A MECHANICAL METHOD OF ANALYSIS POR
STATICALLY INDERERMINATE
8 TRUCTURES
By
R.E.Mgans

Graduate student, Dept. Arch. Engr.
Okla. A. & M. College

The result of investigation of use
of paper models in design of indeterminate
structures,

Okiahomg

al and Mechanica|
ibrary

e AUG 25 1936



/ : ('/('?y [

\‘.ﬂ/{v, i
§
o

1.
2.
Se

9.

10,

11.

12.

13.

CONTENTS
I. INTRODUCTION

PreliminAry ~-----eccmeccccmeccce e
liethods of AnAlyBis ——-ec—mecmcccmeoaeooo
Object and Scope of Investigation -~-~w---

II.DESCRIPTION OF NEW KETHOD

Basic TheOry —-=—-———-cesemccmmme e
Practical Test of Theory -~-—--eeeeecacea-
Application of Theory ==-w--cec-ccmcew-—--
Apparétus -------------------------------
Kothod of AnBlyeis ———m-cmecomce—mccceeeo
I1Y. APPLICATION 70 HOMOGENEOUS MATERIALS
Calibrating the GBURES ~——c=cme—ammaeco—

Continuousg Girders e—eeeew-—-secmcom-—ca-
Reotangular Frams with Vertical lLegs
Ende of Columns YHinged ~--vc-ece-arae
Rectangulaxr Frame with Vertiszl Lege
Column ¥nds Pixed —mereccemccmencea-
Frame with Inclined Legs

Fnds of Columns Hinged ——-——wew—ceo-w

25

45



14.

15,
16.

17.
18,
19.

20,
21.

Frame with Inclined Legs

Ends of Columns Fixed --—-=c--e=-- 52
Two Hinged Arch cmme e mme—— e ——————— 68
Hingless Aroh =e=ecccmccccmmcmcccancnnana 64

IV, 4PPLICATIQN TO REINFORCED CONCRETE
Digcussion of Theory -~-e--mcecmecrccecs- -——- 73
Rectangular Frame with Hinged Column Ends - 75
Hingless Reinforeed Conorete Arch ~—ecevcw- 79

Ve CAICLUSION
Difficulties Enpountered -- - B9

Care to be Lxercised ~-——-ve-cccecrececea- 91
Detexrmination of Thrust, Shear, and

Moment at a Sestion Other Than

Support —-=mceeccccncnon- -—- 94
Field of Usefulness -- -- 95




A MECHANICAL MF.THOD OF ANALYSIS F@k
STATICALLY INDETEFMINATE
S TRUCTURES

I. INTRODUCTION.

l. Preliminary. --- iith the exsception of

a comparatively few specialists in the engineer-
ing field, the engineer has up to the present
time not dothered with the analysis of complicated
statically indederminate structures., He has
contended that the saving involved due to
building rigid struotures was more than offset
by the amount of designing work required.

This may have been tmue more or less during

the past in America where the @itra amount of
material used was of little consequence. But
building material is fast becomming & factor of
great importance to our national growth and
saving that may be affected by the use of
rigid structures 1is of consequence.

Certain building materials lend
themselves naturally to the construotion of
rigid structures. The reinforccd conorete build-
ing frame is in itself rigid and indeterminate,



These strucotures are designed at present in the
oxdinary enginsering office by making certain
asgsumptions which are littls more than guesses,
some good and some bad. This is not true enginecr-

ing. Such struotures so dosigned may be amply
strong to sarry the loads for which they are
designed; but they will prodbably not be sconomio-
ally deeigned with unit stresses equal in sll fheev
members. Tha sarpenter does this sort of engineer-

ing when he chooses a joiat size becsuse that pame
Joist size has proved satisfactory on & previous
Jodb.

2. Hethods of Analysis.--- The analysis of
indeternminate strustures is at present done by
means of the theory of least work and by slope
defleotions. The method of slops dsflections is
the more practicable and 18 the one in general
ugs by American enginesrs. This mebhod is
daveloped and desoritved in detail in Volumm
11 of "iiodern Frawed tfrustures” by Johnson,
Bryan, and Turneaure, and in "hHeinforcod Concrete
Construction” by Heol. 4 method of analyeis by the

use of the Ellipse of Elasticity and elastio



woights is proposed by lir. ae.ce.danni, C,.7,,
which is described in a discussion by lir,

Junni of "New Principle in Theory of Structures”
Wgoieorge F. Swain, Past President i.5.C.B.,

and given in Transactions cf the A.8.C.E., Vol,
LIXXII - 1919 -~ 1920 ; and as applied to conorete
arches in Volumn III of "Reinforced Conorete
Construction" by Hool. Any analytical method

yet discovered for indeterminate structures is
long und tedious, involving long mathematlcal
caloulations,

In the upring of 1922 a mechanigcal
method for the asnalysis of statically indeterminate
struotures was proposed by Georgé Erle Beggs,
ABsociate Professor of Civil Engineering. ‘rincton

University, in which paper models anf speocisl
gusges are used, lie claime for the new method

speed, accuracy, and simplieity.

Y. ObJeat und Seope of Investigation, ---
This investigation of the newly proposed method
of design was made for the purpose of further
establishing the truth as to the ascuracy,
simplieity, and practicability of the method.



It was desired to know whether results obtained
by this method would check with those found by
the theoretical methods of exact design, and
also to know how thess results would compare
with those found by sotyak tests on full size
frames of concrote.

Several models of indeterminate
frames were made and analyzed dy this method
and the resulds compared with those found by
the method of slope &eflections. An application
pf this method to reinforced conorete frames was
then investigated to prove ites usefulness for
the desipn of this important class of
gtruastures. In order to compare;this method with
the ordinary designing method for simplioity,
an influence teble for the'9pr1ngingvaeation of
a reinforced concrete arch ring was prepared
by the ordinary method smd by the mechaniocal
method and these compared both as to
mathematical results and ease of attainment,

In preparation for the Dootor‘'s
degree, Dr, likishl Abe, made and tested

several reinforced conorete dbuilding fraemes,



The result of these tests are published in
Bulletin Mo, 107 of the inglineering lxperiment
Stution of tie University of Illinois, A
model of one of these frames was made und
analysed by the new nmethod ar? the results
compare” with those found by . Abe in the
test and by the method of least wqu.

“his work was dons under the
supervision of Frofessor Preston i, Geren,
Head of the Department of Architedture and
srghitecturcl Engineering.

11.DE8CRIPCION OF HEWN LIETHJUD
4. Basio “heory. --- 7he principle upon
which this method depends is llaxwell's Taw
of :ieoriprooal Deflections, which simply stated
is:

The displacement in any given
direction =' of any point A of a sfructure,
due to a load ? applied at some other point
B in 8 direction b»', is equal to the displace-
ment oY the point B in tho direction b' whioch
would be coused by the appblostion of the lond
2 at thoe point 4 in direction at,



If£ a load P (FPigure 1) be spplied
at A causing n deflection 4' at A und 4" at
B, the work osusing such deformation is pd'/2
and is resisted by the intermal work. But this
displacement 4' oould be produced st A by apply-
ing a force H at B causing displacement 4" at B
and d4' at A and the work done wokld be equal to
Hi"/2 resisted by the inpernsal work. But the
internal work is equal in both cases B8inoce the

same deformation is induced in the structure.

Then HA"/2 equales P4'/2 or H equals Pd‘'/a".

This deflection 4' at A could
be produced by a moment st B as shown in Figure

IY. The worl. done in this oase in causing



deflection 4' cquals Wd"/2 when 4" equals the
distance W moves down in producing the deflesction
d', The moment of W squals Wr. If r equals 1
then the moment sguals ¥ and since Wa" equals
P4a', then M equals ra'/a".

411 that is needed to find a
thrust, moment, or shear at & section B for a

load P at A 18 the ratio a'/d".

