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CHAPTER I
INTRODUCTION

In the introduction we explain the Weyl’s Law in the Eucildean case. Then we provide a
brief history concerning other generalized domains. For more details on the history and the

statements of the conjectures refer to [LV], [Mii2] and [Miil].

1.1 A brief history

Let M be a compact Riemannian manifold. Let wy; be the unit ball in M. Weyl proved that
the number of eigenfunctions of the Laplacian with eigenvalues less than 7', is asymptotic to

C(M)THmM/2 where
Vol(wyy)

CM) = G dman

Vol(M),

[LV]. Let I' be an arithmetic subgroup of SLs(Z) and H be the upper-half plane. Selberg
[Se] using his celebrated trace formula proved Weyl’s asymptotic for the discrete spectrum
of Laplacian when the space is M = I'\ H.

Let G be a semisimple linear algebraic group of adjoint and split type over Q. Let G(R) be
the set of R-points of G. For simplicity of this exposition let us assume I' C G(R) to be a
torsion free arithmetic subgroup. Let K, be a maximal compact subgroup. We denote by
L*(T\G(R)) the space of I' invariant, square integrable functions on G(R). We will denote
the cuspidal subspace of the above space by L2, (I'\G(R)). Let M = I'\G(R)/K be a
locally symmetric space. Suppose d = dim(I"'\G/K ). Then it was proved by Lindenstrauss

and Venkatesh [LV], that number of spherical, i.e. bi-K, invariant cuspidal Laplacian eigen-

functions, whose eigenvalues are less than T is asymptotic to C(M)T4™M)/2 where C(M)



is the same constant as above.

In my thesis I prove an asymptotic estimate, in terms of the Laplacian eigenvalue, for the
number of cusp forms of arbitrary K.-type on a semisimple, split, adjoint linear algebraic
group over Q, generalizing the work of E. Lindenstrauss and A. Venkatesh in [LV] for the
trivial K -type (i.e. spherical cusp forms). Asymptotic formulas with remainder term (i.e.
Weyl’s law with a remainder term) for arbitrary K..-type will be proved by J. Matz and W.
Miiller [Mii3] in their upcoming work.

Now we describe the Weyl’s law using the notation introduced by [Mii2]. Let H be the
upper-half plane as above and let I" be a congruence subgroup of SL(2,7Z). Let A be the
hyperbolic Laplacian on H. Let N} (T) be the number of cuspidal A-eigenfunctions [Bmp],

whose eigenvalue is less than T'. Selberg, using his celebrated trace formula [Se| for the group

SL(2,R), proved the following analogue of the classical Weyl’s law:

 Vol(T'\H)

NE_(T) g

cusp

T, as T — oo.

Let G be a semi-simple linear algebraic group over Q. Let K, be a maximal compact
subgroup of G(R). Let I" be an arithmetic subgroup of G(Q). Let Z(gc) be the center of
universal enveloping algebra of gc, the complexified Lie algebra of G(R). A cusp form for
I' [La] is defined via following properties: 1. It is a smooth and K -finite complex-valued

function, 2. It is a simultaneous eigenfunction of Z(g¢) and 3. it satisfies
/ f(nz)dn =0,
I Np(R)\Np(R)

for all unipotent radicals Np of proper rational parabolic subgroups P of G. It can be

shown that cusp forms are square-integrable. Let L? . (I'\G(R)) be the closure of the linear

cusp

span of all cusp forms. If r = rank(G(R)/K) and d = dim(G(R)/K), then it has been

conjectured by Sarnak [Sa] that for » > 1 and for an irreducible lattice I'

NE(T) vol(T\G)
T2 " (4T (d/2 + 1)

as 1T — oo,

where I'(-) denotes the Gamma function. Let R be the right regular representation of G(R)

on the space of square integrable automorphic forms denoted by L?*(I'\G(R)). Suppose



(1, V) denotes an irreducible finite-dimensional representation of K. Let d. = dim(V;).
Let
(L2(T\G(R)) @ V)=

be the space of the homogeneous vector bundle on the Riemannian symmetric space G(R)/K .

Functions in this space satisfy the following condition:

flgk) =7k 1) f(g).

Let Qg(r) be the Casimir operator in Z(gc), the center of the universal enveloping algebra.
Then —Qgr) ® Id induces a self adjoint operator A, whose restriction to the cuspidal

subspace

Lgusp(F\G(R>7 T) = (Lzusp(F\GGR)) ® VT>KOO

has pure point spectrum

OS)\l(T)<)\2(T)<"'—>OO

with finite multiplicities. Suppose £(X;(7)) denotes the respective eigenspace corresponding

to the eigenvalue \;(7). We define the counting function for the cuspidal spectrum of A, as

N, 7) = > dim(E(Ni(7))).

Ai(T)<T

Let NL

disc

(T, 7) be the counting function of the discrete spectrum of A,. Miiller [Miil] made
the following generalization of Sarnak’s conjecture. For any arithmetic subgroup I and any
irreducible K -type 7, we have:

NL (T, 7) vol(T'\G)dim(7)

~ T — 0.
T dmirrd/2 + 1) © >

Donnelly [Do] proved the upper bound of NCFUSP(T, 7) with the same constant terms in more
general settings. Therefore, to establish the above formula for the cuspidal spectrum, one
has to prove the lower bound with the same constant and the correct asymptotic terms. The

conjectures of Sarnak and Miiller have been proved for the following cases: for congruence

subgroups of SO(n,1) by Reznikov [Rez]; for congruence subgroups of Resp/gSLa, where



F is a totally real field by Efrat [Ef]; for ' = SL3(Z) by Steve Miller [Mi]; for torsion
free arithmetic subgroups of SL,(R) by Miller [Mii2]; and for the torsion free arithmetic
subgroups of semisimple linear algebraic groups of split and adjoint type in the case of
spherical cusp form by Lindenstrauss and Venkatesh [LV].

Our theorem, which is a generalization of the result of Lindenstrauss and Venkatesh in the

case of cusp forms of arbitrary K.-type is the following:

Theorem 1.1.1 Let G be a semisimple, split, adjoint type linear algebraic group over Q.
Let G, = G(R) be the real points of G, and let T be a torsion free arithmetic subgroup of G.
Suppose d = dim(Go/Ko). Let (1,V;) be an irreducible finite-dimensional representation
of Koo. Let NL (T, 7) be the number of cuspidal eigenfunctions of A, with eigenvalue < T,

cusp

counted with multiplicities. Then we have the following asymptotic formula:

Nfusp(T, T) N dim(T)vol(T\G )
T4d/? (4m)42T(d/2 + 1)’

as T — oo. (1.1.1)

The usual methodology is to apply Arthur’s trace formula (or some variant thereof) to
a suitable family of test functions. However, there are several new features in the non-
trivial K -type case that I address in my thesis work, as I explain below. Although all the
conjectures are made with the assumption that I' is an arithmetic subgroup, for simplicity

we will work with I" being a congruence subgroup in this thesis.



CHAPTER 11

NOTATIONS AND PRELIMINARIES

In this section we recall some basic facts of Harmonic Analysis on real and p-adic groups

(see [LV]). We also define the notations and review the background necessary for this thesis.

2.1 Parabolic subgroups

For more details on parabolic subgroups refer to [Kn|. Let G be a semisimple linear algebraic
group of split and adjoint type over Q. Let S be a finite set of places of Q containing co.
We fix a minimal parabolic subgroup, i.e. a Borel subgroup, Fy D Ap, where Aj is a
maximal Q-split torus. Suppose Ny = R,(F,) is the unipotent radical of Fy. We have a
Levi decomposition Py = MyNy with My D Ag. Let P be a parabolic subgroup containing
Py with a Levi decomposition P = MpNp. Such a parabolic subgroup is called a standard
parabolic with respect to . Moreover we let Ay, = Split part of Z(Mp), where Z denotes
the center.

Let F' = @Q, or R. For simplicity we will use the above notation for the choices of subgroups
defined over F'. Let us denote the Weyl group of G(F') with respect to Ag by W = W (G, Ay).
Let ® = (G, Ap) be the set of roots. The set of simple roots IT C ® and the set of positive
roots ®* C ® can be determined by the fixed choice of Py. If o € ®*, without loss of
generality we write a > 0.

Let P = MN C G(F) be a standard parabolic subgroup of G(F'). Such a parabolic has one

to one correspondence with subsets of set of simple roots [Kn]. The corresponding set of



simple roots is denoted by II,; C ® . We denote by A,; the split component of the center of
M and let X(M)p be the group of F-rational characters of M. From the discussion above
if II; = ©, we can use Ag to denote Ay;. In particular we have, Ay = A and Ay = Ag.
Due to the injectivity of the restriction homomorphism X (M)r — X (Ap)r and existence
of a finite cokernel (as the above homomorphism has finite index), we have a canonical linear
isomorphism

If L is the Levi component of a standard parabolic subgroup such that L C M, then
Ay CAp CLCM.

The restriction X(M)p +— X(L)r induces an injective map and its restriction induces a
linear injection 7%, : a3}, — a}. We have a linear surjection 7%, : a} ~ a}; induced by the

restriction map X (Az)r — X (Ay)r. Let (ak;)* be the kernel of the restriction 74;. Then

There is a homomorphism Hys : M — apr = Hom(X (M), R) such that:

gHMm) i Q,
|V(m)|F =
o (v Har(m)

if F =R,

Y

for all m € M and v € X(M)p.

We set Gs = G(Qg), Aos = Ao(Qs), Mos = My(Qg) and Nos = No(Qg). We denote a
parabolic subgroup over Qg as Ps = M(Qg)N(Qg) with its corresponding Levi decomposi-
tion. We can think of this parabolic as a direct product of parabolic subgroups of a product
of groups. Let G, = G(R). We have an Iwasawa decomposition G, = Ny A% K., where
K is a maximal compact subgroup of G(R).

Let Kg = Koo [[ G(Z,), where G(Z,) is a maximal compact subgroup of G(Q,) for all

pES\ 00
prime p. We will choose S such that it has following the property: for each finite p € S and



for each parabolic P(Q,) D Ao(Q,), K, Mp(Q,) is the stabilizer in Mp(Q,) of a special
vertex in the building of Mp(Q,) and this vertex belongs to the apartment associated to the
maximal torus Ap(Q,) [LV]. For almost all finite p, This condition is automatically satisfied.
Moreover, K [ Mp(R) is a maximal compact subgroup of Mp(R), and Kg[|M(Qg) is a
maximal compact subgroup of M (Qg).

From the Iwasawa decomposition we have the map N(Qg) x M (Qgs) x Kg — G is surjective.
We equip each G(Q,), for p finite, with the Haar measure such that the volume of G(Z,) is
1. We equip K, with the Haar measure of volume 1, and then choose the Haar measure on
G o which is compatible with the Riemannian metric defined on the Riemannian symmetric
space Goo/ K. Let @1 be the system of positive roots of Ag g with respect to Ny g and let
A C & be the set of simple roots. Let dg be the square root of the modulus character of
Aps.

The following lemma which is due to Harish-Chandra [HC3| going to describe the correspon-
dence between parabolic subgroups of G(Q,) contained in some parabolic subgroup Q(Q,)

and the parabolic subgroups of M (Q,) for all p € S.

