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A MEOB.AlUCAL MF.TROD OF ABALlBIS F<E 

S TATIOALLY IBDE tEFllillA'fE 

S !l!RUO?URES 

I. IBTRODUOTION. 

1. Preliminary. --- With the emept1on of 

a oomparat1Tely tn apeoialiata 1n the engineer­

ing field. the engineer baa up to the present 

time not bothered with the anal.1aia of oompl1oated 

statioall.7 1nde•8l'lll1D.ate structures. He ha.a 

oontended that the aavi.Dg inTolved due to 

builcling rigid struoturea waa more than offset 

by the Ul01Ull of ctea1gning work required. 

Thia ma7 han been tame more or len luring 

the paat 1n America where the ••tra amount of 

material uaed was of little ooneequenoe. But 

building material 1a ~t beoonn1ng a asotor of 

great iq,ortance to our national growth and 

saving that may be affected by the use ot 

rigid structures is of oonaequenoe. 

Certain building materials lend 

themeelves natural.ly to the oonatruction of 

rigid structures. The reinforo.ed concrete build-

11Jg frame is 1n itseU rigid and 1ndeterm1nak. 

l 
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ThW etnoturea an d•igDed at present 1n the 

~ engtneArlng ott1oe by MJdng oert&in 

Ull'Ullp'liona whloh ar. little more~ gueeee. 

ao.. gooc\ an4 aoae 'ba4. ~ 1s not true angiaeer-

1ng. Suob struotune ao 4eetfP181, 1iaJ' be amp)$ 

strong to OUT7 the loaAa ~or Wh1oh t.beJ' an 

4ea1gned; but til.93" Will probabl.7 not be eoonomlO­

ally 4e81gne4 "1th unit atNe- equal 1D all i• 1 r 

IIINlbera. 1h1l oarpenta does this sort of engineer-

ing when he chooses a Joiat a1u beoauae that ••• 

~otat aue baa pl'O'ftt4 aatletactor;r on a pNYlou.e 

:ob. 
z. htethocla ot Analye1e.-- nie anal.1'8te ~ 

1ncletend.nate atruoturea 18 at preaont 4one by 

fNIGl'l8 of tile theory o1 least work and b)' Blope 

ct«rl.eotlona. the •~ of el~ 4efleot1ons 1a 

the more praotioable 8n4 18 the one 1n general 

uea by American englne!.trs. Th18 ~ is 

4ffelpP$d un4 deeoribed 1n detail 1n Voluma 

II o.t n:aodern Framed Situetureaff by Jatmaon. 

BrJan. and To.rneaure. amt 1n tTReinforoed coaorete 

Ooneunot1011" bj Hool. A metboa. ot anaJ.yeia b7 tbe 

uae ~ the Ell1pae of El.88'C1c1Q" an4 el.c8t1o 



weights is proposed by l.ir. A. D.Janni, c. :-'. ., 

which is deeorlbed in a. discussion by u:r. 
Janni of "Bew Pr1no1ple in Theory of Structures" 

.,oGeorge F. Swain, Paat President A.s.c.E., 
and given in Transactions cf the A .. s.c.r.: •• Vol. 

LlllII - 1919 - 1920; and aa applied to concrete 

e.rohee in Volumn III of !'Reinforced Conoret-e 

Constru-0tion11 by Hool. Any analytical method 

yet d1sooTered for indeterminate structures is 

long and tedious,1nvo1Tlng long mathemat1oal 

oaloula t1ons. 
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In the spring d 1922 a meohanioal 

method for the analysis of statically indeterminate 

structures was proposed by George Erle l3eggs, 

Aaaoolate Professor of Civil Engineering. Princ~on 

University, in whioh paper models an& speo1al 

gu.e.ges are used. He claims for the new method 

speed, acouraoy. and simplicity. 

z. Object lllld Scope of Imestigation. --­

~r.i.is investigation of the newly proposed method 

of dos.ign waa made for the purpose of further 

establishing the truth aa to the accuracy, 

simplicity, and praot1oab111ty of the method. 



It waa desired to know whether results obtained 

by this method would check with those found by 

the theoretical methods of ezaot design. and 

also to know how ·these reaulta would compare 

with thoee found by aotpa;t teeta on full size 

frame.a of concrete. 

several models of 1ndete1'1111nate 

frsmee were made and analysed b1" this method 

and the reauua oompared with those found b7 

the method of elope deflections .. An application 

pt this metho4 to reinforoed oonorete frames woe 

then investigated to prove its usefulneaa for 

the 4ea1p of this important olaaa o1 

etruoturea. IJ:l order to oompare; thia method with 

the ordinary 4ee1gntng method tor simpl1oit7. 

an 1Dfluenoe table for the apr1ng1ng saotion of 

a reintoreea oonoret• arch ring was prepared 

by the ordinary method ad by. the meohan1oal 

•thod and these compared both as to 

mathellat1oal reaulta and eaee of attainrne~. 

In preparation for the Doo tor's 

degree. Dr. Mlk1ah1 Abe. made and teated 

several relntoroed oonorete building fl"amee. 



The result of these taeta are published 1n 

Bulletin no. 10? of tho Engineering Nxperiment 

Stution of t t:e Un1Tere1ty of Ill1no1e. A 

model of one of theae fr8fl1Gs was •de and 

analysod by the new method M~ tho i-eeults 

oompare~ with those found by Dr. Abo in the 

teat nnd by the method of least worlr-

'.:hia work waa done under the 

eu:peniaion ot ?roteeeor Preston u. Geren. 

Head of the Department of Aro.h1te4ture and 

.Arohite.oturul Engineering. 

I I . DESCRlPTIOM OF HEW u.&TliOD 

4. Baaio '..:heor3. --- The principle upon 

Whioh this method depends 1e IJnxwell '8 rAW 
of Reoriprooal Defleot1ons. tthioh simply stated 

18: 

Tho dt.eplaoement .in any g1Ten 

d1rect1on a • of WJ7 point, .. A of n atruoture. 

duo to a load P nppliea at eoma other point 

B 1n a direotion b'• 1B equol to the d1eplaoe­

r.l0nt of the point B 1n tho di.reot1on b' which 

would be caaeed by the app~tontion of the load 

P at the point A 1n dlrootion a•. 

6 



U a load P (Figure I ) be applied 

at A causing a deflection d' at A and d'' at 

B. the work oausing auoh deformation ia Pd'/2 

and is resisted by the lnteraal work. But Ws 

diaplaoement d' oould be produced st A by appl~i 

ing a toroe R at B causing displacement 4" at ~, , 

and d' at A and the work done wolld be equal to, 

Hd"/2 resisted by the 1$i-nal work. But the 

internal work is equal in both oases sinoe the 

same deformation 1s indu.oed in the structure. 

Then Hd"/2 equals Pd'/2 or H equals P4'/4". 

Thie def1ect1on d' at A could 

be produced by a moment at Bas shown 1n .Figure 

II. The wor:. done 1n thia case 1n oausing 

6 



deflection d' oquals Wd"/2 when d" equals the 

distanoe w mOYe.s down in procluoing t.he defleotion 

d'. The moment of w equals wr. If r equals 1 

then the moment e-quals ,1 and since Wd" equals 

Pd'. then J( equals Pd'/ d''. 

All that is needed to :tind a 

thrust, moment, or shear at a section B for a 

load Pat A is the ratio d'/d". 

5. Pructioal Test of Theory.-- This theory 

waa put to a praotioal test by Profeaaor Beggs 

b7 oonatraokng the rigid frame shown ln l'igure 

III. The frame was •de at wood atiokB about 

5/8 b7 7/8 inethea 1n aeot1on and oolumnaand 

aaa1n horizontal membere 50 inohee long. The 

members were fastened together by aeans of metal 

gusset plates and screws. 

T~ 3-hinged frame waa floated 
~ . 

horizontally on ball bearings on the floor. 

No weights were applied to the structure while 

measuring deflections in determining the Taluea 

o1 horizontal and Tertioal reactions at hinge 

3 for a load of 12 lbs. appl1e4 horizontally 

., 



at~. To determine by this theory the value of 

v3 at hinge 3. the pin at 3 was remllt-ed and 

the ratio of defieotion at B,horizontally, to 

that of 3 Jvertioally 1 found by forcing point 

3 to deflect upward an amount equal to d.11/2 

and then downward a llka amount. The motion of 

B was measured and the ratio d • /dr' established. 

Ace ording to the thec»!7 then V 3 equals d '/ 4" 

times 12. Thie was caloulat.ed 70 be 3 .. 4 lbs. 

The value of H5 was determined in a silllilar 

manner to be 14.6 lbs .• The hinge reaction 1s 

according to the thaor7 the square root of 

ihe aqua.re of 14.6 plue the aqwire of a.4 or 

16 lb& for a loa4 of 12 lbs. at B. 

The pin was then replaoecl. . at 

3 and a weight O"f 12 lbs. attached at B by 

o. cord which was wouncl. over a bioyole Wheel 

as shown in the figure. A weight of 15 lbs. 

was attached in a similar manner at an angle 

auch as t;o oause components at 3 equal to 

V3 of 3.4 lbs. and H3 of 14.6 lbs. The pin 

at 5 was then removed and no deflection 



~ hioh ind!otttee 'Ml.nt the ftlue of the 

yeaat1on et 3 was ooz:reet aa aeto~ meohe.nt~ 

.olly $!nee fihere was prodWi~d etutio and elastl<f 

O(!Uli britu!l• 

6. Appl1eat1on of ~Otley♦•- 'The 1n~l 

work nt reail1ence 1n any otructur& la ogual to 
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s ds/2If.A for dlreot atreas on the section and f 2 

to Ju.2ds/2EI fpr 'belad•mg stress, when 

s equals etreas at seotionl 

A equals area o'f aeot1on. 

E equale modulus of elaot1o1t7. 

ds equals increment of length of axis. 

I equals moment of 1ne1-t1a • 

M equals bending molRant at the section. 

This neglects the work of shear which is small. 

