark)Z,b)

At the morphism level, PH;((Stary)? _) sends each morphism (a,b) — (a/, V') to a group
homomorphism

Lt Hi((Starg)a ) — Hi((Stark)?L/’b/)
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4.4 - DECOMPOSITION OF PH;((Stary)? ;F)

where ¢, is induced by the inclusion map ¢ : (Stary)? , — (Starg)? ,, in Top.

One natural question is whether or not it can be written as a direct sum of polycodes.
If it is not a direct sum of polycodes, what are the indecomposable direct summands of
PHi((Stark)Z_j_;lF)? In this section, we give the decompositions of PHO((Stark)?_; F) and
PH;((Star)? _;TF).

Note that there are finitely many chambers in the hyperplane arrangement of (Stary)? Loy

we may associate the hyperplane arrangement with the Hasse diagram of a poset (denoted

by (P, <)) as follows:
« each chamber of the hyperplane arrangement is an element of (P, <);

o each arrow corresponds to a wall between two chambers, and the orientation of the

arrow is given by the filtration of the spaces (Stary)? Le,"

We associate PHo((Starc)? _;IF) with a representation over (P, <):
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4.4 - DECOMPOSITION OF PH;((Stary)? ;F)

F e FH¥-k+2 g2

I T T

2
F IFk +k—2 IFQk—Q

T

]sz—k
<f>——F— <e, 1, 1, fre_p > <ep,é1 >
[ 1 |
5 617"'7€k—17é17"'7é/€—17 . .
< f>— —— < €1, € 1,61y, Cp1 >
- Ji, oo fr2k
< fireeo frog >
(4.57)

where o and v maps every basis element to f, S maps e; to e;, maps & to é; for all
i = 1,...,k—1 and maps f; to f; itself for all j = 1,...,k> —k, and € maps e; to e;
and maps é; to é; for all ¢ = 1,...,k — 1. All other maps are inclusions. By an abuse of
notation, we use PHO((Stark)Q_’_; IF) to denote the P-indexed persistence module given by

(4.57).

Similarly, we associate PH 1((Stark)2_7_; IF) with a representation over (P, <):
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4.4 - DECOMPOSITION OF PH;((Stary)? ;F)

[Ek(k—3)+1

S —> O

2
]Fk —bk-+5 (458)

S — O —> O

By an abuse of notation, we use PH1((Star,)? _;F) to denote the P-indexed persistence

El

module given by (4.58).

Theorem 4.12. PH:((Star)? _;F) is interval decomposable.

Proof. The support of PH 1((Stark)2_’_; IF) is a Ao quiver. Note that Ay quivers are interval

decomposable (Theorem 2.33), and there are only 3 types of thin indecomposable representa-

tions of a Ay type quiver, up to isomorphism:

F—-0, FY%F, and0—TF

|

o —— H
o — o
o — O

Note that and are indecomposable because

S — O — O
S — O —> O
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4.4 - DECOMPOSITION OF PH;((Stary)? ;F)

they are simple representations. On the other hand, note that

s

O —r O

End

1%
s

s
i e

s

a
S —r O

By Fitting’s Lemma (Theorem 2.36), is indecomposable.

s
o—o — o

]Fm

|

]Fn

o —r O

Assume there exists m,n > 0 such that M := is indecomposable.

S — O —> O

Note that we can decompose « : [F” — F™ into a direct sum of the thin indecomposable
representations

F-0 FY%F, and0—TF
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4.4 - DECOMPOSITION OF PH;((Stary)? ;F)

Extend these representation as

o —— HF

S — O —> O
=)

H— O

S — O —> O
)

1]l
|

Since M is indecomposable and m,n > 0, we must have m = n = 1. Therefore, every

indecomposable subrepresentation of PH; ((Stark)%’,; IF) is isomorphic to one of the following
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4.4 - DECOMPOSITION OF PH;((Stary)? ;F)

thin indecomposable representations:

.

S — O —> O
S — O —> O
s
S —> O —> O

Note that the supports of the above thin indecomposable representations are intervals (as

posets). Therefore, PHy((Star)2 _;TF) is interval decomposable. O
. k=1 k=1 K2k
Theorem 4.13. PHy((Stary)?> ;IF) X M@ My (D Ei) & (D Ei) o ( @ Fj) where
i=2 i=2 j=2
1
e ol g
q T
SIS F
[

0
1

[E—

(o]
L
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4.4 - DECOMPOSITION OF PH;((Stary)? ;F)

and fori=2,...,k—1,

o—— o
H—— o

o ——HFH — O
o

E;, =
0 0 0
R
£ = 0 ]? F
0
and for j =2,..., k> —k,
0 F 0
[ ]
F = 0 F 0

=
—

x|

Proof. Equation 4.57 provides us with the behavior of each arrow with given basis elements.
Our goal is to find a new basis of PHO((Stark)%Lel;lF) for all (r,Le;) € R x R such that
each morphism in the diagram maps every basis to another basis or zero, depending on the
geometry of (Stark)%’ Lo, We choose the basis for each vector space provided in the diagram

below:
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4.4 - DECOMPOSITION OF PH;((Stary)? ;F)

< e1,81 —e1, f1, fo — >
S ek — N

51\
€1,€2 —

— < e, 6] —e1 >

}

. €1y, €k—1—
€1,62 —€1,...,€—1 —€1,€1 — €1,
€1,
<f><L< by —1,..., 61— @1 f1, fa— ><—a< R R >
€1 —€1,€2 —
Ji,- o fieok— N X X A
’l* €1,..-,€k—1— €1
<fi,fo—fi,. s fre_p — f1>
Let
a o (5]
<fi>+—<e, fi>—— <er > F E2 00 g
T ﬁT Te id idT Tid
v n 1
— < > <ep > 2
My — < h> e1, f1 1> o F 0]F 0 F (4.59)
| 197]
< f1> F
0—<ép—e1>+——<é—e1> 0 F«9 F
o R
0l <ti—e1>—<bi—e1> o 0 F 49 F
My : = 1] ! L - T (4.60)
0 0
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Fori=2...)k—1

0 = 0 0 0 0 0
1 A
B = D+———<e—e1>+——<e —e > ~ 0 F 9 F (461)
J |
0 0
0 = 0 0 0 0 0
P R
E,i:: D+— <é—€E1>+—— <é;—€1> ~ 0 F id F (4.62)
J |
0 0
Forj=2,..., k> —k
0+*—<fi—fi>+—0 0 F 0
T d [ .
F‘.:0<L<fj—f1><—)ogo F 0
j - ] = idT (4.63)

A\
Sh
|
=
V

w

Note that Mo, E;, F;, and Fj (wherei=2,...,k—1and j =2,...,k? — k) are interval
modules, hence by Lemma 3.1, they are indecomposable. Now we are going to show that M;
is indecomposable. By the Fitting’s lemma (Theorem 2.36), it suffices to show that End (M)

does not contain any idempotents except 0 and id.
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Note that any linear transformation F — [ is a scalar multiplication. We use x : IF — [F
to denote the linear transformation that sends f to xf for all f € F. Let ¢ € End(M;). It

consists of the following data:

e v:F— T
e y:F—F;
e z:F—F;
a b
« A= be the morphism [F? — F? under the given basis,
c d
such that ;
1 1
xo = Ao (4.64)
0 0
1
yo[l 1] = Ao (4.65)
0
0 0
zo =Ao (4.66)
1 1
Equation 4.64 implies
x a
= (4.67)
0 c
x b
Hence a = x and ¢ = 0. Update A =
0 d
Equation 4.65 implies
[z b+d=1[y (4.68)
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b
Hence z =y and b+ d = y. Update A =

0 z—5b

Equation 4.66 implies

- (4.69)

z 0
Hence b = 0 and = z. Update A = . Therefore, End(M;) = F. Since F is a
0 z

field, it does not contain any idempotents except 0 and id. Thus M; is indecomposable.

4.5 Configuration Spaces of the H Graph

An H graph is a tree shown in Figure 4.6a. We want to assign each edge an orientation
that matches the orientation we assigned for the Y graph. Hence we subdivide the bridge
of H graph by introducing an artificial vertex, as shown in Figure 4.6b. We denote the
geometric realization of the resulting graph by H and use # to denote the metric graph A
where the length of the bridge is L., and the length of any other edge is 1. In this section,

we describe the second configuration spaces of H with restraint parameters r and Le,.

Figure 4.6

Let L., denote the length of the e;. The parametric polytope of "Hf 7 is given by the

following inequalities, where L = (Leg, -+ Le;) and Leg + Le, = Le,:
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For i,j € {2,3}, i # j:

For i,5 € {4,5}, 1 # j:

For i € {2,3}, j = 6:

For j € {2,3}, i = 6:

For i€ {2,3}, j=T:

4.5 - CONFIGURATION SPACES OF THE H GRAPH
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(4.70)

(4.71)

(4.72)

(4.73)

(4.74)



For j € {2,3},i=T:

For i,5 € {6,7}, 1 # j:

For i € {2,3}, j € {4,5}:

For i € {4,5}, j € {2,3}:

For i € {4,5}, j =T:

4.5 - CONFIGURATION SPACES OF THE H GRAPH
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(4.78)
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For j € {4,5},i=T:

0<xz< L
0<y<Le (4.80)
rt+y=>r
For i € {4,5}, j = 6:
0<x< L
0<y<Le (4.81)

For j € {4,5}, i = 6:

(4.82)

For i,j € {2,3,4,5,6,7}, i = j, = <y

o
IN
8
IA
&~

(4.83)

o
IN
<

IN

|
8
+
<
Vv
<

For i,5 € {2,3,4,5,6,7}, i = j, © > y:

0<y<Le (4.84)
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When L = (1,...,1) and Ley = Le; = 4L,
A= Sfarg V Sfarg

and the critical hyperplanes in the parameter space are:

r=1
r =

1
T = §L€1

1
r=1-+ §L61 (485)
r =14 Le,
r = Le,
r =2+ Le,
Consider the following cover of (7:[)3 L,

U11 = (Sfarg)%

Uz = Starg x Stars — {(x,y) € Starz x Starg | d(x,y) < r} (4.56)
4.86

Usy = Starg x Stars — {(y, z) € Starz x Starz | 6(z,y) < r}

U22 = (S’Eal’g)%
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Note that there are natural inclusions

Ui NUia = Uy
Ui NU2 = Uio
Ui NUz — Uny
Ui NUz — U
(4.87)
Uga N U2 — Usa
Uga NU12 — Uiz

Uz NUg1 — Usa

Uaa N U1 — U2y

Lemma 4.1. [ = (1,...,1) and Ley = Le, = %Lel. Then

Z, if0<r<L,+1

Hy(Starg x Starg — {(x,y) € Starg x Starg | §(z,y) <7}) = 74 if Lo, +1<r<Le+2

0, else

and

. R R N Z, it Lo <r<L¢+1
H;(Stars x Stars — {(z,y) € Starg x Starz | 6(z,y) <r}) =

0, else

Proof. Consider the following cover of Stars x Starz — {(z,y) € Starg x Stars | §(x,y) < r}:

Vi = Stars x e7 — {(z,y) € Starg x e7 | 6(z,y) < r}
(4.88)

Vo = Stars x (eq Ves) — {(x,y) € Starz x (eq Ves) | 6(z,y) <7}
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Note that
{x}, it0<r <L
Vi~ {*1,%2}, ifLe, <7 < L +1
0 else
(5, if0 <7< Le, (4.89)
st ifLe, <7 < Ley +1
Vo ~
{1, %2, %3, %4}, ifLe, +1 <7 < Le +2
0 else
and
{*}, it0<r <L
VINVo = sy wo}, ifLe, <7 < Lo, +1 (4.90)
0 else

When 0 <7 < L.;: The E! page of the Mayer-Vietoris spectral sequence is

We want to understand the behavior of d', where d' is induced from the following maps:

inVy =W,

VinVy —= V%
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Let a be the generator of Hy(V3 NV3). Choose a generator b of Hy(V;) and a generator
c of Hy(Vs) such that d'(a) = b+ c. Thus dimImd! = 1 and dim kerd! = 0, and we obtain

the E? page of the spectral sequence:

Since there is no non-trivial arrow on the E? page, E? = E>. Therefore,

Hy(Stars x Starg — {(=,y) € Starg x Starg | 6(z,y) <r}) X Z

and

H; (Stars x Starg — {(x,y) € Stars x Starz | 6(z,y) <7}) =0

When L., <7 < Le, +1: The E! page of the Mayer-Vietoris spectral sequence is
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We want to understand the behavior of d', where d' is induced from the following maps:

VinVa ="

inVy —= V%

Let a1, az be the generators of Hyp(V1 NV2). Choose generators by and be for Hy(V) and

a generator ¢ for Hy(V3) such that
e by and aq lie in the same path component;
e by and a9 lie in the same path component.