Lemma 2.1.1 There is a one to one correspondence between parabolic subgroups P(Q),)
of G(Q,) which are contained in Q(Q,), and parabolic subgroups *P(Q,) of My(Q,). The
correspondence is as follows. If Q(Q,) = Mo(Q,)Ng(Q,) and P(Q,) = Mp(Q,)Np(Q,) is
the corresponding Levi decomposition, then the Levi decomposition of *Pg = P(Q,)NMg(Q,)

is *Po = MP(QP)Ng(Qp); where Ap(Qp) = A5<QP)AQ<QP) and Np(Q,) = Né}D(Qp)NQ(@p)'

2.2 Congruence subgroup

We choose a congruence subgroup I' C G(Z[S™']), which is torsion free. The number
of T'- orbits of proper QQ-parabolic subgroups is finite. Let us denote their representa-
tives as {Py, P»,..., B.}. We conjugate them by appropriate elements of G(Q) so that
the P;(Qg) contain the minimal parabolic subgroup My sApsNos. We denote them as

Qis = M;sA;sN;s, and their corresponding conjugating elements as §;, € G(Q) (ie.



5#%5;1 = Q). Let M;s = Mg, s, Nis = Ng,s and A; s = Agp, s. Moreover, we put
I, =616 ", Tng =TiNN;sand Ta, , =T N Ay .

Let X*(M(Qs))gs be the set of Qg characters of M (Qg), the Levi subgroup of Ps. The
dual of this space, which can be identified with the Lie algebra of the maximal split part of
the center of M(Qg) is

A (gs) = Hom(X"(M(Qs))os; R)

For vg € X*(M(Qs))qy, we have the Harish-Chandra homomorphism

Hy M(@Qs) - (QS) > ap(Qs)

given by [PR]

(Hy(gg)(m),vs)
e (Qg) |Vp mp

peES

Let wg be an irreducible unitary square-integrable admissible representation of M (Qg) which
is trivial on A(Qg). We define the set of equivalence classes of wg as E(M(Qg)). For
vs € X*(M(Qs))gs ® C = @} g ¢, We can define the following induced representation on
G with parameters (wg, Vs):

Ind(wg, vs) HInd Wy, Vp).

peS

2.3 Test functions

Let (7,V;) be an irreducible K-type, i.e. an irreducible finite dimensional representation of
K. Suppose d, and y, denote the dimension and the character of the above representation,

respectively. Let C2°(G(R), 7, 7) be the following space of functions [Cmp2]

{cboo : G(R) = End(V7), ¢oo(k1gka) = T(kz_l)%o(g)T(kfl)}-

A function ®,, € C*(G(R)) is called bi- K -finite if the following condition is satisfied:

)
// X () Poo (k™ 2k (K1) dI dk.

Koo Koo



A function @, is called K,-central if @, (kzk™') = &, (x) for all k € K, and for all
x € G(R). We denote the convolution algebra of bi-K-finite and K .-central functions as
C®(G(R))3=. This convolution algebra is isomorphic to the End(V;)-valued algebra defined

above via the following isomorphism [Cmpl] :

CE(G(R),7,7) = CZ(G(R)) 5
(boo = (I)oo = dTTr¢00

/ Do (k)T (k) = e (g) 4+ Boc(9)

Koo

At the non-Archimedean places of S” = S\oco we define the Hecke algebra as the space of
compactly supported, locally constant functions. We denote this space as C°(G(Qg)). We

define the co-center of this Hecke algebra as the following quotient:

C(G(Qsr))
[C(G(Qs)), C(G(Qsr))]

Moreover we choose the functions from this space which are bi-K’g invariant, where K'g

7:l(G(QS')) =

is an arbitrary compact subgroup of the maximal compact subgroup Kg. We denote this
subspace as H(K's\Gs//K's). Let &g € H(K's\Gs/K's'). Hence we can combine the
End(V;)-valued function ¢, at the Archimedean place with ®¢ to obtain an endomorphism

valued test function on Gg and denote the set containing these functions as:
CE(GR),7,7) @ H(K's\Gs [ K's).
We denote the scalar valued counterpart of the above space as
CE(GR))kz @ H(K's\Gs /K's:).
Let L?*(T'\Gg, V;) be the following set:

{7065 Ve gt = 105100 G ) = |

MNGs

((x), fz(:c)>v7d;1:}.

Here the inner product makes sense as Vol(I'\Gs) < oo. Also as I' is chosen to be a
torsion free congruence subgroup, I'\G(R) is a manifold. Elements of C*°(G(R),7,7) ®

C(K'¢\Gg /K's) act on this space via convolution.



Let R be the right regular representation of G(R) on L*(I'\G(R)). Let Qg ) be the
Casimir operator in Z(gc), the center of the universal enveloping algebra. Then —Qgr)® Id

induces a self adjoint operator A, whose restriction to
2 . 2 Koo
Lcusp(F\G(R)7 7—) T (Lcusp<F\G<R)) ® ‘/T)
has pure point spectrum with finite multiplicities. Let us denote them as
0<\(T) < A1) <+ - =

with finite multiplicities. Suppose £(\;(7)) denotes the eigenspace corresponding to the

eigenvalue \;(7). For T' > 0, we have the counting function as

We can redefine the above counting function by representation theoretic means in the follow-
ing way. Let [L..s,(G(Qg)) be the set of unitary irreducible cuspidal subrepresentations of the
regular representation of G(Qg) on L2 (T\G(Qs)/Kg). Let ey (G(R)) be the set of sub-

cusp

representations of the regular representations of G(R) acting on L2, (I'\G(Qs)/K ). Any
element 7 € Il (G(Qg)) can be written as ™ = Moo ® To\0, Where Moo € Heyep(G(R)).
Let H,_(7) be the 7-isotypical subspace of (7o, Hr, ). Let Hfsl\oo be the subspace of

Kg-fixed vectors in (mg\oo, Hrg ). Let m(7o), resp m(r), be the multiplicity with which

TS\ oo
Teo, T€Sp 7, occurs as a subrepresentation of G(R), resp G(Qg), in the cuspidal subspace
L%, (T\G(Qs)/Kg). Then we have

m(Teo) = m(ﬂ/)dimeS/\oo
7’ €lleusp (G(Qs))

for all 7" such that 7T;O = Ts. Suppose v, denotes the Casimir eigenvalue of m,,. Then we

take the subcollection I s, (G(Qg))r whose elements satisfies |v,|? < T. Similarly, we define

Hewsp (G(R))r. Then we have

> m(mo)dimHomy _(H,_(7),V,) = NL_ (T, 7).

cusp
Too €Ellcusp (G(R))

10



2.4 Fourier transform

We now define the scalar-valued Fourier transform of functions on C?(G(R))gz Let
P, = ML A, N, be the Langlands decomposition of a standard cuspidal parabolic sub-
group of G(R). Choose wy, € E(ML). Suppose 6, denotes its character. Let d,, be the
formal degree of ws. Let 7 be the double representation of K., on L?(K,, x K, ) obtained
from (7,V;). Let 1p, be the restriction of 7 to K, [ Ms. We let L2 (M, Tar.,) be the set

of 7a_-spherical functions on L?( M) ® L*( K, X K4 ). The norm in this space is defined as:

H¢||2:/ / . h(ky = m - ko) ||2dkeydkodm.
oo co X Koo

It can be made into a Hilbert algebra with the multiplication via

(11ha)(ky :m ko) = / Yr(ky c o k™) a(k s m s ky)dkdi.

OOKOO

The Fourier transform of a function ®,, € C°(G(R)) is defined as in [Ar4]:

—_

Do > Pog (Woo, Voo) € L2( Mo, Tar),

where @(wm, Vso) 18 given by

—

Do (Wooy Voo ) (k1 = m 2 ko) = d,,, / / / Do (kynammksy )0, (1) el 7reetr=) 0 g dadim.

Moo Aco Neo

Next we define the operator valued Fourier transform of ®o, € C°(G(R))x>. Let 7 €
G/(\IR)(T), the unitary irreducible representation of G(R) that contains 7 upon restriction to
K. Then @, — 7o (P ) defines the operator valued Fourier transform on the space of en-

domorphisms of finite dimensional vector space. From Harish-Chandra’s sub-representation

theorem we know that m. is isomorphic to an irreducible subrepresentation of an induced

11



representation from a cuspidal parabolic P,, with parameters (W, Vs ). Let us denote the

induced representation as Ind(ws, Vs ). Then we have the following relation [Ar4]:
o Tr(Ind(weo, Voo ) Poo) = /6;(%0, voo) (k71 1 11 k)dk.
Koo

Let m,_ (7) be the multiplicity with which 7 appears in the decomposition of 7, restricted
to K. Suppose 7o r(Poo) is the restriction of mo to Hp (7). Then we can define the

spherical Fourier transform F(®4,)(7s) € End(C™==(") as follows [Cmpl]:

Toor (Poo) = 17 @ F(Poo ) (oo ).

—

Let E}i;(x) = O (z71). Then Too(Poo) = Too(Poo)*, the conjugate transpose of Tao(Poo).
Moreover, Trio(®oo * Pop) = 70 (Poo)||Fig: L€t fioo(Woo, Vao) be the Harish-Chandra p
function [HC3] corresponding to the induced parameters (wao, Vo). Let P be the set of
associated classes of parabolic subgroups. The Plancherel inversion of ®,, has the following
formula:

B B(e) = 2 n(P) T 3 ()" [ s, 1) (@) g i )
P iax,

PeP & (M)

Similarly, at a non-Archimedean place p if we assume the induced parameters are (w, ®
Vp), then the the Plancherel measure p,(w,) is defined over a connected compact manifold
0y(M(Qp)) for each w, € &(M(Q,)). We denote by d,, the Euclidean measure of the
connected compact manifold. Then we have the following Plancherel inversion formula for

®, € C(K\G(Qy)/Ky):

0,580 =S 0P Y Y a, / T () (@) () ey
P

PeP E(Mp) O2(M(Qp))

12



CHAPTER III

EXAMPLES AND METHODOLOGY OF VARIOUS CASES

3.1 Euclidean case

Suppose D C R" is a bounded domain. Then the Laplacian has discrete eigenvalues accu-
mulating at +o00, the only accumulating point. If we denote N(\) = card{\; < A} to be the

eigenvalue counting function of the Laplacian, then Weyl’s Law states that

0[3

N\ ~ (2“7’:)”01(1)» ,

where w, is the volume of the unit ball in R™. Here are some examples:

e When D = [0,m], m € R and m > 0 then sin %%, i € N gives us the family of the

m

solution to the Dirichlet eigenvalue problem, where the euclidean Laplacian is % with

the eigenvalues ";;;2. Then N(\) = card{i|i < %A} ~ mTﬁ
e When D = [0,m] x [0,n], m,n € R, m,n > 0 then similarly as above we have

sin % sinj%y as the solution to the Dirichlet eigenvalue problem with the Laplacian

2 2 .. .. i 2 i 2
£+ dd?. Then, N(\) = card{(4,j) : 4,5 > 0, <mﬁ> + <nj\_ﬂ) < 1}. Hence,

D
N ~ Tm Anyv/A _ area( ))\,

4 7 T 47

where the right hand side is the area of the ellipse.

13



3.2 When G = SL(2)

Let H be the upper half plane. It can be realized as the quotient space SL(2,R)/SO(2,R).
Let I" be a congruence subgroup of SL(2,7Z). In this section we discuss the methodology to
prove the Weyl’s law for the special case of I'\H. For more details we refer to [LM1].