Ualng the same nota t1on as that used 1n expla:h -

1ng the theory and equsUDs internal and extenaal 

work: 

j 2 _ _2 
Bd'/2 equals S da/2.All + f K 4B/2El 

2 ~2 
and Fdf1/2 equals js, da/2AE + ju.d8/2EI 
and. since Hd'/2 equals Pd11/2. 

JO 

then ( S 2 de/ 2..•\l~ + (1l ds/ 2EI - rs 2 ds/ 2.A!•; + fir? de/ 2E I 
.J / - f I )' I 

or considering E constant throughout the sturcture. 
✓ 2 2 2 2 )5 4s/ A + jM ds/ I ::::: f S ~ ds/ A + j 1l l ds/ I 

It oan be se-en then that when E is constant 

throughout the struotur,. the relation between 

H. Pf and the defleotions is not dependent 

upon the 'Ylllue of E. 

If we build a model then of 

the ea.me shape as the structure. and of aome 



other material. the same relation of Rd' w 
Pd" will hold ill the model as in the full 

a1ze frame ao long ae that 11aterial 1s not 

s treese4 beJ'ODd the elna Uo 11111 t • since 

the T&luo of d'/d" ie simply n re.tio and 

not dependent upon the ve.lue.:1 -:)f the actual 

deflections. These models maybe nade to 

aa small n scale as desired and the results 

obtained will be Ju.at a.a aoourate as those 

obtained with&. fu.11 size frame so long aa 

the measurements are all •de with the requu-­

ea degree of aecuraoy. :By using oardboe.r4 

heavy enough that lt will not buckle under a 

very small deflection for models and measuring 

the displaoeinenta by means ot a !11.gh powered 

microaoope.this mechanical method may be used 

in the drafting room. 

7. Apparatus.--- :.:he app~ratus us64 1n 

tt.e 1nveatigut1on of this method consisted of 

a m1croaoope for reading defieotions nt load 

points produced by a small gu.a.ge nt tho aeotion 

where the value of the shear. thrust. or moment 

11 
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la laaired. ':le ldoroeoope w&a of the ortiaaz7 

t1P9 mole by Bausch and Lomb co. for 11N 1n 

BaoteLologlcal work. For thla work the t.leaeope 

Md adju.e ting nw,ohan1ftJ'llfftN dlSl'llflimted from 

tho pedeetsl that is botw&mt the baoa an4 tofd.e 

Ju.et llll4er the t.al.eBOopo. ~ -.1f\ pe4eetal ;and ta.bl.e 

o.onta1n1ng the n:pp~tue f'or . hol41ll~ ru.u1 llght­

in,_; the apeoillla::were tsken off &114 the teleaeope 

~a tuu1eo egrua ao thnt 1t ~ be 1oouae4 

upon a model 111ng tlal onthe 4raw1ng boar4. 

the ~ tool.II nq111NI tor •~ 8D1 

nmountmg the atoNeeo,e were a 80N'DI' 411.'l'er anda 

fl!}eo1.al ~h• 

A Tiff of lhfl r,:10-

roaeop :ti tte4 for 

1h18 work ta glTen 

in the 111ustnt1o.n. 

'1'or me&lt&l!.-­

lng the ddloction 

& m.cr=eter e,e­

p1ece ••h1eh 1e a 

I • 

regulal- equipment fff the lllorosoape. 18 UM,4 111 



.. 

o.f T1a1on 

appears as 

&h01lll in 

l'igure IV 

and oan be 

turned in the 

telesoo_pe so 

that d&floo­

tion 1n any 

direction 

may be read 

without DOT-

1~ th~ microscope. 

Deflection is produood at the 

section d.esU-ed by means ot small gnagea as 

shown in the illu.strf\tion on !J&ge 12. Pour 

of these gaages were made in the o • .A.M.c. 

shops. The mv.terial used was aluminium. 

The drawings on the next puge give all the 

dimensions. The di:fferenoe ii .. the uizea of 

thrust and shear plugs was ma.de approximateq 

such that the dlepalcement produced would be 

equal to the limits of measurement of the 

mioroscope. ~e goage may be usod for ti:J:ing 

a aeotion by cla.mping the model 1n E an4 

13 -





pinning the ~• to the dnwblg boa.rd. It 

a h1llge ia 4es1Nd at some point. the model 

is noi olampwd but •rel7 faetened 1n the guage 

with a single pin at the point where the 

hinge 1a desired and the gaage p1nned to 

t.he drawing board. 

To produce a diaplaoement for 

shear at a aeotio.u. the model is clallaped 

in A as shown in Flglae V with the ~t plugs 

1Daerted u aho,m and B pinned to the draW1ng 

board. The plugs are then reaon4 an4 inearted 

aa ah.OW"lol in Figure VI pro4uoing a cliaplao .... t 

normal to t.b.e as1e at the section. To produce 

a thruat 41spiaoemen t; 1.e. • normal to the 

section and parallel to the e:s:ls. the large,.. 

pllQ'S are placed in the gqage as ~hown in 

lrigure VII and the model cl.amped in A.Bis 

then pinned to the drawing board. the ·larger 

plugs removed by saeans ot t:he wedges shown and 

the smaller ones 1n8erted. To produce a 

diaplooement due to moment. a large plug 

1a placed on one side and a small one on the 

l.5 
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other• aa 1n Figure VIII• an4 the moc!el 1S 

olalllpe4 ill A. B 1a then tae,en.e4 lo tho 

4rawblg boQ-4 end the plugs Ut.terohangod QS 

shown in tho figure. produeing a i,ioment at the 

aeotion. 

a. liatno4 of Analyais.--- If the value 

~ the displaoemont for ahem-. moment. and 

thrwlt produced b7 the guages a.a juet a:p&a1ned 

be known in toJ"mS ot the a1rta1onc on the 

l!d.eroneter e,--p1eoo. 1t is poasi'ble to 

· determine the 6heU • lhl'uat • o* 11011ent at 

t.be section of n atruot~ tor &nJ' lt1aiUng 

by tho following m&8118: 

.A model at the structure to be 

anal11H14 1s made of et1U oarl'bO&J"cl to ac1:11e. 

The· Yallle of the aoale 1a iJaraa.._,.ial so long 

a.a it 1a of a s1se proporiional to the 4eformat1on 

produce4 by the gaagea. This mo•l 1a fastenea 

in the go.ages at ,he poiata m! aupport with 

tile supports either fixed or h.1ngecl a.a prerioualy 

deacribed• .andthe gaoges fastened to tho board. 

Then the llicrosoope ie ~•d' Ol.l the point at 
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which the load.is BBBumed to be oonoent.rated 

and the m1orometer eoale oriented to read 

4efle&t1on 1n the 41reetion 1n which th& 

load 1a aesumecl to be aoting. The t.brust 

18 

plugs are changed as eeeor1'8d and the diaplaoe­

-.mt of the loacl poit,t obePrrro4 oath-a lliorometer 

scale. Aooording to the theory just eXpla1.ne4 

the thrwst 10 equal to the load assumed times 

the rr1 t1o of the de1'leot1on of the load point 

tcothat produced by the r,aage. or 

T ;;:: Pdr/de • when dm 18 the d1splaoe­

ment meeeurec1 by the micrometer and d8 is 

tho die:pln~ement produced by t.he gaage. 

Aa d is oonstant far nll ~ointa of loading. 
8 

1t ic a simple ma1tter to obtnin vr-1.uea of ~ 

for plotting the 1n1'luence line for f.bruat at 

the section simply by measuring the defleotion 

at dif:terent load points. · In tJu OOl98 manner 

izr!luenoe lines for moment and sh.cur may be 

obtained b;r produoing def~1nution of moment and 

shear respectively by ueing the moment and 

shear plugs as expluined earlter. 



; 

III. AP:PLICATION TO HOMOGENEOUS 

lLl. TERI A.LS • 

19 

9. Calibrating the Gaages.--- Defore it is 

possible to use the apparatus described 1n the 

solution of problems, the value of the displace­

ment produced by the g~e muat be known 1n 

terms of the divisions of the micrometer eye­

piece. In determining this relation for the 

shear plugs, it was foumi. that the motion 

•as ·-e.oo extensive to be read d~~eotly on the 

..... A~ architects seale ·.vas then 

fastened pare.1~11- to tile motion ani the 

number of1::. divisions of the micrometer in 

a division of the scale was determined. It 

was then possible to determine the motion in 

terms of the micrometer divisions. The motion 

du.e to ehanging thrust plugs was determined in 

the same manner with the scale turned paralleil. 

to the motion. 

1o determine the moment 

coefficient a stick was fastened i~ the 

gnage a.nd a point on the drawing board a 

distance of 26 inches from the ~e center 
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wae mu.rkecl. 'I'he plugs were cha.need in the 

gnages and the motion o'f the potiit on the 

etiok from its first position was merum.rea. 

Thie motion divided by the d.istance :from the 

center of rot~tiongivee tho rotation in rau1nns. 

Constder11b1e d.1ff1cu.1 t~ 

wt1e 0:x:porienoed in gutinr, tho g~es ad~ust-,4 

en thnt there w&.e not moment produced by the 

ihrust pluge ant\ no thrust nor zoome..nt by the 

shear plugs. Three o:f the ~ee were finall1' 

abandood.. The :remaizling one was tes tad and 

f -c>Ulld ~o produce only eheai- ttb.en the ahear 

pluga were ehungee. only thrw,t '~hen the th'Nlat 

!Plugs were changed. a:rul only moment w.b.en the 

moment plugs ~ere 1n·teroha..nge4. Zti1a saage 

was used in all the maohanioal solutions 

which follow. tho other guagea 89ing used only 

for hinges and for fixing tho ends of membera. 

Tho vnluoa of d'r for this ~ 

wore dotormined to be as follows~ 

shear 12 diviaioru1 

thrust 13 dtTiS-1..lffiU 

moment 1.v ~s 
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10. Continuous Gil'dera.--- tzhe enal.)'aie 

~ ooatlmloue gl.rdere la. like all atatlcall.3 

indeterminate etruoturea. dependent upon the 

shape of theatructure 1taelt.ao before an 

analya1a 1& made certain proportions tltUJt be 

assumed. If the omttnuows gil'der 1a of uniform 

eeotton. the problem beoomee a oomparat1Tely 

tUJnple one and mt be readll1 solved for any 

loading by maans of the three moment equation. 

