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PREFACE

The Squares Identitiy is a equation of the form (a?+...+a2)(B2+...+82) =2+
...+ c2 where c; .. .c, are bilinear functions of a; ...a, and &, ...b,. An old number
theory problem avskevd for what valué‘s o‘f n does this identity exist. Solutions can easily
be found for the case n = 2, 4 or 8 by using the fact that lu-v] >= |ul-|v|in the cbmplex
numbers, the quaternions.and the Cayley numbers.' In 1898 Hurwitz showed that in
fact solutions exists only in thé case = 1,2, 4 or 8 while trying to détermine what
quadratic forms permit composition. Wet say a quadratic form N permits composit‘ion
if for all z and y in the algebra N(z)N(y) = N(zy). Since quadratic forms were
always positive definite for Hurwitz, the Squargs Identity pfoblem was equivalent to
his problem. Mére than fifty years later Jacobson reformulated Hurwitz’s problem in
terms of composition algebras, nonassociative algebras that arise from quadratic forms
which permit cémposition. He solved a generalized version of Hurwitz’s problem by
determining all composition algebras. While the first half éf this paper focuses on
the history of the Squares Identity and Hurwitz’s solution, the second half presents
the solution to Hurwitz’s problém reformulated in terms of composition algebras.

I wish to express iny gratitude tQ my thesis advisor Dr. Jim Cogdell for his
patience, wisdom, and encouragement. I also wish to thank Dr. Alan Adolphson for

his assistance with the research.
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CHAPTER 1

INTRODUCTION

An old number theory problem asks for what value of n does there exist an identity
of the form (a2 +---+a2)®2 +---+b2) = % +---+ c2 where c1, ..., c, are bilinear
functions in ay,...,a, and by,...,b, . This identity becéme know as the Squares
Identity, and William R. Hamilton recognized this identity in the complex numbers
as the "law of the moduli”, the rule that for all complex numbers u and v we have
lu| - [v] = |u-v|. After spendiﬁg ten years looking for an algebra of dimension
three that possessed this property, he discovered the quaternions in 1843, the real
algebra of dimension four whose elements satisfy the law of the moduli. Many other
mathematicians began searching for algebras of higher dimensions with the law of
the moduli property. Only two months after Hamilton’s discovery, John T. Graves,
who corresponded with Hamilton, constructed an eight dimensional algebra with this
property. This algebra became known as the Cayley numbers after Arthur Cayley
independently discovered the same algebra the following year.

In 1898 while studying the composition of quadratic forms, Adolf Hurwitz showed
that solutions to the Squares Identity existed only in cases where n = 1, 2, 4 or 8.
We say a quadratic form N permits composition if for all z and y in the algebra
we have N(z)N(y) = N(zy). Since quadratic forms were always positive definite for

Hurwitz, every quadratic form could be written as a sum of squares. Then determining
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which quadratic forms permitted composition was equivalent to finding a solution
to the Squares Identity. In 1919 Leonard Dickson published a paper connecting
Hurwitz’s Theorem to the norm forms of three real algebras: the complex numbers,
the quaternions and the Cayley numbers. He noted that Hurwtiz’s Theorem implies
that these are the only real algebras whose elements satisfy the law of the moduli.

In Dickson’s 1919 work he gave a useful construction for the Cayley numbers in
terms of the quaternions. In a manner similar to constructing the complex numbers
with ordered pairs of real numbers, Dickson constructed the Cayley numbers using
the quaternions. He noted that every Cayley number can be written as a pair of
quaternions (g1, ¢2), and muitiplication for two Cayley numbers can be defined by
(01,42)(g3,94) = (9193 — Ta@3, G1q1 + =T3) where q represents the conjugate of q. This
process of "doubling” the quaternions to obtain the Cayley numbers became known
as the Cayley-Dickson process. In 1941 A. A. Albert generalized the Cayley-Dickson
process to arbitrary fields.

Some years after Albert’s work was published, Nathan Jacobson turned to Hur-
witz’s problem of determining what quadratic forms permit composition. He reformu-
lated this problem in terms of composition algebras, nonassociative a.igebras that arise
from quadratic forms which permit composition. In a 1958 paper Jacobson solves a
generalized version of Hurwitz’s problem by determining all composition algebras.

The first half of this paper is devoted to a more detailed description of the history
of the Squares Identity problem, the development of the quaternions and the Cayley
numbers and their connection to the problem. A detailed account of Dickson’s con-

struction of the Cayley numbers is also found in this first portion as well as Dickson’s
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version of Hurwitz’s proof of Hurwitz’s Theorem.

The second half of the paper focuses on the generalization of Hurwitz’s Theorem in
terms of composition algebras. The first section 3.1 discusses the algebraic structure
of composition algebras. An invelution is an antiautomorphism of period two, and
we will see that all composition algebras have an involution. Also, although not all
composition algebras are associative, we will see that they are all alternative, that is,
for all z and y we have z2y = z(zy) and yz? = (yz)z. We will also show that any
algebra that is alternative with an involution must be a composition algebra.

In the second section, 3.2, we construct a composition algebra using the Cayley-
Dickson doubling process. An importaﬁt result from this section is that if C is the
Cayley-Dickson double of the algebra B, then C is alternative if and only if B is asso-
ciative. This implies that the Cayley-Dickson double of an algebra is a composition
algebra if and only if the a.lgebré being doubled is associative.

The next section 3.3 begins with examples of composition algebras. If the char-
acteristic of the field F' is not two, one can begin the doubling process with F' to
construct a quadratic algebra. Doubling a quadratic algebra yields a quaternion al-
gebra, and doubling the quaternions yields a Cayley algebra. If the characteristic
of F' is two, we cannot begin the iterative process with the field F' but we can be-
gin with a quadratic algebra. Since the Cayley-Dickson double of an algebra is a
composition algebra only if the algebra being doubled is associative, we can use this
iterative construction to prove the main result of this paper: generalized version of
Hurwitz’s Theorem. This theorem states that the only composition algebras are a

field, a quadratic algebra, a quaternion algebra, or a Cayley algebra.
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Sections 3.4 and 3.5 give a further classification of composition algebras over a
field not of characteristic 2 by analyzing split and division algebras. A composition
algebra that does not contain zero divisors is a division algebra and one that does
is considered split. We will see that a composition algebra is a division algebra if
and only if the norm form is nonzero for every nonzero element. We say two norm -
forms are equivalent if there exists an injective linear mapping f : C — C’ such that
N'(f) = N. One important result in this section tells us when two composition
algebras are the same; two composition algebras are isomorphic as algebras if and
only if their corresponding norm forms are equivalent. We use this fact to prove that
any two split composition algebras 6f the same dimension are isomorphic. We then
show that the unique split algebras over a field F' are F' @ F', the 2 X 2 matrices over
F, and Zorn’s vector matrices. For the case of division algebras, we show that two
Cayley-Dickson doubles of the same compoéition algebra are isomorphic if and only
if the doubling parameters differ by a norm. The paper ends with a discussion of how
one may use cohomological techniques to completely determine when two division

composition algebras are isomorphic by comparing doubling parameters.



CHAPTER 2

A PROBLEM OF HURWITZ

2.1 The Squares Identity

The Squares Theorem solves the following problem: for what values of n does there

exist an identity
(@+...+a2)P+...+02)=E+...+c (2.1)

where ¢ ...c, are bilinear functions of ay,...,an, and by,...,by.

The simplest form of the Squares Identity is the familiar formula -
(af + Gg)(b% + bg) = (a1b1 - a2b2)2 + (albg + a2b1)2 (22)

for all real numbers a, b, c, and d, knbwn as the Two Squares Identity. The Greek
mathematician Diophantus knew of this formula and proved it using right triangles.

In 1856, Brioschi proved the identity by applying determinants to the matrix equation

a (15 bl b2 a1b1 - a2b2 albg + agbl
. v (2.3)

—az a1 —by b —a1by —azb;  a;b; — asb;
Another way to verify formula (2.2) is to note that since the modulus of a product of

complex numbers is the product of the modulus of each of the factors, equation (2.2)

is simply the identity

uo]® = Jul*|v]*
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for complex numbers u = a; + a2 and v = by + bai.
Formula (2.1) for the case n = 4 is the Four Squares Identity which states that

for all real numbers a,, ay, as, a4, by, ba, b3, by we have
@B+ +a+a)) BB +B3+02+b)=F+E+E+c
where

c1 = a1b; — agby — agbs — asby
e = a1b + agb; + agbs — asbs
cz = a1b3 + asb + asby — aqbs

Cy = a1bs + a4b; + asbs — agbs. (24)

Euler related this formula to Goldbach in a letter dated May 4, 1748. He discovered
this identity while investigating Bachet’s Theorem, which states every natural number
is the sum of four or fewer squares of n#tura.l numbers. In 1770 Lagrange provided
the first proof of Bachet’s Theorem. He first showed that any prime p is the sum of
four squares and then applied Euler’s four squares identity, since the identity showed
that the product of two numbers representable as sums of four squares was again
representable as sums of four squares. Another proof of the four squares identity was
given by Hamilton after his discovery of the Quaternions in 1843.

An interesting interpretation of the four squares identity can be found in the
posthumous works of Gauss. In an unpublished manuscript fouhd after his death he

remarks that the equation (2.4) can be rewritten in a simpler form using complex



numbers:
(ul? + WP (wp + |2%) = Juw — vz[? + |uz + vo[?

where u = a; + aq1, v = a3 + a48, w = by + bot, and 2 = bs + byi. This equation can
be obtained by applying determinants to the matrix equation

u v w2 UWw — VZ Uz + W

T U —Z W —UZ — 9w TUW—Tz2
In this form it resembles Brioschi’s matrix interpretation (2.3) of the two squares
identity, and it foreshadows a more modern way of interpreting the squares identity.

Degen proved a formula for sums of eight squares in 1818:

(a2 + a2+ a3 + a2 + a2 + af + a2 + a2) (b3 + b3 + b2 + b5 + b2 + B2 + b2 + B2)

=d+d+a+atata+E+c
where

c1 = a1 — agby — azbs — asby — asbs — agbs — arby — agbs
c2 = aiby + agzb1 + asbs — asbs + asbs — asbs — arbs + agbr
cs = a1bs — agbs + azby + asbs + asby + asbs — arbs — asbe
¢4 = a1by+ agbs — asby + agby + asbg — aghy + arbg — aghs
cs = a1bs — asbg — ashy — asbs + asby + agbo + arbs + aghy
cs = ai1bg + aghs — azbg + asby — asby + aghy — azby + agbs
¢ = a1b7 + ag2bs + azbs — asbg — asbs + aghs + arby — agho

cs = a1bg — asb7 + azbg + asbs — asbs — agbs + azbs + agh;. (25)
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At the time Degen thought the formula could be extended to 2™ squares. For the
case of 16 squares, he even gave the 16 bilinear functions but left most the signs
undetermined. Graves and Cayley also established the eight squares identity in 1844
and 1845 with the independent discovery of the Cayley numbers. This began a flurry
of research as mathematicians tried to extend the formula to 2" squares. In 1847, J.R.
Young, who corresponded with Hamilton, also established the eight squares identity
independent of Graves and Cayley. He too initially thought his formula could be
extended to 16 squares but quickly discovered that it could not and went on to prove
that a 16 squares identity did not exist. /

The problem for what n wés an identity of form (2.1) possible was not completely
solved until 1898, when Adolph Hurwitz showed that in fact the Squares Identity
exists only for n = 1,2,4,8. His proof will be presented in a later section, but first
we will trace the developments that led to the solution. Specifically, we will cover the
discovery of the Quaternions and the Cayley numbers and how those number systems
relate the Squares Theorem, which is a simple number theory statement, to Hurwitz’s

problem, which is a statement about the composition of quadratic forms.

2.2 Hamilton’s Quaternions

William Rowan Hamilton was aware of modulus identity (2.4) for complex numbers
and called it the “law of the moduli”, officially to mean that the Euclidean length of
a vector product is equal to the product of their individual lengths. Although Gauss
was the first to represent complex numbers as points in the plane, Hamilton was the

first to formally define a complex number a + b as an ordered pair of real numbers
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(a,b). In the early 1830’s while developing his “Theory of couples”, he wanted to
extend this theory to higher dimensions, and posed this problem: Can real triplets
(a1, az,as) and (b1, ba, b3) be multiplied in a way analogous to the complex numbers?
In particular, can they be multiplied so that the law of moduli is satisﬁéd? This
is exactly the Squares Theorem for the case n = 3. Fortunately, Hamilton was not
aware that Legendre had already proved that an identity of this form was impossible
in his “Théorie des nombres” in 1830. Legendre remarked that while 3 and 21 can be

expressed as the sums of three squares of rational numbers,

3=124+12+12

21 = 4% + 22 + 12,

their product 3 x 21 = 63 cannot. By a theorem of Fermat, no integer of the form
8k + 7 is the sum of three rational squares and 63 = 8(7) + 7.

In his first attempts, Hamilton writes his triple (a;, az, a3) with one real and two
complex parts: a; + agi + asj where i2 = j2 = —1. Then calculating in the ordinary

way using commutative laws we have

(a1 + a2i + a35)? = (a3 — a3 — a2) + (2a1a2)i + (2a103)7 + (2a2a3)ij. (2.6)

Hamilton was not satisfied by this calculation because the product of two triplets
should again be another triplet, but instead we have the extra ij term. In calculating

the modulus of a; + asi + azj we see that
(af — a3 — a3) = (af — @} — a)® + (2a10,)” + (2a103)?

which is the Euclidean length of the right hand side of equation (2.6) providing the ij
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term is zero. But even though the law of modulus holds if ij = 0, Hamilton finds this
unnatural. Next he notices that if commutativity is not assumed, the (2aga3)ij term
on the right side of equation (2.6) would be asa3(ij + ji) and this term would vanish
if he set ij = —ji. In October of 1843 Hamilton writes to John Graves: “Behold
me therefore tempted for a moment to fancy that i = 0. But this seemed odd and
uncomfortable, and I perceived that the same suppression of the term which was
de trop might be attained by assuming what seemed to me less harsh, namely, that
ji = —1j.” ([13], 107) Using this new definition he now decides to “Iry boldly then
the general product of two triplets, and seek whether the law of moduli is satisfied.”

He computed

(a1 + agi + a3f)(by + byi + b3j)

= (a1by — agbe — asbs) + (a1b2 + a1by)i + (a1b3 + asby)j + (azbs — asbe)ij.
In calculating the modulus we see that

(o} — a5 — a)(b - b — &)

= (albl - azbz - a3b3)2 + (a1b2 -+ a1b1)2 -+ (a1b3 -+ a3b1)2 + (a2b3 —_ a3b2)2.

So modulus of the product was preserved, but the product of two triplets still had
four terms.

Hamilton’s breakthrough came in October of 1843 on his way to a meeting of
the Royal Irish Academy. He was walking along the Royal Canal talking with his
wife but thinking of the triplets. In a letter to his son he describes the moment of

insight: “An electric circuit seemed to close, and a spark flashed forth...” ([12], xv)
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Hamilton writes more in a letter to Graves: “And here there dawned on me the notion
that we must admit, in some sense, a fourth dimension of space for the purpose of
calculating triplets...or transferring the paradox to algebra, we must admit a third
distinct imaginary symbol k, not to be confounded with either ¢ and j, but equal to
the product of the first as multiplier, the second as multiplicand, and therefore I was
led to introduce quaternions such as a + bi + ¢j + dk, or (a,b,c,d).” ([13], 108).

