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Abstract. Neumann and Reid conjecture that there are exactly three knot complements
which admit hidden symmetries. This paper establishes several results that provide evi-
dence for the conjecture. Our main technical tools provide obstructions to having infinitely
many fillings of a cusped manifold produce knot complements admitting hidden symme-
tries. Applying these tools, we show for any two-bridge link complement, at most finitely
many fillings of one cusp can be covered by knot complements admitting hidden symme-
tries. We also show that the figure-eight knot complement is the unique knot complement
with volume less than 6v0 ≈ 6.0896496 that admits hidden symmetries. We then conclude
with two independent proofs that among hyperbolic knot complements only the figure-
eight knot complement can admit hidden symmetries and cover a filling of the two-bridge
link complement S3 \ 62

2. Each of these proofs shows that the technical tools established
earlier can be made effective.

1. Introduction

A hidden symmetry of a manifold (or orbifold) M is a homeomorphism between finite-
sheeted covers of M that does not descend to M . Hidden symmetries play an important
role in the study of locally symmetric spaces, where work of Margulis shows that arith-
metic rank-one lattice quotients are characterized by the property of having infinitely many
(up to a natural equivalence) [31]. This paper focuses on hidden symmetries of hyperbolic
3-orbifolds, which are intimately related to the study of their covering maps and com-
mensurability classes. For instance, a hyperbolic knot complement in S3 with no hidden
symmetries has at most two other such knot complements in its commensurability class [5,
Theorem 1.2].

In fact, hidden symmetries seem to highlight some fundamental difference between com-
plements of knots in S3 and other non-compact finite volume hyperbolic 3-orbifolds. (Mov-
ing forward, we reserve the term “knot/link complement” for the complements of knots/links
in S3.) While it is not uncommon for members of the latter class to have hidden symmetries,
only three hyperbolic knot complements are known to have them: that of the figure-eight,
which is the only arithmetic knot complement [40], and those of the two dodecahedral knots
of Aitchison and Rubinstein [4]. Moreover, there are (infinitely) many without hidden sym-
metries. For this and other reasons, in 1995 Neumann and Reid proposed:

Conjecture 1.1 (Problem 3.64(A), [15]). The only hyperbolic knot complements without
hidden symmetries are the three already known.

The work of Neumann and Reid [35, Proposition 9.1] provides one of the most striking
pieces of evidence for this conjecture and the foundation for much subsequent work on it.
This asserts that a hyperbolic knot complement admits hidden symmetries if and only if it
covers a rigid-cusped orbifold (see Definition 2.1). As an illustration of how exceptional such
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covers are, now-standard computational methods (SnapPy [10] and Sage [11]) can be used
to test the roughly 330,000 knot complements up to fifteen crossings, showing numerically
that the figure-eight knot complement is the only one of these to have one [14]. (The
dodecahedral knots have crossing number 20.)

Applying this condition to infinite families of knot complements has proven more chal-
lenging, although there have been significant successes with, for instance, the two-bridge
knots [41] and other more specialized families [24], [26], [29], [33]. More recently, two in-
dependent groups of the present authors turned attention to ruling out hidden symmetries
among certain large families of knot complements, giving more broadly applicable crite-
ria for doing so in [8] and [27]. Motivated by these results, a subset of the authors in [8]
proposed the following “generic” (and weaker) version of Conjecture 1.1:

Conjecture 1.2. For any R > 0, at most finitely many hyperbolic knot complements have
hidden symmetries and volume less than R.

As we wrote in [8], this conjecture can be reformulated in terms of Dehn surgery using the
Jørgensen–Thurston theory: it fails if and only if a sequence of hyperbolic knot complements
with hidden symmetries converges to a link complement (cf. Proposition 2.2). Here and in
the rest of the paper, we say a sequence {Mn} of hyperbolic manifolds or orbifolds converges
to a manifold N if each Mn is obtained from N by hyperbolic Dehn filling, and all filling
coefficients approach ∞ as n → ∞. We call this “convergence” because it is equivalent to
the sequence {Mn} converging geometrically to N , in the sense defined by Thurston [44].

Our aims in this paper are twofold. The first half is devoted to Conjecture 1.2. Our main
tool for analyzing this conjecture is Theorem 2.6, which describes how a cover to a rigid-
cusped orbifold relates to the limit of a convergent sequence of one-cusped manifolds that
each have this property. We apply this result in Theorem 1.5 to prove an important case of
the conjecture, that a two-bridge link complement cannot be the limit of a counterexample
sequence. On the other hand, Section 3 exhibits some “cautionary examples” which limit
the conjecture’s scope and hint at directions to search for counterexamples.

The paper’s second half focuses on “effectivization”: placing explicit bounds on the
number of members that may have hidden symmetries within a given family of knot com-
plements. Such a bound rules out the given family from producing counterexamples to
Conjecture 1.2, but it also makes useful progress toward evaluating Conjecture 1.1 there.
In Section 4 we rule out counterexamples to Conjecture 1.1 among all low-volume knot com-
plements, with Theorem 4.1, and among all but an explicitly constrained list of fillings of one
cusp of certain low-volume two-component link complements, in Theorem 4.2. Furthermore,
via Corollary 4.10, we can place a universal upper bound of 84 on the number of possible
fillings of these two-component links that could be covered by a knot complement admitting
hidden symmetries. In Section 5, we enumerate this list for the 62

2-link complement and
prove the complete classification Theorem 1.6 of those covered by a knot complement with
hidden symmetries. We finish in Section 6 by giving a deformation variety-based proof of
the same result.

In the rest of this introduction we state our main results and expand on their context.
For the sake of readability we state a streamlined version of Theorem 2.6 below.

Theorem 1.3. Suppose N is a complete, multi-cusped hyperbolic 3-manifold of finite volume
and {Mn} is a sequence of one-cusped manifolds converging to N . If, for each n, there is
a covering map φn : Mn → Qn to a rigid-cusped orbifold Qn, then there is a multi-cusped
orbifold Q with a single rigid cusp and a covering map φ : N → Q. Moreover, we may
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choose Q and pass to a subsequence so that the Qn converge to Q and φ is a restriction of
φn for every n.

The full statement of Theorem 2.6 expands on the last sentence above. Specifically, for
any n, N can be taken as a submanifold of Mn as the complement of the set of core geodesics
of the filling tori, and similarly for Q in Qn. Theorem 2.6 is an extension of Proposition 2.6
of [27], by three of the current authors, and is proven along similar lines. It is a powerful
tool for showing that converging families of hyperbolic knot complements do not admit
hidden symmetries. To start, we can apply Theorem 1.3 to prove the following:

Theorem 1.4. Suppose that a sequence of knot complements with hidden symmetries con-
verges to a hyperbolic 3-manifold N . Then N is a link complement with hidden symmetries.

Millichap–Worden showed that no hyperbolic two-bridge link complement has hidden
symmetries, except the four arithmetic ones [34]. Combining their result with Theorem 1.4
immediately implies that no non-arithmetic two-bridge link complement is the limit of a
sequence of knot complements with hidden symmetries. This is significant because both
components of any two-component two-bridge link are unknotted, so each such link is the
limit of a sequence of knot complements.

In fact, by working harder here we obtain the result below, a significantly stronger con-
sequence of Theorem 1.3 and [34]. Note first that its hypotheses apply to both arithmetic
and non-arithmetic two-bridge link complements.

Theorem 1.5. If N is the complement of a two-component hyperbolic two-bridge link,
then at most finitely many orbifolds obtained by filling one cusp of N are covered by knot
complements with hidden symmetries.

Here, for a filling coefficient (p, q) such that gcd(p, q) > 1, (p, q)-filling produces an
orbifold with the core of the filling solid torus as its singular locus. Because there are many
branched covers S3 → S3 that branch over an unknot, many orbifold fillings of one cusp
of a hyperbolic two-bridge link complement are covered by a hyperbolic knot complement;
see Proposition 4.4. Theorem 1.5 thus covers a much larger class of knots than only those
produced by manifold filling.

We now turn to our “cautionary examples” of Section 3. We first consider Example 3.2
which comes from [37] and describes a 2-cusped hyperbolic 3-manifold and a sequence of
fillings of this manifold that satisfy the hypotheses and conclusion of Theorem 2.6. Building
off of this, in Example 3.3 we use a careful analysis of orbifolds covered by the Borromean
rings complement N to describe a sequence of one-cusped hyperbolic 3-manifolds converging
to N , each of which covers an orbifold with a rigid cusp. The Mn are not knot complements,
but they do satisfy the hypotheses and conclusion of Theorem 2.6. They show that Con-
jecture 1.2 does not hold in the general setting of 1-cusped hyperbolic 3-manifolds. Both
of these examples highlight interesting phenomenon in the context of geometric isolation
described in Section 3.1.

Our first effectivization result, from Section 4, implies in particular that there is no
counterexample to Conjecture 1.1 among manifolds with volume at most 6v0. Here and
henceforth, v0 denotes the volume of a regular ideal hyperbolic tetrahedron (≈ 1.0149416).
The proof of this results plays off results of Hoffman that give lower bounds on the degree of
covers to rigid-cusped orbifolds against Adams’ work classifying the lowest-volume (rigid-)
cusped orbifolds.
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Theorem 4.1. If a manifold M has volume less than or equal to 6v0 and is covered by a
knot complement admitting hidden symmetries, then M is the figure-eight knot complement
(and the cover is trivial).

This is even more general than what is needed for a lower bound on counterexamples to
Conjecture 1.1, in that it applies as well to knot complements covering manifolds of low
volume. Covers of this sort by knot complements with arbitrarily large volume may arise
from lens space fillings on the cusp of a two-component link complement corresponding
to an unknotted component, as we describe in Proposition 4.4. Our next main theorem
extends this line of inquiry to orbifold fillings.

Theorem 4.2. Suppose L = K t K ′ is a two-component link in S3, with K ′ unknotted,
such that N

.
= S3 \ L is hyperbolic with volume at most 6v0. Giving the K ′-cusp of N the

standard homological framing, if its (p, q)-filling is covered by a hyperbolic knot complement
with hidden symmetries then:

(i) the (p, q)-filling slope has normalized length at most 7.5832;
(ii) p is relatively prime to the linking number ` between K and K ′; and

(iii) p and q have greatest common divisor in {1, 2, 4}.

The “standard homological framing” used here is described in Section 2.1, and the “nor-
malized length” is in the sense of Hodgson–Kerckhoff [22, pp. 1036–37]. The proof of
Theorem 4.2 plays off a careful analysis of covers to rigid-cusped orbifolds against results
of [22] that constrain the shape of the filling torus after hyperbolic Dehn filling along long
slopes.

For a link L satisfying its hypotheses, Theorem 4.2 leaves only a short list of slopes to
check in order to completely determine which fillings of the K ′-cusp of S3 \ L are covered
by knot complements with hidden symmetries. In Section 5 we carry out the process of
identifying and checking these slopes for the two-bridge link L = 62

2 (notation as in the
Rolfsen tables). We obtain:

Theorem 1.6. The only hyperbolic knot complement with hidden symmetries that covers a
filling of N = S3 \ 62

2 is the figure-eight knot complement, which covers the (2, 0)-filling of
one cusp of N .

This is the “simplest new example” in the sense that there is only one two-component
link with hyperbolic complement and fewer crossings, the Whitehead link 52

1. S3 \ 52
1 has

been known since Neumann-Reid’s work [35, Section 6] to have no fillings covered by a knot
complement with hidden symmetries except one: the figure-eight knot complement.

In Section 6 we give an alternative proof of Theorem 1.6 that echoes the analogous proof
for S3 \ 52

1 in [35], using properties of the deformation variety of S3 \ 62
2. While this proof

is very specific to S3 \ 62
2, it has the advantage of providing additional algebraic informa-

tion about the orbifolds produced by filling one of its cusps: for instance Corollary 6.15
classifies the arithmetic ones, and Proposition 6.16 and Corollary 6.17 relate their cusp,
trace and invariant trace fields. Computational methods can produce the former result (see
Remark 4.11), but the latter two are not obviously accessible to them.

1.1. Acknowledgements. The authors wish to thank the American Institute of Mathe-
matics, Oklahoma State University and Rice University for hosting different subsets of them
over the course of this project. The third author was partially supported by grant from the
Simons Foundation (#524123 to Neil R. Hoffman)
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2. Geometric Convergence and Orbifold Covers

2.1. Orbifolds and Dehn filling. For a cusp c of an orientable finite volume hyperbolic
3-manifold N , let T be a torus cross-section of c. A primitive slope on T is the unoriented
isotopy class of a non-trivial simple closed curve in T . The set of primitive slopes on T
corresponds bijectively to the set of pairs {±α} of primitive elements in H1(T ;Z). More
generally, a slope on T corresponds to a pair ±α = ±kβ of elements of H1(T ;Z), where β
is primitive, k ∈ Z>0. When k = 1, so that α = β is primitive, the Dehn filling of c along α
is the manifold N(α) obtained by cutting N along T , discarding the cusp c, and replacing
it with a solid torus J so that the meridian of J is glued to a curve in T isotopic to β (see
Figure 1a). If k > 1 then we proceed similarly, except that in this case J is instead an
order-k orbi-torus: a solid torus in which the core curve is marked by k-torsion, so that the
meridian disk is a cone-disk with an order-k cone point. In this case N(α) is an orbifold,
with singular locus the core curve of J , and the image of β in N(α) bounds an order-k
cone-disk.

We can identify the collection of slopes on T with Z ⊕ Z − {(0, 0)}/(p, q) ∼ −(p, q) by
fixing a framing, ie. a basis for H1(T ;Z). For any framing, a slope α identified with the class
of some (p, q) is primitive if and only if gcd(p, q) = 1. More generally, after Dehn filling
along α the core of the filling orbi-torus is marked by k-torsion, where k = gcd(p, q). When
a framing is understood, we will also refer to the Dehn filling along α as the (p, q)-filling of
N at c.

When N is marked (implicitly or explicitly) by a homeomorphism h : N → S3 \ L for a
link L, we will call c the K-cusp, where K is the component of L such that h(c) is contained
in a regular neighborhood n(K) of K. In this case the standard homological framing on
T is the basis {[µ], [λ]} for H1(T ;Z), where µ is a meridian and λ is a longitude. These
primitive slopes are characterized as follows: h(µ) bounds a disk in n(K), and h∗([λ]) lies
in the kernel of the inclusion-induced map H1(h(T ))→ H1(S3 \K).

More generally, we will need a notion of Dehn filling when N is a cusped orientable
hyperbolic 3-orbifold. For such an N , the cusp cross-section is one of the five Euclidean
2-orbifolds: T , S2(2, 2, 2, 2), S2(3, 3, 3), S2(2, 3, 6), and S2(2, 4, 4). The last four have un-
derlying topological space S2 and cone points prescribed by the ordered tuples.

Definition 2.1. A cusp of a complete, orientable hyperbolic 3-orbifold is rigid if its cross-
section is one of S2(3, 3, 3), S2(2, 3, 6), or S2(2, 4, 4), and non-rigid otherwise.

Rigid cusps are so-named because their Euclidean metrics are unique up to similarity. No
solid torus-quotient is bounded by a rigid Euclidean orbifold, so we can’t fill a rigid cusp.

For an orbifold’s cusp with a torus cross-section T , Dehn filling is defined exactly as in
the manifold case. When the cusp cross-section is S = S2(2, 2, 2, 2), we can again identify
a filling slope with an element α = (p, q) ∈ Z× Z. Namely, if α = kβ is a slope on T , then
under the involution h : T → S a simple closed curve representing β (and disjoint from the
fixed points of h) maps to a simple closed curve β′ on S. In this context, the Dehn filling
of c along α is the orbifold N(α) obtained by cutting along S, removing the cusp c, and
gluing in an orbi-pillow P (shown in Figure 1b) in such a way that the curve on ∂P that
bounds an order-k cone-disk is identified with β′ ⊂ S. Alternatively, one can think of this
as gluing to S an orbi-tangle of slope β, in which a closed curve isotopic to β′ bounds an
order-k cone-disk.