U • hOWffer • there are moving loada on the 

apanns in the ~• o~ bridgee 1 t 18 00t1Yenient 

to plot '1nfl11enoe 11nea 1n "'1ioh oaae tbe 

problem 1.e at ieae t Hngthened and.for the 

oaee of a V11.171ng aeot1on. an emot solution 

1e ao laborious ihat it is seldom aocompliahed. 

But With the pro_posed macbanioal 

method. the aolution 1a the aame 1n any oase. 

A gt.rd.er ot Ynrying aeot1on m&l" be rusal7sed u 

readily a.nd 1n exactly the aatDe •nner as 

~he glrder at uniform eeotion. In faot from 

the dioousslon of the theory 111 Section II. 

it oan be seen that. 1f tho method Will solve 

one. it will the other. 



In order to check the results 

of the new metho4 against thewretioal values. 

the ordinate at E ;,o the in:flµence lines 

22 

for reaot1one at R1• R2• R3• and R4 ae obtained 

by bott methods Will be compared. 

Solving for these values by 

means of the three moment equation. 

120 112 + 20 ¾ = -1600 <1/2-1/a) - -600 

and 
20 M2 +120 Lt3 == 0 

Solving simultaneously 

u3 = 6/7. or .857 tt. lb. 

tarom whioh 

R4 ~ .857/40 = .0214 upward 

R• ;:: .3213 downward 



R2 ::= .928 

R ;:; .372 
1 

Checking these values 

.3'12 + .928 + (-.3213) + .0214 = 1.0001 

To lbtain these valps by 

the mechanioal method the model was first 

made ot s t1:f1' cardboard l/ 2 1n. wide and 

the length to a scale of l in. equals 6 ft. 

For the Yalue of R4• the model was placed 

1n the four gaagea with the pins through 

the center of tho g!Mer at a4 • R3• n2• and 

R1• forming hingea at these points. The 

guagee were then pinned to the drawing 

board and the shear plugs ohangel at R4 

producing a motion of R4 upward. The 

.de:fleotton at point P was rea4 as .2upwar4. 

The value of R4 then aooord1ng to thia 

methot is .2/12 or .016'1. 

~e shear plugs at R4 

were ohsng&t\ bs.ok and the valuemof R3 

found by ohanging tie plugs 1n the gu.Qge at 

that point and reading the detloation of 

point .P. wlJJ,ch was 3.o. ~hie d1vtded by 



the faotor for the IJIUlg8 gives a 'falue of 

.25. ! 2 and R1 were obtained similarly as 

.77 all4 .37 

Comparison of results. 

Heaotion. Theory llodel 

.R l .372 .s, 
R2 .928 .77 

R3 - .321 - .25 

R4 .0214 .016'7 

These results possibly donot 

oheok closer because the paper from wJioh 

the model was ~twas not of sufficient 

thickneas~to resist a al.ight buckling 

espeo1ally for the investigation of R2 • 

Another teason might be beoauae the pins 

forming the hinges had to be remoTed each 

time the shear plpgs were changed and then 

Npll,oed. Altho the deflection usually 

returned to sero upon releasing the displace­

ment. there is good ola,noe for error. 

This method is possibly not so •~11 suited 

to the solu~ion of oontinuoua beams as for 
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some other forms of inleterminate structures. 

The oardboard should 1'e quite haaT7 and 

comparatively large aodell should be uaed. 

Better results would probsbl.7 have been 

obtained with a little larger model. A 

great deal of care should be esero1sed in 

deterrninJJlg the reactiona <d oontinu.oue beams 

by this method. 

11. Beotangu.J.ar frame with Vertioal Legs. 

En4a of Columna Hinged. --- The only require-

25 

men t for maldng this frame statioe.117 determinate 

is the Talue of the horizontal thrust at 

the bottomB of the oolumna. 

Asawne the :trame for anal.pis 

as that shown in Pigure VI. The def:f.eot1on of 

point B with respect 

to the tangent at A 

1D a horizontnl dir­

ection is equal to 

f Myd.s/EI ; but 

M,;;: Jl' + ·· Hy when 

li' 1e the moment 

due to vertical 

loada alone. The 

defJeotion then 1a 



equal to Ju•;yde/EI + R f 2ds/EI and 18 

also equal to zero since the point& A and B 

cannot gove laterallj' nor vertioall.y. 

, B J M'yds/I 
- A - B l y2da/I 

Then R 

Integrating this tor thianframe.we have 

the general equation 

B-5PabI1 ---------

The five frames shown in 

Figure VII on the next page were analyaed 

with loading at oenter and quarte:t points 

of the horizontal member. These frames 

were ohoaen with tho aneral dUferent ratios 

of the moments of inertia of oolumns and top 

JD81Bbers in order to see whether this method 

and theory agree 1n all oases. Frame o was 

aacle Ju.at like frame B exoept that the 

else ~ members ia half that of the prev-ious 

one w1 th the same rat 10 of 110JNnta of inertia 

1n order to see whether the meohanioal method 
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would beta out theor;v in that the size of 

members is immaterial eo long as the ratio 

ot moment of inertia 1s the same for a 

frame of the same size, measuring along the 

axJ.s. 

For frame A loaded at the center 

.Por quarter point loaded 

Sime this frame 1B of the same cross 

eeotion thl,oughout. 11 equal.a I 2 and cancel 1n 

the equation. 
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In frame B the Tal.ue of I2 ( top 

member) equals 8/12 and 11 equals 1/12 or a 

ratio of 11 to 12 o'f l toe. 

For center loading 

(3) (lOt (tOi _ .033 
H.:::. l4J ,1 , ,: n1, + t6HiSH26J -

.Por quarter point loaded 



i 
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The same ratio of moments of inertia 

holds tor frame c. therefore. the Talues of H 

will be the same for this frame as for frame B. 

The Talues at 12 and I1tor 

frame Dare 2?/768 and 1/12 respeotivel.y or 

a ratio of 1 to 2.3'1. 

For the oenter loaded 

For load at quarter point 

For frame Ethe values of 11 

and I 2 are 1/12 and 9/32 reapect1Tely or a ratio 

of 1 to 3.38 

For center loa41ng 

For quarter point loaded 



T~ obtain the values of H by the 

meehanioal method, a model was made of oardboard 

of each ot the framesehown 1n Figure VI. It 

we.a found. however, that the ordinary weight 

cardboard wns too thin alllftring the frame to 

buckle when the defleotionawere applied with the 

ga..oges. 'l'Wo models were out out for eaoh frame 

and pasted together making the motel tw1oe as 

thick as the cardboard. Thia was foun4 to be . 

satisfaotoey. 

so 

;?rame A was made tp a soale ~ 1/.2 

in. equals 1 ft. It was fastened in the goagea 

with pins for hinges as sh<>wn in the llluatratlon. 
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When the shear plugs were changed produoing 

horizon,tal de~leotion at the hinge,the 

deflection of the tenter was read as 1.4 

divisions of the mioromefler in the microscope. 

The value of H then as determined by this metho4 

ie 1.4/12 or .116. The deflection of the qunrter 

point was found tobe 1. O on lfc>th sides of the 

center making H equal to 1/12 or • 0834. 

The thrust plugs were placed in 

the guages and the deflection found to be 

6.4 making the vertical reaotione equal to 

6.4/11' or .493 for the oenter and 3.l./13 or 

• 24 for the fa:r quart-er point and 9.8/13 d 

.75 for the near quarter pol#t loa4.e4. 

A mt4el pf fr81Jl8 :B waa ma4e 

to a soale of 1/2 1n. to the foo\ and placed 1n 

the guages in the same manneraa frame A. The 

defleotion when the shear plugs were ~d. 

was read a.a .4 at the center and .5 for t>oth 

the quarter points. The value of H then for .. a 

load~ unity at the center is .4/12 of .o,3 

and for the same 1084 d the quarter point 

.3/12 or .025. When the thrust plugs were 



/ 

c.bange4. a detleotion of 6.5 waa noted at the 

oellter of the top member and 9.8 at the near 

quarter point and 3.3 at the far quarter point. 

!'he reaotions for the oenter loaded are 

6.5/13 or .5 and.for the qunrter points loaded• 

9.8/13 or .75 and 3.3/13 or .25 
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Prl.iln8 c was maue to the same scale 

1/2 1n. equals l ft. and plaoed in the gaages 

1n the esme way.!;:;he value of H for .oenter loaded 

with a load of uni t;y was f cnmd to be .4/12 or 

.0353 and .3/12 or .025 for the quarter points. 

~he aame values for reactions were 

found for frame D as for frame c • The model 

was made tb the same scale as the other two. 
A mode1 ot frame D was made to . the 

same soale as the o there and plaoed in the 

gaages in the same mamier. '.(he values of 

H for lod at the oenter was 1.9/12 or .188 

and 1.3/12 or .108 for aload at the cu.arter 

point. 

The model tor frrune E was made 

to a soale of 3/8 in. equals l ft. an4 plaoed 

in the goagea. The value of H for the center 

loaded for this frame was .4/12 or .0333 

an(l for the quarter points .3/12 or • 025. 
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Compar!Jl8 these results; 

A 
I 

B 0 I D E ! ' ; I 
,! 

Th. l ~he~ ,y Th. M Th. M M 'i'h. 14 

Oe1 Lbr: .oadi d 

H .11. .11 .033 .oo t.033 .03 .158 .158 .038 .05 

R:r.. .5 .49 .5 .5 .5 .5 .5 ; 
.5 .5 .5 

RR .5 .19 .5 .5 .5 .5 .5 
l : 5 J •5 t • ·.5 

Q] larteJ• po nt li iade4. I I l l I 

I i 
l . I , 

i 
H 1 .083 .oai.025 I .02 >.025' .02 ,.ll8 1.l08i .02S .02 > 

! I 
Rr. i •'15 ! .75 

I 
Bn j .25 .24 · 

.'75 .76 .75 

.25 .25- .25 

i 

' 
i .75 .75 I .75 

I 
• '15 

I 

L. ~~l · ~6.::: l ~:2_6_ .25 
* • • .. . • • .. • 

. . . . . .. · . 
. ~·. ·. : ' .. . ,·. . . .. . . . . . . . ~ . . · ... .... " . .. .. . .. 