Hence

dl(al) =bi+c¢c
dl(ag) =by+ec

Counsider the matrix

Run the row reduction, we obtain:

o O
o =

The rank of the matrix is 2, and the diagonal elements of the Smith Normal form of the
matrix above are all equal to 1. Thus dimImd' = 2 and dim kerd' = 1, and we obtain the

E? page of the spectral sequence:
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Since there is no non-trivial arrow on the E? page, E? = E>. Therefore,

Hy(Starz x Starg — {(z,7) € Stars x Starz | §(z,y) <r}) = Z

and

H(Starz x Stars — {(z,y) € Stars x Star3 | 6(z,y) <r}) = Z

When L., +1<r < Lg +2: The E! page of the Mayer-Vietoris spectral sequence is

Since there is no non-trivial arrow on the E' page, E' = E>. Therefore,

Hy(Stars x Starg — {(x,y) € Stars x Starg | 6(z,y) < r}) = Z*

and

H; (Stars x Starg — {(x,y) € Stars x Starg | §(z,y) <7}) =0
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]

Proposition 4.14. Let L., be a positive number. If r < %Lel and r < 1, then

Ho((H)?r,) = Z and Hi((H)7,) = 2Z°

TvLel

Proof. Consider the cover of (7:[)% L., given in Equation (4.86). The E' page of the Mayer-

Vietoris spectral sequence is

We want to understand the behavior of d!, where d! is induced by inclusions (4.87). Let
a be the generator of Hy(U;; NUj2) and @ be the generator of Hyo(Upp NUa1). Let b be the
generator of Ho(Usa NUp) and b be the generator of Hy(Usz N Us;). Choose a generator
(denoted by ¢) for Hy(U11), (denoted by &) for Hy(Usz), and let e be the generator of Hy(Uj2)

and € be the generator of Hy(Us;) such that

d'(a) =c+e
dH@a)=¢e+é
(4.91)
d'(b) =cH+e
d'(h)y =¢e+e
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Consider the following matrix

Run the row reduction, we obtain:

e}

o o O
—_
—_

The rank of this matrix is 3, and the diagonal elements of the Smith Normal form of the
matrix above are all equal to 1. Therefore, Imd' =2 Z3 and kerd' = Z. Hence we obtain the

E? page of the Mayer-Vietoris spectral sequence:

Since there is no non-trivial arrow on the E? page, E? = E>. Therefore,

Ho((ﬁ)ggLel) =Z and Hl((ﬂ)%Lel) =7}
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Proposition 4.15. Let L., be a positive number. If %Lel <r < Le and r <1, then

Ho(()? 1, ) =Z and Hl((ﬁ)%,Lel) =7}

T7L61

Proof. Consider the cover of (7—2)% L., given in Equation (4.86). The E' page of the Mayer-

Vietoris spectral sequence is

We want to understand the behavior of d!, where d' is induced by inclusions (4.87).
Let a1,az be the generators of Hy(U1p NUjz) such that a; and ag lie in different path
components of Uyp NUjg. Similarly, let d1,ds be the generators of Hy(Up NUsy), let by, by
be the generators of Ho(U NUpa) and by, by be the generators of Hy(Usa N Us;) such that
the generators of each abelian group lie in different path components. Choose generators

(denoted by c3 and c¢g) for Ho(U11), (denoted by és and &) for Ho(Usz), and let e be the
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generator of Hy(Uj2) and é be the generator of Hy(Us;) such that

d'(a1) =c3+e
d'(ag) = cg +e
d'(a)) =c3+é
dl(Ag) =cg+é
(4.92)
d'(b) =3 +e
d'(by) = 6 +e
d (b)) =3+ ¢
d'(by) = 6 + ¢

Consider the following matrix

o o O
o =
o O
o =
_ O
o O
_ O
o o O
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Run the row reduction, we obtain:

o o o o O
o O
[ R
[ B
—_ =
o =
- O
o o o O

The rank of this matrix is 5, and the diagonal elements of the Smith Normal form of the
matrix above are all equal to +1. Therefore, Imd! = Z° and kerd! = Z3. Hence the E?

page of the Mayer-Vietoris spectral sequence is:

q

Since there is no non-trivial arrow on the E? page, E? = E>. Therefore,

Ho((H)2, V=Z and Hi(R)?2, )=2Z°

7,Le; 7, Le;

Proposition 4.16. Let L., be a positive number. If L., <r <1, then

Ho((H)2, Y= Z and H((H)2, )=Z°

T7L€1 T7Lel
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Proof. Consider the cover of (71)? L., given in Equation (4.86). The E' page of the Mayer-

Vietoris spectral sequence is

We want to understand the behavior of d!, where d! is induced by inclusions (4.87). Let
a1, ag be the generators of Hy(U1; NUj2) such that a; and ag lie in different path components
of Uy NUje. Similarly, let aj,ag be the generators of Ho(U1p NUs;) such that a; and ag lie
in different path components of U3 NUs;. Let by, by be the generators of Hy(Uzz N Up2) and
131, by be the generators of Hy(Uze N Usp) such that the generators of each abelian group lie
in different path components. Choose generators for Hy(U1) (denoted by ¢z and ¢g) and
Ho(Uz2) (denoted by &3 and é). Let e be the generator of Hy(Uj2) and é be the generator
of Hyo(Usa1) such that

(4.93)
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Consider the following matrix

o o o
o =
o o
o
N
o o
N
o o o

Run the row reduction, we obtain:

—_
o
—
o
(@)
(@]
o o o O

o o o o O
o
o
(@]
—
(@]
—

The rank of this matrix is 5, and the diagonal elements of the Smith Normal form of the
matrix above are all equal to 1. Therefore, Imd' = Z° and kerd' = Z3. Hence the E? page

of the Mayer-Vietoris spectral sequence is
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Since there is no non-trivial arrow on the E? page, E? = E>. Therefore,

Ho(H)}1.,) 2Z and Hi((H)7 ) =2°

Proposition 4.17. Let L., be a positive number. If 1 <r <2 and r < %Lel, then

Ho((ﬁ)?«,Lel) =~ 75 and Hl((ﬁ)%,Lel) =0

Proof. Consider the cover of (7—2)% L., given in Equation (4.86). The E! page of the Mayer-

Vietoris spectral sequence is
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We want to understand the behavior of d', where d' is induced by inclusions (4.87). Let
a be the generator of Ho(Uyp NUi2) and @ be the generator of Hy(Ujp NUsz1). Let b be
the generator of Hy(U NUj2) and b be the generator of Ho(Uaa NUs1). Choose generators
(denoted by c1, ¢3, ¢4 and ¢g) for Ho(Up1) such that no two generators lie in the same path
component of Upy. Similarly, choose generators (denoted by &1, &3, &4 and &) for Ho(Uaz)
such that no two generators lie in the same path component of Uss. Moreover, let e be the

generator of Ho(Uj2) and é be the generator of Hy(Uz;) such that

(4.94)

Consider the following matrix

140



4.5 - CONFIGURATION SPACES OF THE H GRAPH

Run the row reduction, we obtain:

The rank of this matrix is 4, and the diagonal elements of the Smith Normal form of the
matrix above are all equal to 1. Therefore, Imd! = Z* and kerd! = 0. Hence we obtain the

E? page of the Mayer-Vietoris spectral sequence:

q

Since there is no non-trivial arrow on the E? page, E? = E>. Therefore,
Ho((H)71,) = 2Z° and Hi((H)7,,) =0

O

Proposition 4.18. Let L., be a positive number. If 1 <r <2 and %Lel <r < L, then

Ho((H)7 r,,) =Z° and Hi((H)7 ;. ) =0
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Proof. Consider the cover of (71)? L., given in Equation (4.86). The E' page of the Mayer-

Vietoris spectral sequence is

We want to understand the behavior of d!, where d! is induced by inclusions (4.87). Let
ai,az be the generators of Hy(Ujp NUj2) and ai,as be the generators of Hy(Uyp N Usy).
Let b1, by be the generators of Hy(Uza NUj2) and b1, by be the generators of Hy (U NUs1).
Choose generators (denoted by ci,...,c¢) for Hy(Ui1) such that no two generators lie in
the same path component of Uj;. Similarly, choose generators (denoted by ¢é1,...,é&) for
Hy(Us2) such that no two generators lie in the same path component of Usa. Moreover, let

e be the generator of Hy(Uj2) and & be the generator of Hy(Us1) such that

(4.95)
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Consider the following matrix

o o o o o o o
o o O
o o =
S = O
- o O
o o O
o o O
o o o o o o o

Run the row reduction, we obtain:

o
o
—
(]
S
S
o o o o o o o

000O0O0O01
000O0O0O0© 0

000O0O0O0© 0

The rank of this matrix is 8, and the diagonal elements of the Smith Normal form of the

matrix above are all equal to 1. Therefore, Imd! = Z8 and kerd! = 0. Hence we obtain the
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E? page of the Mayer-Vietoris spectral sequence:

Since there is no non-trivial arrow on the E? page, E? = E>. Therefore,

Ho((H)7 p,,) =Z° and Hi((H)7 ;. ) =0

Proposition 4.19. Let L., be a positive number. If 1 <r < 2 and L., <r < %Lel + 1,

then

A

Ho(H)71,) = 2Z° and Hi((H)7,, ) =2Z?

Proof. Consider the cover of (H)2; given in Equation (4.86). The E' page of the Mayer-

r,Lel

Vietoris spectral sequence is

q
3 :
2 0 0 0
1| Z2 0 0
dl
0| z¥—zZ% 0o
0 1 2 [y
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We want to understand the behavior of d', where d' is induced by inclusions (4.87). Let
ai,az be the generators of Hy(Ujp NUj2) and ai,as be the generators of Hy(Upp N Usyp).
Let b1, by be the generators of Hy(Uze NUj2) and b1, by be the generators of Ho(Ua NUs1).
Choose generators (denoted by c¢i,...,cg) for Ho(Uy1) such that no two generators lie in
the same path component of Ujj. Similarly, choose generators (denoted by é1,...,8&) for
Hy(Usz2) such that no two generators lie in the same path component of Uss. Moreover, let

e be the generator of Hy(Uj2) and & be the generator of Hy(Usa1) such that

(4.96)
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Consider the following matrix

o o o o o o o
o o O
o o =
S = O
- o O
o o O
o o O
o o o o o o o

Run the row reduction, we obtain:

o
o
—
(]
S
S
o o o o o o o

000O0O0O01
000O0O0O0© 0

000O0O0O0© 0

The rank of this matrix is 8, and the diagonal elements of the Smith Normal form of the

matrix above are all equal to 1. Therefore, Imd! = Z8 and kerd! = 0. Hence we obtain the
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E? page of the Mayer-Vietoris spectral sequence:

Since there is no non-trivial arrow on the E? page, E? = E*>°. Therefore,

Ho((ﬁ)?«,Lel) ~ 7% and H1((7:[)72~,L61) >~ 7’

Proposition 4.20. Let L, be a positive number. If 1 <7 <2and 3L, +1 <r < Le, +1,
then

HO((,H)%,LEI) = 7% and Hl((ﬁ)%,Lel) =7’

Proof. Consider the cover of (7:[)%’ Le, given in Equation (4.86). The E'! page of the Mayer-

Vietoris spectral sequence is
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Since there is no non-trivial arrow on the E' page, E' = E>. Therefore,

I

Ho((H)} ) =2Z° and Hi((H); ., ) =Z

Proposition 4.21. Let L., be a positive number. If 1 <r <2 and L., +1 <7, then

Ho((ﬁ)%,Lel) =~ 7' and Hl((ﬁ)%Lel) =0

Proof. Consider the cover of (7—2)% L., given in Equation (4.86). The E! page of the Mayer-

Vietoris spectral sequence is
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Since there is no non-trivial arrow on the E' page, E' = E*>. Therefore,