Let A be the hyperbolic Laplacian corresponding to the surface I'\H. It acts on L*(T'\H).
Let Ao = 0 < A < Ay < A3+ be the eigenvalues of A. We put \; = 1/4 + 7"]2- for

r; € RsoU[0,1/2]i. When A > 0, we put
NY(A) = card{j : \; < A},

as the eigenvalue counting function. Our job is to find an asymptotic formula for this function
as A — co. Here, each eigenvalue is counted with their respective multiplicity. The constant
function is the only noncuspidal eigenfunction as I' is a congruence subgroup.

Now we recall Selberg’s trace fomrula [Se]. Let Ej(z, s) be the Eisenstein series attached
to the k-th cusp (suppose ay). It is defined by:

Ei(z,s) = Z Im(opy2)°.
~€Lq, \T

Here, o € SL(2,R) is such that oy (a;) = co. The Eisenstein series is an eigenfunction of
the hyperbolic Laplacian with s(1 — s) as eigenvalue. The series converges locally uniformly

for all z,s € H and for Re(s) > 1. The zeroth coefficient of Fj(z,s) in the cusp q; is:

1
/ Ey(oi(z + 1y), s)dx = 9 1y° + qﬁk,l(s)yl_s.
0

here, ¢y (s) is a meromorphic function of s. The matrix ®(s) = (Px;)r; is called the
scattering matrix. Let ¢(s) = det(®(s)). Let h € C(R). The Fourier transform of & is

defined as
h(z) = / h(t)edt.

R
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From the Paley-Wiener theorem in the Fuclidean case we know that h is entire and rapidly

decreasing on horizontal strips. For ¢ € R we put

~

he(2) = h(t + 2) + h(t — ).

Let us also assume for simplicity that I' is torsion free. Now we apply the trace formula to

the family of function hy. Tt gives the following identity:

S it —ry) = YUNE) / h(t — r)r tanh wrdr + Z 2l—%)h(zw)) cos tl(7)

= 27 smhl( )/2
+% h(t — 7‘)%(1/2 + ir)dr + 5B(tm(] — ®(1/2)) — 2mh(0)In2
—% h(t — 7")1%(1 +ar)dr

: (3.2.1)

Here, m denotes the number of cusps. {7} denotes the hyperbolic conjugacy classes. ()
is the length of closed geodesic n(+) on I'\H, determined by each of these conjugacy classes.
Let 7o denote the primitive geodesic element. Then it can be shown that each 7 is some
power of 79. As h is compactly supported and smooth function on R, each of the series and
the integrals are absolutely and uniformly convergent.

We now let t — oo and investigate the asymptotic behaviours of the both sides of this

above formula. As [tanhz| < 1, for x € R, we have that

/iz(t —r)rtanh7rdr = O(|t]), as [t| = oo.
R

The second sum is bounded by a finite number as cosine function is bounded and the sum
is over finitely many conjugacy classes as h is compactly supported.

Next for the term corresponding to the scattering matrix we use Huxley’s computation
[Hux| to determine the formula for ¢. It is a finite product of quotients of Dirichlet L-
functions and I'-functions. To estimate the logarithmic derivative of the gamma function,

we use Stirling’s approximation formula. Then we estimate the logarithmic derivative of
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Dirichlet L-functions on the line Re(s) = 1 using standard estimation. Therefore we get

/ﬁ(t—r)%(l/2+r)dr—(’)(ln|t\), as [t = oo.

R

Similarly, we get

’

- r

/h(t — T)F(l +ir)dr = O(Inlt]), as [t[ — oo.

R
The remaining terms are bounded as |t| — oo. Therefore we obtain

Z h(t—r;)) =O(t]), as |[t| — oc.
j=—00

Now we choose h such that 2 > 0 on R and strictly positive on [—1,1]. It will be enough
for us to consider r; € R, as there are finitely many of imaginary set of eigenvalues of A on

L*(T\H). For a given A\ € R we estimate the number of eigenvalues in the neighbourhood of

A as follows:

card{j : [\ —r;| <1} -min{h(z): 2z € [L1]} < > h(t —r)).

Tj eR

Therefore, we obtain the following:
card{j : [N —r;] <1} =0(1+|}]), VAeR

Using this result we obtain the following auxiliary result:
> / h(t —r;)dt +Z/ (t—r))dt| = O(1+ [A]), YA> 1.
SR MW >

Let p(r) be an even continuous function on R such that p(r) = O(1 + |r|). We integrate
both sides of (3.2.1) on the interval [—A, A\] and then let A — oo to study the asymptotic

behaviour of both sides. Assume that h is chosen such that h(0) = 1. Then we obtain

// (t —r)p(r)drdt = /p(r)dr—i—(’)()\), as A\ — oo

=\ R [—AA]

16



Now we can apply the above equation by replacing p(r) with either of r tanh 7r, %(1/2 +ar)

or %=(1+ir). Therefore we arrive at the following equations respectively

/ /fz(t —r)rtanhrdrdt = A> + O(N), as A — oo,

AN R

//ﬁ(t—r)%(1/2+ir)drdt:O()\ln)\), as A — 00,

[\ R

. I
/ /h(t — ’r’)F(l +ir)drdt = O(Aln ), as A\ — oo.
[~ R

As the other terms are finite, the integral over the interval [—\, A] is of order O()). Therefore
the left hand side of (3.2.1) becomes

S (T
/ S” bt —ry) = wy +OAIA).
. T
[-AN 7T

By rearranging the sum and using the auxiliary result above we arrive at the final formula:

_ Vol(I'\H)

47

NT(\) A+ O(Nn ).

3.3 When G = SL(n)

We rephrase the Weyl’s law in this case in adelic language. For more details see [Mii2]. Let
G = GL(n), as an algebraic group defined over Q. Suppose A is the ring of adeles of Q. Let
Ag be the split part of the center of G and Ag(R)g be its identity component of its real points.
Let II(G(A)) be the set of equivalence classes of irreducible unitary representations of G(A)
whose central character is trivial on the identity component defined above. We denote the

subspace of cusp forms in L*(G(Q)Ac(R)o\G(A)) by L2 . (G(Q)Ac(R)o\G(A)). we define

cusp

the set of subrepresentations of the regular representation in L2 (G(Q)Ag(R)o\G(A)) by
Hewsp(G(A)) which is subset of II(G(A)). Let Ay be the finite adele ring. Any unitary
irreducible 7 € II(G(A)) can be written as a product 7 = 7o ® 7y, where 7o, and 7y are

the unitary irreducible representation of G(R) and G(Ay), respectively. Let H._ and H,,
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be the Hilbert space representations corresponding to 7., and 7y, respectively. Let Ky be
an arbitrary open compact subgroup of G(Ay). Let the subspace of Ks-fixed elements in
Hr,; be denoted by Hfff . Let G(R)! be the group of elements in G(R) whose determinant is
1. Let A, be the Casimir eigenvalue of 7, restricted to G(R)! for a fix 7 € II(G(A)). Let
Mewsp(G(A))7 be the set of m such that [\, | < T, for T > 0. Let ex, be a constant such

that e, = 1 if —1 € K; and 0 otherwise. Then adelic Weyl’s law states that [Miil]:

Theorem 3.3.1 Let G = GL(n), and d,, = dim(SL(n)/SO(n)). Let K; be an arbitrary

open compact subgroup of G(Ay). Let (1,V;) be an irreducible SO(n,R)-type. Then

Z dim(Hféf)dz’m(%% ® )50
7€M eusp(G(A)) T
~ dim(r) LAC @A R)\G(A)/Ky)

(dm) 2T (1 + dn/2)

(],—F 6}(f)7”dn/2.

The heat equation method is based on the study of the asymptotic behaviour of the trace
of the heat operator. This method combined with Arthur’s trace formula proves the above
theorem. Here we provide some basic ideas of this method. For more details we refer to
[Miil].

Let G(A)! be the group of elements x € G(A) such that |det(z)|, = 1. The non-invariant
trace formula provides an identity between distribution on G(A)!. The identity is of the form

[Arl]
ST =D (), fECR(GAN).

XEX o€

The left and the right hand sides are called the spectral side (Jspec(f)) and the geometric
side (Jgeom(f)), respectively. The left hand side is parameterized by the cuspidal data X and
the right hand hand side is parameterized by the semisimple conjugacy classes in G(Q).
Here we only consider the case when 7 is trivial. For ¢ > 0, We choose a family of test
functions ¢} € C=(G(A)") to apply on the above trace formula. At the infinite place we
choose this family to be the product of heat kernel h; € C*°(G(R)!) of the Laplacian and a

smooth, compactly supported family of functions ¢, and at the finite places it is given by 1,
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where K is an open compact subgroup of G(Ay). We apply the trace formula to @ Then
the idea is to study the asymptotic behaviour of the both sides when t — 0. We denote the
set of irreducible unitary representations which occur discretely in the regular representation
of G(A) on L*(G(Q)Ag(R)o\G(A)) by Igis.(G(A)). Let m(w) be the multiplicity of 7. Let
Hf;o be the space of K.-invariant vectors in H,__

To study the asymptotic behaviour of the geometric side we appeal to the fine o-expansion:

Jeeom(@) =D > a™(S,7)Ju(d,7)-

MeLye(M(Qs))m,s
Here J M(g?)tl, ) denotes the weighted orbital integrals, M runs over the set of Levi subgroups
L containing the Levi component M of the standard minimal parabolic subgroup F, S is
a finite set of places of Q, and (M (Qs))um s is a certain set of equivalence classes in M (Qg).

Miiller [Mii2] proves the following limit: for M # G and v # 1
o dn /2 1y
lim #%/% Jar (67, 7) = 0.
Therefore it is enough to study the orbital integral when M = G and v = 1. Using the

behaviour of the heat kernel h; evaluated at 1 and letting ¢t — 0, we arrive at the following

asymptotic formula:

Vl(G(QAGRING(A)/Ky) |
(dr)dn2

Jgeom(éi) ~ + EKf>Td”/2.

Now one moves to estimate the spectral side. The spectral side can be written as a finite
linear combination of distributions J&; (&}, s):

spec ¢t Z Z Z Z aM,S‘]ﬁ,P(q;;7S)'

MeL LelL(M) PEP(M) seWL(ap)reg

Here L£(M) denotes the set of Levi subgroups which contains M, P(M) denotes the set of
parabolic subgroups whose Levi subgroup coincides with M and W (ay/)eq is a subgroup of
the full Weyl group. For each M € L, the important terms associated with J ]@ p(0F,5) are

the logarithmic derivatives of the intertwining operators
Mgip(N) : A%(P) — A%(Q), P,Q,€ P(M), )€ aug,
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where A?(P) and A?(Q) are the square-integrable automorphic forms attached to parabolic
subgroups P,Q). When M = L = G and s = 1 we have
@)= D0 mlme = dim(HI)dim(Hz/).
m€lgise(G(A))
For a fixed m € gisc (M (A)), let Mg p(m, A) be the restriction of the Mg p(A) to the subspace

of automorphic forms AZ2(P) of m—type. Let 7o p(m, A) be meromorphic functions satisfying
Mqip(m, A) = rqp(m, A) " Noip(m, A),

where Ng|p(m, A) are the normalized intertwining operators. Now to estimate the logarith-
mic derivatives of these intertwining operators on iay;, one uses the available knowledge of
Rankin-Selberg L- functions and corresponding e-factors on GL(n). Using these estimates

one gets the following limit:

dp—1

2)7

. L 71 o _
%1_{% a,p(9p,8) = O(t

for all proper Levi subgroups M, all L € L(M), P € P(M) and s € W¥(ay)eq. Therefore

equating estimates on the both the geometric and the spectral sides we get:

Z m(m)e e dim(HE> )dim(?—[fff)

m€llgisc (G(A))

 Vol(G(Q)AG(R)\C(A)/K))

—dn /2
(4)dn/2 (T exe Jt7 5

Now to prove Weyl’s law for the discrete spectrum with trivial K, — type we use Karamata’s

theorem on the left hand side.