.75 

.25, 

. . ' . . . . ' . . . . .. . . .. . . . 
From ~ 8~~ • <Sf~ -'theS:e ~ :ve:~ii~~ .. · i'~ 

oan be seen \hat the- m.eohanioa.l method ~heolm 

the theore tioal method ~ anal,aia for this 

olaas of atru.oturea and 1nd1oatea that the model 

automatically takes c are at. the Tarying moment Of 

inertia. 



12. Re4tangular Prame with Vertical Legs. 

Column Ends Fued.-- All the followingreotangular 

frames are oaloula:lled acoorling to the follow­

ing method of elope deflections. ~he fundamental 

equations for the solution by thio method for 

arrs member AB are: 

-_ 2EK( 2Q ., + i , - 3R) + OAfB 
n. B 

when E is ·wie moclulua of elaettctty. lt is I/1. 

R is defleotion d1v1.ded by 1. and CAB is the 

rea1at1ng moment at the end of a fixed beam 

with an 11qual span mid o&n'11,Dg the same 8J1)tem 

of lntermediate loads. 

Theae equations are fully developed 

in Bulletin 108 o~ the Engineering h'Xperiment 



; 
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s~tion of the University of Illil!l.ois. 

In the solution of these problems 

B w111 be assumed as zero s1mre it is so 811811 

as to be of no,~coneequence. Assuming symmetri.cal 

loading and applying these equations to the 

~sme 1n Figure IX: 

and 

MBA :-t\EY"l '-B 
sinoo ~ = O and CAB 0 

M.Bc=- 2EK2 ( ~ + "c) - CBC 

8ince the loading 

and frame are 

symmetrionl.the 

distortion will 

be synr.ietr1oal 

Then 

Since ~oint B 

ia in equilibrium 

~:".sc=o 



Substituting 

4BXi ~ + ZEKz'-13 - CJB .= 0 

~(CK:i_ + 2EK2):::.. ~ 

~c 

Subet1tuting this value of ~ in the wquation 

tor~~ 

1"or s,mmet!'ioal loading 

21 2 a._, 2 ., 
c:sa=.Pab 7 1 + ?a ¥1 :a P a b1 1 

MJ3A:2Pablti 

1(2Kl ~ J½) 
and 

~ _ Pub.Kl 

-i(ft1 + ~) 

Ki~I1/h and X2"":: I/1 

Substituting these Talu.es 1n the above formulas; 
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BabI1 
l.i.Al> =- -------­:111 + hI2 

~ same frames will be analyzed 
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for f .txed ends~- that were used in the investigatt on 

with hingecl ends. 

and 

It - 2Pab _ ::: 2/55 ab 
BA- 40 + 15 

ls'or center londen with load of unity. 

MAB ~ 1.82 

211 -:;. 5.46/15 :. .364 

H :: .182 

For quarter point loaded. 

11:aA:: ' 2} { 5 )( 15 } 
65 

Y - 1.36 AB-

2li a 4. 08/15 = .272 

n ::. .136 



J 

• 

Por ~rame B the ratio of 11 to 

I 2 isl to 8 

lL .,_ :::: 2Pa~ ::;. Pab/ 8 0 
--ru. 2 c 2 J + < 15 H a , 

With center J.oaded 

MBA =:.100/80 =. 1.25 

MAB = .625 

2H - 1.87115 : .125 - . 
H ::..0625 

With qunrter points loaded 

:M -Jli.1_5_) --- .94 
Br 80 -

M.AB = .47 

2H == 1.41/15 ::. .094 

These same results are tru.e for 

frame o theoretically. 

For frame D the ratio of 11 to 

With center loa4ed 

MAB= 112.5/34.2 = 3.29 



I 
R - .247 -

With quarter points loaded 

~.t\-::. . 7 s tf ~ls l =- 4. 84 

2H :::- 7.26/20: .363 

R .::. .181 

~or frame Ethe ratio of 11 to 

I 2 isl to 3.38 

11:slv- 2?ab -::: Pab/80. '1 
- 2(30) + 30(!.30) 

With center loaded 

_ 2.79 -

2H: 4.18/30 ~139 

H:: .069 

With qusrter points loaded 

2H = ,.14/30 :.. .1045 

H : .052 
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!he -meehauloal ~ was 

oarrted out with the same model& as were used 

with two hinged ~a; but were olamped in the 

guages with fixed eDl8 inStead ot with hinges. 

The to·llowing values were 

obtained; 

Frame A center loadtnt 

H := 2.6/12 :;;. .208 

R ::: 6.5/13,:::: .5 

MAB::: 5/1. 7 ::::2. 94 

near qUD.rter point loading 

H-: 1.6/12 = .133 

R: 1.0/13 : .77 

Far quarter point loading 

H -:::. 1. 7/12 ::::: .141 

Frame B 

R ::. 2.8/13 -:::. .216 

MAi° 6.0/1.7:. 3.6 

Uenter loading -
H:: 1.2/12 :: .l 

R =6.6/13 :: .5 

liAg:-2• 0/1. 7 -:::.-1.17 
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near quarter point loading 

H :: .5/12: .0416 

R :: 9.7/12 -:...75 

1!£5-::- 1.6 -=,: .~4 

far quarter Point lOading 

Prmne C 

H ::: .8/12 -= •. 0665 

R :. 5.3/13 :;. .264 

llAB :: l.8/1. 7 :s-1. 06 

Center loading 

H ::. .6/12 ::::. • 05 

R ::_ 6. 5/ 13 = • 5 

MAE::: 1.5/1. 7 -=.. 88 

Bear quarter point loading 

H ~. 5/12 -=. • 0416 

R ~ 9.4/13 ::=. • '/2.6 

l.i ~ 1. 0 11. 7 =:...587 
AB ' 

Far quarter point loading 

H .::.:.. • 5/12 :::: • 0416 

R =:.-3/13 := • 2Z 

llAB-::: l. 0/1. 7 -=: .587 
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Frame D 

Oenter loading 

H = 3.0/12 - .26 

H ~ i;.5/13 : .5 

11 ~ 8.0/1.7 : 4.7 
A:a 

lfear quarter point loading 

H -:=. 2.l./12 = .175 

R ~ 10/13 - .77 

MAB= 3.0/1.7 =: 1.76 

Far quarter point loadi~ 

Frame E 

H 2.1/12 L~ .175 

R :. 2.6/13 = .20 

MAB: 9/1. 7 ..::,:::: 5.3 

Center loading 

ii -=.. .s/12 -= • 006 

R = 6.5/13 : .5 

.MAB: 2.5/1.7 -=1.47 

Near quarter point 

H .6/12 :=. .05 

R = 9.5/13 -::::: .73 

KAB :::: 1.5/1. 7 = .aa 
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I 

I B 

la 
i-

l(A' 

JI 

R 

' l(A.. 

Far quarter point loading 

H = .5/12 : .0416 

R : 3.2/13 :: .246 

JJI.AB-: 2.o/1.7 -.: 1.18 

Comparison of results 

I 
A B C 

Th. 
I 

ll. Th1 14. Th. u. 
i.,oad s t eet tr 

.182 .200 .065 .l .063 .05 

.1> .5 .5 .5 .5 .5 

ll.&2 12.9 1.25 1.1, .626 .88 
l 

~da t near quart ar po L.ftt 

.136 .13 .047 .041 .04'1 .ot-1 

.77 .75 .73 

· .765 .94 .69 

.oad a , far I u.arte: 111 p01l Jt 

I D E I 
Th. Jt. Th. i M1 

l 

.247 .25 .069 I .064 

.5 .5 .5 !.5 I 
i i 

11.4~ 3.29 4."l 1.39 
! . 

.1e1 .175 .052 .05 

.77 I J .73 
! 

1.76 1.aa 
! 
! 
! 

B .136 i .141 .047 .06 .04'1 .ou .181 .17 
l .o52 i . 04l 

l ' l f R j .216 .20 .23 .20 . ! 

\ .587 •.n j3.52 1.06 5.3 

I • ' 2.72 [4.23 .94 (2 .• 0 .94 i 1.1,1 4.84 ?.Of 2.09 

The bottom oolumn of this table is the sum 

of 1'.A.B ~prnbbf)h quarter points loaded. 

.24t 

1.1e 

2.ool 
I . 



h'om thie oompariaonf i't oan be 

aeea that the valUH obtained by tbeor7 and 

with the modols agree fairly well ••peoially 

~or the value of H. The moment as obtained 

bpthe meohanioul meth~ seems to be large 1n 

nearly every oase. It was thought that the reason 

for this was beoau.se the moment plpga produoed 

more deformation than the others aausi.ng the model 

to buckle. In order to fini out ii this was the 

oase. a model of the frame A ws..s made of wa11 

board. ~he results of the mech.B.nicul analyeiS ()f 

th6B frame were ns follows: 

_,... .,_ .... ,:,,_ , .,. ~- .r - ., 

i • Th 1! 
,,, 

Th JI .,_ 

II .182 .125 .13 .11 .1s .11 

R .5 .5 •• 7.'l .23 ~.-... _-: .. - - .... _ , 

1.02 1.·11 -~ . 
'A 1.47 1.42 

The sum of the momenta at the foot of the 

cllu.mna _theoretically is 2.72 and by the met'.hantel 

method is 2.07 • 
• 

The asmunption t hat the madel 

was buokling aeeJE to 1Je justi:f ied by these 

results. 



1.3 Frame with Inclined Lege. Ende of 

Columns Ilinged.--- Analyzing by the metho4 of 

slope defle•tion for the general case shown 

1n Figure X and aesum1ng symmetrical loading. 