Se Pructical Test of Theory.~-- This theory
was put to a practical test by Professor Beggs
by oconstructing the rigid frame shown in Pigure
111, The frame was made of wood sticks about
5/8 by 7/8 inohes in seotion mnd columnsand
main horizontal members 50 inches long. The
members were fastened together by means of metsl
gusset plates and screws,

The 3-hinged frame was floated
horizontally on gall bearings on the floor.
No welghts were applied to the structure while
measuring deflections in determining the velues
of horizontal and vertical reactions at hinge

3 for a 1024 of 12 1lbs. applied horizontally



at B. To determine by this theory the vealue of
Vg at hinge 3, the pin at 3 was rembved and

the ratio of deflection at B horizontally, to
that of 5;vertica11y,found by foreing point

3 to defleat upward an amount asqual to 4"/2
and then downward a like amount. The motion of
B was measured and the ratio d'/d” established,

isocording to the theory then V., equals 4!'/a"

3
times 12. This wus calculated o be 3.4 lbs.
The value of H3 was determined in a sikilar
manner to be 14.6 lbs. The hinge reaction is
nocording to the theory the square root of
%e square of 14.6 plue the aquare of 3.4 or
15 1bs for a load of 12 1lbs. at B,
The pin was then replaced .at

3 and a weight of 12 1lbs. attached at B by
& cord which was wound over a bicyole wheel
ag shown in the figure. 4 weight of 15 lbs.
was attached in a similar manner &t an angle
such as %o cause ocomponents at 3 equal to

73 of J.4 1lbs. and Hs of 14.6 lbe. The pin

at 3 was then removed and no deflection



oscured whioh indicntes that the value of the
rengtion at 5 was eorrect as determined moshsnie-

ally since there was produced static ond elastio

equilibrian,

6e Application of Theorye=-- The internal
work of resilience in any structure is equal to



J{SEGB/ZKA for direct Btrems on the section and
to thads/EEI fpr bemdonmg stress, when

S equals stress at section]

A equale area of section,

E squals modulus of elagticity,

ds aquals inorsment of length of axis,

I equals moment of ineitis,

X equals bending mokent at the section.
T”his negleots the work of shear which is small,
Using the same notation as that used in expleh -
ing the theory and equating internal and ;xtaxnal
work:

Ha'/2 equals jszds/m +flzda/2EI
and Pa"/2 equels fs,zda/zm; + ia?da/zﬁx
and since Hd'/2 equals Pa"/2,
then [ szas/ 241 4 ;”zfxgds/ 2P — {Sf’d/ 2A% 4 ﬁ.{?ds/ 2E1
or co&sidering k o;;Btant throughont the sturcture,
/ézda/». + jsazds/l = st:fds/a + L-i?ds/l
It can be seen then that when E is constant
throughout the struocturg, the relation between
H, P7 and the deflections is not dependent
upon the value of E.

If we build & model them of

the same shape a8 the structure, and of zome



other material, the same relation of Hd' to
PA" will hold in the model as in the full

8ize frume 80 long as that material is not
stressed beyond the elastic limit, since

the valuo of da'/d" ie simply a retio and

not dependent upon the values 3f the actual
deflections, These models may b e mnude $0

as small u scale as desired and the results
obtzined will be Jjust &8 acscurate as those
obtained with =« full size frame so long as

the measurements are sll mnade with the recuir-
ed degree of acouracy. By using ocardboard
heavy enough that 1t will mot dbuckle under s
vary small deflection for models and measuring
the dlsplacements by means of a high powered
microscope,this mechanical method may be used

in the drafting room.

7. Appsratus.--- The epparatus used in
the investigution of this method consisted of
a8 microsoope for reading defleotions at load
points produced by a 8mull guage &t the seotlon

where the value of the shear, thrust, or moment



is Souireld, Tle mioroscope was of the ordinary
type mofle by Bausch and Lomb Co. for use in
Bagteriological work, For this work the tslessope
and adjusting mochonismsrere dismcuntsd from

the pedestnl that is hotweon the Wuos and table '
Just under the telesoope. Thin padestal and table
containing the apparatus for holding and light-
ing the Speoimen were taken off and the telescope
turned thra |80 degrees so that 1t may be fooused
upon & model lying flat onthe drawing board,

The only tools reguired for dismounting and
rexounting the miorosoore were a sorew driver ania

gpecial wrenche.
A view of the rdo-

roacope fitted for
this work is given
in the 1llvstration,
For measuy-
ing the &sfloction | ]’F_b? R
o nicroneter oye~ ; .
piece which 12 &
regular equipment for the mioroscope, is used in
the reguler eys-plece of the misrossope. The field
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of vision
appears as
shown in
Pigure IV
and can be
turned in the
telescope so
that deflec-
tion in any
direction
may be read

without mov-
ing the microscope.

Deflection is produced at the
Bection deBired by means of amall gpnuges as
shown in the illustration on nage 1l2. Four
of these gunages were made in the 0Q.A.M.C.
shops. The meterial used was aluminium,
The &rawinge on the next puge give all the
dimensions. The difference i:the sizes of
thrust and shesar plugs was made approximately
such thal the dispalcement produced would be
equal to the limits of me&surement of the
microscope. The guage nmuy be uscd for fixing
a seotion by clamping the model in B and
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pinning the guage to the drawing board. If
& hinge is desired at some point, the model
is not clampwd but merely fasfensd in the guage
with a single pin at the point where the
hinge is desired and the guage pimned $o
the drawing board.

7o produce & displacement for
gshear at o seotion, the model is clamped
in A ag shown in Pigure V with the thrust plugs
ingserted as shown and B pinned to the drawing
voard, The plugs are then removed and inserted
as shown in Figure VI producing & displacsment
normal to the agis at the section. To produce

a thrust gispiacement; i.e., normsl to the
section and parallel to the axis, the larger
pluzs are placed in the guage as .pown in
Figure VII and the model c¢lamped in A, B is
then pinned to the drawing board, the larger
pluge removed by means of the wedges shown and
the smaller ones inserted. To produce a
displacement due to moment, a large plug

is placed on one side and a small one on the
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other, as in FipureVIII, and the model is
olampod in A. b 18 then fastened to tho
drawing board and the plugs Intershanged as
ghown in the figure, produsing & momont at the

gostion.

8. Hathod of Anolysise--- If the value
of the displacemont for shear, momeni, and
thrust produced by the guanges ss Just expiained
be known in torms of the divisionc on the
nicroneter eye-piecs, 1% 1s possible to
- determine the shear, thrust, of nmoment at
the section of a strugturs for any loading
by the following meons:

A model af the struoturs to be
analyzed is made of sti¥f cardboard to scale.
The valuo of Lhe seale is immaterial so long

a8 1t ia of a size proportionsl to ths deformation

produced hy the guages. This model is fastened
in the guages at che poimta of support with

the supports either fixed or hinged a8 »reviously
described, andthc gunges fastened to the board,
Then the microscope is focumed on the point at
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which the lcoadis agsumed to de concentratefl
and the nmiorometer seale oriented to resd
dafledtion in the direction in which the
load is assumed to be scting. [he thrust
plugs are changed as dssorided and the displace-
ment of the load poigt odbaserved onthe miorometer
Beale. According to the theory just explained
the thfuat in equel to the load assumed times
the rntio of the deflection of the load point
tonthat produced by the guame, or

T —?4,/d4, , when 4 is the displace-
nent mezsured by the micrometer and dg is
the displacement produced by the guage.
y. 5} dg is consiant for 21l roints of loading,
1! ic o simple metter to obtain velues of T
for plotting the influence line for thrust at
the section simply by measuring the deflection
at different load points. In tha same menner
influence lines for moment and shoenr may be
obtained br produoing defoimution of moment and
sho:yr respeotively by using the moment and

Bhear plugs ss explnined earléer.
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III. APPLICATION TO HOMOGENE OUS
MATERIALS.

9. Calibrating the Guages.--~ Before 1t is
possible to use the spparatus described in the
solution of problems, the value of the displace-
ment produced by the gwage must be known in
torms of the divisions of the micrometer eye-
piece., In determining this relation for the
shear plugs, it was founli that the motion
was to0 extensive to be resd directly on the
#6s)e. A white architects scale was then
fastened paralledl to the motion and the
number otLiivisions of the miocrometer in
a division of the scale was determined. It
was then possible to determine the motion in
terms of the micrometer divisions. The motion
due to éhanging thrust plugs was determined in
the same manner with the scale turned parsalledl
to the motion,

7o determine the moment
coefficient a stick was fasiened in the
gaage and a point on the drawing board a
distance of 26 inches from the gauge center



wvas mirked. The plugs were changed in the
gaages and the motion of the point on the
gtick from its first position was measured.