3.4 The method of Lindenstrauss and Venkatesh

In this section, we summarize the method and the proof of Lindenstrauss and Venkatesh [LV].
Let S be a finite set of places including the Archimedean places. Let Gs = G(Qg) be the
Qgs-points of G. Let I' C G(Z[S]™!) be a torsion free congruence subgroup. Let Qo = MyN

be the Levi decomposition of a minimal parabolic subgroup of G defined over @, where
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My D Ap. Let Kg be a maximal compact subgroup of G(Qg). Let {Q1,Qs,- - Q;} be the
set of inequivalent representatives of I'-orbits on the set of Q-parabolic subgroups of G. We
consider Qg¢-points of these representatives and conjugate them by suitable elements from I'
to make them standard parabolics. We rename these representatives as P;(Qg) = P, s. We

have the following Iwasawa and Langlands decomposition of G(Qg) and P;(Qg) respectively

G(Qs) = P(Qs)Ks, Pi(Qs) = M} (Qs)Ai(Qs)Ni(Qs).
Let Ty, s = ' Ai(Qs). Let C*(Ks\G(Qs)/Ks) be a convolution ring of bi-Kg invari-
ant test functions acting on the space L*(T'\G(Qg)), via convolution. Let v € af, where
as = Lie(Ao(Qs)). Suppose a§ ., is the subset where the Plancherel measure for spherical
functions is supported. Let dim(Ay) = r. Let E, be the corresponding spherical eigen-
function of the Laplacian. For & € CX(Ks\Ggs/Ks), it can be shown that E, is also
an eigenfunction of the corresponding convolution operator "x®”. We denote by <i>(y) the

spherical transform of ®, defined as the eigenvalue of the convolution operator:

We recall the following properties of the Plancherel measure and Plancherel inversions for
spherical functions ® [LV]. Let p(v)dr be the Plancherel measure.

a. We have the inversion formula:

d(e) = / () p(v)dv. (3.4.1)

*
aS,temp

b. There is a constant C; > 0 such that for any positive function ¥ (v) on a§ .,

[ vwmtiv ey [ o) flhta 342

* *
aS,tcmp aS,tcmp

c. There exists a constant «(G) such that,

/ w(v) ~ a(G)T%, as T — oo. (3.4.3)

Ve pomp IVI2ET
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For ® € O*(Ks\Gs/Ks) we define the Abel-Satake transformation

S(®)(a) = d(a)™ / ®(na)dn,

nENg

for all a € Ag. We can prove that S(®) is a Ag N Kg invariant function. Therefore, we can
regard this as a function on Ag/Ag N Kg, which are Wg- invariant. Consequently we have

the following commutative diagram:

C2(Ks\Gs/KS) —— H(a3)
ls lld
C*(as)"s ——— H(a)
Here, H(a%) denotes the space of holomorphic functions on ag and F'T" denotes the Euclidean

Fourier transform on ag.

3.4.1 Cuspidality condition

Lindenstrauss and Venkatesh [LV, (3.3) —(3.4)] prove a necessary condition on a test function
so that the convolution operator generated by it will have a purely cuspidal image on the
space of the spherical automorphic forms. One of the key differences between their method
and the method of using test functions to apply simple trace formula [FK] is that these con-
volution operators do not factor into the composition of independent convolution operators
at each place. Hence the possibility of having everywhere unramified cusp forms in their

kernel is avoided. The condition is described as follows:

Lemma 3.4.1 (Lindenstrauss - Venkatesh) [LV]: Suppose ® € C*(Ks\Gs/Ks) satisfies

the following condition
b(v) =0,|r, , =1V, (3.4.4)

or equivalently

> 8®(ya) =0,

V€L 4, o
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then ® maps L}, (T\Gg) to L?,,,(T\Gs/Ks).

cusp

Here L, (I'\Gs) and L2, (I'\Gs/Ks) denote the space of locally integrable and square-
integrable cuspidal functions respectively.
The existence of such non-zero ® can be proved using the surjectivity of the Abel-Satake

transform for bi-Kg invariant functions. It turns out that ® is a linear combination of Wy

invariant point masses.

3.4.2 The pre-trace formula

Following [Mi] Lindenstrauss and Venkatesh used the pre-trace formula instead of using
the full Arthur’s trace formula as only the lower bound of the counting function to be

achieved. Suppose H € C°(Ks\Ggs/Ky) satisfies the condition of Lemma 3.4.1 and acts as

1

oe(T\Gs). Let Q be a compact set whose measure is arbitrarily

a convolution operator on L

close to Vol(I'\Gg). Then we have the following inequality:

H(1)Vol(Q) + ) /Q H(z 'yz)de <Y H(v). (3.4.5)

YEZ

Here, Z = (F\{e}) U (:ngfl cx €,z € supp H).

3.4.3 Test functions

Let us fix ¢ > 0 and 0 < ¢t < 1. Using Arthur’s [Ar5] Paley-Wiener theorem at the
Archimedean place, we can choose an entire Schwarz function h.(tv) on af such that its
Plancherel inversion H; will have the following estimate for sufficiently small ¢, and a con-

stant C7 > 0:
t"Hy(e) — a(G)| < Che. (3.4.6)

We multiply H; with 1x,  to make it a function on G(Qs). Moreover, we can choose a
sequence ®,,, such that ®,, satisfies the condition of Lemma 3.4.1 for each n. We now form

a family of test functions ®,, x H; and then plug them in (3.4.5). Letting n — oo and t — 0,
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using (3.4.6) on the geometric side, and using the bounds of spherical functions [DKV1] we
have the correct lower bound of N _(T,7) as T — co. Notice that in the case of spherical

cusp

cusp forms we have d, = 1.

3.5 Method for arbitrary K. -type

To extend the above method of Lindenstrauss and Venkatesh for cusp forms of arbitrary
K-type, we choose our test functions from the convolution ring of End(V})-valued, com-
pactly supported, smooth functions on G(R). Such a function h satisfies the following radial

condition:
h(kigks) = 7(ky "Yh(g)T (ki ).

We denote this ring as C°(G(R), 7, 7). Let C*(G (]R))goo denote the scalar-valued convolu-
tion ring of bi-K -finite, K,.-central functions. Let L% (I'\Gs)k,, be the space of scalar

cusp

valued cusp forms of K -type 7. We recall the following properties from R. Camporesi’s
work [Cmp?2]:
1. h+ H*:=d.Tr(h) is a ring bijection from C®(G(R),7,7) to CX(G(R))5=. 2. We have

the following convolution identity:
d. Tr(hy x hy) = d.Tr(hy) x d, Tr(hs). (3.5.1)

Let K’ be an arbitrary open compact subgroup of G(Qg\s). We multiply h and H “ by a
function from the ring C°(K'\G(Qs\o)/K’) to define them as functions on G(Qg). We
have the following analogue of Plancherel inversion [Ar3] for arbitrary compactly supported
smooth functions on G(R):

CRLAUED D S DENCELY RN [N NI

PEP woo€E2(ML) i
oo

1 (Woo, Voo ) Ao -
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Here, P denotes the associated classes of parabolic subgroups, & (M }3700) denotes the equiv-
alence classes of square integrable representations of Mp ., jt(Wes, Voo )dV is the Plancherel
measure, and To, (Weo, Voo ) 1 the induced representation with parameters wyo, Voo

The operator-valued spherical Fourier transform F could be defined for any Hf_ in the fol-

lowing way. For any 7o, € G(R)(7), the set of unitary irreducible representations containing

7, let H, (7) be its T-isotypic subspace. Then

Wm(Hgo)‘Hﬂoo(T) =1, ® ]:(Hgo)(ﬂ'OO)
At a non-Archimedean place p, we have a similar Plancherel inversion formula [HC3] for
compactly supported smooth function on G(Q,), which is bi—K;, invariant:

HyxHy(1) = Z C(G(Qp)/Ap)_QV(G(QP>/AP)_1[M<G(Qp)/Ap)]_l / Hﬂp(wp)(Hp)Hils p(wp)dewp.

A,eC
! wp€E(My)FP

Here, C is a complete set of standard tori in G(Q,) such that no two of which are con-
jugate in G(Q,). M, D A, &(M,)Xr denotes the set of unitary, irreducible, admissible,
square-integrable representations w, which contain the trivial representation of K () M,.
The measure n this space is defined in [HC3]. This set is a union of finitely many compact
manifolds [BDK, Section 2.3]. Therefore the Plancherel measure p(w,)dw, is defined over a
compact manifold. Also 7,(w,) denotes the induced representation with the parameter w,.

We have the following estimates of the Plancherel measure defined on the parameters
corresponding to the minimal parabolic at the Archimedean place and arbitrary standard
parabolics at a non-Archimedean place p:

a. There exists a positive constant C’ such that:
s Vo tp ) < C'(1+ el (35.2)
b. There exists a positive constant «(G) such that:

/ [ el ~ alG)r, (3.5.3)

Voo €107 o [|Voo [2<T wp€€2(Mo,p)K£’

as T — oo.
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3.5.1 Cuspidality condition

We have a generalization of Lemma 1 for bi-K . -finite test functions. Assume that ¢ €

C(Gs)x™ is such that
Ind(ws,v)(®) =0 whenever v, =1 Vi, (3.5.4)

for all parabolics Ps C P, g, for all wg, equivalence classes of unitary irreducible representa-
tion of Mp ¢ for v € ap, ¢,c 1D an appropriate countable set of elements in ap, _ ¢. wg is such
that it is discrete series at the Archimedean place and supercuspidal at the non-Archimedean

places wWith 7|x_ra,_ C Woo. Then ® maps elements in Lj, (I'\G5s) to L2, (T\Gs)k., as

loc cusp

convolution operator.

3.5.2 The pre-trace formula

Suppose ¢ € C°(G(Qg), T, 7) satisfies the conditions of Section 2.2.1. Let £ be a compact
set whose measure is arbitrarily close to Vol(I'\Gg). Let ey be the eigenfunction of A, with

eigenvalue X in L{_(T\G(Qs), 7). Then we have the inequality

Treo(1)Vol(2) + Z/Trgb(:p_lyx)dx < Z(e,\ *x b, €y). (3.5.5)
Z 4 A

Here Z = (F\{e}) U {xgxil :x € €, x lies in support of Tr(gb)} We can rewrite the right
hand side of (3.5.5) as [BM, Cor. 2.2]:

dleaxden) = > mlms)Tr(ms(Tr(9))).

A A —vg=A

3.5.3 Test functions

Let us fix ¢ > 0 and 0 < ¢t < 1. Using Arthur’s Paley-Wiener theorem [Ar5] at the

Archimedean place for bi-K-finite functions, we can choose an entire Schwarz function
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Too(Woos Vo) (HE,) on E3(Mj ) X af ¢ such that following inequality holds:

DI R SIS DR €3 R RN ENCNS TS

PeCl(Goo) PEP weo€E2 (ML) ia*

(3.5.6)
1 Woos Voo )V — a(G)| < Che.