In order test his discovery by computing products and moduli, he needed to com-

pute rules for multiplying 7, j, and k. He reasons that k% = —1 since

K? = (i5) (i) = i(ji)i = i(~ig)j = ~%® = — 1.

He also calculates

ik = i(if) = ) = —j, kj= ()i =if = —i
and in a similar fashion he finds that

ki =j and jk =1.

In the letter to his son concerning his discovery mentioned éarlier, Hamilton writes:
“I pulled out on the spot a pocket-book, which still exists, and made an entry there
and then. Nor could I resist the impulse - unphilosophical as it may have been - to
cut with a knife on a stone of Brougham Bridge, as we passed it, the fundamental
formula with the symbols 1, 7, k:

P==K=ijk=~1ij=—ji=k

which contains the solution of the Problem, but of course, as an inscription has long

since moldered away.” ([12], xv-xvi) On the way to the council meeting Hamilton
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checked that the law of the modulus held, writing out a sketch of the proof in his
notebook.

Next we wish to obtain the four squares identity from the quaternions. However,
first we need the product rule for multiplying two quaternions. We will use this to
verify that indeed the quaternions satisfy the law of the moduli.

The rules for multiplying %, j, and k are generally referred to as the Hamilton

relations. These nine rules are laid out in the following table. Using Hamilton’s

Table 2.1: Quaternion Multiplication

relations, we can find the product of two arbitrary quaternions:

(a1 + a2z' + a3j + a4k)(b1 + b2i + b3_7 + b4k)
= (a1b1 - a2b2 - a3b3 — a4b4) -+ (albz + a2b1 + a3b4 - a4b3)i

+(a1b3 -+ a3b1 -+ a4b2 ot a2b4)j -+ (a1b4 -+ a4b1 —+ a2b3 bt a3b2)k (27)

The law of moduli can be verified by direct computation, but L. E. Dickson gave
a less messy approach in his 1918 paper “Quaternions and their generalization and
the history of the eight squares theorem” [8]. Dickson defines the quaternions as an
algebra over the real or complex numbers with basis elements 1, 7, j, k that satisfy

Hamilton’s relations given in Table 2.1. He notes that associativity follows from
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checking triples of basis elements such as (35)k = —1 = i(jk), etc. and goes on to
define the conjugate § = a; —a2i —azj — ask to the quaternion ¢ = a;+aq9i+aszj+ ask.
He also defines the norm N(q) to be N(q) = ¢ - g, which can be easily calculated to
show N(q) = a? + a2 + a2 + a3. Note that this is just the square of the Euclidean
length of a real quaternion. Dickson also notes that the real quaternions are a division

algebra; if ¢ is a nonzero quaternion, then N(q) # 0, s0 ¢~! = ﬁ%q_) and every nonzero
quaternion is invertible.
To show the quaternions satisfy the law of the moduli, Dickson first shows that

the conjugate of a product of quaternions is equal to the prodhct of their conjugates

in reverse order. That is, for quaternions ¢; and ¢, we have (g1¢2) = ¢2¢;. Then

we have N(q1¢2) = (192)(q192) = (g1¢2)(@ q1) by the definition of the norm and the |
previous equation. By associativify, the norm of ¢1¢, can be written ¢ (g.gz)gr. But
now N(gz) = g2 is a real number, so N(g2) commutes with quaternion ¢; and we
have N(gi1g2) = N(q1)N(gz2). This equation and the formula for the product of two
quaternions (2.7) yields exactly the four squares identity (2.6) for ¢1 = a; + agi +
a3j + ask and g = by + bei + b3 + byk.

Also, althbugh Hamilton usually gets credit for the discovery of the quaternions,
one should note that Gauss already knew of the rules for multiplying quaternions.
Although it was not published at the time, in 1819 he included the formula for

multiplying quaternions in a short note on “Mutations of space”.
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2.3 Cayley Numbers

In December of 1843, only two months after Hamilton notified Graves of his discovery
of the quaternions by letter, Graves himself constructed an algebra with eight basis
elements that satisfied the law of the moduli. Graves called his algebra the octads,
and immediately notified Hamilton of his discovery. In July of 1844, Hamilton made
an important observation regarding Grave’s octads: “In general, in my system of
quaternions it is indifferent where we place the points, in any successive multiplication:
A.-BC =AB-C = ABC, if A, B, C be quaternions; but not so generally with your
octaves.” ([11], 650) This appears to be the first clear statement of the associative
law, and the realization that not all algebras may have this property.

Today Graves’ octads are more commonly referred to as the octonions, octaves,
or the Cayley numbers. Cayley’s name became associated with this algebra because
the following year Cayley too discovered the eight-dimensional algebra and published
his results in 1845, five years before Graves’ work was published. Unfortunately for
Graves, in January of 1844 he had accepted an offer of Hamilton to make his discovery
public after notifying Hamilton of his discovery through correspondence. Hamilton
had become almost completely absorbed in his research on the quaternions and did
not announce Graves diséovery right away.

In a postscript to a paper on elliptic functions [5], Cayley writes: “It is possible to
form an analogous theory [to Hamilton’s quaternions] with seven imaginary roots of
—17. He adds, “with v = 2™ — 1 roots when v is a prime number,” leaving open the

possibility for higher dimension algebras of dimension 2™. In the postscript he goes
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on to define multiplication rules between the basis elements {1, i1, 92, i3, %4, t5, 5, %6, 17 }
in the following way. He instructs the reader to group together the basis elements

according to the types
123, 145, 624, 653, 725, 734, 176

where each type corresponds to a system of equations. For example, type 123 corre-
sponds to the system

1102 =13 1993 = 1 138 = 19

G2l = —i3 302 = —i1 4193 = —g.
Cayley also writes out the general expression for the product of two elements and
mentions that the modulus of the product is the product of the moduli of the factors.
Clearly the Cayley numbers are not commutative, just as the quaternions are not
commutative, but two years after Cayley introduced the Cayley numbers he published
a short note [6] explaining that the algebra fails to be associative as well. He notes

that while

(igia) « 15 = i7 - 15 = —ia,
we have

i3 * (1415) = i3 . il = i2.

Cayley’s rules for multiplying the basis element are summarized in the following
table. Note that the multiplication table for the quaternion basis elements is contained
in the upper left corner with i), = 4, i, = j, and i3 = k. It is easy to verify from
the table that the algebra is neither commutative nor associative. A formula for

15



. e i3 4 5 g 7
| -1 g —ig iy =iy —i7 1
g | =13 -1 4 i 7 —i4 -1
i3 | t2 =i -1 97 —ig U5 —i4
iy | —ts —2g —ir —1 4 ip 13
is | 4 —iy tg —i —1 —i3 iy
6| 7 4 —is —ip i3 —1 —i
ir|—l i5 94 —i3 —ip 4 —1

Table 2.2: Cayley Number Multiplication

the product of an arbitrary product of two Cayley numbers can be computed using
the table, but is obviously going to bé a very complicated formula. For this reason,
verifying that the law of the moduli is satisfied By the Cayley numbers directly would
be very tedious. However, as in the case of the Quaternions, Dickson [8] discovered
a clever and less tedious way to verify this by writing the Cayley numbers in a less
complex way. Dickson noticed, as can be seen in the table above, that the four Cayley
units 1, 41, 42, i3 satisfied the same relations as the four quaternion units 1, i, j, and
k. Further, if we let e = i4, he realized that the remaining Cayley units were related
to the quaternion unifs by ie = i5, je = ig, and ke = iy. Then every Cayley number
can be written using two quaternions in the less complicated form ¢; + gze. Dickson
claims that one can verify that the multiplication of two Cayley numbers using the

relations in Table 2.2 is equivalent to multiplying two Cayley numbers written using
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quaternions with the following formula:

(@1 + g2€) (g5 + qa€) = (0105 — Taga) + (qaq1 + ¢2G3)e (2.8)

where @3, @z are conjugate to g3, g4 as defined in Section 2.2. In Section 2.1 we will
examine Dickson’s definition of the Cayley numbers more closely, but for now we
will take Dickson’s word that the definitions are equivalent. He defines the norm
N(q + g2€) = 171 + ¢2G2, which is the square of the Euclidean length of the Cayley
number ¢; + ¢gze (and therefore the sum of eight squares of real numbers). Recall that
conjugation preserves addition and reverses multiplication; we now begin to calculate

the norm of the product of two Cayley numbers using (2.8):

N((q195 — Tags) + (Q4Q1 + ¢.)e)
- (9195 — 9443) (9193 — Tags) + (91 + 923) (4291 + ©25)
= (¢19s — 0193) (BT — Ba) + (qaqu + qéq—a) (@ T+ 0:3)
= (1 BB + BT %) — (01935294 + T T0)

+(q193T3 07 + T1q2T294 + 2003 %2) - (2.9)

The last equality follows from simply multiplying out directly and grouping terms.
Let a represent the first grouping in the last equality, b the second, and ¢ the third.

Rewriting equation (2.9) using a, b, and ¢ we have

N((q193 — Tags) + (9141 + @2@B)e) =a—b+c.

We apply a trick to show that a — b = 0. Since (¢4q193G%2) = 203 @ @1, we have the

conjugate of the first term of a the same as the second term, and so a is a real number
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and commutes with the quaternions. Recall that ¢q is real and also commutes. Using

these facts we see that

a = a(qaqs) (Tags) ™" = (Gaags) (Gags) ™
=(02949193T394 + Taq2T5q17aq4) (Gage) ™"

= (1930294 + Taq2Gq1) = b

so a — b = 0. Again using the fact that ¢g is real we can factor c:

19303 Q1 + §49202q4 + 9230302 = 1q193G3 + q1G1G4G4 + 92429471 + 202433
= (G + ¢2%)(¢3T + 94G2)

= N(q1 + g2e)N(gs + qz€).

Then the product of the norms of two Cayley numbers is equal to the norm of the
product, or equivalently, the law of the moduli is satisfied by the Cayley numbers.
With this fact established, the eight squares identity (2.5) can be obtained by com-
puting the modulus of the prodlllctl and the product of the moduli of the Cayley
numbers |

a; + a2z'1 + a3i2 + a4z'3 + a5z'4 + as’i5 + a7z'6 + ag’i7

and

bl + bg’il + b3’i2 + b4’i3 + b5’i4 + bﬁ’is + b7’i6 + b8i7.

2.4 Hurwitz’s Theorem

As already mentioned, Adolph Hurwitz solved the problem of for what n the squares

identity of the form (3.2) exists by proving n must be 1, 2, 4 or 8. The solution is the
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subject of his 1898 paper “On the composition of quadratic forms”. The concept of
the composition of binary quadratic forms was introduced by Gauss in his 1801 work
Disquisitiones arithmeticae. To Gauss, a binary quadratic form is a polynomial of the
form f(z1,z2) = az?+ 2bz1z2 + cz2 where a, b and c are integers. In his work, Gauss
was investigating the problem of representing integers by binary quadratic forms. In
Article 235, he introduces the idea of the composition of two quadratic form as he
explains that given three binary quadratic forms f(z1,72) = az?® + 2bz172 + cz2,
9(y1, ¥2) = a'y? + 2b'y1y0 + 42, and h(z, 22) = Az% + 2Bz 1z + C22, h is composed

of f and g if the equation
AZ? + 2Bz 2z + C22 = (az? + 2bzy 20 + cx2) (a'y? + W'yiye + ¢42)  (2.10)

holds for all z,, x5, and all y;, y, where 2, and z; are bilinear forms in z,, z; and
Y1, Y2 with integer coefficients. If we allow the coefficients to be any real numbers
and assume the forms are positive definite, then with a suitable change of variables,
equation (2.10) is transformed into the two squares identity ¢Z +c2 = (a? + a3) (b? +b2)
which is solved by ¢; = a1b; — azby and ¢ = a1be + agh; (2.2).

Many mathematicians began trying to extend Gauss’ idea of the compositibn of
quadratic forms to forms in n variables over the 19fh century. Hurwitz was among
them, forming new questions concerning the theory of quadratic forms in n variables.
For Hurwitz, who was working over the real numbers, quadratic forms were always
positive definite so every quadratic form can be written as a sum of squares. He
begins his paper with the following: “In the domain of quadratic forms in n variables,

a theory of composition exists, if for any three quadratic forms ¢, 1, x of nonvanishing
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determinant the equation

¢(Z1, T, - - -, Ta) (Y1, Y2y - - -y Yn) = X (21, 225 - -+ 5 20) (2.11)

can be satisfied by replacing the variables 2y, z5,. .., 2, by suitably chosen bilinear
functions of the variables 1, zs,...,Zn and ¥1, %2, ..., ¥n. As a quadratic form can be
expressed as a sum of squares by a suitable linear transformation of the variables, one
can consider, without loss of generality, in place of the equation above the following
equation:
(B +a+-F )i+ =g+ m+ e+

In view of this the question as to whether a composition theory exists for quadratic
forms with n variables is essentially equivalent to this other question, as to whether
the equation can be satisﬁed by suitable chosen bilinear functions 2, ..., 2, of the 2n
independent variables z1,...,Z,, %1, . »Un-" ([9], 268)

In this manner Hurwitz linked the relatively new idea of the theory of composi-
tion with the rather old squares identity problem. In his paper he solves the squares
problem with the following theorem. In a later section we Will give a more modern
and elegant proof of this theorem. Here we will outline Dickson’s version [8] of Hur-
witz’s proof. The proof is highly computational and a rather complicated argument

involving matrices. This should provide a nice contrast to the modern proof to be

given later.
Theorem 2.4.1 (Hurwitz Theorem) Let n > 1 be an integer and z,...,2, be
real bilinear forms in real variables z1,...,ZTn,Y1,...,Yn sSuch that

@+ + )Gyl =224+ 2R (2.12)

20



Thenn =1,2,4 or 8.