Ho((ﬁ)%,Lel) ~7% and Hi((H)2,,)=0

r,Le;

Proposition 4.22. Let L., be a positive number. If 2 < r and r < %Lel, then

Ho((H)71,) =2 and Hi((H)},,) =0

Proof. Consider the cover of (7—2)?7 L., given in Equation (4.86). The E' page of the Mayer-

Vietoris spectral sequence is

We want to understand the behavior of d!, where d! is induced by inclusions (4.87). Let
a be the generator of Hy(U1p NUj2) and a be the generator of Ho(Ujp NUsp). Let b be
the generator of Hy(Uso N Uy2) and by be the generator of Hy(Usz NUs;). Choose generators
(denoted by ¢1, ¢4) for Hy(Uy1) such that no two generators lie in the same path component of
Uy1. Similarly, choose generators (denoted by &1, é4) for Hy(Usz) such that no two generators

lie in the same path component of Uy. Moreover, let e be the generator of Hy(Uj2) and é
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be the generator of Hy(Us1) such that

(4.97)

Consider the following matrix

Run the row reduction, we obtain:

The rank of this matrix is 4, and the diagonal elements of the Smith Normal form of the
matrix above are all equal to 1. Therefore, Imd! = Z* and kerd! = 0. Hence we obtain the

E? page of the Mayer-Vietoris spectral sequence:
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Since there is no non-trivial arrow on the E? page, E? = E>. Therefore,

Ho(('ﬂ)%,Lel) ~7? and Hl((ﬁ)%,Lel) =0

Proposition 4.23. Let L., be a positive number. If 2 < r and %Lel <r< %Lel + 1, then

Ho((H)71,) =2 and Hi((H)7,,) =0

Proof. Consider the cover of (7—2)37 L., given in Equation (4.86). The E' page of the Mayer-

Vietoris spectral sequence is
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We want to understand the behavior of d', where d' is induced by inclusions (4.87). Let
ai,az be the generators of Hy(Ujp NUj2) and ai,as be the generators of Hy(Upp N Usyp).
Let b1, by be the generators of Hy(Uze NUj2) and b1, by be the generators of Ho(Ua NUs1).
Choose generators (denoted by c1, co, ¢4, c5) for Hy(Uy1) such that no two generators lie in
the same path component of Ujj. Similarly, choose generators (denoted by é1, &, é4, &) for
Hy(Usz2) such that no two generators lie in the same path component of Uss. Moreover, let

e be the generator of Hy(Uj2) and & be the generator of Hy(Usa1) such that

(4.98)
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Consider the following matrix

o o o o o o o
o o O
o o =
S = O
- o O
o o O
o o O
o o o o o o o

Run the row reduction, we obtain:

o
o
—
(]
S
S
o o o o o o o

000O0O0O01
000O0O0O0© 0

000O0O0O0© 0

The rank of this matrix is 8, and the diagonal elements of the Smith Normal form of the

matrix above are all equal to 1. Therefore, Imd! = Z8 and kerd! = 0. Hence we obtain the
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E? page of the Mayer-Vietoris spectral sequence:

Since there is no non-trivial arrow on the E? page, E? = E>. Therefore,
72 ~ 72
Ho((H);1,,) = Z

and

() 1,,) =0

Proposition 4.24. Let L., be a positive number. If 2 < 7 and %Lel +1<r <L , then

Ho((H)}1,) =2Z° and Hi((H)},)=0

Proof. Consider the cover of (7—2)% L., given in Equation (4.86). Note that when 2 < r and
$Lei +1 <7 < Ley,

U =0="Usp

The E' page of the Mayer-Vietoris spectral sequence is
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Since there is no non-trivial arrow on the E' page, E' = E*>. Therefore,

Ho(('ﬂ)%,Lel) ~7? and Hl((ﬁ)%,Lel) =0

Proposition 4.25. Let L., be a positive number. If 2 <7 and L., <17 < Le, + 1, then

Ho((H)71,) =2 and Hi((H)7,, ) =2Z?

T,Lel

Proof. Consider the cover of (H)2; given in Equation (4.86). Note that when 2 < 7 and

r,Le;

Le, <7 < Le, +1, Upp = 0 = Usy. The E' page of the Mayer-Vietoris spectral sequence is
1 1

155



4.5 - CONFIGURATION SPACES OF THE H GRAPH

Since there is no non-trivial arrow on the E' page, E' = E*>. Therefore,
HO((ﬁ)%,Lel) ~7? and Hl((ﬁ)%,Lel) >~ 7’

]

Proposition 4.26. Let L., be a positive number. If 2 <r and L., +1 <7 < L., +2, then

Ho((H)71,) =2 and Hi((H)7,.) =0

Proof. Consider the cover of (7:[)72"7 Le, given in Equation (4.86). Note that when 2 < r and
Le, +1 <7 <Le +2,Upp =0 = Usg. The E! page of the Mayer-Vietoris spectral sequence

is

Since there is no non-trivial arrow on the E' page, E' = E>. Therefore,
Ho((H)71,) =2 and Hi((H)};,) =0

]

In summary, the rank of HO((ﬁ)%’Lel) for all » > 0 and L., > 0 is shown in Figure 4.7,

and the rank of Hl((ﬁ)%,Lel) for all > 0 and L., > 0 is shown in Figure 4.8.
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Figure 4.7

/

12

Figure 4.8
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4.6 Decomposition of PH;(H> _;T)

In the previous section, we computed Hi(’r':l%’Lel) for all » > 0 and L., > 0. Note that

the hyperplane arrangement of 7-2%’ L., can be interpreted as a functor
7:[2_7_ : (R, S)op X (R0, <) — Top

where H2 _ sends (a,b) € R>o x Rsg to H2, and sends the unique arrow (a,b) — (a’,1)
to the inclusion map ¢ : H2, — H2 ,,, for all @’ < a and b < . Post-composing the i-th

homology functor H;(—) with H?2 _, we obtain

PH;(H?* )t (Rs0,<)" x (Rs0,<) — Ab
At the object level, for each (a,b) € Rsg x Rxg,
PH;(H,) = Hi(H3,)

At the morphism level, PH;(H{% ) sends each morphism (a,b) — (a’,') to a group
homomorphism

Ly © Hi(?:[?z,b) — Hi(ﬂ2’7b’)
where ¢, is induced by the inclusion map ¢ : 7:[271) — 7:[3/ y in Top.

One natural question is whether or not it can be written as a direct sum of polycodes. In

this section, we give the decompositions of PH, (7:[2_’_; F) and PH; (7:[2_7_; F).

Because there are finitely many chambers in the hyperplane arrangement of 7:[% Lo, We

may associate the hyperplane arrangement with the Hasse diagram of a poset (denoted by
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(P,<)) as follows:
« each chamber of the hyperplane arrangement is an element of (P, <);
e each arrow corresponds to a wall between two chambers, and the orientation of the
arrow is given by the filtration of the spaces 7:[% L

We associate PHo(#H? _;IF) with a representation over (P, <):

F IF¢ IF?
F IF¢ IF?
F «— TF¢ IF?

IFIZ ]FS

<e>+—2 < 63,06,63,66,6,6 > : <eé> (4.99)
T
<e>+«+—2%— <c3,¢c4,03,C0 €, & > L <eé>
T
<€><L<03706,63,56,6,é> <eé>
) < c3,c,C3,Cq,€,6 > : <eé>
p Y

63,06,63,66,61,...,64, <
—— < €1,...,64,€1,...,64 >
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where
e « maps every basis element of < c3, cg, ¢3, Cg, €, € > to €;
e fmapseq,...,eqtoe, mapséy,...,e4 to &, maps ¢; to ¢;, and maps ¢; to ¢; for ¢ = 3,6;
e 7y maps €ef,...,eq to e and maps é1,...,¢é4 to é;
e ¢ is an inclusion map;
e ¢ is an inclusion map;
« unlabeled vertical maps are the identity maps.

By an abuse of notation, we use PHy (7:[2_7_; IF) to denote the P-indexed persistence module

given by (4.99).

— —

We associate PHi(H? _;F) with a representation over (P, <):

F3 0 0
|

F3 0 0

d

F5 2 0

(4.100)

where

e ( is the inclusion map;
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* no¢=0;
« unlabeled vertical maps are the identity maps.

By an abuse of notation, we use PH 1(7:[2,,,; IF) to denote the P-indexed persistence module

given by (4.100).

Theorem 4.27. PH; (7:[2_’_; IF) is interval decomposable.

Proof. We denote the support of PH; (’}-AlQ__,]F) by M. (See (4.101).)

IF'S

T

IF'S

d
: (4.101)
F> +—— F?

T

F2 +— [F?

Note that 7o = 0, and all unlabeled morphisms are identity maps, see (4.100). Moreover,

( is the inclusion map, hence M can be decompose into two subrepresentations M and Mo:
0
0

M, = 4.102
F ( )

2, id F2

T

F?2 +— F?
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My = T (4.103)

Since M is an Ag-quiver and Mo is an As-quiver, they are interval decomposable. Let
Py denote the underlying poset of the support of M7, and P, denote the underlying poset
of the support of M. Note that the intervals in P; (where i = 1,2) are also intervals in P.
Therefore, we can extend each indecomposable representation of M; (where i = 1,2) to a
subrepresentation of PH; (’}-AlQ_,_; IF) by putting 0 to every vertex which is not in the support
of the subrepresentation and trivial morphism between two vertices where at least one vertex

is not in the support of the subrepresentation.

Theorem 4.28. PH (7:[2_’_; IF) is interval decomposable.

Proof. Equation (4.99) provides us with the behavior of each arrow with given basis elements.
Our goal is to find a new basis of each vector space PHO(”;‘-Al%’ Loy IF) such that each morphism
in the diagram maps every basis to another basis or zero, depending on the geometry of

72
r,Lel‘

We choose a basis for each vector space PHy (7:13 Loy

IF):
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c3—e,cg—e,C3—
<e> %

>%<e,é—e>

c3 —e,c6—e,C3 —
<e> 2 — < el—e>

c3—e,cg—e,C3—
<e> +2— <eé—e>
é,Cg —é,e,6—e
T (4.104)
c3—e,c6—e,C3—
— L <elé—e>
é,C6 —é,e,e—e

c3 —e1,06 —€1,C3 —

€1,€2 —€1,...,€64 —
€1,C6 —€1,€1,€2 — ¢ . R
— 61761_61a62_
€ly,...,64 —€1,€1 — . . .
€1,...,64 — €1
€1,62 —€1,...,64 — €1
id id id id
<e>+C _<e> S <e> IF F F
T id id id id
<e>+—— <e>+—— <e> F F F
] ] d
<e> 94 o> <e> _ F«9 F F
N1 = = (4.105)
id
<e> 94 o> Fd
/3 Y 5 v
<er> 4 o> F d F
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De——<é—e>— <é—e> 0 F F
0 <é—e>+9 o> 0 F F
N 0¢—<é—e> <é—e> . 0+——F F
2— pr—
<t—e>c9 > F+—F
B v B v
<é1—61><L<él—61> IF<LIF
For i = 3,6
O+—<c—e>+«——0 0 F 0
0¢—— <c¢—e>+«——0 0 F 0
I 0+——<c¢ci—e> 0 0 0+~—F 0
i o~
<ci—e>+——10 F+——0
B B
<Ci—61><70 F+«—0
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and
O+——<¢—€>«+«——0 0 F 0
0—— < —€>+«——0 0 F 0
A 0+—— < —€> 0 o 0+«——TF 0
Ly = = (4.108)
< —€6>+—0 F+—20
B B
<¢—€61>+——0 F+«——0
For j =2,3,4

— 0 0 o 00 0

Iy = = (4.109)
0 0 0+—0
<€i—€1><L<€i—€1> F 9 F
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and
0 0 0 0 0 0
0 0 0 0 0 0
. 0+—0 0 o 0+——0 0
Iy = = (4.110)
0 0 0«+———0
<bi—b1 > <> F 9 [

. ~ N 4 4
It is clear that PHo(H2 _;F) X Ny @ No @ E3s @ Eg® Es@ Es @ (D Fj) @ (@ [}). Note
’ j=2 j=2
that Ny, No, E;, F;, F;, and Fj (where ¢ = 3,6 and j = 2,3, 4) are interval modules, hence by
Lemma 3.1, they are indecomposable. Therefore, PHO('J-AlQ,’,;IF) is interval decomposable.