The norm of a filling α = (p, q) is |α| =
√
p2 + q2. We adopt the usual convention that

N(∞) = N and |∞| =∞.
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(a)
(b)

Figure 1. Dehn filling torus and pillowcase cusps along non-primitive
curves.

Finally, if N has cusps {c1, . . . , ck}, we use a multi-slope vector ᾱ where the ith cusp of
N is filled according to the ith coordinate of ᾱ. For a sequence of multi-slope vectors {ᾱn},
we write |ᾱn| → ∞ if, for each i, the norms of the ith coordinates go to infinity. Here, we
say that a sequence of hyperbolic orbifolds {Mn} converge to an orbifold N if there is a
sequence of multi-slope vectors {ᾱn} for which Mn = N(ᾱn) and |ᾱn| → ∞. In this case,
the geometric limit of the Mn’s is N .

We can now prove an equivalent version of Conjecture 1.2, which was discussed in the
introduction.

Proposition 2.2. Conjecture 1.2 is false if and only if there is a sequence of distinct
hyperbolic knot complements, each of which is a cover of a rigid cusped orbifold, so that the
sequence converges to the complement of a link in S3.

Proof. If the conjecture holds then certainly no single hyperbolic link complement produces
infinitely many hyperbolic knot complements with hidden symmetries by Dehn filling, since
Dehn filling reduces volume [44, Th. 6.5.6].

Now suppose that the conjecture fails. Then there is some R > 0 and a sequence {Mn}∞1
of distinct hyperbolic knot complements, each of which has hidden symmetries and volume
less than R. By Proposition 9.1 of [35], each Mn covers an orbifold with a rigid cusp.
By [44, Theorem 5.11.2], there is a link complement N0 such that each Mn is obtained by
Dehn filling on N0. Since N0 has only finitely many cusps, we may pass to a subsequence
so that there is a fixed cusp of N0 which remains unfilled in every Mn. Beginning with this
unfilled cusp, number the cusps of N0 from 1 to m and fix a basis for the first homology
of each cusp to obtain a sequence of multi-slope vectors {ᾱn} with Mn = N(ᾱn). It is not
necessarily true that |ᾱn| → ∞, but by repeatedly subsequencing we may assume that, for
each i, the sequence of ith coordinates either goes to infinity or is constant. Let N be the
manifold obtained by doing all constant fillings on N0. We have now arranged that {Mn}
converge to N . Since N embeds in every Mn, with complement a disjoint union of circles,
N is itself a link complement. �

2.2. (ε, dN )-twisted fillings. Suppose Q = H3/Γ is a complete hyperbolic 3-orbifold. Fol-
lowing [13, §2], for ε > 0, we define the ε-thin part Q<ε of Q to be the set of x ∈ Q such
that for some x̃ ∈ H3 projecting to x and some γ ∈ Γ of infinite order, d(x̃, γx̃) < ε. The
ε-thick part of Q is Q≥ε = Q\Q<ε. If ε is chosen to be smaller than the three-dimensional
Margulis constant, Corollary 2.2 of [13] states that every non-compact component of Q<ε
is isometric to the quotient of a horoball B by the action of its stabilizer in Γ. Such a



DEHN SURGERY AND HYPERBOLIC KNOT COMPLEMENTS WITHOUT HIDDEN SYMMS 7

component is a cusp, and it is rigid if its stabilizer subgroup is a Euclidean triangle group
or its index-two orientation-preserving subgroup.

There are several ways to understand what it means for a filled manifold to “geometrically
approximate” the corresponding unfilled manifold. Here, we want a property which assures
that if a filling M of N covers an orbifold Q, then there is a natural restriction of that cover
between the ε-thick part of M and the ε-thick part of Q.

Let N be a finite-volume, orientable, hyperbolic 3-manifold with cusps c1, ..., ck and take
ε ∈ (0, 3.45). Let dN be the maximum possible degree of a cover to a non-arithmetic

orbifold, and observe that dN ≤ 4vol(N)
v0

; see [27, Proposition 6.2]. Recall the following

definition from [27].

Definition 2.3. A cusped hyperbolic Dehn-filling M of a hyperbolic 3-manifold N is an
(ε, dN )-twisted filling of N , if the following spaces are homeomorphic

N \ n
(⋃

ci

)
∼= N≥ε ∼= M≥ε ∼= M≥ε/dN .

In this case, we often refer to M as (ε, dN )-twisted (relative to N).

The assumption that ε < 3.45 implies that (ε, dN )-twisted fillings are non-arithmetic (see
[27, Proposition 6.2]). This fact is important for Proposition 2.4, which is a generalization
of [27, Proposition 2.6]. The proof of our version here is largely identical so we only point
out the minor differences below. We appeal to the notation of [27], letting γi ⊂ M be the
core geodesic of the solid torus introduced by filling the ith cusp ci of N , for i = 1, . . . , k.
In this version of the proposition we allow the ith cusp to remain unfilled, in which case γi
is an empty set of points.

Proposition 2.4. Let N be a k-cusped hyperbolic manifold and let ᾱ = (α1, . . . , αk) be a
multislope.

(i) For any sufficiently small ε > 0, there is a real number C such that if all αi satisfy
|αi| > C, then N(ᾱ) is an (ε, dN )-twisted filling of N .

(ii) If N(ᾱ) is an (ε, dN )-twisted filling of N and φ : N(ᾱ) → O is an orbifold cover,

then there is an orbifold cover φ̂ : N → Q, where Q ∼= O \ tki=1φ(γi).

Proof. The main difference between the proposition above and that of [27] is that here N
can be any cusped hyperbolic 3-manifold. The assumption that ε < 3.45 from Definition 2.3
assures that (ε, dN ) fillings are non-arithmetic, so the proof in [27] goes through without
change by taking C to be the maximum of the ki’s in that proof. The above proposition
is more general than that of [27], because we require that any sufficiently small ε will work
for (i). However this change requires no alteration to the proof as given in [27]. Although
stated there, we emphasize that the cusps of Q ∼= O \ tki=1φ(γi) obtained from drilling are
all non-rigid. �

Remark 2.5. Although we have defined the norm of αi = (pi, qi) to be
√
p2
i + q2

i , the

statement of Proposition 2.4 is also valid if we measure the length of αi in a maximal
horoball neighborhood, or if we use its normalized length. We appeal to the third notion in
Section 4.

With Proposition 2.4 in hand, we can prove Theorem 2.6, which is our main tool for
analyzing hidden symmetries of hyperbolic knot complements in the remainder of this sec-
tion. Theorem 2.6, while more technical, implies Theorem 1.3 which was stated in the
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introduction. This gives a more geometric description of the restriction of the φn cover-
ing maps. In particular, Theorem 2.6 develops a correspondence between how geodesics
coming from high parameter fillings behave under the covering map φn on one hand, and
how cusps behave under a restricted version of such covering maps on the other. A feature
of this result worth noting is that geometric data associated to the limiting manifold can
force restrictions on the cover φn for sufficiently high parameter elements of the limiting
sequences. Furthermore, [16] provides tools for making such arguments effective (see for
example [27, §6.1]). As a result, this theorem gives us a powerful tool to start investigating
Conjecture 1.2 in the context of Proposition 2.2.

Theorem 2.6. Suppose that N is a k-cusped hyperbolic 3-manifold and {ᾱn} is a sequence
of multi-slope vectors for N such that |ᾱn| → ∞ and every N(ᾱn) is a hyperbolic orbifold
with a single cusp. Suppose further that, for each n, φn : N(ᾱn) → Qn is a covering map
to an orbifold with a rigid cusp. Then, after passing to a subsequence, we can guarantee the
following:

(i) There is an orbifold cover φ : N → Q, where Q has a unique rigid cusp c and φ−1(c)
is connected. Moreover, each Qn is obtained from Q by orbifold Dehn filling on all
cusps of Q but c.

(ii) If ε > 0 is small enough, then the following diagram commutes for every n

N

φ

��

// (N(ᾱn))>ε

φ̄n
��

Q // (Qn)>ε

where the horizontal maps are homeomorphisms and φ̄n is obtained by restricting
φn and then post-composing with a homeomorphism (Qn)>ε/deg(φ) → (Qn)>ε.

The proof of Theorem 2.6 will follow from Proposition 2.4 with a bit of additional work.

Proof. By Proposition 2.4(i), we may pass to a subsequence and select an ε > 0 such that
every N(ᾱn) is an (ε, dN )-twisted filling of N . Also, as in the proof of Proposition 2.2, we
may pass to a further subsequence and index the cusps of N so that the first cusp of N
remains unfilled in every N(ᾱn).

Let γi,n be the core geodesic in N(ᾱn) of the filling solid torus for the ith cusp of N . By

Proposition 2.4(ii), there are orbifold covers φ̂n : N → Qn \ tki=2φ(γi,n). By construction,

these covers are the restrictions of φn to N(ᾱn)\tki=2γi,n, post-composed with a homeomor-

phism (see proof of [27, Prop. 2.6]). The cover φ̄n described in (ii) is then obtained from φ̂n

by composing with the homeomorphismsN
∼=−→ (N(ᾱn))>ε and (Qn\tki=2φ(γi,n))

∼=−→ (Qn)>ε.
To establish existence of the cover φ, we observe that there are only finitely many minimal
orbifolds covered by N (see for example [13, Theorems 6.5 and 6.6] or [44, § 6.6]), so by
again passing to a subsequence, we may assume that all the orbifolds Qn \ tki=2φ(γi,n) are
homeomorphic to a fixed orbifold Q. Because there are only finitely many covers N → Q,

we may subsequence again so that every cover φ̂n induces the same cover φ : N → Q.
That the diagram in (ii) commutes follows from the construction of φ and φ̄n, as does the
description of φ̄n as a restriction of φn composed with a homeomorphism.

The orbifolds Qn converge geometrically to Q, so Q has a single rigid cusp. Because the
cover φ is (up to homeomorphism) constructed by restricting the covers φn, the rigid cusp
of Q can only be covered by one cusp of N , so Theorem 2.6(i) is established. �
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We are now ready to prove Theorem 1.4. Before we proceed, it is worth remarking that
a link complement with hidden symmetries need not cover an orbifold with a rigid cusp.
In fact, any arithmetic link complement with invariant trace field other than Q(

√
−3) and

Q(i) furnishes such an example (see the ‘arithmetic zoo’ of [30, Chapter 13]). However, as
we see in the proof below, this is the case under the hypotheses of Theorem 1.4.

Proof of Theorem 1.4. Suppose that N is a hyperbolic 3-manifold and {ᾱn} is a sequence
of multi-slope vectors such that |ᾱn| → ∞ and, for every n, N(ᾱn) is a knot complement
with hidden symmetries. As in the proof of Proposition 2.2, N is a link complement. Also,
for each n, we have a cover N(ᾱn)→ Qn to an orbifold with a rigid cusp so we may choose
an ε > 0 and assume that conditions (i) and (ii) of Theorem 2.6 hold.

In particular we have a cover φ : N → Q to an orbifold with a rigid cusp. We also have
a commutative diagram of induced homomorphisms on orbifold fundamental groups

π1(N)

��

// π1(N(ᾱn))

��
πorb1 (Q) // πorb1 (Qn)

where the vertical maps are injective and the horizontal maps are surjective.
Now fix any n. If π1(N) is normal in πorb1 (Q), then its image is normal in πorb1 (Qn). But,

by [35, Prop. 9.1] and since N(ᾱn)→ Qn is a cover from a knot complement to an orbifold
with a rigid cusp, this is not the case. Therefore, the cover φ : N → Q is not normal and
the elements of πorb1 (Q) that do not normalize π1(N) induce hidden symmetries of N . �

The last result we prove in this setting deals with fillings of two-bridge link complements.
In particular, Theorem 1.5 asserts that for any hyperbolic two component 2-bridge link
complement, there are at most finitely many ways to fill one of the components so that
the resulting orbifold is covered by a knot complement admitting hidden symmetries. As
noted in the introduction, many orbifold fillings of these link complements produce orbifolds
covered by knot complements. We refer the reader to Section 4.1 for more details on this.
As part of the argument we build a cover φ : S3 \ L → Q which preserves the number of
cusps (i.e., no cusps of S3 \ L are identified).

Proof of Theorem 1.5. By way of contradiction, suppose that for some hyperbolic two-
bridge link L there is an infinite sequence of orbifolds Mn obtained by Dehn filling one
cusp of N = S3 \ L, and that each Mn is covered by a knot complements with hidden
symmetries.

After possibly excluding at most a finite number of orbifolds in the sequence, we may
assume that each Mn is an (ε, dN )-twisted filling of N . Hence, Mn is non-arithmetic by
[27, Proposition 6.2]. Since the knots covering the Mn have hidden symmetries they cover
orbifolds with rigid cusps [35, Prop. 9.1], and it follows that the Mn do as well. Therefore
N = S3 \ L and the Mn satisfy the hypotheses of Theorem 2.6.

Suppose first that N is a non-arithmetic two bridge link complement. The minimal orb-
ifold Q0 in the commensurability class of N has a single cusp, since there is an involution
of S3 exchanging the components of L. This cusp is rigid by Theorem 2.6, since N covers
an orbifold Q with a rigid cusp, and Q in turn covers Q0. But results of Millichap–Worden
[34] show that N cannot cover an orbifold with a rigid cusp, a contradiction. In particular,
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[34, Th. 3.6] shows that the “lifted cusp triangulation” T̃ of N has no combinatorial rota-
tional symmetry of order greater than two. But for any orbifold Q covered by N the deck
transformations of Q must preserve the canonical triangulation of M ; and if Q had a rigid
cusp then one such deck transformation would be an order-3 or -4 rotational symmetry of

T̃ .
If N = S3 \ L is arithmetic then by [19], L is one of the Whitehead link 52

1, 62
2, or 62

3.
The complement of 62

3 is commensurable with PSL2(O7), so Corollary 1.3(1) of [8] implies
the desired conclusion (cf. Fact 3.1 there). It follows for the complements of 52

1 and 62
2

by condition (2) of [8, Cor. 1.3], applying results of [35] (cf. [8, §1.3]) and [8, Prop. 2.3],
respectively. �

3. Two cautionary examples

Theorem 2.6 concerns a sequence of Dehn fillings N(ᾱn) for which each N(ᾱn) has a single
cusp and |ᾱn| → ∞. It asserts that, if each N(ᾱn) covers an orbifold with a single cusp, then
so does the unfilled manifold N . Furthermore, upon passing to a subsequence, each cover
from N(ᾱn) is an extension of the given cover from N . Proposition 2.2 shows that there
exist infinitely many hyperbolic knot complements with hidden symmetries and bounded
volume if and only if this phenomenon occurs where N is a hyperbolic link complement and
the N(ᾱn) are knot complements.

In Example 3.3, we show that the scenario addressed by Theorem 2.6 does occur when
we take N to be the complement of the Borromean rings. Here, the fillings are not knot
complements – such an example would yield a counterexample to Conjecture 1.2 and, a
fortiori, Neumann–Reid’s conjecture. Before we explain this example, we recall a related
example introduced by Neumann and Reid in [37] where the unfilled manifold has two cusps
but is not a link complement (as shown in [37] , its first homology has a Z/2Z summand).