This motion divided by the distunce from the

20

center of rototiongives the rotation in radiens,

Considerable é1fficulty
vweg cxrerience’ in pegting the gruares adjusted
eo thet thers was not moment prodused by the
shyrust plugs and no thrust nor moment by the
sheayr plugs, Three of the guagee wers finally
cbandonad, The remaining one wag tested and
found ¢0 produce only shear vhen the ahear
plugs were ehbonges, only thrust ‘shem the thrust
mlugs were changed, and only mowment when the
roment »lups were interchanged, This guage
was used in all the mecshanical solutions
whick follow, the other suages Being used only
for hinges and for fixing the ends of membersa,
The values of 4@ for this puace
wore determined to be as follows:
shear 12 divisions

thrust 13 divisioms

moment 1,9 fg



10. Continuous Girders.--- The analysis
of continuous girders is, like all statically
indeterninate structures, dependent upon the
shape of thestructure iteelf,sc before an .
analysis is made certain proportions rust be
assumed. If the cintinuous girder is of uniforn
éeotion, the nroblem becormes o comparatively
simple one and may be readily solved for any
loading by means of the three moment sguafion,
1f, however, thcre are moving loads on the
sponss in the €ase of bridges it is convenient
to plot influence lines in which oase the
problem is at least léngthened and for the
cagse of & varying section, an exact solution
ia 8o ladborious that it is seldom accomplished,

Eut with the proposed mechanicsal
method, the soluticn is8 the same in any osse.
A girder of varying section msy be analyszed as
readily and in exsctly the same menner as
the girder of uniform section, In faot from
the discussion of the theory in Seotion II,
it can be seen that, 1f thce method will solve
one, it will the other.
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In order to check the results
of the new methofl against thewretical values,
the ordinate at P .0 the influence lines

for reaotions at Ry RZ' Rs, and R4 a8 obtalined

by botl methods will be compared.

Solving for these values by

means of the three moment equation,

120 K, + 20 My = -1600 (1/2-1/8) = -600
and
20 _+120M_ = O
& S

Solving simultaneously

Hz —_— 6/7, or .857 ft- lbo
fpon which

R, = .857/40 = .0214 upward

4
R’ = 3213 downward



R, = 928

R — 0372
1

Checking these vulues
372 + o928 + (=,3213) + 0214 = 1.,0001
To &btain these valpes by
the mechaniocal method the model was first
made of s8tiff curdboard 1/2 in. wide and
the length to a soale of 1 in. equals 6 ft.

Por the value of R the model was placed

’
in the four gunge: with the pins through
the center of the gitder at 84, Rs, Rz’ and
Rl’ forming hinges at these points., The
guages were then pinned to the drawing
board and the shear nlugs changed at«R4
produsing s motion of R4 upward. The
deflection of point P was read as .2upward.
The value of R4 then asoording to this

method is .2/12 or .0167.

The shear plugs at Rg
were changed back and the value:.of R3
found by changing tBe pluge in the guage at
that point and reading the deflection of
point P, which was 3.0. This divided by



the factor for the gusge gives a falue of
254 RB sand R, were obtainecd similarly as
«77 am8 37

1

Comparison of results.

Reastion. Theory liodel
Ry «372 037
Rs »928 77
Ry - 321 - «25
34 « 0214 « 0167

These results possibly donot
check closer because the paper from wliich
the model wae cpt was not of sufficient
thickness.to resist & slight buskling
especially for the investigation of R2 .
Another deason might be because the pins
forming the hinges had to be removed esch
time the shesar plpgs were changed and then
repidkoed, Altho the deflection usually
returned to zero upon releasing the displace-
ment, thers is good oBance for error.

This method is possibly not so well suited

to the soclution of continuous beams as for



some other forms of indeterminate structures.
The cardboard should %e quite hesavy and
comparatively large modeli should be used.
Better results would probsbly have been
obtzined with a 1ittle larger model. A

greet des) of care should he exercised in
determinifig the reactions of continuous beans
by this method.

11. Reotangular #rame with Vertiocal Legs.
Ends of Columms Hinged., -~-- The only require-
ment for making this frame statioslly determinate

is the value of the horizontal thrust at
the bottoms of the scolumns,

Assume the frame for analpsis
as that shown in Pigure VI, The deXfection of
point B with respect
to the tangent at A
in a horizontal dir-
ection is equal to
Jfﬁyﬁa/EI : but
K >HK' + Hy when
K' is the moment
due to vertical
loads alone. The

defjection then is




- o
equal to f:('yds/};I + H F ds/EI and is
also equal to zero since the points A and B
osnnot wove laterally nor vertiocally.

B
i'yas/1

Then H =,lﬁ

B o
J( y as/I
A

Integrating this for thisn{rame,we have
the general equation

3 a b X

H 1

-2
4 h 12 + 6h1l I1

The five frames shown in
Figure VII on the next page were &nalyseed
with loading at center and quartef points
of the horizontal member. These frames
were chosen with the several different ratios
of the moments of inertia of columms and top
members in order to see whether this method
and theory agree in all cases. #rame C was
made Just like frame B except that the
size of members is half that of the previous
one with the same ratio of momente of inertia

in order to see whether the meschanicsl method
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would beuzy out theory in that the size of
mombere is immaterial 8o long &8s the ratio
of moment of inertie is the same for a
frame of the same s8ize, measuring zlong the
axis.

Por frame A loadad at the center

H - sa; &o‘ &g) — W111
- ) + (6] (1b) (20)

For quarter point loaded
-"IZ} iisf T+ (6] (15) (20]

Since this frame i of the same cross

sectlon thwoughout, I1 equals I_ and cancel in

the equation.

In frame B the value of Is ( top

member) equals 8/12 and I. equals 1/12 or a

1l
ratio of I1 to 12 of 1 to 8.

For center loading

For quarter point loaded

H — 3)(5)(25) — 025
Tﬂﬁ‘ﬁ)&mhs&ﬂ (6}(15)(=20) — °




The same ratio of moments of inertia
holds for frame C, therefore, the values of H

will be the same for this frame as for freme B.

The values of I, and Iltor
frame D are 27/768 ond 1/12 respectively or
a ratio of 1 to 2.37.

For the center loaded

H = — (3115115 (2,37) ~ .158

For load at quarter point

- 3)(7.5)(22,5) (237 -
H"T“ﬂ‘a& a‘o“i‘%‘%‘)“"}'&'ﬂ?‘}{?z + 0 o’t'ﬂ%.z'ﬂ' -= +118

For frame E the values of 11
and I, are 1/12 and 9/32 respesctively or a ratio
of 1 to 3.36

For eenter loading

. +

Por qusrter point loaded

H 3 7 5 22.5 : .0288
® + 4]

[}
&



7¢ obtain the values of H by the
mechenioal method, 8 model was made of cardboard
of each of the framesshown in Figure VI. It
was found, however, that the ordinary waight
cardhoard was too thin alldwing the frame to
buckle when the deflectionswere applied with the
guages. Two models were ocut out for each frame
and pasted together making the model twice as
thick as the cardboard. This was found to be .

satisfactory.

Zrame A was made tp a scale of 1[2
in. equals 1 ft. It was fastoned in the guages
with pins for hinges as shown in the 1llustrationm.
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when the shear plugs were changed producing
horizonpal deflection at the hinge, the
deflection of the fenter was read as 1.4
divisions of the micromeser in the microscope.
The value of H then as determined by this method
is 1.4/12 or .116. The deflection of the quarter
point was found tobe 1.0 on hoth sides of the
center making H equal to 1/12 or .0834.

The thrust plugs were placed in
the guages and the deflection found to be
6.4 making the vertical reactione equal to
6.4/13 or .493 for the center and 3.1/13 or
.24 for the far quarter point and 9.8/13 of
+«75 for the near quarter poipt loaded.

A mbde} pf frape B was made
to a seale of 1/2 in. to the foot and placed in
the guages in the same manneras frame A. The
defleotion when the shear plugs were mhanked,
was read as .4 at the center and .5 for both
the quarter points. The value of H then for a
load of unity at the center is .4/12 of .033
and for the same load at the guarter point
.3/12 or .025. When the thrust plugs were



32

changed, & deflection of 6.5 was noted at the
cehter of the top member and 9.5 at the near
quarter point and 3.3 at the far quarter point,

The reastions for the center loaded are

6.5/13 or .5 and,for the quorter points losaded,
9.8/13 or .75 and 3.3/13 or .26

Prame C was made to the same scale

1/2 in. equals 1 ft. and placed in the guages

in the Bame way.The value of H for center loaded
with 2 load of unity was found to be .4/12 or
.0333 and .3/12 or .025 for the quarter points.