]

4.7 Configuration Spaces of the Generalized H Graph

Let m,n > 3. A generalized H graph, denoted by H;, n, is a tree shown in Figure 4.9a.
One can obtain H,, , by concatenating Star,, and Star,, at a degree 1 vertex xg. We want to
assign each edge an orientation where the orientation is matched with the orientation that
we assigned for the star graph. Hence we subdivide the bridge of H,, , by introducing a new
vertex (and replacing the bridge with two new edges), as shown in Figure 4.9b. We use f
to denote the new edge incident to the center of Star,, and use f’ to denote the new edge
incident to the center of Star,. By an abuse of notation, we denote the resulting graph by
Honn, and we use ﬂm’n to denote the special H where the length of the bridge (before the

subdivision) is L., and the length of any other edge is 1. In this section, we describe the
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second configuration spaces of H,,,, with restraint parameters r and L., .

Figure 4.9

Let L., denote the length of the ¢; for i = 2,...,m and L, denote the length of the €]
for : = 2,...,n. In addition, we use Ly denote the length of the f and use L denote the
length of the f’. The parametric polytope of (’Hmn)f 7 is given by the following inequalities,

where L = (Le,, ..., L Ley, o Ly Ly, L) and Ly + Lpr = Ley:

€m>

For i,j € {2,...,m}, i # j:

For i,j € {2,...,n}, i # j:

o
IN
S
IA
~

o
IN
<

IN

(4.112)

S
+
<
vV
-

Forie{2,...,m}, j=f:

0<y<Ly (4.113)
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For je{2,....m},i=f:

Forie{2,...,m}, j=f"

0<z <L

O<y<Lf/

*r—i_Lel_er

For je{2,....m},i=f"

For i,j € {2,...,n}, i # j:

Foriec {2 ...,m}, je{2,...,n}:
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(4.114)

(4.115)

(4.116)

(4.117)

(4.118)



For i € {2,

For i € {2,..

For j €{2,...

For i € {2,...

For j €{2,...

4.7 -
onky, je{2,...
NN
n}, Q= f"
Y, j= f:
nY, Q= f:

CONFIGURATION SPACES OF THE GENERALIZED H GRAPH

,m}

o
IN
8

IN

o
IN
<

IN

T+ Le, +y

v
-

=) =)
A IA
< 8
A IA
~

8
+
<
Vv
<

o
IN
8

IN

0

IN
<
IN

T+ Ley —y>r
OSZ'SLf

0<y<Lg
J

_5L'+L61 +y=>r
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(4.120)

(4.121)

(4.122)

(4.123)
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Fori,je{2,....m},i=j,z<uy:

o o
IN A
< 8
IN A
&~

. (4.124)

|
8
+
<
Y
<

Fori,je{2,....m},i=j, z>y:

. (4.125)

Fori,je{2,....n},i=j,z<uy:

0<y<Ly (4.126)

Fori,je{2,....,n},i=j,z>y:

y (4.127)

Fori=j7=/f, x>y

[a)
IA
8
IA
SES
~

e}
IN
<
IN

—

(4.128)

g
|
<@

v
-
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Fori=j=f,x<uy:

(@]
N
S
A
o T

(4.129)

o
IN
<

IN

<
|
8
Vv
-

Fori=j=/f,z>y:

0<y<Lp (4.130)

r—y=>r

Fori=j5=/f,z<uy:

0<y< Ly (4.131)

Compare the inequality systems (4.70)-(4.84) with inequality systems (4.111)-(4.131)
associated to (Hm’")f,i when L = (1,...,1,1,...,1, Ly, Lp) and Ly = Ly = %Lel, we
conclude that (7-Alm7n)72n’ Le, and 7:[%7 Le, have the same type of parametric polytopes. Therefore,

(?-A[mn)% Le, and ?:[3 Le, have the same critical hyperplanes.

Consider the following cover of (f’qm:”)%,Lel:

Unn = (em)?
U12 = €em X ﬁm—l,n - {(-T,y) €em X ,;:Zm_]-7n ‘ 5($’y) < T}

(4.132)
Un = Him—1,n X em — {(v,2) € Hin—1n X m | 6(2,y) <71}

Uy = (Him—-1.)?
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Note that there are natural inclusion maps

Ui NUi2 — Uiy
Ui NUg = Uiz
Ui NUz — Uny
Ui NUz1 — U
(4.133)
Uga N U2 — Usa
Uso NU2 = Uy2

U NUz1 = U2

U NUsz1 — U2

2

Now we are going to calculate Hl-(’;‘-Alm,n)%L61 in 2 steps. First we calculate HZ-(3‘-Alm,3)7,7L61

for all m > 3, then we calculate Hi(”;‘:[m,n)z for all n > 3.

r,Le;

Step 1: Calculating Hi(”z':lm73)2

r,Leq

Lemma 4.2. L= (1,...,1,L;, L) € (Rso)™*3 where Ly = Ly = LL.,. Then

Z., ifo<r<1
zZm 1 itl<r<2andr <14 L

7", ifl<r<2andr>1+Lg

I

Ho(Ur2)
Z, if2<randr <1+ L

72, if2<rand 1+ Le, <7 <24 L,

0, else
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and

Hi(Ui2) 20
Proposition 4.29. Let L., be a positive number. If r < L., and r <1, then

A

> 2
HO((IHm,:S)%’Lel) =7 and Hl((Hm’?))%,Lq) o~ gm —3m+3

Proof. Consider the cover of (ﬂm,i’))%,Lel given in Equation (4.132). The E' page of the

Mayer-Vietoris spectral sequence is

We need to understand the behavior of d', where d' is induced by the inclusion maps
(4.133). Let a be the generator of Hy(U1p NUj2) and a be the generator of Hy(Uip NUsq).
Let b, ..., by—1 and b’ be the generators of Hy(Usa N Uj2). Let ba, ..., by—_1 and ¥ be the
generators of Hy(Uy2 NUs1). Choose generators (denoted by ¢ and o) for Ho(U11). By

induction hypothesis, Hy(Us2) = Z and we choose a generator (denoted by f) for Hy(Usg).
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Let e be the generator of Hy(Uj2) and é be the generator of Hy(Us;1) such that

d'(a) =c1 +e
d'(a) =co+ ¢
b)) =e+fVi=2...,m—1
(4.134)
d'(V) =e+f
dA'b)=e+fVi=2...,m—1
d'(b)=e+f

Consider the following matrix

100 - 00 0
010 - 0 0 0
0 01 11 1
1 01 10 0
010 - 01 1

The rank of this matrix is 4, and the diagonal elements of the Smith Normal form of the
matrix above are all equal to 1. Therefore, Imd! = Z* and kerd! = Z?™4. Hence we obtain

the E? page of the Mayer-Vietoris spectral sequence:

q
3

2 0 0 0
1| zm*-smtT g 0
0 z 7>t 0
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Here we applied the induction hypothesis Hy((Hm-13)2; ) = Z™ =5m+7 Since there

T:Lel

is no non-trivial arrow on the E? page, E?> = E*. Therefore,

I

Ho((Hm3)ir, ) =Z

and

A

Hl((HmB)g’Lel) - Zm2,5m+7 oy Zmeél o Zm273m+3

Proposition 4.30. Let L., be a positive number. If L., <r <1, then

A A 2
Ho((Hm3)rr.,) 2 Z and Hi(Hna)i g, ) =2Z™ "1

Proof. Consider the cover of (7:[,7%3)72“7,:61 given in Equation (4.132). The E' page of the

Mayer-Vietoris spectral sequence is

q
3
2 0 0 0
U H((Amo1s),) 00
dl
0 Z5 ZQm—I—Q 0
0 1 2 Iy

We need to understand the behavior of d', where d' is induced by the inclusion maps
(4.133). Let a be the generator of Hy(U1p NUj2) and a be the generator of Hy(Uyp NUsq).
Let ba, ..., bm—1,b] and b be the generators of Hy(Us2 NU12). Let b, ..., by_1,b) and b} be

the generators of Hy(Usa NUsp). Choose generators (denoted by ¢1 and ¢2) for Ho(Ui1). By
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induction hypothesis, Hy(Usz) = Z and we choose a generator (denoted by f) for Hy(Usg).

Let e be the generator of Hy(Uj2) and & be the generator of Hy(Usap) such that

(4.135)

Consider the following matrix

(10000 - 0]
010 0 0 0
001 - 11 -1

The rank of this matrix is 4, and the diagonal elements of the Smith Normal form of the
matrix above are all equal to 1. Therefore, Imd! = Z* and kerd! = Z?>™=2. Hence we obtain

the E? page of the Mayer-Vietoris spectral sequence:
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q
3
2 0 0 0
1| zm-1)*-(m-1)-1 0 0
0 Z z¥2 0

Here we applied the induction hypothesis Hl((ﬁmflﬁ)z,Lel) o~ 7(m=1)*~(m=1)-1_ Gipce

there is no non-trivial arrow on the E? page, E? = E>. Therefore,

A

Ho((Fm3)7 L)

I

Z

and

Hy(Flms)?, ) = ZmD = (m-1)-2 g 72m-2 & Zm®-m-1

T7L61

Proposition 4.31. Let L., be a positive number. If 1 <7 <2 and r < L, then

. 2 N
Ho((%m,:a)%,L@l) > 7m 3mE6 and Hl((HmB)%,Lel) =0

Proof. Consider the cover of (ﬁmﬁ)%,Lel given in Equation (4.132). The E' page of the

Mayer-Vietoris spectral sequence is
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q
3
2 0 0 0
1 Hy(Hm-13)7 1..,) 00
0| 22726 Ho(Flm 12, )22 0

0 1 2 P

We need to understand the behavior of d', where d' is induced by the inclusion maps
(4.133). Since Ho(Uyp NU12) = Ho(Un NUs1) = ), we do not need to choose generators
for their O-th homology groups. Let b be the generator of Hg(Uso N Uiz) and b be the
generator of Hy(Uza NUsz1). By induction hypothesis, Hy(Uz) = Zm=1)(m=4)+6 24 we
choose a collection of generators (denoted by f;; and ﬁ-j, where 2 < i < 7 <m—1or
m+1<i<j<m+2, f, and f') for Hy(Ug2). Let eg,...,em—1,€ be the generators of
Ho(Uy2) and &g, ..., &,-1,€ be the generators of Hy(Us;) such that

A\ =¢ +f

(4.136)
dl(g) — é/+f/

Consider the following matrix

0 1

The rank of this matrix is 2, and the diagonal elements of the Smith Normal form of the
matrix above are all equal to 1. Therefore, Imd! = Z? and coker d' =2 Z™*=3m+6 Hence we

obtain the E? page of the Mayer-Vietoris spectral sequence:
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q
3

2 0 0 0
1 0 0 0
0| Zm s o 0

Here we applied the induction hypothesis
Hi((Hm-13)7.1.,) =0
Since there is no non-trivial arrow on the E? page, E? = E>. Therefore,

2
Ho((Hm,?))g,Lel) =¥ A

and

A

Hi((fm3)7p.,) =0

Proposition 4.32. Let L., be a positive number. If 1 <r <2 and L., <7 < L¢, + 1, then

N 2 A~
HO((Hm,3)37L€1) o~ 7m —3m+6 and Hl((Hm,3)72"7L61) — 22m—4

Proof. Consider the cover of (’ﬂmg)?ﬂlq given in Equation (4.132). The E! page of the

Mayer-Vietoris spectral sequence is
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q

3

2 0 "

1 Hl((ﬁm_lag’)%:[’el) O

O ZQm*2 @ HO((Hm—L3)72”,Le1 )/24
i 1

We need to understand the behavior of d', where d' is induced by the inclusion maps

(4.133). Since Ho(U11 NU12) = Ho(Up1 NU21) = 0, we do not need to choose generators for

their 0-th homology groups. Let b; and by be the generators of Hy(Ux2 NUj2). Let by and

by be the generators of Hy(Usz NUs;). By induction hypothesis, Hy(Up2) = Z.(m=1)(m—4)+6

and we choose a collection of generators (denoted by f;; and ﬁ-j, where 2 <1< j7<m-—1

orm+1<i<j<m+2, f and f) for Hy(Ug2). Let ey, ..