We denote by H*

st the family of K.-central test functions whose Fourier transform is

Too(Woo, to0) (HY,), defined on Ey(Mo o) X af . We multiply Hﬁoi by 1k to get a function
Hf defined on G(Qg). We choose a sequence of functions P n.g satisfying (3.5.4), such that
T5(Pn,s) converges to Ly, (). Let ¢ = d(z1)T. We now plug (¢, * hy % hy) in (3.5.4). Using
(3.5.3), (3.5.6) and taking 7" = 1/t the term corresponding to trivial conjugacy class on the

geometric side will be asymptotic to
d.a(G)T, (3.5.7)

as T" — oo. This is the lower bound of Nglsp (T,7) as T — oo. Also the terms corresponding
to the non-trivial conjugacy classes will tend to 0 as T" — oo, using the same bounds on
spherical functions [DKV1]. T use the same proof provided by Lindenstrauss and Venkatesh

[LV, Section 6.3] to obtain the correct constant term a(G).

3.6 The method of Labesse and Miiller

Labesse and Miiller [LM] proved a weak version of Weyl’s law for semisimple algebraic groups
which are almost simple and simply connected. Their idea of proving the asymptotic formula
for the counting functions is to apply the Arthur-Selberg trace formula for a family of test
functions, whose Archimedean part arise from the integral kernel function of the integral
operator e*A7 for 0 < t < 1 and the non-Archimedean parts are idempotents 1 Ky, Where
Ky is an arbitrary compact subgroup at the non-Archimedean place. In the spectral side
the terms contributing to the inner-product of Eisenstein series will contribute trivially when

t — 0 as shown by W. Miiller [Mi2] in the case of SL,(R). But the calculation is delicate for
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arbitrary groups. In this regard it will be useful to find test functions such that convolution
operators with respect to them have purely cuspidal image. Let S be the finite set of
non-Archimedean places. Then following the simple trace formula introduced by Flicker
and Kazhdan [FK], Labesse and Miiller [LM] considered the test functions decomposed as
f=feo®fs®1 K where fg are the pseudo-coefficients of Steinberg representation of G(Qg)

acting on L2 (G(Q)\G(A)/K/). Hence the image of the right regular representation with

cusp

respect to the above test function projects into subspace L2 . (G(Q)\G(A)/Ky, S), generated

cusp

by the vectors of automorphic representations which are Steinberg at places in S. Define the

eigenvalue counting function N (T, 7,S) with respect to S in L2, (G(Q)\G(A)/K;,S).

cusp cusp

Using this idea they were able to show that:

) Ncrusp(T, 7,58)  Cs(I)vol(I'\G)dim(7)
lim sup =
m P s (4m) 72T (/2 + 1)

But the non-triviality of the constant Cs(I') would depend on the choice of the compact
set Ky, as I' = G(Q) N Ky, where K, for p € S lies inside the minimal parahoric compact
subgroup. To achieve the Weyl’s law one would need to know that the constant above is
the one provided by Donnelly, which unfortunately is not always possible because of the

appearance of Cg(I").

3.7 Isolation of cuspidal spectrum

Recently Beuzart-Plessis, Liu, Zhang, and Zhu in their paper [BLZZ] proved the existence
of integral operators with a purely cuspidal image. Their choice of test functions are from
a Schwartz space of functions whose partial derivatives are bounded, but not compactly
supported. Therefore, it is a subspace of Harish-Chandra Schwartz space [HC1]. It would
be interesting to apply Arthur’s trace formula to the composition of this test function and

the kernel of the heat operator e=*A~ [LM], to count the number of cusp forms.
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3.8 Future work

There are several directions in which this work could be extended and strengthened as
possible future projects.

The first direction involves attempting to extend my work to non-linear cover groups of
algebraic groups. It would be interesting to see whether the method described in section 3.5
could be generalized for arithmetic quotients of cover groups e.g. double cover of SL(2,Q)
and more generally for any arithmetic subgroups of more general cover groups of a semi-
simple algebraic groups over any number fields.

Lapid and Miiller [LM1] proved Weyl’s law for spherical cusp forms with a remainder
term in the case of arithmetic quotient of SL(n,R), generalizing the result of [DKV2] for the
compact arithmetic quotients. They considered the distribution of eigenvalues of the center
of the universal enveloping algebra. Later Finis and Lapid [FL] improved the remainder term
in Weyl’s law for the congruence subgroups of any Chevalley group. It will be interesting
to see whether those same error terms could be achieved for the cusp forms of arbitrary
K .-type for more general groups.

On the other hand, J. Matz [Ma] and later J. Matz and N. Templier [MT] proved the
asymptotic bounds of distribution of Hecke eigenvalues in the case of arithmetic subgroups
of GL(n,F) for various cases of F (i.e. for when I is an imaginary quadratic field extension
of Q or when F = Q). They used a more generalized bound for spherical functions than
that provided by [DKV1]. Also they worked with test functions which are non-compactly
supported. It would also be interesting to extend their result for general groups and arbitrary

K -types.
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CHAPTER IV
PROOF OF THE MAIN THEOREM

In this chapter we prove our main theorem 1.2.1.

4.1 Plancherel measure and estimates

In this section we review the explicit formula of Plancherel measure in the case of reductive
Lie groups (both Real and p—adic) and their various estimates which provide an essential
part of the proof of the main term of the Weyl’s law. The references for this section are

[HC1] and [HC2].

4.1.1 The real case
Product formula

For this section let us fix a parabolic subgroup (P, A) of G(R), with the corresponding
Langlands decomposition P = M'AN. Let wy € E(M?') be a square integrable unitary
irreducible class of representation of M. Let f1(weao, Voo) fOr we € E(M?) and vy, € af be
the Harish-Chandra p function of the pair (G(R), P). Denote by ¥ the set of all roots of
(P,A). Aroot o € ¥ is called reduced if ko ¢ 3 for 0 < k < 1/2. Let ® be the set of all
reduced roots. For any o € ® put

n, = @ n(a), (4.1.1)

kazk>1

where n(a) = {z € g : [H,X]| = o(H)X,VH € a}. Let N, be the analytic subgroup

corresponding to n,. Let o, be the hyper-plane given by @« = 0 in a. Let Z, be the
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centralizer of o,. We put M, =°Z,, Ay, = M,N A and 0(N,) = N,. Then we can define

the following parabolic subgroups with their corresponding Langlands decompositions
*P, = M'*A,N,, *P,=M'A,N,, P =M'AN.

We can now define the product formula for the Harish-Chandra g function.

Suppose [1(ws, vS) denotes the corresponding p(weo, Voo) for the group (M,,*P,). Here
Voo € af and 1% denotes the restriction of v, to A,, and w € E(M?'). Then for a suitable
constant Cg, depending on G, we have the following product formula [HC2, Theorem 12, p.
145]

1(Woo, Voo) = Ca H p(Woo, V). (4.1.2)

acd
Here we have that prk M, =0, prk*P, = 1.
Explicit formula

When prk G = 0, and prk P = 1 we have the following two possibilities
o &(G) #0
® EQ(G) = (Z)

Here the first condition is equivalent to Rank G =Rank K. We write down the formula for

the p function in each case.

e [HC1, Theorem 1, Sec. 24] We consider the second possibility first. Let us introduce
some notation. Let @ be the set of positive roots of (g,h), where b is a O-stable
Cartan subalgebra of g. Now (@) is the union of three disjoint parts Q;, Qr,Qc, set
of imaginary, real and complex roots respectively. Let H, be the unique element in §
such that (H,, H) = a(H), for all H € b, where (,) denotes the Killing form. With

respect to the Cartan involution we have the decomposition g = ¢@p. Moreover
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we have h = h; @ hg, and a fixed parabolic subgroup with Langlands decomposition
P = M'e"& N. We put

EE:: II Eﬁu ﬂz%:: II fﬂu ﬂZ::: II }Ly

acQr a€QR aeQc

Suppose by is a cartan subalgebra of €. Then the second condition is satisfied. From
the theorem of Harish-Chandra [HC1, Sec. 23, Theorem 1] we know that w,, € E(M?)
corresponds to an element in orbit of H3 under the action of W(M'/H;), where H} is
a subspace of Hj, which is the Cartan subgroup of M! in K N M*(we call this element
A which lies in the lie algebra of H'). Let a* be the element in H; that corresponds

t0 Woo- Put A = A(a*) € ih%. Then we have the following formula of the x function:

1 Woo, Vo) = Cy (A + Vo) = C [ 1A+ veos )] (4.1.3)

aEQc

Here the constant C' depends on G(R) and M. In this case one can see that if Qg is
empty [Wal, p. 58, (2.3.5)], then dim N = |Q¢|. So p is a polynomial in v, of degree

dim N. Hence as t — oo we have
U Woos TVs0) ~ Cyootdim(N),

for a non-zero positive constant C,__.

Therefore when G = M,, N = N,, e"® = A, we have,

[ (Weo, tVE) ~ Clye t8mWN) a5 ¢ — o0,

[HC1, Sec. 36, p. 190] Next, we consider the case of rank G= rank K. Let h be a
f-stable Cartan subalgebra of g with h = h; @ bz, dim (e"®) = 1, and a fixed parabolic

subgroup with Langlands decomposition P = M'e"®N. So dim N =1+ |Qc¢]|.

Let H; be the analytic subgroup corresponding to h;. Let ) be the set of positive
roots of (g,h) which is the disjoint union of imaginary (Q;), real (Qg) and complex

roots (Q¢). Let us denote by « the unique root in Q. For a* € Hj, let us define

0 ginh miv®
,LLO(CL*, Voo> — d(a*)—lTr . Tm&fﬁpiln 7T/“/oo )
cosh mivy — 3 (0 (7) + 0a-(v71))
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Here d(a*) is the degree, v = 2%, Po = 2% € Z, where p is the half of the

sum of the positive roots of (g,h)), o, is the irreducible representation of H; whose

character is a* and + is a fixed element in H;. So the above expression has the form

zsinh 7z
coshmz + &k’

for a fixed real number £ > —1.

We know by Harish-Chandra [HC3] ws, € E(M?!) corresponds to an element a* € H}
which we denote by A = A(a*) € f)f as the corresponding element in the Lie algebra

of H;. As before we define:

Wi (Weo * Voo) = H [(A + Voo, )| -

aEQc

Moreover, we define

1
po(Woos Voo) = 57T to(sa*, Vso).
WO, o,

With these notations we can write the Harish-Chandra p-function as follows
H(Woos Voo ) = Clar| 0 (Woo s Voo ) W1 (Weo & Veo)- (4.1.4)

We can show that u(tz) ~ C,t, as t — 0o, when z € R and C, > 0. On the other hand
W1 (Weo * Voo) 1s a polynomial in v, with degree dim(N) — 1. Therefore we obtain the

same asymptotic expression

((Woo, tWoo) ~ C,t ™Y as t — oo.

With the previous notation (i.e. when G = M,, N = N,, ¢"* = A,) we have,

(Woo, V%) ~ CratdimNe) as ¢ — 0.
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Asymptotic estimate

Because we have the polar decomposition G = K P, where P = M AN is the Langlands

decomposition, we have

1

dim(G/K) = dim(m)

+ dim(A) 4+ dim(N).
Therefore in the case where P = F, is the minimal parabolic we have

dim(G/K) = dim(Ag) + dim(Np) = dim(Ag) + > _ dim(Np,),

and we have the following estimate of the density of the Plancherel measure:

/ ( o 1 (Wooy Voo )dV ~ CgC,,ootdim(G/K), as t — 00. (4.1.5)
VOOGiaaR: Voo, Voo ) <t

Now for the pair (M,, A,) we have a polynomial bound. Here we invoke ([HCI1, theorem
1, Sec. 25]). The theorem states that p can be extended to the whole complex plane

meromorphically. Moreover there exists C,r > 0 such that:
|1(Woo; ¥oo)| < C(1 + [[Im(vog ) )"

Our job is to find an explicit value of r in the inequality mentioned in Harish-Chandra’s
paper.