Proof. The first step is to rewrite equation (2.12) using matrices. Let x(z1,...,2)
be a quadratic form given by 22 +- - - + 22 so that in matrix form x(z1,...,2,) = 212
where 2 is the row matrix (21, -+, z), 2° represents the transpose of z, and I is the

n by n identity matrix. Let A represent the matrix

)

a1 412 ... Q1

‘a9 22 «.. A2q

\anl Ap2 .- ann/
and A? represent its transpose, where each a;; is a linear function of z,,...,z,. Now
) 17 ) yvn

if we replace each z; by the linear function a;y; + - -+ + ainyn then

n n
z = (Zl,- .- azﬂ) = (E'aljyj" ' 'azanjyj) = (yly' e ,yn)At
Jj=1 i=1

and since 212* = (y1,-+,yn)At- I - A(y1, -+, yn)* we obtain a new quadratic form in
Y1, *, Yn With matrix expression A*A. Note that the quadratic form in y;,---, %, on
the left side of equation (2.12) has associated matrix (z} + ... + 22)I. Then there
exists an identity of form (2.12) only if the matrix representations of the resulting

quadratic forms are equal, that is,
AA=@=t+.. . +52)I. (2.13)

We have rewritten equation (2.12) using matrices, and now we will further expand
our matrix equation and prove some relations that will be needed later in the proof

and also we will show that n must be even. We have assumed that each entry in the
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matrix A is a linear function of z1,...,z,, so we can find matrices A;,..., A4, su_ch
that A = 7141 +. ..+ 7, A,. In multiplying out A*A, one sees that the coefficient of z2
is A? A,, and equation (2.13) implies A% A, = I. Let B = AfA;fori=1,...,n—1.
Left multiplication by A, gives A,B; = A; since Al A, = I, and the transpose of this

matrix equation gives BfA: = AL Using these new relations we compute A*A:

n n n-1 n—1
(Z sz:) (Z wiAi) = (Z szfA:L + znA:;)(z xiAnBi + Anxn)
i= i=1

1—1 ) . 1—1

Zx,Bt+xn )AL A Zx,B + z,,)

1—1 i=1

Z 7;B! + 1) Z z;B; + :z:n) (2.14)

=1 i=1

with the last equality following from the fact that A% A, = I. Multiplying out and

regrouping terms in expression (2;14) and recalling equation (2.13) yields the equality

) n—1 n
(B+...+z2) = > zizj(BIB; + BJt-B,-) + Y zizn (Bl + B;) + Y _1:B!B;

1<i<j<n—1 i=1 i=1

Equating coefficients on both sides gives the equations BfB;+B:B; = 0, B{+ B; =0,
and B!B; = I. The second of these equations gives B! = —B;, that is, each B; for
i=1,...,n—1 is skew symmetric. Using this fact we can replace B} in the first and

third equation with —B; to obtain
B} =-1I and B;B; = —B;B;. (2.15)

These relations will be needed in the next stage of the proof. There is another
important fact we can obtain from the fact that B; is skew symmetric. We know
that the determinant of the transpose of a matrix is the same as the determinant of
the original matrix, and so Bf = —B; implies det(B!) = (—1)"det(B;). Then either
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det(B;) = 0 or n must be even. But BfB; = I tells us that B; is nonzero, so we have
shown that there cannot exists an identity of form (2.12) if n is odd.

Consider the 2"~ matrices
1, B, B;yB;,, B;B;B;, ..., BiBy:--By_; (2.16)

where 7; < 1,4 < 73 < n,.... The next stage of the proof involves showing that at
least half of these matrices are linearly independent. We will do this by finding all
the irreducible linear relations which hold between these matrices. By irreducible we
mean a relation R = 0 where R cannot be written R = R; + Ry with both R; =0
and R, = 0.

There are two important points to make before preceding with the argument. The
first concerns a property of the matrices (2.16). We already know that the transpose
of a product of matrices is the product of the transpose of each matrix in the reverse
order. We apply this familiar fact and the fact that each B; is skew symmetric along
with the relations (2.15) to calculate the transpose of a product of the matrices in

(2.16):

(ByBi,...Bi,)! =B B._ ...B! (2.17)

r -1 "

= (-1)Bi.B;_,...Bi

11

= (—1)r(_1)r_1Bi1Bir 10 Biz

[ .
= (-1)"(-1)"Y(-1)?2B;B;,B; B;._, ...B;,

— (_1)(1‘)4—(1‘—1)-{-(r—2)+...+(1)‘Bi1 Biz o Bi

= (-1)"5"B,B,, ... B,.

r
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Then the product of r of these matrices (2.16) is symmetric if ﬁ";—ll is even, that is,

when 7 = 0,3 (mod 4)), and skew symmetric if ﬂ’%ll is odd, which happens when
r=1,2 (mod 4).

The second point to make before preceding is that any irreducible linear relation
holding between the matrices (2.16) must involve either all symmetric matrices or
all skew symmetric matrices. If we had such an irreducible linear relation R = 0
involving both types and groupbed the symmetric matrices in the sum R; and the
skew symmetric matrices in the sum R,, then we could write the relation R = 0 in
the form R; = R,. But then R! = R}, and siﬁce R! = R; and R = —R,, we must
have R; = R, = 0. This contfadicts that assumption that R was irreducible.

We now proceed in showing that at least half of the matrices in (2.16) are linearly
independent. Let R = 0 be an irreduciblev relation holding between these matrices.
We would like the leading term in our relation to be I and this can be achieved in

the following manner. Suppose for example that our leading term is ¢B;, B;,. Then

we can multiply the leading term by (=!)B;, B;,. Applying relations (2.15) we see

(¢BuBu)(— By By) = (~1)(B:,B) (B By)

= (-1)*B; B,

So we obtain another irreducible relation that can be written in the form

I= Z cilizisBizBizBis + Z di1i2i3i4BilBizBisBi4 +oee (2'18)

11<i2<13 11<42<13<i4
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We noted earlier that an irreducible linear relation cannot contain both symmetric and
skew symmetric matrices. Then since the identity matrix I is symmetric, all terms
in this sum must be symmetric. In particular, the number of terms r in each product
must satisfy r = 0,3 (mod 4) by the statement following equations in (2.17).

We now show that all coefficients in relation (2.18) must be zero unless r =n —1.
Consider first the coefficient ¢;,;,i,- Multiply relation (2.18) by B; to obtain the new
linear relation

B = Z  Cirigia By Bia Big Bi + Z  Gisigigis Biy Biy Big Biy By + -+ -
i1<iz<i3 i1 <ia<ia<ia
Since each B; is skew symmetric, now every term in this sum must be skew symmetric.
Provided that n — 1 > 3, we can always choose i # 12213 so the first term in the sum
B;, B;, B;, B; is the product of four distinct matrices. Since we know the product of
four of these matrices is symmetric, ¢;,;,4, must be zero as long as n—1 # 3. This same
argument can be applied to any term in the sum where r =3 (mod 4). As long as
n—1#3 (mod4)andr>n—1,we ‘can choose i # 4y, ..., such that [T}, By, B;
is the product of r+1 =0 (mod 4) distinct matrices which must be symmetric and
therefore its coefficient must be zero. Now consider the terms in relation (2.18) such
that r =0 (mod 4). We first look at r = 4, and show that d;,;,,;, must be zero.
Multiply relation (2.18) by B; as in the preceding argument but take i = i4. Then
again we have -a relation where each term must be skew symmetric and we have the
term d;,iyigi Biy Biy Biy Bi,Bi = di ig45i, By, Biy Biy(—I) which must be symmetric since
the product of 3 of these matrices must be symmetric. So the coeflicient d; ;,;,:, must

be zero. As before, this argument works for any 7 = 0 (mod 4). Thus we have
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shown that if an irreducible linear relation exists between the matrices (2.16), it must
be of the form

I= kB]_Bz e Bn_]_.

Further, we know that kB1B;...By_; must be symmetric and so n — 1 = 0,3
(mod 4), but we showed earlier that n must be even so n = 0 (mod 4). Also,

from computations in equation (2.17) and relations (2.15) we know that
(kB]_Bz e Bn_l)z = (—1),. ’;H I =1

so we can conclude that k* =1 or k = 1.

Next we summarize what.we have shown thus far: We know that if we are to have
an identity of form (2.12), n must be even. If n = 2 (mod 4), the 2"~! matrices
(2.16) are linearly independent. If n = 0 (mod 4) and the matrices (2.16) are not
independent, the only Basic irreducible linear brelationb between them is the relation
I = £BB,...B,_;. Any other irreducible linear relations are obtained from this
relation by multiplying by the various B;.

We §tarted this stage of the proof wanting to show that at least half of the matrices
(2.16) were linearly independent. As stated in the previous paragraph we have shown
that all 2"~! are linearly independent if n = 2 (mod4). For n = 0 (mod 4),
any linear relation between the matrices (2.16) is derived from the relation I =
+B,B;...B,_; by multiplication by one of the matrices (2.16), but multiplying this
relation by any B; (or product of B;’s) eliminates the B; (or product of B;’s) from the
right side of the equality. Then if relations exists between the matrices, they express

a product of B;’s in terms of the remaining B;’s. So the matrices (2.16) which are
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products of at most (n — 2)/2 B;’s must be linearly independent. This describes half
of the matrices in (2.16). Since there are 2"~ total, this is 2"~2 of them.

We know n must be even, but it remains to be shown that n < 8 and n # 6.
Observe that any set of n? + 1 n x n matrices must be linearly dependent, since a
space of n X n matrices can be spanned by at most n? elements. Then in our set
of matrices (2.16) where we know at least 2"~2 of them are linearly independent, we
must have 22 < n?. This condition fails for n > 10; it fails for n = 10 by inspection
and if we assume if fails for N, we can show if fails for N + 1. For if 2N-2 5 N2, we
have 2N+10+1 = 2.9N-2 5 9. N2 and for any N > 2, 2- N%2 > (N + 1)2. Now since
the condition fails for n > 10, we have shown that n < 8.

We still must exclude n = 6. Since 6 = 2 (mod 4), if there exists a solution to
(2.4) the 2° matrices (2.16) are linearly independent. Recall that a product of 1, 2,
or 5 Bj's is skew symmetric. Then of the matrices (2.16), 5+10+1=16 of them are
skew symmetric. But a Spa,ce of n x n skew symmetric matrices has dimension at
most n(n — 1)/2 = 15. Then the matrices cannot be linearly independent and there
exists no solution to (2.12).

First we showed that if there exists an identity of form (2.12), n must be even.
Then we showed that n must be less than 10, and finally we excluded n = 6. So n
must be 1, 2, 4, or 8, and we have already shown the. problem has a solution in these

cases. |
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CHAPTER 3

COMPOSITION ALGEBRAS

3.1 Structure

In Chapter 2 we showed the connection between the quadratic forms permitting com-
positioh as in Hurwitz’s Theorem and the norm forms of three different nonassociative
algebras: the complex numbers, the quaternions, and the Cayley numbers. Here we
are using the term nonassociative algebra to mean a vector space over a field with
a bilinear multiplication that is not necessarily associative. Hurwitz’s Theorem im-
plies that there is no larger nonassociative algebra over the real numbers than the
Cayley numbers that satisfies the property that the product of norms is equal to the
norm of a product. In this chapter we will generalize Hurwitz’s Theorem by con-
sidering quadratic forms defined on a \.rector space over an arbitrary field and their
corresponding composition algebras, that is, nonassociatve algebras that arise from
quadratic forms which permit composition. With this idea the question of deter-
mining what quadratic forms permit composition becomes a question of determining
composition algebras. Hurwitz’s problem as presented in the previous chapter is a
statement about the possible dimensions of these algebras. A more general version
of Hurwitz’s problem, which is the aim of this chapter, is not just to determine the
dimensions of these algebras, but to classify all such algebras. In this first section we

will prove some basics facts about composition algebras and their structure.

28



We begin with a vector space C over a field F. Assume C is equipped with a
nondegenerate quadratic form N. By quadratic form we mean precisely a mapping

from C into F such that for all a in F, z in C we have
N(az) = o*N(z)

and

o(z,9) = Na+y) - N() - N(y)
is a symmetric bilinear form. The quadratic form N is nondegenerate when N(z) =0
and g(z,y) = 0 for all y in C implies z = 0. In a more general sense, Hurwitz’s
problem was to determine all quadratic forms which permit composition in the sense

that it is possible to define a bilinear composition zy in C such that
N(z)N(y) = N(zy)

for all z, y in C. The vector space C together with the given addition, scalar multipli-
cation and the product defined by the bilinear composition zy defines a nonassociative

algebra.

Definition 3.1.1 A composition algebra is a finite dimensional nonassociative al-
gebra C with a nondegenerate quadratic form N on C such that for all =, y in C we
have

N(z)N(y) = N(zy).

With the following lemma we will see that we may always assume that a composi-
tion algebra has an identity. This was first shown by Kaplansky [19] by the argument
given here.
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Lemma 3.1.2 If it is possible to define a bilinear product Ty on a vector space C that
makes it into a composition algebra, then the product can be modified to make C into

a composition algebra with an identity.

Proof. Since we assumed the quadratic form N is nondegenerate, we can find a

in C such that N(a) # 0. Put u = N(a) 'a® so that N(u) = N(N(a)1)a?) =

J

(N(a)"1)2N(a)® =1 and we have
N(zu) = N(z) = N(uz) (3.1)

for all z. Let R, denote right multiplication by v and L, denote left multiplication
by u. The previous statement implies R, and L, are injective: if £ # 0 then N(z)
nondegenerate implies we can find y such that ¢(z,y) # 0, and by (3.1) g(uz,uy) =
g(z,y) so that g(uz, uy) is also nonzero and then uz # 0. Since C is finite dimensional
both mappings also are surjective. So we know these maps are linear, bijective, and
N(Ry(z)) = N(Ly(z)) = N(z) by (3.1). An injective linear transformation from a
bilinear space to itself that satisfies (3.1) is an isometry, and it is well known that
the set bof all isometries from a bilinear space V to itself forms a group with respect
to composition which is called the orthogonal group of V. ([17], 344) Then by the
preceding analysis, the maps R, and L, both are isometries and therefore elements
of the orthogonal group of C. This fact tells us that R;' and L' are also elements of
the orthogonal group of C so that N(R;!(z)) = N(L;'(z)) = N(z). Now we define

a new bilinear multiplication - on C by

z-y= Ry (z)L; (y).
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This multiplication defines a composition algebra structure on C since
N(z-y) = N(R;'(z)L;" (y)) = N(R; (2))N (L' (v)) = N(z)N ()

with the last equality following from the fact that R;! and L;! are isometries. Finally
we claim that u? an identity element relative to the - multiplication. This follows

from the calculations

U

u? -z = RN (u*) L7 (2) = Ry (Ru(u)) Ly (z) = uly'(z) = Lu(Ly'(2)) = =
and
z-u® = Ry (z) Ly (u”) = Ry (z) Ly (Lu(w)) = Ry (z)uRu(Ry ' (z)) = =.

Then we may always assume that a composition algebra contains an identity. Indeed,
we have shown that if a composition algebra does not to have an identity to begin
with, we can redefine the multiplication to obtain a composition algebra that does
without changing the quadratic form. With this change, we then have a copy of F
contained in C as F'- 1. O

Befdre proceeding to analyze the structure of composition algebras, we first derive
some relations that we will need later in this section. First note that since N permits
composition, we have N(z) = N(z)N(1) so that N(1) = 1. Additional relations are

given in the following lemma.

Lemma 3.1.3 Let C be a composition algebra. Then the following relations hold for

allz, y, z, winC:

q(zy, 2y) = q(z, 2)N(y) (3:2)
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q(zy, zw) = N(z)q(y, w) (3.3)

g(zw, zy) + q(zy, zw) = q(z, 2)q(y, w). (3.4)
Proof. To show relation (3.2) we compute directly
q(zy, zy) = N(zy + 2y) — N(zy) — N(2y)
= [N(z + 2)N(y) — (N(z) + N(2))N(y)]
= [N(z +2) — N(z) = N(2)]N(y)

= Q(za Z)N(y)'

Similarly relation (3.3) holds. For relation (3.4), replace y with y+w in relation (3.2).

This gives the statement
g(zy + zw, 2y + 2w) = q(z, 2) N (y + w). (3.5)
Using bilinearity we can expand the left side of this equation into
g(zy + zw, 2y + zw) = q(zy, 2y) + ¢(zy, 2w) + ¢(zw, zy) + g(zw, 2w).  (3.6)
We have g(y, w) = N(y+w)—N (y)v—N (w) so the right side of equation (3.5) becomes
a(e, 2IN(Y +w) = 4z, 2)la(y, w) + N) + Nw)]
= q(z, 2)q(y, w) + q(zy, 2y) + g(zw, 2w) (3.7)

with the last equality following from relation (3.2). Combining equations (3.6) and
(3.7) gives relation (3.4). O
We now proceed with our investigation of the structure of composition algebras.