M ;;.O 
AB 

Sinoe the ~rame is s~trioaland is symnetrically 

loadei: 

g ::. -Q 
B 0 

li.BA + ~c :: o 
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CBC 
~B =. -3-· K"""'1-E~+-2--if_,2_ 

Substituting in the general equation for MB.A 

From this epation we see that the value of HnA 

is independent of the 1nol1nation of the legs. 

It the section 18 otmatant throughout, then I 1s 

oonstant and 

Substituting 1n the equation for~ Just derived 

3 CBC ~------
3 +_ 2 1/12 

From this equation we see that theoretically 

the valuen of K.aA 18 1n4ependent ot the a1ze 

of the members so long as they are ; the same 

size throughout. 

In order to oompate the results 

as found by theory and by models, nn4 to see 

whether the mech.aniaal method bears OJtt t he 

theory in obtaining the sar:e value of 14».a 
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Jlegardlees of the 1.nclination of the legs and the 

size of the members ~ the frame, the three 

frames shown 1n :b"igure XI on the next page 

were anal.7zed by the two methods. ~e lengths of 

members are equal in all three oases and the 

depth of members 1n frame G is twiol that in the 

others. 

Assuming loads at Band O 
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CBC := O and K..DA = o for all three frames. 

For :frames F and G, since to:t B1fm!18trical &oading, 

the vert1al reactions equal 1, then B= 1 

For load at either B or C 

B :::: .; 

Assuming load.a at oenter of span. 

0 - 1/4 ::. 2514 BC - ""J. 'I 

3(25) 

4(3 +{2) 35.35/25) 

For frames F and G 

H .... 3.22(1§) -_ l.13 tor 2 loada ot unity. 
- 25 

H ; .665 for 1 load o£ unity 





For frame H 

H :::. 3.22/35.35 -= .0913 tor double load. 

H ::. • 0456 tar single load. 

For the meohanioal analysis of these 

frames. models of cardboard to a acale of 1/4 in. · 

equals 1 ft. They were plsoed in the gaages 

111th hinges at A and Das shown 1n the 

illustration. 

t .. - \ - -/ / - ~ 

With frame F 1n the gages. the 

d~1ect1on o:t point B was read as G divisions 

and point c as 6 divisions when the shear plugs 
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were obang~ making H :::. 6/12 :: .5. Deflection of 

middle point was 6.'l making ll equal 6.V/12 

or .56 

Freme B was then place in the 

guages and t he values of H f olJDd to h • 6 

for points B or C loaded and .54 for Ibid.die 

loaded. 

Frame u was nert placed 1n the 

goages and the deflection of points Band C 

rea4 as o. The de~lection of the middle point 

was .65 making H. equal to • 046 

Comparing results for H 

-.uoad ~~rame F Frame G Frame B 
-

pt. rhobry MoAel ':'llior7 Ko4e\ rhe017 Yodel 

~ ore .5 .5 .s .6 
~. 

0 0 

Cen. .565 .56 .565 .64 .0456 .046 

Comparing results of frames 

F and Git oan be seen that the model bears out 

the theory for loads at joints B and o. But 



_1.t:lr the heaTiar fram. and n load at the oente.r 

a mnallar value of H 1a obja.1ne4 b7 the meohanioo.l 

method than for the light frame. This eeeme the 

more reaa0l'l8blo reaul t than that obtained by 

theor,; e flloe 1 t oan be seen the t as the depth 

of members apprca,.hes Df1n1ty, the ..alue of 

H approaohoa zero. In view of this faot. there 

1B aa muoh reason for aooept1ng the values 
obtained b7 the motel.a ae those obtained bi' theOQ'. 

In oomparing the Taluee obtained for frumee F 

and H 1 t oan be seen that the values of H 

~or center loading boara about tho amae ratio 

to the theoret1onl values ae for frat488 F and o. 
The meohanioal method bea:rs out the aaaumption 

that ~A is indep81&4ent of the inol1mt10n of 

the leg&. For Joints JI Wld C loa4ed ~A both 

theGretioaUy and mechanioall.3 ls equal to zero. 

Por the ce.-ter loading by the lb80han1oal method. 

the plue af ~ for fJ'ame F equal.a .56(25) - 25/2 

equals l.5 and for frame n. »:u, equals .°'6(36.35) 

equals 1.6. ~18 furnlehea a fairly g ood obeck 

for the moaent. The reau.lta on the whole agree 

with theoretical reaulte very cloael.7. 
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14. Frame with a:nolined Legs. Kn.de of 

8olumns lixed. ---- We will aasume symmetrical 
loading inbthis case as before. 

Then ~-= -QC 

MAB= 2EX1 ~ 

KBC = 2EK2 ( 29B + QC) - CBC 

=.2illt2~ - OBC 

4EX1 ~ + 2EX2~ 

C:5cK1 

llAB::. ------
2X1 + K2 

2 CBOKi 
llBA=-------

2Xi + ~ 

0 

From these equations we see that the moments 

are independent of the inclination of the 

legs the same aa tor hinged tn,ds. 

7or uniform section throughout. 

the formulas beoome 
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and 

Ci:. ., .uv 
Lt.AB .::. ------

20:ac 

14:BA = ----
2 ~. ½_/½2 

As for the oase at hinged ends the value of the 

moments and H tlle independent theo:retio.ally 

of the aize of t he aeotion. 

:i:he amae throe frames as uae4 

1n the prenoua art1ole will be an.e.17Hd by 

both me thode. 

ror Joints B and a loaded 0130 = o 
0 and al.so •n -A-

7,xr trsmea F and o 

n : 1 for dou'lle loading 

H -:: .f ~ar one lo1nt loaded. 

Por frame n 

H:. 0 

For 8JWV1oa1 10848 at oenter 

OBO:::: 26/4 

1L, B "=- 2& - l. 03 
"' 4( 2 + 36.36/25) 

Ll:aA ::. 2(1.83) ::. 3.66 



For t?-ames F and G 

.H::.. 26.83/25 -::-1.08 tor two loads 

H ::: .54 tor one load of unity 

Far fl.•ame H 

H :::.1.83/35.35 :: • 053 

For the meohanioal solution. 

the frwnes were fastened 1n their tilrn 1n the 

gwages with the ends of the ooluam.s f1xe4 by 

fastening th the gamgea with the platel prov14ed 

for the purpose. 

In the analysis of trame F, the 

deflection of points B and O were found to be 

6 when the shear plugs were ohanged. H :: 6/12 

or .5 Deflection of center was 7. H:: 'I /12 

or • 583 i:hen tbru.s t pluge were changed. there 

was a deflection af 9.5 tor point 13, 3.6 for c, 
and 6.5 for the center point. Thus the vertical 

:reactions far load over joints are 9.5/12 or 

.732 and 3.3/13 or .278 • and tor center loaded 

6.5/13 or .5 When the moment plugs were changed. 

deflect1on.,o:t :B was 6.9 and of C was 6.0 in the 

opposite dir9-flt1on and of the center was 1.7 
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making liIAB equal 5.9/1.7 o~ 3.47 for :B loaded. 

1.7/1.7 or 1.0 for center loaded. and 6.0/1.7 

or-3.52 for c loaded. 

Thus the ctnd1t1on for a load 

at both B and C ttving zero moment at A and 

Dis fulfilled by the mechanical method. 

Frame G was next pl~ed in the 

gauges with ends fixed and the following values 

found in a similar manner to th t tsed for frame P. 

For a load of unity at B 

H -::.:: 6. 0/12 -- .5 

R :: 9.1/13 --. .7 

l!_AB:5.5/1. 7 : 3.24 

}'or load at c 

H.:::. 6.0/12 = .5 

R = 3.8/13 -::: .29 

lIJlli: 6. 0/1. 7:: -3. 52 

For load at oenter 

H = 6.7/12 :: .558 

R := 6.5/13 ::::. .5 

MAB:, 2.0/1.'1 ::.1.17 

In this case for a load at both Band o the moment 

55 



at B 1a :not quite zero due poes1b~ to s011e 

inaocnrraoy in outtlnc the model or 111 taatening 

in the gauge&. ~• oon.clltioneof equilibrium 

are t&.irl; well aatiaf led for ~he vutioal an4 
horizontal reaot1ona. 

were o11tained: 

For load at B 
B::O 

B -.:.13/lS -::.. 1 

MAD:O 

For 1084 at a 
H =O 

R ::: 0 

llAD:O 

For load al center 

n :::: .6/12 = • oo 
R :. 6..4/13 ::- .494 

If. AB--:. 1.6/1. V := .885 



Comparison of results 

l I Frame F Frame G I Frame H l 
J I 

1 ' 
~ad B Theor,-i Model ~ory !Jlo4el I Theoey Motel 
\ l I 

I ; H .5 l .5 .5 .5 l 0 0 i 

l RT I 
• '13.2 • '1 i 1 l ! .u I 

I 

I RR ; 

i l .278 .29 0 0 

j 
I 
I 
' 
l 
i 

l 
l 
l 
! 

• 
! 

i 
i 

i 
{ 

14.AB 
! 13.24 3.4'1 0 0 ; - ·--

I 

Load at oe.n ,er i 

H I .54 .583 .54 .,568 .062 .as 
R .5 .5 .6 .5 .5 .494 

11.AB t l .99 1.0 .99 1.17 .99 I .885 
I 

I I 

The Talues compare ver.,- well tor 

this class o:! frames. 

I 
I 

-
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15. Tlfo Hinged Aroh. ---- In order to simplify 

the me.thematioal o~lations. a c1rcula1r aroh 

of oonatant oJtoes seotion will be analysed. 
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J'rom the equations for the 4eflecu on 

of uourved bearas. the formula for H for &Jl1" t1fo 

hingel aroh is derived. 

when .M' to vertlloal loads only. 

For the arch of constant oross section. I is oomtant 
nnd the formula becomes 

r 
)K'yds 

H- -----jrda 

Assume a,mmetrical loading as shown in l,igurt .XII. 