In the case where &(M,,) = 0, we have that p(ws, ) is a polynomial in v, of degree
dim(N,). So in this scenario we can take r = dim(V,). And similarly for the other case we
can arrive at the same estimate, as sup,.c|u(z)| < (1+ |z|), whenever z is real and the other
part, namely Wy (Woo : Vo), is a polynomial in v, of degree dim(N,) — 1.

Hence combining with the product formula mentioned above we conclude that for some

C" > 0 we have
e o) < C'(1+ [ [y, (1.16)

Remark: An important point to note here is that the constant C’ does not really matter
in terms of finding the main term of Weyl’s law. The only constant that could matter is Cg

[LV, Sec. 6.3]).
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4.1.2 The p—adic case

The following observation is due to [HC3, p. 355]. The Plancherel measure in this case is
defined on &;(M,), as is evident from the formulas above. For this case &(M,) is compact,
(and it can be written as U, cg,(m,)Ow,) hence the asymptotic estimate will not change if
we are to consider the plancherel inversion formula for the group Gg.

Hence combining the above two subsections we arrive at the estimate that

/ pi(w, v)dvdw, ~ a(G)timG=/K=) a5t 5 oo, (4.1.7)
veiag . XE2(Mp):(Voo,Voo ) <t2

4.2 Condition for purely cuspidal image

In this section we provide sufficient condition on the space of scalar-valued test functions so
that the image of convolution operator on scalar-valued K.-finite automorphic forms only
consists of cuspidal K-finite automorphic forms . We closely follow [LV, prop. 3, second
proof].

We need some preparation. We recall a couple of lemmas due to Harish-Chandra regard-
ing vanishing conditions of Schwartz functions.

Let us recall some of the notations mentioned already in the preliminaries. Let @) =
MgNg be a standard parabolic subgroup of G(R) and G(Q,). Let C(G(R), 7) be the Harish-
Chandra Schwartz space of vector-valued function which are 7-spherical. These are functions
from G(R) to V; C L*(K,, x K.), where V; is viewed as a double representation of 7. The

action of 7 is given by
T(k)p(ky : g : ko)T(K') = ¢(kik = g : K'ks).

Let Ceusp(Mq, Tar,) be the space of functions which are cuspidal, 7,0k, -spherical, 3(Mg)-
finite and Ag-invariant. The L2-completion of this space is generated by the square integrable
matrix coefficients of finitely many classes of isomorphic unitary irreducible discrete series

representations of My which are Ag-invariant. For more information about this space see
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[Ar5, Chap. I, Sec. 2]|. Define
0% (la) = | dwc(nla)dn, ¢ € C(G(R),7),
Ng

for all la € MéAQ. Moreover, we write ¢ ~ 0 if the following holds:

/MQ/AQ <f(l)’¢§°(la)>dl =0, Vf € Cousp(Mq, Tary)

for all @ € Ag, where (,) denotes the inner product in the vector space V; (which is viewed
as a double representation space of the action of 7 on L*(K,, x K)). Then by [HC3, Vol

IV, p. 149] we have the following.

Lemma 4.2.1 (Archimedean case) Let ¢, be an element in C(G(R), ) such that g2 ~ 0

for all parabolic subgroups Q(R) C G(R). Then ¢o, = 0.

We now modify the above conditions for scalar valued bi- K -finite functions, by using the
ideas mentioned in [HC3, Vol IV, p. 175]. We denote the corresponding scalar valued
function as ®.,. Again we write ®% ~ 0 if
f(H®L (la)dl =0, Va € Ag.
Mg
The above integral is a function defined on Ag, the split part of the center of M. Hence
if &, is a compactly supported smooth function on G(R), then the integral above is also a
compactly supported function defined on Agy. We recall some characterization of parabolic

subgroups of standard Levi subgroups due to Harish-Chandra

Lemma 4.2.2 Let p € S. There is an one to one correspondence between parabolic sub-
group P(Q,) of G(Q,) which are contained in Q(Q,), and parabolic subgroups *P(Q,) of
My(Qp). The correspondence are as follows: If Q(Q,) = Mqo(Q,)No(Q,) and P(Q,) =
Mp(Q,)Np(Q,) are the corresponding Levi decompositions, then *Pg = P(Q,) N Mg(Q,) =
Mp(Qp)NE(Qy) is the corresponding Levi decomposition, where Ap(Q,) = AG(Q,)Ag(Qy),

NP(QP> = N(g(@p)NQ(Qp)'
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Lemma 4.2.3 Let ¢ € CEO(G(R))I[& ® Q(G(K;,\QSI/K'S,)). Assume that:
Ind(ws, vs)(®) = 0, whenever vip, =1 Vi (4.2.1)

for all parabolic Ps C ;s whose Archimedean part is the chosen minimal parabolic sub-
group, for all wg, equivalence classes of unitary irreducible representation of M(Qg) whose
Archimedean component is a discrete series and the non-Archimedean components are su-
percuspidal, such that we C T|x.nm.,- Then ® satisfies the following equation for all i, for

all ki, ke € Kg and for allm € M, g:
Z / O (kynymksy)dn = 0. (4.2.2)
N Nis

Proof. Equation (4.2.1) implies that

/ / / (kymnks)ws(m=)ers TP Hes (7D gy dndm = 0,

M(Qs) N(Qs) Ks
for all k € K, for all P(Qs) = Ps C Qis = Qi(Qs), and for all vg € ap, _ ¢ such that
vs|r a s =L (we will suppress the iteration i in our discussion that follows) Hence we can

drop the integration on Kg to get:

/ / (kymnks)wg(m=)erstp)Hes (70 g dm = 0,

M(Qs) N

Breaking the group N(Qg) as product of N5(Qg) and Ng(Qs) we have the following:

/ / / O (kymn'n"ky)wg(m ™) el 7vsTPs) Hes (M) g dn! dm = 0. (4.2.3)

M(Qs) NE(Qs) No(Qs)

As *Po(Qs) = M(Qs)NSH(Qs) C Mg,s, is a parabolic subgroup of Mg s, we have 'y g C

M(Qg) and I'4 ¢ centralizes M (Qg). Hence (4.2.3) implies that

/ / / > B(kymayn'n”ky)ws(my )

M(@s) NE(Qs) No(@s) 19 (4.2.4)

e(=vstes)Hes (1) g/ qn! dmy = 0.
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We will apply Fubini’s theorem to change the order of the integral on Ng(Qg) and sum

on 'y s (as @ is compactly supported the integral above is convergent). Moreover we can

( )

into product of 2@s) 4p d . Hence we can think of the above

break down the set Q

integral as the Fourier transform of the integral

/ / / Z O (kymyyn'n" k) fs(my)dn” dn'dm,,

@s) NE(Qs) M
A(@S NG (Qs) 0@s) b

where fs is the product of the coefficient of discrete series (at the Archimedean place) and
cuspidal representations (at the non-Archimedean places) of M(Qg). Therefore, using the
injectivity of Fourier transform on functions defined on M ¢ which are compactly supported
modulo the central direction of Mg ¢ (which holds for non-Archimedean case by combining

[B, Th. 25], [BDK] and [CH, Section 5.7]), (4.2.4) implies that
Z / O (kynymksy)dn = 0. (4.2.5)
T4 N; s
|

Lemma 4.2.4 If ® € C®*(G(R))x™ @ ?:[(G(K;,\QSI/K;/)) satisfies the eq. (4.2.2) then ®

maps the elements in L} (T\Gs) to L?, (T\Gs) as a convolution operator.

cusp

Proof. We fix 1 < i <7 and let ¥ € L*(T\Gs)k., and ¥;(g) = ¥(d;g). Then it is easy to

see that U; € L*(T;\Gs) k... To get the purely cuspidal image we need the following:
For @ = @, ®g\s, where O, € CX(G(R))5™, Povo € H(G(K,\Qqo/K,,)) and ¥; €

LA(T\Gs) k..,

/ U; x ®(nx)dn = 0.
In; o \Ni,s

/ / O (y~tna)W,(y)dydn = 0.
In; ¢\Nijs /G5

Now we break down the integral on Gg as an integral on I';\Gg and a discrete sum on I'; to

This is equivalent to:

get the equivalent relation:

/ Z/F\GS ~y T na) W (y)dydn = 0,

1—‘Nl S\Nz S
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for all z,y. This is equivalent to:

/ Z@y Yy Ina)dn = 0.

Ty, g\Nis 10
After swapping the integral and the sum (as the sum over T is locally finite, and ® is
compactly supported, we can use the Monotone Convergence Theorem or Dominated Con-
vergence Theorem) and rearranging the domains, we get a sum over (I'; (| N; s)\I'; and an
integral on NV; ¢ Therefore, we arrive at the equivalent condition:

Z / (y~'ynx)dn = 0. (4.2.6)

T, ¢ \Ti

We replace x and y with their respective Iwasawa decompositions, i.e. * = minik; and

Yy = Mmansoks. Moreover, we can write the sum over assumover '(A; s =T A, s COsets.

S
TN Nis

1

Therefore as M; 5 centralizes A; g, we can write ky 'ny 'my 'ynminiky = ky 'ng 'ymy 'nming k.

As M; g normalizes N; g, with a modular factor we have:
ky tny tymy tnmangky = ky tng o/ ymy tmang k.

But as the modular factor, a scalar, only depends on ms, and v belongs to a discrete sub-
group, we can ignore that above. Therefore we can finally write the argument of ¢ as

ky 'nytn'n"ymy tmik, = kynymk,. Hence, we can rewrite the condition in (4.2.6) as follows:

For all ky, ks € Kg and for all m € M, g [LV, eq. 4.6]

Z / O (kynymksy)dn = 0. (4.2.7)
N N; s

Consequently (4.2.2) is the sufficient condition. |

In the next step we need to find a non-zero combined test functions on Gg, which is bi-
K -finite, K -central and compactly supported at the Archimedean place and a function
from the Hecke algebra at the non-Archimedean places that satisfies the above conditions.

For parabolic subgroups Ps, whose Archimedean component is the chosen standard minimal
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parabolic subgroup, (4.2.1) would become as follows: For all vg € ap, D af) . such that

whenever for all i, vg|r 4 =1, we have
Ind3S (ws, vs)(®) = 0, (4.2.8)

for all wg discrete series representation at the Archimedean place and supercuspidal at the
non-Archimedean places of Mp g such that 7]y, . O we. By the description of arithmetic tori
[PR, Theorem 5.12], vg should have the property that v, = v, for all p,q € S. Let 3(G(Q,))
be the ring of regular functions defined on union of Benrstein components Q(G(Q,)) ([MT,
2.3.1]). Combining for all p € S\oo we define 3(Qg\o) to be the set of Fourier transform
of Bernstein center for G(Qg\). Let z; be the elements in the Bernstein center for each

Qi(Qs\o0) [MT, 2.2.1]. Let 2; € 3(G(Q,)). We can form the test function

b = (I)oo H(Z,L * ILK/).