“he same values for reaciiong were
found for frame D as for frame C . T“he model

was made th the same scale as the other two.
A modael of frame D was made to the

same 80ale ag the others and pleced in the
goages in the same manner, ‘he valuss of

H for loal at the oenter was 1.9/12 or .188
and 1.3/12 or .108 for aload at the cuarter
point.

The model for frzme E was made
to a scale of 3/8 in. equals 1 ft. and placed
in the guages. The value of H for the center
loaded for this frame was .4/12 or .0333
and for the quarter points .3/12 or .025.



Comparing these resulis;

33

A B c D E |
theory ¥ {Th. | i |the | M | Th. 4 |Th. | M
‘caﬁter loud¢d
H | ,11|.11}.033}.08§,033] .(3|.1568 {.1568|.038} .03
J Bu| -5 84915 1.5 |5 |5 j.B | W5 1B |45
RR| o5 [o89] o5 [o6 |45 |5 145 0B uB |5
Quarter point luade§ !
K |.083|.085, 025,028,025 .026.118.108 028 .02p
325.75 75 o75 [e75]475 :.75%.75 o75 751 .75
Bpi.25 {424 .25 |.25{.25 | 425,425 .26 25} .25

From a study.of. thego : ‘vatuss, 1%

oan be ssen that the meochanical method cheocks

the theoretioal method of analysmim for this
class of structures and indicates that the model

automatically takes etcre of the varying moment of

inertia,



12, Redtangular Frame with Vertical Legs.
Column Ends Pixed.--- All the following rectangulsr
frémas are calculated according to the follow~
ing method of slope deflections. The fundamental
equations for the solution by thés method for
any member AB are:

Mpp = 2EK(20, + @ - 3R) ¥ Cpp
B

Hp, = ZK(28y + &, - 3R) 1 Oy,

when E is ihe modulus of elastickty, K is I/1,
K is deflestion divided by l,and C,yz is the
resisting moment at the end of a f£ixed beam
with an wgqual span and oarrying the same systenm
of Intermediute loads.

These equations are fully developed
in Bulletin 108 of the Engineering Experiment
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St;ition of the University of Illimois,

In the solution of these problems
R will be assumed o8 gero sinve it is so smull
a8 to be of noilconsequence. Assuming symmetrical
loading and epprlying these equations to the
frame in Figure IX :

HAE" ZEK]_OB
and

HBA%EKI_OB

gince @ =0 and CA 0

B-:-
}ABG: 2EK2(P.OB + OC) - CBC
8ince the loading
and frame are
symmetrical, the
distortion will
be symmetrical
and 03: - OC
Then
U, = 2EE @y ~ Cac

Since joint B

is in eguilibrium

Upp + Mpe = 0

-



Substituting
4BK)Op + 28K = Cpp = O
Op(47K, + 28Kp) = Opp

Cpe
%=
(4BK; + 2Eq)
Substituting this value of @y in the wquation

for My,

Uz 2K + X

For symmetriocal loading

Cpe=2ab 1% + 2a%bf1% = P a ¥/1

HLBA::2Pa'b1(1

1!2?1 + X;)
ESI1,/h and Eg= 12/1

Substituting these volues in the above formulas;
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HB 2Pa.b11
AT TV EL;
1l 1t 12
i, Babl,
') Il + hIz

The same fremes will be anslyzed
for fixed ends:  tkat were used in the investigatl on
with hinged ends.

Far frame A the value of I3 T I,

¥ _ 2Pab — 2/55 ab
BAT 20 + 15

Yor center locded with load of unity,

Mg, = 200/66 = 3.64

733

My = 1.82
ZH = 5.,46/15 = .364
H =z .182

For gquartsr point loaded,

M= {2) (5)(18) = 2.7

y - .
%_136

2H = 4.08/15 = .272
H = .136



Por frume B the ratio of Il to

I, 18 1 to 8
2Pab — Pab/80
2

“Bs = ST TIEITET ©
Vith center loaded ,
Mo, = 108/80 = 1.25
HAR = 4625
2H —1.87/15 = ,125
H = .0e25

WWith qunrter points loaded

M . 5(15) - 94
B850 -
M‘&B : .47

2H = 1.41/15 = ,094

H —= .047
' These same results are true for
frame C theoretdcally.
For frame D the ratio of I  to

l
I2 is 2,37 to 1

By 2% b%m _ <. Pab/34.2

%ith center loaded

4 — 5 — .t
- 112.5/34.2 — 3.29

My, = 6.58



2H =9.87/20 = .494
H = o247

With guarter points loasded
M, — 75(22 5) — 4.84

o =

242

2H = 7.26/20 = .363

H =.181

Tor frame E the ratio of 11 to

12 is 1 to 3,3¢C

lp, . 2Pab = Pab/80.7
5130’ + 35!3.38)
{%“ith center loaded
¥ o_ 15 5 = 2.79
Ba o7
- -
MEB posll 1.99

ZH = 4.18/30 =139
HZ,069
i¥ith quarter points loaded

Maa= 15é %5 ; =2.09

E&B:: 1.06

2H = $.14/30 = .,1045
¥ =,052

39
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The meohanical anslysis was
oarried out with the same models as were used
with two hinged frsmes; but were olamped in the
goages with fixed emds instead of with hinges,

The fol:iowing values were
obteined;

frame A center loading
H = 2.5/12 = .208
R = 6.5/183 = .5
My = 5/1.7 =2.94
lear quarter point loading
H—=1.6/12 = .133
2= 1,913 = .77
Mpe=1.3/1.7 = 765
Far quarter point loading
= 1.7/12 = ,141

=

(23

= 2.5/13 = .216
M 6.0/1.7 = 3.5

Frame B

Venter losdimg
H=l.2/12 = .1

R=6.5/13 = .5
u =2 0/1.7=1.1%



Hear quurter point louding
H T .5/12 = .041¢
R = 9.7/12 2 .75
H@:— 1.6 = .94
Fay quarter point loeding
H = .8/12 = ,0665
R = 3.3/1% = .254
HAB = 1.8/1.7=1.06
Frame C
Center loading
H>= +6/12 —,05
R - 6.5/13=,
W= 1.5/1.7 =.88
Hear quarter point loading
H o .5/12 = .0416
R = 9.4/13 — .7256
i, = 1.0/1e7 =587
Par quarter point loading
H — .5/12 = .0416
R =315 = .25

HAB: 1.0/107 = .587



Frame D
Center loading
= 3.0/128 = .26
£.5/13 = .5

AB

T
N e
b

Near guarter point loading

H = 2.,1/12 = .175
R = 10/13 = .77

My, = 3.0/1.7 = 1.76
Far quarter point loading
H = 2.1/12 . = .175
R = 2.6/13 = .20
M o= 9/1.7 = 5.3

Frame E
Center loading
H = .8/12 = ,066
R = 6,5/13 = .5
L = 2,5/1.7 =1.47

AB ,
Rear quarter point
H = .6/12 — .06

R = 9,5/13 = .73

L — 1.5/1.7 =.88

42



Par quarter point loading
H =.5/12 = .0416

R = 3.2/13 = .246
U,p= 2.0/1.7 =1.18
Comparison of results

A B c D E

'zh.i M. | Thiy Mol Thel M.! The| ie! The

¥
I

- foad éh centpr

elBE | c20B | qUBD | o1 (6063 [o0b 1247 |25 1,009 |,066
b L.5 oD D oD b D ) b D

i

182 {249 [1.25 | 1o17] o626(.88 [3489 14,7 (139 i1.47
"—-u ’

|

=

Load a} near|quarter nt

H {.136 | .13 |.047 | .041}.067 {.041 |.181 [,175.052 |.05
77 .75 .73 .77 .73
| 766 .94 .59 1.76 .88

]

d at far quartep point

H 1,136 (141 (o047 |06 | .047 081 181 .17 | 052,041

«216 25 «23 20 « 246
H 3‘52 1.06 ‘587 5.5 1.1d

2,72 14,23 1,94 12,0 | .94 ‘il.rr 4.841 T.08 2,092, 06

The bottom column of this toble is the sum
of Kyn for bdph quarter points loaded.