Because we do not wish to restrict our results on the structure of composition algebras,
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we have not made any requirement on the characteristic of the field F. However, we
will need to treat one special case separately that can only happen in the event that
the characteristic of F' is 2. We have the following result in the special case that the

bilinear form is identically zero.

Proposition 3.1.4 Suppose q(z,y) = 0 for every z, y in the composition algebra C.

Then C is a purely inseparable eztension field of F, with N(z) = z2 for all z in C.

Proof. ‘We show first that the map ¢ : ¢ - F :z = N (z) is an injective ring
homomorphism. Since 0 = ¢(z,y) = N(z +y) — N(z) = N(y) forallz, y in C, ¢ is
an additive homomorphism. We have N(zy) = N(z)N(y) since C is a composition
algebra so ¢ also preserves multiplication. Now if z € ker¢, N(z) = 0. But we have
assumed ¢(z,y) = 0 for all z and y so the nondegeneracy of N implies z must be zero.

Then ¢ is an injective ring homomorphism. To complete the proof that C is a field,

N(z)*

we need only show that every element has an inverse. We know that N(z?)
since N preserves composition. Also, N(a) = o® for all ¢ € F and so N(z) € F
implies N(N(z)) = N(z)2. Then N(z? — N(z)) = N(z?) — N(N(z)) = 0, and ¢
injective implies N(z) = z? for all = in C. So for all z € C, z7l =zN(z)™' and C
must be a field. Also, since z2 is in F for-every z in C, C is purely inseparable over
F. 0

Note that if the characteristic of F' is not 2, the nondegeneracy of the quadratic
form is equivalent to the nondegeneracy of the bilinear form since N(z) = 2¢(z, z).
For the remainder of this paper, we will assume that the bilinear form is not identically

zero. This assumption will allow us to assume that the bilinear form in a composition
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algebra is nondegenerate even if the characteristic of F' is 2.

Lemma 3.1.5 If the bilinear form q(z,y) is not identically 0 in the composition
algebra C, then the nondegeneracy of N is equivalent to the nondegeneracy of the

bilinear form. In other words, if ¢(z,y) =0 for every y in C, then z = 0.

Proof. Suppose there exists a nonzero y such that ¢(y,w) = 0 for all w € C. Since
N is nondegenerate, N(y) # 0. Now set £ = 1 in (3.2) so we have 0 = ¢(y, 2y) =
q(1,2)N(y). Then ¢(1,2) = 0 for all 2z in C. Setting z = w = 1 in (3.4) yields
q(1,2y) + q(y, 2) = q(1,2)q(y,1). But ¢(1,2) = 0 for all zso ¢(y,z) =0 for all y, =
in C. This contradicts the assumption that the bilinear form is not identically zero.
Hence if ¢(y,w) = 0 for all w, then y = 0. | 0

We now proceed with the structure of composition algebras in the case that the

bilinear form not identically zero. We wish to show that the composition algebra C

has an involution, that is, a linear map ~ : C — C such that (z + y) =T+7, Ty = ¥Z,
and T = z for all z, y in C. In particular, we want an involution that satisfies the

properties
z+T€F:1 and zz€F-1 (3.8)

for all z in C. We will refer to £ +Z = T'(z) as the trace and 2T = N(z) as the norm.
We will see that the norm is the quadratic form associated with the composition
algebra. Note that since we require the involution to be linear, the trace will be
linear and also the norm and trace will satisfy the equation 2% — T'(z)z+ N(z)-1 = 0.

Define a map z +— Z by T = ¢(1,z) - 1 — z. We have the following properties:
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Lemma 3.1.6 For all z, y in the composition algebra C with the map ~ : T — T as

defined above, we have the relations

TY =TT (3.9)
Zz=N(z)-1=17 (3.10)
Z(zy) = (Tz)y = N(z)y (3.11)
(yz)T = y(2T) = yN(z) (3.12)

Proof. We will need the following relations to prove the lemma:
q(zy, 2) = q(z, 29) = q(y, T=). (3.13)
We prove the first equality by direct computation:

q(z,79) = é(w,Zq(l,y) — zy)
= q(z,2q(1,y)) — a(z, 2y)
= q(z,2)q(L,y) - q(=, 29)
= lq(zy, 2) + a(z, 29)] — q(z, 2y)
= q(zy,2) |
with the fourth equality following from (3.4). A similar computation shows q(y,Zz) =

g(zy, z), thus relation (3.13) holds. To prove relation (3.9), we first apply (3.13)

repeatedly to obtain

¢(@7,2) = q(@F - 1,2) = q(1, (zy)>2)
= Q(E, wy)
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From this we see that ¢(Ty — §T,2) = 0 for all z, but since the bilinear form is
nondegenerate we have Ty — T = 0 and we have shown relation (3.9). Next we let

y =1 in equation (3.3) and apply (3.13):
N(z)q(1,w) = q(z, 7w) = ¢(Tz, w).

Since N(z) € F, N(z)q(1,w) = ¢(N(z) - 1,w) so we have ¢(N(z) - 1,w) = ¢(Tz, w)
for all w. Again using the nondegeneracy of the bilinear form, we obtain N(z) = zz.

Similarly we can show N(z) = 2T by replacing z with 1 in (3.2) and applying (3.13),

thus (3.10) has been shown. To prove.(3.11), compare the relations

¢(zw, zy) = q(w,T(zy))

from (3.13) and
g(zw,zy) = N(z)q(w,y) = ¢(w, N(z)y)
which follows from (3.3) of Lemma 3.1.3. This implies ¢(w, Z(zy)) = ¢(w, N(z)y) and
so (3.11) follows from nondegeneracy of the bilinear form. One can prove (3.12) in a
similar fashion. i
Clearly the map ~ : z — T preserves addition. Relation (3.9) in the lemma shows

7 =7 T, and we also have

z=¢q(1,T)—Z
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= Q(l,Q(l,l‘) - .’I:) - (Q(lam) - .’I:)
= Q(17 Q(lvz)) - Q(lvz) - (Q(17m) - .’I:)

= Q(la I)Q(l)z) - 2Q(1vz) tz==z

so our map is an involution. We wanted our involution to satisfy the properties in
(3.8). Relation (3.10) in the previous lemma shows N(z) -1 = zZ € F -1, and
T(zr)-1=z+ZT=gq(l,z)-1 € F -1 so properties in (3.8) are satisfied.

In addition to having an involution, composition algebras have another important

property, but we need the following definition.

Definition 3.1.7 An algebr@ A satisfying the left alternative law

’y =xz(zy) forallz,yc A (3.14)
and the right alternative law

yz’ = (yz)z forallz,ye A (3.15)
is an alternative algebra.

For z in the composition algebra C we have £ +7 =T'(z) -1 € F. We compute

T(zy) = (T(z) - 1 ~ z)(zy) = T(z)zy — z(zy)
and |
(Zz)y = (T(z) - 1z — 2°)y = T(z)zy — 2.

Relation (3.11) Z(zy) = (Tz)y allows us to combine the two previous expressions and

prove that C satisfies the left alternative law. With a similar computation one may
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use (3.12) (yz)T = y(2T) to show that C also satisfies the right alternative law. We

have proved the following:

Proposition 3.1.8 IfC is a composition algebra, then C is alternative with involution

: T — T such that T = N(z) - 1 where N(z) is the given gquadratic form and

z+T=T(z) -1 with T(z) € F.

This proposition is only half of our main result on the structure of composition
algebras. We will see that the converse of this statement is also true, that is, if we
begin with an alternative algebra A with the conditions described _in the proposition
then A must be a composition algebra. However, to prove this, we will need some
basic results on‘ alternative algebras.

We denote the associator (zy)z — z(yz) by (z,y, z) An algebra is associative if

the associator is always 0. An algebra A is alternative if

(z,7,Y) = (y,z,2) =0

for all z, y in A. This is just the left and right alternative laws (3.14) and (3.15) writ-
ten using the associator. The associators in alternative algebras have an important

property:

Proposition 3.1.9 Associators in alternative algebras are alternating in the sense
that an associator does not change under an even permutation of its argument and
changes sign under an odd permutation of its argument. In other words, for all z, y,

z in the alternative algebra A we have

(IE,y, z) = —(yaa:,z) = —-(Z, y,x) = (y,z,:z:) = —(IE,Z,y) = (z,w,y).
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Proof. To prove this claim, it is sufficient to show (z,y,2) = —(y,z,2) = (y, 2, z).

The first equality follows from the computation
(z,9,2) + (4,2, 2) = (2,2,2) + (2,9,2) + (¥, 4, 2) + (¥, %, 2)
= %2 — z(z2) + (zy)z — z(y2) + ¥z — y(y2) + (yz)z — y(z2)
= (z+y)2z—(z+y)(zz+yz)=(z+y,z+y,2) =0.
The equality (y, z, ) + (y, 2, 2) = 0 can be shown using a similar computation, and

we have shown that the associator is alternating in alternative algebras. We will use

this fact to prove some basic identities for alternative algebras. O

Lemma 3.1.10 In an alternative algebra A, we have the flexible law

(zy)z = z(yz) (3-16)
and the Moufang identities
(aya)z = aly(az)] (3.17)
z(aya) = [(za)yla (3.18)
(a2)(ya) = a(zy)a (3.19)

for allz, y, and a in A.

Proof. The flexible law follows immediately from the fact that the associator is
alternating: (z,y,z) = —(y, z, ) which must be 0 since A is alternative. We can now
write zyz to mean (zy)z or z(yz). To prove the first Moufang identity (3.17), we

again use the fact that the associator is alternating to compute:

(aza)y = (az,a,y) + (az)(ay)
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= (az, a,y) + (a,z, ay) + a[z(ay)]

= —[(a,az,9) + (8, ay,7)] + alz(ay)]

= —[(a’z)y - a[(az)y] + (a’y)z — a[(ay)2]] + az(ay)]

= —[(@®,z,9) + (%, 4, 2) + a*(zy) — af(az)y] + a* (yz) — al(ay)z]] + a[z(ay)]
= —[(a*, ,y) - (a*,3,9) + a(a,7,y) + a(a, ¥, 7)] + a[z(ay)]

= —a[(a,z,y) - (a,2,y)] + a[z(ay)] = a[z(ay)].

The second Moufang identity (3.18) can be shown using a similar calculation. Note

that identity (3.17) can be written in an equivalent form using associators

(aayaam) = (aya,):v - a‘[(ya)m] = a[y(a:z:)] - a’[(ya)m] = _a’(y’ a, :E) = a’(may: a‘)'

We will use this form of the first Moufang identity to prove (3.19):

(az)(ya) = (a,z,ya) + a[z(ya)]
= (a,z,ya) + a[z(ya)] — a(zy)a + a(zy)a

= (a,,ya) — a(z,y,a) + a(zy)a = a(zy)a.

Thus we have shown that alternative algebras are flexible and satisfy the Moufang
identities. O

Now we proceed with our proof of the converse of Proposition 3.1.8. Assume
we have an alternative algebra A with identity and involution ~ : z — Z such that
Zz = N(z)-1 and 2+Z = T(z) -1 with both N(z) and T'(z) in F. From the definition

of N(z) we see that N(az) = a®N(z). Also,

Niz+y)-N@)-N@y)=(z+y)(T+y)—2T—yg=27+yz (3.20)
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s0 q(z,y) is a symmetric bilinear form and N(z) is a quadratic form. We must show

that N(z) permits composition. Since ¥ = T'(y) - 1 — y and A is alternative, we have

z(yy) = zly(T(y) - 1 — y)]
= zyT(y) — zy°
= zyT(y) — (zy)y

= (zy)(T(y) - 1 — y) = (zy)7. (3.21)

We now compute:

N(zy) = (2v)(z7) = (2y)(77)
- ) ETE 1-2)
= (@)3T(z) - (2v)(Fo)
= s4T@) - a(yD)e
= zN(y)T'(z) — zN(y)z

= 2(T(a) - 2)N(y) = 52N (y) = N@)N(y).

The fourth equality follows from (3.21) and the Moufang identity (3.19). We formally

state what we have shown:

Proposition 3.1.11 If C is an alternative algebra with identity and involution ~ :
z ~ T such that Tr = N(z) - 1 and £ +Z = T(z) - 1 with both N(z) and T(z) in F,

then C is a composition algebra.
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3.2 The Cayley-Dickson Doubling Process

Three examples of composition algebras that the reader is already familiar with are
the complex numbers, Hamilton’s quaternions, and the Cayley numbers; the fact
that the norm form permits composition has already been shown. In this section
we give a method for constructing composition algebras. This construction process
can be thought of as a generalization of two familiar constructions, the first being
the Hamilton’s construction of the complex numbers as ordered pairs of real numbers
and the second being Dickson’s construction of the Cayley numbers in terms of the
quaternions which was presented in Section 2.3.

As was first shown formally by Hamiltqn, the complex numbers can be thought of
as ordered pairs of real numbers u = (a,b) € R X R. Recall that addition is naturally
defined component-wise, and the product of two complex numbers (a;, b ) and (ag, be)

is defined by
(a1, b1)(az, b2) = (araz — bibe, arbz + azby). (3.22)

It is easily verified that this definition is equivalent to the usual definition of the
product of (a; + by3)(ag + bot). Compare this construction to Dickson’s construction
of the Cayley numbers given in Section 2.3. Dickson showed that every Cayley number
could be written as p + qe where €2 = —1 and p, q are quaternions. We could just as
easily write p + ge as an ordered pair (p, ¢) and Dickson’s definition of multiplication

would be

(01, @1) (D2, @2) = (Prp2 — T2q1, g2p1 + @172)
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This is similar to (3.22) but with conjugates thrown in. It was Albert [1] who realized
that Dickson’s idea of taking a composition algebra and ”doubling” it to obtain
another composition algebra could be generalized to arbitrary fields. We now begin
to describe this process, generally referred to as the Cayley-Dickson doubling process.

Suppose we have a nonassociative algebra B with identity and involution ~ : a > @

satisfying
z+T=T(z)€F and zZT=N(z)€EF (3.23)

where N(z) is a nondegenerate quadratic form. We will construct a new algebra
C of twice the dimension of B having the same properties as B and having B as a
subalgebra. Let C be the vector space of all ordered pairs (a,b) of elements of B.
Scalar multiplication and addition is deﬁned component-wise, the usual direct sum

vector space structure. Multiplication will be defined by
(al, bl)(az, bz) = (a1a2 + H'E;bl, baay + bla_z) (3.24)

where 4 is a nonzero element of F'. This definition of multiplication makes it clear
that (1,0) is an identity in C. Also, since (a;,0)(az,0) = (@1a2,0) we can identify B

with the subalgebra B' = {(a,0)|a € B} of C. We define the map

~:C—>C:(a,b) > (a,b) = (a,-b). (3.25)

This map is F-linear and preserves addition since a +» @ is an involution in B. We

also have

(a, b) = (ﬁ, _b) = (ﬁa _(—b)) = (a7 b)
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and

(a27 b2) (ah bl) = (a_2’ _b2) (a_l) —bl)
= (@zar + pbiba, —biaz — beay)
= (@1az + MI_JQTIZ, —bea; — biaz)

- = (a1, b1)(ag, b)

so that (3.25) is an involution in C. We compute

(a,8) + (a,8) = (T(a),0) = T(a)(1,0) € F - L (3.26)

and

(a,b)(a,b) = (a,b)(@, —b) = (N(a) — pN(b), —ab + ab)

= [N(a) — pN()](1,0) € F-1c. (3.27)
The map N((a,b)) = N(a) — pN(b) is a quadratic form because
N((aa, b)) = N(aa) - uN(ab) = 2[N(a) - pN(B)] = &N ((a,)
and the associated bilinear form

q((a1,b1), (a2,b2)) = N((a1 + ag, b1 + b2)) = N((a1,b1)) — N((az, b))
= N(ay + az) — uN(by + bo) — N(a1) + uN(b1) — N(az) + uN(by)

= g(a1, az) ~ pq(bs, by)

is nondegenerate. To see why the bilinear form is nondegenerate, suppose for all
(az,b2) we have g((ai,b1), (ag,b2)) = 0. Then g(a;,as) = ug(by,b,) for any choice of
az, bo in B so we will assume b, = 0. We have ¢(a;,az) = 0 for all ag, so a; must be
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zero since the bilinear form is nondegenerate on B. If we assume az; = 0, we see that
by = 0 by a similar argument. Therefore g((a1,b1), (az, b2)) = 0 for all (az, b)) implies
(a1,b;) = 0 and so the bilinear form is nondegenerate on C.