., em—1, € be the generators of

Ho(Uy2) and &g, ..., &p,-1,€ be the generators of Hy(Uz;) such that for i = 1,2,

d'(bi) =¢ + [

d'(bi)=2¢+ [

Consider the following matrix

0

0

1

1

(4.137)

The rank of this matrix is 2, and the diagonal elements of the Smith Normal form of the

matrix above are all equal to 1. Therefore, Im d! = Z? and coker d!

o 72m—2+(m—1)(m—4)+6-2 ~

Zm*=3m+6 Hence we obtain the F2 page of the Mayer-Vietoris spectral sequence:
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2 0 0 0
1 ZQ(m—l)—Zl 0 0

0 Zm273m+6 ZQ 0

0 1 2 JY
Here we applied the induction hypothesis
H1((7:fm—1,3)3,L61) =z

and
HO((,}:Zm_L?’)%,Lel) = Z(m—l)(m—4)+6

Since there is no non-trivial arrow on the E? page, E? = E>. Therefore,

A

2_
Ho((Hms)7 1,,) = 2™ om0

and

Hy ((ﬁm,S)g,Lel )=z

Proposition 4.33. Let L., be a positive number. If 1 <r <2and L, +1 <r < Lg, + 2,
then
'y 2 ~ m2+m 'y 2 _
Ho((Hms)rL.,) = Z and  H1((Hm3)7,r.,) =0
Proof. Consider the cover of (ﬁmﬁ)%’l]el given in Equation (4.132). The E' page of the
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Mayer-Vietoris spectral sequence is

q
3

2 0 0 0
1 Hy(Hm-13)7 1.,) 0 0
0| z*"®Hy((Hm-13)7r,) 0 0

0 1 2 P

By induction hypothesis,
Hoy(Up) 22 2V +m=1)

Since there is no non-trivial arrow on the E' page, E' = E>. Therefore,

A

2
Ho((Hm3)7 ) =2 "

and

Hi((Hm3)} 1.,) =0

Proposition 4.34. Let L., be a positive number. If 2 < 7 and r < L., then

HO((/Hm,?:)%,Lel) = ZQ and Hl((ﬁm,?))%,Lel) =0

Proof. Consider the cover of (7:[”%3)%,%1 given in Equation (4.132). The E' page of the

Mayer-Vietoris spectral sequence is
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q

3

2 0 0 0

1 Hl((ﬁm—l,?»)%,Lel) 0 0
. dt

0| Z*a HO((Hm_L?’)?Q“,Lel )/22 0

0 1 2 P

We need to understand the behavior of d', where d' is induced by the inclusion maps
(4.133). Since Ho(U11 NU12) = Ho(Up1 NU21) = 0, we do not need to choose generators for
their 0-th homology groups. Let b be the generator of Hy(Us NUp2) and b be the generator
of Ho(Uz2 NUz1). By induction hypothesis, Hy(Uaz) = Z.(m=1)(m=4)+6 414 we choose a set
of generators (denoted by f/ and f') for Hyo(Us2). Let e be the generator of Hy(Us) and &'
be the generator of Hy(Us1) such that for i = 1,2,

d' (b)) =€ + f'

(4.138)
d'(bi) =&+ [

Consider the following matrix

01

The rank of this matrix is 2, and the diagonal elements of the Smith Normal form of the

matrix above are all equal to 1. Therefore, Imd! = Z? and coker d' = Z?2.

Hence we obtain the E? page of the Mayer-Vietoris spectral sequence:
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Here we applied the induction hypothesis

Hi((Hm-13)7.1.,) =0

and

HO((?:[m—LS)%,Lel) =7’

Since there is no non-trivial arrow on the E? page, E? = E>. Therefore,

and

Proposition 4.35. Let L, be a positive number. If 2 <r and L., <r < L, + 1, then

Ho((Hma)ip,,) =22 and Hi((Hm3)i.,) =2

Proof. Consider the cover of (ﬁm73)72ﬂ7L61 given in Equation (4.132). The E' page of the
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Mayer-Vietoris spectral sequence is

q

3

2 0 0 0

U H((Rag,) 0 0
. d!

0 ZQ@HO((Hm 13)r Lel)</24 0

We need to understand the behavior of d', where d' is induced by the inclusion maps
(4.133). Since Hy(Uy1 NUy2) = Ho(U11 NUs1) = 0, we do not need to choose generators for
their 0-th homology groups. Let b; and by be the generators of Hy(Ux NUi2). Let by and by
be the generators of Ho(Usz NUs1). By induction hypothesis, Ho(Usz) & Z? and we choose
a set of generators (denoted by f/ and f') for Hyg(Us). Let e be the generator of Ho(Uss)
and &' be the generator of Hy(Ua1) such that for i = 1,2,

d'(bi) = ¢ + f
(4.139)

2~

d'(bi)=¢+ f

Consider the following matrix

0011

The rank of this matrix is 2, and the diagonal elements of the Smith Normal form of the
matrix above are all equal to 1. Therefore, Imd' = Z? and cokerd' = Z2. Hence we obtain

the E? page of the Mayer-Vietoris spectral sequence:
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Here we applied the induction hypothesis
H1((7:fm—1,3)%,Lel) o Z2m=1)~4

and

A

Ho((Hm-13)71.,) = Z°
Since there is no non-trivial arrow on the E? page, E? = E*. Therefore,

A

Ho((Hm,B.)g,Lel) =7’

and

Hy ((,]:[m,S)%,Lel ) = z2m !

Proposition 4.36. Let L., be a positive number. If 2 <r and L¢, +1 <7 < Le, + 2, then

Ho((Hm3)7 1., ) = Z =+ and Hi((Hm3)71.,) =0

Proof. Consider the cover of (ﬁmﬁ)?«,Lel given in Equation (4.132). The E' page of the
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Mayer-Vietoris spectral sequence is

q
3
2 0 0 0
1 Hy(Hm-13)7 1..,) 0 0
0| Zz'eHo((Hm-13)7.,) 0 0O

0 1 2 P

By induction hypothesis, Hy(Uz) = ZA4m=4)+8 414 Hi(Uz2) = 0. Since there is no

non-trivial arrow on the E! page, E' = E>. Therefore,
Ho((Hm3)7 1.,) = A

and

Hi((Hm3)} 1.,) =0

Step 2: Calculating Hi(f’qmm)%,Lel where n > 4
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Lemma 4.3. L= (1,...,1,L, L) € (Rsg)™*3 where Ly = Ly = LL,,. Then
Z., fo<r<1

Z"_l, ifl<r<2andr <1+ L

Zmn=3 0 ifl<r<2andr > 1+ L,

I

Hy(Us2)
Z., if2<randr <1+ L

zm1 if2<rand 1+ Le <1 <2+ L,

0, else

and

Hi(U2) 20

Proposition 4.37. Let L., be a positive number. If r < L., and r <1, then

HO((ﬁm,n)Q ) = 7 and Hl((ﬁm73)%,Lel) o gm(m=3)+n(n—3)+3

r,Lel

Proof. Consider the cover of (ﬂmﬂ)%’Lel given in Equation (4.132). The E! page of the

Mayer-Vietoris spectral sequence is

q

3

2 0 0 0

1 Hl((ﬁm,n 1)r Lel) 0 0
. d!

0 7@ HO((Hm n—l)r Le, )/ZQn 0
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We need to understand the behavior of d', where d! is induced by the inclusion maps
(4.133). Let a be the generator of Ho(U11 NUj2) and a be the generator of Hy(Uir NUs1).
Let bh,...,0,_; and b be the generators of Ho(Usy NUia). Let b,... 0, 1 and b be the
generators of Hy(Uz2 NUsz;). Choose generators (denoted by ¢ and o) for Ho(U11). By
induction hypothesis, Hy(Ua2) = Z and we choose a generator (denoted by f) for Hy(Us2).

Let €’ be the generator of Hy(Uy2) and €' be the generator of Hy(Us;) such that

(4.140)

Consider the following matrix

—100 - 00 O—
010 - 00 0
0 01 11 1
1 01 10 0
010 01 1

The rank of this matrix is 4, and the diagonal elements of the Smith Normal form of the
matrix above are all equal to 1. Therefore, Imd' 22 Z* and kerd! =2 Z2"~*. Hence we obtain

the E? page of the Mayer-Vietoris spectral sequence:
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q
3
2 0 0 0
1 7. (n—1)(n—4)+m(m—3)+3 0 0
0 V4 7z 0

0 T 5 i
Here we applied the induction hypothesis
m ((ﬁm’n_l)?‘,Lel) = Z(n_l)(n—4)+m(m—3)+3

Since there is no non-trivial arrow on the E? page, E? = E>. Therefore,

I

Ho( (ﬁm,n)?«,Lel )=Z

and

A

2
Hl((Hm»n)%,Lel) o g =5mAT gy 7 2m—4 o m(m=3)+n(n-3)+3

Proposition 4.38. Let L., be a positive number. If L., <r <1, then
HO((,}:me)?",Lel) ~ 7 and Hl((ﬂm,n)%,Lel) o 7 (mtn)(m+n-7)+11
Proof. Consider the cover of (’;flmn)% L., given in Equation (4.132).

The E' page of the Mayer-Vietoris spectral sequence is
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q
3
2 0 0 0
1 Hl((ﬁm,n—l)%Lel) 0 0
0 Z4 D HO((,]:me—l)%,Lel )£Z2m+2n—4 0

0 1 2 P

We need to understand the behavior of d', where d' is induced by the inclusion maps
(4.133). Let a be the generator of Hyo(U1; NUj2) and a be the generator of Hyo(Uyp N Usy).
Let b, ..., b, 1, b2, by_1 and by, be the generators of Ho(Usa NUa). Let by, ... 0, 1,
ba,..., by—1 and by, be the generators of Hy (U2 NUsa1). Choose generators (denoted by ¢1 and
c9) for Hy(U11). By induction hypothesis, Hy(Usz) = Z and we choose a generator (denoted
by f) for Hy(Us2). Let € be the generator of Hy(Ui2) and & be the generator of Hy(Usi)

such that
d'(a) =c| +e
d'a) =co+ ¢
b)) = +fVi=2,...,n—1
(4.141)
d'(Vy) =€¢+fVi=2,....m
dAb)=¢+fVi=2,...,n—1
d'(by)=¢+fVvi=2....m
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Consider the following matrix

_100 - 00 0_
010 -0 0 0
0 01 11 1
1 01 10 0
010 01 1

The rank of this matrix is 4, and the diagonal elements of the Smith Normal form of the
matrix above are all equal to 1. Therefore, Imd! =2 Z* and kerd! = Z?" 278 Hence we

obtain the E? page of the Mayer-Vietoris spectral sequence:

q
3
2 0 0 0
1 7/ (m+n—1)(m+n—8)+11 0 0
0 7. 72mA4-2n-8 0

0 1 2 P

Here we applied the induction hypothesis Hl((ﬂm,n_l)%Lel) ~ 7(mt+n—1)(m+n—8)+11

Since there is no non-trivial arrow on the E? page, E? = E>. Therefore,
'y 2 ~
HO((,Hm,n)r,Lel) =Z
and

Hl((ﬂm,n)%,Lel) ~ 7 (m+n—1)(m+n—8)+10 @ Z2mt2n=8 ~ 7 (m+n)(m+n—T7)+11
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]
Proposition 4.39. Let L., be a positive number. If 1 <r <2 and r < L, then

((7:[ )T Lel) o~ gm(m=3)+n(n-3)+6 .1 Hl((']:[ )r Lel) —0

Proof. Consider the cover of (Hmn) glven in Equation (4.132). The E! page of the

Mayer-Vietoris spectral sequence is

q
3
2 0 0 0
1 Hy ((ﬁ’qm,n—l)?ﬂ,Lel) 0 0
. dt
0 7202 g HO((Hmvn_l)?“,Lel )/ZQ 0
0 1 2 Iy

We need to understand the behavior of d!, where d' is induced by the inclusion maps
(4.133). Let b be the generator of Hy(Uze NU12) and b be the generator of Hy(U2NUa1). By
induction hypothesis, Hy(Usz) = Zm(m=3)+(n=1)(n=9+6 41q we choose generators (denoted
by fij, ﬁ-j for2 <i<j<mandm+2 <7< j<m+n—1, fomsz and fg,m+2)
for Ho(Uaz). Let €,...,el,_;,e be the generators of Ho(Ui2) and é},...,é,_;,é be the
generator of Hy(Usp) such that

d'(b) = € + fom+2

d*(b) = & + fom+o

(4.142)
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Consider the following matrix