But first we provide a proof of the lemma below, which pertains to both examples, giving
a sufficient condition for a cover between cusped orbifolds to extend to their fillings. While
we were unable to find a proof of this fact in the literature, it is likely well-known to experts.

Lemma 3.1. Suppose p : N → Q is a cover from a manifold N with torus boundary
components to an orbifold Q. Let γ = (γ1, . . . , γl) be a multi-slope for a subset of the
boundary components of N and C a component of ∂Q, either a torus or S2(2, 2, 2, 2), such
that for each i the component of ∂N containing γi maps to C. For a simple closed curve γ̄
on C and k ∈ N, the cover p extends to a cover pγ from the Dehn filling Nγ of N along γ
to the Dehn filling Qkγ̄ of Q along a multiple kγ̄ of γ̄ if the following conditions hold:

(1) every curve in p−1(γ̄) has a multiple freely homotopic in ∂N to some γi, and
(2) for each i, p(γi) is freely homotopic to kγ̄.

Remark. The above result is easily extended to the more general setting, where γ̄ is a
multi-curve γ̄ = (γ̄1, . . . , γ̄m), by extending along p−1(γ̄j) for each γ̄j, one at a time.

Above for a simple closed curve γ̄ on C, regarded as an embedding S1 → C, a multiple
kγ̄ of γ̄ is the composition of γ̄ with a degree-k covering map S1 → S1. In the below proof,
for a topological space X, we will denote by cone(X) the cone on X, ie. the quotient space
cone(X) = (X × I)/(X × {1}). For (x, t) ∈ X × I, we’ll denote by [x, t] the equivalence
class of (x, t), so that [x, 1] is the cone point (for any choice of x).

Proof. We will assume that the boundary component C of Q that is filled is an S2(2, 2, 2, 2)
orbifold—the case where C is a torus is similar. Let P be the filling orbi-pillow for C in



DEHN SURGERY AND HYPERBOLIC KNOT COMPLEMENTS WITHOUT HIDDEN SYMMS 11

Qkγ̄ . Then γ̄ bounds an orbi-disk D̄ with a single order-k singularity c̄, properly embedded
in P such that D̄ cuts P into 2 orbi-balls H̄ and H̄ ′ with (2,2,k) dihedral isotropy graphs.
Refer to Figure 2.

Fix a curve α in p−1(γ̄) and let Vi ⊂ Nγ be the filling orbi-solid torus for the component
Ti of ∂N containing α. Vi has a cone angle of 2π/li around its core, where the filling curve
γi contained in Ti is a multiple liγ̄i of a simple closed curve γ̄i. Because α is a simple closed
curve with a power freely homotopic to γi, it is isotopic to γ̄i and hence bounds an orbi-disk
Dα with a single order-li singularity c̄i that is properly embedded in Vi.

We can identify the underlying disk of Dα with cone(α), and of D̄ with cone(γ̄), taking
each singular point to the corresponding cone point. Having done so, we define pγ on Dα

by coning the restriction of p to α: for x ∈ α and t ∈ I, define pγ([x, t]) = [p(x), t]. Taking
pγ
∣∣
N

= p thus gives a well-defined extension pγ of p to N ∪ Dα. Moreover, pγ takes the

singular point [x, 1] of Dα to that of D̄, and the fact that p
∣∣
α

is a covering map to γ̄ implies

that pγ
∣∣
Dα

is an orbifold cover to D̄ (of degree ji, where k = jili).

We may assume that the disks Dα bounded by components α of p−1(γ̄) were chosen so
that for any distinct such components α and α′, Dα∩Dα′ = ∅. Then for any fixed component
Ti of ∂N that intersects p−1(γ̄), the union of disks

⋃
Dα, taken over the components α of

p−1(γ) ∩ Ti, cut the filling orbi-solid torus Vi into “orbi-2-handles”. Such a handle H has
underlying space homeomorphic to D2× I, and a cone angle of 2π/li about its core {0}× I.
We have ∂H = Dα ∪ A ∪ Dα′ , where α and α′ are components of p−1(γ̄) and A ⊂ Ti is
an annulus. Thus pγ is already defined on ∂H, mapping it to the boundary of one of the
orbi-balls H̄ and H̄ ′ comprising P . We now show how to extend pγ over H.

Suppose without loss of generality that pγ(∂H) = ∂H̄. As an orbifold, H̄ is isomorphic
to the quotient of the unit ball D3 ⊂ R3 by the action of the dihedral subgroup D2k of O(3)
generated by rotations about the x- and z-axes, of order 2 and k, respectively. Recalling from
above that k = jili, we see that this quotient factors through that of D3 by 〈ρli〉, where
ρ is the order-k rotation about the z-axis. Moreover, map lifting yields an isomorphism
ι : ∂H → ∂(D3/〈ρli〉) such that the following diagram commutes:

∂H
ι //

pγ

��

D3/〈ρli〉

��
H̄ // D3/D2k

We may use this to extend pγ across H by just extending ι to an isomorphism H → D3/〈ρli〉.
We may accomplish this by coning again, first identifying the underlying ball of H with
cone(∂H) so that the singular locus is the cone of the two boundary singular points. Then
map cone(∂H) to D3/〈ρli〉 taking the cone point to the origin and [x, t] to (1−t)ι(x) for each
x ∈ ∂H and t ∈ I. This map determines an extension of pγ to an orbifold cover H → H̄
whose branching locus is the cone of the branching locus of pγ

∣∣
∂H

.
After thus extending pγ on all of the 2-handles, we get a map pγ : Nγ → Qkγ̄ , which is

an orbifold cover by construction. �

Example 3.2. The proof of Theorem 2 of [37] describes a finite-volume, two-cusped hy-
perbolic 3-manifold N = H3/G4 (now known as census manifold t12046, or ooct02 00020)
that covers a two-cusped orbifoldQ = H3/G1 which has underlying space a ball and isotropy
graph pictured in Figure 3. The empty circles in the figure represent the cusps of Q, each
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(a) (b)

Figure 2. Left: A 2-handle H in a filling solid torus of Nγ . Right: A filling
pillow for Qkγ̄ decomposes along D̄ into two cones H̄ (right half) and H̄ ′

(left half, not labelled). We define pγ on Dα and Dα′ by coning from p|α
and p|α′ , then we extend it to H = cone(∂H) by coning from pγ |∂H .

44

2 2

2
2

2
2

Figure 3. Q .
= H3/G1

of which has cross section a Euclidean orbifold with underlying space S2. With four edges
of the isotropy graph incident on it, each labeled 2, the lower circle represents a pillowcase
cusp. Analogously, the upper circle represents a rigid S2(2, 4, 4) cusp. (Note that N is
called “M” in [37].)

Our main goal in this example is to highlight the following assertion about N and Q from
[37, p. 230], quoted here with our notation substituted:

One of the two cusps of N covers the (non-rigid) pillow[case] cusp of Q,
while the other covers the (rigid) (2, 4, 4)-cusp. Hyperbolic Dehn filling on
the former cusp of N lifts from hyperbolic Dehn filling of the non-rigid cusp
of Q, so under such Dehn fillings, the other cusp of N is still the cover of
the (2, 4, 4)-cusp of Q, and hence geometrically invariant.

Any term in an infinite sequence of such fillings of Q has a rigid cusp, so the sequence of
corresponding fillings of N will satisfy the hypotheses and conclusion of Theorem 2.6.

The same sequence of fillings of N also satisfies the hypotheses and conclusions of [8,
Corollary 1.8], in particular its conclusion (2) pertaining to geometric isolation (the subject
of [37, Theorem 2]). We will discuss geometric isolation further in Section 3.1.

We now exhibit a second example where the hypotheses and conclusion of Proposition
2.6 hold for a sequence of one-cusped manifolds which converge to the complement of the
Borromean rings. This link complement has three cusps and covers Q = H3/G1 from
Example 3.2. Our discussion below includes some additional comparisons between this pair
of examples.

Example 3.3. For this example let N denote the Borromean rings complement. Figure 4
pictures an eight-to-one cover φ : N → Q, where Q is the same orbifold Q as in Figure 3
and Example 3.2. This cover factors as a sequence N → Q1 → Q0 → Q of intermediate
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Figure 4. The cover of the orbifold in Figure 3 by the Borromean rings.
All edges are order 2 unless labelled otherwise.

covers, each a two-to-one involution quotient. Inspecting Figure 4 reveals that each cusp of
N covers a distinct cusp of Q0, and two distinct cusps of Q0 cover the pillowcase cusp c of
Q. Therefore the rigid S2(2, 4, 4) cusp of Q has connected preimage in N , and the other
two cusps of N cover c.

Let c1 and c2 be the cusps of N that cover c. Unlike in Example 3.2, many fillings of
c1 and c2 do not produce manifolds that cover a filling of c. In particular, certain double
twist knot complements are produced by fillings of c1 and c2, as pictured in Figure 5. These
are 2-bridge knot complements, which are known not to have Q(i) as a subfield of their
invariant trace field by [41, Proposition 2.5]. Therefore none of these covers a filling of the
pillowcase cusp of Q: the S2(2, 4, 4) cusp of such a filling forces every cover to have cusp
field Q(i).

(a) (b)

Figure 5. Performing (1, q1) and (1, q2) Dehn surgery on the circular com-
ponents of the Borromean rings, as drawn in (a), results in the double twist
knot shown in (b). A double twist knot obtained in this way will have 2q1

half twists in one twist region, and 2q2 in the other.
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On the other hand, many fillings of c1 and c2 do cover fillings of c. Take Π to be the
maximal Z × Z subgroup of the orbifold fundamental group of c, and let {αn} ⊂ Π be an
infinite sequence whose members all lie in the intersection of the finite-index sub-lattices
π1c1 and π1c2 of Π. Then all but finitely many αn determine hyperbolic fillings of c0 by the
hyperbolic Dehn surgery theorem (see [13, §5.3] for the orbifold version), and by Lemma 3.1
each of these is covered by fillings of c1 and c2. Such a sequence {αn} therefore determines a
sequence {Mn} of one-cusped manifolds converging to N and satisfying the hypotheses and
conclusions of Theorem 2.6. We point out, though, that no such filling is a knot complement
by recent work of the third author [25, Theorem 1.1].

3.1. Geometric Isolation. Here we analyze Example 3.2, Example 3.3, and Conjecture 1.2
in the context of geometric isolation. Given an n-cusped hyperbolic 3-orbifold with some
choice of labeling on the cusps, we say that cusps 1, . . . , k are geometrically isolated from
cusps k+1, . . . , n if the cusp shapes of the first k cusps only change under finitely many Dehn
fillings along cusps k+ 1, . . . , n. (There seems to be some variations of this definition in the
literature.) For instance, Example 3.2 which comes from [37, Theorem 1], shows that there
are infinitely many 2-cusped hyperbolic 3-manifolds whose pairs of cusps are geometrically
isolated from one another. In the context of Proposition 2.2, finding n-component hyperbolic
link complements with one cusp c geometrically isolated from the other n − 1 cusps is a
reasonable starting point to explore examples that could show that Conjecture 1.2 is false.
As a result, it’s natural for us to consider when geometric isolation occurs among link
complements and then analyze their fillings and covers, as done in Example 3.2.

This geometric isolation phenomenon is further analyzed in [8]. Proposition 1.6 there
describes a rational function τc on the deformation variety of a complete hyperbolic manifold
N associated to a cusp c of N , which measures the “cusp parameter” of c on the (complex)
codimension-one subvariety V0 consisting of hyperbolic structures where N is complete. In
the proof of Corollary 1.8 there it is observed that when N has exactly two cusps, τc is
constant on V0 if an infinite sequence {Mn} of fillings of the other cusp yield manifolds
covering orbifolds with rigid cusps. In particular, the cusp c of N is geometrically isolated
from the other cusp of N ; see Corollary 1.3 from [8].

Example 3.3 shows that when N has three cusps, there may exist a sequence of one-
cusped fillings {Mn} that cover orbifolds with rigid cusps even while τc is non-constant on
V0. As described above, taking N to be the Borromean rings complement, one of the Mn

can be constructed by choosing a filling slope of αi for one cusp of N and then filling along
αj the other cusp along a slope αj such that under the cover in Figure 4 the images of αi
and αj are identical. However, if we perform (1, q1) and (1, q2) fillings along the cusps of
the Borromean rings complement N we obtain the double twist knot complements, which
never have cusp parameter in Q(i) by [41, Proposition 2.5]. This is not a surprise since V0

has dimension two in this case and we expect the locus where τc takes the same value as at
the complete structure to have codimension one in V0. What seems exceptional about the
case of Example 3.3 is that the points of V0 corresponding to the Mn lie in this locus.

4. Effectivization

Our main results give us tools for showing that no infinite sequence of knot complements
with hidden symmetries converges to a given link complement N = S3 \ L. It is natural to
ask for an effective version of these results, where the number of such knot complements
that can be produced by filling cusps of N is bounded above in terms of some properties
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of N . The machinery of (ε, dN )-fillings described in Section 2.2 can be used with recent
work of Futer–Purcell–Schleimer [16] to produce such bounds, provided the systole of N is
known (see [27, Section 6]). Unfortunately, the numbers it yields are not small enough to
render the collection of remaining fillings computationally approachable at present.

In this section we introduce new methods to prove two effectivization results that lack
this shortcoming, with the trade-off that they apply only to knot complements that cover
orbifolds of low volume. For the first, recall that “v0” denotes the volume of a regular ideal
tetrahedron, roughly 1.01.

Theorem 4.1. If a manifold M has volume less than or equal to 6v0 and is covered by a
knot complement admitting hidden symmetries, then M is the figure-eight knot complement
(and the cover is trivial).

Theorem 4.1 implies in particular that the only hyperbolic knot complement with vol-
ume at most 6v0 and hidden symmetries is that of the figure-eight, but it also applies to
hyperbolic knot complements with unbounded volume. For instance, suppose L = K tK ′
is a hyperbolic two-component link such that N

.
= S3 \ L has volume at most 6v0, K ′ is

unknotted, and K has non-zero linking number with K ′. Then there are knot comple-
ments covering lens space fillings of the K ′-cusp of N with arbitrarily large degree. See
Proposition 4.4 below, and Example 4.7 for an infinite family of link complements as above.

The second main result of this section gives a short list of explicit criteria that any filling
slope on the K ′-cusp of a link complement N as in the paragraph above must satisfy if it is
to produce a manifold or orbifold covered by a knot complement with hidden symmetries.

Theorem 4.2. Suppose L = K t K ′ is a two-component link in S3, with K ′ unknotted,
such that N

.
= S3 \ L is hyperbolic with volume at most 6v0. Giving the K ′-cusp of N the

standard homological framing, if its (p, q)-filling is covered by a hyperbolic knot complement
with hidden symmetries then:

(i) the (p, q)-filling slope has normalized length at most 7.5832;
(ii) p is relatively prime to the linking number ` between K and K ′; and

(iii) p and q have greatest common divisor in {1, 2, 4}.

Here following Hodgson–Kerckhoff, we define the normalized length of a peripheral curve
to be the length of the curve’s geodesic representative in the Euclidean metric on a horo-
spherical cusp cross-section T , divided by

√
area(T ). The set of slopes satisfying the criteria

above is small enough in individual cases to be practically checked using rigorous computa-
tional methods. We illustrate this in Section 5 by using Theorem 4.2 to prove Theorem 1.6,
which asserts that a cusp of the 62

2-link complement has exactly one filling covered by a
hyperbolic knot complement with hidden symmetries.

Both main results of this section use the low-volume hypothesis to play off results of
the third author, which give lower bounds on the degree of covers to rigid-cusped orbifolds,
against results of Adams classifying the lowest-volume (rigid-)cusped orbifolds. Theorem 4.1
follows quickly from this strategy, in Section 4.2. For Theorem 4.2 we also leverage work of
Hodgson–Kerckoff, which shows that if the filling slope is long then the geodesic introduced
by Dehn filling is short with a large tubular neighborhood. A careful study of orbifold
covers in the situation in question rules this out, and also leads to further restrictions on p
and q.