Er,Press1ng in polar coordinates 

% :: R sin A - sin Q} 

kl .:::. R ( sin A - sin :S ) 

y ::. R (oos Q - cos A) 

ds ::: B dQ 

For Q less than B 

M' :: Pkl. ::::: PR ( sin A - sill D) 

For .Q greater than B 

M' : Px .: PR ( sin A - sin -w ) 

Substituting these values in the formula for H 

oos A) dQ 2i,BPR3 ( sin A - sinB)(oos Q -
B- 0 

..,_......, _________________ _ 
{R3(eos Q -cos A) 2 d-i 

0 

: %Aa3(ain A - Bini)(cos e - COB A) di 
+ i R1 {aoa.Q - oos A) 2 dQ 

Integrating and diTiding by 2 for Bingle load 
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? 2G1n2A - sin2B - 2oos,4$A sin .A - B sin B -ooe B + ooaB] 
H~ 7 

2 R2 (A - Z oosA Bin A+ 2 A cos2 A) 



and ad.ding the thrust shortening 

Denominator 
R .::. ------------

Numerator + 2:.l" 1 9914 
ares of section 

It the aroh is sernioireular. A is 900 

and sin A become• l and ooa A becomes o. 

2 
H- 1' cgs B 
- -rr 

':'l)e thrust shortening will be o. 
Two arches will be .analyzed. the 

semicircular one shown 1n Figure XIII and ona 

With A equal to 60•. Both Will be loaded at 
the center and at quarter points measured al.ong 

the aroh m::iamaking B equal to 45° for the 

aemioiroular aroh and 30«' ~or the segmental aroh. 
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SolT1ng aroh I 

load at quarter point 

B :::.45° • ooe2 .B::: 1/2 

R-.:: 1/~-:::. .l'I 

Load at can.ter 
2 

B : 0 , cos B = 1 

H ::- .34 

Solrtng aroh II 

- .A -::: 6 0°.:: if/3 , Sin A ~ 2 • c OS A -=i 1/ 2 

..lrea of section -:: 2 • I -::.. 2/3 

For load point half way between springing 

and crown along a.xis. 
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B .:. 30°;If/6 • sin B:1/2 , cos B:. f'Z/2 

1200 J!/4 -1/4 - (1T'/3 • {3/2 - rr]12 -[3/2 + 1/2>] 

- .39 

For load at oenter 

ll ~ 0 , sin B = 0 , cos B: 1 

H = 1200 {j/4 - (-rr/376 - 1 + 1/2)} 

675.35 

- -.622 



For the meobartio.nl anal7B1.S. an 

aroh model of a.rob I aa made ot two thiclaleeeea 

at oardbourd to u ; aoalo o:f l/ 4 in. equals l •~ 
This was placed in the gauges with hua,u at 

the springing £~nd the de.fleot1on ot the quarter 

:points found to b& 2 dlvlBiOllB for both •hen 

the shear plugs were obenged. 

li for quarter points '=" 2/12 =- .166 

H for {;Gnter l.084ed -= 4/12 -:. .333 

The vert1oal reactiono ware found to be 1.8/13 

or .158 and 11/13 or.85 tor the quarter points 

and 6.7/13 or .515 for tho center loaded • 

.:'or the una17S1a of arch 11. the 

a.a mo4el waG ue4 a.a for I With th<! gall8e& 

movo4 U,t) 50" £ ..... 01.\1 the o~nter. 'Zhe 4efleot1;;m d 

the quarter points fOJ: thio oase wns found to 

be 4.5 o.nd tor the oenter 6.G. 

R for quarter points :: 4.,5/12 ::= .375 

H :tor center -:. 6.6/12 = .55 

The Tertlca.1 naotiont were found to be .186 and 

.a1 far the quartor points 8Jld .485 'L<:tr tho 

oen ter loading. 



Comparison af results 

; .t\roh I Aroh II 
' 

Load at ; Theory Model ~heory Model aente:q 
H .34 .33 .622 .55 

nit .5 .515 .5 .485 

RB .5 .515 .5 .485 
; 
i ; 

r~oa~ a t quarter; point 

H .17 .166 .39 .375 

. R 
_r. .148 .138 .21 .185 

~ .852 .65 .78 .81 

~hese results compare ~avornbly und indicate 

that the meohanical mathod might be aaed with about 

as mu.oh asouranoe as the theoretical method,espeo1ally 

tor thoee types of two hinged ~ohes whioh do not 

permit of easy integration. 



16. Ilingless Arch.--- In the anal;ysis of the 

hl.nglese arah, the arch is considered to be cut in 

the oenter and equations derived for the unknowns 

indicated at the orOVJn in Figure XIV required to 

hold the half arch in equilibrium b7 e quation the 

deflection of the 

right half to that 

of the left half. 

Thus 

,0,.y = DY' 

6../) = - LJ.P' 
when~ is the 

horizontal de~lection 

of tho left half at the crown. 6.Y is the vertica l 

de:t'lection of the left ho.1£ u t tho crown, and Cl./) 

is the angular dufleotion of the orown from the 

tangent n t the spa,inging of tb.L -lott halt. 1). x•, 

~y• • and~• ure the oorrespond1ng def leo tio.ns 

for the right bal.t. 

~ubstituting for these terms 

their expr•asions a.a- -aerlved for the def leoticm 

of curved beams, and substituting for 1I at an;y 
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point its value M.' + !l0 + lioY ! v0x. the following 

equations for H0 • V0 , and l.10 are derived. 

(da ( M'i ds 
)1 } I 

{ l,I ' da 
} I 

t :£ X de 
) I 

(x2 ds 
) I 

( Y ds 
/ l 

For this analysis, arch I of 

the previous article will be used. For constant 

oroes seotion, the I's oancel in each of the three 

equations above and for the segamtal or se.m1c1roulur 

aroh, 

x2 = 2Ry - 72 

7 :::- .. it - J R2 - x2 
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Assume a single load Pat some point b distanoe to 
t.be left of the center. 

Then l:I' between A and P (Figure XV ?) equals 

:t ,x • b) f and equals zero over t 'iie remainder of the 

Evaluating the different terms for circular 

arch of oonstant oroee section. considering l 

/ as half the span ae shown in Figure xv. 
/; 

::cl. 

/7 dB= mfolcR -{i!2-x2 J ;:dx=;;:::===­

~R2 - x2 

= ( 2R2 sin-1 x/R - 2R x)i, 
0 

::: 2R2 sin -l '1/R - 2 R L 

for s6mio1roular aroh 

: L2 (.:r, - 2) ::. 1.1416 ( I,) 
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ot> (i (t ,,;2 2 )2 
u.il. · •• - •• - X 

lo 
dx 

I 2 2 ._.,a - :x 

:2R. 

= 2 R (2 R2 sin-l l/R -2 R L + J./2 jR2 - 12 ) 

for semioirou.lar arch 

I. ~L ~} 2 ~ M' 7 ds ~ R P(x - b)(H - ,,JR -r) ~ 
b iR - x 

= l?lt(bx - H~ - x2/2 - Ub sin-lx/R + bx )L 
b 

= PH(bL - b 2 - Rfn2- L2+ Rfit2a b2 - L2/2 + b2/2 

• Rb sin-1L/R + Rb sin-1b/R ) 

for semicircular a.rah and b equal to L/ 2 

tor b equal to sero 

= PL3/2 
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= EH ( -r R2- L2 + JR2 - b2 - b s1n-1IJR 

+ b e1n-l b/R~ 

for· semicircular arch and b equal to L/2 

for b equal to zero 

- pr2 
- .u 

for aomio1rcular arch 
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9 L, r-:;;---; -"2" ?. L 
-::: ?.a (R~/2 51n-~l{ - x/2 w."' - :r + b lR - r ) 

~ J b 

= PH (R2/2 ein-1.L/R - B.2-j2 a1n-1b/R - L/ 2 !i 2:.i 2 

+ b/2Jp)~: b2 + b JJ;r-rf • bJRf:-b2- ) 

for semicirQlar arch nnd b equal to L /2 

:: L3/24 (~ -3}3) : 'l .3764 J/'/I'.4 

Subetitu.tingthese values inthe genera.I equntiona 

for load a t qunfter point 

R . & 4a.21 _ 1.t4 ,,,1111.1416) 

0 
.;;:_. b}! 1.1-11&>2 - ~ r.4 c .1124) 

:: .195 

L2 4.1/12 
0 

- ( .31) ( 1.1416) L $,, 

S, L 

- (40)f4.l}/12 - .Zl. (40Hl.1416) - -
"' 

= .159 



~ .:.:::- .31 (40} - .195 (40) + .159 _ 4.759 

t'or center loaded 

:r.i,4/2 - P L4(l.1416) no=--------- - -.455 
- L4 .94 

2L3" 
v o-== u3a : .5 

? L2 - .455 L2(1.1416) 
M - -----------0-

40 - 21.25 -

!:he 'V'Olue of I does not enter into 

Iha oaloulations so these vall4ea obb.lne4 b7 

theory nre the some for ~ dopth of arch ring. 

In the mechm11oal e.nnl:;sie aroh I af srt1ole 

13 na fastened in the pugea with fixed en4s 

a.a abClflJl in the illustrution. Q.bo 1lluatrat1on 

showa arch II of arilolo 13 fastened ill the 

gauges with f1Dd enas. Aroh I 1a the same except 

thnt it is fastened on the dimnetcr. 
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The load points were taken as the auarter point 

of span and not along the aro1' axis as was . the 

oase with the two hinged aroh. The nlues 

obtained are as follows for quarter point loaded. 