Thus we have constructed an algebra C with involution having the same properties
as the algebra B. We will call algebras constructed by applying the Cayley-Dickson
doubling process Cayley-Dickson algebras. Next we prove that we have the following

relationship between the algebraic properties of B and C:

Proposition 3.2.1 Suppose C is the Cayley-Dickson algebra constructed by doubling

B. Then
1. C is associative if and only if B is commutative and associative and
2. C is alternative if and only if B is associative.

Proof. Before proving the proposition, we will write the associators (z,y, 2) = (zy)z—
z(yz) of C in terms of the commutators and associators of B. Here we use the notation

[z,y] for the commutator zy — yz. We calculate directly:

| ((al, b1), (a2, b2), (as, bs))

= ((0252)01 — a2(baa1) + pa(b3(b1a2) — az(bsby) + by(batir) — (arbs)be
+(b1ba)as — (asb)ba) , bs(aza1) — (bsa1)az + (bras)as
—(015)az + (b31) 5 — by(@T) + p(b3(Brbe) — ba(Brbs) )
= ((az, b3, 01) — pu([Bsbr, aa] — (Bs, by, a2) + [Bsba, @i — (Bs, ba, @1) — (a1, B, bo)
+[b1b2, as] — (as, by, b2) , balaz, a1] — (b3, a1, az) + by[ag, @3] — (by, az, @)

+ba[a1, @3] + (b2, a1, @) — p([b3bu, ba] + ba[Ba, bo] + (ba, By, b)) (3.28)
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Assume C is associative. Recall that all the associators in C must be zero so that
the left side of (3.28) immediately reduces to 0. Also, since B is a subalgebra of C,
B must also be associative. Let by,b; be elements of B. Setting a; = a; = a3 =0
and b3 = 1 in (3.28), we find that [b;,b;] = 0 so that B is commutative. Con-
versely, when B is associative and commutative, all its associators and commutators
must be zero so the right side of (3.28) immediately reduces to zero and we have
((al, b1), (a2, ba), (aa,b3)) = 0. Hence C is associative. This completes the proof of
(1). To prove (2), we first assume that C is alternative. Then B must also be alter-
native since it is a subalgebra. From this we know that in B, the associators must be
alternating from Proposition 3.1.9 and we also have the flexible property (z,y,z) =0
from Lemma 3.1.10. We will also make use of the following useful fact: in B we
have 0 = (z,z,y) = (z,T(z) — T,y) = (z,T,y). Using these facts and the fact that
(z,y,2) + (z,y,2) = 0 and [z,y] + [z,F] = 0 we compute from (3.28) with a; = a,,

by = by, and ag = 0:

((01, b1), (a1, 1), (0, ba)) = ((al, b1, a1) + p([bsb1, a1] — (B3, b1, 1) + [bsb1, @]
—2(b3, by, @) , bs[ar, a1] — (b3, a1,a1)
+p((b1, 51, bs) — [b1By, bs] — bs[By, 1)) )

= ((E;a bz,al)ao)-

Since C is alternative, this gives (b3, by, a;) = 0, or equivalently for any a;, by, b in B
(a1,b1,b3) = 0 so that B must be associative. To prove the converse we note that B

associative implies all associators in B are zero. Then given any (a;, b;), (a3, b3) in C,
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from (3.28) with a; = a; and by = b; we have

((a1,b1), (a1,81), (as, bs)) = (u([Babs, @] + [Bsb, a1] + (Bibr, as]) , bsfas, aa]

+bila1, @) + b (a1, @] — p([bibr, bs] + ba[Br, ba]))

- (00)

so that C must be alternative. 0

This proposition gives us anv important result. Recall from Proposition 3.1.8 and
3.1.11 thatCis a compdsition algebra if and only if C is alternative. Then by Propo-
sition 3.2.1 C is a composition algebra if and only if B is associative. We formally

state the result.

Corollary 3.2.2 The Cayley-Dickson algebra C constructed by doubling B is a com-

position algebra if and only if B is associative.

Before showing some examples of algebras constructed in this manner, we make a
brief comment. Just as a complex number can be written a.s an ordered pair of real
numbers (a,b) or as a + bi, at times we will prefer to write the elements of C in a
different form. We have the subalgebra B' = {(a,0)|a, € C} isomorphic with B. Let
I = (0,1) so that /2 = - 1¢ and we have that C is the direct sum B'@ B'l. Written this
way the elements z of C are of the form z = a + bl with a, b in B and multiplication

(3.24) is given by
(a1 + bil)(az + byl) = (@102 + pboby) + (baay + biaz)l.
The involution defined in (3.25) becomes

z—Z:a+bl—a—bl
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and we also have the trace (3.26) and norm (3.27)

T(a+ bl) = T(a) and N(a+bl) = N(a) — uN(b).

3.3 A Generalization of Hurwitz’s Theorem

Examples of Composition Algebras

We wish to determine all composition algebras, so we begin this section with a de-
scription of the composition algebras constructed with the Cayley-Dickson doubling
process. The procéss is a little smoother in the case where the characteristic of F' is
not 2, so we will eiamine this case first.

We begin by taking B to be the field F. Remember our only requirement for
B was to be a nonassociative algebra with identity and involution such that z% =
N(z) is a nondegenerate quadratic fofm. F trivially satisfies these requirements with
N(a) = a@ = a®. We double F' to obtain our first example A, with basis {1,4;}

where 7, = (0,1) and Ay = F @ F - 1. Multipliéation is completely described by
7= ply,.
Let 1 = ap + a1%; € A;. Then the involution is given by
T =0 — oyl = g — Qqty

so that

N(z1) = N(ag) — i N(eu) = ap® — pyay?

Note that this algebra is both commutative and associative. We will refer to this two

dimensional algebra as a quadratic algebra. Since A, is a composition algebra, we

48



can compute a composition law. If we take £ = ap + 1% and y = Sy + Fri1 then

zy = (aofo + pr01B1) + (coPr + 1 Bo)is so that N(z)N(y) = N(zy) gives
(00® — ar®)(Bo® — mPBr?) = (@B + a1 fo)? — (o + 1 o).

The Two Squares Identity discussed in Section 2.1 is a special case of this formula
where the field F is the field of real numbers and y; = —1. According to van der
Blij, the general version of the Two Squares Identity occurs in Indian mathematics
for special values of u; dnd was used by Euler in the theory of Pell’s equation.

For the next example, we double A; to obtain A; = A; @ Ai; where iy = (0,1)
and i2 = pp € F is the parameter used in defining multiplication. A, has basis
{1,41, 42,13} where i3 = iyi5. Using the definition (3.24) of multiplication one finds
that 7,9 = —1i2i;. A complete multiplication table for the basis elements can be

computed from the relations
.2 _ 1 .2 _ 1 d .« . — . .
U1 = H1l4,, Iy = Hala,, an t172 = —i2l

and the fact that A, is associative. We will refer to these relations as Hamilton’s
relations. Four dimensional algebras whose basis elements satisfy these relations
are the generalized quaternions. Note that Hamilton’s quaterﬁions are the special
case where F is the field of real numbers and yu; = pp = —1. Since A; is both
commutative and associative, by Proposition 3.2.1 A; must be associative but cannot
be cqmmutative because 413 = —i2i;. Next we compute the involution and quadratic
form for the generalized quaternion algebra As. Let zo € A;. We can write 72 =
g + oty + ooty + asziz = (g + a1i1) + (@2 + azii)ia, so the involution is
Tz = ao + ant — (g + a3t )iz = @p — oy — apiz — asis
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and the norm map is given by
N((Ez) = N(ao ~+ alil) - [JzN(az ~+ a3i1) = 0402 - [110412 - u2a22 ~+ [12[110(32.
Direct computation yields the formula for the product of two quaternions:

(cp + 0181 + etz + asis)(Po + Piir + Paiz + Psis + Pais)
= (B + 1181 + patzfa — papacsfs) + (cobfr + 1o — paczfs + pa0sf2)i

+(apf2 + azfr — ma1Bs — prasf)iz + (cofs + azfo + 1P — azf)is.

Applying the fact that the norm permits composition to this formula and the formula

for the norm, one can compute a law of composition as done for quadratic algebras:

(CYO2 - #1C¥12 - #2022 + M2#1C¥32)(ﬂo2 - #1ﬂ12 = llv2ﬂ22 + #2#1ﬂ32)
= (cofo + 101 B1 + poaafs — prpaasBs)? + pi(cobr + a1 fo — pacefs + poasBe)?

+po(pBe + 2P — mrcuBs — prasfi)? + papi (@oBs + asfo + 1B — a2f1)?.

In the special case where F' is the field of real numbers, this composition law gives a
generalization of the Four Squares Theorem that was known to Lagrange as early as
1770.

In our last example in the case the characteristic of F' is not 2 we double A, to
obtain A; = Ay ® Azis where i2 = p3. Sjnce Aj is not commutative, by Proposition
3.2.1 A3 cannot be associative. But then Corollary 3.2.2 implies the double of A3 can-
not be a composition algebra. So Aj is the last composition algebra we can obtain by
the Cayley-Dickson doubling process. Now the basis of A3 is {1, 1, %2, 13, %4, %5, %6, i7}
where i3 = 411y, 5 = 1194,ig = %24, and iy = i3i4. These eight dimensional algebras
are called the Cayley algebras since they are a generalization of the Cayley numbers
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i i i iy s i i

iy | M-l i3 Hato is M1t —i7 — 16
g | —i3 Mo+l —poiy 16 17 M2ty Mals

i3 | —pile  M2t1  —Mipe-l iy Hile —H2ls — 1 24
| —is  — —1i7 3=l —paiy — Uals U3t3

5 | —M1lg  —ir —pite  palt —paps -l H3t3 Hapi3ta
16 7 —Mot M2ls M3tz — 33 —Ha2ps 1 —popsn
i7 | —lg 15 14 —i3 —iy 1 Hipopis - 1

Table 3.1: Cayley Algebra Multiplication

over the field of real numbers with u; = uy = pu3 = —1. We pointed out in the

previous example that i1, 42, and 43 satisfy Hamilton’s relations. Using the definition

of multiplication one can also show that each set of triples {i;,44,45} and {is,1s,1%6}

also satisfy the Hamilton relations:

-2 -
= #11A3,
-2 —_—
1= ”‘llAa:
Z% = /J‘21Aa7

.2 _

= ﬂ‘21A3;
2

5 = pslyg,
.2 _ ‘

4 = /“1‘314431

and ’1:2’1:1 = —’1:3,
and i4i1 = —i5,
and '1:41:2 = —iﬁ-

Using these relations and the fact that Az is alternative one can construct a multipli-

cation table for the basis elements. Given a; € A3 we can write a3 = ag+a;4; +agips+

ai3l3 + gt +Qisls + Qe + Qply = (0[0 + ot +aglo+ Ot3i3) + (Ot4 + agty + aglo + 0[7’1:3)1:4.

Then the involution on Aj is given by

T3 = (0p + a1 + aia + asis) — (a4 + a5l + gl + aris)is

= Gy — Ot1i1 - Otg’ig - Ot3i3 - 0[4’54 - a5i5 - aﬁiﬁ —_ Ot7i7.
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The norm is

N(a3) = N(ao + i1 + ate + a3z'3) — ;z3N(a4 + a5ty + agie + a7i3)

= ap® — ma® — paon® + patios’ ~ psou® + #1#36!52 + Uglt30s® — o piacer’.

We could also compute the composition law for Cayley algebras using the formula for
the norm and the formula for the product of two elements in the Cayley algebra but
will not because of the length of the formulas. This composition law gives an extension
of the Eight Squares Identity for real numbers that was discovered by Graves by trial
and error only a month after his discovery of the Cayley numbers.

This iterative process can be generaiized to include the case where the charac-
teristic of F' is 2; instead of beginning with the field F' we begin with the two-
dimensional algebra F[A]/(A2 — A + a) where 4a # 1, together with the quadratic
form N(a + bl) = a® + ab + b?a where | = A + (A2 — A + a). We will also refer to
this algebra as a quadratic algebra, buf this algebra is defined for a field F' of any
characteristic. The quadratic algebras defined earlier for CharF' # 2 were a special
case; these algebras are isomorphic via the map defined by i; — [— % 1. We will show

that these general quadratic algebras for case CharF' = 2 have an involution which

satisfies properties (3.23). Define amap ~:a+bl—a+bl by a+bl =a+b(1 - I).

Clearly (a1 -+ bll) -+ (az =+ b2l) = (a1 =+ bll) =+ (a2 -+ bzl) AISO,
— P 2

P=l-a=1-l-a=1-21+(-a)=1-2+P=(1-01)2=1T

so that

(a1 =+ bll) (ag -+ bgl) = ;a9 + (alb2 -+ agbl)i + b1b21—2—
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= a1as + (a1b2 + agbl)i + blbzf

= (a1 + bl)(az + bol)

= ((11 + bll) ((12 + bzl)

Wehavea+ 0l =a +b(1 —1) =a+b(1—(1=1)) = a+bl. Then ~:a+bl — a+ bl =
a+ b(1 — 1) is an involution. Straightforward computations show that z + T and zZ
arein F: (a+bl)+ (a+b(l—-10) =2a+b=>b¢€ Fand (a+bl)(a+b(1-10) =
A?+ab+ b —b2 =a’+ab+ b — b2 (l— a) = a® + ab + b’a € F. Also, since
F[N/(A? — A\ + ) is isomorphic to either FF @ F' or F(l) depending on whether
A2 — X + a is reducible in F[}], it is associafive. Then we can apply the Cayley-
Dickson doubling process to F[A]/(\? — A+ @) to obtain a composition algebra of
degree four, and again to obtain a composition algebra of degree eight. We will refer
to the double of the quadratic algebr;a defined for a field of any characteristic as a
generalized quaternion algebra, and the double of a generalized quaternion algebra

defined for a field of any characteristic as a Cayley algebra.

Classification of Composition Algebras

We have shown that the algebras listed above are composition algebras. It turns out
that in fact the field F' and the algebras described above are the only composition
algebras when the bilinear form is not identically zero. Before proceeding to show this,
we pause to review a few definitions and a theorem on the orthogonal decomposition
of bilinear spaces.