01

The rank of this matrix is 2, and the diagonal elements of the Smith Normal form of the
matrix above are all equal to 1. Therefore, Imd! = Z? and kerd' = 0. Hence we obtain the

E? page of the Mayer-Vietoris spectral sequence:

q
3
2 0 0 0
1 0 0 0
0 7 m(m—=3)+n(n—3)+6 0 0

0 1 2 P

Here we applied the induction hypothesis Hl((ﬂman—l)%,Lel) = 0. Since there is no
non-trivial arrow on the E? page, E? = E*. Therefore,
HO((f}‘Almny ) ~ Zm(m73)+n(n—3)+6

r,Le;

and
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Proposition 4.40. Let L., be a positive number. If 1 <r <2 and L., <r < L., + 1, then

H()((fiqmm)? ) gm(m=3)+n(n=-3)+6 .. 4 Hl((ﬁmzn)%,Lel) o~ 72(m=2)(n-2)

r,Le;

Proof. Consider the cover of (’;flmn)% L., given in Equation (4.132). The E' page of the

Mayer-Vietoris spectral sequence is

q
3
2 0 0 0
1 Hy ((,’qm,nfl)?«,Lel ) 0 0
0 ZQ”‘QGBHo((ﬁm,n_l)%Lel)iZ?m‘Q 0
0 I 2 p

We need to understand the behavior of d', where d' is induced by the inclusion maps
(4.133). Let ba, . .., by, be the generators of Hy(Usze NUpz) and 132, o ,Bm be the generators of
Hy(Uze NUsp). By induction hypothesis, Hy(Usg) = Zm(m=3)+(n=1)(n=4)+6 414 we choose
generators (denoted by fij, fijfor2<i<j<mandm+2<i<j<m+n—1, foamio
and fo mi2) for Ho(Usz). Let €),... el _1, e be the generators of Ho(Up2) and &, ...,¢&,_;,é
be the generator of Hy(Uz1) such that

d'(b) = €' + fomi2
(4.143)

d'(b) =& + fomio
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Consider the following matrix

01

The rank of this matrix is 2, and the diagonal elements of the Smith Normal form of the

matrix above are all equal to 1. Therefore, Imd' = Z? and kerd' = 2m — 4. Hence we obtain

the E? page of the Mayer-Vietoris spectral sequence:

q
3

2 0 0 0
1 Z2(m=2)(n=3) 0 0
ol zmm=3)+n(n-3)+6 Z2m-1

0 1 2 P

Here we applied the induction hypothesis Hl((ﬁm,n—l)%,Lel) >~ 72(m=2)(n-3)

there is no non-trivial arrow on the E? page, E? = E*. Therefore,

HO((/}:Zm,n)2 ) &= Zm(m—3)+n(n—3)+6

T,Lel

and

Since

Proposition 4.41. Let L., be a positive number. If 1 <r <2and L, +1 <r < Lg, + 2,
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then
Ho((Hymn)? L) g (m+n)(m4n=5)+6 4 Hl((ﬂm,n)g,Lel) =0

Proof. Consider the cover of (’Hmn) . given in Equation (4.132). The E' page of the

Mayer-Vietoris spectral sequence is

q
3
2 0 0 0
1 Hl((ﬁm,n—l)%,Lel) 0 0
0| z** %@ Hy(Hmn-1)7r.,) 0 O

0 1 2 4
Since there is no non-trivial arrow on the E' page, E' = E>. Therefore,
((7:[ )r Lel) ~ Z(m+n)(m+n—5)+6

and

Proposition 4.42. Let L., be a positive number. If 2 < r and r < L., then

((7:2 )rLel)gZZ and Hl((?:[ )TLel)—O

Proof. Consider the cover of (Hmn) glven in Equation (4.132). The E! page of the

Mayer-Vietoris spectral sequence is
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q

3

2 0 0 0

| (2, 0 o
" d!

0 1 2 P

We need to understand the behavior of d', where d' is induced by the inclusion maps
(4.133). Let b be the generator of Hy(Uzz NUpz) and b be the generator of Ho(Ua NUs1).
By induction hypothesis, Ho(Usg) = Z? and we choose generators (denoted by f2 42 and
f27m+2) for Ho(Ua2). Let e be the generator of Hy(Ui2) and é be the generator of Hy(Us:)
such that

d'(b) = e+ fom+2

d'(b) = e+ fomi2

(4.144)

Consider the following matrix

The rank of this matrix is 2, and the diagonal elements of the Smith Normal form of the

matrix above are all equal to 1. Therefore,

Imd! =~ 72

and

kerd! = 0
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Hence we obtain the E? page of the Mayer-Vietoris spectral sequence:

Here we applied the induction hypothesis

A

Hy ((Hm,n—l)qzn,Lel )=0

and

HO((/}:Zm,nfl)%,Lel) = Z2

Since there is no non-trivial arrow on the E? page, E? = E>°. Therefore,
Ho((Hmn)1,,) = Z°

and

Proposition 4.43. Let L., be a positive number. If 2 <r and L., <r < L., + 1, then

Ho((Rmn)?r,) 2 2% and  Hi((Hmn)?y,) = 222072
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Proof. Consider the cover of (ﬁmn),% L., given in Equation (4.132). The E' page of the

Mayer-Vietoris spectral sequence is

q
3
2 0 0 0
1 Hl((ﬂm,n—l)g,Lel) 0 0
0| Z*@Ho(Himn-1)7 1., )fﬁzm—2 0

0 1 2 D

We need to understand the behavior of d!, where d' is induced by the inclusion maps
(4.133). Let ba, ..., by, be the generators of Hy(Uz2 NU12) and ba, ..., by, be the generators of
Ho(Uza NUs1). By induction hypothesis, Ho(Uszg) =2 Z2 and we choose generators (denoted
by fo,m+2 and f27m+2) for Hy(Usaz). Let e be the generator of Hy(Uj2) and é be the generator

of Hy(Uz1) such that

(b)) = e+ fomeo,Vi=2,...,m
(4.145)

dl(i)i) =é+ f27m+2,Vi =2,....m

Consider the following matrix

_1 10 O_
0 - 01 1
1 10 0
0 01 1

The rank of this matrix is 2, and the diagonal elements of the Smith Normal form of the
matrix above are all equal to 1. Therefore, Imd! = Z2 and kerd! = 2m — 4. Hence we obtain

the E? page of the Mayer-Vietoris spectral sequence:
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q
3
2 0 0 0
1 ZQ(m—Q)(n—B) 0 0
0 z? z>t 0

Here we applied the induction hypothesis
H 7:2 2 ~ ZZ(m—Z)(TL—?))
1(( m,n—l)r,Lel) -

and

A

H0(<Hm,n—1)7%,Lel) = ZQ

Since there is no non-trivial arrow on the E? page, E? = E*. Therefore,
'y 2 ~ 72
Ho((Hmn)r 1.,) = Z

and

Hy ((,}qm,n)%’Lel) o 72(m=2)(n-2)

Proposition 4.44. Let L., be a positive number. If 2 <r and L¢, +1 <7 < Le, + 2, then

Ho((Homn)ip,,) = z>m=H= - and Hy((Hmn)ip,.,) =0

Proof. Consider the cover of (’}-A[mn)% L., given in Equation (4.132). The E' page of the

I
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Mayer-Vietoris spectral sequence is

q
3
2 0 0 0
1 0 0 0
0| z2m2gz2m-1)n-2) 0

0 1 2 JY

Here we applied the induction hypothesis

A

Hy ((Hm,n—l)qzn,Lel )=0

and

Ho(Fmm1)?1,,) = 22m D=2

Since there is no non-trivial arrow on the E' page, E' = E>. Therefore,
HO((ﬁm,n)%,Lel) ~ 72(m—1)(n-1)

and

]

In summary, when m,n > 3, the rank of HO((?:[m,n)%,Lel) for all » > 0 and L., > 0 is
shown in Figure 4.10. When m,n > 3, the rank of Hl((ﬁmm)%iel) for all » > 0 and Le, > 0

is shown in Figure 4.11.
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m(m—3)+n(n—

(m+n)(m+n +6

Figure 4.10: Rank of HO((}zm,n)Z,Lel)

Figure 4.11: Rank of Hy((Hmn)? ;. )

T,Lel
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4.8 Decomposition of PH;((H,,,)> _;TF)

—,—)

In the previous section, we computed the persistence module HZ((ﬁmn),% Lel) for all
r,Le; € Rso. Note that the hyperplane arrangement of ("ﬂmm)% L., can be interpreted as a
functor

(ﬁmm)i_ + (R>o, S)op x (R>0, <) — Top

where (’;flmn)Q__ sends (a,b) € Ro x Rxp to (ﬁm,n)z,b and sends the unique arrow (a,b) —

(a/,b") to the inclusion map ¢ : (ﬁm,n)ib — (Hmn)?y, forall @ < aand b < V. Post-

2

composing the i-th homology functor H;(—) with (Hmn)?, _, we obtain

PHi((/]:[m,n)%ﬁ) : (Rs0,<)" % (Rsg, <) — Ab
In other words, at the object level, for each (a,b) € Rsg x Ry,

PHi((ﬁm,n)Z,b) = Hi((ﬂmﬂ)?z,b)

At the morphism level, PH;((Hm,n)% ) sends each morphism (a,b) — (a’,b') to a group

homomorphism

A

by Hi((Hm,n)czz,b) - Hi((ﬁm,n)z’,b’)

I

where 1, is induced by the inclusion map ¢ : (Hmn)2; = (Hmn)2, in Top.

One natural question is whether or not it can be written as a direct sum of polycodes. In

this section, we give the decompositions of PHi((,}:lm,n)2_7_; IF) where i = 0, 1.

Since there are finitely many chambers in the hyperplane arrangement of (ﬁmn)?« Lo, We

may associate the hyperplane arrangement with the Hasse diagram of a poset (denoted by
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4.8 - DECOMPOSITION OF PH;((Hmn)* _;F)
(P,<)) as follows:
 each chamber of the hyperplane arrangement is an element of (P, <);

e each arrow corresponds to a wall between two chambers, and the orientation of the
arrow is given by the filtration of the spaces (Hpn)2 Le,-

A poset representation over (P, <) related to PHo((Hmn)* _;TF) is given in (4.146):

F 1Fm2 +n2—3m—3n—|—6 IF2

|

F+—

|

F H:mz +n2—3m—3n—|—6 IF2

H:mQ +n2—3m—3n—|—6 IF2

(4.146)

1Fm2 —|—n2—3m—3n—|—6 2

+—— F

]F:m2+n2+2mn—5m—5n+6 F2(m—1)(n—1)

By an abuse of notation, we use PHO((”;‘-A[,7,)% Lo IF) to denote the 2-parameter persistence

module given in (4.146). We want to understand the behavior of each arrow in the diagram.
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4.8 - DECOMPOSITION OF PH;((Hmn)* _;F)

€les €r fom+2, Fomt2, fig, fig | 2 < k

n—1,2<i<j<mm+2<i<)

T

€lor s fom+2, fam+2, fig, fig | 2 < k

n—1,2<i<j<mm+2<i<)

T

m-+n-—1

m+n-—1

ez,éz,f2,m+2,f2,m+27fij?fij | 2<k<

n—1,2<i1<j<mm+2<1<y

T

62:7é;€,f27m+2,f2,m+27fij)fij | 2 < k

n—12<i<j<mm+2<1<j

d

7fl,m+n7

m+n-—1

m+n-—1

! Al
€k €k> fl,m+27 s

2 <

fl,m-l—?a"'7fl,m—|—n7fij7fij | k
n—1,2<i1<j<mm+2<1

j<m+4+n—12<Il<m

<

<

> e < fomi2, ot >

<
§> —— < fom+2, fame2 >

< fom+2, fomi2 >

]

<
§> —— < fomta, fomio >

fl,erQa )
fl,m—l—na fl,m+2a
---7ﬁ7m—|—n | 2 S

[ <m

)

(4.147)

o« maps every basis element of < e, &y, fom+2, fomta, fij, fij | 2<k<n—1,2<i<

j<m,m-+2

<i<j<m+n-—1>to f;
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e [ maps ey, to e and maps & to & for all 2 < k£ < n — 1. In addition, 8 maps f;; to
fij and ﬁj to fij forall2<i<j<mand m+2<i<j<m-+n-—1. Moreover,

maps f m+k t0 fom+k and ﬁmw to f2,m+k forall2<k<nand2<I[<m.
e Yy maps fim4k to fomi2 and maps fl,m+k to f27m+2 forall2<k<nand2<I[<m;
e ¢ is an inclusion map;
e ¢ is an inclusion map;
« unlabeled vertical maps are the identity maps.