We have to find a regular function R defined on Q(G(Qs\s)) such that R(vg\o) = 0,
whenever v, = v, for all p,q € S and v, € ap,. We can find a polynomial that satisfies this
property for every Pg C (); s. Hence, we could apply the Arthur’s Paley-Wiener Theorem at
the Archimedean place and matrix Paley-Wiener Theorem for Hecke alegebra by Bernstein

[B, Theorem 25] at the non-archimedean place to construct a non-zero test function ®.

4.3 The pre-trace formula

In this section we write the pre-trace formula. We choose a test function whose Archimedean
component is a 7—spherical function belonging to the convolution algebra C°(G(R), T, 7),
satisfying the identity

(kighs) = (k)" p(g)7 (k1) ™"

and a scalar valued function at the non-Archimedean places from the Hecke algebra H(G(K IS, \Qs' /K ;, ).
Suppose it also satisfies the condition of cuspidality described in the previous section. It acts

on I'—invariant L? eigensection (K .-finite, K g-fixed) ey(z) (orthonormal with respect to the
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inner product mentioned in the introduction) of the Casimir operator(defined for sections
of vector bundles), with the eigenvalue parameter defined as A\. We define the convolution

action as follows:

exxo(x) = [ oy z)er(y)dy
Gs

= / > sy w)ealy)dy
MGs y—lel
= K(z,y)ex(y)dy
MNGs
= / K(z,y)ex(y)dy
M\Gs/Koo
In the last equation we have used the fact that K(x,y)ex(y) is Ko —invariant on y. Then
the spectral expansion of K (z,y) can be written as follows:

K(z,y) =Y (exx,en)en(x) @ exy)”,

A

where e, (y)* denotes the dual vector which acts on f(y) through the pairing (f(y), e.(v))v,
on the fiber (E;), [Dui, eq. 7.3]. If we let 2 = y, then the spectral side will have the following

form:

K(z,z) = Z(BA *¢,e,)e () ® ex(x)".
A
Therefore, taking the trace on both sides we get

TrK(z,z) = Z(e,\ *x ¢, ex)ex(r) @ ex(z)”.

Consider a compact subset 2 C I'\Gg, whose measure is arbitrarily close to Vol(I'\Gg). We
take the pre-image of Q in Gg and call it Q. Unwinding the sum on the left hand side we

get

TrK(z,z) =Tr¢(e) + Z Tro(z'yr),

YEZ

The set Z will have the following form :
Z = (F\{e}> U <xga:*1 : x € Q,x lies in support of Tr(gb))
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The cardinality of Z would be finite, and would depend only on € and the support of Tr(¢).
Integrating both sides over Q, we obtain the following:

/QTT’K(ZL’, z)dr < / TrK(z,z)dr = Z(e,\ *x ¢, €y)

M\Gs /Koo A
To make sure we have a self adjoint convolution operator we need ¢(z) = ¢(z=1)T. To
achieve the self-adjointness we replace ¢ with (b*gg, where 5(95) = ¢(z~1)T. Hence, the right
hand side of the above inequality becomes ), (ex % ¢, ex x ¢).
Now by a theorem of Gelfand, Graev and Piatetski-Shapiro [Bmp, prop. 3.2.3] which states
that the convolution operator on the scalar-valued automorphic forms is a compact operator.
Therefore we obtain: ), (ex * ¢, ex * ¢) < co. Hence, we have
Tr(¢ * d(e)) Vol (2 —l—Z/Trqb*qS 7 yz) <Z€)\*¢,6)\*¢) (4.3.1)
vezZ
We now give a representation theoretic interpretation of > ,(ex * ¢, ey * ¢). Let 7y €
Hewsp (G(R), 7) be the Archimedean part of irreducible unitary representation mg which ap-
pears as a subrepresentation of right regular representation of G(Qs) on L2, (I'\G(Qs),7)
with multiplicities m(7), and let H,__ be the corresponding Hilbert space. Let H,_(7) be
the T—isotypic subspace. Then using [BM, Thm. 3.3] we have:
dexxdeaxeg)= > (Z ez*qﬁ,el*qb) (4.3.2)
A Meusp (G(R),7) i=1

where m = dim(Homg_ (H,_(7),V;)).

4.4 An approximation lemma
In this section we find a family of test functions
HS,t = Hoo,t : :H-K’a

for 0 <t < 1 that satisfy certain approximations. For the rest of the section and beyond we

will write S\oco = 5" and K’ = K:S’\oo' We prove a slight generalization of [LV, Lemma 2]

42



below.

Let h = ihx_ + ap o be the Cartan subalgebra of 4(g.,). Let hc = h ® C be the complex-
ification of the Cartan subalgebra. Let b be the dual of he. We fix 0 < ¢ < 1. By [LV,
(5.12)-(5.15)] we know there exist a nonempty open set of Schwarz functions 1 defined on
cylinders

{Ac €bC : [Re(A)| < a}
that satisfy the following conditions:

¢ 0<¥(Ax) <1, when [Aoll €1, A« € b +iaj .

o [ (ko + Vo) — XV, + Voo)| (1 + ||V )40 duy, < €, for fixed vy, € bi...c
iaaoo

such that Re(vk, ) is bounded.

o sup (14 Al [(Ae)] <€
Aocll>1

Here x(vk. +Vs) denotes the characteristic function of the sphere ||vk_ +voo|| < 1. Without
loss of generality we may assume that 1) can be extended to a holomorphic function on b, as
the Fourier transform of ) has compact support. Let O¢ be the orthogonal group of hg with
respect to the inner product (,). This inner product is induced from the Killing form on hc.
By averaging we can make 1) as Oc-invariant function. Therefore ¥)(Ay) depends only on
(Moos Aso)- Let d,_ denote the degree of equivalent classes of square integrable irreducible
representations wy, of Mol,w Using Frobenius Reciprocity we see that for the case of minimal

parabolic P ., we have

Therefore,

Ay [INd(Woo, Voo )| Ko, = T] = doo. [T|Méoo L Woo| = d-

MOOGEQ(M& WOOGSQ(M&

o) 00)

Put my,, = [Ty weo]- Let C°(h) be the set of compactly supported smooth functions

(i.e. set of multipliers for the convolution algebra C°(G (R))gz) Then by the Euclidean
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Paley-Wiener theorem there exists ¢ € C2°(h) such that its Laplace-Fourier transform ¢(As)

satisfies:
(M) = P(A), VAo € be.

There exists a function H:, € C(G(R))%> such that Ind(wee, Voo ) (HE) = Ind(wee, veo ) (d-X+)
GV, Lemma 1.3.2]. Now using the Arthur’s theorem on multipliers [Ar5] we can choose a
family of functions Hiom € C>®(G(R))5>=, such that their operator valued Fourier trans-

forms are

Il’ld(woo,l/oo)( ootC) é(ywoo +tUoo>Ind(woo;VOO)(dTXT)u

for 0 <t <1. Let H, = H’

ot " LK for K" an arbitrarily chosen open compact subgroup

of Gs/ . Then

2

dk =d,

2

(Weo, V00)<H£o,t,§)

HS

H oot{womVOO> = /‘Hgo,t,g“(way)(l:l:k>
Koo
Therefore, from the above choice of Schwartz function we have

2
= demeoo ||w(Vwoo + tyoo)||2

H 0,t,¢ WOC”VOO)

The following estimate will be instrumental in proving the main estimate in Weyl’s law. Let

0 < e <1 and choose Hﬁo,t,{ depending on e.

Lemma 4.4.1 There exists C; > 0 such that for sufficiently small 0 < t < 1 and for the

minimal Parabolic Py = ]\4(}’00140700N07OO we have

SN

w652(M1

2

1 Woo, Voo )dv — d2a(Go)| < Che.

ootC CUOO,I/OO)

Proof. Recall the Plancherel inversion formula at the real place

frf)=3nP) Y 3 Qm/i |t

P PEP wesy (ML)

p(w, v)dv. (4.4.1)

Here, P denotes the associated classes pf parabolic subgroups. The integer ¢ denotes the

dimension of respective iaj, . We are interested on the summand that corresponds to the
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minimal parabolic. For the sum and integral involving the minimal parabolic subgroup

Poco = Mo oo Ao,00No oo, and dim(iag ) = r we have

HE,, (oo Voo |PH1(wn0r v )V, — d2(Goc)

1
lim sup |t? E (2—7”)’"/
iag

|
=0 woo€E (ML) 6,00

HY (oo Vo) P 1w Vi), — (G

1
= limsup td Z <%)T/
1ag

|
woo€E2(M{ ) 0,00

t—0
: d 1 r 2
< flimsuptd Y (5=) e dM, |1V (Ve + t00) [ = X (Vo + t00) | 11(Woos Voo ) Ao
t—0 27TZ iak
woo€E2(M{ ) 0,00
1
< |limsup t? Z (—)’"/ d-d,mg,_ HW(V%O + Vo) 1P = X (Vo + VOO)| 1 Woo, oo )d(t rsg)
t—0 27TZ sak
woo€E2(M{ ) 0,00
1, dim(No)
<)X G [ deama 0+l ~ X +r)] (L el) T )
woo€EE2 (M ) #90,00

S Clﬁ

In the last step we use the second condition of ¢ given at the beginning of this section. W

4.5 Plancherel inversion and test functions

In this section we describe the choice of test functions. We start by recalling a result of
Camporesi, which identifies the endomorphism valued convolution algebra with scaler valued

functions.

Proposition 4.5.1 [Cmpl, Prop 2.1] Let T be the irreducible K-type as before of dimen-
ston d,. then the endomorphism wvalued convolution algebra isomorphic to scalar valued
bi-K o -finite, K -central function space. The anti-isomorphism is given by the following

map

f s F =d Ti(f). (4.5.1)
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Moreover it satisfies the following relations:

d. Tr(f1 = f2) = d. Tr(f2) * d- Tr(f1),

dixr* F=F = F%d.x,.

4.5.1 Test functions

The following steps will describe our test functions. We closely follow [LV, Lemma 2,3].

® We choose a function ®% = ®f_ &g, where ®¥_ € CE(G(R))y> and Py € Q(K;,\G(QS/)/KIS/),
so that the cuspidality condition holds true, i.e. @g satisfies (4.2.1). By the isomorphism

in (4.5.1) we have a function ¢o, € C*(G(R),7,7) so that d,Tr¢o, = ®% . Let ¢g be the
product of ¢, and ®g € ﬁ(K;,\G(QS/)/K;,).

@ Next we choose a family of functions
hootc € CF(GR),7,7) for 0<t<1

From the properties mentioned in the previous section, we can choose an entire Schwartz
function P/L.o\,g(w, v) that satisfies Lemma 4.4.1. We form a family A for 0 <t <1, so
that d,; Trhe ¢ = Hgo,m. We multiply hoo ¢ with 1g, and call this function hg; .

@ Finally, choose a sequence @EL ¢ that satisfies the condition of cuspidality. Let Z,, € C°(h)
be an element in the set of Archimedean multipliers. Then by the Euclidean Paley-Wiener
theorem, Z., is bounded on the set {\y € h% : Im(As) = 0}. If we choose ®g so that it
satisfies the condition of cuspidality, then the fourier transform of elements of the Bernstein
center at the non-Archimedean places is bounded on the set of unitary unramified characters.