Prom this comparisong it can be
seem that the velues obtained by theory and
with the models agree fairly well especially
for the valus of H. The moment as obtained
bgthe mechanionl methed seems to be large in
nearly every case, It was thought that the reason
floxr this was because the moment plpgs produced

mors deformation thin the others mausing the model
to buckle. In order to fing out ii this was the

cuse, 8 model of the frame A wes mude ofi wall

board. The results of the mechanical asnalysis of

thés frame were u8 follows:
Th Th X Th ¥
Jde2 i 126 | .13 f.12 W13 | W11
R{ .5 o5 Jn .23
b .02 | 277 1.47 1.42

?he sum of tha'moments &t the foot of the

oblumns theoretically is 2.72 and by the mechansal
method is 2,07, |

$

The asgumption thati the madel

was buckling seems to be Justified by these

rasulis,



13 Frame with Inoclined Legs. Fnde of
Columns linged.--~- inalyzing by the metho& of
slope defle#ition for the general case shown

in Figure X and assuming symmetrical loading.

FiouorEe

Myp &0

Mp = 3K 9y

by = 20Ky (205 + %) = Cye

Since the frame is symmetricaland is symmetrically
loaden

45
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BEK, 9y + 2EK,@y - Cpp = 0
Ciun
'QB== BC
Substituting in the general equation for MB%
ME _ wBCKI
A

From this eguation we see that the value of My,

is independent of the inclination of the legs,
If the section is cénstant throughout, then I is
constant and

5=1/1y and K= 11,

Substituting in the equation for Mp, Just derived
3C

BC
¥pp =

3+ 21/1,
Prom this equation we see that theoretically

the valuen of Hﬁa is independent of the size
of the members s0 long as they are the same
s8ize throughout.

In order to compa®e the results
a8 found by taneory and by models, and to see
whether the mechanical method bears ogpt the
theory in obtaining the sa'e value of HBA
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regardless of the inclination of the legs and the
size of the membars of the frame, the three
frames shown in Figure XI on the next page
were analyzed by the two methode., The lengths of
members are equal in all three cases and the
depth of members in frame G is twicd that in the
others.

Assuning loads at B and C

c 0 and HBA== 0 for 2ll three frames.

BC =

For frames F and G, since for symmetrical &oading,
the vertival reactions equal 1, then H=-1
| For load at either B or C
H=.p
Assuming loads at senter of span,
Cho = 14 = 25/4

Mo, = . 3(25) = 3.22
4(3 +(2) 35.35/25)

For frames F and G

H3.22(86) =1.13 for 2 loads of unity.

H - .b6b6 for 1 load of unity
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For frame H
H = 3.,22/35.35 = .0913 <for double load,
H = .0456 for single losd.

For the mechaniozl analysis of these
frames, models of cardboard to a soale of 1/4 in.
equals 1 ft. They were placed in the guages
with hinges at A and D as shown in the

illustration.

With frame F in the guages, the
deflection of point B was read as 6 divisions
and point C as 6 divisions when the shear plugs
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were changed making H = 6/12 = .5. Deflection of

middle point was 6.7 making H equal 6.7/12
or .56

Frame B was then place in the
guages and the values of H found to be .5
for points B or C loaded and .54 for middls
loaded.

Frame H was next placed inthe
goages and the deflection of points Band C
read as O. The deflection of the middle point
was .55 making H equal to .046

Comparing results for H

ESQd Frame F Framo G Frame, K H
pt. bheory |Model | Theory Kode} Fhecry]lodel

Borc| .5 | 5 | 5 | .6 \| 0 0
Cen.| .566 | .56 | .565 | .52 |.0456].046

Comparing results of frames

P and G it can be seen that the model bears out

the theory for loads at joints B and C. But



for the heavier frame, and a load at the center

a2 smaller valus of H is cbfained by the mechaniocl
method than for the light frame. This seems the
more reasonable result than that obtalined by
theory since it oan be seen thcot as the depth

of members appromches fmfinity, the vilue of
H approaches zero. In view of this faot, there

is as much reason for ascepting the valuas
obtained by the mofels ss those obtained by theory.

In comparing the values obtained for frames F

and H 1t oan be seen that the values of H

for center loading bears about the same ratio

to tho theoretioanl values as for frames F and G.
The machanical method bears out the assumption
that AB‘,‘ is indepemdent of the inolination of
the legs. For Joints B and C losaded HB& both
theoretically and mechanioslly is egual to szaro,
For the center loading by the mechonical method,
the walue of My, for frame P equals 56(25) - 25/2
equals 1,5 and for frame H, I, equals +046{35.35)
equals l.6. “his furnishes s fairly grod cheok
for the moment. The results on the whole agres

with theoretical resulte very closely.

51



14. Frame with iInclined Legs. Ends of
8olumns Fixed, ---- We will assume symmetrical
loading inbthis ocase as before.

Then QB== -Oc

Myp = 2EK, OB
MBA: 4EK103

MBC == 2EK,(205 + 6g) - C

= 2EKg0y = Cpn

BC

4EK103+2EK2°B -CBC = 0

c
BC
s =
EKJ_GB + ZEKZOB
CppK
BCH1
Myp =
2Ky + Kp
w2 %rc%
BA T
ZKI + Kg

Prom these equations we sce that the moments
are independent of thg inclination of the
lege the same as for hinged #nds.

For uniform section throughout,

the formulzas become

52
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Ms =
207
and A= -

As for the case of hinged ends the value of the
morments and H &pe independent theoretically
of the size. of ‘he section.

The same three frames as used
in the previous article will be anslysed by
both methods,.

For joints B and C loaded CBC = U

a4 H,,— 0 a M
an B = and also Ba 0
For frames F and G

H=1 for doukle loading

H = .p for one joint losded.

i

Por frame H
H= 0

Ffor symmetrical loads at center
Cpe = 26/4
= —22 1.83

4(2 + 36.36/25)



For frames F and G
H = 26.63/25 =1.08 for two loads
H = .54 for one load of unity
For fyame H
H =1.83/35.35 = . 0563

For the mechanical solution,
the fromes were fastened in their thrn in the
gauges with the ends of the colurms fixed by
fastening tb the gpanges with thc plate@ provided
for the purposs.

In the analysis of frame F, the
deflection of points B and C were found to bve
6 when the shesr pluge were changed. H = 6/12
or .5 Deflection of center was 7. H=7/12
or 583 vhen thrust plugs were changed, there
wae & deflection of 9.5 flor point B, 3.6 for C,
and 6.5 for the center point. Thus the vertical
reactions for load over joints are 9.5/13 or
732 and 3.3/13 or .278 , and for oenter loaded
6.5/13 or .5 #hen the moment pluge were changed,
defleoction of B was 5.9 and of C was 6.0 in the
oppoeite dirention and of the center was 1.7



making M, equsl 5.9/1.7 or 3.47 for B loaded,
1.7/1.7 or 1.0 for center loaded, and 6.0/1.7
or-3.52 for C loaded.

Thus the caéndition for a load
at both B and C giving zero moment at A and
D 18 fulfilled by the mechanical method.

Fraome G was next placed in the
gauges with ends fixed and the following wvaluses
found in a similar manner to th t @sed for frame P,

For a load of unity at B
H= 6,0/12 = ,5
R = 9.1/13 = .7
u__m.-;s.s/l.? = 3.24
For load at C
H=6.0/12 = .5
R = 3.8/13 = .29
Lip= 6.0/1,7= =3,52
For load at center
H= 6.7/12 = ,558
R = 6.5/18 — .5

H,p = 2.0/1.7 =1.17

In this case for &8 load at both B and C the moment



at B is not quite zero due pussibly to soms
inacourasy in ocutting the model or in fastening
in the gauges. The conditiongof equilibrium

are fairly well satisfied for the vertical and
horizontal reactions,

For frame I the following results
ware oObtained:

For- load at B
H=0

R=13/13 = 1
For 1load at C
H=O
kR =0
Hip=0
For load at center
B —o.6/12 = ,Ub

HAE?- 1.6/1.7 = .885



Comparison of results

: Frame F Prame G i Frame H
; ; ‘
Load B|Theory ledel| Theory iiodel | Theory lodel
. H | .5 5 o5 6 10 0
) 5
. By .278 .29 0 0
D Mg Be47 Be24 0 o
! + -
. Doad jat center ;
. H .54 | 583 | .54 558 | .062 | .05
L R 5 | .5 o5 o5 .5 494
{
3 HAB «99 1.0 _ «99 1.17 «99 «88H
i |

The values compare very well for

this clags of frames.