Finally, in Section 4.4 we give some related questions and directions for future work.
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4.1. Linking number and Dehn fillings. Before proceeding further, here we clarify ex-
actly which fillings of one cusp of a two-cusped manifold N are covered by knot complements
in S3, in the current case of interest: N = S3 \L for a link L = K tK ′, where K and K ′ are
tame knots with K ′ unknotted. The main result Proposition 4.4 of this sub-section shows
that this property is completely determined by the linking number between K and K ′.
Then in Example 4.7 we describe an infinite family of two-component links with unknotted
components and low-volume complements.

Recall that the linking number between K and K ′ can be defined (up to a factor of ±1)
as the oriented intersection number between K and a Seifert surface for K ′, an embedded
orientable surface S ⊂ S3 with a single boundary component such that ∂S = K ′. Letting
n(K ′) be a closed regular neighborhood of K ′, chosen so that K ∩n(K ′) = ∅ and S ∩n(K ′)
is a collar of K ′ = ∂S in S, it follows that S intersects the boundary T of n(K ′) in the
longitude λ of the standard homological framing. Compare [42, 5D].
K ′ is unknotted if and only if it has a Seifert surface D homeomorphic to a disk. In

this case, the Dehn twist of T about λ extends to a self-homeomorphism of S3 \ int(n(K ′))
supported in a neighborhood of D. Taking powers of this Dehn twist, for any q ∈ Z we
thus have a self-homeomorphism of S3 \ int(n(K ′)) fixing λ and mapping the meridian µ
to a curve with homology class [µ] + q[λ] (where coordinates are given in the standard
homological framing of Section 2.1). This map extends to a homeomorphism from S3 to the
(1, q)-surgery along K ′, and we obtain the well-known fact:

Fact 4.3. For a two-component link L = K t K ′ ⊂ S3 with K ′ unknotted, and any q ∈
Z−{0}, the ±(1, q)-filling on the K ′-cusp of S3\L (given the standard homological framing)
yields a knot complement in S3.

More generally, for any relatively prime p, q ∈ N, (p, q)-filling on the K ′-cusp yields a
knot complement in the lens space L(p, q). The below proposition uses this fact to describe
fillings of the K ′-cusp that are covered by knot complements. The orbi-lens space mentioned
below is as defined in [5, §3]. As defined in that reference, the homology class of a curve [K]
is primitive in an orbi-lens space O if [K] is a generator of H1(O,Z). A knot K is primitive
in O if [K] is primitive. Given Dehn fillings of both cusps of S3 \L yielding an orbifold O,
we have that O ∼= S3 \ n(L) ∪ ((D2 × S1) ∪ (D2 × S1)). Removing the cores of these two
solid tori, results in a link complement in O, O \ L̄ which is homeomorphic to S3 \L. Here
we say L and L̄ are surgery dual.

Proposition 4.4. Let L = KtK ′ be a two component link in S3 such that K ′ is unknotted,
and give both components the standard homological framing. Let ` be the linking number
between K and K ′. Denote by Q the orbifold obtained by (p, q) filling along K ′ and O
the orbi-lens space obtained by (1, 0) filling along K and (p, q) filling along K ′. Then the
following are equivalent:

(i) The surgery dual K̄ of K in O is primitive.
(ii) gcd(p, `) = 1.

(iii) Q has a p-fold cover by a knot complement in S3.

Proof. For this proof, denote by K̄ and K̄ ′ the dual knots to K and K ′ in O ∼= L(p, q). Since
it is unknotted, K ′ bounds a disk D in S3. We say D` is the punctured disk corresponding
to D in S3 \ L, and D̄` is the corresponding disk in O \ K̄ ∪ K̄ ′.

(i) ⇒ (ii) We observe that H1(O,Z) = Z/pZ. Since the linking number of K with K ′

is `, the signed intersection number of K with the disk bounded by K ′ is `. Since [K̄] is a
generator of H1(O,Z), we must have gcd(p, `) = 1.
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(ii) ⇒ (iii) Since gcd(p, l) = 1, K̄ is homotopic to an ` strand braid in O \ K̄ ′. If we
pick a base point on K̄ and follow the intersections between n(K̄) and D̄` in O \ K̄ ∪ K̄ ′,
the braid gives a permutation on the curves n(K̄)∩ D̄`. Since K and K̄ are connected, this
is an `-cycle σ. In the p-fold cyclic cover of O \ K̄ ′, this permutation lifts to a permutation
σp, which is again an `-cycle since gcd(p, `) = 1. It follows that K̄ lifts to a knot in the
p-fold cyclic cover of O \ K̄ ′, and hence the cusp corresponding to K̄ in Q lifts to a single
cusp in its p-fold cyclic cover. Finally, we point out the that local homotopy relations lift
to an invariant homotopy in the cover, in both cases, the connectivity of K and K̄ remains
unchanged.

(iii) ⇒ (i) In this case, we assume Q has a p-fold cover by S3 \Kp for some Kp. Since
Q has a torus cusp and S3 \Kp is a knot complement, this cover is both regular and cyclic
(see proof of [35, Proposition 9.1]). Suppose that K̄ is not primitive. Then by a similar
argument to that given above, if the order of [K̄] is p/d, then K̄ will lift to d disconnected
components in the p-fold cyclic cover of O \ K̄ ′ (corresponding to the cover S3 → O), and
hence the p-fold cyclic cover of Q will be a link complement with d > 1 components. �

Remark 4.5. We now make two further observations about the previous proposition. First,
if gcd(p, `) = 1 and Q admits a second non-trivial orbi-lens space filling, then this filling
also corresponds to a knot complement covering Q by [5, Proposition 4.13]. Second, in the
case that K is not primitive, we have that Q is covered by an S3 link complement. The
number of components of the link is precisely gcd(p, `).

In the second and third case, if the relevant linking number ` is not relatively prime to
p, the preimage of K under the universal cover is not connected, so the relevant filling is a
(multi-cusped) link complement as opposed to a knot complement. In the special setting
that ` = 0 we make the following observation.

Remark 4.6. If Q is the result of (p, q)-filling on one unknotted component of a two com-
ponent link L = K ∪K ′ such that the linking number ` of K and K ′ is 0, then Q is covered
by a knot complement in S3 if and only if p = ±1 (and the cover is the identity map).

The below example demonstrates that there are links L = KtK ′ satisfying the conditions
of Theorem 4.2, for all but finitely many choices of linking number l.

Example 4.7. The “magic manifold” is the complement in S3 of the minimally twisted
three-component chain link L3 = 63

1, shown in Figure 6a. It has the minimal known volume
among all complete, three-cusped hyperbolic 3-manifolds, roughly 5.33. (Note that this is
less than 6v0.)

Each component of L3 is unknotted, so for any q ∈ Z, performing (1, q) surgery along
one of them (given the standard homological framing) yields a two-component link in S3

as in Remark 4.6. The resulting link has two unknotted components with linking number
q + 1; in fact, q = 2 yields 62

2 (see Figure 6.) By the hyperbolic Dehn surgery theorem,
all but finitely many of these has a hyperbolic complement, and each such has volume less
than 6v0.

4.2. Knot complements covering manifolds. In this subsection we prove Theorem 4.1,
eliminating (with one exception) the possibility that a knot complement with hidden sym-
metries can cover a manifold with volume at most 6v0. The following lemma is a key
tool. It establishes an upper bound on volume for rigid cusped orbifolds not covered by the
figure-eight knot complement.
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(a) (b)

Figure 6. Performing (1, q) Dehn surgery on the bottom component of the
‘magic manifold’, the framed link complement drawn in (a), results in the
two component link with one clasp and one twist region consisting of 2q
crossings (b).

Lemma 4.8. [Adams, Neumann–Reid] Let Q be a non-arithmetic 3-orbifold with a rigid
cusp.

(1) If Q has a S2(2, 3, 6) cusp, vol(Q) > v0
4 ,

(2) If Q has a S2(3, 3, 3) cusp, vol(Q) > v0
2 , and

(3) If Q has a S2(2, 4, 4) cusp, vol(Q) ≥ v0
2
√

3
.

Lemma 4.8 follows from results of Adams [1] and of Neumann–Reid [36]. Specifically, [1,
Theorem 3.3] gives the 3 possible volumes of hyperbolic 3-orbifolds that have a S2(2, 3, 6)
cusp and volume less than v0

4 . The work preceding the statement of that theorem describes
the orbifolds with these properties, which are shown to be arithmetic in [36]. For hyperbolic
3-orbifolds that admit an S2(2, 3, 6) cusp and have volume exactly v0

4 , the discussion on page
5 of [1] shows that any such orbifold must admit the maximally dense horoball packing, and
so, must be arithmetic. A similar analysis using Adams [1] and Neumann–Reid [36] can be
given for the S2(3, 3, 3) and S2(2, 4, 4) cases.

By combining the volume bounds in the above lemma with the minimum degree covering
bounds from [26] and [25], we are now able to prove Theorem 4.1.

Proof of Theorem 4.1. For the proof of this theorem, we will consider possible coverings
φ : S3\K → Q, whereQ is a rigid cusped hyperbolic orbifold. To start, if S3\K is arithmetic,
then it must be the figure-eight knot complement [40], which admits hidden symmetries.
Moving forward, we will assume that S3 \K (and therefore Q) is non-arithmetic.

We now consider the cusp type of the rigid cusped quotient and the minimum degree of
a manifold cover for each type. Let M be a manifold covered by S3 \K (possibly trivially)
and φ2 : M → Q as an orbifold cover. By [26, Lemma 5.5], deg(φ2) is a multiple of 12 if
Q has an S2(3, 3, 3) cusp, and deg(φ2) ≥ 24 if Q has a S2(2, 4, 4) cusp. By [25, Theorem
1.2] deg(φ2) is a multiple of 24 if Q has an S2(2, 3, 6) cusp. Appealing to Lemma 4.8 we
conclude that vol(S3 \K) ≥ vol(M) > 6v0 for any non-arithmetic S3 \K. �

4.3. Knot complements covering orbifolds produced by Dehn filling. The ultimate
goal of this subsection is to prove Theorem 4.2, restricting which Dehn fillings of one cusp
of a two-component link complement can be covered by a knot complement with hidden
symmetries. Given Theorem 4.1, we are left to address the case of an orbifold filling, where
the filling slope does not represent a primitive element of the peripheral subgroup. We begin
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with some background on orbifolds, focusing on those of particular interest here: orientable,
rigid-cusped orbifolds covered by knot complements.

By [6, Corollary 4.11] (see also [26, Proposition 2.3]) a rigid cusped orbifold O that is cov-
ered by a knot complement has underlying space an open ball, and therefore is determined
by its singular set, which is a properly embedded trivalent graph ΛO called the isotropy
graph. Each edge of ΛO is labelled by the order of the torsion on the edge, which is the
order of the cyclic isotropy group at any (interior) point on that edge. At each vertex of
ΛO there is an associated isotropy group which is either dihedral, or is one of A4, S4, or
A5. If an edge incident on such a vertex is labelled by k-torsion, then the isotropy group of
the vertex must have a cyclic subgroup of order k. These restrictions on possible isotropy
groups will be useful going forward.

The cusp of such an orbifold O is a neighborhood homeomorphic to S2 × (0, 1), com-
plementary to a compact sub-ball, that intersects ΛO in a disjoint union of three intervals.
These intervals may have torsion labels (2, 4, 4), (2, 3, 6), or (3, 3, 3), reflecting that a horo-
spherical cross-section is the quotient of R2 by the orientation-preserving subgroup of a
Euclidean triangle group. We accordingly say that O has an S2(2, 4, 4), S2(2, 3, 6), or
S2(3, 3, 3) cusp, respectively.
O is the quotient of H3 by the isometric action of its orbifold fundamental group, which

can be computed from the fundamental group π1(O \ ΛO) of the complement of ΛO in O.
In particular, for an edge e of ΛO let ke be the order of the isotropy group at e, and let
µe ∈ π1(O \ ΛO) be a meridian around e. Let N be the subgroup of π1(O \ ΛO) normally
generated by all elements µkee , where e ranges over the edges of ΛO. Then the orbifold
fundamental group πorb1 (O) is the quotient of π1(O \ ΛO) by N . Of course when O is
hyperbolic, πorb1 (O) is isomorphic to the Kleinian group ΓO satisfying O ∼= H3/ΓO. We
refer the reader to [7] for a more thorough introduction to the above topics.

We now describe a particularly useful homomorphism of πorb1 (O), called the cusp-killing
homomorphism. For each edge of ΛO which terminates on a cusp of O, let Pe be the
isotropy group for the edge, and let P be the subgroup of πorb1 (O) normally generated by
elements of these peripheral isotropy groups Pe. Define f : πorb1 (O)→ πorb1 (O)/P to be the
canonical homomorphism. This homomorphism can be understood as follows: starting with
the isotropy graph ΛO, first erase all peripheral edges (those terminating on a cusp). If two
edges e1 and e2 come together at a vertex of ΛO at which the third edge has been erased,
then join e1 and e2 into a single edge e, labelled with ke = gcd(ke1 , ke2)-torsion, where kei is
the torsion on ei. If ke = 1, then erase the edge e (since it is no longer singular). Continue
until either all vertices are trivalent or the isotropy graph is empty. See [26, Figure 3] for
a visual interpretation of this process. The usefulness of this homomorphism is suggested
by [26, Proposition 2.3], which states that for a rigid cusped orbifold O covering a knot
complement, the cusp-killing homomorphism is trivial.

In what follows, we will consider an orbifold Q that is both covered by a knot complement
and is obtained as a (p, q)-filling of one component of S3 \ L, where L = K t K ′ is as in
the statement of Theorem 4.2. Here, (p, q) do not need to be relatively prime, and so such
fillings could produce an orbifold that is not a manifold. We are interested in determining
when such orbifolds have hidden symmetries, or equivalently, when such orbifolds cover a
rigid cusped orbifold. The recent work of Hoffman [25] shows that we only need to consider
when Q covers an orbifold with an S2(3, 3, 3) cusp. The following lemma starts the analysis
of what possible (p, q) fillings and covering maps could result in an orbifold Q with such
properties.
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Lemma 4.9. Suppose L = K tK ′ is a two-component link in S3 with K ′ unknotted, such
that N = S3\L is hyperbolic with volume at most 6v0. For any (p, q) ∈ Z2 with gcd(p, q) > 1
such that the orbifold Q obtained from (p, q) filling on the K ′-cusp of N is covered by a knot
complement and has a cover φ : Q → O such that O has an S2(3, 3, 3) cusp:

• φ has degree 6;
• gcd(p, q) ∈ {2, 4}; and
• there is a point ṽ on the singular set γ of Q such that the isotropy group at φ(ṽ) is
A4 or S4, φ has local degree six at ṽ, and φ is unbranched near ṽ on γ − ṽ.

Proof. If Q is arithmetic, then it is the unique torus-cusped orbifold non-trivially covered
by the figure-eight knot complement (appealing to the fact that the figure-eight knot com-
plement is the only arithmetic knot complement [40], and a computation of its symmetry
group). In this very specific case, gcd(p, q) = 2, Q is the quotient of the full group of
isometries acting freely on the cusp, and deg(φ) = 6.