Recall the definition that if W is a subspace of V, the orthogonal space W+ is the
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set of all vectors v in V' such that ¢(v,w) = 0 for every w in Wb. Also recall that a
vector v is isotropic if g(v,v) = 0 and that a space V is isotropic if V contains an
isotropic vector. We say a subspace is totally isotropic if q(wy,ws) = 0 for all wy,
wy in W. Note then that a subspace W is nonisotropic if and only if W N W+ = 0.
In other words, W does not contain any vectors that are perpendicular to all other
vectors. We point out the following result on the orthogonal decomposition of bilinear
spaces ([2], 117; [23], 7): If W is a nonisotropic subspace of a space V then we can
write V = W @ W+ where W+ is also nonisotropic.

In our proof of the classification theorem for composition algebras we will use the

following lemma repeatedly.

Lemma 3.3.1 Let C be a composition algebra that contains a proper algebra B that
1s nonisotropic. Then C contains a larger subalgebra A obtained from B by applying

the Cayley-Dickson doubling process that is also nonisotropic.

Proof. With B nonempty and nonisotropic, by the remarks preceding the lemma we
can decompose C as B @ B*. Also, we can find [ in B% such that N(I) = u #0. We
have ¢(1,1) = +1 but since [ is Qrthogona.l to 1, ¢(1,!) must be zero so [ = ~I. This
gives 2= —ll = —N(l)- 1 = —p-1. We also have g(z,l) = Zl + Iz for all z € C, but

then if z is in B ¢(z,!) = 0 so that
Tl =—-lz =z (3.29)

for all z € B. Consider the subspace Bl = {zl|z € B}, and let A = B + BI. Take z,
y in B. Then 7z is in B and since C is a composition algebra, we can apply (3.13) of

Lemma 3.1.6 to compute ¢(z, yl) = ¢(7z,!) which must be 0 by (3.29). This shows

o4



that the subspace Bl is orthogonal to B so that BIN B is 0 and therefore A is the
orthogonal direct sum of B and Bl. Again using relation (3.13) of Lemma 3.1.6,
we have g(zl,yl) = ¢((zl)l,y) and since [ = —I this is g(z(—1?),y) = pg(z,y) so
that g(zl,yl) = pg(z,y). Using this equality we see that if zl = yl, then pg(z,y) =
g(zl,yl) = q(zl,zl) = 2uN(z) = pg(zr,z) and the nondegeneracy of the quadratic
form gives £ = y so map z +— zl of B onto Bl is injective. So B and Bl are
isomorphic vector spaces. Also from the equality g¢(zl,yl) = pg(z,y) we see that
since B is nonisotropic then Bl must be nonisotropic: B is nonisotropic means if
z = y then g(z,y) # 0, but then g(zl,yl) # 0 so that Bl must be nonisotropic
also. Next we will need to cémpute the product of two elements of A and show the
multiplication in C matches the multiplication given by the definition of the product
in the Cayley Dickson double of B. Before proceeding with this, we derive a relation
that we will need for this calculation. We have z(ZTy) = N(z)7 from Lemma 3.1.6; we
replace z with a + I and y with b to obtain a(lb) — I(@b) = 2¢(a,)b. But ¢(a,l) =0
for all a € B, so a(lb) = I(@b) for all a, b € B. Since zl = Iz (3.29), a(lb) = a(bl) and

I(@b) = (ba)l so we have the desired relation
a(bl) = (ba)l. (3.30)
Now we compute the product of a; + b,l, as + bol in A:
(a1 + bil)(az + bol) = araz + ax (bal) + (brl)ag + (b1l)(bal). (3.31)
We have

al(bzl) = (bz(h)l (3.32)
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directly from (3.30). From the same relation (3.30) we also have @z(bil) = (biaz)l,

and by applying the involution to this equality and then using (3.29), we obtain
(bil)ag = (biaz)l. (3.33)
We can use (3.29) and the Moufang identity to simplify the last term in (3.31):
(bal) (bal) = (1B2) (bal) = 1Babo)l = (Buba)i? = pu(Baby). (3.34)
Use (3.3), (3.33), and (3.34) in (3.31) to obtain
(a1 + bil)(ag + bol) = ayaz + (b1@R)l + (b1@2)l + p(babr).

So the multiplication in A matches the multiplication in the double of B. Also,

a+bl = @a—1b = a— bl so the involution matches the involution defined in the
construction of the double of B. We have shown that A is a subalgebra of C obtained
by doubling B that satisfies the same conditions as B. O

We pause for a remark on the lemma. In the lemma we assumed that our compo-
sition algebra had a nonisotropic subalgebra, and from this we obtained the element [
which was used in constructing the Cajley—Dickson subalgebra. The proof also shows
that if you assume you have an element ! with nonzero norm which is orthogonal
to 1, and [ has the property that ¢(b,I) = 0 for all b in some subalgebra B, then
B + Bl is a Cayley-Dickson subalgebra of the composition algebra C. We will have
the opportunity to use this rewording of the lemma later.

Now we can prove our classification theorem for composition algebras.

Theorem 3.3.2 (Generalized Hurwitz Theorem) Let C be a composition alge-

bra over the field F. Then C is one of the following: F -1, a quadratic algebra, a
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generalized quaternion algebra, a Cayley algebra, or if the characteristic of F' is 2, a

purely inseparable field such that N(z) = 1% for z in C.

Proof: We first address the case where the characteristic of F' is not 2. Suppose we
are given a composition algebra C equipped with a nondegenerate quadratic form N.
The subalgebra F -1 is nonisotropic in C, so if C # F', by Proposition 3.3.1 C contains
a nonisotropic subalgebra A;, a quadratic algebra, obtained by doubling F - 1. If
C # A, then we m'ay apply the proposition again so that C contains a quaternion
algebra A, obtained by doubling A;. If A, is not all of C, we can double As to obtain
a Cayley algebra Aj that is contained in C. If C # As, C must contain the double
of As. But as already discussed, Cayley ;algebras are not associative so their double
cannot be alternative. So if C contains the double of Aj, the élternative algebra C
contains a subalgebra that is not alternative. This contradiction means that ¢ must
be a Cayley algebra.

We now assume the characteristic of F' is 2. Recall from Proposition 3.1.4 that
if C is a composition algebra such that the bilinear form is identically zero then C
is a purely inseparable extension field of F'. So suppose we arek given a composition
algebra C equipped with a nondegenerate quadratic form N and a bilinear form that
is not identically zero. Since the bilinear form is not identically zero, by Lemma 3.1.5
the nondegeneracy of N is equivalent to the nondegeneracy of the bilinear form. The
proof given for characteristic of F' not 2 cannot work here because the subspace F -1
is isotropic in C when characteristic of F' is 2, but we do wish to do something similar.

Instead of starting the argument with the subspace F-1 and applying Lemma 3.3.1, we
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will begin the argument with a quadratic algebra, but we must show that C contains
a quadratic subalgebra that is nonisotropic. Since the bilinear form is nondegenerate,
there exists z in C such that ¢(z,1¢) = @ where « is nonzero. Since ¢(a™'z,1¢) =1,

we might as well assume g(z, 1¢) = 1. We claim F + F'z is a subalgebra of C: we have

(a4 Bz)(y + 6z) = oy + (ad + BYy)z + Béz?

and since g(z,1¢) =T(z) =1,z+Z =150 2?> = —zT+z € F+ Fz and (a+fBz)(v+
éz) € F + Fz. We will show that F' 4+ F'z is nonisotropic by contradiction. Assume
that F' + Fz is isotropic; then there exists & and 8 in F such that ¢(a + Bz,z) =0

and ¢(a + fz,1c) = 0. Then
q(a+ Bz, z) = ag(le, 7) + Be(z,z) = ag(le,z) = 0

and
g(a+ Bz, 1c) = aq(le, 1c) + Ba(z, 1c) = Be(le,z) =0

so we see that @ and 8 must be zero. This algebra is isomorphic to the general
quadratic algebra defined at the end of section 3.3. Thus we have shown that C con-
tains a nonisotropic quadratic subalgebra. The theorem follows by applying Lemma

3.3.1 as done in the case for characteristic of F' not 2. O

3.4 Split Algebras and Division Algebras

We can give a more detailed classification of composition algebras if we analyze them
in terms of split algebras and division algebras. We will see that the split composition
algebras are unique up to isomorphism for each degree. For division algebras, we will
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show a way to determine when two Cayley-Dickson doubles of the same composition
algebra are isomorphic.

Recall that Hamilton’s quaternions and the Cayley numbers presented in the first
portion of this paper are division algebras. In fact, any composition algebra C over a
field F is a division algebra if and only if the norm N(z) is nonzero for all nonzero
z in C. Clearly C has zero divisors if there exists z # 0 such that N(z) = 0 since

N(z) = zT. Conversely, given any z in C, if N(z) # 0 we can always take z7*

as
Z/N(z) so that every z is invertible. Composition algebras that contain zero divisors

are called split composition algebras.

Proposition 3.4.1 A composition algebra is a division algebra if and only if the

norm form is nonisotropic.

For any field F' we can construct a composition algebra of degree 2, 4, or 8 that
contains zero divisors. For characteristic of ' not 2, we can just apply the Cayley-
Dickson doubling process to F' and take y; = 1 at each step. The following proposition
tells us when the double of a composition algebra is a division algebra and when it is

split.

Proposition 3.4.2 The Cayley-Dickson algebra C = B @© Bl where I> = p is a

division algebra if and only if B is a division algebra and p # N(b) for some b € B.

Proof. Recall that the norm in the Cayley-Dickson double B @ Bl, with 2 = p € F,
is N(a+bl) = N(a) — pN(b). Note that if B is split, we can find a, b in B such that
N(a) =0 = N(b) so that there exists a + bl € B @ Bl with zero norm. Then if B is

split, the double of B must also be split for any choice of 4 € F. Suppose now that
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B is a division algebra. If N(a +bl) =0, p = N(a)N(b)~! = N(a)N(b7) = N(ab™!)
so that p is the norm of an element of B. Conversely, if 4 = N(b) for some b € B,
then N(b+1) = N(b) — uN(1) = 0. So the Cayley-Dickson double of B is split if and
only if y is the norm of an element of B. O

In the previous section we showed that all composition algebras are either F,
quadratic algebras, quaternions, or Cayley algebras. The main goal of this section is to
further describe the classification of all composition algebras when the characteristic
of F'is not two 2 by analyzing the split and division algebras in each case. We will see
that there are many division algebras, but there is a unique split composition algebra
for each degree 2, 4, and 8. Although the results are still true in the case where
characteristic of F' is 2, the proofs are beyond the scope of this paper. Throughout
this last section we will aséume that the characteristic of F is nét 2 and refer the reader
to the work of Blij and Springer [4] for a discussion of the case where characteristic
of F'is 2.

In the proofs that follow, we will have the opportunity to use a certain decom-
position for composition algebras in the special case the characteristic of F' is not
2. Recall the discussion regarding the orthogonal decomposition of a bilinear space
preceding Lemma 3.3.1. Here we consider the subspace F' - 1 of C. For any nonzero
a € F, qa,1) = ag(1,1) = 2a # 0. So (F-1) N (F-1)* = 0. Then we can write
C = (F-1)®Cy where Cy = (F -1)*, so any z in C can be written as o - 1 + z
where a € F and zy € Cy. Note that from our definition Z = ¢(1,z) - 1 — = we have
ZTo = q(1,%0) 1 — 29 = —T9, 50 @ -1+ 39 = o -1 — 79. Had we assumed that the
characteristic of F' was not 2 in the beginning, we could have defined our involution

60



this way in the start.

Before proceeding to focus on split algebras and division algebras, we need a
way to determine when two composition algebras are the same, precisely meaning
that there is an isomorphism between the algebras that preserves both the algebra
structure and the norm form. We say two norm forms N and N’ are equivalent if
there exists an injective linear mapping f : C — C' such that N'(f(z)) = N(z) for
all z € C. The proof will show that any algebra isomorphism between composition
algebras must preserve the norm. Conversely, any injective linear mapping between
two composition algebras that preserves the norm must also preserve the algebra

multiplication.

Proposition 3.4.3 Assume that the characteristic of F' is not 2. Two composition
algebras C and C' are isomorphic as algebras if and only if their corresponding norm

forms N and N' are equivalent.

Proof. Suppose we have an algebra isomorphism 7 : C = C'. To show N and N’ are
equivalent, we must show that N'(n(z)) = N(z) for all z € C. First we note that z
is in the subspace Cy = {z € Clg(z,1) = 0} if and only if z% € F - 1 but z ¢ F-1. To
see this, take nonzero z in C and write £ = @+ 1 + zo where a € F and z¢ € Cy. If

£ €Co, thena=0and c=1x5 #0. Soz ¢ F - 1. Since Ty = —xy, if z € Cy, we have
1’ =z2 = —30Tg = —N(z¢)- 1€ F - 1. (3.35)
To show the converse of the statement, suppose = ¢ F - 1 and z? € F - 1. Then since

2’ = (a-1+139)® =a® 1+ 2am + 72 = (a® — N(z0)) - 1 + 20z,
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we must have 2azy = 0. If 7o = 0, we contradict our assumption that zo ¢ F - 1,
so o = 0 and z = zo € €. Thus we have shown that if z € C, then zy € Cp if
and only if z ¢ F-1 and z2 € F - 1. We use this fact to show that if 7o € Cy,
then n(zy) € Cj: if o = 0 then statement is clear so assume zo # 0. Then we
have 7(zo) ¢ n(F - 1c) = F -1 but n(zf) = n(z0)* € n(F - 1c) = F-1lo. It
follows that n(zo) € Cp. This fact tells us that since n(z) = a - 1 + 1(zo) we have

n(z) = a-1¢—n(zo). Now we can prove that the norm forms N and N’ are equivalent.

We compute

n(N'(n(z)) - 1) = N'(n(z)) - 1e
= n(z)n(z)
= (a-1le + ,ﬂ(mo))(a - 1o — 1(20))

= n(z)n(z) = n(az) = n(N(z) - 1).

Since 7 is injective, N'(n(z)) = N(z) for all z € C.

Next we prove the converse of the proposition; assume the norm forms N and N’
are equivalent. Suppose we have a proper subalgebra B contained in C and a proper
subalgebra B’ contained in €’ such that both subalgebras B and B’ are nonisotropic.
Now if there exists an isomorphism n : B — B', then N restricted to B and N’
restricted to B’ are equivalent. We assumed that N and N’ are equivalent in the
start; by Witt’s theorem ([2], 121) the restrictions of N to Bt and N’ to B'* are
equivalent. Then if we choose v in B+ with N(v) # 0, we have a v’ in B'* such that
N'(v') = N(v). The proof of Lemma 3.3.1 shows that we have an isomorphism from

B + Bv — B' + B'v' given by a + bv — n(a) + n(b)v’. Hence we can begin with
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B=F-.1and B' = F-1' and apply the process repeatedly to obtain an isomorphism
between C and C'. O

We now turn our attention to split composition algebras. First we will show that
we have a special decomposition for split composition algebras. The proof given here
is due to Jacobson [18], and the constructive nature of his proof will allow us to derive
the unique split composition algebras for degree 4 and 8 after we have shown that

there is only one for each degree.

Proposition 3.4.4 Assume C is a composition algebra over a field F' not of charac-
teristic 2 that contains zero divisors. Then there exists idempotents e; and ey such
that e; + e2 = 1 and eje; = 0 = ege; and we have the splitting C = e;C & eaC where

the subspaces e1C and e2C are totally isotropic and ezactly half the dimension of C.