A poset representation over (P, <) related to PHl((,}:Z_j_)%’Lel ;TF) is given by (4.148):

1Fm2—3m+n2—3n+3 0 0
]Fm2—3m+n2—3n+3 0 0

d
Pm2+n2+2mn—7m—7n+11 ¢ ]FQ(m—Q)(n—2) 0

(4.148)

F2(m—2)(n—2) F2(m—2)(n—2)

where

e ( is the inclusion map;

* no¢=0;

o unlabeled non-trivial vertical maps are the identity maps.
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By an abuse of notation, we use PHy((H_ )2 L, F) to denote the P-indexed persistence

module given by (4.148).

Theorem 4.45. PHy((H- )2 ;) is interval decomposable.

Proof. We denote the support of PHl((’;’-AL,,)%Lel ;IF) by M. (See (4.149).)

]Fm273m+n273n+3

T

]Fm273m+n273n+3
ﬂ (4.149)
]Fm2+n2+2mnf7mf7n+11 ¢ F2(m—2)(n—2)
F2(m—2)(n—2) F2(m—2)(n—2)

Note that no( = 0 and the endomorphism of F2(m=2)(n=2) jg the identity map, see (4.148).
Moreover, (¢ is the inclusion map, hence M can be decompose into two subrepresentations

M1 and M22

M (4.150)
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]Fm2—3m+n2—3n+3

T

]F'm2—3m+n2—3n+3
My = T (4.151)

]Fm2—3m+n2—3n+3 0

T

0+——0
Since M is an A4-quiver and Ms is an As-quiver, they are interval decomposable. Let
Py denote the underlying poset of the support of M, and P» denote the underlying poset
of the support of Ms. Note that the intervals in P; (where ¢ = 1,2) are also intervals in P.
Therefore, we can extend each indecomposable representation of M; (where i = 1,2) to a
subrepresentation of PHl((?A[_’_)% Leji F) by putting 0 to every vertex which is not in the
support of the subrepresentation and trivial morphism between two vertices where at least

one vertex is not in the support of the subrepresentation. O
Theorem 4.46. PHO((?'-AL,f)%,LEl;lF) is interval decomposable.

Proof. Equation (4.147) provides us with the behavior of each arrow with given basis elements.
Our goal is to find a new basis of each vector space PHO((”;'—A[myn)% Lel;]F) such that each
morphism in (4.147) maps every basis to another basis or zero, depending on the geometry

of ("7'-Alm,n)2

" Loy We choose the basis for each vector space provided in the diagram below:
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el — fom+2, € — fam+2, fom+2,

foma2 — foma2, fij — fomva, fij —

< f> e < > —— < foms2, fomt2 — famt2 >

Pomi2|2<k<n-12<i<j<

mm+2<i<ji<m+n-—1

€ — fom+2, €, — fom+2, fom+2,

N Jom+2 — fomve, fij — fom+2, fij — , N

<[>« . —— < fom+2, Jom+2 — fom+2 >
fom+2 |2<k<n—-12<i<j<

mm+2<i1<j<m+4+n—1

€ — fom+2, €, — fo,m+2, fom+2,

fomt2 — fom+2, fij — foma2, fij —>

<

fomia | 2<k<n-12<i<j<

< f> et < < fom+2, fomi2 — fomi2 >

mm4+2<i<ji<m+4+n—1
el — fom+2, € — fam+2, fom+2,
<f2,m+2 — fom+2, fij — fome2, fij —

fomia | 2<k<n-12<i<j<

> —— < foms2, fomt2 — fomt2 >

mm+2<i<ji<m+n-—1 v
d
<A> < < B>

(4.152)

where A consists of the following elements:

L. €}, — famio and & — fomio forall 2 <k <n—1;
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2. fij_f2,m+2>fij_f2,m+2 forall2<i<j<mandm+2<i<ji<m+n-—1;

w

S

(S

- foma2, fome3 — fomee, -

and B consists of the following elements:

L. fom+2, fom+3 — fomeo, -

. 7f2,m+n - f2,m+2§
- fom+t — fomge forall 3 <s<mand 2 <t <

- frmet — fimag forall2<i<mand2<t<n

o Joman—1 — fom+2;

2. fom+t — fomet forall 3 < s <mand 2 <t < n;

3. ﬁ,m+t_fl,m—|—t forall2<l<mand2<t<n

Define

<f><L<f2,m+2>

T

d

<f> e < fome >

T

N =

<f><L<f2,m+2>

< foms2 >
B

< fom42 >

id
.<7

id

id

id
.<7

< fom42 >
< fom+2 >
< fomi2>

< fom+2 >

v

< fomi2 >
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A 'd A
0 +— < fomt2 — famt2 > ——— < fomt2 — fom+2 >

0 «—— < fomso— fomiz >

< fom+2 — fomi2 > o

0
0 ¢ < fomto— fomso > < Foms2 — foms2 > g
0

A d A
< fom+2 — fome2 > —— < fomt2 — foms2 >

B

v

A 'd A
< fomt2 — fomio > —— < fom+2 — fomto >

For2<k<n-1

O<—<e§c—f2,m+2><—0

T

0 — <e.— fame2>+—0

T

By =

<e,— fompz> 0

< e, — fomp2> 0

0 «—— <€), — fomia >

B

212
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S — O —> O

F 0
F 0
+«—TF 0

F F
F F
+— TF F

(4.155)



and

0 <& — fompa >0

4.8 - DECOMPOSITION OF PH;((Hmn)* _;F)

0 F 0
0 <& — fomiz>«—0 0 r 0
A 0 —— <& — fornya > o 0+—TF 0
£, = ko ame = (4.156)
<&, — foamyz >0 I 0
B
B
L F+——0
<&, — fami2> 0
For2<i:i<j<mm4+2<i<ji<m-+n-—1
T%<fijf2,m+2><—0 0 F 0
%<¥<f11f2m+2><;0 0 E 0
g = (4.157)
< fij = fom+2 > <— 0 F «——0
3 B

< fij _f2,m+2 ><«——0
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and

0 —— < fij—Jfomt2>+«—0

0 IF 0

0<;<fij—f27m+2><;0 l F 0

A 0<;<f”—f2 2 > 0 o 0+——TF 0
By = vy = (4.158)

<ﬁ'j—f2,m+2><—0 3 0

B
B
F+«——0

< fij— fomnsa > ——0

Forall3<t<n

S — O — O
o
(a]

S — O —> O
@]
]

0 0 ~ +— 0 0
Gaot = =
0 0 0+——0
< fom+t — fomi2 > 4 < Jom+t — fomt2 > F 9 F
(4.159)
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and

0 0 0 0 0 0

|
% 0 0 g 0 0
ég’t = 0 0 0 ~ l +— 0 0
0 0 0+—0
< fomtt = fomit > 0 < famit — fomt > F <9 F

(4.160)

0 0 — 0 0
Gs,t — =
0 0 0+——0
< ot — fomit > 9 < fomrt — fomit > F 9 F
(4.161)
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and
0 0 0 0 0 0
0 0 0 0 0 0
A 0 0 0 0+— 0 0
Gs,t — =
0 0 0+— 0
< fs,m+t - fQ,m+t > ‘L < fs,m—l—t - f2,m+t > F # F
(4.162)
It is clear that
R n—1 n—1 . .
PHy((Aman)® s F)2NMaeNe(@PE)e(@E)e( P Fj)e( @ )
k=2 k=2 2<i<j<m 2<i<j<m
@ ( D Fij) @ ( D )
m+2<i<j<m—+n—1 m+2<i<j<m—+n—1
a( P Gue( P Ga)
3<t<n—1 3<t<n—1
o( P D Gle( D P GCi)
3<s<m 2<t<n-—1 3<s<m 2<t<n—1
(4.163)

Note that Ny, No, Ei, Ej, Fj, Fij, Gat, Gz,t, Gst, and @S’t are interval modules,
hence by Lemma 3.1, they are indecomposable. Therefore, PHO((”;'-A[_,_)%’ Loy FF) is interval

decomposable. Il
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4.9 PH(T;,, :F)

Let T = (V, E) be a tree, and by abuse of notation, we use T to denote a finite tree whose
underlying graph is T and the length of the edge e; has length L., while other edges have
length 1. Note that 7" can be written as a union of the star graphs and generalized H graphs,
say T=T;U---UT,, then we can calculate H; (T%Lel): first calculate H;((T1 U TQ)%JEl),
using the cover

Wi = (Th) L.,

Wis =Ty x To — {(z,y) € T1 x Ty | §(z,y) < r}

(4.164)

Waor =To x Ty —{(z,y) € Ta x Ty | §(z,y) < r}

Waz = (T2)7 1,
Applying the Mayer-Vietoris spectral sequence, we can calculate H;((T U Tg)% Le, ). We will
obtain H; (T% Lel) after finitely many steps, adding a star graph or a generalized H graph at
each step. Since PHi(T37L81) = Hi(T%,Lel) for all 7, L., € R, we can compute the functor
PH;(T2 _) at the object level.

4.10 H;(Tree; 1) of Trees with Arbitrary Edge Lengths

In this section, we use Starj, to denote the metric star graph where the length of an edge
e; is Le, (assume Le, > 0) for all i = 1,...,k and use T to denote a finite tree T = (V, E)

where the length of an edge e; is L, (assume L., > 0) for alli =1,...,|E]

Theorem 4.47. Let k > 1. Then Ho((Star)?) = 0 and Hy((Stary)?) is torsion-free.

Proof. Induction on k.
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When k£ = 1. Note that

. {*1,*2}, if0<r <L
(Stary)? ~ o (4.165)

0, if Le, <7

Since the spaces that are homotopy equivalent to (StAarl)% do not contain 1-cells and

2-cells, Ho((Star1)?) = Hy((Star1)?2) = 0.

When k =2, Without loss of generality we assume L., < L,. Note that

{*1, *2}, ifo<r < Lel

. {*1,%2}, if Le, <7 <L
(Sfars)? ~ “ . (4.166)

{*1, *2}, if L62 <r< Lel —+ L62

0, if Ley+Le, <7

Since the spaces that are homotopy equivalent to (Sfarg)% do not contain 1-cells and

2-cells, Hy((Starz)?) = H;((Stary)?) = 0.
When k= N +1, we consider the following cover of (Stary1)?2:

Ui = (e1);
Upa = e1 x Stary — {(z,y) € e1 x Stary | §(z,y) <7}

(4.167)
Uy = Stary x e1 — {(z,y) € Stary x ey | §(z,y) <7}

Usy = (Stary)?

Let S :={L,, | i =2,...,N + 1} with cardinality m := |S|. Note that S is a subset of

R hence S is a totally-ordered set. Without loss of generality, we assume s1 < s9 < -+ < sp

218



4.10 - Hi(Treef’L) OF TREES WITH ARBITRARY EDGE LENGTHS

where s; € Sfori =1,..., m. Moreover, for eachi = 1,..., m, we use ¢; to denote cardinality

of theset {j =2,..., N+ 1] L¢; = s;}.