We will assume for the rest of proof that Q is non-arithmetic, so O is as well. Therefore
by Lemma 4.8, O has volume at least v0/2. On the other hand, Q has volume less than
6v0, being obtained from N , with vol(N) ≤ 6v0, by hyperbolic Dehn filling. It follows that
φ has degree strictly less than 12. Since Q3 has 3-torsion on the cusp, the deg(φ) = 3n for
some n ≥ 1, n ∈ Z. Hence deg(φ) ∈ {3, 6, 9}.

Since O has an S2(3, 3, 3) cusp, its isotopy graph has three ends of edges labeled 3 running
out of this cusp. We will call an edge peripheral if it has such an end. The isotropy graph
has at least one vertex that belongs to a peripheral edge, with the possible isotropy groups
at such a vertex v being dihedral of order six, A4, S4, or A5. If the isotropy group of
v is dihedral then there are two endpoints of non-peripheral edges, each labeled 2, at v.
Under the cusp-killing homomorphism, the peripheral edge ending at v would be removed
and the remaining two would be joined to form a single edge, still labeled 2. It follows
that if all endpoints of peripheral edges had dihedral isotropy groups then the cusp killing
homomorphism would have non-trivial image, contradicting that O is covered by a knot
complement. Thus at least one of these isotropy groups is one of A4, S4, or A5.

The degree of the orbifold cover φ : Q → O is the sum, for any v ∈ O, of the local degrees
at points φ−1(v). In turn, the local degree at any ṽ ∈ φ−1(v) equals the index [G : H],
where G is the isotropy group of v and H is the isotropy group of ṽ, naturally a subgroup of
G. Here for a point not on the isotropy graph, we take the isotropy group to be trivial. For
any vertex v with isotropy group equal to A4, S4 or A5, this implies that every ṽ ∈ φ−1(v)
lies in the isotropy graph of Q, since the isotropy group of v has order greater than the
maximum possible degree 9 of φ.

The isotropy graph of Q is a closed geodesic, and the isotropy group at every point of it
is cyclic of order d = gcd(p, q). As every cyclic subgroup of A5 has index at least 12, greater
than any possible degree of φ, it follows that A5 is not an isotropy group of O. Taking v to
be a vertex of O with isotropy group A4 or S4, and ṽ ∈ φ−1(v), necessarily in the isotropy
graph of Q, we further find that d ∈ {2, 3, 4}: this is the set of orders of cyclic subgroups
of A4 and S4.

Finishing off the proof entails eliminating the possibilities that φ has degree 3 or 9 or that
d = 3, as well as verifying the final assertion about the behavior of φ near ṽ ∈ φ−1(v), for
v with isotropy group G isomorphic to A4 or S4. These all follow by carefully considering
the individual possibilities for G. The cyclic subgroups of S4 have indices 6, 8 and 12 only,
so if G ∼= S4, the only possibility compatible with existing restrictions on the degree and
local degree of φ is that d = 4, deg(φ) = 6, and that this is also its local degree at the
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unique ṽ ∈ φ−1(v). Since d = 4 the subgroup H of G corresponding to the isotropy group
of ṽ is maximal cyclic, and it follows that φ is unbranched at γ − ṽ is unbranched near ṽ.
Similarly, if G ∼= A4 then we must have d = 2, deg(φ) = 6, a unique ṽ ∈ φ−1(v), and no
branching around points of γ near but not at ṽ. �

We now proceed to the proof of Theorem 4.2, whose statement we first recall.

Theorem 4.2. Suppose L = K t K ′ is a two-component link in S3, with K ′ unknotted,
such that N

.
= S3 \ L is hyperbolic with volume at most 6v0. Giving the K ′-cusp of N the

standard homological framing, if its (p, q)-filling is covered by a hyperbolic knot complement
with hidden symmetries then:

(i) the (p, q)-filling slope has normalized length at most 7.5832;
(ii) p is relatively prime to the linking number ` between K and K ′; and

(iii) p and q have greatest common divisor in {1, 2, 4}.

Proof. The Theorem’s second assertion follows directly from Proposition 4.4, and its third
from Lemma 4.9. (For the latter, recall that manifold fillings are those with gcd(p, q) = 1,
and the Lemma itself pertains to orbifold fillings.) It remains to prove the first assertion,
so suppose the (p, q) filling slope has normalized length greater than 7.5832, and this filling
is covered by a hyperbolic knot complement with hidden symmetries.

We now appeal to Hodgson and Kerckhoff’s detailed description of geodesic tubes ([22],
see also [20, Theorem 2.7 and §3] for an application of Hodgson-Kerckhoff similar to the
one here). Let γ be the core of the surgery solid torus. By [22, Corollary 5.13], γ is isotopic
to a geodesic of length ` with ` ≤ 0.156012. We will abuse notation and consider γ to be
this geodesic. Theorem 5.7 of [22] further gives us that the (maximal) tube around γ has
radius R0 with R0 > arctanh( 1√

3
) ≈ 0.6585.

First suppose that gcd(p, q) = 1, ie. that the result of (p, q)-Dehn filling is a manifold M .
M has volume less than 6v0, by hypothesis and the hyperbolic Dehn filling theorem, so by
Theorem 4.1 it must be the figure-eight knot complement. In particular, it is arithmetic, so
by [35, Corollary 4.7] its shortest geodesic has length at least .43127.... But this contradicts
the length bound above for γ.

Now suppose that gcd(p, q) = d > 1, so the result of (p, q)-Dehn filling is a one-cusped
orbifold Q with a cone angle 2π/d around γ. If Q is covered by a knot complement with
hidden symmetries then appealing to [25, Theorems 1.1 and 1.2], it has an orbifold cover
φ : Q → O where O has an S2(3, 3, 3) cusp. We now apply Lemma 4.9, which implies that
d ∈ {2, 4}. It further gives a point ṽ ∈ γ such that v = φ(ṽ) is a vertex of the singular set
of O with isotropy group A4 or S4, φ has local degree 6 at ṽ, and φ is unbranched near ṽ
on γ − ṽ.

Because φ(γ) contains an edge of the isotropy graph of O that terminates at v, φ is
two-to-one on γ near ṽ. The image of γ thus has length at most `/2. As φ has local degree
six at ṽ but is unbranched on γ − ṽ near ṽ, φ−1(φ(γ)) contains geodesics other than γ that
meet at ṽ. The total length of φ−1(φ(γ)) is at most 6(`/2) < .468036. Given the lower
bound on the tube radius R0, it follows that none of the geodesics in φ−1(φ(γ)) that meet
at ṽ exit the tube around γ. But γ is the unique geodesic entirely contained in this tube,
contradicting that φ−1(φ(γ)) contains a distinct geodesic meeting γ at ṽ. �

An immediate consequence of Theorem 4.2 is that for a fixed manifold there is a bounded
number of slopes with those properties. Following Hodgson and Kerckhoff’s universal
bounds [23, Corollary 1.4] which relies on a clever argument of Agol [3, Lemma 8.2], we
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can give a concrete upper bound after observing that 7.58322 < 57.51 < 59, so there are
at most 60 primitive slopes with normalized length less than the desired bound. Also, if
gcd(p, q) = 2, we can count slopes of the form (p/2, q/2) which would be primitive and have
length at most 7.5832/2. Since (7.5832/2)2 < 14.38 < 17, there at at most 18 of these
slopes. Finally, if gcd(p, q) = 4, there are at most 6 slopes with normalized length less than
the bound as (7.5832/4)2 < 3.6 < 5. All told, we have at most 84 possible slopes to check.
We summarize this observation via the following:

Corollary 4.10. Suppose L = K ∪K ′ is a two-component link in S3, with K ′ unknotted,
such that N ∼= S3\L is hyperbolic with volume at most 6v0. Then there are at most 84 fillings
that could result in an orbifold covered by a knot complement admitting hidden symmetries.

Of course, the bound of 84 can be significantly reduced if the linking number between K
and K ′ is small.

Remark 4.11. It is worth noting that comparing Corollary 5.13 of [22] with Corollary 4.7
of [35] as in the proof above implies that the filling along any slope that has normalized
length at least 7.5832 is non-arithmetic. This reduces the problem of checking which fillings
are arithmetic to a finite one that can be approached using rigorous computational methods.

4.4. Questions about orbifold fillings and concrete volume bounds. Although The-
orem 4.1 places a lower bound on the volume of non-arithmetic knot complements which
admit hidden symmetries, it would be nice to place a lower bound on the volume of any
torus cusped orbifold covered by a knot complement that can cover a rigid cusp. Making
such a statement truly effective involves enumerating a (minimal) finite list of manifolds
with the property that they are a complete set of ancestors for all hyperbolic orbifolds with
volume less 6v0. This problem is open; we refer the reader to [18, Problem 10.16, Remark
10.17] for more background (the problem list appears in the arxiv version). However, we
ask the same questions for orbifolds of lower volume, which seems like a natural first step.
In fact, (2, 0) surgery on the magic manifold S3\63

1 appears to be one of the smallest volume
orbifolds with two torus cusps and singular set an embedded knot. This surgery has volume
vol(S3\631)

2 ≈ 2.66674478345.

Question 4.12. Determine a complete (infinite) list of orbifolds {Qi} with the following
properties:

(i) Qi has a single torus cusp,
(ii) the singular set of Qi is a set of embedded circles,

(iii) vol(Qi) ≤
vol(S3\631)

2 ≈ 2.66674478345.

Finally, by [17, Corollary 1.2] (and a verified volume computation in sage), we find that we
can focus on the case where the singular set of these orbifolds is non-empty, since the set of

1-cusped orientable manifolds with volume less than or equal to
vol(S3\631)

2 is exactly {m003,
m004, m006, m007, m009, m010}. Although the verified computation involves interval

arithmetic, one can show that vol(m009) = vol(m010) =
vol(S3\631)

2 by finding common
covers of m009, m010 and the Magic Manifold.

A classification of low volume orbifolds with a rigid cusp and non-rigid cusp similar to
the classification of low volume rigid cusps orbifolds in [1] or limit orbifolds as in [2] could
be leveraged with Theorem 2.6 to improve the bounds of Theorem 4.1. Along these lines,
it seems the following question is open:
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Figure 7. (left) A candidate for the minimum volume orbifold with a rigid
and non-rigid cusp. (right) A candidate for the minimum volume orbifold
with a rigid and non-rigid cusp which has fillings that are trivial under the
cusp killing map.

Question 4.13. For each type of rigid cusp, what is the smallest volume orbifold with
that cusp and at least one non-rigid cusp? Alternatively, what is is the small volume limit
orbifold for an infinite sequence of distinct manifolds {Qn} such that each Qn has a rigid
cusp?

A candidate for the minimizer is given in Figure 7(left), which Damian Heard’s orb [21]
gives (experimental) volume 5

6v0 ≈ 0.845784672. However, we observe that any filling of
this orbifold will have non-peripheral Z/2Z homology and hence be non-trivial under the
cusp killing homomorphism (a similar argument is used in [27, Lemma 3.8]). Therefore, a
natural modification of this question is to find the minimal volume example of an orbifold
which admits fillings that are trivial under the cusp killing map. A candidate for such a
minimal volume example is given on the right side of Figure 7. According to orb, this
orbifold has volume ≈ 1.15111. In order to fill with tangles or orbi-tangles (as defined in
Section 2.1) such that the resulting orbifold is trivial under the cusp killing homomorphism,
we must apply the following rules for filling the (2,2,2,2) cusp. For tangles, the northwest
corner is not connected to the southeast corner. For orbi-tangles, the central torsion is odd
and no two torsion connects the northwest corner with the southeast corner.

5. A nice example

Given a two-component link L = KtK ′, with K ′ unknotted, that satisfies the hypotheses
of Theorem 4.2, the Theorem’s conclusion leaves one with two tasks to execute in order
to completely classify the fillings of the K ′-cusp of S3 \ L that are covered by a knot
complement with hidden symmetries. First, enumerate the filling slopes on this cusp that
satisfy Theorem 4.2’s conclusions, in particular those with length less than 7.5832. For each
slope α on the resulting list, the second task is to individually check the α-filling of the
K ′-cusp for the existence of the cover in question.

In this section we will completely execute the tasks laid out above for the two-bridge link
named 62

2 in the Rolfsen tables, proving:

Theorem 1.6. The only hyperbolic knot complement with hidden symmetries that covers a
filling of N = S3 \ 62

2 is the figure-eight knot complement, which covers the (2, 0)-filling of
one cusp of N .

This is the “simplest new example” in the sense that the Whitehead link 52
1 is the only

hyperbolic link with fewer crossings than 62
2. The Whitehead link complement has been

known since Neumann-Reid’s work [35, Section 6] to have no fillings covered by a knot
complement with hidden symmetries except one: the figure-eight knot complement.
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Figure 8. The triangulations of the two cusps of S3 \ 62
2 induced by T4 are

indicated in solid black lines. In the discussion to follow, only the cusp on
the right will be filled. The dots correspond to the edge with the preferred
tetrahedral parameter. The dotted lines are edges of the cusp triangulations
induced by T6 which are not edges of the T4 cusp triangulations. Compare
to Figure 9.

We will classify the relevant filling slopes for S3 \ 62
2 using an explicit geometric trian-

gulation of its cusp cross sections. We describe this triangulation, and the tetrahedral
decomposition of the link complement that gives rise to it, in Section 5.1 below. In giving
the account there we also have an eye toward Section 6, where we use the deformation
variety of S3 \ 62

2 to give an alternate proof of Theorem 1.6. We give the current proof in
Section 5.2 by applying rigorous computer-aided methods to the filling along each of the
short list of slopes that satisfy all of Theorem 4.2’s criteria.

5.1. Two triangulations of S3 \ 62
2. It is well known that S3 \ 62

2

has a complete hyperbolic structure admitting a triangulation T4 by four regular ideal
tetrahedra. We obtain this triangulation from the six-tetrahedron triangulation T6 used in
[8]. The tetrahedra of T6 are all isometric, with dihedral angles equal to 2π/3 and π/6.
That S3 \ 62

2 has both triangulations is related to the fact that it is arithmetic and covers
two different minimal orbifolds. These, called Q0 and Q3 in [36], come from tilings of H3

by copies of the tetrahedra of T4 and T6, respectively. See [36] for further details.
A pair of 3-2 Pachner moves, each of which
replaces a union of three distinct tetrahedra sharing a degree 3 edge with a union of two

glued along a face, transforms T6 to T4. We perform these along each of the two edges of
T6, both with degree 3, that are incident at both ends to the cusp c1 of S3 \ 62

2.
The triangulations of the cusps of S3 \ 62

2 induced by T4 and T6 are depicted in Figures 8
and 9, respectively. On the left are those of c1 (compare Figure 9 with [8, Figure 5]), and
on the right are those of c2. For the cusp triangulations in Figure 9, a prefered edge for
each tetrahedron is marked by a dot, and the corresponding edge parameters are labelled
following [8, Section 3]. The edge labelings of the right-hand cusp are obtained by applying
a triangulation-preserving, cusp-exchanging involution, as described in [8], to the labels of
the left-hand cusp.

Horospherical cusp cross-sections for S3 \62
2 are produced by identifying opposite sides of

the parallelograms in the figure. In particular, the horizontal sides are identified to closed
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Figure 9. The triangulations of the two cusps of S3 \ 62
2 induced by T6 are

indicated in solid black lines. On the right, the dotted lines indicate edges of
the cusp triangulation induced by T4 that are not edges of the triangulation
induced by T6. Just as above in Figure 8, only the cusp on the right will be
filled in the discussion to follow.

curves we will call m1 on the left and m2 on the right, and the diagonal sides are identified
to curves l1 and l2. We use the same notation to refer to their homology classes.

For a cusp ci, mi and m−1
i li form a basis for its homology and we refer to these classes

as meridians and longitudes respectively. It is clear from Figure 8 that {mi,m
−1
i li} is a

geometric basis for H1(ci), consisting of the two shortest curves.