Proof. Before we can define an e; and ez, we must show there exists an [ € Cy such
that N(I) = —1. Since C contains zero divisors there must exist a non-zero z in C
such that N(z) = 0. We have the decomposition C = F -1 + Cy so we can write

T=a-1+zy for some a € F and zy € Cy. Now since
Nz)=(a-1-z)(a-1+z0)=a*-22=0

we have 73 = @®. So N(zo) = moTo = —12 = —a?. As long as a # 0, we can take

| = o~ 'z, since clearly I would be in Cy and
N(l) = (@')’N(zo) = (@™)*(=c®) = -1.

If @ = 0, then N(z) = N(zo) = 0. We also have g(zy,z¢) = 2N(z) = 0. Since Cy
is not isotropic, there exists yo € Cp such that g(zo,yo) # 0. Consider the element
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Yo + azg in Cy. We calculate

N(yO + azo) = (I(yo + azg, Yo + azo)
= q(¥0, o) + 2q(y0, To) + a?q(Z0, Zo)

= q(yo, o) + 2aq(yo, To)-

Then we can take [ = yo + azg if we put a = =L-a(wo.0) Thys we have shown that if

29(yo,0)
C contains zero divisors we have an element ! € Cy with N(I) = —1.
We can now define e; and ey: let e; = 1(1—1) and e; = $(1+1) with the element
| as described above. Since —I%2 = [l = N(l) = —1, we have
Ned=iNa-)=ta-pa+n=ta-p=ia-1n=0 (336
4 4 4 4

and similarly N(eg) = 0. Also
e=11-0)=11-2-P)=1-2-1)=3(1-0) =e.
Likewise eg = ey so that both e; and ey are idempotent. Also,
‘ 1
€16y = Z(l — l)(l + l) =

1-»)=-(1-1)=0

N
N

and ege; = 0 by a similar computation. To show that subspace e;C is totally isotropic,
suppose e;z and ey € e;C. Since N(e) = €16l = elé2 = 0, we have N(e;z) =
N(e;)N(z) =0and N(e;y) = N(e1)N(y) = 0and N(e;z+e1y) = N(e;)N(z+y) = 0.
Then e;C must be totally isotropic since g(e;z,e;y) = N(eiz + e;y) — N(eiz) —
N(ewy) = 0 for all z, y in C. A similar argument shows that e,C is also totally

isotropic. Since the dimension of a totally isotropic subspace has maximal value half
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of the dimension of the entire space, ([2], 122), we have
dim(e;C) < %dim(C) and dim(eyC) < %dim(C). (3.37)
Note that since ey +e; =1, forany z € C
z=1-z=(e1+e) -z=¢€eT+ex € el +el

so C = e;C + ¢,C. This tell us that

dim(e,C) + dim(e;C) > dim(C). (3.38)
Comparing (3.37) and (3.38) we see that

dim(e;C) = dim(exC) = dim(C).

Hence any composition algebra that contains zero divisors has the splitting C =
e,.C @ e,C with e; and e, as described in the theorem. O

The fact that e;C and e2C are totally iéotropic and that éach have dimensions that
are exactly half of the dimension of C tells us that C is a hyperbolic space, which means
that C is the orthogonal sum of hyperbolic planes ([2], 122; [23], 17). A hyperbolic
plane is a two dimensional bilinear space which contains an isotropic vector. A useful
fact concerning hypei'bolic planes is th‘at any two are isometric, which means that
there exists a bijective linear map between spaces which preserves the norm map
([17], 343-346). With this information we are now ready to prove the main result
for the split case: that any two split composition algebras of the same dimension are

isomorphic.

Theorem 3.4.5 Assume C and C' are split composition algebras over a fields not of

characteristic 2. If C and C' have the same dimension, then C and C' are isomorphic.
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Proof. By the previous proposition and the discussion that followed, we know that C
and C' are the orthogonal sum of hyperbolic planes; say C is the sum of H;, and C’ is
the sum of HJ’-. Since the algebras have the same dimension, they are the sum of the
same number of hyperbolic planes. Since any two hyperbolic planes are isometric,
there exists isometries 7; : H; — H] for each i. Then the linear transformation 5 such
that 7|, = 7; is an isometry of C onto C'. This tells us that C and C’ have equivalent
norm forms, and by Proposition 3.4.3, C and ¢’ must be isomorphic. O

We can now look at each split algebra in more detail. The split algebra of degree
2 is just a direct sum of two copies of the field F since dim(e;C) = dim(esC) =1
implies both e;C and e,C are isomorphic to F. In what folldws, we will prove that
the split algebra of degree 4 is isomorphic fo M,(F), the set of all 2 x 2 matrices
over F. We will also show that the split algebra of degree 8 is isomorphic to Zorn’s
vector matrices. Since we already know that any two split composition algebras of the
same dimension are isomorphic, it would be enough to show that M,(F') and Zorn’s
vector matrices are split. However for the sake of completeness, we will give explicit

isomorphisms.

Proposition 3.4.6 If C is a four dimensional split composition algebra over a field

F not of characteristic 2, then C ~ My(F).

Proof. By Theorem 3.4.5, we have the decomposition C = e;C @ esC where e;C and

eoC are two dimensional totally isotropic subspaces. We have

dler,en) = a(5(1 = D), 5(1+1)

1
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= E[N(2) ~NQ1-1)-N1+1)]

1
= N@ =1 (3.39)

with the third equality following from (3.36). Now since the dimension of (Feg)"’ is
3, e1C N (Fez)* # 0 so we can find a nonzero vector z; € €;C N (Fey)t. By a similar
argument, we can find a nonzero z; € eoC N (Fey)t. If z; € Fey, then ¢; € (Feg)t
and g(e;,e2) = 0. But this contradicts (3.39), so z; ¢ Fe; and similarly 2, ¢ Fe.
Thus {es, 21} is a basis for e;C, {es, 22} is a basis for esC, and so {e1, e, 21,20} is a
basis for C.

Consider the 2 x 2 matrix algebra M,(F) with basis { E11, F12, E21, Es2} where E;;
(i, j = 1,2) represents the matrix with a 1 in the ith row and jth column and zeros

elsewhere. The multiplication table for the basis elements contains 16 relations:

E} = Eu, E} = Ep, EuEp = EnE; =0 (3.40)

B, = B =0, (3.41)

EvnE2 = E12, EseFy = Eg1, E;FEs =0, ExnEip =0 (3.42)
B9y = Ey1, EgqEip = Eg; (3.43)

EyEy =0, EyEp=0, EpEp=FEy,, EnEy, =Ey. (3.44)

We wish to show the map from C into My(F') given by
ey + Bz + Y22 + des — aFy + fE1p + vEq + 0 E9

is an algebra isomorphism. To do so, we must verify that the basis elements of C

satisfy the relations in the multiplication table for the basis elements of My(F'). Note
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that the relations in (3.40) are given in Proposition 3.4.4. Before showing the other
relations, we must show that g(z;,e;) = 0 and ¢(z1,22) = —1. Since 2; € ¢;C and
e;C is totally isotropic, we have g(z;,e;) = 0. By construction g(z;,e;) = 0 for i # j.
Then if also ¢(21, 22) = 0, z; is orthogonal to everything in C which means 2; must be
zero. This contradiction implies g(z, z2) # 0. We may assume (z;,2) = —1. Now,

we have

a(1,z) = qler + ez, z:) = g(e1, z) +q(ez, ) = 0
which shows that z; € Cp. By (3.35), 22 = N (2;) and since 2; is contained in a totally
isotropic subspace, 0 = ¢(z;, 2;) = N(z;) so that (3.41) is satisfied. For (3.42), note
that since e;2; = z;, we have
€izj = e;(e;2;) = (e:¢;); = 0
if i # j. Also, using the fact that 2; € Cp and relation (3.20) we have

2122 + 2021 = — (2125 + 2977) = —q(21,22) = 1

Next we multiply this equation on the left by e; and apply the fact that e;2) = 2

and e; 2, = 0

e1(z122) + e1(2221) = ¢
(e121)22 + (e1z2)z1 = €1
21%9 = €1.
Multiplying (3.45) by e, yields z22; = e, which shows relations (3.43). Using these

relations we also find that zje; = 2z1(2122) = (21)%22 = 0 and ze2 = 2z2(%2;) =
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(22)?21 = 0. Therefore z1e2 = 21(e1 + €3) = 2 and ze; = 2. These calculations
show that the last relations (3.44) are satisfied. Therefore e, es, 21, 2 satisfy the
same relations as the basis elements of M,(F') under the correspondence e; — Ejy,
ea — Eso, 21 — Eya, 29 — Ey so the split composition algebra C of degree 4 is
isomorphic to My (F). O

We note that since &1 = ey, & = €1, Z] = —21, 23 = —=29, the conjugation in the

matrix algebra is given by

o B 5 —p

>
¥y 6 -7 «

The determinant is a quadratic form on M,(F'); we can also calculate the norm using

N(z)-1=2%.
a B||a B 10
= (ad — B7)
v 6 v 6 01
Therefore
a B o
N = (ad — Bv) = det
v 4 , v 6

The fact that the split quaternions are isomorphic to the algebra of 2 X 2 matrices
can be generalized to the split octonions. We introduce the Zorn’s algebra of vector
matrices, first introduced by Zorn in 1933 [27]. Begin with the set of matrices of the

form

a a
b B
such that a, § scalars and a, b are vectors. We assume the vectors are elements of a

three dimensional bilinear space where the vector product a x b is defined. Addition
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is defined in the usual way, and multiplication is given by

a a £ z af - (a,y) ar+rva+bxy
b By v Eb+py+axz  Pv—(bz)

The norm map on this algebra is given by

o a
N = Q.B_q(aab)'

b g

We will show that the eight-dimensional split composition algebra is isomorphic
to the vector matrix algebra. To dd this, we will first decompose a Cayley algebra
using a quaternion subalgebra, and then further decompose tbhe Cayley algebra by
breaking down the quaternion algebras as done in Proposition 3.4.4. This will give
us a way to easily describe the multiplication in the Cayley algebra and make the
connection with the multiplication in the vector matrices.

Assume we have a Cayley algebra C. Choose [ € C; with nonzero norm. We wish
fo write C as the Cayley-Dickson algebra B @ Bl where B is a quaternion subalgebra
such that B is orthogonal to [. We will use Lemma 3.3.1, as reworded in the remarks
following its proof, repeatedly to construct C. Using [ to double F, we have the
Cayley—Dickson subalgebra F[l] = F+ F -1. In the subspace F[l]* C Cy, choose i with
nonzero norm. Then we know the subalgebra B’ = F[l] + F[l] - i is a Cayley-Dickson
subalgebra of C, and because it is of dimension four we know that it is a quaternion
algebra. Now choose j € Bt with nonzero norm so we can write C = B’ @ B'j,
where we have B'j = B'‘t. Because of the construction, C has orthogonal basis
{1,4,1,il,4,45,14, (il)5}. Then we see that B=F -1+ F-i+ F-j+ F-(ij) is a
quaternion subalgebra orthogonal to [ and C = B® Bl where Bl = Bt. Further, let By
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represent the set of elements bf B orthogonal to 1. Then since By = F-i+F'-j+F-(ij)
and the basis given above is an orthogonal, we have F[l| = By + Byl.

We assume that C is split, so we may take [?> = 1. From Proposition 3.4.4, we
know that C contains four dimensional totally isotropic subspaces, and since F[I]* is
six dimensional we can find a an element in F[I]* with zero norm. In the proof of
Proposition 3.4.4 we showed that this implies that we can find 7 in F[I]* with i2 =1,
but then this means that the quaternion Suba.lgebra B must be split. Let e; = 3(1—1)
and ey = -12-(1 + 1) as in the proof of Proposition 3.4.4 so that e, and e, satisfy the
properties given in the proposition and we have B = e; BdesB. Now since C = B@® Bl
and B = F -1 @® By, we have .C =F-e®F: -0 Boel @ Byes. Recall that the basis
for By is {i, j, ij} so that the basis for C is {el,;iel,jel, (i)e1, ea, i€, jes, (1j)ez}. For
simplicity let ez = yo, €1 = y1, je1 = Yo, (ij)e1 = Y3, €1 = To, i€2 = T1, jea = T,
and (ij)ea = z3 so the basis for C is {yo, Y1, Y2, Y3, To, T1, T2, T3 }. Note that this basis

satisfies
q(zi,y;) = 6 for 4,5 = 1,2,3. (3.45)
Indeed, if k = 4, j,4j then kk = k*> = 1 s0
q(zi,y;) = q(keg, kei) = q(kkey, e1) = qleq, e1) = 1.
If b, # by, we have
g(baeg, bie1) = q(eqer, bab1) = q(eq, 1)baby = 0
so that g(zi,y;) = 0if i # j.
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We wish to establish the basic relations between basis elements that completely
describe the multiplication in C. Recall that e; and e, are idempotent and e;e; = 0

for i # j so we have
Ta =120, Yo =yo and Zoyo = YoTo = 0. (3.46)

The next four relations will show us how to multiply zy with the z; and y; and
how to multiply y, with the z; and y;. Also because the e; are idempotent we have

(be;)e; = be; for all b in By or
zyo =z for all z € Bye;, and yzy =y for all y € Bye;. (3.47)
We see that e; =1 —¢; for i # j- which gives (be;)e; = be; — be? = 0 for all b in By or
zzo =0 for all z € Bpea and yyo =0 for all y € Bye;. (3.48)

Note that for all b in B we have bl = Ib, but also if b € By C B then b = —b
so that —bl = Ib for all b € By. Using this and the fact that {2 = 1 we have

ei(be;) = (1% 1)(b % bl) = b bl bl — (1b) = 0 for b € By so that e;(Bye;) = 0 or
yor =0 for all z € Byes, and zoy = 0 for all y € Bye;. (3.49)
Then we also have e;(be;) = (1 — e;)(be;) = be; — e;(be;) = be; for all b in By or
zoz =z for all z € Bye; and 3oy = y for all y € Bye;. (3.50)

Now we need to find relations that describe multiplication between the z; and y;

for 1 =1,2,3. Note that for b;, b in By we have

4(1)16,')(1726]‘) = (b1 + bll) (bz F bzl)
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= bybe F by (b2l) £ (bil)by — (bil)(bel)
= bybe F (boby)l F (b1b2)l + boby

= (b1b2 + bgbl)(l F l) = —2(](b1, bz)ej € F- €4 (351)

for 7 # j so that for by, b, =1, 7,17 we have

—2. 23_1' = —€; when b1 = b2
(bre;)(baej) = —2g(by, bo)e; =
0 (if by # bs.