16, “wo hinged Arch, ---- In order to simplify
the mathembtical okleulations, a circular arch
of constant cross section will be analyzod;
From the equations for the deflecti on
of wourved beams, the formula for H for any tyo
hingeé& aroh is derived.

'yis/I

y2ds/1
when k' is The moment due to vertaécal losds only.

HS

Por the asrch of consatunt oross section, I is comstant
snd the formule becomes

j}é' yds

-jyzda

H

Assume symmetricsl loading as shown in Figuré XII.




59

Expressing in polar coordlnates
x =R { sin A = 8in @ )

¥1=R ( sin 4 = 8in B )
y =R (co8 @ = cos A )
ds — R 49
For @ less than B
M' = Pkl = PR(sin A - sin B)
For @ greater than B

M'=Px =PR ( sin A =~ 8in @ )

Substituting these values in the formula for H
B 3
4 PR ( 8in A - sinB)(cos @ - cos A) 4@
- 70

oy
2
EjARs(cos @ -cos 4) 4@
(4]

A
ZL Rs(ain A -« 8ir@)(cos @ -~ cos A) d@

H

v ke ¥+

A
EL Rs(aaao - GOB A)z ae

Integrating and dividing by 2 for single load

2[1112% - ainzB - ZooaAOA 8in A -~ B 8in B =co8 B + coaB]

H =
R‘?'(A-ScosAsinA+2Acos A)



and afdiding the thrust shortening

Derominator

H =
Humerator + £.&
area of section

If the arch is senmicireunlar, 4 is 90°

and sin A beoomat'I and eos8 A becomes O,

Thrn 5
He £-808 B
T

e thrust shortening will be O.
™wo arches will be analyzed, the

semicircular one shown in Figure XIII and one

with A equal to 60°., Both will be loaded at
the center and at quarter points measured along

the aroh axismaking B equal to 45° for the
gemiciroular arch and 30° for the segmental arch,
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Solving arch 1
Ioad at quarter point
B=45° , gos” B8=1/2
A=1/27W= .17
Load at center

2
Bz 0, eco8 B=1

Solving arch II
4=60°=Tif3 , sin A<B/2 , cos a=l/2
ires of section =2, I = 2/3
for load point half way between springing
and crown along axis,

B = 30°=W/6 , sin B-1/2 , cos B=[3/2

1200 Es/«; -1/4 - (ﬁ73 «(3/2 - T/12 =[3/2 + 1/2)]
2400 (f/s‘;-B(E/4 + 27712) + m‘éle

H=

= W39

For load at center
B=0 , 8in B0, cos B=1

mooﬁ4 - (rf3/6 - 1 + 1/2)3

675,35

= “.622



For the mnechanioal analysis, an
mh. model of arch I mag made of two thicknesses
of oardbourd %o u .meale of 1/4 in. equals ) #£b.
This won ploced in the gauges with hinges at
the springing a«nd the deflevtion of the quarter
points found to be £ d4ivisions for bvoth when
the skear nlugs were chonged.

i for gquarter points — 2/12 - ,166

I for center losded — 4/12 = .333
The vertical resctions were found to be 1.8/13
or «136 and 11/13 or.85 <for the quarter points
and 6.7/13 or 615 for thc center loaded.

For the snulysis of arch II,the
same model wac ssed a8 for I with the gauges
moved up $0Y 1row the center. The dafleotion of
the quarter points for this casec wes found to
be 4.5 and for the center 6.6,

H for quarter points — 4.5/12 = 375

H for center — 6.6/12 = .55
The verticul reactions were found to be 185 and
«81 for the quarter points and ,485 for the
center loading.



Comparison of results

: sreh Arch
Load at . o g6ry llodel ~heory Liodel
genter -
H . .34 .33 .622 55
2 * .515 05 .485
IlL‘ 7 5
R, = 5 +515 5 +485
Load &t quarter point
H .7 <166 39 375
RLL «148 « 138 21 «165
<65 .78 .51

E . ® 852

These results compare favorably and

that the mechaniczl mathod might be mmed with

indicate

about

as much sssurance o8 the theoretical method,especially

for those types of two hinged uroches which do not

permit of easy integration.



16, Hingless Arch.--- In the analysis of the
hingless urch, the arch is considered to be cut in
the center and equations derived for the unknowns
indicated at the cerown in Figure X1V required to

hold the half sroh in squilibrium by equution the
deflection of the

right half to that
of the left hualf.

Thus

o e Fie 3
oy = oy
oo = - b

when ax 18 the

horizontal deflection

of the 1left half at the orown, Ay is the verticul
deflection of the left half ut the crown, and Af
is the anguler duflection of the crown from the
tangent =t the spwinging of the left hzlf. A x*,
Ay, snd AL' uare the corresponding deflections
for the right half.

cubstituting for these terms
their exprescions as derlved for the deflection

of curved beams, and substituting for ii at any
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point 1its value ii' + Ly + Ey * Vox , the following

equations for_ﬁo, Vo, and Mo are derived.

48 (W'y d8 _ L' ds sy ds
T )71 B S

H =
o
yds j& _ 7

fui x ds (M X a8
f - §
v J/ / 1

(- x” ds
H I

/
‘y ds ' ds
g

ds
<

For this analyais, arch I of
the previous artiocle will be usedi. For constant
oross section, the I's oancel in sach of the three

equations above and for the segmehtal or semicirculsr

Fiouvreme XV




Assume 8 single load P at some point b distance to
the left of the canter.

Then iI' between A and P (Figure XV') equals

P (x = b)) and equals zero over the remainder of the
arch,

Evaluating the different terms for circular
arch of constant oroes section, considering 1

a8 half the span &8 shown in Figure XV,

/ds :/01 ax = 2R ( sm'lx{;?)ol = 2R 81;1]1/12

R - x
fof semicirculsy arch
= A
L
/y de = 2Rf (R -[R2-x%) ax
° JR - X

= (2R® sin"! x/R - 2R ot
0

=2R% sint YR - 2R 1

for sémiocircular srch
=1%(n - 2) =1.1416(1)
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) 3 R
‘y%as = 2r{ (K - /:?2 T - S—
/ Jo R - <
&,
5 - f—'r"“”_""r-'z
= 2R (3/:2 R” sin lx/ii - 2R x + %2 \}R‘ - x°)

0

-~
~2R(2R% sl WR -2 R L+ 2 [K® - 1)
for semicircular arch

=21 (34 (?) -21%) = .7124 15

{" 1 - - - i - :'.2" <
Ju yds-RbP(x b) (i =X SCR

5 o L
= Pk{bx =- Ii%R“- xz - xz/?. - Kb sin"lx/R + bx )
b

2R(DL - b% - R{R"~ 12 R[KZ8 b2 - 1%/2 4 v¥/2
- Kb ein"!L/K + Rb sin~lb/R )
Afor semicircular arch and b equal to IL/2
N (12{3 - 3 - 48) = 5.2 PLS/24

for d equal to zero
= PLs/ 2



/i;' ds = ER/ (x - b) —=
b R% - xg

¥

- L
=IR ( -iR'-' - %2 -1 sin"tx/R)
b

= PR -m + [R" -b° - b sin"lL{R

+ b ein~l b/RY

for semicirecular arch and b ecunl to L/2

=PL( L{3/2 - 1&/4 + W/12)
=PL® 4.1/12

for b equal to zero

::PL2

,x ds = 23/
= 2R (B%/2 sin * /K - x/2 an - x° )L

for semicircular arch

=13 n/2

o
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K xds = b/ (x-b)
iy

g L
=i (R¥/2 sin”Ix/R - x/‘,:z - x2 4 bz x2)

=i (252 ean™li/e - K¥/2 sin”lb/r - 1/z 1E-LP
+ B/2 B BE + b R = L = B[t b )

for semiciroplor arch and b equal to L /2

3 P
= 1°/24 (4% -3/3) =7.3764 1.5/24

substitutingthese vslues inths goeneral equations
for load sf quuter point

g;gz - Llsalaass)
L&

{2 1.1416)2 - &% ( .nz2e)

. __gﬁsz - gﬁg

e

1e3 = 2.24 = =31

v 75764 1°

-,

os .;lzﬁ = L195

2 2
- L7 4.1/12 - (.31) (1,1416) L
3&4\05 - e
XL

— (40)94.1)/12 - .31 (4U)(1.1416)

o7 n ——

= 1569
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¥y = o3l (40) - J195 (40) + 159 = 4.759

For centor loade?

wdre -« p 141.1416)

0 =
o

= =gedbb
- IJ4 .94

2157

v .= -
o= m o = -8

3 L2 = .455 L°(1.1416)
o AL

0 - 21.2
: 125 = =5.64

Se1416

MB = «455(40) = ,5(40) + 5.64=z 3.84

The volue of I aéea not enter into
the caloulstions so thece vulueg obtained by
thoory are the same for any depth of arch ring.
In the mochunical analysie ayroh I of srticle
13 wans fastened in the gaupes with fixed ends
o8 shoen in the illustration. The fllustration
shows arch I1 of article 13 fastened in the
gauges with fived ends, Arch I is the some except
that it 1s fastened on the diameter,



The load points were taken a3 the guarter point
of epan and not along the arch axis as was: the
ocase with the two hinged srch. The values
obtained are as follows for quarter point loaded.