(a) (b)

Figure 10. Left: With the orientation shown, the linking number between
components of the 62

2 link complement is 3 (each crossing contributes +1/2).
Right: If we identify S3 with R3 ∪ {∞}, and embed the 62

2 link as shown,
with one component passing through ∞, then the involution i : v 7→ −v
of R3 ∪ {∞} fixes the meridian of the blue component, and reverses the
orientation of its longitude.

5.2. The analysis of individual fillings. This subsection is devoted to the proof of
Theorem 1.6. For this we will use the “meridian-longitude” pair {mi,m

−1
i li} identified in

Section 5.1 to enumerate slopes satisfying the criteria of Theorem 4.2, but first we pause
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to resolve a possible dissonance. The coordinates (p, q) for filling slopes are given in The-
orem 4.2 in terms of the standard homological framing, whereas our basis for H1(ci) is
geometric. But we claim that it does give a homological framing.

The triangulation T6 is the well-known Sakuma–Weeks triangulation, described in [43].
It follows from the construction of this triangulation that for each i ∈ {1, 2}, mi is the
meridian of the component Li of the 62

2 link L = L1∪L2 shown in Figure 10. The longitude

for Li, i.e., the curve that bounds a disk in S3 \ Li, is m−1
i li. To see this we use a trick

of Thurston (see [44, Section 4.6]), observing that the there is an isometry of S3 \ 62
2 that

fixes mi and maps li to −li, shown in Figure 10b. Thus the meridian and longitude must
be orthogonal, and referring to Figure 8 we conclude that the longitude is m−1

i li.

Remark 5.1. In fact, Theorem 4.2’s first and third criteria are basis-invariant. The first,
on normalized length, is a geometric property of the slope. And the third criterion regards
the greatest common divisor of the coordinates p and q, which is simply the natural number
d such that the slope is the dth power of a primitive element.

Recall that the normalized length of a closed geodesic γ on a cross-section T of ci is the
length of γ divided by the square root of the area of T (cf. [22]). Our geometric description
thus gives:

Fact 5.2. For i = 1, 2 and any (p, q) ∈ Z2 − {(0, 0)}, mp
i (m

−1
i li)

q has normalized length:√
p2 + 3q2

31/4
.

With this in hand we proceed to the proof.

Proof of Theorem 1.6. Suppose the (p, q) filling of the cusp c1 of S3 − 62
2 is covered by

a knot complement with hidden symmetries (where the slope’s coordinates are given in
the meridian-longitude basis of Fact 5.2). Since 62

2 has two unknotted components and
S3 − 62

2 has volume 4v0, Theorem 4.2 applies. By its first criterion and Fact 5.2 we have√
p2 + 3q2 < 7.5833 · 31/4. Its second criterion gives gcd(p, 3) = 1, since the components of

62
2 have linking number 3, and its third gives gcd(p, q) ∈ {1, 2, 4}.

We address the case that gcd(p, q) = 1, ie. of manifold fillings, first. Here by Theorem 4.1,
we must only check for each relevant (p, q) is whether the (p, q) filling of c1 is isometric to
the figure-eight knot complement. Before recording the list of relevant (p, q), we point out
that S3 \ 62

2 admits an involution which sends (p, q) to (p,−q) (see Figure 10b). Hence, we
need only consider positive p and q. The fillings that satisfy gcd(p, 3) = 1, gcd(p, q) = 1,
and having normalized length smaller than 7.5832... are as follows:

{(1, 0), (1, 1), (1, 2), (1, 3), (2, 1), (2, 3), (4, 1), (4, 3), (5, 1), (5, 2), (7, 1), (7, 2), (8, 1)}.

Using SnapPy, we rigorously check that none of these fillings yields a manifold homeo-
morphic to the figure-eight knot complement. The fillings are listed in Table 1 (code to
compute this data is provided in the ancillary files of the arxiv post). The non-hyperbolic
fillings can be distinguished by their fundamental groups (also compare to [32, Table 7],
but note that the framing used there is non-standard). The hyperbolic fillings are all iden-
tifiable in SnapPy. They can be distinguished from the figure-eight knot complement by
their invariant trace fields, which can be computed using the exact arithmetic functionality
of SnapPy in Sage (see also the data files associated to arxiv version of this paper).
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Non-hyperbolic fillings Hyperbolic fillings

(1,0) the solid torus (1,2) m016 (5,1) m078
(1,1) (5,2) torus knot (1,3) m082 (5,2) m115
(2,1) toroidal (2,3) m100 (7,1) v0160

(4,1) m034 (7,2) s081
(4,3) m121 (8,1) t00320

Table 1. Hyperbolic and non-hyperbolic manifold fillings of the 62
2 link

complement.

We now consider orbifold fillings, ie. where gcd(p, q) ∈ {2, 4} by the above. The set of
slopes with normalized length at most 7.5832, with gcd(p, q) ∈ {2, 4} and gcd(p, 3) = 1, and
as above, with p, q ≥ 0, is as follows:

S = {(2, 0), (2, 2), (2, 4), (4, 0), (4, 2), (4, 4), (8, 2)}.
The (2, 0) filling of c1 is double covered by the figure-eight knot complement. The others

can be eliminated individually using SnapPy’s verified computations in Sage, or via defor-
mation variety arguments (cf. Remark 6.2). For the former, note that SnapPy’s current
implementation does not support exact arithmetic computations for orbifolds. To overcome
this limitation, we construct the relevant 2-fold cyclic cover and fill along (p/2,q) for: {(2,
2), (2, 4), (4, 2), (8, 2)} and a 4-fold cyclic cover filled along (p/4, q) for {(4, 0),(4,4)}. This
computation is included as an ancillary file for the arXiv posting. �

In some sense the S3 \ 62
2 requires the most delicate analysis among the arithmetic two-

component two-bridge links. As discussed earlier the Whitehead link complement cannot be
filled to give a knot complement other than the figure-eight knot complement which admits
hidden symmetries.

Corollary 5.3. Let N be the complement of an arithmetic two-bridge link. If N(α) is not
the figure-eight knot or its unique torus cusped two-fold (orbifold) quotient, then N(α) is
not covered by a knot complement admitting hidden symmetries.

Proof. As mentioned earlier, the components of the Whitehead link have linking number 0 so
only (1, q) surgery can be covered by a knot complement. However, all such fillings are twist
knot complements, and the only twist knot complement that admits hidden symmetries is
the figure-eight knot complement [41, Theorem 1.1]).

Fillings of S3 \ 62
2 are addressed by Theorem 1.6.

It remains to show that no filling of N = S3 \ 62
3 is covered by a knot admitting hidden

symmetries. The vol(S3 \ 62
3) ≈ 5.3334895669 < 6v0 and the linking number between the

components is 2. Applying Theorem 4.2 in this case, shows we only need to consider fillings
along the fifteen slopes:

{(1, 0), (1, 1), (3, 1), (5, 1), (7, 1), (9, 1), (11, 1), (1, 2), (3, 2), (5, 2), (7, 2),

(9, 2), (1, 3), (5, 3), (1, 4)}
N(−, (1, 0)) is the solid torus, otherwise the fillings are hyperbolic. It can be observed

that each of the fillings has a shape field admitting real embeddings (see ancillary files of
the arXiv posting for example). Hence, none of these fillings can have quadratic imaginary
subfields, which implies that none cover a rigid cusped orbifold (see [41, Corollary 2.2]). �
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6. The deformation variety approach

In this section we will give an alternative proof of Theorem 1.6 using the deformation
variety of S3 \ 62

2, an algebraic set parametrizing all hyperbolic structures on the link com-
plement. Our approach in this section echoes that of Neumann–Reid in [35, §6], which
was applied there to the Whitehead link complement. One reason for pursuing this ap-
proach is that it yields extensive algebraic information about fillings of S3 \62

2. For instance
Corollary 6.14 here classifies all fillings of one cusp that produce an orbifold with imaginary
quadratic cusp field, which comprise the arithmetic such fillings by Corollary 6.15. Propo-
sition 6.16 and Corollary 6.17 in fact show that the cusp, trace, and invariant trace fields
coincide among almost all orbifolds produced by filling a single cusp of S3 \ 62

2.
Theorem 1.6 and the related results from this section concern the (p, q) orbifold fillings of

the cusp c2 where (p, q) ∈ Z×Z−{(0, 0)}. As in the previous section’s proof of Theorem 1.6,
the fillings given by (p, q), (−p, q), (p,−q), and (−p,−q) are all homeomorphic to each other.
So, from now on, we will assume that p and q are both non-negative.

The deformation variety used here is determined by the four-tetrahedron triangulation T4

of S3 \ 62
2 described in Section 5.1. In Section 6.1 we leverage computations already carried

out in [8, §3], which used the six-tetrahedron triangulation T6 of Section 5.1, to give the
relevant deformation variety equations. The changeover from T6 to T4 yields some useful
simplifications, which we exploit in Section 6.2 to give our second proof of Theorem 1.6.

6.1. The deformation variety and its Dehn filling points. We are ready to describe
the deformation variety V determined by T4 as well as its subvariety V0 of geometric struc-
tures for which the cusp c1 remains complete. Here we further describe the function τc1
on V0 that measures the cusp parameter of c1 and the equations determining points of V0

corresponding to the fillings of c2. See equations (2) and (3) below.
To record the deformation variety equations, we choose a preferred edge of each tetra-

hedron as indicated by the dots in Figures 8 and 9. For T4 we denote the associated edge
parameters x, y, z and w, as labelled in Figure 8. As in [8, §3], we take the edge parameters
for T6 to be zi and z′i for i ∈ {1, 2, 3}. Define ζ1 to be the rational function ζ1(z) = 1

1−z and

ζ2 = ζ2
1 . With this definition, the cusp parameters of the three edges of T4 (or T6) corre-

sponding to three vertices of a triangle in the cusp triangulation form a cyclically ordered
triple (z, ζ1(z), ζ2(z)) when recorded counter-clockwise around the triangle.

We have the following relationships between the edge parameters of T4 and the edge
parameters of T6, which can be deduced from the labelling in Figures 8 and 9:

x = z′1ζ1(z1) y = z3ζ2(z′3) z = z′3ζ2(z3) w = z1ζ1(z′1)

It is possible to solve these for z1, z′1, z3 and z′3 in terms of x, y, z and w, yielding:

z1 =
w(1− x)

1− xw
z′1 =

x(1− w)

1− xw
z3 =

1− zy
1− z

z′3 =
1− zy
1− y

With this the deformation variety equations associated to T4 can be obtained from those
associated to T6 by substitution. The equations labeled (1/2) in [8, §3] yield z2 = z′2 = xw;
those labeled (1/4) yield z2 = z′2 = yz, from which we conclude that xw = yz. After
substitution and simplification, those labeled (0:1) and (1/3:2/7) both give

(1− x)(1− y)(1− z)(1− w) = xw = yz(1)

This yields an irreducible degree-five polynomial in x, y and z, say, after substituting
w = yz/x above, which determines a deformation variety V .
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The subvariety V0 of the deformation variety where c1 is complete is determined by the
equation µ(m1) = 1, where µ is the derivative of the holonomy, and m1 the simple closed
curve on c1 shown in Figure 8. For those unfamiliar, µ is explicitly defined by Neumann–
Zagier in [39], and re-recorded as equation (3) in [8, §1.2]. It can be computed directly from
the definition, or by substituting in the formula for µ(m1) in [8, §3] (µ(m) there), that

µ(m1) = − w

1− w
1

1− z
.

This means that z = 1/(1− w) on V0 which, together with the fact that zy = xw, implies
that y = xw(1−w). When these substitutions are made in Equation (1), it becomes P = 0
where

P = 1− x(1− x)w(1− w).

This realizes V0 as an affine algebraic curve in C2 with coordinates w and x.
Recall that S3 \ 62

2 admits an involution which exchanges w and x. Under the complete
structure, this involution is represented by an isometry; hence w = x for any point of
V which represents this structure. The w = x subset of V is the four point set with
w ∈

{
1
2(1± i

√
3), 1

2(1±
√

5)
}

. Therefore, the positively oriented complete structure on

S3 \ 62
2 corresponds exactly to the point w = x = 1

2(1 + i
√

3) and each tetrahedron is

regular. The points w = x = 1
2(1±

√
5) lie in R2 and do not represent hyperbolic fillings.

We now identify the cusp parameter function of the cusp c1. Equation (4) in the proof of
[8, Prop. 1.6] defines, for each g ∈ H1(T ), a function τ(g) : V0 → C. Letting the reference
edge f coincide with the curve m1, we get the constant map τ(m1) = 1. Taking the longitude
l1 to be as shown in Figures 8 and 9, we obtain;

τ(l1) = x− xζ2(x)yζ2(z) = x− (x− 1)xw(1− w)w.

The latter equality holds on V0 where we have substituted z = 1/(1−w) and y = xw(1−w).
It follows that τ(l1) = x+ w in the coordinate ring C[V0] for V0. Hence, using the rational
function given in [8, Prop. 1.6(3), Def. 1.7], we find that the cusp parameter function
τc1 ∈ C[V0] for c1 is

τc1 =
τ(l1)

τ(m1)
= x+ w.(2)

We now record µ(m2) and µ(l2) for curves m2 and l2 that form a homology basis for the
second cusp c2, pictured on the right in Figures 8 and 9. We have:

µ(m2) = −ζ1(z′2)z3ζ1(z2)ζ1(z′1)z′1ζ1(z1) =
x(1− w)

w(1− x)
= x2(1− w)2 =

1

w2(1− x)2

µ(l2) = z1ζ1(z′1)z′1ζ2(z2)ζ2(z′3)z3ζ2(z′3)ζ2(z′2)ζ1(z′2)z3ζ1(z2)ζ1(z′1)

=
xw(1− w)3

1− x
=

(1− w)2

(1− x)2

The final equalities for both µ(m2) and µ(l2) above use that P = 0 and are valid only in the
coordinate ring for V0. It will be convenient below to replace l2 with the alternative basis
element m−1

2 l2 for H1(c2), for which we have:

µ(m−1
2 l2) =

w(1− w)

x(1− x)
= w2(1− w)2 =

1

x2(1− x)2
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Using the basis {m2,m
−1
2 l2} for H2(c2), at (p, q)-surgery on c2 we have[

x(1− w)

w(1− x)

]p [w(1− w)

x(1− x)

]q
= 1.(3)

We note now that the polynomial P defining V0 and the cusp parameter function τc1 ∈
C[V0] are each symmetric in x and w. While the Dehn surgery equation (3) above is not
symmetric in x and w, our final observation here is that it has a symmetric factor satisfied
by any point of V0 corresponding to a hyperbolic Dehn filling of the cusp c2.

Lemma 6.1. Suppose that (p, q) is a pair of non-negative integers which are not both
zero. There is a symmetric polynomial g(p,q) ∈ Z[w, x] such that g(p,q)(w, x) = 0 whenever
(w, x) ∈ V0 corresponds to a (p, q)-hyperbolic Dehn filling of c2.

Proof. This proof utilizes the binomial theorem to express Equation (3) in terms of the
homogeneous symmetric polynomials.

For a non-negative integer d, let sd be the degree-d homogeneous symmetric polynomial:

sd =
d∑
j=0

wjxd−j .

Define also s−1 = 0. After expanding and simplifying in the d ≥ 0 case, we find that

(w − x)sd = wd+1 − xd+1.(4)

This formula also holds in the d = −1 case. From the binomial theorem,

(1− x)d =
d∑
j=0

(
d

j

)
(−x)j = 1 +

d−1∑
j=0

(
d

j + 1

)
(−x)j+1.(5)

For (p, q) as in the statement of the lemma, (p, q) ∈ R1 ∪R2 where

R1 =
{

(p, q) ∈ Z× Z
∣∣ 0 ≤ p ≤ q} and R2 =

{
(p, q) ∈ Z× Z

∣∣ 0 ≤ q < p
}
.