{*1,*2}, ifo<r < Le1

Note that (e1)? =~ , where {*1,%3} is a subspace of (ej)?
0, if Le, <7
consists of two points.
On the other hand,
{x}, it 0<r <L
{*9,%3, ..., %xN+1}, it Le, <7 < Le, + 51
{*2,*3,...,*]\[4_1_01}, if L61 +s1<r S Lel + $9
Ui ~
{*27*37"'7*N+1—61—C2}7 it L€1 +82 <r S Lel +S3
0, it Le, +5m <71
Similarly,
{*}7 ifO<T§Lel
{*2,%3, ..., *N+1}, if Le, <1 < Ley + 51
{2, %3, ..., ¥Np1—cy 1 if Le, + 51 <r < Le + 89
Uy ~
{2, %3, ... ¥ Nf1—ci—cy }» if Ley + 52 <7 < Le) + 53
0, if Le, +sm <7
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Therefore, for all i > 1,

H;(Un) = Hi(Ui2) = Hi(U21) =0 (4.168)

Now let’s consider the intersections of U;;. Note that

{x}, f0<r <L
Ui NUg ~

0, if Le, <7

(), if0<r<Le,
UnnUs ~

0, if Le, <7

Uss NUps = (Stary )2 N (eq x Stary — {(z,y) € ey x Stary | 8(x,y) < 7})

{*2,*3,...,*N+1}, if0<r<s;
{2, %3, ... ¥NF1—c; } if 51 <r <so

- {*2,*3,...,*N+1_01_02}, if s9 <1r < s3 (4.169)
0, if s, <7

Usp NUsy = (Stary)?NStary x e; — {(z,y) € Stary x e1 | 6(z,y) < r}

{*9,%3, ..., *N+1}, if0<r<s;
{*27 R TIRI *N-‘rl—cl}a if §1<r <82

Sy {*2, %3, ENFl— ey b f S2 <7 < s3
0, it s, <7
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Therefore, for all i > 1,

H;(U1NUi2) = Hi(Unn NUa1) = Hi(UppNUi2) = Hi(UxpNUs1) =0 (4.170)

The E' page of the Mayer-Vietoris spectral sequence is

2| Hy((Stary)2) 0 0

1| Hy((Stary)?) 0 0
dl

q
3 0 0
2| Hy((Stary)?) 0 0
1| Hi((Stary)?) 0 0
0 * * 0
0 T 2 p

Note that £, = kerd! is a subgroup of a free abelian group, hence E%, is free.

Since there is no non-trivial differential on the E? page, E? = E*. Hence

Hy((Starn11)7) = Ha((Stary)?)
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By the induction hypothesis, Ho((Stary)2) = 0, hence
Hy((Stary,1)?) =0
By the induction hypothesis, H;((Stary)?2) is torsion-free, hence
Hy((Starn11)7) = Hi((Stary)?) © Ef
is torsion-free. O]

Lemma 4.4. Let T be a metric tree with at least one essential vertices such that all its

edges have length 1. Let {v} be a leaf of T. Then for all r > 0,

Hy(T x {v} ={(z,y) € Tx{v} [6(z,y) <7}) =0

Proof. Without loss of generality, we assume T does not have vertices with degree 2. Induction

on the number of essential vertices of T.

When n =1, then T = Stary for some k£ € IN. Hence

[}, ifo<r<1

TX{U}—{(I‘,y) GTX{U} ‘ 5(‘Tay) <T}2 {*17*27"-7*k—1}7 if 1 <7’§2 (4171)

0, if2<r

Since the spaces that are homotopy equivalent to T x {v} — {(z,y) € T x {v} | é(z,y) < r}
do not have 2-cells, Hy (T x {v} —{(z,y) € T x {v} | d(x,y) <r}) =0 for all > 0.
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Assume the statement is true when n = N. When n = N + 1, let u be an essential
vertex of T such that it is a leaf of the graph T’ obtaining by deleting all the leaves of T and
u is not adjacent to v.

Now we construct T as a wedge sum of two trees at vertex u: a tree (denoted by T)
obtained by deleting all leaves that incident to w and a tree (denoted by Stary_;, where

k = degu in T) with 1 essential vertex u which is not adjacent to v. Let
Vi =T x {v} —{(z,y) € Tx {v} | §(z,y) <1}

and

Vo = Starg_1 X {v} — {(x,y) € Starg_1 x {v} | §(z,y) <r}

Let a = §(u,v). Note that

{u} x {v}, f0<r<a
Vinly = (4.172)

0, ifa<r

Hence the reduced Mayer-Vietoris sequence implies
Hi(T x{v} —{(z,y) e Tx {v} | d(z,y) <r}) = H (V1) H(Va) (4.173)
Since T has N essential vertices, by the induction hypothesis,

Hy (Vi) = Hi(T x {v} = {(z,y) € T x {v} | 0(z,y) <r}) =0
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Recall a = 6(u,v). Note that

{*}, if0<r<a
Vo = {*1,%2, ..., %1}, fa<r<a+l1 (4.174)
@, 1fa—|—1<r

Since the spaces that are homotopy equivalent to Vo = Starg_1 x {v} —{(z,y) € Starp_1 X

{v} | §(z,y) < r} do not have 1-cells,

Hy (Starg—y x {v} —{(z,y) € Starg_y x {v} | §(z,y) <r}) =0

Thus Hi(Va) = Hi(T x {v} — {(z,y) € T x{v} | é(z,y) <r}) =0 for all r > 0 when T

has N + 1 essential vertices.

In conclusion, H1(T x {v} —{(z,y) € T x {v} | §(z,y) <r}) =0 for all » > 0. O

Lemma 4.5. Let T = (V, E) be a metric tree with at least one essential vertex, where the
length of each edge e; is L, for all i = 1,...,|E|. Assume there exists vg € V' and a subtree
T of T such that T="T Vo Starg_1 for some k > 2, where v is the center of Star;_; and a

leaf of T, then for all 7 > 0,

Hy(T x Starg_y — {(x,y) € T x Starg_1 | §(z,y) <r}) =0

and Hy (T x Stary_1 — {(z,y) € T x Stary_1 | §(x,y) < r}) is torsion-free.

Proof. Let Ujg := T x Starj,_1 — {(z,y) € T x Stary_1 | (x,y) < r}. Induction on the
number of vertices of T. When n = 2, then T = Star;, and T is an edge of T, denoted by e;.

We denote the edges of Starg_; by ea,...,ex. Let S := {L¢, | i = 2,...,k} with cardinality
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m := |S|. Note that S is a subset of R hence S is a totally-ordered set. Without loss of

generality, we assume s; < so < --- < Sy, where s; € S for i = 1,...,m. Moreover, for each
i=1,...,m, we use ¢; to denote cardinality of the set {j = 2,..., k| Le, = s;}.
{*}, it 0 <r <L
{*2,*3,...,*k}, if Lel <’l”§ Le1+31
{*27*37"'7*/€—C1}7 if Lel +s51<r< Lel 4+ s9
Uig ~

{*2, *3, 0.0, *k,q,cz}, if L€1 —+ So < T S Lel + S3

0, it Le, +5m <7

Therefore, Ho(Uj2) = H1(Uy2) = 0.

Now we assume T has N + 1 vertices. Since T is a tree, it has at least 2 leaves. Hence
there exists a leaf u of T other than vy such that diam(T) = 6(u,vp). Let e; denote the
unique edge that incident to u and let w be the unique vertex adjacent to u. Consider the

following cover of Uya:

Vi = (T —{u}) xStarp_y — {(z,y) € (T — {u}) x Starp_1 | 6(z,y) <}

(4.175)
Vo = e1 x Stary_1 — {(z,y) € e1 x Starg_y [ 6(z,y) <1}
The Mayer-Vietoris long exact sequence of this cover is
<o = Ho(ViNVa) — Ha(V1) @ Ha(V2) — Ha(Ui2)
— Hi(VinVz) = Hi(V1) ® H1(V2) = H1(U12) (4.176)

— H()(V1 N VQ) — H()(Vl) D H()(VQ) — Ho(Ulg) —0
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Note that

ViNVe = {w} x Starg 1 — {(z,y) € {w} x Starg_y | 0(x,y) < r}

{2, %3, ..., %}, ifto<r<s
{*Qa*?)a"'y*k—cl}, lf S1 <r S ED)
(4.177)
=R %3, ke —eo ), i s2 <1 <sy
®7 if Sm < T

Hence Ho(ViNVa) = Hi(ViNVz) = 0 and Ho(Vi NVa2) = 0 is free. Note that, by the
induction hypothesis, Ha(V;) = 0 and H;(V}) is torsion-free (i = 0,1) since T — {u} has N
vertices. On the other hand, Ho(V2) = 0 and H;(V3) is torsion-free (i = 0, 1) since V3 is the

base case of the induction. Hence the Mayer-Vietoris long exact sequence becomes

—>O—>0@0—>H2(U12)
O—>H1(V1)®H1(V2) j—*>H1(U12) (4-178)

8—1> H()(Vl N VQ) Z—*> H()(Vl) EBH()(VQ) J—*> H()(Ulz) —0

Hence
Hy(U2) =0 (4.179)
and
0— Hy (V1) ® Hi(Va) 25 Hy(Ups) — Imdy — 0 (4.180)

Since Ho(V1) @ Hp(V2) is free and Imd; is a subgroup of Ho(Vi) @ Ho(Va), Imd; is free.

Hence (4.180) splits and

Hl(Ulg) = Hl(Vl)@Hl(Vg)eBlmal (4.181)
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Since Hy(V1), H1(V3) and Im 9y are torsion-free, so is Hy(Uj2).

In conclusion, for all r > 0, H2(U12) = 0 and H;(Uj2) is torsion-free.

Theorem 4.48. Let T be a metric tree (with at least one essential vertez) where the length

of an edge e; is Le, for alli =1,... |E|. Then

for all i > 2 and Hy(T?) is torsion-free all possible values of r.

Proof. Without loss of generality, we assume T does not have vertices with degree 2. Induction

on the number of essential vertices of T.

When n = 1, then T = Star; for some k& € IN. Note that for all possible r and L,

H;((Star)%;F) = 0 for all i > 2, and H;((Star;)2;F) is torsion-free. (See Theorem 4.47.)

Assume the statement is true when n = N. When n = N + 1, let v be an essential
vertex of T such that it is a leaf of the graph T’ which is obtained by deleting all the leaves
of T and let u be the essential vertex of T such that u is adjacent to v. Now we can obtain
T as a wedge sum of two trees at vertex v: a tree (denoted by T) obtained by deleting all
leaves that incident to the vertex v where k = degv and a tree (denoted by Star,_;) with 1

essential vertex. Note that T has N essential vertices.
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Consider the following cover of T2

Un = (T)?
Uy = T x Stary_1 — {(z,y) € T x Stary_1 | 6(2,y) <7}

(4.182)
U21 = StAark,l X T — {(x,y) € Sfarkq X Tr | 5(x,y) < 7“}

UQQ = (Sfark,l)%

By Theorem 4.47, we know Ho(Usz2) = 0. By Lemma 4.5 and its dual, we know Hy(Uj2) =0
and Ho(Us;) = 0. On the other hand, by the induction hypothesis, H;(T2;F) = 0 for all

i > 2 and all possible values of r and L.,. Now let’s consider the intersections of U;;.

UnNUp =T x {v} - {(z,y) € T x {v}]|d(z,y) <7}

U NUsy = {v} x T — {(z,y) € {v} xT|d(z,y) <7}

{*1,*2,...,*]{,1}, if0<r<i1
Uz NUp2 >~
0, ifl<r
(4.183)
{*1,*2,...,*k_1}, if0<r<1
Uss NUg  ~
0, if1<r
U NUzx =10
UpaNUa =0

By Lemma 4.4, Hy (U1 NUi2) = 0= H1(U;1 NUz;). In addition, all the triple intersections

of distinct U;; are empty.

The E' page of the Mayer-Vietoris spectral sequence is
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2| Ha((T)7) ® Ha((Stary—1)7)

[
o

1| Hi((T)7) @ Hi((Stary—1)7) 0 0

1
0 * d * 0

0 1 2 P

The E? page of the Mayer-Vietoris spectral sequence is

2| Ha((T)?) & Hy((Starp—1)2) 0 0 0
1| Hi((T)?) @ Ha((Stary1)7) 0 0 0

0 * kerd® 0 0

Since there is no non-trivial arrow on the E? page, E? = E>. Therefore, for all possible

values of r,

1. H;(T?,F) = 0 for all i > 3 and all possible values of r;

2. Hy(T2,F) = Hy((T)?) @ Hy((Starp_1)2). Applying the induction hypothesis and

r

Theorem 4.47, we conclude that Ho(T2;F) = 0;

3. Hi(T%F) = H((T)2?) ® H ((Star,_)?) ® kerd!. Note that kerd' is a subgroup of a
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free abelian group. Hence kerd! is free. By induction hypothesis and Theorem 4.47, we

then conclude that Hi(T2;TF) is torsion-free.
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height of a translation functor, 46

I
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P
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