H ::: 6.6/12-: .3 

713 : ,:,.?/ta: .207 

Yi,-:::. ti/l.7 ~ 4.7 

and for center loaded 

li = 4.2/12 ::: .36 

v13 -:: 6.5/13 :::..5 

.UB::. 7.8/1.7 =4.6 
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Sinoe the theoretical values are independent of l, 

• 



\ ' 

' I 

eaotber MldoirouJ.ar aroh IIOdel was ;made w1thmt.be 

same span bu.t with hal.f ~'Ule tb1oll::neas. an4 plaoecl 

in the gnugea in the an• •1• The T&luee obtained 

to'JJ quarter point loaded 

a =- z.v/12 -=c .3oo 
VB == 2.5/13 = .192 

i4» == 8/1.1 =- ,.,, 

far oenter loadod 

1I =- 4. 5/12 -=- .3'15 

VB 6.5/13 -= .5 

Kn -:::: 7.8/1. '1 ::::: 4.6 

Coape.r1aon of results 
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l i Tb.eQr7 t Arab I 
1 

Aroh With 1/2 d. 

I I Quart~ j 
' point loaded I 

J 

I l 
i 

li .n .a I .zoo i i 

f 
1 . 

.;. 

Vj .195 .207 l .192 
! l j 

l 

t I ~ -&.'159 4.7 I ... , 
Cent~ r loaded I 

! 
n l .46 .35 ! .316 

t 
I 

L ..... t 
V13 .5 .s l .5 

I 1 .. 
~ 

I 3.84 4.6 ! 4~6 ! i. 
! .. 

t 



----- -

In ooaparing these values 1 t wi 11 be 

noted ,hat ihere is a 11 ttle varinticm tor the 

theoretloal 't'&luoa but oo•iderJ.N thepeat am.out 

of 'IIOZJc required io obtain1 these ya.luee. thoae 

obtain.el with the models are proba.•17 aa 11earl7 

oorreot ae · thoso obtained by theo17. · It ta belioved 

that these values obtained by the models o.re as 

sate to use inithe design al such etruotures oa 

'13 

those obtaiJled by thaoratioal Aatboda and ttb8N is not 

as much danger of error. 

IV. APPLICATIW TO REIBPOROED COllCRE!E. 

l'l. Discussion~ Theory.--- From article 6. 

we Jmow that tor any structure with a constant 

moduJ.ua of elasticity; i.e •• ma.de of the same 

material throughout. the value of .e doea not 

enter into the equation for internal work. 

Tbe only tenu, ill the equation wtioh 18 different fe'r 

reinforoe4 oondrete trnmea from ; those , (d 

homogene oue ID8 terial are the values of A aa4 1. 

S1noo the odlnorete and steel must have the ea.me 

deformation under stN&e, the equivalent ares of 



steel for conoreM 1s A8 J area of steel) times 

■,/E0 ( ratflo of modulus of 4l.ast1c1 t:r ~ ateel 

to mo4ulue of elast1o1 ty of oonorete). The Ta.lue 

()f I for reinforced ooncrete section will be 

the I of the oonoreteabout the neutral arts plus 
; 

the equ1:m.lent area of steel times the square ~ 

its dietanoe from the neutral axia. Zhe value ot 

A. oan be stated inl tern1:1 of the depth anl so that 

for any struoture ~the anall'Sis d•pends upon the 

'9Blue of I. Sinoe the models are of a homogeneous 

ma terial. they 1J111 baTe t-o be made with a moment 

of inertia equal to that for the oonorete seotioa. 

Since ~• 41tf erant memben of the model oannot 

be varied 1n th.iokness. the depth .IIWlt :.,be var1e4 
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to g1Te an equivalent JllOlllent of 1.nartia.But ainao the 

llfferent Talues depend. t.heoret1onll7 upon the 

ratio of the momenta of inertia of the different , 

ambers and not up011 the Talue of the ~nts of 

1Dert1a. t.:~.u 1 tile•t that if the s i ze of •mllen 

is kept ne nel,\rq as possible to the aise of the 

conorete section and Vie momenta of 1nertio v l)r; ed 

sooord1ngl.y • th.at the :results 'ff111 b• more mearl7 

their true value. 



18. Reo~lar Frame •1~ Hinged 0Oltmm :?i!nda.-

91.e :trame shoWn ill Figure XVI ill one ~eel and tested 

b7 nt' • A.be nt ihe Un.1 VCl'S 1't7 ot Il Unoie aa par-t of 

his work ror the Dootnll degree. the ra,t1o ~ Es/E0 

was tteleftdned b7 aepqra te teats on tho conoret-.e and 

steel ns 14.3. The binge 11as pl.a.cod below the bottom 

of the oolum ends w:king tho moment nrm of H equal 

to 4.63 ft. The value at k ( proport1cme l1 ty fflOtor 

for location of.neutral axle) tor cteotion A•A 1a Ale 

A8 1s .,a aq.1n •• and j 1a .863. 

':he vnlue of Bas computed by D!'. Abe 

wne .002 P when? le the sum of equal loaila on tile 

thi?'d Points. In the taet. When n load . of 9000 lb. 

waa applied at each ~ the third points. the value 

75 

ot ~8 (unit steal atree•> was deteniaed b7 extensometers 

to be 17. 900 lb. per sq.. 1n. Thie etnes 1a oaueecl. 
• 

b7 s 'ben4ing moment and a horisont.ul lbruat 1J:l tae 

'beaa equal to H. Aaswnl.ng that B "1.11 be 41stn.bu'84 

OYer ttie equi'V&l.ant ~ of lhe beam. tu aJIOunt Of 

th.ta 0011preaeiTe straae oarrte4 by the steel ie 

@"d (j 18) H or .123 n. The obaen'o4 ,,.ue of o + .~ .J (.'isl 
the nsteting IDOIMll'lt nt sect10D A-' .I is t-hlm 

•f!Ual to(l?.900 {.78) + .115 H) .863(10) and 



the enermu JIOJl8nt is equal to (9000 (24) - H 4.63(12) ). 

Equating t~ external and resisting moment at aaction 

A •A. Qnd sol V ing for H 

H :1690 lb. 

or H :::,.094 P 

'.J:he oomputed Tnlue of le 1a .41 for the top 

member and J is .863 

I at oenter= n.a. 
8( 1000) ( .9 )2 

12 
2 

+ 14(.'18)(8.6) 

= 54:0 + 800:1148 
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I in the oo1umn Just below the Joint 1s about the 

same as for the oenter of the beam. The bottom,,,a&lt · . .,.,. 

( approaill8 tely} of ,. the colt.Um .has a value of k 

equal to .329 and~ equal to .89 

I- §(ilhp)(t}(L,5) 2 + .39(64) 
- 1 

: 1090 + 25 : 1116 

a we aaaume a deptb. O'l l.O 111. for the top member. 

the th1olmeas b .of a poge~~oua section for a 

value of I of 1148 ia eqWLl to 11.a. The value of 

4 C depth to center o£ ateel) for this same brudth 

of GOllllm 18 tor a 't'&lue of I o% llli> equal • 

or 9.9 111. 

Oarclboar4 was f ou.nd to be too limber 

for a model of a frame of these 41.Mnsiona. allowing 

the members to buckle when the deformation waa produoe,4. 

a model was made ot wall board ~ a acule of 5/ ~ in. 

equal 1 :tt. and the -ralue of H :foun4 to be.:tor each 

of the load 1lointa.equnl to .0416. Thia makes a value o~ 

.0832 tor both third points loaded .• This v r:lue agrees 

roaarkably well •1th llr. Abe'• Talue of .002. 



I .' 

i -~a,.,--· -- .. 

I ----
Jlodel of oonerate frame 1n gauges 

19. Hinglsss Rein:torced Concrete Arch.--­
~he. object of this e.ne.17B1s 1S to com.pa.re the results 

obtained by the ordinary mothod o:f analyais with 

those obtained b7 model for plotting influence 

lines far horisOl'ltal .reaotiona. vert~cal reactions, 

thrust, ahea:r, and moment at the apr11181ng aection 

ot the rctinforoed cozwrete arch ring shown in Figure 

XVII. 

ThiA a.rah is one analysed 1n Hool'a 

"Reinforced Co.no.rate Conatruotion" Vol. III. It 

waa a.nal.7sed by 41v141ng the ring into aeotiona 

8&Ch that a/I tor eaoh aeotion :18 ooaatant. 
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Th111 was done b1 c®tputing the nlue of I at aevoral 

points on the arch ring. The aroh axis is then laid 

off as abscissa and the values of I laid oft as 

ordinates. These point& looa1-ed. they are connected 

by a ~h oune and the axis diVided b7 trial into 

baaes ( usually ten) of iaosoles triangles w1 th t\pax 

1n the curve !or I. Using the value ot s thus found 

' ae the length along the a.:na for thll t partioular 

eeotion of arch ring and measuring x and y to the 

oenter of gravity o~ ~ the. sections with the crown as 

the origin. the foll(?Wing equations !or 110 • V0 , 
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and 110 at the crown are obtaille4 &Ola the g.neral. equat1one 



Jtigure ahow1ng .metho4 at 41v1dillg aroh axia 

into oonatant a/I. 

as given far the hingleae aroh 1n article 16~ 
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Since thialtype of. aroh cannot be integrated. da 

becomes e an4 ttw integral beoomea a summation of parts. 

Sime a/I is oonstant 

~hnL • · mB) x 
Vo : --------zz~2 

~ (mL f mR) - 2 H0 ~7 

K - -------------------0 -
2n 



a equals length of cU.Y1e1on a! arch a1a. 

a equla JU111ber ot tirtalona in one half ~ arch. 

1IL equals IIOIIINlt at a.n7 point on left half of 

arch mc1.e at. all cnerne.l loa48 between 

the point and the crown, 

mR equals same ~or right halt of arch. 

A table of these terms uae4 1a 

the above equs tions ie pJJepared an4 the values of 

H0 • Vo• and K0 caloulated by au.hsti t-ating values 

from the table 1n.·~ the equations. !lh1s table as : taken 

from "Reinforoecl. Concrete Oonatraott.on" is given on 

the nut page. The following Yalun are then found. 