Suppose the bound is B > 0. Following [LV, pp. 245-246] we construct such a sequence. Let

P,(Zg)=1- (1 B <f;2>2>n-

Let ®% = Zg * fg, where ||Too(foo)|lis = 1 and fs\oo = Lgr. As the multipliers on the
space of bi- K, —finite compactly supported smooth functions on G(R) and multipliers on

space of locally constant functions on G(Qg/) are equipped with convolution, (thought of

46



as a multiplication) we can define a sequence (IDEL g = Po(Zg) * fs * f':g P, will satisfy the

following properties
e P,(0)=0

® Ind(wg, VS)(CI)Ez,S) = Pn(ZS)(Ind(wS, Vs)(fg)lnd(wS, Vs)(fg)*).

Notice that here multiplication of Fourier transforms are defined as [Ar3, part II,pp.

1 ]. Therefore q)i,s will satisfy (4.2.1).

Let ¢, s be the endomorphism valued test functions corresponding to (I)Bz, g as ¢,.5. We apply
the partial trace formula on the family of test functions ¢, sxhgsc. Write ¢y, 54¢c = On s%xhsyc.

We obtain

T ((Gnsie * Onsinc) (IVOURQ) +dr 3y oy Te(Gnsiog * Gunos) (@)

S dT 2(6)\ * ¢n,S,t,C * ¢n,5,t,§> 61/)
A

—~——

—d, Y Y m(r)Te(r(Te(fn, 50 * dnsig))- (4.5.2)

A —VUpgo=A

4.5.2 Plancherel inversion

We now recall the Plancherel theorem at Archimedean place as in [Ar3, part II, (2.1)]

—_—

¢BL 00,t,¢ * ®EL oot(( )(1)7%5/ * (Dn S'(e) = Z’PGCl TL(P)_I ZPEP ZWOOGSQ(MOO)(QLM)[Z
fz‘a* HInd(WOO’VOO noot( H wooa’/oo dVoo(I/)n\;*q)nS’( )

We have the following convergences as n — co
Ind(wg')(Prs) = Ind(wg) (L), and  |[Ind(wse, veo) (P )| = 1.

Now if we take the limit inside the norm (due to continuity) and inside the Fourier transfor-

mation (due to isometry)[Ar4, p. 4719] the above integrand converges to

2

P Woo, Voo)-

[
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Therefore, we see that integrand corresponding to the minimal parabolic summand in the
Plancherel Formula can be divided into two sets X = {v € iag, : P.(Zs) < €} and its
complement X¢ As we take lime — 0, the set X will have measure 0, and on X¢ the
integrand will become ||H, Oot C(woo, Voo ) |1 (Woo, Voo ). From the discussion above, it is clear

that the following estimate will be enough for us to arrive at the main term as limsup ¢ — 0.

Lemma 4.5.1 For all n, there exists C7 > 0 such that

e 2
4 Z Z Z (%)q/HHgm(WWVW)
1a%,

1 (Woos Voo ) AV

PeCGos) PEP woo€E2(Moo)
(5;;; * (ID,L’S/(G) — d,QFO_/(GOO) S 016.
Proof. We can ignore the terms related to the p—adic Plancherel formula as the tempered
parameters in this case are finite disjoint unions of compact orbifolds, hence those terms will
be automatically bounded. Therefore, we only concentrate on the Archimedean part. We

have

2

1(Woo, Voo )dVoo — d2a(G o)

‘Hgo,t,((woov VOO)

Yoy Y[

PECI(Goo) PEP woo€E (M,

2
= [t x (non-minimal terms) + ¢* Z 1 Woo, Voo )dWoo — d2a(G o)

Woo €EE2 (MO, )

[

The Plancherel density corresponding to the non-minimal parabolic subgroups will have the

following asymptotic estimate. For some integer [ < d, we have

/ ((Woo, T 060 )d(t Wse) ~ 71 as £ — 0.
h o
Therefore, the non-minimal terms will tend to 0 as ¢ — 0. And the approximation for the

other term was dealt with in Lemma 4.4.1. [ |

Therefore, We see from (4.5.2) the main term corresponding to the trivial conjugacy class is
asymptotic to

Pa(G)WVol(Q)t™ as t— 0.
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4.6 Bounds for the non-trivial classes

To get the estimates for non-trivial conjugacy classes on the geometric side we write the
Fourier inversion formula of Harish-Chandra with respect to Eisenstein integrals. To this

end we use the formula (1.1) in [Ar5, Chap. III Sec. 1]. It gives

Hoo,t($)|(1,1)

= ;|73|71 Zpe'p |VV(C‘P)|71 f EP(xom/LP(Voo)Hoo,P(tVoo)a Voo)(l:l)dyooa

ia%,
where P denotes an associated class of parabolic subgroups and the function H; lies in

C*(G(R), 7). Note that C2°(G(R), 7) is isomorphic to C°(G(R)) k., via the relation:
Hoo,t<x>’k1,k2 = Hoo,t(klxk2)-

We concentrate on the part of the above series and integral corresponding to the minimal
parabolic. We obtain the following inequality for the summand corresponding to minimal
parabolic P o:

f |EP0($007/LPO(VOO)HOQP()(ZSVOO)JVoo)’(l1)|dVoo (461)
zag’oo
< [ Haom () (1 mkz) : )|, (v) |00 |didy

iah . Koo
The right hand side of the above inequality is bounded by
/ <|r@<tv>|rupo<u> / |e<”+P>H<“>|dk)dv.
iaf . Koo
Moreover, we have [, [e@*?HE) |dkdy < Cy(1+ ||v]])™"/* when & ¢ K. and lies in a fixed
compact set [LV, Lemma 3]. Now making a change of variable v, — %<, using the Paley-

Wiener bound of H@(um) ||, and using the bound of the Plancherel Measure from (4.1.6),

we obtain the following inequality:

/ |Ep (2o, pip (V) Hoo p (t1) (1 1 1), ) |dv < Cot41/2, (4.6.2)

;K
15 o
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Hence, we have the bound
‘Hoo,t(flf)|(1,1)‘ < Cot ™2, (4.6.3)

Now we apply (4.6.3) for the Archimedean part of the integrand corresponding to the non-
trivial conjugacy class of v € I' in (4.5.2) on the geometric side. Notice that similar to [LV,
(6.3)] we can assume that the support of d,Tr(¢,, g¢ * m) that lies inside K, will have
measure zero when projected onto G(R). Moreover,

e~ —
e~

dTTr(¢n’oout7< * ¢”u00,t7C) - ®El,oo,t,c * (I)B’L,oo,t,C'

This is a bi- K-finite function. Hence we can apply the above discussion. Arguing as in [LV,
pg. 243] for the lower bound of Weyl’s law, we can see that the terms corresponding to a
non-trivial conjugacy class in (4.5.2) is bounded by ¢|Z|t~%+1/2. Notice that as I" injects into
G diagonally, the cardinality of Z is finite. Moreover the L' norm of ®,, 1k are bounded

by a constant for all n. Therefore it follows from (4.5.2) that

d:Tr((fn,s,0.¢c * Pns.c)(€))Vol(Q) + dr Z / Tr(Pn,st.¢ * an,S,t,C)(x_l'ﬂ:) < Z Consiic
vez /0 A
or,
AT (G * nsec) (OWVOUQ)| = el 2112 < 37 Co
A
or,

——~—

t%fl,m * @51757“(6)%1(9)’ — |zt < 1d Z Ciprosnc-
A

Here, Cy, ¢, = (ex* Pnsic,ex * Pnsec). From (21) and [BM, Lemma 3.3] we have that

2

S (ex * Prsic 7 * i) = m(r) ‘ ]W(@i,s,t,g) o (4.6.4)
A chsp(G(QS)’T)
The multiplicities of 7., can be written as:
mire)= > mx)dimH, (4.6.5)



. / . .
where the sum is over m whose Archimedean component is 7. If we let n — oo, we have

that W(@i’t’&g) — dim?—[f,s’ Woo(Hgo,tc). Hence rewriting the (25) we get

Too (Hg“)

The sum on the right hand side of (4.6.6), could be divided into two parts, |\, |* < t2

2

Z(@ * Pt €A K Pnsiec) = Z M (Too) (4.6.6)

A Meusp (G(R),T)

HS

and ||Ar||> > t72. Here )\, denotes the infinitesimal character of m,,. The representations
T 1S & subrepresentations of a non-unitary principle series representation with parameters
Weo ® Voo ® 1. The infinitesimal character of A, can be written as v, + v, where v,
is the infinitesimal character of w., [Kn, Prop. 8.22]. Let d,, be the formal degree of w.

We have the following inequality of Hilbert-Schmidt norm in terms of Fourier transform

Too (Hgo,t,g>

Using the choice of the Schwartz function the right hand side of (4.6.6) is bounded by

—

Hgo,t,((woo’ Vso):

9 2

HH&OM%O, Voo || 2 dune

HS

> dem(re)  dim(Hom (M (7), V7)) [(tre )| (4.6.7)

V00 Vool <t~2
Hence, using our earlier notations, we have

dym(ms)  dim(Hompg (Ha (7), Vi) |(tve))? < d NL (t72,7)

cusp
[[Veroo +reo <22

4.7 Main theorem

In this last section we put all our earlier results together to prove our main asymptotic
formula. Suppose A; is the self-adjoint Casimir operator acting on L2, (I'\Gg, 7) with pure
point spectrum 0 < vo(7) < v1(7) < 1o(7) < ... = 00. Let E(vi(7)) denote the space of
eigenvectors with eigenvalue v;(7). Define

N2 m) = Y dim&(vi(7)).

v (1) <T?

o1



Let M be a Riemannian manifold. Suppose C' (M) denotes the product of volume of M, the
volume of the Euclidean unit ball in RE™M) and (27)~4m(™) - Collecting all the results in

the previous section, we prove the following:

Theorem 4.7.1 Let G be a semisimple, connected, algebraic group over Qg. Assume that
G is also split over Q and of adjoint type. Let T C G(Z[S™']) be a congruence subgroup
with no torsion element. Let Xoo = Goo/Ks and d = dimpXs. Let T be an irreducible
representation of Ko, of dimension d,. Then there ezists a constant C(I'\X) > 0, such
that

NE (T%,7) ~ d,C(T\X)T? as T — oo.

cusp

Proof. We make a change of variable ¢ = 7, and prove the asymptotic as limsup,_,,. Let us

1
T
apply the partial trace formula in (4.3.1) with ¢ being the test function ¢, g ¢ * ¢/n\/5t< in
Section 4.5. Taking the limit as n — oo and using (4.5.2) the inequality becomes
Tr((Rsc * hisac)(€)Vol() + ) / Tr(hsyc * hspc) (@ yr) < NL (72 7).  (4.7.1)
Q

NeZ
Now from Section 4.4 and Lemma 4.4.1 we can conclude that the term corresponding to the
identity class will be asymptotic to d,a(G)t=4Vol(I'\G5s) as limsup,_,, and as lim, ;.. And
from (4.6.3) we can show that as we take lim sup,_,, the terms corresponding to non-identity
classes will converge to 0. This is done exactly as in the proof of the lower bound in Weyl’s
law [LV, page 243].

There exist 'y ;, for finitely many ¢, such that
M\Gs/Ks = JTwi\G(R)/K.

For each i, let NJ (T, 7) be the eigenvalue counting function for the space T'oo ;\G(R)/K .
That this same asymptotic term along with the constant C'(I's ;\ X« ) is an upper bound for

the right hand side has been proved in greater generality by Donnelly [Do]. To prove

a(G)Vol(I\Gs) = Z C(Toi\ X ),
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we argue as in [LV, Sec. 6.3]. Therefore it establishes the asymptotic formula in the statement

of the theorem.
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