H = 8.6/12 = 3
7B - ‘07/13::‘207

and for center loaded
H = 4.2/12 = .36
HB == 708/1-73-4.6
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Since the theoretical wvalues are independent of I,



another samiociroular aroh model was .mode withmthe
same span but with half the thiokness, snd placed
in the gauges in the suiw way., The values obtained
weore:
fo2 quarter point loaded
B = 3.7/12 = .308
LA 2.5/13 = 4192
My = 8/1.7 = 4.7
for center loadsd
H = 4.5/12 = 375
Vp = 6.5/18 = .5
By = 7Te8/1.7 = 4.6

Comparison of resultse

i  Cheary . Areh I Arech with 1/2 4.
Qnar#ar point lt;ided
E | W31 o3 | «306
Vi 195 =207 192
Uy | 4.759 4.7 4.7
Centgr loaded
I 45 .35 375
T Vg | .5 s -5

By | 3.84 [ 4eb 4.6
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In comparing these values it will be
noted that there is & little variation for the
theoretical wvaluss but comsideriyg thegrest amoumt
of work required to obtein.these values, those
obtained with the modelsa are probably &s nearly
corrcot as- those obtained by theory. It is belioved
that these values obtained by the models are as
safe to use in the design of such strustures aé
those obtained by theoraticzl Aethods and there is not

as much danger of error.

IV, APPLICATIOQH TO RrnINFORCED COHCHETE.

17, Discussion of Theory.--- From article 6,
we know that for any structure with a constant
modulus of elasticity; i.e., made of the same
material throughout, the value of £ does not
enter into the equation for internal work.
The only terms in the equation which is different fcr
reinforoed condrete frames from: those .of
homogensous meterial are the values of A amd I.
Since the octnorete and steel must have the same

deformation undor strpees, the equivalent area of
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steel for conoretd is A, *( area of steel) times
le/nc ( ratho of modulus of dlasticity of steel
to modulus of elasticity of oonorete). The value
of I for reinforeed esonorete seotion will be

the I of the conoretesbout the meutral axis plus
the equivalent sres of steel times the square of
its distance from the neutral uxis. The value of
A cun be stated inlterms of the depth anl so that

for any struoture:.the analysis depends upon the

valus of I. Since the models are of a homogeneous
mzterial, they will have to be made with & moment
of inertic equal to that for the concrete sectiosm.
Since the different members of the model cannot

be varied in thiekness, the depth must be varied

to give an equivalent moment of imertia.But since the
different valuss depend theoretiocanlly upon the
ratio of the moments of inertis of the different -
members and not upon the value of the moments of
inertia, it is thought that if the size of members
is kapt a8 mearly as possible to the sizse of the
camre.te section and the moments of inmertia Voried
accordingly, that the results will bé more mearly

their true wvalue.
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18 Reotangulay Frame with Hinged Column Endg, =
The frame shown in Migure YVI is one analyszed and tented
by Dr. Abs atf the University of Iilinois ss part of
hitc work £or the Doctp¥s degroe. The ratio of sa/mo
woe determined by separate tests on the conorese and
ateel a8 l4.3. The hinge was pleced delow the bottom
of the columm ends moking the moment arm of H equel
to 4.63 £t. The value of k ( proportion:lity factor
for looation ofneutrzl axis) for dection A=A im .41,
Ag 18 .78 8Q.in., tnd J 18 .863.

The values of H as computed dy Dr. Adbe

was L.UBZ P when P i the sum of equul loads on the
third points. In the test, when & load of 900 1b.
wae applied at esch of the third pointe, the valuse
of 23 {unit ateal stresd) was determined by extensometers
to he 17,900 1b. per 8q. in. This styess is onused
by & bending moment and = horisontal thrust in t.he
beam equal to H, Assuming that H will be distributed
over the egquivalent «rda of the beam, the smount of
this sompressive stress ccrréed by the steel is

4 78 or <123 H. The observed vlluse of
+ -
the nainting moment 2t section A 7 48 then

equal to(17,900 (.78) + 115 H) »863(10) and
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the extornal moment is equal to (9000 {24) - H 4.63(12) ).
Equating the external and resisting moment at section

A =-A gnd solving for H

120,000 + 1.06 H = 216,000 - 65.5H
H =1690 1b.

or H=.084 7

Che aomputed value of k is .41 for the top
member and i is ,563

(1 2
8(1000)(.9) 2

In.a. at oanter: 12 + 14( 078) (8.6)

=" 540 + BUB=1148



77

I in ths solumn Jjust below the joint is sbout the
same as for the center of the beam. The bottom-half

(appromimately) of the columm hos a value of k
equal t0 349 and § equal to .89

xz.ﬁ.ﬁﬁﬂwﬁ)z + ,39(54)

=1090 + 25 = 1116

If we assume a depth of 10 in. for the top member,
the thiokness b of a Bomogeneous section for a
value of I of 1148 is ecunl to 18.8. The value of
d ( depth to center of steel) for this same bresdth
of ¢oluem 18 for a value of I of 1116 equal to

- @ or 9,9 in.
N Cardboard was found to be too limber
for a model of & frauc of these dimensions, allowing
tie members to buckle when the deformation was produsced.
& model was made of wall board to & soale of 3/% in.
equal 1 ft. and the value of H found to bde,for each
of the load points,equal to .0416. This makes & value of
«0832 for boti third points loaded. This vilue agrees

romarkably well with Ir, Adbe's value of ,0QHZ.
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Model of econcrste frame in gauges

19. Hinglesa Reinforced Concrete Arch,--=
The objest of this analysis is to compare the results
obtained by the ordinary method of analymix with
those obtained by model for plotting influence
lines for horizontal reactions, vertical resctioms,
thruat, shear, and moment at the apringing section
of the reinforced cancrete axch ring shown in Pigure
XVII.

' Thid arch is one analysed in Hool's
"Reinforoed Concrete Comstrustion” Vol. III. It
was analyzed by dividing the ring into sections
such that &/1 for each seotion is constant.

79
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Thim was dons dy computing the value of I at several
points on the arch ring. The arch axis is then laid
off as abscieea and the values of I leid off as
ordinates. These points louoated, they are connected
by & smqiL curve and ths sxis divided by trisl into
bases (usuanlly ten) of isoscles triangles with apex
in the ourve for I. Using the value of 8 thus found
as the length along the axes for that partioular
seotion of arch ring end measuring x and y to the
center of gpravity of the eseotions with the orown as
the origin, the following equations for H,, ‘Fo,
and uo at the crown are obtained from the genersl equations
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Pigure showing method of dividing arch axis
into sonstant s/I.

as given for the hingless arch in article 16.

Since thislitype of arch cannot be integrated, ds
becomes 8 and the integral beoomes a summation of parts,
Since 8/I is constant

B = RZ.LEL*fﬂR)% = =(mL + mR) Sy
2[nzye -(zy)” ]
v S(nL 8 mR) x
o - S
nEX~
u Z(mL #mR) - 2 H 2y

0=
gn



8 equals length of divieion of arch axis,
n equals number of divisions in one half of arch,
mlL aquals moment a2t any point on left half of
arch axis of sll external louds between
she point and the crown,
mR equales same for right half of arch.

A tadle of these terms used in
the above equations is prepared and the values of
Hy, V,, 8nd X caloulated by substitating values
from the table in the equations, This table as teken
from "Reinforced Conorete Construction™ is given on
the next page. The following valuss are then found.