Unit load at 11 

R _ 10(13.13) - (1.00)(29.90) 
o-

2 [10(222.94) - (29.90) 2] 
= .03'1 

34.2 -------= 
2( 2611.6) 

M -o-
1.08 - 2(.037)(29.90) 

2(10) 
::. -.06'1 
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Unit loa« st¼ 

10(134.85) - tU.14)(29.90) 
Bo-:: ------------- _ .369 

26?0.8 

367.5 
V :--------o 

12.14 - 2( .369)(29.90) 
-.496 

20 

Unit load at La 

10{336.13) • 39.09(29.90) 
H - --------------0- .818 

2670.8 

V -
1031.3 

o- - .197 -5223.2 

Z9.09 - 2( .818 )( 29.90} 
Mo-: - -.491 -20 

TJnit load at L4 

H -
10(586.56) • 93.23 129.90) 

o- 1.151 
2610.! 

20tl-0.2 
Vo:::- - .191 -5225.2 

lI- -
93.23 • 2(1.161)(29.90) - +1.22 -20 



Af:te~ these values are tound the 

a.rch 1s atatlcally determinate and the values of H.~. 

v. and l! at the spring1ng li!le -.y be dete:rmined 

either graphically or algebraioally. 

~ . Tal.uea of these terms are g1nn 1n the table 

on the next page. 

The :following method was used for the 

•oha.nioal anal1'81a. 

~ n.lue of I at the crown is 

163 + 15 ( • 994 J( 2 )( b. 5} 2 .::. 5002 

and I at the springing line 1s 

363 + 15( .994)(2)(16.5) 2 :::. 53. 760 

ll we keep tile depth of crown the same for the model 

as the concrete sootion, the value of b giving an 

eqnnl I is ~oog (12) 

163 
or 14.65. 

~he eqtdva.lant depth o.t springing ia 

or 35.4 in. 

A model was made of wall board 

w1 th a depth of orawn equal to 16 in. a.nd depth of 
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springing equal to 35.4- 111. !i:'h1s model was placed 

in the gaugea with the gauge horizontal to pro4uoe 

horisonkl 4dleot1on at ihe s,r1ng1ng tor 4etenia1ng 

the value of H and R. The gauges WON th.en ohallged to p:roduee 

41splaoemants pu-allel to the axis and nlao normal 

to 1:he u:ia for determining T. V • aud !l at the springing. 

These Taluas are given on page 86. TJl8 model fastened 

1D the gauges is ahOlnt in the illustration. 

The nlues found by ·the meohanioal 

met hocl are seen to compare veJlf well with thoee 

found by the Lor"· method and may be used 

1n the design of suoh structures. There 1a as ;much 

reason for thinking t hat the results· o£ tba meohanica.1 



method are ~s ne§r the truth au thoee ~.ound by 

theoretical methods, as the l.s.ter mQthod i& a 

summation and not exact. At the same time it 

is not possible to aa.y 4ust what the equi'V'&lent 

clepth ahould be taken to give the oorrec t ?'oaul t. 

The results ~ the mechanioal method &re certainly 

much easier of attai.w:oon~ and thue is not the clanger 

of making Jliatalr.ea as t.bere &ti. in the m&Ulaatioal 

caloulations. 
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V. OOJIO.WSIOB 

20. Ditf iou.l ties Encountered.--- There were 

saeral d1tt1crllt1ea enoountered 1n the 

investigation, the moat outstanding one being 

with the gauges. If the ge.ugea are to give satis­

faction, they must be made with a great deal of 

care. ~e notches 1n tb.e gauges should be made 

With an angle of exactly 90• and With the 

diagonal of the square formed axaotl.7 parallel 

to the main parts ot the gauge. ~1 mu.et also 

be axaotly the same distance apart or the gauge 

will rook back and forth as the preasure is 

shifted from one end of the gauge to the other. 

The shear plugs shouU. be made with all the 

taoea maldng exact right angle• and the7 should 

be exactly the same B11J8, otherwise the same 

41splaoement will not 'be produoed unleas the1 

are plaoed in the gauges 1n exaotlJ the same 

ID8mler eaoh time,*hioh is a -practical imposs1b111V• 

The thrust and moinent plugs must be exactly 

round or tho aame displacement will not 

be produced ea.oh time the plugs are a.banged. 
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Another diff10ulty wa.a encowitered 

1n reading the defieotion 1n the micrometer 

eyepiece. A point was tried for marking the 

load point at •h1ch the ddlection was me881U'ed 

but w1 thout suooesa. The load point not only 

has Yortioal motion but also a horizontal 

displacement when the plugs are ohange4 1n the 

gauge. This is sometimes great enoush to cause 

the point to pass entirely oft the aoale and 

always from one aide of the dale to the other. 

If. when this happenes. the acute ie not exactly 

oriented. the proper deflection is not read 

by the ditterence in readings on the --... 

A point when seen through the saeoroaoope is not 

a point and it 1s cllt:tiou.lt to determine the de­

flection. Al.So apoint turnishea no means of 

orienting the aoale to read de:lleotion 1n the 

41reo-t1on at ir.blc.th the load is acting. 

It was not fou4 poas1b1e to use a pqoU 

line on the model for orienting beoaue it 

ia too ragged. Thia cllffioult7 was flnall.7 

SOl'Yed b7 111a):tng 8eY8J'al aaall blooka of 

\ 

\ 
\ 

\ 
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alUJDSn1um about l./4 in. square by 3/4 in. long 

and smoothing the faces till tho edgee appeared 

as smooth straight 11l'lea when seen under the 

ld.en,epepe. Theae were :taattned to the model 

with paste at Mle load points with the e4ges 

normal to the direction 1n. whloh the load was 

assumed to : be a-ot1ng. This furnlabed a means 

of orienting the soale au4 the line was al~ 

on the soale pftlldtting eaay and correct reading 

of t Le defieotion. To read the deflection. the 

aoale was set with zero line along the edge ~ 

the blook and the deflection produced 1n a cl1r­

eot1on au.oh that the edge of the block moved 

back a.long the soale. The 41v1a1ons of defiection 

aouJ.d then be easily counted as they••• 

clear of the confusing lines on the surface of 

the aluminium. 

21. Oare to be beroiaed.&U A great 

deal af oare should be aeroieed if oomparatiYely 

act0urate reau.l ts are .expected. I:t the models 

are too thin 1n oomparison with the 4epth and 



lqth of membenr, they will buckle; and the 

investigation a4ows that results will be obtained 

under these ciroumetances wlich are far from 

accurate. The ordinary thiokneas of cardboard 

was found to be too thin for most models, two 

thiolmeasee of the oomparatively heavy cardboard 

were found to give good results for most models; 

but wall board 3/16 in. thick gave excellent 

resul ta 1n every case in which it was tried. 

Wall board 1::; of oourne more difficult to cut 

into mot.els than cardboard; but with a sharp 

knUe may be done very well. 

The gauges must be placed exactly 

normal to the axis at the section if aocurate 

results are expeoted for shear and thrust. In 

determining the moment the section mu.st be placed 

in the gauge with the axia at t;:..:.t point exactly 

midway between the plugs; or thrust d1aplaooment 

will be produood in connection with the moaent 

and erroneous results will be obw1ned. 
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22 •. Jletermlnation of Sign&. -- Dlill 

meohanios.l lletho4 automatioall7 determines the 

direction of the shear. thrust. or moment at t he 

aection. It can ren41ly be seen that 1:f a shear. 

or thrust dlsplaotment at the gauge proclaea 

a de:tleatlon of the load point apposite 1n 

direction to ;that 1n Which the load ie assumed 

to be acting. then the displaoement at t he 

gauge 1s 1n the 41reot1on d the reaction at the 

section and vloe versa. rr,a a atucl7 C1!. Figure 

II. it oan be seen that .if_; a produce! moment at 

Bin the same direction ae that caused b7 P 

about». causes an upward deflection au. then 

a d01lll1fard deflection at A will cause a moment 

at B opposite 1n direction to that of t he 

load about B; i.e. tena1ml in the lower fiber. 

\1fe may say then that 1:t the turning effect 1n 

the gauge 1s 1n the same direction as that ot the 

load about B and pro4uo.ea a defieot1on apposite 

1n 41Nct1on to thatin which the load 1s aotuig. 

then the moment at the aeotion is in such a dir­

ection as to cause tension 1n~_ the bottom fiber 

and vice versa. 
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23. Determln-ation Of Thruat. Shear • and 

Moment at a Section Other Than Support.u-

The theoretioal d1souss1on ill the introduction 

holds Mr any sect1o,:of ;the structure. ~o 

determine the shear. thrust or m<nent at any 

section other than the support. :tasten the model 

at the supports 1n exactly the aame manner as 

before. Then at the sectio where the thrust. 

aheu- or mement 1s desired. p1ooe a gauge and 

clamp the model 1n both A and B of the gauge and 

out the model between them. A 41aplaoement oan 

then be produced with the plugs at that section. 

The gauge should b6 tlOBted on glass and ball 

bearings in this case to allow :tree motion ~ the 

model. 

This waanot tried 1n _th1s 1nnat1g­

a ti on because of laok of time and since 1 t is 

not as greatly illportant as the determination 

of the reactions. For any but very compl1oated 

struoturea the stresses are all determinate as 

soon aa the reactions are determined nd. 

since the gauge wSll.4 restrict the deflection 
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ofr.1 the model unless great care was exe:roised, 

it is thought '-t ...... 1jtWults will be obtained 

by date . stresses from the reactions 

in every case where it is possible to do so. 

24. Field of Useful:b.esa.-•- In the light 

of :his investigation. a great field of usefulness 

ia pre41oted for this methot. Gt analysis because 

of 1ta alllplioi t1. Even though 1 t may not be 

used for the original analysis O'l indeterminate 

a1ruoturea. it may be uaed d a Talua-le oheok 

upon the mathemetioal oaloulations until 1ta 

reliability 1a further established. 

It woul.4 •• to ..,.. a apeo1al 

field cd UNfulnesa in the design of oomrete 

arches. There is a great saving af:feoted 1n the 

oonstruotlon of a serlea of arohes if the 

piers are -.de elastic. Thia is seldom done 

due to the great amount of deeigni.ng work required. 

The new mellocl ptfers a simple solution for such 
r 

structures. Thia 18 also true with regard to 

UDS)'JDmetr1oel arches. 
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