First, suppose that (p, q) ∈ R1 − {(0, 0)}. Then, using (4) and (5), Equation (3) is
equivalent to

0 = wq−p(1− w)p+q − xq−p(1− x)p+q

=

p+q∑
j=0

(
p+ q

j

)
(−1)j

(
wq−p+j − xq−p+j

)
= (w − x)g(p,q)

where

g(p,q) =

p+q∑
j=0

(
p+ q

j

)
(−1)jsq−p+j−1.(6)

Now, suppose that (p, q) ∈ R2 and let

g(p,q) =

p−q−1∑
j=0

(
p+ q

j

)
(−wx)jsp−q−j−1 −

p+q∑
j=p−q+1

(
p+ q

j

)
(−1)j(wx)p−qsj+q−p−1.(7)
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(If q = 0, the latter sum is empty.) Using (4) and (5) again, Equation (3) is equivalent to

0 = wp−q(1− x)p+q − xp−q(1− w)p+q

=

p+q∑
j=0

(
p+ q

j

)
(−1)j

(
wp−qxj − xp−qwj

)
= (w − x)gp,q).

As discussed above the Lemma, the only points of V0 with w = x correspond to the
complete structure or lie in R2. Therefore if (w, x) corresponds to a (p, q)-hyperbolic Dehn
filling of c2, hence satisfying Equation (3), then it satisfies g(p,q)(w, x) = 0. �

Remark 6.2. The fillings in the exceptional set S from the previous sub-section’s proof of
Theorem 1.6 can be analyzed using Groebner bases. For a given s ∈ S, take P and gs as
above and let C be the polynomial w + x− t. Next, compute a Groebner basis for the ideal
(P,C, gs) ⊂ Z[t, w, x] to obtain a polynomial Ts ∈ Z[t] in which the variable t represents the
cusp parameter τc1 for the corresponding filling of S3 \ 62

2. Except for s = (2, 0), each Ts
is irreducible and of degree at least four, showing that the cusp parameter is not quadratic
imaginary in these cases.

6.2. The proof of Theorem 1.6 via deformation varieties. We now turn to a direct
proof of all cases of Theorem 1.6. The methods applied here rely on further study of the
deformation variety of T4. In contrast to the previous proof, they are agnostic to manifold vs
orbifold fillings and we need not worry if p and 3 are relatively prime. Instead of considering
geodesics arising from fillings, we will exploit the fact that all important data above is carried
by polynomials that are symmetric in x and w.

Using coordinates (σ1, σ2) on the image, let φ : C2 → C2 be the regular map (w, x) 7→
(w + x,wx). This induces a ring homomorphism φ∗ : Z[σ1, σ2]→ Z[w, x] which substitutes
w+x and wx for σ1 and σ2. Although φ∗ is injective, it is not surjective since every element
in its image must be symmetric in w and x. However, P ∈ Im(φ∗). In particular, if we take

f = 1 + σ1σ2 − σ2 − σ2
2

then φ∗f = P . Therefore, if we take U0 to be the affine curve determined by f = 0 then
φ restricts to a regular map V0 → U0 and φ∗ descends to the respective coordinate rings.
Notice that φ∗σ1 = τc1 .

Remark 6.3. If φ(w, x) = (σ1, σ2) ∈ U0, where (w, x) ∈ V0 corresponds to (p, q)-hyperbolic
Dehn filling of c2, then the cusp field of the unfilled cusp c1 is Q(σ1).

The key to proving Theorem 1.6 via deformation variety arguments is now reduced to
computing which Dehn filling parameters yield quadratic imaginary fields for Q(σ1). After
analyzing the equations that define the corresponding points in U0, we will see that Q(σ1) is
only quadratic imaginary for the parameters (2, 0) and (3, 0). The remainder of this section
is dedicated to establishing this.

Because the symmetric polynomials sd from the proof of Lemma 6.1 lie in the image of
φ∗ (see [12, §14.6]), the next result follows from the descriptions of the g(p,q) there.

Corollary 6.4. For a pair (p, q) of non-negative integers which are not both zero, there is
a polynomial h(p,q) ∈ Z[σ1, σ2] with φ∗h(p,q) = g(p,q). Thus if φ(w, x) = (σ1, σ2) ∈ U0, where
(w, x) ∈ V0 corresponds to (p, q)-hyperbolic Dehn filling of c2, then h(p,q)(σ1, σ2) = 0.
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We will say that a point (σ1, σ2) ∈ U0 corresponds to (p, q)-hyperbolic Dehn filling of c2 if
it is the image of such a Dehn filling point (w, x) ∈ V0, as in Remark 6.3 and Corollary 6.4.
To begin analyzing the polynomials h(p,q) that these points satisfy, we first reinterpret the
symmetric polynomials sd in terms of σ1 and σ2.

Lemma 6.5. The polynomials td ∈ Z[σ1, σ2] such that φ∗td = sd have the form t−1 = 0,
t0 = 1, t1 = σ1, and for d > 1:

td = σd1 + n1σ
d−2
1 σ2 + n2σ

d−4
1 σ2

2 + . . .+ nbd/2cσ
δ
1σ
bd/2c
2 ,

where nj ∈ Z and δ = 0 if d is even and δ = 1 if d is odd. Also, n1 = −d+ 1.

Proof. Since sd is homogeneous of degree d and σ1 and σ2 have degree 1 and 2 as functions
in w and x, the powers of σ1 that occur all have parity matching that of d.

There is a monomial term σd1 of td that accounts for the terms wd and xd of sd. The
terms of φ∗σ

d
1 that are linear in one variable are d xd−1w and d xwd−1, so to obtain the

corresponding terms of sd it must be true that c1,d = −d+ 1. �

Recall that U0 is the algebraic curve on which f = 0. Since this equation can be solved
for σ1 as σ1 = σ2 + 1 − 1/σ2, U0 is the graph of the function σ2 7→ σ2 + 1 − 1/σ2. So,
the rational function ψ : C → C2 given by σ2 7→ (σ2 + 1 − 1/σ2, σ2) is birational onto U0.
Moreover, the induced map between function fields ψ∗ : C(U0)→ C(σ2) is an isomorphism.

Lemma 6.5 allows us to understand the rational functions ψ∗h(p,q) of one variable well
enough to prove the next proposition, a key pillar of our argument.

Proposition 6.6. Suppose (p, q) is a pair of non-negative integers with q 6= 0 and p 6= 2q. If
(σ1, σ2) corresponds to (p, q)-hyperbolic Dehn filling of c2 then σ2 is a unit algebraic integer.

Proof. Take (p, q) and (σ1, σ2) as in the statement of the proposition. The strategy is to
factor and simplify ψ∗h(p,q) letting h′(p,q) ∈ Z[σ2] represent the numerator of the result.

Since σ2 must satisfy h′(p,q), it suffices to show that the leading and constant coefficients of

h′(p,q) are both ±1.

First, if k and l are non-negative integers then, as a Laurent polynomial in σ2, the term
of highest degree in σk2 (σ2 + 1− σ−1

2 )l is ±σk+l
2 and its term of lowest degree is ±σk−l2 . So,

using Lemma 6.5, the term of highest degree in ψ∗td is ±σd2 and its term of lowest degree

is ±σ−d2 .
Now suppose that (p, q) ∈ R1, for R1 as defined in the proof of Lemma 6.1. From (6),

h(p,q) =

p+q∑
j=0

(
p+ q

j

)
(−1)jtq−p+j−1.(8)

So, ψ∗h(p,q) = σ−2q−1
2 h′(p,q), where h′(p,q) is a polynomial in Z[σ2] with leading term ±σ4q−2

2

and constant term ±1. This established the lemma except in the case that (p, q) ∈ R2.
Suppose (p, q) ∈ R2, ie. that 0 ≤ q < p. From (7),

h(p,q) =

p−q−1∑
j=0

(
p+ q

j

)
(−σ2)jtp−q−1−j −

p+q∑
j=p−q+1

(
p+ q

j

)
(−1)jσp−q2 tj−(p−q−1).(9)

The term of maximal degree in the Laurent polynomial σj2ψ∗tp−q−j−1 is ±σp−q−1
2 and the

term of minimal degree is ±σ2j+q−p+1
2 . With an eye on the second sum in (9), notice that
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the term of maximal degree in the Laurent polynomial σp−q2 ψ∗tj+q−p−1 is ±σj−1
2 and the

term of minimal degree is ±σ2p−2q+1−j
2 .

Provided that q 6= 0, the term of maximal degree in the Laurent polynomial ψ∗h(p,q) is

±σp+1−q
2 . If q = 0 then the term of maximal degree in this Laurent polynomial is

σp−1
2

p−1∑
0

(
p

j

)
(−1)j = (−1)p−1.

So, regardless of q, the leading coefficient of the polynomial numerator of ψ∗h(p,q) is ±1.
If we apply ψ∗ to the first sum in (9), the term of minimal degree in the resulting Laurent

polynomial is the j = 0 term, ±σq−p+1
2 . For the second sum, the term of minimal degree is

the j = p+q term, ±σp−3q+1
2 . The degrees of these two terms are distinct unless p = 2q. �

Remark 6.7. In the excluded case p = 2q, both of the sums in (9) have a term which
contributes to the constant term of h′(p,q). These terms may have the same sign, whence

σ2 is an algebraic integer divisor of two, or they may be opposite, in which case analysis
becomes more difficult.

Remark 6.8. In the case that (p, q) = (1, 1), the formula in the above proof gives h(1,1) =
σ1 − 2. So, by Remark 6.3 and the fact that the cusp field for a hyperbolic orbifold cannot
be real, the (1, 1)-filling of c2 is not hyperbolic.

Since hidden symmetries give information about the cusp parameter σ1, we need a robust
connection between values of σ1 and σ2. The next lemma gives a tool for finding one.

Lemma 6.9. Suppose h ∈ Q[σ1, σ2] is not represented in C[U0] = Q[σ1, σ2]/(f) by a poly-
nomial in Q[σ1]. If (σ1, σ2) ∈ U0 satisfies h then Q(σ1) = Q(σ2).

Proof. We’ve already seen that the equation f(σ1, σ2) = 0 can be used to write σ1 as a
rational function in σ2. Since U0 is the zero locus of f , it follows for any (σ1, σ2) ∈ U0 that
Q(σ1) ⊆ Q(σ2).

Recall that f has σ2-degree two. For h as above, use multivariable polynomial division
under the lexicographic ordering with σ2 > σ1 to divide h by f . (For background on this,
see Section 3 in Chapter 2 of [9].) The polynomial remainder r represents h in C[U0] and
has σ2-degree at most one. By assumption, this degree cannot be zero. Therefore, r = 0
can be solved for σ2 expressing σ2 as a rational function in σ1. �

Using Lemma 6.9 we establish the second key pillar of our argument.

Proposition 6.10. Suppose (p, q) is a pair of non-negative integers with (p, q) 6= (1, 1) and
q 6= 0. If (σ1, σ2) ∈ U0 satisfies h(p,q) then Q(σ1) = Q(σ2).

To prove Proposition 6.10, it will helpful to have the following degree criterion for when
Lemma 6.9 applies.

Lemma 6.11. Take f = 1+σ1σ2−σ2−σ2
2 and suppose h, g ∈ Q[σ1, σ2] with h−gf ∈ Q[σ1].

Write

g =
m−1∑
j=0

σj1kj and h =
n∑
j=0

σj1`j

where kj , `j ∈ Q[σ2] for all relevant j, and km−1 and `n are non-zero. Then n ≥ m, and

(i) the leading terms of `0 and
(
1− σ2 − σ2

2

)
k0 are equal,
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(ii) the leading terms of σ2kj−1 and `j−(1−σ2−σ2
2)kj are equal whenever 1 ≤ j ≤ m−1,

(iii) the leading terms of `m and σ2km−1 are equal, and
(iv) deg(`j) = 0 for j ≥ m+ 1.

In particular, the polynomials compared in each of conditions (i)-(iii) have equal degrees.

Proof. We have

gf = (1− σ2 − σ2
2)k0 +

m−1∑
j=1

σj1
[
(1− σ2 − σ2

2)kj + σ2kj−1

]
+ σm1 σ2km−1.

Since h − gf ∈ Q[σ1], we must have that n ≥ m and for each j ≤ n, `j differs from the

coefficient of σj1 in gf by a constant. Conditions (i) through (iv) follow. �

Lemma 6.11 has a couple of useful consequences.

Corollary 6.12. For g and h as given in Lemma 6.11 and a fixed a < m, suppose that for
every j ∈ {0, 1, . . . , a− 1}, deg(`a−j) < 2 + j + deg(ka). Then

(1) For each j ∈ {0, 1, . . . , a}, deg(ka−j) = j + deg(ka) and
(2) deg(`0) = 2 + a+ deg(ka).

Proof. We establish conclusion (1) by induction on j, using condition (ii) of Lemma 6.11.
In the base case j = 0 for instance, since deg(`a) < deg(ka) + 2 the top-degree terms of
σ2

2ka and σ2ka−1 must cancel. This implies in particular that deg(ka−1) = deg(ka) + 1. The
induction step is similar, and conclusion (2) here then follows from (1) using condition (i)
from Lemma 6.11. �

Proof of Prop. 6.10. First suppose that (p, q) ∈ R1, ie. that 0 ≤ p ≤ q, and q 6= 0. Put
h = h(p,q) as given in Equation (8). The case p = q = 1 was excluded, and in the case p = 0,
q = 1 a quick calculation shows for (σ1, σ2) satisfying h and f that σ1 = 1 and σ2 = ±1. So
the proposition holds for this (non-hyperbolic) surgery, and we may assume q ≥ 2. Now, as

in Lemma 6.11, write h =
∑n

0 σ
j
1`j . Using Lemma 6.5 and the definition of h, we find that

(i) n = 2q − 1,
(ii) deg(`2q−1) = deg(`2q−2) = 0,

(iii) deg(`2q−3) = deg(`2q−4) = 1, and
(iv) for 0 ≤ j ≤ q − 2, both deg(`2q−3−2j) and deg(`2q−4−2j) are at most j + 1.

If there were g ∈ Q[σ1, σ2] with h − gf ∈ Q[σ1], then writing g =
∑m−1

0 σj1kj , by Lemma
6.11(iii) and (iii) above we would have m = 2q−3 and deg(km−1) = 0. In this case Corollary
6.12 would apply with a = m− 1, by (iii) and (iv) above, and its conclusion (2) would give
deg(l0) = 2q−2. But deg(`0) ≤ q−1 by (iv) above, so we would have q−1 ≥ 2+a = 2q−2,
contradicting that q ≥ 2. This completes the proof for (p, q) ∈ R1.

In the case that (p, q) ∈ R2, ie. that 0 < q < p, we will exploit a symmetry of Equation (3)
to trade out h(p,q) from Equation (9) for a more convenient polynomial. If (w, x) ∈ V0

satisfies Equation (3) then for w′ = 1−w and x′ = 1−x, (w′, x′) satisfies the same equation
but with p replaced by −p. Proceeding as in the proof of Lemma 6.1 yields the polynomial

p−q∑
j=0

(
p− q
j

)
(−wx)j sp+q−1−j .
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with (w′, x′) as a root. Thus for td as in Lemma 6.5, (σ′1, σ
′
2) = φ(w′, x′) must satisfy:

h =

p−q∑
j=0

(
p− q
j

)
(−σ2)j tp+q−1−j .