Thus we have shown
ziy; = —0;;T0 and  yiz; = —bijYo. (3.52)
Next we notice for b; and b, in By we have

4(bres) (boes) = (by = bil) (ba £ byl)
= b1b2 + (b2b1)l F (blbg)l - (bgbl)l

= (b1b2 - b2b1)(1 :Fl) = 2(b1b2 - bgbl)ej € Bgej

where 7 # j. Then in particular we have 7,72 = (ieg)(jez) is in Bye;. Recall that
{y1 = te1,y2 = jei,y3 = (ij)e; } is a basis for Byey, so there exists o, 8, v in F such
that =79 = ay; + Byz + yys. To compute a, B, and v we use the bilinear form. We
know that g(z1,z122) = ¢(z2,2122) = 0 by (3.13), but also

aifi=1

q(zi, T1%2) = q(xi, ay1+By2+yys) = og(zi, y1) +Be(zi, y2) +vq(zi, y3) = J Bifi=2

k'yifi=3
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so that o = 8 = 0 and v = ¢(zs,z122). Then z1z3 = ¢(z3, Z1Z2). Similar computa-
tions show that z;Ti+1 = q(ZiTit1, Tit2)Yive a0d YiYit1 = q(Yili+1, Yit2)Ti+o Where the
indices are reduced modulo 3. It can be shown that ¢(z;z;,1,Zi42) is an alternating
function of z1, T2, T3 so that ¢(z;Tiy1, Tive) = ¢(Z1%2,Z3). But
(2172, 23) = ¢((ie2)(jez), (if)e2)

= q((zj)es, (25)e2)

= ¢((i7) (1), e281)

= g(—(i5)% 2?) = —q(1, €0) = ~1

where the second equality follows from (3.51) and the third from (3.13). Likewise

(¥iYi+1, Yis2) = —1. Then if we replace z3 with —z3 and y3 with —y; we have the
relations

TiTi41 = Yipz and YiYir1 = Tigo (3.53)
fori=1,2,3.

We can now define a map between our split Cayley algebra and Zorn’s vector
matrices. Let ¢ be the bijective map defined by
Qp a

Hagzy + 0171 + Ty + 33 + BoYo + Piyr + Beyz + Bays) =
‘ b fBo

where g = oy T + aaZo + a3z3 and b = S1y; + Foys + Bays. Clearly this map is linear,
and relations (3.46) through (3.53) imply that the map preserves the multiplication.

Thus we have shown the following generalization of Proposition 3.4.6.

Proposition 3.4.7 IfC is an eight dimensional split composition algebra over a field

not of characteristic 2, then C is isomorphic to Zorn’s vector matrices.
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Note that since for any b in By we have
—_ 1 1
be; = —e;b = —i(bi Ib) = —§(b:F bl) = —be;

so that T; = —z; and 7; = —y; for i = 1,2,3. Then we have

a4=o)%1 + QaTo + C3T3 = —a

and likewise

b= P1yy + Payz + Pays = —b.

Also, Ty = yp so that
Q a Bo —a
b Bo -b o

Computing the norm in the vector matrix algebra under the isomorphism we find

that
oy a Bo —a apfBo — q(a, b) 0 10
=1 = [ fo — q(a, b)]
b fo -b op 0 aoBo — q(a, b) 01
SO

Gy a
N = CYO,BO - q(a: b)
b fo
which agrees with the norm defined when the vector matrices were introduced.
We have shown that there is only one split composition algebra for each possible
degree and completely described the algebra for each case. We will now focus on

division algebras. Unfortunately, we are not able to completely describe all possible

division algebras as we did in the split case by classical means but we can determine
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in certain cases when the doubling process yields isomorphic algebras. We will see
that two Cayley-Dickson doubles of the same composition algebra are isomorphic if

and only if the doubling parameters differ by a norm.

Proposition 3.4.8 Let B be an associative algebra over a field F' not of characteristic
2. Then the Cayley-Dickson doubles B+Bu and B+ Bv are isomorphic as composition

algebras if and only if there ezists b in B such that u? = N(b)v2.

Proof. Assume first that we have b in B such that u? = N(b)v?; we claim the map from
B + Bu onto B + Bv defined by f : u +— bv which fixes B is an algebra isomorphism.
We need only to check the multiplication. Let z;, =2, y1, y2 be in B. Using the

definition of multiplication in a Cayley-Dickson algebra we have

F (@1 + yru)(z2 + you)) = F((z122 + NO)W*Toyr) + (yoz1 + 11T2)u)

= (2122 + N(0)v*yay1) + (yoz1 + 1173) ().

We also have

f (@1 +y1w)f (22 + y2u) = [o1 + 91 (bv)][o2 + g (b)]
= [z1 + (by1)v][z2 + (by2)v]
= [z122 + v*(by2) (by1)] + [(bye) 71 + (by1)Z2]v
= 2122 + v*(72 b) (by1)] + [by221 + i73)]v

= [z122 + N(b)v*(Wzw1)] + [yez1 + y172) ()

using the definition of multiplication in a double and the fact that B must be asso-

ciative so we see that B + Bu and B + Bv are isomorphic as composition algebras.
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Conversely, assume that we have an algebra isomorphism f : B+ Bu — B+ Bv

that fixes B and sends u to b; + byv. We know for any z and y in B
N(z +yu) = N(z) —u’N(y) (3.54)
and

N((z +yb1) + (bay)v) = N(z + yby) — v2N(boy)

= N(z) + N(@y)N(b1) + q(z, yb1) — v>N(b2) N(y). (3.55)

From Proposition 3.4.3 we know that any isomorphism between composition algebras
must preserve the norm, so (3.54) and (3.55) must be equal for all z and y in B.

Setting these equations equal, choosing y = 1 and solving for ¢(z,yb,) gives

q(z,b) = v*N(by) — u® = N(b)

for all z in B. But v2N(by) — u? — N(b,) is constant, so ¢(z, b1) = 0 for all z and since
the bilinear form is nondegenerate, b; must be zero. Then v2N(b;) — u? = 0. O

In the case of the division qu#dratic algebra, this means two quadratic algebras
F(\/p) ~ F 4+ Fu and F(/v) ~ F + Fuv, where p = u? and v = v?, are isomorphic if
and only if /v is a square in F. So the multiplicative group of F' modulo its squares
parameterizes the quadratic algebras.

We can say a little about the division quaternion algebras and division Cayley

algebras using the same reasoning. Let p = u? and v = v?; we will use (u,v) to

represent the quaternion algebra formed by doubling the quadratic algebra F(\/z1) =~
F + Fu using the parameter » = v2. Then from the proposition we see that {u,;)

and (u, v2) are isomorphic if and only if v, /v, is the norm of an element in F(,/p) ~
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F+ Fu. Let (u,v,£) represent the Cayley algebra formed by doubling the quaternion
algebra (u,v) using the parameter 2= £. Applying this to Cayley algebras tells us
that (u, v, &) is isomorphic to (i, v, &) if and only if §; /&; is a norm in the quaternion
algebra (u, V).

This is about as much as one can say by classical means, although at this point it is
natural to question when (i, ;) and (u2, 1) are isomorphic as composition algebras,
and when are (u;,v1, &) and (ug, e, &) isomorphic as composition algebras. We will

try to address these questions in the next section with more modern techniques.

3.5 Isomorphism Classes and Galois Cohomology

We wish to be able to deterrhine when two division composition algebras are isomor-
phic by comparing doubling parameters. In this last section we outline an answer
to this question by using cohomological techniques. First we will make the connec-
tion between equiva.lenc;a classes of isomorphic algebras and cohomology using ideas
from Serre.’s book Galois Cohomology. We will then use results from the book Octo-
nions, Jordan Algebras, and Ezceptional Groups by Springer and Veldkamp to relate
isomorphism classes of composition algebras to the doubling parameters.

We begin with a little background material. Let A be a finite abelian group
on which G acts continuously. Let C"(G, A) be the set of all continous maps of n
variables in G to A. We define the coboundary 6 : C™(G, A) - C™"*(G, A) by the

formula

0f(gry-- s On41) = 91F(92, - Gnt1)
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n
+Z (=1)f(g1,- - - »Gio1: GiGi+1s - - - » Gnt1)
i

+(-1)"*1f(g1,- .-, Gn)-

This map is a homomorphism, and we let Z*(G, A) denote its kernal and B"*1(G, A)
its image in C"*!(G, A). The group Z"(G, A) is the group of n-cocycles of G in A
and B"*1(G, A) is the group of n-coboundaries of G in A. Then the nth cohomology
group of G with coefficients in A is the factor group H"(G, A) = Z™(G, A)/B™(G, A).
Two n-cocyles are cohomologous when they determine the same element in H*(G, A).

We also need the idea of the cup product. Suppose B is another finite abelian
group on which G acts continously. For the tensor product A ® B with A and B
considered as Z-modules, the action of G is defined by v(a ® b) = v(a) ® 7(b). We

have the cup product maps
HY(G,A) x H(G,B) - H*(G,A® B) : (¢,d) = cUd.

For the i-cocycle f and the j-cocycle g, let [f] and [g] represent their cohomology
classes in H'(G, A) and H7(G, A). We have the cup product [f] U [g] = [h] where h

is the (i + j)-cocycle defined by

h(oy....051...,75) = f(01,...,0:) @ o1+ - 05(g9(T, ..., 75))

where 0y,...,0;,7,...,7; are in G.

We are now ready to outline the connection between the equivalence classes of
isomorphic algebras and cohomology. Here we will describe Serre’s “general principle”
([24], 121), which will allow us to make the connection between the isomorphism

classes of division algebras and cohomology. Begin with a field F, its algebraic closure
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F, and an object X over F. An object Y over Fisa F/F form of X if X ®f F =~
Y ®r F. The equivalence classes of F-isomorphic forms are denoted E(F/F,X).
If F/F is Galois, there exists a bijective correspondence between E(F/F, X) and
HY(Gal(F/F), Aut(X)). |

For us, we will take the object X to be a composition algebra over F' of dimension
n. Two composition algebras X and Y are F'/F forms of each other if they become
isomorphic when the base field is extended to F, thdt is,if X @ F ~ Y ®r F. But
since extending the base field to the closure of F' results in a spilt algebra, all the
composition algebras over F are isomorphic over F. Then E(F/F, X) represents the
F-isomorphism classes of composition algebras of dimension 7 over F.

Consider the case n = 2. We alréady know that the division composition algebras
of dimension 2 over F' are paré.meterized by the squares in F', but we will show that
we can achieve the same result using the general principle described previously. Let
X be a degree 2 composition algebra over F'. Then we can write X = F'+ F'-[ where
?=—pand N(I) =p. Wehave X @ F = F + F - 1. Since F + F - | must be split,
F+F-l~F@F. Then the group Autz(X) of F automorphisms of X is just the
group of .automorphisms of F @ F, which is {1,a} ~ Z/2Z where a(a,b) = (b,a).
So we have H'(Gal(F/F), Aut(X)) is isomofphic to H(Gal(F/F),Z/2Z). Serre
tells us ([24], 187) that H'(Gal(F/F),Z/2Z) = F*/F*? so the equivalence classes of
composition algebras of dimension 2 over F' is isomorphic to F*/F*2.

For the case n = 4, if X is a degree 4 composition algebra over F, we have
X ®p F ~ M,(F). Now we need the automorphism group of My(F). Consider the

general linear group, GLy(F), which is the group of nonsingular 2 x 2 matrices in
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F, and the projective general linear group PGLy(F'), which is the quotient group
of GLy(F) modulo its center Z,, the set of all scalar matrices. We know GL, acts
on M, by conjugation and Z, acts trivially, so PGL, acts on M,. In fact, by the
Skolem-Noether Theorem, PGLg = Aut(M;). So the equivalence classes of composi-

tion algebras of dimension 4 over F is isomorphic to H*(Gal(F'/F), PGLy(F)). Let

a b
Vs represent the 3 dimensional vector space of matrices of the form . The de-

c —a
terminant is a quadratic form on V3. Now PGL, acts on V3 by conjugation, and since

det(g~'zg) = det(z), PGL, preserves this quadratic form. Through this action we
have an isomorphism of PGL; onto the subgroup of the orthogonal group O(Vj, det)
of matrices with determinant 1, which is the special orthogoxial group SO(Vj, det).
So we have the equivalence classes of composition algebras of dimension 4 over F is
isomorphic to H'(Gal(F /F),S0(V3,det)).

In Serre ([24], 141), we find the map
H'(Gal(F/F),S0(Vs,det)) — H*(Gal(F/F),Z/2Z).

He claims that the image of this map consists of the elements of H?(Gal(F/F), Z/2Z)
which are cup-products of two elements of H 1(Gal(F/F),Z/2Z). Recall the relation-
ship between H'(Gal(F'/F),Z/2Z) and the degree fwo composition algebras over F
this map gives us a connection between the sets equivalence classes of isomorphic
quaternion algebras and two nonsquares in F™*.

In the case n = 8, for the octonion algebra X, we have Autz(X) is isomorphic to
the split exceptional group G, ([18], 15). Serre shows ([24], 190) that the map

HY(Gal(F/F),Gs) = H*(Gal(F/F),Z/2Z)
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is a bijection, and that the image consists of cup-products of three elements from
H'(Gal(F'/F),Z/2Z). This gives us a connection between classes of Cayley algebras
over F' and three nonsquares in F*, presumably the three doubling parameters needed
to construct a Cayley algebra from the field F.

We need to know if these nonsquares are the doubling parameters used to get from
F to the composition algebra X. For the case n = 4, a lemma of Springer and Veld-
kamp shows this by connecting cup products of elements from H!(Gal(F/F),Z/2Z)
to cyclic algebras. For p, v in F*, we define the cyclic algebra A(u,v) to be the

associative algebra over F' generated by the elements u and v such that

=y, v"=v ,uvul=(v

where ( € F* represents the mth root of unity. We are interested in the case m = 2.
It is easy to see that the quaternion algebra with basis {1, u,v,uv} where u?> = p and
v? = v is the cyclic algebra A_;(u,v).

Let [u] and [v] represent the cohomology classes in H(Gal(F/F),Z/2Z) for p
and v in F. An equivalence relation can be defined on the class of central simple
algebras over the field F' making the set of equivalence classes into a group called
the Brauer Group. According to Springer and Veldkamp ([25], 188), the equivalence
class of A_1(p,v) in the Brauer group is tile image of the cup product of [u] and
[v] under the isomorphism H%(Gal(F/F),Z/2Z ® Z/2Z) onto H*(Gal(F/F),Z/2Z).
This means that if we have two quaternion algebras (u;,»;) and {(ug,v5), they are
isomorphic as composition algebras if [u;] U [11] and [pg] U [vg] represent the same

element in H2(Gal(F/F),Z/2Z). Also, if we begin with a cup product [] U [v], this
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determines an equivalence class [X] in the Brauer group. Since X is only quaternion
algebra in its equivalence class, it is determined by [x] U [V] up to isomorphism. Then
the isomorphism class of quaternion algebras (i, v) is completely specified by the cup
product [u] U [v] in H2(Gal(F/F),Z/2Z).

There is a similar result for the case of the octonions. We obtain the Cayley algebra
X = (u, v, &) by doubling the quaternion algebra (u, ), and we have just shown that
the isomorphism class of this quaternion algebra is represented by the cup product
[1] U [v] in H*(Gal(F/F),Z/2Z). For [¢] in HY(Gal(F/F),Z/2Z), the cup product
[4] U [v] U [€] lies in H3(Gal(F/ F) , Z/2Z). Springer and Veldkamp ([25], 190) prove
that the algebra X = (u,v, £) determines the cup product [p] U [V] U [¢] and does not
depend on the particular choice of p, v, and £ used to construct X. Then as for the
case of the quaternions, determining if two Cayley algebras (i1, v1,£1) and {(ug, 12, &2)
are isomorphic is equivalent to dete.rmin‘ing if the cup products [p;] U [11] U [&] and
[t2] U [va] U [&) are cohomologous in H3(Gal(F/F),Z/2Z). In fact, Springer and
Veldkamp state that it has been shown ([25], 191) that this cup product completely

determines the isomorphism class of X.
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