Unit load et I,
10(13.13) - (1.08)(29.90)

H = —
o = = .037
2 [10(222.94) - (29.90)2_]
34,2
'i'o: = =4007
2(2611.6)

1.08 = 2(.0357)(29,90)
K —_— “'.%7

2(10)
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Unit load st L,
10(134.85) - $12.14)(29.90)

HO: = .569
£2670.8
367.5
vo:: = 07
5223,.2
12,14 ~ 2(.369)(29.90)
Ho§ — '0496
20
Unit losd at I
10{335,.13) « 39,09(29.90)
HO: T— -818
2670.8
o - 3 0197
5223.2
g — _ 39.09 - 2(.818)(29.90)
0= = =,491
20
Unit load at L,
a 10(566.56) = 93,25 929,90)
o: = l.151
2570.8
2040.2
.YO:- = L3891
5223.2

g~ 98.28 = 2(1.161)(29.90)
{v 20 - +1.22




After these values sre found the
arch is statlically determinate and the values of H,7,
V, and ¥ at the springing line may be determined
sither graphically or algebraiocally.
The valuss of these terms are given in the table
on the next page. ,
The following method was used for the
mechanical anslysis,
The value of I at the orown is

S

16% + 15 (.9941(2)(5+5)% = Boo2

and I &t the springing line is
36° + 15(.994)(2)(15.5)% = 53,760
If we keen the depth of orown the same for the model

as the concrete saection, the value of b giving an

equal I s 5002 (12) or 14.65.

16°

The equivalant depth at springini is

S 53,760 (12) or 35.4 in.
14,55

A model was made of wall board
with & depth of oroem equal to 16 in. and depth of

85
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springing equal to 35.4 in. This model was placed

in the gauges with the gauge horizontal to produce
horisontal deflection at the springing for determining

the value of H and R. The gauges wore then chamged to produse
displacemants parallel to the axis and 4lso normal

to the axis for detexrmining T, V, aud ¥ at the springing.
Thess valuas are given on page 86. The model fastened

in the gauges 18 shown in the illustration,

The values found b»y the mechaniocal
met hod are secn to compare very welil witk those
found by the oriinary method and may be used
in the desipgn of such structures, There is as;much
reason for thinking that the results of the mechanical
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method sre as near the truth as those found by
theoretical methods, as the la=ter method is &
sumeation and not exact, At the same time it

is not possible to say just what the equivalent
depth should be taken to give the correct result.

The results of the mechanical msthod are certainly
much easier of attaiumecnt and there is not the danger
of making mistakes 88 there ak® in the mathematicsal

celoulations,
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V. COBCLUSION

20. Difficulties Encountered.--- There were
sareral difficiklties ensountered in the
investigation, the most outstanding one being
with the gauges. If the gauges are to give satis-
faction, they must be made with a great deal of
care. The notches in the gauges should be made
with an angle of exactly 90° and with the
diagonal of the square formed examotly parallel
to the main parts of the gauge. They must also
be exaotly the same distance apart or the gauge
will roock back and forth as the pressure is
shifted from one end of the gauge to the other.
“he shear plugs shoudd be made with all the
faces making exact right angles and they should
be exactly the sams eige, otherwise the same
displacement will not be produced unless they
are placed in the gauges in exmctly the same
manner each time Which is a practical impossibility,
The thrust and moment plugs rmust be exactly
round or the same displacement will not
be produccd each time the plugs are changed.
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Another difficulty was encountered
in resding the defleotion in the miocrometer
eyepiece. A point was txried for marking the
load point at which the deflection was measured
but without success. The load point not only
has vertical motion b ut aleo & horizontal
displacement when the plugs are changed in the
gauge. This is sometimes great enough to cause
the point to pass entirely off the scale &nd
always from one side of the s#zsle to the other.
If, when this happenes, the Bo:le is not sxactly
oriented, the proper deflection 18 not read
by the difference in readings on the schls.

A point when ssen through the mecroscope is not
2 point and it is diffiocult to determine the de-
flection. Also apoint furnishes no means of
orienting the scale to read defleotion in the
direction 4 whech the load is aoting.

It was not found possible to use & pepgoil

line on the model for orienting because it

is too ragged. This d4ifficulty was Lfinally
solved by making several small b]:oolm of
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aluminium about 1/4 in. square by 3/4 in. long
and emoothing the faces till tho edges appeared
a8 smooth straight lines when seen under the
mierpspepe. These were fasténed to the model
with paste at &éhe load points with the edges
normal to the direction in which the load was
agssumed to be acting., This furnished & means

of orienting the scnle and the line was always
on the soale pexmitting sasy and correst reading
of tie deflection. To read the deflection, the
scale was set with zero line along the edge of
the blook and the deflection produced in a dir-
ection such that the edge of the block moved
back along the scale. The divisions of deflection
could then be easily counted as they weve

clear of the confusing lines on the surface of
the aluminium.

2l. Care to be Exercised.2s2 A great
deal of ocare should be exeroised if comparatively
acourate results are expected. If the models
are too thin in ocomparison with the depth and



length of member=m, they will buckle; and the
investigation shows that results will be obteained
under these circumstances which are far from
accurate, The ordinary thickness of cardboard
was found to be too thin for most models, two
thiclknesses of the comparatively heavy cardboard
wore found to give pgood results for most models;
but wall board 3/16 in. thick gave excellent
results in every csase in which 1t was tried.
#Wall board iz of course more difficult to cut
into models than cardboard; but with a sharp
imife may he done very well.

The gauges must be placed exactly
normal to the axis at the section if accurate
results are expected for shear und thrust. In
defermining the moment the section must be placed
in the gauge with the axis at t.al point exactly
midway between the plugs; or thrust displacement
will be producsd in connection with the moment

and srroneous results will be ottulned.

g2
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22, Betermination of Signs . ——- Thb
mechanical hethod automatiocally determines the
direction of the shear, thrust, or moment at t‘he
section., It oan readily be seen that if a shear,
or thrust displaocdment at the gauge produnmes
8 defleation of the load point apposite in
direction to that in which the load is sssumed
to Ybve asting, then the displasement &t ‘he
gauge is in the direction of the remotion at the
section and vice versa. Froa a8 study of FPigure
II, it oan be seen that if s produced moment at
B in the same direction as that caused by P
about B, causes an upward defleoction ati, then
8 domnward deflection at A will cause & moment
at B opposite in direction to that of :he
load ebout B ; i.e. tensinn in the lower fiber.
7e may say themn that if the surning effect in
the gauge is in the same direction as that of the
load about B and produces a deflection apposite
in direction to thatin which the load is acting,
then the moment at the section is in such a dir-
ection s to cause tension in:the bottom fiber

and vice versa,



23. Determination of Thrust, Shear , zand
Lioment at a Section Other Than Support.ss-
The theoretical discussion in the introduction
holda BBy any sectio. .of the structure. 7o
determine the shear, thrust or moment at any
section other than the support, fasten the model
at the supports in exactly the same manner as
before. Then &t the sectio where the thrust,
shear or mement is desired, place a gauge and
clamp the model in both A and B of the geauge and
cut the model between them. A displacement oan
then be produced with the plugs at that section.
The gaugoe should b6 floated on glass and bsll
bearings in this case %0 allow free motion of the
model.

This wasnot tried in this investig-
ation beocause of lack of time and since it is
not a8 greatly important as the determination
of the reactions, For any but very ocomplicated
struoctures the strecses are all determinnte as
soon aB the reactions are determined nd,

since the gauge wéuld restrict the deflection



ofr: the model unless great care was axeroiséd,
it is thought that beijerrwesults will be obtained
by datermining stresses from the reastions

in every case where it 18 possible to 4o so.

24, Pield of Usefulnessi-=-= In the light
of ' his investigation, & great field of usefulness
is predicted for thies method cf analysis dbecause
of ids simplicity. Even though it may not de
used for the original analysis of indeterminate
strustures, it may be used 128 a valuable check
upon the mathemstioal oaloulations until its
reliability is further established.

It would seem to have a special

field of usefulness in the design of concrete
arches. There 18 & great saving affected in the

construotion of & series of arches if the

plers are made elastic. This is seldom done

due to the great amount of designing work required,
The new mekhod ?Ifars a simple solution for such
structures. This is also true with regard to

unsymmetricel arches,
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