Here σ′1 = 2−σ1 and σ′2 = 1−σ1+σ2 = σ−1
2 , so Q(σ1) = Q(σ2) if and only if Q(σ′1) = Q(σ′2).

We may therefore ignore the discrepancy and assume that (σ1, σ2) satisfies h.

Writing h =
∑p+q−1

j=0 σj1`j , for 0 ≤ j ≤ p−q the leading term of `p+q−1−j is (−1)j
(
p−q
j

)
σj2.

On the other hand, for a = p+ q− 1− (p− q+ 1) = 2q− 2 and any j′ ∈ {0, 1, . . . , a}, `a−j′
has degree at most p − q + dj′/2e. (The highest-degree terms of these `a−j′ all come from
either the t2q−1 or the t2q term of h.) We intend to apply Corollary 6.12 with a = 2q − 2.
For this we claim that if there exists a polynomial g such that h− gf ∈ Q(σ1), then writing

g =
∑m

j=0 σ
j
1kj with kj ∈ Q[σ2] for all j, ka has degree p− q − 1.

For such a polynomial g, condition (iii) of Lemma 6.11 implies that m = p+ q − 2, and
since `p+q−2 − σ2kp+q−3 is constant, that kp+q−3 =

(
p+q

1

)
. Now using Lemma 6.11(ii) and

the fact that the leading term of `p+q−1−j is (−1)j
(
p−q
j

)
σj2 for 1 ≤ j ≤ p−q, induction (with

j = 1 as the base case) shows that the leading term of kp+q−2−j is

σj−1
2

j∑
i=1

(−1)i
(
p− q
i

)
.

Taking j = p − q and recalling that an alternating sum of binomial coefficients is zero, we
find that the leading term of ka is −σp−q−1

2 . Thus its degree is p− q − 1 as claimed, and it
follows that deg(`j) < 2 +a− j+ deg(ka) whenever 1 ≤ j ≤ a. Therefore by Corollary 6.12,

p− 1 ≥ deg(`0) = 2 + a+ deg(ka) = p+ q − 1.

This is not possible because q is positive. �

We now directly address the cases q = 0 and p = 2q excluded in Proposition 6.6.

Lemma 6.13. The (1, 0)-filling of c2 is non-hyperbolic; σ1 = 1 +
√
−3 at the (2, 0) filling;

and σ1 = 1 + 2i at the (3, 0)-filling. For each p > 3, Q(σ1) is not quadratic imaginary at
the (p, 0) filling of c2.

The (2, 1)-filling of c2 is not hyperbolic. Otherwise, if q > 1, Q(σ1) is not quadratic
imaginary at the (2q, q)-filling of c2.

Proof. Assume that (w, x) ∈ V0 corresponds to (p, q) filling of c2. To start, suppose that
p > 0 and q = 0. From the expressions for µ(m2) above Equation (3), Equation (3) is
equivalent to µ(m2)p = 1. Hence, µ(m2) = cos(2π/p) ± i sin(2π/p) is a primitive pth root
of unity ζp. Using the alternative descriptions µ(m2) = x2(1− w)2 = 1/(w2(1− x)2) given
above Equation (3) and taking a square root yields:

x(1− w) + w(1− x) = σ1 − 2σ2 = ζ2p + ζ−1
2p = 2 cos(π/p).

Since σ1 = σ2 + 1− 1/σ2, this shows that cos(π/p) ⊂ Q(σ2). If we apply ψ∗ to this formula
and clear denominators, we obtain

0 = σ2
2 + (2 cos(π/p)− 1)σ2 + 1.

So Q(σ2) has degree at most two over Q(cos(π/p)). At any hyperbolic Dehn filling of c2 the
degree is exactly two, since in this case σ1 ⊂ Q(σ2) is non-real. This rules out p = 1, where
the polynomial above has two real roots. At p = 2 we have σ2 = 1

2(1±
√
−3) and σ1 = 2σ2.
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And at p = 3 we have σ2 = ±i and hence σ1 = 1± 2i. These correspond to positively and
negatively oriented structures on the corresponding surgeries.

In the cases p = 4, 5, 6 where Q(cos(π/p)) has degree two over Q, the quadratic formula
yields an explicit formula for σ2, hence an explicit formula for σ1 = 2(1 + cos(π/p)). This
can be used to show that Q(σ1) = Q(σ2) with degree four over Q.

For p > 6, we observe that ϕ(2p) > 4, where ϕ is the Euler ϕ-function. Appealing
to standard properties of cyclotomic fields, it then follows that [Q(cos(π/p)) : Q] > 2.
We may assume that the degree of Q(σ2) over Q(cos(π/p)) is two, since otherwise Q(σ2)
is real and so Q(σ1) ⊂ Q(σ2) cannot be quadratic imaginary. But then it follows that
[Q(σ2) : Q] = [Q(σ2) : Q(cos(π/p))][Q(cos(π/p)) : Q] > 4, so [Q(σ1) : Q] > 2 since the
degree of Q(σ2) over Q(σ1) is at most two. Thus Q(σ1) cannot be quadratic imaginary.

It remains to consider the surgeries (2q, q). By Proposition 6.10, Q(σ1) = Q(σ2), so we
need only show that Q(σ2) is not quadratic imaginary. First, ψ∗h(2,1) = (2 − σ2)σ2 has
only rational solutions, so the (2, 1) filling is not hyperbolic. Therefore, we may assume
that q ≥ 2. Since the surgery coefficients are taken with respect to the basis {m2,m

−1
2 l2},

Equation (3) is equivalent to µ(m2l2)q = 1 in this case. In the function field C[w, x]/(P ) for
V0,

µ(m2l2) =

(
1− w

w(1− x)2

)2

=

(
x(1− w)2

1− x

)2

.

So as in the previous case,

2 cos(π/q) =
x(1− w)2

1− x
+
w(1− x)2

1− w
.

Using φ∗ and ψ∗ as above, we find that the polynomial

2 cos(π/q) + σ4
2 − 3σ3

2 + σ2
2 + 2(10)

must be zero. Therefore, Q(σ2) is an extension of Q(cos(π/q)) of degree at most 4.
In the cases q = 2, 3 in which cos(π/q) ∈ Q, it is straightforward to check that the

polynomial (10) is irreducible over Q(cos(π/q)), and it follows that Q(σ2) is not quadratic
imaginary. In the cases q = 4, 5, 6, Q(cos(π/q)) is quadratic over Q. If Q(σ2) is quadratic,
then Q(σ2) = Q(cos(π/q)) ⊂ R, so it is not imaginary. Thus Q(σ2) cannot be quadratic
imaginary. When q > 6 we once again have φ(2q) > 4, so that [Q(cos(π/q)) : Q] > 2 and
consequently Q(σ2) cannot be quadratic since it contains Q(cos(π/q)).

�

Corollary 6.14. The only fillings of c2 for which Q(σ1) is quadratic imaginary are the
(2, 0) filling, where σ1 = 1 +

√
−3, and the (3, 0) filling, where σ1 = 2i+ 1.

Proof. By Lemma 6.13, Q(σ1) is not quadratic imaginary at any (2q, q)-fillings of c2, and
the only (p, 0)-fillings for which it is are p = 2, 3, as described above where σ1 = 1 +

√
−3.

In all remaining cases, Q(σ1) = Q(σ2) by Proposition 6.10, and σ2 is a unit algebraic integer
by Proposition 6.6. We thus need only consider the cases that σ1 lies in Q(i) or Q(

√
−3), as

these are the only quadratic imaginary fields with unit algebraic integers not equal to ±1.
Because σ1 is not real at any hyperbolic Dehn filling, we can always trade (w, x) for (w̄, x̄)

to assume the imaginary part of σ1 is positive. This leaves three cases to consider: σ2 = ζ6

or ζ2
6 , which each yield σ1 = σ2 + 1− 1/σ2 = 1 +

√
−3; and σ2 = i which gives σ1 = 2i+ 1.

From the proof of Lemma 6.13 we see that the cases σ2 = ζ6 and σ2 = i correspond to
the (2, 0)- and (3, 0)-fillings of c2, respectively. The final case σ2 = ζ2

6 corresponds to the
complete structure of S3 − 62

2, where x = w = ζ6. �
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Figure 11. (3, 0) filling of 62
2 as 3-fold quotient of the Borromean rings

link complement.

v0 v1

v6 v2

v5 v3

v4

A A′B B′
C

C ′

E′

D

D′

E

Figure 12. 62
2 as quotient of ideal decahedron

Corollary 6.15. The (2, 0) and (3, 0) fillings of c2 are the only arithmetic orbifolds obtained
from 62

2 by Dehn filling c2.

Proof. If (p, q) filling of c2 produces an arithmetic orbifold then by Proposition 4.4(a) of [35],
the invariant trace field of the orbifold is quadratic imaginary. Since the cusp field can’t be
Q, Proposition 2.7 of [35] implies Q(σ1) is quadratic imaginary as well. So, Corollary 6.14
implies that (2, 0) and (3, 0) are the only possible candidates for arithmeticity. The figure-
eight knot complement is a two-fold cyclic cover of the (2, 0)-filling of c2, and as shown in
Figure 11, the Borromean rings complement is a three-fold cyclic cover of the (3, 0)-filling. It
follows that these fillings are arithmetic, as the covering knot and link complements are. �

Second proof of Theorem 1.6. Any manifold covering a filling of one cusp of S3 \ 62
2 covers

a filling of the cusp c2, since S3 \ 62
2 has a cusp-exchanging involution. We have already

observed that the figure-eight knot complement covers the (2, 0)-filling of c2. The (3, 0)-
filling is not covered by a knot complement since the components of 62

2 have linking number
three, see Proposition 4.4.

For any other (p, q), if the (p, q)-filling of c2 were covered by a knot complement M with
hidden symmetries then the (unique) minimal orbifold in the commensurability class of this
(non-arithmetic) filling would have a rigid cusp, since M covers an orbifold with a rigid
cusp by [35, Prop. 9.1]. It would follow that the cusp field Q(σ1) was Q(i) or Q(

√
−3) at

this filling, contradicting Corollary 6.14. �

We now make precise the relationship between Q(σ2) and the invariant trace field for
hyperbolic Dehn fillings of S3 \62

2, and thus in consequence, between the cusp and invariant
trace fields of these manifolds.

Proposition 6.16. For an orbifold M obtained by (p, q)-hyperbolic Dehn filling on c2, the
invariant trace field and trace field of M both equal Q(σ2).
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Our strategy of proof, which again echoes that of Neumann–Reid in [35] (see Theorem
6.2 there), is as follows. For an orbifold M as above, corresponding to a point (w, x) ∈ V0,
we use the parameters x and w to arrange isometric copies of the tetrahedra decomposing
S3 \ 62

2 in H3 so that their union is the polyhedron of Figure 12. Taking the face-pairings
of this polyhedron that yield S3 \ 62

2 as generators of its fundamental group, we thus obtain
explicit descriptions (in terms of x and w) of their holonomy representations determined
by the incomplete hyperbolic structure whose completion is M . This representation factors
through a surjection to πorb1 (M), so the face-pairing generators generate the quotient group,
and we can obtain the trace field of M in terms of their traces and those of their products.

Proof. We may recover the face pairings of the triangulation T4 of S3 \ 62
2 from the cusp

triangulation pictures in Figure 8. Assembling its four ideal tetrahedra so that they share
an ideal vertex corresponding to the cusp c1, with a horospherical cross-section around this
ideal vertex as on the left side of Figure 8, produces the ideal decahedron of Figure 12. We
produce S3− 62

2 by identifying faces in pairs: A with A′ and so on, so that pairings of faces
containing the ideal vertex v4 take it to itself, the pairing of D with D′ takes v0 to v3, and
that of E with E′ takes v1 to v6. Then v4 corresponds to c1 and all other vertices to c2.

For any (x,w) ∈ V0, the edge parameters x, y, z and w labeled in Figure 8 determine the
tetrahedra comprising the decagon up to isometry, where z = 1/(1−w) and y = xw(1−w) =
1/(1− x) (see Section 6.1). Embedding the resulting decahedron in H3 with v0 = 0, v1 = 1
and v4 = ∞ thus yields v3 = 1 + x + w, v5 = x + w, and v6 = x. This in turn determines
isometries a, b, c, d, and e realizing the face pairings sending A to A′, B to B′, C to C ′, D
to D′, and E to E′, respectively. In particular, we have the matrix representatives below
in SL(2,C). (We have used Mathematica [28] to assist with some computations here.)

a =

(
1 1
0 1

)
, e =

(
w + wx+ x2 − wx2 −w − wx− x3 + wx3

w + x− wx −w − x2 + wx2

)
.(11)

For each such (x,w) ∈ V0, the face-pairing isometries generate the image of Γ
.
= π1(S3 \

62
2) under the holonomy representation determined by the hyperbolic structure on S3 \ 62

2

corresponding to (x,w). At the complete structure x = w = 1
2(1 +

√
−3), the Poincaré

polyhedron theorem yields a presentation for Γ:

Γ ∼= 〈a, e | ae2a−1e−1a−1e2 = e2a−1e−1a−1e2a〉.

(Specifically, it gives b = a, [a, c] = 1, d = e2, and c = db−1e−1a−1d.)
Now fix (x,w) ∈ V0 corresponding to a (p, q)-hyperbolic Dehn filling of c2, and let Γp,q be

the orbifold fundamental group of the resulting hyperbolic orbifold M . The corresponding
holonomy representation factors through a surjection Γ → Γp,q, so as a Kleinian group in
PSL(2,C), Γp,q is generated by the cosets of the matrices a and e described above. The
traces of a, e, and ae thus generate the trace field of Γp,q as an extension of Q (see equation
3.25 in [30]). These are respectively 2, wx = σ2, and w + x = σ1, so since σ1 ∈ Q(σ2) this
is the trace field of Γp,q.

The invariant trace field of Γp,q contains the trace of e2 by definition. As this is σ2
2 − 2,

the invariant trace field contains σ2
2. By Proposition 2.7 of Neumann-Reid [35] the cusp

field of M , which here is Q(σ1), is a subfield of the invariant trace field of M . So, σ2 =
σ2
2−1
σ1−1

is contained in the invariant trace field. Since the invariant trace field is contained in the
trace field, it is also Q(σ2). �
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Corollary 6.17. For each (p, q) ∈ Z2 such that q 6= 0, if M is obtained from S3 \ 62
2 by

(p, q)-hyperbolic filling of one cusp then the invariant trace field of M equals its cusp field.

Proof. If M is the hyperbolic orbifold obtained by (p, q) Dehn filling on one cusp of 62
2,

where q 6= 0, then by Proposition 6.10, Q(σ1) = Q(σ2). Now, since the cusp field of M is
Q(σ1), and by Proposition 6.16 above the invariant trace field of M is Q(σ2), we conclude
that the invariant trace field is equal to the cusp field for M . �

The polyhedra decomposing S3 \ 62
2 determine a degree-one triangulation, in the sense of

Neumann–Yang [38, §2.1], for the surgered orbifold M . For a cusped hyperbolic 3-manifold
with a genuine ideal triangulation, the shape field generated by the tetrahedral parameters
equals the invariant trace field by [35, Theorem 2.4]. But we conclude by observing:

Remark 6.18. The (4, 3) filling on c2 in S3\62
2 results in the manifold m121 in the SnapPy

census, which has a genuine ideal triangulation by five tetrahedra. The shape field of this
triangulation, and therefore the invariant trace field of m121, is a degree 5 extension of Q,
whereas the shape field Q(x,w) of the degree-one triangulation it inherits from S3 \ 62

2 has
degree 10 over Q. Thus the tetrahedral shape field of a degree-one ideal triangulation of a
cusped hyperbolic manifold may in general be strictly larger than its invariant trace field.
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